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Figure 1. Output voltage of an ideal sinusoidal oscillator.

mentally linked, since as we will see below, frequency is pro-
portional to the rate of change of phase with time, and the
degree to which we can specify or measure signal phase, am-
plitude, or frequency is limited by the spectral purity of the
signals.

BASIC CONCEPTS AND DEFINITIONS

Figure 1 shows the output voltage signal of an ideal sinusoid
oscillator as a function of time. The maximum value Vo is the
nominal amplitude of the signal. The time required for the
signal to repeat itself is the period T of the signal. The nomi-
nal frequency �0 of the signal is the reciprocal of the period,
1/T. This voltage signal can be represented mathematically
by a sine function,

v(t) = V0 sin θ = V0 sin(2πν0t) (1)

where the argument � � 2��0t of the sine function is the nomi-
nal phase of the signal. The time derivative of the phase � is
2��0 and is called the nominal angular frequency �0. In the
frequency domain, this ideal signal is represented by a 	 func-
tion located at the frequency of oscillation.
In real situations, the output signal from an oscillator has

noise. Such a noisy signal is illustrated in Fig. 2. In this ex-
ample we have depicted a case in which the noise power is
much less than the signal power. Fluctuations in the peak
values of the voltage result in AM noise. Fluctuations in the
zero crossings result in PM noise. Fractional frequency modu-
lation (FM) noise refers to fluctuations in the period of the
signal. Since the period (and thus the frequency) of the signal
is related to the phase of the signal, FM noise and PM noise

MEASUREMENT OF FREQUENCY, PHASE NOISE are directly related.
AND AMPLITUDE NOISE

Frequency metrology has the highest resolution of all the
measurement sciences. Simple systems readily achieve a frac-
tional frequency resolution of 1 ppm (part per million) and
some elaborate systems achieve 1 part in 1017 or less. Because
of the readily achieved resolution, the growing trend is to con-
vert the measurement of many different parameters to the
measurement of frequency or frequency difference.
In the following we describe the basic ideas and definitions

associated with various aspects of the specification and mea-
surement of frequency, phase (or time), and the two compo-
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nents of spectral purity—phase modulation (PM) noise and
amplitude modulation (AM) noise. The three topics are funda- Figure 2. Output voltage of a noisy sinusoidal oscillator.
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y(t) from 0 to t. This relation can be expressed as

y(t) = d
dt

x(t) (5)

Units of Measure for PM Noise, FM Noise, and AM Noise

Phase fluctuations in the frequency domain are characterized
by the spectral density of the phase fluctuations S�( f), given
by
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Figure 3. Power spectrum of a noisy signal.
Sφ ( f ) = PSD[φ(t)] = [φ( f )]2

1
BW

(6)

where PSD refers to power spectral density, [�( f)]2 is the
mean-squared phase deviation at an offset frequency f fromFigure 3 shows the power spectrum of a noisy signal
the frequency �o (called the carrier in this context), and BW(power as a function of frequency) as measured by a spectrum
is the bandwidth of the measurement system (1–4). The offsetanalyzer. Although the maximum power occurs at the fre-
frequency f is also called Fourier frequency. The units forquency of oscillation, other peaks are observed at frequencies
S�( f) are rad2/Hz. Equation (6) is defined for 0 � f � 
; never-of 2�0, 3�0, . . ., n�0. These frequencies are called harmonics
theless it includes fluctuations from the upper and lower side-of the fundamental frequency �0; 2�0 is the second harmonic,
bands and thus is a double sideband unit of measure.3�0 is the third harmonic, and so on. The power at these har-
The PM noise unit of measure recommended by the IEEEmonic frequencies will depend on the design of the source.

(1,2,4) is L ( f), defined asThe spectrum around the fundamental frequency displays
power sidebands at frequencies above the carrier (upper side-
band) and at frequencies below the carrier (lower sideband). L ( f ) = Sφ ( f )

2
(7)

These power sidebands are the result of PM and AM noise in
the signal. While the power spectrum gives an idea of the

At Fourier frequencies far from the carrier frequency, wheretotal noise of a signal, it does not give information about the
the integrated PM noise from 
 to f (the Fourier frequency)relative magnitude of the PM and AM noise. Furthermore, at
is less than 0.1 rad2, L ( f) can be viewed as the ratio of phasefrequencies close to �0, it is difficult to separate noise power noise power in a single sideband to power in the carrier (sin-from the power of the fundamental frequency. Therefore, spe-
gle-sideband phase noise). When L ( f) is expressed in the formcial measurement techniques are needed to measure PM and
10 log[L ( f)] its units are dB below the carrier in a 1 Hz band-AM noise in oscillators.
width (d�c/Hz).
Frequency fluctuations in the frequency domain are char-Characterization of Frequency Stability

acterized by the spectral density of the fractional frequencyand Amplitude Stability of a Signal
fluctuations Sy( f), given by

A noisy signal can be mathematically represented by
Sy( f ) = PSD[y(t)] = [y( f )]2

1
BW

(8)
v(t) = [V0 + ε(t)] sin[2πν0t + φ(t)] (2)

where y( f)2 represents the mean-squared fractional frequencywhere �(t) represents amplitude fluctuations (amplitude devi-
deviation at an offset (Fourier) frequency f from the carrier.ation from the nominal amplitude V0) and �(t) represents
Sy( f) is defined for Fourier frequencies 0 � f � 
, and itsphase fluctuations (phase deviation from the nominal phase
units are 1/Hz.2��0t) (1). The instantaneous frequency of this signal is de-
The conversion between Sy( f) and S�( f) can be obtainedfined as

from Eq. (4). Applying the Fourier transform to both sides of
Eq. (4), squaring, and dividing by the measurement band-
width result inν(t) = 1

2π
d
dt

(phase) = ν0 + 1
2π

d
dt

φ(t) (3)

Frequency fluctuations refer to the deviation of the instanta-
neous frequency from the nominal frequency: �(t) � �0. Frac-

Sy( f ) =
�

1
2πν0

�2
(2π f )2Sφ ( f ) =

�
f
ν0

�2
Sφ ( f ) (9)

tional frequency fluctuations, denoted as y(t), refer to fre-
quency fluctuations normalized to �0, that is, Amplitude fluctuations in the frequency domain are charac-

terized by the spectral density of the fractional amplitude
fluctuations Sa( f), given byy(t) = ν(t) − ν0

ν0
= 1
2πν0

d
dt

φ(t) (4)

Equation (4) indicates that there is a direct relation between
Sa( f ) = PSD

�
ε(t)
V0

�
=
�

ε( f )

V0

�2 1
BW

(10)

phase fluctuations and fractional frequency fluctuations.
Therefore if the PM noise of a signal is measured, the FM where �( f)2 represents the mean-squared amplitude deviation

at an offset frequency f from the carrier (1). Sa( f) is definednoise can be easily obtained and vice versa. The time devia-
tion or fluctuation x(t) of a signal is equal to the integral of for Fourier frequencies 0 � f � 
, and its units are 1/Hz.
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Figure 4(a) and 4(b) shows the common noise types charac-
teristic of the PM noise and the AM noise of an oscillator
(1,2,4–6).

Effects of Frequency Multiplication and
Heterodyning on PM, FM, and AM Noise

When the frequency of a signal is multiplied by N, the phase
fluctuations are also multiplied by N, as shown in Fig. 5(a).
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Figure 5. (a) Block diagram of a frequency multiplication system. (b)
Block diagram of a frequency heterodyne or translation system.

The PM noise of the multiplied signal is given by

Sφ2
( f ) = [φ2( f )]2

BW
+ Sφ,M( f ) = N 2[φ1( f )]2

BW
+ Sφ,M( f )

= N 2Sφ1
( f ) + Sφ,M( f )

(11)

where S�,M( f) is the PM noise added by the frequency multi-
plier. Similarly, when the frequency of a signal is divided by
N, the PM noise S�( f) of the divided signal is divided by N2.
Frequency multiplication and frequency division do not alter
the fractional FM noise Sy( f) of a signal since both the fre-
quency fluctuations and the nominal frequency are multiplied
by N, and the ratio remains constant (7). Ideally, frequency
multiplication or division should not have an effect on AM
noise either. Nevertheless, the AM noise of the multiplied or
divided signal can be affected and determined by the multipli-
cation or division scheme.
A system that translates or shifts the frequency of an input

signal by a fixed frequency is shown in Fig. 5(b). In this sys-
tem, a mixer is used to multiply the input and reference sig-
nals. The output signal after the high-pass filter has a fre-
quency of �in � �ref. (Alternately the lower sideband �in � �ref
could just as well have been chosen.) The input frequency has
been shifted by the frequency of the reference. The PM noise
of the output signal of a frequency translation or frequency
heterodyne system is given by

Sφ,o( f ) = Sφ,in( f ) + Sφ,ref( f ) + Sφ,T( f ) (12)

where S�,in( f) is the PM noise of the input signal, S�,ref( f) is the
PM noise of the reference, and S�,T( f) is the PM noise of the
translator (in this case the mixer and the high-pass filter).
The AM noise of the output signal will depend on the details
of the translation scheme.

Time-Domain Fractional Frequency Stability of a Signal
Log (  )

(c)

White
phase (  –1)

Random walk (f –2)

Flicker (f –1)

White (f 0)

τ

Log (fourier frequency)

(b)

Log (fourier frequency)

Random walk
frequency (f –4)

Flicker
frequency (f –3)

White
frequency (f –2)

Flicker phase (f –1)

White phase (f 0)

(a)

τ

Flicker
phase (  –1)τ Random walk

frequency (  1/2)τ

White
frequency (  –1/2)τ

L
o

g
[ 

 y
( 

 )
]

σ
τ

L
o

g
[S

a
(f

)]
L

o
g

[S
a
(f

)]

In the time domain, the fractional frequency stability of a sig-Figure 4. Common types of noise (fluctuations) in oscillators: (a) PM
noise; (b) AM noise; (c) �y(�) (1,2,4–6). nal is usually characterized by the Allan variance, a type of
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two-sample frequency variance given by MEASUREMENT SYSTEMS

Direct Measurements

Direct Measurements of Frequency and Frequency Stability Us-
σ 2y (τ ) = 1

2(N − 2)τ 2
N−2∑
i=1

(xi+2 − 2xi+1 + xi)
2 (13)

ing a Counter. Figure 6 shows the timing diagram for the di-
rect measurement of signal frequency relative to a reference
frequency using a counter. The normal convention is to start

σ 2y (τ ) = 1
2(M − 1)

M−1∑
i=1

(yi+1 − yi)
2 (14)

with the signal under test and stop with the reference. The
user typically chooses the nominal measurement period,σ 2

y (τ ) = 2
(πν0τ )2

∫ ∞

0
Sφ ( f ) sin4(π fτ ) df (15)

which is an integral number of cycles of the reference. For
example � � Nref /�ref � 1 s. The instrument counts Nsig, the

where N is the number of time deviation samples, xi is the nominal number of cycles of the signal under test that occur
time deviation over the interval �, M � N � 1 is the number before the reference signal stops the count. The frequency of
of frequency samples, and yi is the fractional frequency devia- the signal averaged over a measurement interval � is given
tion for interval i (1–4). Equation (13) is used when time data by
are available, Eq. (14) is used when frequency data are avail-
able, and Eq. (15) is used to convert frequency domain data
(PM noise) to the time domain. The squared root of the Allan νsig(τ ) = Nsig(τ )

νref

Nref
(21)

variance, �y(�), is generally used to specify the frequency sta-
bility of a source. Figure 4(c) shows the slopes of the common

where �ref is the frequency of the reference. Since the mea-noise types characteristic of the �y(�) of oscillators. If the dom-
sured signal frequency is proportional to the time base or ref-inant noise type in short-term is flicker PM or white PM, the
erence frequency, an error in the time-base frequency leadsmodified Allan variance given by Eq. (16), (17), or (18) can
to a proportional error in the determination of the signal fre-be used to improve the estimate of the underlying frequency
quency.stability of the sources (1,2,8):
The intrinsic fractional frequency resolution of a simple

counter is �1/Nsig. Some sophisticated counters have interpo-
lation algorithms that allow them to improve the intrinsic
resolution by a factor of �, which can be 100 or more. If the
frequency of the signal under test is less than the frequency
of the reference, the resolution can often be improved by re-
versing the roles of the signal and reference. The counter

mod σ 2
y (τ ) = 1

2τ 2m2(N − 3m + 1)
N−3m+1∑

j=1�
m+ j−1∑

i= j

(xi+2m − 2xi+m + xi )

�2 (16)

reading can then be inverted to find the frequency of the
signal.
The uncertainty in the frequency from a particular mea-

mod σ 2y (τ ) = 1
2(N − 3m + 1)

N−3m+1∑
j=1

(y ′
j+m − y ′

j )
2 (17)

surement taken over a measurement time � is the intrinsic
resolution plus the combined fractional instability of signal
�2y,sig(�) and the reference �2y,ref(�). When these factors are inde-

mod σ 2y (τ ) = 2
m4(πν0τ0)

2

∫ ∞

0
Sφ ( f )

sin6(πτ f )

sin2(πτ0 f )
df (18)

where

y ′
j = xj+m − xj

τ
(19)

and

x j =

m−1∑
k=0

xj+k

m
(20)

Here xj is the phase (time) averaged over n adjacent measure-
ments of duration �0. Thus mod �y(�) is proportional to the
second difference of the phase averaged over a time m�0.
Viewed from the frequency domain, mod �y(�) is proportional
to the first difference of the frequency averaged over m adja-
cent samples.
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The confidence intervals for �y(�) and mod �y(�) as a func-
tion of noise type and the number of samples averaged are Figure 6. Timing diagram for a direct frequency measurement

system.discussed in Refs. 1 and 4.
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pendent, they are added in quadrature:

frequency uncertainty

= �ν(τ )

ν
=

[�
1

βNsig

�2
+ σ 2y,ref(τ ) + τ 2y,sig(τ )

]1/2
(22)

The time-domain fractional frequency stability of the signal
�2y,sig(�) relative to the frequency stability of the reference can
be estimated from a series of consecutive frequency measure-
ments using Eq. (14) (1,2). There is often dead time between
frequency measurements in the direct method, which leads to
biases in the estimation of fractional frequency stability;
these biases depend on noise type (9). More elaborate tech-
niques that eliminate this bias and offer better intrinsic fre-
quency resolution are described in later sections on hetero-
dyne measurements.

Direct Measurements of Phase or Time Using a Counter. For
sinusoidal signals, phase or time is usually referenced to the
positive-going zero crossing of the signal. For digital signals,
time is usually referenced to the mean of the 0 and the 1
states at the positive-going transition. Although the counter
can be started with the signal or the reference, we usually
start with the signal. Then advancing phase (time) corre-
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sponds to a signal frequency that is higher than the reference. Figure 7. Timing diagram of a heterodyne time measurement
The instrument counts Nref, the nominal number of cycles of system.
the counter time base frequency �ref that occur before the ref-
erence signal stops the count. The phase of the signal relative
to the reference is

�2ysig(�) relative to the frequency stability of the reference can
be estimated from a series of consecutive phase measure-
ments separated by a time �, using Eq. (13) (1,2). More elabo-

θsig = 2πNref

νsig

νref
(23)

rate techniques that offer better resolution are described in
where �sig is the frequency of the signal. The time of the signal later sections on heterodyne measurements.
relative to the reference is

Heterodyne Measurements

Heterodyne techniques offer greatly improved short-term res-
tsig = Nref

νref
(24)

olution over direct measurement techniques of frequency,
Since the measured phase (time) is proportional 1/(�ref), an phase, and time (see Fig. 7). In this technique the signal un-
error in the time base (reference) frequency leads to an error der test is heterodyned against the reference signal �ref and
in the determination of the signal phase. There may also be the difference frequency or beat frequency (lower curve) �b
phase errors or time errors in the measurement due to the measured. The frequency resolution is improved by a factor
voltage standing wave ratio (VSWR) on the transmission lines �ref /�b over direct measurements.
to the counter from the signal and the reference (10).
For a simple counter the intrinsic phase resolution is

Heterodyne Measurements of Frequency. Using the hetero-2��sig/�ref, while the time resolution is 1/�ref. Some sophisti- dyne method, the frequency of the signal source iscated counters have interpolation algorithms that allow them
to improve the intrinsic resolution by a factor of �, which can
be 100 or more. νsig = νref ± νb (27)

The uncertainty in the measurement of phase �� or time
�T using this approach is given by the intrinsic resolution Additional measurements are required to determine the sign
plus the combined fractional instability of signal �2ysig(�) and of the frequency difference. The usual method is to change the
the reference �2yref(�). When these factors are independent, frequency of the reference by a known amount and determine
they are added in quadrature: whether the beat becomes smaller or larger. The resolution

for frequency measurements is given by

�φ = θsig

[�
1

Nrefβ

�2
+ σ 2yref(τ ) + σ 2ysig(τ )

]1/2
(25)

�ν

νref
= �t

ν2b

νref
(28)

where �t is the timing resolution. The uncertainty is limited
�T = tsig

[�
1

Nrefβ

�2
+ σ 2yref(τ ) + σ 2ysig(τ )

]1/2
(26)

by the frequency stability of the reference and the phase vari-
ations of the phase detector. The minimum time between dataThe time-domain fractional frequency stability of the signal
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samples is 1/�b for clocks that are nearly at the same fre-
quency (a limitation in many situations).
Fifty percent of the time this approach is insensitive to the

phase fluctuation between the signal and the reference. This
down time, called ‘‘dead time’’ (5,9), biases the calculation of
�y(�) and mod �y(�) by an amount that depends on the noise
type and the duration of the dead time. Bias tables as a func-
tion of noise type and percent dead time are given in Ref. 9.
The dead-time limitation can be circumvented by using two
counters triggered on alternate cycles of �b.

Heterodyne Measurements of Phase (Time). The resolution
for heterodyne measurements of time or phase is increased to

vm(t)=kd∆φ(t)
G( f )

PLL

Signal PM detector

Spectrum
analyzer

vo(t)

Reference

Figure 9. Block diagram for a heterodyne (two-oscillator) PM noise�τ = νb

νref
�t (29)

measurement system.

where �t is the timing resolution of the counter. To avoid am-
biguity �b should be larger than the frequency fluctuations of
both the reference and the source under test. Additional mea-
surements are required to determine if the frequency of the

v1(t) = A1(t) cos[2πν0t + �1(t)]

= [V1 + ε1(t)] cos[2πν0t + φ1 + φ1(t)]
(31)

source is higher or lower than the reference. The phase of
the beat signal goes through zero when the phase difference
between the two signals is �(2n � 1) 
 90� where n � 0, 1,

v2(t) = A2(t) cos[2πν0t + �2(t)]

= [V2 + ε2(t)] cos[2πν0t + φ1 + φ2(t)]
(32)

2, 3, . . .. The time of the zero crossing is biased or in error
where �1(t) and �2(t) represent the amplitude fluctuations ofby �� due to imperfections in the symmetry of the phase de-
the signals and �1(t) and �2(t) represent the phase fluctua-tector and/or the VSWR in the reference and signal paths
tions of the signals. For an ideal mixer, the signal v3(t) is(10). Timing errors due to VSWR effects and typical tempera-
equal to the product of signals v1(t) and v2(t). After some alge-ture coefficients for mixer biases are given in Ref. 10 for fre-
braic manipulation, we havequencies of 5 and 100 MHz. These errors generally scale as

1/�sig.
The time of the source under test is v3(t) = A1(t)A2(t)

2
{cos[4πν0t + �1(t) + �2(t)]

+ cos[�1(t) − �2(t)]}
(33)

tsig = Tref ±
n

νref
± �φ (30)

At the output of the low-pass filter, the signal reduces to
where n is the number of beat cycles that have occurred since
the original synchronization. The minimum time between
data samples is 1/�b. For clocks that are at nearly the same

v4(t) = A1(t)A2(t)
2

{cos[�φ + �φ(t)]} (34)

frequency, this limitation can be very restrictive.
where �� is the difference between the phase angles of theThe time-difference data can be used to characterize the
two input signals (�1 � �2) and ��(t) � �1(t) � �2(t). Whenfractional frequency stability of the sources using Eq. (13).
�� is approximately equal to an odd multiple of �/2 and theThe resolution for short-term time domain frequency stability
integrated phase noise [	 ��( f)2 df ] does not exceed 0.1 rad2,(� less than 0.1 s) is typically much worse than that obtained
the two signals are in quadrature and the output voltage offrom integrating the phase noise using Eq. (15) (8,11)
the mixer is proportional to the difference of the phase fluc-
tuations in the signals v1(t) and v2(t). When a double-balancedBasic Configuration of PM and AM Noise Measurement Systems
mixer is used, the amplitude fluctuations are suppressed by

Figure 8 shows the basic building block used in PM and AM 25 to 40 dB (11,12). This is also called suppression of AM to
noise measurement systems. It consists of a phase shifter, a PM conversion in a double-balanced mixer.
mixer, and a low-pass filter. The two input signals to the When the two input signals to the mixer are in phase or
mixer can be represented as

�� � 0, the output voltage of the mixer is proportional to the
amplitude fluctuations of the signals. The suppression of
phase fluctuations when �� � 0 is higher than 90 dB (11,12).
The setup in Fig. 8 can be used in either AM noise or PM
noise measurement systems by adjusting the phase shifter.

PM Noise Measurement Systems For Oscillators and Amplifiers

Heterodyne Measurements of PM Noise in Signal Sources (Two-

  v4(t)  v3(t)

  v2(t)

  v1(t)

Phase shifter
Oscillator Method). Figure 9 shows a heterodyne PM noise
measurement system for an oscillator. In this system, the sig-Figure 8. Basic building block for AM and PM noise measurement

systems. nals from the test oscillator and a reference oscillator of simi-
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lar frequency are fed into a double-balanced mixer. A phase- shows the variation of kd with Fourier frequency for different
mixer terminations. Capacitive terminations improve thelocked loop (PLL) is used to lock the reference frequency to

the test oscillator frequency and to maintain quadrature be- mixer sensitivity, thereby improving the noise floor. However,
the frequency response is not nearly as constant as the re-tween the two input signals to the mixer (13). The output

voltage of the mixer is proportional to the difference between sponse obtained with resistive terminations, thus increasing
the measurement error (11).the phase fluctuations of the two sources. This voltage is am-

plified and its PSD is measured with a spectrum analyzer. A calibrated Gaussian noise source centered about the car-
rier frequency can be used to calibrate the frequency-depen-Often this spectrum analyzer is of the fast Fourier transform

(FFT) type. The voltage at the output of the amplifier is dent errors (14,15). In this technique Gaussian noise is added
to the reference signal by means of a low-noise power sum-
mer. Since the Gaussian noise is independent of the referencevo(t) = kdG�φ(t) (35)

noise, equal amounts of PM and AM noise are added to the
where kd is the mixer’s phase-to-voltage conversion factor (or reference signal. When the Gaussian noise is ‘‘on,’’ the PSD of
mixer sensitivity), G is the gain of the amplifying stage, and the output noise voltage vo(t) is equal to
��(t) is the difference between the phase fluctuations of the
test oscillator and the reference [�A(t) � �B(t)]. The PM noise PSD[vo,on(t)] = (kdG)2SPMcal (38)
can be obtained from

where SPMcal is the PM noise added by the Gaussian noise
source. The calibration factor as a function of frequency is

Sφ ( f ) = PSD[vo(t)]
(kdG)2

(36)

obtained dividing PSD[vo,on(t)] by SPMcal. A PSD measurement
is then made with the Gaussian noise ‘‘off.’’ The calibratedThe calibration factor or mixer sensitivity kd can be found by
PM noise is obtained fromturning off the PLL to obtain a beat frequency signal at the

mixer output. The slope at the zero crossing and the period of
this signal can be measured with an oscilloscope or another
recording device. The calibration factor kd in V/rad is

Sφ ( f ) = PSD[vo,off(t)]
(kdG)2

= SPMcal
PSD[vo,off(t)]
PSD[vo,on(t)]

(39)

This approach greatly reduces the uncertainty of the mea-kd = (slope) × T
2π

(37)

surement because it automatically takes into account the fre-
quency-dependent errors. This approach also reduces the timeIdeally this measurement should be made at the output of the

amplifier because the measurement then yields kdG, which necessary to make routine PM noise measurements as com-
pared to traditional methods since the measurement is nowincludes the effect of amplifier input impedance on the perfor-

mance of the mixer. The calibration of this PM noise measure- reduced to a simple ratio measurement between noise on and
noise off (14,15). The use of this calibration technique is illus-ment system using the beat-frequency method can introduce

errors in the measurement if the mixer and the amplifier trated in the cross-correlation measurements discussed in the
following and shown in Fig. 11.gains are frequency dependent, as is often the case. Figure 10
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mediate frequency (IF) port termination for radio frequency (RF) and local oscillator (LO) inputs
of �2 and �10 dBm (11).
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Figure 11. Block diagram of a two-chan-
nel cross-correlation system for measur-
ing PM noise in an oscillator. Calibration
of the system is accomplished using a PM
and AM noise standard (14,15).
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Gaussian
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The confidence intervals for spectrum analyzers (swept where S�,A( f) is the PM noise of the test source, S�,B( f) is the
PM noise of the reference, vn( f) is the noise added by theand FFT) as a function of the number of measurements can

be estimated from Table 1 (4,16–18). Biases in commonly mixer, the amplifier, and the spectrum analyzer, Sa,A( f) and
Sa,B( f) refer to the AM noise of the test source and the refer-used FFT window functions are discussed in Ref. 4.

One of the shortcomings of the single-channel, two-oscilla- ence, and �A and �B are the factors by which the AM noise is
suppressed. If the PM noise of the reference is higher thantor measurement system is that the measured noise includes

noise contribution from the test source as well as that from the PM noise of the test source, then the PM noise of the
source cannot be measured accurately.the reference source. The noise terms included in S�( f) are
The last three terms of Eq. (40) constitute the noise floor

of the measurement system. The noise floor can be estimated
by using a single source (test source or reference) to feed the
two inputs of the mixer. A phase shifter placed in one of the

Sφ ( f ) = Sφ,A( f ) + Sφ,B( f ) + v2n( f )

k2dBW
+ Sa,A( f )β2A + Sa,B( f )β2B

(40)
channels is used to adjust the phase difference to an odd mul-
tiple of 90�. The PM noise of the driving source is mostly can-
celed and the measured noise at the output is

Sφ ( f ) = v2n( f )

k2dBW
+ 2Sa,A( f )β2A + η( f )Sφ,A( f ) (41)

where the factor �( f) is due to decorrelation of the source
noise and is much smaller than 1 for small Fourier frequen-
cies. [See the section on delay line measurements, especially
Eq. (52), for a discussion of this effect.] Equation (41) is ap-
proximately equal to the noise-floor components in Eq. (40).
Equation (40) indicates that the AM noise of the source and
the reference can affect PM noise measurements; thus sources
with low AM noise should be used.

Cross-Correlation Heterodyne Measurements of PM Noise in
Signal Sources. One of the limitations of the single-channel,
two-oscillator method is that the PM noise of the reference
contributes to the measured noise. If three different oscilla-

Table 1. Approximate Statistical Confidence Interval for FFT
and Swept Spectrum Analyzers (16–18). � � N (the Number
of Averages) for FFT Analyzers and � � N(RBW/VBW) for
Swept Spectrum Analyzers. (RBW Refers to the Resolution
Bandwidth of the Spectrum Analyzer and VBW refers to the
video bandwidth).

69% Confidence 95% Confidence
� Interval (dB) Interval (dB)

4 �2 �3 �3 �6
6 �1.5 �2.3 �2.5 �5
10 �1.2 �1.7 �2 �4
30 �0.72 �0.88 �1.3 �1.8
100 �0.41 �0.46 �0.76 �0.92
200 �0.3 �0.32 �0.54 �0.63

1,000 �0.13 �0.13 �0.25 �0.27
3,000 �0.08 �0.08 �0.15 �0.15
10,000 �0.04 �0.04 �0.08 �0.08
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tors are available (A, test source; B, reference 1; C, reference Heterodyne Measurements of PM Noise in Amplifiers. Figure
12 shows the block diagram of a PM noise measurement sys-2), PM noise measurements of three different pairs of oscilla-
tem for a pair of amplifiers. In this system an oscillator signaltors can be made and the PM noise of the source can be ap-
is split using a reactive power splitter. The outputs of theproximated by
splitter drive two test amplifiers, and their outputs feed a
double-balanced mixer. The mixer output is then amplified
and measured by a spectrum analyzer. A phase shifter in one
of the channels is used to maintain quadrature. The PM noise

Sφ,A( f ) ∼= 1
2 [Sφ,AB( f ) + Sφ,AC( f )

− Sφ,BC( f )]− 2Sa,A( f )β2A − v2n( f )

k2dBW

(42)

of the amplifier pair is obtained dividing the PSD of the noise
voltage vo(t) by the calibration factor (kdG)2,

where S�,AB( f) includes the PM noise of sources A and B,
S�,AC( f) includes the PM noise of sources A and C, and
S�,BC( f) includes the PM noise of sources B and C. One prob- Sφ ( f ) = PSD[vo(t)]

(kdG)2
= Sφ,amp( f ) + v2n( f )

k2dBW
+ Sa( f )β2 (44)

lem with this approach is that small errors in any of the three
measurements taken separately can result in large overall er- where S�,amp( f) is the PM noise of the amplifier pair and Sa( f)
rors. Another problem is that the noise of the measurement is the AM noise of the source. This system assumes that the
system still contributes to the noise floor. noise of the amplifiers is higher than the noise floor of the
A more effective way of eliminating the PM noise from the measurement system. If this is not the case, cross-correlation

reference is to use cross-correlation PM noise measurements. measurement systems should be used. The calibration factor
Figure 11 shows a two-channel, cross-correlation PM noise can be easily obtained by adding a Gaussian noise source to
measurement system that uses two reference oscillators and one of the channels and making measurements with the noise
two PM noise detectors operating simultaneously. Each indi- on and the noise off, as discussed previously. Calibration can
vidual channel is a simple heterodyne measurement system. also be achieved by using a second source to drive one of the

amplifiers to obtain a beat signal at the output of the mixer.Therefore the noise terms in PSD[vo1(t)] and PSD[vo2(t)] di-
An oscilloscope can then be used to measure the zero-crossingvided by the respective calibration factors are described by
slope and the period of the beat signal, and the calibrationEq. (40). The PSD of the cross-correlation of the noise volt-
factor can be computed using Eq. (37).ages vo1(t) and vo2(t) divided by the calibration factor is
A similar measurement system can be used to measure the

PM noise of a single amplifier if the delay across the amplifier
is so small that decorrelation of the source noise is not impor-
tant to the measurement. See Eq. (52) and associated text for

Sφ ( f ) = S
φ,A ( f ) + Sa,A ( f )β

2
A + 1√

N

�
S

φ,B ( f ) + S
φ,C ( f ) + v2n ( f )

k2
d
BW

�

+ Sa,B ( f )β
2
B + Sa,C ( f )β

2
C

(43)

a discussion of decorrelation effects.

where S�,A( f) is the PM noise of the test source, S�,B( f) and Cross-Correlation Heterodyne Measurements of PM Noise inS�,C( f) are the PM noise of the references, and N is the num-
Amplifiers. Figure 13 shows a cross-correlation PM noiseber of averages in the measurement (11,14,15,19,20). The con-
measurement system for a pair of amplifiers. It consists of

tribution of the PM noise of the references and the noise in two channels, each a separate heterodyne measurement sys-
the detectors and amplifiers are reduced by �N, because they tem. The PSD of the cross-correlation of the noise voltages
are independent. This results in a reduction of the unwanted vo1(t) and vo2(t) divided by the calibration factor isPM noise in the references and the measurement system of
10 dB for 100 averages and 20 dB for 10,000 averages. This
powerful measurement technique makes it possible to obtain
an accurate measurement of the PM noise of a source that
has lower noise than the references if the AM noise of the
source can be neglected.

Sφ ( f ) = PSD[vo1(t)vo2(t)]
(kdG)2

= Sφ,amp( f ) + 1√
N

v2n( f )

(kdG)2BW
+ Sa,A( f )β2A

(45)

Figure 12. Block diagram of a single-
channel system for measuring PM noise
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Figure 13. Block diagram of a two-channel cross-correlation system for measuring PM noise in
a pair of amplifiers.

The noise added by the phase detectors is reduced by �N. proportional to the phase fluctuations of the source. For
2�f�d  1,The calibration factor kdG can be obtained by adding a cali-

brated Gaussian noise source about the carrier frequency as
shown in Fig. 13. In this setup the noise floor is generally
limited by the AM noise of the source. It is therefore impor-
tant to select a source with low AM noise and to operate the

vm( f ) ∼= kd

[
2− 2

�
1− (2π fτd)

2

2

�]1/2
φ( f ) = kd2π fτdφ( f )

(47)
mixer at the maximum point of AM rejection.

where vm( f) is the output voltage of the mixer at an offset
frequency f . Equation (47) can also be expressed in terms ofDelay-Line Measurements of PM Noise in Signal Sources. A
y( f) by multiplying the right side by �0/f :PM noise measurement system that does not need a second

source is the delay-line system shown in Fig. 14 (11,21). In vm( f ) ∼= kd2πν0τd y( f ) (48)
this setup the oscillator signal is split, a delay line of time
delay �d is placed in one channel, and a phase shifter is placed Equation (48) can be equivalently expressed in the time do-
in the other channel. The two channels are fed into a double- main as
balanced mixer. The phase fluctuations of the combined sig-
nal at the mixer output are given by vm(t) ∼= kd2πν0τd y(t) (49)

Equation (49) indicates that the output voltage of the mixerφm( f ) = [2− 2 cos(2π fτd)]
1/2φ( f ) (46)

is proportional to the frequency fluctuations in the source,
and thus this system measures the FM noise of the testwhere �( f) are the rms phase fluctuations of the source at an
source. The voltage at the output of the amplifier is given byoffset frequency f (21,22). If the phase shifter is adjusted so

that the phase difference between the two input signals is an
odd multiple of 90�, then the output voltage of the mixer is vo(t) ∼= kd(2πν0τd)Gy(t) = ν0kνGy(t) (50)

Figure 14. Block diagram of a PM noise
measurement system that uses a delay
line to measure PM noise in an oscillator.
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where k� is the mixer sensitivity to frequency fluctuations and For f  1/(2��d), the noise contributions of the mixer, the am-
plifier, and the spectrum analyzer to the noise floor increaseG is the voltage gain of the amplifier. The FM and PM noise

of the source can then be obtained: by a factor of (2�f�d)�2. The noise floor for the delay line mea-
surement system is given by

Sy( f ) ∼= PSD[vo(t)]
(2πν0τdkdG)2

= PSD[vo(t)]
(ν0kνG)2

(51)
Sφ,floor( f ) = 1

(2π fτd)2k2d

�
v2n( f )

BW

�
+ Sa,A( f )β2 (54)

The first term usually limits the noise floor of this system.
Sφ ( f ) ∼= PSD[vo(t)]

(2π f τdkdG)2
=
� 1

f

�2 PSD[vo(t)]
(kνG)2

(52)

The term in large parentheses usually follows a 1/f power law
at frequencies close to the carrier; thus the overall noise floorEquations (51) and (52) are valid only for f  1/(2��d), where
at these frequencies follows a f�3 dependence on Fourier fre-the approximation in Eq. (47) is valid. The calibration factor
quency. In addition, the noise floor is inversely proportionalk� can be found by stepping the source frequency up and down
to �2d; therefore longer delays will result in lower noise floors,and measuring the corresponding voltage change at the out-
but also a smaller Fourier frequency span in which Eqs. (51)put of the amplifier. The voltage change divided by the fre-
and (52) are valid. At very long delays, the attenuation of thequency change is equal to k�G in V/Hz. At f 
 1/(2�d), the
signal is so large that the noise floor is adversely affected. Theoutput of the mixer is approximately sinusoidal with maxi-
noise floor of this measurement system cannot be measuredmums occurring at odd multiples of 1/(2�d), and minimums
directly since a source is needed and the noise from the sourceoccurring at even multiples of 1/(2�d). The first minimum oc-
cannot be easily separated from the noise of the measurementcurs at f � 1/�d, and thus a measurement of this occurrence
system. If the noise contribution of the measurement systemcan be used to determine �d (21). A calibrated Gaussian noise
(mixer, amplifier, and spectrum analyzer) are known, thensource can be used to calibrate the system at Fourier frequen-
the noise floor can be approximated using Eq. (54).cies higher than 1/(2�d), thus extending the frequency range

of this system (14,15).
Cavity Discriminator Measurements of PM Noise in SignalThe close-in noise floor of this measurement system is

Sources. Figure 15 shows a cavity discriminator measure-much larger than that of the two-oscillator system. From Eq.
ment system (11). This system is similar to the delay-line sys-(47), the effective phase sensitivity of the mixer is multiplied
tem, but uses a high-Q cavity in place of the delay line. If theby a factor of 2�f�d and thus is less than the phase sensitivity
signal frequency and the cavity resonance frequency are close,of the two-oscillator method (21). As discussed previously, the
the cavity causes a phase delay proportional to the signal fre-noise floor of the two-oscillator measurement system is given
quency. In the linear region around �o, the fractional fre-by
quency fluctuations of the source are converted to phase fluc-
tuations according to

φ(t) ∼= 2Qy(t) (55)
Sφ,floor( f ) = 1

k2d

v2n( f )

BW
+ Sa,A( f )β2A + Sa,B( f )β2B (53)

Figure 15. Block diagram of a PM noise
measurement system that uses a high-Q-
factor cavity to measure PM noise in an
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If the phase shifter is adjusted so that the two input signals source. In this system a source drives an AM detector. The
to the mixer are in quadrature, then the output voltage of the output voltage of the detector is then amplified and fed into a
mixer is proportional to phase fluctuations of the source. After swept or FFT spectrum analyzer. AM detectors commonly
amplification, the output voltage is given by used are the mixer detector discussed previously or a diode

detector.vo(t) ∼= kd(2Q)Gy(t) = ν0kνGy(t) (56)
The voltage at the output of the mixer is given by

where the mixer sensitivity to frequency fluctuations k� is
equal to 2Qkd/�0. (Figure 15 shows the output voltage of the
amplifier as a function of input frequency.) The FM and PM

vm(t) ∼= ka
ε(t)
V0

(61)

noise of the source are therefore
where ka is the detector’s sensitivity to fractional amplitude
fluctuations. The AM noise of the source is thenSy( f ) ∼= PSD[vo(t)]

(2QkdG)2
= PSD[v0(t)]

(ν0kνG)2
(57)

Sa( f ) = PSD[vo(t)]
(kaG)2

(62)
Sφ ( f ) ∼=

�
ν0

f

�2 PSD[vo(t)]
(2QkdG)2

=
�1

f

�2 PSD[vo(t)]
(kνG)2

(58)

where vo(t) is the voltage into the spectrum analyzer and G isEquations (57) and (58) are valid only for f  �0/(2Q), where
the gain of the amplifier. The sensitivity ka can be measuredthe phase-to-frequency relation of the cavity is linear and k� by replacing the test source with a source with amplitudeis a constant. The value of k� can be found by stepping the
modulation capability (12,20). The power of the (calibration)frequency of the source up and down and measuring the cor-
source should be the same as the power of the test source,responding voltage change at the output of the amplifier. The
and it should be adjusted so that the dc voltage at the outputvoltage change divided by the frequency change is equal to
of the mixer is the same as when the test source is used. Thek�G in volts per hertz. At higher Fourier frequencies k�
amplitude modulated input signal is given bychanges according to (11)

v(t) = V0(1+ AMin cos�t) cos(2πν0t) (63)

where AMin is the peak fractional amplitude modulation and

kν ∝ 1

1+
�
2Q f
ν0

�2 (59)

� is the modulation frequency. The magnitude of the ampli-
tude modulation Sa( f) at the input signal is ��(AM)2, where AMA calibrated Gaussian noise source can be added to the source

to calibrate the system at Fourier frequencies higher than is the modulation selected. The amplitude modulation at the
�0/(2Q), thus extending the range of this measurement output (AMout) is then measured with the spectrum analyzer
system. and the calibration factor is given by
As in the delay-line measurement system, the effective

phase sensitivity of the mixer is less than the phase sensitiv-
ity of the two-oscillator method. The noise floor is thus given (kaG)2 = 2AMout

AMin
(64)

by
This measurement assumes that the calibration factor is a
constant independent of the Fourier frequency. Many timesSφ,floor( f ) = 1

(2Q f )2k2d

v2n( f )

BW
+ Sa,A( f )β2 (60)

ka and G vary with frequency, and thus errors are introduced
in the calibration. This is especially important for f higherClose to the carrier the noise floor follows a f�3 dependence
than 100 kHz. To avoid this problem and speed the measure-on Fourier frequency and is higher than the noise of the two-
ment of kaG, a Gaussian noise source added to the test sourceoscillator measurement system. In addition, the noise floor is
can be used to calibrate the system (12,14,15). To calibrateinversely proportional to Q2. Therefore, higher Q cavities will
the system, the PSD of vo(t) with the Gaussian noise on isresult in lower noise floors, but also a smaller Fourier fre-
measured with the spectrum analyzer. This curve will showquency span in which Eqs. (57) and (58) are valid. Other reso-
any variation of kaG with Fourier frequency if it exists. Thenant circuits, such as multiple-pole filters, can be used in
values of (kaG)2 as a function of Fourier frequency are ob-place of the cavity. The resonant circuit used can add noise to
tained by dividing the measured vo( f) by the known calibratedthe system and thus limit the resolution or noise floor of the
noise power.measurement system.
The confidence intervals for spectrum analyzer (swept and

AM Noise Measurement Systems For Oscillators and Amplifiers FFT) measurements, as a function of the number of measure-
ments, can be estimated from Table 1 (4,16–18). Biases inSimple AM Noise Measurements For Oscillators. Figure 16
commonly used FFT window functions are discussed in Ref. 4.shows a single-channel AM noise measurement system for a
One problem of this simple measurement system is that

the measured noise, given by Eq. (62), includes the AM noise
of the source in addition to noise added by the detector, the
amplifier, and the analyzer (noise floor of the system). The
noise components included in Sa( f) are

Spectrum
analyzer

vo(t)

Signal Detector
vm(t) = ka∆ε (t)/V0 G( f )

Figure 16. Block diagram of a single-channel AM noise measure-
ment system for measuring AM noise in an oscillator.

Sa( f ) = Sa,src( f ) + 1
(ka)2

v2n( f )

BW
(65)
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Figure 18. Block diagram of a single-channel system for measuring
AM noise in an amplifier.

Two-channel
FFT

analyzer

vo1(t)

vo2(t)

Signal

Detector G( f )

G( f )Detector
sured with an spectrum analyzer. The PSD of the noise volt-

Figure 17. Block diagram of a two-channel cross-correlation system age vo(t) divided by the calibration factor (kaG)2 is
for measuring AM noise in an oscillator.

PSD[vo(t)]
(kaG)2 = Sa,src( f ) + Sa,amp( f ) + 1

(ka)2

v2
n(t)

BW
(67)

where Sa,src( f) is the AM noise of the source, and the second The first term in Eq. (67) represents the AM noise of the
term represents the noise floor of the system. It is therefore source, the second term is the noise of the test amplifier, and
difficult to separate the AM noise of the source from the the third term is the noise floor of the measurement system.
noise floor. The calibration factor kaG can be obtained by using a source

with AM capability or by using a calibrated Gaussian noise
source to calibrate the system (12,14,20). If the AM noise ofCross-Correlation AM Noise Measurements For Oscillators.
the source or the system noise floor is comparable to the am-The noise floor of the AM noise measurement system dis-
plifier noise, accurate measurements of the amplifier AMcussed previously can be considerably reduced by using two-
noise cannot be made using this system.channel cross-correlation techniques as shown in Fig. 17. In

this system PSD[vo1(t)] includes AM noise of the source plus
Cross-Correlation AM Noise Measurements For Amplifiers.noise in channel 1 (detector 1, amplifier 1). PSD[vo2(t)] in-

Figure 19 shows a cross-correlation AM noise measurementcludes AM noise of the source plus noise in channel 2 (detec- system for an amplifier that reduces the noise floor of the
tor 2, amplifier 2). The PSD of the cross spectrum divided by measurement system. A reference source drives the test am-
the calibration factor mainly includes the AM noise of the plifier, the amplifier output is split, and each channel is fed
source since the noise that is not common between the two into an AM detector. The output signals of the detectors are
channels is reduced proportionally to 1/�N, so then amplified and measured with a two-channel FFT spec-

trum analyzer. The PSD of the cross-correlation [vo1(t)xvo2(t)]
divided by the calibration factor isPSD[vo1(t)vo2(t)]

(kaG)2

= Sa,src( f ) + 1√
N

�
v2

n1(t)
(ka1)

2BW
+ v2

n2(t)
(ka2)

2BW

�
(66)

PSD[vo1(t)vo2(t)]
(kaG)2

= Sa,src( f ) + Sa,amp( f )

+ 1√
N

�
v2

n1(t)
(ka)2BW

+ v2
n2(t)

(ka)2BW

� (68)

This measurement technique is very useful for separating the
AM noise of the source from the system noise. This system Equation (68) indicates that part of the noise floor in the sys-
can be calibrated with a source with AM capability or by us- tem is reduced by a factor of �N. If the AM noise of the
ing a calibrated Gaussian noise source (12,14). source dominates the measured noise, a limiter can be placed

after the source to reduce its AM noise (6).
Simple AM Noise Measurements For Amplifiers. Figure 18

shows a single-channel AM noise measurement system for an CARRIER SUPPRESSION MEASUREMENT SYSTEMS
amplifier. A source is used to drive the amplifier under test,
and the output signal of the amplifier is fed into an AM detec- The concept of carrier suppression was first introduced by

Sann for measuring noise in amplifiers (23). Carrier suppres-tor. The signal is amplified, and the output voltage is mea-

Figure 19. Block diagram of a two-chan-
nel cross-correlation system for measur-
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Figure 20. Carrier suppression AM noise measurement system for
amplifiers.

sion measurement systems use a bridge network to cancel the
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power at the carrier frequency, effectively enhancing the
Figure 22. Two-oscillator PM noise measurement system with car-noise of the device under test (23–26). This results in a reduc-
rier suppression.

tion of the noise floor of the measurement system, or in other
words, in an increase of the detector sensitivity.

Carrier Suppression PM Noise MeasurementCarrier Suppression AM Noise Measurement
Systems for OscillatorsSystems for Amplifiers

Carrier suppression can also be used in PM measurementFigure 20 shows an AM noise measurement system for ampli-
systems for oscillators. Figure 22 shows a two-oscillator PMfiers that uses carrier suppression (25). The source signal is
noise measurement system with carrier suppression (25). Insplit, and the amplifier under test is placed in one of the chan-
this system a bridge is used to raise the magnitude of the PMnels. The variable attenuator is used to match the magni-
noise of the two oscillators with respect to the noise in thetudes of the two channels. The phase shifter is used to adjust
phase noise detector. A PM noise standard is used to calibratethe phase difference between the two channels to 0. When the
the gain of the system. Carrier suppression can also be ap-two signals are combined in the hybrid, the carrier power is
plied to delay line measurement systems (27).mostly cancelled. The degree of cancellation depends on how

The advantage of carrier suppression measurement sys-well the two channels are matched. An additional amplifier is
tems over cross-correlation systems is that similar noise floorsplaced at the output of the power summer to increase the
can be achieved at smaller measurement times. The disad-power input to the AM detector. The effective AM noise of the
vantage is that a very good amplitude and phase match ofdevice (as seen by the AM detector) is increased by the
the bridge channels is required to suppress the carrier power.amount of carrier suppression. An AM noise standard is used
Furthermore, the match changes with temperature, and thusto calibrate the gain of the system.
careful calibrations should be performed before and after a
measurement to ensure that the amount of suppression hasCarrier Suppression PM Noise Measurement
not changed. The use of a PM/AM noise standard will easeSystem for Amplifiers
the calibration process. In some specific systems, like AM

Figure 21 shows a carrier suppression PM noise measure- measurement systems for amplifiers, carrier suppression sys-
ment system for amplifiers (25,26). A bridge circuit is used to tems are superior. The reason is that in these systems, the
effectively increase the PM noise of the amplifier with respect AM noise of an amplifier with lower or comparable noise to
to the noise floor of the system. A PM noise standard is used the source can be accurately measured. In cross-correlation
to calibrate the gain of the system. measurement systems for amplifiers it is difficult to cancel

the AM noise of the source, which is often comparable or
larger than the noise in the amplifier under test.
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