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book is intended for readers who are quite familiar with probability
ochastic processes but know little or nothing about finance. It is
in the definition/theorem/proof style of modern mathematics and
s to explain as much of the finance motivation and terminology as
le.
thematical monograph on finance can be written today only be-
of two revolutions that have taken place on Wall Street in the latter
- the twentieth century. Both these revolutions began at universities,
in economics departments and business schools, not in departments
thematics or statistics. They have led inexorably, however, to an esca-
‘in the level of mathematics (including probability, statistics, partial
ntial equations and their numerical analysis) used in finance, to a
where genuine research problems in the former fields are now deeply
vined with the theory and practice of the latter.
first revolution in finance began with the 1952 publication of “Port-
ection,” an early version of the doctoral dissertation of Harry
itz. This publication began a shift away from the concept of try-
identify the “best” stock for an investor, and towards the concept
0 understand and quantify the trade-offs between risk and re-
herent in an entire portfolio of stocks. The vehicle for this so-called
ariance analysis of portfolios is linear regression; once this analysis
plete, one can then address the optimization problem of choosing
rtfolio with the largest mean return, subject to keeping the risk (i.e.,
ance) below a specified acceptable threshold. The implementation
kowitz’s ideas was aided tremendously by William Sharpe, who de-
d the concept of determining covariances not between every possible
Stocks, but between each stock and the “market.” For purposes of
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the above optimization problem each stock could then be characterized by
its mean rate of return (its “a”) and its correlation with the market (its
“B”). For their pioneering work, Markowitz and Sharpe shared with Mer-
ton Miller the 1990 Nobel Prize in economics, the first ever awarded for
work in finance.

The portfolio-selection work of Markowitz and Sharpe introduced math-
ematics to the “black art” of investment management. With time, the
mathematics has become more sophisticated. Thanks to Robert Merton
and Paul Samuelson, one-period models were replaced by continuous-
time, Brownian-motion-driven models, and the quadratic utility function
implicit in mean—variance optimization was replaced by more general in-
functions. Model-based mutual funds have taken a
permanent seat at the table of investment opportunities offered to the pub-
lic. Perhaps more importantly, the paradigm for thinking about financial
markets has become a mathematical model. This affects the way we now un-
derstand issues of corporate finance, taxation, exchange-rate fluctuations,

and all manner of financial issues.

creasing, concave utility

The second revolution in finance is connected with the explosion in the

market for derivative securities. Already in 1992, this market was esti-
mated by the Bank for International Settlements to be a $4 trillion business
worldwide, involving every sector of the finance industry. According to this
estimate, the size of the derivative securities market had increased eight-
fold in five years. The foundational work here was done by Fisher Black,
Robert Merton, and Myron Scholes in the early 1970s. Black, Merton, and
Scholes were seeking to understand the value of the option to buy one share
of a stock at a future date and price specified in advance. This so-called
European call-option derives its value from that of the underlying stock,
whence the name derivative security. The basic idea of valuing a European
call-option is to construct a hedging portfolio, i.e., a combination of shares
from the stock on which the call is written and of shares from a money mar-
ket, so that the resulting portfolio replicates the option. At any time, the
option should be worth exactly as much as the hedging portfolio, for other-
wise some astute trader (“arbitrageur”) could make something for nothing
by trading in the option, the stock, and the money market; such trading
would bring the prices back into line. Based on this simple principle, called
absence of arbitrage, Black and Scholes (1973) derived the now famous for-
mula for the value of the European call-option, which bears their name
and which was extended by Merton (1973) in a variety of very significant
ways. For this foundational work, Robert Merton and Myron Scholes were
awarded the 1997 Nobel Prize in economics.

While options and other derivative securities can be used for speculation,
their primary appeal is to investors who want to remove some of the risk
associated with their investments or businesses. The sellers of derivative
securities are faced with the twin problems of pricing and hedging them,
and to accomplish this, current practice is to use Brownian-motion-based
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E(;;lillsle(;f ;fgigd;;risﬁs. Witlilouft such models and the analytical tractability
1t , the market for derivative securiti
to its present mammoth proportions. SRR et
th(};zf(:i I;roceeifltnhg fulither in this brief description of modern finance
wo myths about th i ;
B e mathematical theory of finance that we
Tﬂet i}rﬁ .myth is that this research is only about how to “beat the
muatx ef ;‘Jh ﬁlS true tha.t ml‘lCh of the portfolio optimization work growing
gut o st rst rlevolutlon in finance is about how to “beat the market,”
- but a substantial component is about how to ,
understand the market fo
2 ,. gth.er p.urposes,.s'uch as regulation. The second revolution in finance th;
.- eg;rlatlve securities explosion, is not about beating the market at a.ll,
éfacte se(tzond.giyth maintains that since the finance industry does not ;nan
~ ufacture tangible commodities, such as refri .
- : : tors or automobiles, i
~ be engaged in nothing b :  erobbi oo Pl
B & g but a zero-sum game, “robbin,
b a zero- , g Peter to pay Paul.”
gmflz:ft,t tltl}ci rgle offﬁnanma,l institutions in a decentralized eCOI’I?OI};ly i;I to
ate the flow of capital to sectors of societ; i i
e e low ol copital b ociety engaged in production. An
y will facilitate this flow at the 1 i
“making available to the m i el ek
- anufacturing sect i i i ,
B oo o vt g or a wide variety of instruments
%C;;Séiirt,i oflcl)rf e)f??ple, a(ti manufacturer who contemplates expansion of
is acilities and who chooses to finance thi i
. ing capital, in effect takin e sl A
Towin, ; g a mortgage on the new facilities. The
: : ‘ < term
ka%i;) Iii)xed c;)r va}x:a}tilehmterest rate, term, prepayment options collatera,lS
7 under which the manufacturer is willing to b : :
neatly match the terms und i e lerier sl te con
! er which any particular lender is willi
E ; is willing to pro-
d '1; t’i‘}:z fli{nancetmdustry should take the investments that lengderspare
ake, restructuring and recombinin
. g them as necessary, so as t
3 :'lllcciie a l;)an the.manufacturer is willing to accept. The ﬁnancg, indust ;
» perform this function in a wide variety of settings and manage 1?’
t S0 as to be exposed to minimal risk. g
' ' OI:ISt suppc?se that the manufacturer is unable to plan effectively if he
o azlzszatr;lal;le-raFe mortgage, and so insists on a fixed-rate mortgage
at an investment bank makes th i .
Bt de : e mortgage, using money
positors expecting to receive
riable) interest rate. The b i i o ——
, ! ank is obliged to make monthl
£ ‘ y payments to
: estv:::gsrs,aﬁl; amoustslof these payments fluctuate with the prevailing
; may be larger or smaller than wh i
i . what the bank receives
A co(;;l;zrlmlfactzrer. To remove the risk associated with this position, the
v eucr:;i edge. It may, for example, choose to sell short a nun’lber
" d,o E;S.;mt ve money now in exchange for a promise to deliver bonds
o pfsefﬁli own and will have to buy eventually. If interest
’ ank will have to pay its invest it i
4 ors more than it rec
‘misa:dfzom t%le mapufactt.lrer, But the cost of buying the bondes“;(tash(:s1
o deliver will fall. If the bank chooses its position carefully, its
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additional liability to its investors will be exactly offset by the downward
movement of bond prices, and it will thus be protected against increases
in the interest rate. Of course, decreases in interest rates will cause bond
prices to rise, and the bank should choose its hedging position so as to be
protected against this eventuality as well.

As one can see from this overly simplistic example, a proliferation of
financial instruments can enhance the efficiency of an economy. The bank
in this example “synthesizes” a fixed-rate mortgage using variable-rate in-
vestments and a position in the bond market. Such synthetic securities
are the “products” of investment banks; while no one would claim that
every “product” of this type contributes to the well-being of the nation,
there is no doubt that an economy that has available a large variety of
such products has a comparative advantage over one with a more limited
offering. The firm that “manufactures” such products can do so only if
it has reliable models for pricing and hedging them. Current models are
built using stochastic calculus, are fit to the data by careful statistical
estimation procedures, and require accurate and fast real-time numerical
analysis.

This book is about some of these models. It treats only a small part of
the whole picture, leaving completely untouched the issues of estimation
and numerical analysis. Even within the range of models used in finance,
we have found it necessary to be selective. Our guide has been to write
about what we know best, namely areas of research in which we have had
some level of personal involvement. Through the inclusion of an extensive
bibliography and of notes at the end of each chapter, we have tried to
point the reader toward some of the topics not touched. The bibliography
is necessarily incomplete. We apologize to those whose work should have
been included but is not. Such omissions are unintentional, and due either
to ignorance or oversight.

In order to read this book one should be familiar with the material
contained in the first three chapters of our book Brownian Motion and
Stochastic Calculus (Springer-Verlag, New York, 1991). There are many
other good sources for this material, but we will refer to the source we
know best when we cite specific results.

Here is a high-level overview of the contents of this monograph. In Chap-
ter 1 we set up the generally accepted, Brownian-motion-driven model for
financial markets. Because the coefficient processes in this model are them-
selves stochastic process, this is nearly the most general continuous-time
model conceivable among those in which prices move continuously. The
model of Chapter 1 allows us to introduce notions and results about port-
folio and consumption rules, arbitrage, equivalent martingale measures, and
attainability of contingent claims; it divides naturally into two cases, called
complete and incomplete, respectively.

Chapter 2 lays out the theory of pricing and hedging contingent claims
(the “synthetic” or “derivative” securities described above) in the context

Preface xi

- of a complete market. To honor the origins of the subject and to acquaint
the reader with some important special cases, we analyze in some detail the
pricing and hedging of a number of different options. We have also included
a section on “futures” contracts, derivative securities that are conceptually
more difficult because their value is defined recursively.

Chapter 3 takes up the problem of a single agent faced with optimal con-
sumption and investment decisions in the complete version of the market
model in Chapter 1. Tools from stochastic calculus and partial differential
equations of parabolic type permit a very general treatment of the asso-
‘ciated optimization problem. This theory can be related to Markowitz’s
‘mea.n—varia.nce analysis and is ostensibly about how to “beat the market,”
although another important use for it is as a first step toward understand-
ing how markets operate. Its latter use is predicated on the principle that
a good model of individual behavior is to postulate that individuals act in
eir own best interest.

. Chapter 4 carries the notions and results of Chapter 3 to their logical
conclusion. In particular, it is assumed that there are several individuals
the economy, each behaving as described in Chapter 3; through the
of supply and demand, their collective actions determine the so-called
equilibrium prices of securities in the market. Characterization of this equi-
}Hbrium permits the study of questions about the effect of interventions in
1e market.

. In Chapter 5 we turn to the more difficult issue of pricing and hedg-
ing contingent claims in markets with incompleteness or other constraints
on individual investors’ portfolio choices. An approach based on “fictitious
‘m pletion” for such a market, coupled with notions and results from con-
vex analysis and duality theory, permits again a very general solution to
e hedging problem.

Finally, Chapter 6 uses the approach developed in Chapter 5 to treat
optimal consumption/investment problem for such incomplete or con-
n a-ined markets, and for markets with different interest rates for borrowing
investing.

te to the Reader

use a hierarchical numbering system for equations and statements.
e k-'th equation in Section j of Chapter ¢ is labeled (j.k) at the place
1€re it occurs and is cited as (j.k) within Chapter 4, but as (i.j.k) outside
pter i. A definition, theorem, lemma, corollary, remark, or exercise is
tatement,” and the k-th statement in Section j of Chapter i is labeled
fsjtatement at the place where it occurs, and is cited as Statement j.k
_'thln Chapter i but as Statement i.j.k outside Chapter i.
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Brownian Model of
‘ _inancial Markets

Stocks and a Money Market

ughout this monograph we deal with a financial market consisting
V + 1 financial assets. One of these assets is instantaneously risk-free,
will be called a money market. Assets 1 through N are risky, and
e called stocks (although in applications of this model they are often
odities or currencies, rather than common stocks). These financial
have continuous prices evolving continuously in time and driven by
dimensional Brownian motion. The continuity of the time parameter
the accompanying capacity for continuous trading permit an elegance
mulation and analysis not unlike that obtained when passing from
e to differential equations. If asset prices do not vary continuously,
they vary frequently, and the model we propose to study has proved
efulness as an approximation to reality. Our assumption that asset
have no jumps is a significant one. It is tantamount to the assertion
there are no “surprises” in the market: the price of a stock at time ¢
: perfectly predicted from knowledge of its price at times strictly prior
We adopt this assumption in order to simplify the mathematics; the
nal assumption that asset prices are driven by a Brownian motion is
re than a convenient way of phrasing this condition. Some literature
inuous-time markets with discontinuous asset prices is cited in the
at the end of this chapter. The extent to which the results of this

aph can be extended to such models has not yet been fully explored.
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2 1. A Brownian Model of Financial Markets

Let us begin then with a complete probability space (£, F, P) on
which is given a standard, D-dimensional Brownian motion W(t) =
(W(l)(t),...,W(D)(t))’,O < t < T. Here prime denotes transposition, so
that W (t) is a column vector. We assume that W (0) = 0 almost surely. All
economic activity will be assumed to take place on a finite horizon [0, 77,
where T is a positive constant.! Define

FY@H) Eo{W(s); 0<s<t}, Vte 0,7, (1.1)

to be the filtration generated by W (-), and let N denote the P-null subsets
of FW(T'). We shall use the augmented filtration

F(t) Eo(F¥ () UN), Vte[0,T). (1.2)

One should interpret the o-algebra F(t) as the information available to
investors at time t, in the sense that if w € Q is the true state of nature
and if A € F(t), then at time ¢ all investors know whether w € A. Note
that F(0) contains only sets of measure one and sets of measure zero, so
every F(0)-measurable random variable is almost surely constant.

Remark 1.1: The difference between {F" (t)}o<t<r and {F(t)}o<i<r 18
a purely technical one. The filtration {F (t)}o<t<r is left-continuous, in the
sense that

Fity=0| |J Fls)], Vte(OT] (1.3)

0<s<t

and {FY (t)}o<i<r is also left-continuous. The filtration {F(t)}o<t<r is
right-continuous in the sense that

Fy= (] Fl) VieT), (1.4)

t<s<T

but {FW (t)}o<t<r is not right-continuous (see Karatzas and Shreve (1991),
Section 2.7, for more details). Equations (1.3), (1.4) express the notion
alluded to in the first paragraph of this section, that “there are no surprises
in the flow of information” in this model.

Remark 1.2: Every local martingale relative to the filtration {F(t)} has
a modification whose paths are continuous (Karatzas and Shreve (1991),
Problem 3.4.16); we shall always use this continuous modification. We shall
- also encounter processes Y (+) that are right-continuous with left-hand lim-
its and whose total variation Y (£) is finite on each interval [0,t],0 <t <T.
We shall refer to these as finite-variation RCLL processes. In our context,

tThere are a few places in this book, namely, Sections 1.7, 2.6, 3.9, and 3.10,
where the planning horizon is [0, c0).

1.1 Stocks and a Money Market 3

an {F(t)}-semimartingale will be the sum of a (continuous) local mar-
tingale and a finite-variation RCLL process. The decomposition of such a
semimartingale into a local martingale and a finite-variation RCLL process
is unique, up to an additive constant.

| We introduce now a money market and N stocks. The precise conditions
these assets are given in Definition 1.3; here we content ourselves with
| giving the main properties of these objects.

A share of the money market has price Sp(t) at time ¢, with Sp(0) = 1.
price process Sy(+) is continuous, strictly positive, and {F(¢) }-adapted,
th finite total variation on [0,7]. Being of finite variation, Sp(-) can
decomposed into absolutely continuous and singularly continuous parts
-) and S§¢(-), respectively. We can then define

& £56°(t) A [t dS§E(u)

r(t) = ‘50 At) = | Sow) (1.5)
dSo(t) = So(t)[r(t)dt + dA(t)], Vte[0,T], (1.6)

i- ‘ uivalently,
So(t) = exp{/0 r(u)du + A(t)}, Vte[0,T]. (1.7)

the special case that So() is itself absolutely continuous, so that
) = 0, the price of the money market evolves like the value of a savings
unt whose instantaneous (risk-free) interest rate at time t is r(t). This
he case the reader should keep in mind. The risk-free rate process r(-)
ndom and time-dependent, but r(t) is F(t)-measurable, so the current
ree rate is known to all-investors.
ext we introduce N stocks with prices-per-share Si(t),...,Sn(t)
ime ¢ and with S1(0),...,Sn(0) positive constants. The processes
..,8n(-) are continuous, strictly positive, and satisfy stochastic
ntial equations

D

A8y (t) = Su(t) [ba(t)dt + dAW) + Y ona(t) AW D (2)] (1.8)
) d=1

vte[0,T],n=1,...,N.

i

show in Appendix B that every continuous, strictly positive, and
4;}-a.dapted semimartingale satisfies a stochastic differential equation
y form, where A(-) is some {F(t)}-adapted, singularly continuous pro-
‘In (1.8), however, A(+) is not an arbitrary such process, but rather it
one defined in (1.5). We also show in Appendix B that if the ({F(¢)}-
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adapted, singularly continuous) process A(-) in (1.8) were n(_)t given by Fhe
expression of (1.5), then an arbitrage opportunity would exist. The notion

of arbitrage is defined in Section 4.
The solution of the equation (1.8) is

t D "
Sn(t) = Sn(0) exp{ /0 d;and(s) AW D (s) + /0 [bn(s)
T %ivﬁd(ﬂ] ds +A(t)}, ¥te[0,7], n=1L1....N (19
d=1

Consequently, the singularly continuous process A(+) does not enter the
discounted stock prices

5n(t) _ ex tDa s @ (s ltl:bns—rs
)~ 5,0 p{/ogndmdw @+ [ o0

D

—%Zaﬁd(s)] ds},‘v’te [0,7], n=1,...,N. (1L.10)
d=1

In some applications, the stocks have associated dividend rate processes.

We model these as real-valued processes 6,(-), where 6,(t) is the rate of

dividend payment per dollar invested in the stock at time ¢. Adding the

dividend rate process into (1.8), we can define the yield (per share) processes

by Y, (0) = S,(0) and

Y, () = Sn(t) [bn(t) dt + dA(t)

D
+3 ona(t) dWD(t) + 65(t)dt|, n=1,...,N, (L.11)
d=1

or equivalently,
t
Yn(t)=Sn(t)+/ Su()bn(u)du, ¥t € [0,T], n=1,..,N. (112)
0

We set Yo(t) = So(t),0<t<T. . a
We formalize this discussion with the following definition.

Definition 1.3: A financial market consists of

(i) a probability space (£, F, P); ) i
(ii) a positive constant T', called the terminal time;
(iii) a D-dimensional Brownian motion {W(t), F(t); 0 5 t < T} defined
on (€, F, P), where {F(t)}o<t<r is the augmentation (by the null
sets in FW (T)) of the filtration {F" (t)}o<i<T generated by W ();
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~ (iv) a progressively measurable risk-free rate process r(-) satisfying
fOT |r(t)| dt < oo almost surely (a.s.);

~ (v) a progressively measurable, N-dimensional mean rate of return
' process b(-) satisfying fOT Ib(t)] dt < ¢ a.s.;

- (vi) a progressively measurable, N-dimensional dividend rate process
8(-) satistying [ [|6(t)]| dt < 00 a.s.;

- (vii) a progressively measurable, (N x D)-matrix-valued volatility process
' o(-) satisfying 3N, e f(;r o2,(t)dt <  as.;

ii) a vector of positive, constant initial stock prices S(0) = (S1(0),...,
, Sn(0))';

- (ix) a progressively measurable, singularly continuous, finite-variation
process A(-) whose total variation on [0,¢] is denoted by A(t).

Ve refer to this financial market as M = (r(-), b(-),é(-),0(-), S(0), A(-)).

Given a financial market M as above, the money market and stock price
cesses are determined by (1.7), (1.9), and then (1.5), (1.6), (1.8), and
10) hold. The initial conditions of the asset prices are nearly irrelevant.
investment purposes, the essential feature of an asset is its rate of
rice change and dividend payment relative to the current price, and these
ve rates are captured by r(-),b(-),o(-),6(-), A(-). Thus, for notational
simplicity we have taken the liberty of declaring Sy(0) = 1. We could also
we set the initial prices of the stocks equal to one, but have chosen not to
so because some of the formulas developed later are more informative
en the dependence on S1(0),...,Sn(0) is explicitly displayed.

mark 1.4: Much of the existing finance literature is based on Markov
dels, and exploits the connections between such models and partial
ifferential equations. Such a model typically has a K-dimensional state-

ocess () with a given initial condition 1(0), and is driven by a stochastic
ifferential equation of the form

dip(t) = p(t, 9 (t)) dt + p(t, (t)) dW (t), (1.13)

re 41 : [0,T] x R — RX and p: [0, 7] x RX — L(RP;RX) (the set of
« X D matrices) are jointly Borel measurable and satisfy conditions (e.g.,
ipschitz continuity in their second argument) that guarantee the existence
unique solution to (1.13). The coefficients of the market model are taken
be measurable functions r : [0,7] x RK — R,b : [0,7] x RK — RV,
:[0,T] x R¥ - RV, and o : [0,T] x RK — L(RP;RK) with A(-) = 0,
hat the dependence of r(t,v(t)), b(t, ¥(t)), §(t,%(t)), and o(t,1(t)) on
e sample point w € Q occurs only through the dependence of v(t) on w.
Lhe simplest Markov model is the one with constant coefficients; in this
odel r,b,6, and o are constants, A(-) = 0, and there is no need for a
e-process. From time to time we shall specialize the results of our more
8eneral model to obtain various classical Markov model results.
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1.2 Portfolio and Gains Processes

In this section we model portfolio decisions and their consequences for an
investor faced with the market in Definition 2.1. We begin with an informal
discussion of an investor who makes decisions in discrete time, and this
leads us eventually to Definition 2.1, which pertains to continuous trading.

Let 0=ty <t1 < <tm — T be a partition of [0,T]. Forn=1,...,N
andm=0,...,M — 1, let nn(t,,) denote the number of shares of stock n
held by the investor over the time interval [tm, tm+1)- Let mo (ty,) denote the
number of shares held in the money market. For n = 0, 1,..., N the random
variable 7, (t,,) must be F(tn,)-measurable; in other words, anticipation of
the future (insider trading) is not permitted.

Let us define the associated gains process by the stochastic difference
equation

G(0) =0, (2.1)
N
G(tm+1) — G(tm) = Z nn_(tm)[Yn(tm+1) = Ya(tm)], (2:2)
n=0 .

m=0,...,M—1.

Then G(t,) is the amount earned by the investor over the time interval
[0, £m]. On the other hand, the value of the investor’s holdings at time ¢,

is ZLO N (tm)Sn(tm). We have ‘
N -
Gltm) = Y Mn(tm)Snltm), m=0,..., M,
=0

if and only if there is no infusion or withdrawal of funds over [0, 7. In this
case the trading is called “self-financed.”

Now suppose that () = (no(-), ..., nn("))" is an {F(t)}-adapted process
defined on all of [0, 7], not just the partition points to, .. .,ta. The associ-
ated gains process is now defined by the initial condition G(0) = 0 and the
stochastic differential equation

N
dG(t) =Y mn(t) dYa(?). (2.2)
=0

We take this equation as an axiom; references relaged to this point are
cited in the Notes, Section 1.8. Defining mn(t) = M(t)Sn(t),7(-) =
(m1(), - --,mn (")), and recalling (1.6), (1.11), we may rewrite (2.2)" as
dG(t) = [mo(t) + 7' (1)) (r(¢t) dt + dA(2)) + ' (£)[b(¢) + 8(t) —r(t)1] dt
+ 7' (t)o(t) dW (1), (2.3)
where 1 denotes the N-dimensional vector with every component equal to

one. Note that m,(t) is the dollar amount invested in security n, not the
number of shares held.

1.2 Portfolio and Gains Processes 7

nition 2.1: Consider a financial market M
. ; . = ('f‘('),b(~),6('),0’ )y
1;;3( ) as in Definition 1.3. A portfolio process (mo(-),n(-)) for tgli)s
4 (c;)ns1s(tis of ?I} ({.)7; (t)}-progressively measurable, real-valued pro-
o(-) and an t) }-progressively measurable, RV -val
= (m1(:),...,7n(-))" such that ’ el process

¥ id
/0 Imo(2) + 7 ()1 (8)| de + dA(t)] < oo, (2.4)
T
/0 7 () (b(2) + 8(t) — r(8)1)] dt < oo, (2.5)
3
/0 llo’ @) ()12 dt < oo @26)

almost surely. The gains process G(-) associated with (mo(-), (")) is

G2 /0 [ro(s) + ' (s)1](r(s) ds + dA(s)) + / (5)[b(s) + 5(5)
0

—7r(s)l]ds +/0 7'(s)o(s)dW(s), 0<t<T. (2.7)
v portfolio process (mo(+), 7(-)) is said to be sélf-ﬁnanced if
G(t) =mo(t) +7'(t)1, VYte[0,T]. (2.8)

her words, the value of the portfolio at ev ime i
from i ery time is equal t i
m investments up to that time. o the gains

k 2.2: Define the N-dimensi
N nsional t -
 rate) processes vector of ezcess yield (over the

ol t
=/0 (b(w) + 6(u) — r(u)1] du+/0 o(w) dW(u), 0<t<T, (2.9)

implify (2.7) as

!::/0 (mo(s) + 7' (s)1)[r(s) ds + dA(s)] + /Ot 7'(s)dR(s), 0<t<T.

(2.10)
. »7(+)) is self-financed, then (2.10) reads in differential form

| G(¢)
dG(t) = —=%

) e o £ TR AR, (210

has the solution

a@) = so(t) [ -1

= o(t)/0 So) " (w)dR(u); 0<t<T. (2.11)
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The integrand b(-)+8(-)—r(-)1 appearing in (2.9) is called the risk premium
process; its nth component is regarded as the compensation, in terms of
mean growth rate, received by an agent willing to incur the risk of investing
in the nth stock.

If we are given only an {F (t)}-progressively measurable, R-valued pro-
cess 7(-) satisfying (2.5) and (2.6), we can consider the process G(-) of (2.11)
and then define mo(-) by the self-financing condition (2.8). Because G(-) de-
fined by (2.11) is continuous, each of its paths is bounded on [0, T], and
(2.4) follows from Definition 1.3 (iv) and (ix). It develops that (mo(+),m(+))
is a self-financed portfolio process. Thus, in order to specify a self-financed
portfolio, we need only specify m(-). Slightly abusing terminology, we will
refer sometimes to 7(-) alone as a portfolio process.

As defined above, a portfolio process (mo(-),m(+)) is subject to few re-
strictions. In particular, mo(-) may take negative values, which corresponds
to borrowing from the money market. The investor is subject to the same
“interest rate” regardless of whether he is a borrower or a lender. Finally,

~ the position 7, (-) in stock n may be negative, forn =1,...,N; such short-

selling of stocks is permitted in real markets, subject to some restrictions.
In Chapters 5 and 6 we study models in which short-selling is either pro-
hibited or constrained and/or the interest rate for borrowing exceeds 7(t).
Other related work is cited in the Notes.

The definition of the gains process in (2.7) does not take into account any
cost for trading. An idealized market in which there are no transaction costs
is called frictionless, and most of the existing theory of finance pertains only
to frictionless markets. Models with transaction costs are reviewed in the
Notes to Chapters 2 and 3.

The conditions (2.4)—(2.6) are imposed on portfolio processes in Defini-
tion 2.1 in order to ensure the existence of the integrals in (2.7). If these
were the only conditions imposed on portfolio processes, then “outrageous”
behavior could occur, as the following example demonstrates.

Example 2.3 (Doubling strategy): In a discrete-time betting situation,
a doubling strategy is to place an initial bet and then to double the size of
the bet after each loss until a win is finally obtained. If the initial stake
is $1 and the first win occurs on the nth bet, then the accumulated losses

Z;S 9k — 9n 1 (prior to the win) are more than offset by the win of 2".
When the outcomes of successive bets are independent and identically dis-
tributed, and the probability of winning on any one bet is positive, then
the probability of an eventual win is one. In such a situation, a doubling
strategy offers a sure way to make money. Unfortunately, a gambler us-
ing a doubling strategy must be prepared to bet arbitrarily many times,
and to incur arbitrarily large accumulated losses, while waiting for the
eventual win.

In continuous time, the analogue of a doubling strategy can be imple-
mented on a finite time interval. Consider a financial market with one

1.2 Portfolio and Gains Processes 9

j'_ ! st.ock driven by a one-dimensional Brownian motion (N = D = 1) and
wn;ltlfrlg-) = 0,b(:) = 0,0(-) = 1,6(-) = 0,A(-) = 0. For a self-financed
- portfolio process (mo(+),m(-)) the gains process is

Gt) = /O (s)dW(s), Vte[0,T).

‘. "\?Ve sh(?w that for each a > 0, it is possible to construct a self-financed
:,,portfollo (mo(+),m(+)) such that G(T) = a a.s. Thus, by investing in a
- oney market with constant price per share and a stock with zero mea

¢ ‘I‘p.te of return and zero dividends, the investor can make arbitrarily 1 )
- amounts of money almost surely! G

tTo ccl)nstruct such a portfolio, we consider the stochastic integral I(t) 2
 \/ 7— AW (u), which is a martingale on [0, T") with quadratic variation

() =/0t Tdfu =1og(%), vt e [0,T).

he inverse of (I)(-) is the mappi ~
: pping s — T — Te™* from [0,00) to [0
he t.1me—c~hanged stochastic integral I(s) L7 (T - Te_sg has) q1?a£i£a€3é
ation (I)(s) = s and is thus a Brownian motion defined for 0 < s < oo
aratzas and Shreve (1991), Theorem 3.4.6). Consequently, T

limg;71(t) = limgpoo(s) = o0, limy,pI(t) = li_msToof(s) = —00,

therefore

To Sinf{t € [0,T); I(t)=a} AT

tisfies 0 < 7, < T a.s. Define 7(t) = %)%l{tSm} and mo(t) = I(t A

— n(t) for all ¢ € [0,T]. Then (mo(-),7(-)) i
f‘th B i e T he o(:),m()) is a self-financed portfolio

tATo 1
G’(t):/o Tt W =ItA), viebTl  (@12)

Particular, we have G(T') = a almost surely.

e (g;ains process of (2.12) is not bounded from below; indeed, we have
| ﬁ d(tfz = G(T) as. and EG(t) = 0Vt € [0,T), so that if G(-) were
) ‘bf rom below, then Fatou’s lemma would imply EG(T) < 0 (im-
» (;, s21r?1’ce G(T) = a > 0 as.). To rule out the behavior evident in
‘ample 2.3 we impose the following conditions on portfolio processes.

ﬂ!;lltlzior; 2.4': An {F(t)}-adapted, RN-valued process n(-) satisfying
(2.6) is said to be tame if the discounted gains semimartingale

G() _ ppr R S
o) =% (t)é/O So(u)ﬂ'(u)dR(u), BLe<T, (2.13)
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is almost surely bounded from below by a real constant that does not
depend on t (but possibly depends on (-)). If (mo(+),m(+)) is a portfolio
process and 7(-) is tame, we say that the portfolio process (mo(-),m(-)) is
tame.

As already noted, the portfolio process () of Example 2.3 is not tame,
since the corresponding gains process G(-) = M§(-) of (2.12) is not bounded
from below. The assumption of tameness rules out doubling strategies such
as the one encountered in Example 2.3; see Remark 5.7 for a stronger
assertion along these lines. Observe, however, that even a tame portfolio can
exhibit the “opposite” of the behavior encountered in Example 2.3. Indeed,
for the same market as in that example and for any o > 0, one can easily
construct a tame, self-financed portfolio process for which G(T) = —«
almost surely, for any given real number a > 0. Such a suicide strategy
need not be ruled out by model assumptions; it will be eliminated from
consideration by “hedging” criteria or optimality criteria, to be formulated

and imposed later.

1.3 Income and Wealth Processes

An investor may have sources of income and expense other than those due
to investments in the assets discussed so far. In this section, we include this

possibility in the model.

Definition 3.1: Let M be a financial market (Definition 1.3). A cumu-
lative income process I'(t),0 <t < T,is a semimartingale, i.e., the sum of
a finite-variation RCLL process and a local martingale.

We interpret I'(t) as the cumulative wealth received by an investor on the
time interval [0,t]. In particular, the investor is given initial wealth I'(0).
Consumption by the investor can be captured by a decrease in ().

Definition 3.2: Let M be a financial market, I'(-) a cumulative income
process, and (mo(-), (")) & portfolio process. The wealth process associated

with (T(-), mo(-), (")) is
X(t) 2T(t) + G(t), (3.1)

where G(-) is the gains process of (2.7). The portfolio (mo(+),m(-)) is said
to be I'(+)-financed if
X(t) = mo(t) +7'(t)1, Vte0,T]. (3.2)

Remark 3.3: For a I'(-)-financed portfolio (mo(-),7(-)), using the vector
of excess yield process R(-) of (2.9) we may write the wealth equation (3.2)

1.4 Arbitrage and Market Viability 11

diffefentia.l form as
dX(t) = dl(t) + ;{O—gdso(t) +7'(t) dR(t)
=dl'(t) + X(t)[r(t) dt + dA(t)] + '
AR )+ 7' (@)[b(t) + 6(t) — r(t)1] d§3 .

i
. by analogy wi ’
gy with (2.10)’, and therefore the discounted wealth process is given

X(t) dl(u) ¢
—== =T 1 ’
So(®) (0) i Bl +/0 So(u)ﬂ (uw)dR(u), 0<t<T. (3.4)

his formula does not involve o

: : (-), which can b
d its corresponding wealth process X (-) of (3.4) \?iarigogfr(fs fvl;'(l)gll ng)
2). self-

anced portfolios (Remark 2.2 : )
Rortfolio process. .2), we will sometimes refer to 7(-) alone as

1.4 Arbitrage and Market Viability

finiti : : i
: c;dlzl:)r;lf.ollio :)I;oz:: eﬁnan(m)al market M we say that a given tame, self.
ss 7(-) is an arbitrage opportunity i ; |
. i if th i
0s process G(-) of (2.11) satisfies G(T') > 0 almost surgély an?iags((;;a;eg

ith positive probability. A financial market M in which no such

Pportunities exist is said to be viable arhitru

 Here is an ezample of a market M that is not viable. Take N = D = 1

= l,r(.) =0 6() =0 U() o
E o o = 17 d b ) = L 3
Process with drift given by and b(') = 5y, where Q(:) is the Bessel

3 1
dQ(t) = (Wt) - 2) dt +dw(t), Q(0)=1.

Just as for the classical Bessel
process (e.g. K
158— g. Karatzas and Sh
s 113((333) ;ve have P[Q(f) > 0,Y0 < ¢ < 1] = 1. Indeed rgc(e (1991),
-~ a,ljse I/p{;ocess with dimension d = 3 under the probabflit iliin
‘ proces(sesG(-)(t) —2ta B'rownian motion and is equivalent t}:)n;}as'f‘llje
! corresponding to the constant portfolio () =1 sat'isﬁ -
= es
1
dG(t) = —
(t) oG 4+ AW (1), G(0) =,

and thus G(t) = Q(t)+2t—1. Now, this

B 1] = 1 (s0 that ) process satisfies P[G(t) > —1,V0 <

{ : is a tame portfolio) as well =
_.: YSA (i(;l that m(-) is also an arbitrage opportunity) R e
f eory of mathematical finance must be restricted to viabl

e mar-

. ”ts. If an alblt[a. e O[)p()ItlIIllty exlsts m a IIlaIket tlle p() t ()l (0} TrOcess
g ) r f 1 p

"t explolts lt can be Scaled to Illa\ke EG 1 a-!bltla:llly laI e a.lld Stll
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keep G(T') > 0 almost surely. An investment opportunity in which there
is no possibility of loss and the expected gain is arbitrarily large does
not correspond to the reality available to most of us. Furthermore, it
makes optimization meaningless. This section explores the mathematical

ramifications of the assumption of market viability.

) Theorem 4.2: If a financial market M is viable, then there exists a
\ progressively, measurable process 0(-) with values in RP, called the market
price of risk, such that for Lebesgue-almost-every t € [0,T) the risk premium

\ b(t) +6(t) —r(t)l is related to 0(t) by the equation
| b(t) + 6(t) — r(t)l = o(H)B(t) as.

requirements, as well as

T
\ /0 6(s)[|>ds < 00 a.s.

\‘ Then the market M is viable.

Corollary 4.8.

respectively:
K(o)={z € RP.0z =0}, K(o)={ye RY; o'y = 0}.
Let R(c) and R(c") denote the range spaces of these matrices:

R(o) = {oz;z €RP}, R(¢') = {o'y;y €RY}.

mapping onto a subspace M.

\\ Conversely, suppose that there exists a process 0(-) that satisfies the above

9 T
E [exp {— /0 §(s) AW (s) 5 /0 ||0(s)||2ds}] _1 (42i)

\ The idea behind Theorem 4.2 is the following. Suppose that for all (t,w)
\ in some subset of [0, 7] x Q with positive product measure, one can find 7 (t)
\ such that 7’ (t)o(t) = 0 but 7’ (t)[b(t)+6(t)—r(t)1] # 0. It is clear from (3.4)
that this portfolio holds a combination of stocks that entails no risk but has
a nonzero mean rate of return and hence exposes an arbitrage opportunity.
Thus, for a viable market, every vector in the kernel k(o (t)) of o’ (t) should
be orthogonal to b(t) + &(t) — r(t)1. But from linear algebra we know that
the orthogonal complement of the kernel of o’ (t) is the range of o(t). Except
for the issue of progressive measurability, Theorem 4.2 is just the assertion
that b(t) + 6(t) — r(t)1 is in the range of o(t). The following lemmas make
this argument rigorous by addressing the relevant measurability issues; the
reader may wish to skip these on first reading and proceed directly to

Notation 4.3: Let L(R” :RY) denote the space of N x D matrices.
For such a matrix o, let K(o) and K(o') denote the kernels of ¢ and o,

Then K+(0) = R(¢’) and Kt(o') = R(0), where the superscript L de-
notes orthogonal complement. Let proj,, denote the orthogonal projection
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Lemn a 4.4:

The mappings (z,0) j
; rOo
K (o) (@) from RPx L(RP; RN), and the m:pp;']rlzcg(: )(fym)a)(vz—r—lfdpr(om'7 i ('_;
_ ; 9 K (o
: d (y,0) — pProjis (o (y) from RN x L(RP;RN) are Borel measu’f"t(zbl)e !

OOII-?“(.Et z\?ﬁ{ ge};‘;v ;)néy th((ei ﬁrsfi of the four mappings under considera-
g ; e endowed with the operator n i
el o-algebra generated b i Tt R ot N
y the associated topolo b

' gy. Let R d RV
eltge;i‘g(]?srel ;ali?br?s, a.nAc,l let all product spaces have the apfll‘odfct
o- ras. Finally, let QV be the set of vectors in RY wi i
rdinates, so QV is a countable, dense subset of RN ?n i retional
fine the Borel-measurable function F : R? x L(RP;RN) — R by

F(z,0) £ i
(2,0) qgafN Iz —a'q]l, VzeRP, oe L(RP;RY).

{(2,0);2 € R(¢")} C {(z,0); F(s,0) = 0}. On the other hand, if
,0) = 0, then there is a sequence {g,}22; € Q" such that lim e
|| = 0. Because RN = K(0") & K*(0”), we can decompose ot 1 “zas
= Pn + T, whler.e pn € K(0'),rn, € K+(0”). Restricted to KL (o’ )q"th
mapping o' is invertible. Since o'r, — z, the sequence { yoo )
rges to some r € K+ (o) that satisfies o/r = 2. Theref rn}n’ZI
have shown that T

{(2,0);2 € R(0")} = {(2,0); F(z,0) = 0}, (4.3)
thus this is a Borel set. Consequently,
{(,0,6) €RP x LRP;RY) x RP; € = proje(o)(x)}
={(z,0,8); £€K(o), (z-¢)L ’C(U)}(a)
={(z,0,8); €o=0, z-£eR(c)} (4.4)
' a Borel set. Define Q : R? x L(RP;RY) — RP by

Q(z,0) s Proj k(o) (Z), Vz e RP, o€ L(RP;RY).
: ‘t in (4.4) is the graph
| Or(@ 2 {@.0.6; (7,0) €R” xLRPIRY), €= Q(z,0))

aving a Borel graph, Q must )
Borel set B C RP., WQe h;iebe a Borel-measurable function. Indeed,

iQ(z,0) € B} = Projgo rory) Gr(Q) N (RP x L(RP;RN) x B),

bthe one-to-one projection of i
B T Theorem 3..;) Y of a Borel set is Borel (Parthasarathy (1967),
O

llary 4.5: The pr oi
-0t process p , ,
ssively measurable. roji(ar(en[b(t) +6(t) — r(t)1],0 <t < T, is
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Lemma 4.6: If the financial market M is viable, then b(t)+6(t)—r(t)1 €
R(a(t)) for Lebesgue-almost-every t € [0,T] almost surely.
PRrROOF. We define for 0 <t < T,
p(t) = Projx (o (s [b(t) + 6(t) =7 (1],
p(t) .
L if p(t) #0,
ﬂﬂ={M®H @
0 if p(t) =0,

so that =(-) is a bounded, progressively measurable process. Condi-
tions (2.5), (2.6) are satisfied by 7(-) because of conditions (iv) and
(vi)—(viii) of Definition 1.3. Using Remark 2.2, we develop from w(-) a
self-financed portfolio (mo(-), 7(+)) with associated gains process

(o)1l
dt.
5,00 oo 4

o
Gm=&mA

Because G(T') > 0 almost surely, viability implies that G(T') must be zero
almost surely. It follows that p(t) = 0 for Lebesgue-almost-every ¢ almost
surely, and this is equivalent to the assertion that b(t) + 8(t) — r(t)l €

" KL(d'(t)) = R(a(t)) for Lebesgue-almost-every ¢ almost surely. O

Lemma 4.7: Consider the mapping 11 = {(¥, o) € RN x L(RP;RN);y €
R(0)} — RP defined by the prescription that 11(y, o) is the unique & €
K(c) such that o€ = y. Consider also the mapping V2 : {(z,0) € RP x
L(RP;RN);z € R(0)} — RN defined by the prescription that Po(z,0)
is the unique n € K+ (") such that o'n = z. Both Yy and 2 are Borel
measurable.

PROOF. We establish the Borel measurability of 1, only. Define
A = {(y,0,6) € RY x L(R?;RY) x RP;y € R(0),€ € R(d"),0€ =y}

The set {(c,€); & € R(o’)} was shown in the proof of Lemma 4.4 to be
Borel, and the same argument applies to {(y,0); y € R(0)}. Therefore,
A is a Borel set. But A is the graph of ¥, and just as in Lemma 4.4 we
conclude that v; is a Borel-measurable function. O

PrROOF OF THEOREM 4.2. According to Lemmas 4.6 and 4.7, the
progressively measurable process

o(t) £ ¥y (b(t) +6(t) — ()1, a(t)) (4.5)

is defined and satisfies (4.1) for Lebesgue-almost-every t € [0,T], almost
surely. This proves the first part of the theorem.

On the other hand, suppose that the RN -valued process 6(-) is progres-
sively measurable and satisfies the conditions (4.1) and (4.2). For any tame
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1 . )
f._‘,f"OfthhO () the associated discounted gains process can be written as

w2 G0 _ [T t o (u
i (t) So(t) = g m dR(u) = /0 ;0((11,)) a(u) dWO(u), 0<t<T

i

(cf. (2.11)). Here Wo(t) 2 W(t)+ [* 6(s) d
” . . . ]
| 'fmder the probability measur(e) fo Rt ST R R ation

VT'V = . ex g ’ 1 (/T
"PO(A) E l:lA p{—/o 0'(s) dW (s) — 5/O 16(s)||2 ds}:l LA € F(T)

om the Girsanov theorem, §3.5 in Kar.
, §3. atzas and Shreve (1991)). Th
lower-bounded process M™(:) is a local martingale under 123, herilcsé

0 a su i : 2 R i
permartingale: FEq (ﬁm) < EgM7™(0) = 0. This shows that it

hhpossible to have an arbitrage o itv (i
pportunity (i.e.,
GT) > 0] = 1 and PIGIT) S 0] 2 0y, L e canaot have both

r‘olla.l;y 4.8: ' A viable market can have only one money market, and
z on ;/ one 'msk-fne.e rat.e. In other words, if the nth stock pays no, divi-
lends and entails no risk (i.e., the nth row of o(-) is identically zero), then

) = (") and Sy(-) = Sn(0)So(-).

OOF. If the nth stock were as described, Theorem 4.2 would then imply

t b,(t) = r(t) for Lebesgue-almost-
'O)So(-). gue-almost-every ¢ almost surely, so S,(-) ;

llary 4.9: For a vi )
e a viable market, the excess-yield process R(-) of (2. 9)

R(t) = /0 o(w)[0(u) du+dW(u), 0<t<T, (4.6)

0(-) satisfies (4.1).

a k 4.10: Within the framework of a viable market, when char-
Vmg the Wealt'h processes that can be achieved througli investment
ass;:ume—w1thou§ loss of generality—that the number N of stock.;
gurie;vzr J:;n 1:the ;llz'mens_ion' D of t_he underlying Brownian motion.
el is for t};) is clau.m is that if there are more than D stocks,
g m can be ('iuphcated by forming mutual funds (i.e., (t,w)-

" inear combinations) of others, and thus the number of :
1€ model can be reduced. o stods
( I;lilze ai;hisl,l 11’111t£11t10n precise, let M be a viable market with N > D, and
i rOceorefn 4.2. Deﬁr}e a progressively measurable, (D x D)-
. thg ﬁrsetss ;’() by specifying that the rows of 7(t) be obtained
i —d D rows of o(t) that can be written as linear
i r predecessors. Then the subspace of RP spanned by
o(t) is the same as the subspace spanned by the rows of &(t),
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and thus for every I'(-)-financed portfolio process (mo(+), () in the market
M, there is a D-dimensional, progressively measurable process 7(-) such
that 7' (t)o(t) = @ (t)a(t) for every t € [0, T). Therefore,

7' (t) dR(t) = 7' (t)o(t) [0(t) dt + dW (t)] = 7 (t)a(t)[6(t) dt + dW (t)],
and the discounted wealth process corresponding to a I'(-)-financed

portfolio can be written as

X . drin) o 7' (u)a(u)f(u) du
So(t) =T (0, So(u) +/0 So(u) (u)()te) 4
+/0 So(u)ﬂ- (u)& (u) dW (u) 4.7)

(see (3.4)). This discounted wealth process can be achieved in the D-stock
market M = (r(-),7(")1p + 5(-)8(-),0,(-),5(0), A(-)), where S(0) is a
D-dimensional vector of initial stock prices and 1 is the D-dimensional
vector with every component equal to 1. In particular, the vector of excess

yield processes for the reduced model is

R(t) = /0 5 (w)f(u) du + /0 5(u) AW ()

(cf. (2.9)), and in terms of it the representation (4.7) for the discounted

wealth process becomes
X®) _ dr(u)
So(t) : 04 So(@)  Jo,g So(w)
The D stocks in this reduced market form a subset of the N stocks availab
in the original market; the composition of this subset may depend on (t,w),
albeit in a progressively measurable fashion.

#(u)dR(u), 0<t<T.

le

Remark 4.11: For a viable market, the progressively measurable process
9(-) constructed in (4.5) satisfies both (4.1) and
o(t) € K- (a(t)) a.s.

for Lebesgue-almost-every t € [0, T). Elementary linear algebra shows that
6(-) is uniquely determined by these conditions. If Rank(c(t)) = N, then

o(t) = o' () (a(t)o’ (1)) ' B(t) + 8(2) —r(B)1] (4.9)

(4.8)

1.5 Standard Financial Markets

he developments of the previous section, in particular The-
e here the notion of a standard
all be

Motivated by t
orem 4.2 and Remark 4.10, we introduc
financial market model. It is mostly with such models that we sh

dealing in the sequel.
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9 Definition 5.1: A financial market model M is said to be standard if

(i) it is viable;
(ii) the number N of stocks is not
: greater than the di i
- underlying Brownian motion; ¢ dimension I of the
iii) the D-dimensional, pro i
! gressively measurable market pri i
process 6(-) of (4.1), (4.8) satisfies R

T
/O 16|12 dt < oo (5.1)

i | almost surely; and
' (iv) the positive local martingale

2065 B e {—/Ot 0'(s) dW (s) — %/Ot ||0(s)|l2ds} , 0<t<T

is in fact a martingale. -

For a standard market j
B arket, we define the standard martingale measure P, on
3 i e : s

;; Py(A) = E[Zy(T)14], VYA€ F(T). (5.3)

- Note that a set in F(7") has Py-measure i
- zero if and only if it h -

. We say that Py and P are equivalent on F(T). Vs Praneasze
mark 5.2: The process Zy(-) of (5.2) is a local martingale, because
dZo(t) = —Zo(t)6'(t) dW (t), Zo(0) =1 (5.4)
" equivalently,

Zo(t) =1— /0 Zo(s)8'(s) AW (s), Vte [0,T] (5.5)

T . o
ll-known sufficient condition for Zo(:) to be a martingale, due to
v

vik 5 1 pT
ioc:lvélg tlgl;a,tlﬁ[e);ft{.i flo ||6?(t)||2 dt}] < oo (Karatzas and Shreve (1991),
Biceei. - In particular, if (-) is bounded in ¢ and w, then Zy(-) is a

ark 5.3: Accordin, i
. g to Girsanov’s th
1), Section 3.5) the process v’s theorem (Karatzas and Shreve

Wo(t) 2 W(t) + /0 té’(s)ds, vte[o,T] (5.6)

& D- . . . .

e(t)} :)lémzlerzljlcinal Brownian motion under Py, relative to the filtration
o rewr..tt. n terms of Wot(-)7 the excess yield process of (2.9) and (4.6)
: itten as R(t) = [ o(u)dWy(u), the discounted gains process
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becomes

G(t) - T é t__1_7r"u,0"u, dWop(u 57)
SO a0 | s et dwe(w (

(see (2.11) and (2.13)), and the discounted wealth process of (3.4)
corresponding to a I'(-)-financed portfolio is

X() _
Solt)

@) [ 1 )o(u)dWo(u), 0<t<T.
i (0,¢] So(u)+/o So(u)ﬂ()() A

(5.8)

We see that Py permits a presentation of the excess yield process 'll.l which
the risk premium term fot [b(u) +6(u) —r(u)l]du has beep absorbeq into Fhe
stochastic integral. This term represents the difference in return, including
dividends, between the stocks and the money market. See Remark 5.11 for

an elaboration of this point.

Remark 5.4: By definition, a cumulative income process I'(-) is a semi-
martingale under zhe original measure P; i.e., I'(t) = E‘(O)-}?I‘f v(£)+Tm(¢),
where ['/?(.) is a finite-variation RCLL process and '™ () isa P'-local. mar-
tingale, both beginning at zero. The process I'(-) is also a semimartingale
under Py, i.e., has the unique decomposition

I'(t) =T(0) + T @) +Tg"(), 0<t<T,

where I‘g"(-) is a finite-variation RCLL process with total variat.ion on
[0,] denoted by If"(t), and T§™(-) is a Po-local marting.a.le, again with
T(0) = T§™(0) = 0. Indeed, according to Theorem 3.5.4 in Karatzas and
Shreve (1991),

rir() =) + [ ¢ W)
0
rfet) =10~ [ @ W),

In particular, ¥ (-) = 0 if and only if T§™(-) = 0, in which case () =
rg"()-

Definition 5.5: A cumulative income process is said to be integrable if

T dlf" (u) i s
Ey A Sg(u’l)ll < 00, Eo/(; %d<rg Y(u) < o0, (5.9)

where we use the notation of Remark 5.4 and Eo denotes the expectation

corresponding to Fj.
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eorem 5.6: Under the standard martingale measure Py, the process of
counted wealth minus discounted cumulative income
X(t) dr’(u)

—T(0) = , 0<t<T, 5.10
50 "7 Joq 5ot D
esponding to any tame I'(-)-financed portfolio is a local martingale and
inded from below, hence a supermartingale. In particular,

X(T) dl'(u)
- ——— | <TY0). 5.11
‘ ¢ [SO(T) (0,T] So(u) © ( )
e process in (5.10) is a martingale under Py if and only if equality holds

(5.11).

00F. From (5.7), (5.8) we see that the process in (5.10) has the
chastic integral representation

t
1
M"t=/ 7' (u)o(u) dWy(u), 0<t<T.
0() OSO(u) ()() 0() =t >

process is a local martingale, and because (-) is tame, it is bounded
m below. A local martingale which is bounded from below is a super-

ngale because of Fatou’s lemma. A supermartingale is a martingale if
only if it has constant expectation. ]

k 5.7: The proof of Theorem 5.6 shows that the expectation on
hand side of (5.11) is defined and finite. For an integrable cumula-
X(T
5o () and

S dr fv lm
: 30-53 = Jom dgo(tg‘) + [T dgo(ls;‘) are also defined and finite.
ark 5.8: The process

it

Aincome process, the Py-expectations of the individual terms

Ho(t) & 220

, 0<t<T, 5
o) i

called the state price density process, will play a key role in subse-

pters (e.g., Remark 2.2.4). Using Hy(-), we can rewrite conditions
ng the martingale measure Py in terms of the original probability
e P. For example, when I'*™(-) = 0, (5.9) can be rewritten as

T
E /0 Ho(u) dT" (u) < oo. (5.13)

g It6’s rule to the product of Zy(t) and ;f) (i , we obtain from (5.8)

()X () - /(0 , Hyo(u) dI'(u) = I'(0) + /0 t Ho(u)[o” (w)(u)

— X(u)8(w)) dW(u),0<t<T (5.14)
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is a local martingale under the original measure P. If this local martingale
is also a supermartingale, we obtain the restatement of (5.11) in terms of P:

E [HO(T)X(T) = /(O ., Hg(u)dl"(u)] <T(0). (5.15)

We already know that this inequality holds under the conditions of The-
orem 5.6; but because of Fatou’s lemma it also holds whenever 7(-) is

I'(+)-financed and

Ho(t)X(t) — (Ot)Ho(u)dI‘(u)ZO, vt e [0,T),

holds a.s., even if m(-) is not tame and even if Zo(-) of (5.2) is not a
martingale (so that the measure Py of (5.3) is not a probability).

The concept of a tame portfolio (7o(-),7(-)) (Definition 2.4) was intro-
duced to get some control on the semimartingale M{(-). Under P, this
semimartingale is in fact a local martingale, and this suggests a new,

noncomparable concept.

Definition 5.9: An {F(t)}-adapted, RN-valued process w(+) satisfying
(2.5) and (2.6) is said to be martingale-generating if under the probability
measure Py of (5.3), the local martingale Mg () of (5.7) is a martingale. If
(mo(-),m(+)) is a portfolio process and 7(+) is martingale-generating, we say
that the portfolio process (mo(-), 7(+)) is martingale-generating.

Remark 5.10: If I'(-) = 0, then the wealth process is the gains process.

For a tame portfolio process (+), (5.11) shows that Eo [%(—7%] < 0. For a

martingale-generating portfolio process 7(-), Eo [%TT))] = 0. In either case,

arbitrage (Definition 4.1) is ruled out.

Remark 5.11: In the notation of (5.6) and (4.1), we may rewrite (1.10)
in differential form as

Sn(t) Sn(t)
¥ (50("«)) " So(t) uif) o

_ 500 [ o) WD)+ ba(0) + 80(0) ~ (0]
S0 | =" I

_ Salt) &
= %0 ;anda) dw? (¢).
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This shows that under the martingale measure Py of (5.3), the process

Sn(t) !
AD) -exp{‘/0 On(u) du} (5.16)
_ - [ @y Ly~ [
= S,(0) exp {(;/0 ond(u) AWy (u) — 3 ;/ﬂ o2 ,(u) du} )
0<t<T,

an exponential local martingale, and hence a supermartingale. If the
entries of the volatility matrix o(-) satisfy the Novikov condition

T q D
exp {/0 §;U’2‘d(u)du}} < oo (5.17)

4 ‘e.g.,‘Karatz% anq SMeve (1991), Section 3.5D), then the exponential local
martmgale (5.16) is in fact a martingale under Py, and this justifies calling
- Py a “martingale measure.”

Ey

6 Completeness of Financial Markets

impor'tant purpose of a financial market, perhaps even the principal
ose, is to afford investors the opportunity to hedge risk inherent in
‘ other activities. Consider an agent who knows, at time t = 0, that
some future time 7" he must make a payment B(w), but the size (,)f the
t?nt depends on a number of factors that are still undetermined and
t within his control. This agent would like to set aside a fixed amount of
money z at time ¢ = 0 and be assured that this will enable him to make
e payment at time 7'. A conservative strategy would be to set aside an
unt equal to the maximal possible payment size, sup,q B(w), if this
Ximal size is finite! A more reasonable strategy entails setting as,ide less
ey, but investing it in such a way that if the actual payment size turns
t to be large, the capital has in the meantime grown to match it. This
he process of hedging the risk inherent in the random payment, which
to the following definition. ’

nition 611)l Let M be a standard financial market, and let B be an
-measurable random variable such that =2~ is almost

ke 5o () ost surely bounded
a [ B

z = Ey m] < o00. (6.1)

) XVI(: say that B is financeable, if there is a tame, z-financed port-
olio process (mo(-),7(-)) whose associated wealth process satisfies
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X(T) = B; ie,

T
SO?T) —z+ /O gﬁﬂ/(u)a(u)dwo(u) . (6.2)

almost surely.
(ii) We say that the financial market M is complete if every F (T)-

measurable random variable B, with 3,% bounded from below and
satisfying (6.1), is financeable. Otherwise, we say that the market is
incomplete.
Proposition 6.2: A standard financial market M 1is complete if and only
if for every F(T) -measurable random variable B satisfying

|B|
E < 6.3
o |samy) < -
and with = defined by (6.1), there is a martingale-generating, z-financed
portfolio process (mo(-), (")) satisfying (6.2).

PrROOF. Suppose the market is complete and B is an F(T)-measurable
random variable that satisfies (6.3). Then there exist tame, ri-financed
portfolio processes (g (+), 7= (-)) with

B _ N P .
So(T) =Tt /0 so(u)(” (u)) o (u) dWo(u) (6.4)

almost surely, where HE o max{+B,0} and z+ = Ey [Eo%%] Taking
expectations in (6.4) with respect to Py, we see that the lower-bounded
local martingale (hence supermartingale) i Fl(uj(wi (u)) o(u) dWo(u),0 <
¢ < T, has constant expectation (equal to zero) under Fy. Hence, 7t () is
martingale-generating. Subtracting one version of (6.4) from the other, we
obtain (6.2), where 7(-) = at () —n () is also martingale-generating.

Now suppose that for any F (T)-measurable random variable B, such that
ﬁﬁ is almost surely bounded from below and satisfies (6.1), there exists
a martingale-generating z-financed portfolio process (mo(-), 7(+)) satisfying
(6.2). Taking conditional expectations in (6.2), we obtain that

[ gt W @) = o+ Eo 55| Fo). 0<t<T,

is bounded from below. It follows that (mo(+),m(-)) is tame, 501(3’1’—) is
financeable, and thus M is complete. O

Remark 6.3: In the context of Definition 6.1, if an z-financed, tame
portfolio (mo(+),7(-)) can be found whose associated wealth process X (-)

satisfies X(T) = B almost surely, then FEj [g)i(%] = z, and the last

sentence in Theorem 5.6 asserts that é%% is a martingale under Fp.
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E
:iCon.sequently, X(+) is uniquely determined by the equation

’ X(t) B
m:b}, [m‘f(t)], 0<t<T. (6.5)

uation (6.5) also holds if (mo(+), 7(+)) is martingale-generating.

'I"he remark and example that follow offer additional insights on the
ytion of financeability; they can be skipped on first reading.

mark 6.4: The question arises why Definition 6.1 permits only z-
anced portfolios with « defined by (6.1). We first argue that for y < z
e can be no tame, y-financed portfolio whose associated wealth proces.;
sfies X(T) > B almost surely. Indeed, if X(-) is the wealth associated
a tame, y-financed portfolio and X (T') > B, then (5.11) implies

1‘=Eo[%;t)] < Ep

X(T)

So(T) <y (6.6)

sometimes possible to find a representation of % of the form
0

B T »
CN T W /0 T o) dilu), (6.7)

e y >z and (7?0(-),7?(-)) is a tame, y-financed portfolio, even when B
financeable in the sense of Definition 6.1 (see Example 6.5); but the

iated discounted wealth process o = BROLE
s_%l-y+f — ' (u)o(u) dWop(u
not then be a martingale, because o(?) 0 So(w) (w)o(u) dWo(u)

X0 | _ __[x@
o lSo(O)] pi S [SO(T)

_ptoperti'es of random variables B that permit a representation of the
‘ (6.7) with y > = are not well understood. Moreover, one could argue
y-financed portfolio processes leading to discounted wealth processes
e n.ot martingales under P, are undesirable and should be excluded
onsideration.

'p.le 6.5: ponsider a financial market M with one stock, with an
3 }(’)llzg two-dimensional Brownian motion (N = 1,D = 2) and with

,0(1) = 0,.6 =0,0(-) = [1,0],A(-t) = 0. For a portfolio process ()
‘ counted gains process is G(t) = [, 7(s) dW () (s). As in Example 2.3,

t
I(t) 2 /0 ,/Tl_—; dWwW(s), 0<t<T, (6.8)
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so that TimerI(t) = 0o and limy7I(t) = —00 almost surely. Set

72 int{t € [0,T); 2+ I(t) = exp(WP (1) — t/2} AT,

T
1
BL24+1(0) =2+ [ Lusy 55 W), (6.9)
4 -

and notice that P[r < T] = 1 and that the portfolio 7 (t) = (T —t)-% Lit<ry
is tame, because G(-) > —2. Equation (6.9) provides a representation for
B of the form (6.7) with y = 2. In this example, Py = P and

E(B) = E[exp(W(z)('r) - 7'/2)] =1<79.

If B had a representation of the form (6.2), then from (6.5) there would
exist a tame portfolio process 7(-) satisfying

1+ /t m(s) dW(l)(s)
0
= E[exp(W(z)(T) —7/2) | F(t)]

= exp(W(2)(t AT)— f—/;l)

14 Lppen exp (WO (s) — 5/2) aWP(s). (6.10)
0

This is clearly impossible (e.g., the martingale on the left-hand side of (6.10)
has zero cross-variation with W@ (.), but the martingale on the right-hand
side of (6.10) has nonzero cross-variation with W2 (-)).

The theory of complete markets is simpler and much better developed
than the theory of incomplete markets. Chapters 24 are devoted to com-
plete markets, while Chapters 5 and 6 explore incomplete markets. For a
standard financial market, the two cases are easily distinguished by the

following theorem.

Theorem 6.6: A standard financial market M is complete if and only
if the number of stocks N is equal to the dimension D of the underlying
Brownian motion and the volatility matriz o(t) is nonsingular for Lebesgue-
a.e. t € [0,T) almost surely.

The remainder of this section is devoted to the proof of Theorem 6.6.
A standard financial market M is fixed throughout, (Q,F,P) and
{F(t)}o<t<r are as in Definition 1.3, the processes 0(-),Zo(-) and the
measure Py are as in Definition 5.1, and Wo(-) is given by (5.6).

Lemma 6.7 (Martingale representation property under Py): Let {Mo(1),
F(t);0<t<T} bea martingale under Py. Then there is a progressively
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measurable, RN -valued process ©(+) such that

T
/0 ela)P da < oo, (6.11)

Mo(t) = Mo(0) + /0 &'(s)dWo(s), 0<t<T,

;_‘ hold almost surely.

(6.12)

PROOF. i i

R t}I:eor Thl;, lemma.ls almost a restatement of the standard representa-
-~ (1991) T “or martingales as stochastic integrals (Karatzas and Shr

‘» L ﬁlt,r e jzr;:? 3.4.}5 and Problem 3.4.16). The only complication is t}?;i
B otcd by WO (t)t}I:;' t(h)e augmentation by null sets of the filtration gen

i *), not Wy(-). Therefore, we revert t s g
- measure P and represent the Lévy P-martingale © the original probability

N(t) £ E[Zo(T)M(T)|F (1)), 0<t<T.

i as a stochastic integral with respect to W (-), namely

N(t) = N(0) +/O Y(s)dW(s), 0<t<T,

:theI'e ’l,b() is a pro, 3

" . gressively measurable, RV _va] S

- (6.11). A simple calculation known as “Bayes’s ruIZ?d(ep;ocS:r::; ISfymg
54 as an

‘Shreve (1991), Lemma 3.5
4 3 s 3) sho that _
N(t)/Zo(t), and 1t&’s formula yield:,s at Mo(t) = Eo[Mo(T)|F(t)] =

1
dMy(t) = m[w’(t) + N(8)8'(t)] dWo(t),
0 that (6.11), (6.12) hold with

o) = s 0(t) + N (OO,

Condition (6.11) for ¢(-) follow:

ki s from the same conditi

and the fact that th i & ondition for (-), (5.1),
Burely. e paths of Zo(y and N(-) are continuous on [0, T almost
O

C orollary 6.8 (Sufficiency in Theorem 6.6): If N = D and o(t) is

nonsingular for Lebesque-almo
i ; st-ev
B it i cory ery t € [0,T] almost surely, then the

ROOF. We verify the conditio iti
B ‘ n of Proposition 6.2. Let B
)-measurable random variable satisfying (6.3), and define theb(Ialéf:;l

Mo(t) = E, [% 'f(t)J, 0<t<T.
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This martingale has a representation as in (6.12), and with

(1) B So(t)g (o7 (), 0<t<T,
we have (6.2). Condition (2.6) follows from (6.11); condition (2.5) follows
from the almost sure inequalities

/ " 1 (5)(b(s) + 8(s) — r(s)1)| ds
0
= /OT So(u)¢’ (u)6(u) du

T T
< max Solu)- / ()12 du - / 16(w)|? du < oo,

~ 0<u<T
where we have used (4.9) and the Cauchy-Schwarz inequality. We constru%
mo(-) as in Remark 2.2.

Lemma 6.9: There is a bounded, Borel-measurable mapping Y3
L(RP;RN) — RP such that

¥3(0) € K(o), (6.13)
P3(0) #0 if K(o) # {0} (6.14)
for every o € L(RP;RV).
PROOF. Let {e1,ez,...,ep} be a basis for RP, and define
min{i; proji (&) # 0} if  K(o) # {0},
AT i Koy = {0},
¥3(0) = Proji(s)(€n(s))-
O

The Borel-measurability of 13 follows from Lemma 4.4.

PROOF OF NECESSITY IN THEOREM 6.6. Using the function 3 from
Lemma 6.9, define the bounded, progressively measurable process ¢(t) =
¥3(o(t)) that satisfies (t) € K(o(t)) for all ¢t € [0,T], and ¢(t) # 0
whenever K(o(t)) # {0}. Next, define the F (T)-measurable random

variable

A oy,
B=5Sy(T) |1+ / @' (u) dWo(u) |
0

Clearly, Eo[gt%:;] < oo and EO[S.T?%;] = 1. Market comp.leteness a.n.d
Proposition 6.2 imply the existence of a martingale-generating portfolio

process m for which

i ——B——=T’ . (6.15
/omw (u)a(u)dWO(u)_So(T) 1 /O(p(u)dWD(u) (6.15)
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\ The stochastic integrals fot 'sol(—u)”’ (u)o(u) dWp(u) and fg ¢'(u) dWy(u) are
both martingales under . Conditioning both sides of (6.15) on F(t), we

that these stochastic integrals agree. This implies that the integrands
agree, so o’ (t)m(t) = So(t)¢(t) for Lebesgue-a.e. t € [0,T] almost surely.
is shows that ¢(t) € R(o'(t)) = K*(o(t)). By construction, ¢(t) €
a(t)), so ¢(t) = 0, which happens only if K(o(t)) = {0}. Thus, N = D
d o(t) is nonsingular for Lebesgue-a.e. t € [0, T] almost surely. |

emark 6.10: In a complete market M, there is a unique market price
risk process 6(-) satisfying (4.1), defined by

0(t) = (o(t))'b(t) + 6(t) = r(1)1], 0<t<T. (6.16)

7 Financial Markets with an Infinite
Planning Horizon'

time parameter in the financial market of Definition 1.3 takes values
the interval [0, 7], where the planning horizon T is finite. In order to
der certain financial instruments such as perpetual American options,
introduce in this section the notion of a financial market on [0, 00).
~ For the construction of this section, we need to work with Wiener mea-
e on the “canonical” space of continuous, RP-valued functions, rather
with a general probability space on which D-dimensional Brownian
n is defined. Let Q = C([0,00))” be the space of continuous func-
w : [0,00) — RP. On this space we define the coordinate mapping
cess W (t,w) = w(t),0 <t < oo,w € . As in Section 1, we denote by
(t) = o{W(s);0 < s < t} the o-field generated by W(-) on [0, t], i.e.,
‘smallest o-algebra containing all sets of the form {w € Qw(s) € T},
ere s ranges over [0,t] and I ranges over the collection of Borel subsets
RP. We set F (00) 2 0(Up<,coo F¥ (1))-
et P be Wiener measure on F (00), i.e., the probability measure under
{W(t);0 < t < oo} is a D-dimensional Brownian motion. Let F be
‘completion of FW (c0) under P; i.e., F 2 o(FY (00) UN), where

NE(NCQ 3BeF%() with NCB and P(B)=0}

he collection of P-null sets of FW (c0). We call (9, F, P) the canonical
bability space for D-dimensional Brownian motion.
or each T' € [0, 00), we define

NT={NcCQ; 3BeF"(T) with NCB and P(B)=0}

Thls section can be omitted on first reading; its results will be used only in
1ons 2.6, 3.9, and 3.10.
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to be the collection of P-null sets in FV (T'), and we define the augmented
filtration

FO@) Eo(FY(H)UNT), 0<t<T.

This is the filtration we have called {F(t);0 < t < T'} heretofore; in this
section we indicate explicitly its dependence on T'.
Definition 7.1: A stochastic process Y = {Y(¢);0 < t < oo} is said
to be restrictedly progressively measurable or restrictedly adapted if for ev-
ery T € [0,00), there exists T € [T,o0) such that the restricted process
{Y(t);0 <t <T}is {FD(t);0 < t < T}-progressively measurable or
adapted, respectively.
Definition 7.2: A financial market M = (r(-),b(-),8(-),a(-), S(0), A(-))
on the infinite planning horizon [0,00) consists of
(i) a D-dimensional Brownian motion W = {W(t);0 < t < oo} that is
the coordinate mapping process on the canonical probability space
(Q,F, Py
(ii) restrictedly progressively measurable processes 7(-),b(-),8(-),o(-),
and A(-), as described in Definition 1.3, satisfying the integrability
conditions of Definition 1.3 for every finite T';
(iii) a vector of positive, constant initial stock prices S(0) = (51(0),.--,
Sn(0))".
It is easily verified that the asset price processes in M are restictedly

progressively measurable. In order to simplify the presentation, we define
a standard, complete financial market in terms of the conditions obtained

in Theorem 6.6.
Definition 7.3: A financial market M = (r(-),b(-),6(-),a(:), S(0), A(-))
on an infinite planning horizon is standard and complete if

(i) the number of stocks N equals the dimension D of the driving

Brownian motion;
(ii) the volatility matrix o(t) is nonsingular for Lebesgue-a.e. t € [0, 00)

almost surely;
(iii) the positive local martingale

t t
Zo(t) £ exp {—/0 ' (s)dW (s) — %/0 ||0(s)||2ds} , 0<t< (070,1)
is in fact a P-martingale, where ‘
0(t) 2 o~ (1)[b(t) + 8(t) — r(D)1], 0 <t < co. (7.2)

Of course, a process is a martingale only relative to some filtration. In
Definition 7.3 (iii) we mean that for each T' € [0,00), there is a T € [T, 00)
such that the restricted process {Zo(t);0 < t < T} is a P-martingale
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- relative to {F(T)(¢);0 < t < T}. (One should say, more precisely, that Z(-)
is “restrictedly” a martingale; one could likewise speak of processes being
4 “restricted” semimartingales, submartingales, etc.) As in Definition 7.3, we
~ shall generally omit the modifier “restricted.” ,

- With 6(-) defined by (7.2), we set

Wo(t) 2 W(t) + /0 t 8(s)ds, 0<t< oo. (7.3)

By analogy with (5.3), we may define for each T' € [0, 00) the i
‘ ) , _
7 measure Pg“ on FW (T) by [ ) martingale

PT(A) £ E[Zy(T)14), VYA e FY(T). (7.4)

;lﬁnder P{, the restricted process {Wy(t);0 < t < T} is a Brownian motion.
» F\lﬁlt%mor(?, for 0 <t < T, the probability measure P(;F is equivalent to P
on FT)(t); i.e., aset in FT)(t) is a P -null set if and only if it is a P-null

roposition 7.4: There is a unique probability measure Py on
' v.,.‘ A
FV(0) = 0(W(s); 0<s<o0)

'f;-l that Py agrees with each PY on FW(T), for any T < co. In particular,
{Wo(t);0 <t < oo} is a D-dimensional Brownian motion under Py.

- PROOF. The family {P{ }o<T<oo given by (7.4) is consistent: if 0 < T <
o < oo,'then PI and Py agree on FW(T). Thus, a (finitely adaitiv;
function Py, with Py(0) = 0, Py(2) = 1, is well-defined on the algebra
=Uo<rcoo F W{(T) by the recipe

Py(A) £ E[Zo(T)14); A€ FY(T), 0<T < oo

€ question is whether this P, is also countably additive on G, and thus, by
e Carathéodory extension theorem, uniquely extendable to a probability
easure on " (00) = 0(G).
The cou_ntable additivity of Py on G is a consequence of the extension
rems in Parthasarathy (1967), pp. 140-143, as we now explain. For
ch T' € [0, 00), the measurable space (92, 7V (T')) is o-isomorphic to the
,plete,. separable metric space Qr = C([0,T])? of RP-valued, continu-
functions on [0, T, equipped with the supremum norm and the Borel
%ebra Br generated by the collection of open subsets of Q7. Indeed
€ “truncation mapping” 7 : Q@ — Qr defined by ,

mrW)(t) 2 wlt), Vtel0,T], weQ,

os TW .

: Wf (T) and Br into a one-to-one correspondence. Therefore,

»F(T)) is a “standard Borel space” (Parthasarathy (1967), pp. 133

- Let {T,,}72, be a strictly increasing sequence in (0, 00) and {4,}2,
e
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a decreasing sequence in F"W (0o) such that each A, is an atom of F WIT.):
Then, for every n,

Ap={weQ; w(t)=wn(t), Vte [0,T]}
for some w, € Qr,. Setting Tp = 0 and
Woo(t) = wn(t), Vt€[Tn-1,Tn), n=12,...,
we see from the inclusions A; D A D --- that we € NS, Ap, so that
N, A, # 0. From Theorem 4.2, p. 143 of Parthasarathy (1967), we con-

clude that there is a unique probability measure P on (€2, F W (o)) such
that P{(A) = Py(A) for all A € FW(T)and 0 < T < 0. m|

Remark 7.5: For each T € [0,00) and ¢ € [0, T}, the o-algebra F(T)(t) is
a sub-o-algebra of the completion of F W(T) with respect to P, and so Fy
is defined for all sets in F(T)(t). On F(T)(t), the two measures P and Py

are equivalent.

The infinite-horizon model is made difficult by the fact that P and P
are not necessarily equivalent on FY (cc). In fact, it is not hard to check
that P and P, are equivalent on F"W (00) if and only if the P-martingale
Zo(-) of (7.1) is uniformly integrable. To see how things can go wrong if
this condition fails, consider the following example.

Example 7.6: Suppose N =D =1,7(-)=7>0,b() =b>r+ 2
§(-)=0,0(-) =1, A(-) = 0. Then Wo(t) = W(t) + (b—r)t and

2$;=Sﬂmem{WKﬂ+<b—r—%>4

’=Sl(o)exp[W0(t)—%t]’ 0<t<o0.

According to the law of large numbers for Brownian motion (Karatzas and
Shreve (1991), Problem 2.9.3 and solution, p. 124), as t — oo we have
WOT(t) — 0 Pya.s.

Oy

Wt(—t)—»0 P-a.s

This means that the event A £ {lim¢— o0 g—;% = oo} satisfies P(A4) = 1,
Py(A) = 0, whereas the event B = {limy— 00 %:’J(% = 0} satisfies P(B) = 0,
Py(B) = 1. Notice also that the P-martingale Zo(t) = exp[—(b—r)W(t) —
(b—7)2t/2] of (7.1) is not uniformly integrable. Indeed, lim; o0 Zy(t) =0,
P-almost surely, but EZy(t) = 1 for all ¢ € [0, 00).

Example 7.6 shows that if for ¢ € [0, 00) we were to augment F W (t) by the
Py-null sets of ¥ (c0), we would obtain a o-algebra Fo(t) on which P and
P, would disagree. Indeed, there may exist sets A € Fo (t) for which P(A) is
not defined and for which B; € FW (t), By € FW (t) can be found satisfying
Py(AAB,) = Py(AAB;) = 0 but P(B;) # P(B). For this reason, we
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* choose to work with the family of filtrations {F(T)(t)}o<t<r, indexed by
T € [0,00), rather than with the augmentation of {F"W (¢)}o<t<co by the
. Py-null sets of FV (o).

‘f‘l\l Definition 7.7: Consider a financial market M = (r(-),b(-),6(-),o(-),
= 5(0), A(-)) on [0,00). A portfolio process (mo(-),7()) is as described in
finition 2.1, except that now we require my(-) and 7(-) to be restrict-
ly progressively measurable and we require (2.4)—(2.6) to hold for every
ite T. We say that 7(-) is tame if the Py-local martingale

M7 (t) £ /Ot ﬁw’(u)a(u) dWy(u), 0<t< oo, (7.5)

almost surely bounded from below by a constant not depending on t.
Ve say that m(-) is martingale-generating if {M™(t);0 < t < oo} is a
martingale.

A cumulative income process T'(-) = {I'(t);0 < t < oo} is a P-
mimartingale and hence a “restricted” Pp-semimartingale. We say that
-) is integrable if (5.9) is satisfied for every T € [0,00). We say that
o(+), (+)) is ['(-)-financed if (3.3) holds for every T € [0, 00). In this case
e wealth process is given by

X() _
S0 O+

dl'(u) t 1,
(0. So() + [ g e ot OSt<(o:.)
.6

- Notes

ions 1-3: Finance models that allow continuous trading constitute a
eoning field of mathematical research. In the notes to Chapter 3 we
uss the origin of these models within the capital asset pricing con-
Their application to the hedging of contingent claims is presented in
pter 2, and the related history is summarized in the notes to that chap-
. For broad and exhaustive surveys of the issues of finance, including
tinuous-time models, one may consult the books of Cox and Rubin-
(1985), Dothan (1990), Duffie (1988, 1992), Huang and Litzenberger
(1988), Hull (1993), Ingersoll (1987), Jarrow (1988), Merton (1990), Jarrow
d Turnbull (1995), Baxter and Rennie (1996), Pliska (1997), Musiela and
kowski (1997). The book by Malliaris and Brock (1982) surveys stochas-
> models used in economics and finance. Additional surveys and/or lecture
s include Malliaris (1983), Miiller (1985), Karatzas (1989, 1996), Lam-
on and Lapeyre (1991); this latter text, along with Duffie (1992) and
ilmott, Dewynne, and Howison (1993, 1995), can be consulted for numer-
and computational aspects of the theory. Questions of convergence of
rete-time and/or discrete-state models to their continuous-time coun-
ts are discussed, among others, by Cox, Ross, and Rubinstein (1979),
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Madan, Milne, and Shefrin (1989), Nelson and Ramaswamy (1990), H
(1990, 1991), Amin (1991), Amin and Khanna (1994), Cutland, Kopp, a.nd
Willinger (1991, 1993a,b), Kind, Liptser, and Runggaldier (1991), Willinger
and Taqqu (1991), Duffie and Protter (1992), Eberlein (1992), Dengler
(1993), and Bick and Willinger (1994). Recent books on numerical meth-
ods of general applicability in this area are Kloeden and Platen (1992),
Kushner and Dupuis (1992), Talay and Tubaro (1997).

For early work on the subject, it is instructive to see the articles in the
volume edited by Cootner (1964), in particular the translation of the fa-
mous dissertation by Bachelier (1900); this work is the first instance of
both a mathematical treatment of Brownian motion and its application to
finance. The use of Brownian-motion-based models of stock prices derives
from the efficient market hypothesis, which asserts that all public infor-
mation useful for making investment decisions is already incorporated in
market prices. According to the efficient market hypothesis, past stock
prices may be useful for purposes of estimating parameters in the distri-
bution of future prices, but do not provide information that permits an
investor to outperform the market. In particular, if there is public informa-
tion which implies that a stock price is certain to rise, then it would have
already risen. The efficient market hypothesis is still subject to some debate,
although a substantial amount of empirical and theoretical justification has
accumulated in its favor; see, e.g., Kendall (1953), Osborne (1959), Sprenkle
(1961), Boness (1964), Alexander (1961), and Fama (1965). Originally, the
mathematical content of the efficient market hypothesis was expressed as
the belief that returns on stock prices follow a discrete-time random walk.
Samuelson (1965a) proposed a discrete-time martingale model of security
prices, a mathematical concept also in keeping with the efficient market
hypothesis. A more recent theoretical examination of this matter is given
by Samuelson (1973); see also Black (1986). The discrete-time martingale
model is criticized on the basis of empirical studies by LeRoy (1989). Non-
technical discussions can be found in Bernstein (1992), Chapters 5-7, and
Malkiel (1996).

The model presented in this chapter is an outgrowth of the “geometric”
Brownian motion model introduced by Samuelson (1965b) to capture the
limited-liability nature of corporation ownership. It was formulated within
the framework of Ito’s stochastic calculus by Merton (1969, 1971) and of
the calculus for more general stochastic processes by Harrison and Kreps
(1979), Harrison and Pliska (1981, 1983). The independence between past
and future increments of the driving Brownian motion enforces the effi-
cient market hypothesis in this model, provided that the model is viable
(Definition 4.1). The efficient market hypothesis does not claim any par-
ticular distribution for stock prices, although it is often confused with the
assumption of stock prices modeled by geometric Brownian motion and
hence having a log-normal distribution. This distribution provides a rea-
sonable fit to the data, but other distributions are known to be better (see,
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g Fama, (1965), Officer (1972), Hsu et al. (1974), Hagerman (1978), Kon

| 984) Madan and Seneta (1990), Lo (1991)). For the huge subjects of
tistical estimation and econometrics in the context of financial markets,
send the reader to the April 1994 volume of the journal Mathematical
pnance, and to the recent monograph by Campbell, Lo, and MacKinley
997).
- The model of this chapter allows for the stock-price coefficients to be
emselves random processes, which affords much greater generality than
log-normal model. Various special cases of this model besides the
stant-coefficient case of Samuelson (1965b) have been studied. Cox and
(1976) examined a constant elasticity of variance model, in which
k prices have the form

dS(t) = bS(t) dt + aSV/2(t) dW (¢),

e b, 0 > 0and 0 <~ < 2 are constant and W(-) is a Brownian mo-
see also Beckers (1980), Schroder (1989). Another alternative, due to
llmer and Schweizer (1993), contains the geometric Ornstein—Uhlenbeck
cess as a special case. Some works on hedging and/or optimization in
models that allow for jumps in the stochastic equations (1.8), and thus do
5 fall within the purview of this text, are Aase (1993), Back (1991), Bates
8, 1992), Beinert and Trautman (1991), Dritschel and Protter (1997),
tt and Kopp (1990), Jarrow and Madan (1991b,c), Jones (1984), Jar-
and Rosenfeld (1984), Jeanblanc-Picqué and Pontier (1990), Madan
d Seneta (1990), Madan and Milne (1991), Mercurio and Runggaldier
3), Merton (1976), Naik and Lee (1990), Pham (1995), Schweizer (1988,
}?1:;’)1992a,b), Scott (1997), Shirakawa (1990, 1991), Xue (1992), Zhang
nonnegativity constraint on wealth was used by Harrison and Pliska
1) to rule out doubling strategies. The notion of a tame portfolio, used
e for the same purpose, also appears implicitly in Karatzas, Lehoczky,
d Shreve (1987) and Dybvig and Huang (1988). Heath and Jarrow (1987)
hieve the same end by imposing margin requirements.

ections 4-6: The example of a nonviable market, which is based on the
ee-dimensional Bessel process and appears right after Definition 4.1, is
to A.V. Skorohod (private communication by S. Levental). Related
ts can be found in Delbaen and Schachermeyer (1995b).

e absence of arbitrage opportunities is implied by the existence of
uivalent probability measure, under which discounted prices (plus
counted cumulative dividends, if dividends are present) become martin-
- This is essentially a rephrasing of the classical principle behind the
nal sampling and martingale systems theorems, according to which
€ cannot win for certain by betting on a martingale” (e.g., Doob (1953),
ung (1974)).

0 what extent is the converse true? In other words, if “one cannot
2l for certain by betting on a given process” (i.e., if the process does not
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support arbitrage opportunities), then is this process a martingale, perhaps
under an equivalent probability measure? For discrete-parameter processes,
affirmative answers to this question were provided by Harrison and Kreps
(1979), Harrison and Pliska (1981), and Taqqu and Willinger (1987) for
finite probability spaces (see also Ross (1976) and Cox and Ross (1976)
for earlier work along similar lines), and by Dalang, Morton, and Willinger
(1990) for general probability spaces and multidimensional processes. This
last work uses arguments based on measurable selection results and on
the separating hyperplane theorem of convex analysis; the same result has
since been derived, using somewhat simpler arguments, by Kabanov and
Kramkov (1994a) and by Rogers (1995a). Related papers are Willinger and
Taqqu (1988), Back and Pliska (1991), Kusuoka (1992), Schachermayer
(1992). All these results on the relation between “no arbitrage” and the
existence of an equivalent martingale measure bear a striking similarity to
de Finetti’s (1937, 1974) theory of coherent subjective probabilities and
inferences; see Heath and Sudderth (1978), Boykov (1996), and the survey
papers of Sudderth (1994), Ellerman (1984).

For general continuous-parameter processes, the question at the begin-
ning of the previous paragraph becomes significantly more complex, and
the results much harder and deeper. Absence of arbitrage is in general
not sufficient for the existence of an equivalent martingale measure, and
stronger conditions are needed; cf. Kreps (1981), Schachermayer (1993,
1994). Work related to the results of Sections 4 and 5 has been done by
Stricker (1990), Delbaen (1992), Lakner (1993), Delbaen and Schacher-
mayer (1994a,b, 1995a—, 1996b, 1997a—), Fritelli and Lakner (1994, 1995)
who use rather refined functional-analytic tools (see also the earlier work
by Duffie and Huang (1986)), and Levental and Skorohod (1995).

In particular, Levental and Skorohod (1995) consider a market M as in
Definition 1.3 with N = D and invertible volatility matrix o(-), and define
6(-) via (6.16), Wo(-) via (5.6) whenever 6(-) is integrable,

¢ 2 inf {t € (r, T);/t 6(s)|? ds = oo} AT, (8.1)

t
it i
290) 2 sy |~ [ Lrcal (@ aW(s)
1 t
-3 / Loy I0(s)2ds|, 0<t<T, (8.2)
i |

for r € [0, T, as well as

t+h
a £ inf {t = [O,T);/ 16(s)||*ds = o0,V h € (0,T — t]} AT. (8.3)
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1‘ They show that M is viable if and only if both
Pla=T)=1 and EZ")(T)=1,Yr€[0,T] (8.4)

old. In particular, under the condition (5.1), M is viable if and only if

{there exists a probability measure Py, equivalent to P,}

under which Wy(-) becomes Brownian motion. (8.:5)

" In the absence of condition (5.1), they define approzimate arbitrage as a
uence of tame portfolios {7, (-)}32; with corresponding gains processes
(1) }52, satisfying lim, oo P[Gn(T) > 0] = 1 and lim,, .o P[Gr(T) >
| > 6,Yn € N for some § > 0 (cf. Stricker (1990), Duffie (1992), Kabanov
Kramkov (1994b) for related notions); then they show that (8.5) is
uivalent to the absence of approrimate arbitrage. This latter condition
tronger than viability (absence of arbitrage), as these authors demon-
trate by example. In a similar vein, see the recent results of Delbaen and
chachermayer (1997b) for general semimartingale price processes, which
ght well be the “last word” on this subject.

The relations between market completeness and uniqueness of the equiv-
nt martingale measure were brought out in the fundamental papers of
rrison and Kreps (1979) and Harrison and Pliska (1981, 1983), and more
ently in Ansel and Stricker (1992, 1994), Artzner and Heath (1995),
Jhatelain and Stricker (1992, 1994), Delbaen (1992), Jacka (1992), Jarrow
Madan (1991a,b), Miiller (1989), and Taqqu and Willinger (1987).

- In the context of a complete market as in Section 6, what happens if the
starts at t = 0 with initial capital y > 0 strictly less than the quantity
E°[B/Sy(T)] of (6.1)? Remark 6.4 shows that there can exist no tame,
nced portfolio with corresponding wealth process X¥7(-) satisfying
X¥7™(T) > B] =1 for 0 < y < z. In other words, it is then not possible
hedge the contingent claim B without risk, and the agent might wish
ly to maximize the probability P[X¥"™(T) > B] of achieving a perfect
e, over a suitable subclass of tame y-financed portfolios 7(+). One is
led to a stochastic control problem of the so-called “goal type.” Such
blems have been studied by Kulldorff (1993); see also Heath (1993),

o
Saratzas (1996), pp. 55-59, Follmer & Leukert (1998), and Spivak (1998).
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Contingent Claim Valuation in a
Complete Market

2.1 Introduction

A derivative security (also called contingent claim; cf. Definition 2.1 and
discussion following it) is a financial contract whose value is derived from
the value of another underlying, more basic, security, such as a stock or a
bond. Common derivative securities are put options, call options, forward
contracts, futures contracts, and swaps. These securities can be used for
both speculation and hedging, but their creation and marketing are based
much more on the latter use than the former. Some derivative securities
are traded on exchanges, while others are arranged as private contracts
between financial institutions and their clients. The world-wide market in
derivative securities is in the trillions of dollars.

In order better to understand the concept of derivative securities, let
us begin by considering one of the older derivative securities, a forward
contract. Under this contract, one agent agrees to sell to another agent
some commodity or financial asset at a specified future date at a specified
delivery price. Corporations that need a certain amount of a commodity at
a future date often buy a forward contract for delivery of that commodity.
Corporations that expect to be paid at a future date in a foreign currency
sell forward contracts on that currency. In the first case the corporation
would promise to receive delivery of the commodity, whereas in the second
case it would promise to deliver the currency. In both cases, the corporation
is using the forward contract to lock in a price in advance, i.e., to hedge
uncertainty. Forward contracts can also be used for speculation; a forward
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~ contract on an asset requires no initial cash outlay by either party, and for
~ this reason allows speculators much higher leverage than can be obtained
by purchasing and holding the underlying assets.
 Futures contracts are like forward contracts, except that unlike forwards,
futures are traded on exchanges and are consequently subject to a number
- of regulations. The principal rule is that an agent must deposit money
into a margin account at the time the contract is entered, and this margin
- account is credited or debited daily to reflect movement in the futures’ price.
the margin-account balance falls too low, the agent must replenish it.
is whole process is called marking-to-market. Unlike the case of options
ussed below, forward and futures contracts are designed so that their
itial cost to both parties is zero.
Derivative securities that became popular more recently are the various
tions on stocks. Options have been traded on public exchanges since 1973.
he holder of a European call option has the right, but not the obligation,
buy an underlying security at a specified date (ezpiration date) for a
ntractually specified amount (strike price), irrespective of the market
ue of the security on that date. The Furopean put option is the same
the European call option, except that it entitles the holder to sell. The
merican call option and the American put option entitle the holder to
or sell, respectively, at any time prior to a specified expiration date.
des the European and American options (which, incidentally, are both
ed worldwide, although exchange-traded stock options are typically
nerican), there is a variety of more “exotic” options. Options allow risk
be hedged in various ways. The most obvious one is that an investor who
a security but intends to sell it by a known future date can buy a put
on on the same security and thus be guaranteed at least the strike price
0 the security is sold. If the security price rises above the strike price,
e investor is still able to sell the security at its market value. By taking
mbinations of long and short positions in puts and calls, investors can
te a variety of customized contingent claims. Because one of the likely
sibilities available to the holder of an option is to “receive a positive
unt and pay nothing,” arbitrage-based considerations suggest that the
lon’s present worth should be positive.
irst appearing in 1981, a swap is a contract between two agents in
ich cash flows are traded. A common situation is that one agent has
me due to variable-rate interest on some investment, and the other
income due to fixed-rate interest on a different investment. Because
ot their different financial situations, the agents may wish to trade some
't of their income streams. This trade is usually arranged by a financial
ution, which guarantees the contract.
he existence of derivative securities leads to two mathematical ques-
: pricing and hedging. The price of publicly traded derivative securities
'Set by the law of supply and demand, but many derivative securities are
.7~ Vate contracts in which both parties would like to be assured that a “fair”
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price has been reached. Even for publicly traded derivative securities, the
fact that they are described in terms of an underlying security, whose price
and price history are known, suggests that there should be some way of
theoretically determining a “fair” price. Arbitrageurs are vigilant for dis-
crepancies between the market price of derivatives and their estimation of
the fair price, and immediately take positions in the derivative security
when they perceive such a discrepancy.

More recently, model-based pricing of derivative securities has become
the basis of risk management. A typical risk-management question is how
much a portfolio value will be affected by a certain movement in underlying
asset prices. If the portfolio contains derivative securities, a mathematical
model is needed to answer this question.

The hedging of a derivative security is the problem faced by a financial
institution that sells to a client some contract designed to reduce the client’s
risk. This risk has been assumed by the financial institution, which would
now like to take a position in the underlying security, and perhaps in other
instruments as well, so as to minimize its own exposure to risk. Assumption
of client risk is a principal service of financial institutions; managing this
risk well is a necessary prerequisite for offering this service.

In a complete market model, as set forth in Definition 1.6.1, there are
definitive solutions to both the problem of pricing and the problem of hedg-
ing derivative securities. This method of solution is known as arbitrage
pricing theory, because it proceeds from the observation that an incor-
rectly priced derivative security in a complete market presents an arbitrage
opportunity. A correctly priced derivative security in a complete market
is redundant, in the sense that it can be duplicated by a portfolio in the
nonderivative securities. The portfolio that achieves this duplication is the
hedging portfolio, which the seller of the derivative security can use to re-
move the risk incurred by the sale. Of course, the existence of the hedging
portfolio prompts one to ask why an agent would buy rather than duplicate
a derivative security. It appears that this occurs because markets are not
frictionless. In order to duplicate a derivative security by portfolio manage-
ment, an agent would have to develop a mathematical model, pay brokerage
fees, and gather information about the statistics of the market. Agents avoid
these costs by striking a deal with another agent (intermediated by an ex-
change or a financial institution) or by paying a fee to a financial institution.
A financial institution has modeling expertise and smaller transaction costs
than its clients because of the volume of its transactions and the fact that
many of these take place in-house.

We present the arbitrage pricing theory for European contingent claims
in Section 2.2, and for American contingent claims in Section 2.5. Special
cases of European contingent claims, such as forward and futures contracts,
are treated in Section 2.3, whereas Section 2.4 computes the prices and
hedging portfolios for European call and put options as well as for a certain
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pe of path-dependent option (Example 4.5) in the context of a model
th constant coefficients. In particular, Example 4.1 derives the celebrated
Black and Scholes (1973) formula for the price of a European call option
in a model with constant interest rate and volatility. The development of
arbitrage pricing theory for American contingent claims (Section 2.5) is
d on the theory of optimal stopping, which we survey in Appendix D;
ecial cases, such as the American call and put options, are studied in
tail in Sections 2.6 and 2.7, respectively.

European Contingent Claims

ughoutE this chapter we shall operate in the context of a complete, stan-
,ﬁrfancwl market M (Definitions 1.1.3,1.5.1, 1.6.1 and Theorem 1.6.6).
particular, the price of the money market is governed by

dSo(t) = So(t)[r(t) dt + dA(t)] (2.1)
the prices of the stocks satisfy

d=1

. (2.2)
0(t) = (0nd(t))1<n,a<n nonsingular for Lebesgue-almost-every ¢t €
almost surely. Recall that Sp(0) = 1 and S;(0),...,Sn(0) are positive
tants.

n t?on.2.1: A European contingent claim (ECC) is an integrable
ative income process C(+). To simplify the notation, we shall always
e that C'(0) = 0 almost surely.

opean contingent claims are bought and sold. The buyer, who is said
ume a long position in the claim, pays some nonrandom amount I'(0)
time zero and is thereby entitled to the cumulative income process C(-).
8elle.r (writer, issuer), who is said to assume a short position, receives
;‘at t.lme zero and must provide C(-) to the buyer. Thus, the seller has
1 ative income process

I(t)=T0)-C(t), 0<t<T. (2.3)

:seller’s objective is to choose a martingale-generating, I'(-)-financed
folio process (mq(-), n(-)) such that his corresponding wealth satisfies
> 0 filmost surely. In other words, the seller wants to “hedge” the
' position in the contingent claim by trading in the market in such a
¥ as to make the necessary payments and still be solvent at the final
almost surely. Recall from (1.5.8) that the seller’s discounted wealth
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process satisfies

X(t) o B M t_i_ s g Y i
So(t) - 0, So(u) +/0 So(u)ﬂ (w)o(u)d 0(”). <t i

If m(-) is martingale-generating and if X (T) > 0 holds almost surely, we
have, upon taking Py-expectations in (2.4), that

2 E, [ / dC(u)} <T1(0). (2.5)
(

o,1] So(u)

This provides a lower bound on the time-zero price I'(0) the seller must

charge for the ECC C(). '
Suppose the seller charges the amount . Because the market was as-

sumed to be complete and the cumulative income process C(-) is integrable
(Definition 1.5.5), the random variable So(T) [ J; 07 %‘)}] is financeable:
there is a martingale-generating portfolio 7(-) satisfying

dC(u) /T 1

——=z+ 7' (u)o(u) dWo(u) a.s. (2.6)

/(O,T] So(u) o So(u) .

(see Proposition 1.6.2). Define X(-) by (2.4) with z replacing I'(0) and 7(-)
replacing 7(-), namely,

X(t) i dC(u) + * 7}/(“) a(u) dWo(U), 0<LELT. (2.4’)

S0 " Jou So@) " Jo Sow)
Then (2.6) shows that X(T) = 0 almost surely. With 7o(t) Sk (t)—7'(t)1,
the seller has found a martingale-generating, I'(-)-financed “hedging” port-
folio (#o(-),#(-)) that results in nonnegative wealth at time T, with
I'(0) = z. Thus, the seller of the contingent claim can charge x (but no less)
for the ECC C(-) and use the portfolio (#o(-),7(-)) to hedge his position.

Now let us take conditional expectations with respect to F(t) under the
probability measure Py in (2.6) to obtain

g i dC(u) .
:c+/0 So(u) " (u)o(u) dWo(u) = Eo [/(o,:r] o ‘ }'(t)] e
Substitution into (2.4") yields

X(t) B éc—(u)— . 2.7
Sot) ¢ [/(t,T] So(u) ' f(t)] , 05t<T (2.7)

This provides a simple representation for the seller’s wealth process

corresponding to the hedging portfolio. _ N
The buyer of the contingent claim can, if he wishes, hedge his position
by the reverse strategy. He has income process —T(+), and (—7o(-), =7 ("))
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“is a (—T'())-financed portfolio process corresponding to the wealth process

B X(-) (and, in particular, final wealth ¥ (T') = 0 almost surely).

~ The above discussion shows that the “fair price” at time zero for the ECC

(+) is = given by (2.5). To wit, if the ECC were traded at any other price,

then either the seller or the buyer would have an arbitrage opportunity.

~ We are also interested in the price of the ECC at other times t € [0, T].
ubtracting (2.4) evaluated first at 7' and then at ¢, we obtain

T) X _/ dC(u)
T) So(t) 1) So(u)

e pon
+ /t 5oy ™ (W) Wa(u), OSt(ST-
2.8)

We imagine that at time ¢, an agent sells the remainder (excluding any pay-

ment at time t) of the ECC C(-) for a price X (¢) (measurable with respect

F(t)), invests X (t) in the market, pays out the contingent claim between

imes ¢t and 7', and wants to have X (7') > 0 almost surely. Prompted by
se considerations, we make the following definition.

finition 2.2: Let C(-) be a European contingent claim. For ¢ € [0, T
value of C(-) at t, denoted by VFCC(t), is the smallest (in the sense of
domination) F(t)-measurable random variable ¢ such that if X (¢) = ¢
2.8), then for some martingale-generating portfolio process 7(-) we have
T) > 0 almost surely. The value VECC(0) at time t = 0 is called the
bitrage-based) price for the ECC at t = 0.

position 2.3: The value at time t of a European contingent claim

(t) = 50(t)- Bo [ [ S|

, 0<t<T. 2.9
¢, So(u) 29)

In particular, VECC(0) =z as in (2.5).
PROOF. If X (T) > 0 in (2.8) and =(-) is martingale-generating, then

XQ) o g [ /( do | f(t)] , 0<t<T, (2.10)

So(t) ~ t,7) So(u)

ch shows that V€ (t) must be at least as large as the right-hand side
2.9). But the wealth process X(-) of (2.4'), corresponding to the pair
), #(-)) whose existence was established above, satisfies (2.10) with
ality (see (2.7)). It follows that VECC () = X (t), which is (2.9). O

mark 2.4: We may use “Bayes’s rule” (Karatzas and Shreve (1991),
~emma 3.5.3) to convert (2.9) to a conditional expectation with respect to
i€ original probability measure P, namely

1
VE'C'C(t) = Ho(t)E I:-/(t,T] Hy(u) dC(u) } .F(t):l , 0<t<T,
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where Ho(u) = Zo(u)/So(u) is the state price density process. In particular,
the fair price of the claim at t =0 is

VECC(0)=E Ho(u) dC(u).
(O’T]

: i e finance literature, our definition of
1;%?{? iSZ SSet ugzﬁehailu‘ilggé (tll’l) — ( almost surely. This is cqnsistent
with our convention that processes have RCLL paths, a conventlc.)n that
requires the integral J 1) %‘% in (2.9) to be over the half-open 1nt.erval
(t,T). From (2.9) we have VECC(T-) =}g(g’) — C(T——)‘, so a ﬁ;la]; jump
in C(-) causes the same final jump in v (-). In particular, if B is an
F(T)-measurable random variable satisfying

|B] ] (2.11)
Ey | 2| <00 .
’ [SO(T)
and C(-) is given by ‘
if0<t<T,
C(t) = {?9 g t=T. (2.12)

then we have
B
ECC 4\ — . _Z_|F@)|, 0<t<T, (2.13)
VECC(t) = So(t) - Eo [SO(T)I ()]

VECC(T-) = B, VECC(T) =0. (2.14)

Definition 2.6: Let C(-) be a European contingent claim, and deﬁx.le
I'(-) = VECC(0) - C(-). The martingale-generating, I'(-)-financed portfolio

process (7o(-), 7(+)) satisfying

VECC(ty [ dC(w)
50 07 Joy 5o
"l o) dWo(u), 0<t<T, (2.15)
+ [ g @ o)
Ro(t) = VECC(t) —#'(t)l, 0<t=T, (2.16)

is called the hedging portfolio for (a short position in) C(-).

Remark 2.7: The representation (2.9) allows us to write (2.15) as
t o] ")()dW(u)—Eo/ dC(u)

o(u =
/0 SO(U)Tr ¥ o (0,7 So(u)

dC(u)
—Eol:‘/(\O,T] So(u)]’ OStST,

F (t)]
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(2.17)

' (t)o(t) dWo(t) = So(t) - d (Eo [ /( o c;f((s)) ( F (t)D -

is formula sometimes enables us to determine 7(-) explicitly.

W
b

2.3 Forward and Futures Contracts

ider an F(T')-measurable random variable B satisfying (2.11). We re-
B as the market value at time T of some asset, such as a stock or
modity. In this section, we define the forward and futures prices for

ppose that at time zero an agent buys a contract obligating him to
hase the above asset for the nonrandom delivery price g on the delivery
T'. The seller of this contract, who is taking the short position, agrees
eliver the asset at time 7' in exchange for g, even though the market
at time 7" is B. According to Remark 2.5, the value process for this

VFC(t;q) = So(t) - Eo [% l ]-'(t)} , 0<t<T (3.1)
ded that
1

ple 3.1 (Forward contract to purchase a stock that pays no divi-
$): Suppose the contract is to purchase one share of the first stock,
= 51(T). If the first stock pays no dividends and o(-) satisfies the
condition (1.5.17) with n = 1, then Remark 1.5.11 implies

FCt; q) = S1(t) — gSo(t) - Eo[1/So(T)|F(t)], 0<t<T.  (33)

n addition So(T') is nonrandom, the hedging portfolio is particularly

The agent assuming the short position sells the contract for

ig) = S1(0) — ﬁ%T_) at time zero, buys one share of the stock at

(0), and borrows ﬁ%T_ from the money market. At time T, his

market debt has grown to g. He delivers the first stock, receives the
price ¢, and pays off his money-market debt.

quantity of interest in finance is the forward price of an asset, defined

lition 3.2: Let B be an F(T)-measurable random variable, and
that (2.11), (3.2) hold. The forward price process f(-) for B is
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defined by
®) N Eo[B/So(T)|F(t)] o<
Eo[1/So(T)|F (®)]
From (3.1) we see immediately that f (t) is the unique, F(t)-measurable
solution to the equation

t<T. (3.4)

VEC(t; £(t) =0. (3.5)

In other words, at time ¢ the value is zero for the contract to buy at date

T the asset at delivery price f(t).

Example 3.3 (Forward price of a stock that pays no di.vidends): If B =

S,(T), the first stock pays no dividends, and o(-) .satlsﬁes the Novikov

condition (1.5.17) with n = 1, then (3.3) and (3.5) yield
ft) = 50/5%0 _ g<i<r.

Eo[1/So(T)|F(1)]
Example 3.4 (Forward price of a stock with nonrandom dividend rate):

If B = S1(T), the dividend rate process 81(-) is nonrandom and the pro-
.,o1n(+) are uniformly bounded, then the forward price

(3.6)

cesses o11(+), .-
S1(t)/So(t)
F®) = Boii/50(M)F @)

]exp {—/Tél(u)du}, 0<t<T. (3.9)

Si(t t
To see this, observe from (1.5.16) that the process géi(;% exp { Jo 61 (u)du}

is a Py-martingale, so the numerator of (3.4) is

T
Eo[S1(T)/So(T)|F (1)) = g—og exp {— / 61 () du} ‘

Example 3.5 (Forward price of a stock with nonrandom dim'dend' pay-
ments, when the money market is nonrandom): If B = Si(T), if the

dividend-payment p(-) = 61(-)S1(+) and money-market prices So(+) are non-

random, and if o(-) satisfies the Novikov condition (1.5.17) with n = 1, then
according to Remark 1.5.11 the process
Sit) /t PW) 4 0<t<T,
So(t) ~ Jo So(u)
is a martingale under Py. From (3.4) we have
i) [T pw) 4
7 = ol [So(t) . So(w)

When a commodity rather than a stock is being pric.ed, there can be fz
storage cost, which corresponds to negative p(-) in this example. In tha
case, (3.8) is called the cost-of-carry formula.

(3.8)
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- Forward contracts on assets are not always available, and if they are, they

are available only with delivery price equal to the forward price. Thus, at

time of purchase, the forward contract has value zero. After purchase,

value of the contract is typically nonzero. In particular, just before the
very date T', a forward contract bought at time zero has value

_ Eo[B/So(T)]
Eo[1/S0(T)]

~As the value of a forward contract moves away from zero, one of the
arties to the contract might become concerned about the possibility of
ult by the other party. The worried party might wish to see the other
deposit money into an escrow account. Any such stipulation would,
ourse, change the nature of the contract and render inappropriate the
ning that led to the forward price formula (3.4).
leads us to the concept of the futures price ¢(t) for an asset with
t value B at time 7". This futures price process is set such that at
time ¢ € [0, T), the futures contract has value zero. Suppose one party
(for $0) such a contract to another party at time ¢. At time ¢ + dt, the
es price has moved by an amount ¢(t + dt) — p(t). According to the
visions of the contract, if (¢ + dt) — p(t) is positive, the party holding
hort position must transfer this amount of money to the party holding
ng position. If ¢(t + dt) — ¢(t) is negative, the transfer of money
he other direction. This way, the futures contract is “continuously
ed”T and the value of the contract is always zero. The futures price
asset must agree with the market price on the delivery date. We are
ready for a precise definition.

VFC(T—£(0)) =B - f(0)=B

inition 3.6: Let B be an F(T)-measurable random variable, and let
be a European contingent claim whose value is zero for all ¢ € (0,7
st surely, and that satisfies ¢(T) = B. Then we say that o(:) is a
$ price process for B.

rem 3.7: Let B be an F(T')-measurable random variable satisfying
B%) < 00, and assume that So(+) is bounded from above and away from
niformly in (t,w) € [0,T] x Q. Then the futures price process for B
is unique, and is given by

@(t) = Eo[B|F ()],

U=#=d. (3.9)

€ mechanism for the transfer of money is provided by the margin ac-
set up by brokers dealing in futures. Money is credited or debited to these
ts daily, depending on the movement of futures prices. Investors can with-
oney when the balance exceeds a certain threshold, and are subject to a
call if the balance falls too low.
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PROOF. We first show that the square-integrable Py-martingale ¢(-)
defined by (3.9) satisfies the conditions of Definition 3.6. Define

t

A 1 -
It:/——d u), 0<t<T, 3.10
02 [ s e (3.10)
which is also a square-integrable martingale under P,. From Proposi-
tion 2.3, the value process for ¢(-) is

Ve(t) = Solt) - Eoll(T) — I(M)|F(t)) =0, 0<t<T.

It is obvious that ¢(T') = B.
We next prove uniqueness. Suppose ¢(+) is any ECC satisfying the condi-

tions of Definition 3.6. With I(-) as in (3.10) we have (3.11), which implies
that I(-) is a martingale under FPy. Hence p(t) = fot So(u)dI(u),0<t<T
is also a local martingale, so ¢/¥(-) =0, () = ¢(-), and

(3.11)

T
mmm=%ﬁgiyww<w

by (1.5.9). Since I(-) is a square-integrable martingale, ¢(-) is also. In
particular, ¢(t) = Eo[p(T)|F(t)] = Eo[B|F(t),0<t<T. o

Remark 3.8: Because the value of a futures contract is always zero, an
investor who holds a position in futures can “close out” that position at any
time and at no cost. This is in fact the fate of most futures contracts; the
position is closed out before maturity. If a long position in a futures contract
is not closed out prior to maturity 7', then in actual markets the investor
must receive delivery of the asset at market price B. Since purchasing the
futures at some time ¢ € [0, 77, the investor has received a total cash flow of
ftT do(s) = B — ¢(t), and so after the terminal payment of B the investor
has paid the net amount ¢(t) between times ¢ and 7. In this sense, the
investor has purchased the asset for the futures price ¢(t) prevailing at the
time the futures contract was entered. However, the payment of p(t) occurs
continuously prior to maturity, whereas for a forward contract the payment
occurs at maturity.

It is common in finance to approximate futures prices by forward prices.
The relationship between these two quantities is described in the following

corollary. : ’

Corollary 3.9 (Forward-futures spre ):  Under the conditions of Theo-

rem 3.7, we have
Covo[B,1/So(T)|F(t)]
BSHOFE =T

£ = o(t) +

where
CovolX., YIF(®)] 2 Eo {[X - Bo(XIF(@)] - [Y = Ba(¥1F()] | 7}
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"“‘particular, the forward price f(0) a. 'I ;
| : grees with the future ;
ana only if B and 1/So(T) are uncorrelated under Po.fu priee w0n
Because
“ CovolX, Y| F(t)] = Eo| XY |F(t)] — Eo[X|F(t)] - EolY|F(t)],
we may rewrite (3.4) as
i)
1) = BofBIF (1) + C0IB /SoDIFE)

( E[1/S@)F@]

e result follows from Theorem 3.7. O

Clearly, f(t) = @(t)VO<t<T if th . ; :
ministic (nonrandom). B & momeyacket pice Sy(1) be

European Options in a
Constant-Coefficient Market

. lsfi:ct;lon we present exan.lples of European options in the context of
vp(: e, ;tan(iard market with constant risk-free rate r(-) = r, dividend
ector §(-) = 6 = (6y,...,6yn)", volatility matrix o(-) = o, and with

i o(t) = So(t)rdt (1)

m=&m%ma+i%wwwﬂ

d=1

N
=S, (t) [(r —6p)dt+ Y ong de"’(t)J , n=1,...,N (4.2)
P d=1
h ..6) fa,nd (1.6.16)). Qne of these is the Black—Scholes formula. Com-
S .to‘ the market is equivalent to nonsingularity of o. For this
il is’ 1t 18 not necessary to assume that the vector b(-) of mean rates of
L Is constant, and consequently, the market price of risk process

0(t) = o1 [b(t) + 6 — rl] (4.3)
ecessarily constant either.
9 0g (4.1), (4.2), we obtain Sy(t) = e™ and
” On(u) = Ay (u—1,8(t),0(Wo(u) — Wo(t))), 0<t<u<T
n=1, ., .,N, S
(4.4)

h: [0,00) x RY x RN — RY is the function defined by

t,p,y) = P, exp [(r—&n — §a,m) t+ynJ, T I (4.5)
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“ anda 2 (ane)1<n<e<n = 00’ . Here we denote by S(t) = (S1(t),...,Sn(®))
the vector of stock prices. i .
‘ Consider an ECC of the type C(t) =0,0 <t < T2 and C(T) = ¢(S(T));
| here ¢ : RY — R is a continuous function satisfymg E0|<p(S (T))| < oo.
| According to Proposition 2.3, the value process for this claim is

| VECC(t) = "9 Eo[p(S(T))| F (1)]

- = T By [ (T — 1, 5(6), o (Wa(T) = Wo(®)) | (V]

| 1

= e—’r‘(T—t) /RN (p(h(T —t, S(t), UZ))W

H exp{—2(gf!2t)} dz

because Wo(-) is a Brownian motion under Py, relati\.fe to the filtration
\ {F(t)}o<t<r- From these considerations, we see that with

s=0,r €RY,

N N
& e [an w(h(s, T, az))(z—ﬂl)—Nﬁ exp{—ﬂ%!—}dz, s>0,z e Ry,
u(s,x) =
(4.6)

o(z),

the value process of the ECC is
VECC(§) = e"T=9 Bo[o(S(T))|F ()] = w(T—t,8(t), 0<t<T. (47)

Using Remark 2.7, it is possible to compute the hedging portfolio. Indeed, -

i iti the function ¢ (e.g., polynomial
under appropriate growth conditions on . : :
growth in both ||z|| and 1/||z||), the function u of (4.6) is the unique classical
solution of the Cauchy problem

1 0%u
= Zl ; AngTnTy 92072
¥ du ou e
+Zl(r 6")%63:” —ru= o=, on (0,T] x R,
‘ u(0,z) = p(z), V€ RY, (4.8)

by the Feynman-Kac theorem (e.g., Karatzas and Shreve .(1991), TheO(-1

rem 5.7.6 and Remark 5.7.8). Applying Itd’s rule and invoking the secon

representation of dSn(t) in (4.2), we obtain
N N

ou %)
du(T—t, S(t)) = ru(T—t,S(t)) dt+> Y angSn(t)&:(T—t, S(t)) dWy (2)
n=1 £=1
or equivalently,
u(T — t,5(t))

) — #(t)o dWo(t)
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with #(-) = (#1(), ..., 7n(-))" given by
fn(t) = sn(t)(%‘(T —t,8(t), 0<t<T, (4.9)

forn=1,...,N. Recalling (4.7) and Remark 2.7, we conclude that 7(+) is
;.= deed the hedging portfolio of Definition 2.6. At any time ¢, this portfolio
holds %(T —t,5(t)) shares of the nth stock, n = 1,..., N. The hedging
portfolio also has a component

N
wo(t) =u(T —t,5(t) = Y #a(t), 0<t<T, (4.10)

recording holdings in the money market.

It should be noted in (4.6), (4.7) and (4.9), (4.10) that the value of the
JC and the hedging portfolio depend on r, §, and o, but not on the vector
b(-) of mean rates of return of the stocks. This fact makes the formulae

icularly attractive, because the mean rates of return can be difficult to
nate in practice.

mple 4.1 (European call option): A European call option on the
stock in our market is the ECC given by C(t) =0, 0<t < T and
T') = (51(T) — q)". The nonrandom constant ¢ > 0 is called the strike
ce, and T is the ezpiration date. The random variable (S1(T) —g)t is
1e value at time 7' of the option to buy one share of the first stock at
> (contractually specified) price q. If S1(T) > g, this option should be
ised by its holder; the stock can be resold immediately at the market
ce, at a profit of S; (T) — q. If $1(T) < g, the option should not be
ercised; it is worthless to its holder.
ith o(z) = (z1 —¢)*, the Gaussian integration in (4.6) can be carried
at explicitly, to yield

o 1% ®(p, (s,21;9))
(8:2150) = ¢ —ge™™®(p_(s,21;)), 0<s<T, 1€ (0,00),
(g —a)i*, §=0, z €(0,00),
(4.11)

T J—o0

is is the celebrated Black and Scholes (1973) option pricing formula.
€ hedging portfolio is (see (4.9), (4.10))
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wE00() = 510 Do (T~ Si(Bhia), 7O =+ =EC) =0
\ ; Ll - 0<t<T.
| RBCC () = VECO(T — 1, Sy(t)0) ~ () g — (T~ 1. 5i (00,0 <t
H (4.12)
\ Exercise 4.2: Show that the function u(s, z1) = uFCC (s,z1;q) of (4.11)
i satisfies
” T -Qi(s,zl) >u(s,r1), 0<s<T, =€ (0, 00),
H oy
and hence that we have
rECC(t) <0, 0<t<T, (4.12")
from (4.12). In other words, the hedging portfolio for a (short position in

a) European call option always borrows.

Example 4.3 (European put option): The Europefm put option cox?fers
to its holder the right to sell a stock at a future time iat a prespecified
price. We model a put on the first stock as the ECC thil C(t) = 0 for
0<t<Tand C(T) = (g— S1(T))*. Because (g —S:1(T)) = —(S}(T) -
q) + (S1(T) — g)*, holding a long position in a European put 1s equivalent
to holding simultaneously a short position in a forward cont.ra,ct am'i a lopg
position in a European call. This is the so-called put—call parity relat.lonsh%p.
We have already priced the European call; the forward contract is easily
priced, as we now describe.
First note from Remark 1.5.11 that

t
e—(r_sl)tS1(t) = 31(0) + / e"(r_él)"[dsl(u) == (’!‘ s 61)51(11.) du]
0
Y Si(w)) , Si(w) ]
= fiv |d 2 81 du
= 51(0) + /0 e [d (So(u)) + So(0) 1
is a martingale under Py. Consequently, the forward contract value process
(see (3.1)) is

51(T)—q _ o=0i(T-1)g (1) — e"(T-¥g
5ot 2o [ 202 | #0) e tl(S)(t) |
=u —1,01(1);4),

where
uFC(s,z1;9) B ghiag gy, (4.13)
The hedging portfolio is (see (4.9), (4.10))
nFO(t) = 8T8y (t), nf°(t) == e () =0,
mFC(t) = —e T, 0<t<T. (4.14)
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In other words, at time ¢ = 0 the contract is sold for e=%78;(0) — e~Tyq.
' The seller invests the proceeds in the first stock and in the money market,
pectively, buying e %17 shares of stock and borrowing e~ "Tq from the
ney market. Dividends are reinvested in the stock. The yield per share
the stock is Y;(-) defined by (1.11), and the number of shares owned is

*, 80 we have the stochastic differential equation

nFC(t)—"IFC(t)dY(t =7FCt) [(by + 6,)d EN: (@)
i 1 e S1(t) 1 )—7['1 () (1+ 1) t+d:10nddW (t) )
.'ose solution is
FO(p) — 7 FC()et1t S1E) _ —6:(1—0)
A (0) = nfC(0)ef s = 05,1,

t time 7', the agent owns one share of the stock, which he delivers at

e ¢. This g is the amount of money needed to pay off the debt to the
market.

leturning to the European put option, we define

3 .
uFP (s,21;9) = —uFC(s,21; ) + uPC (s, 21;q). (4.15)

fw;alue process for the European put is u®”(T'—t, S (t); q). The hedging
lio is

n () =-mhC(t)+7E°(t), 0<t<T, n=0,1,...,N. (4.16)

mple 4.4: Consider an ECC of the form C(t) =0, 0<t < T
: C(T) = ¢(S1(T)), where ¢ : [0,00) — R is a convex function. Such a
nction has a nondecreasing, right-continuous derivative Dty satisfying

ola) = o(0) + [ “D*e(q)dg, =30 (4.17)

Karatzas and Shreve (1991), Problems 3.6.20 and 3.6.21).
establish an integration-by-parts formula for D*¢. There is a unique
€ pu on the Borel subsets of [0, 00) characterized by

#((a,b]) = D*¢(b) = D*p(a), 0<a<b.
'R " [0,00) be a function of class C*°, with support in [0,1] and
ng fo p(2)dz = 1. Define a sequence of mollifications of © by

enta) = [ (a4 Z) o)z =n [ etwntny —na)ay

 each @, is of class C, and lim,_, o ¢n(q) = (q), lim,_,00 ), (q) =
) for all ¢ > 0. Furthermore, for any bounded, Borel-measurable
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function g : [0,00) — R, we have

b
Jim / 9(q) nla) da = /( .y g9(q)u(dg), 0<a<b
a a,

a fact that can be proved by first considering functions g that are indicators
of intervals. If g is a C*(R)-function, we may let n — oo in the integration-

by-parts formula
b b
o(B)0a(b) — 9(@)@, (@) - / ¢ (@)p(a)da = / 9(@)¢"(q) da
to obtain
b b
4(b)D* o(b) — g(@)D*(a) - / ¢(@)D*o(g) dg = / o(a)u (dg). (4.18)

We now fix z; > 0 and apply (4.18) with 9(q) = (z1 —g@)*,a =0 and
b = x1, to obtain

o(z1) — ¢(0) — 21D Fp(0) = /

(0,00

)(zl —q)tu(dg) (419
in conjunction with (4.17). Formula (4.19) allows us to compute the value

process for the contingent claim C(T) = ¢(S1(T)) at the beginning of this
example. Indeed, this contingent claim has the value process

eI Bolp(S(T)IFB] = ¢ VB [m) +D*p(0) - $i(T)

i / ($1(T) — q)" u(dg)|F (t)}
(0,00)
= e "T=p(0) + Dt p(0) - u" (T — £, 51(1); 0)
+ / uPC (T — t,51(t); q)u(dq)
(0,00)

(cf. (4.7)), where uFC is defined by (4.13) and uFC by (4.11).

Example 4.5 (A path-dependent option): Let us take N=1,0 =011 >
0 and assume that bi(+) is deterministic, so the one-dimensional Brow-
nian motions W(-) and Wy(-) both generate the filtration {F(t)}o<t<T-
We assume without loss of generality that we are on the canonical space
Q = C([0,T]), the space of real-valued continuous functions on (0,77, and
that Wy, is the coordinate mapping process Wo(t) =w(t),0<t<T, for all
w € .

Consider an ECC of the form C(t) =0 for 0 <t < T and C(T) = G(w);
where G : C([0,T]) — R is a functional satisfying under P, the conditions
(E.4)—(E.6) of Appendix E. Then from the Clark formula (E.7), the value
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{8 process (2.9) for the above ECC is

VECC(t) = e=m(T=0 Bo[G(Wo) | F(2)]
= e-T(T_t)EOG(WO)

4T ] Eo[0G(Wo; (s, T1)|F (s)]dWo(s).

m Remark 2.7 we see that the hedging portfolio is

1
7T1(t) = ;e_r(T_t)EO[aG(WO; (tv TDI]:(t)J’
mo(t) = VECC(t) — my(2).
[n particular, if

J O(T) = miss 51(1) = $1(0) - ma {exp [ (r e "—2) t+ aWO(t)J } ,

2
(4.20)

ve have a so-called look-back option (LBO)

E For the look-back option of (4.20), we have G(Wp)

xplo maxosi<r(Wo(t) + v1)], where v 3 £ — 2. With W/(t) vgl(((;) |
; ) P E 0 t +

.,'M (t) = maxo<s<¢ W(s), we obtain from Example E.5 of Appendix E:

1>l

u
8 |
il

- (t) =795, (0) [em OF(T ¢, M(t) - W(t))

+ o,eGW(t) i o

4 /I\\;I(t)—W(t) f(T i t7 5)6 €d€]a
BO(t) _ e—'r-(T—t)

3 Bo [G(Wo) (1)

= -0, (0) ,:eaM(t) we [T
4 ge® W) / e
M (6)—W(2) ( Setae ,

iere f is defined in (E.11). We deduce from this last formula that the

x_ls:-ba.ck option of (4.20) has value

VLEO(0) = ¢~ T, (0) { 140 /0 et p(r, b)db}

=e"T8,(0) {1 +0/0me"b [1 y (b\_/j_’:T” db

+ 0/0 eb(2v+o) [1 ) (b :ZT)J db}
Tk

b time ¢ = 0.
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2.5 American Contingent Claims

American contingent claims differ from European contingent claims in that
the buyer of an American contingent claim can opt, at any time of his
choice, for a lump-sum settlement of the claim. The amount of this set-
tlement is specified by a stochastic process, which is part of the claim’s
description. In this section, we define the value of an American contingent
claim and characterize it in terms of the Snell envelope of the discounted

payoff for the claim.

Definition 5.1: An American contingent claim (ACC) consists of a cu-
mulative income process C(-) satisfying C(0) = 0 almost surely, and of an
{F(t)}-adapted, RCLL lump-sum settlement process L(-). We assume that
the discounted payoff process

v [ LW, Lo 1< T, (5.1)

04 So(w) ~ So(t)” T T

is bounded from below, uniformly in ¢t € [0,T] and w € Q, and continuous
(jumps in C(-) and L(-) occur at the same time and offset one another, i.e.,
they are of equal size and opposite direction), and satisfies

Ey [ sup Y(t)] < 00. (5.2)

0<t<T

Just as with a European contingent claim, the buyer (or holder) of an
ACC, who is said to assume a long position in the claim, pays some nonran-
dom amount v at the initial time and is thereby entitled to the cumulative
income process C(-). The seller, who is said to assume a short position,
receives y at time zero and provides C (-) to the buyer. Here, however, the
buyer also gets to choose an {F (t)}-stopping time 7 : Q — [0,T), called the
exercise time. At time 7, the buyer forgoes all future income from C(-) and
receives instead the lump-sum settlement L(7). Thus, once 7 is chosen, the
cumulative income process to the seller is

T(t) =y — C(tAT) — L(T)lgnry, 0<t<T. (5.3)

In particular, on the event {r = 0}, the seller receives 7(0) = v — T(0)
at the initial time and nothing more. The buyer has cumulative income
process —I'(+).

For many American contingent claims, C(-) = 0. This is the case, for ex-
ample, with American options. An American call option entitles its holder
to buy one share of a stock, say the first one, at any time prior to T
at a specified strike price ¢ > 0; it is modeled by setting C(-) = 0,
L(t) = (51(t) —9)*- ;

A prepayable mortgage is a more complex American contingent claim.
We model this by assigning the long position to the borrower, since the
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orrower gets to choose the time of prepayment. The original principal is
, —C(t) .is 'the cumulative mortgage payment made up to time t, —L(t)
the remaining principal after any payment at time ¢, and T is the term
the mortgage. Every upward jump in —C(-) corresponds to a regularly
eduled payment and creates a downward jump of equal magnitude in
L(+), so the discounted payoff process Y (-) is continuous.
As with a European contingent claim, the seller of an ACC must choose a
folio to hedge the risk associated with his short position. This hedging is
m pl'icated by his uncertainty about the exercise time 7 appearing in (5.3).
e simplest case is when 7 = T, because then the hedging and pricing are
like thos_e of. a European claim. In this case, the seller’s cumulative income
process is given by v = C(t) = L(T)1j4=7} for 0 <t < T, and if n(-) is a
ingale-generating portfolio, the wealth process is given by

X(t) ) dC(u) L(T)

So(t) £ 0,4 So(w) ~ So(T) =1y

|
+A So(0) w’(u)a(u) dWo(u), 0<t<T (5.4)

‘ (1.5.8)). The seller wants X (T) > 0, or equivalently,
_ [ 4w LT " ke o
Y(T) /(O,T] A /0 ™ W W) (6.5)

Imost surely. To ensure that he can make the lump-sum payment if the
uyer should §top prematurely, the seller also wants X (¢) > L(t) a.s. for
23 t <T'. This condition, coupled with (5.5), yields

i dC(u)  L(t)

o4 So(w) ~ So(t)

Y(t) =

. 'y+/0 Sotu) 7'(u)o(u) dWo(u) a.s. Vte[0,T]. (5.6)

ppose (5.6) ho}ds. Since both sides are continuous in ¢, the probability-
event on which .the inequality is violated can be chosen not to depend
Therefore, the inequality holds if ¢ is replaced by any random time 7
g values in [0, 77:

9 =/ dC(u) " L(7) . +/T 1
0 So@) T Solr) <y ) —So(u)ﬂ'(u)a(u) dWo(u) a.s.
L (5.6")
Jjust the statement that the seller, with cumulative income pro-

€8s (5.3), has nonnegative wealth i
B after settling the ACC at an; i
7 chosen by the buyer. ey

Jefinition 5.2.: Let (C(-),L(:)) be an American contingent claim. The
‘ue of the claim at time zero is



56 2. Contingent Claim Valuation in a Complete Market

VACC((0) - inf{v € R; there exists a martingale-generating

portfolio process 7(-) satisfying (5.6)}.

A hedging portfolio for (C (),L(-)) is a martingale-generating portfolio
process 7(-) satisfying (5.6) when v = VACC(().

Theorem 5.3: We have
VACC(0) = sup EoY (1), (5.7)

T€So, T

where So 1 is the set of stopping times taking values in [0, T]. Furthermore,
there is a stopping time T* attaining this supremum and there is a hedging

portfolio 7(-) such that

1
So (u)

Remark 5.4: Equation (5.8) asserts that if the seller uses the hedging
portfolio 7(-) and the buyer chooses the stopping time 7*, then after settle-
ment the seller has wealth X (7*) = 0. The buyer, whose cumulative income
process is the negative of that of the seller, can hedge his long position with
—#(-) and after settlement have wealth —X (7*) = 0. The stopping time 7*
is an optimal exercise time for the buyer of the ACC.

Y(r*) = VA9C(0) + /0"' 7 (u)o(u) dWo(u) a.s. (5.8)

PROOF OF THEOREM 5.3. By the addition of a constant, if necessary,
the process Y(-) can be assumed nonnegative, and we can bring the
results of Appendix D to bear. According to Theorem D.7, there is a Fo-
supermartingale {(t), F(t); 0 <t < T} with RCLL paths, called the
Snell envelope of Y (+), such that

£(t) > Y(t) for all t € [0, T

almost surely, and
£(v) = ess sup,¢s, pEolY(7)|F(v)] as., Vve So,) (5.9)

where S, 1 2 {r € Sor;v <7 <T a.s.}. In particular, £(0) =

SUP sy ¢ EoY (7). According to Theorem D.12, the stopping time

P 2f{te0,T); &) =Y®)}IAT

satisfies £(0) = EoY (7).

Theorem D.13 asserts that £(-) = M(-) — A(-), where M(:) is a uniformly
integrable RCLL martingale under P, and A(+) is an adapted, continu-
ous, nondecreasing process with A(0) = A(7*) = 0 a.s. Because of our
assumptAion of market completeness, the F(T)-measurable random vari-
able B = So(T)M(T) is financeable; i.e., there is a martingale-generating
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‘portfolio process 7(-) satisfying
y r o
— Al
(T) =£(0) + /0 So@) 7' (u)o(u) dWo(u) (5.10)

cf Proposition 1.6.2). Taking conditional expectations with respect to F(t)
_in (5.10), we obtain
Y(t) <&(t) = M(t) — At)

— £(0)— A(t) + /O Sotu) ()l W)

< £(0) + /0 Sotu)fr'(u)a(u)dWO(u), 0<t<T. (5.11)

It follows immediately that VACC(0) < £(0).

ow suppose that (5.6) is satisfied for some v € R and some martingale-
erating portfolio process 7(-); take expectations in (5.6’) to obtain
C(CT()O)S 7,V 7 € So,r. It develops that £(0) < v, and thus £(0) <
ving thus established £(0) = VAYC(0), we see from (5.11) that 7(-) is
edging portfolio and (5.8) holds. o

na k 5.5: The martingale M (-) in the proof of Theorem 5.3 is actually
inuous, as one can see by considering the second equality in (5.11).

nark 5.6: If v = VACC(0), and 7(-) = #(-) is the hedging portfolio
hfeorem 5.3, then (5.6) holds and implies (5.6") for any random time
Wkakl.ng values in [0,7]. Thus, even if the purchaser of the contingent
m is allowed to choose 7 with knowledge of future prices, the seller of
claim is not exposed to any risk if he uses the hedging portfolio of
orem 5.3. a

e wish to extend the notion of the value of an ACC to times other than
- Suppose that an ACC is given, and consider that at time s € [0, 7]
1yer pays the amount y(s) (an F(s)-measurable random variable) to
ve the remaining income process {C(t) — C(s); t € [s,7]} up to a
ing time 7 € S, 7, at which time he receives the lump sum L(7). The
ent that led to (5.6) now leads to the condition for the seller’s desired
g:

v [ W _ [ dow Lo
; (0,5 So(u)

+ PR
(s,8] So(uw) ~ So(t)

vs) 1,
< 5o(3) +/s S()(’U.)ﬂ- (w)o(u) dWy(u) a.s.,
Vte[sT]. (5.12)
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i i t claim. The
Definition 5.7: Let (C(:),L(-)) be an American contingen
value of the claim at time s € [0, 7], denoted by VACC.(s), is the smallest
F(s)-measurable random variable ~(s) such that (5.12) is satisfied by some
martingale-generating portfolio process ().

Theorem 5.8: For s € [0,T], we have
—i— U 5.13
VACC(S) = SO(S) [E(S) i /(.O,s] SQ(U) dC( )] ’ ( )

where £(-) is the Snell envelope of Y(-) and satisfies (5.9). Furthermore,
the stopping time

r 2inf{t € [s,T);6(t) = YO} AT
satisfies £(s) = E[Y (3)|F (s)] a.s., and with #(-) the hedging portfolio of
Theorem 5.3, equality holds in (5.12) at 75:

: dC(u) VACC (g) ™ 1 ., o(u) dWo(u) a.s.
Higed= 0.5 So(w) — So(s) +/s So(w) " W ’ (5.14)

PROOF. Replace t in (5.12) by an arbitrary 7 € Ss,r and take conditional
expectations, to obtain
dC(u) _ ~(s)
- jsuadh a? SRS U [t 50 8
BolY (MIF()] /(o,s] So(u) ~ So(s)

and thus
Acc
By, o ¥ ) 4. (5.15)
0,5] So(w) So(s)
For the reverse inequality, let ¢ € [s, T] be given and observe from (5.11)
that

610~ €(6) = [ (0100 AW () ~[AC) = A}
Because Y (t) < £(t) and A(t) — A(s) 2 0, we have
dC(u) B dC(u)
0,5 So(u) =R (0,5 So(u)

___dC(u) ' ——l—fr' w)o(u) dWo(u) a.s.
<e)- [ G+, @t oW ()5 19)

Y(t) -

This shows that (5.12) is satisfied with

N dC(u)
Sl O /(1 Sow)’
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Acc
VA%(s) < ¢1g)— dC(u)
So(s) 0,5] So(u)
" Replacing t by 77 in (5.16), we obtain equality because Y (1) = £(7¥)
‘and A(7F) — A(s) = 0 (Theorem D.13, especially (D.34)). O

mark 5.9: Just as in Remark 5.4, we see here that the buyer of the
\CC can hedge his position with the portfolio process —7(-) if he calls for
ettlement at time 7). Equation (5.14) is the statement that after settle-
nt, both buyer and seller will have zero wealth. The stopping time 77 is
optimal exercise time in Ss T for the buyer of the ACC.

ark 5.10: Let (C(-),L(:)) be an American contingent claim. If the
er is forced to choose the exercise time 7 = T, then the value of the
at time s is determined by formula (2.9) for European claims, namely

/ dC(u) " L(T)
(s,7] So(u) — So(T)
difference between the “American value”
dC'(u)
(0,5] So(u) |’

VECC (s) = So(s)Eo

VACC(s) = So(s) [E(S) -

this “European value” is called the early exercise premium
e(s) = YACL (o) - VECC () 0<e<T. (5.17)
Tdcw) L(T)

o So(w) | So(T)

=Y(T) =¢(T) = M(T) - A(T),

e(s)
So(s)

= &(s) — Eo[Y/(T)|F(s)] = Eo[A(T)|F(s)] — A(s)

v T So(u)dA(u)
=E, [/ S | .7—'(3)] , 0<s<T. (5.18)

from (2.9) of Proposition 2.3, the early exercise premium is itself
value process for an ECC, namely, the cumulative income process
(u)dA(u), 0 < t < T. We shall offer some precise computations for
d A(-) in the case of the American put option in Section 2.7.

ark 5.11: Setting s =0 in (5.18), we see that
e(0) = sup EoY (1) — EoY(T).

TE€ESO, T
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It is an easy consequence of the optional sampling theorem (e.g., Karatzas
and Shreve (1991), pp. 19-20) that if the discounted payoff process Y ()
is a Py-submartingale, then e(0) = 0, and the ACC of Definition 5.1 is
equivalent to its ECC counterpart. Then, of course, the exercise time 7 =T
is optimal for the holder of the ACC (although earlier exercise might also

be optimal).

2.6 The American Call Option

This section develops a variety of results for American call options. We
show that the value of an American call does not exceed the price of the
underlying stock. If the call is perpetual, i.e., the expiration time is T =00,
and the stock pays no dividends, then, regardless of the exercise price, the
value of the call agrees with the price of the stock, but there is no optimal
exercise time. If T < oo and the stock pays no dividends, the American call
need not be exercised before maturity, and therefore its value is the same
as that of a European call. All these facts are simple consequences of the
optional sampling theorem.

The latter part of this section is devoted to a perpetual American call
on a dividend-paying stock, when most of the coefficient processes in the
model are constant. In this case, it is optimal to wait to exercise the call
until the underlying stock price rises to a threshold, although this may
never happen. The threshold is characterized in Theorem 6.7.

In this section we are concerned with an American call on a single stock,
and we simplify notation by assuming that this is the only stock. Thus,
we set N = D = 1 and we write S(-), o(-), b(-), and &(-) in place of S1(),
o11(:), bi(*), and 61 ().

To cast an American call option on the stock, with exercise price ¢ > 0,
into the framework of American contingent claims (Definition 5.1), we set
C()=0, L(t) = (S(t) — q)*, and thus the discounted payoff process is

Y(t) = %)ql ' (6.1)

For a finite planning horizon (ezpiration date) T', let us denote by VAC (t;T)
the value of the American call at time ¢ € [0, T]. According to Theorem 5.8,
we have
VAC(t;T)
So(t)
where S; r is the set of {F(t)}-stopping times taking values in [t,T]. We
note from Remark 1.5.11 that when 6(-) > 0, then

50 —s0)-ew { oo [ (3o 8 duf.
0Lt LT, (6.3)

= ess suprest'TEo[Y(T)U:(t)], 0Lt < T, (6.2)
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isa nonnegative Py-supermartingale, and the optional sampling theorem
1 (Karatzas and Shreve (1991), Theorem 1.3.22) implies

VAC(t; T) = So(t) - ess Sup‘rES,,TEo [(%(T)) o S‘z )>+ ’ }_(t)‘|
T o(T

’ < So(t) - ess Sup,es, - Eo [& } f(t)]

So(T)
<S@t), 0<t<T.

:ﬁn other words, the value of an American call with finite expiration date
never exceeds the price of the underlying stock.

With T < oo, assume that the stock pays no divi-

-dends, So(+) is almost surely nondecreasing, and o(-) satisfies the Novikov
condition (cf. (1.5.18))

: .
Ey lexp{—é—/o o (u) du}] < 0. (6.4)

VAC(t; T) = So(t) Eo

+
(;}((?) B SO((IT)> | f(t)} , Deter

ROOF. Jensen’s inequality and the fact that Sp(-) is nondecreasing can
be used to show that Y(-) of (6.1) is a Fy-submartingale. The result follows
from Remark 5.11. m]

‘ass'ufne that the financial market has an infinite planning horizon
{ efinition 1.7.2), and recall the discussion of such markets in Section 1.7.

ﬁnition 6.2: Consider the discounted payoff process Y (:) of (6.1),
fined for all ¢ € [0,00). Following Definition 5.7, for s € [0,00) we
fine the value at time s of the perpetual American call option on the
0 k,T denoted by V4%(s;00), to be the minimal random variable ~(s) that
F (' )(s)-measurable for some T' € [s,00) and for which there exists a
‘ artingale-generating portfolio process 7(-) satisfying almost surely

L
Y(t) < g'(,((ss))* / So(u)n’(u)a(u)dWO(u), Vte[s,00).  (6.5)

If (6.5) holds, then the continuity of both sides of (6.5) allows one to
Choose, for each k € N, a P-null and Py-null set Nj in F(T¥) (k) for some
€ [k, 0), such that (6.5) holds for all ¢t € [s,k] and all w € Q\N.
LConsequently, (6.5) holds for all ¢ € [s,00) and all w € Q\ (g, Nk. Thus,
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if 7: Q — [s, 00| is any random time, we have (cf. (5.6"))

Y()< s) /S

This is the assertion that an agent who sells the option for 7(s) at time
s and, having no further income, invests the amount 7(u) in the stock at
all times u € [s,00), will have sufficient wealth to pay off the option if the
buyer chooses to exercise it at any finite time.

(u)o(u) dWo(u), P and Py a.s. on {7 < oo}

Theorem 6.3: Assume that the stock pays no dividends, that So(-) is
almost surely nondecreasing with Po[limy_.oc So(t) = oo] = 1, and that
o(-) satisfies the Novikov condition (6.4). Then the value of the perpetual
American call on the stock is equal to the current stock price:

VAC(s;00) = S(s), 0<s<oo, as.

PROOF. For 0 < s < t < oo, we have immediately from (6.1) and
Remark 1.5.11 that

S(t) _ S(s) , [* S
Sot) ~ So(s) " Js Sow)
which suggests taking 7(u) = S(u), i.e., holding one share of stock at all
times. This 7(-) is martingale-generating, since S(t)/So(t) is a martingale.
Thus, from (6.6) and Definition 6.2, we obtain 7(s) < S(s).

On the other hand, whenever (6.5) holds for some random variable (s)
and some martingale-generating portfolio 7(-), we have for t € [s, 00) and
sufficiently large T' € [t,00):

[S(t) L \ ]_-(T)(s)]

S(s)
50(5) qE"[ |7 m(] 5o~ So®
¥(

< B Y| FD(s)] < 2L s<t< oo
<BYOFD@) < 305 o<

Letting t — oo we obtain S(s) < (), and thus S(s) is the minimal random
variable that can replace 7(s) in (6.5). O
Remark 6.4: The proof of Theorem 6.3 reveals that the seller of the
perpetual American call should hedge by holding one share of the stock,

and when this hedging portfolio is used and y(s) = VAC(s; T) = S(s), the
inequality (6.5) becomes

S0 J yiy s (S<t) iy )*

So (t) So(t)  So(t)
This inequality is strict for all finite ¢, which means that there is no optimal
ezercise time (see Remarks 5.4, 5.9) for the purchaser of the option.

Y(t) < a(u) dWy(u), (6.6)

So(t)

For the remainder of this section we shall assume that

o()=0>0, 6:)=6>0, r()=r>$6 (6.7)
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are constant, although b(-) may not be. Then the stock price process is

S(t) = S(0) exp {aW(t) - %a2t + /0 " b(w) du}

, = 5(0) exp {oWo(t) + (r — 6 — 0?/2)t} . (6.8)
«."We consider the perpetual American call on the stock with exercise price
¢>0.

The proof of Theorem 5.3 cannot be easily adapted to the present sit-
tion, because here the expiration date is 7' = oo; we do not have a
tration parametrized by ¢ € [0, 00| and satisfying the usual conditions of
ght-continuity and augmentation by null sets. Nonetheless, Theorem 5.3

Y(t) 2 {S-"(sa)—q)t Gigiegion, (69)

should be noted from (6.8) that 0 < Y (¢) < e~"*S(t) = S(0) exp{oWy(t)—
+ 30?)t}, 0 < t < 0o, whence

¥(oo) =0 = tl_lgl() Y(t), Po-a.s. (6.10)

m (6.8) we see that the process S(-) is Markovian under Py, so we expect
maximizing “stopping time” to be a hitting time, i.e., to be of the form

H, £ inf{t > 0; () > a}
- inf{t > 0; Wo(t) + (’" = e %a) log ( (0)>} (6.11)

for some a € (0, 00). BeAcause H, is the first time the Py-Brownian motion
y(t) +vt with drift v = ’66 a hits or exceeds the level y 21 log( —(—5)

have Ege~"Ha =1 for a < S(O) and for a > S(0) we have the follow-
g transform formula for the hitting time of (6.11) (Karatzas and Shreve
991) Exercise 3.5.10):

o () = exp [oy - i 2] = (22,

A
Where v = 1[—y + /12 4 2r]. Note that + satisfies the quadratic equation

1
50272 +ovy—r=0 (6.12)

r
= (6.13)

é ( - )+( ’Y’ 0 3
9a(@) = {(Z —Z)ﬂx/a) LA ey
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It is now easily verified that
ga(z) = Egle ™H=(S(H,) — q)*|S(0)=2], a>0, z>0.
We want to maximize this quantity over a > 0.
Lemma 6.5: We have
go(z) < gp(z), Y2 >0, a>0,
where b2 vq/(y — 1) € (g,00).

PrOOF. The function ¢(a) - (a—q)/a” is increasing on (0, b), decreasing
on (b,0), and thus has its maximum on (0,00) at b. Let z > 0, a > 0 be
given. We have
a<z,b<z=>gs(2) = (z—q)" = g(x);
a<z<b=>ga(z) = (z—q)" = (¢(x)) 2" < $(b)2” = gs(2);
a>x>b=>ga(z) = ($(a)) 2" < (¢(2)) 2" = (z — )" = go(2);
a>z,b> = ga(z) = (¢(a))Tz” < (b)z” = go(x)- o
Lemma 6.6: The function g = gy is convez, of class C*((0,00))(C?
((0,00)\{b}), and satisfies the variational inequality

max {%a%zg” +(r—&8)zg —rg, f - 9} =0 on (0,00)\{b},

where f(zx) = (z — q)*. More precisely, we have

%0‘21629”(3) + (r—8)zg'(z) —rg(z) = {9—,(5:1: _rg) <0, g i«'z’< b,
(6.14)
g(z) > f(z), 0<z<b, (6.15)
g(z) = f(z), ==>b. (6.16)

PROOF. In order for g, to be of class C?(0,00), we must have a > gq.
Even if a > ¢, we must also have equality between g} (a—) = Z(a — ¢) and
g\ (a+) = 1. This equality is equivalent to a = b, so gy is the only function
in the family {ga}a>0 that is of class C'. (Here we have an instance of the
“smooth fit’ condition, common in optimal stopping.)

The remainder of the lemma follows from straightforward computation,
taking (6.12) into account. The positivity of 6z — rq when = > b follows
from (6.13). Inequality (6.15) follows from ¢(b) > ¢(z), valid for 0 < = < b,
where ¢ is the function used in the proof of Lemma 6.5. o

Theorem 6.7 (McKean (1965)): Under the assumption (6.7), the value
process for a perpetual American call option is given by

VAC(t;00) = g(S(t)), 0<t < oo,
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ere the function g is

g(z) = {:(L‘b_—qq,)(%)'ﬂ g;i <% (6.17)

N
Vit +or—v),v= rf 30, and b 2 ;’E‘% Furthermore,

9(5(0)) = sup, EqY (1) = sup, Eole ""(S(7) — q) 7], (6.18)
"' the supremum is over all random times T satisfying

Vt € [0,00), 3T €[t,o0) suchthat {r<t}e FTD (). (6.19)

The random time
Hy, 2 inf{t > 0;S(t) > b}
sfies (6.19) and attains the supremum in (6.18).

OF. Itd’s rule for convex functions (e.g., Karatzas and Shreve (1991),
orem 3.6.22 and Problem 3.6.7(i)) implies

“g(S(t))) = e S(t)g'(S(t))o dWo(t) — e (85 (t) — rq)1{s(r)>b)dt
= dM(t) — dA(¢), (6.20)

M52 /0 =" S(u)g' (S(u))o dWo(u) (6.21)

"" Py-martingale (because ¢’ is bounded), and

t
A —TUu
At) = /0 e " (88 (u) — rq)L{sw)>sydu (6.22)
ndecreasing (because z > b implies éz — rq > 0). For every random
7 satisfying (6.19) and every t € [0, 00), we have then
9(5(0)) = Eole "™ g(S(r A t))] + EoA(r A )
> Eole "MI(S(r A t) - )], (6.23)

e we have used (6.15) and (6.16).
To let ¢t — oo in (6.23), we need to dominate the right-hand side. But

o Y= S?Ew[e‘”(s () —q)"]

0<t<oo
csommfe o {0 (£5))

< 5(0) exp{ocW.},

here W, is the maximum value attained by the Py-Brownian motion
t) — Bt, 0 < t < 0o, with negative drift, where 8 = 2 +2>0. Accord-
8 to Karatzas and Shreve (1991), Exercise 3.5.9, W, has the exponential
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distribution Po[W, € d€] = 28e~2P¢dg, £ > 0, and consequently,

o (s v@) =F [oéi‘fw(e_”(s(t) -]

0<t<oo
< 5(0) / i 28e(7—2P)¢ g¢ = S—(Oa)—ﬂf < oo. (6.24)
0

Inequality (6.24) and the dominated convergence theorem allow us to let
t — oo in (6.23) and obtain, thanks to (6.10),
9(5(0)) = Eo[lr<ooye™ " (S(1) — )7 = EoY (7)

for every random time 7 satisfying (6.19).
Let us now consider 7 = Hj. We have A(H,) = 0 and g(S(Hs)) = g(b) =
(b—q)* = (S(Hs) — q)* almost surely on {H, < oo}, so (6.23) becomes

9(8(0)) = Eo[l{H.,st}e_'H"(S(Hb)—4)+]+Eo[1{H.,>t}e_"9(S(t))]- (6.26)
But

(6.25)

Eo[l{Hb>t}e'”g(S(t))] < Epe " S(t) = S(0)e™® — 0
as t — 00, so passage to the limit in (6.26) yields
9(5(0)) = Eoll{a,<oc}e " (S(Hs) — 9)] = EoY (H),

thanks to (6.10). In conjunction with (6.25), this establishes (6.18) and
shows that 7 = Hj, attains the supremum in (6.18).

The discounted payoff process for the American call is Y'(-) of (6.9), and
according to Definition 6.2 its value at t = 0 is the minimal constant ~(0)
satisfying

(6.27)

t
e " (S(t) —q)" <~(0) +/ e "r(u)o dWp(u), 0<t<oo, (6.28)
0
P,-almost surely, for some martingale-generating portfolio (-). But (6.28)
implies
Eole™" M) (S(Hy At) — 9)*] < 7(0), 0<t<oo,

and letting t — oo we obtain g(S(0)) < 7(0). Therefore, g(.S(O)) <
VAC(0; 00). On the other hand, (6.15), (6.16), and (6.20)—(6.22) imply

eH(S(t) — g < e g(S()
<g(sO)+ [ SWg (Sw)odWo(w), 0<t< o
: (6.29)

Pp-almost surely, which shows that V4C(0;00) = ¢(S(0)). It is an easy
exercise in the Markov property for S(-) to extend this result and obtain
VAC(t;00) = g(S(t)), 0 < t < oo. o
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mark 6.8: From (6.29) we see that a hedging portfolio for the seller
of the American call is

m(u) = S(u)g'(S(w)),
pa.rticular; the seller should hold more of the stock as the price rises,
ding one share whenever the price reaches or exceeds b. The buyer of the
should exercise it as soon as the price reaches or exceeds b. From (6.8),
1) we see that P[H, < oo| can be either one or strictly less than one;
ither case Py[H, < oo| can be either one or strictly less than one,
ending on the model parameters.

ark 6.9: In Theorem 6.7, the process

e {g,-"gwu)), 0<t <,

0<u<oo.

a continuous supermartingale with decomposition £(t) = M(t) — A(t)
(6.20)—(6.22). Furthermore, £(t) > Y(t), 0 < t < oo, and it can be
that £(-) is the minimal supermartingale that dominates the process
of (6.9) in this way. In other words, £(-) is the Snell envelope of Y (-).
, however, that all these processes are only known to be restrictedly
sressively measurable in the sense of Definition 1.7.1, and terms like
martingale” are to be understood only in this restricted sense. For
eason, the theory of Appendix D is not directly applicable.

emark 6.10: In the setting of Theorem 6.7, the early exercise premium
perpetual American call can be defined as

e(0) = VA€(0; 00) — VEC(0; 00),
the value of the “perpetual European call”

VEC(0,00) £ lim Eole™T(S(T) - )*]

because of (6.8); hence

e(0) = V4(0,00) = g(5(0)). (6.30)
al application of (5.18), (6.22) yields the formula
e(0) = EoA(o0) = /0 e Bo(6S(t) — ra) syl dt, - (6.31)

agrees with (6.30), although the computational verification is long
The American Put Option

shall concentrate in this section on the American put option with ex-
5€ price ¢ > 0 and finite expiration date T' € (0, 00). As in Section 2.6,
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we set N = D = 1 and suppress the indices on S1(+),011(-),b1(-), and 61 (-).
Furthermore, we assume that

o()=0>0, 6-)=620, r(-)=r>0 (7.1)
are constant, so that the stock price is given by
S(t) = S(0)H(t), (7.2)
where
H(t) = exp {O'W(t) - %azt + /Ot b(u) du}
= exp{oWo(t) + (r — § — 0?/2)t}. (7.3)

We shall characterize the value of the American put as the unique solution
to a free boundary problem, and we shall obtain regularity results and some
explicit formulae for this solution.

The discounted payoff process for the American put is

Y(t)=e (g - SEt)"

According to Theorem 5.3, the value of the put with expiration T, when
S(0) =, is

(7.4)

p(T,0)2 sup Eole™ (q—zH(r))*], 0<z<oo, 0<T <o, (T5)
TESQ,T
and from the strong Markov property of S(-) we can compute the Snell
envelope of Y(-) as

)2 sup EolY(r)|F() = e "p(T —1,5(t)), 0<t<T. (76)

TESt,T
The proof of Theorem 5.3 shows that the optimal ezercise time for the
American put option with initial stock price S(0) = z is given by

. 2inf{t € [0,T); p(T —t,5(t) = (g—SE)"}. (7.7)

This stopping time takes values in [0, T because p(0,S(T)) = (¢— S ()T,
and it attains the supremum in (7.5). The proof of Theorem 5.3 also shows
that the stopped process

{e "N (T — (t ATy), S(EATS)), F(t); 0<t<T} (7.8)

is a Pp-martingale.

Proposition 7.1: The optimal expected payoff function p : [0,00)2 —
[0, 00) is continuous and dominates the option’s “intrinsic value”

o(z) = (g—2)", 0<z<o0. (7.9)
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ROOF. Fix (T, ) € [0,00)* and let 7, be given by (7.7). Because 2z;" —
< (21 — 22)* for any z1, 22 € R, we have for any y € [0, 00) that
- p(T,x) = p(T,y) < Eole™"™{(q — zH(72))" — (¢ — yH(r:))*}]

< (y—2) Eole™ " H(r)] < |z — ],
ause e "'H(t) is a Py-supermartingale and H(0) = 1. Interchanging

roles of = and y, we obtain [p(T,z) — p(T,y)| < |z — y|, so p(T,z) is
schitz continuous in z. Now let us define

W(t) & Ey [Orgsa%ct {1 e-TSH(s))+} .

use of the bounded convergence theorem, lim;jg1(t) = 0. Let 0 <
T, and z € [0,00) be given. Set

inf{t (= [0, TQ); p(T2 —t, :IJH(t)) = (q-fEH(t))+}/\T2, Tl = T2 /\Tl.
n with S(t) = zH(t), we have

. 0<p(T,2) — p(T1,z) < Eole™ ™™ (q — S(2)) T —e "™ (¢ — S(m1)) "]
< Eo(e™"S8(m1) —e S (1))t
-~ < Eo{e7"S(n1) - Eo[(1 - Tlglting exp{o(Wo(t) — Wo(T1))

‘ = (6+0%/2)(t = T)))*|F(T0)])}
L =Eo{e7S(m)} (T — Th) < ayp(T — Th).

. follows that p(T,z) is uniformly continuous in 7. The function p
ominates ¢, because we can always take 7 = 0 in (7.5). a

Although we are primarily interested in p(7, x) for finite T', we digress to
er the behavior of this function at 7" = oco. Let us suppose that the
ncial market has infinite planning horizon (Definition 1.7.2). Following
nition 6.2, we define the value at time s of the perpetual American put
on on the stock, denoted by V4P (s;00), to be the minimal random
able +(s) that is F(T)(s)-measurable for some T' € [s,00) and for which
exists a martingale-generating portfolio process 7(-) satisfying almost

&g~ SO < eT(s) + /: e (w)o(u) dWo(u),

s <t <o

have the following counterpart to Theorem 6.7.

i€orem 7.2: Assume (7.1). The value process for the perpetual
Merican put option is VAP (t;00) = p(S(t)), 0 <t < oo, where

q—-z, OS-TSC;

p(z) = { (q— c)(%)”, z>ec. (7.10)
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Here % = v +V2+2rv = =4 _ Jo, and c 2 A/} — 1) < q.
Furthermore,

p(S(0)) = sup Eole " (g — S(7)) 7], (7.11)
where the supremum is taken over a% random times T satisfying (6.19) and
is achieved by the random time K. = inf{t > 0; S(t) < c}.

PROOF. Much as in Section 6, we compute
5(0)\”
Eoe "Xe = exp [uy — |ly|vV2+ 27'] = (—E} ))

for S(0) > ¢, where now y = %log(g(c—oj) is negative. Note that 7 satis-
fies (6.12), but rather than (6.13) we now have 4 < 0, ¥(r — 6) < r (recall
that r — é is allowed to be negative). The function p is convex, of class
C1((0,00)) N C?%((0,00)\{c}), and satisfies the variational inequality

br—rq<0, 0<z<ec,

Lo @) + ¢ = ) () ~rola) = { o7 0ST<e
p(z)=(g—x)*, 0<Zz<c (713)
p(z) > (g—2)t, =z>ec (7.14)

All the claimed results can now be obtained by simple modifications of the
proof of Theorem 6.7. The convergence arguments are easier than before
because e~ "*(g—S(t))* is bounded. In particular, the bounded convergence
theorem implies

p(S(0)) = lim Eole™" "<\ (g — S(K: AT))"]. (7.15)
O

Corollary 7.3: With p(T, z) defined by (7.5) and p(x) defined by (7.10),
we have p(T, z) < p(z) for all T € [0,00), z € [0,00), and limr_, p(T, ) =
p(z).

PROOF. For z = 0, the definitions give p(T,0) = ¢ = p(0) for all T' €
[0,00). For z € (0,00), (7.11) implies p(T,z) < p(z) for all T € [0, 00);
but (7.15) shows p(z) < limy_,.p(T, z), and the result follows. o
Lemma 7.4: The mappings T — p(T,z), z — p(T,z), and x — = +
p(T, x) are nondecreasing, nonincreasing, and nondecreasing, respectively,
and the latter two are converz.

PROOF. The first two monotonicity assertions are obvious, so let us
establish the third. With 0 < z < y < oo, we have
p(T,y) — p(T,z) = p(T,y) — Eole™"™ (¢ — =H (7)) "]
> Eole™"={(q - yH(Tz))+ ~¢ — xH(Tm))+}]
> (x—y) Eole™H(m)] 2z -y
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ause e~ "*H(t) is a supermartingale with H(0) = 1. The convexity of
: — p(T, ) follows easily from that of z — (¢ — 2)*, and leads to the
vexity of z — z + p(T, z). a

mma 7.5: For every (T, z) € (0,00)2, we have 0 < p(T,z) < q.

OOF. Only the positivity needs discussion. For 0 < z < ¢, we have
,@) > (¢ —z)* > 0. For z > g, let 7 =T Ainf{t > 0;2H(t) < 4} and
erve that

- p(T2) 2 Eole (g - 2H(M)Y] 2 SEole " 1pery] 0. O
1{-; ‘We define the continuation region
| C={(T,z) € (0,00)% p(T,z)> (¢—2z)*}
consider its sections
CT = {1" € (Oa OO); p(T7 .’L') > (q - $)+}’ Te (Oa OO)

. . . .
ecause p is continuous, C is open in (0, 00)? and each Cr is open in (0, 00).

p(Tyy) 2p(T,z)+z—y>(qg—z)" +z-y>q-y

. p(T,y) > 0, whence p(T,y) > (¢g—y)* and y € Cr. This shows that Cr
as the form (c(T'),00). Since T — p(T, ) is nondecreasing, we have for
€>0,6 > 0 that p(T'+¢€,¢(T)+6) > p(T,c(T) +6) > (g—c(T) - 6)*.
refore, c(T + ¢) < ¢(T) + 6. Since § > 0 is arbitrary, c¢(T +¢) < ¢(T),
h shows that ¢(-) is nonincreasing.

take any sequence {T5,}72; in (0,00) with limit 7y € (0,00) and
—o0 ¢(T,) = co. Because C is open and (T, c(T,)) ¢ C for every n, we
e (T, co) ¢ C and thus co < ¢(Tp). In other words, limz_7,c(T) < ¢(Tp)
T every Tp € (0,00). This proves the upper semicontinuity of ¢(-), and
e ¢(+) is nonincreasing, ¢(T—) = ¢(T).

om Lemma 7.5 we have p(T,z) > 0= (g —z)* for z > ¢, so ¢(T) < ¢
all Te(0,00). It follows that ¢(0+) < ¢. From Corollary 7.3 we have
&)t < p(T,c) < p(c) = (¢ —¢)*, s0 ¢(T) > c for all T € (0, 00), and
) 2 c. But for & > ¢, limp—_o p(T, z) = p(z) > (g—z)* (see (7.14)), so
) < c. Finally, we have ¢(T) > ¢(c0) = ¢ > 0 for all T € (0, 00). O

“heorem '(.7: The optimal expected payoff function p of (7.5) is the
Mique solution on C of the initial-boundary value problem
:;f
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Lf=0 in C={(tz)€ (0,007 z>ct)} (7.16i)
f(t,c(t) =qg—c(t), 0<t<oo, (7.16ii)
f0,z)=(g—x)*", ¢(0) <z <00, (7.16iii)

lim max |f(t,z)|=0 VT € (0,00), (7.16iv)

xz—o00 0<t<LT

where Lf g %azxzfm + (r — 8)zfs — rf — ft- In particular, the partial
derivatives pgz, Pz, and p; exist and are continuous in C.

Proor. Clearly, p satisfies the boundary conditions (7.16ii) and (7.16iii).
In order to verify the equation (i) for p, let us take a point (t,z) € C
and a,Arectangle R = (t1,t2) x (z1,22) with (t,z) € R C C. Denote by
R = OR\[{t2} x (z1,22)] the “parabolic boundary” of this rectangle,
and consider the initial-boundary value problem

Lf=0,in7R,
f=p, on OR.

Because z1 > c(t) > 0, the classical theory for parabolic equations (e.g.,
Friedman (1964), Chapter 3) guarantees the existence of a unique solution
f with fzz, fz, and f; continuous. We have to show that f and p agree

on R.
Let (to,zo) € R be given, and consider the stopping time in Sp ¢o—t,

given by
r2inf{0€0,to—t1); (to—0,20H(9)) € BR} A (to — t1)
and the process
N(O) & e f(to — 0,00H(6)), 0<8<to—tr.

From Itd’s rule, it follows that N(- A 7) is a bounded Py-martingale, and
thus

f(to, z0) = N(0) = EoN() = Eole™""p(to — 7, zH(7))].
But (to — 7,z0H (7)) € C implies
<7 2inf{0 € [0,t0); plto —0,20H(6)) = (g — zoH(6)) "} At
(cf. (7.7)), and so the optional sampling theorem and (7.8) yield
Eole " p(to — 7, moH(7))] = p(to; xo)-

Thus f and p agree on R, and hence pzz, Pz, and p; are defined, continuous,
and satisfy (7.16i) at the arbitrary point (¢,z) € C.
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{a To check (7.16iv), let T' € (0,00) be given. For (t,z) € [0,7] x (0, c0),
define (cf. (7.7)) .

2 Sinf{0 € [0,6); p(t—0,0H(8)) = (¢ - cH(®)) "} At

and notice p(t,z) = Eole™™(q — zH(rz))*]. Set p, = inf{f €
,00); zH(0) < g}, so that 7, > p, on {p, <t} and 7, =t on {p, > t}.

0 <p(t z) < qEo[l{,,<tye™ "] + Eo[l{p, >y " (q — zH(t)) ]
< qPlpe < T

and limg o0 Polpz < T) = 0.

For uniqueness, let f defined on C be a solution of (7.16). Note that
each T€(0,00), f is bounded on {(t,z)€[0,T] x [0,00);z > ¢(t)}. For
z > c(T) define M(t) a e " f(T —t,zH(t)),0<t < T, and 7, ETn
{t€[0, T];zH(t) < (T —t)}. Itd’s rule shows that {M(tA7,),0 <t < T}
,i a bounded Pp-martingale. Since 7, attains the supremum in (—7.5i we
have from optional sampling that

f(T,z) = M(0) = EgM (1) = Eole™ "™ f(T — Toy TH(T2))]
= Eole™ "™ (q — zH(12)) 1] = p(T, z). O

'-‘Theorem 7.7 asserts that p is smooth enough to permit the application
f It6’s rule to the Snell envelope &(t) = e "'p(T —t, S(t)) of (7.6), as long
. (T k: t,S(t)) €C, or equivalently, S(t) > ¢(T —t). On the other hand, in

e region {(t,z) € [0,00)% z < c(t)} we have p(t,z) = q — , which is also
ooth. At issue then is the smoothness of p across the boundary z = c(t).
ave the following result.

mma 7.8: FizT € (0,00). The convez function z — p(T, z) is of class
., even at x = ¢(T). In particular, p.(T,c(T)) = —1.

'ROOF. Because p(T, z) = g—xz for 0 < z < ¢(T'), we have p, (T, ¢(T)-) =
Bt The convexity of z +— p, (T, ), which was proved in Lemma 7.4, implies
't Pz(T, c(T)+) is defined and p, (T, c(T)+) > —1.

_ 'T}‘l:lusfi it suffices to show p, (T, c(T)+) < —1. To this end, set = = ¢(T)
nd define

Tote 2 inf{t€[0,T); (x + €)H(t) < o(T — )} AT

> 0, s0 744, is nondecreasing in ¢ and 7, = 0. Because c(-) is
creasing, we have

reve <int {te 013 H0) < 2L AT,
X 13
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The law of the iterated logarithm for the Pp-Brownian motion Wy(-) implies
that P[ming<;<q H(t) < 1] =1 for every a > 0, and therefore

Tz+e 10 as €10 (7.17)
almost surely. We also have
p(T,z +€) = Eole™"™**(q — (z + €)H(Ta+e)) "]
= Eole "=+ (q — zH(Ta+e)) "]
— Eole™™™=*((q — ¢H (Tz4e))t — (@ — (= + €)H (Tz4e))")]
< p(T, x) — EO[1{'r:.:.q..;<T}e_1"rm+¢ ((q = xH(T:n+e))

—-(g—(=z+ 5)H(Tz+e)))]
— Eollfr,,.=rye T (g - zH(T))* = (¢~ (¢ + ) H(T))")]

<pT.x)—¢- E0[1{71+z<T}e—rTm+'H(Tx+e)]
=p(T,z) — ¢ - Eole™ "™+ H(To1e)]
+€ E()[l{.,-=+£=T}e-rTH(T)],
for € > 0, from which it follows that
ps(T,z+) < lim Eo[Lir,.=rye” " H(T)] - lim Eole™"™*H (Ta4e)] = —1.
For the last equality we have used (7.17) and the uniform integrability of
the supermartingale e " H(t),0 <t < T, in (7.3). a

Theorem 7.9: Fiz T €(0,00). The Snell envelope £(t) = e "tp(T —
t,S(t)) of (7.6) has the Doob-Meyer decomposition

£(t) = M(t) - A(t), 0<t<T, (7.18)
where
M(t) £ p(T, 5(0)) + 0 /0 e T S(w)pa (T — u, S(w)) dWo(u)  (7.19)

is a Py-martingale and

t
A —r
A(t) =/0 e~ (rq — 65 (u))1{s(u)<c(T—u)}dU (7.20)
is nondecreasing. In particular,
8c(0+) < rq. (7.21)

PROOF. We mollify the function p(-,-) in order to apply It6’s rule. Let
¢:R? — [0,00) be a C*° function integrating to 1 and having support in
[0,1]2. For & > 0, define

(e) A o0 o0
p'¥(t,z) = p(t + eu, z + ev){(u,v) dudv

/ [ ptewe (A de

_;15 0 [—pz(s,c(s)+)4 (ST_tC(S)_—x)

g —/ Pz (8,9)C (S_t y_s)d] ds
£ 13
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n p&)(-) is of class C* on (0,00)2. Because p,(t,-) is continuous, for

w) € (0,00)? we may integrate by parts to obtain

P (t,z) = __/ / a,0s ( § )dyds
-z [ pz(s,wc(%,%) dyds

oo oo
=/ / Pz(t + eu, z + ev)((u,v) dudv,

p)(t, ) / / (s, y)sz( ) dyds
/ /C(S)Pz(s Y)C2 (— —) dyds

0
c(s)
_/ Pzz (8, y)((
0

o0

=5 | [ pusts yx( )dsdy

s =/0 /0 Dez(t + €u,  + ev)((u, v) dudv,

(©) Y
p(t,x) = /0 / pe(t + eu, x + ev){(u, v) dudv,

re (; denotes the partlal denvatlve of ¢ with respect to its ith variable.

e formulas show that p ) and Lp() are bounded on compact subsets

i 00)2 and

t, 7) = lim p(®
pz( .’L‘) lslﬂjlpz (tyx)’

Lot z) = 15%1 Lp)(t,z), V(t,z) € (0, ©)?, x#c(t).
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According to Itd’s rule,

e "tpE(T —t,S(t)) = p°(T, S(0)) + / t e M Lp (T — u, S(u))du
0
+ a/t e S (w)pE (T — u, S(u))dWo(u), 0<t<T. (7.22)
0

For each u € (0,T), we have Py[S(u) = ¢(T — u)] = 0, so fot e ™ Lp(T —
u, S(u))du is defined and equal to f(;' e " (8S(u) — rq)1{s(u)<c(T—u)}du
a.s. Letting ¢ | 0 in (7.22) we obtain (7.18), first for 0 < ¢ < T and
then, by letting ¢ T T in (7.18), for t = T as well.

The process M(-) in (7.19) is a martingale because —1 < p, < 0 and
Eo fOT S%(u)du < oo. To see that A(-) is nondecreasing, we recall that a
decomposition like (7.18) of a process into a continuous martingale M ()
and a continuous, bounded-variation process A(-) is unique (Karatzas and
Shreve (1991), Problem 3.3.2). But the Snell envelope § (+), being a bounded
supermartingale, has a Doob-Meyer decomposition as a continuous mar-
tingale minus a continuous, nondecreasing process (e.g., Theorem D.13 in
Appendix D). Consequently, this Doob-Meyer decomposition must be the
decomposition of (7.18), which shows that A(-) is nondecreasing. Since
Po[S(u) < ¢(T — u)] > 0 for every u€ (0,71, this can be the case only if
rq—6c¢(T —u) > 0 for Lebesgue-almost-every u € (0, T). In particular, (7.21)
must hold. a

Proposition 7.10: The free-boundary function c(-) : [0, o0) — (0,q] is
continuous, with ¢(0+) = q if r > 8, and c(0+) = rq/d if r <é.

PROOF. Let us define ¢(0) 2 qif r > 6 and ¢(0) = rq/é if r < 6. We know
from Proposition 7.6 that c(-) is left continuous and nondecreasing. To
prove right continuity we shall suppose c(to) > c(to+) for some to€[0, )
and obtain a contradiction.

Under the assumption c(to) > c(to+), define z, = 2le(to) + c(tot+)] <
c(to) < ¢(0). Let t € (o, 00) and x € (¢(t), z1) be given. From (2.7.161) and
the fact that p(-,z) is nondecreasing, we have

1

Eozzzpm (t,x) > (6 — r)aps(t, x) + rp(t, ).
Now, p(t,z) > (¢g—x)T > g—z1 > 0,s0if r > §, we may use the inequalities
—1 < pa(t,z) < 0 to write 30222p,.(t,z) > r(g — 21) > 0. On the other
hand, if r < 6, we have '

1
502x2pm(t, z)>—(6—r)z1+7(g—21) =7rq— 0621 >0

because §z1 < 6c(0+) = rq (see (7.2)). In either case,

2 2ra=(rvom) |

2

0_2:1:1 Ov v tE(to,OO), (EE(C(t),xl).

Pza(t,T) 2

2.7 The American Put Option 77

1>

With ©(§) = (¢ — €)™, te(to, ), and zo€(c(to+), 1), we compute

o Yy

il — = ;

sl e = [ [ pec(t.©) = & @ dsdy > Tntao — et
;--‘“ we have used the relations

p(t,e(t)) = @le(t),  pa(t,ct) = ¢'(c(t)).

etting t | to and using the continuity of p, we obtain p(to, zo) > (g—z0)*+

, (-’”9 9 c(to+))? > q— zo. If follows that c(to) < xo, a contradiction to the
nition of x;. &

llary 7.11: Fiz T€(0,00). The Snell envelo -

) . pe t) = rt T o
,8(t)) of (7.6) admits the representation £(t) = em'p(
;: t) = Eole™"" (¢ — S(T))"|F(t)] + Eo[A(T) — A(t)|F(t)], 0<t<T,

A(-) is defined by (7.20). (7.23)

PROOF. From Theorem 7.9 we have

(g - S(D)T|F ()] = Bole(T)|F(2)]

= Eo[M(T)|F(t)] — Eo[A(T)|F(t)]

= M(t) — A(t) — Eo[A(T) — A(t)|F(t)]

=&(t) — Eo[A(T) — A(¥)|F(t)], 0<t<T. O

ollary 7.11 facilitates the explicit computation of the value
T,2;q) = p(T,z) at time zero of the American put with expiration
0 and e>.cer'cise price ¢ > 0, when S(0) = z. Of course, the value at
e t€(0, 7] is just udP (T — ¢, S(t); q). According to Corollary 7.11,

'uA'P(T, z;q) = p(T, z) = uPP(T, z;q) + e(0), 0<T < oo, (7.24)
» ; in the notation of (4.11), (4.13), and (4.15),
BT, 2;9) = Bole "7 (g - 5(T))*)
= (T, a; q) + uFC(T, z; q)
=¢e” "1 - ®(p_(T,7;9))] — 2T [1 - &(p4 (T, 7 ))]
(7.25)
value of the associated European put, and

1 ig
A —-rt
€(0) =/0 Eole™ ™ 1s(u)<e(T—u)} (rg — 65 (u))] du

N 1 T pv(T,z;u) o2
v [ T b wen fouvi
+(r—6-— 02/2)u}] dw du (7.26)
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with [ is continuous on [0, 00)?, (7.301)

| 0 2 22 fiog () - 6 - ou|. ()

| In particular, e(0) is the early evercise premium of Remark 5.10. In the
H special case of § = 0 (no dividends), the early exercise premium

d is nonincreasing and left-continuous on [0, 00), (7.30ii)
‘ fty fz, and fy, are defined and continuous on the
‘open (because of (7.30ii)) set D = {(t,z) € (0,00)% z > d(t)}, (7.30iii)

A

T d(0) =d(0+) < %q if 6>, (7.30iv)
m e(0) =rq- Eo /0 e~ ™15 () <c(T—u)}dU
|

= /0 g (0\1/1_‘ [log (C(T; “)> P /2)u]> du

: al
. Lf=0inD,where Lf = §a2x2fm +(r—8zfe—rf—fi, (7.30v)

f(t’ .’L‘) 2 (q - .’I:)+, V(t’ .'L‘) € [07 00)2, (73OVI)
W is the value of an income process that pays at rate rq whenever the stock
‘ price is in the region where the put should be exercised. ft,z)=(¢g—=z), Vte[0,00), 0<z<d(t), (7.30vii)
H The formula (7.24) for the value of the American put still involves the £(0,2) = ( + v
.‘ unknown free-boundary function ¢(-) via its presence in (7.27). To obtain @) =(g—2)", Vz€[d(0),00), (7.30viii)
“ information about this free boundary, we can use in (7.24) the fact that lim max |f(¢t,z)|=0 VT 2
I p(T,z) =q—z for 0 <z < ¢(T). When 6 =0, this leads to the equation z—00 0st<T f &2} =0, € (0,0), (7.301x)
“ g—1z=qe"T[1 —®(p_(T,x;9))] — [l — @(p+(T, 7;9))] fz(t,d(t)+) = -1, Vte (0,00). (7.30x)

the function p(z) = (¢ — z)* of (7.9), and define the set-

G= [0’00) X [0"1) if r > 6,
[0,00) x [0, &) if6>r.

i +7q /0 " g (alﬁ [log (C(—Tx;“—)) —(r— 02/2)u]) du,
va € [0, ¢(T)]. (7.28)

| It can be shown (cf. Jacka (1991)) that the equation (7.28) characterizes c(+)
1 uniquely, among all nonincreasing left-continuous functions with values in
! (0,¢]. In particular, setting = = ¢(T) in (7.28) yields the integral equation

Da(pu(T.e(r);a)) =1 = (L = Hp-(T,e(T); )

| o[ el ()

h —(r—o? /2)u] ) du (7.29)

 ', the function ¢ is smooth, and
Lo(t,z) =bx —rq <0, V(t,z) €G. (7.31)
(£, d) satisfies (7.30), then f agrees with ¢ on the set {(¢,z) € [0, 00)%0 <

(t)} € G. Thus, the free boundary divides (0,00)? into two open
s, D and (0, 00)2\D, such that

Lf=0, f>¢; on D, (7.32i)
- 2\ 7 ..
”‘U\ for ¢(T),0 < T < oco. The initial condition for ¢(-) when § = 0, given in £r<0. f=¢ on (0,00°\D. (7.32ii)
Proposition 7.10, is ¢(0) = ¢. Little (1998) shows further that (7.29) can
i be reduced to a nonlinear Volterra integral equation for c(-).
“ Theorem 7.7 characterizes the optimal expected payoff function p(+°)
l in terms of the free-boundary function ¢(-), and this has finally led t0
n formula (7.24) for p(-,-), also in terms of ¢(-). We have seen that (7.24)
H indirectly provides information about c(:) (e.g., (7.28), (7.29)). We close
‘i‘ this section with a direct characterization, along the lines of Theorem 7.7,
l of the pair of functions (p(-,-),c(-))-

Ugh we do not know that f is smooth across the boundary between
: ;‘egxons, (7.30x) guarantees that f, is defined and continuous on

orem 7.12: The pair of functions (p(,-),c(-)) is the unique solution
the free-boundary problem (7.50).

OF. We know from Propositions 7.1, 7.6, the definition of C, The-
7.7, Lemma 7.8, and relation (7.21) that (p(-,-),c(-)) solves (7.30).

Consider the problem of finding a pair of functions f : [0,00)2 = R and 4 i
Ppose (f(+,-),d(")) is any solution to (7.30). Fix (T, z) € [0,00)* and use

d : [0,00) — (0, q] such that:
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the mollification argument of Theorem 7.9 to obtain the formula
e (T —t,5(t) = MP(t) — A (t), 0<t< T,A
where z = S(0), MY(:) is the Py-local-martingale M ey =f (T, x) +
aft e "*S(u) fo (T — u, S(u))dWp(u), and Af(-) is the nondecreasing (be-
0

cause of (7.31)) process A7 (%) = f(: e'ml{s(lfkd(qw_u)}(rq - 6S(u))dlu. Le;
{mn}32, be a sequence of stopping times with 7, T T almost surely an
suZhnt—hat {M/(t A 7,);0<t<T} is a Pp-martingale. For any stopping

time 7 € So,r we have
Eo[e_r(TM")f(T — (T AT),S(T ATa))] = f(T,z) - EoA (1 ATy). (7.33)

The function f is bounded on [0,T] x [0,00) (see (7.30, ix), so passage to
the limit in (7.33) yields

EO[e_rTf(T -7, S(T))] = f(T’ :L‘) = EOAf(T)v VT € SO,T-

From (7.30vi) and the nonnegativity of AJ (1), we conclude that Egiizl B 5q))—
S(r))*] < f(T,z) for all T € Sz, whence p(T,z) < f(T,z) (rec § .th.
On the other hand, defining 7, = T Ainf{t > 0; S(t) < d(T —t)} to be the
hitting time of the closed set [0,00)*\D, we have f (T-— Tz S ](;'z))_iz((q -
S(1z))*t (from (7.30vii, viii), and A (12) =0,s0 (7.%4) implies Eyle q
S(2))t] = f(T,z). It follows that p = f on [0, 00)". . -

To show that the functions ¢(-) and d(-) are equal, it suffices to establis
equality between the open sets

C2{tz) € (0,00% plta)>(g—2)"}={(t,2) € (0,00)% z>c(b)}

(7.34)

—'!‘T(

and
D £ {(t,z) € (0,00)% z > d(t)}.

5 s
For (t,x) €C, we have Lp(t,x) = 0, which means that (t,z) & (0,00) \Dt
(see (7.30ii). Therefore, C C D, but since both C and D are open, we musd
have in fact C C D. The roles of C and D in this argument may be reverse

m}
to obtain D C C.

2.8 Notes

In order to implement the contingent-claim pricing th.eory presented 121 tilslz
chapter, it is necessary not only to know the currentc interest rate, bu :hat
to have a model for the evolution of interest rav?e§ into the future, so 29)
the statistics of the process Sp(-) appearing in pricing fqrmulas such as ( ‘ed
can be computed. Such a model should be c01'151stent with cyrrgnt ob:?er;/ %
yields of default-free bonds of various maturities, each of which is sub (i)ec s
the same pricing formula (2.9). Furthermore, the. model s.hould include r et
domness in a way that enables it to remain consistent with observed yie

f
as time evolves. The construction of such models belongs to the study ©
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the term structure of interest rates, a subject not developed in this mono-
‘graph. The most general term-structure model is that of Heath, Jarrow, and
- Morton (1992, 1996), although many other models are also popular among
practitioners. For example, we refer the reader to the exhaustive treatment
 of this subject in the recent monographs by Musiela and Rutkowski (1997a)
d Bisiere (1997), to Chapters 7 and 9 of Duffie (1992), to the papers by
zner and Delbaen (1989), Bjork, Di Masi, Kabanov, and Runggaldier
97), Bjork, Kabanov, and Runggaldier (1997), Black, Derman, and
(1990), Brace, Gatarek, and Musiela (1997), Brennan, and Schwartz
79, 1982) (but see Hogan (1993)), Chan (1992), Cox, Ingersoll, and Ross
)85b), Dothan (1978), Duffie and Kan (1994, 1996), Dybvig (1997), El
oui, Myneni, and Viswanathan (1992), El Karoui and Rochet (1989),
lo and Lee (1986), Hull and White (1990), Jamshidian (1990, 1997b), Lit-
rman and Scheinkman (1988), Miltersen (1994), Miltersen, Sandmann,
Sondermann (1997), Musiela and Rutkowski (1997b), Richard (1978),
gers (1997), Sandmann and Sondermann (1993), and Vasicek (1977), and
0 the survey papers by Rogers (1995b) and Bjork (1997) for up-to-date
iews. A less mathematical introduction to the issues of interest-rate
ruments is provided by Sundaresan (1997).
- Section 3: The distinction between forward and futures contracts has been
only relatively recently recognized (see Margrabe (1976), Black (1976a))
even more recently understood. Cox, Ingersoll, and Ross (1981) and
ow and Oldfield (1981) provide a discrete-time, arbitrage-based analy-
f the relationship between forwards and futures, whereas Richard and
daresan (1981) study these claims in a continuous-time, equilibrium
ing. Myneni (1992b) has used stochastic calculus to revisit the formu-
f Cox et al. (1981). Our presentation of this material is similar to that
of Duffie and Stanton (1992), which also considers options on futures. In
particular, our Corollary 3.9 on the forward-futures spread may be found
uffie and Stanton (1992), and also in Chapter 7 of Duffie (1992). For
ditional reading on forward and futures contracts, one may consult An-
on (1984), Dubofsky (1992), Duffie (1989), Edwards and Ma (1992),
vierrick (1990), Musiela and Rutkowski (1997), Sutcliffe (1993).
- wections 2 and 4: The modern theory of the pricing of options (or, more
énerally, contingent claims) in a complete market begins with the seminal
iicles of Samuelson (1965a), Samuelson and Merton (1969), Black and
holes (1973), and Merton (1973a). The arbitrage-based approach of these
Sections, which is not restricted to markets with constant coefficients, has
1S origins in the articles of Ross (1976) and Cox and Ross (1976), and
ures with Harrison and Kreps (1979); this latter paper, along with
eminal Harrison and Pliska (1981, 1983), clarified the mathematical
Cture of the problem and worked out its connections with martingale
ry. The early work on option pricing is nicely surveyed in Smith ( 1976)
0d Miiller (1985). Nontechnical discussions can be found in Bernstein
(1992), Chapter 11, and Malkiel (1996), Chapter 11. Grabbe (1983), Barron
1990), Barron and Jensen (1990, 1991), Korn (1992), and Bergman (1995)
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have derived option pricing formulas when the interest re?te for borro?ving is
greater than the interest rate for investing. See also Section 6.8 of th.IS text.
Cox, Ross, and Rubinstein (1979) provide a simple yet powerful discrete-
time model for option pricing. Ocone and Karatzas (1991) .have used the
Malliavin calculus to identify hedging portfolios; Colwell, Elliott, and Kopp
(1991) have relied on the Markov property for the same purpose. Carr a:nd
Jarrow (1990) use Brownian local time to resolve the paradox of hedging
an option using the stop-loss start-gain strategy. L@berton 'and Lapeyre
(1993) and Madan and Milne (1993) discuss contingent-claim valuation
when one is investing in a “basis” of assets. .
The Black-Scholes option pricing formula (4.11) herf%lc.ied a revolut'10n
marked by the widespread creation of derivative securities whose prices
are set as much by theoretical considerations as by market forc.es.. One of
the basic insights of this formula is that it singles out the wvolatility of the
underlying stock-price process as the crucial parameter. The success of t}.1e
Black-Scholes model has been such that prices are often quoted now in
terms of the volatility parameters implied by it. N
Empirical evidence has shown, however, that the constant volapl%ty
model that supports the pricing formula (4.11) should not be used inju-
diciously (see, for instance, Blattberg and Gonedes (1974), Black (1976b),
MacBeth and Merville (1979), Christie (1982), Bhatta.charya (1983), Ru-
binstein (1983, 1985), Scott (1987) and the references cited there). Several
procedures for estimating stock volatilities have been proposed; for pro-
cedures based on the extreme values of stock prices, see Garman and
Klass (1980), Parkinson (1980), Beckers (1983), Rogers an.d Satchell (1991).
Procedures for estimating stochastic volatility are described by Andersen
4), Taylor (1994). : .
(1?I$‘)he)> forr)r,mlat(a of E)}xample 4.5 on path-dependent (or “look-back”) op-
tions appear in Goldman, Sosin, and Gatto (1979)..Our tre-a,tment was
inspired by the preprint of Follmer (1991), who credits Martin Sch?velzer
with the idea of using the Clark formula in this context. Shepp and.Shlrya'.ev
(1993, 1994) introduced some perpetual American look-back options with
discounted payoff of the type
—rt
Y(t)=e OrélgéctS(u), 0<t<oo

with r > 0, which were later also studied by Duffie and Harrison (1993)~
For the rather difficult study of Asian options, i.e., path-dependent options
with (terminal) payoff of the type C(-) =0 on [0,T) and

K & i
o) = (-T- i S(t)dt—q)

i i i ime interval, we refer the
depending on the average stock price over a given time In 4
reader to the papers of Carverhill and Clewlow (1990), Kemna and Vorst
(1990), Conze and Viswanathan (1991), Turnbull and Wakeman (1991), Ge-
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‘man and Yor (1992, 1993), Bouaziz et al. (1994), Kramkov and Vishnyakov
(1994), and Rogers and Shi (1995) or Karatzas (1996), p. 23.

- Another example of a path-dependent option is the so-called barrier
option of the type C(-) =0 on [0,T) and

. C(T)=(S(T) - )" *Lin<ry with 7 Zinf{t > 0;S(t) > h} (8.1)

. d 0 < 5(0),q < h < o0; i.e., a European call option that is activated only
if a certain upper barrier is hit before the expiration date. See, for instance,
Merton (1973), Cox and Rubinstein (1985), Rubinstein (1991), Karatzas
(1996), pp. 21-22, and Broadie, Glasserman, and Kou (1996, 1997) for
numerical methods. One can think of several types of barrier options, de-
ding on whether the barrier lies above or below the initial stock price,
and on the function of the barrier (i.e., whether hitting the barrier activates
or deactivates the option); all of these have received attention, as has the
“Parisian option” (cf. Chesney et al. (1997)), a barrier-type option that is
activated only if the price process spends a sufficient, prespecified amount
of time above the upper barrier h of (8.1). There are also the double-barrier
options, which, for example, are deactivated if the stock price hits either an
ipper or a lower barrier before expiration; see Kunimoto and Ikeda (1992),
an and Yor (1996), Rogers and Zane (1997), Jamshidian (1997a), and
ser (1997). Yet another example of a path-dependent option is the so-
ed quantile option, apparently first studied by Miura (1992); see also
hori (1995), Dassios (1995), Yor (1995), and Fujita (1997). The reader
0 consult Rubinstein (1991) for definitions and pricing formulae for a
wmber of exotic options, and Carr (1993) and Zhang (1997) for more
'Iﬂu prehensive treatments of the topic.

- The notion of compound options, or options on options, is not as far-
etched as one might think. Stock can be viewed as an option on the value
f a firm; the value of a share of stock in a firm cannot become negative,
decause if the value of the firm’s assets falls below its level of debt, the
;' holders have the option of declaring bankruptcy. Thus, a stock option
an be regarded as an option on an option. Analysis of compound options
ontained in Geske (1979) and Selby and Hodges (1987). In theory, one
L price a compound option by simply regarding the underlying option
enerating a European contingent claim C(-) that is substituted into
hie pricing formula (2.9). Similarly interesting are the ezchange options of
the type C(T') = (S1(T) — S2(T))*, which give their holder the right to
Xchange, on their expiration date t = T', one asset for another; in the con-

t of a model with constant volatilities, the pricing of such options admits
d-form solutions of the Black-Scholes type, as was demonstrated by
vlargrabe (1978) (see also Davis (1996) or Karatzas (1996), p. 24).

- The “arbitrage-based” approach of these sections is not directly appli-
able to markets that are incomplete, or subject to portfolio constraints or
TPictions (such as transaction costs or taxes); in such markets, contingent
laims typically cannot be replicated exactly using self-financed portfolios.
this problem arises, for example, when the volatility of the underlying
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stock is stochastic in a way that cannot be hedged b(y1 ;Isl;esltgr;éesr:) )m (;};2
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- which shows that transaction costs have a significant impact on the cost
' of hedging options. Indeed, Soner, Shreve, and Cvitanié (1995) recently
'proved a conjecture, first formalized by Davis and Clark (1994), that in the
_presence of proportional transaction costs in the continuous-time model,
:» the cheapest way to construct a hedge that dominates a European call op-
tion is the trivial and unsatisfactory method of buying one share of the
stock on which the call option is written and holding it until expiration;
this conjecture was also proved independently by Levental and Skorohod
(1997). In anticipation of this negative result, Leland (1985) had consid-
ered a continuous-time model in which trades occur at discrete times, and
us a certain “hedge slippage” is unavoidable. However, the total cost
the transaction remains finite, and the Black-Scholes partial differen-
equation (the one-dimensional version of (4.8)) remains valid, except
hat the volatility o must be replaced by a larger constant. As the time
etween trades approaches zero, the hedge slippage disappears, the ad-
ted volatility approaches infinity, and the value of the European call
approaches the value obtained by Soner et al. (1995). See also Hoggard,
Whalley, and Wilmott (1994), Avellaneda and Paras (1994), Kabanov and
Safarian (1997), for work that builds on and extends
Another approach to option pricing in the presence of transaction costs,
iated by Hodges and Neuberger (1989), is to assign utility to the dis-
epancy between the terminal value of a portfolio and the terminal value
of the option, and to set up an optimal portfolio control problem. Some
works along these lines are Constantinides (1986, 1993, 1997), Panas (1993),
Davis, Panas, and Zariphopoulou (1993), Davis and Panas (1994), Davis
and Zariphopoulou (1995), Cvitani¢ and Karatzas (1996), Constantinides
and Zariphopoulou (1997). Barles and Soner (1998) use the utility-based
approach to derive a nonlinear Black-Scholes-type equation for option
Pricing with transaction costs.
~ In the discrete-time binomial model of Cox, Ross, and Rubinstein (1979),
there are replicating and dominating portfolios even in the presence of
* transaction costs; see Bensaid, Lesne, Pages, and Scheinkman (1992), Boyle
and Vorst (1992), Edirisinghe, Naik, and Uppal (1993), as well as Musiela
and Rutkowski (1997), Chapter 2. For additional work on hedging under
transaction costs, see Gilster and Lee (1984), Dermody and Rockafellar
(1991, 1995), Henrotte (1993), Dewynne, Whalley, and Wilmott (1994),
Shirakawa and Konno (1995), Grannan and Swindle (1996), Kusuoka
(1995), Jouini and Kallal (1995b), Cvitani¢ and Karatzas (1996), Kabanov
(1997), Cvitani¢, Pham, and Touzi (1998)
and /or consumption in the presence of tr
Notes to Chapter 3.
- A specific kind of incompleteness arises when, due to additional sources
Of randomness that cannot be perfectly hedged, the volatility is stochas-
tic. Early work on this subject is by Wiggins (1987), Hull and White
(1987, 1988a), Johnson and Shanno (1987), Scott (1987), Chesnay and
Scott (1989), Schroder ( 1989), and is nicely surveyed in Hull (1993), Merton

i
gt

Leland’s approach.

. Work on optimal investment
ansaction costs is cited in the
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(1990), Musiela and Rutkowski (1997). El Karoui, Jeanblanc-Picqué, and
Viswanathan (1992) construct dominating portfolios when the (stochas-
tic) volatility is known to take values either inside or outside a given
interval; see also El Karoui, Jeanblanc-Picqué and Shreve (1998), Hob-
son (1998), Eberlein and Jacod (1997), and Frey and Sin (1997). Stein and
Stein (1991) discuss the distribution of asset prices in such models with
stochastic volatility, while Hofman, Platen, and Schweizer (1992), Heston
(1993), Dupire (1993, 1994), Platen and Schweizer (1994), (1998), Lyons
(1995), Avellaneda, Levy, and Paras (1995), Avellaneda and Paras (1996),
Renault and Touzi (1995), Pham and Touzi (1996), Cvitani¢, Pham, and
Touzi (1997), Romano and Touzi (1997), Scott (1997), Frey and Sin (1997),
Sin (1996), Lazrak (1997a,b), deal with various aspects of hedging contin-
gent claims in the framework of such models. Hobson and Rogers (1998)
deal with similar questions within stochastic volatility models which are
complete.

Randomness in the volatility can arise also as the result of “feedback
effects” that relate stock price to the value or debt of a firm, or are due
to the trading of large investors or to “finite elasticity” in the market. For
option-pricing results in such models, which need not be incomplete, see
for instance Cox and Ross (1976), Rubinstein (1983), and the more recent
papers by Bensoussan et al. (1994, 1994/95), Cvitani¢ and Ma (1996), Frey
and Stremme (1997), Frey (1998), Papanicolaou and Sircar (1997), Platen
and Schweizer (1998) and Hobson and Rogers (1998).

For the very important and huge subject of real options—concerning
whether or not a firm should invest in new technology or equipment, or hire
additional workforce, or develop new products, etc.—which is not touched
upon in this book at all, we refer the reader to the monograph by Dixit
and Pindyck (1994).

Sections 5-7: A general arbitrage-based theory for the pricing of Amer-
ican contingent claims and options begins with the articles of Bensoussan
(1984) and Karatzas (1988); see Myneni (1992a) for a survey and additional
references, and Karatzas and Kou (1998) for the hedging of American con-
tingent claims under portfolio constraints. Theorems 6.1, 6.3 are taken
from Merton (1973a), which contains a wealth of information and still
makes excellent reading. Theorem 6.7 is due to McKean (1965), a “com-
panion” paper to Samuelson (1965a). Van Moerbeke (1976) formulates
the free-boundary problem associated with that of Theorem 6.7 but on
a finite-time horizon; no explicit solution seems possible in that case, but
the author obtains results on the existence and smoothness of the optimal
exercise boundary. Peter Carr pointed out that the right-hand sides of for-
mulae (6.30) and (6.31) must agree, and he provided the key part of the
“long and painful” computational verification. The results of Section 7 on
the American put option are taken from Jacka (1991). For related work see
the references in Myneni (1992a), in particular the paper by Carr, Jarrow,
and Myneni (1992), who provide a finance explanation of the early exercise
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premium formula (7.26), as well as Beaghton (1988), Broadie and Detem

i ’ ’ ple
(1995, 1997),. Carr anfl Jarrow (1990), El Karoui and Karatzas (1995), El-
1 th:I;g Ngrgsg)l, ;ﬁd stwanathan (1990), Jamshidian (1992), Kim (1990),
L , Pham (1995), Mastroeni and Matzeu (1995), Muli i
 Pratelli (1996). e
‘» 4 Appro?cimations and/or numerical solutions for the valuation of Amer-
ican options have been proposed by several authors, including the early
work of Black (1975) and Brennan and Schwartz (1977); see also Jaillet et
X (1990) .for a t.reatment of the American option optimal stopping problem
varlatlonal‘mequa.lities, which leads to a justification of the Brennan—
hwartz algorithm. Kramkov and Vishnyakov (1994) work out formulas for

ging portfolios. Roughly speaking, the most popular methods currently
in use are:

- (i) Binomial trees and their extensions; see for example Cox, Ross, and
) Rubinstein (1979), and Lamberton (1993, 1995a) for the converéence
of the associated binomial and /or finite difference schemes, as well as
Boyle (1988), Hull and White (1988b), Rogers and Stapleton (1998)

. Figlewski and Gao (1997), Reimer and Sandmann (1995). ’
(i) Numerical solution of PDEs and Variational Inequalities; see, for
example, Carr and Faguet (1994), Carr (1998), Wilmott, Dewy7nne

: and Howison (1993, 1995). ’
) Analytic approximations, such as those in Parkinson (1977), John-
son (1983), Geske and Johnson (1984), MacMillan (1986) 6mberg
(1987), Barone-Adesi and Whaley (1987), Bunch and Johnsén (1992)

Meyer and Van der Hoek (1995), Broadie and Detemple ( 1996) Ches-’
ney, Elliott, and Gibson (1993), Gao, Huang, and Subrahm;nyam
(1996).

7) Monte Carlo and quasi-Monte Carlo simulation, as in Tilly (1993)
Barraquand and Pudet (1996), who deal with path-dependent Amer—,
Ican contingent claims, and Broadie and Glasserman (1997). Other
b papers on option price calculation by Monte Carlo simulation are
b Boyle (1977), Boyle, Evnine, and Gibbs (1989), Duffie and Glynn
~ (1995), Paskov and Traub (1995), Barraquand and Martineau (1995)
Boyle, Broadie, and Glasserman (1997), Schoenmakers and Heemink’

(1997). Lehoczky (1997) surveys Monte Carlo variance reduction
methods for finance applications.

arles et al. (1995) and Lamberton (1995b) study asymptotic proper-
,Of‘ the critical stock-price near expirations. For surveys of the extant
erical work on American and path-dependent contingent claims, the in-
ed reader should consult Carverhill and Webber (1990), Hull,(1993),

6}’)Vilmott:, Dewynne, and Howison (1993) and Broadie and Detemple




3

Single-Agent Consumption
and Investment

3.1 Introduction

This chapter solves the problem of an agent who begins with an initial en-
dowment and who can consume while also investing in a standard, complete
market as set forth in Chapter 1. The objective of this agent is to maxi-
mize the expected utility of consumption over the planning horizon, or to
maximize the expected utility of wealth at the end of the planning horizon,
or to maximize some combination of these two quantities. Except for the
completeness assumption, the market model is quite general, allowing the
coefficient processes to be stochastic processes that are not even assume'd
to be Markovian. Specializations of this model to the case of deterministic
and even constant coefficients are provided in Sections 3.8 and 3.9. Tl.le
problem of this chapter is revisited in the context of incomplete markets in
Chapter 6. ' .
The agent acting in this chapter is assumed to be a “small investor, 'ln
the sense that his actions do not influence market prices. Chapter 4 consid-
ers the equilibrium problem of several agents whose joint actions determin‘e
market prices through the law of supply and demand. The model of this
section is a basic building block in such equilibrium models, and these,
in turn, are the basis for a theory of financial markets. Such equilibrium
models can be used, for example, to study possible effects of taxation a.nd
market regulation. The Notes to this chapter contain a further discussion
of the relationship between this material and capital-asset pricing models.
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- In addition to its role in theoretical studies of financial markets, the
" model of this section can form the basis of portfolio management. This
_requires, of course, that the investment manager either assume a utility
nction or else elicit a utility function from the client whose money is being
naged. We show in Section 3.10 that maximization of the logarithm of
rminal wealth results in maximization of the growth rate of wealth, and
is consequently a frequently used utility function. The class of utility
nctions of the form U®)(z) = 2P /p for = > 0, where p # 0 is a number
rictly less than one, are also commonly used. For this one-parameter
ily of utility functions, the Arrow-Pratt index of relative risk aversion,
A 0? 0
J(z) = —wa(p)(x)/%U(m(m),
=1- b,

reases with increasing p. One can elicit from an investor some measure
k aversion and attempt to determine the corresponding utility function
from this one-parameter family.
. Sections 3.2 and 3.3 describe the market model and the set of consump-
tion and portfolio processes from which the investor in this market is free
 choose. Section 3.4 introduces the notion of utility function. We allow
ese functions to take the value —co on a half-line extending to —oo, which
ectively places a lower constraint on consumption and/or wealth. Section
3.6 solves the problem of an agent who seeks to maximize expected utility
from consumption plus expected utility from terminal wealth. The method
solution uses the convex dual function (Legendre transform) of the utility
ction. Related to this concept, we introduce and study the convex dual
he value function for the problem of Section 3.6. This foreshadows a du-
theory that plays a critical role in the analysis of incomplete markets
ter chapters.
- Section 3.7 considers the problem of maximization of expected utility
n consumption only, and the antithetical problem of maximization of
ected utility from terminal wealth only. These problems are related to
of Section 3.6 in the following way. Given an initial endowment z, an
t who wishes to maximize the expected utility of consumption plus the
ted utility of terminal wealth can partition his initial endowment into
O parts, z; and x5, such that = z; + 5. Beginning with initial endow-
ent 1, the agent should solve the problem of maximizing expected utility
consumption only; with z2, he should solve the problem of maximiz-
expected utility from terminal wealth only. The superposition of these
solutions is then the solution to the problem of maximizing expected
Uity from consumption plus expected utility from terminal wealth. The
Itition of wealth that accomplishes this decomposition of the problems
18 derived in Section 3.7.
»_'. e results of Sections 3.6 and 3.7 are specialized to models with de-
€ministic coefficients in Section 3.8. For such models a Markov-based
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analysis is provided, including the development of the Hamilton—Jacobi—
Bellman equation and the optimal consumption and portfolio processes as
feedback functions of the agent’s wealth. The Hamilton—Jacobi-Bellman
equation of Section 3.8 is a second-order parabolic differential equation.
When the model coefficients are constant and the planning horizon is in-
finite, the Hamilton—-Jacobi-Bellman equation is a second-order ordinary
differential equation, and lends itself to very explicit analysis; this is the
subject of Section 3.9.

3.2 The Financial Market

As in Chapter 2, we shall work in this chapter in the context of a complete,
standard financial market M = (r(-),b(:),6(-),0(-),5(0), A(-)) (see Defini-
tions 1.1.3, 1.5.1, 1.6.1 and Theorem 1.6.6). In particular, the price of the
money market is governed by

A dSo(t) = So(t) [r(t)dt + dA(t)], (2.1)
and the prices of the stocks satisfy
N "
dSn(t) = Sn(t) [bu(t) dt + dA(t) + > ona(t) WD ()|,
d=1
i Lo N (2:2)

with o(t) = (0na(t));<na<n nonsingular for Lebesgue-almost-every t €

[0, 7] almost surely. In Sections 3.9 and 3.10, we place the financial market '

on the infinite planning horizon [0,00) (Definitions 1.7.2, 1.7.3). Recall
that Sp(0) = 1 and S;(0),..., Sn(0) are positive constants, and recall from
(1.6.16), (1.5.6), (1.5.2), and (1.5.12) the processes

8(t) £ o1 (t)[b(t) + 6(t) — r(D)1], (2.3)

Wo(t) 2 W(t) + / (s} (2.4)
0

20(0) 2 e {- [ ¢y awi - [ ol ds}, (29

) &:288 (26)

— So(t)

In a standard market, the exponential local martingale Zo(:) is in fact a
martingale, which permits the definition of the standard martingale mea-
sure P, (see Definition 1.5.1 and equation (1.5.3)). Except in Section 3.8,
we shall present the analysis of this chapter in a way that uses only the
local martingale property of Zo(-) and avoids the use of Py altogether. This
permits the present analysis also to be used in the study of constrained and
incomplete markets in Chapter 6.
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- Until further notice, we take T' to be finite and restrict attention to
the finite-horizon model on [0,T]. For this model, one of the following
conditions will be imposed.

The state price density process Hy satisfies

B [/THo(t)dtl < oo

umption 2.2: The state price density process Hy satisfies

EH()(T) < 00.

ssumption 2.1:

umption 2.3:  The state price density process Hy satisfies

T
E[/ Ho(t) dt + Ho(T)| < .
0

sufficient condition for these assumptions is that Sp(-) be bounded
from zero on [0, T'], so that Hy(-) is bounded from above by a constant
s the nonnegative supermartingale Zy(-).

Consumption and Portfolio Processes

ent will act in the financial market of the previous section by choosing
onsumption process and a portfolio process. In this section, these entities
e defined, and it is shown as a consequence of the admissibility condi-
(3.2) that these processes must satisfy the budget constraint (3.4). It
_ her shown that if one starts with a consumption process and a non-
ive random variable that satisfy the budget constraint, then there is a
g portfolio that, together with the given consumption process, results
rminal wealth equal to the given nonnegative random variable.

tion 3.1: A consumption process is an {F(t)}-progressively mea-
rable, nonnegative process c(-) satisfying fOT c(t)dt < oo, almost

agent with initial endowment = > 0 who chooses a consumption
ess c(-) will have a cumulative income process I'(t) £ z— f(f c(u) du,0 <
If this investor chooses a I'(-)-financed portfolio process 7(-), then
: Tresponding wealth process X7 (-) will be governed by equation

HeT(t) *c(u) du o
5@ 7T /0 So(w) © /0 Sotw) " (47 () dWalu),

0<t<T. (3.1)
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Definition 3.2: Given z > 0, we say that a consumption and portfolio
process pair (c,7) is admissible at z, and write (c,7) € A(z), if the wealth
process X7 (-) corresponding to z, ¢, 7 satisfies

X®em() >0, 0<t<T, (3.2)
almost surely. For z < 0, we set A(z) = 0.
Remark 3.3: From (1.5.14), we have

Ho(t) X" (£) + /0 Ho(u)c(u) du

=z+ /0 Ho(u) [0’ (w)m(w) — X™ (u)8(w)] dW (u),
0<t<T. (3:3)

When (¢, 7) € A(z), the left-hand side of (3.3) is nonnegative, and so the
It6 integral on the right side is not only a local martingale under P, but
also.a supermartingale (Fatou’s lemma). This implies that the so-called
budget constraint

T
E [ /0 Ho(w)e(u) du + Ho(T)X™*™(T)| <z (3.4)

is satisfied for every (c,m) € A(z). The budget constraint has the satisfy-
ing interpretation that the ezpected “discounted” terminal wealth plus the
expected “discounted” total consumption cannot exceed the initial endow-
ment. Here the “discounting” is accomplished by the state price density
process Hy.

Remark 3.4: Bankruptcy is an absorbing state for the wealth process
X®o™(.) when (c,m) € A(z); if wealth becomes zero before time T, it
stays there, and no further consumption or investment takes place. To see
this, note that because the left-hand side of (3.3) is a supermartingale, so
is the process Ho(t)X**™(t),0 < t < T, for every (c,m) € A(zx). With

70 2 T Ainf {t € [0,T]; X (t) = 0}, we have then
X®om(t,w) =0, VtéeE [nWw),T],

for P-almost-every w € {r9 < T} (e.g., Karatzas and Shreve (1991), Prob-
lem 1.3.29). On the other hand, the optional sampling theorem applied to
the left-hand side of (3.3) gives

T
E [/ Hy(t)c(t) dt + Ho(T)X ™™ (T) f(To)] < Ho(70)X (70)

almost surely, and thus, for P-a.e. w € {T9 < T'},

c(t,w) = 0,m(t,w) = 0 for Lebesgue-a.e.t € [ro(w),T].
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3 The budget constraint (3.4) is not only a necessary condition for ad-
~ missibility, but is also a sufficient condition, in a sense that we now
lain.

n‘_'heorem 3.5: Let x > 0 be given, let ¢(-) be a consumption process, and
let € be a nonnegative, F(T')-measurable random variable such that

T
E [/0 Ho(u)c(u) du+ Ho(T)E| = z. (3.5)

'hen there exists a portfolio process m(-) such that the pair (c,m) is
dmissible at x and & = X®™(T).

OF. Let us define J(t) = fg Hy(u)c(u) du and consider the nonnega-
martingale

M(t) 2 E[J(T) + Hy(T)¢|F(t)], 0<t<T.

eve (1991), Theorem 3.4.15 and Problem 3.4.16), there isa progresswely
asurable, R%-valued process (- -) satisfying

e /0 19|12 du < oo

ost surely and
t
M(t) =z +/ Y'(u)dW(u), 0<t<T.
0
n particular, M(-) has continuous paths, and

Moo 2 mas. [M(2)] < o0
t surely. Similarly, ||.J]| oo = maxo<¢<T J(t), [|Solloo = maxo<t<T So(t),

A
K = maxo<i<1 1/Zp(t) are finite almost surely.
Define a nonnegative process X (-) by

X(t
0 Zo(t) [/ Holulolu) du + Ho(T)E) (t)J
L =7 ( ] [M(t) — J(t)], (3.6)
ﬂla.t X(0) = M(0) = z. 1t6’s rule implies
i (OY_ o) 4, L
d <S()(t)> m dt + mﬂ' (t)a(t) dWO'(t),

") & s (@O) W) + (M) - J@) 0w ()
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We check that =(-) satisfies (1.2.5), (1.2.6), and hence is a portfolio pro-
cess. From Remark 1.6.10 and equation (1.5.1), we have that 6(t) =

o= 1(t) [b(t) + 8(t) — r(t)1] satisfies [|6]l2 2 (fy [1(t)|2dt)? < oo almost
surely. Therefore,

T
/ I () (b() + 6(t) — r(t)1)| dt

- [0 O (M(1) ~ I | at
o Zo()

< &[1Solloo [[I#ll21161l2 + 16113 (1M llso + 1 7]lo0)]
< 00

almost surely, and (1.2.5) holds. Similarly,

o N T S3(t) -
/0 o el at = | e 0 +6) (M(6) = T@) | de

< w211SollZ 113 + 16l018ll2 (134 llco + 11loc)
+ 1613 (1Moo + 1]lo0)?] < o0

almost surely, and (1.2.6) holds as well.
We conclude that

X)) _ [ c(u)du "
Sot) ~ © /0 Sol(u) /S() ' (u)o(u) dWo(u), 0<t <T,

and comparison with (3.1) shows that X(-) = X®%™(-). Since X(t) >
0 for 0 < t < T, the pair (c,m) is admissible. Finally, X(T) =
O

%E[HO(T)f |F(T)] = € almost surely.

3.4 Utility Functions

The agent in this chapter desires to maximize his utility. In this section
we develop the properties of the utility functions we consider. We also
introduce the convezr dual of a utility function.

Definition 4.1: A wutility function is a concave, nondecreasing, upper
semicontinuous function U:R — [~00, 00) satisfying:

(i) the half-line dom(U) - {z € R;U(z) > —oo} is a nonempty subset of
[0, 00);

(ii) U’ is continuous, positive, and strictly decreasing on the interior of
dom(U), and

a

U'(o00) = lim U'(z) = 0. (4.1)

r—00
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We set

72 inf{z € R;U(z) > —0} (4.2)

so that Z € [0,00) and either dom(U
We define

[Z,00) or dom(U) = (T, 00).

U'(z+) & lim U (z), (4.3)

so that U’ (z+) € (0, ).

Here are some common utility functions. Take p € (—

00,1)\ {0} and set

R zP /p, z>0
UP(z) = limg o €P/p, =0, (4.4)
—00, z < 0.
or p = 0, set
(0) logz, z >0,
v &% 220 @s)

Arrow-Pratt index of risk aversion, —UL,((? for U, is 1 — p. Other
ity functions are UP)(z — T), where Z is a positive constant.

Let U be a utility function with Z given by (4.2). The strictly decreasing,
inuous function U’: (Z,00) 23 (0,U’(Z+)) has a strictly decreasing,
inuous inverse I: (0, U’ (T+)) =2 (F, 00). We set I(y) = T for U'(Z+) <
00, so that I is defined, finite, and continuous on the extended half-line

00|, and
0 UGed S Ty (46)
I(U'(z)) =2, T<z<oo. (4.7

ition 4.2: Let U be a utility function. The conver dual of U is the

~ A

Uly) = S“],I{{U (z) —zy}, yeR (4.8)
zE

xcept for the presence of some minus signs, U is the Legendre—Fenchel
sform of U (Rockafellar (1970), Ekeland and Temam (1976)). Indeed,
define the convex function

f(x) 2 -U(z), z€R, (4.9)

the Legendre-Fenchel transform of f is

f*y) 2 sup{zy — f(2)} = U(-y), yeR. (4.10)
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Lemma 4.3: Let U and T be as in Definition 4.1, I as in (4.6), (4.7),
and let U be the convezr dual of U. Then U : R — (—o00, 0] is convez,
nonincreasing, lower semicontinuous, and satisfies

(@)

N U(I(y) —yI(y), y >0,
U(y) = { U(oo) £ limy 0o U(z), y=0, (4.11)

00, y < 0.
(ii) The derivative U’ is defined, continuous, and nondecreasing on

(0,00), and
U'y) = -I(y), 0<y<oo. (4.12)
(iii) For all z € R,
U(z) = inf {U(y) + zy}. (4.13)
yER

(iv) For fized x € (T,00), the function y — U(y) + zy is uniquely
minimized over R by y = U'(z); t.e.,

U(z) = U (U'(z)) + 2U’ ().

PROOF. According to Rockafellar (1970), Theorem 12.2, the function U
is lower semicontinuous, convex, takes values in (—oo, 00}, and is related to
U via (4.13). Equation (4.11) is easily verified directly from the definition
of U.

According to Rockafellar (1970), Theorem 23.5, the function £ — U(€) —
y¢ is maximized at & = z if and only if —z € U (y). But for 0 < y < oo,
this function is uniquely maximized by £ = I(y), whence (4.12) holds. From
(4.12) we see that U’ is continuous and nonincreasing on (0, 00).

Finally, for fixed z € (%, 00), the convex function y — U(y) + zy has
derivative —I(y) + x for y € (0,00). This derivative is zero at y = U’(x)
(see (4.7)), which gives us (iv). O
Remark 4.4: We shall usually consider utility functions U for which T
given by (4.2) is zero. For such a function, we shall impose sometimes the
following additional conditions:

(4.14)

(a) z+— 2U'(z) is nondecreasing on (0, 00); (4.15)
(b) For some € (0,1),7 € (1,00), we have
BU'(z) > U'(yz) Vz € (0,00). (4.16)
The first of these conditions is equivalent to
(c)y — yU'(y) is nondecreasing on (0,U’(0+))
(set y = U’(x) and use (4.7), (4.12)). (4.15")
Condition (c) implies that
2+ U(e®) isconvexonR; (4.15")
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'Furthermore, for a utility function U of class C2(0,00), condition (4.4)
_ implies that the so-called Arrow-Pratt index of relative risk aversion

b

zU" ()
U'(x)

J(z) 2 - (4.17)

-.!,_, oes not exceed 1.

~ Condition (4.16) is equivalent to having

 U'(By) 27U'(y) Yy e (0,U'(0+)) forsome € (0,1),7 € (1,00)
(4.16")

ust replace z by —U’ (y) in (4.16), and then apply U’ to both sides of
resulting inequality). By iterating (4.16"), one obtains the apparently
nger statement

7‘_ Vg € (0,1),3y € (1,00) suchthat U'(By) > U’ (y) Vy € (0,U’(0+)).
" (4.16")

It should also be noted, in the notation of (4.4), (4.5), that for v > 0 and
0 < p < 1, condition (4.4) is satisfied by the function

A [U® >0

(4.16) is satisfied by U®) for all p € (—o0, 1).

The Optimization Problems

formulate three optimization problems for an agent. This agent is some-
called a small investor because his actions do not affect the prices of
ncial assets.

ition 5.1: A (time-separable, von Neumann-Morgenstern) pref-
e structure is a pair of functions U;:[0,7] x R — [—o0,00) and
R — [~00,00) as described below:

For each t € [0,T], Ui(t,-) is a utility function (Definition 4.1), and
the subsistence consumption

&(t) 2 inf {c € R;Uy(t,c) > —o0}, 0<t<T, (5.1)

~is a continuous function of t, with values in [0, 00);
) U; and U{ (where the prime denotes differentiation with respect to
the second argument) are continuous on the set

D1 2 {(t,c) € [0,T] x (0,00);¢ > &(t)}; (5.2)
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(iii) U, is a utility function, with subsistence terminal wealth defined by

7 2 inf {z € R;Uz(z) > —o0}. (5.3)

Let an agent have an initial endowment z € R and a preference struc-
ture (Uy,Uz). The agent can consider three problems whose elements of
control are the admissible consumption and portfolio processes in A(z) of
Definition 3.2.

Problem 5.2: Find an optimal pair (¢1,7;) € A;(z) for the problem

T
B /0 Uy (¢, c(t)) dt

Vi(z) 2 sup
(e,m)EA1(x)

(5.4)

of maximizing expected total utility from consumption over [0, 7], where

Ai(z) 2 {(c, m) € .A(a:);E/T min [0, Uy (¢, c(t))] dt > -oo} : [5:5)
0

Problem 5.3: Find an optimal pair (c,m2) € Az(z) for the problem

Va(z) 2 sup  EU, (X™°™(T)) (5.6)
(e,m)eA2(z)
of maximizing expected utility from terminal wealth, where
As(z) £ {(c, ) € A(z); Emin [0, Uy (X®°™(T))] > —o0} . (5.7)

Problem 5.4: Find an optimal pair (c3,73) € Az(z) for the problem

Vs(@) £ sup
(em)€As(x)

T
E [ / Ui (t,c(t)) dt + Uz (X™™(T)) (5.8)
0
of maximizing expected total utility from both consumption and terminal
wealth, where

As(z) £ Ay (2) N As (). (5.9)

Of course, since A(z) = @ for z < 0, we have A;(z) = 0 for z < 0 and
1 =1,2,3. We adopt the convention that the supremum over the empty set
is —oo. In the next sections we shall strive to compute the value functions
Vi, Vo, and V3 of these problems and to characterize (or even compute)
optimal pairs (¢;,7;),i = 1,2,3, that attain the suprema in (5.4), (5.6),
and (5.8), respectively.

Remark 5.5: In Problems 5.2-5.4, we could allow U; (respectively, Uz)
also to depend on w € Q in an {F(t)}-progressively measurable (respec-
tively, F(T')-measurable) manner. The analysis of the subsequent sections
would be unaffected.

In the remainder of this section, we develop for future use technical re-
sults concerning some of the functions introduced here. The reader may
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ish to postpone this material until these results are actually used in

Z Vmaxo<t<r ¢(t). From the continuity of U; on D; D [0,T] x [¢, o0),
we have
T
/ UL (2,8)| dt + |U2(8)] < oo. (5.10)
0

Furthermore, under the respective Assumptions 2.1-2.3, the respec-
tive quantities

A T A
X0 2 B [ Ho0etdt, Ao 2

E[Ho(T)7], (5.11)

Ha(oo) 2 [ / Ho(t)a(t) dt + Ho(T)Z (5.12)

~ are finite. )
From (4.1), we have lim._,o, U{(¢,¢) = 0 for all ¢ € [0, 7. In fact, the
- following stronger statement holds:

lim max Ul(t c)=0,

c—o00 0<t<

(5.13)

. as one can see by con31der1ng, for fixed € > 0, the nested sequence
'. of compact sets K, (e) = {te[0,T);Ui(t,é+n)>€},n=1,2,.
~ These sets have empty intersection, so for some integer n, we have

Rk () -

ark 5.7: For Problem 5.4, the agent must have initial wealth at least
) in order to avoid expected utility of —oo. Indeed, for this problem,
eference structure forces the constraints "

c(t) 2 (1),
Xz,c,‘rr(T) >7

ae.t€[0,T], (5.14)

(5.15)

surely, for otherwise E| fOT Ui (t,c(t)) dt + Uy (X®™(T))] would be
2. But (5.14), (5.15), and (5.12) imply

E [ / ' Ho(t)e(t) dt + Ho(T)X®o™(T) | > X3(c0). (5.16)
0

ing the budget constraint (3.4), we see that V3 = —oo on the half-line
A3(c0)). For z = A3(c0), any (¢, 7) € Asz(z) satisfying (5.14), (5.15)
5t actually satisfy c(t) = ¢(t), X**™(T) = Z. According to Theorem
) 35’" is in fact a portfolio process 7 for which X¥3(%):¢7(T) = 7, and
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we conclude that

Va(z) = {/ Ui (t,e(t)) dt + U2(Z), == Xs3(00),

00, T < X3(00).

(5.17)

From (5.10), this last expression is well-defined, although it may be —oo,
in which case A3z (X3(c0)) = 0 and V3 (X3(c0)) = —00, in accordance with
(5.17). Similar arguments show that

T
| vttty dt, 2= (e0) 5.8
0
—00 z < X1(00),
_ UZ(T)) = X2(00),
Va(z) = { —00, x < Xa(00). (3:d8)
Let (U1, Us) be a preference structure. For fixed ¢ € [0, 77, the function
Ii(t,-) : (0,00] &2 [¢(t), 00), satisfying the analogue
/ _ly 0 <y <Uj(te(t)+),
st ={oan, Geamncyen  OD

of (4.6), is strictly decreasing on (0, U] (t,&(t)+)], is identically equal to
¢(t) on [U] (t,¢(t)+) , oc], and is continuous on all of (0, oc]. Similar remarks
apply to the function I : (0,00] — [Z, 00) that satisfies

03 ) = { Yy 4.

Lemma 5.8: The function I of (5.20) is jointly continuous on [0,T] x
(0, 00].

0<y<Uy(T+),

ULE+) < y < 00. (:2l)

PROOF. Let (to,%0) € [0,T] x (0,00] be given, and let {(tn,yn)} ., be
a sequence in the same set with limit (¢o,yo). Define ¢, = I1(tn,yn),n =
0,1, .... We need to show that ¢y = lim, o Cp.

Let us consider separately the two cases:

Case 1: yo < Uj (to,(to)+).

For some vy > 0, we have yo < Uj(to,%(to) + 7). Continuity of ¢ and of
U{ on D; implies y, < U] (tn,(tn) + ) for n sufficiently large, and thus
cn > ¢(tn) +y and

Yn = U{(tm Cn)- (5‘22)

The sequence {c,}3; is bounded, for otherwise (5.13) would imply
0 = lim, , U{(tn,cn) = lim, , yn, which violates the assumption
lim, .00 Yn = Yo > 0. Any accumulation point c¢fj of {c,}52; must sat-
isfy ¢ > ¢(to) + ~; thus, the continuity of U] on Dy and (5.22) imply
yo = Uj(to, c§) and ¢§ = I1(to, Yo) = co. Consequently, lim, . ¢, = co-
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e 2: yo > Uj (to,¢(to)+)-

~ Now we have ¢y = ¢(tp). We divide the index set into Ni e
0 > 15yn > Ul (tn, 8(tn)+)} and Ny 2 {n > Ly, < U] (tn, c(ta)+)}. For
2 € N1, we have ¢, = €(ty), so lim,en, ¢, = €(to) = ¢o, as desired. For
‘VE N, we have ¢, > ©(t,), and thus (5.22) holds; we can argue as in
1 that {c,}nen, is bounded. If {¢,}nen, were to have an accumula-
point ¢}, > ¢(to), then the argument of Case 1 would imply cf = co,
ich violates the Case 2 assumption. Hence, every accumulation point cj
{cn }nen, satisfies c5 = ¢(to) = co. a

Utility from Consumption
and Terminal Wealth

‘Theorem 6.3 and Corollary 6.5 below we provide a complete solution
roblem 5.4 of maximizing expected utility from consumption plus
ed utility from terminal wealth. We follow this with a number of
nples of this solution. Theorem 6.11 begins the study of the dual value
ion for this problem.

Let a preference structure (U, Us) be given. We define the function

A T
= E /0 Ho(t)Ih (t,yHo(t)) dt + Ho(T)I2(yHo(T))|, 0 <y < oo.

(6.1)

umption 6.1: A3(y) < oo, Vye (0,00).

emarks 6.8, 6.9 below give conditions that imply the validity of this
mption.

a 6.2: Under Assumption 6.1, the function X3 is nonincreas-
and contmuous on (0,00), and stmctly decreasing on (0,r3), where
) lim, o A3(y) = 00, X3(c0) —hmy_,oo Xs(y) is given by (5.12),

rs 2 sup {y > 0; Xs(y) > Az(00)} > 0. (6.2)

L particular, the function X3 restricted to (0,73) has a strictly decreasing
werse function Vs: (X3(oo), ) el (0,73), so that

X3 (Vs3(z)) =z, Vaz € (X3(00),00).

F. Since I;(t,-) and I3(-) are nonincreasing, so is X3(-). The right
inuity of A3(-) and the equation X3(04) = oo are consequences of
monotone convergence theorem and, in the latter case, the equalities
0+) = I3(0+) = oco. The left continuity of X3(-) follows from Assump-
M 6.1 and the dominated convergence theorem. Likewise, agreement with

(6.3)
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(5.12) follows from the dominated convergence theorem and the equalities
lime—o0 I1(t, ¢) = €(t), limgz 0o I(z) =7. _

It remains to show that X3 is strictly decreasing on (0,73). For y € (0,3),
we have X3(y) > X3(00), and thus, either yHo(t,w) < Uj (t,¢(t)+) for all
(t,w) in a set of positive product measure, or else yHy(T,w) < Uy(T+) for
all w in an event of positive P measure. But I, (t,-) (respectively, I(4)) is
strictly decreasing on (0, U7 (t,(t)+)) (respectively, on (0,U5(z+)))- Thus,
either one of the above inequalities is enough to imply X3(y — 8) > Xs(y)
for all § € (0,y). |

We are now prepared to solve Problem 5.4. In light of Remark 5.7,
specifically (5.17), we need only consider initial wealth z in the domain
(X3(00),00) of Y3(-). For such an z, we know from (3.4) and Theorem

3.5 that Problem 5.4 amounts to maximizing E[ fOT Ui (t,c(t)) dt + Ua(€))
over pairs (c,£), consisting of a consumption process ¢(-) and a nonnega-
tive F(T)-measurable random variable £, that satisfy the budget constraint
(3.4), namely, E[f(;r Ho(t)e(t) dt + Ho(T)€] < z. Now, if y > 0 is a “La-
grange multiplier” that enforces this constraint, the problem reduces to the
unconstrained maximization of

94 T .
E [ / UL (t, (b)) dt + Uz(f)] i (a: _E [ / Ho(t)e(t) dt + HO(T)ED .
0 0

But this expression is

T
2y +E /0 Vs (¢, e(t)) — yHo(t)e(t)] dt + E [U2(€) — yHo(T)é]

T
<zy+E [/0 Ui (t, yHo(t)) dt + ﬁz(yHO(T))] "

with equality if and only if
e(t) = (t,yHo(t)), 0<t < T and €= I(yHo(T))

(recall (4.8) and Lemma 4.3(i)). Quite clearly, y = Vs3(z) is the only value
of y > 0 for which the above pair (c, £) satisfies the budget constraint
with equality. Thus, for every z € (X3(00), ), we are led to the candidate
optimal terminal wealth

& £ I(¥3(2) Ho(T)) (6.4)
and the candidate optimal consumption process
es(t) 2 (¢, Vs(2)Ho(t)), 0<t<T. (6.5)
From (6.1), (6.3), we have
T
E [/0 Ho(u)es(u) du+ Ho(T)és | = X3 (V3(2)) = =, (6.6)
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‘4 Theorem 3.5 guarantees the existence of a candidate optimal portfolio
ess 73(-) such that (c3,m3) € A(z) and & = X @73 (7).

heorem 6.3: .Suppose that both Assumptions 2.8 and 6.1 hold, let x €
(00), 00) be given, let &3 and c3(-) be given by (6.4), (6.5), and let m3(-)
uch z.that (§3,7r3) € A(z), &3 = X™™(T). Then (c3,m3) € Asz(z), and
m3) is optimal for Problem 5.4:

T .
V3(:1:)=E[ /0 Uy (¢, c3(t) dt + Uz (X®™s(T)) | . (6.7)

F. We first show that (cs,m3) € Az(z). With ¢ as in Remark 5.6,
a 4.3(i) and Definition 4.2 imply
Ui (t, c3(t)) — Vs(x) Ho(t)es(t) = Uy (¢, Va(x) Ho(t))
> Uy(t,&) — Va(z)Ho(t)d

Uz(€3) — Ys(2)Ho(T)és = U (Vs(x) Ho(T))
> Us(8) — Ys3(x)Ho(T)¢,
consequently,

T
E {/0 min [0, Uy (t,c3(t))] dt + min [0, U2(§3)]}
T
> /0 min [0, Uy (¢, 8)] dt + min [0, Us(&)]

T
—V4(z)éE { /O Ho(t) dt + Hg(T)}
> =00,

, we sl.xow that (c3,73) attains the supremum in (5.8). Let (c,7) be
r pair in Aj3(z). Using Lemma 4.3(i) again, we have

Ui (t, c3(t)) — Va(z)Ho(t)cs(t) > Uy (t,c(t)) — Va(x)Ho(t)c(t), (6.8)
Us(t,€3) — Va(x)Ho(T)&3 > Uy (X*™(T))

—Vs(x)Ho(T)X™*™(T), (6.9)

T
E [ /O U (t,c3(t)) dt + Us(t, €3)}

T
>E [ /O Uy (t,c(t)) dt + Uz (X™(T))

T
+Y3(z)E [/0 Hy(t)cs(t) dt + HO(T)Es]
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T
—V3(z)E [/0 Hy(t)c(t) dt + Ho(T)X®*™(T)

T
2 E l/" Ui((t, c(t)) dt + U2 (X*™(T)) |

because of (6.6) and the budget constraint (3.4) satisfied by (c, 7). O

Remark 6.4: Assume that V3(z) < oo. Inequality (6.8) is strict unless
c(t) = c3(t), and likewise (6.9) is strict unless X <™ (T') = &3. It follows that
up to almost-everywhere equivalence under the product of Lebesgue mea-
sure and P, c3(-) is the unique optimal consumption process and &3 is the
unique optimal terminal wealth. This implies also that 73(-) is the unique
optimal portfolio process, again up to almost-everywhere equivalence.

Corollary 6.5: Under the assumptions of Theorem 6.3, the optimal wealth
process X3(t) = X©37™(t) is

1 T
X3(t) = mE [/t Ho(u)cz(u) du + Ho(T)&s

J—'(t)], 0<t<T.

(6.10)
Furthermore, the optimal portfolio 73 is given by
Ys(t)
7 () = 725 + Xa(D(), (6.11)

in terms of the integrand 3(-) in the stochastic integral representation
Ms(t) =z + fot Yh(u)dW (u) of the martingale

i
Ms(t) S E [/0 Ho(u)cs(u) du + Ho(T)Es

.F(t)], 0<t<T. (6.12)

The value function V3 is then given as

Va(z) = G3 (V3(z)), Xs(o0) <z < o0, (6.13)
where
Gs(y) [/ Uy (t, I (t,yHo(t))) dt + Uz (I (yHo(T))) |, 0 <y < oo.
(6.14)

PRrROOF. The formula for X3(-) comes directly from (3.6), which also pro-
vides the formula for M3(-) in terms of Hp(-) and converts (3.7) to (6.11)-
Equations (6.13), (6.14) are just restatements of (6.4), (6.5), and (6.7). U

Example 6.6: U;(t,z) = Ux(z) =logz, Y(t,z) € [0,T] x (0, 00).
In this case, I;(t,y) = I2(y) = 1/y for 0 < y < oo, X3(y) = (T'+1)/y for
0 < y < oo, and Y3(z) = (T + 1)/ for 0 < = < co. The optimal terminal
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8= TADE@)
cs(t) = = CH1-—tz 0<t<T.

STome O Ty DEe

particular, the martingale Ms(-) of (6.12) is identically equal to z, so
) = 0, and the optimal portfolio, given by (6.11), is

m3(t) = (a(t)o’ ()" [b(t) +6(t) —r(t)1] X3(t), 0<t<T. (6.15)

Furthermore,

T
Gs(y) =—(T+1)logy — E/ log Hy(t) dt — Elog Hy(T), 0 <y < oo,
iy

z)=(T+1)log (T i ) E/ log Hy(t) dt — E'log Hy(T),
0<z<o0.

ﬁThJs example is extended in Example 7.11.

ample 6.7: Ui(t,z) = U(x) = —x” Y(t,z) € [0,T] x (0,00), with

1,p#0.
"’ e have I)(t,y) = I(y) = y/®=1 for 0 < y < 00, and

g T
As(y) =y E [ /0 (Ho(6))"/®=Y dt + (Ho(T))"/*=Y)

=1y *P D 0<y< oo,

V3(z) = (Xa(l))p—l, 0<z<o0.

optimal terminal wealth and the optimal consumption process are

£s = (Ho(T)Y®V | 1) =

¥ (1) (Ho (t))l/(p—l)

Xs(l)

A s T "
?j(t) AT AT [ / (Ho(w))"*™" du+ (Ho(T))"*!

f(t)] .

1
Gs(y) = ;Xs(l)yp/ @D 0<y<oo,

Vi(z) = ;1)- (GBI P2P,  0<z<oo.
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We may write (Ho(t))”/ ®™" = m(t)A(t), where

mit) £ exp {l_f; [A(t) + /0 " () du] + 3 /0 162 du} ,

A(t) = exp {l—f—p /Ot 0 (u) dW (u) — 2—(1Lj5)—2 /Ot [16(w)|? du} .

If r(-), A(-), and 6(-) are deterministic, then m() is deterministic and
A(-) is a martingale, so

B [(Ho(w)”? ™V | ()] = m(u)A@), 0<t<u<T.

With N(t) 2 f(f m(s) ds + m(t), we have X3(1) = N(T') and

zA(t) £ Ly
Xs(t) = N Ho®) [/t m(u) du + (T)] :
() = o TOXs)

J; m(u) du+m(T) ,

T T
Ma(t) = 57775 [A(t) ( /t bk m(T))

—i.-/ot m(u)A(u) du] :

T T
N ( /t sl +m(T)) dA(t)

= Ho(t)xa(t)l—f—po'(t) AW (t).

dMs(t) =

This last expression yields the optimal portfolio 73(-) of (6.11) as

ma(t) = (o (t)o’(£)) " [b(t) + 6(t) — r(t)1] Xa(t)

I-p
for the case of deterministic (), A(-), and 6(-).

Remark 6.8: If r(-), A(-), and 6(-) are bounded uniformly in (t,w), but
not necessarily deterministic, then in Example 6.7, the function m(-) c.an
be bounded independently of (¢,w), and A(-) is a martingale. This implies
that

Xs(y) =y P VE [ / ) m(t)A(t) dt + m(T)A(T)| < 00, Vy >0,
0

~ so Assumption 6.1 is satisfied; in particular, V3(z) < oo for all z > 0. It
is then clear that for any utility functions U; and U, satisfying a growth

(6.16)
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 condition of the form

Ui(t,z) + Uz(x) < k(1L +2P), VY(t,z) € [0,T] x (0,00),

where 0 < 5 < oo and 0 < p < 1, the boundedness of r(-), A(-), and 6(-)
implies V3(z) < oo for all > 0.

v (i) Suppose that

both Ui(t,-) and U,(-) satisfy condition (4.16) with
the same constants 3 and ~, for all ¢ € [0, 7.

} (6.17)

It follows then, using (4.12) and (4.16”), that if A3(y) < oo for some
~ y >0, then Assumption 6.1 holds.
i) Assumption 6.1 is also implied by the condition

sup Ii(t,y) + I2(y) < ky™", Vy € (0,00), (6.18)
0<t<T

for some k > 0, p > 0, provided that at least one of the following
conditions also holds:

0 < p <1 and Assumption 2.3 holds, (6.19)

A(-),7(), and 6(-) are uniformly bounded in (¢,w) € [0, 7] x Q.
J (6.20)
- Indeed, under (6.18), (6.19), we have

T
Xs(y) < ky PE [/0 (1V Hy(t)) dt+ (1V Ho(T))| <00, y>0.

»' On the other hand, under (6.18) and (6.20), let us write (Ho(t))' ™" =
-'3 m(t)A(t), where

mo) 2 e {(o- 1[40+ [ v ] + 3000- 1) [ oG ).
‘ and
A0 2 e {(o-1) [ Faw - Lo A o)

q} is a martingale; because of (6.20), m(-) is bounded by some constant
K, and thus

T
X3(y) <y PKE [/0 A(t) dt + A(T)} <Ky ", y>0.
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Remark 6.10: The case T = 0 and U3(0+) = oo.

In this case, I(y) > 0 for all y > 0, and the random variable &3 of (6.4)
is strictly positive almost surely, as is the optimal wealth process X3(t) of
(6.10) for 0 < t < T. We can define the portfolio proportion

t
p3(t)él’3_(_)_ 0<t<T,

3(t) b —_ —
a process which is obviously {F(t)}-progressively measurable and satisfies
fOT lp3(t)||> dt < oo almost surely. The components of p3(t) represent the
proportions of wealth X3(t) invested in the respective assets at time ¢ €
[0, T, and equation (3.1) for X3(-) becomes
X3(t) Ceg(u)du [T Xs(w)
=z — + w)o(u) dWy(u),
So(t) o So(u) o So(u) Pa(w)o(u) dWolu)
In (6.15) and (6.16) of Examples 6.6 and 6.7, p3(t) depends on the market
processes and the utility functions, but not on the wealth of the agent.

0<t<T.

We close this section with the observation that the value function V3 is
a utility function in the sense of Definition 4.1, and we find its derivative
and convex dual. Recall from Remark 5.7 and Corollary 6.5 that

G3 (V3(x)), z > X3(00),
Vs(z) = 4 [T UL (,2(t)) dt + Ua(T), == X3(00), (6.21)
—00, z < X3(00).

Theorem 6.11: Let Assumptions 2.3 and 6.1 hold, and assume V3(x) <
o for all x € R. Then V3 satisfies all the conditions of Definition 4.1, and

X3(00) = inf {z € R; V3(z) > —o0}, (6.22)
Vi(z) = Y3(z), Vz € (X3(00),00), (6.23)
Va(y) = Gs(y) — yX5() (6.24)

T
=F l/() Uy (t,yHo(t)) dt + U, (yHo(T))|, Vy € (0,00),

Vi(y) = —Xa(y), Yy € (0,00), (6.25)

where

Va(y) 2 sup {Vs(@) —ay}, yeR. (6.26)

PROOF. We first prove the concavity of V3. Let 21,72 € [X3(00),00) be
given, and let (c1,m1) € As(z1), (c2,m2) € Asz(x2) also be given. It is easily
verified that for A, A2 € (0,1) with A\; + A2 = 1, the consumption/portfolio
pair (¢, ) £ (A1 + Aace, A1y + Aomo) is in Az(x) with & ATy + A2
and

X;,;,c,-;r(') - )\1Xa:1,c1,1r1 () 2 Azxmz,cz,m ()
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onsequently,
T
ME /0 UL (¢, e (1)) dt+U2(X””1’°1'"1(T))J

T
+XE [ /0 U (t, ca(t)) dt + U, (X 72272 (T))J

T
<E li/0 Ui (t,c(t)) dt + U, (X””’(T))J

< Va(z)
= ‘/3(/\11'1 + )\2.’132).

imizing over (ci,m;) € Az(z;) and (c2,m2) € A3(z2), we obtain
MV3(z1) + AaVa(z2) < Va(Mzy + Aoa).

is easily seen that V3 is nondecreasing. Furthermore, for each z €
00),00), we constructed in Theorem 6.3 a policy (c3,m3) € As(zx)
h shows that V3 > —o0 on (X3(00), 00); (6.22) follows.

concave function is continuous on the interior of the set where it is

! 'lll‘herefore, to establish the upper semicontinuity of Vi, we need only
that

’

) T
lim Vi(z) = /0 Uy (t,2(2)) dt + Up(3). (6.27)

x| X3(c0)
lim, | x, (o0) Va() = limy ., G3(y), where 3, defined by (6.2), possesses
roperty that X3 is constant on [rs, o). We consider separately the
T3 =00 and r3 < co. If r3 = oo, then

the monotone convergence theorem and the finiteness of Gs(y) =
( 3(y)) for 0 < y < r3 imply

T
lim G(y) = /0 Uy (t,2(t)) dt + Un(z),

o ed. If r3 < oo, then the constancy of X3 on [r3,00) implies r3 Hy(t) >

€(t)+) for Lebesgue-almost-every ¢ € [0,7] and r3Hy(T) > Uy, ('f+_)
surely. This implies (6.28), and the rest follows. o

turn to (6.24). The second equation in (6.24) follows directly from

» (6.1), and (6.14). For the first, let Q(y) = Gs(y) — yXs(y) f
’ s = 0 <
» and observe from (4.8) that 3(y) — yAs(y) for

Uy (t,c(t)) < Us (t,yHo(t)) +yHo(t)e(t), 0 <t < T,
U (X*9™(T)) < Uz (yHo(T)) + yHo(T) X" (T
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hold almost surely for any y > 0, > Aj3(c0), and (c,m) € As(x).
Consequently, from the budget constraint (3.4), we have

T
E [ / Uy (¢, c(t)) dt + U (X®™(T ))]
0

<Qy) +yE [ /0 ' Ho(t)e(t) dt + Ho(T)X ”’”(T)]

< Q(y) + =y, (6.29)
with equality if and only if
c(t) = L (t,yHo(t)), X=e™(T) = I (yHo(T)) (6.30)

and
T
E [ / Ho(t)e(t) dt + HO(T)X”’"(T)] —
0

Taking the supremum in (6.29) over (c,7) € A(z), we obtain V3(z) <
Q(y) + =y for all z € R, and thus Va(y) < Q(y) for ?.11 y > 0 Fo_r the
reverse inequality, observe that equality holds in (6.29) if (6.30) is satisfied

and z = A3(y). This gives Q(y) = Vs (X3(y)) — yAs(y) < V3(:y). Th‘is
completes the proof of (6.24) and shows that for y > 0, the maximum in

6.26) is attained by = = X3(y). N ‘
( To)prove (6.25), we use (4.11) and (4.12) to write for any utility function

U and for 0 < 2 < y < o0,
viw) ~=16) - [ ! 1) de = yIy) — 2I(2) + U(y) - U(2)

=U(I(y) - U(2))- (6.31)

Therefore,

Y
yXa(y) — 2Xa(2) — / X5(N) dX
’ yHo(t)

Il(ta 5) dé] dt
)

zHo(t

= E/T [yHo(t)Il(t, yHo(t)) — zHo(t)I1(t, zHo(t)) —/
0
yHo(T)
+E [yHo(T)Iz(?/Ho(T)) 2 Hy(T) s (zHo(T)) - / G d&}

L E/T[Ul (t’Il(tv yHO(t))) - Ul(ta Il(tv ZHO(t)))] dt
0

+ E[Us(I2(yHo(T))) — U2(I2(2Ho(T)))]
= Gs(y) — Ga(2),

(6.32)
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2Q 'valently

- - y
B -TE) = - [(BWd, 0<z<y<o,  (63)
1d (6.25) follows.

[pcording to Rockafellar (1970), Theorem 23.5, for z* > X3(00) and
f 0 we have y € 0V3(z*) if and only if z* attains the maximum in
.26). We have already seen that this maximum is attained by X3(y),
 the sole element in 0V3(z*) is V3(z*). Equation (6.23) follows, and im-
that V3 is continuous, positive, and strictly decreasing on (A3(c0), 00),
z—o00 V3(2) = limy_o V3(z) = 0. Thus V; satisfies property (ii) of
ion 4.1 and is a utility function. m]

k 6.12: From (6.13) we have G3(y) = V3 (AX3(y)) for all y €
o0)). If A3(y) exists, then Gj(y) also exists and is given by the
a

3(y) = V5 (X3(y)) X3(y) = y&3(y),
we have used (6.23).

0 <y < As(c0), (6.34)

7 Utility from Consumption or Terminal Wealth

orem 7.3 below provides a complete solution to Problem 5.2 of maxi-
n of expected utility from consumption alone, and Theorem 7.6 does
ne for Problem 5.3 of maximization of expected utility from termi-
h alone. This section also contains examples of these solutions
ines the dual value functions for Problems 5.2 and 5.3. Theorem
s how to combine the solutions of these two problems to obtain
ution of Problem 5.4 of maximization of expected utility from con-
on plus expected utility from terminal wealth. In particular, the dual
_ufunction for Problem 5.4 is the sum of the dual value functions for
lems 5.2 and 5.3.

preference structure (Uy, Us) be given. We define the functions

X1 (y) £E [/T Ho(t)I1(t,yHo(t))dt|, 0<y < oo, (7.1)
0

Xx(y) £ E[Ho(T)L(yHo(T))], 0<y< .
ption 7.1:

(7.2)
Xi(y) < oo, Vye€(0,00).
Yy € (0, 00).

ks 6.8 and 6.9 can be trivially modified to provide sufficient con-
15 for Assumptions 7.1 and 7.2 to hold. Similarly, Remark 6.8 can be
€d to obtain conditions that guarantee V;(z) < oo and Va(z) < oo.

it

Umption 7.2: X, (y) < oo,
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Just as we proved Lemma 6.2, we can show that for each ¢ = 1,2, under
Assumption 7.i, the function A; is nonincreasing and continuous on (0, )
with X;(04) = oo and with X;(00) = limy_. Xi(y) given by (5.11). With

X, is strictly decreasing on (0,7;) and, when restricted to (0,7;), has a
strictly decreasing inverse function Y;: (&;(c0), 00) 22 (0, 7).

The proof of the following theorem parallels the proof of Theorem 6.3
and Corollary 6.5.

Theorem 7.3 (Maximization of the expected utility from consumption):
Let Assumptions 2.1 and 7.1 hold, let z € (X1(00),00) be given, and define

er(t) & LtV (x)Ho(t), 0<t<T. (7.4)

(i) There exists a portfolio w1 (-) such that (c1,m) € Ai(z), X" (T) =

0, and the pair (c1,m1) is optimal for Problem 5.2, i.e.,

5 i
Vi(z) = E /0 Us(t, er(2)) dt.

(ii) The optimal wealth process X1 (t) = X0 (t) is

1 T
(iii) Thé optimal portfolio m(-) is given by
/ o 'd’l(t)
a'(t)m(t) = Ho(?) + X1()0(¢), (7.6)

where ¥1(+) is the integrand in the stochastic integral representation
Mi(t) =z + fot i (u) dW (u) of the martingale

T
M) 2 E [ / e (as) i f(t)] .
0

(iv) The value function Vi is given by Vi(z) = G1(Vi(z)) for all x >
Xi(c0), where

Gily) & E/OT Ui (t, I (t,yHo(t))) dt, 0 <y <oo. (7.7)

It is now not difficult to see that the value function V; is given by (cf.
(6.21))

G01(@)) 2> Zi{oo),
@ =1 B [ tisae)d o= (o), (78)
g, i Wgloa);
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: Imitatix'lg the proof of Theorem 6.11, we can show that V1 has the following
- properties.

- Theorem 7.4: Let Assumptions 2.1 and 7.1 hold, and assume Vi(z) < 0

8 for all z € R. Then V; satisfies all the conditions of Definition 4.1, and

&1(00) = inf {z € R; Vi(z) > —o0},
1’/:1’(17) =Xi(z), Vze (Xi(00),0),
Vi(y) = Gi(y) — yXi(y)

T ~
=F ,:/(; Uy (ta yHO(t)) dtJ , Vye (0’ OO),

Vi(y) = -Xi(y), Yy e (0,00), (7.9)

= A

Vi(y) =sup{Vi(z) —ay}, yeR.
z€R

cample 7.5 (Subsistence consumption): Suppose

Ui(c) = log(c—¢), ¢<c< oo,
) _OO<CSE,

e C is a positive constant that consumption must exceed at all times.
Il(;t{r) =+ (1/y) and X\ (y) = ¢hy + (T/y) for 0 < y < 00, where
E [ Ho(t)dt. In order to ensure that consumption can exceed ¢ at
imes, the initial endowment z must exceed Xi(0c0) = €hy. We have

=T/(x—¢hy) for > ¢h;, and the opti :
) ptimal co t
cesses from (7.4), (7.5) are nsumption and wealth

—

T —¢hy
ci(t) = —— +C
1(t) THy(t) G

: 1 T— &
WX (t) = o) {Tt(x —¢thy) +¢cE [/t Hy(u) du

””J } |

. T
Vl(:L‘) =Tlog(x —¢hy) —TlogT — E/ log Hy(t) dt, z > ¢h;.
i b

” Y, G1(y) = ~Tlogy — EfOT log Hy(t) dt, so

o(*) s deterministic, we can derive the o timal i ici
; s ortfoli
this condition, ’ FEEE

T =
X1(t) = Wo(i)(x —thy) +ESo(t) (/tT s_j%)) ,
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T
Ml(t)=aE[/0 go"%du

f(t):l +x —Ehl

t T du N ™
c C — 4z —C¢h,
= c/o Hy(u) du +TZo(t) /t A

and

dM;(t) = —¢ (/tT 5(%5) Zo(t)0'(t) AW (2).

It follows from (7.6) that

T du
m(t) = (o'(#) ™! [Xl(t) —TSo(t) /t S_o(u_)] o(t)

T—-1

= THy) © ~ ch1)(a(t)a’ (1) 7! (b(t) +6(t) — r(t)1)-

The analogues of Theorems 7.3, 7.4 for Problem 5.3 are the following.

Theorem 7.6 (Maximization of utility from ter@nal wealth): Let
Assumptions 2.2 and 7.2 hold, let x € (Xa(c0),00) be given, and let

& = I (Va(x)Ho(T)) -

(i) With co =0, there exists a portfolio m2(+) such that (cz, 7o) € Az (),
Xze2m2(T) = &, and the pair (c2,m2) is optimal for Problem 5.3,

i.e.,
Va(z) = EUy(X™™(T)).
(ii) The optimal wealth process Xa(t) = X™ 7 (t) is

Xa(t) = ;,Oi(t—)E[Ho(T)ﬁzlf(t)],

(iii) The optimal portfolio ma(-) is given by

0<t<T.

o' (t)ma(t) = ;/}Iz((i)) + X2(t)6(t),

where 1y is the integrand in the stochastic integral representation

My(t)=z+ fot Yh(u) dW (u) of the martingale

My(t) £ Ho(t)Xa(t).

(iv) The value function Vz is given by Va(z) = G2(Y2(z)) for all x =

Xo(00), where

Ga(y) 2 EU, (Iy(yHo(T))), 0<y < oo.
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~ Summarizing information about V5, we have the formula

G2(D2(2)), x> Aa(0),
—00, z < Xz(00).

i .
‘Theorem 7.7: Let Assumptions 2.2 and 7.2 hold, and assume Va(z) < oo
for all x € R. Then V, satisfies all the conditions of Definition 4.1, and

X3(00) = inf {z € R; Va(z) > —o0},
Va(z) = Vo), Vz € (Xa(00),00),
V2(y) = Ga(y) — yXa(y)

= EU2 (yHo(T)), Vy € (0,00),
V3(y) = - (y) Yy € (0,00), (7.11)

Va(y) 2 sup {Va(c) — 2y}, yeER.

Remark 7.8: If X{(y) and Xj(y) exist, then just as in Remark 6.12, we
ave for i = 1,2, 3,

: Gily) = y&/(y),
xam ple 7.9 (Portfolio insurance): Suppose

Us(z) = {log(:z —-T),

0 <y < Xi(o0). (7.12)

T <z < o0,

—09, —o0o <z <T,

e T is a positive constant below which terminal wealth is not permitted
We have X5(y) = Thy + (1/y) for 0 < y < 0o, where hy 2 EHy(T).
rder to ensure that terminal wealth can exceed Z, the initial wealth
xceed X2(00) = Thy. We have Yo(z) = 1/(z — Ths) for z > Thy, and
timal consumption and wealth processes are cy(t) = 0 and

Xat) = H%) {z — Thy + TE[Ho(T)| F(1)]}

Ga(y) = —logy — Elog Hy(T), so
Va(z) = log(x — Thy) — Elog Ho(T), x> Ths.

Example 7.5, we can derive the optimal portfolio explicitly when
deterministic. Under this condition,

TZo(t)

My(t) 2 Ho(t)X5(t) = z — Thy + So(T)

—=Z_Z,)0' (t) dW (1),

dM;(t) = d(Ho(t)Xa(t)) = 5o(T)
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It follows that

ma(t) = (') [Xz(t) : %f%] 6(t)
T — -ffh2 ’ -1 o
= 222 6(00' () 00) + 6) ~ O

In the remainder of this section we examine the relationship among the
value functions and the optimal policies for Problems 5.2-5.4. Consider an
agent with initial endowment z > X3(0c0) who divides this wealth into two
pieces, z; > X;(00) and z2 > X5(00), so that z1 + 22 = z. For the piece
1, he constructs the optimal policy (c1,m1) € Ai(z1) of Theorem 7.3 for
the problem of maximization of utility from consumption only. With the
piece x5, he constructs the optimal policy (co,m2) € Ag(x2) of Theorem
7.6 for the problem of maximization of utility from terminal wealth only.
Note that X0 (T) = 0 and cy(-) = 0, so the superposition (c,m) =
(¢1 + €2, + m2) of the policies (¢1,71), (c2,m2) is in Aj3(z), results in the
wealth process X©7 (t) = XT1:e0™ (t) + X #2272 (t), and satisfies

T
Vi(z1) + Va(z2) = E [/0 Ui(t,c(t)) dt + Ua(X™™(T)) | < Va(2).

Therefore,

sup{Vi(z1) + Va(z2); 71 € R,z3 € R,z) + 22 =2} < V3(z), Ve ER,
(7.13)

where we have used (6.21), (7.8), and (7.10) to extend these considerations
to all z, z1, and z2 in R.

Moreover, the reverse of inequality (7.13) holds. Again, we consider only
z > X3(00), relying on (6.21), (7.8), and (7.10) for the rest. For z > X3(00),
let (c3,73) € Asz(x) be the optimal policy of Theorem 6.3 for the problem
of maximization of utility from consumption and terminal wealth. Define

T
i B /0 Ho(t)es(t) dt, w3 2 B [Ho(T)X®m(T)],

so that z; + zo = « (see (6.6)). Theorem 3.5 guarantees the existence
of a portfolio process 7;(-) such that X*¢™(T) = 0 and (c3,71) €
Aj(z1); therefore, EfOT Ui(t,c3(t)) dt < Vi(z1). This same theorem guar-
antees the existence of a portfolio process 72(-) such that with é& = 0,
we have X2 ®2(T) = X®¢7m3(T) and (é,72) € Az(x2); therefore,
EUy(X®¢™(T)) < Va(z2). We have then

T
Va(z) = E[) Ui (t,c3(t)) dt + EUp(X ™™ (1))
< Va(zr) + Va(x2).
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‘heorem 7.10: Let Assumptions 2.3 and 6.1 hold. Then
‘ Vi(z) = sup{Vi(z1) + Va(z2);21 + 22 =} Vr €R. (7.14)

If, in addition, Vi(z) < oo for all z € R and i = 1,2, then for each
€ (A3(00),00) the supremum in (7.14) is attained by x, = X, (V3(z)),
Xo(YV5(z)). In particular,

Va(z) = Vi (X1(V3(2))) + Vo (Xa(Vs(x))), Vz € (X3(00),00) (7.15)
Va(y) = Vi(y) + Va(y), Vy € (0,00). (7.16)

PROOF. For fixed x € (X3(00),0), let us consider the concave func-
on f:R — [—00,00) defined by f(x1) 2 Vi(z1) + Va(z — z1). Under the
mption that V; < oo for ¢ = 1,2, f is finite on the open interval
1 (00), z — X2(00)). Outside the closure of this interval, f takes the value
. Now, f'(z1) = Vi(z1) — Yo(z — 21) for Xi(00) < 71 < 7 — Xa(00),
d f’ is continuous and strictly decreasing on this interval, with

f' (X1(00)+) =11 — Va(a — &1(00)),
f' (& — X3(00)) =) = V1(z — Xz(00)) — 12,
e r1 and 7y are given by (7.3). There are three possibilities:

f' (X1 (00)+) <0,
fl (X1(00)+) > Os fl ((1‘ - Xz(OO))—) < 07
f' ((z — Xy(00))—) 2 0.

case (ii), the maximum in (7.14) is attained by the unique value z; €
00), & — X(00)) where f'(z1) =0, i.e., V1(x1) = Vao(x — x1). We check
1 = X1 (Y3(x)) solves this equation, to wit,

V1 (X1 (V3(2))) = Vs(x)
=Yz (X2(Ys(2)))
= V2 (X3(Y3(2)) — X1 (Vs()))
=2 (z — X1(Vs(2))) -

case (i), the supremum in (7.14) is attained by z; = X;(oc0). In this
we have r; < Vs(z — Xy (00)), or equivalently, Xo(r) > = — X (00).
implies A3(r;) = Xi(r1) + Xa(r1) = Xi(00) + Xa(r1) > z, so that
Vs(z) and Xi(00) = Xi(r1) > Xy (Vs(x)) > Xi(c0) because X; is
nC) a.a-sing. Thus & (c0) = &1 (Ys(z)), as claimed.

(iii) is dispatched by interchanging the subscripts 1 and 2 in the
ment for case (i).

, have shown that the supremum in (7.14) is attained by z; =
3(2)), 22 = z — X1 ()3(2) = B(Vs(x) — X (Ms(x) = Xa(Vs(2));
-15) holds. Equation (7.16) follows immediately from (6.24), (7.9),
=) and the definitions of G; and X; for i = 1,2, 3. O
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e

Example 7.11: Let

log(c—¢), t<c< oo,
U1(C)={_Oo’ —0 < c<E,

as in Example 7.5 (subsistence consumption), and let

log(z — @), =<z <00,
Us(z) = {—oo, —00 < £ < T,

as in Example 7.9 (portfolio insurance). Then
X3(y) = X1(y) + Xa(y) =ch + Tha + (T + 1) /y,

so Vs(z) = (T + 1)/(z — chy — Thy) and

Tx +chy — TThe

It follows from Theorem 7.10 that
Va(z) = Vi (X1 (V3(2))) + Va (X2(V3(2)))
_ = T
= (T +1)log (w) - E/ log Ho(t) dt — Elog Ho(T).
0

z —¢hy + TThe

, Xo(Vs(x)) = T+1

T+1

When ¢ = T = 0, we recover the formula for V3 obtained in Example 6.6.

3.8 Deterministic Coefficients

In this section we specialize the results of Section 3.6 to the case of A(-) = 19
and continuous, deterministic functions r(-): [0,T] — R,' 6(-): 10, T].—> R
and o(-):[0,7] — L(RN;RY), the set of N x N matrices. In this case,
stock prices and the money-market price become Markov processes. We
will focus on obtaining an explicit formula for the optimal portfohc') m3(-)
of Theorem 6.3, whose existence was established there but for which no
useful representation apart from (6.11) was provided. We sl%all show that
the value function for Problem 5.4 is a solution to the nonlinear, §econd-
order parabolic Hamilton—Jacobi-Bellman partial differential equz.at'lon one
would expect (Theorem 8.11), and that subject to a growth condition, th.e
dual value function is the unique solution of a linear second-order para})OIIC
partial differential equation (Theorem 8.12). Several examples are provxided-1
We shall represent both the optimal portfolio 73(-) and also the opt:lmfllt1
consumption rate process c3(-) in “feedback form” on the level of wealt

X3(+) of (6.10), i.e.,
C3(t) = C(t’ X3(t))1 773(t) = H(t’ X3(t))’ 0 S t S Ta (81)

for suitable functions C: [0, 7] x (0,00) — [0,00) and II[O, T] x (0,00) ';’1
RN (cf. Theorem 8.8), which do not depend on the initial wealth. Suc
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representation shows that in the case of deterministic coefficients, the
- current level of wealth is a sufficient statistic for the utility maximization
oblem 5.4: an investor who computes his optimal strategy at time ¢ on
- the basis of his current wealth only can do just as well as an investor
- who keeps track of the whole past and present information F (t) about the
“’E;_: ket! Similar results hold for Problems 5.2 and 5.3; the interested reader
- will find their derivation to be straightforward.

Throughout this section, the following two assumptions will be in force.
hese are not the weakest assumptions that support the subsequent anal-
is, but they will permit us to proceed with a minimum of technical fuss.

‘For more general results, the reader is referred to Ocone and Karatzas
991), Section 6.

umption 8.1: We have A(-) = 0, and the processes r(-), 6(-), and
are nonrandom, continuous (and hence bounded) functions on [0,T),

7r(-) and ||6(-)|| are in fact Holder continuous, i.e., for some K > 0 and
(0,1) we have

Ir(t) = r(t2)| < K|t = talf,  |[16(t2) = 0(2a)l| < Kt1 — tal?

all ty,ty € [0,T). Furthermore, ||0(-)| is bounded away from zero. In
icular, there are positive constants k1, ko such that

0<r <|B(t)]| < k2 <00, Vtel0,T)

ost surely.

ecause of Novikov’s condition (e.g., Karatzas and Shreve (1991) Section
), Assumption 8.1 guarantees that the local martingale Zy(-) of (2.5)
in fact a martingale. This permits the construction of the martingale

sure Py of (1.5.3) under which the process Wy () is a Brownian motion.
have not needed this probability measure in previous sections, but we
make use of it in this section.

umption 8.2: The agent’s preference structure (Uy,Us) satisfies
) (polynomial growth of Iy and I) there is a constant v > 0 such that

Lty) <v+y™" V(ty) €[0,T] x (0,00),
L(y) <v+y™" Vye(0,00);

) (polynomial growth of U; o I; and Uy o I,) there is a constant vy > 0
such that

Uit Ii(t,y) > —y — 9" V(t,y) € [0,T] x (0,00),
Us(I2(y)) > —v — 4" Vy € (0, 00);

1) (Holder continuity of I;) for each yo € (0, 00), there exist constants
€(y0) > 0, K(yo) > 0, and p(yo) € (0,1) such that
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|I1(t,y) — Li(t, yo)| < K(yo)ly — yo|?¥0) vt € [0,T], éexpression (6.10) for the optimal wealth as follows:
Vy € (0,00) N (yo — €(¥0), Yo + €(y0)); ' . .
A s ; : X0 =znf / Zo(s)e” JCreoduy (8,2Y OV (s))d
(iv) either for each t € [0, T}, I{(t,y) = 5;11(t,y) is defined and strictly Zo(t) A 14 4
negative for all y in a set of positive Lebesque measure, or else I5(y) .
is defined and strictly negative for all y in a set of positive Lebesgue + Zo(T)e™ f: r(u)du & (zY(O’l) )l F)
measure.
Remark 8.3: Because I;(t,-) and I, are nonincreasing, Assumption = E, / g - [ rwdu Li(s, YO (5)) d
8.2(i), (ii) and Remark 5.6(ii) imply the existence of a constant v > 0 ¢ P e
such that jT
T t r(u)du (017')
Uit Lt y)| < v+y" +y™7 V(ty) €[0,T] x (0,00), " oo S f(t)}
< Y - g
|U2(I2(y))| <y+y'+y Vy € (0,00) — X(t, Y(O,z) (t)), 0<t< T (83)

Furthermore, for each yo € (0,00) and €(yo), K(yo), and p(yo) as in As-
sumption 8.2(iii), the mean value theorem implies for all y € (0,00) N (yo —

€(y0), Yo + €(y0)) that

|UL(t, (¢, y)) — Ur(t, I (t, 90))| < Ui (t,¢(t) (2, y) — T1(t, yo)
< MK (yo)ly — yol?™),

e z = Y3(z), Ep denotes expectation with respect to the martingale
sure Py, and &[0, 7] x (0,00) — (0, 00) is given by

A £ N
X(t,y) 2 Eq / e J T (5 yy e (5)) ds

t

where ((t) takes values between I1(¢,y) and I;(t,0) and M is a bound on
the continuous function U] (¢, I1(¢,n)) as (t,n) ranges over the set [0,7] x
[(0,00) N (yo — €(yo), Yo + €(¥0))]. In other words, U; o I enjoys the same
kind of Holder continuity posited in Assumption 8.2(iii) for I;.

L LT r(u)duI2 (yy(t,l)(T))J . (8.4)

he Markov_ property for Y¢¥)(.) under P implies that

We introduce the process

YO (s) & yexp {- /t gAY /t " (w) AW (1) — % /t ) ||0(u)||2du}
= yexp {—-— /ts r(u) du — /ts 6 (u) dWo(u)

B 74
R - [/t YD (8)I (s, YOV (5)) ds + Y ) (T) L (v ¥ (1)

ol

'~ function of Y*¥)(t) =y, i.e., is deterministic. Therefore,

3 T _r
. X(ty) =Eo {Eo [ / 5=l e (5, Y9 (s5)) ds

fuﬁ}
Zy(T)

T s

Y

1 T
- ZE {ZO(T)E [/t Y ) (8) 11 (s, Y0¥ (5)) ds

w3 [Io@iPaf, e<s<r 5.2
t

_‘l;T r(u)du (t,w)
for any given (t,y) € [0,T] x (0,00). The process Y®¥)(.) is a diffusion te L(Y'™¥(T))
~ with linear dynamics:

dY ) (s) = YY) (5)[—r(s) ds — 6/ (s) dW (s)]
— y(tw) (8)[=r(s) ds + ||0(s)||2 ds — 6'(s) dWp(s)],
Y9 (t) = y, and YEW(s) = yY D (s) = yHy(s)/Ho(t), where Ho(s)
is given by (2.6). With these properties in mind, and using the Markov

property for Y (#¥)(.) under the martingale measure P, as well as “Bayes’s
rule” of Lemma 3.5.3 in Karatzas and Shreve (1991), we may rewrite the

oo e
SRR L T s

T
+ e—L T(“)d"ZO(T)Ig(Y(t'y) (T))
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)

T
= -ZI;E [ / Y& (5)I (s, YY) (s)) ds
t

+ YO (D) (Y C9(T))

+ YD) (D)LY S(T)) |, (8.5)

and X(-,-) is an extension of the function X3(-) = X(0,-) defined by (6.1).
We should properly write X3(t,y) rather than X(t,y), to indicate that this
function is associated with Problem 5.4. However, we do not carry out an
analysis for Problems 5.2 and 5.3 under the assumption of deterministic
coefficients, and hence permit ourselves the convenience of suppressing the
subscript.

Lemma 8.4: Under Assumptions 8.1, 8.2, the function X defined by (8.4)
is of class C([0,T] x (0,00)) NCH2([0,T) x (0,00)) and solves the Cauchy
problem :
1
Xi(t,y) + §Il9(t)||2y2f\fyy(t, y) + (16112 — r(2) yXy (t,y) — r(O)X (¢, )
=—h(t,y) on[0,T) x (0,00), (8.6)
X(T,y) = I>(y) on (0,00). (8.7)

Furthermore, for each t € [0,T), X(t,-) is strictly decreas't:ng with
X(t,0+) = oo and

7
X(t,00) 2 Jim X(t) = [ ewp (- [

+ exp (— /tT r(u)du) T

Consequently, for t € [0,T), X(t,-) has a strictly decreasing inverse

onto

function Y(t,-): (X(t,00),00) — (0,00), i.e.,

s

r(u)du) @(s) ds

(8.8)

X(t,Y(t,z)) ==z, Vze (X(t 00),00), (8.9)
and Y is of class C1'? on the set
D& {(t,x) €[0,T) xR; z> X(t,0)}. (8.10)

For t = T, we have X(T,-) = Iy(-), which is strictly decreasing on the
interval (0,US(T+)), and we have X(T,00) = T. The inverse of X(T,-) 8
Y(T,) 2 U}(+), which also satisfies (8.9). The function Y is continuous o
the set {(t,z) € [0,T] x R;z > X(t,00)}.
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PrROOF. Consider the Cauchy problem

) + 3100 Pt + (1017 = 7(0)) ot ) = (Ot )
' = —Ii(t,e"), 0<t<T, neR, (8.11)
w(T,n) = L(e"), neR. (8.12)

classical theory of partial differential equations (e.g., Friedman (1964),
ion 1.7) implies that there is a function u of class C([0,7] x R) N
2([0,T) x R) satisfying (8.11), (8.12). Furthermore, for each € > 0, there
s a constant C(€) such that

lu(t,m)| < Ce)e™, (8.13)

- We fix (t,y) € [0,T) x (0,00) and use Itd’s rule in conjunction with (8.2)
(8.11) to compute

Vn e R.

b s

i d [e_ J: r(Wduy (s log Y1) (s))]

. = e Ay (o v ) (5)) ds (8.14)
~k rlwduy, (s,log Y ¥ (5))8 () dWo(s).

each positive integer n, we define

Tn & (T = 1> A inf {s € [t,T); 'logY(t’y)(s)‘ > n}a

n
) that maxo<s<r, |Uy(s,log Y #¥)(s))| is bounded, uniformly in w € Q.
ating (8.14) and taking expectations, we obtain

u(t,logy) = Eo /trn exp (— /ts r(u)du) Li(s,Y®¥)(s)) ds

Tn 1
+ Epexp (_ / r(u)du) u(Tn, log yitu (Tn))-
t

‘monotone convergence theorem implies
T e
u(t,logy) = Eo / e T (6, y 9 (o) ds
t

+ lim Ege” k" Wty (1, log Y 0¥ (7).

n—oo

(8.15)

™ T
n & 7 Ty (1, 10g YO (7)) = e S TR vt (T) (8.16)
most surely, and we wish to prove that

! n T
.‘T""" r(”)d"u(rn,logY("y)(Tn)) — Eoe—ft r(u)dub(y(t,y)(T)).
(8.17)
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To obtain (8.17) from (8.16), we need a dominating function. We can use
(8.2) and (8.13) to write

e | r{u)ds,, (Tn, log Y (%) (Tn)) l

<1+ / Py{B. > b} d(e")
0

<142 /0o F(b)d(e?)
0

; b? - €b
< C(e)eftT Ir(u)ldu e(log Y ¥ (14))? <142 bli»nolo F(b)e®™ + /(; f(b)e db,

T d T 1
< 0@l T exp e |1ogyl + [ |=r(w) + 0@
t

I}
‘ Equation (8.17) will follow from the dominated convergence theorem, once

we show that

2
Ey [exp {e sup }] < 00. (8.18)
‘ t<s<T

‘ We may extend 6(-) beyond [0, T] by setting 6(t) = H(T) for t > T, and
we can set

| M(s) 2 /tt+80'(u)dWo(u), £50.

‘ ‘We have

/t O (w) dWo(u)

+ sup
t<s<T

X(t,y) = u(t,logy), V(t,y)€[0,T] x (0,00). (8.19)

follows immediately that X is of class C([0,T] x (0,00)) N CH2([0,T) x
,00)) and satisfies (8.6) and (8.7).

e next use Assumption 8.2(iv) to show that X, (t,y) < 0. For specificity,
us assume that I’ (y) is defined and strictly negative for all y in a set
C (0,00) having positive Lebesgue measure. Because I;(t,-) and I, are
nonincreasing, we have for ¢ € [0,7), y > 0, and h > 0 that

F[X(y) ~ Xty + B)

> ¢ LT B L (Y (1) ~ B((y + WY SO (T)))

/ts 0 (u) dWo(u)

er Py, the random variable ftTH'(u) dWo(u) = B((M)(T - t))
ormally distributed, Wlth mean zero and standard deviation p A

t+s
= s u 525 S
(M)(s) = /t 6(u)||* du < K3s, Vs € [0,00), I(M)(T_t) Setting m 2 [T (=r(u) + [|0(u)|2/2) du, we have

and (M)(-) is strictly increasing. Under Py, B(7) 2 M({(M)~1(1)), 0 <

\
|
Eo—[I(yY ) (T)) — L (1)
‘ T < 00, is a standard Brownian motion (e.g., Karatzas and Shreve (1991), Oh[ 2(y (1)) = 2((y + WY (T))]
;\
|

1 1 )
> \/_2—’"_ /};I E [IZ (yem—pw) - I ((y+ h)em—pw)] eV /2 dus.

etting h | 0 and using Fatou’s lemma, we obtain

Theorem 3.4.6). Moreover, with 7 £ k3(T — t), we have

| B.2 s [B()|> sup [M(s)|= sup ‘ [ e am).
t<s<T |Jt

M 0<7<7T <s<T-t

We show that for € > 0 sufﬁciently small,

=, (t,y) = ———/ M PR (ye™Fe) e~ *12 dw > 0.
\\ Bpe ™ < co. om the impli i

: plicit function theorem we have the existence of the function
at satisfies (8.9) for all ¢ € [0, 77, is of class C*? on D, and is contin-
on {(t,z) € [0,T] x R;z > X(t,00)}. Relation (8.8) follows from the
nitions of I;(t,-) and I in Section 3.5 and the dominated convergence
m. O

Let By = supy<,<zB(7) and B_ = supy<,<7(—B(7)), so that By =
max{B,, B_}. The density for both B, and B_ is (e.g., Karatzas and
\‘ Shreve (1991), Remark 2.8.3)

2

L) _ 4 b7
‘ f(b) db = Po{ B+ € db} \/27r_?e db, b5>0. ark 8.5: From (8.14) and (8.19), we have

We define F(b) = fb f(x) dz, and write = 'f‘(u)duX(s, y(©0v) (s))) - I T(")d“[—Il(s,Y(O’y)(s))

o0
\ ep2 F¥ eb?
| Eoe™ = /0 e” dPo{B. > b} — YO (5) X, (5, YOV ()8 (5) dWo(s)],
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which leads to the following useful integral formula for 0 < ¢ < T, y > 0:

t t .
e~ Jo T (4 YO (1)) 4 / e Jo Ty (5 Y O (5)) ds
0

— X(0,y) — /0 e Sl Ty 0) (5) 2, (5, YO (5))8 (5) dWo(s). (8.20)

Remark 8.6: The proof of Lemma 8.4 also shows that X is the unique
C([0,T) x (0,00)) N C*2([0,T) x (0,00)) solution to the Cauchy problem
(8.6), (8.7) among those functions f satisfying the growth condition

Ve > 0, 3C(e) such that |f(t,y)| < C(e)e‘(bgy)z, Y(t,y) € [0,T] x (0, 00).

(8.21)

Indeed, if f is a solution to (8.6), (8.7) satisfying (8.21), then u(t,n) a
f(t,e") is a solution to (8.11), (8.12) satisfying the growth conditon (8.13)
for every € > 0. From (8.19) we see that f agrees with X.

Remark 8.7: We noted in Remark 5.7 that if an agent’s initial wealth
X3(0) lies below X(0,00), then every consumption/portfolio process pair
results in an expected utility of —oo. If X3(0) = X'(0, 00), then one should
take c3(t) = ¢(t), 0 < t < T, choose m3(+) such that X3(T) = 7, and this
results in expected utility fOT Ui (t,e(t)) dt + Uz (T), which is either finite or
—o00. Under Assumption 8.1, the portfolio 73(-) that produces this result
is m3 = 0. Indeed, with this choice of c3(-) and m3(-), the wealth equation
(3.1) becomes

t t s
XX(O,OO)yC3.7|’3 (t) — efo '(")dux(o’ OO) _ / e_j; r(“)d“E(s) ds
0
= X(t,00),

where we have used (8.8). We have then the feedback form (8.1) for optimal
consumption and investment when wealth at time t is X(t, 00):

C(t, X(t,0)) =¢(t), I(t,X(t,00)) =0, 0<t<T. (8.22)

We now derive the feedback form for optimal consumption and
investment when wealth at time ¢ exceeds X (¢, 00).

Theorem 8.8: Under the Assumptions 8.1 and 8.2, the feedback form
(8.1) for the optimal consumption/portfolio process pair (c3,m3) for
Problem 5.4 is given by

C(t,z) & L(t,V(t,2)),
I(t,z) 2 —(o'(t)'6(t)

for0 <t <T and xz € (X(t,00),00).

(8.23)

Y(t,2) (8.24)

Vu(t,z)’
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‘- PROOF. We have from (8.3) that when the initial wealth z at time 0

ceeds X'(0,00), then the optimal wealth X3(t) at time ¢t € [0,7] is
x ,;'(t y (©Y3(2))(¢)). In other words,

YOV (1) = Y(t, Xs(t)),
"P{ " d (6.5) becomes
k. es(t) = Li(t, Y(0,2)Y OV (8)) = I, (¢, V(t, X3(t))),

hich establishes (8.23). With y = Y(0,z) and using (8.3), we may write
.20) as

£ V(s, X3(s))
So(s)

;3((5)) ds=z— Xy (5, Y(s, X3(s))) 0 (s) dWo(s).
o D08 0 (8.25)

from (8.9), we have X y(6,V(t,x) =1/V,(t, ) for all z > X(t, 00), and
parison of (8.25) with the wealth equation (3.1) shows that the optimal
portfolio satisfies

, N V(t, X3(t))
m3(t)o(t) = le(tﬁ

ifying (8.24). o

mark 8.9 (Merton’s mutual fund theorem): Formula (8.24) for the
imal portfolio shows that under the assumptions of Theorem 8.8, the
t should always invest in stocks according to the proportions

(' (£)710(t) = (o)’ (1)) " [b(t) + 8(¢) — r(1)1],

pendently of the utility functions Uy, Us. This permits the formation of
L mutual fund so that independently of his wealth and preference structure,
agent is indifferent whether he invests in the assets individually or
ts only in the mutual fund and the money market. For example, we
form a mutual fund by imagining an agent who begins with initial
th 1 and seeks to maximize Elog X»(T). The behavior of this agent
escribed in Example 7.9 with T = 0; the optimal wealth is X5(t) =
Ho(t), and the optimal portfolio is m2(t) = (o”(t))~'6(t)/Ho(t). (We

Ow in Section 10 that as 7' — oo, this agent is maximizing the g‘rowth
of wealth.) We think of X,(t) as the price per share of a mutual fund
at holds a portfolio my(t) in the N stocks and (1/Ho(t)) — 74(t)1 in the
or ey market. In particular, each dollar invested in the mutual fund results
L the vector (0’(t))~16(t) of dollar investments in the stocks. The essence
' Theorem 8.8 is that any other agent solving Problem 5.4 is satisfied
wve the only investment opportunities be the money market and this
al fund. At time ¢ and with wealth level x, this other agent invests
1) /Yz(t, ) dollars in the mutual fund. This amount depends on the
's wealth z and preference structure (Uy,U,), but the mutual fund
does not.

—6'(t)
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Finally, we develop the Hamilton-Jacobi-Bellman (HJB) equation asso-
ciated with Problem 5.4. To do that, we must extend the value function
V3 of (5.8) to include the time variable. Given (t,2) € [0,T] x R, and
given a consumption/portfolio process pair (¢c(-),m(-)), the wealth process
Xt®em(.) corresponding to (c,7) with initial condition (t,z) is given by
(cf. (3.1))

e—f' r(u)duXt,z,c,'lr(s) =z _/ e‘f, T(v)dvc(u)du
t

+ / g TR (w)o (u) dWo(u),

t<s<T. (8.26)

We say that (c,m) is admissible at (t,z) and write (c,m) € A(t,z) if
X557 (s) > 0 almost surely for all s € [t, T]. We set
, T
Ag(t,z) & {(c, 1) € Alt,z); E / min[0, Uy (s, e(s))] ds
t

+ E (min [0, Uz (X**™(T))]) > —oo}

and define

1>

T
V(t,z) sup E [/t Ui(s,c(s))ds + Uy (Xt""'c"'(T))J . (8.27)

(e,m)EA3(t,x)

Because we do not consider the time-dependent variations of Problems 5.2
and 5.3, we allow ourselves the convenience of writing V (t,z) rather than
V3(t,z) in (8.27).

By analogy with (6.14), we introduce the function

T
Gty 2 E [ /t U (s, Li(s, yY(t’l)(s))) ds + U, (Iz(yYW)(T)))J ,
(t,y) €[0,T] x (0,00),  (8.28)

so that G(0,-) = G3(-) of (6.14). Under Assumptions 8.1 and 8.2, we have
(cf. (6.21))

G(t,Y(t,x)), if z > X(t, 0),
V(t,z)= { ftT Ui(s,e(s)) ds + Ux(T), if 2= X(t,00), (8.29)
—00, if z' < X(t, 00).
Of course,
V(T,z) = Uy(z), VzeR. (8.30)
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In particular, V(¢,z) < oo for all (¢,z) € [0,7] x R. Moreover (cf. (6.27)),

T
lim V()= / U(s,2(s)) ds + Ua(@), Vte[0,T].  (8.31)
, z|X(t,00) t

iemma 8.10: Under Assumptions 8.1 and 8.2, the function G defined
by (8.28) is of class C([0,T] x (0,00)) N C*2([0,T) x (0,00)), and among
ch functions that also satisfy the growth condition (8.21), G is the unique
solution to the Cauchy problem

| Gult) + 51001 Con(0) — TGy 1,0) (8.32)
» = —U1(t, Il(tay)) on [O’T) x (0’00)’
G(T,y) = Uz(I2(y))  on (0,00). (8.33)
ermore,
G(t,y) — G(t,z) = yX(t,y) — 2X(t, 2)

—/yX(t,A)dA, 0<2z<y< oo, (8.34)

Gy (t’ y) = yXy (t7 y),
Gyy(t,y) = Xy(t,y) + yXyy(t,y), 0 <t <T, y>0. (8.35)

OOF. The proof of (8.32) and (8.33) is like the proof of (8.6) and (8.7),
ept that now we use Remark 8.3 and take u: [0,7] x R — R to be the
, T x (0,00)) N CH2([0,T) x (0,00)) solution of the Cauchy problem

) + 3100 Py tr) = (10 + OO ) (630

= —Ui(t, I (t,€e")),
’LL(T, 77) B U2(tv I2(t7 eTI))’ neR.

6's rule, (8.2), and (8.36) imply that (cf. (8.14))

du(s,log Y “¥)(s)) = Uy (s, I, (s, Y #¥)(s))) ds
—uy(s,log YY) (5))0' (s) dW (s),

0<t<T, neR,
(8.37)

(cf. (8.15), (8.17))

e, logy) = E / ' Ui (s, (s, Y t¥) (5))) ds + EU,(Io(Y “¥)(T)))
‘ = G(t,y).

equently, G solves the Cauchy problem (8.32), (8.33).

uation (8.34) is just (6.32) with initial time ¢ rather than initial time
Equation (8.35) follows from differentiation of (8.34). Uniqueness

OWS as in Remark 8.6. u
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Theorem 8.11 (Hamilton-Jacobi-Bellman equation): Under Assump-
tions 8.1 and 8.2, the wvalue function V(t,x) of (8.29), (8.30) is of
class C1* on the set D of (8.10), continuous on the set {(t,x) €
[0,T] x (0,00);z > X(t,00)}, and satisfies the boundary conditions (8.30),
(8.31) (where V(t, X(t,00)+) may be —oc). Furthermore, V satisfies the
Hamilton-Jacobi-Bellman equation of dynamic programming:

11
WhE) % o [—ua'(t)wn%a,x)
0<c<oo 2
TERN

+ (r(t)z — c+ 7o (t)(t)) Ve (t, z) + Ui (t, c)] =0 onD. (8.38)

In particular, the value function V3(-) of (5.8) is V(0,-), and the maz-
imization in (8.38) is achieved by the pair (C(t,z),II(t,z)) of (8.23),
(8.24).
Proor. Differentiating (8.9) and (8.29) and using the formula (8.35), we
obtain for (t,z) € D,
Ai(t, V(t,x)) + Xy (¢, V(t, ) Ve(t, z) =0,
Xy(t, V(t, ) Vu(t, ) = 1,
Vi(t,z) = G(t, Y(t, x))
+ Gy(t, Y(t, z)) Ve (t, z),
Vel 2) = Y(t.2),
Vaz(t,2) = Yu(t; x)-

Using these formulas, we can rewrite the left-hand side of (8.38) as

Gi(t, Y(t,z)) + Gy(t, V(t, ) Nh(t, ) + r(t)z)(t, z)
4 Og}:ixoo [y (t,c) — cY(t, )]

+ may Bllv’(t)wnzl’z(t, 2) + 7oV, x)] (8.39)

Both expressions to be maximized are strictly concave. Setting their deriva-
tives equal to zero, we verify that (8.23) and (8.24) provide the maximizing
values of ¢ and , respectively. Substitution of these values converts the
expression of (8.39) into

Gi(t,Y(t,z)) + Gy(t, Y(t, ) Ve(t, x) + r(t)zY(t, x)
+ Ui (8 L( V() = V(o) Lt V(t, z))
1 2 V(¢ )
Gl
Setting y = Y(t,z), so that x = X(t,y), we can use (8.35) and (8.32) to
write this in the simpler form
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Gt (t! y) - th (t’ y) + T(t)yX(t, y) + Uy (t’ L (t’ y))
~ yhi(tv) ~ 5100 P22, y)
=~ 10Oy (t,9) + r(BWG (1, 9) ~ vlt,9)
Oy ()~ yhi(y) — 5 100) P, (1Y)

==y [Xt(t, y)+ %Ilf’(t)il?yz/\fyy(t, y) + (16 = r()yXy (¢, )

—rX(t,y) + Li(t, y)] .

ording to Lemma 8.4, this last expression is zero. =

~ Theorem 8.11 provides only a necessary condition for the value function
it is not claimed that V is the only function that is of class C*? on
and satisfies (8.38) with boundary conditions (8.30), (8.31). In order to
ke such a uniqueness assertion, one would have also to impose some
wth condition as x approaches co. Instead of pursuing this approach, it
ier to derive a necessary and sufficient condition for the conver dual

V, defined by the formula

V(t,y) 2 sup{V(t,z) —zy}, yeR.
z€ER

[n contrast to the nonlinear partial differential equation (8.38), which gov-
the value function V, the dual value function V satisfies the linear
al differential equation (8.44) below. The function V can be recovered

V by the Legendre transform inversion formula (cf. (4.13))
V(t,x) = inf {V(t,y) + 2y}, z€R.
yER

heorem 8.12 (Convex dual of V(t,-)): Let Assumptions 8.1 and 8.2
ld. Then, for each t € [0,T], the function V(t,-) satisfies all the
nditions of Definition 4.1, and

?ﬂt, ) = inf{z € R; V(t, z) > —o0}, (8.40)
Va(t,z) = V(t,2), Va € (X(t,00),00), (8.41)
Vit,y) = G(t.y) — yX(t,) (8.42)

T ~ o~
=E [/ Ur(s,yY D (s))ds + Ua(yY @D(T)) |, Yy € (0,00),
t

Volt,y) = —x(t,y), Vye (0,00). (8.43)

loreover, V is of class C([0,T] x (0, 00)) NC2([0,T) x (0,00)) and solves
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. 1 - s ~
Vi(t,y) + §||9(t)||2y2Vyy(t, y) —r()yVy(t,y) = —Ui(t,y) (8.44)
1
B _on [0,T) x (0, 0), alt) 2 a fp)z [§I|0(t)||2 +r(t)(1 - p)] (8.47)
V(T,y) = U2(y), (8.45)
y € (0,00).

If v is a function satisfying (8.44), (8-45), vy is of class C([0,T] x (0,00))N
CY2([0,T) % (0,00)), and © and ,, satisfy the growth condition (8.21), then

5=V, —b,=X, G=10—1yb,. : -
i ! k(t) = ef o(e)ds [1 +/ e L atsida ds] s (8.48)
t

W= f T l— / ofu " s)ds]. (8.49)

The function #: [0, 7] x (0, 00) — R defined by (8.46)—(8.49) satisfies (8.44),
(8.45), and

PROOF. All the claims (8.40)—(8.43) made here for fixed t € [0,T) are
contained in Theorem 6.11, taking T in that theorem to be T — t here.
When t = T, (8.40)—(8.43) and (8.45) follow directly from the definitions.

Equation (8.42), Lemma 8.4, and Lemma 8.10 show that V has the
claimed degree of smoothness. Equations (8.42), (8.32), (8.6), and (4.11)
yield (8.44).

If ¥ has the properties stated, then differentiation of (8.44) and (8.45),
using (4.12), shows that —o, satisfies (8.6), (8.7). According to Remark
8.6, —,, = X. Furthermore, v — y®, solves (8.32), (8.33), and from Lemma
8.10 we see that G = ¥ — yo,. From (8.42) we now have V=4 mi

{ Oy (ty) = —k(t)y"/ "D — (1)
is of class C([0,T] x (0,00)) N C*2([0,T) x (0,00)). Furthermore, both @
¥, satisfy the growth condition (8.21). According to Theorem 8.12, v

The following examples illustrate the use of Theorem 8.12 to compute ees with V|

the value function and the optimal consumption and portfolio processes in

feedback form. (t,y) = k(@t)y"/ PV +£(t), G(t,y) = %k(t)y”/(”“l), 0<t<Ty>0,

g

Example 8.13: Fix p € (—o0,1) \ {0} and set B e quently, for 0 <t <T,

Ui(t,c) =UP(c—2(t), Us(z)=UP(z-17),
where U®) is defined by (4.4) and ¢: [0, T] — [0, 00) is continuous. Then
Lit,y) =o(t) +y*/®Y,
Ui (t,y) =

L(t,y) = f+y1/"’-‘>

X(t,00) = £(t),
p—1
Y(t,z) = (w ;(f)(t)) , Vo> ),

1 z— L)\’
V(t,z) = ;k(t) ( o) ) , Vo > (1),

nd the optimal consumption and portfolio in feedback form (8.23), (8.24)

pyp/(p—l) —¢(tyy, 0<t<T, y>0,

Us(y) = ) ——Pyp/0-1) _ 3y, y > 0.

We seek a solution v of (8.44), (8.45) of the form C(t,z) =¢(t) + :c_;_(f)(_t), vz > ((t),
o(t,y) = lp%pk(t)y”/ =1 — e(t)y. (8.46) (t,z) = (o' (t)~ 1e(t)"’ e( ), Ve > 6(t).

nple 8.14: Set
Us(t,c) =UO(c—72t)), Us(z)=U%(-7),

This function solves (8.44), (8.45) if and only if
K'(t) + a(t)k(t) = =1, £'(t) —r(t)l(t) = —¢(t), 0<t < T,
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where U(©) is defined by (4.5) and @: [0, 7] — [0, c0) is continuous. Then

hity) =0+,
Uy(t,y) = —logy — 1 —¢(t)y, 0<t<T,y>0,
L(y) =7+ % Ua(y) = —logy—1-7y, y>0.
We seek a solution v of (8.44), (8.45) of the form
o(t,y) = —k(t) logy — m(t) — £(t)y.

This function solves (8.44), (8.45) if and only if

k(t)=T—-t+1,

m(t) =1+ /tT [1 = (T —s+1)(r(s) + 6(s)II?/2)] ds,

and £(-) is given by (8.49). Again, we see that © and
k(t)
v
satisfy the growth condition (8.21), so Theorem 8.12 implies that © agrees
with V' and

by(t,y) = ——— — (1)

x(ew) =1 a0, Gt) = k@)1 - ogy) - m(t),
Consequently, for 0 <t < T,
X(t,00) = £(t),
Vi) = ;o Va > H),
V(t,z) = k(t) log (”” ;(f)(t)> k() —m() Ve > 1),
C(t,z) = &(t) + < ;(f)(t) Ve > £(t),

(t,z) = (o' (t)710(t)(z — £(t)) Yz > £(t).

Remark 8.15: If we take r, §, and ¢ to be constant in Examples 8.13,
8.14, we have '

%I‘I(t, x) = —(0’) 7100 (t) = (o) 10(—rL(t) + (t)).

It can easily happen that some or all of the components of %H(t, x) are
positive, a somewhat counterintuitive situation. In particular, suppose that
there is only one stock and o and # have the same sign (as they will when-
ever the mean rate of return on the stock exceeds the interest rate). Then
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£I1(t,z) has the same sign as —r{(t) + &(t). If &T) > rT = ré(T), then

] %H(t, x) > 0 for ¢ near T'. In this case, as the terminal time approaches,

~ for a fixed level of wealth the optimal portfolio invests more heavily in the

'1,stock.

xample 8.16 (Constant coefficients): Consider the case that r(-) =

> 0,6() =6 # 0, and o(-) = o are constants, and A(-) = 0. Set
£116]1> > 0. Assume that

Uit ) = e %Muy (), Us(z) = e *Tug(z), 0<t<T, x>0, (850)

where @ > 0 and u;:(0,00) — R, u2:(0,00) — R are thrice continuously
differentiable utility functions

/ a
lim —(uk(x)) =0 for some a > 2,

(@)
e u) () -

zl0 uy(z)
ug(0) > —oo0. (8.52)

exists, (8.51)

k =1,2. Let iy denote the inverse of u}, k = 1, 2.

he functions of Theorem 8.12 can be computed explicitly, following
atzas, Lehoczky, and Shreve (1987), as follows. Denote by A, and A_
respective positive and negative roots of the quadratic equation yA2 —
a—7)A—r =0, and set V

i1(y)
y) & /0 (i ()%,

1 y1+)\+ y1+A._

s — ) [1 W T
A :,-/- . B 1 y1+/\+ yl+A_

V& L) - s [ - S )],

h(y) £ g(y) — s(y)

y) & éul (i1(y)) —

J- (y)] :

1+
y! T+

1
0% =) [w ) )
yl+A_

- ,\_(1+)\_) J_(y)] )

= 2u(a) - Lae) +

oyl | T
t, ; = — 1 o A i 5 T A
(t,z;q9) _27t[ogq+(r ﬂ:i:'y)t] t,x,q>0

t,z;q) = 4 2¢ “2(P+(t,259)) — ge ' B(p_(t,3;9)), 0<t<T,
» Ly (;1; — Q)+, =0,
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by analogy with Example 2.4.1. Then

Y (t,y) = oly) + /0 " (mia(n) — s(m)"o(T — t,my)dn,  (8.59)
—a(T—t)
G(t.0) = )+ (1a(0) - “2)

-/ " (waliam)) — 9(m))"w(T — t,my)dn,  (8.54)
0
and thus

V(t,y) = G(t,y) — yX(t,y)
u —a(T-t)
= ) + (1a(0) - 22)

+ [ @l — RO (T~ tmy)dn,  (8.55)
0

where 13 is the convex dual (Definition 4.2) of uy. See Karatzas, Lehoczky,
and Shreve (1987) for details.
Conditions (8.51), (8.52) and Assumption 8.2 are satisfied by

1
ug(z) = ;):I:”, >0,

for any p € (0,1) (p may depend on k). Although condition (8.52) is not
satisfied by ux(z) = logz, the formulas obtained above still hold and sim-
plify considerably for this case (see Remarks 4.7, 5.5 in Karatzas, Lehoczky,
and Shreve (1987)).

3.9 Consumption and Investment on an
Infinite Horizon

In this section and the next we consider a complete, standard financial
market on an infinite horizon, as set forth in Section 1.7. In particular,
on an underlying probability space (2, F, P), there is an N-dimensional
Brownian motion W = {W(¢);0 < t < oo}, and we shall use the no-
tion of restricted progressive measurability (Definition 1.7.1) relative to this
Brownian motion. .
For this market we shall be interested in Problem 9.5 below of maximiz-
ing expected utility from consumption over the infinite planning horizon.
The solution of this problem is similar to that obtained from Problem
5.2 of maximizing expected utility from consumption over a finite pli.m'
ning horizon. After developing the expected results for the market W{th
general coefficient processes, we turn our attention to the market with
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constant coefficients and utility function of the form (9.21). In this case,
~ explicit computations become possible (e.g., Theorems 9.14, 9.18, 9.21).
~ The Hamilton-Jacobi-Bellman equation takes the form of a nonlinear,
~ second-order ordinary differential equation (Theorem 9.20), and the dual

~ value function satisfies a linear, second-order ordinary differential equation
- (Theorem 9.21).

;-. Definition 9.1: A consumption process on the infinite planning horizon
- Is a nonnegative, restrictedly progressively measurable process satisfying
X JOT c(t) dt < co almost surely for every T [0, 00).

An agent with initial £ > 0 who chooses a consumption process c(-)
’wxll have a cumulative income process I'(t) L2- f(f c(u) du,0 < t < oo.
If this investor chooses a I'(-)-financed portfolio process 7(-), then his

rresponding wealth process X =™ ( -) will be governed by equation (1.7.6):

X5 () = *ou) du t—l—vr' u)o(u "
“So(t) /o So(u) +/0 Sy (7 () Wo()
0<t<oo (9.1)

Definition 9.2: Given z > 0, we say that a consumption and portfolio
process pair (¢, 7) on the infinite planning horizon is admissible at z, and
write (c,7) € A(z), if the wealth process X 67 (.) corresponding to z, ¢, 7
satisfies

X®Om() >0, 0<t<oo
almost surely. For z < 0, we set A(z) = 0.

Remark 9.3: Just as in Remark 3.3, we have for any (c, ) € A(z) that
J fj;)T Ho(u)e(u) du < z for every T € [0,00). Letting T — oo and using

i monotone convergence theorem, we obtain the infinite horizon budget
constraint

E /0 " Ho(uelu) du <5 9.2)

<eorem 9.4: Let x > 0 be given and let c(-) be a consumption process
uch that

E/Ooo Ho(u)c(u) du = z. (9.3)

then there exists a portfolio process n(-) such that (¢, ) is admissible at .

the corresponding wealth process is
‘t'

BT () = %(t)E [/too Hy(u)c(u) du

}'(t)} , 0<t<oco. (9.4)
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. Single-Agent Co

PROOF. Given T € [0, 0), define

= M (t) — /: Hy(u)e(u) du
1 {o o]
&r = _HO(T)E [/T Hy(u)c(u) du

= Ho(t)X™om (t). (9.5)

 Since both X*77(.) and X*™r(.) are continuous, we have X%or (t) =
§ gY“ @™’ (t) for all ¢ € [0,7"] almost surely. This implies

#)|.
Then

=$,

T
E [/ Hy(u)e(u) du+ Ho(T)ér
0

/ S—(WT(U) — o (w)) o (w) dWo(u) = 0, Vit € [0, 7],
0(u)

and thus mr(t) = 77 (t) for Lebesgue-almost-every ¢ € [0, T'] almost surely.
now define

and Theorem 3.5 implies the existence of a portfolio process mp =
{m7(t);0 <t < T} such that the corresponding wealth process

x,c,m c(u)du BRI P
xeern(e) = o) [a - [ L84 [* Tt ot awow)]
0<t<T

)
ﬂ-(t) é Z l[n—l,n)(t)ﬂ'n(t), 0<t< o0,

and we have

satisfies X**™7(t) > 0 almost surely for 0 <t < T and X" (T) = &7

)
X:c,cnr(t) = Z l[n—l,n) (t)Xz,c,mL (t) >0, Vte [O, OO)
According to Remark 3.3,

n=1

ost surely. For fixed ¢ > 0, choose the integer n such that n—1 < ¢t < n.

t
Mr(t) 2 Ho() X2 () + / Ho(we(w)du, 0<t<T B (9.5) Lot
0

is a nonnegative supermartingale under P, but since X®OT(t) = X (f) = Hl(t) B [ / Ho(u)e(u)du f(t)J
0 t
T "'. . .
EMp(T) = { [ / Hy(u)c(u) du| F )] + / Hy(u)c(u) du} l0st surely, which establishes (9.4). O
i) 0 a function U;: [0, 00) x R — [~00, 00) be given such that:
= Mr(0), For each t € [0,00), Uy(t,-) is a utility function in the sense of

- Definition 4.1, and the subsistence consumption
the process {M7(t);0 < ¢t < T} is in fact a martingale. Consequently, for A

0<t<T' <T < oo, we have the almost sure equalities c(t) = inf{c €ER;Ui(t,c) > —}, 0<t< o0,
~is a continuous function of t, with values in [0, 00);

(ii) U; and Ui (where prime denotes differentiation with respect to the
- second argument) are continuous on the set

Ho(t)X=5™ (t) = M (t) - / Ho(u)c(u) du

[MT (T) / Hy(u)c(u) du

f(t)] Do £ {(t,¢) € [0,00) x (0, 00); ¢ > &(t)}.

=E | Hy(T)ér +/ Ho(u)c(u) du

7o)

Ho(T")er + / Ho(u)c(u) du

-

r each ¢ € [0,00), we construct I (t,): (0, o] 29 — [¢(t), 00) satisfying
- Lemma 5.8 extends to show that I 1 is jointly continuous on [0, 00) X

an agent have an initial endowment z € R. The problem of this
n is the following.

=F

F (t)]

#()]

foblem 9.5: Find an optimal Pair (Coo, Moo) € Ao () for the problem

h

=E'[ Ho(u)e(u) du
|
|

& oo
=FE | Mp/(T") / Hy(u)e(u) du| F Veo(z) = Sup EA Ui(t,c(t))dt

(e,m)EA(z)
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of maximizing expected total utility from consumption over [0, c0), where
Aoo() 2 {(c, ) € A(z); E/ min|0, Uy (¢, ¢(t))] dt > —oo}.
0

We recall that A(z) = 0 for z < 0 and that the supremum over the
empty set is —oo. To avoid trivialities, we impose the following condition
throughout.

Assumption 9.6: There is at least one & > 0 such that V(&) is finite.

Remark 9.7: With # as in Assumption 9.6, there must exist some
(6,7) € Ax(&) such that E [;° min[0,Uy(t,é(t))]dt > —oo, and, in
addition, E [ Uy (t,é(t)) dt < V(&) < oo. Simply stated, &(-) satisfies

E /0 UL (t, é())| dt < oo. 9.6)

Remark 9.8: It is not difficult to compute V() in the case that z <
E [° Ho(t)e(t) dt. Indeed, we have

/ E Ui(t,e(t))dt, 2=FE / i Hy(t)e(t) dt,
Vio(z) = { °° ! (9.7)

—00, T < E/oo Hy(t)e(t) dt.
0

To verify this, note that when z < E [;° Ho(t)¢(t) dt, the budget constraint
(9.2) shows that A (z) = 0, and so Voo(z) = —o0. If on the other hand
z=FE f0°° Hy(t)e(t) dt, then (9.2) shows that the only possible admissible
consumption process is ¢(-) itself. Theorem 9.4 guarantees the existence
of a portfolio 7(-) such that (¢,7) € A(z). If [;° min[0,Us(t,c(t))] dt >
—o0, then (,7) is the sole member of A (z), and hence is optimal. If
Jo 7 min[0, Uy (t,e(t))] dt = —oo, then [° Uy (t,(t)) dt is defined and equal
to —oo because ¢(-) is dominated by é(-) satisfying (9.6). Moreover, in this
case Ax(z) = 0, so Voo (z) = —o0. In either case, we have (9.7).

We now define
Xel) 2 F [ H®h(tyHo(0)dt, 0<y<oo.  (08)
0
A sufficient condition for the following assumption is given in Propostion
9.14.
Assumption 9.9: X (y) < oo, Vy € (0,00).
The following lemma is proved in the same way as Lemma 6.2.

Lemma 9.10: Under Assumption 9.9, the function X, is nomin
creasing and continuous on (0,00) and strictly decreasing on (0,Tcc):

where Xoo(0+) 2 limy o Xoo(y) = 00, Xoo(00) & limy 00 Xoo(y) =
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- Jo” Ho(t)e(t) dt, and

Feo = sup {y > 0; Xoo(y) > Xoo(00)} > 0. (9.9)

E.In particular, the function X., restricted to (0,7) has a strictly decreasing
 inverse function YVuo: (Xoo(00), 00) 23 (0,7), so that

Yoo Voo(@)) =2, V2 € (Xoo(0), 00) . (9.10)

Bl

A
. For z € (X(00),00), we define the candidate optimal consumption
- process

Coo(t) £ I (t, Voo (2) Ho(t), 0 <t < oo. (9.11)
rom (9.8), (9.10), we have
4 E/Ooo Ho(u)coo(u) du = z,

n Theorem 9.4 guarantees the existence of a candidate optimal portfolio
olicy 7oo(-) such that (¢, Too) € A(z).

Theorem 9.11: ‘Suppose that both Assumptions 9.6 and 9.9 hold, let x €
(oo (00), 00) be given, let coo(-) be given by (9.11), and let 7o be such that

it 0.5 1) " (€01 Te) € Aoo(®) and (e, ) s optimal for

Vio(z) = B / Us(t, coo (8)) dt. (9.12)
0
optimal wealth process X o (-) = X %:Coormoo (-) s

1 oo
i;‘ Xoolt) = mE [/t Ho(u)coo (u) du

nd the value function V., is given as

.’F(t)] ,0<t<oo,  (9.13)
Voo (2) = Goo (Voo (1)), Xoo(00) < T < 00, (9.14)

Go) 2 E /0 Uy (¢, L (t, yHo(1))) dt, 0 < < oo, (9.15)

The proof of the optimality of (€ooy Too) is the same as the proof
1eorem 6.3, except that now we use the process ¢(+) of Remark 9.7 in
:..*' of the constant é of the proof of Theorem 6.3. Equation (9.13) comes
:t“ (9.4). Equation (9.14) is just a restatement of (9.12). i

AS in Section 3.6, we examine the convex dual of Voo, defined by

Vooly) 2 sup{Veo () — 29}, y €R.
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Recall from Remark 9.8 and Theorem 9.11 that

G (Voo (), T > Xoo(00),
Voo () = { I Uty e(t) dt, = = Xoo(00), (9.16)
—00, T < Aoo(00).

The proof of Theorem 6.11 is easily adapted to prove the following result.

Theorem 9.12: Let Assumptions 9.6 and 9.9 hold, and assume V() <
oo for all z € R. Then Vi satisfies all the conditions of Definition 4.1, and

Xoo(00) = inf{z € R; Voo (z) > —00}, (9.17)
Vi () = Vool(z), VI € (Xoo(00),00), (9.18)
Voo (y) = Goo(y) — 4¥oo () (9.19)

= E/oo U (t,yHo(t)) dt, Wy € (0,00),
0
Vi (y) = —X(y), Vy € (0,00). (9-20)

For the remainder of this section, we impose the following condition.

Assumption 9.13: The processes 7(-) = r and 6(-) = 0 are constants,.
1
r>0, v 4 §||6’|[2 >0,
the process A(-) is identically zero, and the function Uy is of the form
Ui(t,c) = e PU(c), te€[0,00), cER, (9.21)

where U is a utility function (Definition 4.1) and [ is a positive discount
factor.

Under Assumption 9.13, we have
Lt,y) =1 (’ty), te(0,00), 0<y< o0, (9.22)
where I is related to U by (4.6), (4.7). We set (cf. (4.2))
c2 inf{c € R;U(c) = —o0}.
Because r > 0, 8 > 0, and v > 0, the quadratic equation
¥0* = (r=B+7)p—B=0 (923)

has two roots, one negative and the other greater than 1. We denote the
negative root of (9.23) by p; and the positive root by ps. More specifically;

p2 o =B+ (VI B 0A], =12 (020

Theorem 9.14: Let Assumption 9.13 hold. Then the condition

/ P I(r)dn < 00 (9.25)
0

;
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i equivalent to Assumption 9.9. Under this condition,

y

L %) = s 7 [Tt myan et [T e
1 P P . n)dn+y n~*1(n)dn|,

0<y< oo,
(9.26)

is finite, twice continuously differentiable, satisfies X’
’ 3 s X
,00), and fi oY) <0 forall y €

B 1 5
1 S0PV X w) + (161° — 7 + B) yXi(v) — re(y) = —I(y),

0<y<oo. (9.27)
ROOF. Under Assumption 9.13, equation (9.8) becomes

Xoo(y) = E /0 " exp{—(r + )t — W (8))
I (yexp{—(r — B+ )t - 0W(t)}) dt

T g S M

-I (yexp {—(r —B+y)t— w\/ﬁ}) dt dw.

: g.t > 0 fixed, we can make the change of variable z = (r — 3 +Y)t+
by 7t in the outer integral and then use the Laplace transform formula

m -
L asanpt gy _ €Y

o Vnt N/

,"*\’oo (y) = /_ : % exp { 2(7‘—7—7)} I(ye™?)
b 00/0 \/Lw_texp{—:—;—(r_ﬁ+4:)2+47ﬂt} dtdz
1
: /-oo Y/ e
e { o [etr - - AT}

1 o0 (p1—1)
= p1—1)z —z
Torag L, e o

0
+/ e(pz—l)zI (ye—z) dzJ.

—00

a>0,p>0, (9.28)

d::ﬂge of variable n = ye~* leads to equation (9.26). The integral
.17 I(n) dn converges because I is nonnegative and nonincreasing and

;‘- 1. The equivalence of (9.25) and Assumption 9.9 is now apparent.
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From (9.26) it is clear that X is twice continuously differentiable. Direct
computation verifies (9.27). To show that X’ (y) < 0, we use integration
by parts for Riemann—Stieltjes integrals to compute

1 i Y -
Xoly) = —— [(m — 1 P1-2/ “PI(n)d
(¥) Py po— _(pl )y o () dn
o0
+(p2 — 1)yP* 2 / n~P2I(n) dn]
y
1 i Y
= P1=2 liminf (n—P 1T + P1—2/ -pitlgr
v n i (n () +y [ (n)

o0
+y2 2 / n~rttdl (n)] :
Y

But (9.25) implies liminf, o (" **I(n)) = 0, and both the above
Riemann—Stieltjes integrals are strictly negative because I is strictly
decreasing. a

Under Assumptions 9.9 and 9.13, X, is a bijection from (0,00) to
(0, X (00)), and so its inverse Yoo maps (0, Xoo(o0)) onto (0, 00). The im-
plicit function theorem implies that ), is continuously differentiable, and
in fact,

Koo (Voo (7)) Vio () = 1, Yz € (Xog(00), 00). (9.29)

Corollary 9.15: Under Assumptions 9.9 and 9.13, the feedback form for
the optimal consumption/portfolio process pair (Coo, Too) for Problem 9.5 is
given by
C(z) = I(Veo(x)), (9.30)
Yoo (37)

(z) = —(a')-levm (9.31)

for z € (Xoo(00),00).
ProoOF. We introduce the process
YW (s) £ yexp{~(r+7)s - 9'W(s)}
= yexp{—(r —7)s — 0'Wo(s)},
which satisfies

dY W) (s) = YW(s)[(2y — r) ds — 6 dWo(s)],
Y@ (s) = yY I (s) = yHy(s).

In terms of this process, we have the representation

Y ¥oo(y) = B [ / "y W) (s)1(Py W) (s)) ds|
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.fa_nd the Markov property implies that

E [ /t N YW (5)1(eP-y W) (s)) ds

f(t)] = YO (1) X (YO (1)),

‘Let x> .Xoo(oo) be given and set y = Vo (z). The optimal wealth process
- with initial condition z, given by (9.13), is (see (9.11), (9.22))

1 o0
&i B oo(t) = mE [/t Ho(s)I (ye* Hy(s)) ds f(t)]
: 1 == Bt Bt
= ¥ E [ /t Y™ (g)1 (eﬂ(s—t)y(ye )(s)) ].—(t)]
= Xoo(Y O (1))
= Xoo (ePY W (1))
= X (v Ho 1)) (9.32)
'l particular, the optimal consumption process is
Coo(t) = I (ye” Ho(t)) = I (Voo(Xo(?))), (9.33)

vhich verifies (9.30).

- From It6’s rule in conjunction with (9.27) and (9.33) applied to (9.32)
we have ’
A (€7 Xoo(1) = d(e ™ Xoo (PY W (1))

= —e "eoo(t) dt — PNV W () XL (PIY W (1)) 0 AW (1),
;i comparison with (9.1) shows that the optimal portfolio process is

Too(t) = —(0) 102 Y W) () XL (PY W) (1)),

t,eﬁtY(y)(t) = YVoo(Xoo()), and because of (9.29), X/ (efY®)(t)) =

so(Xoo(t)). This proves (9.31). O

temark 9-.16: Just as in the finite-horizon model with deterministic co-
nts, discussed in Section 3.8, Merton’s mutual fund theorem (Remark
) holds for the infinite-horizon, constant-coefficient model of Corollary

- We next compute the function G, of (9.15). The following lemma enables
18 to establish the finiteness of this function.

Mma 9.17:  Under Assumption 9.13, we have

/y n‘p’_llU(I(n))] dn < oo Vye (0,00). (9.34)
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If, in addition, Assumption 9.9 (or equivalently, relation (9.25), holds),
then

/ U m) dn < 00, ¥y € (0,00) (9.35)
0

ProoF. Fix y € (0,00). From (6.31) we have for any 7 € (0, c0) that

U(I() = VW) = wi) + nin) + [ "o (936)
Therefore,
/ T e U () dn < YU - v )

oo oo n
+/ n~P*1(n) dn+/ / n~P2 7 I(€) dE dn.
y y Jy
Fubini’s theorem implies

/y i /,, ") de diy = - /y i eI de
1

& e
P2
00,

Vi - —pP2
@) /y £ dg
<

because p; > 1. Relation (9.34) follows.
From (9.36), we also have

[ e oaean < -y P IUU) - )]
0
Y Yy Y
—pP1 —pl—lI dn,
+/0 n I(n)dn+/0 /n n (&) d€ dn
and Fubini’s theorem implies
y y_l_l =_i y—mI :
/O/nn P=11(E) de dn m/O £ I(E) de

From Assumption 9.9 in the form (9.25), we have (9.35). o

Theorem 9.18: Let Assumptions 9.9 and 9.18 hold. Then the function
G of (9.15) is given by

1 1 ¢ =p1—1
Gooly) = m [yp /0 n U(I(n))dn

v [ n"’"lU(I(n))dn], 0<y<oo, (937)
v

~ Furthermore,
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is finite, twice continuously differentiable, and satisfies

SIBIPPCL) + (8~ MGl (3) - BGat) = ~UUw), 0<y <o
(9.38)

Goo(y) - Goo(z) = Z/Xoo(y) - ZXOO(Z)

Yy
—/ Xoo(A)d), 0<z<y<oo, (9.39)

Gooy) =y (y), GL(y) = X (y) + yX"(y), y > 0. (9.40)

- PROOF. By computations similar to those in the proof of Theorem 9.14,
~ using again the Laplace transform formula (9.28), we have for 0 < y < 00,

Gooly) = B /0 " e (1 (g o 1)

[ e{-n-7]

U (I(yexp{—(r =B +y)t — w\/ﬁ)) dt dw
A SIS

Sl | 22 (r-B+7)?2+498
: ﬁ“’{*m‘ e t} dide
o0 1
= U (I(ye~*
.[.oo \/(T—,B+’)’)2+4’yﬁ ( (ye ))

-exp{% [2(r = B+7) - lzI\/(r—ﬂ+v)2+4"rﬂ]} dz
! [/000 e”*U (I(ye™?)) dz

~ (o2 —p1)
+/0 e U (1(ye™?)) dzJ ,

—00

and the change of variable 5 = ye™* gives us (9.37). Finiteness of G,
ows from Lemma 9.17, and (9.38) can be verified by direct computation.
uation (9.39) is proved in the same manner as (6.32), and from (9.39)
We obtain (9.40). O

rollary 9.19: Under Assumptions 9.9 and 9.13, the value function
Voo(2) given by (9.16) is finite for all x € (Xs(00),00). -

leorem 9.20 (Hamilton—Jacobi-Bellman equation): Let Assumptions
~9 and 9.13 hold. Then the value function Vo, is twice continuously



148 3. Single-Agent Consumption and Investment

differentiable on (X (00),00) and satisfies the Hamilton—Jacobi-Bellman
equation of dynamic programming,

—BVs(z) + max B”a'n”?Vo'é(z) + (rz — c+ n'ab) VL (z) + U(c)] =10,
0<c<oo

TERN
z > Xoo(00).
(9.41)
PRrROOF. Equations (9.16), (9.29), and (9.40) imply
Voo ®) = Yoo (@), V(@) = Vie(2), &> Xoo(00).

We may thus rewrite the left-hand side of (9.41) as
=BG (Vo (7)) + 12Voo(x) + max [U(c) — Yoo ()]
0<c<o0

+ max [1||a'7r||2y;o($) - ﬂ'aoyoo(x)} .
m€RN |2

The maximizing values of ¢ and 7 are given by (9.30) and (9.31), respec-
tively. Substituting these values into (9.41) and setting y = YV.o(x), so
z = Xx(y), we obtain

~BGoe(y) + ryXo(v) + UI(3)) ~ yT() — 2 |65 Xe ).
Using (9.38) and (9.40), we reduce this expression to
- %HﬁllzyzGé'o(y) — (B=1)yGe(y) +ryXoo(y) — yI(y) — %||0|12y2Xéo(y)
=~ IO + (101 = 4 6) 32 0) ~ k() + 10|

which is zero because of (9.27). o

Theorem 9.21: Let Assumptions 9.9 and 9.13 hold. Then

. 1 v " o0 ~
V. — px/ =P1=177(n) d + pz/ —p2-177 d],
o (¥) o [y o (mdn+y T (m) dn
0<y<00,
(9.42)

18 finite, twice continuously differentiable, and

1 ~ = < ~
101y V() + (B = r)yVie(y) = BVeo(y) = =U(y), 0<y < oo. (9.43)
PROOF. According to Theorems 9.12, 9.14, and 9.18,

Vw(y) = Goo(y) — yXoo ()
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1

-t [ym/o N~ (U () — nI(n)) dn

+yP2/y n "N (U(I(n) - nl(n)) dn} , 0 <y < oo

- Equation (9.42) follows from (4.11). Equation (9.43) can be proved by direct
- computation. a

- Example 9.22: Forp < 1, p # 0, take U(c) = UP)(c —¢), given by (4.4),
~ where € > 0 is constant. Then

I(y) =y Y +2, UI(y) = %y”/(”_”» Uy) = “=2yplo-1 _g
P

 forall y > 0. Let

Then (9.25) is equivalent to § > 0, which is certainly the case if p < 0, but
- can fail to be if 0 < p < 1. Under the assumption ¢ > 0, we have

1— _
Xoo(y) = prl/(p—l) + ;a y> 07

[ (e oo

1=
Gool(y) = 6ppy”/ =0,

y > 0.

3 he optimal consumption and portfolio processes in feedback form are

(x - E) +%, (z) = ﬁ(a')_lﬁ (z - ;) Lz

=

S iol

1—p r

‘The optimal wealth process, given by (9.32), is

X = (2 7)o {0 s towo)}+ 2 0

Remark 9.23: For 0 < p<1land U(c) = UP)(c —€), where ¢ > 0 is
Constant, condition (9.25), or equivalently, the inequality

66) £ p-rp— 77 >0,

18 not only sufficient but also necessary for the value function Vo (z) to be
f' te for z > ¢/r. We see this by varying the discount factor 3 > 0. Let us



150 3. Single-Agent Consumption and Investment

write V2 rather than V,, to indicate explicitly the dependence of the value
function on 3. Because e P*U/(c) is decreasing in 3, the value function V2

must also be decreasing in 3. For 8 > (9 £ rp+ (yp/(1 — p)), Example
9.22 shows that

2o-3(5) (Y oo

Consequently,

e
éli%}) (@) = 00, '

which implies V2 (z) = oo for all > ¢/r and 3 < 3.

Example 9.24: Take U(c) = U®(c — ©), given by (4.5), where ¢ > 0 is
constant. Then

I4)=2+e U(W)=—logy, U(s)=—logy—cy=1, y>0.

Condition (9.25) holds, and we have

Xolt) = 5o+ 50 >0,
yoo(:c)=%(:c—§)—l, :c>§,

Goo(v) —%logy+7‘-§2+7, y >0,
Volo) = 51og (2 2) + 08, 555,
Vm(y)=—llogy g+r—2ﬂ+7 y>0

The optimal consumption and portfolio processes in feedback form are

C(z) = 8 (m + g) +2, H(@)=(o")"16 (x - E) . BB

s 1ol

r

The optimal wealth process, given by (9.32), is

Xoolt) = (x I —) exp{(r— B+ N+ IW D) + 5, 20,

3.10 Maximization of the Growth Rate of Wealth

Let us consider as a special case of Problem 5.3 the maximizatior_l of
Elog (X*%7™(T)) over consumption/portfolio process pairs (c,). Slpce
there is no utility from consumption, we may, without loss of generality,
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restrict attention to pairs (c,7) for which ¢(-) = 0 (see Theorem 7.6(1)).
Example 7.9 with T set equal to zero shows that for any initial endowment
RS 0, the optimal wealth process X(-) and the optimal portfolio process
- ma(+) are given by

Xa(t) = z/Ho(t), (10.1) |
ma(t) = (a(t)o’(£) ™" (b(t) + 8(t) — r(t)1) Xa(t). (10.2)

. Note that the expressions (10.1), (10.2) do not depend on the terminal °
. time T This is a very special property of the logarithmic utility function;
we shall exploit it below to show that the portfolio process ma(-) of (10.2)
- solves the problem of maximization of the growth rate of wealth over the
infinite horizon [0, 00).

- We use the complete, standard financial market on an infinite horizon,
 as set forth in Section 1.7. Let > 0 be given. Recall from Definition 9.2
. that a consumption/portfolio process pair (e, ) is said to be admissible at
- z if the corresponding wealth process is almost surely nonnegative at all
j‘“times; the set of all such processes is denoted by A(z). Since we shall only
. be considering ¢(-) = 0, we shall simplify the notation by writing 7 € A(z)
- rather than (0,7) € A(z) and X®7(.) rather than X*0.7 (), Within the
?-y;lass A(z) of portfolio processes, there is the smaller class of portfolios
- @(:) for which Emin{0,log X*™(T)} > —oo for all T € [0,00), and we
shall denote by Aj () this collection. For 7 € A3 o (), the expectation
 Elog X*7(T) is well-defined for all T € [0, o). Since

T
o8 X*7(1) =logz+ AM) + [ [r6) + J10(6)]

T
+ / 0'(s) dW (s), (10.3)
0
a sufficient condition for m2(+) to be in A o () is that both

| VT € [0, 00) there exists a nonrandom constant K > —oco

such that A(T) + /OT [r(s) + %“9(3)”2J ds > —k7p a.s. » (10.4)

T
E/ [6(s)[*ds < 00, ¥ T €[0,00) (10.5)
0

d. Condition (10.4) implies for each fixed T that So(T) is bounded away
m zero, which implies in turn that Assumption 2.2 holds.

~ When (10.4), (10.5) hold, it is straightforward to verify that my(-) of
(10.2) maximizes the ezpected growth rate of wealth

A

lim sup %Elog X®™(T)

T—o0
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over all 7 € Ap (). Indeed, from the first paragraph of this section we
know that Elog X*™(T) < Elog X®™(T) for all 7 € Ay (x) for each
fixed T' € [0, 00), whence

1
lim sup %E log X*™(T") < limsup TE log X®™(T)

T—o0 T—o0

= lim sup %E {A(T)

T—oo

o[ 7+ S0 ds} |

The following theorem shows that () is also optimal in the almost sure
sense for this long-term growth problem. Because this is not a statement
about expectations, it is not necessary to assume (10.4), (10.5), and we can
show that m3(-) is optimal in the class A(x) rather than the smaller class

A2 oo ().
Theorem 10.1: Let x > 0 be given. For any portfolio process € A(z),
we have almost surely

lim sup ! log X*™(T) < limsup 1 log X*7™(T). (10.6)
T—o0 T T—o0 T )

In other words, for P-almost every w € Q, the portfolio process ma(+)
mazimizes the actual rate of growth lim SUPT_, o0 % log X*™(T,w) of wealth
from investment over all admissible portfolios ().

PROOF. For any 7 € A(z), the ratio
R(t) & X7 (6)/ X" (t) = — Ho(t) X*" (1
satisfies (cf. Remark 3.3)

dR(t) = 1

T

Ho(t)[o"(t)m(t) — X™7()0(t)]) dW (2)

and is, therefore, a nonnegative local martingale and supermartingale. As
such, R(-) satisfies the inequality

e‘s”P{ sup R(t) > 66"} <ER(n)<R0)=1, YneN, 0<é<1
n<t<oo

(cf. Karatzas and Shreve (1991), Problem 1.3.16 and Theorem 1.3.8(ii))-
Fix 6 € (0,1). Then

Z P{ sup log R(t) > 6n} < Z e %" < o0,
= n=1

] n<t<oo
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~ and the Borel-Cantelli lemma implies the existence of an integer-valued
~ random variable Nj such that
- log R(t,w) < én < 6t Vn > Ng(w) Vt>n

f‘.”—for P-almost every w € Q. In particular, for all such w, we have

sup L log R(t,w) <6 Vn> Ns(w),

t>n t

1 i
limsup — log X*™(t,w) < limsup - log X*™(t,w) + 6,
t—oo t t—oo t

fr'and inequality (10.6) follows from the arbitrariness of § € (0,1). O

Corollary 10.2: Assume that the processes r(-) and 0(-) are constants r
- and 0, and that the process A(-) is identically zero. Then the optimal rate
~ of growth for the wealth process, gwen by the right-hand side of (10.6), is

7 e

)

;iPROOF. Use (10.3) and the observation that limz_,. OW(T) = 0
~ almost surely. O

i

#3.11 Notes

he modern mathematical theory of finance begins with Markowitz (1952,
959), who conceived the idea of trading off the mean return of a portfolio
~against its variance. In a one-step, discrete-time model, one can buy an
 initial portfolio of stocks, and the value of this portfolio after one step is a
"B.I}dom variable. Dividing the difference between this random variable and
 the initial value of the portfolio by the initial value of the portfolio, one
‘obtains the (random) return associated with the portfolio. A given portfolio
|18 said to be efficient if every portfolio that has mean return greater than
hat of the given portfolio also has a greater variance of return. Markowitz
rgues that one should hold only efficient portfolios. Tobin (1958) extends
the portfolios of risky assets considered by Markowitz, to include linear
- combinations of these portfolios with a risk-free asset. There is then a dis-
nguished portfolio of risky assets, called the market portfolio, such that
hy other portfolio can be dominated in the mean—variance sense by a lin-
€ar combination of the market portfolio and the risk-free asset. This result
18 often called a separation theorem, because the problem of optimal invest-
~Ment separates into the two problems of (1) finding the market portfolio
~and (2) determining the optimal allocation between the market portfolio
~and the risk-free asset.

~ There may be several ways to construct the market portfolio from the
Tisky assets, but regardless of the particular assets that are used to build
 the market portfolio, the mean and variance of its return are uniquely de-
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termined. Furthermore, the covariance of the return between any other
risky asset and the market portfolio (the so-called [ of that asset, when
normalized by the variance of the market portfolio) is also uniquely de-
termined. This leads to the capital asset pricing model of Sharpe (1964),
Lintner (1965), Mossin (1966). According to this model, every risky asset
must have a mean return that exceeds the risk-free return by a certain risk
premium, which can be computed from that asset’s 3. If an asset had a
risk premium higher than this computed value, the definition of market
portfolio would be contradicted. If an asset had risk premium lower than
predicted, it could not be part of any market portfolio and would therefore
not be demanded; this would cause its current price to fall, which would
increase its return, bringing its risk premium into line with the capital asset
pricing formula.

The Sharpe-Lintner—-Mossin capital asset pricing model is static: in-
vestments are made once, and then a return is realized. The assumption
underlying the model is that the vector of returns on risky assets has a
multivariate normal distribution, or else all agents have quadratic utility
functions. (However, Ross (1976) provides a derivation of the capital asset
pricing model from arbitrage rather than utility theory.) It is not surpris-
ing, therefore, that the risk premia computed from the model have been
found not to conform well to real data; see, e.g., Jensen (1972).

In an attempt to consider more realistic, dynamic models, Mossin (1968)
and Samuelson (1969) apply dynamic programming to solve multiperiod
problems of portfolio management. Hakansson (1970) obtains a separation
theorem in this context. However, the set of utility functions and asset
price models for which the discrete-time backward recursion of dynamic
programming can be executed analytically is rather limited. An early work
on optimal consumption in continuous time is Mirrlees (1974), which ac-
tually dates from 1965. This paper presents a heuristic argument that the
marginal utility of consumption should equal the marginal value of wealth
along an optimal trajectory (cf. (8.23), (8.41)).

In two landmark papers, Merton (1969, 1971) introduces It6 calculus and
the methods of continuous-time stochastic optimal control to the problem
of capital asset pricing. (We refer the reader to Merton (1990) for a com-
pilation of Merton’s papers and for essays that place them in context.)
By assuming a model with constant coefficients and solving the relevant
Hamilton—Jacobi-Bellman equation, Merton (1969) produces solutions to
both the finite- and infinite-horizon models when the utility function is a
power function (Examples 8.13, 9.22), the logarithm (Examples 8.14, 9.24),
or of the form 1—e~"* for some positive constant 1. The mutual fund theo-
rem (Remarks 8.9, 9.16), a separation theorem described above, appears in
Merton (1971). It is often called the two-fund theorem, because the investor
is content to have his only investment opportunities be Merton’s mutual
fund and the money market. Merton (1973b) introduces a Markov stochas-
tic interest rate and a three-fund theorem, according to which the investor
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requires a second mutual fund to hedge against fluctuations in the interest
rate. Richard (1979) generalizes this result to a market with an underlying
N-dimensional Markov state and obtains an (N + 2)-fund theorem. Sethi
and Taksar (1988) resolve some boundary issues in Merton’s model, and
Merton (1989) returns to this topic. Richard (1975) introduces a random
time horizon to Merton’s model. Khanna and Kulldorff (1998) obtain the
two-fund theorem under very weak assumptions.

The original analysis of Merton’s model was wedded to the Hamilton—
Jacobi-Bellman equation and its requirement of an underlying Markov
state process. In a non-Markov model of optimal consumption without
portfolio control, Foldes (1978a,b) proves the existence of an optimal con-
sumption process and shows that the marginal utility of consumption is, up
to a discount factor, a martingale (our Zy(-) of (2.5)). In the continuous-
time model for both consumption and portfolio selection, Bismut (1975)
obtains the key formula (6.5) for optimal consumption using his stochastic
duality theory (Bismut (1973)) rather than relying on the Hamilton—
Jacobi-Bellman equation. With the appearance of the papers by Harrison
and Kreps (1979) and Harrison and Pliska (1981, 1983), which provide a
martingale characterization of the set of terminal wealths that can be at-
tained by investment in a complete market, it became possible to solve
~ the optimal control problem of maximizing the expected utility of termi-
- nal wealth (by appropriate choice of portfolio) without the assumption of
Markov asset prices. This was accomplished by Pliska (1986). The appli-
- cation of the Harrison—-Kreps—Pliska martingale methodology to reproduce
- the Bismut (1973) formula for optimal consumption was worked out inde-
. pendently in Cox and Huang (1989, 1991) and Karatzas, Lehoczky, and
- Shreve (1987); both these papers show how to decompose the nonlinear
~ Hamilton—Jacobi-—Bellman equation into linear partial differential equa-
~ tions. The presentation in this chapter follows the latter reference, with the
_ addition of Bismut’s stochastic duality theory. The fact that the dual value
- function satisfies a linear partial differential equation was discovered by
 Xu (1990). Connections with the stochastic maximum principle appear in
- Back and Pliska (1987), Cadenillas (1992), Cadenillas and Karatzas (1995).
“See Brock and Magill (1979) for another application of Bismut’s stochastic
‘Q?duality theory to economics. Kramkov and Schachermayer (1998) provide
a necessary and sufficient condition on the utility function U; for V5 to be
~ a utility function and for an optimal portfolio process to exist; this would

place our Assumption 7.2.

~ The further extension of the martingale methodology to the infinite-
. horizon problem (Section 3.9) appears in Huang and Pages (1992). The
- constant-coefficient computations for the infinite-horizon model are due
- to Karatzas, Lehoczky, Sethi, and Shreve (1986). Foldes (1990, 1991a,b,
192), Jacka (1984), and Lakner and Slud (1991) treat the infinite-horizon

- Problem with discontinuous asset price processes.
T
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Example 7.9 (portfolio insurance) is inspired by the work of Basak
(1993, 1995, 1996a). Some other papers addressing portfolio insurance are
Black and Perold (1992), Brennan and Schwartz (1988, 1989), Cvitanié¢ and
Karatzas (1995), Grossman and Zhou (1993, 1996), Korn and Trautmann
(1995).

Maximization of the growth rate of a portfolio (Section 3.10) goes back
to Breiman (1961). Hakansson (1970) contains a discrete-time version of
the results we present here; see also Thorp (1971). We take the results of
Section 3.10 from Karatzas (1989). Aase and @Oksendal (1988) extend these
results to allow stock prices to jump. Taksar, Klass, and Assaf (1988) and
Pliska and Selby (1994) address this problem in the presence of transaction
costs. Algoet and Cover (1988) and Cover (1984, 1991) provide algorithms
for maximizing of the growth rate of a portfolio in a very general discrete-
time model. Jamshidian (1991) examines the behavior of this algorithm in
a continuous-time model. Because it leads to maximization of the growth
rate, the logarithmic utility would seem a natural choice for money man-
agers. To temper the enthusiasm for this criterion, Merton and Samuelson
(1974) point out that maximization of the growth rate does not necessarily
maximize even approximately the expectation of a nonlogarithmic utility
at any finite time, and Samuelson (1979) argues in words of literally one
syllable that maximization of nonlogarithmic utility at a finite time is the
more desirable goal. Kulldorff (1993) and Heath (1993) solve the related
problem of maximizing the probability of reaching a goal by a fixed time.

In a continuous-time capital asset pricing model with an underlying
N-dimensional Markov state process, the risk premia of assets can be com-
puted theoretically from their covariances with a set of N +1 mutual funds.
Breeden (1979) shows that rather than using the set of all covariances,
one can in principle compute risk premia from the covariance of assets
with the consumption process of an optimally behaving investor. Like the
simple mean—variance capital asset pricing model, this consumption-based
capital asset pricing model does not conform well to actual data. In par-
ticular, individuals’ consumption patterns are smoother than predicted by
the model; see Cornell (1981), Hansen and Singleton (1982, 1983), Mehra
and Prescott (1985), Dunn and Singleton (1986), Singleton (1987). To ad-
dress this so-called equity premium puzzle, several generalizations of the
basic time-additive utility function maximization (considered in this chap-
ter) have been proposed. One of these, which models habit formation of
consumers, constructs a utility function that at each time depends on the
current level of consumption and on an average of previous levels of con-
sumption; see, e.g., Alvarez (1994), Constantinides (1990), Detemple and
Zapatero (1991, 1992), Dybvig (1993), Hindy and Huang (1989, 1992, 1993),
Hindy, Huang, and Kreps (1992), Hindy, Huang, and Zhu (1993), Sundare-
san (1989), Uzawa (1968). A more radical approach is the construction of
recursive utility, to disentangle agents’ aversion to risk from their feelings
about smoothness of consumption over time, an idea due to Kreps and
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Porteus (1978). Some papers related to recursive utility in the context of
dynamic optimal consumption and investment are Bergman (1985), Chew
and Epstein (1991), Duffie and Epstein (1992a,b), Duffie and Lions (1990),
Duffie and Skiadas (1994), Epstein and Zin (1989), Kan (1991), Ma (1991),
El Karoui, Peng and Quenez (1997), Schroder and Skiadas (1997); see also
the survey by Epstein (1990). Another way to account for the smoothness
of observed consumption is the assumption of transaction costs for changes
in level of consumption; see Grossman and Laroque (1990), Heston (1990),
Cuoco and Liu (1997). He and Huang (1991, 1994) provide conditions on
a consumption/portfolio policy that guarantee that it is optimal for some
time-additive utility function; see also Lazrak (1996).

The value function in problems of optimal consumption and invest-
ment is quite sensitive to the introduction of transaction costs; see Dumas
and Luciano (1989), Fleming, Grossman, Vila, and Zariphopoulou (1990),
Shreve and Soner (1994). The notes to Chapter 2 survey the literature
on utility-based models for option pricing in the presence of transaction
costs. Some papers dealing with the problem of an investor who seeks
to maximize expected utility of wealth and/or consumption and incurs
transaction costs for changes in portfolio are Akian, Menaldi, and Sulem
(1996), Cadenillas and Pliska (1997), Constantinides (1979, 1986), Davis
and Norman (1990), Magill (1976), Magill and Constantinides (1976), Cvi-
tani¢ and Karatzas (1996), Korn (1998), Morton and Pliska (1995), Shreve,

- Soner, and Xu (1991), Shreve and Soner (1994), Weerasinghe (1996),
. Zariphopoulou (1992). When transaction costs or other market frictions
(e.g., borrowing constraints, different rates for borrowing and lending) are
:‘ introduced, one can study the optimal consumption and investment prob-
. lem by probabilistic techniques (e.g., Xu (1990), Shreve and Xu (1992),
- Cvitani¢ and Karatzas (1992, 1993, 1996), Jouini and Kallal (1995a,b),
. Karatzas and Kou (1996)) or, in a Markovian framework, by a viscosity
. solution analysis of the corresponding Hamilton—Jacobi-Bellman equation
.~ (see, in addition to the several papers already mentioned, Duffie, Fleming,
~ Soner and Zariphopoulou (1997), Fitzpatrick and Fleming (1991), Fleming
- and Zariphopoulou (1991), Vila and Zariphopoulou (1991), Zariphopoulou

- (1989)). Cuoco and Cvitanié (1998) consider optimal consumption for an in-
- vestor whose actions affect the market. Other work on optimal consumption
- and/or investment in incomplete markets is cited in the notes to Chapter 6.

Extension of the optimal consumption/investment model to allow for

- Several consumption goods can be found in Breeden (1979), Madan (1988),

‘Lakner (1989) and the references therein. Ocone and Karatzas (1991) use
ideas from the Malliavin calculus to compute optimal portfolios. Pikovsky
‘and Karatzas (1996) use enlargement of filtration techniques to study a ver-
-~ sion of the consumption/investment problem in which the investor has some
" “inside” information about the behavior of future prices; see also Elliott,
_"?Geman, and Korkie (1997), Amendinger, Imkeller, and Schweizer (1997),
- and Pikovsky (1998), as well as Kyle (1985), Duffie and Huang (1986), and
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Back (1992, 1993) for earlier work in a similar vein. Kuwana (1993, 1995)
and Lakner (1995) consider the mixed control/filtering problem, in which
the investor must estimate the mean rate of return of the assets; see also
Karatzas (1997), Karatzas and Zhao (1998). Richardson (1989), Duffie and
Richardson (1991), and Schweizer (1992b) find minimal-variance portfolios
that achieve desired expected returns. Xu (1989) constructs a simple ex-
ample in which the optimal portfolio does not invest in the risky asset,
even when its mean rate of return dominates the risk-free rate. The opti-
mal consumption/investment model with an allowance for bankruptcy has
been considered by Lehoczky, Sethi, and Shreve (1983, 1985), Presman and
Sethi (1991, 1996), Sethi and Taksar (1992), Sethi, Taksar and Presman
(1992). Several related papers are collected in Sethi (1997).

Adler and Dumas (1983) provide a survey of the application of the
continuous-time capital asset pricing model to international finance. For
general theory on stochastic control problems, the reader can consult the
books by Fleming and Rishel (1975), Bertsekas and Shreve (1978), Elliott
(1982), Chapter 12, Fleming and Soner (1993), as well as the lecture notes
by El Karoui (1981).

4
Equilibrium in a Complete Market

4.1 Introduction

“In the context of continuous-time financial markets, the equilibrium problem
. is to build a model in which security prices are determined by the law
- of supply and demand. The primitives in this model are the endowment

processes and the utility functions of a finite number of agents. We shall
assume in this chapter that all agents are endowed in units of the same

4 perishable commodity, which arrives at some time-varying random rate.

Agents may consume their endowment as it arrives, they may sell some
portion of it to other agents, or they may buy extra endowment from other

‘agents. The endowment, however, cannot be stored, and agents will wish
- to hedge the variability in their endowment processes by trading with one
- another. To facilitate the trading of endowment, there is a financial market
consisting of a money market and of several stocks, in which agents may
. invest (positively or negatively).

Each agent takes the security prices as given, observed stochastic pro-

\ i cesses, and maximizes his expected utility from consumption over the finite
. time horizon of the model, subject to the condition that his wealth at the
~ final time must be nonnegative almost surely. This problem differs from
. Problem 5.2 of Chapter 3 only because the agent receives his endowment
~ over time rather than initially, but in the context of a complete financial
. market this difference is inconsequential. The goal is to choose the prices
~ of the money market and of the stocks so that when each agent solves his
. optimal consumption and investment problem, at all times the aggregate
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endowment is consumed as it enters the economy and all securities are in
zero net supply. The first condition codifies the concept of a “perishable”
commodity; the second reflects the fact that for every buyer of a security,
there must be a seller.

In the model of this chapter all securities will be denominated in units
of the single perishable commodity. When the marginal utility functions of
all the individual agents are infinite at their individual “subsistence lev-
els” (see Section 4.2), then all agents’ optimal consumption processes are
always strictly above the subsistence level; in this case the equilibrium
money market price can be described solely in terms of an interest rate,
and the equilibrium prices for all stocks are determined. However, when we
allow even one agent to have finite marginal utility at the subsistence level
of consumption, then this agent may sometimes see his equilibrium optimal
consumption fall to the subsistence level. In this case we still obtain equilib-
rium prices for the money market and stocks, but the money-market price
can no longer be described in terms of an interest rate. More specifically,
the money-market price is given by the formula

So(t) = exp { /0 () du+ A(t)}

of (1.1.7), where A(-) is singularly continuous. Although A(-) is continuous
and has zero derivative at Lebesgue-almost-every time, A(-) decreases at
those times when an agent’s equilibrium optimal consumption either falls
to, or rises from, the subsistence level (see Remark 6.8). The stock prices
of this equilibrium market are given by (1.1.9), which also includes the
singularly continuous process A(-).

The inclusion of this singularly continuous component in the equilibrium
security prices could be avoided by denominating security prices in terms
of money rather than units of commodity (see Karatzas, Lehoczky, and
Shreve (1990)). In effect, whenever an agent’s consumption falls to, or rises
from, the subsistence level, there is a burst of inflation in which securities
become substantially less valuable in terms of commodity but not in terms
of money. It is interesting to note that both falling to and rising from
subsistence consumption leads to inflation; neither induces deflation.

The singularly continuous component in equilibrium security prices could
also be avoided by denominating security prices in terms of the money-
market price. This can be seen from (1.1.10); the process A(-) does not
appear in the stock prices discounted by the money-market price.

When denominating security prices in units of commodity, however, a
singularly continuous component in the security prices cannot be avoided.
It was for this reason that we set up the market model in Section 1.1 to
include this possibility. In this model, under the assumption (6.4) on the
indices of risk aversion for the individual agents, we obtain uniqueness of
the equilibrium allocations of the commodity, uniqueness of the equilibrium
money-market price, and uniqueness of the equilibrium stock prices up to
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the formation of mutual funds (see Theorem 6.4 and the discussion follow-
ing it). The equilibrium existence Theorem 6.3 and uniqueness Theorem
6.7 still hold when we permit agent endowments to arrive in a singularly
continuous way, i.e., so that the cumulative endowment is continuous but
is not necessarily described by a rate. For this reason we allow this added
degree of generality, and the singularly continuous process £(-) appearing
in the aggregate endowment equation (2.2) can contribute to the singu-
‘larly continuous process A(-) in the security prices. However, even without
the presence of the singularly continuous process &(-) in the aggregate en-
dowment process, the singularly continuous process A(-) will appear in the
security prices under the conditions discussed above.

The model of this chapter is a pure exchange economy, because there
are no securities associated with production. Only financial securities are
posited, which are in zero net supply. One could, however, use the equilib-
rium model to price the right to receive future endowments, and thereby
have “productive assets” that are held in positive net supply (see Re-
mark 6.6). The more challenging task of including production that can
be enhanced by forgoing current consumption is not addressed here.

We conclude with a section-by-section summary of the chapter. Section 2
describes the exogenous processes and Section 3 describes the endogenous
ones. Section 4 modifies the analysis of Chapter 3 to solve the optimal

- consumption and investment problem for an agent who receives an endow-
ment process and acts as price-taker. Equilibrium is defined in Section 5,
~ as is the concept of a single “representative agent” (really a utility func-
tion) who aggregates with appropriate weights the individual agents (really
- their utility functions). Equilibrium is characterized in terms of the rep-
- resentative agent’s utility function via Corollary 5.4 and Theorem 5.6.
- This reduces the question of existence and uniqueness of equilibrium to
~ the finite-dimensional problem of determining the appropriate weights
~ in the construction of the representative agent’s utility function. Theo-
~ rem 6.1 establishes the existence of these weights and describes the extent
to which they are uniquely determined. The remainder of Section 6 works
. out the ramifications of Theorem 6.1 for the existence and uniqueness of
* equilibrium. One of these is the consumption-based capital asset pricing
 model (CCAPM) (Remark 6.7). Section 7 contains examples in which the
~ equilibrium consumption allocations and security prices can be exhibited
- explicitly.

42 Agents, Endowments, and Utility Functions

~ We consider an economy consisting of a finite number K of agents, each of
- Whom is continuously endowed in units of a single perishable commodity.
~ The exogenous endowment processes {ex(t);0 <t < Thk=1,...,K, of
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these agents are assumed to be nonnegative and progressively measurable
with respect to the filtration {F(¢)}o<¢<7 of Section 1.1, the augmentation
by P-null sets of the filtration generated by the N-dimensional Brownian
motion W (-) on the interval [0,T]. The aggregate endowment

K
€)=Y alt), 0<t<T, (2.1)
k=1
is assumed to be a continuous, positive, bounded semimartingale:
t t t
()= 0)+ [ eluis) s+ [ e(s)de(s) + [ o)) aw (s,
0 0 0
0<t<T.
(2.2)

Here £(-) is an {F(t)}o<i<r - progressively measurable process with paths
that are continuous and of finite variation on [0, T, but that are singular
with respect to Lebesgue measure (see Proposition B.1 in Appendix B).
We take £(0) = 0 and assume that the total variation of £(-) on [0, T] is
almost surely bounded. The processes v(-) and p(-) are {F(t)}-progressively
measurable and bounded; they take values in R and RY, respectively.

In addition to his endowment, each agent k has a utility function Uy :
R — [~00,00) as described in Definition 3.4.1. We denote the subsistence
consumption for agent k by

Ck - inf{c € R; Uk(c) > —oc} (2.3)
(cf. (3.4.2)), and define aggregate subsistence consumption as
A&
k=1

Recall that ¢ >0 for k=1,... K.

Finally, the agents have a common discount rate 3 : [0, T] — R, which is
a nonrandom Lebesgue-integrable function, bounded from below. Agent k
will attempt to maximize his expected discounted utility from consumption

T t
E / e~ Jo By o (1)) dt
0

over the time horizon [0,T], where ci(-) is his consumption process.
This maximization is very similar to Problem 3.5.2 with utility function

t
e_fo Alw) d"Uk(c), a function of both ¢ € [0,7] and ¢ € R.

The endowment processes {ex(-)}f,, the utility functions {Uy(-)}5,,
and the discount rate (3(-) are the primitives of our equilibrium model.
Starting with these primitives, we shall construct an equilibrium market. It
is also possible to carry out this construction when each agent k has his own
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discount rate ((+), or, even more generally, when Uy, is a function of both
time and consumption. However, this more general construction involves
a more complicated version of Itd’s formula than the one we employ in
Section 6. For this reason, we have restricted our attention to the situation

presented above.
In order to construct an equilibrium market, we impose throughout the

following conditions on the primitives.
- Condition 2.1:

(i) For each k = 1,..., K, the function U(-) is of class C® on (&, 0),
satisfies U}/(c) < 0 for all ¢ > ¢, and the quantity

a0

Hm —%——— 2.5
A8 WP 2

g exists and is finite.

~ (ii) Foreach k=1,...,K, we have

1 al)2a, 05tsT, (2.6)

almost surely.
- (iii) There exist constants 0 < y; < 2 < oo such that
C+m<et)<v, 0<t<T, (2.7)

‘ almost surely.
' Remark 2.2: We note that

R S / Uy (m)
Ui(e) Ud@e+1)  Jou (U ()2

‘.‘-z'md so the existence of the limit (2.5) implies that lim.|¢, U_,'C}Tc_) also exists
‘and is finite.

dn, ¢> C,

4.3 The Financial Market: Consumption and
Portfolio Processes

give structure to the search for an equilibrium market, we set out in

section a description of the object of our search. We seek to construct
complete, standard financial market M as in Definitions 1.5.1, 1.6.1, but
thout dividends. More specifically, we seek a money market price process
So(+) with Sp(0) =1 and

dSo(t) = So(t)[r(t) dt + dA(2)], (3.1)
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as well as N stock price processes Si(-),...,Sn(-), with S,(0) a positive

constant for each n, and

D
n(t)dt +dA() + Y o) dWD(t) [ ,n=1,...,N.
Jj=1

ds, (t) =Sy (t)

(3.2)

In order to guarantee completeness, the volatility matrix o(t) =
{on;(t)}1<n,j<n must be nonsingular for Lebesgue-almost-every ¢ € [0,
almost surely (Theorem 1.6.6).

After we have constructed an equilibrium market as described above, we
can define the market price of risk

0(t) = o~ (t)[b(t) — r(1)1] (3-3)

(see (1.6.16)), and then the processes Zo(-) of (1.5.2), Wy(-) of (1.5.6), and
the standard martingale measure Py of (1.5.3). Finally, we can define the
state price density process

Ho(t) 2 0<t<T, (3.4)

of (1.5.12). To aid in the subsequent analysis, we shall require that our
equilibrium market satisfy the following condition. Unlike Condition 2.1,
which concerns the primitives of the economy and is assumed through-
out this chapter, Condition 3.1 below must be verified after the candidate
equilibrium market has been constructed.

Condition 3.1:
(i) We have

5| (si)] <=

(ii) There exist constants 0 < 8§, < Ay < oo such that we have almost
surely

bo < Ho(t) < Ag, 0<t<T.

Once an equilibrium market has been constructed, each agent k can
choose a consumption process cy, : [0, T] xQ — [0, 00) and a portfolio process
: [0,T] x @ — RM. These are both {F(t)}- progresswely measurable;
7rk() satisfies (1.2.5), (1.2.6); and cx(-) satisfies fo ck(t)dt < oo almost
surely. The structure of Uy, implies that agent k will be interested only in
consumption processes c(-) satisfying the additional condition

ce(t) > ¢, 0<t<T, (3.5)

almost surely. The wealth process Xi(-) = X;*°*(-) as in (1.5.8), corre:
sponding to the portfolio 7(-) and the cumulative income process 'y (t) =
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J5 (ex(s) — cx(s)) ds, is given by
Xk(t) - g fk( — Ck

So(t) /0 So(u)
We take X (0) =

Remark 3.2: The wealth equation (3.6) can be written in the equivalent
form

/So( Te(u)o(u)dWo(u), 0<t<T.
(3.6)

Ho(t) X (t / Hy(s)(ck(s) — ex(s))ds —/ Hy(s)[o(s)mk(s)
— Xi(s)0'(s)]"dW (s)  (3.7)

by analogy with (3.3.3), as is seen if one applies It6’s formula to the product
- of the processes X;(-)/So(-) and Zy(+) in (3.6) and (1.5.5), respectively.

Definition 3.3: A consumption/portfolio process pair (cx, ) is admis-
sible for the kth agent if the corresponding wealth process Xj(-) of (3.6)

satisfies
o
X | { € (u)
t

So(t) S} { F (t)] >0, 0ZFLT, (3.8)

almost surely. The class of admissible pairs (cg, 7x) is denoted by Aj.

- Remark 3.4: The admissibility condition says that at each time ¢, the
b present wealth Xy (t) (which may be negative) plus the current value Sp(t)-

Ey| ftT ;AO(Z—) du|F(t)] of future endowment (cf. Proposition 2.2.3) must be

'j nonnegative. This condition is equivalent to

Ho(t)Xx(t) + E / ! Ho(u)ex (u) du ‘ ]—'(t)] >0, 0<t<T, (3.9)

: almost surely, as can be seen from “Bayes’s rule” in Chapter 3, Lemma 5.3
- of Karatzas and Shreve (1991).

' JRemark 3.5: Condition 3.1(i) guarantees that for every given (¢, my) €
- Ay, the local Py-martingale

7rk
" / So(u)

fE i also q Py- supermartmgale To see this, use Condition 2.1(iii) and (3.6),

¥ (3 8) to write
e Xk () " e (u)
M™ () 2 So(t) /0 So(u )du

z—EO[O sk( ‘]—'(t]

u)o(u) dWo(u), 0<t<T, (3.10)
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Sl [o<u<T (s @) ) | (t)]

Under the probability measure Py, the expression Y (t) = —yT -
Eo[ma-xogugT(mﬂf (t)] is a martingale; being a nonnegative local
martingale, M™(-) — Y(-) is also a supermartingale, so M™(-) is a
supermartingale.

From this, (3.6), and (3.8) with ¢ = T, it develops that cx(-) must satisfy

the budget constraint

T
ck(t) ek(t)
E dt < E dt, 3.11
B S Bl =0
or equivalently,
T T
E/ Hy(t)ek(t)dt < E/ Hy(t)ex(t) dt. (3.12)
0 0

In any market satisfying Condition 3.1(i), and for any consumption pro-
cess ck(-) such that (cx,mx) € Ay for some portfolio process mx(-), the
value of an agent’s consumption cannot exceed the value of his endowment,
where value is determined using the state price density process Hy(-) for
that particular market.

We have the following counterpart to Theorem 3.3.5.

Theorem 3.6: Suppose we have constructed a complete, standard finan-
cial market satisfying Condition 3.1(i). Let cx(-) be a consumption process
in this market that satisfies (3.11) (or equivalently (3.12)) with equality,
namely

¥l cx(t) ek(t) /
Ey | So®) b= : So(t) dt. (3.11")

Then there exists a portfolio process my(-) such that (ck, k) € Ag, and the
corresponding wealth process is given by .

T
E / Ho(s)(ck(s)—ek(s))ds‘]—'(t)], 0<t<T
(3.13)

Xi(t) = %(t)

PROOF. In Proposition 1.6.2, take B = Sy(T) - fOT &(%%ﬂ du, so that

1B T (u) + ex(u) " e(u)
oy < [/0 T | sw d”}

1
< 27T Ey [O<t<T (m)jl < o0.
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From the assumption of market completeness, we have the existence of a
martingale-generating portfolio process 7 (-) such that

[aw-at,,
0 So(u)
where M™(-) is given by (3.10). Taking conditional expectations in (3.14),

we obtain
T ck(u) — ex(u) » © ex(u) — cx(u)
Ey [/t S du ‘ .F(t)} —/0 = Sl du
o So(u) k(o (u

M™(T), (3.14)

. Comparison of this equation with (3.6) reveals that

T
Xi(t) = So(t) - Eo { / %@)fcu)

(the initial condition X;(0) = 0 is a consequence of (3.11)), and (3.13)
follows from “Bayes’s rule” (cf. Karatzas and Shreve (1991), Lemma 3.5.3).
From (3.15) we see that the admissibility condition (3.8) is satisfied. O

‘}'(t)} 0<t<T (3.15)

44 The Individual Optimization Problems

IS

b Suppose that we have constructed a complete, standard financial mar-

ket satisfying Condition 3.1, as described in the previous section. In this

market, each agent, say the kth agent, will be faced with the following
roblem.

. Problem 4.1: Find an optimal pair (&, #%) for the problem of maximizing
- expected discounted utility from consumption

T t
E /0 e Jo PO, (cu(t) dt

over consumption/portfolio process pairs in the set

";“ T .
), 2 {(ck,rk) €Ay E / e Jo P9 300, Ui (ca ()] dt > —o0
k. A
(4.1)
From (3.5) and the budget constraint (3.12), we see that this problem is
teresting only if the feasibility condition

T T
E /0 Ho(t)ex(t)dt > ¢, - E /0 Ho(t) dt (4.2)
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is satisfied; otherwise, A} = 0. If equality holds in (4.2), then the only
candidate optimal consumption process is ¢x(-) = €. According to Theo-
rem 3.6, there is then a portfolio process #y () such that (¢, #x) € Ax. This
consumption/portfolio process pair is in A} if and only if Uk(e) > —o0.

t
Regardless of whether this is the case or not, fOT e~ Jo B duUk(Ek) dt is
well-defined (even though it may be —c0) and is the value of Problem 4.1,
whenever (4.2) holds as equality. This leads us to adopt the following
convention, even though A, may be empty.

Convention 4.2: If the nonstrict feasibility condition

T T
E/O Ho(t)(:‘k(t) dt = ¢ - E/_) Ho(t) dt (43)

holds, we say that the optimal consumption process for Problem 4.1 is
¢ (-) = ¢. There exists then a portfolio process ik (-) such that (¢, 7)) €
Ay

We consider now the case of strict feasibility:

T T
E /0 Ho(t)ex(t)dt > & - E /0 Ho(t) dt. (4.4)

To treat this case, we define as in Section 3.4 the nonincreasing, continuous
function I : (0,00] 23 [k, 00) which, when restricted to (0, Uj.(¢k)), is
the (strictly decreasing) inverse of U : (&,00) 229 (0,Ui(ek)). On the
interval [U’(¢x), 0], I(-) is identically equal to . ]

Agent k uses the time-dependent utility function e*fo Blw) duUk(c) in

Problem 4.1, and the inverse of e_fo Alu) duU,’c(-) is y — Ik(yefo Alu) du).
Following (3.7.1), we define

X(y) 2 E / ' Ho(t)I <yefcf Alu) d“Ho(t)) dt, 0<y<oo. (4.5
g :

Lemma 4.3: Under Condition 3.1 (i), the function Xk(-)Ais finite, non-
increasigg, and continuous on (0,00). We define X (04) = limy o Xi(y),
X (00) = limy_, o, Xk (y), and

ri = supfy > 0; Xi(y) > Xe(o0)}. (4.6)
Then

Xi(00) =& - E /0 ' Ho(t) dt, (4.7)

Tk > 0, and Xy, restricted to (0,7y) is strictly decreasing; thus, this function
to
has a continuous and strictly decreasing inverse Yy : (Xr(00),00) =

(0,7rk), which satifies

Xe(Ve(z)) =z, Vz € (Xk(c0),00). (4.8)
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PROOF.  Condition 3.1(ii) implies X (y) < oo for all y € (0,00). The other
- properties of Xy (-) now follow from the arguments used to prove Lemma
- 3.6.2. O

- Remark 4.4: If r; in (4.6) is finite, then Xy (+) is identically equal to

Bz - EfOT Hy(t) dt on [ry, o). But Ik(rkefo A d"Ho(t)) >cfor0<t<T
- almost surely, and so we must actually have

I (rkefo Al) d"HO(t)) =&, 0<t<T, (4.9)
1 almost surely. In other words,

t
reedo XN > i), 0<i<T,

§ (4.10)
; almost surely. If 7, = oo, (4.9) and (4.10) still hold.

. The omitted proof of the following theorem uses Theorem 3.6 and is
‘otherwise a minor modification of the proofs of Theorem 3.6.3 and Corol-

~ lary 3.6.5 (see also Remark 3.6.4). The statement of the theorem is close
. to that of Theorem 3.7.3.

»{Theorem 4.5:  Suppose that we have constructed a complete, standard
 financial market satisfying Condition 3.1. Under the strict feasibility con-
dition ({.4), the unique optimal consumption/portfolio pair (éy,7y) € Ay
" for Problem /.1 and the corresponding wealth process Xk() are given for
0<t<Tby

a(t) = Iy (ykefc: A() d"Ho(t)> , (4.11)

A

1 T .
X’“(t)sz[/t Ho(s)(ck(S)—ek(S))ds'f(t)J, (4.12)

1\ A o "/’k(t) %
: o' (t)k(t) = Ho@) Xk (t)0(t), (4.13)
ere
2 r
b, Yk = Wk (E/ Ho(t)ek(t) dt) € (0, Tk) (4.14)
0
Yi(") is the integrand in the representation
Mi(t) = [ wi(s)dw(s) (415)
0
) the zero-mean P-martingale
T
My(t)=FE [/0 Ho(s)(¢k(s) — ex(s)) ds ' ]—'(t):, . (4.16)
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4.5 Equilibrium and the Representative Agent

We are now in a position to state the properties of the complete standard
financial market M we shall be seeking.

Definition 5.1: Let the endowment processes an(.i utility functions
{er, Ux}_ | and the discount rate 3(-) of Section 2 be.ng?n. We sa:y'that a
financial market M as described in Section 3 and satisfying (Ij(ondltlop 3.1
is an equilibrium market (for the economic primitives {ex, Uk }H< |, B), if the
following conditions hold.

(i) Feasibility for the agents:
7 T
E/ Hy(t)er(t)dt > Ek-E/ Hy(t)dt, k=1,...,K. (5.1)
0 0
(ii) Clearing of the commodity market:
' K
Y Eaty=et),  0<t<T, (5.2)
k=1

almost surely.
(iii) Clearing of the stock markets:

K
D f(t)=0, 0<t<T, (5:3)
k=1

almost surely, where 0 is the origin in RY.
(iv) Clearing of the money market:

K
S (Ri(t) —7p(t)1) =0, 0<t<T, (5.4)
k=1

almost surely, where 1 is the vector (1,...,1)" in RV,

Here é(-), 7k (-), Xx(-) are the unique optimal processes ff)r. Problem 4.1;
these are given by (4.11)—(4.14) if the strict feasibility condlthn (4.4).hf)l.ds
for agent k, and by Convention 4.2 in the case of the nonstrict feasibility
condition (4.3).

For the remainder of this section we shall focus on characterizing sqcﬁ
an equilibrium market. Aided by this characterization, we shall establ.ls
in the next section the existence of an equilibrium market ar_ld examine
the extent to which this equilibruim market is uniquely determined by the
economic primitives {ex, Ux}£_; and 3. -

We note immediately from (3.5) and (5.2) that a necessary condition
for an equilibrium market to exist is that €(t) > ¢ 0 < t < T; lbrf
other words, aggregate endowment must always dominate aggregate su
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;_‘ sistence consumption. We have im
~ in Condition 2.1(iii).
We now provide a simple characterization of an equilibrium market.

E Theorem 5.2: If M is an equilibrium market, then

K
1 ¢ u U
«t)=> "I ks Bwa Ho(t)) , 0<t<T, (5.5)
k=1 Ak
- where \i, € [0, o), k=1,..., K, satisfy the system of equations

! T 3
E E/ Hy(t) [Ik (Aiefo‘““)d"HO(t))—ek(t)J dt=0, k=1,... K.

(5.6)
,(If/\k =0, we adopt the convention Ik(ﬁefu Alw) d"Ho(t)) = Ix(o0) = G.)
- Conversely, if M is a standard, complete financial market satisfying Con-
dition 3.1, and there ezists a vector A=(\,..., k) €0, 00)¥ satisfying
(5.5) and (5.6), then M is an equilibrium market. In either case, the

‘optimal consumption processes for the individual agents are gien by

posed a somewhat stronger assumption

&) = I, (iefo ﬂ(”)d"Ho(t)) , 0St<T, k=1,. K. (57)

OOF. First, let us assume that M is an equilibrium market. If the
ict feasibility condition (4.4) holds for agent k, then this agent’s opti-
consumption process (4.11) is given by (5.7), with A, € (%,oo) and

(ﬁ) = EfOT Hy(t)ex(t) dt (see (4.14)); this last equation is (5.6). If the
strict feasibility condition (4.3) holds for agent k, then (4.6) shows that
) is equivalent to X ( ﬁ) = X% (00), and this equation is solved by any
€ [0, %}, with such a choice of Ak, we see from Convention 4.2 and
nark 4.4 that (5.7) holds, where now ¢x(t) = €. Summing (5.7) over k
id using the commodity market clearing condition (5.2), we obtain (5.5).
~ For the second part of the theorem, we assume that M is a standard,
complete financial market satisfying Condition 3.1, and that there exists
‘VectorTA = (A, 4, X)) € [0,00)K satisfying (5.5) and (5.6). Since

Ho(t)) > &,0 <t < T, (5.6) implies the “feasibility for
ts” condition (5.1). Under this feasibility condition, we have just seen
the optimal consumption process for each agent k is given by (5.7),
now (5.5) implies the clearing of commodity markets (5.2). We sum
16) over k and use (5.2) to obtain Ele M (t) = 0. From (4.15) we see
:‘fs fotzllf:l Yr(s) dW(s) = 0, which implies Z,ﬁ;l ¥k(t) = 0. Summing
’; (4.12) and then (4.13) over k, we conclude first that Zf=1 Xi(t) = 0,
d next that o’(t) S #(t) = 0. Since o (t) is nonsingular, we have

learing of the stock markets (5.3) and then the clearing of the money
rket (5.4). O
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Remark 5.3: If A € [0,00)" satisfies either (5.5) or (5.6), then A
cannot be the zero vector. For suppose it were; then the right-hand side
of (5.5) would be Z,If:l ¢k = ¢, which is different from €(t) because of
Condition 2.1(iii), and (5.6) would become

T
E/ Ho(t)(ch — ex(t))dt =0, k=1,... K,
0

so that summing up over k& we would again obtain a contradiction to
Condition 2.1(iii). To simplify notation, we define
*[07 OO)K = [07 OO)K\{Q}

to be the K-dimensional nonnegative orthant with the origin 0 = (o,...
removed.

(5.8)
,0)

Theorem 5.2 reduces the search for an equilibrium market to the search
for a vector A €* [0,00)K, and for a market with state price density Hy(-),
so that (5.5) and (5.6) are satisfied. We can further simplify the search by
inverting (5.5), writing the sought Hy(-) as a function of the given aggregate
endowment process €(-); cf. (5.16) below.

Let A €* [0,00)% be given. For k = 1,..., K, the function y — Ik() is
identically equal to ¢ if Ay = 0; but if A\ > 0, it is continuous on (0, 0)
as well as strictly decreasing on (0, \cUj,(¢x)], and maps (0, \,Uf (¢)] onto
[Ck, 00). We set

A
A) = AU (Gk)), 5.9
m(8) £ max (MUi(e) (5.9
which is strictly positive since A is not the zero vector. The function
A&
I(y;0) =) I <l) 0<y< oo, (5.10)
k=1 )\k

is continuous on (0,00, is stricth decreasing on (0,m(A)], and maps
(0,m(A)] onto [¢, 00) (recall that ¢ = Z,’;l ¢k). For A €*[0,00)*, we define

H(:34) 1 [6,00) =2 (0,m(4)] (5.11)
to be the (continuous, strictly decreasing) inverse of
I(54) : (0,m(8)] =2 [¢,00). (5.12)
We note that I(y; A) is also defined for y > m(A), and in fact,
I(y;A) =¢, Vye[m(4),o0]. (5.13)
We have
H(I(y; 4);A) =y, Vye (0,m(a)], (5.14
I(H(c;A);A) = ¢, Vee [¢00). (5.15)
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4 Because of Condition 2.1(iii), €(t) is in the domain of H(:;A), and we can
~ invert (5.5) to obtain i

Ho(t) = e~ Jo AW “He(t);A), 0<t<T

‘ (5.16)
: This leads to the following corollary of Theorem 5.2.

» C.o.rollary .5.4: A standard, complete financial market M satisfying Con-

. dition 3.1 is an equilibrium market if and only if its state price density
 process Ho(:) is given by (5.16), where A = (A1,-.+,Ak) €*[0,00)K is q

- solution to the system of equations

[T - [ B 1

3 = u)du

LB [l [Ik (EH(e(t);A)> ~exlt)] de=o

g kzl,...,K.

2 (5.17)

In this case, the optimal consumption process for the kth agent is

&(t) = I (%H(e(t);A)) , 0<t<T

~ In Section 6 we shall establish the existence of a solution A to (5.17).
though (5.17) does not have a unique solution, the optimal cc;nsumption
processes ¢1(-),...,éx(-) given by (5.18) are uniquely determined. The fol-
lowing lemma examines one type of nonuniqueness that can occur in the
solution of (5.17).

5.5: Define

(5.18)

T={ke {l,...,K}; ex(t) = ck, 0<t <T,as.},
b T°={1,...,K}\T. (5.19)
Because of Condition 2.1 (i1i), T¢ is nonempty.
7, Suppose A €* |0, 00) K satisfies (5.17). Then k € T if and only if
: H(e(t); A)
A i N
k< Ul(e) 0<t<T, (5.20)
0st surely. Define A* = (A}, .. S Ap) by
: - H(e(t);4)
N P-ess inf —= i
il { ) (orsntlgn:r Uiy )0 ¥ BET, (5.21)
Ak, if keTe,
note that A > A.. Then m(A) = m(A*),
H(e(t); A) = H(e(t);A"), 0<t<T, (5.22)
1 1
B (Her ) = 1, (5reinn),
0<t<T, k=1,.. K, (5.23)

.34* also satisfies (5.17).
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PROOF. From (5.17) and the fact that Ix(y) > & for all y € (0, oc], we see
that k € T if and only if Ik(,\—lkH(e(t);A)) = ¢, 0 <t < T, almost surely.
This equality is equivalent to (5.20). Using the convention 0 - (£00) = 0,
we have

NeUi(@r) < H(e(t); ), (5.20')
almost surely, and since (0, m(A)] is the range of H(-; A), this implies

MUk (@) < MeUi(@) < m(A) = max{);Uj(e;); A; > 0}
It is apparent that m(A*) = m(A).
We compare I(y;A) = EkK  Ie(3E) with I(y;A) = = % TIk(}y:

> kere I(5%). These two expressions agree if and only if /\kUk(ck) <

y,Vk € T. "But A; is defined so that (5.20)" holds, and from (5.15) we
obtain

0<t<T, VkeT,

e(t) = I(H(e(t); A); A) = I(H(e(t); A); A7)

Applying H(-; A*) to both sides and using (5.14), we obtain (5.22).
If k € T¢, (5.23) follows from (5.22) because A;; = Ax. If k € T, we have

1

N THe(t); A) > S H(e(); 4) = Ug(er),
and (5.23) holds with both sides identically equal to ¢x. Equations (5.22)
and (5.23) imply that A* is a solution of the system (5.17). O

The remainder of this section develops properties of the function H(-; A)
of (5.11). We shall see, in particular, that H(-;A) is the derivative of the
function
(5.24)

U(c; A) £ Z)\kUk(ck) ceR.

cl>c1 ..... cK>c
c1+-+eg=c k=

(We use here and elsewhere the convention 0 - (£00) = 0.)

The next theorem shows that U(-; A) is itself a utility function. It plays
the role of the utility function for a “representative agent” who assigns

“weights” A1,...,\x to the various agents and, with proper choice of

A= (A, )\k) has optimal consumption equal to the aggregate endow-
ment. The welghts A1,..., A correspond to the “relative importance” of
the individual agents in the equilibrium market. The maximizing values
ci,...,ck in (5.24) give the optimal consumptions of the individual agents
when the aggregate endowment is c.

The reader may wish to skip on first reading the (long and technical)
proof of Theorem 5.6.

Theorem 5.6: Let A €* [0,00)K be given. Then the function U(+; A) 0f
(5.24) is a utility function as set forth in Definition 3.4.1, and ¢ £ Zk 1€
satisfies

e=inf{ceR; U(cA) > —oo}. (5.25)
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‘:Moreover, U(+; A) is continuously differentiable on (g, 00) with
U'(c;A) = H(c; A),
., K, define

c>e. (5.26)

D £ (o} \{@}

50 ti.zat D C (¢,00). The derivatives U"(-; A) and U"(-;A) ezist and are
continuous on (¢,00)\D, and their one-sided limits exist and are finite at
‘ points in D. Moreover,

U'(a+;4) —U"(a—;A) >0, VYaeD. (5.27)

OOF. Using the convention that the maximum over the empty set is
, we see that

U(gA) = —0c0 Ve € (—o0,8). (5.28)

> ¢, then the numbers ¢, 2 Cr + K(c — ¢) satisfy ¢ > ¢ and ¢; +
+ cx = c. From the definition (5.24) of U(c;A), we have U(c;A) >
., _1 /\kUk(ck) —o0. Relation (5.25) follows from this inequality and

ow let ¢ > ¢ be given. For each k, set

L A 1

Cr = Ik (/\—k'H(C, A)) . (529)
K

), & = I(H(c;A);A) = ¢, from (5.15). Furthermore, &, > &

each k. If é, > ¢ for some k, then Ay > 0 and UL(é) = —H(c A),

eas if ¢, = ¢, we know only that Ui(éx) < T L H(c; A). Suppose c >

)'; }SK 2> ¢k and ¢; +---+cx = c¢. We have from the concavity of each
at

=

{ ZAkUk(ck) < Zxk[Uk(ék) + (ex — &) Ui (&)

MUk(Ek) +HGA) - Y (ox — &)

k=1 {ksér>ex}

+ Z AkUy(é)(ck — &)

{k;ér=0x}

Mw
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K K K )
< ST MU(Er) + H(e A) Y (or — &) = D MeUk(é).
= k=1 k=1

In other words, é1,..., ¢k attain the maximum in (5.24), and we obtain

the representation

Ule;A) = gwk (Ik (Aikﬂ(c; ). cem. 630

We develop the differentiability properties of Ik(-),.I (5 1%), and H(-;A).
If Uj(ex) = oo, then Ix(-) is of class C? on (0, 00), with Ii(y) <0f

Yy ek(O o0). However, if Uy (¢x) < oo, then Ix(y) = cf for y > Uy (¢k), so
() = I'(-) = 0 on (U.(), o). The relation Iy(UL(c)) = ¢ for

) =

implies

"7t Ui'(c) or ¢ > ¢
ULO) = gy W) =~y fore>a,

and Remark 2.2 and Condition 2.1(i) guarantee that when U} (¢x) < oo, we
have

—o00 < IL(Uj(ex)-) < 0 = TL(UL(@)+), (5:31)
—oo0 < I} (U (ex)—) < o0, ,,‘:I(U,;((_Bk)‘l-) =0. (5.32)

In particular, each Iy (-) is piecewise C? on (0,00). The function I(y;A) =
ZkK I;(5%) is continuous on (0, 00), and the derivative formulas
=1 %

L y
Ly(y "y A) = Svill (_)
I’(y; A) = Z /\—ka (A_k) _— (yv ..) {k./\z>0} /\% X%
{k;Ak>0} Xk .
show that I(-; A) is piecewise C? on (0, 00). The poir’lts_of possible dli(:ttilntz(;
nuity of I'(; A) and I”(-; A) are \U{(é1),. .. ,)\K'UK('CK). At any of the
points that is also contained in (0,m(4)), (5.31) implies

— 00 < I'(WUL(@ER)—; A) < ' (AWUL(@)+; A) < 0. (5.33)

In particular, I'(-; A) is bounded below and bounded away from zero on
each closed, bounded subinterval of (0,m(A)).
Because H(I(y;A); A) =y for 0 < y < m(A),

HU@ AN = 5o, ve OmANMLEN,. (639

(¥ A)’ .
This shows that H is piecewise C!. From (5.33), we also have the inequality
H'(a+;A) > H'(a—;A), VaeD. (5.35)
Differentiation of (5.34) leads to
I”(y; A) )\ UI E K— .
H'(I(y;4);4) = “Twa) Y€ (0, m(A)\{AkUj (Gk) bre=1
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From (5.32) and (5.33), we see that H"(at;A)
H"(;4) is piecewise C2 on (0, m(A)).

Let ax € D be given. Since H
H(ouw; A) = AUy (€k), we have

exists for all « € D; ie.,

(s Q) is strictly decreasing on (¢, 00) and

/\iH(c; ) > UL@), Vee (@ ap), (5.36)
k

0< 3-H(ei4) < UY(ex), Ve € (ap,00). (537)
k

B For ¢ < (4, 00)\D, we compute
£ ()] 5 o ()
I (e D) )
= 5,68 I (e D) )

~H(e;4)- & [Ik (%H(c; A))J ,

~ where we have used (5.37) and the fact that Uj,

 is the inverse of I : (0,U} (&) =% (Ck,0). For ¢ € (¢, ax)\D, we have
- from (5.36) that Ik(ﬁ’H(c; A)) = ¢ and I,’c(ﬁ'H(c; A)) = 0, so once again
E d

L i [/\kUk (Ik <%H(C; A)))J =H(c;A)- d% ’:Ik (iH(c; A))J , (5.38)

- but now with both sides equal to zero.

~ We have established (5.38) for all ¢ € (g, 00)\{ax}, provided that oy # €.
If oy, = ¢, then

onto

: (Cry00) 23 (0, Uk (ex))

MkUi(ek) = H(ax; A) = m(A) > 0. (5.39)

‘,“Therefore, Ak > 0 and (5.39) implies (5.37), which leads to (5.38) as before.

- We may now sum (5.38) over k € {1,...,K} and use the representation
(5.30) to obtain

U'eid) = H(eiA) - T I(H(e A);A) = H(esA), Ve € (2,00)\D.
: :‘This implies

; Uled) =Ue+1,0) + [ + Hin A)dn, Ve e (& o0),
a-!ld since H(+; A) is continuous, differentiation vields 5.26.

- Because H(; A) is continuous, positive, and strictly decreasing on (¢, 00),
the function U/ (*; A) is strictly concave and increasing on this set. Moreover,
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H(-;A) is continuous from the right at ¢, and the representation (5.30),
combined with the right continuity (upper semicontinuity) of each Ug(-) at
€k, establishes the right continuity (upper semicontinuity) of U(-;A) at e.
Finally,

lim U’(c;A) = lim H(c;A) = 0.

c—00 Cc—00
This concludes the proof that U(-;A) has all the properties required of
utility functions by Definition 3.4.1.

The piecewise continuity of U”(-;A) and U"'(-;A) on (¢, 00) follows

from the properties proved for H’(-;A) and H”(-; A). Inequality (5.35) is
(5.27). O

4.6 Existence and Uniqueness of Equilibrium

In light of Corollary 5.4, the key remaining step in the construction of an
equilibrium market is the solution of the system of equations (5.17) for A €
*[0,00)%. In contrast to the original problem of determining equilibrium
price processes, the problem at hand is finite-dimensional.

Lemma. 5.5 shows that we should not expect the system of equations (5.17)
to have a unique solution A €*[0,00)¥, since H(e(t); A) and H(e(t); A*) can
agree even though A # A*. However, the equality (5.23) guarantees that
both A and A* result in the same optimal consumption processes for the
individual agents, given by (5.18).

There is, however, an additional kind of nonuniqueness in (5.17). The
representation (5.26) of the function H, along with the definition (5.24) of
the “representative agent” utility function, allows us to deduce the positive

homogeneity properties for ¢ > &1 > 0, and A €* [0, 00)K:
U(c;nd) = nU(c; A), (6.1)
H(c;n) = nH(c; 4). ' (6:2)

It follows from (6.2) that if a vector A €*[0,00)K satisfies the equa-
tions (5.17), then so does every other vector nA with n € (0,00), on the
same ray through the origin; for all such vectors, the optimal consumption
processes are the same:

N 1
u(t) = I (M)
k
1
k
The first result of this section guarantees the existence of a solution

to (5.17) and provides a condition under which the equilibrium optimal
consumption processes of the individual agents are uniquely determined.
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‘ '._I‘hgorem 6.1: There exists a vector A = (A1y..., %) € *[0,00)K sat-
isfying the system of equations (5.17). Suppose, moreover, that for each
agent k, the Arrow-Pratt “index of risk-aversion” is less than or equal to
one, namely

cUy!(e) _
_T],'c(—c)sl forall ce (¢,00), k=1,...,K, (6.4)

-~ (see Remark 3.4.4), and let M = (..., k) € *[0,00)% be any other
7‘ solution of (5.17); then for some positive constant 71, we have almost surely
mH(e(t); A) = H(e(t); M), 0<t<T, (6.5)
and

-ék(t) =1 (A—lkH(e(t);A))

1
_Ik<E'H(e(t);M)), 0<t<T, k=1,..., K. (6.6)

‘v PR(?OF. We first establish existence. Let {e;,...,ex} be the standard
basis of unit vectors in RX | and let K = {1,...,K}. For any nonempty set
- B C K, denote by

B A
P 5t {Z)\kgk; M>0 VkeBand 3 A= 1} c*[0, 00)K

4 kEB kEB
tthe convex hull of {¢; }xep. For every k € K, define R, : Sk — R by

NS T Jy gy ) [Ik (%H(dt)@)) - ek(t)] dt,

k. 1 . (6.7)
- Where as usual, Ik(KH(e(t);AA)) = ¢ if Ay = 0. The function Ry is con-
@muous, and hence the set Fy = {A € Sk; Rx(A) > 0} is closed. Note from
(5.15) that

Al

T t

4 ;(Rk(zs) =E / e Jo P B e(0); ) I(H(e(t)s 1); 4) — e(B)] dt = 0
{J : e

6.8

“lds for every A € *[0,00). We claim that o)

SsC|JFe, VBCK, B#0. (6.9)
keB

) deefl, suppose A € Sg but A ¢ UgepFy; then Ri(A) < 0 for all k € B.
nfhtion (2.1(ii)) implies Rx(A) < 0 for all k € K\B, so that (6.8) is con-
‘tradicted. From (6.9) and the lemma of Knaster—Kuratowski-Mazurkiewicz
A ‘1929) (e.g., Border (1985), p. 26), we conclude that NkexFx # 0. Let A be
I this set. The definition of Fy, combined with (6.8), implies Rg(A) = 0
for all k € K; hence A satisfies the system (5.17). i
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We next assume the risk-aversion condition (6.4) and characterize the
set of all solutions of (5.17) in terms of a particular solution A. Let 7 and
A* be as in Lemma 5.5. Suppose that M = (1, ..., k) is another solution
of (5.17), and let M™ = (u3,...,p)) be defined by the analogue of (5.21):

A | P-ess inf ( min TM) , if keT,
= 0<t<T Uy (ex) (6.10)
js if keT¢,

and note that py > p.
If A; = 0 for some k, then Lemma 5.5 implies k¥ € 7, and thus

; - H(e(@);4) _
P-ess inf (OglélT U7 () =0.
But H(e(t); A) is bounded from below by H(7v2; A) > 0 (Condition 2.1(iii)),
so we must have Uy, (¢x) = oo and thus pj = 0 from (4.6). Now define

némax{%;keK,A,’:;éO}. (6.11)
k
Because A\; = 0 implies pj = 0, we have

ur <nip, VkekK. (6.12)

Furthermore, there is an index k € K such that Ky = nA; > 0. From (6.12)
we have

K K

. Yy y .

I(y;nA*) = Ik( *)2 Ik(—*)=1(y;M), y >0,
,; Tl’\k kzz:l Hy

and thus, almost surely,
nH(e(t); A") > H(e(t); M™), 0<t<T,
or equivalently,
LM A) > —H(( M), 0<t<T.  (613)
Ak Hi

Consider the function ¢i(y) = ylx(y),0 < y < UL (ck). With ¢ = Ix(y),
we have the derivative formula

ok(y) = Ie(y) + yIi(y) = c + g;:‘,((z)) 0 <y < Ui(ck),

and (6.4) implies that ¢ is nonincreasing. Because both A* and M* satisfy
(5.17), we have, in the notation of (6.7),

- i
0= ’\_iRE(A )
T t

=g [ e dp lso,—c (%Eﬂ(e(t);zs*)) . %Eﬂ(e(t);é*)ez(t) dt
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T ¢
<E /0 e Jo Al au [w;e (éH(e(t);M*)) = ﬂ—ﬂH«(t);M*)e,;(t)J dt
k

'(I(‘ih;s) shows that equality must hold in (6.13) almost surely, which yields

For any k € K, (6.5) and (6.12) imply
1
5 () = (i)

> I (éH(e(t);M)), 0<t<T. (6.14)

But (5.17) for both A* and M* and (6.5) gives

T t
E /0 &5 PO dugy e(t); A*) I (%H(G(t);l}*)) dt

.y /0 RN MH(e(t); A*)er(t) dt

= %E /0 T o CH(e(t); M*)ex(t) dt

-.£ [ Sty ey, (L%;H(e(tw*)) dt
-5 S any (;IZH@G);M*)) dt.

B - [ s "5 .
| Since e NG “H(e(t); A*) is always positive, equality must hold in (6.14)

~ almost ; thi i
3 ost surely; this and Lemma 5.5 imply (6.6). O

b Remark 6;2: Although we do not use this observation, it is interesting to
nqtfe that A* and M™ in the proof of Theorem 6.1 are related via M™ = nA*.
- Inlight of (6.12), we need only rule out the possibilty nA* > (7. From (6~.5)

k

Lj, ;B:d the definitions (5.21), (6.10) of Ak> by, for k € T, such a k must be in

- Lemma 5.5 applied to M shows that k € 7€ if and only if the inequality
H(e(t); M™)

pr < 2! ,
" UL

0<t<T,

& does not hold almost surely, i.e., P [UL(Ek) > ming<i<r I%H(e(t); MY >
0. If nAs > pr, then the above inequality and (6.5), (5.22)’c imply

‘N

_ 1
P|U;. in — “A* .
[ (Crk) > o’_<ri‘£ Y H(e(t); A )J > 0;
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but for ¢t and w chosen such that Uj(cx) > fEH(e(t,w);A*), we have the
strict inequality

I (Aizﬂ(e(t, DiA) > 1o (;”in(e(t,ww)) Y (ui;”“(t’ iA).

and (6.6) fails.

To complete the construction of an equilibrium market, we appeal to
Theorem 6.1 and choose a vector A € *[0,00)¥ satisfying the system of
equations (5.17). The positive homogeneity properties of (6.1), (6.2) permit
us to assume without loss of generality that

H(e(0);A) = 1. (6.15)
Let us consider the process
n(t) = He(t);A) = U'(e(t);4), 0<t<T. (6.16)

An application of Itd’s rule for differences of convex functions of mar-
tingales (e.g., Karatzas and Shreve (1991), Theorems 3.6.22, 3.7.1 and
Problem 3.6.24) yields

n(t) =1+ / 0" (e A)elav(s) + SU" () Dlola)%2(e)] ds
0
% /O U ((s); A)e(s) de(s)
K
+ 3 (U (a+; 4) — U” (ak—; A)] Le(ak)

k=1
t
+ [ UM el () W), 0<t<T, (6.17)
0
in conjunction with Theorem 5.6 and equation (2.2). Here L;(ay) is the
local time at oy of the semimartingale €(-), accumulated during [0,¢]. On

the other hand, if Hy(-) is the state price density in a standard, complete
financial market M, then the process

¢(6) 2 Ho(t)eh 7
= Xp { — t — dupy, 0<t<T (6.18)
Zo(t)e p{ A0+ [ (68— rw) u} <t<T (
satisfies the integral equation
7 t t
¢t)=1- /0 ¢(5) dA(s) + /0 ¢()(B(s) — r(s)) ds

- /t ((s)0'(s)dW (s), 0<t<T. (6.19)
0
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Corollary 5.4 asserts that M is an equilibrium market if and only if n(-) =
¢(+), or equivalently, in light of the decompositions (6.17) and (6.19), if and
only if

r(0) = B(0) ~ e [0t Myt

+ 9V s M0 | (6.20)
o(t) = —%e(t)p(t), (6.21)

t U"(e(s);A)
o U'(e(s); ) €(s) d&(s)

N i U(+;4) - U”(ax—; )

U'(ax; A)

A(t) = -

Ly () (6.22)
k=1

for0<t<T.

~ Theorem 6.3 (Existence of an equilibrium market): Choose A* €
~ *[0,00)% to satisfy (5.17) and (6.15). Define r(-),0(:), and A(-) by
. (6.20)-(6.22). Let o(t) = {onj(t)}1<nj<n be an arbitrary, nonsingu-
~ lar, matriz-valued process satisfying the integrability condition (vii) of
3 Definition 1.1.3, and define

b(t) 2 r(t)1y + o(1)0(t). (6.23)

,; Let the initial stock prices be any vector S(0) = (51(0),...,Sx(0)) of
_ positive constants. Then the market M = (r(-),b(-),0(:), 5(0), A(-)) is an
~equilibrium market.

- PROOF. Because of Corollary 5.4, we need only verify that M is a stan-
- dard, complete financial market satisfying Condition 3.1. (Recall that we
~ are omitting dividends from the markets in this chapter.) Condition 2.1(ii),
.~ the integrability of 3(-), and the boundedness of v(-) and p(-) ensure the
~ integrability of r(-) and the boundedness of 6(-). Together with the in-
. tegrability condition on ¢(.), this guarantees that foT I6()||ldt < oo a.s.
- Therefore, M is a standard, complete financial market (Definitions 1.1.3,
- 1.5.1 and Theorem 1.4.2, 1.6.6).

- Because U(+;A) is piecewise C3 on (¢, 00) (Theorem 5.6) and U'(+;A) =
- H(;A) is strictly positive and continuous on (¢,00), the bounds in
Condition 2.1(iii) imply that Hy(t) = e_fot #u) d"'H(e(t); A) satisfies
- Condition 3.1(ii). To verify Condition 3.1(i), we consider

1 — [ r(w) du—A()
=e 0
So(t) ’

2"N0w, B(-) was assumed in Section 2 to be bounded from below, and all the

E . . t
- Other terms appearing in (6.20) are bounded, so maxo<i<T € f., r(u)dw .o

0<t<T.
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bounded from above. It remains to establish

E[ max (e‘A(t))] < 00.

(6.24)
0<t<T

From (6.17) we see that for some real constant C;, we have

i[U”(alﬁ‘; A) = U"(ax—; A)] L7 (k)
k=1

T
<Ci— [ U(els) D)eloe! () aW (o)

0
almost surely. For ax ¢ (¢,00) we have Li(ax) = 0, and inequality (5.27)
for ay, € (¢, 00) shows that

K

max Y [U"(ax+;A) — U (ar—; A)]Le(ax)
0<t<T &

) >

<) [U"(ak+;4) — U"(ox—; A)| L7 (ak).
ki

These inequalities and equation (6.22) imply

K
ax (A1) < G2+ Cs ;[U”(akﬂ A) — U"(ar—; A)]Lr(ak)

T
<Cy— 05/0 U" (e(s); A)e(s)p'(s) dW (s),

for appropriate constants Cs, C3,C4, Cs. Condition 6.24 follows. ]

Theorem 6.4 (Uniqueness of the equilibrium market): Assume that
(6.4) holds. Then the equilibrium money market process So(+), the state
price density process Hy(-), and the market price qf risk processﬂf)(-), are
uniquely determined, as are the optimal consumption processes ¢i(:),. .-,
¢k (+) of the individual agents.

PROOF. The uniqueness of Hy(-) follows from Corollary 5.4, The?rem 6.1,
and the initial condition Hp(0) = 1. The uniqueness of é;(),...,éx () also
follows from Theorem 6.1. The semimartingale log Hy(t) can be decom-
posed uniquely as the sum of a finite-variation process F(-) plus a local
martingale M (-). But

log Ho(t) = — /0 tr(u) du — A(t) — % /0 16/(w) | 2du — /0 0(u) dW (u),

and the equation M(t) = — fot O(u) dW(u),O. < t < T determines the
process 6(-). Knowing 6(-) and using the equation
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t 1 t
F(t) = — / () du= A(H) ~ / 16u)|P? du,
0 0
we determine — fot r(u) du — A(t), and hence Sp(-). a

We should not expect the stock mean rate of return vector b(-) and the
volatility matrix o(-) to be determined by equilibrium conditions, because
of the possibility of replacing stocks by mutual funds. Given a market M =
(r(-),b(-),0(:),5(0), A(-)), we can form a mutual fund by specifying an
~ initial value S(0) > 0 and the proportion p;(t) of the fund that is to be
- invested in each stock j at time ¢. The proportion 1 — E;V:I p;(t) (which
may be negative, or may exceed 1) is invested in the money market. The
- value of the mutual fund will then evolve according to the equation

d8(t) = S(O)[(1 - p'()1x)(r(t) dt + dA(2))
+P/()(b(t) dt + 1ydA(t)) + ' (t)o () dW (t)]
= S(t)[r(t) dt + dA.(t) +P'(t)(b(t) — r(t)1y) dt + p'(t)o(t) dw (¢)].
This is just (1.3.3) with T'(-) = 6() = 0, X(-) = §(-), and =(-) = S(-)p(.).
o Now let us choose a set of N mutual funds n() = (pul),...,
nn())s . pn() = (pn1(-),--.,pnn(-)) such that the matrix P(t) =

(Pij(t))ISz‘,jgN is nonsingular for all ¢ € [0, T] almost surely. Then the

~ values S@) = (S1(2),.. .,Sn(t))’ for these funds evolve according to the
~ stochastic differential equation

dS(t) = diag(5(t)) - [(r(t) dt + dA(t))Ly
+ P(t)(b(t) — r(t)1) dt + P(t)o(t) dW (t)],

,L where diag(S(t)) denotes the N x N diagonal matrix with Si(t),..., Sy (t)
~ in the diagonal positions. We may regard S;(-),...,Sn(-) as a complete set
- of stocks with mean rate of return vector

b(t) £ r(t)Ly + P(£)[b(t) — r(t)Ly]

~ and volatility matrix

(6.25)

5(t) 2 P(t)o(t).

- The associated market price of risk is

(6.26)

6(t) = 571 (1)[b(t) - r(t)Ly] = o ()[b(t) - r®)1n] = 6(t),

the same as the market price of risk associated with the original set of
- Stocks Sy(-),...,Sn(-).

- M= (r(-),b(-),0(-),S(-), A(-)) is an equilibrium market for the prim-
 itives introduced in Section 2, then so is M = (r(-),l;(-),&(-),5'(-),A(-)).
~ Indeed, since 6(-) = 6(-), the markets have a common state price density
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process Hy(-), and this is all that matters (Theorem 5.2). Thus, equilibrium
considerations cannot determine the processes b(-) and o(:).

It follows from Theorem 6.4, however, that under the risk-aversion condi-
tion (6.4), the equilibrium market is unique up to the formation of mutual
funds. Tf M = (r(-),b(-),0(-),S(0),A()) and M = (r(-),b(-),5(-),S(0),
A(+)) are two equilibrium markets, the uniqueness of the market price of
risk implies

o (®)[b(t) — r(t)1n] = 571 (B)B(E) — r(t)Ln].
Setting P(t) = &(t)o~1(t), we have (6.25), (6.26).

Remark 6.5: Under condition (6.4), the representative agent utility func-
tion (5.24) that results in equilibrium is determined (up to an irrelevant
multiplicative constant) purely endogenously, by the individual agents’ util-
ity functions Uy, ..., Uk, the discount rate §(-), and the distribution of the
vector of endowment processes £(-) = (ex(-),. .., €x(:)).

The paths of the equilibrium market processes r(-), A(-), and 6(-), as well
as the individual agents’ optimal consumption processes é(-), depend on
the representative agent’s utility function, the discount rate function f3(-),
the paths of the aggregate endowment process €(-), and the paths of the
processes v(-), p(+), and £(-) used in the model (2.2) of €(-). More gener-
ally, r(-), A(-),0(-) and éx(-) are adapted to the filtration {F(t)}o<¢<7, the
augmentation by null sets of the filtration generated by the N-dimensional
Brownian motion W (-).

A more satisfactory result would be for r(-), A(:),8(-), and éx(-) to be
adapted to the filtration {F%(t)}o<t<r generated by the vector £(-) =
(e1(+),-..,€x(-)) of endowment processes. This is indeed the case, under
the following conditions.

Assume that instead of (2.2), the individual agents’ endowment processes
are given by the system of functional stochastic differential equations

N
dei(t) = ex(t) |ve(t,€())dt+ Y prj(t,E() AW (@B)|, k=1,....K,
F=1

where vy : [0,T] x C([0,T])¥ — R and pkq : [0,T] x C([0,T])¥ — R are
progressively measurable functionals as in Definition 3.5.15 of Karatzas and
Shreve (1991). If these functionals v(t,y) = {vk(t,y)}k=1,. .k and p(t,y) =
{pr;(t,y)} 1gksi aTe bounded and satisfy the Lipschitz condition

ot y) = v(t, 2)l| + lle(t,9) — p(t, )| < LA+ sup [ly(u) - z(u)])

for every t € [0,T] and y,z in C([0,T])%, then the system (6.27) has a
pathwise unique, strong solution £(¢),0 < t < T. The proof is a straight-
forward modification of the standard iterative construction (e.g., Karatzas
and Shreve (1991), Theorem 5.2.9).
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The solution to (6.27) satisfies
o) =0 e [ |t e0) -} »
A k\E igpkd(tag(')) dt

N
+ > oki(t,E()) dW(j)(t)}

=1

and hence is nonnegative, and positive if ¢ (0) is positive. Provided that at
least one € (0) is positive, we may write the differential of €(t) = Zf_l €x(t)
e -

N
de(t) = e(t)v(t) dt + €(t) Y p;(t) aW (),

j=1
where

K
vit) =3 200 6y,

k=1 (t)

= exl?)

mm=ZR§m&&Mj=th

| k=1

We are now in the setting of (2.2) with £(-) = 0, ezcept that now all processes
are adapted to the filtration {F¢(t)}o<i<r.

{ Remark 6.6: The equilibrium market in this chapter is constructed so
Fhat the money market and all stocks are in zero net supply (cf. (5.3)
- (56.4)). Within the framework of this chapter, other assets can be deﬁneci
- and priced, and these can be in positive net supply. For example, the right
to receive agent k’s endowment process is in positive net supply. The value
~ of this right at time ¢ is

1 T
5 -E [/t Ho(u)ex(u) du ’ f(t)] 3

‘ where .HO( ) is determined by equilibrium. Any other value would result in
- an arbitrage opportunity.

- Remark 6.7 (The Consumption-based Capital Asset Pricing Model):

;_g:ppose there exists a unique equilibrium market. From (6.16)—(6.22) we
- have

dU" (e(t); A) U"(e(t); A)

U'(e(t); A) =pB(t)dt —r(t)dt - dA(t) — We(t)pl(t) dW (t)
= pB(t)dt - ‘f;"(g) —0'(t) dW (). (6.27)
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We see that if there is no discounting (3(-) = 0), then the rate of growth of
the instantaneously risk-free asset is the negative of the growth rate of the
representative agent’s marginal utility from consumption. Note also that
with

J(z;A) 2 —% (6.28)
we have
bn(t) — r(t) = Zam(t)ﬁ
t>;A>Zanj(t)pj<t>
j=1
Te(t); 4) Xom )W) (6.29)

Sn (t) (t) dt
In other words, the risk premium associated with each risky asset is pro-
portional to the relative covariance between the price of that asset and
the aggregate consumption; the proportionality constant is independent of
the particular asset and equals the “index of relative risk-aversion” for the
representative agent.

The above two observations are referred to as the consumption-based
capital asset-pricing model (CCAPM) for an economy.

Remark 6.8: Formula (6.22) suggests that even if the singularly con-
tinuous component &(-) of the aggregate endowment process is identically
zero, the singularly continuous component A(-) of the money market price
can be nonzero. In this case, movements in the equilibrium money mar-
ket price cannot be captured by the interest rate process r(-) alone. If p(-)
is nonzero, then the local-time process ¢t — L;(ay) strictly increases each
time €(t) = ay. If in addition, £(-) = 0, then

K 7 . " .
A(t) 3 —Z U (ak+7A) —U (ak_’é)

U’ (ax; A) Li(o) (6'30)
k=1 T

strictly decreases (recall (5.27)) each time €(t) = oy for some k, and is con-
stant on each open interval in the complement of the set {t € [0,T];€(t) =
ay for some k}. The set {t € [0,T];€e(t) = ax} is empty if Uy (k) = o0;
but if U, (¢k) < oo, then {t € [0,T];€(t) = ax} is precisely the set of time
points at which the optimal consumption process for the kth agent “falls
to” or “rises from” the subsistence level ;. (Of course, “falling to” or “ris-
ing from” subsistence consumption ¢ is not a simple concept here, since

every point of the set {t € [0,T];€e(t) = ax} is a cluster point of this set.)

Example 7.7 in the next section demonstrates that the preceding
phenomenon does occur.
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4.7 Examples

This section comprises several examples in which the various processes of
the equilibrium market can be computed more or less explicitly. In Exam-
ple 7.6 there are two agents with completely different utility functions. In
Example 7.7 there are two agents with related utility functions, except that
the optimal equilibrium consumption of one agent sometimes falls to Z€ro,
whereas this quantity for the other agent is always positive. When optimal
equilibrium consumption of an agent falls to zero, or rises from zero, the
money market price decreases in a singularly continuous manner, i.e., the
money market price is continuous but cannot be represented by an interest
rate. Example 7.8 considers an ergodic aggregate endowment process.

Example 7.1 (Logarithmic utility with subsistence consumption): Let

Uk(c) = log(c—¢y), for ¢ > cx,k =1,..., K, where each ¢, is a nonnegative
constant. Then

U'(c;A) = H(c;A) =

1 X
- E Ak, C€>C.
k=1
We normalize A by setting Z k=1 Ak = €(0) — ¢, a strictly positive quantity

because of Condition 2.1(iii); then #(e(0); A) = 1. Equation (5.17) becomes

(00 S (s

k= T .
foT e_fo Alw)du 4, o
With A defined by (7.1), we have
0) &
Ho(t) = H(e(t); ) = SO =F, (72)

e(t)—¢

and the optimal consumption process for agent k is
. €(0) —¢ Ai(e(t) —¢)
C(t) = 1, = C
{0 =1 (5305=3)

€(0)—¢ + Gy
| 3‘ For each agent, ¢(t) > ¢ for all ¢, almost surely. The equilibrium market
~ coefficients of (6.20)(6.22) become

k=1,..., K.

) = 50 1. SO E@OI?

) ﬂ<(tt)) 0 o e
_€(t)p . e(s

o0 =pr A= [ 50 deto).

Example 7.2 (Power utility with subsistence consumption): Let Uy(c) =
-(c—ck)”forc>ck,k—1 ., K, where p < 1,p # 0, and each ¢ is a
nonnegative constant. Then
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1-p
K 175
Ullc;4) = HicA) = [z—kﬂ——)‘_k—jl ; E>E&

c—¢C

We normalize A by setting Ef:l A7 = €(0) — ¢, so that H(e(0); A) = 1.
Equation (5.17) becomes

u)du € —
S (€(0) — D [T e~ Jo 2 m’g)ﬁ%r"—dt'
EfTe [P0 ® ) _gpat
With A\i defined by (7.3), we have

(7.3)

Hot) = Heetsi) = (S =2)

and the optimal consumption process for agent k is

&(t) = I (/\ik (Z(((t’)):EE)I_p) _ AT (6((3)) ) 4 gy k=1, v K

For each agent, é(t) > ¢ for all ¢, almost surely. The equilibrium market
coefficients of (6.20)—(6.22) become

A =pe®r(t) (1 -p)2—p)e®)lp®)?

0 =B0+ ——2 2(e(t) = 0) !
_ (1—ple(t)p(t) €(s)
o) = e(ty—¢ ’ Al = )/ e(s) — c

The logarithmic formulas of Example 7.1 are recovered by setting p = 0 in
this example.

Remark 7.3: In Example 7.2 and with A given by (7.3), the ray of vectors
{nA}o<n< is the locus of solutions to the system of equations (7.3), even
for negative powers p. This shows that condition (6.4) is not necessary for
uniqueness in Theorem 7.1, since in this example

_ () _ (A=p)c

Ul’c(c) T -G

Remark 7.4: Condition 2.1(ii) is not necessary for the construction
the equilibria in Examples (7.1) and (7.2). All that is required is that
the expressions appearing on the right-hand sides of (7.1), (7.3) be non-

negative for all k. They will be positive for at least one k because of
Condition 2.1(iii).

>1 for ¢>¢, p<O.

Example 7.5 (Constant aggregate endowment): 1If the aggregate en-
dowment € > ¢ is constant, then the unique vector A satisfying the
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normalization H(e; A) =1 is

A ( 1 1 )
g Ui(é)" 7 Ug(&) )’
where the constants é; > ¢ are the optimal consumption rates
t
E[Te Jo P % ) at

Cr = ; , k=1,...,K.
foT & J, Bw) du dt

Constant aggregate endowment implies v(-) = 0,£(-) =0, p(-) =0 in (2.2),
and the local time of €(-) at every point is zero. Therefore, the equilibrium
market coefficients (6.20)—(6.22) are

r(t) =B@t), 0t) =0, A{t)=0, 0<t<T.

It should be noted that the individual agents’ endowments can be random
and time-varying, which means that agents may still have to trade with
one another in order to finance their constant rates of consumption.

Example 7.6 (K =2,U;(c) =logc,Us(c) = y/c.): In this case, we have

U'(c;A)zH(c;A)zg—:: 1+ 1+c(i2) , ¢>0,
1

and the optimal consumption rates become

2¢(t) ’X\fe(t)

¢1(t) = , CGot) = .
b 14 /1+€(1)(32)? o (1+,/1+e(t)(§3)2

The positive constants A; and A, are uniquely determined by (5.17) with
k=1

T t
2/ e_foﬂ(")dudt
0

T t
g [ &topwa 1+
0

(7.4)

- and the normalization condition (6.15) gives

g s 240) . (7.5)

14 41/14€(0)(32)?

Indeed, (7.4) determines %f, and then )\ is found from (7.5).
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With the vector A = (A1, A2) € (0,00)? thus determined, the formulae
r(t) = B0) + J(e(t); A)w(t) + 5]l p(0) P (e(0: A),
0(0) = Ty Mlt), A) = [ I(el0); ) deCe)

of (6.20)—(6.22), with
J(e4) = —cU"(;A)/U'(;A), K(c;A) = —cU"(c; A)/U’(c; A),
provide the coefficients of the equilibrium market model.

Example 7.7 (Money market not represented by an interest rate): This
example shows that the equilibrium money-market price can have a non-

trivial singularly continuous component A(-), even though the singularly

continuous component £(-) of the aggregate endowment process is identi-
cally zero. There is a discussion of this phenomenon in Remark 6.8. Here
we set up a particular model exhibiting the behavior of interest.

We consider two agents (K = 2) with utility functions

loge, ¢>0,
Ul(c)z{_go, c<0,

log(c+1), ¢>0,
U2(6)={—§<(3 : c<0

so that ¢; = é = ¢ = 0. Then
o (l/y)_lv 0<y31,
) I2(y) = {0’ y > 1,

A1tAo
-1, 0<y<Ag,
I(y;A) = {JV i
Y’ Y 2 A2,

M g<e<M
CTNERCYVES SO L
e e 5
In the notation of Theorem 5.6, a; = 0, ay = %;, and D = {%} In the
notation of (5.29), (5.30),

él_{c, 0<c<§:, (7.6)
e, 0<e< 51,
A2={):\21:L-;c i, e>NM = (7‘7)
A1 loge, 0<c<§§,
UleiA) = { (M +22)log(1+¢) + Ay log (325 )
+’\21°g(,\_h3)\_2), 02%,
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and we observe that (cf. (5.27))

A1 A1 /\2
v (2a) — v ( ;A) S
(/\ ) Ag T A1(A1 +A2)

We set 5(-) = 0. For the aggregate endowment, we take the process
€(t) = 1+exp{W(t/\'r) - %(t/\'r)z}, 0<t<T,
where 7 = inf{t € [0,T);W(t) = 1} A T. Then (- -) is a continuous
martingale bounded strictly between 1 and 1 + e, and
de(t) = (e(t) — )lp<ry dW(t), €(0) = 2.
This is of the form (2.2) with v(-) = 0,£(-) = 0, and p(t) = ﬂggﬁll{tsﬂ.
Condition 2.1(iii) is satisfied.

Because €(t) > 1 for 0 <t < T, almost surely, we have E fo 124fett) dt >
T. Choose & € (0,1) to satisfy

. _2e(t)
E /0 g7 (7.8)

and set €1(t) = ke(t),e2(t) = (1 — k)e(t), so that Condition 2. 1(ii) is also
satisfied. Equation (5.17) with & = 1 or 2 reduces to

_— Al
=f (/\_2) , - (79)
where

T T
A 1 €(t)
=F 1 dt 1 = | s —_— 7 X i
fla) /0 {e(t)<a} dt + < - a) E/O T+e(d) Lie(ty>ay dt. (7.10)

] Note that

T T
1
a)=E [ 1 adt+E/ 1— ——— ) L0} dt
f(e) /0 {e(t)<a) 0( 1+€(t)) {e(t)2a}

1 T 1)
—-FE 1
+oE H-m{w»w“
(e(t) —a)*
=T E ;
+ / T+ el t) dt (7.11)

From (7.10) we have f(1) = 2EfT Ii:(t) dt>Z and fl+e)=T<ZL

Because f is continuous, there must exist o € (1,1 + e) such that

fle) = % (7.12)

- Let o* be the smallest such a. Because a* solves (7.12), (7.11) implies

Efo He(t)>ary dt > 0, and f(a) < f(a*) for all @ > a*. For 0 < o < 1, it
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is apparent from (7.8) that f(a) > f(1) > L. Therefore, a* is the unique
solution in (0, o) to (7.12).

From (7.9) we see that the equilibrium vector A = (A1, A2) must satisfy

%21 = a*. We determine \; and )y individually from the normalization

condition

1 = H(e(0): 4) %, if 0 < €(0) < a*,
-—3 € ;~ |— 3 . ”
1&%’ if €(0) > a*.

We have already seen that E fOT l{et)y>arydt > 0. We must also have

EfOT L{e(t)<a=} dt > 0, because Plinfo<i<7 €(t) = 1] > 0 by construction.
It follows that the process €(-) crosses the level o* during the interval [0, T
with positive probability. Being a continuous martingale, €(-) is a time-
changed Brownian motion (Karatzas and Shreve (1991), Section 3.4B),
and hence Li(a*) increases at each t satisfying e(t) = o* (ibid, Prob-
lem 6.13(iv)). The equilibrium market coefficient processes (6.20)—(6.22)
are

1 1
r(t) = — [ml{e(t)<a‘} + ml{e(t)ZQ‘}] (e(t) = 1)*1e<rys

1 1
g(t) = [@l{e(t)<a‘} + r—}T(t)l{c(t)Za‘}] (G(t) - l)l{tS‘r}7
B Lt(a*)
a*(1+a*)’
and A(:) is nontrivial. According to (6.6) and (7.6), (7.7), the optimal
consumption processes are

At) =

B a*(1+€(t))
é1(t) = e(t)1ety<ar} + _(1+Tf
€(t) —a* 1

1o Le2ar):

Example 7.8 (Ergodic aggregate endowment): Let us suppose that each
agent k has utility function Uy with ¢ = 0 and U[(0) = oo, so & = 0. Let
us further suppose that the aggregate endowment process €() is a time-
homogeneous diffusion on an interval Z = (v;,7;) with 0 < 7; < 2 < 00;
ie.,

Lie(t)>ax)s

é(t) =

de(t) = e(t)v(e(t)) dt + e(t)p(e(t)) AW (2),

where the functions v : 7 — R and p : Z — R”" are bounded on compact
subintervals of Z. We assume also that [|p(-)|| is bounded away from zero
on compact subintervals of Z.

We introduce the scale function
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and the speed measure
2dc
m(dc) S T N TG I T ceE I,
Allp(e)]?p (c)
where 7 is a fixed point in Z, and assume that
p(m) = —o0, p(72) = 0o, m(Z) < oo. (7.13)

Then the diffusion process () is ergodic with invariant measure

m(dc)/m(Z) (cf. Proposition 5.5.22 and Exercise 5.5.40 in Karatzas and
Shreve (1991)).

Finally, suppose that 3(-) = 3 is constant. Then (6.20)(6.22) give A(-) =
0 and

1
ﬂﬂzﬂ—ﬁmﬁﬁPﬂ@mkmw4m+§UdeMkmm%%ﬂ,

0(t) = e(t)p(e(t)) (—%> ’

where U(:) = U(-;A) is the representative agent utility function of (5.24).
In particular,

7O+ ZIOI = 5~ G @lpteyy? [LEDLED) -0 ()
U (et)

2v(e(t)) J
U'le(®))  e®llo(e®))]?]”

- and the mazimal growth rate from investment in this market (corresponding
- to the “optimal logarithmic portfolio” w(-) = (o’(-))10(-) X (-) of (3.10.2))
o is equal to the discount rate B, as we show below.

We note first from (3.10.3) that the wealth process X (-) corresponding to

i tpe optimal logarithmic portfolio, regardless of the positive initial condition
. X(0), satisfies

(7.14)

o1 s 1 T
im, 7ioa X(0) = fim 7 [* 106+ oo as

- because 6(-) is bounded, which implies limz_, o, 7 fOT 0'(s)dW (s) = 0. The
v}‘ergodic property for €(-), in conjunction with (7.13), implies

T
dm 7 [+ 51001 as
—p-—L [T 2 [T@QU" () = (U"()* | U”(c)
’ 2m(I) J,, (el [ (U'(c))? U'(c)

_p_ L [PUQUM) - UMD U'e) p(e)] de
. L [ AC)E Uwfp%Jw@
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_g L ™ [(U”(c))'.pll U p"(c)]dc

m(@) ), |\T()) P Tl @)
1 (™d (U'(c) 1
=P-mm /., %(U'(c) pf(c)) e

1 Ulle)  U'(m) .
=h- m(Z) [U’(Wz)p’(vz—) U’(%)p’(vﬁ)] K

because p'(y2—) = p'(71+) = oo from (7.13).

4.8 Notes

Models of competitive equilibrium, i.e., of the way in which demand for
goods determines prices, have occupied economists for more than a century.
One of the oldest works on this subject is Walras (1874/77). A mathemat-
ical treatment of the existence and uniqueness of solutions to Walras’s
equations was given by Wald (1936), in whose work can be found an early
version of the risk-aversion index condition 6.4 (see also Rothschild and
Stiglitz (1971) for another use of this condition). The first complete proof
for the existence of equilibrium in an economy with several agents and
finitely many commodities was given by Arrow and Debreu (1954). A per-
spective on this and related work can be obtained from Arrow (1970, 1983),
Debreu (1982), and the surveys by Debreu (1959, 1983).

The classical reference on competitive equilibrium with an infinite-
dimensional commodity space is Bewley (1972). The commodity space in
this work is L, a space whose positive orthant has nonempty interior, and
this fact is necessary for the separating hyperplane argument at the heart
of the paper. To remove this interiority condition, Mas-Colell (1986) intro-
duced the concept of “uniform properness” for the preferences of agents.
In the context of the model of this chapter, and with ¢, = 0 for all k,
uniform properness requires that U (0) be finite for every k. A survey of
equilibrium existence theory in infinite-dimensional spaces is Mas-Colell
and Zame (1991).

The models in the above papers are not explicitly either dynamic or
stochastic. Models that are both stochastic and dynamic have the interest-
ing feature that individuals can achieve equilibrium allocations by trading
in securities. This role of securities in spanning uncertainty in a complete
market was already recognized by Arrow (1952). Radner (1972) established
existence of equilibrium in a discrete-time dynamical market with several
agents who trade with one another. Lucas (1978) set up a discrete-time
Markov model in which the optimal consumption/production of a repre-
sentative agent leads to equilibrium. This work was presaged by LeRoy
(1973). Prescott and Mehra (1980) extended the work of Lucas (1978) to a
setup with several identical agents. The analysis of a representative agent or
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several identical agents leads to the consumption-based capital asset pricing
model (CCAPM) of Merton (1973b), Breeden (1979), and Cox, Ingersoll,
and Ross (1985a); see Remark 6.7. Empirical tests of this model performed
by Breeden, Gibbons, and Litzenberger (1989) found partial agreement
with data.

The issue of existence and uniqueness of equilibrium in a continuous-time
stochastic model with nonidentical (heterogeneous) agents is inherently
infinite-dimensional, because consumption is indexed by both time and by
the “state of nature” w € Q. Duffie (1986) gave conditions sufficient for the
existence of such an equilibrium, but CCAPM was not obtained because the
analysis required the uniform properness condition of Mas-Colell (1986); see
also Duffie and Huang (1987). Duffie and Huang (1985) showed that if a
continuous-time stochastic model with heterogeneous agents has an equi-
librium, then this equilibrium can be implemented by trading in securities.
Huang (1987) provided conditions under which such an equilibrium leads
to prices that are functions of a diffusion state-process. The missing piece
in this puzzle was supplied by Duffie and Zame (1989), and independently
by Araujo and Monteiro (1989a,b), who provided functional-analytic proofs
of the existence of equilibrium without the uniform properness condition
of Mas-Colell (1986).

The approach to the questions of existence and uniqueness of equilibrium
followed in this chapter is taken from the papers Karatzas, Lehoczky, and
Shreve (1990, 1991) and Karatzas, Lakner, Lehoczky, and Shreve (1991).
The fundamental idea of assigning weights to the different agents, and
thereby reducing the problem to one of finding the proper weights, was

; apparently first used by Negishi (1960). Other authors, including Magill

(1981) and Constantinides (1982), have used this method. In the model

- of this chapter the Negishi method turns the infinite-dimensional problem
- of finding equilibrium consumption processes into the finite-dimensional
- problem of finding the proper weights. Extensions of this approach permit
~ astudy of equilibrium in the presence of several commodities (e.g., Lakner
g (1989)), of an agent who takes into account the effect of his actions on prices
- (Cuoco and Cvitanié (1996), Basak (1996b)), of heterogeneous beliefs or in-
- formation for agents (cf. Detemple (1986a,b), Detemple and Murthy ( 1993),
- Bagak (1996b,c), DeMarzo and Skiadas (1996, 1997), Pikovsky (1998)), of
.\ Testrictions on stock-market participation (Detemple and Murthy (1996)),
- Bagak (1996¢), Bagak and Cuoco (1998), Cuoco (1997)), of stochastic dif-
 ferential utility (Duffie, Geoffard and Skiadas (1994)), and of the effect
- that portfolio insurers have on the market (Basak (1993, 1995, 1996a),
- Grossman and Zhou (1996)). Dana and Pontier (1992) and Dana (1993a,b)
- have extended some of the results in Karatzas, Lehoczky, and Shreve (1990)
- and have cast the arguments of this chapter into more traditional economic
terms. Dumas (1989) is similar to, but more detailed than, our Example 7.6.

ple 7.8 grew out of conversations with Dean Foster.
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When markets are incomplete, equilibrium analysis becomes more diffi-
cult. Hart (1975) provided an example of a discrete-time model in which
equilibrium does not exist. Following this, Kreps (1982), McManus (1984),
Magill and Shafer (1984), and Duffie and Shafer (1985, 1986) demon-
strated that for nearly all discrete-time models, equilibrium does exist.
Again in a discrete-time model, Duffie (1987) established the existence
of equilibrium under the assumption that all securities are purely finan-
cial, i.e., represent claims to monetary dividends rather than claims to
goods. Rubinstein (1974) provided conditions on agents’ utility functions
that lead to existence of equilibrium as if the market were complete. Lu-
cas (1978), Bewley (1986), Duffie, Geanakoplos, Mas-Colell, and McLennan
(1994), and Karatzas, Shubik, and Sudderth (1994, 1997) study discrete-
time stationary Markovian equilibria in infinite-horizon models. For more
information about discrete-time equilibrium results for incomplete market
models, the reader can consult the recent monograph by Magill and Quinzii
(1996) and its references.

Cuoco and He (1994) have extended the methodology of this chapter
to incomplete continuous-time markets; see also Cuoco and He (1993), He
and Pages (1993), Cuoco (1997) and the references therein. Equilibrium
analysis in this setting depends on the ability to solve the single-agent
optimal consumption/investment problem of Chapter 6, but in the presence
of a random endowment stream rather than an initial capital at ¢ = 0; see
the notes at the end of that chapter.

5

3 Contingent Claims in
- Incomplete Markets

1 Introduction

he subject of this chapter is the arbitrage pricing and almost sure hedg-
of contingent claims in markets which are incomplete due to portfolio
onstraints. It often occurs in such markets that a given contingent claim
annot be hedged perfectly, no matter how large the initial wealth of the
uld-be hedging agent. However, it can be the case that with sufficient
tial wealth, a hedging agent can construct a portfolio which respects the
onstraints and still leads to a final wealth that dominates almost surely the
ayoff of the contingent claim. This chapter distinguishes these two cases
nd shows how, when possible, to construct the superreplicating portfolio
of the second case.

- In Section 2 of this chapter we set up the financial market model M(K)
With constraints. In particular, there is a nonempty, closed convex set K C
}", and the investing agent’s vector of wealth proportions in the N stocks
required to lie in this set. The model includes such common situations
prohibition or restriction on short-selling, prohibition or restriction on
owing from the money market, and incompleteness in the sense that
me stocks (or other sources of uncertainty) are unavailable for investment.
Ven a contingent claim, which in this chapter pays off a nonnegative
unt at the final time only, we define hup(K), the upper hedging price
e claim, to be the least initial wealth that permits construction of a
erreplicating portfolio in the constrained market M(K). To compute
(K), we introduce a family of dual processes D, and with each dual
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process v € D we construct an auxiliary market M, related to the original
one. There are no portfolio constraints in the auxiliary markets, and so
the contingent claim in these markets can be priced and hedged using
the theory of Chapter 2. Let w, be the price of the contingent claim in
the (unconstrained) market M,,. Theorem 6.2, the principal result of this
chapter, is that

hup(K) = sup u,. (6.3)

veD
This supremum is infinite if and only if superreplication in the constrained
market M(K) is not possible.

In the special case of a market with constant coefficients and of a contin-
gent claim whose payoff is a function of the stock prices at the final time,
the supremum in (6.3) turns out to be the price of a related contingent
claim in the original market without portfolio constraints. This result is
obtained in Section 7. -

Section 8 is a study of conditions under which the supremum in (6.3)
is attained by a so-called optimal dual process (-). When an optimal dual
process 7/(+) exists, the hedging portfolio process in the unconstrained mar-
ket M, satisfies the portfolio constraints in the constrained market M(K)
and replicates exactly the contingent claim almost surely.

The discussion so far has concerned the seller of a contingent claim; who
receives an initial sum of money and wishes to invest in the constrained
market M(K) so as to superreplicate the contingent claim. In Section 9
we take up the problem of the buyer of a contingent claim, who initially
either borrows from the money market or sells stock short in order to raise
capital to buy the contingent claim. The buyer wishes to manage his debt
so that the payoff of the contingent claim at the final time is sufficient to
cover this debt. The buyer also invests in a constrained market, although
the modeling of his constraint is complicated by the fact that his wealth
prior to the final time is nonpositive. We require in Section 9 that the
vector of the buyer’s wealth proportions invested in the N stocks lie in a
nonempty, closed, convex set K_ related to K. We define hj,,,(K_) to be
the largest sum the buyer can borrow and still have the payoff from the
contingent claim cover his debt almost surely at the final time. For the
buyer’s problem, our principal result is Theorem 9.10:

inf wu,, (9-29)

hlow (K—) = vED®)

where D®) is the set of bounded processes in D. Actually, the supremum in
(6.3) could have been restricted to bounded processes v € D®) as well.

It is clear from (6.3) and (9.29) that hioy(K_) < hyy(K). Arbitrage
arguments show that the price of the contingent claim cannot lie outside
the interval [hjow (K _), hyp(K)], but are incapable of determining a single
price inside the interval, unless this interval contains only one point.
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Section 10 develops the formula for the lower hedging price for contingent
claims that are functions of the final stock prices in a market with constant

coefficients. This formula is analogous to the one derived in Section 7 for
the upper hedging price.

5.2 The Model

In this chapter and the next, we shall work in the context of a financial

market M = (r(-),b(-), 6(-), o (), 5(0), A(-)) as in Definition 1.1.3
by the stochastic differential equations e o,

dSo(t) = So(t)[r(t) dt + dA(t)], (2.1)
D
dSn(t) = S,(t) [bn(t) dt + dA(t) + Z Ona(t) dW @ (t)J . (2.2)
d=1
n=1,...,N,

for the money market and stock price processes, respectively. For this mar-

! k;; we shall assume throughout this chapter, without further mention
~ that ,

N =D, (2.3)
the volatility matrix o(t,w) = (Ond(t,w))1 <p a<n
is bounded and nonsingular, with o 1(t, w—) - , (2.4)
bounded, uniformly in (¢,w) € [0,7] x Q
S0(T) = so a.s. for some constant so > 0, (2.5)
r
(t)||* dt < s,
| | 10017 at < o, as. (2.6)
- where the market price of risk process 0(-) of (1.4.9) is
¥ A =
0(t) = o (t)[b(t) + 6(t) —r(t)1], O<t< T, (2.7)

'd 6() is the vector of dividend rate processes. We will have a complete
ancial market (Theorem 1.6.6) if the positive local martingale

5.2) is a martingale. We do not always assume this property, so the
ket may not be standard in the sense of Definition 1.5.1. Here and in
‘;’ sequel, we retain the notation (1.5.6) and (1.5.12) for the Brownian
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motion with drift (under P)

t
Wo(t) 2 W(t) + / 8(s)ds, 0<t<T, (2.9)
0
and the state price density process
a Zo(t)
Ho) 2222, 0<t<T. (2.10)
0( ) So(t)

Consider now an agent with cumulative income process I'(t) = T~ C(t),
0 <t < T, where z > 0 is his initial wealth and C(-) is his ?umulatu{e con-
su—r—nption, an {F(t)}-adapted process with nondecreasing, nght-contm}mus
paths and C(0) = 0, C(T) < oo almost surely. A portfolu.) process m(+) is an
RN -valued, {F(t)}-progressively measurable process satisfying (1.2.5) and
(1.2.6) (see Remark 1.2.2); since

/ "0 — 8() - r©D)] dt
0
= / ' |7 (t)o(t)0(t)| dt
’ 1/2

- 1/2 . )
/ 2
s( /0 o' Om()] dt) ( /0 1) dt) ,

the condition (1.2.5) follows from (1.2.6) and (26) Thl;rs, under the
assumptions of this chapter, a portfolio process is an R —'valued, and
{F(t)}-progressively measurable process almost surely satisfying (1.2.6):

T
/ llo’ () (¢)]|? dt < oo. (2.11)
0

The wealth process X®©7(-) corresponding to the triple (z,C,) is
determined by (1.3.4) (cf. (3.3.1)):

)
X=Cm (f) dC) _ v [ L o)), 0<t<T,
T /M 5 =7t ), BT @M .12

which can also be written as

Mo(t) & Ho(t)X>Cm(t) + /( N Ho(v) dC(v)

=+ /t HO(U)[O-’('U)W('L)) _ XE,C,W(U)o(,U)]/ dW('U), 0<t< T
0 (2.13)

(cf. (3.3.3)). By analogy with Remark 3.6.10, the corresponding portfolio-
proportion process is defined by

oo 2 | ey 0 #0 (214)
Dy if X®Cm(t) =0,
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where p. is an arbitrary but fixed vector in K. The N-dimensional
vector p(t) = (pi(t),...,pn(t))" represents the proportions of wealth
X (¢) invested in the corresponding stocks at time ¢, whereas 7 (t) =
(m1(t),...,7n(t)) are the actual amounts invested.
. Let K be a nonempty, closed, convex subset of RV. Interpretations of
~ various choices of K are provided in Examples 4.1.

. Definition 2.1: We say that a pair (C,m) consisting of a cumulative
: consumption process and a portfolio process is admissible for the initial
~ wealth T > 0 and the constraint set K, and we write (C,7) € A(z; K), if
~ the process X*:C7(.) given by (2.12) satisfies

X#Om(t) >0, Vtelo,T] (2.15)
~almost surely, and the portfolio-proportion process p(-) defined by (2.14)
~ satisfies
'..
- p(t) € K for Lebesgue-a.e. t € [0, ] (2.16)

~almost surely. We denote by M(K) the financial market M of (2.1)—(2.6)
~ when agents are constrained to choose (C,m) so that (2.15) and (2.16) are
 satisfied.

. When z > 0 and (C, m) € A(z;K), the process My(-) of (2.13) is
- a nonnegative local martingale, and hence a supermartingale. Taking
mmtatiom in (2.13), we obtain the budget constraint

E ,:HO(T)Xz,C,W(T) + /(;) o Ho(’v) dC(’U)J <z (2.17)

The following result is an extension of Theorem 3.3.5; this latter is more
estrictive in that it requires the cumulative consumption process C(+) to be
f the form C(t) = fot ¢(s)ds for some nonnegative, {F (t)}-progressively
urable consumption process c(-). It is straightforward to check that

proof of Theorem 3.3.5 goes through in the more general setting of
eorem 2.2 below.

eorem 2.2: Let x > 0 be given and suppose that K = RN . Let C(-) be

mulative consumption process and B a nonnegative, F(T')-measurable
aom variable such that

E [HO(T)B + /( - Ho(t) dC(t)J =2z (2.18)

n there exists a portfolio process m(-) such that (C,m) € A(z;RN) and
corresponding wealth process is given by

. vyaz,m, ol 1
°0 = o B [HO(T)B+ /(m Ho(s) dC(s)

]:(t)J ’

0<t<T. (2.19)
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In particular, the process Ho(t)X® ™ (t) +f(0’t] Ho(s)dC(s), 0 <t <T,is
a martingale, and X*™(T) = B almost surely.

5.3 Upper Hedging Price

Let us suppose that at time ¢ = 0, the agent of Section 2 agrees to make a
payment of a random amount B > 0 at the future time 7. The randomness
in the size of his payment may come from several factors, still unresolved at
time ¢ = 0 and beyond the agent’s control. For instance, B = (S1(T) —¢q)*
describes the case of selling a European call option on the first stock, with
strike price ¢ > 0; B = (¢ — S1(T'))™ is the case of a European put option.
Additional examples are presented in Chapter 2.

What is the value at time t = 0 of this promise to pay B at time 77
To answer this question, let us argue as in the beginning of Section 1.6.
Suppose that at time ¢t = 0 the agent sets aside an amount z > 0 to invest in
the market M(K). He has to obey the constraint p(-) € K of this market,
but wants to be certain that at time 7" his wealth X (T") will have grown
to match or exceed the size of the payment he has to make, i.e., he wants
to achieve X (T') > B almost surely. We call the smallest amount of initial
capital that enables him to do this the upper hedging price of the contingent
claim B.

We formalize this discussion with the following definition. To simplify
the presentation of this chapter, we define below a contingent claim as
a nonnegative payment at the final time only. This is a special case of
Definition 2.2.1, under which a European contingent claim was a cash flow
over an entire time interval, at any point of which the flow could be making

either positive or negative payments.

Definition 3.1:

(i) In this chapter, a contingent claim B is defined as a nonnegative
F(T)-measurable random variable. We call

ug £ E[Ho(T)B] (3.1)

the unconstrained hedging price of B in the market M.
(ii) The upper hedging price in M(K) of the contingent claim B is defined
to be

2 inf{z > 0;3(C, ) € A(z; K) with X*™(T) > B, a.s.}.

(iii) Finally, we say that B is K-attainable if hy,(K) < oo and if there
exists a portfolio process 7(-) such that

(0,7) € A(hup(K); K) and XPur0m(T) = B ass. (33)
P
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H m p
ere we ean () IO l)e l/h,e Clllllulatlve consum thIl pIOCeSS that 1S

ThSuppose that there are no constraints on portfolio choice, i.e., K = RN
e e;nt;lve }l:novs_/ from. the theory of Chapter 2 (in particular, Section 2.25
at the hedging price h,,(RN) of the contingent claim is given by the

expectation of its discounted value B /S, (T i
i /So(T) under the standard equivalent

houp (RN =E[Z iy A

l" P ) 0( )SQ(T) - E[HO(T)B] = Uo, (34)
i at lfla}sF wl}en the process that Zy(-) of (2.8) is a martingale. This martingale
condition is actually superfluous; it was not used in Theorem 3.3.5, and is

thus not required for it : .
ot q or 1ts extension, Theorem 2.2. This leads to the following

bt

Zrzﬁoos;t;gt;)&;:h If jICi( =RY, the upper hedging price hy,(RN) is given
.1). The infimum 2) .
A(uo; RY) with of (3.2) is then attained by some (0,m) e

Uo,U,mo — 1
Xuo0mo () = xo(¢) & mE[HO(T)BI}'(t)], 0<t<T,  (35)

and in particular,

| Xug,O,‘rro (T) =B (36)
4 holds almost surely.

" PROOF. For any z € [0,00) and (C

: ; ,m) € A(z;RY) with X#Cm >

i allrlnost surely, A?he budget constraint (2.17) gives z > E[Hy(T)B] :_uB
1 ‘Z(.(;nieohup(R ) > ug fr0¥n (3.2). On the other hand, Theorem 2.2 Wit(il’
- (1) =0 and z = wy provides the existence of a portfolio 7y(-) such that

XU0,0,"O(‘ _— X o). Th » i N
~ the propoiition_"( )- This implies A, (R ) < up and the other assertions of
.‘ O

: fo.:;lé;rk 3.3: We call 7r0(-) in Proposition 3.2 an unconstrained hedging
: - 0 zlo. ecause o.f the uniqueness of the integrand 1 (-) in the stochastic
;dét?:f-ra' re(]i)resenta(,jtlon of the martingale E [Ho(T)B|F (®)], mo(-) is uniquely
i mined, provided that we d istingui :

5 e do not distinguish between

- agree for Lebesgue-almost-every ¢ € [0, 7] almost surely. G sk

'.;'5.4 Convex Sets and Support Functions

‘: éﬁ:;oséﬁed in Sectflon 2 the? nonempty, closed, convex set K in which the

iy e or p(+) o portfoll(? proportions is constrained to take values.
E: all review now some basic notions from convex analysis that will b
I later on, and discuss several examples of such constraint sets K ’
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For a given closed, convex subset K # 0 of RV, let us define (: RN —
R U {400} by '
¢(v) £ sup(—p'v), veRN. (4.1)
pEK
This is the support function of the convex set —K. It is a closed (i.e., lower

semicontinuous), proper (i.e., not identically +00) convex function, which
is finite on its effective domain

KA {v e RN;¢(v) < oo}, (4.2)

a convex cone, called the barrier cone of —K (Rockafellar (1970), p. 114). In
particular, 0 € K and ¢(0) = 0. The function ( is positively homogeneous,

Clav) = al(v), YweRY, a>0, (4.3)
and subadditive,

(w+p) <Cv)+((w), Yr,ueRY. (4.4)
According to Rockafellar (1970), Theorem 13.1, p. 112,

p€E K <= ((v)+p'v>0, v e K. (4.5)

It will be assumed in this chapter and the next that ( is bounded from
below on RV :

C(v) > ¢, Vv eRY for some ¢, € R. (4.6)
Condition (4.6) is satisfied with (o = 0 if K contains the origin of RN .

Examples 4.1: Let us consider the following possible constraint sets K
on portfolio proportions, all of which satisfy condition (4.6).

(i) Unconstrained case: K = RN. Then K ={0},¢ =0on K.

(ii) Prohibition of short-selling: K = [0, o0)N. Then K = K and ( =0

on K.

(iii) Incomplete market: K = {p € RN;ppr41 = --- = py = 0}, for some
Me{1,...,N-1} Then K = {veRN;v; =-.. =y =0}, and
(=0on K.

(iv) Incomplete market with prohibition of short-selling: K = {p €
R¥:;py >0,...,pm > 0,ppr41 = -+ = py = 0}. Then K={ve

RN;11 >0,...,vp >0} and (=0 on K.
(v) K is a nonempty, closed, convex cone in RY. Then K ={v €

RYN; p'v > 0, Vp € K} is the polar cone of —K and ¢ = 0 on K.
This generalizes (i)—(iv). N

(vi) Prohibition of borrowing: K = {p € RY; 211:;1 Pn < 1}. Then K =
{veRY;yy =---=vy <0} and ((v) = —v; on K.

(vii) Constraints on short-selling: K = [—k,00)N for some x > 0. Then
K =[0,00)N and ¢((v) = k X0, v, on K.
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(viii) Constraints on borrowing: K = {p € RN; ¥ i k} for some
#>1.Then K ={v e RV;1y = ... = yy < 0} and () = —kin
on K.
(ix) Rectangular constraints: K = Iy x -+ x Iy with I, = [y, ]
nyMnj
—00 < ap Sh 0 Shﬁn( < oo and with the understanding that I,,
1s open on the right (respectively, left) if 3, = i
o A ) if B 0o (respectively,
K=R ) C(V)=_Z(any'r_z’-_,3n”;)
n=1

if all the a,, and 3, are finite. More generally,
K={veRY; v, >0, Vnes, and v, <0, VmeS_},
where Sy = {n = 1,...,N; Pn =00}, S ={m =1,... N:

am = —oo}, and the above formula for ¢ remains valid.

~ We shall need the following lemma. in Section 6.

# ;,e[gxzr{}ax 4(.)2: F(IJé'Nanyh given {F(t)}-progressively measurable process
- p:[0, — , there exists an RN -valued, {F(t)}- ;

- measurable process v(-) such that (it
1 @I <1, K@) <1, 0<t<T, (4.7)
1 almost surely, and for all t € [0, 7] we have

pt)eK & u(t)=0,

1 POEK & C0)+ () <0 o
_?lmost surely.

0(3:?. For n = 1,2,..., define K, 2 {v € K; lv| < n}, and
RYxK, - R F)y fn(p,v) = ¢(v)+p'v. According to the Dubins-Savage
asurable selection theorem (Dubins and Savage (1965) or Bertsekas

d Sﬁreve (1978), Proposition 7.33), there is a Borel-measurable function
:RY — K, such that

C(en(P) +P'on(p) = m}f {Cw)+pv}, VYpeRV.
veK,

N
3 P € RY, define ('0(‘?) to be ¢, (p) for the smallest positive integer n
E isfying ]s(gon(g)) +P'¢n(p) < 0; if no such n exists, define e(p) = 0.
+hen o: R™ — K is Borel measurable. According to the equivalence (4.5),

#(p) = 0 for every p € K and

(p) %(p) < 0 for ever K.

Finally, we set e
p(p(t))

A
v(t) =
. L+ lle®)Il + 1 (e (p@)))]’
“onditions (4.7) and (4.8) follow from the positive homogeneity of ¢. O

0<t<T.
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5.5 A Family of Auxiliary Markets

The principal problem of this chapter can be formulated as follows: Given
a contingent claim B > 0, find a minimal initial wealth = > 0, a cumulative
consumption process C(+), and a portfolio process (-) such the correspond-
ing portfolio-proportion process p(-) satisfies the constraint p(t) € K for
Lebesgue-almost-every ¢ € [0, 7] almost surely, and the corresponding ter-
minal wealth satisfies X (T) > B almost surely. In order to handle the
constraint p(t) € K, we introduce dual processes, which play a role similar
to Lagrange multipliers. Corresponding to each dual process there is an
auxiliary market as described below, in which we construct unconstrained
portfolio-proportion processes.

Definition 5.1: Let H denote the Hilbert space of {F(t)}-progressively
measurable processes v: [0, T] x Q — RY with norm [v] given by

T
PRAE / V()2 dt < oo. (5.1)
0
We define the inner product

T
(w1,v9) = E /0 V(a2 dt

on this space, and denote by D the subset of H consisting of processes
v:[0,T] x Q — K with

T
E/o C(v(t))dt < oo. (5.2)

We further define D® to be the set of bounded processes in D, and D™
to be the set of all processes in D for which Z,(-) defined by (5.10) below
is a martingale.

We began in Section 2 with a market
M = (r(-),b(-),6(:),0(-),5(0), A(-))-
For every process v(-) € D, consider a new interest rate process
ro) 2 r(t) +C(v(t), 0<t<T (5.3)
as well as a new mean rate of return vector process
bu(t) £ b(t) + v(t) +C(W()ly, 0<t<T, (5.4)
and construct the new market M, = (r,(-),b,(-),6(-),a(-), S(0), A(-))- In

this new market, the money market price S((,")(-) and the stock prices -

{S¥)(.)}N_, obey the equations

n=1

dS$ () = S$ () [(r(t) + (1)) dt + dA(R)), (5.5)
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dS®M)(t) = S¥(¢) [(b,,(t) + v (t) + C(v(t))) dt + dA(t)

N
+ ZUnd(t) dW(d)(t)] , n=1,...,N, (5.6)
d=1

with the initial conditions
S(()v)(o) =1 and 51(1")(0) =S5,(0), n=1,...,N.
In other words,

670 = sa(t exp [ [ ct6) ] (57)

S,(L")(t) = Sp(t) exp [/0 (C(v(s)) + vn(s)) ds] , w=1,0. N, (5.8)

The analogues of 6(-), Zy(-), Wo(+), and Hy(-) in (2.7)—(2.10) are

0,(t) £ o7 ()b (8) + 8(2) — 1, (£)1] (5.9)
=0(t) + o L (t)v(t),

2,08 2 exp [_ /0 0, (s) dW (s) — % /0 t “0,,(3)”2ds]
= Z(t) exp [—/0 (e (s)v(s)) dWo(s)
L aC oI (5.10)
W, (t) & W(t) + /0 0,(s)ds (5.11)

— Wolt) + /0 o aVels) ds,
Z,(t)

a
B

(5.12)

NOte that with v(-) = 0, we recover the unconstrained model of Section 2
3 (ie., M = My). Note also from (4.6) that

S¥NT) > spesoT (5.13)

;vcalmost surely; i.e., (2.5) holds in the market M,,, and because of Defini-
. tion 1.1.3(iv), (2.4), (2.6), (5.1), and (5.2), we have [ |r, ()| dt < 0o and
3 Jo 16.@®)|2dt < co almost surely. Consequently, the conditions of Defi-

i'll‘:tzon 1.1.3 and the conditions (2.3)-(2.6) are satisfied by M, for every
) € D.
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Remark 5.2: If the exponential local martingale Zy(-) of (2.8), (1.5.2) is
a martingale (i.e., if the process v(-) = 0 belongs to D(™)), then we may
define the standard martingale measure Py by

Py(A) 2 /A Zo(T)dP, Ae F(T), (5.14)

as in (1.5.3). If 4(-) is bounded and v € D®), then 6,(-) is bounded, Z,(-)
is a martingale, and we may define the standard equivalent martingale
measure P, for the market M, by

P,(4) 2 /A 2,(T)dP, Ac F(T). (5.15)

Thus, if 6(-) is bounded, we have D®) C D(m),

In the market M, the wealth process X2:¢7(.) corresponding to il.ﬂtial
capital z > 0, cumulative consumption process C(-), and (unconstrained)
portfolio process 7(-) satisfies the equation

X5om(t) 408} o t n(s)o(s)dW,(s), 0<t<T
S((,V)(t) +/0,t] S(()")(s) +/0 S((,")(S) (s)a(s) (s)

(5.16)

(cf. (2.12)), or equivalently,
X200 [ dO(s)
So(t) 0,4 So(8)

. G| .07 (¢ (v(s 2 ()w(s)) ds + 7' (s)o(s) dWo(s
= ot [ o (KT (C06) +(6)(s) s +(5)o ) Ao (s)]

e, 0 TEEONR) i i s i sy
= ot [ 2O 0 + /(6D s+ (5)ols) dWals)]

(5.17)

By analogy with (2.13), we have
M2 BOXO 0+ [ H(s)dC()
(0,2]
=z+ / H,(s)[o'(s)m(s) — X2 (s)8,(s)]' dW (s)
0
=z+ /t H,(s)X®C™(s)[0"(s)p(s) — 0,(s)] dW(s), 0<t<T.
0

(5.18)

Definition 5.3: Let v(:) € D be given. We say that a pair (C, ) cons_ist%ng
of a cumulative consumption process and a portfolio process is admz.sszble
in M, for the initial wealth x > 0, and we write (C,7) € A,(z), if the
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process X2:©'"(-) determined by (5.16) satisfies almost surely
X2Om(t) >0, Vtelo,T). (5.19)

Remark 5.4: Forz > 0 and (C,7) € A,(z), the local martingale M, () of
(5.18) is nonnegative, and hence a supermartingale. Fatou’s lemma implies
then the budget constraint (cf. (2.17))

E I:HU(T)Xf,C,ﬂ'(T) + /(0 . H,(s) dC(s):l <z (5.20)

We have the following analogue to Theorem 2.2 concerning the existence
of portfolio processes.

Theorem 5.5: Let v(-) € D and = > 0 be given. Let C(-) be a cumula-
tiwe consumption process, and B a nonnegative, F (T')-measurable random
variable such that .

E [H,,(T)B + /(0 ., H,(s) dC(s)J =z (5.21)

Then there ezists a portfolio process n(-) such that (C, ) € A, (x), and the

. corresponding wealth process is given by

z,C,m - _1_ s s
X2 = o B [HV<T)B+ o Hole) e

f(t)}, 0<t<T.

(5.22)

- In particular, the process H, (t) X% (t) +f(0 g Hu(8)dC(s), 0<t <T,is
:, a martingale, and X2'°™(T) = B almost surely.

' 5.6 The Main Hedging Result

Definition 6.1: Consider a contingent claim B as in Definition 3.1. The
_ unconstrained hedging price of B in the market M, is

A B |_
u, =F [ZU(T) S(gu)(T):l E[H,,(T)B], (61)

& nonnegative and possibly infinite quantity. If w, < oo, then an
. unconstrained hedging portfolio m,(+) is any portfolio process satisfying

uy,0,m, _ A 1
Xy 0™ () = X, (t) £ mE[H,,(T)BLF(t)], 0<t<T. (6.2)
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The existence of an unconstrained hedging portfolio in Definition 6.1
follows from Theorem 5.5 with C(-) = 0. As in Remark 3.3, 7, (+) is uniquely
determined.

Theorem 6.2: For any contingent claim B, we have the representation

hup(K) = sup u, (6.3)
veD

of the upper hedging price of Definition 3.1(ii). Furthermore, if

e sup uy, (6.4)
veD

is finite, then there ezists a pair (C,#) € A(@; K) with corresponding wealth
process

. E[H, t
XC (t) = ess sup,cp L il )], 0 t<T, (6.5)
H,(t)
and in particular,
x%CH(T) = B (6.6)

holds almost surely.

Remark 6.3: We call 7(-) a superreplicating portfolio process because it
allows an agent to begin with initial wealth h,,(K), possibly consume along

the way, and end up with terminal wealth B almost surely. If 6'() =0

then 7(-) is a replicating portfolio process, and the contingent claim B is

K -attainable (Definition 3.1(iii)).

Definition 6.4: We call the nonnegative process

E[H,(T)B|F(t)]
H,(t) ’

on the right-hand side of (6.5) the upper hedging value process for the

contingent claim B. We shall always take a right-continuous, left-limited
modification (RCLL; see Proposition 6.5 below) of this process.

X(t) 2 ess SUp,ep 0<t<T (6.7)

We devote the remainder of this section to the proof of Theorem 6.2. Let
us start with the inequality

hup(K) > 1, (6.8)
which is obvious if h,,(K) = co. Now assume hy,(K) < oo, and consider
an arbitrary z € [0,00) for which there exists a pair (C, 7r) € A(z; K)

whose associated wealth process satisfies X" (T) > B almost surely. Let
v(-) € D be given, and define

C(t) = C(t) + / SL() [X=0(s)¢((s)) + 7 (s)0(s))] ds

z,C,m
=C(¢) +/0 £‘ST)()[C(V(S)) +p'(s)v(s)]ds, 0<t<T,

- From (6.7) and (6.11), we have
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where the portfolio-proportion process p(-), given by (2.14), satisfies the
constraint (2.16). It follows from (4.5) that C,(-) is nondecreasing, hence
a cumulative consumption process. Using the consumption and portfolio
process pair (C,, ) in the market M,, we generate the wealth process
XZCv7(-) of (5.16), which is the unique solution of (5. 17):

X5:Com(t) dC(s) .
_-SW+ 0,4 So(s) / 50(3 [(X=Em(s)¢(v v(s)) +7'(s)v(s)] ds

=$+ﬂ;%@)KXﬁ@m@xw@»+ﬂ@wu»ds

+7'(s)a(s) dWy(s)] .

Comparing this equation with (2.12) we see that XZCvm(.) = X#Cm(.),
and because of the budget constraint (5.20) we obtain

z > E[H,(T)X2™(T)| = E[H,(T)X>°™(T)| > E[H,(T)B] = u,.

Since v(-) € D is arbitrary, we conclude that z > 4. This implies (6.8).
We turn to the reverse inequality

hup(K) < 4, (6.9)

which is obvious if & = co. Thus let us assume for the remainder of the
section that @ < oo, and study in some detail the properties of the upper
hedging value process (6.7). We need the following technical result.

~ Proposition 6.5:  Under the assumption 4 < oo, the upper hedging

value process X () of (6.7) is finite and satisfies the dynamzc programming

equation

E[H,(t)X (t)|F(s)]
H,(s)

X(s) = ess sup,ep , 0<s<t<T. (6.10)

Furthermore, X (") has a right-continuous, left-limited (RCLL) modifica-
~ tion; choosing this modification, we have that the process H,(-)X () is an
~ RCLL supermartingale for every v(-) € D.

PROOF. To alleviate the notation we write H,(s,t) 2 H,(t)/H,(s) for
- 0<s<t<T andset J,(t) 2 E[H,(t,T)B|F(t)], so that

)’(:(t) = ess sup,cpJy(t). (6.11)

X(s) = ess sup,cp E[H, (s, t)J, (t)| F(s)]
< ess sup, cp E[H, (s, t) X (t)|F(s)].

To prove the reverse inequality, and thus (6.10), it suffices to fix an

~ arbitrary process v(-) € D and show that

X(s) 2 E[H, (s,t) X (t)| F(s)] (6.12)
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almost surely. This is the supermartingale property for H,,(-))? (+). With
v(-) € D fixed, we denote by D;, the set of all processes p(-) € D that
agree with v(-) on [0,¢] x Q. Since H,(t,T) depends only on the values of
w(v) of u(-) for t < v < T, we may rewrite (6.11) as

X(t) = ess sup,ep, , Ju(t)-

But the collection {J,(t)}uep,, is closed under pairwise maximization.
Indeed, for any two given processes pi(-) and pa(-) in Dy,, and set-

A
ting A = {w e QJ,, (tw) > Ju,(tw)} and plv,w) = pw(v,w)la(w) +
p2(v,w)1 ey € Dy, we have

Ju(t) = E[H,(t,T)B|F(t)]
=E [(IAHM (¢, T) +14cHy, (8, 7)) B| F(t)]
=14E[H,, (t,T)B|F(t)] + 14 E[Hy, (t, T) B| F(t)]
= Juy () V T, (2).

It follows from Theorem A.3 of Appendix A that there is a sequence
{1k ()}, in Dy, such that {J,, ()}, is nondecreasing and

X@t) = Jlim 7, (8). (6.13)
The monotone convergence theorem now implies
E[H, (s,) X ()| F ()] = Jim EH,(s,8),, (8)F(5)]
= k{ﬂ;o E[Hy, (s, t) E[Hy, (8, T)B|F(£)]|F (s)]
= lim E[H,, (s, T)B|F(s)
- kli.n;o Jiun (5)
< ess sup,epJu(s)
= X(s),
and (6.12) is established. Setting s = 0, we obtain
E[H,(0)X ()] < X(0) = @ < o0,

which shows that X (¢) is finite for all ¢ € [0, T] almost surely.
It remains to show that X(-) has an RCLL modification. From the

supermartingale property of Hu())? (+) for fixed v € D, and from' th'e
right-continuity of the filtration {F(¢)}, we know that the right-hand limit

X (t )é{limslt,seaff(s,w), 0<t<T,
o X(T,w)=BWw), t=T

is defined and finite for every w in some set Q* € F(T) with P(Q*) = 1

(Karatzas and Shreve (1991), Proposition 1.3.14). Here Q is the set of
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rational numbers. Furthermore, H,,(~))?+(-) is an RCLL supermartingale,
and

Xi(t) > E[H,(t,T)B|F(t)], 0<t<T

almost surely. This last inequality holds for every v(-) € D, which implies
X', (1) > X(t) for every t € [0,T]. On the other hand, the right-continuity
of X, (-), Fatou’s lemma, and (6.12) show that for a fixed v(-) € D, for any

~ t€[0,7), and for any sequence of rationals {tn}22, converging down to ¢,

X,()=E [ lim H,(t, t,,))?(tn){ f-(t)]
< hmme[H (t,tn) X (tn)|F(2)]
<X(t)

almost surely. Thus X () and )?+() are modifications of one another. O

E Remark 6.6: The supermartingale property for the nonnegative RCLL

process H, ()X (+) implies that we have
X(t)=0, Vtel[tT]

‘\‘ almost surely on {7 < T'}, where

#Linf{t € [0,T); X(t) =0} AT (6.14)

and )?() is defined by (6.7). Of course, if P(B > 0) = 1, then )?() is
.~ strictly positive on [0,7] and + = T almost surely.

' Remark 6.7: Let B be a contingent claim. For each {F(t) }-stopping time
. 7 taking values in [0, 7, let us define

Z(r) & E[H,(T)B|F(r)
X (1) = ess sup,cp 7 (") ;

- For constant 7 = ¢ € [0, 77, the random variable X (t) of (6.7) agrees with
3 X (t). However, if the stopping time 7 is not constant, then X (T(w),w)
: obta.med from substitution of 7(w) for ¢ in X(t, w) is defined differently
 from X (1,w). Nonetheless, when we take a right-continuous modification

of X(- ), we have X (1) = X (7) almost surely. A similar result in a more

~ difficult context receives a detailed treatment in Appendix D. In the present
- Setting we provide a simpler proof.

Let v(:) € D be given. Because H, ()X (-) is a supermartingale with
H,(T)X (T) = H,(T)B, we have from Doob’s optional samphng theorem

& that for any stopping time 7 taking values in [0, T7,

H,(r)X(7) > E[H,(T)B|F(7)].
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Dividing by H,(7) and taking essential supremum over v(-) € D, we
conclude that

X() > X(r) (6.15)

holds almost surely.

On the other hand, a straightforward modification of the proof of Propo-
sition 6.5 shows that whenever p and 7 are stopping times satisfying
0 < p <7 < T almost surely, then X(-) satisfies the dynamic programming
equation

X(p) = ess sup,cp Bt (Zig)lf(p)], (6.16)
and, in particular,
H,(p)X(p) > E[H,(7)X()|(p)], Vv(-) € D. (6.17)

Because X (t) = X (t) almost surely for each deterministic time ¢, we also
have X (r) = X (7) almost surely for each stopping time 7 taking only
finitely many values. Let 7 be an arbitrary stopping time with values in
[0, 77, and construct a sequence of stopping times {7,}2,, each of which
takes only finitely many values, and such that 7,, | 7 almost surely as n —

oo (Karatzas and Shreve (1991), Problem 1.2.24). For each set A € F(7),
the right continuity of X(-), Fatou’s lemma, and (6.17) imply

/ H,()X(r)dP < lim / Hy (1) X () dP
A n—00 J4

n—oo

= lim /H,,(Tn)z?(‘rn)dP

IA

/ H,(7)X(r)dP.
A

This gives us the reverse of inequality (6.15).

To complete the proof of Theorem 6.2 it remains to show that when
U < oo, there exists a pair (C,#) € A(4; K) such that the corresponding

wealth process X®©7(.) satisfies almost surely
X4CR() = R(1), 0<t<T, (6.18)

with X(-) given by (6.7). This will imply (6.9).
Fix v(-) € D. For the nonnegative supermartingale H,(-)X(-), define the
sequence of stopping times

pn 2inf{t € [0,T); H,(t)X(t) =n} AT, n=1,2,.... (6.19)

Since the paths of H,(-)X (-) are almost surely right continuous with left-
hand limits, the paths are almost surely bounded on [0,7), and p,, T T as
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n — o0. Each stopped supermartingale H,, (t A pn))? (tApn), 0 <t<T,
is bounded and has a unique Doob—Meyer decomposition (Karatzas and
Shreve (1991), pp. 24-27 or Protter (1990), p. 94), and this leads to a
unique Doob-Meyer decomposition of the nonstopped supermartingale as

H,)X(t) =0+ / t Y (s) dW(s) — A(t), 0<t<T, (6.20)
0

almost surely. Here

(i) A,(-) is an adapted, natural process with nondecreasing, right-
continuous paths almost surely, EA, (T) < oo, A(0) =
(ii) ¥, (-) is a progressively measurable, RN —valued process satlsfymg the

square-integrability condition fo 14 ()]|? dt < oo almost surely.
Remark 6.6 implies that we have, almost surely,
A,(t)=A,(7) and ¢,(t) =0 for Lebesgue-a.e. t € [7,T].  (6.21)

Remark 6.8: The filtration {F(t)} is generated by the d-dimensional
Brownian motion W(-), and every right-continuous martingale of this filtra-
tion must be continuous because it has a stochastic integral representation
with respect to W(-). Therefore, every adapted, nondecreasing and right-
continuous process is natural (Karatzas and Shreve (1991), Definition 4.5,
p- 23). Furthermore, if Z,(-) is a martingale (so that the market M, is
complete and standard), then every P,-martingale has a stochastic inte-
gral representation with respect to W, (-) and thus is continuous (Lemma,
1.6.7). Hence, every adapted nondecreasing process is natural under P, as
well as under P.

Now let y(-) be another process in D, and compute
o (319) - 80—
+(0(8) = 0,(2))'0, () dt + (C(v(8) — ¢ (u(t))) dt],

which implies

AHOR(0) = d| 23 - B0 0)

= H,(t)X(£) [(6,() — 0,,(£)) aW (2)
+(6,(t) = 6,,(1))'0,(¢) dt + (C(v(1)) — C(u(t))) dt]
B g 0y aw (0) - aa (1)

H,(t
(

0 (6() = 0,(2))"4bu (t) dt
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in conjunction with (6.20). But we have also d(H, “(t))? (t)) = 9, (t) AW (t)—
dA,(t). Thus, equating the local martingale terms, we obtain

S H,(t) _
OO0 - 0u0) + 2Dy, 0) = v,(0),
or equivalently,
o(t) 2 fl((?) + R0, () = 11?,:((?) LR, (6.22)

Equating terms of finite variation, we obtain

R(O0.A0) - 0u)8.(0)+ (0.(0) - 8.(0) F3

= RO - 1) + ‘Zl:(%) . d;:((tt;)’

which implies
~ 0 A dA,(s)
C(t) =
(0,t] Hu(s)
dA,(s)
©,8) Hu(s)
In particular, the processes ¢(-) and C(-) defined in (6.22) and (6.23) do
not depend on v(-) € D, and satisfy almost surely

C,(t)=C,(#) and ¢(t) =0, for Lebesgue-a.e. t € [7,T].  (6.24)

= / R()C((s)) + @ ()0~ ()u(5)] ds

- /0 R (s)¢(u(s)) + @' ()0~ M(s)u(s)] ds. (6.23)

Finally, we have fOT le(®)||? dt < oo almost surely.
The process C (-) of (6.23) is adapted, with RCLL paths. Writing (6.23)
with v(-) = 0, we obtain
dAo(s)
0,5 Ho(s)’
which shows that C(-) is nondecreasing; C(-) will play the role of cumulative

consumption process in (6.18). The role of portfolio process will be played
by

C(t) = (6.25)

#(t) & (o'(1)) Yelt), 0<t<T. (6.26)

In terms of this process, we may rewrite (6.23) as

H,(s)
From (6.20), (6.22), (6.26), and (6.25) with v(-) = 0, we have

&) = / dA.(s) _ / (X (s)C(v(s)) +7 (s)v(s)]ds, 0<t<T. (627)
(0,¢] 0
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Ho(X(0) = i+ [ (o) aW(s) — Ao(t)
=a+ /0 Ho(s)[o"(s)#(s) — X (s)8(s)]’ dW (s)
- Ho(s)dC(s). (6.28)

(0.t]

Comparing this with (2.13), we conclude that (6.18) holds.
Finally, we define the portfolio-proportion process

M if X
pt) £ { X@t) EX@#0, (6.29)
pe, i X(t)=0,

where p, is an arbitrary but fixed vector in K. In order to conclude the
proof of Theorem 6.2, we need to show that

p(t) € K for Lebesgue-a.e. t € [0, 7] (6.30)

holds almost surely. To this end, consider the process v(-) € D given by
Lemma 4.2. For any positive integer k, the process kv(-) is also in D, and
(6.27) gives

0 S dAk,,(s)

(0,7] Hku(s}
= O() +k / R(8)[C((s)) + 7 (s)(s)] ds

almost surely. Because v/(-) satisfies (4.8), the integrand on the right-hand
side of this inequality is nonpositive, and by choosing k sufficiently large

~ the right-hand side can be made negative with positive probability, unless

C(v(t)) + 9 (t)v(t) = 0 for Lebesgue-a.e. t € [0, 7] (6.31)

holds almost surely. Thus (6.31) must hold, and with it, (6.30) must hold
~as well. The proof of Theorem 6.2 is complete.

- Definition 6.9: Assume 4 < oo, let 7 be the stopping time (6.14), let

(C, #) € A(G; K) be the pair of processes (6.26) and (6.27) constructed

' in the proof of Theorem 6.2, and define p(-) by (6.29). The set of dual
- Processes satisfying the complementarity condition is

DO £ {1 € D; ¢(v(t)) + P (t)v(t) = 0 Lebesgue-a.e. t € [0,7], a.s.}.
(6.32)

~ Remark 6.10: We may rewrite (6.27) as

dA,(s)

OO = Jou Tl

/ "R Cs)) +F(e)] ds, 0<t<T,
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and (6.30), (4.1) imply that the process fot X(s)[C(w(s)) + P/ (s)w(s)] ds is
nondecreasing.

Remark 6.11: In the proof of Theorem 6.2 one may replace D by D®)
the set of bounded processes in D. One can thus show

hup(K) = supu, = sup u,. (6.33)
veD veD(b)

5.7 Upper Hedging with Constant Coefficients

Throughout this section we assume that

r(-) = r,0(-) = o are constant, (7.1)
A()=0, 6(-) =0, (7.2)
60o(-) is bounded. (7.3)

We imposed similar assumptions in Section 2.4, except that there we did
not require the dividend rate vector to be zero. Just as in that section, we
have here that the money market price process is Sp(t) = e, the standard
martingale measure Py is defined, and with S(t) = (S1(t),...,Sn(t))" and
¢:(0,00)N — [0,00) a Borel-measurable function, the value at time ¢t €
[0, T] of the contingent claim B = ¢(S(T)) in the unconstrained market
M(K) is given by u(T —t,S(t)), where u(T —t, ) is defined by (2.4.6). In
the present context it is convenient to write the function u(T — t,z) as

u(T —t,2;0) £ e TV Egp(21 i (8, T), ..., an Y (¢, T)),
0<t<T, z€(0,00)", (7.4)

where
Y. (t,T)
D D
£ exp {Z Ond (Wéd) (T) — Wéd) (t)) - %(T —t) Z o2, +7(T - t)} :
d=1 d=1

(7.5)

In the constrained market M(K'), Theorem 6.2 and Remark 6.11 assert
that the upper-hedging value process (Definition 6.4) for ¢ (S(T)) is

=sup,cpm Uy (T —t,5(t);p), 0<t<T, (7.6)
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where
uu(T - t7 x5 ‘P)
T
2T, [e-ft wleDds . (Y1, T),. .., onYi(t, T))] ,

— e TT-Og [e_ ST cwis)as

T T
7 <.’L‘1€—ft v1(s) dsYl(”)(t, T),...,zye ft v () dSYIS,") (t, T))] (1.7)

Yt T)
D D
T—1
£ exp {Zand (WD) - Wi(t) - =D ora+ (T - t)} :
d=1 d=1

(7.8)

and P, is defined by (5.15).

The computations of this section exploit the fact that W, (-) is a Brownian
motion under P,, so that the distribution of the /N-dimensional random
process {(Yl(")(t, Ty ~sY15/V)(t7 T));0 <t < T} under P, is the same as
the distribution of the random process {(Y1(t,T),...,Yn(¢,T7));0 <t <T}
under P,. This would still be true if we assumed instead of (7.1) that r(-)
and o(-) are nonrandom but not necessarily constant; with minor changes,
the results of this section hold under this weaker assumption.

Theorem 7.1: Assume (7.1)-(7.3) and let B = ¢(S(T)) be a contin-
gent claim, where p: (0,00)Y — [0,00) is a lower-semicontinuous function
satisfying the polynomial growth condition

0 < p(z) < C1+Collz]|”, Yz € (0,00)" (7.9)

for some positive constants Cy, Co, and . Define the nonnegative function

P(x) 2 sup [e—C(")cp(xle"’l, . ,mNe—””)] , z€(0,00N. (7.10)
veK

Then the hypotheses of Theorem 6.2 are satisfied, and the upper-hedging
value process X (-) for the contingent claim o(S(T)) is given by

~

X(t) = e "I Eo[@(S(T))|F(1)]

=u(T—t,S(t);p), 0<t<T, (7.11)
almost surely. In other words, the upper-hedging value process for the con-
tingent claim ¢(S(T)) in the market M(K) with constraint set K is the

same as the value of the contingent claim @(S(T)) in the unconstrained
market M(RYN).
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PROOF. We first show that
sup E, l:e— j;T C(v(s))ds

veD(®)
- (wf MOdy e T, aye i ““"Y,‘v”’(t,ﬂ)}
< Eop(x1Yi(t,T),...,enYn(t,T)), 0<t<T. (7.12)
In light of (7.4)—(7.8), this will imply
X(t) <u(T—t,S0t);p), 0<t ” T, (7.13)

almost surely Because K is a convex cone, v(-) € D® implies that the
vector ( ft vi(s)ds,.. ft vn(s)ds) is in K. The definition (4.1) of  yields

C(/tTul(s)ds,...,/tTl/N(s)ds)—2}5111;( / anun(s )
<[ (- EW)

=/ ¢(v(s)) ds. (7.14)
t
Therefore, for an arbitrary process v(-) € D), we have

E, [e— JT o) as

T T

<E, [e—c(ff vi(s) ds,..., [ wn(s) ds)

et TV S S v — TVS S v
-go(zle Jon@ ey py o pve ), “"’Y,E,)(t,T))J

<E, (:clYl(") &T),...,anY P, T))
= EQ(?((L’I},I(t, T), ey a:NYN(t, T))

Multiplying by e~"(T~%) and taking the supremum over v(-) € DO we see
that (7.13) holds.

It remains to show the reverse of inequality (7. .13). Let us fix z € (0,00)
. and choose a sequence {v(™}°_, of vectors in K such that

sup [e_C(” )go(zle_”lm, . ,.z'Ne_"Nm )] = §(z).

For a fixed m, we define a process v(-) in D®) by setting v/(s) = 0 for
0<s<tand v(s) = w5 for t < s < T. Let z(-): [0, T] — (0,00)N be
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a continuous (nonrandom) function, with z(7") = z. Then
uy (T —t,2(t); ¢) (7.15)
— T . g [e— I cw@)ds

2 T
v (w1<t>e- Jon@dsyo g my L ante o Oy, T>>]

(7.16)
— —7(T-1)
.E, [e"C(”(m))cp (zl(t)e-ui'"’ YO ,T),...,oxt)e N Y, T))]
(7.17)
— —T(Tt)
- Ey [e_C("(m))go (xl(t)e_”imYl(t, T),... ,mN(t)e'”I(VM)YN(t, T))] .
(7.18)

Because of the polynomial growth condition (7.9), we have
Eo [ sup ¢ (1(H)e™ N, T), . zn(t)e N Yi(t, T))] [
0<t<T

and using the dominated convergence theorem in (7.15), we obtain from
the lower semicontinuity of ¢ that

hmmf sup uu( —t,z(t); @) > limu, (T — t,z(t); )

> e~ ™)y (wle_”§m), .., TNE "fvm)) .
Taking the supremum over m and recalling (7.10) and (7.6), we see that
lim inf X(t) > @(S(T)). (7.19)

According to Proposition 6.5, H0(~)X (+) is a supermartingale, i.e.,
Ho(t)X(t) > E[Ho(u)X (u)|F(t)], 0<t<u<T.

Letting 1 T and using (7.19) along with Fatou’s lemma for conditional
expectations, we obtain

X(t) 2 77— E[Ho(T)@(S(T))|F (t)]

H (t)
= e "IV Eo[p(S(T))|F (1))
=u(T -t,8(t);p), 0<t<T

almost surely, and the proof is complete. a

Under the _conditions of Theorem 7.1, Theorem 6.2 guarantees the
existence of (C,#) € A(ii, K) such that
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X 12’F”?(t‘) =e "I OEPST)|F®H)], 0<t<T,  (7.20)
XUOH(T) = o(S(T)). (7.21)
In particular,
Ho(t)X %O () = E[Hy(T)3(S(T))|F(t)], 0<t<T

is a martingale, hence a local martingale. From (2.13) we see further that

Ho(t) X¥CR(t) + Hy(s)dC(s), 0<t<T
0.

is also a local martingale. This implies that

C(t)=0, 0<t<T, (7.22)
almost surely. From (7.20), (7.21) it is apparent that
C(T) = B(S(T)) - ¢(S(T)) (7.23)

almost surely, and this quantity is typically positive with positive proba-
bility. When P[C(T) > 0] > 0, the contingent claim B = »(S(T)) is not
attainable in the sense of Definition 3.1(iii).

Of course, the portfolio process 7(-) in (7.20) is just the process used to
hedge the contingent claim @(S(T')). This is given by the usual formula

S1(t) 57 u(T ~ t,5(); §)
#(t) = : , 0<t<T, (7.24)

SN () g2 u(T — t,5(t); §)
of (2.4.9). We summarize the preceding discussion.
Corczllary 7.2:  Under the assumptions of Theorem 7.1, the portfolio pro-
cess t(-) of (7.24) and the cumulative consumption process C() of (7.22),
(7.23) satisfy (C,#) € A(4, K) and X%C7(.) = X(-). In other words, ()
s a superreplicating portfolio process.

Example 7.3 (European call option): We consider one stock S () =851(")
driven by a single Brownian motion, we assume (7.1)~(7.3), and we denote
011 by 0. A European call option corresponds to o(z) = (z — q)t, where
g = 0 is the exercise price. We consider K = [, ] as in Example 4.1(ix),
with —00 < @ < 0 < 8 < . It is tedious but straightforward to verify
that p =0 if 0< B < 1, P(x) =z if B =1, P(x) = (z —q)T if B = o0,

and for 1 < 3 < oo,
YR S
- (M) (3) , ifo<e< L
P(z) = q B ﬂqﬂ -1 (7.25)

The function @ does not depend on a.
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From the above formulas and Theorems 6.2, 7.1, we see immediately
that hyp([a, 8]) = 00 if 0 < B < 1; no matter how large the (finite) initial
wealth, the European call cannot be hedged if the fraction of total wealth
invested in the stock is bounded above by a number strictly less than 1. If
B =1, (7.11) implies

hup([a, 1]) = X(0) = Eole™"TS(T)] = 5(0).

The hedging portfolio is to buy and hold one share of stock (w(-) = S(-)),
and to consume S(T')—(S(T)—q)* = S(T)Aq at time t = T If 3 = oo, the
portfolio constraint is never active; hy,([a, 00)) is the usual Black—Scholes
value. If 1 < 3 < oo,

hup([e B]) = €T Eo [3(S(0) exp{oWo(T) + (r — 0*/2)T})],  (7.26)

where @ is given by (7.25). This value, and the corresponding hedging
portfolio of (7.24), can be written down explicitly in terms of the cumulative
normal distribution.

Example 7.4 (European put option): We assume again (7.1)—(7.3) and
consider one stock. A European put option corresponds to p(z) = (¢—z)*,
where ¢ > 0. We consider again K = [, ] with —co <a <0< 3 <o00. It
turns out that @ does not depend on . If @ = —o0, then @(z) = (z — ¢)™;
the portfolio constraint is not active. If @ = 0, then @(z) = ¢; the cheapest
way to hedge the put, when short-selling is prohibited, is to begin with
initial capital e~"7q and keep all wealth in the money market. Finally, for
—oo < a <0,
q—x, f0<z < i,
«

P(z) = (M)a—l (i)a, o> 00 (7.27)

q || a—1’
the value of the put is given by (7.26) with (7.27) substituted for @.

5.8 Optimal Dual Processes

In Section 6 we constructed the upper-hedging value process X () =

X®CT(.) of (6.5), (6.7), whose final value is almost surely equal to a given
contingent claim B, and which can be generated by a cumulative consump-
tion process C(-) and a portfolio process 7(-) such that the corresponding
portfolio-proportion process p(-) takes values only in the constraint set K.
The initial value @ of this wealth process is the upper-hedging price of the
contingent claim B in the constrained market M(K).

In the first part of this section we examine the question of when we
can take the consumption process C(-) to be identically zero, so that the
superreplicating portfolio process 7(-) constructed in Theorem 6.2 is in
fact a replicating portfolio process. This is intimately connected with the
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existence of a dual process () that attains the supremum in (6.4); we call
such a process an optimal dual process. As we see in Theorem 8.1, any such
optimal dual process must be in the set D) of Definition 6.9.

The analysis of the first part of this section was motivated by the incom-
plete market of Example 4.1(iii). In this example, stocks M + 1,...,N are
unavailable for investment in the constrained market M(K). In the uncon-
strained market M,,, all stocks are available for investment, but the mean
rate of return of the nth stock for n = M + L,...,Nis by(-) + vp(:), rather
than b, (-). Contingent claims, however, are still defined in terms of the
original stocks with mean rates of return (b1(-),--.,bn(-)), so the change
in the mean rates of return for the investment opportunities does affect
contingent claim pricing and hedging. The essence of Theorem 8.1 and its
Corollary 8.3 is that the optimal dual process (+) makes this adjustment
to the mean rates of return in such a way that the unconstrained hedging
portfolio in the market M, satisfies the constraint in the market M(K).
This reduction of a constrained problem to an unconstrained one is the
traditional role of Lagrange multipliers.

In the second part of this section, Theorem 8.9 and its proof, an optimal
dual process is posited for the problem of a contingent claim paying off
at intermediate times as well as at the final time. Under this condition,
we show the existence of a hedging portfolio whose proportion process p(-)
takes values in the constraint set K.

The results of this section will not be used in subsequent developments.

Theorem 8.1: Let B be a contingent claim and assume that i defined by
(6.1) is finite. Let X(-) be the upper hedging value process defined by (6. 7)

and let (C,#) € A(; K) be as in Theorem 6.2, so that X%C:#(.) = X().
For a given process 0(-) € D, the following conditions are equivalent:

() is optimal, i.e., 4 = uy, (8.1)
H,;(t))’(:(t), 0 <t <T is a martingale, (8.2)
B is K-attainable, and for the associated
wealth process X™%™(.), the product (8.3)

process Hy () X%07(.) is q martingale.
Any of the above conditions implies that
7() €D and PIC(t)=0, YO<t<T]=1. (8.4)

PROOF. In view of Propositon 6.5, H, 5()X (+) is a supermartingale. It is a
martingale if and only if E[H,(T)X(T)] = X(0), i.e, if and only if u, = i.
Hence, (8.1) and (8.2) are equivalent.

Now suppose that the equivalent conditions (8.2) and (8.1) hold. Because
Hy()X (-) is a martingale, the nondecreasing process A,(-) of the Doob—
Meyer decomposition (6.20) is identically equal to zero, and Remark 6.10
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shows that the nondecreasing process 6’() of (6.25) is also nonincrea.sfng
and hence identically zero. We have #(-) € D(°) and (8.4) follows. Condition

(8.3) holds with 7(-) = #(-). .
Finally, let us suppose that (8.3) holds. This implies

@ = E [Hy(T)X"*™(T)] = E [Hy(T)B] = us,
which is (8.1). m]
Remark 8.2: From Remark 6.10 we see that (8.4) is equivalent to
Ay(t)=0, 0<t<T, (8.5)
almost surely.

Corollary 8.3: Suppose that there ezists a process v(-) € D such that Us <
00. Suppose also that with m;(-) defined to be the unconstrained hedging
portfolio process in Definition 6.1 and with

Wﬁ(t) 4 - 0,75
_— N Xuo,0,mo t 0’
é Xus,0,75 (t)a Zf ( ) 75

P, if Xue0me (1) = 0,

po(t)

where p. is an arbitrary but fized vector in K, we have almost surely
po(t) € K, ((0(t)) + p,(t)0(t) = 0 for Lebesgue-a.e. t € [0,T].  (8.6)

Then the equivalent conditions (8.1)-(8.3) hold, and #(-) in Theorem 8.1
is w5 (+). Conversely, suppose that the equivalent conditions of Theorem 8.1

hold; then (8.6) holds as well.

PROOF. Let X;(-) = X3*”™(-) denote the wealth process generated by
(0,75) in the market M, given by (5.16) and (6.2). Then X,(T) = B
almost surely. Comparing (5.17) in the form

Xr/(t)_w t X;(s) s ST Ty g
st =t [ S UCW) + B 6)w(5) ds + Bl (5)o () aWo(s)

‘ with (2.12), we see from (8.6) that X (-) agrees with X%#:%7 (.), the wealth

process in M given by (2.12). Furthermore, (0,7;) € A(up; K), and Def-
inition 3.1(ii) shows that us > hy,(K). On the other hand, Theorem 6.2

. implies uy < 4 = hup(K). We have u; = 4, and the remaining equivalent
~ conditions of Theorem 8.1 follow.

For the converse, we assume that the equivalent conditions of Theo-
rem 8.1 hold. Then there is a portfolio process m(-) in the class A(%; K)
such that X*%™(T) = B almost surely, and Hp(-)X%%7(.) is a martin-
gale. The unconstrained portfolio process m;(-) € Ap(uy) also satisfies
0o (T) = B, and Hy(-)X2*™(.) is a supermartingale (Remark 5.4).



228 5. Contingent Claims in Incomplete Markets

But
X% (0) = @ = E [Ha(T)X“0™(T)]
= E[H;(T)B]
= B [H:(D) X} (1)),

which shows that H, ,,()X:,‘ 070 (1) is actually a martingale, and must thus
coincide with Hp(-)X®%7(.). Therefore,

X8Om(g) = Xp0mo (1), 0<t<T,
almost surely. Comparison of (2.12) and (5.17) shows that
X707 (5) [C(0(s)) + Py (s)v(s)] =0, 0<s<T,

almost surely. Further comparison of (2.12) and (5.17) shows that 7(-) =
75 (+). Because () € A(u; K), we have p;(t) € K for Lebesgue-almost-
every t € [0,T] almost surely. ]

The next result provides conditions under which v(-) = 0 is an optimal
dual process. In such a case, the unconstrained hedging price in the original
market M is the upper-hedging price. To state the result, we need to in-
troduce some notation. We denote by S the set of all stopping times taking
values in [0,77], and we say that an {F(¢)}-adapted process Y (-) is of class
D0, T if the family of random variables {Y (p)},cs is uniformly integrable.
A local martingale of class D[0,7] is in fact a martingale. Finally, recall
the notation D™ of Definition 5.1.

Theorem 8.4: Let B be a contingent claim and assume that 1 2
Sup, cp Uy, 15 finite. Assume further that

H,(-)X(-) is of class D[0,T], V() e D™, (8.7)

Then, for a given i(-) € D™, all four conditions (8.1)-(8.4) are equivalent
and 1mply

B is K-attainable, and for the associated wealth
process X0 (.), the product process (8.8)
Ho(-)X®“%™(.) is a martingale.

In particular, if there exists any 0(-) € D™ satisfying the equivalent
conditions (8.1)-(8.4), then v(-) = 0 is an optimal dual process, i.e.,
@ = ug. Conversely, if (8.8) holds, then (8.1)(8.4) are satisfied for all
o(-) € D™ NDE),

PROOF. The equivalence of conditions (8.1)—(8.3) has already been estab-
lished, as has the implication (8.1)=>(8.4). Let us assume that (8.4) holds
for some #/(-) € D(™). In light of Remark 8.2, we know that A,(-) = 0, and
(6.20) shows that H,;(-))? (+) is a local martingale. Condition (8.7) allows
us to conclude that (8.2) holds.
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To obtain (8.8) from (8.1)—(8.4) we observe that if (8.4) is satisfied for
some #(-) € D™, then it is satisfied by #(-) = 0. (Note that the process
C(-) appearing in (8.4), given by (6.23), does not depend on (-).) With
the choice P(-) = 0, (8.3) becomes (8.8). From (8.8) we have immediately
that
uo 2 E[Ho(T)B] = E [Ho(T)X*™(T)] = X"%7(0) = 4.

Finally, let us assume only that (8.7) and (8.8) hold. The equivalence

just proved shows that (8.1)—(8.4) all hold with #(-) = 0. But then (8.4)

holds for every ©(-) € D), and the first paragraph of this proof shows that
(8.1)—(8.3) hold for all #(-) € D™ N D). m]

The next two propositions provide conditions on the contingent claim B
that guarantee that the upper hedging price is finite and that condition
(8.7) is satisfied.

Proposition 8.5: If the contingent claim B is almost surely bounded from
above, i.e., P[0 < B < §] =1 for some 3 € (0,00), then @ 2 SUp,cp Uy 1S
finite and (8.7) holds.

PrOOF. From (5.13) we have
0< H,(T)B< sﬁe‘@TZ,,(T)
0
almost surely. But Z,(-) is a supermartingale and EZ,(T) < 1; hence
u, = EH,(T)B < %e“C"T for all v(-) € D. This proves the finiteness of .

Now let v(-) € D™ and 7 € S be given. Define D, to be the set of
processes p(+) € D that agree with v(-) up to time 7. According to Remark
6.7, we may write

0< H,(r)X(r)
= H,(7) - ess SupueDE[ H,(7) ’f ]

= H,(7)-ess sup,ep, E [ T)B ‘ F(r ]
= ess sup,ep, , E[H,(T)B|F(T )] (8.9)

' because H,(t) = H,(7) for all u(-) € D;,. But

BlHA(T)BIF(r)] < 2 ST B[2,(T)|F(r)

< —ée_c"TZH(T) = Ee_c"TZ,,(‘r).
S0 S0

- Because Z,(-) is a martingale, this last expression is Ee ©TE[Z,(T)|F(7)]-
- We conclude that

0< H,(n)X(r) < ﬁe-CoTE[z,(T)mr)] (8.10)
So



230 5. Contingent Claims in Incomplete Markets
for all stopping times 7 € S, and this implies the uniform integrability of
the collection of random variables {H, (7)X (7)}res- |

Proposition 8.6: Suppose that for somen € {1,..., N} the dividend rate
process 6,(+) is bounded from below. Suppose also that with the notation
v=(v1,...,vN) we have

v+ ((v) + vy is bounded from below on K, (8.11)
and the contingent claim B satisfies
0<B<aS,(T)+p (8.12)

almost surely for some a > 0, 8 > 0. Then 0 £ Sup,cp Uy 18 finite and
(8.7) holds.

Conversely, if 0(-) is bounded, 6, (-) is bounded from above, B = (S, (T)—
q)* is a European call option with ezercise price ¢ > 0, and (8.11) fails,
then 4 = oo.

PROOF. Let on(-) = (0n1(:),...,0nn(-)) be the nth row of the volatility
matrix o(-). For v(-) € D, define

F,(t) = H, (8)Sn(t) exp { [ 150(5) + 60150 + (o) ds} .

Using (5.7), (5.9), and (1.5.18), we may rewrite this as

F,(t)= %(Zt;(t) exp { /0 [62(5) + n(3)] ds}

= 5,(0)Z,(t) exp {/0 an(s) dWy(s) +/0 [u,,(s) - %“o;(s)”z] ds} .
Finally, recalling (5.10), (5.11), we conclude that
F,(t)
— 51(0)Zy (t) exp { /0 on(s) AW, (s) — % /0 ||an(s)||2ds}

= su e { [ o) - o) W) -} [ ot - o, 1°a ).

which is a nonnegative local martingale, and hence a supermartingale,
under P. If v(-) € D™, then W,(-) is a Brownian motion under the
probability measure P, of Remark 5.2. Because of the assumption (2.4)
of boundedness of 0,,(+), the process

6. 2 e { [ ont) i) - 3 [ lon o)l

is a martingale under P,. For 0 < s < t < T, Bayes’s rule (Karatzas and
Shreve (1991), p. 193) implies
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E[F,()|F(t)] = Sn(0)E[Z,(1)G, (t)|F ()]
= 5n(0)Z, () Ev [G, ()| F(s)]
= 52(0)Z,(5)Go (s)
= F,(s).
In other words, F,(-) is a P-martingale for v(-) € D(™).
Let —y € R be a lower bound on 6,(-) + ¢(v()) + Un(-). For B as in
(8.12) and v(-) € D, we have
Uy = E[H,,(T)B]
< aE[H,(T)S,(T)] + BEH,(T)
< ae"TEF,(T) + ge_c"TEZ,,(T)

< ae?”S,(0) + sﬁe_@T.
0

It follows that 4 is finite.

To obtain (8.7), fix v(-) € D™, let 7 € S be given, and let D, be the
set of processes u(-) € D that agree with v/(-) up to time 7. According to
Remark 6.7,

0< H,(r)X(r)
E[H,(T)B|F(7))
H,(r)
= ess sup,ep_ , E[H,(T)B|F(1)]
< ae"Tess sup,ep, , E[F.(T)|F (7)]

= H,(7) ess SUp,ep

S0
<ae"TE, (1) + sﬁe_“TZ,,(T)
0

B

—e
50

=F [ae'yTF,,(T) -+ _COTZ,,(T)~ .7-'(7')] .

. Here, the last inequality holds because Z,(-) is a supermartingale for every
- u(-) € D.,, and the last equality holds because both F,(-) and Z,(-)
- are martingales when v(-) € D™ This shows that the family of random
. variables {H,(7)X ()} es is uniformly integrable.

4 For the second part of the proposition, we assume that B = (Sn(T)—q)T,
- 0(-) is bounded, and 6n(+) is bounded above by some constant A, but (8.11)
3 fails. For every v € K the process v(-) = v is in D(™); therefore,

E[H,(T)Sn(T)] > EF,(T) - exp{—A¢T — (¢(v) + v,)T}
= 5n(0) exp{—AoT — ({(v) + v,,)T},
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and from Jensen’s inequality,
w, = E [H,(T)(Sa(T) - q)*]
> (E[H,(T)Sn(T)] — ¢EH,(T))*
> 8,,(0) exp{—AoT — (C(v) + va)T} — %e—@?

Since (8.11) fails, this last quantity can be made arbitarily large by choice
of ve K. m|

Remark 8.7: Condition (8.11) is satisfied if the convex set K contains
both the origin and the nth unit vector, and thus also the entire line
segment adjoining these two points. In this case

Un+C(V) 2 vn+ sup (—avy) = sup (av,) =v} >0, WeK.
0<a<1 0<a<1

This condition holds in Examples 4.1(i), (ii), (vi), (vii), and (viii) for all
choices of the index n. In particular, under prohibition or constraints on
either borrowing or short-selling, it is possible to find an initial wealth
large enough to permit the construction of a portfolio whose final value
almost surely dominates that of any contingent claim B satisfying (8.12).
This is also the case in Examples 4.1(iii) and (iv) for n € {1,..., M}. For
n€{M+1,...,N} in Examples 4.1(iii), (iv), condition (8.11) is violated.
Theorem 6.2 and the second part of Proposition 8.6 applied to these ex-
amples show that when a European call is written on a stock that cannot
be held by the hedging portfolio, the upper hedging price is infinite; in other
words, no matter how large the initial wealth, it is not possible to con-
struct a portfolio whose final value dominates almost surely the payoff of
the option.

Example 8.8 (Incomplete market): Consider the case K = {p €
RY;pym+1 = -+ = py = 0} of Example 4.1(iii), where there are only M
stocks available for investment, but these are driven by the N-dimensional
Brownian motion W(:) with N > M. Then ¢(-) = 0 on the barrier cone
K= {veRY;pyy=-.. =y =0} of —K, and thus

(W)+pv=0, VpeK, vek.

In particular, D(©) of Definition 6.9 agrees with D.

Consider now a contingent claim B for which @ = Sup,,cp Uy is finite and
for which (8.7) holds, as is the case under the conditions of Proposition 8.5
or 8.6. Theorem 8.4 shows that if the supremum in the definition of @ is
attained by some v(-) € D™, then it is attained by every v(-) € D™.
This verifies a conjecture of Harrison and Pliska (1981), p. 257; see also
Jacka (1992) and Ansel and Stricker (1994) for related results.

We conclude this section with a result that generalizes both Theorem 8.1
(as it allows for European contingent claims that make payments prior to
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expiration, somewhat like the claims introduced in Definition 2.2.1) and
Theorem 2.2 (as it deals with constrained portfolios). For simplicity, we deal
only with the case that the payment at the final time is strictly positive.

Theorem 8.9:  Let C(-) be a cumulative consumption process and B: ) —
(0,00) an F(T)-measurable random variable such that

A 5
x = sup u(p) = u(?) < oo (8.13)
HED

for some ©(-) € D, where

A
u(u) = E [/(0 . H,(s)dC(s) + H#(T)BJ , u(-) eD. (8.14)
Then there exists a portfolio process 7(-) such that X 20 (), the wealth
process in the original market M(R™N), satisfies

1
Hj(t)

X“"C’”(t) = X(t) & E [ o H;(s)dC(s)+ Hy(T)B
8T

F (t)J ;

(8.15)

for 0 < t < T. Furthermore, with the portfolio-proportion process p(-)
defined by

p(t) £ %2) ¥ Xsl8) 0, (8.16)
De, if Xp(t) =0,
where p, is an arbitrary but fized element of K (cf. (2.14)), we have
p(t) € K, for Lebesgue-a.e. t € [0,T], (8.17)
almost surely and
C(2(8) +p'(t)o(t) =0, for Lebesque-a.e. t € 0, 7). (8.18)

- In particular, (C,m) € A(z; K), X®C™(T) = B almost surely, and

Hy(8) X5 (1) + /(0 ,H)d06), 0<i<T, (319

- 18 a martingale.

This result can be established by arguments similar to those used in The-

_ orems 6.2 and 8.1. We opt here for a different proof, based on a variational
- Principle that we shall find useful in Chapter 6.

1 PROOF OF THEOREM 8.9. From Theorem 5.5 we know that there exists
- aportfolio process 7(-) such that X2*“™(-), the wealth process in the auxil-
- lary market M, corresponding to initial wealth z > 0 and (C,m) € As(x),
L I8 given as X,(-) = X2'9™(-) by (8.15) and satisfies
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X (t) dC(s)
So(t) +/(0,t] So(s)

—at [ t 55 (Kel6)6(0(6) + 7 ()0(s)) ds + 7 (5)o(s) dWa(s)]

t
—o+ [ ) + 7 (6)7(6) ds + P (o) aWa(s)), (517)
where p(-) is defined by (8.16). In order to prove the theorem, we must
show both (8.17) and (8.18). From (8.18) and the comparison of (5.17) with
(2.12), we can conclude that X ‘@7 (1), the wealth process in the auxiliary
market M, agrees with X®© ™ (.), the wealth process in the original market
M(RN). Moreover, (8.17) shows that (C,7) € M(K), so that X% (.) is
in fact a wealth process in the constrained market M(K).

Step 1: For any u(-) € D and any € € (0,1), the convex combination
(1 — €)(-) + eu(-) is in D, because of the convexity of K and the positive
homogeneity and subadditivity of ¢ (see (4.3), (4.4)), which guarantee that
(1 — €)D(-) + ep(-) satisfies (5.2). We shall be interested in two particular
choices of x(-). The first is p(-) = 0, which is an element of D because
0 € K and ¢(0) = 0. The other is u(-) = o(-) + A(+) for some A(-) € D; this
u(-) is in D because K is a convex cone and thus closed under addition,
and ( is subadditive.

Let {7,}22, be a nondecreasing sequence of stopping times converging
up to T, and consider the random perturbation of 7 given by

Ve,n(t) é { ,(’)]it;’ G)ﬁ(t) + Ey’(t)) ?_ns<ttss7'171:’ (820)

=D(t) +e(pu(t) — D(t))l{tsm}, 0<t<T.

Because v, ,(-) € D and »(-) maximizes u(?) over D, we must have

0<EY,,= M (8.21)
€

for every e € (0,1) and n = 1,2, ..., where

a Hy(T)B ( H, (T)) Hj(t) ( H, (t)>
Y., 2 y Lt o |y § = Sl ) oy,
€ H,(T) o1 € Hj(t) )
(8.22)
Step 2. A straightforward computation using (5.9)—(5.12) shows that
Hy, (1)
Acn(t) & =2
=

2
= exp I:—eN(t/\Tn) — %(N)(t/\'rn)
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‘/0 " (C((A = e)i(s) + eu(s)) — ¢ (2(s))) ds] , (8.23)

where
N 2 [ 6 uls)  0(5) awi(o), (8.24)
M2 [0~ 6)(u(s) ~ ) s (8.25)

In the case that u(-) = 0, we have
C((L =€) (s) +eu(s)) — ¢ (9(s)) = ¢((1 - €)i(s)) — ¢(2(s))
= —e((&(s)),
whereas in the case that u(-) = i(-) + A(-) for some A(-) € D, we have
C((A=e)o(s) + en(s)) = ¢ (#(s)) = ¢ (9(s) + eA(s)) — ¢ (i(s))
< eC(A(s)).
We define

o [0, i u() =0,
£(s) {((A(s)), if 1 = 5(-) + A(-) for some A() € D,

A : .
and L(t) = fot €(s) ds. With this notation, we may rewrite (8.23) as

Aen(t) > Qen(t) (8.26)
2 exp {—e(N(t ATp) + Lt AT,)) — 62—2(N)(t A Tn)} .

Step 3. For each positive integer n, we define the stopping time
A
To =inf {t € [0,T]; N(t)| + (N)(t) + [L(t)| > n
t
e / 165(s)[|2ds > n
0

2
r " Xals) ~1 "
/ (sgm(s)) o™ (5)(us) — ()P ds > m

or /0 (L(s) + N(s))?||o’ (s)7(s)||> ds > n} AT.

3 Clea:rly, Tn T T almost surely as n — oo. According to the Girsanov and
- Novikov theorems (e.g., Karatzas and Shreve (1991), §3.5), the process

tAT,
Won(t) £ W(t) + / 0:(s)ds, 0<t<T, (8.27)
0
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is a Brownian motion under the probability measure
Pon(A) 2 E[Zs(ra) - 14], A€ F(T).

Step 4. With 7, the stopping time defined in Step 3, the process Qen(4)
of (8.26) has the lower bound

Qen(t) 2 e,

(8.28)

0<t<T, (8.29)

and consequently

1 (1 B H,,m(t)) _1-Aa(®

- < K,
€ H,)(t) €

< 0<t<T, (8.30)

A el e Fot
almost surely, where K,, = supg...; (1 — e~ ") is finite. Furthermore,

T 1 = Ae,n(t)
lim ————
el0 €

< N(tAT)+ L(tAT),
and it follows from Fatou’s lemma that
Tin Yoo < Ho(T)B(N () + L(ra)
- Hy(t)(N(t ATy) + L(t A1y)) dC(2).
(0,7]

In addition, each Y, ,, is bounded from above by

(O‘T]

Y, 2 K, [H,;(T)B + H,(t) dC(t)} ;

which is integrable because EY; = K,u(?) < co. Another application of
Fatou’s lemma yields

OSEM =%EYe,n SE@%YM)

€l0 €
< E |Hp(T)B(N(ma) + L(n))
. Hy(t)(N(t A7)+ L(EATR)) dC(t)] . (8.31)
(0,7]
Step 5. We next prove that (8.31) leads to
B [ B Xo O (€)ut)  (0) + N A 20, meN. (532
0

To see this, we first recall from (5.16) that

S X)) _ _do®) | Xs(t)
SO () SO S

p'(t)o(t) dWs(t),
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~and so

d ( X0 (1) + N(t)))

S5 (¢)
_ ;25)(3) (dL(t) + dN(t)) + (L(t) + N(t))d ( ;2;%)
B O o).
Integration of this equation yields
S)EE)((T;;)) L+ NE)+ [ %w(t)
i ;22)(8) /() (u(t) — 5(0) + €(1)
+ [ ;EZ)(Q) [0~ E) ) — (1)

+(L(8) + N(t))o' (t)p(t)] dW; (2).

By the choice of 7, the integrand of the It6 integral in this last expres-
~ sion is square-integrable, and thus has expectation zero under P; . Taking
- expectations under this probability measure, we obtain

E /0 " B (6 X ()0 () (u(t) — 9(8)) + £(t)] di

=F I:H,;(TH)X(T”) +

(O,Tn]

Hy(t)(L(t) + N(¢)) dC(t)] . (8.33)

- Applying the optional sampling theorem to the martingale in (8.19), we
JE'See that (8.15) is still valid if we replace ¢ in that equation by the stopping
- time 7,,. Using this fact, we rewrite (8.33) as

E /0 " H ()Xo ()9 () (u(t) — (1)) + £(0)] de
=F {(L(Tn) + N(1)) (H,;(T)B + / Hy(t) dC(t))
(TmT]

+ / H,;(t)(L(t)+N(t))dC(t)]}’
(0,7n]

5

- Which is the right-hand side of (8.31), hence a nonnegative quantity. This
- completes the proof of (8.32).

- Step 6. We invoke Lemma 4.2 to obtain a process A(-) € D satisfying
(4.8), and we take p(-) = D(-) + A(-), so that &(t) = ((A\(t)). Equation
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(8.32) becomes
E / " H ()Xo (O (OA(E) + CAN®)] dE >0, neN,
0

which, together with (4.8), implies (8.17). From (4.5) we have immediately
that

P’ (t)o(t) + ¢(#(t)) > 0 for Lebesgue-a.e. t € [0,7]

holds almosts surely. We next take pu(-) = 0 in (8.32), so that £(t) =
—((o(t)), and (8.32) becomes

E/T" H,(t)X,(t)[p'(t)D(t) + ¢(P(t))]dt <0, neN
0

which proves (8.18). O

5.9 Lower Hedging Price

In addition to (2.3)—(2.6), we impose throughout this section the assump-
tion that

the process (-) of (2.7) is bounded. (9.1)

This implies, in particular, that Zy(-) of (2.8) is a martingale, that Py
defined by

Py(A) & /A Zo(T)dP, A€ F(T), (9.2)

is a probability measure on F(7T'), and thus M = (r(-),b(-),6(-),o(-), S(0),
A(+)) of Section 5.2 is a complete, standard financial market. . .

The seller of a contingent claim is interested in the upper-hedging price
of Section 5.3. This is the amount of money he needs to receive at time
t = 0 in order to invest in the constrained market in a way that ensures
that his final wealth will almost surely dominate his obligation to pay O.ff
the contingent claim at the final time. The buyer, on the other hand', is
interested in the lower-hedging price, which we shall discuss in this sect19n.
We imagine that the buyer takes a net negative wealth position, YVthh
must include either borrowing from the money market or short-selling of
stock, in order to buy the contingent claim. The buyer finances this debt by
trading in a constrained market, and desires at the final time to have the
payment received from owning the contingent claim be sufficient to pay off
the debt without risk (i.e., with probability one). Since the payoffs of tl.le
contingent claims in this chapter are nonnegative, the buyer’s wealth will
always be nonpositive prior to the final time. We define below the lowq-
hedging price to be the maximum amount of debt the buyer can ?cquﬁ
initially and still be certain that the payoff of the contingent claim Wi
cover his debt at the final time.
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We have modeled the constraint on the seller’s portfolio-proportion
process by a nonempty closed convex set K. For example, if there is
only one stock and borrowing in the money market is prohibited, we set
K = (—o00, 1], which enforces the no-borrowing condition by requiring that
the investor’s stock holdings can never exceed his wealth. To prevent the
buyer of the contingent claim, whose wealth is always negative or zero,
from borrowing in the money market, we should require that his short po-
sition in the stock be always at least as great as his net debt. Thus, the
proportion of his (negative) wealth invested in the stock should always lie
in the closed convex set K_ = [1,00).

We generalize this situation by requiring that the seller’s portfolio-
proportion process lie in a nonempty, closed, convex set K ¢ RY and the
buyer’s portfolio-proportion process lie in a companion nonempty, closed,
convex set K_ C RYV. These sets are related by the two conditions

KNK_#40, (9.3)

i >
VP+EK,\7’p_eK_, ’\p++(1—A)p_€{K’ lf’\—17

K_, ifa<o (94

~ We impose the assumptions (9.3) and (9.4) because they cover the examples
- of interest (Examples 9.7) and result in several simplifications of notation
- and exposition, such as Lemma 9.3 below. See, however, Remark 9.2 below.

We introduce the analogue

()2 inf (-pv), veRY, (9.5)

. of the support function ¢() in (4.1). The function ¢_(-) maps R¥ into
- RU{-o0}, and —(_(v) = sup,c_(p'v), the support function of K_, is a
~ closed, proper, positively homogeneous, subadditive, convex function with
- effective domain

K_2 {veRN;¢_(v) > —00}. (9.6)

By analogy with (4.5), the function ¢—(-) satisfies

PEK_ <= ( (V)+pr<0, WwekKk_. (9.7)

- The counterpart to Lemma 4.2 for ¢—(-) is the following.

-;'_Iaemma 9.1:  For any given {F(t)}-progressively measurable process

P[0, 7] x Q — RN, there ezists a K --valued, F(t)-progressively measurable

‘_process v(-) such that

Ol <1, Ke®) <1, 0<t<T,
"Gnd for every t € [0,T], we have

p)eK_ o wut)=0,

PO EK. & ) +5EuE) >0 (08)

'*élmost surely.
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Remark 9.2: The next lemma relates ¢(-) to (_(-) and K to K_. We have
imposed conditions (9.3), (9.4) in order to obtain this simplifying result.
However, the only consequence of Lemma 9.3 below that is actually used
in this section is the bound

() >, WeK_ (9.9)
for some (; € R. If K_ leads to a function (_ satisfying (9.9), then the

lower-hedging price results of this section hold, even if there is no nonempty
closed, convex set K related to K_ by (9.3), (9.4).

Lemma 9.3: Under conditions (9.3) and (9.4), we have K_ = K and
¢_ () =<(-) on K. In particular, (4.6) implies (9.9).
Proor. Clearly, (9.3) gives (_(v) < ((v) for all v € RM. Consider an

arbitrary v € K; then —oo < ((v) < oo. For fixed A > 1 and arbitrary
p+ € K and p_ € K_, we have, thanks to (9.4),

M+ A=plv=—-psy +(1-Ap-)v < sg}g(—p’V) =((v).
p

Taking the supremum of the left-hand side over p; € K and p_ € K_, we
deduce

A () = (A= 1)¢-(v) < (). (9.10)
The inequality (_(v) > —oo follows from the finiteness of {(v), which gives
K C K_. The inequality (9.10) also implies ¢() < ¢_(v) for all v € K.
We next consider an arbitrary v € K_, so that (_(v) is finite. Fix A < 0,
and let p, € K and p_ € K_ be arbitrary. From (9.4) we now have

AWiv+ (1= Ap'v=0pt +(1-Np-)v < P (®'v) = —(-(v).
pEK _

Taking the supremum of the left-hand side over py € K and p_ € K_
yields

— X (W) — (1= NC-(v) € ~¢-(v). (9.11)
The inequality ((v) < oo follows from the finiteness of {_(v), which gives
K_ C K, and thus also K_ = K. The inequality (9.11) also implies ((v) <
(—(v) for alve K. =K. O

In light of Lemma 9.3, processes v(-) mapping [0,7] x € into K also
map into K_. In this section, we shall consider the set of processes D of
Definition 5.1 and more particularly, the set D(®) of bounded processes
in D. According to Remark 5.2, Z,(-) is a martingale for every v(-) € D),
and the standard martingale measure P, for the market M, is defined
by (5.15).

We shall write henceforth K and ¢(-) rather than K_ and ¢_(-), in order
to simplify notation. However, in accordance with Remark 9.2, there need
not actually be a set K and function ¢(-); in such a case, the set K_ and
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the function {_(-) should be substituted for K and ¢(-) throughout the
remainder of this section and the next.

Consider now an agent with cumulative income process I'(t) = z — C(t)
0<t S T, where x < 0 is his initial wealth and C(+) is his cumulative con:
s:umptzon: a nondecreasing, {F(t)}-adapted process with nondecreasing
right-continuous paths and C(0) = 0, C(T) < oo almost surely. A port:

folio process m(-) is an RN -valued, {F (t)}-progressively measurable process
satisfying (2.11).

l?eﬁnition 9.4: Given z < 0 and a pair (C, ) of a cumulative consump-
tion process and a portfolio process, the corresponding wealth process is
given by

XI,W,C(t) dC(v
5@ /(

) t1
0,g) So(v) = z+/0 So@)” (v)o(v)dWy(v), 0<t<T,
(2.12)

which can also be written as (2.13), and the corresponding portfolio-
proportion process is defined by

A __w(t) if X&Cm
p(t) & § Xy IO A0, (214)
D, if X*Cm(t) =0,
where p, is an arbitrary but fixed vector in K_.
We say that a pair (C, ) consisting of a cumulative consumption process
and a portfolio process is admissible in the market M(K_) for the initial

wealth z < 0, and we write (C,7) € A(z; K_), if p(-) satisfies the buyer’s
constraint

p(t) € K_ for Lebesgue-a.e. t € [0, T] (9.12)
almost surely, and
X=Om(t) <0, Vte[0,T]as., (9.13)
2 ( max XSO
b T(t) < oo, forsomey > 1. (9.14)
Remark 9.5: Consider the random variable
A [ X=Cm ()]

in (9.14). Because of (9.1) we have EZ§(T) < oo for every ¢ € R, and
(9.14) coupled with Holder’s inequality implies

+1 2 e
EoAJT :E[ZO(T)AJ%] < (E'ZO?_JT(T)) ¥ (E'A’Y)J;Tl £ 8.

” Hence, (9.14) implies

EpA™ < oo for some vy > 1. (9.16)



242 5. Contingent Claims in Incomplete Markets

Similarly, (9.16) coupled with Holder’s inequality implies (9.14). Indeed,
the condition

E, A" < oo for some v, > 1 (9.17)
for some v(-) € D® implies the validity of (9.17) for every v(-) € D® and
also the validity of (9.14).

Remark 9.6: Suppose (C,7) is admissible in M(K) for z < 0. Let
X7 (.) be the wealth process with initial condition x generated by (C, 7r),
and define A by (9.15), so that EAY < oo for some v > 1. Then condition
(9.16) holds. We have

X0 (f) 4O _ oy "L (v)o(v) dWo(v), (9.18
X0, [l +/0 Sy (Vo) dWole), (918)

and Fatou’s lemma shows that the Py-local martingale
t
A 1,
M(t) = 7' (v)o(u) dWy(v)
® /o So(v) ®)o '
is a Py-supermartingale. We have then the budget constraint

X=Cm(T) dC(v)
So(T) +/(0,T] So(”)] =0

Eop V(C,7) € A(z; K-), (9.19)

which implies

W) ., _ o [X0TM]
. [/(O,T] So(”)lgx B[Sy <o B

Returning to (9.18), we conclude that
X=Cm(t) 7 dC(v) </_ dC(v)’ <t<T
So(t) 0, So(v) ~ Jo,1) So(v)

Being bounded both from below and from above by Py-integrable random
variables, the Py-local martingale M (+) is in fact a Py-martingale. Moreover,
the budget constraint (9.19) holds with equality:

E, [M+ /( dC(”)] —z, V(Cm)eAK.). (9.20)

—A<z+ M) =

So(T) 0,71 So(v)

Example 9.7: The following pairs of nonempty closed, convex sets K
and K _ satisfy the conditions of (9.3) and (9.4). The corresponding convex
cone K = K_ and support function ¢(-) = ¢_(-), given in Examples 4.1,

are repeated here for reference.
(i) Unconstrained case: K = K_ =RN, K = {0}, and ( =0 02 K. 8
(ii) Prohibition of short-selling: K = [0,00)N, K_ = (—00,0]Y, K =
[0,00)¥, and ¢ = 0 on K. In this case, in both the market M(K)
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with X(-) > 0 and in the market M (K _) with X(-) <0, the amount
of wealth 7, (t) = X (t)p,(t) invested in the nth stock is nonnegative
for Lebesgue-almost-all ¢ € [0, 7] almost surely, for n = 1,...,N.

(iii) Incomplete market: K = K_ = {p € R¥:ppy1 = - = py = 0}
for some M € {1,...,N — 1}, K= {veRN;p =... =y, = 0},
and (=0on K.

(iv) Incomplete market with prohibition of short-selling: In this case,
K ={peRYp >0,....ppr > 0,ppr41 = --- = py = 0} and
K- ={peRYp; <0,...,pp <0,ppr41 = --- = py = 0}. Then
K={veRVN,y >0,...,up >0} and ( =0 on K.

(v) K is a nonempty, closed convex cone in RN and K_ = —K. Then

K={vreRVpr <0, Vpe K_}and ¢ =0on K. This
generalizes examples (i)—(iv).

(vi) Prohibition of borrowing: K = {p € RV; ZTILI Pn <1} and K_ =
{p € RV; Z::r:l Pn > 1}, so that the amount of money

N N
mo(t) 2 X(t) = Y ma(t) = X(t) (1 - an(t)>
n=1 n=1

invested in the money market is nonnegative for Lebesgue-almost-
all t € [0,T] almost surely, regardless of whether X (t) > 0 or

X(t)<0. In this case K = {v € RV;1; = ... = py < 0} and
((v)=—v, on K.
(vii) Constraints on short-selling: K = [—#,00)N for some k > 0. It

is not clear how one should place a short-selling constraint on an
agent whose total wealth is negative, but the only set K_ corre-
sponding to the K of this example and satisfying (9.3) and (9.4)
is K = (—o0,—k|". Regardless of the sign of X (t), the wealth
Tn(t) = X(t)pn(t) invested in the nth stock is at least —kX(t), a
‘nonnegative quantity when X (¢) < 0. In this case K = [0,00)" and
((v) = nzﬁrzl vpon K.

(viii) Constraints on borrowing: K = {p € RY; Zﬁ:l Pn < K} for some
k> 1. It is not clear how one should place a borrowing constraint
on an agent whose total wealth is negative, but the only set K_
corresponding to the K of this example and satisfying (9.3) and
(94) is K_ = {p € RV, Zﬁzl Pn > k}. The amount 7o (t) invested
in the money market, defined in (vi), satisfies mo(t) > (1 — k) X(t)
regardless of the sign of X(t). In this case, K = {v e RN;y; =
-+ =vy <0} and ((v) = —k1; on K.

r

. Definition 9.8:

(i) A contingent claim B is a nonnegative, F(7')-measurable random
variable. We call
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A B
= =Ey | 5= 3.1
w2 E[Ho(T)B) = Bo | 52055 (3.1)
the wunconstrained hedging price of B. (This is a repetition of
Definition 3.1(i).)
(ii) The lower-hedging price in M(K_) of the contingent claim B is
defined to be

hlow(K—) (9'21)
= —inf{z < 0;3(C,7) € A(z; K_) with X>%™(T) + B > 0 a.s.}.

(iii) We say that B is K_-attainable if there exists a portfolio process ()
such that

(0,7) € A(z; K_) and X%%™(T)+B=0as. (9.22)
with £ = —hjou(K_)..

In other words, if the infimum in (9.21) is attained, then hj,, (K_) is the
maximal amount of initial debt the buyer of the contingent claim can afford
to acquire and still be sure that by investment in the constrained market
M(K_), he can be guaranteed (with probability one) to have nonnegative
wealth at the terminal time ¢ = T, once the payoff of the contingent claim
has been received.

Lemma 9.9: Let B be a contingent claim. We have
0< hlow(K—) <wug < hup(K)' (9'23)

PROOF. Taking z = 0, 7(-) = 0, and C(:) = 0, we have X*%7(-) = 0,
and X®%™(T) + B > 0 almost surely. Hence, the infimum in (9.21) is
nonpositive and Ao, (K_) > 0.

The inequality ug < hyp,(K) follows immediately from Theorem 6.2, but
here is an elementary argument. The inequality holds trivially if hy,(K) =
00; if hyp(K) < oo, then for any z > 0 for which there exists (C,7) €
A(z; K_) with X®C7™(T) > B almost surely, the budget constraint (2.17)
gives

&> E |Ho(T)X®C™(T)+ [ Ho(v) dC(v)l 2 E[Ho(T)B] = uo,

(0,77

whence hy,(K) > ug.
It remains to show that

hlow(K—) S ug- (924)

Let = < 0 be such that there exists (C,7) € A(z; K_) with X&C#(T) +
B > 0 almost surely. According to the budget constraint (9.20),
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B XI’C’"(T) dC(v) B
r=FEy) | ———= = T =
Y [ So(T) " /(O,T] SO(U)J 2~ [SO(T)J o

The desired inequality (9.24) follows. a

: sz observe that in the presence of condition (9.1), the finiteness of uy is
implied by the condition

B Y
E [m] < oo for some vy > 1. (9.25)
Indeed, when (9.25) holds, we may proceed as in Remark 9.5 to obtain, for
every process v(-) € D®)

B Yo
B, [m] < oo for some v, > 1. (9.26) -
For v(-) € D®), all moments of Z,(T) are finite under both P and P,.

Another application of Holder’s inequality shows that (9.26) is equivalent
to

B

E, [zgv (T) (m) 7"] <oo foreveryg €R  (9.27)

for some 7, > 1.
It turns out that condition (9.25) actually leads to a much stronger re-
sult: a characterization of the lower-hedging price hiow(K_) in terms of

a sto?h.astic control problem, in the spirit of Theorem 6.2. We recall the
Definition 6.1 of u,,, which can now be written in terms of P, as

A B
u, = E[H,(T)B]=E, [WJ . v (9.28)

Thgorgm 9.10: Assume (9.1) and (9.9), and let B be a contingent claim
satisfying (9.25). The lower-hedging price of B is given by

.
hiow(K_) =u = uel%f(") Uy (9.29)

Furthermore, there exists a pair (C,7) € A(—1, K_) with corresponding
wealth process

X8O (4) = _ess inf E[H,(T)B|F(t)]
(t) veD®) 0 , 0<t<T,  (9.30)
and in particular,
X WC"TY+B=0 (9.31)

almost surely.

The proof of this theorem is provided after Proposition 9.13 below.
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Definition 9.11: We call the process

E[H,(T)B|F(t)]
H,(t) ’

on the right-hand side of (9.30), the lower-hedging value process for the

contingent claim B. We shall always take a right-continuous, left-limited
modification (see Proposition 9.13 below) of this process.

0<t<T, (9.32)

X(t) & —ess inf, cpw)

Remark 9.12: In the unconstrained case K = K_ = R" of Example
9.5() we have K = K_ = {0}, so that D = D®) contains only the zero
process v(-) = 0. Thus, in Theorems 6.2 and 9.10,

@ =1 = ug, hiow(K_) = up = hyp(K), C(-) =C(-) =0,

and
. = a E[Hy(T)B|F(t)] B

coincides with the process VECC(.) of (2.2.13) on [0, T'), whereas 7(-) = #(-)
is the hedging portfolio of Deﬁniti(_)n 2.2.6.

Proposition 9.13: Assume (9.1) and (9.9). Under the additional

assumption (9.25), the lower-hedging value process

E[H,(T)B|F(t)]
H,(t) ’

is finite and satisfies the dynamic programming equation

E[H, ()X (t)|F(s)]
H,(s) '

0<t<T, (9.33)

X(t) 2 —ess inf,cpe)

0<s<t<T.  (9.34)

X (s) = ess sup,epm

j X(0) = —u X = ly.
In particular, X (0) = —u and X(T)+ B =0 alm.ost. surely '
The process X (-) has a right-continuous, left-limited (RCLL) modifica-
tion, which we shall always choose. With this choice, and for every process
v(-) € DY, the process H,(-)X(-) is a uniformly integrable RCLL sz}tg)er—
martingale under P. Furthermore, for each v(-) € D®), the process J)—sg") 5

is a supermartingale of class D[0,T] under P,; i.e., the collection of ran-
X(n)

S‘(’U)(T) TES
the set of all stopping times taking values in [0, 7).

dom variables is uniformly integrable under P,, where S s

PROOF. We prove first that for each v(-) € D®) the process H,,()X() 1;
uniformly integrable under P. Let v(-) € D® and t € [0, T] be given, an

denote by ngg the set of all processes u(-) € D®) that agree with () on

[0, %] x Q. Since H,,(s,t) £ H,(t)/H,(s) depends only on the values of /(v)
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for s < v < t, we may rewrite (9.33) as

X(t) = ess SupH€D£?,3 E[—H’;;T‘()t)B,]:(t)]

. 1ess sup e E[-H,(T)B|F(t)]

Y
|

1
mE[Hu(T)BIf(t)],

whence
|H, ()X (t)| < E[H,(T)B|F(t)], 0<t<T.

It follows from Jensen’s inequality and Doob’s maximal martingale
inequality that for every Y > 1,

. a Yo i . 2
ELg@ﬂL@XmPJS(%jT) E[H,T)B]",  (9.35)

and the uniform integrability of H,(-)X(-) under P follows from the
inequality

B Yo
E[H,(T)B]" < e~ w%TE, [ng-l T <—> ]
[H,(T) B < @ (575
and (9.27).

We now imitate the proof of Propositiogl 6.5, with —B replacing B, and
using the uniform integrability of H,(-)X(-) under P instead of Fatou’s
lemma in the last step. The proof ofAProposition 6.5 also involves ran-
dom variables, now defined by Ju(t) = E[-H,(t,T)B|F(t)], which have
the property that for each process v(-)eD® and t € [0, T7], the collection
{J,‘(t)}“ ep(® 18 closed under pairwise maximization. It follows that the
collection

{(Ju(®) v 4.(1) + E[H, (¢, T)BIFO},epe

- of nonnegative random variables is closed under pairwise maximization, and

Theorem A.3 of Appendix A can be applied to this collection to extract a
sequence {/(-)}2°, such that {Jux (t)}22, is nondecreasing and

X(t) = Jim J,, ()

>, (cf. (6.13)). With these modifications, we obtain from the proof of

- Proposition 6.5 all the assertions of the present proposition, except the
. last.

For the final assertion of Proposition 9.13 we let v(-) € D®) be given and

:" start by verifying the P,-supermartingale property for 0 < s <t<T:
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X@) . L)X ()| F
E, [m .7-'(3)] = L (0] (:9)]
< H(9)X(5) = ol
= Zy(s) Sp "’ (s)
v with

X ; : X(

Because —E(X% is a nonnegative P,-submartingale, so is ;();;—(L)

% >1 choseon to satisfy (9.26), thanks to which this submartingale has a
v

P,-integrable last element
R R0
< e~ W T ( B ) .
. So(T)

X(1)

55(T) .
This establishes the uniform integrability under P, of the collection of
random variables {S—E{,%} o O
PROOF OF THEOREM 9.10. Let z < 0 and (C,w) € A'(x; K_.) be sucil
that X®S™(T)+ B > 0 almost surely. In differential notation, with X(-) =
X®C7(.) and p(-) defined by (2.12) and (2.14), we have

LN 900 | Xl e ),
d(So(t)) =56+ so? O e

and thus

d X(t) —=d (e_fot C(u(s))ds&)
S5 (t) So(®) B
= _C(V(t))e__ fot C(V(s))dSSXT((tt)) dt e fo C(v(s)) dsd (m)
dC(t)
X(t) - _do(t)
& W[—C(v(t)) dt + p'(t)o(t) dWo(t)] P
) oo ap . 9O
= ‘g((],,)—(t)[(('/(t)) +p'(t)v(t)] dt SO0

+ 28 o) aw v
So (1)
for any v(-) € D). Integration yields

z,Cym (¢ t Xit,C,"l'(s) Y dC(S)
R e O CEOLE 2

Y B ORI e
o+ [ ) 70
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From (9.5) and Lemma 9.3, we see that ¢(v(s)) +2'(s)v(s) is nonpositive,
as is X*C\7(s): thus the process on the left-hand side of (9.36) is bounded
from below by
Xx,C,r(t)
S§7(t)
where the random variable A of (9.15) satisfies (9.14) as well as (9.17). The

P,-local martingale (9.36), being bounded from below by a P, -integrable
random variable, must be a P,,-supermartingale. Hence

t
> —Aexp{ — / C(v(s))ds} 2—-Ae™T, p=teT
0

) Xa:,C,w(T) T x=z,Cm s) " o)y .
IEZEL[ SO + 0 W[C( (8)) +p'(s)v(s)] d

dC(v)

+/<o, JSé”)(v)J
B | _ » e p®
zE,,[ sgv)mJ E[H,(T)B] = —u,, VveD®.

Taking successively the infimum over z, and then over v(-) € DO we
obtain first i, (K_) < u, for every v(-) € D® and then

hiow(K_) < 4, (9.37)

respectively. m]

To prove the reverse inequality, we consider the lower-hedging value

process X (-)~of Proposition 9.13. For each v(-) € DO the P, -super-

martingale 370)%-(% is of class D|0, T7; thus, it admits a unique Doob—Meyer

decomposition of the form

X(t)

()

Here M, (") is a P,-martingale, representable as a stochastic integral in the
form

=—u+M,(t) - A,@), 0<t<T (9.38)

w0~ [ W) aWi(s), o<t

for some {F (t)}-progressively measurable process 4,:[0,7] x Q — RN
with fOT I (®))?dt < oo almost surely (Lemma 1.6.7, applied to the
market M, ), and A, (-) is an {F(t)}-adapted, natural (see Remark 6.8),
nondecreasing process with right-continuous paths, E,A,(T) < oo, and
A,(0) = 0.

For any two processes u(), v(-) € D® we have

SO _ e 5" (1)
d <So(“)(t)) = [C( (1)) C(/—‘(t))]s(g#)(t) dt
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and hence
a( 20 =d<&,ss">a>)
S¢ (1) S S¥()
) <
il 5?“’(t;¢'"(t) ApA (mit; 0
S(#) © L cw®) - cluteat
50, S s -
- Sg“’(t)w"(t)dw“() [()u)( )‘Pv(t)a L) (v(t) — p(t)) dt
_ 50w X(t) .
S (t) Aty S (¢ )[4( v(t)) — C(u(t))] dt

But (9.38) with v(-) replaced by p(-) implies
X(t
d ( (#g ) ) = P, (t) AW, (t) — dAL(2).
So (1)
From the uniqueness of the Doob—Meyer decomposition, we deduce then

(v)
Sy, (6) = Yult), e, that
0

() £ S5 (W (t) = 8P (B)u(t), 0<t<T, (9.39)
does not depend on the process v(-) € D®), and that

cw2 [ s6ae - [ KO+ ¢ 6o melds
(0,t] 0

= [ 600~ [ RO + ¢ o (o) ds
(0,¢] 0
(9.40)

does not depend on v(:) € D® either. We will take C(-) in (9.40) to be
the consumption process in Theorem 9.10; setting v(-) = 0 in (9.40), we

see that this process C(t) = f(o‘ i SSO)(S) dAo(s) is nondecreasing. We set
#(t) £ (') e (t), (9.41)
and define p(-) by

w(t) ..
50 2 { X CO#
Diy if X(t)=0

(cf. (2.14)), where p, is an arbitrary vector in K_.

(9.42)
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With C(-), #(-), and p(-) as defined above, we have from (9.38) that for
every v(-) € DO,

X(t) ¢ X(s)
S Jo 5P(s)

Y L
=—1 +/0 WTF (s)o(s)dW,(s), 0<t<T. (9.43)

Cote) + i ds s [ gﬁf(ss))
4 Sp

With v(-) = 0, this equation reduces to (2.12), which means that
X~%C7(.) = X(-) and (9.30) holds.

It remains to verify that (C, ) € A(—u; K_). We first check that (9.14)
holds. From (9.33) we have

X (%) 1 [ B ( ]
> ———E[Hy(T)B|F(t)] = —Eo | —— | F)|, 9.44
S()(t) = Z (t) [ 0( ) I ()] 0 S()(T) ( ) ( )
which leads us to consider the random variable
Ag 2 E F(t ] 9.45
22 o 5| 2|70 2
With vy > 1 as in (9.26), Doob’s maximal martingale inequality implies
,),0 B J Yo
EgA"° < E < 00.
S [som

Inequality (9.14) follows from Remark 9.5.
Finally, we must show that we have

p(t) € K_ for Lebesgue-a.e. t € [0, T (9.46)

almost surely. Let v(-) € D® be the process corresponding to p(+) given by
Lemma 9.1. For each positive integer k, kv(-) € D®). Using (9.41), (9.42),
we may rewrite (9.40) as

0< / S8 (s) dAgy (s)
(0,7

— C(T) +k / X()[C(s)) + B (s)v(s)] ds.

B The integrand on the right-hand side of this inequality is nonpositive (be-
. cause X(-) is nonpositive and v(-) and 7(-) are related by (9.8)); choosing
-k sufficiently large, the right-hand side can be made negative with positive
~ probability, unless

C(v(t)) +p(t)v(t) = 0 for Lebesgue-a.e. t € [0,T] (9.47)

- holds almost surely. Thus (9.47) must hold, and with it, (9.46) as well. O

The following two propositions provide some conditions in general mar-

~ kets under which the lower-hedging price is either zero or positive. In the
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next section, we take up more specific computations of the lower-hedging
price in markets with constant coefficients.

Proposition 9.14: Assume (9.1) and (9.9). We have

A _
hiow(K-) =0 = uel%f(b) u, =0

in etther of the following cases:
(i) 0 < B < 3 almost surely for some 3> 0, and
v+ ((v) is unbounded from above on K; (9.48)

(ii) 0 < B < aS,(T) + B almost surely for some a > 0, 3 > 0, and some
n=1,...,N for which the dividend rate process 6,(-) is bounded from
below; ES}(T) < oo for some v > 1;

v+ ((v) + vy, is unbounded from above on K; (9.49)
and either 3 = 0 or else (9.48) holds.

PROOF. For case (i), the validity of (9.25) is immediate from (2.5), and
thus Theorem 9.10 applies. We let v(-) = v € K be a constant process in
D®) | 5o that

A

Uy = Loy

5 } < BT

$37(T)] %o
Taking the infimum over v € K , we see that @ = 0.

In case (ii), we first note that
3

E [%} < 5T 2BV aSu(T)]" < (30) (8" + 0 ESY(T)) < o0,

and again (9.25) is satisfied. We next use (1.1.10) and (5.11) to verify that

Sn(t)_ tNo 3 (d)s_l tNOZSS
0 —Sn(O)eXP{/O ; na(s) AW (s) 2/0 ;:1: 2 (s)d
—/t(vn(3)+6n(s))ds}, 0<t<T, (9.50)
0

is valid for every v(-) € D. Again taking v(-) = v € K to be constant, and
replacing 6, (-) by its lower bound A, we have

5 (240)

t N 1 t N
< 8,(0)e= AT oxp {/ Zcrnd(s) dW ¥ (s) — 5/ ZUZd(S)dS}
0 4=1 0 4=

= §,(0)e W +AIT
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It follows that

A B — ,—C(»)T B
e [SS”(T)] e [SO(T)

< e TB | og (0)e-COItratar
< -

Taking the infimum over v € K , we obtain @ = (. ]

The condition on the contingent claim in Proposition 9.14(i) is satisfied
by a European put option B = (g — S, (T'))", and the condition of Propo-
sition 9.14(ii) is satisfied with &« = 1 and 8 = 0 by a European call option
B = (Sx(T) — q)*, where ¢ > 0. The validity of (9.48) or (9.49) depends
on the nature of the portfolio constraints. In Examples 9.7(ii), (iv), (vii),
and (viii), condition (9.49) is satisfied for every n, and in Example 9.7(iii)
it is satisfied if n € {M +1,..., N}, i.e., for a European call option written
on a stock in which trading is not allowed. Condition 9.48 is satisfied in
Examples 9.7(vi), (vii), and (viii).

The following proposition provides sufficient conditions for a positive
lower-hedging price for a European call option.

Proposition 9.15:  Assume (9.1) and (9.9), and suppose B = (S,(T) —
q)" for some ¢ >0 andn € {1,..., N} for which the dividend rate process
0n(+) is bounded from above, ES)(T) < 0o for some v > 1, and

v ((v) + vy is bounded from above on K. (9.51)
Then

hiow(K) =42 inf u, >0
veD(®)
for ¢ > 0 sufficiently small.

s o
PROOF. From (9.50) and the formula SO")(T) = SO(T)e_fo C(”(t))dt, we
have
+
Uy, = EV (Sngz;) — q)
So '(T)

T
=E, (exp {—/0 (€ (®) + vn(t) + 6a(t)) dt}

T N

1 [TY
eo{ [ owwanto-} [*S o o

d=1

T +
SO‘(’T) exp{— /0 g‘(y(t))dt}) -
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Letting I' denote an upper bound on {(v) + vy, + 6,(t), valid for all v € K
and t € [0, 7], almost surely, we may use Jensen’s inequality to write

-IT "¢ (@ 1 Tes
u, > e TE, exp /O > Onalt) AW ® -3 /0 Y onals)ds
d=1 d=1

+
S0
+
= (e_FT - le_c"T) , V() e DO,
S0
For g > 0 sufficiently small, this last expression is positive. O

5.10 Lower Hedging with Constant Coefficients

This section is the counterpart to Section 7 for the case of lower-hedging.
We show here that the lower-hedging price of a contingent claim defined in
terms of the final stock prices is the value in the unconstrained market of
a related contingent claim. The section concludes with European call and
put option examples.

As in Section 7, we assume here that (7.1)~(7.3) hold. We consider a con-
tingent claim of the form B = ¢(S(T)), where S(T) = (S1(T),...,Sn(T))
is the vector of final stock prices, and ¢: (0,00)Y — [0,00) is an upper
semicontinuous function satisfying the polynomial growth condition (7.9).
The value at time t € [0, T of the contingent claim ©(S(T)) in the uncon-
strained market M(RY) is u(T — t, S(t)), where u(T — t,z) is defined by
(2.4.6). In the constrained market M(K_), Theorem 9.10 asserts that the
lower-hedging value process of Definition 9.11 for e(S(T)) is

E[H,(T)p(S(T))|F(#)]
H,(t)

=— uel%f<b> u, (T —t,5(t); 9),

X(t) & —essinf, o) (10.1)

where u, (T —t,z; ¢) is defined by (7.7).

Theorem 10.1: Assume (7.1)-(7.3), (9.9), and let B = ©(S(T)) be a
contingent claim, where ¢:(0,00)N — [0,00) is an upper semicontinu-
ous function satisfying the polynomial growth condition (7.9). Define the
nonnegative function

A

@(z) = inf [e_g(”)go(a:le_"‘, o ,a:Ne“"”)] , z€(0,00)N. (10.2)

veK
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Then the hypotheses of Theorem 9.10 are satisfied, and the lower-hedging
value process X (-) for the contingent claim o(S(T)) is given by
X(t) = —e TTI By [p(S(T)))F (2)] (10.3)
=—u(T—t,S(t);<b), OSt<T,
almost surely, where u(T —t,z; ) is defined by (7.4). In other words, the
lower-hedging value process for the contingent claim ¢(S(T)) in the mar-

ket M(K_) with constraint set K_ is the value of the contingent claim
—@(S(T)) in the unconstrained market M(RN).

PROOF. We note first that (7.1)—(7.2) and the polynomial growth condi-
tion (7.9) ensure that B = ¢(S(T)) satisfies (9.25). Thus the hypotheses
of Theorem 9.10 are satisfied.

The definition (9.5) of {(-) = (_(-) yields

. (/TVI(S) ds’m’/TVN(S)ds) épiel}(f— <_/T§:Pnun(s)d8>
t ! : i n;I
[t (- o) a

T
- / C(v(s)) ds. (10.4)

Using this inequality instead of (7.14), we may imitate the first part of the
proof of Theorem 7.1 to conclude that

inf B, [e— I ¢w(s) ds

veD(®)
> (wle’ Lo @y @ 1), aye @2y, T>)]
> Eop(z Y1(t,T),...,znYN(t,T)), 0<t<T, (10.5)
which implies the almost sure inequality
- X@t)>uwT-t8(@t);¢), 0<t<T. (10.6)

As in the proof of Theorem 7.1, we fix z € (0,00)" and let z(-) be a
continuous function mapping [0, 7] into (0, o0)N so that z(T) = z. We
choose a sequence {v(™)}%°_, in K such that

m m m) "
inf [e_C("( ))go(xle"’§ ),...,zNe_"I(V )] = ¢(z).
m A
Using the dominated convergence theorem in (7.15) and the upper
semicontinuity of ¢, we obtain
limsup inf w,(T —t,z(t);p) < ltlTrg uy (T — t,z(t); @)

0T peD®

(M) _,(m) _m)
< e p(ze™™ L zneTN ),
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whereas taking the infimum over m and recalling (10.1) we see that

lirgTsTup(—X(t)) < @(8(T)). (10.7)

According to Proposition 9.13, —Hy(-)X(-) is a uniformly integrable P-
submartingale. In particular,

~Ho(s)X(s) < —E[Ho(t) X (t)|F(s)], 0<s<t<T.

Letting ¢ T T and using (10.7) and the uniform integrability of Ho(-)X(-),
we obtain

. 1 .
-X(s) < mE[Ho(T)w(S(T))If(S)]

= e "I Ey[p(S(T))|F(s)]
=u(T —s,5(s);¢), 0<s<T,

almost surely. This inequality, combined with (10.6), completes the
proof. O

Example 10.2 (Prohibition of short-selling): We consider a market with
constant coefficients and one stock, i.e., N = 1. When short-selling is pro-
hibited (Example 9.7(ii), K = [0, 00), K_ = (—00,0]), we have K = [0, c0),
¢(-) =0 on K, and the function @ of (10.2) is given by

é(z) = ix>1% p(xe™), Vz>0.

For a Furopean call, we have
¢(z) = inf (ze™ —q)T =0, Vz >0,
v>0
and the lower hedging value is zero. This is also the conclusion of
Proposition 9.14(ii) in a more general context. For a European put option,
¢(z) = inf (g —ze )" = (¢ —2)*, Vz >0
v>0

the hedge of a long position in a European put option does not sell stock
short, and is thus unaffected by the prohibition of short-selling.

Example 10.3 (Prohibition of borrowing): We consider again a market
with constant coefficients and one stock, i.e., N = 1. When borrowing from
the money market is prohibited (Example 9.7(vi), K = (—00,1], K_ =
[1,00)), we have K = (=00,0], ¢(v) = —v on K, and the function @ of
(10.2) is given by

@(z) = 3151% [e"p(xe™)], Vz>0.

For a European call option, we have

P(z) = iré{](a: —qe")t =(z—-9)t, Vz>o0;
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the hedge of a long position in a European call option does not borrow
from the money market and is thus unaffected by prohibition of borrowing.
For a European put,

P(z) = ir<11;(qe" —-z)t =0, V>0,

and the lower hedging value is zero. This is also the conclusion of
Proposition 9.14(i) in a more general context.

5.11 Notes

The notions and results on superreplicating portfolio and upper-hedging
price were developed first for incomplete markets, by El Karoui and Quenez
(1991, 1995). These authors employed the fictitious-completion and dual-
ity approach developed by Karatzas, Lehoczky, Shreve, and Xu (1991) in
the context of utility maximization in an incomplete market (see notes to
Chapter 6), and derived the formula (6.3) for the upper-hedging price of a
contingent claim.

In a parallel development, and in a discrete-time/finite-state setting,
Edirisinghe, Naik, and Uppal ( 1993) noted that in the presence of leverage
constraints, superreplication may actually be “cheaper” than exact repli-
cation. Naik and Uppal (1994) studied the effects of leverage constraints
on the pricing and hedging of stock options by deriving a recursive solu-
tion scheme as a linear programming formulation for the minimum-cost
hedging problem under such constraints. For a very nice exposition of this
approach, see Musiela and Rutkowski (1997), Chapter 4.

Sections 2-6, 8: The material here comes from Cvitanié and Karatzas
(1993), who extended the approach of El Karoui and Quenez (1991, 1995) to
the case of general convex constraints on portfolio proportions and derived
the stochastic-control-type representation (6.3) for the upper-hedging price.
Crucial in this development, and of considerable independent probabililis-
tic interest, is the “simultaneous Doob-Meyer decomposition” of (6.20),
valid for all processes v(-) € D. This approach echoes the more general
themes of the purely probabilistic treatment for stochastic control prob-
lems, based on martingale theory, which was developed in the 1970s; see
Chapter 16 of Elliott (1982) and the references therein. The approach has
been extended further to more general semimartingale price processes by
Kramkov (1996a,b), Féllmer and Kramkov (1998), Follmer and Kabanov
(1998). Related results, for hedging contingent claims under margin re-
quirements and short-sale constraints, appear in Heath and Jarrow (1987)
and in Jouini and Kallal (1995a), respectively. In Cvitani¢ and Karatzas
(1993) it is also shown how to modify the approach of this section in or-
der to obtain a stochastic control representation of the type (6.3) for the
upper-hedging price of contingent claims in the presence of a higher interest
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rate for borrowing than for investing, and how to specialize this represen-
tation to specific contingent claims such as options; see also Barron and
Jensen (1990), Korn (1992), and Bergman (1995). A similar development,
but in the context of utility maximization rather than hedging, appears in
Section 6.8.

Section 9: The material here comes from Karatzas and Kou (1996),
who studied in detail the lower-hedging price for the buyer of the contin-
gent claim, derived the representation (9.29) for it, and computed several
examples. Following an idea of Davis (1994) that seems to go back at least
to Lucas (1978), these authors also showed how to select a unique price

p=uy 2 E[H\(T)B] for some process A(-) € D (11.1)

inside the arbitrage-free interval [h,, (K_), hup(K)], which is “fair” in the
following sense. If the contingent claim sells at price p at time ¢ = 0, and
an agent with initial capital z and utility function U diverts an amount
6 € (==, z) to buy §/p units of the contingent claim, then p is characterized
by the requirement that the marginal maximal expected utility be zero at
§=10:

aQ N -
% (Ovps $) =0, (112)
where

Q(6,z,p) 2 sup EU (X’”‘5’C”’(T) + éB) (11.3)

(C,p)EA(z—6;K) p
is the resulting maximal expected utility from terminal wealth. Using no-
tions reminiscent of viscosity solutions (cf. Fleming and Soner (1993)), one
can make sense of the requirement (11.2) even when the function Q(-,p,x)
is not known a priori to be differentiable; it can then be shown that pis
uniquely determined by this requirement, and can be represented in the
form (11.1) for a suitable process A(-) € D; see Karatzas and Kou (1996),
and Karatzas (1996), Chapter 6. In fact, this fair price can be computed ex-
plicitly in several interesting cases, for instance if the utility is logarithmic;
in the case of constant coefficients and cone constraints, the fair price in fact
does not depend on the particular form of the utility function or on the ini-
tial capital. There are also connections with relative-entropy minimization,
with the minimal martingale measure of Féllmer and Sondermann (1986),
Follmer and Schweizer (1991), and Hofman et al. (1992), with the utility-
based approach of Barron and Jensen ( 1990) for the pricing of options with
differential interest rates, and with utility-based approaches for pricing in
the presence of transaction costs (e.g., Hodges and N euberger (1989), Panas
(1993), Constantinides (1993), Davis, Panas, and Zariphopoulou (1993),
Davis and Panas (1994), Davis and Zariphopoulou (1995), Cvitani¢ and
Karatzas (1996), Section 7, and Constantinides and Zariphopoulou (1997)).
For an interesting synthesis, see the doctoral dissertation of Mercurio (1996)
and the survey article of Jouini (1997).
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The interested reader should consult Karatzas and Kou (1996) for the
derivations of these results, and Karatzas and Kou (1998) for extensions of
the results in this chapter to American contingent claims.

Sections 7, 10: The results of Section 7 are due to Broadie, Cvitanié¢, and
Soner (1998) who also show by example how to extend this methodology
to cover exotic (path-dependent) options. Wystup (1998) provides a sys-
tematic development for path-dependent options. A similar methodology
has been used by Cvitani¢, Pham, and Touzi (1997, 1998) to discuss the
superreplication of contingent claims in the contexts of stochastic volatility
and transaction costs, respectively. The results of Section 10 build on those
of Section 7, and are apparently new.



6

Constrained Consumption
and Investment

6.1 Introduction

As we saw in Chapter 5, when a financial market is incomplete due to port-
folio constraints, it may no longer be possible to construct a perfect hedge
for contingent claims. This led to the introduction in that chapter of super-
replicating portfolios and upper-hedging prices for contingent claims. This
is a conservative approach to pricing, since it begins from the assumption
that agents trade only if their probability of loss is zero.

A more venerable and less conservative approach to pricing in the pres-
ence of constraints is based on utilities, or “preferences.” In this chapter
we consider the problem of optimal consumption and investment in a con-
strained financial market. The duality theory introduced in the previous
cfxapter plays a key role here as well. Indeed, the problem of this chapter is
well suited to duality and the related notion of Lagrange multipliers. For
each market M(K') in which portfolio proportions are constrained to lie in
a nonempty, closed convex set K, we seek to construct a related market
M, in which portfolio proportions are unconstrained, but such that the op-
timal portfolio-proportion process lies in K of its own accord, so to speak.
This is the fundamental idea of Lagrange multipliers; in this context, the
Lagrange multiplier is a process 2(-). Once (-) has been determined, and
it can be explicitly computed in a variety of nontrivial special cases, the
optimal consumption and investment problem in the unconstrained market
M is the one solved in Chapter 3.
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Just as in Chapter 5, the convex set K can represent prohibition or
restriction on short-selling, prohibition or restriction on borrowing from
the money market, or incompleteness in the sense that some stocks (or
other sources of uncertainty) are unavailable for investment. The analysis
of this chapter also extends to cover a market in which the interest rate for
borrowing is higher than the interest rate for investing.

Section 2 of this chapter sets out the constrained optimal consumption
and investment problem. In constrast to Chapter 3, here we consider only
the problem of consumption and investment. The problems of consumption
or investment can also be addressed by duality theory, except that there
is no satisfactory theory of existence of the optimal dual process in the
case of utility from consumption only (see Remark 5.8). Section 3 intro-
duces the related unconstrained problems, parametrized by dual processes
v(-). The central result of this chapter is Theorem 4.1, which provides four
conditions stated in terms of dual processes, equivalent to optimality in
the constrained problem. The most useful of these is condition (D), the
existence of an optimal dual process; this is adddressed in some detail in
Section 5, where examples with explicit computations are provided.

The remaining sections consider further refinements of the general theory
in important special cases. When the market coefficients are deterministic
and K is a convex cone, the value function for the constrained problem
satisfies a nonlinear Hamilton-Jacobi-Bellman (HJB) parabolic partial dif-
ferential equation, and the value function for the dual problem satisfies a
linear HJB equation. The former provides the optimal consumption and
portfolio proportion processes in feedback form. Section 6 presents these
matters. Section 7 works out special cases of incompleteness, when the form
of K prevents investment in some of the stocks. If there are more sources
of uncertainty than assets that can be traded, the unavailable stocks can
represent these sources of uncertainty. Finally, Section 8 alters the basic
model to allow for a higher interest rate for borrowing than for investing.
The duality theory of Sections 4 and 5 applies to this case, and explicit
computations are again possible.

6.2 Utility Maximization with Constraints

In this chapter we return to the Problem 3.5.4 of maximizing expected
total utility from both consumption and terminal wealth, but now impose
the constraint that the portfolio-proportion process should take values in
a given nonempty, closed, convex subset K of RY. We assume through-
out this chapter that K contains the zero vector 0 in RY. As discussed in
Examples 5.4.1, the constraint set K can be used to model a variety of mar-
ket conditions, including incompleteness. We shall use again the support
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function
¢(v) £ sup(—p'v), v €RV, (5.4.1)
pPEK

of (5.4.1). Because K contains the origin, we have
¢(v) >0, Vv e RN (2.1)

(i.e., (5.4.6) holds with (o = 0).

As in Chapters 2 and 3 we shall begin with a complete, standard financial
market M = (r(-),b(:),6(-),0(-),S(0), A()), governed by the stochastic
differential equations

dSo(t) = So(t)[r(t)dt + dA(t))], (2.2)

D
dSp(t) = Su(t) | (ba(t) + 6n(t)) dt + dA() + Y Gna(t)dW D (1) |, (2.3)
d=}

for n = 1,...,N. We assume that Sy(-) is almost surely bounded away
from zero, i.e.,

So(t) > sp, 0 <t <T, for some sg > 0, (2.4)

so Assumption 3.2.3 holds. The number of stocks N is equal to the dimen-
sion D of the driving Brownian motion, the volatility matrix o(t) = (0,4(t))
is nonsingular for Lebesgue-almost-every ¢ almost surely, and the exponen-
tial local martingale Zy(-) of (1.5.2) is a martingale, so that the standard
martingale measure Py of Definition 1.5.1 is defined. We assume further
that

E /0 " 1000 Pdt < oo (2.5)

and o(-) satisfies (5.2.4). The filtration {F(t)}o<i<7 is, as always, the aug-
mentation by P-null sets of the filtration generated by the D-dimensional
Brownian motion W(-) = (WM (.),...,WP)(.)).

As in Chapter 3 and in contrast to Chapter 5, the agent in this chap-
ter must choose a consumption rate process c(-) rather than a cumulative
consumption process C(-). The cumulative consumption process C(-) of
Chapter 5 is related to the consumption rate process ¢(-) of Chapter 3 and
this chapter by the formula

C@t)= /0]t c(s)ds, 0 <t<T. (2.6)

Of course, not every cumulative consumption process C(-) has such a repre-
sentation. We shall be able to solve the optimality problems in this chapter
within the class of cumulative consumption processes that do.

We have then the following definition, a repeat of Definition 3.3.1.
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Definition 2.1: A consumption process is an {F(t)}-progressively mea-
surable, nonnegative process c(-) satisfying fOT c(t)dt < oo almost surely.

In contrast to previous chapters, here it will be convenient to describe
the agent’s investment decisions in terms of a portfolio-proportion pro-
cess rather than a portfolio process. Note that in the following definition
there is no square-integrability condition like (1.2.6), which was imposed
on portfolio processes.

- Definition 2.2: A portfolio proportion process is an {F (t)}-progressively

measurable, RV -valued process.

For a given initial wealth z > 0, consumption process ¢(+), and portfolio-
proportion process p(-), we wish to define the corresponding wealth process
X®P(t),0<t<T, by

e folwdu _ i i
0 0

So(t) So(u) So(u) ¥

This is just equation (3.3.1), but with the portfolio process m(u) replaced
by X*“P(u)p(u). The solution to (2.7) is easily verified to be given by
XTep(t) [ c(u)du J
e = L) |- [ |
So(t) »(t) o So(u)I(u)

(u)o(u) dWo(u). (2.7)

where
A t 1 t
(0 2 exp { [ ot awi) — 1 L iewprad. s
However, because we have not assumed the finiteness of fOT llo’ (t)p(t)]|dt,

we need to elaborate on this construction.

Lemma 2.3: Let p(-) be a portfolio proportion process, and set

75 £ inf {t € [o, T];/Ot llo’ (w)p(u)||? du = oo} . (2.9)

Here we follow the convention inf() = oo, which means that Tp = 00 if
foT llo’(w)p(u)||*du < oo. Then I,(t) given by (2.8) is defined for 0 < t < T
on the set {r, = oo}, L,(t) is defined for 0 <t < 7, on the set {mp < T},
and on this latter set we have
lim I,,(t) = 0 (2.10)
tT71p

almost surely.

- PROOF. We define the local Py-martingale

M, (t) 2 /tp'(u)a(u) dWo(u), 0 <t <T A,
o ;
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with quadratic variation (M)(t) = fot lo'(w)p(u)||?du and invert the
quadratic variation process by setting
T(s) £ inf{t > 0;(M)(t) > s}, 0<s< (M)(TAT).

According to Karatzas and Shreve (1991), Theoregn 3.4.6 and Problem
3.4.7 (with solution on p. 232), the process B(s) = M(T(s)), 0 < s <
(M)(T A p), is a Brownian motion. On the set {7, < T'}, we have

i [M(t) = %(M)(t)] = lim [B(s) — %s] = g

tT7p

almost surely because limgjoo Bgs) = 0 (Karatzas and Shreve (1991), Prob-
lem 2.9.3 with solution on p. 124). Because I,(t) = exp{M(t) — (M)(t)},
we have (2.10). O

For any initial wealth 2 > 0 and for any consumption and portfolio-
proportion process pair (c,p), the wealth process X®%P(t) is defined for
0 <t <T A7p. Moreover, if X*P(t) > 0,0 <t < T Ap, then Lemma 2.3
implies limy,, X*P(t) = 0 almost surely on the set {7, < T'}. Therefore,
the stopping time

70 2 inf{t € [0, T); XP(t) = 0}

satisfies 79 < 7, almost surely, and the inequality might be strict. Again,
we follow the convention inf() = co. We shall require that c(t) = 0 for
Lebesgue-almost-every ¢ € [9, T'], and then X*P(t) = 0 satisfies (2.7) for
7o <t < T'. This permits us to give the following definition for admissibility.

Definition 2.4: Given z > 0, we say that a consumption and portfolio-
process pair (c,p) is admissible at z in the unconstrained market M, and
write (c,p) € A(z), if we have

c(t) =0 for Lebesgue-a.e. t € [rg,T] (2.11)

almost surely. For (c,p) € A(z), we understand X*P(-) to be identically
zero on [y, T'|. We shall say that (c,p) is admissible at x in the constrained
market M(K), and write (c,p) € A(z; K), if (c,p) € A(z) and

p(t) € K for Lebesgue-a.e. t € [0, 7] (2.12)

almost surely. a

Remark 2.5: The collection of wealth processes corresponding to (c,p) €
A(zx) of Definition 2.4 coincides with the collection of wealth processes
corresponding to (c,7) € A(z) of Definition 3.3.2, where p(-) and =(-) are
related by

m(t) = XTP(t)p(t), 0 <t < T,

1
— | (), 0<t <7y,
2(t) {0 e <t<T,

)
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and 7, 2 inf{t € [0,T]; X=7(¢t) = 0}. It is clear that each pair (¢,7) €
A(z) of Definition 3.3.2 leads to a portfolio-proportion process p(-) for
which (¢, p) € A(z) as in Definition 2.4, but the reverse construction is not
obvious because 7(-) must satisfy the square-integrability condition (1.2.6),
whereas no such condition is imposed on p(-). However, if (c,p) € A(z) as
in Definition 2.4 is given, we note from (2.7) and with 7p defined by (2.9)
that on the set {7, < T}, the limit
P ON

tl%Ijzl’ 0 Tu)p (w)o(u) dWy(u) = —z +/0

is defined. This implies that
XN
L (T e o du <

holds almost surely (Karatzas and Shreve (1991), Problem 3.4.11 with so-
lution on page 232), which gives the desired square-integrability property

P [fOT llo’ (w)m(u)||?du < oo] =1,

™ c(u)du
S()(u)

Consider now an agent endowed with initial wealth > 0 and with a
preference structure Up:[0,T] x R — [—00,00), Up:R — [—00,00) as in
Definition 3.5.1. We shall assume throughout this chapter that

e(t) =0, Vt€[0,T], and 7 =0 (2.13)

in (3.5.1), (3.5.3), meaning that both U (¢, -) and Uy(-) are real-valued on
(0,00). We assume also that

Ui(t,0) = oo, Vt € [0,T], and Uj(0) = oo. (2.14)

For such an agent, we can formulate the counterpart of Problem 3.5.4 in
the constrained market M(K).

Problem 2.6: Given z > 0, find a pair (é,p) in

As(z; K) = {(c,p) € A(z; K); E/T min[0, Uy (¢, ¢(t))] dt > —oo0,
0

E(min[0, Uy(X®“P(T))]) > —oo} (2.15)
which is optimal for the problem
N T
V(z;K) = sup E [/ Ui(t, c(t)) dt + U, (X‘""C”’(T))J (2.16)
0

(e;p)EA3(z;K)

of maximizing the expected total utility from both consumption and
terminal wealth, subject to the portfolio constraint K of (2:12).

Problem 2.6 will be the ob ject of study in this chapter. Since we consider

- heither the problem of maximizing utility from consumption only (the con-
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strained version of Problem 3.5.2) nor, except in Example 7.4, the problem
of maximizing utility from terminal wealth only (the constrained version
of Problem 3.5.3), we suppress the subscript 3 that appears on the value
function V3(z) in Problem 3.5.4. See, however, Remark 5.8.

We shall embed this problem into a family of auxiliary unconstrained
problems, formulated in the auxiliary markets {M,},ep of Section 5.5.
In terms of these auxiliary problems (Problem 3.2), we shall obtain neces-
sary and sufficient conditions for optimality in Problem 2.6 (Theorem 4.1),
general existence results based on convex duality and martingale meth-
ods (Theorem 5.4), as well as specific computations for the value function
V(-; K) and the optimal pair (¢,7) that attains the supremum in (2.16)
(Examples 4.2, 6.6, and 6.7 as well as Section 7).

6.3 A Family of Unconstrained Problems

Let us consider now the counterpart of Problem 3.5.4 in the unconstrained
market M,, introduced in Section 5.5. The processes v(-) are taken from
the set D of Definition 5.5.1, and these will play the role of Lagrange mul-
tipliers in the constrained Problem 2.6. In the market M, the wealth
process X*P(.) corresponding to initial condition z > 0, consumption
process c(-), and portfolio-proportion process p(-) is given by (5.5.16), or
equivalently (5.5.17), (5.5.18), where now dC(s) in those equations is inter-
preted as c¢(s)ds, and 7(t) in those equations is replaced by X*“P(t)p(t).
We reproduce these equations for reference:

X, or(t) /0 Widv ot [ 270 wowaw, w), (31)

590 Jo 59w 0o §Iw)
Xzer(t) | [te(wdu [ XpoP(w)
So(t) /o So(u) bt o So(u)
(@) + P (w)r(w)) du+ o (Wo(w)dWo(w)],  (3:2)
H, () X2 (t) + / H, (u)c(u)du (3.3)

t
=z4 /0 H, (u) X;7P (u) [0’ (w)p(w) — 0, (w)]'dW (u).

Just as in the previous section, we first use (3.1) to define XZ“?(-) up
to the stopping time

7, £ inf{t € [0, T]; X2°P(t) = 0},

which must precede 7, defined by (2.9). We have the following counterpart
to Definition 2.4.

Definition 3.1: Given z > 0, we say that the consumption and portfolio-
proportion process pair (¢, p) is admissible at x in the unconstrained market
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M, and we write (c,p) € A, (z), if
c(t) =0 for Lebesgue-a.e. t € [r,, T] (3.4)

‘holds. almost surely. For (c,p) € A, (z), we understand X2eP(.) to be
identically equal to zero on [r,, T].

Problerp 3.2: Given a process v(-) € D and given z > 0, find a bair
(Cuvpu) n

A (2) £ { (c,p) € A (), E /0 " minfo, Us(t, c(t))] dt > —oo,

E (min[0, Uy (X2 “P(T))]) > —oo} (3.5)

which is optimal for the problem
& , T
Vi@)2 sip E / Us(t, e(t)) dt + Up(XZ<P(T)) (3.6)
(ep)eA;’(z) [/0

of m.aximjzing the expected total utility from both consumption and
terminal wealth without regard to the portfolio constraint K. |

Note that when v(-) = 0, the function Vo(z) is just the value function
for the unconstrained version of Problem 2.6. Consequently,

V(z; K) < Vo(z), z>0. (3.7)

Remark 3.3: Suppose (c,p) € A(z; K), so that X®P(.) is defined by

t(}21'1) If we choose v(-) € D, then XZ<?(.) is defined by (3.2). It turns out
a

XJOP(t) > XTOP(1), 0<t<T, (3.8)
as we show below. In particular,
As(z; K) C A (2), 220, v(-) € D, (3.9)
and since the utility function U, is increasing on (0, 00), we also have
V(z;K) <V, (x), >0, v(-) € D. (3.10)

To derive (3.8), we set

A(t) & X7OP(t) — X®ep(t)
So(t)

and subtract (2.7) from (3.2) to obtain

At) = /0 Aw) [(C(r(w) + P (wr(u)) du + p' (u)o (u)dWy (u)]

@ t m (C(V( )) ,
o So(u) u)) +p'(u)v(u)) du.
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We next define the nonnegative process
t 1 [t
J(t) = exp {—/ P (u)o(u) dWo(u) + 3 / o’ (w)p(w)||? du
0 0

- [t +p i au} -

and compute the differential
J(t) X®P(t)
7)) . o laB. <
aAa0I0) = e

Integrating this equation and using the fact that A(0) = 0, we conclude
that

Cw(t) + P (t)v(t)) dt.

1 b J(u) X =P (u) p 1
At) = C(v(u)) + p'(u)v(u)) du. (3.11)

O=35 ),
From the fact that v(-) € D and p(t) € K for Lebesgue-almost-every t, we
see from (5.4.5) that the integrand in (3.11) is nonnegative and hence (3.8)
holds. From (3.11), we see also that

C(v(t)) +p'(t)v(t) =0 for Lebesgue-a.e. t € [0,T] (3.12)

almost surely, implies
XECo() = X59P(1). 0Lt < T, (3.13)
a

almost surely.

Because of our assumptions that Sy(-) is bounded away from zero and
that K contains the origin in R", we have for each v(-) € D the variant

E /TH,,(t)dtJrH,,(T) 2 o8 (3.14)
0

of Assumption 3.2.3 for the market M,. Problem 3.2 is just the uncon-
strained Problem 3.5.4 in the auxiliary market M,,; its solution is described
in Section 3.6 and is given as follows. For every v(-) € D, introduce the
function

T
X,(y) 2 B |H,(1) LH,(T)) + /0 Hu(t)h(t,yﬂu(t»dt] L 0<y< oo

(3.15)

For each v(-) € D satisfying &, (y) < oo for all y > 0, the function X,,(2
maps (0,00) onto itself, with X, (0) 2 lim, o X, (y) = oo and X, (00) =
limy o0 &, (y) = 0.

Vz/'e c:ioengte by Y, (-) the inverse of X,,(-), which maps [0, co] onto [0, OO],
with Y, (0) = oo and Y, (c0) = 0. For z > 0, we introduce the nonnegative
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random variable

B, & L,(Y,(x)H, (T)) (3.16)
and the nonnegative random processes
e(t) £ Li(t, Vo (@) Hy (1)), (3.17)

1 T
Hy(t) E [/t HV(U)CV(’U,) du + HU(T)BII

>

X (t)

.F(t)J . (3.18)
M) 2 /0 " H, (u)e (u) du + H,(6)X, (1)

=F [/T H,(u)c,(u)du+ H,(T)B,
0

F (t)J , (3.19)
defined for 0 <t < T. In particular, X, (T) = B, almost surely, and the
process M, (-) is a P-martingale with expectation

M,(0) = EM,(T)

T
=E [/0 H,(u) I (u, Y, () Hy (u)) du + Hv(T)-’z(yu(x)H,,(T))J
=X,0V(2) = =

According to the martingale representation theorem (Karatzas and Shreve,
(1991), Theorem 3.4.15 and Problem 3.4.16), there is a progressively
measurable, RV -valued process ¥y (+), unique up to Lebesgue x P-almost
everywhere equivalence, such that fOT 14, (8)]|2dt < 0o and

My(t) =z + /t Y, (s)dW(s), 0<t<T, (3.20)
0
almost surely. Letting
P02 070 (s + o) CEN
we see that X, (-) satisfies (3.3); hence
Xy() = X7 P (), (3.22)

and (c,,p,) attains the supremum in (3.6).

Remark 3.4: The proof of Theorem 3.6.3 applied to the market M,
shows that when z > 0 and v(-) € D satisfies X, (y) < oo for all y > 0, we
have that the pair (cv,py) belongs to the class .A:(,") (x) of (3.5), not just
to the class A(x) of Definition 2.4. This condition can actually be stated
without reference to the portfolio-proportion process p,(-) as

7 i
E /0 minf0, Us (¢, ¢, (+))] dt > —o0, E (min[0, Up(B,)]) - 0.  (3.23)
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Remark 3.5: Under the simplifying assumptions (2.13), (2.14) imposed
in this chapter on our utility functions, we have I (¢,y) > 0, I>(y) > 0 for
all y > 0, which implies that the process ¢,(-) and the random variable
B, are strictly positive, almost surely, provided that = > 0. This in turn
implies that M, (-) and X,(-) are likewise strictly positive at all times,
almost surely.

Even if &, (y) < oo for all y > 0, it is possible that V,,(z) = co. We set
Dy £ {v(-) € D; X, (y) < oo Vy € (0,0), V,(z) < 0o Vz € (0,00)}.
(3.24)

Remark 3.6: Let v(-) € Dy be given. Then Theorem 3.6.11, applied to
the market M,,, shows that

Vid) =G Mle))y 258, (3.25)
where
G,y L E [/T Ur(Ii(t,yH, (1)) dt + U2(I2(yHu(T)))] , 0<y<oo.
0

(3.26)

Indeed, v(-) € Dy if and only if G, (y) < oo for all y > 0. The convex dual
of V, is given by

Vo(y) 2 il;g[Vu(w) — zy]
=Gy(y) —yX,(y)
T _ ~
—E [/ Ui (t,yH,(t))dt + Uz(yHu(T))]
0

<oo, 0<y<oo, (3.27)

in the notation of Definition 3.4.2. From the proof of Theorem 3.6.11 (in
particular, the arguments leading to (3.6.29), (3.6.30)), we also know that

for any given z € (0,00), y € (0,00), v(:) € Dy, and (c,p) € .Ag"), equality
holds in

E [ / Ut e) e + Uz(xs&w»} <V,(@) <Vu(y)+oy  (3:29)
0

if and only if the equations
c(t) = I (t,yH,(t)) for Lebesgue-a.e. t € [0,T], (3.29)
XPH(T) = L(yH,(T)), (8.50)

T
z=E [ / H,(t)c(t) dt + H,,(T)X,f'C’T’(T)] (3.31)
0
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hold, the first two in the almost sure sense. Finally, from (3.6.25), we know
that the function V,, is continuously differentiable, with

V,(y) = -X(y), 0<y<oo. (3.32)

In what follows, we shall need to consider V, (y) when the auxiliary pro-
cess ¥(-) is in the class D but not necessarily in the class Dy. We take as
our definition

T
V,y) 2 E [/0 ﬁl(t,yH,,(t))dt-f-ﬁz(yH,,(T)) , ¥y>0, v(-) €D\ Dy,

(3.33)

which agrees with the definition in (3.27) when v(-) € D. For v(-) € D\ Dy,
the hypotheses of Theorem 3.6.11 are not necessarily satisfied, and we may
not have the duality representation of V,,(y) given in (3.27). Furthermore,
it is not immediately clear that the expectation on the right-hand side of
(3.33) is defined. Here is a resolution of these difficulties.

Proposition 3.7: Let v(-) € D andy > 0 be gwen. Then we have

T ~ ~
E/o min[0, Uy (¢, yH,(t))] dt > —co, E (min[O, Ug(yH,,(T))]) > —00,

(3.34)
and

~ T ~ ~
igg[Vu(w) -my<V,(y2E [ /0 Ur(t,yH,(t)) dt + Uz(yHu(T))J .

(3.35)
Furthermore, if Vu(y) < 00, then equality holds in (3.35).

PROOF. Let z > 0 be given, and consider c(t) = 2—’”7:56") (t), p(t) = 0 for
all ¢ € [0, 7). For this choice (3.1), (5.5.7), (2.1), and (2.4) imply

2X%P(T) = z83(T) > zso > 0.
Similarly,
2Tc(t) > xzsg > 0.
The inequality U, (t,y) > Ui (t,z) — zy implies that
min[0, Uy (c(t))] < min(0, Uy (t, yH, (t)) + yH, (t)c(t)]
< min[0, U, (¢, yH, (¢))] + %Z,,(t).

Integrating from ¢ = 0 to t = T, taking expectations, and using the in-
equality EZ,(t) < 1, we obtain the first part of (3.34). The proof of the

~ Second part is similar.
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Now, for any (c,p) € .Aé")(x), we have

Ul (ta C(t)) S [71 (ta yHu(t)) + va(t)c(t)a
Uz(X5°P(T)) < Ua(yH,(T)) + yH, (T)X3°P(T).

n—oo

i
lim (E [ / Ur(t,c™(t)) dt + U2(B$"))J - z(")y) =V,(y). (3.36)
0
From Lemma 3.4.3 we have )
T
Integrating the first inequality, summing the two, and taking expectations, /0 [Ul (¢, c,(,")(t)) — yH,,(t)c,(,")(t)] dt
we obtain

T
=/0 [Ul(t7ll(t’yHV(t)))_yHV(t)Il(t’yHV(t))]l{yHu(t)zU{(t,n)} dt

T
E / Uit () dt + Us (X3P (T))
0

T
T +/0 [U1(t,1) = yH, ()] Ly, (1) <vi (t,m)p dt
<E [/ Uy(t,yH,(t)) dt + Uz(yH,(T))
0

T
=/0 [U1(t, yHy (1)) 1y, (92U (t,n)}
+ (Uit 1) — yHo (1) Liym, (1) <vs (t,n)} .

The last integrand is bounded from above by U, (¢, yH, (t)) + |U; (t,1)], and
because V,,(y) < oo and (3.34) holds, E [ [T (t,yH, (t)) + U1 (t, 1)||dt <
oo. The integrand is bounded from below by

min(0, Uy (t, yH, (t)) dt] — |Us (¢, 1)| — yH, (¢),

which also is integrable. The dominated convergence theorem implies that

T
+yE [ /0 H,(t)c(t)dt + H,(T)XZ“P(T)

+ xy.

T ~ ~
<E [/ Ui(t,yH,(t)) dt + Uz(yH, (T))
0

In the last step, we have used the budget constraint (5.5.20) for the market
M,,. The above inequality implies that

+zy, x>0, y >0,

T _ o T T _
Vo(z)<E [ /0 Ur(t, yH, (1)) dt + Uz(yH, (T)) lim 5 | [Ul(t, M (1)) —yH,,(t)cl(,")(t)] dt=FE /0 Uy (t, yH, (t)) dt.

n—oo
(3.37)
and (3.35) follows. B A similar analysis shows that
Finally, let us assume V,(y) < oco. We define ¢, (t) = I(t,yH,(t)), ) . _
B, = I,(yH,(T)) and consider for each positive integer n € N the pro- nILIEoE [Uz(B,E ) — yH,,(T)B,(,")] = EUy(yH,(T)). (3.38)
n) o i
cess /" (t) = ¢y(t)1e, ()<n) + Leu(0)>n) as well as the random variable Equation (3.36) is the sum of (3.37) and (3.38). O

" =B 1 . We set
= v By<n} + 1B >n) Let the initial wealth = be strictly positive. Our strategy now is to find

a process 0(-) € Do for which the optimal pair (c;,p;) of (3.17), (3.21) for
the unconstrained Problem 3.2 is also optimal for the constrained Problem
2.6. In other words, we seek a process (-) € Dy that satisfies

’

T
0

which is finite because of the assumption (3.14). There is a portfolio- -
proportion process pi”’ () for which X*™ <" (T) = B{" (Theorem V(e K)=E /0 Ur(t,c(t)) dt + Ua(By) | = Vi (a), (3.39)
5.5.5); hence
and
T
E / Ui(t, ™ (t)) dt + Uz(Bz(/n))J -2y <V, (z™) — z(My po(t) € K for Lebesgue-a.c. t € [0, ] (3.40)
0

almost surely. Remark 3.3 shows that such a U(-) should satisfy the
- “complementary slackness” condition

C(2(t)) + P (t)o(t) = 0 for Lebesgue-a.e. t € [0,T] (3.41)
almost surely as well, so that X% (T) = XJ©P(T) almost surely.

< sup[V,(z) — zy|
x>0

<Vi(y).

To prove that equality holds in (3.35), it suffices to show that
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Proposition 3.8: Let z > 0 be given, and suppose for some 0(-) € Dy that
(3.40) and (3.41) are satisfied. Then the pair (cy,py) of (3.17), (3.21) is op-
timal for the constrained Problem 2.6 and V (z; K) = Vj(z). Furthermore,
() minimizes V,(z) over v(-) € D.

PROOF. From (3.40) and Remark 3.3 we see that

/g
V(z; K) > E [/ Ui(t,co(t)) dt + U2(XI'°"”’"(T))}

T
:EU"mm@meﬂ%mmm@ﬂ
0

= Vp(z). (3.42)

Remark 3.3 also implies that V(z; K) < V,(z) for every v(-) € D. Hence
equality holds in (3.42), and #(-) minimizes V, () over v(-) € D. Since po(+)
satisfies (3.40), it is optimal for the constrained Problem 2.6. O

The necessity of conditions (3.40), (3.41) for optimality in Problem 2.6,
and their precise relationship to (3.39) and other equivalent conditions,
will be explored in the next section. We shall see there that if we can find
2(-) € Do that minimizes V, (z) over v(-) € D, then the corresponding
pair (cz,py) is indeed optimal for Problem 2.6; in other words, there is no
“duality gap.”

Remark 3.9: Recall from Remark 3.6.8 that if the utility functions are
given by
1
U1(t, .'IZ) = U2(.’E) = B.Tﬁ (343)

for some 3 < 1, B # 0, and if r(-), 6(-), and A(-) are bounded, then
Xo(y) = ky/=P) 4 >0, (3.44)

for some finite positive constant «. It follows that
T
Vo(z) =E [/ Ur(11(t, Yo(z)Ho(t))) dt + Uz(Iz(yo(x)HO(T)))J < o0,
0

for all z > 0, and consequently V(z; K) is finite because of (3.7). Indeed,
for this result it suffices to assume only that

Uit,z) + Us(z) < k(1+2P), 0<t<T, z>0, (3.45)

where 0 < 8 < 1 and k > 0.

If in addition to the above assumptions (which include (3.43) and (5.2.4))
we have 8 < 0 and that v(-) is in the class D®) of bounded processes in D,
then 7, (-) is bounded from below (see (2.1) and (5.5.3)), 6,(-) is bounded
(see (5.5.9)), and the argument of Remark 3.6.8 shows that X, (y) has the
form (3.44) and V, (z) < co for all z > 0. In other words, D®) C D.
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6.4 Equivalent Optimality Conditions

For a fixed initial capital = > 0, let (¢,p) be a consumption and portfolio-
proportion process pair in the class A3(z; K) of Problem 2.6, and denote
by X(-) = X*%?(.) the corresponding wealth process in the market M(K).
Consider the statement that this pair is optimal for Problem 2.6:

(A) Optimality of (¢,5): We have
T
V(z; K)=E [/ Uy(t,é(t)) dt + Ug()?(T))J < oo0. (4.1)
0

We shall characterize property (A) in terms of the following conditions
(B)—~(E), which concern a given process ?(-) in the class Dy of (3.24). The
notation of (3.16)—(3.18) will be used freely in what follows.

(B) Financeability of (cs(+), Bs): There exists a portfolio-proportion
process p;(-) such that the pair (c;(-),ps(-)) is in the class As(z; K) and
the properties

pa(t) € K, ((o(t)) + p,(t)i(t) = 0 for Lebesgue-a.c. t [0, 7], (4.2)
X=0e() = X, 43)

are valid almost surely.
(C) Minimality of #(-): We have

Vi(z) <V, (z), Wv(-)eD. (4.4)
(D) Dual optimality of /(-): With y = YVi(z), we have

Vo) < Vuly), () € D. (45)
(E) Parsimony of i(-): We have

E [ /0 ! H,(t)cs(t) dt + H,,(T)B,;J <z, Wv()eD. (4.6)

The portfolio-proportion process P () in (B) is not assumed to be given
by (3.21) with v(-) = (-); this follows from (3.22), (4.3), and Remark 3.3

R (3.13)).

We have already encountered conditions (A)~(C) in Proposition 3.8 and
the preceding discussion. Condition (D) is the “dual” version of (C) in the

- sense of convex duality. Condition (E) asserts that

uv) 2 E [ / ' H,(t)cs(t) dt + HU(T)B,;J , (4.7)
0

the “price of the European contingent claim Byplg—ry + fot cp(s)ds, 0 <

t < T in the market M,,,” attains its maximum over D at v(-) = (), and
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this maximum value is
T .
E l/ Hy(t)ep(t) dt + H;(T)B;| = X,;(y,;(:c)) —F; 8 (4.8)
0

Theorem 4.1: The conditions (B)-(E) are equivalent, and imply con-
dition (A) with (p,é) = (ps,cs). Conversely, condition (A) implies the
existence of a process U(-) € Dy that satisfies (B)-(E) with ps(-) = p(-),
provided that the utility functions U, and Uy satisfy the conditions (3.4.15),
(3.6.17).

Theorem 4.1 is the central result of this chapter. It provides necessary
and sufficient conditions for optimality in Problem 2.6. Its condition (D)
is perhaps the most important, as it will provide the cornerstone for our
general eristence theory in Section 5, based on methods from convex duality
and martingale theories (Theorem 5.4). Condition (D) also underlies the
computations of optimal consumption and portfolio policies in Section 6.
Even without such a general existence theory, either condition (C) or (D)
is sufficient for a complete treatment of logarithmic utilities (see Examples
4.2, 7.2, and 7.3), and condition (B) suffices for treating the important
case of independent coefficients and utilities of power type (Example 7.4).
The convex-duality approach also allows us to make connections with the
Hamilton—Jacobi-Bellman theory of stochastic control in Section 6.

The important special case of incomplete markets receives special
treatment in Section 7.

PROOF OF THEOREM 4.1: We first prove that (B)=-(E). Assume (B)
and let v(-) € D be given. From Remark 3.3, we have

Xs,ca,pa (t) > X T:Co,Po (t) = X,;(t), 0<t<T.

Condition (E) now follows from Remark 5.5.4 (recalling (2.6)) and the
equality X;(T') = By.
We next prove (E)=(D). To begin, we note that (3.4.13), (3.4.14) imply

Ua(U3(8)) + EU3(€) = Ua(€) < Ua(n) +€n, VE>0, ¥p>0.  (4.9)

Assume that o(-) satisfies (E), and let y = Y, (z). Let v(-) € D be given.
Take { = By = I,(yHy(T)) so that U5(€) = yHy(T), and take n = yH,(T)
in (4.9), which becomes

Ua(yHy(T)) + yHy(T) By < Us(yH,(T)) + yH, (T)Bs.

Similarly,
J [~1 (t,yHy(t)) + yH,;(t)c,;(t)] dt

< /0 ' [171 (t,yH,(t)) + yH,,(t)c,;(t)] dt.
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Summing these two inequalities and taking expectations, we obtain

Vu(y) +yE

/ " Ho(t)co(t) dt + Hﬁ(T)Bﬁ}
0

N T
< Vu(y) +yE l:/o Hu(t)cﬁ(t) dt + H,,(T)B,;:' .

By assumption,

T T
E l:/ H,;(t)c,;(t) dt + H,;(T)B[;J >F l:/ H,,(t)c,;(t) dt + HI/(T)B[}:I y
0 0

and we conclude that (4.5) holds.

The implications (B)=-(A) and (B)=>(C) are consequences of Proposition
3.8.
(C)=(D): With y = Y,(z), we have

Valy) = V(X (y) —yXo(y) = Vi(z) —zy
<V(z)—zy < i};}g[Vu(ﬁ) —&y) < Vi(y)

from (3.25), (3.27), and Proposition 3.7.

(D)=>(B): Assume (D), and let c;(-), ps(-) be given by (3.17) and (3.21),
respectively. The corresponding wealth process X°*P?(.) in the market
M, is defined by the equivalent equations (3.1)~(3.3), where we replace
c() by ¢;(-) and p(-) by ps(-). In light of (3.22), we have

X507 () = Xp (), (4.10)

where the latter is given by (3.18) with (-) replacing v(-). We divide the
remainder of the proof into six steps.

Step 1. For any u(-) € D and any € € (0,1), the convex combination
(1 = €)o(-) + eu(:) is in D, because of the convexity of K and the positive
homogeneity and subadditivity of ¢(-) (see (5.4.3), (5.4.4)), which guaran-
tee that (1 — €)i(-) + eu(-) satisfies (5.5.2). We shall be interested in two
particular choices of yu(-). The first is pu(-) = 0, which is an element of D
because 0 € K and ((0) = 0. The other is u(-) = U(-) + A(-) for some
A(-) € D; this process u(-) is in D because K is a convex cone and thus
closed under addition, and {(-) is subadditive.

Let {r,}52, be a nondecreasing sequence of stopping times converging
up to 7', and consider the small random perturbation of v(-) given by

, T <t <T.
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Because v, ,(-) € D and #(-) minimizes V,(y) over D, we must have

0<EYG,,=M, Vee (0,1), n=1,2,..., (4.11)
< EY,, o
where

Yon £ ly l{ﬁz(yH.,m (T)) - a(yH3(T)) }
T
Us(t,yH, — Uy(t,yH> dt| . (4.12
+ [ Ot .0) - Tit.umo0)) t} (412

Step 2. A straightforward computation using (5.5.7) and (5.5.10)—(5.5.12)
shows that

A V:,n(t)
Ae,n(t) = H,;(t)
= exp [— eN(tATn) — %(N)(t/”'n)
- /0 (= 99() + en(s)) — ¢ (5(5))) ds] ’
where

N(t) 2 / : (071 (s)(u(s) — (s))) dWi(s),
0
(N)(t) 2 / llo=2(s)(u(s) — D(s))||*ds.
0

In the case u(-) =0, we have
C((1 = €)o(s) + en(s)) — C(2(s)) = C((1 — €)i(s)) — ((2(s))
= —€((9(s)),
whereas in the case u(-) = #(-) + A(:) for some A(-) € D, we have
C((1—€e)o(s) + en(s)) — C(2(s)) = (2(s) + eA(s)) — ¢ (9(9))
< e((A(s))-
If we define

[ =C@(s)), if ()
5(3)‘{c<x<s>), if ()

and L(t) & fot &(s) ds, we obtain the lower bound
Acn(t) = Qen(t)
2
2 exp {—e(N(t ATp) + Lt AT,)) — 6E(N)(t A Tn)} . (4.13)

0,
U(-) + A(+) for some A(:) € D,
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Step 3. For each positive integer n, we introduce the stopping time

7, 2 inf {t € [0,T); IN()| + (N)(t) + |L(®t)| > n

t
- / 165(s)|[2ds > n
0

" Xa(s) ’ 1 s (12
v /0 (W) lo=1() (1s(s) — 5(s)) |2 ds > n

or / (L(s) + N(s))*[l0" (s)pa ()] ds > n} AT.
0

Clearly, 7, 1 T almost surely as n — oo. According to the Girsanov and
Novikov theorems (e.g., Karatzas and Shreve (1991), §3.5), the process

tAT,
Won(t) 2 W(t) + / 05(s)ds, 0<t<T,
0
is Brownian motion under the probability measure

Py n(A) £ E[Z(1a)14], A€ F(T).

With this choice of 7,, the process Qe () of (4.13) admits the lower
bound

Qen(t) 2 e, 0<t<T,

and consequently,

1 Hy, ()  1—Ac.(t)
2(1‘ Hﬁ(t))_ U <K 0<t<T  (414)

holds almost surely, where K,, = SUPg et %(1 — e~ ") is finite. Further-
more,

%’M SN({EAT) + LEAT).

Step 4. The functions —(72(-) and —U;(t,-) have derivatives I5(-) and
Ii(t,-), respectively, and these derivatives are nonincreasing functions
(Section 3.4). For Uy(-) we have the inequality

Us(yH,, . (T)) — Uz(yHs(T)) < yHo(T)Ly(ye " Hp(T))(1 — Acn(T))*.
From (4.14), we see that

2 Hy. (1)) - Doy Ho(T)] < Yaz 2 Koy Ho(T) Ly Hy (1)
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and also that

—1 i e

lelfg;[Uz(yHue,n(T)) — Ua(yHi(T))] = yHy(T) Lo (yHy(T))[N () + L(72)]
< yHy(T)Bs[N(rs) + L(ra)].  (4.15)

Because EY;, 2 < KnyX;(ye™™), which is finite by the assumption (-) €
Dy, we may apply Fatou’s lemma in (4.15) to conclude that

%E%[ﬁz(yH,,e_n (7)) — Uz (yHy(T))] < yE {Hy(T)B5[N (1) + L(7)]}
(4.16)
We proceed similarly with the difference
T ~
| vt ©) - T, yHote)ar

to obtain in the end, by analogy with (4.16), that

T
Tip<B [ 04ty ,(6)) ~ O 0,y (1))t
€ 0

<yFE {/T Hy(t)co(t)[N(EATa) + L(t A Ty)] dt} . (4.17)
0
Finally, from (4.11) and (4.12) we have

E {Hf,(T)B,;[N(Tn) + L(1p)] + /OT Hy(t)eo(t)[N(t ATn) + L(EAT,)) dt}
> 0. (4.18)
Step 5. We next prove that
E /0 " Ha(0)Xo (0 () (u(t) — 9(8) + €0 d > 0, n=1.2, ... (4.19)
To see this, we first recall from (4.10) and (3.1) that

X5 (t) co(t)dt Xy (t)
! (s(‘f) (t)) e 59

Py (t)o(t) AW (1),

and so

X5(t)
d (S(()f/) ) (L(t) + N(t)))

Xt o
= 5P(1) (dL(t) + dN(t)) + (L(t) + N(t)) d (s((f) (t))
Hot) o
S(()p) ® Py (t)(u(t) — o(t)) dt.
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Integration of this equation yields
Xi(7n) ™ L(t) + N(t)
55" () 57 (1)
X
-/ S PO —510) + )
™ Xo(t) . 4 _
Ao OB
+ (L(8) + N(t))o' (t)ps (1)) dW (2).

By the choice of 7,, the integrand of the It6 integral in this last expres-
sion is square-integrable, and thus has expectation zero under P; . Taking
expectations under this probability measure, we obtain

E /0 B Hy () X5 ()[p5 (£) (u(t) — 9(1)) + £(2)] dt (4.20)

(L(tn) + N(70)) + : cs(t) dt

=F [(L(Tn) + N(70))Hp (1) X5 (1) + /OTH Hy (t)(L(t) + N(t))cs(t) dt} :

An application of the optional sampling theorem to the martingale of (3.19)
shows that (3.18) is still valid if we replace ¢ in that equation by the stopping
time 7,,. Using this fact, we rewrite (4.20) as

E /0 " Ho(6) X (8l (8) (u(t) — (8)) + £(6)] dt
- F [(L(m) + N(ra) (Ha(T)Ba +f " Hoes(t) dt)

+ /0 Hy(t)(L(t) + N (t))es(t) dt]]’

which is the left-hand side of (4.18), hence a nonnegative quantity. This
completes the proof of (4.19).
Step 6. We invoke Lemma 5.4.2 to obtain a process A(-) € D satisfying
(5.4.8) with p(-) = py("), and take u(-) = 2(-) + A(*) so that () = ((A()).
The inequality (4.19) becomes

E/T" Hp () X (t)[p5 ())A(t) + C(A())]dt >0, n=1,2,..
0

which, together with (5.4.8), implies
po(t) € K for Lebesgue-a.e. t € [0, 7] (4.21)
almost surely. From (5.4.5) we have also that
C(@(t)) + p;(t)2(t) > 0 for Lebesgue-a.e. t € [0, T]

almost surely. We next take p(-) = 0, so that £(-) = —((#(-)), and (4.19)
becomes
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E/T" Hy (t) X5 () [Py (8)0(t) + C(2(t)]dt <0, n=1,2,...,
0

which proves
C(2(t)) + P, (t)(t) = O for Lebesgue-a.e. t € [0, T) (4.22)

almost surely. Conditions (4.21) and (4.22) are (4.2) of condition (B).
Condition (4.3) follows from (4.2), (4.10), and Remark 3.3.

(A)=(B): This implication is proved in Appendix C; the proof may be
skipped on first reading without harm, as this implication will not be
invoked in the sequel. ]

Example 4.2: U, (t,z) = Uz(z) = logz, ¥(t,z) € [0, T] x (0,00).

As in Example 3.6.6, we have in this case I; (t,y) = L(y) = é, and con-
sequently, Uy(t,y) = Uz(y) = —(1 +logy) for 0 < y < oo. Furthermore,
for all processes v(-) € D, we have &, (y) = L;i for 0 < y < 0 and

Vo(z) = TJZ'—I for 0 < x < oo. In particular, Dy = D. Direct computations
show that for all v(-) € D, t € [0,T], z € (0,00) and y € (0, 00),

B z B % _ (TH+1-t)z
Pmorm YO mre YO0 Tone
Pu(t) = (67 () 0,(t) = (0(t)0”(£) ' b(2) + 6(t) — r(8)1 + w(2),

Vi(z) = (T + 1)log (TLH) +fw)
Vo(y) = —(T +1)(1 + log y)+ f(v),
where
T
fw) & -E ( /0 log H,(t) dt + log H,,(T)) .

For v(-) € D, we have

~Blog 1,00 = B [4() + [ (ro)+ oo + 5100 ds].

so that conditions (C) and (D) amount to pointwise minimization of the
expression

1 -
C(v) + 5“0(:‘,) + o t)v|? over ve K, (4.23)
where K , the effective domain of the function ¢(+), is the barrier cone of
—K (see (5.4.2)).
We denote by L*(RN x R™) the set of nonsingular N x N matrices. For
veK,f§eRY, and 0 € LX(RN x RV), we define

1
901,6,0) £ (W) + 3110+ o712
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For fixed 6 € RN and o € LX(RY x RY), the function v 9(v,0,0) is
strictly convex, and thus has a unique minimizer. For each positive integer
n, we denote by K,, the compact set K N {v e RY;|v| < n}, and define
gn to be the restriction of g to K, x RN x LX(RN x RN )- According to
measurable selection theorems of Dubins-Savage (1965) type (see Schal
(1974), (1975) or Bertsekas and Shreve (1978), Proposition 7.33), for each
n there is a Borel-measurable function ¢,: RN x L* (RN x RN) — K, such
that

9n(pn(6,0),0,0) = min g(v,6,0), V6eR", o € L*(RN x RV).
veEK,

Because g(v,60,0) — oo as |[v|| — oo, for fixed 8 € RN and o €
L*(RN x RY), the function values ¢, (6,0) are bounded uniformly in
n, and hence do not depend on n for n sufficiently large. We define
#(0,0) = lim, o N (6, o), which satisfies

9(¢(8,0),0,0) =ming(v,0,0), VY9eRY, o L*@RN x RM),
veK

The progressively measurable process
o(t) £ (8(t),0(t)), 0t < T,

is in D and minimizes the expression (4.23) for all ¢ € [0, T almost surely.
The inequality

9(2(1),60(t),0(t)) < g(0,6(t),0(t)) (4.24)
and (2.5) imply that

T 1 T - T
E /0 (o) dt+ 3B /0 16(t) + o (O)o(t)|2 dt < E /0 16(t)|12 dt < oo,

and thus f(#) < oo; in particular, V;(z) < oo for all z > 0.

The implications (C)=>(A) or (D)=>(A) of Theorem 4.1 show that the op-
timal consumption, portfolio-proportion, and wealth processes for Problem
2.6 are given by

o(t) = T (T+1-t)x
~ (T+1)H(t)’ (T +1)H,(t)’
p(t) = (o()o’(t)) ' [b(t) + 6(t) = r()1 +0(t)], 0<t<T,

and the value function of (2.16) is

X(t) =

V(z; K) = Vy(z) = (T + 1) log (T%) + f(P) <00, 0 < z < 0.

It is perhaps worth noting in this example that if 6(-) satisfies the Novikov
condition E [exp { 5 fOT ||0(t)||2dt}] < oo mentioned in Remark 1.5.2, then
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(4.24) and (2.1) show that 6,(-) also satisfies this condition; thus both
financial markets My and M; are “standard” (in the sense of Definition
1.5.1) and complete. o

6.5 Duality and Existence

We now turn to the dual optimization problem associated with the “primal”
constrained Problem 2.6. The dual problem is, for fixed y > 0, to minimize
V. (y) over v(-) € D, and its value function is defined by

V(y) £ inf Vi(y), 0 <y < o0, (5.1)

in the notation of (3.27), (3.33). This problem is suggested by condition (D)
preceding Theorem 4.1, which amounts to V (y) = 17,;(;(/) for some 0(-) € Dy
and y = YVj(z). The terminology “dual” comes from the fact that, as we
shall show in Propositions 5.1 and 5.2 below, the value function V() of
(5.1) is the convex dual of the concave function V(-; K ) of (2.16), in the
sense of Definition 3.4.2.

We shall assume throughout this section that

V(y) < 00, 0 <y < 0. (5.2)

Our plan in this section is to show that under reasonable conditions, for
any given y > 0, the dual problem (5.1) has a minimizer vy(-) € Dy; i.e.,

Vy € (0,00), 3 1,(-) € Dy such that V(y) = V,, (y) (5.3)

(see Theorem 5.3, whose proof occupies a good part of this section). We
can then argue that in conjunction with Theorem 4.1, this solution implies
the existence of an optimal consumption and portfolio-proportion pair for
the “primal” Problem 2.6 (see Theorem 5.4).

Proposition 5.1 (Weak Duality): Suppose (5.2) and (5.3) hold. Then,
for any given y € (0,00) and with z = X, (1Y),

(i) there ezists an optimal consumption and portfolio-proportion process
pair (¢,p) € As(z; K) for Problem 2.6, and
(ii) we have

V(y) = sup[V (& K) — &y]. (5.4)
£>0
PROOF.  First, let us note that (5.3), (3.10), and (3.27) imply
V(z; K) < V(y) + 2y, Yy >0, Yz > 0. (5.5)

Now fix y € (0,00), let 2 = &, (y), and note that the assumption 17,,y (y) <
Vu(y) for all v(-) € D of (5.3) amounts to (4.5) with U(-) = vy(-). The
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implications (D)=-(B), (D)=>(A) in Theorem 4.1 and Proposition 3.8 show
that the pair (cs(-),ps(-)) given by (3.17), (3.21) is in Az(z; K) and is
optimal for Problem 2.6. By (3.17), (3.22), (3.18), and (3.16),

cs(t) = Li(t,yHy(t)),
X5 P(T) = Xo(T) = By = L(yHy(T)),

z=X;"(0) = E [/ ) Hj(t)es (t) dt + Hyp(T) X577 (T) | .
0

In other words, equations (3.29)—(3.31) hold and imply equality in (3.28);
ie.,

V(y) = Valy) = Vi(z) — zy. (5.6)
But condition (B) also implies, via Proposition 3.8, that
Vi(z) — 2y = V(2; K) — zy, (5.7)

which, of course, is bounded above by supg.o[V(§; K) — £y]. We have
obtained the inequality

V(y) < 21;13[V(£; K) —¢&y|.

The reverse inequality is obvious from (5.5), and (5.4) follows. O

Proposition 5.2 (Strong Duality): Assume that (5.2), (5.3), and

U2(OO) = 00 (5-8)
hold. Then, for any given z € (0,00), we have
V(z; K) = inf [V(y) + zy), (5.9)
y>0

and the infimum in (5.9) is attained at some y = y(z) € (0,00) that satisfies
T =X, (y).

PROOF. From the nonincrease and convexity of U; (¢, -) and U(-), we have,
in conjunction with (3.27), (3.33), and Jensen’s inequality,

T ~
Vo (y) > /0 ffl(t,yEHu(t))dt+Uz(yEH,,(T))

T ~

> / U, (t, 1) dt + U, (1) , 0<y<oo, v()eD, (5.10)
0 S0 So

where s is as in (2.4) and we have used (2.1). Since Uz(0+) = Up(o0) =

oo (Lemma 3.4.3), it develops that V(0+) = oo and the convex function

fz(n) 2 V(n) 4+ zn, 0 < n < 0o, satisfies fz(04) = oo. But from (5.4),

T Ty
folo) = suplV (& K) = &9] +ay 2 V (55K) + 5,
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which shows that f,(c0) = oo. Being convex and finite on (0,00), the
function f, is continuous there and must attain its minimum at some y =
y(z) € (0,00). We have to show that z = &, (y).

To see this last property, observe that

355 [P +-2w0] = st [7, o) + 1]
> inf [V(n) + ]
=V(y)+zy
=V, (y) +zy,

where v, () € Dy is the process of (5.3). In other words, the function u —
‘7'«« (uy) + zuy attains its minimum over (0,0c) at u = 1. But from (3.32)
this function is continuously differentiable with derivative zy — y&,, (uy),
which has to vanish at u = 1. Thus &), (y) = =, as desired.

It remains to prove (5.9). As in Proposition 5.1 we have (5.6) and (5.7),
but now with () replaced by v,(-), and these equations imply

V(@i K) = Vi, (4) + 2y = V(y) + oy > inf [Vn) +2n)].

The reverse inequality is a consequence of (5.5). O

Our next result provides sufficient conditions for requirement (5.3) to be
satisfied.

Theorem 5.3 (Existence in the dual problem):  Suppose that (5.2) holds,
and that the utility functions Uy (t,-), Us(-) satisfy

Ui (t, 00) = oo, Og.ntléT Ui(t,0) > —0 WVt € (0,00), (5.11)

Uz(OO) = 00, Uz(O) > —00, (5.12)

as well as (3.4.15), (8.6.17). Then (5.3) holds.

We devote the remainder of this section to the proof of Theorem 5.3.
But first, let us combine it with Propositions 5.1 and 5.2 to derive the
basic existence result for the primal, constrained Problem 2.6.

Theorem 5.4 (Existence in the primal problem):  Under the assumptions
of Theorem 5.3 we have V(z; K) < oo for every x € (0,00), and there exists
an optimal pair (¢, p) € Az(x; K) for Problem 2.6. In other words, condition
(A) preceding Theorem 4.1 holds. .

The conditions (5.11), (5.12) exclude logarithmic utility functions; for
these, however, we have the direct arguments and explicit computations
presented in Example 4.2, and thus need not appeal to general existence
results.

In order to proceed with _the proof of Theorem 5.3, let us fix y > 0 and
extend the functional v — V,(y) given by (3.27), (3.33) for v(-) € D to the
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entirety of the space H of Definition 5.5.1, by setting
T
V.ly)=E [/ Ui(t,yH,(t))dt + Us(yH,(T)) |, v(-) € H. (5.13)
0

This definition is possible under the assumptions of Theorem 5.3 because

Ui (¢, y) =sup[Ui(t,x) — xy] > Uy(t,0) > inf U;(t,0) > —oo, (5.14)
x>0 0<t<T
Us(y) = sup(Us(z) - 2y] 2 U3(0) > —oo; (5.15)

thus the expectation in (5.13) may be +o00, but is well-defined.
Remark 5.5: Under the conditions of Theorem 5.3,
V,(y) = oo, v(-)e H\D, y>0. (5.16)

To see this, use Jensen’s inequality and the convexity of z U, (ye?) from
(3.4.15") to write

Vo(y) > &+ EUs(yH,(T))
> K+[72(yeEl°gH"(T))

~ T T
> k4, (ge—_Efo 16, ()Pde~E [ ((V(t))dt)
S0

for a suitable constant k > —oc. If v(-) € H\ D, then EfOT C(v(t)) dt = oco.

Under the conditions of Theorem 5.3, [72(0) = Uz(o0) = oo, and v(-) €
H \ D implies (5.16).

Lemma 5.6: Fiz y > 0. Under the assumptions of Theorem 5.3, the
functional v — V, (y) of (5.13) is convex, coercive, that is,

V,(y) = oo if [v] — oo, (5.17)
and lower semicontinuous; i.e.,
Vu(y) < h_mn%j;n (y) f[vn—v] =0 asn— oco.

ProOOF. Note first that

log H, (t) = —A(t) — / r(s)ds — /0 (0(s) + a7 (s)v(s)) AW (s)

0
1 [t -1 2ds — t v(s))ds
_5/0 16(s) + o~ (s)v(s)||? ds /OC( (s))d

is a concave function of v(-) € D. Let v1(-),v5(-) € D and a € (0, 1) be
given. We have

108 Hou, 4 (1-aps (t) > alog Hy, (t) + (1 — a) log Ho(8).  (5.18)
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The functions z — U, (t, ye?) and z — U, (ye*) are nonincreasing (Lemma
3.4.3) and convex (equation (3.4.15”)), and so the inequality (5.18) leads
to

(71 (t7 yHaul-{»(l—a)uz (t)) < fjl (t, Yy eXp(a log HV1 (t) + (1 - a) IOg HV2 (t)))
< ali(t,yH,, (1) + (1 — )T (t, yHo, (1)),
and similarly,
Ua(yHav, +(1-ayus (T)) < ol (yHy, (T)) + (1 - @)Us(yH.,, (T)).

These inequalities imply the convexity of v — V), (y)-
For v(-) € H, we have

S0
T~ y 1 t
> 2 _ = 2
A 1(30 GXP{ 2E/0 16.(s)]| ds}) dt
+ 0 (Lepd L5 [ 10s)d
(e =58 [ IoPas ).

és [v] — oo, condition (5.2.4) implies that E fOT 6, (s)||?ds — oo. But
U2(0+) = Us(00) = oo, and (5.17) follows.

Finally, let {v,,(-)}2; be a sequence in H converging to a limit v(-) € H
in the norm of Definition 5.5.1. We may extract a subsequence {v,, (-)}22,
for which

Jim Vo, (y) = lim, ..V, (y),
and we seek to show that
Vo(y) < lim V,, (y). (5.19)
Consider the martingales
t
M, (¢) 2 /0 8., (s)dW(s), 0<t<T.

According to the Burkholder-Davis-Gundy inequality (Karatzas and
Shreve (1991), Theorem 3.3.28),
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T
B | sup, 1,0 = MOP] < kB [ 10,,() ~ oo ds
0<t<T 0

for some constant , and the right-hand side approaches zero as n — oo.
Therefore, we may choose a further subsequence, also labeled {vy, (-)}2,,
along which we have

klim Un, (t) = v(t) for Lebesgue-a.e. t € [0,T],
lim sup |Zu,, (t) — Z,(t)] =0
T

k—oog<i<
almost surely. These equalities and the lower semicontinuity of ¢(-) imply

limg oo H,, (t) < H,(t), 0<t<T,

almost surely. Because U (¢, -) and Us(-) are nondecreasing and continuous
on (0,00), we have the almost sure inequalities

limy U (t,yH,, (t)) > Uy(t,yH, (), 0<t<T,
li_mk—»OOﬁZ(yHVnk (T)) > Ua(yH,(T)).

Moreover, (5.14), (5.15), and Fatou’s lemma give us
klivlgo Vin, ()
T ~ ~
= lim E [ / O (t, yH,, (1)) dt + Da(yH,, (T))}
k—oo 0 k k
T ~ o~
> lime oo [ Oilt,yHo, () db+ lim_ oo B (yH,,, (T))
0
T 4 5
>E / limy oo 01 (t,yH,, (1)) dt + B [limy oo Ua(yHo, (T))]
0
= 17,,(y). o

T ~ ~
>E /0 Ty (t, yH, () dt + U (yH,(T))

PROOF OF THEOREM 5.3: Let y > 0 be given. From Lemma 5.6 and
Proposition 2.12 in Ekeland and Temam (1976), the convex, coercive, and

lower-semicontinuous functional H 3 v — V,(y) € (—o0, 0] attains its
infimum on the Hilbert space H:

1215 V,(y) = Vs(y) for some v(-) e H.

According to Remark 5.5 and (5.2), Vi(y) = V(y) < oo, so #(-) must be
in D. It remains to show that (-) actually belongs to the class Dy of (3.24).
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The finiteness of Vu(y) and the inequality (3.35) show that Vo(z) < o0
for all z > 0. It remains to check that
X5 (n) < oo, Vi > 0. (5.20)

From the decrease of U, (3.4.12), the decrease of I, and (3.6.17) (in
particular, (3.4.16”)), we have

mm—ﬁwnzmm—ﬁ(g)=éguww

" L
Z(ﬂ )I(ﬁ)
ﬂ171'(71), 0<n< oo,

By

where § € (0,1) and ~ € (1,00) are as in (3.4.16”), and U(-) stands
generically for U(t,-) and Us(-). Consequently,

v

T
yXo(y) = F [/0 yH ()1, (¢, yHy(t)) dt + yHa(T)I:»(yHo(T))J

T~ ~
sf§%E[A Or(t yH (1)) dt + Doy H, (T))

T~ ~
" (/0 b1 (t, 00) +U2(oo))}

_ T
5% [V,;(y)— (/0 Ul(t,O)dt+U2(0))J o

where the last inequality is a consequence of (5.14) and (5.15). This proves
(5.20) for n = y (but not for all > 0, because ¥ depends on y). Assumption
(3.6.17") (see the sentence following that assumption) now implies that
(5.20) holds for all 5 > 0. O

?emark 5.7: It can be checked rather easily that utility functions of the
orm

1, o 1
Ui(t,z) = Ee tah, Us(z) = Be“"Tzﬁ, 0<t<T, z>0,

where o > 0 and 0 < 3 < 1, satisfy all the conditions of Theorems 5.3 and
54.

Remark 5.8: The theory of Sections 2-5 goes through without change
if one sets formally U; = 0 and admits only the identically zero con-
sumption process throughout. This leads to the problem of mazximizing the
expected utility from terminal wealth only. On the other hand, the condition
Uz(00) = oo was used extensively in this section. The situation with regard
to existence of optimal solutions when U, = 0 is not well understood.
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6.6 Deterministic Coefficients, Cone Constraints

In this section, we consider Problem 2.6 and its dual under the assumption
that r(-), 6(-), and o(-) are continuous, deterministic functions; A(-) = 0;
and the constraint set K is a cone. The analysis proceeds through a study
of the Hamilton-Jacobi-Bellman (HJB) equations, and for this we use the
conditions placed on utility functions in Section 3.8 rather than conditions
(3.4.15), (3.6.17) used in the previous section of this chapter. In particular,
all functions U®) () given by (3.4.4), (3.4.5) are included, not just those
for which 0 < 8 < 1. (We use 3 for the exponent in place of p throughout
this chapter, reserving the symbol p(-) for portfolio-proportion processes.)

More specifically, we assume in this section that Assumptions 3.8.1, 3.8.2
hold, and, in addition, the following condition is satisfied.

Assumption 6.1: The process o(-) is nonrandom, o(t) is nonsingular for
every t € [0,T], and o(-) is Holder-continuous, i.e., for some k > 0 and
p € (0,1), we have

”(T(tl) - O'(tz)“ < I‘Cltl — tz'p, YV ty,ts € [O,T].

In particular, o(-) and c=1(-) are both bounded, and o~'(-) is also Hélder-
continuous.

Assumption 6.2: The constraint set K is a nonempty closed convez cone.

From Assumption 6.2 we see that K is the polar cone of —K, which is
necessarily closed. On K, the support function ((-) is identically zero (Rock-
afellar (1970), Theorem 14.1). From Assumption 3.8.1 we have the validity
of (2.4) and (2.5). Conditions (2.13) and (2.14) are assumed throughout
this chapter, including in the present section.

Our aim is to study the time-dependent generalization of Problem 2.6 via
the time-dependent generalization of Problem 3.2. Toward that end, for 0 <
t <T, x>0 and with (¢(-),p(-)) a consumption and portfolio-proportion
process pair, we define the corresponding wealth process X"»®:“P(s), t <
s <T, by

Xtcp(g) /“’ c(u)du * XhTeP (u)
¢

50(5) So@ "), TS

(cf. (2.7)). The process X%®P(.) reaches zero no later than the stopping
time

p'(w)o(u) dWo(u)

Tt,p 2 inf {s € tT); /ts llo’ (w)p(w)||* du = oo}
(cf.(2.9)). We set

Tt,0 £ inf {s € [t,T]; X*®P(s) = 0},
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and define A(t, z; K) to be the set of all consumption and portfolio-process
pairs (c(:),p(-)) that satisfy the almost sure conditions

c(s) =0, Lebesgue-a.e. s¢ [7¢,0, T,
p(s) € K, Lebesgue-ae. sc [t, 7).

Following (2.15), (2.16), we set

T
As(t,z; K) = {(c,p) € As(t,z; K); E/; min[0, Uy (s, ¢(s))]ds > —oo,

E (min[0, Uy (X"*°P(T))]) > —oo}
and define the time-dependent value function
T
V(t,z; K) 2 sup E ’:/ Ui(s,c(s))ds + Ug(Xt’I’c’p(T)):, . (6.1)
(e,p)EA(t,x;K) t

We show below that the function V(,+K) : [0,T] x (0,00) — R of
(6.1) is continuous and satisfies the constrained Hamilton—Jacobi-Bellman
equation (see Theorem 3.8.11 for the unconstrained case)

1

Vi(t,z; K) + max [—||a'<t)pn2:c%<t,z;m

030;{00 2
pe

+ (r(t)z — c+ zp'a(t)0(t)) Vy(t, z; K) + Ui (t, c)J =0 (6.2)

for 0 <t < T 2z >0. By definition, V(-,-; K) satisfies the boundary
conditions

V(t,z; K) = Us(z), z >0, (6.3)
V(t,0; K) = / Ut 0)dt 4 Us(0), 0<t<T. (6.4)

We approach the constrained HJB equation through the dual problem.
For v(-) € D, t € [0,T)], and z > 0, we determine XL®eP(.) by the equation
(cf. (3.1))

Xt,:t,c,p s d s Xt,m,c,p
”(u‘)_—(s) + / c%)) “=z+ "(T(U)P'(U)U(U)dwu(u)»
SO (s) t SO (u) t So (u)

1<s<T,

or its equivalent variations similar to (3.2) and (3.3). We define A, (t,z) to
be the set of all consumption and portfolio-process pairs (¢, p) for which

c(s) =0, Lebesgue-a.e. s € [r,, T]
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almost surely, where
Tt =inf {s € [t, T); X[*°P(s) = 0} .
Following (3.5), (3.6), we set

1 o
A (t,2) & {(C,P) € A, (t, z); E/t min[0, Uy (s, ¢(s))]ds > —o0,
E (min[0, Uz(X5™P(T))]) > —oo} ,

T
Vo (t,x) 2 sup E [/ Ui(s,c(s)) ds + U, (X,i’z’c’p(T)):, .(6.5)
(e.p)€AS (t,2) t

For v(:) € D and t € [0,7)], we introduce the processes with time
parameter s € [t, T,

2t 2 21— oy {- [(awawn - i 10,01 du}
H(t,s) 2 Zzg‘:’)) = o5 {— /t r(u)} Z,(t,9).

The nonnegative function

T
Xty 2E [ /t H,(t,8)11(s,yH, (t, s))ds + H,(t, T) I (yH, (¢, T))J ,

0<t<T, y>0, (6.6)

is finite if v(-) is in the set Dy of (3.24). In this case, X, (t,-) is a strictly de-
creasing function mapping (0, 00) onto (0, 00) and has a strictly decreasing
inverse ), (t,-), likewise mapping (0, 00) onto (0, 00).

For v(-) € Dy we have, just as in Remark 3.6, that

Vo(t,2) = Gu(t, D (t,2)), 0<t<T, x>0, (6.7)

where
T
Gu(t,y) £ E [/t Ur(Li(s, yHy(t, 5))) ds + Us(I2(yH, (¢, T)))J - (68)
Furthermore,
‘71/ (t’ y) é il;g[v” (t7 .’E) = :cy]
=Gu(t,y) -y (2, Y)
s .
=FE [/ Ui(s,yH,(t,s))ds + Us(yH,(t, T))J

<oo, 0<t<T,y>0 (6.9)
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(cf. (3.27)), and for v(-) € D \ Dy, we follow (3.33) and define

T
Vu(ta y) 2 E l:/ 61(57 yH,(t, 3)) ds + ﬁ2(va(t’ T)):l )

y>0, v() eD\Dy. (6.10)

Proposition 3.7 can be adapted to the time-dependent case to ensure that

T ~ ~
E/ min|0, Uy (s, yH,(t,s))]ds > —c0, E (min[O, Us(yH, (¢, T))]) > —00,

and hence
T ~ ~
E [/ [Ur (s, yH,(t, s))|ds + |Uz(yH, (t, T))IJ < 0o (6.11)
t
if ‘7,,(1,‘, y) < co. Also, as in (3.35), ‘7,,(t, y) < oo implies
Sl;g[v,,(t, T) —zy] = Vu(y) (6.12)
From the theory of Section 6.5—in particular, from (5.4)—we expect
e KL
Vit,y) = inf V,(t,y) (6.13)

to be the convex dual of the function V(¢,-; K) in (6.1), i.e.,
V(t.y) =swlV(L.6K) — €y, 0<t<T, y>0.  (6.14)
£>0

From Theorem 3.8.12, we also expect Vto satisfy a linear partial differential
equation, which turns out to be (cf. (3.8.44))

Vilt,y) + % min [0(2) + o7 Oy Vo (8 9) = (BT, (8, y) + Dt )
=0, 0<t<T, y>0, (6.15)
as well as the terminal condition
V(T,y) = Ua(y), y > 0. (6.16)

Our program then is to construct V via (6.15), (6.16) and in the process
to obtain the minimizer #(-) in (6.13). Then, just as in Theorem 4.1, we
discover that when v(-) = () in (6.5), the maximizing (¢,p) € .A;(;'/) (t,z)
is optimal in (6.1). Finally, we prove (6.14), (6.2) and obtain the optimal
(¢, p) for Problem 2.6 in feedback form.

We begin this program with a study of the minimization appearing in
(6.15). Given € > 0, let L, (RN;RY) denote the set of N x N nonsingular
matrices o whose operator norm

A
loll = sup oz
€RN,|lz=1
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satisfies [|o]| > e. Then [lo~"|| < 1 for every o € L (R;RY). Recall from
(5.2.4) that we have assumed o(t) € L(RV;RN) for all 0 < ¢t < T for
sufficiently small € > 0. Define the function

h(0,0) 2 inf [16+07 |
veK

mapping RY x L (R; R¥) to [0, c0). Because the mapping v s 16+0~1v||
is strictly convex and limy, | .o [|0 + 0~ 1v|| = oo for each fixed (6,0) €
RY x L.(RV; RM), there is a unique minimizer v = Y(#,0) in K; i.e.,

h(6,0) =10 +07'Y(6,0)| for 8 eRY, 5 € L.(8,0).

Lemma 6.3: The function h:RN x L (RV;RN) — [0,00) is locally
Lipschitz continuous.

PROOF. For 6,,6; € RN and 01,05 € L.(RV; RY), we have

h(61,01) = h(62,02) < |61 + 07 Y (62,02)|| — |62 + 05 Y (8, 0) |
<161 — 62 + (0'1_1 — 02_1)'1'(02,02)”
<161 = 62l + llog = o3 M1 (62, 02) |
<16 = Oall + llog Hllloz M lllor — o2l [T (82, 02)

< 181 =l + X2, 02)lor — o).

But

IC(0,0)[| < llo8 + T (6,0)|| + || — o6
< llolllo + =18, 0) + [|lo]|]|6]l
= [|lo||(h(8, o) + ||6]|)
< 2[a||6]|-
It follows that

2
h(01,01) — h(62,02) < |61 — 62| + 5_2”02“”02”“01 — o2,

1, and reversing the roles of #,, 0, with 65, 05, we obtain

|h(61,01) — h(62,09)| < |6, — s
2
+ o max{[|o[[[|6:1]], lo2ll[|62]]} - [lo1 — o]].
In light of Lemma 6.3, we may rewrite (6.15) as

- 1 ~ . ~
Ve(t,y) + 510 Oy Vi (8, y) — &)y Vi (. y) + Ui (t,y) = 0,
0<t<T, y>0,
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where
D(t) = T(0(t),0(t)), 05(t) = 6(t) + o Ht)p(t). (6.17)

Assumptions 3.8.1 and 6.1 guarantee that [0 (-)|| = h(6(-),o(-)) is a non-
random, Holder-continuous function, and hence all the results of Section
3.8 apply to the market M;, as we elaborate below.

Lemmas 3.8.4 and 3.8.10, coupled with Theorem 3.8.11, show that v(-) e
Do. According to Theorem 3.8.11, Vi (t, x) is of class C2 on [0, T) x (0, 00),
continuous on [0, T] x (0, 0, satisfies the boundary conditions

Vo(T,z) =Us(z), x>0,

T
n(t,()):/ Ui(t,0)dt + Un(0), 0<t<T,
t

and solves the HJB equation

9 L g O
) o (¢, 6.18
5o (6:2) + max (2ot Opla Ly, 0,2 (6.18)
PERN

+(r@)z—c+ xp'o(t)0,(t)) %V,;(t, z) + Ui (t, c)] =0,0<t<T,z>0,

for the optimization problem without constraints on p(-). Theorem 3.8.12
implies that for all ¢ € [0, T,

%V,;(t, 2)=Yslt,z), z>0, (6.19)
Vo(t,y) = Gs(t,y) — yXs(t,y) (6.20)
T
=F [/ Ui(s,yHs(t,s)) ds + Ua(yHy(t, T))J . y>0,
t
O ~
—Vﬁ(ta y) = _Xf/(t’ y)7 y > 0. (621)
dy
Moreover, the convex dual function V, in (6.14) is of class C12 on [0,T) x
(0, 00), continuous on [0, T] x (0, 00), satisfies the boundary conditions
Va(T,y) = Ua(y), y >0, (6.22)
and solves the linear, second-order equation
=V =05 -5 Volt,y) — Dy—Vi(t, Ui (¢,
a1 7 (by) + 510:(1)]1%y Bz (b y) = r( )yay (t,y) + Ui(t,y)
=0, 0<t<T, y>0. (6.23)

Finally, every solution to (6.22), (6.23) satisfying the growth condition
(3.8.21) must agree with Vs.
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Theorem 6.4: Under Assumptions 3.8.1, 3.8.2, 6.1, and 6.2, and with
() given by (6.17), we have

V(t,zK)=Vs(t,z), 0<t<T, z> 0, (6.24)

Vity) =Vil(t,y), 0<t< T, y>0. (6.25)

The function V(-,; K) satisfies the constrained HJB equation (6.2), and
V(-,-) satisfies the linear, second-order equation (6.15). In terms of the
“feedback functions”

C(t,z) £ I(t, Vs (t, 2)), (6.26)

P(t,2) & ~(o'(0) 105 ) T)_

0<t<T, >0, (6.27)
xaz o ,.’L‘)

the optimal consumption and portfolio-proportion processes for Problem 2.6
are given in “feedback form” as
&) =C(t, X)), pt)=PtX@), 0<¢ <T, (6.28)
with '
X(8) £ Xo(t) = Xo(t, Vo (0, 2)Hy (2)) = XTOP(1), 0<t<T, (6.29)
as in (3.18), (6.6), and (2.7).
The proof of Theorem 6.4 requires the following lemma.

Lemma 6.5: Let M (t),0<t<T, bea positive, continuous, local martin-
gale, and let ¢: (0, 00) — R be a conver nonincreasing function, satisfying
Elp(M(t))| < oo for every t € [0,7T]. Then e(M(t),0<t<T,isa
submartingale.

PROOF. Let {m}, bea nondecreasing sequence of stopping times with
Tn T T almost surely and such that M (tAT),0<t< T, is a martingale
for every n. For ¢ > 0 and x > 0, we introduce the function

max{p(z), p(e+K)}, x>

where D%y denotes the right-hand derivative of ¢. Note that ¢, . is
bounded, convex, and nonincreasing. Jensen’s inequality implies that
Pen(M(tAT,)), 0 <t <T,is a bounded submartingale. In other words,
forOgsgthandAef(s),

/ Con(M(s A1) dP < / Cen(M(t A7) dP,
A A

Letting n — oo, we obtain

/ Pe(M(s))dP < / en(M())dP
A A

(@) = {cp(e) + (z — e)D*tpe), 0<z < €, (6.30)
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by the bounded convergence theorem. Letting first € | 0 and then Kk — oo,
we obtain from two applications of the monotone convergence theorem that

/ o(M(s)) dP < / (M (t)) dP. :
A A

PROOF OF THEOREM 6.4: We first show (6.25), i.e., for every v(-) € D,
y>0,and 0 <t < T,

T ~ ~
Vﬁ(t, y) =F I:[ U1(37 ny/(ta 3)) ds + U2(yHl7(ta T))

<FE

/ " 5o yHo (8, 8)) ds + D(yH (6, T))
t

=V, (t,y). (6.31)

Of course, if V,,(t,y) = oo, this inequality is trivially true. If V, (¢,y) < oo,
we have (6.11). We will show below that

Ep(Z5(t,s)) < Ep(Z,(t,s)), 0<t<s<T, (6.32)
whenever ¢: (0,00) — R is a convex nonincreasing function satisfying

Elp(Z5(t,s))| < 00, E|p(Z,(t,8))| < oo. (6.33)

o(z) =T, (s, yzexp {— /t r(u) du}) ,

and then s = T and

T
o(z) = U, (yzexp {—/t r(u) du}) g

we will obtain (6.31) from (6.32). '
To simplify notation we set ¢ = 0 in (6.32), i.e., we prove only

Ep(Z5(t)) < Ep(Z,(t)), 0<t<T. (6.34)

Taking first

Recall from (5.5.10) that
20 =ew{- [ awe -} [1owiPan}.
0
2,(t) = exp {— i "6 ) W () — 5 / ||oy(u>||2du} .
0

We assume initially that for some x > 0, we have

16:(®)|| > x>0, 0<t<T, (6.35)
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and define
As(t) = /0 165 () |2 du, A, (£) = / 16, ()2 du.  (6.36)

Because |0;(u)|| < |6, (u)], 0 < u < T, almost surely, we have A, (t) <
Ay(t), 0 <t < T, almost surely. We extend 65(-) and 6,(-) to (T,00) by
setting 6, (t) = 0,(t) = 6,(T), for t > T, and subsequently extend A,(-),
A, (*) to (T, 00) via (6.36).

We next define the nondecreasing, progressively measurable process

A(t) 2 inf{u > 0; Ay (u) = A, ()} > ¢
(recall here that A,(-) is not random), so that
A (A1) = A(t), t>0.

But Aj;(-) is continuously differentiable with derivative bounded from below
by k% > 0, so we may invert the above equation to conclude that A(-) is
continuously differentiable. Indeed,

N T
A0 = faor

Using the fact that 6,(-) is deterministic, we may construct a progres-
sively measurable process O(-) with values in the set of N x N orthonormal
matrices, and such that

VA(t) O)0:(A(t) = 6,(t), t >0

holds almost surely. We define the N-dimensional vector of martingales

t>0.

M(t) = (My(0),...., My(8)) = /0 VA O (u) dW (u),

and note that (M;, M;)(t) = 6;;A(t), t > 0, almost surely. Thus, there exists
an N-dimensional Brownian motion B(-) for which M (t) = B(A(t),t>0

~ (see Karatzas and Shreve (1991), Theorem 3.4.6, for the one-dimensional
- case, which can be easily extended using Lévy’s characterization of multi-
~ dimensional Brownian motion (tbid. (1991), Theorem 3.3.16); alternatively,
- this is a special case of Knight’s theorem, (ibid. (1991), Theorem 3.4.13)).
- Changing variables in the formula for Zy(+) (ibid. (1991), Proposition 3.4.8),
- we have

ATL(t) ATL(t)
Zu<A—1(t))=exp{— L e - neu(u)u?du}

A7)
= exp { | VA (u) 0;,(A(u)O' (u) dW (u)
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1 ATY(t) o
5[ 1esa)PA W du
0
A7) 1 [t
/ 2
:exp{— / 0, (A(w)) dM(w) — 3 / 165 (s)[12 ds
0 0

=exp{— /0 "63(s)dB() - 3 / t ||eﬁ(s>||2ds}.

This shows that Z,(A~!(t)) has the same distribution as Z;(t), and thus
Ep(Z;(t)) = Ep(Z,(A71(1))).

Lemma 6.5 implies that ¢(Z,(-)) is a submartingale. Because A‘l'(t)
is a stopping time, and A~1(¢) < t almost surely, the optional sampling
theorem gives

Ep(Z,(A71(t))) < Ep(Z,(t)).

We have established (6.34) under the assumption (6.35).

Indeed, we have proved that whenever #(-) is nonrandom and satisfies
(6.35), v(-) € D, and ||65(¢)|| < [|16.(t)]|, 0 < ¢t < T, almost surely, then
(6.34) holds. If o(-) does not satisfy (6.35), we may construct sequences
{on () 3221, {vn(-)}22, such that for each n, ,(-) is nonrandom, ||6,_ ()| >
> 165, ()l < 118, ()] for 0 <t < T, and

T T
lim E/ 165, (t) — 05(t)||* dt = lim E/ 6.,.(t) — 6,(¢)||* dt = 0.
0 i 0

Consequently, along a subsequence (which may depend on t), we have
Z;, (t) — Zp(t) and Z,, (t) — Z,(t)
almost surely. We have already shown that

Ep(Zs, (1)) < Ep(Z,, (1)), n=1,2,...,

and it remains to pass to the limit. If ¢ is bounded, we may use the bounded

convergence theorem to do this. Even if ¢ is unbounded, the function ¢ «
of (6.30) is bounded, so

Epex(Z5(t)) < Epex(Z,(1)).

Letting first € | 0 and then x — oo, we obtain (6.34) from two applica-
tions of the monotone convergence theorem, using (6.33). Equation (6.25)
is proved. B

From (6.25) and (6.23), we see that V satisfies the linear, second-order
partial differential equation (6.15). Because (6.25) is condition (D) of The-
orem 4.1, we have immediately that conditions (A), (B), (C), and (E)
hold. In particular, the first sentence of Theorem 4.1 asserts that the op-
timal consumption and portfolio-proportion processes for Problem 2.6 are
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é(-) = co(-), p(-) = ps(-) given by (3.17), (3.21), the optimal processes for
Problem 3.2 in the market M. Equation (6.24) with t = 0 follows; its
verification for ¢ # 0 is a straightforward variation of the above argument.
Applying Theorem 3.8.8 and equation (3.8.3) to the market M, we obtain
(6.26)(6.29).

It remains only to show that the unconstrained HJB equation (6.18)
reduces to the constrained equation (6.2), i.e., to show that

2
RS max [%lla'(t)p||2x2a—i;va<t, 2) + (o 08(t) + po(0) v Vi, x)]

agrees with
A 1, 9? a
L2 max [5 Io'(OpIa* 55 Vit ) + Ho 00(0)z 2 Vi, m>] .

Now, R > L, since p'v > 0 for every p € K, v € K (see (5.4.5)) and
a%V,; (t,z) > 0. On the other hand, the maximum in the definition of R is
obtained by '

2Vs(t,z)

= —(o' 16,
p=—(d'(t) ev(t)z%lf,;(t,x)

= P(t,z),

according to (6.19), (6.26). But (t) minimizes [|(t)+o~1(t)v| over v € K,
so 6,(t) is orthogonal to o~ for every v € K. In other words,

V’P(t,:l,‘):o, VVER",

and now (5.4.5) shows that P(t,z) € K and V'(t)P(t,z) = 0. It follows
that R < L. O

Example 6.6 (Constant coefficients): Consider the case of constant
r()=7>0,0()=6, () =0, and A(+) = 0. Assume that
Ui(t,z) = e_"‘tul(x), Us(z) = e—aTuz(x), 0<t<T, z>0,

where @ > 0 and u;:(0,00) — R and u2:(0,00) — R are three-times
continuously differentiable utility functions. Assume further that (3.8.51)

and (3.8.52) are satisfied and v 2 3165112 > 0. Then X; (¢, Y), Gs(t,y), and

- Vi(t,y) = V(t,y) are given by (3.8.53), (3.8.54), and (3.8.55), respectively.
~ Example 6.7 (Utility functions of power type): Fix § € (—o0, 1)\ {0}

and assume

1
Ui(t,z) = Us(z) = Bazﬂ, 0<t<T z>0.

We know from Example 3.8.13 that

Xolty) = Kty Goltyy) = %k(t)ya%,
2 = B
Ve = kvt viee) - Skt (Wﬁ)) ,
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where

+ T — Tau.du
ki & o, 1 [1+/ & 208 ds],

t

o) 2 -2 [F10017 +r 00 - 9)]

It is now easily calculated, in the notation of (6.17) and Theorem 6.4, that

R0 = 20y,

gy — X(2)

C(t) = Wv

(0 = T5(o(00'(0) " bO) + 8(0) ()1 + (0],

6.7 Incomplete Markets

We return to the general model of a complete, standar(% ﬁna.n'cial market §et
up in Section 6.2. There are N stocks driven by an N —(%1mensmnal B.rowman
motion, as described by (2.3). We simplify the notation by assuming that
8(-) = 0. We choose an integer M € {1,...,N — 1}, _let L= N — M, and
consider the case that only the first M stocks are available for investment.
This corresponds to

K={peRY; py_1=--=pn=0} (7.1)

as in Example 5.4.1(iii). Thus, in place of (2.2), (2.3), the relevant equations
are

dSo(t) = So(t)[r(t)dt + dA(t)], (7.2)
N
S (t) = Sn(t) |ba(t)dt + dA®) + D ona®dWD (@), (73)
d=1
n=1,...,M.

We denote by b(t) the M-dimensional column vector (by(t),.. b (1)

and by &(t) the bounded M x N matrix (0na(t))p=1,.., M- By assumption,
d=1,...,

(t) has full row rank for Lebesgue-almost-every ¢, almost surely. In the
market M consisting of the money market and the first M stocks, the
market price of risk process (1.4.9) is the N-dimensional vector process

8(t) £ 5 (t)(3(1)5" () "L [b(t) — () L. (7.4)

x and
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Although in this section investment in stocks M + 1,..., N is not permit-
ted in the constrained Problem 2.6, it is useful to create the unconstrained
Problem 3.2 in which such investment is permitted. We may fashion stocks
M +1,..., N however we like, provided that we respect the assumptions of
Section 6.2. It is convenient to assume that the rows of the L x N matrix

P(t) = (0nd(t))n=pr4+1,. n are orthonormal vectors spanning the kernel of
a(t); ie., d=1,...,N

PP (t) =1y, &(t)p'(t)=0, 0<t<T, (7.5)

almost surely, where I}, is the L x L identity matrix. It is then easily verified
that

o ) =[E'WE0F W) | ). (7.6)

The boundedness of o(t) and o~'(t) follows from the assumption
of boundedness of 5(t) and (5(t)5'(t))~!, conditions that we impose
throughout. ,
To simplify later notation, we denote by a(t) the L-dimensional vector
(bar+1(2), ..., bn(t))’ of mean rates of return for the unavailable stocks.
With K given by (7.1) we have

K={veRVu ==y =0}

and the class D of Definition 5.5.1 consists of all process of the form

v(:) = [%] , )

where 0,/ is the M-dimensional zero vector and &(-) is any RE-valued
progressively measurable process satisfying

T
E / IED I dt < oo. (7.8)

The evolution of prices in the auxiliary market M v is given by (7.2), (7.3),

dS)(t) = SM(¢) [(an_M(t) +&n-m(t)) dt + dA(t)

N
+3 pn-aralt) dW“”(t)J ,n=M+1,..,N. (7.9)
d=1

- We say that M, is a fictitious completion of M. The theory of this chapter
- 18 about choosing the process ¢ (-) so that an agent permitted to invest in
- the stocks M +1,..., N chooses not to.

Remark 7.1: Using (7.4), (7.6), we see that the market price of risk
. Process 0, () for M,, is
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6. (t) = f‘l(t) [b(t) + v(t) — r(t)1n]
=0(t) + p'(t)]a(t) + £(t) — r(H)1L]- (7.10)
Note that p/(t)[a(t) + &(t) — r(t)1] is orthogonal to 6(t), because of (7.5).

Example 7.2 (Logarithmic utility, incomplete market): Un(t, x) =
Us(x) = logz for every (t,z) € [0,T] x (0,00).

This is Example 4.2, specialized to the case of an incomplete market; i.e.,
K given by (7.1). The expression in (4.23) to be minimized over § € RL is

L162) + ' 0)att) + € ~rOL)IP = IO
+ 3 1P O +& - LI

and this is minimized by £(t) = 7(t)1, —a(t). In other words, (-) satisfying
the equivalent conditions of Theorem 4.1 is

0= | i)

and 6;(-) = é() This corresponds to choosing the fictitious completion
W) (.

for which %J_(T) is a martingale, n = M + 1,..., N. The formula for the

optimal portfolio-proportion process in Example 4.2 becomes

p(t) = [(6(t)&'(t))_1(()z(t) — r(t)lM)} .

Example 7.3 (Logarithmic utility, incomplete market, short-selling pro-
hibited): Ui(t,x) = Ua(z) = logz for every (t,z) € [0,T] x (0, 00).
In contrast to Example 7.2, we now take

K={peRY; p>0,...,pm 20,ppm41=0,...,pm =0}
as in Example 5.4.1(iv). Because K={veRN; v >0,...,uy >0}, the
expression in (4.23) becomes
1. _
3llo L) (b(t) — r(t)1n) + o )|

o toaercen—t e [20) =70
Lo (eaen-1e o) K=o

i r

= 118/ (1) ™ (6(t) + 1 — r(O)L)
+ 0/ (8)(a(t) + € = r(®)1L)II?

T #1060 0) A )] [g]
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S 1 ~! R ot =
= 315" )@@ ()7 (b(t) + 1 — r(£) 1)
1
+ 5l @) (a®) + €~ r(t)1,)]2,
and this is to be minimized over [/|¢’ ' € K. As in the previous example,

the minimizing ¢ is £(t) = r(t)1 R
1, —a(t). The m >
solved from the Kuhn-Tucker conditions nimizing 7 > 0 can be

(G@)&' (1)) (b(t) + () — r(£)1pr) = Opy,

o N . B ﬁ(t) 2 QMv
7 (#)(G(6)5"(£) 71 (b(2) + A(t) — r(t) 1) = 0. (7.11)
Then
o — [_2®)
o [r(tnL = a(t)J ’
and

p(t) = [ (&(t)&f(t))—l(é(tg + () — 7(t)1r) J
*L

takes values in K because of (7.11).

Example 7.4 (“Totall h » . .
We take again ( Yy unhedgeable” coefficients, utility of power type):

K={peR"; pyi1=--=py=0}. (7.12)

Suppose now that the M x N-matrix- o
f fposorow matrix-valued process G(t) = (U"d(t))’éii""’%
5(6) = [ ()]0arxc] (7.13)

where o (-) is an M x M nonsingular matrix. Suppose further that
r(-), b(-), o(-) are adapted to the filtration
~ A -
F(t)=o(W(s),0<s<t), 0<t<T,

generated by the L-dimensional Brownian motion (714)
W)= Warsa(-),..., Wa ()
and
Al)=0. (7.15)
Then the market M of (7.2), (7.3) takes the form
dSo(t) = r(t)So(t) dt, (716

M
dS,(t) = Sa(t) [bn(t) dt+Y " g (t)d vf/(d) (t)} yn=1,...,M; (7.17)
d=1
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it consists of the money market and of M stocks, driven by the
M-dimensional Brownian motion

W () = (Wi(),- .., Wa ()"

But the driving Brownian motion Vc[)/' (-) in (7.17) is independent of W (-),
to whose natural filtration {F(t)} the coefficients 7(-), bn(-), and Ong (-)
appearing in (7.16), (7.17) are adapted. We refer to this situation as one
of totally unhedgeable coefficients.

The risk inherent in the coefficient processes is undiversifiable, and eco-
nomic intuition suggests that an investor should simply “ignore” it. While
it is by no means obvious how to implement this maxim in general, in the
case

Ur(t,z) =0, Up(z) = ~2f, VO<t<T, x>0,  (7.18)

B
for some 3 < 1, B # 0, one might expect the optimal portfolio-proportion
process to be given by

B ()= 7506 (/8 '@) ' B(O) ~ ()L, (7.19)

which is the same formula as in a complete market with deterministic coef-
ficients (see (3.6.16) in Example 3.6.7). Formula (7.19) directs investment
in stocks 1,...,M; the corresponding portfolio-proportion process in the
constrained market M(K) is

p(t) = [p O(Lt)] (7.20)

The remainder of this example is a proof that (7.19), (7.20) indeed do
provide the optimal portfolio-proportion process under the assumptions
(7.12)—(7.15), provided that

T o] N
E [exp {g /0 (r(t) + ﬁn o (t)||2) dt}] <o,  (121)

8 (t) 2 (5 (1)) [b(t) — r(t)1pd],

and provided that either 8 € (0,1) or else fOT r(t)dt and fOT I 9 (t)||2dt
are bounded.

We begin by choosing a(t) = r(t)1, and p(t) = (0na(t))n=p41,..,v ©
d=1,...,N

be of the form p(t) = [0y |A(t)], where the M x M matrix p(t) is
orthonormal: p(t)p’(t) = Ir. Then o(t) has the block form

U(t) o [8 (t) IQMXL]

where

Opxnm | A()
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and the market price of risk for M(K) is

*M

0(t) = o (B)[b(t) — r(t)1y] = [%—(t)] :

Processes in D are of the form (7.7), where (7. 8) holds, and for such a

process v(-) € D we have
0 (t)

(t) 2§ (DE(t). (7.22)

where

It follows that

T o o]
Hy(T) = exp{ —/0. 6'(t)ydwW (t) — /T 7 (t) dW (t)

T
- [ (o+50d e+ Jisor) dt} (7.23)

and
(H,(T))7 = m,(T) X (T)A,(T), (7.24)
where '
A I¢] r
my,(T) = exp {m/() r(t)dt . (7.25)
IB T o T
+ =) (/0 6 (t)”2dt+/0 o)) dt) },
(o] T o o
34T = anp { % /0 8'()d W (1) (7.26)
(B N T
5 (125) [ (t)llzdt},
N T
A(T) 2 exp {% /0 () AW (t) (7.27)

_1 (1 _ﬂﬂ)z/: ||1)(t)||2dt}.

| The implication (B)=>(A) in Theorem 4.1 and Remark 5.8 show that
- in order to prove optimality of p(-) in (7.20), it suffices to find a process
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v(-) € D such that
X*02(T) = LY, (x)H,(T)). (7.28)
With p(-) given by (7.19), (7.20), we have
1 [6@)
HEVH(E) =
o W80 = 1 l > ]
and the left-hand side of (7.28) is easily computed from (2.7) in the form

; (Xz,ﬂ,ﬁ(t)) _ X=08(¢) 3’(t) ® (t) dt+d W (®)-

So(t) ) (1—PB)So(t)
We obtain
T = o
X=95(7) — x.exp{ [ 0+ 5=205 1) a
L. T e 0 7.29
+m/0 g(t)dW(t)}. (7.29)

1
To compute the right-hand side of (7.28) we observe that Ir(y) = y7-1,
so that

Xu(y) =F [HV(T)IZ(yHV(T))]
= y™1B [(H,(T)"
= Y71 X, (1). (7.30)

B-1
Consequently, Y, (z) = (x,,z( 1)) and
I>(Yy (z)H,(T))
z 1 T s N __:_l_ T . }

LT 206 @I + <o) . 7.31
+m/0 (r(t)+2||0(t)|| +3l (t)“)dt} (7.31)

Comparing (7.29) and (7.31), we see that it suffices to construct a process
v(-) € D such that

T T
%,(1) =exp{1—f’—ﬁ | ras gt i 0P a

S Mo an 7.32)
+3iss )L POPd+ =5 [ u(t)det)}(

almost surely.
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Consider now the {F(t)}-martingale

T T
Q(t) Ag [exp {B/O r(u) du + rﬂ—ﬂ)/o e (u)||2du}

mJ |
(7.33)

defined for 0 < ¢t < T and taking values in [, 00), where v is a positive
constant. Indeed, if 3 € (0,1), then we may take vy = sg , whereas we use

the assumed boundedness of fOT r(t)dt and fOT Il 9 (t)||?dt to construct v if
B < 0. According to the martingale representation theorem,

Q) = Q) + /0 W (u)dW(u), 0<t<T,

for some {F(t)}-progressively measurable ¥(-):[0,T] x Q — RE satisfying
fOT 4 (u)[|?du < co almost surely. We set o(t) = —ﬁ¢(t). Since Q() is

bounded away from zero, we have fOT l2(2)||?dt < co almost surely and

o) = Qe {~ [vwant -1 [, o<i<r
(7.34)
With 7, 2 inf{t € [0, 7); fot |7(u)|[*du = n} A T, we obtain from (7.34)
32 [ 101 & = 10g @0) - Elog Q(r)
<logQ(0) —logy < oo.
Letting n — oo, we conclude from the monotone convergence theorem

that E [ [[7(t)|[%dt < co. Now set £(t) = p(t)i(t) and v(t) = [69(%] in

accordance with (7.22) and (7.7), and observe that v(-) € D because j(-)
is bounded. From (7.33), (7.34) we also have

T 3 g g b
exp {ﬂ/o T(t)dt'i‘m/o 6@l dt}

T T
=Q<o>exp{— |, e - [ um)nzdt},

or equivalently,

T T
e""{% : rﬁ)dﬂﬁ | 16 o (7.35)

1 . >, 2 1 T«/ i o L
+m/o =@l dt+ﬂ/o u(t)dW(t)} = (Q(0))™7.
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To prove (7.32), it suffices to show that
,(1) = (Q0) ™7 (7.36)
From (7.30), (7.24), we have
,(1) = B [(H,(1))77]

theorem. We indicate below how to make the appropriate modifications to
the arguments in Sections 2-5.

As in Section 2 we begin with a complete, standard financial market with
asset prices governed by (2.2), (2.3); we assume that (2.4), (2.5), and (5.2.4)
hold, and that Zy(-) is a martingale, so the standard martingale measure
Py is defined. Consumption processes and portfolio-proportion processes
are as in Definitions 2.1 and 2.2, respectively.

The process Sy(-) records the value of investment in the money market,.
Borrowing, on the other hand, can occur only at a premium R(-)—r(-) above
the money-market rate. More specifically, there is a bounded, nonnegative,
progressively measurable process R(-) > r(-) such that for initial wealth
x > 0, consumption process ¢(-), and portfolio-proportion process p(+), the
corresponding wealth process X*<?(.), 0 < t < T, satisfies (cf. (2.7)),

z,c,p t c T z,c,p
XSg(t)(t) ) ‘é:()s;t el /0 XSTu()mp’(u)a(u)dWo(u) (8.1)

= B [m,(7) & (A.(1)]
= B [m/(D)A(DE (X (1) #(1))],
where we have used the F(7T')-measurability of (-). Because ;) () is {F(®)}-

progressively measurable and I/i)/' (-) is independent of F (T), we see that

E[K (T)|F(T)] = 1, just as would be the case if; (+) were nonrandom. We
conclude that

X,(1)=FE [mu(T)Au(T)]

T T 5
=E[exr>{%/o rdt+ gt 16 0lP

p Tp o B Tﬂ’ AW }]
tameg [, WORd+ £ [T oaare

wﬁ
Q(T) ’

where we have used (7.33) to evaluate (Q(T))l_—lﬁ and (7.34) to evaluate
(8%)™". But

Q(T)
s
E {(Q(T))rﬁa (@) ] — (Q0) ™= EQ(T)

= (Q(0))TFQ(0) = (Q(0)™,

B /0 X;:\(’Z()M(R(u) — (W) (w)1y — 1)* du.

The last integral in (8.1) accounts for the higher interest paid when the
fraction of total wealth borrowed,

N
(P'(u)ly — 1)* = max {0, > pa(u) - 1} ;

is strictly positive. Equation (8.1) is equivalent to

dX®OP(t) = —c(t) dt + (1 — p’(t)lN)+Xx’°”’(t) (r(t) dt + dA(t)) (8.2)
= ' (W)ly = )Y XOP()(R(t) dt + dA(2))
+ XPOP(t)p! (t)[b(t) dt + O(t)dt + 1y dA(t) + a(t)dw ().

~E {(Q(T))l_-lﬁ (

- The solution of (8.1), or equivalently, (8.2), is constructed as follows.
- Define 7, by (2.9) and Ip(t), 0 < t < 7, by (2.8), s0 (2.10) holds. Set

Kle) & Lityeas { : /O (R(w) — r(u)) (¢ (u) Ly — 1)+du} ,

and (7.36) follows. | and then define X=°(t) for 0 < ¢ < 7, by

. )(S%(‘:)(t) = Kp(t) [-’L‘ - /t %} ; (8.3)
6.8 Higher Interest Rate for Borrowing 0 Sp(u)K,

. 1t is easily verified that (8.1) holds. With 7y 2 inf {t € [0,T]; x=er(t) = 0}
~ we have To < 7p almost surely. As in Definition 2.4 we say that (c,p) is
\ admissible at x in the market with higher interest rate for borrowing than
. Jfor investing, and write (¢,p) € A(z), if (2.11) holds. For (c,p) € A(z),

the process X “P(t) defined by (8.3) for 0 < ¢ < 7o and set equal to 0 for
. 7o <t<T,solves (8.1), or equivalently (8.2).

Than for Investing

In this section we modify the optimal consumption and investment Problem
3.5.4 to allow the interest rate for borrowing to exceed th.e interest rate for
investing. The solution of this problem can be obtained via a du?,l probl}(larr:
in the spirit of Theorem 4.1, although not as a direct application of tha



312 6. Constrained Consumption and Investment

Here is the problem that we shall study in this section.

Problem 8.1: Given z > 0, find a pair (¢,p) in the class
N T
As(z) = {(C,P) € A(z); E/ min[0, U1 (2, ¢(t))] dt > —oo,
0

E (min[0, Uy (X®P(T))]) > —oo}
that attajﬁs

)

T
V)2 . sup B / UL (t, o(t)) dt + Ua (X557 (T))
(c;p)EAs3(x) 0

the maximal expected utility from both consumption and terminal wealth
in the market with higher interest rate for borrowing than for investing.

We define the random, set-valued process
Et) 2 {veRY;~(R(t) ~r(t) Sni=vp = = vy <O}

As in Definition 5.5.1, we denote by H the Hilbert space of { F(t)}-progres-
sively measurable processes v(-): [0, 7] x 2 — R with EfOT lv(t)]|?dt < oo
and by D the closed subset of H consisting of processes v(-) that satisfy
the almost sure condition

v(t) € K(t), Lebesgue-a.e. t € [0,T).
For t € [0,T] and v € RN, we define the nonnegative random variable

N A, ifuel:((t),
¢(tv) {oo,1 if v ¢ K(t).

For each v, ((-,v) is {F(t)}-progressively measurable. For each (¢,w), the
mapping v — ((t,v) is convex and lower semicontinuous.

These definitions of D and ¢ are in the spirit of Definition 5.5.1, except
that K depends now on (¢,w) and is not a cone. There is no convex set K

corresponding to K via (5.4.1), (5.4.2).
For v(-) € D, we form the auxiliary market M, described in Section
5.5.2. In M,, there is a single interest rate for investing and borrowing,

namely
ru(t) £ r(t) + ¢ (8, (1))
(cf. (5.5.3)). Note that
0 < ¢(t,v(t)) < R(t) — r(t), for Lebesgue-a.e. t € [0,T), (8.4)

holds almost surely, so (t) < r,(t) < R(t). The money market in M, has
price process
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t
S(gV) (t) = So(t) exp {/ ¢(s,v(s)) ds} , (8.5)
0
while the stock prices are given by
SU(t) = Sp(t), n=1,...,N (8.6)

(see (5.5.7) and (5.5.8)). The market price of risk in the market M, is

0,(t) £ 0(t) + o (B)(t) = o (1) b(t) + 8(t) — rt)ly +wn(t)ly]. (8.7)

Given z > 0 and a consumption and portfolio-proportion process pair
(c,p), we define the corresponding wealth process X 2P () in M, by the
equivalent equations (3.1)—(3.3). Note that in the case at hand, (3.2) may
be written as

X5 o2(t) T c(u)du t Xzer(y)
So(t) * /0 So(u) =a /0 “So(w) T (w)o(u) dWo(u) (8.8)

t x=ep (u)
+ [ oo ) -y Ly du
We say that (c, p) is admissible at x in the unconstrained market M,,, and
write (c,p) € A,(z), if (3.4) holds. We define .A:(,") () and V,(z) as in
Problem 3.2.

Remark 8.2: Suppose (c,p) € A(z), so that X=¢P(.) is defined. If we
choose v(-) € D, then XZ°P(.) is also defined, and we have

X, 9P(t) > X®P(t), 0<t<T, (3.8)
as we show below. In particular,
As(z) € A (z), for x>0, v() €D, (8.9)
and
V(z) < V,(z), forz >0, v()eD. (8.10)

To derive (3.8), we first note that

CEv(®))1—-p'()1n) + (R(E) - r@) (@ ()1y — 1)*

=t v(@0)(1 =P (O1n)" + (R(t) = r(t) = ((t,v(1) (' (t) Ly — 1)

> 0. (8.11)
Subtraction of (8.1) from (8.8) shows that the process

A XPOP(t) — X™oP(t)
At) = AD) :

0<t<T,
satisfies

A(t) = /0 A(u)p'(u)o(u) dWo(u) + /0 A(u)C(u, v(u))(1 — p'(u)ly) du
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t Xz,C,p(u) '
+ : —W[C(u,u(u))(l—p(u)lN)

+(R(u) — r(u)(p'(u)ly — 1)*] du.
Setting

10 =exp{ - [ Po@aw + 3 [ o' @pwa
- [ vy - @iy aul,
0

we compute

aa®70) = O e ut)a - Fon)

+(R() = r(®) (7 (w) 1y — 1)*dt.

We integrate this equation, using (8.11) and the fact that A(0) = 0, to
conclude that (3.8) holds. Note also that if we have

CEv@))1-p'(O)1n) + (R(E) —r@®)(0'(w)ly — 1)t =0, (8.12)
for Lebesgue-a.e. t € [0, T

almost surely, then
Xl:f,c,p(t) = szcyp(t)’ 0<t<T (813)
holds almost surely.

The unconstrained market M, satisfies (3.14), and hence Assumption
3.2.3. We define &), (-) and Dy by (3.15) and (3.24), respectively, and for
v(-) € D satisfying &, (y) < oo for all y > 0, we denote by ), (-) the inverse
of X,(). We define ¢,(-), X,(-), and p,(-) by (3.16)—(3.21); then (3.22)
holds and (c,,p,) attains the supremum in (3.6). Remarks 3.4, 3.5, and
3.6 apply to M,. For v(-) € Dy we define V,,(-) by (3.27). We extend this
definition to v(-) € D\ Dy by (3.33), and Proposition 3.7 holds.

Let the initial wealth x be strictly positive. Just as in Section 3, our strat-
egy is to find a process (-) € Dy for which the optimal pair (cs(-), ps(+))
for the market M is also optimal for Problem 8.1. In other words, we seek
v(-) € Dy that satisfies

V(z)=E [ /O ' Ui (t,cs(t)) dt + Ua(By) | = V(). (8.14)

Remark 8.2 shows that such a #(-) should satisfy almost surely the
complementary slackness condition
¢t 2()(1 - p'(O)1n) + (R(t) — (1)) (#' (w)ly — 1)* =0, (8.15)
for Lebesgue-a.e. t € [0, 7.
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Proposition 8.3: Let x > 0 be given, and suppose that (8.15 ) is satisfied
for some process 0(-) € Dy. Then the pair (cs,ps) of (3.17), (8.21) is
optimal for Problem 8.1, and V(x) = Vy(z). Furthermore, (-) minimizes
V. (z) over v(-) € D.

PROOF. From Remark 8.2 we see that (8.15) implies

T
V(z) > E [/0 Ui(t, co(t)) dt + Up(X™c0P2 (T))]

.y [ / " (t, co(t)) dt + Up (X2 P (T))J
0

= Vy (). (8.16)

Remark 8.2 also gives V(z) < V;(z) for every v(-) € D. Hence equality
holds in (8.16), ©(-) minimizes V,,(z) over v(-) € D, and (cz, p3) is optimal
for Problem 8.1. [m]

We alter slightly two of the optimality conditions of Section 6.4. For
a fixed initial capital z > 0, let (¢,p) be a consumption and portfolio-
proportion process pair in the class As(z) of Problem 8.1, and denote by

X (-) = X™%P(.) the corresponding wealth process of (8.1). Consider the
statement that this pair is optimal for Problem 8.1:

(A’) Optimality of (¢,p): We have
V(z)=E [/T Ui(t, &(t)) dt + Un(X(T)) | < oo.
0

Now let #/(+) be a process in Dy. In the next condition, we use the notation
(3.16)~(3.18). :
(B’) Financeability of (c;, By): There exists a portfolio-proportion
process p;(-) such that (c,,py) € A3(x) and

(o)1 = pply) + (R(E) — (1)) (ph(t)1y — 1)T =0, (8.17)
for Lebesgue-a.e. t € [0, 7],
X®eoPo(.) = X,() (8.18)

hold almost surely.

As in Section 4.1, the portfolio-proportion process po(+) in (B') is not
assumed to be given by (3.21) with v(-) = &(-); this follows from (8.17),
(8.18), and Remark 8.2 (see (8.13)).

For the present purpose, the other three optimality conditions in Section
6.4 are suitable exactly as stated there. We have the following counterpart
to the first assertion in Theorem 4.1.

Theorem 8.4: The condition (B') and the conditions (C), (D) and (E)
of Section 6.4 are equivalent, and they imply condition (A') with (p,¢) =
(po,Ca).
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ProoOF. The implications (B")=(E)=(D), (B’)=>(A’), and (B')= (C)=
(D) are proved as in Theorem 4.1. It remains to prove (D)=(B’).
We assume (D), define pu(t) = (u1(t),...,u1(t)) € D by

0, if 1 —pl,(t)1y >0,
pi(t) = =pn(t) = { —(R(t) — r(t), if1l -i;ml,’i <0,

and proceed through the proof of the implication (D)=(B) in Theorem 4.1,
taking
1 . 2 5
§(s) = —[C(s, (1 = €)2(s) + €n(s)) = ¢(5,2(s))] = D1(s) — pa (s),

so that (4.19) becomes
E / " Ho©Xo(0) [(1(6) - ()1 — O] dt >0, n=1,2,...

Because —(R(t)—r(t)) < 71 (t) < 0, the integrand is negative unless i1 (t) =
pa(t) or 1—p),(t)1y = 0. Because 7,, T T almost surely as n — oo, we must
have

(2(t) — u(t))(1 = pi(t)1x) = 0, for Lebesgue-a.e. t € [0, 7
almost surely. It follows that
0=¢(&,2(6)(1 = P, () 1n) " + (R(t) — r(t) — ((t, (1)) (P (t) Ly — 1)*

= (&, 2()(1 = P ()1n) + (R(t) = r(8)) ey Ly — 1),
for Lebesgue-a.e. ¢t € [0, 7]

almost surely. a

The existence theory for the dual problem captured by condition (D)
goes through just as in Section 6.5. In particular, Theorem 5.3 holds, and
under the assumptions of that theorem, for every > 0, we have V(z) < oo
and there exists an optimal pair (&) € As3(z) for Problem 8.1.

Example 8.5 (Logarithmic utilities, general coeﬁ‘icientsN): In the special
case Uy (t,z) = Uz(z) = logz,0 <t < T,z > 0, we have U; (t,y) = Us(y) =
—(1+logy), y > 0 (see Example 4.2), and

Vi(y) = —(T +1)(1 +logy) - /OT Ellog H,(t)] dt — E[log H,(T)].
For v(-) € D, we have
—Ellog H,(t)]
=FA(t) + /OtE [r(u) +¢(u,v) + %ll&(u) + a_lu(u)”z] du.
The optimal dual process is thus (t) = 1 (t)1, where 2;(t) minimizes

1+ 310 + o O1]P  over w1 € [(R(E) — r(1)),0]
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With
B(t) £ 0/ ()0 )1y, C(t) 2 In(c)o'(t) 1y,  (8.19)

this minimization is achieved as follows:

0, if B(t)—1<0,
AOER =AU if 0 < B(t) — 1 < C(t)(R(t) — r(t)),
r(t) — R(t), if B(t)—1> C(t)(R(t) —r(t)).
Example 3.6.6 applied to the market M, shows that the optimal portfolio-
proportion process is p;(t) = (o/(t))710,(¢); i.e.,

(a(t)o’ ()~ b(t) + 6(t) — r(t) 1], if B(t) —1<0,
(7(2)0"(£) 7 [b(0) +6(t) — 7(6) + 25201,
po(t) = if 0 < B(t) — 1 < C(t)(R(t) — r(t)),

(a(t)a’(t)) 1 [b(t) + 6(t) — R(2)),
if B(t) — 1> C(t)(R(t) — (1))

Example 8.6 (Utilities of power type, deterministic coefficients): As-
sume that U, (t,z) = Us(z) = %zﬁ, 0<t<T,z >0, for some 3 < 0,
8 # 0. Assume further that r(-), R(-), o(-), and 6(-) are deterministic. We
have

Oi(t.9) = Tal) = 2Ly, 4 >0,
and
5 e T
A [ | ey e+ ().
0
We take 7 (t) to be the (nonrandom) minimizer of

—(1 =B+ %llf’(t) +r10  (t)1y]* over vy € [—(R(t) - r(t)),0],

ie.,
0, if Bit)+8-1<0,
vi(t) = { 1‘—@;53(‘—), if 0 < B(t) + 8- 1< C(t)(R(t) — r(t)),
r(t) = R(t), if B(t)+8—12> C(t)(R(t) - r(t)),

where B(t) and C(t) are given by (8.19). From Example 3.6.7, we have for
all v(-) € D that (H, ()71 = my (£)A, (t), where

m,,(t) £ exp { % [A(t) + /0 t r(u)du]

+(—1_ﬂ—ﬁ)2/0t[—(1—ﬁ)u1(u)

+ 5100 + (“)a‘l(u)lzvll"’] du} ,
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mmém{ﬁ%lﬁmwww—ﬂf%pfwmw%@-
If 0 < 8 < 1, then
E(H,, (1)) 7T = E[m, (t)A,(t)] > mo () EA, () = my(t) = B(Hy (8)) 71,
but if 8 < 0, then
E(H,(£))7T < my(t) = B(Hy(t)) 71

In either case, we see that V;(y) < V,(y) holds for all v(-) € D. Having
thus solved the dual problem, we appeal to (3.6.16) to obtain the optimal
portfolio process in the form p;(t) = =5 (0 (1)) 105(t); ie.,

a0/ () b(®) +6t) - r(t)1y],  EBEO)+H-1<0,
r23(o()' ()" [b(t) +8(0) - r() + =5:20)]
py(t) = if 0 < B(t)+ 8 -1 < C(t)(R(t) — r(t)),

=5 (a()a’ (1)) 71 [b(t) + 8(t) — R(2)],
if B(t)+8—1> C(t)(R(t) — r(t)).

6.9 Notes

The stochastic duality theory of Bismut (1973) was apparently first em-
ployed to study constrained portfolio optimization problems in the doctoral
dissertation of Xu (1990) (see also Shreve and Xu (1992)), who consid-
ered the special case K = [0,00)" of Example 5.4.1(iii) corresponding
to prohibiting the short-sale of stocks. Xu formulated a dual problem in
the spirit of this chapter, whose solution could be shown to exist and to
be useful in constructing and characterizing the solution to the original,
constrained optimization problem. His methodology was then applied to
the more traditional incomplete market model of Section 7 by Karatzas,
Lehoczky, Shreve, and Xu (1991). He and Pearson (1991b) also dealt with
the same problem in a discrete-time, finite-probability-space framework,
where they proposed finding the pairs of optimal consumption processes
and terminal wealth levels corresponding to each member in a family of
equivalent martingale measures and then searching over those pairs for a
policy that yields minimal expected utility; they used separating hyper-
plane theorems to show that the total utility obtained by this two-step
“minimax” procedure leads to the value of the optimization problem in the
incomplete market. Using techniques of Xu (1990), He and Pearson (1991a)
extended He and Pearson (1991b) to continuous time. For earlier work on
these matters with Markovian price processes, see also Pages (1989), who
deals with the case of incomplete markets using probabilistic tools, and Za-
riphopoulou (1989), who discusses constraints using methods from partial
differential equations.
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For the generality of the model presented in this chapter the reader is
referred to the paper by Cvitani¢ and Karatzas (1992), whose exposition
we have followed rather closely. For other expositions, see the lectures by
Cvitani¢ (1997), El Karoui and Quenez (1997), Karatzas (1996). Pliska
(1997) has a presentation of these techniques and results in the much
simpler setting of a discrete-time model. Work related to the problem
of Section 8 (consumption/investment optimization in the presence of a
higher interest rate for borrowing than for investing) includes the pa-
pers by Brennan (1971) in an equilibrium setting, as well as Fleming
and Zariphopoulou (1991), who deal with an infinite-horizon model with
discounting, d = 1 and constant R > r, b;, o1; and obtain explicit for-
mulae for power-type utility functions. We also refer the reader to Foldes
(1992) for related work on infinite-horizon models; to He and Pages (1993),
Browne (1995), Cuoco (1997), El Karoui and Jeanblanc-Picqué (1997) and
the references therein, as well as Duffie, Fleming, Soner, and Zariphopoulou
(1997), for utility maximization and/or equilibrium problems under various
constraints and random endowment streams; and to Cuoco and Cvitanié
(1996) for generalizations in the context of a “large investor” model. In
particular, Cuoco (1997) establishes directly the existence of optimal con-
sumption/investment strategies for fairly general price dynamics and utility
functions; his model allows for a random endowment stream and for port-
folio constraints that include short sale, borrowing, and incompleteness
restrictions, and he characterizes equilibrium risk premia when these exist.

In another very interesting development, Schweizer (1992b) considers an
incomplete market with 7(-) = 0 and one stock, with price-per-share process

dS(t) = S(t)[b(t) dt + o1(t) AWy (t) + a2(t) dWa(t)] (9.1)

driven by a two-dimensional Brownian motion W (-) = (Wy(-), Wa(+)) that
generates the filtration {F(t)}o<i<r. The coefficients b(-), o1(:), o2(:)

are bounded and adapted to this filtration, and o(-) 2 Voi() +02(-) is
bounded away from zero. One considers portfolio processes T : 0, T]xQ —
R in the Hilbert space H of measurable, {F(t)}-adapted processes with
E fOT 72(t)dt < 0o, and tries to “hedge” with such portfolios a given contin-
gent claim B € LP(Q2, Fr, P) for some p > 2. Since exact duplication in such
a setting is typically not possible, Schweizer considers the minimization
D z,m 2

”(151271 E(B — X*™(T)) (9.2)
of expected quadratic loss for a given initial capital z € R; see also Richard-
son (1989), Duffie and Richardson (1991) for earlier results in this vein. Of
course, if the market were complete and x = Ey(B), then the infimum in
(9.2) would be zero, since one could employ the hedging porfolio 7 (-) of Sec-
tion 2.2 and achieve the exact hedging X*7(T") = B almost surely. In our
present setting, such exact duplication is not possible even for z = Ey(B),
and (9.2) merely attempts to minimize the L2-norm of the discrepancy in
the hedge at time ¢ = T' (or equivalently, to find the “best approximation
in L? of the random variable B by a stochastic integral”).
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In the notation of Chapter 1, we have here X®™(t) = z + G™(t)

for the gains process G™(t) = fot m(s)o(s)dWy(s), where we set o) =

b()/a(-), p(-) & 01(-)/a ("), as well as
O /0 p(u) dW: (u) + /0 VI=2(u) - dWa(u),
N(t) & /0 VI= () - dWa(u) - /0 p(u) dWa(u)

and
Wo(t) 2 W(t) + /0 t 0(s) ds.

One notices that W(-), N(-) are Brownian motions with (W,N) = 0; and
that Wy(-), N(-) are Brownian motions with (Wo,N) = 0 under the so-
called minimal equivalent martingale measure

% vy 1 /T
Py(A)=E [exp {—/0 0(s) dW (s) — 5/0 6%(s) ds} . IAJ

on F(T), introduced by Follmer and Schweizer (1991). On the other hand,
elementary Hilbert-space arguments show that the portfolio 7*(-) € H
which attains the infimum in (9.2) satisfies

E[(B-z-G™(T))-G™(T)] =0, Ynr()eH (9.3)

In order to find this optimal portfolio 7*(-), one introduces the “intrin-

sic value process” V(t) 2 Eo[B|F(t)], 0 < t < T; from the martingale
representation theorem, this process can be written in the form

V(t) = Eo(B) + / £(u)or () dWo(u) + /0 () dN (u)

for suitable processes £(-), 7() in H, and (9.3) is implied by the equality
E[(V(t)-z—-G™(T))-G™(T)]| =0, V 0<t<T. (9.4)

Using tools from stochastic analysis, Schweizer (1992b) then produces the
optimal portfolio 77*(-) in the form

b(t)

20 VO -2-6") (9:5)

() = £(t) +

under the assumption that the ratio

M is deterministic, (9.6)

a(-)
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where G*(-) is the solution of the linear stochastic differential equation

o(t)
This result is further extended to a much more general framework in
Schweizer (1994); this paper should also be consulted for the study of
additional quadratic-optimization problems such as the optimal choice of
both initial capital and hedging strategy, the determination of variance-
minimizing strategies and of the “mean-variance frontier,” and the
approximation of a riskless asset. See also Pham, Rheinlinder and

dG*(t) = [o(t)f(t) + L) (V(t)—z -G (t))] dWy(t), G*(0)=0. (9.7)

* Schweizer (1998). For the related notion of “variance-optimal martingale

measure,” see Schweizer (1996).



Appendix A

Essential Supremum of a Family of
Random Variables

The essential infimum of a family of nonnegative random variables is defined
and constructed by Dunford and Schwartz (1957). We modify this material
to suit our purposes.

Definition A.1: Let (Q,F,P) be a probability space and let X be a
nonempty family of nonnegative random variables defined on (2, F, P).
The essential supremum of X, denoted by ess sup X, is a random variable
X* satisfying:

(i) VXeX, X<X*as.,and
(ii) if Y is a random variable satisfying X <Y a.s. for all X € X, then
X*<Y as.

Because random variables are defined only up to P-almost sure equiva-
lence, it is in general not meaningful to speak of an “w by w” supremum
sup{X(w); X € X'}. The essential supremum substitutes for this concept.

It is apparent from Definition A.1 that if the essential supremum of X
~ exists, then it is unique. The purpose of this appendix is to establish its
. existence and a few basic properties.

Given X as in Definition A.1 and given A € F, we will say that m =
(K;Ay,...,Ak; X1,..., Xk) is an X-partition of A, provided that:

(i) K is a positive integer,
(ii) Ay,..., Ag are disjoint sets in F whose union is A, and
(iii) Xi,..., Xk are random variables in X.
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For A € (0, 00] we define

K
pi(4) £ EY (X AX) -1y, , (A1)
k=1
pur(A) = sup{uy(A); 7 is an X-partition of A} (A.2)

Then p* is a nonnegative set function defined on F, and is easily seen to
be finitely additive. By the monotone convergence theorem,

p=(A) =sup sup pp(A)= sup supud(A)= sup p*(A). (A.3)
T A€(0,00) AE(0,00) ™ A€(0,00)

Lemma A.2: For X € (0,00], u* is countably additive.

PrOOF. We first consider the case A\ < 0o. Let {A;}%2, be an increas-
ing sequence of sets in F with A = Uj2; A;. Then p*(A) = A ) +
PMA\A)) > i (4;), so limj_ o p*(A;) < p*(A). Given & > 0, choose j
such that P(A\A;) < e. From (A.1), (A.2), we have pr(A\A;) < Ae, and
thus pu*(A) > p*(A;) — e. It follows that lim; o p*(4;) > p*(A).

We finally consider the case A = co. We have from (A.3) that

lim p®(4;) =sup sup 1M(A;) = sup supu*(4;)

ks i A&(0,00) A€(0,00) j
= sup p*(A) = u®(A). O
A€(0,00)

Theorem A.3: Let X be a nonempty family of nonnegative random vari-
ables. Then X* = esssup X ezists. Furthermore, if X is closed under
pairwise mazrimization, i.e., X, Y € X implies X VY € X, then there
is a nondecreasing sequence {Z,}22, of random variables in X satisfying
X* =1lim,_, o Z,, almost surely.

PROOF. Note first that x> defined by (A.1), (A.2) is absolutely
continuous with respect to P. Define

du>

X' = —.

dpP
For all X € X and A € F, we have E(14X) < p>(A) = E(1,X*), so
condition (i) of Definition A.1 is satisfied. If Y is as in condition (i) of
Definition A.1, then

E(14X") = pu>(A) = sup i (4) < E(14Y),

and thus X* <Y almost surely.
Now assume that X is closed under pairwise maximization. Given a pos-
itive integer n, because u"(Q) < n < oo, we may choose an X-partition
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7™ = (K™, Ag"), . .,Axl()n);XE"), . .,XI(ZL)) of Q satisfying

K™
n (n) 1
W) SEY 1,0 (Xk /\n) $=.
k=1
Then Y, £ Xl(") VeV Xgl()n) is in & and p™(Q) < EY, + 1. Likewise,
Zy2YiV--- VY, isin X and u(Q) < EZ, + L. Letting n — oo in this
inequality, we obtain

EX* =4®(Q) < lim EZ, = E(lim Z,).

n—oo

Because Z,, € X for each n, we have Z" < X* and By ses Zn & X*
almost surely. Hence, X* = lim,,_,, Z,, almost surely. O



Appendix B
On the Model of Section 1.1.

In this appendix we return to the market model of Section 1.1. Recall that
(Q, F, P) is a complete probability space; W (t) = WD@),..., WD)y,
0 <t <T,isastandard D-dimensional Brownian motion on this space; and
 {F()}o<t<r is the augmentation by P-null sets of the filtration generated
. by W(-). The purpose of this appendix is to verify two assertions made in
- Section 1.1. We first show that if S(-) is a strictly positive and continuous
semimartingale with respect to {F(t)}o<;<r, then S(-) has the form

D
dS(t) = S(t) [ﬂ(t) dt + da(t) + Z pa(t) dW @ (t)] , 0<t<T, (B.1)

d=1

where af-) is singularly continuous. Applying this result to each one of the
~ stock-price processes S (), ..., Sn(-) of Section 1.1, we conclude that Sn(+)
- has the form

D
dSn(t) = Su(t) [bn(t) dt +dAn(t) + Y onalt) dW(d)(t)J (B.2)
d=1
for each n =1,..., N. Our second result is that each process A,(-) of this

~ representation (B.2) must agree with A(-), the process appearing in the
~ representation

dSo(t) = So(t)[r(t) dt + dA(#)] (B.3)

of the money-market price process Sy(-) as in (1.1.6). If this were not the
case, the model would admit arbitrage opportunities.
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Proposition B.1: Let S : [0,T] x Q@ — (0,00) be an {F(t)}o<t<r-
semimartingale with continuous paths. Then (B.1) holds, where 3(-) and
pa(-),d = 1,...,D are suitable {F(t)}o<t<T-progressively measurable pro-
cesses with fOT[lﬂ(t)I + 30 (pa()?]dt < 0o almost surely, and o) is an
{F(t)}o<t<r-progressively measurable process with paths that are continu-
ous but singular with respect to Lebesque measure; i.e., da(t)/dt = 0 for
Lebesgue-almost every t € [0,T] almost surely, and with a(0) = 0.

PROOF. By the definition of a semimartingale, S(-) can be written as
S(t) = S(0) + B(t) + M(t), 0<t<T, where B(:) is an {f(t)}OStST‘
adapted process with RCLL paths of finite variation on [0,77], M(-) is
an {F(t)}o<t<r-local martingale, and B(0) = M(0) = 0. From the
martingale representation theorem for the augmented Brownian filtration
{F(t)}o<t<r (e.g. Karatzas and Shreve (1991), pp. 182-184), we have the
integral representation M (t) = Zd—l fo Ya(s) dW @ (s), 0< t< T, for suit-
able {F (t)}0<t<T -progressively measurable processes ¢1(-),...,¢p(-) with
Ed:l fo (1a(s))? ds < 0o almost surely. In particular, M(-) has continuous
paths, and since this is true for S(-), it is also true for B(-). We can then
decompose B(-) into its absolutely continuous part B**(t) = [; dsB(s) ds
and its singularly continuous part B*(t) = B(t) — B%(t). Noting that each
path of the continuous, positive process S(-) must be bounded away from
zero, we obtain the desired representation, with

ﬂ(t)=ﬁ dB(t /—st (u), pa(t) = ?g)),d_l,...,%

Consider now a financial market M, consisting in part of a money mar-
ket with price per share Sy(-) governed by (B.3), where r(-) and A(-) are
{F(t)}o<t<r-progressively measurable, A(-) is singularly continuous with
A(0) = 0, and fOT |r(t)|dt < oo holds almost surely. The remainder of
M consists of N stocks with prices per share S, () that are continuous,
strictly positive {F(t)}o<t<r-semimartingales, n = 1,..., N. According
to Proposition B.1 these prices admit the representat10n'(B.2), where
all the processes by(-), An(+),0na(-) appearing in (B.2) are {F(t)}o<t<r-
progressively measurable, fOT SN b ()] + S (0na(t))?dt < oo holds
almost surely, each A,(:) is singularly continuous, and A,(0) = 0. This
is the model of Definition 1.3.1, except that here we permit the different
stocks to have singularly continuous parts that differ from A(-), and for the
sake of simplicity we are setting 6,(-) =0 for all n = 1,..., N. As in Def-
inition 1.3.1, we set Sp(0) = 1, but allow S;(0),...,Sn(0) to be arbitrary
positive constants.

Following Definition 1.2.1, we define the gains process G™(-) correspond-
ing to a self-financed portfolio 7(-) = (m1(-),...,mn(:))’ to be the solution
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to the stochastic differential equation

N
dG™(t) = (G”(t) - ma(t) ) Tn,
; O S0 +Z (t)S(t
=G (t)[r(t)dt +dAt)] + 7' ()[(b ( ) —r(t)1)dt + dB(t)
\ +o(t) dW(t)] (B.4)
with the initial condition G™(0) = 0, where
Ba() 2 4n() = A(), BOEB(),-...Bv().  (B)

By analogy with Definitions 1.2.4 and 1.4.1, a self-financed portfolio 7(+)
is called

(i) tame if the process G (-)/So(-) is almost surely bounded from below;
(ii) an arbitrage opportunity if it is tame and satisfies

P[G™(T) >0/ =1, P[G™(T)>0]> 0. (B.6)

Theorem B.2: In order to exclude arbitrage opportunities from the model
M of (B.2), it is necessary that

An()=A(:), V¥Yn=1,...,N, (B.7)
hold almost surely.

The proof of Theorem B.2, which occupies the remainder of this section,
uses a random time change. To set up the notation, we rewrite (B.4) in the
more compact form

G™(t) _ b (u)
So(t) o So(t)

[dF(u) + o(u)dW(u)], 0<t<T, (B.8)
where
Fo(t) £ B,(t) + /0 t(bn(u) —r(w)du, F(t) £ (Fi(t),..., Fx(t)). (B.9)
We denote by F,(t) the total variation of Fy(+) on the interval [0, ].
Lemma B.3: Introduce the continuous, strictly increasing process
Ct)2t+ 3 Fult), 0<t<T, (B.10)

and its continuous, nondecreasing inverse

7(s) £ inf{t € [0,T];C(t) > s} AT, 0<s< 0. (B.11)

(i) For every s € [0,00), 7(s) is a stopping time of the filtration
{F()}ose<r
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(ii) The time-changed filtration

H(s) & F(r(s)), 0<s< o0,

satisfies the “usual conditions” of being right continuous and
containing all the P-null sets of H(oco) = F(T).

(iii) If {X(t);0 < t < T} is an {F(t)}o<t<T-progressively measurable
process, then {X(s) = X(7(5));0 < s < oo} is {H(5)}o<s<oo-
progressively measurable.

(iv) The processes 7(-) and

Ho(s) 2 Fu(r(s)), 0<s<oo, n=1,...,N, (B.12)

are Lipschitz continuous, with Lipschitz constant 1. In particular,

8

0<7(s) <1, 7(s)= / 7(v)dv, 0<s< oo, (B.13)
0
S
|H,(s)| < 1, Hp(s) =/ H,(v)dv, 0<s<o0, n=1,... ,N,(B.14)
0

where the derivatives 7(-) and Hy,(-) are {H(s)}o<s<oo-progressively
measurable.

PROOF. For every s > 0 and 0 <t < T, we have {7(s) < t} = {C(t) >
s} € F(t). Therefore, {7(s) <t} = o {7(s) <t+ 2} e F(t++)AT)
for every positive integer k, so {7(s) < t} € F(t+) = F(t) (cf. Remark
1.1.1), and (i) is established.

The o-algebra H(s) is defined as the collection of sets A € F(T') such that
An{r(s) <t} € F(t),Vt € [0,T]; but because the filtration {F(¢)}o<t<T
is right continuous, this condition is easily seen to be equivalent to

An{r(s) <t} e F(t), Vtel0,T).

Since F(t) contains all P-null sets of F(T') for 0 < t < T, so does H(s).
Furthermore, H(s) C F(T) for every s > 0, so H(o0) 2 0(U0§s<oo 'H(s))
is also contained in F(7"). On tgw other hand, any set A € F(T) is of the
form A = U2 | A, where A, = AN{C(T) < n},and for 0 <t < T we
have

A, n{r(n) <t} = A, N{C(t) > n} =0 € F(t).

It follows that A, € H(n), and hence A € H(c0). We have shown that
F(T) = H(c0).

To complete (ii), it remains to show that {#H(s)}o<s<oo is right contin-
uous. Let s > 0 be given, and let s, | s with s, > s for every n. Let
A € H(s+) = oo, F(7(sn)) be given. Then A N {r(s,) < t} € F(t)
for every t € [0,T] and every positive integer n. In particular, each F(t)
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contains the set

[_j (4nir(ss) <1}) = D (antc® > su})

=ANn{C(t) > s}
=ANn{r(s) < t},
which shows that A € H(s). .

We turn next to (iii). Let X(-) and X(-) be as in the statement of the
lemma. For each s € [0, 00), 7(s) is H(s)-measurable. An adapted, continu-
ous process is progressively measurable (cf. Karatzas and Shreve (1991),
Chapter 1, Proposition 1.13), so {7(5);0 < s < oo} is {H(s)}o<s<oo-
progressively measurable. Consider the mapping ¢ : [0, 00) x Q — 0, T]xQ
defined by

(s, w) 2 (1(s,w),w), V (s,w) € [0,00) x Q.

Fix r € (0,0), and set €, £ {w e Q7r(r,w) < t},0 <t < T. Then
¢lio,rx, is B([0,7]) ® F(t) / B([0,t]) ® F(t)-measurable. By assumption,
X (5 )ljo,gxa is B([0,t]) ® F(t) / B(R)-measurable. Therefore,

(Xo ®)(s, w) = X(7(s,w),w),
when restricted to [0, 7] x Q, is B([0,¢]) ® F(t) / B(R)-measurable; i.e.,

{(s,w) € [0,7] x @ X(7(s,w),w) € B, 7(r,w) < t}
€ B([0,r]) ® F(t), VB e B(R).

~ In particular, for every B € B(R), we have

{we @ X(r(r,w),w) € B,7(r,w) <t} € F(t), Vte [0, 7],

which shows that X (7(r)) is H(r)-measurable. Now let € € (0, ) be given,
and set

Ank = wedk-1)2"<71(r—ew)<k2 "< T(r,w)}

for each pair (n, k) of positive integers. We have Apk € H(r)NF(k2™™), and

¢ restricted to [0, r—e] x A, 1 is B([0, r—e))@H(r)/B([0, k27 ")) @ F (k2~")-

measurable. It follows that (s,w) — X (7(s,w),w) restricted to [0,7 — €] x
Ank is B([0,r — ¢]) ® H(r)/B(R)-measurable. But |J2, 2>, Ans = Q,
and we see that X(7(s,w),w) is a B([0,r — €]) ® H(r)/B(R)-measurable
mapping from [0, — €] x  to R. Since € € [0,r) is arbitrary, the mapping
(s,w) = X (7(s,w),w) is B([0,)) @H(r)/B(R)-measurable on [0,7)x . We
have already shown that w — X (7(r,w),w) is H(r)/B([0, r])-measurable,
and we conclude that X(-,-) |o,rxa is B([0,7]) ® H(r)/B(R)-measurable.
This is the requirement of progressive measurability.
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To prove (iv), we note that (B.lO) gives, almost surely,
C(t2) — C(t1) = (t2 — t1) +Z —Fu(t), 0<t; <ty <T,

whence also

s2 =812 C(7(s2)) — C(7 (31))

=7(s2) — 7(s1) + Z(F = Fu(r(s1)))

N
7(s2) — 7(s1) + Z |Hp(s2) — Hp(s1)], 0<s; <83 <o0.

This proves the Lipschitz continuity of 7(-) and Hi(-),..., Hn(-), with
Lipschitz constant equal to 1. m]

We note that for proving Theorem B.2, it is enough to show that the
process

Bn(-) = An(+) — A(") of (B.5) is absolutely }
(B.15)

continuous with respect to Lebesgue measure
almost surely, for every n =1,..., N.

PrOOF oF THEOREM B.2. Following the notation of Lemma B.3 (iii),
whenever the process {X (t);0 <t < T} is {F(t) }o<¢<7-progressively mea-
surable, we denote by {X(s) = X(7(s));0 < s < oo} the corresponding
time-changed process. (The sole exception to this convention is the use of
H,, () to denote the time-change of F,(-); see (B.12).) With this notation,
equation (B.8) becomes (cf. Karatzas and Shreve (1991), Problem 3.4.5(vi)
and Proposition 3.4.8)

v) dv Fna(v) dW @ }
SO(S SO(U [H( +d2_: a(v) (v)

0<s 5 C’(T), (B.16)
= A
in view of (B.14). Each component of the D-dimensional process {W (s) =
W(7(s)),0 < s < oo} is an {H(s)}}o<s<oo-martingale, with
(W ®, OV () = 641 - 7(s) = 641 / #(w) du, (B.17)
0

from (B.13). Therefore, there exists a D-dimensional Brownian motion B()
on the probability space (2, F, P) (possibly extended to accommodate ad-
ditional independent Brownian motions; see Karatzas and Shreve (1991),
pp. 170-173), such that

W(d)(s)=/ V@) dBD(v), 0<s<oo, d=1,...,D, (B.18)
0
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almost surely.
Now consider the self-financed portfolio process 7(-) given as
T(t) = T, (C(t)), 0<t<T, n=1,...,N, (B.19)
where
Tin(s) 2 sE0(Ho(5)) - Lpeym0y, 0<s<o00, m=1,. .. N. (B.20)
In light of (B.16) (B.18) we have then

V)| Lizy=0y dv, 0<s<C(T),
Sgs) /So ) i (w)=0} (T)
or equlvalently, inverting the time change,

G™(t)
So(t)

N

Cc(t)
/0‘ 3 t ) IH (’U)I . 1{.;-(1,):0} dv>0, 0<t<T. (B.21)
1 o(v

In particular, the self-financed portfolio 7(-) is tame. Suppose now that

for some n =1,..., N and for some Q, € F with
P(Q,) > O we have for every w € Q,, (B.22)
meas{s € [0,C(T,w)]; H,(s,w) # 0, 7(s,w) —0}>O

Then from (B.21), (B.22), the random variable G™(T) is almost surely
nonnegative, and is positive with positive probability (i.e., satisfies the
conditions (B.6)); consequently, the tame portfolio m(-) of (B.19), (B.20)
is an arbitrage opportunity in M. It follows that viability for M, that is,
absence of arbitrage opportumtles implies the negation of (B.22), namely,

meas{s € [0, C(T,w)]; Hn(s,w) # 0, 7(s,w) = 0}=0
holds for all n = 1,..., N,Vw € Q*, (B.23)
for some event 2* € .7-' with PS¥*) =1.

The following result then completes the proof of Theorem B.2. a
Lemma B.4: Condition (B.23) implies (B.15).

PROOF Assume (B.23); from (B.9) it suffices to show that for each n —
N and w € Q*, we have

Fy.(+,w) is absolutely continuous on [0, 7] (B.24)
with respect to Lebesgue measure. Fix n = L,...,N,w e Q* €> 0, and
choose § > 0 such that

m
Z C*(t},w) — C*(tj,w)] < €
j=1

holds for every ﬁmte collection {(t;, ¢’ )} of nonoverlapping intervals in
[0, 7] with E —tj) < 6. Here C“C( ,w) is the absolutely continuous
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part of the continuous function C(-,w) of (B.10). For every n = 1,..., N,
it follows from Lemma B.3(iv), (B.12), and (B.23) that

Z |Fﬂ(t§ivw) - Fﬂ(tj’w)l == Z lHn(C(t;,W),W) - Hn(C(tj,w),LU)l
j=1 j=1
m C(tjw) |
sz/ | H (v, )] dv
j=17C(tjw)

m C(tjw) | -
=y / ()]~ Lepoayoay o

j=17C(t;w) :

m C(tjw) |
< / C(r(v,w),w)7(v,w) dv

B j=17C(t;w)

o PR
=y / C(8,w)do
j=1vY

= Y[t} w) — C*(tj,w)] < e o
j=1

Appendix C
On Theorem 6.4.1

. The purpose of this appendix is to establish the implication (A)=(B), and
thereby complete the proof of Theorem 6.4.1. For this we assume through-
- out this appendix the conditions (3.4.15), (3.6.17) as well as (6.2.13) and
l (6.2.14), which are in force throughout Chapter 6. We assume also that
. there exists a pair (6,p) € As(z;K) that is optimal for the consump-
~ tion/investment Problem 6.2.6 in the constrained market M(K), and that
. V(z;K) < co. We denote by X(-) = X #:&P(.) the corresponding wealth
,“ process, which satisfies

X(t) | [fewdu _ 1t R
T(t)*/o So(u) ‘“/o Bolw)? Motw)dWols), 0SFLT, (Q)

A
 and

Hoy(t)X (t) + /0 Hy(u)é(u)du = z + /Ot Ho(u))?(u))\’(u) dw (u),

0<t<T, (C.2)

At) £ o' (W)p(t) —0(t), 0<t<T. (C.3)



336 C. On Theorem 6.4.1

Our program is as follows. We shall construct a process 2(-) € Dy for which
the positive process X () can be represented as

/T Hy(u)es(u)du+ Hy(T) By

) = %mE

(C.4)

and the requirements
¢(t) = c(t), Lebesgue-a.e. t € [0,T], (C.5)
C(0(t)) + p'(t)o(t) = 0, Lebesgue-a.e. t € [0, T (C.6)

hold almost surely. Then we shall have X, () = X () = X®%P(.) from
(6.3.18), (C.4), and Remark 6.3.3. We may also then take p;(-) = p(-), and
(B) will be established. We prove the above facts in a series of lemmas.

Lemma C.1: Suppose that for every e € (0,1), there is a consumption
and portfolio-proportion process pair (ce,pe) € A(x; K) satisfying

ce(t) > a(e)é(t), Lebesgue-a.e. t € [0,T] and X®P<(T) > B(e) X(T)

(C.7)
almost surely, where a(e) > 0 and B(e) > 0 satisfy
0<lim1_—a(6)<oo, 0<limli(6)<oo
€l € €l0 €
Then we have (cc,pe) € As(x; K) for each € € (0,1), and
T A —
E[/ mUl(t,c(t)) Ui(t, ce(t)) dt
o €l0 . €
o % o T,Ce,De
P ED) ) -
€

PrOOF. The convexity of U, implies the inequality
Uz(&2) — Ua(&1) < (&2 — &)U (&1) (C.9)
for all £;,&; > 0. Taking & = £ > 1 and & = 1, we obtain
§U3(8) < U2(8) — U2(1) + U3(€) < Ua(€) — Ua(1) + Up(1), €21
On the other hand,
§U;(6) <Up(1), 0<€<1,
follows from (3.4.15). Similarly, for all ¢ € [0, T,

’ Ul(t’ 6) - Ul(t)l) +U{(t,1), E >1,
EU; (t,€) S{ Ul 1), 0<t<l.
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These inequalities and the finiteness of V(x; K) imply

T
E [ /0 E(B)UL(t, é(t))1e(ey>0p dt + X (T)U5(X(T))1 ( ;?(T)>0}J (C.10)

T
<k+E 6 . X =
<K+ ,:/(; Ui(t, C(t))l{c(t)21} dt + U2(X(T))1{X(T)21}J < oo

for some real constant .
For sufficiently small € > 0, we have 0 < B(€) < 1. From (C.9), the
monotonicity of Uy, and (3.4.15), we have also

Ua(X (D)) = Up(X*(T)) < (R(T) — X*oPe (T))U3(X=<(T))
< a0 R )
L 1-4(9
| ~ Ble)
The finiteness of V(z; K) implies E|Us(X (T))| < oo, which, in conjunction
with (C.10) and (C.11), leads to
E (min[0, Uy (X*%P<(T))]) > —oo.

A similar argument shows that

X(T)Us(X(T)). (C.11)

1—afe)

Ui(t, é(t)) — Ui(t,ce(t)) < (®)

E(t)U; (8, é(t)), (C.12)

- from which we conclude

T
E/0 min[0, Uy (¢, ce(t))] dt > —oc.

Hence, (cc,pe) € A3(z; K ) for all sufficiently small ¢ € (0,1).

Finally, the optimality of (¢, ) implies

N "
E[ [ DA = Uittalt) ,, , VAR - Uy w%(T))} -

€

- The bounds (C.10), (C.11), and (C.12) permit us to use Fatou’s lemma to

~ obtain (C.8). o
: Lemma C.2: We have the almost sure inequalities

é(t) > 0, for Lebesgue-a.e. t € [0, 7], (C.13)

X(t) >0, forallte0,T]. (C.14)

' PROOF. We set

T
c(t) = ﬁSO(t), pi(t)=0 for0<t<T,



338 C. On Theorem 6.4.1

so that the corresponding wealth process satisfies

& -+(5)

In particular, (¢1,p;1) € A(z; K). For € € (0,1) we define

(1 - 9X(1)p(t)
eX1(t)+ (1 —€)X(t)
and note that because K is a convex set containing p(t) and 0, it also
contains pe(t). We set X(t) 2 ex, (t) + (1 — €)X (t), and note that

celt) Zecs(t) + (1 - )é(t), pelt) 2

—_— — k)

b ce(u) * Xe(u) , oY
Xi— 3 mdu'f‘ 4 SO(U)pE( ) (u)dWO(u)
_ [ [fa "
_e[z 0 So(u)d]
t £u) t)?(u)‘uou U

+1-9 [z— | s+ [ g itotw awi )]

= Xdlt) (C.15)
So(t)’

- so that X,(-) = X®¢Pe(.). Thus, we have the situation described in Lemma
C.1 with a(e) = B(€) = 1 — ¢, and this implies

. F/TmUl(t, é(t)) — Ui(t,ce(t)) Bl Ti_rTlU2(X(T)) — Uy(X(T))
0

€l0 € €l0 €

- T
<E / Tm(e() - 1 (6)Va (¢, ()

+ (R - X, (T))U;,(XE(T»]

T o o~
<E / (YU (8, &) Lieqey>0p dt + X (T)U3(X (T3 1950y
0

- [ " OVl 60) dt — X, (DUHR(T))
0

in conjunction with (C.9). Since X;(T) > 0 and ¢;(t) > 0 for all t € [0,T]
almost surely, (C.10) and (6.2.14) imply (C.13) and

P[X(T) > 0] =1. (C.16)

The left-hand side of (C.2) is nonnegative, and the right-hand side is a lo-
cal martingale under P and thus also a supermartingale. Solving (C.2) for
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Ho(t)X (), we see that this process is also a supermartingale. But a continu-
ous nonnegative supermartingale is absorbed when it hits zero (Karatzas &
Shreve (1991), Problem 1.3.29), and thus (C.14) follows from (C.16). O

We introduce the continuous, nondecreasing process
At) & /0 t &(s)U](s,é(s))ds, 0<t<T, (C.17)
and the continuous martingale
M(t) £ BIA(T) + R (D)U3(X(T))|F (1)
— EM(T) + /0 W), 0<t<T.  (C18)

Here EA(T) < EM(T) < oo from (C.10), and the progressively measur-

able process : [0,7] x Q — RV, with fOT llv(t)|[2dt < oo almost surely, is
uniquely determined from (C.18) by the martingale representation theorem.

Lemma C.3: The consumption rate process ¢(+) is given by
ty=K |t M , for Lebesgque-a.e. t € [0, T (C.19)
X(t)
almost surely.
PROOF. From (C.1) we see that
X(t) o) | X,
d =— + =P (t)o(t) dWp(t),
(So(t)) 5 * S@? 7O Wolt)

and the solution to this stochastic differential equation with initial
condition X (0) = z is given by

;i((?) = Texp {—/0 (f(s) + %”a’(s)ﬁ(s)HZ) ds +/0 P'(s)o(s) dWo(s)} i
(C.20)

where
f(t) £ )?((tt)) >0 for Lebesgue-a.e. t € [0, T) (C.21)

almost surely. We introduce a small random perturbation of the process
f(-) as follows:

FOEF) +eplt), 0<t<T,

where p: [0, T] x Q — R is an arbitrary but fixed progressively measurable
process with [p(t)] < 1A f(t) and € € (0,1). We further define

X.(t) & R(t)e~<Jo o s,
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ce(t) £ Xc(t)fe(t) = [é(t) + ep(t) )?(t)] INOL

Clearly, X®°P(t) = X.(t) > 0, and thus (c,p) € A(z;K.).
We are now in the situation described by Lemma C.1 with a(e) = 3(e) =
e~“T, and conclude that

T t s
E /0 ULt &(2) [c(t) /0 o(s) ds—p(t)X(t)] dt
T
+E [Ug()?(T)))?(T) /0 o(t) dt] > 0. (C.22)
We examine further the terms appearing in (C.22). Note first that
E/(f [U{(t, fi(t))é(t)/0 p(s) ds] dt
t T T
=E/T/ p(s)dsdA(t) =E/ / dA(t)p(s)ds
oT 0 0 .
—B / [A(T) — A(s)]p(s)ds = E /0 [A(T) — A()|p(t) dt. (C.23)
0
Furthermore,

. . T
E |uyX @) X(T) /0 o(t) dt}

% i
— B |(M(T) - AT)) /0 p(t)dt]

T ) T

— [ BEM@p0IFO) di- [ BA©) d
0 0

=B / T[M(t) — A(T)]p(t) dt. (C.24)

0
Substitution of (C.23) and (C.24) into (C.22) yields
E / ' p(t) [M(t) —A(t) - X(t)UL(t, a(t))] dt > 0. (C.25)
0

But except for the condition |p(t)| < 1 A f(t), the process p(+) is arbitrary.
Because f(t) is strictly positive (see (C.21)), the expression
M(t) — A(t) - X (U} (t, (1))

must be zero for Lebesgue-amost-every t € [0, 7] almost surel}.f; othex.*wise,
we could choose p(t) such that (C.25) is violated. This leads immediately

O
to (C.19).
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Lemma C.4: With A(-) and 1(-) defined by (C.3) and (C.18), respectively,
the process

(t) £ o(t) [A(t) = (t')”(_t) o t)J , 0<t<T, (C.26)
satisfies (C.6) and
Y 3
| o)+ 1) e < o, (c2m)
o(t) € K, for Lebesgue-a.e. t € [0,T) (C.28)

almost surely.

PROOF. Here again the idea is to start with the expression (C.20) for
X(-) and introduce a small random perturbation. This time we perturb
the optimal portfolio-proportion process P(-) by defining

1—e)p(t) +en(t), 0<t<ry,,
Pe(t) e {1(3(t), )B(t) + en(t) -

for some arbitrary but fixed progressively measurable process : [0, T]x

Q2 — K with fOT In(t)]|?dt < oo almost surely. Here € € (0,1), and {7},
to be chosen later, is a nondecreasing sequence of stopping times satisfying

lim;, o 7, = T almost surely. Clearly, p.(-) takes values in K. With f@) 2
<Y as in (C.21), we introduce

X(t)
6 2o - 10+ hitamior)
+ /Otpé (s)a(s) de(s)} ,

ce(t) 2 FHX.(t),

and notice that X™cP<(t) = X,(t) > 0, so that (ce;pe) € A(x; K). The
processes p(-), cc(-) and X.(-) depend on n, although we do not indicate
this explicitly. We write

Xe(t) = )?(t) exp [eN(t ATy) — %ez(N)(t A Tn)J :

where
N(t) 2 / (n(s) — 5(s)) o ()W (s),
(N)(t) = / o' () (n(s) — p(s))||? ds,

e A B t .
W) 2w /0 A(s) ds.
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We can define now the nondecreasing sequence of stopping times

o 2 inf {t €[0,T); |N(t)|+ (N)(t) + A(t) + [M(t)]

t
+ [ 2 n} AT, =12
0
and observe that lim,,_. 7 = T almost surely, as well as

Ce(t) Y Xe(t) > e—%en

0<t<T.

ety X(t)

Thus, for each fixed n, we are in the situation described‘ by Lemma C.1
with a(e) = B(e) = e~%¢n. The conclusion of that lemma is

]

T
0> E[ / N(t A )T &(2)) dt
0
+N(T A m))?(T)U;()?(T))]

-E [ / " N (£) dA(t) + Na(T)(M(T) - A(T))] . (C29)
0

in the notation (C.17), (C.18) and with Ny(t) = N(t A 7,,). The product
rule of stochastic calculus gives now

E(M(T)No(T)) = E(M(r2)N (7))
_E / " ((t) - 5(0) () (() — MOAD) dt,
0

T
E [ / No(t) dA(t) — A(T)Nna")]
0

= = /0 d A(t) dNn(t)]

=E / " A(t) (n(t) — p(2)) o (t) (— dW (t) + A(t) dt)
0
= [ A@) () - (0) 7ONO dr
0
Substituting back into (C.29), we obtain
E / i (M(t) — A1) (n(t) — B(£)) o(t) dt > 0, (C.30)
0

where 7(-) is defined by (C.26).
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The process M(t) — A(t) = )?(t)U{ (t,é(t)) (see (C.19)) is continuous in
t and strictly positive almost surely. Letting p be a fixed vector in K and

L. A R
substituting the process n(t) = PL{(p—p(t))(t)<0} +p(t)1{(p_ﬁ(t)),,;(t)20}
into (C.30), we see that the set

F S {(t,w) €[0,T] x O  (p—p(t))d(t) < 0}

has Lebesgue x P-measure zero. Likewise, the set F g pekngn Fp has
product measure zero. (Here QN denotes the set of vectors in RY with
rational coordinates.) We have

P'o(t,w) > p'(t,w)i(t,w), for all (t,w) ¢ F. (C.31)
For (t,w) ¢ F, (C.31) implies
¢(@()) = sup (—p'0(t)) < -9 (t)0(2),

and since p'(t) € K, we in fact have ¢(d(t)) = —p' (t)o(t) for Lebesgue-
almost-every ¢ € [0, T] almost surely. This is (C.6).

From (C.6) it follows that ¢(#(t)) < oo, and hence D(t) € K for Lebesgue-
almost-every ¢ € [0, T] almost surely. This is (C.28).

We next note that X (T) > 0 implies fOT [15(t)||*dt < oo almost surely
(Definition 6.2.4). The uniform boundedness assumed for o(-) implies that
A(+) defined by (C.3) satisfies fOT [A(t)[|?dt < oo almost surely. For fixed
w, the positive continuous process M(-) — A(-) is bounded away from zero
uniformly in ¢, and fOT [l4(t)||*dt < oo holds almost surely. It follows from
these facts that 0(-) defined by (C.26) satisfies fOT l2(2)]|?dt < co almost
surely. Furthermore,

3

T X T i T , T SR
/0 C(o(t))dt < /0 17 (2) (t)ldts</0 16(2)] dt) ( /0 lo@)| dt) ,

which is almost surely finite. Condition (C.27) is satisfied, and the lemma
is established. m|

[V

It remains to prove that (-) € Dy and (C.4), (C.5) are satisfied. We first
prove (C.4), (C.5).

Lemma C.5: Equations (C.4) and (C.5) hold.

PROOF. Before beginning the computations, we recall the equations

A(t) = o' (t)p(t) — 6(t), (C.3)
C(@(t) = —p'(t)o(¢), (C.6)
A(t) = /0 &(s)U1 (s, &(s)) ds, (C.17)

M(t) = E[A(T) + X(T)U3(X (T))|F(t)]
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— EM(T)+ / “W(s) AW (s), (C.18)
0

560 c.21

f(t)= @)’ (C.21)
D(t) = o(t) [A(t) " %] : (C.26)
SO (t) = So(t) exp [ /0 C(0(s)) ds] ) (5.5.7)
0,(t) = 0(t) + o (t)D(t). (5.5.9)

We note also that the conclusion of Lemma C.3 can be written as

M(t) — A(t) = X(t)UL(t, &(t)). (C.32)

It follows that
d()?(t)U{(t,e(t)))

=dM(t) — dA(t)

= ¢'(t) dW (t) — &(t)U1 (¢, é(t)) dt

= (M(t) — A@®))(A(t) — o' ()2(t)) dW (t)

—f&)X (U] (t, (1)) dt

= XU (t, &(t)[(A(t) — o1 (t)0(t)) dW () — f(t) dt].

From (C.20) we have

5)2—52) =zen{= [ (16)+ ) + 5l @) ds
0
. /0 " ()os) dWo(s)},

which yields the differential formula

S _ s o) + o' (OFOI?)
d( 0 )_ T [(O+0) + 1o/ OpOI) dt

—p (t)o(t) dWo(t)].
The product rule for stochastic integration and the above formulas give

d (SOt ) = —0s()S8 OV (8, 6(2) AW (2),

and hence S(()D)(t)Ul (t,&(t)) = yuZs(t) (see (5.5.10)), for some y. € (0,00)-
In other words,

Ui(t,é(t)) = y«Hy(t) for Lebesgue-a.e. t € [0,T]] (C.33)
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almost surely. Without loss of generality, we can modify é(t) as necessary
so that (C.33) holds for everyt € [0, 7] almost surely. Using (C.33), (C.32),
(C.17), and (C.18), we conclude that

v X (t)Hy (1)) = X (UL (¢, &(t))
= M(t) — A(t)

=E [ /t Yy« H;(3)é(s) ds + X (T)UL(X (T))

F (t)J

for0<t<T. Evaluating this equation at ¢ = T, we see that
yHy(T) = Uy(X(T)), (C.34)

and hence

- 1 T . -
X0 = gE [ /t Hy(s)é(s) ds + Hy(T)X(T)

]-'(t)] . (C.35)

From (C.33), (C.34), we have
&) = Lty Ho(t), X(T) = L(y.Hy(T)), (C.36)
and substitution into (C.35), evaluated at t = 0, yields

¥4
z=F l:/o Hy(s)I(s, Yy« Hp(s)) ds + H[,(T)Iz(y*H,;(T)):l

= (3, (C.37)

which is thus seen to be finite. Therefore, y, = YVp (z), and B; defined by
(6.3.16) is X (T'), while c;(-) defined by (6.3.17) is ¢(+). Thus, equation (C.5)
holds. Equation (C.4) now follows from (C.35). O

The following lemma concludes the proof of Theorem 6.4.1.

Lemma C.6: The process 0(-) defined by (C.26) is in the set D, of
(6.3.24).

PROOF. We note first from (6.2.1) and (6.2.4) that
EH,(t) < lEZ,«,(t) < ie@‘,
S0 S0

and hence
T
E [/ Hy(t)dt + H,;(T):l < 0.
0

With y. = V() as in (C.37), we have

Us(t, c5(t)) =y Ho(t)ca(t) = Uy (t, y Hp (t))
> Ui (t, 1) - y*Hﬁ(t),
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Us(t, X(T)) — y«Hp(T) X (T) = U (y Hs(T))
> Us(1) — yHy(T)

from the definition of convex dual functions and (C.36). It follows that
T R
E {/ min(0, Uy (¢, ¢5(t))] dt + min[0, Uz(X(T))]}
0
T
> / min[0, Us (¢, 1)] dt + min[0, Up(1)]
0

> —00. (C.38)

T
—yE l/ Hy(t)dt + Hy(T)
0
We began this appendix with the assumption that

’

T —~
V(z;K) = E / UL(t, &(t)) dt + Us (R (T))
1]

and we have subsequently shown that (C.4) and (C.5) hold. Hence,

T o~
V(z;K)=E /0 Uy (t, co(t)) dt + Uz(X(T))} = V().

The left-hand side is finite by assumption, and consequently

< 0

T o~
B l [ 13t copiae + 1wk
0

and V;(z) is finite.
For each positive integer n, set

t
Tp = inf {t € [o, T);/ 165(s)||* ds = n} AT,
0
so that E fOT" 6’ (s) dW (s) = 0. Using the fact that the mapping z — Us(e?)

is convex (see (3.4.15”)), the fact that U, is nonincreasing and convex, and
Jensen’s inequality, we may write

A (’;—0 — {—%E/OT" ||0,;(s)||2ds}>
7, (’s’—o - {E ( /0 " 6 (s) dW (s) — : /0 B ||0,;(s)||2ds) })

< B0, (y—o exp {— [ a5 [ ||op<s>||2ds})

= 50, (L 27| < 5[0 (L B2 @)
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<E [E [172 (Z—;Z,;(T)) / f(Tn)” = El; (z—;Zg(T))
< EUs(y.Hy(T)) = EU2(U5(X(T))
= B [U:(X(T) - R(D)U3(X(T))] < BU(R(T) < ox.

Letting n — oo, we obtain

Uz | == exp ——E/ 165(s)]|2ds 3 | < 0.
SO 2 0

Because Uy (0) = 0o, we must have EfOT [165(s)||?ds < oco. But
o(t) = o(t)85(t) — o ()6(2),

o (-) is bounded, and () satisfies (6.2.5). We conclude that EfOT lo(t)||%dt
< 00; i.e., (5.5.1) is satisfied.
Again using Jensen’s inequality, we compute

U, (z—; exp{—E/O C(D(s)) ds — %E/O ”90(5)”2‘13})

_ (o T T
< EU, (gexp{—/o C(V(S))ds—/o 05 (s) AW (s)

7
-5 ||o<s>n2ds})

< EU,(y.Hy(T)) < oo.

This time we conclude that EfOT ¢(D(t))dt < oo; ie., (5.5.2) is satisfied.
We have established that #(-) is in D.

We next show that (-) € Dy. The condition X;(y) < oo for all y > 0
follows from the finiteness of X;(y.) in (C.37) and assumption (3.6.17) (see
the sentence following (3.6.17)).

We must also show that V;(£) < oo for all £ > 0. We have already shown
that Vj(x) is finite. The function Vj is concave on [0, 00), which one can
show using the argument in the first part of the proof of Theorem 3.6.11.
We next show that Vj is not —oo at any point in (0,00). Like Ui(t,)
and Uy, the function Vj; is nondecreasing, and hence Vi (€) > —oo for all
§ 2> z. For e € (0,1), we set cc(-) = (1 — €)é(-). It follows immediately from
Definition 6.3.1 that (cc, p) € A ((1 —€)x). The proof of Lemma C.1 shows
that (ce,p) € Ag’)((l — €)z). The existence of a consumption/portfolio-
proportion process pair in Ag))((l — €)z) implies that V;((1 — €)x) > —o0.
The concavity of V; on (0,00) and the inequalities V;(£) > —oo for all
€ € (0,00), Vp(z) < oo imply V;(€) < oo for all € € (0, 00). O



Appendix D

Optimal Stopping for Continuous-
Parameter Processes

We discuss briefly in this appendix the problem of optimal stopping for
random processes in continuous time. (A similar treatment for random se-
quences appears in Chapter VI of Neveu (1975).) The results presented here
are not the most general one can obtain, but will suffice for the purposes
of Chapter 2, where they are used rather extensively. For more general
treatments we refer the reader to El Karoui (1981), as well as Bismut and
Skalli (1977), Fakeev (1970, 1971), Xue (1984), and Shiryaev (1978) for the
Markovian case.

Throughout this appendix we shall consider a nonnegative process
Y = {Y(t),F(t);0 < t < T} with right-continuous paths and Y (T) <
lims17Y (t) a.s., defined on a probability space (€2, F, P) and adapted to a
filtration {F(t)}o<;<r satisfying the usual conditions of right continuity
and augmentation by the null sets of F = F (T). We suppose that F (0)
contains only sets of probability zero or one. The time horizon T' € (0, o0]

is a fixed constant; if 7' = 0o, we interpret F(o0) 25 (U05t<oo f(t)) and
Y (c0) = lim;_, .Y (t). We denote by S the class of {F(t)}-stopping times
with values in [0, 7. For any stopping time v € S, we set S, 2 {reS;T >

v a.s.}.
The optimal stopping problem consists in

(i) computing the maximal “expected reward”

Z(0) £ sup B (r), (D.1)
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(ii) finding necessary and/or sufficient conditions for the existence of a
stopping time 7, that is “optimal,” i.e., its expected reward EY (1.)
attains the supremum in (D.1), and then

(iii) characterizing such a 7, and studying its properties.

Throughout this appendix, we assume
0<2Z(0) < 00. (D.2)

Under this assumption, we construct the so-called Snell envelope Z°(-) of
Y (:), namely, the smallest RCLL supermartingale that dominates Y(-). A
stopping time 7, is optimal if and only if {Z°(¢ A ), F(t);0 <t < T} is
a martingale and Z°(7,) = Y(7,) a.s. (Theorem D.9). In order to prove
the existence of an optimal stopping time, we shall impose the stronger
condition E[supy<,<r Y (t)] < 0o, under which the stopping time

D,(0) =inf{t € [0,T]; Z°(t) =Y (t)}

can be shown to be optimal if, in addition, the paths of Y'(-) are continuous
(Theorem D.12). Following this result, we decompose the Snell envelope
into the difference of a martingale and a nondecreasing process, and use
this decomposition to characterize optimal stopping times.

The key to our study is provided by the family {Z(v)},es of random
variables

Z(v) £ ess sup, s, E]Y (7)|F(v)], veS. (D.3)

(See Appendix A for the definition and properties of essential supremum.)
We shall see in Proposition D.2 that the assumption (D.2) guarantees
EZ(v) < oo for all v€S. The random variable Z(v) is the optimal
conditional expected reward for stopping at time v or later. Since each
deterministic time ¢t€[0, 77 is also a stopping time, (D.3) defines a nonneg-
ative, adapted process {Z(t), F(t);0 < t < T}. For vES, it is tempting to
regard Z(v) as the process {Z(t);0 < ¢ < T} evaluated at the stopping
time v. We shall see in Theorem D.7 that there is indeed a modifica-
tion {Z°(t), F(t);0 < t < T} of the process {Z(t),F@t);0 <t < T},
ie., P[Z°(t) = Z(t)] =1 for all t€[0, T, such that for each vES we have

Z(v)(w) = Z2°(v(w),w), P-ae.weq.

This process Z°(-) is the Snell envelope of Y ().
We now begin an examination of the family of random variables

{Z(v)}ves-

Lemma D.1: For any veS and 7€S,, the family {E[Y (p)|F(v)]}pes.
is closed under pairwise mazimization. Furthermore, there is a sequence
{pn}ol of stopping times in S, such that the sequence { E[Y (p,)|F (v)] }3,
s nondecreasing and

ess supyes, BY (p)|F(v)] = lim E[Y (pn)|F(v)].
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PROOF. Let p; and py be in S, and set
A={E[Y(p1)|F(v)] > E[Y (p2)|F(v)]}, p3=pila+ pslse.

Because A€ F,, the random time ps is a stopping time. In particular, p3€S,
and '

E[Y (p3)|F(v)] = 14E[Y (p1)|F(v)] + Lac E[Y (p2) | F (v)]
= E[Y(p1)|F(v)] V E[Y (p)|F (v)].

The remainder of the lemma follows from Theorem A.3 in Appendix A. O

Proposition D.2: For any veS, 0€S, and T€S,, we have

Z(v)=2Z(0) as. on{o=v}, (D.4)
E[Z(7)|F(v)] = ess sup ¢, E[Y(p)[]—'(v)] a.s., (D.5)
E[Z(T)|F(v)] < Z(v) a.s., (D.6)

EZ(T) = :élg EY (p) < Z(0) < oo. (D.7)

PROOF. To prove (D.4), note that the event B 2 {v = o} belongs to
FuvNFs = Fyro (Karatzas and Shreve (1991), Lemma 1.2.16). Given T€S,,
we define 7 = 7-15+T -1, so 75 €S,. From the definition of conditional
expectation and from Karatzas and Shreve (1988), Problem 2.17(i) and
solution (p. 39), we have

LsE[Y (7)|F(v)] = 15E[Y (75)|F(v)] = 15E[Y (r5)|F(v A o))
=1gE[Y(78)|F(0)] < 15Z(0) a.s.
for every 7€S,. Therefore, Z(v) < Z (o) almost surely on B. Reversing the
roles of v and o, we obtain (D.4).

For (D.5), use Lemma D.1 to choose a sequence {pn}s2, in S; such that
{E[Y (pn)|F(7)]}22, is nondecreasing and Z(7) = limp .o E[Y (pn)|F(7)].
By the monotone convergence theorem for conditional expectations, we
have

E[Z(1)|F(v)] = lim E[E{Y (pn)|F (1)} F(v)]
L = lim B[Y(pn)|F(0)
< esssup,es, E[Y (p)| F(v)].
On the other hand, Z () = E[Y(p)|F(7)] holds for all pES;, and tak-
ing conditional expectations on both sides of this inequality we obtain
E[Z(7)|F(v)] > E[Y (p)|F(v)]. This implies
E[Z(7)|F(v)] > ess sup,es, E[Y (p)| F(v)],
proving (D.5). Since ess sup,es, E[Y (p)|F(v)] < ess sup,es, E[Y (p)|F(v)]

= Z(v), (D.6) follows from (D.5). We obtain (D.7) by setting v = 0 in (D.5)
and (D.6). O
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For ve€S, let us now define S = {r€Sy;7 > vas. on {v < T}} and
introduce the family

Z*(v) £ ess sup,cs; E[Y (7)| F(v)], veS. (D.8)

The random variable Z*(v) is the optimal conditional expected reward for
stopping strictly later than v (except that on the event {v =T}, stopping
must be done at time T"and Z*(v) = Y (T)). Since Y (-) has right-continuous
paths, it is no surprise that Z(v) = Z*(v) holds almost surely (Corollary
D.4 below). Before proving this equality, let us observe that the proof of
Proposition D.2 can be trivially altered to show that the family {Z*(v)}yes
possesses analogues of the properties established in that proposition for
the family {Z(v)},es. Furthermore, {Z*(v)},cs has the right-continuity
property (D.10) below.

Proposition D.3: For any veS, and for any decreasing sequence {v, }32
in Sy with v =lim, v, a.s., we have

Z(v)=Z*(v)VY(v) a.s., (D.9)
/ Z*(v)dP = lim / Z*(v,)dP, YAeF(v).  (D.10)
A 00 J A

PROOF. Obviously, Z(v) > Z*(v) V Y (v), from the definitions (D.3) and
(D.8). For the reverse inequality, take an arbitrary o € S, and note that
the sets {0 = v} and {o > v} are in F(v) (Karatzas and Shreve (1991)
Lemma 1.2.16). Therefore,

E[Y(O’)I}-(’U)] = E[Y(v)l{a=v} + Y(U)1{0>u}|}-(v)]
SY()l{o=vy + Z*(V)o>v} < Z*(v) VY (v).

’

Taking the essential supremum over o€S,, we obtain (D.9).
For (D.10), observe from the analogue of (D.5) for the family {Z*(v)}yes
that E[Z*(v,)|F(v)] = ess sup,es: E[Y(p)|F(v)]. Thus for A€F(v) the

sequence of random variables { [, Z*(v,) dP}22, is nondecreasing, and

n—oo

lim / Z*(va)dP = lim / E[Z*(v,)|F(v)] dP < / Z*(v)dP. (D.11)
A B4 A
For the reverse inequality, let 7€S; be given and define

T, ifv, <T,
T = .
T, ifv,>r,

so that 7,,€S; for all n. For A € F(v), we have

/ Y(r)dP — Y(T)dP = Y (rn)dP
{vn<T}NA {r<v,<T}NA {vn<7}NA

-/ E[Y (1) F (v,)] dP
{vn<T}NA
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< / Z*(vn) dP < / Z*(vn) dP.
{vn<T}nA {v<T}NnA

Now 1(y,<7T}na T L{v<T}na and li;<,, <7)na | O almost surely, so letting
n — 00 in the previous inequality, we obtain

/ Y(7)dP < lim Z*(vp) dP. (D.12)
{v<T}NA

N0 J{v<TINA

On the set {v =T}, we have Y (1) =Y (T) = Z*(v,,), and thus

/ Y(r)dP = / Z*(vp) dP. (D.13)
{v=T}NA {v=T}NA

Summing (D.12) and (D.13), we conclude that
/ Y(r)dP < lim | Z*(v,)dP; V7T€S), VAEF(v). (D.14)
A n—oo A
Using the analogue of Lemma D.1 for S}, we choose a sequence {px} of
stopping times in S such that {E[Y (px)|F(v)]}32, is nondecreasing and
Z*(v) = ess sup,cs. E[Y(7)|F(v)] = klirgo EY (pr)|F(v)] as.

The monotone convergence theorem and (D.14) imply
/Z*(v)sz lim/E[Y(pk)lf(v)] dpP
A k—sod )4
= lim /Y(pk)dPS lim /Z*(vn)dP. (D.15)
k—oo J 4 n—oo [ 4

This, combined with (D.11), yields (D.10). O
Corollary D.4: For any veS, we have Z*(v) = Z(v) a.s.
PROOF. For any decreasing sequence {v,}22, in 8} with lim,, o, v, = v,
the right continuity of Y'(-) and Fatou’s lemma for conditional expectations
imply

Z*(v) > lim E[Y (v,)|F(v)] > E[nli_{go Y (v,)|F(v)] =Y (v) as.

The conclusion follows from (D.9). O

As mentioned earlier, we may take the stopping times v in (D.3)
to be deterministic and thereby obtain a nonnegative, adapted process
{Z(t),F(t);0 < t < T}. From (D.6) we see that this process is a su-
permartingale. Because the function ¢t — EZ(t) is right continuous (from
(D.10) and Corollary D.4), there exists a supermartingale {Z°(t), F(t);0 <
t < T} with RCLL paths that satisfies

P[Z(t) = Z°(¢) =1, Vte[0,T] (D.16)
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(cf. Karatzas and Shreve (1991), Theorem 1.3.13). Recall that Y(T) =
lim; oY (¢) if T = oo, and thus

Z°(00) = Z(o0) = E{E} Y() as.

The nonnegative RCLL supermartingale Z°(-) is called the Snell envelope
of Y'(-). It is the smallest supermartingale that dominates Y(-) in the sense
of the following definition.

Definition D.5: Let X;(-) = {X;(¢);0 <t < T} and X,(-) = {X5(t);0 <
t < T} be arbitrary processes. We say that Xi(-) dominates X(-) if
P[X1(t) > X5(t),Y0< t < T] = 1.

Remark D.6: If X;(-) and X,(-) are right-continuous processes and
P[Xy(t) > X2(t)] = 1 for all ¢ in [0,7] (or even in a countable, dense
" subset of [0, T]), then X;(-) dominates Xa(+).

The following theorem permits us henceforth to focus our attention on
the RCLL supermartingale Z°(-) rather than the more awkward family of
random variables {Z(v)}yes. In (D.17), Z°%(v) denotes the process ALD!
evaluated at the stopping time v, whereas Z(v) stands for the random
variable of (D.3).

Theorem D.7: The Snell envelope Z°(:) of Y(-) satisfies
Z°v) = Z(v) a.s. (D.17)

for every v € 8. Moreover, Z°(-) dominates Y(:), and if X(-) is another
RCLL supermartingale dominating Y(-), then X(-) also dominates Z0(.).

PROOF. For any v € S there is a decreasing sequence {vn}o2, of stopping
times in S with values in {7} UD (where D is the set of dyadic rationals)
and with v = lim,, _, v, a.s. (Karatzas and Shreve (1991), Problem 1.2.24).
From Doob’s optional sampling theorem (ibid., Theorem 1.3.22), we have

B[Z%(vn)|F(v)] < E[Z°(042)| F(v)] < Z°(v) as.
for all positive integers n and k. Therefore, for A € F (v), the sequence
{/4 Z2°(va) P}, is nondecreasing and bounded above by [, Z°%v)dP;
hence lim, .., [, Z°(v,)dP < J4 Z°(v)dP. The reverse inequality fol-

lows from Fatou’s lemma and the right continuity of Z(-). Coupling these
observations with (D.10), Corollary D.4, and (D.16), we deduce

/ Z(v)dP = lim / Z(vp)dP = lim [ Z%v,)dP = / Z%) dP.
A no A nooJa A

Since A € F(v) is arbitrary, (D.17) must hold.

Finally, let X(-) be an RCLL supermartingale dominating Y'(-). For ¢ €
[0,7] and 7 € S;, the optional sampling theorem implies E[Y (7)|F ()] <
E[X(7)|F(t)] < X (t) almost surely. Therefore, for each t € [0, T, we have

Z°(t) = Z(t) = ess sup, ¢, E[Y (7)|F() < X(t) as. u)
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Remark D.8: If {X(t),F(t);0 < t < T} is an RCLL supermartingale
satisfying

PX(t)>Y(t) =1, Vtelo,T),
then it is still true that X (-) dominates Z°(-). To see this, first use the right
continuity of X () and Y'() to see that P[X(t) > Y (¢), Vt € [0,T)] = 1.
Then use the submartingale convergence theorem (Karatzas and Shreve

(1991), Theorem 1.3.15) to establish the almost sure existence of X (1) =
lim;;7 X (t). For 0 < s < T and with T}, T T, we have

E[X(T)|F(s)] < lim E[X(T,)|F(s)] < X(s) as.

from Fatou’s lemma for conditional expectations, so that {X(t);0 <
t < T} is an RCLL supermartingale. Moreover X(T) = lim;r X (t) >
limy;7Y (t) > Y(T). Thus the supermartingale with last element {X(¢),
F(t);0 <t < T} dominates {Y(t), F(t);0 < t < T}. Now apply Theorem
D.7.

Theorem D.9: A stopping time 1, is optimal, i.e.,

EY(1.) = Z°0) = sug EY (p), (D.18)

if and only if
Z2%r)=Y(n) as. (D.19)

and the stopped supermartingale
{Z°(t A7), F(t);0 < t < T} is a martingale. (D.20)

PROOF. Suppose that 7. is optimal. From (D.7) we have EY(r,) =
Sup,cs,. EY (p) = EZ°(7.), as well as EY(7,) = SUP,es, .. EY (p) =
EZ%0 A 1.), for any 0 € S. Now, P[Z°(t) > Y(t),Vt€[0,T]] = 1 and
EY (7.) = EZ°(r,) give (D.19), whereas the fact that EZ°(o A7,) does not
depend on ¢ € S yields (D.20) thanks to Problem 1.3.26 in Karatzas and
Shreve (1991). Conversely, (D.19) and (D.20) give EY (7.) = EZ%(r,) =
Z°00) = sup,es EY (p). O

Having characterized optimal stopping times in Theorem D.9, we now
seek to establish their existence. We begin by constructing a family of
stopping times that are “approximately optimal.” For A € (0,1) and v € S,
define the stopping time

D v) 2inf{t € (v,T]; AZ°(t) <Y()} AT (D.21)

in S,. Because of the right continuity of Y(-) and Z°(.), the process
{D*(t);0 < t < T} is right continuous. Furthermore, for any v € S we
have the inequality

AZ°(D*(v)) < Y(D*(v)) as. (D.22)
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(This inequality holds even on the set {D*(v) = T}, because zZT) =
Y(T).)

Proposition D.10: For 0 < A <1 and every v € S, we have

Z°(v) = E[Z°(D*(v))|F(v)] a.s. (D.23)

PROOF. Define the family of nonnegative random variables .J (v) =

E[Z°(D*(v))|F(v)], v € S. From (D.6) and the fact that D*(v) € S,,
we note that

J(w) < Z%0v) as., WYoeS. (D.24)

To prove the reverse inequality, we shall show that .J (+) has an RCLL su-
permartingale modification J°(-) that dominates Z°(-). For veS and 7€S,,
we have from (D.6) that

E[J(m)|F(v)] = E[E{Z°(DX(n)|F (1)} F(v)] = E[Z°(DX(1))|F (v)]
= E[E{Z°(D*())|F(D*(v)) }}F (v)]
< B[Z°(D*(v))|F(v)] = J (v). (D.25)
It follows that {J(t), F(t);0 < t < T} is a supermartingale and that ¢ —
EJ(t) is a nonincreasing function. By Fatou’s lemma and the right conti-
nuity of Z°(-) and D*(-) we also have lim, |, EJ(s) = lim, ;, EZ°(D*(s)) >
EZ°(DA(t)) = EJ(t). Therefore, the mapping ¢ — EJ(t) is right contin-
uous; and by Theorem 1.3.13 in Karatzas and Shreve (1991) there is an
RCLL supermartingale J°(-) = {J°(t), F(t);0 < t < T} such that
PlJ(t)=J°(t)] =1, Vte[o,T]. (D.26)

In the spirit of the first part of Theorem D.7, we now extend (D.26) to
the statement

PlJ(v)=J°(w)]=1, VveS. (D.27)

Fix v € S and let {v,}32, be a decreasing sequence of stopping times in
Sy with v = lim,,_, v,, a.s. and with values in {T} UD, where D is the
set of dyadic rationals. For any given A € F(v), we have from (D.25)

/A J(vp) dP = /A E[J(v,)|F(0)] dP < /A J(v)dP, WneN,

so that limp, . [, J(vs)dP < J4J(v)dP. On the other hand, Fatou’s
lemma implies

im [ J(vp)dP = lim [ E[Z°(D*(v,))|F(v,)]dP
n—oo J A

n—ooJ A

= lim [ E[Z°(D*(va))|F(v)]dP
n—oo J A

> [ E[lim Z°(D*(va))|F(v)] dP

A n—oo
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. / E[Z°(D* (v))| F(v)] dP = / J(v)dP,
A A
It follows that

/ J(w)dP = lim [ J(v,)dP.
A nmeeJA
A similar argument, using the optional sampling theorem instead of (D.25),
shows that
lim / J(v,) dP = / JO(v) dP.

Finally, (D.26) implies that [, J(v,)dP = [, J%(v,)dP for all n. It follows
from these equations that [, J(v)dP = [, J%(v)dP. Since A € F(v) is
arbitrary, (D.27) must hold.

We show next that J°(-) dominates Z°(-). Consider the RCLL super-
martingle AZ°(-) + (1 — A)J°(:). Fix ¢ € [0,T]. Then on {D*(t) = t} we
have

AZO(t) + (1= A)JO(t) = AZ°(t) + (1 — N)E[Z°(t)| F(t)] = Z°(t) > Y (t)

from Theorem D.7. On the other hand, the definition (D.21) of D>(t)
implies that on the event {D*(t) > t} we have

AZO(t) + (1= N)JO(t) > AZ°(t) > Y (t).

The right continuity of Z°(-), J(-), and Y (-) allows us to conclude that
the supermartingale AZ°(-) + (1 — A)J°(-) dominates Y (-), and thus domi-
nates Z°(-) as well. It follows that J°(-) dominates Z°(-), and consequently
P[J°(v) > Z°(v)] = 1, VveS. Combining this with (D.24) and (D.27), we
obtain P[J(v) = Z°(v)] = 1, VveS. This is (D.23). o

For fixed v€S the family of stopping times { D*(v)}o<a<1 is nondecreas-
ing in A, so we may define the limiting stopping time

D.(v) 2 lim D) as. (D.28)
Under the assumption that Y'(-) has continuous paths and that
E[ sup Y(t)] < 0o (D.29)
0<t<T

holds, we shall show that D,(0) is optimal (i.e., attains the supremum
in (D.1)). As one might expect, this argument relies on the left continu-
ity of Y(-). The following example illustrates that in the absence of the
assumption (D.29), there need not exist an optimal stopping time.

Example D.11: (Nonezistence of an optimal stopping time): Set T = oo
and Y(t) = exp{W(t) — 3t — ;%},O < t < oo, where W(-) is a one-
dimensional Brownian motion and {F(t)} is the augmentation by null sets
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of the filtration generated by W(-). According to the “strong law of large
numbers,” lim;_, Kt@ = 0 a.s. (e.g., Karatzas and Shreve (1991), Problem
2.9.3 and solution, p. 124), and we have Y (c0) = lim; . Y (¢) = 0 almost
surely; however, the condition (D.29) is not satisfied. We show that the
Snell envelope of Y (+) is

M(t) 2 exp {W(t) = %t} — Y () exp (t%) >Y(t), 0<t<oo.
The process {M (t), F(t);0 < t < oo} is a martingale, and when we include
the last element M (oco) = 0 we have a continuous supermartingale M(-) =
{M(t), F(t);0 < t < oo} dominating Y (-). According to Theorem D.7,
M(-) dominates the Snell envelope Z°(-). Furthermore, for each t € [0, c0)
we have from the same theorem that

Z%(t) = ess sup,¢s, E[Y (7)|F(t)]
2 €8s SUDy< oo E[Y ()| F(2)]
=DM(t)- sup exp {_HLI} = M(t) as.

t<s<oo
Hence M(-) is the Snell envelope of Y (-); in particular,

sup EY (1) = Z°(0) = M(0) = 1.

TES
There is no stopping time veS satisfying EY (v) = 1, because condition
(D.19) of Theorem D.9 is satisfied only by v = oo but EY (c0) = 0. For
Ae(1/e, 1), we have

Ay D 1
= > 0; < = -
D?*(0) =inf{t > 0; AM(t) <Y(t)} oed 1,
and limy; EY(D*(0)) = limyp A = 1, but the limit D.(0) 2

limyy; D*(0) = oo of these “approximately optimal” stopping times is very
clearly “suboptimal,” since EY (D, (0)) = 0.

It is of course possible to introduce a deterministic time change in this
example, so that 7" is finite and there still is no optimal stopping time.

Theorem D.12: Suppose that Y (-) has continuous paths and that the
assumption (D.29) holds. Then, for each v€S, the stopping time D.(v)
defined by (D.28) satisfies

E[Y(D.(v))|F(v)] = Z°(v) = ess sup,cs, E[Y (1)|F(v)] a.s. (D.30)

In particular, D.(0) attains the supremum in (D.1). Furthermore, for any
veS: '

D,(v) = inf{te[v,T}; Z°(t)=Y(t)} a.s. (D.31)
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PROOF. Proposition D.10 and the inequality (D.22) imply
2°() = EIZ°(D*W))F ()] < 3 EY (D*@)|F@)] as.
Now, for all A € (0,1) we have Y(D*(v)) < Y, where
sup Y (¢), (D.32)

so we may use the dominated convergence theorem for conditional
expectations, coupled with the left continuity of Y(-), to conclude that
Z2°(v) < lim E[Y (D*(v))|[F(v)] = E[Y (D.(0))|F(v)] as. '
Because Z°(-) is a supermartingale dominating Y (-), we have the reverse
inequality
E[Y(D.(v))|F(v)] < E[Z°(Du(v))|F(v))] < Z°(v) ass.

and (D.30) is proved.
From (D.30) and the supermartingale property, we have

EY(D.(v)) = EZ°(v) > EZ°(D.(v)).

But Z°(-) dominates Y (-), so it must be true that Y (D, (v)) = Z°(D.(v))
a.s. and

D.(v) > inf{te[v,T]; Z°(t) = Y (t)} a.s.

For the reverse inequality, observe first that the definition (D.21) of D* (v)
implies Y (t) < AZ°(t) < Z°(t) for all t€(v, D*(v)) and A€(0,1). Hence

D,(v) = l,\l?% D*(v) < inf{te(v,T); Z°(t)=Y(t)} as.

To conclude further that
D, (v) < inf{te[v, T}; 4 Z°t)=Y(t)} as.
we must show
D,(v) =v as.on {Z°0v) =Y (v)}.
On the set {Z°(v) = Y(v) > 0}, the right continuity of Z°(-) and Y (-)
implies D*(v) = v a.s. for all A€(0,1), and hence D,(v) = v a.s. On the
other hand, we appeal to the optional sampling theorem
E [1{Z0(0)=0}Zo((’v + 9) A T)] <FE [1{20(1,):0}‘20(1))] =0 as., 60>0,
to conclude that AZ%(t) =0 < Y (t) for v <t < T a.s. on {Z%°(v) = Y (v) =
0}. Thus, on this set also we have D, (v) = v a.s. o

Theorem D.13: Under the condition (D.29), the RCLL supermartingale
Z°(-) admits the Doob-Meyer decomposition

Z()=M() - A(). (D.33)
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Here M(-) is a uniformly integrable RCLL martingale with respect to the fil-
tration {F(t)}o<t<T, and A(-) is a right-continuous natural nondecreasing,
{F(t) Yo<t<T-adapted process with A(0) = 0 and EA(T) < oco. Moreover,
if Y(-) has cogtinuous paths, then A(-) is continuous and “flat” away from
the set H(w) = {t€[0,T); Z°(t,w) = Y (t,w)}; i.e.,

T
/ l{zo(t)>y(t)}dA(t) =0 a.s. (D34)
0

PRrROOF. We first prove the uniform integrability of the family {Z°(v)}yes.
From the equality (D.17) we have Z°(v) < E[Y|F(v)] in the notation of
(D.32), so EZ°(v) < EY < oo for all veS. Given ¢ > 0, there exists § > 0
such that

AceF(T) and P(A) <6 = / YdP <e.
A
Let o > %EY be given. Then

P[Z°(v) >a] < éEY <6,

/ Z%w)dP < / E[Y|F(v)]dP
{Z°(v)>a} {2°(v)>a}

:/ YdP <e, YveS.
{Z°(v)>a}

We show next that if Y'(-) has continuous paths, then Z°(.) is regular;
Le., if {v,};2, is a nondecreasing sequence of stopping times in S and
v = limp 00 vp as., then EZ%(v) = lim,_o EZ%v,). The inequality
EZ%v) < lim,_,. EZ°(v,) follows from the supermartingale property.
For the reverse inequality, observe that the sequence of stopping times
{D.(vn)}nL, satisfies (D.31) and is nondecreasing with lim,,_,., D, (v,) €
Sy; from (D.30), the dominated convergence theorem, the continuity of Y (-)
and its domination by Z°(-), and the supermartingale property for Z°(-),
we have

im EZ%(v,) = fim EY(D.(v,)) < EY ( lim D*(vn))
n—oo n—oo n—oo
< EZ° ( lim D*(vn)) < EZ°%@).
n—oo
All the assertions of the theorem, except (D.34), now follow from
Karatzas and Shreve (1991), Theorems 1.4.10 and 1.4.14. In particular,
the martingale M(-) in the Doob—Meyer decomposition (D.33) has a last

element M(T') (ibid., Problem 1.3.19 and solution (p. 42)).
For (D.34), define the family of stopping times

pe 2 inf{s€[t, T); A(t) <A(s)} AT, for t€[0, T). (D.35)
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Equation (D.30), the domination of Y (-) by Z %(-), and the supermartingale
property for Z°(.) yield

EZ°(p.) = EY (D.(p1)) < EZ°(Du(py)) < EZ°(py).

According to the optional sampling theorem (ibid., Theorem 1.3.22),
the uniformly integrable martingale M(-) in (D.32) satisfies EM(p;) =
EM(D.(p:)). Therefore, EA(p;) = EA(D, (pt))- But A(-) is nondecreasing,
so A(pt) = A(D«(pt)) a.s. The definition of p; shows then that pt = D.(p;)
a.s., and (D.31) now implies p;(w) € H(w) for P-ae. w € Q. Letting Q
denote the set of rational numbers, we conclude that for P-a.e. w € €, we
have

{Pq(w); g€[0, TN Q} C H(w). (D.36)
We now fix an w € Q for which (D.36) holds, for which the mappings t —

A(t,w) and t + Y (t,w) are continuous on [0, T] and for which ¢ Z%(t,w)
is RCLL. To understand the set on which A(-,w) is “fat,” we define

J(w) £ {te(0,T); 3e>0 with A(t — &,w) = At +¢,w)}.

It is apparent that the set J (w) is open, and thus can be written as a
countable union of disjoint open intervals: J(w) = U, (@i(w), Bi(w)). We
are interested in the set

J@) £ Jleiw), Bi(w)) = {t€[0,T); e > 0 with A(t,w) = At +e,w)}

and in its complement J¢(w) in [0,7) x Q. The function ¢ — A(t,w) is
“flat” on J(w), in the sense that fOT Ljy(O)dA(t,w) = 3, [ABi(w),w) —
A(a;(w),w)] = 0. R X

Our task is to show that H°(w) C J(w), or equivalently, that J¢(w) C
H(w). Note that

Jéw) = {te[0,T); Vse(t,T), A(t,w) < A(s,w)}.

Let teJ °(w) be given. Then there is a strictly decreasing sequence {t,}3° ,
such that {A(t,,w)}52, is also strictly decreasing and

t= lim t,, A(t,w)= lim A(t,,w).
n—oo n—o00

For each n, let g, be a rational number in (t,tnt1). Then t < p, (w) <
tn and t = lim, . pg, (w). From (D.36) we have Z%pg, (w),w) =
Y (pq, (w),w), and letting n — oo, using the right continuity of Z°(-) and
Y (-), we discover that teH(w).

O

We have so far constructed an optimal stopping time D, (0) in (D.30)
and a candidate optimal stopping time po in (D.35). Another candidate
optimal stopping time is

o0 £ inf{te(0, T); 2°(t) = Y (¢)}. (D.37)
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These three can all be different, as the following simple example shows.

Example D.14: Consider the deterministic process
lz—-1], 0<z<2,
¥(t)=<.1, 2<z<3,
e3> . >3,
The Snell envelope is
1 0<z<3
0 L ) _ <y
20={3. 253
and D,(0) = 0,00 = 2, pp = 3.
Theorem D.12 asserts the optimality of D,(0). Under the integrability
condition of that theorem, the optimality of oy and py is provided by the
following corollary.

Corollary D.15: Under the condition (D.29) and the continuity of Y (),
the stopping times o¢ and py are optimal:

Z%0) = sup EY (1) = EY(D,.(0)) = EY (00) = EY (po).

ki

Moreover, D.(0) < g¢ < pg a.s.

PROOF. It is clear from (D.31) and (D.37) that D, (0) < 0. Furthermore,
we have Z°(t) > Y (t) for t€(0,00), and from (D.34), A(co) = A(0) = 0.
Hence, og < pg.

The optimality of D,(0) and the supermartingale property give

Z°%0) = sup EY (1) = EY(D.(0)) = EZ°(D.(0)) > EZ°(a0) > EZ°(py).
(D.38)

But from the definition (D.35) of po, we see that A(pg) = 0 a.s., and taking
expectations in (D.33), using the optional sampling theorem, we are led to
the equality EZ%(py) = Z°(0). Thus, the inequalities in (D.38) are actually
equalities.

From (D.37) and the right continuity of Z°(-) and Y(-), we have Z°(cq) =
Y (a0) a.s. This proves the optimality of o : Z°(0) = EZ%(0o) = EY (00)-
From (D.36) we have po€H a.s., which means Z%(py) = Y (po) a.s. This
proves the optimality of po : Z°(0) = EZ°(py) = EY (po). o

Errata

Methods of Mathematical Finance
Ioannis Karatzas and Steven E. Shreve

On page 363, the Greek psi did not print. Here is how the corrected page should look:

Appendix E
The Clark Formula

We offer in this appendix a bricf overview of the formula of J.M.C. Clark
(1970) for the stochastic integral representation of Brownian functionals.
The approach is that of Bismut (1981), as presented in Rogers and Williams
(1987).

Let Wy(w) = w(t), 0 <t < T, be standard, onc-dimensional Brownian
motion on the canonical space (Q, F, P), {Filo<e<r with Q = C([o,T7),
the space of continuous functions w : [0,7] — R, and with P taken to
be Wiener measure. Here F = Fr is the P-completion of the o-algebra
generated by {W; 0 < s < T}, and F, is the o-algebra generated by
{W; 0 < s <t} and augmented by the P-null scts in F,for0<t<T.

Let F' be a squarc-integrable Brownian functional, i.c., an Fr-mecasurable
mapping from Q to R with EF?(W) < oo. The martingale representation
theorem for Brownian functionals (c.g., Karatzas and Shreve (1991), Propo-
sition 3.4.18) states that there exists a unique (up to a.c. equivalence on
[0, T] x ) {F;}-progressively measurable process ¢ with E fOT Y2ds < 0o
such that

J o
F(W) = EF(W) + / Y dW, as. (E.1)
0

In the construction of hedging portfolios, it is important to obtain the
process 9 explicitly.

Taking conditional expectations on both sides of (E.1) with respect to
Fi, we obtain A, £ E[F(W)|F] = EF(W) + ! ¥4dW,, which we may
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Appendix E
The Clark Formula

We offer in this appendix a brief overview of the formula of J.M.C. Clark
(1970) for the stochastic integral representation of Brownian functionals.
The approach is that of Bismut ( 1981), as presented in Rogers and Williams
(1987).

Let Wy(w) = wt), 0<t< T, be standard, one-dimensional Brownian
motion on the canonical space (2, F, P), {E}OStST with ) = C([o,17),
the space of continuous functions w : [0,T7] — R, and with P taken to
be Wiener measure. Here F = Fr is the P-completion of the o-algebra
generated by {W,; 0 < s < T}, and F, is the o-algebra generated by
{(Ws; 0<s <t} and augmented by the P-null sets in Fforo<t<T.

Let F bea Square-integrable Brownian functional, i.e., an Fr-measurable
mapping from Q to R with EF?( W) < c0. The martingale representation
theorem for Brownian functionals (e.g., Karatzas and Shreve (1991), Propo-
sition 3.4.18) states that there exists a unique (up to a.e. equivalence on
[0,7] x Q) {F: }-progressively measurable process with £ fOT 2ds < oo
such that

process  explicitly.
Taking conditional expectations on both sides of (E.1) with respect to
Fi, we obtain A, £ E[F(W)|5] = EF(W) + [ +dW,, which we may
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write in differential notation as

If the differential of the Lévy martingale A can be computed, then 1) will

be determined. Here is an example of such a computation.

A
Example E.1: Let F(w) — maxo<t<rw(t), and define M, =

max,<y,<; Wy and M, 2 My ¢, so that F(W) = Mp. From the reflection
principle we have

b
P[MT>b]:2P[WT>b]=2[1—¢>(ﬁ)], b >0,
and therefore
PMr e dt) =220 i)db: 2_ ¥, b>0
Mr €| =25 VT VorT ’ ’

where ®(z) = \/% } o e 3¢"d¢ (e.g., Karatzas and Shreve (1991), §2.8A).
It follows easily that EF?(W) < oo. For 0 <t < T and m > 0 we have
P[Mr > m|F] = L, >my + Lipt,<my P[Me.r > m|Wy),

and thus P[Mr > m|F,;] depends only on W, and M;. For a < b < m and
b > 0, we obtain

P[Mr € dm|W; = a,M; = b] = P[Mp_, € dm — al
=2 %
2n(T —t)
F‘urtlhermore,
PMp =bW; =a, My =b] =1 - P[My > b|W; = a, M; = b]

b—a
- — — - — :2¢ ——_— _1-
1—-P[Mp_; >b—a] ( T—t)

If follows that

E[Mp|W; = a, M, = b] = 2 @(b_“) b
T|Wt = a, My = 0| = : \/TTt —:

+ b 2 1!3_2"{7"_302 dm
b \2n(T —1t)
b—a

2b-a) (m) ‘

or equivalently,

A = E[Mr|F) = 2(M; — W,)® (MT;_I?)
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— M; +2W, + 2(Tﬂ__ B exp{—u;(t;\_vzt))rz}.

A tedious calculation, based on the Ito formula and on the identity & (&)=
—x®’(z), leads to

dA, =2 [1 -9 (%)J dW, — [1 - 20 (%)J dM,.

Because the process M is flat off the set {t € [0,T]; M, — W, = 0} and

®(0) = 3, the dM; term on the right-hand side of this last equation drops
out, and we have identified the integrand ¢ in (E.1) as

Wy =2 [1—<1> (%)J (E.3)

While many more examples along these lines can be given, the calcu-
lations become increasingly laborious and tedious. The Clark formula is a
theoretical characterization of the integrand in (E.1) that sometimes short-
ens these computations substantially. As presented here, the derivation of
this formula requires the Brownian functional F to satisfy the following
three conditions:

EFY(W) < o ; (E4)

there is a nonnegative Brownian functional h
satisfying Eh*(W) < oo and a function

J 9:[0,00) — [0,00) satisfying lim, |, (@) < 00, f (E.5)

such that with || - || denoting the supremum norm,
 F@+¢) = Fw)l < h@)g(lle ), ¥(w, 0) € 02 )

( there is a measurable mapping
w = OF (w;-) : (R, Fr) — (M, M),
where M is the set of finite Borel measures on
B([0,T]) and M is the o-field generated by
the topology of weak convergence on M, that satisfies

e—0
! Y e CY[0,T]), P-ace. weQ. J

Note that if the mapping JF in (E.6) exists, then it must be unique up to
P-equivalence.

Theorem E.2: (Clark (1970)): Under the conditions (E.4)-(E.6), the

T
ling %[F(w +ep) — F(w)] = /0 o(t)OF (w; dt),

process ¢ of (E.1) is the predictable projection of the (not necessar-

tly adapted) process OF(W;(t,T]), 0< ¢t <T. Equivalently, for
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Lebesgue-almost-every t € [0,T], we have
Ye = E[OF(W; (¢, T))|F]  a.s. (E.7)
PROOF. Let X be a bounded, continuous {F;}-adapted process; define

pr = fot Xsds for 0 < ¢t < T and introduce the exponential martingales
and the probability measures

A t 52 t
Zf = exp [e/ X, dW, — 3/ des] , Z°=Z5,
0 0
Pe(A) 2 E[Z°-14), Ae Fr,

for ¢ € R. Then {W; — ey, F4;0 < ¢t < T} is a P*-Brownian motion,
according to the Girsanov theorem (Karatzas and Shreve (1991), §3.5),
and we thus have the invariance principle

EF(W) = ESF(W —ep) = E[Z°F(W —¢ep)], VeeR. (E.8)

A stochastic calculus of variations (known as the Malliavin calculus) can
be based on (E.8). In the spirit of this calculus, we first rewrite (E.8) and
then we differentiate with respect to €. From (E.8) we have for € # 0 that
ZF -1

€

ZEIFOW) — FW —ep))+ B | 2= (pow) - Fw - e

YARD
) .

(E.9)

—E [F(W)

Using the representation Zf = 1+¢ f(: X,Z;dW;, one can show first that
€ 2
limeloEfOT(Zg —1)2ds = 0, and then that g‘s;l %)* fot XsdWy for every
€

t € [0,T]. Upon letting £ | 0 in (E.9), we obtain from these considerations,
(E.5), (E.6), and the dominated convergence theorem that

T L T
E /O 0o OF(Wids) = E | F(W) - /0 Xdes]. (E.10)

The left-hand side of (E.10) is equal to

T /T T
E/ / 1{05t<s§T}Xt dt BF(W, dS) = E/ Xt 6F(W, (t, T]) dt
0 0 0

(Fubini’s theorem), whereas the right-hand side equals (see (E.1))

E{{EF—F/OT@DdeS}-/OTXSdWS] =E/0TX,¢tdt.

Consequently,

T T
0 0
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holds for every bounded, continuous, and {F;}-adapted process X , and
(E.7) follows. O

Example E.3: We return to Example E.1, where F(w) = maxo<;<7 w(t).
This maximum is attained at a unique number n(w) € [0, T) (Karatzas and
Shreve (1991), Remark 8.16, p. 102), so F(w) = w(n(w)), for a.e. w € Q.
Conditions (E.4) and (E.5) are clearly satisfied, and as for (E.6), we have

lim Z[P(w+ e¢) ~ Fw)] = plnfw), Ve € C1(0,T]),

for P-a.e.w € Q. Thus F(w; (t,T]) = 1{n(w)>¢}, and in the notation of
Example E.1 we have

= P[Mr—; > bllo=p,~w,

-2f1-e (MY,

We have recovered the expression (E.3).

Example E.4: With ¢ > 0, take G(w) £ eoFw) — exp{o -
maxo<i<rw(t)}. Then G satisfies (E.4) and (E.5) with h = G, g(e) =
€’® — 1. Furthermore, 0G(w; (¢,T]) = 0G(W)l{pw)>t} for P-ae. w € N,
v;here n(w) is as in Example E.3. In the notation of Example E.1, it follows
that

E[0G(W; (t,T))|F] = o Elexp(o Mr)1(nw)>e} | Fe]
= aE[exp(cht,T)l{Mt,T>Mt} | Ft]

= oE[exp(o(Mp_; + @)1 {Mr_,>b—a}) A=W,

b:Mt
20 oo 2
= # e_ﬂ}"Tt)“f'Umdm -
a=
V2m(T —t) Jo—a =M.

02 pa—
=20 Fr0rw [y g (MW vT=i)|.

According to the Clark formula, we have
2 M, — W,
dA; = 20T (T-t)+oW, [1 . <¥ —oVT -
t \/]-'__.—t a t th

A ; .
for Ay = E[G|F}). This last displayed equation can also be verified directly
by first computing

Ay = "M [2<I> <§Mt L Wt) - 1}
Tt

02 _—
+ 2e T (T-t)+oW: [1 - ® (Lt W _ m/ﬁ)]

T—t
and then applying It6’s formula.
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L= A
Example E.5: Consider now the Brownian motion W; = WtA +vt, 0 <
~ A ~ ~ ~
t < T, with drift v € R, and define M, ; = maxs<y<t Wy, My = My. By
analogy with Examples E.3 and E.4, we consider the functionals

F(w) = Jmax (w(t)+vt) and G(w) £ exp(0F(w)), YweQ,

so that F(W) = My, G(W) = exp(cMr). According to Girsanov’s the-
orem, W is a standard Brownian motion under tlzle measure given by
P(A) = Elexp(—vW; — z;t)lA] = Elexp(—vW; + l’725)114].for all A e Fi
and all ¢t € [0,T]. From the reflection principle for Brownian motion, we
have

. - 2(2b—a 2b — a)?
P[M, € db, W, € da] = #exp [—(T dadb, a<b, b>0
T

(cf. Karatzas and Shreve (1991), Proposition 2.8.1), and then
2 ~ ~ ~
P[Mt € db, Wt € da] = exp [ua — %t] ] P[Mt e db,W,; € da]
' _2(2b—a) 2 o [ (2b+ vt — a)?
V23 - 2t
for a < b, b > 0. Consequently,

P ( ut!z b+ Vt
P[M; € db] = Zedbv [\/%e— = i v {1 - ® ( N )}] db, b >0,
T

] da db,

or equivalently,

PIM,>b=f(t,b)21-® (b\_/i”t> + v [1 -3 (b+”t)] , b(zEf)l.l)

As in Examples E.3 and E.4, we obtain
E[Bﬁ‘(W; (t, T)I|F] = P[MT—t > b]|b=1\71¢—vi/t = f(T -, Mt - Wt),
as well as
E[0G(W; (t,T))|Fi] = o E [exp(U(MT_t +a))1, MT_QE_E}]

a=W,
b=M:

o0 ~
= ge’Wt / e’ P[Mr_; € dm]

M,—W,
= 0'(301‘/1t f(T = t, Mt = Wt)

+o2e"W / g F(T —t,€)e”t de,

M,-W,
BGW)IF] = E [ 105, gy +e T 15 gy | 7]

= e Mip [MT_t <b- &]

a7,
b=M¢
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+E [exp(U(MT—t + &))1{MT_,>E—5}]

3=,

- _ oo
= eUMz + UeaW: /A:! . f(T —i {)eaf df
t— Wy

There is also an extended Clark formula (E.13) below, which is de-
scribed as follows. Consider a smooth Brownian functional, i.e., a function
F : Q — R of the form F(w) = flw(ty),...,w(t,)) for some n €
N, (t1,...,t,) € [0,T]", and some element f in the space C$°(R") of func-
tions with continuous and bounded derivatives of every order. Conditions
(E.4)—(E.6) are satisfied by F, with

OF (w; (t,T]) = D,F(w) £ %f(w(tl), o @(t) Loy (), 0<E< T

j=1
For every p > 1, introduce the norm || - | ,1 on the space S of smooth
Brownian functionals by the formula
N T p/2
IElZ. = E [IFW)P + (/ (D.F(W))? dt) ; (E.12)
0

and denote by D, ; the Banach space that is the completion of S under
[l - Il p,1- As shown by Shigekawa (1980), DF is well-defined by continuity
on the entirety of D, ;. We have the following “extended Clark formula.”

Theorem E.6: (Ocone (1984); Karatzas, Ocone, and Li (1991)): For ev-
ery F' € Dy the process ¢ in (E.1 ) is given as the predictable projection
of D4F, 0 <t<T. Equivalently, for Lebesgue-almost-every t € (0,7, we
have

¥ = E[D,F|F] a.s. (E.13)
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