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Q-FACTOR MEASUREMENT

This article reports on traditional and modern methods of measurement of the Q-factors of resonators. Many of
the techniques which will be described were first developed to determine the Q-factors of microwave resonators.
Bearing this in mind, the language of the microwave engineer will be used throughout, although the reader
should note that the basic principles are just as applicable to measuring the Q-factors of radio-frequency,
millimeter, sub-millimeter, and optical resonators. The chapter will commence with a definition of the Q-
factor, and a clear description of the resonator parameters which need to be measured to define the Q-factor
of a resonance. The methods of measuring these parameters will then be outlined, including the particular
advantages and disadvantages of a technique, the equipment required for the measurement, and the potential
for accuracy. Finally, some of the latest developments in the field of Q measurement will be presented.

Measurement of the Q-factor is the measurement of one of the defining characteristics of a resonance.
Resonances are seen in devices which are able to store energy for a length of time which is long when compared
to the period of oscillation of the electromagnetic energy being stored. The Q-factor is a direct measure of the
quality of the resonator, or in other words, the length of time for which the energy can be stored.

To store energy, a resonator must have a method to trap energy. Microwave resonators make use of two
main methods to trap energy: storage of the fields in a volume which is surrounded by conductive material,
and storage inside a high dielectric material by total internal reflection at the dielectric surface. The first
class of resonators are termed microwave cavities, while the second class of resonators are termed dielectric
resonators. Of course, it is also possible to build hybrid resonators which use both mechanisms to trap energy.
Any electromagnetic field pattern which satisfies Maxwell’s equations in the resonator volume and satisfies the
boundary conditions imposed by the resonator surfaces is called a normal mode or resonance of the resonator
(1).

For energy to enter and leave a resonator, there must be some electrical or magnetic pathway between
the resonator and an external transmission line. This pathway is most commonly provided in three ways:

(1) Magnetic loop or electric probe on the end of a coaxial transmission line which protrudes into a cavity
resonator,

(2) A direct opening in the metallic wall between a cavity and a waveguide transmission line (iris coupling),
(3) Placing a dielectric resonator in close proximity to a microstrip conductor (evanescent field or reactive

coupling).

The number of coupling ports and the type of coupling used on those ports are used to further charac-
terize microwave resonators. Resonators with a single port using probe or iris coupling are termed reflection
resonators. Resonators with two or more ports using probe or iris coupling are termed transmission resonators.
Two port resonators making use of reactive coupling are termed reactive or absorption resonators.

Microwave resonators, and accurate Q measurements to characterize those resonators, are vitally impor-
tant in microwave engineering and physics:
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(1) Filters can be constructed from resonators because of their selective behavior in the frequency domain.
A filter is a device which can transmit or reflect a desired signal while rejecting other nearby unwanted
signals.

(2) Measurements of electrical conductivity can be performed by an accurate measurement of the Q-factor of
a microwave resonator which has been constructed of the material of interest (2,3). This measurement
technique has undergone a renaissance recently with the great interest in high critical temperature super-
conductors (4).

(3) Microwave properties of materials can be measured by the influences they have on the Q-factor and resonant
frequency of a microwave resonance when they are loaded into a microwave resonator (1,5,6). Highly
sensitive measurements of the Q and frequency are required to gain accurate material characterization.
The dielectric loss and dielectric constants of fluids and gases have been reported by a number of workers
using this method (7,8). Magnetic and electrical properties of solids have also been reported (9,10,11,12).

(4) Oscillators which have a high frequency stability in the short term require high-Q resonators; the best
stability which has so far been achieved was with a superconducting cavity microwave oscillator operating
near 2 K with a Q-factor around 1011 (13), and more recently, by a sapphire microwave oscillator at 4 K
operating with a Q above 4 × 109 (14).

Microwave Q-factors of interest range from 2 (15) up to 1011 for a high perfection superconducting cavity
at cryogenic temperatures (13). Coupling factors to these resonances can vary from 10− 3 for extremely lightly
coupled wavemeter resonators up to 103 for superconducting cavities at cryogenic temperatures. No single
technique can be expected to operate over this full range and always give high resolution and highly accurate
measurements. The desire to generate accurate measurements over this full range of interest has led to the
large number of Q measurement methods reported here.

Many traditional methods for obtaining the Q factor have fallen from favor either because of improvements
in technology, or because the original cumbersome technique can now be circumvented. For example, one of
the major reasons for devising time domain Q measuring techniques was to avoid difficulties arising from the
typically poor frequency stability of microwave signal generators of the time. However, modern quartz-based
synthesizer technology provides a frequency stability which is adequate to measure the Q-factors of all but
the very highest Q resonators. A second example is found with the rare use of voltage standing wave ratio
(VSWR) measurement techniques in modern laboratories. These techniques are slow (16) and cumbersome as
they require a device to be moved mechanically to make measurements. Modern network analyzers can make
equivalent measurements essentially instantaneously without the need for mechanical changes to the circuit.
Nevertheless, traditional Q measurement techniques still have importance because of their simplicity, low
cost instrumentation, and instructional value. For these reasons, they will still be discussed below. For highly
detailed instructions on performing these methods, the reader should refer to the classical texts (17,18).

Definitions

The letter Q was first used to describe the ratio of reactance to resistance of low frequency inductors and
capacitors (18). Because of the usual technique of describing microwave resonators in terms of low frequency
circuit elements, the letter Q became associated with describing the ratio of reactance in a resonant circuit
to the resistance in that circuit. A simple calculation (see Eq. 3) shows that there is also a close relationship
between Q and the time for energy to dissipate in such an equivalent circuit. This led to the incorrect but
widespread belief that Q is the initial letter of the expression Quality factor (abbreviated as Q-factor), a term
related to the length of time that a resonant circuit stores energy. The agreed modern definition of the Q-factor
of any general resonant circuit (including electronic, optical, and mechanical resonators) is (18) 2π times the
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ratio of energy stored in the system to the energy dissipated per cycle or in symbols,

where U is the maximum energy of the system, and �U is the energy dissipated in a cycle. This equation can
be solved to find how the energy decays as a function of time. The energy dissipated in one cycle can be found
from

where f 0 is the resonant frequency. Substituting Eq. (2) into Eq. (1), the time dependence of U is found as

where U0 is the initial energy of the resonant system, and ω0 ≡ 2πf 0 is the angular resonant frequency. From
inspection of Eq. (3), another more practical definition of Q can be stated: 2 π times the number of cycles
required for the energy in the system to decay to 1/e of some initial amount or

where τ is the time taken for the energy to decrease to 1/e of its value (called the ring-down time), and T0 ≡
1/f 0 is the resonant period. As will be seen below, direct use is made of Eq. 4 in determining Q factors by a
time domain technique. All other measurement techniques make use of the response of the resonator to forced
oscillation. To understand these techniques, we will need to derive expressions which will describe the behavior
of the resonator under this condition.

Microwave Resonators. A diagram of a transmission microwave resonator is given in Fig. 1(a). The
figure shows an empty metallic cavity where coupling between the resonator and external transmission lines
is provided by small openings in the walls of the cavity. A general low frequency analogue to this microwave
resonator, its coupling arrangement, and the external transmission lines is given by Fig. 1(b). Each resonance of
the cavity is represented by a parallel LCR circuit (19). The kth resonant frequency is given by the expression:

and the unloaded Q of the kth resonance can be determined by substituting the energy dissipation provided by
Rk and the energy storage provided by Ck and Lk into Eq. 1:

The iris coupling has been modeled as transformer of unknown turns ratio (17,20). Xe1 and Re1 are the
equivalent reactance and shunt resistance of the input coupling network and transmission line, while Xe2 and
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Re2 are the equivalent parameters for the resonator output network. Rs is the series impedance of the signal
generator, and RL is the equivalent load resistance of the equipment that is monitoring the resonator. Any
measurement of the resonant system represented by Fig. 1(b) will yield a result which is a combination of
the properties of the transmission line, the coupling mechanism, and the resonator. However, under certain
conditions, it is possible to measure the Q of a particular mode while ignoring the influences of the load, the
coupling mechanism, the transmission line, and other modes. In this case, the external impedances can be
transformed into the resonant circuit giving the circuit shown in Fig. 1(c). This circuit is far more amenable
to analysis and is the model usually assumed by traditional measurement techniques as it greatly simplifies
the post-measurement analysis [attempts were sometimes made to allow for coupling losses; i.e., Re1 �= 0
(18)]. These simplifications will lead to important errors if the resonator is strongly overcoupled, the Q of the
resonance is relatively low, the generator or source are poorly matched to the transmission line, or there is
an excessive amount of reactance in the coupling mechanism or transmission line. For the sake of a simple
introduction, we will use the circuit shown in Fig. 1(c) and reserve discussion of the more complex situation
until the “Modern Measurement Techniques” section later.

To describe how microwave radiation interacts with a resonator, we will use a scattering matrix formalism.
Figure 2 shows a voltage wave, ã1, incident on an arbitrary microwave two port device. The wave is scattered
by the two port, some of its energy going into a reflected wave, ã2, and part into a transmitted wave, b̃2. We
express all three waves as

where ω is the applied angular microwave frequency, A is the normalized voltage amplitude of the wave, β is
the propagation constant, and z is the measurement position. We define the resonator scattering terms s11 and
s21 as

We can, of course, define equivalent parameters for port 2. By substituting Eq. 7 into Eq. 8, we note that
s11 and s21 will depend on the measurement position. This leads to the difficulty that we need to specify the
measurement plane each time we quote the resonator scattering parameters. Theoretically, we could avoid this
difficulty by always referring the measurement to some special pre-agreed measurement plane, for example, the
plane which is coincident with the coupling device. However, practically, it is difficult to make a measurement at
that physical position. Instead, we choose to define some special planes which have a well defined measurable
characteristic. If a measurement is made of s11 at a frequency which is far from the resonant frequency, we
can always find a position on the line which responds as if there were a short circuit or an open circuit on the
transmission line. These planes are termed the detuned short or detuned open positions (17,18,20). From the
detuned short position, the equivalent low frequency circuit shown in Fig. 1(c) is an accurate representation
of the real microwave circuit (given that all the above assumptions still hold). Modern measurements can
avoid this difficulty of determining the reference plane (see the Modern measurement techniques section). The
scattering parameters at the detuned short position for the circuit shown in Fig. 1(c) have been calculated as
(21,22)
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Fig. 1. (a) A diagram of a general microwave cavity resonator with iris coupling on the input and output ports. (b) An
equivalent LCR circuit for part (a). The cavity resonator has an infinite number of resonances which have been represented
by the series of LCR circuits: (R1, C1, L1), . . ., (Rk, Ck, Lk), . . ., (R∞, C∞, L∞). The input and output coupling network have
been modeled with a series loss (Re1, Re2) and series inductance (Xe1, Xe2) to take into account any losses or reactance
of the coupling network. The source and load series impedance are denoted by Rs and RL. The iris coupling has modeled
as a transformer of unknown turns ratio. (c) A highly simplified version of part (b), where the traditional assumptions
of Q-factor measurement have been made. The coupling reactance and loss are assumed to be zero. The source and load
are assumed to have a resistance which is perfectly matched to the line impedance. All other resonances of the cavity are
assumed to be sufficiently far from the resonance of interest that they can be safely ignored. All external components have
been transformed across the transformers and into the resonant circuit.

where ε ≡ f /f 0 − f 0/f , f is the incident frequency, f 0 is the resonant frequency as defined above in Eq. 5, Qu
is the unloaded Q of the resonator as defined in Eq. 6, and the coupling factors are defined as the ratio of the
internal resonant resistance to the external resistances when transformed into the resonant circuit; that is,
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Fig. 2. Schematic diagram representing the scattering of microwave voltage waves by a microwave two-port.

where n is the effective turns ratio of the input coupling mechanism, and m is the effective turns ratio of the
output coupling mechanism. If β < 1, then a resonator is termed undercoupled; if β > 1, then a resonator is
termed overcoupled; and if β = 1, then the resonator is critically coupled. Eq. 9 also applies to single port
reflection resonators if β2 is set to zero.

It is useful to split Eqs. 9 and 10 into their real and imaginary parts as this will give us the in-phase
response and quadrature phase response of the resonator, respectively. In other words, the real part of Eq. 9
gives us the portion of the reflected wave which is in phase with the incident signal and the imaginary part
will give the fraction of the reflected signal, which is π/2 out of phase with the incident signal.

An interesting and novel way of summarizing this information is by using a three dimensional parametric plot
of the resonator response as a function of frequency (see Fig. 3 for a plot of s11). If we make two dimensional
projections of this plot along the principal axes, we will see response curves that are more familiar to the
microwave engineer. To display this, we have projected the three dimensional plot onto the faces of the box
in Fig. 3 and then rotated these faces into view. Viewing the curve which has been projected onto the plane
perpendicular to the real axis we see the imaginary response of the resonator [Fig. 3(b)], looking along the
imaginary axis, we observe the real response of the resonator [Fig. 3(c)], and finally, looking parallel to the
frequency axis, we observe a circle—which is termed the Q circle of the resonator [Fig. 3(d)]. This horizontal
projection plane is more readily recognized as the Smith Chart (23). The Smith Chart gives the magnitude of
s11 by the distance that a plotted point is from the origin, while the phase of s11 (φ) is given by the angle that
the line joining the point to the origin makes with the real axis. The most important advantage of this three
dimensional description of the resonator response is the clear demonstration of the intimate relationship which
exists between the many descriptions of microwave resonators given in the literature: the real and imaginary
components of the scattering matrix, the Smith Chart, and the magnitude and phase of the response.
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Fig. 3. (a) A three dimensional display of the scattering parameter, s11, from a reflection resonator. The curve has been
projected onto the faces of the box, and then these faces have been rotated into view. (b) Shows the imaginary (or quadrature
phase) reflection response of the resonator. (c) Shows the real (or in-phase) reflection response of the resonator. (d) Shows the
Q-circle of the resonator on a Smith Chart. The phase and magnitude of the reflection coefficient at a particular frequency
are given by the distance that a plotted point is from the origin and the angle it makes with the real axis.

Q-factor measurements of two port microwave resonators frequently employ measurements of the trans-
mitted and reflected power as a function of frequency. In cases of moderate to high Q, the derived frequency
variable ε can be simplified with negligible error to

where �f ≡ f − f 0. We will term �f the frequency detuning. The squared magnitude of s11 and s21 (which gives
the reflected and transmitted power coefficients respectively) can be derived from Eqs. 9 and 10 as

Plots of these functions have been given on Fig. 4.
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Fig. 4. The power reflection and transmission coefficients of a two port resonator with β1 = 1 and β2 = 2. The loaded Q
of the resonator is given by QL = f 0/(f 2 − f 1), where f 1 and f 2 are the points at which the power transmission coefficient
is half the maximum power transmission, or the points where the power reflection coefficient is the average of the on and
off-resonance power reflection coefficients.

Loaded Q (QL), Unloaded Q (QU) and External Q (Qe). There are three distinct Q-factors of which
we commonly talk when we discuss the losses in a microwave circuit. The unloaded Q (QU) is the Q-factor that
would be measured as the electromagnetic coupling to the resonator tended to zero. That is, it is associated
with dissipation which occurs inside the resonator (Rk in Fig. 1(c) and see Eq. 6). The external Q (Qe) is the
dissipation which occurs external to the resonator but which is coupled into the resonance by the coupling to
the external circuit [Rs and RL in Fig. 1(c)]. We can derive an expression for the external Q-factors in the same
way as we found the unloaded Q factor (Eq. 6):

The loaded Q (QL) is the Q-factor measured by any scalar Q measurement method. It includes the contributions
of all losses in the circuit which provide a dissipation mechanism for the resonance (both internal and external
to the resonant circuit). We can write the relationship between the loaded Q, the unloaded Q, and the external
Q factors as

Using the definitions of the coupling factors (Eq. 11) and the definitions of the unloaded and external Q factors
(Eqs. 6 and 19), we can simplify Eq. 20 to

General Q-Factor Measurement Techniques. Let us simplify some of our original expressions to
generate some practical ways to measure the Q factor. From an examination of Eq. 17, we see that the maximum
power transmitted through the resonator occurs when the incident frequency is exactly equal to the resonant
frequency. As we move away from the resonant frequency, the transmitted power falls as the square of the
frequency difference. An important measure of such a resonant curve would be its sharpness. We choose to
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measure the sharpness of the curve by the frequency difference between the two frequency values which
transmit half the maximum power; that is, we need to find the frequency detuning �f which satisfies the
equation:

The solution to Eq. 22 is

Let us define a new parameter, �f L: the loaded half bandwidth which is equal to the positive solution of Eq.
23; that is,

Equation 23 gives us a method of measuring QL in transmission resonators. By measuring the resonant
frequency, the maximum transmission power and the two frequency points at which the transmitted power is
down by half, we can calculate the loaded Q.

To derive Qu from this measurement, we will need to determine the coupling factors and use Eq. 21. By
measuring the reflected power coefficient on resonance and the transmitted power coefficient on resonance, we
have two equations with two unknowns (Eqs. 17 and 18). These can be solved to find the coupling coefficients:

where �0 = |s11(0)| and T0 = |s21(0)|. The first of these two equations can also be applied to finding the coupling
coefficient for a one port resonator by letting β2 be equal to zero. The equation can then be rewritten as

It is not possible to determine which of the two solutions in Eq. (25) or (26) is, in fact, the correct one if we are
limited to a scalar power transmission method of determining the Q-factor. We need to measure some phase
information (16), or vary the physical coupling in a known way (18,24), to remove this ambiguity. If one is not
interested in knowing the coupling factors individually but just for the purpose of determining the unloaded Q
factor from the loaded Q factor, then one can use (22)

If it is possible to measure the complex components of s11 either directly, with a network analyzer or using a
phase bridge, or indirectly, through measurements of the line VSWR, then there are some alternative methods
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to estimating the Q-factor of a resonator. For simplicity, we will perform the following calculations for a one
port reflection resonator (β2 = 0). However, it should be noted that the equations which govern reflection, trans-
mission, and reaction resonators are all essentially equivalent (25), and so, most Q measurement techniques
can be applied to all three types of resonator (25,26).

We need to determine the relationship which exists between the real and imaginary components of s11
when at a particular frequency detuning. This relationship may then be used to measure the Q. Let us define
an unloaded half bandwidth in the same way as we did for a loaded half bandwidth (Eq. 24):

Substituting �fL and �fU into the real and imaginary parts of s11 (Eqs. 12 and 13), we find the following
relationships:

If the frequency detuning is varied until one of the above equations are satisfied, the value of the detuning will
be equal to the loaded or unloaded half bandwidth. By back substitution into Eqs. 28 and 24, the unloaded and
loaded Q may be found.

General Sources of Errors in Q Measurement

We can divide measurement error into two categories: systematic and random. Systematic error yields a
consistent result on repeated measurements of a constant resonance but with a value which differs from
the true value. Such a measurement would be termed one with high resolution but relatively poor accuracy.
Random errors (noise) will result in a scattering of results on repeated measurements of a constant resonance.
If the measurement system is dominated by random noise, it is relatively easy to estimate its accuracy by
just making multiple measurements of a constant resonance and quoting some statistical measure of the
deviation. An improvement in the quality of the measurement can also usually be made by averaging multiple
measurements. An estimation of the accuracy of a system which is dominated by systematic errors is far
more difficult. Typically, one would try to use two or more completely independent measurement techniques to
measure the same resonance and quote the differences between the results.

Systematic Q Measurement Errors. Any Q estimation technique which samples the scattering pa-
rameters at a number of different frequencies requires that we place conditions on the amplitude and frequency
stability of the source to achieve a given accuracy. Any constant drift in the source frequency during the mea-
surement will result in distortions to the resonance curve shape with a consequent distortion of the loaded Q
value. Drifts in the amplitude of the source will give rise to distortions in the measured coupling factors which
will give errors in the estimation of the unloaded Q. The relative error in the Q-factor under these conditions
depends on the order in which the measurements are taken. However, for a worst case estimate, if we assume
the measurements are taken in ascending or descending frequency order and are equally spaced, then we can
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estimate the fractional error in estimation of QL as

where t is the time required to sample the response between +�f L and −�f L, and k is the frequency drift rate
of the source in Hz/s.

Drifts in the resonant frequency of the resonance during the measurement will also cause distortions to
the measured Q values in much the same way as drifts in the source frequency. This is especially important
when the temperature coefficient of the resonator is large, and the resonator Q-factor is high. For example, in
the case of a sapphire dielectric resonator at 77 K, the fractional frequency temperature coefficient is around
10− 5/K, while QL is around 5 × 107 (27). Temperature drifts of the order of 200 µK during the period of
measurement will limit the accuracy of the Q-factor measurement to 10%.

Almost all frequency domain Q-measurements have traditionally relied on being able to treat the reso-
nance as a single resonance which is well described by an equivalent LCR network. In the situation where
there are losses or reactance in the coupling network, or there are interfering resonances in the resonator or in
the external transmission lines, there will be distortions to the classic resonance shape with consequent errors
in the measured Q factors. It is difficult to give a summary of the errors induced by ignoring these effects as
there are so many possibilities. However, for example, the Q circles method (see below) will give a QU which is
15% in error for each 1 dB of return loss which is ignored in the lines leading to a critically coupled resonator.

In resonators which are remote from the experimental apparatus, or in systems with poorly matched
loads and sources, resonances can appear in the connecting transmission lines which cause distortions to the
resonance shape. The best solution to this problem is to suppress these spurious resonances by using microwave
isolators to better match the load and source. To overcome large amounts of coupling reactance or interfering
resonances in the resonator, itself, one must refer to some of the methods covered in the “Modern measurement
techniques” section below.

If the resonator contains materials which have properties (either reactive or resistive) which are altered
by the amplitude of the incident microwave fields, there is a strong possibility the resonator will exhibit a
level of nonlinear behavior (28,29). For example, resonators which have been loaded with maser materials
such as ruby can exhibit Q-factors which are negative under certain conditions (28). If high power microwave
sources are being used, it is also possible for temperature changes to be induced in the resonator which cause
resonant frequency changes, or for electrical breakdown to occur. Most superconducting cavities demonstrate
a very strong Q dependence on power (3). Under all these circumstances, great care must be taken to ensure
that correct results are obtained. For example, the Q-factor can be measured at a number of different incident
powers to determine if a consistent result is being obtained.

Finally, any errors in the calibrations of the measuring instruments will lead to inaccuracies in the
measurement. For example, Sucher (18) has calculated the error in measurement of the Q of a transmission
resonator from an error in the attenuation measurement (�A) of the half power transmission points to be

Thus, a 0.1 dB error in measurement leads to an inaccuracy of 2.3%.
Random Q Measurement Errors. Random noise in parts of the measurement apparatus will lead to

random variations in the measured Q value of an unchanging resonance. Many of the mechanisms mentioned
in the previous section are also applicable to this section if, rather than smooth drift of the variable, it exhibits
noisy behavior. For instance, rapidly varying frequency noise (phase noise) of the microwave source will create
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Fig. 5. The Q factor measurement techniques described in this chapter have been divided into the classification scheme
which is shown in this figure.

an amplitude noise in the reflected or transmitted power. This will limit the experimenter’s ability to identify
a particular point on a resonance curve. For example, to measure a typical X-band dielectric resonator Q of 105

to an accuracy of 1% requires that the position of the measured frequency points is determined to better than
1 kHz. Such frequency stability is only achieved by modern quartz synthesized microwave signal sources.

All Q measurements will be ultimately limited by the intrinsic noise of the amplitude or phase sensor in
the analyzing instruments. The fractional noise in the Q measurement is given approximately by the fractional
noise in the power measurement. It is very rare that this ultimate limit is achieved in practice as the other
noise sources (particularly the frequency noise in the source) conspire to increase the measurement noise level.

Traditional Methods of Q Measurement

The methods of Q measurement have been classified into the categories shown in Fig. 5. A major distinction
has been made between spatial and temporal techniques because of the very different technology required for
the two types of measurement. Spatial techniques rely on using a slotted line device to measure the voltage
standing wave ratio (VSWR) in the incident microwave line. The VSWR gives a measure of the magnitude of
the reflection coefficient of the resonator, and the positions of the voltage minima in the VSWR pattern give a
measure of the reflection phase.

Temporal measures of the Q include measurements made in both the frequency and time domains.
Frequency domain measures are the most commonly used techniques today. These techniques rely on measuring
either or both of the components of the scattering parameters as a function of frequency. This can be done in
a step-wise measurement of the scattering parameter at a number of frequency points, or it can be done with
a continuously swept source as long as the time of the sweep is much longer than the ring-down time of
the resonance. The term static in Fig. 5 implies that measurements are made slowly compared to the ring-
down time, and that the measured output signal is synchronous with the source frequency sweep. Dynamic
measurements are also made with a sweep which is slow compared to the ring-down time of the resonance,
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Fig. 6. Smith Chart plots of the s11 responses of over (OC) and undercoupled (UC) resonances. The reflection phase of
the OC resonance changes by 2π across the resonance, while the reflection phase of the UC resonance reaches a maximum
value of φ/2 before returning to zero and then reaching a minimum value of −φ/2 before once again returning to zero. The
relative changes in magnitude of the reflection coefficient are much larger in the case of the undercoupled resonator.

but in these measurements, the output signal is at a harmonic of sweep rate, and so they are intrinsically AC
measurements.

Spatial Methods: Phase and Amplitude. If a measurement were made of the voltage along the
incident line of the microwave resonator in Fig. 2, we would find a standing wave formed by the interference
of the incoming and outgoing waves. The ratio of the minimum to maximum voltage as measured along this
transmission line is termed the VSWR and can be directly measured with a slotted line device. The locations
of the voltage minima (or maxima) in this pattern are determined by the phase of the reflected signal. The
amplitude of the VSWR is given by

To compare s11 for under and overcoupled resonators, a plot of each is given on a Smith Chart in Fig. 6 (as
viewed from the detuned short position). One notes that |s11| (and hence the VSWR also) of an overcoupled
resonator is large and relatively constant although the reflection phase changes by 2 π across the resonance.
The undercoupled resonance demonstrates a relatively small phase variation although the relative VSWR
change is large. This knowledge arms the engineer for an accurate measurement of the Q using a slotted line
device. If the resonator is overcoupled, then a measurement of the position of the voltage minima should be
made, while if the resonator is undercoupled, then a measurement of the magnitude of the VSWR will yield
the more accurate result.
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Substitution of Eq. 9 into Eq. 33 yields the result that the VSWR on resonance is equal to β±1
1 for a one

port resonator. A measurement of the VSWR alone is unable to resolve the sign of the exponent although an
additional quick measurement can determine this (see below).

The VSWR at ±�f L and ±�f U for the undercoupled case can be calculated as a function of the VSWR on
resonance (V0) to be

Thus, if we measure V0, substitute it into the equation above, and then measure the frequency detuning at
which the VSWR is equal to the calculated value, we can immediately determine QU and QL.

For overcoupled resonators, the Q is accurately determined by measuring the position of the voltage
minima (or maxima) as the resonant frequency is changed (for a tunable resonator) or as the incident signal
frequency is changed. A plot of the position of the voltage minima for two one-port resonators (β1 = 0.6 and
1.6) is given in Fig. 7 as a function of resonant frequency. The relatively large change in the position of the
minima for overcoupled resonators is clearly visible. The points on the overcoupled resonator curve which are
most easily identified experimentally occur where the minima shift is ±π/2 (this is half the maximum shift).
Given that the phase shift on reflection from the resonator is given by

we see that a phase shift of ±π/2 occurs when the real part of s11 (Eq. 12) is equal to zero. Solve this to find the
π/2 frequency detuning points:

So a measurement of the frequency detuning which gives a π/2 shift combined with a measurement of the
VSWR when the resonator is tuned to resonance will yield the unloaded Q of the resonator.

Figure 7 also suggests a simple method to determine whether a resonator is under or overcoupled. For
undercoupled resonators, we note that the position of the minima is the same when the resonator is tuned
exactly to resonance and when it is tuned far from resonance. This is not the case for overcoupled resonators.
Thus if the slotted line probe is adjusted onto a voltage minimum at resonance, and then the resonant frequency
is shifted so that it is far from resonance, only in the case of an undercoupled resonator will the probe still be
at a voltage minimum.

Time Domain Techniques.
Decrement Method. The decrement method is one of the older methods of measuring the Q factors of

high Q resonators (17,18). Before the advent of quartz based microwave synthesizers, the frequency stability
of the best Gunn oscillators and klystrons meant that measurements of Q factors higher than 104−−5 would be
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Fig. 7. Calculated position shift (in radians) of the minima in the VSWR pattern as a function of resonant frequency
for two resonances with β1 = 0.6 (upper curve) and 1.6 (lower curve). The position shift is seen to be much larger for the
overcoupled resonator which is in accordance with our prediction from the Smith Chart plot in Fig. 6.

inaccurate. To overcome this difficulty, a method to excite the resonance and measure the time for the energy
to dissipate was developed.

A microwave oscillator which can have its output power switched on or off by an external signal is driven
by a pulse generator with a repetition rate much slower than the resonator ring-down time (Eq. 4). This pulsed
generator also triggers an oscilloscope which is monitoring the energy leaking from the resonator from either
the input or output port using a crystal detector. The power leaking from the resonator is proportional to the
stored energy in the resonator. If the crystal detector has an accurate square law response, that is, its output
voltage is proportional to the incident power, then the oscilloscope screen display is an accurate representation
of Eq. 3, and the Q is directly determined by measuring the time taken for the signal to drop by a factor of e.
This time interval can then be substituted into Eq. 4 and the loaded Q determined.

Care must be taken to ensure that the microwave source frequency remains resonant and that the source
output power is constant; otherwise, the oscilloscope trace moves vertically causing difficulty with an accurate
measurement of the time interval. To avoid this difficulty, a method making use of a continuously swept source
has been suggested (30). The source is swept across the resonance, and when it becomes resonant, an electronic
circuit monitoring the transmitted power automatically switches the source off and triggers the oscilloscope.
Using modern equipment, decrement techniques can easily measure loaded Q-factors near 10 GHz in the range
upwards from 104−−5 (ring down times longer than a few microseconds).

Inaccuracies enter the decrement techniques if the bandwidth of the power detector and/or the oscilloscope
is inadequate to correctly capture the transient response of the resonator. The measured Q factor will also be
in error if the crystal detector does not give an output which is strictly proportional to input microwave power.

Unfortunately, all time domain methods give no information on the coupling and, hence, can only measure
the loaded Q of the resonators. This difficulty may be overcome if it is possible to vary the coupling to the
resonator. In this case, the coupling can be made progressively smaller until the measured Q does not change
with any further reduction in coupling. At this point, the measured loaded Q will be equal to the unloaded Q
to within the experimental resolution. The accuracy of the decrement techniques is directly proportional to the
fractional error in the estimation of the ring-down time.

Fast Sweep Decrement Method. The fast sweep decrement method (31) is a modification of the
decrement method with three advantages: the researcher can make use of more widely available CW sweep
microwave generators rather than the pulsed generator required above, the required frequency stability of the
microwave source is much less stringent, and no sophisticated electronics are required.
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This measurement is suitable for a reflection resonator and requires a microwave detector to monitor
the signal reflected from the resonator. The source is swept over a frequency range which is much wider than
the bandwidth of the resonance with a sweep repetition rate (seconds per sweep cycle) which is much longer
than the ring-down time of the resonator. The frequency sweep rate (Hz/s), however, is set such that the source
sweeps across the resonance in a time which is much shorter than the ring-down time. An instant after the
sweep has passed through the resonance, the detector mounted on the reflected port receives two signals:
the reflected off-resonance signal which has a frequency corresponding to the frequency of the source at this
instant, as well as the weak signal leaking from the resonator at the resonant frequency. The detector mixes
these two signals giving rise to a characteristic frequency chirp (caused by the frequency difference having a
time dependence) which has an exponential envelope following the decreasing strength of the leaking signal.
From (31), we see that the envelope of the chirp has an exponential time constant which is twice as long as
that seen in the normal decrement method; that is,

where τe is the time required for the signal envelope to decrease to 1/e of its amplitude. A measurement of τe
yields QL.

A colleague (32) has developed an automatic Q measuring system which can provide relatively high
resolution results based on this technique. By monitoring the dc and ac voltage output from the reflected power
detector, one can calculate the incident power on the resonator as well as a value which is proportional to the
amplitude of the chirp. The amplitude of the chirp is proportional to both the incident power and the Q of the
resonance. By forming the ratio of the ac and dc voltage, one can calculate a number which is proportional to
the loaded Q factor of the resonance. The constant of proportionality can be determined by an initial calibration
using one of the other techniques for measuring Q. From then on, a new value for the loaded Q is generated
after every sweep cycle. The technique gives measurements with a resolution of around 5% under typical
conditions. The technique has proved very useful when the Q is changing quickly as a function of time.

Scalar Static Frequency Domain Techniques.
Half-Power Points Technique. We have already outlined a method to determine the loaded Q from a

transmission measurement where we determined the frequency point at which half the on-resonance power is
transmitted and then directly substituted into Eq. 23 to calculate QL. However, an implicit assumption is made
in Eq. 23 that one can identify the resonant frequency accurately to calculate the value of �f . However, because
the resonance shape is flat at the center of resonance, it is frequently difficult to identify this point accurately.
Furthermore, the fractional error induced in the Q is extremely sensitive to an error in the calculation of �f
arising from a misidentification of the resonant frequency (�f 0):

Since we can measure source frequency differences very accurately using an electronic frequency counter, a
better method of measuring the Q relies on measuring the two frequencies f1 and f2 at which the transmission
power is down by half from the on-resonance value (17,18):
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If we form the difference of these two equations, we get

where we can determine QL without the need for an accurate determination of f 0 (see Fig. 4). An additional mea-
surement of the on resonance reflection and transmission coefficients (Eq. 25) gives us the coupling information
needed to calculate QU.

Nonetheless, it is important to note that for an accurate measurement of the Q using this method, the
requirements on the attenuation measurement are extremely stringent (Eq. 32). An alternative microwave
bridge method has been proposed which can find the half transmission points very accurately (33).

Calibrated Attenuator Method. One of the difficulties of the Half-Power points technique is the necessity
for an accurately calibrated power detector. To avoid this difficulty, we can make use of a calibrated attenuator.
This method relies on finding the maximum transmission point, while there is a 50% attenuator placed in the
signal path between the microwave source and the detector. This attenuation is then removed, and the source
detuned to the two frequency points at which the original output voltage is regained on the detector. Once
again, the loaded Q is calculated using Eq. 40.

Reflected Power Technique. To determine the power reflected from a one port resonator at ±�f L, we
substitute into Eq. 17 to get

Thus, to measure the loaded Q, we need to measure the reflection coefficient on resonance and calculate the
coupling using Eq. 26. We then substitute this into Eq. 41 and calculate the power reflection coefficient at
the loaded half-bandwidth frequency points. Finally, we measure the frequency detuning corresponding to this
power reflection in the resonator, and from this frequency detuning, we can calculate QL and QU.

Straight-Line Methods. Another method for measuring the Q factor from the scalar reflection or trans-
mission coefficients has been suggested where transformed frequency coordinates are used so that the resonance
shape appears to be linear (18,34,35). This method lends itself to either a manual graphical solution or a simple
least squares fit on a computer. We can rearrange Eq. 17 for a one port resonator [we can also do the same
thing for the transmission coefficients (34)] to define a new variable:

If we have calculated β1 from a measurement of the on-resonance reflection coefficient (see Eq. 25), then for
each measurement of s11 we can calculate a value for the variable δU (all values are known on the right hand
side of Eq. 42). If we make a plot of these values of δU as a function of frequency detuning (�f ), we will find a
straight line which has a slope equal to QU/f 0. From the slope, we can clearly generate the unloaded Q (35).

When implemented in a computer based system, this technique has the potential for excellent high
accuracy measurements of the order of 0.01% for Q-factors of the order of 104 (34). This accuracy arises because
the measurement makes use of reflection data which is in close proximity to the center of resonance and
because of the enormous amount of data which can be taken. By limiting the data to that near the center
of resonance, there is a reduction in the effect of interference from other resonator and transmission lines
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modes. To achieve the accuracy reported, the researchers used nearly 1000 data points to characterize the
resonance. This technique also has another advantage in that the degree of linearity of the plot is a measure
of the level of interference from other modes. This immediately gives the experimenter an idea of the veracity
of the measurement.

A similar method to the above mentioned one has been suggested in connection with transmission mea-
surements at 93 GHz (36,37). One of the potential problems with the above method is finding the exact center
of resonance. Any errors in this identification introduce a large error because �f in Eq. 42 will be incorrect (see
Eq. 38). If we define a new variable, m,

then we can rewrite Eq. 18 as

If we measure the left hand side of Eq. 43 at a known frequency detuning, we can immediately calculate QL
from Eq. 44. However, any error in the measurement of the resonant frequency will introduce large errors. We
would like to perform the calculation in a way which is insensitive to the exact value of the resonant frequency.
If we make a measurement of m2 at two frequency points on either side of the resonance, we can rewrite
Eq. 44 as

If we take the difference of these two equations, we can derive a further equation to define Q which is only
dependent on a frequency difference which, in principle, we can measure very accurately:

If we make N measurements of m2 on either side of the resonant frequency, then we have N2 pairs of m values.
From each pair, we can calculate a value for QL using Eq. 46. The variance of the ensemble of QL values is a
measure of the closeness with which the data follows the theoretical resonance curve. If there is any systematic
variation of QL as a function of frequency, it suggests the effects of interfering resonances. This method, is
therefore, a very useful indicator of the isolation of the resonance (38).

Single Frequency Technique. As mentioned above, resonators and the resonator Q factor are commonly
used to measure the electrical, optical, or magnetic properties of materials. These measurements are usually
undertaken by measuring the properties of a resonator before and after making some change to that resonator
such as, for example, inserting a small sample into the resonator, changing the illumination level on a sample
already in the resonator, or changing the resonator temperature. In these cases, we are more interested in a
measurement of the change in Q rather than an absolute measurement of the Q-factor. The single frequency
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measurement technique determines changes in the Q-factor essentially instantaneously and doesn’t require
measurements in the time or frequency domain (39,40).

If the change we have made to the resonator is such that the electromagnetic field distribution near
the coupling ports is unchanged, then we can expect that the coupling ratios m and n in Fig. 1 will remain
unchanged. If the change causes a modification to the losses in the resonator (Rk in Eqs. 6 and 11), then both
the unloaded Q and coupling will change, but the ratio of these two parameters will remain constant:

where C is some constant. Thus, if we continuously monitor the reflected power at resonance, we can determine
any changes in the coupling, and from Eq. 47, the fractional change in QU will be exactly equal to the fractional
change in coupling.

Dual Resonator Techniques. A novel method for determining all resonator parameters from a simul-
taneous measurement of two resonators has been described by a number of authors (41,42,43). In these
techniques, the power transmission and/or reflection coefficient of a resonator is plotted as a function of the
transmission coefficient of a tunable reference cavity. The output plots are a function of the difference in res-
onant frequency of the two resonators and the ratio of their Q factors. Analytic expressions for the shapes
of these curves have been derived in terms of the difference frequency and Q factor ratio, and these can be
adjusted to fit experimentally derived measurements (41,43). The accuracy of this method is similar to those of
the other techniques reported here (∼2%), although it is necessary to know the Q factor of the reference cavity
in advance of these measurements using one of the other methods. The big advantage of the technique is that
it is unnecessary to use calibrated power detectors, although the detectors must have a matched response. The
second major advantage arises because the data is represented on a parametric plot so any source frequency
instability is suppressed. The quality of the measurement is determined by the stability of the reference cavity.

Integration Technique. If a frequency stable source and/or calibrated power measuring device is unavail-
able so that accurate measurements of the half power transmission points are impossible then an integration
method can be used (44). If we integrate the transmitted power coefficient (Eq. 18) as a function of frequency,
we obtain the following expression:

where P0 is the power transmitted at the resonant frequency. This equation can be implemented experimentally
if we use a microwave sweep oscillator to sweep the frequency over many loaded bandwidths and use an analog
integrator to integrate the output of a crystal detector on the transmission port of the resonator. An additional
measurement of the output voltage of the detector when the generator is on-resonance determines the only
other unknown parameter so that QL can be determined.

The integration method has also been proposed as an accurate method to determine the small changes in
Q associated with determining losses in materials via resonator perturbation methods (45).

Numerical Methods. One of the earliest computer-based methods of measuring the Q factor was reported
by Pandrangi et al. (46). A computer directed a Voltage controlled Oscillator (VCO) to step through the resonance
curve of a transmission resonator at around 1 GHz. The incident and transmitted power were monitored by
detectors which were, in turn, monitored by the computer. The power transmission coefficient was obtained
by a division of these signals and a polynomial fitted to a smoothed version of this data. By differentiation of
this polynomial, the inflection points of the resonance curve were found (see Fig. 8). To find how the inflection
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Fig. 8. A plot of the frequency dependence of the power transmission coefficient (A), as well as its first (B) and second
derivative (C), with respect to frequency (arbitrary vertical scale). Note that the curve possesses two inflection points
(points where the second derivative is equal to zero).

points are related to the Q, we need to find when the second frequency derivative of Eq. 18 is equal to zero;
that is,

which has as its solution

The experimental results were limited by frequency instability in the VCO to around 5%.
Frequency Lock Technique. An interesting method for accurately measuring the phase as a function

of frequency is presented in the paper by Linzer et al. (47). In this method, a Klystron is frequency locked to
a resonator. Typically, any frequency locking system is set up to detect the imaginary part of the reflection
or transmission coefficient and then use this to stabilize the oscillator. If a phase offset is introduced into the
feedback mechanism so that the locking system is now partially sensitive to the real part of the reflection
coefficient as well, then it will lock at some distance from the center of resonance. The particular dependence
of the oscillator frequency on this phase shift is determined by the loaded Q of the resonator, and hence by a
measurement of the frequency offset in the system as a function of the feedback phase shift, the loaded Q can
be measured with an accuracy of around 1–2%.

Vector Static Frequency Domain Methods.
Q Circles Method. If one measures both the phase and magnitude (or real and imaginary components)

of s11 using either the VSWR method, a reflection bridge (48), or a network analyzer, then it is possible to plot
s11 directly on a Smith Chart. If plots of the loci of Eqs. 29 and 30 for all �f L and �f U are also placed on the
chart, then the intersections of the s11 curve and these two solution sets give the loaded and unloaded half
bandwidths. This graphical solution method is outlined in detail by Ginzton (17).
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Straight-Line Methods. If one can measure the real and imaginary components of s11 or s21 of a resonator
separately, then one can plot the following ratios as a function of �f for each of the different resonator types:

All of these ratios yield a straight line with a slope of 2QL/f 0. Clearly by a measurement of the slope of these
straight line plots, we can measure QL.

Dynamic Frequency Domain Techniques. There are two main dynamic frequency domain tech-
niques, the harmonic or inflection point technique and the intermodulation method. Both of these techniques
rely on the fact that at two frequency points on either side of the resonant frequency, there are points where
the second derivative of the resonance curve is equal to zero (see Fig. 8 and Numerical Methods above). It
is important to note that the sweep rates (Hz s− 1) for both of these techniques need to be much slower than
(f 0/QL)2 for the measurement to be accurate. In this sense, the measurements are still quasi-static, although
we have chosen to term them dynamic because the measurement is made at a frequency which differs from the
sweep frequency.

Harmonic (Inflection Points) Technique. If a frequency modulated signal is incident on the resonance
curve shown in Fig. 8, and we monitor the power of the transmitted signal, it is clear that part of the frequency
modulation (FM) will be converted to amplitude modulation (AM) by the resonator. If the frequency deviation
is small, the amplitude of the transmitted AM at the fundamental FM frequency will be proportional to the
slope of the curve measured at the carrier frequency. If the resonance has nonzero curvature; that is, if the
second derivative is not zero, then the transmitted signal will also contain an AM component at the second
harmonic of the FM. Thus, a measurement of the amplitude of the second harmonic AM as a function of
frequency will yield a curve which is proportional to that shown as the second derivative curve (C) on Fig. 8.
Since extremely sensitive synchronous detection techniques exist (such as lock in amplifiers), this method can
very accurately find the points for which there is no second harmonic AM (17,18). Using Eq. 50 this value can
be easily converted to the loaded Q of the resonator.

Intermodulation Method. A potential problem arises in the previous method if the FM signal is not
completely free from higher harmonic content. If the incident signal already contains the second harmonic
component, then the measurement of the inflection points will be in error. To avoid this, we can make use
of an intermodulation method. If we simultaneously frequency modulate an incident signal at two different
frequencies, then it is clear that we will generate AM components in the transmitted signal at the two fun-
damental FM frequencies. However, if there is any non-linearity of the curve, then we will also generate AM
components at the difference and sum frequency of the two components. If we set our system to detect one of
these intermodulation components, such as the difference frequency, then we can be sure that this could only
have been generated via the nonlinearity of the resonance curve (17,18). Once again, when identification of the
inflection points is completed, we can calculate QL using Eq. 50.

Modern Measurement Techniques

Because of the advent of powerful personal computers for data analysis, combined with the wide availability
of microwave equipment with computer interfaces, many new techniques have been devised recently which
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allow the lifting of the restrictions which were previously placed on Q measurement. For example, accurate
measurements can now be made in the presence of a transmission line or coupling reactance. An additional
advantage of computer aided measurement is that large numbers of measurements, which would be tedious
to take manually, are easily made. The data averaging which occurs from using such large numbers of data
samples gives improved immunity to random noise in the Q measurement. This section will describe some of
these latest methods and is divided into sections which highlight the major advantage of the technique.

Scalar High Resolution Measurements. Luiten et al. (50) have developed a new data averaging
technique which doesn’t require the use of expensive network analyzers and relies on measurement of the
square of the magnitude of the reflection or transmission coefficient as a function of frequency. The acquired
data is then fitted using a nonlinear algorithm to the expected shape of a completely general resonance (Eqs.
17 or 18). The fitting mechanism is adaptive, which gives the program a robustness and an ability to follow
resonances if the resonance parameters change smoothly with time. This feature was used to great advantage
to measure the temperature dependence of thermal, electrical, and magnetic properties of TiO2 and Al2O3
crystals (10). The extreme frequency stability of the source in this case (fractional frequency stability ∼10− 15)
meant that the Q measurements had a resolution of 0.03% despite the loaded bandwidth being only 10 Hz.

Kajfez (24) has developed a technique which uses a scalar network analyzer to measure the values of the
reflection coefficient as a function of frequency. This technique takes into account moderate coupling losses and,
therefore, allows the off-resonance reflection coefficient to differ from 1. When compared to vector curve-fitting
methods, this technique, like all scalar techniques, suffers from the disadvantage that it is impossible to tell
whether a resonator is over or under-coupled. Nonetheless, its accuracy appears to be comparable to the vector
methods (∼0.2%).

Vector High Resolution Measurements. A simple modification to the Q-circles method has been
suggested by Hearn et al. (51) to take into account losses in the coupling network. It can be shown that
Eq. 30 is equivalent to the condition that the magnitude of the real and imaginary parts of the impedance of
the resonator are equal. In the case where there is loss in the coupling mechanism or the transmission lines, a
correction needs to be made; otherwise, the estimated Q will be less than the true value. Hearn et al. (51) have
suggested a simple correction which reduces the errors of the traditional measurement by around 80 times in
the case of high coupling loss and small coupling. Unfortunately, this correction cannot be implemented with
a simple Smith Chart overlay, although it is easily implemented in a automated measurement system.

Sanchez et al. (49) report an absorption resonator Q measurement system based on a computer driven
network analyzer. This system empirically removes the effects of any loss in the coupling network, or trans-
mission lines, by rescaling the data by a factor obtained from the transmission coefficient far from resonance.
A fit is performed to the Q-circle from which the coupling and Q is found. The QU measurement error is around
1%.

Kajfez (52,53) has developed a method which uses a network analyzer combined with a computer analysis
to generate and fit Q-circles [Figs. 3(d) and 6]. Instead of graphically finding the solutions, he uses a least square
fitting routine to an expression which includes the effects of frequency independent line and coupling reactance
as well as any losses in the coupling network. This technique avoids the ambiguity that exists between over
and under-coupled resonators in scalar techniques. The technique’s accuracy is estimated as around 0.1% when
utilizing approximately 1000 data points.

In the presence of significant line inductance, we find that instead of the ideal circle which should be seen in
a plot of the real and imaginary components of the resonator impedance, we find a curve which is nearly circular
but with a smaller diameter and which crosses over itself (54). By finding the two frequencies corresponding
to the crossing over point as well as those corresponding to the maximum and minimum of the imaginary
impedance component (the critical points), we can determine QU very accurately. These measurements are
relatively easy using a modern network analyzer and will generate Q-factors which have an accuracy of about
0.5%.
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Measuring Resonance Parameters in Presence of Other Resonances. Kajfez et al. (55) have
developed an overlay for a network analyzer which takes into account the effects of inductance and loss in
the coupling and transmission network as well as the effects of any distant resonant modes. These effects are
modeled as a frequency dependent reactance in a series with the mode of interest. The effect of this frequency
dependent series inductance is to cause the Q circle to develop distortions which make its apparent diameter
smaller than it would otherwise be. If an accurate determination of the reference plane of the measurement is
made, this technique can also measure the inductance of the coupling network.

Sauer et al. (56) have modeled the effects of reflections which exist in the lines between the measuring
apparatus and the resonator under test. These reflections create subsidiary line resonances which distort
the resonance shape and create errors in the measurement of the Q-factor. The model can accurately fit
experimental data taken in the presence of interfering line resonances yielding a Q-factor with an accuracy of
∼1%.

An extensive analysis and experimental procedure has been developed which allows for the accurate
measurement of Q factors and coupling coefficients of two or more modes which are in extremely close proximity
(19,57). The process relies on developing an expression which fully represents the circuit shown in Fig. 1(b)
with enough free parameters to represent all visible resonance curves in the data as well as an additional
frequency dependent term to represent any coupling reactance. The free parameters are then adjusted by a
least squares fitting procedure to the experimental data. Even in the situation where a double loop is visible
on the Smith Chart because two resonances are within a few bandwidths of each other, the accuracy of the Q
measurement is around 2%.

Measuring Extremely Low Resonators. Resonators measurements are generally made through
transmission lines or coupling networks which have poorly understood characteristics. The interaction of these
external networks causes distortions to the resonance and, therefore, to the apparent Q-factor. This is an
especially difficult problem when the Q factor of the resonator is low as the frequency rate of change of the
resonator impedance becomes comparable to that of the external circuit parameters. Kajfez et al. (58) have
developed an expression for determining QU when it is measured through an arbitrary two port. Using a
similar approach, Drozd et al. (15) have developed a general Q-factor measuring method based on the full s11
parameters as determined by a computer driven network analyzer. The loaded Q is shown to be given by

where Xk is the total reactance of the kth resonance and Rk is the total resistance of the kth resonance. The
frequency derivative of the reactance is estimated from a number of measurements of s11 in the immediate
neighborhood of center frequency of the resonance. Measuring near to the center of resonance gives immunity
from the influences of stray inductance in the transmission line and coupling mechanism. This method proves
to be far more accurate than a measurement of the half-power points or of the critical points, both of which are
relatively distant from the resonant frequency. In addition, this method does not make the common assumption
of Eq. 16 which is really only valid when the Q is greater than a few thousand. As a result, this method yields
accurate results even for Q-factors of the order of 2.

Oscillator Phase Noise Determination. Fuchs (59) has made use of Leeson’s (60) relation that in a
simple microwave oscillator, the loaded Q-factor of the resonator directly determines the phase noise of the
oscillator. By artificially introducing high levels of component phase noise, the oscillator noise floor becomes
dominant over the phase noise measurement system’s internal noise. From a plot of the phase noise of the
oscillator, the loaded Q can be directly determined to an accuracy of around 10%.

Theoretical Q Estimates. Theoretical estimation of Q factors has always been extremely difficult for
all but the simplest metallic cavities with known surface resistance. Recently, a number of attempts have been
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made to model more complex hybrid dielectric resonators and estimate the Q factors on purely theoretical
grounds (38,61,62). These estimates have value in that they could allow an independent verification of the
veracity of Q measurement techniques. Unfortunately, as the accuracy of these calculations is still only around
10%, their predictive power is not yet useful in determining the accuracy of various measurement techniques.
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