
Constants and Conversion Factors 

Planck 's constant " = 6.626 X 10- 34 J· s = 4.136 x 10- " eV·s 

hbar Ii = " / 2IT = 1.055 X 10- 34 J·s = 6.582 x 10- 16 eV·s 

Speed of light e = 2.998 x 108 m/ s 

Elementary charge e = 1.602 x 10- 19 C 

Fine-structure constant 0: = e2 / 4rrEolle = 7.297 x 10- 3 = 1/ 137.036 

Boltzmann constant kg = 1.381 x 10- 23 J/ K = 8.617 x 10- 5 cV/ K 

Avogadro constant N .. , = 6.022 x lOll particles/mole 

Electron mass III , = 9.109 X 10- 31 kg =0.5 110MeV/ c2 

Proton mass 111 1' = 1.673 x 10- 27 kg = 938.3 MeV/ c2 

Neutron mass 111 " = 1.675 X 10- 27 kg = 939.6 MeV / c2 

Bohr radius ao = 4rr EOIi 2
/ III ,C

2 = 0.5292 x 10- 10 
III 

Rydberg energy heRoo = lII ,c
2

0:
2/2 = 13.6 1 eV 

Bohr magneton /Lil = eli / 2111 , = 5.788 x 10- 5 eV / T 

I keV = 103 eV I MeV = 106 eV I GeV = 109 eV I TeV = 1012 
eV 

I IL I11 = 10- 6 m I 11 111 = 10- 9 III I pm = 10- 12 111 I fm = 10- 15 m 

leV = 1.602 x 10- 19 .1 I A = 0.1 n111 = 10- 10 111 
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As an undergraduate, my first course in quannun mechanics was in the spring semester of 
my senior year. This was, frankly, too litt le, too late. As a sophomore, I had taken a fair ly 

standard course in modern physics. Despite the fact that I thought the professor teac hing 
the course did a good job, I was not pleased wi th the content. The course seemed to be 

a summary of phenomenology, without giving me any understanding of the underlying 

physics. To a budding physicist, this was not a satisfyi ng experience. 
Today, I am confident we do better by our students, at least in the upper-d ivision 

physics curriculum. This confidence is inspired by the quali ty and nature of the quantu m 

mechanics textbooks that we use there, one of which (A Moderl/ Approach to Qual/tulII 
Mechal/ics) I am proud to have authored. At the introductory level the changes have 

been, in my judgment. less c lear cut. I believe that students deserve a serious introduction 
to quantum mechan ics, comparable to the introduction they rece ive to the subjects of 
mechanics and electromagnetism, Moreover, with the appropriate grounding in quantum 
mechanics, it is possible to give students real understanding and insight into an array of 
topics that often fa ll under the rubric of modern physics. Students can see in quantum 

mechanics a common thread that ties these topics together into a coherent picture of how 
the world works, a picture that gives st udents confidence that quantum mechanics itse lf 
really works, too. 

While I have used the term "modern physics" to describe the material typically taught 

in an introductory course, I believe this term has reached the end of its useful life, at least in 
the way it is common ly used. Most ifnot all modern physics textbooks fo ll ow an historical 
ordering of the material , with, in order of appearance, Planck, Einstei n, Rutherford, Bohr, 

and Schriidinger among the key characters in the story. Now I enjoy the history as much 

as anyone, and I try to weave it into the text in a natural way. But I don't th ink following 
the historical ordering so closely makes a lot of sense. After all, a story that starts in 

the early 1900s does not sound modern to students learning physics in the twenty-first 
century. Moreover, t imes have changed. We now have the advantage of tru ly modern 
experiments, such as single-photon and single-atom interferometry experiments, that 
have replaced the thought experi ments that characterized much of the early discussions 
of quantum mechanics. So why not slart with rea l experiments, which is what physics is 
rea lly based on, afte r all. 
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xii Preface 

Chapter I focuses on the quantum nature of light. While this chapter does include 
discussion of the photoe lectric effect (the key to understand ing the operation of a 
photodetcctor) and Compton scattering, the single-photon anticoincidence and inter­
ference experiments carried out by Alain Aspect and coworkers in the late 1980s are at 
the center of thi s chapte r. Understandi ng the rcsu lts of these experiments leads us to the 
concept of a probabili ty amplitude and to the rul es for multip lying and, in particular, 
add ing thcse probab il ity amplitudes when there are multiple paths that a photon can 
take betwecn the source and the detector. Thi s is really the sum-aver-paths approach to 
quantum mechanics pioneered by Richard Feynman. One of the advan tages of this ap­
proach is that students can see right away how quantum mechanics can explain everyday 
phenomena such as the the law of reflection, Snell 's law, and a diffract ion grating (in, say, 
the refl ection of light from a CD) as straightforward extensions of the sum-aver-paths 
approach from a few paths to many paths (leading naturally to Fermat's principle ofIeast 
time) . Although the approach that I follow in Chapter I is not the same as that given by 
Feynm an in his short series of lectures titled QED, it is inspired by these lectures. 

Chaptcr 2 starts with the double-slit experiment, a topic that was discussed in Chap­
ter I as an ill ustration of the sum-aver-paths approach to quantum mechanics. But in 
Chapter 2, the key experiment is a double-sl it experiment with heli um atoms carri ed out 
by Jiirgen Mlynek's group in the 1990s. This beautiful experiment rea lly brings home to 
students the strangeness of quantum mechan ics. Since the sum-aver-paths approach is 
not as useful for determining the behavior of particles such as electrons when they travel 
microscopic distances, Chapter 2 moves naturally toward the Schrodinger equation. This 
wave equation plays a si milar role for nonrelativist ic particles to that played by the wave 
equation for light in Chapter I. Other topics in this chapter incl ude wave packets, phase 
and group ve locities, expectation val ues and uncerta inty, and Ehrenfest's equations. 

Chapter 3 and Chapter 4 are all about solving the Schrodinger equation for a variety 
of one-dimensional potentials. The centerpiece of Chapter 3 is the particle in a box, a 
great laboratory for seeing many quantum effects. Chapter 4 includes discussion of the 
fini te square well , the harmonic oscillator, and the Dirac delta function potential, both 
as a simple model for an atom and, more interestingly, as a double well that can be used 
to capture the key features of molecular binding. Chapter 4 also includes a discussion of 
scattering (and tunnel ing) in one-dimensional quantum mechanics. One relatively novel 
feature of Chapter 3 at this level is the use of the particle in a box to illustrate the key 
features of the energy eigenvalue equation, including the principles of superposition and 
completeness and the way these principles are utilized to calculate the probabil ity of 
events for a wave function that is not an energy eigenfunction. These ideas are gener­
alized in Chapter 5 to the more gencral class of Hermitian operators corresponding to 
observables. Here the role that cOlllmuting and, in particular, noncommuting operators 
and uncertainty relations play in quantum mechanics is emphasized. 

Chapter 6 extends the discussion of quantum mechanics to three-dimensional sys­
tems. Because the particle in a th ree-dimensiona l box, the orbital angular momentum 
eigenval ue problem, and the hydrogen atom can be attacked by the technique of separation 
of variables, these systems have much in common with the treatment of one-dimensional 
potentials from the earlier chapters. I make an effort to keep the mathematical level 
accessible to students. Some of the details, such as solving the hydrogen atom by a 
power-series solution, are left to an append ix for the interested reader. But the simple, 
direct way in whi ch the eigenvalue problem for the z component of the orbita l angu lar 
momentum , for examp le, quanti zes the eigenva lues to integral multiples of fl is a very 



important and natural extcnsion of the techniques introduced in the earlier chapters. And 

the fact that the z component of the intrinsic spi n angular momentum of an e lectron takes 

on only half-integra l multiples of fz te ll s us that intrinsic spin , real angular momentum 

that it is, is not connected to wave functions or to anything physically rotatmg, as IS the 

case for orbital angular momentum. 
Given the profound impact that the intrinsic spin of identi cal particles plays in multi­

particle systems in quantum mechanics, one can argue that intrinsic spin is perhaps the 
s ingle most important attribute of a particle. A fter introducing the exchange operator and 

seeing how the Pauli principle arises from basic quantum mechanics, Chapter 7 goes on 
to exam ine systems with identical ferm ions (multielectron atoms, electrons in a solid, 
and white dwarf and neutron stars) and identical bosons (cavity rad iat ion, Bose- Ei nstein 
condensation, and lasers). Again, the focus is on showing how the behavior of these 

systems follows directly from quantum mechanics. 
The rema ining three chapters of the book are devoted to app lications as well . But 

here too the focus is res tricted so as to avoid the peril of too much phenomenology 
and too little explanation of the underlying physics. Chapter 8 is devoted to crystalline 

solids, namely solids for which the periodi c nature of the potential energy leads to 
an energy band structure, allowing us to understand the e lectrical properties of metals, 
insulators, and scmiconductors. The role that th is band stTucture of semiconductors plays 
in the electron ics/computer revolution in which we are all participating is emphasized. 
Chapter 9 is devoted to nuclear physics, focu sing in one form or another on the all­
important "curve of binding cnergy," including its impact on radioactivity, nuclear fi ssion, 
and nuclear fu sion. This chapter conc ludes with a discuss ion of the history and physics 
of nuclear weapons, a subject with whi ch humanity is still struggling to deal. Finally, 
Chapter lOis devoted to particle physics. One of the benefits of starting th is book 
wi th a sum-over-paths approach to quantum mechanics is the natural way it leads into 

a description of re lat ivistic quantum mechani cs. Although it is not possible to explain 
part icle physics at the same leve l of completcness as the earl ier topics, it is important for 
students to see the ro le that quantum mechanics plays in the interactions of the particles 
in the Standard Model, where the probability amplitudes can be represented graphically 

by Fcynman diagrams. This chapter concludes with a discussion of the close connection 
between symmetries and conservation laws and the fundamental role symmetry plays 
in determ ining the detailed nature of the interactions in quantum electrodynamics and 
quantum chromodynamics. 

Although most of this book focuses on nonrelat ivistic quantum mechanics, the first 
chapter with its discussion of the quantum mechanics of light, the ninth chapter with 

its discuss ion of the curve of binding energy, and the las t chapter with its discussion 
of Feynman diagrams presume some knowledge of spec ial relativity. Consequent ly, a 

discussion of the basics of special re lativity is included in an appendix for the benefit of 
students who have not had a previous exposure to this subject . 

A comprehensive solut ions manual for the instructor is ava il able from the publisher, 
upon request of the instructor. 

It is a pleasure to acknowledge the people who have helped me during the writ ing of 
th is book. I have benefited great ly from the assistance of my colleagues at Harvey Mudd 
College. Tom I-Ie lli well , Theresa Lynn, Dan Petersen, and Patti Sparks read portions 

of Ihe manuscript and gave me helpful feedback. Tom Donnelly and Peter Saeta read 
the entire manuscript and gave me many va luable comments. In addition to giving me 
feedback on Chapter 10, vatche Sahakian has been unfailingly patient and hel pful wi th 

Preface xiii 



xiv Preface 

my IHEX questions. For the better part of the past decade, the in troductory phys ics course 

that is taken by all students at HM C in the ir firs t semester has combined an introduction 
to special rela tivity (see Appendix A) and an introduction to quantum mechanics, as 

detailed in Chapter I. At Swarthmore College, where I completed a preliminary version 

of the text wh ile on sabbatical, Frank Moscatelli provided thoughtful comments on 

the whole manuscript and Eric Jensen helped me fine-tune the astrophysics sections. 
My Swarthmore College Physics 14 students were a great audience fo r field testing this 

book . I very much apprec iate the feedback and encouragement that I received from them. 
Jeff Dunham of Midd lebury College was kind enough to give me detai led feedback on 

the entire man uscript. In addition to Harvey Mudd Co llege and Swarthmore College, a 

number of institutions, including Bryn Mawr College, Ca li fomia State University (San 
Bernardino and San Marcos), Grinnell College, Haverford College, Pomona College, 

Rice Universi ty, and Ursinus College, have used a prepublication version of the text. I 
want to thank Michae l Schulz, Michael Burin, Mark Schneider, Dwight Whitaker, Paul 
Padley, and Tom Ca rroll for their input based on the ir experiences teaching wi th the book. 

I also want to thank the Mellon Foundation for its support, Bob Wolf for ass istance with 

the book's subtitle, Lee Young for helpful copyed iting, Christine Taylor and her staff at 
Wi lsted & Taylor Publishing Services for producing the book, Jane Elli s of Universi ty 

Science Books for all her efforts in overseeing the publi shing process, and my publi sher, 

Bruce Armbruster, for his support of this project. 
Please do not hesitate to contact me if you find errors or have suggest ions that might 

improve the book. 

John S. Townsend 
Department of Physics 

Harvey Mudd College 
Claremont, CA 917 1 I 

townsend@hmc.edu. 
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Albert Einste in once remarked, "For the rest of my life, I wi ll reflect on what light is." 
The greatest physicists of all time, including Newton and Maxwell as well as Einstein, 

have worried about the nature of li ght. And they certai nly have not agreed wit h each 
other. Even now, there is probably not a clear consensus, with many phys icists us ing 

terms such as wave-partic le duali ty to express their perplexity. In this chapter we will 
examine the quantum nature of light, including the deep role that interference plays and 

its implications for understandi ng a ll the phenomena of optics. 

1.1 Waves 

There arc a couple of ways to express a i1a rmonic wave, that is, a wave with a single 
frequency (and wavelength) . Since we wi ll focus initi ally on light , we take our standard 

wave for this section to be an e lectromagnetic plane wave propagating in the x direction, 
for which the electric field can be cxpressed as 

£ = [0 cos(kx - WI ) ( I. I) 

where £0 is the ampli tude of the wave. Light waves are transverse waves; that is the 
electric field osci ll ates pcrpendi cular to tllC direction of propagation, like waves on a 

string, as ind icated in Fig. 1. 1. Thus (1.1) could be the componen t of the electric fic ld 

y 

x 

z 

Figure 1.1 A plane polarized electromagnetic wave traveling in the x direction consists 
of oscillating electric <lnd magnetic fields that are perpendicular to the direction or 
propagation of the wave. 
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2 Chapter 1: light 

along, say, the y or z directions. Figure 1.2a shows a plot of this wave at a particular time, 

say l = O. The wave ( 1.1 ) does not have a definite position. Rather it extends infi nitely 

far tn the +x and - x dlrecllons, repeahng itself over and over agai n with a spatia l period 
A, called the wavelength. The wave number k is re lated to the wavelength A by 

k = 2IT 
A (1.2) 

since when x changes by one wavelength, the cosi ne goes th rough one complete cycle 

and the argument of the cosine function changes by 2IT when kA = 2IT. Simi larly, if 

you sit at a particu lar position x, say x = 0, and watch the wave oscillate in time, the 

electri c fie ld will oscillate with a temporal period T, which is related to the angular 
frequency W by 

2IT 
W = - = 2ITI! (1.3) 

T 

where in the last step we have introduced the ordina ry frequency II = 1/ T . Thus the 
units of k arc m- I and the units of v are 5- 1, or hertz. 

We can, of course, a lso write the e lectric fie ld as 

t: = t:o s in(kx - WI) ( I A) 

as shown in Fi g. 1.2b. Thi s form for the electric fie ld looks essentially the same as the 

one in (1.1 ), it just has a different phase. I f we were to shift our origin in Fig. 1.2b to 

the right by one-quarter wave length, Fig. 1.2b and Fig. 1.2a wou ld be the same. Thus 

making the shift x --> x + 1./ 4 in ( I A) leads to 

t:osin[k(x +A/ 4)-WI] =t:osin(kx -Wi +IT/ 2) = t:ocos(kx -WI) ( 1.5) 

which is just ( 1.1 ). We say that there is a phase difference of IT / 2 between the waves ( 1.1) 

and ( 1.4). Clearly a more general way to write an electromagnetic wave is to express the 
electric fi eld as 

t: = t:ocos(kx - Wi + ¢) (1.6) 

where ¢ is an arbitrary phase that ranges between 0 and 2IT. Note that a phase change of 

IT , correspondi ng to a shift by one-ha lf wavelength , leads to a wave that is the negative 

of the ini tial wave. 

£ 
--A--ol 

(a) (b) 

Figure 1.2 A wave of defin ite wavelength. In (a) the wave ( I I) and in (b) (he wave ( 1.4) 

arc shown al t = O. 

x 



There is an additional way to write a wave that we will find to be extremely useful. 

We make use of the famous Euler identity 

eiO = cosO + i sin O ( \.7) 

where i = p, to combine (I I) and ( I A) together in the form ofa complex wave 

[oeilh- M ) = [0 [cos(kx - WI) + i sin(kx - wi)] ( 1.8) 

Expressing a wave in th is complex form is often done for convenience in classical 
pbysics, where it is understood that the physical solution is the real part of ( 1.8). In 

quantum physics, on the other hand, using thi s complex form turns out to be essential. 
We will assume this to be the case in our discussion of the bebavior of ligbt in tbe rest 

of thi s chapter, and in Cbapter 2 we will see expl icitly how tbi s complex form arises in 

nonrelativistic quantum mechanics when we examine the Schrod inger equation. 
According to Maxwell's equati ons, the equations that govern the electromagneti c 

field, the electric fie ld in free space (in vacuum, with no charges or currents present) 

satisfies tbe wave equation 

a'[ I a'[ 
- - -- =0 ax' c' ai' 

( 1.9) 

where c is the speed of light in vacuum. If we substitute [= [ ocos(kx - Wi) into this 

equat ion, we find 

( , w') -k- +., [0 cos(kx - WI) = 0 
c-

( 1.1 0) 

Thus [ = Eo cos(kx - WI ) will be a solu tion provided that 

w =kc ( I.I I) 

Using ( \.2) and (1.3), we see tbat ( 1.11 ) is equivalent to the fam iliar relation 

AV = c ( 1. 12) 

It is im portant to note tbat wben we ta lk abollt Iigbt, we arc not necessarily talking about 

visible light. Rather, as Fig. 1.3 indicates, electromagnetic waves include waves of all 
wave lengths and freq uencies. ranging from very long wavelenglll radio waves to very 
short wavelength gamma rays. 

In a transparent medium such as glass that is characterized by an index of refraction 
11 , the wave equation becomes 

a'[ II' a'[ 
- - -- =0 ax' c' at' 

which by repeating the steps corresponding to ( 1.1 0), ( 1.11 ), and ( 1.12) leads to 

c 
AV = -

11 

( 1.1 3) 

( 1.1 4) 

consistent wit h the speed of light in the medium being cllI. When light propagates from 
vacuum into a medium such as glass, the frequency v of the light stays the same, but the 
wavelength of the light shifts from A to ),/11 , so as to satisfy ( 1.14). 
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Figure 1.3 The electromagnetic spectrum. 

1_2 Interference and Diffraction: The Wave Nature of Light 

Figure L4a shows a schematic diagram (side view) of a curved glass surface resting on 

a flat glass plate, while Fig. lAb shows (top view) a series of concentric light and dark 

rings that are seen in the reflected light when the system is illuminated from above with 
monochromatic light, light with a single wavelength. These rings are known as Newton's 
rings. The light and dark regions are ca lled interference fr inges. Maxima in the intensity 

occur when the crests of the two waves, one coming from reflection from the glass-ai r 

interface at B and one from reflection from the air- glass interface at C (see Fig. IAa), 

coinc ide. Minima in the intensity, where the intensity is essentially zero, occur when the 
crest from one reflected wave coincides with the trough from the other reflected wave, 
giving cancellation. See Fig. 1.5. The phase di fTercnce between the two interfering waves 

varies with the thickness of the air gap between the two pieces of glass, since the light 

A 

(a) (b) 

Figure 1.4 A spherical glass surface adjacent to a flat glass surface used to produce an 
interference pattern when illuminated from above with monochromatic light. Permission 
is granted to reproduce this 2007 image (Fig. l .4b) by Winnie Summer under the terms 
of the GNU Free Documentation License. 
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Figure 1.5 Interference: Two waves of equal amplitudes (dotted and dashed lines) are 

added together. In (a) the waves arc in phase and interfere constructively, producing a 

wave (sol id line) with an amplitude twice as large as that of the individual waves. In 

(b) the waves are IT out of phase and interfere destructive ly (the solid line coincides wi th 

the x ax is). In (c) the waves are 7r / 2 out of phase and produce a resultant amplitude that 

is...fi times the amplitude of the individual waves. The intensity ofa light wave is 

proportional to the square of the amplinlde. Thus the resultant intensity of the light in 

(a) in which the two waves are in phase is four times as large as the intensity of the 

individual waves and twice as large as the resultant intensity in (c) in which the two 

waves are rr / 2 out of phase. 
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re flected from Ihe air- glass interface al C travels an extra distancc d from B 10 C 10 0 

rclalive 10 lighl reflected from Ihe glass- ai r interface at B. In genera l, from Ihc form of 

the electric fi eld in, say, ( 1.5) we see that an extra distance d corresponds 10 a phase 

difference kd = 2rrd/ A. When the extra path difference is 0, A/ 2, A, 3A/ 2, and so on, 

we see either destructive or constTLIctive interference. 

Note thallhe ccnler reg ion (in the vicinity of A in Fig. IAa) is dark. Right allhe po int 
A we might expect no reflection since one could argue that the light is simply traversing a 
solid piece of glass. But oUlside this point of contact there is a thin air gap with th ickness 
smaller than the wave length of the light which is also dark. This dark region ari ses from 

destructive interference because there is a phase shift ofrr when li ght is re fl ected at the 
air- flat glass in terface (C in Fig. IAa) and no phase shift when light is refl ecled the the 

air- glass interface (B in Fig. IAa) . In general, lighl reflected by a material for which 
the index of refraction is greater than that of the malerial in whi ch the light is trave li ng 

undergoes a phase change of if. Thus the wave from the bottom interface is iT out of 
phase with Ihc wave from the top interface and the two cancel, or interfere destructively, 

when the Ihickness of the air film is very small compared to A. This phase change of 

rr upon reflect ion of an electromagnetic wave is reminiscent of the phase change that 
occurs when waves on a string arc reflected at a discontinuity in the mass density of the 

string, as illustrated in Fig. 1.6.' 

~ ~ Denser string 
Initial -----=========== 

-----l==dA ~ower mediulll 
Final~ 

Phase change 

Initial ~=-=====j-------------
Faster medium 

====~~~~===4----~~---Final .-

No phase change 

Figure 1.6 Reflection of waves from a discontinuity in a rope is similar to the reRection of 

electromagnetic waves from an interface where the index of refraction changes abruptly. 
The reHected wave undergoes a phase change of 1800 when the reflect ion occurs at a 
junct ion where the transmitted wave slows down. When the transmitted wave speeds up 

at the junction. there is no phase change upon reflection. 

J For an cleclronmgnetic wave traveling in a transparent dielectric medium with index of refract ion 
II ) incident normally on an interface with a medium with an index of re fraction 11 2 . the :nnplilude Er of 
the reflected wave is re lated to the amplitude &0 of tile incident wave by Er = - EO(1/ 2 - " I )/(112 + II J). 
Thus for 11 2 > 11 J. there is a change of sign in Er re lative to Eo. corresponding to a phase change of iT 

si nce ei:1 = -I. 
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Interference is the s ignature for wave behavior in classical phys ics . Thus, it is some­

what ironic that the interference pattern in Fig. 1.4 is referred to as Newton's rings, since 
Isaac Newton himself believed that light was composed o f part icles, or corpuscles as 

he called them . Newton noted that if light were indeed a wave it would "bend into the 

shadow," just as sound does in pass ing through an open door, and Newton had apparently 
not observed this. This bend ing of waves is ca lled d iffr act io n ( rea lly j ust in terference 

with another name, as we will now show). Diffraction is readily observed for an appro­
priate aperture size (typically much smaller than a door!) w ith a monochromat ic light 

source slich as a laser, which of course did not ex ist in Newton 's time. One common 
strategy For understandi ng d iffraction fo r light passing through a sli t o f width a is to 

consider each point on the sli t to be a source o f secondary waves, or Huygcns wave lets 
as they arc often called. I f we divide up the slit into two halves, as ill ustrated in Fig. 1.7, 
then for each poi nt in the top hal f of the slit, there is a corresponding po int a di stance 

a / 2 below it in the bottom half. If the path difference (a / 2) s in li between the rays from 

each pai r of points on the slit to a point Pin thc detect io n plane is 1.. / 2, then there will be 

destructive interference between each pair and the total e lectric fi e ld at the point P w ill 

vanish, since a path di fference of )-/2 leads to a phase difference between the two waves 

of]T. Thus there will be a min imum in the intensity when (a / 2) sinli = 1.. / 2 or 

" sin li = A (11 5) 

We can go fu rther in th is vein and divide up the sli t into fo ur equal zones . In this case 

the path di fference between a ray from a point in the top zone and one a / 4 below it in the 

adjacent zone is (a ( 4) s in Ii . Again there will be destructi ve inte rfe rence between these 

two electric fi e lds when the path d iffe rence is 1.. / 2, that is, (a / 4) sin Ii = 1.. / 2 or 

a sin Ii = 21.. ( 116) 

T his cancellat ion will occur for each pair of rays originating from the top zone and 

the one a / 4 below it. A similar cancellation will occur between every pair of rays in the 

thi rd and fourth zones as well , leading to a complete interference minimum when the 

condition ( 1.16) is met. In genera l, there are minima whenever 

a si n Ii = ±A, ± 2 A, ± 3A, . . (diffract ion minima) (1.1 7) 

Figure 1.8 shows a sing le-sli t diffraction pattc rn and Fig. 1.9 shows plots of the relative 

intensity fo r slits of vary ing widths. For v isible light , that is for A in the 400- 700 nm 

range, you need a very narrow slit, one that is only a couple of microns wide, in order 

for the first minimum to occur at, say, 15° . In comparison, note that a fine human hair 

has a diameter of 100 microns.2 

1.3 Photons: The Particle Nature of Light 

Newton 's ri ngs (Fig . 104) and single-slit diffraction (Fig . 1.8) provide convincing 

evidence of the wave nature of light. These photographs are taken with high levels 

of light illumination. W hat happens when a picture is taken with low-i ntensity light? 

Figure 1. 10 shows such a pi cture (a lbeit not one involving interfe rence). At fi rst only 

2 1 micron = 10- 6 111. Thus 100 microns = 10-" m = 0. 1 111m. 

r 
.' · ' , · , · , 

I :..-:?, 
"2 a • 0 , · , • • • 

• • • • 
• • 
• • • • • 

I 

, , , e 

Figure 1.7 A single slit is 
represented as a large number 
of poi 111 sources. In the fi gure 
the slit is divided into halves. 
At the first min imum of the 
diffraction pattern the waves 
frol11 the source at the top of 
the slit are 1800 out of'ph ase 
with the waves frol11 the 
source at the middle of the slit 
and thus cancel, as do the 
waves from all the other pairs 
of sources in the slit. The rays 
shown emanating from the slit 
meet in the detection plane, 
which is where the 
in terfe rence pattern is 
observed. Because the 
detection plane is presumed to 
be quite dista nt from thc sli t, 
these rays arc effectively 
parallel when viewed in the 
region ncar the slit. 
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Figure 1.8 Diffraction pattern of laser light from a single slit. (Courtesy J. Newman) 

(a) 

-20 - 10 o 10 20 
o (degrees) 

,,= 5A 

(b) 

- 20 -1 0 o 10 20 
8 (degrees) 

,, = lOA 

(c) 

- 20 - 10 o 10 20 
8 (degrees) 

Figure 1.9 The relat ive intensity for single-slit diffraction as a function of the angle () for 
slits of varying widths. The narrower the sli t, the wider is the centra l maximum. The 
precise form or the intensity distribution is determined in Problem 1.33. 
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(a) (d) 

(e) 

(c) (f) 

Figure 1.10 A series of photographs showing how the qual ity of the image improves with 
an increasing number of photons. The approximate numbers of photons involved in each 
exposure are (a) 3 x 103, (b) 1.2 x la', (c) 9.3 x 10'. (d)7.6 X la', (c) 3.6 x 106

, and 
(I) 2.8 x 10' . From A. Rose, 1. Opt. Soc. Am. 43, 7 t5 (1953). 

a seemingly random collection of bright spots is observed. On ly when a sufficiently 

large number of spots has been generated does the image become clear. Each of these 

spots on the photograph ic film marks a location where a small chemical reaction has 
taken place, namely, a single part icle of light has interacted with an ion in a gra in of 

s il ver hali de crystal in the photographi c emul sion. A typica l gra in may be a micron or 
so in s ize and may conta in 10 billion silver atoms. When the photographic emulsion is 
developed, all the si lver atoms in a grain will be deposi ted as metallic silver if just a 

few of them have been activated in the original exposure, yield ing an ampli fication of 

10 bil li on. 
Figure 1.1 0 presents a very diffe rent picture of how an image develops than has 

been suggested by our discussion of interference and diffraction in the previous section. 
In class ical wave theory, making the source of the light dim, by reducing the strength 
of the eleclric fi eld, can make the light intensi ty arbi trarily small. As Ihe source gets 

dimmer and dimmer, the intensi ty decreases uni formly everywhere, which should make 
a photographic image progressively fainter and fainter. But the image would always be 

there in its entirety. This is at odds with what we see in Fig. 1.10. 

The Photoelectric Effect 

Despite the evidence for the wave nature of light, it was Albert Einstein in one of 
his famous 1905 papers, on the photoelectric effecl, who first suggested that the elec­
tromagnetic fie ld is composed of quanta, "bundl es of energy" that are now ca lled 
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Photon in Electron out 

~ I> 

Metal 

Figure 1.11 The photoelectric 

effect. 

photons3 Einstei n, inspi red by the work of the physicist Max Planck in analyzi ng cavity 
radiation (a subject we will discuss in Section 7.6), proposed that a photon has energy 

E = hv (LI S) 

where v is the freq uency of the li ght. The constant " is a fundamental constant ca lled 
Planck's constant. Its val ue is 6.63 x 10- 34 J· s. 

In the photoe lectric effect, a photon strikes a e1ean metal surface, ejecting an electron 
from the metal, as illustrated in Fig. II I. This electron is typically referred to as a 

photoelectron. A schematic diagram of the apparatus that is used to study the photoelectric 
effect is shown in Fig. I. 12a. If the anode is at a positive electric potenti al difference 
relative 10 the cathode, then electrons emitted from the cathode will be accelerated toward 
and collected by the anode, generating a current that is detected by the galvanometer 
G in the circui t. If the intensity of the Jight striking the cathode is increased, so too is 
the max imum value (the saturation value) of the phol0current, as shown in Fig. 1. 12b. 

But if the polarity of the anode relative to the cathode is reversed, then electrons ejected 
fro m the cathode are repel led fro m the anode. Only those photoelectrons with suffic ient 
kinetic energy will be able to overcome the retarding potential and reach the anode. When 
the retarding potent ial reaches a certain critical value, called the stopping potcntial, the 
current ceases. The magnitude of the stopping potential is independent of the intensity 
of the light, as is ind icated in Fig. I. 12b. Thus the max imum ki netic energy of the 
photoelectrons is the charge of the electron (e = 1.6 x 10- 19 C) times the magn itude of 
the the stopping potentia l measured in volts. For example, if the stopping potential were 
equal to I V, the maxim um kinetic energy would be 1.6 x 10- 19 C. V = 1.6 X 10- 19 J, 
which is, by definition, I electron volt ( I eV). 

Photocurrcnt 

-L_--!;-______ Potential 
- CPo 0 difference 

(a) (b) 

Figure 1.12 (a) A schcmatie diagram of the apparatus used to investigate the photoelectric 
effect. (b) The photoe lectric current as a function of the poten tial di fference (measured in 
vo lt s) between the anode and the cathode for two different light intensities. Somc of the 
photoelectrons emitted from the cat hode have sufficient energy to reach the anode even 
when the anodc is at negative polarity relative to the cathode. Whcn the retarding potential 
exceeds tfJo . the current is zero. The saturation va lue of the photocurrcllt is proportional 
to the light intensity but the stopping potentia l f{Jo is independent of the in tensity of 
the light. 

'Within a seven-month period in 1905 Einste in submitted five articles for publication in the Anf/ale" 

der Physik. In addition to the article on the photoelectric effect, wh ich many people point to as the 
fi rst bold step toward a quanlllm theory, there were two art icles that laid out the foundations of special 
relativity and two art icles on Brownian motion that prov ided convincing direct evidence of the atom ic 
nature of matter. Hence 1905 is often referred to as a miraculous year, at least by phys icists. 

, 
• 
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Electron energy f---,----,----

-r - - --,--L-__ 

W hlJ 

Figure 1.13 Electrons in a metal arc bound in a potential energy 
well. The solid lines with dots indicate energy levels that contai n 
electrons, generally two to each energy state. The work function 
HI is the minimulll amount or energy required to remove an 

electron fro m the l11elal. The maximum kinetic energy K of an 
electron ejected from the metal by a photon is the energy It IJ of 
the photon minus the work function W. 

In Einstein 's analysis of the photoelectric effect, the energy of the incident photon is 

imparted to an e lectron in the metal. But before the electron can emerge from the metal 

it must overcome the forces that bind it within the metal. Thus the maximum kinetic 

energy K of an electron ejected from a metal by a photon is given by 

K = II II - W (I. I 9) 

where W is the work function of the metal, the minimum energy necessary to extract an 
electron, as indicated in Fig. 1.1 3. Since the energy ofa photon decreases linearly with 

decreasing frequency, there is a threshold frequ ency 110 fo r the ejection of photoelectrons 

from a metal that is determined by setting K = 0: 

II 110 = IIC/AO = W ( 1.20) 

s ince at that freq uency thc electrons would have no ki netic energy. For sodium , a typical 

alkali metal , the work function is 2.3 eY, which means that 110 = 5.5 X 1014 Hz, or 
AO = 540 nm, corresponding to g reen light. Therefore, visible light with A < AO, for 

which it is easy to determine the wave length, has sufficient energy to eject an electron 
from the metal. The maximum kinetic energy imparted to the electrons is then determined 

by measuring the stopping potent ial, permitting a test of ( 1.19). Thi s is the reason Robert 

Milli kan chose to use alka li meta ls to lest Einstei n's prediction. And testing was certa inly 

ca lled for, since ( 1. 19) is in complete disagreement with the ciassica l wave picture that 

we used in Section I . I. In this wave picture, the ki netic energy of the electron should be 

proportional to the intensity of light (the energy per unit area per unit t ime) incident on 

the photocathode. This intensity is determined from the time average of the square of the 

e lectric fi e ld E. Thus the intensity is proportional to E6 , the square of the amplitude of 

the electric fi eld, and is completely independent of the freq uency of the light. Figure 1.1 4 
shows Millikan's results for sodium, confimling Einstein's prediction.4 

"M ill ikan did not bel ieve Einstcin·s prediction and ini tially sct out to disprove it. One or the nasty 
feat ures of alkal i metals is that they react very strongly with oxygen and therefore oxidize readily. 
Mi ll ikan had to take unusual precautions to keep the photocathode from being contaminated. In par· 
ticular, he was forced to build a min iat ure "machine shop in vacuo:' For example, he developed an 
ingenious technique of shav ing the surface of the metal in a vacuum with a magnet ically operated knife. 
In the end, after a long series of careful experiments, Millikan was forced to ack.nowledge the correct· 
ness of Einstein's photoelectric effect fo rmulas '·despite their unreasonableness:' Millikan received the 
Nobel Prize in 1923 primarily for his work on the photoelectric effect, as did Einstein in 1921. 
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Figure 1.14 The maximum kinetic energy K of the photoelectrons vs. freq uency for 
sodium. The data arc from R. A. Millikan, Ph),s. Rev. 7, 355 (19 16). The threshold 

frequency (vo = 5.6 x 1014 i-Iz) has been adj usted to allow ror the contact potential 
between the anode and the cathode (see Section 8.2). Millikan obtained a va lue for h, 
Planck's constant , from the slope of the straight line. 

EXAMPLE 1.1 Determine the energy ofa photon emitted by a helium- neon laser, 
for which A = 633 nm. How many photons are emitted per second if the output 
power is 5.0 milliwatts? 

SOLUTION From (1. 12) and ( 1.1 8), the energy of a photon is 

E = 11 "- = (6.63 X 10- 34 J 'S)3.00 x 10' ,;,S = 3.14 x 10- 19 J 
A 6.33 x 10- m 

which is a very small energy, refl ecting the small size of Planck 's constant, at least 
in macroscopic units. Put another way, the output power of the laser, which is 

5 milliwatts, corresponds to the emi ssion of 

5.0 X 10-3 J/s 
=-:-:---:-;:--c19~:-:--- = 1.6 x 1016 photonsls 
3.14 x 10- J/photon 

This illustrates why we don't notice the discrete, quantum nature of the electro­

magnetic fie ld in everyday life. The number of photons is so large that adding or 

subtract ing one here or there does not make a noticeable difference. A more ap­
propri ate energy scale for atomic processes is the e lectron volt. In electron vol ts, 

the energy of a photon emitted by a helium- neon laser is 

3. 14 x 10- 19 J 
E = = 2.0eY 

1.6 x 10- 19 JleY 

EXAMPLE 1.2 The work function of cesium is 1.9 eY, the smallest work function of 
any pure metal. What is the thresho ld frequency 1)0 for the ejection of photoelectrons 
from cesium? What is the corresponding wavelength? 
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SOLUTION 

W =h vo 

_ _ ( 1.geV)( 1.60 x 10- [9 J/eV) = 4 6 X 10" Hz 
Vo - W / h - 6.63 x 10 34 J. s . 

Thus 

namely red light. 

Compton Scattering 

AO = ~ = 6.5 x 10- 7 m = 650 nm 
Vo 

lronically, despite the beautiful confirmation that Millikan's results provided of Einstein's 

photoelectric effect formula (1. 19), Mil likan himself was not convinced of the particle 
nature of light unti l 1923. In that year, Arthur H. Compton carried out a scatte ring ex­

periment with X-rays on a graphite target. X-rays are short wavelength electromagnetic 

radiation. In classical theory, these electromagnetic waves cause electrons in the carbon 
atom to oscillate up and down with the same frequency as the incident wave and there­
fore emit rad iat ion at this frequency, since the electrons are being accelerated by the 

e lectromagnetic field of the incident wave. Figure 1.15 shows the experimental setup as 
well as Compton's resul ts. Although the intensity of the inc ident radiation has a peak at 

one wavelength, the intensity of the scattered radiation has two peaks, one at the same 
wavelength as the incident radiat ion and one at a longer wavelength . The magnitude of 

this longer wavelength varies with the scattering angle e. 
There is a simple re lationship between the wavelength and the momentum ofa photon 

that follows from combining the results of two of Einstein's 1905 papers. The photo­

electric effect tells us that E = hv = he/ A and, as noted in Section A.5, the special 
theory of re lativity te ll s us that E = pc, a special case of the more general result 

E = J p'c' + II/ 'C4 for 11/ = O. Since he/ A = pc, we fi nd 

h 
p = ­

), 
( 1.21) 

as the relationship that connects the momentulll of the photon to its wavelength.s In a 

situation in which light is scattered from an electron at rest, transferring some kinetic 
energy to the electron, the wavelength of the scattered photon must be longer than that 
of the incident photon since the scattered photon has less energy than the incident one. 

Thus the particle nature ofli ght leads 10 a result that is quite diffe rent from that predicted 
frolll a classical wave approach. 

It is straightforward to analyze this scattering us ing conservat ion of energy and lin­
ear momentum, just as one would do for a collision beTWeen billiard balls (although 
the billiard ba ll s arc not usually relativistic). If we call the wavelength of the incident 

5 A rationale for taking the photon mass to be zero is given in Secti on 2.3. 
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0° 

0.0709 A' : 0.0749 nm 

Figure 1.15 Compton 's experimenta l arrangement and his results [A. H. Compton , Pltys. 
Rev. 21 , 483; 22, 409 ( J 923)}. The da ta show the intensity of the scattered radiation frolll 
a g raphite ta rge t as a function ofwavclcngth wit h a monochromatic source for four 

different scattering angles, namely e = 0, (} = 45°, (J :::; 90°, and () = 135° , The 
wavelength orthe scattered radiation is measured using c rystal diffraction (sec 

Section 2.2) and the intensity is measured by determining the amoun t of ionization thi s 

radiation produces. 

photon A (and therefore its momentum p = " f A) and that of the scattered photon A' (and 
its momentum p' = h/)..' ), as indicated in Fig. 1. 16, then conserva tion of momentum 
requires 

p = p' + p, ( 122) 
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~. 

E;pc ; he 
A 

(a) (b) 

Figure 1.16 A photon is incident on an electron initially at rest in (a) . The photon is 
scattered at angle 0 and the electron recoi ls at angle ¢ , as shown in (b). 

where Pe is the momentum of the scattered electron . Momentum is of course a vector 
and therefore each of its components must be sepa rate ly conserved. If we denote by e 
the angle the scattered photon's momentum makes with that of the incident photon (see 
Fig. 1.17), then using the law of cosines, fo r examp le, we see that 

J., "' 2 ' e p; = p- + p - - pp cos (1.23) 

Here the magn itude of p, is denoted by p" the magni tude of p is denoted by p , and the 
magni tude of p' is denoted by p' . Conservat ion of energy requires 

L 
p 

Figure 1.17 Conservat ion of 

E + lII e' = E' + E, ( 1.24) linear momentum in Compton 
scattering. 

or expressed in terms of the momenta 

(1.25) 

We now use ( 1.23) to eli minate p, from ( 1.25). First move the p'e te rm in (1.25) 
to the left side of the equation and square the result. Then substiruting ( 1.23) in to this 

equation, we obtain 

/e' + p"e' - 2pp' e' + 2(p - p ')lII c1 + III ' C' = p'e' + p"e' - 2pp' e' cos e + III 'C4 

( 1.26) 

\vhich reduces to 

pp' ( I - case) = (p - p') lII e ( 1.27) 

Expressed in terms of the wavelength, we fina lly obtain the Compton formula 

, " ) A - A= -(I-cose ( 1.28) 
me 

Compare th is result with Compton 's original data in Fig. 1.15. Notice that the scale of 
the shift in wavelength is determi ned by the length" / IIIC, which is called the Compton 
wavelength. For an electron as the target particle, " / IIIC = 0.0024 nm = 2.4 pm. You 
can now see why the effect was firs t observed with X-rays. For visible light, for which ), 
is 400- 700 nm, this shift in wavelength is a very small fraction of the wavelength itself 
and is not as easily observed. Compton 's X-rays, on the other hand, had a wavelength 
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of 0.07 nm, so the shift in wave length was a significant fra ction of the wavelength 

itself. " 

EXAMPLE 1.3 What is the energy of a photon with a wavelength equal to the 

Compton wavelength" / lIIe, where III is the mass of the electron? Suppose a photon 
with this energy makes a collision with a free electron initia lly at rest. What is the 
energy of the final photon if the scattering angle is 90°? How much kinetic energy 

is transferred to the electron? 

SOLUTION The energy of the incident photon is 

he '" E = - = IIIC- = 0.511 MeV 
).. 

From ( 1.28), the wavelength of the scattered photon for e = 90° is 

I It II 
).. =)..+ - =2 -

lIIe me 

Th us the energy of the scattered photon is 

I he I '} _ 
E = - = - 1II e- = 0.2)6 MeV 

).. ' 2 

and the electron gains kinetic energy 

in the collision. 

, 1 2 
K = E - E = - lII e = 0.256 MeV 

2 

1.4 Probability and the Quantum Nature of Light 

Example 1.1 shows that a source of li ght with even a modest power output emits a very 
large number of photons. In this section and the next we will discuss experiments in which 
it is necessary to detect photons one at a time. I t turns out to be pretty straight forward to 
"see" individual photons, although not quitc directly wi th the human eyc, wh ich requ ires 
roughly 100 photons per second to produce a s ignal in the brain. (See Problem 1.5 to get a 
sense of the amazing sensitivity of the human eye.) A photomultiplier, on the other hand, 

can detect single photons. Figure 1.18 shows a schematic diagram of how it operates. A 
photon is first absorbed by the photocathode, an electrode coated with an alka li metal, 
eject ing an elect ron via the photoelectric effect. In the photomultiplier, this photoelectron 
is accelerated toward a second electrode at a highcr electric potential. Whcn this clcctron 

6The data in Fig. 1.15 do show scattering occurring at the same wavelength as the incident radiation 
as wel l as at the shifted wavelength given by (1.28). How are we to understand this nomina lly classical 
result? The targct carbon atom consists of a relatively heavy nucleus, at least in comparison with the 
mass of an electron, as well as the six electrons that are bound to the nucleus. I f the incident photon 
interacts wi th the nucleus instead of a lightly bound electron, for example , the atom as a whole may 
recoil in the colli sion. In th is case the mass 11/ in ( 1.28) is the mass of til e atom instead of tile mass of 
the electron and {he corresponding shift in wavelength is much reduced relative to thaI in scattcring 
from an essentially free electron. 
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Figure 1.18 A schematic diagram ofa photomultiplier. 

strikes the electrode, it knocks out several (four or so) additional, or secondary, electrons, 

which are then accelerated toward a th ird elecn'ode, wh ich is at a still hi gher potent ia l. 

Upon impact, these electrons knock Oll t additional electrons, which are then accelerated 
toward an additiona l e lectrode, and so on. A typica l photom ultip lier may have as many as 

14 or IS different electrodes, or dynodes as they are called. Thus the init ia l photoelectron 

generates an avalanche of perhaps ten milli on electrons in a high-gain photomultipli er. 
These electrons form a current pu lse, which can be ampl ifi ed, generating an electr ical 

signal that enables LI S to detect the arri val ofa single photon.? 

The photoelectric effect and Compton scattering provide indirect evidence for 

the particle nature of light, albeit evidence that is in striking disagreement with the 
pred ict ions of classical physics. Direct evidence fo rthe partic le nature of li ght was, in fact, 

not obtained until quite recently. A. Aspect, P. Grang ier, and G. Roger used the cascade 

radiative decay of an excited state of calci um (see Fig. 1.1 9) to generate single photons 

4p"So--~ v, 
55 1.3 mn 

+ - - 4s4p 'P, 

v, 
422.7 nm 

Figure 1.19 A n energy-level diagram for calcium . T he spectroscopi c notation 

used to label the energy leve ls is exp lained in Section 7.3 . 

7 A pholodiode, a so lid-state dev ice constructed from the semiconductor sili con, can achieve a sig­
nificantly higher effic iency than a photomu ltip lier for detecting single photons. 

17 
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S )--+--}L-_ 
Coincidence 
counter 

Figure 1.20 A schematic diagram of the anticoincidence experiment of Grangier et a1 . 
The source S emits two photons in a cascade decay. Detect ion of tile first photon is used 
to generate an electrical pulse which activates the two photomultipliers. 

in an experiment they carried out in 19868 Two photons with frequencies ", and ", 

are emitted in this cascade decay. The first photon emitted is called the trigger photon , 

since if it is detected by the gate photodeteetor, shown to the left in Fig. 1.20, then 

an electronic signal is sent to the circuit containing the two photomultipliers PM, and 

PM" turning on these photodetectors for a period 2I" where I t = 4.7 ns is the lifetime 

of the intermediate state shown in Fig. 1.19. The probability of detecting the photon 

with frequency", with either photodetector PM , o r PM, from this particular cascade 

decay is much greater than that of observing a photon wi th this freq uency from the 

decay of any other calcium atom in the source, essentially because the detectors are 

synchronized with the emission of the first photon and are active for such a short period 

of time. 

Situated between the single-photon source and the photodetectors PM, and PM, is a 

beam splitter. The beam splitter is simply a device that reflects half the light incident upon 

it and transmits the other half. If li ght is incident on a sheet of glass at normal incidence, 

for examp le, 96% of the light is transmi tted and 4% is reflected (which is why we make 

windows out of glass). If we coat the g lass with a thin film ormetal, it becomes a mirror 

that (idea lly) reflects 100% orthe li ght. I fthe surface is on ly lightly coated (silvered), we 

can create a half-silvered mirror that reflects 50% of the light and transmits 50% of the 

light incident upon it, say at an angle of 45° 9 Thus if we were to shine the 5 m W laser 

from Example 1. 1 that em its 1.6 x 10 ' 6 photons/second on the beam splitter, we woul d 

find on average 8 x 10' s photons/second are reflected and 8 x 10 ' s photons/second are 

transmitted. This is an enormous number of photons, such that we would be hard pressed 

to notice the discrete particle nature of light. 

But what happens irone photon at a time is inc ident on the beam spli tter? Perhaps the 

photon splits in two, with haifa photon being transmitted and half reflected . But if the 

photon were to split , then by energy conservation the reflected and the transmitted photon 

would have less energy than the incident photon and hence a longer wavelength. But this 

is not what is occurri ng since the re fl ected and the transmitted beams have the same color 
as the incident light. What Aspect and company find is that a count is obtained by either 

PM1 or PMr but no! both Simultaneously . A cOllnt in PM, never co incides with a count in 
PM" whi ch is what we expect ifl ight is composed of particles. Our everyday experience 

8p Grangier, G. Roger, and A. Aspect, Ewvpllys. Len I, 173 ( 1986). 
9 A modern beam spl itter may have a multilayer dielectric as the coating instead ofa metal. 
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with a partic le is that it is either "here" or " there." Waves, on the other hand, are spread 

out over an extended region o f space and may be bOlh "here" alld " there." Consequently, 

the experiment is referred to as an anticoincidence experiment and the results wi th single 

photons are in complete accord with the fact that light is indeed composed of particles. 

One may well ask then which of the two photomultipliers detects the photon with 

frequency "2 . The answer is simple: it is not poss ible to predic t whether the photon will be 

detected by PM, or PM,. In fact, the best we can do is give the probability for detection. 

The way we calculate th is probability is to determine first a complex number z, called 

the probability amplitude. Thi s terminology is rem iniscent of the ampli tude [ 0 of the 

complex form fo r the electromagnetic wave ( 1.8) . 

A general complex number z may be expressed as 

z = x + iy (1.29) 

where x and y are real and i = .J=T. In fact, a ll fundamental processes in nature can be 

described using a probab ili ty amp litude or a sum of amplitudes . The complex conjugate 
of the complex number z is defined to be 

z* = x - iy ( 1.30) 

Therefore the ru le for obtaining the complex conjugate is to let i ---+ - / everywhere . 

When a probability amplitude is multiplied by its comp lex conjuga te, the result is a 
positive, rea l number: 

z' z = (x - iy )(x + iy ) = x' + )'2 (1.3 I) 

which we postulate is the probabili ty of detecting a photon, prov ided z is properly chosen. 
Thi s is the first major principle of quantum mechanics: 

The probabili ty of an event = z*z ( 1.32) 

There is an alternative way to represent a complex number that wi ll be especially 

useful to us. Figure 1.2 1 shows the location of the comp lex number z = x + iy in the 

complex p lane. If we choose polar coordinates rand 1> to labe l this poi nt instead of the 
rea l and imaginary parts x and)" then 

z =X + iy =rcOS¢+irs in 4> = re it/1 

y = 1m Z 

r 

x = Re z 

z = x + iy = rei1> 

Figure 1.21 A complex number z is defined by giv ing it s real and 

imag inary parts, x and y, respect ive ly, or its magnitude rand 

phase <p. 

( 1.33) 
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where r is called the modulus, or magnitude, of the complex number and ¢ its phase. In 

the last step we have used the Eul er identity ( 1.7). Notice that x,y, r , and ¢ are a ll real 

numbers. In terms of the magnitude and phase, the comp lex conjugate z* is given by 

z' =rcos¢ -irsin¢ =r(cos¢ - i sin ¢) =re-'~ ( 1.34) 

and the product z *z involves only the magnitude squared: 

(1.35) 

which is the same as ( 1.3 1) s ince of course r' = x' + y ' . We will often use the somewhat 
more compact notat ion 

( 1.36) 

In our discuss ion of interference ofelcctromagnclic waves in Section 1. 2 two aspects 
of the wave that we made use of were its amplitude and its phase. In classical physics 

the intensity ofa light wave with amp li tude Eo is proportiona l to E6. In quantum physics 

the probability of detecting a photon with probability amplitude re;~ is equal to,.2, the 

magnitude squared of the probability ampli tude. In general, the magnitude and phase 

of the probabili ty am plitude are determi ned from first principles by solvi ng Maxwell's 

equations. In free space, these equations can be reduced to the wave equati on ( 1.9). Just 

as the spatial dependence of an electromagnetic wave in free space can be written as e ikx , 

the phase ¢ of the corresponding probability amplitude for a photon with wavelength J­
to travel a distance x is given by kx , where k = 2rr IA. We are interested in the spatial 

dependence of the amplitude since in the remainder of this chapter we will be analyzing 
si tuations in which there are a variety of distances that a photon may trave l between the 

source and the detector. 

Let 's start with an example for which we know what the probability must be. Suppose 

the source o f the li gh t is a laser that is p laced a distance x di rect ly in front ofa photom ul­

tip lier. I f we assume we can ignore the spreadi ng of the light beam as it exi ts the laser 

because the distance x is not too large, that is the photomultiplier is quite near the laser, 

then there shoul d be a 100% chance of detecting a photon, presuming the photomultiplier 

is 100% effic ient. If we express the probabili ty amplitude in the form z = re;~, then 

the fact that z' z = I te ll s us that r mu st be one but it doesn ' t te ll liS anythi ng abollt the 

phase ¢. Since we are assuming that the region betwcen the laser and the photomultiplier 

is empty space, the phase of the amplitude for a photon to travel a distance x is kx. But 

a phase that is proportional to the distance x traveled by the photon has an interesting 

consequence. Not ice that if we break lip the distance x into segments of length X I and 

X2 where x = XI + X2. then the phase factor eikx can be written as 

( 1.37) 

where the last step is an elementary consequence of the ex ponential functi on. Thus the 

phase factor e;kx for traveling a distance x is the product of the phase factors e;kx, and 

eikx2 for traveling distances XI and X2. 

Although this is just one example, it suggests a second major principle of quantum 

mechanics: To determine the probability ampli tudc for a process that can be viewed 

as tak ing place in a seri es of steps- say a photon propagating a di stance Xl and then 

propagating an additional d istance x,- we IIlllltiply the probabili ty ampli tudes for each 
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S - --XSA 

Figure 1.22 Distances traveled by the photon 

in the anticoincidence experiment. 

( 1.38) 

In class ical physics, llsing complex exponentia ls for waves, for example, is a notational 

convenience. The physics is determined by the real part of these complcx-valucd func ­

tions. But using real valued functions sllch as coskx\ and COSkX2 for the probability 

amplitudes would mean that the probability amplitudes would not obey this product rule. 
As we will sec, the product rule and complex numbers are necessary fo r a complete 
description of the real world in which we livc. 

Let's now analyze the anticoincidence experiment shown in Fig. 1.20. I[we call XSA 

the distance the photon travcls between the sourcc and the beam spli tter and XA, the 
distancc the photon travels between the beam splitter and the photomultiplier PM" as 
indi cated in Fig. 1.22, then the probabili ty amplitude for a photon leav ing the source to 
be detected by PM, is given by 

z, = e;kx" (.)z) e;kx,,, = .)ze;kd' (1.39) 

where we have labeled by d, the total distance traveled between the source and the 

photodetector PM" that is, d, = XSA + XA'. Note that we have inserted a factor of I/.fi 
in the middle of the amplitude (1.39) to account for the fact that there is a 50% probability 
that the photon is transmitted at the beam splitter. Thus if we use the probabili ty amplitude 

(1.39) to calculate the probability that a photon is detected by PM" we obtain 

( 1.40) 

Similarly, we can write the probabili ty amplitude for a photon to travel from the source 

to photodetector PM, as 

(1.4 1 ) 

where dr is the total distance traveled between the source and the detector, that is the Slim 

of the distance XSA from the source to the beam sp litter and the distance XM between the 
beam spli tter and the photodetector PM,. Notice in ( 1.41) there is a minus sign in the 
overa ll amplitude indicative of lhe fact that there is a phase cha nge of]!' upon reflection 
from the beam splitter, as was thc case for the rcflection of li ght fro m the air- glass 
interface in our analysis of Newton 's rings in Section 1.2. Recall that ei7r = - 1. Here 



22 Chapter 1: Light 

too we obta in a 50% probabili ty that a photon is detcctcd: 

I 

2 
( 1.42) 

Of course, if the photon isn't detected by PM" it will be detected by PM" assuming our 
photodctectors arc 100% cffi cient. Thus it must also be true that 

( 1.43) 

Finally, notice how in this anticoincidencc experiment the va lue of the phase for the 

amp litudcs ( 1.39) and ( 1.4 1) cancels out in cal culati ng the probabilities ( 1.40) and ( 1.42). 
respecti vely. In the next section: we will examine an experi ment in which the phases of 

the probabi lity amplitudes matter a great deal. 
You may find it distress ing that the best we can do is determine a probabil ity for 

an event to occur. When we flip a coin, for example, we often say that there is a 50% 

chance that we get a head and a 50% chance that we get a ta il. But we believe that i f we 

have enough informat ion about the underlying physics, such as how much force and how 
much torque is exerted on the coin when we flip it, we can determine how many flips 
the coin will make before, say, it hits the ground and whether it will land wi th a head up 

or not. Thus thc fl ipping of the co in is not inherently probabil istic. But when it comes 

to predicting whether a single photon is transmined or reflected by a beam spliner, the 
best we can do is give a probabilistic answer. Not everyone finds this s ituation satisfying. 
Einstein for one certainly did not, hence his famous dictum "God does not play dice with 

the Universe ." To which Niels Bohr rep licd, "Who are you to tell God what to do?" 

EXAMPLE 1.4 Suppose the beam splitter shown in Fig. 1.22 transmits one quarter 
of the light and reflects three quarters of the light of wavelength A incident on it. 

What are the probability amplinldes for detect ing the photon wi th photomultip lier 
PM, and photomultip lier PM,? 

SOLUTION The probability amplitudes that photomultipliers PM, and PM, detect a 

photon are given by 

and 

Zr = e' X S,\ e'lT - e' 'XAr = - - e' "l , 'k ( . A) ., J3 '1/ 

4 2 

respectively, where d, is the tota l distance traveled between the source S and PM, 
and d, is the total distance traveled between the source S and PM,. Consequently 

-' 7 I d • 3 .t. - an z '7 -
1 -1 - 4" r-r - 4" 

as desired. Thus if the helium- neon laser in Exampl e 1.1 that emits 1.6 x 
10 '6 photons!s is the light source, then on average 0.4 x I Ot6 photons!s would 

be transmitted and 1.2 x 10 ' 6 photons!s would be re flected. But for a single photon 
a ll we can say is that there is a 25% chance the photon will be transmitted and a 
75% chance it will be reflecled. 
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EXAMPLE 1.5 A photon passes through a sheet of polarizing mater ia l. The polar­

izat ion axis of the sheet is vertical. What is a probabili ty ampli tude that could be 

used to determine the probabi li ty that this photon will then pass through a polarizer 

with a polarization ax is that makes an angle e with the vertical? 

SOLUTION We know from classical physics (the law of Malus) that the intensity of a 

beam ofli ght passing through the second polarizer is reduced by a factor of cos' e. 
Thus a probability ampli tude that woul d work would be z = case . [Fe = 0, there 

is a 100% probabi lity of transmission (assum ing ideal polarizers), and if e = 90° 

(the transmission axes arc perpendicular), there is no chance that the photon will 

be transmi tted. 

1.5 Interference with Single Photons 

In 1989 A. Aspect, P. Gra ngier, and G. Roger followed up on their photon anticoincidence 

experiment by performing an experiment in which single photons were incident on a 
Mach- Zehnder interfcromcteL IO The results of this experiment vividly illustrate what 
may well be one of the most di sturbing aspects of quantum mechanics. Figure 1.23 shows 

a schematic diagram of the experiment. The first mirror, at A, is a half-si lvered mirror 
that acts as a beam splitter. Fifty percent of the light is transmitted to mirror B while the 

other 50% is re Hected to mir ror C. Assume mi rrors Band C re fl ect 100% o f the light. 

Fina ll y, mirror D is again a beam splitter. No matter whether li ght arrives from B or C, 
50% is sent to one or the other photomultip lier, PM , or PM, . 

Beam splineI' 

Detector 
PM , 

Figure 1.23 A diagram ofa Mach- Zehnder interferometer. Photomultipl iers PM1 and 
PM2 are used to detect a photon incident on beam splitter A from the left. 

J() A. Aspect , P. Grangier, and G. Roger. J. Optics (Paris) 20, 119 (1989). 



24 Chapter 1: Light 

To analyze what is going to happen, start by imagining yourself to be a single photon 

traversing the interferometer. At each beam spli tter you toss a co in. If the co in lands tai ls 

up (T), the photon is transmitted. If the coin lands heads up (H), the photon heads off in 

a different direction, that is , it is reflected. Thus a T at the first beam splitter and an H at 

the second beam splitter will cause the photon to be detected by PM,. So will an H at 

the first beam splitter and a T at the second beam splitter. On the other hand, two H's o r 

two T's will cause the photon to be detected by PM, . Since HT, TH, HH, and TT occur 

with equal probabil ity, there should be a 50% chance that the photon is detected by PM, 

and a 50% chance that the photon is detected by PM, . Note that these predictions are 

independent of the d istances between the beam splitters and the mirrors. 
Illlhe experiment Aspect et al. vary the distance traveled by the photon along one of 

the paths, say path ABD, by varying the position of mirror B in small steps each of s ize 

A/ 25, where A is the wavelength of the photon being detected by, say, PM ,. If you look at 

the data in the top row in Fig. 1. 24, you see the num ber of photons detected if they count 

0.01 s/ehannel 
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Figure 1.24 Development of the interference fringes one photon at a time. The vertical 

axis shows the number ofpholons detected in photomultipliers PMI and PM2 for a 
particular position of the mirrors in the interferometer while the horizontal axis shows 
the path difference between the different arms of the interferometer measured in intervals 
of A/ 25, where A is the wavelength of the photon in the interferometer. For each fixed 
position of the mirrors photons are counted for time intervals ranging from 0.01 s to 10 s. 
The photomultipliers arc active for 10 ns intervals following detection of the first photon 
em itted in the cascade decay. The data arc from A. Aspect, P. Grangier, and G. Roger, 
J. Optics (Paris) 20, 11 9 ( 1989). as are the data in Fig. 1.25. 



Section 1.5 tnterference with Single Photons 25 

for 0.0 I s. Notice that in thi s time inte rvaL they may detect a photon with photomultiplier 

PM I, but they never detect two or morc photons. This is consistent with there bei ng at 
most one photon in the interfe rometer. Si milarly, PM, detects at most onc photon, and 

there are no coincidences in counts between PM I and PM2 for a part icular position of 
mirror 8, in accord with our discussion in the previous section on the particle nature 

of light. 

If you look at the results in the second row of Fig. 1.24 of counting for a 0.1 s interval 

for each position of mirror S, you see more counts but no clear pattern is evident yet. But 

look at the bottom row, where the counts are taken for ID s for each positi on of mirror B, 

and you see a striki ng pattern . In some positions of mirror B essentially no photons arc 
detected by PM , . At those positions, many photons, up to 200, are counted by PM, . But 

if mirror B is shi fted sli ghtly, say ).. / 2 to the right or to thc left, this situation is revcrsed, 

with 200 photons counted by PM, and essentially none by PM, . Or look at Fig. 1. 25, 

whi ch shows the results of counting for longer peri ods of time and moving mi rror B by 

increments of "A/50. The data show a classic interference pattern, which is in marked 
di sagreement with the predictions that we made by tossing co ins. 

We now face a conundrum. Interference is thought to be a characteristic of waves, but 
light is composed of particies. To account for the interference of the particles, we need an 

additional pri ncip le of quantum mechanics. To see what thi s principle may be, let's start 

by trying to ca lcul ate the probabi lity that a photon is detected by PM, . Let's call Z ABO 

the probability amplitude for a photon to reach PM, along path ABO. Our discuss ion in 

the previous section suggests tha t we should mul tiply the am plitudes for each leg of the 
path, that is, 

I ( I) ( - I) ikd , 
ZAB O = .vf:Z - vf:Z e ( 1.44) 

where the fi rst factor of 1/ vf:Z is the amplitude for transmission at the fi rst beam splitter 

at A, the mi nus sign comes from the phase change upon re fl ection from the mi rror at 
B, the second factor of - 1/ vf:Z com ing from reflection from the second beam splitter 

at 0 with an associated phase change, and fin ally the factor of e;kd, ari sing from the 
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Figure 1.25 The location of the movable mirror in the Mach- Zehnder interferometer is 
varied in increments of ),, / 50. The photons are counted for I s fo r each position of the 
mirror in (a) and for 15 s in (b). 
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total distance d, that the photon follows from the source to PM , along the path ABD. 

Note that zAOOzABD = 1/ 4, which is the probability of obtain ing TH in the coin-tossing 

scenario. 
There is, of course, a second route a photon can take to reach PM" namely along 

path ACD. The corresponding probability amplitude is 

( 1.45) 

where the first factor of -I /.Ji arises from the probability amplitude for reflection 

from the first beam splitter at A, the middle minus sign is the phase change associated 
with reflection from the fixed mirror at C, and the last factor of 1; J'i ar ises from the 

probability amplitude for transmission at the second beam splitter at D. Here we have 

assumed that the tota l di stance traveled by the photon in traversing the path ACD between 

the source and the photodetector is d, . Note that zACDzACD = 1/ 4, the probability of HT 

in the co in-tossi ng scenario. 
If we were to add the probabi li ti es that a photon takes path ABD to reach the detector 

and a photon takes path ACD to reach the detector, we would obtain a 50% probabi li ty 

that the photon is detected by PM , independent of the position of mirror B. Even though 

we might th ink that a photon has to take onc path or the other, this is at odds with the 
data. Adding rhe probabilities does 11 0 1 work. I nstead, since there arc no detectors that 

tell us which path the photon takes, we must write the probability amplitude for a photon 

to be detected by PM, as 

( 1.46) 

where the probability amplitudes ZABO and ZACI) are given by (1.44) and (1.45), respec­

tively. This is a special case of the third major principle of quantum mechanics: If 

there are multipl e ways that an event can occur (in this case the multiple paths the light 

can take), wc add the amplitudes fo r each of these ways: 

Z = Zl + Z2 + .. . 

For the Mach- Zehnder interferometer example, ( 1.46) becomes 

The probability is then given by 

where ill the last step we have made lise of the half-angle formu la 

(j J I + cose cos - = 
2 2 

( 1.47) 

( 1.48) 

( 1.49) 

( 1.50) 
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Since ZPM1 is the Slim of two terms, ZABD = eikd l /2 and Zi\C D = eik'11/ 2 , when ZPMI is 
multiplied by its complex conj ugate, there arc two terms that ar ise in the multip lication, 

namely z~BDz ACD and Z~CDz AB O' which osci llate as dl - dl varies. These "cross terms," 
the thi rd and fourth terms in the middle line oft I .49), are responsible for the interference 

effects. The overall probabi li ty ( 1.49) is in agreement with the experimenta l results." 

Note that if d, - d, = 0, ±i., ±2A, ... , then ked, - d,)/ 2 = 0, ± rr , ± 2rr, . .. and 
the probability ( 1.49) is I; that is, 100% of the photons incident on the interferometer 

wi ll be detected by PM , . On the other hand, if d, - d, = ±i./ 2, ±3i./ 2, ... , then 

ked, - d, )/ 2 = ±rr / 2, ±3rr / 2, ... and the probability the photon is detected by PM, 
vanishes. But the detection probabi li ty is not solely 0 or I, of course. For examp le, if 

d , - d, = ±i./3, ±2i./3, ... , then ked, - d, )/ 2 = ± rr / 3, ± 2rr / 3, ... and the probability 
the photon is detected by PM , is 114. As Example 1.6 shows, if the incident photon is not 

detected by PM" then it is detected by PM" assum ing the photomultipliers are 100% 
efficient in detecting photons. 

The data shown in Fig. 1.24 and Fig. 1.25 arc in agreement with the result ( 1.49) 

(as well as the corresponding result fo r detect ion of a photon by PM , that is obta ined 
in Example 1.6). We clearly see interference fringes, but only after we have detected a 

sufficiently large number of photons. Nonetheless, one can say that the interference is 
taking place for indi vidual photons, since on ly one photon is present in the interferometer 
at anyone time. Why is this Slate of afT airs so troubling? As mentioned in the previolls 
section, Aspect et aJ. have looked at the anticorrela tions that exist when a single photon 
is incident on a beam splitter, as in Fig. 1.20. The photon is detected by either one 

photomultiplier or the other. The photon docs not sp lit at the beam spl itter; it goes one 

way or the other. But by addi ng mirrors Band C and a second beam splitter 0 , Aspect 
et aJ. have created a situation in which both paths ABO and ACO matter for each photon. 
How can this be? How does the photon know that both paths are present once it passes 
the first beam splitter? What then is interfering? 

To make matters perhaps strangcr still , Aspect's group has recently carried out what 

the physicist John Wheeler called a delayed-choice experiment. In this experiment 

single photons were incident on a Mach- Zehnder in terferometer with a 48-m path length 

(or, equivalently, a 160-ns time of fli ght) between the two beam splitters. The decis ion 
to include or excl ude the second beam splitter was effect ivcly made after the photon 
had entered the interferometer. Therefore as the photon passes the first beam splitter, it 

"cannot know" which experiment is be ing performed, the anticoincidence experiment 
described in the previous section or the single-photon interference experiment described 

in this section. Figure I .26a shows the complementary interference fringes observed by 

the two photodetectors when the second beam spl itter is present , whi le Fig. I .26b shows 
the output from the photo detectors when the second beam splitter is removed, in which 

case we know which path the photon took between the source and the detector. In the 
lancr case the characterist ic anticorre latiol1s in the count rate in the two detectors are 

observed, with 50% of the counts in one photodetector and 50% in the other. 

110f coursc if you toss H coin for which there is a 50% chance of obtain ing a head, there is nothing 
inherently wrong with obtaining four heads in the first four tosses. It is just not highly probable. As 
the number of losses increases. the distribut ion of heads and tails will approach the 50--50 mix that 
we expect based on the underlying probabil ities. Simil arly, the probability distribution ( 1.49) becomes 
most apparent as the number of photons counted increases. 
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Figure 1.26 Results of a sing l e~photon delayed-choice experiment with a Mach- Zehnder 

interferometer. In (a) both beam splitters arc present and the path difference between the 

two arms of the in terferometer is va ried by tilt ing the second beam splitter. In (b) the 
second beam spl itter has been efTecti vely removed from the i l1 lCr feromclCL 

Consequently, there arc two paths between the light source and each photodclcctor in (a), 

while in (b) there is a single path between the light source and each photodctector. The 

dec ision to include or exclude the second beam splitter was made ill such a way tha t the 

photon could not -'know" whether the second beam spliuc r was prcsent or no l as it 

entered the interferomcte r. Adapted from V Jacques, E. Wu, E Grosshans. F. Treussart, 

P. Grangier, A. Aspect, and J.-F. Roch, Sciellce 315, 966 (2007). The sol id circles indicate 
data from detector 1 and the open circles data from detector 2. 

In summary, quantum mechanics tells us simply that if we set lip a situation where 
there arc multiple paths that a particle can follow between the source and the detec­
tor, then we must include a probability amplitude for each path. When we calculate 
the probability by multip lying th is sum of amplitudes by it s complex conjugate, the 
cross terms generate the interference that wc observc. We cannot say that tlte parli­

c1e follows one patll or the OlllCl: This is the nature of the quantum world in which 
we live. 12 

12The issues raised so far may in part explain why a whole issue of Optics (lml PholOllics h ellds 
(Vol. 3, No. 1.2003) was devoted to "The Nature of Light: What is a Photon?" The articles include two 
humorous quoles from Roy Glauber, who shared the Nobe l prize in physics in 2005 for his contributions 
10 the field of quantum opt ics: "1 don't know anything about photons, but I know one when I see one." 
and "A photon is whm a photodclCClOf dctects ." 
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EXAMPLE 1.6 Determ ine the probabili ty that a photon incident on the Mach­

Zelmder interfe rometer shown in Fig. 1.23 is detected by photomult iplier PM2· 

Show that the probability that a photon is detected by either photomultipl ier PM , 

or photomultip li er PM2 is one. 

SOLU TION To calculate the probabil ity that a photon is detected by PM2, we must 

add the amplitudes for the photon to reach PM2 along path ABD and along path 

ACD. The combined ampli tude is g iven by 

ZPM = - (- i) - e + - (- I ) - e . I ( i ) ,,<I, ( - I ) ( I ) "", 
' ..fi..fi ..fi ..fi 

where in the first tcrm d l is the distance traveled between the source and the 

photodetector along path ABD and in the second term d2 is the distance trave led 

along path ACD. The second term is the tricky one. There are two phase changes 

(two minus signs) in thi s amplitude. The first ari ses from the reflection at the beam 

splitter at A and the second in refl ection from the mirror at C. At first you might 

expect a third minus sign in refl ection frolll the beam splitter at D into PM2. But in 
th is last re fl ection, light fi rst travels through the g lass of th is second beam splitter 

be fore reaching the interface w ith air, which is where the reflection occurs. See 
Fig. 1.23. Thus in keeping with our discuss ion of phase changes in re fl ect ion in 

Section 1.2, there is no phase change for thi s reflection since the light approaches 

the interface from a medium with the larger index of refraction U The probability 

corresponding to this combined amplitude is 

z· Z = (_ ~e-;kd ' + ~ e-;kd' ) (_ ~ e;kd' + ~ e"d' ) 
PM2 )1M2 2 2 2 2 

= ~ ...L. ~ _ ~eik(dl - d2) _ ~e-ik(dl-(12 ) 
4 ' 4 4 4 

= - - - cos [ked, - d2) ] = sin- -
I I , [ked, - d,)] 
2 2 2 

where in the last step we have made use of ihe ha lf-angle form ul a 

. e / I - cose 
510 - = 

2 2 

Adding the probabi lity that the photon is detected by PM, from ( 1.49) to the 
probability that it is detected by PM2, we fi nd 

assuming of course that the photomultip liers are 100% efficient detectors. 

!3This disc llss ion of phase change upon re flect ion at the beam splitter at 0 may prompt you to worry 
about reflect ion from the front i l1 t erf~1cc of this beam spl itter when it is approached on path AC D. As 
Example 1.8 shows, reflection from this interface can be minimized by coating the front surface with 
a thin fi lm of, say, magnesium fl uoride. 
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Note: It is worth emphasizing that the probabilit ies for the photoll to be detected 

by PM t and PM, depelld on the differellce in the distances d t and d, trave led by 
the photon from the source to each photodetector along the paths ABO and ACD. 

Since on path ABO and on path ACO the photon trave ls the same distance from 

the source to the beam splitter at A, for example, this common distance cancels out 
when calcu lat ing d t - d,. Hence the di stances that rea lly marter are the distances 
withi n the interferome ter itself. Thus it is not imperative that photomultiplier PM, 

be positioned exactly the same distance from the second beam splitter as is PM t, 
since this extra distance is the same fo r both paths that contribute to the amp li tude for 

detecting a photon with either photomultiplier and thus cancels out when calculating 
the difference in path length. 

Perhaps thi s is a good place to admit that our discussion of the calculation 
of the probability amplitt,des has been somewhat oversimplified. When light is 
transmitted th rough the glass ofa beam splitter, say of thickness d, on path ABO, 

the phase of the amp litude advances by ¢ = k'd, where k' = 2IT l A' = 2IT II IA and 
II is the index of refraction of the glass. That is, we need to account for the fact 

that the wavelength of the photon in the glass is A' = AI I1. Thus the phase of the 
amplitude advances more rapidly in glass than it docs in vacuum (or air). One might 
say that we have been treating the beam spli tter as if it were arbitrari ly thin, since 
we did not take thi s change of phase into account. But the real reason that we were 

able to ignore the fin ite thickness of the beam splitter is that the photon is presumed 
to traverse the same thickness of glass on path ABO or path ACO to reach detector 

PM, (or detector PM, for that matter) and therefore this phase change cancels out 
when we ca lculate the probability of detecting a photon, just as the common phase 

change due to travel on the distance between the source and the beam splitter at A 
cancels out in determining a probabili ty such as (1.48). Example 1.8 discusses the 
phenomenon of thin-film i nterfe,.~nce, a phenomenon where the change of phase 

in traversing a medium other than air matters a great deal. 

EXAMPLE 1.7 Suppose that the probability amplitude for a photon to be detected 
by one of the photomultip liers in the Mach- Zehnder interferometer is given by 

z = e'l. (Zl + Z2) 

where X is a real number and z, and z, are the probability amplitudes forthe photon 
to take paths A B D and AC D, respectively. The quantity eix is referred to as an 
overall phase factor (and X is ca lled the overa ll phase). Show the probabi li ty of 

the photon being detected is independent of X· 

SOLUTION The probability is given by 

z*z = e- i X (z~ + zi) eix 
(Zl + Z2) 

= (z7 + zi) (ZI + Z2) 

since e-ix ei x = I. Thus the probability is independent of X. However, as we saw in 

the preceding example, the phase differell ce ¢ = ked, -d,) between the amplitudes 
z , and Z2, what is ca lled the relative phase, matters greatly in determ ining the value 
of the probabi li ty. 
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Figure 1.27 Reflection at nonnal incidence from a thin film of magnesium fluoride. 

EXAMPLE 1.8 Glass lenses are often coated with a th in fi lm of magnes ium fluorid e 

to reduce unwanted reflect ion of light. The index of refraction ofMgF2 is II = 1.38, 

which is intermediate between the index of refraction of air (l1air = 1.00) and 
that of g lass (liglass = 1.52). As shown in Fig. 1.27, a single-photon source of 

light S that emits photons of wavelength A is located a distance I, above the film 

and a photomultiplier is located a distance 12 above the fil m so that light reaches 

the detector by reflecting 01T the film al normal incidence. The magnimde of lhe 
probability ampli tude fo r li ght to travel fro m the source to the detector via refl ection 

from the top surface of the film is r ; via reflecti on from the bottom surface it is .rr , 

where J is a fraction less than one. Take the thickness of the fi lm to be d. 

(a) , What is the probability amplitude for detecting a photon via re fl ection from 

the top surface of the film? 

(b) What is the probability amp linlde for detect ing a phOion via reflection from 

the bottom surface of the film ? 

(c) Ca lculate the probability that a photon is detected by the photomultiplier. 

Assume that the additiona l amplitudes that result from multiple reflections 

between the top and bot1om surfaces of the film can be neglected in your 

calculation. 

(d) Determine a value for d in terms of A and II that mi nimi zes the probabili ty of 

detection. Obtain a numerica l va llie for the minimulll probabili ty by taking 

r = 0. 16 and J = 0.30 for A = 550 nm. Compare YOllr value with data for 

the reflectance ofa thin film of magnesium fluoride in Fig. 1.27. 

SOLUTI ON 
(a) Zt = _eikflreikl2 = _ r eik(/ I+12) 

where k = 2rr /1.. 
(b) Zb = _eikll eik'l/ ,./ eik'd e ikl2 = - r f e ik(h+h)e2ik'd 

where k' = 2rr/ A' = 2rrll / A. The overa ll minus sign in each of these amplitudes 

results from the fact that light reflected by a material for whi ch the index ofrefrac­

tion is greater than that of the material in which the light is traveling undergoes a 
phase change ofrr, as noted in the discussion orNewton's rings in Section 1.2. 
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(e) : = Zt + Zb = _ reik(/I + 12) (I + /e2ik'fJ) 

:': =,.' (I + fe -lik'd) (I + f e';k''') 

=,.' (I + f' + fe';k'd + fe - ';k'd) 

=,. ' (I + f' + 2fcos2k'd) 

Thus the probability is given by 

( 
4rrnd) z' z =,. ' 1+ f' + 2fcos - ).-

Notice how the distances II and 12 that arc common to both amplitudes 2, and Zb 

cancel out in the determination o f the probabil ity. (d) The minimum probabi li ty 
occurs when the cosi ne equals - I. One possibili ty is that the argument of the cosine 

is equal to rr. In this case 

or 

At a mini mulll 

4rrlld 
-- =rr 

). 

). 
d= -

411 

z' z = ,.' (I + f' - 2f) = ,.2( 1 - f)' 

Substituting in the values,. = 0. 16 and f = 0.30 

z'z = (0.16) ' (0.70)2 = 0.01 25 

or a 1. 25% probabili ty of re flection, which compares qu ite favorably with the 

minimum value for the reflectance in Fig. 1.27. 
In sUlll mary, note that the probabi li ty of reflection is 1101 the sum of ,.2. the 

probabi lity of reflection from t he~op surface, and ,.2f' , the probabili ty of refleetion 

from the bottom surface. The interference between the probabi li ty amplitudes for 

a photon to be reflected from the top surface of the film and for a photon to be 
reflected from the ball am surface of the fi lm can be tuned by adjusting the thi ckness 
of the film for a specific wavelength to min imize the overa ll probability of re fl ect ion 

for a photon of that wavelength. 

1.6 The Double-Slit Experiment 

To gain more experience using this formalism of quantum mechanics, let's next look 
at a classic interference ex periment, the double-slit experiment. T his experi ment was 

fi rst carried out by Thomas Young in 1802, but not of course with single photons. In 

the experiment, monochromatic light of wavelength A is incident on a screen with two 

narrow sli ts, as indicated in Fig. 1.28. Typically light is detected on a distant screen. A 

modern vers ion of this experi ment is eas ily carried out with a laser as the source of light. 
With a laser the number of photons per second incident on the screen with the slits is very 
large, as is illustrated by Examp le 1.1. Wh ile the experiment is not usua lly carried out one 
photon at a time, we will presume this experiment is done with a single-photon source 



Section 1.6 The Double-Slit Experiment 33 

Path I 
S ---~~------; 

, 
, , , , 

p 

: Detection 
: plane 

Figure 1.28 A schematic diagram oflhe double-slit experiment indicating fWO paths that 

light can follow from the source S to the detector locntcd at point P. 

and ana lyze it accordingly. We can suppose we have an array of small photomultipliers 

distributed throughout the detection plane. 
We see the potential for interference immediately, since there are two paths that a 

photon can take to reach a photodetector centered at a point P in the detection plane. The 
probability am plitude for a photon to be detected by the photodetector at P is given by 

( 1.5 1) 

where d, is the distance between the source of li ght and the detector for a path that 
traverses slit I and d2 is the distance between the source and the detector for a path that 

traverses slit 2. As in our general discussion of complex numbers in Section 1.4, we a fC 

denoting the magnitude of each amplitude by ,.. Strictly, these two amplitudes wou ld 
have slightly different magnitudes as well as different phasesl but the differences in thc 

magn itudes can be safely neg lected when the distance between the screen containing the 
sli ts and the detection plane is large, much larger than the spacingd between the slit s. If 
we were to close one of the slits, say sli t 2, the ampli tude would be reduced to.:p = r eikrl! 

and the probab ili ty of detecting a photon would be zpzp = /" 2 The magnitude of th is 
probability would depend on variables such as the actual size of the photomultiplier and 
how far the detecting pl ane is from the slits. We will leave this probability as a parametcr 

that could be determined empi rica lly by doing the ex periment. In order to keep things 
as simple as possible, we will assume that each of the slits is very narrow, with a width 

substantially less tha n the wavelength of rhe light, so that the probability would roughly 
be uniform throughout the detection plane wi th a single slit open. However, when we 
open the second slit , there is a striking change in the probability of dctecting a photon. 

Let's assume, as is often the case, that the distance L between the screen containing 
the slits and the detection plane is sufficiently large that we can consider the rays drawn 
from the slits to the point P to be essentially para lle l. as indicated in Fi g. 1.29 . Then 

d, ~ d, + d sin 0 ( 1.52) 

and we can rewrite ( 1.51 ) as 

':p = reikr/l(l + e ikllsinO) = r eikd!(1 + eil/» ( 1.53) 

where we have introduced ¢ = kd sin e as the phase difference that arises for a pho­
ton taking path 2 re lat ive to path I. The probabili ty that the photon is detected at the 
photomultip lier centered at point P is given by 

.: ~.:p = re -ikd1(1 + e- ;¢) r eiktJ
! (1 + ei<P ) 

= ,. ' ( 1 + I + e'</> + e- ' </» 

= 2/" '( 1 + cos¢) = 4/"' cos'(¢/ 2) ( 1.54) 

.----l/ 
t ~ d () \ 
I 0 - - - --- -

I d sin e 

Figure 1.29 A close-up view 
orlhe IwO paths taken between 
the source and the detector 
in the double-slit experiment. 
The two rays shown are 
essentially parallcl and the 
pa lh difference between them 
is d sin e, correspondi ng to a 
phase difference or 
4> = kds in e . 
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Figure 1.30 The intensi ty pattern for the doublc·slit experiment. Note that the sli ts arc 
assumed to be sufficiently narrow that the probabil ity distribution would be uniform 
if one of tile slits were closed. 

This probability distribution is indicated in Fig. 1.30. Notice that there are maxima when 

</) = 0, ±2rr, ±4rr, . . ( 1.55) 

which means the path difference is an integral number of wavelengths: 

ds in O = 0, ±A, ±2A, .. . ( 1.56) 

A t the angles () sat isfying ( 1.56), we get constructive interference wi th a probability of 
detecting a photon that is four times as large as we would get if a single slit were open. 
There are minima when 

if> = ±JT, ±3rr, ±5iT, .. ( 1.57) 

corresponding to a path difference 

d sin () = ±A/2, ±3A/2, ±5A/2, . ( 1.58) 

Thus opening the second sli t has strik ingly rearranged the likelihood of where a photon 
will strike the detector." 

It is helpful to have a geometric picture of how complex ampli tudes add to give these 
results. We can represent a complex number as an afrow in the complex plane. In case 
of the double-slit experiment , we wish to add IwO complex numbers together, each of 
which is an arrow of length r but with different phases. The fi rst comp lex number has 

a phase 0/ = kd, and the second has a phase 0/ + <p, as shown in Fig. 1.3 1a. When we 
add complex numbers together, we add the rea l parts together and the imaginary parts 

together to determine the real and the imaginary part of the resultant complex number. 
Thi s is the same rule fbI' adding two-dimensional vectors together, where we add the 
x com ponents of the veClOrs to obtain the x component o f the resultant vector and add 

I .. Young inilall y suggested the double-slit cxpcrimcntto provide conclusive evidence that light , like 
sound, is a wave. Probably because of Newton's innucnce, the prevailing view was that light was 
composed of part icles . To suggest that a screen un iformly illuminated by a single narrow sl it could 
develop regions with less illumination (dark fringes) by opening a second sli t was counterintuitive at 
that time. Now. we face a larger challenge, namely coming to gri ps wi th interference when we know 
that light is composed of particles after all. In meeting this challenge we have been forced to redefine 
our concept of a particle to be nn Object whose behav ior is govern ed by probability amplitudes in the 
way we have olltl ined in the preceding sections. 

1 
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Rez 

~ = 21 + :::2 = 2rcos(4)I2)ei(a+JJf2) 

(b) 

Figure 1.31 (a) Two complex numbers with the same magni tude /" but a phase difference 
<p. (b) The addi tion of these complex numbers, which yields a complex number whose 
magnitude is 2,. cos(</> / 2). 

the y components to obta in the y component of the resultant vector. In the same way 
that we add vectors by placi ng them head to tail , we can add these comp lex numbers 
together. For the special case where the two complex numbers have the same magnitudes, 

we generate an isosceles triangle for which it is easy to do the addit ion geometrically, 
leading to 

Zp = 2,. cos(</I / 2) e;(a+¢l2) ( 1.59) 

See Fig. 1.3 1 b. O f course, if we calcu late the probability of detect ing a photon using thi s 
result, we obta in 

( 1.60) 

as before. As we saw in the previous sections, here too the overal l phase cr + </1 / 2 of the 

resultant complex number Zp cancels out when determining the probability. As we will 
see in the next two sections, this geometric approach to adding the ampli tudes turns out 
to be especially usefu l when the number of paths a photon can take between the source 
and the detector increases. 

EXAMPLE 1.9 In a double-slit demonstration carried out with a He-Ne laser (A = 

633 nm), take the d istance L between the slits and the screen to be 10 m and the 

separation of the slits d to be 0 . 1 111111 = 100 /.L 1ll . Determ ine the separation ,:\: 011 

the screen between the centra l max i 111 11 111 and the next adjacent max imulll. 

SO LUTtON The central maxi mum occurs at e = O. The adj acent maximum (referred 

to as the first max imum) occurs when 

sin e = Aid = 633 x 10- 9 m/lO- 4 m = 633 x 10- 5 

This is a very small angle and thus it is quite appropriate to use the approx ima­
tion sin 8 ~ tan e. The separat ion between central maximum and the fi rst maximum 
on the screen is then g iven by 

x = L tan e ~ L sin O = LA i d = 6. 33 x 10- 2 m = 6.33 em 



36 Chapter 1: Ught 

:k~~ -I' , , , , 
\ TI\ \ \ 

d \ \ 
-'- ' \ 

1

\ \ \ , e 
5 . ---- -----

Figure 1.33 A close-up view of 

a nve-slit grating. The phase 
dilTerence between adjacellt 

slits is cP = kd sin O. 
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Figure 1.32 There arc fi ve paths that light can take between the source S and the detector 

at P when the screen has five narrow slits. 

1.7 Diffraction Gratings 

It is easy to generalize the resuits of Section 1.6 to a si tuat ion in which N sli ts, a ll equally 
spaced, are open. Such a device is called a diffraction grati ng. Such gratings have a great 
deal of utility. To be specific, let's consider the case of five slits, in which case there are 
five paths between Ihc source and thc dctcctor, as indicatcd in Fig. 1.32. As for the double 
slit, when the distance between the screen containing the sli ts and the detection plane 

is large. the rays for each path from the screen to the detector are effectively parallel, 
as shown in Fig. 1.33. The difference in path length between adjacent pat hs is d sin e, 
corresponding to a phase difference 4> = kd sin 8 . 

Follow ing the procedures of the previous section, we can write the probabi li ty 
amplitude as 

(1.61) 

where agai n <p = kd sin e. As before, we will get maxima when <p = 0, ±2rr, ± 4rr, ... , 
corresponding to a path difference between adjacent slits that is an integral number 
of wavelengths. At these maxima, 01' = 5 r eihl, and there fore the probabil ity of detect­
ing a photon by a photomultiplier centered on one of these maxima is =p=p = 25,.2. 
or twcnry five times as large as the probability if on ly a single sl it is open. It must 

of course be true that the probabi lity of detecting a photon at locations other than 
the max ima is correspondingly reduced. It is not di meult to see why. I f we go 
back to the double-slit examp le, we sec that the condition for the fi rst minimum is 
that the two complex amplitudes arc ]f, or 180° , out of phase with each other, as 

shown in Fig. 1.34a. In the ease of fi ve slits, the first minimum is reached when the 

phase difference between adjacent slits is 2rr / 5, or 72°, since in this case the fi ve com­
plex am plitudes will sum to zero, as illustrated in Fig. 1.34b. But since <p = kds in e, 

the change in angle 8 necessary to reach a minimum is smaller than it was for two sli ts, 

meaning that the max ima are correspond ingly sharper. T he max ima grow increasingly 

sharp as the number N of slits increases since the first minimum is reached when the 

phase diffe rence is 2IT / N . See Fig. 1.35. This is one of Ihe key features that makes 
a grat ing so lIsefu l. since it is possible to measure the angles at which the maxima 

occur very accurate ly when the number of slits is large and therefore to determine 

A accurate ly. 

I 
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Figure 1.35 The probabi lity ofdctecting a photon divided by,.2 as a fUllction orthe phase 
if> for (a) 2 sli.s. (b) 3 s li lS. (e) 4 slilS, and (d) 5 sli lS . 

EXAMPLE 1.10 Consider a grati ng composed o f fou r very narrow slits each sepa­

ra.ed by a distance d. (a) What is .he probabili .y .hat a photon strikes a detector 

centered at the centra lmaximul11 i f the probability that a photon is counted by thi s 
detector with a single s lit open is ,.2? (b) What is the probability that a photon is 

counted at the first minimum of this four-sli t grati ng if the boltom two slits arc 

closed? 

SOLUTION (a) At .he central maximum (if> = 0), all the am plitudes are in phase. 

Hence 
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Figure 1.36 The amplitudes from <I fou r-sli t grati ng at 

(a) the first minimum and (b) the first minimum of tile 

four-slit gra ting but with the ball om two slits closed. 

(b) At the first mini mum, the four probability amplitudes sum to zero as shown in 

the Fig. 1.36a. With two slits blocked, two ampli tudes are removed, as indicated 
in Fig. 1.36b. I-Ience 

0' 0 = (Jir) ' = 2r' 
where z = Or + 0, . Thus the probability of detecting a photon is one eighth as large 

as it is at a maxi mum of tile four-slit grating. 

1.8 The Principle of Least Time 

It is intrigui ng to think abollt the extension from two slits to fi ve slit s to an infinite number 
of slits, to the limit that there is no obstructing screen at all between the source of light 

and the detector. Clearly, in th is latter case, instead of ( 1.51 ) for two slits or ( 1.6 1) for 

five slits, we would end up wi th 

_ _ '\"' /· ei kdj 
-p- L 

j 

( 1.62) 

where the sum is over all possible paths between the source and the detector. As an 

ill ustrat ion, we will show how th is slim-over-paths approach to quantum mechanics can 

be lIsed to derive the law of reflection from a mi rror, namely, that the angle of incidence 
equa ls the angle of reflection.' 5 

[fwe position a monochromatic source of light at S some distance above a mirror and 
locate the photodetector at po int P, we can calculate the probability of detecting a photon 

at P by summ ing the probability ampl itudes for a ll paths that light can take in trave ling 
between the source and the detector. A block is inserted between Sand P so that the paths 

that matter most are ones that reflect from the mirror, that is, if we were observing the 
source at point P, we would see it primari ly via reflection from the mirro r. as shown in 
Fi g. J .37. For conveni ence. we choose Sand P to be the same distance above the mirror. 
Some of the paths that lVe should include in calculating the probabil ity amplitude fo r a 

15This example follows the di scuss ion of R. I~ Feynman, QED: Tile Strallge Thew ), of Light alld 
Maller. Princeton University Press, Princeton, NJ. 1985. pp. 36-49. Wi thout mathematics, Feynman 
goes on to di scuss how the principles of quantum electrOdynamics (QED) can be used to lmdcrstand 
other oplical phenomena such as refraction imd the focusing of light by a lens. 

1 
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Figure 1.37 A light source S is observed at P via reflection from a mirror. A block is 

placed on the stra ight line between S and P so Ihallight rcaches P primarily by rei1 eclion 
frolll the mirror. The figures in this sect ion arc adapted fr0111 R. P. Fcynman. QED: The 
SrrtlJlge The01Y of Ugh' {lilt! I\I/{Jller. Princeton Universi ty Press. Princeton. NJ. 1985. 

photon to be detected at P are also shown. At first , this may seem somewhat crazy, since 
you may think you know how light reAects from a mirror and it isn't, for example, by 

lak ing path A . But be pat ient. Look at Fig. 1.38. Below each of the paths is an arrow 
representing the complcx ampl itude for li ght to lake that path. Rccall that the dircct ion of 

the arrow is determined by the phase angle kef; 1 where di is the distance traveled from S 
to P for that pa rticular path. t6 This distance is a lso plotted in Fig. 1.38. Strictly speaking. 

the magnitude of the probability amplitudes (thc length of the arrows) for the paths in 

which the light travels the longer distances should be somewhat less than those for which 
light travels a shorter distance. 17 Apart from this , we could say that the magnitude of 
the probability amplitudes are the same for light to be reAeeted from every point on the 

mi rror. Un like for our analysis o f the Mach- Zehnder in te rferometer or the double-slit 

experimen t in wh ich there were j ust two paths i nvo l ve(~ adding lip these amplitudes for 

reflection from a mirror is challenging because there arc so many paths. And of course, 
we have shown only a small fraction of the possible paths in Fig. 1.38. Nonethe less. 

adding the subset of thc amplitudes shown in this figure illustrates the key idea: the 

contribution of the paths that arc away from the middle of the mirror tend to cancel as 

they are addcd togcther while the paths in the vic inity of the middle tend to have si mil ar 

phases and add constructively. 
Why is thi s? What is special about the path in the midd le? I f we examine the plot of 

the total d istance traveled, we see that the path to the middle of the mirror is the path with 

16Thus a horizonta l arrow pointing to th e right corresponds to a phase of 0 or <111 integer multiple 

of2Jr. 
17 YOLI can sec why ifYOll consider a source wi th a fixed power output (say a light bulb) emitting light 

uniformly in all directions. The probabil ity of a photon being detected a distance d from the source 
IllUSt fa ll ofT as I I {P (and hence the amplitude must vary as l I d) in order to m'lintain a fixed number 
ofpholons pcr unit time pass ing through an arbitrary spherical surface of radius d (and area 4rr(2) . 



40 Chapter 1: Light 

A 

Distance 

A 

B 

I 
B 

"" 

s 

c 

c 

I 

D p 

D E F G H J K L M 

D E F G H K L M 

/ / ---- ~I "" 
~

IJ 

B M Cf;t7,_--7":'O- L K 

D E F 

Figure 1.38 A subset of the paths for light to reach the detector at P afC shown. Below the 
paths is 11 1'101 of the disl<tncc traveled for each path and the probabi lity ampli tude for 
each of these paths as well. Lastly, these probability amplitudes are summed. The long 

bold arrow is the resuhanl. 

the shortest distance. Since this distance traveled is a minimum, the first derivutive of 

the di stance traveled vanishes in the middle. But if the first deriva tive vanishes, then the 

distance rraveled changes most slowly in the vicinity of the path of minimum distance. 

But the phase of each amplitude is proportional to the d istance traveled, so when the 

differences in the di stance rrave led in nearby paths arc small , so arc the differences 
in phase. Thus the amplitudes in the vicinity of the path of least distance have pretty 

much the same phase and pretty much point in the same direction in the complex plane. 

Therefore, the sum over paths is dominated by the paths in the vicinity of the path for 

which the di stance is the shortest. But since the time required for a photon to traverse 

th is path is the di stance divided by the speed of light c, the paths tha t dominate are also 

the paths of least time . 

What we see in this example is how the quantum mechanics of light can be used to 

derive Fermal's principle of least time. Noti ce that if light propagates into a medium 

other than the vacuulll with index of refract ion 11 , then since A -+ )../ 11 the phase factor 
eih becomes eikllx, wi th k = 2rr I ),. In thi s case, the amplitudes that add up coherently 
will be the ones in the ne ighborhood of tile path for which the quant ity IIX is a minimum. 

I 
I 

I 
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Figure 1.39 Ironly the end of the mirror is rClainc(~ the amplitudes for lighl lo be detected at the 

point P effec ti ve ly sum to zero. Only onc of the paths bClwcclllhc source S and the point P is 
ind icated in the figure. 

Thi s product of the regular path length times the index of refraction is commonly called 

the optical path length . Notice that the time light takes to travel a di stance x in this 
medium is the distance x divided by the speed cln, that is (!Ix /c), so agai n we arc 
effectively minimizing the time when we minimize the optical path length. In short, light 
has complex probability amplitudcs to take all paths, but the ones that matter in the 

summation arc those in the vicinity oflhc pat h of leas I ti me (stri ct ly an extremum of the 
time). Example 1.11 shows how wc can lise th is principle to deduce the law of reflec tion. 

Feynman gives an interesting tw ist to this disclission ofreftection from a mirror. Sup­
pose that we break offa piece of the mirror near one of the ends and discard the rest of 

the mirror. It now looks as if very little light wi ll be reflected from the remaining piece, 

si nce it is imJlossi ble for light to reach the detec tor with an angle of incidence eq ual to 

the angle of reflection. Figure 1. 39 shows how the amplitudes effectively cancel when 
added together. But if we take this piece of mirror and black out just the right portions of 

it , as shown in Fig. 1.40, seemingly making this piece appear to reflect even less light , 

s o 

A Out B Out c 

Figure 1.40 The probability that light is detected at P from the small picce of mi rror in 
Fig. 1.39 can be significantly cnhanccd by making certain portions of the mirror less reflec ting 

by blacki ng them oul. 

p 
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we ca ll reta in amplitudes that add up to a nonzero amplitude and remove those ampli­
tudes that would cancel this nonzero amplitude. Given our disclIssion of the di flTac tion 
grating in the preceding sect ion, you will probably recognize Fig. l AO as a reflection 

g rating. 

Finally, with thi s derivation of Fermat's principle in mind, let's go back to our earlier 
discussions. Why in our analysis of the double-sli t experiment, for example, did we 

consider only thc straight- line paths from the source S to the detector at point P? Why 

didn't we include all sorts of curvy paths'? The correct approach is to include all paths, 

even the curvy ones. But as our disclission ofrcfl ectiol1 of li ght from a mirror illustrates, 
the paths that matter when we add lip alllhc ampl itudes wi ll be the path s in close vicini ty 
oflile path ofleas! time, that is, the straight- line path. The amplitudes for the other pat hs, 

including the curvy ones that deviate signifi cantly from the path ofleast time, will cancel 

out in carrying out the sum over all paths. 

EXAMPLE 1.11 Use Fermat's pri nciple of least t ime to derive the law of reflection, 

name ly, that the angle o f incidence is equa l to the angle of refl ection. 

SOLUTION For the 1110St generality, assume that the source S and the detector P arc 

at d ifferent elevat ions above the mirror, as indicated in Fig. I A I . The ti me for light 

to travel from S to P is g iven by 

, = ~ (Ja' +x' + J(D -x), +b' ) 

Minimizing the time by varying x , we fi nd 

or 

d, 1 ( x 
dx = ~ Ja2 +.\"2 -

(D - x) ) _ 0 
J( D- x)' +b2 -

s 

x (D - x) 
--;=T~ = ~~~7'i 
Ja 2 + x 2 J (D - x)2 + b2 

p 

0' 

b 

C~=======~===~=:JMirror 
t---x->l 
~------,D -------~ 

Figure 1.41 A general path between the source S and the detector at P in the reflect ion 

of light from .1 mirror. 



In terms of the angles shown in the figure, th is can be simply written as 

sine = sin e' 

or 8 = 8', namely, the angle of incidence equals the angle of reflect ion. Prob­

lem 1.43 shows how Fermat's principle can be used to derive Snell 5 law (1'1 I sin el = 
"2 sin e2) for light refracted from a medium with index of refraction III into a 
medium with index of refraction 1/2. 

1.9 Summary 

Well, what are we to make o f what we have seen so far? The original Young double-sli t 

experimcnt helped to convince people that light was a wave. How else were they to 

understand what was causing the interference if it wasn't interfercnce of two different 
parts of the wave? Before Young, the general consensus had been that light was composed 

of particles called corpuscles, because that was what Isaac Newton had believed. And 

despite what we often suppose, Young's experiment didn't change th is view overn ight. In 
fact, it wasn't until almost two decades later, when A. Fresnel calculated the amplitudes 
for reflection and refract ion of waves incident on an interface between two med ia, that the 
tide started to turn to the wave theory of light. ' 8 A nd ofeourse it wasn 't until 1865 . when 

James Clerk Maxwell modified Ampere's law with the addition of a "displacement" 

current term, that there was a theory that predicted the existence of electromagnetic 

waves. 
Now wc scc that in some scnse Ncwton was right all along. Light is composed 

of particles. The energy or the electromagnetic fie ld is carried in di screte quanta called 

photons. In a monochromatic beam ofli ght , each photo n has energy E = IIv, as suggested 

by A lbert Einste in in hi s 1905 papcr on the photoelectric e ffect. Given the sma ll ness of 

Planck's constant Ii in conven tional Si uni ts, one shou ld not be surprised that th e number 

of photons in a beam oflight in many situations is so large that the discrete particle nature 

of light is not apparent. However, recent experiments performed with s ing le photons have 

clearly shown this pa rticle natl lre of light. For example, if a single photon is incident 
on a beam splitter, the photon wi ll be counted in only one of the two photomultipliers 

that might be triggered by this photon. There arc no coincidences in the cOllnling ra te. 
When detected, a photon is either "here" or " there" but not both "here" and ·'there," 

as wou ld be expected if light were a wave. Nonetheless, experiments carried out with 
single photons do show characteri stic interference effects, provided tllere are multiple 
experimentally indi stinguishable paths that photons can take between the source and the 

detector. To "explain" these phenomena, we need to modify our classical notions of a 
particle to include a new set of principles, the principles of quantum mechan ics. So far, 

wc have introduced threc such principles: 

I. T he probability of de tect ing a partic le is equa l to z' z, where Z is called the 

probability amplitude and z* is its complex conjugate. 

18 lronically, Young apparently became discouraged with the slow acceptance of his results and gave 
up physics. devoting his time to deciphering the Egyptian hieroglyphics on the Rosetta Stone. 

Section 1.9 Summary 43 
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Problems 

2. To determi ne the probability amplitude fo r a process that can be viewed as taki ng 

place in a series of steps. slich as propagation of' a photon from a light source to a 
beam splitter, transmission at the beam spliner, and propagation to a 
photodetector, we multiply the probability amplitudes for each of these steps: 

3. When there are multiple paths that a particle can take between the source and the 

detector, the probability amplitude for detecting the particle is the sum of the 

individual probability amplitudcs for thc partic le to take each path: 

= = =1 + =2 + 

These individual amplitudes, each of which has a magn itude and a phase, can interfere 

with each other. Such interference in thi s sum-aver-paths approach to quantum mechanics 
for li ght (for photons) can be used to derive such fund amental resuits of optics as the 

principle of least time. 

The precise form for these probability amplitudes fo r light comes from solving 

Maxwell's equations in quantum electrodynamics (QED). We will remrn to a discus­

sion of QED in Chaptcr 10. For now, we have stated without proof some simple rules 

that we can usc to calculate the probability of detecting a photon, incl uding the fact that 
the phase of the amplitude is equal to kd , where d is the distance traveled by the photon 

between the source and the detector and k = 2;r f A; that for propagation in a medium 

other than vacuum, such as glass, A ~ AI II where n is the index of refraction for that 
medium; and that there is a phase change OrIT in the amplitude for reRection when light 
is reflected by a material whose index of refraction is greater than that of the material in 
which the light is traveling. In the next chapter we will start to see how results such as 
these can be derived for the case of non relativistic quantum mechanics. 

1.1 . (a) Verify that £ = £oe;(h-Wl ) is a solution to the 

wave equation 
From these values determine the wavelength A, the 
frequency v, and evaluate ),v. 

provided w = kc. (b) The wave equation in a medium 
such as g lass with index of refraction" is given by 

a'£ II ' a'£ 
---- =0 
ax' c' aI' 

What must be the re lationship between the wave length A 
and the frequency v in order that [; = £oei(kx - II)/) is a 
solution? 

1.2. What are the numerical values for k and w for the 
electromagnetic wave 

1.3. What must the width a of a slit be so that the first 

minimum of the single-s li t diffraction pattern observed 

with light of wavelength ). = 550 nm occurs at an angle 

of IS' ? The diametcr of a human ha ir is typica lly 

100 Mm. How does this compare in size with the 

width a? 

1.4. A radio station broadcasts at a frequency v = 
9 1.5 MHz wit h a total radi ated powcr of P = 20 kW. 

(a) What is the wavelength A of this radiation? (b) What 

is the energy of each photon in eV? How many photons 

are emitted each second? How many photons are emitted 
in each cyc le? (c) A pa nicular radio receiver requires 
2.0 microwatts of radiation to provide intelligible 
reception. How many 9 1.5 MHz photons does this 



rcquire per second? per cycle? (d) Do the answers 

to (b) and (c) indi cate that the granularity of the 

electromagnetic rad iation can be neglected in these 
circumstances? 

1.5. The human eye can u sec" with a signal of 100 
photons per second. How far away can a I OO-watt light 

bulb be seen by a dark-adapted eye? Assume the light 

bulb is in outer space, so that the light is not scattered 

by the atmosphere. Also assu me that the bulb is 

monochromat ic and radiates at a wave length of 550 11111. 

Use a reasonable est imate for the diameter of the 
dark-adapted pupi l of the eyc. 

1.6. An AM rad io station broadcasts at 1000 kHz with 

an output power of 50,000 watts. Assuming the 

broadcast anten na is located 100 km away fro m the 

receiver and, for ease of calculation , the antenna radiates 
isotropica lly, estimate the number of photons per cubic 

metcr at the receiver's location. 

1.7. The output power of a d iode laser in a DVD player 

is 50 milliwatts. How many photons per sccond strike 

the DVD? The wavelength i-. = 660 nm. 

1.8. A helium- neon lascr (i-. = 633 nm) used in a 

lecture demonstration of the double-sl it experiment has 

an output power of 5 mi lli watts. How many photons per 

second are em itted by the lascr? 

1.9. A beam ofUV light of wave length ), = 197.0 nm 

falls onto a metal cathode. The stopping potential needed 

to keep any electrons from reaching thc anode is 2.08 V 

(a) What is the work funct ion W of the cat hode surface, 

in eV? (b) What is the velocity u of the fastcst electrons 

emitted from the cathode? Note: Since Kmax/ 1IIC2 « I, 
the nonrelativistic expression for the ki netic energy can 
be utili zed here. (c) If Avogadro's number of photons 

stri kes each square mctcr of the surface in one hour, 
what is the average intens.ity I of the beam, in units 
ofW/ml? 

1.10. Use Mi llikan's data on the photoelectric effect 

(Fig. 1.14) 10 obtain a val ue for II , Planck's constant. 

1.11. The work funct ion of potassium is 2.26 eV 

What is the maximum kinetic energy ofclectrons ejected 

from potassium by ultntviolet light of wave length 

200 nm? 
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1.12. The photoclcctrons ejectcd in the photoelectric 

effect seem to appear instantaneously. In particular, no 
time delay has been observed, even with light of very 

low intensity. In classical physics. the energy of the 
electromagnetic wave is spread out uniformly over the 

surface of the metal. In this picture. calculate the amount 
of time it would require for I cV of energy (a typica l 

binding energy) to be absorbed by an atom in a meta l 
located I m away from a I-walt bul b. Take the area of the , 
atom to be I A -. Suggestioll: What fraction of the 
incident flux is absorbed by the atom? 

1.1 3. The maximum kinetic energy of electrons ejected 

from sodium is 1.85 eV for radiat ion of300 nm and 

0.82 eV for rad iation of 400 nlll. Use thi s data to 

determine Planck 's constant and the work function of 

sodium. 

1.14. Show that a photon that strikes a free electron at 

rcst cannot be absorbed: 

SlIggestion: Exprcss the encrgy of the fina l-statc e lect ron 

in the form J p~C2 + 1I/ 2C4 and see whether it is possib le 
to conserve energy and momentum. 

Such a reaction does take place in the photoelectric 

effect for an electron bound in an atom or in a solid. 

Why can absorpt ion occur in this case? 

1.15. Suppose a photon with a wavelength equal to the 
Compton wavelength makes a collision with a free 
electron initia lly at res t. What is the energy of the final 

photon irthe scattering angle is 180 ? How much kinetic 

energy is transferred to the electron? 

1.16. It takcs 3. 1 cV 10 di ssociate a AgBr molecule. 

What is the maximum wavelength of li ght requi red? 

1.17. The encrgy requi red to break a chemical bond 

(as found in living tissue) is typically a few eV Shoul d 

we be worried about rad iation damage from cell phones 
that operate in the I to 2 gigahertz range? 

1.18. (a) Suppose that the probability amplitude for a 

photon to arrive at a detector is 1/ (1 + i). What is the 
probability that the detector records a photon? (b) What 

is the probabi lity 01· detecting a photon if thc probability 

amplitude equals i? (c) Determine the probability of 
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detecting a photon if the probabili ty ampli tude is 

(d) Show that 

I 
--+i 
1+ i 

---i 
1+ i 

is not a va lid probabil ity amplitude. Suggestion: What 
would be the probabi li ty of detecting a photon for this 
amplitude? 

1.19. Express the complex number I , = (../3 + i) / 2 in 
the form r e;". What about "2 = ( I + ../3i)/ 2? If these 
complex numbers are the probab ili ty ampli tudes for 
photons to be detected, what is the probability in each 
case? 

1.20. Rewri te the fo llowing complex numbers in each 
of the forms z = x + iy and z = rei¢, where x , y, r, 

and ", are real. (a) ( I + 2i i (b) 1/ (1 + i) (c) )3 - 4i 
(d) eirr / 4 . 

1.21. A certain photodetector can resolve the time of 
arriva l ora photon to within 10- 8 S. Two of these 
detectors are used in an anticoincidence experiment, as 
described in Section 1.4. (a) What is the maxi mum 
average rale of photon emission from the source if there 
is any hope of demonstrating anticoincidence? (b) 

Assliming the source emits light Ofw3vclcngth 550 nm, 
what is the power output of the source? 

1.22. In QED: Th e Strange TheOlY o/Light and Maller 
Feynman states that the phase of the comp lex probability 
ampli tude for photons makes about 36,000 revoluti ons 
per inch for red li ght. What wavelength is Feynman 
assuming in this calculation? Does th is indeed 
correspond to red light? Note : I inch = 2.54 em. 

1.23. One photodetector is located in front of a thick 
piece of glass and another photodetcctor is located 
within the glass. At normal incidence, the glass reflects 
4% of the light. A photon is incident on the glass, as 
indicated in Fig. 1.42. (a) What is the magnitude of the 
probabili ty a/llp/ill/de for refl ection of the photon? 
(b) Wha t is the magnitude of the probabi lity ampl itude 
for transmission of the photon? 

Air A 

! 
I "," .. I 

Figure 1.42 Part ial reflection of light by a single surface 

of glass. 

1.24. (a) Show that the probab il ity ofa photon of 
wavelength ), being refl ected from a th in layer of glass of 
thickness d at normal incidence is given by 

P = 0. 16 sin2(2iTd I):) 

where )c ' is the wavelength of light in glass, i.e., 

A' = )./n, where II is the index of refraction of glass. 
Note: In this calculation assume that the magnitude of 
the ampli tude for reflection from the top or the bottom 
surface of the glass is 0.2 and that there is an add it ional 
phase change of iT in the reflection from the top surfacc. 
Also assume that amplitudes that arise from multiple 
reflections between the top and bottom surfaces of the 
glass can be neglected in your ca lculation. Given the 
resu lt of Probl em 1.23, it is okay to approximate Ihe 

magnitude of the ampli tude for transmission as one. 
l-liw: What extra distance does light travel in being 
reftected from the bottom surface relat ive to the top 
surface? (b) In QED: The Strange TheO/}' oj Lig/II and 

Maller Feynman states that as the thickness of a thin 
layer of glass increases from zero thickness, the 
probabi li ty of refl ec tion fi rst reaches a value of 0.16 
when the thick ness of the layer of glass is 5 mi lli onths of 
an inch. What index of refraction is being assumed? Take 
the wavelength orthe light in air to be the same as you 
determ ined in Problem 1.22. (c) What is the minimum 
valuc of d necessary to produce zero reflection? 

1.25. Suppose that a thin film of acetone (index of 
refractionn = 1.25) of thickness d is coating a thick 
plate of glass (index of refraction = 1.50). Take the 
magnitude of the amplitude for reflection ofa photon 
from the top or the bottom surface of the acetone at 
normal incidence to be r and assume that there is an 
additional phasc change of IT in the reflection from the 
top and the bottom surface of the acetone, since at each 
of these surfaces light is pass ing from a medium with a 
lower index of refraction to one with a higher index of 



refraction. Calcul ate the probability that a photon of 

wavelength A is reflected. Assume that amplitudes that 

involve multiple reflections at the bottom surface of the 

film can be neglected in your calculat ion. Express your 

answer in terms A and r as well as the thickness d and 
the index of refraction 1/ of the acetone. What is the 

minimum thickness of the coating necessary to produce 
zero reflection? NOle: For the air-acetone and 

acetone- glass surfaces r ~ 0.1. 

1.26. Assume that the first beam splitter at A in the 
Mach-Zehnder interferometcr (Fig. 1.23) is a 

"thi rd-sil vered mirror," that is, a mirror that reflects 
one-thi rd the light and transmits two-th irds. The two 

mirrors at Band C reflect 100% of the light. and the 

second beam splitter at D is a traditional half-silvered 

mirror that reflects one-half the light and transmits 

one-half. The probability of detecting a photon in either 

photomultiplier PM I or PM2 varies with the position of 

the movable mirror, say mirror B. Determ ine the 
maxi mum prObability and the minimum probability of 

obtaining a count in, say, PM I. What is the visibility 

v = Pmax - PTIlin 

Prnax + ?lIlin 

of the interference fringes, where Pmax and Pmin are the 
maximum and minimum probabili ties, respectively, that 
a photon is counted by the detector, as the position of 

the movable mirror varies? Note: In the experiment of 

Aspect et al. described in Section 1.5 the visibility of the 

fr inges is 0.987 ± 0.005. 

1.27. Figure 1.43 shows a Michelson in terferometer 

with a movable mirror AlII, a fixed mirror Nh. and a 
beam splitter M" which is a half-sil vcred mirror that 

transmits one-half the light and reflects one-half the light 

incident upon it independent of the direction of the light. 

The source emits monochromatic light of wavelength A. 

There are two paths that light can fo llow from the source 

to the detector. as indicated in the figure. Note that path 

I includes travel from the beam splitter M, to the 

movable mirror MI and back to the beam spli tter, while 

path 2 includes travel from the beam splitter M, to the 

fixed mirror M2 and back to the beam splitter. Assume 
the beam splitter introduces a phase change of iT for 

light that follows path I from the source to the detector 

relative to light that fo llows path 2 from the source to the 
detector. Also assume the mirrors Ml and lv/1 reflect 
100% of the light incident upon them and the 
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M I Movable mirror 

M Half-si lvered 
/ S mirror 

:,S~o~ur~c:=e_..L_,!'-'_-::"",,-::-_-1 M2 Fi xed mirror 
Path 2 

1---- 1,---1 

Figure 1.43 The Michelson interferometer. 

photodctector PM (a photomultiplier) is 100% efficient 

as well. (a) Use the principles of quantum mechanics 

to determine the probability that a photon entering the 

interferometer is detected by the photodetector. Express 

your answer in terms of the lengths II , I" and A. (b) Find 

an expression for II in terms of 12 and ), such that there is 
100% probabi li ty thai the photon is detected by the 

photodeteetor. (e) Suppose that the movable mirror is 

shifted upward by a distance 1. / 6 from the position(s) 

that you delermined in pa rt (b). Find the probabili ty that 

the photon is detected at the photodetector in this case. 

1.28. A beam of monochromatic light from a 

helium- neon laser (i. = 633 nm) illuminates a double 

sli t. From there the light travels a di stance D = 10.0 m 

to a screen. (a) If the distance between interference 
maxima on the screen is to be 8 = 10.0 mm, what should 

be the distance d between the two slits? (b) What would 

you sec on the screen i f a thin sheet ofccllophallc were 
placed over one of the slits so that there were 2.5 more 
wavelengths wit hin the cellophane than within a layer of 
air of the same thickness? (Assume the interference 
maxima in question are at only a small angle with 

respect to the laser beam direction.) 

1.29. Suppose that the two very narrow slits (widths 

« A) in the double-slit experiment are not the same 

width and that the probab ili ty amplitude fo r a photon of 

wavelength A to strike a photomultiplier centered at a 

particular point P in the detection plane that makes an 

angle e with the horizontal from onc of the slits is larger 

by a fa ctor of .Ji Ihan for the olher s lit. Determ ine the 

visibility 

v = Pm3x - Pmin 

Pmax + POlin 
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of the interference fri nges, where Pm:lx is the max imulll 
probability and Pmin is the minimum probabi lity that a 
photon is detected. 

1.30. Suppose that a thin piece of glass were placed in 
front of the lower slit in a double-slit apparatus so that the 
amplitude for a photon of wave length ).. to reach that sli t 
differs in phase by 1800 with the amplitude to reach the 
top slit. (a) Describe in detail the interference pattern on 
the screen. At what angles will there be bright fringes? 

(b) What is the minimum thickness of glass requi red, 
assuming the index of refraction for the glass is ,," 

1.31 . (a) A monochromatic light source S of wavelength 
A is located to the left or an opaque screen with two very 

narrow sl its of equal width. To the righ t of the screen in 
the detection plane is a photomultiplier at point P. The 
distance between S and P along the path I is elt and 
the di stance between Sand P along path 2 is d2 . 

Show that the probability of detecting the photon at P 
is given by 

Prob = 2,.2 (I + cos 4» 

where,.2 is the probability that a photon strikes the 
photomultiplier w ith a single sli t open. Obta in an 

expression for 4> in terms of eI" el2 , and A. (6) Now 
suppose that thin pieces of partially si lvered glass are 
placed in front of each of the slits in this double-slit 
experiment. AsslIme the glass covering the top slit 
transmits 1/2 the light incident upon it while the glass 
covering the bottom slit transmits 1/4 the light incident 
upon it. D etermine the probability that a photon of 

wave length A hits the photomultiplier in this case. 
Express your answer in terms of rand 4>. 

1.32. Add the two comp lex !lumbers z, = I and 
=2 = e ilf

/
3 by (0) adding the real and imaginary pieces 

together and (b) using geometry to "add the arrows" 
representing each of these complex numbers. Check that 
your results fo r the magnitude and phase of the complex 
number::: I + 12 agree. 

1.33. A photon with wavelength A is incident on a single 

slit of finite width a. Calculate the probabili ty amplitude 
fo r the photon to strike a detector located at a di stant 
point P at angle e in the detection plane by integrat ing 

across the slit the infinitesima l probability amplitude 

tI, ·'(1 . 0) d::: p = r~e" ( r+ XSIn 

a 

for the photon to reach the point P by passing through 
elx, which is located a distance x below the top of the 
slit , as shown in Fig. 1.44. The distance d) is the distance 
trave led by the photon in reaching the point P from the 
top of the slit. Show that the probability of detecting the 
photon is given by 

where 

. , 
• 25 111. a 

Z I'Zp = r - -, ­
ct-

ka sin e 
ct= 

2 

Verify that minima in the probabili ty occur at the angles 
given in (1.17). Evaluate the probability in the limit that 
ka « I, that is, a « A. Figure 1.9 shows how the 
probability va ries wi th f) for a = A, a = 5>", and 

a = lOA. 

.p 

Figure 1.44 Single-slit diffraction. 



1.34. Starting from first principles, show that the 
probabi li ty that a photon of wavclcngth A hits a 
photomultiplier centered on a point P in the detec tion 
plane that makes an angle f) with the horizontal for a 
grating composed of three very narrow slits each 
separated by a distance d is given by 

Prob = ,.'( 1 + 4 cos</> + 4 cos' </» 

where r' is the probability that the photon would strike 
the photomultiplier with a single sl it open and 
</> = kdsinl} = 2ndsin l} / A. 

1.35. Determine the probability that a photon is detected 
at the location of the firs t minimum of a three-sli t grating 
if the third sli t is closed. Assume the magnitude of the 
probability amplitude due to each sli t is r. Suggestion: 

Start by showing how the complex ampli tudes from each 
sli t add up to zero at the fi rst minimum. What is the 
resulting amplitUde if the third amp litude is eli minated? 

1.36. Determine the probabili ty that a photon is detected 
at the first minimum ofa five-slit grating if the bottom 
three sl its are closed. Assume the magn itude of the 
probability amplitude due to each slit is r. Suggestion : 

Start by showing how the complex probability 
amplitudes from each slit add up to zero at the first 
minImum. 

1.37. Determine the probabi li ty that a photon is detected 
at the first min imum ofa six-slit grating if the bottom two 
sli ts are closed . Assume the magnitude of the probability 
amp li tude due to each slit is r. Suggestion: Start by 
showing how the complex probabi lity amplitudes from 
each slit add up to zero at the fi rst minimum. 

1.38. For a grating with N equally spaced narrow 
slits, the amplitude for detecting a photon with a 
photomult iplier centered al po int P in the detection plane 
is given by 

Zp = r eikdl [I + eitP + e2it/l + ... + ei (N- I}4I] 

Not ice that each term in this series of terms can be 
obtained from the one preceeding it by multiplying by 
e i¢. Thus it is a geometric series that can be summed. 
Show that the probability of detecting a photon is given 
by 

sin2 ~ ,. "' 7 - ,.2 __ '_ 
-p-p - sin2 1!. , 
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Verify that this result reduces to the double-slit result 
(1.60) for N = 2. 

1.39. The yellow li ght from sod ium cons ists of two 
wavelengths, 589.0 nm and 589.6 nm , known as the 
sodium doublet. In general, when incident upon a 
diffraction grat ing, light of two slightly diffe rent 
wavelengths, say A and A + l:iA, generates maxima 
sati sfying d sin l} = iliA and d sin (1} + t-I}) = 
111(1-. + t-A), respectively, where the integer III labels the 
order of the interference maximulll. Show that the 
dispersion of the grating t-8 / t-A is given by III / d cosl}. 

Assume t-I} « 1. Thus the di spersion can be increased 
by reducing the separat ion d between the slits in the 
grating andlor working at higher order. 

1.40. Light of wavelength I-. is incident at an angle", to 
the normal on a transmission grating with spacing d 
between each sli t, as shown in Fig. 1.45. At what angles () 
to the normal will diffraction maxima bc located? 

Figure 1.45 Light incident at angle", on a grating. 

1.41. Figure 1.46 dep icts Lloyd's mirror for the 
observation of interference upon a distant screen of 
monochromatic light of wavelength ), from a single 
narrow slit S. The slit is located a distance d above the 
mirror. Derive an expression in terms of' A and d for the 
angles I} at which bright bands appear on the screen due 
to constrllctive interference from light reaching P 
directly from the sli t and light reachi ng P by reflection 
from the mirror. Simp li fy your ex pression as much as 
possible. Note: Experimenta lly, it is observed that a dark 
band (destructive interference) occurs as I} -+ O. Why is 
this? Suggestion: Evaluate the path difference for the two 
paths shown in the figure for li ght to arrive at P. Assume 
the point P is sufficiently far away that the two rays to the 
point P can be taken to be paralic\' 
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p 

Screen 

Figure 1.46 Lloyd's M irror. 

1.42. Explai n carefully how the fact that photons have a 
complex probability amplitude to take all paths, say in 

reflection rrom a mirror. can be Llsed to derive Fermat's 
principle, which is often referred to as the principle of 
least time, namely, that light follows the path of least 

time in traveling between two fixed points. Strictly, this 

principle should be referred to as the princ iple of 
extrelllUIll time since your discuss ion should show that 
light can be said to follow a path such that , compared 

with nearby paths, the time required is either a minimum 
or a maximum (or even rema ins unchanged). 

1.43. Use the princ iple of least ti me to der ive Sne ll"s law, 

namely, 111 sinel = 112 sina2 for light being refraclCd as 
it travels frol11 a medium with index of refraction 111 into 
a medium with index of refraction 11 2. Suggestion: 

Follow a procedure simil ar to the one given in 
Example 1.11. Locate the sourcc S in medium I and the 

point P in medium 2. 

1.44. A candle is placed in a "room" made of reflecting 
surfaces. How should the "room" be shaped so that the 

observer sees the cand le in any direction in which she 
looks? Explain your reasoning. 

1.45. In classical physics, the probability of an event that 
can occur through a series of steps is the product of the 
probability of each step occurring. And if an even t can 

occur inl110re than one way, the probabil ity of tile event 
is the sum of the probab ilit ies for the different ways in 
which it ca n occur. How does this differ from the 

principles of quantum mechanics enunciated in this 
chapter? 



CHAPTER 

Wave Mechanics 

The propagation of light is inherently a relativistic phenomenon that rcquires quantum 
field theory fo r a complete desc ri ption. In Chapter I, we appli ed the sum-aver-paths 
approach to quantummcchan ics that was dcveloped by Richard Feynman in thc 19405 to 
the propagation of light (photons) us ing (wi thout proof) some resu lts fo r the probabili ty 
amplirudes that can be derived from quantum electrodynami cs (QED). We saw how 
quantum mechanics allows us to understand the basis for the principle of least time fo r 
describing the propagation oflight. In classical mechanics, there is a similar principle, the 
principle or least action, that can be lIsed to describe the moti on of part icles. Just as the 
principl e or leas! time implies that light in a vacuum travels in straight lines, the pri ncip le 

of least ac tion leads to the resuit that a part icle follows the path predicted by ewton's 
second law, F = ilia. But how docs the part icle fi gure out how to take the path of least 
ac tion? The answer is that there are probabili ty ampli tudes for a part icle to take all pat hs 
and the path s that matter 111 0St in this sum over paths- at least for macroscop ic part iclcs­
are those paths in the vicin ity of the path of least ac tion. Thus the underlying physics 
for particles, whether they be atoms or apples, is essentia lly the same as for photons, 
the partic les of light. In th is way we can say that quantum mechan ics can be lIsed 

to derive famili ar results from classical mechanics such as F = II/(}. But we cannot 
derive quantum mechanics itself. since as far as we know it is the very foundation of the 
laws of nature. 

Whi le a sum-over-paths approach can bc app li ed to particles on the mi croscopic 
as well as the macroscopi c sca le, this approach is not easy to implement when the 
distance scale over which these part icles propagate is small. Figuring out the motion of 
an electron in an atom, for example, is di fficu lt lIs ing th is approach because so many 
paths contribute coherently to the sum . An alternative strategy that has a broad range of 
appli cabili ty to atomic and molecula r phys ics, solid-state physics, and nuclea r physics 
is to treat the particles nonrela t"ivisti ca ll y. This approach to quantum mcchanics was 
developed in the 1920s by Erwin Schr6dinger, Werner Heisen berg, Paul Dirac, and a 
number of other physicists. There are a number of variations on this approach. referred 
to as wave mechanics (Schr6dinger), matrix mechanics (Heisenberg). or a morc general 
operator approach (Dirac). We havc chosen to foc lls on wave mechan ics since it makes 
the most contact with the physics with which you are probably most fam ili ar and is less 
abstract than the other variants. 

51 
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The hi story of the discovery of the laws of quantum mechanics is itself quite inter­

esting. We wi ll no! fo llow a strictly histori cal oreier, however. Rather we wil l start with a 
recent double-sli t experiment carried out wi th helium atoms as the projectiles, an exper­
iment that provides direct evidence for what is often termed the wave nature ofparticies. 
We will then introduce the Schrodinger equat ion, a wave equation for nonrelat ivistic 
pan icles. 

2.1 Atom Interferometry 

In Qll f di sclission or the interference of light , we focused on phenomena such as Young's 
double-sli t experiment or the reflection of light from a mirror in which the distance 

traveled by the light between the source and the detector is a macroscopic distance. 

Similarl y, we will start our discussion of wave mechanics by focusing on a double-slit 
experiment with atoms in which the distance traveled by the atoms is on the order of 

meters. In this case, just as for the Young double-s li t experiment , the sum over paths is 

dominated by paths in the vicinity of two paths between the source and the detector, as 
shown in Fig. 2.1. Thus in this experiment we can observe interference effects of the 
probabi lity amp litudes for atoms to take these two d ifferent paths. 

Figure 2.2 gives a schemat ic representation of the ex perimental setup. Heli um atoms 
are stored, as a gas under pressure, in a reservoir. An expansion of the gas through a 
nozzle produces an intense atomic beam. As the hel ium atoms travel toward entrance slit 
A, which serves 10 collimate the beam, they are bombarded by electrons that have been 

fired along the beam direction. As a result o f these collisions, some of the helium atoms 
are in excited stales that arc metastable, that is, states with unusually long lifetimes. 

After this e lectron-impact exci tation and colli mation, the atoms pass ( in a high vacuum) 

through microfabricated double-slit structure B in a thin gold fo il. Figure 2.3 shows a 

scanning-electron mi croscope pi cture of the double-slit structure. Each slit has a width 
of I /Lm, that is, I x 10- 6 m, or I micron, and the s lits themselves are separated by a 

distance d = 8 /L m. Note that the 100 /Lm sca le shown in Fig. 2.3 is ro ughly the thickness 

of a human hair. These are vel)' narrow slits, but a helium at0111 , whose li near size is 
ro ughly 10- 4 times the size of the slit, has no trouble fitting through them. Finally, a 

secondary electron multiplier (SEM) serves as a detecto r in a plane located L = 1.95 m 

behind the double s lit. A n excited hel ium atom that stri kes the SEM is very likely to be 

ionized; the SEM then genera tes an electronic pulse that can be amplified and counted, 

essentially a llowing the measurement of si ngle excited atoms. While roughly only one 

in a million of the helium alOms is in an excited state, the atoms that remain in their 
ground state arc Ilot detected because they are not ioni zed upon impact in the SEM. 

Source Double s lit Detector 

Figure 2.1 The double-slit experiment. 
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Figure 2.2 Schemat ic representation orlhe double-slit experiment with helium atoms, 

including a gas reservoir N, electron impact exc itation EE, co ll imating ent rance slit A. 
double sl it B, the detection plane C, and a secondary electron mult ip lier (S EM). 

1 

Finally, measurement of the time of fl ight between electron exc itation and the atom 's 

impact permits the determinati on of the speed of each helium atom that is counted. 

Now let's look at the results. Helium atoms are emitted from the reservoir with a range 
of speeds. Figure 2.4a shows the counts observed in the detection plane as a function of 

the lateral posit ion x for those helium atoms wit h speeds greater than 30 km/s. At fi rst 

g lance, you may be re lieved by these results. Isn 't this what you expect when you fire 

particles at a screen wi th two slits in it? The particles travel in straight lines and, apart 
from those that perhaps bounce off the edges of the sli ts, should strike the detec ti ng 

screen direct ly behind the openings formed by the slits. But look at Fig. 2.4b, which 

shows the counts fo r slower he li um atoms, those with speeds of2 km/s (acrually between 

2. 1 and 2.2 kml s) . First notice that the aloms land at many locations in the detection 
plane, not simply beh ind the slits as in Fig. 2.4a. In fact, Fig. 2.5 shows the way the 

counts accumulate over time. Here, we do not immediately see a pattern . And the beam 
intensity is quite low, with roughly one excited hel ium atom per second traversing the 
interferometer. It is only after many counts have been registered that the pattern- a 
double-slit in terference pattern- becomes apparent (see Fig. 2.4b). But our description 

of interference [see ( 1.5 6), fo r examp le] requ ires a wavelength I, . This wavelength is 

ca lled the de Broglie wavelength, since Louis de Broglie first suggested that a particle 

with momentum p possesses a wavelength ), g iven by 

" A = - (2. 1) 
P 

where II is Planck's constant. [ For heli um atoms with a speed of2 .2 klll/S, this means a 
de Broglie wave length 

h 6.63 x 10- 34 J . s 
A = - = = 45 x 10- t2 m = 45 pm (2.2) 

III v (6.63 x 10 27 kg)(2 .2 x 103 m! s) 

l in his 1924 PhD thesis de Broglie combined two results that follow from Einstein's 1905 papers: 
E = 1111 = II c/).. ( from the photoelectric eOcct paper) and E = pc (from special relativity) , results that 
wc used in our discussion of Compton scattcring in Section 1.3. Equat ing these two expressions for the 
energy yields p = 11 / ). for light quanta. de Broglie suggested that a similar relationship should apply 
for all particles. Incidentally. the committee reviewing de Broglie·s thesis didn't know what to mnke of 
these radical ideas, so they asked Einstein to rev iew it. Einstein gave his approval and de Broglie got 
his PhD. as well as a Nobel Prize in physics five years later. 

100 pm 

Figure 2.3 Scanning electron 

microscope picture of the 

double-slit structure. The 
horizontal support s arc 

necessary to keep the sli ts 

rigidly positioned because 

the foil is very thin. This 

figure is reprinted with 

permission from O. Carnal 

and J. Mlynek. Phys. Nev. Lell. 
66, 2689 ( 1991). Copyright 
( 199 1) by the American 

Physical Society. 
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Figure 2.4 The number or helium atoms detected VS . the position x in the detect ion plane 

for aloms (a) wi th speeds greater than 30 km/s (and therefore A < 3 pm) and (b) with 
speeds between 2.1 and 2.2 kmls (and therefore i. :::: 45 pm). The dashed line in 
(b) shows the dark counts. This figure. together with Fig. 2.5, is from e h. Kurtsiefer, T. 
Prall , and J. Mlynck, pri va te cOlllmunication. Sec their article in Na /ure 386, 150 (1997). 

Just as in (1.56), the condition for an interference maxi mum in the intensity is given 
by the requi rement that the di ffe rence in path length belween the two paths shown in 
Fig. 2. 1 is an integral number of wavelengths: 

dsinO = /I), /I = O. ±1. ±2. (2.3) 

Notice that Ai d = 5.6 x 10- 6, so the angles of deflection arc very smail and it is 
appropri ate to make the approximation sin e ~ tan e = x / L, where x is the position 
of the maximum ill the detection plane. Thus the distance between adjacent maxima is 
given by 

LA 
X II + ) - X II = -

d 
(2.4) 

I 
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Figure 2.5 How the interference pattern shown in Fig. 2.4b builds up one atom at a lime. 

The first data SCI is taken aner 5 minutes of counting, while the last is taken ancr counts 
have accumulated f'or 42 hours. The "hotspot" in the data arises from an enhanced dark 

count due to an impurity in the microchi.lnncl plate detector. 

Using the value of!.. from (2.2), we obta in a separation between maxima of I I J.L1ll, which 

is in good agreement with the observed separat ion2 (Sec Probl em 2.3 and Problem 2.4 
for some other exampl es.) 

Given thi s new perspective, let's go back and reexamine the data for the fast he lium 
atoms shown in Fig. 2.4a. Initially, we assumed it was natural for atoms to land directly 
behind the slits, but now we should ask: Is this result compatible with helium atoms 
having a wavelength? Ifslow helium atoms interfere, why not' rhe rast ones as well? For 
interference to occur, the diffraction enve lopes from each sli t must overlap in space. as 
depicted in Fig. 2.2. Since the first zero of the single-sli t diffraction envelope occurs 

2Sincc Lid » I , we can take the two rays drawn from the slits to a poi nt illlhc detect ion plane to be 
essentially parallel, just as we did in the analysis of the Young double-slit experiment in Section 1.6. 
Also, from now all. we wi il usc the symbol II to refer to an integer. 
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Figure 2.6 An interference experiment carried out w ith sodium atoms. Two 

400·nm-period gratings serve as the beam splitters. 

whcn sin e = A/a [sec (1. 15) and Problem 1.33], where a is the wid th of the sli t, the 

width of the centra l maximum in the detection plane is on the order of(A/ a)L, where 

L is the distance to tbe detecting screen . For the slower helium atoms, say those with a 
wavelength of 4S pm , th is yie lds a width of 88 f.L1ll , wh ich is substant ially larger than 

the separation d between the s li ts. Thus the d iffraction envelopes frolll the two slits 

overlap and interference occurs. For the faster helium atoms, those w ith a wavelength 

less than 3 pill, (A / a)L is less than 6 f.L m, which is less than the separation d = 8 f.L1l1, 

but larger than the width a = I {Lm of the slit. Th us although there is measurable 

diffraction of the helium atoms from each sli t, there is insufficient diffraction for the 
diffraction envelopes from each slit to overlap substantia lly at the detection plane and 

hence produce interference. 
Before conclud ing this section, there is an add itiona l ato l11 interferometry experiment 

that merits special note. Thi s experiment, the initial resu lts of whi ch \vere published back 
to back in Physical Review Lellers with the first resu lts of the helium atom double-slit 

experiment, was carried out with sodium atoms. The interferometer consisted of three 
400-nm-period gratings mounted 0.663 ± 0.003 m apart , as indicated in Fig. 2 .6. The 

sodium atoms had a speed of I km/s, giving them a de Broglie wavelength of 16 pill . 
At the middle grating the width of the beams was 30 J..L11l and they were separated 
by 27 .urn. Thus just two paths, as shown in Fig. 2.6, overlap enough for interference 
to occur. Figure 2.7 shows the resu lting interference pattern. Most interestingly, in a 
subsequent experiment the Pritchard group sh ined laser light through a port into the 

interferometer.' If the li ght scaltered fromlhe sodium atoms near the midd le grating, it 

should have been possible to detect which of these two paths a sodium atom was taking 
if the experimenta lists had chosen to observe the scattered laser light (although they 

didn't actually make this observation). In this case, the interference pattern disappeared. 
On the other hand, if the laser was positioncd so that Ihc lighl scattered from atom s close 

to the first grating, then it was impossible to resolve which of the two paths a sod ium atom 
was taking and the interference pattern reappeared. Th is experiment therefore provided 
a beautifu l confi rmat ion of the fact that we should incl ude multiple amplitudes in the 

3M. S. Chapman, T. J) )-Iammond. A. Lcnef, J. Schmiedl11<Iyer, R. R. Rubenstein , E. Smith. and D. E. 
Pritchard, Phys. ReI'. Lell. 75. 3783 ( 1995). 
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Figure 2.7 Sodium atom interference dttla adapted from D. W. Keith, C. R. Ekstrom, 

Q. A. Tu !"chc" c, and D. E. Pritchard Phys. Rev. Lell. 66, 2693 (1 99 1). 
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determination of the probability of detect ing a particle on ly when it is impossible to 

know which of the paths is taken by that partic le. 

In conclusion, it is instructive to compare the data in Fig. 1.24 and Fig. 2.5. In the case 
of light, for which ollr everyday classical experience is with its wave nature, the particle 
nature of light is perhaps 1110St surprising, although everyone has probably heard abollt 
the existence of photons. In the case of atoms, which we certainly think of as particles, 

it is the wave nature that forces us to revise our classical notions. In both cases, we arc 
forced to try to understand how interference fringes- maxima and mi ni ma- can build 
lip one particl e, one photon or one atom, at a time. The simi larities in the way we must 
deal with particles, whether they are photons or atoms, are striking. Clearly, we need 
a new set of laws, a new form of mechanics called quantum mechanics, not just for 
photons but for other particles as wc ll. 

EXAMPLE 2.1 What is the de Broglie wavelength of a tennis ball (11/ = 0.05 kg) 

moving at 10 m/s? 

SOLUTION 

" " 6.63 X 10- 34 
J . s 

A = - = - = =-::-:-:---:-:-:-:---:--:-
p 11/ v (0.05 kg)( I 0 m/s) 

1.33 X IO- JJ m 

a very small length. 

EXAMPLE 2.2 Assume that the tennis ball of the previous example is thrown through 

a I-m wide door at a speed of 10 m/s. Calculatc the angular width of the central 

maximum. Would you be likely to observe the diffract ion (bending) of tcnni s balls 

as they movc through the door? 

SOLUTION 
. A 

Sill fI = - = 1.33 x 10- 33 

{/ 

Therefore the angular width 20 = 2.6 x 10- 33 in this case. 
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These examp les illustrate that it is the smallness of ii , Planck's constant, on a 

macroscopic scale that prevents you from not icing thi s wave- like behavior for par­
ticles and protccts your classica l illusions that macroscopic particles are somehow 

different from what we are seeing on the microscopic level. 

EXAMPLE 2.3 What is the de Broglie wavelength of an electron with a ki netic 

energy of 54 eV? 

SOLUTION Since an electron w ith a kineti c energy of 54 eV is nonrciat ivist ic, we 

can write the kinetic energy as 

Thus 

iI 
A= 

p 

I , p' 
K = -mv- = 

2 2111 

6.63 X 10- 34 J . S 
= "~'77=~"fF;==;';';=;=C~=;===;~~C7=.'''i': = I. 6 7 x I 0-

10 
m = I. 6 7 A 

) 2(9.1 1 x 10 31 kg)(54 eV)(1.6 x 10- 19 JleV) 

Note that I A = 10- 10 m = 0.1 nm is the characterist ic size sca le of atoms. Can 

you guess holY such elcctrons might be uti lized? See Problem 2. 11. 

2.2 Crystal Diffraction 

Example 2.3 contains a very interesting resu lt. Since an electron has Stich a smallm3ss, the 
de Broglie wavelength ofa 50-cV electron is not nearly as small as it is for a macroscopic 
particle such as the tennis ball in Example 2. 1. Nonetheless, the electTon's wavelength is 
short , equi va lent to that of a photon in the X -ray regime. We know now, of course, that 

X-rays are short-wavelength photons' In order to veri fy that X-rays were simply electro­

magnetic rad iat ion, it was necessary to see some interference effects. But construct ing 

a double-slit experiment or, better yet, a grating with a spacing between the slits on the 

order or angstroms is not easy. But it turns out that nature does this w ith regu larity in the 

form o f crystal line solids. 

4The name X-ray derives from the fact tha t when X- rays were first discovered. by Wilhelm Rontgen 
in 1895, their nature was unclear. Rontgen happened 10 notice during experiments in which electrons 
with energy lip to 50 keV struck the anode in an evacuated glass chamber that a fluorescent screen al 
the other end of tile lab table started to glow faintly. even though the glass chamber was covered with 
black cardboard. The glow persisted even when a I OOO-page book was placed between the tube and the 
fluorescent screen. Ron tgen was startled to discover when he held a lead disk in front of the screen that 
nO! on ly did he see the shadow of the disk. as expected but he al so saw the sh;ldows of the bones of 
his own fingers. I-Ie soon produced a more permanent record, taking an X-ray picture of his wife's hand 
that created a sensa tion. Within weeks X-rays were being used 10 help in the setting of broken bones. 
Ronlgen received Ihe first Nobel Prize in physics. in 190 I . 
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Figure 2.8 The atoms in a crysta lline solid, one with a periodic structure, can be viewed 
as lying in a series of planes. The path difference for reflection from adjacent planes is 
2dsin 8. 
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X-rays incident on a periodic crystal such as NaCI scatte r from each of the atoms 

in the crystal. In 1912 Max von Laue added up th is scattered radiation and showed that 

very sharp maxima in the intensity wou ld occur, in the same way that sharp maxima are 
generated when light is scatte red by the simple grati ng d iscussed in Section 1.7. In the 

language of Chapter I, the maxima occur whcn the probability ampli tudes for scattering 

from each of the atoms are in phase. Shortly thereafter, in 1913 , W. L. Bragg showcd that 

the results afvon Laue's calcul at-ion were the same as if the scattering took place from a 
series ofp lallcs J like a series of mirrors, that were generated by the individual atoms in 
the crystal. Figure 2.8 illustrates sllch a series ofpia ncs. Constructive interference occu rs 

when the path difference for scattering from an adjacent plane is an integral number of 

wavelengths, that is, 

2dsin O = /1). 11 = I , 2, 3, ... (2.5) 

Equat ion (2.5) is often called the Bragg relation 5 If the amp li tudes are in phase for 

these adjacent p lanes, then the amplitudes w ill be in phase for a ll the planes, since the 

spacing between each of these planes is the same. 
Figure 2.9a shows an X-ray diffract ion pattern fo r rock salt , while Fig. 2.9b shows 

a si milar picture takcn with neutrons scattered from rock salt. The neutrons are scat­
tered by the nuc le i of the atoms, while the X-rays interact eleco·omagnetically w ith the 

charged particles (nucle i and electrons) that consti tute the atoms. Neutrons are typica lly 

thermalized (sec Problem 2. 14) so that thei r wave lengths arc in the appropriate X-ray 

regime. Th is is another nice illustration of how particles behave in ways that classically 
we attribute only to waves. 

sUn1ike Snell 's In\\' where the incident angle is typically measured with respect to the normal to 
the surface, the angle (J in the Bragg relation is measured with respect to the horizontal, presumably 
because X-ray diffract ion studies arc often done with a grazing angle of incidcnce. There are numerous 
sets of planes that can be constructed I"rol11 ,Horns in stleh a crystal array, so there are numerous angles 
for which the Bragg condit ion for constructive interference will be satisfied. It is possible \0 infer the 
underlying crysta l structure from the nature of the X-ray dint·action pattern. W. L. Bragg and his father. 
W. H. Bragg, built an X-ray crystal spectrometer that could be used to analyze the structure of crystals, 
given a knowledge of A. The Braggs shared the Nobel Prize in 1915. 
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(a) 

(b) 

Figure 2.9 (a) X-ray difi'raclion and (b) neutron diffraction frol11 a single sodium chloride 
crysta l. The X-ray dill'raction imagc, from IV. L. Bragg, Proc, Royal Soc, 89, 248 (1913), 
shows one of the vcry first attempts to lISC X-rays 10 analyze the structure of crysla!s. 

Modern X-ray crystal diffract ion images arc substantially sharper. The neutron 
diffraction image, reprinted with perm ission frolll E. O. Wollam, C. G. Shull , and M. c., 
Murray, Phys. lieI'. 73, 527 (1948), copyright (1948) by the Amcrican Phys ical Society, 
shows the first image of a single cryslallakcn with neutrons. Sh ull was awarded the 

Nobel Prize in physics in 1994. 

You may have wondered (a t least if you have been read ing the footnotes) how de 

Broglie was able to wi n the obel Prize in 1929 just fi ve years after making the unusual 

proposal that particles such as electrons have a wavelength. While the experiment on 

interference with heliulll atoms by Kurtsiefcr et a1. provides strong confirmation of de 
Broglie's idea, th is particular experilllent wasn't carried out until quite recently. And 

neutron scattering as a tool for crysta l studies did not become available until the advent 
ofa good source ofnclitrons, after World War II. The answer resides in a 1927 experiment 
that involved a bit of luck, C. J. Davisson and D. A. Germer, working at Bell Labs, were 
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Figure 2.10 A schematic diagram of the Davisson- Germer apparatlls and a plot o f thei r 

scattering data for 54-cV eleclrons, for which A = 1.67 . Sec Example 2.4. Adapted 
from 'obel Lectures, Physics 1922- 194 1, Elsevier, Amsterdam, 1965. 
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investigating what happens when 54-eV electrons were scattered from polycrystalline 
nickel, taking advantage of the relative ly new vacuum technology. Their vacuum tube 

broke and the nickel became oxidized. In order to remove the ox ide from the metal , 
Davisson and Germer heated the nickel. When the nickel cooled, it solidi fied as a single 

crystal. Subsequently, Davisson and Germer noticed a strong enhancement in the angular 
distribution of the scattered electrons, which turned out be at just the angle predicted 

by the Bragg condition, wi th a spacing between planes of 0.9 1 A. See Example 2.4. 
Figure 2. 10 shows their experimental semp as well as thei r data. Davisson shared the 

Nobel Prize with G. P. Thomson, who made a s imilar discovery independently in Scotland. 
Incidentally, G. P. Thomson was the son of J. J. Thomson, who is often credited with the 

discovery of the electron in 1897 and fo r which he, 100, was awarded the Nobe l Pri ze, 
in 1906. It is often said that the fat her discovered the electron as a particle while the son 

discovered its wave nature. 

EXAMPLE 2.4 The 50' angle shown in Fig. 2.10 is the angle between the incoming 

and the outgoing ray in Fig. 2.8. Thus 28 = 180' - 50' = 130°, or 8 = 65° . 
Determine the spacing between the planes of atoms in the nickel crystal. 

SOLUTION Since an electron with a kinetic energy of 54 eV has a wavelength 

A = 1.67 A, 

d = _),_ = 1.67 A = 0.92 A 
2sin8 1.8 1 

in good agreement with the va lue d = 0.9 1 A determined from X-ray diffraction. 
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2.3 The Schrodinger Equation 

[n 1926 in Zurich, after a physics co lloquium by Erw in Sehriidi ngcr on de Broglie waves, 

Peter Debye made a remark to the effect that dealing with waves properly requires a wave 

equation. Schrod ingcr took this comment to heart, for he returned from a skiing vacation 

a few weeks later and announced at a subsequent colloquium, "My colleague Dcbye sug­
gested that one should have a wave equation; well, I have found one,,,6 The Seh riidinger 

equation is the equation of moti on for nonrelativistic quantum mechanics. As we have 
noted, the Sehriidinger equation cannot be derived from classical physics. Obtain ing 

it involved some inspired guess work on Schrodillgcr's part . Rather than following his 
reasoning, we simply start with the equation itselfin onc dimension: 

fJl alW(x, I) . aW(x, I) 
_----'c,""-' + V (x ) W (x, I) = I ii --:::-. ----'-

2111 ax- a, (2.6) 

where //I is the mass of the part ic le, Vex) is the poten tial energy, and fJ (pronounced 

" h bar") is Planck"s constant dividcd by 2IT (Ii = " / 2IT). W(x, I) is called the wave 
function. It is the probabi lity ampli tude for fi nd ing the particle at position x at time I. 

We wi ll discuss how one solves thi s equation for W(x , I) in the next two chapters. For 

the rema inder of th is chapter we wi ll give some plausibil ity arguments in support of the 
equation itself. 

In this secti on, we will focus on the Sch riidi nger equation for a free particle, that is, 

a partic le without fo rces acting on it. In this case, we can take Vex) = 0 and write the 
equation as 

fi l al w (x, I) . aw (x , I) 
- - = I h ---::-"'--'" 

2//1 ax' al 

Equation (2.7) is the analogue of 

al [ I a2[ 

QX2 = c2 a, 2 

(2.7) 

(2 .8) 

the wave equation for light that results from Maxwell's equations in free space. In Sec­
tion 1.1 we commented that if we substitute a wave such as [ = [ oe'(kx -wt) into (2.8), we 

obta in the cond ition CtJ = kc, where w = 2iT j) and k = 2:;r I),. We have seen that E = II IJ 

and p = It / ), for photons. If we write these expressions in terms orn , we obtai n 

" E = It!! = - 2IT!! = flw 
2IT (2.9) 

and 

" It 2IT p= - = -- =Iik 
A 2IT A (2. 10) 

Notice that if we take the condition w = kc and multiply both sides by Ii , we obtain 

liw = hkc (2. 1 I) 

or 

E = pc (2.12) 

6 Physics Today 28 (12), 23 ( 1976). 
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which is just the relat ionship between energy and momentum for massless partic les 
demanded by special relativity. Th us Maxwell 's eq uations have naturally buil l into them 
that photons are massless quanta. 

What then is buil t into the Schrodinger equation? Notice that if we substi tute 

\fl ex , I) = A ei{kx -wt) 

into (2 .7), we obtain a solution provided 

h'k' . . 
__ A e,(b: -M ) = fj(vA e ,(kx -wl ) 

2m 

Thus for a nontriv ial solut ion 

tI ' k' 
flU) = --

2m 

Followi ng dc Brogli c, if we presume that the rclations 

and 

II 
P = ~ = hk 

A 

E = "" = hU) 

apply for all part ic les, not just for photons, then (2. 15) req uires 

p' 
E= -

2111 

(2. 13) 

(2 .1 4) 

(2.15) 

(2. 16) 

(2 .17) 

(2. 18) 

which is the relationship between energy and momentum for a nonrelativistic free particle 
of mass 111 , since for a nonrelativistic particle p = 11/ V and E = m v2 / 2. 

Note that in ordcr to obta in thc rela tionship (2. 15), which invo lvcs onc facto r o f w 

and two factors of k, we needed an equation that involves one ti me derivative and two 
space deri vat ives. But this means that waves of the fo rm w(x, I) = A cos(kx - WI) or 

W(x , I) = A sin(kx -WI) arc not so lutions to thc Schr6di nger cq uation for a frcc part iclc, 

as you can readily verify by substituting them into the equat ion. The only simple wave 

so lutions are in the form of complex exponentia ls g iven in (2. 13) . You can't j ust take the 

real part as you can fort he electric fie ld [ . The sol ut ions tothe Schrodinger equation for a 

free particle are inherently complcx. Given the postul atcs of quantum mcchanics that wc 

introduced in Chapter I , this may not be all that surprising. But it was definitely disturbing 
to the early pract itioners of quantum mechanics, inc luding Schr6di nger himself. And of 
course, the Schrodi ngcr equation itself explicitly involves fl and i = P, unlike (2.8) . 

Nobody had dared to write a physics equat ion that inherent ly involved complex numbers 

in th is way before Schrodingcr. 

Because a hel ium atom, or an electron for that matter, has a rest mass, it is possible 
to restrict our focus to situations in which the particles are nonrelativistic. T his is what 
the Schr6d inger equation docs. We will see that such nonrelativistic quan tum mechanics 
has broad applicability in atom ic, molecular, solid-state, and nuclear physics. In particle 

physics, on the other hand, relativistic consi derations become quite important. At that 
point , our description must include at least some of the key features of quantum field 
theory. We will return to th is issuc in Chapter 10. 
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2.4 The Physical Significance of the Wave Function 

What is the physical signi ficance of \jJ (x, I)? In general, \jJ is a complex function, so 
it cannot correspond di rectly to someth ing we can measure. As we have noted, we can 
also refer to the wave function as the probabi lity amplitude of find ing the part icle at 
the position x at time I. You might thereFore be tempted to identi fy \jJ ' (x , 1)\jJ (X , I) = 
1\jJ (x , 1)12 with the probability of fi nding the particle at x at time I. But this is not quite 
correct. Rat her, the correct interpretation (often referred to as the Born interpretation 

since it was firs t suggested by Max Born) is that 

1 \jJ (x, 1)12dx = the probability of fi nding the pan ic le between x and x + dx at 
time 1 ir a measurement of the particle's position is carri ed out 

Strictly, 1\jJ (x, 1)1 2 is the probability density si nce it must be integrated to determine the 
probability ( like the charge density, which must be integrated to determi ne the electric 

charge), and has dimensions of probability per unit length, in one dimension. Forexample, 
it doesn't make physical sense to ask about the probability of a helium atom landing at a 
single posit ion in the detecting plane in the experiment descri bed in Section 2. I. Instead, 
if we make the width o f the entrance aperture for ollr detector 2 microns and center the 

detector 4 microns above the line bisecting the two slits, then the probabi lity that an atom 
lands in the detector is given by 

.1' =5 microns 

/ 1\jJ (x, I)12dx 

.1' =) microl1 .~ 

No matter how small we make the aperture to the detector, we cannot measure the 

probabili ty that a helilull atom lands at a single position out of the continuum ofpossible 

positions in the detection pl ane. o r cou rse, ir we make the aperture too small, helium 

atoms will be too big 10 fi t th rough the aperture and we will not obtain any counts. We 
will then need to figure an alternative method of measuring the position ofa helium atom 
to greater prec ision. (But ou r method might continue to work for electrons whi ch, as far 

as we know. are point part icles.) 

Does thi s mean that berore a measurement is ca rried out the helium atom does not 

have a definite position? The answer is yes. In quantum mechanics, you have to give 

up on the notion that a particle should be associated with a definite position. For if you 
thought the heli um atom had a defi nite position just beFore it struck the detector, then you 
would presume it had a somewhat di ffe rent definit e posit ion just in front of th is posit ion a 
moment earlier, and so on. You would effectively be presuming that the atol11 fo llowed a 

definite trajectory to reach the detector. But if it fo llowed a definite trajectory, what then is 
generating the interference pattern , which as we have seen requires multiple ampli tudes 

(mult iple paths) for a single part icle to reach a part icular point in the detection plane? 
Th is is of course a rar cry from our class ica l experience and it explains why quantum 

mechanics was initially so controversial. In fact, Schrodinger himselF was troubled by 
thi s probabi listic interpretation of the wave fu nction. 

Since the probabili ty of fin ding the part icle ovcrall must be one, it is necessary that 

1'" 1\jJ (x , 1)12dx = I 
-00 

(2. 19) 
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at all times I in order for th is probabilistic interpre tation of the wave function to be 

self-consistent. It is straightforward to satisfy this condition. For if \jI (x , I) is a so lut ion 

to the Schriidi nger equation, so is N \jI (x, I), where N is a (complex) con stant. Thus we 

can always mu ltiply \jI (x , I) by an appropriate constant so that (2. 19) is satisfi ed. We call 

thi s nor malization of the wave function. 

C learl y, it is necessary that \jI --> 0 as Ix I --> 00 in order for the in tegra l in (2. 19) 
to converge. The phys ica lly adm issible wave functions arc therefore said to be square 
integrable, where by the " square" we mean mult iplying the comp lex wave function 

by its complex conjugate. A somewhat artificial but useful illustration is g iven in 

Example 2.5. 

EXAMPLE 2.5 Normali ze the wave function 

depicted in Fig. 2. 1 I. 

SO LUTtON 

\jI (x) = { ~X(L - x) O < x < L 

e lsewhere 

Thus normaliza tion of the wave function determines the value of N* N . We might 

as well choose N to be real, namely 

N = (30 V7) 
but it is good to remember that other cho ices are possible as well. Note that 

INI 2x 2(L - xfdx , the probabil ity of finding the particle between x and x + dx , 
must be dimensionless. Since x 2(L - x f dx has the dimensions of length to the 

fifth power, INI2 must have the di mens ions o f inverse length to the fift h power. 

o 
Figure 2.11 Wave function for 

Example 2.5. 

x 
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2.5 Conservation of Probability 

I f we normalize the wave funct ion at one time, will it stay normalized? Does (2. 19) 
hold for all time? In short, is probabili ty conserved? It is not di fficult to veri fY that the 

Schrodinger equat ion assures conservat ion of probability. Let's start by ca lculating the 
t ime derivative of the probabi li ty density: 

alWl' aw' w ,aw aw' --=-- =w - +W-a, a, a, at 
From the Schrodinger equat ion 

- = - ---- + V(x)W aw I ( Ii ' a' w ) 
at if, 2m ax' 

and, taking the comp lex conj ugate of this equation, 

- = - -- - - + V(x)W ' aw' - I ( Ii 'a' w' ) 
a, iii 2111 ax' 

where we have assumed the potentia l energy Vex) is real. Thlls 

---W - - W-a[ili( ,aW aw' )] 
- ax 2111 ax ax 

where 

Ii (a w OW' ) jAx , I) = - . W' - - W--
21111 ax ax 

is referred to as the probability current.7 Therefore 

dl OO ),oo J'() J )xx,t . co 
- IW(x , IWdx = - dx = -lAx, 1)1-00 = 0 
dt . - 00 - 00 ax 

(2.20) 

(2.2 1) 

(2.22) 

(2.23) 

(2 .24) 

(2.25) 

where the last step follows from the fa ct that W(x, I) --> 0 as x --> ±oo, for otherwise 

the wave function wou ld not be normal izable. Thll s the integral on the left-hand side 
of (2.25) is independent of time. I f this integral is equal to one at a particular time, say 

I = 0, it w ill be equal to one for a ll time. 

The reason for introducing the probability current 1.,. into our derivation is that it 
enables us to see that conservation of probability is not just a global phenomenon­
th e overall prohtlb ili ty of finding the particle rema ins one-but a loca l phenomenon as 

Jln confirming (2.23), you may find it easiest to start with the second line, do the derivatives, and 
show that you obtain the fi rst line. You may also recognize (2.23) as a one·dimensional version of the 
conservation of charge equation 

where p is the electric charge density and j is the current density. This conservation of charge equation 
follows from Maxwell"s equations just as (2.23) follows from the Schrodinger equat ion. 
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j.(a. I) > 0 j,(b, I) < 0 

a b x 

Figure 2.1 2 Conservation of probability: The probability current accounts for a change in 

the probability of finding a particle in [a, b]. 

well. To illustrate, instead of integrating the probabili ty density over all positions, from 

x = - 00 to x = 00, integrate from x = a to x = b. Then following the steps that lead 
to (2.25), we see that 

d lb -d I l\I (x , 1)I'dx = - Jx(x , 1)1; = - j , (b, I) + j , (a , I) 
I " 

(2.26) 

Now there is no reasoll for j,.(a , I) and Jx(b, I) to vanish since a and b may be finite , 

and the probability of fi nding the particle in the region between x = a and x = b can 
change with time. But the reason for the change is clear; probability can ftow into or out 
of the region at either endpoint (or at both). [n particular, if j,(a , I) , the probability fiow 

per unit time at x = a , is positive, then the probability current contributes to an increase 
in the probability in the region to the ri ght of x = a (see Fig. 2.12), whil e if jAb, I) is 
positive, this term contributes to a decrease of the probability in the region to the le ti of 

x = b. Or if j,(b, I) is nega ti ve, then the probabil ity current is fiowing toward the left 

at x = b, whi ch contributes to increasing the probability in the region between x = ([ 
and x = b. Thus ifprobab ili ty decreases in some region, it doesn't mysteriously appear 
somewhere else but rather flows continuollsly into or Ollt of the region in question . Thus 

probabili ty is said to be "loca lly conserved." 

EXAMPLE 2.6 Forthe wave function l\I (x, I) = Ae;(kx - M ) determine the probability 

current. 

= ~ (A *e - i(kx -Wf) ikA e i(kx -W1) + A ei(kx -wr) ikA *e - i(kX -WI») = frk IAI2 
2m. •• 

In thi s exampl e, the probability current is the product oflik l m = p l m = va nd 

the probabili ty density I A I' . Thus a large probability current can result from a large 

probability density and/or a large velocity for the partic le. 

2.6 Wave Packets and the Heisenberg Uncertainty Principle 

Picture a wave with a singl e wave length . The wave is evelYlvhere . Now pict ure a panicle 

with a single momentum. YOli tend to th ink ofa particle as somewhere. But the momentum 
of the particle and the wavelength arc related by p = hi ) •. [fyo u consider yourself to 
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J J J 
V' U' V x 

Figure 2.13 The sum of two sinusoidal waves with equal ampl itudes but slightly different 

wavelengths. 

be at rest as you read thi s book , then you would say your momentUIll is zero. The 
your wave function should be one corresponding to an infinite wavelength , basically 

a constant wave function everywhere, although you certainly tend to think of yourself 
as having a well-defined position. How do we resolve this seeming contradiction? First 
note the wave funct ion l.J1 (x , t) = A e i(kx -tvt), a solution of the Schrodinger equation for 

a free particle with a single wavelength, does not approach zero as Ix l -)0 00. Thus 
it is not a normalizable wave function and can not correspond to a physically allowed 
stateS It is possible, however, to generate physically acceptable, normalizable so lutions 

to the Schrodinger equation for a free particle by superposing solutions with di fferent 
wave lengths.9 Such a superposition produces a wave packet. 

A s we di sc llssed in Chapter I , when waves arc in phase, they add construct ively, and 

when waves arc j[ out of phase, they interfere destructively. Here we want to superpose 
waves with different wavelengths to form a loca lized wave packet. To see the pattern , we 
start by adding two waves together each with the same amplitude A but slightly different 

wavelengths, one with wave number k+ /),k j 2 and the other with wave number k - 6k j 2: 

A sin [(k - !:'k / 2)x - (w - !:'w/ 2)1] + A sin [(k + M / 2)x - (w + !:'w / 2)1] 

= 2A sin(kx - wI) cos [(!:'k / 2)x - (!:'w / 2)1] (2.27) 

where we have made use of the tr igonometric identity 

. . a - f3 . a + f3 
Sill a + Sill f3 = 2 cos - - Sill --

2 2 
(2 .28) 

Figure 2.13 shows the result. Notice that we have a traveling wave 2A sin(kx - WI ) 

modulated by the fac tor cos [(!:' k/ 2)x - (!:,W/ 2)1], which is itse lfa traveling wave wi th 

a longer wavelength and lower (beat) frequency. We have chosen to add two si ne waves 
together rather than the complex exponentials that are solutions to the Schrodinger equa­

tion, so we can graph the resuit. Or you can think of (2.27) as the result of adding the 

imaginary parts of tile compl ex solutions. Problem 2.15 shows a similar effect for adding 

g A wave function with a single momentum (a single wavelength) is, nonethe less, a very use ful 

abstract ion. 
9Such a superposition is poss ible because the Schrodinger equat ion is a linear di fferential equation. 

which means that if 1/11 and '/11 are two so lut ions to the Schr6dingcr equation, thcn so is C I 1/I1 + c2 1/11. 

where CI and C2 are arbitrary complex numbers. See Problem 2.16. 
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x 

Figure 2.14 The addition of Ave si nusoidal waves with varying wavelengths can produce 
a more localized pulse which nonclheless repeats indefinitely. 

the real parts. Figure 2. 14 shows the resu lt of adding five waves together. Here the "beats" 

are better articulated. I f we add an infinite number of waves together with a continuous 
infinity of di fferent wave numbers of the form 

(2.29) 

we obtain a wave packet that doesn' t repeat itself, as illustrated in Fig. 2. 15a. You can 

suppose that each orthe waves has a crest at the origin, at x = 0, as shown in Fig. 2.15b. 

Here the waves add constructively. But as we move away from the origin, the crests (and 
the troughs) of the different waves no longer co incide since the wavelength of each wave 
in the superposit ion is different. In this way, we can generate a region where the waves add 
together to give a large amplitude, while in other regions the waves effectively cancel. The 

more waves we introduce in the superposition, the more complete the cancellation can in 
princip le be. Example 2.7 provides a nice illustrat ion of how th is superposition works. 

You can probably foresee that the marc waves with differing wavelengths that we add 

together the narrower we can make the region of space where the wave packet is nonzero. 
In fact, it is possibl e to show that the width D.x in pos ition oft i1e wave packet and the 
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Figure 2.15 (a) A wave packet can be thought of as a superposition of a continuum of 
waves. Two of these waves, each with a maximuill al the origin, arc showll in (b). These 
two waves add constructively at the origin, but interfere destructively at some locations 

and constructi vely at other locations. 

x 
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width !)'k in wave Ilumbers that are involved in the superposition satisfy the relation 

I 
t;.xt;.k> -- 2 (2.30) 

prov ided one uses a precise definit ion (see Section 2.8) of what we mean by the quantities 

~x and f:j.k . This is a very general result from the physics of waves, olle with which you 

probably already have some experience. For example, lightning produces a loca l, intense 

heating (and expansion) of the air in the immediate vicinity ofa strike, name ly, a narrow 

wave packet. Th is pressure pulse propagates outward from the strike as a sound wave. 
When it reaches your car, you hear the many d ifferent wavelengths (or frequencies) in 

the thunder clap. This is quite eli ITc rent frol11 the sound afan almost pure freq uency from, 
say, a violin string, which would have a substantially longer wave train. 

What makes (2 .30) unusually interesting in quantum physics is the connection 

between the wavelength )~ and the momentum of the particle. Since p = flk, we can 

express the relation (2.30) in terms of the momentum Px (the x component of the li near 

momentum, s ince we are cons idering one-dimensional mot ion along the x axis) as 

Ii 
6.x 6.j)\" > -. - 2 (2.31 ) 

which is the fa mOllS Heisenberg uncertainty principle. lo It shows that a partic le cannot 

have both a definite position and a defin ite momentum simultaneously, since the right­

hand side of (2.3 1) is nonzero . I f a particle were to have a well-defined momentum 

(t;.p., ..... 0) , the position of the particle would be very uncertain (t;.x ..... (0). On 

the other hand, if the particl e were to have a very well-defined position (t;.x ..... 0) , then 

the part ic le would not have a definite momentum at all (6.Px -)0 00) . Ofcollrse, the scale 
for the product of these uncertainties in the posit ion and the momentum is set by the size 

of Planck's constant. As Example 2 .8 illustrates, these restrictions are not noticeable fo r 

macroscopic particles . 

EXAMPLE 2.7 Determine the form of the wave packet 

1/1 (x ,0) = 1: A(k)e;kxdk 

gencrated by the superposition with A(k) = A for ko - (t;.k) / 2 < k < ko + (t;.k) / 2 
and A(k) = 0 otherwise. Estimate the va lue of t;.x t;.k for th is wave packet. 

SOLUTION 

l
ko+(t::.k )/2 

1/1 (x , 0) = Ae;k·'·dk 
ko-(t::.k)/2 

ixt::.k / 2 - ;xtJ.k/2 
ik r _e ___ -_ e __ _ = Ae (l. 

ix 

2 
;k, s in(x t;.k / 2) 

= lie o· 
x 

WOUl" " derivation· ' of the Heisenberg uncertainty relation follo\Vs directly from (2.30), \Vhich is a 

fundamental result of Fourier analysis . The main point , at th is stage, is to get a sense o f how th e 

superposition and interference of\Vaves can lead to thi s result. Using a different strategy, we w ill give 
a rigorous derivation of(2.31 ) in Chapter 5. 
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A(k) 

a ko - 11k12 ko ~ d kl2 k 

(a) 

-27T111k a 

(b) 

l'l/(x. 0)1' 

2r./dk 

Figure 2.16 Graphs of (a) /I(k) alld (b) [\jI(x , 0) ['. 

Thus 

1\jI (x, 0)1 ' = 4IA I, sin' (.rL'.k I 2) 
x2 

x 

Figure 2. 16 shows graphs of A(k) and 1\jI (x, 0)12 A quick estimate of the width of 

A(k) is to say it is L'.k. The width of the wave packet in position can be estimated 

from the distance between the firs! two nodes on either side of the central max imum. 

These nodes occur when x L'.k 12 = ±1T, so X = ± 21T 1 L'.k. Selling L'.x = 41T / L'.k , 
we find L'.x L'.k = 41T. Thus our result is cons istent with the general limit expressed 

in (2.30). The smaller the magnitu de of k, the larger is the width L'.x of the wave 

packet. Notice that the w idth of the wave packet depends so le ly on L'.k and not on 

the value of ko, which in momentulll terms means that the width or the packet docs 
not depend on the value of the centra] moll1cnrull1 Po = li ko. 

EXAMPLE 2.8 Estimate the uncertainty in your ve locity as YO LI si t rcading if the 

uncertainty in your pos ition is 10- 10 111. 

SOLUTION From the Heisenberg uncertai nty relation, 

fI 1.055 x 10- 34 J· s 
L'.p,. > -- = ---.,-,.,..--- = 5.3 x 10- 25 kg'lll/s 

. - 2L'.x 2 x 10- 10 III 

Since P,r = 111 vx, you can obtain an estimate of the uncertainty in your velocity by 

div iding L'.p., by your mass. For example, if //I = 60 kg, then 

L'. u ::: 8.8 x 10- 27 m/5 

which is such a small va lue we cannot in practice dist inguish Ih is spread in velocity 
from the classical notion that your speed is zero as you sit reading. 

EXAMPLE 2.9 Estimate the uncertainty in the velocity of an electron confined to a 

region that is lO- 1O m in size. This is a typical size scale for an atom. 

SOLUTION Aga in from the Heisenberg uncertainty relation, 

fI 1.055 X 10- 34 J· s 
L'.p,. > -- = --:-----,-:-,.,,---- = 5.3 x 

. - 2L'.x 2 x 10 10 m 

,-
10- -' kg·m/s 

71 
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I 9 II 10- 31 kg. In this example the mass is the mass a f an electron, name y, m =. x ..., 
Thus 

t1p., - 8 105 rnI 6.v = -- :::. ). x 5 
111 

The uncerta inty of 580 km/s in the electron's velocity in an atom is certainly not 
negligible, showing the importance of the Heisenberg uncertainty relation on the 
microscopic sca le. 

2.7 Phase and Group Velocity 

Superpos ing waves to make a wave packet resolves the problem o~loca li z ing a particle so 
that it has a reasonably well-defined position, with some Ullcertu lIlty, but at the ex p~l.lse 

of introducing an uncertainty in the momentum of the particle as well. SuperpositIOn 

also solves another problem, namely, the speed of the wave and the speed of the panicle 
do not seem to be equal. If you take a wave with a definite wavelength such as Aei{l.:x-wr), 

you can express it in the form 

(2.32) 

where Vph is cal led the phase velocity of the wave: 

W 2IT \) 
Vrh = - = --- = ),1) 

k (2IT I A) (2.33) 

The phase velocity is the speed al wh ich a particular point on the wave, such as a crest, 
moves. For example, if yo u sel x = 0 and I = 0 for the wave A cos(h _ wI) (the real 
part of A ei(kx-wl) ), YOLI are at the maximum of the wave. A time ell later, you have to 
move along the x axis to a point dx wh ich satisfies kdx - welt = 0 in order to keep up 
with the Crest. (See Fig. 2.17.) This speed is thu s given by Vph = dxldl = wlk. For 
light, Vph = c. But for the Sehr6dinger equation, we see that the phase velocity for a 
nonrelati vistic partic le of mass III is given by 

w li w £ III v'/2 V 
Uph= - = - = - = ___ = _ 

k lik P III v 2 (2.34) 

That is, the phase veloeily is one half the velocity of the particle. 

, , 
, , , 
\ 

\ \ 
\ \ 
\ \ 
\ 

X 

Figure 2.17 The dashed linc shows a s inusoidal !raveling wave at I = 0 and the solid line 
shows the same wave a l a slightly later time. 
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A t first, this seems quite troubl ing. From Oll r disclIssion in the preced ing section. 

however, we know that the location of the parti cle is determined by superpos ing waves 

so that they form a wave packet; it is the locat ion of the packet that tells liS ro ugh ly where 
the particle is located. But if you look back at (2.27), our express ion for the superposition 
of1\vo waves with slightly different wavelength s, you wi ll see there arc two veloci ties 
present. The term sin(kx - WI) has the characteristic phase veloci ty wi k, whi le the factor 
cos [( L'.k 12).r - (L'.w/ 2)I Jmodulating the sllpcrposition travels with a di ffe rent ve loci ty, 
namely L'.wl L'.k since 

cos [( M/2)x - (L'.wI2)I J = cos {(M/ 2) [x - (L'.wl M)IJI (2 .35) 

We will now show that this is a special case of a morc general result: namely, for a 
superposition of an infin ite number of waves, a cont inuum of waves, the wave packet 
itself moves with a velocity that is given by 

dw 
Us = elk (2.36) 

where u, is calied the group velocity. Whereas the phase velocity is the speed of a 
particul; r point, slich as the crest, of a wave with a single wavelength, the grou~ velocity 

is the speed of a loca lized packet of waves that has been generated by superposll1g many 
waves together. 

To establish (2.36) we assume that the wave packet is peaked near some cent ral 
momentum PO. That is, the ampli tude A(k) in the superposition 

\jJ (.r, /) = I: A(k)ei(kx - '"/)elk (2.37) 

has a peak at wave vector ko, where Po = liko, as indicated in Fig. 2. IS. Since most of 
the contribution to this integral comes in the vicinity of ko [because A(k) 1S largest 111 

thi s region], we can obtain an approx imate express ion for this integral ~Y expanci.lIlg w 
in a Taylor series about k = ko. In pa rticul ar, i f we reta in the two leaci lllg terms !l1 the 

Taylor seri es for w, then 

W ::::; Wo + (dW) (k - ko) 
dk '~" 

(2.38) 

where Wo is the value of w when k = ko. Using the definition of the group veloc ity in 

(2 .36) 

W ::::; Wo + vg(k - ko) (2.39) 

A(k) 

ko 
k 

Figure 2. 18 The ampli tude A(k) has a maximum at k = ko· 
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x 

Figure 2.19 A superposition of travel ing waves forms a wave 

packet which moves at speed vg . 

where it is now understood that dw/ dk is evaluated at ko, the vailic of k at which A(k) 

has its max imum. Thus 

kx - w I ~ kx - [wo + vg(k - ko) ] I (2.40) 

Substi tuting this result for the exponent in (2.37), we obta in 

(2.4 1 ) 

But the initial fo rm for the wave packet is given by [put I = 0 in (2 .37)] 

1"" /.''''' "' (x , 0) = A(k)i h dk = e'k,x A(k)e'(k - k, j"dk 
- 00 . - 00 

(2.42) 

and therefore 

(2 .43) 

The term mult iplying "' (x - Vg/, 0), namely e'(ko",-,,,,),, is an overa ll phase factor that 

ca nce ls out when we caiculate the probability density: 

Thus we see that the wave packet moves with a speed ug , as illustrated in Fi g. 2.1 9. Since 
for the Schriidinger equation for a free part icle 

the group velocity is 

fzk2 
w = - (2.45) 

2111 

iik P 
= - = - = U 

m 111 
(2.46) 

Thus the wave packet moves at the speed of the panicle. Anot her success fo r the 
Schr6dinger equation! r I 

!l In general. different wave equations y ield dincrcllI ra tios for the phase and group vc locities. Sec 

Problem 2.24 and Problem 2.25 for wa ter waves in deep and shallow water. respectively. 
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One fi nal comment on this subject is probably in order. You may bc wondering about 
the effect of the higher order terms that we have neg lected in the Taylor-series expansion 
(2.38). One of the many th ings that di stinguishes the Schriidinger equation from the 
wave equati on (2.8) for light is that the relationship between wand k is not simply a 

Imear one for the Schr6dinger equation since w = fIk ' / 2111 for a free parti cle. Thus, in 

part icular. the second-ordcr terms in the Taylor-series expansion are nonzero. But th is 
also means that the phase velocity depends on k since wl k = flk / 2111. Thus the very 
fine balancing of constructive and destructive interference that is required to localize the 

wave packet in Fig. 2. 15 will be diminished as time increases since each wave in the 
superposition moves with a di fferent speed. Thi s causes the wave packet to spread oul. 
11owevc;;r, dt~ l ime ror spreading depends sensitively on the mass of the particle and the 

size of the ini tial wave packet. The smaller the wave packet, for example, the larger the 
number of di ffercIH momentum components in the wave function and hence the larger 

the variation in the phase velocities. See Problem 2.2 1. Given this discussion, you wil l 
not be surpri sed to learn that the genera l re lati onship between w and k is referred to as 
a dispersion relation . 

EXAMPLE 2.10 The re lat ion between the wavc lcngth A and frequcncy \I for the pro­
pagation of electromagnetic waves through a wave gui de (typ ically a hollow 
rectangular or cylindrical metal pipe) is givcn by 

c 
A = -;=== Jv 2 - va 

What are the phase and group velocities of these waves? Note: For a wave guide 

the constant Vo is the minimum frequency for which the waves will propagate. 

SOLUTtON The re lationshi p between thc wavelcngth ), and the freq uency II can also 
be expressed in terms of the wave vector k and the angular frcquency w as 

kc = Jw2 - W5 

or 

w = V(kc)' +wij = cJk' + (wo/c)2 

where "'0 = 2IT "0. Thc phase veloc ity is given by 

w elk' + (wo l e)' ! , 
IIph = k = k = e V I + (wol ke)-

which is greater than c, while the group ve locity is given by 

dw k 
ug = - = c 

dk Ik' + (wole)2 

whic11 is less than c. Note that UphVg = c2. 

A phase velocity that exceeds the speed of light may seem troubling at first. 
But it is the group velocity that determ ines how fast, say, information is transmitted 
by a local ized wave packct. The phasc veloc ity is simply thc ve locity ofa particular 

point on a wave with a definite wave length, a wave that ex tends throughout space. 
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2.8 Expectation Values and Uncertainty 

We have seen that a particle in a physically al lowed state docs not have a definile position 
or a definite momentum. Consequently, there is an inherent uncertainty with respect to 

what value to assign ror the particle's position and the particle's momcnnml. There is a 
straightforvvard way to quantify this uncertainty. a way that is quite sim ilar to the way 
we calcu late the standard deviation of, say, the resu lts for an exam. 

One of the first things everybody wants to know about an exam is: What's the average? 
We calcu late the average, or the mean, by adding tip the scores and dividing by the 

total number of people (say, 25) who took the exam. Equivalently, we can generate a 
distribution fu nct ion in whi ch we divide the number of people N(II) who obtained a 
particular score II by the total number N in the class, which yields the fraction of the 
class that obtained that score: 

N(II) 
P(II) = -­

N 

P(II) is like a probability distribution. In particular, it satisfies the condition 

100 100 N(II) I 100 

L P(II) = L IV = N L N(II) = I 
,, = 0 ,, = 0 11= 0 

The average score on the exam is 

100 

L IIN(II) 100 

(II ) = ,, = 0 N = LIIP(II) 
1/= 0 

(2.47) 

(2.48) 

(2.49) 

Note that the average need not be one of the scores obtained on the exam , or even an 

integer for that matter. 

The ot her piece of information often sought about an exam is the standard deviation 

a ) which is determined from 

(2.50) 

that is, we subtract (1/ ) from each score on the exam , square this result, and find its 

average for the class: 

100 
L (II - (1I )2N(n) 

a 2 = :::II ::::::O,-_'C'C' __ _ 

N 
100 100 

" ' '" , = ~ (II - (11 )- P(II) = ~ (11 - - 2n (n ) + (II )- )P(II ) 

100 100 100 

= L 112 pen) - 2(11 ) L n pen) + (/1 )2 L p en) 
1/:::0 1/=0 

(2.5 1 ) 

This last result. namely 
, 2 , 

<Y- = (n ) - (Il l" (2.52) 

is worth remembering. II provides a fast route to calcu lating the standard deviation. 
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II 

N(II ) 

- ,-----

II 

Figure 2.20 '-listograms of tile grade distribution for two different 

classes. 

Figure 2.20 shows the di stribut ions for two classes on the same exam . The average 
in each class is the same, but the spread is quite different in the two classes. One class 
is fi lled with mostly B students, while the other has a significant number of A and C 
students and a few B studcnts. Consequently, the standard deviations for the two classes 
arc qu ite different. much larger in the lattcr class reflecting the broad naUlre of the 

exam-score di stribution. The limiting case of a narrow distribution is one in wh ich every 
student in the class has the same score, in which casc (II ') = (II )' and the standard 
deviation (J = O. 

The expressions we have been using for the average value and standard deviat ion can 
be taken over directly to conti nuous distri butions. The average value of the posi tion is 

given by [the analogue of (2.49)] 

(x) = l: x l"'(x, ()I ' t/x (2.53) 

where we are presuming that the wave fun ction is norma li zed [the analogue of (2.48)]. 
that is, 

(2.54) 

whic h is equivalent to saying that the total probabili ty of finding the particle somewhere 
is one. Average va lues, such as (2.53), are olien referred to as expectation values in 
quantum mechan ics. Potentially this is somewhat mislead ing, since (x ) is not necessarily 
the value of the position we most expect to find if we measure the position of the particle 

once, but it is accepted usage nonetheless. In fact, as Fig. 2.21 shows, the particle may 

have no chance of actually being in the vicin ity of {x }. The expectat ion value is just the 

average va lue and, as for the exam scores, gives you on ly one piece of information about 

the probability distribution 1"' 1'-
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x 

Figure 2.21 A plot of W· I.IJ for wh ich (x ) is zero but there is 110 chance of finding the 

part icle in the vicin ity of the origin ir a measurement orthe position of the particle is 
carried out. 

As for an exam, it is oftell in formative to ask about the standard deviation as well as 
the avcrage. Si nce 

the standard deviation in position is given by 

( ' "2 L'>xt = ((x - (x ))-) = {-c ) - (x ) 

= / 00 x' I\jJ(x, r)I' dx _ ( roo xl\jJ(x, n l2dx)' 
-00 .1-00 

(2.55) 

(2.56) 

where we have denoted the standard deviation by the symbol t:..x. In quantum mechanics 
L'>x is genera lly ca ll ed the uncerta inty in the particle's position. Thi s is a reflection of 

the fact that a si ngle particle whose wave function is \jJ does not have a definite position . 
This is a fund amenta lly differen t meaning from the one we ass ign to the quantity u 
in our exam example. There each student had a definite score on the exam and (J is 
a measure of the spread in exam scores in the cl ass . Here a single particle does not 

have a definite position and L'>x is a measure of the uncertainty in that s ingle particle'S 
position. If the particle is charged, for example, we could determine the location of 

the particle by scatler ing light from it. Such measurements wi ll inevi tably change the 
partic le'S wave funct ion. Therefore, testing expressions such as (2.53) and (2.56) requires 
measurements carri ed Oll l on an ensemble of particles each of which is in the state lIJ . 

The larger the number of particles in the enscmble, the more closely the experimental 
results for the average position and the uncertainty in the position will approach (2 .53) 

and (2.56). 
Incidentally, (2.56) is the prec ise defini tion of L'>x tha t appea rs in the Heisenberg 

uncerta inty relation 6.x 6J.p:c :::: fi / 2. The momentum uncertainty is defined simi larly, 
namely, 

(2.57) 

In the next section, we will see a way to ca lculate (Px ) from the wave function. 

I 
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EXAMPLE 2.11 Calculate (x ) , (x 2 ) , and ,;x for the wave functi on of Exatnple 2.5. 

SOLUTION 

(x ) = 1: x llj} 12dx = l · x ~~X 2 (L - x)2dx 

= ~~ [ ( L
2

X
l 

- 2Lx4 +x
5
)dx = 30L (~- ~ + D = ~ 

as could also be seen from the symmetry of the wave function. 

Thus 

(2 1)1/ 2 
') ., 1/ 2 

t.x= (r ) - (x )- ) =L '7- 4 
L 

2j7 

Notice that while we could have determ ined (x ) by inspecti on of the wave function, 
it takes a calculation to determine the precise value for ';x . 

2.9 Ehrenfest's Theorem 

The Schrodingcr equation is the equat ion of motion in quantum mechanics. We can use 

it to detennine how expeclatiol1 va lues such as (x ) va ry with time. But if wavc mechanics 
is to be cons istent with classical physics in the appropriate limit (this is often referred to 

as the correspondence principle), then we should find that 

d (x ) (Px) 
-- = --

cit III 
(2 .58) 

Thus if we foliow through on the eva luation of 

d (x ) d ).00 , 
- = - x l lj} (x , I) I-dx 
dl dl - oo 

(2.59) 

we wili find a way to calculate not only (x ) but also (Px) from Ij} (x , I). 
We start by substituting the express ion (2.23) for the time derivative of the probability 

density into (2.59) . We Ihus obtain 

-- = x- - Ij} - - Ij} - - dx d (x ) 100 
8 [in ( ,alj) 8Ij} ' ) ] 

d I - 00 ax 2111 ax ax (2.60) 
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This ex pression can be s implified by integration by pa rts: 12 

-- - - - \jJ - - \jJ -- dx + d(x ) _ 1'" [ifz ( ,a \jJ a\jJ ' )] 
d I - 00 2111 ax ax 

t- \jJ '- - \jJ --[
if! (a\jJ a\jJ ' )] 1

00 

. 2111 ax ax -00 

(2.61) 

The boundary term vanishes since \.II goes to zero as x ---+ ±oo. If we do a second 
integration by parts 0 11 the second term in the integral [the \jJ (a \jJ ' l ax) term], we find 
that 

d (x ) = ~ roo \jJ ' ~ a\jJ dx 
dr 11/ .1-00 i ax 

(2 .62) 

and therefore, comparing wi th (2 .58), 

£oo , r. a \jJ 
(p.,) = \jJ .,.- dx 

. - 00 I ax (2.63) 

Equation (2.63) is a very strange-looking expression. After all, YO li may have been 
willing to buy into the idea that a single particle doesn' t have a definite position, and 

that its wave function can be used to determine (through 1 \jJ 12dx) the probability that the 
particle is between x and x + dx. Given thi s, expressions such as (2.53) for the average 

va lue of x arc quite understandable. But what about (2.63)? What sense docs it make to 

calculate the average value of the momentum by taking the derivative of \jJ, mult iplying 

by \jJ ' , and then integrating over all positions, with a factor offz / i thrown in fo r good 
measure? In Chapters 3 and 5 we wi ll provide justification for \vhy thi s strange process 
works, 13 For now, note that if we take the time derivative of the average value of the 
momentulll, as given by (2.63), using the Schr6dinger equation for the time derivat ive 

of the wave function, we find 

d (p .• ) = / _~) 
dl \ ax 

(2.64) 

which looks like Newton's second law, since in classica l physics - 3 V l ax = F., = 
dPx/dl, where F, is the force acting on the particle. See Problem 2.32. In fact, (2.58) 

it follows that 

and therefore 

d till till 
-(IIV)=U-+v­
dx dx fix 

1" d i 'l! du 1" (/11 -{lIv)dx= II - dx + vltlx 
" dx . {j dx I I (X 

l
b dv j.h dll h 
II-dx = - v-dx + IIIJ 1u 

{j dx " dx 

Thus under the integral sign we can switch the dcrivative opcration from one term in the product to thc 
other term, provided we remember to inscrt a minus sign and add a boundary contribution (eva luated 

at the end points). 
Din addition 

~ (I) 'a' ~ 1~ a' ~ (p') = 1 ~ . .!. - , dx = - I ' ~ '-. -, dx 
f I ax- i)x p 

- e.,.. -co 

so we can calculatc. for example. the cxpectation value of p; directly from the wave fu nct ion. 
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and (2.64) arc often referred to as Ehren fcst 's theorem, since P. Ehren fest first established 

these results. At the very least, (2.64) suggests that we are on the right track in making 

the identification (2 .63), for with it we sec how resu lts of wave mechanics can correspond 

with those of class ical physics. 

EXAMPLE 2.12 Calcul ate (Px) , (P.; ), and /:;Px fort he wave function of Example 2.5. 

SOLUTION 

100 " J 41 
(p,.) = 41*-:--. - dx 

-00 / iJx 

30 1,1. " = ~ x(L - x )-:- (L - 2x)dx = 0 
L) 0 f 

and 

301i' 1, 1. 10li ' 
= --5- x(L - x)( - 2)dx = -,-

L 0 L -

Thus 

( ' ')1/' ",, " /:;Px = (fl.;) - (Px)- = .,; 10 Z 

Note: if we usc the value for 

, , 1/ ' L 
/:;x = ((x ) - (x )) - = r-; 

2.,;7 

from Example 2. 1 I, we sec that 

/:;x /:;p, = C~) ( ~") = ~ {7ft= 060" 

which is consistent with the Heisenberg uncertainty principle ~x D.Px :::: Il / 2. 

EXAMPLE 2.13 Show that (Px) = 0 if the spat ia l part of lhe wave funct ion 41 (.1' ) is 

rea l ( 'II ' = 41 ). 

SOLUTION 

1'" " a'll "1"" a'll (P.,) = 41 '-:-- dx = -:- 41 - dx 
-00 I ax I - 00 ax 

" I'" a'll ' " co = _ _ dx = - \jI '1 = 0 
2i . -00 ax 2i-00 

where the last step fo ll ows since the wave fu nct ion must vani sh as x -+- ±oo if it 
is normalizable. 
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2.10 Summary 

The fu ndamental equat ion of motion in nonrelativ istic quantum mechanics is the Schrod­
inger equation: 

n2 a2lj1 (x , I) aljl (x , I ) 
- -21-11 ax2 + V(x) ljI (x , I) = in --:aC"I'-' (2 .65) 

where ljI (x, I) is ca ll ed the wave function and 

IIjJ (x, 1)12dx = the probabil ity of finding the particle between x and x + dx at 

time 1 ira measurement of the particle's position is carried out 
(2.66) 

provided that the wave function is appropriately norma lized such that the tota l probability 

of finding the parti cl e somewhere is one: 1: IljI (x , 1)1
2
dx = I (2.67) 

The probability density IljI(x, 1)12 obeys a local conservation law of the form 

alljl l2 aJ, 
--+-= 0 al ax 

(2.68) 

where 

. n ( , Oljl aljl ' ) lAx, I) = -. ljI - - ljI -
21111 ax ax 

(2.69) 

is ca lled the probability current. Integrating over a region of space, say from a to b, yields 

:!.-lb 

IljI (x , 1)12dx = - j,(x, I) I~ = - JAb , 1)+ j , (a, I) 
d, (/ 

(2.70) 

Thus the probability in a region can change as the probab il ity current flows into or out of 
that region. Since for a normali zable wave function \IJ ----7 0 as Ix I ---+ 00, we are assured 

that the probability current vanishes as Ixl --+ 00 and hence 

:!.-1'" I ljI (x , 1)12dx = 0 
dl -00 

(2.71) 

Thus if(2.67) ho lds at one time, it ho lds at a ll times and probability is globally conserved 

as well. 

Taking advantage of (2.66), we can calculate average va lues, or expectation values, 
of the position through 

(x ) = 1'" x lljl (x , 1)1 2dx = 1'" ljI * (x , I)X ljI(x , I)dx 
-00 -00 

(2 .72) 

The uncertainty t::..x in the particle's position is determ ined from 

(I'>X)2 = ( x - (x ))2) = (x2) _ (x )2 

= l : x2Ilj1 (X , 1)1
2
dx - (l: x ,ljl (X , 1) 1

2
dx r (2.73) 

Among the consequences of the Schrod inger equation are the results 

d (x ) (p, ) 
(2.74) = and 

cit m 
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that is, the ex pectation va lues obey Ihe pr inciples of classical physics provided we make 

the identificati on 

(2.75) 

One of the important consequences of superposing waves with varyi ng wavelengths is 
the Heisenberg uncertainty princip le 

where 

h 
6x6p, :0: 2: 

( 
2 2)1 / 2 6p, = (p,) - (p, ) 

(2.76) 

(2.77) 

Lastly, if we restrict our attention to the Schrodinger equation for a free particle. a 
solut ion with a particul ar wave length (and freq uency) is g ivcn by 

ljJ(x, r) = Ae;(kx - wl) (2.78) 

where p = fIk = h / A and £ = nw = hv. Whil e (2.78) is not a nonnali zable wave 

function, a physica lly acceptable wave function can be constructed in the form ofa wave 
packet, namely a superposition of waves with different wavelengths: 

ljJ (x, r) = J oo A(k)i(kx-wt)dk 
- 00 

(2.79) 

We have seen that th is packet of waves moves with a speed Vg = dw / dk call cd thc 

group velocity. For the Schriidinger equation for a free part icle w = 1i 2k2/ 2111 and hence 

Vs = lik / III = p / Ill. 

Problems 

2.1. What is the speed of helium atoms with a de Broglie 

wave length of 1.03 A? 

2.2. In an early version of the double-slit experiment 

discussed in Section 2. 1, Carnal and Mlynek used 

helium atoms (from a reservoir mainta ined at 295 K) that 

exit the nozzle after expansion with a wavelength 

A = 0.5 6 A. (a) What is the speed of these helium 

atoms? (b) The spacing d between the s li ts is 8 ± 0.6 f.im 

and the distance between the slits and thc detection plane 

is 0.64 m in thei r experiment. Calculate the spacing 

between maxima in the detection planc. The observed 
spacing is 4 .5 ± 0.6 Mm. 

2.3. OUf discussion of the hel ium-atom interferometer 
focused on the locat ion of the interference fr inges. In 
add ition, the interference pattern is modulated by a 

broader single-slit diffraction envelope. Determine the 

width of thi s d iffract ion envelope, that is, calculate the 

distance in the de tecting plane between the first nodes 

of the di ffracti on pattern on either side of the central 

maximum. How many interference fri nges fit in this 

envelope for a wave length of 45 pm? Compare your 

result wi th the data in Fig. 2.4. 

2.4. In the sodium alOm interferometry experiment 
described in Section 2. 1, Keith et a t. note that the gas 

leaves the nozzle with a speed v = 103 mIs, giving a de 

Brog lie wavelength for the sod ium atoms of 16 pm 

(I pm = 10- 12 m). Check their calcu lat ion. 

2.5. In 1999 Anton Zei linger's research group reported 
de Broglie wave interference of C60 molecules, or 
buckyballs, the most massive particles for which such 
interference has been observed. A 100-nm SiN., g rati ng 

with slits nomina lly 50 nm wide was utilized as the beam 
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spli tter and interfe rence was obscrvcd 1.25 m behind 

the grating. Figure 2.22a shows the interference pattern 
produced by C60 molecu les (open circ les) and a fit using 

di ffract ion theory (so lid line) . Figure 2.22b shows the 

molecular beam profi le without the grati ng in the path of 

the molecules. The experi mentalists note that the most 
probable velocity of the mo lecules is 220 m/s. (a) What 

is the corresponding wavelength? The mass of a C60 

molecule is 1.2 x 10- 24 kg. (b) Determ ine the d istance 

between the centra l max imum and the fi rst maximum 

in thc detcction pl ane. Don't be put offby the lack 

of precise agreement between your result and the 

experimental results shown in Fig. 2 .22 . In the 

experiment there is a large spread in the veloc ities of the 

C60 molecules . Moreover, the molecula r beam is itself 
qui te broad and the grating Ll sed in the experiment had a 
significant variation in the widths of the slits. When 
these effects are taken into account, the agreement 
between thcory and experiment is q ui te good . 
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Figure 2.22 Interference of C60 molecules, adapted 

Irom M. Arndt et al., Narllre40 1, 680 (1999). 

100 

2.6. Zc il inger et ai. , ReI( Mod. Phys. 60, 1067 (1988) 

carried out a double-sli t experiment w ith neutrons with a 

wave length of2 nm. (a) W hat was the speed of these 

neutrons? (b) The two slits were 22 I,m and 23 I'm wide 
and were separated by a di stance d = 104 f.Lm. The 

detection plane was located 5 m downstream from the 

two slit s. G iven this information, determine whether or 

not the single-sli t diffrac ti on enve lopes from the two 

sl its overlapped in the detection pl ane, generating an 

interference pattern. 

2.7. What is the wavclength A for an electron with a 
ki netic energy of I eY, I keY, and I MeV? 

2.8. Through what potenti al di fference must an electron 

be accelerated so that the electron's wavelength is 

I nm = 10- 9 Ill? Repeat thc ca lculation for 
A= I pm= 10- 12 mandA= I fm= 10-15 m. 

2.9. Suppose a lecture hall is evacuated and 

(Schrodinger) cats are projected with speed v at the two 

doors lead ing out of the lecture hall in a double-sli t 

experiment. Assume that in order for interference fringes 

to be observed as the cats pil e up aga inst a distant wal l 

the wave length of each cat must be greater than I m . 

Estimate the max imum speed of each ca t. I f the distance 

between thc front of the lecture hall to thc wal l is 30 m, 

how long will it take to carry out the experiment? 

Compare this time w ith the age of the un iverse: roughly 

101Oyr. 

2.10. Figure 2.23, which is not drawn to sca l ~, shuws a 
sketch of the in tensity pattern on a screen located 

D = 20 em from a single sli t o f width a = 0.5 nm when 

a monoenergetic beam of electrons is incident upon the 

slit. If the width of thc central maximum is HI = 2 cm on 

the screen, what is the kineti c energy (in eV) of the 

incident electrons? 

Figure 2.23 Single-slit diffraction. 

2.11. An electron microscope takes advantage of the fact 

that the wavelength of sufficiently energetic electrons 

is mllch less than that of visible li ght. Because of 

diffraction, the resolving power of any optical instrument 

is proportional to the wave length of the radiation used . 

Li ght with a wavelength of 0 .1 nm is in the X -ray 

regime, a regime for which it is not possible to focus the 

radiation adequately to obta in clear images. Electrons, 

on the other hand, are charged and can be manipulated 



and focused with electric and magnetic fie lds. The 
technology of magnetic lenses does not permit LIS to 
reach the diffraction limit, but it is possible to achieve 

much better resolution and magnification than with an 

optical microscope. The sma llest detail that can be 

resol ved is roughly equal to 0.6),/ sin e, where A is the 

wavelength used in fo rming the image, as shown in 
Fig. 2.24. Suppose we wish to "see" some of the details 

of a large mol ecule, so that a resolution of 0.3 nm is 
needed. (a) If an electron microscope is use(~ in which e 
is typically 10- 2 radians, what minimum kinetic energy 

for the electrons is needed? (b) If a photon microscope is 

used, in which e can be nearly 90°, what energy for the 

photons is needed? Which microscope seems more 

practical? 

Sample 

Figure 2.24 Aperture anglc o f a 

nllcroscopc. 

2.12. The Stanford Linear Accelerator Center (SLAC) 

accelerates electrons to 50 Gey. What is the wavelength 

of an electron with thi s energy? How does it compare 
with the 10- 15 m sizc sca le ofa proton? Is SLAC a good 

microscope for investigating the internal structure of the 

proton? Suggest;on: For a particle with energy E » me2 

it is okay to use the extreme re lativistic approximation 
E = pc. 

2.13. A thermal neutron is a neutron whose most 
probable kinetic energy is about 0.025 eY. What is the 
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de Brogli e wavelength of a therm al neutron? Note: 
Neutrons in a nuclear reactor arc thcrma li zed to enhance 
their probability of fissioning 235U. 

2.14. Neutron di ffract ion is a powerfu l tool for studying 

thc structurc of crysta ls, espec ially organic crystals 

containing hydrogen . Neutrons from a nuclear reactor 
are sent through a co lumn of graphite, which 

"thermalizes" the neutrons, that is it slows them down so 
their average energy is the same as the average energy of 

the carbon atoms in the graph ite. Thcy then boun ce off a 

crysta l of known structure, off an unknown crystal, and 
into a neutron detector, as illustrated in Fig. 2.25. (a) If 

the known crystal has a lattice spacing of 1.5 A, which 
angle(s) e of incidence will give a strong reflection of 
neutrons with kinetic energy K = ( 1/ 40) eVo Assume 

the latticc planes arc paralle l to the surface of the crystal. 

(b) If these neutrons reftect strongly off the unknown 

crystal at angle rp = 45' , what is the latt ice spacing of 

this crystal? (e) Explain why neutrons are therma li zed to 

do these experiments. 

2.15. Veri fy that w(x , I) = A cos(h - WI) and w(x, I) = 

A sin(kx - wt) are Jlol solutions to the Schrodinger 
equation for a free parti cle: 

_ 1i 2 a'w(x , I) = iii aw(x , I) 
2m cb·2 at 

2.16. Show that c,!fi, + c,!fi, is a so lu tion to the 

Schrodinger equation (2 .6) provided !fi, and !fi2 are 

solutions and c] and C2 are arbitrary complex numbers. 

2.17. Repeat the steps leading to (2.27) but start by 

superposing two cosines with slightly different 
wavelengths instead of two sines . 

Crystal being studied 

~ 
Nuclear 
reactor 

'" -- ...... 
;/ Thennal ----0 

D ~
/~- neutron beam """ Neutron 

'\----1 / detector 
-------

~---,~-I Q / Crystal 
(known lattice spac ing) 

Graphite 
"thennal Collimator 
column" 

Figure 2 .25 NeutTon diffraction. 
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2.18. For the ul1llormaiized wave funct ion shown in 

Fig. 2.26, where is the particle most likely to bc found if 

a measurement of the position of the particle is carried 
out? Where is thc particle least likely to be found? Is the 

particle morc likely to be found in a region in which 
.:r > 0 or x < 07 

- 2 

1! 
0.2 

- 0.4 

- 0.6 

- 0.8 

- 1.0 

2 3 4 x 

Figure 2.26 A n unnormal ized wave function . 

2.19. For the wave fu nction \fJ = Aeikx + Be - i kx 

evaluate the probability current 

. Ii ( ,a\ll 0\11' ) J = - \II - - \11 -
x 2111i ax ax 

2.20 . (a) Normali ze the wave function 

x :", O 

x 0':0 

Note: This wave function is the ground-state wave 
function for the Dirac delta function potential energy 

well to be di scussed in Section 4.4. (b) What is the 

probability that the particle will be found within I /K of 

the origin if a measurement of its position is carried 
Ollt? 

2.21 . (a) The He isenberg uncertainty relation can be 

used to infer an uncertainty in the velocity of a particle, 
namely 

""p n 
6V = -~---

In 2m .6.xo 

where .6.xo is the uncerta inty in the position of the 

partic le at time 1 = O. The addit ional spreadi ng in time 1 

in the uncerta inty in the pos ition of the pa rticle is 

""x = "" II I . Show that the time requi red for the 
additional position uncertainty due to this spreadi ng to 

be equal to the uncertainty at f = 0 is given by 

2111("" -'"0)' 
1 ~ - -'-,---"''-

n 

(b) Evaluate the ti me 1 for a marble wi th an initial 

position uncertainty of a micron and for an electron with 

an in itial position uncertainty of an angstrom. 

2.22. Imagine that you played baseba ll in a paralle l 

universe in which Planck 's constant II = 0.663 J·s. What 

would be the uncerta inty in position of a O.I S-kg 

baseba ll thrown at 30 m/ s with an uncerta inty in velocity 

of 1.0 m/s? What would it be like to catch the ball? 

Ignore the fact that size of atoms would be di fferent in 

this parallel universe. 

2.23. Lasers can now be designed to emit pulses of 

light smaller than 30 microns wide in their direction of 

motion. (a) Estimate the uncertainty in the momentum 

ofa photon in such a pul se. (b ) The momcntum o fa 

photon is p = II IA. Estimate the uncertain ty in the 

wave length of a photon in the pul se, assuming a 

nom inal wave length of 800 nl11. 

2.24. The re lat io nship between the frequ ency and the 

wavelength for ocean waves is given by 

\I = (-.L) 1/ 2 

2rr A 

where g is the accelerat ion due to g ravity. Show that the 

group velocity is one half the phase velocity. 

2.25. For surface tension waves in shallow water, the 

relation between the frequency v and the wavelength A 

is g iven by 

\I = J2rrT 
PA 3 

where T is the surface tension and p is the density. 

(a) Determi ne the phase and group veloc ities of these 

waves. (b) The surface tension is defined by the work 

11' necessary to increase the surface area A of the liquid 

through d W = T d A . Although the surfacc tension is 

often thought of as a force since it arises from the 

attractive fo rces ofthc molecu les within the li qui d, it has 

different units. U se dimensional analysis to verify that 

the frequency, surface tension, density, and wavelength 

must be related as given in the problem statement. 

2.26. When a pebble is tossed into a pond, a c ircul ar 

wave pulse propagates outward from the disturbance. 

In add ition. surface ripples move inward through the 

circular di sturbance. Explain this effect in terms of 



group and phase ve locity, given that the phase vc locity 
of the rippl es is given by 

rlfT 
Vph = \ --),p 

where T is the surface tension, p is the dcnsity or thc 
liquid, and ), is the wave length. 

2.27. Prove that the group velocity ofa wave packet is 

equa l to the particle's veloc ity for a relati vistic free 
particle. Recall: E = liw = J p'c' + /1/ 'c'. 

2.28. In his doctoral thesis, de Brog lie assumed that the 
photon has an extremely small mass 111 and trave ls at 
speeds less than (a lthough very close to) c . It is poss ible 
to place strict upper limits on 11/. (a) Use the relativistic 
relation E = J p2c2 + m2c4 for particles with rest mass 
III to generate a dispersion relation (the relation between 
w and k) that replaces w = kc, which we deri ved from 
Maxwell's equations. (b) Evaluate the group ve locity 

Vg in terms of m, c, k, and fz. Find an approximate 
expression fo r (c - vg) /e in the case II/c2 « pc. de 
Broglie assumed that radio waves of wave length 30 km 
travel with a speed at least 99% of the speed of visibl e 
light. Check de Broglie's ca lculation of a 10- 47 kg limit 
for the photon mass. (c) A pretty good limit on the mass 
of the photon comes from the practically simultaneolls 
arri val at earth of radi o waves (J.. ;:::::: 1 m) and visible 
light from a flare star 20 light-years away. B. Lovell , F L. 
Whipple, and L. H. Solomon, Naillre 202,377 ( 1964), 

fou nd the velocities are the same to 4 parts in 107, that 
is, (c - vg)/ e < 4 x 10- 7 for these I-m radio waves. 
W hat limit s does th is permit you to place on the photon 

rest mass? 

2.29. (a) Show that ljJ(x , I) = Aei(h-w<) is a solution to 

the Klein- Gordon equation 

a2ljJ(x, I) I a2\jJ (x , I) lI/ 'c2 
" .,. 2 - ,. 0 2 - -,-,- \jJ (x, I ) = 0 
u . c ul ,'-

if 

The Klein- Gordon equation is a relativistic quantum 

mechanica l wave equat ion for a free part icle. (b) 
Determine the group ve locity of a wave packet made of 

waves satisfying the Klein- Gordon equat ion. (c) The 
Klein- Gordon equation describes the motion of particl es 
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of mass 11/. Using your result from (a), show that 

for these particles. (d) Show that the speed v of these 
partic les is equal to the group velocity that you 
determined in (b) . 

2.30. Suppose the wave function for a particle is given 
by the symmetric "tent" wave function in Fig. 2.27 

'li (x) = {fJ (~ -Ix l) Ix l ::0 0 / 2 

Ixl >a/2 

Show that \jJ(x) is properly normalized. What is (x ) for 
the part icle? Ca lculate the ullccrtainry .6x in the 
particle 's position. Nore: The wave function is an even 
fu ncti on. 

- 012 a/2 x 

Figure 2.27 A "tent" wave function. 

2.31 . Normali ze the wave function 

\jJ (x) = { NX 2( L - x) 0 < x < I. 
o elsewhere 

What is (x) for th is wave funct ion? 

2.32. In Chapter 5 we wi ll see a quick route to derivi ng 

the second of Ehrenfest 's equations, namely 

Alternatively, follow the procedure outlined in 
Section 2.9 by taking the time derivative of 

J"'" ft 8\jJ (x, I ) 
(p.,) = 'li (x, 1)-, dx 

- 00 I a.r 
2.33. Evaluate (x ), (P.,) , Lh, t;px, and t;xt;P., for the 
normalized wave functi on 

'li (x) = { {f sin "i' O < x < L 

elsewhere 
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fn the next chapter we will see that this wave function is 
the ground-state wave function for a particle confined in 
the potentia l energy well 

Vex) = { ~ O<x<L 
elsewhere 

2.34. Assume lfi(x) is an arbitrary norma lized real 

function . Calculate (/Yx) fo r the wave functi on 

l\I (x) = eikx lfi(x) . 

2.35. Determine (x) and !o.x fo r the wave function in 

Problem 2.20. 

2.36. You are dropping darts try ing to hit a crack in the 
Aoor. To aim, you have the most precise equ ipment 
possible. Assuming each dart has mass 111 and is released 
a distance s above the floor, determine the root mean 

square distance by which on average you will miss the 
crack. Obtain a numerica l value asslIm.i ng reasonable 
values for 11/ and s . Take g = 9.8 m/s'. 



CHAPTER 

The Time-Independent 
Schrodinger Equation 

Within wave mechanics, the SchrOdinger equation in one dimension is a partial differ­
ential equation in x and I. Through a techn ique known as separation of variables, this 
equation can be reduced to two ord inary di fferclltiai equati ons, one oFwhich is called the 
time-independent SchrOdinger equation or, as we will sec toward the end of thi s chapter, 
the energy eigenvalue equation . We will foc us in this chapter on solving this equation 
for a particle confined in an infinite potential well (the particle in a box). This example 
has much to teach us about quantum mechani cs. 

3.1 Separation of Variables 

In Chapter 2 we solved the Sehrodinger equation 

n' a' l/J(x , I) . al/J (x, I) 
2111 ax' + V(x)l/J(x, I) = Iii al (3 .1 ) 

for a free part icle. In this chapler we will begin to examine solutions when the potential 
energy is nonzero. I f we were ITying to solve the problem of the mass 011 a spring in 

quantum mechanics, for example, we would take Vex) = Kx' / 2, since according to 
Hooke's law F, = -dV/ dx = _KXl 

When the potential energy Vex) is independent of I, we can so lve the Schrod inger 
equation by a technique known as separat ion of variables. We sta rt by writing the wave 
function \)J (x , I) as 

I/J(x, I) = "'(.1')/(1) (3.2) 

that is, as a product of two functions: I//(x), whi ch is so lely a function of x, and I(I), 
which is solely a function of I. Then 

a'l/J(x, I) = I(I)d''''(x) 
ax ' dx' (3.3) 

!\Ve are calling the force constant K to avoid confusion with the wavc vector k. 

89 
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and 

lj\j!(x, I ) dI(I) 
al = 1/I(x)Tt (3.4) 

where we have repl aced the partial derivatives on the left-hand side of(3.3) and (3.4) w ith 

ordinary derivatives on the right-hand side since the functions being differentiated arc 
fu nct ions ofa single variabl e. Therefore, when we substitute (3.2) into (3 .1), we obtain 

fll d' 1/I(x) dI(I ) 
--2 I(I)-I -'- + V(x)1/I(x)I(I) = ifl 1/l(x)--

m G x- dt 
(3 .5) 

If we now d ivide (3.5) by the wave function 1/I(x)I(I), we obtain 

_ 1_ [_ fI ' d' 1/I(x) + V,. ,. 1 = .!!'.... d/(t) 
1/1 (x) 2111 dx' (. )1/1(. ) I(I) dl 

(3 .6) 

We now have all the x dependence on olle side orthe equation and al l the I dependence on 
the other, hence the name separation of variables. Since x and f are entirely independent 
variablcs, which can be va ried arbitrarily, the on ly way that (3 .6) can be sat isfied is for 

both sides of thi s equation to be equal to a constant, which we choose to ca ll £ : 

- -- - - - + lI(x)1/I(x) = --- = £ I [ fI ' d'';r(x) 1 ifl dI(I ) 
!/r ex) 2111 dx' I(I) dl 

(3 .7) 

Thus we have reduced the part ia l differentia l equation (3.1) to two ordinary d ifferential 

equa tions: 

and 

df(l) - i £ . 
Tt = h l(l ) 

fI' d' !/r (x) - , + V(x)1/I(x) = E1/I(x) 
2111 dx -

(3.8) 

(3 .9) 

Thi s latter equation is ca lled the time-independent Schrodinger equation . This 

equation plays such a large role in solving (3 .1 ), the time-dependent Schrodinger equa­

tion, that somet imes (3 .9) is simply referred to as the Schrodinger equation. We will 

devote the rem ai nder of this chapter and the next one as well to solv ing thi s equation, 

which req ui res spec ification of Vex). 
The first of these eq uations [(3. 8)], on the other hand, is easy to so lve, since the 

derivati ve of I is proport ional to I itself, which is characteristic o f an exponential 

function. The solution to (3.8) is si mp ly 

I(I ) = /(O)e - '£I /(' (3 .1 0) 

as you can verify by subst ituting (3 .1 0) into (3.8). We can also express (3 .1 0) in the form 

I(I) = /(O)e- ''"' (3 .11 ) 

where the angular freq uency W of thi s periodi c function is related to E by 

E = flw (3 .12) 

This is the same relationship between the energy £ of the particle and the angu lar 
frequency w of the wave function that we saw in Chapter 2 for the free particle [see the 
discussion leading up to (2 .1 8)]. A lso note from (3.9) that the separation constant £ must 
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have the dimensions of energy, the same dimensions as V(x) . These are good reasons 
to have called the separation constant £. We genera lly absorb the con stant flO) into >/I, 
which will eventua lly be norma li zed in any case. Thus a solution to the time-dependent 
Schr6dinger equation is 

\II(x, /) = >/I(x)e- iEI
/
fi (3.13) 

where >/I(x) is the sol ution (3.9) . The wave function (3.13) is often referred to as a 

stationary state because the probability density 

(3 .14) 

is independent of t ime. 

3.2 The Particle in a Box 

Let 's solve the time-independent Schr6dinger equation for a specific example to make 

things more definite. In this section we will take the potential energy Vex) to be 

Vex) = { ~ O<x< L 
elsewhere 

(3.15) 

as shown in Fig. 3. 1. Classically, since F, = -a v l ax , there is no force on the particle 

for 0 < x < L. At the edges of the well , where the potential energy rises abruptly to 

infinity, there are infinitely large forces that repel the particle. A particle moving in this 

potential energy well is often referred to as a particle in a box, although in this chapter 
it is strict ly a one-dimensional box, with motion only along a line [like a bead on a 

(fri ct ionless) wire that is free to move only in a limited region]. In the next chapter we 

will consider some more reali stic potential energy wells, including a fin ite square well 
(for which V = 110 outside the well), but we can learn a lot about quantum mechanics 

from the simple example of the infinite square well. And in fact we will see later that the 

infinite square well has a broader degree of appli cability than you might at firs t expect. 

For now, we wi ll use it as a laboratory in which we will see many of the fundamental 
features of quantum mechanics. 

We start by solving the time-independent Schr6dingcr equati on for 0 < x < L, the 
region to which the particle is strictly confined: 

r,' d'>/I 
---- = £>/1 

2111 dx 2 

since V = 0 in this region. It is convenient to introduce the parameter 

2 2111 £ 
k = -,­r,-

in terms of which the eq uati on becomes 

d' >/I , 
- = -k->/I 
dx 2 

O< x <L 

(3.16) 

(3.17) 

(3. 18) 

Th is differential equation, which is similar in form to the classical eq uation of moti on 

for a mass on a spring, rccurs repeatedly throughout our discussion of wave mechanics . 
Equation (3 .1 8) shows that taking two derivatives of the wave function >/I (x ) yields the 

00 00 

v 

o L 

Figure 3.1 T he potential 

energy for the particle in the 
box. 

x 
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wave function multiplied by a negative constant (we are assuming that E > 0, so k2 > 0 
as well). Th is behav ior is characteristi c of the trigonometric functions sin kx and cos kx: 

d ' d 
- sin h = - kcoskx = - k'sinkx 
dx ' - dx 

(3. 19) 

and 

el2 d ") 
-cosh = --k sinkx = -k-coskx 
dx ' dx 

(3 .20) 

Thus the most general solution to the second-order differential equation (3.18) can be 

written as 

1/1 (x) = A sin kx + B cos kx (3.2 I) 

where A and B are arbitrary constants . If this were the solution for all space (i.e. , the 
partic le were truly a free particle), then k would be equal to 2:rr 1!.. where !.. is the wave­

length. Thi s is the rat ionale for setting 2111 £ I ii ' = k' in (3. 18). Of course, for the partic le 

con fined in the infinite well , I/I(x ) = 0 outside the region 0 < x < L, since the potential 

energy rises abruptly to infinity there. 

We now need to apply the appropriate boundary conditions to our solutions to the 

differential equat ion (3.16). Since the ti me-independent Schriidinger equat ion 

Ii ' d'l/I (x ) - - - - - + V(x)l/I(x) = EI/I(x) 
2111 dx 2 

(3.22) 

is a second-order differentia l equation, the wave funct ion I/I(x) must be continuolls 

everywherc. Physically, thi s means that there is no point in space where the likelihood 
of find ing tile particle is di scontinuous, which is rcassliring.2 In particular, we must 

guarantee that 1/1(0) = I/I(L) = 0: 

v/ (O) = A sinO + BcosO = B = 0 (3 .23) 

and 

I/I(L) = A sinkL = 0 (3 .24) 

One strategy, albeit not an interesting one, is to set A = O. But then since 1/1 = 0 
everywhere, there is no particle in the box. A lternatively, we can set 

kL = lljf n = 1, 2,3 , ... (3.25) 

Noti ce that we must exc lude 1/ = 0, since in thi s case k = 0, whi ch also implies 1/1 = 0 
everywhere. We also exclude the sol tit ions with negati ve 1/. Since sine - kx) = - sin kx, 
a negative II just changes the overall phase of the wave function and thus does not lead 

to a linearly independent so lution. 

The all owed values of k can thus be labeled by the integer 11: 

1I:rr 
kll = -

L 
(3 .26) 

21n general , the first derivative must be con tinuolls as wcll. The in finite square well is an exception. 

as the wave functions shown in Fig. 3.3 illustrate. Wc will discuss the boundary conditions in more 

detail in Chapler 4. 
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From (3. 17), the energies are given by 

f, 2k 1 n2f, 2rr 2 
Ell = __ " = , 

2m 2m L-
11 = I, 2, 3, ... (3.27) 

and the corresponding wave functions arc 

IInX 
ift,, (x) = A" sin L 0 < x < L (3.28) 

The overall amplitude A" is determined not from the boundary conditions but rather 

from the normalizat ion requirement: 

JOO i'l. , . , JljfX IV/,,(x)I'dx = IA" I-sll1- -- dx 
_00 0 L 

2 rL 
I ( 2mTX) 

= IA" I .10 2: I - cos - L- dx 

= IA"I' [x _ ~ si n 2117rX ]I/. 
2 2117T L 0 

, L 
= IA" I- '2 = I (3.29) 

We take A" = .j2TL (choosing the phase of the amplitude so that the amp li tude is real. 

at least at t = 0) and therefore 

ift,,(x) = V L t. { 
fi sin ""X 

o 

Discussion 

0 < x < L 

elsewhere 
/I = 1,2, 3 .. (3.30) 

A number ofcoll1ll1cnts abollt the energies EI/ and wave functions V//1 arc in order: 

I . Classica lly, a particle confined in the box bounces back and forth between the 

walls without any constra int on it s energy E. That is, you cou ld imagine putting 

a particle in the box with any energy that you wanl. However, in quantum 
mechanics only certain energies of the particle arc permitted. Notice how the 

boundary condition that the wave function ift vanish at x = 0 and x = L has led 

to the discrete values for the energy g iven in (3.27). We say the energies are 

quantized. The key role that the boundary conditions play in determ ining the 

allowed energ ies of the system will be evident in the one-dimensional potentials 

that we will examine in the next chapter. Figure 3.2 gives an energy-level 
diagram for the four lowest energies. 

2. Figure 3.3a shows the wave functions for /I = I through /I = 3. These fun ctions 

are remini scenr of the modes of vibration of a (violin) string. As for the string, 

the boundary conditions that there are nodes at each end for the part icl e in a box 
lead to certain allowed k va lues that result from the requirement that an integral 
number of half-wavelength s fit between the end points. But there are significant 
differences between the vibration of the string and a part icle in a box. Only 
for the particle is it appropriate to identify the energy with the frequency 

(£ = liw). For the waves on a string, the energy oreach mode increases with 

f-----I E, 

f-----i E, 

f------iE, 

f-----i E, 

Figure 3.2 The infinite 
potential energy well with the 
lowest four allowed energies. 
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f\ f\ 
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Il/JiI' 

o L x L x 

(a) (b) 

Figure 3.3 (a) The wave fu nctions and (b) the probability densi ties for the three lowest 
energy states of the particle in a box. 

ti,e amplitudc of the mode. For the particle in the box, on thc other hand, thc 

energy increases as the number of nodes of the wave function increases. The 
more the wave function oscillates-the higher its spatial frequency- the more 
energy the pa rt icle has. The energy of the particle is ent irely independent orthe 

amplitude oflhe wave function, which is fi xed by norma li zation. 

3. Interestingly, there is no £ = 0 so lution. YOLI arc encouraged to work out 
Problem 3. I to confirm this. Classica lly, we would have fo und it easy to imagi ne 

putting a particle in a box with zero energy. Just put it at rest" somewhere in the 

box. But that llirns out to be impossible, since even the ground-state wave 
funct ion has to oscillate so that it will have a node at each wall, leading to a 
nonzero value of the lowest energy (often called the zero-point energy), 

(3.3 I) 

We can also argue for this result from the uncertainty principle. If the partic le 
were at rest, its momentum would be zero, wi th no uncertainty. But the 
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He isenberg uncertain ty princ iple impli es that if tc.p., = 0, then tc.x should be 

infinite. But ~x cannot be larger than L, since we know the particle is 

somewhere in the box. Thus tc.p,. must be nonzero as wel1. 3 The sma ller the 

box, the sma ller the value of tc.x, and henee the larger the value of tc.p,. and the 

larger the energy, as (3.3 I) shows. 

4. Figure 3 .3b shows the probability density fu netions fo r the first three energy 

levels. Look, in particular, at the first excited state (at 1 ",, (x )1 ' ), the one 

corresponding to energy £,. The probability density has two lumps with a node 

in the middl e. I f your picture of what is going on is that the particle is bouncing 

back and forth in the we ll with energy £ , and IVf, (x) I'dx is the probability of 

find ing the parti cle between x and x + dx , then you shou ld be troubled by the 

probabili ty density for the first exci ted state. For if the particle bounces from 

one side of the well to the other, it must pass through the middle of the well. But 

there is negligible probabili ty of find ing the part icle in the immediate 

neighborhood ofx = Lj 2. 

So what is wrong with th is picture? It is based on a classical notion that a part icle follows 

a definite path. In fact, remember that the full wave function for the particle in a state 

with energy £ , is 

(3 .32) 

which is a stationary state. That is, 

(3.33) 

is independent of time. Thus the particle isn 't moving; it's not bouncing back and forth as 
your classical experience says it must. Rather, the particl e simp ly does not have a definite 

position. For the wave function 1/12, the particle has a spli t personality, an am plitude to 

be in the le ft halfofthe well and an amplitude to be in the right half. It just doesn ' t have 

an amp li tude to be exactly in the midd le. 

Time Dependence 

The notion that the al lowed energy states are stationary states is not the whole story, 
fortun ately, for otherwise no movement- no dynamics- would be possible. To illustrate 

how ti me dependence arises, let's consider the wave function 

(3.34) 

namely a superposition of the ground-state and first-excited-state wave functions. The 
wave function >jJ (x) is properly normalized, a lthough we will hold off demonstrating this 

Jln fact, a word of caution is in order here . You may lend to think as you examine the wave functions in 
Fig . 3.3a that in each one the particle has a definite wavelength (or at least half-wavelength). However, 
if the particle had a definit e wavelength , its wave function would have to extend beyond the region 
a < x < L. In essence, the wave function s for the particle in a box are wave trains that vanish oll tside 
the region 0 < x < L. They have a finite fix as well as a finite 6.px. See Problem 2.33 , for example. 
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until the next secti on. T ime evo lut ion is generated by including the appropri ate fa ctor o f 
e-iE~ I /fr for each VI", that is, 

I I 
"' (X, I) = ",, "' I(X, I ) + ",, "" (X , I) 

",2 ",2 -

(3.35) 

where in the last step we pulled the phase factor e - i £ !t j fl out in front as an overall phase 
factor. The probabi lity density is therefore 

(3 .36) 

where in the last step we have taken advantage of the fact JjJ ] and 1/12 are real functions 
[look back at (3 .30)]. Because of thi s, we could have written t/l i as t/l1' fo r exampl e, 
in the second linc, but it is good to get in the habit of writing the complex conjugate 

since in general the wave functions are compl ex functions. YOLI can see in mov ing from 

the second line to the third line how the overall phase factor e - i EII / fi cancels out. The 
relati ve phase factor e- i( E2- £dl / fi does no! cancel out, however. It appears in the cross 
terms when you carry out the J11ultip licalion.4 From the last line of (3.36) we see that 

probability density is periodic in time with period T = 11 / (£, - £ 1). Figure 3.4 shows 

plots of I "' (x , 1)1' at two times, 1 = 0 and a half period later. The probabili ty of finding 

the partic le is oscill ating back and forth in the we ll. 

L x o 

(a) (b) 

Figure 3.4 (a) The probabili ty densily "' (x , It "' (X, I) all = 0 and (b) a haif a period 
later at I = ,," /(E, - Ell . 

x 

"Recall it was the cross terms thm led to interference e fTects whcn we added th e amplitudes for a 
s ingle photon to take both paths in the Mach- Zehnder in terferometer in Section 1.5 . 
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L x x 

(a) (b) 

Figure 3.5 (a) The wave function (3.35) at 1 = 0 and (b) a haIf a period later at 
I = n fi / (E2 - £ 1). excluding the overall phase factor e~iE !111i in the Inst line of (3 .35). 

Figure 3.5 shows plots of \jJ (x, r) at r = 0 and when (E, - E, )r l ;, = Jr , ignoring 

the overa ll phase factor e - i El l / fr in th is latter casco At I = 0 you can see how the wave 
functions add constructively for x < L 12, where 1jJ , and 1/J, are both positive, while they 

in terfere destructively for x > L 12, where 1jJ , is positive and 1/J, is negative. On the other 

hand, 

(3.37) 

and here the wave functions interfere destructi vely for x < L / 2 and acid constructively 
for x > L /2. Thus the time dependence of tile wave function arises from the interference 
of the wave functions \jJ, (x , r) and \jJ ,(x , r) in the superposition. 

EXAMPLE 3.1 W hat is the energy sca le for electrons confi ned to a box whose size 

is I A, a typica l size for an atom ? Repeat the calculation for protons or neutrons in 

a box whose size is 5 fm, the size ofa medi um-sized nucleus. Note: I A = 10-'0 m 
and I fm = 10- 15 111 . 

SOLUTION The ground-state energy sets the energy scale fo r a pa rticle in a box . For 

electrons in an atom ( III = 9.1 X 10- 3' kg, L = 10- '0 m) 

fl 2rr 2 
E, = -- = 6.0 x 10- '8 J = 38 eV 

2m L 2 

while for protons or ncutrons in a nucleus (m = 1.67 x 10- 27 kg, L = 5 x 10- 15 m) 

fJ 2JT2 ) 
E, = --, = 1.3 x 10- '- J = 8.2 X 106 eV = 8.2 MeV 

2111 L-

Notice how quantum mec hanics determines the energy scale of the world we 
live in once the size of the box as well as the mass of the particle con fi ned in the 
box are specified. Typically, the energy scale of atom ic physics is electron volts 
while thc energy scale of nuclear physics is m illi ons of electron volts. In Chaptcr 6 

we will see for the hydrogen atom how quantum mechanics determi nes the size of 
the box as well. 
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EXAMPLE 3.2 Suppose that the di fference in cnergy between two allowed energy 
states in an atom is 2 eV What is the wavelength ofa photon that would be emitted 
(or absorbed) in a transition between these levels? In what portion of the electro­
magnetic spectrum does thi s photon reside? 

SOLUTION 

h" = he/ ), = 2 eV 

Therefore A = 620 x 10- 9 m = 62 0 nm. whi ch is orange light. Thus in a hcli um­
Ileon laser, which emits light with wavelength 633 11m, the spac ing between two 

energy leve ls in neon, which is the atom emitting the light, must be almost 2 eV 

3_3 Statistical Interpretation of Quantum Mechanics 

The wave function (3.34) is a specific example of the more general superposition 

(3.38) 

where CI and e, are complex numbers. The full time-dependent wave funct ion \jJ(x , t) in 
(3.3 5) can also be cast in this form with the com pl ex numbers that are time dependent: 

(3.39) 

An even more general superposition, involving in principl e all oflhe 1/1,1> can be wri tten 

as 
ex> 

\jJ = L e" l{!,, (x) (3.40) 
11=1 

There is a very powerful analogy between (3.40) and the expansion of a vector V in 
terms of the unit vectors i, j , and k : 

V = Vxi + Vyj + V, k (3 A I ) 

Like the l{!,,, which have been normalized so that 

f: l{!,; (x)l{!,,(x)dx = I (3.42) 

the vectors i, j , and k arc un it vectors that satisfy the condition 

i · i = j · j = k · k = I (3.43) 

Also, in the same way that i, j , and k form an orthogonal set in that 

i · j=i · k=j · k =O (3.44) 

there is an orthogonali ty condi tion that holds for the l{I", namely 

Jex> l{!,;' (x)l{!,,(x)dx = 0 
- ex> 

fo r 11/ oj /I (3045) 



Section 3.3 Statistical Interpretation 01 Quantum Mechanics 99 

This orthogonality cond ition is eas ily shown to be satisfied for the >jJ" that arise fr0111 

solving the infinite square well: 

/

'" J IoL 
l1/irX IIJrX 

>jJ ' (r)>jJ (x)dx = ~ sin -- sin -- dx 
-00 II" /I L.o L L 

IIoL
[ (1II - II)rrx (1II+II)rrx]d' = - cos - cos .\ 

L . 0 L L 

[ 
I . (/II-II)rrx I . (1II+II)rrx] 11. = Sin - SI11 

(III - II)IT L (III + lI)rr L 0 

sin(1II - II )rr 
= 

(III - II)IT 

_ sin(1II + lI)rr = 0 
(III + lI)rr 

for m '# II 

where in the second line we have made use of the trigonometric identity 

I 1 . . fJ - [costa - fJ) - costa + fJ) = Sill 0' Sill 
2 

(3.46) 

(3.47) 

A conveni ent way to capture all thi s information contained in (3.42) and (3.45) is 
with the aid of the Kronecker delta, wh ich is defined by 

{
Im =n 

8mfl = 0 m # 11 
(3.48) 

Thus 

(3.49) 

We say the wave functions VI" form an orthonormal set. 
The 1/111 share another important property with the vectors i, j , and k. namely com­

pleteness. In the same way that i. j, and k span the space of vectors in that any ordinary 
vector (the force F, the acceleration a, the momentum p, etc.) can be expressed as a linear 
combi nation ofthcm, the 1/111 form a complete set as wel l. Any wave function 41 ca n be 
written as 

'" 
\jJ = L C" I/I,,(x) (3.50) 

II=J 

Proving completeness is 110t as straightforward as proving orthogonality. We wi ll as­

sume completeness balds si nce, as we will see, it is an essentia l component of quantum 

mechan ics. For the 1/1" for the infinite square well, the superpos ition takes the form 

~ (2 II1TX 
\jJ(x) = L- C" V L sin L 

11 = 1 

O < .\" < L 

which you may recognize as a standard Fourier series. 

(3.5 1 ) 

Given the vector V and the unit vectors i, j , and k, we can determine the coeffi ­
cients II" Vy , and V, in (3.4 1) by taking the dot product of V with each uni t vector. 
For example, 

i · V = V, ;·; + V,.;· j + V)· k = V, (3.52) 
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whcre we have taken advantage of(3.43) and (3 .44) in evaluating the dot prod ucts between 
the unit vectors. In the same way, we see thai 

j . V = V" and k . V = V, 

Similarly, we can take advantage of (3.49) to determ ine the ell in the expansion 

'" \jJ (x) = L c,, 1{I,, (x) 
11= 1 

Simply multiply \jJ (x) by one of the 1{1,; and integra te, for 

1'" 1'" '" _'" 1{I,;(x)\jJ (x)dx = _ 1{I,;(x) L C", 1{I", (x) dx 
00 111=1 

co 1'" = L C'" v";(x)1{I",(x)dx 
11/ = 1 -00 

00 

= L C",OIl Ill 
111 = ] 

(3 .53) 

(3.54) 

(3.55) 

Note that in obtain ing the result (3 .55) we have becn careful to label the d ummy index 

in the sum in thi s equation III so as to di stinguish the dummy index from the particular 

val ue 1/ for which we are mult iply ing by 1{1,; . 
As an interesti ng illustrat ion ofthc completeness of the 1/1", consider the wave function 

\jJ (x) = 7L L 
{ 

2 sin 2;rx 

o 
0 < x < L/ 2 

elsewhere 
(3.56) 

that is, a sinusoida l bump in the le ft side of well on ly. Fi gure 3.6 shows how the ri ght-hand 

side of(3.54) approaches \jJ (x ) with an increasing number of terms in the superpositionS 

The en playa very important role in quantum mechanics. If I.J1 as well as the 1/1" are 
normali zed, then 

I = 1'" I \jJ I' dx 
->:> 

= r ( f <, 1{I,;' ) ( f C,,1{I,, )dX 
00 11/=1 11 = 1 

= f c~, f c" r 1{1,;' 1{1" dx 
111= 1 1/ = 1 , -00 

00 '" 

= L c!/ L CI1~1II1I 
111= 1 11 = 1 

00 00 

= Lc:clI = L le,,1 2 (3.57) 
11= 1 1/= 1 

5ProbicIll 3. J 2 gives n mechan ism ror generating the wave function \II(.\") and Problem 3. 13 gives the 
values of en for II =I- 2. As a warm up, try your hand at calculating C2 . 
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(a) 

o L 2L x 

(b) 

L 2L x 

(c) 

L 2L x 

Figure 3.6 The suml.lJ :;:: :L:7:= J e'l "'II with (a) N = 4, (b) tV;;;:: 10, and (e) N = 50 for the 
wave function (3.56). 

where we have labeled by 11/ and II the separate dummy indices that appear in the two 

independent slims that occur in the second line of thi s equat ion. Thus we see that 

00 

L lc,l = I (3.58) 
11=1 

The natural (and correct) interpretation of thi s result is that 

(3.59) 

is the probability of obtaining E, if a measurement of the energy ofa particle with wave 

function IV is carried out. Then (3.58) assures us that 

(3.60) 
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The only result of il measurement of the energy is one of the allowed energies E,, " We 
can take adva ntage of this restllI to calculate, for example, the expectat ion vallie of the 
energy for a particle in the state l!J : 

'" 
(E ) = I: Ic,, 12 E" (3.6 1 ) 

1/ = ] 

While you may be geni ng used to the idea that a particle doesn't have a defini te 
position, you may find it harder to swallow the idea that it needn't have a definite energy 

either. If this is the case, you will j ust need to get over it. 

EXAMPLE 3.3 Show that the wave function 

is normalized. Calculate (E ) and t.E for thi s state. 

SOLUTION A measurement of lhe energy yields E, with probability 

2 1 e- d ·"l fi 12 I 
P, = let! = .J2 = 2 

or E2 with probabil ity 

I 

2 

Since f': Ic,,1 2 = I, l!J (x , /) is properly norma li zed. The expectat ion val ue of the 
11=1 

energy for the state l!J (x . /) is 

'" I I I 
(E ) = I: P" E" = 2 E, + 2E2 = 2(E, + E2) 

n= 1 

independent of time. Also 

~ , I , I , I ( . , E') 
( E 2 ) = L-P"E~ =2 E i + 2Ei = 2 i"i + ·; 

11 = 1 

Thus the uncertainty in energy fo r a particle in state l!J (x, /) is 

t. E = ( E2) _ (E )2) ' /2 

[
I , I ,] '/2 

= 2 ( Ei + ED- ;)(E ,+ E2l" 

[
I ]'/2 I 

= ;) (E; + E~ - 2E, E2) = 2 (E2 - E,) 

As a check , note that 6..£ = 0 if we sci £2 = £ \. for in this case there is no 

uncertainty in the energy of the particle. 

J 

I 
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EXAMPLE 3.4 The wave function for a part icle in the box is given by 

\jJ(x) = { !¥,X(L - x) O<x<L 

elsewhere 

Example 2.5 shows that \jJ is norma lized. A measurement of the energy of the 
particle is carried out. What is the probability of obtaining E I, the ground-state 
energy fo r the particle in a box? 

SOLUTION To determine the probability, evaluate CI : 

j '" If-Ii rr r fJ'O CI = I/t~(x) \jJ(x)dx = - sin -' sx(L - x)dx 
-00 oL LL 

Making the change of variables IT x / L = y, 

CI = ~ r si ny (y - l ) dy 
iT- Jo :if 

= J6}l (_YCOSy+y2- 2eosy) !" 
j[ w 7T 0 

4J66 
= --;;-J 

Thus the probability of obtain ing EI is ICI 12 = 960/rr 6 = 0.9986. The similarity 
between the ground-state wave function VI, for the particle in the box and the 

parabolic wave function given in this example (sec Fig. 2. 11 ) is reflected in how 
close th is probabili ty is to one_ Put another way, the probability of obtain ing an 
energy other than the ground-state energy is I - 0.9986 = 0.0014. 

Calilion: When CI is real and positive, it is easy to forget that the probabili ty is 
given by cjc l and not by CI itself. Itmay help to rememberthat CI(f) = cl(O)e- 'E' I' . 
so that even if CI (0) is rea l and positive, CI (I) is not. 

3.4 The Energy Operator: Eigenvalues and Eigenfunctions 

The time-independent Schrodinger equat ion 

1;2 d21/1(x) 
-- 2 + V(x)I/t(x) = E1//(x) 

2111 dx 
(3.62) 

is often referred to as the energy eigenva lue equation. An eigenva lue equation is one in 
which an operator acting on a function yie lds a constant multiplying the function, that 
is, an eq uat ion of the form 

(3.63) 

where the constant a is ca ll ed the eigenvalue and 1/1(( is ca lled the eigenfunction of the 
operator Aop. The subscript a on the wave funct ion 1/1(( indicates that it is the eigenfunction 
corresponding to the eigenvaluea. In general, a given operator may have (infinitely) many 
eigenva lues and corresponding eigenfunctions. 
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So what's an operator? Let's take some exam pl es to get OUf bearings. In wave me­
chan ics the position operator is 

Xop = x (3.64) 

so that 

xop1/l(x) = x 1/I(x) (3.65) 

The position operator just mUltiplies the wave function 1/1 (x ) by x, leading to a different 
function, namely x lj!(x) . As we wi ll argue in the next few paragraphs, the momentum 
operator is 

Thus 

tJ a 
PXop = i ax 

tJ a1/l(x) 
Px., 1/I(x) = i----a;-

(3.66) 

(3.67) 

In general, this too is a different function. namely the derivative of the wave function 
1/I(x) multiplied by thc constant li l i. Typically, in one-dimcnsional wavc mechanics the 
operators arc mixtures of derivatives with respect to x, multiplication by functions of x, 

such as Vex), and multiplication by constants. 
Now let 's look at a momentum eigenfunction. Recall that P = hiA. Thus a wave 

function with a particular momentuill p is one with a particu lar wavelength A, If we 
apply the momcntum operator (3.66) to the wave fu nction Aeik.,· (remcmber k = 2JT IA), 
where A is a constant, we obtain 

'k tJ a 'k . 'k P Ae, 'x=--Ae"'\= fikA e"'\' 
.t op i ax (3.68) 

Notice that the operator moves through the constant A and differentiates eikx
. The net 

effect in thc end is to return the function Ae;kx multipl ied by the constant lik, or hl A, the 
momentum eigenvalue. Thus we can characterize Aeikx as a momentum eigenfunction 
wi th eigenvalue p = lik. We express the momentum eigenvalue equation in the form 

(3.69) 

where 

(3.70) 

With thi s background, we can now sec why the time- independcnt Schrod inger equa­

tion is the energy eigenvalue equation. In Ilonrelativistic quantulll mechanics the energy 
operator is the sum of the kinetic energy and potential energy operators: 

(1'.'''' )' 
Eop = -- + V(xop) 

2m 
(3.7 1) 

Using thc forms (3.64) and (3.66) for the position and momentum operators, we see that 
the energy opcrator, which is generally referred 10 by the symbol N (for Hamiltonian), 
is given by 

I (tJ a ) (Ii a ) tJ' a' N == Eo = - -:-- -:- - + Vex) = ----, + Vex) 
p 2111 I ax I ax 2111 ax-

(3.72) 
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Thus the ti me-independent Schr6dingcr equation is really just the eigenva lue equati on 

H>/I = £>/1 (3.73) 

To make the correspondence between (3.73) and (3 .63) 1110re complete, we could put a 

subscript E on the the energy eigenfunction corresponding to the eigenvalue E, that is, 

(3.74) 

In fact we have done thi s al ready in dealing w ith the particle in a box in the prev iolls 

secti on. There we saw that the discrete energies (eigenvalues) and corresponding wave 
functions (eigenfunctions) could be labeled by an integer II. See (3.27) and (3.30), respec­

tively. Using this notation, the time- independent Schriidinger equation for the particle in 

a box becomes 

(3.7 5) 

OUf identification ofobservables-things that arc measurable such as energy, momen­
tUIll, and pos ition- with operators gives LIS an alternative way to calculate expectation 
values . Let 's return to the parti cle in the box and take the normalized wave function to 
be a superposition of two energy eigenfunctions: 

(3 .76) 

In the previous section we saw that [sec (3.6 1») 

(3 .77) 

But now we ca n show that there is an alternative way to obta in (£ ). Notc that the opera tor 
H is a linear operator. which means (hat 

(3 .78) 

Since 1/11 and 1/12 are eigenfunctions of H with corresponding eigenva lues El and £2. 
respectively, we can write 

(3.79) 

Therefore 

(3.80) 

where in go ing from the second to the last line we have taken ad vantage of tile orthollor­
mal ity of the eigenfunctions [see (3.49»). But the last li ne is just the expectation value 



106 Chapter 3: The Time-tndependent Sehr6dinger Equation 

of the energy for a particle in the state \jJ s ince Ic,I2 and IC212 are the probabili lies of 
obtaining £, and £2, respeetively6 Thus we sec Ihal 

(£ ) = 1: \jJ ' H\jJ dx 

Examp le 3.5 gives a ni ce ill ustralion of(3.81). 

(3.8 1 ) 

As we will discuss more generally in Chapler 5, Ihis operator approach fo r determining 
expectation values in which the operalor is sandwiched between \jJ ' and \jJ and then the 

resulting fu ncti on is integrated over all space works for observables other than the energy. 
We have seen two add itional examples so far. The expectation va lue of the posit ion is 
given by 

(x ) = 1 : X I\jJ(X,I)12dX 

= 1: \jJ ' (x, t)x \jJ (x, t)dx 

where in the second line we have s imply positioned the factor of x 
between \jJ ' and \jJ. We al so saw in Section 2.9lhat' 

1
00 100 Ii a \jJ 

(Px ) = \jJ ' p.'''' \jJ dx = \jJ ' -,- -. - dx 
- 00 - 00 I ax 

(3.82) 

in the integrand 

(3.83) 

EXAMPLE 3.5 Determi ne (£) for a particle in the box with wave function 

\jJ (x) = { /WX(L - x) 0 < x < L 

elsewhere 

SOLUTION 

(£ ) = 100 
\jJ * f-/\jJ dx = rL ~X(L _ x) ( - h

2 
dd

2

2
) ~X(L - x)dx 

- 00 Jo V f} 2111.\ V f} 
=30h

2 (-X(L _ X)dx=30h2L l (~_~)= 5h
2 

L5 III Jo L5 III 2 3 III L2 

Note: 

1i 2;r2 fi 2 
£, = -- = 4.93--, 

2111L2 IIIL-

Thus our result for (£) is consistent with a probability of 0.9985 of obtaining £, 

(see Example 3.4). The magnitude of £, is j ust slightly less than the magnitude 

l> 11 is straightforward 10 extend Oll f derivation to the more general case where ltJ = L clll/l" . In the 
next chapter, we wil l solve the time-independent Schrodingcr equation for a variety ofdifTercnt potential 
energy functions V(x). It is probably worth emphasizing at this point that the allowed wave functions 
for these systems include superpositions of energy eigenfunctions- superpositions that themselves are 
/lot energy eigenfunctions <IS long as the energies involved in the superposition arc distinc t, as (3.79) 
shows. 

7The argument establi shing (3.83) is a litt le more complica ted than that leading to (3.8 1). since there 
is a conti nuum of momenrum states and we need to express the superposition of momenhlm stales as 
an integral rat her than a sum. 
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of (E ). Notice how easy it is to cnleulate ( E ) using (3 .8 \ )8 Alternatively, we 

could calculate the probabili ty PI! = jCn l2 for each energy eigenvalue EI/ and then 

determ ine 

'" 
(E ) = L Ic,l En 

11 = 1 

In thi s example, us ing (3 .8 1) is certainly the way to go. 

EXAMPLE 3.6 The energy operator, the Hamiltonian. for a particle of mass III on a 

spring is given by 

n' a' I n' a' I , 
H = - - - + - Kx' = ---, + - IIIW'X-

2m ax' 2 2m ax- 2 

where in the last step the Hamiltonian has been expressed in tenn s of the classica l 

spring frequency W = JKTiIi. Determ ine the value of a so that the Gaussian 

fun ction I/!(x ) = Ne - nx' is an e igenfunction o f H . What is the associated energy 

eigenvalue? 

SOLUTION 

and 

Thus 

H I/! = 

= [ - n' (- 2a + 4a'x') + ~III W'x2J Ne - "x' 
2111 2 

= - - + - -- + - mw- x-[n'a (2n
2

a' I ' ) 'J 
m III 2 

where in the last step we have inserted the requirement that VI be an energy eigen­

function with eigenvalue E. Since E must be a constant, the x2 terms in the brackets 
on the left-hand side must cance l. Hence 

mw 
a= --2n 

!r ln fact, the ca lculation out lined here is deceptively easy. Since [he wave funclion i.JJ (x) has a dis­

continuous deri vat ive at x = 0 and x = t , the second deri vativc of the wave fUllction generales a Dirac 
delta function at x = 0 and at x = L. See Section 4.4 for a discll ssion of the Dirac delta function and 
Problem 4.2 1. where it is shown that the delta fUllction is generated by taking thc derivat ive of the stcp 
funct ion. The Dirac delta functions that arise in taki ng the second deri vative of lJ.I (x ). however. do not 
contribute to (E ) since the wave funct ion lJ.I *{x) vanishes at x = 0 and x = L. 
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and therefore 

fj 2{J I 
E = - = -fzw 

111 2 

Note that we must choose the positive va lue for a so that the wave function is 
normalizable. 

The hannon ic osci llator is a physical ly important system and the corresponding 
energy eigenvalue equation is an unusually nice equation mathematically, too. The 

ground-state wave funct ion is a Gaussian fu nct ion, one of the nicest functions 
around. As we wi ll sec in Section 4.3 , this wave function is the minimum uncertainty 
wave fUllction, namely, one that sati sfies !J.x !J.Px = Ii / 2. 

3_5 Summary 

When the potential energy Vex) is independent of time, a so lution to the Schr6dinger 

equation 

can be obtained by expressing 

where 1/1 (x ) obeys the time-independent Schr6dinger equation 

fz' d'1/I(x) ----,- + V(x)1/I(x) = E1/I(x) 
2111 dx-

(3.84) 

(3.85) 

(3.86) 

As an instructive example, we have solved this equation for a particle confined to 
an in finite potential energy well (a partic le in a box) and found that the (normalized) 

solutions l/tl/(x) are discrete, namely, 

1/I,,(x) = { f sin "~x 

with quanti zed energies 

O<x< L 

elsewhere 
II = 1,2, 3, 

n = 1, 2,3, . .. 

These fll(x) are characterized as orthonormal in that they sati sfy 

100 1/I,;'(x)1/I,,(x)dx = 8"", 
-00 

with the Kronecker delta defined by 

111 = 11 

III #- n 

(3 .87) 

(3.88) 

(3 .89) 

(3.90) 



These functions form a complete sct, since any wave function can be expressed as the 

superposition 
00 

"' (x, I) = L e,,(/)l/t,,(X) (3.91) 
11= 1 

where 

(3 .92) 

in order that "' (x , I) is a solution to the time-dependent Schr6dinger equation. If "' (x , I) 
is itself normalized as we ll , then it is straightforward to show [sec (3.57)) that 

'" 
L le"I' = I (3.93) 
11= 1 

which suggests that we identify 

(3.94) 

where P" is the probability of obtaining E" if a measurement of the energy of a particle 
with wave fun ction \jJ is ca rried out. Thus the on ly result of a measurement of the energy 
is one of the allowed energies EI/< With this identification. the expectation va lue of the 
energy for a particle in the state '" is given by 

oc 

(E ) = L len I' En (3.95) 
f/=1 

Given a particular wave function I.1J (X)1 it is poss ible to lise the orthonormality of the 
l/t" (x) to determ ine e,,: 

en = 1: l/t,;(x)"'(x)dx (3.96) 

An alternative way to express the time-independent Scil rodinger equation is in the 
form of an energy eigenvalue equation 

where 

H = (1'-''' )' + Vex) 
2m 

(3.97) 

(3.98) 

is the energy operator, that is the sum of the kinet ic and potential energy operators, once 
we make the identification that 

fI a 
p;(op = i ax (3.99) 

and the constant E is the energy eigenva lue. Thus l/t,,(x) is often referred to as an energy 
eigenfunction with corresponding energy eigenvalue Ell < It is then straightforward to 
veri fy that 

00 100 

(E ) = L le"I' E" = ", ' H'" dx 
11=1 -00 

(3. 100) 

which shows that we can calculate the expectation value of the energy either by summing 
the probabilities of obtaini ng each va lue of the energy multiplied by that energy or by 
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carrying out the integra l over all space w ith the energy opera tor sandw iched between 

tIJ * and lJI . T hi s starts to make morc pa latable the result that we saw at the end of the 

previolls chapter, namely 

Problems 

3.1. Show there is no solution to the time- independent 

Schr6dingcr equation for a particle in the infinite square 
we ll 

Vex) = { 000 
O< x < L 
elsewhere 

fo r £ = O. Suggestioll: Start w ith the differential 

equation for'" w ithin the well for £ = 0: 

n 2 d21{1 
---- =0 

2111 dx 2 

What is the most general so lution to this second-order 
differential equation? Show that the requirement that the 

wave function vanish at the boundaries of the well leads 

to '" = o. 

3.2. Show there are 11 0 negative energy solutions for a 
parti cle confi ned in the potential energy we ll 

Vex) = { ~ 0 < x < L 
elsewhere 

3.3. The wave function for a particle in a box is 

O< x < L 
elsewhere 

where N is a constant. (a) Determine a va lue for N so 

that the wave function is appropriately normalized. NOle: 
In reali ty, the wave fu nction <II (x) does not drop 

discontinuously to zero at the ends of the well. Assume 

the change in the wave function occurs over such a small 

distance that you can neglect this effect in your 

ca lculations. (b) Calcul ate the uncertailllY t.x in the 

partic le's position. 

3.4. At time I = 0 the wave function for a particle in a 

box is given by 

(3. 101 ) 

where "', (x) and "'2(X ) are the ground-state and 
first-exc ited-state wave functions with corresponding 

energies E, and £ " respective ly. What is <II (x , I)? What 

is the probability that a measurement of the energy 

yields the value E,? What is (£ )'1 How would you go 

about testing these pred ictions? 

3.5. The wave function for a partic le in a box is given by 

where t/t l and t/t2 are energy eigen functions with energy 

eigenva lues E I and £ 2, respectively. What is the 

probability that a measurement of the energy yie lds the 

valuc £ 1? What is the probab ility that a measurement of 

the energy yields the value £2? What are (£) and t.E? 

3.S. At time f = 0 the normalized wave fU llction for a 
panicle of mass III in the one-dimensional infinite well 

Vex) = { ~ 
is givell by 

O<-, < L 
elsewhere 

<II (x) = 2 VI L .,fi VI L 
{ 

1+ ; !l sin ;rx +.J... fi sin 2rr x 

o 
O<x<L 
elsewhere 

(a) What is <II (x , r)? (b) What is the probabi lity that a 

measurement of the energy at time t will y ield the result 

i'hr' / 2mL'? (e) What is (£ ) forthe particle at time t? 
SlIggestion: Thi s result can be obtained by inspection. 

No integrals are required . (d) Is (x ) time dependent? 

Justify your answer. 

3.7. Solve the time-independent Schrodinger equatio n 

for the infini te square well centered at the origin , namely 

Vex ) = { ~ - 1. / 2 < x < L/ 2 
elsewhere 



Determine the allowed energies and corresponding wave 
functions. Check that the allowed energies agree with 
(3.27) and the energy eigenfunctions can bc obtained 

from (3 .30) by the substitution x --+ x + L j 2. 

3.8. Show that the probab ili ty o f obtaining £" fo r a 

particle in a box with wave function 

\jJ (x) = { ,/¥,X(L - x) O < x < L 

el sewhere 

is given by 

2 240 11 2 le,,1 = 66 [1 -(- 1) 1 
11 7T 

NOle: The probability of obwining the g round-state 

energy £, is dete rmined in Examp le 3.4. 

3.9. A pa rtic le of mass 11/ is confin cd in the potential 

wel l 

V(X) ={O O<x<L 
00 elsewhere 

(a) At time I = 0, the wave functio n for the pa rt ic le is 

the one gi ven in Problem 3.3. Calculate the prohability 

that a measurement of the energy y ields the va lue £ ", 
one of the allowed energies for a particle in the box. 
What are the numerica l va lues fo r thc probabilities of 

obtaining the ground-state energy E J and the 
first-excited-state energy £,? NOle: The energy 

eigenvalues and eigenfunctions are given in (3 .27) and 
(3.30), respectively. (b) What is 41 (x , I)? Is the particle 

in a stationary state? Explain why or why not. 

3.10. A panicle of mass 11/ is confi ned in the potential 
energy well 

Vex) = { ~ 
(a) Show that 

Ix l < a /2 

Ixl > a j 2 

{ 
ncos ~ 

1/1, (x) = ~ ~ " 
Ixl :5 a j 2 

Ixl > a j 2 

is an energy eigenfunction and determine its 
corrcsponding energy e igenvalue £,. Sketch thc wave 
function. NOle: It is sufficicnt to verify that 1/I,(x) 
satisfi es the energy eigenvalue equation as well as the 

Problems 111 

appropriate boundary conditions. Argue that the 

eigenva lue £ 2 of the energy eigenfunction 

1/I,(x) = V ~ " 
{ 

n sin 'IT .. 
- 0 

Ix l :5 a j 2 

Ix l > a j 2 

satisfies the re latio n £, = 4£,. Sketch the wave 

fu nction. (b) Supposc thc wave function fo r a part ic le 

confined in thi s potenti al well is given by the symmetric 

" tent" wave function (sec Problem 2.30) 

\jJ (x) = {f% (~ - Ix l) Ixl :5 a j 2 

Ixl > a j 2 

What is the probability that a measurement of the energy 

of the partic le with wave function \jJ (x) yie lds £" the 

ground-state energy? (c) What is the probabi lity that a 

measurement of the energy of the partic le wi th wave 
func tion 41 (x) yields £ , . the first-exci ted-state energy? 

Explain your answer. Hilll: You can do the integra l by 

inspection. 

3.1 1. The wave functi on for a particle of mass m in a 
potentia l energy well for which V = 0 for 0 < x < L 
and II = 00 elsewhere is given by 

O < x < L 

elsewhere 

What is the probability that a measurement of the energy 

of the partic le y ields the ground-state energy? 

3.12. A panicle of mass 11/ is in the lowest energy 

(ground) sta te of the in fi nite potential energy well 

VCr) = {o 0 < x < L 
. 00 elsewhere 

At time I = 0 the wa ll located at x = L is suddenly 

pulled back to a posit io n at x = 2L . This change occurs 
so rapidly that instantaneously the wave function does 
not change. (a) Ca lculate the probability that a 

measurement of the energy will yie ld the ground-sta te 

energy of the new well . What is the probability that a 

measurement of the energy will yield the first excited 
energy of the new we ll ? (b) Describe the procedure you 
would use to determine the time development of the 

system. Is the system in a stationary state? 
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3.13. Show that the probabi li ty that a measurement of 

the energy in Problem 3. 12 yields one of the energy 

cigcllstates of the new well other than one with 11 = 2 is 
given by 

2 _ [4-12 sin(mT / 2)] 2 
le,,1 - (4 2) If - II 

3.14. Verify that 

1/I(X) = Nxe- n-,' 

is an energy eigenfunction for the simple harmonic 
oscillator with energy eigenvalue 31iw/ 2 provided 

a = IIIw / 2/i. 



CHAPTER 

One-Dimensional Potentials 

In this chapter we will focus on solutions to the one-dimensional time-independent 

Schrodinger equation. We will see how the nature of the potential energy Vex ) deter-
111 ines the spectrum of allowed energies, whether these energies arc discrete or continuous, 
and how they are spaced. We wi ll extend our discussion beyond the particle in a box 

to the fini te square well, the harmonic oscillator, and Dirac delta function potentials, as 
well as scanering from potentia l energy barriers and wells. These examples give us a lot 
of insight into how nature behaves on the microscopic level and they will prove to be 
very useful as we move toward applications ofquannllTI mechanics in three-dimensional 
systems. 

4.1 The Finite Square Well 

The potential energy 

V(x) = {~o \x\ < a/2 
\x \ > a/ 2 

(4. 1) 

for the finite square well is depicted in Fig. 4.1. Although the finite square well with its 

stra ight edges does not seem espec ially "natural ," such quantum wells are reasonable 
approximations to ones that can be made from certain semiconductors lI sing molecular 

v 

- a/2 o a/2 .\ 

Figure 4.1 A finite square well potential. 

113 
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Resist - Electron beam 

I material 

I Meta l 

I 

I 
Reactive 

~ions 

~ 
I 

Quantum dot 

beam epitaxy, as ill ustra ted in Fig. 4.2 . Thi s technology has led to a new growth industry 

in "designer atoms" and other semiconductor devices. By adjusting the width and depth 

of the well , it is poss ible to adjust the spac ing of the energy levels. In this way, for example, 

semiconductor lasers that emit in the green have been produced. In three dimensions, 

slich a quantum we ll is often referred to as a quantum dot. 

In this section we wi ll restrict ourselves to finding solutions to the time-independent 

Schrbdinger equation 

(, ' d' l/I 
- 2111 dx ' + Vl/I = £ VI (4.2) 

for energies in the range 0 < E < Vo. At the end of thi s section we will see how we 
recover the results for the infinite square well in the limit Vo -r co. 

Given the piecewise constant nature of thi s potential energy, it is straightforward to 

sol ve thi s equation inside and outside the potential energy well. Inside the well , where 

v = 0, the differential equation can be wri tten as 

eI'l/I 
- = -k'l/I Ix l < a/ 2 
dx ' 

where 

J 2111 £ 
k = -­

fJ 

(4.3) 

(4.4) 

This is, of course, the same di fferential equat ion that we solved in Section 3.2 for the 

particle in a box . We can write the most genera l solution as a combination of sin kx and 

cos kx , as we did in (3 .2 1) , or we can use the compl ex exponentia ls 

Ixl < a/ 2 (4.5) 

where A and B are constants. Because we have chosen to place the origin of our coor­

dinates at the center o f the well , we w ill see that there is a set of solutions with cosine 

functions w ith in the well as well as a set with sine functions. A t thi s stage, using the 

complex exponent ials is a handy way to incl ude both cosine and sine functions. 

Outside the well , the di fferential equation (4.2) becomes 

where 

eI'VI , 
- - = KVI 
d x 2 Ixl > a/2 

J2 1i1 ( Vo - £) 
K = > 0 

fi 

since we are assuming that 0 < £ < Vo. The most general solut ion is given by 

Ixl > a/ 2 

(4. 6) 

(4.7) 

(4.8) 

Fi gure 4.2 The fi gure illustrates one of the early strategies for maki ng quantum dots. A semi· 
conductor contai ning a quantum we ll material is coated with a polymer. This coating, known as 

a res ist, is decomposed with an electron beam. After a meta l layer is deposited on the resulting 
surfa ce, a solvent removes the remaini ng resist. React ive ions then etch the chip except where it 

is protected by meta l, leaving a quantum dot. The role of the size of the wells in scattering light 
is beauti full y illustrated in the colors or a variety of cadmiul11 selen ide crystall ites synthesized by 
Michael Steigerwald of AT&T Bell Laboratories. See M. A. Reed, Sci. Am. January, 1993, p. 118. 

j 

) 
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This wave fu nction involves real exponential s instead of complex exponent ial s since, 
according to (4.6), two derivat ives of the wave function return the wave function multi­
plied by a positive constant. 1n order to sati sfy the requirement tha t the wave function 

be normali zable-that the wave function not diverge as Ixl --> (X)-we must discard the 

exponential solution thar blows lip as x --> -00 in the region for which x < -a 12 and 

the solution that blows up as x ~ +00 in the region for whi ch x > a / 2. Thus 

1/I(X) = Ce"" x < - a12 (4.9) 

and 

x > al 2 (4.10) 

We now face the job of knitting together the so lutions in the three different regions, 
namely x < -012, -a12 < x < a12, and x > a12 . Since the Sehr6dinger equation is 

a second-order differenti al equati on, the wave function must be continuous everywhere, 
including at the boundaries between the variolls regions. Otherwise, the first deri vative 

of the wave fu nction would not ex ist, which would make it difficult to make sense of an 

equation that involves the second deri va tive. Rewriting (4.2) in the form 

211/(£ - V) 

n' 1/1 
(4.11 ) 

makes it clear that the first derivative of the wave function must be continuous as well, 
at least for any potential energy function for which V is finite. After all , if the right-hand 

side of(4.11) is finite, the left-hand side must be finite as we ll. And if the fi rst derivative 

is not continuous, then the second derivative is infin ite. This explains, by the way, why 
the wave funct ions for the particle in a box (see Fig. 3.3) have a di scont inuous derivative 
at the boundaries of the box, since V jumps to infini ty there. 

Imposing the requirement that the wave funct ion is continuous and has a continuous 
first derivative at x = -a 12 yie lds the conditions 

Ce - Ka j 2 = Ae- ika / 2 + Beiku / 2 

KCe- Ka j 2 = ik(Ae - ika / 2 _ Beiku / 2 ) 

and at x = a 12 yields the conditions 

De-K(l j 2 = Aeika / 2 + B e - ika /2 

-K De-Ka / 2 = ik(Aeika j 2 _ Be- ika / 2) 

(4 .12) 

(4.13) 

(4 .1 4) 

(4 .1 5) 

We can elim inate the constant C fro m equations (4 .12) and (4 .1 3) by div iding these two 

equations, which yie lds 

i k Ae- ika j2 + Beika j 2 

= (4 .1 6) 
K Ae- ika / 2 _ Beika / 2 

So lving for the ratio A I B, we fi nd 

~ = e;ka ( K + ik ) 
B -K + ik 

(4 .1 7) 

Similarly, we can eliminate the constan t D fro m eq uations (4 .1 4) and (4 .1 5) by dividing 

these equations, leading to 

ik 

K 

Aei1w / 2 + Be- ika j 2 

Aeikrl / 2 _ Be ika j 2 
(4. 18) 
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and 

!!. = e-ika ( I( - ik ) = e- ika (-I( + ik) 
8 -I(- Ik I(+,k 

(4. 19) 

[This last resul t can also be obtained from (4. 17) by noting that we can go from (4.16) 

and (4. 1 7) to (4. 18) and (4.19) with the rcplacement k -+ -k.] I r we mUltiply (4 . I 7) by 

(4 . 19), we obta in 

(!!.) ' = eika ( K + ik ) e- ika (-K +ik) = I 
8 -K+ ,k I(+,k 

(4.20) 

Thus the wave functions rail into two classes: those for which A/ 8 = I (A = 8) and 
those for which A/8 = - I (A = - 8) . This is an in terest ing result and suggest ive in its 

simplicity. 
Let 's look separately at these two classes of functi ons. When A = 8 , then (4. I 2) and 

(4.1 4) show that C = D. Thus the wave function can be written as 

{ 

Cen 

Ijt(x) = 2Acoskx 
Ce- K .\ 

where we have taken advantage of the identity 

x :0: - 0 / 2 
-0/2:0: x :0: 0 / 2 
x :0: a/ 2 

eih +e- i h 

cosh = ~~~-
2 

(4.2 1) 

(4.22) 

to express the wave function in the region Ix I < a /2 as a cosine function. Thus this 

wave function sati sfies Ijt(x) = V/( -x); it is an evcn function. Also when A = 8 , the 

condition (4.16) becomcs 

ik 
I( 

or 

(e-ika l' + eika /')/2 

iCe "ai' - eika I2)/ 2i 

Ka/2 
tan(ka / 2) = -­

ka / 2 

cos(ka / 2) 

-i sin(ka / 2) 

Tfwe define the dimensionl ess variabl es 

~ = ka / 2 and 

then this equation becomes 

V~ 2 f 
tan ~ = -,-_o~~ 

~ 

afi{i"vo ~o=- -
fl 2 

Similarly, when A = -8 , then (4.12) and (4.14) show that C 
function can be written in the form 

{ 

Ce' ·' x :0: - a / 2 
Ijt(x) = 2iA sinh -a/ 2:O: x:o: a/2 

_Ce-KX x:::. a / 2 

In thi s case we have taken advantage of the identity 

eih _ e- ikx 
sin kx = ~~-'-~-

2i 

(4. 23) 

(4.24) 

(4.25) 

(4.26) 

-D. The wave 

(4.27) 

(4 .28) 
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to express the wave function in the region Ix I < a /2 as a sine function.! Thi s wave 
function satisfies I/I(-x) = -I/I(x); it is an odd function. Now the condition (4. 16) 

becomes 

ik 

I( 

or 

eika / ] _ e- ika / 2 

eika / 2 + e ika / 2 

lIs ing the same definitions of ~ and ;0 as before. 

i sin(ka / 2) 

cos(ka / 2) 
(4.29) 

(4.3 0) 

Equations (4.26) and (4.30) are transcendental equations that determ inc thc allowed 

va lues of the energy for thc particle in the fi nite square well. Remember that the energy 

E is conta incd in the ex pression for ~ = ka / 2 = Jill E / 2Fi'a . Un li ke an equation such 

as tan ~ = (Xl fo r wh ich we immediate ly know the solutions [~ = (2/1 + I)IT / 2, where 

/I = 0, 1,2 ... J, it is not so obvious what is the solution to (4 .26) or (4.30). One strategy 

for determining the allowed energies is to so lve these equations numerically, on your 
calculator for example. Another strategy, which allows us to get an overview of what is 

happening is to solve the equat ions graphi cally. Figure 4.3a shows a plot of tan sand 

J~J - ~'/~ . The in tersec tions of these two curves dete rm ine the allowed energies for 

the even wave functions. The energy is determined by noting the va lue of; for whi ch the 
intersection occurs. Notice that for ~J sma ll , there is only one intersection, that is, one 
allowed energy. As SO increases, the number of energy eigenvalues grows. Figure 4.3b 

shows a plot of - cot ~ and J~J - ~ '/~ . For the odd wave functions, there is no so lution 

for ~o < IT / 2 since - cot ~ is not positi ve un less ~ > JT / 2. Not ice that as ~o -> (Xl, say 
for Va ---* 00, there will be an infi ni te number of all owed energies determined by the 
condit ion '; = IIJr / 2, with JI a positive integer. This is prec isely the result 

Jl 2j; 2Jr 2 
Ell = -:---,--

2111a 2 1/ = I, 2, 3 ... (4.3 1) 

o rr/2 rr 3rr/2 2rr 5rr/2 317 77r/2 g 0 rrl2 rr 3rr/2 27T 5rr/2 3rr 7rr/2 

(a) (b) 

Figure 4 .3 Graphs of (a) tan ~ and J~J - ~2/~ and (b)- cO! ~ and J~g - ~, H ror 
va ri ous val ues of ;0. The intersections correspond to allowed energies. 

[From (4.1 2), we sec that when A = B. Ce-qu/2 = 2A cos ka j 2. and when II ;:::: - 11 , Ce-q<l{l ;:::: 
- i2A sinka j2 . Thus there isjusl one overall constant (either C or A, depending on which you choose 
10 eliminate) that is then fixed by normalizalion. See Problem 4.7. 
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Figure 4.4 (a) A finite square we ll with four allowed energies and (b) the corresponding 
energy eigenfunctions. 

that we obta ined in Chapter 3 fo r an infi nite well of width a. In te restingly, we would 

obtain the same result if we let the width a of our finite well become very large (holding 

Vo fi xed), since this 100 leads asymptotica lly to intersections at ~ = II1r 12. As we will 
see in Chapter 8, a useful model of an electron in a meta l is to treat it like a particle 

in a very large box, with the size a measured in, say, centimeters instead of tenths of 
nanometers, which is the characteristic length sca le for an electron bound in an atom. 
Thus it is not unreasonable to use the results from the infinite square well in determining 
the properties of a meta l in this free-electron model of a solid. 

Figure 4.4 shows plots of the wave functions fo r a fi nite square well that possesses 
four allowed energy states. The ground state and the second excited state are even wave 
functions, while the first and third excited states are odd wave functions.' The larger the 
number of nodes, the higher the energy, just as for the in fi nite square we ll. Notice in 

particular how the wave fu nctions penetrate into the region where V > E. T he degree 

of penetrati on is determ ined by the magni lude of K in the wave functi ons (4. 2 1) and 

(4 .27) . The wave function fa lls to li e of its va lue at x = ±a12 in a distance 11K = 
f1 I J(2m( Vo E). Th us the wave fu nctions with the smallest energy- those closest to 

the bottom of the energy well- penetrate less deeply into the classically disallowed region 
where V > E. Ol ice that as Vo .... 00, 11K .... 0 independent of E, confirming our 

supposition in Sect ion 3.2 that the wave functions for the partic le in a box (the infinite 
potentia l energy well) are indeed zero outside the box. 

2Thc racl lhat the energy eigenfunctions are ei ther even or odd funct ions ofx is not an accident We 

will sec why thi s happens in Sect ion 5.3. 
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4.2 Qualitative Features 

Before going on to solve the time· independent Schrodinger equat ion fo r other potenti al 

energy functions, it is instructive to exami ne more qualitative ly the character of the 
solutions to this equation. First, a word about tcm1inology. Consider a general potential 
energy slIch as the one shown in Fig. 4.5. For the particular energy £ shown in the figure, 
there is a region a < x < b where E > II that is bounded by a region where V > £. The 
region a < x < b thus forms a potential energy well. The points a and b are often ca lled 

turning points. At these points the tota l energy £ of the part icle is equal to the pOlent ial 

energy, meaning that rhe particle has zero kinetic energy. In classica l physics, we would 
say that at this point the part icle has stopped and the force F = -d V Ie/x accelerates 

the particle back into the region a < x < b. Thus the partic le is bound in the potent ia l 

energy well. Consequently, the allowed energy states of the Schrod inger equation in this 

energy regime are refer red to as bound states. Although the part iele's motion classica lly 

is strictly limited to the region a :5 x :5 b, we have seen in OUf discllssion of the fi ni te 
square well that the wave function does not stop at the boundarics. Consequently, there 

is a nonzero probabili ty that a measurement of the posit ion of the parti cle will yield a 
location for which II > E. 

Solving the time- independent Schrodinger equation for a poten tial energy such as the 
one shown in Fig. 4.5 is not as straight forward as determ ining the allowed energies for 
the finite square well , where the potential energy is piece-wise constant. The Sehrod inger 
equation 

for the region within the potential energy well can be put in the form 

where we have defined 

v 

k2(X) = 2111 [£ - Vex)] 
,,2 

-- --------------- - -- £ 

a b x 

Figure 4.5 A part iclc with energy E (the dashed linc) would 
classically be confined to move in the region between (I and b in 
which E > V. 

(4.32) 

(4.33) 

(4.34) 
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o x 

Figure 4.6 If E > V, the energy e igenfunctions arc oscillatory in 
nature. 

Note that k2(x) is positive in a region in which E > V. If V were a constant, the solution 
could be written as 

1/1 = A s in h + B cosh v = constant with E > V (4 .35) 

But we are not assuming here that V(x) is a constant independent of x, so the solutions to 
(4.32) are not simply sines and cosines. Nonetheless, there are some strong similarit ies . 

Notice that since k'(x) is positive, the second derivative has the opposite s ign to the 
wave function, assumed here to be rcal. Thus if the wave function is positive, the second 
derivative is negative, or concave down. Simil arl y, if the wave function is negative, the 

second derivative is positive, or concave up. Thus the function bends back toward the 
x ax is independent of the sign of the wave function. Hence the wave function oscillates. 

See Fig. 4.6. And the bigger the di ffere nce between E and V, the larger the second 
derivat ive and the fastcr the osci llation. These are the same sorts of results that we saw 
inside the we ll for the finite square well in the prev ious section. But aga in, we are not 

assuming that the potential energy is constant as we were there. 
Now let's examine a region in whi ch V > E. In this case it is convenient to rewrite 

the Schriidi nger equat ion in the form 

Here we defi ne 

so that 

eI'1/I 2m [ V(x) - E] 
-= , 1/1 
elx' h-

, 2111 [Vex) - E] 
K-(X) = , 

h-

el21/1 , 
- , = K-(X )1/1 
dx -

(4.36) 

(4.37) 

(4. 38) 

Because V > E, K'(X) is pos itive. If Vex) were a constant , then K would be constant 

and the solution would be 

v = constant with V > E (4.39) 

with real exponential s. If K is not constant but depends on X , we can characterize the 
solut ions as exponential -like. For example, if the wave function is positive in a region in 
wh ich V > E, the second derivative is positive and the function is concave up, bendi ng 
away from the ax is. Sim ilarly, if the wave function is negat ive in a region in whi ch 
V > E, the second derivati ve is negative as wel l. Thus the funct ion is concave down, 
again bending away from the axis. See Fig. 4.7. Although wave mechanics is telli ng 
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Figure 4.7 If E < V the energy eigenfunct ions are 

exponential-like, bending away from the axis. 

o 

x 
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Figure 4.8 An energy eigen runction with V > E everywhere. 
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us that while there is a nonzero exponent ial-like wave fu nction in a region for which 
V > E, there is no solut ion if V > £ everywhere. For ir .-he wave func tion were to start 
out positive and bend away from the axis everywhere, it' wou ld eventua lly diverge, as 
indi cated in Fig. 4.8 . 

How then do we end up with a square integrable wave function, one fo r which the 
integra l of 11/11' over all space is fin ite? There must be a region in which E > V so that 
the wave function can bend back toward the axis. Let 's examine the potential energy 
shown in Fig. 4.5 for which there is a bound state. Follow the wave function along in the 
positive x direction, starting at negative infinity. As was noted in the discussion of the 
fin ite square well, the wave function and its derivative should be continuous everywhere. 
Since the SchrMinger equation is a second-order differentia l equation, it has two lincarly 
independent solutions. We choose the ex ponentia l- li ke solution that goes asymptot ica lly 
to zero as x -7 -00. As we move toward po int a, the wave function remains positive 
and concave up since it is in a region in which V > E. At a, E = V and, as (4 .32) 
shows, the second derivative vanishes. Thi s is, therefore, an inflection po int. As the wave 
function moves into the reg ion to the right of poi nt a, a region in which E > II , the 
sign of the second derivative changes from positive to negative and the wave funct ion 
changes from exponential-like to osci llatory. As we fo llow the wave fu nction along, we 
eventually reach a region in which V > E on the other side of the well, at point b. 
We are now searchi ng for a wave function that asymptotically approachcs zero for large 
positive x. The trick is to make it happen. Un less we are fo rtunate in our choice of E , 
when we jo in the wave fu nction inside the we ll to the wave func tion outside the we ll wi th 
a continuous function and a continuous derivative, we find that both the increasing and 
the decreasing exponential-like solutions are present in the wave function and therefore 
the wave fUllction diverges. For example, if we start with an energy that is much too 
small, then the wave function osci llates too slowly in the region in which E > V and 
is positive wit h a posit ive slope, or first derivative, at the turning point. But if the wave 
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Figure 4.9 If the energy of the eigenfunction for the finite square well is too large or too 

small. the eigenfunction (shown with a dashed line) doesn't lie into an exponentially 

dec reas ing wave fu nction as x ~ 00. There is one wave func tion (the solid line) for 

wh ich the energy is j ust right. 

function, the first derivative, and the second derivative are all positive to the right of the 

turn ing po int, where V > E, the wave function must diverge as x ---7 00 . To get the 
wave func tion to turn back toward the x ax is wou ld requ ire negat ive curvature, which is 

not allowed fo r a positive wave function in thi s V > E region. Even jfthe wave fu nction 

oscillates suffi c ient ly rapidly in the well so that the slope is negative at the turning point, 

the wave function will in genera l diverge as both exponential-like solutions are present, 

as illustrated in Fig. 4.9. But there does turn out to be one energy where the wave fu nction 

is well behaved for large negative and pos itive x. T his is the ground state. 

Are there additional allowed energies? For a higher energy sol ution, the wave function 

asci lIates even 1110re rapidly wi thin the well. I t is indeed possible that higher energy states, 

w ith nodes within the well , ex ist. As we saw in the discussion of the finite square well , 

this depends on the depth and width or the potenti al energy well. In any ease, we arc 

assured that the allowed energies are quantized, prov ided the particl e's energy is such that 

it would be classically confined within the well. On the other hand, if the particle were 

not confined, say by not having a region to the righ t where V > E, then the wave function 

osci llates along, a ll the way to infi nity. Thi s may not look prom ising either, since we are 

look ing for square integrable solutions. But in thi s case there is no constraint of having 

to tie into a decreasing exponential-l ike solution at infinity. Thus there is a continuum of 

solutions that can be superposed to create a solution that dies off as x approaches infinity. 

Thi s superposition is just the sort of superpositio n that we discussed in Sect ion 2.6 when 

we were construct ing wave packets. We wi ll exa mine these continuum sol utions when 

we discuss scattering in Section 4.6 and Section 4.7 . 

Finally, we can ask how the amplitude of the wave funct ion varies in a region in which 

E > V but V is not constant. Consider a potential energy well in wh ich there is a step, 

as shown in Fig. 4.10. In a region o f constant potentia l energy, say to the len orthe step, 

we can write the wave function as3 

where 

1t = A sin(kx + ¢) 

./2/1/ (£ /I) 
k = -"-----'-::----'­

fI 

(4.40) 

(4.4 1 ) 

-' Note that A sin(kx + ¢) = A cos¢ sin kx + A sin ¢ cos kx. so this is just another way 10 write the 
wavc function as a combinat ion of a sine and a cosine. 
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Figure 4. 10 An energy eigenfunction for a potential energy we ll 

wi th a step illustrating how the amplitude of the wave function 
increases as the difference between Ihe energy E and the 
potential energy Vex) decreases. 

Thus the derivative of the wave funct ion is given by 

("II 
- = kA cos(kx + </» 
dx 

(4.42) 

and hence if we squarc thi s result, di vide by k', and add it to the square of(4.40). we obtain 

A= , I (d ifi ) ' t//+ - -
k' dx 

(4.43) 

Since t/I and dt/ll dx are conti nuous everywhere. inc luding at the step. the change in the 

amp litude at the step is di ctated by what happens to k. Thus as k decreases in moving 

frol11 the immediate left to the immediate right of lhe step, the amplitude A Illust increase, 
since t/I and dt/l l dx don ' t change. Classica lly, the particle would slow down as it moves 

from the left to the right side of the well , since as the potential energy increases, the 

kinetic energy decreases, assuming a particular energy E. One is tempted to say that 

the amplitude increases as the particle "slows down" because the part icle spends morc 
time in the region in which it is go ing more slowly; hence the probability of finding it 
there should be larger. The trouble with this line of reasoning is that we are discussing 

the behavior of an energy eigenfunction and, as we saw in Section 3. 1, such states are 
stationary states, wi th no time dcpcndence ror the probability density. Th lls perhaps we 

should lise these classical arguments as a helpful mnemon ic, but not necessarily as the 
reason for this behav ior of the amplitude. 

4.3 The Simple Harmonic Oscillator 

As we did for the panicle in a box, we can so lve the harmonic oscillator analytically in a 
completely closed form, determining the energy eigenvalues and eigenfunctions exactly. 
In nonrelativistic quantummcchanics, the hannonic oscillator plays a very important role, 
since any smooth potential energy in the vicinity of a min imum looks like a harmonic 
osci llator. Consider a potentia l energy V(x) (see Fig. 4.11 ) that has a minimum at the 
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Figure 4. 11 In the vicinity of a minimum the potential energy can 
be approximated as a pambola, namely the potential energy of 
the simple harmonic oscillator. 

origin (we can always position the origin of our coordi nates so it coincides with the 
minimum). If we take a Taylor-series expansion fo r Vex), we obta in 

Vex) = V(O) + (dV) x + ~ (d
21:) x 2 + .. 

dx x=o 2! dx- x=o 
(4.44) 

But since x = 0 is a min imum, the fi rst derivative vanishes there and hence 

1 (d2V) , Vex ) = V(O) + - - .-, x- + .. 
2 dx -

:f = () 

(4.45) 

Thus, provided the ampli tude of the oscillation is not too large, the potent ial energy is of 

the form 

1 , 
Vex) = - K c 2 . (4.46) 

where we have called the constant (d2 V /dx 2)x~o = K , the spring constant , and dropped 
the overall additive constant V(O), since we are free to locate the zero of potentia l energy 

wherever we choose, such as V(O) = O. In terms of the spring frequency w, 

since w2 = K / 111. 

I 2' Vex) = - IIIW .r" 
2 

(4.47) 

To determ ine the energy eigenvalues and eigenfunctions of the harmonic osci llator 

in wave mechan ics, we mllst solve the differential equation 

fl 2 d 2 Vt 1 " - --- + - lIIw-X- Vt = EVt 
2111 dx 2 2 

(4.48) 

Right away we see that th is will be challenging since 

d
2 

Vt 2111 ( 1 '2 ) - - = -, - IIIW- X - E Vt 
dx 2 fl- 2 

(4.49) 

and there fore two derivatives of the wave function do not yield a constant (whether it 's 
positive or negative) mult iplying the wave funct ion. The x 2 dependence of the potential 
energy compl icates matters considerably. Nonetheless, we can learn somethi ng about the 
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wave functions by looking at the behavior for large Ix I, sufficiently large that the x2 term 
on the ri ght-hand side of (4.49) dominates. Then 

d2 tjJ 11I2{j)2x 2 

dx' '" tI ' 1/1 
(4.50) 

You can read ily ver ify (see Problcm 4.6) that an approximate sol ution for large Ixl is 

(4.5 I) 

where II is an integer. Of course, we must discard tbe increasing exponential since we want 

a no rmalizable solution, not one that blows up as Ixl ---+ 00 . Iryou look at Example 3 .6, 

YOll wi 11 see that 

1/Io(x) = Aoe- mwx'/2r. (4.52) 

is in fact an exact energy eigenfunction for the harmonic oscill ator. It satisfies the differ­
entia l eq uation (4.48) for all x provided the energy E is se t to 

I 
Eo = 'itlw (4 .53) 

Thi s wave funct ion Illust be the ground state, the lowest permitted energy state of the 
asci llator, by the way, since !/IoCx) has no nodes. This ground-state energy is o ften referred 
to as the zero-point energy of the harmonic osc ill ator. 

We have labeled the wave funct ion and the energy with a zero subscript since the 

allowed energies (the energy eigenvalues) for the harmon ic osc illator are given by 

E" = (II + D tlw 11 =0,1,2, . (4.54) 

Figure4 .12 shows the energy spectrum. Following the procedure outlined in Example 3.6, 

you can readily verify, for examp le, that the first-exci ted-state wave function is given by 

with corresponding energy 

v 

\ / E, 
\ / 
\ / 

E4 

\ / 
EJ 

\ / 
£2 

E, 

'" / Eo 

o x 

Figure 4.12 The energy spectrum of the harmon ic oscillator superimposed 0 11 the 

potential energy V(x) = mw2x2 /2 . 

(4.55) 

(4.56) 
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Fi gure 4. 13 shows the wave functions t/r,,(x) and the probab ili ty densit ies 1t/r,,(x)I' for the 
six lowest energy states. In general, the energy eigenfunctions of the harmonic oscillator 
are of the form 

(4.57) 

where /-/" is a polynomial in x ororder II ca lled a Hermi te polynomial. If you arc interested 
in seeing one way in which these wave functions and allowed va lues for the energy can 
be derived, check out Sect ion B.I. 

Not ice how the wave functions in Fig. 4 .13 oscillate in the regions in which E > V 
and are ex ponentially damped in regions in which V > E, in accord with our discussion 
in Section 4.2. Compare the plots of the wave functions tor the bound states ofthe fin ite 

square well in Fig. 4.4 with those of the harmonic oscillator. The sim ilarities are striking, 
even though the functions themselves are qui te different. One feature that is present for 
the harmon ic oscillator that is not present for the fi nite square well is how the amplitude 
of the wave funct ions grows as the wave function approaches the classical turni ng poi nts 
(the points at which E = V) , since E - V decreases as one moves away from the origi n 
for the harmonic oscillator but not for the fini te square well, again in accord with our 
general discussion at the end of Section 4.2. As for the particle in a box, the energies of 
the harmonic osc illator are al! discrete since a particle is confined no maHer how high 
its energy. Even though the allowed energies are labeled by an integer II in each case, the 
dependence on II is quite different. For the infinite square well the energies grow like 1/

2 

while for the harmonic osci ll ator they are linear in 11 .4 Thi s illustrates how differences in 
the nature of the potentia l energy manifest themse lves in the spectrum of the energy leve ls, 
prov iding us wi th a hand le on the nature orthe potentia l energy on a microscopic scale. 5 

In Example 4.1 , at the end of thi s section, we determ ine the probability that a particle 
in the ground state will be fo und in a region in which V > E if a measurement of the 
position of the particle is carried out. To answer this question, we need to normali ze the 
ground-state wave function. The normalization requirement is 

1: lifJo (x)I ' dx = I (4.58) 

which translates into 

1
00 , 

IA61 e- mwx-/"dx 
-00 

(4.59) 

Integral s of the form 

)

.00 

f eb) = e- bx l dx 
-00 

(4.60) 

oI The harmonic osci llator plays an extremely important role in quantum field theory. The cons tant 
spacing of the energy leve ls gives us a clue as to why this might be so. Instead of thinking of E" as the 
energy of the I/th excited statc of the harmonic osc illator, we might view it as the energy of 11 quanta, 
each with energy fiw = hv , apart from the zcro-point energy. 

5There is good re,lson to think that the potential energy of interaction between heavy quarks varies 
linearly wi th separation of the quarks at large distances. One piece of ev idence comes from the spacing 
of energy levels of a two-body bound state such as cilarmoniull1 , which was discovered in 1974. At 
that time, theorists who had been foc using on the intricac ies of quantum fie ld theory had to remind 
themselves how to solve the SChrodinger equation for potentials other than the ones that are discussed 
in most textbooks. See Problem 4. 14. 
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Figure 4.13 The energy eigenfunctions and probnbility densities for the first s ix energy 

states of the harmonic oscillator. The class ical turning points x" arc determined by 
sening the potentia l energy equal 10 the total energy, that is I1I w2xl~/2 = E". 
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arc referred to as Gaussian in tegrals and there are some cutc tricks for evaluating integrals 

of this type6 Instcad of trying to ca lcu late I(b), let 's start wi th 12(b): 

I ' (b) = .l: e- b,' dx .l: e-bY' dy (4.61 ) 

where we have suggestively ca lled the dummy variable of integration in the second 

expression for I (b) y instead of x. I f we write this expression as a double integral , we 

see that 

I'(b) = .l:.l: e- b("+Y')dx dy 

wh ich cries out for a change of variables to polar coordinates: 

(4.62) 

(4.63) 

It is now straightforward to carry out the r integra l, si nce we have an exact differential. 

And the 8 integral is tr iv ial , since there is no f) dependence in the integrand. Thus 

Therefore 

if _br21°O - - e 
b 0 

/¥jOO b' - e-'\ dx = 1 
rr -00 

rr 
b 

and hence for the grou nd stale of the harmonic oscillator, for which b 

normali zed wave fun ction is given by 

l/Io(.r) = JII W e-mwx2 / 2fi 
( )

1/ 4 

rrt, 

(4.64) 

(4.65) 

IIIWjt., the 

(4.66) 

The zero-point energy and the Heisenberg uncertainty principle 

The existence of a nonzero ground-state energy for the harmo nic osci ll ator is both in­

teres ting and importa nt. We can gain some insight into the underly ing physics w ith the 

aid of the Heisenberg uncertainty principle. Suppose that we take the ground-state wave 

function % and calculate (E ): 

/

' 00 (p ') I 2 2 
(E ) =, -00 V'o/-/ V'odx = _.'- + - IIIW (x ) 

2111 2 
(4.67) 

But since Hv'o = Eo%, (E ) = Eo. And because tbe ground-state wave function is an 

even, real function , (x) and (p,) are both zero . Thus using (!'.x)' = (x' ) - (x)' and 

(!'.p, )' = (P.; ) - (fJ.,.)2, we obtai n 

(4.68) 

GOnce you can do an integral such as (4.60). thcn it is stra ightforward to evaluate integrals such as 

J.oo , " x-e- .• " dx. Sec Problcm 4.11. 
- 00 
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But since 6.x 6.p., ?: Ii / 2 , we see that 

1, 2 I , "} 
Eo > , + - II/ W- (6.x)-

- 811/(6.x)- 2 
(4 .69) 

Nature is trying to mi nim ize this energy in the ground state. We can do this as well by 
taking the derivative of the right-hand s ide of (4.69) with respect to 6.x and setting thc 

result equal to zero: 

which means 

, n 
(6.x)- = -

2mw 

Plugging this val ue for (6.x)' back into (4.69), we find 

I I I 
Eo > - liw + - li w = - liw 

- 4 4 2 

(4.70) 

(4.71) 

(4.72) 

Thus the smallest va lue for Eo consistent wi th the Heisenberg uncertainty principle is 
Iiw/2. But thi s is in fact the exact grou nd-state cncrgy for thc harmonic oscillator. Thus 

we infer that the Gaussian ground-state wave function (4.52) is the minimum uncertainty 
wave function. After all, we could have replaced the inequali ty in (4.69) with an equality 

if we had presumed from the beginn ing that we could set 6.x6.p., = 1i / 2. 
Our analysis shows the profound difference between classica l and quantum mechan­

ics. In classical mechanics, the particle in the lowest energy state would just sit at the 
bottom of the potential we ll , at rest with the "spring" ullsrrctched. Hut th is would re­

quire we know both the position and the momentum simultaneollsly, in contradiction 
to the Heisenberg uncertainty princip le. For the harmonic oscillator. the lowest energy 

state has equaimixturcs ror the expcctation va lucs of the kinctic and potcntial energi es, 

as (4.72) shows. Th is procedure of us ing the Heisenberg uncertainty principle to estimate 

the ground-state energy worked espceially well since not on ly did the expectation val ue 

of the k inetic energy involve (6.Px)', but the expectation value of the potential energy 

comes out directly in terms of (6.x)'. Only a potential energy tha t varies as x '-only the 

harmonic osc ill ator- has th is propert y. For ot her potential energies. you can sti ll usc the 
uncertainty principle to estimate the ground-statc cnergy: but some approximations wi ll 
be required . See Problem 4.14 and Problem 4.16. 

EXAMPLE 4.1 What is the probability that a particle in the ground state of 

the harmonic oscillato r will be found in a classically di sallowed region if a 

measurement of the location of the particle is carried aLIt? Before lOOking at the 
solution, test your quantum intuition by making a guess at thc answer. 

SOLUTION The locations of the classical turning points arc determined by setting 
the potentia l energy equal to the tota l energy: 

{f, xo=± -
I1IW 
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Thus the probab ili ty o f find ing the particle in a classically disallowed region (outside 
the turning points) is given by 

Prob = 1-00 

ltf1ol'dx + roo ltf1ol'dx = 2\! IIIW roo e-mwx'I"dx 
-JII / IIIW J JII / mw 1rfi J J iJ l mw 

where in the last step we have taken advantage of the fact that 11/1012 is an even 

function. To obtain a numerica l value, it is convenient to cO I1 VCril his integral into a 
form in which we can use the tabu lated va lues of the crror function or a calculator. 
If we defin e IIIwx' / fi = y'/2, then 

Prob = _. _2_ roo e- Y' I' d y = 2 (_1_ ('''' e-)"I' dy _ _ 1_ r.j; e-"'I'd,, ) 
..fii( J.j; - ..fii( J 0 ..fii( J 0 . 

= 2 G -042) = 0.1 6 

Thus thcre is a 16% chance of fi nding the parti cle in a classica lly forbi dden region 
when it is in the ground state. 

EXAMPLE 4.2 Estimate the quantum Ilumber II for a macroscopic mass on a spri ng. 

SOLUTtON Assume we want E = I J and that W = I s- t . Then since n = 1.055 x 

10- 34 J ·s, we need /I to be roughly 1034 . Our everyday experience is wi th very 

highly excited harmonic oscill ators, not with ones in the ground state. Th is may be 
the reason that there is a tendency to guess too low in Example 4.1. 

4.4 The Dirac Delta Function Potential 

The best way to think about a Dirac delta function (which isn ' t, stri ctly, a fu nction) is 

as the lim it of a sequence of functions, each with uni t area, that progressively become 
narrower and consequently higher as some parameter is varied. A nice example from the 
previous sect ion is to take the lim it of the in tegrand in (4.65) as b ---+ 00: 

8(x) = lim {fe-bx2 
b~xc V-;; 

Thi s function has been normalized so that 1: 8(x ) dx = I 

and as b ---+ 00 it satisfies the requirement that 

8(x) = { ~ x =1=0 
x= o 

(4.73) 

(4.74) 

(4. 75) 

As we will see, in the endgame a delta function generally appears as part of the integrand 

with in an integral. It makes doing integrals easy. For example, 

Lo /(x)8(x)dx = /(0) [ : 8(x)dx = /(0) (4 .76) 
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where [(x) is any we\l-behaved function. The first step in (4.76) fo\l ows since 8(x) is 

zero everywhere except x = O. Th us we can replacc [ (x) by [(0) within the in tegrand 

and then pull the constant [(0) outside the integral. In fact, (4.76) is sometimes taken as 

the defining relationship for a Dirac delta funct ion. 
In thi s section we wi ll aSSLIme that the potential energy is zero everywhere except 

at the origin, and at the origin there is an infini tely deep potential well , as indicated 

in Fig. 4. 14. Such a potential energy well can be expressed in terllls of a Dirac delta 
function as 7 

2m ex f1 Vex) = - ;:;8(x) (4.77) 

Notice that 2111 V(x) / li l has the d imensions of 1/ lcngth2 Since a delta function has the 

dimensions of I/ length [see (4. 74)], the constant mUltiplying the delta function must have 

the dimensions of l/length as well. We have accounted for this length by introducing an 
arb itrary constant a as a length and we have inserted a dimensionless constant Ci as well. 
Varyi ng ex gives us a way to adjust the strength of the potential. 

Next we investigate the boundary condit ions on the wave fu nction. Instead of the 

three regions (x < -a / 2, -0 / 2 < x < a / 2, and x > a / 2) that we considered in solvi ng 

the fin ite potential we\l , here there are only two regions (x < 0 and x > 0) for the 

delta function. Since the Schrodinger equation is a second-order differentia l equat ion, 
we must, as always, require the wave funct ion to be continuous everywhere. But if we 
integrate the Schrodinger equat ion from just below to just above x = 0, we see that the 

first derivat ive of the wave function is not continllolls at x = 0: 

2m 10°+ = -2 [Vex) - E]l/J(x)dx 
Ii . 0-

(4.78) 

Now 

2111 E j 'O-
-,- l/J(x) dx = 0 
Ii- 0-

(4 .79) 

since the width of the integration region is infini tesimal and the wave function itself is 
fin ite. On the other hand, 

211,' 1°+ " 1°+ a V(x)l/J(x)dx = -- 8(x)l/J(x)dx = - -l/J(O) 
fz~ 0- a 0- a 

(4.80) 

and therefore 

( '''/!) dx 0-
( dl/J) " - = --l/J(O) 

d.:r 0- a 
(4.81) 

Thus the first derivative is discontinuous at x = O. OUf derivation shows, by the way, 
why the first derivative is typically continuous, si nce integrals such as the one on the 

7Since Vex) = 0 except at x = 0, the minus sign on the right -hand side shows that we are dealing 
with a potentia! energy well , as opposed to a potential energy barrier. In our example o f the finite square 
we ll in Section 4.1 , wc cou ld have defined the potential energy function wi th the zero of potential energy 
outside a potential energy we ll of depth - Vo. Then we might vicw the delta function potenti al we ll as 
resulting from taking the limit as Vo -4 00 as the width orthe well goes to zero. 

v 

Figure 4.14 The Dirac delta 

function potential energy 
(4.77). 

x 
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o 

Figure 4.15 The wave function 

(4 .85) for a particle bound in a 
Dirac delta runction potential 
energy well. 

x 

left-hand s ide of(4.80) will vanish just as (4.79) does if the potent ial energy V(x) is not 
singular. 

Let's fi nally turn our attention to solving the Schrodingcr equation for a de lta function 
potential energy well. For x of 0, the Schr6d inger equation is simply 

d2", 2111 £ 
dx 2 = - (,2 '" 

Since we are searching fo r a bound state (£ < 0), the solution to (4.82) is 

VI = Ae-KX + BeKX 

where 

K= 

(4 .82) 

(4.83) 

(4.84) 

As for the fi nite square well , the requirement that the wave function be normalizable as 
we ll as continuous at x = 0 dictates that 

x:o:O 
x 0::0 

(4.85) 

Fi gure 4. 15 shows a pl ot of the wave fun ction. Clearly, the deriva ti ve is discont inuous at 
x = O. Substitu ting th is wave funct ion into (4.81), we find 

or 

a 
-lKA = --A 

a 

/ - 2111£ _-",--, -n- 2a 

(4.86) 

(4.87) 

Thus the energy of the si ngle bound state for a particle in the delta fun ction well is 

li l a 2 

£=---
8ma2 

(4.88) 

That the delta fu nction well has a single bound state is almost obvious, at least 
in retrospect. We saw in the disclIssion of the one-dimensional fi ni te square well in 
Section 4. 1 that there was always at least onc bound stale solution independent of the 
wi dth and depth of the we ll. Moreover, if you look at the wave function in Fig. 4. 15 for 
the Dirac delta function well , the requirement that the wave function be exponentially 
damped outside the we ll as we ll as continuous at the origin means there is no other wave 
function that we can conceivably sketch, up to an overall phase. 

4.5 The Double Well and Molecular Binding 

If we imagine that a fin ite square well is a simple model for the potential energy well 
confin ing an electron in an atom such as hydrogen, then a double well such as shown in 
Fig. 4. 16 might be a model for an electron bound in the hydrogen molecule ion Hi. In 
this case, the two potential wells would be centered on each of the protons. By solvi ng 
the Schrodinger equation for this si mple system, we can gain an important insight into 
why molecules ex ist. 



Section 4.5 The Double Well and Molecular Binding 133 
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Figure 4.16 The potential energy of a double square well. 
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Figure 4. 17 The ground stale 1/F1 and the first excited Siale 1/12 or a double square well 

potential. Note the exponential nature orlhc wave function in the region between the 
we ll s, a region ror which V > £. 

For a bound-state solution, the so lutions to the Schrodinger equation Illust be osc illa­
tory within the we lls and invo lve exponential functions outside the well s. This eigenva lue 
problem is certainly more complex than the single fini te square well since there are five 

reg ions for wh ich we mllst solve the Schrodingcr equation. Moreover, the requirement 

that the wave function and its first deri va tive be continuous at each oflh c boundarics Icads 

to eight boundary conditions. We can s impli fy things a bit by noting that the potential 

energy in Fig. 4. 16 is an even function [v(-x) = Vex) ] and, as was the case for the 

other systems that we have treated in thi s chapter, the ground-state wave function is also 
an even function. Figure 4. 17 shows a sketch of what thc wavc function must look like 

for the ground state and the first excited slate. YOLI might at first have thought that the 
electron in Hi wou ld be attractcd to onc or the other of the Iwo protons, but quantulll 

mechanics gives qui te a different picture. The electron is equally likely to be in both 

wells and, moreover, thcre is a significant chance of finding the electron in the region 

between the two wells in the ground state. T hi s sharing of the electron between the we lls 
is responsible for the increased bind ing that makes the molecule stable. 

To see more concretely how this wurks, let's take advantage of the Dirac delta function 

potential to make a really simple model, namely one in which 

2111 a 
- Vex) = -- [8(x - a) + 8(x + a)] ,,2 a (4.89) 

that is two delta function well s separated by a di stance 2a. The potentia l energy (4.89) 

is sketched in Fig. 4.18. The £ < 0 solutions to the Sehr6dinger equation must satisfy 

(4.90) 

v 

Figure 4.18 A double delta 

function well. 

x 
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1I 
x 

- a o 

Figure 4. 19 The wave function (4.92) for the ground stale of a double delta function well. 

Here aga in we define 

K= 
P5ffiE 

{, 
(4.91 ) 

Note that since E < 0, K is rea l and positive_ While we must discard those exponential 
sol utions lhat blow up as Ix l --> 00, in the region between the we lls the solution involves 

both exponentials: 

(4.92) 

where in the region -(I < X < a we have written the solution in terms of the combinati on 
of increasing and decreasing exponentials that is even, or symmetric, under x ---7 - x : 

eX + e- KX 

cosh KX = ----'---
2 

(4.93) 

It is worth emphasizing that it is okay to have both the increasing and the decreasing 

exponentials in the region -a < x < a since Ix l < a in this region. See Fig. 4. 19. 
Since the wave function is an even fun ction, it is sufficient to apply the boundary 

conditions at x = o. Continu ity of the wave fu nction demands that 

II cosh KG = Ce- I(l (4.94) 

and the conditi on on the discontinuity of the first derivative in this case becomes 

(">/I) (">/I) 0/ - - - =-->/I(a) 
dx l l l-- dx (r {J 

(4.95) 

or 

C - Itll . I 0/ -K e -KAS1I11 KG = - - Acosh Ka 
a 

(4 .96) 

where 

(4.97) 

Substituting the continuity condition (4.94) into (4.96) and dividing by cosh Ka , we find 

where 

0/ 
tanh Ka = -­

Ka 

sinh K(J eKfl _ e- K fl 

tanh Ka = -'-----:--'-- = 
cosh K a eKtI + e- 1W 

(4.98) 

(4.99) 
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Figure 4.20 A graph orthe left and right hand sides 01' (4.98). 

Equation (4.98) is the eigenvalue condi tion that determines the allowed value of the 
ener.b1)'. It is a transcendental equation, whi ch can be solved graphically in a manner 
si mi lar to the one we used in determin ing the allowed energies of the fini te square well. 
Figure 4.20 shows a plot of tanh KG and cr / KO - 1. Si nce tanh K{I is always less than 
one, the intersection must occur when a / KG - I < I, ora/ KG < 2. Going back to the 
definiti on (4.9 1) of K, we see this impli es 

(4. 100) 

Compari ng this result with the a llowed energy E = -n',,' / 8111 a' for a si ngle delta 
function well , we sec that the "molecul e" is morc ti ghtly bound than the "atol11 ." Thi s 
is good news, since otherwise there wo ul dn 't be an energy advantage for molecules to 
form at all. And li fe as we know it would not exist without molecul es. 

What about the first exc ited state? For the two square well s, the fi rst excited state 
wave function is an odd wave function, with a node at the origin, as shown in Fig. 4. 17. 
The extra bending of the wave function required to reach this node is ind icative of the 
hi gher energy of thi s wave functi on relative to the ground state.8 The soluti ons arc of 
course exponentials between the we ll s, but in this case involve a sinh K X rather than a 
cosh KX . Just as the fi nite square well is not guaranteed to have an excited state, there 
are no guarantees that the double we ll has one either. For the delta func ti on molecule, 
for example, it is necessary to chose the parameter ex appropriately for an exc ited bound­
state solution to exist. See Problem 4. 18. In more realistic examples, nature makes these 
choices . The hydrogen molecule ion Hi, for example, does not possess an excited state. 

4.6 Scattering and the Step Potential 

We have seen that the a llowed energies for the bound·state solutions to the Schrodinger 
eq uat ion are quantized, that is the energy spectrum takes on certain di screte va lues . In this 
section we wil l begin our examinat ion of the solutions to the Schrodinger equat ion for 
which the particle is not confi ned. As we will show, in thi s case there is no constraining 
condition 0 11 the energy. There ex ists a continuum of allowed solutions. We can genera te 

81rthe wells are rar apart or the ba rrier be twee n thcm is high, then the differcnce in bcnd ing between 
the wave function for the ground state and the fi rst exc ited state will be smal l. See Problem 4.18. 
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Figure 4.21 T he step potential. 

physica lly acceptable wave function s by superposing these solutions to form a wave 

packet. Since the wave packet includes soluti ons with different energies, the wave packet 
evolves in time, in a process that is often characterized as scattering. 

As a first step, consider the potential energy 

V(X )= {O x<O 
Vo x> 0 

(4.101 ) 

Initially, we wi ll asslime the energy E is greater than Vo, as indicated in Fig. 4.21. For 
negative x the Schr6dinger equation is 

As before we define 

d'lj! 2111 £ -- = - -,-lj! 
dx' Ii-

)2111 £ 
k = ---­

Ii 

x<o 

and write the general solution in term s of complex exponential s as 

x < 0 

(4. 102) 

(4. 103) 

(4.1 04) 

As we will see, in scattering problems it is imperat ive to lI SC complex exponentials instead 
of trigonometric functions so that we can identify the incoming and reflected waves in 
the solution. Similarly, the Schrodinger equation for pos itive x is 

If we define 

d' lj! 2111 (£ - Vol 
dx' = - (I ' VI 

.12111(£ Vol 
ko = -'----'-c--'-'­

(I 

then since E > Vo, the solution is 

lj!(x) = Ceikox + D e -ik,x 

x > o 

J 2m Vo 
k-- -­

fr 2 

x > 0 

(4. 105) 

(4 .1 06) 

(4. 107) 

The requi rement that the wave fu nction be continuous and have a continuous first 
derivative yields the following two equations: 

A + B=C+D (4.108) 

and 

ik(A - B) = iko (C - D) (4.109) 
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Thus we see that we have only two constraints on the four unknowns A, B, C, and D. 
We can sat isfy these equations in many ways. For example, we arc free to choose D = 0 
(we will j usti ty this choice momentarily), in which case 

We can easily solve the resulting equations 

and 

for 8 and C in terms of II: 

ik (A - 8) = ikoC 

k - k 8= _ _ oA 
k + ko 

2k 
C = - - A 

k + ko 

(4.110) 

(4.111 ) 

(4.112) 

(4.11 3) 

(4.1 14) 

Notice that we have obtained a solution for any value of k, that is for any value of the 
energy. Thus the energy eigenvalues are continuous, consistent with our discussion in 
Section 4.2, where we argued tha t the energies take on di screte va lues only when the 
particle is confined in a potential well. 

YOLI might at first th ink that we can determine the constant A by normali zation of 
the wave fu nction, but this wave function does not approach zero as jx I -)0 00 and 

is not therefore normalizable. But we can determine the probability of reflection and 

transm ission with the aid of the probabil ity current 

. fI ( ,a!/f a!/f' ) ) = - !/f - - !/f ­
.f 2m i ax ax 

(4.1 15) 

which we introduced in Section 2. 5 in our discussion of conservat ion of probability. For 

the wave functi on 

the probabil ity current is given by 

{

Ii.'. (I AI' _1 812) 
. //I 

Jx = '!.!!l ICI' 
m 

x < o 
x>O 

(4.116) 

(4. 117) 

Here the positive term indicates a probability current in the positive x direction and the 
negati ve term indicates a probabili ty current in the negative x di rection. Each term in 
the probability current is equal to the probabil ity density multip lied by the ve locity of 
propagation (fIk / m for x < 0, for example) . You can now see why we were able to 

set D = 0 in (4. 107). Such a term would lead to a probabili ty current traveling in the 
negative x direction for x > O. If the scatteri ng experiment we are modeling invol ves 
particles incident on the step potential from the le ft , then there is no source of panicles 
traveling toward the barri er from the right. 
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We can define a re fl ecti on coeffi c ient R, a probab il ity o f reftection, as the ratio of the 

magni tudes o f re fl ected current to the inci dent current: 

jed (HI II/) IB I' IBI' 
R = -= = -

j ;" (MI II/) IAI' IAI' 
(4 .11 8) 

S imilar ly the transm ission coeffic ient T is de fi ned as the rat io of the transmi tted proba­

bility current to the inc ident current: 

j ,,"", (M ol lI/) ICI' kolCl' 
T= - = = - -

j;" (M I II/ ) IAI' klA I' 
(4 . 119) 

Note the transmi ssion coe ffi cient is not equal to lel2 II A 12 s ince the partic le moves more 

slowly in the .r > 0 region than it does in the x < 0 reg ion, and the probab ility current 

includes this e ffect. 

If we substitute the val ues for B 1;1 and C I II from (4. 1 13) and (4.1 14), we fi nd the 

probabili ties of re fl ection and transm ission arc given by 

(4.120) 

and 

4kk T _ 0 

- (k + ko)' 
(4.1 2 1) 

respectively. It is comforting to check that 

(4.122) 

consistent with conse rvation ofp robabiliry. 

It is worth emphas iz ing how strange these results are from the perspective o f classical 

mechan ics. A parti c le passing over the step potentia l wou ld slow down wi thout being 

re fl ec ted . But from the pe rspective of wave mechanics, the results seem natura l. A fte r all , 

a wave propagating on a rope wo uld be re fl ec ted and transm itted if there is a di scontinui ty 

in the density (and conseq uent ly in the speed of propagat ion). 

At the beginn ing of thi s sect ion it was noted that the way to generate physically 

acceptable ( i.e ., normalizable) so lu ti ons from the continuum of a llowed so lutions to the 

time-independent Schr6d inger equation is to superpose these so luti ons to form a wave 

packet j ust as we did fo r the free part ic le (see the di scussion in Sect ion 2.6). Fo r the step 

potentia l we have been analyzing in thi s section, for E > Vo this superpos it ion can be 

written as 

x < 0 

x > 0 
(4. 123) 

In thi s in tegra l over k, we typica lly assume that the amplitude ;I(k) is pcaked at a 

part icul ar va lue o f k correspond ing to an energy E that is grea ter than flo. \Ve have 
inse rted thc e- ;O"' I " fac to r with the va lucs of £ g ivcn by (4.103). The A (k)e;(kx - E< I") 

term is the inciden t wave in the x < 0 regio n, a wave traveling in the +x d irect ion, 

whi le the B (k)e - i(h +iEt/(, ) term is the reflected wave in the x < 0 region, a wave 

traveli ng in the -x directi on. As indicated in Fig. 4. 22 , the wave packet sta rts out to 

the fa r le ft of the potential and trave ls IOward the potentia l, where it interacts, produci ng 

a rc Aected wave in x < 0 region and a transm itted wave in the x > 0 region, the 

C(k)e;(k,x- £C l" ) term . Given th is picture, it is worth re iterat ing why we d ropped the 



(a) 

(b) 

I 
I 
I 

/\:1: 
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Figu re 4.22 A wave packet in itially inc ident on the step potential 

with E > Vo fro m the left [in (n)1 has an amp li tude to be 

reflec ted and transmitted, as indicated in (b). 

De-;k,x tcrm in the soluti on (4.1 07) in the x > 0 region. When we include the time 

dependence, this term becomes D e - i(kux+ Er / fi ) , which is a wave trave ling in the - x 

direction. If the wave packet is incident 0 11 the bar rier from the left, there is nothing that 
produces a wave travel ing from +00 tOlVord the step in the x > a region. Such a te rm, 

however, coul d be the inciclent wave for a wave packet that approaches the barrie r from the 

righ t. Clearly, the mathematics of solving the equat ion should permit sllch a situation. 

We j ust do not need such a term from the genera l solu tion to describe the situation 

outlined in Fig. 4.22. 

Ca lculating the probability that a particle is reflected or transmitted is not easy using 

the wave packet approach. We would need Lo cvaluate Lhe integrals in (4. 123) and then 

determine the area under the 141 12 curve for the re flec ted wave and the transmitted wave . 

A lte rnative ly, if we assume the incident part ic le is nearly monoenerge tic, then the wave 

packet will be quiLe broad and we can geL a lot of information from the energy eigenfunc­

tions alone. An energy eigenfunction is, o r course, a stationary state. Analyzi ng scattering 

via such stationary states is the analogue o f invest igating the existence of submcrged ob­

jects in a pond by sending out a steady flow o r waves wi th a particular wavelength . Such 

waves migh t be gcnerated by beating up and down for a long period of time in the water 

wi th a stick at a fixed frequency, generating a steady-state situation. These waves interact 

wi th the submerged object and this leads to waves traveling olltward from the submerged 

object tha t a re di ffe rent fro m what would occur in the absence of the object. As an 

a lte rnative to th is steady state invest iga ti on, we could simply drop a rock in the pond, 

which would generate a wave packet that would scatter when it reaches the submerged 

object. 

EXAMPLE 4.3 Determine the reflection coefficient for a particle incident on the 

step potentia l of Fig. 4.21 with energy £ less than the he ight of the barrier, that is, 

£ < Vo· 

SOLUTION As before, 

.p(x) = Ae;kx + Be- ;kx x<o 

For posi tive x the wave function is given by 

x > O 
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where 

J 211l( Vo E) 
K = 

fI 

Here we mUSl set D = 0, discarding the rising exponential since it blows lip as 
x ---> 00. Thus 

x > 0 

Continuity of the wave fun ction and its derivative at x = 0 lead to the equat ions 

A + 8=C 

and 

i k(A - 8 ) = -KC 

So lvi ng fo r 8 / A, we find 

8 k - iK 
= 

A k + iK 
Consequently 

8 ' 8 
R - - -- -

A'A (HiK) (k - 'K) = I 
k- II( k + 11( 

Thus 100% of the particles incident with energy less than the height of the barri er 

are reflected. How does this square with the fact that the wave function is nonzero 
within the barri er? If we substitute Ce- <x into the expression for the probabi li ty 

current (4 .1 15), we see that jx = O. Thus the transmission coeffi cient T vanishes, 

consistent with conservation of probability, namely R + T = I . In the next section, 

we wi ll see that transmission through the barrier can occur, however, i f the barrier 
is of finite width. 

Fina lly, it is worth noting that there is a quick way to determine the renection 

coefficient for E < Vo from our result for E > Vo. Notice that we can move from 

the wave fu nction Ceikox for x > 0 to the wave function Ce- KX with the substitution 
i ko ---> -I( . Consequently, we can obtain the result for 8 / A from the resul t (4. 1 13) 

with the substitution ko --7 i K. While this strategy can also work for figuring out 
C / A when E < Vo, it does not mean that you can calculate T by making this 

substitut ion in (4. 119) since the wave function is no longer a traveling wave in the 
region x > O. So when in doubt, start with the probability current. 

4.7 Tunneling and the Square Barrier 

Let's now ask what happens when a partic le with energy 0 < E < Vo is inc ident on the 
energy barrier 

Vex ) = { ~o x < 0 
0 < x < a 

x>a 
(4 .1 24) 
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Figure 4.23 T he square barrier. 

pictured in Fig. 4.23. Class ically, the probability of transmission should of course be 

zero but, as we will now show, quantum mechan ics leads to a nonzero probability of 
transmission, or tunneling, as it is ca lled. 

For a particle incident on the barrier from the left, we can express the wave function as 

{ 

Aeikx + Be- ikx x < 0 
o/(x) = Fe"" + Ge- <X 0 < x < (I 

Ce,kx x > a 

where, as in the previolls section, 

and 

../2111 E 
k= -­n 

../2m(Vo - E) 
K= n 

(4. 125) 

(4.126) 

(4.127) 

The important thing to note is that in contrast to the infinitely long barrier ofthe preceding 

section the wave function in the region 0 < x < a includes an increasing as well as 
a decreasing exponential. We are not compelled to di scard the increasing exponential 
since the region orlhe barrier is finite in length . While the increasing exponential would 
blow up as x ----7 00, here x is never larger than a with in the barrier. 

The boundary conditions arising from continuity of the wave function are 

A + /3 = F + G at x = 0 (4.128) 

and 

(4 .1 29) 

and from conti nuity of the first derivative arc 

ik(A-B)=K(F - G) at x=O (4. 130) 

and 

at x = a (4. 13 1) 

Determining the transmi ssion coefficient means solving for C in terms of A, which 
invo lves some algebra. See Problem 4.26. The ratio A! C is gi ven by 

(4.132) 
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Thus the transmi ssion coe ffici ent is given by 

T __ )_""_'"' __ (M j m) ICi ' ICi ' _ [ (k' + K2)' . , ]-1 
-'c:-c'-:---:-'--:-", = , _ I + " smh K a 

j,", (H j m) IAI' IAI- 4k-K 
(4. 133) 

For example) for an electron with energy E = 5 eV incident on a barrier of height 

Vo = 10 eV and width a = 0. 53 x 10- 10 m, T = 0.70. Thus tunneling can be a very 
common occurrence on the microscopic scale. On the other hand, for a macroscopic 

particlc the transmi ssion coeffic ient is miniscule. See Example 4.4. 
For a "thick" barricr, one for which Ka » I , 

e'((l - e- K ll 1 
sinh K a = -----::-- ~ - eK

(/ » 
2 2 

(4.134) 

and therefore 

(4.135) 

Notice that for Ka » I the Ilinneling probab ili ty is sensitive ly dependent on the thickness 
a of the ba rrier and the va lue of K (whi ch depends on the magni tude of Vo - E). For 
examp le, suppose e- 2K

(I = 10- 10 for the tunneling of an electron through al1 oxide layerof 
thickness a = 1 nm separating two wires . Since there arc on the order of 1022 conducti on 
electrons per cubi c centimeter, many electrons would tunnel between the wires. I f the 
ox ide layer were just fi ve times thicker, a = 5 nm instead of I nm, then e- 2

1((1 = I 0- 50 
in this case and tunneli ng would effect ive ly be prohi bited. It is thi s extreme sensitivity to 
changes in distance that have led in the past twenty years to the deve lopment of scanni ng 
tunneling microscopy (STM). Electrons in the surface of the medium being surveyed 
tunnel across a gap in vacuum to a sharp conducting tip of the microscope. See Fig. 4.24. 
A change in the distance between the surface and the tip by as litt le as 0.00 1 11m can 
lead to a 2% change in the tunneling current. An image of the surface can be obtained 
by "dragging" the tip over the surface with a feedback loop designed to keep the current 
constant . The tip moves lip and down, tracing out the contour of the surface being probed. 

y pieza 

z piezo 

x pieza 

Tip 

Sample 

Figure 4.24 A schemati c diagram of a scann ing tunneling micro scope operat ing in a 
const;:ult·currcnt mode. Piezoelectric crystals whose dimensions change slightly when an 
electric fie ld is applied are used 10 conlrol lhe motion of the lip. 
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v 

x 

Figure 4.25 A barrier that varies slowly with posit ion can be 

approximated as a series of "thick" square barriers. 

Field emission of electrons: Tunneling through a non-square barrier 

For K Ci» I , 

( 
4Kk )2 

In T ~ In 2 2 - 2KCl ~ constant - 2KCl 
k + K 

(4.136) 

whcre the last step foll ows since the logarithm ic term wi ll havc at best a modest depen­

dence on energy [this is another way of saying what is happeni ng in the exponent of the 

exponential in (4.135) plays the dom inant role in transmission through a barrier]. If the 
barrier through which the particle is tunneling varies slowly with position in compari son 
with 11K, then the barrier can be approximated as a seri es of squarc barriers that are thi ck 
enough that we can make the approxi mations that resulted in (4 .135). See Fig. 4.25. In 
thi s case, it is not a bad overall approximation to write 

In T ~ constant - 2.1 21_" ,,-[ V-,(,--x~) _-_E~' 1 - dx 
f1 2 

(4. 137) 

for the whole barrier, where the limi ts of integration incl ude the region for whi ch 

Vex) > E. This approximation is clcarly goi ng to work least we ll in the vicinity of the 

c lassical turning points where Vex) "" E and hence K "" O. 

An interest ing application of the result (4 .1 37) is the fie ld emission of electrons. We 

noted in the discussion of the photoelectric effect in Section 1.3 that the energy requ ired 

to eject the most energet ic electrons from the metal is the work fun ction W. Another 

way to liberate these electrons is to change the shape of the potcm iai energy well and 
allow the electrons to tunnel out. If some negative charge is put on the metal , then near 

the surface of the metal there wi ll be a constant electric fie ld of magnitude [; (which 

is proport iona l to the surface charge density). Si nce the force e[; is presumed to be 

constant, the potential energy in the vicini ty of the surface is simply W - e£x , where x 

is the perpendicular distance from the surface and W is potential energy at the surface, 
as illustrated ill Fig. 4.26.Thus the transmission probability is roughly given by 

T ~ C ~2 rJ.§ rl.. J W-eExdx '" e V 'iT .10 (4. 138) 

where C is a constant and L = W leE is the distance that the most energeti c electrons 
must tunnel before reaching a region outs ide the metal where E > V . Carrying out the 

integral in the exponent, we find 

(4. 139) 
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-eEx 

I 
I 

X~O x~'Wle£ 

Figure 4.26 The potential energy of <I n electron in a metal that carries a negative charge. 
The most energetic electrons in the metal tunnel through a triangular barrier of length 
L = Wj e£, where If' is the work function oflhe metal. 
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Figure 4.27 The current emitted by 11 solid which car ries a 
negative charge. The data are from R. A. Mill ikan and C. C. 
Lauritsen, Proc. Nat . Acad. Sci. 14,45 (1928). 

Thi s fo rm ula is ca lled the Fow ler- Nordheim relation. It was one arthe early pred ictions 

of quantum mechani cs. Figure 4 .27 shows the data for the logarithm of the current 

generated by this tunnel ing as a function of the applied voltage. The straight line drawn 

through the data, which cover five orders of magnitude variation in the tunneling current, 

is consi stent with the linear behavior of the exponent with respect to the rec iproca l of 

the voltage applied to the metal. We will see another intcrest ing applicat ion oftllllllc ling 

in Chaptcr 9 when we discuss alpha particle emission from nuclei. 

EXAMPLE 4.4 This is an Enrico Fermi problem. Suppose a car of mass m = 103 kg 

very slowly (kinetic energy essentia lly equal to zero) approaches the speed bump 

shown in Fig. 4.28. Take the length of the bump to be I m and the height to be 

10 cm. Est imate the probability that the car tunnels throug h the bump? 

Figure 4.28 Tunnel ing through a speed burnp. 



SOLUTtON The transmission probabil ity is given approximale ly by 

T '" -(2/(' ) f" J2m (V-E)dx 
~e . 

where the integral is understood to be over the region in which V > E. To determine 
the tunneling probability for the car, we must first evaluate the integral 

J J V-Edx 

We set E = 0 since the kinetic energy of the car can be taken 10 be zero. To make 

the integra l easy, we choose thc spatial dependence to be V(x) = 111gb si n' (rrx j L), 
where b is the height of the potential energy ba rrie r and L is its length . Then 

lL ./Vdx = lL J lIIgb sin(rrx j L)dx = L J lIIgb j rr 

and therefore 

Plugging in the numerica l val ues 

Physical quantities don ' t come much smaller than this' On the other hand, if we 

replace the I-tonne car with an electroll, the exponent is reduced by a factor of 1 034 . 

4.8 Summary 

This chapter is a chapter of examples, and thererore not an easy chapler to summarize. 
In order to gain experience with how nature behaves in the microscopic world, we have 
solved the time-independent Schrodinger equation fo r bound-state so lutions for the fi ­
nite square well , the simple harmonic oscillator) and the Dirac delta function poten tial. 

We have also investigated the bound-state solutions of a double-well system, a primitive 

model for a molecule. We have then looked at scattering in one-dimensional quantum 

mechanics. Our results are consistent with the general features of the energy eigen­

functio ns that we outli ned in Section 4. 1. The energy eigenfunctions are oscill atory in 

regions in whi ch E > V and exponentia l- like when V > E. The wave functions must 

be continuous and, unless the potentia l energy is unusually singular, have a conti nuous 

fi rst derivative as well. Physically admissible wave fu nctions are nonna li zable and hence 

approach zero as Ix I --> 00. For a panicle bound in a potential well , the allowed energies 

take on discrete values; they arc quantized. As the energy increases, the wave function 

becomes increasingly oscillatory in the region in wh ich E > V, with an increas ing 

number of nodes. The amplitude of the wave fu nction in the E > V region grows as the 
ki netic energy of the particle decreases. And for a particle that is not bound, the allowed 

energies form a continutllTI . While it is poss ible to generate normalizable wave functions 

from the continuulll of energy eigenfunctions by superposing eigenfunct ions with dif­

ferent energies to form a wave packet, we can also analyze scattering as a steady-state 

phenomenon with the aid of the probability current. 

Section 4.8 Summary 145 
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Problems 

4.1. Figure 4.29 shows four wave functions in the region 
x > O. Indicate for each wave function whether the wave 
function is an acceptable or unacceptable wave function 
for an actual physical system. If lhe wave function is not 
acceptable, explain why. 

Figure4.29 Four possible wave functions. 

4.2. Are the allowed values of the energy in the ranges 

£ < 0,0 < £ < Vt , V, < £ < V2, and V2 < £ < V3 for 

the potential energy in Fig. 4.30 discrete or continuous? 

v 

v, --- -- -- -- .,.-----
v, 

o x 

Figure 4.30 The potential energy Vex) for Problem 4.2. 

4.3. Sketch the energy eigenfunctions 1/1" 1/12 · and 1/13 
corresponding to the three lowest energy eigenval ues £" 
£2, and £ 3 for the potential energy shown in Fig. 4.31. 

00 v 00 

--- ------ - --1-------- -£, 

-£, 

Figure 4.31 A square potenti al energy bump 

in the infinite square we ll. 

4.4. The curve in Fig. 4.32 is alleged to be the wave 

functi on for the fifth energy level for a particle confined 

in the one-d imensional potential energy well shown. 
Explain whi ch aspects of the wave function arc 
qualitatively correct. Indicate the ways in which the 
wave function is not qualitatively correct. Explain your 

reasoning fu lly for each error that you find. 

v 
----------£ , 

o x 

Figure 4.32 A sloped potential energy well and 

an alleged energy eigenfunction. 

4.5. For which of the potential energies in Fig. 4.33 

could 1/I(x) be an energy eigenfunction? Sketch any 

lower energy eigenfunctions that are bound to exist. 

4.6. Verify that 

where II is an integer, is an approx imate Sollilion to the 

differential equation 

,,2 d21/1 I , - --- + - lIIw-x21/1 = £1/1 
2111 d.r 2 2 

for sufficiently large Ix l. 

4.7. ormalize the wave function (4.2 1). 

4.8. The energy e igenfunctions 1/1" 1/12, 1/13, and 1/1, 
correspondi ng to the four lowest energy states for a 

particle confined in the fi nite potential well 

{ 
-Vo 

lI(x) = 0 
Ixl < a / 2 
Ixl > a / 2 

are sketched in Fig. 4.4. For which of these energy 

eigenfunctions would the probability of finding the 

particle outside the well , that is, in the region Ixl > a/ 2, 
be g reates t? Explai n. Justify your reason ing us ing the 

solution to the Schr6dinger equation in the region 

x > a / 2. 
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x 

Figure 4.33 A wave function and three possible 

potential energy run ctions. 

4.9. A partic le of mass 11/ is bound in a one-d imensional 
well with onc impenetrable wall. Thc potcntial energy is 
given by 

.r < 0 
0 < x < a 
x > a 

(a) Solve the Schriid inger equation for E < 0 inside and 
outside the well (See Fig. 4.34). Apply the boundary 
conditions at x = 0 and x = a to obta in an equation that 
determines the allowed values of E. (b) Show that there 
will be no bound state unless 2m Voa'l li' 2: ;r'/4. 
SlIggestion: Note the similarity of thi s problem to the 
solution of the fin ite square well for the odd wave 

functions. Follow the procedure outlined in Section 4.1. 
(c) This potential energy well is used in fi rst attempts to 

describe the deuteron as a bound state of a proton and a 
neutron. The problem is, of course, really three 
dimensional, but the Schrociinger equation for states 
with zero angular momentum is the same as that given in 
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(a) with thc radius r rcp lacing x , and m replaced with 
m pl11 l1 / (1I1 p + 111 11 ) . the reduced mass of the 
proton- neutron system. This system has just one bou nd 
state, the deuteron. Take the width of the well to be 
a = 1.4 x 10- 15 111 and assume the deuteron is just 
barely bound. Obta in a numerical va lue for the depth of 
the well. The observed binding encrgy of the deuteron is 
E = -2 .2 MeV. Is your assumption that Vo » lEI 
consistent? Sketch the ground-state wave function. 

v 

{/ 

O~------~-------+ x 

- vo.l--------...t 

Figure 4.34 A square well bounded by an infinite 

potent ia! energy barrier at the origin. 

4.10. The energy eigenva lues and eigenfunctions of the 
simple harmonic oscillator afC given in Section 4.3. 
What are the energy eigenvalues for the "ha lf " harmonic 
oscillator potential energy 

{

(Xl 

V(x) = " 4murx -
x < 0 
x > 0 

shown in Fig. 4.35. Sketch the corresponding energy 
eigenfunction s for the three lowest energy states . 

00 

v 

o 

I " 'JJ1/(,,rx-

x 

Figure 4.35 A half harmonic oscillalOr potential 

energy function. 

4.11. In Scclion 4.3 we saw that 
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(a) By taking the derivative of thi s equation with respect 

to b, show that 

(b) Evaluate 

100 x4e-bx2 dx 
-00 

4.12. A particle of mass 111 moves in the harmon ic 

oscill ator potential energy 

I " Vex) = - 111",-X-
2 

The normalized energy eigenfu nctions are denoted 

by I/I,,(x) and the corresponding energies are E" = 
(/1 + ~ )liw, /1 = 0, I , 2, ... Suppose that at t ime 1 = ° 
the wave funct ion of the particle is 

j3 1 - i 
ljJ (x) = -I/Io(x) + M >/" (x) 

2 2",2 

(a) Determine the time dependence of the wave function . 

That is, what is ljJ (x , I)? (b) What is the probability of 

obtaining Iiwj 2 if a measurement of the energy of the 

particle is made? Of obtaining 31iw j 2? Of obtaining 

51iwj2? Do these probabilities vary with time? Justi fy 

your answe r. What are (E) and!; E at time I? 

4.13. Use the result of Problem 4. I I a to determine !;x 

for the ground state of the simple harmonic oscillator. 

4.14. (0) Without lIsing exact mathematics- using only 
arguments of curvature, symmetry, and semiqua ntitative 
estimates of wavelength- sketch the energy 
eigenfunctions for the ground state and first excited and 

second excited states of a parti cle in the potential energy 

well 

Vex) = alx l 

See Fig. 4.36. Thi s potential energy has been suggested 
as arising from the force exerted by one quark on another 

quark. (b) Estimate the g round-state energy of a particle 

of mass 111 for the potential energy 

Vex) = alxl 

by using the uncertainty principle. 

v 

x 

Figure 4.36 A linear potential 

energy function. 

4.15. The one-di mensional time-independent 
Schr6dinger equat ion for the potential energy discussed 

in Problem 4.14 is 

d21/1 2m 
-, + -, (E - alx!)>/, = ° dx - r, -

Define E = c(Ii'a'jm)' /3 and x = z(f/' j ma )' /3 
(a) Show that c and z are d imensionless. (b) Show that 

the Schrodinger equation can be expressed in the form 

d
2 >/' - , + 2(e - Izl)1/I = ° 

dz-

(e) Numerically integrate this equation for various values 

of e, beginning with dl/l j dz = ° at z = 0, to find the 
va lue of E corresponding to the ground·state 
eigenfunction. Note: To solve the Schrodinger equation 
numerically, we convert the differential equation into 
a finite difference equation through the transposition 
z -> ) 8, where 8 is the step size of the ite ration and ) is 

an integer, that is, I/I (z) -> I/I (Z j ) = I/I j and V(z)-> 
V(Z j ) = Vj . We can determ ine I/I j +t from I/Ij . Using the 

Taylor series expansions 

and 

(
dl/l) I (d2

1/1 ) , I/I (z - 8) = I/I(z) - - 8 + - -, 8 + ". 
dz _ 2 dz-

- -

and adding these two series together, we obtain 

(d'l/I ) , I/I(z + 8) = - I/I(z - 8) + 21/1(z) + dz' _ 8- + 

which is good to order 84 since the 83 te rms cancel just 

as did the terms of order 8. Rep lacing the second 

derivative from the Schr6dinger equation, we fi nd 



To get started, that is, to calculate >/12, wc need to know 

"'0 and >/I ,. For the ground state, (d ", / d z ),~o = O. Thus 

>/10 = >/I, through first order. Or you can usc the 
Schrodinger equation itself to find >/I, to second order 

from the Taylor series: 

Suggeslioll: The value for E from part (b) of 
Problem 4.14 is a good starting point for your 
calcu lation. Move up or down until YOLI Hnd a region for 
which a small change in f causes the "·lave function to 
change from diverging "up" to diverging "down," as 
suggested by Fig. 4.9. 

4.16. A particle of mass III rests upon an impenetrable 

horizontal floor located at z = 0 in a uniform 

gravitational field. (a) What is the one-dimensional 

Ham iltonian (energy operator) for this system? Sketch 

the potential energy. (b) Sketch the wave function for the 

ground state of the Hamiltonian as a fun cti on of z . 

Indicate on your sketch the approxi mate location of (z), 

the average height of the particle above the floor. 

(e) Assume you can approximate (z) ~ 1),0 , where I),z is 

the uncertainty in the position of the part icle. Use the 

Heisenberg uncertainty principle 

to es timate (z) for the lowest energy state, the ground 

state. Obtain numerical values for (z) for III = I kg (a 

macroscop ic particle) and 11/ = 10- 30 kg (an electron). 

4.17. Suppose a molecule is in the superposition of 

states 

where 1/10 is the ground-state wave function with energy 
Eo and >/I, is the first-excited-state wave fu nction with 
energy t..,. What is \If (x , I)? Show that the motion is 

periodic and determine the period and hence frequency 

of oscillation. Show that thi s frequcncy is the same as 

that of a photon that would be emined in the transition 

between these two energy states. 

4.18. (a) Sketch the wave function for the first exc ited 

state of a double delta function potential encrgy wel l. 

(b) Show that the transcendental equation that results 

from satis fy ing the boundary cond itions for the potential 
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energy (4.89) may or may not have a solution depending 

on the value of" . 

4.19. The eigenfunctions of the position operator satisfy 

xop>/lx,(x ) = xo>/l,,(x) 

Argue that the position eigenfunction corresponding to 

the particular position xo is proportional to the Dirac 

delta function 

"'" (x ) = 1i (x - xo) 

4.20. (a) At time 1 = 0 a position measurement locates a 

particle in the potential energy box 

VCr) = {O 0 < x < L 
. 00 elsewhere 

to be in the vicinity of the center of the box , x = L / 2. 
Asslime that we approximate the part icle's 
(unnormalized) wave function to be 8(x - L / 2), a Dirac 

dclta function. That is, we take \If(x ) = 8(x - L / 2). Find 

the relative probabilities P" that a measurement of the 

particles energy will yield E", for all II. (b) Determine 

\If (x , I) , the (unnormalized) wave function of the particle 

attimc I. Do the probabilities that you determined in (a) 
vary with time? Explain why or why not. 

4.21. Show tha t 

where 

dS(x) 
-- = 8(x) 

dx 

Sex) = {I x > 0 
o x < 0 

is a step fu nction and 8(x) is a Dirac delta function. 

Sliggestion: Start with 

1"' 8( y) d , = {I x > 0 
- 00 ) Ox < O 

4.22. Discuss qualitatively how the energy d ifferen ce 

bctwccn thc g round state and the first exc ited state varies 

with separation of the potential energy we lls shown in 

Fig. 4.16. 

4.23. In Chapter I we saw in the reflection of light from 

an interface with a medium in which the light slows 
down that there is a phase change of IT upon reflection. 

Show in the analogous situation for the Schrodillger 
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equat ion that there is no phase change. When does a 
phase change occur? Suggestion: See Section 4.6. 

4.24. (a) Verify that the wave func tion \jJ = Ce- u-i £r/" 

(see Example 4.3) in the region x > 0 for the stcp 
potential of Section 4.6 leads to zero probability currenl 
II1lh ,S region. (b) Use Ihe conservation of probability 
equation 

a\jJ ' \jJ aj , 
-- = - -at ax 

to argue that the probabili ty current van ishes in the 

region.r < 0 as well for this energy eigenfunction. What 

can you therefore conclude about the magnitude of the 
refl ection coefficient? 

4.25. Solve the time-independent Schrod inger equation 
for a particle of mass 11/ and energy E > Vo incident 
from the left on the step potent ia l 

Vex) = {vo x < 0 
Ox> 0 

See Fig. 4.37. Determine the reflection coefficient Rand 
the transmission coefficient T. Verify that probab ility is 
conserved. 

v 

---------------Ivo-T -­
I 

o x 

Figure 4.37 A panicle with energy E > Vo is 
incident from the left on the step potential. 

4.26. Solve equations (4.128) through (4.131) for the 
ratio AI C and verify that the transmission coefficient T 
for tunneling through a square barrier is given by 
(4. 133), namely 

where 

1 211/ E 
k=-­

r, 
and K = 

1 211/( Vo £) 
r, 

4.27. There is a fa ir amount of algebra involved in doing 

Problem 4.26. But if YO LI have done thi s algebra, it is 110t 

so difficult to determine the probabi li ty of transmi ssion 

for a particle with energy E > Vo incident on a square 

barrier of widt h a and height Vo. Usc the "substitution 
strategy" outlined in Example 4.3 to show that 

where 

k = 1 2111 £ 
r, and ko = .,)2111(£ Vol 

fl 
in this case. COlllioll: Since the substitution strategy 
invo lves the change from rea l to complex exponential s in 
the solution in the region 0 < .r < a , it is safest to make 
the substitution in the ratio A I c. 

4.28. (a) Expl ain why it is okay to make the substitution 
Vo .... - Vo in the resuits of Problem 4.27 to determine 
the probability of transmission for a particle wi th energy 
E incident on the potentia l energy well 

{

O x < 0 
V(x) = - Vo O< x < a 

O x> a 

(b) Show that for certain incident energies there is 100% 

transmi ssion at just those values of thc kinctic energy 
E + Vo of tlte particle in the region 0 < x < a that 
would be energy eigenvalues for the particle were it 

trapped in a potential well of width a extending upward 
to in finity from - Vo. (e) The diameter of the krypton 
atom is abollt 4. 1 A. Suppose that an electron with 
0.7 cY kinetic energy encounters a one-dimensional 

square well with a width of 4.1 A, representing a crude 
model of the krypton atom. What mllst be the depth 
of the we ll for 100% transm ission? This unllsual 
transparency to electron scattering of certain noble gases 

is known as the Ramsauer- Townsend effect. 

4.29. (a) Solve the time-independent Sehrodinger 
equation 

r,2 cPt/! 
- 2111 dx2 + Vt/! = Et/! 

for a particle of mass 111 with energy 0 < E < VI for the 
potential energy 

1
00 x < o 

Vex) = - Vo 0 < .r < a 
v, a < x < b 
Ox > b 

as indicated in Fig. 4.38. Write your solution in a form 
that is appropriate for particles incident from the right. 
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Figure 4.38 The potential energy V(x) for Problem 4.29. 

Define clearly any parameters you introduce in solvin o 
~ 

the equation. (b) Apply the appropri ate boundary 

conditions to obta in a set of equations involving any 
arbitrary constants that appear in your solution . Do not 
solve the resulting set of equations. (e) A beam of 

particles with energy E < VI is incident from the right. 
What co mbinat ion of constants appearing in your 
solution would you eva luate to determine the reflection 

coefficient? Without explic it evaluation , can you say 

what the reflection coeffic ient would be? Explai n your 

reason ing. 

4.30. Ca lcul ate the reflect ion and transmission 

coefficients for scattering from the potential energy 
barrier 

2mV(x) Cl 
-~,"--'. = - 0 (x ) 

fI- a 

where Clla is a constant and o(x) is a Dirac delta 

function. Assume the particle with mass 11/ and energy £ 
is incident on rhe barrier from the left. Recall from 

Problems 151 

Section 4.4 that the derivative of the wave fun ction is not 
continuous at the origin but rat her sati sfie s 

(d>/l) Cl - = ->/1(0) 
dx 0- a 

4.31. A partic le of mass m is projected w ith energy 

£ = Vo at the potential energy barrier 

Vex) = { ~o 
x < 0 

O <x< a 
X >a 

See Fig. 4.39. Determi ne the most general solution to the 

time-independent Schrodinger equation in the regions 
x < 0, 0 < x < a, and x > a. Apply the appropriate 

boundary conditions and determ ine the transmission 
coefficient for a particle proj ected at the barrier from the 

left . Check that your result behaves appropriately in the 

li mit a -+ 0. Reminder: The most genera l solution to a 
second-order differentia l equation has two arbitrary 
constants. This is true in each of the regions x < 0, 

o < x < a, and x > a. 

---T--- I 

E 110 

j ! 
o a 

Figure 4.39 A potcntial energy barrier of height Va for 

scattering of a particlc with £ = Vo. 



CHAPTER 

Principles of Quantum Mechanics 

Operators playa fundamental role in quantum mechanics. So far we have introduced the 

position, momentum, and energy operators. After adding the pari ty operator to our quiver 

of operators, we go on to examine some of the fundamenta l properties of these so-called 

Herm itian operators. We will also examine the fundamental ro le played by commuta ti on 

relations of operators in quantum mechanics. 

5.1 The Parity Operator 

We have noted that the time-independent SchrMinger equation 

fz' a'l/! ---- + V(x)", = E", 
2111 ax' 

is also the energy eigenvalue equation 

where 

fi2 a2 

H = ---+ V(x ) 
2111 ax 2 

(5. 1 ) 

(5. 2) 

(5.3) 

is the energy operator and we have added a subscri pt E on the wave functi on in (5.2) 

to emphas ize that this particular eigenfunction corresponds to the eigenva lue E. As we 
have seen in Chapter 4, the energy eigenfunctions and eigenvalues can be determined 
once we know the potential energy Vex). We have also noted in the prev ious chapter 

that when the potential energy V(x) is an even function ofx [ V(x) = V(-x)]. then 
the energy eigenfunctions are either even or odd fu nctions. Thi s behavior of the wave 

functi ons under x -> -x is closely connected wi th the pari ty operator. 

The parity operator n is defin ed by 

n ",(x) = "'(-x) (5.4) 

153 



154 Chapter 5: Principles of Quantum Mechanics 

that is, when the parity operator acts on a wave function it inverts the coordinates. The 

eigenvalue equation for the parity operator 

(5 .5) 

where A is a constant, can be easily solved by noting that inverting the coordinates twice 
must get LI S ri ght back where we star ted, tha t is, n 2 is the identity operator. I Since 

(5.6) 

and n2 = I, we see that 

),' = I or A = ± I (5.7) 

The eigenfunction corresponding to the eigenvalue A = + 1 satisfies 

(5.8) 

but given (5.4), this means 

(5.9) 

Thus th is eigenfunction is an even function. Sim il arly, for )~ = - 1 

(5.10) 

and hence 

l/t;. ~_ I( -X) = - "'A~- I (X) (5. 11 ) 

Thus the eigenfunct ion corresponding to ), = - I is an odd function. The eigenfunctions 
of the parity operator are simply even and odd functi ons. 

It is easy to show that any funct ion can be wri tten as a superposition of even and odd 
funct ions. Note that 

1 I 
"' (x ) = 2" ["' (x) + ", (- x )] + 2" ["' (x) - ", (-x)] (5.12) 

and the first term in the brackets is an even fun ction whil e the second term is an odd one 
under the tra nsformation x --+ -x. Thus the eigenfunctions of the parity operator form 
a complete set. 

EXAMPLE 5.1 i\ rgue that the eigenfunctions of the parity operator corresponding to 
distinct eigenval ues satisfy the orthogonality condition 

I A couple of words about our notation arc pro bably in order. We usc the symbol n instead of P 
fo r the parity operator to avo id confusion with lllomCIlIUlll . Since the eigenvalucs are dimensionless. 
there is no obvious symbol 10 assign to them. In linea r algebra. the symbol ), (not 10 be confused with 

wavelength) is o ftell used in the general eigenvalue problem. and we have followcd sllit here. 
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SOLUTION Since '/!i.=1 (x) is an even funct ion ofx and >/1,.=- 1 (x) is an odd function of 

x, the product >/I'~=_I (x) >/1>= 1 (x) is an odd fu nction . The integral in the orthogonal ity 

condition is the area under the curve of >/1:=-1 (X)>/I,.=I(X) from -00 to 00. Since 
the integrand is an odd function and the integral is over all x, there is exactly as 
much negative area as pos itive area under the curve . 

Alternative ly, make the change of variables x' = -x : 

In going from the first line to the second line, we have switched the li mits of 

integration (which absorbs one minus sign) and taken advantage of the fact that 
>/1,.=1 (- x') = >/1,.=1 (x ' ) and '/!!.=_I (-x') = -'/!J.=- I (x ' ), which yields a second 
minus sign. Thus, the expression on the right is equal to the negative ofitself(you 
can now set dummy variable x' to x on the right-hand side to make thi s morc 
evident) and consequently must be zero. 

5.2 Observables and Hermitian Operators 

The pari ty operator has real eigenva lues . The eigenfunctions corresponding to dist inct 
eigenva lues are orthogonal. And the eigenfunctions form a complete set. These properties 
are true for a general class of operators called Hermitian operators. We postu late that 

the opcrators in quantum mechanics that correspond to observables, to the things we can 
mcasure (such as energy), are Hermitian operators. A linear operator !l op corresponding 

to the observable A is Hermitian provided it sa ti sfies 

(5.13) 

where <p and l/J arc physica l wave functions . We insert the parentheses in the right-hand 

s ide of (5 .1 3) to indicate that Aop acts on the function ¢ but not on >/I and that we arc 
tak ing the complex conjugate of the function Aop¢ . We could rewrite the left-hand side 

as J~co ¢ " Aop >/I dx, without the parentheses shown on the left·hand side of (5. 13). The 
parentheses aren't strictly necessary since the on ly funct ion to the right of A op on which 

the operator can act is l/J . 
The defining relationship (5. 13) for a Hermitian operator looks pretty abstract. But if 

we take the special case of ¢ = >/I , then (5.13) reduces to 

(5.14) 

Recall that the left-hand side of(5 .14) is the expectation va lue of A, while the right· hand 
side is just the complex conjugate of the left-hand side since the complex conj ugate of 

>/I " is >/I and the complex conj ugate of the fun ction Aop>/l is (Aop >/I r . Therefore (5.14) 
states that 

(A) = (A )" (5. 15) 
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Thus a Hermiti an operator is one that yields real expectation va lues, which is certainly 

a necessary condi tion for an obscrvab\c.2 

Next consider the eigenvalue equation 

(5. 16) 

where Aop is a Hermit ian operator and ¢a is an eigenfunction of Aop with eigenvalue a . If 
we calculate the expectation value of A assuming the wave function is an eigenfunction, 
we obta in 

(5. 17) 

presumi ng that the eigenfunction is norma lized. Thus the requirement that (A) = (A )' 
means that the eigenvalues arc real: a = a*, 

It is also straightforward to show that the eigenfunctions of a Herm itian operator 
correspond ing to distinct eigenva lues are orthogonal. If we assume that l/Il and 1/12 afC 
eigenfunct ions corresponding to distinct eigenva lues 01 and a2. respectively 

and (5. 18) 

then 

(5.19) 

since Aop is presumed to be Hermitian. But tak ing advantage of (5. 18), this equation 
becomes 

(5.20) 

or 

(5.2 1) 

Therefore, since the eigenvalues are distinct, we must have 

(5.22) 

Thi s is the same definit ion of orthogonal ity that we used in our discussion of the propert ies 
of the energy eigenfuncti ons for the particle in a box in Chapter 3 [see (3 .45)]. But now 
we see that it applies to the eigenfunctions of any Herm itian operator corresponding to 
an observable. 

The eigenfu nctions [1/1" l form an orthonormal basis, at least if the eigenvalues are 
discrete. Orthonormality is a mix of orthogonali ty and normalization and can be conve­
ni ently expressed as 

(5.23) 

2Whilc (5. 14) looks less genera l than (5 . 13), we can start from the requirement that the expectation 
value be real fo r an arbitrary square-integrable wave function and derivc (5 .1 3). See Problcm 5.6. 
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where again 

8"." = { ~ III = 11 

11/ # /I 
(5.24) 

is the Kronecker delta. The fact that the eigenfunctions forms a basis means that any 

wave function I.JJ can be expressed as a superposition orlhe eigenfunctions 

IjJ = c,1/I, + c21/12 + C31/13 + ... = 2:: c" 1/1" (5.25) 

" 
that is, the eigenfunctions are complete. In Section 5. 1 we demonstrated that the eigen­

functions of the pari ty operator are complete. 
111 general , proving completeness is not as easy as proving orthogonali ty, but com­

pl eteness is an essential part of quantum mechanics. For if IjJ is normalized, then 

COO 1jJ ' '\I dx = 100 (2:: c~, 1/1,;, ) (2:: c" v,,, ) dx 
.1-00 00 III " 

(5.26) 
m.n " " 

Thus it is natural to identify Ic" 12 as the probability of obtai ning the eigenval ue a" if a mea­

surement of the observable A is carried out. While we made a similar statement earlier. 
in Section 3.3 forthe particle in a box, here we arc extending this ansatz to the eigenfunc­
tions of any operator corresponding to an observable. I f the eigenfunctions were not a 
complete sct, i f we could not presume that we could wri te any wave fUllcti on as a superpo­
sition of the eigenfunctions as shown in (5.25), then we would have no way of ca lculat ing 

these probabi li ties for an arbitrary wave function. Because of the o rthonormali ty of the 

eigenfunctions, it is straightforward to determine c" given a particular wave fUllction \lJ: 

1: 1/I; '\Idx = 1: 1/1,; (2; Cm 1/Im ) dx 

= L Cm 1::0 I/I,~ I/Im dx = L Cm 8'1111 = Cn 
m - 00 m 

Of course, since Ic,,1 2 is the probability of obtaining the eigenvalue a,,, 
ex pecta tion va lue of the observable A is g iven by 

(A ) = 2:: Ic"12a,, 
" 

However, 

100 

ljJ ' AopljJdx = 1'" (2:: c~,1/I,:, ) Aop (2:: c,,1/I,, ) dx 
00 00 IIJ I I 

= 100 

(I>~, 1/1,~ ) (2:: c"a" 1/1,, ) dx 
00 m 1/ 

!/J . /J " " 

(5.27) 

then the 

(5.2 8) 

(5.29) 
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and therefore we see quite generally that 

j
' OO 

(A) = \jJ ' Aop \jJ dx 
-00 

(5,30) 

Similarly 

(5,3 1) 

and therefore 

(5.32) 

EXAMPLE 5.2 Show that the linear momentum operator 

Ii a 
P - - -

XOf> - i or 
is a Hermitan operator. 

SOLUTION Our goal is to show that 

100 rP' Px", t/! dx = 100 

(Px", rP )'t/! dx 
-00 - 00 

Start with the express ion on the left and integrate by parts (see footnote 12 in 
Section 2,9) 

100 , Ii at/! fll '" (a rP ) ' fI , 100 rP -:- - dx = - -:- - t/! dx + -:- rP t/! - 00 
-00 faX [ - 00 ax I 

= 100 

(~arP) ' t/! dx 
-00 I ax 

where we have taken advantage of the ract that rP and t/! vani sh as Ix I ---+ 00 to 

elim inate the "surface" term. Notice that the fact that the linear momentum operator 
is H ermi tian depends on the natllre of the operator itsel f (consider whether th is 

operator wou ld be Hermitian without the "i", for example), but it also depends on 

the behavior of the wave func tions on which this operator acts, namely that these 
wave functions vanish at infini ty. 

EXAMPLE 5.3 Assume the operator Aop corresponding to an observable ofa particle 
has j ust two eigenfunctions t/!, (x) and t/!, (x) with distinct eigenvalues a, and a" 
respectively. Thus a wave function corresponding to an arbitrary state of the particle 
can be written as 

An operator Bop is defined according to 

What are the eigenvalues and normali zed eigenfunctions of Bop? 
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SOLUTION Start with the eigenval ue equation Bop 1/1 = bl/l , that is 

Since 1/1, and '/Iz are orthogona l basis functions, the coefficients multiplying 1/1, 
on both sides of th is equation must be equal (a lternatively, mult iply both sides by 

I/I~ and integrate over all x, taking advantage of the orthogonali ty of 1/1, and 1/1,). 
Similarly, the coefficients multiplying 1/1, must be equal. Thus we rea lly have two 
equations 

C2 = be] and 

If we substitute the second of these equations into the first, for example, we obtain 

c, = b'c,. Thus b' = I, or b = ± 1. For b = I, c, = CJ, while for b = - I, 

C2 = -c] . Thus the two normalized eigenfunctions are 

and 

There is an alternative strategy for solving this problem, a strategy that intro­

duces some of the key ideas of matrix mechanics. Although this example may 
seem to be an abstract one, it will turn out to be very useful to LI S when we tllrn 

our attention to intrinsic spin angular momentum in the next chapter. To set the 

stage, note that we have determined the eigenfunctions and eigenvalues of Bop 

without actually knowing the explici t form of the eigenfunctions VI , and VI,. In the 

same way that we can write an ordinary two-d imensional vector V = ~\, i + ~I' .i as 

V = (V"(, I~I') ' we lise a more compact' notation that expresses 1/1 = c]l/I] + C21/12 

as a two-dimensiona l column vector 

1/1 = (c,) 
C2 

Sim ilarly, we can write the operator Bop as a 2 x 2 matrix, namely 

since 

B 1/1 _ (0 I) (c, ) = (c, ) 
op - I 0 C2 Cl 

consistent with Bo"I/I(x) = c,I/I, (x) + c,I/I, (x) 
In this matri x mechanics, the eigenvalue problem Bop 1/1 = bl/l takes the fa m i liar 

form 

which can be rewritten as 

(OI)( C' ) (bO)( C' ) 
10 c, = ° b c, 

or 
(

-b I) (c,) =0 
I - b c, 
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For a nontrivial solution the determinant of the coeffic ients of this last 2 x 2 matrix 

must van ish. Hence 

I-b II = 0 
I -b 

Thus b' = I. As before c, = CI when b = I and c, = -CI when b = - I. Thus 
the normali zed eigenvectors arc given by the column vectors 

and 

con sistent with o ur ea rli er results. 

5.3 Commuting Operators 

When one multiplies nUlJlbers such asa and b together, the order in which we carry out the 
multiplication does not matter, namely ab = ba. We say thatthe numbers commute under 
multiplication. But in quantum mechanics observables are associated with Hermitian 
operators and the ordering of these operators mutters a great dea l. As we will see in 
this section and the next, whether the operators corresponding to obscrvables commute 
or not is of utmost importance. In fact, one can make the case that the commutation 
relations satisfied by these operators are at the very heart of quantum mechanics. The 
commutator of two operators Aop and Bor is defined by 

(5.33) 

Let's start with an example in whi ch the comlllutator is zero, that is AopBop = BopAop. 

Consider the commutator of the parity operator and the Hamiltonian for the harmonic 
osci llator. In order to eva luate the commutator, we apply the commutator, which is after 
all an operator, to an arbitrary wave function ",(x): 

[HSIIO, n ] "'(x) 

= (_~~ + ~IIIWx2) n V/(x) _ n ( _ Ii ' a' + ~IIIWX') ",(x) 
2111 ax' 2 2111 ax' 2 

= ( _ Ii' ~ + ~IIIWX') V' (-x) _ (_ Ii' _a_'_ + ~IIIW(-X)' ) ",(-x) 
2111 ax' 2 2111 a( _x)2 2 

( 
1i2 a' I ' ) - -- + - IIIW.C ",(-x)-
2m ax 2 2 ( 

h' a' I ' ) ---, + -IIIWX- ",( - x) 
2m ax- 2 

=0 (5.34) 

where the key step is noting that the transformat ion x ----* -x leaves the Hamiltonian 
unchanged . Thus the commutator vanishes. Thi s will be true for any Hamiltonian for 
which Vex) = V(-x). 

What are the implications of two Hermitian operators Aop and Bop cOlll llluting? If we 
apply the operator Bor to the eigenvalue equation 

(5.35) 
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we obtain 

(5.36) 

But s ince Aop and Bop commute (i.e. , AopBop = BopAop), we can flip the order of 
operators on the left-hand side to obtain 

(5 .37) 

To make the meaning of this equation clearer, let 's add some parentheses to guide the 
eye: 

(5.38) 

This equati on tells li S that Bop 1/l(l is also an eigenfunction of the operator A op with 
eigenvalue a. 

Now there arc two cases to consider. First, lel 's aSSLIme there ex ists a single eigen­

function 1/Iu with eigenvalue o. In this case we say the eigenfunction is nondegenerate. 
Then since Bop1{la is an eigenfunction of Aop with eigenvalue a as well , Bop 1/J(1 differs 
from 1fra by at most a multiplicative constant. Ifwe ca ll thi s constant b. then 

(5.39) 

But (5.39) simply states that 1/1" is an eigenfunction of Bop wi th eigenvalue b. Hence 1/1" 
is simultaneously an eigenfunction of A op with eigenva lue a and of Bop with eigenvalue 
b. We can therefore relabel the eigenfunction as Vla.h, indicating the eigenvalues for each 
of the operators. The simple harmonic oscillator provides a nice illustration. Since the 
Hamiltonian for the harmonic oscillator commutes with the parity operator and there ex­

ists a single energy eigenfunction for each energy eigenvalue, each energy eigenfunction 
must also be an eigenfunction of the parity operator. That is, each eigenfunction musl be 
either an even or an odd function, as we saw in Section 4.3. 

If there is more than one eigenfunction with the eigenvalue (ll we say there is degen­
eracy. What then can we conclude? Let 's take an example involving the Hamiltonian for 

a free particle to ill ustrate. As Example 5.4 shows, thi s Hamil tonian commutes with the 
linear momentum operator. But there arc two eigenfunctions of the Hamiltonian wi th a 
particular eigenvalue E, namely, 

1/1 (x ) = A sin kx and 1/I(X) = Beoskx (5.40) 

where 

(5.4 1 ) 

We say, in this case, there is tlVo-fold degeneracy. You might at first be tempted 10 

think that these energy eigenfunctions should also be eigenfunctions of the momentulll 
operator, but thi s is clearly not the case si nce 

. Ii 
P.' "" A Sill kx = -:-k II cos kx 

I 
and 

Ii 
P Acoskx = --klls in kx 

x"" i (5.42) 

A single derivative does not return the same function when appli ed to a sine or a co­
sine. Nonetheless. there are linear combinations of these energy eigenfunctions that are 
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simultaneously eigenfunctions of the momentum operator, namely the complex expo­

nentials 

1/I (X) = Aeikx and 1/I(X) = Be- ikx (5.43) 

that we used in our ana lysis of scattering. These two functions are not only eigenfunc­
tions of the Ham iltonian with the eigenvalue 1i 2k2 j 2111 but they are also eigenfunctions 
of the momentum operator with eigenva lues hk and -fik, respectively. Thi s illustrates 
the general result: when there exists degeneracy of the eigenfunctions of Aop , it is always 
possible to choose a linear combination of the degenerate eigenfunctions that are simul­
taneous eigenfullctions of Bop when Aop and Bop commute. We wi ll not give a general 
proof. The interested reader is referred to a textbook on linear algebra. 

In summary, when two Hermitian operators commute, they have a complete set of 
eigenfunctions in common. We can then know both of these dynamica l variables simul­
taneously, wi thout uncerta inty. 

EXAMPLE 5.4 Show that the Hamil tonian for a free particle and the linear momen­
tum operator COlll mute. 

SOLUTION For a free particle, we can sci the polential energy V to zero. Then 

H = (fl,,,,,), 
2m 

To eva luate the commutator of this Ham iltonian and the linear momentum 
operator, let the commutator act on an arbitrary wave funct ion t/I(x): 

[H, flx",,] 1/I(x) = [ 
1i 2 a2 fi a ] - --, -- 1/1 (x) 
2111 ax' i ax 

1i
3 ( a2 a a a2

) =-- - ---- 1/1 (x) 
2111i ax 2 ax ax ax 2 

= _~ (a3
1/1(x) _ a3

1/1(x)) = 0 
2111i ax3 ax3 

5.4 Noncommuting Operators and Uncertainty Relations 

What if the commutator of two operators is not zero? What are the implications? A 
classic example ofa nonvallishing commutator is the conunutator of the position and the 
momentum operators: 

(5 .44) 

To evaluate this commutator: we again let the conunutator act on an arbitrary function 

1/1 (x ). 

(5.45) 
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Therefore 

[ X , ~ ~l1/l = (x~~ - ~~x) 1/1 
i ax i ax i ax 

"a fla 
= x 7 - 1/I - 7-(X1/l) 

I ax I ax 

" a 1/1 " " a1/l = x-- - -1/1 - x--
i ax i i ax 

= i" 1/1 (5.46) 

Si nce 1/1 is arbitrary, we have shown that 

(5.4 7) 

Notice that the key element in this derivation was that the momentum operator differen­

ti ates everyth ing to its right. In the first term in the commutator, thi s corresponds to the 

wave function IjJ whi le for the second term of the commutator the function to the right 

of the momentum operator is x Ijr. 
The product of two operators, say Ao"Bop , is itself an operator. Consequently, the 

commutator oftwo opera tors is also an operator. We wi ll now show that iftwo Hermitian 
operators do not commute and their commutator is expressed as 

[Aop, Bop] = iCop 

where Cop is a Hermitian operator, then an uncertainty relation of the form 

!o.A!o.B > I(C)I 
- 2 

(5.48) 

(5.49) 

must hold 3 Comparing (5.4 7) with (5.48), we sec for the position- momentum commu­

tator that Cop = " and the uncertainty relation (5.49) becomes 

" !o.x !o.p.< ::: '2 
the famous Heisenberg uncertainty relat ion. 

(5.50) 

We now turn to the proofof(5.49). Thi s gcneral uncertainty relation is a very importan t 

onc. Thc proof is presented so that you wi ll have confidence in the result , but in the end it 

is more worthwhile to foc us on the result itself rather than on the details o f the derivation. 

Recall from (5.32) that 

(!o.A) ' = « A - (A ))2 ) = (A') - (A)2 and (!o.B )' = « B - (B))' ) = (B' ) - (B)' 
(5.5 I) 

We start by defining two operators 

Uop == A op - (A ) and Vop == Bop - (B ) (5.52) 

Then 

1: 1/I ' U;;p1/l dx = ( !o.A)' and (5.53) 

l it is not hard to show that Cop = -i [Aop . Bop] is Hermitian provided /fop imd Bop are J-Icnnil ian . 
See Problem 5.11. 
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and since 

we also have 

Now we know fo r any complex function tj> that 

1: tj>' tj>dx "': 0 

Let's choose as our tj> 

where the constant A is presumed to be rcal, and define 

Since Aop and Bop arc Herm itian, so afC Uor and Vor' Thus 

I(A) = 1: (Uop 1/! + OYop1/!)' (Uop 1/! + iA Vop 1/! ) dx 

= 1: 1/! ' (uJp + A'V;p + iA [Uop , Vop]) if(lx 

= (t.A)' + A' (t.B)' - A(C) "': 0 

The minimum occu rs when 

dl 
- = 2i.. (t. B)' - (C) = 0 
dA 

A _ (C ) 

- 2 (t.B)' 

Substituting thi s va lue for A into the last li ne of(5.59), we obtain 

(C)' 

2 (t. B)' 
",:0 

or 

(5.54) 

(5.55) 

(5.56) 

(5.57) 

(5.58) 

(5 .59) 

(5.60) 

(5.6 1) 

(5.62) 

Finally, taki ng the square root of thi s equation, we obta in the general uncertainty 

relation 

t.At.B> I(C)I 
- 2 (5.63) 

As we have note(~ not on ly docs thi s result lead to the Heisenberg uncerta inty principl e, 
but it also can be llsed to derive many other important uncertainty relations. In the 

next section, we examine another such relation: the Heisenberg energy- time uncertainty 

relation. 
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EXAMPLE 5.5 Determine the matri x that repre~ent s the operator A op in Exam­
ple 5.3. Eva luate the commutator of A op and Bop in matrix mechanics. What do 
you conclude about the eigenstates of Aop and Bop? 

SOLUTION Since VI I and 1/'2 are eigenstates of A op with eigenvalues {II and {I 2, 

respectively, the matrix representat ion of Aop is given by 

Aop = (ar 0) o a, 
as can be ver ified by applying the matri x to the column vectors 

and 

From Examp le 5.3 

Bop = (~ ~) 
Therefore the commutator of Aop and Bop is g iven by 

A opBop - BopA op = (~ ~,) (~ ~ ) - (~ ~) (~ ~, ) 

=U,aor) U,a~) 

= (G' ~ ar ar ~ G, ) ~ 0 

Since the operators do not commute (preslIming (I I =I (I2), they do not have eigcn­
states in C0 I11111 0 11 , as we have seen in working out Example 5.3. 

5.5 Time Development 

The time-dependent Schrodinger equation 

r, ' a' \jJ (x , I) . a\jJ(x, I) 
- 2111 ax ' + V(x)\jJ (x , I) = In al (5.64) 

is the equation of Illotion for one-d imensiona l wave mechanics. It can also be written 
simply as 

a\jJ(x, I) 
H\jJ(x , I)=in al (5.65) 

where H is the Hamilton ian. It is instructive to ask how expectation values vary with time. 
Let's start with 

d ( A ) d 100 
• -- = - \jJ Aop\jJ dx 

dl dl - oo 
(5.66) 

Since the limits of integration are independent oftime, we can move the time derivative 

under the integral sign, being careful to repl ace the ordinary time derivative with a 
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partial time derivative since the wave function depends on both x and 1 and we arc only 
differentiating with respect to I. Thus, using the chain rule, 

d eAl = r oc a\jJ* Aop \jJ dx + 100 

\jJ * aA op 
\jJ dx + 100 

\jJ * Aop aa\jJ dx 
dt .too at -00 at -00 t 

(5.67) 

From (5.65) 

a\jJ I 
- = - H\jJ 
at in (5.68) 

and therefore 
a \jJ * I 
- = - - (IN)* 

at in (5.69) 

Substituting (5.68) and (5.69) in to (5.67), we obtain 

d (A) i [ 00 100 
aA i 100 

- - = - ( /-/\jJ )* Aop \jJ dx + \jJ *~ \jJ dx - - \jJ ' Aop /-/\jJ dx 
dt n . -00 -00 at n -00 

(5.70) 

Since the operator H is Hermitian, we can rewrite thi s result as 

d eAl i 100 

i 100 1'" aAo -- = - \jJ ' I-IA op\jJdx - - \jJ ' AopH\jJdx + \jJ ,--P\jJdx 
dt n -00 n -co -00 at 

(5.71) 

Finally, note that the firs t two terms can be rewritten in terms of the commutator 

[1-1, Aop] = I-I Aop - Aop H, leadi ng to the fin al resuit 

d eAl i ;'00 [ '" aAo > -- = - \jJ ' [/-I , Aop] \jJ dx + \jJ '-- ' \jJ dx 
dt n -00 . -00 at 

(5.72) 

In most cases, the operator corresponding to an observable, such as position, momentlllll, 
or parity, does not depend on time explicitly and the term invo lvi ng aAop/ at vanishes, 
in which case 

d eAl i [ "" • - = - \jJ [/-I, Aop] \jJ dx 
dl n . -00 (5 .73) 

Expression (5.73) shows us that ir the operator corresponding to an observable A 

commutes with the Hamiltonian, then that variabl e is a constant of the motion- its 
expectation val ue does not vary with time. In Section 5.3 we saw that the Hamiltonian 

for the simple harmonic osci ll ator and the parity operator commute. Thus pa rity is a 
consta nt of the mot ion; we say parity is conserved for this Hamilton ian. 

On the other hand, the Hamiltonian and the momentum operator do not generally 

commute. As before, the commutator ca n be evaluated by lett ing it act on an arbitrary 

wave function rjJ: 

[H, Px 1 '" = - --, + V(x), -,-- '" [ 
n' a' n a ] 

"" 2111 ax- f ax 

= [vex), !:.~l '" 
1 ax 

naif' na 
= V(x) -,- -. - -,- - V(x)", 

1 ax faX 

= _!:.(av)", 
1 ax 

(5.74) 
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where in going from the first line to the second line we have taken advantauc of the 
~ 

fact that the linear momentum operator commutes with the kinetic encrgy portion of the 

Hamiltonian, as we saw in Example 5.4. In go ing from the third to the rou rth line we 

have used the fact that the momentum operator acts on everything to the right of it, and 

thus differentiates both the potenti al energy and the wave function in the last term in the 
second line. If we now go back 10 (5.73), we sec that 

d (/lx ) i 1"" , 
- , - = - \(I [H, p''''] \(I dx 

G( Ii - oo 

= - \(I - \(I dx = - -1"" ,av \ av ) 
-00 ax ax (5 .75) 

Thus we see thar the momentum is not a constant of the motion in genera l. We have 
also found a convenient way to derive the second of Ehrenfest's equations (see Sec­

tion 2.9). which demonstrates how the time variation of the expectation value of the 

linear momentum obeys Newton's second law, dp,ldl = F, = - a v l ax. 

The Energy-Time Uncertainty Relation 

Perhaps the most misunderstood uncertainty relation is the Heisenberg uncertainty re­
lation 6.£6.1 ~ {' / 2. After all. we know what 6.£ means; it is the uncerta inty in the 

energy of the partic le. which we calculate from (6.£)' = (£' ) - (£ )2 But what is 6.1 ? 

In nonrelativistic quantum mechanics, time is not an observable like pos ition or energy. 
We don 't have a time operator. Time is a parameter that always takes on a definite va lue. 

Nonetheless, we can usc the general uncertainlY relation (5.49) to give a definiti on of 

6.1. We choose the operator Bop in the commutator (5.48) to be the Hamiltonian H. In 

thi s case, (5.49) becomes 

where 

and thereforc 

6.A6.1': > I(C)I 
- 2 

I(C)I = Ii 1: \(I ' [H, Ao,, ] \(I dx l = I lid;: ) I 
where the last step follows from (5.73). Thus 

6A6.£ > ~ Id(A)1 
- 2 dl 

Dividing through by Id (A)ldl l. we fi nd 

We define 

in wh ich case we obtain 

6.A Ii 
6.£-- >-

l&!ll- 2 
<II 

6A 
61 =---I&!ll <II 

Ii 
6.£6.1 >­

- 2 

(5.76) 

(5 .77) 

(5.78) 

(5.79) 

(5.80) 

(5.8 1 ) 

(5.82) 
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Figure 5.1 A wave packet with an uncertainty ~x in the position of the pilrt icle can be 

clearly said to have changed ils location when the packet has sh ifted from its original 
position by an amount equal 10 6.x . 

Let's take an example to illustrate the meani ng of /:). ( . Consider a wave packet with 
a position uncertainty I:;x = 10- 3 m, as depicted in Fig. 5. 1. Suppose that d (x )/dl = 
I mi s, that is the wave packet is moving along the x di rection with a speed of I mls. The 

time 1:;( = I:;x / ld (x )/dl l = 10- 3 s. This is the time it takes the wave packet to shift 

its position by an amount equal to the uncertainty in the position. We can say this is the 

time it is necessary to wa it be fore we can be confident tha t the pos ition of the part icle 

has changed. We can call the time 1:;1 an evolut ionary time, the time required for the 

particle 's position to change. Clearly if the wave function of the pa rticle had been an 

energy eigenfunction instead of a superposition of energy eigenfunctions, then 1:; £ = o. 
But such a wave function corresponds to a stationary state since the l ime we would need 
to wait fo r the system to evol ve is infini te. 

Example 3.3 provides a good illustration of a wave funct ion that is a superposit ion 

of two energy eigenfunctions. In thi s example, we examined the time dependence of the 

wave function fo r a particle in a box that initia lly is in the state 

(5.83) 

with a 50% probab il ity that a measurement of the energy yields £, and a 50% chance 

that it yields £2. The wave fu nction al time I is given by 

W(x , I) = (5.84) 

which can be rewritten as 

(5.85) 

In Example 3.3 . we saw that 1:;£ = (£2 - £,)/ 2. Thus we can a lso write the wave 
function as 

(5.86) 
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We can say the time we must wait before the wave fu nction has clearly changed from its 
init ial fo rm (5.83) to a different wave function is the time t.1 necessary for the re lative 

phase to become of or del' unity, that is, 2t.Et.I / fI '" I , or t.Et.1 '" fI / 2, consistent 
with our earlier discussion. 

Thi s examp le ill ustrates how a nonzero 6. E leads to a finite evolutionary time f:j"f. 

We can, in fact, turn this argulllent around and, at the same time, make our discllssion of 
excited states of the systems we have treated so far more reali st ic. Cons ider, for example, 
an electron in an exci ted state of an atom. Si nce the electron wi ll eventua lly make a 

radiative transition to a lower energy state with a lifetime r, there is a finite evolutionary 
time fo rthe system in this exc ited state. Forthe first exc ited state of hydrogen, forexamplc , 

T = 1.6 ns. Consequent ly, according to the energy- time uncerta inty relation, the excited 

state must have a nonzero uncertainty in its energy, as indicated in Fig. 5.2. Therefore, 
the photon that is emitted in the transit ion between this exc ited state and the ground state 

does not have a definite frequency. This spread in frequencies, or wavelengths, is referred 
to as the natural Iincwidth fo r the state. 

EXAMPLE 5.6 Calculate the naturallinewidth for the first excited state of hydrogen. 

Compare this spread in wave lengt hs with the primary wavelength of the transition. 
Note: E, - E, = 10.2 eV. 

SOLUTION 

E, - E, 
he 

=/iv= -
ie 

The principal wavelength for the transition is 12 1.5 nm. But since the excited state 

has a lifetime r = 1.6 x 10- 9 s, the uncerta inty in energy for this excited state is 

fI 
6.£ ~ -

r 

The uncertainty in the energy corresponds to a spread in wave length 

he 
t.E '" - t.ie 

ie' 

Given the uncertainty in 6.£, we see that 6.A = 5 x 10- 15 m, or roughly 4 pmts 
in lOs of the wavelength of the transition. Thus the natural linewidth is tough to 
observe in th is case. Of course, if the lifetime were shorter, the effect would be 
easier to observe. We will see a striking example in Chapter 10. 

5.6 EPR, Schrodinger's Cat, and All That 

One of the arresting features of quantummcchani cs is that particles or systems of part icles 
do not in general have definite attributes. \Vhcn we express the wave function as 

(5.87) 

where 1/1 [ and 1/12 are eigenfunctions of an operator A op corresponding to an observable 
A , we are saying that before we make a measurement of A the particle does not have 

~ 
t:.E 

t 

E, ____ _ 

Figure 5.2 An energy-leve l 

diagram fo r the ground stale 
and the first excited state 
requires modification when 
the effect o f the finite lifetime 

of the excited state is taken 
into accoun t. The spread in 

cncrgy for the excited state is 
not drawn to sca le. 
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a defi nite value of that attribute. The probability that a measurement yields (I I is, of 

course, IC112. Aft er a measurement yielding ai, the wave function collapses to 1/11 , since 
a measurement of A immediately thereafter again yie lds the va lue (I I. How this collapse 
happens is a mystery. It is referred to as the measurement problem. We will return to thi s 

isslIe at the end of thi s seclion.4 

a t everyone has been happy with the idea that particles do not necessari ly have 

defini te attributes before a measurement is made. The most famous malcontent was 
almost certain ly Albert Einstein. In his view, writing a wave function in the form (5.87) 

was really expressing our lack of knowledge of the state of the particle. Some particles 

have attribute til and ot hers have attribute 0 2 , but we arc not able to distingui sh one 

particle from the other. It is as if the attribute, or variable, that wou ld allow us to make 

this distinction is hidden fram lls, hence a hidden variable theory of quantum mechan ics. 

Such a view, whi le no doubt appeali ng to some, seems to raise troubling issues as well. 
After all , if the helium atom in the double-slit experiment described in Section 2. 1 really 

had a defin ite posit ion berore its position was measured in the detection plane, then one 
could logica lly presume it also had a defini te posi tion just moments before this, and 

so forth. Thus we would be led to presume that the atom followed a definite trajectory 

between the source and the detector. passing through one slit or the other, which makes 
it hard 10 understand how interference can occur. onethclcss, Einstein persisted in hi s 
vicw that the descri ption of nature prov ided by quantum mechanics was incomplete, that 
there was more to nature than quantum mechanics presumed. 

To sharpen hi s crit ici sm of quantum mechanics, Einstein, together with Boris 
Podol sky and Nathan Rosen, proposed a thought experi ment that , in hi s view, showed 
how crazy quantulll Illcchanics rca lly is.5 The key aspect of quantulll Illcchanics that EP R 
focused on was something that we now call an entangled state. Consider the two-particle 
wave function 

I 
\jI = Ji [1/1", (I ) 1/1", (2) - 1/1",( I )1/1", (2) 1 (5.88) 

as an example. In this wave function 1/1", ( 1) means that one of the particles, particle I, 
is in state wi th value a, of the observable A . The wave fun ction (5.88) shows there is 
a 50% probability that a measurement of A on parti cle I will yie ld this va lue. But then 
we will subsequent ly know that pan icle 2 is in a stale with va lue Q2 for the observable 
A . What was really distressing, at least to Einste in , was that not only do particles I and 

2 not have de fin ite attributes, but the value of the observable that particle 2 takes on is 
determined by a measurement on particle I. After all , i f the measurement on particle I 
yielded the value 0 2 in stead of a t, thcn we woul d know that particle 2 is in the state with 
valuc a t . And parti cles I and 2 do not have to be situa ted together in space for this to 
occur. 

A particul arly interesting example is the two-photon "wave function" 

(5.89) 

..\ If the operator Aop corresponding to the observable A commutes with the Hamiltonian, then A is a 
constant of the motion. Thus once the system collapses to a part icular eigenfu llct ion. it wi ll remain in 
this sta te. 

SA. Einstein, B. Podolsky. and N. Rosen, Phys. Rev. 47, 777 ( 1935). 
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where the subscripts Rand L refer to right and left circula rly polarized photons. Such a 

two-photon state is generated in the cascade decay of the excited state of the calcium atom 
that we discussed in Section 1.5. Thus if a measurement on one of the photons finds it to 

be right-circularly polarized, then the other photon must be right-circularly polarized as 

well. But if we express the circul arly polarized states in terms of the appropri ate linearly 

polarized states: 

(5.90) 

and 

(5.91 ) 

assuming that photon I is travel ing along the z axis, we find 

(5.92) 

as can be readily verified by substituting the expressions (5 .90) and (5.91) for the cir­

cularly po larized wave functions for photon I and the correspondi ng expressions for 

photon 2 into (5.89). See Problem 5. 12. In thi s for m the wave function indicates that if 

a measurement of the linear polarizat ion shows photon I to be x po lari zed (and there is 
a 50% chance of obta ining this result), then photon 2 wi ll necessarily be x po larized if 

a measurement of its linear polarization is carried out. Similarly, if a measurement of 
linear polarization on photon I fin ds it to be y polarized, then photon 2 is necessarily 

y polarized. The state (5.92) exhib its the same sort of entanglement that we saw in our 
discussion of c ircular polarizat ion for the state (5.89). But what is strik ing here is that 

photon I cannot be both right circularly polarized and at the same time linearly polarized 

along the x-axi s. Thus it is impossible to th ink of the photons as having a defin ite state 

of polari zation before a measurement is carried out. In the origi nal EPR argument, the 
two incompatible variables were position and momentum, not ci rcular and linear polar­
ization. As we have seen, the operators corresponding to position and momentum do 
not commute with each other. Thus it is impossible to imagine a part icle as having both 
a definite posit ion and a defini te momentum, just like we cannot think of a photon as 

having a defi ni te circu lar and li near polarization . Nonetheless, states of the form (5.89) 
or (5.92) seem to be saying that not only do part icles not have defin ite attri butes but these 

attributes can be determined by measurements on a different particle al together, one that 

may be spatially qui te separated from the other. To Einstein, thi s "spooky action at a 

di stance" was unacceptable, something that "no reasonable definition of rea li ty" shoul d 
permit. 

In the 1960s John S. Bell rea lized that two-partic le states such as (5 .88) could pro­

vide an experimental test as to whether a particle rea lly has defini te attributes before a 

measurement is ca rried out. It was just necessary to measu re the correlations between 
measurements carried out on the two partic les. These were challengi ng experiments, at 
least initially. But as the technology has improved, the resu lts have become more and 

more striking, to the point that the most recent results are in clear agreement with the 
predictions of quantum mechanics and disagree, at the level of 250 standard deviations, 
with local hidden variable theory. 

A classic example that seems to ill ustrate the problem with taking this line of reasoning 
that particles do not necessari ly have definite attributes too far is Schrodinger's cat. As 
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Figure 5.3 Schrodinger's cat. 

a thought experiment, Schrodinger suggested placi ng a cat in a box with a radioactive 
isotope that had a half-life of one hou r. As indicated in Fig. 5.3, the decay of a singlc 

nucleus, with the emission of, say, an alpha part icle, would trigger a hammer to break 
a fl ask of prussic acid, a hi ghly volatile and toxic substance. Thus, in the language 

of quantum mechanics, one might write the wave function for the cat" at the one-hour 
mark as 

I I 
\jl (i hour) = .J2 l/t~li:, + .J2 l/td~;d (5.93) 

Quantum mechanics seemed to say that only when the box was opened at the one-hour 
mark and the cat was observed to be ali ve or dead was the wave function collapsed to 
one orthesc two stales. Thi s indeed seemed si lly, since there was little doubt that the cat 
was truly alive or dead independent of the measurement. Thus thinking ofa macroscopic 
object such as a cat as genuinely not hav ing a definite attribute, such as being alive or 
dead, seems not to be correct. But on the other hand, we might think of the cat as a 
macroscopic measuring device that has become entangled with the corresponding state 
of the nucleus, say in the form 

\jl( 11 .) 1 ",nuclcus",cat 1 ."nucleus ." cat 
10UI = .J2 'f' nodecay 'f' alive + .J2 'f' decayed 'f'dc3d (5.94) 

Such a wave function would st ill suggest that the cat was genuinely in a superposition of 
two states. But how would we know if this were indeed the case? 

Let's go back to the double-slit experiment with helium atoms (Section 2.1). Since 

there arc two paths each atom can take between the source and the detector, we mi ght 
write the wave fu nction as 

(5.95) 

where <p is the phase difference between the amplitude for the atom to reach the detector 

by passing through slit 2 relat ive to reaching it by passing th rough slit I. I f we then 

ca lculate the probability density for detecting a helium atom, we fi nd 

\jl ' \jl = (l/t; + e-iWl/tn (l/tl + eiWl/tI) = 4l/t;l/t1 cos' ~ (5.96) 

which shows the in terference fringes that we saw in the data. If there arc really two 
ampl itudes contributing to a process, we should expect to see interference effects if we 



conduct the appropriate experi ment. The largest objects for which we have seen inter­
ference fr inges in a double-slit experiment are Coo molecules, bl'ekyball s. Phys icists are 
frying to push the envelope here, to move toward macroscopic objects that would truly 
exhibit interference effects. Such states, if they ex ist, are called Schriid inger cat states. 
But so far, no one has been abl e to observe interference effects with even Schrodinger 
kittens. Why not? Our best guess is that interactions with the envi ronment, which are 
inevitable for a macroscopic object such as a cat, cause the wave function to lose this 
relative phase in formation. We say the state decoheres. And perhaps thi s decoherence 

in some as ye t unexplained way leads to the collapse of the system to one or the other 
of the states mak ing up the superposition. But thi s seems inconsistent with the funda­
mental princip les of quantullI mechanics, since tile equat ion of time development, the 
Schr6d inger equati on, is a linear di fferential equat iOIl. I f the in itial state is a superposition 
of states, so too should be the state at a later time. Thi s is the crux of the measurement 

probl em. 

5.7 Summary 

Let us summari ze the princip les of quantum mechanics that we have discussed in this 

chapter: 

I . In one-dimensional wave mechanics, the state of a particle is given by a wave 
function ll1 (x , f) that conta ins all that can be known abollt the particle.6 

If the question is " where is the parti cle," then w' w dx is the probabili ty of 

finding the particle between x and x + dx if a measurement of the position of 
the particle is carried out at timc I , prov ided the wave function is normalized, 

namely 

1"" w' w dx = I 
-00 

(5.97) 

Note that the particle does not have a defi nite location before a measurement is 
carried out. But what i f we want to know something else about the parti cle such 
as its encrgy? We start with a second principle: 

2. Each dynamical variable, or observable, A is assoc iated with a linear, 
Hermitian operator Aop , an operator for which 

The eigenvalue equation is of the form 

Aop1{l(l = a 1{l(/ 

(5.98) 

(5 .99) 

where the constant a is the eigenvalue and 1{Ia is the eigenfunction. The only 
possible result of a measurement fo r the observable A is one of the eigenvalues. 

6 [n Chapter 6 we extend our disclission of qUlIntum mcchanics to includc three-dimensional systems. 
at which point we discliss intrinsic spin. a ·'degree of freedom" that is not specified by a wave funct ion. 

Section 5.7 Summary 173 
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So far, we have considered observables such as the momentum and the 
energy. For the energy the corresponding operator is referred to as the 

Hamiltonian H and the energy eigenvalue equation is the time-independent 
Schr6dillger equation. In the next chapter, where we will venture into three 
dimensions, we will introduce additional operators such as the orbital angular 

momentUIll operators. 

3. The eigenfunctions 1/10 form an orthonorma l basis. Therefore any wave funct ion 

\lJ can be written as 

(5. 100) 

The probab ili ty of obtaining eigenvalue a is given by 

(5.101) 

where 1/1" is the eigenfunction of A op with eigenva lue a7 The average value, or 
expectat ion va lue, of the observable in this state is then given by 

(A ) = L Ic,,1 2
a = 1'" \jJ ' Ao,,\jJ dx 

(/ -00 

(5. 102) 

The results that follow from the commutat ion relations oFtwo operators can be 

derived from the general properties of Hermitian operators. Nonetheless, these 

resu lts arc of stich importance that it is worth singling them out. 

4. The commutator o f two operators Ao" and Bop is defined by 

(5. 103) 

Irthe operators commute. that is the commutator vanishes, then it is possible to 
label the basis states as 1/I".b, namely as simultaneous eigenfunctions of the two 
operators. which we are assuming to be Hermitian. If the operators do not 
commute, but 

then 

tl A tlB> 1(c)1 
- 2 

The most famous example is the Heisenberg uncertainty princip le 

n 
tlx tlp, :: 2 

which follows from the cOlllmutator 

(5. 104) 

(5. 105) 

(5. 106) 

(5 .107) 

71fthe cigenvaluc spectrulll is continuous rather than discrete, then the probability of obtai ning a result 
between (I and a + dll is given by 1c,, 12(/a provided the e igenfunctions sat isfy J-oo VI; 1/1/1' dx = &(lI - a') 
where o(a - (I ') is a Dirac delta function. 



5. Time dependence is determined by the Schriidinger equat io n 

f-/'lJ(x , I) = itJ _a_'lJ7(·,...:.·,-'.I) 
al 

(5.108) 

where the Hamiltonian H is the energy operator. In one-dimensional wave mechan ics 

tJ2 a' 
/-I = - 2111 ax ' + V(x) (5. 109) 

We can usc the Schriidinger equat ion to show that expectation values vary with time 
according to 

cI (A ) i loo 100 
aA --=- 41*[ /-/ , Aop] l/Jdx+ 4J ·~ l.fJdx 

cli tJ . -00 - 00 al 
(5 .110) 

Thus if the Hamiltonian commutes w ith the operator corresponding to the observabl e II 

and aAop/ al = 0, then (A ) is independent o f time and A is re ferred to as a constant of 

the motion. One consequence o f (5.1 10) that is obta ined by choosi ng the opera to r Bop in 

(5. 104) to be the Ham il tonian is 

which can be wri nen as 

t.A tJ 
t.£-- >-

I ~I - 2 
d, 

tJ 
t.£t.1 >­

- 2 

(5 . 11 1) 

(5. 112) 

the Heisenberg energy- time uncerta inty re lat ion. In thi s re lat io n, t.1 is called an evo­

lutionary time for the system, the time that is necessary for the system to change in a 
significant way. 

In general, the number of eigenfunctions is infinite and the space spanned by these 

basis functions is an infinite dimensional vector space called a Hilbert space,s 

Problems 
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5.1 . (a) Prove that the parity operator is Hermitian. 

(b) Show that the e igenfuncti ons of the parity operator 

corresponding to di fferent eigenvalues are orthogonal. 

5.4. A particle of mass 11/ moves in the potential energy 
Vex) = ~11lw2x2. The ground-state wave function is 

5.2. Show that the o perator 

is no! Hermitian. 

a 
ax 

5.3. We have argued that a Hermitian operator 
corresponds to each observable. Physica lly, why is it 

essential that the eigenvalues be real? 

(a)' /4 , 
1/10(.') =;: e- ax /2 

and the first exci ted-state wave function is 

where a = mwjli. What is the average va lue of tile 

parity for the state 

J3 1 - i 
'lJ (x) = - 1/Io(x) + r-; 1/I , (x) 

2 2-;2 

gNote this is not ord inary space. It is sometimes said that in Hilben space no one can hearyoll scream. 
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5.5. For a particle in a harmonic osci llator potential, it is 

known that there is a one-third chance of obta ining the 

ground-state energy Eo, a one-third chance of obtai ning 
the first-ex cited-state energy E" and a one-third chance 

of obtaining the second-ex cited-state energy £ 2 if a 
measurement of the energy is carried out. I f a 
measurement of the parity is carried out and the va llie 

- I is obtained, what va lue wi ll a subsequent 

measurement of the energy yield? I f a measurement of 
the parity yields the va lue + I , what values can a 

subsequent measuremen t or lhe energy yield? What are 
the probabili ties of obtain ing those energies? 

5.6. By writing the wave function \{I in 

as t/J + At/> where A is an arbitrary compl ex number, 
show that 

Thus the requirement that an operator corresponding to 
an observable has rea l expectati on values is eq ui va lent to 
the deAnition ofa Hermiti an operator g iven in (5.98). 
Suggestion: Take advantage of the fact that )~ and A· are 
linearly independent. 

5.7. Show that the two wave funcr ions 

and 

from Example 5.3 ca n be expressed in the form 

t/Jb~ ' = cosO t/J, + sin O t/J, 

and 

t/Jb~- ' = sin O t/J, - cos O t/J, 

if the appropriate cho ice for the angle 0 is made. What is 

the va lue of 0 for these wave fu nctions? 

5.8. Let the operator Ao" correspond to an observable of 

a particle. It is assumed to have j ust two eigenfunctions 
t/J ,(x) and t/J, (x) with dist inct eigenvalues. The function 

corresponding to an arb itrary state of the particle can be 
written as 

An operator Bop is defined according to 

Prove that Bop is Hermiti an. 

5.9. Show that if the operator Aop correspond ing 10 the 
observable A is Hermitian then 

(A' ) ;0: 0 

5.10. I f !lop and Bop are Hermi tian operators, prove that 
A op Bop is Hermitian only if !l op and Bop commute. 

5.11 . Suppose that Aop and Bop are Hermitian operators 
that do not commute: 

Prove that Cop is Hermi tian. 

5.12. Use the defi nitions (5.90) and (5.9 1) of the right 

and left circular polarized states to show that the 
two-photon state (5 .89) becomes (5.92) when expressed 

in terms of the linearly polarized states. Calilioll : Since 

the photons arc trave li ng back to back and photon I is 

traveling in the posit ive z direction, photon 2 is traveling 

in the negative = direction. Consequently, for photon 2 

I 
t/JH (2) = Ji [t/J. (2) - it/J, (2)j 

and 

I 
t/JL(2) = Ji [1ft. (2) + it/J.(2)j 



CHAPTER 

Quantum Mechanics 
in Three Dimensions 

As you have no doubt noticed, we do not live in a one-dimensional world. Nonethe­

less, through the technique of separation of variables, the Schriidinger equation for some 

important three-dimensional systems can be reduced to one-dimensional ordinary di ffer­
enti al equat ions. As a simpl e but use ful example, we will start by analyzing a particle in a 
cubic box. We will then go on to examine central potentials, which will lead us naturally 

to a discussion of angular momentum in quantum mechanics, which is certainly central 
to our understanding of how the world works. One central potent ia l in particular, namely 

the Coulomb potential, plays a vital role in our understanding of atomic physics, not just 
for the special case of the hydrogen atom but a lso for our understand ing of multi electron 

atoms. We will also take our first look in thi s chapter at the importan t topic of intrinsic 

spin angular momentum. 

6.1 The Three-Dimensional Box 

As we did in one-di mensional quantum mechanics in Chapter 3, we focus our attention 
in three dimensions first on a partic le in a box. In Chapter 7 we will see how this potential 

plays a key ro le in determining the behavior of electrons in a metal. Since the energy of 

a particle is the sum of the kinetic energy and the potential energy: 

P2 ' + 2+ " 
E- = - + V = _Pc...; ---:',-" ' c-. _ P-=-; V ( ) - + .r, y, z 

2111 2m 
(6. 1) 

the corresponding Hamiltonian (the cncrgy operator) is given by 

Ii ' ( a' a' a' ) Ii = -- - + - , + -, + V(x , y , z) 
2111 ax2 uy- az- (6.2) 

where we have introduced partial derivatives in x, y , and z for the linear momentum 
operators in the x, y, and z directions, respective ly. The energy eigenvalue equation, the 
time-independent Schriid ingcr equation, is given by 

. 1i
2 ( a' a' a2 

) - - --2 + - , + - , Iit(X,y, 0) + V(x,y , z)lit(x,y,z) = EIit(x . y, z) 
2111 ax ay az- (6.3) 

177 
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a partia l di fferential equation in three variables. For the part icle in a cub ic box havi ng 

rigid walls, we are assuming that the potential energy is zero within the box and infinite 
outside it, namely 

/f ( ) 
{ 

0 0 < x",,, z < L x V .,. = . 
'. , - 00 elsewhere 

(6.4) 

Thus the wave function vanishes outside the box. 
Given the introductory comments in this chapter about using the technique of sepa­

ration of variables, it is natural to try a solution of the form 

ifJ (x,y, :) = X(x)Y(y )Z(z) (6.5) 

that is, as a product ofa function of x, a function ofy, and a function of2. The goal is to 

separate the partial differential equation (6.3) into three ordinary differentia l equations. 

Wh ile separat ion of variables is not guaranteed to work, it is si mple to try. Moreover, 
thi s approach does work in a number of important cases that we will examine in thi s 
chapter, including orbital angular momentum and the hydrogen atom, in addition to the 

particle in a three-dimensional cubic box. Substiniling (6.5) into (6.3) inside the box, 

where II = 0, we obtain 

- - YZ - +XZ- +XI' - =EXYZ Ii' ( d' X d' Y eI' Z) 
2m dx 2 cly 2 dz 2 

(6.6) 

Dividing this equation by the wave function ifJ = XI' Z , we obtain 

(6.7) 

Thus the equation has indeed separated on the left-hand side into the slim of three 

functions, one a function of.\", one a function of y, and the th ird a function of z . Since the 

equation must hold for all x , y , and: independently, each of the terms on the left-hand 

side must itself be a constant. Given that the right-hand side is also a constant, namely 

the energy E, we choose to call these constants Ex, Ey , and E, such that 

Ex + E" + E, = E 

The resulting three differential equations are then 

Ii ' eI' X 
- --- =ErX 

2m dx 2 -

Ii' d' Y 
- --- =E,. Y 

2m dy2 ~ . 

" , d' Z 
- --- = E-Z 

2m dz 2 -

(6.8) 

(6.9) 

each of which is the energy eigenva lue equation for a particle in a one-dimensional box. 
Thus we can use the resuits of Section 3.2 to write the energy eigenvalues as 

EII~ .II , .II : = EIIJ + Ell , + Ell : 

(lI x2 + 11 / + 11: 2) fi 2rr 2 
= ~----~2~1I-1L~'~---- " x, Il .n II : = 1,2, 3, ... (6.10) 
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with correspond ing energy eigenfunctions 

(
2)3/2 . II x7rX . nvlrY . n : 7rZ 

,1,,, If 1/ = - Sill -- Sin -'-- 5 111 --
'I' " ." ' L L L L 

O<x,y,z< L (6.1 1 ) 

namely the product of the three wave functions for the particle in a one-dimensional box. 
As we noted, the energy eigenfunctions vanish outside the well , s incc we are taking the 

potential cnergy there to be inAnite. The ground state corresponds to the state for which 

I1 x = 11 ,. = 11 , = 1. Thus there is a single state with energy 31i2
lf2 / 2111L '. For the first 

exci ted' state, which has energy 6fl ' 7f' / 2I11L ', there are th ree possibilities: 11., = 2 and 

fl y = 11 ; = 1, lIy = 2 and /I x = 1/ :: = 1, or II : = 2 and ll x = II : = 1. T hus the first 
excited state is three-fo ld degenerate . As we wi ll see, slich degeneracy is quite common 
in three-dimensional systems that have certain symmetries. If we were to consider a 
rectangular box, with sides of different lengths, the degeneracy that is present for the 

cubic box would disappear. See Problem 6. 1. 

6.2 Orbital Angular Momentum 

The example of the previous section ni ce ly illustrates how a partial differential equat ion 

in three variables can be reduced to three one-dimens ional ordinary differential equat ions 

by separation of variables. In the next section, we will examine the hydrogen atom. Forthe 

hydrogen atOI11 the potential energy is given by _e2 / 4lT Eor, where r = J x 2 + y2 + z2 

is the distance of the electron from the proton. Consequently, the time-independent 

Schrodinger equation is not scparable in the Cartesian coordinates x, y, and z in this 

case. But the energy eigenvalue equation is separable in spherical coordinates as long as 
V = VCr). Thus the results of this section have a broad degree of applicability since they 

apply to any central potential. Moreover, we are led naturally to the eigenfunctions and 
eigenval ues of orbital angular momentum, a critically important dynamical variable. 

To see how to proceed, notice that in three dimensions the momentum operator is, of 
course, a vector operator with components 

Po =~(~i +~j +~k)=~ \7 
P I ax ay az I 

(6. 12) 

where \7 is the usual gradient operator. Consequently 

2 .J: 2 ? 
P op = - II '\1- (6. 13) 

where the operator 

a' a' a' \7 ' = -+- + -ax' ay' az2 
(6 .14) 

is called the Laplacian. Expressed in the spherical coordinates 1' , 8, and ¢ shown in 

Fig. 6. 1, the Lap lacian becomes 

, I a ( , a ) I a (. a) I a' \7 = -- I' - + ---- 5111 11 - + --
I" ar or ,.' si n II all all 1" s in' II a¢' (6. 15) 
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x 

,P , 
:/ 2: = r cos (J 
, , 
, / Y 

" I / '\. cP " I ... '\. 
____ __ ~'IV/ x=rsinOcoscf> 

" y = r sin e sin 1> 

Figure 6.1 Spherical coordinates. 

Thus when the potential energy V = VCr) , the Schriidinger equation is givcn by 

Ii' [ I a (' 0 ) I a (. a) I a' ] -- -- r - + --- Sll1 e- + W + V(r)W = EW 
2111 r' ar ar r' sin e ae ae r' sin' e a<l>' 

(6.16) 

Although this partia l differential equation looks quite compl icated, it too can be reduced 
to three ordinary differential equations by using the separation of variables technique 

and writing 

W(r, e, <1» = R(r)8(e)<I>(<I» (6. 17) 

As we wi ll see in this section, the operator L~p corresponding to the magnitude squared 

of the orbi tal angular momentum is given by 

I = -Ii --- sin e- + ---, , [ I 0 ( a ) I a'] 
J
op sin IJ ao ae sin'lJ a<l>' 

(6. 18) 

and therefore the angular term in the Hamiltonian 

_!i.- [_I_~ (SinlJ~) + I 0' ] = L~p 
2111 r' s in e oe oe r' s in' e a<l>' 2111r' 

(6.19) 

is simply the rotational kinelic energy. I If we take the angular part of the wave fu nc­

tion (6. 17) to be an e igenfunction of L~p . then we will be able to replace L~p in (6. 16) 
with its eigenvalue, thus reducing the equation to an ordinary different ial equat ion in the 

variable r. 
In classical phys ics, the angular momentum L of a particle is defined by the relation 

L= r x p 

or written out in terms of its Cartesian components 

Lx = y p, - ZPy 

Ly =zp,, - xp, 

L, = XPy - yp" 

(6.20) 

(6.2 1) 

I Recall from classical mechanics that L = I wand therefore the rotational kinetic energy I w2 / 2 = 

L 2 / 2/. In th is case I = mr2 for a mass m moving at a distance,. from the center of force. 
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In quantum mechanics, these components of the angular momentum become the 

operators 

h a h a 
Lrop = Y i az - Ziay 

h a h a 
L 1• = : - - -x--

- op i ax i 0: 
h a h a 

L- =x---y--_or i ay i ax (6.22) 

Perhaps not surprisingly, since we arc disclissing angular momentum, it is best to express 
these operators in terms of angles. In spherica l coordinates 

Consequently 

and therefore 

x = r sin O cos</> 

y = rsin Osin </> 

z = reose 

a ax a ay a 3z a 
- = - -+ --+--
a</> a</> ax a</> a y a</> az 

a a 
= -y - +x-ax ay 

(6.23) 

(6.24) 

(6.25) 

Comparing the last li ne of (6.25) wi th the expression for L,op in (6.22), we see that 

fz a 
L" ,p = i a </> (6.26) 

Thi s form for L,op is rela tively s imple because rotations about the z axis invo lve changes 

solely in the azimuthal ang le </> , whereas rotations about the x and y axes require changes 

in both e and C/> , Consequently, the x and y components of the orbital angular momentum 

nrc not as simple as the z component. As shown in Problem 6.8 , they are given by 

L =- - s in '"- - cot Ocos'" -h (a a ) 
-'or i "'ao "'a</> (6.27) 

and 

L, =- co s</> - - cot Osin </>-Ii ( a a) 
) op i ao a</> (6 .28) 

I f we eva luate the operator corresponding to the magnitude squared of the angular 

momentum 

(6.29) 
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in terms of the angu lar derivat ives using (6.26), (6.27), and (6.28), we find 

L' = _Ii' --- sin O- + ----
[ 

I a ( a ) I a'] 
op s in 0 ao ao sin' 0 a¢' 

(6.30) 

Ou r goal is to find the eigenvalues and eigenfunctions of L~p. Let us start by noting 
that the angle ¢ enters into (6.30) only through the second derivat ive with respect to 

¢. There are no s in ¢ or cos ¢ terms as there are in (6 .27) and (6.28). Thus since L,op 

involves only the derivative with respect to <p, we see that 

(6.3 1 ) 

that is, these operators commute.2 We can therefore find simultaneous eigenfunctions of 
these two operators. Using the technique of separation of variables again, we can write 

the eigenfunction as YeO, ¢) = 8(0)<I>(¢) . Then the eigenvalue equation 

L,opY(O, ¢) = L, YeO, ¢) (6.32) 

becomes 

Ii a 
i a¢ 8(0)<I>(¢) = L, 8(8)<I>(¢) (6.33) 

where L, is the corresponding eigenvalue. Thus the ¢ dependence of the eigenfunct ion 

is determined by solving the ordinary differential equation 

lid<l> 
-- = L -<I> 
; d¢ -

(6.34) 

which yie lds 

(6.35) 

where N is a constant that can be fixed by normalization (see Example 6. 1). This an­
gular momentum eigenfunction is remini scent of the linear momentum eigenfunction 

AeipxX/ fI. But there is a significant difference . Here when <P changes by 2JT, we must 
return to the same po int in space. I fthe wave function is not single valued, for example if 
<I>(2rr) i' <1>(0) , then the derivat ive of the wave function is not well defined, say at ¢ = 0, 

just as the spatial derivative for the linear momentlIm operator would be in finite if the 
wave fu nction were not continuous. But i f we rcquire 

(6.36) 

we And that 

(6.37) 

Hence, 

L, = nI,1i (6.38) 

Thus wc see that the z component of the orbital angular momentum is quantized, always! 
The allowed values are integer mu ltiples of Ii . 

2While it is far from self-evident from the form of the operators for L"op and Lyop given in (6 .27) 
and (6.28), you can verify that L~p commutes with these operators as well as with L~op. 
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How do we dctcrmine the 8 dependence of the eigenfunction y(e, ¢ )? The eigenvalue 

equation 

(6.39) 

yields the differentia l equation 

- fI - - - sine- - - - 8 , [ I d ( d8) lilT 1 
sin e de d8 sin' e 

(640) 

where we have used the explicit ¢ dependence y(e, ¢) = 8(8)e;"" . and written the 

e igenvalue in the form AfI ', whcrc A is a dimensionless constant. Equation (640) is not 

so lved as easily as (6.34)! The solut ion is discussed in Section B.2, where it is shown 

that the 8 that solves (640) wi ll be a satisfactory wave function, namely not blowing up 

at e = 0 or e = rr , only if the eigenvalue satisfies 

A = /(1 + I) / = 0, 1, 2, (64 1) 

Thus the magnitude squared as we ll as the z component of the orbi tal angu lar momentum 

is quantized. The eigenfunctions arc referred to as the spherical harmonics and arc 
denoted by Y, .",,(fJ , ¢). They satis fy the two eq uations 

III, = - I , - / + I , ... , / - 1,/ 

and 

' y ( , Lop ,.",, 8, ¢) = lei + 1)f1 Y,.",,(8, ¢) 1= 0, 1, 2, ... 

As exam pl es, the spherica l harmon ics with / = 0, / = I, and / = 2 are 

Yo.o(8 , ¢) = If 
YI. ±I(e, ¢) = 'F a si n 8e±;· 

Yl.o(8 , ¢) = (3 cos8 V4; 
{!f5 , ±, .• 

Y2.±,(8, ¢ ) = :;--2 s in- e e ' 
j rr 

Y'.±1(8, ¢) = 'F~Sin8Cos8e±;. 

Y, .0(8, ¢) = V 5 (3cos'8- 1) 
16rr 

The spherical harmonics satisfy the orthonorma lity condition 

(642) 

(643) 

(6.44) 

(645) 

(6.46) 

(6.47) 

(6.48) 

(6.49) 

(6.50) 

The factor of sin 8 d8 d¢ arises fro m the fact that the differentia l volume element in 
spherica l coord inates is given by,.2 sin e dr de dfIJ = ,.2drdQ, as shown in Fig. 6.2 . 

As is customary, we have chosen to normalize the angular part of the wave functi on 

separately from the radia l part, which will then satisfy the cond ition 

( '" 
10 I R(r) I' r ' dr = I (6 .51 ) 



184 Chapter 6: Quantum Mechanics in Three Dimensions 

z 
rdO 

y 

rsin 6d4> 

y 

x 
(a) (b) 

Figure 6.2 (a) The solid angle dQ in three dimensions is defined as the surface area d S 
sublended al rad ius r divided by r ': dQ = dS/ r' = (rdO)(r sin Od4»/r '- (b) The 

ordinary angle d<p in two dimensions is defined as the arc length ds subtended at radius r 
divided by the radius: cls / ,. = d¢. 

Example 6.2 verifies Ihat YI.I (9,4» satisfies the eigenva lue equation (6.43) and is appro­

priately normalized. Figure 6.3 shows plots of I Y/.mY as functions of 9 and 4>. 
One of the most striking aspects of these angu lar momentum eigenfunctions is that 

the magnitude of the o rbi tal angular momentum 

ILl = ) 1(1 + l )fI (6 .52) 

is always bigger than the maximum projection of the angular momentum on the z axis 

L : rnax = IIi (6.53) 

since 111/ is always less than or equal to I. Why is this? As we wi ll now show, the commuta­

tion relat ions of the o rbi tal angu lar momentum operalOrs prohibit the angular momentum , 

which is of course a vector, from point ing in any particular direction, since that would 
mean that we know all three components of the angular momentum simul taneously. 

To see the profound difference between linear momentum, which is also a vector, and 
angular momennnn, consider the fo llowing commutator: 

This commutator van ishes because 

a a 
ax ay 

a a 
oyax 

(6.54) 

(6.55) 

Thus it is possible to specify bot h the x and y components of the linear momentum 

simultaneously. On the other hand, 

[L L ] - [v~~ - z~~ z~~ - x~ ~l 
xOP' Yop - a ' 0 0 . i z i oy i x i = 

[y~ a7,z~~l + [z~~,x~ a_l / a_ [aX / ay / a~ 

= y [~~ zl ~~ + ~~ [z ~~l x 
i az' i ax i ay ' i a: 

= ifl (-y~~ +x~~) = iflL,o / ax / oy p 
(6.56) 
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, 
11I.",,1' 

y 

1 = 0, m/ =0 x 

1= I , fIl / =O 1= l ,fII/=± 1 

1 = 2, 11/ / = 0 f = 2, 111/ = ±I f = 2, 111/= ±2 

1=3, nI/ = 0 1= 3, 1111= ±I 1= 3, 111 / = ±2 1 = 3, 11/ / = ±3 

Figure 6.3 PlolS of 1 Y,.",, (O, 1»1 ' for 1 = 0, 1, 2,3. 
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where we have used the fact [see the argument lead ing up to (5.47)] tha t 

(6.57) 

As we saw in Section 5.4, when the commutator does not vanish as in (6.56), we end up 

wi th an uncertai nty relation, whi ch in the casc of (6.56) takes the form 

fI 
/',.L,/',.L,.::: '2 1(Lo) I (6.58) 

Suppose the state ofa particle is an eigenstate of L,op with eigenva lue III/fl i' O. Then 

the z component of the particle's orbital angular momentum is known with certainty, 
namely it is III / fl. But s ince (L,) i' 0, then (6.58) shows that /',.L x and /',. Ly must both be 

nonzero. Thus there is an inherent uncertainty in the values for the x and y components 

of the orbital angular momentum when the z component is known. Consequently, we 

must give lip on the classical notion that the angular momentum points in a particular 
direction, since that wou ld imply that we know Lx ) Ly , and L: simultaneously. 

EXAMPLE 6.1 Show that the azimuthal wave function 

I 
1fJ(</» = rrr cos</> 

is properly normalized. What are the possible results of a measurement of the z 
component of the orbital angular momentum for a particle in thi s state? What are 
the probabili ties of obtain ing each result? What is (L ,) for this state? 

SOLUTION 

{ '" I ( IT I (</> sin2</» I,rr Jo I"' (</» I'd</> = -;; Jo cos'</>d</> = -;; '2 + - 4 - 0 = I 

so '" is properly normalized. Next note that 

Thus "'(</» is not an eigenfunction of L,or' Rather it must be a superposi ti on of the 

normalized eigenfunc tions of L=op, namely 

I '.' 
,I, ("') - --e""'o/ 0 ± I ±2 'I'm, 'P - .j2IT III / = , , , ... 

Since 

a measurement of L, can yield either fI or - fl each with a probabi li ty ( ) / fi)' = 

1/ 2. There fore 

,\, ' I I 
(L, ) = L.. lcm,1 lI1 / fl = '5." + '5.(-") = 0 

/JI1 

Alternatively 

1'" fI a 1fJ (</» i fI l lrr (LJ = ",'(</»-:--d</> = - cos</> sin </> d</> = 
o / a</> If 0 

f, Ilrr - . cos2</> = 0 
41Tl 0 
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EXAM PLE 6.2 Verify that YI ._I(O, q,) = Jl; sin O e- i
¢ is a normali zed eigenfunc­

tion of L~p with the appropriate eigenvalue. 

SOLUTION 

, 2 [ I a ( . a) I a' ] L- YI - I = - {, -.-- S111 0 - + --,- --
op . S111 0 ao ao s in- 0 8q,' 

= _ {" fT [_1_ ~ (s in 0 cos 0 e- i¢) - _1- sin 0 e-i¢] 
V S; sin 0 ae sin' 0 

= _ {" fT [_._1_ (cos' 0 _ sin' 0) e- i¢ - _._I_ e-;¢] 
V S; Sill 0 S111 0 

>, {l; (cos' 0 - sin ' 0 - I) - i¢ 
=-11 - e 

8Jr sin 0 

= 2;" {l; sin Oe- i
¢ = 2{, ' YI. - I 

The eigenval uc is 2{, ' = lei + I )(, ' with / = I. And the normalization checks, too: 

r'" r [YI. _I(O, q,)[ ' sin OdOdq, = 2- r'" r sin'O sin OdOdq, 
)0 )0 8Jr ./o ./0 

6.3 The Hydrogen Atom 

= ~ r ( I - eos'O) sin OdO 
4 ./0 
3 ( cos

30)I" = 4 - coso + - 3- 0 = I 

If you had to pick one problem to sol ve in three-dimensional quantum mechani cs, it 
would probably be the hydrogen atom, the s implest atomic system. Not only does the 

SchrMingcr equation for the Coulomb potential have an exact solution, but thc energy 

levels and the wave functions for the hydrogen atom have much to te ll us about multielec­

tron atoms as well. You have probably heard of the Bohr model- Niels Bohr's attempt 

to "explain" the spectrum of hydrogen with its di screle energy levels . The Boh r model is 

of much historical interesl (see Problem 6.18), but apart from getting the right answer, at 

least in terms ofthe allowed energies, almost everyth ing else about the model is incorrect. 

In particular, the electron does not fo llow a definite trajectory, as is often suggested by 

the planetary-like mode ls of the atom. Rather, there are certain allowed wave functions, 
the encrgy eigenfunct ions, wh ich resull from solving the Schrodinger cquation 

{" [I a ( , a ) I a (. a ) I a' ] Ze' - - - - ,.- - + ---- Sln O- + , \jJ --- \jJ = E\jJ 
2111 ,. ' a,. a,. ,. ' sin e ae ae ,.' sin- e 8q,' 4JrEo,. 

(6.59) 

where we have taken the charge on the nucleus to be Ze. Thi s permits us to consi der 

not only hydrogen, for which Z = I, but al so singly ioni zed helium (Z = 2), et cetera. 

Because the mass of the proton in the hydrogen atom is so much bigger than that of the 
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e lectron, we can think of the electron as " moving" about a fixed center of force. Strictly, 

thi s is a two-body problem and the mass 11/ in the Schr6dinger equation should rea lly be 

the reduced mass /1. = m 11112/(1111 + 111 2) , where III I and 1112 are the masses of the two 
constituents. 

I f we write the wave function 

W(r, 0, <p) = R(r)Y, .m,(O, <p) 

then (6.59) with the aid of (6.43) reduces to the radia l differential equation 

Ii ' [ I d (,dR) ] 1(1 + 1)1i ' Ze' -- -- 1' - + /I - -- /l=£R 
2m ,. 2 til" dr 211/1- 2 4JT for 

This rad ial equation simplifies if we make the change of variables 

11(1') = rR(r) 

We then end lip wi th the differential equat ion 

_~ d'lI + [1(1 + 1)Ii' 
2m dr2 21111' 2 

Ze' ] - - - u = Ell 
4iTfor 

(6.60) 

(6.61) 

(6.62) 

(6.63) 

This is an interesting way to write the radial equation because it looks just like the 
onc-dimensional Schrodinger equation wi th an effective potential energy 

1(1+ 1)1i ' Ze' 
Vcff= - - -

2111r2 4Jrfor 
(6.64) 

Figure 6.4 shows a plot orthe effect ive potentia l energy for various values of the orbita l 
angul ar momentulll quantum number I. The term 1(1 + 1)/i2/ 2I11r 2 is referred to as the 

centrifugal barrier, since for nonzero 1 it tends to keep the electron away from the 

origin, where the proton is located. For £ < 0 the e lectron is confined in a potential we ll 
and thus we expect to find discrete energies. 

The di fferentia l equation (6.63) is certainly not as simple as the one-d imensional 
different ial equations that we solved in Chapter 4. We can learn a lot, nonetheless, by 

examining the behavior of the soluti ons for large and small r. For large 1', 

I 
--> 0 
I' 

1(1 + I }n'/2mr" 

':;rr(r) 

V(r) 

(a) 

and 

r 

I 
- -> 0 
,.2 

(b) 

(6.65) 

r 

Figure 6.4 (<1) The Coulomb potential energy V(r) = - Ze2 j 4rr Eor and the centrifuga l 
barrier 1(1 + l)fj 2/2I11r2 add together to produce the eflcctive potential energy Ven' given 
in (6.64). (b) The eflcctivc potential energy for several va lues of I. 



and thus the differential equation reduces to 

1;2 ell" 
--- ~ Elf 

2111 d/" 

which for E < 0 has the solutions 
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r -+ 00 (6.66) 

,. --t 00 (6.67) 

For small /' , on the other hand, the differential equation is dominated by the centrifugal 

barrier 

d'// ~ /(1 + \) 
- " = /I d,.- ,. 2 

/'->0 (6.68) 

which has as soluti ons 

u = ,.1+ 1 and II = ,. - 1 /'->0 (6.69) 

In solving (6.66) we will ignore the so lution wit h a radia lly increasing exponential, 

while in solving (6.68) we will ignore the solution that behaves as /' - , since it too leads 

to problems with normalization. 3 

Tak ing advantage of what we know about the small-r and large-r behavior of the 
wave functi on suggests searching for an exact solut ion of the form 

//(/') = /,'+ 1 F(/')e- .J- 'mEI"" (6.70) 

and hence 

R(/') = /, ' F(/')e-.J- 'mEI"" (6.71) 

The correspond ing differential equat ion for F(/') can be solved as a power series in /' . In 

Section 8.3 it is shown that the only wave fun cti ons that are physica lly acceptable occur 

when F(/' ) consists of polynomial s (ca ll ed assoc iated Laguerre polynomial s) in /'. The 

corresponding energy eigenvalues are given by 

111 Z'e' ( 13.6 eV)Z' 
E" = - (4iTEo)221i2n2 = 11 2 

11 = 1,2, 3, ... (6.72) 

as indicated in Fig. 6.5' 

The in teger 1/ in (6.72) is called the principal quantum number. When the hydrogen 

atom makes a transition from a state wit h principal quantum number Il i to one with 

principal quantum number IIr. a photon o f frequency v is emitted, where 

h" = En. - En, (6.73) 

J An except ion is I :::; 0, in wh ich case II approaches a constan t for small ", meaning that R behaves 
like 1/ r for small r, which is not a so lution to (6 .61) at the o rig in . 

.J A nice way to write (and hence remember) the ex pression for the allowed energies is E" = 
- me2 Z 2a 2 / 2// 2 (or, more accurately, Ell = - ,.te2 Z 2(1 2 / 2,,2, where j.t is the reduced mass of the 
electron- proton system). The constant a = C2/ 4rr Eofi c is ca ll ed the finc-structure constant. The nu­
merical value of a is approximately 111 37. which is the reason the cnergies o f the hydrogen atom are 
measured in eV rather than MeV, since me2 = 0.511 MeV for an electron. 



190 Chapter 6: Quantum Mechanics in Th ree Dimensions 
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Figure 6.5 The energy levels of the hydrogen atom superposed 
on a graph of the Cou lomb potential energy. 

I 
.. , ; _ Ilono, 

Figure 6.6 The visible spectrum of hydrogen, showing the Balmer series. Adapted from 
W. Finkelnburg, Srrllcmre a/Mcurer, Springer-Verlag, 1964. 

Figure 6.6 shows the spectrum of hydrogen when transitions take place from II; > 2 

to II f = 2. Thesc transitions, the lowcst fo ur o f which are in the visible portion of the 

electromagnetic spectrum, are referred to as the Balmer series. Transitions that end on 
II r = 1 produce morc energetic photons, in the ul traviolet portion of the electromagnetic 
spectrum (the Lyman series), while transitions that end on IIr = 3 are in the infrared 

portion of the spectrum (the Paschen seri es). 

One of the stri king aspects o f (6. 72) is that the allowed energ ies depend on the integer 

n, the principal quantum number, but seemingly not on the values of I and flIl. Of course, 
the lack of depcndence on III / is not unexpected, since III / did not enter into the differential 

equation (6.61). Thi s degeneracy-the fact that di fferent values of Ill / and hence different 

wave functions correspond to the same energy- arises from the fact that the potential 
energy is spherically symmetric. Thus it shoul dn 't matter which axis is ca lled the z ax is, 

and therefore the energy should not depend on the projection of the angular momentum 
on this axis. On the other hand, the lack of dependence on / is surprising. The d iffere ntial 

equation (6 .61 ) clearly depends on /, with diffe rent values for / generating different 

effective potentials. The place where / enters is ac tually hidden in the result (6.72). For 
a particular val ue of 11, the allowed va lues of I are given by 

I = 0, 1,2, . . , II - I (6.74) 
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11=4 
11=3 
11=2 

11= 1 
1 = 0 1 = I 1=2 

Figure 6.7 The 11 = 1 through 1/ = 4 energy levels of the hydrogen atom. showing the 
degeneracy. 

as shown in Fig. 6 .7. Thus for the ground state, for which II = 1, 1 = 0 only, while for 

II = 2, 1 = 0 and 1 = I, and so forth. The radi al functions R".I(r ) thus require two 

subscripts to label the corresponding values of II and I. As an ill ustration, the normal ized 

radial function for the ground state is given by 

( Z) 3/ 2 
Rl.o(r) = 2 aD e - 2, /a, 

As Example 6.3 shows, the parameter 0 0 is given by 

4rrEoli 2 
00= - - ­

me2 

(6.75) 

(6 .76) 

For hydrogen, aD = 0.53 A, which is prec isely the value of the radius for the circular 

orbit that Bohr presumed in the Bohr mode l. Hence 00 is known as the Bohr radius. 
Example 6 .3 i l1 ustTates how this va llie is determined in quantum mechanics. Of course, 

in quantum mechanics the electron does not follow a circular orbit. In fa ct, since I = 0 
for the ground state, the electron in the ground state does not possess any orbital angular 

momentum at all. It does have a radial wave function that is nonzero for all r, one for 
which the probability of fi nding the electron between rand r + el l" has a max imulll at 00 

(see Example 6.4). 

The normalized radial wave function s for the first excited states (n = 2) are 

R,.o(r) = 2 - I - ~ e- Z,-;2", 
( 

Z ) 3/2 ( zr) 
2ao 2ao 

(6.77) 

I (Z ) 3/2 Zr . R,.,(r) = _ _ _ e - Z, / 2a, 
~ 2ao aD 

(6.78) 

and for the second exci ted states (1/ = 3) are 

R3,o(r ) = 2 (,Z ) 3/ 2 [I _ 2Zr + 2( Zrt] e - Z, /3", 
oao 3ao 27aij 

(6 .79) 

(6.80) 

(6.8 1) 

where 

!/f". I.m,(r, e, </J) = R" ,1 (r)Y1.m,(e, </J) (6.82) 
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Figu re 6.B Plots of the radia l wave funct ion RIIA/") and the radial probabi lity densit ies 
,.21 RU . I(r) 12 for the wave functions with 11 = 1,2,3. 

These radial funct ions as well as the radial probabili ty densities r' [R".,(r) [' are plotted 
in Fig. 6.8. Notice how the probabil ity of finding the electron at incrcasing r varies with 
the quantum numbers n and I . This is why it is often said that the electron resides in 

different shell s depend ing on the principal quantum number II. Some propcrties of the 
radial fu nctions that you may see in Fig. 6.8 includc the fact that the number of nodes is 
given by II,. = II -/ - 1, the exponential dependence depends on 11 as e - Zr/ llao, and the 
behavior for small r vari es as r'. [n order to get a sense of how the probability of finding 



Figure 6.9 A plot of the probability density f'or the II = 7, { = 4, 
In , = 0 hydrogen atom wave function. To "sec" the three· 

dimensional nahlre of the eigenfunctions up through 11 = 7, 
includi ng this figure , check out the award-winning Atom in a 

Box program created by Dean Daugcr. one of my forme r 
students, al http://daugerrcscarch.com/orbitals/, 
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the electron varies in three dimensions, we need to combine the radial wave function and 
the orbital wave func lion. See Fig. 6.9 for an example. 

EXAMPLE 6.3 Verify that (6.75) is Ihe ground-slale energy eigenfunction for the 

hydrogen atom with the appropriate ground-state energy. 

SOLUTION Since the ground-state has I = 0, the radial Schr6dillger equal ion (6.61) 
is given by 

[ n' (eI' 2 eI ) e'] - - -+-- --- Rlo=£R, o 
2m dr2 r dr 4rrEo,.· . 

or 

[_~ (eI' + ~~) _ ---"'---] e- ,/a, _ £e- "/o, 
2m dr2 r dr 4iTEor -

where we have di vided Ollt the normali zation constant from both sides of the equa­
tion and have set Z = I. Tak ing the deri vat ives, we obtain 

[_~ (~ - ~) - ---"'---] e- ,/a, _ £e- ' /u, 
2m 05 Go" 4rrfor -

Notice that the 1/ r terms multiply ing the wave fu nction on the left-hand side must 
cancel so we end up with a constant. Therefore, 

11 2 e2 

mao 4rrfo 

consistent with (6.76). Consequently, the rema in ing constant on the lett-hand side 
must equa l the energy E: 

112 me4 

£=---., = - ., 
211l{/o 2(4JfEo)' n-

cons istent with (6.72) . Notice how solving the Schr6dinger equation determines 
bOl h the energy and Ihe size (through {/oJ of the atom. 
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q \ 
v 

Figure 6.10 A part icle with 

charge q moving with speed u 
in a circular orbi t of radius r 
behaves li ke a loop of current 

with magnetic moment 11- . 

EXAMPLE 6.4 At what radius is the probability of finding the particle a maximum 
in the ground state o f the hydrogen atom? 

SOLUTION Given the nonnalization condition (6.5 1), the probability of finding the 

part icle between ,. and,. + d,. is g iven by Rl.o'" d,.. To find where thc probabili ty 

is a maximum, we di fferentiate the radial probability density with respect to rand 
set the result to zero: 

d ,. 2 
_ r 2e-2r /llo = 2re-2r / llo _ 2_ e-2r /no = 0 
elr aD 

which is satisfied if,. = Go. 

EXAMPLE 6.5 What is the ionization energy of positronium? 

SOLUTION Positronium is 311 "atom" in which the nucleus is the positron, the an­
tipart icle of the electron. Sincc the positron has the same mass as the e lectron, the 

reduced mass of the electron- pos itron system 

111 1111 2 

IJI l+ m Z 2m 

III 

2 

wherc III is the mass of the electTOn. Thus thc a llowed energies of positronium 

are g iven by (6.72) with the repl acement III --> III 12. Consequently the ionization 

energy ofpositronium is ( 13.6/ 2) eV = 6.8 eV. 
It may strike you as strange to be talking about an atom for which the nucleus 

is a positron, the antiparticle of the electron, since the eventua l fate of a positron 
is to ann ihilate with the electron. But we have seen that the radia l wave functions 
R(r ) for the hydrogen atom vani sh at r = 0 except for I = O. Thus the electron 

and pos itron, which are point-li ke particles, do not overlap with each other in space 
and do not have a chance to ann ihilate unless the electron is in a state such as the 
ground state that has orb ital angular momentum / = O. 

6.4 The Zeeman Effect 

Consider a particle with charge q and mass 111 moving in a circular orbit of radius r 

with speed v, as ill ustrated in Fig . 6.10. The motion, which is periodic with a period 

T = (2ITr)lv, e ffec ti vely generates a current loop with area A = ITr ' and current 

I = 'l I T = qv/ (2rrr). From class ical electromagnetic theory, we know that such a 

current loop possesses a magnetic dipole moment f.L of magnitude 

qr v 
j.L= I A= -

2 
(6.83) 

lfwe insert a fa ctor o f m in the numerator and denominator of this expression, we then 
have rm v in the numerator, which is just the magnitude ofL = r x p, the orbital angular 
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momentum of the particle. We can even wri te the resulting equation as the vector equation 

q 
/L = - L (6.84) 

2m 
since the sign of q determines whether the magnetic moment and the angular momentum 

are parallel or antipara ll eL If th is current loop is immersed in an cxtcrnal magnetic field 
B, there wi ll be an energy of interaction 

- I.'· B = -~L. B (6.85) 
2m 

This expression suggests that if we were to immerse a hydrogen atom in an external 

magnetic fi eld in thez di rec ti on, there will be a term added to the Ham ilton ian of the fo rm 

e li 
2111 L" , (6.86) 

where we have substituted q = - e as the charge of the electron. 

The argument in the preceding paragraph, which starts with the principles of classical 

physics, makcs a leap at Ihe end in suggesting a spec ific form fo r Ihe modification to the 

Hamiltonian for an atom in an external magnetic fie ld.5 What is the effect ora term such 
as (6.86) in the Hamiltonian? Nolice that the energy eigenfunctions 1/I".I.m,(r, e, ¢) = 
RnAr) Yf.m,(e, ¢) of the hydrogen atom are energy eigenfunctions of th is additional term 

as well , since the Y' ,III/C8, 1>),s are eigenfunctions of L=op with eigenvalues m/ft. J-Ienee 
the energies of the hydrogen atom arc modified accord ing to 

e B III/n 
Ell --.+ EI/ + --- = E" + jJvBBml 

2m 
where we havc introduced the Bohr magneton 

eli 
/LB = - = 5.79 X 10- 5 eVrr 

2m 

(6.87) 

(6.88) 

Thus the net effect of this additional term is to break the degeneracy of the energy levels 

with respect to 111 / , as expected since the magnetic field dcstroys the rotational symmetry 

by pick ing out a d irection in space. Transi tions between a state wi lh I = I and onc wi th 

I = 0, say between the fi rst excited state and the ground state in hydrogen, resu lt in the 
emission of photons with three different frequenc ies, as illustrated in Fig. 6. 11. Given the 

size of the Bohr magneton, you can see that magnetic fields in the tes la range produce 

quite sma ll energy shifts in compari son, for example, with thc 10.2 eV difference in 

energy between these states in the absence of the magnetic field. This spli tt ing of the 
spectral lines in the presence of an external magnet ic fie ld is called the Zecman effect, 

after Pieter Zeeman who first observed it in 1896. Zeeman, who was inspired 10 make 

these measurements by H. A. Lorentz, took advantage of the high resolution of the 

diffraction grating, as discussed in Section 1.7. Lorentz and Zeeman shared the Nobel 
Prize fo r th is work in 19026 

Sit is probably worth re-emphasizing a poill t made earlier, namely that quanlllln mechanics call1lot be 
derived from class ical physics. The argument leading to (6.86) is really at best a heuristic one. We have 
used a toy classical model, since we know that electrons in the atom do not move in circles and do not 
occupy a particular point in space. Unfortunate lY, 1 do not know ofa better way to motivate (6.84) and 
(6.86). As we will see in the next section. thi s resul t is incomplete, since it doesn't include the effect of 
the intrinsic sp in (and corresponding magnetic moment) of the constituents of the atom. 

611 should be noted that in these tran si tions there is a se lec tion rule in that transit ions occur that 
satisfy the condition l:lJII, = 0, ± I, where l:lm, is the change in the value of /11,. Thus a transit ion from 
a stale with IIl I = 2, say for f = 2, to 111 , = O. say for I = I. would not be observed. For a discussion of 
another se lect ion rule (fil = ± I) and its role in Bohr's correspondence prin ciple. see Problcm 6. 14. 

ml =l ,----
I = I III/ = 0 1--.--

Ul/ = - I 1--1-- ,-

1 = 0 III/ = 0 L---'-_'-

Figure 6.1 1 An cxternal 
magnet ic field breaks the 
degeneracy with respect to 11/ 1 

of the energy levels of the 
hydrogen atom. Thus a 
transition from I = I to I = 0 
result s in three different 
frequencies for the emitted 
light instead of one frequency. 
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EXAMPLE 6.6 An electron wi th the azimuthal wave funct ion 

I 
,p(</» = ft cos </> 

is placed in an external magnetic field. Take the Hamiltonian to be 

e B 
H = - L - = woL-

2111 ·"P . op 

where Wo = eB / 2m. Determine ,p(</> , f). 

SOLUTION In Exampl e 6.1 we saw that 

I I (ei
¢ + e-i¢) 

,p(</» = ft cos</> = ft 2 

I I 

= Ji""+ J/'-' 
namely the wave function is a superposition of eigenfunctions of L ' ''I' with eigenval­

ues ± Ii. Since the eigenfunctions of L", are also eigenfunctions ofthe Hamiltonian 
(H and L", differ by only the mult iplicative constant wo), the second line of this 

equation expresses the wave function as a superposition of two energy eigenfunc­
tions with the distinct eigenvalues ± hwo. Tacking on the time-dependent factor 

e-iEt / fi for each energy state, we find 

We see that the argument of the cosine is rotating about thez axis with angul ar speed 
woo This is in accord with the behavior that we would expect in classical physics 
for a magnetic moment in 3n external magnetic fie ld in the z direction, namely, the 
magnetic moment would precess about the z axis with angular frequency Wo o 

6_5 Intrinsic Spin 

Atomic spectra are more complex than our discussion so far suggests. For hydrogen, for 
example, what should be a si ngle wavelength (a sing le line in the spectrum) corresponding 

to the II = 2 to 11 = I transition in the absence of an external magnetic fie ld turns out to 
be a doublet: two closely spaced lines that can be resolved with a good spectrograph. 7 

And when an external magnetic field is applied, the response is more complex than was 

7 A similar doublet with a larger spacing between Ihe lines is formed by the famous sodium D·lines. 
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suggested in the prev ious sect ion, leadi ng to what was historically referred to as the 
anomalous Zeeman effect.8 In 1925, in an effort to explain atom ic spectra, two Dutch 
graduate students, Samuel Goudsmit (an experimentalist who had worked in Zeeman's 
laboratory) and George Uhlenbeck (a theorist), suggested that the electron had its own 

intri nsic spin angular momentum S with a corresponding magnetic moment 

It =g(~~)S (6.89) 

Thus ifan atom such as hydrogen is placed in an external magnetic fie ld B, the interaction 

energy (6.85) of the electron with thi s magnetic fi eld becomes 

( e e) -It · B = - L + g-S ·B 
2m 2m 

(6.90) 

where we have included the contribulions of the orbital and the spi n magnetic moments. 
The factor of g in (6.89) is known, pcrhaps not too imaginatively, as the g fac to r. In 

non relativistic quantum mechani cs it is a "fudge" factor (another techn ical term) that 
must be inserted in order to give good agreement with experiment. Relat ivistic quantum 
mechanics (via the Dirac equation) predicts g = 2 for the electron, exactly9 

What are we to make of this intri nsic spin? You are probably thin king that the electron 

is a ball of charge spinning about its ax is very much as the earth spi ns about its ax is 
as it revolves around the sun. That is basica lly what Goudsmit and Uhlenbeck thought, 

at least initially.lo But this model o f the electron's spin canllot be correct. After all , 
we can calculate spin angular momentum of a rotating ball by integrat ing the orbital 

angular momentum of each sl11all piece of mass dill as it moves about its rotation ax is 
(iw = Jr x dill v). Thus this sort of spi n angular momentum is j ust orbital angular 
momentum, too; we simply g ive it a different name. But we have seen that the L= 
eigenvalues of orbital angular momentum are restricted to be III th with lil t an integer (so 

that the wave function ",(r, e, </J) is si ngle valued). Si nce the obscrved values of S, fo r 
an electron are ± h/ 2 (or lII , h with III ., = ± 1/ 2, clearly not an in teger), we cannot think 
of the electron 's spi n as arising in some way from the motion of the partic le (S # r x p). 

We must give up on the notion of a wave function that te lls us, for example, something 

about the orientation of the electron. In fac t, as far as we can tell , the electron itselfi s a 
point particl e. This sp in angula r momentum is an intrinsic attribute of the particle, like 

its charge. Any attempt to search for a deeper physical model that generates thi s spin is 
probably not appropriate. As an anti dote to such attempts, you shoul d note that particles 

Sit turns oUllhat there were classical arguments thaI seemed to "explain" the normal Zeeman effec t. 
but tbe origin orthe anomalous Zeeman effect was a mystery before the advent of quantum mechanics 
and the discovery of til e role of intrins ic spin. 

9Thc observed value is 2.00232. This apparent discrepancy between the pred iction of the Dirac 
equation and the observed value is beautifu lly reconci led through quantum clcclrodyn<ll1l ics. as we will 
disclIss in Section 10.1. 

IO When Goudsmit and Uhlenbcck proposed the idea of electron spin to P. Ehrcnfest, he encouraged 
them to write up thei r results and to talk with H. Lorentz. After SOme analysis, Lorentz poinled out 
Ihal a class ica l model of a sp inning electron required that the speed at the surface be approximately 
ten times the speed of light in order to obtain the observed magnetic momen t. When Goudsm it and 
Uhlenbeck went to tet! Ehrenfest of their foo lishness. he informed them that he had already submitted 
their paper for publication. He assured them they shouldn't worry since they were ··both young enough 
to be able to afford a stupidity." Physics Today. June 1976, p. 40. 
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besides the electron have their own intrinsic sp in. Photons, for examp le, have values of 

S, in the direction of propagation of the photon equa l to ±Ii. And you are probably much 
less incli ned to think of a photon as a spilming ball. 

How does quantum mechanics handle intrinsic spi n? It simply posits that there are 

spin operators SXOPl SYOp' and S:op that obey the same com mutation relations as do the 
orbita l angul ar momentum operators, namely 

[Sr op, .s~!Op] = ifiS; op 

[SYOp. S:op] = ifiSxop 

[5: op• $r op] = inSyop (6.9 1) 

For the electron, there are two basis states, one with S~ = 1i/2 (called spin up) and one 
with S, = - 1i / 2 (called spi n down) . Look back at Example 5.3, where there were also 

two basis states that we simply speci fi ed as bei ng eigenstates of some unspecified A op 

with dist inct eigenva lues. In the latter part of Example 5.3 we showed how we could 

represent these states as column vectors . Here too we can write the spi n-up state as a 
column vector 

(6.92) 

the spin-down state as a column vector 

(6.93) 

and the operator for the z component of the sp in angular mom ennllTI as a 2 x 2 matrix 

fl (I 0) 
S'op = 2" 0 - 1 (6.94) 

with the S, eigenvalues on the diagona l so that 

(6.95) 

and 

1i( I O)(O) S,opX- = 2" ° _ I I 

fI (0) fl =-2" I =- 2"X- (6.96) 

Namely, x+ and x- are eigenstates (e igenvectors) of S,op with eigenvalues flI2 and 

-Ii 12, respectively, as des ired. 
What about Sxop and SYOp? You can check (see Example 6.7) that the 2 x 2 matr ices 

(6.97) 
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and 

" (0 -i) S'·o p ="2 i 0 (6.98) 

do the job in that they satisfy the commutat ion relations (6.91 ). Moreover, given the 

explicit form of these matrices, it is not hard to veri fy that 

= 3'" (I 0) 
4 0 I 

(6.99) 

that is, j ust 3h'/ 4 times the identity matrix. Si nce the identity matrix commutes with a ll 

2 x 2 matrices, we see that 

(6.100) 

just as the orbita l angular momentum operators L, op and L~p commute. I I Thus the eigen­

vectors (6.92) and (6 .93) are s imultaneous eigenstates of S,op and S~p . The eigenvalue 

3'" / 4 of S~p can be written as s(s + I )" , w ith s = 1/ 2. For this reason we say the 

electron is a spin- I / 2 part icle even though the magnitude of its spin is (./3/ 2)". 

Since we did not include the intrinsic spin of the electron in our d iscussion of the 

hydrogen atom in Section 6.3, the energy eigenfunctions given in (6.82) are therefore 

incomple te. We can label the energy eigenstates by the total energy, the magnitude of 

the orbital angular momentum, the z component afthe orbital angul ar momentum, and the 
z component of the intrinsic spin angular momentulll , since the operators corresponding 
to each of these observables commute with each other. Consequent ly, we can express 

the wave funct ions in the form R".!Cr) Y'.m, (9, ¢)x±. A shorthand notation that takes 
the in tri nsic spin into account is typica lly used to label the different energy leve ls. The 

o rbital angular momentum states are labeled by the letters 5(/ = 0), p(/ = I), d(/ = 2), 

J(I = 3), g(1 = 4), h(1 = 5), etc. As you can see, from I = 3 upward, the labeling is 

alphabetieaL '2 The sum of the intrinsic spin angul ar momentum and the orbital angular 

momentum of the electron generates a total angul ar momentum labeled by the quantum 

number ) , meaning that the magni tude squared of the total angular momentum is equal 

to ) U + I )h'. When the intri nsic spi n s = 1/ 2 o f the electron is combined with the 

electron's orbita l angular momentum I, the resulting) takes on the two values) = I ± 1/ 2 

(wi th the exception off = 0 where the total angular momentum is solely) = 1/ 2).'3 

The energy levels of hydrogen are then labeled by ISI /2, 251 /2, 2p l/', 2pJ/" ... , where 

the le tters s, p, d, . .. label the orbital angular momentum, the number in front o f the 

letter labels the value 1/ of the principal qua ntum number, and the subscript labels the 

value of ). 

II The spin operators S.rop and Syop also commute with S~ just as L~op and L Yap commute with L~ . 
although it is easier to see this explicitly from the ma trices (6.97), (6 .98), and (6.99) for the intrinsic spin 
operators than from the forms (6.27), (6.28), and (6 .30) for the orbital angular momentum operators. 

12This s , P. d. and J terminology arose from characteristics of the spectrulll , namely sh~ rp. princ ipa l , 

diffuse, andfilndamenwi . 
Il ln the di scuss ion of the helilllll atom in Sect ion 7.3 , wc will see an example that illustrates how th is 

addit ion of angular mOlllcnta works in quantum mechanics. 
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1/ ;; 3 
31'3" 3d,,, ___ ___ ______ / _ _____ L _ _ _ _ _ _ 
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Figure 6.12 An energy-leve l diagram ror the II = I , II = 2, and II = 3 levels or hydrogen, 

including fine structure, which is exaggerated in scale by roughly a ractor or 104 . States 
with different va lues ror I and the same j and" are degenerate. 

If an external magnetic field is applied to the atom, then the Hamiltonian will have the 
additional term (6.90) and the different intrins ic spin states will have different energies. 
Even without an external magnetic fie ld, there are internal magnetic fie lds in the atom that 

arise from the relati ve (orbita l) motion of the electron and the nucleus. This relat ivist ic 

interaction is called spin-orbit coupling and it contributes together with two other 

relativi st ic effect s to what is termed a fine structure of the energy levels, as illustrated 
in Fig. 6.1 2. Moreover, the proton in the hydrogen atom has its own intrinsic spin and 
magnetic moment, which interacts with the magnetic moment of the electron generating 
a hyperfine structure on the energy level s. Finally, when quantum field theory is taken 

into account, there is an additional even smaller shift (the Lamb shift) in the pos itioning 

of the energy levels that , for example, breaks the degeneracy of the 2S I/2 and 21'1 /2 energy 
levels. The success of quantum mechanics in providing such a complete and accurate 

description of the hydrogen atom is without doubt one of its most notable triumphs and 
has contributed significant ly to our confidence in the theory. 

EXAMPLE 6.7 Veri fy that the matrices (6.94), (6.97), and (6.98) sat isfy Ihe commu­

tation relation 

SOLUTION 

[.s:'COP' SyOp] = .s:'C opSYOP - SYop.s:'Cop 

=H~~)~U~I) ~U~i)~(~~) 
= f~2 (~ ~i ) = i flS,op 
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The Stern-Gerlach Experiment 

This is a good point to descri be an atom ic beam experiment carried out in 1922 by Otto 
Stern and Walther Gerlach wi th sil ver atoms. Thi s class ic experiment gives clearevidenee 
of the intrinsic spin of the electron. As we will see in the next chapter, in trinsic spin is an 

attribute that plays a very important role in the structure of multi electron atol11 s. For now) 

we sim ply note that although a silver atom is a pretty complex entity with 47 electrons 
bound to a nucleus, 46 of these electrons fill up shells in such a way that their spin and 

orbi tal angular momentum sum to zero. Thus the magnetic properties ofa neutral silver 
atom are determined essentially by the properties ofa single (valence) electron, which it 

turns out is bound in an orbital angular momentum / = 0 state. Therefore the interaction 
energy (6.90) of the atom in a magnetic field reduces to 

- /1- . B = ge S . B 
2m 

(6.10 1) 

In the Stern-Gerl ach experiment silver is vaporized by heating it in an oven. The 
atoms exit the oven through a small opening, are collimated into a beam by traversing 

a narrow sli t, and travel down the center of a long magnet, as indicated in Fig. 6.13. 
Notice how one of the po le pieces of the magnet is pointed, so that the magnetic field 
between the poles is not uniform. Therefore there will be a fo rce on the atom given by 

the negative gradient of the interact ion energy (6. 10 1). Tfwe orient our z ax is so that 

the magnetic field gradient points in this direction, then the z component of the force is 
given by 

a ge 
F. = ---SB . az 2111 
~ _ge S. aBo 

2111 . az (6.102) 

where we have assumed that aBx/az and aBy/az are much smaller in magnitude than 
aB, /a z. If, as illustrated in the figure , aB, /az < 0, then if S, = !i / 2, the atom will 

be deflected in the positive z direction. On Ihe other hand, if S, = -fi/2, the atom is 

deflected in the negative z direction. After traversing the magnet ic fie ld, the sil ver atoms 
are coll ected on a glass plate. Figure 6. 14 shows the data obtained by Stern and Gerlach. 

Oven 

Collimator Detector 

(a) (b) 

Figure 6.13 (a) A schematic diagram of the Stern- Gerlach experiment. (b) A cross 

sect ional view orthe pole pieces of the magnet depicting the inhomogeneous magnetic 

fie ld they produce. 
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i(~M4"1-~'''''.t.-•• 1-' 

Figure 6.14 A postcard frol11 Walther Gerlach to Niels Bohr, dated February 8, 1922. 

Note that the image on the postcard has been rotated by 90° relative to Fig. 6.13, where 
the coll imating sl it is hori zontal. The left-hand image. with the mngnclic field turned off, 

shows the finite width or the coll imati ng slit. The right-hand image shows the beam 

profi le with the magnetic field turned on. Only in the center or lhe apparatlls is the 

magnetic field gradient suffic iently strong to cause splitting. Photograph reproduced with 

permission from the Niels Bohr Archive. 

Atoms are indeed de Rectcd up or down, consistent with the two possible va lues or S, ror 

the spin- 112 electron. " 

In our discussion of mcasllrement in quantum mechanics (see Section 5.6 in particu­
lar), we have been quite vague about what constitutes a measurement. The Stern- Gerlach 

experiment provides li S with a concrete example as to how one might measure at least one 
observable, namely, S: . From our discuss ion, we know that silver atoms that are deflected 
upward have S, = 1i /2 and silver atoms that are de neeted downward have S, = - fl / 2. 
We can confirm these resuits by repeating the experiment. Name ly, if instead o f a llowing 

the atoms to collide with a g lass plate, we take the ones that are deRected upward and 

send them through another Stern-Gerlach device with its inhomogeneous magnetic fie ld 

also oriented in the z d irecti on, we fi nd that a ll the atoms that were deReeted upward in 

traversing the fi rst dev ice are defl ected upward by the second device as well. They do 

indeed still have S, = Ii / 2. See Fig. 6.15a. Similarly, the ones that were deReeted down­

ward in traversing the fi rst device are all deflected downward in tTaversing the second 
Stern- Gerlach device as we ll. Does th is mean that the atoms all have either S, = h/2 or 

S, = - Ii /2 before they enter the fi rst device? The answer is that we can 't be certa in ir we 

aren 't sure how the ini tial state was prepared. But the Stern-Gerlach experiment gives 

us a good way to prepare the state or the atoms. I f, for example, we orient the inhomoge­
neous magnetic fi eld in the first dev ice along the x ax is instead of the z ax is, we find the 
atoms arc de fl ected either to the le ti or the right and hence have $, = Ii /2 or $,. = - Ii /2 
upon exit ing this device. But if we take the atoms that are de flected to the right (the ones 

with S, = Ii / 2) and send them into the second dev ice with its inhomogeneous fi eld in 

the z di rection, we find 50% or the atoms are defl ected upward and 50% or the atoms 

I.!Stern and Gerlach thought their results con firmed the quantization of orbital angular momentum 
that had been suggested by Bohr in 1913. But given what we now know aboll t the quantum mechanics 
of orbital angular momentum, if the de fl ection had been due to the magnet ic moment arising from the 
orbita l angular momentum, there should have been an odd number of traces since for a particular value 

of I there are 21 + I 111 1 values. 



(a) 
I=:l-S. =M2 ~ 

----I~' NoLJ No 

(b) EJ 
S. =Til2 

g S, =M2 SGz ' . Nol2 
- -- SGx 1'1 . , Nof2 

o S, = -Til2 

Figure 6.15 (a) A block diagram o r an experiment in which sp in- l12 atoms pass through 

two Stern- Gerlach devices , each o f which has its inhomogeneous magne ti c fie ld ori ented 

in the z di rection. (b) Atoms that ex it a Stern- Gerlach device with its inhomogeneous 

magnetic field in the x direct ion and are deflected, say, to the right have a 50% probabili ty 

of being deflected up upon exi ling a second Stern- Gerlach device with it s 

inhomogeneous magne ti c fie ld o ri ented in the:: direction. 
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are defl ected downward. See Fig. 6. ISb. It isn 't hard to show (see Example 6.8) that the 

state wi th Sr = 1i / 2 is a part icular superposition of lhe S: eigenstatcs, namely 

1 1 
.Ji X+ + JiX- (6 .103) 

Thus the measurement by this second Stern- Gerlach device with its inhomogeneous 

magnetic field in the z direc ti on has collapsed the state from thi s superposition to one 

or the other of the eigenstates o f So. How th is co ll apse occurs, why the superpos ition 

d isappears and we end up with an e ither- o r s ituat ion, is an open question that is known 

as the measurement quest ion. In the Copenhagen interpretation of quantum mechanics 

thi s collapse occurs in the interaction with a macroscopi c measuring device, such as the 

magnet/detection plate in the Stern- Gerlach experiment. Such macroscopic measuring 

dev ices are sufficiently complex tha t we are not able to treat them quantum mechani cally 

from fi rst principles. ' 5 

EXAMPLE 6.8 Verify that 

is an eigenstate of Sxop' 

SOLUTION 

n 1 

2.Ji 

ISIt is time to get on to the appli cat ions of quantum mechanics. If you would like to work through 
more of the detail s of int rinsic spin as well as sec an elegant operator ap proach to the angu lar mom en· 
tum eigenvalue problem, check out John S. Townsend, A Modem Approach (0 QuanrulII Mechan ics, 
University Science Books, Sausa lito, CA, 2000. This book is highly recommended for yo ur next course 
in quantum mechanics ! 
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6.6 Summary 

In many ways, we have j ust scratched the surface of three-dimensional quantum mechan­

ics. Nonetheless, we have covered the main ideas that will be needed as we move on to 

discuss app lications of quantum mechan ics to so li d-state, nuclear, and particle physics. 
We have ana lyzed a particle of mass bound in two three-d imensiona l potential energy 

well s: a cubic box of length L on a side for which the energy eigenvalues are given by 

(11 2+ 11 2+ n_l)n 27f2 E _ x y -
11 .• ,11 ... . 11 : - 2111 L2 (6.104) 

and the hydrogen ic atom for which the allowed energies are given by 

/IIZ'e4 ( 13.6 eV)Z' 
E/I = - (47rfo)221l2n2 = 11 2 11 = 1, 2, 3, .. . (6. 105) 

In the case of the hyd rogen ic atom , for each va lue of the princ ipal quantum number /I the 

allowed val ues ofl are given by 1 = 0, 1,2, . .. , 1/- I. These I values are connected to the 

al,lowed eigenvalues of the orbital angular momentum operator L~p = Lx~p + Ly~p + L z~p 
Via 

1= 0, 1,2, ... (6 .106) 

The eigenfunctions YI.m/(8 , ¢), the spherica l harmonics, also satisfy 

/II I = -I, -I + I, ... , I - I , I (6. 107) 

The energies (6.105) are independent of /III because of the rotational symmetry of the 

potential energy -Ze'/41[<or . 

One of the strik ing features of orbi tal angular momentum is that If!, the maximum 

value fo r L" is always less than the magnitude of the orbital angular momentum itself, 

namely .JI(I + I )Ii. The angular momentum cannot completely align itself along one 
axis (in which case all three components would be known simultaneously) because of 

the commutation relations 

[Lxop . L)'or] = iflL :op 

[Lyo p' L.:op] = iliL xop 

[L:op, L xop] = ifi L yOp 

The fi rst of these equations, for example, leads to the uncertainty relation 

f1 
!:-' Lx!:-'Ly::: 2:1 (UI 

whi ch shows that if (LJ =I 0 then the va lues of Lx and L y are both uncertain . 

(6. 108) 

(6.109) 

Wh ile the commutation re lations (6 .1 08) can be der ived from the explici t form of the 

orbital angular momentum L = r x I' cxpressed in terms of position and momentum 
operators, we can take these commutat ion relations as the defining re lationship for angular 
momentum in quantum mechan ics. In addition to orbital angular momentum, there is 

another form of angular momentum called intrinsic spin angular momentum. Particles 

have their own intr insic spin angu lar momentum S, which is present even when the 

partic le is at rest. We say the electron is a spin-1I2 particle since the analogues of(6.1 06) 
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and (6. 107) are 

s = 1/ 2 (6.110) 

and 

(6 .111 ) 

where X± arc two-dimensional column vectors, in contrast to the Y',m(O, ¢) wave func­
tions. Note the similarity between the form of the eigenva lue fo r L~p and for S~p except 

that for intrinsic spin the va lue of s need not be integral. Associated with this intrinsic 
spin angular momentum is a magnetic moment 

(6.11 2) 

where g = 2.00232 for an electron. Thus internal magnetic fi elds in an atom or external 

magnetic fi e lds imposed on the atom couple to this magnetic moment and hence to the 

spin angular momentum or the particle. 

Problems 

6.1. What are the energy eigenvalues for a particle of 

mass 111 confined in a rectangular box with sides of 
length a, b, and c? If a < b < c, what is the energy of 

the fi rst exc ited state? What is the degeneracy of thi s 

energy level? 

6.2. Solve the three-dimensional harmonic osc ill ator for 

which 

VCr) = ~lI1w2 (x 2 + / + z2 ) 
2 

by separation of variables in Cat1esian coordinates. 
Assume that the one-dimensional oscillator has 
eigenfunctions 1/I,Jx) with corresponding energy 
eigenvalues E" = (n + I / 2){,w. What is the degeneracy 
of the first excited state of the oscillator? 

6.3. What is the normali zed ground-state energy 
eigenfunction for the three-dimensional harmonic 
osci ll ator 

I 
VCr) = - lI1w

2r' 
2 

Suggestion: Use the separati on of variables strategy 
outlined in Problem 6.2. Express the wave function in 
spherical coordinates. What is the orbita l angular 

momentum of the ground state? Explain your reason ing. 

6.4. The normalized energy eigenfunction for the first 
excited state of the one-dimensional harmonic oscillator 

is given by 

with corresponding energy £1 = 3"w/2. What IS the 

energy of the first excited state of the three-dimensional 

isotropic harmonic oscillator? What is the degeneracy 

for thi s energy eigenva lue? What is the orbita l angular 
momentum of the partic le in this excited state? Explain 
your reasomng. 

6.5. Prove that the operator 

{, a 
L ---

' op - i a¢ 

is Hermiti an . Suggestion : Foll ow the procedure outl ined 
in Examp le 5.2 . Keep in mind that the wave function 
must be single valued. 

6.6. Suppose that 

\jJ (¢)= (T + (Te'" V:;;; Vr;; 
Show that \jJ (¢) is properly normalized. What are the 

possible results ofa measurement of L;: for a part icle 
whose wave function is I.J.! (¢) and what are the 
probabil ities of obtaini ng those results? Suggestioll: 

See Examp le 6.1. 
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6.7. Verify that 

is an eigenfunction of L~p and L :op with the appropriate 
eigenvalues. 

6.B. Show that the orbital angular momentum operators 

fI a h a l - )' _ _ _ 7 _ _ 

~ .rop -. i 8z - i 8y 

and 

fla fla 
LII =Z - --X - -

. op i ax i 8z 

can be written in spherica l coordinates as 

fI ( a 0 ) Lxop = i -sin </>ae -cote cos</>a</> 

and 

fI( 0 0) L" o =- cos</> - -cotesin </> -
. P i ae o</> 

Suggestion: Since L = r x p, expressed in terms of 
spheri ca l coordinates 

h 
Lop=rx -:- V 

I 

= ~ [ru, X ( a I a I a)] u - + uo--+ u --­'or r ae ¢rsin ea</> 

where U r I Uo, and utII are unit vectors in the r , e, and ct> 

directions, respectively. Express these unit vectors in 
terms of i, j , and k to obtain the x and y components of 

L op. 

6.9. The spherical harmon ic Yo.o is an eigenfunction of 
L:op with eigenvalue O. Show it is also an eigenfunction 
of Lxop and L Jop with eigenval ue zcro as well. Thus for 
1= 0, al l three com poncnts orthe orbita l angul ar 
1l10mCnl1111l arc zero simultaneollsly. Is this consistent 

with the uncertainty relation 

6.10. Show that in addition to (6.56), the foll owing 
commutation rclations must hold for the orbital angular 
momentum operators 

[L.ltop' L:op] = i ll L:cop and [L:op, L:cop] = ill L,I'Op 

Verify that these commutation relations generate the 

add itiona l uncertai nty relations 

fI 
t. L ,.t.L, ::: 2" i(Lx )1 and 

6.11 . The normalized angular wave function for a 
three-dimensional rigid rotator is given by 

",(e, </» = [l; (- sin e cos</> + i cose) 

Show that thi s wave function is an eigenfunction of 

Ly =~(cos</>~- cote s i n </>~) 
", i ae a</> 

the operator corresponding to the y component of the 
orb ital angular momentum, What is the corresponding 

eigenvalue for this wave function? 

6.12. Show that the uncertainty relation 

fI 
t.L .,. t.L y ::: 2"1(LJI 

is satisficd for the wave fu nction ", (e, </» given in 
Problem 6.1 1. Suggestion: In evaluating the left-hand 
side of the uncertainty relat ion, first ca lculate t. L y ' 

When eva luating the right-hand side of the uncertainty 
relation , YO LI may find it use ful to take advantage of the 
fact that the wave function ",(e, </» can be expressed in 
terms of the spherica l harmonics as 

I i I 
",(IJ,</» = 2" Y1. 1 + j2YI.O - 2" YI. - 1 

6.13. Tfthe rotator in Problem 6.1 1 is immersed in an 
external magnetic fie ld 8 0 in the z direction, the 
I-Iamilton ian becomes 

L~Jl 
H = - +woL-21 -", 

where I and Wo are constants, I f at t = 0 

I i I 
",(e , </» = 2" YI./ + j2 YI.O - 2" YI. - 1 

what is ",(e, </> , t)? 

6.14. In a diatomic molecule the atom s can rotate about 
each othcr. This rotation can be shown to be equivalent 
to a reduced mass f-t = 1111m2 / (m] + 111 2) rotating in 
three dimensions about a fixed point. According to 

classical physics, the cnergy of a three-d imensional rigid 
rotator is given by E = L2 / 2 1, where I is the momcnt of 
inertia and L' = L; + L;, + L; is the magnitude squared 



of the orbital angular momentum. (a) What is the energy 

operator for this three-dimensional rotator? What are 

the energy eigenfunctions and corresponding energy 

eigenva lues? Take the moment of inertia 1 to be a 

constant. (A complication is that molecules "stretch" 

as they rotate faster, so the moment of inertia is not a 
constant.) Show in the limit of large 1 (I > > I) that 

£,- £,_, 
---'----::--'--' -> 0 

£, 

which means that the discrete nature of the energy levels 

becomes less apparent as 1 increases. (b) Determine the 

frequency of the photon that would be emitted if the 

rotator makes a transition from one energy level labeled 

by the angular momentulll quantum number I to onc 

labeled by the quantum number I - I. (e) Show in the 

limit in whi ch the orbita l angular momentum quantum 

number 1 is large (I > > I) that the frequency of the 

photon from part (b) co incides with the classica l 

freq uency ofrotation of the rotator (recall L = I w). Th is 

result illustrates the correspondence princip le, namely 

how the results of classical physics and the results of 

quantum mechanics can coinc ide in the appropriate 
limit. It also shows how we might use the 

correspondence principle to deduce the ex istence of a 

selection rule, in th is case C!.I = ± I. NOle : Here tJ.1 
means the change in I , not the uncertainty in I. (d) 
Sketch the spectrum (in terms of the allowed 

freq uencies) assuming the selection rule tJ.1 = ± I 
holds. 

6.15. The ammon ia molecule, NH3, can be treated as a 

symmetric rig id rotator, with the three hydrogcn atoms 

resid ing in the x-y plane and the nitrogen atOI11 above 
the plane on the z axis, as shown in Fig. 6.16. If we call 

the moment of inertia abollt the z ax is / 3, and the 
moments about the pair of axes perpendicular to the z 

axis I" the rotat ional energy of the mol ecul e can be 

written as 

L2 L;. L! L2_ L! L! £=_x+_. + __ = _+ __ 
21, 2/ , 21, 2/, 21, 

Suppose that at time t = 0 the wave function of the 

ammonia molecule is 

where the Y,.m,(O, </» arc the spherica l harmonics. (a) 
What are the energy eigenvalues for this symmetric rigid 
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rotator? (b) Determine 1/1(0, </> , I) , the wave funct ion at 

time I. (e) Determine the probability that a measure of 

the rotationa l energy of the am monia molecule yields the 

value 0 for the state 1/1. What is (£ ) for this state? 

/ 
/ 

~x 

/ 
/ 

/ 

Zj , 

Figure 6.16 The ammonia molecule. 

y 

6.16. Estimate the moment of inertia of the He l 

molecule. Use your value fo r 1 to est imate the frequency 

of the photon that would be emitted in the transition 

1 = I to 1 = O. In what region of the electromagnetic 

spectrum does thi s photon reside? See Problem 6. 14. 

6.17. The energy for a rigid rotator constrained to rotate 

in the x-y plane is given by 

L! 
£ =~ 

21 

where the moment of inertia I is a constant. ((I) What is 
the Hamiltonian? Show that the Hami ltonian and L,,,, 
commute. What are the allowed energies and normalized 
energy eigenfunctions of the rig id rotator? (b) At time 

t = 0 the normalized wave function for the rotator is 

1/1(</» = -sin2 
- = -r:; </> r:; ( I - cos</» 

3Jf 2 3Jf 2 

What values would be obtained ira measurement of L: 
were carried out? Determ ine the probabilities of 

obtain ing these results. (e) What is 1/1(</>, t)? (d) What is 

the probability that a measurement of the energy at time 

1 wi ll yield n2 / 2/ ? (e) What is the uncertainty tJ. £ in the 

energy of the rotator in the state 1/1(</> , t)? 

6.18. The Bohr model pl ayed an important historica l 

role in the transition from classical mechani cs to 
quantum mechanics. Although most of the phys ical 
assumptions underlying the Bohr model turned out to be 
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incorrect or incomplete, the model did succeed in giving 

the "correct" quantized energies orthe hydrogen atOIn. 

(a) Use the idea that the allowed orbits of an electron in 

the hydrogen atom are determ ined by the condition that 

an integral number of de Broglie wavelengths fit in each 

orbi t to show that the orb ita l angular momentum 
L = rl1l U = nil , where 11 = 1, 2,3 , ... , and is therefore 

quantized. (b ) Show that the allowed orbi ts have radii 

g iven by 

4rrEon2f1 2 
rn = 

and energies g iven by 

me4 

En = - ( ") .}-, J ., 47T(0)- 2,, -w 

6.19. Consider the Earth- Sun system, which is bound by 

the gravitational force F = Gm Jmd r 2, to be a large 

"gravity atom," as compared with, hydrogen atom, which 
is bound by the e lectrostatic fo rce F = e'/(47T(or ' ). 

Using the results of the Bohr mode l from Problem 6. 18, 

determine the principal quantum number II of the 

Earth-Sun system, g iven that the d istance between Earth 

and the Sun is 1.5 x 10 " m. Note: III E""h = 6 x 10'4 kg, 

Ill S,," = 2 X 1030 kg, and G = 6.67 X 10- 11 mJ/(kg·s' ). 

6.20. Veri fy that 

I (Z) 3/ ' Zr . R2. 1(r) = - - _e- Zr/2aIJ 
.J3 200 00 

is an energy eigenfunction for the hydrogen atom with 

the appropriate eigenvalue. Suggestioll: See Example 6.3. 

6.21. An electron outside a dielectric is attracted to the 

surface by a force F = - A lx', where x is the 

perpendicular di stance from the electron to the surface, 

and II is a pos itive constant. Electrons are prevented 

from crossing the surface, since there arc no quantum 
states in the dielectr ic for them to occupy. Assume that 

the surface is infi nite in extent, so that the problem is 

effectively one-dimensional. Write the Schrodinger 

equation for an electron outside the surface, that is for 
x > O. W hat is the appropriate boundary condition at 

.r = O? Obtai n a formula fo r the allowed energy levels of 

the system . Suggestioll: Compare the equation for the 

wave function !/t(x) with that sat isfied by the wave 

fun ction 1/ (1') = rR(r ) for a hydrogcnic atom. 

6.22. A part icle of mass m is tTapped in an infinite 

spherical potential energy we ll with 

VCr) = {o r < (/ 
00 ,. > 0 

The ground-state wave function is a spherica lly 

symmetric solution, that is, !/t = !/t(r ). (a) Make a 

change of variables to u(r) = r!/t(r ) and solve for 1/(1') 

and the va lue of the g round-state energy. The boundary 

cond it ion on the wave funct ion at I' = 0 is u(o) = O. (b) 
Compare the ground-state energy for a particle in a 

spherica l well of radius a with the g round-state energy 

fo r a part icle in a cubic box of side a. Which well has the 

lower ground-state energy? Is your result consistent with 
the Heisenberg uncerta inty principle? Suggestion: 
Compare the volumes of the spherical and cubic well s. 

6.23. The unnormalized wave fu nct ion for a negatively 

charged pion bound to a proton in an energy eigenstate is 
given by 

where bo is a constant for this "pionic" atol11 that has the 
dimensions of length . Show that the pion is in a p 
orbital. What is the magni tude of the orbi tal angular 

momentum of the pion? What is the probability that a 

measurement of L, wil l yie ld the va lue O? Suggestioll: 

Express the wave function in spherical coordinates. 
Note : It is not necessary to normali ze the wave function 

to assess the re lative probabili ties of obtaining the 

possible va lues of L: . 

6.24. Use the time-independent Schr6d inger equation to 

determine the energy of the eigenfunction given in 

Problem 6.23 and the constant bo in terms of 

fundamenta l constants. One of these constan ts may be 

taken to be /J., the reduced mass of the pion- proton 

system. 

6.25. I f the pionic atom desc ribed in Problem 6.23 is 

immersed in an external magnetic field 80 in the z 

direction, a te rm of the form woL,., is added to the 

Ham iltoni an. Explain the origin of this additional te rm 

and show how Wo is related to 8 0 . Given the wave 
funct ion V' ill Problem 6.23, what is !/t(t )? 



6.26. Show that the matrix operators 

"(0 1) "(O-i) "(10) 5:,op = 2 I ° S"op = 2 i ° s,op = 2 0-1 
satisfy the commutation relation 

[~I 'OP' S:oP] = jfi5.rop 

Note : The three 2 x 2 matrices 

are often referred to as the Pauli spin matrices. 

6.27. Determine the eigenvalues and eigenvectors of the 
operator 

" (0 I) S' op = 2 I ° 
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Suggestion: If you haven't solved problems such as thi s 

in linear algebra, follow the procedure out li ned in 

Example 5.3. 

6.28. Determine the eigenvalues and eigenvectors of the 
operator 

" (0 -i ) 
S"oP = 2 i ° 

What is the probabi lity of obtaining S, = fI / 2 if a 
measurement is carried out on a silver atom that is 

known to be in a state with S,' = -Ii / 2? 



CHAPTER 

Identical Particles 

It is difficult to overemphasize the importance of identical particles in quantum me­

chanics. In classical physics, so-ca lled identical panicles are distinguishable, since it is 
possible in theory to keep track of the particles (w ithout influenc ing their motion), In 

quantum mechanics, identi cal particles are truly indi stinguishable, The consequences 

of th is indistinguishability are, as we will sec, profound, accounting for, for example, 
the stabi lity and the chemical properties of the elements, the e lectrical and mechanical 

properties of crystalline solids, the end phase in the evolution of stars, the frequency 

distribution of the cosm ic background rad iation that permeates the universe, the phe­
nomenon of superftuidity, and tht;:: coherence properties oflascrs. 

7.1 Multiparticle Systems 

In order to see how to handle systems containing two or more particles, we consider two 
noninteracting particles confined in a one-dimensiona l box ofiength L. The Hamiltonian 

is given by 

n' a' Ii ' a' 
H = - --, + vex,) - --, + Vex,) 

2m l chi 2m28x2 
(7, I) 

where Vex) is the potential energy of the box, We are using the coordinate x, for panicle 

I and the coordinate x, for particle 2, Here "'(x " x,)*"' (x " x , )dx,dx, is the probability 

of finding particle I between x\ and x\ + dx \ and particle 2 between x, and x, + dx" 
assum ing that "'(x\, x,) sati sfies the normalization condition 

100 100 I"' (x \, x, )I' dx , dx, = I 
-00 - 00 

(7,2) 

We can solve the time-independent Schr6di nger eq uat ion 

H'" = E'" (7.3) 

by the technique of separatiol1 of variables. If we write 

(7.4) 

211 
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and divide (7.3) by the wave function itself, we obtain 

I ( {" d'''') I ( {" '''1/» - - - - -, +V(x,)+-- --- + V(x, ) = £ 
"'(x,) 2111, dX i I/>(x,) 2111 , dx? 

(7.5) 

As we have di scussed earlier, since the first two terms on the left-hand side of th is equati on 

contain all the X l dependence and the second two terms contain all the X2 dependence, 
the only way this equation can hold for a ll x, and x, is For each of these pa irs of terms 

to be constant, namely 

and 

,, ' d'", ---, + V(x,)", = £,,,, 
2m [ (/xi 

,,' d' I/> ---, + V(x , )1/> = £,1/> 
2111 2 dXi 

We have called the constants E, and E, s ince 

£ = £, + E, 

(7.6) 

(7.7) 

(7.8) 

You can sec from (7.6) and (7.7) that the wave functions'" and I/> arc the energy e igen­

functions for a single part icle confined in a one-dimensional box, which is reasonable 
s ince we have assumed the part icles do not interact with each other. Given (7.4), the 

two-particle wave function \j1 is thereFore the product of the energy e igenfunctions for a 

s ingle particle 

(7.9) 

and the total energy is the sum of the energies for a single particle confi ned in the box: 

.,, 2][2 11 2 11 2rr 2n2 
E = -----, + -----, 

2111\L2 2m2L2 
(7. 10) 

If we arc sole ly interested in determining the probability of find ing particle I in some 

region in the box, we would integrate the probabil ity density 1 \j1(x " x,)I ' over all possible 

va lues of the coordina te x" leaving us with 1I/I" ,(x,)I'dx , as the probab ili ty of finding 

particle I between x , and x, +dx, . Similarly, the probabi lity of findin g particle 2 between 

x, and x, + dx, independent of the position of part icle I is 1"'", (x,) I'dx, . 

7.2 Identical Particles in Quantum Mechanics 

But what if the part icles arc identical? Not only should we set 111 I = 111 2 in the Hamiltonian 

[and in the energy eigenvalues (7. 10)] , but we should expect to get the same resuit for 

the probability of fi ndi ng one of the part icles in a certa in region of the box, whether it 

be parti cle I or particle 2. After all , i f the particles are ident ical, we can not distinguish 
one of the partic les from the other. !-I ence the wave funct ions should not permit such a 

distinction either. 
To sec how to implement thi s requirement, we introduce the exchange operator P12 , 

which is defined by its nction on a two-particle state 

P,, \j1 ( I , 2) = \j1 (2, I ) (7. 11 ) 
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where by this we mean exchange a ll the coordinates (or labels) for particle I with those 

for particle 2. For example, 

(7.12) 

When the particles have intrinsic spin, the exchange operator exchanges the spin labels 

as well as the pos iti on coord inates of the particles. You might be tempted to aSSllme 

that if the particles are identical (and hence indistinguishable) that we should requ ire 

P121\1( I , 2) = 1\1 (1, 2). But we have seen in quantum mechanics that two states that differ 

only by an overall phase factor are rea lly the same state. Thus for identical particles we 

wi ll insist that 

P12 1\1 (I, 2) = 1- 1\1(1 , 2) 

where I- = e" . Note that 

P1
2
21jJ(I, 2) = 1-2 1\1(1 , 2) 

= 1\1 ( 1, 2) 

(7. 13) 

(7.14) 

since exchanging the part icles twice returns us to the initia l state. Thus the allowed 

eigenvalues of the exchange operator are 

I- = ± I (7. 15) 

Th is is all remini scent of the pari ty operator (see Section 5.1) in that performing the 

operation twice (in the case of pari ty, inverting the coordinates twice) is equiva lent to the 

ident ity operator. Thus the eigenva lues for the parity operator arc also ± I , corresponding 
to cven and odd wave funct ions under an inversion of coordinates. Here the corresponding 

states are symmetri c under particle exchange: 

when 1- =1 (7. 16) 

and antisymmetric under particle exchange: 

when I- = - 1 (7. 17) 

One straightforward example ofa two-particle state that is symmetric under exchange 

is the state 

(7. 18) 

where particle I and particl e 2 are in the same quantum state label by the quantum 

Ilumber(s) Ci. Anotherexample where the two partic les are in different states with quantum 
numbers CI and f3 is g iven by 

(7. 19) 

since switching the labels 1 and 2 returns exactly the same state. We have put a factor 

of 1( ./2 in frolll so that the sta te is properly norma li zed. For a two-particle state that 

is antisymmetic under exchange, the on ly possibi li ty is for the two particles to be in 

different states, namely 

(7.20) 

Here switching the labels on the part icles returns the state multiplied by a minus sign. 
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For three identical panicles, the corresponding symmetric and ant isY I11J11ctric states 
are given by 

and 

I 
"'s(l, 2, 3) = J6 [",,( I)"'p(2 )"'y(3) + "'p(l) "'y(2)",,(3) 

+ "'y( I)V1, (2) V1p(3) + "', (I)"'p(2)",, (3) 

+ "'p( I)Vla(2)",, (3) + "', (I )"'y(2)"'p(3)] 

I 
"'A(I , 2, 3) = J6 [""( I),,,p(2)"', (3) + "'p( I)"', (2) ",, (3) 

+ "'y( I)VI, (2 )"'p(3) - "'y( I)"'p(2 )",, (3 ) 

- "'p (l )"', (2)"' y(3) - "" ( I),,,y(2)"'p(3) ] 

(7.2 1) 

(7.22) 

These states arc symmetric or anlisymlTIctric under the exchange of any two of the 
particles in the state. The ant isYl11l11ctric state can be neatly expressed in terms of a 
determinant, known as the Slater determ inant: 

I 
"'A(I , 2, 3)= J6 

",, ( 1) ",,(2) ",,(3) 

"'p( l ) "'p (2 ) "'p(3) 
"'y ( l) "" ,(2) "' y(3) 

(7.23) 

The delerm inant has the property that il changes sign when any two columns (or rows, 
for that matter) arc interchanged. Interchanging two columns corresponds to switching 

the labels correspondi ng to the particles for Ihose two columns and there fore (7.23) is 

man ifestly alltisYI11JTIctric under exchange. 
What makes these results so important is that there is a connection between the 

intrinsic spin of a particle and the sort of slates Ihat are perm itted for multi-particle 

systems: 
(I) Parliclcs with integral intrinsic spin (s = 0, 1, 2, ... ) arc ca ll ed bosons . The total 

"wave functi on" for a systcm of ident ica l bosons must be symmetric under exchange of 
any two of the part icles. 

(2) Particles with half-integ ral in trins ic spin (s = 1/ 2, 3/ 2,5/ 2, .. . ) are ca ll ed 
fcrmions. The tota l u wave function" for a system of iden tical fcrmions must be 
antisym ll1etric under exchange of any two of the parti cles. 

Your firsl reaction to stalements (I) and (2) may be 10 say, " Where do they come 

from?" We could take these results to be "postulates," postulates that one might call a 
generalized Pauli Principle since one consequence is that for half-integral spin parti­
cles no two identica l particles can be in the same statc. After all , if you try 10 put the 
two identical fe rmions in thc same quantum state by selling ex = f3 in (7.20), the Slate 

vanishes identically. But postulates (1 ) and (2) actually are a na tura l outgrowth of com­
bin ing special relativity and quantum mechanics logether in the fo rm of quantum fie ld 

theory. Unfortunately, no one has fi gured out an easy way to ex pl ain th is spin-symmetry 
connect ion, whi ch may mean we don't understand it as fully as we would like. l 

l In Section 7.5 we will sec that ferilli ons and bosons obey dincrcnt typcs of stat istics . In 2002 the 

editor of the American ./01l1'lla/ oj Physics noted an earlier challenge by ~ichard Feynman secking an 

elementary proof of the spin- statistics cOll llection. D espi te numeroll s efforts in the intervcn ing yeHrs, 

he concluded that no olle had yct met the challenge. 
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7.3 Multielectron Atoms 

There are a lot of different atoms. In this section we will focus primarily on low- Z 

elements to see the important role that the identical nature of electrons plays in atomic 

structure. It is not difficu lt to generalize our results to higher Z atoms. After hydrogen, 

hclium is the next simplest atom. If we inc lude only the Cou lomb interacti ons between 

the nucleus and the two electrons in helium, the Hamiltonian is given by 

{" Ze' {,2 Ze2 
H = _ _ '72 _ -- __ '7' _ _ _ 

2111 I 47TEorJ 2m 2 47TfOr2 
(7.24) 

where we have ignored the contribution of the kinetic energy of the nucleus and, more 

importantly, the Coulomb repulsion e2 j 47f Eol r, - r21 between the two electrons. This 

has the effect of making the problem mathematically tractable (the three-body problem 

is a tough one to solve, in either classica l or quantum mechanics) and it does not obscure 
the fundame ntal underlying physics. Notice that we have introduced subscripts on thc 

derivative operators to indicate whether we are taking the derivative with respect to the 
coordinates r, or r2 just as we did in the one-dimensional Hamiltonian in Section 7.1. 

And of cOurse for helium we must set Z = 2. 

Without the Coulomb repul sion of the e lectrons, the Schriidinger cquation with thc 

Hamil tonian (7.24) can be solved by separation of var iables. The energy eigenfunct ions 

can be written as a product of the single-particle hydrogenic energy eigenfunctions. But 

since we are dea ling with e lectrons, we must include the spin state for each electron in 
the "wave function," making SlIre that the overall state is anti sY1111llctric under exchange 
of the two partic lcs. It is easies t to see what is going on wi th some exp lici t examples. Let 

us start with the ground state, in which each of the electrons is in the g round state of the 

corresponding single-particle Hamiltonian: 

(7.25) 

where we have used the abbreviated notation "'" = "'1.0.0, that is, II = I, 1= 0,111/ = O. 
We can think of the exchangc operator as cons isting of the product of two operators, 

one that exchanges the positions of the two e lectrons and one that exchanges their spins. 

Note that the spatial part of the wave function (7.25) is symmctric under the exchangc 

r, ++ r2, while the sp in state picks up an overall minus sign when the I and the 2 

labels are exchanged. The product of a symmetric state and an antisymmetric state is 

antisymmetric, just as the product of an even function and an odd function is itself an 

odd funct ion. 

As is shown in Example 7.3 , this particular spi n state is an eigenstate of the total spin 

angular momentum S2 = (S, + S2)' wi th eigenvalue O. Thus we say this singlet state 

is a total-spin-O state.' The total orbital angular momentum of the ground state is zero 

as well , since each electron has zero orbita l angular momentum. Consequently, the tota l 
angular momentum, which is the sum of the tota l spin angular momentum and the tota l 

2The spin state in (7.25) is a beautiful example of the sort of two·particlc entangled state that we 
discussed in Section 5.6. NOI ice that it is not possible to say which sp in state is occupied by particle I 
or particle 2, but a measurement of the spin state of one of the particles, say particle I, is sufficient to 
determine the spin state of the other particle, particle 2. 
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orbital angular momentum, is also zero. It is common to label states by the spectroscopic 
notation 2S+ 1 L }, where S is the quantum number that speci fics the total spin angular 

momentum squared in the form S' = SiS + I )/i' (and therefore the 2S + I superscript 
indicates the multiplici ty of the tota l spin states), L labels the total orbital angular mo­
mentum in the form L' = L(L + 1)(,' , and J is the quantum number specifYing the 
resultant of adding the total spin and total orbi tal angular momenta together in the form 
J ' = J(J + 1)(''. As we discussed in Section 6.5, the orbital angular momentum states 

are labeled by the leners such as s, p, and d, short for I = 0, I = I, and I = 2 respective ly. 
Consequently, in spectroscopic notation, the ground state of helium is referred to as the 

I So slate. Here capitalleners arc used for the total orbital angular momentum , so the S 

in I So refers to the fact that L = 0 and not to the tota l spin . 
Let's next look at the fi rst excited states. Instead of puning both electrons in the 

ground states of the single-particle Hamiltonians, we wi ll put one of them in the first 
excited state. Of course, since the electTons are identical, we can' t specify which of the 

electrons is in the ground state and which is in the excited state. There are a number of 

possibilities. For example, one possibility is 

where >/I" = >/1'.0.0. Here the spatial Slate is symmetric under Ihe exchange of posilions 
of the electrons (rl ++ r , ) and the spin state, the singlet spin state, is antisymmetric 

under exchange of the sp in states of the electrons (switch the I and the 2 labels on the 
spin states). In spectroscopic notation this is a I So state, like the ground state. 

Another possibility is to make tile spatial state ant isymmetric and the spin state 
symmetric, namely 

But once we allow for a symmetric sp in state, there arc two addit ional possible spin states 
in which each of the electrons is in the same spin state: 

(7.28) 

and 

(7.29) 

These three symmetri c spin states turn out to be eigenstates of the tota l spin angu­

lar momentum (SI + S,)' with eigenvalue 2(" , namely SiS + 1)Ii' with S = I. The 
2S + I = 3 spin states are said 10 form a triplet of spin-I states, as is shown in Prob­

lem 7. 1 and Problem 7.2. The addition of Iota I spin angular momentum S = I and tota l 

orbital angular momentum L = 0 generates a state with tota l angular momentum J = I. 
Thus the spectroscop ic notation for these three states is 3 SI. 

Even though the Hamiltonian does nOI have any direct dependence on intrinsic sp in, 
these total-spin-O and tota l-spin-I states can end up with quite different energies once we 

take in to account the Coulomb repuls ion of the electrons. otice that the spatial part of 
the wave funct ion for the total-spin-l states, which is ant isymmctric under the exchange 
r l ++ r" vani shes when r l = r , . On the other hand, the two pieces of the spatial part 
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Figure 7.1 An energy-level diagram of the first excited sta tes ofhcliull1 . 

of the wave function for the tota l-spin-O state (7.26) add together constructively when 

r , = r2. Thus the electrons are much more likely to overl ap each other in space for 
the total-spin-O state than fo r the total-spin-I states3 Therefore. the Coulomb repulsion 

between the electrons will tend to raise the energy of the total spin-O state relat ive to that 
of the total spin- I states, as indi cated in Fi g. 7.1. Consequently, the lower energy state­
the one nature tends to favor- is one in which the spins are "a ligned." This is the sort of 

mechanism that is presumably responsible for ferromagnet ism, in which the spins (and 
therefore the magnet ic moments) of certain va lence electrons in atoms sHch as iron align. 

What happens if we move on from he lium with its two electrons to li thium with it s 
th ree electrons? What is the ground state? I fwe try to put all three electrons in the ground 

state (the Is state) of the single-part icle Ham iltonian, we end up with a spa tia l state that 
is symmetric under exchange of any two of the electrons. But since there arc only two 

possi bil it ies for the intrinsic sp in state o f each electron, namely the spin-up state x+ or 

spin-down state x-, at least two of the electrons must be in the same spin state, which 
means the state cannot be anti symmetric under exchange. Thus in the ground state of 

lithi um one of the electrons must be in the 2s state. Similarly, in beryllium (Z = 4), we 
can put two electrons in the Is state and two e lectrons in the 2s state, but if we try to 

1110ve up to boron (Z = 5), then the fifth electron must go into another energy sta te, the 
2p state. In this way, we see how the exchange symmetry dictates the structure of the 
periodic table, and thus chemistry! 

You may be wondering why the 2s energy level fi lls before the 2p level, since in the 

hydrogen atom the 2s and 2p states have the same energy. In 111u ltielectron atom s, the 
potential energy that anyone e lectron ex periences is not as simple as that in the hydrogen 
atom. For small,. the potential energy approaches -Ze2/4rrEo,. as thc electron "sees" 
the full charge of the nucleus, while for large,. the potential energy should approach 

-e2/4rrEo,. since the electron is screened from the nucleus by the other Z - I electrons 
in the atom. For nonzero va lues of I, the centrifugal barrier 1(1 + 1)1i 2/2 /11,. 2 tends to 
keep the electron away from the origin) where the potential energy is the most negative. 

JThc profound effect of the symmctry of tbe exchange symmetry of the spatial wave fUllctions on 
the likeli hood of fi nding the particles in the samc region of space is illustrated in Problem 7.3. 
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Figure 7.2 The periodic table, including the electron configurat ion and angular momentum 
25+1 L J of the ground state. 

Thus smaller values of I correspond to lower values of the energy and the degeneracy of 

the energy levels with different va lues of I is broken. 
If we cont inue along Ihe second row of the periodic table (see Fig. 7.2), after boron 

comc carbon, nitrogen, oxygcn, fl uorine, and neon, filling up the 2p states. The 2p states 
can accommodate six electrons, since for I = I there are three different possible values 
for 1/1 { (I/I{ = 0, ± I) and therc arc two possible sp in states for each of these orbital statcs. 

Like he lium, neon is relat ively inert , since it has a closed (or fi lled) shell. Helium and 
neon are bolh referrcd to as noblc gases. Movi ng from Z = 10 to Z = I I, from neon to 
sodium, leads to a pronounced change in the chemica l properties of these elements. For 

sodium, the e leven clectrons not only fi ll up the 11 = I and 11 = 2 levels, but one electron 
must occupy the 3s level. Th is last clcclron, the valence e lectron, is c lcctrica lly shie lded 
from the nucleus by the other ten electrons. Thus this valencc clectron is not so tiglllly 
bound to the atom, which makes sod ium very reactive chemically. As we noted in our 

discussion of the photoelectric effect in Section 1.3, sodium, like the other alkali metals, 
oxidizes readily. Or, as another illustration, sodium can donate an electron to an element 
such as fiuorine, which nccds one electron to com pie Ie the 11 = 2 shell , or to chlori ne, 
which nceds onc electron 10 complete thc 3 p subshell. The result is a crystalli nc solid, 

which in the case of sodium chl oride is ordinary table salt. 

I 
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EXAMPLE 7.1 The negalive ly charged pion rr - is a spin-O particle roughly 280 
times more massive than the electron. Suppose the two electrons in a helium atom 
are replaced with two negatively charged pions, generaling a pionic alom. Which 
of the fo llowing wave fu nctions are valid wave functions for pionic he lium? 
(a) 

(b) 

(e) 

(d) 

SOLUTION Si nce the pion is a spin-O particlc, il is a boson. Consequenlly, the I\VO­
pion wave function must be symmet ric under particle exchange. Since the pion 

doesn't have intrinsic spin, the only attribute to exchange is Ihe position of the pion, 
namely f l .... f2. Wave functions (a) and (e) are symmetric under f l .... f2, while 
wave function (d) is antisymmetri c. Wave fu nction (b) does not have any defi nite 
symmctry under exchange. Thus only (a) and (e) are allowed wave funct ions for 
pionic helium. 

EXAM PLE 7.2 It is often stated that the Pauli Principle asserts that no two electrons 
can be in the same state in an atol11. What then is wrong with the two-electron 
"wave function" 

in which one of the electrons is in the ground state with its spin up and the other is 
in the ground state with ils spin down? 

SOLUTION Because electrons are spi n- I / 2 particles, a two-electron wave function 
must be antisymmetric under exchange. The wave function <Ii is symmetric under 
the exchange of the positions of the two particles (fl .... f2), but if the spin states 
of the Iwo particles are exchanged X+( I)X _(2) .... x_(l)x+(2) . Thus the spin 
state is not antisymmclric under exchange of the sp ins, which is required to make 
the overall state antisymmetrie under the combined operation of exchanging the 
positions and spins of the two particles. The correct \11 is 
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EXAMPLE 7.3 Show that the two-particl e spin state 

is a state with lota l spin angu lar momentum equa l to zero. 

SOLUTION For a singlc spin-1 / 2 particle, we know Ihat 

r. (0 I) (I) {, (0) 
Sx opX+ = Z I ° ° = Z I 

fl 
= - X-

2 

and 

r. (0 I) (0) r. (I) fr 
S, op X- = Z I ° I = Z ° = Z X+ 

Also 

r. (O -i) (I) fr (0) r. 
SropX+ =Z i ° ° =i Z I =iZX-

and 

r. (0 -i) (0) r. (I) r. S"opx - = Z i ° I = - i Z ° = -i Z x+ 

And of course x+ and x- are eigenfunctions of S.:op with eigenvalues {, / 2 and 
-fi12, respectively. With these results illl11ind, we arc ready to cons ider the action 
of the operator 

5~p = 52, + 5; + 2 51 ·5, 
op - <>p OP - Of' 

= ST.,p + stp + 2 (S!X'll, S2Xop + SI .,top S2yop + Sl.:up S2.:op ) 

on the two-particle sp in state 

where we have labeled the superpos ition with the subscript 0, ° (a special case 
of the more general result X5,'\/s) si nce we go ing to establish that this state has 
total spin equal to zero (just like the spherical harmoni c YD•D has orb ital angul ar 
momentum equal to zero). Si nce 

and 
fi2 

Sloo, S2o"" x - (llx+(2) = - '4 x- (l )x+(2) 

the state Xo.O is an eigen state of Sl':op S2.:op with eigenvalue _ ti 2/4 . However, since 

fl2 rz2 
SI.' oo S2'o, X+( I)X-(2) = '4 X_(J)x+(2) and SI.' o, S2x"" X- (J )x+(2) = '4 X+( I )X _(2) 

as well as 
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the individual terms in the superposition Xo.O are Jl OI eigcnstates of S lxop S2:cop and 

S' y" S2)'., but the overall superpos iton Xo.O is an eigenstate, namely 

and 

1i 2 

S'x" S2x""XO.O = -"4 Xo.O 

n2 
S' y"" S2y"" XO.O = -"4 Xo.o 

Therefore 

S~pxo, o = [s;"" + Sl., + 2 (S,x"" S2X"" + S, y"" S2y", + S" " S2'",, ) 1 Xo.O 

[~ (~ + I) + ~ ( ~ + I) - 2 (~ + ~ + ~) 1 n 2 Xo.O 

(3 3 3) 2 
= 4 + 4 - 2 n Xo.O 

=0 

In add ition, Xo.O is an eigenstate of S',., + S2,,,, with eigenvalue 0 as well , which 
is why we have two subscripts on xo.O' 

This result is a striking one. You should check that if we simply change the 
two-particle spin state to 

then the eigenva lue equat ion yields 

S~pX I .O = [S~IIP + S~<lP + 2 (5\xop 52.\'op + SI YopS2yop + Sl:op S2:op)] Xl ,O 

= [~ G + I) + ~ G + I) + 2 (~ + ~ - D 1 n2 XiO 

(
3 3 I) , 

= 4+4 + 2 n-x, .o 

= 2(, 2 XiO 

The eigenvalue is S(S + I} n2 with S = I. Thus even though the two states Xo,o and 
XiO are both superpositions of spin states for two spin-I / 2 particles with opposite 
values for the projection of the spin along thcz axis for the two particles, the relative 
phase in the superposition matters a great deal. A simple change of sign from minus 
to plus changes the state from one wi th S = 0 to S = I for the tota l spin. 

7.4 The Fermi Energy 

In the nex t chapter, we will examine the quantum mechanics of crystalline solids. There 
we will see that for a solid such as meta lli c sodium the va lence electrons are essentially 
free to trave l throughout the solid and arc not tied to any particular atom. A useful 

approximation, referred to as the free-electron model, is to treat the electrons as i f they 
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are simply confi ned in the three-dimensiona l potential energy box that we analyzed in 

Section 6.1. In that examp le, we took the height of the potential energy barrier confi ni ng 

the particle to be infinite, which may seem like a rather bad approximation for elect rons 

confined in a solid. But if you look at the detailed solutions to the one-dimensional finite 
square well in Section 4.1, you wi ll not ice that the results of the finite square well reduce 
to the results of the infinite square well if either the height of the barrier or the width of the 

well approaches in fin ity. Since a typical linear dimension ofa solid is in the centimeter or 
longer range (and therefore is at least a factor of 108 largerthan the size ofa typical atom), 

it is not a bad approximation to use the results of the infinite well when treating a solid. 
Typically, for a solid like sodi um there are on the orderof I 023 valence electrons per cu­

bic cen timeter. This is a large number! If we assume that each electron is in the lowest en­
ergy state avai lable, the electrons will fill up the states up to a maximum energy called the 
Fermi energy. Recall that the energy eigenvalues forthe cubic box of side L are given by 

£ _ (n./ + 11 / + 11/ ) fl 2rr 2 
I I " ,I/J •. II : - 2111L 2 n x , lI y, 1'1: = 1, 2, 3, .. (7.30) 

We can put two electrons in the energy state £",.' in a fashio n simi lar to the way we 
constructed the ground state wave function for helium. Similarly, a third electron can go 

into the state corresponding to either £ 2.1.1, E 1.2, I, or E 1,1.2, since all these energies are 
the same. Obviously figuring out the ground state for, say, 1023 electrons is not as easy as 
figuring out the ground state configuration of lithium. A good strategy for dealing wi th 
this problem is to calculate the number of states between energy E and E + dE. Since 

each all owed energy state is labeled by the integers 1Ix. lIy, and 11" we can show each 

allowed energy state as a point in the lanice pictured in Fig. 7.3. 
It is convenient to jnl-roduce a dimensionless radius 

(7.3 1) 

in this lattice. Figure 7.4 shows the proj ection in the II x - n" plane of such a lattice. Notice 
how the number of states between rand r + t. r grows with the magnitude of r. In the 

full three-dimensional lattice, rather than circular arcs of radii rand r + t.r , we choose 

/ 

• • • • 

Figure 7.3 Each allowed state is labeled by point in the lattice with axes labeled by 1/ ;0; . 

1/ )' . and " :_ For the sake of clarity, only a few points are shown. The number of po in IS 

between,. and r + fi r is given by the volume of the spherical shell between rand r + ~r. 



• • • • • 

• 
• 
• 

Figure 7.4 The allowed Slates in the 11 .r -l1y plane. The number of 
states between rand r + b.r grows with increas ing r. This effect 
is more pronounced in three dimensions. 
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a spherica l shell o f inner radius r and outer radius r + 6r . The volume of thi s spherical 

shell is g iven by 4rrr' 6r. Since the number of partic les filling these individual states is 

very large, we can, to a very good approx imation, replace 6r with the differential d,. . 
From (7.30), we sec that 

and hence 

r = 
.,tE;;E L 

flir 

...!fmLd£ 
dr = -----

2lirr .JE 

(7 .32) 

(7.33) 

Since by construction there is one allowed energy state per unit volume in the latti ce, the 

number of states between £ and £ + d £ is g iven by 

D(£)d £ = 2 G) 4rrr ' dr 

V (2111 )3 /' roo 
= v£d£ 

21i 3rr ' 
(7.34) 

where V = L 3 is the volume orthe box. The factor of I / 8 on the first line of this equat ion 

arises from the fact that the integers IIx , ".., and II, take on only positive values, and thus 

the number of states is the volume of the spheri cal shell restricted to the first octan t of 

the latt ice. The fac to r of2 on the right-hand side of the fi rst li ne of(7.34) arises from the 

fact that there arc two spin states, spin up and spin down, for each allowed energy for a 
spin-1 12 particle like the electron. The quantity D(£) is called the density of states. It 

is the number of states per uni t energy. The important thing to notice in the result (7.34) 

is that the density of states grows as the square root of the energy. 

Let us assume there arc N electrons in the box. In the ground state, we put one electron 
in each state unt il we rlln out of electrons, wh ich occurs at an energy EF, whi ch we call 

the Fermi energy. There fore 

rE, 
N = Jo D(£)d£ 

1"" V(2 111 j1/' • 
= 3 , .JEd£ 

o 2fi rr-
(7.35) 
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Evaluating the: integral, we obtain 

(7.36) 

and therefore 

Er-=~ 3J[
l
N -, ( ) '/3 

2m V 
(7.37) 

What happens if we take th is box and squeeze it, attempting to decrease the volume V 

of the solid? As you wou ld expect, the so lid res ists such a compression, si nce according 

to (7.37) reducing the vo lu me of the box increases thc energy oflhe electrons confined in 

the box. From conservation of energy, d E'OI,I = - I'd V (the analogue of d W = Fdx), 
where E .. ",I is the total energy of the electrons in the solid and the pressure I' is the 

force/area with which the solid pushes back when it is compressed. Th is pressure is 

generally refe rred to as e lectron degeneracy pressure 4 In the Fermi gas mode l of the 

solid (sec Problem 7.4), 

3 
Etotal = -:NEF 

) 
(7.38) 

where E .. ",I is the Slllll of the energy of the N electrons contained in the box. Therefore 

I' = -~ = - (3rrl)1/3 ~ - (7.39) 
dE 2 > ' (N) S/3 

dV 5 2m V 

Using this result, we can compute the compressibility K of a solid 

( 
dp) -I 

K= -V ­
dV 

(7 .40) 

As noted in Example 7.4, for alka li meta ls such as sodium the electron degeneracy pres­

sure can account for a significant fraction of the resistance of the metal to compression. 

EXAMPLE 7.4 Determ ine the Ferm i energy Er- and the Ferm i velocity UF, the speed 

of an e lectron at the Fermi energy, for sodium. The molecular we ight for sodium is 

23 and the dens ity o f meta lli c sodium is 0.97 g/ cm3 There is one valence e lectron 

per atom for sodium. 

SOLUTION 

N 

V 
0.97 glcm

3 
( '3 ) " 3 6.02 x 10- atoms/mole = 2.5 x 10-- atoms/cm 

23 glmolc 

Subst itu ling this rcsu lt into (7.37), we find that Er = 3.1 eV for sodium. Since th is 

is the kinetic energy of the most energetic electron in the box, the Fermi velocity 
is determ ined from 

I , 
Er="2mur 

For sodium, UF = 1.0 x 106 mls. Thus the most energetic electrons are nonre lativis­

tic, which is necessary for self-consistency since we have used the nonrelativistic 

-I Here the term degcneracy is used to indicate that the electrons are in their lowest energy state. 
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Schrodinger equation to determine the allowed energies. But the speed of these 

most energetic e lectrons is appreciable, namely 0.3% of the speed oflight. 
Given the va lue for N / JI it is straightforward to ca lculate the compressibili ty 

K as well as the Fermi energy for sodium. We obtain a value of 1.2 x 10- 10 m2/N, 
which should be compared with the measured val ue of 1.56 x 10- 10 m2/N. 

White Dwarf and Neutron Stars 

This electron degeneracy pressure also plays a big role in determ ining the end state of 
stellar cvolution for stars that are not too massive. As we will see in Chapter 9, stars like 

the Sun are "burning" hydrogen in a process of nuclear fus ion that converts hydrogen into 

helium. The energy released in these fus ion react ions produces a pressure that balances 
the grav itational pull that would otherwise cause the star to coll apse. But what happens 

after the nuclear fue l is exhausted? 
Relat ively nearby, 8.6 light-years away, is the star Sirius, the brightest star in the night 

sky. Sirius has a companion, the star Sirius B, which orbits around it with a period of 

50 years. The mass of Siri us B is very close to the mass of our Sun, but its rad ius is 

6,000 km, just s lightly less than the rad ius of the Eart h (see Example 7.7). Consequently, 
the density of Sirius B is 2 x 10' glcm3 . This is to be contrasted with the Sun, which has 

a radius of 7 x l Os km and a density of 1.4 glcm3
, which is near the density of water. 

Si rius B is an example of a white dwarf star, the end phase of evolution of stars like 
the Sun . How can such all enormous density be supported? Certainly not by the sort of 
repu lsion between neighboring atoms that leads to stability of ordinary matter on Earth, 

for which the average density is 5.5 glcm3 . The answer is electron degeneracy pressure. 

In 1930, Subramanyan Chandrasekhar, then 19 years old, was on a sea voyage from 

India to Cambridge, England, where he planned to begin graduate work. Chandrasekhar 
was interested in exploring the consequences of quantum mechani cs for astrophysics. 
During his trip, he ana lyzed how the density, pressure, and gravity in a white dwarf star 
vary wi th radius. For a star like Sirius B Chandrasekhar found that the Fermi veloc­

ity of inner electrons approaches the speed of light. Consequently, he found it neces­

sary to redo the calculation of the Fermi energy taking relativistic effects into account. 
In the li miting case in which the electrons in the star are ultrarelativ istic, he found that the 
electron degeneracy pressure varies as (N / JI)4 /3 instead of as (N / Jl)5/3 , which is what 

we obtai ned in (7.39) for the nonrelativistic case. (See Problem 7.7.) Thus, for example, 
a I % increase in the density produces a 4/3% increase in the pressure in contrast to 
the 5/3% increase that would be ex pected if the electTons were nonrelativistic. Therefore 
the degeneracy pressure of re lativistic e lectrons does not offer as much resistance to 

collapse as does the degeneracy pressure due to nonrelativistic electrons. Chandrasekhar 
deduced that a high-density, high-mass star cannot support itself against gravitat ional 

collapse unl ess the mass of the star is less than 1.4 solar masses. This finding was 
quite controversial with in the astronom ical community and it was 54 years before 
Chandrasekhar was awarded the Nobel Prize for thi s work5 

5For an interesting discuss ion of the history associated wi th Chrandrasekhar's di scovery, sec Kip S. 
Thorne, Black Holes lI lId Time WGll)S, W. W. Norton, New York , 1994, pp. 140- \63. 
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Figure 7.5 The Crab Nebula as seen by the Hubble Space Telescope. At the center of 
the nebula is a pu lsar, a neutron star ro tati ng at a rate 0[30 revolutions per second. 

(Courtesy NASA) 

The natural question to raise is what happens if the mass of the star exceeds this 
1.4 solar mass limit. As the star coll apses, the size of the box confining the electrons 

decreases and, consequently, the energy of the electrons confined in the box increases. 
When the energy of the electrons reaches the point that is sufficient to ini tiate the reaction 

e- + p --+ V,+ II , that is , an electron combines with a proton to produce the more massive 

neutron (a spin-1I2 particle) and an associated neutrino, the inner core of the star collapses 
to a neutron star. Calculat ions similar in sp irit to the ones Chandrasekhar did for whi te 
dwarf stars show that fo r neutron stars a typical radius is on the order of 10 km and 

the density is on the order of 1014 glcm' (the density of nuclear matter). Moreover, 
there is an upper limit on the mass of a neutron star of roughly 1.5 to 3 solar masses6 

Beyond that limit, the star either collapses to a black hole or ejects mass in a catastrophic 
explosion known as a supernova, often leaving a neutron star surrounded by ejected gas 
as a remnant, as is the case for the Crab nebula, shown in Fig. 7.5. 

7.5 Quantum Statistics 

In our discussion of the Fermi energy we have focused on systems such as the valence 

electrons in a solid or the neutrons in a neutron star in which the number of particies that 
make up the system is very large, ranging from, say, 1023 to 1055 It is not practica l or, 

for that matter, even lIseful to atlCmpl lO wri te a wave funct ion for such a large number 
of partic les. The most we can reasonably do is to obtain probabilist ic informat ion about 
how the particles are distributed on average in terms of energy. In other words, we will 

treat the particles statist ically. 

The fundame ntal postu late of stat istical mechanics states that an isolated system in 
thermal equ ili brium is found with equal probabili ty in each of its accessible microstates. 

To illustrate, let's examine the microstates for a system of 6 distinguishable particles wi th 
total energy 8£ I in a system for whi ch the possible energy states for each particle are 

6The uncertainty in thc upper limit for the mass of ncutron stars arises from our Jack of detai led 
knowledge of the nature of the interactions between neutrons. 
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E, £.,; 2E, 

(a) I ABCDE I I F E; 8E, 

(b) I ABeD I EF E ; 8E, 

Figure 7.6 (a) A microstate of six particles in which fi ve particles reside in the ground 
stale and one particle is in the second excited state, satisfying the constraint Ihal the total 

energy orlhe six particles is 8E 1 • Since any orlhe six particles (labeled with the letters A 
through F) can be in the state with energy 3£\, there arc six such microstates if the 

particles arc presumed to be distinguishable. (b) A microstate orlhe six particles with 
lota l energy 8 E 1 in which four of the particles are in the ground state and two of the 
particles arc in the first excited slate. There arc fifteen such microstates iflhc particles arc 
presumed to be distinguishable. 

E" E, = 2E" E3 = 3E" and so forth. One possible configuration of the particles 

with the requis ite energy is to have fi ve parti cles in the lowest energy state and the sixth 

particle in the state with energy E3 = 3 E" as ill ustrated in Fig. 7.6a. Since any of the six 

particles might be the one with energy E3, there are six different microstates (6 = 6! / 5!) 

correspond ing to this configuration of the part icles. Another way to distribute the six 

particles so tha t the total energy is 8E, is to have 4 partic les each wi th energy E t and two 

particles each with energy E2 = 2E" as illustrated in Fig. 7.6b. In this case, there are 

6! / 4 !2! = 15 different microstates7 Given the constraint that the tota l energy be eq ual 

to 8E" there are no addit ional microstates possible. Thus there are a total of6 + 15 = 2 1 

microstates. Notice that in 6 ofthesc 21 microstates there are 5 particles in the state with 

energy E \, and in 15 of these 21 microstates there are 4 particles in the state with energy 
£,. Thus the average number of part icles in this energy state is (6/ 2 1 )5+( 15 / 2 1)4 = 4.3. 

Similarly, the average number of part icles in the state with energy E2 is ( 15/ 2 1)2 = 1.4. 

And finally, the average number of particles in the state with energy E3 is (6 / 21)1 = 0.3. 

Clearly, there would be no particles in any hi gher energy states if the total energy is 

constrained to be 8£\. These average numbers arc shown in Fig. 7.7 together wi th a 

curve of Ae- P£ with appropriate values of A and fj. Even though the number of particles 

in our example is not large, the beginnings of an exponential fa ll off seem to be already 

in place. 
I f we were to extend our disc Llssion to a very large number of distinguishable particles 

in thermal equilibrium at a particular temperature T (which is equ ivalent to specifying 

the average energy of a system in thermal equil ibri um with a reservoi r), we would fi nd 

the average number of particles in each energy state to be equal to 

/I(E) = Ae- £/ k"r (7.4 1 ) 

where the constant A is chosen so that sum of(7.41) over all possible energy states is 

equal to the total number of particles N in the syste lll. The factor e- E/ k"T is call ed the 

Boltzmann factor, named after Ludwig Boltzmann, who along with Maxwell was one of 

7These resuhs for the number of microstates arc spec ial cases of" N choose N1." the number of 
different ways of choosing NI particles from a group of N particles, namely 

( N) N! 
N, ~ N, '(N - N,) ' 
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Figure 7.7 The average number of particles in each of the energy stales for the 

microstates illustrated in Fig. 7.6. The so lid curve is a graph of Ae- fl E with A and (J 
chosen to give a reasonable fit. 

the founders of statistical mechanics. The constant ko in the exponent is the Boltzmann 
constant. It has the value 

ko = 1.38 x 1O- 23 1/ K (7.42) 

If you are not fam ili ar with the Boltzmann constant and the Boltzmann factor, check 

out Example 7.5 at the end of this section. There you wi ll see an illustration of how the 
Boltzmann factor arises in the case of an idcal gas in a uniform gravitationa l field. 

If yoll examine the counting arguments that we lIsed in our di scliss ion of the allowed 

microstates, you see that our treating the particles as distinguishable played a crucial 
role. For example, we pointed oul that there were six mi crostates corresponding to the 

configuration with five particles in the state with energy £ I and one particle in the state 

with energy £3 since we were treating each of the six possible ways we could put one 

of the particles in the state with energy £ ) as distingu ishable. Similarl y, there are fifteen 

microstates in which four panicles are in the stale with energy EI and two particles 

arc in the state w ith energy £ 2. Since allmicrostales arc presumed to occur with equal 

probability, the configuration with four particles in the ground state and two particles in 
the first excited state is 15/ 6 = 2.5 times more likely to occur than the configuration 
w ith five partic les in the ground state and one particle in the second excited state. But 

if the partic les are indi stinguishable, then there is on ly one microstate corresponding 

to each of these configurations, as shown in Fig . 7.8 . Hence instead of a 2.5 ratio of 
allowed microstates for dist inguishable particles for these two configurations. there is 
a I to I ratio if the particles arc indistinguishable. This differencc in the counting of 
the ra tio of thc number of allowcd mi crostates (the stati stica l weight, if you will) for 
distinguishable versus indistinguishable part icles becomes increasingly pronounced as 

E, £, = 2E, E, = 3£, 

(a) I AAAAA I I A E= 8£, 

(b) AAAA AA E= 8£, 

Figure 7.8 (a) There is a single microstatc for six indistinguishable particles (each 
labeled by the letter A) in which five particles reside ill the ground state and one particle 
resides in the second excited state. (b) Simi larl y, there is a single microstate of s ix 
indist inguishable particles in which four of the particles are in the ground state and two 
of the particles are in the first exci ted state. 
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the number of particles increases. See Problem 7.12. Since our counting of the number of 
microstates for distingui shable particles suggested the Bo ltzmann factor, you can foresee 
that we should end up with quite different results for indistingui shable particles. Thi s is 

the rat ionale for calling this subject quantum statistics. 
In our discussion of ind istinguishable particles in Section 7.2, we saw that the quan­

tum states of identical particles arc eit her symmetric or antisymmctric under particle 
exchange. For states that are antisymmetric under particle exchange, there can be no 
morc than one particle in any quantum state, whi le for states that are symmetric under 
particle exchange there is no limit on the number of particles that can be in any quan­

tum state. Thus the indistinguishable particles in the example shown in Fig. 7.8 must 
be hosans since more than onc particle resides in a number of the energy states. To 

illustrate the important role that intrinsic spin plays cons ider a simple example in which 

we di stribute two particles in three possible energy states £t, £" and £3 . There are three 
a lternatives. 

I. Maxwell-Boltzmann statistics: If we call the particles A and B, treating them as 

dist inguishable, then there are nine possible microstates, since each of the two particles 
can be placed in anyone of the tluee states, as shown in Fig. 7.9a. Note that in three of 
these nine microstates the two partic les are in the same energy state. 

2. Bose-Einstein statistics: If the partic les are indistingui shable and there are no 

limits on the number of particles that can be put in anyone of the energy states, then 
there are six possible microstates, with three possible ways of putting the particles in the 

same energy state and three possible ways of putting them in different energy states, as 
illustrated in Fig. 7.9b. 

3. Fermi-Dirac statistics: If the particles are indi stinguishable and no more than 

one particle can be put in a particular energy state, then there arc just three possible 
microstates, as shown in Fig. 7.9c. 

E, E, E, -
AB 

AB 
AB 

A B 
(a) B A Max well - Boltzmann 

A B 
B A 

A B 
B A 

AA 
AA 

(b) 
AA 

A A Bose-Einstein 

A A 
A A 

A A 
(c) A A Fermi-Dirac 

A A 

Figure 7.9 The microstates for two particles distributed in three energy states. In 

(a) the particles arc distinguishab le (denoted by A and B). In (b) the part icles are 
indisti nguishable with no lim itation on the number of particles that can be in the same 
state. And in (c) the particles are indistinguishable with the limitation that no morc than 
one particle can be in any particular state. 
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Notice in part icular that the probability that the the two particles are found in the 

same state varies from 3/ 9 = 1/ 3 for the Maxwell- Boltzmann statistics to 3/ 6 = 1/ 2 

for Bose- Einstein stat istics to 0 for Fermi- Dirac stat istics. 
The examp les that we have examined so fa r have involved a small number of particles. 

As was noted earlier, statistical mechan ics is typica lly applied to systems with a very 
large number of particles. The guiding principle of statistical mechani cs is that each 
accessible microstate occurs with equa l probability. Thus the most probable configurat ion 

of the particles is the one corresponding to the max imum number of microstates. While 
counti ng the number of microstates in the general case is beyond the scope of this text, 

once the number of microstates is determined the most probable configuration is obtained 
by maximizing this number subject to the constrai nts that the total number of particles 

in the system is N and the total energy of the system is £. As with any maximization 
problem in which there are constraints, the constraints can be handled by the method of 

Lagrange multipliers. Since there are two constraints, there are two Lagrange mult ipliers, 
typica lly cal led Ct and (3, that arc associa ted with the constraints on the number of particles 

and the tota l energy, respectively. The good news is that as the number of particles in 

the system grows this most probable configuration becomes overwhelmingly more likely 
than its competitorsS 

For distinguishable particles, we obtain the Maxwell-Boltzmann distribution 
function 

I 
1/(£) = e"eEl ksT (7.43) 

namely the exponential distribution (7.4 1) suggested by our example with six distinguish­
able particles (with the identifica tion A = e- a ). Example 7.5 shows how the energy is 
re lated to the temperature for the ideal gas provided we choose the Lagrange multi­

plier (3 = 1/ ko T. For indistingui shable particles with integer intrinsic spin angular 
momentum, namely bosons, the correspond ing Bose-Einstein distribution function 

is given by 

I 
1/ (£) = El k T (7.44) 

e"e " - I 

For indistinguishable particles with half-integer intrinsic spin, namely fermions, the 
corresponding Fermi-Dirac distribution function is g iven by 

I 
1/(£) = e"eEl k,T + I (7.45) 

Figure 7. 10 shows each of these distribution functions plotted as a function of £ / ko T. 
At high energies (£ » ko T), both the Bose- Einste in and the Ferm i- Dirac distribution 
fun ctions reduce to the Maxwell- Boltzmann distribution fu nction. In this case, the prob­
abili ty ofa particle being in anyone energy state is small so the di fferences arising from 

what happens when multiple particles are in that state are negligible. At low energies 
(£ « ko T), where the number in a particular state is comparable to or larger than one, 

the differences between the di stributions arc striking, with the quantum distributions 
fa ll ing on opposite sides of the Maxwell- Boltzmann distribution. 

8 A concise derivat ion or the most probable configuration ror identica l particles is given by 
D. J. Griffi ths, Introduction to Qllamll l1l Mechanics, Prentice-Hall , Englewood Cliffs, NJ ( 1995), 
pp. 204-2t8. 
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Figure 7. 10 The Maxwell- Boltzmann. Fermi- Dirac, and Bose-Einstei n distribution 
funct ions plo tt ed as a function or E / kB T for the value a = O. 

Section 7.5 Quantum Statistics 231 

We conclude this section with a com ment on the Fermi- Dirac distribution function. 
It is convenient to write the Fermi- Dirac di stribution function in a form that brings in 
the Fermi energy. We define EF = -akll Tin (7.45), in which case 

I 
I/(E) = --=-=~;c--: 

e(E Ed/ kilT + I (7.46) 

Given this fo rm for I/ ( E), you can see that I/(EF) = 0.5. The number of fermions with 
energy between E and E + dE for identical fermions in a box is given by the product of 
I/(E) and the number of states wi th energy between E and E + dE, namely 

I 
I/(E)D(E)dE = e(E- EF)/ k,T + I 

V (2111 )3/2 r;; 
3 2 vEdE 

2ft 1f 
(7.47) 

The va lue of the Ferm i energy is then determined from the requirement that the swn over 
all possible energy states equals N, the total number of fermions: 

(7.48) 

As T --> 0, I/(E) = I for E < Er and I/(E) = 0 for E > E F• In this case, the in tegral 
(7.48) is straightforward to eval uate, as we saw in Section 7.4. As indicated in Fig. 7. 1 I, 

the va lue of the Fermi energy decreases wi th increasing temperature as fermi ons from 

1.0'-"-'===:---""""""::--1 

§: 0.5 - - ------ --- --- --=-~-~~ 

" 
0.0 L------l_~~"---~::::::::;;;:;;;;;:::::=~E 

EF 

Figure 7.11 The Fermi- Dirac distribution function for four different temperatures. Note 

how the location of the Fermi energy [the energy for which 11(£) = 0.5] changes with 
increasing temperature. 
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the lower energy sta tes are shifted in to higher energy states. Thus the energy £ at which 

1/(£) = 0.5 shifts to lower energies as these lower energy states become depopu lated. 

It is convenient to define a Fermi temperature through 

£r = kB Tr (7.49) 

For sodium, we saw in the previous section that EF = 3. 1 cV and therefore TF = 
36 x 103 K. Now you can see why it is an excellent approximation to treat the solid as if 

it were effectively at abso lute zero. At room temperature, kB T = :lo eV « kB Tr , so that 

only a small fraction of the electrons, those roughly within kB T ofl he Fermi energy, are 

exc ited. The vast maj ority of thc eleclrons arc " frozen" in the lower energy states. 

EXAMPLE 7.5 A well-known example ofa macroscopic equation of state invo lving 

pressure and temperature is the idea l gas law 

N 
P V = - RT 

NA 

where P is the pressure of the gas, V is the volume, T is the temperature, and N is 

the tOlal number of molecules of gas. The constant N A is Avogadro's number and 

the constant R is the ideal gas constant ( R = 8.3 15 J/mole-K). The fraction N / N A 

is simply the number of moles of the gas. Physicists like to express the ideal gas 

law in the form 

PV = Nk BT 

where kg = R / NA is the Boltzmann constant. Suppose this ideal gas at tempera­

ture T is in a uniform g ravitational fie ld . Show Ihat the molecules in the gas are 

di stributed as a function of the height z according to the Boltzmann factor. 

SOLUTION In static equilibrium a pressure gradient arises in the gas, since tbe 

pressure pushing upward from below on a small slab of gas of thickness dz must 

be greater than the pressure pushing downward from above to balance the weight 
of the gas contained in the slab, as ill ustrated in Fig . 7. 12. Taking the mass of 

each molecule in the gas to be 111 and calling g the accelerati on due to gravity, 

we find that setting the sum of the forces on this slab of gas to zero leads to 

PA - ( P + d P)A - lIIgnAdz = 0, where A is the cross-sectional area of the slab 

and II is the number of molecules per unit volume of the gas. Since the idea l gas 

law can be written in terms of the density II = N / V of molecules as P = iikB T, 

the force equation becomes 

or 

d'i mgdz 
- =- - -
II kaT 

T hi s equation can be easily integrated to yield 

Ii = ii(O)e- mg:/kuT 



(I' + dP)A 

A 

z 

PA 
mgiiAdz 

Figure 7.12 The external forces on a small slab of gas due 
to pressure and gravity must balance in equi librium. 
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where il(O) is the number of molecules per unit volume at z = O. Note that IIIgz is 
simply the gravitational potential energy of a molecule at height z. This equation 
of state is often re ferred to as the law of "tmospheres. At a height z such that 

IIIgz = k8 T the density is reduced to l i e of its value at z = O. The larger the 
temperature, the more Slow ly the density decreases with he ight. 

It is narural to ask at this point what role the kinetic energy of the molecules 

plays. To see the connection between kinetic energy and temperature for an ideal 
gas, consider the gas at temperature T confined in the volume V shown in Fig. 7.13. 
The pressure P exerted by the gas all, say, the right-hand wa ll of area A arises from 
collisions of the mol ecules with the wa ll. We ca lculate an average pressure due to 

the coll is ion of a single molecule and then sum the results for the N molecules 

contained in the volume. Assuming a molecule approaches the wall with speed V.1' 

in thex direction and col lides elastica lly with the wa ll , the change in the momentum 
of the molecule is 2mvx . Thus the force per unit area exerted by thi s molecule on 

the wall is given by 

F., I 6px 2111 Vx 
- = --- = 
II Ii 6! 116! 

where 6Px16 ! is the change in the x component of the momentum in the time 
interval 6!. Since the molecules are distributed randomly in the volume, whether 
the molecul e strikes the wall in time 6! depends on whether it is within a distance 

......---- A rea A 
" 

Figure 7. 13 A molecule with horizontal speed Ux exerts 

pressure on the right-hand wa ll as a conscqucnce or 
collisions with the wa ll. 
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U,, /]. I of the wall. The probability that it str ikes the wall is then 

uxf:j.tA 

2V 
name ly the volume v.,. /]. 1 II divided by 2 V, where the factor of 2 ar ises from the 
fact that the molecule is equally likely to be headed away from the wa ll as toward 
the wall. Mu ltiplying F,j II by the probabili ty of making a collision, we obtain 

fr = 111 v.; 
II V 

Thus the pressure arising n'olll the colli sions oC the N molecules in the gas is 

111(2 2 2) P = II UX1 + Vx" + .. . + VXN 

= N lII u 2 

V " 

where 

2 _1 (2 2 ') v," - - v .. + V,. + ... + v .. . N -'1·2 ·' N 

is the average square of the x component of the velocity. Since the idea l gas law 
states that P = N kB T / V, we see that 

1I1~ = kn T 
" u 

Finally, since v; = v<~ = v~ , the average kineti c energy of tile molecu les in the gas is 

1 - 1 - 1 - 1 - 3 
-mv2 = - I1l V2 + -mu~ + - I1lV~ = - kaT 
2 2 " 2'2-2 

Thus in an isotherma l ideal gas the average ki netic energy of the molecules is 
simp ly proportionailo the lempcratllfc.9 

Returning to the deriva tion of the law of atmospheres in which we took into 
account the influence of gravity on the molecules in the gas, the average kinetic 
energy of the molecules docs not vary with the height z in the gas since the gas 
is presumed to be isothermal. Therefore the change in energy of the molecules in 
moving to higher elevations in the gas results solely from the change in grav ita­
tional potentia l energy. The law of atmospheres can thus be seen as an interesti ng 
manifestation of the Boitzm3JID factor e - £ / kBT . 

EXAMPLE 7.6 Calcul ate the de Broglie wavelength AF of an electron in a solid at the 
Fermi energy. Compare this length wi th the spacing between electrons in the solid . 

SOLUTION The de Broglie wavelength of an electron at the Fermi energy is 

" )'F = -
PF 

9Th is result is an ill ustration or the equi panition theorem, namely that in thermal equi libriuIll the 
average kinetic energy in each (quadratic) degree of freedom is kn T /2. 
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whcrc PF is thc momentum of an clectron at thc Fcrmi cnergy. From (7.37) we 
know that 

Therefore 

, ' ( 2 ) 2/ 3 11 - Ii- 3JT N 
2111 A~ = 2111 - V-

where N / V is the number of e lectrons per un it volume. The spacing betwecn 
electrons is roughly (V / N)1 /3 and is thus g iven by 

Therefore the spacing between atoms in the crystal is roughly half the de Brogli e 

wavelength of the most energetic conduction electrons. Lower energy electrons 

have de Broglie wavelengths that arc of course even larger. A good rule of thumb is 
that quantum effects become pronounced in l11ultiparticle systems when the spacing 
between the partic les is comparable to the de Broglie wavelength of these part iclcs. 

We wi ll see some striking examples invo lving bosons in Section 7.7 . 

7.6 Cavity Radiation 

In the remaining sections of this chapter we wi ll exam ine some interesting applications 

of the Bose- Einstein distribution funct ion. One or the most common and important ap­
plications is the phenomenon of cavity radiation . If you crack open the door to a ki ln (a 

thermally insulated oven) that is at room temperature and look in, the contents are black. 

If the kiln is heated, the contents glow red . At higher temperatures the contents appear 

ye ll ow and then wh ite. The increasing thermal energy ca uses increas ing excitation of the 

atoms and mo lecules Ihat constitu tc the walls of the ki ln. The atoms and mo lecules cmit 

and absorb electromagnetic radiation. Thus we can think of tile kiln as a box containing 
photons in thermal equilibrium at a particular temperature T . Figure 7.14 shows a plot 

of the spectral radiancy emi ned as a func tion of freq uency for three different tempera­

tures. The radiancy, the total energy per unit time per unit area emitted, is the area under 
the curve. 

Cavity radi at ion is often referred to as blackbody radiation. To see why, consider 

a cavity with a very small hole leading to the outside. I f light fa lls on the ho le, it will 

be almost entirely absorbed, si nce the odds that the li ght is rcflectcd back through the 

hole are very small , as illustrated in Fig. 7. 15. Thus the hole looks extremely black. 

As a demonstration, take a couple of pieces of the blackest paper you can find. Cut a 

small hole in one of the pieces and hold that piece in front of the othcr piece with some 

spacing between the two pieces. You will observe how much blacker the hole is than the 

surrounding paper. The reason that cavity rad iation, or blackbody radiation, attracted the 
attention of physicists li ke Max Planck is that the rad iat ion emitted from a blackbody is 

universal in character. In particular, the spectrum is entirely independent of the size and 
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Figure 7.15 A cavity connected 

by a small hole to a region 
outside. Light incidem on the 
hole has a very smalt probabil­

ity of bei ng reflected back Oul 

and thus the hole is very black. 
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Figure 7.16 A cubic cavity. 
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Figure 7.14 The spectral radiancy RT ( II) for a blackbody radiator for three temperatures. 

Rdv) dv is the energy per unit area per un it time in the frequency interval between vand 
v + dv emined by Ihe blackbody. 

the shape of the cav ity as we ll as the composition of the material in which the cavity is 

contained. Thus there is something tru ly fundamental about this cavity radiation. 
We start by calcul ating the energy density (the energy per unit volume) of a cavity 

fi lled with electromagnetic radiation. We can take advantage of the universal character 

of the spectrum to choose an especially stra ightforward cavity to analyze, namely a cubic 
cavity (shown in Fig. 7. 16) in a metal with a very high conductivity. Of course, s ince we 

are concerned with electromagnetic radiation contained within the cavity, the equations 
that we are so lving are Maxwe ll's equations Of, more precisely, the wave equation for tile 
electric fi eld E: 

a'E a'E a'E I a'E -+-+- - -- = 0 ax' ay' az' c' aI' (7.50) 

The solutions to th is wave equation sat isfyi ng the boundary condi tion that the tangential 
component of the electric fie ld vanishes at the boundary arc given by 

C' Il x1f X ll y 7rY 1l _1TZ 
G x = £ .1'0 cos - L- sin -L- sin L sin wI 

. " :r: JfX f1 y JrY. II : JfZ . 
E), = £1'0 Sin - - cos -- Sltt -- Sl11 wt 

. L L L 
Il xJTX Ilyrry Il_JTZ 

E, = E" sin -L- si n -L- cos L sin wl (7.5 1) 

which are reminiscent of the solutions (6. 11 ) to the Schrodinger equation fo r a non­
re lativistic part icle in a cubic box that we determined in Section 6.1. U nlike the wave 

function, the electric field is a vector quantity, so we need to specify all three of its 
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components. See Problem 7. 14. The important thing to notice is that if anyone of the 

components of [; is substituted into (7.50), we obtain the condition 

w
2 

jf 2 (2 2 2) 
-, = 7 nx + 11) . + 11 = c- L-

(7.52) 

or in terms of the ordinary frequency v 

c V" ., ., " = - 11· + 1/- + II: 2L x y -
(7.53) 

Thus the allowed frequencies are spec ified by the positive integers " ." lIy, and lI"just as 

were the allowed energies in our deri va ti on of the density of states for fermions in a box 
in Section 7.4 . 

To determine the density of states, wc similarly define a radius in the lattice of allowed 

states by 

Hence from (7.53) 

2L 
1'=-" 

C 

and the number of states between" and " + dl! is given by 

I 
D(") d" = 284rrl"2dl" 

= 8rr V "2d" 
cJ 

(7.54) 

(7.55) 

(7.56) 

where D(") is the number of states per unit frequency and V = L J is the volume of the 

cavity. Note that here the factor of 1/8 in the first line of this equation arises from the fact 

that we want to include only the volume of the spherica l shell between I" and I" + dl" in 

the first octant of the lattice pictured in Fig. 7.3. Here too, as in (7.34), we have inserted 

an extra factor of two in counting the number of allowed states. In this case, the factor 

of two arises from the fact that there are two polarization states for each mode. 'o 

We now have almost everything we need to determine the energy density of a photon 

gas in thermal equili brium at temperature T. The energy of each photon wi th frequency 

" is of course "". Since photons have integral intrins ic spin (5 = I), we must use 
the Bose- Ei nstein distribution function (7 .44). However, since photons are emitted and 

absorbed by the atoms in the walls of the cavity and consequently their number is not 

conserved, we do not have any constraint on the number of photons in the cavity. This 

lack of constrai nt means we can set the Lagrange multiplier Cl to zero in (7.44), in which 

case the Bose- Einstein distribution function becomes 

I 
II ( E) = --;c-;,.....----:­

e E/ knT _ I 

Since E = " " for photons, the di stribut ion fun ction becomes 

I 
11(11") = i / * T ell' 8 _ I 

(7.57) 

(7.58) 

IOS ince E = Ill' for photons, the density of stales is proport ional to £ 2 in contrast to the .j£ 
dependence for nonrclativistic part icles that we saw in (7.34). 
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o 2 3 4 
A (/LIn) 

Figure 7.17 The energy density peA). 

Consequently, the energy in the cavity between v and v + dv is the product of three 
factors 

hVI1(hv)D(v)dv (7.59) 

namely, the energy of each photon, the average number of photons in each state, and the 
number of allowed states between v and v + dv. Finally, dividing by the volume Vof 
the cavity, we obta in the energy density (energy per un it vol ume) between v and v + dv: 

SJT h v3 

p(v)d v = ) ( I II' 7' )dV c ell' II - I 
(7.60) 

This energy density can also be expressed in terms of the wavelength A of the radiation 
as ll 

(7.6 1 ) 

Figure 7.17 shows a plot of p(),) . 

The express ion fo r PC),) in (7.6 1) is often referred to as the Planck function. Max 
Planck first obtained this di stribution function in 1900 in an attempt to fit the blackbody 
spectrum of cavity radiation, a fit that yielded a value for the constant h that was close 
to the currently accepted value. In an attempt to derive the Planck function, Planck 

was forced to assume that the atoms in the wa ll s of the cavity had discrete, evenly 

spaced energy leve ls (which we now recogni ze as the energy levels of the harmoni c 
osci llator, apart from the zero-point energy). It was Einstein who, in his 1905 paper on 

the photoelectric effect, first recognized that a consequence of Planck's assumption was 
that electromagnetic energy in the cavity "consists of a finite number of energy quanta 
localized at points in space, moving without dividing and capable of being absorbed or 
generated only as ent ities." 

I I Since IJ ::::; c/ A, d\l = - c d). / A 2, which is why the energy densi ty per uni t wavelength is proportional 
to 1/ ). 5 while the energy density per unit frequency is proport iona l to \1 3. Strictly speak ing. we should 

use a symbol other than p().) for the energy dens ity expressed in te rms of wavelength since p(v) and 
pO.) are di ffe rent functions. 
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Given these results, it is straightforward to calculate the total energy density in the 

cavity: 

1"" 1"" 8][ II V
3 

p(v)dv = dv 
o 0 (.'3 (eh ll/ kOT - I) 

= 0 dx 8][ k' T'l"" x
3 

c3/, 3 0 (eX - I) 
(7.62) 

where in the last step we introduced the dimensionless variable x = /, v/ kB T. Notice how 
the factor of T' pops out in front of the integral (because the integrand depends on v3 

with a fac tor ofv2 com ing from the density of states and a factorofv from the fact that the 
energy ofa photon is /,v). Thus the energy density varies as the fourth power of the tem­

perature. Doubling the temperature increases the energy density by a factor of 16. Since 

(7.63) 

we obtain 

1'" p(v)dv = aT' (7.64) 

where 

(7.65) 

As shown in Problem 7.13, the energy density of cavity radiation and the radjancy of 

a blackbody arc related by 
c 

RT(V)dv = 4P(Ii)dv (7.66) 

where RT(V)dv is the (energy/area)/time with frequency between v and v + dv. Thus 

the total energy per unit arca per unit time rad iated by a blackbody is 

where 

1"" I?T(V)dv = aT' (7.67) 

ac 
a = - = 5.67 x 10- 8 W/m2-K' 

4 
(7.68) 

is ca lled Ihe Stefan- Boltzmann conSlant. The T' dependence for the IO tal radiancy is 
commonly called the Stefan-Boltzmann law. 

Finally, it is not difficult to derive an additional "law," Wien's law, that fo llows from 

the form (7.61) of the energy dens ity. Namely, the wavelength Am", at wh ich (7.6 1) has 
its max imum (see Fig. 7. 17) sat isfies the relation 

Am"T = 2.9 x 10- 3 m-K (7.69) 

Thus as the temperature of the blackbody increases, Am" decreases. The derivation of 
(7.69) is left as an exerc ise (see Probl em 7.15). 

Astrophysics/Cosmology Implications 

Apart from emission or absorption lines at some spec ific wavelengths or frequencies, 
Ihe spectrum ofa star is to a good approximationlhat ofa blackbody. Although stars arc 
not black, they behave as blackbodies 10 Ihe cxten l lhat they absorb all radiation incidenl 
upon them. The Sun is a pale yellow bccause its surface temperature is 5800 K, which 
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corresponds to An",., = 500 nm. The North Sta r, on the other hand, must be a substantially 

hotter star (T = 8300 K), since for thi s sta r Am" = 350 nm, in the ultraviolet part of the 
spectrum. The North Star is s ignifica ntly bluer than the Sun (and fortunately, given its 

temperature, much farther away, too). 

The most important astrophysical example of blackbody radiation is thc cosmic back­
ground radiation. The universe emcrged 13.7 billon years ago from a very hot dense 

state o f matter and energy. At 4 s afte r this so-ca lled Big Bang, the temperature had 

cooled to T = 6 x 109 K, a temperature such that ka T = lIl eC', where lIl e is the mass of 

an electron. Rough ly 400,000 years later the temperature had cooled to 3,000 K, a tem­

perature for which klJ T = 0.2 eV. At this temperature the photons do not have sufficient 
energy to ionize atoms, so that atoms (and therefore matter) are said to decouple from the 

radiation. It is this radiation that fo rms the cosmic background radiation. Since then the 

universe has expanded in scale by a factor of 1000. It is this expansion of space itself that 
has led to a shift in the wavelcngths of the cavity radiation, very much as the distance 

between two fixed points on the surface of a balloon increases as the balloon is be ing 
blown up. From Wicn's law: for example, we can see that these longer wavelengths corre­

spond to a temperature for the cosmic background radiation that is conseq uently a factor 

of 1000 lower than when the radiat ion decoupled from matter (T = 3000 K --> 3 K). 
The existence of this cosmic background radiat ion was inad vertently discovered in 

1962 by Arno renzias and Robert Wil son. Penzias and Wilson were trying to understand 

the orig in of background noise at A = 7.35 cm in a radio telescope, a noise that was 
interfering with the first communi cation satellites that had been launched somewhat 

earlier. The noise, or hiss, was observed as they poi nted the telcscope (see Fig. 7.1 8) 
in all directions, including in regions of apparent ly empty sky. Thei r measurement was 
consistent with a background radiation of 3 K, but it was, after all , only one data point. It 

was not poss ible to map out the entire blackbody distribution function , which peaks at a 

wavelength of I mm, s ince the earth 's atmosphere is strongly absorbing for wave lengths 
of order Imm. In 1989 the situation changed with the launching of the COBE satellite. 

The first data from COBE are shown in Fig. 7. 19. Later data and error bars from CO BE 

reveal the most preci sely measured blackbody spectrum in nature, one for which the data 

Figure 7.18 The I-lorn reflec tor antenna al Bell Telephone Laboratori es ini-l olmdei, New 

Jersey. Thi s antenna was built in 1959 for satellite communication. (Courtesy NASA) 
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Figure 7.19 Data from NASA's Cosmic Background Explorer satellite fils a blackbody 
spectrum with a temperature of 2. 735 ± 0.06 K. Adapted from 1. C. Mather cl aI. , Astro. 
JOII/: 354, L37 ( t 990). 
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points and error bars are obscured by the theoretica l blackbody curve at a temperature 
of 2.725 K. More recently the Wi lkinson Microwave Anisotropy Probe (WMAP) has 

revealed inhomogeneities in the temperature at the level of I part in 105 These hot and 

cold spots are the result of small density fluctua tions in the early universe. Regions that 
were slightly compressed at that time had a higher density and a higher temperature. 

Over time these regions of higher dens ity attracted nearby matter and grew even denser, 
eventually giving rise to clouds of gas, stars, and galaxies. 

EXAMPLE 7.7 (a) The white dwarf star Sirius B has a surface temperature of 

25 ,000 K. At what wavelength does the star emit the most radiation? (b) Sirius 
B is 8.6 light years from Earth. The flux of radiation from th is star at Earth is 
IA x 10- 10 W/m'. Determ ine the radius of Sirius B. 

SOLUTION (a) Using Am" T = 2.9 X 10- 3 m·K, 

2.9 X 10- 3 m·K 
Am" = 25000 K = 1.2 X 10-

7 
m = 120 nm 

which is in the ultraviolet part of the spectrum. (b) The flux at Earth from a star of 

temperature T and radius r a distance D away is 

4 4iTr2 
aT --

4rr D2 

Therefore 

[5.67 X 10- 8 W/(m2 . K 4)](2.5 X 104 K)4,.2 
'-_ __ ==~-;-___:_~'---'='---''-.2-- = I A X 10- 10 W 1m 2 

[8.6(9.46 x 10" m)]2 

Solving for r, we obtain 

,. = 6000 km 

just slightly less than the radius of the earth. !-I owever, as we noted in Section 7A, 
the mass of Sirius B is very close to the mass of the Sun. 
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7.7 Bose-Einstein Condensation 

In 1924, the Indian physicist S. N. Bose sent Albert Einstein a manuscript in which 

he derived Planck's blackbody radiat ion formula solely from the fact that the radiation 

consisted of a gas of indistinguishable massless quanta: photons. Einstein translated the 
article into German for publication, telling Bose in a postcard that his paper "sign ifi cs an 

important step forward and pleases me very much." in a note appended to his translation 
and published with the paper Einstein indicated that Bose 's work could be extended 

to a gas of atoms . Einste in subsequently publi shed three papers on this subject, the 

third of whi ch predicted the possibility o f a new state o f matter that arises from the 

indistinguishability of atoms in a gas. It is this subject to which we now turn. 

In our discussion of identical ferm ions in Section 7.5, we expressed the Fermi- Dirac 
distribution fun ction 

(7 .70) 

in the fo rm 

(7.7 1) 

where EF is the Ferm i energy. For identica l bosons, it is common to write the Bose­
Einstei n di stribution function 

in the form 

I 
I/ (E) = -~-=-­

e'Xe E/ kuT _ I 

I 
1/ (E) = ~---,,..,.-:,---,-

e(£-~J/knT _ I 

(7. 72) 

(7.73) 

where 1-' is ca lled the chemical potential. Since I/ (E) is the number ofbosons in a state 
with energy E, I/(E) must be a positive quantity. Hence (E - J.L) / kB T must be greater 

than zero. Ifthe energy of the ground state is taken to be zero, then J.L must be negative. 
This is in sharp contrast to the Fermi energy, which is an inherent ly positive quantity. 

We wish to apply th is Bose- Einstein distribut ion function to a gas of identical atoms 
confined to a box. The requirement that 

L I/(E;) = N (7.74) 

where N is the total number of atoms in the box, leads to the equation 

(7.75) 

where 1/1 is the mass of the atom and II is the volume o f the box. This equation is the 

analogue o f (7 .48) for N ident ical fermi ons in a box with the replacement of (7 .7 1) by 

(7 .73) and the suppression of the factor of two in the density of states that we inserted 
to account for the two different spin states for a spin- 112 particle. For simpl icity, we are 
assum ing here that the atoms in the box have intrinsic sp in O. Otherwise, we would need 
to insert a fac tor of 2s + I , where s is the spin of the atom, in the density of states. 
Equation (7.75) shows how the number of atoms in the box determines the value of the 
chemica l potential. 
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If we change thc variable of integration to x = E I kg T, (7.75) becomes 

N = V(2mkg T)3 /2 roo ../X dr 
41i 3JT2 Jo eX - It / kaT - I -

(7.76) 

Notice that the le ft-hand s ide of thi s equation is the number of atoms in the box, which 

is independent of T. But the right-hand s ide has a factor of T3/ 2 in front of the integra l. 
This factor can be made arbi trarily small as T -> O. The only way to compensate for a 

decrease in temperature is to decrease the value of -ILl kBT in the integrand. Since IL 
is a negative quantity if the ground-state energy is taken to be zero, increasing IL, say 

from -2 eY to - I eY, causes -ILl klJ T to decrease. But IL is limited in how much it can 

grow. It can be infinitcsima lly close to zero, but it cannot be positive since (E - IL) / kg T 
must be greater than zero. So setting j.t to zero is the best we can do in terms of making 
the integral in (7 .76) as large as possible. But the temperature-dependent prefactor in 
(7.76) can be made arbitrari ly sma ll by making T small. Thus (7.76) cannot be satisfied 

at suffic iently low tcmperature. 
Einstein recogn ized that the solution to this conundrum was to separate out the ground 

state, which for the moment we will take to have energy Eo. Assuming that No of the 

atoms are in the ground state, then the first term in the sum in (7.74) yields 

(7.77) 

Therefore, 

_E.::.o _-=I,--~ = In (I + _I ) :::: ~ 
kgT No No 

(7.78) 

where in the last step we have assumed that the number of atoms in the ground state is 
large. For a gas with a large number of atoms, say N ~ 10" (as originally considered 

by Einstei n), I I No is a very sma ll number even if a relatively small fraction of the atoms 
have condcnsed to the ground state. " What we sec in (7.78) is that IL d iffers from Eo by 
a small amoun t in comparison with kgT. For Eo = 0 (7.78) becomes 

kBT 
IL:::: -­

No 
(7.79) 

Thus there is a s imp le relationship between the chemical potential IL and the number of 
atoms No in the ground state. 

For states with energy E other than the ground state 

kgT 
E-IL::::E+ ­

No 

For sufficiently large No, we can safely make the approximation 

and hence 

E-IL::::E 

I 
I/(E):::: £ k T e I u - I 

(7.80) 

(7.8 1) 

(7.82) 

i2 This approximation works we ll even for collect ions of lrapped atoms with N as small as 106 , which 
has been achieved experimentally_ 
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in the integral over these excited states in (7.74) now that the ground state has been taken 

care of separately. Notice how (7.82) is rem in iscent of the Bose- Ei nstein distribution for 

photons [see (7.57)]. In our discussion of cavity radiation, we set Cl (and hence I") to zero 

in the Bose- Einstein di stribution function on the grounds that the number of photons in 

the cavity is not conscrved since photons can be emitted and absorbed by the materia l 

comprising the wall s of the cavity. The same distribut ion function appl ies for atoms in the 

excited energy states of the box because the number of atoms in these excited states is not 

conserved, since atoms can be exchanged between the excited states and the ground state. 

With the g round state separated out and I" set to zero in the integral, (7.76) becomes 

V (2111 kB T)' /21OO fi 
N = No + , 2 --dx (7.83) 

4f, " 0 eX - I 

The integral 

is proport ional to the Riemann zeta fu nction {(3 j 2). Its value is 

Thus we end up wi th the resuit 

o r 

I.3V (2I11kBT)' /2 No = N--- ---
4f,3 IT 

We define a cri tica l temperature Te through the re lat ionshi p 

N = ~ (2111kB Te )'/2 
V 4f, ' rr 

2rr f, 2 ( N ) '/3 
Tc = -- --

IIIkB 2.6V 

Expressed in terms of th is crit ical te mperature, (7.86) becomes 

No = I _ (!.-) 3/2 

N Te 

(7.84) 

(7.85) 

(7.86) 

(7.87) 

(7.88) 

(7.89) 

as shown in Fig. 7.20. Since this result was derived under the supposi tion that the number 

of atoms in the ground state is large, we need to exercise some caution in applying this 

resuit in the close vicinity of Te. Nonetheless, provided the number of atoms in the box 

is large, the temperature doesn't need to deviate mllch from Tc to make No sufficiently 

1.0 
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o Tc T 

Fi gure 7.20 The number of atoms in a Bose-Einste in condensate as a fu nction of 

temperature. 



Section 7.7 Bose-Einstein Condensation 245 

large for our approximat ion to hold. For example, if T / Tc is 0.99, then (7.89) shows that 

1.5% of the atoms would be in the ground state. This j ump in the number of atoms in the 

ground state from essent ia lly zero to a significant fraction of the total number N as the 
temperature decreases below Tc is a phase transit ion, reminiscent of the transition that 

takes place when a gas is cooled below a certain cri tical temperature and condenses to 

a liquid. Consequently, the atoms in the g round state arc referred to as a Bose-Einstein 

condensate. Unli ke the gas-to- li quid phase transition in which the anractive interactions 

between the atoms or molecules in the gas playa s izable role, Bose-Einstein condensation 

in a gas is pure ly a result of the quantum statist ics that describes these atoms, s ince the 

strength of interaction of the ato llls docs not appear in our derivation (although some 

interact ion is imp lic it to the extent that the atoms in the gas are presumed to be in therma l 

equilibrium). 

Experimental confirmation of Einstei n's 1925 prediction of Bose- Einstein condensa­

tion did not take place until 1995. E. Cornell and C. Wieman used laser and evaporative 

cooling to lower the temperature ora dilute gas of rubidium at0l115 to 20 11K, a tempera­
ture roughly 300 times lower than any that had been reached previous ly. They succeeded 

in trapping several thousand rubidium atoms in a potential energy well roughly 10 J.Lm 

on a side. The critical temperature for Bose- Ei nstein condensation was observed to be 

Tc = 190 x 10- 9 K. See Fig. 7.2 1. A few months later W. Ketterle succeeded in obtain ing 

Bose-Einstein condensation in a gas of 500,000 sodium atoms at densities in excess of 
10 14 cm- 3 In this case the critical temperature was - 2 J.LK. 

Each of the atoms in the condensate is, of course, in the same quannllTI state, the ground 
state of the potentia l energy well confining these atoms. There is a si ngle wave function 

for this state. Hence each atom in the condensate occupies the same region of space. 
The condensate is a macroscopic quantum state, meaning that its quantum properties 
are observable on a macroscopic scale. Ketterle provided a beautiful demonstration by 

creating a double-well arrangement in which two separate Bose-E instein condensates 

Figure 7.21 Bose- Einstei n condensation in a gas of rubidium alol11 S. The densily of 
atoms in the vapor is ploned vert ically as a fu nction of horizontal position. The fie ld of 
view is 200 x 270 .um2. The pictures wcre taken by illuminating the condensate with a 
laser and imaging the scanered light. The act of measuring the atom density with the 
laser destroys the condensate, so a new condensate must be generated for each picture. 
Because there are thousands ofatol11s in the condensate with which the light can interact. 
a single laser fla sh can map oul the probability density. The sharp peak in atom density 
indicates the formation of the condensate at 200 nK. Sec M. H. Anderson et a!. , Science 

269, 198 (1995). (Courtesy M. Matthews) 
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Figure 7.22 The interfe rence 
fringes with a period of 
ISj1.1l1 that are observed when 
two freely expanding Bose­
Einste in condensates of atomic 

sodium overlap. Reproduced 

with permission from M. R. 
Andrews et aI. , Science 275, 
637 ( 1997). Copyright 1997 

American Associat ion fo r the 
Advancement of Science. 

resided. When the potential confin ing the atoms was switched off, the two condensates 

expanded and overlapped, producing interfercnce lri nges, as shown in Fig. 7.22. The 

position of the fr inges shifted from one repetition to the next as the relat ive phase between 

the wave functions for the two condensates varied. 13 

As the 70-year interval between thc prediction of Bose- Einstein condensat ion and its 

experimenta l rea lizat ion attests, it has not been easy to achieve Bose- Einstein condensa­
tion in a dilute gas. And it is a very strange phenomenon as well, which is probably one of 

the reasons it has attracted so much attention. At first, you may be tempted to think that 

getting all the atoms to pile in to the ground state should be straightforward. Unlike the 

case with fermions in which it is not possible to have more than one fermion in a state, 
bosons have no such inhibitions. Thus you m ight expect that if the temperature were 

lowered sufficiently the atoms would naturally end lip in the ground state, presllming, 
of course that they have integral intrinsic spin. But for a macroscopic container, say the 
one in the Cornell- Wieman experi ment, the spacing between energy levels is extremely 
small, roughly 10- 13 eY. Setti ng this energy diffe rence equa l to kg T yields a temperature 

that is less than a nanokelvin. Thus it wou ld appear that in order to have a significant 
fraction of the atoms in the ground state would require temperatures that are sma ll er stil l. 

But Bose- Ei nstein condensation is taking place at temperatures that are as much as a 
thousand times hotter. At these "high" temperatures (in the microkelvin range), whether 
atoms are fermions or bosons should have little impact on the distribution becaLise each 

energy state should be sparsely populated. Moreover, the spacing between atoms in these 

containers, or traps as they are typically ca lled, is roughly 10,000 times the size of the 

atoms themselves, which is why it is a reasonable approxi mation to neglect the interac­
tion of these atoms. But thi s rai ses the question as to how the atoms "know" to pi le into 
the ground state once the critical temperature is reached . 

To give us more insight into Bose-Einstein condensation, it is instructive to ex press 
the condition required for condensation in terms of the de Broglie wavelength A = " I p. 
As the temperature is lowered, the de Broglie wavclength increases si nce the average 
kinetic energy of the atoms is g iven by 

I , 3 
- IIIU - = -ka T 
2 2 

(7.90) 

Thlls the average de Broglie wavelength for rhe atoms in the gas is g iven by 

" " A = -Ill-U = --J73i"'=II'fkB~T (7.9 1) 

Expressed in terms of this wavelength, the critical tem perature for Bose- Ei nstein con­
densation is reached when 

N 
(7.92) 

that is, when the spacing between atoms is comparable to their de Brogl ie wavclellgth.14 

This is a good figure of merit for assessing when quantum effects become pronounced. 

13 A nice disclIss ion of atom trapping and laser coo ling is given by C. Wicman. Am. 1. Phy:; . 64 , 
847 ( 1996). Wieman, Cornell , and Kettefle were awarded the Nobel Pri ze in physics in 2001 for thei r 
achievements in Bose-Einstein condensat ion. Kellcrl e's Nobel Prize lecture is well worth reading, 100. 

14 The experts in the field define a thermal de Brogli e wavelengtb by the rel at ionship A = 
h/ J2rrmkn T, in wh ich case condensation occurs when N / V = 2.6/)..3 . 



As we have seen, achieving this condition in a dilute gas requires temperatures in the 
microkelvin range. In liquid helium, on the other hand, the separation between atoms 
in the liqu id is com parable with the de Broglie wavelength of these atoms when the 

temperature is in the kelvin range (see Problem 7.30), a substantially higher temperature 
than that required for Bose- Einstein condensati on in a gas. He li um was first liquified 

in 1908 by Kamerli ngh On nes. The transition from gas to liquid occurs at 4.2 K. At 

2.2 K helium atoms begin to form a condensate, a macroscopic quantum state with truly 
unusual properties. Most strikingly, the condensate is a superlluid, a fluid with zero 

viscosity, that is, no resistance to fluid flow. An anal ogous phase transition occurs in 
solids that exhibi t superconductivity. We will look brie fl y at thi s phenomenon at the end 
of the next chapter. 

7.8 Lasers 

We conclude this chapter with a discussion of the laser, another stri king example of a 
macroscopic quantum state that results from the indistinguishability of ident ical bosons, 

in th is case photons. In 19 17, in an article titl ed "On the Quantum Theory of Radia· 
tion," Albert Einste in laid out the basic principles of absorpt ion and of spontaneous and 

stimulated em ission of electromagnetic radiation in its interaction with atoms. Einstein 's 
work estab li shed the fundam ental principles responsible for laser action, a lthough the 
first operational laser was not invented unt il 1960.\5 As we will see, Einstei n took good 

advantage of the Planck blackbody, or cavity, radiation formula. 
For simplicity, consider atoms with two nondegencrate energy states with energies 

£ \ and £2, as indicated in Fig. 7.23. In making a transi tion from the higher energy state 

to the lower one the atom emits a photon with energy ltv = £2 - £\. Suppose that 
these atoms make up the wall s ofa cavity at temperature T . In thermal equilibrium, the 

ratio of the number of atoms in each of these energy states is given by the Boltzmann 
distribut ion (7.43): 

(7 .93) 

These equilibrium populations are mainta ined by the absorpt ion and the emission of 
radiation in the cavity. There are three processes to consider. First, the atoms in the state 

(a) (b) (e) 

Figure 7.23 A schematic energy-leve l diagram illustrating (a) absorption, (b) emission, 
and (c) stimulated emission . 

LSSince then the laser has become such an invaluable and commonplace tool in sc ience and technology 
that we may be tcmpted to take irs unusual quantum propertics for granted. 
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wi th energy E [ can absorb radiation and make a transition to the exci ted state. The rate for 

this process is proportional to N[, the number of atoms in the state with energy E [, and to 

the energy density of the radiation in the cavi ty with the right frequency, namely p(v, T}. 
The constant of proportionality is referred to as the Einstein 8 coefficient, here called 

8[ 2 to emphasize that we are talking about transitions from E[ to £2 . This absorption 

of radiation and excitation of the atom are balanced by two processes. First there is the 
possibility of induced, or stimulated, emission of rad iation. As was the case for absorption, 

the rate for thi s process is proportional to N2, the number of atoms in the excited energy 

state, and to the energy density p(v, T}. The constant of proportionality is taken 10 be 821 , 

s ince the transition starts in the state wilh energy E2 and ends in the state wi th energy E I • 

In addition to stimulated emission, there is a rate for spontaneous emi ssion, emission that 

would take place even if the atoms were isolated and not interacting with the radi ation 

in the cavity. The rate for spontaneous emission is proportional to N2• The coefficient 

of proporti onality is A21 , the Ei nstein A coefficient. Putting everything together, we see 

that in thermal equ ilibrium 

Tak ing advantage of(7.93), we find 

If we compare this result with the cavity radiation formula 

8rr h v3 

p(v) = c3 (e'wl keT _ I) 

we see that 

and 

A21 8rrhv ) 
- =--
B c3 

With these results, we find the total rate for emission of a photon to be 

8rr h v) ( I 
N2 [B2IP(v, T)+A 2il= N2 B--)- ""l kT I c e IJ_ 

8rr h ,, ) 
= N2B--) - [11 (hv) + I] 

c 

(7.94) 

(7.95) 

(7.96) 

(7.97) 

(7.98) 

(7 .99) 

The important conclusion that we can draw from this result is that the combined rate for 

spontaneous and stimulated emiss ion of radiation with frequency" is proportional to 

11 + I, where 11 is the number of photons in the gas with that frequency. 

Although our derivation of this 11 + I fac tor depended on thermal equi librium between 

the atoms and the cavity radiation, this result is more general than our derivation suggests. 

This en hancement factor really resul ts from the fact that photons are bosons, that once 

there are 11 photons in a state the odds ofpun ing an additional photon in that same state 

are larger by a factor o f /I + I than they would be wi lholll the presence of the /I photons. 



While a rigorous proof requires the use quantum field theory, we can get the basic idea of 

how the overall symmetry under exchange contributes to thi s enhancement by examini ng 

the position-space wave functions 

(7. 100) 

and 

I 
\jJs(x " X2, XJ) = .J6 [1/I. (x,)1/I #(X2)1/I y (X3) + 1/1 p(x, )1/Iy(X2)1/I.(XJ) 

+ 1/Iy(x,)1/I.(X2)1//#(X3) + 1/Iy(X ,)l/lp(X2)1/Ia(XJ) 

+ 1/Ip(x,)1/Ia(X2)1/I y(X3) + 1/Ia(X,)1/I y(X2)1/Ip(X3) ] (7. 101 ) 

These multiparticle wave funct ions could apply to identical spin-O particles, since the 
wave functions for such bosons must be symmetric under exchange. Not ice that if we 

ask for the probability density for two bosons to have the same positi on (x, = X2) in the 

two-particle wave function (7. 100), we obtain 

and s imilarly for the three bosons to have the same position (x, = X2 = X3) in the 

three-particle wave function (7. 10 I), we find 

Thus the probability density is 2 = 2 x I ,imes and 6 = 3 x 2 x I times greater, 

respectively, than it would be if the particles were distinguishable and the wave function s 
did not need to be symmetric under particle exchange. In genera l, the probabiliry densiry 

for having /I such bosons at the same position would be 11! largerthan if the particles were 

distinguishable. Thus Pboson = n!P" and P~~~n = (11 + 1)!PII + ], where PII and PII+ 1 are 
the probabilities for distingui shable particles. If we write P,,+ , = P, P,,, where P, is the 
probabili ty of adding an additional particle to a state with /I particles if the particles are 

distinguishable, we see that P';:'~" = (/I + I)' P,,+, = (/I + I )P,I/' P" = (/I + I )P, P';:" OO' 
indicating the probability of adding an additional boson to a collection of /I bosons 

is enhanced by a factor of /I + I beyond what we would expect if the particles were 
di stinguishable. 

It is this /I + I enhancement factor that encourages atoms with integral intrinsic 
spin to avalanche into the ground state in Bose- Einstein condensation. It is also this 
enhancement fac tor that produces laser action . The term laser derives from the acronym 

Light Amplification by Stimulated Emission of Radiation. Typi ca lly, when an atom makes 
a transition from an excited state to one with a lower energy, it can emit a photon in many 
directions. If the atom is located in a resonant cavity that is formed by two mirrors, as 
shown in Fig. 7.24, then only those photons with a particular value of the wave vector k 
are trapped in the cav ity. Photons emitted in other directions are eventually absorbed in 

the cavity walls. Thus the number of photons in the cavity with this part icular value of 
k grows as more excited atoms emit photons. But this growth in the number of photons 
with this particular value ofk eventually makes it overwhelmingly likely that the photons 
emitted in subsequent decays will be ones with the same va lue ofk because of the /I + I 
enhancement factor. 
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S-}-~-Ir 
Mirror Partially transparent mirror 

Figure 7.24 Two reflecting surfaces form a resonant cavity for specific modes of a laser. 

Although the photons that are emitted by the atom arise from transitions between two 

states with different energies, say energies E, and E2 , it is not possible to construct a 

laser with a two-level atom. Recall from (7 .94) that the rate for stimulated emission o f 
rad iation is proportiona l to the Einstei n 8 coeffic ient B2, and the number of atoms N2 
in the exci ted state. The rate for absorption of radiation is proportional to the Einstein 8 

coefficient B'2 and the number of atoms N, in the lower energy state. Since B" = B" 
and N, > N2 in thermal equi librium, as (7.93) shows, more photons will initia lly be 
absorbed than are em ined. Thi s net absorption of energy will cause the popUlations N, 
and N2 to equali ze, at whi ch point there will be as many photons emitted as absorbed . 
What is needed to obtain a net amplification of the radiation is a population inversion 

in which more of the atoms are in the higher energy state. As we will now show, it is 
possible to generate such an inversion wi th a three- level or a four-level system. 

The first successfu l laser for visible light used a ruby rod conta ining chromium ions.'6 

Figure 7.25a shows an energy-level diagram for a three-level laser such as chromium. 

In a process known as pumping, energy from a fl ash lamp is used to excited chromium 
ions to a short-lived excited state. Transitions then occur to a second state which is 

metastable, meaning this state lives for an unusually long time before it decays. In 
this way, a popu lation invers ion is obtained belween the ground state and this excited 
metastable state. Transitions between these two states are used for las ing. When the ions 

have returned to the ground state, the process is repeated. Thus, this laser, like most 

solid-state lasers, is a pulsed laser. 
A pulsed lascr such as the chrom ium laser is inherently ineffici ent since the fina l state 

in the las ing transition is the ground state, in which most of the atoms tend to reside. It 

is therefore necessary to use a lot of energy to empty this state to the point where there 
are more atoms in the excited state than the ground state for laser action to occur. A n 

alternat ive is the four-level system ill ustrated in Fig. 7.25b. In this case, it is much easier 

EJ Short lived E, 

! 
Short lived 

! £2 EJ 
Laser transition 

Laser transition Excitation ~ 
Excitation 

~ 

E, 1 Decay to ground state 
E, Ground state E, 

(a) (b) 

Figure 7.25 Energy-level diagrams ror (a) a thrcc-Ievel laser and (b) a four-level laser. 

16Thc laser was preceded by the maser, nmncly Microwave Amplification by Stimulated Emission or 
Radiation. The fi rst maser was constructed by Charles Townes in 1954. 
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Figure 7.26 A n energy-level diagram for the heliullHlcon laser. 

to maintain a population inversion since the final state in the laser transition is an excited 
state which is not heavily popu lated. 

The fina l state in the laser transition for the widely used He- Ne laser is a lso an 

exci ted state, in this case of the neon atom. The He- Ne laser is pumped by a steady 
electric discharge in the gas. Through collisions with electrons in the gas helium atoms 
arc excited to a metastable excited state whose energy is very close to an excited state 

of neon. Co lli sions of helium and neon atoms have a high probabi li ty of transferring 
this energy to an excited state of neon (which itself is not read ily excited by electron 

co llisions). See Fig. 7.26. The laser transition is from this excited state to an energy level 
below it, wh ich is mostly empty because of its fast transition to the ground state. Thus 

the condition N3 > N2 can be achieved with the modest power requirements needed to 
mainta in the discharge. Gas lasers such as the He- Ne laser arc called continuous wave 

(CW) lasers since their output is steady. 

7.9 Summary 

Identical particles are indistinguishable. This indistinguishability has profound conse­

quences for the behavior of multi particle systems in quantum mechanics. 
Part icles with integral intrinsic spin (s = 0, 1, 2, ... ) arc ca llcd bosons. The total 

"wave function" for a system of identical bosans must be symmetric under exchange of 
any two of the particles. Valid two-particle states include 

IJJsCI, 2) = ifJ. CI)ifJ. (2) (7. 104) 

and 

(7. 105) 

Bosons arc more likely to be in the same state than are di stinguishable part ic lcs. The 

average number of identical bosans in a state with energy £ in therma l equilibrium at 
temperature T is given by 

I 
/I (£) = ~~,.,...,,.-­

e( £ - ll )/ koT _ I (7. 106) 

where J.L is the chemical potential. This distribution function is called the Bose- Einstein 
distribution function. 
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Problems 

7.1. Veri fy that the states 

Parti cles with half-integral int rinsic spin (s = 1/2,3/2,5 /2, ... ) are called fermions. 

The total "wave function" for a system of identica l ferm ions must be ant isymmetric under 
exchange of any two of the particles. A valid two-particle state is given by 

I 
</I A (1 , 2) = ..Ii [l/r.( I)l/rp(2) - l/rp( I)l/r. (2)] (7. 107) 

Identica l fermions cannot be in the same state, as antisymmetric states such as (7. 107) 
vanish when the quantum numbers for two of the feml ions are the same (O! = fJ ). In this 

way we see how the Pauli principle arises. The average number of identica l fenn ions in 
a state with energy E in thermal equilibrium is given by 

I 
II (E) = ---:-O-~~=--­

etE- E, )/ k,T + I (7.IOS) 

where EF is the Fermi energy. This distribut ion fun ction is called the Fenni- Dirac 
distribution function . 

Consequences of the fac t that c lectrons are fermions and are limited to one per state 

include the chemical properties of the e lcments, the degree of compressibility of metals, 
and the stability of white dwarf stars. In the latter example, the electron degeneracy 

pressure can stave off gravitational collapse of a star after the star has exhausted its 
nuclear fuel un less the mass of the star is too large. 

Consequences of the fact that photons are bosons include the distTiburion of electro­

magnetic energy density in a cavity, the famous blackbody distribution function , 

S][ " 11 3 

p(lI)dll = J ( I /k T ) dll c e IV II - I 
(7. 109) 

and the fact that stimu lated emission can generate an intense beam of monochromatic 
(coherent) light in a laser. For atoms that are bosons, (7. 106) coupled with conservation 
of particle number means that for temperatures less than a certain critical temperature 

the atoms pile in to the ground state, for ming a Bose- Einstein condensate. In the case 

of liquid heli um, thi s condensate exhibits the property of superftuidity, that is ftuid ftow 

without viscosity. 

x+( I )X+(2) 

7.3. The spatial wave functions for two identical 

part ic les in the one-dimensiona l box (see Section 7.1) 

are given by 

-j; (x+(1)x-(2) + x_(1)x+(2» 

X_(1)X _(2) 

are eigenstates of the z component of total spin 

S, = S" + S2, with eigenvalues Ii , 0, and -Ii, 
respectively. 

7.2. Following the procedure outlined in Example 7.3, 

show that X+(1lx+(2) is an eigenstate of total spin with 
S = I. 

and 

where olle of the partic les is ill the ground state and one 
is in the first excited state. Calculate the probability that 

measurement of the positions of the two particles fi nds 



them both in the left-hand side of the box , that is 
measurement yields 0 < X, < L/ 2 alld 0 < X, < L/ 2. 
Notice how the probability is significantly larger for the 
symmetric state Ws than for the anti symmetric state WA. 
Thus the particles behave as if they attract each other in 
the symmetric state and repe l each other in the 

antisymmetric state even though the Hamiltonian for the 
two particles does not include any interaction term. 
Heisenberg called these fictitious forces of attraction and 
repulsion exchange forces. 

7.4. Show that the tota l ground-state energy of N 
fermions in a three-dimensional box is given by 

Thus the average energy per fermion is 3EF/ 5. 

7.5. Given that the mass of the Sun is M = 2 x 1030 kg, 
estimate the number of electrons in the Sun. Assume the 
Sun is composed primarily of hydrogen. In a typical 
white dwarf star, this number of electrons is contained in 
a sphere of radius 6000 km. Find the Fermi energy of the 
electrons in electron volts, assuming the electrons can be 
treated nonrelativistically. How does this energy 
compare with me2, the rest mass energy of the electron? 
Consequently, how reliable is your calculation of the 
Fermi energy? 

7.6. (a) Calculate (i) the Fermi energy, (ii) the Fermi 
velocity, and (iii) the Fermi temperature for gold at 0 K. 
The density of gold is 19.32 glcm3 and the molar weight 
is 197 glmole. Assume each gold atom contributes one 
"free" electron to the Fermi gas. (b) In a cube of gold I 
mm on an edge, calculate the approximate number of 
conduction electrons whose energies lie in the range 
from 4.000 to 4.025 eY. 

7.7. (a) In the highly relativistic limit such that the total 
energy E of an electron is much greater than the 
electron 's rest mass ener (E » lIl e'), E :e pe = M e, 
where k = k; + k; + k;. Determi ne the Fermi energy 
for a system for which essentially all the N electTOns 
may be assumed to be highly relativistic. Show that (up 
to an overall multiplicative constant) the Fermi energy is 
roughly 

(
N) 1/ 3 

EF ~ fle II 
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where N / V is the density of electrons. What is the 
multiplicative constant? Note: Take the allowed values of 
k." ky, and k, to be the same for the relativist ic fe rmion 
gas, say in a cubic box, as for the nonrelativistic gas. 
(b) Calculate the zero-point pressure for the relativ istic 
fermion gas. Compare the dependence on density for the 
nonrelativistic and high ly relativistic approximations. 
Exp lain which gas is "stiffer," that is, more difficult to 
compress? Recall that 

cI Etota! 
p= ---

dV 

7.8. (a) Solve the Schrodinger equation for an electron 
confined to a two-dimensional square box where the 
potential energy is given by 

V(x , )={O O < x < L,O < y < L 
y 00 elsewhere 

Determ ine the normalized energy eigenfunctions and 
eigenva lues. (b) Show that the Fermi energy for 
nonrelativistic electrons (treated as if they do not interact 
with each other) confined in the two-dimensional square 
box is given by 

Er = :n:Ji
2 

(~) 
m L-

where N is the number of electrons, L is the length of 
the side of the square, and fI1 is the mass of an electron . 
Such confinement to a plane happens, for examp le, for 
electrons in the layered materials that are used to make 
high-temperature superconductors. 

7.9. Determine the average energy of an electron in a 
two-dimensional sq uare box containing N electrons. 

7.10. (a) Determine the Fermi energy for a system of N 

electrons in a one-dimensional box of length L. (b) What 
is the average energy of an electron in this onc­
dimensiona l box? 

7.11. Calculate the compressibility of lithium assuming 
that it arises completely from electron dcgeneracy 
pressure. Compare with the experimenta l va lue of 
8.3 x 10- 11 m'fN. Suggestion: See Section 7.4. The 
density of li thium is 0.53 glcm] 

7.12. Consider the followi ng two microstates for tcn 
identica l particles. In one of the microstates there are tcn 
particles in the ground state and none in the excited 
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state, whi le in the other microstate there are five particles 

in the ground state and five in tl1e excited state. The 

"stati stica l weight" of these two microstates is I to I. If 

the particles are distinguishable, there is still just one 

microstate corresponding to the ten panicles being in the 

ground state. Ca lculate the number of microsta tes for thc 

case of fi ve particles in the ground state and five in the 
excited state if the particles are distinguishable. What is 

the statistical weight of these two configurations for 
distinguishable particles? 

7.13. Show that the spectra l radiancy ofa blackbody 

Rdv)dv and the energy density p(v)dv of cavity 

radiation afC related by 

e 
RI(v) = -p(v) 

4 

Suggestiol/: Place the origin of your coordinate system at 

the center of a hole of cross-sect ional area /:, A. Consider 

the radiation in a hemisphere of radius c 6.t in the cavity. 
Note that the fraction of the radiation in a vo lu me 
r'dr sin f}dBd</> that exi ts through the hole is 

/:, A cos B 
47Tr 2 

Integrate over the hemisphere and divide your result by 
6.Allt to obtain the energy per unit area per unit time 
radiated by the hole. 

7.14. Verify that the components of thc e lectric fi eld in 

(7.5 1) satisfy thc boundary condi tion that the tangential 

component of the electric fie ld vanish at the boundaries 

of the box . Why shou ld the normal components of the 

electric fie ld not vani sh at the boundaries? 

7.1 5. Show that 

he 
Am" T = 0.2014 kG 

Him : The equation x = 5 - 5e- x can be solved 
iteratively_ 

7.16. Eva luate the blackbody (or cavity) radiation 

formula 

Srr h 1)3 

p(v)dv = l ( I I " T ) dv c e1 v I';n - I 

in the high-temperature limit. Show that the result 
reduces to the number of modes per unit volume 

between v and v + dv mu ltiplied by kaT. The resulting 

distribution, whieh could be derived from class ical 

phys ics using the equipartition theorem, was referred 

to as the ultraviolet catastrophe. Can you explain 

why? 

7.17. A tungsten sphere of2. 30 cm in diameter is heated 

to 2000°C. At this temperature tungsten radiates only 

about 30% of the energy radiated by a blackbody of the 

same size and temperature. (a) Calculate the temperature 

of a perfectly black spherical body of the same size that 

radiates at the same rate as the tungsten sphere. (b) 
Calculate the diameter of a perfectly black spherical 

body at the same temperature as the tungsten that 
radiates at the same ratc. 

7.18. Determine the radius of the star Procyon B from 

the following data: the flux of starlight reaching us from 

Procyon B is 1. 7 x 10- 12 W/m' , the distance of the star 

from liS is 11 light years, its surrace temperature is 
6600 K, and its mass is 65% of the mass of the Sun. 

Assume the star radiates li ke a blackbody. 

7.19. The star \ Pup in the constellation Puppus is a hot 

star, wi th a surface temperature that is 10 times hotter 
than that of the Sun. It has a radius that is a factor of 10 

greater than that of the Sun. (a) Treat the star as a 

blackbody and estimate by comparison with the Sun a 

numerica l val ue fo r the wavelength at which the 

em ission of electromagnetic radiation from \ Pup is a 

maximum. In what portion of lhe electromagnetic 
spectrum is this? (b) Compare the luminosity of \ 

Pup- the tota l rate electromagnetic energy lost by the 

star- with the luminosity of the Sun, that is, eva luate the 
ratio of the luminosities. 

7 .20. (a) The star Stein 2051 B is 18 light-years from the 

earth. Its surface temperature is 7050 K. The flux of 

starlight reaching us on earth from Stein 2051 8 is 
2.8 X 10- 13 W/m2

. From this information, determine the 
radius of the star assuming it radiates like a blackbody. 

(b) COlllpare the rad ius of'Ste in 2051 B with the radius 

of the earth (6.4 x 103 km). The mass of Stein 205 1 B is 

0.48Msu". Thi s star is a whi te dwarf, the end phase of 

stars li ke the Sun after they have exhausted their nuclear 

fuel. Exp lain the mechan islll responsible for stability of 

a whi te dwarf star. In particular, w ithout nuclear fuel, 

how does the star withstand the gravitational pressure to 
collapse? 



7.21. The average distance of the outermost "planet" 
Pluto from the Sun is one hundred times that orthe 

innermost planet Mercury. Suppose that each planet 
absorbs and radiates energy as an ideal blackbody, that 

the Sun radiates as an ideal blackbody, and that the only 
s ignificant source of energy on each of these planets 

comes fro m the absorbed sunlight. Find the ratio of the 
surface temperature (in kelvin) of Pluto to that of 

Mercury, assuming temperatures are uniform over the 
surface of each planet and that each planet is at its 
equilibrium temperature. 

7.22. (a) Assuming that the Sun may be treated as a 
blackbody with a surface temperature of 5800 K, 

determine the mass lost per second to radiation by the 
Sun. Take the Sun 's diameter to be 1.4 x 109 m. What 

fraction of the rest mass of the Sun is lost each year via 
electromagnetic radiation? Take the mass of the Sun to 

be 2 x 1010 kg. (b) The solar constant is the energy per 
unit area per unit time incident on the Earth from the 
Sun in a plane perpendicular to the incident radi at ion. 
Determine the value of the solar constant. The di stance 
of the Earth from the Sun is 1.5 x 10" m. 

7.23. The star H adar has a surface temperature 

T = 24,000 K and a luminosity that is roughly 39,000 
times larger than the luminosity of the Sun . Determine 

the radius of Hadar (in terms of the radius of the Sun), 
assuming that Hadar radiates as a blackbody. 

7.24. (a) Estimate the temperature of the Earth assuming 

the Sun and Earth are blackbodies. Take the surface 

temperature of the Sun to be Ts,,,, = 5800 K, the radius 
of the Sun to be Rs" = 7 x lOs km, and the Sun- Earth 
distance to be D = 1.5 x 108 km. Does your answer 

depend on the size of the Earth? (b) Actually the Earth 
refleets 30% of the visible li ght incident upon it- that is, 
the Earth 's albedo is 0.30 . How does this faet alter your 

estimate of the Earth's temperature? (c) Finally, assume 

the Earth is surrounded by a th in spherical shell of gas 
that is transparent to the Sun 's energy but opaque to 

infrared radiation. What then is the temperature of the 
Earth's surface? Nore: The shell radiates energy both 

into space and back toward the surface of the Earth, as 
indicated in Fig. 7.27. This problem illustrates the origin 
of the greenhouse effect. 
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Thin shell of 
greenhouse gas 

Figure 7.27 The greenhouse effect. 

7.25. Determine the density of a gas of Rb atoms when 

it undergoes Bose- Einstein condensation at a critical 
temperature of 190 x 10- 9 K. 

7.26. (a) Estimate the critical temperature at which 

Bose- Einstein condensation occurs for No = 2000 87 Rb 
atoms confined in a cubic volume 10 .um on a side. 
These are roughly the conditions that ex isted in the 
Cornell- Wieman experiment discussed in Section 7.7. 

(b) Compare the value of J1. = -kg T / No with the energy 
of the first excited state of the box. Is it reasonable to 
neglect J1. relative to £ for the excited states? 

7.27. Determine the fraction of atoms in the Bose­

Einstein condensate when the temperature reaches 
one-half the critical temperature. 

7.28. Determine the value of T such that kg T is roughly 

equal to the spacing between the ground state and the 

first excited state for a cubic box 10 ILm on a side. 
How does this value for T compare with the critical 

tem perature for Bose- Einstein condensation for a gas 
of 5 x lOs sodium atoms confined in the box? These are 

roughly the conditions that existed in the Ketterle 

experiment discussed in Section 7.7. 

7.29. By examining the behavior of the integrand in 

(7.83) for low energy, show that x = 0 (and hence 
£ = 0) does not make a finite contribution to the 
integral. Thus the ground state is not being counted 

twice in the evaluation of (7.83) . 

7.30. The density of liquid helium 0. 15 glcml . 
Determine the temperature at which the de Broglie 
wave length of the helium atoms sati sfies the condition 

N 
-~ -

V Al 

Nore: A phase transit ion to a superfluid condensate is 
observed to occur in liquid helium at 2.2 K. 



CHAPTER 

Solid-State Physics 

Given the large number of atoms in a solid, it may not seem fea sible to apply basic 
quantum mechanics to stich a complex system. However, for crysta lline soli ds- solids 
fo r which the atoms ex ist in a periodic array, or latt ice- the period icity of the lattice 
dictates many of the key attri butes of the solid. In particular, we will focu s in th is chapter 

on the capacity of these crystalline solids to conduct electric ity. Crystalline so lids that 
are semiconductors are especially im portant because they serve as the building blocks 
of the electronic/computer revolution in which we are all participating. In this chapter 
we will see how quantum mechanics provides the fou ndat ion for thi s revolut ion. 

8.1 The Band Structure of Solids 

We sta rt our di scussion of the quantum mechan ics of crystalli ne solids with the 
Schr6dinger equation 

1i2 d2J/! --- - + VI/! = EJ/! 
2111 dx 2 

(8. 1 ) 

To keep th ings as simple as possible, we restrict ourselves to a one-dimensional so lid. 
Figure 8.1 shows a sketch of the sort of potential energy V(x) that might be appropriate. 

I f we were dealing with solid hydrogen, a typical molecular solid, the regions where 
the potentia l energy drops sharply wou ld be close to the nuc lei (t he protons for so lid 
hydrogen), given the attractive force between the electrons in the solids and the positively 

charged nuclei. Solvi ng the SehrOdinger equation for this curvy potenti al energy is not 

easy. We might try replacing it with a series of square potential energy we ll s separated 
by square bar riers, as shown in the midd le of Fig. 8. 1. Th is model, often referred to as 
the Kronig- Penny model, is reminiscent of our first pass at explain ing molecular physics 
in Section 4. 5. As we did in Section 4.5 , we will go one step further and make the 
model even simpler by replac ing the square barriers with Dirac delta functions. You may 
think we are far removed from a realistic model of even a one-dimensional solid, but the 
crucial feature that we have re tained in our model is the periodic naillre of the potential 

energy function. And this feature goes a surprisingly long way toward explaining the 
most important properties ofa crystalline so lid, as we will sec. 
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I I I I I I 
Figure 8.1 Periodic potentials. The lOp line is meant to cOllvey 

the sort of rea lis lie potential energy that an electron would 
experience in a onc·d imensional so lid. The bottom line is a 
rather extreme example ofa periodic potential in which the 
square potcnrial barriers shown in the middle are replaced with 
Dirac delta functions. 

The natural extension of the potential energy of the delta function molecule in Sec­
tion 4.5 to that for a solid is 

2111 Vex) C1 2::N 
-:-;,-'-'- = - 8(x - I/ a) 

Ii- a 
n= 1 

(8.2) 

where a is the separat ion between each of the delta functions, IX is a dimensionless 

parameter that we are free to adjust, and N is the number of "atoms" in this one­

dimensional "crystal." Of course, if we simply push ahead in our solution to the 
Schr6dinger equation for even th is potential energy, we face the daunting problem of 
solving the equation in a large number of regions between the delta function barriers and 

then applying the appropriate conditions on the continuity of the wave function and its 
derivative at each of the boundaries. Instead, we introduce the Bloch ansatz 

(8.3) 

As we would expect from the translational symmetry of the system as x ..... x + a, this 

ansatz indicates that the probabili ty of find ing the particle in each of the regions between 
the barriers should be the same since 

(8.4) 

You may be troubled by starti ng our solution with an ansatz, a guess if you will , albeit 
a seemingly reasonable one. You can take comfort in the fact that if our ansatz were not 
a valid one, we would not be able to find a solut ion to the Schr6dinger equation that 
satisfies the ansatz. l 

We need to deal with one last issue before proceeding toward a solution. What happens 
when we get to the end of our one-dimensional solid? One nice strategy that retains the 

translational symmetry of the system and allows us to take full advantage of the Bloch 

ansatz is to presume that 

"'(x + Na) = ",(x) (8.5) 

I The facl that this particular ansatz has a Nobel Prize winner's name associated wi th it should provide 
encouragement. 
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Th is would be equiva lem to connecting our one-dimensional solid in a ring and requiri ng 

that doing one complete traversal of the ring should return us to the sta rting poi nt. Th is 

sort o f boundary condi tion is typica lly referred to as a period ic boundary condition and 
coupled with (8 .3) leads to the requirement 

which is satisfied if 

o r 

NO = 2"l/x 

2rr 11 r 
0=-· 

N 

(8.6) 

I/ x = 0, ± I, ±2, ... (8.7) 

fi x = 0, ±l , ±2, . .. (8.8) 

Each a llowed va lue of 0 di Irers from the adjacent one by a factor of 2" I N. Since the 

number N of atoms in a solid is very large, the a llowed values of 0 are d iscrete but very 

close ly spaced . A lso note that when I/ x = N,O = 2" and of course e ;2rr = I . T herefore 

for thi s value of 0 the Bloch ansatz reduces to >/t(x + a) = >/t(x), repeating the 0 = ° 
condit ion. Thus there are N distinct values of 0 (/1, = 0, I, ... , N - I). We wi ll now 

show that each of these N values of 0 corresponds to a distinct val ue fo r the energy. 

We write the Schr6di nger equat ion in those regions in whi ch V = ° as 

d'>/t , 
dx' = -k->/t (S .9) 

where we have defined 

-./2111 E 
- - =k 

fI 
(S.I O) 

as usual. We could write the solut io n simply as 

>/t(x) = A s in kx + 8 cos kx (8.1 I) 

but it is more convenient to write the soluti on in two adjacent regions (see Fig. 8.2) in 
the form 

>/t(x) = A" si n k(x - I/o) + 13" cosk(x - I/o) (1/ - 1)0 5 x 5 I/O (8. 12) 

and 

>/t(x) = A,,+1 sin k[x - (1/ + I)a) + 8,,+1 eosk[x - (1/ + I )a) I/ O 5X 5 (1/ + I )a 
(S.13) 

"" "" v 

V;O V;O V;O V;O 

(1/ - 1)(1 11(1 (II + 1)(1 X 

Figure 8.2 A view of the regions (1/ - I )a < x < 110 and l1a < x < (1/ + 1)0 in lhc 

periodic potential. 
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The wavc function s (8. 12) and (8 .1 3) are equiva lent to (8. 1 I), as can be verified by us ing 

the identities s in (O - ¢) = sin Ocos¢ - cosOsin ¢ and cos (0 - ¢) = cosO cos¢ + 
sin 0 sin ¢. The ra tionale fo r writing the wave functions in thi s way is that it leads to the 

relatively straightforward resul t 

A eiOA 
11 + 1 = 1/ 

when the Bloch ansatz is imposed. 

(8. 14) 

We are now set to impose the appropriate cond itions on the wave function at the 

boundaries between the regions. Continuity of the wave funct ion at x = lIa dictates that 

B" = - A,,+l s in ka + 8 11 + 1 coska (8. 15) 

As we saw in Section 4.4, the derivative of the wave function at x = no is not continuous 
but ra ther satisfies the condition 

which leads to 

( d!/t) (d!/t) a - - - = - !/t(lIa) 
dx flU + dx IIa - a 

. a 
kA II + 1 coska + k13I1 + 1 slIlka - kA" = - 8" 

a 

If we introduce the dimensionless parameter 

these equations can be written as 

_ a 
ct. = ­

ka 

A'I +l = AI/ coska + (& cos ka - sin ka)B11 

8,,+1 = A" si n ka + (& s in ka + coska)8" 

(8. 16) 

(8. 17) 

(8. 18) 

(8. 19) 

(8.20) 

Fina lly, substitutillg in the Bloch ansatz constraints (8 .14), we obtain two homogeneous 

equations in the two unknowns A" and 81/: 

(eiO - coska ) A" - (&coska - sinka)8" = 0 

sinkaA" + (&s inka+coska -eiO) Bn = 0 

(8.2 1) 

(8.22) 

As we noted in Example 5.3 , a system of homogeneous equations in two unknowns 
will have a nontrivial solution on ly if the determ inant of the coefficients of the corre­

sponding malrix equation vanishes: 

(
eiO - coska -(&coska - sinko) ) 

sin ka &: sin ka + cos ka _ eiO (A,, ) =0 
8" 

(8.23) 

y ielding the condi tion 

(e iO _ cos ka) (& sin ka + coska - eiO) + sin ka(& cos ka - sin ka) = 0 (8.24) 

Muliiplyillg by e- iO 

& sin ka + cos ka - eiO - e-iO(cos' ka + sin' ka) + cosko = 0 (8.25) 



or simply 

C( sin ka 
cosO = coska + - --

2ka 
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(8.26) 

Note that as ka --> 0, the ri ght-hand side of(8.26) approaches I + a/2, which is greater 

than I (presuming the parameter a is taken to be positive). Since thc left-hand side of the 
eq uation is at most I in magn itude, there is no solution to this equation for ka = O. But if 

ka increases, then the magnitude of sin ka / ka decreases to the point where the right-hand 

side of(8.26) is equal to one and a solution exists. Figure 8.3 shows a plot of the right-hand 

side of (8.26) as a function of k. Recall that there are N possible va lues of O. Thus there 
are N allowed energy states in the region between k\ and k, indicated in Fig. 8.3. From 

k, to k3 the right-hand side of (8.26) is less than - I and hence no allowed energy states 
ex ist. The next band of allowed energy states occurs from k3 to k4 . You can see how the 

band of allowed energies increases in width as k increases, since the a sin ka 12ka term 

grows smaller in magnitude as k increases. Figure 8.4 shows an energy-level diagram for 
this system. The crucial point here is lhal we have bands of allowed energies separated 
by gaps in which there are no allolVed energy stales. Moreover, the bands become broader 
(and consequently the gaps narrower) as the energy increases. 

1 + Q. 
2 

+ 1 

-1 

a sin ka 
cos ka + "2 ---ra 

Figure 8.3 Determ ination of allowed energies. 

Energy band 

Gap 

Energy band 

Gap 

Energy band 

Figure 8.4 Bands of allowed energy states separated by gaps. 

ka 
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Qualitative Discussion 

Our discussion of the band structure of crystalline solids has focused on the solution 
to the Schr6dinger equation for a periodic potential, albeit a one-d imensional onc. It is 
instmctive to examine how this band structure arises more qualitatively. Let us go back to 

our discussion of the energy levels ofa two-we ll system in Section 4.5. Ifthe two wells are 
very fa r apart, there is two-fold degeneracy of the ground-state energy since the electron 

can be placed in ei ther one of the two potential energy wells, as indicated in Fig. 8.5a. 
Consequently, the even and odd wave functions shown in Fig. 8.Sb are degenerate too. 
However, as the wells are brought closer together, the difference in curvature between 

the evcn and odd wave functions increases and therefore so does the difference in energy 

between the two states. See Fig. 8.5c. If N wells are considered, there are N energy 

levels that are degenerate when the wells are widely separated (correspond ing to putting 

the electron in any of these well s) . As the wells are brought closer together, this N -fo ld 
degenerate energy level splits into N separate energies. As for the double well , the degree 

of splitting depends on the proxi mi ty of the wells, as indicated in Fig. 8.6. 
Now take a look at Fig. 8.7, which shows a calcu lation of the energy levels for so lid 

sodium as a funct ion of the separation of the sodium atoms in the lattice. We have seen 
in our discussion of multielcctron atoms that the electrons reside in shell s at increasing 
distance from the nucleus. Since the e lectrons in the lower energy levels such as the Is 
or 2s levels are bound qui te closely to the nuc leus, the degree of spl itt ing of these leve ls 
is not large unless the atoms in the lattice are brought quite close together. On the other 

hand, the energy levels for the va lence electrons-those in the 3s states- are split into 

~r L'--0--. , 
x x x 

x 

~r 
.L\\7 x 

(a) (b) (c) 

Figure 8.5 (a) The wave functions for an electron placed in one or the olher of two widely 
separated potential energy wells. The even and odd linear combinations of Ihese wave functions, 
shown in (b), are degenerate in energy. (c) As the separation between the wells decreases, the 
separation in energy between the even and odd wave functions increases because of the 
difference in curvature of the two wave func tions. 

Energy 

a a 

(a) (b) (e) 

Figure 8.6 A schematic ill ustration of how the energy levels for (a) two, (b) three, and 
(c) N potential energy we lls vary with separation of the wel ls. 

a 
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Figure 8.7 The energy levels for solid sodium. At the equilibrium separation,.o = 3.67 A 
oflhc sodium atoms the 3s and 3p bands overl ap_ Adapted from J. C. Slater, Phys. Re\~ 

45,794 ( t934). 

s izable bands when the sodium atoms are at their equilibrium locations in the solid. Each 

sodium atom has, of coursc, eleven electrons. Two of the electrons fi ll the Is level, two 

fi ll the 2s level and six fi ll the 2 p Icvel. Consequently, the 3s level is only hal r Ii lied, s ince 

there is just one remai ning valence electron for each sodium atom . As we will explain 
in the next sect ion, a part ially fill ed va lence band is referred to as the conduction band. 

8.2 Electrical Properties of Solids 

We can group crystalline solids into four categories: molecular, ionic, covalent, and 

metallic, correspond ing to the type of bind ing that holds the atoms or molecules in 

the solid together. These four types of binding lead to quite di stinct att ributes of the 

solids, especially as regards their abi lity to conduct electricity. ( I) Molecular solids are 

ones in which the individua l atoms or molecules are bound by van del' Waals fo rces­

res idual Coulomb interactions between neutra l part ic les. Th is is a weak binding, as is 
ill ustrated by the fact that H2, a Illolccular solid, melts at 14 K. (2) On the other hand, 
ionic binding is re latively strong binding . A classic example is ordinary table sa lt, NaCI, 

in which the 35 valence electron in sodiulll is effectively donated to the adj acent chlori ne 

atom, fi ll ing the 3p level. The crystal structure is cubic, with sodium and chlori ne atoms 

in alternate positions in the lattice. The binding between adjacent atoms is due to the 

Coulomb attraction of these opposite ly charged atoms. (3) Covalent bonding result s fro m 

electromagnetic interactions as well. As we saw Section 4. 5, such binding, as seen in 
elements such as silicon and germanium, results from the "shari ng" of valence electrons 
between the individual atoms. Thus in molecular, ionic, and cova lent bonding there are 
not typically " free" electrons to conduct electr icity. (4) In metals, on the other hand, the 

valence electrons are free to propagate throughout the crystal. 
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Solid 

Ag 
Cu 
AI 
Pb 
Ge 
Si 
S 
Diamond 

Resist ivity (II-rn) 

1.6 x 10-8 
1.7 x 10-8 
2.8 x 10-8 
22 x 10-8 

0.46 
640 
lOI S 

10 16 

Table 8.1 ResistivitieS3t room temperature of va rio LIS crystal line sol ids, including 
metals, semiconductors, and insulators. 

Table 8.1 shows the rcsistivity p for a variety of sol ids. The resistivity is an intrinsic 

measure of the resista nce to current flow in a particular materi al at a given temperature. It 
is the inverse of the conductivity. We often talk about resistance instead of resistiv ity. The 

resistance R ofa wire, for example, depends not only on the resistivity of the material of 

which the wire is composed but also on its length L and cross-sectional area II. Clearly, 

the longer the wire, the larger the resistancc, wh ile the biggcr the cross-sectional area the 

morc easi ly electrons can flow through the wire. In fact, the resistance of a wire grows 
linearly with the length and is inversely proportional to the cross sectional area of the wire: 

L 
R =p­

II 

where the resistivity is the constant of proportionality. 

Metals 

(8.27) 

Our di scussion of the Kronig- Penny model and the band structure of crystalline solids 

shows why the resistivity is small for a metal. First and foremost, the conduction elec­

trons are not loca lized ncar an individual atol11. Rather, electrons have ampli tudes to be 
anywhere in the meta l. So lid-state physicists often call these e lectrons "free" to empha­

size th is point, even though these electrons are of course bound in the meta l itself. When 

the valence band is only partially fi lled, there are plenty of empty energy states avail­

able. Thus when an electric field is applied to the metal, it can "accelerate" the electrons 

and promote them into these once empty energy states. Consequently a current can flow 
easily. This is the rationale for ca ll ing a partially fi lled valence band the conduction band. 

While a metal is a good conductor of heat as well as electricity, heat does not enhance 

the electrical conductivity of a metal. Rather, the res istivity tends to increase with in­

creasing temperature, generally because of the interactions of the electrons with the ions 
in the lattice, an interaction that tends to scatter ind ividual electrons. Put another way, 

as the temperature increases, thermal agitation causes the ions in the lattice to vibrate, 
reducing the periodicity of the lattice, thus reducing the chances that the electron's wave 

function satisfies the Bloch condition. And the Bloch condition is the condition that 

ensures that the electron is free to roam around the so lid. 
Thc Kronig- Penny model provides the justification for the free-electron model of a 

solid that we introduced in Section 7.4. At 0 K, the electron energy levels are filled to 
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-,--------
H1, ~ H~, 

(b) 

Figure B.8 (a) Two widely separated metals with differing work functions. (b) W hen the 
metals are in "contact," electrons nmnel from metal a to metal b until the Fermi energies 
are equal ized. 

a maximum energy that is ca lied the Fermi energy. The difference between the Fermi 

energy and the top of the potential weli confining the electrons in the so li d is the work 

fu nction W that we discussed in Section 1.3. An interesting situation arises if we put two 

metals (metals a and b) with different work fu nctions in close proximity. As long as the 

barrier is not too wide or too high, electrons in metal a can tunnel through the barrier 

to the empty energy levels in metal b, levels that are at a lower energy since the work 

funct ion for metal b is presumed to be greater than the work function for metal G, as 

shown in Fig. 8.8. But this tunneling makes the charge on metal b negative, thus raising 

the potential energy of an electron in meta l b and lowering the potential energy of an 

electron in metal G , which is now positively charged. T hi s tunneling continues until the 
Fermi energies have equalized. At this point, there is an electric potential difference 

between the two metals equal to (Wb - Wal l e. Thi s electric potential difference is calied 

the contact potential. It is the potenti al d ifference between two meta ls wi th d ifferent 

work functions placed in "contact" w ith each other, even though ne ither metal initially 

carries any charge. Table 8.2 g ives the work funct ion and Fermi energy fo r a va riety of 

meta ls. 

An interesting application of the contact potential is a thermocouple. Si nce the Fermi 

energy varies with temperature [the energy at which n(Eel = 1/2 drops with increasing 

temperature, as illustrated in Fig. 7. 11], it is possible to measure temperatures with two 

meta ls in contact. If one of the metals is placed in a thermal bath, the change in Fermi 

energy means a change in work function for that metal and hence a change in the contact 

potential. Once calibrated, a thermocouple can serve as an inexpensive thermometer 

capable of measuring over a broad range of temperatures. 

Metal W(eV) EF (eV) 

Ag 4.7 5.5 

Au 4.8 5.5 

eu 4.1 7.1 
K 2. 1 2. 1 

Li 2.3 4.7 

Na 2.3 3. t 

Table 8.2 Work fUllclion and corresponding Fermi energy for a variety of metals. 
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E=E, 

EF = E,12 

£ = 0 

Conduction band 

Valence band 

Figure 8.9 The Fermi energy is 

located at the midpoint of the 
energy gap between a filled 
valence band and an empty 

conduction ba l1 (~ presuming 

the densit y of states at the lap 
orlhe valence band is equal 
to the density of Sla les at the 
bottom of the conduction 
band. 

Insulators and Semiconductors 

Let's next cxami ne what happens if the va lcncc band is fi llcd and the conduction band is 

empty, at least at 0 K. Let's call the size of the energy gap between the top of the valence 

band and the bottom of the conduction band Eg. To see how many electrons are exci ted 

to the conduct ion band at nonzero temperature, we need to determine the location or the 
Fermi energy EF. If we set E = EF in thc Fermi- Dirac di stribution funct ion (7.46), we 

fi nd that n(EF) = 1/ 2. Thus thc Fermi energy cannot be at the top of the valence band 

since the electron energy levels are all filled there . And it cannot be at the bottom of the 

conduction band since thc cnergy Icvel s there are empty. Thus the location of the Fermi 

energy Illust be somewhere in between, in rhe gap, even though there afC no energy levels 
there . The symmetry of the situation suggests that the Fermi energy might be half way 

betwecn the top of the valence band and the bottom of the conduction band, as indicated 

in Fig . S.9 . And indecd th is is the case provided the density of states at the top of the 

va lencc band (let's call this E = 0) is thc samc as thc density o f states at the bottom of 

the conduction band (E = Eg). To sec thi s, fi rst note that the number of electrons excited 

to the conduction band at temperature T is given by 

I 
O(Eg) dE etE, £'-)/'"T + I (S.2S) 

where O(Eg) is the density of states at the bottom of the conduction band. Where do these 

electrons come from? They must come from the valence band. But each electron excited 
from the va lence band leaves an empty energy state, a hole if you will , behind. Since 

0(0) d E (I - I ) 
e- E,I ,,,T + 1 

(S.29) 

is the number of holes at the top of the valence band, the requirement that the number 

of holes in the valence band must equal the number of electrons in the conduction band 

means that 

O(Eg)dE erE, E,)I" T + I = O(O) dE ( I - e-E';'~T + I) 

Assuming O(Eg) = 0(0) , we find 

e - Er / klJT 

e-EF/ knT + 1 
I 

which shows that Eg - EF = EF or s imply 

E 
E" = .2 

2 

(S.30) 

(S.3 1) 

(8.32) 

(S.33) 

Therefore the average number of e lectrons per state at the bottom of the conduct ion 

band is g iven by 

(8.34) 

In the special case that Eg» kilT , wc find 

n( Eg) :;;;: e- E,J2knT (8.35) 

Thus the number of electrons excited across the energy gap into the conduction band 

depends very sensitively on the s ize o f the gap and on the temperature. 
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The elements in co lumn IV of the periodic tablc (see Fig. 7.2) provide a striking ex­

ample. For diamond the band gap at room tempera ture is 5.5 eY. Since kll T = 1/ 40 eV at 
room temperature, II(E. ) = e- 20(5.5) = 10- 48 Although there are roughly 1023 valence 

electrons per cubic centimeter of the solid, the number excited across the gap into the 
conduction band is consequently very small. Thus diamond is an excellent insulator. 

Interestingly, silicon and germanium- two other elements in the same column of the 
periodic table as diamond- have signifi cantly small er energy gaps at room temperature 
( 1.14 eV and 0.67 eY, respectively) . These substances are good insulators at low tempera­

tures. But at room temperature a band gap of I eV means that I1(E£) = e- 20
( I ) = 2 x 10- 9 

Although the average population per state is still small , the absolute number of electrons 

exci ted across the gap by thermal energy is now substantial and these elcments conduct 
electricity reasonably well (but not to the extent that a metal does, as can be seen by 
examining the resistivi ties in Table 8. 1). Hence these materials are called semiconduc­

tors. As we will discuss in the next section, these sem iconductors have been the building 
blocks fo r thc computer/electronics revolut ion. 

EXAMPLE 8.1 Consider a photoelectric effect experiment (see Section 1.3) in which 
the cathode is composed of sodium and is connected via a copper wire to the anode, 

which is also composed of copper. Monochromatic light is incident on the cathode. 
Using the data in Table 8.2, calculate the contact potential between the cathode 

and the anode. What is the mini mum photon energy needed to get a current to 
fl ow? Figure 8.8 is a representative energy-level diagram for the two metals when 

separated and when in contact if metal a is taken to be sodium and metal b is taken 
to be copper. 

SOLUTION The contact potential is the difference in the work functions divided 

bye, or (4. 1 - 2.3) V = 1.8 V. As Fig. 8.8b shows, in order for an e lectron to 
be liberated from sodium and overcome the contact potential between sodi um and 

copper, it is necessary for the electron to have an energy of Wa + (Wb - Wa) = Wb , 

namely the work functi on of copper, or 4.1 eY. 

EXAMPLE 8.2 Calculate the average number of electrons per state at the bottom 

of the conduction band for s ilicon at room tem perature and for a temperature of 
360 K. 

SOLUTION Since E. = 1.14 eV is much greater than kg T = 1/ 40 eV at room 
temperature, we can make use of (8.35). Thus at room temperature 

II(E£) = e - 20( I. I4) = 1.25 x 10- 10 

At T = 360 K, ka T = 0.031 eV and therefore 

II (Eg) = e - ( 1.I 4)/ (0.062) = 1.03 x 10- 8 

Thus a change in absolute temperature of 200/0 produces an increase in the value 
of II (E£) by almost 100. Thus the conductivity of semiconductors li ke silicon is 
very sensitive to temperature. Unlike meta ls, for which the cond uctiv ity decreases 
slowly with increasing temperature, the conductivity of a semiconductor increases 
markedly with temperature. 
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EXAMPLE 8.3 Use the band structure of crysta lline solids to exp lain why diamond 
is transparent and silicon is opaque to visible light. 

SOLUTION For vis ible light 400 run < A < 700 nm, corresponding to photon ener­

gies between 1.8 eV and 3. 1 eV The band gap for diamond is 5.5 eY, so photons of 

visible li ght do not have sufficient energy to excite electrons in diamond from the 

valence band to the conduction band. Thus diamond is transparent to e lectromag­

netic radiation in the visible part of the spectrum. On the other hand, the band gap 

for silicon is 1. 1 eV Thus photons of visible light do have sufficient energy to cxcite 

elcctrons in silicon from the valence band to thc conduction band. Consequently, 

these photons can be absorbed, making silicon opaque to electromagnetic radiation 
in the visible part of the spectrum. 

8.3 The Silicon Revolution 

Do you think of yourself as living in revolutionary times? In 1965, shortly after the 

invention of the integrated circui t, Gordon Moore, one of the founders of In te l, noted 

that the number of transistors per square inch on an in tegrated circuit built on a sili­

con chip was doubling roughly cvery year. In 1975 Moore proposed a doubling every 

two years was li ke ly fo r thc foreseeable future. At that time, the number of transistors 

per square inch had reached a few thousand. Today, that number exceeds one billion. 

Doubling the number of transistors ITom I thousand to 2 thousand in two years may 

not seem to be a big deal, but doubling the number from I billi on to 2 billion in that 

same period is pretty amazing. This is the characteri stic of exponent ia l growth. Of course 
exponentia l growth cannot continue forever. Making the circuits on a wafer of silicon 
smaller and smaller can continue only so far before we reach the leve l of individual 

atoms. Nonetheless, at this point there are no indications that Moorc's law, as it is ca lled, 

is breaking down and that the exponential growth phase is coming to an end. Moreover, 

the consequences of th is growth arc all around liS. The computing power in a common 

laptop computer exceeds that of a supercomputer a decade ago. Today you can pur· 

chase a ce ll phone that contains a high resolution digita l camera and an MP3 player and 

allows you to surf the Internet, too. And not only has the power of electronics devices in· 

creased dramatically, but their cost has decreased at the same remarkable rate. Thus these 

electronic devices are available to more and more people, truly changing the world in 

which we livc. 
The basic building block in this electronics revo lution is a semiconductor such as 

silicon that has been doped with impurities in a very special way. A doped semiconductor 

is ca lled an extrinsic semiconductor becausc its properties have been externally modified. 

As we have noted, silicon resides in column IV of the periodic table. Its electronic structure 

is Is22s'2p63s'3p'- In a crystal of si li con, each silicon atom bonds with four adjacent 

silicon atoms in a tet rahedral structure, as ind icated in Fig. 8. I Oa. In this way, each of 

the 3s and 3p electrons participates in cova lent bonds with neighboring silicon atoms. 

It is this tetrahedral covalent bonding that is responsible for the energy gap between the 
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(a) (b) (c) 

Figure 8.10 (a) A diagram indicating how each silicon alom fo rms covalent bonds with 
the four neighboring atoms in crysta lline silicon. (b) In an IHypc semiconductor a 
small fraction of sil icon atoms arc replaced with clements such as arsenic from column 
V of the periodic table. (c) In a p-typc semiconductor, silicon is doped wi th clements 
slIch as boron from column III of the periodic table. 

valence band and the conduction band in silicon2 If a small fraction (typica lly 10- 10 to 

10- 5) of the sil icon atoms are replaced with arsenic atoms, for example, in a process called 
doping, we generate what is called an n-type semiconductor. Since arsenic belongs 10 

column V of the periodic table, it has fi ve valence e lectrons instead of s ilicon's four. 
Four of these electrons can fOfm covalent bonds with the four adj acent silicon atoms, as 

indicated in Fig. 8. 1 Ob, thus simulating a silicon atom. The "extra" electron in arsenic 
is attrac ted to thc arsenic atom rather than to a sili con atom because of the additional 

positive charge on the arsen ic nucleus. But the binding is quite modest, wi th a binding 

energy of approximately 0.05 eY. Thus it takcs re lat ively little energy 10 dislodge Ihi s 
extra electron and push it into the conduct ion banei. Therefore the arscn ic impurity is 
referred to as a donor impurity, since it donates an electron, wh ich of course has negative 
charge, to carry the current. Hence the name n-type semiconductor. Figure 8. 11 a shows 
the corresponding energy- level diagram. The presence of these addi tiona l fi IJed energy 

levels just below the conduction band raises the Fermi energy above the midpoint, wi th 

the dcgree of raising dependent on the concentration of the dopanl [as you mi ght surmi se 
by looking back at the dependenee on the density of stales in the derivation of (8.33)]. In 
addi tion to arsenic, common donor atoms for silicon include phosphorus and antimony. 

Lei's now examine a p-type semiconductor. For s il icon, a good candida te fo r doping 
is boron. Boron is from column 111 of the periodic table and thus has one fewer electron 

than is needed to form the four covalent bonds with the adjacent silicon atoms. With a 

modest amount of energy, agai n typically 0.05 eY, it is possible for a boron atom to borrow 
an eleclron from a silicon alOm to form Ihe requis ite cova lent bonds wilh its neighboring 
silicon atoms, as illustrated in Fig. 8. 1 Oc. The net effect is to introduce empty encrgy 
leve ls j ust above the va lence band, as indicated in Fig. 8. 11 b. Thus an impurity like boron 

2Thc same son of tetrahedral bonding occurs in diamond. The much larger energy gnp between the 
va lence band and the conduct ion band in diamond is due to the fact that the carbon atoms in diamond 
are somewhat closcr together than arc the silicon atoms. The sensiti vi ty of the mechanica l and electrica l 
propenies of these crystals on the type of bonding is highl ighted by comparing graphite. in which the 
cnrboll atoms bond in a hexagonal lattice. with diamond. Graphite is a reasonably good conductor wi th 
the 2p va lence elcctrons partially filling the conduction band, unlike diamond which is, as we have 
noted, an outstanding insulator. And whereas diamond is one of the hardest known substances, graphite 
is commonly used as a lubricant. 
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Figure 8. 11 An energy-level diagram for an n-type semiconductor in (a) and a p-Iype 

semiconductor in (b). 

is referred to as an acceptor impuri ty. When boron accepts an electron fro m silicon, a 

hole is left behind in the valence band. If an electric field is applied to the crystal, the 
holes propagate in the direction of the electric field, just like a posit ive charge. Thus the 
name p-type semiconductor. Since the energy levels just above the top of the valence 

band are empty at low temperatures, the Fermi energy is pulled down from the midpoint 

of the band gap by the presence of these impurities. As for an n-type semiconductor, the 
larger the percentage of impurities, the more the Fermi energy deviates fro m the midd le 
of the gap. 

Through diffusion of the impurities, it is possible in a small piece of si licon to 
move in the space of tens of nanometers from sili con with an acceptor impurity to 
si licon with a donor impuri ty, th us generati ng a p-n junction . Figure 8. 12a shows 

(b) 

Conduction band Conduction band 

o- e-o- . -o- e- o Donor 
EF - - - - - - - levels 

e-o- . -o- .-O-. - Acceptor 

Valence band 
levels 

Valence band 

p lype n Iype 

Conduction band : I 

~ ~: Conduction band 
- I , 

EF _-_-_-_-_-_-_---:T - - - ~ +- - - - - - -

Valence band ~I t 
I ~I! 
I ~I~------

I I Valence band 
:Oepletion: 

p region I region I n region 

Figure 8. 12 (a) An energy-Ievcl diagram for an n-type scmiconductor and a p-type 
semiconductor. Notice how the Fermi energy is raised or lowered, respecti ve ly. from its 
position at thc middle of the energy gap. (b) An encrgy-Ievel diagram for an n-type and a 
p-type semiconductor in contact. 
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the energy-level diagram before equili brium is established. The situation is reminis­
cent of the situation with two conductors with different work functions. In particular, 
the Fermi energy on the n side is higher than the Fermi energy on the p s ide. Thus 

electrons on the n side have empty energy levels on the p side into which they can 

move, meaning the p side is bccoming negatively charged, leaving the n side posi­

tively charged with a surp lus of holes. This transfer of charge contin ues until the Fermi 

energies have equalized, at which point the junction region looks li ke a parallel-plate 

capacitor, with a contact potential on the order of one volt. See Fig. 8.l2b. Thc re­
gion between the "plates" is referred to as the depletion region because it is deple ted 

of mobile charge carri ers by thc strong electric fi eld (on the order of 108 VIm) that 

exists there. 
Even when the Fermi energies are in equilibrium, a p-n junction is a dynamic place. 

There are currents flowi ng back and forth across the junction. On the p side, electrons are 

exci ted by thermal energy across the band gap into the conduction band. These electrons 
can then migrate toward the n side, whcre they fi nd a downhill potent ial and can slide 

over to the n side. This current is referred to as the thermal current. We wi ll ca ll it 10. It is 

ba lanced by the recombination current, which arises when electrons on the n side in the 

conduction band usc thermal energy to surmount the potential energy barrier between 

the n side and the p side. If these electrons migrate to the p side, their likely fate is to 
fall into one of the holes available in the va lence band, hence the name recombination 

current. In equilibrium, the two currents are of course equal. 
But look what happens if we apply a potential difference across the junct ion. Let us 

con nect a battery to the junction with the negative te rminal attached to the p side and 

the positive term inal to the n side. This is known as reverse biasing. The net effect of the 

battery is to push up the potenti al energy of the p s ide, ra ising the height of the potent ial 

energy barrier between the two semiconductors. What then happens to the currents? The 

thermal current is not affected by this change, because the thermal current simp ly requires 
that the electrons have enough energy to cross the band gap, which is not affected by thc 

applied potential. But the recombination current decreases because e lectrons on the n s ide 
now have to overcome a larger potential energy barrier. The probabi li ty of electrons hav­

ing this energy is dictated by the Boltzmann factor. Thus 10 -+ 10ee_Ik, T with the potentia l 

cp negativeJ Thus the recombination current is exponentially suppressed when the junc­

tion is reverse biased. If on the other hand we forwa rd bias the p-njunction by connecting 
the positive termi nal of the battery to the p side of the junction and the negative terminal 

to the n side, the recombination current wi ll be exponentially increased as the barrier that 

electrons must overcome to travel from the n side to the p side is reduced. Thus as before 
10 -+ 10e'_l k,T but thi s time w ith a posit ivecp. The total current in the p-n junction is thus 

given by 

(836) 

3The e in the exponent is, of course. the "other e," namely the magnitude of the charge on an 
electron. This is only part of the nOll1li 0 l131 morass rai sed by thi s equation. In quantum mechanics. it is 
customary to use the symbol V for potent ial energy. In introductory treatments of electromagnetism, 

on the other hand, the same symbol is used for the potential, which is measured in volts in 51 un its. To 
avoid confusion. I have used tp for the potential. as is commonly done in more advanced treatments of 
electrodynamics. The potent ial energy V is then given by q({J , where q is the charge. 
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Reverse 
bias 

Forward cP 
bias 

Figure 8.13 Current (I) in a 

p-n junction as a function of 
applied voltage, measured in 

vo lls (V). Note that the current 
is quite small (microarnps) 
when the junction is reverse 
biased but increases 
exponentially when the 
junction is forwa rd biased. 

Figure 8.1 3 shows a plot of the current for both ty pes of bias. For 'P < 0, the current 

asympto tica lly approaches the va lue 10 as the recombination current is suppressed . But 

when 'P > 0, the current grows ex ponentially. Even though the va lue of 10 may be quite 

sma ll , the exponential growth can make the current very large for sufficiently large va lues 

ofrp . Thus on the tiny piece of silicon we have constructed a diode, a device that transmits 
current in one direction but not in the other when a potential difference is applied. 

To illustrate how a p-n junction enters in to the construction of a transi stor, consider 
the following n-p-n con figuration, as shown in Fig. 8.144 Here the middle region, the 

p-lype semiconductor, is a very thin region called the base. The n region on the left is 

referred to as the emitter and the n region on the right the co ll ector. The base is sufficient ly 

thin that electrons flowing from the emitter to the base do not have suffic ient time to fill 

in the holes in the p region. Hence these electrons di ffuse into the collector. Typically, the 

doping in the base is smaller than in the emitter, thus reducing the odds that the electrons 

in the emi tter fall into one of the hol es there. Tfthe emitter- base p-n junction is fo rward 

biased, a small change in the voltage produces a big change in the current. On the other 
hand, the base- collector p-n j unction is reverse biased with a large bias voltage. The 

power (the current times the voltage) in the base- co llector circuit can be quite large and 
depends sensitive ly on the current flow in the emitter- base region. Thus th is transistor 
can serve as a power ampli fier, say between a microphone and a speaker. 

In addition to serving as the basic component of a transistor, the P-Il junction is 
the key element in a light-emitting diode (LED) and a solar cell. In some materials, 

such as gallium arsenide, an electron in the conduction band emits visible light when it 
makes a transition to an empty energy state (a ho le) in the valence band in the depletion 

region. If the junction is forward biased, electrons and hol es arc repleni shed as the 
current flows through the junction. Moreover, fi ll ed electron states in the conduction 

band and empty energy states in the valence band constitutes a population inversion 

(see the d iscuss ion in Section 7.8). Thus a light-emitting diode can also fu nction as a 

t Ie semiconductor laser. 

Figure 8.14 An n-p-n 

transistor. 

A so lar cell is essentially a light-emi tti ng diode operating in reverse. Sunlight can be 

used to excite an electron from the valence band to the conduction band in the depletion 

region, leaving a hole in the val ence band. T he electric fie ld in the depletion region 

sweeps the electron to the n s ide and the ho le to the p s ide before the electron can 

recombi ne wi th the ho le. In this way a current is generated that can be used to supply 

power to an external circuit. For photons to reach the depletion region, the p-lype layer 

in the solar cell must be thi n so that it is sufficiently transparent to sunlight. The overall 

effici ency of such a so lar cell is typically 15%, whi ch means a solar cell wi th an area 

of a square meter produces roughly 100 W of electrical power. The rest of the incident 

energy from the sun is lost to heat. While solar cells with hi gher efficiency have been 

constructed, these alternatives have been more expensive and have not yet proven to be 

cost effective. 

4The bipolar junction transistor was developed by John Bardeen, Walter Brattain, and William 
Shockley in 1948. They werc awarded the Nobel Prize in physics in 1956. The bipolar junction tran­
sistor has the deficiency of being a power hog, which is a major problem when trying to pack a large 
number of transistors into a small region in an integrated circuit. Altern ative transistors in the form 
of MOSFETs are therefore often used. The transistor is arguably the most important invention or the 
twentieth century. 
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8.4 Superconductivity 

After our di sc ussion in this chapter of the electrical properties of crystall ine solids, 

including conductors and semiconductors, it is irresistible to say somethi ng about super­
cond uctors, namely those materi als that conduct electricity without any resistance what­
soever. The phenomenon of superconductivity was di scovered by Kamerlingh Onnes in 
191 1 when he noted that the resistance of mercury pl ummeted to zero when mercury 

was cooled below a critical temperature Tc = 4.15 K. About one third of the pure metals 

and many alloys are superconductors . 
In addition to having zero res istivity, materials that are superconductors expel mag­

net ic fie lds from the material when cooled below the cri tical temperature, an elfect known 

as the Meissner effect. As the transi tion temperature is reached, currents circulate on the 

surface of the superconductor that exactly cancel the magnetic field within the material. 

Thi s complete expu lsion of magnetic fie ld is characteristic of a class of supcrconductors 
called Type I superconductors. In thcse superconductors the magni tude of the critical 

temperature depends on the strength of the applied field, as indicated in Fig. 8. 15. Some 

Type J superconductors along with the corresponding critical temperature and cri tical 

magnetic fiel ds arc listed in Table 8.3 . For some materi als, typically alloys, there are two 

cri tical val ues of the magnetic fiel(~ Bc, and Bc" as illustrated in Fig. 8. 16. If the appl ied 

magnetic fie ld is less than Bc" the magnetic fie ld is expelled completely, as is the case 
for a Type J superconductor. But for magnetic fie lds Bc, < B < Bc" the magnetic field 
penetrates the superconductor in narrow filam ents ca ll ed vortex cores. Within these cores 

the material is a normal conductor, but superconductivity is maintained in the material 

between the cores. As the field strength increases, the material becomes more closely 

8 

o 

Superconducling 
stale 

Figure 8. 15 The cri tical magnetic fie ld as a function of temperature in a Type I 
superconductor. 

Material Tc (K) 80(0) (Tesla) 

Zn 0.88 0.0053 
AI 1.17 0.0105 
In 3.41 0.0293 
Pb 7. 19 0.0803 
Nb 9.25 0. 198 

Table 8.3 Some Type I superconduclors. The criticallllugnctic field 
is measured as T -+ O. 
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Superconducling 
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Figure 8.16 The critical magnetic fields Be, and Bel as a function of temperature in a 
Type II superconductor. 

Mate ria t Tc (K) 8 c, (0) (Tes la) 

PbMoS 14.4 6.0 
NbN 16.0 15.3 

b, Sn 18.1 24.5 
Nb, Ge 23.2 34.0 

Table 8.4 Some Type II Superconductors. 

filled with these vortex cores until the cores overlap when the magnetic field strength 

exceeds Be, and the superconductivi ty is destToyed. Since Type II superconductors have 

signi fi cantly larger values for the critical fie ld strength (sec Table 8.4), these materials 
are much better candidates for appli cations such as carrying large currents, since these 

currents generate magnetic fields themselves that can destroy the superconducting state. 
The downside of these Type II material s is that they are often brittle and not easily molded 

into wires that could be used to carry currents.' 

Given our discussion of Bose- Einstein condensat ion in Section 7.7, you may be 

tempted to sunnise that this transition to the superconducting state is a phase transition 

similar to the one that occurs in liquid helium at 2.17 K, at which point helium atoms 
form a condensate with superfiuid behavior. But something more complicated must be 

at work here, since the charge carriers in a solid are electTons (or holes). These part icles 

are spin- 112 particles that obey Fermi- Dirac statistics, not the Bose-Einstein statistics 

that describe the behavior of the spin-O helium atoms. There are a couple of hints as 
to what is occurring. For one, the best conductors, such as copper, gold, and s ilver, 

are not superconductors. Materials such as niobium and lead, which are relatively poor 
conductors at room temperature, have relatively large values of Te. Reca ll that resistance 

in a metal is due to interactions of the electrons with the lattice and really good conductors 

have minima l lattice interactions. Also, superconduct ivity in materials that have a number 

of different isotopes occurs with modest ly higher values of Te for the lighter nuclei. Thi s 
also suggests that interacl ion with the lattice is important, since lighter nuclei typically 

means more vibration of the nuclei at a given temperature. 
In 1959 John Barden, Leon Cooper, and Robert Schrieffer proposed a theory that 

explains the phenomenon of superconductivity (with the exception of the high-Te 

5Roughly 10% of the electrical energy used in the United States is lost in the transmission process. 



superconductors) . This BCS theory posits that, despite their mutual Coulomb repul­

sion, electrons with equal and opposite momenta bind together in these materials to form 

bound pairs, generally referred to as Cooper pairs. One of the electrons in the pair pulls 
the ion cores toward it through Coulomb attraction. The other electron is then attracted 

to this displacement of the ion cores. A useful analogy is to consider two people sleeping 

together on a soft mattress. When one of the people rolls away from the other, that person 

leaves a depression in the mattress into which the second person may fa ll , thus "binding" 
the two people together. In the case of superconductivity, the BCS theory predicts the 

bindi ng energy of each Cooper pair, referred to as the gap energy, has a value at absolute 

zero of 

Eg = 3.53kBTc (S.37) 

It is clear that thermal energy can dissociate these Cooper pai rs if the temperature of the 
material gets too large. Since the two electrons in a Cooper pair are in a total-spin-O state 

[see the spin state in (7.25)], these pai rs are themselves bosons. Thus for sufficiently 
low temperature a phase transi tion to a condensate can occur. In this condensate, there 

is an incentive for the pairs to be in the same total-momentum state (see the discussion 

in Section 7.S), thus preventing the scattering by the lattice that is responsible for re­

s istivity. Presumably, this pairing of electrons also occurs in the high-temperature Type 
II superconductors that were discovered in the late 19S0s. These materials, which have 

values of Tc ranging from 30 K to 140 K, are layered ceramic materials with planes 
of copper oxide. However, the mechanism responsible for the e lectron pairing in these 

hi gh-temperature superconductors is still not understood. Since nitrogen gas liquefi es at 
77 K, these high temperature superconductors can be maintained in the superconduct­
ing state at a much lower cost than can superconductors that require liquid helium for 

cooling, since liquid helium is much more expensive than liquid ni trogen . Moreover, 

these high-temperature superconductors have large values for the critical magnetic fi eld 
strength, whi ch means that they can be used to transport large currents. The downside 

of these ceramic superconductors is that they are quite bri ttle and therefore diffic ult to 
manipulate. 

8.5 Summary 

The main message o f this chapter is that the periodic nature of the potential energy for 

a crystalline solid generates bands of allowed energy levels separated by energy gaps. If 

the valence band is partially filled at low temperatures, it is referred to as the conduction 

band. Such solids are metallic in nature and readi ly conduct electricity. If the valence 

band is completely fill ed as the temperature approaches zero and the conduction band 
is empty, the solid is either an insulator or a semiconductor, depending on the size of 

the band gap. By doping (addi ng impurities to) a semicond uctor such as s ili con, one 
can produce n-type and p-type semiconductors that can be joined together to form a 
p-n junction. Th is junction is a solid-state device that conducts electricity in only one 
direction (a diode). The p-n junction is the bui lding block of transistors, such as the 
n-p-n bipolar junction transistor. Our abili ty to package more and more transistors per 
unit area in an integrated circui t on a substrate of silicon is responsible for the electronics 
revolution that is taking place during our lifetimes. 

Section 8.5 Summary 275 
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Problems 

B.1. Verify that imposition of the Bloch ansatz 

1/I(X + 0) = eiBifJ(x ) 

on the two solutions to the Sch rod ingcr equation 

and 

1/1 = A" sin k(x - 110 ) + B" cos k(x - 110) 

(II - 1)0 < x < 110 

1/1 = A ,,+ I sink [x - (II + 1)0] 

+ B,,+I cosk[x - (II + 1)0 ] 

110 < X < (II + 1)0 

yields the conditions 

iB 
Bn+ l = e 8/1 

8.2. Ca lculate the amount the Fermi energy is raised 

if I C of electrons is added to a cubic centimeter of a 

metal. Note: One coulomb is a large amount of charge. 

B.3. Semiconductors such as ZnSe. CdTe, GaAs, and Ge 

afC used to manufacture lenses . These material s arc 

particularly useful in the infrared (2 f.l.m to 30 f.l. m), 
despite the fact that they are highly opaque in the visible 

region of the spectrum, as shown in Fig. 8.17 . For Ge, 

for example, the energy gap between the valence band 

and the conduction band is Eg = 0.67 eV. Use thi s fact 

to explain why Ge is a good material for an infrared lens. 

Figure 8.17 Galiunl arsenide (GaAs) is used 
w manufacture in frared lenses. (Cou rtesy 
I I- VI. Inc.) 

B.4. An ohmmeter is sometimes used to determine the 

"di rection" of a diode by connecting the ohmmeter to the 
diode one way and then reversing the ohmmeter leads . If 

the ohmmctcr applies an emf of 0.5 V to the diode in 
order to determine resistance, what would be the rat io 
of reverse resistance to fonvard resistance at 300 K? 

Assume the diode behaves as an ideal p-n junction. What 

do you concl ude f-rom this ca lculation if the forwa rd 
resistance is 30 kQ and the maximum range of the 

ohmmeter is 2000 kQ? Suggestioll: Start with (8 .36). 

8.5. Draw energy-level diagrams for the metals sil ver 
and copper when separated and in contact. Ind icate the 

contact potential on your diagram. Use the values in 
Table 8.2 to determ ine the relative positions of the work 

functions and the Fermi energies. 

B.6. Use the band structure of crysta ll ine solids to 
explain why a thin piece of sul fur, a good insulator, 
transmits light that is reddish yellow when illuminated 

from the back side with white light. 

8.7. Use Faraday's law to argue that the magnetic field 
carmot vary with time in a material that has zero 
res ist ivity (and hence infinite conductivity). 

B.B. The critical magnetic field in a superconductor has 

the temperature dependence 

BeC T) = Bc(O) [I _ ( ~ ) '] 
Calculate the maximum current a superconducting 
niobium wire I mm in diameter can carry at 4 K, the 
temperature at which helium liquefies. See Table 8 .3 for 

the val ues of Tc and BeCO) fo r niobium. 

B.9. Use (8 .37) to determine the size of the energy gap 

in eV for niobium. 



CHAPTER 

Nuclear Physics 

In 1911 , in Ernest Rutherford 's laboratory, Hans Geiger and an undergraduate srudent, 
Ernest Marsden, discovered the atomic nuclcus in an ex periment in which alpha particles 
were projected at a thin gold fo il. The relatively high fraction of the alpha particles 
deflected through large angles was very surprising but could be accounted for by assuming 
the positive charge in the nucleus was concentrated in a massive central core, or nucleus. l 

In the simplest atom, the hydrogen atom, the nucleus is the proton, which is 1836 times 
more massive than the electron. But of what does the nucleus of gold consist? The answer 
to this question was not known until 1932, when James Chadwick discovered the neutron, 
a neutral particle simi lar in mass to the proton. In the nucleus of gold, for example, there 
are 79 protons and 11 8 neutrons. One can say that 1932 marked the beginning of nuclear 
physics. Nuclcar physics is a field of enormous importance. Understanding which nuclei 
are stable and why allows us to understand which elements occur in nature. Moreover, as 
we noted in Section 3.2, the energy scalc of nuclear physics is millions of timcs greater 
than that of atomic physics. The main focus of thi s chapter is the so-ca lled curve of 
binding energy. The nuclear binding energy released in fusion reactions is the energy 
source that powers OUf Sun (and the ot her stars in ollr universe as well ). These fusion 
reactions are ones that we would very much li ke to ut ili ze in a contro lled t;'shion here 
on Earth since this would provide an al most li mitl ess source of power. As we will also 
discuss in th is chapter, nuclear energy can also be released in fission reactions, for 
peaceful purposes in a nuclear reactor and for less peaceful purposes in the form of 
nuclear weapons. 

I The discovery of the ex istence of the nuclcus was the dcath sentence for class ical phys ics. For if the 

atom consists of electrons orbiting around thc positi vely charged nucleus in a planctary. li ke systcm, the 
electromagneti c radiation from these accclerating electrons would lead to thc co llapse of the atom in a 
very short time period. See Problem 9.1. Rutherford later commented that the discovery of large·anglc 
deflect ion of alpha particles was the most incred ible event of his life. "as if you fired a 15·inch shell 
at a piece of tisslle paper and it came back and hi t you." This wasn't as much of an exaggeration as 
you might suppose given the odds for sLlch largc·:lI1gle scattering in the "pl um·pudding" model of the 
atom that was current at the time, a model in which Ihe positive charge was thought to be uniformly 
distributed through Ollt the atom (the pudding with the electrons as the raisins). 

277 
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9.1 Nuclear Notation and Properties 

A nucleus is spec ified by listing the number of protons (2) and the number of neutrons 

(N) it contains. Of course, the number ofprotons is the same as the number of electrons in 

the corresponding (neutral) atom, or e lement. The symbol 2 is generally referred to as the 
atomic number. If you know the elemcnts well, then, fo r example, you know that carbon 

(C) has 2 = 6 and uranium (U) has 2 = 92. The number of neutrons in the nucleus 
of a particu lar element can vary, however. Elements with the same number of protons 

but diffe rent numbers of neutrons are referred to as isotopes. The combined number of 

neutrons and protons in the nucleus is referred to by the symbol A = 2 + N, the atomic 

mass number. Thus specifying 2 and A is sufficient to determine the composition ofa 

particu lar nucleus, since N = A - 2. The standard notation is of the form 1X, although 
the subscript 2 is often dispensed with since the same information is implicitly contained 
in the symbol X fo r the atom and putting both the superscript and the subscri pt makes 

for a rather cumbersome notation. The simplest atom, hydrogen , has three isotopes, ' H 
wit h a nucleus consisting of a single proton, ' H with a nucleus consisting of one prOlon 

and one neutron, and 3H with a nuc leus consisting of one proton and two neutrons. 
Of these three isotopes, ' H and 21_1 arc stable. The isotope 2H is called deuterium and 

the corresponding nucleus is referred to as the deuteron (denoted by the symbol d). The 
isotope 3H is ca lled trit ium and the nucleus, the triton, is often given the symbol I. The 

element with 2 = 2 is helium, which has two stable isotopes, 3He and 4He. The nucleus 
of the most common isotope of helium, 4He, is referred to as the alpha particle and 

denoted by the symbol ex. As a last exampl e, carbon has two stable isotopes: 12C, which 

has six protons and six neutrons in its nuc leus and has a natural abundance of99%, and 
13C, with a nuclells ufsix protons and seven neutrons. The unstable isotope 14C is used 

in radioactive carbon dating (which we will discuss in Section 9.3). It should be noted 

that nuclei having different values for 2 and N but the same value for A are referred to 

as isobars ("C and "N, for example). 
A lthough the proton and neutron diffe r in their electric charges, perhaps the most 

striking thing about them is their s imilarity. Table 9.1 gives the masses of the electron, 
proton, and neutron. Note that while the proton and the neutron are both significantly 

more massive than the electron, the masses of the neutron and proton differ by just 
Slightly marc than I part in I 000. In determining the mass of the atom, the electron plays 
a very small ro le. As we will see in the next section, the mass of the nucleus (and hence 

the atom) is roughly A times the mass of the proton or neutron. Hence the name atomic 

mass number for A. In fact, the nuclear force treats the proton and neutron in exactly 

the same way, as if they were identica l part icles.2 Thus the constituents of the nucleus, 
whether they are protons or neutrons, are typ ica lly referred to as nucleons. 

Particle kg MeVlc 2 

Electron 9.109 x 10- 31 0.511 

Proton 1.673 x 10- 2i 938.3 

Neutron 1.675 x 10- 27 939.6 

Table 9.1 Mass of the electron, proton. and ncutron 

2Consequcntly, the nuclear force is sa id to exhibit charge independence. 
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Most nuclei are roughly spherical in shape. Scattering experiments with electrons as 

the projectile carried out by Robcrt Hofstadter in the 1950s showed that the radius of a 

nucleus composed of A nucleons is given roughly by 

R = 1'0 A ' /3 (9. 1 ) 

with 1'0 = 1.2 fm. This translates into a volume 

4 4 
V = -IT R3 = -ITI'JA = VoA 

3 3 
(9.2) 

where Vo is roughly the same fo r all nuclei. Consequently, nuclear matter tends to have 

a uniform density of2 x 10 17 kg/m3, roughly fourteen orders of magnitude more dense 

than ordinary matter. This large density is consistent with the fact that the size of an atom 

is four to fi ve orders of magnitude larger than that of the nucleus while essentia lly a ll the 

mass is concentrated in the nucleus. 
Electron scattering experiments effectively measure the charge density of the nucleus 

since electrons do not experience the nuclear forcc . The assumption is that the charge 
dens ity- the di stribut ion of protons in the nucleus-coincides wi th the di stribution of 

nucleons in general. To Illap Ollt the distribution of nucleons, neutrons as weJl as protons, 
in a scattering experiment, it is necessary to use as the projectile a part icle such as thc 

neutron that experiences the nuclear force. But determi ni ng a radius of the nucleus in this 

way is more comp li cated (in an interesting and important way) than it might first appear. 
In determi ning the likelihood that a neutron interacts w ith the nucleus it is convenient to 

introduce the concept of the cross section. Consider a beam of neutrons of intensity I 
incident on a slab of matter of thickness dx, cross-sectional area S, and dens ity ii (the 
number of atoms per unit volume). Then IISdx is the number of nuclei in the slab. After 

travers ing the slab, the intensity of the beam is 1 + d I , as ind icated in Fig. 9.1. The 

intensity decreases Cd 1 < 0) because of interactions with the nuclei in Ihe slab. If we 

denote by a the effective area of the nucleus for scattering neutrons, then a ii Sdx is the 
effective area covered by all the nuclei in the s lab, and the fraction of Ihe neutrons that 

get scattered is (f IISd.\' / S. Note that by choosi ng the slab to be of infinitesimal th ickness 

dx, we have avoided the issue of one nucleus be ing partially obscured by one in front of 
it. Putting everything together, 

1 

dl 

1 

(fliS dx 

S 
= -aiidx 

o 0 o o 
s 

dx 

/ + dJ 

Figure 9.1 A slab ofthickncss fix and cross-sectional area S is composed of nuclei each 
with effective cross-sectional area a . A beam of particles with intensity I is incident 011 

slab. The va lue of a varies with the energy and the type of projectile in the beam. 

(9 .3) 
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Figure 9.2 The cross section for the scattering of neutrons by uranium. Adapted from R. L. 
Henkel, L. Cranberg, G. A. Jarvis, R. Nobles, and 1. E. Perry, Phys. Rev. 94, 14 1 ( t 954). 

which integrates to 

where 

I (x) = I(O)e- an, 

= I (O)e-'/A 

I 
/I =­an 

(9.4) 

(9.5) 

is the referred to as the attenuation length, namely the distance the beam must traverse so 
that its intensity is attenuated to I Ie of its ini tia l va lue. Thus by measuring the attenuation 
length we can obtain a value for Cf . 

Figure 9.2 shows a plot of the cross section fo r neutron scattering by uranium. Notice 
that the cross section is measured in barns, where I barn = 10- 28 m2 If we use the 

radius (9. 1) with A = 238 and calculate the area IT R', we obtain a value of 2 barns, 
which is in rough accord with the measured va lue for the cross section , at least at high 
energy. The cross section, however, varies marked ly with energy and is much larger for 
low-energy neutrons. The growth in the cross section at low energies does not mean that 

the nucle i are getting bigger, but rather they are becoming more effective at scattering 

neutrons. Heuristically, we can argue that the probabi li ty that a neutron interacts wi th 
the nucleus increases as the neutron spends more time traversing the nucleus. Since the 

ti me the neutron takes to traverse the nucleus is inversely proportional to the velocity of 
the neutron, this increase in the cross section at low energies is sometimes called the I Iv 
effect. In effect, the cross section is proportional to A R instead of R2, where A = " I p is 
the de Broglie wavelength of the neutron] 

J A barn might sccml ike a very small area, but a cross sectionofa barn ina nuclear physics experiment 
is such a large one that one can say it is as easy to scalier particles as hitting the broad side of a barn. 
This terminology was suggested in 1942 by two Purdue Universi ty physicists worki ng on the Manhanun 
Project (see Section 9.6) and was considered classified information unti l after World War II . 
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9.2 The Curve of Binding Energy 

The "curve of binding energy" is arguably the most important curve in science, respon­

sible for our very ex istence and potentially our extinction as well. Moreover, it is the 

potential solution to many of the world's energy and environmental problems. Let 's start 

with a simple example from atom ic physics to illustrate the role that binding energy plays. 

We know that the constiruents ofa hydrogen atom are a proton and an electron. Is the mass 

of a hydrogen atom equal to the mass of the proton plus the mass of the electron? No, 

because of binding energy. The proton and the electron have, of course, opposi te charges 

and attract each other. Break ing (or ioni zing) hydrogen into its constituents req uires the 

input of 13.6 eV of energy. Thus 

(9.6) 

where I1l H is the mass of the hydrogen atom, 111 p is the mass of the proton, and me is the 
mass of the electron. More generally, we can wri te 

I1lH = 111 P + me - B.E.jc2 (9.7) 

where the binding energy B.E. = 13.6 eV is 10- 6 % of the mass of the hydrogen atom, 

or on the order of 10 parts per billion. We saw in Section 6.3 how one would calculate 

this binding energy. The reason that hydrogen is stable- that is it doesn't decompose 

naturally into an electron and a proton-is that the mass of the atom is indeed less than 

the sum of the masses of the constituents. There is no way for a hydrogen atom on its 

own to decompose and conserve energy. 

The correspond ing two-body system in nuclear physics is the deuteron, whose mass 

IIId can be expressed as 

(9.8) 

where again 11/ p is the mass of the proton, I1l n is the mass of the neutron, and B.E. = 
2.2 MeV, which is 0.1 % of the mass of the deuteron. Note that the energy scale ofnuclear 

physics is Me V not e V This is one reason for characterizing the nuclear interactions that 

holds the neutron and proton together as strong in teractions. For the 4He nucleus, or 
alpha particle, 

m. = 2m p + 2mn - B.E./ c2 (9.9) 

where B.E. = 28 MeV, which is 0.7% of the mass of the alpha particle. If we extend 

th is line of reasoning to a more complicated nucleus, one composed of Z protons and 

N = A - Z neutrons in the nucleus, we have 

(9. 10) 

Mass spectroscopy (see Problem 9. 10) measures the masses of atoms, not the nuclei 

themselves. Thus it is most useful to rewrite (9. 10) as 

lII"om = ZIIIH + (A - Z) Ill " - B.E./ c2 (9. 11 ) 

which includes the masses of the Z electrons that are bound to the atom. Since the nuclear 

bind ing energy holding the protons and neutrons together in the nucleus is so much bigger 

than the atomic binding energy holdi ng the electrons in the atom, the binding energies 

in (9 .10) and (9.1 1) can be taken to be essentia lly the same to the accuracy we need. 
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Figure 9.3 The binding energy per nucleon. The smooth curve is a plot of the binding 
energy (9.12) divided by A. 

Figure 9.3 shows the value of B.E.I A, the binding energy per nucleon, plotted as a 
function of A fo r the naturally occurring isotopes. This solid line, which prov ides a good 
fit to the data for a ll but the smallest values of A, results from writing the binding energy 

as 

, ( ')' (I ) _ 2/ 3 z- Z - '2 a, 
B.E. -aIA-a,A -a3~ - a4 + r; 0 

A A vA_ I 
(9. 12) 

with the foll owing va lues for the parameters al th rough (/,: 

al = 15.75 MeV ([2 = 17.8 MeV (/3 = 0.7 11 MeV ([4 = 94.8 MeV a s = 11.2 MeV 
(9. 13) 

The (15 term makes a positive contribution to the binding energy for nuclei with an 

even number of protons and an even number of neutrons and a negative contribution 

to the binding energy for nuclei with an odd number of protons and an odd number 

of neutrons. 
The equation (9. 1 I) with the bi ndi ng energy given by (9. 12) is genera lly refe rred 

to as the scmiempirical mass formula . The rationa le for th is name is that there is a 
lot of physics behind the five terms in (9 .12), physics to which we will now turn. We 
will use a variety of models, including the liquid drop model, the Fermi gas model, and 
the shell model. to understand the properties of nuclei. The word mode l in general and 

the introduction of a number of different mode ls in particular may be upsett ing to you. 

After all, in physics our goal is to obtain a deep, fundamenta l understanding, which 

seems at odds with us ing a variety of different models. The challenge we are facing is 
that sorting out the deta il s of nuclear physics is inherently more difficult than it is for 

atomic and molecular phys ics, which are governed by we ll-understood electromagnetic 
interactions. As we wi ll discuss in the next chapter, the neutrons and protons in the nucleus 

are themselves composed of more fundamental entities called quarks. The equations 
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(quantum chromodynamics) that govern the interactions between quarks are nonlinear. 
Consequently, the interaction between, say, a neutron and a proton in the deuteron is 

different than between a neutron and a proton in the tritium nucleus, which includes an 

additional neutron. Thi s is in striking contrast to Maxwell's equations, the equations that 
govern electromagnetic interactions. Maxwell "s equations are linear differential equations 
and we can take fu ll advantage of the principle of superposition. The electromagnetic 
fo rce between the electron and the proton in a hydrogen atom, for example, is the same 

as the electromagnetic force between these two particles in a helium atom, despi te the 

fact that the helium atom possesses an additi onal electron and an additional proton in 

the nucleus. 

The Liquid Drop Model 

The nuclear force is a short-range force , acting over a distance sca le on the order of a 
fermi. One often says, speaking loosely, that the nucleons essentially need to be in contact 
to experience the nuclear force since the nucleons themselves have a size scale on the 
order of a ferm i as well. The nuclear force is attractive unless the nucleons are squeezed 
close together, in which case the force becomes repul sive. These characterist ics of the 
nuclear foree are rem iniscent of the characteristics of the force between molecules and 
leads one to suppose that a nucleus should behave li ke a droplet ofa fair ly incompressible 

fluid, an idea first suggested by Niels Bohr. Because of the relatively small size of the 

box confining the nucleons in the nucleus, the zero-point energy of nucleons in, say, a 
so li d- li ke lattice would be so large that the solid phase would not be stable; the solid 
wou ld immediately melt to form a liquid . The attractive nuclear force tends to pu ll the 

indiv idual nuc leons inward, forming a droplet. Nucleons on the surface of the drop let, 
however, do not get the fu ll advantage of the attractive force since they do not have 

nearest neighbors on all sides. The bigger the surface area of a droplet, the larger the 

short fall in binding. As is the case for flui ds, the droplets tend to be predominantly 
spherical in shape since, for a given volume, a sphere has the minimum surface area. In 
a fluid, the effect that leads to the shrinking of the exposed surface of a fluid droplet is 
referred to as surface tension. We can say there is an ana logous nuclear surface tension 
as well. 

We can now sec the physics responsible for the first two terms in the semiempi riea l 

mass formul a. The first term, the 0, A term, is called the volume term. It arises since, 
as a fi rst approximation, the binding energy is directly proportional to the number A of 

nuc leons in the nucleus. Each nucleon bonds to its nearest neighbors and the number of 
such bonds is proportional to the number of nucleons. Moreover, the number of nuc leons 

is proportional to the volume of the nucleus, as illustrated in Fig. 9.4. The second term, 
known as the su rface term , in the semiempiricalmass formula is essentially a correction 
term to the first term. The nucleons at the surface of the nucleus do not form as many bonds 

as do the nucleons in the interior of the nucleus. Thus they do not benefit from the full 
bind ing that the interior nucleons experience with neighbors on all sides. Consequently, 
we must subtract a tenn proportional to the surface area of the nucleus since we have 
effectively over counted the binding effectiveness wi th the volume term. Since the radius 
of the nucleus is proportional to A ' / 3, the surface area is proportional to A'j3 Hence the 
term 02 1{ Z/3. This terms enters with a minus sign corresponding to a reduct ion in the net 
binding energy. 

Figure 9.4 The nucleons in a 
nuclcus arc closely packed in a 
roughly spherical shape. 
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dq 

Figure 9.5 The energy required 

to assemble a uni form sphere 
of charge can be determined 
by assembling the sphere in a 
series of spherical she ll s, each 
of charge elq. The work 
required to attach dq to the 

sphere of radius r is the 
product of dq and the 
potential q / 47rfor at the 

surface orthe sphere. The total 
energy requi red is the integral 
as q varies from 0 to Q (and 
hence r varies frol11 0 to R). 

The volume and surface terms in the semiempi rical mass formu la arise from the short­

range nature of the strong nuclear forcc. Each proton in the nucleus, 011 the other hand, 

interacts as well with all the other protons th rough long-range Cou lomb interactions. The 

effect of thi s Coulomb repulsion is to reduce the binding energy holding the nucleons 

together in the nucleus. For example, if we treat the nucleus as a uniform ball of charge 

Q = Ze, we can ca lculate the energy required to asscmble this charge distribution (see 
Fig. 9.5): 

rQ q 3 Q2 
Jo 4lfEor dq = :5 4lfEOR 

(9 .14) 

where R is the radius of [he sphere. I f we substitute R = foA 1/3 , we obtain a term 

proportional to Z2 / A 1/ 3, namely the third term, or Coulomb term, in the semiempirical 

mass formula. Like the surface term, thi s term also enters with a minus sign since 
the Coul omb repulsion reduces the binding energy. If we substitute in values for the 
constants and takc ro = 1.2 x 10- 15 m, we obtain {/3 = 0.72 MeV (see Problem 9.3), 
which comparcs favorab ly with the va lue for a3 in (9 .12). The smaller va lue of {/3 in 

comparison to al and {/2 is indicative of the fact that, as noted earlier, the nuclear force 

is significantly stronger than the electromagnetic force. 

The Fermi Gas Model 

Since the Coulomb term reduces the binding energy, you might expect based on our 

di sclission so far that nuclei woul d have a lot of neutrons relat ive to the number of 
protons. But if you look at Fig. 9.6, a plot of thc stable nuclei as a function of Z and N, 
you see that for small Z the stable nuclei tcnd to have Z = N and wh ile there is a dev iation 
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Figure 9.6 The distribution of the naturally occurring nuclei. Note the deviations from the 

straight line Z = N as A increases. 
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Figure 9.7 A schematic energy-level diagram showing the three 
lowest energy levels filled by nucleons in the nucleus. The 
energy levels are presumed to be non degenerate. For 12C six 
protons fi ll the three lowest proton energy levels and six neutrons 
fi ll the three lowest neutron energy levels. 

toward increasing N relative to Z for larger Z, the deviation is a relatively modest one. 
We do 110t see nuclei with a huge excess of neutrons relat ive to protons, unless you want 
to include a neutron star in the table of stable nucle i (see Example 9.2). Why is this? 

For one thing, the neutron is not a stable particle. In free space, a neutron decays into 
a proton, an electron, and an electron anti neutrino with a lifetime (see Section 9.3) of 

fifteen minutes: 

(9. 15) 

So the real question is not why the nucleus is not primarily composed of neutTons but 

rather why the neutrons in the nucleus don't decay. To answer this question we need 
to bring quantum mechanics into Ollr modeling process. Let's assume that we can treat 
the nucleons as moving independently in the potential energy we ll that confines these 
particles in the nucleus. Since the nuclear fo rce treats the neutrons and protons as identical 
particles, the energy levels for the protons and neutrons will be the same, at least to the 
extent that we ignore the Cou lomb repulsion of the protons. To illustrate, let's consider 

the exam pl e of 12C, as indicated in Fig. 9.7. Since protons and nelltrons are fermions, 
we can put at most two protons and two neutrons in each energy level , thus fillin g the 

lowest three proton energy levels and the lowest three neutron energy levels' I f one of 

these neutrons were to decay, it cou ld do so only if there were enough energy released 
in the decay to put the proton in the fourth energy leve l, since the three lowest proton 
energy levels are already fi lled. Because the neutron is only sli ghtly morc massive than 
the proton, the energy re leased in the decay (9.15) is not suffic ient to do this. Hence the 
neutrons in the 12C nucleus are stable. 

The energy-level diagram for 12 C shows why it is namral to have the numberofprotons 

equal to the number of neutrons in Ihe nucleus, at least fo r small Z. The fourt h term 
in the scmicmpirical mass formula , the asymmetry term, is a measure of the reduced 
binding energy as the nucleus moves away from the Z = N condition. To see how the 

"For the sake of simplici lY. wc arc treating each of the energy le"e ls as nondegenerate, as would be 
(he case if the potelllial energy well were truly one dimensiona l. 
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dependence of thi s term on Z and A arises, we can apply the Fermi gas model that we 

used in treating electrons in a conductor in Section 7.4. There we saw that the Ferm i 
energy is given by 

(9. 16) 

where N is the number of identical ferm ions in the "box" of volume V. Recall that the 
total energy of the ferm ions is given by 

3 " 
£Iolal = sNEF (9. 17) 

Since in the nucleus there are two fermion gases, one composed of protons and the other 

composed of neutrons, the total energy is given by 

' ( , • ) 2/3 ' ( 2 ) 2/3 3 fl' 3rr'Z 3 fl' 3rr N 
£'0'" = - Z- -- + - N- --

. 5 ~n V 5 2m V 

(
Z)2/3 (N)2/3 

~ Z - +N-
V V 

(9.18) 

where Z is the number of protons and here N is the number of neutrons. We have taken 

the mass m to be the same for the neutron and the proton. [n the last line of (9. 18) we 

have suppressed the constants s ince we rea lly want to foc us on how the result depends 

on A and Z. Since V ~ A and N = A - Z, we see that 

£ ~ I [Z5/3 (A Z)5/3] 
total A2/3 +- (9. 19) 

For a fixed number of nucleons, that is , fo r fixed A, we can fin d the value of Z (and 

therefore N) that mini mizes the overa ll energy by sett ing the deriva tive of (9. 19) with 

respeci to Z equal to zero: 

a £10101 ~ _ 1_ [Z2/3 _ (A _ Z)2/3] = 0 
az A2/3 

(9.20) 

which requi res Z = A - Z = N, thai is, the numbcr of protons in the nucleus equals 

the number of neutrons for the minimum energy state. 

We can use expression (9. 19) to ca lculate the excess energy when the nucleus deviates 

from the Z = N configurat ion. Cali lhis excess energy 8£, the extra energy when 

Z = A/2+8Z (9.2 1) 

This add itional energy is g iven by the difference between (9. 19) for an arbitrary value of 

Z and for Z = N = A/ 2: 

DE ~ - [Z 5/3 + (A - Z)5/3] - - - +-I I [( A ) 5/3 ( A ) 5/
3
] 

A~ A~ 2 2 
(9.22) 

Substitu ting (9.21) fo r Z , we obtai n 

8£ ~ - 1 + - + I - - - 2 A
5
/
3 

[( 28Z) 5/3 ( 282) 5
/
3 ] 

A2/3 A A 
(9.23) 
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N Z Number 

Even Even 166 

Odd Odd 8 
Even Odd 57 
Odd Evcll 53 

Table 9.2 Distribution of stable nuclei 

Provided 8Z / A « I, we can use a Taylor series or a binomia l expansion to obta in the 

lead ing term 

(8zi (Z - A/ 2)2 
8 E ~ -- = '-------,-'-'--

A A 
(9.24) 

which is the fourth term in the scmicmpiricaimHss formul a. It cnters with a minus sign 
in (9. 12) since increasing the total energy of lhe nucleus corresponds to a reduction in Ihe 

bind ing energy. Notice that the impact of th is term becomes less pronounced for large 
A because of the presence of A in the denominator. We can think of the neutrons as the 

nuclear glue that manages to hold the nucleus together despite the increasing Coulomb 
repulsion of the protons. 

We can get some insight into the fi fth term, the pairing term in (9.1 2), from the 
Fermi gas model as well. The distribution of stable nuclei in Table 9.2 shows that there is 

a large preference for nuclei that have an even number of protons and an even number of 
neutrons (even- even nucl ei). Moreover, very few of the stable nuc le i have an odd number 

of protons and an odd number of neutrons. The pa iring term responds to this distribution 
wi th a contribution that increases the binding energy for even--even nuclei and reduces it 
for odd-Ddd nuclei. We will see in Section 9.4 that the pairing term plays a crucial role in 

determining which nuclei are suitable candidates to fuel a nuclear reactor (or an atom ic 
bomb). 12C is a nice example of an even--even nucleus (see Fig. 9.7). Of course when 

two identical fermions are in the same energy level, the spin state must be antisymmetric 

under exchange s ince the spatial state is symmetric. As we noted in our discussion of the 
e lectrons in the helium atom in Section 7.3, thi s leads to the part ic les having a higher 
probabil ity of overlapping in space than they would if they wcrc in diffe rent energy 

levels. Such an overlap leads to an increase in the nuclear bi nding energy because of the 
attractive nature of the nuclear force. 

The Shell Model 

Whi le we are on the subject of nuclear models, it is good to include the shell model in 

our discussion. One of the interesting features o f nuclear physics that is missed by the 
semiempirica l mass formula (see Fig. 9.8) is the unusual stabili ty of nuclei with certa in 
magic numbers 

Z and/ or N = 2, 8, 20, 28, 50, 82, 126 

The most strik ing exa mple is the alpha particle, the ' He nucleus, which has Z = N = 2. 

If you look at Fig. 9.3 , you can see how the binding energy per nuc leon for ' He stands 
out relative to its nearby neighbors. Even more striking is the fact that it takes more than 
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Figure 9.8 Dcvimions fro l11 the curve of binding energy (so lid line) due to she ll effects 

thai arc not included in the semicmpirical mass formula. Note the expanded scale of 
binding energy per nucleon on the vertical axis in compari son with that lI sed in Fig. 9.3. 

Adapted from W. F. Hornyak, Nuclear Structure, Academic Press, New York, J 975. 

20 MeV to remove a proton or a neutron from the 4He nucleus.5 Th is stability is remi­
ni scent of the stab ility of noble gases, wh ich we understand in terms of filled shells of 

electrons in the atom . The situation is morc complex with nuclei since we are not able 

to work out from first principles the contribution of each nucleon to the overall poten­

ti al energy well confining these nucleons. And simpl e assumptions about the nature of 

the overall potential energy fail to aceollnt for the magic numbers. This problem was 

resolved independently by Maria Goeppert-Mayer and 1. Hans D. Jensen in 1949. In par­

ticular, Goeppert-Mayer and Jensen, who shared the Nobel Prize forth eir work on nllc lear 

structure, proposed that nucleons were subj ect to a strong coupl ing of each nucleon's 

intrins ic spin and its orbital angular momentum via the nuc lear fo rce. This coupling has 

the opposite si gn to the spin-orbit coup li ng that occurs for electrons in 3toms.6 

5 Ano thcr ill ustration of the unusual stabi li ty of nucle i with magic numbers is the fact that tin , which 
has Z = 50, has len stable isotopes, whereas the average number of isotopes in tha t region of the 

periodi c table is three or four. t\nd there are six stable nucle i with N = 50 and seven stable nuclei with 
N = 82. whereas normally there arc only two or three stable nucle i with the same num ber of neutro ns. 
One area of much interest is whether it might be possible to leapfrog over the heaviest quite unstable 
elements to an "island of stab il ity" (say Z = 126, for example) by co lliding nuclei together. Recent 
reports suggest that an clement with Z = 11 8 may have been created in the colli s ion of calc ium and 

californium. 
61t should be emphasized that whereas the spin- o rbit coupling that occurs in atomic phys ics can be 

understood as a consequence of the interacti on between the magnetic moment of the electron and 
the magnetic fie ld present in the atom (due to the "mOlton" of the nuclells in the electro n's rest 
framc), the nuclea r spin-orbit coupl ing ari ses from the dependence of the nuclea r force on the in­
trinsic spin of the nucleon. We will see a st riki ng example of this dependence of the nuctea r force on 
in trinsic spin whcn we disc uss the interactions between quarks in Chapter 10. 
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EXAMPLE 9.1 Use (9. 12) 10 ca lculale Ihe binding energy of the iron nuc leus s6Fe. 
What is Ihe binding energy per nucleon? 

SOLUTION Iron has 26 protons and 30 neulrons. Substi tuting the values Z = 26, 
N = 30, and A = 56 into (9. 12), we obtain 

, 3 (26)' (26 - 28)' {/S 
B.E. = 56 {/ I - (56Y/ a, - - - {/3 - a4 + --

(56)' /3 56 -156 
= [(56)( 15.75) - (14.64)( 17.8) - ( 176.69)(0.71 1) 

-(0.07 14)(94.8) + (0. 1336)( 11 .2)] MeV 

= 490.5 MeV 

Note we have included the pairing term as since iron is an even-even nucleus. Thus 
the binding energy per nucleon is 

B.E. 490.5 MeV 8 6 - = = .7 MeV 
A 56 

-
EXAMPLE 9.2 In the expression (9.12) for the bind ing energy in Ihe semiempirical 
mass form ula we have taken into account strong and e lectromagnetic interactions 

but not gravitational interactions. Show that gravity adds a term of lhe fo rm a. An
. 

Obtain values ror (16 and 11 . 

SOLUTION In (9. 14) we ca lcu lated the energy required to assemble a ba ll of charge 
Q with radius R. Since the gravitational fo rce and the electrostatic force exhibit 
the same 1/ ,.' behavior, we can carryover the result of(9.14) to gravity with the 
replacements Q' --> M', where M is Ihe mass of the nucleus, and (1 / 4JrEo) --> G, 
where G is the gravitat ional coupling constant. Thus the addit iona l term that must 
be added 10 (9. 12) arises from the energy 

3 GM' 
5 R 

= 
3 G A'm' 
5 ,.OA' /3 

where III is the mass of a nucleon. This addi ti onal term is of the form 

{/6 As/3 

with 

3 Gm' 
tl6 = ---

5 "0 

3 (6.67 X 10- 11 )( 1.67 x 10- 27 ), 
= - J 

5 1.2 x 10 " 

= 5.8 x 10- 37 MeV 

Since gravity is an attractive force, this term adds to the bind ing energy and thus 
enters (9. 12) with a positive sign. Tote thallhe value for a. is roughly 38 orders of 
magnitude smaller than the lerms due to stTong interactions in (9.12). Nonetheless, 
thi s term Can playa significant role i f the number ofnucleol1s is sufficiently large. 
In fact, we can lise (9. 12) with this additional gravity term to estimate the minimulll 
mass required fo r a neulron star. See Problem 9. 16. 
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9.3 Radioactivity 

The heavier nat ura lly occurring nuclei included in Fig. 9.3 are ty pica lly unstable. For 

example, 238 U has a li fet ime of 6.45 x 109 yr, while 226 Ra has a li feti me of 2300 yr. 

The li fe time of 238 U is sufficient ly large that we can understand its presence on Earth 

as a residue of the material out of which the Earth was fo rmed roughly 5 bill ion years 

ago. But what about rad ium? Shouldn '[ all the radium have decayed away by now? Most 

of the naturally occurring radioactive nuclei with A ::: 2 10 can be grouped into three 

series, the 411 , 411 + 2, and 411 + 3 series, with long·lived parent nuclei 232Th, 23' U, 23S U, 

respectively.7 Nuclei such as 226 Ra are referred to as daughter nuclei, since these nuc lei 
arc byproducts of the decay of the parents. 

Let 's first focus on the parent nuclei. How do we determine how li ke ly an unstable 

nucleus such as 23S U is to decay? If you line up a co llection of 23SU nucle i, they are 

all identical. Some of these nuclei may have been created in a supernova explosion that 

occurred bi llions o f years ago and some of them may have been produced yesterday in 

a nuclear reactor. They are all the same. None of them has wrinkles or gray hai r that 

would allow us to sec signs of aging. Consequently, when the decay rate for these nuclei 

is calculated using quantum mechanics, we find that R, the probabil ity of decay per unit 

t ime, is independent of time.' The odds that any particular unstable nucleus decays in 

the next second is independent of how long that nucleus has been in ex istence. Thus if 

we have a collect ion of N of these nucle i, the number of these nuclei will be equal to 

N + dN a time dl later where 

dN=- N Rdl (9.25) 

since the rate of decay per unit time Illull iplit:tl by the time interval is the rate for decay 
in that period of time. We can also write thi s equation simply as 

d N 
- = -N R 
d l 

Equation (9.25) is easily integrated by separating the variables: 

dN 
- = -Rdl 
N 

(9.26) 

(9.27) 

In tegrating the number of nuclei fro m N(O) to N(I ) as time vari es from 0 to I , we obtain 

Thus 

iNC' ) d N l ' - = - Rdl 
N (O) N 0 

In N(I) = - RI 
N(O) 

N(I ) = N(O)e- H
' 

= N(O)e- 'I' 

7The rat ionale for naming (he series in this way will become apparent short ly_ 

(9.28) 

(9.29) 

(9.3 0) 

sThe proof is often referred to as Fermi's Golden Rule, since Enrico Fermi established this result in 
his lectures on quant um mechanics. This result applies to unstable atoms as well as nuclei. 
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Figure 9.9 The number of unstable nuclei decreases exponentially with lime. AI lime 

t = 0 the number of nuclei is N(O). The half- life 11 / 2 (short dashed line) is the time for 
the number to fall to N(O)/ 2 while the lifetime r (long dashed line) is the l ime for the 
number to fa ll to N(O)/ e. 

where in the second line we have defined r = 1/ R. The quantity r is re ferred to as the 

li fetime of the unstable nucleus. It is the time for the number of nuclei to fall to I / e of 

the initia l number. See Fi g. 9.9. Whil e partic le physicists (see Chapter 10) typically use 

the life time to characteri ze the decays of unstable partic les, nuclear physic ists ord inari ly 

refer to the half-life, namely the time for the number of nuclei to fall to one half the 

initial number: 

(9 .3 1) 

or equivalently 

(9.32) 

Thus 

[I I ' = r In 2 = 0.693 r (9.33) 

l fwe try to work out the number of daughter nuclei that are present at time [ , we must 

take into account the formation of these daughter nuclei from the decay of the parents 

as well as the decay o f the daughter nuclei themselves. Consequently, we have the two 

di ffe rential equations 

for the parent and 

dNp 
- - = - RpNp 
dl 

dNo -- = RI'Np - RoNo d[ 

(9.34) 

(9.35) 

for the daughter, where we have inserted subscripts to d istinguish the number of parent 

nuclei Np from the number of daughter nuc lei ND. The first equation leads to 

Np(l) = N(O)e- R
" (9.36) 
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where N(O) is the number of parent nuclei present at I = 0 and therefore (9.35) becomes 

dNo - H, dr = Rp N(O)e I - Ro No (9.37) 

To solve thi s differential equation, mult iply by eHo' dl, leading to 

eRu'dND + Ro NoeHo'dl = RpN(O)elHo - R' )' dl 

or 

NoeRo' = N(O)R p elRo - R,), + c 
Ro - Rr 

where C is a constant o f integration. Atl = 0, ND = O. Therefore 

C= 

and hence 

RpN(O) 

RD - Rp 

(9.38) 

(9.39) 

(9.40) 

(9.4 1 ) 

(9 .42) 

If the parent is long-lived compared to the daughter, Rp = I/ Tr « Ro = li To 

No(/) = N(O)Rp (e- H" _ e- Ho') (9.43) 
RJ) 

For I » TO, then e- Ho' « I and since Nr( /) = N(O)e- R", (9.43) reduces to 

Np(/)Rp = ND(/)Ro (9.44) 

once equilibriulll is establi shed. Thus for times that are short compared with the parent 's 
li fe time, the number of parent nuclei stays essentially constant. Since the daughter nuclei 
are presumed to decay quickly a fter they are formed, their population is dictated by the 

resupply from the decay of the parents. This is a specia l case of the more general result 

for a long- lived parent P and a series consisting ofa short-lived daughter D, a short- lived 
granddaughter G D, and so on in equilibrium 

Np(I)Rp = No(I )Ro = NGo(/) RGO = ... (9.45) 

There are three common modes for unstable nuclei to decay, typica lly referred to as 

lX, {3, and y decay. These Greek letters were assigned initially to these decay modes by 

Rutherford because the nature of the decay processes was not clear. Now we know that 
alpha decay involves the emission of a 4He nucleus, or a lpha particle; {3 decay involves 

the emi ssion of an electron (or possibly the electron's antiparticle, the positron); and y 

decay invo lves the emission of a high-energy photon . The reason the photon tends to 
be so energetic, at least in nuclear decays, comes from the fact that the potential energy 

well confining the nucleons in the nucleus is so much smaller than the size of the atom 
itself, leading to a much larger separation between the energy levels than is the case for 

the energy leve ls of an atom (see Examp le 3. 1). 
The parent nuclei in the three naturally occurring radioactive series all decay by 

emission of an alpha particle. Since an a lpha particle has A = 4 and Z = 2, emission 
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Figure 9.10 The elements in the 4n series, which starts with 232Th and ends with 208Pb. 

of an alpha particle changes the atomic mass number of the nucleus by fo ur units and 
the charge of the nucleus by two uni ts. A beta decay, on the other hand, does not affect 

the atomic mass number but changes the charge on the nucleus by one unit (Z --> Z + I 
when the beta part icle is an electron). A gamma decay does not, of course, change A 

or Z. Thus each of the elements in the 411 seri es wi th parent 232Th has an atomic mass 
number divisible by 4. Sec Fig. 9. 10. On the other hand, the clements in the series wi th 
238U as the parent all have A = 411 + 2 and those in the series with m U as the parent 
have A = 411 + 3, where II is an integer. There is, in addit ion, a 411 + I series. This 
series, however, does not occur naturally, since the parent nucleus 237 Np has a half-life 

of2. 1 x 106 yr. Thus the parent nuclei have all decayed away in the roughly five billion 
years the Earth has been in ex istence (see Problem 9.24) . This series can be generated 
artific ially, say in a nuclear reactor. 

Alpha Particle Decay 

One of the striking features of the various radioactive series in Fig. 9.10 is the large 
difference in alpha particle decay rates. For example, in the 411 series, the parent 232Th 

has a half-life of 1.4 x 10 '0 yr with a kinetic energy of the emitted a particle of4.1 MeV, 

while "' Po, one of the daughters, has a half-life of 0.30 x 10- 9 s with a kinetic energy of 
the emitted alpha particle of9.0 MeV. Although the kinetic energy of the alpha particle 
is only twice as large in the decay of this isotope of polonium relative to that for thorium, 
the half-life is 7 x 10- 25 times shorter! 

In the early days of the development of quantum mechanics, George Gamow applied 

the tunneling approximation that we worked out in Section 4.7 to calculate the li fet ime 
of these alpha parti cle emitters. His approach involved an interesting mi x of classical 
physics and quantum mechanics. 111 particular, Gamow reasoned that the emitter (with 
Z protons and N neutrons) could be thought of as a core nucleus with Z - 2 protons 
and N - 2 neutrons and an alpha particle. The potential energy of interac tion of the 
alpha particle and the core is shown in Fi g. 9.11. Within the core, the strong interactions 

293 
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2(2 - 2)e' 
/ 41T€O" 

Or-+-----,~I ----------~r 

R 

Figure 9.11 The potential energy experienced by an alpha 
part icle in the nucleus, including an attractive nuclear part and a 
repulsive Coulomb part. An alpha particle tunneling through the 
Coulomb potentia l exits the nuclells with energy E. 

between the alpha part icle and the core generate a potentia l energy well of radius R that 
confines the alpha part icle. Outside the core (r > R), the potential energy is given by 

the Coulomb term 2(2 - 2)e2j47rEor. This Coul omb interaction effect ively generates a 
barrier through wh ich the alpha part icle can tunnel. The alpha particle can be thought 

of as bouncing back and fo rth in the potential well , making repeated attempts to tunnel 

through the barrier. The probability of transmission through the barrier is given by 

(9.46) 

where 

G = 2 f" J2/1/ [V(r) E] dr 
J R f1 

(9.47) 

with the potentia l energy shown in Fig. 9. 1 I. The value of a is determined by setting 

2(2 - 2)e2 

--'--:---'- = E 
4rr Eoa 

(9.48) 

where E is thc kinct ic energy of the em itted alpha part icle, si nce for I' > a the energy of 
the alpha particle is larger than the potential energy and tunneling is no longer involved. 

The li fetime fo r the decay can be approx imated as 

2R G 
r =--e 

u 
(9.49) 

where u is the speed of the alpha part icle in the we ll and therefore 2R ju is the time 

between encounters with the barrier. The number of encounters before tunneling takes 
place is taken to be eG, namely the inverse of the transmission probabili ty. If we substitute 

the expression (9.48) for the kinet ic energy E in (9.47), we obta in 

Given that 

4 
G=­

f1 
/1/(2 - 2)e2 1" ( I I ) 1/ 2 - - - dr 

4Jr Eo R r a 
(9.50) 

(9.51) 
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Figure 9.12 The logarithm of the half-l ife of a large number of alpha particle emitters as a 
function of (2 - 2)/./E. 

and R « 0, we can approx imate G as 

~ 2;r I/I(Z - 2)e'a 
G= -

Ii 4;r EO 
(9.52) 

Given the dependence of a on the kinet ic encrgy E and charge Z - 2 on the core, wc 

find the numerical value for G can be wri tten as 

G ~ 4(Z - 2) 
JE(MeV) 

(9.53) 

provided the cnergy is expressed in MeV Since G occurs in the exponent in (9 .49), the 
lifetime depends very sensitively on the values for Z of the nucleus and the kinetic energy 

E of the emitted alpha particle. Figure 9. 12 shows a plot of 10gIO {I / 2 of alpha particle 

emitters versus (Z - 2) / JE. Notice the agreement over 30 orders of magni tude. 

Beta and Gamma Decay 

Our di scussion of alpha decay may lead you to think that beta decay involves the emi ssion 
of an electron that is contai ned within the nuclells. This is defini te ly not the casco In some 
ways, beta decay has morc in common with gamma decay, in that the photon that is emitted 
in gamma decay is not present in the nucleus before the emission but rather is created 
when the nucleus makes a transition from one energy level to one with a lower energy. 

Similarl y, the electron (or positron) and associated neutrino that are emitted in beta decay 
arc created as the nucleus makes the transition from one state to another. Of course, to 

conserve charge thc nuciclis in the final stale will bc a di ffercnt nllclclls than the one in 

the initial state. The prototype beta decay is the decay of the neutron, as shown in (9 .1 5), 
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with a lifet ime of 900 s. Other interesting examples of beta decay include the decay of 
tritium 

(9.54) 

for which 11/ 2 = 12.3 yr, the decay of carbon-1 4 

14C -> 14N + e- + Ii, (9.55) 

for which 11 / 2 = 5730 yr, and 

(9.56) 

for wh ich 11/ 2 = 24 d. These examples a ll suggest a nucleus that is unstable because 

it has too many neutrons is making a transition to one with one fewer neutron and one 
more proton by a neutron within the nucleus decaying. It is better, however, to treat the 

initial and fi nal state nuclei as units and not try to understand the beta decay as simply 
neutron decay since, for example, it is 110t possible to account for the wide variation in 
lifetimes in this way. Moreover, there are some beta decays that involve the emission of 
a positron, such as 

(9.57) 

Alternatively, the neptuni um nucleus can absorb an electron from the atom, undergoing 

the reaction 

(9.58) 

in a process referred to as electron capture. Each of the react ions (9.54) through (9.58) 
is an example ofa weak interaction. These interactions arc given thi s name because the 
strength of the interact ion is many orders of magni tude weaker than the strong interac tions 
that bind the nuc leons together in the nucleus. In Chapter 10 we will examine these 

fundamental interactions in morc detail. 

EXAMPLE 9.3 The relative natural abundance on Earth of the two isotopes 235 U and 
238 U is roughly 1/ 138. If we assume that the two elements were init ially formed 

with the same abundance. then how much time has elapsed since these elements 
were created? NOle: The half-life of 231 U is 7.04 x 108 yr and the half- li fe of 238U 

is 4.47 X 10· yr. 

SOLUTION From the half-lives we know tha t rmu = 1.02 x 10· yr and rmu = 
6.45 x 10· yr. Since 

N(I ) = N(O)e- fl r 

therefore Nmu = N(O)e- fl r",u and Nnsu = N(O)e- fl r",u . Hence 

= --:-;~ 138 e f( rmu 

Substituti ng in the iiferi mes, we find ( = 6.0 X 109 yr. See the discuss ion in 

Section 9.5 on the formation of the e lements. 



EXAMPLE 9.4 In the atmosphere, cosmic ray protons co ll ide wi th the nuc lei of air 

molecules and produce neutrons. These neutrons are absorbed by "N nuclei in the 

reaction 

11 + 14N --> "C + P 

In the steady state, the ratio "C/ all Carbon = 1.3 x 10- 1'. 14C then beta decays 
to 14N in the reaction 

14C --> 14N + e- + v. 
with 11/2 = 5730 yr. Consequent ly, all plants are radioactive, but the radioactivi ty 
diminishes after the plant dies since the 14C is no longer replen ished by photosyn­

thesi s. If the activity of wood fro m an anc ient building is 12 decays/minute per 
gram ofC and the activity of living wood is 15 decays/minute per gram ofC, how 

old is the building? 

SOLUTION 

Thus 
-dN/dl 

In N(O)/ r = - I/ r 

The ini t ial act ivity is N (O )/r and the activity at time I is -d N / dl . Therefore 

N(O)/ r 
I =r ln = (8270yr) ln ( 15/ 12) = 1845yr 

- dN / d l 

where r = 11/21(0.693) = 8270 yr. 

EXAMPLE 9.5 The half-li fe of ijij8Ra, the fi rst daughter of tile thorium series, is 

5.75 yr. The parent, ~~2Th , has a ha lf-life of IA I x 1010 yr. In 200 g ofthorillm 
ore, how much radium is there? 

SOLUTION The number of thorium nuclei in the rock is 

(
200) 
232 6.02 x 1023 = 5.2 X 1023 

Because I » rR" we can lise (9A4): 

NTh N R, 

Hence the number of radium atoms 

tRa 
NRa = NTh ­

rTh 

= (5.2 X I023) ( 8.3yr ) = 2.15 X I0" 
2xl010 yr 

corresponding to a mass of 

(
2.15 X 10

(4
) 

228 g '3 = 8.2 x 10- 8 g 
6.02 x 10-

Section 9.3 Radioactivity 297 
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9.4 Nuclear Fission 

Given our discussion of radioactivity, we expectthat a nucleus will be potentially unstable 
whenever the sum of the masses of the final state products is less than the mass of the 

nucleus. Total energy, including mass energy and kinetic energy, is, of course, conserved 
in this decay. The diflcrcncc in mass energy is released in the form of kinetic energy, say 
in an alpha parti cle decay, or in the form of electromagnetic energy of the emitted photon 

and kinetic energy of the recoiling nucleus in gamma decay. But this raises a question: 
why are any of the nucle i heavier than iron stable, given that the curve of binding energy 
peaks at iron? It appears that a heavy nucleus slich as uranium should fi nd it energetica lly 
advantageous to split into two lighter nuclei, ones that are closer to the peak in the curve 
of binding energy. Since the binding energy peaks at roughly 8.5 MeV per nucleon whi le 

the binding energy for the heavy nucleus is roughly 7.5 MeV per nucleon, for a nucleus 

with 200 nucleons roughly 200 MeV of energy should be released. This is a factor of 
108 times greater tha n the few eV of energy released in a typical chemica l reaction, or a 
factor of 106 per unit mass. 

Where does this energy release come from? It is primarily the reduction in Coulomb 
energy that occurs in dividing a nucleus with Z protons into two fragments, each with 

significantly fewer protons than the ini tial nucleus. These two fragmcnts then repel each 
other and move apart , gaining approximately 200 MeV of kinetic energy. As was noted 

earlier, most nuclei are spherical in shape. A sphere is noteworthy for having the sma llest 
surface area per unit volume. Thus if a nucleus is to split, or fission , the surface area must 

increase (see Fig. 9. 13). But as we saw in the semiempirical mass formula, there is a 
penalty in bi ndi ng energy for having more nuc leons at the surface, which is afte r all why 
the nuclear surface tension tends to pull thc nucleons into a spherical shape. Thus there 

is a surface tension energy barrier to the fission process, as ill ustrated in Fig. 9. 14. The 

o G q=:p 7CP CY CY 
I I 

- ., S r-
I I ,-S-, ~s~ 

Figure 9. 13 A schematic diagram of the steps involved in nuclear fission. Note the 
incrcase in surface area as the process takes place. 

v 

o 

Coulomb / 
repulsion 

s 

Figure 9. 14 A rough plot of the potential energy experienced by a large fissioning 
nucleus. Note thc surface tension barrier and the effcct of Coulomb repulsion once the 
barrier is passed. 
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Figure 9.15 The distribution of nuclei generated in nuclear 
fi ss ion of 235 U by low-energy neutrons. 
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barrier is roughly 6 MeV in height. In spontaneous fi ssion the mass of the nucleus that 
must tunnel through th is barrier is much greater than the mass of the alpha particle that 
tunnels through the Coulomb barrier in alpha particle decay. For a nucleus such as 2J8 U 

the half-life for such spontaneous fi ssion events is on the order of I 0 '6 yr. Consequently, 

only one in every 2 million 2J8U nuclei decays by spontaneous fi ss ion as opposed to 
alpha part icle decay. 

Alternatively, it is possible to induce fi ssion reactions with neutrons. If a nucleus such 
as 235U absorbs a neutron, even a slow neutron with very little kinetic energy, temporarily 
becoming an exci ted 2J6U nucleus, the energy of excitation is larger than the height of 

the surface tension barrier. Thus such an excited nucleus can rapidly fission: 

236U ..... X + Y + 2.5 II (9.59) 

The two fragments that are produced tend to be asymmetric, as indicated in Fig. 9. 15. 

Since the fission process has dramatically reduced the number of nucleons in each frag­
ment, these fragments arc relatively rich in neutrons in comparison with the stable nuclei 
shown in Fig. 9.6. Thus the fission fragments tend to be quite radioactive with lots of beta 

decay. Moreover, a typica l fiss ion reaction releases 2 or 3 additional neutrons [on aver­

age 2.5 neutrons, as indicated in (9.59)], open ing up the poss ibility ofa ch"in reaction. If 
each fi ssion event initiates a single additional fi ssion event, the reaction is self-sustaining 
and has a reproduction constant K = I, which is called the critical condition. In this 

case the reaction runs at a constant rate. If K > I, the reaction is supercritica l. For 
example, if two of the neutrons produced in each fi ss ion event were each to induce an 

additional fi ssion reaction (corresponding to a reproduction constant K = 2), we wou ld 
potentially have 2n fi ssion reactions after n generations. Since each of these reactions 
releases 200 MeV of energy, the amount of energy re leased can be very large indeed. 
Moreover, since the time between subsequent events is as short as 10- 8 s, the release of 

energy can be very rapid as well. 
Why should we focus on 235 U which is, as we noted earlier, not a very abundant isotope 

of uranium? If we calculate the excitat ion energy afte r the more abundant isotope 2J8 U 
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absorbs a low-energy neutron turning into 2J9U , we see that the excitation energy is 

(9.60) 

as can be checked using the semiempirica l mass formula (9. 12). Thus the excitation 

energy is I MeV below the top of the surface tension barrier. On the other hand, if we 
repeal the same ca lcul ation for 235 U, we find 

Q = (m" + 11l235u - m236u) c2 = 6.6 MeV (9.61) 

or 0.6 MeV above the barrier. Why the difference? The 238U nucleus is an even-even 

nucleus (Z = 92 and N = 146). Thus it is more tightly bound than the 2J5U nuc leus, 

which is an even-odd nucleus (Z = 92 and N = 143). Consequently, when we calculate 

the excitation energy Q, we get a smaller value for 238 U as the target than for 2l5 U. Of 

course, neutrons wi th ki ne tic energy greater than I MeV would readily produce fission if 

absorbed by 238 U. The problem wi th 238 U as the fue l for a chain reaction is that neutrons 

produced in the fission reactions, which are typically quite energetic, can lose energy 

quickly through inelastic collisions and fa ll below the I MeV threshold. These neutrons 

are then absorbed by the "'u nucleus through the reaction 

1/ + 238 U -> 2J9 U' -> 239 U + y 

Rather than fi ssioning, the 239U nucleus then undergoes a beta decay 

239 U -> 239Np + e- + II, 

(9.62) 

(9.63) 

Neutrons that follow thi s pathway therefore do not generate a subsequent fission 
event. 9 

Nuclear Reactors 

As we saw in the previous section, the natural abundance on Earth Of 23S U is only 0. 7%. 
Moreover, as we have just discussed, neutrons that interact with the more abundant iso­

tope 2lH U tend to be captured by the nucleus without producing a fi ssion event. Thus 

it is a cha llenge to generate a self-sustaini ng chain reaction in a nuclear reactor using 
natural uranium. Figure 9.16 shows the cross section for inducing fission in 235 U as a 

function of neutron kinetic energy. The cross section ri ses rapidly as the neutron's kinetic 

energy decreases, reaching a value of 10J barns for thermal neutrons, that is neutrons 

with kinetic energy characteristic of neutrons at room temperature, namely 1/40 eV 

Moreover, the cross section for 2J8 U to absorb a low-energy neutron is substantially less 

than that for 2J5U. This is a consequence of the pairing interaction that we discussed 

earlier. In general, nuclei wi th an odd number of neutrons have a larger cross section 

for absorbing a low-energy neutron than do nuclei with an even number of neutrons. 
In order to take advantage of these effects, it is necessary to s low down the neutrons 

9Thc neptunium produced in the reaction (9.63) undergoes 11 subsequent beta decay via the react ion 
239Np ---+ 239 pU + e- + vt . This particular iSOIope of plutonium is an even-odd nucleus, like 23SU. 
When it nbsorbs a neutron. it too has sufficicl1I energy to surmount the surface tension barrier and 
fi ss ion rapid ly. See Example 9.7. Otherwise, thc fale of 2J9 pu is 10 alpha decay 10 ns U wi lh a half-lifc 
or 24,000 yr. 



e 
b 

1000 

tOO 

I O +--'-~=r-.-rrrrrm--'-rTTrmr~_ 

0.00 1 0.01 O.t 
£ (eV) 

Section 9.4 Nuclear Fission 301 

Figure 9. 16 The cross section ror neutron- induced fission of 235 U as a function of neutron 
kinetic energy for low-energy neutrons. 

produced in a fissio n event by letting them interact with a moderato r. A potentially good 

moderator is H20 , since a neutron colliding with a proton can lose much of its kinetic 
energy to the proton very much as what happens when two bill iard balls of equal mass 
coll ide. But it turns out the cross section for a proton in the water molecule to absorb a 

neutron (becoming a deuteron) is sufficiently large that ordinary water is not a su itable 
moderator for natural uranium ore. One (relatively expensive) alternative is to use heavy 
water as the moderator, since deuterons have a mllch small er cross sect ion for absorb­

ing neutrons than do protons. Another alternative is to use graphi te as the moderator. 
Although the mass of a carbon nucleus is obviously larger than that of a proton, graphi te 
is widely available (although special considerat ion must be given to providing graphite 
of very high purity, since the impurities in graphite, especia lly boron, have large cross 
sections fo r absorbing neutrons). The very first nuclear reactor bu il t in 1942 by a group 

headed by Enrico Fermi at the University of Chicago used graph ite as the moderator. A 
third option is to use ordinary water as the moderator but enrich the amount of "'U to 
rough ly 3%.tO 

Most nuclear reactors in the Un ited States lise enriched uranium and water as the 
moderator. In a pressurized water reactor (see Fig. 9.17), the water in the primary loop 
is kept under pressure to keep it from boiling. The heat is transfe rred through a heat 
exchanger to a secondary water loop, where steam is generated to drive a turbine that 
generates electricity. The water in the secondary loop is isolated fro m the primary so that 
the secondary water and steam are not contaminated with radioactivity. 

A nuclear reactor runs with a reproduction constant that is very close to one to pro­
vide for a self-sustaining chain reaction. Control rods composed of materials such as 

cadmium, which has a high cross section for neutron absorption, are used to guarantee 
that the reactor does not go supercritica l (K > 1). Because a sma ll fraction of tile neu­
trons that contribute to the fi ssion process are delaycd neutrons that arc emitted more 
slowly than the prompt neutrons that predominate in the reaction (9.59), there is adequate 
time to respond to changes in K. 

10This enrichment process presents a technical challenge, one that we will discl1 sS in more detnil in 
Section 9.6. 
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Figure 9.17 A schematic diagram or a pressurized water nuclear reactor. 
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The primary concerns with reactor safety involve a loss of coolant that might cause 
the reactor to overheat , melting the flle l clements and perhaps generating a nonnuclear 
explosion. There arc also concerns with the long-term disposa l or the radioactive waste 
products that are generated in the reactor. Moreover, there is the risk that enriched uranium 

or the plutonium that is produced in the reactor cou ld be the target of terrorists seeking 
the capacity to make a bomb. Nonetheless, nuclear energy has the considerable advantage 
of not generating greenhollse gases as do conventional power plants that lI SC foss il fuels 
such as coal and oil. And since a nuclear reactor can create (or breed) its own fuel through 
the production of plutonium [see the discussion following (9.62)], there is not the same 
concern abollt running out of fuel for a reactor based on nuclear fi ssion as there is for a 
power plant that uses fossil fuels. 

EXAMPLE 9.6 Calcu latc the energy released if 238 U were to fi ssion into two equal­
size fragme nts. Ignore the effect of the pairing term in (9. 12). 

SOLUTION We want to evaluate 

_ [2/ 3 ? ? 2/3 1 [ Z2 (Z / 2)2 ] 
- "2 A - _(A / _) ) + "3 A

'
/3 - 2(A / 2)1 /3 
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where I1I nuc(Z, A) is the mass ora nucleus with atomic number Z and atomic mass 
number A for Z = 92 and A = 238. Notice that only the surface term and the 

Coulomb term contribute to thi s difference in mass energy. Therefore 

[Ill ",,(92, 238) - 2111",,(46, I 19)] c2 = (17 .8 MeV) [(238)2/3 - 2( I 19)2/3) 1 

[ 
(92)2 (46f ] 

+(0.71 MeV) (238)1 /3 - 2( 11 9)1 /3 

= - 178 MeV + 359 MeV 

= 18 1 MeV 

Thus the reduction in Cou lomb energy is a whopping 359 MeV, but the net energy 

released in the fission is "only" 181 MeV since the increase in surface area required 
178 MeV. 

EXAMPLE 9.7 Calculate the energy of excitation when 239 pU absorbs a low-energy 

neutron. 

SOLUTION 

where we can make use of the ex pression (9. 12) for the binding energies. Thus 

0= 01(240 - 239) - 0, [(240)2/3 - (239)2/3] - 03 (94)2 [ I 1/3 - I 3] 
- - (240) (239)' / 

[
(94 - 120)2 (94 - 11 9.5)2] as 

- a4 - +--
240 239 )240 

Substituting in the values for a, through as from (9.13), we obtain 

Q = 6.9 MeV 

which is higher than the 6 MeV surface tension barrier. Thus neutron-induced 

fission can proceed quite rapidly for this isotope of plutonium. 

9.S Nuclear Fusion 

Let's now turn our attention to the other end of the curve of binding energy. As we 

move from the lighter elements toward the heavier ones, the binding energy per nucleon 

increases. Thus if two lighter elements fuse together, there will be a re lease of energy. 

For example, 

d + d --> l-I e3 + /I + 3.3 MeV 

d + d --> I + p + 4.0 MeV 

(9.64) 

(9.65) 
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Each of these reactions re leases roughly I MeV per nucleon invol vcd in the rcaction, 

comparable to the energy released per nucleon in fi ssion reactions. Moreover, the fu el 
for these reactions is deuterium, which is present at the level one part per 6000 in the 

hydrogen atoms on Earth. In fact, there is enough deuterium in the Earth 's oceans to supply 
the world 's energy needs for the foreseeable future. And whil e the tr itium produced in 
the reaction (9.65) is unstable and undcrgoes beta decay through the reac tion (9.54), the 

ha l f~ li fe is on ly 12.3 years. Thus, thc issue o f taking care of the rad ioactive wastes for 
millennia, which is a concern with waste products from a fi ssion reactor, is not such a 
problem for a fu sion reactor. 

So what's the problem wi th fus ion? Why don't the lighter elements natura lly fuse 
into the heavier ones, at least up to iron? Reactions such as (9.64) and (9.65) arc strong 
interactions, Ihm is, interactions mediated by the nuclear force. As we remarked in 

Section 9.1, for these reactions to occur the deuterons must essentially touch each other. 

But each of the deuterons has a charge +e and thus it is necessary to overcome the 

Cou lomb repulsion to get them suffic iently c lose together. In order to reach a separation 
of R, it is necessary that the kinetic energy o f the deuterons be on the order of e2 j 47f Eo R. 

For R = I fill, this energy is 106 eV. Or better said, if we set th is energy equal 10 kB T , 

where kB is the Boltzmann constant, we obtain a temperature of 1010 K. At these high 
temperatures, the deuterium atoms are ionized. The resulting gas of charged particles 
is referred to as a plasma. Of course, it isn' t possible to heat the plasma to IO lO K in 

a crucibl e with a bunsen burner. In fact, confining the deuterons while they arc heated 
to such high temperatures presents an enormous challenge. The main strategy has been 
to use magnet ic fi elds to confine the particles. The plasma can be heatcd through the 
applicat ion of R.F (radi o frcquency) wavcs and the injccti on o f cnergetic neut ra l particles 
into Lhe plasma. In order to reach a state in which the energy generated by the fusion 

reactions exceeds the energy used to heat the plasma it is necessary that the product of 
the ion density and the containment time be greater than 10 16 s/cm3 for the deuteron­

deuteron reactions. II SO far, while it has been possible to reach ignition temperatures in 
a plasma of sufficiently large density, it has not been possible to confi ne the plasma fo r 

a suffi ciently long time to make a fu sion power reactor feas ible. Because of turbulence 
the plasma tends to leak out. So far the only way to minimize this leakage has been to 
make the volume containing the plasma very large, hence making a potential reactor too 
expens ivc to be economica lly viable, at least for the timc being. 

Nonethe less, fusion reactions are of immense importance to tiS, for these are the 
reactions that power our Sun as well as the other stars in the universe. In stars like our 
Sun that have <In abundance of hydrogen, the fusion reactions are 

I' + I' -> d + e+ + Ii, + 0.4 MeV 

I' + d -> 3He + y + 5.5 MeV 

l J-le+ 3J-1 e -> ex+ 1'+ 1'+ 12 .9 MeV 

The net effect of these reactions [2 of (9.66) + 2 of (9.67) + (9.68)] is 

41' -> ex + 2e+ + 2v, + 24 .7 MeV 

(9 .66) 

(9.67) 

(9.68) 

(9.69) 

11 This condi tion on the product of the densi ty and the containment time is referred to as the Lawson 
criterion. 
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which is effectively converting hydrogen into helium. Since the two positrons produced 

in these reactions ann ihi late with electrons in the star, the total energy released is roughly 
27 MeV The first step in this proton- proton cycle, as it is called, is a weak interaction, 

like the beta decays that we discussed in Section 9.3. Thus the cross section for this 

reaction is very small in comparison to the cross section for the reactions (9 .64) and 

(9.65) that involve the strong interact ions. Nonetheless, the enormous grav ity of the 

Sun makes it possible to achieve the high dens ity and long confi nemem times that are 

required for fusion to occur even though the temperature in the interior of the Sun is 

"only" 1.5 x 10' K12 

Nucleosynthesis: The Formation of the Elements 

After a star has expended most of its hydrogen through nuclear fu sion, it starts to col­

lapse under its own gravity. This compression raises the temperature to the point where 
add itional fusion reactions can occur. Next up is fusing helium into carbon, l] Once the 
necessary supply of helium required to stave off grav itational collapse is ex hausted, the 

process of contraction and ignition of additional fusion reactions repeats itself, thus form ­

ing elements up to iron, essentially at the peak of the curve of binding energy. Elements 

heavier than iron arc produced by neutron capture and subsequent beta decay. In thi s way, 
elements up to bismuth are generated. As stars come to the cnd ofthcir life cycle having 

exhausted thei r nuclear fuel, they may undergo a catastrophic explosion (a supernova), 

which releases an enormous flux of neutrons. Again neutron capture can produce heavier 
elements, including, for example, uran ium. In general , the abundance of these elements 
is inversely proportional to their cross sections for absorbing neut rons. I f thi s neutTOn 

capture cross section is large, then the corresponding nucleus is more likely to absorb a 

neutron, leaving less of that particular isotope in the mix. 

A like ly residue of a supernova explosion is a neutron star or a black hole . Two 

noteworthy exampl es of supernova explosions include the one that generated the Crab 
Nebula in 1054 and the one that occurred in 1987. The former, which left behind a 

neutron star, or pulsar, was sufficiently bright that it was seen on Earth in broad day li ght 

1211 is not strictly necessary to give the part icles sufficient energy to overcomc the Coulomb repul sion 
since the protons can tunnel through the Coulomb barrier. Moreover, at any particular tempcrature T, 
there is always a distribution of particle energies in which some of the particles will be much more 
energetic than the average. 

JJ Thrce heli um nuclei have the requisite number of protons and neut rons to fu se together to make 
12C. But the odds of three particlcs co lliding simultaneously arc truly minllscule. Rather, two 4 He nuclei 
first collide to make SSe. This nucleus is unstable and decays back to two 4 He nuclci in less than 10- 16 s 
unless it captures another 4He nucleus, thcreby making 12c. The odds of thi s happening would be very 
low except for the fact that 12C has an exc ited state 7.65 MeV above the ground state. Secause of lhis 
exc ited Slate there is a resonance in the cross section if the tcmperature is lOS K (see the discussion 
ofrcsonant scattering in Section 10J). This resonance makes the cross section sufficicnt ly large for 
the formal ion of 12C to proceed. Once the cxcited J2C is formed, it primarily decays back into SSe 
and 4He, but a small fraction of the decays (4 in 10,000) are ones in which two photons are emitted 
in the transition from the excited statc to the 12 C ground statc. Since life as we know it would not be 
poss ible without carbon (and heavier atoms as well), wc should be especially thankful for the ex istence 
of this exc itcd state in the carbon nucleus and for the nuclcar physics thaI makes it possible. In fact 
the ex istence of thi s excited slate at 7.6 MeV in 12C was predicted by Fred Hoylc before its discovery 
solely on the basis dmt withollt it Fred Hoyle would not have been in ex istence. 
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for a brief peri od. The one in 1987 occurred in the large Magell anic C loud, roughly 

168,000 light years from Earth, and was vis ible with the naked eye, although not in 

the dayti me. It was the closest supernova since the one observed in 1604. Interestingly, 

supernova 1987 A was also observed by three neutrino observatories with the detection 

of a total of24 neutrino events. It is believed that 99% of the 1046 1 of energy released in 

the supernova explosion was radi ated away in the form of neutrinos. So far 11 0 residual 
neutron star has been de tected from supernova 1987 A. It is possible that the progenitor 

star, a blue supergiant with a mass of 18 solar masses, has collapsed to a black hole. 

9.6 Nuclear Weapons: History and Physics 

As we noted at the beginning of thi s chapter, one can say that the birth of nuclear physics 

dates from 1932 wi th Chadwick's d iscovcry of the neutron. The 1930s also marked the 

beginning ofa tumultuous time in world history. Many peopl e perceived thatthe outbreak 

of war with Germany was immi nent. The physicist Leo Szi lard, for one, foresaw as early 

as 1933 the possibility of using a chain reaction to generate an explosion of unusual 

destructiveness. 14 The actual discovery of fission was made by the chemists Otto Hahn 

and Fritz Strassmann in 1938, when they succeeded in chemica lly separat ing bari um 

from a sample of uran ium ore that had been irradiated with neutrons. The presence of 
bari um was a mystery until the physicists Lise Meitner and Ono Frisch (her nephew) 

explained how absorption of a neutron could induce spli tting of a uranium nucleus. IS 

Shortly therea fter, N iels Bohr and 10hn Wheeler gave an ex planation of fi ssion in terms 

of excitat ion of lhe liquid drop model of the nucleus. Then, in September 1939, Germany 

invaded Poland, starting World War 11. Scientists on both sides of the conflict began in 

earnest to investigate the possibility of using nuclear fission to make a bomb. 

In contemplati ng construction of a bomb, the crucial issue that needed to be resolved 

was how mllch fi ssile material is required. As we noted earlier, the critical condition 
necessary to generate a self-sustaining chain reaction is that at least one of the neutrons 
produced in each fission event induce another nucleus to fiss ion. One common way fort he 

neutrons to be lost from the chain reaction is to simply escape from the volume containi ng 

the fi ss ile material. According to (9.4), the probability that a neutron travels a distance 

x in maHer without interacting decreases ex ponentially with the distance trave led. But 
neutrons that reach the surface of the volume of fiss ile material can escape without 

generating another fission event. In short, the larger the volume of fi ss ile material, the 

more li ke ly that the neutrons produced in each fi ssion event will generate more such 

events. The amount of fiss ile mate ri al req uired to reach the critical condi tion is called the 

critical mass. The cri t ical mass fo r pure 2J5 U is 53 kg, corresponding to a sphere 18 cm 

in diameter (50% larger than a softball). For 239pu the cri tical mass is roughly one thi rd 

this amollnt. Of course, if the goal is to liberate a lot of energy in a short period of time­

an explos ion- then we want as many of the neutrons that are released in each fiss ion 
event to initi ate another fiss ion event as possible. One way to reduce the critical mass is 

14 See Richard Rhodes, Tile Making o/Ille AlOlllic Bomb, Simon & Schuster, New York , 1986, pp. 
13- 28. This book is highly recommended. 

15Meitller, a Jewish colleaglle and co llaborator with Hahn at the Ka iser-Wilhehn Institute, had been 
rorced to flee Nazi Germany lllomhs before the di scovery by Hahn and Strassmann. 
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to " tamp" the fi ss il e materia l with a shell of 218 U. The tamper holds the fi ss il e material 

in place, allowing fi ssion to proceed for a longer pcriod before the explos ion reduces 

the density of the fi ssile materi a l. Moreover, the tamper reflects some of the escaping 

neutrons back into the fissile material, where they can induce additional fission reactions. 

At the begi nning of World War II, the va lue fo r the critical mass for 235U was not 

known because the cross section for rast-neutron induced fiss ion of 235 U had not yet 
been measured. Both sides in the conAict made estimates of the critica l mass. Rudolph 

Peierls and Ono Frisch in Britain obtained an estimate of I kg and the Germans under 
the di rection of Werner Heisenberg obtained an estimate of 500 kg. Thus one side was an 

order o f magnitude too low and the other an orctcrofmagnitude too high in their estimates. 
Since making a bomb required enri chment to at least 85% 235 U , this difference in the 

early estimates of the crit ical mass almost certainly had a profound impact on the degree 

to which each side was willing to undertake the necessary investment of money and 

manpower to make an atomic bomb. 
Since 235U and 238 U arc the same chemica lly, separating the two isotopes requires 

a physical mechanism that takes advantage of the slight di ffe rence in mass of the two 

isotopes. A number of different strategies were adopted, including the use of hi gh-speed 

centri fuges, gaseous d iffusion, and electromagnetic separat ion. In the final enrichment 

stage, gaseous diffusion of uranium hexaflu oride (UF6) was used. It eventually became 

the standard fo rm of enri chment. Gaseolls diffusion takes adva ntage of the fac t that at 
temperature T, the average kinetic energy of the molecu les of the gas is given by 

I , 3 
- 1/1 v- = - ka T 
2 2 

(9.70) 

where ka is the Boltzmann constant. Thus the molecules with 235U nuclei move s lightly 

faste r than those with 238U nuclei. If a barrier between two containers (or rooms) has a 

series of small holes in it, more uran ium hexafluoride molecu les with 235U nuclei will 

diffuse into the next room s ince these molecules will stri ke the holes more often than the 

s light ly slower molecules wi th 238U nucle i. Repealing this process multiple times can 

lead to suffic ient enrichment. 16 Also, in early 194 1, the transuranic element plutonium 
was identified by the chemist Glenn Sea borg. This discovery increased the importance of 

developing an operat ional nuclear reactor since plutoni um was a byproduct of the fi ss ion 
process of uranium and could be separated chemica lly fro m the o ther fi ss ion byproducts. 

Thus a second potentially easicr pathway toward the development of an atomic bomb 
seemed possible. Consequently, a full -scale production reactor was built at a site on the 

Columbia River at Hanford, Washington. 

The efforts to develop the atomic bomb were given the code name the Manhatt an 

Project. Genera l Leslie Groves, the mi litary officer charged with oversee ing the effort, 

chose the theoretica l physicist 1. Robert Oppenhe imer to head the bomb research and 

development laboratory, despite Oppenheimer's not having had any substantial prior 

admin istrative experience. It was an inspired choice. At Oppcn heimer's suggestion, a 

16Gaseous diffusion of uranium hexafluoride was carried OUI al Oak Ridge, TN. The bu ilding was 
four stories high and a half mile long. the largest building in the world at tha t time. II consisted of 3122 
enrichment stages. Finding an acceptable porolls barrier was very difficult since the holes had to be less 
than one millionth of all inch in diametcr. uni form in size, and able to withstand high-pressure uranium 
hexafluoride gas, which is extremely corrosivc, especially to the grease in the pumps lIsed to circulate 
the gas. A new seal material (Te flon) was devctoped for the pumps. 
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Co"v""tiional explosive Gun barrel 

Hollow ura.nlUl11 "bullet" Cylinder target 

Figure 9.18 The gun-assembly method used in a urani ulll bomb. Two slIb-critica lmasses 
or 23S u arc brought together to produce a slIpcrcri lical mass. 

top-secret facility was established in Los Alamos, New Mex ico. By the end of the war, as 

many as 6,000 people, including the phys icists Hans Bethe, Enr ico Ferm i, and Richard 

Feynman, the chem ist George Kistiakowski, and the mathematicians Stan Ulam and John 
von Neumann, were pa rt ic ipating in this engineering project. Build ing a bomb us ing 
235U was relatively straightforward. Two subcritical fragments could be brought together 
quick ly by fi ring one of the fragments in to the other using the gun assembly ill ustrated in 
Fig. 9. 18. The major concern was whether enough 235U could be separated in lime to make 
a bomb feas ible. In the case of plutoni um, there were two concerns. The Hanfo rd plant 

started producing pl utoni um for usc in bomb mak ing in early 1945, so avai lability was 

also an issue. But there was a more pressing problem with plutonium, one that had eome 
to the surface in 1944. The gun-type assembly method does not work for plu tonium. The 

ra te for spon taneous fi ssion of plutonium is too high. W hen two suberitica l fragments 
of plutoniulll approach each other, the neutrons released in these spontaneous fission 
reactions ini tiate other fi ss ion events before the critical mass is reached, leading to what 

is termed predetonat ion and a nuclear fizzle that keeps the suberi tical fragments apart. 

An alternati ve suggested by Ki stiakoskwi and Nedermeycr was to implode a subcritical 
sphere of plutonium by surrounding it with chemical explosives.'7 See Fig. 9. 19. This 

Slow explosive 

----:iii~~ 
Tamper 

Neutron 
initiator 

Spherical shockwave 
compresses core 

Plutonium core 

Figure 9.19 The implosion method for a plutonium bomb. Chemical explosives compress 
a subcrit ical mass ofplutoniuI11 unti l it becomes supercritical. 

17The critical mass is proportional to 1/ pl. where p is the density. Notice, in part icular, how the 
densi ty enters (9.4). 



Section 9.6 Nuclear Weapons: History and Physics 309 

Figure 9.20 J. Robert Oppenheimer and General Lesl ie Groves at the Trinity Test Site 

after the explosion of the first atomic bomb. (Digital Photo Arch ive, Department of 
Energy (DOE), reproduced with permission from AlP Emilio Segrc Visual Archives) 

was a challenging engineering problcmlhat required the creation ora chemical explosive 

lens with elements that were detonated within a millisecond of each other, someth ing 
that had never been done before. Initially, there was a lot of skeptici sm that the implosion 

technique could succeed and the period leading up to a test of an implosion-design 
plutonium bomb was a period of deep concern about the fa te of the entire project. On 
July 16, 1945, the first atomic bomb, a pl utoni um bomb, was exp loded at a s ite near 

Alamagordo, NM, with a yie ld equivalent to the explosion of roughly 20 ki lotons of 
TNT, marking the beginning of the atom ic age. IS See Fig. 9.20. 

The fighting in Europe had ended in May, 1945, with the surrender of Germany. 

Nonetheless, work on developing an atomic bomb had continued with the goal of using 
the weapon to end the war with J3pan. ' 9 On August 6, 1945, a uranium bomb (Little Boy) 

was detonated over Hiroshima, Japan, killing approxi mately 70,000 people instantly with 
a death toll reaching 140,000 by the end of the year. Little Boy's yield was 15 kilotons. 
Three days later, on August 9, a plutonium bomb (Fat Man) was dropped on Nagasaki, 

18 1 kilOion of TNT = 4.3 x 1012 J. 
19For many scienti sts, the decision to contribute to the bu ild ing of the atomic bomb was moti vated 

by the fear that Germany would develop the bomb first. Once Germany surrendered, the decision to 
cont inue to work on the bomb and subsequently lise the bomb on Japan generated some controversy 
among thc sc icntists. 
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Fission bomb 

Uran ium tamper 

Fusion fuel - H-t-t·h'l 
Secondary 

Fissile sparkplug - H-t-tH-

-
Figure 9.21 A schematic diagram orlhe Te lJ er~Ulam design for a hydrogen bomb. 

ki ll ing 40,000 people instantly with the death to ll reaching 70,000 by the end orthe year. 
Fat Man's yield was 22 kilotons of TNT. Five days later Japan surrendered, end ing World 
War II. 

An atomic bomb is, of course, a nuclear bomb. The energy released in the explosion 

arises from the difference in nuclear mass energy. While the efforts to develop an atom ic 
bomb were ongoing, there was thought being given, part icularly by the physicist Edward 
Teller, to the next generation of nuclear weapons, Diles that deri ve their energy from 

fusion as well as fission. We have seen that gett ing nuclei to fuse req uires that these 
nuclei have high kinet ic energies, or high temperatures. Thus a fus ion bomb is termed 
a thermonuclear weapon. It is possible to generate such high temperatures by using a 

fiss ion bomb to trigger the fus ion. A bomb based on the fus ion of nuclei is also referred 
to as a hydrogen bomb because the primary fuel for the fusion part of the bomb consists 

of the hydrogen isotope deuterium. The primary reactions are 

d+d -7 3He +1I +3 .3 MeV (9.71) 

d + d -7 I + P + 4.0 MeV (9 .72) 

the same reactions that would be llsed in a fusion power plant. In a bomb, a small amount 
oftrit iulll is Ll sed as a trigger through the reaction 

I + d -7 a + II + 17.6 MeV (9.73) 

Energy is also released in the reaction 

I + I --+ a + 211 + 11.3 MeV (9 .74) 

since the triton is al so produced in the reaction (9.72). Notice that since an alpha part icle 
with its high binding energy is produced in both these reactions, the energy per nucleon 
released in these reactions is sizable. 
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In add ition to developi ng a fission bomb as the trigger, a number of techn ical is­
sues had tobe resolved in order to make the hydrogen bomb a practica l weapon . Thc 

mathematIcian Stalllslaw Ulam had the insight that the fission bomb and fus ion fue l could 

be in separate parts of the bomb and that the radiation from the fission explosion could 

be used to compress the fu sion material. See Fig. 9.2 1. Another issue arises fro m the fact 

that hydrogen at room temperature is a gas, a gas that doesn't liquefy unless it is cooled to 

20 K. Liq uid or solid densities are necessary for the fuel for a bomb. The first hydrogen 
bomb tested by the United States was in fact a cryogeni c bomb, si nce the deutcrium 

was cooled to the point that it liquefied. But such a bomb, which weighed more than 80 

tons including the refrigeration equipment, was not a usefu l weapon. This problem was 

resolved by the rea li zation tha t solid densities could be achieved by combining hydrogcn 
with lithium, forming lithium hydride, a gray powder2o Thus lithium deuteride has the 
advantage of a room-temperature solid composed of deuterium, one whose packi ng ma­
teria l, namely lithium, can contribute to the energy re leased in the explosion through the 
reactions 

Ii + 6Li -+ a + I + 4.9 MeV 

d + 6Li -+ 2a + 22 MeV 

In addition, (9.75) provides tritium for the primary d-d reac tion (9.72). 

(9 .75) 

(9.76) 

In a fi ssion bomb, the explosion itselftends to end the nuclear reactions as the density 
of the fu el for the bomb decreases as the materia l blows itse lf apart. In a fus ion bomb, the 

same reduction in density takes place, of course, but the energy released in the explosion 
also provides additional heating that drives additional fusion reactions, including olles 
such as (9.75) and (9.76) that require even higher temperatures than those in (9.7 I) and 
(9.72) because of the charge on the lithium nucleus. Thus the yield from a thermonuclear 
weapon can be quite large. Moreover, if the weapon is encased in 23SU as a tamper, then 
the energetic neutrons produced in the fusion reactions can also generate fi ssion reacti ons 
in the tamper, boosting the total yield even more. Nuclear tests carried out in the 1950s 
had yields roughly 1,000 times greater than the fi ss ion bombs dropped on Japan. Such 

bombs wou ld obviously do an enormous amount of damage. In fact, the net effect is 
one of overki ll , s ince a bomb with a much smaller yicld already destroys everything at 
ground zero. As the technology for targeting nuclear weapons improved, it was deemed 
morc effective to have, say, ten nuc lear weapons, each with a yield equivalent of, say, 
500 kilotons of TNT targeted on a variety of sites, rather than a single bomb with a yield 

of 5 megatons. Eventually, through the strategy of mulual assured destruction (MAD), 

the Uni ted States and the Soviet Union each had 25,000 nuclear weapons targeted at 
the other side21 One of the major issues facing humanity today is the proli ferat ion of 
nuclear weapons to other countries and the fear that nuclear weapons mi ght end up in 
the possession of terrorists. 

20The first potent ially practical hydrogen bomb was. in fact, exploded by the Soviet Union in 1953. 
Spy planes nying over the Soviet Union picked up significant traces of lithium in the radioact ive 
fallout. 

21 While we no longer are in a perpctual Slate of cold war since the collapse of the Soviet Union. we 
have not had a significant reduct ion in the number of nuclear warheads thnt are distributed around Ihe 
world. 
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9.7 Summary 

The main subject of this chapter is the curve of binding energy. A nucleus composed of 2 

protons and N neutrons has an atomic mass number A = 2 + N. The mass of the nucleus 

is less than the sum of the masses of its constituent nucleons by the bmdmg energy 

lII,mdeu, = 2111 p + (A - 2) III" - B.E.jc
Z (9.77) 

In the semiempirical mass formula the binding energy is expressed in terms of five 

parameters 0, through as as 

23 2z (2-4)Z as (I) BE = a,A-azA I - a3---a4 - +- 0 . . A' /l A n 
- I 

(9 .78) 

where the 0, term is the volume term, since the vol ume of the nucleus is directly pro­
portional to the number A of nucleons it contains (and hence the radius is proportional 
to A '/l); the az term is the surface term since nucleons on the surface of the nucleus 
do not participate as fu lly in the nuclear binding as do nucleons in the inter ior of the 
nucleus; the a l term, the Coulomb term, ari ses from the Cou lomb repul sion of the pro­

tons in the nucleus; the 04 term, the asymmetry term , arises from the tendency of nucle i, 
especially ones with low A, to have 2 = N; and the as term is the pairing term, which 
results from the tendency of nuclei to have even numbers of protons and even numbers 
of neutrons. Key features of the nuclear force that are encompassed in the semiempirica l 

mass formula include its attractive nature, its short range, its large strength relative to 
the electromagnetic force, and its charge independence-that is, the nuclear force treats 

protons and neutrons as identical particles. 
Nuclei that are unstable decay according to the exponentia l decay law 

N(I) = N (O)e- n, = N(O)e- ' I ' (9 .79) 

where R is the probability of decay per unit time and r = I j R is called the li fe time. 
This equation results from the fact that R for a nucleus (or other microscopic system) 

is independent of time (part of Fermi's Go lden Ru le). Predominant decay modes of 
nuclei are called alpha, beta, and gamma decay and correspond to the emission of a 
4He nucleus, an electron (or positron) and a corresponding neutrino, and a high-energy 
photon, respectively. 

One of the stri king features of the curve of bind ing energy is that it peaks in the vicinity 
of the element iron. Thus heavy elements can release roughly 200 MeV of energy by 
fissioning into two smaller fragments, fragments that are closer to the peak of the curve 
of binding energy. Such fission events can be induced for elements such as uranium and 
plutonium by the absorption of a neutron. Since the neutron is neutral , it is not repelled 
by the large charge on the target nucleus. Nuclear fiss ion can be used to run a reactor or 
to fuel an atomic bomb. 

Alternatively, energy can be obtained fro m the curve of binding energy through fusion, 
in which two lighter nuclei are brought together to make a heavier nucleus. The binding 
energy per nucleon increases as more nucleons are added to the nucleus, at least up 

to iron. Therefore, i f two lighter nuclei can be brought close enough together for these 

fusion reactions to occur, energy on the order of MeV per nucleon can be released. 
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Such reactions are referred to as thermonuclear reactions since the nuclei mllst be heated 
to high temperatures to overcome the Coulomb repul sion of the fusing nuclei. Nuclear 

fusion provides the energy that perm its stars li ke our Sun to stave off gravitational 
collapse. 

Problems 

9.1. A charge e with acceleration a radiates 
electromagnetic waves with power 

d W 

dt 

2e2a2 

(41fEo)3c3 

according to classica l electromagnetic theory. Estimate 
the li fetime ofa classical hydrogen at0111 in which an 
electron starts orbiting the proton at radius 0.5 A. 
Suggestion : Use the fact that 

e2 mv 2 

F = --- = ma = --
4.7TEor 2 r 

to show that the total energy E (kinetic energy plus 

potential energy) of an electron orbiting at radius r is 

Therefore 

dE e' elr eI W 
dt = 81fEor ' elt = - dt = 

-;-:-_2e-:-'~ ( V,2) 2 
(4". EO)3c3 

Simpli fy and then integrate the di ffere nti al equat ion. 

9.2. Two nuclei are considered mirror nuclei if 
interchanging the neutrons and protons turns one nucleus 
into the other. An example is I I B, which consists of five 

protons and six neutrons, and 11 C, which consists of six 
protons and five neutrons. Determine the difference in 
mass of these two nuclei assuming that the nuclear 
binding energy is the same for both and the differen ce 

in mass of these nuclei is due to electrostat ic energy 
differences as well as the difference in mass of the 

nucleon constituents. Assume both nucl ei are uniformly 
charged spheres of the same radius. What value of the 

radius is required to account for the difference in mass of 
these two nuclei? The observed atomic mass difference 
between "C and II B is 1.980 MeV/c'- Note : The success 

of thi s approach is evidence for the charge independence 

of the nuclear force , that is, the fact that the nuclear force 

does not distinguish protons from neutrons. 

9.3. Use the expression 

541fEo R 

for the Coulomb energy for a sphere of charge Q of 

radi us R to determine a numerical value for 03 in the 
semiempirical mass formula (9. 12). Compare your result 

with the value dete rmined for that parameter in (9 .13) . 

9.4. Show that if only Coulomb energy were involved 

the fragments in a fi ssion process wou ld have equal 

numbers of protons to maximize the energy 
released. 

9.5. What is the Fermi energy for protons and what is 

the Fenni energy for neutrons in the ' 3SU nucleus? 

9.6. Retain the constants in the derivation of the 
asymmetry term (9.24) . How does your result compare 

wi th the value for a4 in (9.12)? 

9.7. Show that the asymmetry term (9.24) can be written 

as 

(2 - N)' 

4 A 

9.8. Determi nation of the li ne of stabili ty: Use the 

expression (9. 10) wi th the binding energy given by 

(9 .12) to determine the va lue of 2/ A that minim izes 

11I n\lclc\lsc2 for fi xed A. Show that the answer can be 
expressed in the form 

2 96. 1 

A 189.6 + IAA2/3 

Suggesfion: Di fferentiate the express ion for m nucicusC2 

with respect to 2, keep ing A fi xed. In this way we 

determi ne the mass of the most stable isobar. Take 
m n c2 = m pc2 + 1.3 MeV. 
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Figure 9.22 An energy-level diagram for Ilucleons in the nucleus. 

9.9. Verify that the energy-level diagram [from B. T. 
Feld, Ann. Rev. Nue/ear Sci. 2,239 (1955)] shown in 
Fig. 9.22 yields the magic numbers 2, 8, 20, 28, 50, and 
82. Note the last column shows the levels with spin-orbit 
coupling incl uded . There is an error in the energy-level 
assignments between the magic numbers 82 and 126. 

Sec i r you can find it. Reminder: The orbita l angu lar 
momentum states are labeled by the letters s (I = 0), P 
(/ = I), d (I = 2),/ (I = 3), g (I = 4). and II (I = 5). 
The fractions to the right of each energy level indicate a 
value for the quantum number j that results from the 

add ition of the orbital angular momentum L and the spin 
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Figure 9.23 A mass spectrometer. 

angular momentum S. For each value of j there are 

2j + I degenerate energy levels. 

9.10. Figure 9.23 shows the key features ofa mass 

spectrometer. Positive ions of charge q arc accelerated 
by a potential difference and then enter a region with 

perpendicular electric and magnetic fie lds (£, and B" 
respectively) that serves as a velocity se lector. Upon 

entering a magnetic field of strength B that is out of 

the page, the ions travel along a semicircular path of 

radius r. Measuring the rad ius of this path permits a 

determination of the mass of the ion. Show that the 

mass M of the ion can be determi ned from the 

relation 

9.11 . In practice, it is eas iest to measure mass 
differences with a mass spectrometer. The standard 

mass is that of 12e, which is defined to have a mass of 
12.000 u. ( I u = 931.5 MeV/c' .) Use the semi empirica l 

mass formula to determine the mass of 160 in u's. The 
mass of the neutron is 1.0086654 ± 0.0000004 u and 
the mass of 1 H is 1.0078252 ± 0.000000 I u. The 

experimenta l value for the mass of 160 is 15.9949 15 ± 
0.000001 u. 

9.12. What degree of accmacy in mass spectroscopy 

would be required to detect the effects of the bi nding 

energy of an outer electron on the mass of 

an atom? 

9.13. Calculate the fract ional difference in radius for 

235U and 238U in the mass spectrometer of Problem 9. 10. 

Thi s illustrates the key idea behind electromagnetic 

separation of isotopes. 

9.14. Show the exponential decay law N(/) = N(O)e- r/ , 
can be written as N(t) = N(0)2-r/ r"2 , where 

/1 /, =rln2. 

9.15. An unusual depletion of 2J5 U in a natural ore 

deposit was discovered in Gabon, Africa in 1972. It is 

believed that this depletion is evidence fo r a natural 

fi ssion reactor that operated in the distant past. Assume 

that the min imum concentration Of 23S U for a reactor 

moderated with ordinary water is 3% and determine 

how long ago the reactor could have been operational. 

Note: Incl uded in the evidence for such a natural fi ssion 

reactor is the discovery in the immediate vicinity of 

fission products, including isotopes of neodymium , that 

are characte ristic of those found in spent fue l from a 

nuclear power plant. 

9.16. We can think ofa neutron star as a giant nucleus. 

Use the expression (9. 12) for the binding energy with 

the addition of the g ravitation term from Example 9.2 to 

estimate the minimum mass required for positive 
binding energy for very large A. For simplicity, take 

the number of protons in the " nucleus" to be zero. 

No/e: More detailed ca lculations yield a lIIillillllll11 mass 

for a neutron star to be on the order of 0 .1 solar mass. 

9.17. The activity ofa radioact ive sample is the number 

of decays per second of the sample. The unit of activity 

is the curie ( I Ci = 3.7 x 1010 disintegrations per 

second). The curie was initially defined as the number of 

decays per second for I g of radium ("6 Ra), an alpha 

particle emitter. What are the lifetime and the half- life of 

radium? No te: A curie is a very strong radioactive 
source. Common source strengths include the mill icurie 

(mCi) and the microcurie (/.L Ci). In SI units, the unit of 
radioactivity is the 8ecquerel ( I 8q ~ I disintegration 

per second). Thus I Ci = 3.7 x 1010 8q. 



316 Chapter 9: Nuclear Physics 

9.18. In 1947 an Arab shepherd found relig ious 

documents in a cave on the shore of the Dead Sea. These 

Dead Sea Scrolls were made of parchment and papyrus, 

so carbon dating could be used to determine their age. 
The scroll s, wh ich were eventually found in I I caves and 

included almost all the books of the Hebrew Bible, were 

determined 10 range in age from 2000 to 2300 years. 

What fract ional activity level in comparison with liv ing 

papyrus was found? 

9.19. In 199 1 a couple hiking discovered a body (the Ice 

Man) stick ing out of the ice in a glaci er in the Alps near 

the border between Austria and Italy. The body was 

somewhat unusual in color and size. Beside the body 

was a copper axe. Using radioactive carbon dating 
techniques on a piece of ti ssue, scientists determined 
that the level of activ ity was 53% of its value for a living 

person . Howald was the body? 

9.20. A 5,000 year-o ld wooden coffin contain ing 

evidence of human mummification in Egypt was found 

in 2003. This is the earliest evidence for Egyptian 

mummificat ion. W hat level of activity in com parison 

with living wood would be expected for the coffin? 

9.21 . (a ) In Section 9.3 it was noted thai the half-life for 

the bela decay of tri tium (/ --> ' He + e- + Ii, ) is 12.3 yr. 

What is the li fetime? (b) The half-life for the beta decay 

ofcarbon-14 ( ' 4C --> 14 N + e- + Ii, ) is 5730 yr. What is 

the lifetime? 

9.22. The half-life of 2J8 U is 4.47 x 109 yr and the 

half-life of m U is 7.04 x 108 yr. How many decays per 

second arc there from 1 g of uranium? Assume the 
abundance of 235 U is 0.7%. 

9.23. The half-life fo r the decay 239 pu -->235 U + a is 

24,000 yr. What is the li fetime r ? 

9.24. What fraction of the neptuni um nuclei 

( / 1/2 = 2. 14 x 106 yr) will survive for 5 x 109 yr? 



CHAPTER 10 

Particle Physics 

The goal of Chapters 6 through 9 has been to give us insight into the role that quan­

tum mechanics plays in descri bing the world around us, including the basic physics of 
atomic, solid-state, and nuclear systems. In this last chapter we turn our attention to 

particle physics. To the extent that a long-standing goa l of physics is to understand all 
of nature in terms of a few underlying principles or laws, particle physics is of central 

importance. The fundame ntal interactions- the strong, electomagnetic, weak, and gravi­
tational interactions- are all described by field theories, since fi elds are the natural way to 
ensure that these interactions are consistent with special relativity. ffyou suddenly move 
a charge, for example, the disturbance in the electromagnetic field that is generated by 

this motion propagates outward with speed e in vacuum. Consequently, another charge, 
situated a distance d away, cannot know the first charge has been displaced until a time 
d /e later. Quantum field theory, which results from the union offield theory and quantum 
mechanics, is consequent ly an inherently relativistic enterpri se. In Chapter 1 we utilized 

results that come from a quantum treatment of the electromagnetic field in our discussion 
of the behavior ofl ight. In this chapter we will look more carefu lly at the quantum nature 

of electromagnetic interactions as well as the strong and weak interactions. 

10.1 Quantum Electrodynamics 

Thirty-one years ago, Dick Feynman told me about hi s "sum over histories" 
version of quantum mechanics. "The e lectron does anything it likes," he said. " It 

just goes in any direction at any speed, forward or backward in time, however it 
likes, and then you add up the ampli tudes and it gives you the wave function ." 

I said to him, "You're crazy." 
But he wasn't. 

- Freeman Dyson 

As we have seen in the earlier chapters, in nonrelativistic quantllllllllechanics we can 
obtain exact solutions for the energy eigenvalues and eigenfunctions for the free particle. 
the harmonieoscillator, and the hydrogen atom. When we turn to relativist ic quanruJ1l field 
theory, we can solve exactly on ly the free particle. Consequently, it is necessary to resort 

317 
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to approx imation techniques to take into account interactions between the particles. One 
standard approximation technique is referred to as perturbation theory. We will outl ine 

some of the key features of th is perturbat ive approach within the framework of nonrela­

tivistic quantum mechanics, saving the details for a next course in quantum mechanics. I 

We start by dividi ng the Hamiltonian into two parts 

( 10.1) 

where Ho is presumed to consist of the major portion of the Hamil tonian and H, is the 

smaller portion. (In quantum field theory, Ho is the Hamiltonian of free noninteracting 

particles and fI , is the energy of interac tion between the particles.) We are assuming that 
we can solve for the eigenfunctions and eigenva lues of Ho, namely 

H O" ' (O) = £(0) ,/,(0) 
'PI! II 'f'1I 

Of course these eigenfunctions form a basis, so we can write 

w = '" e ,1,(0) L 11'1'" 

" 

(10.2) 

( 10.3) 

If fI, were zero, we would know that the exact time dependence is given e-;E~o' I I". With 

this in mi nd, we express the time dependence in the form 

I.J.I = L c,,(( )e-i £~OJ I /lil/l,~O) ( 10.4) 

" 
Thus if we can fi nd e,,(I ), we will know how the probabili ty amplitudes evolve in time. 

The requi rement that W(I) satisfi es 

aW Hw = in­al 
then leads to the coupled differential equations 

def 
= in-­

dl 

( 10.5) 

(1 0.6) 

that must be solved to determine the amplitudes C f (I ), the amplitudes to find the system 

in an eigenstate of Ho with energy Ej) at time I. 

SO far, we have not made any approx imations. If we assume that at time I = 0 the 

system is in the state "';, namely e,, (O) = 8,,; in ( 10.4), then it is possible to express the 

solution as an in finite series: 

( 10.7) 

where 

(H' )fl = J ",f)' !-I, ",:0)d3,. ( IO.R) 

with the integral in (10.8) is understood to be over all space. You don' t need to worry 

about the detail s that lead to ( 10.7). The important point here is that the amplitudes e f (l) 
are expressed as a series of terms. The higher order terms, the ones not shown in ( 10.7), 
involve more powers of HI_ For example in the third term in the series HI acts twice, 

1 See John S. Townsend, A Modem Approach 10 QIIQl1f11111 Mechanics, Uni versity Science Books, 

Sausal ito. CA, 2000. 
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r, 

" 

x 

Figure 10.1 A space- time diagram for Compton scatteri ng. 

in the fourth term /-I I acts three ti mes, and so on. In quantum field theory, the terms 
in the series can be neat ly expressed in terms of diagrams ca lled Feynman diagrams. 
Ideally, with the appropriate dictionary one can translate the diagram into the probability 

amplitude from which we can calculate the probabili ty that the system evolves from an 

initial state if!; to a fi nal state if! J . 
The quantum fi eld theory in which we calcul ate those amplitudes for processes that 

involve solely electromagnetic interactions is referred to as quantum electrodynamics, 
or QED for short. As an ill ustration, let 's examine Compton scattering. In Section 1.3 
we derived from conservation of momentum and energy the Compton formula 

, It 
A - A = - (I -cosO) 

me 
( 10.9) 

Equation ( 10.9) te ll s us how the wavelength of the outgoing photon varies with the 

scattering angle 0 from an electron at rest. What the Compton form ula doesn't te ll us 
is the probabili ty with which this occurs. Th is probab il ity is calculated with the aid 
of Feynman diagrams such as the one shown in Fig. 10. 1, which is a short-hand way 

of representing a term in the series (10. 7) in which H t acts twice. In this space-time 

diagram the straight lines indicate e lectrons and the curvy lines photons. The initial and 
fi nal states consist of an electron and a photon . To make th ings clear, we restrict ourselves 
to one dimension. In this diagram the initial electron emits a photon at position Xl at 

time I, . The electron then travels to position X2, where it absorbs the incident photon at 
time 12. One entry in the dictionary that translates thi s diagram into a complex number 
includes a factor of e at each vertex, which seems natural since the photon couples to 
electric charge. Another dictionary ent ry assoc iates the outgoing photon that is emitted 
at x\ with a factor eik'.l\ where k' = 2rr / A'. The incident pholOn, with wavelength A, 
which is absorbed at X2, is associated with a factor e- ;kx, . The dictionary for the electron 
lines, including the ill ternal line between x\ and X 2 , requires the use of so lutions to the 
relativisti c Dirac equation. One can view this diagram as the so lution to the relativistic 
wave equations, namely those of Maxwell and Dirac in a similar way that the wave 

function is a solution to the Schrodinger equation.2 

2The Dft term in the expansion ( I 0. 7) wou ld correspond to world lines for the pholon and the electron 
that are stra ight lines. indicating that the final state of the particles is the same as the in itial state. 
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Figure 10.2 The fundamental 

subunit in FCY llman diagrams 
in quantum electrodynamics 
involves the em ission (or 
absorption) of a photon by a 
charged spin- lIZ particle such 
as the electron. 

Reca ll that in calcu lati ng the amplitude for a particle to hit a particular point in the 

detection plane in a double-slit ex periment, we added the amplitudes for each possibl e 

path the part icle can take between the source and the detector. Sim ilarly, when calculating 

the tota l amp litude for Compton scattering, we must add the amp litudes for every way the 

process in question can occur. In practice, thi s means integrating over all possible values 
of Xl , 11, x2. and ' 2 that occur in the diagram, that is, we must add the amplitudes for all 
possible va lues of the intermedi ate positions and times. This is the sum-over-hi stories 
generaliza tion of the sum-over-paths approach that we used in Chapter l. 

One of the strange things about diagrams such as the one shown in Fig. 10.1 is that the 

fu ndamental subcomponent of thi s diagram, wh ich is shown in Fig. 10.2, doesn' t seem 

to make physica l sense. As is shown in Example 10.1 , a single electron in free space 
cannot em it a photon and conserve energy and momentum. But this is what occurs at 

position X I in the diagram in Fig. 10. 1. However: the electron that is traveling between X l 

and X2 is a "virtual electron" and not a rea l one to the extent that this electron, wh ich is 

represented by an internal line in the diagram, is not one of the particles that is actua lly 
measured and observed in the in itia l o r fi nal state. We can argue that the Heisenberg 

energy-ti me uncertainty relation /:; £ /:;1 ::: f£ / 2 allows for such processes to the extent 

that the evolutionary time 

( 10.10) 

is finite, since therefore there is an inherent uncertainty in the energy of the system that 
involves these virtual particles. On the other hand, the time interva l involved in the overall 

process of Compton scattering is assumed to be essentially infinite, since the incoming 
e lectron and photon arc unders tood to be produced in the d istan t past and the outgoing 

electron and photon in this scattering are presumed to be observed in the distant future . 

Thus the time interval for the overall event pictured in Fig. 10. 1 is sufficient ly large 

that we should not expect to observe violations of conservation of energy in Compton 

scattering itself. 

Since we are to include in our calculat ion diagrams that arise ror all values of '1 
and '2, we must include diagrams in which 12 precedes as we ll as follows ' I, as shown 
in Fig. 10.3. There is an alternative way to see the need for such time orderings that 

emphasizes the inherently relati vistic natllre of our ca lculation. Since the ca lculation of 

I, 

I, 

x 

Figure 10.3 A ll ti me orderings, including the one in this figure, are required to calculate 

the probabi lity amplitude for Compton scattering. 
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the probab ili ty shoul d be consistent wi th the relativi ly pri nciple, we should bc able to 

calculate the probability for Complon scattering in a frame of reference that is in motion 
at speed V relative to any other inert ial reference frame. If we examine the amplitude 

that arises from solving these re lativistic equations, we find the ampli tude corresponding 

to Fig. 10.1 is nonzero when the quantity 

( 10.1 1 ) 

is negative as well as positive. A negat ive separation is called space-l ike s ince it results 
from !o.x > e!o.l , where !o.1 is defined by ( 10. 10) and 

!:l.x = X2 - XI 

Under the Lorentz transformation 

x' = y(x - VI) 

, ( VX) I =y 1--, 
c-

where 

we fi nd that 

, ( V!o.X) !o.1 = Y !o.1 - ---;2 

(
V !o.X) = y!o.l 1---
c2 !YJ./ 

( 10.12) 

(10.1 3) 

( 10.14) 

( 10. 15) 

( 10.16) 

Thus it is poss ible that !o.1 ' < 0 even if !o.l > 0 provided !o.x > e!o.l. The time ordering 

of events is not preserved LI nder a Lorentz transformation if the even ts arc space-like 

separated. For the amplitude shown in Fig. 10.1 , this effect occurs only on the microscopic 
level, when !o. r in (10.11 ) is on the order ofn / II/e' , where 11/ is the mass of the electron3 

What are we to make of the event that occurs at x, at time I, in Fig. 10.3? One 

possibility, as indicated in the Fcynman quote that precedes thi s section, is to suggesllhat 
the electron that cmittcd the outgoing photon at ti me I[ propagates backwards in time to 12, 

at which point it interacts with the incident pholon. But there is a better way to think about 

this process, one that eliminates the need to consider particles propagating backwards in 

time. We can argue that the first cvent at I , involves the creation of the outgoing electron 

and a posi tive ly charged particle, so as to conserve charge. Th is part ic le, which has the 
same mass as the electron, is the positron, the an ti particle of the electron. The pos itron 
then propagates forward in time to 'I, at whil:h point it annihilates with the incident 
electron with the emission of the outgoing photon. In Feynman diagrams, the positron is 
distinguished by having the arrow pointing oppos ite to the direction of increasing ti me. 

In fact, since the time-orderings shown in Fig. 10.1 and Fig. 10.3 are both required by 

3This result provides a caution agai nst interpreting the Feynman diagrams too litcrally. After all , if the 

events al XI, 11 Hncl X2, 12 were rea lly connected by an electron traveling between them, then necessaril y 
c2(6 r)2 would be positive si nce an electron musttravcl at a speed less than c. The intcrnalline in th is 
Feynman diagram represents :1 "virtual" e lectron, not a real one that we actua lly observe. 
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Figure 10.4 A Fcynman diagram for Complon scattering. This 

diagram is understood 10 include the probability amplitudes 
shown in Fig. 10.1 and Fig. 10.3. 

special relativi ty, it is natural to combine them in the single Feynman diagram in Fig. 10.4. 
This diagram is then understood to be shorthand express ion for both diagrams. 

I f we are to take scriously the idea that relativistic quantum mechanics requires the 

existence of an antiparticle for the electron, it should be possible to observe this particle 
as a fina l-state particle. In fact, the positron was first observed in 1932 in a cloud chamber 
by Carl Anderson, just a few years after Dirac introduced his relativist ic wave equat ion. 

Nowa single photon (with momentum Po) ca nnot materialize in to a particle- ant iparticle 
pair (with momenta p_ and p+) despite what the diagram shown in Fig. 10.3 seems 

to suggest. Such a process cannot conserve energy and momentum since to conserve 
momentum 

Po = p- + p+ (10.17) 

and to conserve energy we must have 

poe = J p~C2 + 11/ 2C4 + J p~c2 + m2c4 (10. I 8) 

The min imum values for p_ and p+ occur when the e lectron and positron head off in 
the same direction as the incident photon, namely 

Po = P- + P+ ( 10. I 9) 

but it is evident that ( 10.18) and (10. I 9) cannot be satisfied simultaneously. Thus a photon 
can not materia lize into an electron and positron in free space no matter how large its 

energy. However, if some othcr charged particle is present, say the nucleus of a heavy 

atom such as lead, then it is possible to transfer all the momentum of the photon to the 
Pb nucleus while transferring very little of the photon's energy. The kinetic energy of the 

nucleus is then 

Figure 10.5 A Fcynman 

diagram used to determine the 
cross section fo r the creation 
of an electron- positron pair in 
the vic inity of a heavy nucleus 
such as lead. 

P5 (poc)' 
2M = 2Mc' 

( 10.20) 

In the case of lead, this leads to a kinetic energy transferred to the nucleus of 3 eY. 
Thus the threshold energy for production of an electron- positron pair is very close to 

2mc' = 1.02 MeV. Fi gure 10.5 shows a Feynman diagram corresponding to the creation 
of an electron- positron pair in the interact ion of a photon with a nucleus. In addition 

to pair creation, photons can also be absorbed by the atom via the photoelectric effect, 

or simply scattered in a process called Thomson scattering. The total cross section for 
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Figure 10.6 The total cross section for the interaction of photons with lead as <I function 

of photon energy. The sharp dips in the cross section with decreasing photon energy 
occur when the photon energy drops below the binding energy of electrons in a particular 
shell . The dashed line shows the contribution to the cross section of CiCCI'fOn- positron 
pain creation in the field of the nucleus. Adapted from 1. H. Hubbel, H. A. Gimm, and I. 
Overbo, .J. Phys. e helll. Ref Dora #9, 1023 (1980). 

photons incident on lead is shown in Fig. 10.6. The growth in the total cross section for 
photon energies above I MeV is due to electron- posi tron pair production . 

Returning to Compton scattering, diagrams like the one shown in Fig. 10.4 lead to a 
differential cross secti on (the effective area fo r scattering into so lid angle dQ) 

da = JrO" - - - + - - 2 + 4 cos' e dQ (Ii)' (),. )' ( ),. ),.' ) 
me ).' )..' A 

(10.2 1) 

where),. is the wavelength of the inciden t photon and ),.' is the wavelength of the out­

going, or scattered, photon . The lowest order Feynman diagram for Compton scattering 
is proportional to e2, since the diagram has two vertices. In practice, each factor of e2 

enters in the combination 

e' I 
0'= = - - -

4Jr EonC 137.0360 
( 10.22) 

where 0' is a dimensionless constant called the fine-structure constant. Thus the cross 
section ( 10.2 1), wh ich is obtained from the amplitude mul tip lied by its comp lex conju­
gate, is proportional to 0'2 

As another example, consider electron- electron scattering. Fig. 10. 7a is a lowest order 
diagram contributing to th is process. As indicated in Fig. 10. 7b, there are other diagrams, 
other amplitudes, that should be included . Each of these additional diagrams has a larger 
number of vert ices than the lowest order diagram. And although we haven't specified in 
detail how to convert these diagrams into probab ility amplitudes, we have noted that at 
each vertex where a photon couples to an electron (or a positron), the charge e appears 

in the ampli tude. Thus diagrams such as the ones in Fig. 10.7b have four vertices, four 
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(a) (b) 

Figure 10.7 (a) The lowest order Fcynmall diagram for elecLron- electron scattering. 

(b) Some of the higher order diagr:lllls that cOlllribute to this process. 

factors of e, and are therefore proport ional to e4
. in comparison with the lowest order 

diagram that has two factors of e and is therefore proportional to e2. Thus an amplitude 
that is proponiona lto ",2 is roughly I % as large as one proponi onalto "'. Thcrefore if we 

are interested in ca lculat ing the cross section for scattering to a ccnain accurHcy, it makes 

sense to neglect the contribution ofhi ghcr ordcr diagrams at a cen ain point. Nonetheless, 

these higher o rder amplitudes in QED can be eval uated in princip le and the ir contri but ion 

included if needed, although the higher order terms becomc progressively more di fficult 

to evaluate. 

In genera l. slimming all the diagrams that contribute to a parti cular process gen­

erates an expansion wi th an infinite number of terms, very much in the spirit of the 

expansion 

x 2 x3 

1+ .1' + - + - +'" 
2! 3' 

( 10.23) 

However, unl ike the expansion ( 10.23), which you probably recognize as yielding z = e', 
no one has succeeded in carrying out the Sulll of the Feynman diagrams for processes in 

QED. It is possible that at some po int wc wi ll figure out how to calculate the overa ll am­

plitude w ithollt such an expansion, in which casc the diagrams may become an historical 

artifact. But as things stand now, the diagrams arc an essential tool. 

As a striking cxample of how successful this approach has been, consider the magnetic 

moment of the electron. In Section 6.5 we noted that thc magnetic moment orthe electron 

is given by 

(10.24) 

The va lue of g has been determincd theoretically and experimentally wit h great accuracy. 

Current results are 

g - 2 = ( 1, 159,652, 201.4 ± 27. 1) x 10- 12 

2 
= ( 1, 159,652 , 180.85 ± 0.76) x 10- 12 

theory 

experiment ( 10.25) 

The theory ca lcul at ion has a somewhat hi gher uncerta inty, in part because the theory 

calculation depends on experimental values for ex, which has its own uncertainty, but 

also because the theory calculation does not include all the hi gher o rder diagrams. It 
is possible to estimate how much error neglecting these amplitudes contributes to the 

final answer. It is li kely that the theorists will respond to the morc accurate experi mental 

values w ith some more detailed calculations of their own. In any case, it is agreement 
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li ke that shown in (10.25) that led Feynman to describe quantum electrodynamics as "the 
jewel of physics--our proudest possession.''"' 

EXAMPLE 10.1 Show that a free e lectron cannot emit a photon and conserve energy 
and momentum. 

SOLUTION It is easiest to do thi s calculat ion in the rest frame of the electron. Then 
if a decay into a photon and an electron were possible, momentum conservation 

dictates that the two parti cles have equa l and oppos ite momenta. Consequently, 

conservation of energy yields 

me2 = / p2C2 + m2c4 + pc 

The only solution 10 thi s equation is p = 0, i.e., no photon. 

EXAMPLE 10.2 Which of the Feynman diagrams in Fig. 10.8 is a legitimate Feyn­

man diagram in QED for electron- positron annih ilation? 

(a) (b) (c) 

Figure 10.8 Possible Fcynman diagrams for electron- positron annih ilation. Only one of 

these diagrams is a valid one. 

SOLUTION Figure I 0.8a has the correct structure since it involves the fundamental 
subunit shown in Fig. 10.2. However, in this process none of the particles is pre­

sumed to be a virtual particle, since there are no internal lines in the diagram. And an 
electron and a positron canllot annihilate into a single photon and conserve energy 
and momentum, as is easily seen by analyzing the process in the center-of-mass 

fram e of the electron- positron pair. Thus at least two photons must be produced in 

the annih ilation process. Figure I 0.8b, wh ich is referred to as a "seagull" diagram 
(you can sec why) has the two photons being produced at a single point in space 
time. Since the particles annihi lat ing arc spin- 112 part icles, th is is not an allowed 

diagram in that it is not composed of the fundamental subunit shown in Fig. 10.8a 
(or Fig. 10.2). It wOlll (~ however, be a va lid Feynman diagram if the charged par­
ticles participating in the annihilation were spin-O particles. Figure 10.Sc is an 

appropriate Feynman diagram. 

4R.P. Feynman, QED- The Strallge rheOlY of Light and MlItter, Princeton University Press, 

Princeton, NJ, 1985. 
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Figure 10.10 T he lowest order 

Feynman diagram for the 
scattering ofli ght by light. 

EXAMPLE 10.3 What are the lowest order Feynman diagrams for electron- positron 

scattering? 

SOLUTION For electron- positron scattering, there are two lowest order diagrams. 
See Fig. 10.9. One diagram is similar to the diagram in Fig. 10.7a, with a positron 
replacing the electron (note the switch in the direction of one of the arrows). How­

ever, there is an additional diagram in which the electron and positron annihilate 

into a virNa l photon, which then generates the fi nal electron- positron pair. 

Figure 10.9 Lowest order Fcynlllan diagrams for electron- positron scattering. 

EXAMPLE 10.4 In class ical physics, light does not interact wi th light since light 

itself is uncharged. Construct a Feynman diagram that would contribute to the 

cross section for li ght by light scattering (DelbrGck scattering). 

SOLUTION Since photons are neutra l and therefore do not couple to each other, the 
only way for light to scatter light is to have virNal charged particles involved, as 
illustrated in Fig. 10.10. Since this diagram is proportional to ,,2, the cross section 

fo r light-by-light scatteri ng is proport ional to ,,'. The s ize of the cross section is 
consequently very small in comparison to that fo r photon-electron scattering. See 

the dependence of ( 10.2 1) on ". 

1 0.2 Elementary Particles 

One th ing contri buting to the remarkable success of QED is the elementary nature of 
electrons, positrons, and photons. These are point particles as far as we can lell. They 
do not have any internal structure. Protons and neutrons-panicles that experience the 

strong nuclear fo rce- have a size of roughly one fermi, as was noted in Chapter 9. If 
particles have a size, it is natural to ask what's inside. In the case of atoms, it is of 
course eicclTons and nuclei. In the case of nuclei, it is the nucleons. And in the case 
of the nucleons themselves, it is quarks. As far as we know, the quarks themselves arc 



Leptons Quarks Gauge Bosons 

e, \I~ /I,d photon (y) 

/.L, IIJ' c,s gluons (g) 

r. VT I.b W±, Zo 

Table 10.1 The elementary particles consist of leptons and 
quarks, which arc spin-1I2 particles, and the gauge bosons, the 
mediators of the interactions, which are spin-l particles. 
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elementary, that is, they don't have any size or internal structure. But no one has ever 

isolated a quark out side a proton or a neutron, so it is hard to know for sure.5 

Particle phys icists call strongly interacting particles hadrons (which is derived from 

the Greek word lIar/ras, meaning strong). In addition to protons and neutrons, there are 
many, many subatomic (or better, subnuclcar) particles that experience the strong nuclear 
forcc. Some examp les are given in the next section . We now know that each of these 
particles is composed of quarks, which have intrinsic spin 5 = 1/ 2. The hadrons with 

half-integral in tri nsic spin (s = 1/ 2,3/2, . . . ) are composed of three quarks (or three 
anti quarks in the case of the antiparticles) and are called baryons. The hadrons with 
integral intrinsic spin (s :::: 0, i, .. . ) are composed ofa quark and an antiquark and are 
called mesons. And to make thi ngs more complicated still , the quarks themselves come 

in s ix different types, or flavors , namely, up (tI), down (d), strange (5), charm (c), bottom 
(b), and top (I). As illustrated in Table 10.1 , it is convenient to group these quarks in 
pa irs, II and eI, c and s, and t and b. The first quark in each pair (l/ , c, and t ) has charge 
+2e/3, whil e the second quark (d, s, and b) has charge -e/3 . The proton is composed 

of two II quarks and one d quark. The neutron is composed of two d quarks and one u 
quark. You can see thi s gives the correct charge for each of these nucleons. In the beta 
decay react ion 

( 10.26) 

that we examined in Chapter 9, one of the d quarks in the neutron is converted into a tI 
quark with the emi ssion of an electron and an electron ant ineutrino, namely 

( 10.27) 

The electron and the neutrino, like the quarks, are spin-112 elementary particles, 

particles that do not have any internal structure. But unlike the quarks, the electron and 
the neutrino do not participate in the strong interactions. They are genera lly referred to 

as leptons, namely fundamental spin- il2 particles that do not have strong interactions. 
Si nce electrons and quarks are charged, they of course participate in electromagnetic 

SWhether we can assess ira particle has some internal structure depends on the wavelength of tile 
object that we use as a probe. If the wavelength of the probe- whether the probe consists of photons in 
a standard optical microscope or e lectrons in an electron microscope- is large compared w ith the size 
of the particle, the particle will appear to be point like. As was noted in Section 9.1, it was scattering 
experiments carried Qut in the 1950s with high·energy electrons from an accelerator that determ ined 
the size of nuclei. Simil arly. in the lale 1960s scattering experiments carricd out at the Stanford Linear 
Acce lerator Center with much higher energy electrons gave clear evidence for the quark substructure 

of nucleons. 
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interactions. Neutrinos, on the other hand, are neutral; they don't have magnet ic moments 

or other electromagnetic properties. Apart from gravity, neutrinos participate only in the 

weak interactions. Consequently, emission of a neutrino in a decay is a tellta le sign of 

a weak interaction. The electron and the electron neutrino appear in the first row in 
Table 10.1 , along side the 1/ and d quark. 

Given OUf discuss ion in the preceding section orthc natural role that antiparticles play 
in re lativist ic quantum mechanics, it should not be surprising that there are antiparticles 

for each of the quarks and leptons. The positron, the antiparticle of the electron, has 

the same mass but opposite charge of an electron. But what distinguishes a neutrino 

from an ant i neutrino? One difference is a quantum numberthat we call lepton number. 
We assign the electron and its neutrino lepton number + I . The antiparticles, the positron 
and the anti neutr ino, then have lepton number -I. The beta decay reaction ( 10.26) 

conserves lepton number, since the neutron (or the proton, for that maner) is not a lepton 

(it has lepton number 0), and the fina l state has lepton number 0 as well since the electron 

has lepton number + I and the antineutrino has lepton number - I. Thus the lepton 

number of the fi nal state is the same as the lepton number of the ini tial state. 

To see the significance of lepton number for neutrinos, consider a reaction that does 

not occur even though energy, linear momentum, angular momentum, and charge are 

conserved: 

( 10.28) 

What keeps this reaction from occurring is the fact that it does not conserve lepton 

number, since the lepton number of the initia l state is - I and the lepton number of the 

fi nal state is + I. On the other hand, 

ii, + P --+ n + e+ ( 10.29) 

does conserve lepton number and does occu r. 
You may be wondering why the neutrinos and antineutrinos have a subscript e. The 

reason is that there are two other generations ofleptons, as noted in Table 10.1. The muon 

behaves very much like a heavy electron with a mass 111" = 105.66 MeV/c2. But when 

the muon goes to decay, it does not do 50 rad ialively: J-I. - f> e- + y. What is observed 

is consistent with two types of neutrinos, namely Ve and v". The primary decay mode of 

the negatively charged muon is 

( 10.30) 

with a lifetime of2.2 x 10- 6 S6 This reaction has muon lepton number + 1 for the ini tial 

and final states in addition to electron lepton number 0 for the initial and final states. 

In short, there is a separate conservation law for electron lepton number and for muon 

lepton number. Thus a beam of muon antineutrin05 incident on a liquid hydrogen target 

can ini tiate the reac tion 

Up. + P ----7 n + J1. + ( 10.3 1) 

6The experimental upper limi t on Ihe branching ratio for 11- - ........ e- + y to 11-- -+ e- + vt' + v,. is 
1.2 X 10- 11, 
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provided the 3ntineutrino has sufficient energy to create the muon, but not the reaction 

"" + p f> /I + e+ ( 10.32) 

even though the positron is much less massive than the muon .' 

A simi lar story holds fo r the r lepton, which was discovered in 1975 and has mass 

III , = 1777 MeV/c2 Why we have three generat ions of leptons is st ill somewhat of a 
mystery. After the di scovery of the muon, I. I. Rabi famous ly remarked, "Who ordered 

that?" This mystery has been repeated at the level of the quarks, since they too occur in 
three generations. 

The third column in Table 10.1 shows the gauge baSaliS, the fundamental spin-I par­
ticles that mediate the strong, electromagnetic, and weak interactions. Section 10.1 on 
QED is devoted to electromagnetic interactions. All charged particles have electromag­
netic interactions. Figure 10.7a is the prototype Feynman diagram illustrating how two 

electrons interact through the exchange of a (virtual) photon. As Secti on 10.4 explai ns, 
the strong interactions between the quarks are med iated by the exchange of gluons, as 

illustrated in Fig. 10.17. And the weak interactions between the quarks and leptons are 

mediated by the exchange of Wand Z bosons, as illustrated in Fig. 10.2 1 and Fig. 10.22 
from Section 10.5. The fundamental role that symmetry princ iples play in dictating the 

nature of these in teractions is outlined in Section 10.8 . This section also explains why 
the spin- l partic les that mediate the interactions are referred to as gauge bosons. 

EXAMPLE 10.5 Use conservation of lepton nllmber to ex plain why the following 

reactions occur or do not occur. (i) Ii, + p f> /I + e+, (ii) v" + /I f> p + J.L - , (iii ) 

f-L + ---7 e+ + vJ.{ + Ve · 

SOLUTION Only reaction (iii) conserves lepton number. Reaction (iii ) is li ke ( I 0.30) 
with each particle rcplaced by it s antiparticle. Thlls this is the predominant decay 
mode for the f.L+ Reaction (i) violates electron lepton number conservation and 

reaction (i i) violates muon lepton number conservat ion. 

EXAMPLE 10.6 Construct a Feynman diagram leading to the production ofa f.L - ­

f.L + pair in e- - e+ annihilation. What is the threshold energy in the center-of-mass 

frame requ ired for this reaction to occur? 

SOLUTION The lowest order diagram for this process is shown in Fig. 10.11. Since 
the rest mass energy of the muon is 105.66 MeV, the center-of-mass total energy 
requi red for this reaction is 211.32 MeV. 

7 As we will sec in Section 10.6, the recent evidence or neutrino osc illations indicates that the 
individual lepton numbers are not absolutely conserved. In fact , unlike conservat ion of charge, which is 
an absolute conservation law that is connected to i.1I1 underlying symmetry principle (see Section 10.8). 
conservat ion of lepton number is a somewhat ad hoc conservation law that has been illlroduccd to 
account for the observed reactions. 

Figure 10.11 The lowest order 
Feynman diagram leading to 
the production of a muon­
antimuon pair in electron­
positron annih ilation. 
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10.3 Hadrons 

In 1934, long before anyone knew about quarks and gauge bosons, Hideki Yukawa 

suggested that the strong force was mediated by the exchange of a part icle with a mass 

of roughly 100 to 200 MeV Although we now have a more complete understanding of 

how the strong force ari ses fromlhe interact ions or quarks and gluons, it is instructi ve 
retrace Yukawa's reasoning lIsing the Fcynman diagram in Fig. 10. 12, a diagram that 

woul d arise from the exchange of such a particle between two nucleons. The fact that the 

nuclear force has a short range R, on the order of a fermi , dictates very roughly what the 

mass of the exchanged part icle should be. Us ing the Heisenberg energy- t ime uncertainty 

relation I:> £ 1:> 1 :::e n with 1:> 1 :::e Rj e (s incc the speed of the exchanged part icle would 

typically be on thc order of the speed of light) and I:>E :::e II/e', where 11/ is the mass of 

the exchanged particle (s ince emitting the paltic le requires a violation of conservation 

of energy by roughly lII e' ), we And 

n 
R :::e­

me 
( 10.33) 

Substituting in the observed range of the nuclear force. we find II/ e' :::e 200 MeV. Th is 

argument is a heuristic onc at best (Yuk awa did beller by actually solving a wave eq uation 
that led to thi s result), bu t it does show tile deep connection bctween the mass o f the 

exchanged particle and the range of the interaction. For electromagnetism, the mass of the 

exchanged particle, the photon, is zero, and indeed the range oflhat interaction is infinite. 
A particle called the pion, or If meson, wi th a mass fi tt ing Yukawu's prediction was 

discovered in 1947 in the debris from cosmic ray collisions. Pions eomc in three difTerent 
charges: rr +, rr - , and rr o. \Ve now know the rr + is a bound state or a 1/ quark and an 

anti-d quark (d), the IT - is the antiparticle of the IT + and is therefore a bound state of an 

anti-II quark (ii) and a d quark, and the ITo is a linear superposition ofa llii and a dd. The 

pion was termed a meson initia lly because its mass was intermedi ate between the heavier 
proton and neutron , which is why they were termed baryons, meaning heavyweight, and 
the lighter e lectron, wh ich was termed a lepton, meani ng lightwe ight. Subsequently, 

quark- antiquark bound states with masses heavier than the proton and the neutron have 
been discovered, but they are refcrred to as mesons noncthe less. 

" 

(a) 

'/j"+ ••• 

.' . ' 

(b) 

• •• 7r '. ' . '. 

Figure 10.12 (a) A Fcynman diagram ror proton- ncutron scancring involving 
exchange of a meson ca lled the pion. As for Compton scattering, the two time 
orderings shown in (b) are understood 10 be included in the diagram shown in 
(a) . Consequently. there InUst be positively and negatively charged pions. In addition, 
neutral pions arc required to account for the strong interactions in . say, 
neutron- neutron scattering. 
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Figure 10.13 The cross section for if + -p scattering for protons 

al rest as a function of lhe kine tic energy of the pion. The cross 
section shows a resonance at a center-of-mass energy of 1232 Me V. 

In the early 1960s particle physics came of age as an expcri mental science. Instead 
of relying on data from cosmi c ray colli sions, physic ists built particle accelerators with 
sufficient energy to create particles such as the pion in the laboratory. As scattering 
experiments were performed at progress ively higher energies, many new "particles" 
were created in these co lli sions. An intcresting example is shown in Fig. 10.13 , in wh ich 

the scattering cross section for positively charged pions incident on a liquid hydrogen 
target is plotted as a functi on of the kinetic energy of the incident pion. The large blimp 

in the cross section that occurs at a center-of-m ass energy of 1232 MeV corresponds to 
a resonance in which a new particle, the 6 ++ baryon, is created: 

( 10.34) 

Since the]f + and the proton each have charge e, the D. ++ must have charge +2e, hence 
the superscr ipt. Reca ll that in terms of quarks, the proton is a /llid and the If + is a /I ,i. In 

this co ll ision, the d and the d annihil ate, result ing in the state IIl/U. Since each /i quark 
has charge +2e/3, a state composed of 3 /I quarks does have charge +2e. The D. ++ also 
has intrinsic spin s = 3/2. The D. baryon has four different charge states: D. ++, D. +, D. 0, 

and 6. - . For example, the /). 0 is created in rr - - p colli sions, agai n with a center-of-mass 
energy of roughly 1232 MeV 

One of the striking things that is observed in the data in Fig. 10. I 3 is that the bump 
in the cross section occurs over a broad range of center-of-mass energies, corresponding 
to a spread, or uncertainty, D. E = 125 MeV in the energy at wh ich the D. ++ is produced. 
Using the energy- time uncertainlY relation (sec Example 5.6), this spread in energy 
corrcsponds to a lifetime r fort he D. ++ of 5 x 10- 24 s, after whi ch it decays back into a 
p and a rr + . A t first it may seem surprising that we can measure a lifetime this short, but 
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, , , , 
: ;\0 , , , , ,,- , 

~\ 
Figure 10.14 A hydrogen bubble chamber picture showing the reaction Jr - + P ~ 
A 0 + KO. Un like the 1( - and p, the /\ 0 and KO are neutra! and do not leave a track of ions 
where bubbles start to fOfm. The macroscopic distance between the formation and the 
decay or the 1\ 0 and KO is indicative or the long lifetime of these hadrons. Image courtesy 

Lcwrence Berkelcg National Leboratory. 

we are making the measurement indirectly by observing the width 6.E of the resonance. 
And while 5 x 10- 24 S may seem like a short time on a macroscopic scale, it is a typical 

hadroni c li fetime. It is of the same order of magnitude as the time for light to travel a 

distance of a fermi, which is roughly the size of a strongly interacting particle. 
Figure 10.14 shows a different sort of event that can occur when a ,, - collides wi th a 

proton at a higher centcr-of-mass encrgy. In this event, a different baryon, the A 0 baryon, 
is created together with a new type of meson, the KO meson, or kaoll. The /\ 0 was given 

its name because the tracks left by the p and" - into which it decays look as if they 
form the Greek letter A. The KO meson decays into a ]f + and ]f - . The lifetimes of the 
A 0 and the K O are roughly 10- 10 s. Like the 6. ++, the A 0 and the KO are hadrons. The 

cross section for the reaction 

(10.35) 

that produces them is typically 20-30 mb, the same size as other strong interaction cross 
sections. And like the 6. ++ , the A 0 and the KO decay into ord inary hadrons, but with 
lifetimes that are thi rteen orders of magnitude longer than that of the 6. ++ . We now 

understand that this strange behavior is generated by the production of a new type of 
quark in the collision, the strange quark s, and its antiparticle S. The A ° baryon is a uds 
bound state while the KO meson is a d., bound state. The strange quark s has charge -e/3, 
just like the d quark. The 1\ 0 baryon is the lightest baryon contain ing a strange quark, 
while the KO meson is the lightest meson containing a strange quark. We say the strange 
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Meson Quark Content Mass (MeV!c2) Baryon Quark Content Mass (MeVlc2) 

,,+ lui 140 p liud 938.3 

" dii 140 11 udd 939.6 
,,0 (Illi - tI(i) /,fi 135 11 ° lids I I 16 
K+ liS 494 1: + /IllS 1189 
K- sii 494 1:0 lids 1193 
KO tI.r 498 1: - dds 1197 
k O Sfl 498 - 0 

~ IISS 1315 

11° (2ss - lIIi - tI(i )/ ./6 547 - tlss 1321 

Table 10.2 The low. mass spin-O mesons. Table 10.3 The low-mass spin- 1/2 baryons. 

quark has a new quantum number called strangeness (S = -I) and the antistrange 
quark has S = + 1. Strangeness is conserved in the production of these particles, but 

the decay violates strangeness conservat ion. Consequently, the decay is governed by the 
weak interactions, not the strong interactions that govern the decay of the /:). ++ . 

When reactions like (10.35) were first observed, the ra tionale for the strange behavior 

in \vhich hadrons wcre produced strongly but decayed weak ly into other hadrons was a 
mystery. Now wc understand that the creat ion of a new flavor of quark is involved. The 
strong interactions conserve flavor, but the weak interactions do not. The quark has the 
symbol s fo r strange because of the at first seemingly strange behavior in which it was 

involved. While we are on the subject of terminology, it might be good to say a few words 
about names and symbols for If and d quarks. The /I stands for "up" and the d stands for 
"down." The switch in quark content in going from a proton to a neutron is the change 
of a 11 quark to a d quark. We rcmarked in Chapter 9 that the strong interactions treat the 
proton and the neutron as identical part icles. Hei senberg had the idea that the nuclear 

force treats them as two different spin states of a new type of sp in, which we now call 
isospin . Isospin is IIOf angular momentum, but rather it is connected to rotations in an 
abstract space in which a 1800 rotat ion changes a proton into a neutron. The nucleon 
is an isosp in-1 12 particle: the proton is isospin up and the neutron is isospin down. But 
once we understand the underlying quark structure of these nucleons, we see that the 
switch from isospin lip to isospin down is the swi tch from a II to ad. Thi s is the rationale 
for referring to /I and d as up and down quark s, respectively. Table 10.2 and Table 10.3 

give the quark content and masses of the lightest spin-O mesons and spin-I !2 baryons, 

respectively. You can see that the mesons that contain a strange quark are more massive 
than those composed purely of up and down quarks. A sim il ar pattern occurs for the 

baryons. Hadrons that conta in c quarks or b quarks become progressive ly morc massive. 
For example, the D+ meson, a cd bound stale, has a mass of 1869 MeV/c2 and the B+ 

meson , a lib bound state, has a mass of 5279 MeV/c'.8 
There are other ways to increase the mass of the hadrons apart from adjusting the ir 

quark content. As is the casc for electrons in atoms, increasing the orbita l angular mo­
menta of the quarks increases their energy and consequently increases the mass of the 
hadrons. Moreover, the nuclear force is extremely spin dependent. For example, the p+ 
meson is composed ofa II quark and a d antiquark ,just like the If + meson. The p+ meson, 

8Because the effective mass of the / quark is very large, the / quark decays so quickly that mesons 
and baryons containing the / quark do not have a chance to form. 
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a spin- I particle, has a mass of 770 MeV/c2 while the JT+ meson, a spin-O particle, has 
a mass of 140 MeV/e>' The change in going from the pion to the p meson is simply 

" fli ppi ng a spin," in that the quark and antiquark in the pion are in the single spin-O state 

(the singlet spin state) 

( 10.36) 

while in the p meson they are in one of the three spin-I states (the triplet spin states) 

X+(\ )x+(2) 
I 

-./2 [X+(I)X - (2) + X_(\lx+(2)] 

x - (Ilx-(2) 

( 10.37) 

(1 0.38) 

(1 0.39) 

Thus changing from the total spin-O to the total spin- I state increases the mass of the 
meson by a whopping 630 MeV/e>' This is in marked contrast to the 5.8 x 10- 6 eV 

energy difference between the singlet and triplet energy states in the ground state of 

hydrogen, the hyperfine energy splitting that arises from the interaction of the magnetic 
moments (and hence the spins) of the c lectron and proton in the atom. 

EXAMPLE 10.7 The !;r is a spin-3/2 baryon with strangeness S = -3. Of what 

quarks is it composed? 

SOLUTION Recall that the strange quarks has charge -e/ 3 and strangeness S = - I. 
A baryon is composed of three quarks. Thus it must be that Q- = sss in order 
to make the charge and strangeness of the Q - work out. The Q - is indeed a very 

strange baryon! 

10.4 Quantum Chromodynamics 

The 6 ++ is the most uppity baryon poss ible, since it is composed of3 1I quarks. Moreover, 
since it has intrins ic spi n 3/2, one of the four possible spin states for th is baryon is for each 

quark to be in a spin-up state [X +( I )X+(2)X+(3)]. Another possible spin state is for each 
of the quarks to be in the spin-down state [X - (\lx - (2)x - (3)]. Each of these spin states 
(as well as the other two spin-3/2 spin states) is symmetric under exchange. Moreover, the 
6 ++ is the lowest mass baryon with sp in eq ual to 3/2. Thus the quarks are in the spatial 

ground state (I = 0), which is a lso symmetric under exchange of any two of the quarks. 
Therefore, the three identical fe nni ons appear to be bound in a state that is symmetric 
under exchange of any two of the 1/ quarks. But as was noted in Section 7.2, one of 

the fundamental tenets of relat ivistic quantum mechanics is the spin-statistics theorem 

that states that the overall "wave fu nction" for identical fermions must be antisymmetric 
under exchange. The resolution of this conundrum is to assert that the quarks have an 
additional quantum number called color. There are three possible colors- red, green , 
and blue. The antisymmetry of the overall state is restored by positi ng that the color state 
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o f the three quarks in the f',. ++ is g iven by 

, I 
ljJA(i , 2, 0) = ../6 [uR(I)uG(2)uB(3) + uG(I)uB(2)UR(3) 

+uB( I )uR(2)uc(3) -uBCI)uGC2)uRC3) 

- uG(I)u R(2)u 8(3) - u R(I)U B(2)uG(3)] (IOAO) 

where the subscripts R, G, and B refer to red, green, and blue, respectively. Please do not 

interpret color as the color that we see in everyday life. Color for quarks is a quantum 

number like electric charge. There are two types of electric charge called positive and 

negative, ini tia lly named by Sen Frank li n. Similarly, there are three types of color charge, 

called red, green, and blue. Nonetheless, color does turn out to be a particularly apt name 

for this additional "charge." 

One striking confirmation of the existence of a color as a physical entity that affects 

observable quant ities is the value of the ratio of the cross section for electron- positron 

annihilation into had ro ilS to the cross section for electron- positron annihilat ion into 
1-'+ -1-'-: 

u(e- + e+ --.. hadrons) 
R = ---,'------:------:-: 

u(e + e+ --.. 1-' - + 1-'+) 
(IOA I) 

Figure 10. 15 shows this ratio , which is commonly called R, in terms of Feynman dia­

grams. The feynman diagram in the denominator is the one that appears in Fig. 10.11. 

The three Feynman diagrams in the numerator are the diagrams needed to calculate the 
cross section for e- + e+ --.. u + ii, e- + e+ --.. d + d, and e- + e+ --.. s + S. Although 

free quarks have never been observe(~ we know that the quarks are the funda mental 

building blocks for all hadrons. Since there is a 100% probabili ty that the quarks and 

anti quarks produced in electron- positron annihilation will turn into hadrons, the parts of 

the diagrams that correspond to thi s conversion of quarks to hadrons w ill simply generate 

a multiplier of unity in each case. What is neat about the rati o R is that although you 

may not know how to calculate anyone of the diagrams in detail , you do know how to 

calculate the ratio provided we assume that the center-of-mass energy is suffic iently high 

that we can ignore the differences in mass of the fin al-sta te particles. Since the processes 

R=-----------------

Figure 10.15 The Feynman diagrams that contribute to the ratio R. 
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'" 

in quest ion are electromagnetic. the difference between the diagrams in the numerator 
and the one in the denominator is the coupling constant that occurs at the vertex where the 
virtual photon couples to the outgoing particles (quarks and antiquarks in the numerator 
and /-L+ and /-L- in the denominator). Since the II quark has charge +2e/3 and the sand 
d quarks have charge - e/ 3 while the muon has chargc e. at first the ratio looks as if it 

should be 

(
2)2 (1)2 ( 1)2 

R= :3 + :3 + :3 
2 

(10.42) 
3 

Figure 10.16 shows the experimenta l result s for the quantity R. For ccnter-of-mass en­
ergies less than 3.7 GeV, the va lue of II is approaching a va lue of2, no12/3. The error in 
our calculation is that we neg lected co lor. For each one of the Feynman diagrams in the 
numerator, there are really three diagrams, say for the production of a red- anti red 11-;; 
pair, a blue- antibluc II - ii pair, and a grcen- antigreen II- ii pair. Since these co lor states 
arc distingu ishable fina l states, we should add the probability of producing each set of 
colored quark- anti quark pairs for each quark flavor to determine the total cross section 
for producing hadrons. The net eITect is to multiply the value in (10.42) by 3. 

You can 't help but notice that there is a sizable jump in the va lue for R starting 
after the 1/1 ' resonance. In this region there is sufficient energy to create two mesons, one 
containing a c quark and one containing a l: quark. At higher energies baryons containing 
c and i': quarks are produced as wcll. Since the c quark has charge +2e/3, the additiona l 
hadrons that are introd uced by exceeding thi s threshold energy add 3 x (2/3)2 = 4/ 3 to 
the val ue for R. Thus R asymptotically should approach the value of2 + 4/3, or 3 1/3, 
until the threshold for producing the b-h pair at a center-of-mass energy of approximate ly 
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Figure 10.16 The ratio R = a(e- + e+ ~ hadrons)/ a(e- + e+ ~ j1 - + ,t+ ) as a function of 
the center-or-Illass energy (in GcV) of thc electron- positron systclll. Thc arrows labeled by p 

and w indicate the location of spin-I mcsons composed of llii and d{l quarks. These mcsons 
show up as resonanccs in a(e- + e+ ~ hadrons). The ¢J meson is an ss bound state. Similarl y 
the J/1/I at 3.1 GeV and 1/1' at 3.7 GeV arc cc bound states and the Y reson;'lI1ces, which occur at 
11 center-of-mass energy of roughly 10 Gev. are bb bound Slates. The .111/1. the vI', and Ihc Y 
rcsonances afC very narrow spikes in the e- + e+ ~ hadrons cross section. See Fig. 10.29 fOf a 
more detailcd look at the cross section in the 3. 1 GcV region. Adapted from F. Halzen and A. D. 
Martin, Quarks find Leplolls, John Wi lcy & Sons, Ncw York , 1984, p. 229. 
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10 GeY, at which point 3 x (1/3)' = 1/3 is added to the value of R. The { quark docs 

not contribute to the production of hadrons in the data in Fig. 10.16, since the mass of 

the ( quark is very large· 

Just as e lectric charge is the source of the electromagnetic fiel d that mediates elec­

tromagnetic interactions between charged particles through the exchange of photons, 

color is the source of the strong interactions between the quarks. The quarks interact by 

exchanging quanta ca lled gluons. For example, absorption or em ission of a gluon can 

turn a red quark into a blue one, as shown in Fig. 10.1 7. The gluons can be thought of as 

arising from the states that are generated by combining a color with an allticolor. Thus 
the reaction 

( 10.43) 

corresponds to a red II quark turning into a blue II quark with the emiss ion of a red­

antiblue gilion gnB' Although the quark changes color in (10.43), color is conserved 
since the red co lor of the quark in the initial state is the same as the sum of the colors 

(red + blue + antiblue) in the final state. You might at first think there should be nine 

different gluons that arise from the nine different possible ways of combing three colors 
and three antico lors together. But one of these ways, the one corresponding to the li near 
combi nation of color- anticolor states 

~(Rk+GG+BiJ) ( 10.44) 

docs not occur as a mediator. This state is referred to as a color singlet. It is the single 

state that arises from the combinat ion of three co lors and three anticolors that has no net 

(a) (b) 

Figure 10.17 (a) A red up quark em its a red- antiblue gluon and 

becomes a bl ue tip quark. In QeD there are seven addi tional 
quark-g illon vertices since there arc eight different cotor­
anticolor combinations for the gluons. (b) The Feynman diagram 
showing the interaction of a red up quark and a blue down quark 
through the exchange of a gluon. 

9Mentioning the mass of a quark makes for an awkward discussion s ince, as we wi ll discuss later 
in th is section , there is strong reason to believe Ihat individual quarks cannot be iso lated. Thus the 
mass of a quark cannot be directly measured. Nonetheless, "effective" masses o f the heav ier quarks 
can be determined from the masses of hndrons that contain these quarks. The t quark is suflicient ly 
heavy (roughly equal to that of a go ld nucleus) that it decays into lighter quarks so quickly that hadrons 
containing the t quark do not have time to form. 
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Figure 10.18 Si nce the gluons themselves carry color, they couple 
to themselves as we ll as 10 quarks. In QeD there are vert ices in 
which three gluons and four gluons couple to each other. 

color, just as thc combination of spin statcs for two spin-1 12 particles 

( 10.45) 

is a spin-s inglct state that has no net spin angular momentum, as shown in Example 7.3. 

One of the striking differences between quantum chromodynam ics (QeD) and quan­

tum e lectrodynamics (QED) is that because the gluons carry color, they can couple to 

each other. Qe D dictates that two types of coupl ing between gluons are possible, one 

with three gluons at a vertex and thc other with four. Sce Fig. 10. 18. Because the gluons 

themselves carry co lor, Qe D is much more difficu lt to solve than is QED. Moreover, the 

coupling between quarks and gluons or between gluons themselves is stronger than the 

coupling between electrons and photons. The analogue of a, the fine structure constant , 
for the strong intcractions can bc as large as 15 at low energies. 10 

What we believe happens is that a color "dipo le" consisting ofa quark with one color, 

say red, and an antiquark of the opposite color, amired, produces a color field that is quite 

different from that produced by an electric dipole in wh ich two opposite electric charges 

are separated by some distance. Figure 10.19 shows the fie lds in the two cases. In the 
e lectromagnetic dipole the electric ficld s spread out ovcr space. But for sufficiently large 

separations of the quark and thc antiquark in the color dipole, the color fie ld forms a 

flux tube. As the separation between the quark and the antiquark increases, so does the 

length of the flu x tube and the correponding energy. An energy li nearly proportional to 

separation distance leads to a linearly rising potentia l energy. If the tube doesn't rupture, 

it would take an infi nite amount of energy to separate the quark and the antiquark to 

infinity. Hence the quark and the ant i quark are confined, forming a meson. This is the 

rationale for ca lling the mediators of the color interact ion gluons, since this in teraction 

glues the quarks and ant iquarks together into mesons (or three quarks together into a 
baryon). However, if the quark and the antiquark are produced wi th a sufficiently large 

energy, say in electron- positron annihi lati on, the fl ux tube can ruptu re as the quark 

and the antiquark produced in the annihilat ion separate, leading to the creation of an 
add itional quark- ant iquark pai r. The net effect, as illustrated in Fig. 10.20, is to produce 

two quark- ant iquark pairs, namely two mesons. 
Why are the mesons able to escape the grasp of the strong interact ions as 

their separation increases? The mesons are all in the very special superposition of 

lOThcse coupling constants are not truly constant Their va lues depend mildly (logarithmica lly) on 

the energy of the exchanged particle. At sufficiently high energies, the coupling constant for the strong 
interactions becomes small enough that it is feasi ble to use Fcynman diagrams to calculate probability 
amplitudes for the strong in teractions. 
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(a) (b) 

Figure 10.19 An electric dipole consists ofa positive and a negative charge separated by a 

distance d. The electric field produced by such a dipole is shown in (a). A quark and an 
antiquark separated by a distance d form a color dipole as well as an electric dipole. The 
fOfm orthe color fields at Jargish separation orlhe quark and the anliquark is shown in (b). 

Figure 10.20 As the separat ion between the quark and the anti quark increases, it becomes 

energetically advantageous for the flux ttlbe to rupture with the creation of an additional 
quark- ailliquark pair, thus produci ng two mesons. The mesons are not purely R k but are 
ralher in lhe color singlet (10.44). 

color- anticolor states shown in ( 10.44). As we noted in our discussion of the color 

states of gluons, this superposition is a color singlet. It has no net color. Just as two 
neutral atoms interact electromagnetically Illllch more weakly than do two ions, so too 
do two mesons each of which is "colorless." Simil arl y, the antisymmetric color state 

I 
J6 (RCB + CBR + BRC - BCR - CRB - RBC) ( 10.46) 

of three quarks that lVe argued was necessary to ensure that the th ree /I quarks in the 

~ ++ were in an antisymmctric state under exchange is also a color singlet. The linear 
combinations ( 10.44) and ( 10.46) are the only color singlet states that can be made from 

the three color charges. Therefore only quark- antiquark states (mesons) or th ree quark 
states (baryons) have the possibil ity of bei ng colorless." 

Finally, let's nolV return to the issue of the fo rce between tlVO nucleons. In our discus­

sion of nuclear physics in the preceding chapter, we characterized th is force as the strong 
forcc . Now we see that the nuclear force between color neutral hadrons is the re latively 
weak residue of the underlying interactions of quarks and gluons just as the re lative ly 

li The state -j;,( RGB + GaR + BRG - BeR - GRE - REG) in which each of the colors in 
(10.46) is replaced by its anticolor is also a color singlet. Thus antibaryons (such as jJ and 11) consisting 
of three antiquarks can also exist. 
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Figure 10.21 A typical 
Feynman diagram for the weak 
interactions. The mediator of 
this interaction is the W boson. 

weak van der Waa ls force between neutral atom s or molecul es is a residue of the un­

derlying Coulomb interactions between the charged particles that constitute thcse atoms 

or molecules . Although the residual nuclear force between nucleons is indeed strona 
. ~ 

relattve to the Coul omb interactions between the nuc leons themselves, it is not as strong 

nor of such long range as the underlying interaction between the quarks themselves. 

10.5 Quantum Flavor Dynamics 

In QED, the quantum theory of electromagnetic interactions, electric charge is conserved. 
In QCD, the quantum theory of strong interact ions, color charge is conserved . What about 

weak interactions? What do they conserve? The short answer, as we will see in this section 

and the following two sections, is not as much. 

First, it would be good to have a nice th ree-letter acronym for the weak force. A 

case can be made for calling it QFD, short for quantum flavor dynamics, for the weak 

interactions are first and foremost interactions that couple to flavor. We commented 
earlier that there are six different flavors of quarks, namely II, d, s, c, b, and / . Similarly 

there are six different types, or flavors, of leptons e, Ve, tt. Vii' r, and 1)r ' All quarks and 
leptons participate in the weak interactions. But flavor, unlike charge and color, is not 
nccessari ly conserved . The weak interaction 

Ve + 1/ ----+ e + p 

can be expressed in terms of quarks as 

( 10.47) 

( 10.48) 

We see that there are two flavor changes in this reaction, namely, d ----+ Ll and Ve ----+ e - . 

The lowest order Feynman diagram for this process is shown in Fig. 10.21. The mediator 

for this process is referred to as the W boson (or intermediate vector boson, which is a 

way of saying that the W boson has intrinsic spin one). The two time-orderings implicit in 

this Feynman diagram mean there are two W bosons, the W+ and the W - . The masses of 

the W bosons are 80 GeY/c'. You may be surprised that a proton can turn into a neutron 

and emi t a particle with a mass of80 GeY/c2. But if you look back at the discussion on 

the connection of the range ofa force to the mass of the exchanged part icle, you see that 

what this is rea lly telling us is that the weak inte ract ion is a very short-range one. For 

particles to interact through the weak interactions they must be very close together. Thus 

the effective area for interaction is very small . Thi s is the reason the cross section for a 

reaction such as that shown in ( 10.47) is roughly 13 orders of magn itude sma ller than a 

strong interaction cross section such as that for pion- nucleon scattering. For exam plc, a 
I MeV neutrino is likely to travel through 35 light years of water without interacting. 

Not only are weak interactions mediated by the charged bosons W±, but there is a 

neutral mediator as well, the ZO boson. Since the ZO is electrically neutral, it couples 

direct ly to all the different flavors of quarks and leptons without a ~avor change. Thus 

reactions such as 

(10.49) 

arc possible. In terms of the quarks, the corresponding Feynman diagrams are g iven 

in Fig. 10.22. The mass of the ZO is 9 1 GeVjc2
, somewhat larger than that of the 

W±. Thus the cross section for these neutral current interactions, as they are called, is 
comparable with the cross section for charged curren t interactions, those mediated by 
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Figure 10.22 Weak interactions are also mediated by the ZO boson. 

the W±. Because reactions such as ( 10.49) do not entail the conversion ofa neutrino into 

a charged lepton that can leave a track of ions as it moves through a li quid or a gas, thcse 
neutral current interactions were not noticed unti l they were predicted to ex ist by theory, 

a theory that unified electromagnetic and weak interactions. 
In our discussion of QED we made much of the fact that the coupling of the photon to 

a charged particle is d ictated by the charge the particle possesses. In the case of the strong 

interactions, the coupling constant for gluons to quarks is significantly larger than is the 
coupling of photons to charged partic les such as the electron. Before our discussion 

of the mass of the mediators of the weak interactions, you might have supposed that 
the weak interactions have a much smaller coupling constant than e. In the Glashow­

Weinberg- Sa lam theory that unifies weak and electromagnet ic interac tions, the coupli ng 

constant for a W coupling to a quark or a lepton is ef sin 0"" where the angle Ow = 28.7° 

is determined from experiment. Thus the charged current coupling constant is actually 
somewhat larger than e. The reason that the coupling constant is expressed in terms of the 

angle Ow, which is called the Weinberg a ngle, is that in this uni fica ti on of electromagnetic 
and weak interact ions the photon and the ZO are different linear combinations of the two 
other basis states, the so-called WO and B, namely 

y = B cos Ow + WO sin Ow (10.50) 

and 

ZO = - B sin Ow + WO cos 0". ( 10.51) 

Us ing cosine and sine of an angle to express thi s superposition is convenient) since it 
assures us that the sum of the probabi lit ies is one (cos' 0", + si n' Ow = I) for each 
superposition. Moreover, if we think of the WO and B states as orthogonal states, then 

the linear combinations that correspond to the photon and the ZO are orthogonal, too. See 

Problem 5.3. The mass of the photon is, of course, zero, whi le the theory predicts that 
the mass of the ZO is related to the mass of the W via Mw = M z cos 0"., in agreemen t 
with experiment. Thus the two superposi tions in ( 10.50) and ( 10.5 1) generate two very 

different particles. The differe nt masses for the photon and the ZO are generated by a 

mechanism called spontaneous symmetry breaking (see Section 10.8). 
Because of their large masses, a high-energy accelerator is requi red to create the W 

and Z bosons. H igh-energy experimental physics is an enormous enterprise, involving 
mu ltinational collaborations and large teams of sc ientists. Figure 10.23 shows the UA I 

detector at CERN that was used to make the first detection of the W produced in proton­
antiproton collisions with a center-of-mass energy of 540 GeV Typically, the quarks 
in the proton share one half of the proton's ki netic energy, with the gluons sharing the 
other half. Thus each quark in the proton (and each antiquark in the antiproton) has an 
energy of roughly 45 Gev, so the center-of-mass energy in a quark- ant iquark collision 
is sufficient to make a W boson. The production and subsequent decay of a W boson is 
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Figure 10.28 The contribution of the Feynman diagram with a vir­
tual II shown in (a) 10 the decay KO -> 1'- + 1'+ is partially 
canceled by the diagram with a virtual c quark shown in (b). 

there would be suffic ient cance ll ation between the two amplitudes to suppress the rate 

fo r the decay KO -> 1'+ + {L - to the point where the calculated rate is not in confl ict 

with the experimenta l results. And such a quark does indeed exist. It was discovered 

subsequently, in 1974. As was discussed in Section 10.4, evidence for thi s quark is seen 
in the rise in the va lue of the rali o R in electron- posi tron annihilation above 3.7 Gey. 

Because of ( 10.53), weak decays of baryons and mesons that contain a c quark tend to 
be preferent ially into hadrons that contain a strange quark . 13 

One of the noteworthy features of Fig. 10. 16 that we have not discussed is the sharp 

spikes in the cross section at certain energies. For example, in the vicini ty of a ccnter­
of-mass energy of 3.1 GeY, the cross section for producing hadrons increases sharply, 
as shown in Fig. 10.29. At SLAC, this resonance was referred to by the letter 1/1 . The 

V' is a bound state of a charm- ant ichann quark pair. It was sim ultaneously observed at 

Brookhaven National Laboratory (BNL) and called the J particle there. Consequently, 

thi s particle is often referred to as the J II/! . Just as an electron- positron bound slate 

is called positronium, the charm- antichann quark bound state is called charmonium." 

The production of charmonium in e - -e+ annihilation produces a resonance, very much 
in the way the production of the 6. ++ generates a resonance in rr + - p scattering. Because 

the sum of the masses of the lightest pai r o f mesons containi ng a c and a c quark exceeds 

the mass of the J II/! particle-the ground state of channonium- the J I I/! cannot decay 
into hadrons conta ining charm quarks. Consequently, the decay proceeds through an in­

termed iate state of three gluons, as indicated in Fig. 10.30. As was noted in Section 10.4, 

13 The c quark is said to be the charm quark. The rationale for ca ll ing thi s quark the charm quark 
arose from the as yet unexplained symmetry in the quark and lepton flavor worlds. Before 1974 two 
genera tions of"lcptons had been discovered (e and Ve constituted one generat ion and J.L and II/I constituted 
a second more mass ive generation). In the quark seclor, there was one generation consisting of II and 
d quarks and a single 1110re massive strange quark s. Glashow and Bjorken had suggested in 1964 that 
it would be charming if there were two generations of quarks to match the two generations of leptons. 
Now of course we know there are three generations of qua rks and three generations of leptons, so the 
symmetry between quarks and leptons has becn maintained. 

lol The discovery of the J 11/1 created much excitement among particle phys icists. At one point a 
theoret ica l prcprinl was eirculatcd with two punda bears with complementary spots stuck together 
on the cover, reflecting the pandemonium thai was common at the time in the high-energy physics 
community. 
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Figure 10.29 The cross section for e- + e+ ~ hadrons in the 
vicinity ofa center-of-mass energy of 3. 1 GeV The width of the 
J /1/1 resonance is 50 keY, which is much less than the spread of 
several MeV in the beam energies of the electron and the 
positron. Results arc from the Stanford Positron-Electron 
Accelerating Ring (SPEAR) at the Stanford Linear Accelerator 
Center (SLAC). Adapted from 1. E. Augustin et ai. , Phys. ReI( 

Lell. 33, 1406 ( 1974). 

the strength of the coupli ng of the gluon to a quark decreases as the energy carried by 

the gluon increases. Consequently, because of the relatively large mass of the J /t/!, each 

of the three gluons in the intermediate state in Fig. 10.30 carries enough energy that the 
coup li ng between these gluons and the quarks is re latively small- thus the long lifetime 

and corresponding narrow width of the J /t/! . In addit ion to the J /t/! , there are additional 
excited states of charm onium. The first excited state, the t/!', has a mass of3.7 GeV/C'­

Once created in e- -e+ anni hil ation, the primary decay mode ofthe t/!' is to the lower mass 

J /t/! with the emission of two pions (t/! ' ~ J /t/! + rr + + rr - ). See Fig. 10. 3 1. After the 

discovery of charmonium part icle physicists found themselves sol ving the Schrodingcr 
equation to try to determine the form of the potentia l energy responsible for binding the 

c and c together. Given the discussion in Section 10.4 on the linearly rising potentia l 
energy that is generated in attempting to pu ll a quark and an ant iquark apart, it will not 
come as a surprise to learn tha t a potentia l encrgy of the form V = (II" works very well 

for all butthe smallest values ofr , where I" is the separation between the c and c quarks." 

One fina l comment on Fig. 10.16 is in order. In addition to the J /t/! and t/!', there are 
spi kes labeled w, p, </>, and Y, all of which are resonances that occur in e- -e+ annihilation 

through the formation of quark- antiquark bound states. The p and w correspond to two 

different linear combinations of uu and dJ, the </> is an S5 bound state, whi le the Y , Y ' , 
and I" correspond to different energy states of tile bb system, or bottomonium. 

I.s TllUS Problem 4.15 illustrates how numerical techniques can be used to determ ine the energy levels 
of charmonium. 

c 

Figure 10.30 A decay mode 

of the J /1/1 meson in which 
the c and c quarks annihi late 

through a threc-gluon channel. 
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Figure 10.32 Fcynman diagram 
for the decay AO ~ P + 7r - . 

-
Figure 10.31 A spark chamber picture of the decay "" ~ J Il/I + rr + + J{ - . The 

magnetic fi eld and the SPEAR beam pipe arc perpend icular 10 the plane of the figure. 
The ISO-MeV pions bend more in the magnetic field than do the I.S-GeV electron and 
positron emincd in the decay of lhc 1/1. Adapted from G. S. Abrams et aI. , Phys. Re\~ Left. 
34, 1181 (1975). Given the difficulty that ensued in find ing the "right" naIne for the J I if! 
particle, many SLAC physicists could not resist wearing T-shirts showing this picture, 
indicating how nature seemed to come down on the matter. 

EXAMPLE 10.9 Construct a Feynman diagram for the decay A 0 -? P + ,, - . 

SOLUTION Fig. 10. 32 shows the Feynman diagram. The A 0 baryon is a lids bound 

state. The strange quark decays into an up quark by emin ing a W - boson, which 

subsequent ly decays into a down quark and an anti-up quark. Strictly, either of the 

d quarks in the fina l state could be grouped wi th the ii to make a ,, - meson. 

Neutrino Oscillations 

This mi xing, as it is calle(~ of d and s quarks in the coupli ng to the W boson is apparently 

repeated in the lepton sector as wcll and is the resolut ion of a long-standi ng mystery. 

Let 's start with a description of the mystery. Recall from our d iscussion of nuclear fusion 

in Section 9.5 that the initial react ion in a series of react ions [see (9.66) th rough (9.68)] 
responsible for powering the SUIl is the weak interaction 

p + p -? d + e+ + Ve + 0.4 MeV (10.54) 

where here d is the deuteron. The power output of the Sun is well known and conse­

qucnt ly so should be the number of nuclear reactions tak ing place in the Sun's in terior. 

Each convers ion of four protons into an alpha particle releases two electron neutrinos, 

as summarized in (9.69). Consequently, we expect a huge fl ux of ncutrinos (roughly 

100 bill ion per square cent imeter per second) from the Sun to be incident on the Earth 
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(see Problem 10. 13). Although the cross section for neutri no interactions is very small , 

it is possible to predict, using the theory of weak in teractions and our understand ing of 

the workings of the inte rior of the Sun, how many neutrinos should be detected in, say, 

an underg round detector that is sufficiently isolated from cosmic ray background. The 

first experi ment to detect solar neutrinos was carried out by R. Davis in a gold mine in 
South Dakota wi th a vat about thc size of a swim ming pool fi llcd with C2Ci4 (cleani ng 

fl uid). Electron neutri nos interact with chlorine at0 1115 via the reaction 

( 10.55) 

In particular, 37CI is converted to 37 Ar, wh ich is rad ioact ive w ith a ha lf-life o f 35 days. 

Davis isolated the argon and measured its radioactivity. In the initia l experiment , a few 
argon atoms each 1110nth were expected. In this experiment and in other more recent 
experiments, the number o f neutrinos detected is roughly one-th ird to one-half of that 

predicted by theory, generat ing what has been called the solar neutr ino problem. 

The resolution of the solar neutri no problem resides in the sort of mi xing that occurs 

between d and s quarks in ( 10.52) and (J 0.53). To make this discuss io n as straightforward 

as possible, let's focus on two neutrino types, Ve and vI'" Assume that these neutr inos arc 
the analogues of the d' and S', that is, 

Ve = VI cose + 1)2 sin e (1 0.56) 

and 

Vfl = -VI sin e + 1)2 cose (10.57) 

where 0 is yet another mixing angle, different in value from the Cabibbo ang le (or, for 

that matter, the Weinberg angle). The VI and V2 are presumed to be the energy eigenstates 
(l ike s and d). If the corresponding energy eigenva lues E, and E2 are d ifferent, then the 

superpositions in (10.56) and ( 10.57) are time dependent: 

(10.58) 

and 

(10.59) 

where v, (O) is the amplitude of an electron neutrino at t = 0 and v,,(O) is the amplitude 

ofa muon neutrino at t = O. If we presume that v,(O) = I and v"(O) = 0, as would be 
the case for the neutrinos produced by the Sun, then 

and hence 

v,(O) = v, cosO and V2(0) = v, sin 0 

v, (t) = v,(O)e-'£" /" cosO + v2(0)e - I £"/,, sinO 

= ( cos2 8e- iE,' / fI + sin2 8e- i £ 21/ fi ) ve(O) 

( 10.60) 

( 10.6 1) 

The probabil ity of the neutrino being an electron neutr ino at time 1 is therefore given by 

= I - si n'(20) sin2 [(E, - E,)t / 2fl 1 ( 10.62) 
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Neutrinos are genera lly ul trarelativistic. Presuming that pc » IIIC', we can use the 
binomial expansion to approximate the energy 

and there fore 

m?c2 
1+-'­

p' 

111 ~c3 
~pc +-'-

2p 
( 10.63) 

( 10.64) 

Thus measurements of the rate of neutrino oscillations perm it us to determine the di f­
ferences in the square of the masses of the neutri nos. 

Figure 10.33 shows the experimen tal setup for the Super-Kamiokande experiment, 
one of the reccnt experiments that has provided strong evidence for neutrino oscilla­
t ion. The Super-Kam iokande experiment consists of 50,000 metric tons of ultra pure 

water in a rank surrounded by 11,000 photomu ltipliers, each 50 cm in diameter. The 

Figure 10.33 The Supcr-Kamiokande detector partially filled with water. The leptons 
produced by neutrino in teractions in the water emit Cerenkov radiati on that is detected by 
the photomultipliers lini ng the tank. [Courtesy Kamioka Observatory. leRR (Institute for 
Cosmic Ray Research), The Un ivers ity ofTokyoJ 
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detector is located underground in an act ive zi nc mine in the Japanese Alps. Not only is 

Super-Kamiokande capable of detecting solar neutrinos, but it can also observe the 

neutrinos that are generated in cosm ic ray collisions in the atmosphere. Cosmic ray pro­
tons striking the nuclei of ai r molecules produce pions. The predominant pion decay 

modes 

(10.65) 

and 

(10.66) 

generate a fl ux of muon neutrinos. Cosmic rays strike the atmosphere on all sides of 

the Earth and the probability that a muon neutrino scatters in traveling up th rough the 

Earth is small , as indicated in Fig. 10.34. Without neutrino oscillation there should be 

equal fluxes of energetic muon neutrinos entering the tank of water from above and 

from below. But in fact the number from be low is less than the number from above 

because the neutrinos from below trave l farther and therefore have more time (distance) 

to oscillate into tau neutrinos. The energy of the incident neutrinos is not large enough 

to produce a tau lepton and thus these neutrinos do not produce a charged lepton in their 

passage through the water and are not observed. Figure 10.35 shows the probability of a 

muon neutrino remaining a muon neutrino as a function of distance traveled. Similarly, 
electron neutrinos from the Sun that oscillate into muon neutrinos do not have sufficient 

energy to create a charged muon and thus cannot interact through W exchange with the 

material in the target. 
The results from Super-Kamioka nde as well as a number of ot her experi ments show 

(lIIl-lIIlJe' = 8 x 10- 5 eY' and sin ' (2&,,) = 0.86, with uncertainties on the orderof 5%. 

The data also indicate that (lIIj-lIIlle4 is on the orderof2 x 10- 3 ey2 and sin' 1123 = 1.0, 

with a larger uncertainty. An upper lim it on the mass for the e lectron neutrino of 2.2 eY 

comes from measuring the energies of the most energetic electrons emitted in the beta 
decay of tritium, while comparable upper limits on the mass of muon and tau neutrinos 

Isotropic nux Zcr~ ith 

of cosmic rays I \ : 01 
\- SK 20km l 
f '~IOOO/ R / 

~ f'~/ " 
Zen Ith / R 

}/ \ 
\-'-1 ~~~ 

Figure 10.34 Cosmic rays strike the atmosphere of the Earth from 

all sides, producing charged pions which dccay predominmcly 

into muons and muon neutri nos. Consequently, without neutrino 

osc illations the flux o f muon neutrinos entering an underg round 

detector should not show any dependence on the angle 8. 
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i-+---------Diameter of Earth -----------+-1 
P( I/~ - IJ/-.) = l -s in 228si n2( 1.27dm2UE) 

Neutrinos that travel 
shon distances keep 
their ori gi nal n <lvor 

lOO%~ ~------~--------__ _ 

10 10' 

Neutrinos that trave l long 
distances have roughly 50% 

chance 10 have changed navors 

10' 10' 
Neutrino n ight distance (km) 

Figure 10.35 The probability ora muon neutrino remaining a muon neutrino as a function 

of distance traveled by the neutrino. The prob<Jbility for a muon neutrino to remain a 
muon neutrino is the same as the result (10.62) with vIA replacing Ve and E 2. - E I replaced 
wi th £3 - £2 = (m~ - mDcl / 2p ;;: 6m 2c] j 2p since V,I oscillates mainly into Vr . The 
time 1 in ( 10.62) is set equal to Lie, where L is the distance traveled by the neut rino. The 

numerical value in the argument of the sine funct ion arises from presuming that 6m 2 is 
measured in cV2 , L in meIers, and E in MeV. Note that the horizontal axis is a log scale. 
The first min imum in the oscillation occurs for nelltrinos tha t travel five hundred 
kilometers. (Courtesy M. Messier) 

are in the MeV range. The natural presumption is that all th ree masses are near zero, but 
the neutrino oscillation results are sens itive only to differences in mass. 16 

Neutrinos are everywhere. Not on ly do stars emit a large flux of ncutri nos, as has been 
noted, but therc is a cosmic background radiation of neutrinos that consists of roughly 

300 neutrinos per cubic centimeter throughout the universe. This background radiation 
of neutrinos is somewhat cooler than that for photons, because the neutrinos decoupled 
from maner very shortly after the Big Bang because ofthc ir weak interaction with matter. 
These neutrinos contribute to the energy density of the universe in a form that is ca ll cd 
hot dark matter- hot because the neutrinos are moving at ultrarclat ivisti c speeds and 

16Thc observation of neutrino oscillations was startling to many physicists. Neutrino osci ll ations 
cannot take p lace unlcss tbe ncutrinos have different masses, i.e .• difTerent energy eigenvalues. The 
presumption had been that the masses were a ll zero, since there were no fact :; to the contrary and it was 
difficult to understand if neut ri nos had a mass why it would be so small. 
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dark because they are ncarly undetectable apart from gravitational effects. A limit on the 

sum of the masses of all three flavors of neutrinos of less than I eV can be inferred from 

the limits placed on the amount of hot dark matter in the universe. A larger amount of 

hot dark matter would generate a di stribution of galax ies in the universe as a whole that 

wou ld be in disagreement with what is observed. 

10.7 Symmetries and Conservation Laws 

In our discussion of particle phys ics, we have made use of a variety of conservation 
laws, including conservation of energy, linear momentum, angular momentum, charge, 
and color. As we will d iscuss in this section and the next, there is a very deep connec­

tion between conservation laws and an associated underlying symmetry in the laws of 

physics. We will also discuss the discrete space-time symmetries of parity, charge conju­

gation, and time reversal and the discovery that the weak interactions do not possess the 

same discrete spacc~time symmetries as do the strong and electromagnetic interactions. 
To see the connection between symmetries and conservation laws, start with (5.73), 

namely 

d (A) i 100 
* 100 

aA o -- = - \jJ [H, Aop]\jJ dx + \jJ '--P \jJ dx 
dl h _00 -00 al 

(10.67) 

where [H, Aop] = H Aop - AopH is the commutator of the Hamiltonian wi th the operator 

correspond ing to the observable A. Recall that we derived this result by taking the time 
derivative of 

(10.68) 

making use of the fact that the time dependence of the wave fu nction is governed by the 
Schr6dinger equation 

(10.69) 

where H is the Hamiltonian. A conserved quantity is one for which (A ) is independent 
of time. 

Linear Momentum and Energy 

Let's fi rst take a look at conservat ion of linear momentum in one dimension, for which 

Since 

,2 
H I x" V( ) = -+ x op 

2m 

__ x = _ \jJ ' [H ]\jJ dx d (/' ) i 100 

d I " -00 ' Px" 

for linear momentum to be conserved, we require 

[ p

2 

1 [fI, PXOI'J = 2;; + V(xop ), PX<>p 

=0 

(10.70) 

( 10.71) 

(10.72) 



352 Chapter 10: Particle Physics 
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Figure 10.36 (a) A constant potential energy is transiationally inva riant. (b) The potential 
energy of the harmonic oscillator does not exh ibit translationa l symmetry. 

The linear momentum operator clearly commutes with itself and 

(10.73) 

Therefore, linear momentum will be conserved whenever V(x) is independent of x , that 
is, V(x) = Vo, where Vo is a constant, as ill ustrated in Fig. 10.36a. 

A symmetry operation is an operation that leaves the system invariant, or unchanged. 
rn this case, we say the system has translational invariance since the potential energy 
satisfies V(x + a) = V(x) for any a. Put another way, V(x) is independent of where 
we position the origi n of our coord inate system. Contrast th is constant potential energy 
with that orthe harmonic osci llator V(x) = I/Iw'x' / 2, shown in Fig. 10.36b. For the 
harmonic oscillator, there is no translational invariance. The potential energy varies with 
the positi on x and the origin in Fig. 10.36b is that special point at wh ich the potential 
energy is a minimum. Applyi ng ( 10.71) to the harmonic oscillator, we obtain 

d (Px ) , 
-- = -I/IW (x ) 

dl 
(10.74) 

which is j ust Hooke 's law expressed in terms of expectat ion va lues. Thus when we do not 
have translational symmetry, linear momentum is not conservcd. Our results arejust what 
we might expect fi'om classical physics, just phrased somewhat differently, si nce if the 
potential energy is independent of x, then the force F = -av/ax vanishes, indicating 
the momentum is conserved. 

Simi larl y, if the Hamiltonian is invariant under time translations, that is !-I is inde­
pendent of time, then of course a 1-1/ al = O. Consequently, (10.67) tells us that energy 
is conserved since the Hamiltonian commutes with itself. 

This translational invariance is actua lly built quite deeply into the way we think about 
the worl d. For example, when we measure the li fetime of an exc ited state of hydrogen, we 
natun!lly expect that we will get the same answcr i f we were to perform the experiment in 
a different part of the room or indeed in a differe nt lab, perhaps one in another country. 
Why do we believe this? One can say it is due to the homogeneity of space, the fact that 
the physics is translationally invariant. The confirmation is how deeply we believe in and 
have experimental evidence for conservation of linear momentUIll . 

Angular Momentum 

We now turn to conservation of angular momentum. If the potential energy is rotationally 
invariant, that is V = V(I") , independent oro and <p, then 

-- = - \jJ H L- \jJ, I" = d(l-J i J . [ 1 ,3 0 
d t Ii ' - op 

(10.75) 
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z , x' 

(a) (b) 

Figure 10.37 A schematic diagram illustrating the effect of (a) rotating an 
experiment by angle ¢ counterclockwise about the z axis and (b) kee ping the 
experiment fixed and rOlating the coordinate axes by angle cJ> clockwise 

about the z axis. 

si nce the Hami ltonian and the operator corresponding to the z component of the orbi tal 
angular momentum 

Ii a 
i a<l> 

(10.76) 

coml11l1te,l7 This is consistent with what we know from classical phys ics for a system 

with central fo rces since the torque r x F vani shes when the force F is parallel (or 
antiparallel) with the rad ius r , as wi ll be the case when V = VCr). 

Testing rotational invariance in the lab would require us to take the experimental 

equipment and rotate it counterclockwise, say by an angle 4> about the z ax is, and perform 
the experiment aga in, as indicated in Fig. I 0.37a. Tak ing a complex piece of experimenta l 

apparatlls, say one that is care fully aligned, rotating it, and performing the measurements 
again is an experiment that we seldom do. We do, however, often do something com­
parable, namely we may choose to ana lyze the experiment from a diffe rent coordinate 

system, say one that is rotated clockwi se by angle <I> about the z axis, as indicated in 

Fig. 10.37b. We learn from the very beginni ng in physics that we have the freedom to 
orient our coordinate axes in any way we choose. Why are we so comfortable doing this? 

Why do we believe so naturally in the isotropy of space? The answer is all the evidence 
that we have for conservation of angular momentum. 

Parity 

Just as it seems common sense that we have the freedom to translate or rotate our 
coordinate axes at our discretion, one wou ld suppose that we could equally well invert 

our coordinate axes in analyzing a particular experiment. Inverting the coordinate axes 
turns a right-handed coord inate system into a left-handed one, as indi cated in fig. 10. 38. 

17Similarly, L s op and L )'op depend only on angles as wcll and commute with thc J-hlllliltonian when 
the potential energy is a function ofr only. 
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Figure 10.39 Schematic 

diagram orc- s. Wu's 
experiment on the beta decay 
of 6O Co nuclei, which are 
located at the center of a 
current-carry ing wire. The 
electrons arc preferentially 
em itted opposite to the 

direction of the magnetic field. 
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Figure 10.38 Inversion of the coordinate axes. 

The coordinates of the position vector r are consequently inverted: 

r= (x,y,z) ..... (-x, -y, -z) = - r ( 10.77) 

Inversion symmetry is close ly connected to mirror symmetry. A mirror reflection, onc 
in which j ust one of the axes is inverted, say 

(x,y,z) ..... (x, -y,z) (10.78) 

can be obtained from an inversion of coordinates fo llowed by a rotation of 1800 about the 
y axis. Si nce the laws of physics arc rotat ionally invariant, these laws should also look 
the same in a mirror if it doesn't matter whether we use a right-handed or a left-handed 

coord inate system in OUf analysis. 
As we noted in Section 5.1, the quantum mechanical operator that inverts the coor­

dinates of the wave function is the parity operator 

n1/l(x,y, Z) = 1/I(-x, -y, -z) (10.79) 

Since 

d (n ) .100 

- , - = ~ \jJ ' [H, n] \jJ dl
,. 

(, t 11 - 00 
( 10.80) 

if the Hamil tonian commutes wi th the parity operator, then the expectation value of 
the parity does not change with time and parity is conserved. The underlying symmetry 

associated with conservation of parity is the invariance of the laws of physics to switching 
from a right-handed to a left-handed coordinate system. 

There is a lot of ev idence that the strong and electromagnetic interactions conserve 

parity. In trying to SOri out a puzzle involving the decays of the K mesons, T. D. Lee and 

C. N. Yang proposed in 1956 that perhaps parity is not conserved in the weak interactions. 
Moreover, they noted that whether parity was or was not conserved had never been tested 
by experiment. Subsequently, C- S. WU examined the beta decay 

"'Co ..... 60 Ni +e- + D, ( 10.81) 

for cobalt nuclei that had been cooled to low temperature in a strong magnetic field. A very 

schematic diagram of the experiment is shown in Fig. 10.39. Because 60CO has a large 
intrinsic spin and consequently a large magnetic moment, the nuclei align themselves in 

the magnetic fie ld before the decay. In the decay more electrons are emitted antiparallel 
to the magnetic fi eld than parallel to the magnetic fie ld. Whi le this result sounds fairly 

innocuous, it is clear evidence for nonconservat ion of parity. After all , the direction of 
the magnetic fie ld is determined using the "right-hand rule." You wrap your right hand 
around the current loop in the direction of the current and your thumb then points in the 



Section 10.7 Symmetries and Conservation Laws 355 

y 

x 

Figure 10.40 A hand and its mirror image. 

direction of the magnetic field. Thus by analyzing the 60CO beta decay, we can determine 
unambi guously what is right handed by noting that the electron s are emitted preferent ially 

opposite to the direction of your thumb if you use the right-hand rule. If on the other 
hand, had you used your left hand to determine the magneti c fie ld direction, you would 

then say the electrons are preferentially emi tted para lle l to the direction of your thumb 

on that hand. In this sense, the experiment seems to say that the weak interactions are 
left handed. But whether something is left or right handed depends on whether you use 
a right-handed coordinate system, as the mirror image of a hand in Fig. 10.40 shows. 
Thus the result of this experiment is cvidence for non conservation of parity. 

Thi s description of the beta decay of 60 Co may rai se questions about conservation of 

parity in the e lectromagnetie interaetions. AReI' a ll , don't eleetromagnetic interactions 

depend on the right-hand rule? That is how we detemlined the direction of the magnetic 

field from the current carrying wire. But in electromagnetism the fi elds are used to de­
termine the direetion of forces on eharged particles. If you examine the Lorentz force 
law F = q E + q v x B, you sce that to determine the direetion of the magnetic force, 

which involves a cross product, we use the right-hand rule twice, once to determine the 
direction of the magnetic field and once to determine the direction of the force. Apply­

ing the right-hand rule tw ice gives the same result as applying the le ft-hand rule twice. 

Thus as long as we are consistent, whether we use the right-hand rule or the left-han d 

rule for electromagneti sm, we obtain the same results. There is no distinction between a 
left-handed versus a ri ght-handed coordinate system. Consequently, all electromagnetic 
processes conserve parity. And although the beta decay of 60Co is just one mani fes ta­

tion of nonconservation of pari ty in the weak interactions, all weak processes violate 
conservation of pari ty. It is a hallmark of the weak interactions. 

Charge Conjugation and Time Reversal 

For a brief period of time after the discovery of nonconservat ion o f parity, physicists 
thought there was a way to restore the symmetry that had been lost to nonconservation 

of parity. In particular, they hoped that even if the weak interactions were not invariant 
under inversion of coordinates, they might be invariant under the combined operations of 

inversion and charge conjugation. In charge conjugation, every particle is replaced with 
its antiparticle. The electromagnetic interaction between an antiproton and a positron in 
an antihydrogen atom , for example, is identical to that between a proton and an electron 
in a hydrogen atom. The energy levels, the decay rates, a ll the physics that is due to 

electromagnetic interactions docs not perm it LI S to distinguish the particle worl d and the 

antipartic le world. The physics is the same for both, at least as long as we restri ct ourselves 
to electromagnetic interactions. Since electromagnetic interactions are invariant under 
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Figure 10.41 A mirror that combines the operations of inversion and charge conjugation 

(a CP mirror) restores the symmetry in the beta decay of 60 Co. In the lab, electrons are 
emitted preferentially opposite to the magnetic fie ld, which is also truc for the positrons 

observed in the CP mirror. 

inversion of the coordinates as well, these interactions are invariant under the combined 
action of charge conjugation and inversion, an action that is typ ically referred to as ep. 

Let's go back to the Wu experiment and consider the combined actions of invers ion 
of the coordinatcs and thc rcplacement of each particle by its antiparticle. Suppose there 

is a mirror on thc cei ling of the lab, as indicated in Fig. 10.41. The direction of current in 

the lab is the same as in thc mirror, but the direction of the em itted electrons is reversed 

in the mirror. As we have noted, the physics is not symmetric in the lab and in the mirror 

image of the lab, that is in a right-handed and a left-handed coord inate system. But 
suppose the mirror is not an ordinary mirror, but rather one that combines the operations 

of charge conjugation and inversion (a CP mirror). In the CP mirror, the decay is 

(10.82) 

Wh ile the posit rons emilled in thi s beta decay tTavel in the opposite direct ion to that 

observed in the lab, the magnetic field in the CP mirror is reversed as well because the 

di rection of current flow in the CP m irror is opposite to that in the lab since the charge 

carriers are the antiparticles of the ones in the lab. But with both the direction of the 

positrons and the magnetic field reversed in the CP mirror, more positrons come out 
anti parallel to the magnetic fie ld, just as the electrons do in the lab. Thus the symmetry 

has been restored. 
Until 1964 there was reason to believe that the weak interactions were invariant under 

C PO But in that year in an analysis of the decays of the KO mesons it was discovered 
that there is a small violation , at the level of a couple of parts per thousand, in C P 
conservation. This CP non conservation is to be contrasted with nonconservation of parity, 

which one can say is max imal in the sense that if a system starts in an eigenstate of 
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pari ty with eigenva lue + I, it is equally likely to evolve into a sta te that has pari ty + I 
or one that has parity - I, a ll other things being equal. A lthough the v iolation o f CP 

conservation is a small one, the effect can be seen because of quantum interference 

effects in the time evolution of the KO- ko system- interference effects that are very 

similar to those respons ible for neutrino oscillations. One of the in terest ing implications 

of non conservation of CP is that time reversal must also be violated, since it can be shown 
that any theory that respects both quantum mechanics and special rela tivity conserves 

CPT, where T stands fo r time reversal. Thus if CP is violated and CPT is conserved, T 

must be violated as well. 

One of the virtues of CP nonconservation may be our very existence . We live in a 

universe that started as a Big Bang in whi ch partic le and antipart ic le creation and anni­

hilation occurred at the same rate, as is c lear from Feynman diagrams such as that shown 

in Fig. 10.11. But the universe now is dominated by what we call matter, not ant imatter. 

How did this asymmetry arise? As was noted by A. Sakharov, a necessary cond ition 

for the predomi nance of matter over antimatter is CP nonconservation in the laws of 
physics . T hus our universe would be a very di fferent place w ithout CP nonconservation. 

Interestly, it can also be shown that CP non conservation requires three generations of 

quarks/leptons, since the generalization of the mixing angle to three generations demands 

a matrix with four parameters, onc of which must be a complex phase associated with CP 
nonconservation. While we do not know yet at a fundamental level why we have three 
generations of quarks/ leptons, it seems that without three generations life as we know it 

could not have developed. 

EXAMPLE 10.10 Show that total momentum is conserved for two particles that 

interact through a potential energy V(XI - x , ). What symmetry does the potential 
energy possess? 

SOLUTION First note tha t for th is potentia l energy the system is not trans latio nally 

invariant for XI --> XI + a, that is if we change the position o f one of the particles 

but not the other, the potential energy varies . On the other hand, if we make the 

simultaneous transformation Xl --+ X I + a and X2 40 X2 + G , then the distance 
separating the part ic les does not change and neither does the potential energy. The 
total momentum operator is 

r,a lia 
p = - -+--

:Cop i aX1 i aX2 

The commutator of the total momentu m operator and the Ham iltonian reduces to 

[p /1(. _ .)] _ (~ a V(XI - x,) Ii a V(XI - X' )) _ 
" .\ I .\ , 1/1 - + 1/1 - 0 
. op i aXt i aX2 

where in the last step we have taken advantage of the fact that 

a a 
- V(XI - x , ) = -- V(XI - x, ) 
aXI ax, 

It is interesting to note the similarity in this derivation wi th the comparable 

result in classical physics, where the force on particle I is FI = - a v laxl and 

the forc e on partic le 2 is F, = - a v lax,. For the potenti al energy V(XI - x,), 
F t = - F2, a statement of Newton 's third Jaw, and therefore F1 + F2 = 0, indicating 
the total momentum is a constant. 
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10.8 The Standard Model 

One fundamental conservation law that was not included in our discussion in the previous 
section is conservat ion of elecrric charge. Given the connection that we have establi shed 

between a conservation law and symmetry, it is natural to ask what symmetry is associated 

with conservation of charge . It turns out there are actually two closely intertwined sym­
metries, namely gauge invariance in Maxwell's equations and overall phase invariancc 
in quantum mechanics. 

Let's start with Maxwe ll's equations. One of Maxwell 's equations, Gauss's law for 

magnetism, in d ifferential form requires the magnetic fi e ld B to satisfy 

(10. 83) 

A way to be sure the divergence of the magnet ic fi e ld vanishes is to write 

B =VxA ( 10. 84) 

since the divergence of a curl is zero. The vector field A is known as the vector potential. 

When we substitute B = V x A in to Faraday 's law in differential form 

we obtain 

Thi s eq uat ion is sati sfied prov ided 

aB 
V x E =- ­at 

aA 
E+ - = -V<p at 

since the curl of a gradient vani shes. Consequently, 

JA 
E=-V<p-­at 

The scalar fi e ld <p is ca lled the scalar potential. 

( 10.85) 

(10.86) 

( 10. 87) 

(10.88) 

Within c lassica l physics, A and <p are auxilia ry fi e lds that are introduced to facilitate 

the calculat ion of E and B. The scalar potential is part icularly usefu l in electrostatics, 

since it is often easier to calculate the scalar <p for some charge distribution and then take 

its g radient than to calculate the vcctor E d irectly. The fie lds A and <p are not considered 

to be physical fields s ince it is possible to modify them according to 

A-+A+VX and 
ax 

<p-+<p--at ( 10.89) 

where X is an arbitrary sca lar field, without affecting the electr ic fie ld E and the magnetic 

fie ld B. See Problem 10.1 6. A simple ill ustration is the freedom we have to set the value 

of the scalar potent ial at some point (say the point at infinity or perhaps the point we call 
ground in a circuit) to zero. We could just as easily define it as 100 V without affecting 

any of the physics. It is on ly potentia l differences that matter. T his shift in the zero of 

the scalar potential <p is a spec ia l case of the more general gauge transformation shown 
in (1 0. 89). Consequently, the fi e lds A and <p are ca lled gauge fields. And the fact that E 

and B are not affected by a gauge transformation is referred to as gauge invariancc. 
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While providing a rigorous proof of the connection between gauge invariance and 

conservation of charge is beyond the scope of this text, following E. Wigner we can give 
a heuristic argument that shows they are connected. Start by assuming that charge is not 
conserved and a charge is created at a point in space at which the scalar potential has the 

va lue <po The energy to create thc charge must be independent of the value of <p by gauge 

invariance. If <p is spatially dependent, then according to ( 10.88), there is an electric 

field present that wi ll accelerate the particle to a reg ion where the scalar potential has 

a di fferent value, say <p'. If the charge is now presumed to d isappear, the energy gained 

in thi s annihilat ion must be independent of the value of <1/ , again because of gauge 
invariance. But the particle has gained kinet ic energy q(if) - <1/ ) in this movement, energy 
that could, for example, be llsed to run a perpetua l motion machine. I f we preslIme that 

this is crazy, that energy is conserved, then charge must be conserved as well. 
Now we turn to what at first looks li ke an unrelated synunetry that is deeply embedded 

in quantum mechanics, namely overall phase invariance. If you take any wave function 
and change the overa ll phase 

lj;( r , I) ---+ e"lj;(r, I) (10.90) 

there wi ll be no change in the probab ili ty density lj; ' (r , I)lj;(r , I) or in any of the prob­

abili ties IclZ 12 = II ¥r,7vld3r l2 that we calcu late from this wave function. In maki ng the 
case for overall phase invariance, it is important to note that the phase 8 is independent 
of space and time (and consequently the phase change can be described as a global 

phase change). Otherwise not only will the le"I' be affected, but in addit ion the change 
generated in ( 10.90) will modify the fund amental equat ions, such as the Schr6dinger 

equation, that involve derivat ives of the wave function . I f we were to cons ider what is 
termed a local phase change on the wave function for a part icle with charge q of the 

form 

lj;(r , I ) ---+ elqx tU )/" lj;( r , I) ( 10.9 1 ) 

where x(r , I) is an arbitrary scalar fie ld, then a partial derivative of the wave function , 

say with respect to x, becomes 

a . lj;'--:C-(r.:..., -,-I) l'lxln )/" (alj;( r , I) iq a x(r, I) ) - ---+ e ' + - lj;(r I) ax ax Ii ax ' ( 10.92) 

and a partial de rivat ive with respect to I becomes 

alj;(r, I) ---+ el"xlU )/" (alj;(r, I) + iq 8x(r, I) lj;(r , I)) 
al al Ii al ( 10.93) 

The whole idea of phase invariance is that the overa ll phasc not havc observable conse­

quences. But in ( 10.92) and in (10.93) we see the presence of an extra term involving 

the derivative of the phase. Such a term shou ld not be present if quantum mechanics 

is to be locally phase invarian t. The equat ions themselves should not be modified by 
making such a phase change. Now the argument for expanding global phase invariance 
to local phase invariance may not be an easy sell for nonrelativistic quantum mechanics 
(and therefore for the Schrodinger equation), but in relativistic quantum mechanics it is 
natural to ask why we should requi re that the overall phase change that we are making, 
say at a particular time (, should be the samc everywhcre in the un iverse, since it would 
take a time d Ie for the information about the phase change to propagate a distance d to 
some other point in space. 
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The way to ensure local phase invariance is to require that every derivative be accom­
panied by an extra fi eld. For example, you can check that if each partial derivative with 
respect to x is mod ified according to 

lia fla 
-- -> -,- - - qA,. 
i ax ( ax (10.94) 

then the extra term that ar ises in (10.92) will be cancelcd out and the equat ions themselves 
will suffcr only an overa ll phase change of e',,* ·I)I" provided that simultaneously with 
the change (10.91 ) we change A, via 

ax 
Ar -+ II , + -. . ax (10.95) 

To accomplish the same trick for the partial derivatives with respect to y and z, we need 

additional fie lds Ay and A,. The three fields A" Ay, and A, form a vector field A. The 
spatia l derivatives then all enter in the form 

fI fI 
-,- V -> -,- V - qA 
1 1 

(10.96) 

with 

A -> A + VX ( 10.97) 

the genera lization of( I 0.95) to th ree dimensions. Similarly, if the partial derivatives with 
respect to t are modified according to 

a a 
ifl - -> ifl - - q cp at at (10.98) 

where cp is a sca lar field, then the extra term in (10.93) will also be canceled out provided 

aX 
cp ->cp- ­at (10.99) 

Thus the overall physics will not be affectcd provided we introduce a vector field A and 

a scalar fi eld cp according to ( 10.96) and (10.98), respectively, and require that 

aX 
A-->A + Vx and cp->cp- - ( 10 .100) at 

when 

t/! (r , t ) -> e,qxtLl)I"t/! (r , t ) (10. 10 1) 

What are these fie lds A and cp? They are the same auxiliary fie lds that we introduced 

in our di scussion of gauge invariancc in Maxwell 's equations. But now sec that they are 
not merely auxiliary fie lds. Rather A and cp are essential field s that undergo the gauge 

transformation (10.100) when the local phase change (10.10 1) takes place. Thus local 
phase invariance for charged particles requires the introduction of e lectromagnetic fields. 

For example, implement ing loca l gauge invariance for the Schr6d inger equation for a 
free particle wi th charge q by making the changes ( 10.96) and (10.98) leads to 

_I (~V-qA)' t/! = i flat/! -qcpt/! 
2»1 1 at (1 0. 102) 

or 

I (fI) ' at/! - -,-V-qA t/!+ q cp t/!=ifl -
2m 1 a T 

( 10.103) 
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which is the Schr6dinger equation for a particle with charge q interacting with an 

electromagnetic field. The qrp te rm is, of course, the potential energy of the particle 
[- e2/(4rrEor) for the hydrogen atom, for example], whi le the terms involving A are 
needed to include the effects of magnetic fi elds in the Hamiltonian. Thus not only is 

there a symmetry ca ll cd local gaugc symmetry (or gauge invariance) connected with 
conservation of charge, but thi s symmetry requires the existence of electromagnetic 

fields, fie lds that sa tisfy Maxwcll 's equation. IS 
What about conservation of color? A similar local gauge invariance applies to the 

color charges of the quarks. In this case, the analogue of ( I 0. 1 0 I) is a generalized rotation 
that arises from the principle that the strong interactions between quarks are invariant 
under a transformation that nlrns: say, a red quark into an arbitrary linear combination 
of a red, a green, and a blue quark, subject to the constraint that the transformation not 

affect the probability that a quark exists. Requiring that the laws of physics be invariant 
under such transformations that differ at different points in space and time dictates the 
existence of eight color gauge field s. These arc Ihe fie lds that givc rise to the eight types 
of gluons that mediate the strong interactions. The equations satisfied by the gauge fi elds 
and the quarks are the equations of quantum chromodynam ics. It is this local gauge 

invariance argument that permits us to deduce these equations despite the fact that the 
strong interactions arc short-range interactions that do not have a classical limit, unlike 

Maxwell's equations whose ex istence was deduced by Gauss, Faraday, Ampere, and, of 
course, Maxwell long before thc advent of quantum mechan ics. 

The model in which the strong and electroweak interactions are mediated by gauge 
fields is called the Standard Model. It has been spectacularly successful in its agreement 
with experiment. While the theoretical predictions of the Standard Modcl have not been 
carried out across the board to the extent that they have in QED [scc (10.25)], there are 

no confirmed disagreements between theory and experiment. One key element of the 
standard model has not yet been di scovered, however. There is a scalar field, called the 

Higgs field , that is required to break spontaneously the gauge symmetry in electroweak 
interactions. Th is Higgs field is respons ible not on ly for the large masses ofthc W ± and 
ZO but also for the masses of all the quarks and leptons. It should also mani fest itsel f in 

the existence of at least one spin-O particle called the Higgs boson. As the Large Hadron 
Collider (LHC) begins operation at CERN, physicists are optimistic that the Higgs boson 
wi ll be found, thereby completing the Standard Mode l. 

Spontaneous symmetry breaking in quantum field theory is a complex phenomenon 

that is beyond the scope of this text. A couple of the interesting features of spontaneous 
symmetry breaking are captured, however, in a simple physical example. Consider a 
flexible plastic needle that is placed under stress in the vertical direction by uniform 

inward pressure. Even though the system initia lly has rotationa l, or azimuthal symmetry 

about an axis passing through the needle, under this pressure the needle bows laterally as 
shown in Fig. 10.42. The direction of the bowing, say to the left or to the right to pick two 

of the infinite number of possibilit ies, cannot be predi cted. Nonetheless, such bowing 
is essential if the system is to find its lowest encrgy state. Thus we say that the ground 
state of the system "breaks" the (azimuthal) symmetry that the system possesses. Note 

18Somctimcs ( 10. 101 ) is referred to as a local gauge transformation or tlle first kind while (10. 100) 

is referred to as a gauge Iran formal ion orthe second kind. But it is probably best to think ofthcrn as a 
unit, namely a local gauge transfonnation. 
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Figure 10.42 Spontil llcOlIS symmetry breaking in a flexible 
plastic needle. 

that if we perturb the system by applying an additional force to the needle perpendicu lar 

to the plane of the figure, the need le spins easily about the axis. On the other hand, 
pushing radially inward or outward on the needle causes the needle to oscill ate. Thus 
the dynamics are very different in response to these two perturbations. In quantum field 
theory, the "easy" azimutha l excitation leads to a massless partic le, while the "harder" 
radial excitation leads to a particle with nonzero mass. 

One of the disconcert ing aspects to the Standard Model is the large number ofparam­
eters that need to be specified in the model, including such paramcters as the va lue for 

the fine structure constant Ct, the masses of the leptons and the quarks, the variolls mi x ing 
angles, and so forth. Since the strong and clectroweak interactions are loca l gauge theo­
ries , there has been hope that these theories can be be joined together in a grand uni fied 
theory (GUT). Such a grand unified theory would logically tie togcther thc lepton and 
quark sectors, prcsumably through interac tions that would permit a quark to turn in to a 

lepton. Such interactions would naturally Icad to decays such as 

(10. 104) 

and would be med iated by very massive spin- I part icles. Searches fo r proton decay have 

been carried out with the same detectors that are lIsed as neutrino detectors. Reactions 
such as ( 10. 104) should produce a very clear signal. The Jr o decays with a li fe time 

of 10- 16 s into two 67.S-MeV photons. And the positron would annihilate with one of 
the many electrons in the detector, producing two O.S-MeV photons. Such a reac tion 

would bc hard to miss! So fa r, experimcn ts Stich as the Supcr- Kal11 iokande experiment 
described in Section 10.6 have put stTingent limits on the li fet ime of the proton. For the 
decay mode (10.104), r > 1033 yr. Since the age of the un iverse is "only" 1.4 x 1010 yr, 

a limi t of lO" yr may seem so large as to be irrelevant to everyday li fe. But reca ll 

that 

N(t) = N(O)e- II ' ( 10.105) 

and for t « r 

( 10.106) 



Thus we would expect on average one decay per year for every 1033 protons, correspond-
J 19 . h tl ing to a mass of roughly 1000 tonnes ( I ton ne = 10 kg). Expen ments sue as 1e 

Super-Kamiokande experiment should enable us to put stringent limits on the li fet ime 

of the proton and thus put limits on the mass of any heavy particles that mediate inter­
actions that convert quarks into leptons20 But because of the background due to I GeV 
neutrinos that are produced in cosmic ray showers in the upper atmosphere, the best even 
a detector as large as that ofS uper-Kam iokande can do is a limit of 1034 yr. Thus there is 

a relatively narrow window through which we may be able to obtain evidence in support 

of a grand unified theory. 

10.9 Summary 

The elementary particles consist of quarks, leptons, and gauge bosons. The quarks and 
leptons are spin· I 12 part icles while the gauge bosons are spin. I part icles. Strongly inter­

acting particles (hadrons) are grouped into baryons (hadrons with half-integral intrinsic 
spin) and mesons (hadrons wi th integral intrinsic spin). Baryons are composed of three 

quarks, and mesons are quark- antiquark pairs. There are six di ffe rent flavors of quarks 
( lI , d, S , c, b, and I) and six different types, or flavors, of leptons (e, Vel IL, v~ , r, and 
II,) as well . Moreover, the quarks come in three colors (called red, green, and blue). 

Just as electric charge is the source of electromagnetic interactions, color is the source 
of strong interactions. The leptons do not have color and thus do not participate in the 

strong nuclear force. Electromagnetic interactions are mediated by photons, strong in­
teractions arc mediated by giuons, and the weak interactions are mediated by the Wand 
Z bosons. In the Standard Model, each of these interactions is what is termed a local 

gauge theory, a quantum fie ld theory in which the fields that mediate the interactions 
arise from a symmetry principle such as local phase invariance. The Standard Model 

includes a unification of the weak and electromagneti c interactions, si mi lar in spirit to 
the unificat ion that takes place between electric and magnetic interactions in Maxwell 's 
equations. The search is on for a theory that unifies all the interactions. Such a theory 

would presumably yield connections between the many parameters that are now requ ired 
to specify the Standard Mode l. 

You may have noticed that we have left gravity out of our discussion of fundamental 
interactions and quantum mechanics. On the scale of particle physics, gravity is so much 

weaker than the strong and e lectroweak interactions that its impact on particle processes 
is negligible. On the other hand, if we wish to develop a theory that truly uni fi es all the 
in teractions, then grav ity should be included. While in general relativity we have a very 

successful and beautiful theory of grav ity on the classical level, so far there is 11 0 accepted 

19Stevc Weinberg has remarked that we know in our bones tha t the lifetime or the proton is greater 
than 1022 yr, since otherwise we would be lethal to ourselves from reactions such as (10.104). 

2oTo legislate against reactions such as ( 10.1 04).ever occurring, it was deemed necessary to invoke a 
new conservation law, namely conservation of baryon number. Within the quark model, we would say 
that each quark has baryon number 1/3 and consequently the proton and the neutron, for example, each 
has baryon number + I. In neutron decay (n -+ p +e- + Dr) ' baryon number is conserved. The prolon, 
on the other han{~ doesn't decay because it is the lightest baryon. 
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theory of gravity that includes quantum mechanics, with the possible exception of str ing 

theory. BU I so far, no one has been able to put string theory to the test requi red of any 

viable theory of physics, Ihat it y ie ld predicti ons that can be tested against experiment 

and observa tion. If thi s book has succeeded, it has g iven you a sense of how broadly and 
successfully quannlln mechanics has met this test. 

Problems 

10.1. Draw a Feynman diagram that wou ld contribute to 

bremsstrah lung (brak ing radiation), that is Ihe emiss ion 

of a photon when a charged part icle such as an electron 

collides with a heavy nucleus. 

10.2. What is the Feynman diagram for the process 
e- + e+ -> y + y ? 

10.3. The ITo decays into two photons with a lifetime of 

10- 16 s. Construct a Feynman diagram for th is decay. 

10.4. Table 10.4 lists the ten lowest mass spin-312 

baryons, the decuplet. Check that the quark content is in 

agreement with the charges for each of these baryons. 

Explain why Ihere is a 1'1++ baryon and no 1'1 -- baryon. 

Estima te Ihe effective mass difference between the 
strange quark and the up or down quark from the 

di fferences in masses among these baryons. 

Mass 
Spin-312 baryons Quark content (MeVIc2) 

6,+- , 6,+ , 6.° . 6. - 1I11ll , /I ud, IId<l, ddd 1232 
1:'+. 1:,0 1: ' - IIliS . li ds, dds 1385 
-= _0 -;:" 0 -

IISS, dss 1533 - , -
n- sss 1672 

Table 10.4 The decuplet 

10.5. Each of the baryons in the decuplet except the rr 
has a li fe time of roughly 1O- 2J s, i.e., a strong decay. 

What is a possible decay mode for the E*+? Repeat for 

:=: *0. Suggest ion: Take into account the meson masses in 
Table 10.2 and Ihe baryon masses in Table 10.3 in 

identi fy ing decay modes that conserve charge, 

strangeness, energy, etc. 

10.6. Why is the ratio R defined as 

instead of 

a (e - + e+ -> hadrons) 
R = ~------'-'­

a(e- + e+ -> e- + e+) 

Hint : Which FeYllman diagrams contribute to the 
process e- + e+ ---i> e- + e+? 

10.7. Whal is a possible fi nal sta te that would permit Ihe 

creation via the strong interactions of the n- baryon in 
the reaction in which a K - collides with a proton? 

Suggestion: Be Sllre to conserve strangeness. Can you 
see the advantage of ini tiating th is reaction with a K ­
meson that has strangeness S = - I? 

10.S. Conslrucl a Feynman diagram for the decay 

K O ~ rr - + e+ + Ve . Suggestion: Examine the decay 
process at the leve l of the constituent quarks as in 
Example 10.9. 

10.9. Derive ( 10.62). Note: The identity 

(cos' 0 + sin' 0)' = I 

is useful here. 

10.10. Determine the eigenva lues or tile charge 
conjugal ion operator. Hillt : Apply the opera lor tw ice. 

10.11. Determ ine the Ihreshold energy for a pholon to 

produce an electron- positron pai r in the vicinity of an 
electron. Note: At threshold, the electron and the 

electron- positron pa ir are at rest in the center-of-mass 
frame. 

10.12. The local newspaper reports the discovery of a 

new "elementary pa rticle" X ++ . This particle is reported 
to decay into ,two positively charged pions, i.e. , 

Explain why Ihere is reason to be skeptical o f th is 

discovery. 



10.13. The so lar constant is the amount of energy pcr 

unit area from the Sun incident on the outer surface of 

Earth's atmosphere perpendicular to the inc ident rays. 

The magnitude of the solar constant is 1370 W/m'­
Assuming the flux of neutrinos from the Sun comes 

predominantly from the fusion reactions that convert 
hydrogen into helium, determine the number of neutrinos 
per m' per second incident on the Earth from the Sun. 

10.14. Which of the fo ll owing reactions are forbidden? 

Why? (a)".o --> y (b)".o --> y + e- + ve (e) 
p + ii --> ".o+". + (d)e++ II --> p + ve(e) 

e- + p --> II + y. 
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10.15. Determ inc the radius of the track left by a proton 
with kinetic energy equa l to its mass energy (K = me2) 

in a I-T magnetic field. 

10.16. Show that under the gauge transformation 

the electric field E and the magnetic fi eld Bare 
unchanged. Or, in other words, show that E and B arc 
gauge invariant. 



APPENDIX A 

Special Relativity 

A.1 The Relativity Principle 

Let's start our discussion of the relativity principle with Newton's second law, F = dp /dl. 
Newton's law holds in a nonaccelerating reference fra me, commonly called an inertial 
reference frame. In such a frame the sum of the forces acting on a particle is equal to the 

time derivative of the momentum p of the part icle. In particular, in an inertial reference 

fTame a particle with no forces acting on it moves in a straight line with a constant 
velocity v. Let us ca ll thi s frame S. Now consider another inertial reference frame S I , 

one that is moving with a uniform velocity V in the positive x direction relative to the 
frame S. If the origins of these two coordinate fra mes coincide at time I = 0, then the 

coordinates x , y, and z in S and the coordinates x', y', and Z' in S ' are related by 

x' =x- VI 

y' = Y 

Z f = = (A. I ) 

as indicated in Fig. A.I. The transformation of coordinates specified in CA . I ) is referred 

to as a Galilean transformation. Before the development of the special theory of relativity, 
it was presumed that time was a universa l quantity independent of the choice of reference 

frame. Thus the requiren1cnt that the time in S and the time in S' are the same was an 
unstated implicit assumpt ion in a Ga lilean transformation. 

Under a Galilean transformation, the components of the velocity of a particle as 
observed in the two frames are given by 

, dx' dx 
v . = - = - - V = v"(" - V .• dl dl . 

, dy' dy 
uy = dr = dl = U)' 

, dz' dz 
U = - = - = v­, dl dl - CA.2) 

that is, the x component of the velocity of the particle as observed in S' is simply the x 
component of the veloci ty of the partic le as observed in S minus the relative ve locity V 

367 
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y y' 

v 

VI 
x ' 

o x 

Figure A.1 A reference frame S I moves at speed V along the 
x axis relat ive to the frame S. 

of the two frames, wlli le the y and z components of the velocity are the same in the two 
frames. We can write the veloc ity transformation equation in the vector form 

v' =v-v (A.3) 

where V = Vi. Since V is assumed to be independent of time, we see that 

, dv' dv 
a = - = - =a 

dl dl 
(A A) 

But ifa' = a, then F = ma = ma' = F' . Thus observers in the two frames w ill deduce 

that the same net force acts on the particle. The key idea of the relativity principle is that 
the laws of physics are the same in any inertial reference frame. It was Einstein who 

attached Ga lileo's name to the transformation (A. I) since Ga lileo had initia lly proposed 

that it wou ld not be possible for an observer in an inertial reference frame to determine 

that the fra me was in motion by performing an experiment with in that reference frame. 
You have probably had a visceral experience of the relativity principle if you have been 
seated in an airplane on the tarmac wa iting for permission to taxi. I f you look out your 

w indow and see another plane directly beside YOll in !TIotion, you can't be certain whether 

you have started to move and are now in motion relative to the ground (presuming that 

the acceleration of your plane has been so gentle that you did not fee l it) or the other 

plane is in mot ion, unless you look at some other object such as the ground. 

A.2 The Postulates of Special Relativity 

Einstein believed strongly in the relativity principle and felt that it should apply to till 

laws of physics, not just the laws of mechanics. This is, in fact , the fundamental postulate 
of specia l relativity: 

The laws of physics are the same in any inertial reference frame. 

In his 1905 paper on the e lectrodynamics of moving bodies Einste in focused on the 
relativity that is inherent in electromagnetism. For example, he noted how a current is 

induced in a wire moving in the vicinity of a magnet. In one frame of reference, the 

one at rest relative to the wi re , the time-vary ing magnetic field induces an electric fie ld 

that accelerates the charges in the wi re, thus generat ing a current. In another frame of 

reference, the one at rest w ith the magnet, the charge carriers in the wire experience a 

Lorentz force qv x B that causes a current to flow in the direction of the wi.re. What 

rea lly matters physica lly is the relative motion between the w ire and the magnet. 
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Ei nstein a lso gave a lot o f thought to the nature of e lectromagnetic waves. He came 

to the conclus ion that e lectromagneti c waves can propagate in a vacuum. A time-varying 

electric field generates a time-varying magnet ic fie ld, according to Ampere 's law as 

modified by Maxwell. Thi s time-varying magnetic field then generates an electric fi e ld, 

according to Faraday's law. These time-va ry ing electromagnetic fields thus feed on each 

other, fo rming electromagnetic waves. Therefore, e lectromagnetic waves do not req uire 
a med iu m (the "et her") in whi ch to propagate. But without an ether, there is no rati onale 

for supposing that there is a special fra me of reference (one at rest relative to the ether) in 

which light propagates wi th speed c. Conseq uently, fo llowi ng the logic of the relativity 

principle, Einstein was led to propose a second postulate: 

The speed of light in vacuum is the same in any inertial reference frame . 

This postulate , which is c learly at odds w ith the way velocities add in Galilean re lativity 

[see CA.3)], requ ires a new understanding of the ro les that space and time play in physics, 

as wel l as a major revision in the fund amenta l laws of mechanics. 

EXAMPLE A.1 Make a Galilean transformation to a frame S ' moving in the positive 

x direction at speed c on the electromagnet ic wave [ = [0 cos(kx - WI) . 

SOLUTtON 

[. = [ 0 cos(kx - wI) = [0 cos[k(x - C/ )] (A.5) 

sll1ce 

W 27T I) 

- = -- = ).11 = c 
k 2IT / A 

(An) 

Thus under the Galilean tTans formati on x' = x - cf we see that 

[= [ocosh ' (A 7) 

Looking back on the path that led him to propose the postu late on the constancy of 

the speed of light, Einste in later said "After ten years of re flect ion slich a principle 

resulted from a paradox upon which I had al ready hit at the age of sixteen: If 

I pursue a beam of ligh t with the ve locity c, J should observe such a beam as 

an electromagnetic field constant in time, periodic in space. However, there seems 

to ex ist no such thing, neither on the basis of experience, nor according to Maxwe ll 's 
equations .... " 

Time Dilation 

The requirement that the speed of light is the same for all observers in inertial reference 

frames has a number of surpri sing consequences. I As Einstei n noted, it fi nally ca me to 

him that "t ime was suspect." To understand time itself, consider as a simple ti me-keep ing 

instrument a " light clock" consisting of two mirrors separated by a di stance Lo. as shown 

IThc approach that I follow in this appendix is very much influenced by my experi ences teaching 
special relativity with my colleague T. M. Helliwcll. His SpeCial Relmivity (University Science Books, 
Sausal ito, CA. 20(0) gives a more thorough discussion of these topics. 



370 Appendix A: Special Relat ivity 

Figure A.3 In S the light tnlvels 
at speed c along a diagonal 
path to the mirror, which is 
moving hori zontally at speed 
V. Thus the transverse 
veloci ty of the light is 

Jc' - V'. 

---+- V 

(a) (b) 

Figure A.2 (a) A light clock in its rest frame, which is taken to be the reference frame 5 ' , 
(b) The light clock as viewed from the reference frame S. 

in Fig. A.2a. The ti me it takes light to make a round trip between the mirrors is given by 

, 2Lo 
61 = ­

C 
(A.8) 

Thus if the distance between the mirrors is 15 em, the time requi red for the light to 
complete a round-trip is one nanosecond. Put another way, we might say the clock 

"ticks" every nanosecond. We call this time 61' since we suppose initially that th is clock 

is at rest in the reference frame S'. 
We want to compare this time interval with the time between ticks of the clock as 

observed in the reference frame S in which the clock is moving in the pos itive x direction 
at speed V. In 5 the light starts its round-trip at a particular position along the x axis, 

say at XI, and completes the rou nd-trip at the position X2, as indicated in Fig. A.2b. To 
determine the time between ticks that observers in S measure, we need to suppose that 
there are two synchroni zed clocks (perhaps li ght clocks) at rest in 5, one at x, and one 

at x,. The light leaves the bottom mirror at time II and completes a round-trip at time I, 

as measured in S. Since the light travels at speed c in S as well as in S ', the time interval 
between ticks in S is g iven by the tr ansverse d istance 2Lo traveled by the light divided 

by the Iransverse vclocity of the light, namely Jc' - V', as indicated in Fig. A.3 . Thus 

2Lo 
61 = I, - I, = r'<=~=' 

Jc' - V' 
I no 

= / 1 - V'/c' c 

Comparing this result with (A.8), we sec that 

61 = 61 ' 
/ 1 - /I ' /c' 

= y61' 

where 

(A.9) 

(A. 10) 

(A. II ) 

Since y ~ I, the time interval between ticks is longer in S than in S ' . In other words, 

the time between tick s on the moving c lock is greater than the time between ticks in 

the res t frame of the c lock. For example, if the refercnce frame S ' is moving along the 

posil ive x axis with speed V = 4/ 5 c re lat ive to S, Ihen / 1 - V'/c' = 3/5 and the 
time between ticks of the moving clock is 5/3 ns, as compared with I ns in the clock's 
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(a) B(f) 

(b) 

x, 

Figure A.4 (a) Two clocks A and B arc at rest in S, one at position XI and the other at 

position X 2 . Each clock rcads t = 0 when a thi rd clock C, also reading ( = 0, moves past 
clock A at speed V. (b) Later. \\'hen clock C rcaches X2. it reads less than clock B by 
Jc2 - V2 . 

rest frame. Equivalent ly, since 

(A.12) 

if I ns elapses on the clocks at rest in S, then 3/5 ns elapses on the moving clock, the one 

at rest in S '. In short , we say that moving clocks rim slow by a f actol' 0/ J I - V2 /e 2, as 
illustrated in Fig. A.4. We call this effect t ime di la tion. 

The time registered by a clock in its rest frame is called thc proper t ime and is 

typi cally denoted by the symbol r. Thus in terms of proper t ime (A. I 0) becomes 

t. r 
1'.1 = = y t.r / 1 - V' /c' 

(A. 13) 

This rcsult applies to all clock s, not just light clocks. For after a ll , if mechanical clocks 

and biological clocks as we ll as light clocks run at the same rate in one inertial reference 

frame. they must fun at the same rate in all inertial reference frames. Otherwise, these 
incrtia l reference frames would not be eq uiva lent , v iolating the re lativity principle. Thus 

we sce how the two postulates of spec ial relati vity have called into ques tion the very 

nature of t ime itse lf. 

Length Contraction 

Time dilation is closely related to another re lativistic effect known as length contraction. 

Cons ider a stick of length Lo in its rest frame. We call this length the p roper length of 

the stick. Suppose a clock moving at speed V moves past the stick, as shown in Fig. A.Sa. 

C)---+- V , C) 
V • 

@--+V 
= ===0 V o 

(a) (b) 

Figure A.5 (a) A clock moves at speed V past a stick of rest length Lo. The elapsed time 
on the clock is Lo V I - V2 /c2 / V. since the moving clock runs slow by Vi - V2 j c2. 
(b) In the rest frame orthe clock. the stick has length L and the limc rcquired for the stick 

to move past the clock is Lf V. 
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(a) 

(b) 

Figure A.6 (a) A light clock 

In the rest frame of the stick. the time for the clock 10 move from one end of the stick 10 

the other is Lo/ V. But since the clock is moving, it runs slow by J I - V' / e' and thus 
the time that has elapsed on the clock is Lo J I - V' /e' / V. In the rest frame of the clock 
(see Fig. A.5b). the time for the stick to pass by the clock is simply L / V. where L is 
the length of tile stick as measured in the clock's rest fram e. Observers in the rest frame 
of the sti ck and the rest frame of the cloc k must agree on the reading of the clock when 
the cl ock and the right end of the stick coincide. After all , one might imag ine that there 
is a hook on the right end of the stick that stops the clock at that moment. All observers 
would then sec the same readi ng on the clock. Consequently, 

V V 
(A.14) 

and therefore 

(A. 15) 

Thus the length of a stick is contracted by a factor of J I - V' /e' along its direction 
of motion. This effect is often referred to as Lorentz- Fi tzgerald contract ion, or Lorentz 
contraction for short. 2 

An a lternative way (Q see that both length contraction and time dil at ion arc required 
for self consistency is to suppose that the stick is positioned along the x axis between two 
mirrors, fo rm ing a " longitudinal" light clock, as shown in Fig. A.6. In the rest frame of 
the clock, whi ch we take to be S ' , the time required for the clock to ti ck is t;1 ' = 2Lo/ e 
just as for the transverse light clock, si nce the distance between the mirrors in the clock's 
rest frame is Lo. Since the longitudinal li ght clock and the transverse light c lock run at 
the same rate in the frame S ', they must also run at the same rate as observed in the 
reference fra me S to be consistent with the relativity principle. As be fore, in S we call 
the distance between the two mi rrors L. Fi rst note that the distance et;l , the light travels 
between the mirrors on the outward leg orthe trip from mirror A to mirror B is given by 

et; l , = L + V t; 1, (A. 16) 

oriented along the X l axis in its since mirror B starts a distance L frammirror A and travels an additional distance V ~(1 
rest frame S ' . (b) In reference in the time interva l ..6.1 1 it takes light to travel between the mirrors. Therefore 
frame S, the clock moves 
along the x axis a l speed V. 

L 
t;1, = -­

c - V 
(A .1 7) 

On the retu rn trip, from mirror B to mirror A, the light need travel only a di stance C f:j.(2 

given by 

(A. 18) 

2 Lcngth contractioll may Col li into qllcStiOlll hc impl icit assumption made in our d isclIssion o f the li gh t 

clock in the prev iolls section that transve rse lengths arc not affected by the motio n. But suppose that 
there are horizonta l razor blades at the location o f lhe mirrors o r the clock at rest in 5 ' . Ir the transverse 

length between the mirrors as observed in 5 were shorter than Lo, ror example. then Ihi s moving clock 

would Clit the wood cas ing o f an ident ical clock at rest in 5 iI/side the location of the mirrors on that 

clock. But this would imply tha i if there were ra zor blades at the location of the mirrors or the clock 
in 5, the cut marks o n the clock in 5 ' wou ld bc olllside the locat io n or lhe mirrors. But the relat iv it y 

princip le assures lIS that the si tuati on is symmetrical. Thus the transverse length Lo must be the same 
in the two frames or rere rence. 
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since mi rror A has moved toward the light in the time interval 6. f2 it takes light to 
com plete the tri p. Conseq uent ly, 

L 
1;12 = -- (A. 19) 

c + V 

The total amollnt of timc that has transpired is then 

1;1 = I;lt + 1;,12 

L L 
= --+--

c- V c + V 
2L 

(A.20) = -:-:--:-c;-c-= 
c( 1 - V2/c2) 

Since this time interval must be the same as (A.9), we see that 

2L 2Lo 

c( 1 - V2/c2) ci l - V 2/C2 
(k2 1) 

and therefore 

J ., ') Lo L = Lo I - V- /c- =~ 
y 

(A.22) 

Simultaneity 

Perhaps the most counteri ntui tive consequence of the postu lates of spccial re lativity is 
the fact that the order in time in which event s OCClll" is not absolute but ra ther can differ 
between reference frames. In particu lar, it is not hard to sec that events such as the 
synchronization of clocks that arc simultaneolls in one inert ial reference frame need not 

be simultaneous in another inertia l reference frame. 
To exam ine the issue of synchronization of clocks, consider two clocks separated by 

a distance Lo in the rest frame of the clocks, as shown in Fig. A.7a. A stra ightforward 
way to synchronize these clocks is to set ofTa light fla sh in the clocks' rest frame exactly 
halfway between the two clocks . It takes time Lo/ 2c for the light to reach either clock, 
at whi ch point each clock could be set to a particul ar time, say ( ' = 0, as shown in 
Fig. A.7b. BlIt we sce im mediately that the clocks will not be synchron ized as observed 
from the frame S, as indi cated in Fig. A.7c. Following the li ne of reasoning that led to 
(A. 19), in S the light signal reaches the clock at A first: in a time interval 

Loi l - V2/c2 
I;, 1 t = ....::.-::-:~-;-;:'--

2(c + V ) 
(A.23) 

sincc the distance betwcen the clocks in thi s frame is Lo J I - V2 /c2. Again, as in (A. I 7), 
the light signal reaches the clock at B after the longer time interval 

Thus the clock at A leads the clock at B by 

Loi l - J1 2/ c2 
I; 1 = (', h - I; 1 t = ....::.-=-,~~c-'-_ 

- 2(c - V ) 

Loi l - Jl 2/ c2 

2(c + JI) 

= Lo / 1 _ V 2/c2 V V -C'2 -_-;-V"'2 

(A .24) 

(A .25) 
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(a) L 0 ( 0) 

A 
o B 

(b) L A~ ~B 

(c ) L Ac:f--- v Q-v 
B 

(d) @--+-v 
A 

Figure A.7 (3) Two clocks are synchronized in their rest frame (5 ') by sett ing elTa flash 
of light midway between the clocks. (b) In Sf the light flash arrives at the same time at 
both clocks. wh ich arc then set to O. (c) In reference frame S, the trail ing clock receives 

the light signal first and the clock is sel 10 O. (d) AI a later time the light fl ash arrives 
at the leading clock, which is then sct to zero as well. Consequently, the leading 
clock lags the trailing clock. 

But this is the time interva l as determined in S. Since the clocks in S' rll n slow relative 
to the clocks in S, Ihc lotal lime thai has transpired on the clock at A when the clock at 
B is set to zero is therefore 

I V ') ') Lof! 6( = I - V- j c-6 ( = - -
c' 

(A.26) 

From the vantage point of observers in S, (he clock at A leads the clock at B by the 
amount of time shown in (A.26), as indicated in Fig. A.7d. Since the clock at A trails the 
clock at 8 as the clocks move past observers in S, we often say trailing, or chasing, clocks 
lead. Ahernatively, we might say that the clock at B, the leading clock as the clocks move 
past obscrvcrs in S, lags the clock at A by th is amount or time, thus, '"leading clocks 
lag," which is a useful mnemonic. It should be emphasized that the distance that occurs 
in (A.26) is the separation of the two clocks in their rest frame. Thus we sec that events 
that occur simullaneously in one frame of reference-say the ar rival of the light fla sh 
at the two clocks in the clocks' rest frame- are not simultaneous as observed from a 
reference frame in which the clocks arc in motion. And in fact the order in time in which 
these events occur is frame dependent. After all , observers in a reference frame in which 
the clocks move in the negative x direction instead of the positive x direction would see 
that the light signal (hat is used to synch ron ize the clocks ar rives firs t at clock B (which 
is now the trailing clock) and then later at A. 

The ract that clocks that are synchronized in one inertial reference fra me are not 
synchronized in a reference frame that is in uniform motion relative to this frame allows 
us to understand many or the seemingly paradoxical results of special relat ivity. For 
example, obscrvers in S see clocks at rest in S I runni ng slow. But to be consistent with 
the relat ivity principle observers in S ' must see clocks at rest in S running slow as well. 
How can thi s be? First, note that when time 6. r transpires on a clock at rest in Sf, thi s 
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(a) 
IS AC)-II 

(b) 
IS 

I I I 
XI X2 X, 

BC) cC) BQ 

(c) 

IS'AC) 
I I (d) 

I S~G 
I 

X I .1.'2 X, 

II ----(!)B 11-0c 11-0B II-QC 
Figure A.a (a) In reference frame 5 clock A moves past position X l with speed V. Clock A reads 
the same as clock S, which is synchronized with clock C in S. (b) Clock A moves past clock C 
at position X2 . The elapsed time on A is less than on clocks Band C since the moving clock 
runs slow. (c) and (d) show the same events as observed in frame S ', which is the rest fram e for 
clock A. (c) Clock 8 lags clock C (since "Iead ing clocks lag") when clocks A and B coincide. 
(d) Clock C coincides with clock A, at which point the readings of clocks A and C for this event 
arc the same as those shown in (b). Notice thai clocks B and C run slow relali\'c 10 clock A in the 
rdefence frame S' . 

clock moves by an amount ~x = V D. I as observed in S. How is this lime interval D.f 
measured? It is helpful to think of each point in S as having with it an associated clock 

and therefore an associated time. As the clock at rest in S I passes a point in 5, say X I, 

the S c lock at thi s point rcads time ' , . When the S ' clock reaches position X 2, the S 
clock at this po int reads 12. See Fig. A.S. Time dilation means D.l = 12 - t l = Y D. r, 
as we have seen. But notice that in making this measurement in 5 we have had to usc 
two different clocks, c locks that presumably have been synchroni zed in their rest frame 

5 so they initially read the "same" time (in S). But as viewed from S ', the clock at x, is 

observed to have a "head start" relat ive to the clock at XI . since this clock is a trailing 
cl ock . Thus even though it runs slow to an observer in S ', observers in S and in S ' agree 
on the reading of this clock when the clock at X2 and the clock in S ' coincide. 

EXAMPLE A,2 The Stanford Linear Accelerator Center (S LAC) houses a 3-kmlong 

linear accelerator, "the world's straightest obj ect," See Fig, A.9. (a) Determine the 

time it takes for an electron moving at the uniform speed of V = 3/ 5 c to traverse 
the length of the beam line" Assume there arc synchroni zed clocks located at the 

beginning and end of the beam line and that the clock at the beginning of the beam 
line is set to , = 0 when the electron departs. What does the clock at the end of 

the beam line read when the electron arrives? (b) Suppose that the electron carries 

with it a (small ) clock that is also set to zero at the beginn ing of the trip. What does 

this clock read when the electron reaches the end of the beam line? 

.} As its name suggests. the purpose of SLAC is to acc:elerate electrons. The maximum bealll energy 
nt SLAC is 50 Gc \Z corresponding to a vallie of vi c: of 0.999 999 999 7 for the electron. It is poss ible 
to usc special rela tivity to analyze accelerating objccts, but care must be exercised. Thus we cons ider 
here a more stra ightforward example in which the electron moves at a constant velocity. 

Figure A.9 An aerial view 
of" SLAC. (COUrlcsy SLAC 
National Accelcr<l lOr 
Laboratory) 
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SOLUTION (a) In Ihe accc lerator resl fra me, the distance traversed by the electron 
is 3 km at a uni form speed of3 / 5 e. Thus 

3km 
1= -- = 5 km/e 

(3 / 5)c 

(b) Moving clocks run slow by a factor of } I - V' /e' = 4/ 5. Thus the reading 
on the clock trave ling with the electron is 

I' = J I - V'le'l = (i) (5 km/c) = 4 km/e 

NOle: In more conventional units, I km/e = 3.33 x 10- 6 S = 3.33 I-'s. 

EXAMPLE A.3 Repeat Exampl e A.2 in the electron's rest frame. In this reference 
frame the beam line speeds past the c1ectron at V = 3/5 c. When the end of the 
beam li ne reaches the electron , (a) what does the electron's clock read and (b) what 
does the clock at the end of the beam line read? 

SOLUTION (a) In the electron's rest frame the beam is Lorentz contracted from its 
laboratory rest frame length /"" 0 to L, where 

L = J I - V'le' Lo = (i) (3 km) = 15
2 

km 

Thus the electron's clock reads 

, L (12/ 5) km 
I = - = = 4 km/c 

V (3 / 5)c 

in agreement with the result obtained in the laboratory rest frame. 

(b) In the electron's rest frame, the laboratory clocks run slow by } I - V' /c2 

Therefore in th is reference frame the time that transpi res on the labora tory clocks 
IS 

J '" (4) 16 '; Ih,b = I - V-Ic- I = :s 4 km /c = '5 km/c 

Notice that in each reference frame, observers see the clocks in the other reference 
frame funning slow. But in the electron's rest frame, the clocks at the beginning and 
end of the beam line are 1/01 synchronized. The separation between these clocks 
in thei r rest frame is 3 km. Thus the chasing clock, the one at the end of the beam 
line, leads the one at the begin ning of the beam line by 

V Lo (3C) (3 kill ) 9 e' = '5 --;::> =:s km/e 
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Therefore the reading of the clock at the end of the beam line when this clock 
reaches the position ort he e lectron is 

V Lo (156 + 25) 1 = /).I',b+ -2- = 
C 

25 
km!c = ~ km!c = 5 km!c 

) 

which is the same as the rcading on the clock as determined in the laboratory rest 
frame! 

A point in space and time at which somethi ng occurs is referred to as an event. 

Events exi st apart from the reference fra mc that is used to describe them. For 
example, one such event is the arri va l of the electron at the cnd orthe beam line. 

Observers in the electron's rest fram e and in the lab would both agree that such an 
event has occurred. Moreover, one could suppose that the electron 's arrival at the 

end of the beam line stops two clocks, one in the electron 's rest frame and onc in 

the lab 's rest frame . These clocks, wh ich could have digital readouts, are located at 

the event. Observers in the electron's rest frame and in the lab wou ld then agree on 

the reading of each of these clocks, even though the two clocks do not agree with 
each other. 

Experimental Confirmation 

In the more than one hundred ycars since Einste in proposed thc principles of special 
rela ti vity, the theory has been tested aga inst experiment many times and has never been 
found to be wanting. In his 1905 paper Einstein himself pointed oul the time di lation 

wou ld cause a clock at the equator to run slow rclative to a clock at the North Pole 

by "a very small amoul1l." Of course. in 1905 there were no clocks that could test this 

prediction. Thi s situation changed with the development of atomic clocks. Initial tests of 
time dilation with atomic c locks carried out in the 1970s with the clocks carried by jct 

airplanes circumnavigating the Earth were in good agreement with theory. Nowadays, 
such effects are more commonplace to the extent that the Globa l Posit ion ing System 
(GPS) (in which 24 satellites with atomic clocks orbit the earth twice a day) must take 

both time dilation and simultaneity into account in order to achieve the desired accuracy. 
Ignoring such relativistic effects would limit the accuracy of the GPS system to hundreds 

of meters ' 
An especially noteworthy example of a natural clock is the lifetime of an unstable 

particle such as the muon. In its rest frame, the muon has a mean lifetime r of2.2 j..L S. 

Without time dilation, the largest distance on average a muon could travel before it decays 
into an electron and two neutrinos would be roughly c r = (3 x 108 111/5)(2.2 x 10- 6 s) = 
660 m. But at sea level, perhaps as much as ten kilometers from the point where the muons 
are created as a byproduct of coll isions between cosmic rays and nuclei oflhe molecules 
in the upper atmosphere, muons are raining down upon us at the rate of 180 m- 2s- l

. 

~ In addition. the GPS system must account for the fact that clocks at high altitude ti ck more rapidly 
than those at the Earth's surface, a consequcnce o fthc genera l theory of relativit y (another of Einste in 's 
"discoveries") . 
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In QUf reference frame at rest on the Earth 's surface, the muons arc typically produced 
with a speed sllch that y = 1/ J I - v2 / c2 ~ 20. Thus tak ing time dilation into account, 
before decaying the IllLlon can on average travel a distance 

r 
d = VI = U = uyr 

/ 1 - v'/e' 
(A.27) 

which is roughly (20)(660) m = 13 km. Alternatively, in the muon 's resl frame , the 

Earth 's atmosphere is Lorentz contracted by a factor of 20, giving the surface of the 
Earth adequate time to reach the llluon before it decays . 

Such time dilation (or Lorentz cOnlracli on) effects are truly commonplace in ex peri­
mental high-cnergy physics. Almost all thc so-ca lled e lementary particles are unstable. 

Si nce these particles are typically produced with ve locities approachi ng the speed of 

light at a high-energy particle accelerator, they can travel much larger di stances in the 

lab frame than would be possibl e without time dilation. For example, a 500-GeV K + 

meson with a lifetime T = 10- 8 S (and hence CT = 3 m) can travel on average 3 km 
before it decays. in other words, the building housing the detectors that might be used to 

ana lyze the decay of a SOO-GeV K + meson produced at the Fermilab accel erator (located 

outside Chicago) wou ld be located roughly 3 km from the point at wh ich the K + Illeson 
is produced. Looking to the futllrc , a group of physicists is proposing to build a mllon 
collideI' in which positively and negati vely charged mllons woul d be accelerated to ener­
gies up to 4 TeY and then would make a head-on collision in the laboratory rest frame. 

As we have noted, in their rest frame muons live only for a couple of microseconds. But 
a 4-TeV muon (for which v/ c = 0. 999 999 9997) can live for almost a tent h ofa second 

and trave l more than 25,000 km in the laboratory rest frame before decay ing. 

A.3 The Lorentz Transformation 

Before the advent of special relativity, we would think of each point in a coordinate 

system as being labe led by a part icular val ue of the coordinates x , y , and z. Now we see 
that we shou ld include a time coordinate I as wel l. That is, at each point in space in an 
inertial reference frame we might imagine there is a clock. And all these clocks should 
be synchronized and tick at the same rate in that particular frame of reference if th is 
time coordinate is to be phys ically meaningful. The transformation of coordinates to an 
inertial reference frame S I that moves at speed V along the positi ve x ax is relative to the 
reference frame S is given by the Lorentz tran sformation 

x ' = y(x - Vr) 
, 

y = y 

- ' --
, ( VX) r= Y I-c2 (A.28) 

where as be fore 

y = / 1 - V' /c' (A.29) 
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This Lorentz transformat ion is the replacement for the Galilean transformat ion (A. I). 

And a rep lacement is definitely needed, since the Galilean transformation leads to a 
velocity of c + V in S for light propagating along the x' axis with velocity c in S '. 

Notice how the first th ree equations in (A.28) reduce to the Galilean transformation 

when V Ie « I. 
The inverse Lorentz transformation is given by 

x=y(x'+VI ' ) 

y = y' 

( vr') l =y 1' + c'2 
(A .30) 

since in S I the reference frame S moves at speed V along the negative x' ax is. Thus one 
goes from (A.28) to (A.3 0) by interchanging the pri med and unpri med coordinates and 

switch ing V to - V. 

We can cheek that the Lorentz transformation (A.28) reproduces the results of the 

previous section. For example, consider a clock at rest at in S'. In S in the time interval 

D. I the locati on of the clock moves along the x ax is by D.x = V D.I . Then from the 

Lorentz transformation (A .28) the time interval D.I' that elapses all the clock is given by 

( 
VD.r) ( V2 ) V D.I ' =y D.I---j- = yD. I I --;T = I-V2/c2D.I (A .31 ) 

Thus 

(A.32) 

which is the time-dilat ion result (A. I 0). 

Simila rl y, a stick oflcllgth Lo in the rest frame S I is measured to have length L in S. In 
S I, Lo = x2 - x~ , where the left end of the stick is located at the position x; and the right 
end of the st ick is located at x;. In S the stick moves to the right at speed V. In order for 

observers in S to determine the length of th is moving stick we need to define carefully how 

the measurcmcnt is carried out. We suppose that an observer in S at a particular locat ion, 
say X I. sees the left end of the stick at a particu lar time, say 1[. located directly in front of 
th is observer. This single observer might si multaneously try to look to see the locat ion 

of the right end of the stick , but this is not a satisfactory approach since it takes time for 
Ihc li ghl from lhe right end of this stick to reach the observer and in that additional time 

the location of tile stick has changed from the location it had when the observer noted the 
location of the left end of the stick. A better approach is to assume that there are many 

observers in S located along the x axis. If one of the observers determines that the left 

end ortile stick is located at a particular point XI at time 11, then one of the other observers 
in S located at X2 observes that the ri ght end of the stick is at this particular point in 
space at this same momelll ill lime in frame S. From the Lorentz transformation (A.28) 

Lo = x; - x~ 

= y lx2 - X, - V(12 - I,)l 

= Y(X2 - x,) 

= yL (A.33) 
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where we have set I, = 1\ since we arc measuring the locations o fthc cnd of the stick at 
the same time in S. Thus 

(A.34) 

which is the Icngth contraction result (A.22). This measurement of the length of the stick 
in S gives an operational definition of what it means to say the length of the stick is 

Lorentz contracted when observed in S. Also note tha t the transverse coordinates y and 

z are not affected by a Lorentz transformation , consistel1t with our assumption that the 
distance between the mirrors in the transverse light clock did not change as viewed in 
the frame S movi ng wit h speed V along the x ax is. 

Finally, consider two clocks at rest in S ' separated by a distance Lo. If we observe 
the clocks from S at the same time (I, = 1\), we see tha t 

(A.35) 

where the minus sign indicates that the leading clock, the onc at X2, lags the trai ling 
clock, the one at X\, assuming x, > Xl. This result coincides with (A .26). 

EXAMPLE A.4 Use the inverse Lorcntz transformat ion (A.30) to derive time 

di lation. 

SOLUTION Consider a clock at rest in S ', say at x' = O. In the time interval 6/ ' 

t,1 = y (M' + j/~X ' ) 
e-

Since the clock is at rest in S I , /).x' = 0 and consequently 

t,1 = yD.I' 

or 

showi ng that moving clocks run slow by a fac tor of J I - j/ ' le'-
It is straightforward to derive Lon:ntz contractiun and the lead ing-clocks- lag 

rul e from (A.30) as well. 

Relativistic Velocity Transformation 

The Lorentz transformation makes it easy to relate the spacetime coord inates of an event 
in one frame to the spacetime coordinates oran event in another frame. As a partic le moves 
from one position at a particular time to another position at a later time in a particul ar 
frame of reference it traces out a sequence of events. From the Lorentz transformation 



(A.28) we see Ihal 

dx ' = y(dx - V dl) 

dy' = dy 

dz' = clz 

, ( VdX) dl = y dl - -,-
e-
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(A.36) 

Consequently, we can relate the components of the velocity of a particle in S ' to the 
components in S: 

, dx ' Y (dx/dl - V) 
v,. = -d, ' = -y'[I:-_"--:cV'o-(,-;-/x-:/ d-;-,-::')/-:-e''''l = 

V.I, - V 

I - Vv,';e' 

dy' dy /dl vyV I - V' / e' 
-:-:-~':---:--:-:--,--,-; = 
y[ 1 - V(dx / dl) /e' ] til ' I - Vvx /e' 

, d=' d= / dl v, VI - V' / e' 
v = - = = 
, dl ' y [1 - V(dx /d') / e'] 1 - Vvx/e' 

(A.37) 

This is clearly a more complex transformation than that of the spatial coordinales x, y, 
and = in the Lorentz transformat ion (A .28). Notice in particular that if Ux = c, then 

e - V 
v' = = c x I - V /e 

(A.38) 

as we ll , consistenl wilh the fa ct Ihat the speed of light is equa l to e in the two reference 
frames. 

As for the Lorentz transformat ion, the inverse ve locity transformation can be obtained 
from (A.37) by interchanging the primed and unprimed coordinates and replac ing V 
with - V: 

u' + V 
Vx = x 

I + Vv;';e' 

v;,VI - /I' / e' 
Vy = 

1+ /lv;/e' 

v: = 
v;V I - V' / e' 

(A.39) 
1+ /lv;/e' 

EXAMPLE A.5 A K Illeson decays into a neutrino and a muon. In the rest frame of 

the K meson, which we take to be S', the velocity of tile muon along the x' axis is 

v ~. = O.8Se. What is the velocity of the muon as measured in the reference frame 
S in whi ch Ihe K meson before decayi ng has a speed /I = 0.5e along the x axis? 

SOLUTION 

0.85e + 0.5e = 1.35e = 0.95e 
I + (0.5)(0.85) 1.425 

Notice how the term in the numerator of the velocity transformat ion equation 

yielded Ihc result 1.35e that one would have expected from Gal ilean relativity. The 
correction due to the term in the denominator ensures that the velocity of the muon 

as measured in S is indeed less than c. 
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A.4 Four-vectors 

It is conveni ent to rewrite the Lorentz transfor mation (A.28) in terms of the fou r variables, 

Xo = c l , X l = x, X 2 = y , X3 = Z as follows: 

x~ = y (xo - ~ Xl) 

X; = Y (X l - >0) 
, 

X2 = X2 

(AAO) 

We say that these components arc part of what is termed the position four- vector x~ , 

where J.L = 0, 1, 2, 3. You can verify that under a Lorentz transformation 

., ., ., ., ,2 ,2 ,2 , 2 
Xij - Xi - xi - Xj = x 0 - X 1 - X 2 - X 3 (AA I) 

We characterize this quanti ty as a Lorentz invariant, since (AA I) shows it has the same 
value in all inertial reference frames. If we express this invariance in terms of the more 
customary x , )" Z, and I coordinates, we see that 

(AA2) 

If a light Hash goes off atthe moment the origi ns of the coordi nate axes for the reference 

frames Sand S ' coincide, then the location of the light front at time ( in S is determined 
by the condi tion x 2 + y 2 + z 2 = C2(2, or C2(2 - (x2 + y2 + z2) = O. Similarly, in S ' the 

light also expands spheri ca lly outward and the location of the light front is determined by 
the cond ition x ,2 + y'2 + z /2 = C2( Il , or el l ,2 _ (x ,2 + y'2 + Z12) = O. Thus the Lorentz­
invariant condition (AAI) [or (AA2)] is a natural generalization of the condition that 
li ght travels at speed c in all reference frames. 

A Lorentz invariallce slich as (A.42) is remini scent of the invariance of x 2 + y 2 + z2 

under rotat ions. For example, 

X ' = cos ¢x + sin ¢ y 

y' = -sin ¢ x + cos¢y 

z' = z (AA3) 

corresponds to a rota/ioll of the coordinate axes by angle ¢ counterclockwise about the z 
ax is, as indicated in Fig. A.I O. You can check that x 2 + y2 + z2 = X'2 + y'2 +z,2 under this 

rotation. Just as all three-vectors fo ll ow the same transformat ion rules under rotations, 
all four- vectors follow the same rul es as those that govern the position four-vector under 

Lorentz transformations.s 

Sin the position four-vector time and space are joined together in a new type of space oOen referred 
to as Minkowski space or. more simply, spacetime. Ordinary three-dimensional space is often referred 
to as a Euclidean space in that the sum oflhe squares of the components of any vector is unchanged by 
a rotat ion of coordinates. Minkowski space is a non-Euclidean space in that the sum of the squares of 
the coord inates (e2/ 2 + x2 + y2 + Z2) is I/O/ an invariant. Rather the combination of coordinates that 
is invariant consists or e212 - (x 2 + y2 + =2), which is the way to express the invariance favored by 
part icle physicists, or the negati ve or thi s express ion. namely x 2 + y 2 + =2 - C2/ 2 , which is favored by 
general re lati vists. The Lorentz transformation (A.28) can be thought of as a generalized "rotation" in 
Minkowski space. mixing space and time together. Sec Problem A. lO. 
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Figure A.10 Two coordinate axes. One is rotated relative to the 

other by angle <p aboul the: axis. 
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Let us use the veloc ity transformation (A.37) to analyze an elastic coll ision between 

two particles of equal mass III. In the frame S ', which in this case is the center-of-mass 

frame, the two particles, each with speed V, make a head-on colli sion, as indicated in 
Fig. A. l la. After the coll ision, the two pa nicles rebound with speed V perpendicular 

to the initial direction. In the frame S (shown in Fig. A. II b), wh ich is mov ing in the 

negative x direction at speed V relative to S ' , the two pan icles after the collision have 

speed V in the positive x direction. And the "target" particle in this coll ision is at rest in 
S. Us ing (A.39), we see that the speed of the incident particle is given by 

2V 
(A.44) 

At first it seems disconcerting that 

2V 
1II1l \," = III 2? =F 2m V 

. I + V /c- (A.45) 

s ince the left-hand side of this equation should be the x component of the linear momen­

tum before the collisions and the right-ha nd side thex component of the linear momentum 

L III III 

(a) ----- ~ v V 

Before 

(b) ----- . 
11/ m 

Before 

r III 

1': 
After 

"1~ 
111~ 

After 

Figure A.11 (a) Two particles of cqua lm<lss 11/ and speed V make a head-on clastic 
collision in reference frame S ', After the colli sion the particles rebound along the y ' axis. 
(b) The same collision as viewed from reference frame S. 
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after the colli sion. OUf expectation is Ihall illcar momentum should be conserved in thi s 
co lli sion. After all , it was an analysis of collisions stich as the one outlined here that led 
Newton to introduce the concept of linear momentum. The resolut ion of this seemi ng 
paradox is that the li near momentum ofa particle is lIot equa l to mv. Rather, the correct 
definition of momentum for a particle of mass m with velocity v is 

lilY 

P = --r.==:c7'" V l -v' /c' 
(A.46) 

Tf you apply thi s definition of momentum to the collision in the frame S, you can verify 
that linear momen tum is indeed conserved in the coll ision. Of course, thi s definition of 
linear momentum corresponds to the nonrelativist ic express ion p = III V when u/e « I. 

One way to "derive" the correct expression for the linear momentum is assert that 
the three-momentum p = (Px, P.I" pJ should be components ofa four-vector Pil just as 
the posi tion coordinates r = (x, y,.:) arc three of the four components of the position 
four-vector X II' To const ruct a candi date "momentum" fo ur-vector, we first create a fo ur­
vector ve loc ity by tak ing the deriva tive or rhe components of the positi on four-vector not 
with respect to time (which is itself a component ofa rour-vector) but with respect to the 
proper time r. For a particle that is mov ing, that is one whose spatial coordinates shi ft 
by 6.x, .6y. and .6.: in time .61. we define the change in proper time through the Lorentz 
invariant 

(A.47) 

Thus in rhe rest rra me orthe part icle, where ilx = ily = ilz = 0, ilr = ill. As was 
noted in Section A.2, the proper time is the lime as kept on a clock in its rest fram e. All 
observers, independent of their frame of reference, "see" the same reading for this clock. 
Thus in the language of (four-) vectors, we can characterize the proper time as a Lorentz 
scalar and the four-vector velocity 

dX'I 

li lt = --
dT 

(A.48) 

is the deriva tive of the four-vector position wi th respect to this Lorentz scalar. Once we 
have a fo ur-vector ve loc ity, we then define the four-vector momentum by 

Bur we know rrom (A. I 0) that 

Consequently. 

dl 
- =y 
dr 

dl me 
Po = me - = Ylll e = , ;===<'7'\' 

dr V l -v'/c' 

(A.49) 

(A. 50) 

(A.51) 

The spatial components of the four-vector momentum can be expressed in te rms of the 
ord inary velocity by lIsing the chain rule. The x component, for example, is given by 

dx dx (if dl 
Px = m- = m-- =m vt -

dr dl dr . dT 
(A.52) 
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and therefore the spatial components of P,I are the spat ial components of the linear 
momentum 

In sum, 

mv 
p = y lllv = -;;==""""< 

V I -v'/c' 
(A .53) 

(A.54) 

But what is the meaning of po? Thi s component of the fo ur-momentum is j ust £ Ie, 
provided we identi fy 

, 
, I11 C-

£ = Ylll e- = -;;==""""< Vi - v' /e' 

When the part icle is at rest. this energy consists enti rely of mass energy, namely 

E = m e2 when u = 0 

(A .55) 

(.1\.56) 

perhaps the most fam ous equati on in phys ics. When the particle is in motion, then Y > I 
and the particle has a larger energy, consisting of both mass energy and ki netic energy 
K. This gives us a rel ativisti ca lly correct way to define kinetic energy: 

, , 
K = £ - lII e- = (y - 1)lIIc- (A.57) 

When vic « I, the nonrelat ivisti c lim it can be obtained by carrying out a bi nomial or 
Taylor seri es expansion of y: 

K = ( I _ I) III C' = 
Vi - v' /e' (

V' ) , I , _ 
1+ - + ... - I lIIe = - III v- + ... (A.)S) 

2e' 2 

Thus the relativistic ex pression for the kinetic energy reduces to the nonrclativistic 111 u2 /2 
in the limit that v « c. On the other hand, as v --> c, £ = Y III C' --> 00. Consequently, 
the velocity of a particle of mass 11/ is restricted to be less than c since it would take an 
infin ite amount of energy to get the particle lip to the speed ofligbt. Only a particle with 
m = 0 can travel at c. 

Before Einstei n. it was presu med that in collisions there were three conservation 
laws----conservation of mass, conserva tion of linear momentum. and conservation of 
energy-pri marily because measurements of masses in chemical reactions were not 
precise enough to detect a change in mass, alt hough such changes do occur. A signi ficant ly 
larger change in mass occurs in many of the nuclear reacti ons that were first observed 
in the twentieth century. It is the conversion of mass energy to kinetic energy that fu els 
a nuclear power plant and the atomic bomb. These topics are discussed at length in 
Chapter 9. Moreover, in Chapter 10 reactions involving particle- antiparticle annih ilation 
in which the rest mass of the particles disappears ent ire ly are di scussed. We now know 
the correct conservation laws are simply conservation of momentum and conservation of 
energy, where energy is understood to include Illass energy as we ll as kinetic encrgy. In 
fact, in special relativity conservation of momentum and conservation of energy real ly 
collapse to a single conservat ion law, namely conservat ion of four- l11omentlll11 . 

It is common to refer to the momentUI11 four-vector as the energy- momentulll four­
vector, since its components incl ude the energy as we ll as the components of the linear 
momentum of the particle. Like any fo ur-vector, the momentum four-vector behaves j ust 
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like the position four-vector under a Lorentz tranformatioll. Therefore 

pb = Y (PO - ~ PI) 
p; = Y (PI - ~Po) 
, 

p, = p, 
, 

P3 = P3 (A.59) 

re lating the energy and the components of the linca r momentum in the two reference 
fr::llllcs S rind S I , Consequently, the quantity 

2 2 2 2 £2 2 2 2 60 Po - P, - p, - p) = c' - Px - p .. , - p, (A. ) 

has the same value in all inertial reference frames. Like (A.41). it is a Lorentz invariant. 
In the rest frame of the particle p = 0 and E = III C2 Thus 

£ 2 _ pl _ p l _ p2 = 111 2 c2 
c2 x Y = (A.6 1) 

and therefore 

(A.62) 

where p' = fl.; + p.;' + p;. This express ion connecting the energy E ofa particle with 

mass 1/1 and momentum p is one afthe tTu ly fu ndamen tal and important results of specia l 
re lativity. Al though Ollr deri vat ion was carried out for a particle wi th a nonzero rest mass 
III , this result (A.62) is a qu ite genera l one. For a parti cle for wh ich pc» /II C', 

E = pc 1112C4 _ ( m
2
c

4 
. .. ) 1+ ,, -pc 1+ 2 ,,+ 

p-c- p-c-
pc » /II C' (A .63) 

Thus for an ultrarelativistic particle, E;=: pc. For the special case ofa mass less particle, 

like a photon, (A.62) reduces to 

E = p c when III = 0 (A.64) 

The scanering of a photon from an electron at rest in the Compton effect (see Section 1.3) 

provides a nice confirmation of (A.64). 

EXAMPLE A.6 Use the Lorentz tran sformation of the momentum four-vector to 
determine the energy of a photon observed on Earth that is emined by a source 

that recedes from the Earth at speed /1, as illustrated in Fig. A.12. Call the energy 

of the photon in the rest frame of the source E,,,,. Therefore the magnitude of the 

momentum or tile photon in this frame is Ecm/ c. 

SOLUTION Denote the rest frame of the source as S ' . The four-momentum of the 

photon in S' is 

P;l = ( p~, p~, p;, p; ) = (Ecm / c, -Ecm/ c, 0, 0) 

since we are assuming that S I moves in the x direction as observed in S. Note that 
p~ = - Ecm/c since the photon is emined in the negat ive x' direction in 5 '. Using 
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Earth 

Figure A. 12 A source of light receding from the Earth at speed V. 

the inverse Lorentz transformat ion of (A.59), namely 

( , V ' ) Po = Y Po+ -;:PI 

we sec that 

Eob, = Y (E'", _ ~ E,,,,) = Y (I _~) E,,,, 
ecce c c 

where the energy of the photon as observed on Earth is denoted by Eoo, ' Therefore 

I - Vic 
71-+'---;-V-c-

/
:-c E ,m 

As discussed in Section 1.3 , the energy E of a photon is directly proport ional to its 

frequency II, namely E = hv, wherc" is Pl anck's constan t. Thus we sec that the 

frequen cy lioo, of the light as observed on Eart h is given by 

Vobs = 
I - Vi c 
I +Vl cv,m 

where VCIlI is the frequency of the light in the rest frame of the source. Thus when 
the source recedes from the Earth , the frequency the light as observed on Earth 

is lower than that in the rest frame of the source. This is the relativi stic Doppler 

effect. Since the wavelength A = cl v, a decrease in frequency corresponds to an 

increase in wave length. Such a shift in wavelengt h is referred to as a redshift, 
since red light has a longer wavelength than blue light. The observed redshift of 

light emitted from atoms in distant ga laxies provides compelling ev idence for an 
expanding universe and the Big Bang theory.6 

EXAMPLE A.7 The mass of the ITo meson is 135 MeV/c2 The predominant decay 

mode of the ITo is into two photons (ITo -> y + V). Jfthe ITo is at rest before the 

decay, determine the momentum of each of the photons. 

SOLUTION In o rder to conserve momentum, the photons must be emitted back to 

back with the same magnitude of the momentum for each. Consequently, each 
photon has the same energy E and hence 

l1I ;r fJ C
2 = 2£ 

Thus E = 67.5 MeV. Then s ince E = pc for a photon, P = 67.5 MeV/c. 

6Thcrc arc roughly 100 galaxies. most in our own local group of galaxies. that exhibit a blucshift 

in the radiation Ihey emit. Consequently, these nearby galaxies are moving toward us ralhcr than away 
from us. 
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EXAMPLE A.8 Use Loren tz invariance arguments to determ ine the threshold kinetic 
energy of the incident proton for the production of an antiproton via the reaction 

p+p--> p+p+p+p 

in which the target proton is at rest in the lab. 

SOLUTION Conservation of four-momentum in the collision requires Ihat 

PI ,. + P',. = P3" + P4" + Ps" + P6" 

where PI I' is the four-momentum orthe incident prolon, P2
1
< is the four-momentum 

of the target proton, ctc. Taking advantage of the Lorentz invariant "' length" of 
these fouf-vectors, we see that 

(
EI +E')' '(E3+E4+Es+E6)' , 

C - (p 1 + p,)- = c - (P3 + P4 + Ps + P6)-

Since both sides of this equation are Lorentz invariants, their values arc frame 
independent. Evaluating the left-hand side in the laboratory frame and the right­
hand side in the center-oF-mass frame when the final-state particles are at rest, i.e. , 
at thrcshold, we obtain 

Consequently 

Since 

we find 

(
EI + IIIC') , , 

- Pi = 
C 

Figure A.13 The Berkeley Beva tron, Ernest Orlando Lawrence Berkeley National 

Laboratory. reproduced with permission from AlP Emi lio Segre Visual Archives. 
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and thus 

KJ = EI - 111(:2 = 7mc2 - me2 = 6mc2 

The Berkeley Bevatron (see Fig. A. 13), one of the first "high-energy" accelerators 
built in the 1950s, accelerated protons to kinetic energies of approximately 6 GeY 

with the expectation that when these protons interacted with the protons in a copper 
targel ant iprotons would be created. 

Problems 

A.1 . The tau lepton has a proper li fet ime of 0.3 ps. What 
speed must a tau lepton have in order to travel, on 
average, I mm before decaying? 

A.2. An astronaut has a resting heartbeat of 60 beats! 
minute. The astronaut flies past the Earth in a spacesh ip 

traveling at 3/ 5 c. How does the astronaut's heartbeat 
rate as measured by an observer in the ship compare 

with that measured by observers on Ea rlh? 

A.3. The radius of our galaxy is approximately 
3 x 1020 m. How fast must a spaceshi p travel so that the 
crossing the ga laxy takes 40 years as measured on board 
the Sh ip? How long would the trip take as measured on 
Earth? 

A.4. Upon arrival at the star Alpha Ccntauri, which is 

4 light years away, an astronaut sends a radio message 
back to planet Earth. The message is received 9 years 

after the astronaut departed Earth. How fast did the 
astronaut travel? How much time had el apsed for the 
astronaut when the message was sent? 

A.S. The Global Positioning System (GPS) relics on 

very accurate atomic clocks aboard a network of 
24 satell ites, each of which orbits the Earth in 12 hours. 
To provide a resolut ion better than I meter on Ea rth, the 

clocks must not gain or lose more than 3 ns in 12 hours. 
That is, the clocks must be accurate to 

3 x 10- 9 s/( 12 hr) = 7 x 10- 14 

The sate lli tes move at a speed v = 3.9 km/s in circular 
orbits. Is it necessary for GPS receivers on Earth to 

account for special relativistic effects? 

A.S. A rod of length Lo is oriented so it makes an angle 
80 with respect to the x' axis. Observers in the reference 
frame S see the rod moving with speed V along the x 

axis. Show that the angle & the rod makes with the x axis 

is given by tan & = y tan &0. Suggeslion: Take the lower 
end of the rod to be located at the origin of the S' 
reference frame. 

A.7. The most famous paradox in special relativity is the 
twin paradox . Consider two identical twins, AI and Bert. 

Bert decides to make a round-trip to a nearby star. Since 
moving clocks run slow, the time interva l d{ on AI's 
c lock and the time clr on Bert's clock are related by 

dr = cll Vi - V(I)'/C', where v(t) is the speed of Bert 
relative to A I. ThLis the tota l elapsed time all the Bert 's 
c lock is given by 

r = [.' J I - v(/)'/c'dl 
. 0 

Consequently Bert returns from the trip younger than AI. 
The paradox arises in asserting that from the Bert's 
perspective it is AI who did the traveling and thus AI 

should be younger than Bert because of time dilation. 
What is the fallacy in Bert's reasoning? 

A.B. Show with the aid of the Lorentz transformation 
(A.28) that the quantity e' l' - x' - y' - z' is an 

invariant , namely 

C2 { 2 _ (x 2 + y2 + z 2) = C2{ ' 2 _ (X , 2 + y l2 + z 12 ) 

A.9. Use the inverse Lorentz transformation (A.30) to 
deri ve length contraction and the leading-clock-lags rul e. 

A.10. Prove that the Lorentz transformation (A.28) can 
be cast in the form 

x ' = cosh¢x - sinh ¢cl 

el' = - sinh ¢x + eosh ¢cl 

y ' =y 

Z' = z 
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with tanh ¢ = V Ie. Suggestions: VOllmay wish to make 
usc of Ihc idenlilY 

cosh' 1> - sinh' 1> = 

A.11 . In refe rence frame S evenl B occurs 4 J,L S afler 

event A. Even ts A and 8 arc separated by 1.5 km along 

the x axis. With what speed must 3n observer move in 
the posit ive x direction so that events A and B occur 
simu ltaneously? 

A.12. In reference frame S event A takes place at 

XA = 500 m. A second event ~ event B, occurs 5 I.LS later 
al xg = 1500 m. Wilh whal speed mUSI an observer 

move in the pos itive x direction so that the events occur 

at the same point in space in that observer's frame? 

A.13. Two protons move at speed v, one along the x axis 
and one along Ihe y axis. Whal is the re lalive speed of 

the two protons? Evaluate your answer for the spec ial 
case v = 3/ 5 e . 

A.14. In Ihe laboratory reSI frame IWO pan ic les arc 

approachi ng in Opposile directions, each wilh speed of 

0.ge. Find Ihe velocity of one oflhe panicles as 

determined in the rest frame o f the other partic le. 

A.1S. Show in Ihe collision piclured in Fig. A. II b Ihal 

linear momentulll is conserved. 

A.1 6. A prolon has an energy of I TeV. How fasl is Ihe 

prolon moving? For simplicity, lake II/ e' = I GeV. 

A.17. Two protons, each with an energy of I TeY, make a 
head-on colli sion al the Large Hadron Colli de I' (LHC). 

W hal is Ihe veloc ity of one of lhe prolons as measured in 

the rest frame of the other proton? Take II/ e' = I GeV. 

A.18. At Ihe SLAC National AeceleralOr LaboralOry 

electrons are accelerated to an energy of 50 GcV How 

fast are these electrons mov ing? 

A.19. An electron has a kinetic energy six limes grealer 

than ils mass energy. Find (0) the electron 's 10la l energy 

and (b) ils speed. 

A.20. A part icle wilh mass M al resl decays inlo IwO 

particles, one with mass m I and the other with mass 111 2 . 

Use conservat ion of energy and momentum to show that 

A.21. Find the kinetic energy of a prolon moving with 
halflhe speed oflighl. Express your result in lerms of 

me2, the rest mass energy of the proton. 

A.22. A pholOn of energy £ = 15 GeV moving 10 Ihe 

right is absorbed by a particle of mass 111 mov ing to the 
left wilh speecl v = ~e . Afier absorpl ion, Ihe particle has 

mass IJIr and is moving to the right with speed ~c . Using 
energy units. find m and II1 f . 

A.23. A t what speed must a body travel so that its total 

energy is twice its rest energy mel? 

A.24. Show Ihal 

v 

c 

for a particle with mass m. 

pe 

£ 

A.2S. How large an error is made in using the 
nonrelativisti c expression K = 111 v2 /2 for the kinetic 

energy if vi c = O.I? 

A.26. A KO mcson trave ling at O.9c decays into two 
pions. Take Ihe mass oflhe K O meson as 500 MeVle' 

and the mass of each pion to be 140 MeV/e'. One of the 

pions travel s backwards and the other forwards relative 
to the direction of motion orthe KO. Determine the 
velocities orthe two pions. Suggestion: Determine the 
velocities ort lle pions in the center-of-mass frame of the 
KO and then use the ve locity transformation to 

determine the velocities in the lab. 

A.27. A ,, 0 traveling al speed v decays into Iwo photons. 

O ne of the pholons emerges paralle l to Ihe d irection of 

travel oflhe ,, 0 and Ihe other an tiparalle !. If the energy of 

one orthe photons is three times the cnergy or lhe other, 
delermine Ihe speed oflhe ,, 0. Suggestion: Ex press Ihe 
energy ofthc rr o in th~ form Vp;c2 + m;c4. Use 

conservation of energy and momentum to determine P.'T 
and then usc Problem A.24 to determine v. 

A.28. Figure A.14 shows the spectrum of emi ssion lines 
of alOmie hydrogen excited in a d ischarge tube on Earth 

(a) and as measured with a spectrograph attached to a 
le lescope Ihal is poinled at a di slal1l ga laxy (b). Is Ihe 
galaxy moving toward us or away from us? Determine 
the approximate speed of the ga laxy relative to us. 
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II From galaxy 

I' I " I I , I ii' i i i I' I I I I' I • j I Ii, , i ii" I • I I I I 
500 600 700 800 900 

Wavelength (nm) 

(b) 

Figure A.1 4 Emission lines from atomic hydrogen. 

A.29. The redshift parameter = is defined by the 

relat ionship 

I = 

or 

where Acm is the emined wavelength and )~obs is the 
observed wave length . The largest confirmed galactic 
rcdshi ft is:: "-' 7. How fast is thi s galaxy receding 
from us? 

A.30. A photon collides with an electron at rest. 

Determine the threshold energy for creat ion of an 
electron- positron pair in the reaction 

A.31. An electron and positron make a head-on collision 
with equa l and opposite velocit ies. What is the thresho ld 

energy required to produce a proton- antiproton pair in 
the reaction 



APPENDIX 

Power-Series Solutions 

Our goal in th is appendix is to show how to solve the differential equations that result 

from the energy eigenvalue equation for the harmonic oscillator, the eigenvalue equation 

for the magnitude squared of the orb ital angular momentum, and the radial equation for 

the hydrogen atom llsing a power-series solution. In the case of the harmonic oscillator 
and angular momentum, there are in addition elegant operator techniques for obtaining 

the eigenvalues and eigenstates from the fundamenta l commutation relations. You arc 
certain to see those techniques in your next course in quantum mechanics. 

B.1 The Simple Harmonic Oscillator 

It is poss ible to solve the energy eigenvalue equation 

fl2 d2 1/! I , 
---- + - maix-1/! = £1/! 

2m dx 2 2 
(B.I ) 

for the harmonic asci Ilator with a power series. First, \ve simp I i fy the di fTerential equation 
by switching to the dimensionless variable 

X ff-"W y = - = -x 
a fI 

(B.2) 

where 

{f' a- -
mw 

(B.3) 

has the dimens ions of length. With thi s change of variables the d ifferential equation (B. I ) 

becomes 

where we have set 

2£ 
f =­

flw 

(BA) 

(B.5) 

393 



394 Appendix B: Power-Series Solutions 

I fwe attempt to sol ve this different ial equation with a power series solution, we obtain a 
threc- tcrm recursion relation. A way around this difficu lty is to faclOr out explicitly the 
large y behavior of the wave funct ion. For large y the differential equation becomes 

which has solutions 

d2 V' , 
- - y-1/I = 0 
dy2 

(B.6) 

(8.7) 

In fact , inlhe lim it of large y, we can take any power ory (or po lynomial in y) multiplied 
by the decreasing ex ponential as an asymptotic solution to (B.4). 

With this in mind, we make the change of variables 

1/I (Y) = H (y)e-y' /2 (B.8) 

where I-/ (y) is a polynomial in y that we need 10 dctcrmine to ensure that (B.8) is an 
exact sol ution to the different ial equation (B.4). Making the substitution (8.8) into (B.4), 
we fi nd that H e)') satisfie s the differential equation 

d2H dH 
- - 2), - + (f - I ) H = 0 
dy2 . dy 

(8.9) 

At first glance it looks as if we are headed in the wrong direction in that (B.9) has both 
fi rst and second derivative terms while (B.4) has only a second derivative term. But if we 
substitllt e 

00 

H(y ) = I>k/ (B. IO) 
k~O 

inlO (B.9) we obtai n 

00 00 00 

Lk(k - l )ak/ - 2 
- 2 Lkak/ + (f - I) Lak/ = 0 (B. II ) 

k=2 k= 1 k=O 

Letting k' = k - 2 in the first term yields for thi s term 

00 

L (k' + 2)(k ' + l)ak'+2/' (B. 12) 
k' ~O 

We now rename the dummy index k' as k, which allows us to write (8. 11 ) as 

00 

L [(k + 2)(k + 1)0k+2 - 2kok + (f - I)ad i = 0 (B. 13) 
k~O 

Since the y' are linearly independent functions , the only way fo r (B. 13) to be satisfied 
is for the coeffi cient of each factor of y k to vanish. In this way, we obtain the t\\'o-tcrm 
recursion relation 

2k + I - f 

(k + 2)(k + I) (B. 14) 

In general , we arc left with the term s in an infinite power series, which for large k 
behaves as 

(8. 15) 
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This is the same behavior for large k that the function 

(8. 16) 

exhibits. since for this function hi = 1/ (k/ 2)' and therefore 

c-C-( k,--/2-,-)_ '. ~ __ 1 2 ,- 0:-=-,-...,. ~ -
[(k / 2) + I]') (k / 2)+1 k 

(B.1 7) 

Since the large y behavior is determ ined by the behavior for large k, the seri es so lution will 
generate the exponential behavior e- y2 /2ey2 = ey!j2 for l/I(v) that we tried to di scard when 

choosing a viable fOfm for the solution to (8A). The only way to obtain a nonnal izablc 
wave functi on is for the seri es to terminate, in which case H (y) is a fi nite polynomia l in 
y known as a Hermite polynomial. Examining the recursion relation (B.14), we see that 

the series terminates when it reaches a va lue of k stich that k = /I provided 

f = 211 + I 
where 11 is an integer. Consequently, 

E" = (11 + D (,w 11 = 0, 1, 2, 

The three lowest energy (unnorma li zcd) eigenfunctions arc 

l/to = aoe -
y 2j 2 

1/11 = {ll ye- y2
/ 2 

0/2 = ao (2y2 - I) e .1'2/2 

(8.1 8) 

(B.19) 

(8.20) 

(8.21 ) 

(8.22) 

Each energy eigenfunction with eigenvalue E" = (n + I j 2)fj (J) is a polynomial of degree 
II multiplying the decaying exponcntial e - y2J2 . Up to an overall multipli cative constant. 
these polynomial s arc the Hermite polynom ials. 

B.2 Orbital Angular Momentum 

As discusscd in Section 6.2, eigenfunctions of the operator 

L- = - (,' --- sin O- + --,---, , [ I J ( a ) 1 a'] 
"" sin 0 ao ao sin" 0 J</>" 

(8.23) 

can be written in the fOl'm 

YeO, ¢) = 8(0) <I>(¢) (8.24) 

where the </> dependence is determ ined by the faet that the eigenfunctions o r L~p can 

be chosen to be simultaneous eigenfunct ions of L :op since L~p and L : 01) commute. 
Consequently, the eigenvalue equat ion 

L~p Y(O, </» = !..fI ' Y(O , ¢) (8.25) 

reduces to 

-n -.- - srn O- - -.-, -8 = ),('8 ,[ I d (. d8) lilT ] , 
S ill 0 dO dO Sill " 0 

(8.26) 
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Th is d ifferentia l equation can be put in a more standard form by changi ng the inde­

pendent variable to z = cosO, in which case (B.26) becomes 

!!... [( 1 - z') d8] + (A _ lilT ,) 8 = 0 
dz dz 1-z-

(8.27) 

We will restrict Ollr attention to so lvi ng th is di fferential equation for the special case 

11/ 1 = 0, since it can be shown that the fu nctions for nonzero nIl can be obta ined by 
di fferentiating the solutions with m, = 0. 1 Consequently, the eigenvalue problem for L~p 
reduces to solving Legendre's differential equation 

, d'8 d8 
(I -z-)- - 2z - + ),8 = 0 

dz2 dz 
(B.28) 

A power-series solution of the form 
00 

8(z) = 2:: a, z' (B.29) 

k=O 

yields 

00 00 00 00 

2:: k(k - I )a, z'-' - 2:: k(k - I )a,z' - 22:: ka, z' + A 2:: a,z' = 0 (B30) 
k=2 k=O k=O k=O 

Mak ing the change of variables kl = k - 2 in the first summation and then renami ng the 
dummy index k' as k, we fi nd 

00 

2:: I(k + 2)(k + I )aw - [k(k + I) - Ala,} z' = 0 
k= O 

Since the functions z' are linearly independent, th is equation requires that 

Notice that as k .... 00 

a'+2 k(k + I) - A 
--= 
a, (k + 2)(k + 1) 

Ok+2 -- .... 
Clk 

(8.3 1 ) 

(B.32) 

(8.33) 

and the series diverges at z = ± I unless the series term inates.2 The series terminates with 
a polynomial of degree / provided A = /(1 + I) , where / = 0, I, 2, .. . The polynomials 

are ca lled Legendre polynomials and are denoted by P,(z): 

Po = I (B. 34) 

(8.35) 

(B36) 

You can see these Legendre polynomi als appearing in the >" ,0(0, <p) given in Section 6.2. 

I For positive III/ 

" 
d"'l El 

El _ ( I _ _ 2)m/ w ",,~O 
"'I - - dzml 

Once you have worked out the solutions wi th positive /1/ /, the solutions with negative 11/ / arc then 

obtained from those with positive III / by letting 111 / ~ -111/. 

21t turns out th is is a very "modest" logarithmic singularity at z ~ ± I , at least if you rate degrees of 

divergence. But any divergence is too much for a wellwbehavcd eigenfunction . 
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It can sim ilarly be shown that for III / ~ 0 the differentia l equation 

d [ de] [ III ! ] - ( I - z') - _ + 1(1 + I) - --_, e = 0 
dz d< 1-< 

(B.37) 

which is known as the associated Legendre equation, has well-behaved solutions on ly if 
Jmd ::: I. We have shown in Section 6.2 that III / takes on integral values. Therefore, the 
allowed values of tn/ range from - I to 1 in integral steps. 

B.3 The Hydrogen Atom 

Our approach to determining the allowed energics and radial wave functions for the 
hydrogen atolll is very similar to the procedure that we used for the harmonic osc illator. 
We start with (6.63), namely 

--- + - -- ,,= £11 Ii' d'" [1(1 + 1)Ii' ze'] 
2m d,.2 21111.2 4rr Eor 

(8.38) 

We arc searching for bound-state sol utions, namely those wilh energy £ < O. We deAne 
a dimensionless variable 

~ 
p= ,. 

Ii 
(B.39) 

Exprcssed in terms of p, (B.38) becomes 

el'" _ 1(1 + I)" + (!: _ ~)" = 0 
dp' p' p 4 

(B.40) 

where 

(B.4I) 

is a dimension less constant. I fwe attcmpt to solve this di fferential equation with a power 
series solution, we obtain a three-term recursion relation. However, for large p, the 
equation simpli fies 10 

whi ch has solutions 

d 211 I 
- - - I( = 0 
dp' 4 

II = Ae- p / 2 + BeP/ 2 

(B.42) 

(B.43) 

We discard the solution that increases exponentially with p because such a solution does 
not lead to a nonnalizable wave function . However, as for the harmonic osci llator, the 
exponentia lly increasing solution will resurrect itself unless the va lues for A are carefu lly 
chosen. 

We begin by making the change of variables 

(B.44) 
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where the pf+ I behavior is determined by exam ining the di ffcrent ial equation for small p , 

as we saw in Seclion 6.3. When ( B.44) is subsliluted into (B.40). we oblain the following 
different ia l eq ualion for F(p): 

d' F ( 21 + 2 ) d F ( ), I + I) -,+ --- I -+ - --- F = O 
dp· p dp p p ( B.45) 

A lt hough Ihis eli ffcrelllial equat ion looks more compl icaled Ihan our starting poinl (BAO) , 
it is now stra ightforward to obtai n a power-series solution of tile form 

00 

F (p ) = 2>kpk (BA6) 
k=O 

Substituting (B.46) inlo (B.45), we obla in 

00 00 00 

L k(k - I )Ck p H + (21 + 2) L kc,p' - ' + L [- k + A - (I + I») c, p k- I = 0 (BA7) 
/;= 0 .(:= 1 /;=0 

Making the change of variables k' = k - I in the fi rst two terms and then renami ng the 
dummy index k' as k . we can express (B.47) as 

"" L ([k(k + I) + (21 + 2)(k + I») C' + I + [- k + A - (I + I») cd p' - ' = 0 (BA8) 
.(:=0 

leading to 

c,+ 1 k + I + I - A 
= c, (k + I )(k + 21 + 2) 

(B.49) 

Note that as k 4- 00 

Ck+ 1 1 -- .... 
Ok k 

(B. 50) 

which is the same asymptotic behavior as eP . Thus unless the series term inates, the 

function u(p ) will grow exponentially as eP/ 2. To avoid this fatc, we requi re 

A = I + I + II, (8.51 ) 

where the integer 

II ,. = 0, 1,2. (B.52) 

determines the value of k at which the series term inatcs. The function F wi ll then be a 
polynomial of degree II ,. known as an associated Laguerre polynom ial. YOli ca n see th ese 
po lynomia ls appearing in the radial functions for the hyd rogen atom given in Sect ion 6.3 . 
Finally, notice that restricting the value of). to the integer 11 = I + I + II,. means that the 
energy is quantized accordi ng to 

2( 4rrEo)' /i ' II ' 
II = I, 2, 3 . . (B. 53) 

Moreover, we see that the a llowed values of I range from 0 to n - I, depending on the 
order I1 r of the associated Laguerre polynomia l. 



Answers to 
Odd-Numbered Problems 

Chapter 1 

1.1 (b) OJ = ke/ /I 

1.3 (b) 2.1 1"111 

1.5 2,000 kill fo r doy, = 5 111111 

1.7 1. 7 x 1017 photons 

1.9 (a) 4.22 eV (b) 8.6 x lOs Ill / s (e) 169 W / m' 

1.11 3.95 eV 

1.13 " = 6.6 X 10- 34 j· s, W = 2.3 eV 

1.15 £ ' = lII e'/3, K = 2111 c' / 3 

1.17 No 

1.21 (a) 108/ 5 (b) 3.6 x 10- 11 W 

1.23 (a) 0. 2 (b) 0.98 

1.25 21" [J + eos(4Jfl1d/ A)), dm;" = 1./ 4/1 

1.27 (a) sin ' ['rr(l~-" ) l (b) II = I, + ~ (e) 0.25 

1.29 2../2/ 3 

1.31 (a) ¢ = (2IT/ ),)(dl - d,) (b) 1" (~+ -;h eos¢) 

1.33 1" for ka « I 

1.35 1" 

399 
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1.373,-2 

1.41 2dsin li = (/1/ +~)), 

Chapter 2 

2.1 I km/ 5 

2.3 15 

2.5 (a) 2.5 pm (b) 3 I /tm 

2.7 1.2 x 10- 9 m, 3.9 x 10- 11 m, 8.7 x 10- 13 III 

2.9 For 11/ ~ I kg, v ::; 6.63 x 10-J4 mis, I ~ 4.5 x IOJ4 5 

2.11 (a) 60 keY (b) 2.5 keY 

2.131.8 x IO- ,om 

2.19 '!*(I AI'-IBI') 

2.21 (b) 11/ = I g, t ~ 2 x 10' 9 s and for an electron, I ~ 2 x 10- '6 5 

2.23 (a) t>p '" ;,. = 3.5 x I O-JO kg·m/5 (b) 3 nl11 

() m 3 m 
2.25 a Vph = V p' Vg = 2" V P 

, ' , 
2.29 (b ) k / k'c' + 7 

2.31 N = f¥" (x ) = ~ L 

( .) - 'L ( ) - 0 A • - L J..!. - , A - "" A. A -" J..!. - \ 2.33 .\ - 2 ' Px - . Ll..\ - 12 '2'JT!' upx - L' L.:dw..px - lIT 12 2"rr! 

2.35 (x ) = 0, t>x = },K 

Chapter 3 

3.3 (a) )[ (b) ,~I] 

3 5 I,· I' = 1 le',I' = :! (£ ) = l:!£\ t>£ = Jj3 £, · .... 1 4' 4' 4' 4 

3.9 (a) 4:, for tl = 1,3,5, . .. , 0 for It = 2, 4,6, ... 
1/ Jr - co If 

(b) \jJ (x t ) = '" l! (1 - c05I17r)e- I£., /" 1. 5in ",H , L-- II " L L 
11 = 1 

3.11 840/ rr " = 0.874 



Answers to Odd·Numbered Problel 

Chapter 4 
• . ) 1 1-' 12 

, , e". ,l I ~ ~ +-
4.7 2A eos(ka / 2) = Ce- ,"I - and C = 72l <0<'lkaI2) (4 + 4k 2, 

4.9 (e) Vo = 52 MeV 

4.11 (b) 1 fi 
4.13 J 21~W 
4 .15 (e) O. SI 

4.17 41 (X. I) = e- '£ol/" [:72 1/1o(X) + +,e-'I £,-£o )I/" 1/11 (x)1 

4.25 Same as (4. 120) and (4. 121) 

4.29 (e) /I = I 

4.31 (e) T = I+kL' /4 

Chapter 5 

5.5 E 1 for _ I and equal probabi lities of Eo and E2 for + I 

5.7 45 ' 

Chapter 6 

6.11 +n 

6 .15 (a) E = {IIII+ I) - mil'" +~} (b) I (n '" ) _ 1 ,.,E,," .' 
I.m / 21 , 2/) 111 U, 0/, ( - Ji YO.O + ----:rr-- } !.1 

(e) EI.I / 2 

6.17 (a) H = S , I, - ~." E - ~ 21 l 0/111 / - '"]i;' III / - 21 

(b) 0 with probability 213. n with probability 1/6, -fl wit h probabilily 1/6 

(e) * (I - e-'''' /21 eos</» (d) 1/3 (e)!'; E = -;zf 
6.19 2.5 x 10" 
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6.23 I = I, 1/3 probability that L, = a 

6.25 ,. [sin O cos(</> - wo/) + sin O sin(</> - wot) + cosO] e-,/21>, 

", (I)S ", (1) 6.27 $, ="2 J2 I ' x = - '1 Ji _ I 

Chapter 7 

1 ± 16 7.3 4 %! 

7.54.4 x 105 eV 

~ 1/3 4( 3 
7.7 (0) (3]f2)' /3 (b) (3"~) f,c (~) 

7.11 3.5 x 10- 11 m2JN 

7.17 (0) 1682 K (b) 1.26 em 

7.19 (0) 50 nm (b) 106 

7.21 1110 

7.23 11.5 

7.27 0.65 

Chapter 8 

8.9 2.82 x 10- 3 eV 

Chapter 9 

9.1 J.3 x 10-11 5 

9.3 0.72 MeV 

9.5 28 MeV for p, 38 MeV for II 

9.9 Should be Sf j = 5/ 2 



9.13 0.013 

9.15 1.7 x 109 yr 

9.17 r = 2.3 x 103 yr, 11 /2 = 1.6 X 103 yr 

9.1 9 5250 yr 

9.21 (a) 17.8 yr (b) 8270 yr 

9.23 34,600 yr 

Chapter 10 

10.11 4/11 c2 

10.15 ~/IIclqB::::: 3~ m 

Appendix A 

A.l 0.996 C 

A.3 vic = I - 2 X 10- 7, 1= 6.4 X 10' yr 

A.5 Yes 

A.ll vic = 4/ 5 

A.13 0.77 C 

A.17 vic = 1 - 1.25 X 10- 13 

A.19 (a) 7 lIl e' (b) vic = 0.990 

A.21 0. 15/11c' 

A.23 vi c = ~/2 

A.25 1% 

A.27 vic = 1/ 2 

A.29 vic ~ ~ = 0.97 

A.31 II/ pC.! 
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406 Index 

Cabbibo. N .. 343 

Cabibbo ang lc. 343 
Cavity radiation, 235-239 

ene rgy density. 238 

formula. 248 

Stefan- Boltzmann law, 239 
Wicn's law. 239 

Centrifuga l barri er. 188 

CERN,341 

Chadwick. 1. 277 
Chain reaction. 299 
Chandrasckhar. S .. 225 

Charge conj ugat ion inva ri rmcc. 355 

Charge independence. 278 

Chann quark. 327. 344 

Charmoniulll. 344 

Chemical potential. 242 
COBE satellite. 240 

Color. 334 
Color s inglet. 337, 339 

Colorless. 339 

Commutat ion relations 

intrins ic spin. 198. 199 

orbi ta l angular momentum. 182. 184 
position- momentum, 163 

Commutator. 160 
COlllllluting operators. 160- 162 

Completeness. 99 

Com plex conjuga te. 19 

Compressib ility, 224 

Compton formula. 15 

Compton scattering. 13- 16, 

3 19- 322 

Compton w~lVclcl1glh. 15 

Compton. A. H" 13 

Conservation of 

angular momentum. 352- 353 

charge. 358 

co lor. 36 1 

linear momentum, 351 

pari ty,354 

in elec tromagnetic internc liolls. 355 
Conservation of probabi lit y, 66- 67 

Contact poten tial. 265 

Cooper pairs. 275 

Cooper. L. , 274 

Cornell. E .. 245 
Correspondence principle. 79, 195.207 

Cosmic background radiation. 240- 241 

Coulomb term. 284 

CP 
conservation. 356 
nonconservnlion.356- 357 

Cmb nebula , 226. 305 
Critica l condi tion. 299 
Critica l mass, 306 

Cri tical temperature 

Bose- Einste in condensa tion, 244 

in liquid heli um, 247 

Cross section, 279 

Crysta lli ne solids 

covale11l, 263 

ionic, 263 

meta llic, 263 

molecular, 263 

Cubic cavity. 236 

Curie, 315 

Curve of binding energy, 28 1- 288 

Dark mailer. 350 
Dav is, R., 347 

Dav isson, C. J, 60 

de Broglie wave length . 53, 280 
Decohercnce. 173 

Degenemcy, 161, I 79 

in the hydrogen atom, 190 

Degeneracy pressure. 224 

Delta baryon. 33 1 

Density of states 

for nonre lativistic pa rticles, 223 

for photons, 237 

in an energy band 266 
Dcuterium. 304 

Difhaction 

crystal ,58- 62 

g rati ngs, 36-38, 42 

s ing le-s li t, 7. 48 

Diode, 272 

Dipo le 
color. 338 

clectric. 338 

Dirac delta function. 130 
Dime delta-funct ion potential 

double we ll , 133- 135 
single we ll , 131 - 132 

Dirac, P. A. M. , 5 1 

Dispers ion relation, 75 

Donor impurity, 269 

Doppler efTect, 387 
Double-slit expe riment 

hel ium atoms, 52- 56 

light, 32-36 

Down quark, 327. 333 

Ehrenfest's theorem. 79-8 1. 167 

Eigenva lue. 103 
Eigenva lue equat ion, 103 
Einstein A and B coefficients, 248 
Einstein . A .. 1.9,22. 43, 170,242, 

368- 369 
Einstein- Podolsky- Rosen paradox, 170- 17 1 

Electromagnetic spectrum, 3 



Acceptor impurity, 270 

Ac tivity, 315 
Alpha decay. 292- 295 
Ampl ilUdc 

of a wave, I 

probab ility. 19 
Anderson, C, 322 

Angular frequency, 2 
A ngular momentum 

intrin sic spin, \96- 200 
orb ital . 179- 186 

Ant icoincidence experiment, 18 

Ant iparticles, 194, 355 

Ilnt inclI lrino.328 
antiquarks, 327 
pos itron, 194, 321 

Aspec!. A., 17, 23 
Associated Laguerre po lynomial s, 189,398 

Assoc iated Legendre equation, 397 
Asymmetry tcrm, 285- 287 
Atom interferometry. 52- 57 

Atomic bomb, 306--3 10 
gUll -type assembly, 308 
implos ion Illc tho(~ 309 

Atom ic mass num ber, 278 
Atomic number, 278 
Allenuation length. 2~O 
Avogadro 's num ber. 232 

Ba imcr series, 190 
Band structure of so lids, 257- 263 

Kronig- Pcnny model , 257- 26 1 

qua li tative analysi s, 262- 263 

Bardeen. J. , 274 
Barn (ulli t), 280 
Baryon. 327 
Baryon conse rvation, 363 

BCS theory, 275 

Beam splitter, 18 

Bell. J. S. , 17 1 
Beta decay, 292, 295- 296 

Bethe, H., 308 
Bevatron, 389 
Big Bang, 240, 350, 

357, 387 
Binding energy 

atomic, 28 1 
nuclear, 28 1 ~288 

Black hole, 306 
Black body radiation, 235- 239 

Bloch ansatz, 258 

Bohr magncton, 195 
Bohr mode l, 187,207 
Bohr radius, 191 

Bohr, N. , 22, 283. 306 
Boltzmann constant. 228 

Boltzmann d istribution 
for a two-state system, 247 

Boltzmann factor, 227 

Boltzmann. L. , 22 7 

Born interp retati on, 64 

Bose. S. N., 242 
Bose-Einstein condensati on, 242 
Bose- Einstein d istri bution 

funct ion, 242 

Bose- Einstein stati stics, 229 

Boson, 214 
Higgs, 361 
Wand Z, 363 

Bottom quark, 327 

Bot tollloniulll. 345 
Bragg re lat ion, 59 
Bragg. W. L. , 59 

Bremmstrahhmg, 364 

Index 
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Electron- positron scattering. 326 
Electro\\,cak interactions. 361, 362 
Elementary particles. 326-329 
Energy 

eigenfunction , 105 
eigenvalue. 105 
expectat ion value. 102 
operator. 104 

Energy- momentum four-veclOr, 385 

Entangled state. 170 
Eu ler identity. 3. 20 
Event , 377 
Exchange force, 253 
Exchange operator, 212 
Expectation values, 77 

time dependence. 166.351 

Fermat's principle, 40 
Fermi energy, 222- 224. 231. 266 
Fermi gas model , 282. 284, 286 
Fermi tempera ture. 232 
Fermi velocity. 224 
Fermi's golden rule, 290 

Fermi. E. , 290, 30 I. 308 
Fenni-Dirac distribution func tion. 230 
Fermi- Dirac stalist ics. 229 
Fermion. 214 
Feynman di agrams. 3 19- 326 
Fcynman. R .. 38. 5 1. 308. 317 
Field emission of elect rons. 143 
Fine structure of hydrogen. 200 
Fine-structure constant. 323 
Finite square well. 11 3- 118 
Fiss ion, 298- 302 
Flavors 

leptons. 340 
quarks. 327 

Flux lube, 338 
Forward bias, 27 1 

Four-momelHum.384- 385 
Four-vectors. 382 
Fowler- Nordheim relation. 144 
Free-electron model. 221 
Fresnel, A., 43 
Frisch, 0., 306. 307 
Fusion. 303- 305 

g factor, 197. 324 
Ga li lean transformation. 367 
Gamma decay, 292 
Gamow. G .. 293 
Gaseous diffusion. 307 
Gauge bosons. 329 
Gauge illvariance. 358- 361 
Geiger. H .. 277 
Gerlach. w.. 201 

Germer. D. A .. 60 
Glashow- Wcinberg- Salam 

theory. 341 
Glauber. R .. 28 
Global phase invariance. 359 
Global positioning system (GPS). 

377. 389 
Gluons.337 
Goeppert-Mayer, M. , 288 
Goudsm it, S., 197 
Grand unified theory (GUT). 362 
Gra tings, 36- 38, 42 
Group velocity. 73 
Groves. L.. 307 

II -bar. 62 
Hadron. 327 
Hadrons.330-334 
Hahn, 0., 306 
Half-life, 291 
Hamiltonian. 104 
Harmonic oscillator 

in quant um mechanics. 123- 130 
power-series solution. 393- 395 

Heisenberg uncertainlY principle. 70 
Heisenberg, W, 51 
Helium, 215- 217 
Hermite polynom ials. 126.395 
Hermitian operator. 155 

properties, 155- 158 

Higgs boson. 361 
Higgs field. 361 
Hilbert space. 175 
I-I ofstad ter, R .. 279 
Hoyle, F.. 305 
Hydrogen atom, 187- 193 

Balmer series. 190 

Bohr radius. 191 
dcgeneracy. 190 
energy eigenvalues, 189 

Lyman series, 190 
Paschen series. 190 
power-series solu tion. 397- 398 
radial equation, 188 

Hydrogen bomb. 3 10- 311 
Hyperfine structure. 200 

Ice man, 3 16 
Ideal gas constant. 232 
Ideal gas law. 232 
Identical part icles 

in qua11lum mechanics. 212- 2 14 
indistinguishability. 211. 213. 228- 230. 242. 

247.251 
Inertial referencc frame. 367 
Intcgrated circuit. 268. 272. 275 

-
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Interference 
const ructive, 5, 34 
destruclive, 5, 34 
fringes, 4, 27 
single-alom,52- 57 
single-pholon. 23- 28 
th in-fi lm. 3 1- 32 

In terferometer 
Mach-Zehnder, 23 
Michelson, 47 

Intermediate vector boson, 340 
Intrinsic spin, 196- 200 

electron. 197 
photon, 198, 237 

Invariancc 
charge conjugation. 355 
gauge. 358 
inversion of coordinates, 354 
Lorentz, 382 
phase, 359 
rotational, 353 
translational. 352 

Isobar. 278 
Isospin,333 
Isotope, 278 

e lTeet in superconductivity, 274 

Jensen, J. 1-1 . D., 288 

Kaon, 332,343 
Ketterlc, W, 245 
Kiln, 235 

Ki netic energy. 385 
nonre lativistic,58 
operator, 104 
th reshold, 388 

Ki stiakowsk i. G .. 308 
Kronecker delta. 99. 157 
Kronig- Penny model. 257 

Lambda baryon, 332, 343 
Laser. 247- 251 

four-level system, 250 
He-Ne. 25 1 
populat ion inversion, 250 
pumping, 250 
three-level system. 250 

Law of atmospheres. 233 

Least action princip le. 51 
Least time princip le, 38-43 
LED, 272 
Lee. T D .. 354 
Legendre polynomials, 396 
Lcngth cont raction. 37 1- 373 
Lepton nu mber, 328 

electron, 328 

muon. 328 
Leptons, 327 

flavors, 340 

Lifet ime, 29 1 
Light-by-light scattering. 326 

Liquid drop model. 282- 283 
Loca l phase illvariancc. 359- 360 
Loren tz contrac tion. 372 
Lorcn tz force, 355 
Lorentz inva riant, 382, 384. 386 
Lorentz trans formation, 321. 378- 379 
Lorentz, 1-1 ., 195 
Lyman series. 190 

Mach- Zehnder interferomcter. 23 
Magic numbers, 287- 288 
Magnetic dipo le moment. 194- 197 
Marsden, E., 277 
Mass energy, 28 1, 385 
Matrix mechanics, 159 
Maxwell's equations. 3. 20 
Maxwell , J. c., 43 
Maxwell- Boltzmann distribution function, 230 
Maxwell- Boltzmann stat ist ics. 229 
Measurement 

in Stern-Gerlach experiment , 202- 203 
problem, 170, 173 

Mcilncr, L., 306 
Meson, 327 
Metals, 264-265 
Miche lson interferometer. 47 
Microstates. 226 
Mill ikan, R., 1 I 
Mirror reflect ion. 354 
Mixing angles. 343- 350 

Cabibbo angle, 343 
neu trino osci ll at ions. 347 
Weinberg angle, 341 

Moderator. 30 I 
Molecular binding, 132- 135 

Momentum 
conservation. 35 1- 352 
eigenfunction. 104 
opera tor, [04, 179 

Moorc's law. 268 
Moore, G., 268 
Multiclcctron atoms. 215- 2 18 
MultiparlicJe systcms, 211 - 2 12 
Muon, 328 

n-type scm iconductor. 269 
latural linewidth, 169 

Neutrino, 328 
Neutri no osci ll at ions. 346-350 
Neutron star, 226, 289, 306 
Newton's rings, 4 



1 

Newton, I., 7, 43 

Noncommuting operators, 

162- 164 
Nonconservation of parity, 

354-355 
Normalization, 65 

Gaussian wave function. 126-128 

particle in a box, 93 

radial function, 183 
spherica l harmonics, 183 

Nuclear fission , 298- 302 
Nuclear force 

charge independence, 278 
range, 283- 284, 330 

spin dependence, 288. 333-334 
Nuclear fusion, 225, 303- 305 
Nuclear models 

Fermi gas, 284-287 
liquid drop, 283- 284 

5hell , 287-288 
Nuclear reactors, 300- 302 
Nucleon, 278 

Observables, 155 

Operator 
energy, 104 

exchange , 212 

intrinsic spin. 198 
linear momentum, 104, 179 

orbital angular momentum, 181 
parity. \54 

position, 104 

Oppenheimer, J. R. , 307 
Opt ica l path length,41 

Orbital angular momentum 
eigenfunctions, 183- 184 
eigenvalues, 183 
operators, 18 1- 182 

Orbital angu lar momentum 
conservation , 352- 353 

Orthonormal basis, 156-157 
Orthonormal set, 99 
Overall phase invariance, 359 

p-n junction, 270- 272, 275 
p-type semiconductor, 269 
Pairing term, 287 
Parity, 153- 155,353- 355 

conservat ion, 353- 354 
nonconserva tion , 354-3 55 

Particle in a box, 91 - 97 
allowed energies, 93 
energy eigenfunctions, 93 
lime dependence, 95- 97 

Part icle- antiparticle creation, 322 
Pasehcn se ri es, 190 

Pauli principle, 2 14 

Pauli spin matrices, 209 
Peierl s, R., 307 
Penzias, A., 240 
Period, 2 
Periodic table , 218 
Perturbation theory, 3 18 

Phase, 2 
difference, 35 
overall , 35, 359 

Phase factor 
overall , 30, 74, 96 
relative, 30, 96 

Phase velocity, 72 
Photoelectric effect, 9-12 

Photons, 10 
intrinsic spin, 198 

Pion, 330 
Planck function , 238 
Planck's constant, 10 
Planck, M. , 235, 238 

Plasma, 304 
Population inversion, 250 
Pos itron, 194, 32 1 

Pos itronium, 194 
Power-series solutions 

harmonic oscillator, 393- 395 
hydrogen atom, 397- 398 
orbital angu lar momentum, 395- 396 

Probabili ty ampl itude, 19 
Probabi li ty current , 66 
Proper length , 371 
Proper time, 37 1,384 
Proton decay, 362- 363 

QED,3 19 
QFD, 340 
Quantum chroJllodynamics, 334-340, 361 
Quantum electrodynamics. 3 17- 325, 358- 361 
Quantum field theory, 317, 358- 36 1 
Quantum flavor dynamics, 340- 342 
Quantum stati stic s, 226-232 
Quarks. 327 

colors, 334 

flavors, 327, 340 

Rabi , I. 1. , 329 
Radiation 

absorpti on, 248 
spontaneous emission, 248 
stimulated emission, 248- 249 

Radioactivity, 290-296 
carbon dating, 297 

Rams<lller- Townsend effect, 1 SO 
Ra nge of interaction 

and mass of ex chang cd particle, 330 
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Ratio I? 335 

Redshift. 387 

Redllced mass. 188 

Renection coefficient. 138 

Re lativity princip le. 367-369 

Resistance. 264 

Resistiv ity. 264 
Reverse bias. 271 

Rotational symmetry, 352-353 

Rubbia, c.. 342 
Ru ther ford. E., 277 

Rontgen. w.. 58 

Sakharov. A .. 357 

Scalar potential. 358 

Scanni ng tunnel ing microscope. 142 
Scattcring 

square barrier. J-W- J-I2 

step potellliai. 135- 138 

Schr6dinger equation 

solutions 
cubic box. 178 

Dirac dclt;J fu nction. 132 

double well. 135 

harmonic osci ll ator, 125 

hydrogen :110 111 . 189 

in finite potcntial we ll. 93 
Kronig- Penny.26 1 
quali tat ive feat ures, 119- [23 
square barrier. 142 

stcp potential. 138 

time-dependc nt. 62 

time-i ndependent. 90. 105 

Schrodi nge rscat.1 7 1- 173 

Schrodinger. E .. 51. 62 

Schrictlcr. R .. 274 

Seaborg. G .. 307 
Selection rule. 195.207 

Semiconductor laser. 272 

Sem iconductors 

extrins ic. 268- 272 

IH ype.269 

IHype.269 
in trinsic. 266- 267 
p-n j uTl clio ll ,270 

dep Icti on zone. 271 
Scmiempirica [ mass fOrTl1lJi a. 282 

asymmetry te!'ln. 285- 287 

Coulomb term. 284 

pairing term. 287 

surface term. 283 

volume term. 283 
Separation of variables. 89 

in Cartesian coordinates. 178 
in J1luItipart icle systems. 211 
in spherica l coordinates. 180 

Shcllmodcl. 282. 287- 288 
Simulancity.373- 375 

Single-photon source. 18 

Singlet 

color. 337. 339 

spin. 215. 334. 338 

SLAC. 344-346. 375 
Slater determ inan t, 214 

Sne ll 's law. 43 

Solar ce ll. 272 

Solar neutri no problem. 347- 349 
Space-like separa tion, 32 1 

Special rela tiv ity, 367- 388 
Spec troscopic notation. 216 

Spheri ca l coordinates. 179 

Spherical harmonics. 183 

Spin angular Illomen tuill. 196-200 

Spontaneous symllletry breaking. 341. 361 

Standard Model. 358- 363 

Stationa ry state. 91 

Stefan- Boltz mann constant, 239 

Stefan- l3o ltzmann law, 239 

Step potent ial, 135- 139 

Stern. 0 .. 20 I 
Stern-Gerl ach experi ment. 201 - 203 

Stimulated em iss ion of mdiat ion. 249 

Strange quark. 327. 332 

Strassmann. F .. 306 
Strong interactions, 28 1. 289. 296, 

304,330- 340 
Super-Kam iokande. 348, 362. 363 
Superconductiv ity. 273- 275 

Supernova 1987 A, 306 

Surface term. 283 

SYlllmetry.351 - 357 
invers ion of coordina tes. 354 

phase invari'lIlce. 359 
rotational. 352 

translational. 352 
Szi lard L.. 306 

Teller. E.. 3 10 
The nnocouplc, 265 

Thennoll uclear weapon. 3 10 

Thin-fi lm inter ference. 3 1- 32 
Thomson. G. I~ . 6 1 

Time di lati on. 369- 371. 377 

Top quark. 327 

Transistor. 272 

Translational invariance. 352 

Transmission coeffic ient. 138 
Triplet. 216. 334 
Tunneling 

non-square barrier. 143 
square barrier. 1-10- 142 

Twill paradox, 389 
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Uhlenbeek, G., 197 

Ulnm, S., 308 
Ult raviolet catastrophe. 254 

Uncertainty, 78 
Uncertainty relations, 163- 164 

energY- lime, 167- 169,330- 332 

Heisenberg, 163 

orbital angular momentum. 186 
Up quark, 327, 333 

Uranium hexafluoride, 307 

van cler Mecr, S .. 342 
vnn der Waals force, 340 

Vector potential, 358 
Velocity lra nsfonnation 

nonrclativisitc. 367 

relativistic, 380- 38 1 

Virtual panic le. 320 
Volume term, 283 

von Laue. M .. 59 

von Neumann. J , 308 

II' boson, 340-342 

Wavc cquat ion 
light 

in a mcdium. 3 
in vacuum, 3 

Schrodinger, 62 
Wi.I VC function, 62 

physical s ignificancc, 64-65 

Wave number, 2 

Wave packet. 68 

and sca ttering, \38- 139 

Wavelength , 2 

Waves, 1- 3 

Weak interaction, 296, 305, 333, 
340- 342 

l1 onconscrvation of parity, 354-355 

nonconsc rvation of st rangeness, 333 

powering the sun, 346 

Weinberg angle, 341 
Whee ler, J.. 27, 306 

White dwarf star, 225 
Si rius B. 225 

Wieman, C., 245 

Wi en 's law. 239 
Wigner, E., 359 
Wilson. R., 240 
Work function. \1 

wu. C-S .. 354 

Yang. C. N. , 354 
Young, T. , 32, 43 
Yukawa, 1-1 ., 330 

Z boson, 340- 342 

Zeeman effect, 194-195 
anomalous, 197 

Zecman, P., 195 
Zero-point energy 

harmonic osc ill ator, 128- 129 

panicle in a box, 94 
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Constants and Conversion Factors 
r 

Planck 's constant II = 6.626 X 10- 34 J ·S = 4.136 x 10- 15 eV·s 

hbar fl = 11 127T = 1.055 X 10- 34 J.s = 6.582 x 10- 16 eV ·s 

Speed of light c = 2.998 X 108 m( s 

Elementary charge e = 1.602 x 10- 19 C 

Fine-struclureconstant ,,=e'/47TEohc = 7.297 x 10-3 = 1( 137.036 

Boltzmann constant kB = 1. 381 x 10- 13 J ( K = 8.6 17 x 10- 5 eV ( K 

Avogadro constant NA = 6.022 x 1023 panicles/mole 

El ectron mass III , = 9. 109 X 10-31 kg = 0.51 10 MeV/ c' 

Proton mass fJ/ {J = 1. 673 x 10 - 27 kg = 938.3 MeV / c2 

Neutron mass 111 1/ = 1.675 X 10- 27 kg = 939 .6 MeV / c2 

Bohr radius (10 = 4rrEoli2 j fJ/ e C2 = 0.52 92 x 10- 10 J11 

Rydbergencrgy II cRoo = lII <c',,'(2 = 13.61 eV 

Bohr magneton JLB = eh 12111 e = 5.788 X 10- 5 e V IT 

I keY = 10
3 

eV I MeV = 10(, eV I GeV = 109 eV I TeV = 10 " eV 

I JLm = 10- 6 
m I nm = 10- 9 m I pm = 10- " m I fm = 10- 15 III 

I eV = 1.602 x 10- ' 9 J I A = 0. 1 nm = 10- 10 III 
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