Constants and Conversion Factors

Planck’s constant h=6.626x 107 J.s =4.136 x 107 eVs
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Speed of light ¢ =2.998 x 10° m/s

Elementary charge e=1.602x1071°C

Fine-structure constant  « = e* /4mephc = 7.297 x 10~} = 1/137.036

Boltzmann constant kg = 1.381 x 10723 J/K = 8.617 x 10~ eV/K

Avogadro constant N = 6.022 x 10* particles/mole
Electron mass me =9.109 x 1073 kg = 0.5110 MeV /c?
Proton mass m, = 1.673 x 107" kg = 938.3 MeV /¢’
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Bohr radius ag = dmeh®/mec? = 0.5292 x 107" m
Rydberg energy heRo = mec?a®/2 = 13.61 eV

Bohr magneton up = efi/2m, = 5.788 x 107° eV/T
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As an undergraduate, my first course in quantum mechanics was in the spring semester of
my senior year. This was, frankly, too little, too late. As a sophomore, I had taken a fairly
standard course in modern physics. Despite the fact that I thought the professor teaching
the course did a good job, I was not pleased with the content. The course seemed to be
a summary of phenomenology, without giving me any understanding of the underlying
physics. To a budding physicist, this was not a satisfying experience.

Today, I am confident we do better by our students, at least in the upper-division
physics curriculum. This confidence is inspired by the quality and nature of the quantum
mechanics textbooks that we use there, one of which (4 Modern Approach to Quantum
Mechanics) 1 am proud to have authored. At the introductory level the changes have
been, in my judgment, less clear cut. I believe that students deserve a serious introduction
to quantum mechanics, comparable to the introduction they receive to the subjects of
mechanics and electromagnetism. Moreover, with the appropriate grounding in quantum
mechanics, it is possible to give students real understanding and insight into an array of
topics that often fall under the rubric of modern physics. Students can see in quantum
mechanics a common thread that ties these topics together into a coherent picture of how
the world works, a picture that gives students confidence that quantum mechanics itself
really works, too.

While [ have used the term “modern physics™ to describe the material typically taught
in anintroductory course, I believe this term has reached the end of its useful life, at least in
the way it is commonly used. Most if not all modern physics textbooks follow an historical
ordering of the material, with, in order of appearance, Planck, Einstein, Rutherford, Bohr,
and Schrodinger among the key characters in the story. Now I enjoy the history as much
as anyone, and [ try to weave it into the text in a natural way. But I don’t think following
the historical ordering so closely makes a lot of sense. After all, a story that starts in
the early 1900s does not sound modern to students learning physics in the twenty-first
century. Moreover, times have changed. We now have the advantage of truly modern
experiments, such as single-photon and single-atom interferometry experiments, that
have replaced the thought experiments that characterized much of the early discussions
of quantum mechanics. So why not start with real experiments, which is what physics is
really based on, after all.
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Preface

Chapter 1 focuses on the quantum nature of light. While this chapter does include
discussion of the photoelectric effect (the key to understanding the operation of a
photodetector) and Compton scattering, the single-photon anticoincidence and inter-
ference experiments carried out by Alain Aspect and coworkers in the late 1980s are at
the center of this chapter. Understanding the results of these experiments leads us to the
concept of a probability amplitude and to the rules for multiplying and, in particular,
adding these probability amplitudes when there are multiple paths that a photon can
take between the source and the detector. This is really the sum-over-paths approach to
quantum mechanics pioneered by Richard Feynman. One of the advantages of this ap-
proach is that students can see right away how quantum mechanics can explain everyday
phenomena such as the the law of reflection, Snell’s law, and a diffraction grating (in, say,
the reflection of light from a CD) as straightforward extensions of the sum-over-paths
approach from a few paths to many paths (leading naturally to Fermat’s principle of least
time). Although the approach that I follow in Chapter [ is not the same as that given by
Feynman in his short series of lectures titled QED, it is inspired by these lectures.

Chapter 2 starts with the double-slit experiment, a topic that was discussed in Chap-
ter 1 as an illustration of the sum-over-paths approach to quantum mechanics. But in
Chapter 2, the key experiment is a double-slit experiment with helium atoms carried out
by Jiirgen Mlynek’s group in the 1990s. This beautiful experiment really brings home to
students the strangeness of quantum mechanics. Since the sum-over-paths approach is
not as useful for determining the behavior of particles such as electrons when they travel
microscopic distances, Chapter 2 moves naturally toward the Schrédinger equation. This
wave equation plays a similar role for nonrelativistic particles to that played by the wave
equation for light in Chapter 1. Other topics in this chapter include wave packets, phase
and group velocities, expectation values and uncertainty, and Ehrenfest’s equations.

Chapter 3 and Chapter 4 are all about solving the Schrédinger equation for a variety
of one-dimensional potentials. The centerpiece of Chapter 3 is the particle in a box, a
great laboratory for seeing many quantum effects. Chapter 4 includes discussion of the
finite square well, the harmonic oscillator, and the Dirac delta function potential, both
as a simple model for an atom and, more interestingly, as a double well that can be used
to capture the key features of molecular binding. Chapter 4 also includes a discussion of
scattering (and tunneling) in one-dimensional quantum mechanics. One relatively novel
feature of Chapter 3 at this level is the use of the particle in a box to illustrate the key
features of the energy cigenvalue equation, including the principles of superposition and
completeness and the way these principles are utilized to calculate the probability of
events for a wave function that is not an energy eigenfunction. These ideas are gener-
alized in Chapter 5 to the more general class of Hermitian operators corresponding to
observables. Here the role that commuting and, in particular, noncommuting operators
and uncertainty relations play in quantum mechanics is emphasized.

Chapter 6 extends the discussion of quantum mechanics to three-dimensional sys-
tems. Because the particle in a three-dimensional box, the orbital angular momentum
eigenvalue problem, and the hydrogen atom can be attacked by the technique of separation
of variables, these systems have much in common with the treatment of one-dimensional
potentials from the earlier chapters. I make an effort to keep the mathematical level
accessible to students. Some of the details, such as solving the hydrogen atom by a
power-series solution, are left to an appendix for the interested reader. But the simple,
direct way in which the eigenvalue problem for the z component of the orbital angular
momentum, for example, quantizes the eigenvalues to integral multiples of 7 is a very



important and natural extension of the techniques introduced in the earlier chapters. And
the fact that the z component of the intrinsic spin angular momentum of an electron takes
on only half-integral multiples of # tells us that intrinsic spin, real angular momentum
that it is, is not connected to wave functions or to anything physically rotating, as is the
case for orbital angular momentum. _

Given the profound impact that the intrinsic spin of identical particles plays in multi-
particle systems in quantum mechanics, one can argue that intrinsic spin is perhaps the
single most important attribute of a particle. After introducing the exchange operator and
seeing how the Pauli principle arises from basic quantum mechanics, Chapter 7 goes on
to examine systems with identical fermions (multielectron atoms, electrons in a solid,
and white dwarf and neutron stars) and identical bosons (cavity radiation, Bose-Einstein
condensation, and lasers). Again, the focus is on showing how the behavior of these
systems follows directly from quantum mechanics.

The remaining three chapters of the book are devoted to applications as well. But
here too the focus is restricted so as to avoid the peril of too much phenomenology
and too little explanation of the underlying physics. Chapter 8 is devoted to crystalline
solids, namely solids for which the periodic nature of the potential energy leads to
an energy band structure, allowing us to understand the electrical properties of metals,
insulators, and semiconductors. The role that this band structure of semiconductors plays
in the electronics/computer revolution in which we are all participating is emphasized.
Chapter 9 is devoted to nuclear physics, focusing in one form or another on the all-
important “curve of binding energy,” including its impact on radioactivity, nuclear fission,
and nuclear fusion. This chapter concludes with a discussion of the history and physics
of nuclear weapons, a subject with which humanity is still struggling to deal. Finally,
Chapter 10 is devoted to particle physics. One of the benefits of starting this book
with a sum-over-paths approach to quantum mechanics is the natural way it leads into
a description of relativistic quantum mechanics. Although it is not possible to explain
particle physics at the same level of completeness as the earlier topics, it is important for
students to see the role that quantum mechanics plays in the interactions of the particles
in the Standard Model, where the probability amplitudes can be represented graphically
by Feynman diagrams. This chapter concludes with a discussion of the close connection
between symmetries and conservation laws and the fundamental role symmetry plays
in determining the detailed nature of the interactions in quantum electrodynamics and
quantum chromodynamics.

Although most of this book focuses on nonrelativistic quantum mechanics, the first
chapter with its discussion of the quantum mechanics of light, the ninth chapter with
its discussion of the curve of binding energy, and the last chapter with its discussion
of Feynman diagrams presume some knowledge of special relativity. Consequently, a
discussion of the basics of special relativity is included in an appendix for the benefit of
students who have not had a previous exposure to this subject.

A comprehensive solutions manual for the instructor is available from the publisher,
upon request of the instructor.

It is a pleasure to acknowledge the people who have helped me during the writing of
this book. I have benefited greatly from the assistance of my colleagues at Harvey Mudd
College. Tom Helliwell, Theresa Lynn, Dan Petersen, and Patti Sparks read portions
of the manuscript and gave me helpful feedback. Tom Donnelly and Peter Saeta read
the entire manuscript and gave me many valuable comments. In addition to giving me
feedback on Chapter 10, Vatche Sahakian has been unfailingly patient and helpful with
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Preface

my I&TEX questions. For the better part of the past decade, the introductory physics course
that is taken by all students at HMC in their first semester has combined an introduction
to special relativity (see Appendix A) and an introduction to quantum mechanics, as
detailed in Chapter 1. At Swarthmore College, where I completed a preliminary version
of the text while on sabbatical, Frank Moscatelli provided thoughtful comments on
the whole manuscript and Eric Jensen helped me fine-tune the astrophysics sections.
My Swarthmore College Physics 14 students were a great audience for field testing this
book. I very much appreciate the feedback and encouragement that I received from them.
Jeff Dunham of Middlebury College was kind enough to give me detailed feedback on
the entire manuscript. In addition to Harvey Mudd College and Swarthmore College, a
number of institutions, including Bryn Mawr College, California State University (San
Bernardino and San Marcos), Grinnell College, Haverford College, Pomona College,
Rice University, and Ursinus College, have used a prepublication version of the text. I
want to thank Michael Schulz, Michael Burin, Mark Schneider, Dwight Whitaker, Paul
Padley, and Tom Carroll for their input based on their experiences teaching with the book.
[ also want to thank the Mellon Foundation for its support, Bob Wolf for assistance with
the book’s subtitle, Lee Young for helpful copyediting, Christine Taylor and her staff at
Wilsted & Taylor Publishing Services for producing the book, Jane Ellis of University
Science Books for all her efforts in overseeing the publishing process, and my publisher,
Bruce Armbruster, for his support of this project.

Please do not hesitate to contact me if you find errors or have suggestions that might
improve the book.

John S. Townsend
Department of Physics
Harvey Mudd College
Claremont, CA 91711

townsend@hme.edu.
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Albert Einstein once remarked, “For the rest of my life, 1 will reflect on what light is.”
The greatest physicists of all time, including Newton and Maxwell as well as Einstein,
have worried about the nature of light. And they certainly have not agreed with each
other. Even now, there is probably not a clear consensus, with many physicists using
terms such as wave-particle duality to express their perplexity. In this chapter we will
examine the quantum nature of light, including the deep role that interference plays and
its implications for understanding all the phenomena of optics.

1.1 Waves

There are a couple of ways to express a harmonic wave, that is, a wave with a single
frequency (and wavelength). Since we will focus initially on light, we take our standard
wave for this section to be an electromagnetic plane wave propagating in the x direction,
for which the electric field can be expressed as

£ = Eycos(kx — wt) (1.1)
where & is the amplitude of the wave. Light waves are transverse waves; that is the

electric field oscillates perpendicular to the direction of propagation, like waves on a
string, as indicated in Fig. 1.1. Thus (1.1) could be the component of the electric field

A 5 ')
AT | ) _-r Ty
| | ’/_ Af| [ | .|
; . | - - '}
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N gl | 2 ‘,’/" |
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Figure 1.1 A plane polarized electromagnetic wave traveling in the x direction consists
of oscillating electric and magnetic fields that are perpendicular to the direction of
propagation of the wave.
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Chapter 1: Light

along, say, the y or z directions. Figure 1.2a shows a plot of this wave at a particular time,
say.t = 0. The wave (1.1) does not have a definite position. Rather it extends inﬁni!ely
far in the +-x and —x directions, repeating itself over and over again with a spatial period
A, called the wavelength. The wave number # is related to the wavelength A by

2r
k= = (1.2)
since when x changes by one wavelength, the cosine goes through one complete cycle
and the argument of the cosine function changes by 27 when ki = 27. Similarly, if
you sit at a particular position x, say x = 0, and watch the wave oscillate in time, the
electric field will oscillate with a temporal period 7, which is related to the angular

frequency w by

o 1.3)
O = =2 (L.
where in the last step we have introduced the ordinary frequency v = 1/7. Thus the

units of k are m~! and the units of v are s~', or hertz.
We can, of course, also write the electric field as

E = Esin(kx — wt) (1.4)

as shown in Fig. 1.2b. This form for the electric field looks essentially the same as the
one in (1.1), it just has a different phase. If we were to shift our origin in Fig. 1.2b to
the right by one-quarter wavelength, Fig. 1.2b and Fig. 1.2a would be the same. Thus
making the shift x — x + 4 /4 in (1.4) leads to

Eo sinfk(x + 1/4) — wt] = Eysin(kx — wt + 1/2) = E) cos(kx — wt) (1:5)

which is just (1.1). We say that there is a phase difference of 77 /2 between the waves (1.1)
and (1.4). Clearly a more general way to write an electromagnetic wave is to express the

electric field as
E = &ycoslkx — wt + @) (1.6)

where ¢ is an arbitrary phase that ranges between 0 and 2. Note that a phase change of
7. corresponding to a shift by one-half wavelength, leads to a wave that is the negative
of the initial wave.

(a) (b)

Figure 1.2 A wave of definite wavelength. In (a) the wave (1.1) and in (b) the wave (1.4)
are shown at t = 0.



There is an additional way to write a wave that we will find to be extremely useful.

We make use of the famous Euler identity
¢ = cos@ +isinf (L.7)
where i = +/—1, to combine (1.1) and (1.4) together in the form of a complex wave
Epe'F 0 = & [cos(kx — wt) + i sin(kx — wt)] (1.8)

Expressing a wave in this complex form is often done for convenience in classical
physics, where it is understood that the physical solution is the real part of (1.8). In
quantum physics, on the other hand, using this complex form turns out to be essential.
We will assume this to be the case in our discussion of the behavior of light in the rest
of this chapter, and in Chapter 2 we will see explicitly how this complex form arises in
nonrelativistic quantum mechanics when we examine the Schrodinger equation.

According to Maxwell’s equations, the equations that govern the electromagnetic
field, the electric field in free space (in vacuum, with no charges or currents present)
satisfies the wave equation

=0 (1.9)
where ¢ is the speed of light in vacuum. If we substitute £ = & cos(kx — wt) into this

equation, we find

5

(ukz + 9;) & costkx — wt) =0 (1.10)
o

Thus £ = & cos(kx — wt) will be a solution provided that

w = ke (1.11)
Using (1.2) and (1.3), we see that (1.11) is equivalent to the familiar relation

v =g (1.12)

It is important to note that when we talk about light, we are not necessarily talking about
visible light. Rather, as Fig. 1.3 indicates. electromagnetic waves include waves of all
wavelengths and frequencies, ranging from very long wavelength radio waves to very
short wavelength gamma rays.

In a transparent medium such as glass that is characterized by an index of refraction
n. the wave equation becomes

2E  n? %
L - 1.3
9x2 2 912 (1.13)
which by repeating the steps corresponding to (1.10), (1.11), and (1.12) leads to
&
Av=— (1.14)

n

consistent with the speed of light in the medium being ¢/n. When light propagates from
vacuum into a medium such as glass, the frequency v of the light stays the same, but the
wavelength of the light shifts from A to X /n, so as to satisfy (1.14).

Section 1.1 Waves
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Figure 1.3 The electromagnetic spectrum.

1.2 Interference and Diffraction: The Wave Nature of Light

Figure 1.4a shows a schematic diagram (side view) of a curved glass surface resting on
a flat glass plate, while Fig. 1.4b shows (top view) a series of concentric light and dark
rings that are seen in the reflected light when the system is illuminated from above with
monochromatic light, light with a single wavelength. These rings are known as Newton’s
rings. The light and dark regions are called interference fringes. Maxima in the intensity
occur when the crests of the two waves, one coming from reflection from the glass—air
interface at B and one from reflection from the air-glass interface at C (see Fig. 1.4a),
coincide. Minima in the intensity, where the intensity is essentially zero, occur when the
crest from one reflected wave coincides with the trough from the other reflected wave,
giving cancellation. See Fig. 1.5. The phase difference between the two interfering waves
varies with the thickness of the air gap between the two pieces of glass, since the light

(@) (b)

Figure 1.4 A spherical glass surface adjacent to a flat glass surface used to produce an
interference pattern when illuminated from above with monochromatic light. Permission
is granted to reproduce this 2007 image (Fig. 1.4b) by Winnie Summer under the terms

of the GNU Free Documentation License.



Section 1.2 Interference and Diffraction: The Wave Nature of Light
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Figure 1.5 Interference: Two waves of equal amplitudes (dotted and dashed lines) are
added together. In (a) the waves are in phase and interfere constructively, producing a
wave (solid line) with an amplitude twice as large as that of the individual waves. In

(b) the waves are 7 out of phase and interfere destructively (the solid line coincides with
the x axis). In (c) the waves are /2 out of phase and produce a resultant amplitude that
is +/2 times the amplitude of the individual waves. The intensity of a light wave is
proportional to the square of the amplitude. Thus the resultant intensity of the light in
(a) in which the two waves are in phase is four times as large as the intensity of the
individual waves and twice as large as the resultant intensity in (¢) in which the two
waves are /2 out of phase.
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reflected from the air—glass interface at C travels an extra distance d from B to C to D
relative to light reflected from the glass—air interface at B. In general, from the form of
the electric field in, say. (1.5) we see that an extra distance ¢ corresponds to a phase
difference kd = 2md/i. When the extra path difference is 0, A/2, A, 3%/2, and so on,
we see either destructive or constructive interference.

Note that the center region (in the vicinity of A in Fig. 1.4a) is dark. Right at the point
A we might expect no reflection since one could argue that the light is simply traversing a
solid piece of glass. But outside this point of contact there is a thin air gap with thickness
smaller than the wavelength of the light which is also dark. This dark region arises from
destructive interference because there is a phase shift of = when light is reflected at the
air-flat glass interface (C in Fig. 1.4a) and no phase shift when light is reflected the the
air—glass interface (B in Fig. 1.4a). In general, light reflected by a material for which
the index of refraction is greater than that of the material in which the light is traveling
undergoes a phase change of 7. Thus the wave from the bottom interface is 7 out of
phase with the wave from the top interface and the two cancel, or interfere destructively,
when the thickness of the air film is very small compared to 4. This phase change of
7 upon reflection of an electromagnetic wave is reminiscent of the phase change that
occurs when waves on a string are reflected at a discontinuity in the mass density of the
string, as illustrated in Fig. 1.6."

|
|
/\—" ! Denser string

Initial |
I
: Slower medium
. J —
Final Nt - W =
Phase change
N\ —
Initial < N

Faster medium
—_-

4—
Final « = g N

No phase change

Figure 1.6 Reflection of waves from a discontinuity in a rope is similar to the reflection of
electromagnetic waves from an interface where the index of refraction changes abruptly.
The reflected wave undergoes a phase change of 180 when the reflection occurs at a
junction where the transmitted wave slows down. When the transmitted wave speeds up
at the junction. there is no phase change upon reflection.

!For an electromagnetic wave traveling in a transparent dielectric medium with index of refraction
ny incident normally on an interface with a medium with an index of refraction n;, the amplitude &, of
the reflected wave is related to the amplitude & of the incident wave by &, = —&y(na — ny)/(n2 +ny).
Thus for n; > ny, there is a change of sign in &, relative to &, corresponding to a phase change of «
since ¢ = —1.



Section 1.3 Photons: The Particle Nature of Light b4

Interference is the signature for wave behavior in classical physics. Thus, it is some-
what ironic that the interference pattern in Fig. 1.4 is referred to as Newton’s rings, since
Isaac Newton himself believed that light was composed of particles, or corpuscles as
he called them. Newton noted that if light were indeed a wave it would “bend into the
shadow,” just as sound does in passing through an open door, and Newton had apparently
not observed this. This bending of waves is called diffraction (really just interference
with another name, as we will now show). Diffraction is readily observed for an appro-
priate aperture size (typically much smaller than a door!) with a monochromatic light
source such as a laser, which of course did not exist in Newton’s time. One common
strategy for understanding diffraction for light passing through a slit of width « is to
consider each point on the slit to be a source of secondary waves, or Huygens wavelets
as they are often called. If we divide up the slit into two halves, as illustrated in Fig. 1.7,
then for each point in the top half of the slit, there is a corresponding point a distance
a /2 below it in the bottom half. If the path difference (a/2) sin 6 between the rays from
cach pair of points on the slit to a point P in the detection plane is A /2, then there will be
destructive interference between each pair and the total electric field at the point P will
vanish, since a path difference of /2 leads to a phase difference between the two waves
of 7. Thus there will be a minimum in the intensity when (a/2)siné = /2 or

asinf = i (1.15)

We can go further in this vein and divide up the slit into four equal zones. In this case
the path difference between a ray from a point in the top zone and one a /4 below it in the
adjacent zone is (a/4) sin@. Again there will be destructive interference between these
two electric fields when the path difference is A /2, that is, (a/4)sin@® = A /2 or

asinf = 2 (1.16)

This cancellation will occur for each pair of rays originating from the top zone and
the one a /4 below it. A similar cancellation will occur between every pair of rays in the
third and fourth zones as well, leading to a complete interference minimum when the
condition (1.16) is met. In general, there are minima whenever

asinf = £A, £2 A, £34, ... (diffraction minima) (1.17)

Figure 1.8 shows a single-slit diffraction pattern and Fig. 1.9 shows plots of the relative
intensity for slits of varying widths. For visible light, that is for A in the 400-700 nm
range, you need a very narrow slit, one that is only a couple of microns wide, in order
for the first minimum to occur at, say, 15°. In comparison, note that a fine human hair
has a diameter of 100 microns.’

1.3 Photons: The Particle Nature of Light

Newton’s rings (Fig. 1.4) and single-slit diffraction (Fig. 1.8) provide convincing
evidence of the wave nature of light. These photographs are taken with high levels
of light illumination. What happens when a picture is taken with low-intensity light?
Figure 1.10 shows such a picture (albeit not one involving interference). At first only

2] micron = 10°° m. Thus 100 microns = 10~* m = 0.1 mm.
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Figure 1.7 A single slit is
represented as a large number
of point sources. In the figure
the slit is divided into halves.
At the first minimum of the
diffraction pattern the waves
from the source at the top of
the slit are 180° out of phase
with the waves from the
source at the middle of the slit
and thus cancel, as do the
waves from all the other pairs
of sources in the slit. The rays
shown emanating from the slit
meet in the detection plane,
which is where the
interference pattern is
observed. Because the
detection plane is presumed to
be quite distant from the slit,
these rays are effectively
parallel when viewed in the
region near the slit.
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Figure 1.8 Diffraction pattern of laser light from a single slit. (Courtesy J. Newman)
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Figure 1.9 The relative intensity for single-slit diffraction as a function of the angle ¢ for
slits of varying widths. The narrower the slit, the wider is the central maximum. The
precise form of the intensity distribution is determined in Problem 1.33.
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(d)

a4 M

Figure 1.10 A series of photographs showing how the quality of the image improves with
an increasing number of photons. The approximate numbers of photons involved in each
exposure are (a) 3 x 10%, (b) 1.2 x 10%, (¢) 9.3 x 10%,(d) 7.6 x 10%, (¢) 3.6 x 10°, and
(f) 2.8 x 107. From A. Rose, 1. Opt. Soc. Am. 43, 715 (1953).

(c) ==

a seemingly random collection of bright spots is observed. Only when a sufficiently
large number of spots has been generated does the image become clear. Each of these
spots on the photographic film marks a location where a small chemical reaction has
taken place, namely, a single particle of light has interacted with an ion in a grain of
silver halide crystal in the photographic emulsion. A typical grain may be a micron or
so in size and may contain 10 billion silver atoms. When the photographic emulsion is
developed, all the silver atoms in a grain will be deposited as metallic silver if just a
few of them have been activated in the original exposure, vielding an amplification of
10 billion.

Figure 1.10 presents a very different picture of how an image develops than has
been suggested by our discussion of interference and diffraction in the previous section.
In classical wave theory, making the source of the light dim, by reducing the strength
of the electric field, can make the light intensity arbitrarily small. As the source gets
dimmer and dimmer, the intensity decreases uniformly everywhere, which should make
a photographic image progressively fainter and fainter. But the image would always be
there in its entirety. This is at odds with what we see in Fig. 1.10.

The Photoelectric Effect

Despite the evidence for the wave nature of light, it was Albert Einstein in one of
his famous 1905 papers, on the photoelectric effect, who first suggested that the elec-
tromagnetic field is composed of quanta, “bundles of energy” that are now called

9
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Figure 1.11 The photoelectric
effect.

photons.® Einstein, inspired by the work of the physicist Max Planck in analyzing cavity
radiation (a subject we will discuss in Section 7.6), proposed that a photon has energy

E = hv (1.18)

where v is the frequency of the light. The constant 4 is a fundamental constant called
Planck’s constant. [ts value is 6.63 x 1073* J.s.

In the photoelectric effect, a photon strikes a clean metal surface, ejecting an electron
from the metal, as illustrated in Fig. 1.11. This electron is typically referred to as a
photoelectron. A schematic diagram of the apparatus that is used to study the photoelectric
effect is shown in Fig. 1.12a. If the anode is at a positive electric potential difference
relative to the cathode, then electrons emitted from the cathode will be accelerated toward
and collected by the anode, generating a current that is detected by the galvanometer
G in the circuit. If the intensity of the light striking the cathode is increased, so too is
the maximum value (the saturation value) of the photocurrent, as shown in Fig. 1.12b.
But if the polarity of the anode relative to the cathode is reversed, then electrons ejected
from the cathode are repelled from the anode. Only those photoelectrons with sufficient
kinetic energy will be able to overcome the retarding potential and reach the anode. When
the retarding potential reaches a certain critical value, called the stopping potential, the
current ceases. The magnitude of the stopping potential is independent of the intensity
of the light, as is indicated in Fig. 1.12b. Thus the maximum kinetic energy of the
photoelectrons is the charge of the electron (e = 1.6 x 10~ C) times the magnitude of
the the stopping potential measured in volts. For example, if the stopping potential were
equal to 1 V, the maximum kinetic energy would be 1.6 x 107" C.V = 1.6 x 1077 ],
which is, by definition, 1 electron volt (1 eV).

Photocurrent

Aperture /—_

Cathode

= 0 Potential
“o difference

(a) (b)

Figure 1.12 (a) A schematic diagram of the apparatus used to investigate the photoelectric
effect. (b) The photoelectric current as a function of the potential difference (measured in
volts) between the anode and the cathode for two different light intensities. Some of the
photoelectrons emitted from the cathode have sufficient energy to reach the anode even
when the anode is at negative polarity relative to the cathode. When the retarding potential
exceeds ¢, the current is zero. The saturation value of the photocurrent is proportional
to the light intensity but the stopping potential ¢y is independent of the intensity of

the light.

3Within a seven-month period in 1905 Einstein submitted five articles for publication in the Annalen
der Physik. In addition to the article on the photoelectric effect, which many people point to as the
first bold step toward a quantum theory, there were two articles that laid out the foundations of special
relativity and two articles on Brownian motion that provided convincing direct evidence of the atomic
nature of matter. Hence 1905 is often referred to as a miraculous year, at least by physicists.
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Figure 1.13 Electrons in a metal are bound in a potential energy
well. The solid lines with dots indicate energy levels that contain
electrons, generally two to each energy state. The work function
W is the minimum amount of energy required to remove an
electron from the metal. The maximum kinetic energy K of an
electron ejected from the metal by a photon is the energy /v of
the photon minus the work function W'

In Einstein’s analysis of the photoelectric effect, the energy of the incident photon is
imparted to an electron in the metal. But before the electron can emerge from the metal
it must overcome the forces that bind it within the metal. Thus the maximum kinetic
energy K of an electron ejected from a metal by a photon is given by

K=h—-W (1.19)

where W is the work function of the metal, the minimum energy necessary to extract an
electron, as indicated in Fig. 1.13. Since the energy of a photon decreases linearly with
decreasing frequency, there is a threshold frequency v for the ejection of photoelectrons
from a metal that is determined by setting K = O

hll'() = ;IC‘/A.Q ¢ (]20)

since at that frequency the electrons would have no kinetic energy. For sodium, a typical
alkali metal, the work function is 2.3 eV, which means that vy, = 5.5 x 10" Hz, or
Ao = 540 nm, corresponding to green light. Therefore, visible light with L < X, for
which it is easy to determine the wavelength, has sufficient energy to eject an electron
from the metal. The maximum kinetic energy imparted to the electrons is then determined
by measuring the stopping potential, permitting a test of (1.19). This is the reason Robert
Millikan chose to use alkali metals to test Einstein’s prediction. And testing was certainly
called for, since (1.19) is in complete disagreement with the classical wave picture that
we used in Section 1.1. In this wave picture, the kinetic energy of the electron should be
proportional to the intensity of light (the energy per unit area per unit time) incident on
the photocathode. This intensity is determined from the time average of the square of the
electric field €. Thus the intensity is proportional to &, the square of the amplitude of
the electric field, and is completely independent of the frequency of'the light. Figure 1.14
shows Millikan’s results for sodium, confirming Einstein’s prediction.*

*Millikan did not believe Einstein’s prediction and initially set out to disprove it. One of the nasty
features of alkali metals is that they react very strongly with oxygen and therefore oxidize readily.
Millikan had to take unusual precautions to keep the photocathode from being contaminated. In par-
ticular, he was forced to build a miniature “machine shop in vacuo.” For example, he developed an
ingenious technique of shaving the surface of the metal in a vacuum with a magnetically operated knife.
In the end, after a long series of careful experiments, Millikan was forced to acknowledge the correct-
ness of Einstein’s photoelectric effect formulas “despite their unreasonableness.” Millikan received the
Nobel Prize in 1923 primarily for his work on the photoelectric effect, as did Einstein in 1921.

11
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Figure 1.14 The maximum kinetic energy K of the photoelectrons vs. frequency for
sodium. The data are from R. A. Millikan, Phys. Rev. 7, 355 (1916). The threshold
frequency (vp = 5.6 x 10'* Hz) has been adjusted to allow for the contact potential
between the anode and the cathode (see Section 8.2). Millikan obtained a value for /,
Planck’s constant, from the slope of the straight line.

EXAMPLE 1.1 Determine the energy of a photon emitted by a helium-neon laser,
for which A = 633 nm. How many photons are emitted per second if the output
power is 5.0 milliwatts?

SOLUTION From (1.12) and (1.18), the energy of a photon is

¢ 3 3.00 x 10¥ m/s
E=h—= (663 x10%Jg)—0m ———
A V63 x 107 m

=3.14x 107127

which is a very small energy, reflecting the small size of Planck’s constant, at least
in macroscopic units. Put another way, the output power of the laser, which is
5 milliwatts, corresponds to the emission of

5.0x 1073 J/s

= 1.6 x 10'® photons/
3.14 x 10" J/photon St

This illustrates why we don’t notice the discrete, quantum nature of the electro-
magnetic field in everyday life. The number of photons is so large that adding or
subtracting one here or there does not make a noticeable difference. A more ap-
propriate energy scale for atomic processes is the electron volt. In electron volts,
the energy of a photon emitted by a helium-neon laser is

3.14 x 10719

Lk ek BT
1.6 x 10~V J/eV ¥

EXAMPLE 1.2 The work function of cesium is 1.9 eV, the smallest work function of
any pure metal. What is the threshold frequency vy for the ejection of photoelectrons
from cesium? What is the corresponding wavelength?
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SOLUTION
W= h‘Uu
(1.9 eV)(1.60 x 1071 J/eV) o
= = =4.6 x 10" Hz
= B 6.63 x 10-3 J.s
Thus

Ay = L 6.5 x 1077 m = 650 nm
Vo

namely red light.

Compton Scattering

Ironically, despite the beautiful confirmation that Millikan’s results provided of Einstein’s
photoelectric effect formula (1.19), Millikan himself was not convinced of the particle
nature of light until 1923. In that year, Arthur H. Compton carried out a scattering ex-
periment with X-rays on a graphite target. X-rays are short wavelength electromagnetic
radiation. In classical theory. these electromagnetic waves cause electrons in the carbon
atom to oscillate up and down with the same frequency as the incident wave and there-
fore emit radiation at this frequency, since the electrons are being accelerated by the
electromagnetic field of the incident wave. Figure 1.15 shows the experimental setup as
well as Compton’s results. Although the intensity of the incident radiation has a peak at
one wavelength, the intensity of the scattered radiation has two peaks, one at the same
wavelength as the incident radiation and one at a longer wavelength. The magnitude of
this longer wavelength varies with the scattering angle 6.

There is a simple relationship between the wavelength and the momentum of a photon
that follows from combining the results of two of Einstein’s 1905 papers. The photo-
electric effect tells us that E = hv = he/i and, as noted in Section A5, the special
theory of relativity tells us that £ = pe, a special case of the more general result

E = \/p*c* + m?c¢* for m = 0. Since he/d = pe, we find

h
P== (1.21)

A

as the relationship that connects the momentum of the photon to its wavelength.” In a
situation in which light is scattered from an electron at rest, transferring some kinetic
energy to the electron, the wavelength of the scattered photon must be longer than that
of the incident photon since the scattered photon has less energy than the incident one.
Thus the particle nature of light leads to a result that is quite different from that predicted
from a classical wave approach.

It is straightforward to analyze this scattering using conservation of energy and lin-
ear momentum, just as one would do for a collision between billiard balls (although
the billiard balls are not usually relativistic). If we call the wavelength of the incident

* A rationale for taking the photon mass to be zero is given in Section 2.3.
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0.0709 A" =0.0749 nm

Figure 1.15 Compton’s experimental arrangement and his results [A. H. Compton, Phys.
Rev. 21, 483, 22, 409 (1923)]. The data show the intensity of the scattered radiation from
a graphite target as a function of wavelength with a monochromatic source for four
different scattering angles, namely 8 = 0,6 = 45°, 8 = 90°, and 6 = 135°. The
wavelength of the scattered radiation is measured using crystal diffraction (see

Section 2.2) and the intensity is measured by determining the amount of ionization this
radiation produces.

photon A (and therefore its momentum p = //2) and that of the scattered photon A’ (and
its momentum p’ = h/1’), as indicated in Fig. 1.16, then conservation of momentum
requires

p=p +p. (1.22)
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Figure 1.16 A photon is incident on an electron initially at rest in (a). The photon is
scattered at angle @ and the electron recoils at angle ¢, as shown in (b).

where p, is the momentum of the scattered electron. Momentum is of course a vector
and therefore each of its components must be separately conserved. If we denote by 6
the angle the scattered photon’s momentum makes with that of the incident photon (see
Fig. 1.17), then using the law of cosines, for example, we see that

p5=p2+p'2—2pp'C059 (1.23)

Here the magnitude of p, is denoted by p,., the magnitude of p is denoted by p, and the
magnitude of p’ is denoted by p'. Conservation of energy requires

E+mc*=E +E, (1.24)
or expressed in terms of the momenta

pe+mc* = p'e+ 1/ p2e? + m2ct (1.25)

We now use (1.23) to eliminate p, from (1.25). First move the p'c term in (1.25)
to the left side of the equation and square the result. Then substituting (1.23) into this
equation, we obtain

prt+ pPet = 2pp'ct 4+ 2(p — pmed +mict = p*c? + pPet — 2pp'c? cos§ + mc?

(1.26)
which reduces to
pp' (1 —cos@) = (p— p')me (1.27)
Expressed in terms of the wavelength, we finally obtain the Compton formula
ch o
A—A=—(1—cosb) (1.28)

mc

Compare this result with Compton’s original data in Fig. 1.15. Notice that the scale of
the shift in wavelength is determined by the length /i /mc, which is called the Compton
wavelength. For an electron as the target particle, #/mc = 0.0024 nm = 2.4 pm. You
can now see why the effect was first observed with X-rays. For visible light, for which A
is 400-700 nm, this shift in wavelength is a very small fraction of the wavelength itself
and is not as easily observed. Compton’s X-rays, on the other hand, had a wavelength

Figure 1.17 Conservation of
linear momentum in Compton
scattering.
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of 0.07 nm, so the shift in wavelength was a significant fraction of the wavelength
itself.’®

EXAMPLE 1.3 What is the energy of a photon with a wavelength equal to the
Compton wavelength & /me, where m is the mass of the electron? Suppose a photon
with this energy makes a collision with a free electron initially at rest. What is the
energy of the final photon if the scattering angle is 90°? How much Kinetic energy
is transferred to the electron?

SOLUTION The energy of the incident photon is
,’ \
E= % = mc? = 0.511 MeV
From (1.28), the wavelength of the scattered photon for & = 90° is
: h h
N=A+—=2—
mc mc
Thus the energy of the scattered photon is
he 1,
= = —mc? = 0.256 MeV
A 2

and the electron gains kinetic energy

’

&

1
K=E—F = Emc'z = (.256 MeV

in the collision.

1.4 Probability and the Quantum Nature of Light

Example 1.1 shows that a source of light with even a modest power output emits a very
large number of photons. In this section and the next we will discuss experiments in which
it is necessary to detect photons one at a time. It turns out to be pretty straightforward to
“see” individual photons, although not quite directly with the human eye, which requires
roughly 100 photons per second to produce a signal in the brain. (See Problem 1.5 to geta
sense of the amazing sensitivity of the human eye.) A photomultiplier, on the other hand,
can detect single photons. Figure 1.18 shows a schematic diagram of how it operates. A
photon is first absorbed by the photocathode, an electrode coated with an alkali metal,
ejecting an electron via the photoelectric effect. In the photomultiplier, this photoelectron
is accelerated toward a second electrode at a higher electric potential. When this electron

®The data in Fig. 1.15 do show scattering occurring at the same wavelength as the incident radiation
as well as at the shifted wavelength given by (1.28). How are we to understand this nominally classical
result? The target carbon atom consists of a relatively heavy nucleus, at least in comparison with the
mass of an electron, as well as the six electrons that are bound to the nucleus. If the incident photon
interacts with the nucleus instead of a lightly bound electron, for example, the atom as a whole may
recoil in the collision. In this case the mass m in (1.28) is the mass of the atom instead of the mass of
the electron and the corresponding shift in wavelength is much reduced relative to that in scattering
from an essentially free electron.
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Figure 1.18 A schematic diagram of a photomultiplier.

strikes the electrode, it knocks out several (four or so) additional, or secondary, electrons,
which are then accelerated toward a third electrode, which is at a still higher potential.
Upon impact, these electrons knock out additional electrons, which are then accelerated
toward an additional electrode, and so on. A typical photomultiplier may have as many as
14 or 15 different electrodes, or dynodes as they are called. Thus the initial photoelectron
generates an avalanche of perhaps ten million electrons in a high-gain photomultiplier.
These electrons form a current pulse, which can be amplified, generating an electrical
signal that enables us to detect the arrival of a single photon.’

The photoelectric effect and Compton scattering provide indirect evidence for
the particle nature of light, albeit evidence that is in striking disagreement with the
predictions of classical physics. Direct evidence for the particle nature of light was, in fact,
not obtained until quite recently. A. Aspect, P. Grangier, and G. Roger used the cascade
radiative decay of an excited state of calcium (see Fig. 1.19) to generate single photons

4p* '8y

2
551.3 mn
4sdp 'P,

45215,

Figure 1.19 An energy-level diagram for calcium. The spectroscopic notation
used to label the energy levels is explained in Section 7.3.

7A photodiode, a solid-state device constructed from the semiconductor silicon, can achieve a sig-
nificantly higher efficiency than a photomultiplier for detecting single photons.
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Coincidence
counter

Gate

Figure 1.20 A schematic diagram of the anticoincidence experiment of Grangier et al.
The source S emits two photons in a cascade decay. Detection of the first photon is used
to generate an electrical pulse which activates the two photomultipliers.

in an experiment they carried out in 1986.% Two photons with frequencies v; and v,
are emitted in this cascade decay. The first photon emitted is called the trigger photon,
since if it is detected by the gate photodetector, shown to the left in Fig. 1.20, then
an electronic signal is sent to the circuit containing the two photomultipliers PM, and
PM,, turning on these photodetectors for a period 2t;, where 7, = 4.7 ns is the lifetime
of the intermediate state shown in Fig. 1.19. The probability of detecting the photon
with frequency v, with either photodetector PM; or PM; from this particular cascade
decay is much greater than that of observing a photon with this frequency from the
decay of any other calcium atom in the source, essentially because the detectors are
synchronized with the emission of the first photon and are active for such a short period
of time.

Situated between the single-photon source and the photodetectors PM, and PM; is a
beam splitter. The beam splitter is simply a device that reflects half the light incident upon
it and transmits the other half. If light is incident on a sheet of glass at normal incidence,
for example, 96% of the light is transmitted and 4% is reflected (which is why we make
windows out of glass). If we coat the glass with a thin film of metal, it becomes a mirror
that (ideally) reflects 100% of the light. If the surface is only lightly coated (silvered), we
can create a half-silvered mirror that reflects 50% of the light and transmits 50% of the
light incident upon it, say at an angle of 45°.° Thus if we were to shine the 5 mW laser
from Example 1.1 that emits 1.6 x 10'® photons/second on the beam splitter, we would
find on average 8 x 10'3 photons/second are reflected and 8 x 10'® photons/second are
transmitted. This is an enormous number of photons, such that we would be hard pressed
to notice the discrete particle nature of light.

But what happens if one photon at a time is incident on the beam splitter? Perhaps the
photon splits in two, with half a photon being transmitted and half reflected. But if the
photon were to split, then by energy conservation the reflected and the transmitted photon
would have less energy than the incident photon and hence a longer wavelength. But this
is not what is occurring since the reflected and the transmitted beams have the same color
as the incident light. What Aspect and company find is that a count is obtained by either
PM, or PM; but not both simultaneously. A count in PM, never coincides with a count in
PM;, which is what we expect if light is composed of particles. Our everyday experience

“P. Grangier, G. Roger, and A. Aspect, Ewrophys. Lett, 1, 173 (1986).
’A modern beam splitter may have a multilayer dielectric as the coating instead of a metal.
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with a particle is that it is either “here™ or “there.” Waves, on the other hand, are spread
out over an extended region of space and may be both “here” and “there.” Consequently,
the experiment is referred to as an anticoincidence experiment and the results with single
photons are in complete accord with the fact that light is indeed composed of particles.

One may well ask then which of the two photomultipliers detects the photon with
frequency v,. The answer is simple: it is not possible to predict whether the photon will be
detected by PM, or PM;. In fact, the best we can do is give the probability for detection.
The way we calculate this probability is to determine first a complex number z, called
the probability amplitude. This terminology is reminiscent of the amplitude &, of the
complex form for the electromagnetic wave (1.8).

A general complex number z may be expressed as

z=x+1iy (1.29)

where x and y are real and i = +/—1. In fact, all fundamental processes in nature can be
described using a probability amplitude or a sum of amplitudes. The complex conjugate
of the complex number z is defined to be

F=x—iy (1.30)

Therefore the rule for obtaining the complex conjugate is to let i — —i everywhere.
When a probability amplitude is multiplied by its complex conjugate, the result is a
positive, real number:

'z = (x —iy)(x +iy) = x2 + y? (1.31)

which we postulate is the probability of detecting a photon, provided z is properly chosen.
This is the first major principle of quantum mechanics:

The probability of an event = z*z (1.32)

There is an alternative way to represent a complex number that will be especially
useful to us. Figure 1.21 shows the location of the complex number z = x + iy in the
complex plane. If we choose polar coordinates » and ¢ to label this point instead of the
real and imaginary parts x and y, then

z=x+iy=rcosg+irsing = re'?’ (1.33)
y=Imz r

_______ i
I
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|

\d ! N

y=Rei#

Figure 1.21 A complex number z is defined by giving its real and
imaginary parts, x and v, respectively. or its magnitude » and
phase ¢.
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where  is called the modulus, or magnitude, of the complex number and ¢ its phase. In
the last step we have used the Euler identity (1.7). Notice that x, y, r, and ¢ are all real
numbers. In terms of the magnitude and phase, the complex conjugate z* is given by

*

z¥=rcos¢ —irsing = r(cos¢ — ising) = re ¢ (1.34)

and the product z*z involves only the magnitude squared:

z*z = re ®re'? =2 (1.35)
which is the same as (1.31) since of course r* = x* 4 y2. We will often use the somewhat
more compact notation

2] = 2°z (1.36)

In our discussion of interference of electromagnetic waves in Section 1.2 two aspects
of the wave that we made use of were its amplitude and its phase. In classical physics
the intensity of a light wave with amplitude & is proportional to £2. In quantum physics
the probability of detecting a photon with probability amplitude r¢'? is equal to 2, the
magnitude squared of the probability amplitude. In general, the magnitude and phase
of the probability amplitude are determined from first principles by solving Maxwell’s
equations. In free space, these equations can be reduced to the wave equation (1.9). Just
as the spatial dependence of an electromagnetic wave in free space can be written as e/**,
the phase ¢ of the corresponding probability amplitude for a photon with wavelength A
to travel a distance x is given by kx, where k = 27 /4. We are interested in the spatial
dependence of the amplitude since in the remainder of this chapter we will be analyzing
situations in which there are a variety of distances that a photon may travel between the
source and the detector.

Let’s start with an example for which we know what the probability must be. Suppose
the source of the light is a laser that is placed a distance x directly in front of a photomul-
tiplier. If we assume we can ignore the spreading of the light beam as it exits the laser
because the distance x is not too large, that is the photomultiplier is quite near the laser,
then there should be a 100% chance of detecting a photon, presuming the photomultiplier
is 100% efficient. If we express the probability amplitude in the form z = re'?, then
the fact that z*z = 1 tells us that »» must be one but it doesn’t tell us anything about the
phase ¢. Since we are assuming that the region between the laser and the photomultiplier
is empty space, the phase of the amplitude for a photon to travel a distance x is kx. But
a phase that is proportional to the distance x traveled by the photon has an interesting
consequence. Notice that if we break up the distance x into segments of length x; and
x; where x = x| + xz, then the phase factor ¢'** can be written as

eik.\' — ef‘k[.u-é-x:r = eik.\'lefﬁr.\‘g (137)

where the last step is an elementary consequence of the exponential function. Thus the
phase factor e** for traveling a distance x is the product of the phase factors e/**' and
e'*2 for traveling distances x; and x;.

Although this is just one example, it suggests a second major principle of quantum
mechanics: To determine the probability amplitude for a process that can be viewed
as taking place in a series of steps—say a photon propagating a distance x; and then
propagating an additional distance x,—we multiply the probability amplitudes for each
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2 S PM,

Figure 1.22 Distances traveled by the photon
in the anticoincidence experiment.

of these steps:
E =248k v (1.38)

In classical physics, using complex exponentials for waves, for example, is a notational
convenience. The physics is determined by the real part of these complex-valued func-
tions. But using real valued functions such as cos kx; and cos kx, for the probability
amplitudes would mean that the probability amplitudes would not obey this product rule.
As we will see, the product rule and complex numbers are necessary for a complete
description of the real world in which we live.

Let’s now analyze the anticoincidence experiment shown in Fig. 1.20. If we call xga
the distance the photon travels between the source and the beam splitter and xu, the
distance the photon travels between the beam splitter and the photomultiplier PM,, as
indicated in Fig. 1.22, then the probability amplitude for a photon leaving the source to
be detected by PM, is given by

2, = eikrsa (%) oikxa % pikd, (1.39)
where we have labeled by d, the total distance traveled between the source and the
photodetector PM, that is, dy = xsa + xa.. Note that we have inserted a factor of 1/+/2
in the middle of the amplitude (1.39) to account for the fact that there is a 50% probability
that the photon is transmitted at the beam splitter. Thus if we use the probability amplitude
(1.39) to calculate the probability that a photon is detected by PM,, we obtain

E= (%e“"’t) (%e”"d‘) = % (1.40)

Similarly, we can write the probability amplitude for a photon to travel from the source
to photodetector PM, as

: in ; j [
. — oikxsa [ € oikXar oikd: 1.41)
zp=¢ (‘- e = e (1.

where d, is the total distance traveled between the source and the detector, that is the sum
of the distance xs4 from the source to the beam splitter and the distance x4, between the
beam splitter and the photodetector PM,. Notice in (1.41) there is a minus sign in the
overall amplitude indicative of the fact that there is a phase change of = upon reflection
from the beam splitter, as was the case for the reflection of light from the air-glass
interface in our analysis of Newton’s rings in Section 1.2. Recall that e'™ = —1. Here

21



22

Chapter 1: Light

too we obtain a 50% probability that a photon is detected:

" ‘ 1 --jkd') ( 1 i»(tf) 1
2z = [——meitd ) (it ) = 2 1.42
ot ( ‘\/ie \/ie 2 ( )

Of course, if the photon isn’t detected by PM,, it will be detected by PM,, assuming our
photodetectors are 100% efficient. Thus it must also be true that

#a 2,2, =1 (1.43)

Finally, notice how in this anticoincidence experiment the value of the phase for the
amplitudes (1.39) and (1.41) cancels out in calculating the probabilities (1.40) and (1.42).
respectively. In the next section, we will examine an experiment in which the phases of
the probability amplitudes matter a great deal.

You may find it distressing that the best we can do is determine a probability for
an event to occur. When we flip a coin, for example, we often say that there is a 50%
chance that we get a head and a 50% chance that we get a tail. But we believe that if we
have enough information about the underlying physics, such as how much force and how
much torque is exerted on the coin when we flip it, we can determine how many flips
the coin will make before, say, it hits the ground and whether it will land with a head up
or not. Thus the flipping of the coin is not inherently probabilistic. But when it comes
to predicting whether a single photon is transmitted or reflected by a beam splitter, the
best we can do is give a probabilistic answer. Not everyone finds this situation satisfying.
Einstein for one certainly did not, hence his famous dictum “God does not play dice with
the Universe.” To which Niels Bohr replied, “Who are you to tell God what to do?”

EXAMPLE 1.4 Suppose the beam splitter shown in Fig. 1.22 transmits one quarter
of the light and reflects three quarters of the light of wavelength A incident on it.
What are the probability amplitudes for detecting the photon with photomultiplier
PM; and photomultiplier PM,?

SOLUTION The probability amplitudes that photomultipliers PM; and PM; detect a

photon are given by
o 1 ; L
o B ikxsa S ) stkxa ) Sk,
zZy (\/; ) e 2c

Zp= U“‘"s.\ eirr \/§ L)r'k.:,\, = ﬂe"kﬁ'r
4 2

respectively, where d, is the total distance traveled between the source S and PM,
and d, is the total distance traveled between the source S and PM,. Consequently

= 1 3

i T - ¥ o
2p 2= and zjz, =

4 "4
as desired. Thus if the helium-neon laser in Example 1.1 that emits 1.6 x
10'® photons/s is the light source, then on average 0.4 x 10'® photons/s would
be transmitted and 1.2 x 10'® photons/s would be reflected. But for a single photon
all we can say is that there is a 25% chance the photon will be transmitted and a
75% chance it will be reflected.

and
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EXAMPLE 1.5 A photon passes through a sheet of polarizing material. The polar-
ization axis of the sheet is vertical. What is a probability amplitude that could be
used to determine the probability that this photon will then pass through a polarizer
with a polarization axis that makes an angle ¢ with the vertical?

soLuTioN We know from classical physics (the law of Malus) that the intensity of'a
beam of light passing through the second polarizer is reduced by a factor of cos® 6.
Thus a probability amplitude that would work would be z = cos 6. If 8 = 0, there
is a 100% probability of transmission (assuming ideal polarizers), and if 6 = 90°
(the transmission axes are perpendicular), there is no chance that the photon will
be transmitted.

1.5 Interference with Single Photons

In 1989 A. Aspect, P. Grangier, and G. Roger followed up on their photon anticoincidence
experiment by performing an experiment in which single photons were incident on a
Mach—Zehnder interferometer.!” The results of this experiment vividly illustrate what
may well be one of the most disturbing aspects of quantum mechanics. Figure 1.23 shows
a schematic diagram of the experiment. The first mirror, at A, is a half-silvered mirror
that acts as a beam splitter. Fifty percent of the light is transmitted to mirror B while the
other 50% is reflected to mirror C. Assume mirrors B and C reflect 100% of the light.
Finally, mirror D is again a beam splitter. No matter whether light arrives from B or C,
50% is sent to one or the other photomultiplier, PM; or PM,.

Detector

/ . Detector
A PMI

A

Beam splitter

Figure 1.23 A diagram of a Mach—Zehnder interferometer. Photomultipliers PM; and
PM, are used to detect a photon incident on beam splitter A from the left.

A, Aspect, P. Grangier, and G. Roger, J. Oprics (Paris) 20, 119 (1989).



24

Chapter 1: Light

To analyze what is going to happen, start by imagining yourselfto be a single photon
traversing the interferometer. At each beam splitter you toss a coin. If the coin lands tails
up (T), the photon is transmitted. If the coin lands heads up (H), the photon heads off in
a different direction, that is, it is reflected. Thus a T at the first beam splitter and an H at
the second beam splitter will cause the photon to be detected by PM,. So will an H at
the first beam splitter and a T at the second beam splitter. On the other hand, two H’s or
two T’s will cause the photon to be detected by PM,. Since HT, TH, HH, and TT occur
with equal probability, there should be a 50% chance that the photon is detected by PM;
and a 50% chance that the photon is detected by PM,. Note that these predictions are
independent of the distances between the beam splitters and the mirrors.

In the experiment Aspect et al. vary the distance traveled by the photon along one of
the paths, say path ABD, by varying the position of mirror B in small steps each of size
#/25, where A 1s the wavelength of the photon being detected by, say. PM;. If you look at
the data in the top row in Fig. 1.24, you see the number of photons detected if they count

PM, 0.01 s/channel PM,
& 1= . .. . s s ] . . . . esen o e
2
S
[=}
&)
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1z - o
E 5 R 5
= - - : s .
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7 2 >
= 20 . 7 W o 3 R 204.. By * .
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Figure 1.24 Development of the interference fringes one photon at a time. The vertical
axis shows the number of photons detected in photomultipliers PM; and PM; for a
particular position of the mirrors in the interferometer while the horizontal axis shows
the path difference between the different arms of the interferometer measured in intervals
of 2./25, where  is the wavelength of the photon in the interferometer. For each fixed
position of the mirrors photons are counted for time intervals ranging from 0.01 s to 10 s.
The photomultipliers are active for 10 ns intervals following detection of the first photon
emitted in the cascade decay. The data are from A. Aspect, P. Grangier, and G. Roger,

J. Optics (Paris) 20, 119 (1989), as are the data in Fig. 1.25.
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for 0.01 s. Notice that in this time interval, they may detect a photon with photomultiplier
PM,, but they never detect two or more photons. This is consistent with there being at
most one photon in the interferometer. Similarly, PM; detects at most one photon, and
there are no coincidences in counts between PM; and PM; for a particular position of
mirror B, in accord with our discussion in the previous section on the particle nature
of light.

If you look at the results in the second row of Fig. 1.24 of counting fora 0.1 s interval
for each position of mirror B, you see more counts but no clear pattern is evident yet. But
look at the bottom row, where the counts are taken for 10 s for each position of mirror B,
and you see a striking pattern. In some positions of mirror B essentially no photons are
detected by PM;. At those positions, many photons, up to 200, are counted by PM,. But
if mirror B is shifted slightly, say A /2 to the right or to the left, this situation is reversed,
with 200 photons counted by PM, and essentially none by PM,. Or look at Fig. 1.25,
which shows the results of counting for longer periods of time and moving mirror B by
increments of A/50. The data show a classic interference pattern, which is in marked
disagreement with the predictions that we made by tossing coins.

We now face a conundrum. Interference is thought to be a characteristic of waves, but
light is composed of particles. To account for the interference of the particles, we need an
additional principle of quantum mechanics. To see what this principle may be, let’s start
by trying to calculate the probability that a photon is detected by PM,. Let’s call zopp
the probability amplitude for a photon to reach PM; along path ABD. Our discussion in
the previous section suggests that we should multiply the amplitudes for each leg of the

path, that is,
1 =~ o [
ZABD = ﬁ(_ l) (_\72) el.(ch = Eeil’uh (144)

where the first factor of 1/+/2 is the amplitude for transmission at the first beam splitter
at A, the minus sign comes from the phase change upon reflection from the mirror at
B, the second factor of —1/+/2 coming from reflection from the second beam splitter
at D with an associated phase change, and finally the factor of ¢'*¢! arising from the

PM, PM,
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Figure 1.25 The location of the movable mirror in the Mach—Zehnder interferometer is
varied in increments of A /50. The photons are counted for 1 s for each position of the
mirror in (a) and for 15 s in (b).
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total distance o, that the photon follows from the source to PM; along the path ABD.
Note that z} gz app = 1/4, which is the probability of obtaining TH in the coin-tossing
scenario.

There is, of course, a second route a photon can take to reach PM;, namely along
path ACD. The corresponding probability amplitude is

—1 I ikds b gk
ZACD = A =L} NG g (1.45)

where the first factor of —1/+/2 arises from the probability amplitude for reflection
from the first beam splitter at A, the middle minus sign is the phase change associated
with reflection from the fixed mirror at C, and the last factor of 1/ /2 arises from the
probability amplitude for transmission at the second beam splitter at D. Here we have
assumed that the total distance traveled by the photon in traversing the path ACD between
the source and the photodetector is d>. Note that 2}z scp = 1/4. the probability of HT
in the coin-tossing scenario.

If we were to add the probabilities that a photon takes path ABD to reach the detector
and a photon takes path ACD to reach the detector, we would obtain a 50% probability
that the photon is detected by PM, independent of the position of mirror B. Even though
we might think that a photon has to take one path or the other, this is at odds with the
data. Adding the probabilities does not work. Instead, since there are no detectors that
tell us which path the photon takes, we must write the probability amplitude for a photon
to be detected by PM, as

ZpM, = ZABD T ZACD (1.46)

where the probability amplitudes zagp and zacp are given by (1.44) and (1.45), respec-
tively. This is a special case of the third major principle of quantum mechanics: If
there are multiple ways that an event can occur (in this case the multiple paths the light
can take), we add the amplitudes for each of these ways:

z=z1+z4 - (1.47)

For the Mach-Zehnder interferometer example, (1.46) becomes

1 4 1 %
Zpm, = iel.(ﬂ’; + Eeh‘dz (148)

The probability is then given by

[ - [ — b . [
o —ikd ,—ikd; _ptkdi o Gikd:
ZpmiceM, = (Ec T 2 ) (2e + 26 )

1 1 1 ik(d)—da2) l —ik(dy—dy)
=TT TE L o
1 1 k(dy — d
=5 +5cos [k(d, — d»)] = cos’ [“(( l 5 2)} (1.49)

where in the last step we have made use of the half-angle formula

a 1 + cos @
— = — 1.50
c052 \/ 3 ( )
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Since zpy, is the sum of two terms, zapp = € /2 and zacp = /¥ /2, when zpy, is
multiplied by its complex conjugate, there are two terms that arise in the multiplication,
namely z3gpZacp and z3pzapp, Which oscillate as d) — d» varies. These “cross terms,”
the third and fourth terms in the middle line of (1.49), are responsible for the interference
effects. The overall probability (1.49) is in agreement with the experimental results."!

Note that if d; — dy = 0, £A, 24, ..., then k(d) — d»)/2 = 0, £7, 27, ... and
the probability (1.49) is 1; that is, 100% of the photons incident on the interferometer
will be detected by PM,. On the other hand, if d; — d» = £A/2, £34/2, ..., then
k(d) — d3)/2 = £m /2, £37/2, ... and the probability the photon is detected by PM;
vanishes. But the detection probability is not solely 0 or 1, of course. For example, if
dy—dy = £2/3, £21/3, .. thenk(d, —d,)/2 = +mr /3, £27 /3, ... and the probability
the photon is detected by PM; is 1/4. As Example 1.6 shows, if the incident photon is not
detected by PM,, then it is detected by PM,, assuming the photomultipliers are 100%
efficient in detecting photons.

The data shown in Fig. 1.24 and Fig. 1.25 are in agreement with the result (1.49)
(as well as the corresponding result for detection of a photon by PM, that is obtained
in Example 1.6). We clearly see interference fringes, but only after we have detected a
sufficiently large number of photons. Nonetheless, one can say that the interference is
taking place for individual photons, since only one photon is present in the interferometer
at any one time. Why is this state of affairs so troubling? As mentioned in the previous
section, Aspect et al. have looked at the anticorrelations that exist when a single photon
is incident on a beam splitter, as in Fig. 1.20. The photon is detected by either one
photomultiplier or the other. The photon does not split at the beam splitter; it goes one
way or the other. But by adding mirrors B and C and a second beam splitter D, Aspect
et al. have created a situation in which both paths ABD and ACD matter for each photon.
How can this be? How does the photon know that both paths are present once it passes
the first beam splitter? What then is interfering?

To make matters perhaps stranger still, Aspect’s group has recently carried out what
the physicist John Wheeler called a delayed-choice experiment. In this experiment
single photons were incident on a Mach—Zehnder interferometer with a 48-m path length
(or, equivalently, a 160-ns time of flight) between the two beam splitters. The decision
to include or exclude the second beam splitter was effectively made after the photon
had entered the interferometer. Therefore as the photon passes the first beam splitter, it
“cannot know” which experiment is being performed, the anticoincidence experiment
described in the previous section or the single-photon interference experiment described
in this section. Figure 1.26a shows the complementary interference fringes observed by
the two photodetectors when the second beam splitter is present, while Fig. 1.26b shows
the output from the photodetectors when the second beam splitter is removed, in which
case we know which path the photon took between the source and the detector. In the
latter case the characteristic anticorrelations in the count rate in the two detectors are
observed, with 50% of the counts in one photodetector and 50% in the other.

Of course if you toss a coin for which there is a 50% chance of obtaining a head. there is nothing
inherently wrong with obtaining four heads in the first four tosses. It is just not highly probable. As
the number of tosses increases, the distribution of heads and tails will approach the 50-50 mix that
we expect based on the underlying probabilities. Similarly, the probability distribution (1.49) becomes
most apparent as the number of photons counted increases.

27
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Figure 1.26 Results of a single-photon delayed-choice experiment with a Mach-Zehnder
interferometer. In (a) both beam splitters are present and the path difference between the
two arms of the interferometer is varied by tilting the second beam splitter. In (b) the
second beam splitter has been effectively removed from the interferometer.
Consequently, there are two paths between the light source and each photodetector in (a),
while in (b) there is a single path between the light source and each photodetector. The
decision to include or exclude the second beam splitter was made in such a way that the
photon could not *know™ whether the second beam splitter was present or not as it
entered the interferometer. Adapted from V. Jacques. E. Wu, F. Grosshans, F. Treussart,
P. Grangier, A. Aspect, and J.-F. Roch, Science 315, 966 (2007). The solid circles indicate
data from detector 1 and the open circles data from detector 2.

In summary, quantum mechanics tells us simply that if we set up a situation where
there are multiple paths that a particle can follow between the source and the detec-
tor, then we must include a probability amplitude for each path. When we calculate
the probability by multiplying this sum of amplitudes by its complex conjugate, the
cross terms generate the interference that we observe. We cannot say that the parti-
cle follows one path or the other. This is the nature of the quantum world in which
we live.!?

"’The issues raised so far may in part explain why a whole issue of Optics and Photonics Trends
(Vol. 3, No. 1, 2003) was devoted to “The Nature of Light: What is a Photon?" The articles include two
humorous quotes from Roy Glauber, who shared the Nobel prize in physics in 2005 for his contributions
to the field of quantum optics: *I don’t know anything about photons, but | know one when [ see one.”
and “A photon is what a photodetector detects.”
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EXAMPLE 1.6 Determine the probability that a photon incident on the Mach—
Zehnder interferometer shown in Fig. 1.23 is detected by photomultiplier PM,.
Show that the probability that a photon is detected by either photomultiplier PM;
or photomultiplier PM; is one.

SOLUTION To calculate the probability that a photon is detected by PM,, we must
add the amplitudes for the photon to reach PM, along path ABD and along path
ACD. The combined amplitude is given by

- sist L(—l) (L) el'kd'; a4 (__l> (_1) (_1_> (Ji’krfl
TR\ V2 V2

| 1
o _Eedxd, + _2_€

where in the first term ¢, is the distance traveled between the source and the
photodetector along path ABD and in the second term 5 is the distance traveled
along path ACD. The second term is the tricky one. There are two phase changes
(two minus signs) in this amplitude. The first arises from the reflection at the beam
splitter at A and the second in reflection from the mirror at C. At first you might
expect a third minus sign in reflection from the beam splitter at D into PM,. But in
this last reflection, light first travels through the glass of this second beam splitter
before reaching the interface with air, which is where the reflection occurs. See
Fig. 1.23. Thus in keeping with our discussion of phase changes in reflection in
Section 1.2, there is no phase change for this reflection since the light approaches
the interface from a medium with the larger index of refraction.” The probability
corresponding to this combined amplitude is

1 . 2 | L .
E . _ —ikd ,—ikd> — ikd, ikd;
SPM2<PM, = (_Ee ! +'2‘(. '—‘26 ! + i@

_ L ikai—ay _ 1 ik

4 4

ikd>

= =

cos [k(dy — d»)] = sin® [MJ

2

where in the last step we have made use of the half-angle formula

.8 1 —cosé
sin- =/ ———
2 2

Adding the probability that the photon is detected by PM, from (1.49) to the
probability that it is detected by PM,, we find

k(dy — d 5 [K(d, — d
Zom, Zpm, T Zpm,Zov, = cos’ ['ﬂz—ﬂ i [%] ut

assuming of course that the photomultipliers are 100% efficient detectors.

"This discussion of phase change upon reflection at the beam splitter at D may prompt you to worry
about reflection from the front interface of this beam splitter when it is approached on path ACD. As
Example 1.8 shows, reflection from this interface can be minimized by coating the front surface with
a thin film of, say, magnesium fluoride.
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Note: 1t is worth emphasizing that the probabilities for the photon to be detected
by PM, and PM, depend on the difference in the distances d, and d> traveled by
the photon from the source to each photodetector along the paths ABD and ACD.
Since on path ABD and on path ACD the photon travels the same distance from
the source to the beam splitter at A, for example, this common distance cancels out
when calculating | — 5. Hence the distances that really matter are the distances
within the interferometer itself. Thus it is not imperative that photomultiplier PM;
be positioned exactly the same distance from the second beam splitter as is PM;,
since this extra distance is the same for both paths that contribute to the amplitude for
detecting a photon with either photomultiplier and thus cancels out when calculating
the difference in path length.

Perhaps this is a good place to admit that our discussion of the calculation
of the probability amplitudes has been somewhat oversimplified. When light is
transmitted through the glass of a beam splitter, say of thickness d, on path ABD,
the phase of the amplitude advances by ¢ = k'd, where k" = 27 /)" = 2rn /A and
n is the index of refraction of the glass. That is, we need to account for the fact
that the wavelength of the photon in the glass is A" = 4 /n. Thus the phase of the
amplitude advances more rapidly in glass than it does in vacuum (or air). One might
say that we have been treating the beam splitter as if it were arbitrarily thin, since
we did not take this change of phase into account. But the real reason that we were
able to ignore the finite thickness of the beam splitter is that the photon is presumed
to traverse the same thickness of glass on path ABD or path ACD to reach detector
PM, (or detector PM; for that matter) and therefore this phase change cancels out
when we calculate the probability of detecting a photon, just as the common phase
change due to travel on the distance between the source and the beam splitter at A
cancels out in determining a probability such as (1.48). Example 1.8 discusses the
phenomenon of thin-film interfersnce, a phenomenon where the change of phase
in traversing a medium other than air matters a great deal.

EXAMPLE 1.7 Suppose that the probability amplitude for a photon to be detected
by one of the photomultipliers in the Mach-Zehnder interferometer is given by

z=€%(z) +22)

where x is a real number and z, and z; are the probability amplitudes for the photon
to take paths 4B D and AC D, respectively. The quantity ¢'* is referred to as an
overall phase factor (and yx is called the overall phase). Show the probability of
the photon being detected is independent of x.

SOLUTION The probability is given by
'z =% (2} +23) X (2) + 22)
= (2] +23) (z1 + 22)
since e~%e'x = 1. Thus the probability is independent of x . However, as we saw in
the preceding example, the phase difference ¢ = k(d, —d>) between the amplitudes

z) and z,, what is called the relative phase, matters greatly in determining the value
of the probability.
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Figure 1.27 Reflection at normal incidence from a thin film of magnesium fluoride.

EXAMPLE 1.8 Glass lenses are often coated with a thin film of magnesium fluoride
to reduce unwanted reflection of light. The index of refraction of MgF, isn = 1.38,
which is intermediate between the index of refraction of air (n,, = 1.00) and
that of glass (ny,s = 1.52). As shown in Fig. 1.27, a single-photon source of
light S that emits photons of wavelength A is located a distance /; above the film
and a photomultiplier is located a distance /> above the film so that light reaches
the detector by reflecting off the film at normal incidence. The magnitude of the
probability amplitude for light to travel from the source to the detector via reflection
from the top surface of the film is »; via reflection from the bottom surfacc itis /7,
where f is a fraction less than one. Take the thickness of the film to be d.

(@) What is the probability amplitude for detecting a photon via refiection from
" the top surface of the film?

(b) What is the probability amplitude for detecting a photon via reflection from
the bottom surface of the film?

(¢) Calculate the probability that a photon is detected by the photomultiplier.
Assume that the additional amplitudes that result from multiple reflections
between the top and bottom surfaces of the film can be neglected in your
calculation.

(d) Determine a value for d in terms of A and » that minimizes the probability of
detection. Obtain a numerical value for the minimum probability by taking
r=0.16 and f = 0.30 for A = 550 nm. Compare your value with data for
the reflectance of a thin film of magnesium fluoride in Fig. 1.27.

SOLUTION

(a) z, = _eikh’.ei“: == __’.eif-'(h-:—n':l

where k = 2t /.

b) z, = _eik.'|er'k’drfer'lc’deik.’2 = _’.feik(h +Ig}62fk’a'

where k' = 2x/A" = 2 n /). The overall minus sign in each of these amplitudes
results from the fact that light reflected by a material for which the index of refrac-
tion is greater than that of the material in which the light is traveling undergoes a
phase change of 7, as noted in the discussion of Newton's rings in Section 1.2.
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(© 2=z +zp = —re*OH (14 fez"""’)
fz=r (1 + _/'e*’*"’) (l + j‘ez"“"‘")
=r2 (14 2+ fe¥*d 4 fe2k4)
=r*(1+ f2+2f cos2k'd)

Thus the probability is given by

y 5 5 , 4 nd
z'z=r* |14 f~+4+2fcos 3

Notice how the distances /; and /> that are common to both amplitudes z, and z,
cancel out in the determination of the probability. (¢) The minimum probability
occurs when the cosine equals — 1. One possibility is that the argument of the cosine
is equal to . In this case

4nd
I~ =T
A
or
A
d=—
4n

At a minimum
*z=r2(1+ f2-2f) =r¥1 - f)?
Substituting in the values » = 0.16 and /" = 0.30
z*z = (0.16)*(0.70)* = 0.0125

or a 1.25% probability of reflection, which compares quite favorably with the
minimum value for the reflectance in Fig. 1.27.

In summary, note that the probability of reflection is nor the sum of »?, the
probability of reflection from thetop surface, and 2 £, the probability of reflection
from the bottom surface. The interference between the probability amplitudes for
a photon to be reflected from the top surface of the film and for a photon to be
reflected from the bottom surface of the film can be tuned by adjusting the thickness
of'the film for a specific wavelength to minimize the overall probability of reflection
for a photon of that wavelength.

1.6 The Double-Slit Experiment

To gain more experience using this formalism of quantum mechanics, let’s next look
at a classic interference experiment, the double-slit experiment. This experiment was
first carried out by Thomas Young in 1802, but not of course with single photons. In
the experiment, monochromatic light of wavelength 4 is incident on a screen with two
narrow slits, as indicated in Fig. 1.28. Typically light is detected on a distant screen. A
modern version of this experiment is easily carried out with a laser as the source of light.
With a laser the number of photons per second incident on the screen with the slits is very
large, as is illustrated by Example 1.1. While the experiment is not usually carried out one
photon at a time, we will presume this experiment is done with a single-photon source
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Figure 1.28 A schematic diagram of the double-slit experiment indicating two paths that
light can follow from the source S to the detector located at point P.

and analyze it accordingly. We can suppose we have an array of small photomultipliers
distributed throughout the detection plane.

We see the potential for interference immediately, since there are two paths that a
photon can take to reach a photodetector centered at a point P in the detection plane. The
probability amplitude for a photon to be detected by the photodetector at P is given by

Zp = retkd 4 peikd: (1.51)

where d; is the distance between the source of light and the detector for a path that
traverses slit 1 and > is the distance between the source and the detector for a path that
traverses slit 2. As in our general discussion of complex numbers in Section 1.4, we are
denoting the magnitude of each amplitude by . Strictly, these two amplitudes would
have slightly different magnitudes as well as different phases, but the differences in the
magnitudes can be safely neglected when the distance between the screen containing the

slits and the detection plane is large, much larger than the spacing d between the slits. 1f

we were to close one of the slits, say slit 2, the amplitude would be reduced to zp = re'*®
and the probability of detecting a photon would be z3z, = 2. The magnitude of this
probability would depend on variables such as the actual size of the photomultiplier and
how far the detecting plane is from the slits. We will leave this probability as a parameter
that could be determined empirically by doing the experiment. In order to keep things
as simple as possible, we will assume that each of the slits is very narrow, with a width
substantially less than the wavelength of the light, so that the probability would roughly
be uniform throughout the detection plane with a single slit open. However, when we
open the second slit, there is a striking change in the probability of detecting a photon.
Let’s assume, as is often the case, that the distance L between the screen containing
the slits and the detection plane is sufficiently large that we can consider the rays drawn
from the slits to the point P to be essentially parallel, as indicated in Fig. 1.29. Then

dr» = d, + dsind (1.52)
and we can rewrite (1.51) as
zZp = peitdi(] 4. pIhdeindy o o 1R (1+¢€% (1.53)

where we have introduced ¢p = kd sin6 as the phase difference that arises for a pho-
ton taking path 2 relative to path 1. The probability that the photon is detected at the
photomultiplier centered at point P is given by

::;:P - r()—ik(ﬁ(l L E’“M')I'(.’fkdl(] i eid‘l)
=ri(l1+1+?+e7?)
= 2r3(1 + cos ) = 4r> cos*(¢/2) (1.54)

[-1 sin f

Figure 1.29 A close-up view
of the two paths taken between
the source and the detector

in the double-slit experiment.
The two rays shown are
essentially parallel and the
path difference between them
is d sin#, corresponding to a
phase difference of

¢ = kdsin8.
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Detecting
screen

Figure 1.30 The intensity pattern for the double-slit experiment. Note that the slits are
assumed to be sufficiently narrow that the probability distribution would be uniform
if one of the slits were closed.

This probability distribution is indicated in Fig. 1.30. Notice that there are maxima when
¢ =0, £2m7, +4n,... (1.55)

which means the path difference is an integral number of wavelengths:
dsinf =0,£A, £24,... (1.56)

At the angles # satisfying (1.56), we get constructive interference with a probability of
detecting a photon that is four times as large as we would get if a single slit were open.
There are minima when

B = L, 8w, A5 (1.57)
corresponding to a path difference
dsind = £i/2, £31/2, £51/2, ... (1.58)

Thus opening the second slit has strikingly rearranged the likelihood of where a photon
will strike the detector.'

It is helpful to have a geometric picture of how complex amplitudes add to give these
results. We can represent a complex number as an arrow in the complex plane. In case
of the double-slit experiment, we wish to add two complex numbers together, each of
which is an arrow of length » but with different phases. The first complex number has
a phase @ = kd, and the second has a phase o + ¢, as shown in Fig. 1.31a. When we
add complex numbers together. we add the real parts together and the imaginary parts
together to determine the real and the imaginary part of the resultant complex number.
This is the same rule for adding two-dimensional vectors together, where we add the
x components of the vectors to obtain the x component of the resultant vector and add

"Young initally suggested the double-slit experiment to provide conclusive evidence that light, like
sound, is a wave. Probably because of Newton’s influence, the prevailing view was that light was
composed of particles. To suggest that a screen uniformly illuminated by a single narrow slit could
develop regions with less illumination (dark fringes) by opening a second slit was counterintuitive at
that time. Now, we face a larger challenge, namely coming to grips with interference when we know
that light is composed of particles after all. In meeting this challenge we have been forced to redefine
our concept of a particle to be an object whose behavior is governed by probability amplitudes in the
way we have outlined in the preceding sections.
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Figure 1.31 (a) Two complex numbers with the same magnitude » but a phase difference
¢. (b) The addition of these complex numbers, which yields a complex number whose
magnitude is 2r cos(¢/2).

the » components to obtain the y component of the resultant vector. In the same way
that we add vectors by placing them head to tail, we can add these complex numbers
together. For the special case where the two complex numbers have the same magnitudes,
we generate an isosceles triangle for which it is easy to do the addition geometrically,
leading to

zp = 2r cos(¢p/2) e'@+2/2) (1.59)

See Fig. 1.31b. Of course, if we calculate the probability of detecting a photon using this
result, we obtain

Zhzp = 41 cos*(¢/2) (1.60)

as before. As we saw in the previous sections, here too the overall phase « + ¢ /2 of the
resultant complex number zp cancels out when determining the probability. As we will
see in the next two sections, this geometric approach to adding the amplitudes turns out
to be especially useful when the number of paths a photon can take between the source
and the detector increases.

EXAMPLE 1.9 In a double-slit demonstration carried out with a He—Ne laser (A =
633 nm). take the distance L between the slits and the screen to be 10 m and the
separation of the slits ¢ to be 0.1 mm = 100 pm. Determine the separation x on
the screen between the central maximum and the next adjacent maximum.

SOLUTION The central maximum occurs at # = 0. The adjacent maximum (referred
to as the first maximum) occurs when

sinf = A/d =633 x 107" m/10™* m = 633 x 107°

This is a very small angle and thus it is quite appropriate to use the approxima-
tionsiné = tan 6. The separation between central maximum and the first maximum
on the screen is then given by

x=Ltanf = Lsin6 = LA/d =633 x 107 m = 6.33 cm
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Figure 1.33 A close-up view of
a five-slit grating. The phase
difference between adjacent
slits is @ = kd sindl.

Detection

I
I
I
I
|
i
|
|
I
|
|
: plane
|

|

1

Figure 1.32 There are five paths that light can take between the source S and the detector

at P when the screen has five narrow slits.

1.7 Diffraction Gratings

It is easy to generalize the results of Section 1.6 to a situation in which N slits, all equally
spaced, are open. Such a device is called a diffraction grating. Such gratings have a great
deal of utility. To be specific, let’s consider the case of five slits, in which case there are
five paths between the source and the detector, as indicated in Fig. 1.32. As for the double
slit, when the distance between the screen containing the slits and the detection plane
is large, the rays for each path from the screen to the detector are effectively parallel,
as shown in Fig. 1.33. The difference in path length between adjacent paths is d sinf,
corresponding to a phase difference ¢p = kd siné.

Following the procedures of the previous section, we can write the probability
amplitude as

p = r{’fhh(l A (,n.‘) 4. el!dﬁ 4 e}l'tp A4 L,-lifi)) (1.6] )

where again ¢ = kd sin. As before, we will get maxima when ¢ = 0, £27, +4x, ...,
corresponding to a path difference between adjacent slits that is an integral number
of wavelengths. At these maxima, zp = 5re/*® and therefore the probability of detect-
ing a photon by a photomultiplier centered on one of these maxima is zpzp, = 2572,
or twenty five times as large as the probability if only a single slit is open. It must
of course be true that the probability of detecting a photon at locations other than
the maxima is correspondingly reduced. It is not difficult to see why. If we go
back to the double-slit example, we see that the condition for the first minimum is
that the two complex amplitudes are 7. or 180°, out of phase with each other, as
shown in Fig. 1.34a. In the case of five slits, the first minimum is reached when the
phase difference between adjacent slits is 277/5, or 727, since in this case the five com-
plex amplitudes will sum to zero, as illustrated in Fig. 1.34b. But since ¢ = kd sin#,
the change in angle ¢ necessary to reach a minimum is smaller than it was for two slits,
meaning that the maxima are correspondingly sharper. The maxima grow increasingly
sharp as the number N of slits increases since the first minimum is reached when the
phase difference is 27 /N. See Fig. 1.35. This is one of the key features that makes
a grating so useful, since it is possible to measure the angles at which the maxima
occur very accurately when the number of slits is large and therefore to determine
J. accurately.
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Figure 1.34 (a) How two complex amplitudes of equal magnitude
cancel when the phase difference between them is 7. (b) Five
amplitudes cancel (sum to zero) when the phase difference
between each is 27/5.
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Figure 1.35 The probability of detecting a photon divided by 7~ as a function of the phase
¢ for (a) 2 slits, (b) 3 slits, (¢) 4 slits, and (d) 5 slits.

EXAMPLE 1.10 Consider a grating composed of four very narrow slits each sepa-
rated by a distance d. (a) What is the probability that a photon strikes a detector
centered at the central maximum if the probability that a photon is counted by this
detector with a single slit open is #?? (h) What is the probability that a photon is
counted at the first minimum of this four-slit grating if the bottom two slits are
closed?

SOLUTION (a) At the central maximum (¢ = 0), all the amplitudes are in phase.
Hence
= reikd(l + eig{) + eli¢ i e}ﬁﬁ) - 4’,efknf
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Resultant

(@) (b)
Figure 1.36 The amplitudes from a four-slit grating at
(a) the first minimum and (b) the first minimum of the
four-slit grating but with the bottom two slits closed.
Thus
'z = 1672
(b) At the first minimum, the four probability amplitudes sum to zero as shown in

the Fig. 1.36a. With two slits blocked, two amplitudes are removed, as indicated
in Fig. 1.36b. Hence

where z = z| +z,. Thus the probability of detecting a photon is one eighth as large
as it is at a maximum of the four-slit grating.

1.8 The Principle of Least Time

Itis intriguing to think about the extension from two slits to five slits to an infinite number
of slits, to the limit that there is no obstructing screen at all between the source of light
and the detector. Clearly, in this latter case, instead of (1.51) for two slits or (1.61) for
five slits, we would end up with

zp = M ret (1.62)
J

where the sum is over all possible paths between the source and the detector. As an
illustration, we will show how this sum-over-paths approach to quantum mechanics can
be used to derive the law of reflection from a mirror, namely, that the angle of incidence
equals the angle of reflection.'*

If we position a monochromatic source of light at S some distance above a mirror and
locate the photodetector at point P, we can calculate the probability of detecting a photon
at P by summing the probability amplitudes for all paths that light can take in traveling
between the source and the detector. A block is inserted between S and P so that the paths
that matter most are ones that reflect from the mirror, that is. if we were observing the
source at point P, we would see it primarily via reflection from the mirror, as shown in
Fig. 1.37. For convenience, we choose S and P to be the same distance above the mirror.
Some of the paths that we should include in calculating the probability amplitude for a

"*This example follows the discussion of R. P. Feynman, QED: The Strange Theory of Light and
Matter, Princeton University Press, Princeton, NJ, 1985, pp. 36-49. Without mathematics, Feynman
goes on to discuss how the principles of quantum electrodynamics (QED) can be used to understand
other optical phenomena such as refraction and the focusing of light by a lens.
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Figure 1.37 A light source S is observed at P via reflection from a mirror. A block is
placed on the straight line between S and P so that light reaches P primarily by reflection
from the mirror. The figures in this section are adapted from R. P. Feynman, QED: The
Strange Theory of Light and Matter. Princeton University Press, Princeton, NI, 1985.

photon to be detected at P are also shown. At first, this may seem somewhat crazy, since
you may think you know how light reflects from a mirror and it isn’t, for example, by
taking path A. But be patient. Look at Fig. 1.38. Below each of the paths is an arrow

representing the complex amplitude for light to take that path. Recall that the direction of

the arrow is determined by the phase angle kd;. where d; is the distance traveled from S
to P for that particular path.'® This distance is also plotted in Fig. 1.38. Strictly speaking.
the magnitude of the probability amplitudes (the length of the arrows) for the paths in
which the light travels the longer distances should be somewhat less than those for which

light travels a shorter distance.'” Apart from this, we could say that the magnitude of

the probability amplitudes are the same for light to be reflected from every point on the
mirror. Unlike for our analysis of the Mach—Zehnder interferometer or the double-slit
experiment in which there were just two paths involved, adding up these amplitudes for
reflection from a mirror is challenging because there are so many paths. And of course,
we have shown only a small fraction of the possible paths in Fig. 1.38. Nonetheless,
adding the subset of the amplitudes shown in this figure illustrates the key idea: the
contribution of the paths that are away from the middle of the mirror tend to cancel as
they are added together while the paths in the vicinity of the middle tend to have similar
phases and add constructively.

Why is this? What is special about the path in the middle? If we examine the plot of

the total distance traveled, we see that the path to the middle of the mirror is the path with

"®Thus a horizontal arrow pointing to the right corresponds to a phase of 0 or an integer multiple
of 2m.

7You can see why if you consider a source with a fixed power output (say a light bulb) emitting light
uniformly in all directions. The probability of a photon being detected a distance d from the source
must fall off as 1/d” (and hence the amplitude must vary as 1/d) in order to maintain a fixed number
of photons per unit time passing through an arbitrary spherical surface of radius  (and area 47 d?).
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Distance

Figure 1.38 A subset of the paths for light to reach the detector at P are shown. Below the
paths is a plot of the distance traveled for each path and the probability amplitude for
each of these paths as well. Lastly, these probability amplitudes are summed. The long
bold arrow is the resultant.

the shortest distance. Since this distance traveled is a minimum, the first derivative of
the distance traveled vanishes in the middle. But if the first derivative vanishes, then the
distance traveled changes most slowly in the vicinity of the path of minimum distance.
But the phase of each amplitude is proportional to the distance traveled, so when the
differences in the distance traveled in nearby paths are small, so are the differences
in phase. Thus the amplitudes in the vicinity of the path of least distance have pretty
much the same phase and pretty much point in the same direction in the complex plane.
Therefore, the sum over paths is dominated by the paths in the vicinity of the path for
which the distance is the shortest. But since the time required for a photon to traverse
this path is the distance divided by the speed of light ¢, the paths that dominate are also
the paths of least time.

What we see in this example is how the quantum mechanics of light can be used to
derive Fermat’s principle of least time. Notice that if light propagates into a medium
other than the vacuum with index of refraction n, then since A — A /n the phase factor
e™ becomes ¢'*, with k = 27 /. In this case, the amplitudes that add up coherently
will be the ones in the neighborhood of the path for which the quantity #x is a minimum.
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Figure 1.39 If only the end of the mirror is retained. the amplitudes for light to be detected at the
point P effectively sum to zero. Only one of the paths between the source S and the point P is
indicated in the figure.

This product of the regular path length times the index of refraction is commonly called
the optical path length. Notice that the time light takes to travel a distance x in this
medium is the distance x divided by the speed ¢/n, that is (nx/c), so again we are
effectively minimizing the time when we minimize the optical path length. In short, light
has complex probability amplitudes to take all paths, but the ones that matter in the
summation are those in the vicinity of the path of least time (strictly an extremum of the
time). Example 1.11 shows how we can use this principle to deduce the law of reflection.

Feynman gives an interesting twist to this discussion of reflection from a mirror. Sup-
pose that we break off a piece of the mirror near one of the ends and discard the rest of
the mirror. It now looks as if very little light will be reflected from the remaining piece,
since it is impossible for light to reach the detector with an angle of incidence equal to
the angle of reflection. Figure 1.39 shows how the amplitudes effectively cancel when
added together. But if we take this piece of mirror and black out just the right portions of
it, as shown in Fig. 1.40, seemingly making this piece appear to reflect even less light,

S |:| P

A Out B Out c
[ T T T ]

\V SN= st AN—s ] AN SN= A N—r
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Figure 1.40 The probability that light is detected at P from the small piece of mirror in
Fig. 1.39 can be significantly enhanced by making certain portions of the mirror less reflecting
by blacking them out.
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we can retain amplitudes that add up to a nonzero amplitude and remove those ampli-
tudes that would cancel this nonzero amplitude. Given our discussion of the difiraction
grating in the preceding section, you will probably recognize Fig. 1.40 as a reflection
grating.

Finally, with this derivation of Fermat’s principle in mind, let’s go back to our earlier
discussions. Why in our analysis of the double-slit experiment, for example, did we
consider only the straight-line paths from the source S to the detector at point P? Why
didn’t we include all sorts of curvy paths? The correct approach is to include all paths,
even the curvy ones. But as our discussion of reflection of light from a mirror illustrates,
the paths that matter when we add up all the amplitudes will be the paths in close vicinity
of the path of least time, that is, the straight-line path. The amplitudes for the other paths,
including the curvy ones that deviate significantly from the path of least time, will cancel
out in carrying out the sum over all paths.

EXAMPLE 1.11 Use Fermat’s principle of least time to derive the law of reflection,
namely, that the angle of incidence is equal to the angle of reflection.

SOLUTION For the most generality, assume that the source S and the detector P are
at different elevations above the mirror, as indicated in Fig. 1.41. The time for light
to travel from S to P is given by

1
= - ( a® +x2+ /(D —x)? +b3)
2
Minimizing the time by varying x, we find

dt _1 X (D —x)
dx ¢ \ JaZ+x2 V(D —x): + b?

or
X (D —x)

Ja* + x? - V(D —x)+ b2

1 Mirror

Figure 1.41 A general path between the source S and the detector at P in the reflection
of light from a mirror.



In terms of the angles shown in the figure, this can be simply written as
sinfl = sinf’

or # = #', namely, the angle of incidence equals the angle of reflection. Prob-
lem 1.43 shows how Fermat’s principle can be used to derive Snell’s law (1) sinf), =
nysin,) for light refracted from a medium with index of refraction n; into a
medium with index of refraction n,.

1.9 Summary

Well, what are we to make of what we have seen so far? The original Young double-slit
experiment helped to convince people that light was a wave. How else were they to
understand what was causing the interference if it wasn’t interference of two different
parts of the wave? Before Young, the general consensus had been that light was composed
of particles called corpuscles, because that was what Isaac Newton had believed. And
despite what we often suppose, Young’s experiment didn’t change this view overnight. In
fact, it wasn’t until almost two decades later, when A. Fresnel calculated the amplitudes
for reflection and refraction of waves incident on an interface between two media, that the
tide started to turn to the wave theory of light."® And of course it wasn't until 1865, when
James Clerk Maxwell modified Ampére’s law with the addition of a “displacement™
current term, that there was a theory that predicted the existence of electromagnetic
waves.

Now we sce that in some sense Newton was right all along. Light is composed
of particles. The energy of the electromagnetic field is carried in discrete quanta called
photons. In a monochromatic beam of light, each photon has energy £ = /v, as suggested

by Albert Einstein in his 1905 paper on the photoelectric effect. Given the smallness of

Planck’s constant / in conventional SI units, one should not be surprised that the number
of photons in a beam of light in many situations is so large that the discrete particle nature
of light is not apparent. However, recent experiments performed with single photons have
clearly shown this particle nature of light. For example, if a single photon is incident
on a beam splitter, the photon will be counted in only one of the two photomultipliers
that might be triggered by this photon. There are no coincidences in the counting rate.
When detected, a photon is either “here” or “there” but not both “here” and “there.”
as would be expected if light were a wave. Nonetheless, experiments carried out with
single photons do show characteristic interference effects, provided there are multiple
experimentally indistinguishable paths that photons can take between the source and the
detector. To “explain” these phenomena, we need to moditfy our classical notions of a
particle to include a new set of principles, the principles of quantum mechanics. So far,
we have introduced three such principles:

1. The probability of detecting a particle is equal to z*z, where z is called the
probability amplitude and z* is its complex conjugate.

®¥Ironically, Young apparently became discouraged with the slow acceptance of his results and gave
up physics, devoting his time to deciphering the Egyptian hieroglyphics on the Rosetta Stone.

Section 1.9 Summary
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Problems

2. To determine the probability amplitude for a process that can be viewed as taking
place in a series of steps, such as propagation of a photon from a light source to a
beam splitter, transmission at the beam splitter, and propagation to a
photodetector, we multiply the probability amplitudes for each of these steps:

ZaZhov in

3. When there are multiple paths that a particle can take between the source and the
detector, the probability amplitude for detecting the particle is the sum of the
individual probability amplitudes for the particle to take each path:

Zi=F] T Z3 e

These individual amplitudes. each of which has a magnitude and a phase, can interfere
with each other. Such interference in this sum-over-paths approach to quantum mechanics
for light (for photons) can be used to derive such fundamental results of optics as the
principle of least time.

The precise form for these probability amplitudes for light comes from solving
Maxwell’s equations in quantum electrodynamics (QED). We will return to a discus-
sion of QED in Chapter 10. For now, we have stated without proof some simple rules
that we can use to calculate the probability of detecting a photon, including the fact that
the phase of the amplitude is equal to kd, where d is the distance traveled by the photon
between the source and the detector and & = 2z /A; that for propagation in a medium
other than vacuum, such as glass, A — A /n where n is the index of refraction for that
medium; and that there is a phase change of 7 in the amplitude for reflection when light
is reflected by a material whose index of refraction is greater than that of the material in
which the light is traveling. In the next chapter we will start to see how results such as
these can be derived for the case of nonrelativistic quantum mechanics.

1.1. (a) Verify that £ = £e’** =" is a solution to the From these values determine the wavelength 4, the

wave equation

provided @ = kc. (b) The wave equation in a medium
such as glass with index of refraction n is given by

What must be the relationship between the wavelength 2
and the frequency v in order that £ = Eye'* =" is a

92E

frequency v, and evaluate Av.

1 32€ il 1.3. What must the width « of a slit be so that the first

ox?  ¢* 9 minimum of the single-slit diffraction pattern observed

9°E

with light of wavelength 2 = 550 nm occurs at an angle
of 1577 The diameter of a human hair is typically
100 p2m. How does this compare in size with the

n? 32€ ol width a?

ax2 2o

solution?

1.2. What are the numerical values for k£ and w for the

electromagnetic wave

1.4. A radio station broadcasts at a frequency v =

91.5 MHz with a total radiated power of P = 20 k'W.
(a) What is the wavelength J of this radiation? (b) What
is the energy of each photon in eV? How many photons
are emitted each second? How many photons are emitted
in each cycle? (¢) A particular radio receiver requires
2.0 microwatts of radiation to provide intelligible

E =& sin[(9.72 x 10° m™")x — (2.92 x 10" s7')] reception. How many 91.5 MHz photons does this



require per second? per cycle? () Do the answers
to (b) and (¢) indicate that the granularity of the
electromagnetic radiation can be neglected in these
circumstances?

1.5. The human eye can “see”™ with a signal of 100
photons per second. How far away can a 100-watt light
bulb be seen by a dark-adapted eye? Assume the light
bulb is in outer space, so that the light is not scattered
by the atmosphere. Also assume that the bulb is
monochromatic and radiates at a wavelength of 550 nm.
Use a reasonable estimate for the diameter of the
dark-adapted pupil of the eye.

1.6. An AM radio station broadcasts at 1000 kHz with
an output power of 50,000 watts. Assuming the
broadcast antenna is located 100 km away from the
receiver and, for ease of calculation, the antenna radiates
isotropically, estimate the number of photons per cubic
meter at the receiver’s location.

1.7. The output power of a diode laser in a DVD player
is 50 milliwatts. How many photons per second strike
the DVD? The wavelength A = 660 nm.

1.8. A helium-neon laser (A = 633 nm) used in a
lecture demonstration of the double-slit experiment has
an output power of 5 milliwatts. How many photons per
second are emitted by the laser?

1.9. A beam of UV light of wavelength A = 197.0 nm
falls onto a metal cathode. The stopping potential needed
to keep any electrons from reaching the anode is 2.08 V.
(a) What is the work function ¥ of the cathode surface,
in eV? (b) What is the velocity v of the fastest electrons
emitted from the cathode? Note: Since Ky /mc® < 1,
the nonrelativistic expression for the kinetic energy can
be utilized here. (¢) If Avogadro’s number of photons
strikes each square meter of the surface in one hour,
what is the average intensity / of the beam, in units

of W/m??

1.10. Use Millikan’s data on the photoelectric effect
(Fig. 1.14) to obtain a value for 4, Planck’s constant.

1.11. The work function of potassium is 2.26 eV.

What is the maximum kinetic energy of electrons ejected
from potassium by ultraviolet light of wavelength

200 nm?
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1.12. The photoelectrons ejected in the photoelectric
effect seem to appear instantaneously. In particular, no
time delay has been observed, even with light of very
low intensity. In classical physics, the energy of the
electromagnetic wave is spread out uniformly over the
surface of the metal. In this picture, calculate the amount
of time it would require for 1 ¢V of energy (a typical
binding energy) to be absorbed by an atom in a metal
located 1 m away from a 1-watt bulb. Take the area of the
atom to be 1A°. Suggestion: What fraction of the
incident flux is absorbed by the atom?

1.13. The maximum kinetic energy of electrons ejected
from sodium is 1.85 eV for radiation of 300 nm and
0.82 eV for radiation of 400 nm. Use this data to
determine Planck’s constant and the work function of
sodium.

1.14. Show that a photon that strikes a free electron at
rest cannot be absorbed:

y+e He

Suggestion: Express the energy of the final-state electron
in the form /pZc? + m?c? and see whether it is possible
to conserve energy and momentum.

Such a reaction does take place in the photoelectric
effect for an electron bound in an atom or in a solid.
Why can absorption occur in this case?

1.15. Suppose a photon with a wavelength equal to the
Compton wavelength makes a collision with a free
clectron initially at rest. What is the energy of the final
photon if the scattering angle is 180°? How much kinetic
energy is transferred to the electron?

1.16. It takes 3.1 eV to dissociate a AgBr molecule.
What is the maximum wavelength of light required?

1.17. The energy required to break a chemical bond
(as found in living tissue) is typically a few eV. Should
we be worried about radiation damage from cell phones
that operate in the 1 to 2 gigahertz range?

1.18. (a) Suppose that the probability amplitude for a
photon to arrive at a detector is 1 /(1 + 7). What is the
probability that the detector records a photon? (b) What
is the probability of detecting a photon if the probability
amplitude equals i? (¢) Determine the probability of
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detecting a photon if the probability amplitude is

141

(d) Show that

<=

14

is not a valid probability amplitude. Suggestion: What
would be the probability of detecting a photon for this
amplitude?

1.19. Express the complex number z; = (+/3 +)/2 in
the form re®. What about z; = (1 + +/3i)/2? If these
complex numbers are the probability amplitudes for
photons to be detected, what is the probability in each
case?

1.20. Rewrite the following complex numbers in each
of the forms z = x + iy and z = re'?, where x, y, r,
and ¢ are real. (@) (1 4+ 2i)* (b) 1/(1 +i)(¢c) V3 —4i
(d) el'Hf4‘

1.21. A certain photodetector can resolve the time of
arrival of a photon to within 10~ s. Two of these
detectors are used in an anticoincidence experiment, as
described in Section 1.4. (a) What is the maximum
average rate of photon emission from the source if there
is any hope of demonstrating anticoincidence? (b)
Assuming the source emits light of wavelength 550 nm,
what is the power output of the source?

1.22. In QED: The Strange Theory of Light and Matter
Feynman states that the phase of the complex probability
amplitude for photons makes about 36,000 revolutions
per inch for red light. What wavelength is Feynman
assuming in this calculation? Does this indeed
correspond to red light? Note: | inch = 2.54 cm.

1.23. One photodetector is located in front of a thick
piece of glass and another photodetector is located
within the glass. At normal incidence, the glass reflects
4% of the light. A photon is incident on the glass, as
indicated in Fig. 1.42. («) What is the magnitude of the
probability amplitude for reflection of the photon?

(h) What is the magnitude of the probability amplitude
for transmission of the photon?

Air Pt
Glass
w

Figure 1.42 Partial reflection of light by a single surface
of glass.

1.24. (a) Show that the probability of a photon of
wavelength . being reflected from a thin layer of glass of
thickness d at normal incidence is given by

P = 0.16sin*(2xd /)

where A" is the wavelength of light in glass, i.e.,

A" = A/n, where n is the index of refraction of glass.
Note: In this calculation assume that the magnitude of
the amplitude for reflection from the top or the bottom
surface of the glass is 0.2 and that there is an additional
phase change of 7 in the reflection from the top surface.
Also assume that amplitudes that arise from multiple
reflections between the top and bottom surfaces of the
glass can be neglected in your calculation. Given the
result of Problem 1.23, it is okay to approximate the
magnitude of the amplitude for transmission as one.
Hint: What extra distance does light travel in being
reflected from the bottom surface relative to the top
surface? (b) In QED: The Strange Theory of Light and
Matter Feynman states that as the thickness of a thin
layer of glass increases from zero thickness, the
probability of reflection first reaches a value of 0.16
when the thickness of the layer of glass is 5 millionths of
an inch. What index of refraction is being assumed? Take
the wavelength of the light in air to be the same as you
determined in Problem 1.22. (¢) What is the minimum
value of d necessary to produce zero reflection?

1.25. Suppose that a thin film of acetone (index of
refraction n = 1.25) of thickness 4 is coating a thick
plate of glass (index of refraction = 1.50). Take the
magnitude of the amplitude for reflection of a photon
from the top or the bottom surface of the acetone at
normal incidence to be » and assume that there is an
additional phase change of 7 in the reflection from the
top and the bottom surface of the acetone, since at each
of these surfaces light is passing from a medium with a
lower index of refraction to one with a higher index of



refraction. Calculate the probability that a photon of
wavelength A is reflected. Assume that amplitudes that
involve multiple reflections at the bottom surface of the
film can be neglected in your calculation. Express your
answer in terms A and » as well as the thickness  and
the index of refraction » of the acetone. What is the
minimum thickness of the coating necessary to produce
zero reflection? Note: For the air-acetone and
acetone—glass surfaces » = 0.1.

1.26. Assume that the first beam splitter at A in the
Mach-Zehnder interferometer (Fig. 1.23) isa
“third-silvered mirror,” that is, a mirror that reflects
one-third the light and transmits two-thirds. The two
mirrors at B and C reflect 100% of the light. and the
second beam splitter at D is a traditional half-silvered
mirror that reflects one-half the light and transmits
one-half. The probability of detecting a photon in either
photomultiplier PM, or PM» varies with the position of
the movable mirror, say mirror B. Determine the
maximum probability and the minimum probability of
obtaining a count in, say, PM;. What is the visibility

anx - Pmin

e 28
Pm:lx + Pmiu

of the interference fringes, where P, and Py, are the
maximum and minimum probabilities, respectively, that
a photon is counted by the detector, as the position of
the movable mirror varies? Note: In the experiment of
Aspect et al. described in Section 1.5 the visibility of the
fringes is 0.987 = 0.005.

1.27. Figure 1.43 shows a Michelson interferometer
with a movable mirror M), a fixed mirror M>. and a
beam splitter M,, which is a half-silvered mirror that
transmits one-half the light and reflects one-half the light
incident upon it independent of the direction of the light.
The source emits monochromatic light of wavelength A.
There are two paths that light can follow from the source
to the detector. as indicated in the figure. Note that path

1 includes travel from the beam splitter M, to the
movable mirror M; and back to the beam splitter, while
path 2 includes travel from the beam splitter M, to the
fixed mirror M, and back to the beam splitter. Assume
the beam splitter introduces a phase change of & for
light that follows path 1 from the source to the detector
relative to light that follows path 2 from the source to the
detector. Also assume the mirrors M, and M, reflect
100% of the light incident upon them and the
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Figure 1.43 The Michelson interferometer.

photodetector PM (a photomultiplier) is 100% efficient
as well. («) Use the principles of quantum mechanics

to determine the probability that a photon entering the
interferometer is detected by the photodetector. Express
your answer in terms of the lengths /;, /5. and A. (b) Find
an expression for /; in terms of /> and A such that there is
100% probability that the photon is detected by the
photodetector. (¢) Suppose that the movable mirror is
shifted upward by a distance 4 /6 from the position(s)
that you determined in part (). Find the probability that
the photon is detected at the photodetector in this case.

1.28. A beam of monochromatic light from a
helium-neon laser (# = 633 nm) illuminates a double
slit. From there the light travels a distance D = 10.0 m
to a screen. (a) If the distance between interference
maxima on the screen is to be = 10.0 mm, what should
be the distance ¢ between the two slits? (h) What would
you see on the screen if a thin sheet of cellophane were
placed over one of the slits so that there were 2.5 more
wavelengths within the cellophane than within a layer of
air of the same thickness? (Assume the interference
maxima in question are at only a small angle with
respect to the laser beam direction.)

1.29. Suppose that the two very narrow slits (widths
< }.) in the double-slit experiment are not the same
width and that the probability amplitude for a photon of
wavelength A to strike a photomultiplier centered at a
particular point P in the detection plane that makes an
angle # with the horizontal from one of the slits is larger
by a factor of +/2 than for the other slit. Determine the
visibility

= Ponax = Poin

B Pmu.\: + men
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of the interference fringes, where Py, is the maximum
probability and Py, is the minimum probability that a
photon is detected.

1.30. Suppose that a thin piece of glass were placed in
front of the lower slit in a double-slit apparatus so that the
amplitude for a photon of wavelength X to reach that slit
differs in phase by 180° with the amplitude to reach the
top slit. (@) Describe in detail the interference pattern on
the screen. At what angles will there be bright fringes?
(h) What is the minimum thickness of glass required,
assuming the index of refraction for the glass is n?

1.31. (@) A monochromatic light source S of wavelength
A is located to the left of an opaque screen with two very
narrow slits of equal width. To the right of the screen in
the detection plane is a photomultiplier at point P. The
distance between S and P along the path 1 is ; and

the distance between S and P along path 2 is ;.

Show that the probability of detecting the photon at P

is given by

Prob = 22 (1 + cos o)

where »2 is the probability that a photon strikes the
photomultiplier with a single slit open. Obtain an
expression for ¢ in terms of d}, d>, and A. (b) Now
suppose that thin pieces of partially silvered glass are
placed in front of each of the slits in this double-slit
experiment. Assume the glass covering the top slit
transmits 1/2 the light incident upon it while the glass
covering the bottom slit transmits 1/4 the light incident
upon it. Determine the probability that a photon of
wavelength A hits the photomultiplier in this case.
Express your answer in terms of » and ¢.

+

=t —]

—z

1.32. Add the two complex numbers z; = | and

i7/3 by (a) adding the real and imaginary pieces
together and (b) using geometry to “add the arrows™
representing each of these complex numbers. Check that
your results for the magnitude and phase of the complex
number z| + z, agree.

In=¢€

1.33. A photon with wavelength X is incident on a single
slit of finite width a. Calculate the probability amplitude
for the photon to strike a detector located at a distant
point P at angle 6 in the detection plane by integrating
across the slit the infinitesimal probability amplitude

d—P = ,,ﬂeik[dg +xsind)
a

for the photon to reach the point P by passing through
dx, which is located a distance x below the top of the
slit, as shown in Fig. 1.44. The distance d; is the distance
traveled by the photon in reaching the point P from the
top of the slit. Show that the probability of detecting the
photon is given by

where
kasin@
2

o =

Verify that minima in the probability occur at the angles
given in (1.17). Evaluate the probability in the limit that
ka < 1, that is, a < A. Figure 1.9 shows how the
probability varies with @ fora = A, a = 54, and

a = 10x.

o P

Figure 1.44 Single-slit diffraction.



1.34. Starting from first principles, show that the
probability that a photon of wavelength 2 hits a
photomultiplier centered on a point P in the detection
plane that makes an angle # with the horizontal for a
grating composed of three very narrow slits each
separated by a distance d is given by

Prob = (1 + 4 cos ¢ + 4 cos” ¢)

where 2 is the probability that the photon would strike
the photomultiplier with a single slit open and
¢ = kdsinfl = 2xdsinf /.

1.35. Determine the probability that a photon is detected
at the location of the first minimum of a three-slit grating
if the third slit is closed. Assume the magnitude of the
probability amplitude due to each slit is . Suggestion:
Start by showing how the complex amplitudes from each
slit add up to zero at the first minimum. What is the
resulting amplitude if the third amplitude is eliminated?

1.36. Determine the probability that a photon is detected
at the first minimum of a five-slit grating if the bottom
three slits are closed. Assume the magnitude of the
probability amplitude due to each slit is . Suggestion:
Start by showing how the complex probability
amplitudes from each slit add up to zero at the first
minimum.

1.37. Determine the probability that a photon is detected
at the first minimum of a six-slit grating if the bottom two
slits are closed. Assume the magnitude of the probability
amplitude due to each slit is r. Suggestion: Start by
showing how the complex probability amplitudes from
each slit add up to zero at the first minimum.

1.38. For a grating with N equally spaced narrow

slits, the amplitude for detecting a photon with a
photomultiplier centered at point P in the detection plane
is given by

zp = re'fd [] Lty 2ty ea’c.\‘—lw]

Notice that each term in this series of terms can be
obtained from the one preceeding it by multiplying by
e'?. Thus it is a geometric series that can be summed.
Show that the probability of detecting a photon is given
by

" ,sin’ 125'3

ZhZp =TI —
p<p )
sin® ¢
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Verify that this result reduces to the double-slit result
(1.60) for N = 2.

1.39. The yellow light from sodium consists of two
wavelengths, 589.0 nm and 589.6 nm, known as the
sodium doublet. In general, when incident upon a
diffraction grating, light of two slightly different
wavelengths, say A and A 4+ AJ, generates maxima
satisfying d sin@ = ma and d sin(6 + Af) =

m(X + AX), respectively, where the integer m labels the
order of the interference maximum. Show that the
dispersion of the grating A6/AX is given by m /d cos#.
Assume A < 1. Thus the dispersion can be increased
by reducing the separation ¢ between the slits in the
grating and/or working at higher order.

1.40. Light of wavelength A is incident at an angle ¥ to
the normal on a transmission grating with spacing d
between each slit, as shown in Fig. 1.45. At what angles
to the normal will diffraction maxima be located?

Grating
I

Figure 1.45 Light incident at angle ¥ on a grating.

1.41. Figure 1.46 depicts Lloyd’s mirror for the
observation of interference upon a distant screen of
monochromatic light of wavelength 2 from a single
narrow slit S. The slit is located a distance d above the
mirror. Derive an expression in terms of & and « for the
angles ¢ at which bright bands appear on the screen due
to constructive interference from light reaching P
directly from the slit and light reaching P by reflection
from the mirror. Simplify your expression as much as
possible. Note: Experimentally, it is observed that a dark
band (destructive interference) occurs as 6 — 0. Why is
this? Suggestion: Evaluate the path difference for the two
paths shown in the figure for light to arrive at P. Assume
the point P is sufficiently far away that the two rays to the
point P can be taken to be parallel.
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Single slit

Mirror

spP

Screen

Figure 1.46 Lloyd’s Mirror.

1.42. Explain carefully how the fact that photons have a
complex probability amplitude to take all paths, say in
reflection from a mirror, can be used to derive Fermat’s
principle, which is often referred to as the principle of
least time, namely, that light follows the path of least
time in traveling between two fixed points. Strictly, this
principle should be referred to as the principle of
extremum time since your discussion should show that
light can be said to follow a path such that, compared
with nearby paths, the time required is either a minimum
or a maximum (or even remains unchanged).

1.43. Use the principle of least time to derive Snell’s law,
namely, 11y sinf); = n; sin@, for light being refracted as
it travels from a medium with index of refraction n; into
a medium with index of refraction n,. Suggestion:

Follow a procedure similar to the one given in
Example 1.11. Locate the source S in medium | and the
point P in medium 2.

1.44. A candle is placed in a “room” made of reflecting
surfaces. How should the “room™ be shaped so that the
observer sees the candle in any direction in which she
looks? Explain your reasoning.

1.45. In classical physics, the probability of an event that
can occur through a series of steps is the product of the
probability of each step occurring. And if an event can
occur in more than one way, the probability of the event
is the sum of the probabilities for the different ways in
which it can occur. How does this differ from the
principles of quantum mechanics enunciated in this
chapter?



CHAPTER

Wave Mechanics

The propagation of light is inherently a relativistic phenomenon that requires quantum
field theory for a complete description. In Chapter 1, we applied the sum-over-paths
approach to quantum mechanics that was developed by Richard Feynman in the 1940s to
the propagation of light (photons) using (without proof) some results for the probability
amplitudes that can be derived from quantum electrodynamics (QED). We saw how
quantum mechanics allows us to understand the basis for the principle of least time for
describing the propagation of light. In classical mechanics, there is a similar principle, the
principle of least action, that can be used to describe the motion of particles. Just as the
principle of least time implies that light in a vacuum travels in straight lines, the principle
of least action leads to the result that a particle follows the path predicted by Newton’s
second law, F = ma. But how does the particle figure out how to take the path of least
action? The answer is that there are probability amplitudes for a particle to take all paths
and the paths that matter most in this sum over paths—at least for macroscopic particles—
are those paths in the vicinity of the path of least action. Thus the underlying physics
for particles, whether they be atoms or apples, is essentially the same as for photons,
the particles of light. In this way we can say that quantum mechanics can be used
to derive familiar results from classical mechanics such as /7 = ma. But we cannot
derive quantum mechanics itself, since as far as we know it is the very foundation of the
laws of nature.

While a sum-over-paths approach can be applied to particles on the microscopic
as well as the macroscopic scale, this approach is not easy to implement when the
distance scale over which these particles propagate is small. Figuring out the motion of
an electron in an atom, for example, is difficult using this approach because so many
paths contribute coherently to the sum. An alternative strategy that has a broad range of
applicability to atomic and molecular physics, solid-state physics, and nuclear physics
is to treat the particles nonrelativistically. This approach to quantum mechanics was
developed in the 1920s by Erwin Schrddinger, Werner Heisenberg, Paul Dirac, and a
number of other physicists. There are a number of variations on this approach, referred
to as wave mechanics (Schrédinger), matrix mechanics (Heisenberg). or a more general
operator approach (Dirac). We have chosen to focus on wave mechanics since it makes
the most contact with the physics with which you are probably most familiar and is less
abstract than the other variants.

51
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The history of the discovery of the laws of quantum mechanics is itself quite inter-
esting. We will not follow a strictly historical order, however. Rather we will start with a
recent double-slit experiment carried out with helium atoms as the projectiles, an exper-
iment that provides direct evidence for what is often termed the wave nature of particles.
We will then introduce the Schrodinger equation, a wave equation for nonrelativistic
particles.

2.1 Atom Interferometry

In our discussion of the interference of light, we focused on phenomena such as Young’s
double-slit experiment or the reflection of light from a mirror in which the distance
traveled by the light between the source and the detector is a macroscopic distance.
Similarly, we will start our discussion of wave mechanics by focusing on a double-slit
experiment with atoms in which the distance traveled by the atoms is on the order of
meters. In this case, just as for the Young double-slit experiment, the sum over paths is
dominated by paths in the vicinity of two paths between the source and the detector, as
shown in Fig. 2.1. Thus in this experiment we can observe interference effects of the
probability amplitudes for atoms to take these two different paths.

Figure 2.2 gives a schematic representation of the experimental setup. Helium atoms
are stored, as a gas under pressure, in a reservoir. An expansion of the gas through a
nozzle produces an intense atomic beam. As the helium atoms travel toward entrance slit
A, which serves to collimate the beam, they are bombarded by electrons that have been
fired along the beam direction. As a result of these collisions, some of the helium atoms
are in excited states that are metastable, that is, states with unusually long lifetimes.
After this electron-impact excitation and collimation, the atoms pass (in a high vacuum)
through microfabricated double-slit structure B in a thin gold foil. Figure 2.3 shows a
scanning-electron microscope picture of the double-slit structure, Each slit has a width
of 1 pm, that is, 1 x 107° m, or | micron, and the slits themselves are separated by a
distance d = 8 pum. Note that the 100 zem scale shown in Fig. 2.3 is roughly the thickness
of a human hair. These are very narrow slits, but a helium atom, whose linear size is
roughly 10~* times the size of the slit, has no trouble fitting through them. Finally, a
secondary electron multiplier (SEM) serves as a detector in a plane located L = 1.95 m
behind the double slit. An excited helium atom that strikes the SEM is very likely to be
ionized: the SEM then generates an electronic pulse that can be amplified and counted,
essentially allowing the measurement of single excited atoms. While roughly only one
in a million of the helium atoms is in an excited state, the atoms that remain in their
ground state are not detected because they are not ionized upon impact in the SEM.

———— e o

Source Double slit Detector

Figure 2.1 The double-slit experiment.
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Figure 2.2 Schematic representation of the double-slit experiment with helium atoms,
including a gas reservoir N, electron impact excitation EE, collimating entrance slit A,
double slit B, the detection plane C. and a secondary electron multiplier (SEM).

Finally, measurement of the time of flight between electron excitation and the atom’s
impact permits the determination of the speed of each helium atom that is counted.

Now let’s look at the results. Helium atoms are emitted from the reservoir with a range
of speeds. Figure 2.4a shows the counts observed in the detection plane as a function of
the lateral position x for those helium atoms with speeds greater than 30 km/s. At first
glance, you may be relieved by these results. Isn’t this what you expect when you fire
particles at a screen with two slits in it? The particles travel in straight lines and, apart
from those that perhaps bounce off the edges of the slits, should strike the detecting
screen directly behind the openings formed by the slits. But look at Fig. 2.4b, which
shows the counts for slower helium atoms, those with speeds of 2 km/s (actually between
2.1 and 2.2 km/s). First notice that the atoms land at many locations in the detection
plane, not simply behind the slits as in Fig. 2.4a. In fact, Fig. 2.5 shows the way the
counts accumulate over time. Here, we do not immediately see a pattern. And the beam
intensity is quite low, with roughly one excited helium atom per second traversing the
interferometer. It is only after many counts have been registered that the pattern—a
double-slit interference pattern—becomes apparent (see Fig. 2.4b). But our description
of interference [see (1.56), for example] requires a wavelength A. This wavelength is
called the de Broglie wavelength, since Louis de Broglie first suggested that a particle
with momentum p possesses a wavelength A given by

_ h
e

(2.1)

where 4 is Planck’s constant.! For helium atoms with a speed of 2.2 km/s, this means a
de Broglie wavelength

_h 6.63 x 107 ] s

e 2.2
mv  (6.63 x 10727 kg)(2.2 x 10° m/s) (22

=45 x 107" m = 45 pm

'In his 1924 PhD thesis de Broglie combined two results that follow from Einsteins 1905 papers:
E = hv = he/A (from the photoelectric effect paper) and £ = pc (from special relativity), results that
we used in our discussion of Compton scattering in Section 1.3. Equating these two expressions for the
energy yields p = A/ for light quanta. de Broglie suggested that a similar relationship should apply
for all particles. Incidentally, the committee reviewing de Broglie’s thesis didn’t know what to make of
these radical ideas, so they asked Einstein to review it. Einstein gave his approval and de Broglie got
his PhD, as well as a Nobel Prize in physics five years later.

100 um

Figure 2.3 Scanning electron
microscope picture of the
double-slit structure. The
horizontal supports are
necessary to keep the slits
rigidly positioned because
the foil is very thin. This
figure is reprinted with
permission from O. Carnal
and J. Mlynek, Phys. Rev. Lett.
66, 2689 (1991). Copyright
(1991) by the American
Physical Society.
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Pfau, and J. Mlynek, private communication. See their article in Natwre 386, 150 (1997).

Just as in (1.56), the co
by the requirement that th

ndition for an interference maximum in the intensity is given
¢ difference in path length between the two paths shown in

Fig. 2.1 is an integral number of wavelengths:

d

Notice that L/d = 5.6 x

given by

sinf = na =0, %142 ... (2.3)

107°, so the angles of deflection are very small and it is
appropriate to make the approximation sinf = tan) = x /L, where x is the position
of the maximum in the detection plane. Thus the distance between adjacent maxima is

LA

Xpel —Xp = — (2.4)

d



Section 2.1 Atom Interferometry

How Interference Builds Up
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Figure 2.5 How the interference pattern shown in Fig. 2.4b builds up one atom at a time.
The first data set is taken after 5 minutes of counting, while the last is taken after counts
have accumulated for 42 hours. The “hotspot™ in the data arises from an enhanced dark

count due to an impurity in the microchannel plate detector.

Using the value of A from (2.2), we obtain a separation between maxima of 11 zzm, which
is in good agreement with the observed separation.” (See Problem 2.3 and Problem 2.4
for some other examples.)

Given this new perspective, let’s go back and reexamine the data for the fast helium
atoms shown in Fig. 2.4a. Initially, we assumed it was natural for atoms to land directly
behind the slits, but now we should ask: Is this result compatible with helium atoms
having a wavelength? If slow helium atoms interfere, why not the fast ones as well? For
interference to occur, the diffraction envelopes from each slit must overlap in space, as
depicted in Fig. 2.2. Since the first zero of the single-slit diffraction envelope occurs

Since L /d 3> 1, we can take the two rays drawn from the slits to a point in the detection plane to be
essentially parallel, just as we did in the analysis of the Young double-slit experiment in Section 1.0.
Also, from now on. we will use the symbol # to refer to an integer.
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Figure 2.6 An interference experiment carried out with sodium atoms. Two
400-nm-period gratings serve as the beam splitters.

when sinf# = A /a [see (1.15) and Problem 1.33], where a is the width of the slit, the
width of the central maximum in the detection plane is on the order of (A/a)L, where
L is the distance to the detecting screen. For the slower helium atoms, say those with a
wavelength of 45 pm, this yields a width of 88 yem, which is substantially larger than
the separation d between the slits. Thus the diftraction envelopes from the two slits
overlap and interference occurs. For the faster helium atoms, those with a wavelength
less than 3 pm, (A /a)L is less than 6 pm, which is less than the separation d = 8 pum,
but larger than the width @ = 1 um of the slit. Thus although there is measurable
diffraction of the helium atoms from each slit, there is insufficient diffraction for the
diffraction envelopes from each slit to overlap substantially at the detection plane and
hence produce interference.

Before concluding this section, there is an additional atom interferometry experiment
that merits special note. This experiment, the initial results of which were published back
to back in Physical Review Letters with the first results of the helium atom double-slit
experiment, was carried out with sodium atoms. The interferometer consisted of three
400-nm-period gratings mounted 0.663 = 0.003 m apart, as indicated in Fig. 2.6. The
sodium atoms had a speed of | km/s, giving them a de Broglie wavelength of 16 pm.
At the middle grating the width of the beams was 30 um and they were separated
by 27 pem. Thus just two paths, as shown in Fig. 2.6, overlap enough for interference
to occur. Figure 2.7 shows the resulting interference pattern. Most interestingly, in a
subsequent experiment the Pritchard group shined laser light through a port into the
interferometer.? If the light scattered from the sodium atoms near the middle grating, it
should have been possible to detect which of these two paths a sodium atom was taking
if the experimentalists had chosen to observe the scattered laser light (although they
didn’t actually make this observation). In this case, the interference pattern disappeared.
On the other hand, if the laser was positioned so that the light scattered from atoms close
to the first grating, then it was impossible to resolve which of the two paths a sodium atom
was taking and the interference pattern reappeared. This experiment therefore provided
a beautiful confirmation of the fact that we should include multiple amplitudes in the

‘M. S. Chapman, T. D. Hammond, A. Lenef, J. Schmiedmayer, R. R. Rubenstein, E. Smith, and D. E.
Pritchard, Phys. Rev. Ler. 75, 3783 (1995).



Section 2.1 Atom Interferometry

320

300 -

280

Atoms counted in 1 s

260 4

T T I

I T
-400 -200 0 200 400
Position (nm)

Figure 2.7 Sodium atom interference data adapted from D. W. Keith, C. R. Ekstrom.
Q. A. Turchette, and D. E. Pritchard, Phys. Rev. Lett. 66, 2693 (1991).

determination of the probability of detecting a particle only when it is impossible to
know which of the paths is taken by that particle.

In conclusion, it is instructive to compare the data in Fig. 1.24 and Fig. 2.5. In the case
of light, for which our everyday classical experience is with its wave nature, the particle
nature of light is perhaps most surprising, although everyone has probably heard about
the existence of photons. In the case of atoms, which we certainly think of as particles,
it is the wave nature that forces us to revise our classical notions. In both cases, we are
forced to try to understand how interference fringes—maxima and minima—can build
up one particle, one photon or one atom, at a time. The similarities in the way we must
deal with particles, whether they are photons or atoms, are striking. Clearly, we need
a new set of laws, a new form of mechanics called quantum mechanics, not just for
photons but for other particles as well.

EXAMPLE 2.1 What is the de Broglie wavelength of a tennis ball (m = 0.05 kg)
moving at 10 m/s?

SOLUTION

~34 1.
A=I_r=l_::6.63><10 JS=1_33x10'33m
p mv  (0.05kg)(10 m/s)

a very small length.

EXAMPLE 2.2 Assume that the tennis ball of the previous example is thrown through
a 1-m wide door at a speed of 10 m/s. Calculate the angular width of the central
maximum. Would you be likely to observe the diffraction (bending) of tennis balls
as they move through the door?

SOLUTION

sin® = 2 = 195 3 10~
a

Therefore the angular width 26 = 2.6 x 107** in this case.
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These examples illustrate that it is the smallness of 4, Planck’s constant, on a
macroscopic scale that prevents you from noticing this wave-like behavior for par-
ticles and protects your classical illusions that macroscopic particles are somehow
different from what we are seeing on the microscopic level.

EXAMPLE 2.3 What is the de Broglie wavelength of an electron with a kinetic
energy of 54 ¢V?

SOLUTION Since an electron with a kinetic energy of 54 eV is nonrelativistic, we
can write the kinetic energy as

h h
p V2mK
6.63 x 107 .5

= =1.67x10"m=167A
V2(9.11 x 10731 kg)(54 eV)(1.6 x 10~19 J/eV)

Note that 1 A = 107" m = 0.1 nm is the characteristic size scale of atoms. Can
you guess how such electrons might be utilized? See Problem 2.11.

2.2 Crystal Diffraction

Example 2.3 contains a very interesting result. Since an electron has such a small mass, the
de Broglie wavelength of a 50-¢V electron is not nearly as small as it is for a macroscopic
particle such as the tennis ball in Example 2.1. Nonetheless, the electron’s wavelength is
short, equivalent to that of a photon in the X-ray regime. We know now, of course, that
X-rays are short-wavelength photons.* In order to verify that X-rays were simply electro-
magnetic radiation, it was necessary to see some interference eftects. But constructing
a double-slit experiment or, better yet, a grating with a spacing between the slits on the
order of angstroms is not easy. But it turns out that nature does this with regularity in the
form of erystalline solids.

4The name X-ray derives from the fact that when X-rays were first discovered, by Wilhelm Réntgen
in 1895, their nature was unclear. Réntgen happened to notice during experiments in which electrons
with energy up to 50 keV struck the anode in an evacuated glass chamber that a fluorescent screen at
the other end of the lab table started to glow faintly. even though the glass chamber was covered with
black cardboard. The glow persisted even when a 1000-page book was placed between the tube and the
fluorescent screen. Rontgen was startled to discover when he held a lead disk in front of the screen that
not only did he see the shadow of the disk, as expected, but he also saw the shadows of the bones of
his own fingers. He soon produced a more permanent record, taking an X-ray picture of his wife’s hand
that created a sensation. Within weeks X-rays were being used to help in the setting of broken bones.
Réntgen received the first Nobel Prize in physics, in 1901.
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dsin 0 dsin @

Figure 2.8 The atoms in a crystalline solid, one with a periodic structure, can be viewed
as lying in a series of planes. The path difference for reflection from adjacent planes is
2d sinf.

X-rays incident on a periodic crystal such as NaCl scatter from each of the atoms
in the crystal. In 1912 Max von Laue added up this scattered radiation and showed that
very sharp maxima in the intensity would occur, in the same way that sharp maxima are
generated when light is scattered by the simple grating discussed in Section 1.7. In the
language of Chapter |, the maxima occur when the probability amplitudes for scattering
from each of the atoms are in phase. Shortly thereafter, in 1913, W. L. Bragg showed that
the results of von Laue’s calculation were the same as if the scattering took place from a
series of planes, like a series of mirrors, that were generated by the individual atoms in
the crystal. Figure 2.8 illustrates such a series of planes. Constructive interference occurs
when the path difference for scattering from an adjacent plane is an integral number of
wavelengths, that is,

2d sinf = ni r R 1 0 . (2.5)

Equation (2.5) is often called the Bragg relation.’ If the amplitudes are in phase for
these adjacent planes, then the amplitudes will be in phase for all the planes, since the
spacing between each of these planes is the same.

Figure 2.9a shows an X-ray diffraction pattern for rock salt, while Fig. 2.9b shows
a similar picture taken with neutrons scattered from rock salt. The neutrons are scat-
tered by the nuclei of the atoms, while the X-rays interact electromagnetically with the
charged particles (nuclei and electrons) that constitute the atoms. Neutrons are typically
thermalized (see Problem 2.14) so that their wavelengths are in the appropriate X-ray
regime. This is another nice illustration of how particles behave in ways that classically
we attribute only to waves.

SUnlike Snell’s law where the incident angle is typically measured with respect to the normal to
the surface, the angle # in the Bragg relation is measured with respect to the horizontal, presumably
because X-ray diffraction studies are often done with a grazing angle of incidence. There are numerous
sets of planes that can be constructed from atoms in such a crystal array, so there are numerous angles
for which the Bragg condition for constructive interference will be satisfied. It is possible to infer the
underlying crystal structure from the nature of the X-ray diffraction pattern. W. L. Bragg and his father,
W. H. Bragg, built an X-ray crystal spectrometer that could be used to analyze the structure of crystals,
given a knowledge of 4. The Braggs shared the Nobel Prize in 1915.
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(@)

Figure 2.9 (a) X-ray diffraction and (b) neutron diffraction from a single sodium chloride
crystal. The X-ray diffraction image, from W. L. Bragg, Proc. Roval Soc. 89, 248 (1913),
shows one of the very first attempts to use X-rays to analyze the structure of crystals.
Modern X-ray crystal diffraction images are substantially sharper. The neutron
diffraction image, reprinted with permission from E. O. Wollam, C. G. Shull, and M. C.,
Murray, Phys. Rev. 73, 527 (1948), copyright (1948) by the American Physical Society,
shows the first image of a single crystal taken with neutrons. Shull was awarded the
Nobel Prize in physics in 1994,

You may have wondered (at least if you have been reading the footnotes) how de
Broglie was able to win the Nobel Prize in 1929 just five years after making the unusual
proposal that particles such as electrons have a wavelength. While the experiment on
interference with helium atoms by Kurtsiefer et al. provides strong confirmation of de
Broglie’s idea, this particular experiment wasn’t carried out until quite recently. And
neutron scattering as a tool for crystal studies did not become available until the advent
of a good source of neutrons, after World War II. The answer resides ina 1927 experiment
that involved a bit of luck. C. J. Davisson and D. A. Germer, working at Bell Labs, were
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Figure 2.10 A schematic diagram of the Davisson-Germer apparatus and a plot of their
scattering data for 54-¢V electrons, for which A = 1.67 A. See Example 2.4. Adapted
from Nobel Lectures, Physics 1922-1941, Elsevier, Amsterdam, 1965.

investigating what happens when 54-eV electrons were scattered from polycrystalline
nickel, taking advantage of the relatively new vacuum technology. Their vacuum tube
broke and the nickel became oxidized. In order to remove the oxide from the metal,
Davisson and Germer heated the nickel. When the nickel cooled, it solidified as a single
crystal. Subsequently, Davisson and Germer noticed a strong enhancement in the angular
distribution of the scattered electrons, which turned out be at just the angle predicted
by the Bragg condition, with a spacing between planes of 0.91 A. See Example 2.4.
Figure 2.10 shows their experimental setup as well as their data. Davisson shared the
Nobel Prize with G. P. Thomson, who made a similar discovery independently in Scotland.
Incidentally, G. P. Thomson was the son of J. J. Thomson, who is often credited with the
discovery of the electron in 1897 and for which he, too, was awarded the Nobel Prize,
in 1906. It is often said that the father discovered the electron as a particle while the son
discovered its wave nature.

EXAMPLE 2.4 The 50° angle shown in Fig. 2.10 is the angle between the incoming
and the outgoing ray in Fig. 2.8. Thus 26 = 180° — 50° = 130°, or 8 = 65°.
Determine the spacing between the planes of atoms in the nickel crystal.

SOLUTION Since an electron with a kinetic energy of 54 eV has a wavelength
A=1.674A,

! 1.67 A
d= 0 =T G A
2sin# 1.81

in good agreement with the value ¢ = 0.91 A determined from X-ray diffraction.
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2.3 The Schrodinger Equation

[n 1926 in Zurich, after a physics colloquium by Erwin Schrédinger on de Broglie waves,
Peter Debye made a remark to the effect that dealing with waves properly requires a wave
equation. Schrodinger took this comment to heart, for he returned from a skiing vacation
a few weeks later and announced at a subsequent colloquium, “My colleague Debye sug-
gested that one should have a wave equation; well, I have found one!™ The Schrodinger
equation is the equation of motion for nonrelativistic quantum mechanics. As we have
noted, the Schrodinger equation cannot be derived from classical physics. Obtaining
it involved some inspired guess work on Schrodinger’s part. Rather than following his
reasoning, we simply start with the equation itself in one dimension:

h PW(x, ¢ OW(x, 1
HJ—%—) + V(x)¥(x,1)= mi# (2.6)
2m  9x? at

where m is the mass of the particle, ¥'(x) is the potential energy, and # (pronounced
“h bar”) is Planck’s constant divided by 27 (% = h/27). W(x,¢) is called the wave
function. It is the probability amplitude for finding the particle at position x at time 7.
We will discuss how one solves this equation for W(x, ) in the next two chapters. For
the remainder of this chapter we will give some plausibility arguments in support of the
equation itself.

In this section, we will focus on the Schrodinger equation for a free particle, that is,
a particle without forces acting on it. In this case, we can take ¥ (x) = 0 and write the
equation as

(2.7)

T 2m ax? at
Equation (2.7) is the analogue of

At PW(x, 1) AW(x. 1)
- =ih—

a%e  18%
the wave equation for light that results from Maxwell’s equations in free space. In Sec-
tion 1.1 we commented that if we substitute a wave such as & = Epe' =1 into (2.8), we
obtain the condition @ = ke, where w = 27vand k = 27 /x. We have seen that £ = hy
and p = h /4 for photons. If we write these expressions in terms of #. we obtain

(2.8)

E=hv= /—!2711) =hw (2.9)
2
and
h h 2m

Notice that if we take the condition w = k¢ and multiply both sides by 7, we obtain
hew = hke (2.11)
or
E = pc (2.12)

Physics Today 28 (12), 23 (1976).
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which is just the relationship between energy and momentum for massless particles
demanded by special relativity. Thus Maxwell’s equations have naturally built into them
that photons are massless quanta.

What then is built into the Schrodinger equation? Notice that if we substitute

W(x, 1) = Ae'k¥—wn (2.13)

into (2.7), we obtain a solution provided

ﬁzk: ikx—wi) i(kx—wr)
T:’IG . = hwAe'" (2]4)
Zm

Thus for a nontrivial solution

ﬁlkl
fiw = (2.15)
2m
Following de Broglie, if we presume that the relations
h
p=—=tk (2.16)
A
and
E=hv=hw (2.17)
apply for all particles, not just for photons, then (2.15) requires
I
E =" 2.18
2m ( )

which is the relationship between energy and momentum for a nonrelativistic free particle
of mass n1, since for a nonrelativistic particle p = mv and £ = mv?/2.

Note that in order to obtain the relationship (2.15), which involves one factor of @
and two factors of £, we needed an equation that involves one time derivative and two
space derivatives. But this means that waves of the form W(x. 7) = A cos(kx — wt) or
W(x, 1) = A sin(kx —wt)are not solutions to the Schridinger equation for a free particle,
as you can readily verify by substituting them into the equation. The only simple wave
solutions are in the form of complex exponentials given in (2.13). You can’t just take the
real part as you can for the electric field £. The solutions to the Schridinger equation fora
free particle are inherently complex. Given the postulates of quantum mechanics that we
introduced in Chapter 1, this may not be all that surprising. But it was definitely disturbing
to the early practitioners of quantum mechanics, including Schrdédinger himself. And of
course, the Schrédinger equation itself explicitly involves 7 and i = /=1, unlike (2.8).
Nobody had dared to write a physics equation that inherently involved complex numbers
in this way before Schriodinger.

Because a helium atom, or an electron for that matter, has a rest mass, it is possible
to restrict our focus to situations in which the particles are nonrelativistic. This is what
the Schrodinger equation does. We will see that such nonrelativistic quantum mechanics
has broad applicability in atomic, molecular, solid-state, and nuclear physics. In particle
physics, on the other hand, relativistic considerations become quite important. At that
point, our description must include at least some of the key features of quantum field
theory. We will return to this issue in Chapter 10.
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2.4 The Physical Significance of the Wave Function

What is the physical significance of W(x, 7)? In general, W is a complex function, so
it cannot correspond directly to something we can measure. As we have noted, we can
also refer to the wave function as the probability amplitude of finding the particle at
the position x at time ¢. You might therefore be tempted to identify W*(x, )W (x, 1) =
|W(x, 7)]* with the probability of finding the particle at x at time 7. But this is not quite
correct. Rather, the correct interpretation (often referred to as the Born interpretation
since it was first suggested by Max Born) is that

[W(x, t)|3d.\' = the probability of finding the particle between x and x + dx at
time ¢ if a measurement of the particle’s position is carried out

Strictly, |W(x, r)|* is the probability density since it must be integrated to determine the
probability (like the charge density, which must be integrated to determine the electric
charge), and has dimensions of probability per unit length, in one dimension. Forexample,
it doesn’t make physical sense to ask about the probability of a helium atom landing at a
single position in the detecting plane in the experiment described in Section 2.1. Instead,
if we make the width of the entrance aperture for our detector 2 microns and center the
detector 4 microns above the line bisecting the two slits, then the probability that an atom
lands in the detector is given by

x=5 microns
|W(x, 1) dx

x=3 microns

No matter how small we make the aperture to the detector, we cannot measure the
probability that a helium atom lands at a single position out of the continuum of possible
positions in the detection plane. Of course, if we make the aperture too small, helium
atoms will be too big to fit through the aperture and we will not obtain any counts. We
will then need to figure an alternative method of measuring the position of a helium atom
to greater precision. (But our method might continue to work for electrons which, as far
as we know, are point particles.)

Does this mean that before a measurement is carried out the helium atom does not
have a definite position? The answer is yes. In quantum mechanics, you have to give
up on the notion that a particle should be associated with a definite position. For if you
thought the helium atom had a definite position just before it struck the detector, then you
would presume it had a somewhat different definite position just in front of this position a
moment earlier, and so on. You would effectively be presuming that the atom followed a
definite trajectory to reach the detector. Butif'it followed a definite trajectory, what then is
generating the interference pattern, which as we have seen requires multiple amplitudes
(multiple paths) for a single particle to reach a particular point in the detection plane?
This is of course a far cry from our classical experience and it explains why quantum
mechanics was initially so controversial. In fact, Schrodinger himself was troubled by
this probabilistic interpretation of the wave function.

Since the probability of finding the particle overall must be one, it is necessary that

[' W(x, )Pdx = 1 (2.19)

o
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at all times ¢ in order for this probabilistic interpretation of the wave function to be
self-consistent. It is straightforward to satisfy this condition. For if W(x, r) is a solution
to the Schrédinger equation, so is NW(x, 1), where N is a (complex) constant. Thus we
can always multiply W(x, 1) by an appropriate constant so that (2.19) is satisfied. We call
this normalization of the wave function.

Clearly, it is necessary that ¥ — 0 as |x| — oo in order for the integral in (2.19)
to converge. The physically admissible wave functions are therefore said to be square
integrable, where by the “square” we mean multiplying the complex wave function
by its complex conjugate. A somewhat artificial but useful illustration is given in
Example 2.5.

EXAMPLE 2.5 Normalize the wave function

N NxtL—x) 0<x< L
W= { 0 elsewhere
depicted in Fig. 2.11.
SOLUTION

0 L
1=/ a\mld.r:/ INPx3(L — x)*dx
J— 0

oo

L
- |N|3/ (x2L% = 2Lx> 4+ x*) dx
0

s (2,1 _INPLS
=t 3475/ 30

Thus normalization of the wave function determines the value of N*N. We might
as well choose N to be real, namely

[30

T
=N

but it is good to remember that other choices are possible as well. Note that
IN|?x>(L — x)’dx, the probability of finding the particle between x and x + dx,
must be dimensionless. Since x?(L — x)>dx has the dimensions of length to the
fifth power, | N|* must have the dimensions of inverse length to the fifth power.

Uk

0 L x

Figure 2.11 Wave function for
Example 2.5.
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2.5 Conservation of Probability

If we normalize the wave function at one time, will it stay normalized? Does (2.19)
hold for all time? In short, is probability conserved? It is not difficult to verify that the
Schrodinger equation assures conservation of probability. Let’s start by calculating the
time derivative of the probability density:

AwP>  owry _ l.}J*an qJENf*

= _— 2.20
at ot at * at ( )
From the Schrodinger equation
w1 h* 9*w
— = | —— =+ V(x)¥ 2.21
ik ( 2m 9x2 b ) el
and, taking the complex conjugate of this equation,
vt —1 [ A AP
e i mm [} st J(x)w* 222
at if ( 2m dx2 e A ) iy
where we have assumed the potential energy V() is real. Thus
AW ik _0%w R\
= | R e
ar 2m dx= dx-
i oW g afy
= [i(w“.——w‘, )] S (2.23)
dx | 2m ox ax dx
where
# oW Jw*
el B)mmre— | Pre—a A 2.24
s 1) 2mi ( dx dx ) ( )
is referred to as the probability current.” Therefore
d e 5 o8 Bz,
< [ \W(x, 1)Pdx = — / B e = — i, OI%, = (2.25)
i o) Jene B .

where the last step follows from the fact that W(x,7) — 0 as x — =oo, for otherwise
the wave function would not be normalizable. Thus the integral on the lefi-hand side
of (2.25) is independent of time. If this integral is equal to one at a particular time, say
t = 0, it will be equal to one for all time.

The reason for introducing the probability current j, into our derivation is that it
enables us to see that conservation of probability is not just a global phenomenon—
the overall probability of finding the particle remains one—but a local phenomenon as

"In confirming (2.23), you may find it easiest to start with the second line, do the derivatives, and
show that you obtain the first line. You may also recognize (2.23) as a one-dimensional version of the
conservation of charge equation

dp .
—+V.j=0
at L
where p is the electric charge density and j is the current density. This conservation of charge equation
follows from Maxwell’s equations just as (2.23) follows from the Schridinger equation.
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Figure 2.12 Conservation of probability: The probability current accounts for a change in
the probability of finding a particle in [a, b].

well. To illustrate, instead of integrating the probability density over all positions, from
x = —00 to x = 00, integrate from x = @ to x = b. Then following the steps that lead
to (2.25), we see that

d [t : |
= [ W(x, O dx = —ju(x, Do = = julbs 1) + jiula. 1) (2.26)

Now there is no reason for j.(a, t) and j.(b, 1) to vanish since a and » may be finite,
and the probability of finding the particle in the region between x = a and x = b can
change with time. But the reason for the change is clear; probability can flow into or out
of the region at either endpoint (or at both). In particular, if j,(a. 1), the probability flow
per unit time at x = a. is positive, then the probability current contributes to an increase
in the probability in the region to the right of x = « (see Fig. 2.12), while if j, (b, 1) is
positive, this term contributes to a decrease of the probability in the region to the left of
x = b. Orif j.(b. 1) is negative, then the probability current is flowing toward the left
at x = b, which contributes to increasing the probability in the region between x = a
and x = b. Thus if probability decreases in some region, it doesn’t mysteriously appear
somewhere else but rather flows continuously into or out of the region in question. Thus
probability is said to be “locally conserved.”

EXAMPLE 2.6 Forthe wave function W(x, t) = Ae'®*=“" determine the probability
current.

SOLUTION
f aw a*
fp=— (W' — — W ——
& 2mi ( ax ox )
e 7 . ( *efi(k.%'ftul)I-A_A()f(k.\'—:ur] + Aei[.h'——mr)l-kAxe—itk\:—m.’)) = ﬁl‘l’”l
2mi m

In this example, the probability current is the product of ik/m = p/m = v and
the probability density | 4|*. Thus a large probability current can result from a large
probability density and/or a large velocity for the particle.

2.6 Wave Packets and the Heisenberg Uncertainty Principle

Picture a wave with a single wavelength. The wave is evervwhere. Now picture a particle
with a single momentum. You tend to think of a particle as somewhere. But the momentum
of the particle and the wavelength are related by p = h /4. If you consider yourself to
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Figure 2.13 The sum of two sinusoidal waves with equal amplitudes but slightly different
wavelengths.

be at rest as you read this book, then you would say your momentum is zero. The
your wave function should be one corresponding to an infinite wavelength, basically
a constant wave function everywhere, although you certainly tend to think of yourself
as having a well-defined position. How do we resolve this seeming contradiction? First
note the wave function W(x, r) = 4¢'* =" a solution of the Schrédinger equation for
a free particle with a single wavelength, does not approach zero as |x| — oc. Thus
it is not a normalizable wave function and cannot correspond to a physically allowed
state.® It is possible, however, to generate physically acceptable, normalizable solutions
to the Schrodinger equation for a free particle by superposing solutions with different
wavelengths.” Such a superposition produces a wave packet.

As we discussed in Chapter 1, when waves are in phase, they add constructively, and
when waves are 7 out of phase, they interfere destructively. Here we want to superpose
waves with different wavelengths to form a localized wave packet. To see the pattern, we
start by adding two waves together each with the same amplitude 4 but slightly different
wavelengths, one with wave number k+ Ak /2 and the other with wave number k — Ak /2:

Asin[(k — Ak/2)x — (@ — Aw/2)t] + Asin[(k + Ak/2)x — (@ + Aw/2)t]
= 2 A sin(kx — wt) cos [(Ak/2)x — (Aw/2)t] (2.27)

where we have made use of the trigonometric identity

a—p . a+p
sin
2 2

Figure 2.13 shows the result. Notice that we have a traveling wave 24 sin(kx — wr)
modulated by the factor cos [(Ak/2)x — (Aw/2)t], which is itself a traveling wave with
a longer wavelength and lower (beat) frequency. We have chosen to add two sine waves

(2.28)

sing + sin B = 2cos

together rather than the complex exponentials that are solutions to the Schrodinger equa-
tion, so we can graph the result. Or you can think of (2.27) as the result of adding the
imaginary parts of the complex solutions. Problem 2.15 shows a similar effect for adding

®A wave function with a single momentum (a single wavelength) is, nonetheless, a very useful
abstraction.

"Such a superposition is possible because the Schrédinger equation is a linear differential equation,
which means that if ¥/, and 7, are two solutions to the Schrodinger equation, then so is ¢ + c2¥.
where ¢; and ¢, are arbitrary complex numbers. See Problem 2.16.
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Figure 2.14 The addition of five sinusoidal waves with varying wavelengths can produce
a more localized pulse which nonetheless repeats indefinitely.

the real parts. Figure 2.14 shows the result of adding five waves together. Here the “beats™

are better articulated. If we add an infinite number of waves together with a continuous
infinity of different wave numbers of the form

o0
Wx,1)= / A(k)ye' & =g (2.29)
=00
we obtain a wave packet that doesn’t repeat itself, as illustrated in Fig. 2.15a. You can
suppose that each of the waves has a crest at the origin, at x = 0, as shown in Fig. 2.15b.
Here the waves add constructively. But as we move away from the origin, the crests (and
the troughs) of the different waves no longer coincide since the wavelength of each wave
in the superposition is different. In this way, we can generate a region where the waves add
together to give a large amplitude, while in other regions the waves effectively cancel. The
more waves we introduce in the superposition, the more complete the cancellation can in
principle be. Example 2.7 provides a nice illustration of how this superposition works.
You can probably foresee that the more waves with differing wavelengths that we add
together the narrower we can make the region of space where the wave packet is nonzero.
In fact, it is possible to show that the width Ax in position of the wave packet and the

(a) (b)

Figure 2.15 (a) A wave packet can be thought of as a superposition of a continuum of
waves. Two of these waves, each with a maximum at the origin, are shown in (b). These
two waves add constructively at the origin, but interfere destructively at some locations
and constructively at other locations.
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width Ak in wave numbers that are involved in the superposition satisfy the relation
I
AxAk = 3 (2.30)

provided one uses a precise definition (see Section 2.8) of what we mean by the quantities
Ax and Ak. This is a very general result from the physics of waves, one with which you
probably already have some experience. For example, lightning produces a local, intense
heating (and expansion) of the air in the immediate vicinity of a strike, namely, a narrow
wave packet. This pressure pulse propagates outward from the strike as a sound wave.
When it reaches your ear, you hear the many different wavelengths (or frequencies) in
the thunder clap. This is quite different from the sound of an almost pure frequency from,
say, a violin string, which would have a substantially longer wave train.

What makes (2.30) unusually interesting in quantum physics is the connection
between the wavelength 2 and the momentum of the particle. Since p = 7k, we can
express the relation (2.30) in terms of the momentum p, (the x component of the linear
momentum, since we are considering one-dimensional motion along the x axis) as

fi
AxAp, > 5 (2.31)

which is the famous Heisenberg uncertainty principle.'’ It shows that a particle cannot
have both a definite position and a definite momentum simultaneously, since the right-
hand side of (2.31) is nonzero. If a particle were to have a well-defined momentum
(Ap, — 0), the position of the particle would be very uncertain (Ax — c0). On
the other hand, if the particle were to have a very well-defined position (Ax — (), then
the particle would not have a definite momentum at all (Ap, — 20). Of course, the scale
for the product of these uncertainties in the position and the momentum is set by the size
of Planck’s constant. As Example 2.8 illustrates, these restrictions are not noticeable for
macroscopic particles.

EXAMPLE 2.7 Determine the form of the wave packet

00 .
Y(x,0)= [ A(k)e™ dk
generated by the superposition with A(k)= A for kg — (Ak)/2 <k < ky + (Ak)/2
and A(k) = 0 otherwise. Estimate the value of Ax Ak for this wave packet.

SOLUTION
kg AK)/2 .
W(x,0) = / Ae* dk

ko—(AKk)/2
e!.TAk/Z . e—i.r Ak/2

= A ei kox

ix
_ 9 et sin(xAk/2)
x

%Our “derivation” of the Heisenberg uncertainty relation follows directly from (2.30), which is a
fundamental result of Fourier analysis. The main point. at this stage, is to get a sense of how the
superposition and interference of waves can lead to this result, Using a different strategy, we will give
a rigorous derivation of (2.31) in Chapter 5.
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A(k) A

AW (x, 0)2
0 k—AK2 ko+AK2 k 2mldk 0 2mAk X
(a) (b)
Figure 2.16 Graphs of (a) 4(k) and (b) |W(x, 0)]°.
Thus

- 3
W, 0) = 4|42 S AK/2)
X*

Figure 2.16 shows graphs of A(k) and |W(x, 0)]*. A quick estimate of the width of
A(k) is to say it is Ak. The width of the wave packet in position can be estimated
from the distance between the first two nodes on either side of the central maximum.
These nodes occur when x Ak/2 = 4, so x = £27/Ak. Setting Ax = 4/ Ak,
we find Ax Ak = 4. Thus our result is consistent with the general limit expressed
in (2.30). The smaller the magnitude of £, the larger is the width Ax of the wave
packet. Notice that the width of the wave packet depends solely on Ak and not on
the value of ky, which in momentum terms means that the width of the packet does
not depend on the value of the central momentum py = fik.

EXAMPLE 2.8 Estimate the uncertainty in your velocity as vou sit reading if the
uncertainty in your position is 107" m,
SOLUTION From the Heisenberg uncertainty relation,

h 1.055 x 1073 J.s -
Ap. > = =353 107 kg-m/s
Pr = A% 2% 10-"m . B

Since p, = mu,, you can obtain an estimate of the uncertainty in your velocity by
dividing Ap, by your mass. For example, if m = 60 kg, then

Av > 88 x 107 m/s

which is such a small value we cannot in practice distinguish this spread in velocity
from the classical notion that vour speed is zero as you sit reading.

EXAMPLE 2.9 Estimate the uncertainty in the velocity of an electron confined to a
region that is 107" m in size. This is a typical size scale for an atom.

SOLUTION Again from the Heisenberg uncertainty relation,

h 1.055 x 10734 J.s 7
Ap, > = =53 x 107" kg-m/s
Pas 2Ax 2x10-10m = en
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=31
In this example the mass is the mass of an electron, namely, m = 9.11 x 107" kg.
Thus
Av = s > 5.8 x 10° m/s
m

The uncertainty of 580 km/s in the electron’s velocity in an atom is cetrtamly not
negligible, showing the importance of the Heisenberg uncertainty relation on the

microscopic scale.

2.7 Phase and Group Velocity

Superposing waves to make a wave packet resolves the problem oij localizing a particle so
that it has a reasonably well-defined position, with some uncertainty, but at the exp'er}se
of introducing an uncertainty in the momentum of the particle as well. Superposition
also solves another problem, namely, the speed of the wave and the speed of the particle
do not seem to be equal. If'you take a wave with a definite wavelength such as Ade'*—"),
you can express it in the form

Aei(k.\'—l-ﬂ) = Aei{“r—(mﬂ(l;]l = ‘;[,:)i[““"‘"ph”] (232)

where vy, is called the phase velocity of the wave:

w 2nv
Uph = — =

ko Q2a/i)

=iV (2.33)

The phase velocity is the speed at which a particular point on the wave, such as a crest,
moves. For example, if you set x = 0 and 7 = 0 for the wave A cos(kx — wt) (the real
part of de'**=*") voy are at the maximum of the wave. A time dt later, you have to
move along the x axis to a point dx which satisfies kdx — wdt = 0 in order to keep up
with the crest. (See Fig. 2.17.) This speed is thus given by Uph = dx/dt = w/k. For
light, v,y = c. But for the Schridinger equation, we see that the phase velocity for a
nonrelativistic particle of mass m is given by

- 2
w fiw E  mv?/2 v

ST === =z 2.34
Uph i i v s 3 (2.34)

That is, the phase velocity is one half the velocity of the particle.

Figure 2.17 The dashed line shows a sinusoidal traveling wave at 1 = 0 and the solid line
shows the same wave at a slightly later time.
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At first, this seems quite troubling. From our discussion in the preceding section
however, we know that the location of the particle is determined by superpos;lé wwcsj
so that they form a wave packet; it is the location of the packet that tells us roughly wfler(;
the particle is located. But if you look back at (2.27), our expression for the superposition
of two waves with slightly different wavelengths, you will see there are two velocities
present. The term sin(kx — wr) has the characteristic phase velocity w/k, while the facto‘r
cos[(Ak/2)x — (Aw/2)t] modulating the superposition travels with a df fferent velocity
namely Aw/Ak since 1

cos [(Ak/2)x — (Aw/2)t] = cos ((Ak/2) [x — (Aw/AK)t]) (2:35)

We will now show that this is a special case of a more general result: namely. for a
superposition of an infinite number of waves, a continuum of waves, the wave packet
itself moves with a velocity that is given by

dw
dk
where v, is called the group velocity. Whereas the phase velocity is the speed of a
particular point, such as the crest, of a wave with a single wavelength. the group velocity
is the speed of a localized packet of waves that has been generated by superposing many

waves together.
To establish (2.36) we assume that the wave packet is peaked near some central

momentum pg. That is, the amplitude A(k) in the superposition

(2.36)

Ug=

qup=[”AmwMPMWk (2.37)

o0

has a peak at wave vector kg, where py = 7iko, as indicated in Fig. 2.18. Since most of
the contribution to this integral comes in the vicinity of ko [because A(k) is largest in
this region], we can obtain an approximate expression for this integral by expanding w
in a Taylor series about & = ky. In particular, if we retain the two leading terms in the
Taylor series for w, then

la

wEmeCE> (k — ko) (2.38)
dk / =k,

where @y is the value of @ when & = kq. Using the definition of the group velocity in

(2.36)

o = wy + vk — ko) (2.39)

A(k)T

T
ko

Figure 2.18 The amplitude A(k) has a maximum at k = kq.
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hwf? 4

Figure 2.19 A superposition of traveling waves forms a wave
packet which moves at speed vg.

where it is now understood that de/dk is evaluated at ko, the value of k at which A(k)

has its maximum. Thus

kx — ot = kx — [wo + va(k — ko)] ¢ (2.40)
Substituting this result for the exponent in (2.37), we obtain
00
W(x, ) = fhor—won) / A(k)e' E—F—vet) g (2.41)
J =00

But the initial form for the wave packet is given by [put ¢ = 0 in (2.37)]

- - 7
W(x, 0) = ] A(k)e™* dk = e'*o¥ / A(k)e'*—*x g (2.42)
—00 =00
and therefore
W(x, 1) = ool gy — pyr, 0) (2.43)

The term multiplying W(x — vy, 0), namely ekove—en) s an overall phase factor that
cancels out when we calculate the probability density:

|W(x, D) = |W(x — vyt, 0)) (2.44)

Thus we see that the wave packet moves with a speed vy, as illustrated in Fig. 2.19. Since
for the Schrédinger equation for a free particle

fik?
ow=— (2.45)
2m
the group velocity is
oo 4 (BN _Hk_p
ST de\2m ] " m m° (246)

Thus tl.1e wave packet moves at the speed of the particle. Another success for the
Schridinger equation!'”

1 s . . -
In general, different wave equations yield different ratios for th

¢ phase and g elocitisy R
Problem 2.24 and Problem 2.2 3 i e

5 for water waves in deep and shallow water. respectively.
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One final comment on this subject is probably in order. You may be wondering about
the effect of the higher order terms that we have neglected in the Taylor-series expansion
(2.38). One of the many things that distinguishes the Schridinger equation from the
\?ave equation (2.8) for light is that the relationship between w and k is not simply a
linear one for the Schrodinger equation since w = #ik? /2m for a free particle. Thus, in
particular, the second-order terms in the Taylor-series expansion are nonzero. But this
also means that the phase velocity depends on k& since w/k = fik/2m. Thus the very
fine balancing of constructive and destructive interference that is required to localize the
wave packet in Fig. 2.15 will be diminished as time increases since each wave in the
superposition moves with a different speed. This causes the wave packet to spread out.
However, the time for spreading depends sensitively on the mass of the particle and the
size of the initial wave packet. The smaller the wave packet, for example, the larger the
number of different momentum components in the wave function and hence the larger
the variation in the phase velocities. See Problem 2.21. Given this discussion, you will
not be surprised to learn that the general relationship between w and k is referred to as
a dispersion relation.

EXAMPLE 2.10 The relation between the wavelength A and frequency v for the pro-
pagation of electromagnetic waves through a wave guide (typically a hollow
rectangular or cylindrical metal pipe) is given by

c

332 2
Ve =

What are the phase and group velocities of these waves? Nore: For a wave guide
the constant vy is the minimum frequency for which the waves will propagate.

A=

SOLUTION The relationship between the wavelength X and the frequency v can also
be expressed in terms of the wave vector & and the angular frequency w as

—— 2 2
ke = \Jw? = wp

or

W= \/(kc')2 +w) =c \/kz + (wp/c)?

where @y = 2w vy. The phase velocity is given by
@ kK + (wo/c)? 2
Uph = ; = ﬁ—L‘—’:—-—t"—‘—* =cy\/ 1+ (wy/ke)?
which is greater than ¢, while the group velocity is given by
dw k c
—_ = =
dk VK2 4+ (en/c)? V1 + (wq/ ke)?

L'g =

which is less than ¢. Note that vp,v, = .

A phase velocity that exceeds the speed of light may seem troubling at first.
But it is the group velocity that determines how fast, say, information is transmitted
by a localized wave packet. The phase velocity is simply the velocity of'a particular
point on a wave with a definite wavelength, a wave that extends throughout space.
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2.8 Expectation Values and Uncertainty

We have seen that a particle in a physically allowed state does not have a definite position
or a definite momentum. Consequently, there is an inherent uncertainty with respect to
what value to assign for the particle’s position and the particle’s momentum. There is a
straightforward way to quantify this uncertainty, a way that is quite similar to the way
we calculate the standard deviation of, say, the results for an exam.

One of the first things everybody wants to know about an exam is: What’s the average?
We calculate the average, or the mean, by adding up the scores and dividing by the
total number of people (say, 25) who took the exam. Equivalently, we can generate a
distribution function in which we divide the number of people N(1) who obtained a
particular score n by the total number V in the class, which yields the fraction of the
class that obtained that score:

N
Pn)= ) (2.47)
P(n)is like a probability distribution. In particular, it satisfies the condition
100 100 100
N(n) 1
D Pm=3 —— =53 Nm=1 (2.48)
n=0 n=>0 n=0
The average score on the exam is
100 .
> nN(@m) 100
(n) = _="_N__ =) nP(n) (2.49)

n=0

Note that the average need not be one of the scores obtained on the exam, or even an
integer for that matter.

The other piece of information often sought about an exam is the standard deviation
o, which is determined from

o’ = ((n — (n))?) (2.50)
that is, we subtract (n) from each score on the exam, square this result, and find its
average for the class:

100

S (n— (n))*N(n)

2 __ n=0

N
100 100
= Z(n — (n))*P(n) = Z(f12 —2n{n) + (n))P(n)
n=0 n=0
100 100 100
= Z nzP(n) — 2(n) Z nP(n)+ (n)? Z P(n)
n=>0 n=0 n=[0
= (n%) = 2(n)(n) + (n)* = (n*) — (n)? (2.51)

This last result, namely
)

o’ = (n*) — (n)? (2.52)

is worth remembering. It provides a fast route to calculating the standard deviation.
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N(n)

Sy

N(n)

n

Figure 2.20 Histograms of the grade distribution for two different
classes.

Figure 2.20 shows the distributions for two classes on the same exam. The average
in each class is the same, but the spread is quite different in the two classes. One class
is filled with mostly B students, while the other has a significant number of A and C
students and a few B students. Consequently, the standard deviations for the two classes
are quite different, much larger in the latter class reflecting the broad nature of the
exam-score distribution. The limiting case of a narrow distribution is one in which every
student in the class has the same score, in which case (n?) = (n)? and the standard
deviation o = 0.

The expressions we have been using for the average value and standard deviation can
be taken over directly to continuous distributions. The average value of the position is
given by [the analogue of (2.49)]

(x) = [ x|W(x, 1)) dx (2.53)

J—o00

where we are presuming that the wave function is normalized [the analogue of (2.48))].
that is,

/ |W(x, 1)Pdx = 1 (2.54)

x

which is equivalent to saying that the total probability of finding the particle somewhere
is one. Average values, such as (2.53), are often referred to as expectation values in
quantum mechanics. Potentially this is somewhat misleading, since {x} is not necessarily
the value of the position we most expect to find if we measure the position of the particle
once, but it is accepted usage nonetheless. In fact, as Fig. 2.21 shows, the particle may
have no chance of actually being in the vicinity of (x). The expectation value is just the
average value and, as for the exam scores, gives you only one piece of information about
the probability distribution |W|?.
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I\,p'll A

0 3

Figure 2.21 A plot of W*W for which (x) is zero but there is no chance of finding the
particle in the vicinity of the origin if a measurement of the position of the particle is
carried out.

As for an exam, it is often informative to ask about the standard deviation as well as
the average. Since

) = [ _.1-3141(.\-. Ndx (2.55)

the standard deviation in position is given by
(Ax) = ((x = (2)) = (&%) = (x)?

2

- /'x 2 |W(x, HPdx — (/x .1'{k!J(x.t)[3d.r)_ (2.56)

where we have denoted the standard deviation by the symbol Ax. In quantum mechanics
Ax is generally called the uncertainty in the particle’s position. This is a reflection of
the fact that a single particle whose wave function is ¥ does not have a definite position.
This is a fundamentally different meaning from the one we assign to the quantity o
in our exam example. There each student had a definite score on the exam and o is
a measure of the spread in exam scores in the class. Here a single particle does not
have a definite position and Ax is a measure of the uncertainty in that single particle’s
position. If the particle is charged, for example, we could determine the location of
the particle by scattering light from it. Such measurements will inevitably change the
particle’s wave function. Therefore, testing expressions such as (2.53) and (2.56) requires
measurements carried out on an ensemble of particles each of which is in the state W.
The larger the number of particles in the ensemble, the more closely the experimental
results for the average position and the uncertainty in the position will approach (2.53)
and (2.56).

Incidentally, (2.56) is the precise definition of Ax that appears in the Heisenberg
uncertainty relation AxAp, = #/2. The momentum uncertainty is defined similarly,
namely,

(Ape) = (p2) — (ps)? (2.57)

In the next section, we will see a way to calculate (p,) from the wave function.
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EXAMPLE 2.11 Calculate (x). (x?), and Ax for the wave function of Example 2.5.

SOLUTION
oo N L 30 -
()= [ xiwpdr= | s - xax
] 0 L?
30 1

F (L2 = 2Lx* + %) dx = 30L ( 5 2+—)—£
=F,A(L'\ —2Lx* 4+ x%)dx = i 3

as could also be seen from the symmetry of the wave function.

o nd 130 7] 2
) = [ x*| W dx =/ .x"ﬁLS.\'"(L —x) dx
J =00 0
30 5. e 5. j(l 2 1) L2
—_ — X - E™ i e == ‘% = —_— - — - —
=% ). (L°x* = 2Lx” + x%)dx = 30L 576 +3 7
Thus
]a‘"
> 12 2 1) - L
Ax = X"y —{x 2 :‘L —_—_—— = —
£={67) - &1 (7 4 24/7

Notice that while we could have determined (x) by inspection of the wave function,
it takes a calculation to determine the precise value for Ax.

2.9 Ehrenfest’s Theorem

The Schrodinger equation is the equation of motion in quantum mechanics. We can use
it to determine how expectation values such as (x) vary with time. But if wave mechanics
is to be consistent with classical physics in the appropriate limit (this is often referred to
as the correspondence principle), then we should find that

dix) _ (px)

T (2.58)
dt m
Thus if we follow through on the evaluation of
d{x) d [ "
= s x|W(x, r)|"dx
P d!/-x‘l (x, 1) dx
e g
= / X — dx (2.59)
-0 at

we will find a way to calculate not only (x) but also (p,) from W(x, 7).
We start by substituting the expression (2.23) for the time derivative of the probability
density into (2.59). We thus obtain

d(x) x 9 [ih [ oW AW\,
dt ‘/_ o BE [2,,, (“‘ % e )}d.\ (2.60)
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This expression can be simplified by integration by parts:'?

d{x) j" [f’fr ( v ow* ih W VAR e
—_— = — (V' — -V — | |d: f— —
dt =oo L2Mm ox ox )] i [ 2m (LIJ dx = ax )”_m

(2.61)

The boundary term vanishes since W goes to zero as x — =oo. If we do a second
integration by parts on the second term in the integral [the W(dW*/dx) term], we find

that
fow
= tIl*~—— 2
dr m / i Ox e (2.62)
and therefore, comparing with (2.58),
= f oW
(px) = / PPk (2.63)
b - I dx

Equation (2.63) is a very strange-looking expression. After all, you may have been
willing to buy into the idea that a single particle doesn’t have a definite position, and
that its wave function can be used to determine (through | W|*dx) the probability that the
particle is between x and x + dx. Given this, expressions such as (2.53) for the average
value of x are quite understandable. But what about (2.63)? What sense does it make to
calculate the average value of the momentum by taking the derivative of W, multiplying
by W*, and then integrating over all positions, with a factor of #/i thrown in for good
measure? In Chapters 3 and 5 we will provide justification for why this strange process
works."® For now, note that if we take the time derivative of the average value of the
momentum, as given by (2.63), using the Schrodinger equation for the time derivative

of the wave function, we find
dp.) _ < ‘W> (2.64)

dt ax

which looks like Newton's second law, since in classical physics —dV /dx = F, =
dp. /dt, where F. is the force acting on the particle. See Problem 2.32. In fact, (2.58)

du+ du
I(zw) u d\

?d ; 'h dv! " hl d”d\
—_— X = —dXx y—ax
J, dx e 3 Yax J, dx
b b
) d
ud—ld\ = 1=£ca’x + v’
Ja d a t'l‘.\'

Thus under the integral sign we can switch the derivative operation from one term in the product to the
other term, provided we remember to insert a minus sign and add a boundary contribution (evaluated

at the end points).
i i aw g T s 000 o
([):>=~/x\p (T) ;{‘:t!\_—ﬁ \/:.\"-p ﬂ),‘: d.\

3In addition
so we can calculate, for example, the expectation value of p; directly from the wave function.

it follows that

and therefore
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and (2.64) are often referred to as Ehrenfest’s theorem, since P. Ehrenfest first established
these results. At the very least, (2.64) suggests that we are on the right track in making
the identification (2.63), for with it we see how results of wave mechanics can correspond
with those of classical physics.

EXAMPLE 2.12 Calculate (p,), (p_ﬁ ).and Ap, forthe wave function of Example 2.5.

SOLUTION
Sl § b
(px) = .
—00 I ox
30 L
ZF (L —x)—=(L —2x)dx =0
and
304% L 104°
= — I3 /n x(L —x)(=2)dx = B
Thus
5,172 h
Aps = ((p7) = (pa)?) " = V107
Note: if we use the value for
/ I
Ax = ((x3) — (0))) P = =
((x%) — (x)*) Wi

from Example 2.11, we see that

L\ [(Jon\ 1 /10
AxAp, = (—) IR L vaon
27 L 2V 7

which is consistent with the Heisenberg uncertainty principle AxAp, = #/2.

EXAMPLE 2.13 Show that (p,) = 0 if the spatial part of the wave function W(x) is
real (W* = W).

SOLUTION
o f oW f JWw
(P.\)=/ wr i(’d\ = [ W(—th
J—oo i dx ox
ho[ gw? il
= — Ix = — W2 =0
2 ,Lc P e ™

where the last step follows since the wave function must vanish as x — oo if it
is normalizable.
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2.10 Summary

The fundamental equation of motion in nonrelativistic quantum mechanics is the Schrdd-
inger equation:

h? 97w (x, 1) W (x, 1)

————— + V(xX)W(x, 1) =i

2m  9x? ()W, 1) at

where W(x, r) is called the wave function and

(2.65)

|W(x, t)|°dx = the probability of finding the particle between x and x + dx at

time ¢ if'a measurement of the particle’s position is carried out -
(2.66)

provided that the wave function is appropriately normalized such that the total probability
of finding the particle somewhere is one:

nO0
/ |W(x, 1))*dx = 1 (2.67)
J =00
The probability density | W (x, )|* obeys a local conservation law of the form
V> 8,
WL % _ (2.68)
dr dx
where
h Y W
(x, )= — (W'— — W 2.69
Sz, 1) 2mi ( ax ax ) ( )
is called the probability current. Integrating over a region of space, say from a to b, yields
d b 9 . b . .
= [W(x, D)"dx = —jx(x, )|, = —jx(b, 1) + jx(a, 1) (2.70)
Ja

Thus the probability in a region can change as the probability current flows into or out of
that region. Since for a normalizable wave function W — 0 as |x| — oc, we are assured
that the probability current vanishes as [x| — oc and hence

d [ 4
e / [W(x, D)]"dx =0 (2.71)
Thus if (2.67) holds at one time, it holds at all times and probability is globally conserved
as well.

Taking advantage of (2.66), we can calculate average values, or expectation values,

of the position through

—00

(.x):f ..rlll-’(.r.!)lzd.\'zj- WH(x, 1) x Wx, 1) dx (2.72)

g
The uncertainty Ax in the particle’s position is determined from

"

(Ax)* = ((x — (x)) = (x*) = (x)

2

5

=/I W, 1) — (/ N, f}lzdl’)— (2.73)

o0
Among the consequences of the Schrodinger equation are the results

dix)  (px) dips) [/ 9V
dt — m A dt < 8.t> (27
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that is, the expectation values obey the principles of classical physics provided we make

the identification

B [x w"ﬁ g e
(px)—._x 1 i

(2.75)

One of the important consequences of superposing waves with varying wavelengths is

the Heisenberg uncertainty principle
AxAp, = fi
2
where

-

Aps = ((P2) — ()

(2.76)

(2.77)

Lastly, if we restrict our attention to the Schrodinger equation for a free particle, a
solution with a particular wavelength (and frequency) is given by

tlJ(\‘ [)= 461'(.%.\:*(:1:)

(2.78)

where p = ik = h/) and E = fiw = hv. While (2.78) is not a normalizable wave
function, a physically acceptable wave function can be constructed in the form of a wave
packet, namely a superposition of waves with different wavelengths:

o -
W(x, 1) = / A(k)e"® =gk

fero)

(2.79)

We have seen that this packet of waves moves with a speed v, =dw/dk called the
group velocity. For the Schrodinger equation for a free particle @ = #%k* /2m and hence

v, =hk/m = p/m.

g

Problems

2.1. What is the speed of helium atoms with a de Broglie
wavelength of 1.03 A?

2.2. In an early version of the double-slit experiment
discussed in Section 2.1, Carnal and Mlynek used
helium atoms (from a reservoir maintained at 295 K) that
exit the nozzle after expansion with a wavelength

A =0.56 A. () What is the speed of these helium
atoms? (b) The spacing d between the slits is 8§ +£ 0.6 pm
and the distance between the slits and the detection plane
is 0.64 m in their experiment. Calculate the spacing
between maxima in the detection plane. The observed
spacing is 4.5 4= 0.6 pom.

2.3. Our discussion of the helium-atom interferometer
focused on the location of the interference fringes. In
addition, the interference pattern is modulated by a
broader single-slit diffraction envelope. Determine the

width of this diffraction envelope, that is, calculate the
distance in the detecting plane between the first nodes
of'the diffraction pattern on either side of the central
maximum. How many interference fringes fit in this
envelope for a wavelength of 45 pm? Compare your
result with the data in Fig. 2.4,

2.4. In the sodium atom interferometry experiment
described in Section 2.1, Keith et al. note that the gas
leaves the nozzle with a speed v = 10° m/s, giving a de
Broglie wavelength for the sodium atoms of 16 pm

(1 pm = 107'? m). Check their calculation.

2.5. In 1999 Anton Zeilinger’s research group reported
de Broglie wave interference of Cgy molecules, or
buckyballs, the most massive particles for which such
interference has been observed. A 100-nm SiN, grating
with slits nominally 50 nm wide was utilized as the beam
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splitter and interference was observed 1.25 m behind
the grating. Figure 2.22a shows the interference pattern
produced by Cgp molecules (open circles) and a fit using
diffraction theory (solid line). Figure 2.22b shows the
molecular beam profile without the grating in the path of
the molecules. The experimentalists note that the most
probable velocity of the molecules is 220 m/s. (@) What
is the corresponding wavelength? The mass of a Cgg
molecule is 1.2 x 107** kg. (b) Determine the distance
between the central maximum and the first maximum

in the detection plane. Don’t be put off by the lack

of precise agreement between your result and the
experimental results shown in Fig. 2.22. In the
experiment there is a large spread in the velocities of the
Cep molecules. Moreover, the molecular beam is itself
quite broad and the grating used in the experiment had a
significant variation in the widths of the slits. When
these effects are taken into account, the agreement
between theory and experiment is quite good.
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Figure 2.22 Interference of Cgy molecules, adapted
from M. Arndt et al., Nature 401, 680 (1999).

2.6. Zeilinger et al., Rev. Mod. Phys. 60, 1067 (1988)
carried out a double-slit experiment with neutrons with a
wavelength of 2 nm. (¢) What was the speed of these
neutrons? (h) The two slits were 22 pm and 23 pem wide
and were separated by a distance d = 104 um. The
detection plane was located 5 m downstream from the

two slits. Given this information. determine whether or
not the single-slit diffraction envelopes from the two
slits overlapped in the detection plane, generating an
interference pattern.

2.7. What is the wavelength X for an electron with a
kinetic energy of 1 eV, | keV, and 1 MeV?

2.8. Through what potential difference must an electron
be accelerated so that the electron’s wavelength is

I nm = 10~? m? Repeat the calculation for
A=1lpm=10"mandi=1fm=10""m.

2.9. Suppose a lecture hall is evacuated and
(Schrédinger) cats are projected with speed v at the two
doors leading out of the lecture hall in a double-slit
experiment. Assume that in order for interference fringes
to be observed as the cats pile up against a distant wall
the wavelength of each cat must be greater than 1 m.
Estimate the maximum speed of each cat. If the distance
between the front of the lecture hall to the wall is 30 m,
how long will it take to carry out the experiment?
Compare this time with the age of the universe, roughly
10" yr.

2.10. Figure 2.23, which is not drawn to scale, shows a
sketch of the intensity pattern on a screen located

D = 20 c¢m from a single slit of width a = 0.5 nm when
a monoenergetic beam of electrons is incident upon the
slit. If the width of the central maximum is w = 2 ¢cm on
the screen, what is the kinetic energy (in eV) of the
incident electrons?

D

-]

Figure 2.23 Single-slit diffraction.

2.11. An electron microscope takes advantage of the fact
that the wavelength of sufficiently energetic electrons

is much less than that of visible light. Because of
diffraction, the resolving power of any optical instrument
is proportional to the wavelength of the radiation used.
Light with a wavelength of 0.1 nm is in the X-ray
regime. a regime for which it is not possible to focus the
radiation adequately to obtain clear images. Electrons,
on the other hand, are charged and can be manipulated
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and focused with electric and magnetic fields. The
technology of magnetic lenses does not permit us to
reach the diffraction limit, but it is possible to achieve
much better resolution and magnification than with an
optical microscope. The smallest detail that can be
resolved is roughly equal to 0.6/ sin 6, where 2 is the
wavelength used in forming the image, as shown in

Fig. 2.24. Suppose we wish to “see” some of the details
of a large molecule, so that a resolution of 0.3 nm is
needed. («) If an electron microscope is used, in which @
is typically 1072 radians, what minimum kinetic energy
for the electrons is needed? () If a photon microscope is
used, in which & can be nearly 90°, what energy for the
photons is needed? Which microscope seems more
practical?

Vil

Sample o

S

Figure 2.24 Aperture angle of a
microscope.

2.12. The Stanford Linear Accelerator Center (SLAC)
accelerates electrons to 50 GeV. What is the wavelength
of an electron with this energy? How does it compare
with the 1075 m size scale of a proton? Is SLAC a good
microscope for investigating the internal structure of the
proton? Suggestion: For a particle with energy E > mc?
it is okay to use the extreme relativistic approximation

B e om

2.13. A thermal neutron is a neutron whose most
probable kinetic energy is about 0.025 eV. What is the

Nuclear
reactor
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de Broglie wavelength of a thermal neutron? Note:
Neutrons in a nuclear reactor are thermalized to enhance
their probability of fissioning 2**U.

2.14. Neutron diffraction is a powerful tool for studying
the structure of crystals, especially organic crystals
containing hydrogen. Neutrons from a nuclear reactor
are sent through a column of graphite, which
“thermalizes” the neutrons, that is it slows them down so
their average energy is the same as the average energy of
the carbon atoms in the graphite. They then bounce off a
crystal of known structure, off an unknown crystal, and
into a neutron detector, as illustrated in Fig. 2.25. (@) If
the known crystal has a lattice spacing of 1.5 A, which
angle(s) 6 of incidence will give a strong reflection of
neutrons with kinetic energy K = (1/40) eV? Assume
the lattice planes are parallel to the surface of the crystal.
(b) If these neutrons reflect strongly off the unknown
crystal at angle ¢ = 45°, what is the lattice spacing of
this crystal? (¢) Explain why neutrons are thermalized to
do these experiments.

2.15. Verify that W(x, t) = A cos(kx —wi) and W(x, )=
A sin(kx — wt) are not solutions to the Schrodinger
equation for a free particle:
72 9P (x, 1) ” AW(x, 1)
—— =ih
2m  9x? at

2.16. Show that ¢ + 23 is a solution to the
Schrédinger equation (2.6) provided v, and v, are
solutions and ¢; and ¢ are arbitrary complex numbers.

2.17. Repeat the steps leading to (2.27) but start by
superposing two cosines with slightly ditferent
wavelengths instead of two sines.

Crystal being studied

e
/'( Thermal h"D\
Neutron

detector

7. neutron beam
: "

Crystal
(known lattice spacing)

Graphite
“thermal
column™

Collimator

Figure 2.25 Neutron diffraction.
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2.18. For the unnormalized wave function shown in

Fig. 2.26, where is the particle most likely to be found if
a measurement of the position of the particle is carried
out? Where is the particle least likely to be found? Is the
particle more likely to be found in a region in which
x>0o0rx <0?

th

0.2 /\
T T T T T T
i\ =] 1 2 3 4 x
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1-038
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Figure 2.26 An unnormalized wave function.

2.19. For the wave function W = Ae'** 4+ Be—ikx
evaluate the probability current

) fi aw vt
= g (922 - 2)
2mi dax dx

2.20. (a) Normalize the wave function

x <0
x>0

A<
l'b(’\ ) E { Ae kX

Note: This wave function is the ground-state wave
function for the Dirac delta function potential energy
well to be discussed in Section 4.4. () What is the
probability that the particle will be found within 1/« of
the origin if a measurement of its position is carried
out?

2.21. (a) The Heisenberg uncertainty relation can be
used to infer an uncertainty in the velocity of a particle,
namely

Ap h

A = o R,
m 2mAxg

where Axg is the uncertainty in the position of the
particle at time 7 = 0. The additional spreading in time ¢
in the uncertainty in the position of the particle is

Ax = Avt. Show that the time required for the
additional position uncertainty due to this spreading to
be equal to the uncertainty at ¢+ = 0 is given by

; 2m(Axp)?
h

(b) Evaluate the time ¢ for a marble with an initial
position uncertainty of a micron and for an electron with
an initial position uncertainty of an angstrom.

2.22. Imagine that you played baseball in a parallel
universe in which Planck’s constant # = 0.663 J-s. What
would be the uncertainty in position of a 0.15-kg
baseball thrown at 30 m/s with an uncertainty in velocity
of 1.0 m/s? What would it be like to catch the ball?
Ignore the fact that size of atoms would be different in
this parallel universe.

2.23. Lasers can now be designed to emit pulses of
light smaller than 30 microns wide in their direction of
motion. (¢) Estimate the uncertainty in the momentum
of a photon in such a pulse. (b) The momentum of a
photon is p = /i/J.. Estimate the uncertainty in the
wavelength of a photon in the pulse, assuming a
nominal wavelength of 800 nm.

2.24. The relationship between the frequency and the
wavelength for ocean waves is given by

. (—g_)lf’:
2w A

where g 1s the acceleration due to gravity. Show that the
group velocity is one half the phase velocity.

2.25. For surface tension waves in shallow water, the
relation between the frequency v and the wavelength &

is given by
2xT
V= =
pA°

where 7 is the surface tension and p is the density.

(a) Determine the phase and group velocities of these
waves. (h) The surface tension is defined by the work

W necessary to increase the surface area A4 of the liquid
through d W = T'd A. Although the surface tension is
often thought of as a force since it arises from the
attractive forces of the molecules within the liquid, it has
different units. Use dimensional analysis to verify that
the frequency, surface tension, density, and wavelength
must be related as given in the problem statement.

2.26. When a pebble is tossed into a pond, a circular
wave pulse propagates outward from the disturbance.
In addition, surface ripples move inward through the
circular disturbance. Explain this effect in terms of



group and phase velocity, given that the phase velocity
of the ripples is given by

27T

AD

U]‘\h —

where 7' is the surface tension, p is the density of the
liquid, and A is the wavelength.

2.27. Prove that the group velocity of a wave packet is
equal to the particle’s velocity for a relativistic free

particle. Recall: E = fiw = \/ p*c? + m*c*.

2.28. In his doctoral thesis, de Broglie assumed that the
photon has an extremely small mass m and travels at
speeds less than (although very close to) ¢. It is possible
to place strict upper limits on m. (@) Use the relativistic
relation E = \/ p?c? + m?c* for particles with rest mass
m to generate a dispersion relation (the relation between
w and k) that replaces w = k¢, which we derived from
Maxwell’s equations. (h) Evaluate the group velocity

v, in terms of m, ¢, k, and #. Find an approximate
expression for (¢ — v,)/c in the case mc? < pe. de
Broglie assumed that radio waves of wavelength 30 km
travel with a speed at least 99% of the speed of visible
light. Check de Broglie’s calculation of a 10~#7 kg limit
for the photon mass. (¢) A pretty good limit on the mass
of the photon comes from the practically simultancous
arrival at earth of radio waves (A =~ | m) and visible
light from a flare star 20 light-years away. B. Lovell, F. L.
Whipple, and L. H. Solomon, Nature 202, 377 (1964),
found the velocities are the same to 4 parts in 107, that
is, (¢ — vg)/c < 4 x 1077 for these 1-m radio waves.
What limits does this permit you to place on the photon
rest mass?

2.29. (a) Show that W(x, 1) = 4e’* ") is a solution to
the Klein-Gordon equation

PW(x, 1) 1 3W(x,r) mi?
dx? ¢ ar 7’

Yx,t)=0

W= \/kzcl + (m2ct k%)

The Klein—-Gordon equation is a relativistic quantum
mechanical wave equation for a free particle. ()
Determine the group velocity of a wave packet made of
waves satisfying the Klein—Gordon equation. (¢) The
Klein-Gordon equation describes the motion of particles
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of mass m. Using your result from (a), show that

E = y/ p*c? + m3c*

for these particles. () Show that the speed v of these
particles is equal to the group velocity that you
determined in (b).

2.30. Suppose the wave function for a particle is given
by the symmetric “tent” wave function in Fig. 2.27

Show that W (x) is properly normalized. What is (x) for
the particle? Calculate the uncertainty Ax in the
particle’s position. Nore: The wave function is an even
function.

A

—al2 | a2 x

Figure 2.27 A “tent” wave function.

2.31. Normalize the wave function

M”:{Nruﬁﬂ

0 elsewhere

O<x <L

What is {x) for this wave function?

2.32. In Chapter 5 we will see a quick route to deriving
the second of Ehrenfest’s equations, namely

dmd_<8V>
dt ax

Alternatively, follow the procedure outlined in
Section 2.9 by taking the time derivative of

= f W (x,
{px) = / Wr(x, l')*_7 ;(\—L) dx

o0 1 oxX

2.33. Evaluate (x), (py). Ax, Ap,, and AxAp, for the
normalized wave function

Mm={¥gm?

D<x <L

elsewhere
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In the next chapter we will see that this wave function is
the ground-state wave function for a particle confined in
the potential energy well

V(x) = 0 O<x<lL
oo elsewhere

2.34. Assume V(x) is an arbitrary normalized real
function. Calculate (p,) for the wave function
W(x) = ™y (x).

2.35. Determine (x) and Ax for the wave function in
Problem 2.20.

2.36. You are dropping darts trying to hit a crack in the
floor. To aim, you have the most precise equipment
possible. Assuming each dart has mass m and is released
a distance s above the floor, determine the root mean
square distance by which on average you will miss the
crack. Obtain a numerical value assuming reasonable
values for 7 and 5. Take g = 9.8 m/s”.



CHAPTER

The Time-Independent
Schrédinger Equation

Within wave mechanics, the Schrédinger equation in one dimension is a partial differ-
ential equation in x and 7. Through a technique known as separation of variables, this
equation can be reduced to two ordinary differential equations, one of which is called the
time-independent Schrodinger equation or, as we will see toward the end of this chapter,
the energy eigenvalue equation. We will focus in this chapter on solving this equation
for a particle confined in an infinite potential well (the particle in a box). This example
has much to teach us about quantum mechanics.

3.1 Separation of Variables

In Chapter 2 we solved the Schrédinger equation

7 92W(x, W(x,
B IWND L pw, ) = in D) (3.1)
2m  ox* ar

for a free particle. In this chapter we will begin to examine solutions when the potential
energy is nonzero. If we were trying to solve the problem of the mass on a spring in
quantum mechanics, for example, we would take V' (x) = Kx?/2, since according to
Hooke’s law Fy = —d ¥V /dx = —Kx.!

When the potential energy F(x) is independent of 1, we can solve the Schrédinger
equation by a technique known as separation of variables. We start by writing the wave
function W(x, 1) as

W(x,t)=v(x)f(r) 3.2)

that is, as a product of two functions: (x), which is solely a function of x, and f(r),
which is solely a function of 7. Then

3"4’(_.\2', 0 _ f(r)d-‘i(zx)

. (3.3)

"We are calling the force constant K to avoid confusion with the wave vector k.

89
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and

rJW;.:, 1) — ) a’l(t)
where we have replaced the partial derivatives on the left-hand side of (3.3) and (3.4) with
ordinary derivatives on the right-hand side since the functions being differentiated are
functions of a sinulc variable. Therefore, when we substitute (3.2) into (3.1), we obtain

(3.4)

_# w . df (1)
T f( ) -i-I(\)d/(\)f(r)__zﬁv(\ i (3.5)
If we now divide (3.5) by the wave function i (x) (1), we obtain
1 # d2y(x) ih dfr)
i i
Ur(x) { 2m  dx? )y x )] f(r) dt Gl

‘We now have all the x dependence on one side of the equation and all the ¢ dependence on
the other, hence the name separation of variables. Since x and ¢ are entirely independent
variables, which can be varied arbitrarily, the only way that (3.6) can be satisfied is for
both sides of this equation to be equal to a constant, which we choose to call £:

1 # d? 1/:(\) ih df)
l;’f(-\‘){ s J] /(1) dt

Thus we have reduced the partial differential equation (3.1) to two ordinary differential
equations:

(3.7)

2m dx?

st _ ﬁ 1) (3.8)
dt

and

h* d*(x)
" 2m dx?
This latter equation is called the time-independent Schriédinger equation. This
equation plays such a large role in solving (3.1), the time-dependent Schrédinger equa-
tion, that sometimes (3.9) is simply referred to as the Schrodinger equation. We will
devote the remainder of this chapter and the next one as well to solving this equation,
which requires specification of V(x).
The first of these equations [(3.8)]. on the other hand, is easy to solve, since the
derivative of f is proportional to f itself, which is characteristic of an exponential
function. The solution to (3.8) is simply

+ V() (x) = E¥r(x) (3.9)

[y = f(0)e " (3.10)
as you can verify by substituting (3.10) into (3.8). We can also express (3.10) in the form
()= f(0)e™" (3.11)

where the angular frequency  of this periodic function is related to E by
E=tw (3.12)

This is the same relationship between the energy E of the particle and the angular
frequency @ of the wave function that we saw in Chapter 2 for the free particle [see the
discussion leading up to (2.18)]. Also note from (3.9) that the separation constant £ must
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have the dimensions of energy, the same dimensions as F(x). These are good reasons
to have called the separation constant £. We generally absorb the constant /(0) into 1,
which will eventually be normalized in any case. Thus a solution to the time-dependent
Schrédinger equation is

W(x, 1) = P(x)e /A (3.13)

where ¥(x) is the solution (3.9). The wave function (3.13) is often referred to as a
stationary state because the probability density

[W(x, O} = P (x)eE g (x)e  EN = |y (x)? (3.14)

is independent of time.

3.2 The Particle in a Box

Let’s solve the time-independent Schridinger equation for a specific example to make
things more definite. In this section we will take the potential energy V(x) to be

V(.r)_—.{o first o = (3.15)
oo elsewhere

as shown in Fig. 3.1. Classically, since F, = —9)/dx, there is no force on the particle
for 0 < x < L. At the edges of the well, where the potential energy rises abruptly to
infinity, there are infinitely large forces that repel the particle. A particle moving in this
potential energy well is often referred to as a particle in a box, although in this chapter
it is strictly a one-dimensional box, with motion only along a line [like a bead on a
(frictionless) wire that is free to move only in a limited region]. In the next chapter we
will consider some more realistic potential energy wells, including a finite square well
(for which V' = ¥}, outside the well), but we can learn a lot about quantum mechanics
from the simple example of the infinite square well. And in fact we will see later that the
infinite square well has a broader degree of applicability than you might at first expect.
For now, we will use it as a laboratory in which we will see many of the fundamental
features of quantum mechanics.

We start by solving the time-independent Schrodinger equation for 0 < x < L, the
region to which the particle is strictly confined:

L JOE 0 L (3.16)
T —— = iy <X < s
2m dx? 4
since V' = 0 in this region. It is convenient to introduce the parameter
s 2mE
Bt (3.17)
ﬁ..
in terms of which the equation becomes
d?_
‘{’:—zr’w Deg <L (3.18)
dx?

This differential equation, which is similar in form to the classical equation of motion
for a mass on a spring, recurs repeatedly throughout our discussion of wave mechanics.
Equation (3.18) shows that taking two derivatives of the wave function ¥ (x) yields the
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Figure 3.1 The potential
energy for the particle in the
box.
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wave function multiplied by a negative constant (we are assuming that £ > 0,s0 k%> > 0
as well). This behavior is characteristic of the trigonometric functions sin kx and cos kx:

2 d ]
Esin kx = Ek cos kx = —k*sinkx (3.19)
and
d? d . %
— coskx = ——ksinkx = —k" coskx (3.20)
dx= dx

Thus the most general solution to the second-order differential equation (3.18) can be
written as

Wix) = Asinkx + Bcoskx J<x <L (3.21)

where A4 and B are arbitrary constants. If this were the solution for all space (i.e.. the
particle were truly a free particle), then & would be equal to 277 /A where A is the wave-
length. This is the rationale for setting 2m £ /#* = k? in (3.18). Of course, for the particle
confined in the infinite well, (x) = 0 outside the region ) < x < L, since the potential
energy rises abruptly to infinity there.
We now need to apply the appropriate boundary conditions to our solutions to the
differential equation (3.16). Since the time-independent Schriodinger equation
7 d*(x)

s + V()Y (x) = Eyr(x) -

is a second-order differential equation, the wave function v (x) must be continuous
everywhere. Physically, this means that there is no point in space where the likelihood
of finding the particle is discontinuous, which is reassuring.” In particular, we must
guarantee that y(0) = (L) = 0:

W(0)= Asin0+ Bcos0=8B=10 (3.23)
and
W(L)= AsinklL =0 (3.24)

One strategy, albeit not an interesting one, is to set 4 = (. But then since v = 0
everywhere, there is no particle in the box. Alternatively, we can set

kKL = nr = 10203 s (3.25)

Notice that we must exclude n = 0, since in this case £ = 0, which also implies ¢ = 0
everywhere. We also exclude the solutions with negative n. Since sin(—kx) = — sin kx,
a negative n just changes the overall phase of the wave function and thus does not lead
to a linearly independent solution.

The allowed values of k can thus be labeled by the integer n:

iy 2 % (3.26)

?In general, the first derivative must be continuous as well. The infinite square well is an exception,
as the wave functions shown in Fig. 3.3 illustrate. We will discuss the boundary conditions in more
detail in Chapter 4.
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From (3.17), the energies are given by

nkE nhin?

= —_— = ——— == 124, Lo (3.27)
En 2m 2mlL? "
and the corresponding wave functions are

Up(x) = Ay, sin "—JZ\— 0 <x =il (3.28)

The overall amplitude 4, is determined not from the boundary conditions but rather
from the normalization requirement:

= ) “ A . NTX
f | (x)|"dx = / | A, | sin” - dx
—aC JO

oo
, fE1 2nwx
=|A,,|“/ (]—cos )d\
Jo L

| A, L . 2nmx]|t
= X Sin
P g I

K|

0

sl
= |4,"= = 3.29
|4, 5 I ( )

We take A, = \/2/L (choosing the phase of the amplitude so that the amplitude is real.
at least at 7 = 0) and therefore

2 gin ATX ¢
Yu(x) = {(}fs”‘ r IeREd Ae=1.2.5 ... (3.30)

elsewhere

Discussion

A number of comments about the energies £, and wave functions v, are in order:

1. Classically, a particle confined in the box bounces back and forth between the
walls without any constraint on its energy £. That is, you could imagine putting
a particle in the box with any energy that you want. However. in quantum
mechanics only certain energies of the particle are permitted. Notice how the
boundary condition that the wave function yr vanish at x = 0 and x = L has led
to the discrete values for the energy given in (3.27). We say the energies are
quantized. The key role that the boundary conditions play in determining the
allowed energices of the system will be evident in the one-dimensional potentials
that we will examine in the next chapter. Figure 3.2 gives an energy-level
diagram for the four lowest energies.

2. Figure 3.3a shows the wave functions for n = | through n = 3. These functions
are reminiscent of the modes of vibration of a (violin) string. As for the string,
the boundary conditions that there are nodes at each end for the particle in a box
lead to certain allowed & values that result from the requirement that an integral
number of half-wavelengths fit between the end points. But there are significant
differences between the vibration of the string and a particle in a box. Only
for the particle is it appropriate to identify the energy with the frequency
(E = hw). For the waves on a string, the energy of each mode increases with

E,

Ey

E,

E,

Figure 3.2 The infinite
potential energy well with the
lowest four allowed energies.
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Figure 3.3 (a) The wave functions and (b) the probability densities for the three lowest

energy states of the particle in a box.

the amplitude of the mode. For the particle in the box, on the other hand, the
energy increases as the number of nodes of the wave function increases. The
more the wave function oscillates—the higher its spatial frequency—the more
energy the particle has. The energy of the particle is entirely independent of the
amplitude of the wave function, which is fixed by normalization.

Interestingly, there is no £ = 0 solution. You are encouraged to work out
Problem 3.1 to confirm this. Classically, we would have found it easy to imagine
putting a particle in a box with zero energy. Just put it at rest somewhere in the
box. But that turns out to be impossible, since even the ground-state wave
function has to oscillate so that it will have a node at each wall, leading to a
nonzero value of the lowest energy (often called the zero-point energy),

fi‘z.’l’:
1=
2ml?

We can also argue for this result from the uncertainty principle. If the particle
were at rest, its momentum would be zero, with no uncertainty. But the

(3.31)
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Heisenberg uncertainty principle implies that if Ap, = 0, then Ax should be
infinite. But Ax cannot be larger than L, since we know the particle is
somewhere in the box. Thus Ap, must be nonzero as well.* The smaller the
box, the smaller the value of Ax, and hence the larger the value of Ap, and the
larger the energy, as (3.31) shows.

4. Figure 3.3b shows the probability density functions for the first three energy
levels. Look, in particular, at the first excited state (at |/2(x)|?), the one
corresponding to energy E>. The probability density has two lumps with a node
in the middle. If your picture of what is going on is that the particle is bouncing
back and forth in the well with energy £, and |y2(x)|*dx is the probability of
finding the particle between x and x 4 dx, then you should be troubled by the
probability density for the first excited state. For if the particle bounces from
one side of the well to the other, it must pass through the middle of the well. But
there is negligible probability of finding the particle in the immediate
neighborhood of x = L /2.

So what is wrong with this picture? It is based on a classical notion that a particle follows
a definite path. In fact, remember that the full wave function for the particle in a state
with energy £, is

Wo(x, 1) = Yax)e 217 @39
which is a stationary state. That is,
(Wax, 1) = [yra(x)e B2 = |y (x))? (3.33)

is independent of time. Thus the particle isn’t moving; it’s not bouncing back and forth as
your classical experience says it must. Rather, the particle simply does not have a definite
position, For the wave function v,, the particle has a split personality, an amplitude to
be in the left half of the well and an amplitude to be in the right half. It just doesn’t have
an amplitude to be exactly in the middle.

Time Dependence

The notion that the allowed energy states are stationary states is not the whole story,
fortunately, for otherwise no movement—no dynamics—would be possible. To illustrate
how time dependence arises, let’s consider the wave function

Yix) = (3.34)

1 1
=W+ —=¥
V2 V2
namely a superposition of the ground-state and first-excited-state wave functions. The
wave function W(x) is properly normalized, although we will hold off demonstrating this

*In fact, a word of caution is in order here. You may tend to think as you examine the wave functions in
Fig. 3.3a that in each one the particle has a definite wavelength (or at least half-wavelength). However,
if the particle had a definite wavelength, its wave function would have to extend beyond the region
0 < x = L. In essence, the wave functions for the particle in a box are wave trains that vanish outside
the region 0 < x < L. They have a finite Ax as well as a finite Ap,. See Problem 2.33, for example.
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until the next section. Time evolution is generated by including the appropriate factor of
e~ Et/h for each vr,, that is,

W(x, 1) = —=W(x, 1)+

1 1
7§ \/ill-‘z(x, t)
eui.’?,r/ﬁ ) e—-u’fg!/ﬁ
=g

V)

) 1 e*f(fg*f]]f/ﬁ
— g iEu/h E‘!" i T% (3.35)

where in the last step we pulled the phase factor e £/ out in front as an overall phase
factor. The probability density is therefore

/)

|W(x, 1)) = U*W

ef E\tffi

] {,f(.'f;—lf;]r,’ﬁ ik ] e (E2=E/fi
. * + Sl * L’_, wtfn —r + L g N el I ,-
\/5'!1"11 \/5 ]ij \/5])[ 1 \/i tl{‘}

! Lo Ve e o L g, BB
S+ Sl 4 SUTun ETENE 4 gty B

L s 1 5
= ;1/!1' -+ 51,!5 + Uty cos(E, — Ey )t /h (3.36)

where in the last step we have taken advantage of the fact ¥, and v, are real functions
[look back at (3.30)]. Because of this. we could have written v/ as v, for example,
in the second line. but it is good to get in the habit of writing the complex conjugate
since in general the wave functions are complex functions. You can see in moving from
the second line to the third line how the overall phase factor e ~*£1//# cancels out. The
relative phase factor e "F2=E0/% does not cancel out, however. It appears in the cross
terms when you carry out the multiplication.* From the last line of (3.36) we see that
probability density is periodic in time with period 7" = & /(F£, — E}). Figure 3.4 shows
plots of |W(x, 1)|* at two times, ¢ = 0 and a half period later. The probability of finding
the particle is oscillating back and forth in the well.

[wf? W[4

(a) (b)

Figure 3.4 (a) The probability density W(x, )" W(x, r) at7 = 0 and (b) a half a period
lateratt = /i /(E; — E)).

*Recall it was the cross terms that led to interference effects when we added the amplitudes for a
single photon to take both paths in the Mach—Zehnder interferometer in Section 1.5.
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\]’{ A

0 \ﬁ X 0 L X

(@) (b)

Figure 3.5 (a) The wave function (3.35) at 1 = 0 and (b) a half a period later at
t = 7#/(E2 — E,), excluding the overall phase factor e~ #1// in the last line of (3.35).

Figure 3.5 shows plots of W(x, ¢) at = 0 and when (E; — E\)t/h = m, ignoring
the overall phase factor e~'#1//" in this latter case. At ¢ = 0 you can see how the wave
functions add constructively for x < L /2, where vr; and v, are both positive, while they
interfere destructively for x > L /2, where v is positive and v/, is negative. On the other
hand,

Wix, t = wh/(Ez — Ey)] = e~ Elt [éw - é%] (3.37)

and here the wave functions interfere destructively for x < L /2 and add constructively
forx > L /2. Thus the time dependence of the wave function arises from the interference
of the wave functions W(x, ) and W,(x, t) in the superposition.

EXAMPLE 3.1 What is the energy scale for electrons confined to a box whose size
is 1 A, a typical size for an atom? Repeat the calculation for protons or neutrons in
a box whose size is 5 fim, the size of a medium-sized nucleus. Note: 1 A = 107" m
and 1 fm = 107" m.

SOLUTION The ground-state energy sets the energy scale for a particle in a box. For
electrons in an atom (m = 9.1 x 1073 kg, L = 107 m)

=T 0% 107 =386y
| = M = 0.U X =J0¢€
while for protons or neutrons ina nucleus (m = 1.67x 107 kg, L = 5% 107" m)
hin? ~12 6
= e = 1.3 X 107°5] =82 3¢ 10™eV:=8.2 MeV
2mlL*

Notice how quantum mechanics determines the energy scale of the world we
live in once the size of the box as well as the mass of the particle confined in the
box are specified. Typically, the energy scale of atomic physics is electron volts
while the energy scale of nuclear physics is millions of electron volts. In Chapter 6
we will see for the hydrogen atom how quantum mechanics determines the size of
the box as well.
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EXAMPLE 3.2 Suppose that the difference in energy between two allowed energy
states in an atom is 2 eV. What is the wavelength of a photon that would be emitted
(or absorbed) in a transition between these levels? In what portion of the electro-
magnetic spectrum does this photon reside?

SOLUTION
hv=he/l=2¢eV

Therefore & = 620 x 10~" m = 620 nm, which is orange light. Thus in a helium—
neon laser, which emits light with wavelength 633 nm. the spacing between two
energy levels in neon, which is the atom emitting the light, must be almost 2 eV,

3.3 Statistical Interpretation of Quantum Mechanics

The wave function (3.34) is a specific example of the more general superposition
W(x) = c1yn(x) + cava(x) (3.38)

where ¢; and ¢; are complex numbers. The full time-dependent wave function W(x, ¢) in
(3.35) can also be cast in this form with the complex numbers that are time dependent:

i .
(.l(,) sy ﬁe-lﬁu’/fr aﬂd (,2(,) P __\/_j_e—h'aﬂ/ﬁ (3.39)

An even more general superposition, involving in principle all of the V7, can be written
as

V= Z('rr ':b'ﬂ(-“) (340)

n=I

There is a very powerful analogy between (3.40) and the expansion of a vector V in
terms of the unit vectors i, j, and k:

V=Ki+¥j+ Vk (3.41)
Like the ¥r,. which have been normalized so that
[s.¢}
/ Yo (), (x)dx =1 (3.42)
—o0
the vectors i, j, and k are unit vectors that satisfy the condition
iri=j-j=k-k=1 (3.43)
Also, in the same way that i, j. and k form an orthogonal set in that
i-j=i-k=j-k=0 (3.44)
there is an orthogonality condition that holds for the ¥, namely

/ .I V()Y (x)dx =0 form #n (3.45)
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This orthogonality condition is easily shown to be satisfied for the vr, that arise from
solving the infinite square well:

L mmx | nmx

v 'd'—z sin — dx
/ ‘%(-T)nlf,,(-\) %= sin — L

J—n0 I JO
1 [F (m —n)wx (m—+n )JT.\']
= — ; — COos dx
E /0 [Cm’ L 3
1 . (m—n)mx 1 Cm+ n):fr.\'] ;
= sin - sin
{(m —n)w L (m +n)m L 0

sin(m —n)r  sin(m + n)m

=) form#n (3.46)
(m —n)m (m 4+ n)mw

where in the second line we have made use of the trigonometric identity
% [cos(a — B) — cos(a + )] = sina sin B (3.47)

A convenient way to capture all this information contained in (3.42) and (3.45) is
with the aid of the Kronecker delta, which is defined by

lm=n
anm — 348
{ Om==n ( )
Thus
P00
| it dx = b, (3.49)
—00

We say the wave functions 1, form an orthonormal set.

The ¥r, share another important property with the vectors i, j, and k, namely com-
pleteness. In the same way that i, j, and k span the space of vectors in that any ordinary
vector (the force F, the acceleration a, the momentum p, etc.) can be expressed as a linear
combination of them, the ¥/, form a complete set as well. Any wave function W can be
written as

V= ZCHWH(X) (3.50)

n=l

Proving completeness is not as straightforward as proving orthogonality. We will as-
sume completeness holds since, as we will see, it is an essential component of quantum
mechanics. For the ¥, for the infinite square well, the superposition takes the form

o0 2 X
W(x) = Zc‘”\/gsin mz\ O=x <L (3.51)

n=1

which you may recognize as a standard Fourier series.

Given the vector V and the unit vectors i, j, and k, we can determine the coeffi-
cients ¥y, V,, and V- in (3.41) by taking the dot product of V with each unit vector.
For example,

i-V=Vi-i+WNi-j+Vi-k=V, (3.52)
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where we have taken advantage of (3.43) and (3.44) in evaluating the dot products between
the unit vectors. In the same way, we see that

j*V=V¥, and k-V=¥, (3.53)

Similarly, we can take advantage of (3.49) to determine the ¢, in the expansion

W(x) =) ctulx) (3.54)

n=|

Simply multiply W(x) by one of the v, and integrate, for

/ v, (x)¥(x)dx = / Yr() Y cnWnl(x)dx

m=1

=Y [ W@
il ES

m=
o0

= E Cm 51””

m=1

— (3.55)

Note that in obtaining the result (3.55) we have been careful to label the dummy index
in the sum in this equation m so as to distinguish the dummy index from the particular
value n for which we are multiplying by v

Asan interesting illustration of the completeness of the ¥, consider the wave function

2 s 2MX 5

2 gjp 23 3 L2

W)= 4 VI sin¥* O<x<L/ (3.56)
0 elsewhere

that is, a sinusoidal bump in the left side of well only. Figure 3.6 shows how the right-hand
side of (3.54) approaches W(x) with an increasing number of terms in the superposition.’
The ¢, play a very important role in quantum mechanics. If W as well as the v, are

normalized, then
o 2
| = / | |~dx

0

w (i C;rwr:) (icn'{'fn)d-\’

e m=1 n=1

Il
L\\

0o

&0 x 00
‘* " * ‘-
E -8 E (,,[ Y, dx
J =00

! =1

00
Cm E CnOmn

n=

-
cie, = Z e, (3:57)

1 n=l1

Il
2

Il
]2

=

]

d

*Problem 3.12 gives a mechanism for generating the wave function W (x ) and Problem 3.13 gives the
values of ¢, for n # 2. As a warm up, try your hand at calculating c,.
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\ &
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Figure 3.6 The sum W = Z;Ll ¢ty with (a) N = 4, (b) N = 10, and (¢) N = 50 for the
wave function (3.56).

where we have labeled by m and » the separate dummy indices that appear in the two
independent sums that occur in the second line of this equation. Thus we see that

oo
}Cnlz =1 (358)
1

n=

The natural (and correct) interpretation of this result is that
!C”|2 =P, (3.59)
is the probability of obtaining E, if a measurement of the energy of a particle with wave

function W is carried out. Then (3.58) assures us that

od
Py =1 (3.60)
|

n=
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The only result of a measurement of the energy is one of the allowed energies £,. We
can take advantage of this result to calculate, for example, the expectation value of the
energy for a particle in the state W:

o0

(E)y=)_ le:l*Bs (3.61)

ni=]

While you may be getting used to the idea that a particle doesn’t have a definite
position, you may find it harder to swallow the idea that it needn’t have a definite energy
either. If this is the case, you will just need to get over it.

EXAMPLE 3.3 Show that the wave function
—iEyt e—iEat/h

V(ix,t) = — X M b
(x,1) 5 v(x) + 7 Y (x)
is normalized. Calculate (£) and A E for this state.

SOLUTION A measurement of the energy yields £, with probability

o |emiEws 3
Py= ol = = -
1 l(|| \/E P
or E5 with probability
N
P=lef =2 ==
2 2

o0
Since Y |eq|® = 1, W(x, 1) is properly normalized. The expectation value of the
n=1
energy for the state W(x, 1) is

2 L. =
(E) =3 PoEn=3E1+3E2 =5 (E1+ Eo)

independent of time. Also

E)—ZPE' L -

n=1

Thus the uncertainty in energy for a particle in state W(x, 7) is

~

2 ()"

1 i B ] 5 1/2

AE = ((E

1 ¥y 1/2 1
= [Z (ET-FE?E—ZE]EZ)] =§(E2_El)

As a check. note that AE = 0 if we set £, = E,, for in this case there is no
uncertainty in the energy of the particle.
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EXAMPLE 3.4 The wave function for a particle in the box is given by

T
W(_\‘):{S/;"\(L x) 0=<x<L

elsewhere

Example 2.5 shows that ¥ is normalized. A measurement of the energy of the
particle is carried out. What is the probability of obtaining £}, the ground-state
energy for the particle in a box?

SOLUTION To determine the probability, evaluate ¢;:

s _ L 12 wmx 30
1 =j_x 1/;,‘(.1')4%.\')(!.\’:/“ \/;sm—L— F.\'(Lu.\')d.\'

Making the change of variables mx /L = y,

€ =— siny|y—— |dy
b 0 I
V60 ( y =2 )
= —ycosy+ cosy
14

bid

Il

0

Thus the probability of obtaining £, is |¢;]* = 960/7° = 0.9986. The similarity
between the ground-state wave function s, for the particle in the box and the
parabolic wave function given in this example (see Fig. 2.11) is reflected in how
close this probability is to one. Put another way, the probability of obtaining an
energy other than the ground-state energy is 1 — 0.9986 = 0.0014.

Caution: When ¢ is real and positive, it is easy to forget that the probability is
given by ¢j ¢, and not by ¢, itself. It may help to remember that ¢ (1) = c1(0)e"E/h
so that even if ¢;(0) is real and positive, ¢;(7) is not.

3.4 The Energy Operator: Eigenvalues and Eigenfunctions

The time-independent Schrédinger equation
h d*y(x)
2m  dx?

is often referred to as the energy eigenvalue equation. An eigenvalue equation is one in
which an operator acting on a function yields a constant multiplying the function, that
is, an equation of the form

+ V(x)r(x) = Ef(x) (3.62)

Aupwu =day, (3.63)

where the constant « is called the eigenvalue and ¥, is called the eigenfunction of the
operator 4p. The subscript a on the wave function 7, indicates that it is the eigenfunction
corresponding to the eigenvalue a. In general, a given operator may have (infinitely) many
eigenvalues and corresponding eigenfunctions.
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So what’s an operator? Let’s take some examples to get our bearings. In wave me-
chanics the position operator is

Xogp =X (3.64)
so that
XopW(x) = x Y(x) (3.65)

The position operator just multiplies the wave function (x) by x, leading to a different
function, namely x ¥(x). As we will argue in the next few paragraphs, the momentum
operator is

= 2 3.66
Py = i dx (3:50)
Thus
fi dUr(x
Pet(x) = ~- ‘{"‘) (3.67)
' I dx

In general. this too is a different function, namely the derivative of the wave function
Yr(x) multiplied by the constant A2/ 1. Typically, in one-dimensional wave mechanics the
operators are mixtures of derivatives with respect to x, multiplication by functions of x,
such as V(x), and multiplication by constants.

Now let’s look at a momentum eigenfunction. Recall that p = //A. Thus a wave
function with a particular momentum p is one with a particular wavelength A. If we
apply the momentum operator (3.66) to the wave function 4e™ (remember k = 27 /1),
where A is a constant, we obtain

b WD _
pxnpAele = er.lé_{Aer.f\x — ﬁkAer.h (3.68)

Notice that the operator moves through the constant 4 and differentiates ¢’**. The net
effect in the end is to return the function A¢'** multiplied by the constant 7k, or & /A, the
momentum eigenvalue. Thus we can characterize 4¢'** as a momentum eigenfunction
with eigenvalue p = fik. We express the momentum eigenvalue equation in the form

PrpVp(X) = pYp(x) (3.69)
where
Yplx) = 4eP*/" (3.70)

With this background, we can now see why the time-independent Schrodinger equa-
tion is the energy eigenvalue equation. In nonrelativistic quantum mechanics the energy
operator is the sum of the kinetic energy and potential energy operators:

(Px,,)
2m

Egp = + V(xep) (3.71)

Using the forms (3.64) and (3.66) for the position and momentum operators, we see that
the energy operator, which is generally referred to by the symbol A (for Hamiltonian),
is given by

2 a2

1 ﬁ d ﬁ d ﬁ-— a°
- = = N V_' = —-— l/ X 3‘72
£ g 2m (i 3,\-) (,‘ iix) + Vix) I 5 + V(x) (3.72)
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Thus the time-independent Schrodinger equation is really just the eigenvalue equation
Hyr = Ev (3.73)

To make the correspondence between (3.73) and (3.63) more complete, we could put a
subscript £ on the the energy eigenfunction corresponding to the eigenvalue £, that is,

Hyz = EVig (3.74)

In fact we have done this already in dealing with the particle in a box in the previous
section. There we saw that the discrete energies (eigenvalues) and corresponding wave
functions (eigenfunctions) could be labeled by an integer 2. See (3.27) and (3.30), respec-
tively. Using this notation, the time-independent Schrédinger equation for the particle in
a box becomes

HI/"” = E, (3.75)

Our identification of observables—things that are measurable such as energy, momen-
tum, and position—with operators gives us an alternative way to calculate expectation
values. Let’s return to the particle in the box and take the normalized wave function to
be a superposition of two energy eigenfunctions:

V=i +ain (3.76)
In the previous section we saw that [see (3.61)]
(E) = |1 Er + |ea| B (3.77)

But now we can show that there is an alternative way to obtain (£). Note that the operator
H is a linear operator, which means that

HY = C|[‘[lff| +(73Hl,l‘f2 (378)

Since ¥y and v, are eigenfunctions of // with corresponding eigenvalues £, and £,
respectively, we can write

HY = ¢c; Hyrp + 2 Hyrs =cE1 + B (3.79)
Therefore

oo o
] WEHW dx = / (c1¥1 + )" (e Evn + c2Ext) dx
—no J—nc

v o]
= JoiPE, [ W Pdx + |ca2Es / Pl

o —oC
o0 OO
+ ¢ Eacs / Ui, dx + G E ¢ / Vi, dx
J—0o0 —20
= |e1*E1 + |ca*E; (3.80)

where in going from the second to the last line we have taken advantage of the orthonor-
mality of the eigenfunctions [see (3.49)]. But the last line is just the expectation value
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of the energy for a particle in the state W since |¢;|* and |e2|? are the probabilities of
obtaining £ and E», respectively.® Thus we see that

(E) = / W HW dx (3.81)

Example 3.5 gives a nice illustration of (3.81).

As we will discuss more generally in Chapter 5, this operator approach for determining
expectation values in which the operator is sandwiched between ¥* and W and then the
resulting function is integrated over all space works for observables other than the energy.
We have seen two additional examples so far. The expectation value of the position is
given by

{x) :/; x|W(x, 1)*dx

o0

= f Wi (x, ) x W(x, Ndx (3.82)

o0

where in the second line we have simply positioned the factor of x in the integrand
between W* and W. We also saw in Section 2.9 that’

&0 e haw
{p_‘.)=/ lll*p_‘.upkl»’d.\'z/ \D*;fa‘.\‘ (3.83)

o0 i dx

EXAMPLE 3.5 Determine (£) for a particle in the box with wave function

W(x) = { \/%I(L —-x) 0<x<L
' 0

elsewhere
SOLUTION
150 L 130 #dr\ [30
J—-20 P .
3047 f'- (L — x)d 30 ﬁ3L3 (1 1) st
= —— x(L—-x)dx = —— -] = —
L3 m Jy . L5 m 2 3 ml?
Note:
= #lm? - H?
YT omiz T T i

Thus our result for (£) is consistent with a probability of 0.9985 of obtaining £,
(see Example 3.4). The magnitude of £, is just slightly less than the magnitude

o1t is straightforward to extend our derivation to the more general case where W = " ¢, . In the
next chapter, we will solve the time-independent Schrédinger equation for a variety of different potential
energy functions I(x). It is probably worth emphasizing at this point that the allowed wave functions
for these systems include superpositions of energy eigenfunctions—superpositions that themselves are
not energy eigenfunctions as long as the energies involved in the superposition are distinct, as (3.79)
shows.

"The argument establishing (3.83) is a little more complicated than that leading to (3.81), since there
is a continuum of momentum states and we need to express the superposition of momentum states as
an integral rather than a sum.
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of (E). Notice how easy it is to calculate (E) using (3.81).% Alternatively, we
could calculate the probability P, = |c,|* for each energy eigenvalue £, and then
determine

(E) = Z l‘-‘nlen

n=1

In this example, using (3.81) is certainly the way to go.

EXAMPLE 3.6 The energy operator, the Hamiltonian, for a particle of mass m on a
spring is given by

M #F A a1 o,

H=———+4+-Kx" = —— + —mawx?
Imax: 2 2m ax? 2

where in the last step the Hamiltonian has been expressed in terms of the classical
spring frequency @ = /K /m. Determine the value of a so that the Gaussian
function ¥ (x) = Ne ™" is an eigenfunction of A. What is the associated energy

eigenvalue?
SOLUTION p
—e ™ = “2axe™
dx
and
62 ek a rd 2 2
5 g™ = = (—2(1.\‘9_”" ) = —2ae™ " + 4a*x*e™™
X %
Thus
2 1l s, :
HYy=|—-———+ —mwx~ | Neo*
v ( 2m ox? 2 )
n? 1 2
= hlammi iy 2.2 £ 2.3 ok
[ o (—2a +4a°x*) + M Ne
hla 27%a% 2 2
= |—F | = + —maw?® | x2| Ne® = ENe™®
m m 2

where in the last step we have inserted the requirement that y be an energy eigen-
function with eigenvalue £. Since £ must be a constant, the x* terms in the brackets
on the left-hand side must cancel. Hence

mam
a=—

2h

¥In fact, the calculation outlined here is deceptively easy. Since the wave function W(x) has a dis-
continuous derivative at v = O and x = L, the second derivative of the wave function generates a Dirac
delta function at x = 0 and at x = L. See Section 4.4 for a discussion of the Dirac delta function and
Problem 4.21, where it is shown that the delta function is generated by taking the derivative of the step
function. The Dirac delta functions that arise in taking the second derivative of W (x). however. do not
contribute to (£) since the wave function W*(x) vanishesatx = 0and x = L.



108

Chapter 3: The Time-Independent Schrédinger Equation

and therefore

W |
=l = Shes
m

Note that we must choose the positive value for a so that the wave function is
normalizable,

The harmonic oscillator is a physically important system and the corresponding
energy eigenvalue equation is an unusually nice equation mathematically, too. The
ground-state wave function is a Gaussian function, one of the nicest functions
around. As we will see in Section 4.3, this wave function is the minimum uncertainty
wave function, namely, one that satisfies AxAp, = #/2.

3.5 Summary

When the potential energy ¥ (x) is independent of time, a solution to the Schrédinger
equation

fl ally..’ B\-P.',I‘ ¢
_’_—#—) + V()W(x, 1) = m# (3.84)
2m  0dx* ot

can be obtained by expressing
W(x, 1) = Yr(x)e  E/A (3.85)
where 1/(x) obeys the time-independent Schrodinger equation

W d> v (x)

2m  dx?

+ Vix)(x) = E(x) (3.86)

As an instructive example, we have solved this equation for a particle confined to
an infinite potential energy well (a particle in a box) and found that the (normalized)
solutions 1, (x) are discrete, namely,

2 i AXE :
Yalx) = \ES‘“T bewrsd, o8 (3.87)
' 0 elsewhere
with quantized energies
nhi%r?
":ﬁ n=1273... (3.88)
m

These v, (x) are characterized as orthonormal in that they satisty
/ ULV, dx = S (3.89)
—00

with the Kronecker delta defined by

1 m=n
i = 3.90
Boun { 0 m=#n >-320)



These functions form a complete set, since any wave function can be expressed as the
superposition

¥, 0= 3 ealtYalx) (3.91)

n=1

where
cult) = c"(O)e—r'l'.',,r,fﬁ (3.92)

in order that W(x, 1) is a solution to the time-dependent Schrédinger equation. If W(x, 1)
is itself normalized as well, then it is straightforward to show [see (3.57)] that

leal” =1 (3.93)
]

n=

which suggests that we identify
leal® = Py (3.94)

where P, is the probability of obtaining £, if a measurement of the energy of a particle
with wave function W is carried out. Thus the only result of a measurement of the energy
is one of the allowed energies E,. With this identification, the expectation value of the
energy for a particle in the state W is given by

(Ey="Y |esl*By (3.95)

n=1

Given a particular wave function W(x), it is possible to use the orthonormality of the
W, (x) to determine ¢,:

= f U)W (x)d (3.96)

An alternative way to express the time-independent Schrédinger equation is in the
form of an energy eigenvalue equation

HYy = Ey (3.97)
where

5. Y
H = (]Jmp) + J/(_Tl') (3_98)
2m

is the energy operator, that is the sum of the kinetic and potential energy operators, once
we make the identification that
f o
Pxo = T
and the constant £ is the energy eigenvalue. Thus /,(x) is often referred to as an energy

eigenfunction with corresponding energy eigenvalue E,. It is then straightforward to
verify that

(3.99)

o0 00
(B =3 jalPll= / W HW dx (3.100)
o —00

n=|

which shows that we can calculate the expectation value of the energy either by summing
the probabilities of obtaining each value of the energy multiplied by that energy or by

Section 3.5 Summary
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carrying out the integral over all space with the energy operator sandwiched between
W* and W. This starts to make more palatable the result that we saw at the end of the

previous chapter, namely

20
(px) = / vip, Vdx = /

Problems

a0 how
w e dx
o5 i dx

(3.101)

o0

3.1. Show there is no solution to the time-independent
Schrodinger equation for a particle in the infinite square

well
Vix)= {0
00

for £ = 0. Suggestion: Start with the differential
equation for ¥ within the well for £ = 0:
f.? /2
AV

2m dx?

What is the most general solution to this second-order
differential equation? Show that the requirement that the
wave function vanish at the boundaries of the well leads
to r = 0.

0<x <L
elsewhere

3.2. Show there are no negative energy solutions for a
particle confined in the potential energy well

0
Vix)= {’Y)

3.3. The wave function for a particle in a box is

\IJ(_\‘):{N 0<x<lL

[ B vy
elsewhere

0  elsewhere

where N is a constant. () Determine a value for N so
that the wave function is appropriately normalized. Note:
In reality, the wave function W (x) does not drop
discontinuously to zero at the ends of the well. Assume
the change in the wave function occurs over such a small
distance that you can neglect this effect in your
calculations. (b) Calculate the uncertainty Ax in the
particle’s position.

3.4, Attime t = 0 the wave function for a particle in a
box is given by

2 1
W(x) = \/;J!z(-\') + \//;ffz(‘\’)

where V1 (x) and 1, (x) are the ground-state and
first-excited-state wave functions with corresponding
energies £ and E», respectively. What is W(x, £)? What
is the probability that a measurement of the energy
yields the value £,? What is (E)? How would you go
about testing these predictions?

3.5. The wave function for a particle in a box is given by

i V3
Y=ot v

where 1, and 1r, are energy eigenfunctions with energy
eigenvalues E; and E», respectively. What is the
probability that a measurement of the energy yields the
value £;? What is the probability that a measurement of
the energy yields the value E>? What are (£} and AE?

3.6. At time t = 0 the normalized wave function for a
particle of mass m in the one-dimensional infinite well

Vix) = {(;C
is given by

14 2 oo X 1 2 oy 2
qj(x)={07’\£5"”?+ﬁ\/;sm%

(a) What is W(x. 1)? (b) What is the probability that a
measurement of the energy at time ¢ will yield the result
#2722 /2mL%? (¢) What is (E) for the particle at time ?
Suggestion: This result can be obtained by inspection.
No integrals are required. () Is (x) time dependent?
Justify your answer.

0O<x <L
elsewhere

0<x <L

elsewhere

3.7. Solve the time-independent Schrédinger equation
for the infinite square well centered at the origin, namely

—_— {o —LJ2 <% < Lj2
(0.}

elsewhere



Determine the allowed energies and corresponding wave
functions. Check that the allowed energies agree with
(3.27) and the energy eigenfunctions can be obtained
from (3.30) by the substitution x — x + L /2.

3.8. Show that the probability of obtaining £, for a
particle in a box with wave function

W(x) = {(\)/':_:{_J.\'(L —%) D=x=<L

elsewhere

is given by

,
len]” =

240 3
60 [I . [_I)n]—
nvm

Note: The probability of obtaining the ground-state
energy £ is determined in Example 3.4.

3.9. A particle of mass m is confined in the potential

well
Vix)= { 0
o0

(a) At time 1 = 0, the wave function for the particle is
the one given in Problem 3.3. Calculate the probability
that a measurement of the energy vields the value £,,
one of the allowed energies for a particle in the box.
What are the numerical values for the probabilities of
obtaining the ground-state energy £, and the
first-excited-state energy £,? Note: The energy
eigenvalues and eigenfunctions are given in (3.27) and
(3.30), respectively. () What is W(x, t)? Is the particle
in a stationary state? Explain why or why not.

O<x <L
elsewhere

3.10. A particle of mass m is confined in the potential
energy well

ren 4 0 x| <af2
V(x)= {oc x| > a2
(a) Show that
Yi(x) = \/gcoslf x| <a/2
0 lx| > a/2

is an energy eigenfunction and determine its
corresponding energy eigenvalue £. Sketch the wave
function. Note: It is sufficient to verify that ¥r|(x)
satisfies the energy eigenvalue equation as well as the

Problems 111

appropriate boundary conditions. Argue that the
eigenvalue E- of the energy eigenfunction

Ua(x) = { \Esin 2:—” x| <a/2

0 x| > a/2

satisfies the relation £5 = 4E,. Sketch the wave
function. (b) Suppose the wave function for a particle
confined in this potential well is given by the symmetric
“tent” wave function (see Problem 2.30)
Sy = { Z(¢—1xl) Ixl<a/2
0 x| > a/2

What is the probability that a measurement of the energy
of the particle with wave function W (x) yields £, the
ground-state energy? (¢) What is the probability that a
measurement of the energy of the particle with wave
function W(x) yields £,, the first-excited-state energy?
Explain your answer. Hint: You can do the integral by
inspection.

3.11. The wave function for a particle of mass m in a
potential energy well for which V' =0 for0 < x < L
and V' = oo elsewhere is given by

W(x) = { \/%S.rz(L =x) O0=x <l

0 elsewhere

What is the probability that a measurement of the energy
of the particle yields the ground-state energy?

8.12. A particle of mass m is in the lowest energy
(ground) state of the infinite potential energy well

, 0 O=x%<L
Vix)=
{ oo elsewhere

At time 1 = 0 the wall located at x = L is suddenly
pulled back to a position at x = 2L. This change occurs
so rapidly that instantaneously the wave function does
not change. (a) Calculate the probability that a
measurement of the energy will yield the ground-state
energy of the new well. What is the probability that a
measurement of the energy will yield the first excited
energy of the new well? (h) Describe the procedure you
would use to determine the time development of the
system. Is the system in a stationary state?



112 Chapter 3: The Time-Independent Schrédinger Equation

3.13. Show that the probability that a measurement of 3.14. Verify that

the energy in Problem 3.12 yields one of the energy

cigenstates of the new well other than one with n = 2 is P(x) = Nxe

given by
2 is an energy eigenfunction for the simple harmonic

4‘/§Si"(””/2)} oscillator with energy eigenvalue 37%iw/2 provided

leal* = ;
' (4 —n*) a=mw/2h.



CHAPTER

One-Dimensional Potentials

In this chapter we will focus on solutions to the one-dimensional time-independent
Schridinger equation. We will see how the nature of the potential energy V'(x) deter-
mines the spectrum of allowed energies, whether these energies are discrete or continuous,
and how they are spaced. We will extend our discussion beyond the particle in a box
to the finite square well, the harmonic oscillator, and Dirac delta function potentials, as
well as scattering from potential energy barriers and wells. These examples give us a lot
of insight into how nature behaves on the microscopic level and they will prove to be
very useful as we move toward applications of quantum mechanics in three-dimensional
systems.

4.1 The Finite Square Well

The potential energy

T 0 |x|<a/2
Fl)= {V(_. Ix] > a/2 S

for the finite square well is depicted in Fig. 4.1. Although the finite square well with its
straight edges does not seem especially “natural,” such quantum wells are reasonable

approximations to ones that can be made from certain semiconductors using molecular

A
Vnd

—al2 0 al2 &

Figure 4.1 A finite square well potential.
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Resist — Electron beam

Quantum-
well
l material

Reactive
_——1ions

Quantum dot

beam epitaxy, as illustrated in Fig. 4.2. This technology has led to a new growth industry
in “designer atoms™ and other semiconductor devices. By adjusting the width and depth
of the well, it is possible to adjust the spacing of the energy levels. In this way, for example,
semiconductor lasers that emit in the green have been produced. In three dimensions,
such a quantum well is often referred to as a quantum dot.

In this section we will restrict ourselves to finding solutions to the time-independent
Schrodinger equation

_r ey

2
2m dx?

+ VY =Ey (4.2)

for energies in the range 0 < £ < Fj. At the end of this section we will see how we
recover the results for the infinite square well in the limit V, — oc.

Given the piecewise constant nature of this potential energy. it is straightforward to
solve this equation inside and outside the potential energy well. Inside the well, where
I = 0, the differential equation can be written as

d*yr 2 )
Tz = —k"Y x| <a/2 (4.3)
where
s 2;”‘5 (4.4)
)

This is, of course, the same differential equation that we solved in Section 3.2 for the
particle in a box. We can write the most general solution as a combination of sin kx and
cos kx, as we did in (3.21), or we can use the complex exponentials

U(x) = Ae'™ + Be ™™ x| <a/2 (4.5)

where 4 and B are constants. Because we have chosen to place the origin of our coor-

dinates at the center of the well, we will see that there is a set of solutions with cosine

functions within the well as well as a set with sine functions. At this stage, using the

complex exponentials is a handy way to include both cosine and sine functions.
Outside the well, the differential equation (4.2) becomes

d*yr .
— =Ky x| > a/2 (4.6)
dx-
where
M2m(Vg — E
K = J(}O——) ) (4.7)
7

since we are assuming that 0 < £ < V. The most general solution is given by

Y(x) = Ce** + De™* |x| > a/2 (4.8)

Figure 4.2 The figure illustrates one of the early strategies for making quantum dots. A semi-
conductor containing a quantum well material is coated with a polymer. This coating, known as
a resist, is decomposed with an electron beam. After a metal layer is deposited on the resulting
surface, a solvent removes the remaining resist. Reactive ions then etch the chip except where it
is protected by metal, leaving a quantum dot. The role of the size of the wells in scattering light
is beautifully illustrated in the colors of a varicty of cadmium selenide crystallites synthesized by
Michael Steigerwald of AT&T Bell Laboratories. See M. A. Reed, Sci. Am. January, 1993, p. 118.
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This wave function involves real exponentials instead of complex exponentials since,
according to (4.6), two derivatives of the wave function return the wave function multi-
plied by a positive constant. In order to satisfy the requirement that the wave function
be normalizable—that the wave function not diverge as |x| — co—we must discard the
exponential solution that blows up as x — —o¢ in the region for which x < —a/2 and
the solution that blows up as x — 400 in the region for which x > a/2. Thus

Y(x) = Ce*" X< —aj2 (4.9)
and
Yr(x) = De™™" x>a/2 (4.10)

We now face the job of knitting together the solutions in the three different regions,
namely x < —a/2, —a/2 < x < a/2,and x > a/2. Since the Schrédinger equation is
a second-order differential equation, the wave function must be continuous everywhere,
including at the boundaries between the various regions. Otherwise, the first derivative
of the wave function would not exist, which would make it difficult to make sense of an
equation that involves the second derivative. Rewriting (4.2) in the form

>y 2m(E—V)

- 411
dx? h* 4 ( :

makes it clear that the first derivative of the wave function must be continuous as well,
at least for any potential energy function for which J is finite. After all, if the right-hand
side of (4.11) is finite, the left-hand side must be finite as well. And if the first derivative
is not continuous, then the second derivative is infinite. This explains, by the way, why
the wave functions for the particle in a box (see Fig. 3.3) have a discontinuous derivative
at the boundaries of the box, since V' jumps to infinity there.

Imposing the requirement that the wave function is continuous and has a continuous

first derivative at x = —a /2 yields the conditions
Ce—xu/Z - Ae—iku/l s Be!kuﬁ (412)
KCe—k'u/2 —— J;k(Ae—l'ku‘fz . Bei:.‘?u/Z) (4-]3)

and at x = a/2 yields the conditions
De——tm,@ - Aeikcl/l i, Be——l’ku,‘Z (414)
P_K.Defi{eh": = I-k(Aefl!.'U;"z - Be*l‘kd,’l) (4 15)

We can eliminate the constant C from equations (4.12) and (4.13) by dividing these two
equations, which yields

ik _Ie—ikri_’l o Bel’km’?.‘

P Ae—ika/2 _ Beika/2 (4.16)
Solving for the ratio A4 /B, we find
A ; [ k
E = e!f\u (—KK++{IA) [4]7)

Similarly, we can eliminate the constant D from equations (4.14) and (4.15) by dividing
these equations, leading to

ik Aem”::’- 2 Be*iﬁ'u;’l .
_—I; - Aeika/2 _ Bo—ika/2 (4.18)

115



116

Chapter 4: One-Dimensional Potentials

and

A ik K —ik 7} (—x+ik)
£ pika = G i 4.19
B ‘ (—k’—ik) . K+ ik ( )

[This last result can also be obtained from (4.17) by noting that we can go from (4.16)
and (4.17) to (4.18) and (4.19) with the replacement £ — —k.] If we multiply (4.17) by
(4.19), we obtain

2

AN (fc—i-ik) ik (—K-I-H{)
_ — a L e 4.20
(B) . —x +ik < Kk +ik ( )
Thus the wave functions fall into two classes: those for which 4/B = 1 (4 = B) and
those for which 4/B = —1 (A = —B). This is an interesting result and suggestive in its

simplicity.
Let’s look separately at these two classes of functions. When 4 = B, then (4.12) and
(4.14) show that C = D. Thus the wave function can be written as

Ce'* x <-—af2
Y(x)=4{ 2Acoskx —a/2 <x <a/2 (4.21)
Ce™" x>a/f2

where we have taken advantage of the identity

Jikx o —ikx
cos kx = %— (4.22)

to express the wave function in the region |x| < a/2 as a cosine function. Thus this
wave function satisfies ¥(x) = (—x); it is an even function. Also when 4 = B, the
condition (4.16) becomes

ik (e7*a? 4 gfhaly o cos(ka/2)

— = - - = 4.23
Kk i(e~kall — pika/2yDi —jsin(ka/2) ( )
or
2
tan(ka/2) = :2;2 (4.24)

If we define the dimensionless variables

V
£ = ka/2 and P Lo (4.25)
7V 2

then this equation becomes
V& ¢ (4.26)
P £

Similarly, when 4 = —B. then (4.12) and (4.14) show that C = —D. The wave
function can be written in the form
Ce** x < -—af2
wix) =4 2idsinkx —a/2 <x <a/2 (4.27)
—Ce™F x =il

tan& =

In this case we have taken advantage of the identity
. e!k.\' . e—fk.t
sindx = —————— (4.28)
2i
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~ - . . - . 1 1
to express the wave function in the region |x| < a/2 as a sine function.” This wave

function satisfies ¥(—x) = —(x); it is an odd function. Now the condition (4.16)
becomes
R sikaf2 _ ,—ikaf2 I
_i _ c. e : _ i sin(ka/2) (4.29)
kK  ekal2 4 e=tkaj2  cos(ka/2)
or
£ — &2
—~cotéE = 405* (4.30)

using the same definitions of & and &; as before.

Equations (4.26) and (4.30) are transcendental equations that determine the allowed
values of the energy for the particle in the finite square well. Remember that the energy
E is contained in the expression for £ = ka/2 = \/m E /2#*a. Unlike an equation such
as tan & = oo for which we immediately know the solutions [§ = (2n + 1) /2., where
n=0,1,2...]. itis not so obvious what is the solution to (4.26) or (4.30). One strategy
for determining the allowed energies is to solve these equations numerically, on your
calculator for example. Another strategy, which allows us to get an overview of what is
happening is to solve the equations graphically. Figure 4.3a shows a plot of tan& and

£3 — &2/ The intersections of these two curves determine the allowed energies for
the even wave functions. The energy is determined by noting the value of & for which the
intersection occurs. Notice that for &7 small, there is only one intersection, that is, one
allowed energy. As &, increases, the number of energy eigenvalues grows. Figure 4.3b
shows a plot of — cot & and \/ &5 — £2/&. For the odd wave functions, there is no solution
for & < m/2 since — cot& is not positive unless & > 7 /2. Notice that as & — oo, say
for ¥y — oo, there will be an infinite number of allowed energies determined by the
condition § = nm/2, with n a positive integer. This is precisely the result

n*hm?

E, = . 1= Ll B (4.31)
2ma*

~ &
0 large
small
Q/ma Fi

0 72 7w 3al2 27w 5a/2 37 T2 § 0 @2 7 372 27 5P 37 Tu2
(a) (b)

e

Figure 4.3 Graphs of (a) tan& and /&7 — £2/& and (b)— cot& and \/&; — £2/& for

various values of &,. The intersections correspond to allowed energies.

"From (4.12), we see that when A = B, Ce 9% = 24 coska/2, and when 4 = —B, Ce 44/? =
—i2A4sinka /2. Thus there is just one overall constant (either C or 4, depending on which you choose
to eliminate) that is then fixed by normalization. See Problem 4.7.
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Figure 4.4 (a) A finite square well with four allowed energies and (b) the corresponding
energy eigenfunctions.

that we obtained in Chapter 3 for an infinite well of width a. Interestingly, we would
obtain the same result if we let the width a of our finite well become very large (holding
Vo fixed), since this too leads asymptotically to intersections at £ = nx /2. As we will
see in Chapter 8, a useful model of an electron in a metal is to treat it like a particle
in a very large box, with the size ¢ measured in, say, centimeters instead of tenths of
nanometers, which is the characteristic length scale for an electron bound in an atom.
Thus it is not unreasonable to use the results from the infinite square well in determining
the properties of a metal in this free-electron model of a solid.

Figure 4.4 shows plots of the wave functions for a finite square well that possesses
four allowed energy states. The ground state and the second excited state are even wave
functions, while the first and third excited states are odd wave functions.? The larger the
number of nodes, the higher the energy, just as for the infinite square well. Notice in
particular how the wave functions penetrate into the region where V' > E. The degree
of penetration is determined by the magnitude of x in the wave functions (4.21) and
(4.27). The wave function falls to 1/e of its value at x = #a/2 in a distance 1/k =
fi//(2m(Vy — E). Thus the wave functions with the smallest energy—those closest to
the bottom of the energy well—penetrate less deeply into the classically disallowed region
where ¥ > E. Notice that as ¥, — oc, 1/k — 0 independent of E, confirming our
supposition in Section 3.2 that the wave functions for the particle in a box (the infinite
potential energy well) are indeed zero outside the box.

*The fact that the energy eigenfunctions are either even or odd functions of x is not an accident. We
will see why this happens in Section 5.3.



Section 4.2 Qualitative Features

4.2 Qualitative Features

Before going on to solve the time-independent Schrédinger equation for other potential
energy functions, it is instructive to examine more qualitatively the character of the
solutions to this equation. First, a word about terminology. Consider a general potential
energy such as the one shown in Fig. 4.5. For the particular energy £ shown in the figure,
thereisaregiona < x < b where £ > V thatis bounded by a region where J > E.The
regiona < x < b thus forms a potential energy well. The points @ and b are often called
turning points. At these points the total energy £ of the particle is equal to the potential
energy, meaning that the particle has zero kinetic energy. In classical physics, we would
say that at this point the particle has stopped and the force F = —dV /dx accelerates
the particle back into the region @ < x < b. Thus the particle is bound in the potential
energy well. Consequently, the allowed energy states of the Schrédinger equation in this
energy regime are referred to as bound states. Although the particle’s motion classically
is strictly limited to the region @ < x < b, we have seen in our discussion of the finite
square well that the wave function does not stop at the boundaries. Consequently, there
is a nonzero probability that a measurement of the position of the particle will yield a
location for which V' > E.

Solving the time-independent Schrodinger equation for a potential energy such as the
one shown in Fig. 4.5 is not as straightforward as determining the allowed energies for

the finite square well, where the potential energy is piece-wise constant. The Schrodinger
equation

Wt d*y

2m dx?

+ V(x)Wr = Eyr (4.32)

for the region within the potential energy well can be put in the form

d*yr
dx?

= —kX(x)¥ (4.33)

where we have defined

2m[E — V(x)]

.’(3(_\') = ﬁz

(4.34)

I

|

]

|

I

I

I
1
a b x

Figure 4.5 A particle with energy E (the dashed line) would

classically be confined to move in the region between a and b in
which £ > I,
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1

L

Figure 4.6 If £ > I/, the energy eigenfunctions are oscillatory in
nature.

Note that £2(x) is positive in a region in which £ > V. If I were a constant, the solution
could be written as

Yr = Asinkx + B coskx V' = constant with £ > V (4.35)

But we are not assuming here that ¥/ (x) is a constant independent of x, so the solutions to
(4.32) are not simply sines and cosines. Nonetheless, there are some strong similarities.
Notice that since k%(x) is positive, the second derivative has the opposite sign to the
wave function, assumed here to be real. Thus if the wave function is positive, the second
derivative is negative, or concave down. Similarly, if the wave function is negative, the
second derivative is positive, or concave up. Thus the function bends back toward the
x axis independent of the sign of the wave function. Hence the wave function oscillates.
See Fig. 4.6. And the bigger the difference between £ and V/, the larger the second
derivative and the faster the oscillation. These are the same sorts of results that we saw
inside the well for the finite square well in the previous section. But again, we are not
assuming that the potential energy is constant as we were there.

Now let’s examine a region in which J > E. In this case it is convenient to rewrite
the Schrédinger equation in the form

2 2m[V(x)— E
vy 2m[V(x) ]w

- 4.36
dx? H? ( )
Here we define
Py — B
K2(x) = w (4.37)
fi
so that
BV e (4.38)
dx?

Because V' > E, k?(x) is positive. If V/(x) were a constant, then « would be constant
and the solution would be

W = Ce** 4+ De™* V' = constant with V' > E (4.39)

with real exponentials. If « is not constant but depends on x, we can characterize the
solutions as exponential-like. For example, if the wave function is positive in a region in
which ' > E, the second derivative is positive and the function is concave up, bending
away from the axis. Similarly, if the wave function is negative in a region in which
) = E, the second derivative is negative as well. Thus the function is concave down,
again bending away from the axis. See Fig. 4.7. Although wave mechanics is telling
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Figure 4.7 If E < I the energy eigenfunctions are
exponential-like, bending away from the axis.

l!l‘

Figure 4.8 An energy eigenfunction with V' > E everywhere.

us that while there is @ nonzero exponential-like wave function in a region for which
V' = E.there is no solution if V' > E everywhere. For if the wave function were to start
out positive and bend away from the axis everywhere, it would eventually diverge, as
indicated in Fig. 4.8.

How then do we end up with a square integrable wave function, one for which the
integral of |y/|* over all space is finite? There must be a region in which £ > ¥ so that
the wave function can bend back toward the axis. Let’s examine the potential energy
shown in Fig. 4.5 for which there is a bound state. Follow the wave function along in the
positive x direction, starting at negative infinity. As was noted in the discussion of the
finite square well, the wave function and its derivative should be continuous everywhere.
Since the Schrédinger equation is a second-order differential equation, it has two linearly
independent solutions. We choose the exponential-like solution that goes asymptotically
to zero as x — —o0. As we move toward point a, the wave function remains positive
and concave up since it is in a region in which V' > E. Ata, £ = V and, as (4.32)
shows, the second derivative vanishes. This is, therefore, an inflection point. As the wave
function moves into the region to the right of point a, a region in which £ > V| the
sign of the second derivative changes from positive to negative and the wave function
changes from exponential-like to oscillatory. As we follow the wave function along, we
eventually reach a region in which ¥ > E on the other side of the well, at point b.
We are now searching for a wave function that asymptotically approaches zero for large
positive x. The trick is to make it happen. Unless we are fortunate in our choice of E,
when we join the wave function inside the well to the wave function outside the well with
a continuous function and a continuous derivative, we find that both the increasing and
the decreasing exponential-like solutions are present in the wave function and therefore
the wave function diverges. For example, if we start with an energy that is much too
small, then the wave function oscillates too slowly in the region in which £ > I and
is positive with a positive slope, or first derivative, at the turning point. But if the wave
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Figure 4.9 If the energy of the eigenfunction for the finite square well is too large or too
small, the eigenfunction (shown with a dashed line) doesn’t tie into an exponentially
decreasing wave function as v — oo. There is one wave function (the solid line) for
which the energy is just right.

function, the first derivative, and the second derivative are all positive to the right of the
turning point, where V' > £, the wave function must diverge as x — oo. To get the
wave function to turn back toward the x axis would require negative curvature, which is
not allowed for a positive wave function in this I/ > E region. Even if the wave function
oscillates sufficiently rapidly in the well so that the slope is negative at the turning point,
the wave function will in general diverge as both exponential-like solutions are present,
as illustrated in Fig. 4.9. But there does turn out to be one energy where the wave function
is well behaved for large negative and positive x. This is the ground state.

Are there additional allowed energies? For a higher energy solution, the wave function
oscillates even more rapidly within the well. It is indeed possible that higher energy states,
with nodes within the well, exist. As we saw in the discussion of the finite square well,
this depends on the depth and width of the potential energy well. In any case, we are
assured that the allowed energies are quantized, provided the particle’s energy is such that
it would be classically confined within the well. On the other hand, if the particle were
not confined, say by not having a region to the right where I/ > E, then the wave function
oscillates along, all the way to infinity. This may not look promising either, since we are
looking for square integrable solutions. But in this case there is no constraint of having
to tie into a decreasing exponential-like solution at infinity. Thus there is a continuum of
solutions that can be superposed to create a solution that dies offas x approaches infinity.
This superposition is just the sort of superposition that we discussed in Section 2.6 when
we were constructing wave packets, We will examine these continuum solutions when
we discuss scattering in Section 4.6 and Section 4.7.

Finally, we can ask how the amplitude of the wave function varies in a region in which
E = V but J is not constant. Consider a potential energy well in which there is a step,
as shown in Fig. 4.10. In a region of constant potential energy, say to the left of the step,

we can write the wave function as®

U = Asin(kx + ¢) (4.40)
where

k= ﬁm (4.41)

f

*Note that A sin(kx + ¢) = A cos¢psinkx + A sing cos kx, so this is just another way to write the
wave function as a combination of a sine and a cosine.
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Figure 4.10 An energy eigenfunction for a potential energy well
with a step illustrating how the amplitude of the wave function
increases as the difference between the energy £ and the
potential energy V(x) decreases.

Thus the derivative of the wave function is given by

d!l = kA cos(kx + ¢) (4.42)

ax

and hence if we square this result, divide by &%, and add it to the square of (4.40), we obtain

f .. 1 fdyy?

Since Vv and dv//dx are continuous everywhere, including at the step. the change in the
amplitude at the step is dictated by what happens to k. Thus as & decreases in moving
from the immediate left to the immediate right of the step, the amplitude A4 must increase,
since ¥ and d¥/dx don’t change. Classically, the particle would slow down as it moves
from the left to the right side of the well, since as the potential energy increases, the
kinetic energy decreases, assuming a particular energy £. One is tempted to say that
the amplitude increases as the particle “slows down™ because the particle spends more
time in the region in which it is going more slowly; hence the probability of finding it
there should be larger. The trouble with this line of reasoning is that we are discussing
the behavior of an energy eigenfunction and, as we saw in Section 3.1, such states are
stationary states, with no time dependence for the probability density. Thus perhaps we
should use these classical arguments as a helpful mnemonic, but not necessarily as the
reason for this behavior of the amplitude.

4.3 The Simple Harmonic Oscillator

As we did for the particle in a box, we can solve the harmonic oscillator analytically in a
completely closed form, determining the energy eigenvalues and eigenfunctions exactly.
In nonrelativistic quantum mechanics, the harmonic oscillator plays a very importantrole,
since any smooth potential energy in the vicinity of a minimum looks like a harmonic
oscillator. Consider a potential energy F(x) (see Fig. 4.11) that has a minimum at the
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Figure 4.11 In the vicinity of a minimum the potential energy can
be approximated as a parabola, namely the potential energy of
the simple harmonic oscillator.

origin (we can always position the origin of our coordinates so it coincides with the
minimum). If we take a Taylor-series expansion for ¥ (x), we obtain

V(\-)-—V{0)+(Q) 4 = 2+ (4.44)
e dx Je=o 21\ @2 r—(}.‘ '

But since x = 0 is a minimum, the first derivative vanishes there and hence

1 (d*V
V(x)= V() + 7 (fd\) X (4.45)
: y=()

Thus, provided the amplitude of the oscillation is not too large, the potential energy is of
the form

2

Vix) = %Kx* (4.46)

where we have called the constant (¢ V /dx?).—; = K, the spring constant, and dropped
the overall additive constant ¥(0), since we are free to locate the zero of potential energy
wherever we choose, such as J(0) = 0. In terms of the spring frequency w,

1 5
Vix)= Emwzx‘ (4.47)

since w® = K/m.
To determine the energy eigenvalues and eigenfunctions of the harmonic oscillator
in wave mechanics, we must solve the differential equation
h* d*y

l i
_ —mw x-U =E 4.48
2m dx? r 2"”0 Y ¥ ( )

Right away we see that this will be challenging since

ay  2m /1
- ke (—mw‘.\'z = E) Vs (4.49)

2
and therefore two derivatives of the wave function do not yield a constant (whether it’s
positive or negative) multiplying the wave function. The x* dependence of the potential
energy complicates matters considerably. Nonetheless, we can learn something about the
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wave functions by looking at the behavior for large |x/[. sufficiently large that the x* term
on the right-hand side of (4.49) dominates. Then

1!2 2 2‘ 2 ~
% ~ E’__;:’l_*w (4.50)

You can readily verify (see Problem 4.6) that an approximate solution for large |x| is
w,(\) s A‘\_ne—mw.\‘"/lﬁ 4z an emw.\'z/'?.ﬁ (45 1)

where 1 is an integer. Of course, we must discard the increasing exponential since we want
a normalizable solution, not one that blows up as |x| — oo. If you look at Example 3.6,
you will see that

w{)(x) . ADE-—mmx:/Eﬁ (452)
is in fact an exact energy eigenfunction for the harmonic oscillator. It satisfies the differ-

ential equation (4.48) for all x provided the energy E is set to

1

This wave function must be the ground state, the lowest permitted energy state of the
oscillator, by the way, since ¥/o(x) has no nodes. This ground-state energy is often referred
to as the zero-point energy of the harmonic oscillator.

We have labeled the wave function and the energy with a zero subscript since the
allowed energies (the energy eigenvalues) for the harmonic oscillator are given by

1
E,; = (”+§) fiew =0, 12 0 (4.54)

Figure 4.12 shows the energy spectrum. Following the procedure outlined in Example 3.6.
you can readily verify, for example, that the first-excited-state wave function is given by

Pi(x)= A M‘e””‘”“'z/m (4.55)

with corresponding energy

3
Ei= ifrw (4.56)

Vl

N I —

0 X

Figure 4.12 The energy spectrum of the harmonic oscillator superimposed on the
potential energy ¥ (x) = mw x> /2.
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Figure 4.13 shows the wave functions v, (x) and the probability densities |,(x)|* for the
six lowest energy states. In general, the energy eigenfunctions of the harmonic oscillator
are of the form

Uy (x) = A, H,(\/mw/# ,\’)e_"”‘”zfz’7 (4.57)

where H, is a polynomial in x of order » called a Hermite polynomial. If you are interested
in seeing one way in which these wave functions and allowed values for the energy can
be derived, check out Section B.1.

Notice how the wave functions in Fig. 4.13 oscillate in the regions in which £ > 7
and are exponentially damped in regions in which V' > E, in accord with our discussion
in Section 4.2. Compare the plots of the wave functions for the bound states of the finite
square well in Fig. 4.4 with those of the harmonic oscillator. The similarities are striking,
even though the functions themselves are quite different. One feature that is present for
the harmonic oscillator that is not present for the finite square well is how the amplitude
of the wave functions grows as the wave function approaches the classical turning points
(the points at which £ = V), since £ — } decreases as one moves away from the origin
for the harmonic oscillator but not for the finite square well, again in accord with our
general discussion at the end of Section 4.2. As for the particle in a box, the energies of
the harmonic oscillator are all discrete since a particle is confined no matter how high
its energy. Even though the allowed energies are labeled by an integer  in each case, the
dependence on # is quite different. For the infinite square well the energies grow like »*
while for the harmonic oscillator they are linear in n.* This illustrates how differences in
the nature of the potential energy manifest themselves in the spectrum of the energy levels,
providing us with a handle on the nature of the potential energy on a microscopic scale.’

In Example 4.1, at the end of this section, we determine the probability that a particle
in the ground state will be found in a region in which /' > E if a measurement of the
position of the particle is carried out. To answer this question, we need to normalize the
ground-state wave function. The normalization requirement is

OO
/ [Yro(x)*dx = 1 (4.58)
—00
which translates into
‘A(Bllf e—rmu,\'zr"ﬁd_\- =1 (4.59)
Integrals of the form
g i
I(b) = / e dx (4.60)
J =00

*The harmonic oscillator plays an extremely important role in quantum field theory. The constant
spacing of the energy levels gives us a clue as to why this might be so. Instead of thinking of £, as the
energy of the nth excited state of the harmonic oscillator, we might view it as the energy of # quanta,
each with energy fiw = hv, apart from the zero-point energy.

SThere is good reason to think that the potential energy of interaction between heavy quarks varies
linearly with separation of the quarks at large distances. One piece of evidence comes from the spacing
of energy levels of a two-body bound state such as charmonium, which was discovered in 1974, At
that time, theorists who had been focusing on the intricacies of quantum field theory had to remind
themselves how to solve the Schridinger equation for potentials other than the ones that are discussed
in most textbooks. See Problem 4.14.
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Figure 4.13 The energy eigenfunctions and probability densities for the first six energy
states of the harmonic oscillator. The classical turning points x,, are determined by
setting the potential energy equal to the total energy, that is mmlx,fﬁ = 5.
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are referred to as Gaussian integrals and there are some cute tricks for evaluating integrals
of this type.® Instead of trying to calculate 7(h), let’s start with 72(h):

I*(b) = / e dx [ ey (4.61)
o =00 o —00

where we have suggestively called the dummy variable of integration in the second
expression for /() y instead of x. If we write this expression as a double integral, we
see that

) = [ / e~ P gy dy (4.62)
=00 =00

which cries out for a change of variables to polar coordinates:

2 oo
I’(b) = / / e dr de (4.63)
JO JAO

It is now straightforward to carry out the » integral, since we have an exact differential.
And the ¢ integral is trivial, since there is no ¢ dependence in the integrand. Thus
6

o0
1%(h) = . e " (=2br)dr = —Ee"b"z o (4.64)
b Jo b 0 b

Therefore

b = |
— / & dx=1 (4.65)
TS os

and hence for the ground state of the harmonic oscillator, for which b = mw/h, the
normalized wave function is given by

1/4 i
w()(:‘.) — (Tﬂ) efrn:u.\'-f?ﬁ (466)

oh

The zero-point energy and the Heisenberg uncertainty principle

The existence of a nonzero ground-state energy for the harmonic oscillator is both in-
teresting and important. We can gain some insight into the underlying physics with the
aid of the Heisenberg uncertainty principle. Suppose that we take the ground-state wave
function vy and calculate (E):

3o 2 ] 2 2
(E) = / Vo Hiyrpdx = tpy) + —mw=(x~) (4.67)
J—so 2m 2

But since Hvry = Egvrg, (E) = Ey. And because the ground-state wave function is an
even, real function. (x) and {p,) are both zero. Thus using (Ax)* = (x?) — (x)? and
(Ap.) = (p?) — (pe)*, we obtain

Ap)? 1 g
0= (Apx) + —maw?® (Ax)? (4.68)
2m 2

“Once you can do an integral such as (4.60), then it is straightforward to evaluate integrals such as
o0 -2
J 2e~2 dx. See Problem 4.11.

X%
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But since AxAp, > /2, we see that
Ey > ——ﬁ:— + lmwz (A\‘)2 (4.69)
"= 8m (Ax)Y 2 '

Nature is trying to minimize this energy in the ground state. We can do this as well by
taking the derivative of the right-hand side of (4.69) with respect to Ax and setting the
result equal to zero:

———ﬁ;—J +mw*Ax =0 (4.70)
dm (Ax)
which means
" h
(AxP = — (4.71)
2mw

Plugging this value for (Ax)* back into (4.69), we find
1 | 1

Thus the smallest value for Ey consistent with the Heisenberg uncertainty principle is
hw/2. But this is in fact the exact ground-state energy for the harmonic oscillator. Thus
we infer that the Gaussian ground-state wave function (4.52) is the minimum uncertainty
wave function. After all, we could have replaced the inequality in (4.69) with an equality
if we had presumed from the beginning that we could set AxAp, =7 /2.

Our analysis shows the profound difference between classical and quantum mechan-
ics. In classical mechanics, the particle in the lowest energy state would just sit at the
bottom of the potential well, at rest with the “spring” unstretched. But this would re-
quire we know both the position and the momentum simultaneously, in contradiction
to the Heisenberg uncertainty principle. For the harmonic oscillator, the lowest energy
state has equal mixtures for the expectation values of the kinetic and potential energics,
as (4.72) shows. This procedure of using the Heisenberg uncertainty principle to estimate
the ground-state energy worked especially well since not only did the expectation value
of the kinetic energy involve (Ap,)*, but the expectation value of the potential energy
comes out directly in terms of (Ax)?. Only a potential energy that varies as x>—only the
harmonic oscillator—has this property. For other potential energies, you can still use the
uncertainty principle to estimate the ground-state energy, but some approximations will
be required. See Problem 4.14 and Problem 4.16.

EXAMPLE 4.1  What is the probability that a particle in the ground state of
the harmonic oscillator will be found in a classically disallowed region if a
measurement of the location of the particle is carried out? Before looking at the
solution, test your quantum intuition by making a guess at the answer.

SOLUTION The locations of the classical turning points are determined by setting
the potential energy equal to the total energy:

| [n

| 5 5
ST T e | - =it
V(xo)= 2'"(” xg=E= Zﬁ"’ = *0 iv maw
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Thus the probability of finding the particle in a classically disallowed region (outside
the turning points) is given by

e o mw e
Prob = h[ful d\ + / hb'()i dx =2 mwx /ldx
—JTme \ Th T_

r, me Vi mm

where in the last step we have taken advantage of the fact that |v|? is an even
function. To obtain a numerical value, it is convenient to convert this integral into a
form in which we can use the tabulated values of the error function or a calculator.
If we define mwx?/fi = y?/2, then

2 e 2 1 R - V2
Prob = E /\ﬁ e ﬂd}’ = 2 (ﬁ_/@ e gL (11 — E/‘ e /'d'l’)
1
=2 (5 — 0.42) =0.16

Thus there is a 16% chance of finding the particle in a classically forbidden region
when it is in the ground state.

EXAMPLE 4.2 Estimate the quantum number n for a macroscopic mass on a spring.

SOLUTION Assume we want £ = | J and that @ = | s™'. Then since # = 1.055 x
1073* I.s, we need n to be roughly 10**. Our everyday experience is with very
highly excited harmonic oscillators, not with ones in the ground state. This may be
the reason that there is a tendency to guess too low in Example 4.1.

4.4 The Dirac Delta Function Potential

The best way to think about a Dirac delta function (which isn’t, strictly, a function) is
as the limit of a sequence of functions, each with unit area, that progressively become
narrower and consequently higher as some parameter is varied. A nice example from the
previous section is to take the limit of the integrand in (4.65) as b — oc:

8(x) = lim g (4.73)
\ I
This function has been normalized so that
/ C S(x)dx = 1 (4.74)
o =00
and as b — oc it satisfies the requirement that
5(x) = {0 x#Ed (4.75)
co x=0

As we will see, in the endgame a delta function generally appears as part of the integrand
within an integral. It makes doing integrals easy. For example,

/‘ F()8(x)dx = [(0) / s(x)dx = £(0) (4.76)
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where f(x) is any well-behaved function. The first step in (4.76) follows since §(x) is Vi
zero everywhere except x = 0. Thus we can replace f(x) by /(0) within the integrand N
and then pull the constant f'(0) outside the integral. In fact, (4.76) is sometimes taken as X
the defining relationship for a Dirac delta function.

In this section we will assume that the potential energy is zero everywhere except
at the origin, and at the origin there is an infinitely deep potential well, as indicated
in Fig. 4.14. Such a potential energy well can be expressed in terms of a Dirac delta

function as’ Figure 4.14 The Dirac delta
2m o function potential energy

Notice that 2m ¥ (x)/4° has the dimensions of 1/length?. Since a delta function has the
dimensions of 1/length [see (4.74)], the constant multiplying the delta function must have
the dimensions of 1/length as well. We have accounted for this length by introducing an
arbitrary constant a as a length and we have inserted a dimensionless constant « as well.
Varying « gives us a way to adjust the strength of the potential.

Next we investigate the boundary conditions on the wave function. Instead of the
three regions (x < —a/2, —a/2 < x < a/2,and x > a/2) that we considered in solving
the finite potential well, here there are only two regions (x < 0 and x > 0) for the
delta function. Since the Schriodinger equation is a second-order differential equation,
we must, as always, require the wave function to be continuous everywhere. But if we
integrate the Schrodinger equation from just below to just above x = 0, we see that the
first derivative of the wave function is not continuous at x = 0:

0" d*y (th,{;) ((/l[f)
—dx = | — — | —
Jo- d.\"‘ ([.\' 0+ dx 0-

2m [0
_" / [V(x) — EJx)ds (4.78)
h* Jo-

Now
2mE [
#* Jo-
since the width of the integration region is infinitesimal and the wave function itself is
finite. On the other hand,

" + . +
2m [ a [0

= VxWWr(x)dx = —— S(x)r(x)dx = —Ey’/(()) (4.80)
fc Jo- a Jo- a

and therefore
/ {
(_If) _(i) - —%50) (4.81)
(1.\' o= d.\' 0- a

Thus the first derivative is discontinuous at x = 0. Our derivation shows, by the way,
why the first derivative is typically continuous, since integrals such as the one on the

Y(x)dx =0 (4.79)

’Since ¥(x) = 0 except at x = 0, the minus sign on the right-hand side shows that we are dealing
with a potential energy well, as opposed to a potential energy barrier. In our example of the finite square
well in Section 4.1, we could have defined the potential energy function with the zero of potential energy
outside a potential energy well of depth —F%,. Then we might view the delta function potential well as
resulting from taking the limit as J, — oc as the width of the well goes to zero.
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Figure 4.15 The wave function
(4.85) for a particle bound in a
Dirac delta function potential
energy well.

left-hand side of (4.80) will vanish just as (4.79) does if the potential energy ¥ (x) is not
singular.

Let’s finally turn our attention to solving the Schridinger equation for a delta function
potential energy well. For x # 0, the Schrédinger equation is simply

>y 2mE 4 4
dx? 4 thiR)
Since we are searching for a bound state (£ < 0), the solution to (4.82) is
Y= 4de™" + Be*t (4.83)
where
v=2mE
oot (4.84)

As for the finite square well, the requirement that the wave function be normalizable as
well as continuous at x = 0 dictates that

V) = { ae"  EEY (4.85)

Ae™ x=10

Figure 4.15 shows a plot of the wave function. Clearly, the derivative is discontinuous at
x = 0. Substituting this wave function into (4.81), we find

o
Y ey (4.86)
a

—2mE _a (4.87)
# 2g ’

Thus the energy of the single bound state for a particle in the delta function well is

or

2 2
ha”

E s (4.88)

8ma?

That the delta function well has a single bound state is almost obvious, at least
in retrospect. We saw in the discussion of the one-dimensional finite square well in
Section 4.1 that there was always at least one bound state solution independent of the
width and depth of the well. Moreover, if you look at the wave function in Fig. 4.15 for
the Dirac delta function well, the requirement that the wave function be exponentially
damped outside the well as well as continuous at the origin means there is no other wave
function that we can conceivably sketch, up to an overall phase.

4.5 The Double Well and Molecular Binding

If we imagine that a finite square well is a simple model for the potential energy well
confining an electron in an atom such as hydrogen, then a double well such as shown in
Fig. 4.16 might be a model for an electron bound in the hydrogen molecule ion H . In
this case, the two potential wells would be centered on each of the protons. By solving
the Schrodinger equation for this simple system, we can gain an important insight into
why molecules exist.
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Figure 4.16 The potential energy of a double square well.

=Y

Figure 4.17 The ground state r, and the first excited state > of a double square well
potential. Note the exponential nature of the wave function in the region between the
wells, a region for which V' > E.

For a bound-state solution, the solutions to the Schrodinger equation must be oscilla-
tory within the wells and involve exponential functions outside the wells. This eigenvalue
problem is certainly more complex than the single finite square well since there are five
regions for which we must solve the Schrédinger equation. Moreover, the requirement
that the wave function and its first derivative be continuous at each of the boundaries leads
to eight boundary conditions. We can simplify things a bit by noting that the potential
energy in Fig. 4.16 is an even function [V/'(—x) = V/(x)] and, as was the case for the
other systems that we have treated in this chapter, the ground-state wave function is also
an even function. Figure 4.17 shows a sketch of what the wave function must look like
for the ground state and the first excited state. You might at first have thought that the
electron in H}L would be attracted to one or the other of the two protons, but quantum
mechanics gives quite a different picture. The electron is equally likely to be in both
wells and, moreover, there is a significant chance of finding the electron in the region
between the two wells in the ground state. This sharing of the electron between the wells
is responsible for the increased binding that makes the molecule stable.

To see more concretely how this works, let’s take advantage of the Dirac delta function
potential to make a really simple model, namely one in which

?i.,: Vix)= . [6(x —a)+ 8(x + a)]
h- a
that is two delta function wells separated by a distance 2a. The potential energy (4.89)
is sketched in Fig. 4.18. The E < 0 solutions to the Schrodinger equation must satisfy

(4.89)

2 2mE
ﬂ__m "

= = 4.90
dx? h- ( )
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Figure 4.18 A double delta
function well.
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1]

Figure 4.19 The wave function (4.92) for the ground state of a double delta function well.

Here again we define
Vv —?mE (4.91)
1

Note that since £ < 0, « is real and positive. While we must discard those exponential
solutions that blow up as [x| — 00, in the region between the wells the solution involves

K=

both exponentials:

Ce** X< -—a
Y(x)= ¢ Acoshkx —a<x<a (4.92)
Cle™ X>a

where in the region —a < x < a we have written the solution in terms of the combination
of increasing and decreasing exponentials that is even, or symmetric, under x — —x:
e L gmKY

coshkxy = ——— (4.93)

It is worth emphasizing that it is okay to have both the increasing and the decreasing
exponentials in the region —a < x < a since |x| < a in this region. See Fig. 4.19.

Since the wave function is an even function, it is sufficient to apply the boundary
conditions at x = a. Continuity of the wave function demands that

Acoshka = Ce™" (4.94)

and the condition on the discontinuity of the first derivative in this case becomes

l 1
(‘__‘3) - (ﬂ) =-2y(@) (4.95)
dx / 4 dx ) . a
or
—kCe™ — k Asinhka = — > 4 coshka (4.96)
l
where
XY _ oKX
sinhkx = = (4.97)
Substituting the continuity condition (4.94) into (4.96) and dividing by cosh xa, we find
tanhka = . | (4.98)
Kd

where

sinhka Xl — g~ka
tanhka = = (4.99)
coshia ekd | g—Ka
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Kd

Figure 4.20 A graph of the left and right hand sides of (4.98).

Equation (4.98) is the eigenvalue condition that determines the allowed value of the
energy. It is a transcendental equation, which can be solved graphically in a manner
similar to the one we used in determining the allowed energies of the finite square well.
Figure 4.20 shows a plot of tanhxa and «/ka — 1. Since tanhka is always less than
one, the intersection must occur when a/ka — | < 1, or @/ka < 2. Going back to the
definition (4.91) of «, we see this implies

ﬁlal
E et (4.100)
8ma*
Comparing this result with the allowed energy £ = —#%w?/8ma? for a single delta

function well, we see that the “molecule” is more tightly bound than the “atom.” This
is good news, since otherwise there wouldn’t be an energy advantage for molecules to
form at all. And life as we know it would not exist without molecules.

What about the first excited state? For the two square wells, the first excited state
wave function is an odd wave function, with a node at the origin, as shown in Fig. 4.17.
The extra bending of the wave function required to reach this node is indicative of the
higher energy of this wave function relative to the ground state.® The solutions are of
course exponentials between the wells, but in this case involve a sinh xx rather than a
coshxx. Just as the finite square well is not guaranteed to have an excited state. there
are no guarantees that the double well has one either. For the delta function molecule,
for example, it is necessary to chose the parameter o appropriately for an excited bound-
state solution to exist. See Problem 4.18. In more realistic examples, nature makes these
choices. The hydrogen molecule ion H ., for example, does not possess an excited state.

4.6 Scattering and the Step Potential

We have seen that the allowed energies for the bound-state solutions to the Schrodinger
equation are quantized, that is the energy spectrum takes on certain discrete values. In this
section we will begin our examination of the solutions to the Schrédinger equation for
which the particle is not confined. As we will show, in this case there is no constraining
condition on the energy. There exists a continuum of allowed solutions. We can generate

*If the wells are far apart or the barrier between them is high, then the difference in bending between
the wave function for the ground state and the first excited state will be small. See Problem 4.18.
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Figure 4.21 The step potential.

physically acceptable wave functions by superposing these solutions to form a wave
packet. Since the wave packet includes solutions with different energies, the wave packet
evolves in time, in a process that is often characterized as scattering.

As a first step, consider the potential energy

0 x<0
Vix) = 4.101
(x) { Vo x>0 ( )

Initially, we will assume the energy £ is greater than V, as indicated in Fig. 4.21. For
negative x the Schrédinger equation is

d*y 2mE
=— / x<0 4.102
d_]_"" ﬁz y X < ( )
As before we define
V2mE
- ;" (4.103)
7

and write the general solution in terms of complex exponentials as
P(x) = Ae'™ o B th* x <0 (4.104)

As we will see, in scattering problems it is imperative to use complex exponentials instead
of trigonometric functions so that we can identify the incoming and reflected waves in
the solution. Similarly, the Schrodinger equation for positive x is

dzljl 2m(E = V)
= — 1

= x>0 4.105
dx? 7 42 i
If we define
V2m(E — V) 2mVy,

e S~ Wi 4.106
0 p 7 ( )

then since £ > V., the solution is
Yr(x) = Ce™¥ 4 peikor x>0 (4.107)

The requirement that the wave function be continuous and have a continuous first
derivative yields the following two equations:

A+B=C+D (4.108)
and

ik(A—B)=1iko(C— D) (4.109)



Section 4.6 Scattering and the Step Potential

Thus we see that we have only two constraints on the four unknowns A, B, C, and D.
We can satisfy these equations in many ways. For example, we are free to choose D = 0
(we will justify this choice momentarily), in which case

Y(x) = Ce'for x>0 (4.110)

We can easily solve the resulting equations

A+B=C (4.111)
and
ik(4— B)=ik,C (4.112)
for B and C in terms of A:
k— ko
BR=——4 4.113
ke + ko ( )
C = £ A (4.114)
- k + ko '

Notice that we have obtained a solution for any value of &, that is for any value of the
energy. Thus the energy eigenvalues are continuous, consistent with our discussion in
Section 4.2, where we argued that the energies take on discrete values only when the
particle is confined in a potential well.

You might at first think that we can determine the constant A by normalization of
the wave function, but this wave function does not approach zero as |x| — o¢ and
is not therefore normalizable. But we can determine the probability of reflection and
transmission with the aid of the probability current

Ji L. (!/f*% - wf)‘/f*) (4.115)

s 2mi dx dx

which we introduced in Section 2.5 in our discussion of conservation of probability. For
the wave function

Ae'* 4 Be~ikv  x <0
= . 4.11
4 { Cethor x>0 ( &)
the probability current is given by
(A= 1B?) x<0
foi=eg &V (4.117)
‘ { By 2 x>0

Here the positive term indicates a probability current in the positive x direction and the
negative term indicates a probability current in the negative x direction. Each term in
the probability current is equal to the probability density multiplied by the velocity of
propagation (fik/m for x < 0, for example). You can now see why we were able to
set D = 0 in (4.107). Such a term would lead to a probability current traveling in the
negative x direction for x > 0. If the scattering experiment we are modeling involves
particles incident on the step potential from the left, then there is no source of particles
traveling toward the barrier from the right.
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We can define a reflection coefficient R, a probability of reflection, as the ratio of the
magnitudes of reflected current to the incident current:
_ s _ (fik/m)|BI* |BJ?
e (Rk/m)|AR2 4P
Similarly the transmission coefficient T is defined as the ratio of the transmitted proba-
bility current to the incident current:

T = Jirans - (ﬁkﬂ/m) ICIE - k(l|C|2
© Jime (Rk/m)|AR T k|42

(4.118)

(4.119)

Note the transmission coefficient is not equal to |C|?/| 4|* since the particle moves more
slowly in the x > 0 region than it does in the x < 0 region, and the probability current
includes this effect.

[f we substitute the values for B/ A4 and C/A from (4.113) and (4.114), we find the
probabilities of reflection and transmission are given by

k — ko)
Tk (4.120)
(k 4+ ko)™
and
4kk
— . (4.121)
(k + ko)~
respectively. It is comforting to check that
R+T=1 (4.122)

consistent with conservation of probability.

It is worth emphasizing how strange these results are from the perspective of classical
mechanics. A particle passing over the step potential would slow down without being
reflected. But from the perspective of wave mechanics, the results seem natural. After all,
a wave propagating on a rope would be reflected and transmitted if there is a discontinuity
in the density (and consequently in the speed of propagation).

At the beginning of this section it was noted that the way to generate physically
acceptable (i.e., normalizable) solutions from the continuum of allowed solutions to the
time-independent Schrodinger equation is to superpose these solutions to form a wave
packet just as we did for the free particle (see the discussion in Section 2.6). For the step
potential we have been analyzing in this section, for £ > F} this superposition can be
written as

& {I:"‘x [A(A.)ei(k.r—f:'r/ﬁl =1 B(k)e_"”""‘*"'”m’} dk x <0
(x5 6= 2

. ‘ ‘ (4.123)
I:‘-x C‘(/\—)e'(kilv\'*ﬁ"/ﬁ](/l\— K0

In this integral over k. we typically assume that the amplitude A(k) is peaked at a
particular value of & corresponding to an energy £ that is greater than V. We have
inserted the e~'£7/% factor with the values of £ given by (4.103). The A(k)e'*®>—E¢/M
term is the incident wave in the x < 0 region, a wave traveling in the +x direction,
while the B(k)e '(**+E/A) term is the reflected wave in the x < 0 region, a wave
traveling in the —x direction. As indicated in Fig. 4.22, the wave packet starts out to
the far left of the potential and travels toward the potential, where it interacts, producing
a reflected wave in x < 0 region and a transmitted wave in the x = 0 region, the
C(k)e"*ox—E1/M) term. Given this picture, it is worth reiterating why we dropped the
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Figure 4.22 A wave packet initially incident on the step potential
with £ > F; from the left [in (a)] has an amplitude to be
reflected and transmitted, as indicated in (b).

De %% term in the solution (4.107) in the x > 0 region. When we include the time
dependence, this term becomes De %o¥+E0UM \which is a wave traveling in the —x
direction. If the wave packet is incident on the barrier from the left, there is nothing that
produces a wave traveling from +oc¢ foward the step in the x > 0 region. Such a term,
however, could be the incident wave for a wave packet that approaches the barrier from the
right. Clearly, the mathematics of solving the equation should permit such a situation.
We just do not need such a term from the general solution to describe the situation
outlined in Fig. 4.22.

Calculating the probability that a particle is reflected or transmitted is not easy using
the wave packet approach. We would need to evaluate the integrals in (4.123) and then
determine the area under the |¥|? curve for the reflected wave and the transmitted wave.
Alternatively, if we assume the incident particle is nearly monoenergetic, then the wave
packet will be quite broad and we can get a lot of information from the energy eigenfunc-
tions alone. An energy eigenfunction is, of course, a stationary state. Analyzing scattering
via such stationary states is the analogue of investigating the existence of submerged ob-
jects in a pond by sending out a steady flow of waves with a particular wavelength. Such
waves might be generated by beating up and down for a long period of time in the water
with a stick at a fixed frequency, generating a steady-state situation. These waves interact
with the submerged object and this leads to waves traveling outward from the submerged
object that are different from what would occur in the absence of the object. As an
alternative to this steady state investigation, we could simply drop a rock in the pond,
which would generate a wave packet that would scatter when it reaches the submerged
object.

EXAMPLE 4.3 Determine the reflection coefficient for a particle incident on the
step potential of Fig. 4.21 with energy £ less than the height of the barrier, that is,

SOLUTION As before,
P(x) = At 4 Bemikx x <0
For positive x the wave function is given by

Yr(x) = Ce™ ™ + De** & =0
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where
V2m(Vy — E)
i

Here we must set D = (. discarding the rising exponential since it blows up as
x — co. Thus

K =

Pr(x)= Ce™* x>0
Continuity of the wave function and its derivative at x = 0 lead to the equations
A+B=C
and
ik(4— B)=—«C

Solving for B/ A, we find
B . k— ik

A k+ix

R_B*B_ k+ik k—ik — 1

T T (k*il{) (fc+ix) 5

Thus 100% of the particles incident with energy less than the height of the barrier
are reflected. How does this square with the fact that the wave function is nonzero
within the barrier? If we substitute Ce™* into the expression for the probability
current (4.115), we see that j, = 0. Thus the transmission coefficient 7 vanishes,
consistent with conservation of probability, namely R + 7" = 1. In the next section,
we will see that transmission through the barrier can occur, however, if the barrier
is of finite width.

Finally, it is worth noting that there is a quick way to determine the reflection
coefficient for £ < J from our result for £ > V. Notice that we can move from
the wave function Ce™ ™~ forx > 0 to the wave function Ce™* with the substitution
iky — —r. Consequently, we can obtain the result for B/ A from the result (4.113)
with the substitution Xy — ix. While this strategy can also work for figuring out
C/A4 when E < Vy, it does not mean that you can calculate 7 by making this
substitution in (4.119) since the wave function is no longer a traveling wave in the
region x > 0. So when in doubt, start with the probability current.

Consequently

4.7 Tunneling and the Square Barrier

Let’s now ask what happens when a particle with energy 0 < £ < V) is incident on the
energy barrier

0 x<0
Fx)=<x Vy D<x-<a (4.124)
0 x>a
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V

Figure 4.23 The square barrier.

pictured in Fig. 4.23. Classically, the probability of transmission should of course be
zero but, as we will now show, quantum mechanics leads to a nonzero probability of
transmission, or tunneling, as it is called.

For a particle incident on the barrier from the left, we can express the wave function as

Aef'k.\' 4 Befik.\ <0
Yx)=¢ Fe"*' 4+ Ge™ O<x<u (4.125)
Ce'k X>a

where, as in the previous section,

JImE
fo (4.126)
p
and
SV =E)
p = Y —2) (4.127)

h

The important thing to note is that in contrast to the infinitely long barrier of the preceding
section the wave function in the region 0 < x < a includes an increasing as well as
a decreasing exponential. We are not compelled to discard the increasing exponential
since the region of the barrier is finite in length. While the increasing exponential would
blow up as x — o, here x is never larger than @ within the barrier.

The boundary conditions arising from continuity of the wave function are

A+B=F+G at x=0 (4.128)
and
Fe“ 4+ Ge ™ =Ce'*™ at x=ua (4.129)
and from continuity of the first derivative are
ik(A—B)=x(F-G) at x=0 (4.130)
and
k{Fe®—Ge™®) = ikCe™ at x=a (4.131)

Determining the transmission coefficient means solving for C in terms of A, which
involves some algebra. See Problem 4.26. The ratio 4/C is given by

A L,if\'u

C = 2ike

(k* — «?) sinhka + 2ikx coshkal (4.132)
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Thus the transmission coefficient is given by

-1

s (BK/m)|CP? |CP K+ i)’
o dos  GE/mICE _ICP_ 1, (EHE) Lo, (4.133)

T Jme  (Bk/m)|AR T AR T s

For example, for an electron with energy £ = 5 eV incident on a barrier of height
Vo = 10 eV and width @ = 0.53 x 107" m, T = 0.70. Thus tunneling can be a very
common occurrence on the microscopic scale. On the other hand, for a macroscopic
particle the transmission coefficient is miniscule. See Example 4.4,

For a “thick™ barrier, one for which xa > 1,

) ().\‘(J _ e—k‘('l 1 )
sinhka = =1 (4.134)
2 2
and therefore
T ( i )2 ~2a (4.135)
Tk k2 ¢ e

Notice that forka 3> 1 the tunneling probability is sensitively dependent on the thickness
a of the barrier and the value of x (which depends on the magnitude of Vy — E). For
example, suppose e **“ = 107! for the tunneling of an electron through an oxide layer of
thickness a = 1 nm separating two wires. Since there are on the order of 10** conduction
electrons per cubic centimeter, many electrons would tunnel between the wires. If the
oxide layer were just five times thicker, @ = 5 nm instead of 1 nm, then e=¢ = 107
in this case and tunneling would effectively be prohibited. It is this extreme sensitivity to
changes in distance that have led in the past twenty years to the development of scanning
tunneling microscopy (STM). Electrons in the surface of the medium being surveyed
tunnel across a gap in vacuum to a sharp conducting tip of the microscope. See Fig. 4.24.
A change in the distance between the surface and the tip by as little as 0.001 nm can
lead to a 2% change in the tunneling current. An image of the surface can be obtained
by “dragging” the tip over the surface with a feedback loop designed to keep the current
constant. The tip moves up and down, tracing out the contour of the surface being probed.

v piezo

z piezo

X piezo

Figure 4.24 A schematic diagram of a scanning tunneling microscope operating in a
constant-current mode. Piezoelectric crystals whose dimensions change slightly when an
electric field is applied are used to control the motion of the tip.
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X

Figure 4.25 A barrier that varies slowly with position can be
approximated as a series of “thick” square barriers.

Field emission of electrons: Tunneling through a non-square barrier
Forka > 1,

Ak

——-7>“ — 2ka == constant — 2ka (4.136)
k2 + k2

In7T =1In (
where the last step follows since the logarithmic term will have at best a modest depen-
dence on energy [this is another way of saying what is happening in the exponent of the
exponential in (4.135) plays the dominant role in transmission through a barrier]. If the
barrier through which the particle is tunneling varies slowly with position in comparison
with 1/« then the barrier can be approximated as a series of square barriers that are thick
enough that we can make the approximations that resulted in (4.135). See Fig. 4.25. In
this case, it is not a bad overall approximation to write

(v ) —
InT ~ constant — 2 [ ‘/wd_y (4.137)
% (3

for the whole barrier, where the limits of integration include the region for which
V(x)> E. This approximation is clearly going to work least well in the vicinity of the
classical turning points where ¥ (x) &~ E and hence « = 0.

An interesting application of the result (4.137) is the field emission of electrons. We
noted in the discussion of the photoelectric effect in Section 1.3 that the energy required
to eject the most energetic electrons from the metal is the work function . Another
way to liberate these electrons is to change the shape of the potential energy well and
allow the electrons to tunnel out. If some negative charge is put on the metal, then near
the surface of the metal there will be a constant electric field of magnitude £ (which
is proportional to the surface charge density). Since the force e€ is presumed to be
constant, the potential energy in the vicinity of the surface is simply W — e¢€x, where x
is the perpendicular distance from the surface and # is potential energy at the surface,
as illustrated in Fig. 4.26.Thus the transmission probability is roughly given by

5 L TF—eE=dx
T = C()_Z\/}:.](. VI —eExd; (4.138)

where C is a constant and L = I/ /e€ is the distance that the most energetic electrons
must tunnel before reaching a region outside the metal where £ > V. Carrying out the
integral in the exponent, we find

AVIm TRl

T~ Ce™ 3t (4.139)
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x=0 x=WeE

Figure 4.26 The potential energy of an electron in a metal that carries a negative charge.
The most energetic electrons in the metal tunnel through a triangular barrier of length
L = W/e&, where W is the work function of the metal.

e

S
—8 4
10

T T T T
b2 1.6 2.0 2.4 2.8
10%/(applied potential in volts)

Figure 4.27 The current emitted by a solid which carries a
negative charge. The data are from R. A, Millikan and C. C.
Lauritsen, Proc. Nat. Acad. Sci. 14, 45 (1928).

This formula is called the Fowler—Nordheim relation. It was one of the early predictions
of quantum mechanics. Figure 4.27 shows the data for the logarithm of the current
generated by this tunneling as a function of the applied voltage. The straight line drawn
through the data, which cover five orders of magnitude variation in the tunneling current,
is consistent with the linear behavior of the exponent with respect to the reciprocal of
the voltage applied to the metal. We will see another interesting application of tunneling
in Chapter 9 when we discuss alpha particle emission from nuclei.

EXAMPLE 4.4 This is an Enrico Fermi problem. Suppose a car of mass m = 10° kg
very slowly (kinetic energy essentially equal to zero) approaches the speed bump
shown in Fig. 4.28. Take the length of the bump to be 1 m and the height to be
10 cm. Estimate the probability that the car tunnels through the bump?

- e N

Figure 4.28 Tunneling through a speed bump.




SOLUTION The transmission probability is given approximately by

T ~ e-{zfﬁ;']' J2m(V—E)dx

where the integral is understood to be over the region in which J/ > E. To determine
the tunneling probability for the car, we must first evaluate the integral

/\/ V — Edx

We set E = 0 since the kinetic energy of the car can be taken to be zero. To make
the integral easy, we choose the spatial dependence to be V(x) = mgh sin®(rx /L),
where b is the height of the potential energy barrier and L is its length. Then

L L
f VVidx = / vmghsin(mx/LYdx = L\/mgb/x
0 J0

and therefore

T~ e—2r:lL\/..5g?J/ﬁ.'r

Plugging in the numerical values

T =~ e—h'.Sx 0% _ 10—3.7)( 10%

Physical quantities don’t come much smaller than this! On the other hand, if we
replace the 1-tonne car with an electron, the exponent is reduced by a factor of 10°*.

4.8 Summary

This chapter is a chapter of examples, and therefore not an easy chapter to summarize.
In order to gain experience with how nature behaves in the microscopic world, we have
solved the time-independent Schrédinger equation for bound-state solutions for the fi-
nite square well, the simple harmonic oscillator, and the Dirac delta function potential.
We have also investigated the bound-state solutions of a double-well system, a primitive
model for a molecule. We have then looked at scattering in one-dimensional quantum
mechanics. Our results are consistent with the general features of the energy eigen-
functions that we outlined in Section 4.1. The energy eigenfunctions are oscillatory in
regions in which £ > V' and exponential-like when V' > E. The wave functions must
be continuous and, unless the potential energy is unusually singular, have a continuous
first derivative as well. Physically admissible wave functions are normalizable and hence
approach zero as |x| — oo. Fora particle bound in a potential well, the allowed energies
take on discrete values; they are quantized. As the energy increases, the wave function
becomes increasingly oscillatory in the region in which £ > V/, with an increasing
number of nodes. The amplitude of the wave function in the £ > V region grows as the
kinetic energy of the particle decreases. And for a particle that is not bound, the allowed
energies form a continuum. While it is possible to generate normalizable wave functions
from the continuum of energy eigenfunctions by superposing eigenfunctions with dif-
ferent energies to form a wave packet, we can also analyze scattering as a steady-state
phenomenon with the aid of the probability current.

Section 4.8 Summary
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Problems

4.1. Figure 4.29 shows four wave functions in the region
x > 0. Indicate for each wave function whether the wave
function is an acceptable or unacceptable wave function
for an actual physical system, If the wave function is not
acceptable, explain why.

v ¥h

-
-

v v :

X

-

Figure 4.29 Four possible wave functions.

4.2. Are the allowed values of the energy in the ranges
E<00<E<V,Vi<E<W,and V> < E < Vs for
the potential energy in Fig. 4.30 discrete or continuous?

VA

0 X

Figure 4.30 The potential energy ¥ (x) for Problem 4.2,
4.3. Sketch the energy eigenfunctions ¥y, ¥, and 1/

corresponding to the three lowest energy eigenvalues £,
E,, and E; for the potential energy shown in Fig. 4.31.

i {—-——————fl-ﬁj

s R e et -E,

Figure 4.31 A square potential energy bump
in the infinite square well.

4.4. The curve in Fig. 4.32 is alleged to be the wave
function for the fifth energy level for a particle confined
in the one-dimensional potential energy well shown.
Explain which aspects of the wave function are
qualitatively correct. Indicate the ways in which the
wave function is not qualitatively correct. Explain your
reasoning fully for each error that you find.

Figure 4.32 A sloped potential energy well and
an alleged energy eigenfunction.

4.5. For which of the potential energies in Fig. 4.33
could ¥ (x) be an energy eigenfunction? Sketch any
lower energy eigenfunctions that are bound to exist.

4.6. Verify that
‘J/(\) =4 ‘,ne——rmo.\‘z,fZﬁ
where # is an integer, is an approximate solution to the

differential equation

Rdy 1 5,
Ll —maixiw = E
2m dx? w Zm{ﬂ add ¥

for sufficiently large |x|.

4.7. Normalize the wave function (4.21).

4.8. The energy eigenfunctions ¥y, ¥, V3, and ¥y
corresponding to the four lowest energy states for a
particle confined in the finite potential well

S
7 —
Vix)= {0

are sketched in Fig. 4.4. For which of these energy
eigenfunctions would the probability of finding the
particle outside the well, that is, in the region |x| > a/2,
be greatest? Explain. Justify your reasoning using the
solution to the Schrodinger equation in the region

x =>af2.

x| <a/2
x| > a/2
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Figure 4.33 A wave function and three possible
potential energy functions.

4.9. A particle of mass m is bound in a one-dimensional
well with one impenetrable wall. The potential energy is
given by

o0 x <0
Vixy=< —Fy O0<x<a
0 xX>a

(a) Solve the Schrédinger equation for £ < 0 inside and
outside the well (See Fig. 4.34). Apply the boundary
conditions at x = 0 and x = & to obtain an equation that
determines the allowed values of £. () Show that there
will be no bound state unless 2m Vya? /h* > 72 /4.
Suggestion: Note the similarity of this problem to the
solution of the finite square well for the odd wave
functions. Follow the procedure outlined in Section 4.1.
(¢) This potential energy well is used in first attempts to
describe the deuteron as a bound state of a proton and a
neutron. The problem is, of course, really three
dimensional, but the Schrédinger equation for states
with zero angular momentum is the same as that given in
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(a) with the radius r replacing x, and m replaced with
mpm, [(m, + m,), the reduced mass of the
proton—neutron system. This system has just one bound
state, the deuteron. Take the width of the well to be

a = 1.4 x 10~"° m and assume the deuteron is just
barely bound. Obtain a numerical value for the depth of
the well. The observed binding energy of the deuteron is
E = —2.2 MeV. Is your assumption that Vj >» |E|
consistent? Sketch the ground-state wave function.

vV

a

Figure 4.34 A square well bounded by an infinite
potential energy barrier at the origin.

4.10. The energy eigenvalues and eigenfunctions of the
simple harmonic oscillator are given in Section 4.3.
What are the energy eigenvalues for the “half™ harmonic
oscillator potential energy

00
Flx) = { Ima?x?
: .

shown in Fig. 4.35. Sketch the corresponding energy
eigenfunctions for the three lowest energy states.

¥ <)
x>0

oo

1%

~1 9.9
MW X"

0 X
Figure 4.35 A half harmonic oscillator potential

energy function.

4.11. In Section 4.3 we saw that

00

D Vg
/ e dy = [ =
p b
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(a) By taking the derivative of this equation with respect
to b, show that

. i 1
/ e ™ dx = ~ o
ey 2V p3

(b) Evaluate

x >
f xte % dx
—0Q

4.12. A particle of mass m moves in the harmonic
oscillator potential energy

1
Vix)= ima)z.\‘z

The normalized energy eigenfunctions are denoted

by v, (x) and the corresponding energies are £, =

(n + %)ﬁw, n=20,1,2,... Suppose that at time 7 = 0
the wave function of the particle is

W(x) = ?Wo(—\‘) o ]5\—51@!!1(—\')
(a) Determine the time dependence of the wave function.
That is, what is W(x, ¢)? () What is the probability of
obtaining #iew/2 if a measurement of the energy of the
particle is made? Of obtaining 3#%w/27 Of obtaining
5#iw /2?7 Do these probabilities vary with time? Justify
your answer. What are (£) and AFE at time ¢?

4.13. Use the result of Problem 4.11a to determine Ax
for the ground state of the simple harmonic oscillator.

4.14. (a) Without using exact mathematics—using only
arguments of curvature, symmetry, and semiquantitative
estimates of wavelength—sketch the energy
eigenfunctions for the ground state and first excited and
second excited states of a particle in the potential energy
well

V(x)=alx|

See Fig. 4.36. This potential energy has been suggested
as arising from the force exerted by one quark on another
quark. (b) Estimate the ground-state energy of a particle
of mass m for the potential energy

Vix) = alx|

by using the uncertainty principle.

0 x

Figure 4.36 A linear potential
energy function,

4.15. The one-dimensional time-independent
Schridinger equation for the potential energy discussed
in Problem 4.14 is

d*y 2m
dx? + F

(E —alx|)W =0

Define E = e(#*a®/m)'? and x = z(h*/ma)'/>.
(a) Show that ¢ and z are dimensionless. (5) Show that
the Schrodinger equation can be expressed in the form

d*r
dz?

+2e—|zDY =0

(c) Numerically integrate this equation for various values
of &, beginning with dr/dz = 0 at z = 0, to find the
value of € corresponding to the ground-state
eigenfunction. Nore: To solve the Schrodinger equation
numerically, we convert the differential equation into

a finite difference equation through the transposition

z — jé&. where § is the step size of the iteration and j is
an integer, that is, ¥ (z) — ¥(z;) = ¥; and V(z) —
V(z;) = V;. We can determine ;. from v/;. Using the
Taylor series expansions

s Byl [ LYY o
¢f(_+a)—w(-)+(d:):5+2(d:z):fs+

and

o Bt (O LY p
Yz —8)=P(z)— (E)__‘HE (d__z):a -

and adding these two series together, we obtain

/2 ’
Uz +8) = —¥(z - 8)+ 20 () + (‘djf) Pap o

which is good to order §* since the §° terms cancel just
as did the terms of order §. Replacing the second
derivative from the Schrodinger equation, we find

Vil = =1 +29 = 257 (€ —1z;1) ¥



To get started, that is, to calculate vy, we need to know
yro and yr,. For the ground state, (dV//dz).o = 0. Thus
Yo = Yy through first order. Or you can use the
Schrisdinger equation itself to find ¥ to second order
from the Taylor series:

U =y — 8%e v

Suggestion: The value for € from part (b) of

Problem 4.14 is a good starting point for your
calculation. Move up or down until you find a region for
which a small change in € causes the wave function to
change from diverging “up” to diverging “down,” as
suggested by Fig. 4.9.

4.16. A particle of mass m rests upon an impenetrable
horizontal floor located at z = 0 in a uniform
gravitational field. («) What is the one-dimensional
Hamiltonian (energy operator) for this system? Sketch
the potential energy. (b) Sketch the wave function for the
ground state of the Hamiltonian as a function of z.
Indicate on your sketch the approximate location of (z),
the average height of the particle above the fioor.

(c¢) Assume you can approximate (z) = Az, where Az is
the uncertainty in the position of the particle. Use the
Heisenberg uncertainty principle

AzAp. > /2

to estimate (z) for the lowest energy state, the ground
state. Obtain numerical values for (z) form = 1 kg (a
macroscopic particle) and m = 107" kg (an electron).

4.17. Suppose a molecule is in the superposition of
states

| | =
—ﬁllfo(—f) +* 7511/1(-\ )
where v is the ground-state wave function with energy
Ey and o, is the first-excited-state wave function with
energy £,. What is W(x, r)? Show that the motion is
periodic and determine the period and hence frequency
of oscillation. Show that this frequency is the same as
that of a photon that would be emitted in the transition
between these two energy states.

U(x) =

4.18. (a) Sketch the wave function for the first excited
state of a double delta function potential energy well.
(h) Show that the transcendental equation that results
from satisfying the boundary conditions for the potential
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energy (4.89) may or may not have a solution depending

on the value of a.
4.19. The eigenfunctions of the position operator satisfy
":UP W.r..(v") = "'0 ljl.\'n(x)

Argue that the position eigenfunction corresponding to
the particular position x is proportional to the Dirac
delta function

Py, (x) =8 (x — xp)

4.20. (a) At time 1 = 0 a position measurement locates a
particle in the potential energy box

P |
I(.\)—{oo

to be in the vicinity of the center of the box, x = L /2.
Assume that we approximate the particle’s
(unnormalized) wave function to be §(x — L /2), a Dirac
delta function. That is, we take W(x) = 8(x — L/2). Find
the relative probabilities P, that a measurement of the
particles energy will yield E,, for all n. (b) Determine
W(x, 1), the (unnormalized) wave function of the particle
at time ¢. Do the probabilities that you determined in (a)
vary with time? Explain why or why not.

D=x< L
elsewhere

4.21. Show that

dO(x) - 5(x)
dx
where
1 =0
= {0 x <0

is a step function and §(x) is a Dirac delta function.
Suggestion: Start with

jﬂ 5(v)dy = { (l)

4.22. Discuss qualitatively how the energy difference
between the ground state and the first excited state varies
with separation of the potential energy wells shown in
Fig. 4.16.

x>0
X<

4.23. In Chapter 1 we saw in the reflection of light from
an interface with a medium in which the light slows
down that there is a phase change of 7 upon reflection.
Show in the analogous situation for the Schrédinger



150 Chapter 4: One-Dimensional Potentials

equation that there is no phase change. When does a
phase change occur? Suggestion: See Section 4.6,

4.24. (a) Verify that the wave function W = (Co—*t—iEt/f
(see Example 4.3) in the region x > 0 for the step
potcntial of Section 4.6 leads to zero probability current
in Ihi§ region. (b) Use the conservation of probability
equation

W g,
a  ox
to argue that the probability current vanishes in the
region x < 0 as well for this energy eigenfunction. What

can you therefore conclude about the magnitude of the
reflection coefficient?

4.25. Solve the time-independent Schrédinger equation
for a particle of mass m and energy £ > F} incident
from the left on the step potential

V
Vix) = {0“

See Fig. 4.37. Determine the reflection coefficient R and
the transmission coefficient 7. Verify that probability is
conserved.

x <10
x>0

Figure 4.37 A particle with energy E > ¥j is
incident from the left on the step potential.

4.26. Solve equations (4.128) through (4.131) for the
ratio 4/ C and verify that the transmission coefficient T
for tunneling through a square barrier is given by
(4.133), namely

2 |
K +x2)"
T=|1+ % sinh? ka
where
p Va2mE il V2m(Vy — E)
( = b K=
f fi

4.27. There is a fair amount of algebra involved in doing
Problem 4.26. But if you have done this algebra, it is not
so difficult to determine the probability of transmission
for a particle with energy £ > J{ incident on a square

barrier of width @ and height . Use the “substitution
strategy™ outlined in Example 4.3 to show that

= i3)? =
T = [1 + ( 0) sin’ knaJ

4k
where
k= V2mkE ' V2m(E = V)
= P and I\'O = ——T._

in this case. Caution: Since the substitution strategy
involves the change from real to complex exponentials in
the solution in the region 0 < x < a, it is safest to make
the substitution in the ratio 4/C.

4.28. (a) Explain why it is okay to make the substitution
Vo — =V in the results of Problem 4.27 to determine
the probability of transmission for a particle with energy
E incident on the potential energy well

0 x <0
Vix)=<¢ =V, O0<x<a
0 X>a

(b) Show that for certain incident energies there is 100%
transmission at just those values of the kinetic energy

E + ¥, of the particle in the region 0 < x < « that
would be energy eigenvalues for the particle were it
trapped in a potential well of width @ extending upward
to infinity from —¥j. (¢) The diameter of the krypton
atom is about 4.1 A. Suppose that an electron with

0.7 eV kinetic energy encounters a one-dimensional
square well with a width of 4.1 A, representing a crude
model of the krypton atom. What must be the depth

of the well for 100% transmission? This unusual
transparency to electron scattering of certain noble gases
is known as the Ramsauer-Townsend effect.

4.29. (a) Solve the time-independent Schrodinger
equation

w d*yr

2m dx?
for a particle of mass m with energy 0 < £ < V| for the

potential energy

+VY=EY

oo ¥ -0
-V O<x<a
12 a<x<b
0 x>b

V(x)=

as indicated in Fig. 4.38. Write your solution in a form
that is appropriate for particles incident from the right.
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Figure 4.38 The potential energy V(x) for Problem 4.29.

Define clearly any parameters you introduce in solving
the equation. (») Apply the appropriate boundary
conditions to obtain a set of equations involving any
arbitrary constants that appear in your solution. Do not
solve the resulting set of equations. (¢) A beam of
particles with energy £ < V), is incident from the right.
What combination of constants appearing in your
solution would you evaluate to determine the reflection
coefficient? Without explicit evaluation, can you say
what the reflection coefficient would be? Explain your
reasoning.

4.30. Calculate the reflection and transmission
coefficients for scattering from the potential energy
barrier

2mlV(x) «
= = =0(x])
h” a
where «/a is a constant and 8(x) is a Dirac delta
function. Assume the particle with mass m and energy £

is incident on the barrier from the left. Recall from
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Section 4.4 that the derivative of the wave function is not
continuous at the origin but rather satisfies

dir diyr _a
(E)n* - (E)n Ca s

4.31. A particle of mass m is projected with energy
E =V} at the potential energy barrier

0 x<0
Fx)=< Vy O<x<a
0 x4

See Fig. 4.39. Determine the most general solution to the
time-independent Schrodinger equation in the regions

x < 0,0 <x <a,andx > a. Apply the appropriate
boundary conditions and determine the transmission
coefficient for a particle projected at the barrier from the
left. Check that your result behaves appropriately in the
limit a — 0. Reminder: The most general solution to a
second-order differential equation has two arbitrary
constants. This is true in each of the regions x < (),
0<x<ag,andx > a.

Vi

[
E %
l

a X

Figure 4.39 A potential energy barrier of height /4 for
scattering of a particle with £ = V.



CHAPTER

Principles of Quantum Mechanics

Operators play a fundamental role in quantum mechanics. So far we have introduced the
position, momentum, and energy operators. After adding the parity operator to our quiver
of operators, we go on to examine some of the fundamental properties of these so-called
Hermitian operators. We will also examine the fundamental role played by commutation
relations of operators in quantum mechanics.

5.1 The Parity Operator

We have noted that the time-independent Schrédinger equation

# 9ty

2m dx?

F V)W = Ey (5.1)

is also the energy eigenvalue equation

Hyrg = EYg (5.2)
where
# 92
Hz_ﬁﬁ"’”") (5.3)

is the energy operator and we have added a subscript £ on the wave function in (5.2)
to emphasize that this particular eigenfunction corresponds to the eigenvalue £. As we
have seen in Chapter 4, the energy eigenfunctions and eigenvalues can be determined
once we know the potential energy F(x). We have also noted in the previous chapter
that when the potential energy F(x) is an even function of x [V (x) = V(—x)]. then
the energy eigenfunctions are either even or odd functions. This behavior of the wave
functions under x — —x is closely connected with the parity operator.
The parity operator IT is defined by

Myr(x) = ¥(—x) (5.4)
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that is, when the parity operator acts on a wave function it inverts the coordinates. The
eigenvalue equation for the parity operator

H'(,b)(\) = )»1,[)’;._(3\.’) (55)

where A is a constant, can be easily solved by noting that inverting the coordinates twice
must get us right back where we started, that is, 1% is the identity operator.' Since

M2y (x) = Tays (x) = ATTY;(x) = A2 (x) (5.6)
and TT? = 1, we see that

A-=] or X =2 (5.7)

The eigenfunction corresponding to the eigenvalue A = +1 satisfies

Mfn=i(x) = Yz (x) (5.8)
but given (5.4), this means
Vi=1(—x) = Y= (x) (5.9)
Thus this eigenfunction is an even function. Similarly, for 2 = —1
MY=1(x) = —Yn=_1(x) (5.10)
and hence
Vi=1(—=x) = —¥u—1(x) (5.11)
Thus the eigenfunction corresponding to . = —1 is an odd function. The eigenfunctions

of the parity operator are simply even and odd functions.
It is easy to show that any function can be written as a superposition of even and odd
functions. Note that

] 1
Yx) = 3 [¥r(x) + ¥ (—x)] + 5 [¥r(x) = Yr(—=x)] (5.12)

and the first term in the brackets is an even function while the second term is an odd one
under the transformation x — —x. Thus the eigenfunctions of the parity operator form
a complete set.

EXAMPLE 5.1 Argue that the eigenfunctions of'the parity operator corresponding to
distinct eigenvalues satisfy the orthogonality condition

_/ I/"::q(-"Wﬁ_:l(.\‘)d.\' =0

'A couple of words about our notation are probably in order. We use the symbol IT instead of P
for the parity operator to avoid confusion with momentum. Since the eigenvalues are dimensionless,
there is no obvious symbol to assign to them. In linear algebra, the symbol A (not to be confused with
wavelength) is often used in the general eigenvalue problem, and we have followed suit here.
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SOLUTION Since r;—;(x)isan even function of x and ¥, (x) is an odd function of
x,theproduct ¥/;__ (x)v¥;=1(x) isan odd function. The integral in the orthogonality
condition is the area under the curve of y7__,(x)y:-(x) from —co to oc. Since
the integrand is an odd function and the integral is over all x, there is exactly as
much negative area as positive area under the curve.

Alternatively, make the change of variables x" = —x:
o e
/ VWi ()= — f Ui (= Wi (—x)
-0 00

= _'// Vi (o (X)) dx’

In going from the first line to the second line, we have switched the limits of
integration (which absorbs one minus sign) and taken advantage of the fact that
Y1 (—x") = Yo (x") and Y- (—x") = —y—_1(x"), which yields a second
minus sign. Thus, the expression on the right is equal to the negative of itself (you
can now set dummy variable x’ to x on the right-hand side to make this more
evident) and consequently must be zero.

5.2 Observables and Hermitian Operators

The parity operator has real eigenvalues. The eigenfunctions corresponding to distinct
eigenvalues are orthogonal. And the eigenfunctions form acomplete set. These properties
are true for a general class of operators called Hermitian operators. We postulate that
the operators in quantum mechanics that correspond to observables, to the things we can
measure (such as energy), are Hermitian operators. A linear operator A, corresponding
to the observable A4 is Hermitian provided it satisfies

[ ¢ (Aop¥r) d,\—=/‘“ (Aopd)” ¥ dx (5.13)

o -0

where ¢ and v/ are physical wave functions. We insert the parentheses in the right-hand
side of (5.13) to indicate that 4, acts on the function ¢ but not on ¥ and that we are
taking the complex conjugate of the function 4,,¢. We could rewrite the lefi-hand side
as ]_\:‘C ¢" Aopr dx, without the parentheses shown on the left-hand side of (5.13). The
parentheses aren’t strictly necessary since the only function to the right of 4, on which
the operator can act is .

The defining relationship (5.13) for a Hermitian operator looks pretty abstract. But if
we take the special case of ¢ = . then (5.13) reduces to

/‘ Y (Agptr) dx = / (Aop¥r)” ¥ dx (5.14)

-0
Recall that the left-hand side of (5.14) is the expectation value of 4, while the right-hand
side is just the complex conjugate of the left-hand side since the complex conjugate of
¥r* is ¥ and the complex conjugate of the function A, is (.~'lnr,1,//)*. Therefore (5.14)
states that

(4) = (4)* (5.15)
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Thus a Hermitian operator is one that yields real expectation values, which is certainly
a necessary condition for an observable.
Next consider the eigenvalue equation

AopVa = a¥, (5.16)

where A, is a Hermitian operator and v, is an eigenfunction of 4,, with eigenvalue a. If
we calculate the expectation value of 4 assuming the wave function is an eigenfunction,
we obtain

50 00
(A) = [ W:Aoplffu dx = / ]10:”111(1 dx =a (5.17)
J—00 J—oc

presuming that the eigenfunction is normalized. Thus the requirement that (4) = (4)*
means that the eigenvalues are real: a = a*.

It is also straightforward to show that the eigenfunctions of a Hermitian operator
corresponding to distinct eigenvalues are orthogonal. If we assume that ¥, and v, are
eigenfunctions corresponding to distinct eigenvalues ¢, and a». respectively

Ao = a1y and Agptra = azil (5.18)

then
f 3 Ayl e = / " Uil i e (5.19)
—20 J -0

since A, is presumed to be Hermitian. But taking advantage of (5.18), this equation
becomes

/. Yyrai¥dx = / (@yn) Y dx (5.20)

or
OO0
(a) — ay) / Y, dx =0 (5.21)
J =00

Therefore, since the eigenvalues are distinct, we must have

/‘ Vi dx =0  a #a (5.22)

This is the same definition of orthogonality that we used in our discussion of the properties
of the energy eigenfunctions for the particle in a box in Chapter 3 [see (3.45)]. But now
we see that it applies to the eigenfunctions of any Hermitian operator corresponding to
an observable.

The eigenfunctions {1,} form an orthonormal basis, at least if the eigenvalues are
discrete. Orthonormality is a mix of orthogonality and normalization and can be conve-
niently expressed as

00
/ oW, d% = 8 (5.23)

o0

>While (5.14) looks less general than (5.13), we can start from the requirement that the expectation
value be real for an arbitrary square-integrable wave function and derive (5.13). See Problem 5.6.
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where again

P I m=n 524

mn — 0 m # n (- . )

is the Kronecker delta. The fact that the eigenfunctions forms a basis means that any
wave function W can be expressed as a superposition of the eigenfunctions

V=c¥g+ayr+cs+--- =Zcrr§l/u (5.25)
n

that is, the eigenfunctions are complete. In Section 5.1 we demonstrated that the eigen-
functions of the parity operator are complete.

In general, proving completeness is not as easy as proving orthogonality, but com-
pleteness is an essential part of quantum mechanics. For if W is normalized, then

= [_i W dx = /_1 (Zc;,w:,) (Z c',,t/f,,) dx

m n

-
=Y aXYa [ vivds
m n ol
=Y b= =Y B (5.26)
m.n n

n

Thus it is natural to identify |c, |* as the probability of obtaining the eigenvalue a,, if a mea-
surement of the observable 4 is carried out. While we made a similar statement earlier,
in Section 3.3 for the particle in a box, here we are extending this ansatz to the eigenfunc-
tions of any operator corresponding to an observable. If the eigenfunctions were not a
complete set, if we could not presume that we could write any wave function as a superpo-
sition of the eigenfunctions as shown in (5.25), then we would have no way of calculating
these probabilities for an arbitrary wave function. Because of the orthonormality of the
eigenfunctions, it is straightforward to determine ¢, given a particular wave function W:

oc aC
[Cwwar=[" v (Z en wm) dx
J-s0 —0oc =
ol
= Z Cm [ 1/": Wm dx = Z G G =Cpy (5.27)
J =00

m m

Of course, since |c,|* is the probability of obtaining the eigenvalue a,, then the
expectation value of the observable A is given by

(A) = z |(‘n|2“n (528)

However,

oo OO
/ W AW dx j (§ e w,;) i, (§ e w,,) dx
=t e n

m

= /'“ (Z C;.'#;z) (Z c,,a,,u’;,,) dx

m

§ R § : . * 5
. Em nCn / !!Im wn dx
m " Ne=ga
* . * 2
= ZC,,,C,,“nSrmr = E C,Cpan = E |cql an (5.29)
" n

m,n
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and therefore we see quite generally that

o0
(A):/ W Aoy W dx (5.30)
=20
Similarly
o
(‘42)=/ WAL W dx (5.31)
=0

and therefore

(AA) = (4%) — (4)* = f WAL W dx — (/ W Ay W d.\-)- (5.32)

EXAMPLE 5.2 Show that the linear momentum operator

fI d

Prow = i ox

is a Hermitan operator.

SOLUTION Our goal is to show that

/l ) ¢ py Wdx = / (P,\-opﬁﬁ)*‘zb dx

Start with the expression on the left and integrate by parts (see footnote 12 in
Section 2.9)

AN
/ d)ldl = i/m(ax) l[/d-‘f—l-id)?//‘_m

:l/’x (fii)(f))"lﬂd\'
=g LT 8%

where we have taken advantage of the fact that ¢ and ¥ vanish as |x| — oc to
eliminate the “surface” term. Notice that the fact that the linear momentum operator
is Hermitian depends on the nature of the operator itself (consider whether this
operator would be Hermitian without the “/”, for example), but it also depends on
the behavior of the wave functions on which this operator acts, namely that these
wave functions vanish at infinity.

EXAMPLE 5.3 Assume the operator 4,, corresponding to an observable ofa particle
has just two eigenfunctions v (x) and v, (x) with distinct eigenvalues a; and a>,
respectively. Thus a wave function corresponding to an arbitrary state of the particle
can be written as

Y(x) = cryn(x) + c2va(x)
An operator B, is defined according to
Bon‘r’}(-\') = (x) + cryz(x)

What are the eigenvalues and normalized eigenfunctions of B,,?
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SOLUTION Start with the eigenvalue equation B, ¥ = b/, that is

B ¥ = ca¥n(x) + e1¥a(x) = b[e1¥1(x) + c2va(x)]

Since ¥; and v, are orthogonal basis functions, the coefficients multiplying v/,
on both sides of this equation must be equal (alternatively, multiply both sides by
¥ and integrate over all x, taking advantage of the orthogonality of ¥, and ).
Similarly, the coefficients multiplying 1> must be equal. Thus we really have two
equations

¢ = be and ¢) = bey

If we substitute the second of these equations into the first, for example, we obtain
c2 = b%c;. Thus B = l,orb = £1. For b = 1, ¢c; = ¢, while for b = —1,
¢ = —c). Thus the two normalized eigenfunctions are

and

| | 1 |
e i s s = =t o =ty ety
Vp=1 ﬁl}'fl ﬁlf Up=—1 ﬁw ﬂv

There is an alternative strategy for solving this problem, a strategy that intro-
duces some of the key ideas of matrix mechanics. Although this example may
seem to be an abstract one, it will turn out to be very useful to us when we turn
our attention to intrinsic spin angular momentum in the next chapter. To set the
stage, note that we have determined the eigenfunctions and eigenvalues of B,
without actually knowing the explicit form of the eigenfunctions 1 and . In the
same way that we can write an ordinary two-dimensional vector V = Vi F,jas
V = (V,, Vy), we use a more compact notation that expresses ¥ = ¢y + 2y
as a two-dimensional column vector

S €\
= (3)

Similarly, we can write the operator By, as a 2 x 2 matrix, namely

01
Boy= (1 o)
_ 01 (43] - C2
= (10)(2) - (€)

consistent with By, (x) = e2y1(x) + ¢1¢ra(x)
In this matrix mechanics, the eigenvalue problem B,y = by takes the familiar

form
01 | = )
10 Cy - C2
which can be rewritten as
01 ¢\ _(bO c —b 1 o\ _

since
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For a nontrivial solution the determinant of the coefficients of this last 2 x 2 matrix

must vanish. Hence

-b 1|
gHEL
Thus b* = 1. As before ¢; = ¢; when b = 1 and ¢; = —¢) when b = —1. Thus

the normalized cigenvectors are given by the column vectors

1/v2 1/+/2
Yp= = (I;ﬁ) and Ypeo) = (—l/\/i)

consistent with our earlier results.

5.3 Commuting Operators

When one multiplies numbers such as @ and b together, the order in which we carry out the
multiplication does not matter, namely ab = ba. We say that the numbers commute under
multiplication. But in quantum mechanics observables are associated with Hermitian
operators and the ordering of these operators matters a great deal. As we will see in
this section and the next, whether the operators corresponding to observables commute
or not is of utmost importance. In fact, one can make the case that the commutation
relations satisfied by these operators are at the very heart of quantum mechanics. The
commutator of two operators Ay, and By, is defined by

[A(}ps Bnp] = Aup Bup i BopAop (5.33)

Let’s start with an example in which the commutator is zero, that is Ao, By = Bop Aop.
Consider the commutator of the parity operator and the Hamiltonian for the harmonic
oscillator. In order to evaluate the commutator, we apply the commutator, which is after
all an operator, to an arbitrary wave function v (x):

[Hsho, T yr(x)
it o7 = lm v2 | My (x) - 1T i +I 2 Yr(x)
= | =B g S ae? x) — e —mwx X
2m ax2 2 = * 2max? | 2 *

3 g a0
———+ lmcm ) Y(—x)— (—f— g lm'w(-'\) ) Y(—x)

2m ox? 2 2m d(—x)?

fl [ f'z 32 l X
( i” Em —mw_\-l) YU(—x)— (—#ﬁ = Emwx‘) Y(—x)
=0

where the key step is noting that the transformation x — —x leaves the Hamiltonian
unchanged. Thus the commutator vanishes. This will be true for any Hamiltonian for
which V(x) = V(—x).

What are the implications of two Hermitian operators A4, and B,, commuting? If we
apply the operator B,, to the eigenvalue equation

Aopa = atl, (5.35)

(5.34)
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we obtain

BopAop¥a = aBopVra (5.36)

But since 4,, and B,, commute (i.e., AopBop = BopAop). we can flip the order of
operators on the left-hand side to obtain

AupBop‘/‘ru = UBop];’}u (537)

To make the meaning of this equation clearer, let’s add some parentheses to guide the
eye:

A“P (B“Pllbh') =da (Bupwu) (538)

This equation tells us that B, is also an eigenfunction of the operator A,, with
eigenvalue a.

Now there are two cases to consider. First, let’s assume there exists a single eigen-
function v, with eigenvalue a. In this case we say the eigenfunction is nondegenerate.
Then since B,pVr,is an eigenfunction of 4., with eigenvalue a as well, By, differs
from v, by at most a multiplicative constant. If we call this constant b, then

Bnp‘i-”u = by, (5.39)

But (5.39) simply states that v, is an eigenfunction of B, with eigenvalue . Hence v,
is simultaneously an eigenfunction of A, with eigenvalue @ and of B,, with eigenvalue
b. We can therefore relabel the eigenfunction as v, », indicating the eigenvalues for each
of the operators. The simple harmonic oscillator provides a nice illustration. Since the
Hamiltonian for the harmonic oscillator commutes with the parity operator and there ex-
ists a single energy eigenfunction for each energy eigenvalue, each energy eigenfunction
must also be an eigenfunction of the parity operator. That is, each eigenfunction must be
either an even or an odd function, as we saw in Section 4.3.

If there is more than one eigenfunction with the eigenvalue a. we say there is degen-
eracy. What then can we conclude? Let’s take an example involving the Hamiltonian for
a free particle to illustrate. As Example 5.4 shows, this Hamiltonian commutes with the
linear momentum operator. But there are two eigenfunctions of the Hamiltonian with a
particular eigenvalue £, namely,

W(x) = Asinkx and Y(x)= Bcoskx (5.40)
where
h lk.’.
Bt (5.41)
2m

We say, in this case, there is two-fold degeneracy. You might at first be tempted to
think that these energy eigenfunctions should also be eigenfunctions of the momentum
operator, but this is clearly not the case since

fi fi
PrpAsinkx = —_rk.-l cos kx and Pr,Acoskx = —T’!m' sinkx  (5.42)
] ]

A single derivative does not return the same function when applied to a sine or a co-
sine. Nonetheless, there are linear combinations of these energy eigenfunctions that are
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simultaneously eigenfunctions of the momentum operator, namely the complex expo-
nentials

Y(x) = Ae™™* and W(x) = Be " (5.43)

that we used in our analysis of scattering. These two functions are not only eigenfunc-
tions of the Hamiltonian with the eigenvalue %4> /2m but they are also eigenfunctions
of the momentum operator with eigenvalues f1k and —#k, respectively. This illustrates
the general result: when there exists degeneracy of the eigenfunctions of Ay, it is always
possible to choose a linear combination of the degenerate eigenfunctions that are simul-
taneous eigenfunctions of By, when A, and B,, commute. We will not give a general
proof. The interested reader is referred to a textbook on linear algebra.

In summary, when two Hermitian operators commute, they have a complete set of
eigenfunctions in common. We can then know both of these dynamical variables simul-
taneously, without uncertainty.

EXAMPLE 5.4 Show that the Hamiltonian for a free particle and the linear momen-
tum operator commute.

SOLUTION For a free particle, we can set the potential energy V' to zero. Then

-

(pxﬂp)

2m

To evaluate the commutator of this Hamiltonian and the linear momentum
operator, let the commutator act on an arbitrary wave function ¥ (x):

[h’- ]7.\",[,} Y(x)

I
|
':.\-
L
‘m
2
NN
2|
| ES— |
<
—
-
-

B f;'" E}Z 9 3 63 -
T 2mi \ 9x28x  9x ox2 v(x)

w (a“w(x) _ 8*&@:)) Lo

2mi a3 A3

5.4 Noncommuting Operators and Uncertainty Relations

What if the commutator of two operators is not zero? What are the implications? A
classic example of a nonvanishing commutator is the commutator of the position and the
momentum operators:

[-\-0]‘)» /-7,\'“,] = XopPxyy = PrgyXop (5.44)

To evaluate this commutator, we again let the commutator act on an arbitrary function

Yr(x).
[xup, [),l'up] l)f'/ = [.\' 20 ] 1,!’1' (545)
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Therefore

["ﬁa}‘!’—('ﬁa ho
il Y T\ T fﬁ")l’/’

h a " hoo "
=X——1r — ——(x
i dx i dx ¢
hoy h h oy
=xz ot -2y ot
i dx i [ dx
= ifyr (5.46)
Since v is arbitrary, we have shown that
[ops 2, )= (5.47)

Notice that the key element in this derivation was that the momentum operator differen-
tiates everything to its right. In the first term in the commutator, this corresponds to the
wave function i while for the second term of the commutator the function to the right
of the momentum operator is x 1.

The product of two operators, say 4, Bop. is itself an operator. Consequently, the
commutator of two operators is also an operator. We will now show that if two Hermitian
operators do not commute and their commutator is expressed as

[ Aoy Big] = iCep (5.48)

where C,p is a Hermitian operator, then an uncertainty relation of the form

AAAB > l{zﬂ (5.49)

must hold.> Comparing (5.47) with (5.48), we see for the position-momentum commu-
tator that C,, = # and the uncertainty relation (5.49) becomes
f -
AxAp, > 5 (5.50)

the famous Heisenberg uncertainty relation.

We now turn to the proof of (5.49). This general uncertainty relation is a very important
one. The proofis presented so that you will have confidence in the result, but in the end it
is more worthwhile to focus on the result itself rather than on the details of the derivation.
Recall from (5.32) that

(A4 = (4= (4))°) = (4% — (4 and (ABY ={(B - (B))) = (B*) — (B)
(5.51)

We start by defining two operators
Usp = 4op — (4) and Vop = Bop — (B) (5.52)

Then

fx Yt UL dx = (AAY and /m Y Viydy = (AB)Y  (5.53)

*It is not hard to show that C,, = —i (s B.,,,] is Hermitian provided A, and B, are Hermitian.
See Problem 5.11.
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and since
[Uop- '!up] = iCup (554)
we also have
OO o0
/ vt [Unp, V(,p} Urdx = / Y iCopydx =i(C) (5.55)
J =00 J =00
Now we know for any complex function ¢ that
[ #oar=0 (5.56)
v =00
Let’s choose as our ¢
¢ = Ugp¥ +idVopt (5.57)

where the constant A is presumed to be real, and define

I() = /\ o b dx (5.58)

Since 4, and B, are Hermitian, so are Ugp and Vip. Thus

1) = [ Ut + 13V Wi + Vo)

o0

o0 o 5 5
= /_"u l,b*(UJp + A° V(;p +iA [U(,,,, Vop] ) ¥ dx
= (A4 + 22 (ABY — A(C) 2 0 (5.59)

The minimum occurs when

11 ] C
£ 2 (ABP—(C)=0 = A= (5.60)
dA 2(ABY
Substituting this value for A into the last line of (5.59), we obtain
(C)? (Cy?
AA) + = > () 5.61
(&4) 4(AB? 2(AB? ~ 2Ll
or
5 o)
(a47 a8y = < 4> (5.62)

Finally, taking the square root of this equation, we obtain the general uncertainty
relation

Ic

AAAB > (5.63)

As we have noted, not only does this result lead to the Heisenberg uncertainty principle,
but it also can be used to derive many other important uncertainty relations. In the
next section, we examine another such relation, the Heisenberg energy—time uncertainty
relation.
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EXAMPLE 5.5 Determine the matrix that represents the operator Aop In Exam-
ple 5.3. Evaluate the commutator of Agp and By, in matrix mechanics. What do
you conclude about the eigenstates of A,y and B,,?

SOLUTION Since 1y and yr, are eigenstates of Aop with eigenvalues a; and a»,
respectively, the matrix representation of 4, is given by

a|0
Aﬂp: (0 (I‘J)

as can be verified by applying the matrix to the column vectors

G
(%)

Therefore the commutator of 4,, and B, is given by
a; 0 01 _ 01 a 0
0 a 10 10 0 ar
0 a _ 0 a;
ar 0 ay 0

0 a) —az
_(ﬂg—(l] 0 )#0

Since the operators do not commute (presuming a; # a»), they do not have eigen-
states in common, as we have seen in working out Example 5.3.

From Example 5.3

Aop Bnp = Bup Aop

I

Il

5.5 Time Development

The time-dependent Schrodinger equation

G 16370 BN L 0W(x, 1) ,
is the equation of motion for one-dimensional wave mechanics. It can also be written
simply as

W(x, 1)

HWY(x,t)=ih—— (5.65)
at

where H is the Hamiltonian. It is instructive to ask how expectation values vary with time.
Let’s start with

i /x W Ay d (5.66)
= — ” ; .6
T R :

Since the limits of integration are independent of time, we can move the time derivative
under the integral sign, being careful to replace the ordinary time derivative with a
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partial time derivative since the wave function depends on both x and ¢ and we are only
differentiating with respect to 7. Thus, using the chain rule,

oC * Ao o0
gid) =[ o Ao,,\Ide+_/ w* - — 2P Wdx +/

v
W 4pp—dx  (5.67)
dt o OF ~e0 at

From (5.65)

A 1
— = —HY (5.68)
at ih
and therefore
aw*
= —— i 5.69
a7 rﬁ( W) ( )
Substituting (5.68) and (5.69) into (5.67), we obtain
d (A) I fe 2 dAop i pee
- HW)Y A,V d U —— Wy — — WA HY dx (5.70
dar fz/ LN "“+/_x g - ﬁ,/ﬂ S g

Since the operator H is Hermitian, we can rewrite this result as

d{A)
dt

ioee Poree . ® L 0Agp

= — [ L H,"lnplpd.r—-ff W ,-Ioplilbfl.x'+f v——wdx (5.71)
3, A 1/ ) G L at

Finally, note that the first two terms can be rewritten in terms of the commutator

[H, Aoy| = HAqy — AopH., leading to the final result

d{d) i e _ B

o0
= — W [H, Ay W dx w*—Ppy gy 5.72
di ﬁ/m [, Ay “Jr./_ao ot (3-72)

In most cases, the operator corresponding to an observable, such as position, momentum,
or parity, does not depend on time explicitly and the term involving @ A,,/d¢ vanishes,
in which case

did) i [> o i
= ﬁ/:xw [H, Aop] W dx (5.73)

Expression (5.73) shows us that if the operator corresponding to an observable 4
commutes with the Hamiltonian, then that variable is a constant of the motion—its
expectation value does not vary with time. In Section 5.3 we saw that the Hamiltonian
for the simple harmonic oscillator and the parity operator commute. Thus parity is a
constant of the motion; we say parity is conserved for this Hamiltonian.

On the other hand, the Hamiltonian and the momentum operator do not generally
commute. As before, the commutator can be evaluated by letting it act on an arbitrary
wave function /:

[}{‘ p-\'..,.] v = {__‘_ Vix), “_jlw

2m dx? dx
b
= [V(x),f'ﬂ v
dx
- I/(\.)ﬁd—u‘r — E—V(x)x//
dx i dx

#
=— (a\ ) v (5.74)
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where in going from the first line to the second line we have taken advantage of the
fact that the linear momentum operator commutes with the kinetic energy portion of the
Hamiltonian, as we saw in Example 5.4. In going from the third to the fourth line we
have used the fact that the momentum operator acts on everything to the right of it, and
thus differentiates both the potential energy and the wave function in the last term in the
second line. If we now go back to (5.73), we see that

dip) _ i [
= = (\ H, v Wdx
% j_x [H, px,| ¥ dx
o 3y av
=- / W dy = <—ﬁ> (5.75)
Jia dx dx

Thus we see that the momentum is not a constant of the motion in general. We have
also found a convenient way to derive the second of Ehrenfest’s equations (see Sec-
tion 2.9), which demonstrates how the time variation of the expectation value of the
linear momentum obeys Newton’s second law, dp, /dt = F, = —dV /dx.

The Energy—Time Uncertainty Relation

Perhaps the most misunderstood uncertainty relation is the Heisenberg uncertainty re-
lation AEAr = /2. After all, we know what AE means; it is the uncertainty in the
energy of the particle, which we calculate from (AE )y = (E?) — (E)*. But what is At?
In nonrelativistic quantum mechanics, time is not an observable like position or energy.
We don’t have a time operator. Time is a parameter that always takes on a definite value.
Nonetheless, we can use the general uncertainty relation (5.49) to give a definition of
At. We choose the operator By, in the commutator (5.48) to be the Hamiltonian /. In
this case, (5.49) becomes

C
AAAE > I—(—jj (5.76)
where
Cop = —1 [Acpy H] (5.77)

and therefore

o 2 d(A)
KC) = e/ W [H, Ap) Wdx| = |4 ‘ (5.78)
0 dt
where the last step follows from (5.73). Thus
fi |d(A4
adnE s LS4 (5.79)
2| dt
Dividing through by |d(A) /dt|, we find
AA f .
dit
We define
AA
At = (5.81)

in which case we obtain

p
AEAt 3% (5.82)
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X

Figure 5.1 A wave packet with an uncertainty Ax in the position of the particle can be
clearly said to have changed its location when the packet has shifted from its original
position by an amount equal to Ax.

Let’s take an example to illustrate the meaning of At. Consider a wave packet with
a position uncertainty Ax = 1073 m, as depicted in Fig. 5.1. Suppose that d(x)/dt =
1 m/s, that is the wave packet is moving along the x direction with a speed of 1 m/s. The
time Ar = Ax/|d{x)/dt| = 1073 s. This is the time it takes the wave packet to shift
its position by an amount equal to the uncertainty in the position. We can say this is the
time it is necessary to wait before we can be confident that the position of the particle
has changed. We can call the time A¢ an evolutionary time, the time required for the
particle’s position to change. Clearly if the wave function of the particle had been an
energy eigenfunction instead of a superposition of energy eigenfunctions, then AE = 0.
But such a wave function corresponds to a stationary state since the time we would need
to wait for the system to evolve is infinite.

Example 3.3 provides a good illustration of a wave function that is a superposition
of two energy eigenfunctions. In this example, we examined the time dependence of the
wave function for a particle in a box that initially is in the state

1 1
—=Y(x) 4+ —=a(x 5.83
\/i'v"fl(l)‘i‘ ﬂiﬁ_(\) (5.83)

with a 50% probability that a measurement of the energy yields £, and a 50% chance
that it yields E,. The wave function at time ¢ is given by

Yix)=

(‘.J_fEI"/ﬁ E—JE:I/fI
W(x,t) = T‘/’l(-“) $ T‘l’z(-\‘) (5.84)
which can be rewritten as
W(x, 1) = tE1/A [L i(x) + Mw;(.\')} (5.85)
V2 V2

In Example 3.3, we saw that AE = (E; — E;)/2. Thus we can also write the wave
function as
i —i2AEL/fi

\/E‘nbl(x) 4+ —v’fz(-r)} (5.86)

W(x,t) = e~ B/
: 7
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We can say the time we must wait before the wave function has clearly changed from its
initial form (5.83) to a different wave function is the time At necessary for the relative
phase to become of order unity, that is, 2AEA/h =~ 1, or AEAt =~ #i/2, consistent
with our earlier discussion.

This example illustrates how a nonzero AE leads to a finite evolutionary time Af.
We can, in fact, turn this argument around and, at the same time, make our discussion of
excited states of the systems we have treated so far more realistic. Consider, for example,
an electron in an excited state of an atom. Since the electron will eventually make a
radiative transition to a lower energy state with a lifetime 7, there is a finite evolutionary
time for the system in this excited state. For the first excited state of hydrogen, forexample,
7 = 1.6 ns. Consequently, according to the energy—time uncertainty relation, the excited
state must have a nonzero uncertainty in its energy, as indicated in Fig. 5.2. Therefore,
the photon that is emitted in the transition between this excited state and the ground state
does not have a definite frequency. This spread in frequencies, or wavelengths, is referred
to as the natural linewidth for the state.

EXAMPLE 5.6 Calculate the natural linewidth for the first excited state of hydrogen.
Compare this spread in wavelengths with the primary wavelength of the transition.
Note: £, — £ = 10.2 eV.

SOLUTION
he
Eg—E| =hi=—
A
The principal wavelength for the transition is 121.5 nm. But since the excited state
has a lifetime = 1.6 x 1077 s, the uncertainty in energy for this excited state is

AE ~ —
T

The uncertainty in the energy corresponds to a spread in wavelength

he
AE % — A%
22
Given the uncertainty in AE, we see that A% = 5 x 107" m, or roughly 4 parts
in 10% of the wavelength of the transition. Thus the natural linewidth is tough to
observe in this case. Of course, if the lifetime were shorter, the effect would be

casier to observe. We will see a striking example in Chapter 10.

5.6 EPR, Schrddinger’s Cat, and All That

One of the arresting features of quantum mechanics is that particles or systems of particles
do not in general have definite attributes. When we express the wave function as

Y = ¢ + e, (5.87)

where 1) and v, are eigenfunctions of an operator 4, corresponding to an observable
A, we are saying that before we make a measurement of 4 the particle does not have

E,
Figure 5.2 An energy-level
diagram for the ground state
and the first excited state
requires modification when
the effect of the finite lifetime
of the excited state is taken
into account. The spread in
energy for the excited state is
not drawn to scale.
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a definite value of that attribute. The probability that a measurement yields a; is, of
course, |c;|%. After a measurement yielding a;, the wave function collapses to ¥, since
a measurement of 4 immediately thereafter again yields the value a,. How this collapse
happens is a mystery. It is referred to as the measurement problem. We will return to this
issue at the end of this section.*

Not everyone has been happy with the idea that particles do not necessarily have
definite attributes before a measurement is made. The most famous malcontent was
almost certainly Albert Einstein. In his view, writing a wave function in the form (5.87)
was really expressing our lack of knowledge of the state of the particle. Some particles
have attribute @, and others have attribute a,, but we are not able to distinguish one
particle from the other. It is as if the attribute, or variable, that would allow us to make
this distinction is hidden from us, hence a hidden variable theory of quantum mechanics.
Such a view, while no doubt appealing to some, seems to raise troubling issues as well.
After all, if the helium atom in the double-slit experiment described in Section 2.1 really
had a definite position before its position was measured in the detection plane, then one
could logically presume it also had a definite position just moments before this, and
so forth. Thus we would be led to presume that the atom followed a definite trajectory
between the source and the detector, passing through one slit or the other, which makes
it hard to understand how interference can occur. Nonetheless, Einstein persisted in his
view that the description of nature provided by quantum mechanics was incomplete, that
there was more to nature than quantum mechanics presumed.

To sharpen his criticism of quantum mechanics, Einstein, together with Boris
Podolsky and Nathan Rosen, proposed a thought experiment that, in his view, showed
how crazy quantum mechanics really is.” The key aspect of quantum mechanics that EPR
focused on was something that we now call an entangled state. Consider the two-particle
wave function

MF = Way (W0, (2) = Yo, (1), (2)] (5.88)

1
w1
as an example. In this wave function ¥, (1) means that one of the particles, particle 1,
is in state with value a, of the observable 4. The wave function (5.88) shows there is
a 50% probability that a measurement of 4 on particle 1 will yield this value. But then
we will subsequently know that particle 2 is in a state with value a; for the observable
A. What was really distressing, at least to Einstein, was that not only do particles 1 and
2 not have definite attributes, but the value of the observable that particle 2 takes on is
determined by a measurement on particle 1. After all, if the measurement on particle 1
yielded the value a5 instead of a;, then we would know that particle 2 is in the state with
value a;. And particles 1 and 2 do not have to be situated together in space for this to
occur.

A particularly interesting example is the two-photon “wave function”

1
V= 7 [VrR(1DYR(2) + Y (1)¥1(2)] (5.89)

“If the operator A, corresponding to the observable 4 commutes with the Hamiltonian, then 4 isa
constant of the motion. Thus once the system collapses to a particular eigenfunction, it will remain in
this state.

SA. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777 (1935).
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where the subscripts R and L refer to right and left circularly polarized photons. Such a
two-photon state is generated in the cascade decay of the excited state of the calcium atom
that we discussed in Section 1.5. Thus if a measurement on one of the photons finds it to
be right-circularly polarized, then the other photon must be right-circularly polarized as
well. But if we express the circularly polarized states in terms of the appropriate linearly
polarized states:

Yr(l) = % WD)+ iy, ()] (5.90)
and
V(1) = 7 (W (1) — ity (1) (5.91)

assuming that photon 1 is traveling along the z axis, we find

W= — [Y(DY(2) + ¥y (1)(2)] (5.92)

1
V2
as can be readily verified by substituting the expressions (5.90) and (5.91) for the cir-
cularly polarized wave functions for photon 1 and the corresponding expressions for
photon 2 into (5.89). See Problem 5.12. In this form the wave function indicates that if
a measurement of the linear polarization shows photon | to be x polarized (and there 1s
a 50% chance of obtaining this result), then photon 2 will necessarily be x polarized if
a measurement of its linear polarization is carried out. Similarly, if a measurement of
linear polarization on photon | finds it to be y polarized, then photon 2 is necessarily
v polarized. The state (5.92) exhibits the same sort of entanglement that we saw in our
discussion of circular polarization for the state (5.89). But what is striking here is that
photon 1 cannot be both right circularly polarized and at the same time linearly polarized
along the x-axis. Thus it is impossible to think of the photons as having a definite state
of polarization before a measurement is carried out. In the original EPR argument, the
two incompatible variables were position and momentum, not circular and linear polar-
ization. As we have seen, the operators corresponding to position and momentum do
not commute with each other. Thus it is impossible to imagine a particle as having both
a definite position and a definite momentum, just like we cannot think of a photon as
having a definite circular and linear polarization. Nonetheless, states of the form (5.89)
or (5.92) seem to be saying that not only do particles not have definite attributes but these
attributes can be determined by measurements on a different particle altogether, one that
may be spatially quite separated from the other. To Einstein, this “spooky action at a
distance™ was unacceptable, something that “no reasonable definition of reality” should
permit.

In the 1960s John S. Bell realized that two-particle states such as (5.88) could pro-
vide an experimental test as to whether a particle really has definite attributes before a
measurement is carried out. It was just necessary to measure the correlations between
measurements carried out on the two particles. These were challenging experiments, at
least initially. But as the technology has improved, the results have become more and
more striking, to the point that the most recent results are in clear agreement with the
predictions of quantum mechanics and disagree, at the level of 250 standard deviations,
with local hidden variable theory.

A classic example that seems to illustrate the problem with taking this line of reasoning
that particles do not necessarily have definite attributes too far is Schrédinger’s cat. As
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Figure 5.3 Schrédinger’s cat.

a thought experiment, Schrodinger suggested placing a cat in a box with a radioactive
isotope that had a half-life of one hour. As indicated in Fig. 5.3, the decay of a single
nucleus, with the emission of, say, an alpha particle, would trigger a hammer to break
a flask of prussic acid, a highly volatile and toxic substance. Thus, in the language
of quantum mechanics, one might write the wave function for the cat at the one-hour
mark as

1 1

ﬁ’#fﬁie + W5 Sl (3.93)
Quantum mechanics seemed to say that only when the box was opened at the one-hour
mark and the cat was observed to be alive or dead was the wave function collapsed to
one of these two states. This indeed seemed silly, since there was little doubt that the cat
was truly alive or dead independent of the measurement. Thus thinking of @ macroscopic
object such as a cat as genuinely not having a definite attribute, such as being alive or
dead, seems not to be correct. But on the other hand, we might think of the cat as a
macroscopic measuring device that has become entangled with the corresponding state
of the nucleus, say in the form

W (1 hour) =

1

‘][)_nuch:lls cat -~ g i,b‘ﬂ“dcus wcal (5()4)

1
nodecay ali\'c+ \/i decayed ¥ dead

V2
Such a wave function would still suggest that the cat was genuinely in a superposition of
two states. But how would we know if this were indeed the case?

Let’s go back to the double-slit experiment with helium atoms (Section 2.1). Since
there are two paths each atom can take between the source and the detector, we might
write the wave function as

W(1 hour) =

W=y + v =y + Y (5.95)

where ¢ is the phase difference between the amplitude for the atom to reach the detector
by passing through slit 2 relative to reaching it by passing through slit 1. If we then
calculate the probability density for detecting a helium atom, we find

WA = (Y] + e Y7 (Y + €)= 4YT ), cos® % (5.96)

which shows the interference fringes that we saw in the data. If there are really two
amplitudes contributing to a process, we should expect to see interference effects if we



conduct the appropriate experiment. The largest objects for which we have seen inter-
ference fringes in a double-slit experiment are Cqg molecules, buckyballs. Physicists are
trying to push the envelope here, to move toward macroscopic objects that would truly
exhibit interference effects. Such states, if they exist, are called Schrodinger cat states.
But so far, no one has been able to observe interference effects with even Schrodinger
kittens. Why not? Our best guess is that interactions with the environment, which are
inevitable for a macroscopic object such as a cat, cause the wave function to lose this
relative phase information. We say the state decoheres. And perhaps this decoherence
in some as yet unexplained way leads to the collapse of the system to one or the other
of the states making up the superposition. But this seems inconsistent with the funda-
mental principles of quantum mechanics, since the equation of time development, the
Schrodinger equation, is a linear differential equation. If the initial state is a superposition
of states, so too should be the state at a later time. This is the crux of the measurement
problem.

5.7 Summary

Let us summarize the principles of quantum mechanics that we have discussed in this
chapter:

I. In one-dimensional wave mechanics, the state of a particle is given by a wave
function W(x, ¢) that contains all that can be known about the particle.®
If the question is “where is the particle,” then W*W dx is the probability of
finding the particle between x and x + dx if a measurement of the position of
the particle is carried out at time 7, provided the wave function is normalized,
namely

P00
/ W' dy =1 (5.97)
o =00

Note that the particle does not have a definite location before a measurement is
carried out. But what if we want to know something else about the particle such
as its energy? We start with a second principle:

[§%)

. Each dynamical variable, or observable, A4 is associated with a linear,
Hermitian operator A, an operator for which

[ ¢J*.4(,l,\/rfl'.\"-:[ (Aop®) r dx (5.98)

The eigenvalue equation is of the form
Aopthe = atry (5.99)

where the constant a is the eigenvalue and v, is the eigenfunction. The only
possible result of a measurement for the observable 4 is one of the eigenvalues.

“In Chapter 6 we extend our discussion of quantum mechanics to include three-dimensional systems,
at which point we discuss intrinsic spin, a “degree of freedom™ that is not specified by a wave function.

Section 5.7 Summary
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So far, we have considered observables such as the momentum and the
energy. For the energy the corresponding operator is referred to as the
Hamiltonian H and the energy eigenvalue equation is the time-independent
Schrodinger equation. In the next chapter, where we will venture into three
dimensions, we will introduce additional operators such as the orbital angular
momentum operators.

. The eigenfunctions 1, form an orthonormal basis. Therefore any wave function

W can be written as

V=3 cubu (5.100)

The probability of obtaining eigenvalue  is given by
2

(5.101)

5 oC
lcal? = ‘[ Ui dx
J—xc

where ¥, is the eigenfunction of A, with eigenvalue a.” The average value, or
expectation value, of the observable in this state is then given by

oo
(4) = Z lcal?a = / W AW dx (5.102)
o e

The results that follow from the commutation relations of two operators can be
derived from the general properties of Hermitian operators. Nonetheless, these
results are of such importance that it is worth singling them out.

. The commutator of two operators 4., and By, is defined by

[Aops Bog] = ApsBon— Bogiyy (5.103)

If the operators commute, that is the commutator vanishes, then it is possible to
label the basis states as v/, 5, namely as simultaneous eigenfunctions of the two
operators, which we are assuming to be Hermitian. If the operators do not
commute, but

[A(,p, B(,p] = iCop (5.104)
then
G
AAAB > |(2_)| (5.105)

The most famous example is the Heisenberg uncertainty principle
fi
AxAp, = 3 (5.106)

which follows from the commutator

[_rnp, qu,.] =i# (5.107)

7If the eigenvalue spectrum is continuous rather than discrete, then the probability of obtaining a result
between a and ¢ +da is given by |c,|*da provided the eigenfunctions satisfy [ 1 Vi, dx =8(a—a’)
where d(a — a’) is a Dirac delta function.



5. Time dependence is determined by the Schrédinger equation

aW(x, t)
at
where the Hamiltonian # is the energy operator. In one-dimensional wave mechanics
nt 92
H=—-—— Vi(x 10¢
2m dx? i (5-109)

We can use the Schrodinger equation to show that expectation values vary with time
according to

HW(x,t)=ih (5.108)

d(d) i [ © 34,
= — W* [H, Agp| W dx WPy gy 5.110
di # [_m [ p] W+ /:m 5 ( )

Thus if the Hamiltonian commutes with the operator corresponding to the observable A
and d Ay, /8t = 0, then (4) is independent of time and A is referred to as a constant of
the motion. One consequence of (5.110) that is obtained by choosing the operator B, in
(5.104) to be the Hamiltonian is

(5.111)

which can be written as
fi
AEAt > 5’ (5.112)

the Heisenberg energy—time uncertainty relation. In this relation, Az is called an evo-
lutionary time for the system, the time that is necessary for the system to change in a
significant way.

In general, the number of eigenfunctions is infinite and the space spanned by these
basis functions is an infinite dimensional vector space called a Hilbert space.®

Problems

Problems

176

5.1. (a) Prove that the parity operator is Hermitian, 5.4. A particle of mass m moves in the potential energy

(b) Show that the eigenfunctions of the parity operator V(x) = me’x>. The ground-state wave function is

corresponding to different eigenvalues are orthogonal.

1/4 .
Yrp(x) = (—) A
5.2. Show that the operator i
P and the first excited-state wave function is

is not Hermitian.

5.3. We have argued that a Hermitian operator
corresponds to each observable. Physically, why is it
essential that the eigenvalues be real?

parity for the state

¥Note this is not ordinary space. It is sometimes said that in Hilbert space no one can hear you scream.

dx
Yi(x) = (“—

1/4
4a e
T

where ¢ = mw/f. What is the average value of the

V3 i =
Y(x) = T‘,"fﬂ(v\') it ﬁ#’ﬁ(-\')
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5.5. For a particle in a harmonic oscillator potential, it is
known that there is a one-third chance of obtaining the
ground-state energy £y, a one-third chance of obtaining
the first-excited-state energy £,. and a one-third chance
of obtaining the second-excited-state energy £- if a
measurement of the energy is carried out. [fa
measurement of the parity is carried out and the value
—1 is obtained, what value will a subsequent
measurement of the energy yield? If a measurement of
the parity yields the value -1, what values can a
subsequent measurement of the energy yield? What are
the probabilities of obtaining those energies?

5.6. By writing the wave function ¥ in
00 o0
/ V' A, W dx = / (AopW) W dx
—00 J—oo

as ¥ + A¢ where A is an arbitrary complex number,
show that

/ Al dx = /  (Aoph)" ¥ dx

Thus the requirement that an operator corresponding to
an observable has real expectation values is equivalent to
the definition of a Hermitian operator given in (5.98).
Suggestion: Take advantage of the fact that 2 and A* are
linearly independent.

5.7. Show that the two wave functions
] 1

Vb=l = EL’?[ e ﬁ'ﬁz
and
1 1
Vb=—1 = 75'.01 = *\/—jlff:

from Example 5.3 can be expressed in the form
V=1 = cost yfr; + sinf yry
and

Vp=—1 = sinf Yy — cosf

if the appropriate choice for the angle 6 is made. What is
the value of @ for these wave functions?

5.8. Let the operator A,, correspond to an observable of
a particle. It is assumed to have just two eigenfunctions
Y1 (x) and ¥ (x) with distinet eigenvalues. The function
corresponding to an arbitrary state of the particle can be
written as

VU(x) = c1vn(x) + cava(x)
An operator By, is defined according to
Bop¥r(x) = c2yi(x) + e1¥a(x)
Prove that B, is Hermitian.

5.9. Show that if the operator A, corresponding to the
observable 4 is Hermitian then

(4°) =0

5.10. If A, and B, are Hermitian operators, prove that
Agp Bop is Hermitian only if Agp and By, commute.

5.11. Suppose that A, and B, are Hermitian operators
that do not commute:

[At'p- va] =iCop

Prove that C,, is Hermitian.

5.12. Use the definitions (5.90) and (5.91) of the right
and left circular polarized states to show that the
two-photon state (5.89) becomes (5.92) when expressed
in terms of the linearly polarized states. Caution: Since
the photons are traveling back to back and photon 1 is
traveling in the positive z direction, photon 2 is traveling
in the negative z direction. Consequently, for photon 2

1

Vp(2) = 7

[Ve(2) — i9,(2)]
and

|
D= — [V +iv,
Vi(2) ﬂ[w( ) +iv,(2)]



CHAPTER

Quantum Mechanics
In Three Dimensions

As you have no doubt noticed, we do not live in a one-dimensional world. Nonethe-
less, through the technique of separation of variables, the Schrédinger equation for some
important three-dimensional systems can be reduced to one-dimensional ordinary differ-
ential equations. As a simple but useful example, we will start by analyzing a particle ina
cubic box. We will then go on to examine central potentials, which will lead us naturally
to a discussion of angular momentum in quantum mechanics, which is certainly central
to our understanding of how the world works. One central potential in particular, namely
the Coulomb potential, plays a vital role in our understanding of atomic physics, not just
for the special case of the hydrogen atom but also for our understanding of multielectron
atoms. We will also take our first look in this chapter at the important topic of intrinsic
spin angular momentum.

6.1 The Three-Dimensional Box

As we did in one-dimensional quantum mechanics in Chapter 3, we focus our attention
in three dimensions first on a particle in a box. In Chapter 7 we will see how this potential
plays a key role in determining the behavior of electrons in a metal. Since the energy of
a particle is the sum of the kinetic energy and the potential energy:

a

_P L, _mAntp

- — V2 6.1
2m 2m +VE2) (6.1)
the corresponding Hamiltonian (the energy operator) is given by
H 8 + 7 + . + P ) (6.2)
YT T om 9y | 922 X, 0,2 h.
2m \ ax?  ayr 922 X,

where we have introduced partial derivatives in x, y, and z for the linear momentum
operators in the x, y, and z directions, respectively. The energy eigenvalue equation, the
time-independent Schrédinger equation, is given by

IR S A L L

—_—— 1= —— =T X, Vs Z V—'. /y Z X, y,zZ)= X:; Vs Z .
o (3.\'3 + 22 + 3:2) vx,yv,z)+ Vix,y, z2)¥(x,y,2z) = EY(x,v,z) (6.3)
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a partial differential equation in three variables. For the particle in a cubic box having
rigid walls, we are assuming that the potential energy is zero within the box and infinite
outside it, namely

0 O<xy.z<l
4 A .
Viz.»,z) {go clsewhere =

Thus the wave function vanishes outside the box.
Given the introductory comments in this chapter about using the technique of sepa-
ration of variables, it is natural to try a solution of the form

Yx,y,z)=X(x)Y(»)Z(z) (6.5)

that is, as a product of a function of x, a function of y, and a function of z. The goal is to
separate the partial differential equation (6.3) into three ordinary differential equations.
While separation of variables is not guaranteed to work, it is simple to try. Moreover,
this approach does work in a number of important cases that we will examine in this
chapter, including orbital angular momentum and the hydrogen atom, in addition to the
particle in a three-dimensional cubic box. Substituting (6.5) into (6.3) inside the box,
where V' = 0, we obtain

h? d*X a2y d*z
—5 \ Y275 Y—> | =EXY :
2m ( Zd,rl i dy? +X dz;g) XYZ (6.6)

Dividing this equation by the wave function v = XY Z, we obtain

# (142X 1dY 1d°Z
=—ll=—_po——stho—— | =k 6.7
2m (X dx? T Y dy? + Z dzl) (6.7)

Thus the equation has indeed separated on the left-hand side into the sum of three
functions, one a function of x, one a function of y, and the third a function of z. Since the
equation must hold for all x, y, and z independently, each of the terms on the left-hand
side must itself be a constant. Given that the right-hand side is also a constant, namely
the energy £, we choose to call these constants E,, E,, and E. such that

Ec+E +E.=E (6.8)

The resulting three differential equations are then

W d*x i
S o Y
2m dx?
h d*y
i B
2m dy? :
h 4’z
s Do (6.9)
2m dz-

each of which is the energy eigenvalue equation for a particle in a one-dimensional box.
Thus we can use the results of Section 3.2 to write the energy eigenvalues as

En,.n..u_- = Eﬂ. + En\ + En_—
(ne? + ny% + n.?) 2n?
. 2ml?

Re, Ny, nz=1,2,3,... (6.10)
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with corresponding energy eigenfunctions

IR (TTX TV . N7z
Wi = (Z) sin = sin S sin == 0 <x,p.z< L (6.11)

namely the product of the three wave functions for the particle in a one-dimensional box.
As we noted, the energy eigenfunctions vanish outside the well, since we are taking the
potential energy there to be infinite. The ground state corresponds to the state for which
ny = n, = n. = 1. Thus there is a single state with energy 3#*m?/2mL2. For the first
excited state, which has energy 642 /2m L, there are three possibilities: n, = 2 and
ny=mn.=\l,n, =2andn, =n. = 1,orn. = 2and n, = n, = 1. Thus the first
excited state is three-fold degenerate. As we will see, such degeneracy is quite common
in three-dimensional systems that have certain symmetries. If we were to consider a
rectangular box, with sides of different lengths, the degeneracy that is present for the
cubic box would disappear. See Problem 6.1.

6.2 Orbital Angular Momentum

The example of the previous section nicely illustrates how a partial differential equation
in three variables can be reduced to three one-dimensional ordinary differential equations
by separation of variables. In the next section, we will examine the hydrogen atom. For the
hydrogen atom the potential energy is given by —e? /dmegr, where rr =
is the distance of the electron from the proton. Consequently, the time-independent
Schrédinger equation is not separable in the Cartesian coordinates x, y, and z in this
case. But the energy eigenvalue equation is separable in spherical coordinates as long as
V' = V(r). Thus the results of this section have a broad degree of applicability since they
apply to any central potential. Moreover, we are led naturally to the eigenfunctions and
eigenvalues of orbital angular momentum, a critically important dynamical variable.

To see how to proceed, notice that in three dimensions the momentum operator is, of
course, a vector operator with components

h /o d ] fi
=—|—i+—j+—k)=-V 6.12
Pop i (B.\' ¥ E?_}‘J+ az ) i ( )
where V is the usual gradient operator. Consequently
Pop’ = —H2V? (6.13)

where the operator

;s B * 92
B R T Sl

is called the Laplacian. Expressed in the spherical coordinates », 6, and ¢ shown in
Fig. 6.1, the Laplacian becomes

P

1 d 5 0 1 d . d 1 a°
oI - 5.8 P Ty, YT S 6.15
rZor (’ 8:‘) = r2sin@ 90 (sm 89) > r2sin® 6 d¢? ( )
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P

|
i
1 ,z=rcosf
[}

1
1
i
[
1

______ v x=rsinfcos ¢
x \‘y = rsin @ sin ¢

Figure 6.1 Spherical coordinates.

Thus when the potential energy V' = V(r), the Schrédinger equation is given by
#2183/, 12 ] 1 3
= | (= ) e [ gin g ———— |V + V(r)¥ =EV
2m L-z or (’ Br') F2sinf 90 (m 39) t e | HVO
(6.16)
Although this partial differential equation looks quite complicated, it too can be reduced

to three ordinary differential equations by using the separation of variables technique
and writing

W(r 6, ¢)= R(r)0O)P(d) (6.17)

As we will see in this section, the operator Lgp corresponding to the magnitude squared
of the orbital angular momentum is given by

2 22 1 a(_ea)+ i 6.18)
o= =h" | —— | sinf— e I !
op sinf 96 30 sin” @ 9¢*

and therefore the angular term in the Hamiltonian

h? 19 ) ] & ¥
- — (sinf— | + ———=——=| = —= 6.19
2m [1'3 sin@ 90 (sm 89) * r2sin’ 0 34‘)2] 2mr? L

is simply the rotational kinetic energy.! If we take the angular part of the wave func-
tion (6.17) to be an eigenfunction of L;’;p. then we will be able to replace Lf,p in (6.16)
with its eigenvalue, thus reducing the equation to an ordinary differential equation in the
variable r.

In classical physics, the angular momentum L of a particle is defined by the relation

L=rxp (6.20)

or written out in terms of its Cartesian components

Ly=yp.—zp,
Ly =zp, —xp-
L.=xp, — yp: (6.21)

"Recall from classical mechanics that L = [ and therefore the rotational kinetic energy /e /2 =
L?/21. In this case [ = mr* for amass m moving at a distance r from the center of force.
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In quantum mechanics, these components of the angular momentum become the

operators
h o ha
b =255: %00y
f o h o
brw =270 ~*7 %
L:(,p:_\-?a% —y?% (6.22)

Perhaps not surprisingly, since we are discussing angular momentum, it is best to express
these operators in terms of angles. In spherical coordinates

X = rsinf cos¢

v =rsinfsing

z=rcos@ (6.23)
Consequently
dx
—_— = -
de
ay
—_ =X
do
iz
— =10 (6.24)
dop

and therefore
9 dx @ +3y3 +8.=:3
dp  dpox  dpdy ¢ Oz

) 9
oy R (6.25)

Comparing the last line of (6.25) with the expression for L., in (6.22), we see that

i 0

Loy = 552 (6.26)

This form for L., is relatively simple because rotations about the z axis involve changes
solely in the azimuthal angle ¢, whereas rotations about the x and y axes require changes
in both & and ¢. Consequently, the x and y components of the orbital angular momentum
are not as simple as the z component. As shown in Problem 6.8, they are given by

Eeni== b ( sin¢ 9 cotf/ cos @ 2 ) (6.27)
i 06 ap '
and
fi d i
L, = —|cos¢p— — cotlsingp— 6.28
ML ( quG ¢3¢:) ast)
If we evaluate the operator corresponding to the magnitude squared of the angular
momentum
3 o B 2 2
Lop = Lxgy + Lygy + Log (6.29)
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in terms of the angular derivatives using (6.26), (6.27), and (6.28), we find

4 I a d 1 @
LE. == |t sin(:'——) + — 6.30
¥ [Sm(-) a0 ( 30 ) sin® @ 9¢? e
Our goal is to find the eigenvalues and eigenfunctions of Lf,p. Let us start by noting
that the angle ¢ enters into (6.30) only through the second derivative with respect to
¢. There are no sin¢ or cos ¢ terms as there are in (6.27) and (6.28). Thus since L.,
imvolves only the derivative with respect to ¢, we see that

B2 Bitgp) =1 (6.31)

that is, these operators commute.” We can therefore find simultaneous eigenfunctions of
these two operators. Using the technique of separation of variables again, we can write
the eigenfunction as Y (6. ¢) = O(A)P(¢). Then the eigenvalue equation

L:up Y(o, ¢)y=1L: Y(0, ¢) (6.32)
becomes
hoo
’T%H(@ )P(¢) = L.OO)P(¢) (6.33)

where L. is the corresponding eigenvalue. Thus the ¢ dependence of the eigenfunction
is determined by solving the ordinary differential equation

i AP (6.34)
idp '
which yields
D(¢) = Ne't=4/" (6.35)

where N is a constant that can be fixed by normalization (see Example 6.1). This an-
gular momentum eigenfunction is reminiscent of the linear momentum eigenfunction
Ae'P=*/" But there is a significant difference. Here when ¢ changes by 27, we must
return to the same point in space. If the wave function is not single valued, for example if
®(27) £ ®(0), then the derivative of the wave function is not well defined, say at ¢ = 0,
just as the spatial derivative for the linear momentum operator would be infinite if the
wave function were not continuous. But if we require

Nei!,:{r!)+2:r)/ﬁ = Neu,_.cp/ﬁ (6.36)
we find that
gl o | (6.37)
Hence,
L.=mh my = 0, 2 (6.38)

Thus we see that the z component of the orbital angular momentum is quantized, always!
The allowed values are integer multiples of 7.

*While it is far from self~evident from the form of the operators for L, and L_rop given in (6.27)
and (6.28), you can verify that Lip commutes with these operators as well as with L.
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How do we determine the # dependence of the eigenfunction Y (6, ¢)? The eigenvalue
equation

L2,Y(0,¢) = M’Y(0, ¢) (6.39)

yields the differential equation

52 I d ( ,lgd(")) ’".'2 o
= = | §U i
sinf do do sin“ @
where we have used the explicit ¢ dependence Y (0, ¢) = O(F)e'™? and written the
eigenvalue in the form 2%, where A is a dimensionless constant. Equation (6.40) is not
solved as easily as (6.34)! The solution is discussed in Section B.2, where it is shown

that the @ that solves (6.40) will be a satisfactory wave function, namely not blowing up
atf = 0 or @ = m, only if the eigenvalue satisfies

= MO (6.40)

A=Il+1) lr=0, 152y o (6.41)

Thus the magnitude squared as well as the z component of the orbital angular momentum
is quantized. The eigenfunctions are referred to as the spherical harmonics and are
denoted by ¥7,,,(6, ¢). They satisfy the two equations

Loop¥im (0, ) = mhY;,, (6, d) my=—l,—l+1,....,01 -1,/ (6.42)
and
L2, Vim0, @) = I(1 + DAY, (6, ¢) 1=0,1,2,... (6.43)

As examples, the spherical harmonics with/ =0,/ = 1,and / = 2 are

|
Yo.00,¢) = 4/ y (6.44)
Yi,40100,0) = Fy/ gi sin@ e*? (6.45)
T
1,00, ) = \/% cost 648

P15 s -
sin” @ =%

Y2420, @) = v P (6.47)
. 15 . i
Y2410, ¢) = q:\fgsmf)cos{‘) & (6.48)

[ 8 5
Ya0(0, ¢) = — (3cos* 8 — 1) (6.49)

The spherical harmonics satisfy the orthonormality condition

21 pw
/ / Y.'T.m.-' Yl'.m; sin ) d0 dd’ = 6!'-'611r;’rn, (650)
JO JO

The factor of sin# d6 d¢ arises from the fact that the differential volume element in
spherical coordinates is given by r?sinf dr df d¢ = r’>drdQ. as shown in Fig. 6.2.
As is customary, we have chosen to normalize the angular part of the wave function
separately from the radial part, which will then satisfy the condition

i 1
/ [R(H> ridr = 1 (6.51)
JO
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rdo

—rdd
3 // rsinfl do dd

d€}

o

(@) (b)

Figure 6.2 (a) The solid angle d$2 in three dimensions is defined as the surface area dS
subtended at radius r divided by 7*: dQ = dS/r? = (rd6)(r sinfd¢)/r*. (b) The
ordinary angle d¢ in two dimensions is defined as the arc length ds subtended at radius r
divided by the radius: ds/r = d¢.

Example 6.2 verifies that ¥y ;(¢, ¢) satisfies the eigenvalue equation (6.43) and is appro-
priately normalized. Figure 6.3 shows plots of | ¥, ,, [2 as functions of € and ¢.

One of the most striking aspects of these angular momentum eigenfunctions is that
the magnitude of the orbital angular momentum

LI = VI + DA (6.52)

is always bigger than the maximum projection of the angular momentum on the z axis
Lomax = Ih (6.53)

since m; is always less than or equal to /. Why is this? As we will now show, the commuta-
tion relations of the orbital angular momentum operators prohibit the angular momentum,
which is of course a vector, from pointing in any particular direction, since that would
mean that we know all three components of the angular momentum simultaneously.

To see the profound difference between linear momentum, which is also a vector, and
angular momentum, consider the following commutator:

fid ho
cons Dy | = |=m—s ——| =10 6.54
[Pxap: Prey) [i ax’ 1 ay] i)
This commutator vanishes because
a a a d
P A % (6.55)
dx dy Oy ox

Thus it is possible to specify both the x and y components of the linear momentum
simultaneously. On the other hand,
ha  had had faﬁ]

—— X ——

Lo By Vo= | me— e e 2 3
[Lxom Lyep) {'1:'?): idy' "iox i 0z

ha ha i hao Hhd
= |po—yz—— Z—— X——
Y9277 ax idy 0z

__[ﬁa_]ﬁ8+ﬁ3[_ﬁa]t
=Y1Tez’%| Tox " ioy | i0z)

fi d
=ih (-uyf +x;3—) = ifiLl.qop (6.56)
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|
|
|
|
|
|
T
I
1
|
4

I=1,mi=%l

I=2,m=0 [=2,m=%2

[=3,m=xl [=3,m==x2 I=3,m=+3

Figure 6.3 Plots of | ¥, (6. (,b)|2 forl=0,1,2,3.
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where we have used the fact [see the argument leading up to (5.47)] that

fi o . -
J::Dp, piup] = |Z, 1——6_‘7 =ift (637)
As we saw in Section 5.4, when the commutator does not vanish as in (6.56), we end up

with an uncertainty relation, which in the case of (6.56) takes the form
fi
AL,ALy > SI(L) (6.58)

Suppose the state of a particle is an eigenstate of L., with eigenvalue m;# # 0. Then
the z component of the particle’s orbital angular momentum is known with certainty,
namely it is m;#. But since (L) # 0, then (6.58) shows that AL, and AL, must both be
nonzero. Thus there is an inherent uncertainty in the values for the x and y components
of the orbital angular momentum when the z component is known. Consequently, we
must give up on the classical notion that the angular momentum points in a particular
direction, since that would imply that we know L, L,, and L. simultancously.

EXAMPLE 6.1 Show that the azimuthal wave function

|
Vig) = T cos¢

is properly normalized. What are the possible results of a measurement of the z
component of the orbital angular momentum for a particle in this state? What are
the probabilities of obtaining each result? What is (L.) for this state?

SOLUTION

o 24, L1 [ 4 1 (¢  sin2¢
fu (@)l dq{)_?_f./u cos ¢d¢_;(5+ ; )

2

=1

0

so ¥ is properly normalized. Next note that

B
Loop¥(9) = —I.\—’E sin ¢

Thus ¥ (¢) is not an eigenfunction of L.,,. Rather it must be a superposition of the

normalized eigenfunctions of L., namely

Ym (@) = Ee"'w’ mp =0, +1,£2, ...

Since
1 1 P 4 e i 1 1 "
( ) 4/ JI c S A/ J[ 2 ’\/i I \/i _l

a measurement of L can yield either # or —# each with a probability (1/v/2)* =
1/2. Therefore

(L= 3 lew [ it = 3+ 2(~1) =0

nmy
Alternatively

o P g RO B B el
(L) = 0 w(q‘))?qub_;/u cosq§51n¢d¢_4m cos2¢0 =0
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EXAMPLE 6.2 Verifythat ¥, (6, ¢) = \/ :-.m 0 e ' is a normalized eigenfunc-

tion of Lf;p with the appropriate elgenvalue.

SOLUTION
1 @ 3 1 82 ] \/T ,
L2 Y, 1 =—#|—— (sin0— Sl — sin@e™"®
op 1.1 : [ siné a0 (S] Ei(-)) “ sin268¢3_ ( 8 )
1 @ ) 1 "
=—ﬁ3\,n‘i [——(qinﬁcosﬁeﬁ"”)— sinfl e’ ]
87 né do sin” @
= —h?%y/ —i L (cl:)s2 6 — sin’ 9) e — —~.] cf""b}
87 |sind sinf

= /3_ (coslﬁ—.sinzg — l)e“‘b
87 sinf
3 :

- 2152\/8— sinfe™™ = 2K% Y, _,
T

The eigenvalue is 2#% = I(I + 1)4* with / = 1. And the normalization checks, too:

2r  pm
/ / |Y1‘_|(6. gb)tz sinf df d¢p = / ] sin® @ sinf dO dg
0o Jo

l—cos 9 sinf do

( cos” H)
—cosf +

= ]

0

Bl W -b.lwoo

6.3 The Hydrogen Atom

If you had to pick one problem to solve in three-dimensional quantum mechanics, it
would probably be the hydrogen atom, the simplest atomic system. Not only does the
Schrodinger equation for the Coulomb potential have an exact solution, but the energy
levels and the wave functions for the hydrogen atom have much to tell us about multielec-
tron atoms as well. You have probably heard of the Bohr model—Niels Bohr’s attempt
to “explain” the spectrum of hydrogen with its discrete energy levels. The Bohr model is
of much historical interest (see Problem 6.18), but apart from getting the right answer, at
least in terms of the allowed energies, almost everything else about the model is incorrect.
In particular, the electron does not follow a definite trajectory, as is often suggested by
the planetary-like models of the atom. Rather, there are certain allowed wave functions,
the energy eigenfunctions, which result from solving the Schrédinger equation

#l1a /.8 1 3 B 1 9? Ze?
S L) ol P LR () T R OPRRL. S W =EWw
2m [,.2 ar (’ 81‘) * r?siné 06 (bm 89) L3 2 sin® @ d¢? 4 egr

(6.59)
where we have taken the charge on the nucleus to be Ze. This permits us to consider
not only hydrogen. for which Z = 1, but also singly ionized helium (Z = 2), et cetera.

Because the mass of the proton in the hydrogen atom is so much bigger than that of the
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electron, we can think of the electron as “moving” about a fixed center of force. Strictly,
this is a two-body problem and the mass /m in the Schrodinger equation should really be
the reduced mass gt = mymy/(m + m,), where m, and m, are the masses of the two
constituents.

If we write the wave function

W(r, 0, ¢) = R("‘)YI.H!,(B‘ @) (6.60)
then (6.59) with the aid of (6.43) reduces to the radial differential equation
#? [1 d (,f!R)J I+ H? ze?
re— R

r2dr dr 2mr? 4 eyr

This radial equation simplifies if we make the change of variables

R=ER (6.61)

2m
u(r)y=rR() (6.62)

We then end up with the differential equation

I+ nnt zé
— — # = Eu
2mr- dregr

# du

2m dr?

(6.63)

This is an interesting way to write the radial equation because it looks just like the
one-dimensional Schrodinger equation with an effective potential energy

o I+ Dh* Zé
2mr? 4 egr

eff = (6.64)

Figure 6.4 shows a plot of the effective potential energy for various values of the orbital
angular momentum quantum number /. The term /(! 4+ 1)4%/2mr? is referred to as the
centrifugal barrier, since for nonzero / it tends to keep the electron away from the
origin, where the proton is located. For £ < 0 the electron is confined in a potential well
and thus we expect to find discrete energies.

The differential equation (6.63) is certainly not as simple as the one-dimensional
differential equations that we solved in Chapter 4. We can learn a lot, nonetheless, by
examining the behavior of the solutions for large and small . For large r,

1 1

- =10 and — =0 (6.65)
i ¥
k Ve
eff ] = 2
I(1+ DR 2mr 1=3
r r
V(1)
V(r)
(a) (b)

Figure 6.4 (a) The Coulomb potential energy V(r) = —Ze® /4nepr and the centrifugal
barrier /(1 + 1)%i*/2mr? add together to produce the effective potential energy Ve given
in (6.64). (b) The effective potential energy for several values of /.
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and thus the differential equation reduces to

h? d*u E o (6.66)
——— = Fu r— ;
2m dr?
which for £ < 0 has the solutions
u = XV -mE/r F — 00 (6.67)

For small , on the other hand, the differential equation is dominated by the centrifugal
barrier

d*u A+
— =y
dr? r2

which has as solutions

r—0 (6.68)

u=r'"" and w=r"' r—0 (6.69)

In solving (6.66) we will ignore the solution with a radially increasing exponential,
while in solving (6.68) we will ignore the solution that behaves as r~! since it too leads
to problems with normalization.?

Taking advantage of what we know about the small-» and large-r behavior of the
wave function suggests searching for an exact solution of the form

u(r) =r'""Fre v —2mE/fr (6.70)
and hence
R(r) = ¥ F(r)e=v —2mE/Fr (6.71)

The corresponding differential equation for F(r) can be solved as a power series inr. In
Section B.3 it is shown that the only wave functions that are physically acceptable occur
when F(r) consists of polynomials (called associated Laguerre polynomials) in . The
corresponding energy eigenvalues are given by
mZ*e* (13.6eV)Z?

= H('47reu)32f12nz N n?

=1, 2.3, v (6.72)

as indicated in Fig. 6.5.

The integer » in (6.72) is called the principal quantum number. When the hydrogen
atom makes a transition from a state with principal quantum number n; to one with
principal quantum number #¢, a photon of frequency v is emitted, where

hv=E, — E, (6.73)

3An exception is / = 0, in which case u approaches a constant for small », meaning that R behaves
like 1/r for small », which is not a solution to (6.61) at the origin.

#A nice way to write (and hence remember) the expression for the allowed energies is £, =
—mc? 2%’ 2n? (or, more accurately, £, = —uc?Z’«®/2n°, where yu is the reduced mass of the
clectron—proton system). The constant & = ¢* /4mweyfic is called the fine-structure constant. The nu-
merical value of « is approximately 1/137, which is the reason the energies of the hydrogen atom are
measured in eV rather than MeV, since mc”® = 0.511 MeV for an electron.
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Figure 6.5 The energy levels of the hydrogen atom superposed
on a graph of the Coulomb potential energy.

1111

Hx 1 seies Uit

Figure 6.6 The visible spectrum of hydrogen. showing the Balmer series. Adapted from
W. Finkelnburg, Structure of Matter, Springer-Verlag, 1964.

Figure 6.6 shows the spectrum of hydrogen when transitions take place from n; > 2
to ny = 2. These transitions, the lowest four of which are in the visible portion of the
electromagnetic spectrum, are referred to as the Balmer series. Transitions that end on
ny = | produce more energetic photons, in the ultraviolet portion of the electromagnetic
spectrum (the Lyman series), while transitions that end on ny = 3 are in the infrared
portion of the spectrum (the Paschen series).

One of the striking aspects of (6.72) is that the allowed energies depend on the integer
n, the principal quantum number, but seemingly not on the values of / and m;. Of course,
the lack of dependence on m; is not unexpected, since m; did not enter into the differential
equation (6.61). This degeneracy—the fact that different values of m; and hence different
wave functions correspond to the same energy—arises from the fact that the potential
energy is spherically symmetric. Thus it shouldn’t matter which axis is called the z axis,
and therefore the energy should not depend on the projection of the angular momentum
on this axis. On the other hand, the lack of dependence on/ is surprising. The differential
equation (6.61) clearly depends on /, with different values for / generating different
effective potentials. The place where [ enters is actually hidden in the result (6.72). For
a particular value of », the allowed values of / are given by

F=0,1: 20 0n—1 (6.74)
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Figure 6.7 The n = 1 through n = 4 energy levels of the hydrogen atom, showing the
degeneracy.

as shown in Fig. 6.7. Thus for the ground state, for which n = 1,/ = 0 only. while for
n =2,1 =0and/ = 1, and so forth. The radial functions R, ;(r) thus require two
subscripts to label the corresponding values of n and /. As an illustration, the normalized
radial function for the ground state is given by

7\312
Ry o(r)=2 (—) g~ 4rif (6.75)
an
As Example 6.3 shows, the parameter ay is given by
dmegh?
ag = 02 (6.76)
me

For hydrogen, ay = 0.53 A, which is precisely the value of the radius for the circular
orbit that Bohr presumed in the Bohr model. Hence ay is known as the Bohr radius.
Example 6.3 illustrates how this value is determined in quantum mechanics. Of course,
in quantum mechanics the electron does not follow a circular orbit. In fact, since / = 0
for the ground state, the electron in the ground state does not possess any orbital angular
momentum at all. It does have a radial wave function that is nonzero for all », one for
which the probability of finding the electron between r and r + dr has a maximum at a;

(see Example 6.4).
The normalized radial wave functions for the first excited states (7 = 2) are
Z e Zr 5
Ror) =2 — fle=si=ss —Zr/2ay 6.77
_.U(’ ) (2(10) ( 20()) e ( )
| FENPE
Ry(r)= — (—) Z e Eri2m (6.78)
] \/g 2ay ap
and for the second excited states (n = 3) are
g N2 2ZF . NEZFE] s
R3 ) =2 [ — L= a— SIS O —Zr/3ap 6.79
o(r) (300) { 34 : = o e (6.79)
42  ZN\? Zr Zr\ .
R )= — | —— =iy = >—2Zr/3ay 6.80
3,1(r) 9 (300) - ( 6(10) e (6.80)
23 [ Z NV (Zr\?
R3(r)= —= (t) (_> e~ Zr/3a0 (6.81)
32(r) 275 \3ag agp
where

lnbn.n"m,("a 8,¢) = R, (r) Y:’.nu (6. ¢) (6.82)
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Figure 6.8 Plots of the radial wave function R, ;(') and the radial probability densities
3 2 ; :
= |R,,_,n(r)| for the wave functions withn = 1, 2, 3.

These radial functions as well as the radial probability densities 2 \R,,_;(r)|2 are plotted
in Fig. 6.8. Notice how the probability of finding the electron at increasing r varies with
the quantum numbers » and /. This is why it is often said that the electron resides in
different shells depending on the principal quantum number n. Some properties of the
radial functions that you may see in Fig. 6.8 include the fact that the number of nodes is
given by n, = n — [ — 1, the exponential dependence depends on  as e~ #"/"“_and the
behavior for small » varies as #/. In order to get a sense of how the probability of finding
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Figure 6.9 A plot of the probability density forthen =7,/ =4,
m; = 0 hydrogen atom wave function. To “see” the three-
dimensional nature of the eigenfunctions up through n = 7,
including this figure, check out the award-winning Atom in a
Box program created by Dean Dauger, one of my former
students, at http://daugerresearch.com/orbitals/.

the electron varies in three dimensions, we need to combine the radial wave function and
the orbital wave function. See Fig. 6.9 for an example.

EXAMPLE 6.3 Verify that (6.75) is the ground-state energy eigenfunction for the
hydrogen atom with the appropriate ground-state energy.

SOLUTION Since the ground-state has / = 0, the radial Schrodinger equation (6.61)

is given by
# [ d? 2d e
e | g b s | i Rio=ER
[ 2m (dr2 ¥ r dr) dregr 1 L

#? (d* 2d e?
SRR | | i . ,—r/ao —E —rfay
[ 2m (drz " r a’r) drregr ¢ ¢

where we have divided out the normalization constant from both sides of the equa-
tion and have set Z = 1. Taking the derivatives, we obtain

2 2
_ﬁ_ (1 = i) - £ e-—"/u{; = Fe~T/ao
- -
2m \ajg  apr dmegr

Notice that the 1 /r terms multiplying the wave function on the left-hand side must
cancel so we end up with a constant. Therefore,

or

2 2
/ e

may  4meg

consistent with (6.76). Consequently, the remaining constant on the left-hand side
must equal the energy £

2
h? me*

- " 2mal T 2(dweg)
consistent with (6.72). Notice how solving the Schrodinger equation determines

both the energy and the size (through ag) of the atom.
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v

Figure 6.10 A particle with
charge ¢ moving with speed v
in a circular orbit of radius »
behaves like a loop of current
with magnetic moment .

EXAMPLE 6.4 At what radius is the probability of finding the particle a maximum
in the ground state of the hydrogen atom?

SOLUTION Given the normalization condition (6.51), the probability of finding the
particle between i and r + dr is given by Rf_(,rz dr. To find where the probability
is a maximum, we differentiate the radial probability density with respect to » and
set the result to zero:

d ré
4,-33*2"/”" - 2,,6—21‘/:!9 g 2_6—21'/nu =0
dr ay

which is satisfied if r = aq.

EXAMPLE 6.5 What is the ionization energy of positronium?

SOLUTION Positronium is an “atom” in which the nucleus is the positron, the an-
tiparticle of the electron. Since the positron has the same mass as the electron, the
reduced mass of the electron—positron system

2
nyms me m

“om 2

my =+ ms 2m

where m is the mass of the electron. Thus the allowed energies of positronium
are given by (6.72) with the replacement m — m /2. Consequently the ionization
energy of positronium is (13.6/2) eV = 6.8 eV.

It may strike you as strange to be talking about an atom for which the nucleus
is a positron, the antiparticle of the electron, since the eventual fate of a positron
is to annihilate with the electron. But we have seen that the radial wave functions
R(r) for the hydrogen atom vanish at » = 0 except for / = 0. Thus the electron
and positron, which are point-like particles, do not overlap with each other in space
and do not have a chance to annihilate unless the electron is in a state such as the
ground state that has orbital angular momentum / = 0.

6.4 The Zeeman Effect

Consider a particle with charge g and mass m moving in a circular orbit of radius r
with speed v, as illustrated in Fig. 6.10. The motion, which is periodic with a period
T = (2mr)/v, effectively generates a current loop with arca 4 = 7% and current
I = g/T = gv/(27r). From classical electromagnetic theory, we know that such a
current loop possesses a magnetic dipole moment /¢ of magnitude
qru
p=id=L" (6.83)
2

If we insert a factor of m in the numerator and denominator of this expression, we then
have rmv in the numerator, which is just the magnitude of L = r x p, the orbital angular
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momentum of the particle. We can even write the resulting equation as the vector equation
= 2
T 2m
since the sign of ¢ determines whether the magnetic moment and the angular momentum
are parallel or antiparallel. If this current loop is immersed in an external magnetic field
B, there will be an energy of interaction

(6.84)

q
=i B B
| / L (6.85)
This CXPI’ESSiOH suggests that if we were (o immcrse a hyd['OgE!l'] atom in an external

magnetic field in the z direction, there will be a term added to the Hamiltonian of the form

il 6.86
2m (5880
where we have substituted ¢ = —e as the charge of the electron.

The argument in the preceding paragraph, which starts with the principles of classical
physics, makes a leap at the end in suggesting a specific form for the modification to the
Hamiltonian for an atom in an external magnetic field.* What is the effect of a term such
as (6.86) in the Hamiltonian? Notice that the energy eigenfunctions Y tm (1, 0, @) =
Ry 1(r) Yy m (6, @) of the hydrogen atom are energy eigenfunctions of this additional term
as well, since the ¥ ,,(0, ¢)’s are eigenfunctions of L., with eigenvalues mf. Hence
the energies of the hydrogen atom are modified according to

eBmh
Ey = E,+ ——— = E, + upBm; (6.87)
where we have introduced the Bohr magneton
eh g
pup=—=>579 x 107" eV/T (6.88)
2m

Thus the net effect of this additional term is to break the degeneracy of the energy levels
with respect to my, as expected since the magnetic field destroys the rotational symmetry
by picking out a direction in space. Transitions between a state with / = 1 and one with
/ = 0, say between the first excited state and the ground state in hydrogen, result in the
emission of photons with three different frequencies, as illustrated in Fig. 6.11. Given the
size of the Bohr magneton, you can see that magnetic fields in the tesla range produce
quite small energy shifts in comparison, for example, with the 10.2 eV difference in
energy between these states in the absence of the magnetic field. This splitting of the
spectral lines in the presence of an external magnetic field is called the Zeeman effect,
after Pieter Zeeman who first observed it in 1896. Zeeman, who was inspired to make
these measurements by H. A. Lorentz, took advantage of the high resolution of the
diffraction grating, as discussed in Section 1.7. Lorentz and Zeeman shared the Nobel
Prize for this work in 1902.°

31t is probably worth re-emphasizing a point made earlier, namely that quantum mechanics cannot be
derived from classical physics. The argument leading to (6.86) is really at best a heuristic one. We have
used a toy classical model, since we know that electrons in the atom do not move in circles and do not
occupy a particular point in space. Unfortunately, I do not know of a better way to motivate (6.84) and
(6.86). As we will see in the next section, this result is incomplete, since it doesn’t include the effect of
the intrinsic spin (and corresponding magnetic moment) of the constituents of the atom.

o1t should be noted that in these transitions there is a selection rule in that transitions occur that
satisfy the condition Am; = 0, =1, where Am; is the change in the value of m;. Thus a transition from
a state with m; = 2, say for / = 2, to m; = 0, say for / = 1, would not be observed. For a discussion of
another selection rule (Al = =%1) and its role in Bohr’s correspondence principle, see Problem 6.14.

m.:=l
I=1 m;=0
my=-1

1=0 my = 0v

Figure 6.11 An external
magnetic field breaks the
degeneracy with respect to m;
of the energy levels of the
hydrogen atom. Thus a
transition from/ =l to/ =0
results in three different
frequencies for the emitted
light instead of one frequency.



196

Chapter 6: Quantum Mechanics in Three Dimensions

EXAMPLE 6.6 An clectron with the azimuthal wave function

1
V(o) = =i cos ¢

is placed in an external magnetic field. Take the Hamiltonian to be

eB
H — ——-L_ = L..
2m "7 s

where @y = eB/2m. Determine ¥ (¢, 1).

SOLUTION In Example 6.1 we saw that

namely the wave function is a superposition of eigenfunctions of L.  with eigenval-
ues =+ #. Since the eigenfunctions of L. are also eigenfunctions of the Hamiltonian
(H and L., differ by only the multiplicative constant ), the second line of this
equation expresses the wave function as a superposition of two energy eigenfunc-
tions with the distinct eigenvalues = #iwq. Tacking on the time-dependent factor
e "E'/% for each energy state, we find

—iwyl eiw(.l

V2 V2

1 ef(q)—ﬂ)u” e e—f(d""ﬁ)o”
U 2

= : cos (¢ — wot)
JT
We see that the argument of the cosine is rotating about the z axis with angular speed
wyq. This is in accord with the behavior that we would expect in classical physics
for a magnetic moment in an external magnetic field in the z direction, namely, the
magnetic moment would precess about the z axis with angular frequency wy.

Y, ) =

Y +

Y

6.5 Intrinsic Spin

Atomic spectra are more complex than our discussion so far suggests. For hydrogen, for
example, what should be a single wavelength (a single line in the spectrum) corresponding
to the n = 2 to n = 1 transition in the absence of an external magnetic field turns out to
be a doublet: two closely spaced lines that can be resolved with a good spectrograph.’
And when an external magnetic field is applied, the response is more complex than was

7A similar doublet with a larger spacing between the lines is formed by the famous sodium D-lines.
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suggested in the previous section, leading to what was historically referred to as the
anomalous Zeeman effect.® In 1925, in an effort to explain atomic spectra, two Dutch
graduate students, Samuel Goudsmit (an experimentalist who had worked in Zeeman’s
laboratory) and George Uhlenbeck (a theorist), suggested that the electron had its own
intrinsic spin angular momentum S with a corresponding magnetic moment

p=g (_—"’) S (6.89)
2m

Thus if an atom such as hydrogen is placed in an external magnetic field B, the interaction
energy (6.85) of the electron with this magnetic field becomes

—n-B= (iL+g - S) B (6.90)
2m 2m

where we have included the contributions of the orbital and the spin magnetic moments.

The factor of g in (6.89) is known, perhaps not too imaginatively, as the g factor. In

nonrelativistic quantum mechanics it is a “fudge” factor (another technical term) that

must be inserted in order to give good agreement with experiment. Relativistic quantum

mechanics (via the Dirac equation) predicts g = 2 for the electron, exactly.’

What are we to make of this intrinsic spin? You are probably thinking that the electron
is a ball of charge spinning about its axis very much as the earth spins about its axis
as it revolves around the sun. That is basically what Goudsmit and Uhlenbeck thought,
at least initially.'” But this model of the electron’s spin cannot be correct. After all,
we can calculate spin angular momentum of a rotating ball by integrating the orbital
angular momentum of each small picce of mass ¢m as it moves about its rotation axis
(I@ = [r x dmv). Thus this sort of spin angular momentum is just orbital angular
momentum, too: we simply give it a different name. But we have seen that the L.
eigenvalues of orbital angular momentum are restricted to be m;# with m; an integer (so
that the wave function Vr(r, 6, ¢) is single valued). Since the observed values of S. for
an electron are 74 /2 (or mgh with m; = £1/2, clearly not an integer), we cannot think
of the electron’s spin as arising in some way from the motion of the particle (S # r x p).
We must give up on the notion of a wave function that tells us, for example, something
about the orientation of the electron. In fact, as far as we can tell, the electron itself is a
point particle. This spin angular momentum is an intrinsic attribute of the particle, like
its charge. Any attempt to search for a deeper physical model that generates this spin is
probably not appropriate. As an antidote to such attempts, you should note that particles

81t turns out that there were classical arguments that seemed to “explain” the normal Zeeman effect.
but the origin of the anomalous Zeeman effect was a mystery before the advent of quantum mechanics
and the discovery of the role of intrinsic spin.

"The observed value is 2.00232. This apparent discrepancy between the prediction of the Dirac
equation and the observed value is beautifully reconciled through quantum clectrodynamics, as we will
discuss in Section 10.1.

'"When Goudsmit and Uhlenbeck proposed the idea of electron spin to P, Ehrenfest, he encouraged
them to write up their results and to talk with H. Lorentz. After some analysis, Lorentz pointed out
that a classical model of a spinning electron required that the speed at the surface be approximately
ten times the speed of light in order to obtain the observed magnetic moment. When Goudsmit and
Uhlenbeck went to tell Ehrenfest of their foolishness, he informed them that he had already submitted
their paper for publication. He assured them they shouldn’t worry since they were “both young enough
to be able to afford a stupidity.” Physics Today. June 1976, p. 40.

197



198

Chapter 6: Quantum Mechanics in Three Dimensions

besides the electron have their own intrinsic spin. Photons, for example, have values of
S: in the direction of propagation of the photon equal to 2%. And you are probably much
less inclined to think of a photon as a spinning ball.

How does quantum mechanics handle intrinsic spin? It simply posits that there are

spin operators Sxops Sl-op, and S, that obey the same commutation relations as do the

orbital angular momentum operators, namely
[Sxop.- S_\'(,p] = iﬁS:up
[S\'ﬂp- S:up] = fﬁS_\'up

[Siops Siop] = iAS

- Vop (6.91)

For the electron, there are two basis states, one with S. = #/2 (called spin up) and one
with S. = —#/2 (called spin down). Look back at Example 5.3, where there were also
two basis states that we simply specified as being eigenstates of some unspecified A,
with distinct eigenvalues. In the latter part of Example 5.3 we showed how we could
represent these states as column vectors. Here too we can write the spin-up state as a

column vector
1
e 6.92
X+ ( 0 ) ( )

the spin-down state as a column vector

5 = (?) (6.93)

and the operator for the z component of the spin angular momentum as a 2 x 2 matrix

i [10
S:up = E (0 =i ) (694)

with the S. eigenvalues on the diagonal so that

h{1 0 |
S:opx+=5(0_l) (0)

B h
= = — 6.95
2 (O) T :22)

Af10Y [0

i(0 h
n - 6.96
2(1) ik (6.96)

and

Namely, x; and x- are eigenstates (eigenvectors) of S.,, with eigenvalues #/2 and
—7 /2, respectively, as desired.
What about S, and S_\.up? You can check (see Example 6.7) that the 2 x 2 matrices

i (01
S.\‘up = 7 (] 0) (6.97)
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and

hof0—i
Siw =5 (i » ) (6.98)

do the job in that they satisfy the commutation relations (6.91). Moreover, given the
explicit form of these matrices, it is not hard to verify that

2 2 2 2
Sop = Svap + Svop T Sop
2
_ (10 (6.99)
4 Lol

that is, just 3%%/4 times the identity matrix. Since the identity matrix commutes with all
2 x 2 matrices, we see that

[Scop 83, =0 (6.100)

just as the orbital angular momentum operators L, and L2, commute.'' Thus the eigen-
vectors (6.92) and (6.93) are simultaneous eigenstates of S;,, and Sip. The eigenvalue
3#%/4 of Sﬁp can be written as s(s + 1) with s = 1/2. For this reason we say the
electron is a spin-1/2 particle even though the magnitude of its spin is (v/3/2)%.

Since we did not include the intrinsic spin of the electron in our discussion of the
hydrogen atom in Section 6.3, the energy eigenfunctions given in (6.82) are therefore
incomplete. We can label the energy eigenstates by the total energy, the magnitude of
the orbital angular momentum, the z component of the orbital angular momentum, and the
z component of the intrinsic spin angular momentum, since the operators corresponding
to each of these observables commute with each other. Consequently, we can express
the wave functions in the form R, ;(#)Y (6, ¢)x+. A shorthand notation that takes
the intrinsic spin into account is typically used to label the different energy levels. The
orbital angular momentum states are labeled by the letters s(/ = 0), p(! = 1), d(l = 2),
SU = 3),g(l =4), h(I =5), etc. As you can see, from / = 3 upward, the labeling is
alphabetical.'? The sum of the intrinsic spin angular momentum and the orbital angular
momentum of the electron generates a total angular momentum labeled by the quantum
number j, meaning that the magnitude squared of the total angular momentum is equal
to j(j + 1)#%. When the intrinsic spin s = 1/2 of the electron is combined with the
electron’s orbital angular momentum /, the resulting j takes on the two values j = /+1/2
(with the exception of / = 0 where the total angular momentum is solely j = 1/2)."3
The energy levels of hydrogen are then labeled by 1sy/2, 251/2. 2p1,2, 2p32, . . ., where
the letters s, p, d, ... label the orbital angular momentum, the number in front of the
letter labels the value » of the principal quantum number, and the subscript labels the
value of j.

"'The spin operators S, and S, also commute with 83 just as L., and L, commute with L],
although it is easier to see this explicitly from the matrices (6.97), (6.98), and (6.99) for the intrinsic spin
operators than from the forms (6.27), (6.28), and (6.30) for the orbital angular momentum operators.

">Thiss, p,d,and f terminology arose from characteristics of the spectrum, namely sharp, principal,
diffuse, and fundamental.

1n the discussion of the helium atom in Section 7.3, we will see an example that illustrates how this
addition of angular momenta works in quantum mechanics.
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Figure 6.12 An energy-level diagram for the n = 1, n = 2, and n = 3 levels of hydrogen,

including fine structure, which is exaggerated in scale by roughly a factor of 10%. States
with different values for / and the same j and n are degenerate.

[f an external magnetic field is applied to the atom, then the Hamiltonian will have the
additional term (6.90) and the different intrinsic spin states will have different energies.
Even without an external magnetic field, there are internal magnetic fields in the atom that
arise from the relative (orbital) motion of the electron and the nucleus. This relativistic
interaction is called spin—orbit coupling and it contributes together with two other
relativistic effects to what is termed a fine structure of the energy levels, as illustrated
in Fig. 6.12. Moreover, the proton in the hydrogen atom has its own intrinsic spin and
magnetic moment, which interacts with the magnetic moment of the electron generating
a hyperfine structure on the energy levels. Finally, when quantum field theory is taken
into account, there is an additional even smaller shift (the Lamb shift) in the positioning
of the energy levels that, for example, breaks the degeneracy of the 25 » and 2 p; > energy
levels. The success of quantum mechanics in providing such a complete and accurate
description of the hydrogen atom is without doubt one of its most notable triumphs and
has contributed significantly to our confidence in the theory.

EXAMPLE 6.7 Verify that the matrices (6.94), (6.97), and (6.98) satisfy the commu-
tation relation

[Sucps 8.

.“op:l = "ﬁS:DP
SOLUTION

[Sxop- S"o]\] = SropSrnp . Srops.rnp

_hfor\hfo—i\ hfO—i
— 20101 iXE 0 212 0
Wi _

T (0 _,') = ihS:4p

f
2

(1)



Section 6.5 Intrinsic Spin

The Stern—Gerlach Experiment

This is a good point to describe an atomic beam experiment carried out in 1922 by Otto
Stern and Walther Gerlach with silver atoms. This classic experiment gives clear evidence
of the intrinsic spin of the electron. As we will see in the next chapter, intrinsic spin is an
attribute that plays a very important role in the structure of multiclectron atoms. For now,
we simply note that although a silver atom is a pretty complex entity with 47 electrons
bound to a nucleus, 46 of these electrons fill up shells in such a way that their spin and
orbital angular momentum sum to zero. Thus the magnetic properties of a neutral silver
atom are determined essentially by the properties of a single (valence) electron, which it
turns out is bound in an orbital angular momentum / = 0 state. Therefore the interaction
energy (6.90) of the atom in a magnetic field reduces to

_,L.B:%S.B (6.101)

In the Stern—Gerlach experiment silver is vaporized by heating it in an oven. The
atoms exit the oven through a small opening, are collimated into a beam by traversing
a narrow slit, and travel down the center of a long magnet, as indicated in Fig. 6.13.
Notice how one of the pole pieces of the magnet is pointed, so that the magnetic field
between the poles is not uniform. Therefore there will be a force on the atom given by
the negative gradient of the interaction energy (6.101). If we orient our z axis so that
the magnetic field gradient points in this direction, then the z component of the force is
given by

g ge
dz 2m

_gs dB.

I

2m " 9z (6102)
where we have assumed that B, /dz and 9B,/0z are much smaller in magnitude than
9B./0z. If, as illustrated in the figure, 3B./dz < 0, then if S. = #/2, the atom will
be deflected in the positive z direction. On the other hand, if S. = —#/2, the atom is
deflected in the negative z direction. After traversing the magnetic field, the silver atoms
are collected on a glass plate. Figure 6.14 shows the data obtained by Stern and Gerlach.

2 SR
e B meisa il
T —_————_.\___
Oven -
N
Collimator Detector
(a) (b)

Figure 6.13 (a) A schematic diagram of the Stern—Gerlach experiment. (b) A cross
sectional view of the pole pieces of the magnet depicting the inhomogeneous magnetic
field they produce.
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Figure 6.14 A postcard from Walther Gerlach to Niels Bohr, dated February 8, 1922,
Note that the image on the postcard has been rotated by 90° relative to Fig. 6.13, where
the collimating slit is horizontal. The left-hand image, with the magnetic field turned off,
shows the finite width of the collimating slit. The right-hand image shows the beam
profile with the magnetic field turned on. Only in the center of the apparatus is the
magnetic field gradient sufficiently strong to cause splitting. Photograph reproduced with
permission from the Niels Bohr Archive.

Atoms are indeed deflected up or down, consistent with the two possible values of S. for
the spin-1/2 electron. '

In our discussion of measurement in quantum mechanics (see Section 5.6 in particu-
lar), we have been quite vague about what constitutes a measurement. The Stern-Gerlach
experiment provides us with a concrete example as to how one might measure at least one
observable, namely, S.. From our discussion, we know that silver atoms that are deflected
upward have S. = #1/2 and silver atoms that are deflected downward have S. = —#/2.
We can confirm these results by repeating the experiment. Namely, if instead of allowing
the atoms to collide with a glass plate, we take the ones that are deflected upward and
send them through another Stern-Gerlach device with its inhomogeneous magnetic field
also oriented in the z direction, we find that all the atoms that were deflected upward in
traversing the first device are deflected upward by the second device as well. They do
indeed still have S. = #i/2. See Fig. 6.15a. Similarly, the ones that were deflected down-
ward in traversing the first device are all deflected downward in traversing the second
Stern-Gerlach device as well. Does this mean that the atoms all have either S. = #1/2 or
S. = —#/2 before they enter the first device? The answer is that we can’t be certain if we
aren’t sure how the initial state was prepared. But the Stern—Gerlach experiment gives
us a good way to prepare the state of the atoms. If, for example, we orient the inhomoge-
neous magnetic field in the first device along the x axis instead of the z axis, we find the
atoms are deflected either to the left or the right and hence have S, =#%/2or S, = —#/2
upon exiting this device. But if we take the atoms that are deflected to the right (the ones
with S; = %/2) and send them into the second device with its inhomogeneous field in
the z direction, we find 50% of the atoms are deflected upward and 50% of the atoms

"*Stern and Gerlach thought their results confirmed the quantization of orbital angular momentum
that had been suggested by Bohr in 1913. But given what we now know about the quantum mechanics
of orbital angular momentum, if the deflection had been due to the magnetic moment arising from the
orbital angular momentum, there should have been an odd number of traces since for a particular value
of / there are 2/ + 1 m, values.
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Figure 6.15 (a) A block diagram of an experiment in which spin-1/2 atoms pass through
two Stern-Gerlach devices, each of which has its inhomogeneous magnetic field oriented
in the z direction. (b) Atoms that exit a Stern—Gerlach device with its inhomogeneous
magnetic field in the x direction and are deflected, say, to the right have a 50% probability
of being deflected up upon exiting a second Stern—Gerlach device with its
inhomogeneous magnetic field oriented in the = direction.

are deflected downward. See Fig. 6.15b. It isn’t hard to show (see Example 6.8) that the
state with Sy = 71/2 is a particular superposition of the S eigenstates, namely
1 1
NG X+ + 7 X-
Thus the measurement by this second Stern—Gerlach device with its inhomogeneous
magnetic field in the z direction has collapsed the state from this superposition to one
or the other of the eigenstates of S.. How this collapse occurs, why the superposition
disappears and we end up with an either—or situation, is an open question that is known
as the measurement question. In the Copenhagen interpretation of quantum mechanics
this collapse occurs in the interaction with a macroscopic measuring device, such as the
magnet/detection plate in the Stern-Gerlach experiment. Such macroscopic measuring
devices are sufficiently complex that we are not able to treat them quantum mechanically
from first principles.'’

(6.103)

EXAMPLE 6.8 Verify that

is an eigenstate of S, .

SOLUTION

31t is time to get on to the applications of quantum mechanics. If you would like to work through
more of the details of intrinsic spin as well as see an elegant operator approach to the angular momen-
tum eigenvalue problem, check out John S. Townsend, 4 Modern Approach to Quantum Mechanics,
University Science Books, Sausalito, CA, 2000. This book is highly recommended for your next course
in quantum mechanics!
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6.6 Summary

In many ways, we have just scratched the surface of three-dimensional quantum mechan-
ics. Nonetheless, we have covered the main ideas that will be needed as we move on to
discuss applications of quantum mechanics to solid-state, nuclear, and particle physics.
We have analyzed a particle of mass bound in two three-dimensional potential energy
wells: a cubic box of length L on a side for which the energy eigenvalues are given by

(n,2 -i—nyz +n:2)ﬁ2:rr2

Err..-’h-nﬂ: = 2???L2

By Hyefpi=1,2,3.. .. (6.104)

and the hydrogenic atom for which the allowed energies are given by

E mZ%e* (13.6 eV)Z*? 123 6.105)
n= " i y n=1,2,9,... .
(4 eg)22H°n? n? . (

In the case of the hydrogenic atom, for each value of the principal quantum number 7 the

allowed values of / are givenby/ = 0, 1, 2, ..., n— 1. These / values are connected to the
allowed eigenvalues of the orbital angular momentum operator Lfm =L ip + L_‘.ip + L=c2>p
via

Lip ),;rdm(aa d)) = ]([ e l)ﬁzyi‘m;(gt Qb) I = 0._ ], 2, . (6106)

The eigenfunctions Y; ,, (6. @), the spherical harmonics, also satisfy
L:l,p}’;_,,,,((), @) = mh Y,l‘,,,!(f), @) m=—=l,—-1+1,...,1—=1,1 (6.107)

The energies (6.105) are independent of m; because of the rotational symmetry of the
potential energy —Ze? /4meyr.

One of the striking features of orbital angular momentum is that /%, the maximum
value for L., is always less than the magnitude of the orbital angular momentum itself,
namely +/7(/ + 1)%. The angular momentum cannot completely align itself along one
axis (in which case all three components would be known simultaneously) because of
the commutation relations

[LJ.OP. L:D,,] = i%L o
[L:‘-"P" L-‘OP] = fﬁ[‘.“up (6]08)
The first of these equations, for example, leads to the uncertainty relation
h
ALJ'AL}' = EI(L:H (6109)

which shows that if (L.) # 0 then the values of L, and L, are both uncertain.

While the commutation relations (6.108) can be derived from the explicit form of the
orbital angular momentum L = r x p expressed in terms of position and momentum
operators, we can take these commutation relations as the defining relationship for angular
momentum in quantum mechanics. In addition to orbital angular momentum, there is
another form of angular momentum called intrinsic spin angular momentum. Particles
have their own intrinsic spin angular momentum S, which is present even when the
particle is at rest. We say the electron is a spin-1/2 particle since the analogues of (6.106)



and (6.107) are

e = s(s + Dxe
and

h

S~ 4+ = i*
zop X+ 2)(f:l:

= 11y2
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(6.110)

(6.111)

where x. are two-dimensional column vectors, in contrast to the Y; (0. ¢) wave func-

2

tions. Note the similarity between the form of the eigenvalue for L; and for Sgp except

op

that for intrinsic spin the value of s need not be integral. Associated with this intrinsic

spin angular momentum is a magnetic moment

_..(‘)
=k (Zm) S

(6.112)

where g = 2.00232 for an electron. Thus internal magnetic fields in an atom or external
magnetic fields imposed on the atom couple to this magnetic moment and hence to the

spin angular momentum of the particle.

Problems

6.1. What are the energy eigenvalues for a particle of
mass m confined in a rectangular box with sides of
length a, b, and ¢? If a < b < ¢, what is the energy of
the first excited state? What is the degeneracy of this
energy level?

6.2. Solve the three-dimensional harmonic oscillator for
which

Vir)= %mw2 (%2 9% +2%)
by separation of variables in Cartesian coordinates.
Assume that the one-dimensional oscillator has
eigenfunctions ¥, (x) with corresponding energy
eigenvalues E, = (n + 1/2)fiw. What is the degeneracy
of the first excited state of the oscillator?

6.3. What is the normalized ground-state energy
eigenfunction for the three-dimensional harmonic
oscillator

. 15,

Vir) = imw 7
Suggestion: Use the separation of variables strategy
outlined in Problem 6.2. Express the wave function in
spherical coordinates. What is the orbital angular
momentum of the ground state? Explain your reasoning.

6.4. The normalized energy eigenfunction for the first
excited state of the one-dimensional harmonic oscillator

is given by

At X

n-w- Ly B

II'II (_\') = > xe mewx* /20
Th

with corresponding energy £ = 3%iw/2. What is the
energy of the first excited state of the three-dimensional
isotropic harmonic oscillator? What is the degeneracy
for this energy eigenvalue? What is the orbital angular
momentum of the particle in this excited state? Explain
your reasoning.

6.5. Prove that the operator

foa
:(JI" == 1. a¢
is Hermitian. Suggestion: Follow the procedure outlined
in Example 5.2. Keep in mind that the wave function

must be single valued.

6.6. Suppose that

1 A
- AP
V@)= \/311 i fm’c

Show that W(¢) is properly normalized. What are the
possible results of a measurement of L. for a particle
whose wave function is W(¢) and what are the
probabilities of obtaining those results? Suggestion:
See Example 6.1.
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6.7. Verify that

B e
Y2206, ¢) = Esin‘He"‘”

is an eigenfunction of L, and L
eigenvalues.

zop With the appropriate

6.8. Show that the orbital angular momentum operators

h o o
bon = V59 " Ty
and
hoo fio
CATE PR F

can be written in spherical coordinates as
L h ing d 4 cosd i
xop =< |—SIN@— —cotéCcCos@Q—
S a6 e
and
L h @ d 8 sind d
= — | cospp— — cotf singp—
i a0 g
Suggestion: Since L = r x p, expressed in terms of
spherical coordinates

h
LU;,=!'X —V
i

fi a 10 1 9
= n [ru,. X (u,.a 7 llu;@ + u,f,mﬁ)}
where u,, ug, and uy are unit vectors in the r, ¢, and ¢
directions, respectively. Express these unit vectors in
terms of i, j, and k to obtain the x and y components of
Lop.

6.9. The spherical harmonic Y o is an eigenfunction of
L., with eigenvalue 0. Show it is also an eigenfunction
of Loy and L_‘.Op with eigenvalue zero as well. Thus for
[ = 0, all three components of the orbital angular
momentum are zero simultaneously. Is this consistent
with the uncertainty relation

.
AL AL, > 5’1<L:>|

6.10. Show that in addition to (6.56), the following
commutation relations must hold for the orbital angular
momentum operators

[Lyops Liop| = hLeoy 800 [Licgs Lxop] = itilyy,

Verify that these commutation relations generate the

additional uncertainty relations
h h
A-’-}'AL: = El{Ll)l and AL:AL, > EI(L\)l

6.11. The normalized angular wave function for a
three-dimensional rigid rotator is given by

/3
(@, ) = g(—sin() cos¢ +icosd)

Show that this wave function is an eigenfunction of

h il ., 0
Ly, = n cosq‘)a—g — cot# sin ¢5$

the operator corresponding to the ¥ component of the
orbital angular momentum, What is the corresponding
eigenvalue for this wave function?

6.12. Show that the uncertainty relation
i
ALALy = ZI(L:)

is satisfied for the wave function (8, ¢) given in
Problem 6.11. Suggestion: In evaluating the left-hand
side of the uncertainty relation, first calculate AL,.
When evaluating the right-hand side of the uncertainty
rclation, you may find it useful to take advantage of the
fact that the wave function (8, ¢) can be expressed in
terms of the spherical harmonics as

2

6.13. If the rotator in Problem 6.11 is immersed in an
external magnetic field By in the z direction, the
Hamiltonian becomes

|
w0, ¢) = EYI.I + Yio— EYI.—I

2

= 2;}" + wol:,
where / and @y are constants. Ifatt =0
Ve, ¢) = lyl o LYl.u - lyl.#l
2 J2 2

what is ¥ (0, ¢, t)?

6.14. In a diatomic molecule the atoms can rotate about
each other. This rotation can be shown to be equivalent
to a reduced mass pt = mm>/(m; + m>) rotating in
three dimensions about a fixed point. According to
classical physics, the energy of a three-dimensional rigid
rotator is given by £ = L?/21, where / is the moment of
inertia and L? = L2 + L2 + L? is the magnitude squared



of the orbital angular momentum. (¢) What is the energy
operator for this three-dimensional rotator? What are
the energy eigenfunctions and corresponding energy
eigenvalues? Take the moment of inertia / to be a
constant. (A complication is that molecules “stretch”

as they rotate faster, so the moment of inertia is not a
constant.) Show in the limit of large / (/ >=> 1) that

Ei— Ep

0
7

which means that the discrete nature of the energy levels
becomes less apparent as / increases. (b) Determine the
frequency of the photon that would be emitted if the
rotator makes a transition from one energy level labeled
by the angular momentum quantum number / to one
labeled by the quantum number / — 1. (¢) Show in the
limit in which the orbital angular momentum quantum
number / is large (/ >> 1) that the frequency of the
photon from part (b) coincides with the classical
frequency of rotation of the rotator (recall L = [w). This
result illustrates the correspondence principle, namely
how the results of classical physics and the results of
quantum mechanics can coincide in the appropriate
limit. It also shows how we might use the
carrespondence principle to deduce the existence of a
selection rule, in this case Al = =1. Note: Here Al
means the change in /, not the uncertainty in /. (d)
Sketch the spectrum (in terms of the allowed
frequencies) assuming the selection rule Al = +£1

holds.

6.15. The ammonia molecule, NHj3, can be treated as a
symmetric rigid rotator, with the three hydrogen atoms
residing in the x-y plane and the nitrogen atom above
the plane on the z axis, as shown in Fig. 6.16. If we call
the moment of inertia about the z axis /3, and the
moments about the pair of axes perpendicular to the z
axis /y, the rotational energy of the molecule can be
written as

g I B -2 B

5nT3h T2k 2% Bh
Suppose that at time 1 = 0 the wave function of the
ammonia molecule is

1 1
(o, ¢) = 7 Yoo + NG Y1
where the Y, ,, (6, ¢) are the spherical harmonics. (a)
What are the energy eigenvalues for this symmetric rigid
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rotator? (b) Determine /(6. ¢, t), the wave function at
time /. (¢) Determine the probability that a measure of
the rotational energy of the ammonia molecule yields the
value 0 for the state . What is (E) for this state?

Figure 6.16 The ammonia molecule.

6.16. Estimate the moment of inertia of the HCI
molecule. Use your value for / to estimate the frequency
of the photon that would be emitted in the transition

[ = 11to/! = 0. In what region of the electromagnetic
spectrum does this photon reside? See Problem 6.14.

6.17. The energy for a rigid rotator constrained to rotate
in the x-y plane is given by

LZ
7]
where the moment of inertia / is a constant. (@) What is
the Hamiltonian? Show that the Hamiltonian and L.
commute. What are the allowed energies and normalized
energy eigenfunctions of the rigid rotator? (b) At time
t = 0 the normalized wave function for the rotator is

LN NN -
V@)= /3 s 5 = 37r( 2 )

What values would be obtained if a measurement of L.
were carried out? Determine the probabilities of
obtaining these results. (¢) What is ¥(¢, 1)? (¢) What is
the probability that a measurement of the energy at time
¢ will yield #%2 /217 (¢) What is the uncertainty A E in the
energy of the rotator in the state ¥(¢. 1)?

E

6.18. The Bohr model played an important historical
role in the transition from classical mechanics to
quantum mechanics. Although most of the physical
assumptions underlying the Bohr model turned out to be
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incorrect or incomplete, the model did succeed in giving
the “correct” quantized energies of the hydrogen atom.

(a) Use the idea that the allowed orbits of an electron in
the hydrogen atom are determined by the condition that

an integral number of de Broglie wavelengths fit in each
orbit to show that the orbital angular momentum

L =rmv =nh,wheren =1,2,3,...,and is therefore
quantized. (b) Show that the allowed orbits have radii
given by

2
A eon’h®
hn=——>3
me-
and energies given by
me*

by ==
(4meg)*2h n?

6.19. Consider the Earth-Sun system, which is bound by
the gravitational force F = Gmm3/r?, to be a large
“gravity atom,” as compared with, hydrogen atom, which
is bound by the electrostatic force F = ¢*/(dmegr?).
Using the results of the Bohr model from Problem 6.18,
determine the principal quantum number n of the
Earth—Sun system, given that the distance between Earth
and the Sun is 1.5 x 10"" m. Note: mgam, = 6 x 10°* kg,
Mgy = 2 x 10 kg, and G = 6.67 x 107" m*/(kg-s?).

1 ( Z )3” Zr
— — _£J
V3 \2ag ag

is an energy eigenfunction for the hydrogen atom with
the appropriate eigenvalue. Suggestion: See Example 6.3.

6.20. Verify that

Rl. i (1) - Zr[2ay

6.21. An clectron outside a dielectric is attracted to the
surface by a force F = — A /x?, where x is the
perpendicular distance from the electron to the surface,
and A is a positive constant. Electrons are prevented
from crossing the surface, since there are no quantum
states in the dielectric for them to occupy. Assume that
the surface is infinite in extent, so that the problem is
effectively one-dimensional. Write the Schrédinger
equation for an electron outside the surface, that is for
x > 0. What is the appropriate boundary condition at
x = 0? Obtain a formula for the allowed energy levels of
the system. Suggestion: Compare the equation for the
wave function v(x) with that satisfied by the wave
function u(r) = r R(r) for a hydrogenic atom.

6.22. A particle of mass m is trapped in an infinite
spherical potential energy well with

V() = {0 r<a

xor>a

The ground-state wave function is a spherically
symmetric solution, that is, ¥ = ¥ (r). (¢) Make a
change of variables to u(r) = ryr(r) and solve for u(r)
and the value of the ground-state energy. The boundary
condition on the wave function at » = 0 is u(0) = 0. (b)
Compare the ground-state energy for a particle in a
spherical well of radius a with the ground-state energy
for a particle in a cubic box of side a. Which well has the
lower ground-state energy? Is your result consistent with
the Heisenberg uncertainty principle? Suggestion:
Compare the volumes of the spherical and cubic wells.

6.23. The unnormalized wave function for a negatively
charged pion bound to a proton in an energy eigenstate is
given by

x2432422/2by

v=(x+y+z)e

where by is a constant for this “pionic” atom that has the
dimensions of length. Show that the pionisina p
orbital. What is the magnitude of the orbital angular
momentum of the pion? What is the probability that a
measurement of L. will yield the value 07 Suggestion:
Express the wave function in spherical coordinates.
Note: 1t is not necessary to normalize the wave function
to assess the relative probabilities of obtaining the
possible values of L..

6.24. Use the time-independent Schrédinger equation to
determine the energy of the eigenfunction given in
Problem 6.23 and the constant by in terms of
fundamental constants. One of these constants may be
taken to be s, the reduced mass of the pion—proton
system.

6.25. If the pionic atom described in Problem 6.23 is
immersed in an external magnetic field By in the z
direction, a term of the form wy L. is added to the
Hamiltonian. Explain the origin of this additional term
and show how «y is related to By. Given the wave
function v in Problem 6.23, what is v(7)?



6.26. Show that the matrix operators

ff01 hof0—i nif10
&”_E(WJ%W_E(EO)&“_E(WJ)

satisfy the commutation relation
[S_rup: S:up] = iﬁS.\'up

Note: The three 2 x 2 matrices

a=(30) »=(23) ==(33)

are often referred to as the Pauli spin matrices.

6.27. Determine the eigenvalues and eigenvectors of the

operator
i {01
&W_E(m)
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Suggestion: If you haven't solved problems such as this
in linear algebra, follow the procedure outlined in
Example 5.3.

6.28. Determine the eigenvalues and eigenvectors of the

operator
fi(0—i
$®“5(f0)

What is the probability of obtaining S. = #1/2 ifa
measurement is carried out on a silver atom that is
known to be in a state with S, = —#/2?



CHAPTER

|dentical Particles

It is difficult to overemphasize the importance of identical particles in quantum me-
chanics. In classical physics, so-called identical particles are distinguishable, since it is
possible in theory to keep track of the particles (without influencing their motion). In
quantum mechanics, identical particles are truly indistinguishable. The consequences
of this indistinguishability are, as we will see, profound, accounting for, for example,
the stability and the chemical properties of the elements, the electrical and mechanical
properties of crystalline solids, the end phase in the evolution of stars, the frequency
distribution of the cosmic background radiation that permeates the universe, the phe-
nomenon of superfluidity, and the coherence properties of lasers.

7.1 Multiparticle Systems

In order to see how to handle systems containing two or more particles, we consider two
noninteracting particles confined in a one-dimensional box of length L. The Hamiltonian
is given by
H s + V(xy) n @ + V(x2) (7:1)
=——— X))——— X :
2my dx} Y 2y 043 :

where V' (x) is the potential energy of the box. We are using the coordinate x, for particle
1 and the coordinate x, for particle 2. Here W(xy, x2)*W(x, x3)dx dx; is the probability
of finding particle 1 between x; and x; + dx, and particle 2 between x; and x; + dx,
assuming that W(x, x,) satisfies the normalization condition

0 oo
[_x'/_x |W(xy, x2)Pdxy dxy = 1 (7.2)
We can solve the time-independent Schrédinger equation
HY = EV (7.3)
by the technique of separation of variables. If we write
W(xy, x2) = ¥(x1)p(x2) (7.4)
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and divide (7.3) by the wave function itself, we obtain

1 flz dzlf/ ﬁl dl¢
2m, de —z——p P =& 7.5
vix) ( S d“.lz) e ¢(x2) ( 2m; d.rz') . =

As we have discussed earlier, since the first two terms on the left-hand side of this equation
contain all the x; dependence and the second two terms contain all the x; dependence,
the only way this equation can hold for all x; and x; is for each of these pairs of terms
to be constant, namely

# d*
B2V vy = Ev (7.6)
2my dxj
and
fZ !2
XD e = Exp (1.7)
2my dxy

We have called the constants £, and £, since
E=E+E (7.8)

You can see from (7.6) and (7.7) that the wave functions ¢ and ¢ are the energy eigen-
functions for a single particle confined in a one-dimensional box, which is reasonable
since we have assumed the particles do not interact with each other. Given (7.4), the
two-particle wave function W is therefore the product of the energy eigenfunctions for a
single particle

W(xy, x2) =y, (x1)¥,(x2) (7.9)

and the total energy is the sum of the energies for a single particle confined in the box:
frzrrznf 72 ind
g ek

2mL* 2m, L

If we are solely interested in determining the probability of finding particle | in some
region in the box, we would integrate the probability density | W (x}, x2)|* over all possible
values of the coordinate x», leaving us with |, (x;)|*dx; as the probability of finding

particle | between x; and x| +dx,. Similarly, the probability of finding particle 2 between
x; and x; + dx; independent of the position of particle 1 is |¥,,(x2)|*dx3.

(7.10)

7.2 ldentical Particles in Quantum Mechanics

But what if the particles arc identical? Not only should we setm| = m; in the Hamiltonian
[and in the energy eigenvalues (7.10)], but we should expect to get the same result for
the probability of finding one of the particles in a certain region of the box, whether it
be particle 1 or particle 2. After all, if the particles are identical, we cannot distinguish
one of the particles from the other. Hence the wave functions should not permit such a
distinction either.

To see how to implement this requirement, we introduce the exchange operator P,,
which is defined by its action on a two-particle state

PpW(l,2) = w(2, 1) (7.11)
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where by this we mean exchange all the coordinates (or labels) for particle 1 with those
for particle 2. For example,

Pian, (X0, (x2) = Yy (X2)Wny(x1) (7.12)

When the particles have intrinsic spin, the exchange operator exchanges the spin labels
as well as the position coordinates of the particles. You might be tempted to assume
that if the particles are identical (and hence indistinguishable) that we should require
P> W(1,2) = W(l, 2). But we have seen in quantum mechanics that two states that differ
only by an overall phase factor are really the same state. Thus for identical particles we
will insist that

PW(1,2) = AW(1,2) (7.13)
where A = ¢’®. Note that
PLW(1,2) = 22W(1,2)
=w(l,2) = =1 (7.14)

since exchanging the particles twice returns us to the initial state. Thus the allowed
eigenvalues of the exchange operator are

A==l (7.15)

This is all reminiscent of the parity operator (see Section 5.1) in that performing the
operation twice (in the case of parity, inverting the coordinates twice) is equivalent to the
identity operator. Thus the eigenvalues for the parity operator are also %1, corresponding
to even and odd wave functions under an inversion of coordinates. Here the corresponding
states are symmetric under particle exchange:

P1aWs(l, 2) = Wg(l, 2) when A=1 (7.16)
and antisymmetric under particle exchange:
PiaWa(l,2) = —W,a(l1,2) when A=-—1 (7.17)

One straightforward example of a two-particle state that is symmetric under exchange
is the state

Ws(1,2) = Ya(1)¥a(2) (7.18)

where particle 1 and particle 2 are in the same quantum state label by the quantum
number(s) . Another example where the two particles are in different states with quantum
numbers & and § is given by

1
2
since switching the labels 1 and 2 returns exactly the same state. We have put a factor
of 1/+/2 in front so that the state is properly normalized. For a two-particle state that

is antisymmetic under exchange, the only possibility is for the two particles to be in
different states, namely

Ws(1,2) = —= [Va()Yp(2) + Yp(1)¥a(2)] (7.19)

1
el 2= -2 [Wa(DY(2) = Yp(1)¥a(2)] (7.20)

Here switching the labels on the particles returns the state multiplied by a minus sign.
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For three identical particles, the corresponding symmetric and antisymmetric states
are given by

1
Ws(1,2,3) = " Wa( DY), (3) + YD, (2)¥a(3)

+ U (DY (2)(3) + Yy (D)Yra(2)3ra(3)
+ V(D295 (3) + Y (DY (2)05(3)] (7.21)

and

1
Wa(l, 2,3) = NG [Va(DYp(20%, (3) + YD, (2)¥a(3)

+ Uy (DY ()W5(3) — Y (DY) (3)
— U205 (3) — V()Y (2)¥5(3)] (7.22)

These states are symmetric or antisymmetric under the exchange of any two of the
particles in the state. The antisymmetric state can be neatly expressed in terms of a
determinant, known as the Slater determinant:

Va(1) Val(2) Yu(3)
Wa(l,2,3) = 75| ) Vp(2) Yp(3) (7.23)
1y (1) ¥, (2) ¥,(3)

The determinant has the property that it changes sign when any two columns (or rows,
for that matter) are interchanged. Interchanging two columns corresponds to switching
the labels corresponding to the particles for those two columns and therefore (7.23) is
manifestly antisymmetric under exchange.

What makes these results so important is that there is a connection between the
intrinsic spin of a particle and the sort of states that are permitted for multi-particle
systems:

(1) Particles with integral intrinsic spin (s = 0, 1, 2, .. .) are called bosons. The total
“wave function” for a system of identical bosons must be symmetric under exchange of
any two of the particles.

(2) Particles with half-integral intrinsic spin (s = 1/2,3/2,5/2,...) are called
fermions. The total “wave function™ for a system of identical fermions must be
antisymmetric under exchange of any two of the particles.

Your first reaction to statements (1) and (2) may be to say, “Where do they come
from?” We could take these results to be “postulates,” postulates that one might call a
generalized Pauli Principle since one consequence is that for half-integral spin parti-
cles no two identical particles can be in the same state. After all, if you try to put the
two identical fermions in the same quantum state by setting @ = # in (7.20), the state
vanishes identically. But postulates (1) and (2) actually are a natural outgrowth of com-
bining special relativity and quantum mechanics together in the form of quantum field
theory. Unfortunately, no one has figured out an easy way to explain this spin-symmetry
connection, which may mean we don’t understand it as fully as we would like.'

'In Section 7.5 we will see that fermions and bosons obey different types of statistics. In 2002 the
editor of the American Journal of Physics noted an earlier challenge by Richard Feynman seeking an
elementary proof of the spin-statistics connection. Despite numerous efforts in the intervening years,
he concluded that no one had yet met the challenge.
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7.3 Multielectron Atoms

There are a lot of different atoms. In this section we will focus primarily on low-Z
elements to see the important role that the identical nature of electrons plays in atomic
structure. It is not difficult to generalize our results to higher Z atoms. After hydrogen,
helium is the next simplest atom. If we include only the Coulomb interactions between
the nucleus and the two electrons in helium, the Hamiltonian is given by

s Ze? o, Ze?

H=——V7— - —V; - 7.24
2m ! dmwegr;  2m 2 4regr ( )

where we have ignored the contribution of the kinetic energy of the nucleus and, more
importantly, the Coulomb repulsion e?/4meg|r; — r2| between the two electrons. This
has the effect of making the problem mathematically tractable (the three-body problem
is a tough one to solve, in either classical or quantum mechanics) and it does not obscure
the fundamental underlying physics. Notice that we have introduced subscripts on the
derivative operators to indicate whether we are taking the derivative with respect to the
coordinates r; or r just as we did in the one-dimensional Hamiltonian in Section 7.1.
And of course for helium we must set Z = 2.

Without the Coulomb repulsion of the electrons, the Schrodinger equation with the
Hamiltonian (7.24) can be solved by separation of variables. The energy eigenfunctions
can be written as a product of the single-particle hydrogenic energy eigenfunctions. But
since we are dealing with electrons, we must include the spin state for each electron in
the “wave function,” making sure that the overall state is antisymmetric under exchange
of the two particles. It is easiest to see what is going on with some explicit examples. Let
us start with the ground state, in which each of the electrons is in the ground state of the
corresponding single-particle Hamiltonian:

Y= ‘l"i.\-(l'l)',ﬂ'h{rz)\/L§ [x+(Dx-(2) — x-(Dx+(2)] (7.25)
where we have used the abbreviated notation ¥r;; = ¥, o, thatis,n = 1,/ =0, m; = 0.
We can think of the exchange operator as consisting of the product of two operators,
one that exchanges the positions of the two electrons and one that exchanges their spins.
Note that the spatial part of the wave function (7.25) is symmetric under the exchange
r; <> ry, while the spin state picks up an overall minus sign when the 1 and the 2
labels are exchanged. The product of a symmetric state and an antisymmetric state is
antisymmetric, just as the product of an even function and an odd function is itself an
odd function.

As is shown in Example 7.3, this particular spin state is an eigenstate of the total spin
angular momentum §? = (S; + Sg)2 with eigenvalue 0. Thus we say this singlet state
is a total-spin-0 state.” The total orbital angular momentum of the ground state is zero
as well, since each electron has zero orbital angular momentum. Consequently, the total
angular momentum, which is the sum of the total spin angular momentum and the total

*The spin state in (7.25) is a beautiful example of the sort of two-particle entangled state that we
discussed in Section 5.6. Notice that it is not possible to say which spin state is occupied by particle 1
or particle 2, but a measurement of the spin state of one of the particles, say particle 1, is sufficient to
determine the spin state of the other particle, particle 2.
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orbital angular momentum, is also zero. It is common to label states by the spectroscopic
notation 25*!L ;. where § is the quantum number that specifies the total spin angular
momentum squared in the form §? = S(5 + 1)4° (and therefore the 2.5 + 1 superscript
indicates the multiplicity of the total spin states), L labels the total orbital angular mo-
mentum in the form L2 = L(L + 1)#%, and J is the quantum number specifying the
resultant of adding the total spin and total orbital angular momenta together in the form
J2 = J(J + 1)#*. As we discussed in Section 6.5, the orbital angular momentum states
are labeled by the letters suchas s, p, and d, short for/ = 0,/ = 1,and/ = 2 respectively.
Consequently, in spectroscopic notation, the ground state of helium is referred to as the
IS, state. Here capital letters are used for the total orbital angular momentum, so the §
in 'S, refers to the fact that L = 0 and not to the total spin.

Let’s next look at the first excited states. Instead of putting both electrons in the
ground states of the single-particle Hamiltonians, we will put one of them in the first
excited state. Of course, since the electrons are identical, we can’t specify which of the
electrons is in the ground state and which is in the excited state. There are a number of
possibilities. For example, one possibility is

1 1
V= 7 (V15 (r) Yo (r2) + Yo (v 5(r2)] 5 [x+(Dx-(2) = x-(Dx+(2)] (7.26)

where Y, = V,0,0. Here the spatial state is symmetric under the exchange of positions
of the electrons (r; <> r») and the spin state, the singlet spin state, is antisymmetric
under exchange of the spin states of the electrons (switch the 1 and the 2 labels on the
spin states). In spectroscopic notation this is a ' S, state, like the ground state.

Another possibility is to make the spatial state antisymmetric and the spin state
symmetric, namely

| O |
V= % (V15 (ry s (r2) — Yrag (1) 5(r2)] E [x+(Dx-@2) + x-(Mx+(2)] (7.27)

But once we allow for a symmetric spin state, there are two additional possible spin states
in which each of the electrons is in the same spin state:

1
V= 7 (s (r) Yo (r2) — Yo (r)¥s(r2)] xe (1) x+(2) (7.28)
and
1
V= 7 [ris(r) )rag(r2) — Yras (r) Y (ra)] x—(1)x-(2) (7.29)

These three symmetric spin states turn out to be eigenstates of the total spin angu-
lar momentum (S; + S;)° with eigenvalue 247, namely S(S + 1)#* with § = 1. The
25 + 1 = 3 spin states are said to form a triplet of spin-1 states, as is shown in Prob-
lem 7.1 and Problem 7.2. The addition of total spin angular momentum § = 1 and total
orbital angular momentum L = 0 generates a state with total angular momentum J = 1.
Thus the spectroscopic notation for these three states is *S).

Even though the Hamiltonian does not have any direct dependence on intrinsic spin,
these total-spin-0 and total-spin-1 states can end up with quite different energies once we
take into account the Coulomb repulsion of the electrons. Notice that the spatial part of
the wave function for the total-spin-1 states, which is antisymmetric under the exchange
r| < ry, vanishes when r; = r,. On the other hand, the two pieces of the spatial part
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Figure 7.1 An energy-level diagram of the first excited states of helium.

of the wave function for the total-spin-0 state (7.26) add together constructively when
r; = ry. Thus the electrons are much more likely to overlap each other in space for
the total-spin-0 state than for the total-spin-1 states.® Therefore, the Coulomb repulsion
between the electrons will tend to raise the energy of the total spin-0 state relative to that
of the total spin-1 states, as indicated in Fig. 7.1. Consequently, the lower energy state—
the one nature tends to favor—is one in which the spins are “aligned.” This is the sort of
mechanism that is presumably responsible for ferromagnetism, in which the spins (and
therefore the magnetic moments) of certain valence electrons in atoms such as iron align.

What happens if we move on from helium with its two electrons to lithium with its
three electrons? What is the ground state? If we try to put all three electrons in the ground
state (the Ls state) of the single-particle Hamiltonian, we end up with a spatial state that
is symmetric under exchange of any two of the electrons. But since there are only two
possibilities for the intrinsic spin state of each electron, namely the spin-up state y, or
spin-down state y_, at least two of the electrons must be in the same spin state, which
means the state cannot be antisymmetric under exchange. Thus in the ground state of
lithium one of the electrons must be in the 2s state. Similarly, in beryllium (Z = 4), we
can put two electrons in the 1s state and two electrons in the 25 state, but if we try to
move up to boron (Z = 5), then the fifth electron must go into another energy state, the
2p state. In this way, we see how the exchange symmetry dictates the structure of the
periodic table, and thus chemistry!

You may be wondering why the 2s energy level fills before the 2p level, since in the
hydrogen atom the 2s and 2p states have the same energy. In multielectron atoms, the
potential energy that any one electron experiences is not as simple as that in the hydrogen
atom. For small r the potential energy approaches —Ze? /4 eyr as the electron “sees”
the full charge of the nucleus, while for large » the potential energy should approach
—e? [4megr since the electron is screened from the nucleus by the other Z — 1 electrons
in the atom. For nonzero values of /, the centrifugal barrier /(/ 4+ 1)4*/2mr? tends to
keep the electron away from the origin, where the potential energy is the most negative.

3The profound effect of the symmetry of the exchange symmetry of the spatial wave functions on
the likelihood of finding the particles in the same region of space is illustrated in Problem 7.3.
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Figure 7.2 The periodic table, including the electron configuration and angular momentum
25+, of the ground state,

Thus smaller values of / correspond to lower values of the energy and the degeneracy of
the energy levels with different values of / is broken.

If we continue along the second row of the periodic table (see Fig. 7.2), after boron
come carbon, nitrogen, oxygen, fluorine, and neon, filling up the 2p states. The 2 p states
can accommodate six electrons, since for / = 1 there are three different possible values
for m; (m; = 0, £1) and there are two possible spin states for each of these orbital states.
Like helium, neon is relatively inert, since it has a closed (or filled) shell. Helium and
neon are both referred to as noble gases. Moving from Z = 10to Z = 11, from neon to
sodium, leads to a pronounced change in the chemical properties of these elements. For
sodium, the eleven electrons not only fill up the » = 1 and n = 2 levels, but one electron
must occupy the 3s level. This last electron, the valence electron, is electrically shielded
from the nucleus by the other ten electrons. Thus this valence electron is not so tightly
bound to the atom, which makes sodium very reactive chemically. As we noted in our
discussion of the photoelectric effect in Section 1.3, sodium, like the other alkali metals,
oxidizes readily. Or, as another illustration, sodium can donate an electron to an element
such as fluorine, which needs one electron to complete the n = 2 shell, or to chlorine,
which needs one electron to complete the 3 p subshell. The result is a crystalline solid,
which in the case of sodium chloride is ordinary table salt.
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EXAMPLE 7.1 The negatively charged pion 7~ is a spin-0 particle roughly 280
times more massive than the electron. Suppose the two electrons in a helium atom
are replaced with two negatively charged pions, generating a pionic atom. Which
of the following wave functions are valid wave functions for pionic helium?

(a)
V= Kb]x(rl)WL\‘(rZ)
(b)
Vo= r(ry ) (r2)
(¢)
|
= 73 (W15 (r )Y (r2) + Yrag (1) Urs(r2)]
(d)
|
s 5 (s (r)rag(ra) — Yrag(r)¥r5(ra)]

SOLUTION Since the pion is a spin-0 particle, it is a boson., Consequently, the two-
pion wave function must be symmetric under particle exchange. Since the pion
doesn’t have intrinsic spin, the only attribute to exchange is the position of the pion,
namely r; < r,. Wave functions (a) and (c) are symmetric under r; < r, while
wave function (d) is antisymmetric. Wave function (b) does not have any definite
symmetry under exchange. Thus only (a) and (¢) are allowed wave functions for
pionic helium.

EXAMPLE 7.2 ltis often stated that the Pauli Principle asserts that no two electrons
can be in the same state in an atom. What then is wrong with the two-electron
“wave function”

W= (r)vns(r2) x+ (1) x-(2)

in which one of the electrons is in the ground state with its spin up and the other is
in the ground state with its spin down?

SOLUTION Because electrons are spin-1/2 particles, a two-electron wave function
must be antisymmetric under exchange. The wave function W is symmetric under
the exchange of the positions of the two particles (r; <+ r;), but if the spin states
of the two particles are exchanged x,(1)x_(2) < x_(1)x4+(2). Thus the spin
state is not antisymmetric under exchange of the spins, which is required to make
the overall state antisymmetric under the combined operation of exchanging the
positions and spins of the two partic]es. The correct W is

W = Y (r)¥s(r2) —= D (D x-(2) = x-(1)x+(2)]

\/_
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EXAMPLE 7.3 Show that the two-particle spin state

]
= Dy—(2) — x-(Dx=(2
ﬁ[m()x() 1= (2]

is a state with total spin angular momentum equal to zero.

SOLUTION For a single spin-1/2 particle, we know that

s B (01 1y a0 _ f_!
sopX+ =7 110 ) o) T2\1) T 2%
and
s _ fi 01 0y fl 1K fi
.me- = 2 ] 0 1 = 2 O == 2X+
Also
and

A

= —]—
2X+

g Cafo=i\ 1\ _afo\ &
e =30 Jlo)=12\1)=3%
S _hfo=i\ [0\ _ Al
voX==5 0 ) \1) T "2 o

And of course x. and x_ are eigenfunctions of S.,, with eigenvalues #/2 and
—#1/2, respectively. With these results in mind, we are ready to consider the action
of the operator

P

S;p =1, + 53, 281, S

op lop 2t Zop

= 87+ 8 +2 (Siey S + Sty Sty + 8120 S22

op ~=Xop

on the two-particle spin state

1
Xo.0 = ﬁ [x+(Dx—(2) — x-(Dx+ ()]

where we have labeled the superposition with the subscript 0, 0 (a special case
of the more general result xg ) since we going to establish that this state has
total spin equal to zero (just like the spherical harmonic ¥y has orbital angular

momentum equal to zero). Since
.

ﬁ-
S1zp S22, X+ (1) x-(2) = — 7 X+ Dx-(2)

and

ﬁ-
'S‘l:ﬂ;,SZ:Ur.XA-( 1 )X;(Z) = _Ixf(l )Xi(z)

the state xo,0 is an eigenstate of Sy, S>., with eigenvalue —#% /4. However, since

h? , h?
Stxon 200, X+ (D x-(2) = %xf(l)xﬂ) and Sy, S2e, X-(1)x+(2) = —4"X+(1)X—(2)

as well as

2 2

h* h-
Sty Sar X4 (DX-2) = T x-(Dx+(2) and Sy, Soy X (D12 = s (D2-(2)

Y op



Section 7.4 The Fermi Energy

the individual terms in the superposition oo are not eigenstates of Sy, Sz, and
Siy,, Say,, but the overall superpositon yo¢ is an eigenstate, namely
2

Slxep D20 X0,0 = —7 Xo0

and
ﬁZ
Sty S2y X0.0 =~ X0,0

Therefore

e Sg..,- +2 (S]_\-dpSpJ"? + Siy, Say,, + SL:UPSEW)] X0.0

op ™ =Yop

=2 1+|)+1(]+1) 2('+l+l)]ﬁ3
=l2\2 2 \3 il

In addition, xo,0 is an eigenstate of Sy + S»-, with eigenvalue 0 as well, which
is why we have two subscripts on xg,o.

This result is a striking one. You should check that if we simply change the
two-particle spin state to

1
Xi,0 = 7 [x+(Dx-(2) + x-(1)x+(2)]

then the eigenvalue equation yields

SﬁpXI.o = [Sim + Sim +2 (Sl.n,,,Sz.r,.,, + Siy,, S2y,, + Stz Sz.—,.p)] X1,0

-](I+1+'(1+1)+21 L_1Y],
=12 2 \2 3T37g)|xe

i R " X1.0

=21 x10

The eigenvalue is S(S+ 1) %% with § = 1. Thus even though the two states x¢,o and
X1.0 are both superpositions of spin states for two spin-1/2 particles with opposite
values for the projection of the spin along the z axis for the two particles, the relative
phase in the superposition matters a great deal. A simple change of sign from minus
to plus changes the state from one with § = 0 to S = 1 for the total spin.

7.4 The Fermi Energy

In the next chapter, we will examine the quantum mechanics of crystalline solids. There
we will see that for a solid such as metallic sodium the valence electrons are essentially
free to travel throughout the solid and are not tied to any particular atom. A useful
approximation, referred to as the free-electron model, is to treat the electrons as if they
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are simply confined in the three-dimensional potential energy box that we analyzed in
Section 6.1. In that example, we took the height of the potential energy barrier confining
the particle to be infinite, which may seem like a rather bad approximation for electrons
confined in a solid. But if you look at the detailed solutions to the one-dimensional finite
square well in Section 4.1, you will notice that the results of the finite square well reduce
to the results of the infinite square well if either the height of the barrier or the width of the
well approaches infinity. Since a typical linear dimension of a solid is in the centimeter or
longer range (and therefore is at least a factor of 10® larger than the size of a typical atom),
it is not a bad approximation to use the results of the infinite well when treating a solid.

Typically, fora solid like sodium there are on the order of 10*? valence electrons per cu-
bic centimeter. This is a large number! If we assume that each electron is in the lowest en-
ergy state available, the electrons will fill up the states up to a maximum energy called the
Fermi energy. Recall that the energy eigenvalues for the cubic box of side L are given by

(ne? +n? +n?) hin?
2mlL2

We can put two electrons in the energy state £}, in a fashion similar to the way we
constructed the ground state wave function for helium. Similarly, a third electron can go
into the state corresponding to either £, 1, £12.1, or Ey 2, since all these energies are
the same. Obviously figuring out the ground state for, say, 10%* electrons is not as easy as
figuring out the ground state configuration of lithium. A good strategy for dealing with
this problem is to calculate the number of states between energy £ and E 4+ dE. Since
each allowed energy state is labeled by the integers n,, n,, and n., we can show each
allowed energy state as a point in the lattice pictured in Fig. 7.3.
It is convenient to introduce a dimensionless radius

r=/n2+ nf, +n? (7.31)

in this lattice. Figure 7.4 shows the projection in the n, —n, plane of such a lattice. Notice
how the number of states between r and » + Ar grows with the magnitude of r. In the
full three-dimensional lattice, rather than circular arcs of radii » and r + Ar, we choose

Eu..n‘,.n_. = Ry, Ny, Rz = Ly Bl (7.30)

n.

r
7k r+Ar
® ® L ]
L ] () [ ]
o {
P -
[ ] [} n
L] [ ]

n,

Figure 7.3 Each allowed state is labeled by point in the lattice with axes labeled by n.,
n,, and n.. For the sake of clarity, only a few points are shown. The number of points
between » and » + Ar is given by the volume of the spherical shell between r and r + Ar.
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Figure 7.4 The allowed states in the n,-n, plane. The number of
states between - and r + Ar grows with increasing r. This effect
is more pronounced in three dimensions,

a spherical shell of inner radius r and outer radius  + Ar. The volume of this spherical
shell is given by 477> Ar. Since the number of particles filling these individual states is
very large, we can, to a very good approximation, replace Ar with the differential dr.
From (7.30), we see that

V2mEL

= — 132
! hm ( )
and hence
2mL d
i YNGR (7.33)
2t JE

Since by construction there is one allowed energy state per unit volume in the lattice, the
number of states between £ and £ + d E is given by

1 p
D(E)dE =2 (g) 4r-dr

3/2
= Yemr® g (7.34)
20 m?

where I = L? is the volume of the box. The factor of 1/8 on the first line of this equation
arises from the fact that the integers n,, n,, and . take on only positive values, and thus
the number of states is the volume of the spherical shell restricted to the first octant of
the lattice. The factor of 2 on the right-hand side of the first line of (7.34) arises from the
fact that there are two spin states, spin up and spin down, for each allowed energy for a
spin-1/2 particle like the electron. The quantity D(E) is called the density of states. It
is the number of states per unit energy. The important thing to notice in the result (7.34)
is that the density of states grows as the square root of the energy.

Let us assume there are N electrons in the box. In the ground state, we put one electron
in each state until we run out of electrons, which occurs at an energy Ey, which we call
the Fermi energy. Therefore

Ef
N = D(EYdE

JO

f‘;| 3/2
= f L) il (7.35)
0

21372
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Evaluating the integral, we obtain

V2mEx 3/2
and therefore
5 2/3
#? (37N
Er = ™ ( = ) (7.37)

What happens if we take this box and squeeze it, attempting to decrease the volume V/
of the solid? As you would expect, the solid resists such a compression, since according
to (7.37) reducing the volume of the box increases the energy of the electrons confined in
the box. From conservation of energy, d £ = — PdV (the analogue of d W = Fdx),
where E\. is the total energy of the electrons in the solid and the pressure P is the
force/area with which the solid pushes back when it is compressed. This pressure is
generally referred to as electron degeneracy pressure.’ In the Fermi gas model of the
solid (see Problem 7.4),

3
Etutal = ENEI (738)
where E\yy is the sum of the energy of the N electrons contained in the box. Therefore
dElulal 2 922/3 fiz (N) e
P =— = — (37~ — | — 7.39
dVv 5 ( . ) 2m \V ( )
Using this result, we can compute the compressibility K of a solid
dP\~!
K=|-V— 7.40
( dV ) ( )

As noted in Example 7.4, for alkali metals such as sodium the electron degeneracy pres-
sure can account for a significant fraction of the resistance of the metal to compression.

EXAMPLE 7.4 Determine the Fermi energy £r and the Fermi velocity vg, the speed
of an electron at the Fermi energy, for sodium. The molecular weight for sodium is
23 and the density of metallic sodium is 0.97 g/cm®. There is one valence electron
per atom for sodium.

SOLUTION

N 097 glem®
V23 g/mole

Substituting this result into (7.37), we find that £y = 3.1 eV for sodium. Since this
is the kinetic energy of the most energetic electron in the box, the Fermi velocity
is determined from

(6.02 x 10* atoms/mole) = 2.5 x 10* atoms/cm’

o ]
1;[1 = =M Ul:

2
For sodium, v = 1.0 x 10° m/s. Thus the most energetic electrons are nonrelativis-
tic, which is necessary for self-consistency since we have used the nonrelativistic

*Here the term degeneracy is used to indicate that the electrons are in their lowest energy state.
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Schriédinger equation to determine the allowed energies. But the speed of these
most energetic electrons is appreciable, namely 0.3% of the speed of light.

Given the value for N/ V' it is straightforward to calculate the compressibility
K as well as the Fermi energy for sodium. We obtain a value of 1.2 x 107! m?/N,
which should be compared with the measured value of 1.56 x 1071 m?/N.

White Dwarf and Neutron Stars

This electron degeneracy pressure also plays a big role in determining the end state of
stellar evolution for stars that are not too massive. As we will see in Chapter 9, stars like
the Sun are “burning™ hydrogen in a process of nuclear fusion that converts hydrogen into
helium. The energy released in these fusion reactions produces a pressure that balances
the gravitational pull that would otherwise cause the star to collapse. But what happens
after the nuclear fuel is exhausted?

Relatively nearby, 8.6 light-years away, is the star Sirius, the brightest star in the night
sky. Sirius has a companion, the star Sirius B, which orbits around it with a period of
50 years. The mass of Sirius B is very close to the mass of our Sun, but its radius is
6,000 km, just slightly less than the radius of the Earth (see Example 7.7). Consequently,
the density of Sirius B is 2 x 10° g/em®. This is to be contrasted with the Sun, which has
a radius of 7 x 10° km and a density of 1.4 g/em’, which is near the density of water.
Sirius B is an example of a white dwarf star, the end phase of evolution of stars like
the Sun. How can such an enormous density be supported? Certainly not by the sort of
repulsion between neighboring atoms that leads to stability of ordinary matter on Earth,
for which the average density is 5.5 g/cm®. The answer is electron degeneracy pressure.

In 1930, Subramanyan Chandrasekhar, then 19 years old, was on a sea voyage from
India to Cambridge, England, where he planned to begin graduate work. Chandrasekhar
was interested in exploring the consequences of quantum mechanics for astrophysics.
During his trip, he analyzed how the density, pressure, and gravity in a white dwarf star
vary with radius. For a star like Sirius B Chandrasekhar found that the Fermi veloc-
ity of inner electrons approaches the speed of light. Consequently, he found it neces-
sary to redo the calculation of the Fermi energy taking relativistic effects into account.
In the limiting case in which the electrons in the star are ultrarelativistic, he found that the
electron degeneracy pressure varies as (N / V)*? instead of as (N / ¥)*/3, which is what
we obtained in (7.39) for the nonrelativistic case. (See Problem 7.7.) Thus, for example,
a 1% increase in the density produces a 4/3% increase in the pressure in contrast to
the 5/3% increase that would be expected if the electrons were nonrelativistic. Therefore
the degeneracy pressure of relativistic electrons does not offer as much resistance to
collapse as does the degeneracy pressure due to nonrelativistic electrons. Chandrasekhar
deduced that a high-density, high-mass star cannot support itself against gravitational
collapse unless the mass of the star is less than 1.4 solar masses. This finding was
quite controversial within the astronomical community and it was 54 years before
Chandrasekhar was awarded the Nobel Prize for this work.”

*For an interesting discussion of the history associated with Chrandrasekhar’s discovery, see Kip S.
Thorne, Black Holes and Time Warps, W. W. Norton, New York, 1994, pp. 140-163.
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Figure 7.5 The Crab Nebula as seen by the Hubble Space Telescope. At the center of
the nebula is a pulsar, a neutron star rotating at a rate of 30 revolutions per second.
(Courtesy NASA)

The natural question to raise is what happens if the mass of the star exceeds this
1.4 solar mass limit. As the star collapses, the size of the box confining the electrons
decreases and, consequently, the energy of the electrons confined in the box increases.
When the energy of the electrons reaches the point that is sufficient to initiate the reaction
e~ +p — v,+n, thatis, an electron combines with a proton to produce the more massive
neutron (a spin-1/2 particle) and an associated neutrino, the inner core of the star collapses
to a neutron star. Calculations similar in spirit to the ones Chandrasekhar did for white
dwarf stars show that for neutron stars a typical radius is on the order of 10 km and
the density is on the order of 10" g/cm® (the density of nuclear matter). Moreover,
there is an upper limit on the mass of a neutron star of roughly 1.5 to 3 solar masses.®
Beyond that limit, the star either collapses to a black hole or ejects mass in a catastrophic
explosion known as a supernova, often leaving a neutron star surrounded by ejected gas
as a remnant, as is the case for the Crab nebula, shown in Fig. 7.5.

7.5 Quantum Statistics

In our discussion of the Fermi energy we have focused on systems such as the valence
electrons in a solid or the neutrons in a neutron star in which the number of particles that
make up the system is very large, ranging from, say, 10%* to 10%. It is not practical or,
for that matter, even useful to attempt to write a wave function for such a large number
of particles. The most we can reasonably do is to obtain probabilistic information about
how the particles are distributed on average in terms of energy. In other words, we will
treat the particles statistically.

The fundamental postulate of statistical mechanics states that an isolated system in
thermal equilibrium is found with equal probability in each of its accessible microstates.
To illustrate, let’s examine the microstates for a system of 6 distinguishable particles with
total energy 8 £, in a system for which the possible energy states for each particle are

®The uncertainty in the upper limit for the mass of neutron stars arises from our lack of detailed
knowledge of the nature of the interactions between neutrons.
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() [ ABCD [ EF | | E=8E,

Figure 7.6 (a) A microstate of six particles in which five particles reside in the ground
state and one particle is in the second excited state, satisfying the constraint that the total
energy of the six particles is 8. Since any of the six particles (labeled with the letters A
through F) can be in the state with energy 3 E|, there are six such microstates if the
particles are presumed to be distinguishable. (b) A microstate of the six particles with
total energy 8 £ in which four of the particles are in the ground state and two of the
particles are in the first excited state. There are fifteen such microstates if the particles are
presumed to be distinguishable.

E,, E; = 2E,, E5 = 3E,, and so forth. One possible configuration of the particles
with the requisite energy is to have five particles in the lowest energy state and the sixth
particle in the state with energy £5 = 3E, as illustrated in Fig. 7.6a. Since any of the six
particles might be the one with energy Ej, there are six different microstates (6 = 6!/5!)
corresponding to this configuration of the particles. Another way to distribute the six
particles so that the total energy is 8 £, is to have 4 particles each with energy £ and two
particles each with energy £, = 2F), as illustrated in Fig. 7.6b. In this case, there are
6!/412! = 15 different microstates.” Given the constraint that the total energy be equal
to 8 £, there are no additional microstates possible. Thus there are a total of 6+ 15 = 21
microstates. Notice that in 6 of these 21 microstates there are 5 particles in the state with
energy £, and in 15 of these 21 microstates there are 4 particles in the state with energy
E|. Thus the average number of particles in this energy state is (6/21)5+(15/21)4 = 4.3.
Similarly, the average number of particles in the state with energy £, is (15/21)2 = 1.4.
And finally, the average number of particles in the state with energy £5is (6/21)1 = 0.3.
Clearly, there would be no particles in any higher energy states if the total energy is
constrained to be 8£. These average numbers are shown in Fig. 7.7 together with a
curve of Ae## with appropriate values of 4 and 8. Even though the number of particles
in our example is not large, the beginnings of an exponential fall off seem to be already
in place.

If we were to extend our discussion to a very large number of distinguishable particles
in thermal equilibrium at a particular temperature 7' (which is equivalent to specifying
the average energy of a system in thermal equilibrium with a reservoir), we would find
the average number of particles in each energy state to be equal to

n(E) = Ae E/kT (7.41)

where the constant 4 is chosen so that sum of (7.41) over all possible energy states is
equal to the total number of particles N in the system. The factor e~ £/%7 is called the
Boltzmann factor, named after Ludwig Boltzmann, who along with Maxwell was one of

"These results for the number of microstates are special cases of “N choose N,,” the number of
different ways of choosing N, particles from a group of N particles, namely

N _ N!
NiJ T NN =N
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n(k)

T
1 2 3 4 5

Figure 7.7 The average number of particles in each of the energy states for the
microstates illustrated in Fig. 7.6. The solid curve is a graph of 4e=## with 4 and 8
chosen to give a reasonable fit.

the founders of statistical mechanics. The constant &y in the exponent is the Boltzmann
constant. It has the value

kg = 1.38 x 1072 J/K (7.42)

If you are not familiar with the Boltzmann constant and the Boltzmann factor, check
out Example 7.5 at the end of this section. There you will see an illustration of how the
Boltzmann factor arises in the case of an ideal gas in a uniform gravitational field.

If you examine the counting arguments that we used in our discussion of the allowed
microstates, you see that our treating the particles as distinguishable played a crucial
role. For example, we pointed out that there were six microstates corresponding to the
configuration with five particles in the state with energy £ and one particle in the state
with energy £; since we were treating each of the six possible ways we could put one
of the particles in the state with energy £5 as distinguishable. Similarly, there are fifteen
microstates in which four particles are in the state with energy £ and two particles
are in the state with energy E,. Since all microstates are presumed to occur with equal
probability, the configuration with four particles in the ground state and two particles in
the first excited state is 15/6 = 2.5 times more likely to occur than the configuration
with five particles in the ground state and one particle in the second excited state. But
if the particles are indistinguishable, then there is only one microstate corresponding
to each of these configurations, as shown in Fig. 7.8. Hence instead of a 2.5 ratio of
allowed microstates for distinguishable particles for these two configurations, there is
a 1 to | ratio if the particles are indistinguishable. This difference in the counting of
the ratio of the number of allowed microstates (the statistical weight, if you will) for
distinguishable versus indistinguishable particles becomes increasingly pronounced as

E] E:=?.E| E3=3E|
(a) [AAAAA] | A | E=8E

(b) [ AAAA | AA | | E=8E,

Figure 7.8 (a) There is a single microstate for six indistinguishable particles (each
labeled by the letter A) in which five particles reside in the ground state and one particle
resides in the second excited state. (b) Similarly, there is a single microstate of six
indistinguishable particles in which four of the particles are in the ground state and two
of the particles are in the first excited state.
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the number of particles increases. See Problem 7.12. Since our counting of the number of
microstates for distinguishable particles suggested the Boltzmann factor, you can foresee
that we should end up with quite different results for indistinguishable particles. This is
the rationale for calling this subject quantum statistics.

In our discussion of indistinguishable particles in Section 7.2, we saw that the quan-
tum states of identical particles are either symmetric or antisymmetric under particle
exchange. For states that are antisymmetric under particle exchange, there can be no
more than one particle in any quantum state, while for states that are symmetric under
particle exchange there is no limit on the number of particles that can be in any quan-
tum state. Thus the indistinguishable particles in the example shown in Fig. 7.8 must
be bosons since more than one particle resides in a number of the energy states. To
illustrate the important role that intrinsic spin plays consider a simple example in which
we distribute two particles in three possible energy states £, E,, and E5. There are three
alternatives.

1. Maxwell-Boltzmann statistics: If we call the particles A and B, treating them as
distinguishable, then there are nine possible microstates, since each of the two particles
can be placed in any one of the three states, as shown in Fig. 7.9a. Note that in three of
these nine microstates the two particles are in the same energy state.

2. Bose—Einstein statistics: If the particles are indistinguishable and there are no
limits on the number of particles that can be put in any one of the energy states, then
there are six possible microstates, with three possible ways of putting the particles in the
same energy state and three possible ways of putting them in different energy states, as
illustrated in Fig. 7.9b.

3. Fermi-Dirac statistics: If the particles are indistinguishable and no more than
one particle can be put in a particular energy state, then there are just three possible
microstates, as shown in Fig. 7.9¢.

E, E, E;
AB
AB
AB
A B
(a) B A Maxwell-Boltzmann
A B
B A
A B
B A
AA
AA
(b) 3 X i Bose-Einstein
A A
A A
A A
(c) A A Fermi—Dirac
A A

Figure 7.9 The microstates for two particles distributed in three energy states. In

(a) the particles are distinguishable (denoted by A and B). In (b) the particles are
indistinguishable with no limitation on the number of particles that can be in the same
state. And in (c) the particles are indistinguishable with the limitation that no more than
one particle can be in any particular state.
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Notice in particular that the probability that the the two particles are found in the
same state varies from 3/9 = 1/3 for the Maxwell-Boltzmann statistics to 3/6 = 1/2
for Bose—Einstein statistics to 0 for Fermi—Dirac statistics.

The examples that we have examined so far have involved a small number of particles.
As was noted earlier, statistical mechanics is typically applied to systems with a very
large number of particles. The guiding principle of statistical mechanics is that each
accessible microstate occurs with equal probability. Thus the most probable configuration
of the particles is the one corresponding to the maximum number of microstates. While
counting the number of microstates in the general case is beyond the scope of this text,
once the number of microstates is determined the most probable configuration is obtained
by maximizing this number subject to the constraints that the total number of particles
in the system is N and the total energy of the system is £. As with any maximization
problem in which there are constraints, the constraints can be handled by the method of
Lagrange multipliers. Since there are two constraints, there are two Lagrange multipliers,
typically called @ and £, that are associated with the constraints on the number of particles
and the total energy, respectively. The good news is that as the number of particles in
the system grows this most probable configuration becomes overwhelmingly more likely
than its competitors.®

For distinguishable particles, we obtain the Maxwell-Boltzmann distribution
function

"8 = T

(7.43)

namely the exponential distribution (7.4 1) suggested by our example with six distinguish-
able particles (with the identification 4 = ¢™“). Example 7.5 shows how the energy is
related to the temperature for the ideal gas provided we choose the Lagrange multi-
plier B = 1/kgT. For indistinguishable particles with integer intrinsic spin angular
momentum, namely bosons, the corresponding Bose—Einstein distribution function
is given by

|
For indistinguishable particles with half-integer intrinsic spin, namely fermions, the
corresponding Fermi-Dirac distribution function is given by

1

H(E) == ;‘m (745)
Figure 7.10 shows each of these distribution functions plotted as a function of E/kpT.
At high energies (£ > kgT), both the Bose—Einstein and the Fermi—Dirac distribution
functions reduce to the Maxwell-Boltzmann distribution function. In this case, the prob-
ability of a particle being in any one energy state is small so the differences arising from
what happens when multiple particles are in that state are negligible. At low energies
(E <« kgT), where the number in a particular state is comparable to or larger than one,
the differences between the distributions are striking, with the quantum distributions
falling on opposite sides of the Maxwell-Boltzmann distribution.

*A concise derivation of the most probable configuration for identical particles is given by
D. I Griffiths, Introduction to Quantum Mechanics, Prentice-Hall, Englewood Cliffs, NJ (1995),
pp. 204-218.
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Figure 7.10 The Maxwell-Boltzmann, Fermi-Dirac, and Bose—Einstein distribution
functions plotted as a function of £/ kg T for the value @ = 0.

We conclude this section with a comment on the Fermi—Dirac distribution function.
It is convenient to write the Fermi—Dirac distribution function in a form that brings in
the Fermi energy. We define Ey = —akgT in (7.45), in which case

1
n(E) = EEVRT 1] (7.46)
Given this form for n(E), you can see that n(E£r) = 0.5. The number of fermions with
energy between £ and E + d E for identical fermions in a box is given by the product of

n(£) and the number of states with energy between £ and E + d E, namely

i I v (2m)*?
MEYD(EYAE =~ — 55— VEdE (7.47)

The value of the Fermi energy is then determined from the requirement that the sum over
all possible energy states equals N, the total number of fermions:

o I

V(2m)*?
HE Jo eE-En/kT 1 24352 ‘/EdE (7.48)

AsT — 0,n(E)=1for E < Erand n(E) = 0 for E > EFf. In this case, the integral
(7.48) is straightforward to evaluate, as we saw in Section 7.4. As indicated in Fig. 7.11,
the value of the Fermi energy decreases with increasing temperature as fermions from

1.0

0.5 === e T

n(E)

I |

I I

| |

| |

— 1

W_J
Egp

0.0

h-nL

Figure 7.11 The Fermi-Dirac distribution function for four different temperatures. Note
how the location of the Fermi energy [the energy for which n(£) = 0.5] changes with
increasing temperature.
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the lower energy states are shifted into higher energy states. Thus the energy £ at which
n(£) = 0.5 shifts to lower energies as these lower energy states become depopulated.
[t is convenient to define a Fermi temperature through

Ep= kgl (7.49)

For sodium, we saw in the previous section that £ = 3.1 eV and therefore 7 =
36 x 10° K. Now you can see why it is an excellent approximation to treat the solid as if
it were effectively at absolute zero. At room temperature, kg7 = % eV <« kg Ty, so that
only a small fraction of the electrons, those roughly within kg T of the Fermi energy, are
excited. The vast majority of the electrons are “frozen” in the lower energy states.

EXAMPLE 7.5 A well-known example of'a macroscopic equation of state involving
pressure and temperature is the ideal gas law

PV = = RT
Na
where P is the pressure of the gas, V' is the volume, T is the temperature, and N is
the total number of molecules of gas. The constant N4 is Avogadro’s number and
the constant R is the ideal gas constant (R = 8.315 J/mole-K). The fraction N/Njx
is simply the number of moles of the gas. Physicists like to express the ideal gas
law in the form

PV = NkgT

where kg = R/Ny is the Boltzmann constant. Suppose this ideal gas at tempera-
ture 7" is in a uniform gravitational field. Show that the molecules in the gas are
distributed as a function of the height z according to the Boltzmann factor.

SOLUTION In static equilibrium a pressure gradient arises in the gas, since the
pressure pushing upward from below on a small slab of gas of thickness dz must
be greater than the pressure pushing downward from above to balance the weight
of the gas contained in the slab, as illustrated in Fig. 7.12. Taking the mass of
each molecule in the gas to be m and calling g the acceleration due to gravity,
we find that setting the sum of the forces on this slab of gas to zero leads to
PA—(P+dP)A—mgnAdz = 0, where A is the cross-sectional area of the slab
and 71 is the number of molecules per unit volume of the gas. Since the ideal gas
law can be written in terms of the density 7 = N/ V of molecules as P = iikgT,
the force equation becomes

dinkgT = —mgih dz

or
din  mgdz
i~ kgT

This equation can be casily integrated to yield

i = A(0)e~"E=/teT
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(P +dP)A

&

PA
mgiAdz

Figure 7.12 The external forces on a small slab of gas due
to pressure and gravity must balance in equilibrium.

where 7i(0) is the number of molecules per unit volume at z = 0. Note that mgz is
simply the gravitational potential energy of a molecule at height z. This equation
of state is often referred to as the law of atmospheres. At a height z such that
mgz = kpT the density is reduced to 1/e of its value at z = 0. The larger the
temperature, the more slowly the density decreases with height.

It is natural to ask at this point what role the kinetic energy of the molecules
plays. To see the connection between kinetic energy and temperature for an ideal
gas, consider the gas at temperature 7' confined in the volume ¥ shown in Fig. 7.13.
The pressure P exerted by the gas on, say, the right-hand wall of area 4 arises from
collisions of the molecules with the wall. We calculate an average pressure due to
the collision of a single molecule and then sum the results for the N molecules
contained in the volume. Assuming a molecule approaches the wall with speed v,
in the x direction and collides elastically with the wall, the change in the momentum
of the molecule is 2mv,. Thus the force per unit area exerted by this molecule on
the wall is given by

F; 1 Ape  2muy

A A At AAt

where Ap, /At is the change in the x component of the momentum in the time
interval Az. Since the molecules are distributed randomly in the volume, whether
the molecule strikes the wall in time A7 depends on whether it is within a distance

P g, /~Area A

Figure 7.13 A molecule with horizontal speed v, exerts
pressure on the right-hand wall as a consequence of
collisions with the wall.

233



234  Chapter 7: Identical Particles

v, At of the wall. The probability that it strikes the wall is then

v At A
2V
namely the volume v, At A divided by 2F, where the factor of 2 arises from the
fact that the molecule is equally likely to be headed away from the wall as toward
the wall. Multiplying F /A by the probability of making a collision, we obtain

7. mv_s
AV
Thus the pressure arising from the collisions of the N molecules in the gas is
m, , 5 )
P = _I; (v.l'l + vA'g + e + U_‘.‘\_)
= —mv?
V X

where

= 1 2 2 2
=5 (U v+t
is the average square of the x component of the velocity. Since the ideal gas law

states that P = NkpgT/V, we see that

[~

=
mvi =kl

2 = 2, the average kinetic energy of the molecules in the gas is

Finally, since v = v,
=z A em 1 o= 3
Emu- = Emu; - Em R Enz s = ikBT
Thus in an isothermal ideal gas the average kinetic energy of the molecules is
simply proportional to the temperature.”

Returning to the derivation of the law of atmospheres in which we took into
account the influence of gravity on the molecules in the gas, the average kinetic
energy of the molecules does not vary with the height z in the gas since the gas
is presumed to be isothermal. Therefore the change in energy of the molecules in
moving to higher elevations in the gas results solely from the change in gravita-
tional potential energy. The law of atmospheres can thus be seen as an interesting

manifestation of the Boltzmann factor ¢~ £/#s7

EXAMPLE 7.6 Calculate the de Broglie wavelength A of an electron in a solid at the
Fermi energy. Compare this length with the spacing between electrons in the solid.

SOLUTION The de Broglie wavelength of an electron at the Fermi energy is

h
= —
PF

This result is an illustration of the equipartition theorem, namely that in thermal equilibrium the
average kinetic energy in each (quadratic) degree of freedom is kg 77/2.
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where py is the momentum of an electron at the Fermi energy. From (7.37) we

know that
PR (?uer)m

F_2mhﬁ V

Therefore

o # (3en)?
2ml§-=ﬂ( v )

where N/ V' is the number of electrons per unit volume. The spacing between
electrons is roughly (¥ /N)'/? and is thus given by

vV 1/3 1 3 1/3
(E) =5(;) A

Therefore the spacing between atoms in the crystal is roughly half the de Broglie
wavelength of the most energetic conduction electrons. Lower energy electrons
have de Broglie wavelengths that are of course even larger. A good rule of thumb is
that quantum effects become pronounced in multiparticle systems when the spacing
between the particles is comparable to the de Broglie wavelength of these particles.
We will see some striking examples involving bosons in Section 7.7.

7.6 Cavity Radiation

In the remaining sections of this chapter we will examine some interesting applications
of the Bose—Einstein distribution function. One of the most common and important ap-
plications is the phenomenon of cavity radiation. If you crack open the door to a kiln (a
thermally insulated oven) that is at room temperature and look in, the contents are black.
If the kiln is heated, the contents glow red. At higher temperatures the contents appear
yellow and then white. The increasing thermal energy causes increasing excitation of the
atoms and molecules that constitute the walls of the kiln. The atoms and molecules emit
and absorb electromagnetic radiation. Thus we can think of the kiln as a box containing
photons in thermal equilibrium at a particular temperature 7. Figure 7.14 shows a plot
of the spectral radiancy emitted as a function of frequency for three different tempera-
tures. The radiancy, the total energy per unit time per unit area emitted, is the area under
the curve.

Cavity radiation is often referred to as blackbody radiation. To see why, consider
a cavity with a very small hole leading to the outside. If light falls on the hole, it will
be almost entirely absorbed, since the odds that the light is reflected back through the
hole are very small, as illustrated in Fig. 7.15. Thus the hole looks extremely black.
As a demonstration, take a couple of pieces of the blackest paper you can find. Cut a
small hole in one of the pieces and hold that piece in front of the other piece with some
spacing between the two pieces. You will observe how much blacker the hole is than the
surrounding paper. The reason that cavity radiation, or blackbody radiation, attracted the
attention of physicists like Max Planck is that the radiation emitted from a blackbody is
universal in character. In particular, the spectrum is entirely independent of the size and
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Figure 7.15 A cavity connected
by a small hole to a region
outside. Light incident on the
hole has a very small probabil-
ity of being reflected back out
and thus the hole is very black.

Figure 7.16 A cubic cavity.
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Figure 7.14 The spectral radiancy Ry(v) for a blackbody radiator for three temperatures.
Rr(v)dv is the energy per unit area per unit time in the frequency interval between v and
v + dv emitted by the blackbody.

the shape of the cavity as well as the composition of the material in which the cavity is
contained. Thus there is something truly fundamental about this cavity radiation.

We start by calculating the energy density (the energy per unit volume) of a cavity
filled with electromagnetic radiation. We can take advantage of the universal character
of the spectrum to choose an especially straightforward cavity to analyze, namely a cubic
cavity (shown in Fig. 7.16) in a metal with a very high conductivity. Of course, since we
are concerned with electromagnetic radiation contained within the cavity, the equations
that we are solving are Maxwell’s equations or, more precisely, the wave equation for the

electric field &:
2E & € 193¢
= p i e )
9x2 © gy 822 ¢ Bt

(7.50)

The solutions to this wave equation satisfying the boundary condition that the tangential
component of the electric field vanishes at the boundary are given by

NeTX |, Ny | N-TTZ

& = &, cos sin sin sin wt
X X0 L L L
. NGTTX n,owy . N.wZ .
E, = &, sin —— cos - Y sin sin wt
. : L L L
L ONeTX | NGTTY n.mwz .
& = &, sin —— sin -2 £ cos sinwt (7.51)

L L L

which are reminiscent of the solutions (6.11) to the Schrédinger equation for a non-
relativistic particle in a cubic box that we determined in Section 6.1. Unlike the wave
function, the electric field is a vector quantity, so we need to specify all three of its
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components. See Problem 7.14. The important thing to notice is that if any one of the

components of £ is substituted into (7.50), we obtain the condition
2 2
w b4
=5 (2 +n2 +2) (7.52)

or in terms of the ordinary frequency v

v= o yfnd+nd+n2 (7.53)

Thus the allowed frequencies are specified by the positive integers n,, n,, and n, just as
were the allowed energies in our derivation of the density of states for fermions in a box
in Section 7.4,

To determine the density of states, we similarly define a radius in the lattice of allowed

states by
r=y/nZ+n?+ n? (7.54)

Hence from (7.53)

G E‘—v (7.55)

c
and the number of states between v and v + dv is given by

|
D(v)dv = 2§4m'2dr

xV
- 873 vidy (7.56)
{4

where D(v) is the number of states per unit frequency and ¥ = L is the volume of the
cavity. Note that here the factor of 1/8 in the first line of this equation arises from the fact
that we want to include only the volume of the spherical shell between r and r + dr in
the first octant of the lattice pictured in Fig. 7.3. Here too, as in (7.34), we have inserted
an extra factor of two in counting the number of allowed states. In this case, the factor
of two arises from the fact that there are two polarization states for each mode.!”

We now have almost everything we need to determine the energy density of a photon
gas in thermal equilibrium at temperature 7. The energy of each photon with frequency
v is of course Av. Since photons have integral intrinsic spin (s = 1), we must use
the Bose—Einstein distribution function (7.44). However, since photons are emitted and
absorbed by the atoms in the walls of the cavity and consequently their number is not
conserved, we do not have any constraint on the number of photons in the cavity. This
lack of constraint means we can set the Lagrange multiplier & to zero in (7.44), in which
case the Bose—Einstein distribution function becomes

1

n(E) = SETRT — 1 (7.57)
Since E = hv for photons, the distribution function becomes
1
n(hv) = (7.58)

ehv/kBT —1

"Since £ = hv for photons, the density of states is proportional to £? in contrast to the VE
dependence for nonrelativistic particles that we saw in (7.34).
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Figure 7.17 The energy density p(i).

Consequently, the energy in the cavity between v and v + dv is the product of three
factors

hvn(hv)D(v)dv (7.59)

namely, the energy of each photon, the average number of photons in each state, and the
number of allowed states between v and v + dv. Finally, dividing by the volume ¥ of
the cavity, we obtain the energy density (energy per unit volume) between v and v + dv:

3
pv)ydv = %dv (7.60)
This energy density can also be expressed in terms of the wavelength A of the radiation
as!!
p(A)dA = %a& (7.61)
Figure 7.17 shows a plot of p(i).

The expression for p(4) in (7.61) is often referred to as the Planck function. Max
Planck first obtained this distribution function in 1900 in an attempt to fit the blackbody
spectrum of cavity radiation, a fit that yielded a value for the constant / that was close
to the currently accepted value. In an attempt to derive the Planck function, Planck
was forced to assume that the atoms in the walls of the cavity had discrete, evenly
spaced energy levels (which we now recognize as the energy levels of the harmonic
oscillator, apart from the zero-point energy). It was Einstein who, in his 1905 paper on
the photoelectric effect, first recognized that a consequence of Planck’s assumption was
that electromagnetic energy in the cavity “consists of a finite number of energy quanta
localized at points in space, moving without dividing and capable of being absorbed or
generated only as entities.”

"Sincev = ¢/h,dv = —c dx /A%, which is why the energy density per unit wavelength is proportional
to 1/4% while the energy density per unit frequency is proportional to v*. Strictly speaking, we should
use a symbol other than p(2) for the energy density expressed in terms of wavelength since p(v) and
p(4) are different functions.
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Given these results, it is straightforward to calculate the total energy density in the

cavity:
o2 eo 8whv?
= —
/0- p(v)dv /ﬂ (T Z 1) v

4 4 o0 .3
_ SaksT f (" sl (7.62)
0

b3 er —1)

where in the last step we introduced the dimensionless variable x = hv/kgT. Notice how
the factor of 7* pops out in front of the integral (because the integrand depends on v?
with a factor of v? coming from the density of states and a factor of v from the fact that the
energy of a photon is 4v). Thus the energy density varies as the fourth power of the tem-
perature. Doubling the temperature increases the energy density by a factor of 16. Since

o0 3 4
[ N . (7.63)
o (e—1) 15
we obtain
oo
/ p()dv =aT* (7.64)
Jo
where
SIrSkﬁ
4= T5a3p3 (7.65)

As shown in Problem 7.13, the energy density of cavity radiation and the radiancy of
a blackbody are related by

Rr(v)dv = %p(u)dv (7.66)

where Ry(v)dv is the (energy/area)/time with frequency between v and v + dv. Thus
the total energy per unit area per unit time radiated by a blackbody is

‘[) Rr(w)ydv=0oT* (7.67)
0

where
o= “T‘ =5.67 x 1075 W/m2.K* (7.68)
is called the Stefan-Boltzmann constant. The 7* dependence for the total radiancy is
commonly called the Stefan—Boltzmann law.
Finally, it is not difficult to derive an additional “law,” Wien’s law, that follows from
the form (7.61) of the energy density. Namely, the wavelength A, at which (7.61) has
its maximum (see Fig. 7.17) satisfies the relation

dmax ] =2.9 x 107 mK (7.69)

Thus as the temperature of the blackbody increases, Ay, decreases. The derivation of
(7.69) is left as an exercise (see Problem 7.15).

Astrophysics/Cosmology Implications

Apart from emission or absorption lines at some specific wavelengths or frequencies,
the spectrum of a star is to a good approximation that of a blackbody. Although stars are
not black, they behave as blackbodies to the extent that they absorb all radiation incident
upon them. The Sun is a pale yellow because its surface temperature is 5800 K, which
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corresponds to gy, = 500 nm. The North Star, on the other hand, must be a substantially
hotter star (7 = 8300 K), since for this star Ang = 350 nm, in the ultraviolet part of the
spectrum. The North Star is significantly bluer than the Sun (and fortunately, given its
temperature, much farther away, too).

The most important astrophysical example of blackbody radiation is the cosmic back-
ground radiation. The universe emerged 13.7 billon years ago from a very hot dense
state of matter and energy. At 4 s after this so-called Big Bang, the temperature had
cooled to 7' = 6 x 10° K, a temperature such that kg T = m,c?, where m, is the mass of
an electron. Roughly 400,000 years later the temperature had cooled to 3,000 K, a tem-
perature for which kg7 = 0.2 eV. At this temperature the photons do not have sufficient
energy to ionize atoms, so that atoms (and therefore matter) are said to decouple from the
radiation. It is this radiation that forms the cosmic background radiation. Since then the
universe has expanded in scale by a factor of 1000. It is this expansion of space itself that
has led to a shift in the wavelengths of the cavity radiation, very much as the distance
between two fixed points on the surface of a balloon increases as the balloon is being
blown up. From Wien’s law. for example, we can see that these longer wavelengths corre-
spond to a temperature for the cosmic background radiation that is consequently a factor
of 1000 lower than when the radiation decoupled from matter (7 = 3000 K — 3 K).

The existence of this cosmic background radiation was inadvertently discovered in
1962 by Arno Penzias and Robert Wilson. Penzias and Wilson were trying to understand
the origin of background noise at A = 7.35 cm in a radio telescope, a noise that was
interfering with the first communication satellites that had been launched somewhat
earlier. The noise, or hiss, was observed as they pointed the telescope (see Fig. 7.18)
in all directions, including in regions of apparently empty sky. Their measurement was
consistent with a background radiation of 3 K, but it was, after all, only one data point. It
was not possible to map out the entire blackbody distribution function, which peaks at a
wavelength of 1 mm, since the earth’s atmosphere is strongly absorbing for wavelengths
of order 1 mm. In 1989 the situation changed with the launching of the COBE satellite.
The first data from COBE are shown in Fig. 7.19. Later data and error bars from COBE
reveal the most precisely measured blackbody spectrum in nature, one for which the data

Figure 7.18 The Horn reflector antenna at Bell Telephone Laboratories in Holmdel, New
Jersey. This antenna was built in 1959 for satellite communication. (Courtesy NASA)
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Figure 7.19 Data from NASA's Cosmic Background Explorer satellite fits a blackbody
spectrum with a temperature of 2.735 + 0.06 K. Adapted from J. C. Mather et al., Astro.

Jour: 354, .37 (1990).

points and error bars are obscured by the theoretical blackbody curve at a temperature
of 2.725 K. More recently the Wilkinson Microwave Anisotropy Probe (WMAP) has
revealed inhomogeneities in the temperature at the level of 1 part in 10°. These hot and
cold spots are the result of small density fluctuations in the early universe. Regions that
were slightly compressed at that time had a higher density and a higher temperature.
Over time these regions of higher density attracted nearby matter and grew even denser,
eventually giving rise to clouds of gas, stars, and galaxies.

EXAMPLE 7.7 (a) The white dwarf star Sirius B has a surface temperature of
25,000 K. At what wavelength does the star emit the most radiation? (b) Sirius
B is 8.6 light years from Earth. The flux of radiation from this star at Earth is
1.4 x 107" W/m?. Determine the radius of Sirius B.

SOLUTION (a) Using Amax T = 2.9 x 1073 mK,
b 29x 103 mK
T 25000 K
which is in the ultraviolet part of the spectrum. () The flux at Earth from a star of
temperature 7" and radius r a distance D away is

=12x 107" m=120nm

4 dmr?
47 D?

Therefore
[5.67 x 10~% W/(m? - K*)](2.5 x 10* K)*r?

= 1.4 x 1071 W/m?
[8.6(9.46 x 1015 m)]z X m

Solving for r, we obtain
r = 6000 km

just slightly less than the radius of the earth. However, as we noted in Section 7.4,
the mass of Sirius B is very close to the mass of the Sun.
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7.7 Bose-Einstein Condensation

In 1924, the Indian physicist S. N. Bose sent Albert Einstein a manuscript in which
he derived Planck’s blackbody radiation formula solely from the fact that the radiation
consisted of a gas of indistinguishable massless quanta: photons. Einstein translated the
article into German for publication, telling Bose in a postcard that his paper “signifies an
important step forward and pleases me very much.” In a note appended to his translation
and published with the paper Einstein indicated that Bose’s work could be extended
to a gas of atoms. Einstein subsequently published three papers on this subject, the
third of which predicted the possibility of a new state of matter that arises from the
indistinguishability of atoms in a gas. It is this subject to which we now turn.

In our discussion of identical fermions in Section 7.5, we expressed the Fermi—Dirac
distribution function

1

n(E)= AoETRT 11

(7.70)

in the form

1

nE) =GR 11

(7.71)
where £y is the Fermi energy. For identical bosons, it is common to write the Bose—
Einstein distribution function

1

n(E) = o gElkaT _ |

(7.72)

in the form

1

= elE—w)/kaT _ ]

(7.73)
where /¢ is called the chemical potential. Since n(£) is the number of bosons in a state
with energy £, n(£) must be a positive quantity. Hence (£ — )/ kg T must be greater
than zero. If the energy of the ground state is taken to be zero, then x must be negative.
This is in sharp contrast to the Fermi energy, which is an inherently positive quantity.

We wish to apply this Bose—Einstein distribution function to a gas of identical atoms
confined to a box. The requirement that

Y n(E)=N (7.74)
i
where N is the total number of atoms in the box, leads to the equation

00 1 V(2m)*/?
N:/O T R VEdE (1.75)

where m is the mass of the atom and V is the volume of the box. This equation is the
analogue of (7.48) for N identical fermions in a box with the replacement of (7.71) by
(7.73) and the suppression of the factor of two in the density of states that we inserted
to account for the two different spin states for a spin-1/2 particle. For simplicity, we are
assuming here that the atoms in the box have intrinsic spin 0. Otherwise, we would need
to insert a factor of 25 + I, where s is the spin of the atom, in the density of states.
Equation (7.75) shows how the number of atoms in the box determines the value of the
chemical potential.
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If we change the variable of integration to x = E/kgT, (7.75) becomes

vV . T 3/2 o0 __
i s T BT f e (1.76)
0

42 g —n/ksT — 17"

Notice that the left-hand side of this equation is the number of atoms in the box, which
is independent of 7. But the right-hand side has a factor of 7%/2 in front of the integral.
This factor can be made arbitrarily small as T — 0. The only way to compensate for a
decrease in temperature is to decrease the value of —p/kgT in the integrand. Since p
is a negative quantity if the ground-state energy is taken to be zero, increasing u, say
from —2 eVto —1 eV, causes —t/ kg T to decrease. But s is limited in how much it can
grow. It can be infinitesimally close to zero, but it cannot be positive since (£ — )/ kg T
must be greater than zero. So setting t to zero is the best we can do in terms of making
the integral in (7.76) as large as possible. But the temperature-dependent prefactor in
(7.76) can be made arbitrarily small by making 7 small. Thus (7.76) cannot be satisfied
at sufficiently low temperature,

Einstein recognized that the solution to this conundrum was to separate out the ground
state, which for the moment we will take to have energy E;. Assuming that N; of the
atoms are in the ground state, then the first term in the sum in (7.74) yields

1

e{l."n-n)/k;,?‘ — ] = No (7.77)

Therefore,

E() - U ( 1 ) 1
=h(l+— )= — 7.78
kT No Ny (7.78)

where in the last step we have assumed that the number of atoms in the ground state is
large. For a gas with a large number of atoms, say N ~ 10 (as originally considered
by Einstein), 1/N, is a very small number even if a relatively small fraction of the atoms
have condensed to the ground state.'> What we see in (7.78) is that p differs from £ by
a small amount in comparison with kg 7. For E; = 0 (7.78) becomes

kT
N
Thus there is a simple relationship between the chemical potential z« and the number of
atoms Ny in the ground state.

For states with energy E other than the ground state

u= (7.79)

k[} "
E—p~E+— 7.80
Iz Ne (7.80)
For sufficiently large N;), we can safely make the approximation
E—nu>~E (7.81)
and hence
|
n(E) = eE/keT _ | (7.82)

">This approximation works well even for collections of trapped atoms with N as small as 10, which
has been achieved experimentally.
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in the integral over these excited states in (7.74) now that the ground state has been taken
care of separately. Notice how (7.82) is reminiscent of the Bose—Einstein distribution for
photons [see (7.57)]. In our discussion of cavity radiation, we set « (and hence /) to zero
in the Bose—Einstein distribution function on the grounds that the number of photons in
the cavity is not conserved since photons can be emitted and absorbed by the material
comprising the walls of the cavity. The same distribution function applies for atoms in the
excited energy states of the box because the number of atoms in these excited states is not
conserved, since atoms can be exchanged between the excited states and the ground state.

With the ground state separated out and  set to zero in the integral, (7.76) becomes

V2mkgT)Y? > Jx dx

N =N : 7.83
or 4’2 0 e*—1 ( )
The integral
0 -
\/‘_ dx (7.84)
Jo eF—1
is proportional to the Riemann zeta function ¢(3/2). Its value is
ﬁ dx = 1.3/m (7.85)
0 e —1
Thus we end up with the result
1.3V 2kaT)3/2
No=N— — 7.86
0 4ﬁ3 ( - ( )
We define a critical temperature T through the relationship
N 1.3 [ 2mkgTc\*?
N _ 13 f2misle () (7.87)
Vo 4K T
or
2n#? [ N \*P
7 - 7.88
“ mkg (2.6V) (2:88)
Expressed in terms of this critical temperature, (7.86) becomes
3/2
.y (1) (7.89)
N Te

as shown in Fig. 7.20. Since this result was derived under the supposition that the number
of atoms in the ground state is large, we need to exercise some caution in applying this
result in the close vicinity of T¢. Nonetheless, provided the number of atoms in the box
is large, the temperature doesn’t need to deviate much from 7¢ to make Ny sufficiently

1.0 1
0.8
0.6
0.4 -
0.2 1

No/N

0 T T

Figure 7.20 The number of atoms in a Bose—Einstein condensate as a function of
temperature.
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large for our approximation to hold. For example, if T/ Tc 15 0.99, then (7.89) shows that
1.5% of the atoms would be in the ground state. This jump in the number of atoms in the
ground state from essentially zero to a significant fraction of the total number N as the
temperature decreases below Tt is a phase transition, reminiscent of the transition that
takes place when a gas is cooled below a certain critical temperature and condenses to
a liquid. Consequently, the atoms in the ground state are referred to as a Bose—Einstein
condensate. Unlike the gas-to-liquid phase transition in which the attractive interactions
between the atoms or molecules in the gas play a sizable role, Bose—Einstein condensation
in a gas is purely a result of the quantum statistics that describes these atoms, since the
strength of interaction of the atoms does not appear in our derivation (although some
interaction is implicit to the extent that the atoms in the gas are presumed to be in thermal
equilibrium).

Experimental confirmation of Einstein’s 1925 prediction of Bose—Einstein condensa-
tion did not take place until 1995. E. Cornell and C. Wieman used laser and evaporative
cooling to lower the temperature of a dilute gas of rubidium atoms to 20 nkK, a tempera-
ture roughly 300 times lower than any that had been reached previously. They succeeded
in trapping several thousand rubidium atoms in a potential energy well roughly 10 gom
on a side. The critical temperature for Bose—Einstein condensation was observed to be
Te = 190x 1077 K. See Fig. 7.21. A few months later W. Ketterle succeeded in obtaining
Bose—Einstein condensation in a gas of 500,000 sodium atoms at densities in excess of
10" em™. In this case the critical temperature was ~ 2 uK.

Each of the atoms in the condensate is, of course, in the same quantum state, the ground
state of the potential energy well confining these atoms. There is a single wave function
for this state. Hence each atom in the condensate occupies the same region of space.
The condensate is a macroscopic quantum state, meaning that its quantum properties
are observable on a macroscopic scale. Ketterle provided a beautiful demonstration by
creating a double-well arrangement in which two separate Bose—Einstein condensates

Figure 7.21 Bose-Einstein condensation in a gas of rubidium atoms. The density of
atoms in the vapor is plotted vertically as a function of horizontal position. The field of
view is 200 x 270 um?’. The pictures were taken by illuminating the condensate with a
laser and imaging the scattered light. The act of measuring the atom density with the
laser destroys the condensate, so a new condensate must be generated for each picture.
Because there are thousands of atoms in the condensate with which the light can interact,
a single laser flash can map out the probability density. The sharp peak in atom density
indicates the formation of the condensate at 200 nK. See M. H. Anderson et al., Science
269, 198 (1995). (Courtesy M. Matthews)
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Figure 7.22 The interference
fringes with a period of
154m that are observed when
two freely expanding Bose—
Einstein condensates of atomic
sodium overlap. Reproduced
with permission from M. R.
Andrews et al., Science 275,
637 (1997). Copyright 1997
American Association for the
Advancement of Science.
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resided. When the potential confining the atoms was switched off, the two condensates
expanded and overlapped, producing interference fringes, as shown in Fig. 7.22. The
position of the fringes shifted from one repetition to the next as the relative phase between
the wave functions for the two condensates varied."

As the 70-year interval between the prediction of Bose-Einstein condensation and its
experimental realization attests. it has not been easy to achieve Bose-Einstein condensa-
tion in a dilute gas. And it is a very strange phenomenon as well, which is probably one of
the reasons it has attracted so much attention. At first, you may be tempted to think that
getting all the atoms to pile into the ground state should be straightforward. Unlike the
case with fermions in which it is not possible to have more than one fermion in a state,
bosons have no such inhibitions. Thus you might expect that if the temperature were
lowered sufficiently the atoms would naturally end up in the ground state, presuming,
of course that they have integral intrinsic spin. But for a macroscopic container, say the
one in the Cornell-Wieman experiment, the spacing between energy levels is extremely
small, roughly 10~'3 eV. Setting this energy difference equal to kg T yields a temperature
that is less than a nanokelvin. Thus it would appear that in order to have a significant
traction of the atoms in the ground state would require temperatures that are smaller still.
But Bose-Einstein condensation is taking place at temperatures that are as much as a
thousand times hotter. At these “high™ temperatures (in the microkelvin range), whether
atoms are fermions or bosons should have little impact on the distribution because each
energy state should be sparsely populated. Moreover, the spacing between atoms in these
containers, or traps as they are typically called, is roughly 10,000 times the size of the
atoms themselves, which is why it is a reasonable approximation to neglect the interac-
tion of these atoms. But this raises the question as to how the atoms “know™ to pile into
the ground state once the critical temperature is reached.

To give us more insight into Bose—Einstein condensation, it is instructive to express
the condition required for condensation in terms of the de Broglie wavelength & = h/p.
As the temperature is lowered, the de Broglie wavelength increases since the average
kinetic energy of the atoms is given by

Il 5 2
Emtr' = EknT (7.90)
Thus the average de Broglie wavelength for the atoms in the gas is given by
/ /
B o (7.91)

muv

3mkpT

Expressed in terms of this wavelength, the critical temperature for Bose—Einstein con-
densation is reached when
W -1
[
that is, when the spacing between atoms is comparable to their de Broglie wavelength.'*
This is a good figure of merit for assessing when quantum effects become pronounced.

(7.92)

A nice discussion of atom trapping and laser cooling is given by C. Wieman, An. J. Phys. 64,
847 (1996). Wieman, Cornell, and Ketterle were awarded the Nobel Prize in physics in 2001 for their
achievements in Bose—Einstein condensation. Ketterle's Nobel Prize lecture is well worth reading, too.

“The experts in the field define a thermal de Broglie wavelength by the relationship A =
h//2Zemky T, in which case condensation occurs when N/ V = 2.6/1°.



As we have seen, achieving this condition in a dilute gas requires temperatures in the
microkelvin range. In liquid helium, on the other hand, the separation between atoms
in the liquid is comparable with the de Broglie wavelength of these atoms when the
temperature is in the kelvin range (see Problem 7.30), a substantially higher temperature
than that required for Bose-Einstein condensation in a gas. Helium was first liquified
in 1908 by Kamerlingh Onnes. The transition from gas to liquid occurs at 4.2 K. At
2.2 K helium atoms begin to form a condensate, a macroscopic quantum state with truly
unusual properties. Most strikingly, the condensate is a superfluid, a fluid with zero
viscosity, that is, no resistance to fluid flow. An analogous phase transition occurs in
solids that exhibit superconductivity. We will look briefly at this phenomenon at the end
of the next chapter.

7.8 Lasers

We conclude this chapter with a discussion of the laser, another striking example of a
macroscopic quantum state that results from the indistinguishability of identical bosons,
in this case photons. In 1917, in an article titled “On the Quantum Theory of Radia-
tion,” Albert Einstein laid out the basic principles of absorption and of spontaneous and
stimulated emission of electromagnetic radiation in its interaction with atoms. Einstein’s
work established the fundamental principles responsible for laser action, although the
first operational laser was not invented until 1960.' As we will see, Einstein took good
advantage of the Planck blackbody, or cavity, radiation formula.

For simplicity, consider atoms with two nondegenerate energy states with energies
E and E,, as indicated in Fig. 7.23. In making a transition from the higher energy state
to the lower one the atom emits a photon with energy hv = E; — E,. Suppose that
these atoms make up the walls of a cavity at temperature 7. In thermal equilibrium, the
ratio of the number of atoms in each of these energy states is given by the Boltzmann
distribution (7.43):

%@_ = e—[E:*El)/kgT - eﬁhl'/kBT (793)
1

These equilibrium populations are maintained by the absorption and the emission of
radiation in the cavity. There are three processes to consider. First, the atoms in the state

— —T—& —1—5&
—L e e PR E, R A E,
(a) (b) (c)

Figure 7.23 A schematic energy-level diagram illustrating (a) absorption. (b) emission,
and (c) stimulated emission.

5Since then the laser has become such an invaluable and commonplace tool in science and technology
that we may be tempted to take its unusual quantum properties for granted.
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with energy £, can absorb radiation and make a transition to the excited state. The rate for
this process is proportional to Ny, the number of atoms in the state with energy £, and to
the energy density of the radiation in the cavity with the right frequency, namely p(v, T).
The constant of proportionality is referred to as the Einstein B coefficient, here called
By to emphasize that we are talking about transitions from £, to E;. This absorption
of radiation and excitation of the atom are balanced by two processes. First there is the
possibility of induced, or stimulated, emission of radiation. As was the case for absorption,
the rate for this process is proportional to N>, the number of atoms in the excited energy
state, and to the energy density p(v, T). The constant of proportionality is taken to be B»1,
since the transition starts in the state with energy £, and ends in the state with energy E.
In addition to stimulated emission, there is a rate for spontaneous emission, emission that
would take place even if the atoms were isolated and not interacting with the radiation
in the cavity. The rate for spontaneous emission is proportional to N>. The coefficient
of proportionality is 45, the Einstein 4 coefficient. Putting everything together, we see
that in thermal equilibrium

Nip(v, T)By2 = Na[By1p(v, T) + A21] (7.94)

Taking advantage of (7.93), we find

(v, T) = Az (7.95)
Blze.’li’/kyf — BZI
If we compare this result with the cavity radiation formula
_ 8 hv?
p(U) - (‘3 (ehp/kﬁr . 1) (7.96)
we see that
By=B;p=8 (7.97)
and
Ay 8 hv? 708
B~ (7.3%)
With these results, we find the total rate for emission of a photon to be
. 8 hv? 1
Na[Ba1p(v, T)+ A2] = N2 B e (e’“'/"ﬂT 3 + |>
87 hv?
= MaBZ=2 () + 1] (7.99)
C

The important conclusion that we can draw from this result is that the combined rate for
spontaneous and stimulated emission of radiation with frequency v is proportional to
n + 1, where n is the number of photons in the gas with that frequency.

Although our derivation of this n+ | factor depended on thermal equilibrium between
the atoms and the cavity radiation, this result is more general than our derivation suggests.
This enhancement factor really results from the fact that photons are bosons, that once
there are n photons in a state the odds of putting an additional photon in that same state
are larger by a factor of n + | than they would be without the presence of the n photons.



While a rigorous proof requires the use quantum field theory, we can get the basic idea of
how the overall symmetry under exchange contributes to this enhancement by examining
the position—space wave functions

1
Ws(x1, x2) = 7 [Vralx)Wp(x2) + Y (x1)¥a(x2)] (7.100)

and

Wg(xy, x2,x3) = —16- [Wa(x)Wp(x2)Vy (x3) + Yp(x1)¥ry (x2)¥alx3)

+ Py (X)) Wa(x2)Wrp(x3) + ¥, (x W (x2)Yra(x3)
+ Uax )W (x2)¥y (x3) + Palx)¥y (x2)Yp(x3 )] (7.101)

These multiparticle wave functions could apply to identical spin-0 particles, since the
wave functions for such bosons must be symmetric under exchange. Notice that if we
ask for the probability density for two bosons to have the same position (x; = x) in the
two-particle wave function (7.100), we obtain

|Ws(xr, x)I? = 20U Wp(x))? (7.102)

and similarly for the three bosons to have the same position (x; = x3 = x3) in the
three-particle wave function (7.101), we find

|Ws(x1, X1, 21)1% = 6] ()Y (x) ¥, (x1)1 (7.103)

Thus the probability density is 2 = 2 x | times and 6 = 3 x 2 x 1 times greater,
respectively, than it would be if the particles were distinguishable and the wave functions
did not need to be symmetric under particle exchange. In general, the probability density
for having » such bosons at the same position would be 7! larger than if the particles were
distinguishable. Thus P = n!P, and Pl = (n + 1)!P,,1, where P, and P, are
the probabilities for distinguishable particles. If we write P, = P; P,, where P is the
probability of adding an additional particle to a state with » particles if the particles are
distinguishable, we see that Pt = (n 4+ 1)!1Psy = (n+ 1)Pin! P, = (n + 1) Py Pl
indicating the probability of adding an additional boson to a collection of n bosons
is enhanced by a factor of n + | beyond what we would expect if the particles were
distinguishable.

It is this # 4+ 1 enhancement factor that encourages atoms with integral intrinsic
spin to avalanche into the ground state in Bose-Einstein condensation. It is also this
enhancement factor that produces laser action. The term laser derives from the acronym
Light Amplification by Stimulated Emission of Radiation. Typically, when an atom makes
a transition from an excited state to one with a lower energy, it can emit a photon in many
directions. If the atom is located in a resonant cavity that is formed by two mirrors, as
shown in Fig. 7.24, then only those photons with a particular value of the wave vector k
are trapped in the cavity. Photons emitted in other directions are eventually absorbed in
the cavity walls. Thus the number of photons in the cavity with this particular value of
k grows as more excited atoms emit photons. But this growth in the number of photons
with this particular value of k eventually makes it overwhelmingly likely that the photons
emitted in subsequent decays will be ones with the same value of k because of the n + 1
enhancement factor.
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Mirror Partially transparent mirror

Figure 7.24 Two reflecting surfaces form a resonant cavity for specific modes of a laser.

Although the photons that are emitted by the atom arise from transitions between two
states with different energies, say energies £, and E,. it is not possible to construct a
laser with a two-level atom. Recall from (7.94) that the rate for stimulated emission of
radiation is proportional to the Einstein B coefficient B>, and the number of atoms N,
in the excited state. The rate for absorption of radiation is proportional to the Einstein B
coefficient B}, and the number of atoms N, in the lower energy state. Since By = B,
and Ny > N, in thermal equilibrium, as (7.93) shows, more photons will initially be
absorbed than are emitted. This net absorption of energy will cause the populations N,
and N to equalize, at which point there will be as many photons emitted as absorbed.
What is needed to obtain a net amplification of the radiation is a population inversion
in which more of the atoms are in the higher energy state. As we will now show, it is
possible to generate such an inversion with a three-level or a four-level system.

The first successful laser for visible light used a ruby rod containing chromium ions.'®
Figure 7.25a shows an energy-level diagram for a three-level laser such as chromium.
In a process known as pumping, energy from a flash lamp is used to excited chromium
ions to a short-lived excited state. Transitions then occur to a second state which is
metastable, meaning this state lives for an unusually long time before it decays. In
this way, a population inversion is obtained between the ground state and this excited
metastable state. Transitions between these two states are used for lasing. When the ions
have returned to the ground state, the process is repeated. Thus, this laser, like most
solid-state lasers, is a pulsed laser.

A pulsed laser such as the chromium laser is inherently inefficient since the final state
in the lasing transition is the ground state, in which most of the atoms tend to reside. It
is therefore necessary to use a lot of energy to empty this state to the point where there
are more atoms in the excited state than the ground state for laser action to occur. An
alternative is the four-level system illustrated in Fig. 7.25b. In this case, it is much easier

Ey—x Short lived E, Short lived
E, [ E; -
. o Laser transition
Laser transition Excitation A
Excitation
FaVaVe & Y
E,
Decay to ground state
Y
E, Ground state E,

() (b)
Figure 7.25 Energy-level diagrams for (a) a three-level laser and (b) a four-level laser.

'6The laser was preceded by the maser, namely Microwave Amplification by Stimulated Emission of
Radiation. The first maser was constructed by Charles Townes in 1954,
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Figure 7.26 An energy-level diagram for the helium-neon laser.

to maintain a population inversion since the final state in the laser transition is an excited
state which is not heavily populated.

The final state in the laser transition for the widely used He-Ne laser is also an
excited state, in this case of the neon atom. The He—Ne laser is pumped by a steady
electric discharge in the gas. Through collisions with electrons in the gas helium atoms
are excited to a metastable excited state whose energy is very close to an excited state
of neon. Collisions of helium and neon atoms have a high probability of transferring
this energy to an excited state of neon (which itself is not readily excited by electron
collisions). See Fig. 7.26. The laser transition is from this excited state to an energy level
below it, which is mostly empty because of its fast transition to the ground state. Thus
the condition N3 > N5 can be achieved with the modest power requirements needed to
maintain the discharge. Gas lasers such as the He—Ne laser are called continuous wave
(CW) lasers since their output is steady.

7.9 Summary

Identical particles are indistinguishable. This indistinguishability has profound conse-
quences for the behavior of multiparticle systems in quantum mechanics.

Particles with integral intrinsic spin (s = 0, 1, 2, ...) are called bosons. The total
“wave function” for a system of identical bosons must be symmetric under exchange of
any two of the particles. Valid two-particle states include

Ws(1, 2) = Ya(1)¥a(2) (7.104)

and

1
¥s(1,2) = = [Va(1)¥5(2) + ¥p()¥(2)] (7.105)
Bosons are more likely to be in the same state than are distinguishable particles. The
average number of identical bosons in a state with energy £ in thermal equilibrium at
temperature 7 1s given by

I

where 12 is the chemical potential. This distribution function is called the Bose-Einstein
distribution function.
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Problems

Particles with half-integral intrinsic spin (s = 1/2, 3/2, 5/2, . ..) are called fermions.
The total “wave function” for a system of identical fermions must be antisymmetric under
exchange of any two of the particles. A valid two-particle state is given by

1
V2
Identical fermions cannot be in the same state, as antisymmetric states such as (7.107)
vanish when the quantum numbers for two of the fermions are the same (¢ = B). In this
way we see how the Pauli principle arises. The average number of identical fermions in
a state with energy £ in thermal equilibrium is given by

|
e(ELE,:)/kBT +1

Wa(l,2) = —= [Yu(DYs(2) — ¥(1)¥a(2)] (7.107)

n(E) = (7.108)

where Ef is the Fermi energy. This distribution function is called the Fermi-Dirac
distribution function.

Consequences of the fact that electrons are fermions and are limited to one per state
include the chemical properties of the elements, the degree of compressibility of metals,
and the stability of white dwarf stars. In the latter example, the electron degeneracy
pressure can stave off gravitational collapse of a star after the star has exhausted its
nuclear fuel unless the mass of the star is too large.

Consequences of the fact that photons are bosons include the distribution of electro-
magnetic energy density in a cavity, the famous blackbody distribution function,

87 hv?

(=) (7.109)

plv)dv =
and the fact that stimulated emission can generate an intense beam of monochromatic
(coherent) light in a laser. For atoms that are bosons, (7.106) coupled with conservation
of particle number means that for temperatures less than a certain critical temperature
the atoms pile into the ground state, forming a Bose-Einstein condensate. In the case
of liquid helium, this condensate exhibits the property of superfluidity, that is fluid flow
without viscosity.

7.1. Verify that the states

Xx+(1)x+(2)
% (X+(Dx=(2) + x-()x+(2))
x-(1)x-(2)

are eigenstates of the z component of total spin
S. = 8. + S, with eigenvalues #, 0, and —#,
respectively.

7.2. Following the procedure outlined in Example 7.3,
show that x(1)x+(2) is an eigenstate of total spin with
§=1.

7.3. The spatial wave functions for two identical
particles in the one-dimensional box (see Section 7.1)
are given by

1
Ws(x), x2) = 7 [V (x)¥2(x2) + Y)Y (x2)]

and

1
Walxy, x2) = 7 [V (x1)¥2(x2) — Ya(x1)¥i(x2)]
where one of the particles is in the ground state and one
is in the first excited state. Calculate the probability that
measurement of the positions of the two particles finds



them both in the left-hand side of the box, that is
measurement yields 0 < x; < L/2and 0 < x; < L/2.
Notice how the probability is significantly larger for the
symmetric state Wg than for the antisymmetric state W .
Thus the particles behave as if they attract each other in
the symmetric state and repel each other in the
antisymmetric state even though the Hamiltonian for the
two particles does not include any interaction term.
Heisenberg called these fictitious forces of attraction and
repulsion exchange forces.

7.4. Show that the total ground-state energy of N
fermions in a three-dimensional box is given by

3
Eota = E'MEF

Thus the average energy per fermion is 3 Eg/5.

7.5. Given that the mass of the Sun is M = 2 x 10" kg,
estimate the number of electrons in the Sun. Assume the
Sun is composed primarily of hydrogen. In a typical
white dwarf star, this number of electrons is contained in
a sphere of radius 6000 km. Find the Fermi energy of the
electrons in electron volts, assuming the electrons can be
treated nonrelativistically. How does this energy
compare with mc?, the rest mass energy of the electron?
Consequently, how reliable is your calculation of the
Fermi energy?

7.6. (a) Calculate (i) the Fermi energy, (ii) the Fermi
velocity, and (iii) the Fermi temperature for gold at 0 K.
The density of gold is 19.32 g/cm® and the molar weight
is 197 g/mole. Assume each gold atom contributes one
“free” electron to the Fermi gas. (b) In a cube of gold 1
mm on an edge, calculate the approximate number of
conduction electrons whose energies lie in the range
from 4.000 to 4.025 eV.

7.7. (a) In the highly relativistic limit such that the total
energy E of an electron is much greater than the
electron’s rest mass energy (£ > mc?), E >~ pc = hke,
where k = | /kZ + k% + k2. Determine the Fermi energy
for a system for which essentially all the N electrons
may be assumed to be highly relativistic. Show that (up
to an overall multiplicative constant) the Fermi energy is

roughly
N3
Ep ~ fic (?>
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where N/ V is the density of electrons. What is the
multiplicative constant? Note: Take the allowed values of
k., ky, and k. to be the same for the relativistic fermion
gas, say in a cubic box, as for the nonrelativistic gas.

(b) Calculate the zero-point pressure for the relativistic
fermion gas. Compare the dependence on density for the
nonrelativistic and highly relativistic approximations.
Explain which gas is “stiffer,” that is, more difficult to
compress? Recall that

d Eoral
dv
7.8. (a) Solve the Schrédinger equation for an electron

confined to a two-dimensional square box where the
potential energy is given by

P =

Vix,v)= 0 D=x=l,0=wp=sl
(x,y) = o elsewhere

Determine the normalized energy eigenfunctions and
eigenvalues. (b) Show that the Fermi energy for
nonrelativistic electrons (treated as if they do not interact
with each other) confined in the two-dimensional square

box is given by
B — h? (N)
IR VE

where N is the number of electrons, L is the length of

the side of the square, and m is the mass of an electron.
Such confinement to a plane happens, for example, for
electrons in the layered materials that are used to make
high-temperature superconductors.

7.9. Determine the average energy of an electron in a
two-dimensional square box containing N electrons.

7.10. (@) Determine the Fermi energy for a system of N
electrons in a one-dimensional box of length L. (h) What
is the average energy of an electron in this one-
dimensional box?

7.11. Calculate the compressibility of lithium assuming
that it arises completely from electron degeneracy
pressure. Compare with the experimental value of

8.3 x 107" m?/N. Suggestion: See Section 7.4. The
density of lithium is 0.53 g/cm®.

7.12. Consider the following two microstates for ten
identical particles. In one of the microstates there are ten
particles in the ground state and none in the excited
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state, while in the other microstate there are five particles
in the ground state and five in the excited state. The
“statistical weight” of these two microstates is 1 to 1, If
the particles are distinguishable, there is still just one
microstate corresponding to the ten particles being in the
ground state. Calculate the number of microstates for the
case of five particles in the ground state and five in the
excited state if the particles are distinguishable. What is
the statistical weight of these two configurations for
distinguishable particles?

7.13. Show that the spectral radiancy of a blackbody
Rr(v)dv and the energy density p(v) dv of cavity
radiation are related by

Rp(v) = %p(v)

Suggestion: Place the origin of your coordinate system at
the center of a hole of cross-sectional area A 4. Consider
the radiation in a hemisphere of radius ¢ At in the cavity.
Note that the fraction of the radiation in a volume

r2dr sinfdfd¢ that exits through the hole is

AAcost
42

Integrate over the hemisphere and divide your result by
A AAt to obtain the energy per unit area per unit time
radiated by the hole.

7.14. Verify that the components of the electric field in
(7.51) satisfy the boundary condition that the tangential
component of the electric field vanish at the boundaries
of the box. Why should the normal components of the
electric field not vanish at the boundaries?

7.15. Show that

)\-mnx T'= 02014[’_6
ky

Hint: The equation x = 5 — 5¢ ™" can be solved
iteratively.

7.16. Evaluate the blackbody (or cavity) radiation
formula

87hv?

& (TRl — I)d”

p(v)ydv =

in the high-temperature limit. Show that the result
reduces to the number of modes per unit volume

between v and v + dv multiplied by k3 T'. The resulting
distribution. which could be derived from classical
physics using the equipartition theorem, was referred
to as the ultraviolet catastrophe. Can you explain
why?

7.17. A tungsten sphere of 2.30 cm in diameter is heated
to 2000°C. At this temperature tungsten radiates only
about 30% of the energy radiated by a blackbody of the
same size and temperature. (a) Calculate the temperature
of a perfectly black spherical body of the same size that
radiates at the same rate as the tungsten sphere. (b)
Calculate the diameter of a perfectly black spherical
body at the same temperature as the tungsten that
radiates at the same rate.

7.18. Determine the radius of the star Procyon B from
the following data: the flux of starlight reaching us from
Procyon B is 1.7 x 10~ W/m?, the distance of the star
from us is 11 light years, its surface temperature is
6600 K, and its mass is 65% of the mass of the Sun.
Assume the star radiates like a blackbody.

7.19. The star ¢ Pup in the constellation Puppus is a hot
star, with a surface temperature that is 10 times hotter
than that of the Sun. It has a radius that is a factor of 10
greater than that of the Sun. (@) Treat the star as a
blackbody and estimate by comparison with the Sun a
numerical value for the wavelength at which the
emission of electromagnetic radiation from ¢ Pup is a
maximum. In what portion of the electromagnetic
spectrum is this? (b) Compare the luminosity of ¢
Pup—the total rate electromagnetic energy lost by the
star—with the luminosity of the Sun, that is, evaluate the
ratio of the luminosities.

7.20. (a) The star Stein 2051 B is 18 light-years from the
earth. Its surface temperature is 7050 K. The flux of
starlight reaching us on earth from Stein 2051 B is

2.8 x 10~"* W/m?. From this information, determine the
radius of the star assuming it radiates like a blackbody.
(h) Compare the radius of Stein 2051 B with the radius
of the earth (6.4 x 10 km). The mass of Stein 2051 B is
0.48 Ms,,,. This star is a white dwarf, the end phase of
stars like the Sun after they have exhausted their nuclear
fuel. Explain the mechanism responsible for stability of
a white dwarf star. In particular, without nuclear fuel,
how does the star withstand the gravitational pressure to
collapse?



7.21. The average distance of the outermost “planet™
Pluto from the Sun is one hundred times that of the
innermost planet Mercury. Suppose that each planet
absorbs and radiates energy as an ideal blackbody, that
the Sun radiates as an ideal blackbody, and that the only
significant source of energy on each of these planets
comes from the absorbed sunlight. Find the ratio of the
surface temperature (in kelvin) of Pluto to that of
Mercury, assuming temperatures are uniform over the
surface of each planet and that each planet is at its
equilibrium temperature.

7.22. (a) Assuming that the Sun may be treated as a
blackbody with a surface temperature of 5800 K,
determine the mass lost per second to radiation by the
Sun. Take the Sun’s diameter to be 1.4 x 10° m. What
fraction of the rest mass of the Sun is lost each year via
electromagnetic radiation? Take the mass of the Sun to
be 2 x 10° kg. (b) The solar constant is the energy per
unit area per unit time incident on the Earth from the
Sun in a plane perpendicular to the incident radiation.
Determine the value of the solar constant. The distance
of the Earth from the Sunis 1.5 x 10'! m.

7.23. The star Hadar has a surface temperature

T = 24,000 K and a luminosity that is roughly 39,000
times larger than the luminosity of the Sun. Determine
the radius of Hadar (in terms of the radius of the Sun),
assuming that Hadar radiates as a blackbody.

7.24. (a) Estimate the temperature of the Earth assuming
the Sun and Earth are blackbodies. Take the surface
temperature of the Sun to be Ty, = 5800 K, the radius
of the Sun to be Rgy, = 7 x 10° km, and the Sun—Earth
distance to be D = 1.5 x 10® km. Does your answer
depend on the size of the Earth? (b) Actually the Earth
reflects 30% of the visible light incident upon it—that is,
the Earth’s albedo is 0.30. How does this fact alter your
estimate of the Earth’s temperature? (c) Finally, assume
the Earth is surrounded by a thin spherical shell of gas
that is transparent to the Sun’s energy but opaque to
infrared radiation. What then is the temperature of the
Earth’s surface? Note: The shell radiates energy both
into space and back toward the surface of the Earth, as
indicated in Fig. 7.27. This problem illustrates the origin
of the greenhouse effect.
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Figure 7.27 The greenhouse effect.

7.25. Determine the density of a gas of Rb atoms when
it undergoes Bose—Einstein condensation at a critical
temperature of 190 x 107° K.

7.26. (a) Estimate the critical temperature at which
Bose-Einstein condensation occurs for Ny = 2000 ¥Rb
atoms confined in a cubic volume 10 gm on a side.
These are roughly the conditions that existed in the
Cornell-Wieman experiment discussed in Section 7.7.
(b) Compare the value of u = —kg T /Ny with the energy
of the first excited state of the box. Is it reasonable to
neglect u relative to £ for the excited states?

7.27. Determine the fraction of atoms in the Bose—
Einstein condensate when the temperature reaches
one-half the critical temperature.

7.28. Determine the value of 7" such that kg T is roughly
equal to the spacing between the ground state and the
first excited state for a cubic box 10 m on a side.

How does this value for 7 compare with the critical
temperature for Bose—Einstein condensation for a gas
of 5 x 10° sodium atoms confined in the box? These are
roughly the conditions that existed in the Ketterle
experiment discussed in Section 7.7.

7.29. By examining the behavior of the integrand in
(7.83) for low energy, show that x = 0 (and hence
£ = 0) does not make a finite contribution to the
integral. Thus the ground state is not being counted
twice in the evaluation of (7.83).

7.30. The density of liquid helium 0.15 g/em’.
Determine the temperature at which the de Broglie
wavelength of the helium atoms satisfies the condition

N 1
|
Note: A phase transition to a superfluid condensate is

observed to occur in liquid helium at 2.2 K.



CHAPTER

Solid-State Physics

Given the large number of atoms in a solid, it may not seem feasible to apply basic
quantum mechanics to such a complex system. However, for crystalline solids—solids
for which the atoms exist in a periodic array, or lattice—the periodicity of the lattice
dictates many of'the key attributes of the solid. In particular, we will focus in this chapter
on the capacity of these crystalline solids to conduct electricity. Crystalline solids that
are semiconductors are especially important because they serve as the building blocks
of the electronic/computer revolution in which we are all participating. In this chapter
we will see how quantum mechanics provides the foundation for this revolution.

8.1 The Band Structure of Solids

We start our discussion of the quantum mechanics of crystalline solids with the
Schrodinger equation

W d>y
" 2m dx?
To keep things as simple as possible, we restrict ourselves to a one-dimensional solid.
Figure 8.1 shows a sketch of the sort of potential energy V(x) that might be appropriate.
If we were dealing with solid hydrogen, a typical molecular solid, the regions where
the potential energy drops sharply would be close to the nuclei (the protons for solid
hydrogen), given the attractive force between the electrons in the solids and the positively
charged nuclei. Solving the Schrodinger equation for this curvy potential energy is not
easy. We might try replacing it with a series of square potential energy wells separated
by square barriers, as shown in the middle of Fig. 8.1. This model, often referred to as
the Kronig—Penny model, is reminiscent of our first pass at explaining molecular physics
in Section 4.5. As we did in Section 4.5, we will go one step further and make the
model even simpler by replacing the square barriers with Dirac delta functions. You may
think we are far removed from a realistic model of even a one-dimensional solid, but the
crucial feature that we have retained in our model is the periodic nature of the potential
energy function. And this feature goes a surprisingly long way toward explaining the
most important properties of a crystalline solid, as we will see.

+ VY =Ey (8.1)
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Figure 8.1 Periodic potentials. The top line is meant to convey
the sort of realistic potential energy that an electron would
experience in a one-dimensional solid. The bottom line is a
rather extreme example of a periodic potential in which the
square potential barriers shown in the middle are replaced with
Dirac delta functions.

The natural extension of the potential energy of the delta function molecule in Sec-
tion 4.5 to that for a solid is

2 V(I) = - Zﬁ(x — na) (8.2)

nl

where a is the separation between each of the delta functions, « is a dimensionless
parameter that we are free to adjust, and N is the number of “atoms” in this one-
dimensional “crystal.” Of course, if we simply push ahead in our solution to the
Schrodinger equation for even this potential energy, we face the daunting problem of
solving the equation in a /arge number of regions between the delta function barriers and
then applying the appropriate conditions on the continuity of the wave function and its
derivative at each of the boundaries. Instead, we introduce the Bloch ansatz

Y(x +a) =€ "Y(x) (8.3)

As we would expect from the translational symmetry of the system as x — x + a, this
ansatz indicates that the probability of finding the particle in each of the regions between
the barriers should be the same since

Y +a)p(x +a)=e Yt (e yx) = Yt x)v(x) (8.4)

You may be troubled by starting our solution with an ansatz, a guess if you will, albeit
a seemingly reasonable one. You can take comfort in the fact that if our ansatz were not
a valid one, we would not be able to find a solution to the Schrodinger equation that
satisfies the ansatz.!

We need to deal with one last issue before proceeding toward a solution. What happens
when we get to the end of our one-dimensional solid? One nice strategy that retains the
translational symmetry of the system and allows us to take full advantage of the Bloch
ansatz is to presume that

Y(x + Na) = ¥(x) (8.5)

!The fact that this particular ansatz has a Nobel Prize winner’s name associated with it should provide
encouragement.
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This would be equivalent to connecting our one-dimensional solid in a ring and requiring
that doing one complete traversal of the ring should return us to the starting point. This
sort of boundary condition is typically referred to as a periodic boundary condition and
coupled with (8.3) leads to the requirement

eN =] (8.6)
which is satisfied if
NO =2mn, Hy = O 2Bl =00 (8.7)
or
2mn,
= ny =041 L2 .. (8.8)
N

Each allowed value of & differs from the adjacent one by a factor of 27 /N. Since the

number NV of atoms in a solid is very large, the allowed values of @ are discrete but very

closely spaced. Also note that when n, = N, ## = 2 and of course ¢'*™ = 1. Therefore

for this value of # the Bloch ansatz reduces to ¥(x + a) = ¥(x), repeating the § = 0

condition. Thus there are N distinct values of # (n, =0,1,..., N — 1). We will now

show that each of these N values of # corresponds to a distinct value for the energy.
We write the Schrddinger equation in those regions in which V' = 0 as

12
i A (8.9)
dx*
where we have defined
'?Ezk (8.10)
1

as usual. We could write the solution simply as
Yr(x) = Asinkx + Bcoskx (8.11)

but it is more convenient to write the solution in two adjacent regions (see Fig. 8.2) in
the form

Yr(x) = A, sink(x — na) + B, cosk(x — na) (n—1a<x<na (8.12)
and

W(x) = A,y sink[x — (n 4+ Da] + By cosk[x — (n + 1)a] na <x <+ a
(8.13)

(n—=Na na (n+1a =x

Figure 8.2 A view of the regions (n — 1)a < x < na and na < x < (n + |)a in the
periodic potential.

259



260

Chapter 8: Solid-State Physics

The wave functions (8.12) and (8.13) are equivalent to (8.11), as can be verified by using
the identities sin (¢ — ¢) = sinf cos¢p — cosf sin¢gh and cos (6 — ¢p) = cost cos ¢ +
sind sin ¢. The rationale for writing the wave functions in this way is that it leads to the
relatively straightforward result

Apy1 =€%4y  Bny =€°B, (8.14)

when the Bloch ansatz is imposed.
We are now set to impose the appropriate conditions on the wave function at the
boundaries between the regions. Continuity of the wave function at x = na dictates that

B, = — Ay sinka + B, coska (8.15)

As we saw in Section 4.4, the derivative of the wave function at x = na is not continuous
but rather satisfies the condition

dy dyr o«
(d't )lm* (dl )J‘m - a llf(na) (8]6)
which leads to
kAyiycoska + kB, sinka — k4, = Egu (8.17)
a

[f we introduce the dimensionless parameter

5= — 8.18
@ =— i
ka ( )
these equations can be written as
Ay = A, coska + (& cos ka — sinka)B, (8.19)
By = A, sinka + (& sinka + cos ka)B, (8.20)

Finally, substituting in the Bloch ansatz constraints (8.14), we obtain two homogeneous
equations in the two unknowns 4, and B,:

(¢ — coska) A, — (& coska — sinka)B, = 0 (8.21)

sinkaA, + (&sinka + coska — ¢")B, =0 (8.22)

As we noted in Example 5.3, a system of homogeneous equations in two unknowns

will have a nontrivial solution only if the determinant of the coefficients of the corre-
sponding matrix equation vanishes:

Sif (s g
(c coska —(@coska smﬂa)m) (A,,) —0 (8.23)

sinka  @sinka + coska — e B,
yielding the condition

(¢ — coska)(@sinka + coska — ) + sinka(@ coska — sinka) =0 (8.24)

—if

Multiplying by e

2}

@sinka + coska — e’ — e (cos? ka + sin® ka) + coska = 0 (8.25)
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or simply

o sinka

cos = cos k
i 2ka

(8.26)

Note that as ka — 0, the right-hand side of (8.26) approaches 1 + «/2, which is greater
than 1 (presuming the parameter @ is taken to be positive). Since the left-hand side of the
equation is at most 1 in magnitude, there is no solution to this equation for ka = 0. But if
ka increases, then the magnitude of sin ka/ ka decreases to the point where the right-hand
side of (8.26) is equal to one and a solution exists. Figure 8.3 shows a plot of the right-hand
side of (8.26) as a function of k. Recall that there are N possible values of 8. Thus there
are NV allowed energy states in the region between k; and k; indicated in Fig. 8.3. From
ks to k3 the right-hand side of (8.26) is less than —1 and hence no allowed energy states
exist. The next band of allowed energy states occurs from k3 to k4. You can see how the
band of allowed energies increases in width as & increases, since the « sin ka/2ka term
grows smaller in magnitude as £ increases. Figure 8.4 shows an energy-level diagram for
this system. The crucial point here is that we have bands of allowed energies separated
by gaps in which there are no allowed energy states. Moreover, the bands become broader
(and consequently the gaps narrower) as the energy increases.

a
1+ 5
- a sin ka
cos ka + =
P D . T, M8 e -
I I |
| I I
v T oy
|
B G~ 5 ¥

Figure 8.3 Determination of allowed energies.
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Energy band
Gap
Energy band

Gap

Energy band

Figure 8.4 Bands of allowed energy states separated by gaps.
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Qualitative Discussion

Our discussion of the band structure of crystalline solids has focused on the solution
to the Schrédinger equation for a periodic potential, albeit a one-dimensional one. It is
instructive to examine how this band structure arises more qualitatively. Let us go back to
our discussion of the energy levels of a two-well system in Section 4.5. If the two wells are
very far apart, there is two-fold degeneracy of the ground-state energy since the electron
can be placed in either one of the two potential energy wells, as indicated in Fig. 8.5a.
Consequently, the even and odd wave functions shown in Fig. 8.5b are degenerate too.
However, as the wells are brought closer together, the difference in curvature between
the even and odd wave functions increases and therefore so does the difference in energy
between the two states. See Fig. 8.5¢c. If N wells are considered, there are N energy
levels that are degenerate when the wells are widely separated (corresponding to putting
the electron in any of these wells). As the wells are brought closer together, this N-fold
degenerate energy level splits into N separate energies. As for the double well, the degree
of splitting depends on the proximity of the wells, as indicated in Fig. 8.6.

Now take a look at Fig. 8.7, which shows a calculation of the energy levels for solid
sodium as a function of the separation of the sodium atoms in the lattice. We have seen
in our discussion of multielectron atoms that the electrons reside in shells at increasing
distance from the nucleus. Since the electrons in the lower energy levels such as the 1s
or 2s levels are bound quite closely to the nucleus, the degree of splitting of these levels
is not large unless the atoms in the lattice are brought quite close together. On the other
hand, the energy levels for the valence electrons—those in the 3s states—are split into

Figure 8.5 (a) The wave functions for an electron placed in one or the other of two widely
separated potential energy wells. The even and odd linear combinations of these wave functions,
shown in (b), are degenerate in energy. (c) As the separation between the wells decreases, the
separation in energy between the even and odd wave functions increases because of the
difference in curvature of the two wave functions.

> | |

(@) (b) ()

Figure 8.6 A schematic illustration of how the energy levels for (a) two, (b) three, and
(c) N potential energy wells vary with separation of the wells.

Energy
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Figure 8.7 The energy levels for solid sodium. At the equilibrium separation rp = 3.67 A
of the sodium atoms the 3s and 3 p bands overlap. Adapted from J. C. Slater, Phys. Rev.
45, 794 (1934).

sizable bands when the sodium atoms are at their equilibrium locations in the solid. Each
sodium atom has, of course, eleven electrons. Two of the electrons fill the 1s level, two
fill the 2s level and six fill the 2 p level. Consequently, the 3s level is only half filled, since
there is just one remaining valence electron for each sodium atom. As we will explain
in the next section, a partially filled valence band is referred to as the conduction band.

8.2 Electrical Properties of Solids

We can group crystalline solids into four categories: molecular, ionic, covalent, and
metallic, corresponding to the type of binding that holds the atoms or molecules in
the solid together. These four types of binding lead to quite distinct attributes of the
solids, especially as regards their ability to conduct electricity. (1) Molecular solids are
ones in which the individual atoms or molecules are bound by van der Waals forces—
residual Coulomb interactions between neutral particles. This is a weak binding, as is
illustrated by the fact that H,, a molecular solid, melts at 14 K. (2) On the other hand,
ionic binding is relatively strong binding. A classic example is ordinary table salt, NaCl,
in which the 35 valence electron in sodium is effectively donated to the adjacent chlorine
atom, filling the 3 p level. The crystal structure is cubic, with sodium and chlorine atoms
in alternate positions in the lattice. The binding between adjacent atoms is due to the
Coulomb attraction of these oppositely charged atoms. (3) Covalent bonding results from
electromagnetic interactions as well. As we saw Section 4.5, such binding, as seen in
elements such as silicon and germanium, results from the “sharing” of valence electrons
between the individual atoms. Thus in molecular, ionic, and covalent bonding there are
not typically “free” electrons to conduct electricity. (4) In metals, on the other hand, the
valence electrons are free to propagate throughout the crystal.
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Solid Resistivity (2-m)
Ag 1.6 x 1078

Cu 1.7:% 1078

Al 2.8 x 1078

Pb 22 % 10°%

Ge 0.46

Si 640

S 10]5
Diamond 10'6

Table 8.1 Resistivities at room temperature of various crystalline solids, including
metals, semiconductors, and insulators.

Table 8.1 shows the resistivity p for a variety of solids. The resistivity is an intrinsic
measure of the resistance to current flow in a particular material at a given temperature. It
is the inverse of the conductivity. We often talk about resistance instead of resistivity. The
resistance R of a wire, for example, depends not only on the resistivity of the material of
which the wire is composed but also on its length L and cross-sectional area A. Clearly,
the longer the wire, the larger the resistance, while the bigger the cross-sectional area the
more easily electrons can flow through the wire. In fact, the resistance of a wire grows
linearly with the length and is inversely proportional to the cross sectional area of the wire:

L
R=p— (8.27)
A

where the resistivity is the constant of proportionality.

Metals

Our discussion of the Kronig—Penny model and the band structure of crystalline solids
shows why the resistivity is small for a metal. First and foremost, the conduction elec-
trons are not localized near an individual atom. Rather, electrons have amplitudes to be
anywhere in the metal. Solid-state physicists often call these electrons *“free” to empha-
size this point, even though these electrons are of course bound in the metal itself. When
the valence band is only partially filled, there are plenty of empty energy states avail-
able. Thus when an electric field is applied to the metal, it can “accelerate” the electrons
and promote them into these once empty energy states. Consequently a current can flow
easily. This is the rationale for calling a partially filled valence band the conduction band.

While a metal is a good conductor of heat as well as electricity, heat does not enhance
the electrical conductivity of a metal. Rather, the resistivity tends to increase with in-
creasing temperature, generally because of the interactions of the electrons with the ions
in the lattice, an interaction that tends to scatter individual electrons. Put another way,
as the temperature increases, thermal agitation causes the ions in the lattice to vibrate,
reducing the periodicity of the lattice, thus reducing the chances that the electron’s wave
function satisfies the Bloch condition. And the Bloch condition is the condition that
ensures that the electron is free to roam around the solid.

The Kronig—Penny model provides the justification for the free-electron model of a
solid that we introduced in Section 7.4. At 0 K, the electron energy levels are filled to
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Figure 8.8 (a) Two widely separated metals with differing work functions. (b) When the
metals are in “contact,” electrons tunnel from metal @ to metal 5 until the Fermi energies
are equalized.

a maximum energy that is called the Fermi energy. The difference between the Fermi
energy and the top of the potential well confining the electrons in the solid is the work
function W that we discussed in Section 1.3. An interesting situation arises if we put two
metals (metals a and b) with different work functions in close proximity. As long as the
barrier is not too wide or too high, electrons in metal @ can tunnel through the barrier
to the empty energy levels in metal b, levels that are at a lower energy since the work
function for metal & is presumed to be greater than the work function for metal a, as
shown in Fig. 8.8. But this tunneling makes the charge on metal b negative, thus raising
the potential energy of an electron in metal b and lowering the potential energy of an
electron in metal @, which is now positively charged. This tunneling continues until the
Fermi energies have equalized. At this point, there is an electric potential difference
between the two metals equal to (W}, — W,;)/e. This electric potential difference is called
the contact potential. It is the potential difference between two metals with different
work functions placed in “contact™ with each other, even though neither metal initially
carries any charge. Table 8.2 gives the work function and Fermi energy for a variety of
metals.

An interesting application of the contact potential is a thermocouple. Since the Fermi
energy varies with temperature [the energy at which n( Ey) = 1/2 drops with increasing
temperature, as illustrated in Fig. 7.11], it is possible to measure temperatures with two
metals in contact. If one of the metals is placed in a thermal bath, the change in Fermi
energy means a change in work function for that metal and hence a change in the contact
potential. Once calibrated, a thermocouple can serve as an inexpensive thermometer
capable of measuring over a broad range of temperatures.

Metal W (eV) Er (V)
Ag 47 55
Au 4.8 535
Cu 4.1 7.1
K 2.1 2.1
Li 23 4.7
Na 2.3 3.1

Table 8.2 Work function and corresponding Fermi energy for a variety of metals.
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Figure 8.9 The Fermi energy is
located at the midpoint of the
energy gap between a filled
valence band and an empty
conduction band, presuming
the density of states at the top
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to the density of states at the
bottom of the conduction
band.
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Insulators and Semiconductors

Let’s next examine what happens if the valence band is filled and the conduction band is
empty, at least at 0 K. Let’s call the size of the energy gap between the top of the valence
band and the bottom of the conduction band £,. To see how many electrons are excited
to the conduction band at nonzero temperature, we need to determine the location of the
Fermi energy Ep. If we set £ = EY in the Fermi—Dirac distribution function (7.46), we
find that n(£r) = 1/2. Thus the Fermi energy cannot be at the top of the valence band
since the electron energy levels are all filled there. And it cannot be at the bottom of the
conduction band since the energy levels there are empty. Thus the location of the Fermi
energy must be somewhere in between, in the gap, even though there are no energy levels
there. The symmetry of the situation suggests that the Fermi energy might be half way
between the top of the valence band and the bottom of the conduction band, as indicated
in Fig. 8.9. And indeed this is the case provided the density of states at the top of the
valence band (let’s call this £ = 0) is the same as the density of states at the bottom of
the conduction band (£ = E,). To see this, first note that the number of electrons excited
to the conduction band at temperature T is given by

D(E,)dE (8.28)

e Ea—Er)/ knT 4

where D(£,) is the density of states at the bottom of the conduction band. Where do these
electrons come from? They must come from the valence band. But each electron excited
from the valence band leaves an empty energy state, a hole if you will, behind. Since

D(OYdE (l (8.29)

1
B e—Ev/kaT 4 ])
is the number of holes at the top of the valence band, the requirement that the number
of holes in the valence band must equal the number of electrons in the conduction band
means that

Assuming D(E,) = D(0), we find
1 e~ EelkaT
S E—En/fT 4 |  g-Er/keT § | (8.31)
1
= eEe/Ral 1 | (5.32)
which shows that E, — Ey = Ey or simply
Ep = % (8.33)

Therefore the average number of electrons per state at the bottom of the conduction
band is given by

n(E,) = Lf—Eg/zkuT T (8.34)
In the special case that £, > kg7, we find
n(Eg) = e~ Es/2keT (8.35)

Thus the number of electrons excited across the energy gap into the conduction band
depends very sensitively on the size of the gap and on the temperature.
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The elements in column IV of the periodic table (see Fig. 7.2) provide a striking ex-
ample. For diamond the band gap at room temperature is 5.5 eV. Since kg 7 = 1/40 eV at
room temperature, n(E,) = ¢ 2% = 10~%%, Although there are roughly 102 valence
electrons per cubic centimeter of the solid, the number excited across the gap into the
conduction band is consequently very small. Thus diamond is an excellent insulator.
Interestingly, silicon and germanium—two other elements in the same column of the
periodic table as diamond—have significantly smaller energy gaps at room temperature
(1.14 eV and 0.67 eV, respectively). These substances are good insulators at low tempera-
tures. But at room temperature a band gap of 1 eV means thatn(£,) = e %" = 2x 1077,
Although the average population per state is still small, the absolute number of electrons
excited across the gap by thermal energy is now substantial and these elements conduct
electricity reasonably well (but not to the extent that a metal does, as can be seen by
examining the resistivities in Table 8.1). Hence these materials are called semiconduc-
tors. As we will discuss in the next section, these semiconductors have been the building
blocks for the computer/electronics revolution.

EXAMPLE 8.1 Considera photoelectric effect experiment (see Section 1.3) in which
the cathode is composed of sodium and is connected via a copper wire to the anode,
which is also composed of copper. Monochromatic light is incident on the cathode.
Using the data in Table 8.2, calculate the contact potential between the cathode
and the anode. What is the minimum photon energy needed to get a current to
flow? Figure 8.8 is a representative energy-level diagram for the two metals when
separated and when in contact if metal a is taken to be sodium and metal b is taken
to be copper.

SOLUTION The contact potential is the difference in the work functions divided
by e, or (4.1 — 2.3) V = 1.8 V. As Fig. 8.8b shows, in order for an electron to
be liberated from sodium and overcome the contact potential between sodium and
copper, it is necessary for the electron to have an energy of W, + (W, — W,) = W),
namely the work function of copper, or 4.1 eV.

EXAMPLE 8.2 Calculate the average number of electrons per state at the bottom
of the conduction band for silicon at room temperature and for a temperature of
360 K.

SOLUTION Since E, = 1.14 eV is much greater than kg7 = 1/40 eV at room
temperature, we can make use of (8.35). Thus at room temperature
n(Eg) = e 2014 = 125 5 1071
AtT =360K, kg7 = 0.031 eV and therefore
n(Ey) =g OO0 . 103 % 1078

Thus a change in absolute temperature of 20% produces an increase in the value
of n(E,) by almost 100. Thus the conductivity of semiconductors like silicon is
very sensitive to temperature. Unlike metals, for which the conductivity decreases
slowly with increasing temperature, the conductivity of a semiconductor increases
markedly with temperature.
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EXAMPLE 8.3 Use the band structure of crystalline solids to explain why diamond
is transparent and silicon is opaque to visible light.

SOLUTION For visible light 400 nm < A < 700 nm, corresponding to photon ener-
gies between 1.8 eV and 3.1 eV. The band gap for diamond is 5.5 eV, so photons of
visible light do not have sufficient energy to excite electrons in diamond from the
valence band to the conduction band. Thus diamond is transparent to electromag-
netic radiation in the visible part of the spectrum. On the other hand, the band gap
forsilicon is 1.1 eV. Thus photons of visible light do have sufficient energy to excite
electrons in silicon from the valence band to the conduction band. Consequently,
these photons can be absorbed, making silicon opaque to electromagnetic radiation
in the visible part of the spectrum.

8.3 The Silicon Revolution

Do you think of yourself as living in revolutionary times? In 1965, shortly after the
invention of the integrated circuit, Gordon Moore, one of the founders of Intel, noted
that the number of transistors per square inch on an integrated circuit built on a sili-
con chip was doubling roughly every year. In 1975 Moore proposed a doubling every
two years was likely for the foreseeable future. At that time, the number of transistors
per square inch had reached a few thousand. Today, that number exceeds one billion.
Doubling the number of transistors from 1 thousand to 2 thousand in two years may
not seem to be a big deal, but doubling the number from 1 billion to 2 billion in that
same period is pretty amazing. This is the characteristic of exponential growth. Of course
exponential growth cannot continue forever. Making the circuits on a wafer of silicon
smaller and smaller can continue only so far before we reach the level of individual
atoms. Nonetheless, at this point there are no indications that Moore’s law, as it is called,
is breaking down and that the exponential growth phase is coming to an end. Moreover,
the consequences of this growth are all around us. The computing power in a common
laptop computer exceeds that of a supercomputer a decade ago. Today you can pur-
chase a cell phone that contains a high resolution digital camera and an MP3 player and
allows you to surf the Internet, too. And not only has the power of electronics devices in-
creased dramatically, but their cost has decreased at the same remarkable rate. Thus these
electronic devices are available to more and more people, truly changing the world in
which we live.

The basic building block in this electronics revolution is a semiconductor such as
silicon that has been doped with impurities in a very special way. A doped semiconductor
is called an extrinsic semiconductor because its properties have been externally modified.
Aswe have noted, silicon resides in column IV of the periodic table. Its electronic structure
is 1572522 p%3523p2. In a crystal of silicon, each silicon atom bonds with four adjacent
silicon atoms in a tetrahedral structure, as indicated in Fig. 8.10a. In this way, each of
the 3s and 3 p electrons participates in covalent bonds with neighboring silicon atoms.
[t is this tetrahedral covalent bonding that is responsible for the energy gap between the
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(b) (c)

Figure 8.10 (a) A diagram indicating how each silicon atom forms covalent bonds with
the four neighboring atoms in crystalline silicon. (b) In an n-type semiconductor a
small fraction of silicon atoms are replaced with elements such as arsenic from column
V of the periodic table. (c) In a p-type semiconductor, silicon is doped with elements
such as boron from column III of the periodic table.

valence band and the conduction band in silicon.? If a small fraction (typically 10" to
1077) of the silicon atoms are replaced with arsenic atoms, for example, in a process called
doping, we generate what is called an n-type semiconductor. Since arsenic belongs to
column V of the periodic table, it has five valence electrons instead of silicon’s four.
Four of these electrons can form covalent bonds with the four adjacent silicon atoms, as
indicated in Fig. 8.10b, thus simulating a silicon atom. The “extra™ electron in arsenic
is attracted to the arsenic atom rather than to a silicon atom because of the additional
positive charge on the arsenic nucleus. But the binding is quite modest, with a binding
energy of approximately 0.05 eV. Thus it takes relatively little energy to dislodge this
extra electron and push it into the conduction band. Therefore the arsenic impurity is
referred to as a donor impurity, since it donates an electron, which of course has negative
charge, to carry the current. Hence the name n-type semiconductor. Figure 8.11a shows
the corresponding energy-level diagram. The presence of these additional filled energy
levels just below the conduction band raises the Fermi energy above the midpoint, with
the degree of raising dependent on the concentration of the dopant [as you might surmise
by looking back at the dependence on the density of states in the derivation of (8.33)]. In
addition to arsenic, common donor atoms for silicon include phosphorus and antimony.

Let’s now examine a p-type semiconductor. For silicon, a good candidate for doping
is boron. Boron is from column III of the periodic table and thus has one fewer electron
than is needed to form the four covalent bonds with the adjacent silicon atoms. With a
modest amount of energy, again typically 0.05 eV, it is possible for a boron atom to borrow
an electron from a silicon atom to form the requisite covalent bonds with its neighboring
silicon atoms, as illustrated in Fig. 8.10c. The net effect is to introduce empty energy
levels just above the valence band, as indicated in Fig. 8.11b. Thus an impurity like boron

*The same sort of tetrahedral bonding occurs in diamond. The much larger energy gap between the
valence band and the conduction band in diamond is due to the fact that the carbon atoms in diamond
are somewhat closer together than are the silicon atoms. The sensitivity of the mechanical and electrical
properties of these crystals on the type of bonding is highlighted by comparing graphite, in which the
carbon atoms bond in a hexagonal lattice, with diamond. Graphite is a reasonably good conductor with
the 2p valence electrons partially filling the conduction band, unlike diamond which is, as we have
noted, an outstanding insulator. And whereas diamond is one of the hardest known substances, graphite
is commonly used as a lubricant.
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Figure 8.11 An energy-level diagram for an n-type semiconductor in (a) and a p-type
semiconductor in (b).

is referred to as an acceptor impurity. When boron accepts an electron from silicon, a
hole is left behind in the valence band. If an electric field is applied to the crystal, the
holes propagate in the direction of the electric field, just like a positive charge. Thus the
name p-type semiconductor. Since the energy levels just above the top of the valence
band are empty at low temperatures, the Fermi energy is pulled down from the midpoint
of the band gap by the presence of these impurities. As for an n-type semiconductor, the
larger the percentage of impurities, the more the Fermi energy deviates from the middle
of the gap.

Through diffusion of the impurities, it is possible in a small piece of silicon to
move in the space of tens of nanometers from silicon with an acceptor impurity to
silicon with a donor impurity, thus generating a p-n junction. Figure 8.12a shows

Conduction band Conduction band
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Figure 8.12 (a) An energy-level diagram for an n-type semiconductor and a p-type
semiconductor. Notice how the Fermi energy is raised or lowered, respectively, from its
position at the middle of the energy gap. (b) An energy-level diagram for an n-type and a
p-type semiconductor in contact.
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the energy-level diagram before equilibrium is established. The situation is reminis-
cent of the situation with two conductors with different work functions. In particular,
the Fermi energy on the n side is higher than the Fermi energy on the p side. Thus
electrons on the n side have empty energy levels on the p side into which they can
move, meaning the p side is becoming negatively charged, leaving the n side posi-
tively charged with a surplus of holes. This transfer of charge continues until the Fermi
energies have equalized, at which point the junction region looks like a parallel-plate
capacitor, with a contact potential on the order of one volt. See Fig. 8.12b. The re-
gion between the “plates” is referred to as the depletion region because it is depleted
of mobile charge carriers by the strong electric field (on the order of 10¥ V/m) that
exists there.

Even when the Fermi energies are in equilibrium, a p-n junction is a dynamic place.
There are currents flowing back and forth across the junction. On the p side, electrons are
excited by thermal energy across the band gap into the conduction band. These electrons
can then migrate toward the n side, where they find a downhill potential and can slide
over to the n side. This current is referred to as the thermal current. We will call it Jo. Itis
balanced by the recombination current, which arises when electrons on the n side in the
conduction band use thermal energy to surmount the potential energy barrier between
the n side and the p side. If these electrons migrate to the p side, their likely fate is to
fall into one of the holes available in the valence band, hence the name recombination
current. In equilibrium, the two currents are of course equal.

But look what happens if we apply a potential difference across the junction. Let us
connect a battery to the junction with the negative terminal attached to the p side and
the positive terminal to the n side. This is known as reverse biasing. The net effect of the
battery is to push up the potential energy of the p side, raising the height of the potential
energy barrier between the two semiconductors. What then happens to the currents? The
thermal current is not affected by this change, because the thermal current simply requires
that the electrons have enough energy to cross the band gap, which is not affected by the
applied potential. But the recombination current decreases because electrons on the nside
now have to overcome a larger potential energy barrier. The probability of electrons hav-
ing this energy is dictated by the Boltzmann factor. Thus 7y — lye®/*sT with the potential
¢ negative.’ Thus the recombination current is exponentially suppressed when the junc-
tion is reverse biased. If on the other hand we forward bias the p-n junction by connecting
the positive terminal of the battery to the p side of the junction and the negative terminal
to the n side, the recombination current will be exponentially increased as the barrier that
electrons must overcome to travel from the n side to the p side is reduced. Thus as before
Iy — Ipe*®/*s7 but this time with a positive . The total current in the p-n junction is thus
given by

I = Iy(e®/*T —1) (8.36)

IThe e in the exponent is, of course, the “other ¢,” namely the magnitude of the charge on an
electron. This is only part of the notational morass raised by this equation. In quantum mechanics, it is
customary to use the symbol }J* for potential energy. In introductory treatments of electromagnetism,
on the other hand, the same symbol is used for the potential, which is measured in volts in SI units. To
avoid confusion, I have used ¢ for the potential, as is commonly done in more advanced treatments of
electrodynamics. The potential energy I is then given by g, where g is the charge.
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Figure 8.13 Current (/) in a
p-n junction as a function of
applied voltage, measured in
volts (V). Note that the current
is quite small (microamps)
when the junction is reverse
biased but increases
exponentially when the
junction is forward biased.

Figure 8.14 An n-p-n
transistor.

Figure 8.13 shows a plot of the current for both types of bias. For ¢ < 0, the current
asymptotically approaches the value /, as the recombination current is suppressed. But
when ¢ > 0, the current grows exponentially. Even though the value of 7, may be quite
small, the exponential growth can make the current very large for sufficiently large values
of . Thus on the tiny piece of silicon we have constructed a diode, a device that transmits
current in one direction but not in the other when a potential difference is applied.

To illustrate how a p-n junction enters into the construction of a transistor, consider
the following n-p-n configuration, as shown in Fig. 8.14.* Here the middle region, the
p-type semiconductor, is a very thin region called the base. The n region on the left is
referred to as the emitter and the n region on the right the collector, The base is sufficiently
thin that electrons flowing from the emitter to the base do not have sufficient time to fill
in the holes in the p region. Hence these electrons diffuse into the collector. Typically, the
doping in the base is smaller than in the emitter, thus reducing the odds that the electrons
in the emitter fall into one of the holes there. If the emitter-base p-n junction is forward
biased. a small change in the voltage produces a big change in the current. On the other
hand, the base-collector p-n junction is reverse biased with a large bias voltage. The
power (the current times the voltage) in the base—collector circuit can be quite large and
depends sensitively on the current flow in the emitter-base region. Thus this transistor
can serve as a power amplifier, say between a microphone and a speaker.

In addition to serving as the basic component of a transistor, the p-n junction is
the key element in a light-emitting diode (LED) and a solar cell. In some materials,
such as gallium arsenide, an electron in the conduction band emits visible light when it
makes a transition to an empty energy state (a hole) in the valence band in the depletion
region. If the junction is forward biased, electrons and holes are replenished as the
current flows through the junction. Moreover, filled electron states in the conduction
band and empty energy states in the valence band constitutes a population inversion
(see the discussion in Section 7.8). Thus a light-emitting diode can also function as a
semiconductor laser.

A solar cell 1s essentially a light-emitting diode operating in reverse. Sunlight can be
used to excite an electron from the valence band to the conduction band in the depletion
region, leaving a hole in the valence band. The electric field in the depletion region
sweeps the electron to the n side and the hole to the p side before the electron can
recombine with the hole. In this way a current is generated that can be used to supply
power to an external circuit. For photons to reach the depletion region, the p-type layer
in the solar cell must be thin so that it is sufficiently transparent to sunlight. The overall
efficiency of such a solar cell is typically 15%, which means a solar cell with an area
of a square meter produces roughly 100 W of electrical power. The rest of the incident
energy from the sun is lost to heat. While solar cells with higher efficiency have been
constructed, these alternatives have been more expensive and have not yet proven to be
cost effective.

*The bipolar junction transistor was developed by John Bardeen, Walter Brattain, and William
Shockley in 1948. They were awarded the Nobel Prize in physics in 1956. The bipolar junction tran-
sistor has the deficiency of being a power hog, which is a major problem when trying to pack a large
number of transistors into a small region in an integrated circuit. Alternative transistors in the form
of MOSFETs are therefore often used. The transistor is arguably the most important invention of the
twentieth century.



Section 8.4 Superconductivity

8.4 Superconductivity

After our discussion in this chapter of the electrical properties of crystalline solids,
including conductors and semiconductors, it is irresistible to say something about super-
conductors, namely those materials that conduct electricity without any resistance what-
soever. The phenomenon of superconductivity was discovered by Kamerlingh Onnes in
1911 when he noted that the resistance of mercury plummeted to zero when mercury
was cooled below a critical temperature 7¢ = 4.15 K. About one third of the pure metals
and many alloys are superconductors.

In addition to having zero resistivity, materials that are superconductors expel mag-
netic fields from the material when cooled below the critical temperature, an effect known
as the Meissner effect. As the transition temperature is reached, currents circulate on the
surface of the superconductor that exactly cancel the magnetic field within the material.
This complete expulsion of magnetic field is characteristic of a class of superconductors
called Type I superconductors. In these superconductors the magnitude of the critical
temperature depends on the strength of the applied field, as indicated in Fig. 8.15. Some
Type 1 superconductors along with the corresponding critical temperature and critical
magnetic fields are listed in Table 8.3. For some materials, typically alloys, there are two
critical values of the magnetic field, B¢, and B,, as illustrated in Fig. 8.16. If the applied
magnetic field is less than B¢, the magnetic field is expelled completely, as is the case
for a Type I superconductor. But for magnetic fields B¢, < B < Bc,, the magnetic field
penetrates the superconductor in narrow filaments called vortex cores. Within these cores
the material is a normal conductor, but superconductivity is maintained in the material
between the cores. As the field strength increases, the material becomes more closely

BJ\

Normal state

Superconducting
state

=~y

0 o

Figure 8.15 The critical magnetic field as a function of temperature in a Typel
superconductor.

Material Te (K) Be(0) (Tesla)
Zn (.88 0.0053
Al 1.17 0.0105
In 3.41 0.0293
Pb 7:19 0.0803
Nb 9.25 0.198

Table 8.3 Some Type I superconductors. The critical magnetic field
is measured as 77 — 0.
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Figure 8.16 The critical magnetic fields B¢, and Be, as a function of temperature in a
Type I1 superconductor.

Material Te (K) Bc, (0) (Tesla)
PbMoS 14.4 6.0
NbN 16.0 15.3
Nb;Sn 18.1 245
Nb3Ge 23.2 34.0

Table 8.4 Some Type 11 Superconductors.

filled with these vortex cores until the cores overlap when the magnetic field strength
exceeds Bc, and the superconductivity is destroyed. Since Type II superconductors have
significantly larger values for the critical field strength (see Table 8.4), these materials
are much better candidates for applications such as carrying large currents, since these
currents generate magnetic fields themselves that can destroy the superconducting state.
The downside of these Type II materials is that they are often brittle and not easily molded
into wires that could be used to carry currents.’

Given our discussion of Bose-Einstein condensation in Section 7.7, you may be
tempted to surmise that this transition to the superconducting state is a phase transition
similar to the one that occurs in liquid helium at 2.17 K, at which point helium atoms
form a condensate with superfluid behavior. But something more complicated must be
at work here, since the charge carriers in a solid are electrons (or holes). These particles
are spin-1/2 particles that obey Fermi-Dirac statistics, not the Bose-Einstein statistics
that describe the behavior of the spin-0 helium atoms. There are a couple of hints as
to what is occurring. For one, the best conductors, such as copper, gold, and silver,
are not superconductors. Materials such as niobium and lead, which are relatively poor
conductors at room temperature, have relatively large values of 7¢. Recall that resistance
in a metal is due to interactions of the electrons with the lattice and really good conductors
have minimal lattice interactions. Also, superconductivity in materials that have a number
of different isotopes occurs with modestly higher values of T¢ for the lighter nuclei. This
also suggests that interaction with the lattice is important, since lighter nuclei typically
means more vibration of the nuclei at a given temperature.

In 1959 John Barden, Leon Cooper, and Robert Schrieffer proposed a theory that
explains the phenomenon of superconductivity (with the exception of the high-T¢

SRoughly 10% of the electrical energy used in the United States is lost in the transmission process.



superconductors). This BCS theory posits that, despite their mutual Coulomb repul-
sion, electrons with equal and opposite momenta bind together in these materials to form
bound pairs, generally referred to as Cooper pairs. One of the electrons in the pair pulls
the ion cores toward it through Coulomb attraction. The other electron is then attracted
to this displacement of the ion cores. A useful analogy is to consider two people sleeping
together on a soft mattress. When one of the people rolls away from the other, that person
leaves a depression in the mattress into which the second person may fall, thus “binding”
the two people together. In the case of superconductivity, the BCS theory predicts the
binding energy of each Cooper pair, referred to as the gap energy. has a value at absolute
zero of

E, = 3.53kg T¢ (8.37)

It is clear that thermal energy can dissociate these Cooper pairs if the temperature of the
material gets too large. Since the two electrons in a Cooper pair are in a total-spin-0 state
[see the spin state in (7.25)], these pairs are themselves bosons. Thus for sufficiently
low temperature a phase transition to a condensate can occur. In this condensate, there
is an incentive for the pairs to be in the same total-momentum state (see the discussion
in Section 7.8), thus preventing the scattering by the lattice that is responsible for re-
sistivity. Presumably, this pairing of electrons also occurs in the high-temperature Type
11 superconductors that were discovered in the late 1980s. These materials, which have
values of T¢ ranging from 30 K to 140 K, are layered ceramic materials with planes
of copper oxide. However, the mechanism responsible for the electron pairing in these
high-temperature superconductors is still not understood. Since nitrogen gas liquefies at
77 K, these high temperature superconductors can be maintained in the superconduct-
ing state at a much lower cost than can superconductors that require liquid helium for
cooling, since liquid helium is much more expensive than liquid nitrogen. Moreover,
these high-temperature superconductors have large values for the critical magnetic field
strength, which means that they can be used to transport large currents. The downside
of these ceramic superconductors is that they are quite brittle and therefore difficult to
manipulate.

8.5 Summary

The main message of this chapter is that the periodic nature of the potential energy for
a crystalline solid generates bands of allowed energy levels separated by energy gaps. If
the valence band is partially filled at low temperatures, it is referred to as the conduction
band. Such solids are metallic in nature and readily conduct electricity. If the valence
band is completely filled as the temperature approaches zero and the conduction band
is empty, the solid is either an insulator or a semiconductor, depending on the size of
the band gap. By doping (adding impurities to) a semiconductor such as silicon, one
can produce n-type and p-type semiconductors that can be joined together to form a
p-n junction. This junction is a solid-state device that conducts electricity in only one
direction (a diode). The p-n junction is the building block of transistors, such as the
n-p-n bipolar junction transistor. Our ability to package more and more transistors per
unit area in an integrated circuit on a substrate of silicon is responsible for the electronics
revolution that is taking place during our lifetimes.

Section 8.5 Summary
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Problems

8.1. Verify that imposition of the Bloch ansatz
V(x +a) = ey (x)
on the two solutions to the Schrédinger equation

v = A, sink(x —na) + B, cosk(x — na)

(n—1a<x <na

and
Y= Aypsinklx — (n + Da)
+ Byyycosk(x — (n + 1)a]

na<x<(n+a
yields the conditions

_ if if
An+l =e An Bn-i—l =e€ Brz

8.2. Calculate the amount the Fermi energy is raised
if 1 C of electrons is added to a cubic centimeter of a
metal. Note: One coulomb is a large amount of charge.

8.3. Semiconductors such as ZnSe, CdTe, GaAs, and Ge
are used to manufacture lenses. These materials are
particularly useful in the infrared (2 pm to 30 pm),
despite the fact that they are highly opaque in the visible
region of the spectrum, as shown in Fig. 8.17. For Ge,
for example, the energy gap between the valence band
and the conduction band is £, = 0.67 eV. Use this fact

to explain why Ge is a good material for an infrared lens.

Figure 8.17 Galium arsenide (GaAs) is used
to manufacture infrared lenses. (Courtesy
11-VI, Inc.)

8.4. An ohmmeter is sometimes used to determine the
“direction” of a diode by connecting the ohmmeter to the
diode one way and then reversing the ohmmeter leads. If
the ohmmeter applies an emf of 0.5 V to the diode in
order to determine resistance, what would be the ratio

of reverse resistance to forward resistance at 300 K?
Assume the diode behaves as an ideal p-n junction. What
do you conclude from this calculation if the forward
resistance is 30 k€2 and the maximum range of the
ohmmeter is 2000 k2?7 Suggestion: Start with (8.36).

8.5. Draw energy-level diagrams for the metals silver
and copper when separated and in contact. Indicate the
contact potential on your diagram. Use the values in
Table 8.2 to determine the relative positions of the work
functions and the Fermi energies.

8.6. Use the band structure of crystalline solids to
explain why a thin piece of sulfur, a good insulator,
transmits light that is reddish yellow when illuminated
from the back side with white light.

8.7. Use Faraday’s law to argue that the magnetic field
cannot vary with time in a material that has zero
resistivity (and hence infinite conductivity).

8.8. The critical magnetic field in a superconductor has
the temperature dependence
T 2
-(3)]
Tc

Calculate the maximum current a superconducting
niobium wire 1 mm in diameter can carry at 4 K, the
temperature at which helium liquefies. See Table 8.3 for
the values of 7¢ and Bc(0) for niobium.

Be(T) = Be(0)

8.9. Use (8.37) to determine the size of the energy gap
in eV for niobium.
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Nuclear Physics

BT

In 1911, in Ernest Rutherford’s laboratory, Hans Geiger and an undergraduate student,
Ernest Marsden, discovered the atomic nucleus in an experiment in which alpha particles
were projected at a thin gold foil. The relatively high fraction of the alpha particles
deflected through large angles was very surprising but could be accounted for by assuming
the positive charge in the nucleus was concentrated in a massive central core, or nucleus.'
In the simplest atom, the hydrogen atom, the nucleus is the proton, which is 1836 times
more massive than the electron. But of what does the nucleus of gold consist? The answer
to this question was not known until 1932, when James Chadwick discovered the neutron,
a neutral particle similar in mass to the proton. In the nucleus of gold, for example, there
are 79 protons and 118 neutrons. One can say that 1932 marked the beginning of nuclear
physics. Nuclear physics is a field of enormous importance. Understanding which nuclei
are stable and why allows us to understand which elements occur in nature. Moreover, as
we noted in Section 3.2, the energy scale of nuclear physics is millions of times greater
than that of atomic physics. The main focus of this chapter is the so-called curve of
binding energy. The nuclear binding energy released in fusion reactions is the energy
source that powers our Sun (and the other stars in our universe as well). These fusion
reactions are ones that we would very much like to utilize in a controlled fashion here
on Earth since this would provide an almost limitless source of power. As we will also
discuss in this chapter, nuclear energy can also be released in fission reactions, for
peaceful purposes in a nuclear reactor and for less peaceful purposes in the form of
nuclear weapons.

'The discovery of the existence of the nucleus was the death sentence for classical physics. For if the
atom consists of electrons orbiting around the positively charged nucleus in a planctary-like system, the
electromagnetic radiation from these accelerating clectrons would lead to the collapse of the atom in a
very short time period. See Problem 9.1. Rutherford later commented that the discovery of large-angle
deflection of alpha particles was the most incredible event of his life. “as if you fired a 15-inch shell
at a piece of tissue paper and it came back and hit you.” This wasn’t as much of an exaggeration as
you might suppose given the odds for such large-angle scattering in the “plum-pudding” model of the
atom that was current at the time, a model in which the positive charge was thought to be uniformly
distributed through out the atom (the pudding with the electrons as the raisins).
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9.1 Nuclear Notation and Properties

A nucleus is specified by listing the number of protons (Z) and the number of neutrons
(N) it contains. Of course, the number of protons is the same as the number of electrons in
the corresponding (neutral) atom, or element. The symbol Z is generally referred to as the
atomic number. If you know the elements well, then, for example, you know that carbon
(C) has Z = 6 and uranium (U) has Z = 92. The number of neutrons in the nucleus
of a particular element can vary, however. Elements with the same number of protons
but different numbers of neutrons are referred to as isotopes. The combined number of
neutrons and protons in the nucleus is referred to by the symbol 4 = Z + N, the atomic
mass number. Thus specifying Z and 4 is sufficient to determine the composition of a
particular nucleus, since N = 4 — Z. The standard notation is of the form %X, although
the subscript Z is often dispensed with since the same information is implicitly contained
in the symbol X for the atom and putting both the superscript and the subscript makes
for a rather cumbersome notation. The simplest atom, hydrogen, has three isotopes, 'H
with a nucleus consisting of a single proton, *H with a nucleus consisting of one proton
and one neutron, and *H with a nucleus consisting of one proton and two neutrons.
Of these three isotopes, 'H and 2H are stable. The isotope “H is called deuterium and
the corresponding nucleus is referred to as the deuteron (denoted by the symbol d). The
isotope *H is called tritium and the nucleus, the triton, is often given the symbol 7. The
element with Z = 2 is helium, which has two stable isotopes, *He and *He. The nucleus
of the most common isotope of helium, “He, is referred to as the alpha particle and
denoted by the symbol a. As a last example, carbon has two stable isotopes: '*C, which
has six protons and six neutrons in its nucleus and has a natural abundance of 99%, and
13C, with a nucleus of six protons and seven neutrons. The unstable isotope *C is used
in radioactive carbon dating (which we will discuss in Section 9.3). It should be noted
that nuclei having different values for Z and N but the same value for 4 are referred to
as isobars ('*C and "N, for example).

Although the proton and neutron differ in their electric charges, perhaps the most
striking thing about them is their similarity. Table 9.1 gives the masses of the electron,
proton, and neutron. Note that while the proton and the neutron are both significantly
more massive than the electron, the masses of the neutron and proton differ by just
slightly more than 1 part in 1000. In determining the mass of the atom, the electron plays
a very small role. As we will see in the next section, the mass of the nucleus (and hence
the atom) is roughly A times the mass of the proton or neutron. Hence the name atomic
mass number for 4. In fact, the nuclear force treats the proton and neutron in exactly
the same way, as if they were identical particles.? Thus the constituents of the nucleus,
whether they are protons or neutrons, are typically referred to as nucleons.

Particle kg MeV/c?
Electron 9.109 x 107! 0.511
Proton 1.673 x 10777 938.3
Neutron 1.675 % 107% 939.6

Table 9.1 Mass of the electron, proton, and neutron

2Consequently. the nuclear force is said to exhibit charge independence.
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Most nuclei are roughly spherical in shape. Scattering experiments with electrons as
the projectile carried out by Robert Hofstadter in the 1950s showed that the radius of a
nucleus composed of A4 nucleons is given roughly by

R = rod"3 (9.1)

with rp = 1.2 fim. This translates into a volume

p=2aR = im'gA = Vo4 9.2)
3 3
where ¥ is roughly the same for all nuclei. Consequently, nuclear matter tends to have
a uniform density of 2 x 10'7 kg/m?, roughly fourteen orders of magnitude more dense
than ordinary matter. This large density is consistent with the fact that the size of an atom
is four to five orders of magnitude larger than that of the nucleus while essentially all the
mass is concentrated in the nucleus.

Electron scattering experiments effectively measure the charge density of the nucleus
since electrons do not experience the nuclear force. The assumption is that the charge
density—the distribution of protons in the nucleus—coincides with the distribution of
nucleons in general. To map out the distribution of nucleons, neutrons as well as protons,
in a scattering experiment, it is necessary to use as the projectile a particle such as the
neutron that experiences the nuclear force. But determining a radius of the nucleus in this
way is more complicated (in an interesting and important way) than it might first appear.
In determining the likelihood that a neutron interacts with the nucleus it is convenient to
introduce the concept of the eross section. Consider a beam of neutrons of intensity /
incident on a slab of matter of thickness dx, cross-sectional area S, and density 7 (the
number of atoms per unit volume). Then /i Sdx is the number of nuclei in the slab. After
traversing the slab, the intensity of the beam is 7 + 1, as indicated in Fig. 9.1. The
intensity decreases (d/ < 0) because of interactions with the nuclei in the slab. If we
denote by o the effective area of the nucleus for scattering neutrons, then o /iSdx is the
effective area covered by all the nuclei in the slab, and the fraction of the neutrons that
get scattered is o'71Sdx /S. Note that by choosing the slab to be of infinitesimal thickness
dx, we have avoided the issue of one nucleus being partially obscured by one in front of
it. Putting everything together,

o S

dl onSdx

= —ciidx (9.3)

—_—
I+dl

Figure 8.1 A slab of thickness dx and cross-sectional area S is composed of nuclei each
with effective cross-sectional area 0. A beam of particles with intensity / is incident on
slab. The value of o varies with the energy and the type of projectile in the beam.
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Figure 9.2 The cross section for the scattering of neutrons by uranium. Adapted from R. L.
Henkel, L. Cranberg, G. A. Jarvis, R. Nobles, and I. E. Perry, Phys. Rev. 94, 141 (1954).

which integrates to

I(x) = !(O)E'“ﬁ“'

= [(0)e~"/4 (9.4)
where
1
A=— (9.5)
on

is the referred to as the attenuation length, namely the distance the beam must traverse so
that its intensity is attenuated to 1 /e of its initial value. Thus by measuring the attenuation
length we can obtain a value for o.

Figure 9.2 shows a plot of the cross section for neutron scattering by uranium. Notice
that the cross section is measured in barns, where 1 barn = 1072 m?. If we use the
radius (9.1) with 4 = 238 and calculate the area 7 R?, we obtain a value of 2 barns,
which is in rough accord with the measured value for the cross section, at least at high
energy. The cross section, however, varies markedly with energy and is much larger for
low-energy neutrons. The growth in the cross section at low energies does not mean that
the nuclei are getting bigger, but rather they are becoming more effective at scattering
neutrons. Heuristically, we can argue that the probability that a neutron interacts with
the nucleus increases as the neutron spends more time traversing the nucleus. Since the
time the neutron takes to traverse the nucleus is inversely proportional to the velocity of
the neutron, this increase in the cross section at low energies is sometimes called the 1 /v
effect. In effect, the cross section is proportional to AR instead of R?, where A = h/p is
the de Broglie wavelength of the neutron.’

3 A barn might seem like a very small area, but a cross section of a barn ina nuclear physics experiment
is such a large one that one can say it is as easy to scatter particles as hitting the broad side of a barn,
This terminology was suggested in 1942 by two Purdue University physicists working on the Manhattan
Project (see Section 9.6) and was considered classified information until after World War I1.
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9.2 The Curve of Binding Energy

The “curve of binding energy” is arguably the most important curve in science, respon-
sible for our very existence and potentially our extinction as well. Moreover, it is the
potential solution to many of the world’s energy and environmental problems. Let’s start
with a simple example from atomic physics to illustrate the role that binding energy plays.
We know that the constituents of a hydrogen atom are a proton and an electron. Is the mass
of a hydrogen atom equal to the mass of the proton plus the mass of the electron? No,
because of binding energy. The proton and the electron have, of course, opposite charges
and attract each other. Breaking (or ionizing) hydrogen into its constituents requires the
input of 13.6 eV of energy. Thus

myc® +13.6eV = m,,c2 + mec? (9.6)

where my is the mass of the hydrogen atom, m , is the mass of the proton, and m, is the
mass of the electron. More generally, we can write

my=mpy+m,— B.E./c2 (9.7)

where the binding energy B.E. = 13.6 eV is 107° % of the mass of the hydrogen atom,
or on the order of 10 parts per billion. We saw in Section 6.3 how one would calculate
this binding energy. The reason that hydrogen is stable—that is it doesn’t decompose
naturally into an electron and a proton—is that the mass of the atom is indeed less than
the sum of the masses of the constituents. There is no way for a hydrogen atom on its
own to decompose and conserve energy.

The corresponding two-body system in nuclear physics is the deuteron, whose mass
my can be expressed as

mg=m,+m, — B.E./c? (9.8)

where again m, is the mass of the proton, m, is the mass of the neutron, and B.E. =
2.2 MeV, which is 0.1% of the mass of the deuteron. Note that the energy scale of nuclear
physics is MeV not eV. This is one reason for characterizing the nuclear interactions that
holds the neutron and proton together as strong interactions. For the *He nucleus, or
alpha particle,

mg =2m, + 2m, — B.E./c? (9.9)
where B.E. = 28 MeV, which is 0.7% of the mass of the alpha particle. If we extend

this line of reasoning to a more complicated nucleus, one composed of Z protons and
N = A — Z neutrons in the nucleus, we have

Muucleys = ZMmp + (A — Z)m, — B.E./c2 (9.10)

Mass spectroscopy (see Problem 9.10) measures the masses of atoms, not the nuclei
themselves. Thus it is most useful to rewrite (9.10) as

Mayom = Zmy + (A — Z)m, — B.E./c2 (9.11)

which includes the masses of the Z electrons that are bound to the atom. Since the nuclear
binding energy holding the protons and neutrons together in the nucleus is so much bigger
than the atomic binding energy holding the electrons in the atom, the binding energies
in (9.10) and (9.11) can be taken to be essentially the same to the accuracy we need.

281



282

Chapter 9: Nuclear Physics

—~ «'Li
> *6Lj
2504 H
2 7
o 4.0+
e
3.0 1
J*3He
2.0
10+ H
0,0 T T T T ] 1 | ] I ] T T T T T T | ] T ] 1 T T T T 1
0 20 40 60 80 100 120 140 160 180 200 220 24

A

Figure 9.3 The binding energy per nucleon. The smooth curve is a plot of the binding
energy (9.12) divided by A.

Figure 9.3 shows the value of B.E./4, the binding energy per nucleon, plotted as a
function of A4 for the naturally occurring isotopes. This solid line, which provides a good
fit to the data for all but the smallest values of A, results from writing the binding energy
as

z’ (Z-4)" | as

1
/3 _ _ AR
BE.=a;4 —axA4 as PUE ay F + 7| _(1) (9.12)

with the following values for the parameters a; through as:

a; =15.75MeVa; =178 MeV a3 = 0.711 MeV a4 = 94.8 MeV a5 = 11.2 MeV
(9.13)
The as term makes a positive contribution to the binding energy for nuclei with an
even number of protons and an even number of neutrons and a negative contribution
to the binding energy for nuclei with an odd number of protons and an odd number
of neutrons.
The equation (9.11) with the binding energy given by (9.12) is generally referred
to as the semiempirical mass formula. The rationale for this name is that there is a
lot of physics behind the five terms in (9.12), physics to which we will now turn. We
will use a variety of models, including the liquid drop model, the Fermi gas model, and
the shell model. to understand the properties of nuclei. The word model in general and
the introduction of a number of different models in particular may be upsetting to you.
After all, in physics our goal is to obtain a deep, fundamental understanding, which
seems at odds with using a variety of different models. The challenge we are facing is
that sorting out the details of nuclear physics is inherently more difficult than it is for
atomic and molecular physics, which are governed by well-understood electromagnetic
interactions. As we will discuss in the next chapter, the neutrons and protons in the nucleus
are themselves composed of more fundamental entities called quarks. The equations
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(quantum chromodynamics) that govern the interactions between quarks are nonlinear.
Consequently, the interaction between, say, a neutron and a proton in the deuteron is
different than between a neutron and a proton in the tritium nucleus, which includes an
additional neutron. This is in striking contrast to Maxwell’s equations, the equations that
govern electromagnetic interactions. Maxwell’s equations are linear differential equations
and we can take full advantage of the principle of superposition. The electromagnetic
force between the electron and the proton in a hydrogen atom, for example, is the same
as the electromagnetic force between these two particles in a helium atom, despite the
fact that the helium atom possesses an additional electron and an additional proton in
the nucleus.

The Liquid Drop Model

The nuclear force is a short-range force, acting over a distance scale on the order of a
fermi. One often says, speaking loosely, that the nucleons essentially need to be in contact
to experience the nuclear force since the nucleons themselves have a size scale on the
order of a fermi as well. The nuclear force is attractive unless the nucleons are squeezed
close together, in which case the force becomes repulsive. These characteristics of the
nuclear force are reminiscent of the characteristics of the force between molecules and
leads one to suppose that a nucleus should behave like a droplet of a fairly incompressible
fluid, an idea first suggested by Niels Bohr. Because of the relatively small size of the
box confining the nucleons in the nucleus, the zero-point energy of nucleons in, say, a
solid-like lattice would be so large that the solid phase would not be stable; the solid
would immediately melt to form a liquid. The attractive nuclear force tends to pull the
individual nucleons inward, forming a droplet. Nucleons on the surface of the droplet,
however, do not get the full advantage of the attractive force since they do not have
nearest neighbors on all sides. The bigger the surface area of a droplet, the larger the
shortfall in binding. As is the case for fluids, the droplets tend to be predominantly
spherical in shape since, for a given volume, a sphere has the minimum surface area. In
a fluid, the effect that leads to the shrinking of the exposed surface of a fluid droplet is
referred to as surface tension. We can say there is an analogous nuclear surface tension
as well.

We can now see the physics responsible for the first two terms in the semiempirical
mass formula. The first term, the a; 4 term, is called the volume term. It arises since,
as a first approximation, the binding energy is directly proportional to the number A of
nucleons in the nucleus. Each nucleon bonds to its nearest neighbors and the number of
such bonds is proportional to the number of nucleons. Moreover, the number of nucleons
is proportional to the volume of the nucleus, as illustrated in Fig. 9.4. The second term,
known as the surface term, in the semiempirical mass formula is essentially a correction
term to the first term. The nucleons at the surface of the nucleus do not form as many bonds
as do the nucleons in the interior of the nucleus. Thus they do not benefit from the full
binding that the interior nucleons experience with neighbors on all sides. Consequently,
we must subtract a term proportional to the surface area of the nucleus since we have
effectively over counted the binding effectiveness with the volume term. Since the radius
of the nucleus is proportional to 4'/3, the surface area is proportional to 4%/3. Hence the
term a; A*/3. This terms enters with a minus sign corresponding to a reduction in the net
binding energy.

w g

Figure 9.4 The nucleons in a
nucleus are closely packed in a
roughly spherical shape.
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Figure 9.5 The energy required
to assemble a uniform sphere
of charge can be determined
by assembling the sphere in a
series of spherical shells, each
of charge dg. The work
required to attach dg to the
sphere of radius r is the
product of dg and the
potential ¢ /4w e at the
surface of the sphere. The total
energy required is the integral
as g varies from 0 to O (and
hence r varies from 0 to R).
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The volume and surface terms in the semiempirical mass formula arise from the short-
range nature of the strong nuclear force. Each proton in the nucleus, on the other hand,
interacts as well with all the other protons through long-range Coulomb interactions. The
effect of this Coulomb repulsion is to reduce the binding energy holding the nucleons
together in the nucleus. For example, if we treat the nucleus as a uniform ball of charge
Q = Ze, we can calculate the energy required to assemble this charge distribution (see
Fig. 9.5):

/Q q -8 g
dg = =
Jo dmegr 54menR

where R is the radius of the sphere. If we substitute R = rg4'/?, we obtain a term
proportional to Z?/ 4!/, namely the third term, or Coulomb term, in the semiempirical
mass formula. Like the surface term, this term also enters with a minus sign since
the Coulomb repulsion reduces the binding energy. If we substitute in values for the
constants and take 7y = 1.2 x 10~'° m, we obtain a3 = 0.72 MeV (see Problem 9.3),
which compares favorably with the value for @3 in (9.12). The smaller value of @3 in
comparison to @ and a; is indicative of the fact that, as noted earlier, the nuclear force
is significantly stronger than the electromagnetic force.

(9.14)

The Fermi Gas Model

Since the Coulomb term reduces the binding energy, you might expect based on our
discussion so far that nuclei would have a lot of neutrons relative to the number of
protons. But if you look at Fig. 9.6, a plot of the stable nuclei as a function of Z and N,
you see that for small Z the stable nuclei tend to have Z = N and while there is a deviation

N

T T T T T T T T T

20 40 60 80
N

T T

T T |
100 120 140

Figure 9.6 The distribution of the naturally occurring nuclei. Note the deviations from the
straight line Z = N as A increases.
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Figure 9.7 A schematic energy-level diagram showing the three
lowest energy levels filled by nucleons in the nucleus. The
energy levels are presumed to be nondegenerate. For '*C six
protons fill the three lowest proton energy levels and six neutrons
fill the three lowest neutron energy levels.

toward increasing N relative to Z for larger Z, the deviation is a relatively modest one.
We do not see nuclei with a huge excess of neutrons relative to protons, unless you want
to include a neutron star in the table of stable nuclei (see Example 9.2). Why is this?
For one thing, the neutron is not a stable particle. In free space, a neutron decays into
a proton, an electron, and an electron antineutrino with a lifetime (see Section 9.3) of
fifteen minutes:

n— p-—{-e——{—v_‘, (915)

So the real question is not why the nucleus is not primarily composed of neutrons but
rather why the neutrons in the nucleus don’t decay. To answer this question we need
to bring quantum mechanics into our modeling process. Let’s assume that we can treat
the nucleons as moving independently in the potential energy well that confines these
particles in the nucleus. Since the nuclear force treats the neutrons and protons as identical
particles, the energy levels for the protons and neutrons will be the same, at least to the
extent that we ignore the Coulomb repulsion of the protons. To illustrate, let’s consider
the example of '>C, as indicated in Fig. 9.7. Since protons and neutrons are fermions,
we can put at most two protons and two neutrons in each energy level, thus filling the
lowest three proton energy levels and the lowest three neutron energy levels.* If one of
these neutrons were to decay, it could do so only if there were enough energy released
in the decay to put the proton in the fourth energy level, since the three lowest proton
energy levels are already filled. Because the neutron is only slightly more massive than
the proton, the energy released in the decay (9.15) is not sufficient to do this. Hence the
neutrons in the '>C nucleus are stable.

The energy-level diagram for '*C shows why it is natural to have the number of protons
equal to the number of neutrons in the nucleus, at least for small Z. The fourth term
in the semiempirical mass formula, the asymmetry term, is a measure of the reduced
binding energy as the nucleus moves away from the Z = N condition. To see how the

“For the sake of simplicity, we are treating each of the energy levels as nondegenerate, as would be
the case if the potential energy well were truly one dimensional.
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dependence of this term on Z and A arises, we can apply the Fermi gas model that we
used in treating electrons in a conductor in Section 7.4. There we saw that the Fermi

energy is given by
4 2/3
At (372N
Eg ( ) (9.16)

S\ TW

where N is the number of identical fermions in the “box™ of volume V. Recall that the
total energy of the fermions is given by

3
Emml = ENEE (917)

Since in the nucleus there are two fermion gases, one composed of protons and the other
composed of neutrons, the total energy is given by

3_# (3x2z\*" 3 #* (3x2N\
Eiulul = —Z— +=N—
5 2m V 5 2m V

2/3 2/3
~z(£) +N(ﬁ) (9.18)

Vv g

where Z is the number of protons and here N is the number of neutrons. We have taken
the mass m to be the same for the neutron and the proton. In the last line of (9.18) we
have suppressed the constants since we really want to focus on how the result depends
onAand Z.Since V ~ Aand N = 4 — Z, we see that

1

Eoral ~ 123

[25/3 (4 - 2)5”’] (9.19)

For a fixed number of nucleons, that is, for fixed 4. we can find the value of Z (and
therefore N) that minimizes the overall energy by setting the derivative of (9.19) with
respect to Z equal to zero:

aEtotalN 1
aZ A

which requires Z = 4 — Z = N, that is, the number of protons in the nucleus equals
the number of neutrons for the minimum energy state.

We can use expression (9.19) to calculate the excess energy when the nucleus deviates
from the Z = N configuration. Call this excess energy § £, the extra energy when

[22/3 i — 2)2”] =) (9.20)

Z=A/2+6Z (9.21)

This additional energy is given by the difference between (9.19) for an arbitrary value of
ZandforZ =N = A4/2:
5/3
) ] (9.22)
Substituting (9.21) for Z, we obtain

| 1 A\ P
8E ~ — [25/3 +(4 - Z)-‘”] ——— l(—) % (
5/3 5/3 5/3
6E~A—[(1+25—Z) +(|—%) —2} (9.23)

(S -
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N Z Number
Even Even 166
0Odd Odd 8
Even Odd 57
QOdd Even 53

Table 9.2 Distribution of stable nuclei

Provided §Z/4 <« 1, we can use a Taylor series or a binomial expansion to obtain the
leading term

_@zy (z-4/2)
4 A

SE (9.24)
which is the fourth term in the semiempirical mass formula. It enters with a minus sign
in (9.12) since increasing the total energy of the nucleus corresponds to a reduction in the
binding energy. Notice that the impact of this term becomes less pronounced for large
A because of the presence of 4 in the denominator. We can think of the neutrons as the
nuclear glue that manages to hold the nucleus together despite the increasing Coulomb
repulsion of the protons.

We can get some insight into the fifth term, the pairing term in (9.12), from the
Fermi gas model as well. The distribution of stable nuclei in Table 9.2 shows that there is
a large preference for nuclei that have an even number of protons and an even number of
neutrons (even—even nuclei). Moreover, very few of the stable nuclei have an odd number
of protons and an odd number of neutrons. The pairing term responds to this distribution
with a contribution that increases the binding energy for even—even nuclei and reduces it
for odd—odd nuclei. We will see in Section 9.4 that the pairing term plays a crucial role in
determining which nuclei are suitable candidates to fuel a nuclear reactor (or an atomic
bomb). '2C is a nice example of an even—even nucleus (see Fig. 9.7). Of course when
two identical fermions are in the same energy level, the spin state must be antisymmetric
under exchange since the spatial state is symmetric. As we noted in our discussion of the
electrons in the helium atom in Section 7.3, this leads to the particles having a higher
probability of overlapping in space than they would if they were in different energy
levels. Such an overlap leads to an increase in the nuclear binding energy because of the
attractive nature of the nuclear force.

The Shell Model

While we are on the subject of nuclear models, it is good to include the shell model in
our discussion. One of the interesting features of nuclear physics that is missed by the
semiempirical mass formula (see Fig. 9.8) is the unusual stability of nuclei with certain
magic numbers

Zand/or N = 2, §, 20, 28, 50, 82, 126

The most striking example is the alpha particle, the *He nucleus, whichhas Z = N = 2.
If you look at Fig. 9.3, you can see how the binding energy per nucleon for *He stands
out relative to its nearby neighbors. Even more striking is the fact that it takes more than
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Figure 9.8 Deviations from the curve of binding energy (solid line) due to shell effects
that are not included in the semiempirical mass formula. Note the expanded scale of
binding energy per nucleon on the vertical axis in comparison with that used in Fig. 9.3.
Adapted from W. F. Hornyak, Nuclear Structure, Academic Press, New York, 1975.

20 MeV to remove a proton or a neutron from the *He nucleus.’ This stability is remi-
niscent of the stability of noble gases, which we understand in terms of filled shells of
electrons in the atom. The situation is more complex with nuclei since we are not able
to work out from first principles the contribution of each nucleon to the overall poten-
tial energy well confining these nucleons. And simple assumptions about the nature of
the overall potential energy fail to account for the magic numbers. This problem was
resolved independently by Maria Goeppert-Mayer and J. Hans D. Jensen in 1949, In par-
ticular, Goeppert-Mayer and Jensen, who shared the Nobel Prize for their work on nuclear
structure, proposed that nucleons were subject to a strong coupling of each nucleon’s
intrinsic spin and its orbital angular momentum via the nuclear force. This coupling has
the opposite sign to the spin—orbit coupling that occurs for electrons in atoms.”

3 Another illustration of the unusual stability of nuclei with magic numbers is the fact that tin, which
has Z = 50, has ten stable isotopes, whereas the average number of isotopes in that region of the
periodic table is three or four. And there are six stable nuclei with N = 50 and seven stable nuclei with
N = 82, whereas normally there are only two or three stable nuclei with the same number of neutrons.
One area of much interest is whether it might be possible to leapfrog over the heaviest quite unstable
elements to an “island of stability™ (say Z = 126, for example) by colliding nuclei together. Recent
reports suggest that an element with Z = 118 may have been created in the collision of calcium and
californium.

o1t should be emphasized that whereas the spin-orbit coupling that occurs in atomic physics can be
understood as a consequence of the interaction between the magnetic moment of the electron and
the magnetic field present in the atom (due to the “motion” of the nucleus in the electron’s rest
frame), the nuclear spin-orbit coupling arises from the dependence of the nuclear force on the in-
trinsic spin of the nucleon. We will see a striking example of this dependence of the nuclear force on
intrinsic spin when we discuss the interactions between quarks in Chapter 10.
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EXAMPLE 9.1 Use (9.12) to calculate the binding energy of the iron nucleus **Fe.
What is the binding energy per nucleon?

SOLUTION Iron has 26 protons and 30 neutrons. Substituting the values Z = 26,
N = 30, and 4 = 56 into (9.12), we obtain

) s (26)° (26 — 28) as
- — (56Y3 @, — -
B.E. = 56a, — (56)"" a3 (56)13 as 5 as + 736
= [(56)(15.75) — (14.64)(17.8) — (176.69)(0.711)

—(0.0714)(94.8) + (0.1336)(11.2)] MeV
= 490.5 MeV

Note we have included the pairing term a5 since iron is an even—even nucleus. Thus
the binding energy per nucleon is
B.E.  490.5 MeV

= 8.76 MeV
A 56

EXAMPLE 9.2 In the expression (9.12) for the binding energy in the semiempirical
mass formula we have taken into account strong and electromagnetic interactions
but not gravitational interactions. Show that gravity adds a term of the form agA".
Obtain values for as and n.

SOLUTION 1In (9.14) we calculated the energy required to assemble a ball of charge
QO with radius R. Since the gravitational force and the electrostatic force exhibit
the same 1/r? behavior, we can carry over the result of (9.14) to gravity with the
replacements Q% — M?, where M is the mass of the nucleus, and (1/4m¢)) — G,
where G is the gravitational coupling constant. Thus the additional term that must
be added to (9.12) arises from the energy

3GM?  3GAm?
5 R 5 rgd\3

where m is the mass of a nucleon. This additional term is of the form

a(,Am
with
3Gm?
“=35
~3(6.67 x 107"")(1.67 x 107%7)? 5
5 1.2 % 10~1

=58 x 107 MeV

Since gravity is an attractive force, this term adds to the binding energy and thus
enters (9.12) with a positive sign. Note that the value for a¢ is roughly 38 orders of
magnitude smaller than the terms due to strong interactions in (9.12). Nonetheless,
this term can play a significant role if the number of nucleons is sufficiently large.
In fact, we can use (9.12) with this additional gravity term to estimate the minimum
mass required for a neutron star. See Problem 9.16.
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9.3 Radioactivity

The heavier naturally occurring nuclei included in Fig. 9.3 are typically unstable. For
example, 2**U has a lifetime of 6.45 x 10° yr, while ***Ra has a lifetime of 2300 yr.
The lifetime of ***U is sufficiently large that we can understand its presence on Earth
as a residue of the material out of which the Earth was formed roughly 5 billion years
ago. But what about radium? Shouldn’t all the radium have decayed away by now? Most
of the naturally occurring radioactive nuclei with 4 > 210 can be grouped into three
series, the 4n, 4n + 2, and 4n + 3 series, with long-lived parent nuclei 2> Th, 3¥U, 235U,
respectively.” Nuclei such as *°Ra are referred to as daughter nuclei, since these nuclei
are byproducts of the decay of the parents.

Let’s first focus on the parent nuclei. How do we determine how likely an unstable
nucleus such as >*U is to decay? If you line up a collection of ***U nuclei, they are
all identical. Some of these nuclei may have been created in a supernova explosion that
occurred billions of years ago and some of them may have been produced yesterday in
a nuclear reactor. They are all the same. None of them has wrinkles or gray hair that
would allow us to see signs of aging. Consequently, when the decay rate for these nuclei
is calculated using quantum mechanics, we find that R, the probability of decay per unit
time, is independent of time.* The odds that any particular unstable nucleus decays in
the next second is independent of how long that nucleus has been in existence. Thus if
we have a collection of N of these nuclei, the number of these nuclei will be equal to
N + dN atime dt later where

dN = —NRdt (9.25)

since the rate of decay per unit time multiplied by the time interval is the rate for decay
in that period of time. We can also write this equation simply as

N
d— =—NR (9.26)
dt

Equation (9.25) is easily integrated by separating the variables:

L 9.27)
N
Integrating the number of nuclei from N(0) to N(¢) as time varies from 0 to ¢, we obtain
N g N t
/ ol = —f Rdt (9.28)
Jyoy N 0
N
n i) o gy (9.29)
N(0)

Thus

N(t) = N(0)e *
= N(0)e /" (9.30)

"The rationale for naming the series in this way will become apparent shortly.
*The proof'is often referred to as Fermi’s Golden Rule, since Enrico Fermi established this result in
his lectures on quantum mechanics. This result applies to unstable atoms as well as nuclei.
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Figure 9.9 The number of unstable nuclei decreases exponentially with time. At time

t = 0 the number of nuclei is N(0). The half-life ¢, > (short dashed line) is the time for
the number to fall to N(0)/2 while the lifetime 7 (long dashed line) is the time for the
number to fall to N(0)/e.

where in the second line we have defined t = 1/R. The quantity t is referred to as the
lifetime of the unstable nucleus. It is the time for the number of nuclei to fall to 1 /e of
the initial number. See Fig. 9.9. While particle physicists (see Chapter 10) typically use
the lifetime to characterize the decays of unstable particles, nuclear physicists ordinarily
refer to the half-life, namely the time for the number of nuclei to fall to one half the
initial number:

1
N(tp) = EN(O) (9.31)
or equivalently
|
5 = e hnlt (9.32)
Thus
hp=tin2=0.6931 (9.33)

If we try to work out the number of daughter nuclei that are present at time ¢, we must
take into account the formation of these daughter nuclei from the decay of the parents
as well as the decay of the daughter nuclei themselves. Consequently, we have the two
differential equations

= —RpNp (9.34)

for the parent and

d Np
dt

= RpNp — RpNp (9.35)

for the daughter, where we have inserted subscripts to distinguish the number of parent
nuclei Np from the number of daughter nuclei Np. The first equation leads to

Np(t) = N(0)e™ *e! (9.36)
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where N(0) is the number of parent nuclei present at ¢ = 0 and therefore (9.35) becomes

dNp s o
d_l = RPA‘(O)E P— RDN[) (937)
To solve this differential equation, multiply by e®**dt, leading to
e®™ dNp 4+ RpNpe®™'dt = RpN(0)eRo=Re)t gy (9.38)
or
d (Npe®') = RpN(0)eRo—Rr) gy (9.39)
N
1’\.’[)(3“'?’:'Ir — —(O)RP e Ro—Re)t +C (9.40)
Rp — Rp '
where C is a constant of integration. At = 0, Np = 0. Therefore
RpN(0)
. ;
. (9.41)
and hence
N 1Y = & pl ~Rpt
p(f) s (e i) (9.42)
If the parent is long-lived compared to the daughter, Rp = 1/7p < Rp = 1/1p
N(O)YRp
No(t) = YOR (rur _ o-rory (9.43)

D

For t > tp, then e~ #v" « 1 and since Np(t) = N(0)e=*', (9.43) reduces to
Np(t)Rp = Np(t)Rp (9.44)

once equilibrium is established. Thus for times that are short compared with the parent’s
lifetime, the number of parent nuclei stays essentially constant. Since the daughter nuclei
are presumed to decay quickly after they are formed, their population is dictated by the
resupply from the decay of the parents. This is a special case of the more general result
fora long-lived parent P and a series consisting of a short-lived daughter D, a short-lived
granddaughter G D, and so on in equilibrium

Np(t)Rp = Np(t)Rp = Ngp(t)Rgp = - -~ (9.45)

There are three common modes for unstable nuclei to decay, typically referred to as
a, B, and y decay. These Greek letters were assigned initially to these decay modes by
Rutherford because the nature of the decay processes was not clear. Now we know that
alpha decay involves the emission of a *He nucleus, or alpha particle; B decay involves
the emission of an electron (or possibly the electron’s antiparticle, the positron); and y
decay involves the emission of a high-energy photon. The reason the photon tends to
be so energetic, at least in nuclear decays, comes from the fact that the potential energy
well confining the nucleons in the nucleus is so much smaller than the size of the atom
itself, leading to a much larger separation between the energy levels than is the case for
the energy levels of an atom (see Example 3.1).

The parent nuclei in the three naturally occurring radioactive series all decay by
emission of an alpha particle. Since an alpha particle has 4 = 4 and Z = 2, emission
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Figure 9.10 The elements in the 4n series, which starts with 22Th and ends with *?*Pb.

of an alpha particle changes the atomic mass number of the nucleus by four units and
the charge of the nucleus by two units. A beta decay, on the other hand, does not affect
the atomic mass number but changes the charge on the nucleus by one unit (Z — Z + 1
when the beta particle is an electron). A gamma decay does not, of course, change 4
or Z. Thus each of the elements in the 4n series with parent 2**Th has an atomic mass
number divisible by 4. See Fig. 9.10. On the other hand, the elements in the series with
238U as the parent all have 4 = 4n + 2 and those in the series with U as the parent
have 4 = 4n + 3, where n is an integer. There is, in addition, a 4n + | series. This
series, however, does not occur naturally, since the parent nucleus 2*’Np has a half-life
of 2.1 x 10° yr. Thus the parent nuclei have all decayed away in the roughly five billion
years the Earth has been in existence (see Problem 9.24). This series can be generated
artificially, say in a nuclear reactor.

Alpha Particle Decay

One of the striking features of the various radioactive series in Fig. 9.10 is the large
difference in alpha particle decay rates. For example, in the 4n series, the parent 2>Th
has a half-life of 1.4 x 10'" yr with a kinetic energy of the emitted « particle of 4.1 MeV,
while 2!?Po, one of the daughters, has a half-life of 0.30 x 10~ s with a kinetic energy of
the emitted alpha particle of 9.0 MeV. Although the kinetic energy of the alpha particle
is only twice as large in the decay of this isotope of polonium relative to that for thorium,
the half-life is 7 x 1072 times shorter!

In the early days of the development of quantum mechanics, George Gamow applied
the tunneling approximation that we worked out in Section 4.7 to calculate the lifetime
of these alpha particle emitters. His approach involved an interesting mix of classical
physics and quantum mechanics. In particular, Gamow reasoned that the emitter (with
Z protons and N neutrons) could be thought of as a core nucleus with Z — 2 protons
and N — 2 neutrons and an alpha particle. The potential energy of interaction of the
alpha particle and the core is shown in Fig. 9.11. Within the core, the strong interactions
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Figure 9.11 The potential energy experienced by an alpha
particle in the nucleus, including an attractive nuclear part and a
repulsive Coulomb part. An alpha particle tunneling through the
Coulomb potential exits the nucleus with energy E.

between the alpha particle and the core generate a potential energy well of radius R that
confines the alpha particle. Outside the core (» > R), the potential energy is given by
the Coulomb term 2(Z — 2)e*/4megr. This Coulomb interaction effectively generates a
barrier through which the alpha particle can tunnel. The alpha particle can be thought
of as bouncing back and forth in the potential well, making repeated attempts to tunnel
through the barrier. The probability of transmission through the barrier is given by

T=e¢ (9.46)
where

G=2 / “afamliir) =4 2’”“/;?") =} (9.47)
JR

with the potential energy shown in Fig. 9.11. The value of @ is determined by setting

2AZ - 2)é? B

E 9.48
drega ( )

where E is the kinetic energy of the emitted alpha particle, since for »» > a the energy of
the alpha particle is larger than the potential energy and tunneling is no longer involved.
The lifetime for the decay can be approximated as

T=—8 * (949)

where v is the speed of the alpha particle in the well and therefore 2R /v is the time
between encounters with the barrier. The number of encounters before tunneling takes
place is taken to be ¢“, namely the inverse of the transmission probability. If we substitute
the expression (9.48) for the kinetic energy £ in (9.47), we obtain

4 [m(Z-2)e® [2(1 1\'?
I ’"(—)‘f (_—-) dr (9.50)
f 4 ey a Ny a
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Figure 9.12 The logarithm of the half-life of a large number of alpha particle emitters as a
function of (Z — 2)/ JE.

and R < a, we can approximate G as

7 — 2)e?
G %E\/_'n(7 ke (9.52)
h 4req

Given the dependence of a on the kinetic energy £ and charge Z — 2 on the core, we
find the numerical value for G can be written as

4Z-2)
o iy 9.53
JEMeV) L
provided the energy is expressed in MeV. Since G occurs in the exponent in (9.49), the
lifetime depends very sensitively on the values for Z of the nucleus and the kinetic energy
E of the emitted alpha particle. Figure 9.12 shows a plot of log,, ;2 of alpha particle

emitters versus (Z — 2)/+/E. Notice the agreement over 30 orders of magnitude.

IIe

Beta and Gamma Decay

Our discussion of alpha decay may lead you to think that beta decay involves the emission
ofan electron that is contained within the nucleus. This is definitely not the case. In some
ways, beta decay has more in common with gamma decay, in that the photon that is emitted
in gamma decay is not present in the nucleus before the emission but rather is created
when the nucleus makes a transition from one energy level to one with a lower energy.
Similarly, the electron (or positron) and associated neutrino that are emitted in beta decay
are created as the nucleus makes the transition from one state to another. Of course, to
conserve charge the nucleus in the final state will be a different nucleus than the one in
the initial state. The prototype beta decay is the decay of the neutron, as shown in (9.15),
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with a lifetime of 900 s. Other interesting examples of beta decay include the decay of
tritium

t— He+e +1, (9.54)
for which #,,, = 12.3 yr, the decay of carbon-14
“C— "Nae +, (9.55)
for which ¢, = 5730 yr, and
H"Np =3 2P < 4L (9.56)

for which 7y, = 24 d. These examples all suggest a nucleus that is unstable because
it has too many neutrons is making a transition to one with one fewer neutron and one
more proton by a neutron within the nucleus decaying. It is better, however, to treat the
initial and final state nuclei as units and not try to understand the beta decay as simply
neutron decay since, for example, it is not possible to account for the wide variation in
lifetimes in this way. Moreover, there are some beta decays that involve the emission of
a positron, such as

23‘)Np — ?--V"U 1 €+ + Ve (9.57)

Alternatively, the neptunium nucleus can absorb an electron from the atom, undergoing
the reaction

) TR e TR (9.58)

in a process referred to as electron capture. Each of the reactions (9.54) through (9.58)
is an example of a weak interaction. These interactions are given this name because the
strength of the interaction is many orders of magnitude weaker than the strong interactions
that bind the nucleons together in the nucleus. In Chapter 10 we will examine these
fundamental interactions in more detail.

EXAMPLE 9.3 The relative natural abundance on Earth of the two isotopes >*°U and
281 is roughly 1/138. If we assume that the two elements were initially formed
with the same abundance, then how much time has elapsed since these elements
were created? Note: The half-life of 2**U is 7.04 x 10% yr and the half-life of 2U
is 4.47 x 10° yr.

SOLUTION From the half-lives we know that zasy = 1.02 x 10° yr and ©sy =
6.45 x 10° yr. Since

N(t) = N(0)e /"
therefore Nassy = N(0)e™"/™*uv and Nasy = N(0)e™"/™%u, Hence

1 e~ t/tasy
]3—8 = e—r/rzw‘;

Substituting in the lifetimes, we find 1 = 6.0 x 10 yr. See the discussion in
Section 9.5 on the formation of the elements.



EXAMPLE 9.4 In the atmosphere, cosmic ray protons collide with the nuclei of air
molecules and produce neutrons. These neutrons are absorbed by '*N nuclei in the
reaction

n+'""N->"C+p
In the steady state, the ratio '*C/all Carbon = 1.3 x 1072, "C then beta decays
to "*N in the reaction

Ko 5 Uy +e + 7,
with 712 = 5730 yr. Consequently, all plants are radioactive, but the radioactivity
diminishes after the plant dies since the '*C is no longer replenished by photosyn-
thesis. If the activity of wood from an ancient building is 12 decays/minute per

gram of C and the activity of living wood is 15 decays/minute per gram of C, how
old is the building?

SOLUTION N _d <y NEO).
dt ~ dt (M) = : ¢
Thus
In M — ._,/r
N(0)/T
The initial activity is N(0)/7 and the activity at time ¢ is —d N /dt. Therefore
N(0)/t
t=%ld = (8270 yr)In(15/12) = 1845 yr

—dN/dt
where T = #,2/(0.693) = 8270 yr.

EXAMPLE 9.5 The half-life of #*Ra, the first daughter of the thorium series, is
5.75 yr. The parent, 3,°Th, has a half-life of 1.41 x 10" yr. In 200 g of thorium
ore, how much radium is there?

SOLUTION The number of thorium nuclei in the rock is

200 273 ¥
=—— )6.02 x 10¥ =5. o
(232) x 10 5.2 x 10
Because t 3> tra, we can use (9.44):
N _ Nea
TTh TRa

Hence the number of radium atoms

TR;
NRa=NTi| -
TTh
8.3 yr
= (5.2 x 105 —) =2.15x 10"
PR )(Zx 1010 yr ”

corresponding to a mass of

2.15 x 10M »
. (6.02 x 1023) SRS

Section 9.3 Radioactivity
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9.4 Nuclear Fission

Given our discussion of radioactivity, we expect that a nucleus will be potentially unstable
whenever the sum of the masses of the final state products is less than the mass of the
nucleus. Total energy, including mass energy and kinetic energy, is, of course, conserved
in this decay. The difference in mass energy is released in the form of kinetic energy, say
in an alpha particle decay, or in the form of electromagnetic energy of the emitted photon
and kinetic energy of the recoiling nucleus in gamma decay. But this raises a question:
why are any of the nuclei heavier than iron stable, given that the curve of binding energy
peaks at iron? It appears that a heavy nucleus such as uranium should find it energetically
advantageous to split into two lighter nuclei, ones that are closer to the peak in the curve
of binding energy. Since the binding energy peaks at roughly 8.5 MeV per nucleon while
the binding energy for the heavy nucleus is roughly 7.5 MeV per nucleon, for a nucleus
with 200 nucleons roughly 200 MeV of energy should be released. This is a factor of
10% times greater than the few eV of energy released in a typical chemical reaction, or a
factor of 10° per unit mass.

Where does this energy release come from? It is primarily the reduction in Coulomb
energy that occurs in dividing a nucleus with Z protons into two fragments, each with
significantly fewer protons than the initial nucleus. These two fragments then repel each
other and move apart, gaining approximately 200 MeV of kinetic energy. As was noted
earlier, most nuclei are spherical in shape. A sphere is noteworthy for having the smallest
surface area per unit volume. Thus if a nucleus is to split, or fission, the surface area must
increase (see Fig. 9.13). But as we saw in the semiempirical mass formula, there is a
penalty in binding energy for having more nucleons at the surface, which is after all why
the nuclear surface tension tends to pull the nucleons into a spherical shape. Thus there
is a surface tension energy barrier to the fission process, as illustrated in Fig. 9.14. The

@@@@@@@
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Figure 9.13 A schematic diagram of the steps involved in nuclear fission. Note the
increase in surface area as the process takes place.

Surface
tension

~200 MeV

Coulomb
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0 5

Figure 9.14 A rough plot of the potential energy experienced by a large fissioning
nucleus. Note the surface tension barrier and the effect of Coulomb repulsion once the
barrier is passed.
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Figure 9.15 The distribution of nuclei generated in nuclear
fission of 2*U by low-energy neutrons.

barrier is roughly 6 MeV in height. In spontaneous fission the mass of the nucleus that
must tunnel through this barrier is much greater than the mass of the alpha particle that
tunnels through the Coulomb barrier in alpha particle decay. For a nucleus such as >**U
the half-life for such spontaneous fission events is on the order of 10'® yr. Consequently,
only one in every 2 million ***U nuclei decays by spontancous fission as opposed to
alpha particle decay.

Alternatively, it is possible to induce fission reactions with neutrons. If a nucleus such
as 23*U absorbs a neutron, even a slow neutron with very little kinetic energy, temporarily
becoming an excited *°U nucleus, the energy of excitation is larger than the height of
the surface tension barrier. Thus such an excited nucleus can rapidly fission:

260 =+ X4-Y 4250 (9.59)

The two fragments that are produced tend to be asymmetric, as indicated in Fig. 9.15.
Since the fission process has dramatically reduced the number of nucleons in each frag-
ment, these fragments are relatively rich in neutrons in comparison with the stable nuclei
shown in Fig. 9.6. Thus the fission fragments tend to be quite radioactive with lots of beta
decay. Moreover, a typical fission reaction releases 2 or 3 additional neutrons [on aver-
age 2.5 neutrons, as indicated in (9.59)], opening up the possibility of a chain reaction. If
each fission event initiates a single additional fission event, the reaction is self-sustaining
and has a reproduction constant X = 1, which is called the critical condition. In this
case the reaction runs at a constant rate. [f K > 1, the reaction is supercritical. For
example, if two of the neutrons produced in each fission event were each to induce an
additional fission reaction (corresponding to a reproduction constant K = 2), we would
potentially have 2" fission reactions after n generations. Since each of these reactions
releases 200 MeV of energy, the amount of energy released can be very large indeed.
Moreover, since the time between subsequent events is as short as 107% s, the release of
energy can be very rapid as well.

Why should we focus on 2*°U which is, as we noted earlier, not a very abundant isotope
of uranium? If we calculate the excitation energy after the more abundant isotope ***U
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absorbs a low-energy neutron turning into **?U, we see that the excitation energy is
0 = (my + mazg, — mazg,) ¢? = 5MeV (9.60)

as can be checked using the semiempirical mass formula (9.12). Thus the excitation
energy is | MeV below the top of the surface tension barrier. On the other hand, if we
repeat the same calculation for **3U, we find

Q = (m,, -+ maszs. — mg36L.) C2 = 6.6 MeV (961)

or 0.6 MeV above the barrier. Why the difference? The **U nucleus is an even—even
nucleus (Z = 92 and N = 146). Thus it is more tightly bound than the >**U nucleus,
which is an even—odd nucleus (Z = 92 and N = 143). Consequently, when we calculate
the excitation energy Q, we get a smaller value for 2**U as the target than for 2°U. Of
course, neutrons with kinetic energy greater than 1 MeV would readily produce fission if
absorbed by **U. The problem with 233U as the fuel for a chain reaction is that neutrons
produced in the fission reactions, which are typically quite energetic, can lose energy
quickly through inelastic collisions and fall below the | MeV threshold. These neutrons
are then absorbed by the 2**U nucleus through the reaction

n +235U iy 239U1t =5 23‘)U+ y (9.62)
Rather than fissioning, the **°U nucleus then undergoes a beta decay
U > ®Np+e + 1, (9.63)

Neutrons that follow this pathway therefore do not generate a subsequent fission
event.’

Nuclear Reactors

As we saw in the previous section, the natural abundance on Earth of **>U is only 0.7%.
Moreover, as we have just discussed, neutrons that interact with the more abundant iso-
tope >**U tend to be captured by the nucleus without producing a fission event. Thus
it is a challenge to generate a self-sustaining chain reaction in a nuclear reactor using
natural uranium. Figure 9.16 shows the cross section for inducing fission in **U as a
function of neutron kinetic energy. The cross section rises rapidly as the neutron’s kinetic
energy decreases, reaching a value of 10° barns for thermal neutrons, that is neutrons
with kinetic energy characteristic of neutrons at room temperature, namely 1/40 eV.
Moreover, the cross section for 2**U to absorb a low-energy neutron is substantially less
than that for >*>U. This is a consequence of the pairing interaction that we discussed
earlier. In general, nuclei with an odd number of neutrons have a larger cross section
for absorbing a low-energy neutron than do nuclei with an even number of neutrons.
In order to take advantage of these effects, it is necessary to slow down the neutrons

The neptunium produced in the reaction (9.63) undergoes a subsequent beta decay via the reaction
P9Np — 2Pu + ¢~ + v,. This particular isotope of plutonium is an even-odd nucleus, like ZU.
When it absorbs a neutron, it too has sufficient energy to surmount the surface tension barrier and
fission rapidly. See Example 9.7. Otherwise, the fate of 2*?Pu is to alpha decay to ***U with a half-life
of 24,000 yr.
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Figure 9.16 The cross section for neutron-induced fission of **U as a function of neutron
kinetic energy for low-energy neutrons.

produced in a fission event by letting them interact with a moderator. A potentially good
moderator is H,O, since a neutron colliding with a proton can lose much of its kinetic
energy to the proton very much as what happens when two billiard balls of equal mass
collide. But it turns out the cross section for a proton in the water molecule to absorb a
neutron (becoming a deuteron) is sufficiently large that ordinary water is not a suitable
moderator for natural uranium ore. One (relatively expensive) alternative is to use heavy
water as the moderator, since deuterons have a much smaller cross section for absorb-
ing neutrons than do protons. Another alternative is to use graphite as the moderator.
Although the mass of a carbon nucleus 1s obviously larger than that of a proton, graphite
is widely available (although special consideration must be given to providing graphite
of very high purity, since the impurities in graphite, especially boron, have large cross
sections for absorbing neutrons). The very first nuclear reactor built in 1942 by a group
headed by Enrico Fermi at the University of Chicago used graphite as the moderator. A
third option is to use ordinary water as the moderator but enrich the amount of >°U to
roughly 3%.1°

Most nuclear reactors in the United States use enriched uranium and water as the
moderator. In a pressurized water reactor (see Fig. 9.17), the water in the primary loop
is kept under pressure to keep it from boiling. The heat is transferred through a heat
exchanger to a secondary water loop, where steam is generated to drive a turbine that
generates electricity. The water in the secondary loop is isolated from the primary so that
the secondary water and steam are not contaminated with radioactivity.

A nuclear reactor runs with a reproduction constant that is very close to one to pro-
vide for a self-sustaining chain reaction. Control rods composed of materials such as
cadmium, which has a high cross section for neutron absorption, are used to guarantee
that the reactor does not go supercritical (K > 1). Because a small fraction of the neu-
trons that contribute to the fission process are delayed neutrons that are emitted more
slowly than the prompt neutrons that predominate in the reaction (9.59), there is adequate
time to respond to changes in K.

0This enrichment process presents a technical challenge, one that we will discuss in more detail in
Section 9.6.
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Figure 9.17 A schematic diagram of a pressurized water nuclear reactor.

The primary concerns with reactor safety involve a loss of coolant that might cause
the reactor to overheat, melting the fuel elements and perhaps generating a nonnuclear
explosion. There are also concerns with the long-term disposal of the radioactive waste
products that are generated in the reactor. Moreover, there is the risk that enriched uranium
or the plutonium that is produced in the reactor could be the target of terrorists seeking
the capacity to make a bomb. Nonetheless, nuclear energy has the considerable advantage
of not generating greenhouse gases as do conventional power plants that use fossil fuels
such as coal and oil. And since a nuclear reactor can create (or breed) its own fuel through
the production of plutonium [see the discussion following (9.62)], there is not the same
concern about running out of fuel for a reactor based on nuclear fission as there is for a
power plant that uses fossil fuels.

EXAMPLE 9.6 Calculate the energy released if 2**U were to fission into two equal-
size fragments. Ignore the effect of the pairing term in (9.12).

SOLUTION We want to evaluate

[’77nuc(z.- A) - 2"'"nuc(z/:z- 14/2)] ('2

. z Z? Z/2)?
= a3 [,'1""‘ =" 2("1/2)hf3)] + a; IiAUJ . (;//2)3/3]
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where mue(Z, A) is the mass of a nucleus with atomic number Z and atomic mass
number A for Z = 92 and 4 = 238. Notice that only the surface term and the
Coulomb term contribute to this difference in mass energy. Therefore

[M00c(92, 238) — 2m (46, 119)] ¢ = (17.8 MeV) [(238)7° — 2(119)*))]

0.1 Meny | 2 (46
+07IMeV) | oo ~ 219y
— —178 MeV + 359 MeV
= 181 MeV

Thus the reduction in Coulomb energy is a whopping 359 MeV, but the net energy
released in the fission is “only” 181 MeV since the increase in surface area required
178 MeV.

EXAMPLE 9.7 Calculate the energy of excitation when **°Pu absorbs a low-energy
neutron.

SOLUTION
Q = (my + mawp, — Maupy) ¢ = B.E.20p, — B.E.2op,

where we can make use of the expression (9.12) for the binding energies. Thus

1 1
(240)13  (239)1/3

0 = a;(240 — 239) — a,[(240)*" — (239)*] — a3 (94)? [

—dy

(94 — 120> (94 — 119.5)° LG
240 239 V240

Substituting in the values for a; through as from (9.13), we obtain
0 = 6.9 MeV

which is higher than the 6 MeV surface tension barrier. Thus neutron-induced
fission can proceed quite rapidly for this isotope of plutonium.

9.5 Nuclear Fusion

Let’s now turn our attention to the other end of the curve of binding energy. As we
move from the lighter elements toward the heavier ones, the binding energy per nucleon
increases. Thus if two lighter elements fuse together, there will be a release of energy.
For example,

d+d— He’ +n+3.3MeV (9.64)
d+d— 1+ p+4.0MeV (9.65)
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Each of these reactions releases roughly 1 MeV per nucleon involved in the reaction,
comparable to the energy released per nucleon in fission reactions. Morcover, the fuel
for these reactions is deuterium, which is present at the level one part per 6000 in the
hydrogen atoms on Earth. In fact, there is enough deuterium in the Earth’s oceans to supply
the world’s energy needs for the foreseeable future. And while the tritium produced in
the reaction (9.65) is unstable and undergoes beta decay through the reaction (9.54), the
half-life is only 12.3 years. Thus, the issue of taking care of the radioactive wastes for
millennia, which is a concern with waste products from a fission reactor, is not such a
problem for a fusion reactor.

So what’s the problem with fusion? Why don’t the lighter elements naturally fuse
into the heavier ones, at least up to iron? Reactions such as (9.64) and (9.65) are strong
interactions, that is, interactions mediated by the nuclear force. As we remarked in
Section 9.1, for these reactions to occur the deuterons must essentially touch each other.
But each of the deuterons has a charge +e and thus it is necessary to overcome the
Coulomb repulsion to get them sufficiently close together. In order to reach a separation
of R, it is necessary that the kinetic energy of the deuterons be on the order of ¢? /4 ey R.
For R = | fm, this energy is 10° eV. Or better said, if we set this energy equal to kg7,
where ky is the Boltzmann constant, we obtain a temperature of 10'? K. At these high
temperatures, the deuterium atoms are ionized. The resulting gas of charged particles
is referred to as a plasma. Of course, it isn’t possible to heat the plasma to 10" K in
a crucible with a bunsen burner. In fact, confining the deuterons while they are heated
to such high temperatures presents an enormous challenge. The main strategy has been
to use magnetic fields to confine the particles. The plasma can be heated through the
application of RF (radio frequency) waves and the injection of energetic neutral particles
into the plasma. In order to reach a state in which the energy generated by the fusion
reactions exceeds the energy used to heat the plasma it is necessary that the product of
the ion density and the containment time be greater than 10'® s/cm® for the deuteron—
deuteron reactions.'! So far, while it has been possible to reach ignition temperatures in
a plasma of sufficiently large density, it has not been possible to confine the plasma for
a sufficiently long time to make a fusion power reactor feasible. Because of turbulence
the plasma tends to leak out. So far the only way to minimize this leakage has been to
make the volume containing the plasma very large, hence making a potential reactor too
expensive to be economically viable, at least for the time being.

Nonetheless, fusion reactions are of immense importance to us, for these are the
reactions that power our Sun as well as the other stars in the universe. In stars like our
Sun that have an abundance of hydrogen, the fusion reactions are

pH+p—>d+et +v,+ 04 MeV (9.66)
p+d—He+y +55MeV (9.67)
‘He +°He = a + p + p + 12.9 MeV (9.68)

The net effect of these reactions [2 of (9.66) + 2 of (9.67) + (9.68)] is

4p — a + 2" + 2v, +24.7 MeV (9.69)

""This condition on the product of the density and the containment time is referred to as the Lawson
criterion.
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which is effectively converting hydrogen into helium. Since the two positrons produced
in these reactions annihilate with electrons in the star, the total energy released is roughly
27 MeV. The first step in this proton—proton cycle, as it is called, is a weak interaction,
like the beta decays that we discussed in Section 9.3. Thus the cross section for this
reaction is very small in comparison to the cross section for the reactions (9.64) and
(9.65) that involve the strong interactions. Nonetheless, the enormous gravity of the
Sun makes it possible to achieve the high density and long confinement times that are
required for fusion to occur even though the temperature in the interior of the Sun is
“only” 1.5 x 107 K."?

Nucleosynthesis: The Formation of the Elements

After a star has expended most of its hydrogen through nuclear fusion, it starts to col-
lapse under its own gravity. This compression raises the temperature to the point where
additional fusion reactions can occur. Next up is fusing helium into carbon.'* Once the
necessary supply of helium required to stave off gravitational collapse is exhausted, the
process of contraction and ignition of additional fusion reactions repeats itself, thus form-
ing elements up to iron, essentially at the peak of the curve of binding energy. Elements
heavier than iron are produced by neutron capture and subsequent beta decay. In this way,
elements up to bismuth are generated. As stars come to the end of their life cycle having
exhausted their nuclear fuel, they may undergo a catastrophic explosion (a supernova),
which releases an enormous flux of neutrons. Again neutron capture can produce heavier
elements, including, for example, uranium. In general, the abundance of these elements
is inversely proportional to their cross sections for absorbing neutrons. If this neutron
capture cross section is large, then the corresponding nucleus is more likely to absorb a
neutron, leaving less of that particular isotope in the mix.

A likely residue of a supernova explosion is a neutron star or a black hole. Two
noteworthy examples of supernova explosions include the one that generated the Crab
Nebula in 1054 and the one that occurred in 1987. The former, which left behind a
neutron star, or pulsar, was sufficiently bright that it was seen on Earth in broad daylight

121t is not strictly necessary to give the particles sufficient energy to overcome the Coulomb repulsion
since the protons can tunnel through the Coulomb barrier. Moreover, at any particular temperature 7,
there is always a distribution of particle energies in which some of the particles will be much more
energetic than the average.

P Three helium nuclei have the requisite number of protons and neutrons to fuse together to make
12C. But the odds of three particles colliding simultaneously are truly minuscule. Rather, two *He nuclei
first collide to make ®Be. This nucleus is unstable and decays back to two *He nuclei in less than 1070 s
unless it captures another *He nucleus, thereby making *C. The odds of this happening would be very
low except for the fact that '>C has an excited state 7.65 MeV above the ground state. Because of this
excited state there is a resonance in the cross section if the temperature is 10* K (see the discussion
of resonant scattering in Section 10.3). This resonance makes the cross section sufficiently large for
the formation of "*C to proceed. Once the excited '*C is formed, it primarily decays back into *Be
and *He, but a small fraction of the decays (4 in 10,000) are ones in which two photons are emitted
in the transition from the excited state to the '*C ground state. Since life as we know it would not be
possible without carbon (and heavier atoms as well), we should be especially thankful for the existence
of this excited state in the carbon nucleus and for the nuclear physics that makes it possible. In fact
the existence of this excited state at 7.6 MeV in '*C was predicted by Fred Hoyle before its discovery
solely on the basis that without it Fred Hoyle would not have been in existence.
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for a brief period. The one in 1987 occurred in the large Magellanic Cloud, roughly
168,000 light years from Earth, and was visible with the naked eye, although not in
the daytime. It was the closest supernova since the one observed in 1604. Interestingly,
supernova 1987A was also observed by three neutrino observatories with the detection
of a total of 24 neutrino events. It is believed that 99% of the 10 J of energy released in
the supernova explosion was radiated away in the form of neutrinos. So far no residual
neutron star has been detected from supernova 1987A. It is possible that the progenitor
star, a blue supergiant with a mass of 18 solar masses, has collapsed to a black hole.

9.6 Nuclear Weapons: History and Physics

As we noted at the beginning of this chapter, one can say that the birth of nuclear physics
dates from 1932 with Chadwick’s discovery of the neutron. The 1930s also marked the
beginning of a tumultuous time in world history. Many people perceived that the outbreak
of war with Germany was imminent. The physicist Leo Szilard, for one, foresaw as early
as 1933 the possibility of using a chain reaction to generate an explosion of unusual
destructiveness.'? The actual discovery of fission was made by the chemists Otto Hahn
and Fritz Strassmann in 1938, when they succeeded in chemically separating barium
from a sample of uranium ore that had been irradiated with neutrons. The presence of
barium was a mystery until the physicists Lise Meitner and Otto Frisch (her nephew)
explained how absorption of a neutron could induce splitting of a uranium nucleus.'3
Shortly thereafter, Niels Bohr and John Wheeler gave an explanation of fission in terms
of excitation of the liquid drop model of the nucleus. Then, in September 1939, Germany
invaded Poland, starting World War II. Scientists on both sides of the conflict began in
earnest to investigate the possibility of using nuclear fission to make a bomb.

In contemplating construction of a bomb, the crucial issue that needed to be resolved
was how much fissile material is required. As we noted earlier, the critical condition
necessary to generate a self-sustaining chain reaction is that at least one of the neutrons
produced in each fission event induce another nucleus to fission. One common way for the
neutrons to be lost from the chain reaction is to simply escape from the volume containing
the fissile material. According to (9.4), the probability that a neutron travels a distance
x in matter without interacting decreases exponentially with the distance traveled. But
neutrons that reach the surface of the volume of fissile material can escape without
generating another fission event. In short, the larger the volume of fissile material, the
more likely that the neutrons produced in each fission event will generate more such
events. The amount of fissile material required to reach the critical condition is called the
critical mass. The critical mass for pure >**U is 53 kg, corresponding to a sphere 18 cm
in diameter (50% larger than a softball). For **Pu the critical mass is roughly one third
this amount. Of course, if the goal is to liberate a lot of energy in a short period of time—
an explosion—then we want as many of the neutrons that are released in each fission
event to initiate another fission event as possible. One way to reduce the critical mass is

See Richard Rhodes, The Making of the Atomic Bomb, Simon & Schuster, New York, 1986, pp.
13-28. This book is highly recommended.

“Meitner, a Jewish colleague and collaborator with Hahn at the Kaiser-Wilhelm Institute, had been
forced to flee Nazi Germany months before the discovery by Hahn and Strassmann.



Section 9.6 Nuclear Weapons: History and Physics

to “tamp” the fissile material with a shell of 2**U. The tamper holds the fissile material
in place, allowing fission to proceed for a longer period before the explosion reduces
the density of the fissile material. Moreover, the tamper reflects some of the escaping
neutrons back into the fissile material, where they can induce additional fission reactions.

At the beginning of World War II, the value for the critical mass for >*°U was not
known because the cross section for fast-neutron induced fission of U had not yet
been measured. Both sides in the conflict made estimates of the critical mass. Rudolph
Peierls and Otto Frisch in Britain obtained an estimate of 1 kg and the Germans under
the direction of Werner Heisenberg obtained an estimate of 500 kg. Thus one side was an
order of magnitude too low and the other an order of magnitude too high in their estimates.
Since making a bomb required enrichment to at least 85% 2*°U, this difference in the
early estimates of the critical mass almost certainly had a profound impact on the degree
to which each side was willing to undertake the necessary investment of money and
manpower to make an atomic bomb.

Since 23U and U are the same chemically, separating the two isotopes requires
a physical mechanism that takes advantage of the slight difference in mass of the two
isotopes. A number of different strategies were adopted, including the use of high-speed
centrifuges, gaseous diffusion, and electromagnetic separation. In the final enrichment
stage, gaseous diffusion of uranium hexafluoride (UFg) was used. It eventually became
the standard form of enrichment. Gaseous diffusion takes advantage of the fact that at
temperature 7', the average kinetic energy of the molecules of the gas is given by

I 5 3
Emv' = EkBT (9.70)

where kg is the Boltzmann constant. Thus the molecules with ***U nuclei move slightly
faster than those with 2**U nuclei. If a barrier between two containers (or rooms) has a
series of small holes in it, more uranium hexafluoride molecules with 2*U nuclei will
diffuse into the next room since these molecules will strike the holes more often than the
slightly slower molecules with 2**U nuclei. Repeating this process multiple times can
lead to sufficient enrichment.'® Also, in early 1941, the transuranic element plutonium
was identified by the chemist Glenn Seaborg. This discovery increased the importance of
developing an operational nuclear reactor since plutonium was a byproduct of the fission
process of uranium and could be separated chemically from the other fission byproducts.
Thus a second potentially easier pathway toward the development of an atomic bomb
seemed possible. Consequently, a full-scale production reactor was built at a site on the
Columbia River at Hanford, Washington.

The efforts to develop the atomic bomb were given the code name the Manhattan
Project. General Leslie Groves, the military officer charged with overseeing the effort,
chose the theoretical physicist J. Robert Oppenheimer to head the bomb research and
development laboratory, despite Oppenheimer’s not having had any substantial prior
administrative experience. It was an inspired choice. At Oppenheimer’s suggestion, a

'®Gaseous diffusion of uranium hexafluoride was carried out at Oak Ridge, TN. The building was
four stories high and a half mile long, the largest building in the world at that time. It consisted of 3122
enrichment stages. Finding an acceptable porous barrier was very difficult since the holes had to be less
than one millionth of an inch in diameter, uniform in size, and able to withstand high-pressure uranium
hexafluoride gas, which is extremely corrosive, especially to the grease in the pumps used to circulate
the gas. A new seal material (Teflon) was developed for the pumps.
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Conventional explosive Gun barrel

Hollow uranium “bullet” Cylinder target

Figure 9.18 The gun-assembly method used in a uranium bomb. Two sub-critical masses
of 23U are brought together to produce a supercritical mass.

top-secret facility was established in Los Alamos, New Mexico. By the end of the war, as
many as 6,000 people, including the physicists Hans Bethe, Enrico Fermi, and Richard
Feynman, the chemist George Kistiakowski, and the mathematicians Stan Ulam and John
von Neumann, were participating in this engineering project. Building a bomb using
235U was relatively straightforward. Two subcritical fragments could be brought together
quickly by firing one of the fragments into the other using the gun assembly illustrated in
Fig.9.18. The major concern was whether enough >*>U could be separated in time to make
a bomb feasible. In the case of plutonium, there were two concerns. The Hanford plant
started producing plutonium for use in bomb making in early 1945, so availability was
also an issue. But there was a more pressing problem with plutonium, one that had come
to the surface in 1944. The gun-type assembly method does not work for plutonium. The
rate for spontancous fission of plutonium is too high. When two subcritical fragments
of plutonium approach each other, the neutrons released in these spontaneous fission
reactions initiate other fission events before the critical mass is reached, leading to what
is termed predetonation and a nuclear fizzle that keeps the subcritical fragments apart.
An alternative suggested by Kistiakoskwi and Nedermeyer was to implode a subcritical
sphere of plutonium by surrounding it with chemical explosives.!” See Fig. 9.19. This

Slow explosive
Fast explosiv

Spherical shockwave
compresses core

i
Neutron
initiator

Plutonium core

Figure 9.19 The implosion method for a plutonium bomb. Chemical explosives compress
a subcritical mass of plutonium until it becomes supercritical.

""The critical mass is proportional to 1/p*, where p is the density. Notice, in particular, how the
density enters (9.4).
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Figure 9.20 J. Robert Oppenheimer and General Leslie Groves at the Trinity Test Site
after the explosion of the first atomic bomb. (Digital Photo Archive, Department of
Energy (DOE), reproduced with permission from AIP Emilio Segre Visual Archives)

was a challenging engineering problem that required the creation of a chemical explosive
lens with elements that were detonated within a millisecond of each other, something
that had never been done before. Initially, there was a lot of skepticism that the implosion
technique could succeed and the period leading up to a test of an implosion-design
plutonium bomb was a period of deep concern about the fate of the entire project. On
July 16, 1945, the first atomic bomb, a plutonium bomb, was exploded at a site near
Alamagordo, NM, with a yield equivalent to the explosion of roughly 20 kilotons of
TNT, marking the beginning of the atomic age.'® See Fig. 9.20.

The fighting in Europe had ended in May, 1945, with the surrender of Germany.
Nonetheless, work on developing an atomic bomb had continued with the goal of using
the weapon to end the war with Japan.'” On August 6, 1945, a uranium bomb (Little Boy)
was detonated over Hiroshima, Japan, killing approximately 70,000 people instantly with
a death toll reaching 140,000 by the end of the year. Little Boy’s yield was 15 kilotons.
Three days later, on August 9, a plutonium bomb (Fat Man) was dropped on Nagasaki,

181 kiloton of TNT = 4.3 x 10" .

""For many scientists, the decision to contribute to the building of the atomic bomb was motivated
by the fear that Germany would develop the bomb first. Once Germany surrendered, the decision to
continue to work on the bomb and subsequently use the bomb on Japan generated some controversy
among the scientists.
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Figure 9.21 A schematic diagram of the Teller-Ulam design for a hydrogen bomb.

killing 40,000 people instantly with the death toll reaching 70,000 by the end of the year.
Fat Man’s yield was 22 kilotons of TNT. Five days later Japan surrendered, ending World
War I1.

An atomic bomb is, of course, a nuclear bomb. The energy released in the explosion
arises from the difference in nuclear mass energy. While the efforts to develop an atomic
bomb were ongoing, there was thought being given, particularly by the physicist Edward
Teller, to the next generation of nuclear weapons, ones that derive their energy from
fusion as well as fission. We have scen that getting nuclei to fuse requires that these
nuclei have high kinetic energies, or high temperatures. Thus a fusion bomb is termed
a thermonuclear weapon. It is possible to generate such high temperatures by using a
fission bomb to trigger the fusion. A bomb based on the fusion of nuclei is also referred
to as a hydrogen bomb because the primary fuel for the fusion part of the bomb consists
of the hydrogen isotope deuterium. The primary reactions are

d+d—*He+n+3.3MeV (9.71)
d+d—t+ p+4.0MeV (9.72)

the same reactions that would be used in a fusion power plant. In a bomb, a small amount
of tritium is used as a trigger through the reaction

t+d—a+n+17.6 MeV (9.73)
Energy is also released in the reaction

t+t—> a+2n411.3 MeV (9.74)

since the triton is also produced in the reaction (9.72). Notice that since an alpha particle
with its high binding energy is produced in both these reactions, the energy per nucleon
released in these reactions is sizable.
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In addition to developing a fission bomb as the trigger, a number of technical is-
sues had t_o'be resolved in order to make the hydrogen bomb a practical weapon. The
ma.thematlc:an Stanislaw Ulam had the insight that the fission bomb and fusion fuel could
be in separate parts of the bomb and that the radiation from the fission explosion could
be used to compress the fusion material. See Fig. 9.21. Another issue arises from the fact
that hydrogen at room temperature is a gas, a gas that doesn’t lique fy unless it is cooled to
20 K. Liquid or solid densities are necessary for the fuel for a bomb. The first hydrogen
bomb tested by the United States was in fact a cryogenic bomb, since the deuterium
was cooled to the point that it liquefied. But such a bomb, which weighed more than 80
tons including the refrigeration equipment, was not a useful weapon. This problem was
resolved by the realization that solid densities could be achieved by combining hydrogen
with lithium, forming lithium hydride, a gray powder.?’ Thus lithium deuteride has the
advantage of a room-temperature solid composed of deuterium, one whose packing ma-
terial, namely lithium, can contribute to the energy released in the explosion through the
reactions

n+°Li—> a+1+49MeV (9.75)
d +°Li —» 2a + 22 MeV (9.76)

In addition, (9.75) provides tritium for the primary d-d reaction (9.72).

In a fission bomb, the explosion itself tends to end the nuclear reactions as the density
of the fuel for the bomb decreases as the material blows itself apart. In a fusion bomb, the
same reduction in density takes place, of course, but the energy released in the explosion
also provides additional heating that drives additional fusion reactions, including ones
such as (9.75) and (9.76) that require even higher temperatures than those in (9.71) and
(9.72) because of the charge on the lithium nucleus. Thus the yield from a thermonuclear
weapon can be quite large. Moreover, if the weapon is encased in **U as a tamper, then
the energetic neutrons produced in the fusion reactions can also generate fission reactions
in the tamper, boosting the total yield even more. Nuclear tests carried out in the 1950s
had yields roughly 1,000 times greater than the fission bombs dropped on Japan. Such
bombs would obviously do an enormous amount of damage. In fact, the net effect is
one of overkill, since a bomb with a much smaller yield already destroys everything at
ground zero. As the technology for targeting nuclear weapons improved, it was deemed
more effective to have, say, ten nuclear weapons, each with a yield equivalent of, say,
500 kilotons of TNT targeted on a variety of sites, rather than a single bomb with a yield
of 5 megatons. Eventually, through the strategy of mutual assured destruction (MAD),
the United States and the Soviet Union each had 25,000 nuclear weapons targeted at
the other side.”' One of the major issues facing humanity today is the proliferation of
nuclear weapons to other countries and the fear that nuclear weapons might end up in
the possession of terrorists.

*0The first potentially practical hydrogen bomb was, in fact, exploded by the Soviet Union in 1953.
Spy planes flying over the Soviet Union picked up significant traces of lithium in the radioactive
fallout.

2'While we no longer are in a perpetual state of cold war since the collapse of the Soviet Union, we
have not had a significant reduction in the number of nuclear warheads that are distributed around the
world.

311



312

Chapter 9: Nuclear Physics

9.7 Summary

The main subject of this chapter is the curve of binding energy. A nucleus composed of Z
protons and N neutrons has an atomic mass number 4 = Z+ N. The mass of the nucleus
is less than the sum of the masses of its constituent nucleons by the binding energy

Muuclens = ZMp + (4=Z)m, — B-E-/C2 (9.77)

In the semiempirical mass formula the binding energy is expressed in terms of five
parameters a; through as as

2 Z_i—
N s I 3 (9.78)

s = 23 _ =
B.E.—ﬂ]A (IzA a3A”3 F ,\/Z

where the @; term is the volume term, since the volume of the nucleus is directly pro-
portional to the number 4 of nucleons it contains (and hence the radius is proportional
to 4'/3); the a» term is the surface term since nucleons on the surface of the nucleus
do not participate as fully in the nuclear binding as do nucleons in the interior of the
nucleus; the a3 term, the Coulomb term, arises from the Coulomb repulsion of the pro-
tons in the nucleus; the a4 term, the asymmetry term, arises from the tendency of nuclei,
especially ones with low A, to have Z = N; and the as term is the pairing term, which
results from the tendency of nuclei to have even numbers of protons and even numbers
of neutrons. Key features of the nuclear force that are encompassed in the semiempirical
mass formula include its attractive nature, its short range, its large strength relative to
the electromagnetic force, and its charge independence—that is, the nuclear force treats
protons and neutrons as identical particles.
Nuclei that are unstable decay according to the exponential decay law

N(@) = N(0)e ™ ® = N(0)e™/* (9.79)

where R is the probability of decay per unit time and ¢ = 1/R is called the lifetime.
This equation results from the fact that R for a nucleus (or other microscopic system)
is independent of time (part of Fermi’s Golden Rule). Predominant decay modes of
nuclei are called alpha, beta, and gamma decay and correspond to the emission of a
“He nucleus, an electron (or positron) and a corresponding neutrino, and a high-energy
photon, respectively.

One of the striking features of the curve of binding energy is that it peaks in the vicinity
of the element iron. Thus heavy elements can release roughly 200 MeV of energy by
fissioning into two smaller fragments, fragments that are closer to the peak of the curve
of binding energy. Such fission events can be induced for elements such as uranium and
plutonium by the absorption of a neutron. Since the neutron is neutral, it is not repelled
by the large charge on the target nucleus. Nuclear fission can be used to run a reactor or
to fuel an atomic bomb.

Alternatively, energy can be obtained from the curve of binding energy through fusion,
in which two lighter nuclei are brought together to make a heavier nucleus. The binding
energy per nucleon increases as more nucleons are added to the nucleus, at least up
to iron. Therefore, if two lighter nuclei can be brought close enough together for these
fusion reactions to occur, energy on the order of MeV per nucleon can be released.
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Such reactions are referred to as thermonuclear reactions since the nuclei must be heated
to high temperatures to overcome the Coulomb repulsion of the fusing nuclei. Nuclear
fusion provides the energy that permits stars like our Sun to stave off gravitational

collapse.

Problems

9.1. A charge ¢ with acceleration a radiates
electromagnetic waves with power

dw 2¢%a?
dt ~ (4mep)3c’

according to classical electromagnetic theory. Estimate
the lifetime of a classical hydrogen atom in which an
electron starts orbiting the proton at radius 0.5 A.
Suggestion: Use the fact that

2 >
e’ nmuv-
F = > =mdada =

4 egr- r

to show that the total energy £ (kinetic energy plus
potential energy) of an electron orbiting at radius r is

52
E=—
8mwegr
Therefore
dE & dr _ dw 22 ()
dt ~ 8megridt  dt  (d4mwep)3cd \ r

Simplify and then integrate the differential equation.

9.2. Two nuclei are considered mirror nuclei if
interchanging the neutrons and protons turns one nucleus
into the other. An example is ''B, which consists of five
protons and six neutrons, and ''C, which consists of six
protons and five neutrons. Determine the difference in
mass of these two nuclei assuming that the nuclear
binding energy is the same for both and the difference

in mass of these nuclei is due to electrostatic energy
differences as well as the difference in mass of the
nucleon constituents. Assume both nuclei are uniformly
charged spheres of the same radius. What value of the
radius is required to account for the difference in mass of
these two nuclei? The observed atomic mass difference
between ''C and "' B is 1.980 MeV/c®. Note: The success
of this approach is evidence for the charge independence

of the nuclear force, that is, the fact that the nuclear force
does not distinguish protons from neutrons.

9.3. Use the expression

3 P

g4:renR

for the Coulomb energy for a sphere of charge Q of
radius R to determine a numerical value for a3 in the
semiempirical mass formula (9.12). Compare your result
with the value determined for that parameter in (9.13).

9.4. Show that if only Coulomb energy were involved
the fragments in a fission process would have equal
numbers of protons to maximize the energy

released.

9.5. What is the Fermi energy for protons and what is
the Fermi energy for neutrons in the ***U nucleus?

9.6. Retain the constants in the derivation of the
asymmetry term (9.24). How does your result compare
with the value for a4 in (9.12)?

9.7. Show that the asymmetry term (9.24) can be written
as

(Z — N)?
44

9.8. Determination of the line of stability: Use the
expression (9.10) with the binding energy given by
(9.12) to determine the value of Z/ A that minimizes
M puetensC” for fixed 4. Show that the answer can be
expressed in the form

zZ 96.1
A 189.6+ 1.442/3

Suggestion: Differentiate the expression for #yucjeusc>
with respect to Z, keeping A fixed. In this way we
determine the mass of the most stable isobar. Take
muc? = mpe? + 1.3 MeV.



314  Chapter 9: Nuclear Physics

Pt 4s 112
i PR

b Dd 7
= 62 7/2

S————5d 52
F g

N —Ti 112

T — g2
A \ B 126
YN sf Y 4
T \ 5t
\ R
\ e 4p 112
\ ~ S 71312
| s ™
v 3g 5f N 4p 32
4 Ty 2 ———5f 712
W \__6h 6h 972
\\\\ xR \\ //— ~
Wy 4d *—-\»\\ 6h ¢
\ N N \
Y 2 N - ™ r 3s1/2
L EB L =y ? ——— 6h 112
N
\\ o 4d e 4d 3/2
LEESS — ~—— 4d 5/2
Vs \
W 3p 5 5 I o 5g7/2
\ » ~
. 4f i — \ 529/
LY S _.——8p 1
e He——3p 3/2
g e X 41312
v\ \ 4f -
% —_—
\ 2s \\\
] \\ ~—— 4f7/2
\
\—\
% -
N —— - 2s 172
| . 3d = 3d 372
i —————3d5R2
\\ Zp
e
. p o —2p 12
Th———— 2p32
Is ls m
s : L ey - e 1s 1/2
Harmonic Infinite Finite Square well Plus
oscillator  square well  square well with “rounded spin-orbit

edges” coupling

Figure 9.22 An energy-level diagram for nucleons in the nucleus.

9.9. Verify that the energy-level diagram [from B. T.
Feld, Ann. Rev. Nuclear Sci. 2, 239 (1955)] shown in
Fig. 9.22 yields the magic numbers 2, 8, 20, 28, 50, and
82. Note the last column shows the levels with spin—orbit
coupling included. There is an error in the energy-level
assignments between the magic numbers 82 and 126.

See if you can find it. Reminder: The orbital angular
momentum states are labeled by the letters s (/ = 0), p
(l=1),d(l=2),f(I=3),g(=4),and h (I =5).
The fractions to the right of each energy level indicate a
value for the quantum number j that results from the
addition of the orbital angular momentum L and the spin
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Accelerating
voltage
Figure 9.23 A

angular momentum S. For each value of j there are
2j + 1 degenerate energy levels.

9.10. Figure 9.23 shows the key features of a mass
spectrometer. Positive ions of charge g are accelerated
by a potential difference and then enter a region with
perpendicular electric and magnetic fields (€, and B;.
respectively) that serves as a velocity selector. Upon
entering a magnetic field of strength B that is out of
the page, the ions travel along a semicircular path of
radius ». Measuring the radius of this path permits a
determination of the mass of the ion. Show that the
mass M of the ion can be determined from the
relation

rBBq
&

M=

9.11. In practice, it is easiest to measure mass
differences with a mass spectrometer. The standard
mass is that of '>C, which is defined to have a mass of
12.000 u. (1 u = 931.5 MeV/c?.) Use the semiempirical
mass formula to determine the mass of '°O in u’s. The
mass of the neutron is 1.0086654 = 0.0000004 u and
the mass of 'H is 1.0078252 =+ 0.0000001 u. The
experimental value for the mass of '°0 is 15.994915 &+
0.000001 wu.

9.12. What degree of accuracy in mass spectroscopy
would be required to detect the effects of the binding
energy of an outer electron on the mass of

an atom?

9.13. Calculate the fractional difference in radius for

235U and #*U in the mass spectrometer of Problem 9.10.

This illustrates the key idea behind electromagnetic
separation of isotopes.

= &= —/B\ ° °
P
L]
T —p ®
g T
L]
+ + + + 2r .
Velocity 2
selector °
® B out
Detector

mass spectrometer.

9.14. Show the exponential decay law N(r) = N(0)e ™'/
can be written as N(¢) = N(0)2~"/"2, where
hp=r7t In2.

9.15. An unusual depletion of 23U in a natural ore
deposit was discovered in Gabon, Africa in 1972. It is
believed that this depletion is evidence for a natural
fission reactor that operated in the distant past. Assume
that the minimum concentration of ***U for a reactor
moderated with ordinary water is 3% and determine
how long ago the reactor could have been operational.
Note: Included in the evidence for such a natural fission
reactor is the discovery in the immediate vicinity of
fission products, including isotopes of neodymium, that
are characteristic of those found in spent fuel from a
nuclear power plant.

9.16. We can think of a neutron star as a giant nucleus.
Use the expression (9.12) for the binding energy with
the addition of the gravitation term from Example 9.2 to
estimate the minimum mass required for positive
binding energy for very large A. For simplicity, take

the number of protons in the “nucleus™ to be zero.

Note: More detailed calculations yield a minimum mass
for a neutron star to be on the order of 0.1 solar mass.

9.17. The activity of a radioactive sample is the number
of decays per second of the sample. The unit of activity
is the curie (1 Ci = 3.7 x 10" disintegrations per
second). The curie was initially defined as the number of
decays per second for | g of radium (**°Ra), an alpha
particle emitter, What are the lifetime and the half-life of
radium? Note: A curie is a very strong radioactive
source. Common source strengths include the millicurie
(mCi) and the microcurie (£ Ci). In ST units, the unit of
radioactivity is the Becquerel (1 Bq = | disintegration
per second). Thus 1 Ci = 3.7 x 10'° Bq.
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9.18. In 1947 an Arab shepherd found religious
documents in a cave on the shore of the Dead Sea. These
Dead Sea Scrolls were made of parchment and papyrus,
so carbon dating could be used to determine their age.
The scrolls, which were eventually found in 11 caves and
included almost all the books of the Hebrew Bible, were
determined to range in age from 2000 to 2300 years.
What fractional activity level in comparison with living
papyrus was found?

9.19. In 1991 a couple hiking discovered a body (the Ice
Man) sticking out of the ice in a glacier in the Alps near
the border between Austria and Italy. The body was
somewhat unusual in color and size. Beside the body
was a copper axe. Using radioactive carbon dating
techniques on a piece of tissue, scientists determined
that the level of activity was 53% of its value for a living
person. How old was the body?

9.20. A 5,000 year-old wooden coffin containing
evidence of human mummification in Egypt was found

in 2003. This is the earliest evidence for Egyptian
mummification. What level of activity in comparison
with living wood would be expected for the coffin?

9.21. (a) In Section 9.3 it was noted that the half-life for
the beta decay of tritium (+ — He + e~ + v,) is 12.3 yr.
What is the lifetime? (4) The half-life for the beta decay
of carbon-14 (**C — “N + e~ + 1) is 5730 yr. What is
the lifetime?

9.22. The half-life of *3*U is 4.47 x 10 yr and the
half-life of U is 7.04 x 10% yr. How many decays per
second are there from | g of uranium? Assume the
abundance of **°U is 0.7%.

9.23. The half-life for the decay 2?Pu —*° U + « is
24,000 yr. What is the lifetime 77?2

9.24. What fraction of the neptunium nuclei
(f12 = 2.14 x 10° yr) will survive for 5 x 10° yr?



CHAPTER

Particle Physics

The goal of Chapters 6 through 9 has been to give us insight into the role that quan-
tum mechanics plays in describing the world around us, including the basic physics of
atomic, solid-state, and nuclear systems. In this last chapter we turn our attention to
particle physics. To the extent that a long-standing goal of physics is to understand all
of nature in terms of a few underlying principles or laws, particle physics is of central
importance. The fundamental interactions—the strong, electomagnetic, weak, and gravi-
tational interactions—are all described by field theories, since fields are the natural way to
ensure that these interactions are consistent with special relativity. If you suddenly move
a charge, for example, the disturbance in the electromagnetic field that is generated by
this motion propagates outward with speed ¢ in vacuum. Consequently, another charge,
situated a distance d away, cannot know the first charge has been displaced until a time
d /c later. Quantum field theory, which results from the union of field theory and quantum
mechanics, is consequently an inherently relativistic enterprise. In Chapter 1 we utilized
results that come from a quantum treatment of the electromagnetic field in our discussion
of the behavior of light. In this chapter we will look more carefully at the quantum nature
of electromagnetic interactions as well as the strong and weak interactions.

10.1 Quantum Electrodynamics

Thirty-one years ago, Dick Feynman told me about his “sum over histories”
version of quantum mechanics. “The electron does anything it likes,” he said. “It
just goes in any direction at any speed, forward or backward in time, however it
likes, and then you add up the amplitudes and it gives you the wave function.”
[ said to him, “You're crazy.”
But he wasn’t.
—Freeman Dyson

As we have seen in the earlier chapters, in nonrelativistic quantum mechanics we can
obtain exact solutions for the energy eigenvalues and eigenfunctions for the free particle,
the harmonic oscillator, and the hydrogen atom. When we turn to relativistic quantum field
theory, we can solve exactly only the free particle. Consequently, it is necessary to resort
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to approximation techniques to take into account interactions between the particles. One

standard approximation technique is referred to as perturbation theory. We will outline

some of the key features of this perturbative approach within the framework of nonrela-

tivistic quantum mechanics, saving the details for a next course in quantum mechanics.'
We start by dividing the Hamiltonian into two parts

H = Hy + H, (10.1)

where Hy is presumed to consist of the major portion of the Hamiltonian and #, is the
smaller portion. (In quantum field theory, Hy is the Hamiltonian of free noninteracting
particles and H, is the energy of interaction between the particles.) We are assuming that
we can solve for the eigenfunctions and cigenvalues of /), namely

0 _ (0),7.(0)
Hoyr,” = E," Y, (10.2)
Of course these eigenfunctions form a basis, so we can write

U= gl (10.3)

" g 0 :
If H, were zero, we would know that the exact time dependence is given ¢ Ext/% With
this in mind, we express the time dependence in the form

W= e By O (10.4)

Thus if we can find ¢, (¢), we will know how the probability amplitudes evolve in time.
The requirement that W (1) satisfies

ow
HWY =ih— (10.5)
at

then leads to the coupled differential equations

Z [Cn“)er‘(E‘;h_Ef‘m),/ﬁ/W}O)*le’(f})d.‘ir] _ m‘% (10.6)
n
that must be solved to determine the amplitudes ¢ /(¢), the amplitudes to find the system
in an eigenstate of Hy with energy £ (fo " at time 1.
So far, we have not made any approximations. If we assume that at time ¢ = 0 the
system is in the state y;, namely ¢,(0) = 8,; in (10.4), then it is possible to express the
solution as an infinite series:

] . (0 ( ’
ety =bsi -+ f SEP~EOW Iyt (10.7)
4]
where
(o= [0 o0 (10.8)

with the integral in (10.8) is understood to be over all space. You don’t need to worry
about the details that lead to (10.7). The important point here is that the amplitudes ¢ /(1)
are expressed as a series of terms. The higher order terms, the ones not shown in (10.7),
involve more powers of H). For example in the third term in the series H; acts twice,

1See John S. Townsend, 4 Modern Approach to Quantum Mechanics, University Science Books,
Sausalito, CA, 2000.
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Figure 10.1 A space-time diagram for Compton scattering.

in the fourth term H; acts three times, and so on. In quantum field theory, the terms
in the series can be neatly expressed in terms of diagrams called Feynman diagrams.
Ideally, with the appropriate dictionary one can translate the diagram into the probability
amplitude from which we can calculate the probability that the system evolves from an
initial state v; to a final state vr,.

The quantum field theory in which we calculate those amplitudes for processes that
involve solely electromagnetic interactions is referred to as quantum electrodynamics,
or QED for short. As an illustration, let’s examine Compton scattering. In Section 1.3
we derived from conservation of momentum and energy the Compton formula

/
A =2 ] — ot @) (10.9)
mc

Equation (10.9) tells us how the wavelength of the outgoing photon varies with the
scattering angle @ from an electron at rest. What the Compton formula doesn’t tell us
is the probability with which this occurs. This probability is calculated with the aid
of Feynman diagrams such as the one shown in Fig. 10.1, which is a short-hand way
of representing a term in the series (10.7) in which H, acts twice. In this space—time
diagram the straight lines indicate electrons and the curvy lines photons. The initial and
final states consist of an electron and a photon. To make things clear, we restrict ourselves
to one dimension. In this diagram the initial electron emits a photon at position x| at
time ¢;. The electron then travels to position x,, where it absorbs the incident photon at
time f5. One entry in the dictionary that translates this diagram into a complex number
includes a factor of e at each vertex, which seems natural since the photon couples to
electric charge. Another dictionary entry associates the outgoing photon that is emitted
at x, with a factor ¢/**', where &' = 27/". The incident photon, with wavelength A,
which is absorbed at x5, is associated with a factor e="**, The dictionary for the electron
lines, including the internal line between x; and x;, requires the use of solutions to the
relativistic Dirac equation. One can view this diagram as the solution to the relativistic
wave equations, namely those of Maxwell and Dirac in a similar way that the wave
function is a solution to the Schrédinger equation.

*The 8 term in the expansion (10.7) would correspond to world lines for the photon and the electron
that are straight lines, indicating that the final state of the particles is the same as the initial state.
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Figure 10.2 The fundamental
subunit in Feynman diagrams
in quantum electrodynamics
involves the emission (or
absorption) of a photon by a
charged spin-1/2 particle such
as the electron.

Recall that in calculating the amplitude for a particle to hit a particular point in the
detection plane in a double-slit experiment, we added the amplitudes for each possible
path the particle can take between the source and the detector. Similarly, when calculating
the total amplitude for Compton scattering, we must add the amplitudes for every way the
process in question can occur. In practice, this means integrating over all possible values
of xy, f1, x2, and #; that occur in the diagram, that is, we must add the amplitudes for all
possible values of the intermediate positions and times. This is the sum-over-histories
generalization of the sum-over-paths approach that we used in Chapter 1.

One of the strange things about diagrams such as the one shown in Fig. 10.1 is that the
fundamental subcomponent of this diagram, which is shown in Fig. 10.2, doesn’t seem
to make physical sense. As is shown in Example 10.1, a single electron in free space
cannot emit a photon and conserve energy and momentum. But this is what occurs at
position x; in the diagram in Fig. 10.1. However, the electron that is traveling between x,
and x» is a “virtual electron” and not a real one to the extent that this electron, which is
represented by an internal line in the diagram, is not one of the particles that is actually
measured and observed in the initial or final state. We can argue that the Heisenberg
energy—time uncertainty relation AE At > #1/2 allows for such processes to the extent
that the evolutionary time

At=1h—1 (10.10)

is finite, since therefore there is an inherent uncertainty in the energy of the system that
involves these virtual particles. On the other hand, the time interval involved in the overall
process of Compton scattering is assumed to be essentially infinite, since the incoming
electron and photon are understood to be produced in the distant past and the outgoing
electron and photon in this scattering are presumed to be observed in the distant future.
Thus the time interval for the overall event pictured in Fig. 10.1 is sufficiently large
that we should not expect to observe violations of conservation of energy in Compton
scattering itself.

Since we are to include in our calculation diagrams that arise for all values of ¢
and f,, we must include diagrams in which 1, precedes as well as follows ;. as shown
in Fig. 10.3. There is an alternative way to see the need for such time orderings that
emphasizes the inherently relativistic nature of our calculation. Since the calculation of

Figure 10.3 All time orderings, including the one in this figure, are required to calculate
the probability amplitude for Compton scattering.
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the probability should be consistent with the relativity principle, we should be able to
calculate the probability for Compton scattering in a frame of reference that is in motion
at speed V' relative to any other inertial reference frame. If we examine the amplitude
that arises from solving these relativistic equations, we find the amplitude corresponding
to Fig. 10.1 is nonzero when the quantity

(A1) = A(An)? — (Ax)? (10.11)

is negative as well as positive. A negative separation is called space-like since it results
from Ax > cAr, where At is defined by (10.10) and

Ax = X2 — X (10.12)
Under the Lorentz transformation
X'=yx—-VD (10.13)
Vx
:’:,/(rﬁ%) (10.14)
P
where
|
V= ——— (10.15)

we find that

; V Ax
At =y (/_\t - — )
c2

VAx
=ym(1 - CEA:) (10.16)

Thus it is possible that At" < 0 even if Ar > 0 provided Ax > cAr. The time ordering
of events is not preserved under a Lorentz transformation if the events are space-like
separated. For the amplitude shown in Fig. 10.1, this effect occurs only on the microscopic
level, when At in (10.11) is on the order of %1/ mc?, where m is the mass of the electron.’

What are we to make of the event that occurs at x, at time #, in Fig. 10.3? One
possibility, as indicated in the Feynman quote that precedes this section, is to suggest that
the electron that emitted the outgoing photon at time ¢, propagates backwards in time to 15,
at which point it interacts with the incident photon. But there is a better way to think about
this process, one that eliminates the need to consider particles propagating backwards in
time. We can argue that the first event at #; involves the creation of the outgoing electron
and a positively charged particle, so as to conserve charge. This particle, which has the
same mass as the electron, is the positron, the antiparticle of the electron. The positron
then propagates forward in time to ;, at which point it annihilates with the incident
electron with the emission of the outgoing photon. In Feynman diagrams, the positron is
distinguished by having the arrow pointing opposite to the direction of increasing time.
In fact, since the time-orderings shown in Fig. 10.1 and Fig. 10.3 are both required by

3This result provides a caution against interpreting the Feynman diagrams too literally. Afterall, if the
events at xy, £, and x2, {, were really connected by an electron traveling between them, then necessarily
¢*(At)? would be positive since an electron must travel at a speed less than ¢. The internal line in this
Feynman diagram represents a “virtual” electron, not a real one that we actually observe.
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Pb

Figure 10.5 A Feynman
diagram used to determine the
cross section for the creation
of an electron—positron pair in
the vicinity of a heavy nucleus
such as lead.

Figure 10.4 A Feynman diagram for Compton scattering. This
diagram is understood to include the probability amplitudes
shown in Fig. 10.1 and Fig. 10.3.

special relativity, it is natural to combine them in the single Feynman diagram in Fig. 10.4.
This diagram is then understood to be shorthand expression for both diagrams.

If we are to take seriously the idea that relativistic quantum mechanics requires the
existence of an antiparticle for the electron, it should be possible to observe this particle
as a final-state particle. In fact, the positron was first observed in 1932 in a cloud chamber
by Carl Anderson. just a few years after Dirac introduced his relativistic wave equation.
Now a single photon (with momentum py) cannot materialize into a particle—antiparticle
pair (with momenta p_ and p.) despite what the diagram shown in Fig. 10.3 seems
to suggest. Such a process cannot conserve energy and momentum since to conserve
momentum

Po=p- +p+ (10.17)

and to conserve energy we must have

poc = \/picz +m2ct + \ﬂ?icz + m2c* (10.18)

The minimum values for p_ and p. occur when the electron and positron head off in
the same direction as the incident photon, namely

po=p-+ps (10.19)

butitis evident that (10.18) and (10.19) cannot be satisfied simultaneously. Thus a photon
cannot materialize into an electron and positron in free space no matter how large its
energy. However, if some other charged particle is present, say the nucleus of a heavy
atom such as lead, then it is possible to transfer all the momentum of the photon to the
nucleus while transferring very little of the photon’s energy. The kinetic energy of the
nucleus is then

2o _ (poc)
M 2Mc?

In the case of lead, this leads to a kinetic energy transferred to the nucleus of 3 eV.
Thus the threshold energy for production of an electron—positron pair is very close to
2mc? = 1.02 MeV. Figure 10.5 shows a Feynman diagram corresponding to the creation
of an electron—positron pair in the interaction of a photon with a nucleus. In addition
to pair creation, photons can also be absorbed by the atom via the photoelectric effect,
or simply scattered in a process called Thomson scattering. The total cross section for

(10.20)
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Figure 10.6 The total cross section for the interaction of photons with lead as a function
of photon energy. The sharp dips in the cross section with decreasing photon energy
occur when the photon energy drops below the binding energy of electrons in a particular
shell. The dashed line shows the contribution to the cross section of electron—positron
pain creation in the field of the nucleus. Adapted from J. H. Hubbel, H. A. Gimm, and L.
Overbo, . Phys. Chem. Ref- Data #9, 1023 (1980).

photons incident on lead is shown in Fig. 10.6. The growth in the total cross section for
photon energies above 1 MeV is due to electron—positron pair production.

Returning to Compton scattering, diagrams like the one shown in Fig. 10.4 lead to a
differential cross section (the effective area for scattering into solid angle d£2)

IRl W N N
do = a* (—') (—) (—+— —2+4c0326‘) dQ (10.21)
mec A A A

where 4 is the wavelength of the incident photon and A" is the wavelength of the out-
going, or scattered, photon. The lowest order Feynman diagram for Compton scattering
is proportional to e, since the diagram has two vertices. In practice, each factor of e?
enters in the combination

e’ 1

= = 10.22
*= dreohe  137.0360 (2022

where « is a dimensionless constant called the fine-structure constant. Thus the cross
section (10.21), which is obtained from the amplitude multiplied by its complex conju-
gate, is proportional to &,

As another example, consider electron—electron scattering, Fig. 10.7ais a lowest order
diagram contributing to this process. As indicated in Fig. 10.7b, there are other diagrams,
other amplitudes, that should be included. Each of these additional diagrams has a larger
number of vertices than the lowest order diagram. And although we haven’t specified in
detail how to convert these diagrams into probability amplitudes, we have noted that at
each vertex where a photon couples to an electron (or a positron), the charge e appears
in the amplitude. Thus diagrams such as the ones in Fig. 10.7b have four vertices, four
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Figure 10.7 (a) The lowest order Feynman diagram for electron—electron scattering.
(b) Some of the higher order diagrams that contribute to this process.

factors of e, and are therefore proportional to ¢*, in comparison with the lowest order
diagram that has two factors of ¢ and is therefore proportional to e*. Thus an amplitude
that is proportional to @ is roughly 1% as large as one proportional to . Therefore if we
are interested in calculating the cross section for scattering to a certain accuracy, it makes
sense to neglect the contribution of higher order diagrams ata certain point. Nonetheless,
these higher order amplitudes in QED can be evaluated in principle and their contribution
included if needed, although the higher order terms become progressively more difficult
to evaluate.

In general, summing all the diagrams that contribute to a particular process gen-
erates an expansion with an infinite number of terms, very much in the spirit of the
expansion
3

.\'2 X
TR (10.23)

2!
However, unlike the expansion (10.23), which you probably recognize as yielding z = €%,
no one has succeeded in carrying out the sum of the Feynman diagrams for processes in
QED. It is possible that at some point we will figure out how to calculate the overall am-
plitude without such an expansion, in which case the diagrams may become an historical
artifact. But as things stand now, the diagrams are an essential tool.
Asastriking example of how successful this approach has been, consider the magnetic
moment of the electron. In Section 6.5 we noted that the magnetic moment of the electron
is given by

z=1+x+

“:g(‘_‘f)s (10.24)
2m

The value of g has been determined theoretically and experimentally with great accuracy.
Current results are

3
‘57— = (1,159,652,201.4£27.1) x 10~ theory

= (1,159,652,180.85 + 0.76) x 107" experiment (10.25)

The theory calculation has a somewhat higher uncertainty, in part because the theory
calculation depends on experimental values for «, which has its own uncertainty, but
also because the theory calculation does not include all the higher order diagrams. It
is possible to estimate how much error neglecting these amplitudes contributes to the
final answer. It is likely that the theorists will respond to the more accurate experimental
values with some more detailed calculations of their own. In any case, it is agreement
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like that shown in (10.25) that led Feynman to describe quantum electrodynamics as “the
jewel of physics—our proudest possession.™

EXAMPLE 10.1 Show that a free electron cannot emit a photon and conserve energy
and momentum.

SOLUTION It is easiest to do this calculation in the rest frame of the electron. Then
if a decay into a photon and an electron were possible, momentum conservation
dictates that the two particles have equal and opposite momenta. Consequently,
conservation of energy vyields

me? =/ p2c + m2et + pe

The only solution to this equation is p = (), i.e., no photon.

EXAMPLE 10.2 Which of the Feynman diagrams in Fig. 10.8 is a legitimate Feyn-
man diagram in QED for electron—positron annihilation?

(a) (b) ()

Figure 10.8 Possible Feynman diagrams for electron—positron annihilation. Only one of
these diagrams is a valid one.

SOLUTION Figure 10.8a has the correct structure since it involves the fundamental
subunit shown in Fig, 10.2. However, in this process none of the particles is pre-
sumed to be a virtual particle, since there are no internal lines in the diagram. And an
electron and a positron cannot annihilate into a single photon and conserve energy
and momentum, as is easily seen by analyzing the process in the center-of-mass
frame of the electron—positron pair. Thus at least two photons must be produced in
the annihilation process. Figure 10.8b, which is referred to as a “seagull” diagram
(you can see why) has the two photons being produced at a single point in space
time. Since the particles annihilating are spin-1/2 particles, this is not an allowed
diagram in that it is not composed of the fundamental subunit shown in Fig. 10.8a
(or Fig. 10.2). 1t would, however, be a valid Feynman diagram if the charged par-
ticles participating in the annihilation were spin-0 particles. Figure 10.8c is an
appropriate Feynman diagram.

‘R.P. Feynman, QED—The Strange Theory of Light and Matter, Princeton University Press,
Princeton, NJ, 1985.



326 Chapter 10: Particle Physics

A

Y

Figure 10.10 The lowest order
Feynman diagram for the
scattering of light by light.

EXAMPLE 10.3 What are the lowest order Feynman diagrams for electron—positron
scattering?

SOLUTION For electron—positron scattering, there are two lowest order diagrams.
See Fig. 10.9. One diagram is similar to the diagram in Fig. 10.7a, with a positron
replacing the electron (note the switch in the direction of one of the arrows). How-
ever, there is an additional diagram in which the electron and positron annihilate
into a virtual photon, which then generates the final electron—positron pair.

Figure 10.9 Lowest order Feynman diagrams for electron—positron scattering.

EXAMPLE 10.4 In classical physics, light does not interact with light since light
itself is uncharged. Construct a Feynman diagram that would contribute to the
cross section for light by light scattering (Delbriick scattering).

SOLUTION Since photons are neutral and therefore do not couple to each other, the
only way for light to scatter light is to have virtual charged particles involved, as
illustrated in Fig. 10.10. Since this diagram is proportional to &, the cross section
for light-by-light scattering is proportional to a*. The size of the cross section is
consequently very small in comparison to that for photon—electron scattering. See
the dependence of (10.21) on e.

10.2 Elementary Particles

One thing contributing to the remarkable success of QED is the elementary nature of
electrons, positrons, and photons. These are point particles as far as we can tell. They
do not have any internal structure. Protons and neutrons—particles that experience the
strong nuclear force—have a size of roughly one fermi, as was noted in Chapter 9. If
particles have a size, it is natural to ask what’s inside. In the case of atoms, it is of
course electrons and nuclei. In the case of nuclei, it is the nucleons. And in the case
of the nucleons themselves, it is quarks. As far as we know, the quarks themselves are
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Leptons Quarks Gauge Bosons
e, v, u, d photon (y)

ey Uy @,I5: gluons (g)
T,V t.h w*, Z°

Table 10.1 The elementary particles consist of leptons and
quarks, which are spin-1/2 particles, and the gauge bosons, the
mediators of the interactions, which are spin-1 particles.

elementary, that is, they don’t have any size or internal structure. But no one has ever
isolated a quark outside a proton or a neutron, so it is hard to know for sure.’®

Particle physicists call strongly interacting particles hadrons (which is derived from
the Greek word hadros, meaning strong). In addition to protons and neutrons, there are
many, many subatomic (or better, subnuclear) particles that experience the strong nuclear
force. Some examples are given in the next section. We now know that each of these
particles is composed of quarks, which have intrinsic spin s = 1/2. The hadrons with
half-integral intrinsic spin (s = 1/2,3/2,...) are composed of three quarks (or three
antiquarks in the case of the antiparticles) and are called baryons. The hadrons with
integral intrinsic spin (s = 0, 1, ...) are composed of a quark and an antiquark and are
called mesons. And to make things more complicated still, the quarks themselves come
in six different types, or flavors, namely, up («), down (d), strange (s), charm (¢), bottom
(h), and top (). As illustrated in Table 10.1, it is convenient to group these quarks in
pairs, 1 and d, ¢ and s, and ¢ and b. The first quark in each pair (i, ¢, and ¢) has charge
+2e¢/3, while the second quark (d, s, and b) has charge —e/3. The proton is composed
of two u quarks and one ¢ quark. The neutron is composed of two ¢ quarks and one u
quark. You can see this gives the correct charge for each of these nucleons. In the beta
decay reaction

n— p+e +1, (10.26)

that we examined in Chapter 9, one of the ¢ quarks in the neutron is converted into a u
quark with the emission of an electron and an electron antineutrino, namely

d—u+e +1, (10.27)

The electron and the neutrino, like the quarks, are spin-1/2 elementary particles,
particles that do not have any internal structure. But unlike the quarks, the electron and
the neutrino do not participate in the strong interactions. They are generally referred to
as leptons, namely fundamental spin-1/2 particles that do not have strong interactions.
Since electrons and quarks are charged, they of course participate in electromagnetic

*Whether we can assess if a particle has some internal structure depends on the wavelength of the
object that we use as a probe. If the wavelength of the probe—whether the probe consists of photons in
a standard optical microscope or electrons in an electron microscope—is large compared with the size
of the particle, the particle will appear to be point like. As was noted in Section 9.1, it was scattering
experiments carried out in the 1950s with high-energy electrons from an accelerator that determined
the size of nuclei. Similarly, in the late 1960s scattering experiments carried out at the Stanford Linear
Accelerator Center with much higher energy electrons gave clear evidence for the quark substructure
of nucleons.
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interactions. Neutrinos, on the other hand, are neutral; they don’t have magnetic moments
or other electromagnetic properties. Apart from gravity, neutrinos participate only in the
weak interactions. Consequently, emission of a neutrino in a decay is a telltale sign of
a weak interaction. The electron and the electron neutrino appear in the first row in
Table 10.1. along side the « and d quark.

Given our discussion in the preceding section of the natural role that antiparticles play
in relativistic quantum mechanics, it should not be surprising that there are antiparticles
for each of the quarks and leptons. The positron, the antiparticle of the electron, has
the same mass but opposite charge of an electron. But what distinguishes a neutrino
from an antineutrino? One difference is a quantum number that we call lepton number.
We assign the electron and its neutrino lepton number + 1. The antiparticles, the positron
and the antineutrino, then have lepton number —1. The beta decay reaction (10.26)
conserves lepton number, since the neutron (or the proton, for that matter) is not a lepton
(it has lepton number 0), and the final state has lepton number 0 as well since the electron
has lepton number +1 and the antineutrino has lepton number —1. Thus the lepton
number of the final state is the same as the lepton number of the initial state.

To see the significance of lepton number for neutrinos, consider a reaction that does
not occur even though energy, linear momentum, angular momentum, and charge are
conserved:

Up+n+ pte” (10.28)

What keeps this reaction from occurring is the fact that it does not conserve lepton
number, since the lepton number of the initial state is —1 and the lepton number of the
final state is -+1. On the other hand,

Vot p—=n+e’ (10.29)

does conserve lepton number and does occur.

You may be wondering why the neutrinos and antineutrinos have a subscript e. The
reason is that there are two other generations of leptons, as noted in Table 10.1. The muon
behaves very much like a heavy electron with a mass m, = 105.66 MeV/c?. But when
the muon goes to decay, it does not do so radiatively: ;1= + e~ + y. What is observed
is consistent with two types of neutrinos, namely v, and v,,. The primary decay mode of
the negatively charged muon is

=€ 4+ T+ v (10.30)

with a lifetime 0f 2.2 x 107 5.° This reaction has muon lepton number +1 for the initial
and final states in addition to electron lepton number 0 for the initial and final states.
In short, there is a separate conservation law for electron lepton number and for muon
lepton number. Thus a beam of muon antineutrinos incident on a liquid hydrogen target
can initiate the reaction

by+p—>n+put (10.31)

®The experimental upper limit on the branching ratio for u= — e" + ytopu™ — ¢ + U, + v, is
1.2 x 107%,
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provided the antineutrino has sufficient energy to create the muon, but not the reaction
utpAnte (10.32)

even though the positron is much less massive than the muon.”

A similar story holds for the t lepton, which was discovered in 1975 and has mass
m. = 1777 MeV/c*. Why we have three generations of leptons is still somewhat of a
mystery. After the discovery of the muon, I. I. Rabi famously remarked, “Who ordered
that?” This mystery has been repeated at the level of the quarks, since they too occur in
three generations.

The third column in Table 10.1 shows the gauge bosons, the fundamental spin-1 par-
ticles that mediate the strong, electromagnetic, and weak interactions. Section 10.1 on
QED is devoted to electromagnetic interactions. All charged particles have electromag-
netic interactions. Figure 10.7a is the prototype Feynman diagram illustrating how two
electrons interact through the exchange of a (virtual) photon. As Section 10.4 explains,
the strong interactions between the quarks are mediated by the exchange of gluons, as
illustrated in Fig. 10.17. And the weak interactions between the quarks and leptons are
mediated by the exchange of W and Z bosons, as illustrated in Fig. 10.21 and Fig. 10.22
from Section 10.5. The fundamental role that symmetry principles play in dictating the
nature of these interactions is outlined in Section 10.8. This section also explains why
the spin-1 particles that mediate the interactions are referred to as gauge bosons.

EXAMPLE 10.5 Use conservation of lepton number to explain why the following
reactions occur or do not occur. (i) ve + p A n+e*, (i) v, +n # p+ pu~, (iii)
pt— et + 0, + ..

SOLUTION Only reaction (iii) conserves lepton number. Reaction (iii) is like (10.30)
with each particle replaced by its antiparticle. Thus this is the predominant decay
mode for the p*. Reaction (i) violates electron lepton number conservation and
reaction (ii) violates muon lepton number conservation.

EXAMPLE 10.6 Construct a Feynman diagram leading to the production ofa = —
1™ pairin e~ — e annihilation. What is the threshold energy in the center-of-mass
frame required for this reaction to occur?

SOLUTION The lowest order diagram for this process is shown in Fig. 10.11. Since
the rest mass energy of the muon is 105.66 MeV, the center-of-mass total energy
required for this reaction is 211.32 MeV.

"As we will see in Section 10.6, the recent evidence of neutrino oscillations indicates that the
individual lepton numbers are not absolutely conserved. In fact, unlike conservation of charge, which is
an absolute conservation law that is connected to an underlying symmetry principle (see Section 10.8),
conservation of lepton number is a somewhat ad hoc conservation law that has been introduced to
account for the observed reactions.

Figure 10.11 The lowest order
Feynman diagram leading to
the production of a muon-—
antimuon pair in electron—
positron annihilation,
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10.3 Hadrons

In 1934, long before anyone knew about quarks and gauge bosons, Hideki Yukawa
suggested that the strong force was mediated by the exchange of a particle with a mass
of roughly 100 to 200 MeV. Although we now have a more complete understanding of
how the strong force arises from the interactions of quarks and gluons, it is instructive
retrace Yukawa’s reasoning using the Feynman diagram in Fig. 10.12, a diagram that
would arise from the exchange of such a particle between two nucleons. The fact that the
nuclear force has a short range R, on the order of a fermi, dictates very roughly what the
mass of the exchanged particle should be. Using the Heisenberg energy—time uncertainty
relation AE At =~ h with Ar = R/c (since the speed of the exchanged particle would
typically be on the order of the speed of light) and AE = mc?, where m is the mass of
the exchanged particle (since emitting the particle requires a violation of conservation
of energy by roughly mc?), we find

Koo — (10.33)

mc

Substituting in the observed range of the nuclear force, we find mc? =~ 200 MeV. This
argument is a heuristic one at best (Yukawa did better by actually solving a wave equation
that led to this result), but it does show the deep connection between the mass of the
exchanged particle and the range of the interaction. For electromagnetism, the mass of the
exchanged particle, the photon, is zero, and indeed the range of that interaction is infinite.

A particle called the pion, or = meson, with a mass fitting Yukawa’s prediction was
discovered in 1947 in the debris from cosmic ray collisions. Pions come in three different
charges: 7%, 7, and 7". We now know the w* is a bound state of a u quark and an
anti-d quark (d). the 7~ is the antiparticle of the 7+ and is therefore a bound state of an
anti-u quark (i) and a d quark, and the 7" is a linear superposition of a i1 and a dd. The
pion was termed a meson initially because its mass was intermediate between the heavier
proton and neutron, which is why they were termed baryons, meaning heavyweight, and
the lighter electron, which was termed a lepton, meaning lightweight. Subsequently,
quark—antiquark bound states with masses heavier than the proton and the neutron have
been discovered, but they are referred to as mesons nonetheless.

n P n P n P
Wt.-' *e, T
4 n P =
P p n
n

(a) (b)

Figure 10.12 (a) A Feynman diagram for proton-neutron scattering involving
exchange of a meson called the pion. As for Compton scattering, the two time
orderings shown in (b) are understood to be included in the diagram shown in

(a). Consequently, there must be positively and negatively charged pions. In addition,
neutral pions are required to account for the strong interactions in, say,
neutron-neutron scattering.
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Figure 10.13 The cross section for 7 *-p scattering for protons
at rest as a function of the kinetic energy of the pion. The cross
section shows aresonance at a center-of-mass energy of 1232 MeV.

In the early 1960s particle physics came of age as an experimental science. Instead
of relying on data from cosmic ray collisions, physicists built particle accelerators with
sufficient energy to create particles such as the pion in the laboratory. As scattering
experiments were performed at progressively higher energies, many new “particles™
were created in these collisions. An interesting example is shown in Fig. 10.13, in which
the scattering cross section for positively charged pions incident on a liquid hydrogen
target is plotted as a function of the kinetic energy of the incident pion. The large bump
in the cross section that occurs at a center-of-mass energy of 1232 MeV corresponds to
a resonance in which a new particle, the A*™ baryon, is created:

at+p—-> AT s at+p (10.34)

Since the 7" and the proton each have charge e, the A*" must have charge +2e, hence
the superscript. Recall that in terms of quarks, the proton is a uud and the 7+ is a ud. In
this collision, the d and the d annihilate, resulting in the state uuu. Since each u quark
has charge +2e/3, a state composed of 3 u quarks does have charge +2e. The A™™ also
has intrinsic spin s = 3/2. The A baryon has four different charge states: AT, A*, A,
and A~. For example, the A is created in 7 ~—p collisions, again with a center-of-mass
energy of roughly 1232 MeV.

One of the striking things that is observed in the data in Fig. 10.13 is that the bump
in the cross section occurs over a broad range of center-of-mass energies, corresponding
to a spread, or uncertainty, AE = 125 MeV in the energy at which the A*™ is produced.
Using the energy—time uncertainty relation (see Example 5.6), this spread in energy
corresponds to a lifetime t for the AT* of 5 x 1072* s, after which it decays back into a
pand a x™ . At first it may seem surprising that we can measure a lifetime this short, but

Section 10.3 Hadrons
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Figure 10.14 A hydrogen bubble chamber picture showing the reaction 7~ + p —

A? + K°. Unlike the 7~ and p, the A” and K are neutral and do not leave a track of ions
where bubbles start to form. The macroscopic distance between the formation and the
decay of the A" and K" is indicative of the long lifetime of these hadrons. Image courtesy
Lewrence Berkeleg National Leboratory.

we are making the measurement indirectly by observing the width A E of the resonance.
And while 5 x 107> s may seem like a short time on a macroscopic scale, it is a typical
hadronic lifetime. It is of the same order of magnitude as the time for light to travel a
distance of a fermi, which is roughly the size of a strongly interacting particle.

Figure 10.14 shows a different sort of event that can occur when a 7~ collides with a
proton at a higher center-of-mass energy. In this event, a different baryon, the A” baryon,
is created together with a new type of meson, the K meson, or kaon. The A” was given
its name because the tracks left by the p and 7~ into which it decays look as if they
form the Greek letter A. The K” meson decays into a 7+ and 7. The lifetimes of the
A® and the K are roughly 10~'% 5. Like the A, the A and the K° are hadrons. The
cross section for the reaction

x~ +p— A"+ K° (10.35)

that produces them is typically 20-30 mb, the same size as other strong interaction cross
sections. And like the A**, the A” and the K° decay into ordinary hadrons, but with
lifetimes that are thirteen orders of magnitude longer than that of the A™*. We now
understand that this strange behavior is generated by the production of a new type of
quark in the collision, the strange quark s, and its antiparticle 5. The A° baryon is a uds
bound state while the K" meson is a d5 bound state. The strange quark s has charge —e/3,
just like the d quark. The A" baryon is the lightest baryon containing a strange quark,
while the K" meson is the lightest meson containing a strange quark. We say the strange
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Meson Quark Content Mass (MeV/c?) Baryon Quark Content Mass (MeV/c?)
't ud 140 P uud 938.3
T dii 140 n udd 939.6
x° (uit — dd)/ 2 135 A uds 1116
K* us 494 nr uus 1189
K~ sit 494 pIL uds 1193
K° ds 498 % dds 1197
K° sd 498 =0 uss 1315
n° (255 — uit — dd)/ /6 547 = dss 1321
Table 10.2 The low-mass spin-0 mesons. Table 10.3 The low-mass spin-1/2 baryons.
quark has a new quantum number called strangeness (S = —1) and the antistrange

quark has § = +1. Strangeness is conserved in the production of these particles, but
the decay violates strangeness conservation. Consequently, the decay is governed by the
weak interactions, not the strong interactions that govern the decay of the A**.

When reactions like (10.35) were first observed, the rationale for the strange behavior
in which hadrons were produced strongly but decayed weakly into other hadrons was a
mystery. Now we understand that the creation of a new flavor of quark is involved. The
strong interactions conserve flavor, but the weak interactions do not. The quark has the
symbol s for strange because of the at first seemingly strange behavior in which it was
involved. While we are on the subject of terminology, it might be good to say a few words
about names and symbols for u and @ quarks. The « stands for “up” and the d stands for
“down.” The switch in quark content in going from a proton to a neutron is the change
of a u quark to a d quark. We remarked in Chapter 9 that the strong interactions treat the
proton and the neutron as identical particles. Heisenberg had the idea that the nuclear
force treats them as two different spin states of a new type of spin, which we now call
isospin. Isospin is not angular momentum, but rather it is connected to rotations in an
abstract space in which a 180 rotation changes a proton into a neutron. The nucleon
is an isospin-1/2 particle: the proton is isospin up and the neutron is isospin down. But
once we understand the underlying quark structure of these nucleons, we see that the
switch from isospin up to isospin down is the switch from au to a . This is the rationale
for referring to « and  as up and down quarks, respectively. Table 10.2 and Table 10.3
give the quark content and masses of the lightest spin-0 mesons and spin-1/2 baryons,
respectively. You can see that the mesons that contain a strange quark are more massive
than those composed purely of up and down quarks. A similar pattern occurs for the
baryons. Hadrons that contain ¢ quarks or b quarks become progressively more massive.
For example, the D" meson, a cd bound state, has a mass of 1869 MeV/c* and the B*
meson, a ub bound state, has a mass of 5279 MeV/c* *

There are other ways to increase the mass of the hadrons apart from adjusting their
quark content. As is the case for electrons in atoms, increasing the orbital angular mo-
menta of the quarks increases their energy and consequently increases the mass of the
hadrons. Moreover, the nuclear force is extremely spin dependent. For example, the p*
meson is composed of a « quark and a d antiquark, just like the 7 * meson. The p* meson,

¥Because the effective mass of the r quark is very large, the ¢ quark decays so quickly that mesons
and baryons containing the ¢ quark do not have a chance to form.
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a spin-1 particle, has a mass of 770 MeV/c? while the 7+ meson, a spin-0 particle, has
a mass of 140 MeV/c2. The change in going from the pion to the p meson is simply
“flipping a spin,” in that the quark and antiquark in the pion are in the single spin-0 state
(the singlet spin state)

1
— [ (D= (2) = x_(1 2 10.36)
ﬁ[xp( )x-(2) = x-(Mx+(2)] (
while in the p meson they are in one of the three spin-1 states (the triplet spin states)
x+(Mx+(2) (10.37)
1 :
- = (Dx-(2) + x-(Dx+(2 (10.38)
ﬁ[X+( IX-(2) + x-(1)x+(2)]
x-(Mx-(2) (10.39)

Thus changing from the total spin-0 to the total spin-1 state increases the mass of the
meson by a whopping 630 MeV/c?. This is in marked contrast to the 5.8 x 107 eV
energy difference between the singlet and triplet energy states in the ground state of
hydrogen, the hyperfine energy splitting that arises from the interaction of the magnetic
moments (and hence the spins) of the electron and proton in the atom.

EXAMPLE 10.7 The 7 is a spin-3/2 baryon with strangeness § = —3. Of what
quarks is it composed?

SOLUTION Recall that the strange quark s has charge —e/3 and strangeness § = —1.
A baryon is composed of three quarks. Thus it must be that 2~ = sss in order
to make the charge and strangeness of the 2~ work out. The 2 is indeed a very
strange baryon!

10.4 Quantum Chromodynamics

The A™* is the most uppity baryon possible, since it is composed of 3 u quarks. Moreover,
since it has intrinsic spin 3/2, one of the four possible spin states for this baryon is for each
quark to be in a spin-up state [ (1) x+(2)x+(3)]. Another possible spin state is for each
of the quarks to be in the spin-down state [x_(1)x-(2)x-(3)]. Each of these spin states
(as well as the other two spin-3/2 spin states) is symmetric under exchange. Moreover, the
A* is the lowest mass baryon with spin equal to 3/2. Thus the quarks are in the spatial
ground state (/ = 0), which is also symmetric under exchange of any two of the quarks.
Therefore, the three identical fermions appear to be bound in a state that is symmetric
under exchange of any two of the » quarks. But as was noted in Section 7.2, one of
the fundamental tenets of relativistic quantum mechanics is the spin-statistics theorem
that states that the overall “wave function” for identical fermions must be antisymmetric
under exchange. The resolution of this conundrum is to assert that the quarks have an
additional quantum number called color. There are three possible colors—red, green,
and blue. The antisymmetry of the overall state is restored by positing that the color state
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of the three quarks in the A** is given by

|
Wa(l, 2,3) = 7 [ur(Duc(2up(3) + ug(ug(2ur(3)

Fug(Dup(Qug(3) — ug(Dug(2uz(3)
—ug(Dup(2up(3) — up(up(2)us(3)] (10.40)

where the subscripts R, G, and B refer to red, green, and blue, respectively. Please do not
interpret color as the color that we see in everyday life. Color for quarks is a quantum
number like electric charge. There are two types of electric charge called positive and
negative, initially named by Ben Franklin. Similarly, there are three types of color charge,
called red, green, and blue. Nonetheless, color does turn out to be a particularly apt name
for this additional “charge.”

One striking confirmation of the existence of a color as a physical entity that affects
observable quantities is the value of the ratio of the cross section for electron—positron
annihilation into hadrons to the cross section for electron—positron annihilation into
W=

o(e” + et — hadrons)

B = _ (10.41)
ogle-+et — = +uh)

Figure 10.15 shows this ratio, which is commonly called R, in terms of Feynman dia-
grams. The Feynman diagram in the denominator is the one that appears in Fig. 10.11.
The three Feynman diagrams in the numerator are the diagrams needed to calculate the
cross section fore™ +et — u+i,e” +et — d+d,ande” +e* — s+ 5. Although
free quarks have never been observed, we know that the quarks are the fundamental
building blocks for all hadrons. Since there is a 100% probability that the quarks and
antiquarks produced in electron—positron annihilation will turn into hadrons, the parts of
the diagrams that correspond to this conversion of quarks to hadrons will simply generate
a multiplier of unity in each case. What is neat about the ratio R is that although you
may not know how to calculate any one of the diagrams in detail, you do know how to
calculate the ratio provided we assume that the center-of-mass energy is sufficiently high
that we can ignore the differences in mass of the final-state particles. Since the processes

(]

Figure 10.15 The Feynman diagrams that contribute to the ratio R.
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in question are electromagnetic, the difference between the diagrams in the numerator
and the one in the denominator is the coupling constant that occurs at the vertex where the
virtual photon couples to the outgoing particles (quarks and antiquarks in the numerator
and u* and ;. in the denominator). Since the u quark has charge +2e/3 and the s and
d quarks have charge —e/3 while the muon has charge e, at first the ratio looks as if it
should be

ORI P

Figure 10.16 shows the experimental results for the quantity R. For center-of-mass en-
ergies less than 3.7 GeV, the value of R is approaching a value of 2, not 2/3. The error in
our calculation is that we neglected color. For each one of the Feynman diagrams in the
numerator, there are really three diagrams, say for the production of a red-antired u—u
pair, a blue-antiblue u~i pair, and a green—antigreen u—i pair. Since these color states
are distinguishable final states, we should add the probability of producing each set of
colored quark-antiquark pairs for each quark flavor to determine the total cross section
for producing hadrons. The net effect is to multiply the value in (10.42) by 3.

You can’t help but notice that there is a sizable jump in the value for R starting
after the ¥’ resonance. In this region there is sufficient energy to create two mesons, one
containing a ¢ quark and one containing a ¢ quark. At higher energies baryons containing
¢ and ¢ quarks are produced as well. Since the ¢ quark has charge +2¢/3, the additional
hadrons that are introduced by exceeding this threshold energy add 3 x (2/3)*> =4/3 to
the value for R. Thus R asymptotically should approach the value of 2 + 4/3, or 3 1/3,
until the threshold for producing the - pair at a center-of-mass energy of approximately
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Figure 10.16 The ratio R = o(e” +e* — hadrons)/o(e” +e¢* — p~ + p*) as a function of
the center-of-mass energy (in GeV) of the electron—positron system. The arrows labeled by p
and @ indicate the location of spin-1 mesons composed of i and dd quarks. These mesons
show up as resonances in o (¢~ + e™ — hadrons). The ¢ meson is an s§ bound state. Similarly
the J/yr at 3.1 GeV and /" at 3.7 GeV are ¢ bound states and the T resonances, which occur at
a center-of-mass energy of roughly 10 GeV, are b bound states. The J/r, the ¥', and the Y
resonances are very narrow spikes in the ¢~ + ¢™ — hadrons cross section. See Fig. 10.29 for a
more detailed look at the cross section in the 3.1 GeV region. Adapted from F. Halzen and A. D.
Martin, Quarks and Leptons, John Wiley & Sons, New York, 1984, p. 229.
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10 GeV, at which point 3 x (1/3)* = 1/3 is added to the value of R. The ¢ quark does
not contribute to the production of hadrons in the data in Fig. 10.16, since the mass of
the ¢ quark is very large.’

Just as electric charge is the source of the electromagnetic field that mediates elec-
tromagnetic interactions between charged particles through the exchange of photons,
color is the source of the strong interactions between the quarks. The quarks interact by
exchanging quanta called gluons. For example, absorption or emission of a gluon can
turn a red quark into a blue one, as shown in Fig. 10.17. The gluons can be thought of as
arising from the states that are generated by combining a color with an anticolor. Thus
the reaction

g — up+ grp (10.43)

corresponds to a red # quark turning into a blue « quark with the emission of a red-
antiblue gluon g,3. Although the quark changes color in (10.43), color is conserved
since the red color of the quark in the initial state is the same as the sum of the colors
(red + blue + antiblue) in the final state. You might at first think there should be nine
different gluons that arise from the nine different possible ways of combing three colors
and three anticolors together. But one of these ways, the one corresponding to the linear
combination of color-anticolor states

E(RR%—GG-{-BB) (10.44)

does not occur as a mediator. This state is referred to as a color singlet. It is the single
state that arises from the combination of three colors and three anticolors that has no net

uB d R
8ri

Up Ug dp

(a) (b)

Figure 10.17 (a) A red up quark emits a red-antiblue gluon and
becomes a blue up quark. In QCD there are seven additional
quark-gluon vertices since there are cight different color—
anticolor combinations for the gluons, (b) The Feynman diagram
showing the interaction of a red up quark and a blue down quark
through the exchange of a gluon.

"Mentioning the mass of a quark makes for an awkward discussion since, as we will discuss later
in this section, there is strong reason to believe that individual quarks cannot be isolated. Thus the
mass of a quark cannot be directly measured. Nonetheless, “effective” masses of the heavier quarks
can be determined from the masses of hadrons that contain these quarks. The r quark is sufficiently
heavy (roughly equal to that of a gold nucleus) that it decays into lighter quarks so quickly that hadrons
containing the r quark do not have time to form.
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Figure 10.18 Since the gluons themselves carry color, they couple
to themselves as well as to quarks. In QCD there are vertices in
which three gluons and four gluons couple to each other.

color, just as the combination of spin states for two spin-1/2 particles

% [x+(Dx-(2) = x-(Dx+(2)] (10.45)
is a spin-singlet state that has no net spin angular momentum, as shown in Example 7.3.

One of'the striking differences between quantum chromodynamics (QCD) and quan-
tum electrodynamics (QED) is that because the gluons carry color, they can couple to
each other. QCD dictates that two types of coupling between gluons are possible, one
with three gluons at a vertex and the other with four. See Fig. 10.18. Because the gluons
themselves carry color, QCD is much more difficult to solve than is QED. Moreover, the
coupling between quarks and gluons or between gluons themselves is stronger than the
coupling between electrons and photons. The analogue of «, the fine structure constant,
for the strong interactions can be as large as 15 at low energies. '

What we believe happens is that a color “dipole” consisting of a quark with one color,
say red, and an antiquark of the opposite color, antired, produces a color field that is quite
different from that produced by an electric dipole in which two opposite electric charges
are separated by some distance. Figure 10.19 shows the fields in the two cases. In the
electromagnetic dipole the electric fields spread out over space. But for sufficiently large
separations of the quark and the antiquark in the color dipole, the color field forms a
flux tube. As the separation between the quark and the antiquark increases, so does the
length of the flux tube and the correponding energy. An energy linearly proportional to
separation distance leads to a linearly rising potential energy. If the tube doesn’t rupture,
it would take an infinite amount of energy to separate the quark and the antiquark to
infinity. Hence the quark and the antiquark are confined, forming a meson. This is the
rationale for calling the mediators of the color interaction gluons, since this interaction
glues the quarks and antiquarks together into mesons (or three quarks together into a
baryon). However, if the quark and the antiquark are produced with a sufficiently large
energy, say in electron—positron annihilation, the flux tube can rupture as the quark
and the antiquark produced in the annihilation separate, leading to the creation of an
additional quark—antiquark pair. The net effect, as illustrated in Fig. 10.20, is to produce
two quark—antiquark pairs, namely two mesons.

Why are the mesons able to escape the grasp of the strong interactions as
their separation increases? The mesons are all in the very special superposition of

"These coupling constants are not truly constant. Their values depend mildly (logarithmically) on
the energy of the exchanged particle. At sufficiently high energies, the coupling constant for the strong
interactions becomes small enough that it is feasible to use Feynman diagrams to calculate probability
amplitudes for the strong interactions.
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(b)

Figure 10.19 An electric dipole consists of a positive and a negative charge separated by a
distance d. The electric field produced by such a dipole is shown in (a). A quark and an

antiquark separated by a distance d form a color dipole as well as an electric dipole. The
form of the color fields at largish separation of the quark and the antiquark is shown in (b).
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Figure 10.20 As the separation between the quark and the antiquark increases, it becomes
energetically advantageous for the flux tube to rupture with the creation of an additional
quark-antiquark pair, thus producing two mesons. The mesons are not purely R R but are
rather in the color singlet (10.44).
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color—anticolor states shown in (10.44). As we noted in our discussion of the color
states of gluons, this superposition is a color singlet. It has no net color. Just as two
neutral atoms interact electromagnetically much more weakly than do two ions, so too
do two mesons each of which is “colorless.” Similarly, the antisymmetric color state
L(RGB+GBR—I—BRG—J.’i’GR—GRB—RBG) (10.46)
NG
of three quarks that we argued was necessary to ensure that the three « quarks in the
AT were in an antisymmetric state under exchange is also a color singlet. The linear
combinations (10.44) and (10.46) are the only color singlet states that can be made from
the three color charges. Therefore only quark—antiquark states (mesons) or three quark
states (baryons) have the possibility of being colorless.'!

Finally, let’s now return to the issue of the force between two nucleons. In our discus-
sion of nuclear physics in the preceding chapter, we characterized this force as the strong
force. Now we see that the nuclear force between color neutral hadrons is the relatively
weak residue of the underlying interactions of quarks and gluons just as the relatively

"'The state ﬁ(}?éé + GBR + BRG — BGR — GRB — RBG) in which each of the colors in
(10.46) is replaced by its anticolor is also a color singlet. Thus antibaryons (such as p and 71) consisting
of three antiquarks can also exist.
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-

Figure 10.21 A typical
Feynman diagram for the weak
interactions. The mediator of
this interaction is the W boson.

weak van der Waals force between neutral atoms or molecules is a residue of the un-
derlying Coulomb interactions between the charged particles that constitute these atoms
or molecules. Although the residual nuclear force between nucleons is indeed strong
relative to the Coulomb interactions between the nucleons themselves, it is not as strong
nor of such long range as the underlying interaction between the quarks themselves.

10.5 Quantum Flavor Dynamics

In QED, the quantum theory ofelectromagnetic interactions, electric charge is conserved.
In QCD, the quantum theory of strong interactions, color charge is conserved. What about
weak interactions? What do they conserve? The short answer, as we will see in this section
and the following two sections, is not as much.

First, it would be good to have a nice three-letter acronym for the weak force. A
case can be made for calling it QFD, short for quantum flavor dynamics, for the weak
interactions are first and foremost interactions that couple to flavor. We commented
earlier that there are six different flavors of quarks, namely u, d, s, ¢, b, and 7. Similarly
there are six different types, or flavors, of leptons e, v,, i, vy, 7, and v;. All quarks and
leptons participate in the weak interactions. But flavor, unlike charge and color, is not
necessarily conserved. The weak interaction

Ve+n—e +p (10.47)
can be expressed in terms of quarks as
Ve+d — e +u (10.48)

We see that there are two flavor changes in this reaction, namely, d — v and v, — e™.
The lowest order Feynman diagram for this process is shown in Fig. 10.21. The mediator
for this process is referred to as the W boson (or intermediate vector boson, which is a
way of saying that the J# boson has intrinsic spin one). The two time-orderings implicit in
this Feynman diagram mean there are two /' bosons, the W+ and the W~. The masses of
the W bosons are 80 GeV/c?. You may be surprised that a proton can turn into a neutron
and emit a particle with a mass of 80 GeV/c2. But if you look back at the discussion on
the connection of the range of a force to the mass of the exchanged particle, you see that
what this is really telling us is that the weak interaction is a very short-range one. For
particles to interact through the weak interactions they must be very close together. Thus
the effective area for interaction is very small. This is the reason the cross section for a
reaction such as that shown in (10.47) is roughly 13 orders of magnitude smaller than a
strong interaction cross section such as that for pion—nucleon scattering. For example, a
1 MeV neutrino is likely to travel through 35 light years of water without interacting.

Not only are weak interactions mediated by the charged bosons W*, but there is a
neutral mediator as well, the Z° boson. Since the Z° is electrically neutral, it couples
directly to all the different flavors of quarks and leptons without a flavor change. Thus
reactions such as

Ve+p— Vet p (10.49)

are possible. In terms of the quarks, the corresponding Feynman diagrams are given
in Fig. 10.22. The mass of the Z" is 91 GeV/c?, somewhat larger than that of the
W% Thus the cross section for these neutral current interactions, as they are called, is
comparable with the cross section for charged current interactions, those mediated by
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Figure 10.22 Weak interactions are also mediated by the Z° boson.

the W=. Because reactions such as (10.49) do not entail the conversion of a neutrino into
a charged lepton that can leave a track of ions as it moves through a liquid or a gas, these
neutral current interactions were not noticed until they were predicted to exist by theory,
a theory that unified electromagnetic and weak interactions.

In our discussion of QED we made much of the fact that the coupling of the photon to
a charged particle is dictated by the charge the particle possesses. In the case of the strong
interactions, the coupling constant for gluons to quarks is significantly larger than is the
coupling of photons to charged particles such as the electron. Before our discussion
of the mass of the mediators of the weak interactions, you might have supposed that
the weak interactions have a much smaller coupling constant than e. In the Glashow—
Weinberg—Salam theory that unifies weak and electromagnetic interactions, the coupling
constant for a W coupling to a quark or a lepton is e/ sin é,,, where the angle 6,, = 28.7°
is determined from experiment. Thus the charged current coupling constant is actually
somewhat larger than e. The reason that the coupling constant is expressed in terms of the
angle 6,,, which is called the Weinberg angle, is that in this unification of electromagnetic
and weak interactions the photon and the Z° are different linear combinations of the two
other basis states, the so-called W and B, namely

y = Bcosb, + Wsiné, (10.50)
and

7" = —Bsinb, + W°cosé, (10.51)

Using cosine and sine of an angle to express this superposition is convenient, since it
assures us that the sum of the probabilities is one (cos’ 6, + sin’é, = 1) for each
superposition. Moreover, if we think of the W and B states as orthogonal states, then
the linear combinations that correspond to the photon and the Z" are orthogonal, too. See
Problem 5.3. The mass of the photon is, of course, zero, while the theory predicts that
the mass of the Z° is related to the mass of the W via My = M, cosf,, in agreement
with experiment. Thus the two superpositions in (10.50) and (10.51) generate two very
different particles. The different masses for the photon and the Z" are generated by a
mechanism called spontaneous symmetry breaking (see Section 10.8).

Because of their large masses, a high-energy accelerator is required to create the W
and Z bosons. High-energy experimental physics is an enormous enterprise, involving
multinational collaborations and large teams of scientists. Figure 10.23 shows the UA
detector at CERN that was used to make the first detection of the W produced in proton—
antiproton collisions with a center-of-mass energy of 540 GeV. Typically, the quarks
in the proton share one half of the proton’s kinetic energy, with the gluons sharing the
other half. Thus each quark in the proton (and each antiquark in the antiproton) has an
energy of roughly 45 GeV, so the center-of-mass energy in a quark—antiquark collision
is sufficient to make a ¥ boson. The production and subsequent decay of a ¥ boson is
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Figure 10.28 The contribution of the Feynman diagram with a vir-
tual u shown in (a) to the decay K* — u~ + u™ is partially
canceled by the diagram with a virtual ¢ quark shown in (b).

there would be sufficient cancellation between the two amplitudes to suppress the rate
for the decay K" — p™ + p~ to the point where the calculated rate is not in conflict
with the experimental results. And such a quark does indeed exist. It was discovered
subsequently, in 1974. As was discussed in Section 10.4, evidence for this quark is seen
in the rise in the value of the ratio R in electron—positron annihilation above 3.7 GeV.
Because of (10.53), weak decays of baryons and mesons that contain a ¢ quark tend to
be preferentially into hadrons that contain a strange quark.'?

One of the noteworthy features of Fig. 10.16 that we have not discussed is the sharp
spikes in the cross section at certain energies. For example, in the vicinity of a center-
of-mass energy of 3.1 GeV, the cross section for producing hadrons increases sharply,
as shown in Fig. 10.29. At SLAC, this resonance was referred to by the letter ¥. The
yr is a bound state of a charm-anticharm quark pair. It was simultaneously observed at
Brookhaven National Laboratory (BNL) and called the J particle there. Consequently,
this particle is often referred to as the J/v. Just as an electron—positron bound state
is called positronium, the charm-anticharm quark bound state is called charmonium. '
The production of charmonium in e~—e™" annihilation produces a resonance, very much
in the way the production of the A** generates a resonance in 7w *—p scattering. Because
the sum of the masses of the lightest pair of mesons containing a ¢ and a ¢ quark exceeds
the mass of the J/i particle—the ground state of charmonium—the ./ /1 cannot decay
into hadrons containing charm quarks. Consequently, the decay proceeds through an in-
termediate state of three gluons, as indicated in Fig. 10.30. As was noted in Section 10.4,

“The ¢ quark is said to be the charm quark. The rationale for calling this quark the charm quark
arose from the as yet unexplained symmetry in the quark and lepton flavor worlds. Before 1974 two
generations of leptons had been discovered (e and v, constituted one generation and p and v, constituted
a second, more massive generation). In the quark sector, there was one generation consisting of « and
d quarks and a single more massive strange quark s. Glashow and Bjorken had suggested in 1964 that
it would be charming if there were two generations of quarks to match the two generations of leptons.
Now of course we know there are three generations of quarks and three generations of leptons, so the
symmetry between quarks and leptons has been maintained.

“The discovery of the J/y created much excitement among particle physicists. At one point a
theoretical preprint was circulated with two panda bears with complementary spots stuck together
on the cover, reflecting the pandemonium that was common at the time in the high-energy physics
community.
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Figure 10.29 The cross section for e~ + e™ — hadrons in the
vicinity of a center-of-mass energy of 3.1 GeV. The width of the
J/yr resonance is 50 keV, which is much less than the spread of
several MeV in the beam energies of the electron and the
positron. Results are from the Stanford Positron-Electron
Accelerating Ring (SPEAR) at the Stanford Linear Accelerator
Center (SLAC). Adapted from J. E. Augustin et al., Phys. Rev.
Lett. 33, 1406 (1974).

the strength of the coupling of the gluon to a quark decreases as the energy carried by
the gluon increases. Consequently, because of the relatively large mass of the J /v, each
of the three gluons in the intermediate state in Fig. 10.30 carries enough energy that the
coupling between these gluons and the quarks is relatively small—thus the long lifetime
and corresponding narrow width of the .J /4. In addition to the J /v, there are additional
excited states of charmonium. The first excited state, the ¥, has a mass of 3.7 GeV/c?.
Once created in e~ —e™ annihilation, the primary decay mode of the /' is to the lower mass
J /1 with the emission of two pions (¥ — J/y + 7+ + 7). See Fig. 10.31. After the
discovery of charmonium particle physicists found themselves solving the Schrodinger
equation to try to determine the form of the potential energy responsible for binding the
¢ and ¢ together. Given the discussion in Section 10.4 on the linearly rising potential
energy that is generated in attempting to pull a quark and an antiquark apart, it will not
come as a surprise to learn that a potential energy of the form V' = ar works very well
for all but the smallest values of , where r is the separation between the ¢ and  quarks.'*

One final comment on Fig. 10.16 is in order. In addition to the J /v and ¥/, there are
spikes labeled w, p, ¢, and T, all of which are resonances that occur in ¢~ —e™ annihilation
through the formation of quark—antiquark bound states. The p and w correspond to two
different linear combinations of uit and dd, the ¢ is an s5 bound state, while the T, Y,
and Y correspond to different energy states of the bb system, or bottomonium.

5Thus Problem 4.15 illustrates how numerical techniques can be used to determine the energy levels
of charmonium.

Jhp

Figure 10.30 A decay mode

of the J/¢ meson in which
the ¢ and ¢ quarks annihilate
through a three-gluon channel.
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Figure 10.32 Feynman diagram
for the decay A" — p + 7.
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Figure 10.31 A spark chamber picture of the decay ' — J/¢ + 7" + 7. The
magnetic field and the SPEAR beam pipe are perpendicular to the plane of the figure.
The 150-MeV pions bend more in the magnetic field than do the 1.5-GeV electron and
positron emitted in the decay of the 1. Adapted from G. S. Abrams et al., Phys. Rev. Lett.
34, 1181 (1975). Given the difficulty that ensued in finding the “right” name for the J /v
particle, many SLAC physicists could not resist wearing T-shirts showing this picture,
indicating how nature seemed to come down on the matter.

e

EXAMPLE 10.9 Construct a Feynman diagram for the decay A — p + 7.

SOLUTION Fig. 10.32 shows the Feynman diagram. The A" baryon is a uds bound
state. The strange quark decays into an up quark by emitting a W~ boson, which
subsequently decays into a down quark and an anti-up quark. Strictly, either of the
d quarks in the final state could be grouped with the it to make a 7~ meson.

Neutrino Oscillations

This mixing, as it is called, of d and s quarks in the coupling to the ¥ boson is apparently
repeated in the lepton sector as well and is the resolution of a long-standing mystery.
Let’s start with a description of the mystery. Recall from our discussion of nuclear fusion
in Section 9.5 that the initial reaction in a series of reactions [see (9.66) through (9.68)]
responsible for powering the Sun is the weak interaction

p+p—d+et +v,+04MeV (10.54)

where here d is the deuteron. The power output of the Sun is well known and conse-
quently so should be the number of nuclear reactions taking place in the Sun’s interior.
Each conversion of four protons into an alpha particle releases two electron neutrinos,
as summarized in (9.69). Consequently, we expect a huge flux of neutrinos (roughly
100 billion per square centimeter per second) from the Sun to be incident on the Earth
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(see Problem 10.13). Although the cross section for neutrino interactions is very small,
it is possible to predict, using the theory of weak interactions and our understanding of
the workings of the interior of the Sun, how many neutrinos should be detected in, say.
an underground detector that is sufficiently isolated from cosmic ray background. The
first experiment to detect solar neutrinos was carried out by R. Davis in a gold mine in
South Dakota with a vat about the size of a swimming pool filled with C;Cly (cleaning
fluid). Electron neutrinos interact with chlorine atoms via the reaction

v, +Cl — e + Ar (10.55)

In particular, 3"Cl is converted to 3" Ar, which is radioactive with a half-life of 35 days.
Davis isolated the argon and measured its radioactivity. In the initial experiment, a few
argon atoms each month were expected. In this experiment and in other more recent
experiments, the number of neutrinos detected is roughly one-third to one-half of that
predicted by theory, generating what has been called the solar neutrino problem.

The resolution of the solar neutrino problem resides in the sort of mixing that occurs
between d and s quarksin (10.52) and (10.53). To make this discussion as straightforward
as possible, let’s focus on two neutrino types. v, and v,. Assume that these neutrinos are
the analogues of the ¢’ and s’, that is,

Vo = V) c0SH + vy siné (10.56)
and
v, = —v; sinf + v, cosf (10.57)

where ¢ is yet another mixing angle, different in value from the Cabibbo angle (or, for
that matter, the Weinberg angle). The v; and v, are presumed to be the energy eigenstates
(like s and d). If the corresponding energy eigenvalues £ and £, are different, then the
superpositions in (10.56) and (10.57) are time dependent:

ve(t) = v1(0)e B/ cos 6 4 vy(0)e E+/ sin g (10.58)
and
V(1) = —v1(0)e " E1/M 5in 6 + va(0)e ™ B4/ cos (10.59)

where v,(0) is the amplitude of an electron neutrino at 7 = 0 and v,,(0) is the amplitude
of a muon neutrino at ¢ = 0. If we presume that v.(0) = 1 and v, (0) = 0, as would be
the case for the neutrinos produced by the Sun, then

vi1(0) = v, cosf and 15(0) = v, siné (10.60)
and hence
V(1) = vi(0)e ™ B cos 0 + vy (0)e B2 sin g
= ( cos® Ge  Ei/A 4 gin? He_"EZ'/ﬁ) 1,(0) (10.61)
The probability of the neutrino being an electron neutrino at time ¢ is therefore given by
Prob(v, — ve) = cos® 0 + sin® 0 + cos? @ sin® g [/ 2~ EN/A 1 (i(E2=EVI/R]

=1 — sin’*(26) sin’ [(E; — E 1)t /24)] (10.62)
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Neutrinos are generally ultrarelativistic. Presuming that pc 3> mc?, we can use the
binomial expansion to approximate the energy

2.2

m;c=

Ei = /P’ +mict = pey[1 + —5
P

m?c’
= po -3 (10.63)
2p
and therefore
By — By 2 M (10.64)

2p

Thus measurements of the rate of neutrino oscillations permit us to determine the dif-
ferences in the square of the masses of the neutrinos.

Figure 10.33 shows the experimental setup for the Super-Kamiokande experiment,
one of the recent experiments that has provided strong evidence for neutrino oscilla-
tion. The Super-Kamiokande experiment consists of 50,000 metric tons of ultra pure
water in a tank surrounded by 11,000 photomultipliers, each 50 cm in diameter. The

Figure 10.33 The Super-Kamiokande detector partially filled with water. The leptons
produced by neutrino interactions in the water emit Cerenkov radiation that is detected by
the photomultipliers lining the tank. [Courtesy Kamioka Observatory, ICRR (Institute for
Cosmic Ray Research), The University of Tokyo]



Section 10.6 Mixing Angles 349

detector is located underground in an active zinc mine in the Japanese Alps. Not only is
Super-Kamiokande capable of detecting solar neutrinos, but it can also observe the
neutrinos that are generated in cosmic ray collisions in the atmosphere. Cosmic ray pro-
tons striking the nuclei of air molecules produce pions. The predominant pion decay
modes

xt = ut 4+, (10.65)
and
T = u+ Uy (10.66)

generate a flux of muon neutrinos. Cosmic rays strike the atmosphere on all sides of
the Earth and the probability that a muon neutrino scatters in traveling up through the
Earth is small, as indicated in Fig. 10.34. Without neutrino oscillation there should be
equal fluxes of energetic muon neutrinos entering the tank of water from above and
from below. But in fact the number from below is less than the number from above
because the neutrinos from below travel farther and therefore have more time (distance)
to oscillate into tau neutrinos. The energy of the incident neutrinos is not large enough
to produce a tau lepton and thus these neutrinos do not produce a charged lepton in their
passage through the water and are not observed. Figure 10.35 shows the probability of a
muon neutrino remaining a muon neutrino as a function of distance traveled. Similarly,
electron neutrinos from the Sun that oscillate into muon neutrinos do not have sufficient
energy to create a charged muon and thus cannot interact through W exchange with the
material in the target.

The results from Super-Kamiokande as well as a number of other experiments show
(m3—m?)c* = 8x 1077 eV? andsin®(26,;) = 0.86, with uncertainties on the order of 5%.
The data also indicate that (m? —m3)c* is on the order of 2 x 10~* eV? and sin” 63 = 1.0,
with a larger uncertainty. An upper limit on the mass for the electron neutrino of 2.2 ¢V
comes from measuring the energies of the most energetic electrons emitted in the beta
decay of tritium, while comparable upper limits on the mass of muon and tau neutrinos
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Figure 10.34 Cosmic rays strike the atmosphere of the Earth from
all sides, producing charged pions which decay predominately
into muons and muon neutrinos. Consequently, without neutrino
oscillations the flux of muon neutrinos entering an underground
detector should not show any dependence on the angle 6.
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Figure 10.35 The probability of a muon neutrino remaining a muon neutrino as a function
of distance traveled by the neutrino. The probability for a muon neutrino to remain a
muon neutrino is the same as the result (10.62) with v, replacing v, and £; — E, replaced
with E3 — E = (m3 — m3)c*/2p = Am*c® /2p since v, oscillates mainly into v,. The
time 7 in (10.62) is set equal to L /e, where L is the distance traveled by the neutrino. The
numerical value in the argument of the sine function arises from presuming that Am? is
measured in eV?, L in meters, and £ in MeV. Note that the horizontal axis is a log scale.
The first minimum in the oscillation occurs for neutrinos that travel five hundred
kilometers. (Courtesy M. Messier)

are in the MeV range. The natural presumption is that all three masses are near zero, but
the neutrino oscillation results are sensitive only to differences in mass.'®

Neutrinos are everywhere. Not only do stars emit a large flux of neutrinos, as has been
noted, but there is a cosmic background radiation of neutrinos that consists of roughly
300 neutrinos per cubic centimeter throughout the universe. This background radiation
of neutrinos is somewhat cooler than that for photons, because the neutrinos decoupled
from matter very shortly after the Big Bang because of their weak interaction with matter.
These neutrinos contribute to the energy density of the universe in a form that is called
hot dark matter—hot because the neutrinos are moving at ultrarelativistic speeds and

'®The observation of neutrino oscillations was startling to many physicists. Neutrino oscillations
cannot take place unless the neutrinos have different masses, i.e., different energy eigenvalues. The
presumption had been that the masses were all zero, since there were no facts to the contrary and it was
difficult to understand if neutrinos had a mass why it would be so small.
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dark because they are nearly undetectable apart from gravitational effects. A limit on the
sum of the masses of all three flavors of neutrinos of less than 1 ¢V can be inferred from
the limits placed on the amount of hot dark matter in the universe. A larger amount of
hot dark matter would generate a distribution of galaxies in the universe as a whole that
would be in disagreement with what is observed.

10.7 Symmetries and Conservation Laws

In our discussion of particle physics, we have made use of a variety of conservation
laws, including conservation of energy, linear momentum, angular momentum, charge,
and color. As we will discuss in this section and the next, there is a very deep connec-
tion between conservation laws and an associated underlying symmetry in the laws of
physics. We will also discuss the discrete space—time symmetries of parity, charge conju-
gation, and time reversal and the discovery that the weak interactions do not possess the
same discrete space—time symmetries as do the strong and electromagnetic interactions.

To see the connection between symmetries and conservation laws, start with (5.73),
namely

d(d) i [® © 34,
s o' P WHH, Aoy |W dx [ WPy gy 10.67
di fi/_x Ladwl¥aa s | N e Y

where [H, Aop] = H Agp— Agp H is the commutator of the Hamiltonian with the operator
corresponding to the observable A. Recall that we derived this result by taking the time
derivative of

oo
(A) =/ W AW dx (10.68)
—oQ
making use of the fact that the time dependence of the wave function is governed by the
Schrédinger equation

IW(x, ¢
HW(x, 1) = fﬁ% (10.69)

where # is the Hamiltonian. A conserved quantity is one for which {4) is independent
of time.

Linear Momentum and Energy

Let’s first take a look at conservation of linear momentum in one dimension. for which

"
Pxy .
H = e + Vixop) (10.70)
Since
dipy) i /“"
el 1 G W[ H, p. 1V dx 10.71
dt h S e [H, Pey) ! ( )

for linear momentum to be conserved, we require

P’
[H' P.\-np] = Eﬁ + V(’r“l")’ p“'vn‘|

=0 (10.72)
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Figure 10.36 (a) A constant potential energy is translationally invariant. (b) The potential
energy of the harmonic oscillator does not exhibit translational symmetry.

The linear momentum operator clearly commutes with itself and
[ops Pis] = (10.73)

Therefore, linear momentum will be conserved whenever ¥ (x) is independent of x, that
is, V(x) = Vy, where ¥} is a constant, as illustrated in Fig. 10.36a.

A symmetry operation is an operation that leaves the system invariant, or unchanged.
In this case, we say the system has translational invariance since the potential energy
satisfies V(x + a) = V(x) for any a. Put another way, V' (x) is independent of where
we position the origin of our coordinate system. Contrast this constant potential energy
with that of the harmonic oscillator ¥(x) = mw?x?/2, shown in Fig. 10.36b. For the
harmonic oscillator, there is no translational invariance. The potential energy varies with
the position x and the origin in Fig. 10.36b is that special point at which the potential
energy is a minimum. Applying (10.71) to the harmonic oscillator, we obtain

d(P.\') - 2
5= ma-{(x) (10.74)

which is just Hooke’s law expressed in terms of expectation values. Thus when we do not
have translational symmetry, linear momentum is not conserved. Our results are just what
we might expect from classical physics, just phrased somewhat differently, since if the
potential energy is independent of x, then the force F = —3 ¥ /dx vanishes, indicating
the momentum is conserved.

Similarly, if the Hamiltonian is invariant under time translations, that is / is inde-
pendent of time, then of course d /{ /0t = 0. Consequently, (10.67) tells us that energy
is conserved since the Hamiltonian commutes with itself.

This translational invariance is actually built quite deeply into the way we think about
the world. For example, when we measure the lifetime of an excited state of hydrogen, we
naturally expect that we will get the same answer if we were to perform the experiment in
a different part of the room or indeed in a different lab, perhaps one in another country.
Why do we believe this? One can say it is due to the homogeneity of space, the fact that
the physics is translationally invariant. The confirmation is how deeply we believe in and
have experimental evidence for conservation of linear momentum.

Angular Momentum

We now turn to conservation of angular momentum. If the potential energy is rotationally

invariant, that is ¥ = V(r), independent of # and ¢. then
d(L.) i

dt h

fxp* [H, L. |Wd’r =0 (10.75)
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Figure 10.37 A schematic diagram illustrating the effect of (a) rotating an
experiment by angle ¢ counterclockwise about the z axis and (b) keeping the
experiment fixed and rotating the coordinate axes by angle ¢ clockwise
about the z axis.

since the Hamiltonian and the operator corresponding to the z component of the orbital
angular momentum

BE

Ly, ==— 10.76
=799 ( )

commute.'” This is consistent with what we know from classical physics for a system
with central forces since the torque r x F vanishes when the force F is parallel (or
antiparallel) with the radius r, as will be the case when V' = V' (r).

Testing rotational invariance in the lab would require us to take the experimental
equipment and rotate it counterclockwise, say by an angle ¢ about the z axis, and perform
the experiment again, as indicated in Fig. 10.37a. Taking a complex piece of experimental
apparatus, say one that is carefully aligned, rotating it, and performing the measurements
again is an experiment that we seldom do. We do, however, often do something com-
parable, namely we may choose to analyze the experiment from a different coordinate
system, say one that is rotated clockwise by angle ¢ about the z axis, as indicated in
Fig. 10.37b. We learn from the very beginning in physics that we have the freedom to
orient our coordinate axes in any way we choose. Why are we so comfortable doing this?
Why do we believe so naturally in the isotropy of space? The answer is all the evidence
that we have for conservation of angular momentum.

Parity

Just as it seems common sense that we have the freedom to translate or rotate our
coordinate axes at our discretion, one would suppose that we could equally well invert
our coordinate axes in analyzing a particular experiment. Inverting the coordinate axes
turns a right-handed coordinate system into a left-handed one, as indicated in Fig. 10.38.

Similarly, L, and L, depend only on angles as well and commute with the Hamiltonian when
the potential energy is a function of » only.
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Figure 10.39 Schematic
diagram of C-S. Wu’s
experiment on the beta decay
of °Co nuclei, which are
located at the center of a
current-carrying wire. The
electrons are preferentially
emitted opposite to the

direction of the magnetic field.

®(x,v,2)
» (—x, -y, —2)
Figure 10.38 Inversion of the coordinate axes.
The coordinates of the position vector r are consequently inverted:
r=(x,y,z)— (—x,—y,—z)=—-r (10.77)

Inversion symmetry is closely connected to mirror symmetry. A mirror reflection, one
in which just one of the axes is inverted, say

x,y,2) => (x,—y,z (10.78)

can be obtained from an inversion of coordinates followed by a rotation of 180° about the
v axis. Since the laws of physics are rotationally invariant, these laws should also look
the same in a mirror if it doesn’t matter whether we use a right-handed or a left-handed
coordinate system in our analysis.

As we noted in Section 5.1, the quantum mechanical operator that inverts the coor-
dinates of the wave function is the parity operator

ny(x,y,2) = ¥(—=x, -y, —2) (10.79)
Since

dily i [® . i

- = ﬁ./ﬁw [H, )W d* (10.80)

if the Hamiltonian commutes with the parity operator, then the expectation value of
the parity does not change with time and parity is conserved. The underlying symmetry
associated with conservation of parity is the invariance of the laws of physics to switching
from a right-handed to a left-handed coordinate system.

There is a lot of evidence that the strong and electromagnetic interactions conserve
parity. In trying to sort out a puzzle involving the decays of the K mesons, T. D. Lee and
C.N. Yang proposed in 1956 that perhaps parity is not conserved in the weak interactions.
Moreover, they noted that whether parity was or was not conserved had never been tested
by experiment. Subsequently, C-S. Wu examined the beta decay

Mo >ONi+e + (10.81)

for cobalt nuclei that had been cooled to low temperature in a strong magnetic field. A very
schematic diagram of the experiment is shown in Fig. 10.39. Because *’Co has a large
intrinsic spin and consequently a large magnetic moment, the nuclei align themselves in
the magnetic field before the decay. In the decay more electrons are emitted antiparallel
to the magnetic field than parallel to the magnetic field. While this result sounds fairly
innocuous, it is clear evidence for nonconservation of parity. After all, the direction of
the magnetic field is determined using the “right-hand rule.” You wrap your right hand
around the current loop in the direction of the current and your thumb then points in the
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Figure 10.40 A hand and its mirror image.

direction of the magnetic field. Thus by analyzing the ®°Co beta decay, we can determine
unambiguously what is right handed by noting that the electrons are emitted preferentially
opposite to the direction of your thumb if you use the right-hand rule. If on the other
hand, had you used your left hand to determine the magnetic field direction, you would
then say the electrons are preferentially emitted parallel to the direction of your thumb
on that hand. In this sense, the experiment seems to say that the weak interactions are
left handed. But whether something is left or right handed depends on whether you use
a right-handed coordinate system, as the mirror image of a hand in Fig. 10.40 shows.
Thus the result of this experiment is evidence for nonconservation of parity.

This description of the beta decay of “’Co may raise questions about conservation of
parity in the electromagnetic interactions. After all, don’t electromagnetic interactions
depend on the right-hand rule? That is how we determined the direction of the magnetic
field from the current carrying wire. But in electromagnetism the fields are used to de-
termine the direction of forces on charged particles. If you examine the Lorentz force
law F = gE + gv x B, you see that to determine the direction of the magnetic force,
which involves a cross product, we use the right-hand rule twice, once to determine the
direction of the magnetic field and once to determine the direction of the force. Apply-
ing the right-hand rule twice gives the same result as applying the left-hand rule twice.
Thus as long as we are consistent, whether we use the right-hand rule or the left-hand
rule for electromagnetism, we obtain the same results. There is no distinction between a
left-handed versus a right-handed coordinate system. Consequently, all electromagnetic
processes conserve parity. And although the beta decay of ®’Co is just one manifesta-
tion of nonconservation of parity in the weak interactions, all weak processes violate
conservation of parity. It is a hallmark of the weak interactions.

Charge Conjugation and Time Reversal

For a brief period of time after the discovery of nonconservation of parity, physicists
thought there was a way to restore the symmetry that had been lost to nonconservation
of parity. In particular, they hoped that even if the weak interactions were not invariant
under inversion of coordinates, they might be invariant under the combined operations of
inversion and charge conjugation. In charge conjugation, every particle is replaced with
its antiparticle. The electromagnetic interaction between an antiproton and a positron in
an antihydrogen atom, for example, is identical to that between a proton and an electron
in a hydrogen atom. The energy levels, the decay rates, all the physics that is due to
electromagnetic interactions does not permit us to distinguish the particle world and the
antiparticle world. The physics is the same for both, at least as long as we restrict ourselves
to electromagnetic interactions. Since electromagnetic interactions are invariant under
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Figure 10.41 A mirror that combines the operations of inversion and charge conjugation
(a CP mirror) restores the symmetry in the beta decay of ®*Co. In the lab, electrons are
emitted preferentially opposite to the magnetic field, which is also true for the positrons
observed in the CP mirror.

inversion of the coordinates as well, these interactions are invariant under the combined
action of charge conjugation and inversion, an action that is typically referred to as CP.

Let’s go back to the Wu experiment and consider the combined actions of inversion
of the coordinates and the replacement of each particle by its antiparticle. Suppose there
is a mirror on the ceiling of the lab, as indicated in Fig. 10.41. The direction of current in
the lab is the same as in the mirror, but the direction of the emitted electrons is reversed
in the mirror. As we have noted, the physics is not symmetric in the lab and in the mirror
image of the lab, that is in a right-handed and a left-handed coordinate system. But
suppose the mirror is not an ordinary mirror, but rather one that combines the operations
of charge conjugation and inversion (a CP mirror). In the CP mirror, the decay is

00 % Ni4-2" L (10.82)

While the positrons emitted in this beta decay travel in the opposite direction to that
observed in the lab, the magnetic field in the CP mirror is reversed as well because the
direction of current flow in the CP mirror is opposite to that in the lab since the charge
carriers are the antiparticles of the ones in the lab. But with both the direction of the
positrons and the magnetic field reversed in the CP mirror, more positrons come out
antiparallel to the magnetic field, just as the electrons do in the lab. Thus the symmetry
has been restored.

Until 1964 there was reason to believe that the weak interactions were invariant under
CP. But in that year in an analysis of the decays of the K" mesons it was discovered
that there is a small violation, at the level of a couple of parts per thousand, in CP
conservation. This CP nonconservation is to be contrasted with nonconservation of parity,
which one can say is maximal in the sense that if a system starts in an eigenstate of



Section 10.7 Symmetries and Conservation Laws

parity with eigenvalue +1, it is equally likely to evolve into a state that has parity +1
or one that has parity —1, all other things being equal. Although the violation of CP
conservation is a small one, the effect can be seen because of quantum interference
effects in the time evolution of the K%~K° system—interference effects that are very
similar to those responsible for neutrino oscillations. One of the interesting implications
of nonconservation of CP is that time reversal must also be violated, since it can be shown
that any theory that respects both quantum mechanics and special relativity conserves
CPT, where T stands for time reversal. Thus if CP is violated and CPT is conserved, T
must be violated as well.

One of the virtues of CP nonconservation may be our very existence. We live in a
universe that started as a Big Bang in which particle and antiparticle creation and anni-
hilation occurred at the same rate, as is clear from Feynman diagrams such as that shown
in Fig. 10.11. But the universe now is dominated by what we call matter, not antimatter.
How did this asymmetry arise? As was noted by A. Sakharov, a necessary condition
for the predominance of matter over antimatter is CP nonconservation in the laws of
physics. Thus our universe would be a very different place without CP nonconservation.
Interestly, it can also be shown that CP nonconservation requires three generations of
quarks/leptons, since the generalization of the mixing angle to three generations demands
a matrix with four parameters, one of which must be a complex phase associated with CP
nonconservation. While we do not know yet at a fundamental level why we have three
generations of quarks/leptons, it seems that without three generations life as we know it
could not have developed.

EXAMPLE 10.10 Show that total momentum is conserved for two particles that
interact through a potential energy ¥ (x; — x;). What symmetry does the potential
energy possess?

SOLUTION First note that for this potential energy the system is not translationally
invariant for x; — x; + a, that is if we change the position of one of the particles
but not the other, the potential energy varies. On the other hand, if we make the
simultaneous transformation x; — x; + @ and xo — x, + a, then the distance
separating the particles does not change and neither does the potential energy. The
total momentum operator is
oD B0
i dxy 0 dx;

The commutator of the total momentum operator and the Hamiltonian reduces to

ROVE —x2) A B¥Ge —xz)) W =0
i dx, i axs

[Preys Vix1 —x2)] ¥ = (
where in the last step we have taken advantage of the fact that

%1 Vixi —x2) = —% Vix) = x3)

It is interesting to note the similarity in this derivation with the comparable
result in classical physics, where the force on particle 1 is F; = —a¥ /dx; and
the force on particle 2 is > = —d¥/dx,. For the potential energy V(x; — x3),
Fy = —F,, astatement of Newton's third law, and therefore F} + F> = 0, indicating
the total momentum is a constant.
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10.8 The Standard Model

One fundamental conservation law that was not included in our discussion in the previous
section is conservation of electric charge. Given the connection that we have established
between a conservation law and symmetry, it is natural to ask what symmetry is associated
with conservation of charge. It turns out there are actually two closely intertwined sym-
metries, namely gauge invariance in Maxwell’s equations and overall phase invariance
in quantum mechanics.

Let’s start with Maxwell’s equations. One of Maxwell’s equations, Gauss’s law for
magnetism, in differential form requires the magnetic field B to satisfy

V:-B=0 (10.83)
A way to be sure the divergence of the magnetic field vanishes is to write
B=VxA (10.84)

since the divergence of a curl is zero. The vector field A is known as the vector potential.
When we substitute B = V x A into Faraday’s law in differential form

VxE=——r .85,
X B (10.85)
we obtain

dA

Vx E+4+— ) =0 (10.86)

at

This equation is satisfied provided
A

at

since the curl of a gradient vanishes. Consequently,

E=-Vo—— (10.88)

The scalar field ¢ is called the scalar potential.

Within classical physics, A and ¢ are auxiliary fields that are introduced to facilitate
the calculation of E and B. The scalar potential is particularly useful in electrostatics,
since it is often easier to calculate the scalar ¢ for some charge distribution and then take
its gradient than to calculate the vector E directly. The fields A and ¢ are not considered
to be physical fields since it is possible to modify them according to

9
A— A+Vy and (p——)(p—a—): (10.89)

where y is an arbitrary scalar field, without affecting the electric field E and the magnetic
field B. See Problem 10.16. A simple illustration is the freedom we have to set the value
of the scalar potential at some point (say the point at infinity or perhaps the point we call
ground in a circuit) to zero. We could just as easily define it as 100 V without affecting
any of the physics. It is only potential differences that matter. This shift in the zero of
the scalar potential ¢ is a special case of the more general gauge transformation shown
in (10.89). Consequently, the fields A and ¢ are called gauge fields. And the fact that E
and B are not affected by a gauge transformation is referred to as gauge invariance.
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While providing a rigorous proof of the connection between gauge invariance and
conservation of charge is beyond the scope of this text, following E. Wigner we can give
a heuristic argument that shows they are connected. Start by assuming that charge is not
conserved and a charge is created at a point in space at which the scalar potential has the
value @. The energy to create the charge must be independent of the value of ¢ by gauge
invariance. If ¢ is spatially dependent, then according to (10.88), there is an electric
field present that will accelerate the particle to a region where the scalar potential has
a different value, say ¢'. If the charge is now presumed to disappear, the energy gained
in this annihilation must be independent of the value of ¢, again because of gauge
invariance. But the particle has gained kinetic energy ¢(¢ — ¢’) in this movement, energy
that could, for example, be used to run a perpetual motion machine. If we presume that
this is crazy, that energy is conserved, then charge must be conserved as well.

Now we turn to what at first looks like an unrelated symmetry that is deeply embedded
in quantum mechanics, namely overall phase invariance. If you take any wave function
and change the overall phase

U(r, 1) — ey(r, 1) (10.90)

there will be no change in the probability density ¥*(r, 1)y (r. ) or in any of the prob-
abilities [c,|* = | [ ¥ r|” that we calculate from this wave function. In making the
case for overall phase invariance, it is important to note that the phase & is independent
of space and time (and consequently the phase change can be described as a global
phase change). Otherwise not only will the |¢,|* be affected, but in addition the change
generated in (10.90) will modify the fundamental equations, such as the Schrodinger
equation, that involve derivatives of the wave function. If we were to consider what is
termed a local phase change on the wave function for a particle with charge ¢ of the
form

U(r, t) — Xy (r 1) (10.91)

where y(r, ) is an arbitrary scalar field, then a partial derivative of the wave function,
say with respect to x, becomes

3‘/1.(1', [) 5 {_,iqx(r.r)/ﬁ (d‘ﬁ(", ’) e “3" a)f(r [)7{’( (1092)
dx dx h
and a partial derivative with respect to ¢ becomes
ay(r, ¢t ; ay(r,
llb(r, } g erqx[r’.f}/ﬁ ( tib'r(r P‘) ”] 3)((" !)w(r (1()‘93)
at ot f:

The whole idea of phase invariance is that the overall phase not have observable conse-
quences. But in (10.92) and in (10.93) we see the presence of an extra term involving
the derivative of the phase. Such a term should not be present if quantum mechanics
is to be locally phase invariant. The equations themselves should not be modified by
making such a phase change. Now the argument for expanding global phase invariance
to local phase invariance may not be an easy sell for nonrelativistic quantum mechanics
(and therefore for the Schrodinger equation), but in relativistic quantum mechanics it is
natural to ask why we should require that the overall phase change that we are making,
say at a particular time ¢, should be the same everywhere in the universe, since it would
take a time d /¢ for the information about the phase change to propagate a distance d to
some other point in space.
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The way to ensure local phase invariance is to require that every derivative be accom-
panied by an extra field. For example, you can check that if each partial derivative with
respect to x is modified according to

fi d hod
R
i ox idx
then the extra term that arises in (10.92) will be canceled out and the equations themselves

will suffer only an overall phase change of e/¢*®/# provided that simultaneously with
the change (10.91) we change 4, via

— (10.94)

2
I a—iﬁ (10.95)

To accomplish the same trick for the partial derivatives with respect to y and z, we need
additional fields 4, and A.. The three fields A4.. Ay, and A. form a vector field A. The
spatial derivatives then all enter in the form

fi h

-V -V —gA (10.96)
with

A— A+ Vy (10.97)

the generalization of (10.95) to three dimensions. Similarly, if the partial derivatives with
respect to ¢ are modified according to

d il
ih— — ih— — 10.98
”8!_>”E)I aw ( )
where ¢ is a scalar field, then the extra term in (10.93) will also be canceled out provided
0
¢ g— a_)r( (10.99)

Thus the overall physics will not be affected provided we introduce a vector field A and
a scalar field ¢ according to (10.96) and (10.98), respectively, and require that

d
A5 A+Vi dnd (p—>(p—% (10.100)
C

when
U(r, 1) = Xy 1) (10.101)

What are these fields A and ¢? They are the same auxiliary fields that we introduced
in our discussion of gauge invariance in Maxwell’s equations. But now see that they are
not merely auxiliary fields. Rather A and ¢ are essential fields that undergo the gauge
transformation (10.100) when the local phase change (10.101) takes place. Thus local
phase invariance for charged particles requires the introduction of electromagnetic fields.
For example, implementing local gauge invariance for the Schriodinger equation for a
free particle with charge ¢ by making the changes (10.96) and (10.98) leads to

h

1 4 L
E(FV-qA) v=in" —qpy (10.102)

or

L(ﬁv_qA)'“qw:m% (10.103)

2m \ i
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which is the Schrddinger equation for a particle with charge ¢ interacting with an
electromagnetic field. The gg term is, of course, the potential energy of the particle
[—e?/(4megr) for the hydrogen atom, for example], while the terms involving A are
needed to include the effects of magnetic fields in the Hamiltonian. Thus not only is
there a symmetry called local gauge symmetry (or gauge invariance) connected with
conservation of charge, but this symmetry requires the existence of electromagnetic
fields, fields that satisfy Maxwell’s equation.'®

What about conservation of color? A similar local gauge invariance applies to the
color charges of the quarks. In this case, the analogue of (10.101) is a generalized rotation
that arises from the principle that the strong interactions between quarks are invariant
under a transformation that turns, say, a red quark into an arbitrary linear combination
of a red. a green, and a blue quark, subject to the constraint that the transformation not
affect the probability that a quark exists. Requiring that the laws of physics be invariant
under such transformations that differ at different points in space and time dictates the
existence of eight color gauge fields. These are the fields that give rise to the eight types
of gluons that mediate the strong interactions. The equations satisfied by the gauge fields
and the quarks are the equations of quantum chromodynamics. It is this local gauge
invariance argument that permits us to deduce these equations despite the fact that the
strong interactions are short-range interactions that do not have a classical limit, unlike
Maxwell’s equations whose existence was deduced by Gauss, Faraday, Ampere, and, of
course, Maxwell long before the advent of quantum mechanics.

The model in which the strong and electroweak interactions are mediated by gauge
fields is called the Standard Model. It has been spectacularly successful in its agreement
with experiment. While the theoretical predictions of the Standard Model have not been
carried out across the board to the extent that they have in QED [sce (10.25)], there are
no confirmed disagreements between theory and experiment. One key element of the
standard model has not yet been discovered, however. There is a scalar field, called the
Higgs field, that is required to break spontaneously the gauge symmetry in electroweak
interactions. This Higgs field is responsible not only for the large masses of the W= and
Z° but also for the masses of all the quarks and leptons. It should also manifest itself in
the existence of at least one spin-0 particle called the Higgs boson. As the Large Hadron
Collider (LHC) begins operation at CERN, physicists are optimistic that the Higgs boson
will be found, thereby completing the Standard Model.

Spontaneous symmetry breaking in quantum field theory is a complex phenomenon
that is beyond the scope of this text. A couple of the interesting features of spontaneous
symmetry breaking are captured, however, in a simple physical example. Consider a
flexible plastic needle that is placed under stress in the vertical direction by uniform
inward pressure. Even though the system initially has rotational, or azimuthal symmetry
about an axis passing through the needle, under this pressure the needle bows laterally as
shown in Fig. 10.42. The direction of the bowing, say to the left or to the right to pick two
of the infinite number of possibilities, cannot be predicted. Nonetheless, such bowing
is essential if the system is to find its lowest energy state. Thus we say that the ground
state of the system “breaks” the (azimuthal) symmetry that the system possesses. Note

"Sometimes (10.101) is referred to as a local gauge transformation of the first kind while (10.100)
is referred to as a gauge tranformation of the second kind. But it is probably best to think of them as a
unit, namely a local gauge transformation.
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Figure 10.42 Spontancous symmetry breaking in a flexible
plastic needle.

that if we perturb the system by applying an additional force to the needle perpendicular
to the plane of the figure, the needle spins easily about the axis. On the other hand,
pushing radially inward or outward on the needle causes the needle to oscillate. Thus
the dynamics are very different in response to these two perturbations. In quantum field
theory, the “easy” azimuthal excitation leads to a massless particle, while the “harder”
radial excitation leads to a particle with nonzero mass.

One of'the disconcerting aspects to the Standard Model is the large number of param-
eters that need to be specified in the model, including such parameters as the value for
the fine structure constant «, the masses of the leptons and the quarks, the various mixing
angles, and so forth. Since the strong and clectroweak interactions are local gauge theo-
ries, there has been hope that these theories can be be joined together in a grand unified
theory (GUT). Such a grand unified theory would logically tie together the lepton and
quark sectors, presumably through interactions that would permit a quark to turn into a
lepton. Such interactions would naturally lead to decays such as

p=>et 4+ (10.104)

and would be mediated by very massive spin-1 particles. Searches for proton decay have
been carried out with the same detectors that are used as neutrino detectors. Reactions
such as (10.104) should produce a very clear signal. The 7° decays with a lifetime
of 1071 s into two 67.5-MeV photons. And the positron would annihilate with one of
the many electrons in the detector, producing two 0.5-MeV photons. Such a reaction
would be hard to miss! So far, experiments such as the Super-Kamiokande experiment
described in Section 10.6 have put stringent limits on the lifetime of the proton. For the
decay mode (10.104), 7 > 10* yr. Since the age of the universe is “only” 1.4 x 10" yr,
a limit of 10* yr may seem so large as to be irrelevant to everyday life. But recall
that

N(t) = N(0)e /" (10.105)
andforr <€ 1

N(t) = N(O)(l —%) (10.106)



Thus we would expect on average one decay per year for every 103 protons, correspond-
ing to a mass of roughly 1000 tonnes (1 tonne = 10? kg)."” Experiments such as‘thc
Super-Kamiokande experiment should enable us to put stringent limits on the lifetime
of the proton and thus put limits on the mass of any heavy particles that mediate inter-
actions that convert quarks into leptons.?® But because of the background due to 1 GeV
neutrinos that are produced in cosmic ray showers in the upper atmosphere, the best even
a detector as large as that of Super-Kamiokande can do is a limit of 10** yr. Thus there is
a relatively narrow window through which we may be able to obtain evidence in support
of a grand unified theory.

10.9 Summary

The elementary particles consist of quarks, leptons, and gauge bosons. The quarks and
leptons are spin-1/2 particles while the gauge bosons are spin-1 particles. Strongly inter-
acting particles (hadrons) are grouped into baryons (hadrons with half-integral intrinsic
spin) and mesons (hadrons with integral intrinsic spin). Baryons are composed of three
quarks, and mesons are quark—antiquark pairs. There are six different flavors of quarks
(u,d, s, c, b, and 1) and six different types, or flavors, of leptons (e, v,, i, v, 7, and
v;) as well. Moreover, the quarks come in three colors (called red, green, and blue).
Just as electric charge is the source of electromagnetic interactions, color is the source
of strong interactions. The leptons do not have color and thus do not participate in the
strong nuclear force. Electromagnetic interactions are mediated by photons, strong in-
teractions are mediated by gluons, and the weak interactions are mediated by the " and
Z bosons. In the Standard Model, each of these interactions is what is termed a local
gauge theory, a quantum field theory in which the fields that mediate the interactions
arise from a symmetry principle such as local phase invariance. The Standard Model
includes a unification of the weak and electromagnetic interactions, similar in spirit to
the unification that takes place between electric and magnetic interactions in Maxwell’s
equations. The search is on for a theory that unifies all the interactions. Such a theory
would presumably yield connections between the many parameters that are now required
to specify the Standard Model.

You may have noticed that we have left gravity out of our discussion of fundamental
interactions and quantum mechanics. On the scale of particle physics, gravity is so much
weaker than the strong and electroweak interactions that its impact on particle processes
is negligible. On the other hand, if we wish to develop a theory that truly unifies all the
interactions, then gravity should be included. While in general relativity we have a very
successful and beautiful theory of gravity on the classical level, so far there is no accepted

"Steve Weinberg has remarked that we know in our bones that the lifetime of the proton is greater
than 10* yr, since otherwise we would be lethal to ourselves from reactions such as (10.104).

“To legislate against reactions such as (10.104) ever occurring, it was deemed necessary to invoke a
new conservation law, namely conservation of baryon number. Within the quark model, we would say
that each quark has baryon number 1/3 and consequently the proton and the neutron, for example, each
has baryon number +1. In neutron decay (n — p + e~ + i), baryon number is conserved. The proton,
on the other hand, doesn’t decay because it is the lightest baryon.

Section 10.9 Summary
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theory of gravity that includes quantum mechanics, with the possible exception of string
theory. But so far, no one has been able to put string theory to the test required of any
viable theory of physics, that it yield predictions that can be tested against experiment
and observation. If this book has succeeded, it has given you a sense of how broadly and
successfully quantum mechanics has met this test.

Problems

10.1. Draw a Feynman diagram that would contribute to
bremsstrahlung (braking radiation), that is the emission
of'a photon when a charged particle such as an electron
collides with a heavy nucleus.

10.2. What is the Feynman diagram for the process
e +et = y+y?

10.3. The 7" decays into two photons with a lifetime of
10~'¢ 5. Construct a Feynman diagram for this decay.

10.4. Table 10.4 lists the ten lowest mass spin-3/2
baryons, the decuplet. Check that the quark content is in
agreement with the charges for each of these baryons.
Explain why there is a A™" baryon and no A~ baryon.
Estimate the effective mass difference between the
strange quark and the up or down quark from the
differences in masses among these baryons.

Mass

Spin-3/2 baryons  Quark content  (MeV/c?)

e R ) Y wuw, und, udd, ddd 1232

b3l i Tige uus, uds., dds 1385
sS4 g uss, dss 1533
Q- 588 1672

Table 10.4 The decuplet

10.5. Each of the baryons in the decuplet except the 7
has a lifetime of roughly 1072 s, i.c., a strong decay.
What is a possible decay mode for the **? Repeat for
=*0. Suggestion: Take into account the meson masses in
Table 10.2 and the baryon masses in Table 10.3 in
identifying decay modes that conserve charge,
strangeness, energy, etc.

10.6. Why is the ratio R defined as

o(e” + et — hadrons)

= o(e” +et = pu +put)

instead of

__o(e” +e" — hadrons)
N ogle” +et — e~ +et)

Hint: Which Feynman diagrams contribute to the
process e~ + et — e” 4 et?

10.7. What is a possible final state that would permit the
creation via the strong interactions of the 2~ baryon in
the reaction in which a K~ collides with a proton?
Suggestion: Be sure to conserve strangeness. Can you
see the advantage of initiating this reaction witha K~
meson that has strangeness § = —17

10.8. Construct a Feynman diagram for the decay

K" = 7= + e* + v,. Suggestion: Examine the decay
process at the level of the constituent quarks as in
Example 10.9.

10.9. Derive (10.62). Note: The identity
(cos? 8 + sin* ) = 1
is useful here.

10.10. Determine the eigenvalues of the charge
conjugation operator. Hint: Apply the operator twice.

10.11. Determine the threshold energy for a photon to
produce an electron—positron pair in the vicinity of an
electron. Note: At threshold, the electron and the
electron—positron pair are at rest in the center-of-mass
frame.

10.12. The local newspaper reports the discovery of a
new “elementary particle” X, This particle is reported
to decay into two positively charged pions, i.e.,

D s JT++JT+

Explain why there is reason to be skeptical of this
discovery.



10.13. The solar constant is the amount of energy per
unit area from the Sun incident on the outer surface of
Earth’s atmosphere perpendicular to the incident rays.
The magnitude of the solar constant is 1370 W/m?.
Assuming the flux of neutrinos from the Sun comes
predominantly from the fusion reactions that convert
hydrogen into helium, determine the number of neutrinos
per m® per second incident on the Earth from the Sun.

10.14. Which of the following reactions are forbidden?
Why? (@) 1% = y (B) n° = y +e™ + 0. (¢)
p+i—=na’+at(d)et+n— p+.(e)

e +p—>n+y.
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10.15. Determine the radius of the track left by a proton
with kinetic energy equal to its mass energy (K = mc?)
in a 1-T magnetic field.

10.16. Show that under the gauge transformation

dx
P =¥ p=—

A—> A+ V nd
— A+ Vy a a1

the electric field E and the magnetic field B are
unchanged. Or, in other words, show that E and B are
gauge invariant.



A.1 The Relativity Principle

Let’s start our discussion of the relativity principle with Newton’s second law, F = dp/dt.
Newton’s law holds in a nonaccelerating reference frame, commonly called an inertial
reference frame. In such a frame the sum of the forces acting on a particle is equal to the
time derivative of the momentum p of the particle. In particular, in an inertial reference
frame a particle with no forces acting on it moves in a straight line with a constant
velocity v. Let us call this frame S. Now consider another inertial reference frame S,
one that is moving with a uniform velocity I/ in the positive x direction relative to the
frame S. If the origins of these two coordinate frames coincide at time 7 = (, then the
coordinates x, v, and z in § and the coordinates x', ', and z" in S’ are related by

xX'=x—-Vt
V=3

=z (A.1)

as indicated in Fig. A.1. The transformation of coordinates specified in (A.1) is referred
to as a Galilean transformation. Before the development of the special theory of relativity,
it was presumed that time was a universal quantity independent of the choice of reference
frame. Thus the requirement that the time in S and the time in S’ are the same was an
unstated implicit assumption in a Galilean transformation.

Under a Galilean transformation, the components of the velocity of a particle as
observed in the two frames are given by

dx'  dx
lrlz—-:—sz ‘.H‘V
Ux dt dt %
, _dyl dy
DEw T a ™™
dz' dz
Pl e 258 e A2
vz dt dt . (A2

that is, the x component of the velocity of the particle as observed in S” is simply the x
component of the velocity of the particle as observed in S minus the relative velocity V

Special Re_l
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Figure A.1 A reference frame S moves at speed 7 along the
X axis relative to the frame §.

- Vvlr

of the two frames, while the y and z components of the velocity are the same in the two
frames. We can write the velocity transformation equation in the vector form

V=v-V (A.3)
where V = Vi. Since V is assumed to be independent of time, we see that

,_dv'dv

“dr dr

Butifa’ = a,then F = ma = ma’ = F'. Thus observers in the two frames will deduce
that the same net force acts on the particle. The key idea of the relativity principle is that
the laws of physics are the same in any inertial reference frame. It was Einstein who
attached Galileo’s name to the transformation (A.1) since Galileo had initially proposed
that it would not be possible for an observer in an inertial reference frame to determine
that the frame was in motion by performing an experiment within that reference frame.
You have probably had a visceral experience of the relativity principle if you have been
seated in an airplane on the tarmac waiting for permission to taxi. If you look out your
window and see another plane directly beside you in motion, you can’t be certain whether
you have started to move and are now in motion relative to the ground (presuming that
the acceleration of your plane has been so gentle that you did not feel it) or the other
plane is in motion, unless you look at some other object such as the ground.

(A.4)

A.2 The Postulates of Special Relativity

Einstein believed strongly in the relativity principle and felt that it should apply to all
laws of physics, not just the laws of mechanics. This is, in fact, the fundamental postulate
of special relativity:

The laws of physics are the same in any inertial reference frame.

In his 1905 paper on the electrodynamics of moving bodies Einstein focused on the
relativity that is inherent in electromagnetism. For example, he noted how a current is
induced in a wire moving in the vicinity of a magnet. In one frame of reference, the
one at rest relative to the wire, the time-varying magnetic field induces an electric field
that accelerates the charges in the wire, thus generating a current. In another frame of
reference, the one at rest with the magnet, the charge carriers in the wire experience a
Lorentz force gv x B that causes a current to flow in the direction of the wire. What
really matters physically is the relative motion between the wire and the magnet.
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Einstein also gave a lot of thought to the nature of electromagnetic waves. He came
to the conclusion that electromagnetic waves can propagate in a vacuum. A time-varying
electric field generates a time-varying magnetic field, according to Ampere’s law as
modified by Maxwell. This time-varying magnetic field then generates an electric field.
according to Faraday’s law. These time-varying electromagnetic fields thus feed on each
other, forming electromagnetic waves. Therefore, electromagnetic waves do not require
a medium (the “ether”) in which to propagate. But without an ether, there is no rationale
for supposing that there is a special frame of reference (one at rest relative to the ether) in
which light propagates with speed ¢. Consequently, following the logic of the relativity
principle, Einstein was led to propose a second postulate:

The speed of light in vacuum is the same in any inertial reference frame.

This postulate, which is clearly at odds with the way velocities add in Galilean relativity
[see (A.3)], requires a new understanding of the roles that space and time play in physics,
as well as a major revision in the fundamental laws of mechanics.

EXAMPLE A.1 Make a Galilean transformation to a frame S’ moving in the positive
x direction at speed ¢ on the electromagnetic wave £ = & cos(kx — wr).

SOLUTION
& = &y cos(kx — wr) = & cos[k(x — ct)] (A.5)
since
cu_.?rt'v_)L o Ad
ko MVTE 0

Thus under the Galilean transformation x’ = x — ¢f we see that

£ =&ycoskx’ (A7)
Looking back on the path that led him to propose the postulate on the constancy of
the speed of light, Einstein later said “After ten years of reflection such a principle
resulted from a paradox upon which I had already hit at the age of sixteen: If
I pursue a beam of light with the velocity ¢, T should observe such a beam as
an clectromagnetic field constant in time, periodic in space. However, there seems
to exist no such thing, neither on the basis of experience, nor according to Maxwell’s
equations. .. .”

Time Dilation

The requirement that the speed of light is the same for all observers in inertial reference
frames has a number of surprising consequences.! As Einstein noted, it finally came to
him that “time was suspect.” To understand time itself, consider as a simple time-keeping
instrument a “light clock” consisting of two mirrors separated by a distance L, as shown

'"The approach that I follow in this appendix is very much influenced by my experiences teaching
special relativity with my colleague T. M. Helliwell. His Special Relativity (University Science Books,
Sausalito, CA. 2010) gives a more thorough discussion of these topics.
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Figure A.3 In § the light travels
at speed ¢ along a diagonal
path to the mirror, which is
moving horizontally at speed
V. Thus the transverse
velocity of the light is

Jez -1

s 5ok
L ‘l‘ |
(a) (b)

Figure A.2 (a) A light clock in its rest frame, which is taken to be the reference frame S'.
(b) The light clock as viewed from the reference frame S.

in Fig. A.2a. The time it takes light to make a round trip between the mirrors is given by

_ 2L

c

At' (A.8)
Thus if the distance between the mirrors is 15 cm, the time required for the light to
complete a round-trip is one nanosecond. Put another way, we might say the clock
“ticks” every nanosecond. We call this time A¢’ since we suppose initially that this clock
is at rest in the reference frame S'.

We want to compare this time interval with the time between ticks of the clock as
observed in the reference frame S in which the clock is moving in the positive x direction
at speed V. In § the light starts its round-trip at a particular position along the x axis,
say at xy, and completes the round-trip at the position x;, as indicated in Fig. A.2b. To
determine the time between ticks that observers in § measure, we need to suppose that
there are two synchronized clocks (perhaps light clocks) at rest in S, one at x; and one
at x,. The light leaves the bottom mirror at time ¢, and completes a round-trip at time #,
as measured in S. Since the light travels at speed ¢ in § as well as in S, the time interval
between ticks in S is given by the transverse distance 2L traveled by the light divided
by the transverse velocity of the light, namely +/¢? — V2, as indicated in Fig. A.3. Thus

At =t L= s
=bk—h=—m—p
. (A9)
V1=V ¢
Comparing this result with (A.8), we see that
1
At = ————Al'
- V2/c?
= yAt’ (A.10)
where
I (A.11)

Y=o va

Since y > I, the time interval between ticks is longer in § than in §"'. In other words,
the time between ticks on the moving clock is greater than the time between ticks in
the rest frame of the clock. For example, if the reference frame S’ is moving along the
positive x axis with speed ¥ = 4/5¢ relative to S, then /1 — V?/¢? = 3/5 and the
time between ticks of the moving clock is 5/3 ns, as compared with 1 ns in the clock’s
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Figure A.4 (a) Two clocks A and B are at rest in S, one at position x| and the other at
position x>. Each clock reads + = 0 when a third clock C, also reading ¢ = 0, moves past
clock A at speed V. (b) Later, when clock C reaches x», it reads less than clock B by

72 _ 72,

rest frame. Equivalently, since

At' = /1 = V2jc2At (A.12)

if | ns elapses on the clocks at rest in S, then 3/5 ns elapses on the moving clock, the one
atrest in . In short, we say that moving clocks run slow by a factor of \/1 — V2 /c?, as
illustrated in Fig. A.4. We call this effect time dilation.

The time registered by a clock in its rest frame is called the proper time and is
typically denoted by the symbol t. Thus in terms of proper time (A.10) becomes

At = ——— = yA7 (A.13)

This result applies to all clocks, not just light clocks. For after all, if mechanical clocks
and biological clocks as well as light clocks run at the same rate in one inertial reference
frame, they must run at the same rate in all inertial reference frames. Otherwise, these
inertial reference frames would not be equivalent, violating the relativity principle. Thus
we see how the two postulates of special relativity have called into question the very
nature of time itself.

Length Contraction

Time dilation is closely related to another relativistic effect known as length contraction.
Consider a stick of length L in its rest frame. We call this length the proper length of
the stick. Suppose a clock moving at speed ¥ moves past the stick. as shown in Fig. A.5a.

(T ®

—L, - ¥ R —
O—-v ®
(a) (b)

Figure A.5 (a) A clock moves at speed I past a stick of rest length L. The elapsed time

on the clock is Lgy/1 — 2 /c?/ ¥V, since the moving clock runs slow by /1 — F2/¢2.
(b) In the rest frame of the clock, the stick has length L and the time required for the stick
to move past the clock is L/ V.
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Figure A.6 (a) A light clock
oriented along the x" axis in its
rest frame S'. (b) In reference
frame §. the clock moves
along the x axis at speed V.

In the rest frame of the stick. the time for the clock to move from one end of the stick to
the other is Lo/ V. But since the clock is moving, it runs slow by /1 — "2 /¢? and thus
the time that has elapsed on the clock is Lyy/1 — V2 /c?/ V. In the rest frame of the clock
(see Fig. A.5b), the time for the stick to pass by the clock is simply L/V, where L is
the length of the stick as measured in the clock’s rest frame. Observers in the rest frame
of the stick and the rest frame of the clock must agree on the reading of the clock when
the clock and the right end of the stick coincide. After all, one might imagine that there
is a hook on the right end of the stick that stops the clock at that moment. All observers
would then see the same reading on the clock. Consequently,

Loy/T=V3 L

V TV

L=Ly/1-V2%c? (A.15)

Thus the length of a stick is contracted by a factor of \/1 — V2 /¢? along its direction
of motion. This effect is often referred to as Lorentz—Fitzgerald contraction, or Lorentz
contraction for short.”

An alternative way to see that both length contraction and time dilation are required
for self consistency is to suppose that the stick is positioned along the x axis between two
mirrors, forming a “longitudinal” light clock, as shown in Fig. A.6. In the rest frame of
the clock, which we take to be S”, the time required for the clock to tick is At" = 2Ly /c
just as for the transverse light clock, since the distance between the mirrors in the clock’s
rest frame is L. Since the longitudinal light clock and the transverse light clock run at
the same rate in the frame S', they must also run at the same rate as observed in the
reference frame S to be consistent with the relativity principle. As before, in § we call
the distance between the two mirrors L. First note that the distance ¢ Aty the light travels
between the mirrors on the outward leg of the trip from mirror A to mirror B is given by

(A.14)

and therefore

cAty = L + VA1 (A.16)

since mirror B starts a distance L from mirror A and travels an additional distance IV Ary
in the time interval Ay, it takes light to travel between the mirrors. Therefore

1
Ay = A.l7
=TTy ( )

On the return trip. from mirror B to mirror A, the light need travel only a distance cAt,
given by

cAty =L —VAh (A.18)

*Length contraction may call into question the implicit assumption made in our discussion of the light
clock in the previous section that transverse lengths are not affected by the motion. But suppose that
there are horizontal razor blades at the location of the mirrors of the clock at rest in . If the transverse
length between the mirrors as observed in § were shorter than Ly, for example. then this moving clock
would cut the wood casing of an identical clock at rest in § inside the location of the mirrors on that
clock. But this would imply that if there were razor blades at the location of the mirrors of the clock
in S, the cut marks on the clock in 8" would be outside the location of the mirrors. But the relativity
principle assures us that the situation is symmetrical. Thus the transverse length L, must be the same
in the two frames of reference.
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since mirror A has moved toward the light in the time interval Ar; it takes light to
complete the trip. Consequently,

L

Aty = A.19
= —5 (A.19)
The total amount of time that has transpired is then
At = Ay + Ab
_ L @ L
Te=V c+V
L
e(l = V2fe?)
Since this time interval must be the same as (A.9), we see that
8 2L
- (A21)

(1= V23~ /1= V2

L=L[)\,i[ = Vz/(‘zzl];o (A22)

and therefore

Simultaneity

Perhaps the most counterintuitive consequence of the postulates of special relativity is
the fact that the order in time in which events occur is not absolute but rather can differ
between reference frames. In particular, it is not hard to see that events such as the
synchronization of clocks that are simultaneous in one inertial reference frame need not
be simultaneous in another inertial reference frame.

To examine the issue of synchronization of clocks, consider two clocks separated by
a distance Ly in the rest frame of the clocks, as shown in Fig. A.7a. A straightforward
way to synchronize these clocks is to set off a light flash in the clocks’ rest frame exactly
halfway between the two clocks. It takes time L/2c¢ for the light to reach either clock,
at which point each clock could be set to a particular time, say 1" = 0, as shown in
Fig. A.7b. But we see immediately that the clocks will not be synchronized as observed
from the frame S, as indicated in Fig. A.7c. Following the line of reasoning that led to
(A.19), in S the light signal reaches the clock at A first, in a time interval

Ln\/ 1 — VZ/C'?'
20+ V)
since the distance between the clocks in this frameis Loy/1 — V2 /¢, Again, asin (A.17),

the light signal reaches the clock at B after the longer time interval

Ln\.u‘ | — VZ/C‘?

20ec—=VF)

At = (A.23)

Arl = (A.24)

Thus the clock at A leads the clock at B by

L(;\/] == Vl/c.l - LQ\/I P> V.’./c.?.

2c— V) 2c+ V)

Vv
=Loy/1 - V:/C:cz_iyz (A.25)

At=Ah=Al) =
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Figure A.7 (a) Two clocks are synchronized in their rest frame (S ") by setting off a flash
of light midway between the clocks. (b) In S the light flash arrives at the same time at
both clocks, which are then set to 0. (¢) In reference frame S, the trailing clock receives
the light signal first and the clock is set to 0. (d) At a later time the light flash arrives

at the leading clock, which is then set to zero as well. Consequently, the leading

clock lags the trailing clock.

But this is the time interval as determined in §. Since the clocks in S run slow relative
to the clocks in S, the total time that has transpired on the clock at A when the clock at

B is set to zero is therefore
LoV
At' =1 =V2/c2At = A.26
V1=V = (A.26)

From the vantage point of observers in S, the clock at A leads the clock at B by the
amount of time shown in (A.26), as indicated in Fig. A.7d. Since the clock at A trails the
clock at B as the clocks move past observers in S, we often say trailing, or chasing, clocks
lead. Alternatively, we might say that the clock at B, the leading clock as the clocks move
past observers in S, lags the clock at A by this amount of time, thus, “leading clocks
lag,” which is a useful mnemonic. It should be emphasized that the distance that occurs
in (A.26) is the separation of the two clocks in their rest frame. Thus we see that events
that occur simultaneously in one frame of reference—say the arrival of the light flash
at the two clocks in the clocks’ rest frame—are not simultaneous as observed from a
reference frame in which the clocks are in motion. And in fact the order in time in which
these events occur is frame dependent. After all, observers in a reference frame in which
the clocks move in the negative x direction instead of the positive x direction would see
that the light signal that is used to synchronize the clocks arrives first at clock B (which
is now the trailing clock) and then later at A.

The fact that clocks that are synchronized in one inertial reference frame are not
synchronized in a reference frame that is in uniform motion relative to this frame allows
us to understand many of the seemingly paradoxical results of special relativity. For
example, observers in § see clocks at rest in S’ running slow. But to be consistent with
the relativity principle observers in § must see clocks at rest in S running slow as well.
How can this be? First, note that when time At transpires on a clock at rest in S, this
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Figure A.8 (a) In reference frame S clock A moves past position x; with speed V. Clock A reads
the same as clock B, which is synchronized with clock C in S. (b) Clock A moves past clock C
at position x,. The elapsed time on A is less than on clocks B and C since the moving clock
runs slow. (¢) and (d) show the same cvents as observed in frame S, which is the rest frame for
clock A. (c) Clock B lags clock C (since “leading clocks lag™) when clocks A and B coincide.
(d) Clock C coincides with clock A, at which point the readings of clocks A and C for this event
are the same as those shown in (b). Notice that clocks B and C run slow relative to clock A in the
reference frame S'.

clock moves by an amount Ax = J' At as observed in §. How is this time interval At
measured? It is helpful to think of each point in S as having with it an associated clock
and therefore an associated time. As the clock at rest in S passes a point in S, say xy,
the § clock at this point reads time 7,. When the S’ clock reaches position x;, the S
clock at this point reads #>. See Fig. A.8. Time dilation means At = 1, — 1, = yAT,
as we have seen. But notice that in making this measurement in S we have had to use
two different clocks, clocks that presumably have been synchronized in their rest frame
S so they initially read the “same™ time (in S). But as viewed from S, the clock at x5 is
observed to have a “head start” relative to the clock at x,, since this clock is a trailing
clock. Thus even though it runs slow to an observer in S', observers in § and in §' agree
on the reading of this clock when the clock at x» and the clock in §” coincide.

EXAMPLE A.2 The Stanford Linear Accelerator Center (SLAC) houses a 3-km long
linear accelerator, “the world’s straightest object.” See Fig. A.9. (a) Determine the
time it takes for an electron moving at the uniform speed of ¥ = 3/5 ¢ to traverse
the length of the beam line.? Assume there are synchronized clocks located at the
beginning and end of the beam line and that the clock at the beginning of the beam
line is set to + = 0 when the electron departs. What does the clock at the end of
the beam line read when the electron arrives? () Suppose that the electron carries
with it a (small) clock that is also set to zero at the beginning of the trip. What does
this clock read when the electron reaches the end of the beam line?

*As its name suggests. the purpose of SLAC is to accelerate electrons. The maximum beam energy
at SLAC is 50 GeV, corresponding to a value of v/e 0f 0.999 999999 7 for the electron. It is possible
to use special relativity to analyze accelerating objects, but care must be exercised. Thus we consider
here a more straightforward example in which the electron moves at a constant velocity.

Figure A.9 An aerial view
of SLAC. (Courtesy SLAC
National Accelerator
Laboratory)
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SOLUTION (a) In the accelerator rest frame, the distance traversed by the electron
is 3 km at a uniform speed of 3/5 ¢. Thus

- 3 km I
=G e

(b) Moving clocks run slow by a factor of /1 — V?/c? = 4/5. Thus the reading
on the clock traveling with the electron is

4
t"=41=Victi= (3) (5km/c) =4 km/c

Note: In more conventional units, | km/c = 3.33 x 107% s = 3.33 us.

EXAMPLE A.3 Repeat Example A.2 in the electron’s rest frame. In this reference
frame the beam line speeds past the clectron at ¥ = 3/5c¢. When the end of the
beam line reaches the electron, (a) what does the electron’s clock read and (b) what
does the clock at the end of the beam line read?

SOLUTION (a) In the electron’s rest frame the beam is Lorentz contracted from its
laboratory rest frame length L to L, where

4 12
Li=4f1~— V2/e? L= (g) (3 km) = 5 km

Thus the electron’s clock reads

oL _(2/5km

= -17 = (3/5)C =4 km/('

in agreement with the result obtained in the laboratory rest frame.
(b) In the electron’s rest frame, the laboratory clocks run slow by /1 — ¥2/¢2.
Therefore in this reference frame the time that transpires on the laboratory clocks

is
4 16
Ailis =11 — V&1 = (§> 4km/c = T km/e

Notice that in each reference frame, observers see the clocks in the other reference
frame running slow. But in the electron’s rest frame, the clocks at the beginning and
end of the beam line are not synchronized. The separation between these clocks
in their rest frame is 3 km. Thus the chasing clock, the one at the end of the beam
line, leads the one at the beginning of the beam line by

V'L 3¢ 3 km 9
= — — ==k o
(.2 ( 5 ) ( (.1 ) 5 m/(
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Therefore the reading of the clock at the end of the beam line when this clock
reaches the position of the electron is

oo A {152

25
= 3 4 3) km/e = 5 km/c = 5 km/e
which is the same as the reading on the clock as determined in the laboratory rest
frame!

A point in space and time at which something occurs is referred to as an event.
Events exist apart from the reference frame that is used to describe them. For
example, one such event is the arrival of the electron at the end of the beam line.
Observers in the electron’s rest frame and in the lab would both agree that such an
event has occurred. Moreover, one could suppose that the electron’s arrival at the
end of the beam line stops two clocks, one in the electron’s rest frame and one in
the lab’s rest frame. These clocks, which could have digital readouts, are located at
the event. Observers in the electron’s rest frame and in the lab would then agree on
the reading of each of these clocks, even though the two clocks do not agree with
each other.

Experimental Confirmation

In the more than one hundred years since Einstein proposed the principles of special
relativity, the theory has been tested against experiment many times and has never been
found to be wanting. In his 1905 paper Einstein himsell pointed out the time dilation
would cause a clock at the equator to run slow relative to a clock at the North Pole
by *a very small amount.” Of course, in 1905 there were no clocks that could test this
prediction. This situation changed with the development of atomic clocks. Initial tests of
time dilation with atomic clocks carried out in the 1970s with the clocks carried by jet
airplanes circumnavigating the Earth were in good agreement with theory. Nowadays,
such effects are more commonplace to the extent that the Global Positioning System
(GPS) (in which 24 satellites with atomic clocks orbit the earth twice a day) must take
both time dilation and simultaneity into account in order to achieve the desired accuracy.
Ignoring such relativistic effects would limit the accuracy of the GPS system to hundreds
of meters.*

An especially noteworthy example of a natural clock is the lifetime of an unstable
particle such as the muon. In its rest frame, the muon has a mean lifetime 7 of 2.2 us.
Without time dilation, the largest distance on average a muon could travel before it decays
into an electron and two neutrinos would be roughly et = (3 x 10* m/s)(2.2x 107%s) =
660 m. But at sea level, perhaps as much as ten kilometers from the point where the muons
are created as a byproduct of collisions between cosmic rays and nuclei of the molecules
in the upper atmosphere, muons are raining down upon us at the rate of 180 m~2s™",

*In addition, the GPS system must account for the fact that clocks at high altitude tick more rapidly
than those at the Earth’s surface, a consequence of the general theory of relativity (another of Einstein’s
“discoveries™).
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In our reference frame at rest on the Earth’s surface, the muons are typically produced
with a speed such that y = 1/4/1 — v?/¢? = 20. Thus taking time dilation into account,
before decaying the muon can on average travel a distance

T

d=vt=v—F—=—
i L — e e

which is roughly (20)(660) m = 13 km. Alternatively, in the muon’s rest frame, the
Earth’s atmosphere is Lorentz contracted by a factor of 20, giving the surface of the
Earth adequate time to reach the muon before it decays.

Such time dilation (or Lorentz contraction) effects are truly commonplace in experi-
mental high-energy physics. Almost all the so-called elementary particles are unstable.
Since these particles are typically produced with velocities approaching the speed of
light at a high-energy particle accelerator. they can travel much larger distances in the
lab frame than would be possible without time dilation. For example, a 500-GeV K+
meson with a lifetime 7 = 107" s (and hence et = 3 m) can travel on average 3 km
before it decays. In other words, the building housing the detectors that might be used to
analyze the decav of a 500-GeV K meson produced at the Fermilab accelerator (located
outside Chicago) would be located roughly 3 km from the point at which the K+ meson
is produced. Looking to the future, a group of physicists is proposing to build a muon
collider in which positively and negatively charged muons would be accelerated to ener-
gies up to 4 TeV and then would make a head-on collision in the laboratory rest frame.
As we have noted. in their rest frame muons live only for a couple of microseconds. But
a 4-TeV muon (for which v/c = 0.999 999 999 7) can live for almost a tenth of a second
and travel more than 25,000 km in the laboratory rest frame before decaying.

= vyT (A.27)

A.3 The Lorentz Transformation

Before the advent of special relativity, we would think of each point in a coordinate
system as being labeled by a particular value of the coordinates x, y, and z. Now we see
that we should include a time coordinate ¢ as well. That is, at each point in space in an
inertial reference frame we might imagine there is a clock. And all these clocks should
be synchronized and tick at the same rate in that particular frame of reference if this
time coordinate is to be physically meaningful. The transformation of coordinates to an
inertial reference frame S that moves at speed ¥ along the positive x axis relative to the
reference frame S is given by the Lorentz transformation

X =ykx-=-VnH

B = (r - —j) (A.28)

where as before

——— A29
V1=V e
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This Lorentz transformation is the replacement for the Galilean transformation (A.1).
And a replacement is definitely needed, since the Galilean transformation leads to a
velocity of ¢ + V' in S for light propagating along the x” axis with velocity ¢ in §".
Notice how the first three equations in (A.28) reduce to the Galilean transformation
when V/e <« 1.

The inverse Lorentz transformation is given by

x=yx"+ ¥Vt
Y=
. Fx
r=y(F+— (A.30)
P

since in S’ the reference frame S moves at speed 7 along the negative x” axis. Thus one
goes from (A.28) to (A.30) by interchanging the primed and unprimed coordinates and
switching V to — V.

We can check that the Lorentz transformation (A.28) reproduces the results of the
previous section. For example, consider a clock at rest at in §'. In S in the time interval
At the location of the clock moves along the x axis by Ax = V' Ar. Then from the
Lorentz transformation (A.28) the time interval At that elapses on the clock is given by

, VAx y? —
At :}/(Ar— = )=ym (I_C_Z) = /1= ¥2/c2At (A31)

Thus

/
Ar=—2L (A.32)
V1=T72/c?
which is the time-dilation result (A.10).

Similarly, a stick of length L in the rest frame S is measured to have length L in S. In
S’, Ly = x5 — x|, where the left end of the stick is located at the position x| and the right
end of the stick is located at x3. In S the stick moves to the right at speed V. In order for
observers in S to determine the length of this moving stick we need to define carefully how
the measurement is carried out. We suppose that an observer in S at a particular location,
say x, sees the left end of the stick at a particular time, say 7, located directly in front of
this observer. This single observer might simultaneously try to look to see the location
of the right end of the stick, but this is not a satisfactory approach since it takes time for
the light from the right end of this stick to reach the observer and in that additional time
the location of the stick has changed from the location it had when the observer noted the
location of the left end of the stick. A better approach is to assume that there are many
observers in § located along the x axis. If one of the observers determines that the left
end of the stick is located at a particular point x; at time 7, then one of the other observers
in § located at x; observes that the right end of the stick is at this particular point in
space at this same moment in time in frame S. From the Lorentz transformation (A.28)

Lo = x5 —x;
=ylx—xi—V(a—-1n)]
=y(x2—x))
=yL (A33)
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where we have set /, = #, since we are measuring the locations of the end of the stick at

the same time in S. Thus
L=1Lo/1—-V2/c2 (A.34)

which is the length contraction result (A.22). This measurement of the length of the stick
in § gives an operational definition of what it means to say the length of the stick is
Lorentz contracted when observed in S. Also note that the transverse coordinates y and
z are not affected by a Lorentz transformation, consistent with our assumption that the
distance between the mirrors in the transverse light clock did not change as viewed in
the frame S moving with speed I” along the x axis.

Finally, consider two clocks at rest in S’ separated by a distance L. If we observe
the clocks from § at the same time (1, = 1;), we see that

f-:—!l' 14 [fg—!l———,-(.tg—.‘rl)}
2 2

14
=—y—=Loy/1 = V2/c?
g 0y/ /e

VL
i (A.35)

2
c*

where the minus sign indicates that the leading clock, the one at x,. lags the trailing
clock, the one at x|, assuming x, > x;. This result coincides with (A.26).

EXAMPLE A.4 Use the inverse Lorentz transformation (A.30) to derive time
dilation.

soLuTioN Consider a clock at rest in S, say at x" = 0. In the time interval A¢’

i FAX
At=y | A"+ =

Since the clock is at rest in §’, Ax" = 0 and consequently

At = yAt’

' 1 g4
At'= —At =1 = V?/c* At

JJ

showing that moving clocks run slow by a factor of /1 — F'2/c?.
It is straightforward to derive Lorentz contraction and the leading-clocks-lag
rule from (A.30) as well.

or

Relativistic Velocity Transformation

The Lorentz transformation makes it easy to relate the spacetime coordinates of an event
in one frame to the spacetime coordinates of'an event in another frame. As a particle moves
from one position at a particular time to another position at a later time in a particular
frame of reference it traces out a sequence of events. From the Lorentz transformation
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(A.28) we see that
dx' = y(dx — Vdt)

dy' =dy
' =dz
Vdx
di" =y (dr - ;\) (A.36)

Consequently, we can relate the components of the velocity of a particle in S' to the
components in S:

Nel de' _ y@xjdt=V) _ wu-V
T dtt oy [1- V(dx/dt)/c?] = 1= Vo /&

,dy dy/dt _ o/l - V2/e?

v, = =

di' ~ y[l = V(dx/d)/c?] ~ 1= Vu/c

dz' dz/dt _u/1=V2c

T a0 T Y= Vdx/dnid) T 1= Vi)

This is clearly a more complex transformation than that of the spatial coordinates x, y.
and z in the Lorentz transformation (A.28). Notice in particular that if v, = ¢, then

: c—V .

v, = m =

as well, consistent with the fact that the speed of light is equal to ¢ in the two reference

frames.
As for the Lorentz transformation, the inverse velocity transformation can be obtained

from (A.37) by interchanging the primed and unprimed coordinates and replacing V
with —

(A.37)

(A.38)

v 4V
Vy = ————
' 14+ Vol/c?
v/1—V2/c?
vy, = —
3 1 4 VL'_:./CE
.i‘/| — V2/e2
g Y1 =T (A.39)
14 Vv, /fe?

EXAMPLE A5 A K meson decays into a neutrino and a muon. In the rest frame of
the K meson, which we take to be S, the velocity of the muon along the x” axis is
v, = 0.85¢. What is the velocity of the muon as measured in the reference frame
S in which the K meson before decaying has a speed V' = 0.5¢ along the x axis?

SOLUTION

vt ¥ 0.85¢ 4+ 0.5¢ 1.35¢
‘U‘. = - = = =
I+ Vo /2~ 1+(0.5)0.85) 1425

Notice how the term in the numerator of the velocity transformation equation
yielded the result 1.35¢ that one would have expected from Galilean relativity. The
correction due to the term in the denominator ensures that the velocity of the muon
as measured in S is indeed less than c.

=:0.95¢
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A.4 Four-vectors

Itis convenient to rewrite the Lorentz transformation (A.28) in terms of the four variables,
Xo =ct, x| = X,X = y,x3 =z as follows:

/ V
Xo =V (-\'n = —-\'l)
c

, v
xp=yx——xp
c
X, =X
X5 =2y (A.40)

We say that these components are part of what is termed the position four-vector x,,,
where ¢« = 0, 1, 2, 3. You can verify that under a Lorentz transformation

2 2 2 .
Xg —X) — X — X

b

=t = i (A.41)

We characterize this quantity as a Lorentz invariant, since (A.41) shows it has the same
value in all inertial reference frames. If we express this invariance in terms of the more
customary x, y, z, and f coordinates, we see that
AP =2+ )= -yt + 2 (A.42)

If a light flash goes off at the moment the origins of the coordinate axes for the reference
frames S and S’ coincide, then the location of the light front at time ¢ in S is determined
by the condition x? + y* 4+ z* = ¢*t?, or ¢** — (x? + y? +z%) = 0. Similarly, in S’ the
light also expands spherically outward and the location of the light front is determined by
the condition x* + y* +z'* = ¢, or ¢2t"* — (x> + y'> + 2’*) = 0. Thus the Lorentz-
invariant condition (A.41) [or (A.42)] is a natural generalization of the condition that
light travels at speed ¢ in all reference frames.

A Lorentz invariance such as (A.42) is reminiscent of the invariance of x> + y? + 22
under rotations. For example,

X =cos¢gpx +singy
¥y = —singx +cospy
2=z (A.43)

corresponds to a rotation of the coordinate axes by angle ¢ counterclockwise about the z
axis, as indicated in Fig. A.10. You can check that x2+ 32 +22 = x"* 4 /> + "> under this
rotation. Just as all three-vectors follow the same transformation rules under rotations,
all four-vectors follow the same rules as those that govern the position four-vector under
Lorentz transformations.®

3In the position four-vector time and space are joined together in a new type of space often referred
to as Minkowski space or, more simply, spacetime. Ordinary three-dimensional space is often referred
to as a Euclidean space in that the sum of the squares of the components of any vector is unchanged by
a rotation of coordinates. Minkowski space is a non-Euclidean space in that the sum of the squares of
the coordinates (¢’1? + x? + y? + z7) is nor an invariant. Rather the combination of coordinates that
is invariant consists of ¢*¢* — (x? + y* + z%), which is the way to express the invariance favored by
particle physicists, or the negative of this expression, namely x? + y? + z% — ¢%?, which is favored by
general relativists. The Lorentz transformation (A.28) can be thought of as a generalized “rotation” in
Minkowski space. mixing space and time together. See Problem A.10.
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»y

Figure A.10 Two coordinate axes. One is rotated relative to the
other by angle ¢ about the z axis.

A.5 Momentum and Energy

Let us use the velocity transformation (A.37) to analyze an elastic collision between
two particles of equal mass m. In the frame S, which in this case is the center-of-mass
frame, the two particles, each with speed J', make a head-on collision, as indicated in
Fig. A.lla. After the collision, the two particles rebound with speed V' perpendicular
to the initial direction. In the frame § (shown in Fig. A.11b), which is moving in the
negative x direction at speed V relative to S”, the two particles after the collision have
speed V' in the positive x direction. And the “target” particle in this collision is at rest in
S. Using (A.39), we see that the speed of the incident particle is given by

2V
vy = T’Z/Cl (A.44)
At first it seems disconcerting that
my; = mL #2mV (A.45)
' I+ V2/c?

since the left-hand side of this equation should be the x component of the linear momen-
tum before the collisions and the right-hand side the x component of the linear momentum

I 4
m

Sl m m

(a) e — -~
v V I m
v
Before After

m m m

(b) I—‘S— — = m /
\

Before After

Figure A.11 (a) Two particles of equal mass m and speed ¥ make a head-on clastic
collision in reference frame S'. After the collision the particles rebound along the y axis.
(b) The same collision as viewed from reference frame S.
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after the collision. Our expectation is that linear momentum should be conserved in this
collision. After all, it was an analysis of collisions such as the one outlined here that led
Newton to introduce the concept of lincar momentum. The resolution of this seeming
paradox is that the linear momentum of a particle is nor equal to mv. Rather, the correct
definition of momentum for a particle of mass m with velocity v is

mv A 46
V=T S
If you apply this definition of momentum to the collision in the frame S, you can verify
that linear momentum is indeed conserved in the collision. Of course, this definition of
linear momentum corresponds to the nonrelativistic expression p = mv when v/c < 1.
One way to “derive” the correct expression for the linear momentum is assert that
the three-momentum p = (p,, p,. p-) should be components of a four-vector p, just as
the position coordinates r = (x, y, z) are three of the four components of the position
four-vector x,. To construct a candidate “momentum’ four-vector, we first create a four-
vector velocity by taking the derivative of the components of the position four-vector not
with respect to time (which is itself a component of a four-vector) but with respect to the
proper time . For a particle that is moving, that is one whose spatial coordinates shift
by Ax, Ay.and Az in time At, we define the change in proper time through the Lorentz
invariant

-

AT = AAP — Ax? — Ay? — AP (A.47)
Thus in the rest frame of the particle, where Ax = Ay = Az =0, At = Af. As was
noted in Section A.2, the proper time is the time as kept on a clock in its rest frame. All
observers, independent of their frame of reference, “see” the same reading for this clock.
Thus in the language of (four-) vectors, we can characterize the proper time as a Lorentz
scalar and the four-vector velocity

dx,,
dt

is the derivative of the four-vector position with respect to this Lorentz scalar. Once we
have a four-vector velocity, we then define the four-vector momentum by

(A.48)

Uy =

dx,
L= L= m— A.49
Pu =mu, =m s ( )
But we know from (A.10) that
By (A.50)
dt
Consequently,
1 >
Po = mc(— = yme = mc (A.51)

dr (1.— Uz/(_..’.

The spatial components of the four-vector momentum can be expressed in terms of the
ordinary velocity by using the chain rule. The x component, for example, is given by
dx dx dt dt )

Prx=M— =M———— = MUy—— (A.52)

dr dr dt dt
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and therefore the spatial components of p,, are the spatial components of the linear
momentum

mv
=ymy = —— (A.53)
Sl V1—vi/e?
In sum,
Pu = (Pos Pxs Py p:) = (yme, ymuy, ymuy, ymu.) (A.54)

But what is the meaning of py? This component of the four-momentum is just £ /¢,
provided we identify

2
mee
E=yme = — (A.55)
V1—1v?/c?
When the particle is at rest, this energy consists entirely of mass energy. namely
E =mc* when v=0 (A.56)

perhaps the most famous equation in physics. When the particle is in motion, then y > 1
and the particle has a larger energy, consisting of both mass energy and kinetic energy
K. This gives us a relativistically correct way to define kinetic energy:

K=E—mc = (y — l_)mc2 (A.57)

When v/c « 1, the nonrelativistic limit can be obtained by carrying out a binomial or
Taylor series expansion of y:
2
K= —1——1 met = 1+U—.,
Thus the relativistic expression for the kinetic energy reduces to the nonrelativistic mv? /2
in the limit that v < ¢. On the other hand, as v — ¢, E = ymc®> — oo. Consequently,
the velocity of a particle of mass m is restricted to be less than ¢ since it would take an
infinite amount of energy to get the particle up to the speed of light. Only a particle with
m = 0 can travel at c.

Before Einstein, it was presumed that in collisions there were three conservation
laws—conservation of mass, conservation of linear momentum, and conservation of
energy—primarily because measurements of masses in chemical reactions were not
precise enough to detect a change in mass, although such changes do occur. A significantly
larger change in mass occurs in many of the nuclear reactions that were first observed
in the twentieth century. It is the conversion of mass energy to kinetic energy that fuels
a nuclear power plant and the atomic bomb. These topics are discussed at length in
Chapter 9. Moreover, in Chapter 10 reactions involving particle—antiparticle annihilation
in which the rest mass of the particles disappears entirely are discussed. We now know
the correct conservation laws are simply conservation of momentum and conservation of
energy, where energy is understood to include mass energy as well as kinetic energy. In
fact, in special relativity conservation of momentum and conservation of energy really
collapse to a single conservation law, namely conservation of four-momentum.

It is common to refer to the momentum four-vector as the energy-momentum four-
vector, since its components include the energy as well as the components of the linear
momentum of the particle. Like any four-vector, the momentum four-vector behaves just

1
+.oo—1]me? = Emv2 + -+ (AS8)

385



386

Appendix A: Special Relativity

like the position four-vector under a Lorentz tranformation. Therefore

/ v
m=y(m—;wJ

" V
Pi=VY I PIL— ?Pu

!
P

o

= I):

2
3=P3 (A.59)

relating the energy and the components of the linear momentum in the two reference
frames S and §'. Consequently, the quantity
E2
P—Pi—Pr—Pi=— —Pi—Py—F; (A.60)
has the same value in all inertial reference frames. Like (A.41), it is a Lorentz invariant.
In the rest frame of the particle p = 0 and E = mc?. Thus

E? 2 2 2 2.9
= hT B p=me (A.61)
and therefore
E = v prct + mict (A.62)

where p® = p? + p? + p2. This expression connecting the energy E of a particle with
mass m and momentum p is one of the truly fundamental and important results of special
relativity. Although our derivation was carried out for a particle with a nonzero rest mass
m, this result (A.62) is a quite general one. For a particle for which pc 3 me?,

m2ct mc* 5
E:pc'\/l-l— - =pc | L+ ===+ pe > me (A.63)
pec? 2pte®

Thus for an ultrarelativistic particle, £ = pc. For the special case of a massless particle,
like a photon, (A.62) reduces to

E = pc when m=0( (A.64)

The scattering of a photon from an electron at rest in the Compton effect (see Section 1.3)
provides a nice confirmation of (A.64).

EXAMPLE A6 Use the Lorentz transformation of the momentum four-vector to
determine the energy of a photon observed on Earth that is emitted by a source
that recedes from the Earth at speed V. as illustrated in Fig. A.12. Call the energy
of the photon in the rest frame of the source E.,,. Therefore the magnitude of the
momentum of the photon in this frame is E.,/c.

SOLUTION Denote the rest frame of the source as S'. The four-momentum of the
photon in §' is
P:; = (p['h [’;- pé‘ f’_;) = (Eem/¢, —Eem/c, 0, 0)

since we are assuming that §" moves in the x direction as observed in S. Note that
Py = — Eem/c since the photon is emitted in the negative x’ direction in §’. Using
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Vv
\ “ AN — . —
>
Earth

Figure A.12 A source of light receding from the Earth at speed V.

the inverse Lorentz transformation of (A.59), namely

—
Po=Y f’n‘i'?pl

ths Eem V Ecm V Ecm
=y - =y ] — —
(49 c c C o C

where the energy of the photon as observed on Earth is denoted by £,,.. Therefore
=V -  M-=Vie

——Llm = ———Eq
/1= V22 m 14+ Ve ™"

As discussed in Section 1.3, the energy £ of a photon is directly proportional to its
frequency v, namely £ = hv, where & is Planck’s constant. Thus we see that the
frequency v, of the light as observed on Earth is given by

[1—-V/e
v, = — T
obs \/I % V/C em

where v, is the frequency of the light in the rest frame of the source. Thus when
the source recedes from the Earth, the frequency the light as observed on Earth
is lower than that in the rest frame of the source. This is the relativistic Doppler
effect. Since the wavelength .. = ¢/v, a decrease in frequency corresponds to an
increase in wavelength. Such a shift in wavelength is referred to as a redshift,
since red light has a longer wavelength than blue light. The observed redshift of
light emitted from atoms in distant galaxies provides compelling evidence for an
expanding universe and the Big Bang theory.®

we see that

Egps =

EXAMPLE A.7 The mass of the 7" meson is 135 MeV/c?. The predominant decay
mode of the 7° is into two photons (7° — y + y). If the 7° is at rest before the
decay, determine the momentum of each of the photons.

SOLUTION In order to conserve momentum, the photons must be emitted back to
back with the same magnitude of the momentum for each. Consequently, each
photon has the same energy £ and hence

R
mapc” =2F

Thus £ =67.5 MeV. Then since £ = pe for a photon, p = 67.5 MeV/e.

“There are roughly 100 galaxies, most in our own local group of galaxies, that exhibit a blueshift
in the radiation they emit. Consequently, these nearby galaxies are moving toward us rather than away
from us.
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EXAMPLE A.8 Use Lorentz invariance arguments to determine the threshold kinetic
energy of the incident proton for the production of an antiproton via the reaction

p+rp—p+ptp+p
in which the target proton is at rest in the lab.

SOLUTION Conservation of four-momentum in the collision requires that

Py, + P2, = p3, + p4a, + ps, + Pe,

where py is the four-momentum of the incident proton, p;, is the four-momentum
of the target proton, etc. Taking advantage of the Lorentz invariant “length” of
these four-vectors, we see that

(E!+E:)2 i (Ea+E4+Es+Ef,
S — (P 2) =

2
- - ) — (p3 + P4 + Ps + Pe)’

Since both sides of this equation are Lorentz invariants, their values are frame
independent. Evaluating the left-hand side in the laboratory frame and the right-
hand side in the center-of-mass frame when the final-state particles are at rest, i.e.,
at threshold, we obtain

E\ + mc? : 2 4mc? g
—— | -pi=
¢ c

) ) )
E} +2E\mc* +m*c* — pic* = 16m*c*

Consequently

Since
2 E2_ o d
E{ — pjc- =m"c

we find

2 2.4
2Eymc” = 14 m“c

1 L e el

,‘-—"”'____:,_...!é_ RUETE

g -

Figure A.13 The Berkeley Bevatron, Ernest Orlando Lawrence Berkeley National
Laboratory, reproduced with permission from AIP Emilio Segre Visual Archives.
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7 2 2 2
Ki=E)—mc* =Tme* —me® =6mce*

The Berkeley Bevatron (see Fig. A.13), one of the first “high-energy™ accelerators
built in the 1950s, accelerated protons to kinetic energies of approximately 6 GeV
with the expectation that when these protons interacted with the protons in a copper

target antiprotons would be created.

Problems

A.1. The tau lepton has a proper lifetime of 0.3 ps. What
speed must a tau lepton have in order to travel, on
average, | mm before decaying?

A.2. An astronaut has a resting heartbeat of 60 beats/
minute. The astronaut flies past the Earth in a spaceship
traveling at 3/5 ¢. How does the astronaut’s heartbeat
rate as measured by an observer in the ship compare
with that measured by observers on Earth?

A.3. The radius of our galaxy is approximately

3 x 10* m. How fast must a spaceship travel so that the
crossing the galaxy takes 40 years as measured on board
the ship? How long would the trip take as measured on
Earth?

A.4. Upon arrival at the star Alpha Centauri, which is
4 light years away, an astronaut sends a radio message
back to planet Earth. The message is received 9 years
after the astronaut departed Earth. How fast did the
astronaut travel? How much time had elapsed for the
astronaut when the message was sent?

A.5. The Global Positioning System (GPS) relies on
very accurate atomic clocks aboard a network of

24 satellites, each of which orbits the Earth in 12 hours.
To provide a resolution better than 1 meter on Earth, the
clocks must not gain or lose more than 3 ns in 12 hours.
That is, the clocks must be accurate to

3x107%s/(12hr) =7 x 1071

The satellites move at a speed v = 3.9 km/s in circular
orbits. Is it necessary for GPS receivers on Earth to
account for special relativistic effects?

A.6. A rod of length Lg is oriented so it makes an angle
6o with respect to the x” axis. Observers in the reference
frame S see the rod moving with speed } along the x

axis. Show that the angle @ the rod makes with the x axis
is given by tan 6 = y tan . Suggestion: Take the lower
end of the rod to be located at the origin of the S
reference frame.

A.7. The most famous paradox in special relativity is the
twin paradox. Consider two identical twins, Al and Bert.
Bert decides to make a round-trip to a nearby star. Since
moving clocks run slow, the time interval df on Al’s
clock and the time dt on Bert’s clock are related by

dt = dt\/1 — v(1)*/c?, where v(t) is the speed of Bert
relative to Al. Thus the total elapsed time on the Bert’s
clock is given by

!
= [ 1 —v(t)?/c?dt
T A v(t)/c

Consequently Bert returns from the trip younger than Al.
The paradox arises in asserting that from the Bert’s
perspective it is Al who did the traveling and thus Al
should be younger than Bert because of time dilation.
What is the fallacy in Bert’s reasoning?

A.8. Show with the aid of the Lorentz transformation
(A.28) that the quantity ¢*t*> — x? — y* — z% isan
invariant, namely

A= 4y 428 = it — (x? +_v’2 +27)
A.9. Use the inverse Lorentz transformation (A.30) to
derive length contraction and the leading-clock-lags rule.

A.10. Prove that the Lorentz transformation (A.28) can
be cast in the form

'

x' ' =cosh¢x —sinhgct
ct’ = —sinh ¢ x + cosh ¢ ct
y=y
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with tanh ¢ = V' /c. Suggestions: You may wish to make
use of the identity

cosh® ¢ — sinh* ¢ = 1

A.11. In reference frame S event B occurs 4 s after
event A, Events A and B are separated by 1.5 km along
the x axis. With what speed must an observer move in
the positive x direction so that events A and B occur
simultaneously?

A.12. In reference frame S cvent A takes place at

xa = 500 m. A second event, event B, occurs 5 us later
at xg = 1500 m. With what speed must an observer
move in the positive x direction so that the events occur
at the same point in space in that observer’s frame?

A.13. Two protons move at speed v, one along the x axis
and one along the y axis. What is the relative speed of
the two protons? Evaluate your answer for the special
casev = 3/5¢c.

A.14. In the laboratory rest frame two particles are
approaching in opposite directions. each with speed of
0.9¢. Find the velocity of one of the particles as
determined in the rest frame of the other particle.

A.15. Show in the collision pictured in Fig. A.11b that
linear momentum is conserved.

A.16. A proton has an energy of 1 TeV. How fast is the
proton moving? For simplicity, take mc®> = 1 GeV.

A.17. Two protons, each with an energy of 1 TeV, make a
head-on collision at the Large Hadron Collider (LHC).
What is the velocity of one of the protons as measured in
the rest frame of the other proton? Take me? = 1 GeV.

A.18. At the SLAC National Accelerator Laboratory
electrons are accelerated to an energy of 50 GeV. How
fast are these electrons moving?

A.19. An electron has a kinetic energy six times greater
than its mass energy. Find (a) the electron’s total energy
and (b) its speed.

A.20. A particle with mass M at rest decays into two
particles, one with mass m; and the other with mass m».
Use conservation of energy and momentum to show that
(M? 4+ mi —m3) ?

By = 2M

A.21. Find the kinetic energy of a proton moving with
half the speed of light. Express your result in terms of
me?, the rest mass energy of the proton.

A.22. A photon of energy £ = 15 GeV moving to the
right is absorbed by a particle of mass m moving to the
left with speed v = 2¢. After absorption, the particle has
mass myand is movihg to the right with speed %c Using
energy units, find m and my.

A.23. At what speed must a body travel so that its total
energy is twice its rest energy mc>?

A.24. Show that

for a particle with mass m.

A.25. How large an error is made in using the
nonrelativistic expression K = mv?/2 for the kinetic
energy if v/c = 0.17

A.26. A K" meson traveling at 0.9¢ decays into two
pions. Take the mass of the K meson as 500 MeV/c?
and the mass of each pion to be 140 MeV/c?. One of the
pions travels backwards and the other forwards relative
to the direction of motion of the K. Determine the
velocities of the two pions. Suggestion: Determine the
velocities of the pions in the center-of-mass frame of the
K" and then use the velocity transformation to
determine the velocities in the lab.

A.27. A 7" traveling at speed v decays into two photons.
One of the photons emerges parallel to the direction of
travel of the " and the other antiparallel. If the energy of
one of the photons is three times the energy of the other,
determine the speed of the 7". Suggestion: Express the
energy of the 7" in the form \/p2c? + mzc?. Use
conservation of energy and momentum to determine p
and then use Problem A.24 to determine v.

A.28. Figure A.14 shows the spectrum of emission lines
of atomic hydrogen excited in a discharge tube on Earth
(a) and as measured with a spectrograph attached to a
telescope that is pointed at a distant galaxy (b). Is the
galaxy moving toward us or away from us? Determine
the approximate speed of the galaxy relative to us.
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Figure A.14 Emission lines from atomic hydrogen.

A.29. The redshift parameter z is defined by the
relationship

Aabs — Aem

)‘em

or
Aobs
A'(.‘ll]
where g, 1s the emitted wavelength and 2, is the
observed wavelength. The largest confirmed galactic
redshift is z ~ 7. How fast is this galaxy receding
from us?

l+z=

A.30. A photon collides with an electron at rest.
Determine the threshold energy for creation of an
electron—positron pair in the reaction

y+e —e +e +e

A.31. An electron and positron make a head-on collision
with equal and opposite velocities. What is the threshold
energy required to produce a proton—antiproton pair in
the reaction

e 4et—=p+p



APPENDIX

Power-Series Solutions

Our goal in this appendix is to show how to solve the differential equations that result
from the energy eigenvalue equation for the harmonic oscillator, the eigenvalue equation
for the magnitude squared of the orbital angular momentum, and the radial equation for
the hydrogen atom using a power-series solution. In the case of the harmonic oscillator
and angular momentum, there are in addition elegant operator techniques for obtaining
the eigenvalues and eigenstates from the fundamental commutation relations. You are
certain to see those techniques in your next course in quantum mechanics.

B.1 The Simple Harmonic Oscillator

It is possible to solve the energy eigenvalue equation

7 d*y

55
7 a2 - Emm x“Y = EyY (B.1)

for the harmonic oscillator with a power series. First, we simplify the differential equation
by switching to the dimensionless variable

- [mw
y= o = \ _ﬁ X (B2)
where
—
h
=/ — B.3
- \,/ me (B.3)

has the dimensions of length. With this change of variables the differential equation (B.1)
becomes

d>r .
-y =0 B.4
5z Tle-r)v (B.4)
where we have set
2E
€= — (B.5)
fhew
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If we attempt to solve this differential equation with a power series solution, we obtain a
three-term recursion relation. A way around this difficulty is to factor out explicitly the
large v behavior of the wave function. For large y the differential equation becomes

/2 5
TV _ e (B.6)
dy?
which has solutions
= .-I_r"e_-":f 2 4 B_\'”e-": P (B.7)

In fact, in the limit of large v, we can take any power of y (or polynomial in y) multiplied
by the decreasing exponential as an asymptotic solution to (B.4).
With this in mind, we make the change of variables

Ilf(.l') i H(J,)e—_r:;': (B.S)

where H(y) is a polynomial in y that we need to determine to ensure that (B.8§) is an
exact solution to the differential equation (B.4). Making the substitution (B.8) into (B.4),
we find that H(v) satisfies the differential equation

I*H 1H
e =By (e~ 1) =0 (B.9)
dy? dy

At first glance it looks as if we are headed in the wrong direction in that (B.9) has both
first and second derivative terms while (B.4) has only a second derivative term. But if we
substitute

ec
H(y)=Y_ ay' (B.10)
k=0
into (B.9) we obtain
>kt — Day* ™ =23 kapy* +(e = DY _ayt =0 (B.11)
=2 k=1 k=0

Letting " = & — 2 in the first term yields for this term

3K + 2K + Dagsay® (B.12)
k=0

We now rename the dummy index /& as &, which allows us to write (B.11) as

.o
>tk +2)(k + Dagsa — 2kay + (€ — Dag] y* =0 (B.13)
k=0
Since the y* are linearly independent functions, the only way for (B.13) to be satisfied
is for the coefficient of each factor of v* to vanish. In this way, we obtain the two-term
recursion relation
Qrs2 2k+1—¢€

= B.14
ag (k+2)(k+1) ( )

In general, we are left with the terms in an infinite power series, which for large
behaves as
A4 2

- — (B.15)

ag k




Section B.2 Orbital Angular Momentum

This is the same behavior for large & that the function

oo

2 0
e = Z "—" = Z l)k_]'k (B.16)

n=0 2 k=0

exhibits, since for this function b; = 1/(k/2)! and therefore
biya (k/2)! l 2
= = —F, =
by [k/2)+ 11 (k/2)+1 &k
Since the large y behavior is determined by the behavior for large £, the series solution will
generate the exponential behavior e ™" /?¢” = ¢¥"/2 for ys(y) that we tried to discard when
choosing a viable form for the solution to (B.4). The only way to obtain a normalizable
wave function is for the series to terminate, in which case # () is a finite polynomial in

v known as a Hermite polynomial. Examining the recursion relation (B.14). we see that
the series terminates when it reaches a value of k such that & = n provided

(B.17)

e=2n+1 (B.18)
where n is an integer. Consequently,
1
By = (n-{-i)ﬁw n=0.1,2,. .. (B.19)
The three lowest energy (unnormalized) eigenfunctions are
Yo = age™/? (B.20)
Uy = ayve 2 (B.21)
lj}'z = Ay (2_1-'2 - IJ € “‘:"2 (B.?.Z)

Each energy eigenfunction with eigenvalue £, = (n + 1/2)%w is a polynomial of degree
n multiplying the decaying exponential e=*"/2. Up to an overall multiplicative constant,
these polynomials are the Hermite polynomials.

B.2 Orbital Angular Momentum

As discussed in Section 6.2, eigenfunctions of the operator

1 d d 1 a2
L= p? — ("n&?—) + (B.23)
Lip " |sino e \*"" 30 sin”~ 6 d¢?

can be written in the form

Y (6, ¢) = O(0)D(e) (B.24)

- . ~ . 2 ¢
where the ¢ dependence is determined by the fact that the CIgﬁnIuncuons of L, can
be chosen to be simultancous eigenfunctions of L., since L;,p and L.,, commute.
Consequently, the cigenvalue equation

L, Y0, ¢) = in*Y (0, §) (B.25)

reduces to

—#? [Li (singi("—)) | 0] = %0 (B.26)

sin~ A
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Appendix B: Power-Series Solutions

This differential equation can be put in a more standard form by changing the inde-
pendent variable to z = cos 6, in which case (B.26) becomes

d d©® m?
—{(1=2%) — A= ®=0 B.27
dz {( )d:]+( l—z:’-) ( )

We will restrict our attention to solving this differential equation for the special case
m; = 0, since it can be shown that the functions for nonzero m; can be obtained by
differentiating the solutions with m; = 0.! Consequently, the eigenvalue problem for Lip
reduces to solving Legendre’s differential equation

2 d*e B 1_(1@

(1= — —22—+20 =0 (B.28)
dz? dz
A power-series solution of the form
.
Oz) = Z apz* (B.29)
k=0
yields
oC oC o0 o0
S ktk = Dagz* = Yk — Dagz* =2 ka +2. ) azt =0 (B30)
k=2 k=0 k=0 k=0

Making the change of variables k' = k — 2 in the first summation and then renaming the
dummy index k" as &, we find

> Atk + 2)k + Dagya — [k(k + 1) = M} =0 (B.31)
k=0
Since the functions z* are linearly independent, this equation requires that

arsy  k(k+1)—2

= B.32
aj (k+2)(k+1) ( )
Notice that as k — o0
ax
1 (B.33)
.

and the series diverges at z = =1 unless the series terminates.” The series terminates with
a polynomial of degree / provided A = /(/ + 1), where / = 0, 1, 2, ... The polynomials
are called Legendre polynomials and are denoted by £(z):

Py=1 (B.34)
P =z (B.35)
Py=1(32-1) (B.36)

You can see these Legendre polynomials appearing in the Y; ¢(#, ¢) given in Section 6.2,

"For positive n;
my/2 d m;@ =
(;‘)m,:(]*:l) F ‘iﬂ

‘ ; } dz"
Once you have worked out the solutions with positive m,, the solutions with negative m; are then
obtained from those with positive m; by letting m; — —m;.

2 v o ‘ - . P . g

“It turns out this is a very “modest” logarithmic singularity at = = +1, at least if you rate degrees of
divergence. But any divergence is too much for a well-behaved eigenfunction.



Section B.3 The Hydrogen Atom

It can similarly be shown that for m; # 0 the differential equation

i[(l—zz)@]-%

1

mj
- =0 B.37
== = i+ 1)~ — 22] (B.37)

which is known as the associated Legendre equation, has well-behaved solutions only if
|m;| < 1. We have shown in Section 6.2 that m; takes on integral values. Therefore, the
allowed values of m; range from —/ to / in integral steps.

B.3 The Hydrogen Atom

Our approach to determining the allowed energies and radial wave functions for the
hydrogen atom is very similar to the procedure that we used for the harmonic oscillator.
We start with (6.63), namely

(B.38)

#? d*u [1(1+ Na? Ze ]
u=FEu

2m dr? 2mr? dmegr

We are searching for bound-state solutions, namely those with energy £ < 0. We define
a dimensionless variable

v —=8mE
p= Tr (B.39)

Expressed in terms of p, (B.38) becomes

Pu I+ 1 A1
g8 _Hed )u+(f—~)u=0 (B.40)
dp? p? p 4
where
LA L B4
T dmegh \| —2E (Bl

is a dimensionless constant. If we attempt to solve this differential equation with a power
series solution, we obtain a three-term recursion relation. However, for large p, the
equation simplifies to

——u=0 (B.42)
which has solutions
u = Ae”?/? 4 Be?? (B.43)

We discard the solution that increases exponentially with p because such a solution does
not lead to a normalizable wave function. However, as for the harmonic oscillator, the

exponentially increasing solution will resurrect itself unless the values for A are carefully
chosen.

We begin by making the change of variables

u=p*tle 2 F(p) (B.44)
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Appendix B: Power-Series Solutions

where the p’*! behavior is determined by examining the differential equation for small p,
as we saw in Section 6.3. When (B.44) is substituted into (B.40), we obtain the following
differential equation for F(p):

1*F 2042 {F S
¢ «,+( _])(_+(’___+_)F=() (B.45)
dp* P dp p p

Although this differential equation looks more complicated than our starting point (B.40),
it is now straightforward to obtain a power-series solution of the form

0

Flp)=>exp* (B.46)

k=0

Substituting (B.46) into (B.45), we obtain

> Kkk=Dep 2+ @+ Y ket 2+ [k + A — (1 + Dot = 0 (BA4T)

k=0 k=1 k=0

Making the change of variables &’ = k — 1 in the first two terms and then renaming the
dummy index £ as &, we can express (B.47) as

D AlkCk + 1)+ Q21+ 2)k + D] cest + [k + A=+ D]exl o' =0 (B48)

k=0

leading to

k4+{4+1-2
.3 QL o B (B.49)
Ck (k+ D)k + 2/ +2)
Note that as & — o0
: |
Cr ke

which is the same asymptotic behavior as ¢”. Thus unless the series terminates, the
function u(p) will grow exponentially as e”/%. To avoid this fate, we require

A=1+1+n, (B.51)
where the integer
n.=0,1,2... (B.52)

determines the value of & at which the series terminates. The function F will then be a
polynomial of degree n, known as an associated Laguerre polynomial. You can see these
polynomials appearing in the radial functions for the hydrogen atom given in Section 6.3.
Finally. notice that restricting the value of & to the integer n = 1 4+ / 4 n, means that the
energy is quantized according to

Y _‘
miz-e
I R el S =123

o —2(-'-171'15(,)3i‘::ri'3 .....

Moreover, we see that the allowed values of / range from 0 to n — 1, depending on the
order n, of the associated Laguerre polynomial.

(B.53)



Answers to

Odd-Numbered Problems

Chapter 1

11 () w =ke/n

1.3 (h) 2.1 um

1.5 2,000 km for deye = 5 mm

1.7 1.7 x 107 photons

1.9 (a) 4.22 eV (b) 8.6 x 10° m/s (c) 169 W/m?
1.11 3.95eV

113 h=6.6x 107 )5, W =23eV

115 E' = mc?/3, K = 2mc?/3

1.17 No

149 2 =@'™/%, 2%z, = 1,3, =%

«Zazp =1
1.21 () 10%/s(h) 3.6 x 10711 W

1.23 (a) 0.2 () 0.98

1.25 212 [1 + cos(4nd /1)), duin = */4n

127 (@) sin® 242 () 1y = 1y 4 % () 0.25

1.29 2/2/3

131 (@) ¢ = Qr/a)d) — dy) (b) 2 (;,1 + % eos¢)

1.33 r2 for ka < |

1.35 2
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400 Answers to Odd-Numbered Problems

1.37 3,2

1.41 2d sinf) = (m + %) A

Chapter 2

21 1 km/s

23 15

2.5 (a) 2.5 pm (b) 31 pum

27 12x107m,3.9x 107" m, 8.7 x 107 m

2.9 Form = 1kg, v <6.63 x 107 m/s, 1 > 4.5 x 10™ s
211 (a) 60 keV (b) 2.5 keV

213 1.8 x 1071 m

219 (14 —|B)?)

221 (b)ym =1 g, t ~2 x 10" s and for an electron, 1 ~ 2 x 10~'¢ g
2.23 (@) Ap = [ = 3.5 % 107 kg-m/s (b) 3 nm

Tk 3 [Tk
2.25 (([) UPII = 71 !_:g — 5 .‘_)

229 (b) ke?/\ ke + 26

;
231 N =/ (x) =

233 (x) = 3L, (p) =0, Ax = Ly/ 5 — 55, Ap, = B2, AxAp, = timy /5 — 55

235 (x) =0, Ax = —+

N

L

ool

K

Chapter 3

3.3 (a) 77 (b) 355

35 a1 = §, laf? = §, (E) = RE1, AE = 3P,

39 (a) ;2 forn=1,3,5,...,0 forn =2,4,6, ...
(hy W(x,t)= Z V—@(l —cosnn)e“'g"”fﬁ\/%sin%

nm
n=1

3.11 840/7® = 0.874



Answers t0 Odd-Numbered Probls

Chapter 4

car2 T sin ka =172
a7 2Acostka/2) = Ce™*2 and C = 75 | tiarm (+5) + 1]
49 (¢) Vo = 52 MeV

411 (b) 3\/,,Z

413 |/ 5=

4.15 (¢) 0.81

447 W(x, 1) = e B [?}z Wol(x) + :}.:Ze—”ﬁl‘f*"”’“wl(.r)]
4.25 Same as (4.120) and (4.121)

429 (c)R=1

: = |
431 (o) T = e

Chapter 5
5.5 E, for —1 and equal probabilities of £y and E, for +1

5.7 45°

Chapter 6

a-

_ fita? nf "E n?
6.1 Ey i = "5y (-—: 2 —C—) E 1.1, nondegenerate

6.3 ("Hr)/ﬂ'ﬁ)}'u e—mrur-‘ﬁﬁ, [ =0

641 +i

6.15 — U(H*]lfm:]ﬁ" mie ) )
Sk = {—”'{— + _’2%7} (b)) y(6,¢,1)= —\/]'1'Yu.u + T
(c) E11/2 2 72 X

12 5
¥ o =0} ot M P Dimd
6.17 (a) H = _2}£’ Y, € E o, #2m?

V2n 27
(h)0 lwnh probability 2/3, 71 with probability 1/6, —# with probability 1/6
(©) 75= (1 — e ™ cos ¢) (d) 1/3 (e) AE = 2 ’

32

6.19 2.5 x 10™

6.21 —m A /212 H2



402 Answers to Odd-Numbered Problems

6.23 / = 1, 1/3 probability that L. =0
6.25 1 [sin@ cos(¢p — wyt) + sind sin(¢ — wyt) + cos B] g~"/2bo

A1) s=t5()

6.27 S, =

ST
(TR

Chapter 7
73 5%

O

7.5 4.4 x 10° eV

N

4/3
)

7.7 (a) 373 (b) ”Lj’h—:‘ﬁc(
7.9 Eg/2

7.11 3.5 x 107" m*N

717 (a) 1682 K (b) 1.26 cm
7.19 (a) 50 nm (b) 10°

7.21 1/10

723 11.5

7.25 3.2 x 108%/em’

7.27 0.65

Chapter 8

8.9 282 x 1073 eV

Chapter 9
94 1.3x107"s
9.3 0.72 MeV

9.5 28 MeV for p, 38 MeV for n

9.9 Should be 5f j = 5/2

941 15999 u



9.13 0.013

9.15 1.7 x 10° yr

947 1 =23x 100 yr, 1y = 1.6 x 10* yr
9.19 5250 yr

9.21 (a) 17.8 yr (b) 8270 yr

9.23 34,600 yr

Chapter 10

10.7 K_+P—’Q_+K“+K+
10.11 4mc?

10.13 6.3 x 10" m~2s~!

10.15 /3mc/gB ~ 33 m

Appendix A

A1 0.9%¢

A3 v/c=1-2x10"1=64x 10*yr
A5 Yes

A1 v/c=4/5

A3 0.77¢

A7 v/e=1—-125x% 1013

A9 (a) Tme® (b) v/e = 0.990

A.21 0.15mc?

A23 v/c =./3/2

A.25 1%

A27 v/c=1/2
A29 v/e~ 8 = (.97

A.31 m e

Answers to Odd-Numbered Problems
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Index

Cabbibo, N., 343
Cabibbo angle, 343
Cavity radiation, 235-239
energy density, 238
formula, 248
Stefan—Boltzmann law, 239
Wien’s law, 239
Centrifugal barrier, 188
CERN, 341
Chadwick. J., 277
Chain reaction, 299
Chandrasckhar, S., 225
Charge conjugation invariance, 355
Charge independence, 278
Charm quark, 327, 344
Charmonium, 344
Chemical potential, 242
COBE satellite, 240
Color, 334
Color singlet, 337, 339
Colorless, 339
Commutation relations
intrinsic spin, 198, 199
orbital angular momentum, 182, 184
position—momentum, 163
Commutator, 160
Commuting operators, 160-162
Completeness, 99
Complex conjugate, 19
Compressibility, 224
Compton formula, 15
Compton scattering, 1316,
319-322
Compton wavelength, 15
Compton. A. H., 13
Conservation of
angular momentum, 352-35
charge, 358
color, 361
linear momentum, 351
parity, 354
in electromagnetic interactions, 355
Conservation of probability, 66-67
Contact potential, 265
Cooper pairs, 275
Cooper. L., 274
Cornell, E.. 245
Correspondence principle, 79, 195, 207
Cosmic background radiation, 240-241
Coulomb term, 284
(84
conservation, 356
nonconservation, 356-357
Crab nebula, 226, 305
Critical condition, 299
Critical mass, 306

(57

Critical temperature
Bose-Einstein condensation, 244
in liquid helium, 247
Cross section, 279
Crystalline solids
covalent, 263
ionic, 263
metallic, 263
molecular, 263
Cubic cavity. 236
Curie, 315
Curve of binding energy, 281-288

Dark matter, 350
Davis, R., 347
Davisson, C. I., 60
de Broglie wavelength, 53, 280
Decoherence, 173
Degeneracy, 161, 179
in the hydrogen atom, 190
Degeneracy pressure, 224
Delta baryon, 331
Density of states
for nonrelativistic particles, 223
for photons, 237
in an energy band, 266
Deuterium, 304
Diffraction
crystal, 58-62
gratings, 36-38, 42
single-slit, 7, 48
Diode, 272
Dipole
color, 338
electric. 338
Dirac delta function, 130
Dirac delta-function potential
double well, 133-135
single well, 131-132
Dirac, P. A. M., 51
Dispersion relation, 75
Donor impurity, 269
Doppler effect, 387
Double-slit experiment
helium atoms, 52-56
light, 32-36
Down quark, 327, 333

Ehrenfest’s theorem, 79-81, 167

Eigenvalue, 103

Eigenvalue equation, 103

Einstein 4 and B coefficients, 248

Einstein, A., 1,9, 22, 43, 170, 242,
368-369

Einstein—Podolsky—Rosen paradox, 170-171

Electromagnetic spectrum, 3



Acceptor impurity, 270
Activity, 315
Alpha decay, 292-295
Amplitude
of a wave, |
probability, 19
Anderson, C., 322
Angular frequency, 2
Angular momentum
intrinsic spin, 196-200
orbital, 179-186
Anticoincidence experiment, 18
Antiparticles, 194, 355
antineutrino, 328
antiquarks, 327
positron, 194, 321
Aspect, A., 17,23
Associated Laguerre polynomials, 189, 398
Associated Legendre equation, 397
Asymmetry term, 285-287
Atom interferometry. 52-57
Atomic bomb, 306-310
gun-type assembly, 308
implosion method, 309
Atomic mass number, 278
Atomic number, 278
Attenuation length, 280
Avogadro’s number, 232

Balmer series, 190

Band structure of solids, 257-263
Kronig—Penny model, 257-261
qualitative analysis, 262-263

Bardeen, J., 274

Barn (unit), 280

Baryon, 327

Baryon conservation, 363

BCS theory, 275
Beam splitter, 18
Bell. 1. S., 171
Beta decay, 292, 295-296
Bethe, H., 308
Bevatron, 389
Big Bang, 240, 350,
357, 387

Binding energy

atomic, 281

nuclear, 281-288
Black hole, 306
Blackbody radiation, 235-239
Bloch ansatz, 258
Bohr magneton, 195
Bohr model, 187, 207
Bohr radius, 191
Bohr, N., 22, 283, 306
Boltzmann constant, 228
Boltzmann distribution

for a two-state system, 247
Boltzmann factor, 227
Boltzmann, L., 227
Born interpretation, 64
Bose, S. N., 242
Bose—Einstein condensation, 242
Bose-Einstein distribution

function, 242

Bose-Einstein statistics, 229
Boson, 214

Higgs, 361

Wand Z, 363
Bottom quark, 327
Bottomonium, 345
Bragg relation, 59
Bragg, W. L., 59
Bremmstrahlung, 364

Index
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Electron—positron scattering, 326
Electroweak interactions, 361, 362
Elementary particles, 326-329
Energy

eigenfunction, 105

eigenvalue, 105

expectation value, 102

operator, 104
Energy-momentum four-vector, 385
Entangled state. 170
Euler identity. 3, 20
Event, 377
Exchange force, 253
Exchange operator, 212
Expectation values, 77

time dependence, 166, 351

Fermat’s principle, 40
Fermi energy, 222-224, 231, 266
Fermi gas model, 282, 284, 286
Fermi temperature, 232
Fermi velocity, 224
Fermi’s golden rule, 290
Fermi. E.. 290, 301, 308
Fermi—Dirac distribution function, 230
Fermi—Dirac statistics, 229
Fermion, 214
Feynman diagrams, 319-326
Feynman, R., 38, 51, 308, 317
Field emission of electrons, 143
Fine structure of hydrogen, 200
Fine-structure constant, 323
Finite square well, 113-118
Fission. 298-302
Flavors

leptons. 340

quarks, 327
Flux tube, 338
Forward bias, 271
Four-momentum, 384-385
Four-vectors, 382
Fowler—Nordheim relation, 144
Free-electron model, 221
Fresnel. A, 43
Frisch, O., 306, 307
Fusion, 303-305

g factor, 197, 324

Galilean transformation, 367
Gamma decay, 292

Gamow, G., 293

Gaseous diffusion, 307
Gauge bosons, 329

Gauge invariance, 358-361
Geiger, H.. 277

Gerlach. W., 201

Index

Germer, D. A, 60

Glashow-Weinberg-Salam
theory, 341

Glauber. R., 28

Global phase invariance, 359

Global positioning system (GPS).
377,389

Gluons, 337

Goeppert-Mayer, M., 288

Goudsmit, S., 197

Grand unified theory (GUT), 362

Gratings, 36-38, 42

Group velocity, 73

Groves. L., 307

h-bar, 62

Hadron, 327

Hadrons, 330-334

Hahn. O., 306

Half-life, 291

Hamiltonian, 104

Harmonic oscillator
in quantum mechanics, 123-130
power-series solution, 393-395

Heisenberg uncertainty principle., 70

Heisenberg, W, 51

Helium, 215-217

Hermite polynomials, 126, 395

Hermitian operator, 155
properties, 155-158

Higgs boson, 361

Higgs field, 361

Hilbert space, 175

Hofstadter, R., 279

Hoyle, E., 305

Hydrogen atom, 187-193
Balmer series, 190
Bohr radius, 191
degeneracy, 190
energy eigenvalues, 189
Lyman series, 190
Paschen series. 190
power-series solution, 397-398
radial equation, 188

Hydrogen bomb, 310-311

Hyperfine structure, 200

Ice man, 316

Ideal gas constant, 232

Ideal gas law, 232

Identical particles
in quantum mechanics, 212-214
indistinguishability, 211, 213, 228-230, 242,

247,251
Inertial reference frame, 367
Integrated circuit, 268, 272, 275
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Index

Interference
constructive, 5, 34
destructive, 35, 34
fringes, 4, 27
single-atom, 52-57
single-photon, 23-28
thin-film, 31-32
Interferometer
Mach-Zehnder, 23
Michelson, 47
Intermediate vector boson, 340
Intrinsic spin, 196-200
clectron, 197
photon, 198, 237
Invariance
charge conjugation, 355
gauge, 358
inversion of coordinates, 354
Lorentz, 382
phase, 359
rotational, 353
translational. 352
Isobar, 278
Isospin, 333
Isotope, 278
effect in superconductivity, 274

Jensen, 1. H. D., 288

Kaon, 332, 343

Ketterle, W., 245

Kiln, 235

Kinetic energy, 385
nonrelativistic, 58
operator, 104
threshold, 388

Kistiakowski, G., 308

Kronecker delta, 99, 157

Kronig-Penny model, 257

Lambda baryon, 332, 343
Laser, 247-251
four-level system, 250
He-Ne, 251
population inversion, 250
pumping, 250
three-level system, 250
Law of atmospheres, 233
Least action principle, 51
Least time principle, 38-43
LED, 272
Lee, T. D., 354
Legendre polynomials, 396
Length contraction, 371-373
Lepton number, 328
electron, 328

muon, 328
Leptons, 327

flavors, 340
Lifetime. 291
Light-by-light scattering, 326
Liquid drop model, 282-283
Local phase invariance, 359-360
Lorentz contraction, 372
Lorentz force, 355
Lorentz invariant, 382, 384, 386

Lorentz transformation, 321, 378-379

Lorentz, H., 195
Lyman series, 190

Mach-Zehnder interferometer, 23
Magic numbers, 287-288
Magnetic dipole moment, 194-197
Marsden, E., 277

Mass energy, 281, 385

Matrix mechanics, 159

Maxwell’s equations, 3, 20
Maxwell, J. C., 43

Maxwell-Boltzmann distribution function, 230

Maxwell-Boltzmann statistics, 229
Measurement

in Stern-Gerlach experiment, 202-203

problem, 170, 173
Meitner, L., 306
Meson, 327
Metals, 264-265
Michelson interferometer, 47
Microstates, 226
Millikan, R., 11
Mirror reflection, 354
Mixing angles, 343-350
Cabibbo angle, 343
neutrino oscillations, 347
Weinberg angle, 341
Moderator, 301
Molecular binding, 132-135
Momentum
conservation, 351-352
eigenfunction, 104
operator, 104, 179
Moore’s law, 268
Moore, G., 268
Multielectron atoms, 215-218
Multiparticle systems, 211-212
Muon, 328

n-type semiconductor, 269
Natural linewidth, 169
Neutrino, 328

Neutrino oscillations, 346-350
Neutron star, 226, 289, 306
Newton’s rings, 4



Newton, ., 7, 43
Noncommuting operators,
162-164
Nonconservation of parity,
354-355
Normalization, 65

Gaussian wave function, 126-128

particle in a box, 93

radial function, 183

spherical harmonics, 183
Nuclear fission, 298-302
Nuclear force

charge independence, 278

range, 283-284, 330

spin dependence, 288, 333-334
Nuclear fusion, 225, 303-305
Nuclear models

Fermi gas, 284-287

liquid drop, 283-284

shell, 287-288
Nuclear reactors, 300-302
Nucleon, 278

Observables, 155
Operator
energy, 104
exchange, 212
intrinsic spin, 198
linear momentum, 104, 179
orbital angular momentum, 181
parity, 154
position, 104
Oppenheimer, J. R., 307
Optical path length, 41
Orbital angular momentum
eigenfunctions, 183-184
cigenvalues, 183
operators, 181-182
Orbital angular momentum
conservation, 352-353
Orthonormal basis, 156-157
Orthonormal set, 99
Overall phase invariance, 359

p-n junction, 270-272, 275
p-type semiconductor, 269
Pairing term, 287
Parity, 153155, 353-355
conservation, 353-354
nonconservation, 354-355
Particle in a box, 91-97
allowed energies, 93
energy eigenfunctions, 93
time dependence, 95-97
Particle—antiparticle creation, 322
Paschen series, 190

Index

Pauli principle, 214
Pauli spin matrices, 209
Peierls, R., 307
Penzias, A.. 240
Period, 2
Periodic table, 218
Perturbation theory, 318
Phase, 2
difference, 35
overall, 35, 339
Phase factor
overall, 30, 74, 96
relative, 30, 96
Phase velocity, 72
Photoelectric effect, 9-12
Photons, 10
intrinsic spin, 198
Pion, 330
Planck function, 238
Planck’s constant, 10
Planck, M., 235, 238
Plasma, 304
Population inversion, 250
Positron, 194, 321
Positronium. 194
Power-series solutions
harmonic oscillator, 393-395
hydrogen atom, 397-398
orbital angular momentum, 395-396
Probability amplitude, 19
Probability current, 66
Proper length, 371
Proper time, 371, 384
Proton decay, 362-363

QED, 319
QFD, 340
Quantum chromodynamics, 334-340, 361
Quantum electrodynamics, 317-325, 358-361
Quantum field theory, 317, 358-361
Quantum flavor dynamics, 340-342
Quantum statistics, 226-232
Quarks, 327

colors, 334

flavors, 327, 340

Rabi, 1. 1., 329
Radiation

absorption, 248

spontaneous emission, 248

stimulated emission, 248-249
Radioactivity. 290-296

carbon dating, 297
Ramsauer—Townsend effect, 150
Range of interaction

and mass of exchanged particle, 330
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Ratio R, 335

Redshift, 387

Reduced mass, 188
Reflection coefficient, 138
Relativity principle, 367-369
Resistance, 264

Resistivity, 264

Reverse bias, 271

Rotational symmetry, 352-353
Rubbia, C., 342

Rutherford, E., 277

Rontgen, W., 58

Sakharov, A., 357
Scalar potential, 358
Scanning tunneling microscope, 142
Scattering
square barrier, 140142
step potential, 135-138
Schridinger equation
solutions
cubic box, 178
Dirac delta function, 132
double well. 135
harmonic oscillator, 125
hydrogen atom, 189
infinite potential well, 93
Kronig-Penny, 261
qualitative features, 119-123
square barrier, 142
step potential, 138
time-dependent, 62
time-independent, 90, 105
Schridinger’s cat, 171-173
Schrodinger., E., 51, 62
Schrieffer, R., 274
Seaborg, G.. 307
Selection rule. 195, 207
Semiconductor laser, 272
Semiconductors
extrinsic, 268-272
n-type. 269
p-type. 269
intrinsic. 266-267
p-n junction, 270
depletion zone, 271
Semiempirical mass formula, 282
asymmetry term, 285-287
Coulomb term, 284
pairing term, 287
surface term, 283
volume term, 283
Separation of variables, 89
in Cartesian coordinates, 178
in multiparticle systems, 211
in spherical coordinates. 180

Shell model, 282, 287-288
Simulaneity, 373-375
Single-photon source, 18
Singlet

color. 337, 339

spin, 215, 334, 338
SLAC, 344-346, 375
Slater determinant, 214
Snell’s law, 43
Solar cell, 272
Solar neutrino problem, 347-349
Space-like separation, 321
Special relativity, 367-388
Spectroscopic notation, 216
Spherical coordinates, 179
Spherical harmonics, 183
Spin angular momentum, 196-200

Spontaneous symmetry breaking, 341, 361

Standard Model, 358-363
Stationary state, 91
Stefan—Boltzmann constant, 239
Stefan—-Boltzmann law, 239
Step potential, 135139
Stern, O., 201
Stern-Gerlach experiment, 201-203
Stimulated emission of radiation, 249
Strange quark, 327, 332
Strassmann, I, 306
Strong interactions, 281, 289, 296,
304, 330-340
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Constants and Conversion Factors

Planck’s constant h=06.626 x 1073 J.s =4.136 x 1075 eV:s

hbar h=h/2r =1.055 % 1073 J.s = 6.582 x 1070 eV's
Speed of light c=2.998 x 10° m/s

Elementary charge g= 16025 16~ €

Fine-structure constant @ = ¢*/4meghic = 7.297 x 1073 = 1/137.036

Boltzmann constant kp = 1.381 x 1073 J/K = 8.617 x 1073 eV/K

Avogadro constant Na = 6.022 x 10% particles/mole
Electron mass me =9.109 x 1073 kg = 0.5110 MeV//c?
Proton mass my, = 1.673 x 107" kg = 938.3 MeV/c?
Neutron mass m, = 1.675 x 10727 kg = 939.6 MeV/c?
Bolr radius ay = dmwegh*/moc? = 0.5292 x 10~ m
Rydberg energy heRa = moc?a?/2 = 13.61 eV

Bohr magneton mp =efi/2m, = 5.788 x 10~° eV/T

lkeV=10"eV 1MeV=10eV |GeV=l0 eV I TeV=10"¢v

lym=10""m 1mm=10"m | pm=10""m 1fn=10"¥m

1eV=1.602x107"] TA=01nnm=10"m
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