BROADBAND NETWORKS

The problem of broadband matching is one of the major con-
cerns when working with high-frequency communication sys-
tems. All broadcasting networks such as radio and television,
and all wireless communication networks, such as cellular
telephones and satellite networks, are the most frequently en-
countered examples of such systems.

A typical high-frequency wireless communication system
contains two major sites, namely, a transmitter and a receiver
(Fig. 1). On the transmitter site, the generated signal must
be properly transferred to the antenna, preferably over a non-
dissipative (lossless) network so that maximum power of the
generated signal is pumped into the antenna. Similarly, on
the receiver site, the received signal of the antenna is trans-
ferred over a lossless matching network and dissipated at the
user end. The user end may be, for example, a radio, a TV
set, or a headphone. In this case, again, the role of the match-
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Figure 1. Generic block diagram of a high-frequency wireless com-
munication system.

ing network is to provide the maximum power transfer of the
received signal to the user end. In the literature, several
terms are associated with the nondissipative power transfer
network, such as “impedance matching network,” “equalizer,”
“lossless two-port,” “lossless network,” or “interstage-equal-
izer” these terms are all used interchangeably. The classical
broadband matching theory deals with the proper design of
the lossless matching networks between prescribed termina-
tions.

It is common that the signal-generation section of the
transmitter can simply be modeled as an ideal signal genera-
tor in series with internal impedance Z;. The transmitter an-
tenna will behave as a typical passive load termination Z;, to
the lossless power transfer two-port E (Fig. 2). Similarly, the
receiver antenna can be considered as an ideal signal source
with an internal impedance Zs. The user end of the receiver
site can also be considered as a dissipative load Z;, to the loss-
less two port E.

In the discussion above it is evident that both transmitter
and receiver sites present a similar model as far as the signal
flow is concerned. In both cases, the crucial issue is the maxi-
mum power, transferred from the generator Z; to load Z;.
Therefore, once the signal generator and the load are given,
the system performance can be optimized with the proper de-
sign of the nondissipative or lossless two-port E.

In all the cascaded high-frequency systems, one is faced
with the problem of power transfer between cascaded sections
or so called “interstages.” As a principal, using Thevenin’s
theorem, the left site of the interstage can be modeled as an
ideal signal generator E; in series with an internal imped-
ance Zg. Similarly, the right site is simply regarded as a pas-
sive load Z;, as shown in Fig. 2.
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Figure 2. Power-transfer problem between a generator and a load
network over a lossless equalizer.
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Figure 3. Rectangular flat transducer power gain characteristics
with sharp roll-off over a passband (w; to w,), which describes ideal
power transfer between generator and load through a lossless match-
ing network.

Hence, the classical broadband-matching problem is de-
fined as one of constructing a lossless reciprocal two-port or
equalizer so that the power transfer from source (or generator)
to load is maximized over a prescribed frequency band.

The power-transfer capability of the lossless equalizer or
so called “matching” network is best measured with the trans-
ducer power gain T, which is defined as the ratio of power
delivered to the load Py, by the available power P, of the gen-
erator; over a wide frequency band. That is,

T==-+ (1)

Ideally, the designer demands the transfer of the available
power of the generator to the load, which, in turn, requires
the flat transducer power gain characteristic in the band of
operation at a unitary gain level with sharp rectangular roll-
off, as illustrated in Fig. 3. But unfortunately, the physics of
the problem permit the ideal power transfer at only a single
frequency. In this case, the equalizer input impedance Z;, is
conjugately matched to the generator impedance Zg. There-
fore, the design of a matching equalizer over a wide frequency
band with “high” and “flat” gain characteristics presents a
very complicated theoretical problem. It is well known that
the terminating impedances Z; and Z; impose the possible
highset flat gain level over frequency band B, so called the
theoretical “gain bandwidth limitation” of the matched
system.

Before introducing the design methodologies it is impor-
tant to classify the broadband matching problems.

Single Matching. This is a matching problem where either
one of the passive terminations of the equalizer is re-
sistive; the other is complex or frequency dependent
[Fig. 4(a)l.

Double Matching. This is a matching problem where both
passive terminations of the equalizer are complex [Fig.
4(b)].

Active Matching. This is a matching problem of active de-
vices. A typical example of an active matching is the
design of a microwave amplifier [Fig. 4(c)].

It should be mentioned that the filter or the insertion loss
problem might also be considered as a very special form of the

broadband matching problem, which deals with the resistive
generator and resistive load [Fig.4(d)]. In this respect, well-
established filter design techniques may be employed for
broadband matching problems where appropriate.

There are two main approaches to the solution of broad-
band matching problems, namely, (1) analytic solutions and
(2) computer-aided solutions. The classical procedure is
through analytic gain-bandwidth theory (1). Solutions of the
second type are accomplished by numerical optimization and
are referred to as real frequency techniques, after Carlin (2).
In both cases it is optimal to seek the achievement of maxi-
mum level of minimum gain within the passband.

The analytic gain—bandwidth theory is essential to under-
standing the nature of the matching problem but, in general,
is not accessible beyond simple problems. The real frequency
computer-aided solutions, however, are very practical and
easy to carry out for more complicated problems.

In this article, first the analytic matching theory will be
briefly discussed. Then several real frequency approaches to
the problem will be summarized.

Generally, the lossless matching network to be designed
can be described in terms of two-port parameters (such as
impedance, admittance, chain, real, or complex normalized
regularized scattering or transmission parameters), or by
means of driving point so-called Darlington immitance or
bounded real (real normalized) reflection coefficient.

At this point it is appropriate to state the modified version
of Darlington’s famous theorem: (3).

Theorem. Any positive real impedance (Z) or admittance
(Y) function or corresponding bounded real reflection coeffi-
cient S =Z - 1D/(Z+ DorS =0 —-Y)/A + Y) can be
represented as a lossless two-port terminated in unit resis-
tance. The resulting lossless two-port is called the Darlington
equivalent (Fig. 5).

Based on the fundamental gain—bandwidth theory intro-
duced by Bode (1), the analytic approach to single matching
problems was first developed by Fano (4), using the concept
of “Darlington equivalent” of the passive load impedance
(Z1). In Fano’s approach, the problem is handled as a “pseudo-
filter” or “pseudo-insertion loss” problem, since the tandem
connection of the lossless equalizer E and Darlington’s load
equivalent L is considered as a whole lossless filter F' (Fig. 6).

Later, Youla (5) proposed a rigorous solution to the prob-
lem using the concept of complex normalization. In order to
solve the double-matching problem, Youla described the loss-
less matching network in terms of complex normalized scat-
tering parameters with respect to frequency dependent im-
pedances of generator and load terminations. Youla’s theory
provided an excellent solution to handle the single-matching
problems, but was not practical to solve the double-matching
problems since the realizability conditions based on the com-
plex normalized scattering parameters of the matching equal-
izer was complicated to implement.

The complete analytic solution to the double-matching
problem has been more simply formulated by the main theo-
rem of Yarman and Carlin (6—8), which relates to the “real,”
and the “complex normalized-regularized” generator and load
reflection coefficients of the doubly matched system. This the-
orem enables the designer to fully describe the doubly
matched system in terms of the “realizable"-real normalized
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Figure 5. Darlington representation of a positive real impedance or
admittance function or a bounded real reflection function.
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Figure 4. (a) Single-matching problem
between a resistive generator and a
complex load impedance. (b) Double-
matching problem between a complex
generator and a complex load imped-
ance. (¢) Active matching problem which
involves design of interstage matching
networks for multistage microwave am-
plifiers. (d) Filter or insertion loss prob-
lem in view of broadband matching: A
special form of the matching problem be-
tween a resistive generator and a re-
sistive load.
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Figure 6. Single-matching problem with Darlington equivalent rep-
resentation of a load impedance.
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(or unit normalized) scattering parameters after replacing
generator and load with their Darlington equivalents, as in
the filter design theory.

Instructional accounts of gain—bandwidth theory for both
single- and double-matching problems have been elaborated
by Chen (9).

In the following sections, the essence of Fano’s and Youla’s
theories will be reviewed. Subsequently, an attempt will be
made to introduce analytic solutions for single- and double-
matching problems under the “unified approach.” Then, mod-
ern computer-aided design (CAD) or the “real frequency” tech-
niques which are employed to construct wide band matching
networks will be summarized (10). Finally, practical design
techniques to construct matching networks with mixed
lumped and distributed elements will be discussed.

In order to understand the analytic theory of broadband
matching, it may be appropriate to first review the filter or
insertion loss problem, which constitutes the heart of the uni-
fied approach and clarifies the basic properties of lossless
two-ports.

FILTER OR INSERTION LOSS PROBLEM
IN VIEW OF BROADBAND MATCHING

A typical filter or insertion loss problem is depicted in Fig.
4(d). In view of broadband matching, the problem is stated
as follows:

PROBLEM. Given the resistive generator R, and the re-
sistive load R,, construct the reciprocal-lossless filter two-port
F to transfer the maximum power of the generator to the load
R, only over the passband w; to w,; stop it otherwise.

In this problem, it is suitable to describe the reciprocal-
lossless filter two-port F' in terms of its real (or equivalently
unit) normalized scattering matrix F' with respect to port nor-
malization numbers R; and R,. For unit normalization

F,, F,
F= 11 12) (2)
(i

Fyy
The system performance of the filter two-port F is measured
with the transducer power gain T(w) given by

T(0) = |Fy (jo)|? (3)

If the filter consists of one kind of elements (i.e., either
lumped or distributed elements), the real normalized bounded
real (BR) scattering parameters are given in the following, so-
called “Belevitch” canonic form (11)

Fn:ﬁv lezi
g g
f 3 (4)
F12=’7E*7 Foo=—n .

where n = f../f and h, f, g are the real polynomials in complex
variable s = o + jo for lumped element design or in A = 3 +
JQ if F is constructed with equal length or commensurate
transmission lines. Here, A designates the Richards variable,
given by A = tanh(s) (12). In practice, one is mainly interested

in the design of reciprocal lossless two-port filters, which re-
quire equal Fy, and Fy, (.e., Fy; = Fy5). In this case n =
f«/f = =1, where the plus sign is applied if f is even; the
minus sign if f is odd.

It is well known that a lossless two-port must possess a
bounded real paraunitary scattering matrix. That is,

F'F =1 (5)
or

F11F11* +F21F21* =1 |F21|2 =1- |F11|2

(6a)
Fyy = —F{\F15/F5
(6b)
|F22|2 =1- |F12|2
(6¢c)
F11:_F§2F21/Ff2
(6d)

or, on the jow axis

FioF 1« + Fo1.F55 =0  or, on the jo axis

FyoFoo« + FioF 9. =1  or, on the jw axis

F\\Fi9« +Fy;Fyy. =0  or, on the jo axis

where I designates a 2 X 2 unitary matrix, superscript T indi-
cates the transpose of a matrix, and the asterisk indicates
either paraconjugate as subscript or complex conjugate as su-
perscript.

The complex frequency variable is taken as s = j + jo as
in lumped filter design, and the equation set Eqs. (6a—6d) can
be written in terms of the canonic polynomials A(s), f(s), and
g(s):

hh* = 88« _ff* (73)

or in the open form
h(s)h(—s) =g(s)g(=s) — f(s)f(—s) (7b)

In terms of the canonic polynomials f and g, the transducer
power gain is given by

fUw)f(—jw)

T(0?) = 8
@)= glwg—jw) (82
or in complex variable s,
T(—g?) — f(s)f(=s) b
= s (8b)

In essence, Eq. (8) dictates all the performance measures of a
lossless-reciprocal filter. When the transducer gain 7' is other
than zero, the lossless system allows the signal transmission.
However, there are complex frequencies “s;” such that T(—s?)
is zero. Eq. (8b) indicates that the forward and backward sig-
nal transmission is dictated by Fy and Fy,, respectively.
Therefore, the function F(s) = Fy(s)Fis(s) determines forward
and backward signal transmission of the lossless reciprocal
filter F. In the following the definition of transmission zeros
(8) are given:

Definition. Transmission zeros of a lossless two-port are the
closed right half plane (RHP) zeros of Fy (s)Fyy(s) = F(s) or,
more explicitly, the closed RHP zeros of the expression

= [(=9)f(s)
Fe&) =055 ©)



where all possible common factors between the numerator
and the denominator have been canceled and the zeros on the
Jw-axis are counted for their half multiplicity.

It should be noted that for reciprocal structures, F =
fA(s)/g¥(s) since Fy(s) = Fy(s). In this case, transmission zeros
of the lossless reciprocal two-port will simply be the closed
RHP zeros of transmittance parameter Fy (s) = f(s)/g(s) with
even multiplicity, which obviously overlaps with the zeros of
transducer gain function 7(—s?) of Eq. (8b). Transmission
zeros at infinity are considered as the real frequency zeros on
the jo axis and determined as the degree difference between
the polynomials g(s) and f(s).

Construction of Doubly Terminated Lossless-Reciprocal Filters

Based on the above theoretical overview, design steps of dou-
bly terminated lossless reciprocal filters are straightforward.

Step 1. Choose an appropriate transducer power gain
form T(w?) which includes all the desired transmission
zeros of the doubly terminated system. Any readily
available form such as Butterworth, Chybeshev, elliptic,
or Bessel type of function may be suitable, depending
on the application.

Step 2. Using the Belevitch notation, spectral factorization
of the numerator and the denominator of the selected
gain function T(—s?) is carried out to obtain the polyno-
mials f(s) and g(s). At this stage it should be pointed out
that the numerator f(s)f(—s) must be of even multiplic-
ity so that Fy = Fj,. The polynomial g(s) is uniquely
determined by the spectral factorization of the denomi-
nator of 7(—s?) since it must be strictly Hurwitz. Hence,
Fy = Fy, = f/g is determined.

Step 3. The polynomial A(s) is formed via spectral factor-
ization of hh, as given by Eq. (7a). However, zeros of
hh. are freely divided between the polynomials A and
h. The sole requirement in the allocation is that each
zero of one polynomial is reflected to the image location
in the other polynomial, as described in Ref. 11. Thus,
F,, = h/g and Fy = —nh,/g are determined within an
analytic all-pass 7, which also includes RHP zeros of
f(s). The general solution to the factorization problem is

Fii=Fi1m (10)

where Fi,, is the minimum phase solution.

Step 4. Finally, the filter is constructed by means of Dar-
lington’s synthesis procedure of driving point impedance
Z = (1 + F))/(1 — Fy)) as a lossless two-port in unit
termination (8).

ANALYTIC SOLUTION OF THE BROADBAND
MATCHING PROBLEM

In this section basic guidelines of Fano’s and Youla’s ap-
proaches are given and they are linked by means of the main
theorem of Yarman and Carlin which, in turn, leads to the
unified approach to designing broadband matching networks

(8).
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Analytic Approach to Single-Matching Problems

Single matching problems deal with the construction of a
broadband lossless equalizer E, which is placed between a re-
sistive generator and a complex load, as shown in Fig. 4(a).

In Fano’s theory, the frequency dependent non-Foster load
is replaced with its Darlington’s equivalent (Fig. 7). Let Zi(s)
denote impedance of the non-Foster load, L = {L;} scattering
parameters of its lossless Darlington’s equivalent and let the
unit normalized scattering parameters of equalizer E be des-
ignated by E = {E;}. The cascaded connection of equalizer E
and L is represented by F, whose scattering parameters are
denoted by F = {F}.

Scattering Description of the Darlington Equivalent of Load
Network (6-8). Employing paraunitary properties of the loss-
less load equivalent network L, as stated in Egs. (6a—6d), the
unit normalized scattering parameters are given in terms of
the impedance Z;(s) = N(s)/Dy(s):

Z; —1
L, =2kt 10
11 ZL + 1 ( a)
2w,
21 = Z—L 1 (10b)
Z: . —1
Ly = —npby, ZIL F1 (10¢)
where
D *
by (s) = DL (10d)
L
() = L (10e)
L
WL = nL*/DL (10f)

nrs is a polynomial formed on the closed RHP zeros of
Ri(—s% = W WLy, R (—s? being the even part of Z(s). In
Belevitch form,

_

L (11a)
1 8L 2

fu
Ly, =—= (11b)

21 Py

h
Ly, = —n; 22 (11c)
22 nL gL c
where

hi,(s) =Ny, (s) — Dy(s) (11d)
fu(s) = 2ny (-s) (11e)
81,(8) = Ny,(s) +D,(s) (11f)

Transmission Zeros of the Load Network. Asin Eq. (9), trans-
mission zeros of the load network are defined as the zeros of
the function

4R; (—s?)

.
B = Loy = bu )z o1

(12a)
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or of Eq. (16). Thus, the complex normalized regularized re-
flectance Sy (s) is, as defined in Youla sense,
- 4n? (—s)
Fi(s) = —2+—~ (12b) Zy(8) —Zy(—s
- g2(s) Syp, = by (5) 2O =218 (17)

In Fano’s work, the power performance of the singly matched
system is measured in terms of the unit normalized scattering
parameter Fy; of F. In fact, the transducer power gain of the
system is given as in Eq. (3):

T (%) = |Fyy|* = 1 — |Fyy|? (13)

In terms of the unit normalized scattering parameters of £
and L,

2 2
[Eqq 1%L

T(w?) = —2L —210
R TR

(14)

One may analytically handle the single-matching problem as
a pseudo-filter problem as in Fano’s theory, which can be
stated as:

Theory. Construct the lossless two-port F' with preferred
gain characteristic as an insertion loss problem subject to
load constraints so that the load two-port L is extracted from
F yielding the desired matching network E.

In Youla’s Theory, however, matching network E and the
load Z,, are treated as separate entities and the transducer
power gain of the singly matched system is defined in terms
of the complex normalized reflectance S¢;, at the load end.
That is,

T(@®) =1—1S¢)? (15)
where Sy, is given by
Zn—27
S. =B “L* 16
CL ZB +ZL ( )

and Zg designates the driving point Darlington impedance of
E at the back end (5).

In this representation, the load impedance Z;, is regarded
as the complex normalization number at the output port of
E. Clearly, in the complex “s” domain, S¢, is not analytic due
to RHP poles of Z;(—s). In order to make S¢;, analytic, an all-
pass factor b(s) is introduced into S¢, to cancel the RHP poles

ZB(S) + ZL(S)

In Youla’s theory, instead of load extraction, complex normal-
ized regularized reflectance is directly constructed from the
analytic form of transducer power gain, satisfying the gain-
bandwidth restriction. Then, the driving point impedance Zg
is obtained as a realizable positive real function as

2by,(8)Ry,(—s?)

Z8) = P 6 = Ser®)

—Z(s) (18)

where R;(—s?) designates the even part of Z(s).

Finally, employing the Darlington procedure, Zy(s) is syn-
thesised, yielding the desired lossless matching network E in
resistive termination.

Based on the definition of the complex normalized scatter-
ing parameters of the two-ports involved, extension of Youla’s
theory to double-matching problems is not a straightforward
matter (5). Therefore, what is called the “unified approach” to
broadband-matching problems is presented in the following
section. The unified approach combines Youla’s and Fano’s
works under a unique format by means of main theorem of
Refs. 6 and 7 and makes the analytic theory accessible for
many practical problems.

Before dealing with the main theorem, look at the defini-
tion of the bounded real (BR) analytic-complex normalized re-
flectance Sycp, in the Yarman and Carlin sense (7).

Definition: BR-Analytic-Complex Normalized Reflec-
tance. The reflectance Syc, defined by the expression

W, Zp-2Z
S - _L ZB “L* 19
YCL WL* ZB + ZL ( )
is called the BR-Analytic-Complex Normalized Reflectance in
the Yarman and Carlin sense.

Clearly, Eq. (19) can be related to Sy, described in the Youla
sense by Eq. (17):

Syer(s) = np,(s)Sy,(s) (20)
Furthermore, if the load is “simple,” consisting of a few reac-
tive elements having all the transmission zeros at finite fre-

quencies or at infinity, all-pass product n(s) = 1 and Syci(s)
= Syi(s), which is the case in many engineering applications.



Nevertheless, with proper augmentation of the load Z;, one
can make npny, a perfect square yielding ny/n., = 1. Thus,
invoking superfluous factors, one can always obtain Syc(s) =
Sy.(s) as is described in Ref. (8). Therefore, in the following
sections Syci(s) and Syi(s) will be used interchangeably. Now,
look at the main theorem (6-8).

Main Theorem. Referring to Fig. 6, let Fy, be the unit nor-
malized back end reflectance of the system F constructed by
the cascade connection of the lossless two-port E and the loss-
less two-port L. Then, Fy, is equal to the analytic complex-
normalized reflectance defined in the Yarman—Carlin sense
at the input port of L. That is, Fy(s) = Sycw(s).

The significant consequences of the main theorem may be
summarized as follows:

* The load network L is directly extracted from F by
applying the well established gain bandwidth restric-
tions of Youla on the analytic complex normalized re-
flectance Syci(s) defined in the Yarman—Carlin sense, in
a straightforward manner.

* In the course of the extraction process, the entire struc-
ture F is described in terms of its realizable, unit normal-
ized, bounded real scattering parameters without hesita-
tion as in Fano’s theory, since Fi(s) = Syc(s) by the
main theorem.

These unique results constitute the basis of the unified ap-
proach.

One must now classify the transmission of zeros of the
load. Then, introduce the modified version of the Youla’s theo-
rem on gain—bandwidth restrictions, allowing the extraction
of the load network L from the combined structure.

Classification of the Transmission Zeros (8). Let s, denote any
transmission zero of Z;. Then, s, belongs to one of the follow-
ing mutually exclusive classes:

e Class A. Re{sy} > 0: The transmission zero lies in the
open RHP.

* Class B. Re{s;} = 0 and Z;(jw,) # : The transmission
zero lies on the imaginary axis at a point where the load
impedance Zi, is finite (possibly zero)

* Class C. Re{sp} = 0, and Z(jwy) = o: The transmission
zero lies on the imaginary axis at a point where the load
impedance has a pole.

The basic gain—bandwidth theorem for single-matching prob-
lems relates properties of the system reflectance to the load
zeros of transmission so that extraction of the load becomes
possible.

Basic Gain-Bandwidth Theorem for Single-Matching Problems
(8). A function T(w?), such that 0 = T(w? = 1, Vo, can be
realized as the transducer power gain of a finite lossless
equalizer E, inserted between a resistive generator (whose re-
sistance is unit normalized) and a frequency dependent load
(whose impedance is a dissipative PR rational function Zy), if
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and only if, at each transmission zero of the load, “sy,” of or-
der “k,” the coefficients of the Taylor expansion of

by,(s) — Syor,(s) = % 21)
about “s,” satisfy the following constraints:
* Class A. Re{sy} > 0:
by, =81, (r=0,1,2,...k-1) (22a)
* Class B. Real sy = 0 and Z;(jw,) # o°:
by, =S, (r=0,1,2...2k - 2) (22b)
and
[61,96-1) — Sre-1) >0 (22¢)
[2R1 by 1y,
* Class C. Re{s)} = 0 and Z(jw,) = oo:
by, =S, (r=0,1,2,...2k - 2) (22d)
and
(bree-1 ~ Sver-p! _ 1 0 (22¢)

2R b )gr—2y T~ ¢4
In Eq. (22e), ¢_, is the residue of Z;, at the s, = jw, pole;
otherwise, the subscripts identifies a Taylor coefficient.

It should be noted that similar sets of constraints are given
in the logarithmic and integral form. For details, interested
readers are referred to the reading list.

Analytic Approach to Double-Matching Problems

In order to handle the double-matching problem analytically,
the Darlington equivalent lossless two-ports G and L replace
the generator impedance Z; and the load impedance Z;, re-
spectively. Hence, the system that will be doubly matched is
represented as the cascaded trio of the lossless two-ports
G—E-L as shown in Fig. 7. The entire structure is combined
under the lossless two-port F and described by means of the
unit normalized, bounded real scattering parameters F; as in
the filter theory. The load network L is described by Egs. (10)
and (11). Similarly, description of the generator network G
and its transmission zeros are given as follows:

Scattering Description of the Darlington Equivalent of Genera-
tor Network. Unit normalized scattering parameters of the
lossless generator network G are given in terms of the imped-
ance Zg(s) = Ng(s)/Dg(s)

Z.—1
Gyy = 2= (23a)
22 ZG+ 1
2W,
Gy = Zo+1 (23b)
Zew —1
Gy = —1u(8) - bu(s) - == (23¢)
11 G G ZG+ 1
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where

bg(s) = D, (23d)
_ e

ng(s) = e (23e)
_ e

Wg = Dy (230)

ngs is a polynomial formed on the closed RHP zeros of
Ry(—s? = WWes, Re(—s? being the even part of Zg(s).
In Belevitch form,

h
G.. — -G (24a)
22 Za a
fo
Gy = — (24b)
21 e
B
Gy = —ng(s) - (24c)
8a
where
hg(s) =Ng(s) —Dg(s) (24d)
fa(s) = 2ng(—s) (24e)
85(8) =Ng(s) +Dg(s) (24f)

Transmission Zeros of the Generator Network. Zeros of the
function Fy(s) = G3, are the transmission zeros of Zs(s), where

4R (—s?)

FG(S) = bG(S)m (253.)
or
Fyts) = 2169 (25b)
§)= —— =
@ 8&(s)

Before introducing the unified procedure to construct the
broadband matching equalizer E, the theorem for double-
matching problems will first be introduced.

Theorem for Double-Matching Problems (8). Let a ratio-
nal transducer power gain function T(w?) be prescribed where
0 = T(w* = 1. Let PR dissipative impedances Z; and Z;, for
generator and load be given and zeros of transmission of these
impedances be contained in 7. Then, assuming no double de-
generecies, the necessary and sufficient condition that 7' be
physically realizable by the system consisting of the genera-
tor Zg, the load Z;, and a lossless equalizer E placed between
generator and load is that the single-matching gain—
bandwidth restrictions be simultaneously satisfied at the gen-
erator and load ports of the equalizer.

Based on the above presentations, it is clear that for both
single- and double-matching problems, the entire matched
system can be described in terms of its unit normalized BR
scattering parameters F = {F;} as in filter theory when the
source (or generator) and the load are replaced with their

Darlington equivalents. In order to construct the desired
equalizer, Youla’s gain—bandwidth restrictions are simultane-
ously applied at the source and the load end, and then, extrac-
tions of G and L are accomplished.

At this point it is very important to outline some basic
properties of F; related to source and load networks so that
an appropriate form of the transfer function 7' = |Fy|? is se-
lected to end up with a realizable equalizer.

Essential Properties of F. In principal, Fy(s) must contain all
the transmission zeros of G and L with at least the same mul-
tiplicity as well as the transmission zeros of E. The following
properties are either the direct results of the paraunitary con-
dition of F' or come from the definition of transmission zeros
or from the main theorem.

1. If |Fy? = Fyu(jo), Fu(—jo) is a transfer function with
desired shape over the real frequencies.

a. When jo is replaced by s, Fy(s)Fs(—s) must contain
all the real frequency transmission zeros of G and L
in the numerator polynomial f(s) - f(—s).

b. RHP transmission zeros of G and L must appear in
Fq\(s) as all-pass functions preserving the shape of
|F 21‘2§

2. Let u(s) be any Blaschke product of order % of Fy(s). It
should appear either in F); or in Fy, of order 2k, or it
appears simultaneously in F}; and F,, with respective

orders k;; and kg, satisfying the condition 2k = & +

k22'

3. In order to end up with a realizable structure, the main
theorem and the paraunitary condition demand the fol-
lowing forms for F;; and Fo:

h
Fii(s) = SYCG where Fy(s) = eng(s) - [M(S)]kll . ﬂ
&(@s)
(26a)
and
r,, P(=s)
Foy(s) = Syqr, where Fy,(s) = —eny(s) - [(s)]*22 - Gy
(26b)

where € is the sign term € = *1.

The unified approach as a “step by step design procedure” will
now be introduced, to construct matching equalizers for both
single- and double-matching problems.

Unified Analytic Approach to Design
Broadband Matching Networks

Step 1. Obtain analytic forms of the impedances to be
matched and find the Darlington equivalents G and L.
Determine the transmission zeros of G and L as in Eq.
(12) and Eq. (25), respectively.

Step 2. Choose a desired form of the transducer power gain
function as in the filter design T(w?) = |Fo|* = 1 — |Fo?
with unknown parameters. Here it is crucial that Fy
includes all transmission zeros G and L networks with
at least the same multiplicity.



Step 3. Using the spectral factorization of [F|? = |Fy? =
1 — |F,[? as described in step 3 of the filter design pro-
cess, construct the unit normalized reflectances F;; and
F,, as equivalent BR-Analytic Complex Normalized re-
flectances in the Yarman and Carlin sense, as indi-
cated below:

h(s)
F =S h F = . e
11(8) YCG where Fp;(s) = eng(s) - u(s) 205)
(27a)
and
h(-s)
F. =S h F. = — . .
99(8) YCL where Fy,(s) 677]_4(3) u(s) 2(5)
(27b)

where € is the sign term € = *=1. Polynomials A(s) and
g(s) are obtained via spectral factorization of Fyi(s)-
Fi(—s) = 1 — T(—s? [or equivalently Fy(s)- Fo(—s)].
Certainly, g(s) is strictly Hurwitz. w(s) is an arbitrary
Blaschke product and it might be necessary to satisfy
the GBR, otherwise it is set to 1. n¢ and 7, are also
Blaschke products constructed on the closed RHP zeros
of even parts of generator and load impedances, respec-
tively. It should be noted, however, that in the course of
spectral factorization, unknown parameters of 7" are be-
ing carried into F'; and Fy,.

Step 4. Apply Youla’s GBR theorem for single matching at

both generator and load sites simultaneously to deter-
mine the unknown parameters of 7.

Step 5. Finally, synthesize the equalizer using Zg(s) as in-
troduced by Eq. (18).

Remarks

* Implementation of the above procedure by no means is
unique. First of all, one may wish to start with the ex-
panded forms of the generator and load impedances to
force resulting mg and 7 to unity, as described earlier.
Spectral factorization of T(—s? can be carried out in a
variety of fashions. For the sake of brevity details are
omitted. Interested readers are referred to Refs. (9) and
(13).

» The ratio h(s)/g(s) may be chosen as a minimum phase
function so that all RHP zeros are combined in the
Blaschke product u(s) where necessary.

 Use of an all-pass factor u(s) in T(—s?) always penalizes
the minimum gain level in the passband. Therefore one
should avoid using any extra Blaschke product in step 3
if possible.

« It is interesting to observe that, whenever Z; and Z;, pos-
sess the same transmission zeros of Class A, it is not
possible to satisfy the gain—bandwidth theorem simulta-
neously if they are inserted into F; and F,, as all-pass
functions. In this case, a proper form of Fy must be se-
lected, which naturally includes these RHP zeros of load
and generator, but not as all-pass products.

It should be emphasized that it is not an easy matter to
utilize the analytic gain—bandwidth theory. It is gener-
ally the second step that imposes the most severe limita-
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tion on the practical applicability of the analytic method.
Nevertheless, for simple terminations, it may be useful
to determine the ideal highest flat gain level within the
passband. For example, for a typical R/C load, even if
infinite number of elements are employed in E, the possi-
ble highest flat gain level is given by

—27
Gmax =1- exp (}ﬁ) (28)
where B designates the normalized frequency bandwidth
(1,4). For double-matching problems, however, ideal flat

gain over a finite passband cannot be obtained (14,15).

In the above presentation, a concise discussion of network
theoretical fundamentals underlying the concept of analytic
solutions to matching problems is given. Based on the basic
concept presented here, various alternative formulations of
the problem are available in the literature. In particular,
Wohlers (16) studied the problem of double matching by intro-
ducing the concept of compatible impedances. Chien (17),
Chen (18-20), and Satyanaryana (21) utilized the complex
normalized scattering parameters in the tradition of Youla, to
obtain explicit solutions for some typical analytic load imped-
ances. An extensive list of further studies on analytic match-
ing theory, which includes various worked-out examples, can
be found in the Reading List.

MODERN APPROACHES TO BROADBAND
MATCHING PROBLEMS: CAD
TECHNIQUES—REAL FREQUENCY SOLUTIONS

In the previous sections analytic solutions to broadband
matching problems were presented. Analytic theory is essen-
tial to understand the gain—bandwidth limitations of the
given impedances to be matched. However, its applicability
is limited beyond simple problems. By simple is meant those
problems of single or double matching in which the generator
and load networks include at most one reactive element, ei-
ther a capacitor or an inductor. For simple impedance termi-
nations, low-pass equal ripple or flat gain prototype networks,
which are obtained employing the analytic theory, may have
practical use. On the other hand, if the number of elements
increase in the impedance models to be matched, the theory
becomes inaccessible. If it is capable of handling the problem,
the resulting gain performances turn out to be suboptimal.
Equalizer structures become unnecessarily complicated, and
it may not even be feasible to manufacture them. Therefore,
in practice, computer aided design (CAD) techniques are pre-
ferred; commercially available programs such as Super Com-
pact, Cosmic, Ana, Touch Stones, and so forth, are employed
to solve the matching problems. Readily available tools are
very good in analyzing and optimizing the given structures,
but they do not include network synthesis procedures in the
literal sense. In other words, in designing a matching network
or a microwave amplifier, a topology for the matching net-
work with good initial element values should be supplied
to a commercially available package. In this respect, many
CAD packages work as fine trimming tools on the element
values when the circuit is practically synthesized. Usually,
a simple two element, capacitor-inductor ladder network is
a practical solution for narrow bandwidth matching prob-
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lems. However, if the optimum topology of the equalizer is
unknown, or if substantial bandwidth is requested, the
design task becomes more difficult. In this case, modern
CAD techniques are strongly suggested to design matching
networks.

In all single- and double-matching CAD algorithms, the
goal is to optimize the transducer power gain (TPG), as high
and flat as possible in the band of operation. Matching net-
work E, generator and load are considered as separate enti-
ties. TPG is expressed in terms of these entities. The lossless
equalizer E is either described in terms of its driving point
“back-end impedance” Zy (or equivalently admittance Yy =
1/Z3) or in terms of its unit normalized scattering parameters
E;. The descriptive parameters of E are chosen as the un-
knowns of the problem and they are determined as the result
of the optimization process. In this way, the analytic extrac-
tion process of generator and load networks is simply omitted.
In the following, first, major ingredients such as Darlington-
scattering representation of Zp, and unit-normalized re-
flectance Sy of the lossless E and L chain to generate TPG,
are given. Then, modern computer aided design techniques so
called real frequency techniques to construct broadband
matching networks, are reviewed (10).

Scattering Description of the Lossless Matching Network E

Based on the Darlington representation of the driving point
back-end impedance Zy = Ng/Ds, the scattering description of
the matching network E is given in a similar manner to those
of Eq. (10) and Eq. (23), as follows:

Zy—1

E, = m (29a)

2W,
E,, = B 2
21 ZB+1 ( 9b)
Zne — 1
E,; =ngby 723 1 (29¢)
where

D *

by(s) = DBB (29d)

Np(s) = B (29¢)
ng

WB = nB*/DB (29f)

npy is a polynomial formed on the closed RHP zeros of Rp(—
s?) = Wgs. - Wy, Rp(—s?) being the even part of Zg(s).

In order to construct the transducer power gain function 7'
for single- and double-matching problems, it is useful to intro-
duce the unit-normalized reflectance Sy at the front end of the
equalizer when the other end has complex termination Z;.
This can be accomplished by means of the main theorem of
Refs. 6 and 22 as follows.

Unit Normalized Input Reflectance S;. The unit normalized
input reflectance Sy of the bulk lossless section formed with
E and L is given by means of the main theorem. It is straight-
forward to show that Sy is equal to BR-Analytic Complex,
Normalized Reflectance Sycg defined in the Yarman—Carlin
sense at the backend of E. In this regard, the impedance Zg
is regarded as a complex termination to the lossless two-port

L. Accordingly, swapping the subscripts L and B of Eq. (19),
Sy is given by

WB *
Wy

Z, — Zy.
Z, +Zy

Sgp(s) = (30)

where Wj is defined as in Eq. (29f).

Real Frequency Line Segment Technique

In 1977 a numerical approach known as the real frequency
technique was introduced by Carlin for the solution of single-
matching problems (2). The real frequency technique utilizes
measured data, by-passing the analytic theory. Neither the
equalizer topology nor the analytic form of a transfer function
is assumed. They are the result of the design method. Mea-
sured data obtained from the devices to be matched are di-
rectly processed.

It is important to recognize that the “breakthrough” of the
real frequency method is the recognition that the results of
numerical optimization will in general always be superior to
those of the analytic theory. In effect, the analytic method
squanders its degrees of freedom by introducing all-pass fac-
tors to achieve special gain function properties (e.g., maximal
flatness), whereas the real frequency approach directly opti-
mizes passband gain without the artificial constraints of a
specific transfer function (12).

The precise optimization method is not the crucial factor
though clearly, as discussed below, some methods are more
efficient and practical than others. Carlin’s initial numerical
method used a line segment approximation scheme and con-
tains features often employed in later more sophisticated opti-
mization routines. The attractive feature of the line segment
scheme is its simplicity. The technique starts with the genera-
tion of a rational positive real (PR) input impedance Zy =
Rg(w) + jXp(w) looking into a lossless matching network with
resistive termination [Fig.4(a)].

Let the measured load impedance be Z;(jow) = Ryw) +
JX1(w); then the transducer gain T(w) is given by

T(w)=1—|Sgl? (31)
or by simple algebraic manipulation one obtains
T(w?) — 4R5(w)Ry, (w) (32)

[RB (w) + RL ()2 + [XB (@) +XL ()2

In Carlin’s approach, the matching problem is handled within
three major steps. In the first step, Rp(w) is represented by a
set of linear combinations of unknown line segments (Fig. 8),

N
Ry(@) =Ry + Y _a,(®) -1, (33a)
i=1
where
1, o> w;
a; = 2 B ) w;_ 1 <0< (33b)
wW; —wW;_y
0, w<w
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Figure 8. Line segment representation of the real part of back-end
impedance Rz(w).

w; is called the break frequency at the point where Rj takes
the value R;, that is, R, = Rg(w;). Therefore, R; is called the
break resistance, r; is the resistance excursions of the ith seg-
ment such that r, = R; — R,_; and N designates the number
of break points.

Here, Zy(jw) is considered as a minimum reactance func-
tion. Therefore, Xz(w) is also expressed in terms of the same
linear combination of the line segments using the Hilbert
Transformation relation:

N
Xp(@) =) bR, (34a)
i=1
where
b;(w) = {[(w+w;) In(w+ ;) + (0 —w;) In|o —w,|]

7 (w; — ;1)
—[(w+ w;_1) In(w + w;_1) + (0 — w;_y) In o — wi,1|]}
foralli=1,2,...N (34b)

In the second step, these straight lines are then computed in
such a way that TPG are optimized over the band of opera-
tion. The third step is devoted to approximate Zz(jw) by a
realizable rational function that fits the computed data pair
(R, X3). Then, Zy is synthesized, using Darlington’s proce-
dure, as a lossless two-port with resistive termination.

A general realizable analytic form of Ry is given as

2 2m
RB(a)Z) _ Ag+A0°+- - +Apw -0

35
B, +B,w?+---+B,w?* ~ (35)

n>m+1

In many practical cases, it is appropriate to choose Rp(w) to
yield a ladder matching network as follows:

ok
Aw

Ry (0®) =
B(w) B0+Blw2+'“+an2n

(36)

where “k” and “n” are positive integers (¢ < n) and they deter-
mine the complexity of the equalizer. Equation (36) describes
an L-C ladder network with all zero of transmissions at zero
and infinity. More specifically, integer n designates the total
number of elements of the equalizer. Integer % is the total
number of transmission zeros at zero which, in turn, effects
the topology of the L—C ladder. The coefficients A;, and B, are
computed to fit the real part data, obtained from the first step
of the technique, by linear regression. Afterwards, Zy(s) is
generated as a positive real analytic function from Rp using
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the Bode or Gewertz procedure as a positive real function
(1,23).

agtais+-Fag s

Zyx(s) =
B () by +bys+ - +by_1)8" D + bys”

37

It has been shown that the line segment technique yields
superior design performances over the analytic and other
CAD approaches. Almost optimum circuit topology is re-
solved. Furthermore, gain—bandwidth limitations of a given
load may be determined by means of computer experiments.
However, the following may be regarded as disadvantages of
this technique.

The first two steps of the above described technique in-
volves the computation of the unknown line segments and ap-
proximation problem, which requires the evaluation of Hil-
bert transformation during the optimization process. These
computations may be laborious and expensive. Even though
there is no longer any need to choose a circuit topology, deci-
sions have still to be made as to whether the input imped-
ance Zp is a minimum-reactance or, equivalently, Yz = 1/Z3
is a minimum-susceptance function. It should be noted that if
the design is restricted with minimum functions, some reac-
tive elements can be extracted from the equalizer, leaving
a minimum-reactance or minimum-susceptance input immi-
tance. Although this process improves the flexibility of the
technique, one must decide what to extract (capacitor or
inductor) and how to extract (series or parallel) by trial
and error, which, in turn, increases the computation time.

Despite the said drawbacks of this technique, it is reason-
ably satisfactory for single-matching problems. Later, the line
segment technique was extended to handle double-matching
problems as well, but the computational efficiency of the tech-
nique turned out to be poor. The follow-up CAD double match-
ing design technique, namely, the “direct computational tech-
nique,” overcomes some of the difficulties of the line segment
approach. Details of the implementation of the line segment
technique can be found in Refs. 6, 22, and 24.

Direct Computational Technique

The basic idea employed in the direct computation method is
similar to that of the line segment technique. That is, refer-
ring to Fig. 4(a), the driving point impedance Zz = Np/Dy at
the back end describes the lossless matching network,
whereas the front end has resistive termination. In fact, the
scattering description of E is given with respect to Zy as has
been demonstrated in the previous section.

As in the line segment approach, here Z; is also considered
a minimum reactance (or Y is minimum susceptance) func-
tion. Therefore, it is determined from its even part Ry(w?) us-
ing the Hilbert transformation relation. For practical reasons,
it is the designer’s choice to start with the ladder form for
Ri(w?), as in Eq. (36).

The core of this method resides in the generation of the
overall transducer power gain T in terms of Rg(w?), which will
be determined by optimization. Referring to the double-
matching configuration shown in Fig. 7, considering the gen-
erator network G and describing the lossless chain E-L in
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terms of the unit normalized reflectance Sy, it is straightfor-
ward to show that

(1= 1Gg*) (1~ ISpl*)

2\
Th = 11— SpGoyl?

(38)

In the above presentation, clearly, Sy is constructed as an im-
plicit function of Ry and it is initialized at the beginning of
the optimization process. By spectral factorization of Rg, nps
and Dj are computed. Then Wy is formed as in Eq. (29f) and
Sy is generated as described by Eq. (30). Employing the Gew-
ertz procedure, minimum reactance Zz is generated. If de-
sired, any appropriate reactive part can be introduced to Zg
as an unknown of the problem.

Once the TPG is generated, it is maximized to determine
the unknown coefficients A, and B; of Eq. (36) (22).

In this design method, the line segment approach is simply
omitted. Thus the computational efficiency is improved. Di-
rect computational technique has all the merits of the line
segment technique. However, decisions must again be made
as to whether to make the input impedance Zz minimum re-
actance or minimum susceptance, and so forth. For interested
readers, the details can be found in the Reading List.

Parametric Approach to Matching Problems

Fettweis first introduced the parametric representation of
Burne functions in 1979 (25). Pandel and Fettweis (26) ap-
plied it to single-matching problems. Later, Yarman and Fett-
weis elaborated this method for double-matching problems
(27). In the parametric approach, the lossless equalizer E is
described in terms of its minimum reactance driving point
impedance Zg as in the other techniques, and it is expressed
in the form of partial fraction expansion with simple poles
pi = o + jB;.

B,
(s—p;)

N
Zy=B,+)_ (39)
=1

Here, the real parts o; and the imaginary parts B; are chosen
as the unknowns of the matching problem. The coefficients or
the residues B, are computed in terms of the poles p; = o; +
JB:i. Once the unknowns are initialized, Zg is explicitly gener-
ated as an analytic function. Then it is straightforward to
form TPG as stated in Eq. (38). Hence, it is optimized over the
band of operation which, in turn, yields the unknown poles
Di = o + jBi

In the parametric approach, the Gewertz procedure, which
is employed in the line segment and direct computational
techniques, is simply omitted. Therefore, in the optimization
scheme, neither explicit factorization of polynomials nor the
solution of linear equations systems of Gewertz procedure is
required. Furthermore, consideration of Zz as a minimum re-
actance function, having only simple poles, does not imply
any loss of generality. This is because multiple poles do not
occur in impedances of practical interest, and any impedance
function can be expressed as a sum of a minimum reactive
function and a pure reactance, which is naturally included in
the parametric form of Zs.

For single-matching problems, gradients of TPG with re-
spect to unknowns «; and B; are explicitly determined. There-
fore, the parametric approach presents excellent numerical

stability. The parametric approach to broadband matching
problems possesses all the outstanding merits of the real fre-
quency techniques. Furthermore, it presents improved nu-
merical stability with less computation. Details of this
method can be found in Refs. 25-29.

Simplified Real Frequency Technique: A Scattering Approach

The simplified real frequency technique (SRFT) is also a CAD
procedure for double-matching problems. In this method the
lossless equalizer is simply described in terms of its unit nor-
malized scattering parameters. SRFT possesses all the out-
standing merits of the other real frequency techniques. More-
over, it does not involve with any impedance or admittance
computation. Therefore, the gain optimization process of the
matched system is well behaved, numerically. It is faster than
the other existing CAD algorithms and easier to use. It is also
naturally suited to design broadband microwave amplifiers.

The basis for the scattering approach is to describe the
lossless equalizer E in terms of the unit normalized reflection
coefficient E;,(s). Moreover, if E;;(s) is described in Belevitch
form, E,(s) = h(s)/g(s), for selected transmission zeros, the
complete scattering parameters of a lossless reciprocal equal-
izer can be generated from the numerator polynomial A(s) of
E(s), using the paraunitary condition given by Eq. (5) to Eq.
(7). This idea constitutes the crux of the simplified real fre-
quency technique. In other words, the TPG of the system to
be matched is expressed as an implicit function of A(s).

Replacing generator and load impedances by their Darling-
ton equivalent lossless two-ports G and L, respectively, and
utilizing their unit normalized scattering descriptions, as
specified by Eq. (10) and Eq. (23), the transducer power gain
of the doubly matched system can be given as follows:

|Eqq[* 1Ly |*
11— E11G22|2|1 - E22Lll‘2

T(0) = |Gy |? (40)

where G; and L;; are specified by the generator and the load
measurements. However, in terms of the measured generator
and load impedances,

Zo—1
Gu=7"7 1Ouf=1-6af (1)
Z —1
L, = Zi — |Lyq1? =1 —|Lq|? (41b)
. E2.G
E..—E _ 21722 41
22 =fpp T 7 —E,,Gy (41c)

Now construct TPG, once A(s) is initialized.

For simplicity, assume that E is a minimum phase struc-
ture with transmission zeros only at o = », @ = 0. This is
a convenient assumption since it assures realization without
coupled coils, except possibly for an impedance level trans-
former. Then, the unit normalized scattering coefficients of E
is given in Belevitch form as follows:

h(s) _hg+hys+---+hps"

Ell(s) = g(s) = % +gls o tags (423)
k
S
EIZ(S) = EZI(S) = ig@ (42b)
h(=s)
E = —(=1)* 42
22(8) -1 2(5) (42c¢)



where n specifies the number of reactive elements in E; & =
0 is an integer and specifies the order of the transmission
zeros at zero. Since the matching network is lossless, it fol-
lows that

g(9)g(=s) = h()h(=s) + (=1)*s** (43)
In an SRFT algorithm the goal is to optimize the TPG over
the operational frequency band (i.e., maximize the minimum
of TPG in the band). The coefficients of the numerator polyno-
mial A(s) are selected as the unknowns of the matching prob-
lem. To construct the scattering parameters of E, it is suffi-
cient to generate the Hurwitz denominator polynomial g(s)
from A(s). It can be readily shown that once the coefficients
of h(s) are initialized at the start of the optimization process
and the complexity of the equalizer E is specified (i.e., n and
k are fixed), g(s) is generated as a Hurwitz polynomial by ex-
plicit factorization of Eq. (43). Thus the physical realizibility
of the scattering parameters {E; i, j = 1, 2} is already built
into the procedure. It should be noted that in choosing the
polynomial A(s) and integer %k, A(0) = 0 and g(0) = 0 cannot
be allowed simultaneously, since this violates the losslessness
criterion of Eq. (43). Therefore, one has to pay a little atten-
tion to the initial values of the unknown coefficients. In gener-
ating the Hurwitz denominator polynomial g(s) from the ini-
tialized coefficients of A(s), one first constructs g(s)g(—s) as in
Eq. (43). That is,

g(s)g(—s) =G0—|—G132+...+Gns2n (44)

where Gi(s) are given as follows:

G, = h?
G, = —h? + 2hyh,

G, = (-1)'h? +2 <h2ih0 + Z(—l)jlhj1h2ji+1>
i (45)

j=2
G, =Gl + (-1

G, = (-1)"h2

Then, explicit factorization of Eq. (44) follows. Following the
factorization process, polynomial g(s) is formed on the left
plane zeros of g(s)g(—s).

Hence, the scattering parameters of £ are generated as in
Eq. (42) and T(w) is computed employing Eq. (40). The objec-
tive function generated by means of TPG calls for an optimi-
zation routine. As a result of optimization, the unknown coef-
ficients A; are determined. Details of the numerical work can
be found in the Reading List. In brief, examination of Eq. (40)
together with Eq. (42) indicates that TPG is almost inverse
quadratic in the unknown coefficients A;. Furthermore, the
numerical stability of the computer algorithm written for
SRFT discussed above is excellent, since all the scattering pa-
rameters E; and reflection coefficients Gy, and L, are
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bounded real, that is, {|E;|, |Gxl, |[Lu|} = 1. As is usually the
case, an intelligent initial guess is important in efficiently
running the program. It has been experienced that, for many
practical problems, an ad hoc direct choice for the coefficients
h; (e.g., h; = 1 or h; = —1) provides satisfactory initialization
to start the simplified real frequency technique algorithm.

As indicated previously, SRFT is naturally suited to design
microwave amplifiers since scattering parameters for all the
units to be matched are used. Several matching networks and
amplifiers have been designed and built employing the SRFT.
Laboratory performance measurements exhibit good agree-
ment with theoretical computations.

Active Matching: Design of Microwave Amplifiers

One of the major problems of microwave engineers is to de-
velop proper matching networks for active devices so that the
power generated with these devices can be pumped into dissi-
pative terminations or transferred to another device to gener-
ate more microwave power. Typical examples are the negative
resistance amplifiers, constructed with impatt diodes, and
single- or multi-stage amplifiers, constructed with GaAs field
effect transistors (FET).

In fact, the problem of active matching is not any different
from single or double matching, as explained in the first sec-
tion. However, slight modifications of the techniques may be
required, depending on the type of application.

Kuh and Rohrer extended analytic theory of single match-
ing to design negative resistance amplifiers (30). Later, Ku
and his coworkers applied the single-matching theory to de-
sign GaAs MESFET amplifiers using the tapered gain concept
(31). These were the early works to design microwave ampli-
fiers.

After the breakthroughs of real frequency techniques, the
design of microwave amplifiers became much more practical,
since the complicated gain—bandwidth restrictions were omit-
ted and the measured device data were processed without any
model. First, the line segment technique was expanded to de-
sign single-stage microwave amplifiers by Carlin and Komiak
(32). Later, Yarman and Carlin developed first interstage
equalizer design, in the literal sense, using the direct compu-
tational and simplified real frequency technique (33). Then,
utilizing SRFT, many single- or multi-stage amplifiers were
designed and different variants of the technique were devel-
oped and applied to practical problems (34—-37).

Therefore, in this presentation, the application of the
SRFT to design single- and multi-stage amplifiers will be out-
lined briefly.

Referring to Fig. 9, the design of a single-stage amplifier
can be implemented within two steps. First, the front-end
equalizer Er of the active device is constructed, while the
other end of the device is terminated in unit resistance. In
this case, transducer power gain T"(w) is given by

|G21|2 i |E‘21F|2 i |A21|2

T () = =
11— GooEy1pl® - 11 — EyppAyy 12

(46)

where [G;], [E ] and [A;] designate the unit (or real) normal-
ized scattering parameters of the generator network, front-
end equalizer, and the active device, respectively. Clearly,
T%(w) is generated from E;r, as described in SRFT, and all
the scattering parameters are determined from its numerator
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Figure 9. (a) Single-stage amplifier with front-end equalizer Ey. (b) Single-stage amplifier with

front-end Ey and back-end Ey equalizers.

polynomial Ay(s). Here, Ep is given by

2
7 EZIFG22

E,n =E —=22 == 47
22F = o T 7 " E,.:Cyp 47

In the second step, the back-end equalizer Ejy is constructed
to optimize the overall transducer power gain T(w) given by

|E218|2|L21|2

11— AgEq 15211 — AgoEyp 121 — E22BL22|i8)

T(w)=TY (w) -

where L; and E; are the unit normalized scattering parame-
ters of the load network and the back-end equalizer Ejp, re-
spectively. Ay, and Eyp are given as follows:

A Ay AGE
A22 = A22 + M (493)
1— EgpAy,
. E2 A
Egop = Eggp + Lo (49b)

1- EllBA22

As is customary for SRFT, the back-end equalizer is com-
pletely determined from its numerator polynomial %g(s) of the
input reflectance E;;p(s).

Employing SRFT, several single-stage amplifiers were im-
plemented by Yarman (38). The technique is also applied to
design power amplifiers. In this case, a modified version (A
Dynamic CAD Technique for Designing Microwave Amplifi-
ers) was introduced by Yarman (39).

It is straightforward to extend the SRFT to design multi-
stage microwave amplifiers by generating the TPG in a se-
quential manner, as was done for single-matching amplifier
design.

Design of Multi-Stage Microwave Amplifiers. Multi-stage mi-
crowave amplifiers can be designed in a similar manner, de-
scribed above using a step-by-step design algorithm. Refer-

ring to Fig. 10, one can design an N-stage amplifier with field
effect transistors (FET), step by step. Assume that generator
G and load L are also complex. Let A¥ designate the unit
normalized (50 () normalized) scattering parameters of FETs.
The design algorithm can be described as follows: First, the
front-end equalizer E; is constructed, while the output of the
first FET is terminated with its normalization resistance. In
the second step, resistive termination is removed and the sec-
ond equalizer E, and the new FET are placed into the design
with resistive termination. At the kth step, insert the kth in-
terstage equalizer with the kth active device while it is termi-
nated in its normalization resistance at the output. As this
process plays out, at the last step we introduce the back-end
equalizer is introduced in between the Nth device and the
load L. In other words, at each step a new interstage equal-
izer and an active device with resistive termination are in-
serted. At the last step, which corresponds to the (N + 1)th
step, the back-end equalizer Ey., is designed.
At the kth step, TPG is given by

Ty () =T, 1E; (o) k=12...,N+1) (50a)
where
L2
Ek (a)) = IEé]i)lz &) (x(k) Zl (k)T (k) (2 (50b)
11 _Eu G22 *1 _E22 Lll |
& k k k
Ly) =Ay) Ly =AY (30¢)
i pa L ESGE
E® _F® . 217 “22 (50d)
22 22 Yl
1- Géz)Eil)
A*R-DAR-D*k-1)
GB — A0 L 12 T21 22 k>2 (50e)
22 22 k) gk -
1- Géz)Eil)
with
Z,—1
GhH 26~ — 50
2 Zg+1 (00
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Figure 10. Multistage amplifier configuration with front-end, back-end, and interstage equal-

izers.

At the last step of the above process, overall transducer power
gain of the multistage will be computed in a sequential man-
ner as

Tw)=T.T,...Ty).Ey,4 (51)
In Eq. (561) the term Ey.(w) provides the impedance match-
ing to load Zi. In this case, parameters of Eq. (50b) are given
by

Z, —1
LA+ _ ZL

1 Z, +1 (52a)

ILY D2 =1 — LW+ (52b)

At each step of the design, SRFT is accessed to construct the
lossless matching networks [E;] and TPG is optimized over
the band of operation. In the course of the optimization pro-
cess, the gain taper of each FET is compensated at the corre-
sponding front-end equalizer. Furthermore, nonunilateral be-
havior of the active devices is taken into account. Eventually,
in order to improve the gain performance, the TPG of the
overall system can be reoptimized.

Practical Implementation of Matching Equalizers

In the above-presented techniques, the complex variable s =
o + jo was employed in the descriptive network functions,
which yields lumped element circuit components (inductors
and capacitors) in matching equalizers. Utilizing hybrid or
monolithic integrated circuit production technologies, it is
possible to build this type of lumped circuit elements up to 10
GHz. Beyond these frequencies, however, physical sizes must
be included in the design process. A straightforward method
to construct matching equalizers with physical sizes is to em-
ploy equal delay transmission lines throughout the design. In
this case, complex variable s = o + jo is replaced with the
Richard variable A = 3 + jQ. Here, transformed frequency ()
is given by ) = tanwr, where 7 specifies the equal delay
length of transmission lines employed in the designs. In this
case, all the computations are carried out in the transformed
frequency domain, but otherwise, all the analytic and real fre-
quency solutions to matching problems remain unchanged.
Extension of the analytic and real frequency solutions with
equal length or commensurate transmission lines can be
found in Refs. 34 and 40-44.

More sophisticated solutions to broadband matching prob-
lems can be given with mixed lumped and distributed ele-
ments. In these solutions, physical connection of lumped ele-
ments can be covered with transmission lines and parasitics
of the discontinuities can be imbeded into lumped elements.

In this case, it is necessary to carry out all the designs in at
least two variables, namely, s for lumped elements and A for
equal delay transmission lines. Semi-analytic and real fre-
quency solutions to matching problems with mixed lumped
and distributed elements can be found in the works of Yar-
man, Aksen, and Fettweis (28,45—49).
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