CHIRALITY

INTRODUCTION

Chiral media have the ability to discriminate between
left-handed and right-handed electromagnetic (EM) fields.
These media can be classified into two types: (1) isotropic
chiral media and (2) structurally chiral media. The
molecules of a naturally occurring isotropic chiral medium
are handed, while an artificial isotropic chiral medium can
be made by randomly dispersing electrically small, handed
inclusions (such as springs) in an isotropic achiral host
medium. The molecules of a structurally chiral medium,
such as a chiral nematic liquid crystal, are randomly posi-
tioned but have helicoidal orientational order. Structurally
chiral media can also be artificially fabricated either as
stacks of uniaxial laminae or using thin-film technology.
Whereas considerable theoretical and experimental work
on isotropic chiral media has been reported at microwave
frequencies during the 1980s and the 1990s, microwave
research on structurally chiral media remains in an em-
bryonic stage at the time of this writing (1). Therefore, the
major part of this article is devoted to isotropic chiral me-
dia.

NATURAL OPTICAL ACTIVITY

Ordinary sunlight is split into its spectral components by
a prism. A spectral component is monochromatic (i.e., it
has one and only one wavelength 1 in vacuum). The wave-
length 2, of one of the visible spectral components lies any-
where between 400 nm (violet) and 700 nm (red). A spectral
component can be almost isolated from other spectral com-
ponents by carefully passing sunlight through a series of
filters. Although filtering yields quasimonochromatic light,
many experiments have been and continue to be performed
and their results analyzed, assuming that the filtered light
is monochromatic.

Light is an EM wave with spectral components to which
our retinal pigments happen to be sensitive, and the con-
sequent images, in turn, happen to be decipherable in our
brains. All optical phenomena can be generalized to other
electromagnetic spectral regimes.

Suppose that a monochromatic EM wave is propagat-
ing in a straight line in air, which is synonymous with vac-
uum (or free space) for our present purpose. Its electric
field vector vibrates in some direction to which the prop-
agation direction is perpendicular; the frequency of vibra-
tion is f=c/Ag, where c=3 x 108 m/s is the speed of light in
vacuum. Its magnetic field vector also vibrates with the
same frequency, but is always aligned perpendicular to the
electric field vector as well as to the propagation direction.
Suppose that we fix our attention on a certain plane that is
transverse to the propagation direction. On this plane, the
locus of the tip of the electric field vector is the so-called
vibration ellipse, which is of the same shape as the locus
of the tip of the magnetic field vector. A vibration ellipse is
shown in Fig. 1. Its shape is characterized by a tilt angle
as well as an axial ratio; in addition, it can be left-handed
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Figure 1. The tip of the electric field vector of a plane-polarized
monochromatic electromagnetic wave traces the so—called vibra-
tion ellipse in a plane transverse to the propagation direction.

if the tip of the electric field vector rotates counterclock-
wise, or right-handed if otherwise. Similarly, an EM wave
is said to be elliptically polarized, in general; however, the
vibration ellipse can occasionally degenerate into a circle
(circular polarization) or even a straight line (linear polar-
ization).

The shape of the vibration ellipse of monochromatic
light is altered after traversal through a certain thickness
of a so-called optically active medium. This phenomenon,
known as optical activity, was discovered around 1811
by F. Arago while experimenting with quartz. Crystals
are generally anisotropic, but J.-B. Biot observed around
1817 the optical activity of turpentine vapor, definitely an
isotropic medium. Isotropic organic substances were be-
lieved to have exclusively biological provenances, and in
1860 L. Pasteur argued that turpentine vapor exhibited
natural optical activity, but the optical activity of crystals
could not be similarly qualified. Pasteur was unduly re-
strictive. Isotropic optically active media, of biological or
other origin, are nowadays called isotropic chiral media,
because EM fields excited in them necessarily possess a
property called handedness (Greek cheir=hand). Facsimile
reproductions of several early papers are available (2).

CHIRAL MEDIA: NATURAL AND ARTIFICIAL

The molecules of an isotropic chiral medium are mirror
asymmetric (i.e., they are noncongruent with their mir-
ror images). A chiral molecule and its mirror image are
called enantiomers (3). As examples, the two enantiomers
of 2-butanol are shown in Fig. 2. Enantiomers can have
different properties, although they contain identical atoms
in identical numbers. One enantiomer of the chiral com-
pound thalidomide may be used to cure morning sickness,
during pregnancy, but its mirror image induces fetal mal-
formation. Aspartame, a common artificial sweetener, is
one of the four enantiomers of a dipeptide derivative. Of
these four, one (i.e., aspartame) is sweet, another is bit-
ter, while the remaining two are tasteless. Of the approx-
imately 1850 natural, semisynthetic, and synthetic drugs
marketed these days, no less than 1045 can exist as two or
more enantiomers; but only 570 were being marketed in the
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Figure 2. The two enantiomers of 2-butanol are mirror images
of each other, as shown by the directed circular arrangements of
the —-OH, -CH2CHs, and —CHj3 groups.

late 1980s as single enantiomers, of which 61 were totally
synthetic. But since 1992, the U.S. Food and Drug Admin-
istration (FDA) has insisted that only one enantiomer of
a chiral drug be brought into the market. Biological chi-
rospecificity, once the subject of speculations by Pasteur on
the nature of the life force (vis viva), is now the topic of
conferences on the origin of life (4).

An isotropic chiral medium is circularly birefringent
(i.e., both left-handed and right-handed circularly polar-
ized light can propagate in a region filled with a homoge-
neous isotropic chiral medium, with different phase veloc-
ities and attenuation rates). Therefore, when monochro-
matic, elliptically polarized light irradiates an isotropic
chiral slab, the tilt angle and the axial ratio of the transmit-
ted light are different from those of the incident light. The
change in the tilt angle is quantified as optical rotation
(OR) and alteration of the axial ratio as circular dichro-
ism (CD). Both OR and CD depend on the wavelength A,
and the dependences are reasonably material-specific that
spectroscopies based on their measurements have long had
industrial importance. Biot himselfhad pioneered these at-
tempts by cataloging the OR spectra of a large number of
syrups and oils, and went on to found the science of sac-
charimetry for which he was awarded the Rumford Medal
in 1840 by the Royal Society of London. The first edition of
Landolt’s tables on optical activity appeared in the German
language in 1879; the English translation of the second edi-
tion of 1898 appeared in 1902.

Although Maxwell’s unification of light with electromag-
netism during the third quarter of the nineteenth century
came to mean that natural optical activity is an EM phe-
nomenon, the term optical rotation persisted. By the end of
the nineteenth century, several empirical rules had evolved
on OR spectrums of isotropic chiral mediums. Then, in the
late 1890s, two accomplishments of note were reported:

1. J. C. Bose constructed several artificial chiral materi-
als by twisting jute fibers and laying them end to end,
and experimentally verified OR at millimeter wave-
lengths. These materials were anisotropic, but Bose
went on to infer from his experiments that isotropic
chiral materials could also be constructed in the same
way (5). Thus, he conclusively demonstrated the geo-
metric microstructural basis for optical activity, and
he also constructed possibly the world’s first artifi-
cial anisotropic chiral medium to alter the vibration
ellipses of microwaves.

2. P. Drude showed that chiral molecules can be mod-
eled as spiral oscillators and theoretically verified a
rule Biot had given regarding OR spectra (6).

Experimental verification of Drude’s spiral oscillator
hypothesis had to wait for another two decades. As elec-
tromagnetic propositions can be tested at lower frequen-
cies if the lengths are correspondingly increased and other
properties proportionally adjusted, K. F. Lindman made
2.5-turn, 10-mm-diameter springs from 9-cm-long copper
wire pieces of 1.2 mm cross-sectional diameter. Springs are
handed, as illustrated in Fig. 3. Each spring was wrapped
in a cotton ball, and about 700 springs of the same hand-
edness were randomly positioned in a 26 x26 x26-cm card-
board box with an eye to achieving tolerable isotropy. Then
the box was irradiated with 1-3-GHz (30 cm>10>10 cm)
microwave radiation and the OR was measured. Lindman
verified Drude’s hypothesis remarkably well. He also de-
termined that (1) the OR was proportional to the number
of (identically handed) springs in the box, given that the
distribution of springs was rather sparse; and (2) equal
amounts of left-handed or right-handed springs brought
about the same OR, but in opposite senses (7). Lindman’s
experiments were extensively repeated during the 1990s
by many research groups in several countries (8, 9), and
several patents have even been awarded on making artifi-
cial isotropic chiral mediums with miniature springs.

CONSTITUTIVE RELATIONS OF AN ISOTROPIC CHIRAL
MEDIUM

Electromagnetic fields are governed by the Maxwell postu-
lates, in vacuum as well as in any material medium. These
four postulates have a microscopic basis and are given in
vacuum as follows:

v.Br, t)=0 (1a)
v x B, t):—%ﬁ(r,t) (1b)
€V -B(r, t) = Py, 1) (1c)
Vx B, t) :#Deo%E\r. t) + o or(rs t) (1d)

Thus, E(r,t) and B(r, t) are the primitive or the fundamental
EM fields, both functions of the three-dimensional position
vector r and time ¢; £0=8.854x10"12 F/m and po=47x10"7
H/m are, respectively, the permittivity and the permeabil-
ity of vacuum; py(r, 1) is the electric charge density and
Jiot(r, 1) is the electric current density.

Equations (1a), (1b), (1c) and (1d) apply at any length
scale, whereas the charge and the current densities must
be specified not continuously but over a set of isolated
points. Electromagnetically speaking, matter is nothing
but a collection of discrete charged particles in vacuum.
As per the Heaviside—Lorentz procedure to get a macro-
scopic description of continuous matter, spatial averages
of all fields and sources are taken, while both py.(r, £) and
Jiot(r, 1) are partitioned into matter-derived and externally
impressed components. Then the Maxwell postulates at the



Figure 3. An enantiomeric pair of springs. An artificial isotropic
chiral medium can be made by randomly dispersing springs in an
isotropic achiral host medium, with more springs of one handed-
ness than the springs of the other handedness.

macroscopic level can be stated as

v.-Bwr, t)=0 (2a)
VxEwrt) = —%é(r, t) (2b)
V-Dw, t) = pooy(r, t) (2)
v x Hr, t):%l-)(r. t)+Jdr, t) (2d)

Here, p(r, t) and J(r, t) are the externally impressed source
densities, while the new fields

D, t) = eoﬁ(r, t)+Bwr, t) (3a)
Hr, t) = [Br, t) — M(r, t))/u, (3b)

contain two matter-derived quantities: the polarization
P(r, t) and the magnetization M(r, ¢)

Constitutive relations must be prescribed to relate the
matter-derived fields D(r, t) and H(r, #) to the basic fields
E(r,t) and B(r, ¢) in any material medium. The construction
of these relations is primarily phenomenological, although
certain epistemologically mandated proprieties must be
adhered to. The constitutive relations appropriate for a
general, linear, homogeneous, material medium with time-

' ﬂ(r. t) = l1§(r,t)— l
0
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invariant response characteristics may be stated as
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Four constitutive property kernels appear in these equa-
tions; the dyadic x°® is the dielectric susceptibility kernel,
X™® is the magnetic susceptibility kernel, while the dyadics
X and x*™® are called the magnetoelectric kernels. Al-
though a dyadic may be understood as a 3x3 matrix for
the purpose of this article, Chen’s textbook (10) is recom-
mended for a simple introduction to the use of dyadics in
EM theory.

All four dyadic kernels in Egs. (4a) and (4b) are causal
li.e., x*® = 00 for t<0, etc.], because all materials must
exhibit delayed response. In addition, when we substitute
Egs. (4a) and (4b) in Egs. (2¢) and (2d), respectively, a re-
dundancy emerges with respect to Egs. (2a) and (2b). Elim-
ination of this redundancy leads to the constraint (11)

Trace [x*"(t) — X" (£)]=0 (5)
which has never been known to be violated by a physi-
cal material. Finally, crystallographic symmetries may also
impose additional constraints on the constitutive kernels.
A medium described by Egs. (4a) and (4b) is said to be bian-
isotropic, since the constitutive kernels indicate anisotropy,
and both D(r, t) and H(r, ¢) depend on both E(r, t) and B(r,
t)

Suppose next that the linear medium’s constitutive
properties are direction-independent. Equations (4a) and
(4b) then simplify to

o0
D, ty=¢ E, t)+e0/ (B, t —1)dr
, X

+/ B, t —v)dr (6a)
- 1 [ -
Hr, t)= —B(r t)— — x™ () B(r,t—7)dr
Mo =
+f i o Br, t—1)dr (6b)

in consequence of Eq. (5), where the scalar x” is the chi-
rality kernel. Equations (6a), (6b) describe the isotropic
chiral medium—the most general, isotropic, linear electro-
magnetic material known to exist (12, 13).

Most commonly, EM analysis is carried out in the
frequency domain, not the time domain. Let all time-
dependent quantities be Fourier-transformed; thus

- 1 0 )
D, t)= — / e“D(r, w)dw (7)

2% J_ o

and so on, where w =2 p f is the angular frequency. In
the remainder of this article, phasors such as D(r, w) are
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called fields, following normal practice. The four Maxwell
postulates Eqs. (2a), (2b), (2¢) and (2d) assume the form

V- -Br, w)=0, (8a)
VxEr, w)=iwB(r, w) (8b)
V. -D(r, w)=p(r, w) (8c)
VxH@F w)=—idDr, w)+Jr, ») (8d)

while the constitutive equations [Eqgs. 6] for an isotropic
chiral medium simultaneously transform into

Dr, w) = g[1+ x(WIEX, w) + xPi(w)B(r, w) (9a)

1 .
Hir, w)= —[1- x™@)]Br, w) + x B (w)E(r, w) (9b)

Ko

Using Egs. (8b) and (8d) with J(r, w) = 0 in Eqs. (9a)
and (9b), respectively, we obtain the Drude—Born—Fedorov
(DBF) constitutive relations of an isotropic chiral medium:

(10a)
(10b)

D, w) = e(w)[E@, w) + B(w)V x B(r, w)]
B(r, w) = u(w)[H(r, w) + B(w)V x H(r, w)]

Their great merit is that the necessary mirror asymmetry
is transparently reflected in them, because V x E(r, ) and
V x H(r, o) are not true vectors but only pseudovectors. A
chiral medium is thus described by three constitutive prop-
erties; the permittivity and permeability in Egs. (10a) and
(10b), respectively, may be formally defined as the ratios

D(r. w) -E*(r, w)

€(w) = Er of ifB*(r, w)-[VxE(r.»)]=0
(11a)
“(w)=w ifH*(r‘ w),[v xH(r‘ w)]=0

|H(r, o)
(11b)

but the chirality parameter S(w) can be regarded as either

D(r,w) - [V x E*(r, )]
e(w)|V x E(r,w)|?

Blw) =

or

5(w) B(r.w) - [VxH*(r.w)]
w) =
u(w)|V x H(r, w)|?

where the asterisk denotes the complex conjugate. Equa-
tions (11a), (11b), (11c) and (11d) make it clear that while
e(w) and u(w) are true scalars, B(w) has to be a pseudoscalar
since the numerator in either of its two definitions contains
a pseudovector. Other constitutive relations—equivalent
to Egs. (9a) and (9b) and Eqgs. (10a) and (10b)—are also
used in the frequency-domain EM literature, but this arti-
cleis restricted to the DBF constitutive relations Egs. (10a)
and (10b), as they bring out the essence of chirality at the
very first glance. An isotropic chiral medium and its mir-
ror image share the same ¢(w) and u(w), and their chirality
parameters differ only in sign.

ifEr.w) - [VxE*(r.w)l=0
(11¢)

. ifH@Fr w)-[VxH*(r,v))=0
(11d)

The time-averaged Poynting vector

Sr, w) = % Real{E (r, w) x H*(r, w)) (12a)
denotes the direction of power flow. In any linear medium,
the monochromatic Poynting theorem reads as

V-8(r,w) = —iRealE(r, v) - J*(r. )}
—1Real{iwlE (r, w) - D*(r.w) - B(r. ») - H*(r, )]}
(12b)

For specialization to an isotropic chiral medium, we have to
substitute Egs. (10a) and (10b) in Eq. (12b). The resulting
expression is not particularly illuminating.

An isotropic chiral medium is Lorentz-reciprocal. Sup-
pose that all space is occupied by a homogeneous isotropic
chiral medium and all sources are confined to regions of
bounded extent. Let sources labeled a radiate fields E,(r, o)
and H,(r, ), while sources labeled b radiate fields E,(r, w)
and H,(r, w), all at the same frequency. Then the relations
(12)

V- [EBur, w) xHyr, w)—E,(r, ) xHo(r, )] =0 (13a)

V- [e(wB,r, w) xE,(r, w) — u(wH,r, w) xH,(r, ®)]=0
(13b)

arise in a source-free region, in consequence of the Lorentz
reciprocity of the medium.

ARTIFICIAL ISOTROPIC CHIRAL MEDIA

That matter is discrete has long been established. Further-
more, when we probe matter at length scales at which it
appears continuous, whether the microstructure is molecu-
lar or merely comprises electrically small inclusions is of no
consequence. The linear dimensions of an electrically small
inclusion are less than about a tenth of the maximum wave-
length, in the media outside as well as inside the inclusion,
at a particular frequency. Artificial isotropic chiral media—
active at microwave frequencies—can be constructed with
this thought in mind. Consider a random suspension of
identical, electrically small, inclusions in a host medium,
which we take here to be vacuum for simplicity. The num-
ber of inclusions per unit volume is denoted by N, and the
volumetric proportion of the inclusions in the composite
medium is assumed to be very small. Our objective is to
homogenize this dilute particulate composite medium and
estimate its effective constitutive properties (13). Homog-
enization is much like blending apples into apple sauce or
tomatoes into ketchup.

Any inclusion scatters the EM wave incident on it. Far
away from the inclusion, the scattered EM field phasors can
be conceptualized, equivalently, as being radiated by an en-
semble of multipoles. Multipoles are necessarily frequency-
domain entities; and adequate descriptions of electrically
larger inclusions require higher-order multipoles, but ho-
mogenizing composite media with electrically large inclu-
sions is fraught with conceptual perils.

The lowest-order multipoles are the electric dipole p and
the magnetic dipole m. In formalisms for isotropic chiral
media, both are accorded the same status. As all inclu-



sions in our composite medium are electrically small, we
can think that an inclusion located at position r’ is equiva-
lent to the colocated dipoles characterized by the following
relations:

Pequt("'s @) = T ee(@) Boxe (', w) + 7 p(w) - Hexe(r', w) (14a)
meq\‘t(r'| w) = Ehg(w) 'Eexc(r‘, w) +£hh(w) -Hexc(r', w) (14b)

Here, Eqx(r', w) and He (r', w) are the fields exciting the
particular inclusion; while and 7,,(w) are the four linear
polarizability dyadics that depend on the frequency, the
constitution, and the dimensions of the inclusion. As the
inclusions are randomly oriented and any homogenizable
chunk of a composite medium contains a large number of
inclusions, 7, (w) and other terms in Eqs. (14) can be re-
placed by their orientationally averaged values. If the ho-
mogenized composite medium is isotropic chiral, this ori-
entational averaging process must yield

Peqvt(r" w) = N[tee(w)E exc(r', w) + i chi(w)«Hexc(r's w)]

meqn("| w) = N[—iﬂchi(leexc(r'- w) + ﬂ’hh(w)-Hexc(r‘s w)]

(15b)

The polarizability dyadics of electrically small, handed in-
clusions (e.g., springs) may be computed either with stan-
dard scattering methods such as the method of moments
(14) or using lumped-parameter circuit models (15). Pro-
vided that dissipation in the composite medium can be ig-
nored, at a certain angular frequency, me.(®), mpn(w), and
Teni(w) are purely real-valued.

On applying the Maxwell Garnett homogenization ap-
proach, the constitutive relations of the homogenized com-
posite medium (HCM) are estimated as follows (12):

(16a)
(16b)

D(r, w) = tec(W)E(r, ©) + 14, (0)H(r, w)
B(r. w) = i (0H(F, ) — 1 (0)E(Fr, o

where

(91N 7o + BN2(n 3, — Meemyy,)]

(15a)

Teelw) = €5 +
@ O " 9eyuy — BN (egmyy, + HoTee) —N%(nk. — Teeyy,)

(16¢)

[9e Ny, + 31\/2(711;“1,i — TeeTtpp)]

Thh(w) = py +

(16d)
Teni(@) = e T (72
egug — SN (€ymyy, + pTtee) — N (3, — MeeMyp)
(16e)
Equivalently
D(r, w) = €jop(@IE (. w) + Bon(@)V x E(r, »)] (17a)
B(r, w) = u"CM(u))m(r, w) + ﬁnCM(a))v X H(r. (U)] (17b)

ey — SN (€ymyy, + poTee) — N2(x2 . — Teetyy)
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are the DBF constitutive relations of the HCM, with

Tee (@) Ty (@) + 12 (@)

\ = 17
€pem(@) T (@) (17¢)
( (w) + t3.(
Hpem(w) = = w)'h:o:‘:i) e a7d
(
Bucm(w) = — : Tehi() (17e)

w Tee ()T, (@) + rfhi(w)

as the constitutive parameters. Clearly, if mpi(w)#0 the
composite medium has been homogenized into an isotropic
chiral medium. In passing, other homogenization ap-
proaches are also possible for chiral composites (1, 13).

BELTRAMI FIELDS IN AN ISOTROPIC CHIRAL MEDIUM

In a source-free region occupied by a homogeneous
isotropic chiral medium, p(r, ) = 0 and J(r, w) = 0. Equa-
tions (8a), (8¢c), and (10a) and (10b) then show that
V. -E(r,w) =0 and V- -H(r, w) = 0. Thus all four fields—
E(r, ), H(r, w), D(r, ) and B(r, w)—are purely solenoidal.
Next, Eqgs. (8a), (8b), (8¢c) and (8d) and (10a) and (10b) to-
gether yield the following vector Helmholtz-like equations:

(18)

Erw) Erw)
72 H(r,w) L2 w?e(w)u(w) f(w) H(r, o)
Dr,w) 1 — wle(w)u(w)p2(w) D(r,w)
B(r,w) B(r,w)
Er,w) 0
wPe(w)u(w) Hr, w) 0
1- w?e(w)u(w)Bi(w) |Dir,w) 0
B(r, w) 0

In the limit B(w)— 0 the medium becomes achiral and
these equations reduce to the familiar vector Helmholtz
equation, and so on.

In lieu of the second-order differential equations [Eqgs.
(23)], first-order differential equations can be formulated.
Thus, after defining the auxiliary fields

Q.r, w) = 1 |:E(r. w)+i Lw)H(r. cu):| (19a)
2 €(w)
1 . [ ew)
Qr,w) == |Hr, w)+i4/ —E(r, w) (19b)
2 pw)
and using the wavenumbers
yy(w) = wye(w)u(w) (20a)
1 — wB(w)Ve(w)u(w)
yylw) = — VW) (20b)
1+ wh(w)/e(w)pu(w)
we get the two first-order differential equations
V x Q1(r, w) = y1(w)Q (1, w) (21a)
V x Qur, @) = —pp(w)@y(F, w) (21b)
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Figure 4. Optical rotation (OR) and circular dichroism (CD) spec-
tra of a simple isotropic chiral medium. When the OR changes
sign, the CD records either a maximum or a minimum, which phe-
nomenon is called the Cotton effect.

which are easier to analyze than Eqgs. (18). The denomina-
tors on the left sides of Eqgs. (20a) and (20b) suggest that
w?e(w)pu(w)B?(w) = 1is not permissible for an isotropic chi-
ral medium, as both wavenumbers must have finite mag-
nitudes.

According to Egs. (21a) and (21b), Q;(r, ) and Qs(r, w)
are Beltrami fields (12). A Beltrami field is parallel to its
own circulation. The concept arose early in the nineteenth
century, and has often been rediscovered. The easiest way
to think of a Beltrami field is as a spiral staircase or a
tornado.

While Q;(r, w) is a left-handed Beltrami field, the nega-
tive sign on the right side of Eq. (15b) means that Qu(r, w)
is a right-handed Beltrami field, because the two complex-
valued wavenumbers y;(w) and y»(w) must have positive
real parts. Both wavenumbers also must have positive
imaginary parts in a causal material medium, since causal
materials must exhibit delayed response in the time do-
main and therefore must demonstrate EM loss (or attenu-
ation) in the frequency domain.

As an isotropic chiral medium displays two distinct
wavenumbers at a specific frequency, it is birefringent.
More specifically, because Q1 (r, w) and Qs(r, w) have plane-
wave representations possible only in terms of circularly
polarized plane waves, an isotropic chiral medium is of-
ten said to be circularly birefringent. The difference be-
tween y;(w) and ys(w) gives rise to natural optical activity.
While OR is proportional to the real part of [y;(w) — yo(w)],
CD is proportional to the imaginary part of [y1(w) — ya(w)].
The OR and CD spectra must be consistent with the
Kramers—Kronig relations (16). The CD spectrum has a lo-
cal maximum or minimum at the frequency where the sign
of the OR changes; this feature is labeled as the Cotton ef-
fect after H. Cotton, who reported it in 1895 (2). The OR
and CD spectra of a simple chiral medium are illustrated
in Fig. 4.

REPRESENTATION OF BELTRAMI FIELDS

A Beltrami field is represented in terms of toroidal and
poloidal fields because the curl of a toroidal field is poloidal

and vice versa (17). Thus, the decomposition

Q.(r, w) =y (w)V x [P, (r, w)]+

(22)
(=)' % V x [FrU,(r, w)]:

v=1,2

is possible, as the first parts on the right sides of Eqgs. (22)
are toroidal and the second parts are poloidal. The scalar
functions V¥,(r, o) satisfy the scalar Helmholtz equation as
follows:

VAU, (r, @) + p2 @)V, w)=0: v=1,2 (23)
Solutions of Egs. (23) in the Cartesian, the circular cylindri-
cal, and the spherical coordinate systems are commonplace
(18).

Beltrami plane waves propagating in the +z direction
may be represented as

Qv(rv w) = Au 2_1/2[£ + (_)u-f-l IY]QXP[I)’»(w)Z]i v=1, 2

(24)

with A, as the amplitudes, while %, y, and % are the Carte-
sian unit vectors.

In the circular cylindrical coordinate system (p, ¢, z) Bel-
trami fields with an exp(ixz) dependence may be expressed
as the sums

o0
Qirw) =Y AuMPrla.r) + (=)' NPy (w)la.n)
n=-x0
v=1,2 (25a)

for regular behavior as p — oo while the expansions

o0
Q.r.w)= Y BuM(n@le.r)+(-)*'N((@la.r)]

n=-0c

v=1 2 (25b)

are well behaved at p = 0 with A,, and B,, as the coeffi-
cients of expansion. The vector cylindrical wavefunctions
are given as

MYV o|a, r) = ety [b (%) Jakp)— éaJ,.(xp)] (26a)

. in N
MY (ola, r) = €'+ [b (3) H (xp) - vaH,‘.“(xp)]

(26b)

N (ola,r) = =V xMV (ola,r): j=1,3 (26c)
(24

where « = +(0% — a®)"/*; p,  and ? are the unit vectors in
the cylindrical coordinate system; <, (kp) are the cylindri-
cal Bessel functions of order n, and 3/, (xp) are the respec-
tive first derivatives with respect to the argument; while
H™W(kp) are the cylindrical Hankel functions of the first
kind and order n, and H"(xp) are the first derivatives with
respect to the argument. For quasi-two-dimensional prob-
lems, o = 0 because 9/3z = 0 Parenthetically, in this para-
graph p denotes the radial distance in the xy plane and
should not be confused with the use of p for charge density
elsewhere in this article.

Finally,with A ., and B, as the coefficients of expan-
sion, in the spherical coordinate system (r, 6, ¢), we have



2 oo n
= Z Z Z: Avsmn Msl!n)n

Q.(r, ») (yu(@)r)
s=1ln=1m=0 (27a)
+ (NG @) v=1.2

for fields regular as r — oo, and

Qv(r. w) = B, un Ms,,m()’v (w)r)
»H )
+ (= )”“NL,‘,,’,,(yv(w)r)]: v=12

for fields regular at r = 0. The well-known vector spherical
wavefunctions, M'/) (or) and N\ (or) are stated forj = 1,

smn smn

3 as
u:;mn(ar) =—[n(n + 1)]1/2]‘71 (or)F x Bspmn (8, @) (28a)
M® (or)=—[n(n + 12k} (or)f x Bimn(6, ¢)  (28b)
NY) (or) = lv xMJ (or): j=1,8 (28¢)
where the angular functions
B -1;2 d 2 :
a8 @) =[n(n+ 1)1~ 9d—9P,',' (cos 8) sinmy
A m n
+Vsin0P"" (oosO)oosmq;] (29a)
B;,,,(8, ¢) =[n(n+ 1] UZI: : P} (cos 8) cos my
é‘a P’"(oosO) smmq;] (29b)

have been used. In these expressions, 7, §, and ¢ are the
unit vectors in the spherical coordinate system; P (cos6)
are the associated Legendre functions of order n and degree
m; j,(or) are the spherical Bessel functions of order n; and
hV(or) are the spherical Hankel functions of the first kind
and order n.

Boundary-value problems involving scattering by
isotropic chiral half-spaces, cylinders, and spheres can be
analytically solved using Eqgs. (24,25a) and (25b), (26a),
(26b) and (27b), (27a) and (27b), (28a) and (28b), (29a) and
(29b). Boundary-value problems involving more compli-
cated geometries generally require numerical treatment,
which necessitates the use of Green functions.

Isotropic chiral waveguides for use at microwave fre-
quencies have been theoretically studied extensively, al-
though no practical realization thereof has yet come to
light. Theoretical investigations on propagation in the so-
called chirowaveguides generally consist of decomposing
the Beltrami fields into axial and transverse components
as

Qrw =Q:;rw +2Q..0r,w), 2-Q,rw) =0:

where the z coordinate is measured on the waveguide axis
while two other mutually orthogonal coordinates are spec-
ified in the transverse plane. Assuming that all fields have
an exp(iaz) dependence on z, and making use of Egs. (21a)

v=1, 2,

(30)
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and (21b), we get

Quir. w) = — lia + (=)"yo(@i2 x I

y2(w) —a

(31)
[V 22— :| Qu:rw): v=12

where Iis the identity dyadic. The axial components satisfy
the reduced scalar Helmholtz equations

oo

appropriate solutions of which are commonly worked out
in many different ways for waveguides of different cross-
sectional geometries (18).

a2 , ;
P + yf(w) - az] Q..r,w)y=0: v=1,2 (32)
2z

SOURCES IN AN ISOTROPIC CHIRAL MEDIUM

Let us now assume the existence of a magnetic charge
density pn(r, ) and a magnetic current density J,(,
o), because they assist in the solution of dual problems
(19). In addition, let us define the intrinsic impedance

n(w) = /lw)/e(w) as well as the auxiliary wavenumber

k(w) = w+/pu(w)/e(w) and drop the explicit indication of de-
pendences on w for notational simplicity. Now Egs. (8), (8b),
(8c) and (8d) may be written as

V- -B@r) = pn(r), (33a)
V xEB(r)=iwB(r)—J,r) (33b)
V-D@r)=pr) (33c)
VxH@F) =—iuD@)+Jr) (33d)
which yield the relations
VxQur+ (—)yQur)=W,r): v=1,2 (34)
for a chiral medium, where
W) = ;’_z lindr) — )] (35a)
Wor) = 22 i) + = dir)] (35b)
2k iy

are the Beltrami source current densities (12).

Since Egs. (34) are linear, they can be solved using stan-
dard techniques. Their complete solution can be compactly
stated for all r as

Q=@ r +@¥r): v=12, (36)
where
2dry = (—)"+? _271:}'2 / G r,ry) W.rydry: v=1,2
Vl'

(37)

are the particular solutions due to the source densities
W () which are wholly confined to the region V, and Q<{(r)
are the complementary functions satisfying the relations

v=1 2

V x Qfwr) = (=) Q) (38)
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identically. Substituting Eqgs. 36—-38 in Egs. (34), we obtain
the dyadic differential equations

VxG,r ry+-)'yG

V= ]., 2,

where §(-) is the Dirac delta function.
The solutions of Egs. (39) are the Beltrami—Green
dyadic functions

%y,
Q.,(r.ro>:(—>“+1( ’2”) [VxI+( )y 0] G (yolr, 7o)

v=12,
wherein

VV) exp(io|r—ry|) (41)

Goro) = (L+ =5

4t|r —rgl

is the familiar dyadic Green function for free space. As
the properties of Ggl(o, r, rg) can be found in almost any
graduate-level EM textbook (20, 21), those of G, (r, ro) can
be easily determined, as illustrated in Ref. 12.

As an example of the use of Egs. (37), let us consider
an electric dipole moment Plocated at the origin: J(r) =
—iwpd(r) and J,(r) = 0 The radiated Beltrami fields turn

out be
Qrad k/" yzyl 71G1(r, 0)-p: r>0 (42a)
Q) =iwh 2 1, Gyr. 0)-p: r>0 (420)

which show clearly that the radiation field of a point elec-
tric dipole in an isotropic chiral medium consists of left-
handed as well as right-handed components. If we have
instead a point magnetic dipole m located at the origin,

the source current densities are specified as J(r) = 0 and
J,.(r) = —iwmd(r) so that
l'“"(r) = iwyzzz y1G,r,0)-m: r>0 (43a)
N wz
Q) = == ”;’2 ¥2Gy(r, 0)-m: >0 (43b)

are the corresponding radiated Beltrami fields. A major
difference between isotropic chiral and achiral media is
shown by the two sets of radiated fields, Eqs. (42a), (42b)
and (43a), (43b). Without loss of generality, let the source
dipole moments be aligned parallel to the z axis. Then, if
the dipole moments are radiating in an achiral medium
(i.e., B=0), there is no magnetic field due to p and there is
no electric field due to m at any point on the z axis. On the
other hand, the wavenumber difference between the left-
handed and the right-handed Beltrami fields guarantees
that, in an isotropic chiral medium, both E™4(r) and H™2d(r)
are not generally null-valued on the z axis, regardless of
which one of the two dipole moments is radiating.
Canonical sources of Beltrami fields are possible. If
there is a source distribution such that J(r) = —(1/in)J ,,(r)
for all r, then @™3(r) = 0 from Eqs. (35a) and (35b) and
(37). Likewise, a source distribution containing electric and

. 2y175\ 7}
S ) = (=)'F) (%) Is(r —ry)

magnetic current densities in the simple proportion J(r) =
(1/in)J n(r) for all r radiates only a right-handed field, be-
cause @"4,(r) = 0 emerges from the same equations.

Radiation by complex sources has to be generally
treated using integral equations. Both the Maue and the
Pocklington integral equations for radiation in a homoge-
neous isotropic chiral medium are available (12). Cerenkov
radiation in an isotropic chiral medium has also been de-
scribed using Beltrami fields (12).

The foregoing developments make it clear that a de-
scription involving differentials of only the first order suf-
fices for monochromatic radiation and propagation in an
isotropic chiral medium. True, there are VV terms in

Gi(r, rp) and Gy(r, ro) but dyadic Green functions are not

fields, being instead solutions of dyadic differential equa-
tions.

Finally, although the left-handed and the right-handed
Beltrami fields are capable of being independently radiated
and propagated as per Eqs. (34), they do indeed couple in
an isotropic chiral medium. This coupling takes place only
at bimedium boundaries where conditions on the tangen-
tial components of E(r) and H(r) must be satisfied; that is,
the boundary conditions are specified not on Q;(r) or Qz(r)
singly, but on the tangential components of the combina-
tions E(r) = Q1(r) — inQ2(r) and H(r) = Q2(r) + (/in)Q.(r).

THEOREMS FOR SCATTERING IN AN ISOTROPIC
CHIRAL MEDIUM

Equations 36-39 suffice to set up certain often-used princi-
ples for monochromatic scattering and radiation problems,
when all space is filled with a homogeneous isotropic chiral
medium.

The source-region Beltrami fields can be obtained from
Eqgs. (37) using the Fikioris approach (22). Let S be the
surface of the convex-shaped source region V, where n is
the unit outward normal at ro € S (see Fig. 5). Then, Eqgs.
(37) and (40) yield the following relations:

rdp) = (- )"“yu[/V [Q s(volr, rg) -Wo(rg)
=G p(y,lr, ryp) .W‘,(r)]dsro Yo ZL(r) W.,(r)}

+/ [VXxGeylr,rg )]-W.,(ro)daro
Vs

v=12 reVg (44)

The depolarization dyadic

Ryrg—A
L) = — / oo gr d’rg (45)
Ir—rol

in Egs. (44) is dependent on the shape of the region Vj,
while

vv 1

—_— (46
o? 4rir —ry| ’

Gp(olr, ry) =

If the maximum linear extent of the region V; times
the magnitude of the greater of the two wavenumbers, y;
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Figure 5. For the evaluation of fields in the region Vs, when the
sources are also confined to the same region and all space is occu-
pied by a homogeneous chiral medium.

and y3, is much smaller than unity, we may make the qua-
sistatic approximation: W1(rg)=Wi(r) and Wq(ry)=Wy(r)
for all ry € Vg. Then, Egs. (44) simplify to

Q) = ((—)"* yuMyulr) — v, 2Lar)] 7

+Noyr)}-Wor): v=1,2 reVg
where the dyadics
Mot = [ (@qelr ro) - Gpeolr ryld'r, (48a)
v
s
Neol) = [ [VxGgolr ry)ldr, (48b)

Vs

depend on the shape as well as on the size of V. Finally,
the Rayleigh approximation requires that we ignore the
dyadics M(co|r) and N(o|r) completely to obtain the esti-
mates

Q) = )y ir) Wor): v=1,2 reVg (49)
when V; is an extremely small region. The right sides of
Egs. (47) and (49) are useful in homogenizing isotropic
chiral composites as well as for devising the method of
moments and the coupled dipole method for scattering by
bianisotropic objects in isotropic chiral environments (12,
23).

Turning now to the mathematical realizations of the
Huygens principle and its progeny, we suppose that all
space is divided into two regions, as shown in Fig. 6. The
external region V. extends to infinity in all directions but
is separated from an internal region V;,; by the convex and
once-differentiable surface S. Then the Huygens principle
in a homogeneous isotropic chiral medium reads as follows
(12):

ARV . S
va:(_)wl%}’z /SQ.,(r, ro)- [y x Quiry)ld?ry
v=1, 2: reV

ext

0 :/ Gurry) -y xQurg:v=12: r¢Vv,, (50b)
S

Thus, the Cauchy data for the fields in a chiral medium
comprise the components of the Beltrami fields that are
tangential to a boundary. When these data are prescribed
on the surface S, we can find the Beltrami fields every-
where in the region V.

(50a)
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Figure 6. Relevant to the Huygens principle, the exterior surface
equivalence principle, and the Ewald—Oseen extinction theorem,
when all space is occupied by a homogeneous chiral medium.

The Huygens principle allows the enunciation of the ex-
terior surface equivalence principle. Consider a problem
in which surface Beltrami current densities W5,(r) and
WS,(r) exist on the exterior side of the surface S (see Fig.
6). As per Eqgs. (37), these surface current densities act as
sources of the radiated fields

2y .
radp) = (= 12102 / G .r,ry) - Wiy d%r, o
k S (51)

v=1,2: reV,,

On comparing Eqgs. (50a) and (51) to ensure the equivalence
Q™4 (r) = Q,(r) for all r € V., we obtain the relationships
(12)

WS =nyxQurg): v=12 ryeS (52)
as the exterior surface equivalence principle for Beltrami
fields and sources, ry in Egs. (52) lying on the exterior side
of S.

The Ewald—Oseen extinction theorem is a cornerstone
of the extended-boundary-condition method (12, 24). For
scattering in an isotropic chiral medium, this theorem may
be stated as

w120y ) N p
0=Qr) + (- )‘*1% .[s G .1, r) - [y x Quiry)ld?ry
v=1,2 reV. (53)

int
where Q°,(r) play the role of the incident Beltrami fields.
Once @ ,(rg), ro € S have been determined from Egs. (53),
the total fields in the exterior region may be determined as

29, ¥: n ) ;
Q.(r) =fo(rJ+(—J”+1% /Sgl,(r. ry) -[Ag x Qu(ry)ld?r,
v=1 2 reV, (54)

From Egs. (63) and (54), the plane-wave scattering dyadics
for an object in an isotropic chiral environment can be de-
rived, as can the forward plane-wave scattering amplitude
theorems (12).

STRUCTURALLY CHIRAL MEDIA

The molecules of a naturally occurring isotropic chi-
ral medium are mirror-asymmetric, and so are the in-
clusions in an artificial isotropic chiral medium. As a
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Figure 7. Schematic depiction of the arrangement of needle-like
molecules in a chiral nematic liquid crystal. The gaps between
the consecutive sheets as well as the sheets are fictitious, as they
are merely aids to visualization. Only half of the electromagnetic
period is shown.

randomly dispersed and randomly oriented collection
of mirror-asymmetric molecules or inclusions is also
mirror-asymmetric, isotropic chiral media emerge with
direction-independent constitutive properties. In contrast,
the molecules or inclusions of a structurally chiral medium
are not mirror-asymmetric, but their orientation is.

In chiral nematic liquid crystals (CNLCs)—also called
cholesteric liquid crystals—needle-like molecules are ran-
domly positioned on parallel sheets, with all molecules on
any one sheet oriented parallel to one another and with the
orientation rotating helicoidally as one moves across con-
secutive sheets. The situation is schematically depicted in
Fig. 7. From 1850 to 1888, several scientists came across
CNLCs but were unable to capitalize on their observa-
tions (25). Then in 1888 the biochemist F. Reinitzer ob-
served that a CNLC named cholesteryl benzoate has two
distinct melting points—it is a solid at temperatures be-
low 145.5°C, a clear liquid at temperatures above 178.5°C,
and a cloudy liquid in between. Reinitzer’s observation of
the mesophase—when positional order is absent as in a
liquid, but orientational order is still strong as in a solid—
opened up the area of liquid crystal research in continuum
mechanics as well as in optics (26-28).

Earlier, however, (in 1869), E. Reusch had anticipated
the CNLC structure as a laminate of uniaxial dielectric
sheets, with the crystallographic axes of any two adjacent
sheets offset in the transverse plane by a fixed small an-

gle. At a low enough frequency, this laminate appears as a
continuously nonhomogeneous medium whose constitutive
properties vary helicoidally. Thus

D(r, w) = €S(2) - € pep(w) -§_1(2J B(r, w) (55a)
H(r, w) = lB(r, w) (55b)
Ko

are the frequency-domain constitutive relations of a CNLC,
where

€ ref(@) = €a(@)[I — 28] + €, ()R (56)

is the relative permittivity dyadic in a reference plane des-
ignated as z=0. The rotation dyadic

§(z)=[ﬁ+9_9]cosg+[_9£—£9]sin%z + £ (87)

denotes that the CNLC structure varies helicoidally in the
axial (i.e., z) direction with a period 2 ; however, the elec-
tromagnetic period is 2. The upper sign in Eq. (57) applies
for structural right-handedness; the lower, for structural
left-handedness.

Reusch’s model of a CNLC has been often implemented
with either uniaxial crystals or fibrous laminae, and ap-
pears promising for microwave and RF applications as well
(29). More recently, thin-film technology has been pressed
into service to realize the CNLC structure by releasing a
directed evaporant flux toward a rotating substrate (30,
31). The reference permittivity dyadic of these chiral sculp-
tured thin films (STFs) differs from Eq. (56), being

€ eflw) =€a(w)[I — Rcos x +£sinx )@ cos x +£sinx)]

+ €, (w)(&cos x +£siny)#Roos x +£siny): x > 0°
(58)

instead, and the electromagnetic period is 2 €.

The reference permittivity dyadics in Egs. (56) and (58)
are uniaxial and biaxial, respectively; that is, they have ei-
ther one or two crystallographic axes. Biaxial ¢,.¢(w) is dis-
played by chiral smectic liquid crystals also (26, 27). Thus
in general g.f(w) displays orthorhombic symmetry (32).
Moreover, particularly with advances in thin-film technol-
ogy, there is no reason for a chiral STF to be necessarily di-
electric only. These considerations led to the proposal of the
helicoidal bianisotropic medium (HBM), whose frequency-
domain constitutive relations may be stated as (33)

D(r, ) =¢;8(2)- (1 + x Sus(@)]- 87 (2) - B(r, w)
+8@) - xBw) -8 2) - Bir, w), (59a)

1 -
Her w) = -8 [I- xipw)]-8 Y2)-Br, w)
0

+82) - x"f(w) - S (2)- E(r, w) (59b)

ref

subject to the constraint
Trace[x fot(w) — X fef(@)] =0 (60)
The launching and propagation of EM waves in HBMs is

best studied using a 4x4 matrix differential equation for-
malism (31, 34).
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Figure 8. Scanning electron micrograph of a 10-period chiral
sculptured thin film made of silicon oxide. (From Professor Russell
Messier, Pennsylvania State University, with permission.)

Although chiral STFs made of fluorites, and single-
frequency OR measurements on them, were reported in
1959 (35), systematic experimental studies—along with
scanning electron microscopic verification of the mi-
crostructural geometry—appear to have begun only in
1995 (30). Figure 8 shows the scanning electron micro-
graph of a chiral STF made of silicon oxide. As typical
values of Q realized today range from 30 nm to 10 um,
microwave applications of these films are yet not feasible,
but are likely to become an active area of research once
films with 2~100 um become available. Many possible ap-
plications have been anticipated as the concept of STFs
for biological, optical, electronic, chemical, and other appli-
cations is beginning to take root, while many optical and
related applications have already been implemented (30,
31). Large-scale production appears feasible as well, with
adaptation of ion-thruster technology (36).
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