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RADIOWAVE PROPAGATION GROUND EFFECTS

Radiowave propagation plays an important role in modern
communication, radar, and navigation systems. The mathe-
matical theory of radiowave propagation is based on Max-
well’s equations (1), which were formulated by James Clerk
Maxwell in the 1860s (2). The first free-space radiowave
transmission experiments between a pair of antennas were
performed by Heinrich Hertz in the 1880s (3). In 1897 Mar-
coni first patented a wireless telegraphy system based on
long-distance, radiowave propagation.

RADIOFREQUENCY SPECTRUM

Table 1 summarizes the frequency range, propagation charac-
teristics, and applications of the letter-designated bands of
the radiofrequency spectrum. The lower and upper bounds of
the radiofrequency spectrum in Table 1 are somewhat arbi-
trary, but the indicated frequency range, 3 Hz to 300 GHz,
encompasses the portion of the electromagnetic spectrum for
which conventional antennas are used to transmit and receive
radio waves. Some of the characteristics of the individual
bands are as follows.

Extremely Low Frequency

Because free-space, extremely low frequency (ELF) wave-
lengths are extremely long (greater than 100 km), antennas
are very inefficient radiators because they are electrically
small. The other major disadvantage of ELF is lack of band-
width for information transmission. Despite these disadvan-
tages, ELF is useful for worldwide communication with sub-
marines because the long wavelengths have a useful
penetration depth (also called skin depth) of several tens of
meters in sea water. In addition, the earth and the ionosphere
support a low-attenuation waveguide mode at ELF (4) so that
a wave, once launched, will propagate around the world with
little loss of intensity. The ionosphere is the part of the upper
atmosphere where sufficient ionization exists to affect ra-
diowave propagation, and these effects are covered thor-
oughly in Ref. 5. The earth-ionosphere waveguide can actu-
ally support cavity modes with resonances (6) in the ELF
range, and these resonances (called Schumann resonances)
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Table 1. The Radiofrequency Spectrum

Frequency Range  Band Characteristics Applications

3 Hz-3 kHz ELF Long wavelength; inefficient antennas; earth-iono- Submarine communications; underground mine com-
sphere waveguide; penetration of ground and sea munications; geophysics
water

3-30 kHz VLF Large transmitting antennas; earth-ionosphere Long-range communication; navigation, and time-fre-
waveguide quency dissemination; geophysics

30-300 kHz LF Earth-ionosphere waveguide; high atmospheric noise Navigational beacons

300 kHz-3 MHz MF Ground wave; ionospheric reflections (at night) AM broadcasting; maritime communications

3-30 MHz HF Long-distance ionospheric propagation; maximum us-  Maritime and aeronautical communications; citizens
able frequency band and amateur radio

30-300 MHz VHF  Line-of-sight propagation; ionosphere scatter; meteor Television and FM broadcasting; air traffic control;
scatter navigation

300 MHz-3 GHz UHF  Line-of-sight propagation Television broadcast; radar; satellite communication;

mobile communication; global positioning system
3-30 GHz SHF Line-of-sight propagation; atmospheric absorption Radar; satellite communication; microwave links
30-300 GHz EHF  Line-of-sight propagation; severe atmospheric ab- Radar; secure communication; satellite links

sorption

further enhance the field strength worldwide. Unfortunately,
these resonances also enhance the competing atmospheric
noise caused by thunderstorms.

ELF waves have an even larger skin depth (typically
greater than 100 m) in ground or rock (which have lower elec-
trical conductivities than sea water) and have been found use-
ful for communication to and within underground mines (7).
Because of this ability to penetrate rock, ELF waves have also
been used in direction-finding applications for location of min-
ers trapped in underground mines (8).

Very Low Frequency

The free-space wavelengths at very low frequency (VLF) are
still very long (10 to 100 km), and this generally dictates the
use of large vertical transmitting antennas with large ground
systems to reduce ground current losses. Smaller antennas,
such as vertical whips, loops, and grounded horizontal wires,
can be used for receiving. VLF antennas and propagation are
thoroughly covered in Ref. 9.

Even though the bandwidth is limited, VLF systems are
useful for long-range reliable communications, long-range dis-
semination of standards for frequency and time, long-range
navigation (including the U.S. Navy Omega system), and geo-
physical probing of the ground and the ionosphere. For short
ranges, VLF propagates predominantly by the ground wave.
For long ranges, the reflections from the ionosphere become
important, and multiple reflections between the earth and the
ionosphere can be described by earth-ionosphere waveguide
modes (9).

Low Frequency

The low frequency (LF) band is also characterized by low at-
tenuation of ground wave propagation and earth-ionosphere
waveguide propagation. Thus the LF band is useful for long-
range communication and for marine and aeronautical radio
navigation beacons. The LORAN-C navigation system is
based on the arrival time of a ground-wave pulse with a car-
rier frequency of approximately 100 kHz so that later-arriv-
ing ionospheric reflections do not affect the system. The wave-
lengths are long enough (1-10 km) that large transmitting
antennas are needed.

Medium Frequency

The most popular use of the medium frequency (MF) band is
AM broadcasting, which uses the frequency range from 535
to 1705 kHz. The propagation mode is generally vertically po-
larized ground wave, although ionospheric reflections (sky
wave) can extend the range at night. Maritime communica-
tions is another application.

High Frequency

In the high frequency (HF) band, ionospheric reflections pro-
vide the possibility of long-distance communications. The
maximum usable frequency (MUF) for ionospheric reflection
generally occurs in the upper part of the HF band, but the
MUEF is a complicated function of the incidence angle and the
state of the ionosphere (5). HF applications include maritime,
aeronautical, amateur, and citizens-band communications.

Very High Frequency

At frequencies above 30 MHz, propagation is predominantly
by line of sight with some refraction (bending) caused by the
atmosphere. However, in some cases ionospheric reflections
can occur at frequencies up to 60 MHz. Scattering from ion-
ized meteor trails (which can be up to 25 km in length) can
be used for meteor burst communications (10). Very high fre-
quency (VHF) applications include television and FM radio
broadcasting and air traffic control and navigation.

Ultra High Frequency

Ultra high frequency (UHF) propagation is essentially by line
of sight with some atmospheric refraction and some scatter-
ing by ionospheric irregularities. Applications include UHF
television broadcasting, various radars, satellite communica-
tions, and personal communications (11). The global position-
ing system (GPS) uses transmitting satellites in the UHF
band.

Super High Frequency

Super high frequency (SHF) propagation is primarily line of
sight, and atmospheric absorption becomes significant, partic-



ularly above 10 GHz. A water vapor absorption line exists
at approximately 21 GHz, and rain absorption and scattering
increase with frequency throughout the band. SHF applica-
tions include radar, satellite communication, and microwave
links.

Extremely High Frequency

The extremely high frequency (EHF) band is also called the
millimeter-wave spectrum since the wavelength ranges from
1 to 10 mm. Atmospheric absorption becomes extreme in this
band. An oxygen absorption band is centered at approxi-
mately 60 GHz, and numerous absorption peaks due to oxy-
gen and water vapor occur above 100 GHz. Rain attenuation
is significant throughout the entire EHF band. Satellite-to-
satellite links are not affected by atmospheric absorption, and
secure short-range communication systems take advantage of
high attenuation to limit propagation range.

LINE-OF-SIGHT PROPAGATION

Line of sight is the dominant mode of propagation for elevated
antennas and high frequencies, as indicated Table 1. The
mathematical description of line-of-sight propagation is most
easily obtained by considering simple antennas in a free-
space environment. In this section two classical cases are dis-
cussed. First a Hertzian dipole source is considered to il-
lustrate radiation of a spherical wave. Then transmission
between a pair of antennas is analyzed to derive the classical
expression for basic free-space transmission loss.

Radiation from a Hertzian Dipole

This article covers only steady-state, time-harmonic sources
and fields (12) with time variation exp(jwt), where the angu-
lar frequency w = 27f and f is the radio frequency. The time
dependence is suppressed in the equations. The basic source
is a current I extending over an incremental length [. This
elementary dipole source is called a Hertzian dipole and has
a moment I/. If the dipole is directed along the z axis, as
shown in Fig. 1, the radiated electric field has two compo-
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Figure 1. Geometry for radiation from a short electric dipole.
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nents, E, and E,, and the radiated magnetic field has only a
single component H,. The expressions for these field compo-
nents can be derived from scalar and vector potentials (12):

Iing i r (TR0 1 1 ;
E,=—e /" |—+ -+ —— 1
0T 4x ¢ ( r + r2 + Jkor® sin6 W
. Iy, Zikor 1 1
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where the free-space wave number &, = oV €, the free-
space impedance 1, = V /€, o is the magnetic permeability
of free space, and ¢, is the dielectric permittivity of free space.
The equations for radiation by the dual source (a magnetic
dipole or small loop) are given in Ref. 12.

Very close (kg < 1) to the Hertzian dipole, the electric field
is dominated by the r® inverse cube term, and Egs. (1) and
(2) can be approximated by
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~————andE, ~
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(4)
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Equation (4) gives the electric field components of charges =
I/jo separated by a distance /. The magnetic field of an elec-
tric dipole has no quasi-static term. At intermediate dis-
tances (kg =~ 1), the inverse-square terms dominate Eqgs. (1)—
(3), and the field is called the induction field.

For most practical applications, such as communications
or radar, the far fields are of interest. At large distances
(kor > 1), the inverse-distance terms dominate Eqgs. (1) and
Eq. (3), and the fields are approximated by

H, e7*0"sing and E, ~ noH, (5)

_Jkoll
= dnr
Even though Eq. (5) applies to a Hertzian dipole, it illustrates
the more general far-field properties that the electric and
magnetic fields are related by the free-space impedance and
they are orthogonal to each other and to the radial direction
of propagation. Hence the radial electric field E, in Eq. (2) has
no inverse-distance term.

The power density of the electromagnetic field is called the
Poynting vector S and can be written

where boldface denotes vectors and * denotes complex conju-
gate. The far-field expression for S can be obtained by substi-
tuting Eq. (5) into Eq. (6):

. 2
S ~ g (kollll sm@) @

4nr

where 7 is the unit vector in the radial direction. The sin?6
factor in Eq. (7) is specific to the radiation pattern of a Hert-
zian dipole, but the inverse-square dependence applies to the
far field of any radiator. The total radiated power P can be
obtained by integrating Eq. (7) over a far-field sphere (12):
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The result for the total radiated power in Eq. (8) is indepen-
dent of the radius r at which the integration is evaluated, but
the evaluation is simplest in the far field, where S can be
approximated by Eq. (7).

Free-Space Transmission Loss

Now consider free-space transmission between a pair of an-
tennas in the far fields of each other. The received power P,
can be written (13)

PG,G, PG,G:2

P = (2k,D)2 ~ (47D)?

9

where P; is the transmitted power, G, is the gain of the trans-
mitting antenna, G, is the gain of the receiving antenna, D is
the separation distance between the antennas, and the free-
space wavelength A, = 2n/k,. The D2 factor represents the
inverse-square dependence of the radiated power density
available at the receiving antenna.

The antenna and propagation effects can be separated by
writing Eq. (9) in the following form:

P r \

L =GG, | =%

P, v (471D>
The squared factor on the right side of Eq. (10) is dimen-
sionless and does not involve the antenna gains. The recipro-

cal is called the free-space transmission loss L, and is usually
expressed in decibels:

(10)
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Normally the antenna gains and the power ratio in Eq. (10)
are also expressed in decibels.

REFLECTION FROM A PLANAR INTERFACE

Plane-Wave Incidence

Radio waves are often reflected from smooth, flat surfaces,
such as building walls or ground. When the reflecting surface
is not a perfect conductor, part of the radio energy penetrates
the surface, and part of the energy is reflected. Reflection of
a plane wave from a uniform half space with a planar inter-
face can be analyzed exactly by matching boundary conditions
at the interface, and the derived reflection coefficients can
then be used in other practical applications.

Consider the idealized geometry in Fig. 2. A free-space
plane wave propagating at an angle 6, to the surface normal

Incident Reflected
field field
6o
€0°Ho
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Figure 2. Geometry for plane-wave reflection from a homogeneous
half space.

is incident on a half space with permittivity e, electrical con-
ductivity o, and permeability u. The angle of reflection 6,
equals the angle of incidence, 6, = 6,. The reflection coefficient
depends on the polarization of the incident field.

For horizontal polarization (electric field perpendicular to
the plane of incidence), the reflection coefficient I'; is given by

(D

r = ik cos 6y — oV k2 — k2sin® 6,
ik cos 6y + oV k? — k2 sin® 6,
where £ = oV u(e — jo/w). For vertical polarization (electric

field parallel to the plane of incidence), the reflection coeffi-
cient I, is

(12)

_ pok?cos 0y — pkoVE? — k2sin® 6,
11ok?2 cos 0y 4 pkoVk? — k2 sin” 6,

The reflection coefficients in Eq. (12) and (13) apply to both
the reflected electric and magnetic fields. The power reflection
coefficients are obtained by taking the squares of the magni-
tudes of the field reflection coefficients, |T'|? and T2 In gen-
eral, the reflection coefficients in Eqgs. (12) and (13) are com-
plex because % is complex. Thus the reflected field undergoes
phase shift as well as reduction in amplitude. In the limiting
case of grazing incidence (6, = 7/2), both I'; and I', equal —1.

For the common case where the reflecting medium is non-
magnetic (u = o), the reflection coefficients in Egs. (12) and
(13) simplify to

Iy (13)

_cosfy — V(k/ky)? —sin® 6,

I, = (14)
2 in2
cosby + vV (k/ky)? — sin” 0,

and

. (k/kg)? cos 6y — V (k/ky)% — sin® 6,
(k/kg)? cos by +V (k/ky)? — sin® 6,

For the further simplification to a dielectric (o = 0) reflecting
medium, Eqgs. (14) and Eq. (15) reduce to

/ .2
_ €086 — Ve —sIn” 6§

r, =

(15)

(16)

.2
cos 0y + Ve —sin” 6,

and

€, c080, — Ve, —sin? @
ry=—-2% "% — (17)
€rcos6y + Ve —sin” 6

where €, = €/¢,.

As incidence angle 6, varies from 0 (normal incidence) to
w/2 (grazing incidence), I'y varies smoothly from (1 — Ve)/
1+ \/;r) to —1. However, for vertical polarization, the reflec-
tion coefficient I', equals 0 at the Brewster angle, 63 =
tan"{(Ve,). At this angle, all of the incident energy is refracted
into the dielectric. An examination of Eq. (15) reveals that the
presence of nonzero conductivity o (which yields a complex
k) prevents I', from going to zero. However, if the imaginary
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Figure 3. Far-field radiation from a vertical electric dipole over a
homogeneous half space. The reflection coefficient Iy is a function of
the incidence angle 6.

part of % is small, there is nevertheless a pseudo-Brewster
angle (14) where |T',| goes through a minimum.

Dipole Sources

Consider now a vertical electric dipole source located at a
height & over a reflecting half space, as in Fig. 3. In the far
field the electric field has only a 6 component E, which can
be written as the sum of a direct and a reflected ray:

_ Jopellsing .

_jkor(ejkohcosa +T e—jkohcoséi)
v
4rr

E, (18)

where I', is given by Eq. (13). For the special case of a per-
fectly conducting ground plane (o = ), the reflection coeffi-
cient equals 1, and Eq. (18) reduces to

_ Jougllsing

E)l,_o= e 0" cos(kyh cos 0) (19)

2nr

Equation (19) has a maximum at the interface, 6 = 7/2.

The dual case of a vertical magnetic dipole source is shown
in Fig. 4. The source is a small loop of area A and current I,
and the loop axis is in the vertical direction. The electric field
is horizontally polarized, and in the far field the ¢ component
E,is

nokZIA sin@
- ¢
4mr

E¢ — —jkor(e/’kothG + rhefjkohcosﬁ) (20)

where I'} is given by Eq. (12). For the special case of a per-
fectly conducting ground plane (o0 = o), the reflection coeffi-
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Figure 4. Far-field radiation from a vertical magnetic dipole over a
homogeneous half space. The reflection coefficient I', applies to hori-
zontal polarization.
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cient equals —1, and Eq. (20) reduces to
inok2IAsin® .
Ejlo—co = JN0%Z R ST jgr sin(kyh cosf) (21)
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Equation (21) has a null at the interface, 6 = 7/2.

For realistic (finite) ground parameters, the reflection coef-
ficients for both vertical polarization I', and horizontal polar-
ization I', equal —1 at grazing incidence (0 = 7/2). Hence the
direct and reflected rays cancel in Eqgs. (18) and (20), and the
electric field is 0:

E‘,lgzn/2 =0and E¢|€:”/2 =0 (22)
In reality, only the space wave (the inverse-distance field that
occurs for 6 > 0) is 0 at the interface. The ground wave is the
dominant field component near the interface, and it will be
discussed in detail later. It has a more rapid decay with dis-
tance, but it does not equal 0 at the interface.

PLANE-WAVE REFRACTION

Dielectric Medium

Consider a plane wave incident on a dielectric half space, as
in Fig. 5. For simplicity, the dielectric is taken to be lossless
(o0 = 0) and nonmagnetic (u = w). The incident field propa-
gates at an angle 6, to the normal, and the transmitted field
is refracted at an angle 6, to the normal. The angle of refrac-
tion is determined by requiring that the phases of the re-
fracted field and the incident field maintain the same rela-
tionship at all points along the interface. This requirement
is met if the tangential wave numbers in the two media are
equal: &, sin 6, = & sin 6,. For the case of a dielectric medium,
this reduces to

sin#, € . _1(sinf
—t = —00r9t=sm1<—0>

23
sin6, € n (23)

where n = Ve/g, = \/Zr is the refractive index. Equation (23)
is called Snell’s law (14). As with the reflection coefficient,
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Figure 5. Reflection from and refraction into a dielectric half space.
The diffraction angle 6, is determined from Snell’s law.
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the transmission coefficient depends on the polarization of the
incident field.

For horizontal polarization (electric field perpendicular to
the plane of incidence), the electric-field transmission coeffi-
cient T}, is given by (1)

2cos 6,

€080y +/€r — sin” 0o

For vertical polarization (electric field parallel to the plane of
incidence), the electric field transmission coefficient 7 is
given by (1)

T, = (24)

2./€x cos b,

€-€0860) + Ve — sin? 0o

T, (25)

The magnetic field transmission coefficients are obtained by
multiplying the electric field transmission coefficients in Egs.
(24) and (25) by V..

Lossy Medium

Transmission into a lossy medium at oblique incidence is
complicated by the fact that the planes of constant phase do
not coincide with the planes of constant amplitude. Such a
transmitted field is called an inhomogeneous plane wave (1).
To simplify the mathematics, the case of normal incidence, as
shown in Fig. 6, will be considered.

For normal incidence the electric field is transverse to the
z direction. The incident electric field E' in the free-space re-
gion (z > 0) has unit amplitude:

E' = exp(jky2) (26)
The reflected electric field E™ in the free-space region is
E" = Fh|90:0 exp(—jkyz) (27

Transmitted field
Reflected field

£0'Ho

0,1

Transmitted field

Figure 6. Reflection from and transmission into a lossy half space
for normal incidence.

where Ty is given by Eq. (12). The transmitted electric field
E' in the lossy medium (z < 0) is

E' = T exp(jkz), where k = wv (e — jo /w) (28)
The transmission coefficient T is given by
21k
= (29)
uky + pok

Equation (29) can be written compactly in terms of imped-
ances:
2n

= (30)
N+

where 7, is the free-space impedance and n = Vu/(e — jo/w)
is the impedance of the lossy medium. In general, T' is com-
plex, and the transmitted field undergoes both phase shift
and reduction in amplitude.

As the transmitted field propagates into the lossy medium,
it undergoes further attenuation and phase delay, as indi-
cated by Eq. (28). The attenuation and phase shift can be iso-
lated by normalizing the field to the value at the interface:

t

E?' = exp[Im (k)d]exp[—jRe(k)d] (31)

where Re indicates real part, Im indicates imaginary part,
and d = —z is the depth in the medium. The first exponential
factor on the right side of Eq. (31) represents attenuation, and
the second factor represents phase shift.

The skin depth & is defined as the distance over which the
amplitude of the field decreases to 1/e times its initial value.
The expression for & is

) -1 2 where a 21e and b
= = s = w € = WO
k)~ | Va1 6% —a a g

(32)

For a lossless medium (o0 = b = 0), the skin depth § is o
(no attenuation).

For the case where conduction currents dominate displace-
ment currents (o > we), Eq. (32) simplifies to

5~ 2 1
~ opo | nfuc

Equation (33) applies to high-conductivity metals, such as
copper, and to soil and rock at low frequencies.

(33)

THROUGH-THE-EARTH PROPAGATION

The antenna and propagation issues are similar for subsur-
face communications (7) and geophysical probing of the earth
(15). Both applications require transmission of electromag-
netic waves through the earth, and both face the problem of
high attenuation. To penetrate the earth to depths of 100 m
or more, it is necessary to employ frequencies below about
3 kHz (ELF). The reason for this is that the skin depth is
proportional to 1/V7, as indicated in Eq. (33). Although plane-
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Figure 7. Circular loop on a conducting half space with a subsur-
face observer.

wave propagation as discussed in the previous section gives
valid results for distant sources, it does not give valid quanti-
tative results for the typical case where the transmitting an-
tenna is located at or below the air-earth interface. So this
section will deal with the fields of surface or buried antennas.

At frequencies below 3 kHz, the free-space wavelength is
greater than 100 km. Consequently, ELF antennas are elec-
trically small even though they could be physically large. The
methods and antennas used in geophysical probing are too
varied to give a complete description. However, if we limit the
applications to deep, subsurface probing and to through-the-
earth communication, then the most useful antennas are of
two types: wire loop antennas and straight wire antennas
grounded at the ends.

Fields of Loop Antennas

Loop antennas are commonly used in geophysical sounding
and subsurface communications, and they have the advan-
tage that no grounding is required. In geophysical sounding,
loop antennas transmit a time-varying magnetic field into the
earth, and eddy currents are excited in conducting bodies.
These eddy currents generate a secondary magnetic field that
can be received by a second loop antenna. In mine communi-
cations, transmitting loops can be used either at or below the
earth surface. Horizontal transmitting loops are typically a
large, single turn of wire laid out on the earth. Various
shapes, such as circular or rectangular, are used depending
on the application. When the loop dimensions are small com-
pared with the skin depth in the earth and the observer dis-
tance, the horizontal loop radiates as a vertical magnetic
dipole.

A circular loop of radius a located at the earth surface
(z = 0) is shown in Fig. 7. The earth conductivity is o, and
the magnetic permeability of both the air and the earth is
wo- For the low frequencies considered here, displacement cur-
rents are negligible, and the fields are independent of per-
mittivity. This is called the quasi-static approximation and is
obtained by setting the free-space wave number &, equal to 0.
The wave number in the earth is approximated by & =
Vwuolj, where the square root is taken so that the imagi-
nary part is negative.

When the circular loop carries a uniform current I, the
nonzero field components are H,, H, and E,. The vertical
magnetic field H, in the earth (z < 0) is of primary interest
for downlink communication between horizontal loops. At a
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depth A and a horizontal distance d, H, is given by (16)
IA
H,=— 4
‘ 2nh3Q 34)
where
Vg i? 2J,(ga/h
Q= / Jo(gD) 218U 4 (35)
0 g —+

g+ Vg +JH 7 ga/h

H = Vowoh, D = d/h, and J, and J, are the zero- and first-
order Bessel functions (17). The integration variable g is a
normalized wave number; so the integration in Eq. (35) can
be interpreted as the result of a superposition of all the waves
that the loop antenna transmits into the earth. The exponen-
tial factor is consistent with skin depth attenuation because
for small g it is given by |exp(—VjH?)| = exp(—h/8), where &
is given by Eq. (33).

When a/h < 1, the factor 2J,(ga/h)/(ga/h) approaches 1
over the significant range of g. In that case the dependence
on a enters only on through the loop area A(=mna?), and the
loop radiates like a magnetic dipole of moment IA. If the loop
is buried at a depth # and the observer is located at the sur-
face (as in uplink communications), the result for H, is iden-
tical.

For the special case of H = a/h = 0, the quantity @ re-
duces to the following result for a static magnetic dipole:

2 —D?

Q'H:a/h:O =

If, in addition, D = 0, then @ = 1. Thus @ is the vertical
magnetic field normalized to the on-axis magnetic field of a
static magnetic dipole. For D = 0, both H, and E, are 0.

In general, the integration in Eq. (35) must be performed
numerically. The infinite upper limit presents no practical dif-
ficulty because of the exponential decay for large g. Figure 8
shows the normalized vertical magnetic field magnitude |Q)
on the loop axis (D = 0) as a function of normalized depth H
for a magnetic dipole source (a/h = 0). For large values of
H, the field strength decays exponentially just as a plane
wave does. For geophysical probing, vertical sounding (18) is
accomplished by varying the frequency, and low frequencies
are required to obtain information on earth conductivity at
great depth.

In mine communication (7) and source location (8), the off-
axis (D > 0) field is of interest. Figure 9 shows the depen-
dence of the vertical magnetic field strength on normalized
horizontal distance D. For the static case (H = 0), there is a
null at D = \/5, as shown in Eq. (36), and that null can be
useful in source location (8). For nonzero values of H, @ is
complex, and the null is filled in.

The magnetic field results in Figs. 8 and 9 are actually
valid for small loops of any shape that can be represented by
a magnetic dipole. When the loop dimensions are large, the
field depends strongly on shape. The theory has been devel-
oped for loops of arbitrary shape in a conducting medium that
is homogeneous or layered (19). Results for a loop of nonzero
radius are shown in Fig. 10 for the static case (H = 0). As the
loop radius is increased, the vertical magnetic field is reduced
on the axis (D = 0), but is increased at the larger horizontal
distances. A similar behavior occurs for nonzero values of H.
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Figure 8. Magnitude of the normalized vertical magnetic field of a
small circular loop (@ = 0) as a function of the normalized depth H
on the axis (D = 0). From Ref. 16.

Also, similar results have been calculated for rectangular
loops (19).
Fields of Grounded Wire Antennas

Grounded wire antennas are the other antenna type com-
monly used to transmit fields through the earth. In addition
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Figure 9. Magnitude of the normalized vertical magnetic field of a
small circular loop (@ = 0) as a function of the normalized horizontal
distance D. From Ref. 16.
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Figure 10. Magnitude of the normalized vertical magnetic field of a
circular loop of radius a as a function of normalized distance D. From
Ref. 16.

to geophysical sounding, these antennas are used for uplink
and downlink communications in mines and for ELF commu-
nications with submarines (4). A typical configuration is
shown in Fig. 11. The antenna is of length 2/, and the current
I is assumed to be constant over the length of the antenna.
This assumption is valid for insulated antennas grounded at
the ends when the length of the antenna is much less than a
free-space wavelength (20). Because of the use of low frequen-
cies, displacement currents are neglected in air and in the
earth. The earth has conductivity ¢ and permeability w,.

The subsurface electric and magnetic fields are both of in-
terest in mine communication and in probing of geophysical
features. In mine communication, the subsurface magnetic

A2
y
Air I (x’, 0, 0)
L > - - » X
Earth _j 1
c
R
Observer
(x, ¥ ,2)

Figure 11. Electric line source on a conducting half space with a
subsurface observer.



field is received with a loop antenna, or the subsurface elec-
tric field is received with a grounded wire antenna.

First consider the fields produced by an incremental cur-
rent source of length dx’ located at x’, as shown in Fig. 11.
Because of the quasi-static approximation, the Sommerfeld
integral forms for an incremental source of current moment
I dx’ can be greatly simplified (21). As a result, the magnetic
field components are

/ 4 3
dH. = 217(5)3:2 <8x?)3]/\222 B 8x88582> (87
! /93 3 4
dH, - %“2 (27’3’ o+ %) (38)
and
/ 4 2 3
M. = 21:; (ai é\; - yZ;yZ;fz - 8;3822) (39)
where N = L[(y/2)R + 2)IK](y/2XR - z)l, P = R
exp(—yR), R = \/m,y = \/m, and I, and K,

are modified Bessel functions (17). Similarly, the electric field
components are

—Idx (%P N
E, = — 4+ — 4
B 2no (822 + 0y?2 82) (40)
Idx 3N
E, = — 41
dEy 2o 9y dx 0z (41)
and
Idx' 3%P
E,=——— 42
dE; 2mo dx 0z (42)

Although all six field components are, in general, nonzero,
the dominant field components of interest are H,, H,, and E,.
These are the only nonzero components for a line source of
infinite length, and all other field components vanish in the
plane x = 0, even for a line source of finite length. To obtain
the fields of the entire line source, Eqs. (38)—(40) must be
integrated over the range of x" from —/ to /. For normalization
purposes, it is convenient to write the fields in the following
forms:

I

Hy = ﬂA(H, Y,X,L) (43)
I
H,= - BHY,X,L) (44)
2nh

and

E, = _JZL“OIF(H, Y, X,L) (45)
T

where H = Vowyoh, Y =y/h, X =x/h,L =1/h, and h =
—2z. The normalized quantities A, B, F, H, Y, X, and L are
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dimensionless. The specific forms for the normalized fields are

hortrap 9% 34N
AH,Y,X,L)= — el e "4
(H)Y X,L) yZ/,l<az3+axZaz 8226y2)dx (46)

h o[ty N 32N a3p
BH, Y, X,L)= — —y? - " (4
H.Y.x.L) yzf,l<8y823 v dy dz Byazz) dx’ (47)

and
1 [ /92P 93N )

FH,Y.X,L)= ﬁ/_z (—822 +—3y2 32) dx (48)

The integral forms in Eqgs. (46)—(48) simplify for both the
low-frequency (small H) and high-frequency (large H) cases
(21), but numerical integration is required in general. Typical
numerical results for H = 2 are shown in Figs. 12-14. Al-
though A, B, and F are complex for H > 0, only the magni-
tudes are plotted. The phases are relatively constant as a
function of L. For very small values of L, the fields are essen-
tially those of a short dipole and are proportional to L, as
indicated by Egs. (38)—(40). For large L, the field components
eventually reach those of an infinite line source (22). The lim-
its for large L are shown for the horizontal magnetic field as
dashed lines in Fig. 12. In some geophysical applications, it
is desirable to make the grounded wire long enough to simu-
late an infinitely long line source. An examination of Figs.
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Figure 12. Magnitude of the normalized horizontal magnetic field as
a function of the normalized line length L. The dashed lines indicate
the limit, L = . From Ref. 16.
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Figure 13. Magnitude of the normalized vertical magnetic field as a
function of the normalized line length L From Ref. 16.

(11)-(14) and other calculations (21) shows that this is ap-
proximately achieved for L greater than about 2. This means
that the antenna length 2/ should be at least four times the
depth £ of interest in a particular geophysical application.
Straight, grounded wires are also used to excite broad-
band, transient fields in the earth. To illustrate the dispersive
nature of the earth, it is useful to examine the frequency de-
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Figure 14. Magnitude of the normalized horizontal electric field as
a function of the normalized line length L. From Ref. 16.

pendence of the subsurface electric fields. The frequency de-
pendence of all three components of the electric field has been
analyzed (23), but only the dominant component E,, will be
considered here. Equations (45) and (48) can be recast in the
following equivalent form:

I

E, = —anhQExn(W,L,X,Y) (49)
where
1 /a2 3
9“P °N
_ h2 /
E., =h /;l (822 + 57 8x> dx (50)

and W = wu,oh?. Equations (49) and (50) are consistent with
Egs. (45) and (48), but here the frequency dependence is ex-
plicitly displayed through the dimensionless frequency pa-
rameter W.

Some numerical results for |E,,| as a function of W are
shown in Fig. 15. As W approaches 0, E,, approaches the dc
result EX, which is obtained from the gradient of a scalar po-
tential (23):

El = (L-X)R{® + (L +X)R;? (51)

where

R =VX-L?+Y2+1andRy, = VX +L)>+Y2+1 (52)

When W becomes large, |E,,| decreases exponentially because
the skin depth becomes small.

Straight, grounded wire antennas are also used under-
ground. For example, long wire antennas have been laid out
in mine tunnels for uplink transmission. The surface fields of
such antennas have been computed for the general case
where the antenna is not parallel to the air-earth interface
(24) to model cases where either the tunnel or the earth sur-
face is not level.
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Figure 15. Magnitude of the normalized horizontal electric field of a
horizontal line source as a function of the normalized frequency W.
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Figure 16. Vertical electric dipole source at the surface of a two-
layer half space. The surface impedance Z, depends on the properties
of both layers.

GROUND-WAVE PROPAGATION

When both the transmitting and receiving antennas are lo-
cated on the ground, the direct and reflected waves cancel.
Consequently, the inverse-distance space wave is 0 as indi-
cated in Eq. (22). In this case the ground wave is the domi-
nant field component, and it can be calculated for either a
flat-earth model or a curved-earth model.

Flat Earth

The flat-earth model is useful for analyzing propagation along
flat surfaces (25) or curved surfaces with very large radii of
curvature (such as the earth). Consider a vertical electric di-
pole (VED) source located at an impedance surface, as shown
in Fig. 16. The air region has free-space permittivity ¢, and
free-space permeability u, is assumed everywhere. The non-
zero field components are E,, E, and H,.

For propagation analysis, the earth can be characterized
by a surface impedance Z, under fairly general conditions.
The surface impedance is the ratio of the horizontal electric
and magnetic fields at the earth surface: Z, = —(E,/H,)|..
For the two-layer model shown in Fig. 16, the surface imped-
ance for grazing incidence (as in ground-wave propagation) is
given by (26)

Z,=27,Q (53)
where
2
Zy=n1-0 (54)
Mo
Q _ (uz/ul) + (y22/y12) tanh ulhl (55)

(v3/vD) + (ug/uq) tanh uhy

N =,/ Mi.oslh = ‘/V12+k%~u2 = \/V22 +k%,y12
€ —Jjoi/w

= jopg(oy + jower)

and v} = jouy(oy + jwe,). The layer thickness &, and the layer
constitutive parameters are defined in Fig. 16. @ is a correc-
tion factor to account for the layering, and @ = 1 for a homo-
geneous earth. For any passive earth model, the real part of
the surface impedance must be nonnegative: Re(Z,) = 0. For
a homogeneous earth, the phase of Z, ranges from 0 to 7/4.
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For a layered earth, the phase of Z, can range from —#/2 to
/2.

At large distances from the source (kop > 1), the dominant
vertical electric field component E, can be written (26)

_ —Jjopell

E, =
2 9p (56)

e7*’F(p)

where

F(p) =1— jyrmpe? erfc (jv/p) (67)
p = (—jkop/2) A2, A = Z/n,, and erfc is the complementary
error function (17). The function F(p) is called the Sommerfeld
attenuation function and is actually a correction to the field
of a vertical electric dipole located at the surface of a perfectly
conducting plane. The quantity p is dimensionless and called
the numerical distance. For |p| < 1, F(p) =~ 1.

For large numerical distance (Jp| > 1), the asymptotic form
of F' depends on the phase of p (26):

1
F(p)~ “2p —37/2 < phase (p) <0 (58)

or

F(p)~ —2jmpe® — 2i, 0 < phase (p) <7/2 (59)
p

The first term on the right side of Eq. (569) corresponds to a
trapped surface wave (26) that can occur when the surface
impedance is highly inductive (phase of A > 7/4). It does not
occur for a homogeneous earth, as indicated in Eq. (58). If Eq.
(58) is substituted into Eq. (56), the following result is ob-
tained for the electric field:

(60)

The p? dependence of the field in Eq. (60) is characteristic of
a lateral wave that requires an interface to support it. A simi-
lar analysis is possible for horizontal polarization as produced
by a horizontal electric dipole or vertical magnetic dipole
source (26), but it is of less interest for ground-wave propaga-
tion because it decays more rapidly with distance than verti-
cal polarization.

If the height of either the transmitting dipole or the ob-
server is raised above the interface, the field is increased by
a factor called the height-gain function G (26). Consider the
case shown in Fig. 17, where both the source and observer are

11 E

¢ :

h z
-~

N 1

ZS

Figure 17. Elevated source and observer for propagation over a flat
surface with surface impedance Z,.
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elevated. Then the electric field can be approximately written

—J Il
_ TJwly e

E, = “F (p)Gh)G(z)
27 p

(61)

where

G(h) =1+ jkyAh and G(z) = 1+ jk Az (62)
By reciprocity, the height-gain function G is the same for the

source and observer. Equation (62) is valid only for small
heights (kAR < 1).

Spherical Earth

The spherical-earth model is used to account for diffraction
loss that occurs for ground-wave propagation into the shadow
region. The mathematical theory is complicated, but it has
been well developed (26) and has been used to generate exten-
sive numerical results for field strength as a function of dis-
tance, frequency, and earth surface properties (27-29). For
short paths, the flat-earth and spherical-earth models give
similar results, but for long paths the spherical-earth model
must be used for accurate predictions.

The geometry for a radial electric dipole source located at
the surface of a sphere of radius e is shown in Fig. 18. The
surface is characterized by a surface impedance Z,, which can
be determined by Eqs. (53)—(55) for a layered earth. The non-
zero field components are E,, E,, and H,. The radial electric
field E, is the component of most interest, and its value at the
surface (r = a) is

_ —Jondl 4
E. = omd © oW (63)

where d is the arc distance along the surface and W is the
spherical-earth attenuation function. It is a correction to the
field of a vertical electric dipole on a perfectly conducting
plane in the same manner as F for the flat earth in Eq. (56).
For large ko and kyd, W can be written as the classical resi-
due series (25):

(64)

W = ,JT_..?C i eXp(_szts)
J s=1 tS —-q

Figure 18. Vertical electric dipole source at the surface of a spherical
earth with a surface impedance Z..

where x = (kwa/2)"%(d/a), g = —jkea/2)"® A, and A = Z/n,.
The roots ¢, satisfy the equation

wi(ts) —qw,(ts) =0 (65)
where w; is an Airy function and wj is the derivative with
respect to the argument. The Airy function w, is defined by

wy(t) = /7 [Bi(t) —jAit)] (66)
where Ai and Bi are the Airy functions defined by Miller (30).
A systematic method for determining the roots of Eq. (65) has
been presented for arbitrary values of the magnitude and
phase of g (27).

The residue series in Eq. (64) is valid for any value of x,
but converges slowly for small values of x. Two alternative
methods are available for the calculation of W for small x. The
power series in x''? is most useful for small |g|, and the small-
curvature expansion is most useful for large |q|.

The power series representation for W is given by (27,31)

W=> A, gx!/*)" (67)

m=0
where

Ap=1A,=—jnt? A, = -2
1 4 1
— igl/2 — == —
Az =jm <1+4q3>,A4_ 3 <1+2q3>,

jrl/2 3 8 1 7
Jr
A, =— 1+ - ) Ag=—— 1+ =+ ——
5 3 <+4q3>, 6 15( +q3+32q6>

jr /2 5 1 16 3 27
J
A, = <1+ + 6),A8_1 ( + o5+ 6)

—jm /2 7 5 21
Ay =L <1+—+—+ )

and

A 32+64+11+ 7
107 "\ 945 ' 9453 ' 189¢6 ' 270¢°

In the numerical results to follow, the series has been trun-
cated at m = 10 because higher-order coefficients A,, are not
available in the literature.

The small-curvature expansion for W is given by (31,32)

1 .
W =F(p)+ 4qu[l —jvmp — (1+2p)F(p)]

1 ) 5 2 2
+ 46 [1—Jﬂ(1—p)—2p+ 2 (% —1)F(p)]
68)

where p = jxq®> = —jkidA?*/2 and the flat-earth attenuation
function F(p) is given by Eq. (57). When the radius a ap-
proaches o« (zero curvature), ¢ approaches «, and W ap-
proaches F. An additional term in Eq. (68) proportional to
q° has been obtained (31), but numerical results (27) indicate
that it adds little improvement.

To illustrate the range of applicability of the various meth-
ods for computing W, a specific example for propagation at a
frequency of 10 MHz is considered. The effective earth radius



a is taken to be 4/3 times the actual earth radius of 6368 km
in order to account for normal atmospheric refraction (33).
The magnitude of the normalized surface impedance |A| = 0.1;
this yields a value of 9.62 for the magnitude of g. For the
phase of A, two values, 30° and 75°, are considered. The 30°
value (phase of ¢ = —60°) lies in the range encountered for a
typical homogeneous earth. The 75° value (phase of ¢ = —15°)
lies in the highly inductive region, where a trapped surface
wave is important. Numerical results for the magnitude of
W as a function of distance are shown in Fig. 19, where the
computations were carried out by four different methods. The
oscillations in the vicinity of d = 10 km for the phase (A) =
75° curve are due to interference between the trapped surface
wave and the usual ground wave.

Although the curve for phase (A) = 75° contains more
structure than that for phase (A) = 30° the range of validity
of the various computational methods depends only weakly on
the phase of A. For graphical accuracy in Fig. 19, the different
methods have the following ranges of validity. The residue
series calculation from Eq. (64) using 50 terms is valid for d
greater than about 10 km (x > 0.11). This value of d or x can
always be decreased by increasing the number of terms. The
small-curvature formula in Eq. (68) is valid for d less than
about 50 km (x < 0.57). The power series in Eq. (67) is valid
for d less than about 1 km (x < 0.011). The flat-earth approxi-
mation in Eq. (57), which is the first term in Eq. (68), is valid
for d less than about 15 km (x < 0.17). The characteristic of
the flat-earth approximation for large d is an algebraic decay
(d™?) as opposed to the correct exponential decay of the first
term of the residue series. The small-curvature formula is far
superior to the power series in this example because of the
large value of |g| = 9.62.

Further calculations (27,34) reveal the following general
criteria for the method of calculation. The residue series is
most useful for x > 0.2 regardless of the magnitude of gq. For
x| < 0.2, the power series is better for |g| < 1, and the small-
curvature formula is better for |g| > 1. The phase of g does
not have to be considered in deciding which method of calcula-
tion to use for W
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Figure 19. Magnitude of the spherical earth attenuation function as
computed by various methods. (Results are shown outside their re-
gions of validity for comparison purposes.) From Ref. 27.
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Figure 20. Magnitude of the spherical earth attenuation function for
different values of the phase of the surface impedance. From Ref. 27.

The magnitude of W as a function of d is shown in Fig. 20
for a larger value of |[A] = 0.2 and for numerous values of
phase (A). The results for 0° < phase (A) = 45° show the ex-
pected smooth decay of the ground wave, but the trapped sur-
face wave has a dominant effect for phase (A) > 45°. The root
t, for the trapped surface wave, also called the Elliott mode
(85), has the following asymptotic expansion (27) for large |g/:

1 1 5 11 539

th~g 4 — 4
0t g T ggt 3347 T 32410 T 512470
7 31

B B 397
12¢g3 48q5% 288¢°

(69)

. 4
— j2q” exp <—§q3 -1-

Part of the reason for interest in inductive surface imped-
ances is in modeling propagation over a layer of sea ice on the
ocean (29).

The residue series in Eq. (64) can be generalized to the
case of an elevated source and an elevated observer. For a
source height of &, and an observer height of A, W takes the
following form (28,29):

W= [ SR 6 G (70)
J s=1 tS —q
where
_wlts—y)
Gs(y) = @) (71)

yo = koho(2/kea)'?, and y = kh(2/kya)"?. Since G, depends on
t,, it is a function of s. G, as given by Eq. (71) can be expanded
in a power series in y (28,29):

ty 5 1+t
G =1-qy+ 2y — —Ty3 4.

B 3 (72)

For low heights and small values of s, G, can be approximated
by the first two terms in Eq. (72):

Gs~1—qy=1+jk, AR (73)
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Figure 21. Propagation along a spherical earth with a change in
surface impedance from Z to Z,;.

G, as approximated by Eq. (73) is independent of s and is
equal to the height-gain function for the flat-earth model in
Eq. (62).

VARIABLE TERRAIN

Although the flat-earth and spherical-earth models are useful
for analyzing ground-wave propagation, many propagation
paths involve variable terrain where the ground properties or
surface height vary along the path. The analysis of such paths
usually requires approximate or numerical methods (36—39).

Mixed Path

Mixed-path theory has been developed to analyze smooth ter-
rain that has a change in the earth properties (conductivity
and permittivity) between the source and the receiver. The
mathematical theory has been developed for both a flat earth
(40) and a spherical earth (41), but only the more general
spherical-earth model will be considered here.

The geometry for a two-section path is shown in Fig. 21.
Propagation along a three-section path (41) has also been an-
alyzed, but will not be covered here. As in the previous sec-
tion, the radial electric field E, is normalized to the case of a
flat, perfectly conducting plane:

—Jjopell

E, = 2nd

e W' (x, q, q1) (74)

where W' is the mixed-path attenuation function, q =
—jko/a)® A, g1 = —jlko/a)® Ay, A = Z/ny, Ay = Zgy/7, and a
is the earth radius. Consider first the case, where the source
and observer are located at the surface (A = h; = 0). In this
case, the following form of W’ is most useful (42,43):

W .q.q) =Wx.q) + | —(@—q)
Jjm

MW —x,qWE,qq) .
dz,d, >0 (75)
/0 VEE—x) '
where
W (. q) = /sz (76)
J = ts—q

= (kya/2)"*(d/a), and x; = (kw/2)"3(d;/a). The spherical-
earth attenuation function in Eq. (76) is the same as that for
the uniform path in Eq. (64), but the arguments are shown
explicitly for use in Eq. (75). The square-root singularity in
Eq. (75) is integrable, and its numerical evaluation (42) pre-

sents no difficulty. A useful alternative to Eq. (75) can be ob-
tained by reciprocity (41):

W (x,q.9) =Wx q,) +/~—(q—qy)
_]T[

/x_xl W(x - xAs ql)W(Je! q)
0 V(X — x)

Equations (75) and (77) have been used to calculate W' for
a variety of paths and parameters (42). Results for |W’'| are
shown in Fig. 22 for propagation along a land-to-sea path for
various lengths of the land section. The frequency is 10 MHz,
the land constants are e/¢, = 15 and o = 0.01 S/m, and the
sea constants are €/, = 80 and oy = 4 S/m. The increase in
field strength that occurs in crossing the land-sea boundary
has been called the recovery effect, and it has been observed
experimentally by Millington (43). A similar drop in phase
has been calculated (42) and observed experimentally by
Pressey et al. (44). In Fig. 23, the length of the land section
is fixed at 5 km, and the frequency is varied from 1 to 30
MHz. The recovery effect is most prominent at 30 MHz be-
cause the attenuation over land is so rapid at that frequency.

When either height, & or A, is nonzero, Eqs. (75) and (77)
are still valid, but W needs to be modified by the appropriate
height-gain function:

t ts
W - TS R

di (77)

where y = (2/kga)3koh  (78)
and
|7% 5 exp( th )w; s —y)
W —
(x, ql) Z wl(ts) ,
Wherey1 (2/koa) PRohy  (79)
1; | \\H\H‘ | (L | \\H\H—E
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Figure 22. Magnitude of the attenuation function for a land-to-sea
path for various lengths of the land section. Parameters: f = 10 MHz,
h=h =0,€ee=15,0 = 10"?%S/m, /¢ = 80, and o, = 4 S/m. From
Ref. 42.
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Figure 23. Magnitude of the attenuation function for a land-to-sea
path for various frequencies. Parameters: d — d;, = 5 km, A = h; =
0, €/, = 15, 0 = 1072 S/m, €/¢, = 80, and 07 = 4 S/m. From Ref. 42.

It is possible to cast the integral forms of Eqs. (75) and (77)
into a modal sum of the following form (42):

W (x.q,q;) = E(ql -9 )
=1

s t=1
expl—j(x — x)ts —jxst V] wy s —y) w @ —yy)

¢ —t)ts —gH P — ) wits)  w ) 0

where the roots ¢t satisfy the mode equation that is similar
to Eq. (65):
wi M) —quw, (") =0 (81)
The double summation in Eq. (80) converges slowly when ei-
ther x; or x — x; is small, but the roots ¢, and #" can be com-
puted rapidly (27).
Results for [W’| are shown in Fig. 24 for propagation along
a land-to-sea path for various observer heights. The length of
the land section is 10 km. As many as 600 roots, ¢, and ¢,
were used in computing the results (42) in Fig. 24. A good
confirmation of the validity of the numerical results in Fig. 24
as computed by Eq. (80) is that the curve for h; = 0 agrees
with the corresponding curve in Fig. 22 as computed by Eq.
(75). As the observer height &, is increased, the recovery effect
decreases in magnitude and begins at a range beyond the
land-sea boundary.

Irregular Terrain

For many propagation paths, the ground parameters and ter-
rain height vary as a function of position along the path. Ana-
lytical methods are not general enough to handle such varia-
tions, but the integral equation approach (45,46) has been
found useful for ground-wave propagation over irregular, in-
homogeneous terrain. Ott’s program WAGNER has been thor-
oughly tested and used on a wide variety of paths (47), and
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Figure 24. Magnitude of the attenuation function for a land-to-sea
path for various observer heights. Parameters: f = 10 MHz, d —
di =10 km, h = 0, €/, = 15, 0 = 107* S/m, &/, = 80, and oy =
4 S/m. From Ref. 42.

Hill has generalized it to allow for an anisotropic layer over a
homogeneous earth (48). The anisotropic layer is intended to
model a forest layer, snow cover, or a layered earth.

The general terrain model is shown in Fig. 25. The terrain
height y, the slab thickness D, and the slab and ground con-
stitutive parameters are functions of the horizontal distance
& from the vertical electric dipole source. The terrain is repre-
sented by a normalized surface impedance A (referred to the
top of the slab), which is a function of the slab and ground
parameters and is thus a function of & The problem is first
solved by considering the case where the source and observer
are located at the surface (A, = A, = 0). The vertical electric

Receiver
[ ]

Figure 25. Geometry for the integral equation solution of propaga-
tion over irregular, inhomogeneous terrain. The slab and ground pa-
rameters can vary as a function of x, but are constant in y.
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field E, is normalized to the field of a vertical electric dipole
on a conducting plane:

_ —Jjoul

l —Jjkox
Ey= — e f(x) (82)

where f(x) is the attenuation to be determined from the inte-
gral equation. The integral equation is (47,48)

fx)=F(x,0) — ‘/jﬁ /x f(g)efjkoaﬁ(x,s)
27 Jo

(y/(&)F(x, &) — y(x;%@) +IA®) - AdF (@, s>)
NG
—d 83
e-n©
where
b ) = PO —y®P ¥ Y

2x(x — &) 2& 2x
F(x, &) =1—jJmpe " erfc (jvu)

y(x) —y(§) )2

= —jkoA® -&)/2u= (1—
p=—JkyA(E)x—-§)/2,u=p NGE)

and y'(¢) is the slope dy/d¢ The normalized surface imped-
ance A(¢) is a function of the slab and ground parameters (48):

A Ay + A, tanh(v,D)
YA + A, tanh(vyD)

Ag) = (84)

where

Jen — K VeEge — 1 .
Ay = Ay = Y vy = ko fey, — K
€he gc
€he = €p + 01,/ (Jw€y), €gc = € + 05/ (Jwey),

€y = €y t+ GV/(ja)e())s K= th/evc

o, and e, are the vertical conductivity and relative permittiv-
ity of the slab, o}, and €, are the horizontal conductivity and
relative permittivity of the slab, and o, and ¢, are the conduc-
tivity and permittivity of the ground. The ground and the slab
have free-space permeability w,. The normalized surface im-
pedance A, is evaluated at the source.

Before discussing the numerical solution of Eq. (83), it is
useful to examine the special case of a uniform path: y(¢) =
y(x) = y'(& = 0 and A(¢) = A,. Thus the integrand is 0, and
flx) is

fx) =F(x,0) =1— jympae Peerfc(jv/pa) (85)
where p, = —jkA%/2. Equation (85) agrees with the flat-
earth result in Eq. (56). When either y or A varies along the
path, the integral equation must be solved numerically. A for-
ward-stepping solution (49) in x is used to obtain values of f
at discrete values of x along the path. Since Eq. (83) is a Volt-
erra integral equation of the second kind, the value of f(x)
depends only on the previously computed values of f(¢ for
¢ < x. Physically this means that backscatter is neglected.

To account for nonzero source and receiver heights, 4, and
h,, an attenuation function f} is determined by use of height-

gain functions G, for a slab medium (48):

fa@) = f@)Gs(ha)Gs(hy) (86)
The source and receiver can be located either in air (positive
height) or in the slab (negative height). For the source or re-
ceiver in air, the height-gain function is

Gs(h) =1+jkyAR,h >0 (87)
where A is evaluated at the appropriate source or receiver
location. For the source or receiver in the slab, the height-
gain function is

1 e0? 4+ Re U0@D+h)

1+ Re 2P

Gs(h) = ,—D <h <0 (88)

€ve

where R = (A; — Ay)/(A; + A,). The limit of G, as h approaches
0 from above is 1:

Gs(0H =1 (89)
The limit of G, as kA approaches 0 from below is
Gs(07) = 1/eyc (90)

This is a consequence of the continuity of normal current flow.

The numerical solution of Eq. (83) has been thoroughly
studied, and comparisons with experimental results have
been shown (47,48). Also, a comparison with an approximate
analysis for propagation from a forest to a clearing has been
made. This comparison provides an independent check be-
cause the approximate solution uses a Kirchoff integration
over the vertical aperture above the forest-clearing boundary
(48) in contrast to the integral equation solution, which inte-
grates over the terrain surface. The numerical comparison
for |y is shown in Fig. 26. The frequency is 10 MHz, the
ground parameters are o, = 1072 S/m and ¢, = 10, and the
slab parameters are D = 10 m, o, = 10* S/m, ¢ = 1.1, 0, =
2.5 X 107, and ¢, = 1.25. Both the source and receiver are
located at a height of 10" m. The approximate aperture theory
shows a nonphysical jump for the receiver at the forest bound-
ary, but the more accurate integral equation solution smooths
out the jump. Away from the boundary the two solutions
agree well.

For typical terrain profiles and moderate path lengths (less
than 100 km), the numerical solution of Eq. (83) is reasonably
accurate and efficient for frequencies up to about 10 MHz. At
higher frequencies the numerical solution can become unsta-
ble and predict a nonphysical oscillatory field strength as a
function of distance. Also, the computer run time, which is
roughly proportional to frequency squared, can become large.
To improve the stability at higher frequencies, Ott (50) has
modified the integral equation and computer code and has ob-
tained stable numerical results for frequencies up to about
100 MHz.

Knife-Edge Diffraction

At high frequencies where the wavelength is small compared
to terrain features and other obstacles such as buildings,
knife-edge diffraction models (51) can provide useful field pre-
dictions. The simplest model is based on a single knife edge,
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Figure 26. Propagation from a clearing to a forest at a frequency of
10 MHz. From Ref. 48.

as shown in Fig. 27. If the Kirchhoff approximation that the
field in the semi-infinite aperture above the knife edge is
equal to the incident field is made, then the aperture integra-
tion can be approximated with the following result for the
diffracted field E, at the receiver location R (14):

.
Ey=E,F(v) = E,—7

/ exp(—jnt?/2)dt,

wherev =h M 91)
Lodqdy

E, is the free-space field in the absence of the knife edge and
F(v) is the complex Frensel integral. When the knife edge ex-
tends above the line connecting S and R (as in Fig. 27), h and
v are positive. In this case, |[F| < 1/2. When the top of the
knife edge is below the line connecting S and R, & and v are
negative. In this case, |[F| > 1/2. As v approaches —x, |F| ap-
proaches 1 in an oscillatory manner. The diffraction gain (in

Figure 27. Geometry for diffraction by a single knife edge.
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decibels) due to the presence of the knife edge is
G4 = 201og;, |IF (v)| (92)

To avoid computation of the Fresnel integral in Eq. (92), Lee
(51) has provided simple approximations for F. The geometri-
cal theory of diffraction (52) provides a more rigorous high-
frequency method for analyzing diffraction from knife-edges
and wedges, and it predicts results that depend on the polar-
ization of the incident field.

A number of extensions to the single knife-edge model in
Fig. 27 have been studied. The knife edge can be replaced by
a rounded diffracting obstacle (53,54), which is a better model
for broad-terrain features in some cases. Multiple knife edges
(55-57) can be used to model paths with multiple diffracting
obstacles. Vogler’s analysis (58) is valid for an arbitrary num-
ber of knife edges, and his computer code will handle up to
10 knife edges.
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