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PREFACE TO THE SIXTH EDITION

l am gratelul fo I:ne Mamemaucal ﬂSSOClall()Il OJ. tfmeﬁca J.(JI'
rescuing my book from oblivion by agreeing to publish this new
edition. I particularly appreciate Elaine Pedreira’s careful editing
and advice.

I welcome the opportunity to correct FIG. 7.2A on page 133
and to make other small improvements and especially to add
the new §15.9. That section contains, in particular, an ‘abso-
lute’ sequence of circles (FIG. 15.94) which involves a surprising
application of Fibonacci numbers (15.94). For further discus-
sion of inversive geometry, the reader may like to look at “The
inversive plane and hyperbolic space,” Abhandlungen aus dem
Mathematischen Seminar der Universitat Hamburg, 28 (1965), pp.
217-242. The subject of §15.7 has been extended by E. B. Vin-
berg in his paper, “The volume of polyhedra on a sphere and in
Lobachevsky space,” American Mathematical Society Translations
(2), 148 (1991), pp. 15-27. Vinberg draws attention to W. P.
Thurston, “Three-dimensional manifolds, Kleinian groups and hy-

perbolic geometry,” Bulletin of the American Mathematical Society,
6 (1986), pp. 357-382. When Hamlet exclaims (in Act II, Scene

L g N | P S N T A\==s S s

I “I could be bounded in a nutshell, and count myself a king of
infinite space,” he is providing a poetic anticipation of Poincaré’s
inversive model of the infinite hyperbolic plane, using a circular
“nutshell” for the Absolute. In fact, the hyperbolic plane can be
filled with infinitely many congruent equilateral triangles, seven
at each vertex, to form the regular tessellation {3, 7}. One ac-
quires an intuitive feeling for hyperbolic geometry by packing a
disc with a multitude of curvilinear triangles, becoming smaller
and smaller as they approach the peripheral circle, which rep-
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resents the Absolute. This book’s cover design shows the 63
largest of these triangular tiles, systematically coloured so that
any two of them which are coloured alike are entirely disjoint,
having no common vertex. In other words, every vertex belongs
to seven or fewer triangles, all differently coloured.

H.SM.C.
June, 1998.

PREFACE TO THE THIRD EDITION

Apart from a simplification of p. 206, most of the changes
are additions. Accordingly, it has seemed best to put the ex-
tra material together as a new chapter (XV). This includes a
description of the two families of “mid-lines” between two given
lines, an elementary derivation of the basic formulae of spherical
trigonometry and hyperbolic trigonometry, a computation of the
Gaussian curvature of the elliptic and hyperbolic planes, and a
proof of Schifli's remarkable formula for the differential of the
volume of a tetrahedron.

I gratefully acknowledge the help of L. J. Mordell and Frans
Handest in the preparation of §15.6 (on quadratic forms) and
§15.8 (on problems of construction), respectively.

H.S.M.C.
December, 1956.
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PREFACE TO THE FIRST EDITION

The name non-Euclidean was used by Gauss to describe a
system of geometry which differs from Euclid’s in its properties
of parallelism. Such a system was developed independently by
Bolyai in Hungary and Lobatschewsky in Russia, about 120 years
ago. Another system differing more radically from Euclid’s,

nd 1n
was suggested later by Riemann in Germany and Schlifli in

Switzerland. The subject was unified in 1871 by Klein, who gave
the names parabolic, hyperbolic, and elliptic to the respective
systems of Euclid, Bolyai-Lobatschewsky, and Riemann-Shlafli.
Since then, a vast literature has accumulated, and it is with some
diffidence that I venture to add a fresh exposition.

After a historical introductory chapter (which can be omitted
without impairing the main development), I devote three chap-
ters to a survey of real projective geometry. Although many
text-books on that subject have appeared, most of those in En-
glish stress the connection with Euclidean geometry. Moreover,

it is customary to define a conic and then derive the relation
of nole and polar, whereas the application to non-Euclidean ge-

L }JUL\_. CRALlL /NS ACRRy A&kl bm s RV E W B R e e

ometry makes it more desirable to define the polarity first and
then look for a conic (which may or may not exist)! This treat-
ment of projective geometry, due to von Staudt, has been found
Eatisfactory in a course of lectures for undergraduates (Coxeter
6)).

In Chapters v and IX, the Euclidean and hyperbolic geome-
tries are built up axiomatically as special cases of a more general
“descriptive geometry.” Following Veblen, I develop the proper-
ties of parallel lines (§8.9) before introducing congruence. For the
introduction of ideal elements, such as points at infinity, | employ
the method of Pasch and F. Schur. In this manner, hyperbolic
geometry is eventually identified with the geometry of Klein’s
projective metric as applied to a real conic or quadric (Cayley’s
Absolute, §88.1, 9.7). This elaborate process of identification is
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unnecessary in the case of elliptic geometry. For, the axioms of
real projective geometry (§2.1) can be taken over as they stand.
Any axioms of congruence that might be proposed would quickly
lead to the absolute polarity, and so are conveniently replaced by
the simple statement that one uniform polarity is singled out as
a means for defining congruence.

Von Staudt’s extension of real space to complex space is
logically similar to Pasch’s extension of descriptive space to pro-
jective space, but is far harder for students to grasp; so I prefer
to deal with real space alone, expressing distance and angle in
terms of real cross ratios. I hope this restriction to real space
will remove some of the mystery that is apt to surround such
concepts as Clifford parallels (§§7.2, 7.5). But Klein’s complex
treatment is given as an alternative (at the end of Chapters
IV=VII).

In order to emphasize purely geometrical ideas, I introduce
the various geometries synthetically. But coordinates are used
for the derivation of trigonometrical formulae in Chapter Xi1.

Roughly speaking, the chapters increase in difficulty to the
middle of the book. (Chapter vi may well be omitted on first
reading, although it is my own favourite). Then they become
progressively easier. For a rapid survey of the subject, just read
the first and the last two.

For reading various parts of the manuscript in preparation,
and making valuable suggestions for its improvement, | offer cor-
dial thanks to my colleagues on the Editorial Board, especially
Richard Brauer and G. de B. Robinson; also to N. S. Mendelsohn
of the Department of Mathematics, to S. H. Gould of the Depart-
ment of Classics, and to A. W. Tucker of Princeton University.

H.S.M. Coxeter
The University of Toronto,
May, 1942.
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CHAPTER 1

THE HISTORICAL DEVELOPMENT OF NON-EUCLIDEAN
GEOMETRY

1.1. Euclid. Geometry, as we see from its name, began
as a practical science of measurement. As such, it was used
in Egypt about 2000 B.c. Thence it was brought to Greece
by Thales (640-546 B.C.), who began the process of abstraction
by which positions and straight edges are idealized into points
and lines. Much progress was made by Pythagoras and his
disciples. Among others, Hippocrates attempted a logical
presentation in the form of a chain of propositions based on a
few definitions and assumptions. This was greatly improved
by Euclid (about 300 B.C.), whose Elements became one of the
most widely read books in the world. The geometry taught
in high school today is essentially a part of the Elements, with
a few unimportant changes.

According to the best editions, Euclid’s basic assumptions
consist of five ‘'‘common notions’’ concerning magnitudes, and
the following five Postulates:

I. 4 straight line may be drawn from any one point to any
other point.

II. A finite straight line may be produced to any length in a
straight line.

II. 4 circle may be described with any centre at any distance
from that centre.
IV. All right angles are equal.

V. If a straight line meet two other straight lines, so as to make
the two interior angles on one side of it together less than two right
angles, the other straight lines will meet if produced on that side
on which the angles are less than two right angles.
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According to the modern view, these postulates are incom-
plete and somewhat misleading. (For the rigorous axioms that
replace them, see 8§ 8.3, 9.1, 9.5) Still, they give some idea
of the kind of assumptions that have to be made, and are of
interest historically.

Postulate I is generally regarded as implying that any two
points determine a unique line, Postulate II that a line is of
infinite length. Euclid showed the great strength of his genius
by introducing Postulate V, which is not self-evident like the
others. (Moreover, his reluctance to introduce it provides a
case IOI' Cdlllllg IllI[l [Il{:‘ llrb[ IlOIl-DllLlI(.lCdII geometer) DELWE‘CII
his time and our own, hundreds of people, finding it compli-
cated and artificial, have tried to deduce it as a proposition.

PR [P | vy wroses nrisstzral ant

But un:y Uluy succeeded in xcplauug it uy various €quivai€rit
assumptions, such as the following five:

1.11. Two parallel lines are equidistant.  (Posidonius, first
century B.C.)

1.12. If a line intersects one of two parallels, it also intersects
the other. (Proclus, 410-485 A.D.)

1.13. Given a triangle, we can construct a similar triangle of any
size whatever. (Wallis, 1616-1703.)

1.14. The sum of the angles of a triangle is equal to two right
angles. (Legendre, 1752-1833.)

1.15. Three non-collinear points always lie on a circle. (Bolyai
Farkas,* 1775-1856.)

According to Euclid’s definition, two lines are parallel if
they are coplanar without intersecting. (Following Gauss and
Lobatschewsky, we shall modify this definition later) The

*In Hungarian, the surname is put first. The “1” in “Bolyai” is mute.
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existence of such pairs of lines follows from Euclid I, 27, which
depends on Postulate II but not on Postulate V.

FiGc. 1.1a

It is an interesting exercise to establish the equivalence
of all the above statements, assuming Postulates I-IV (and
the consequent propositions Euclid I, 1-28).* For instance, to
deduce 1.12 from 1.15 we may proceed as follows.

Let p and p’ be two intersecting lines, let O be any point on
the perpendicular from (p, p’) to another line q, and let P,P’,Q
be the reflected images of O in p,p’,q. (See Fig. 1.1.A) By
Postulate IV, p and p’ are not both perpendicular to OQ; thus
P and P’ cannot both lie enn 0OQ. Suppose P does not lie on
0Q; then, by 1.15, p meets q at the centre of the circle POQ.
Hence p and p’ cannot both be parallel to q. Thus 1.15 im-
plies that two intersecting lines cannot both be parallel to the
same line. This statement (commonly known as Playfair's Ax-
iom, though Playfair copied it from Ludlam) is clearly equivalent
to 1.12.

The necessity of making some such assumption has been
finally established only during the last hundred years. Nowa-
days, anyone who tries to prove Postulate V is classed with
circle-squarers and angle-trisectors. For we know that there
is a perfectly logical geometry in which the lines in question

*See Bonola [2], pp. 61, 119; Sommerville [1], pp. 288-293.
All such references are to the bibliography on pp. 317-325.
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may fail to meet, even when the interior angles are quite small.
This remark is so easy to make today that we are apt to forget
what a heresy it seemed to a generation brought up in the
belief that Euclid’s was the only true geometry. ~We now
learn of many different geometries, but for historical reasons
we reserve the name mnon-Euclidean for two special Kinds:
hyperbolic geometry, in which all the “selfevident” postu-
lates I-IV are satisfied though Postulate V is denied, and
elliptic geometry, in which the traditional interpretation of
Postulate II is modified so as to allow the total length of a line
to be infinite.

As a first glimpse of hyperbolic geometry, here are the
statements that replace 1.11-1.15: Two lines cannot be equi-
distant: a line may intersect one of two parallels without inter-
secting the other; similar triangles are necessarily congruent;
the sum of the angles of a triangle is less than two right angles;
three points may be neither collinear nor concyclic. In elliptic
geometry, on the other hand, any two coplanar lines intersect,
so there are no parallels in Euclid’s sense, and no equidistant
lines in a plane. (We shall see, however, that equidistant lines
are possible in space.)

Each of these geometries, Euclidean and non-Euclidean, is
consistent, in the sense that the assumptions imply no contra-
diction. But which geometry is valid in physical space? It is
important to realize that this question is meaningless until we
have assigned physical equivalents for the geometrical con-
cepts. Even the notion of a point, “position without magni-
tude,” can only be realized by a process of approximation.
Then, what is the physical counterpart for a straight line?
The two most obvious answers are: a taut string, and a ray of
light. According to recent developments in physics, these are
not precisely the same! But the discrepancy is due to the
presence of matter, and so a theoretical geometry of empty
space remains significant. Consider, then, two rays of light,
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perpendicular to one plane. Certainly they remain equidistant
according to all terrestrial experiments; but it is quite conceivable
that they might ultimately diverge (as in hyperbolic geometry)
or converge (as in elliptic).

1.2. Saccheriand Lambert. The most elaborate attempt
to prove the “parallel postulate” was that of the Jesuit Saccheri
(1667-1733), who based his work on an isosceles birectangle, i.e.
a quadrangle ABED with AD = BE and right angles at D and
E. It is obvious that the angles at A and B are equal. He
considered the three hypotheses that they are obtuse, right,
or acute, and showed that the assumption of any one of these
hypotheses for a single isosceles birectangle implies the same
for every isosceles birectangle. It was his intention to establish
the hypothesis of the right angle by showing that either of the
other hypotheses leads to a contradiction. He found that the
hypothesis of the obtuse angle implies Postulate V, which in turn
implies the hypothesis of the right angle. From the hypothesis
of the acute angle he made many interesting deductions, always
hoping for an eventual contradiction. We know now that his hope
could never have been realized (without his making a mistake);
but in the attempt he was unwittingly discovering many of the
theorems of what was later to be known as hyperbolic geometry.

Fi1G. 1.2

In particular, he considered a point A and a line q (not
through A, and showed that, on the hypothesis of the acute
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angle, the flat pencil of lines through A contains two special
lines p and p’, which divide the pencil into two parts, the first
part consisting of the lines which intersect q, and the second
of those which have a common perpendicular with q. (See
Fig. 1.2a.) The line p (and likewise p’) is asymptotic to q, in
the sense that the distance to q from a point proceeding along
p continually diminishes, and eventually becomes smaller than
any segment, taken as small as we please. The consequence
which Saccheri imagined to be ‘‘contrary to the nature of a
straight line” is that the lines p and q have a common perpen-
dicular at their common point at infinity. (We shall see in §10.1
that this statement can in fact be justified.)

Fifty years later, Lambert (1728-1777) followed the same
general program, using a trirectangle which can be regarded as
one half of Saccheri's isosceles birectangle (divided along the
join of the midpoints of AB and DE). He likewise rejected the
hypothesis of the obtuse angle (for the fourth angle of his tri-
rectangle), but he carried the consequences of the hypothesis
of the acute angle still farther.* He defined the defect of a
polygon as the difference between its angle-sum and that of a
polygon of the same number of sides in the Euclidean pla.e;
and, observing that the defect is additive for juxtaposed poly-
gons, he concluded that, on the hypothesis of the acute angle,
the defect of a polygon is proportional to its area. Comparing
this with the well-known result concerning the angular excess
of a spherical polygon, he suggested that the hypothesis of the
acute angle would hold in the case of a sphere of imaginary
radius.

LTI R W O |

structural significance. In measuring angles,on the other hand,

we can make use of a natural unit, such as a right angle or a

radian, which has particular geometrical properties. In this
*Stickel and Engel [1], pp. 152-207,
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sense we may say that Euclidean lengths are relative, whereas
angles are absolute. Lambert made the notable discovery that,
when Postulate V is denied, angles are still absolute, but
lengths are absolute too. In fact, for every segment there is a
corresponding angle, e.g. the angle of an equilateral triangle
based on the given segment.

1.3. Gauss, Wachter, Schweikart, Taurinus. Gauss
(1777-1855) was the first to take the modern point of view,
that a geometry denying Postulate V should be developed for
its intrinsic interest, without expecting any contradiction to
arise. But, fearing ridicule, he kept these revolutionary ideas
to himself until others had published them independently.
From 1792 to 1813, he too tried to prove the parallel postulate;
but after 1813 his letters show that he had overcome the cus-
tomary prejudice, and developed an “‘anti-Euclidean” or “‘non-
Euclidean’ geometry, which 1s in fact the geometry of Sac-
cheri’s hypothesis of the acute angle. He discussed this with
his pupil Wachter (1792-1817), who remarked in 1816 that the
limiting form assumed by a sphere as its radius becomes infinite
is a surface on which all the propositions of Euclid (including
Postulate V) are valid; or, as we should say nowadays, that
the inirinsic geometry of a horosphere 1s Euclidean.

Independently of Gauss, Schweikart (1780-1859) developed
what he called “astral’’ geometry, in which the angle-sum of a
triangle is less than two right angles and (consequently) di-
minishes as the area increases. In a Memorandum dated 1818
he observed that ‘‘the altitude of an isosceles right-angled
triangle continually grows, as the sides increase, but it can
never become greater than a certain length, which I call the
Constant.” Gauss complimented Schweikart on his results,
and remarked that, if the Constant is called % log(1 ++/2), the
area of a triangle has the upper bound =4*.

Thus encouraged, Schweikart persuaded his nephew
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Taurinus (1794-1874) to devote himself to the subject; and it was
in a letter written to this young man in 1824 that Gauss gave
the fullest account of his own discoveries. Taurinus developed
a “logarithmic-spherical” geometry by writing ¢k for the radius %
in the formulae of spherical trigonometry. (Compare Lambert’s
suggestion about an imaginary sphere.) Thus, for a triangle with
angles A, B, C and sides a, b, c, he found

1.31. cos C = sinAsinBcosh(c/k) — cosAcosB,
whence cos C > —cos(4 + B), and
1.32. A+B+C<m.

For the circumference and area of a circle of radius », he ob-
tained

inh - 2 r_
21k sinh 7 and 2wk (cosh 7 1) ,

and for the surface and volume of a sphere,

2 ginh? 7 3(~ r K_Z)
47k* sinh 7 and 2wk° { sinh 7 cosh P
(Notice that, if £ tends to =, these tend to the usual expressions

in Euclidean geometry.)

1.4. Lobatschewsky. Formulae equivalent to these were
derived rigorously (and quite independently) by the Russian
mathematician Lobatschewsky (1793-1856), who shares with
Gauss and the younger Bolyai the honour of having made the
first really systematic study of what we now call hyperbolic
geometry. His earliest paper was read in 1826, published in
1830, and a number of others followed.* Like Gauss, he defined
parallelism in such a way that there are just two lines through a

gitvren peint A paral}el tn o oigen | o (Fig- 1 2A) H’locn ]‘\eing

.
immo
LSV # 5 51\"\_’11 RALAN . \i Aeddidfy LAl S

*Lobatschewsky [1].
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asymptomatic to q, as Saccheri had already shown. Drawing AB

perpendicular to q, he defined the angle of parallelism T1(AB)

as the (acute) angle between AB and either of the parallels.
In terms of a convenient form of the absolute unit of length
(Taurinus’s & = 1), he found that the angle of parallelism for the
distance AB = ¢ is
II{c) = 2Zarctan e ¢ = arc cot(sinh¢) = arc cos(tanh ¢),

which decreases from %fn to 0 as ¢ increases from 0 to », The
same result, in the form sinIl(c) coshe¢ = 1, could have been
obtained by Taurinus also, if he had put A = 1), B = ix
C=0k=11in 1.31

Lobatschewsky derived his trigonometrical formulae from a
study of the horocycle (circle of infinite radius) and horosphere
(sphere of infinite radius), in the course of which he rediscov-
ered Wachter's theorem that the geometry of horocycles on a
horosphere is identical with the geometry of straight lines in the
Euclidean plane. Having also rediscovered Lambert's formula
m—~ A — B — C for the area of a triangle ABC, he proceeded to
calculate the volume of a tetrahedron,* expressing the result in
terms of his famous transcendental function

X
L) = / log sec y dy.
0

Observing that the trigonometrical formulae of Euclidean
geometry are valid in the infinitesimal neighbourhood of a
point in the new geometry, Lobatschewsky considered the
possibility that his geometry might replace Euclid’s in the ex-
ploration of astronomical space. The crucial experiment would
consist in finding a positive lower bound for the parallax of
stars. For, if ¢ is a diameter of the Earth’s orbit, measured
in terms of the (unknown) absolute unit, the parallax of any
star should exceed zfrr — I1(c). But this remains an open ques-
tion, since such a lower bound, if it exists, is smaller than the

*Cf. Schlifli [1], p. 97; Richmond [1]; Coxeter [1].
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allowance for experimental error. The failure of the expen-
ment merely tells us that, if space is in fact hyperbolic, the
absolute unit must be many millions of times as long as the
diameter of the Earth’s orbit.

In this connection we must bear in mind that, although a
geometry may seem more interesting if we can compare it
with the real world, its validity as a logical structure is not
affected, but depends only on its internal consistency. Inorder
to show that his “‘imaginary’” geometry or ‘‘pangeometry’’ is
as consistent as Euclidean geometry, Lobatschewsky pointed
out that it is all based on his formulae for a triangle, which
lead to the familiar formulae for a spherical triangle when the
sides a, b, ¢ are replaced by 1a, b, ic. Any inconsistency in the
new geometry could be “‘translated” into an inconsistency in
spherical geometry (which is part of Euclidean geometry).
Thus, after two thousand years of doubt, the independence of
Euclid’s Postulate V was finally established.

1.5. Bolyai. Many of the same results were discovered
about the same time by Bolyai Janos (1802-1860), who wrote
to his father, Bolyai Farkas, in 1823: ‘I have resolved to
publish a work on the theory of parallels, as soon as I shall

have put the material in order. . . . The goal is not yet reached,
but I have made such wonderful dxscoverles that I have been
almost overwhelmed by them. . .. I have created a new universe

from nothing.”

Bolyai Farkas expressed the wish to insert his son's dis-
coveries in his own book, as an Appendix.* In making this
offer, he remarked, more appropriately than he realized, that
“many things have an epoch, in which they are found at the
same time in several places, just as the violets appear on every
side in spring.”’

The younger Bolyai's speciality was the ‘‘absolute science

*Bolyau (1], [2].
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of space’’ (or absolute geometry), consisting of those proposi-
tions which are independent of Postulate V, so that they hold
in both Euclidean and hyperbolic geometry. For instance, he
expressed the ‘‘sine rule’ for a triangle ABC in the form

Oa :0b:0Oc ::sin 4 :sin B :sin C,

where Oa denotes the circumference of a circle of radiusa. He
observed that such formulae hold also in spherical geometry.

1.6. Riemann. The full recognition that spherical geome-
try is itself a kind of non-Euclidean geometry, without paral-
lels, is due to Riemann (1826-1866). He realized that Saccheri’s
hypothesis of the obtuse angle becomes valid as soon as Pos-
tulates I, Il and V are modified to read:

I. Any two points determine at least one line.
I1. A line 1s unbounded.
V. Any two lines in a plane will mee.

For a line to be unbounded and yet of finite length, it mere-
ly has to be re-entrant, like a circle. The great circles on a sphere
provide a model for the finite lines on a finite plane, and, when
so interpreted, satisfy the modified postulates. But if a line
and a plane can each be finite and yet unbounded, why not also
an n-dimensional manifold, and in particular the three-dimen-
stonal space of the real world? In Riemann’s words of 1854 :
“The unboundedness of space possesses a greater empirical
certainty than any other external experience. But its infinite
extent by no means follows from this; on the other hand, if we
assume independence of bodies from position, and therefore
ascribe to space constant curvature, it must necessarily be finite
provided this curvature has ever so small a positive value.'*

According to the General Theory of Relativity, astro-
nomical space has positive curvature locally (wherever there
is matter), but we cannot tell whether the curvature of

*Riemann [1], p. 36.
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“empty’’ space is exactly zero or has a very small positive or
negative value. In other words, we still cannot decide whether
the real world is approximately Euclidean or approximately
non-Euclidean.

Riemann employed the ‘‘infinitesimal approach” to geome-
try, wherein the differential of distance is expressed as the
square root of a quadratic form in the differentials of the co-
ordinates. In the special case of constant curvature, his for-
mula is

2
1.61. gs= Y (Edx’)

1+1KZx?

A year or two before Riemann read his epoch-making
Habilitationsschrift, quoted above, Schlafli (1814-1895) devel-
oped the analytical geometry of n-dimensional Euclidean
space,* and considered in particular the hyper-sphere Tx? =k?,
which provides a model for Riemann'’s (n —1)-dimensional
spherical space.

In the differential geometry of a surface in ordinary space,
the product of the maximum and minimum “normal curva-
tures’’ is usually denoted by K. (Thus K=£k7* for a sphere
of radius k.) Gauss made the notable discovery that this
specific -curvature can be expressed in terms of quantities
measured on the surface itself, without using properties of the
underlying Euclidean space (e.g. normals). Thus it could still
be defined if the underlying space did not exist. Riemann'’s
“‘constant curvature'’’ is the n-dimensional analogue of this K.
Although the geometry of astronomical space, according to his
hypothesis, may be identical with that of a hyper-sphere in
four-dimensional Euclidean space, it does not follow that there
is in any physical sense a Euclidean four-space in which the

spherical three-space is imbedded.t Thus spherical space is like

*Schlafli [1].
tSommerville {2], p. 199 (§7).
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the substance of a balloon with an extra dimension: but the
simile breaks down if we seek a meaning for the air inside or
outside the balloon.

1.7. Klein. Riemann developed the differential geometry
of spherical space. On the other hand, Cayley (1821-1895)
considered space ‘“in the large,” defining distance in terms of
homogeneous coordinates. But it was Klein (1849-1925) who
first saw clearly how to rid spherical geometry of its one
blemish: the fact that two coplanar lines (being two great
circles of a sphere) have not just one but two common points.
Since every point determines a unique antipodal point, and
every figure is thus duplicated at the antipodes, he realized
that nothing would be lost, but much gained, by abstractly
identifying each pair of antipodal points, i.e. by changing the
meaning of the word *'point”’ so as to call such a pair one point.

The word “line” will then be used for a great circle with
every pair of diametrically opposite points identified (or a
great semicircle with its two ends identified). So also, the
word “plane” will be used for a great sphere with every pair
of antipodal points identified, and analogous definitions can
be made in any number of dimensions. With this meaning for
the words, any two points determine a unique line; for, anti-
podal points are no longer two but one. Thus the traditional
form of Postulate I is restored. As for Postulate II, a line is
still unbounded, though finite, its length being half that of the
great circle. Right angles retain their ordinary meaning, but
a circle appears as a pair of antipodal circles.

It was to this modification of spherical geometry that Klein
gave the name elliptic geometry. It is in many ways simpler
than either spherical or Euclidean geometry, and can be de-
veloped quite independently. The geometry of pairs of anti-
podal points is merely a model for it, a convenient representa-
tion in terms of more familiar concepts. Another model is
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obtained by considering the diameters which join such pairs
of points. In this manner the points and lines in elliptic space
of n dimensions are represented by the lines and planes
through a fixed point O in Euclidean space of n+1 dimensions.
In particular, elliptic geometry of two dimensions is represented
as the geometry of a bundle in ordinary space. To interpret the
elliptic concepts in terms of Euclidean concepts, we translate
them according to the following “‘dictionary”’:

The elliptic plane Euclidean space, in the neighbourhood
of a fixed point O

Point Line through O

Line Plane through O

Segment Angle

Angle Dihedral angle

Perpendicular lines Perpendicular planes

Triangle Trihedron

Circle Right circular cone

Rotation about a point Rotation about a line through O

Reflection in a line Reflection in a plane through O

etc. etc.

A third model (for elliptic plane geometry) can be derived
from this second model by considering the section of the bundle
by an arbitrary plane, not passing through O. This has the
advantage of representing points by points, and lines by lines.*
But distances and angles are inevitably distorted, since the
distance between two points has to be re-defined as the angle
subtended at O. Moreover, certain points of the elliptic
geometry are left out, since certain lines of the bundle are
parallel to the chosen plane. In order to accommodate these
extra points, it is natural to augment the Euclidean plane by
postulating points at infinity, one for every direction, in the
manner advocated by Kepler (1571-1630) and Desargues
(1593-1662). When this is done, we have the projective plane,

*Klein {1], p. 604; {3}, p. 148.
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in which every two lines intersect (either at an ordinary point
or at infinity). Thus, if metrical ideas are left out of consider-
ation, elliptic geometry is the same as real projective geometry.

Conversely, real projective geometry (which we shall de-
velop in Chapters 11, 111, 1V) contains certain correspondences
which enable us to define the elliptic metric in the whole space
(see Chapters v, vi1, vII), and to define either the Euclidean or
the hyperbolic metric in a suitable part of space (Chapter 1x).

The study of elliptic geometry is almost forced upon us as
soon as we have added points and lines at 1nfinity to Euclidean
space. For, such points and lines form a plane—the plane at
infinity—whose intrinsic geometry is elliptic. (See §9.5.)

To sum up, the metrical geometries with which we are
concerned are Euclidean, hyperbolic, spherical, and elliptic. Our
preoccupation with these four, as against all other continuous
geometries, is justified by the fact that only in these cases is
space completely isotropic, in the sense that all the lines
through each point are alike. It is an interesting result in
differential geometry that, if space is continuous and isotropic,
it is also homogeneous or, as Riemann would say, of constant
curvature.



CHAPTER 11

REAL PROJECTIVE GEOMETRY: FOUNDATIONS

2.1. Definitions and axioms. In any geometry, logically
developed, each definition of an entity or relation involves
other entities and relations; therefore certain particular entities
and relations must remain undefined. Similarly, the proof of
each proposition uses other propositions; therefore certain
particular propositions must remain unproved; these are the
axtoms. We take for granted the machinery of logical deduc-
tion, and the primitive concept of a class (or “‘set of all’’).

Unless the contrary is stated, the word correspondence will
be used in the sense of one-to-one correspondence. Thus a set
of entities is said to correspond to another set if every entity in

each set is associated with a unique entity in the otherset. In

geometry the entities are usually points or lines, and the set
of entitiesis called a figure. Thus we speak of a correspondence
between two figures. It is often convenient to regard the cor-
respondence as an operation which changes the first figure into
the second. (Familiar instances are rotation, reflection, inver-
sion, and reciprocation.) The general technique for discussing
correspondences belongs properly to the theory of groups; but
the following outline will suffice for our purposes.

We shall find it convenient to denote a correspondence by
a capital Greek letter, such as 6, writing FO =F’ to mean that
O relates the figure F to F’ (or that the figure corresponding to
Fis F’). If a second correspondence ® relates the figure F’ to
F’ » we write F'é= F or Fed = Fl, and say that the product
6 relates F to Fi. The trivial correspondence that relates
every entity to itself is called the identsty, and is denoted by 1
(since its product with 0 is 6 itself). If 6®=1, we call ® the

16
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snverse of O, writing =0"!. (Thus the relation FO=F’ is
equivalent to F =F’071.) Some authors write 8(F) instead of
F©, so as to exhibit it as a function of F. (Note that, in one of
the accepted notations, we write x =sin™'x’ when sin x=x".)

If a correspondence O relates F to F’, while another corres-
pondence & relates the pair of figures (F, F’) to (Fy, F}), we say
that & transforms O into the correspondence between F; and
F . Since

Fi=F'®=F0®=F 57169,

this transformed correspondence is $'6®. It mayhappen that
O itself relates F, to F;, so that ® transforms 6 into itself. We
then say that O is invariant under transformation by ®. Since
the relation $7!6% =0 may be written 6® =86, an equivalent
statement 1s that © and ¢ are permutable. (As a familiar
example of correspondences which are not permutable, con-
sider the reflections in two planes not perpendicular to one
another.)

According to Klein, the character of any geometry is deter-
mined by the type of correspondence under which its relations
are invariant; e.g. Euclidean geometry is invariant under
“similarity transformations.”* The title of this book refers
strictly to just two geometries, elliptic and hyperbolic; but
certain others are so closely interwoven with these as to compel
our attention. The concept of similarity, which plays such a
vital role in Euclidean geometry, has no analogue in either of
the non-Euclidean geometries. On the other hand, the concept
of parallelism (for lines in one plane) belongs to both Euclidean
and hyperbolic geometry, but is lacking in elliptic. Bolyai
Janos (§1.5) gave the name absolute geometry to the large body
of propositions common to Euclidean and hyperbolic geometry.
Some of these propositions will be used in Chapter 1x, before

*Veblen and Young [2], I, pp. 64-68; 11, pp. 78, 119.
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we split absolute geometry into its two parts by affirming or
denying the uniqueness of parallelism (or Postulate V).

The contrast between absolute and elliptic geometry is
clearly seen in the theory of order.* In either geometry we can
describe a ‘‘four point’’ order, saying that four collinear points
fall into two pairs which separate each other. In absolute
geometry this can be derived from the stronger ““three point”
order, in which we say that one of three collinear points lies
between the other two. But in elliptic geometry all lines are
closed, and so the notion of order does not specialize one of
three points: order is no longer “‘serial”” but “cyclic.”

Throughout the ages, from the ancient Egyptians and
Fuclid to Poncelet and Steiner, geometry has been based on
the concept of measurement, which is defined in terms of the
relation of congruence. It was von Staudt (1798-1867) who
first saw the possibility of constructing a logical geometry
without this concept. Since his time there has been an increas-
ing tendency to focus attention on the much simpler relation
of incidence,t which is expressed by such phrases as *“The point

i +tha it A L&

A lies on the line p’’ or ““The line p passes through the point A.
Euclidean geometry with congruence left out 1s called affine
geometry. As so many figures in Luclidean geometry are
defined in terms of congruence (e.g. equilateral triangle, circle,
conic section), it might seem that in affine geometry there
would be little left to talk about. It is true that the content
of affine geometry is less rich than that of Euclidean, but it is
still possible to define conics, for example, and to distinguish
the three types: ellipse, parabola, hyperbola. Postulate V,
in its non-metrical form 1.12, allows us to define an attenuated
kind of congruence, by which we can compare certain segments
(namely those which are parallel to one another) and measure

area.! But the notion of ‘“‘perpendicularity’’ is entirely lack-

*\ailati [1]. See also Veblen and Young (2], 11, p. 44, and Russell [1},
IV. tPieri [1]: Baker {1], I, p. 4. {Heffter and Koehler {1}, I, p. 219.
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ing. By suitably defining perpendiculari

whole of Euclidean geometry. By modlfylng the definition,
we can derive instead Minkowskian geometry,* the four-
dimensional case of which is used in the Special Theory of
Relativity.

Similarly, elliptic geometrv with congruence left out is real
projective geometry. This was developed (gua Euclidean
geometry augmented by points at infinity) long before elliptio
geometry itself, and is still widely studied for its own interest.
It excels affine geometry in the symmetry of its propositions
of incidence, which occur 1n pairs in accordance with the “prin-
ciple of duality.”” Moreover, it includes all the other geome-
tries that have been mentioned. For. by suitably defning
perpendicularity we can restorc the metrical properties of
elliptic geometry. and by modifying the definition we can
derive instead hvperbolic geometry. Again, by specializing a
plane (in the three-dimensional case) or a linc (in the two-
dimensional), we can derive affine geometry. and thence either
Euclidean or Minkowskian.

In the following ‘‘genealogy,”’ each geometry (save the
first) is derived from its parent by some kind of specialization:

o
1
r-r
)
2
b
0

Projective

l ]
Elliptic Afhne Hyperbolic
|
[ |

Euclidean Minkowskian

In view of the above remarks, we shall set aside al!l metrical
considerations till Chapter v, and survey the foundations of
real projective geometry, using the axioms of Pieri, Vailati,
and Dedekind. In this case there are two undefined entities,

*Minkowski {1]; Robb {1].
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point and line; two undefined relations, incidence and separa-

fton.
AXIOMS OF INCIDENCE

2.111. There are at least two poinis.

2.112. Any two points are incident with just one line.

The line thus determined by two points A and B is said to
join the points, and is denoted by AB.

2.113. Theline AB is incident with at least one pornt besides
A and B.

Points incident with a line are said to lie on the line, or to
be collinear. The class of points on a line is called a range.

2.114. There is at least one point not incident with the
line AB.

Lines incident with a point are said to pass through the
point, or to be concurrent. Two such lines are said to meet or
intersect. By joining the points of a range to a point C, not
belonging to this range, we obtain a flat pencil of lines, with
centre C. A plane is the class of points on the lines of a flat
pencil, together with the class of lines joining pairs of these
points.

2.115. If A, B, C are three non-collinear points, and Disa
point on BC distinct from B and C, while E 1s a point on CA
distinct from C and A, then there is a point F on AB such that
D, E, F are collinear. (See Fig. 8.8A on page 173.)

It follows that a plane contains all the points on each of its
lines, and can be defined equally well by any pencil contained
in it. In terms of three non-collinear points, or a non-incident
point and line, we denote a plane by ABC or Ap. Points or
lines in one plane are said to be coplanar.

2.116. There is at least one point not in the plane ABC.

2.117. Any two planes intersect in a line.

So far, we may appear to have been underlining the obvious. Every

student of elementary geometry is familiar with the terms just used. But
the real importance of the foregoing remarks lies less in what we have said
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than in what we have not said. We have not mentioned the possibility of
the distance AB being equal to the distance CD: we shall never make such
a remark as long as we are dealing with projective geometry only.

From the above axioms it is possible to deduce all the pro-
positions of incidence for points, lines, and planes. If lines p
and q intersect, we denote their common point by (p, q) and
their plane by pq. Two lines which do not intersect are said
to be skew. Planesincident with a line are said to pass through
the line, or to be coaxial. The class of planes through a line p
is called an axwal pencil, with axis p. The class of lines and
planes through a point O is called a bundle (or sheaf, or star),
with centre O.

considering ‘‘degrees of freedom” we are led to speak
of a point as having no dimension, a line one dimension, and a
plane fwo dimensions. The lines of a flat pencil, and likewise

the nlnnpe of an axial pen.ﬂ!! Pnrrncpond (b}’ incid ,nce) to the

points of a range, which is the section of the pencil by a line.
For this reason, ranges and pencils together are described as
one-dimensional primitive forms. Similarly, planes and bundles
are two-dimensional forms, the points and lines of a plane being
sections of the lines and planes of a bundle; and the whole
space is three-dimensional.

One of the most important correspondences in projective
geometry is perspectivity. This is the correspondence estab-
lished between two coplanar lines, or two planes, by regarding
them as different sections of the same flat pencil or bundle,
respectively. In the case of lines, we say that the flat pencil
projects the one range into the other, and the two ranges are
said to be in perspective. (See Fig. 2.1a, where O is the centre
of the pencil.) Corresponding points are indicated by for-
mulae such as

ABC...iA’B’C’...,or ABC... = A'BC' .

>HO
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Fi1G. 2.1A Fi1G. 2.1B

Our second undefined relation refers to two pairs of points
on a line. Following Vailati, we use the symbol AB||CD to
mean that A and B separate C and D. (The significance of this
relation is most clearly seen by representing the line as a circle.
See Fig. 2.1B.)

AXIOMS OF SEPARATION

2.121. If A, B, C are three collinear points, there is at least
one point D such that AB|| CD.

2.122. IfAB|| CD, then A, B, C, D are collinear and distinct.

2.123. IfAB| CD, then AB || DC.

2.124. If A, B, C, D are four collinear points, then either
AB||CD or AC||BD or AD|| BC.

2.125. IfAB| CD and AD || BX, then AB|| CX.

2.126. IfAB | CD and ABCD x A'B'C'DY, then A'B || CD.

From the last of these axioms we can deduce* that the relation
AB||CD implies CDJJAB. Putting C for X in 2.125, and using 2.122,
we see that the relation AB || CD excludes AC||BC. The existence-axiom
2 121 has been inserted as the most natural way to secure an infinity of points.

*Robinson [1], p. 119 (second footnote). Following Veblen, Robinson uses
the symbol A for the combination of several perspectives. Following von
Staudt, who invented that symbol, I prefer to define it differently, though later
the two definitions will be seen to be equivalent (in real geometry).
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Accordingly, the above axioms differ slightly from those given by Vailati (and
quoted by Veblen and Russell).

If A, B, C are three collinear points, we define the segment
AB/C as the class of points X for which AB||CX. Thus the
segment AB/C does not contain C. The segment with its end
points A and B is called an interval, and is denoted by AB/C.
If X and Y belong to AB/C, the interval XY/C is said to
be interior to AB/C, and a point D lies between X and Y in
AB/C if it belongs to XY/C, i.e. if XY||CD. (Either X or Y
may coincide with either A or B. In other cases we have either
AX||BY or AY||BX.) Thus “three point” order becomes valid
when we restrict consideration to an interval, or to a segment.

AXIOM OF CONTINUITY

2.13. For every partition of all the points of a segment into two
non-vacuous sets, such that no point of either lies between two points
of the other, there is a point of one set which lies between every other
point of that set and every point of the other set.

This final axiom will be used in §2.7.

2.2. Models. When we say that a system of axioms is
consistent, we mean that no two theorems, logically deduced
from them, can be contradictory (like the statements “All right
angles are equal” and “Some lines are self-perpendicular”).
Clearly, there is no direct test for consistency, since we cannot
follow up the infinite number of possible chains of deduction to
see whether any two of them lead to a contradiction. For an
indirect test we use a model, which is a set of objects satisfy-
ing the same axioms as the undefined entities of the original
system. Any contradiction implied by the original system would
be represented by a contradiction in the model, and this can-
not occur so long as the objects unquestionably exist. These
objects may be (defined or undefined) entities in another ab-
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stract system whose consistency is taken for granted, or they
may be physical objects whose rea[ity 1s accepted for reasons
outside the domain of mathematics. In the former case the
assumption of consistency can only be justified by means of a
model of the model; so it may well be argued that every ques-
tion of consistency is ultimately based on properties of the
physical world as interpreted by our senses. (For those who
dislike this materialistic conclusion, a possible loophole is
offered by the recent attempts to prove the consistency of
ric hme-m, in a direct fasmon )

We give here three models for real projective geometry.
The first is in terms of affine geometry, whose consistency is
usually established by means of Cartesian coordinates (the
“model of the model”"). The second refers directly to the
number system. The third is in terms of absolute geometry,
which, being based on the “‘self-evident’’ postulates I—1V, is
amenable to direct comparison with physical space.

To construct the first model, we define axial pencils and
bundles in affine (or, if preferred, Euclidean) space, in such a
way as to include pencils and bundles of parallels, and then set
up a “‘dictionary,’” as follows:

Real projective space Affine space

Point Bundle

Line Axial pencil

A point lies on a line The planes of a bundle include those
of a pencil

Two points determine a line The common planes of two bundles

form a pencil

Setting up this model is effectively equivalent to the classi-
cal derivation of projective space from affine (or Euclidean)
space by adding the ‘“ideal’” points and lines of a postulated

*Hilbert and Bernays [1].
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“plane at infinity.”” For, such points arise as centres of bun-
dles of parallel lines, and such lines arise as axes of pencils of
parallel planes.

The direct appeal to arithmetic is made by using homo-
geneous coordinates. The appropriate dictionary this time is

as follows:
Real projective space The real number system
Point A The class of ordered tetrads of real
numbers, proportional to a given tetrad
(ao, a1, as, a3)
Line p The class of ordered hexads of real

numbers, proportional to a given hexad
{Pn. Pn, Plz, POI, Poz, Po:, satisfying the
equation Py Poi+ Py Por+PraPos=0

(For convenience we define P, etc., so
that P,,= —P,, and therefore P,, =0)

Point A lies on line p aoPo,+aiPi,+a2Ps,+asPs,=0 for two
(and therefore all four) values of »

Line AB {aobl—a;bo, Gobg—agbo, aob;—a;bo.

asbs —ashs, asbi—aibs, a1b: —a2xb, }

AB || CD The a's, and likewise the b's, ¢'s, and
d's, satisfy two independent linear homo-
geneous equations; and the respective
ratios a,/a,, €./, bu/b,, d,./d,, or some
cyclic permutation thereof, are in strictly
ascending order of magnitude for at least
one choice of 4 and v

For further details of this model, see §4.6. The verification of
all the axioms is an interesting exercise.

If we are content to consider the two-dimensional projec-
tive geometry of a single plane, a third model consists of the
lines and planes through one point in ordinary space (as in
§1.7, but without the metrical concepts):
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The real projective plane Euclidean or non-Euclidean space, in
the neighbourhood of a fixed point O

Point A Line a through O

Line AB Plane ab

Range Flat pencil

Flat pencil Axial pencil

Triangle Trihedron

Conic Quadric cone

This has the advantage of symmetry, which the first model
lacks. Moreover, the geometry of a bundle can be developed
without using ‘‘Postulate V'’'; in fact a bundle is essentially
the same thing in absolute geometry as in projective. But in
order to adapt this model to three dimensions, we would have
to consider the “hyper-bundle’ of lines and planes through a
point in four dimensions—which is quite satisfactory for any-
one who has become familiar with the properties of absolute
(or Euclidean) hyper-space.

2.3. The principle of duality. Three non-collinear points
A, B, C are called the vertices of a triangle ABC; its sides are the
three lines BC, CA, AB. Analogously, four non-coplanar points
A, B, C, D are the vertices of a tetrahedron ABCD; its edges and
faces are the six lines AD, BD, CD, BC, CA, AB, and the four
planes BCD, CDA, DAB, ABC.

The principle of duality in the plane afirms that every
definition remains significant, and every theorem remains true,
when we interchange “point” and ‘“line,” and make a few
consequent alterations in wording. This means that the
geometry of lines forms a model for the geometry of points.
The following definition provides an example:
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Four coplanar points, A, B, C,
D, of which no three are collinear,
are the vertices of a complete
quadrangle® ABCD, with the six
{ines AD, BD, CD, BC, CA, AB
for sides. The points of inter-
section of "'opposite’’ sides, namely
(AD, BC), (BD, CA), (CD, AB),
are called diagonal points, and are
the vertices of the diagonal tn-
angle.

Four coplanar lines a, b, ¢, d,
of which no three are concurrent,
are the sides of a complete quadri-
lateral* abcd, with the six points
(a, d), (b,d), (c,d), (b, c), (c,a),
(a, b) for vertices. The joins
of “'opposite’”’ vertices, namely
(a,d)(b,c),(b,d)(c,a),(c,d)(a,b),
are called diagonal lines, and are
the sides of the diagonal triangle.

The principle of duality in space allows the analogous inter-
change of “point’” and “plane.” Thus 2.117 is the space-dual

of 2.112.

Five points A, B, C, D, E, of
which no four are coplanar, are
the vertices of a complete penta-
gon ABCDE, with the ten lines
AB, ..., DE for edges, and the
ten planes ABC,..., CDE for
faces. Each edge lies in three
faces.

Here is another example:

Five planesa, 3,7, 0, ¢, of which
no four are concurrent, are the
faces of a complete pentahedron
aflyde, with the ten lines (a, ),

, (6, €) for edges, and the ten
points (&, 3, v),..., (7, 0, ¢€) for
vertices. Each edge contains three
vertices.

To justify the principle of duality, we observe that the

axioms imply their own duals.

For instance, 2.115 enables us

to prove the plane-dual of 2.112, namelyt

2.31. Any two coplanar lines intersect.
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Having proved a theorem, we can state the space-dual
theorem without more ado; for a proof could in fact be written
down mechanically by dualizing every step in the proof of the

*When there is no danger of confusion, we shall omit the word ‘‘com-
plete.”
iVeblen and Young (2}, I, p. 19.
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original theorem. The same remark applies to the plane-dual
of any theorem which can be proved without using points
outside the plane. Consider, however, Desargues’ Theorem

and its converse (which are easily proved with the help of
2.116):

2.32. If the vertices of 2.33. If the sides of two

two coplanar triangles cor-
respond in such a way that
the joins of corresponding
vertices are concurrent, then
the intersections of corres-
ponding sides are collinear.

coplanar triangles correspond
in such a way that the in-
tersections of corresponding
sides are collinear, then the
joins of corresponding ver-
tices are concurrent.

Either of these dual theorems can be deduced from the other,
without leaving the plane;* but it is not legitimate to invoke
the principle of duality in the plane for this purpose, since the
initial proof is essentially three-dimensional.

To obtain a sufficient set of axioms for projective geometry
in two dimensions, we can replace 2.115—2.117 by 2.31 and
2.32 (omitting the word coplanar). The principle of duality will
then hotd without reservation.

2.4. Harmonic sets. A large part of our investigation
(e.g. Chapter v) will be concerned with the geometry >f points
on a single line, where there is no scope for incidences. This
deficiency is compensated by the possibility of defining the
harmonic conjugate of a given point with respect to two given
points. (We think of this as a one-dimensional concept, even
though it requires incidences in two dimensions for its con-
struction and in three dimensions for the proof of its unique-
ness.) We shall use the abbreviation H(AB, CD) for the state-

*See, for instance, Baker [1] I, p. 181, or Robson [1], p. 211. Cf,
Veblen and Young (2], I, p. 41.
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ment that D is the harmonic conjugate of C with respect to
A and B, which means* that there is a quadrangle IJKL such
that one pair of opposite sides intersect at A, and a second pair
at B, while the thira pair meet AB at C and D. This relation
is clearly symmetrical between A and B, and between C and D.
Given three collinear points A, B, C, we can obtain D by
taking two points I, J, collinear with C, and construc.ting the
intersections K= (AJ, BI), L=(AI, B)), D=(AB,KL). Itisa
simple consequence of 2.32 and 2.33 that the position of D is
independent of the choice of I and J. But can we be sure that
D is distinct from C? (This is important for certain applica-
tions.) The following proof is due to Enriques.

Fic. 2.4a

By 2.121 and 2.123, we can take a point S such that
AKX || 8], asin Fig. 2.4A. Let IS meet AB at X, and KL at O;
let JO meet ABatY,and Alat P. Then

I O O
AKS] = ABXC,.r AKS] = ALIP % ABCY, AKS]J ~ ADXY.

By 2.126, we therefore have AB || XC, AB || CY, AD || XY.

*De la Hire [1], lib. i, prop. xx; Enriques [1], p. 51.

tIf X happens to coincide with D, the argument ends here; for then
the given relation AK||8J implies ABI!DC.
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Thus both X and Y are in the segment AB,/C, and D lies be-
tween them. In other words,
2.41. H(AB, CD) implies AB || CD.

By applying the plane-dual of the above construction for
the fourth harmonic point of three collinear points, we obtain
a unique ‘‘fourth harmonic line" for any three lines of a flat
pencil. The figure involved is almost the same as before; in
fact ID is the harmonic conjugate of IC with respect to IA and
IB. Thus a harmonic set of points is joined to any external
point by a harmonic set of lines. Dually, any section of a
harmonic set of lines is a harmonic set of points. Hence

2.42. IfH(AB,CD)and ABCD iA’B’C’D’, thenH(A'B’,C'D’).

Two-dimensional geometry admits three alternative ana-
logues for harmonic conjugacy. One of these, which plays an
important part in the introduction of coordinates ( §4.3), is the
so-called trilinear polarity. (The other two are the harmonic
homology of §3.1, and the true polarity of §3.2.) The trilinear
pole of a line g, with respect to a triangle ABC, is constructed
as follows.

N M & L
Fic. 248

Let the sides of ABC meet g in L. M, N. and let G,G,G, be
the triangle formed bv the lines AL, BM, CN. By 2.33, the
three lines AG,, BG,, CG, are concurrent; their common point
G is the trilinear pole of g. These lines meet the sides of the
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triangle ABC in points L/, M’, N’, which are the harmonic
conjugates of L, M, N with respect to the point-pairs BC, CA,
AB. Conversely,* we may define L', M’, N’ as the harmonic
conjugates of L, M, N, and obtain G as the point of concur-
rence of AL’, BM’, CN’. So also G, is the trilinear pole of the
line M'N’, which therefore contains L: and similarly G, and
G, are the trilinear poles of N'L’M and L'M'N.

In affine geometry, we recognize the trilinear pole of the
line at infinity as the centroid of the triangle.

2.5. Sense. The intuitive idea of the two opposite direc-
tions along a line, or round a circle, is so familiar that we are
apt to overlook the niceties of its theoretical basis. Some
authors regard sense as an undefined relation, and define
separation in terms of it.  But the comparison of sense requires
six points, whereas separation involves only four; therefore we
prefer to deduce sense from separation. As a first step we
observe that Axioms 2.12 imply the following theorem:t

2.51. If AB H CD, the two points A and B divide the rest of

48 4L 74 == L P

thetr line into just two segments, AB/C and AB/D.

Two such segments, and likewise the corresponding intervals,

§
are Sald to be Siéyywrucruu!'y

It 1s an immediate consequence of 2.124 that three collinear
points A, B, C divide the rest of their line into three segments
BC/A, CA/B, AB/C; and it follows by induction that the
notation A¢, Ay, . . ., A, can be assigned to n collinear pcints
in such a way that they divide the rest of their line into n
segments A A, /A, _, (with suffixes reduced modulo n). This
division of the line into segments is maintained if we change
each symbol A, into either A ., or A,_,. for a fixed residue s
(mod 7). By means of one of these changes, any particular three

*Poncelet {1), I1, p. 34.
tRobinson [1], p. 120.
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of the »n points may be named Ay, Ay, A, where 0 < b < ¢ < n.
This notation facilitates the definition of one-dimensional sexnse.

Let ABC and DEF be two triads of distinct points on one
line. (Any of D, E, F may happen to coincide with any of
A B,C) Let the distinct points of this set be named Ay, Ay,. ..,
A,_; (n =3, 4, 5, or 6) in such a way that A = Ay, B = A,
C = A,, with b < c¢. Suppose that then D =A;, E=A,, F = A,.
fd<e<fore<f<dorf<d<e we say that the two
triads have the same sense, and write

S(DEF) = S(ABC).
If, on the other hand, f <e<dord<f<eore<d<f, we
say that the two triads have opposite senses, and write

S(DEF) # S(ABC).

(The arithmetical ideas employed here do not involve any fresh
assumptions, but merely avoid separate consideration of the 228
possible ways of distributing D, E, F among A, B, C))

We easily verify that the relation of having the same sense
is reflective, symmetric, and transitive, and that

S(ABC) = S(BCA) = S(CAB) # S(ACB).

All triads which have the same sense as ABC are said to belong
to the sense-class S(ABC). It follows that

2.52. There are two sense-classes in the line:
S(ABC) and S(ACB).

In other words, the line is orientable.

The direct connection between sense and separation is given
by the following theorem:

2.53. The relation AB || CD is equivalent to S(ABC) # S(ABD).

PrROOE. If AB||CD, the line is divided into four segments
AD/C, DB/A, BC/D, CA/B, which enable us to write (as
above, with » = 4):
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A=Ay, D=A, B=A, C=A,

Hence S(ABC) = S(ADB) # S(ABD). Conversely, given
S(ABC) # S(ABD), we can reverse the argument and deduce
AB || CD.

It is now easy to justify the intuitive consequence of us-
ing circular diagrams such as Fig. 2.1B, where clockwise and
counter-clockwise senses can be indicated by an arrow pointing
one way or the other.

In virtue of 2.126, all of the above theory of sense in one
dimension can be applied to the lines or planes of a pencil:
three lines of a flat pencil determine two sense-classes S(abc)
and S(acb), and three planes of an axial pencil determine two
sense-classes S(aBy) and S(ayB). Moreover, the notion of sense
can be extended from one to two dimensions, where a sense-
class is defined by the vertices of a quadrangle. (This is roughly
equivalent to the statement that a sense of rotation is defined
by the centre of a circle and three points on its circumfer-
ence.) But the conclusion is different: *all quadrangles in the
plane have the same sense, so there is only one sense-class;
the plane is non-orientable.

The projective plane, with its single sense-class, is not very easy to
visualize. In ordinary space a non-orientable surface is “one-sided,” and
must cross itself if unbounded. But the impossibility of distinguishing two
senses of rotation is easily seen in the geometry of a bundle (which is
the “third model” of §2.2). For, any rotation about a line of the bundle
(i.e. about a point of the projective plane) is clockwise when we look along
the line in one direction, and counter-clockwise when we look along it in
the opposite direction.

In projective geometry of three dimensions, we might de-
fine a senseclass by means of the vertices of a complete
pentagon, but it is easier to use Veblen’s notion of a doubly

“Veblen and Young (2], I, pp. 67, 422; Klein (3], pp. 12-17.
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oriented line (ABC, aBy). This is a line associated with one
sense-class S(ABC) among the points on it and one sense-
class S(aBy) among the planes through it. Thus the line AB
provides four doubly oriented lines: (ABC,afBy), (ACB, ayp),
(ABC, ay8), (ACB,aBy). Two doubly oriented lines are said
to be doubly perspective if they can be named (ABC,aBy)
and (A'B'C/,a/p'y) in such a way that A,B,C,A',B/,C’ lie
on o,B,¥,a, B,y respectively. Two doubly oriented lines
are said to be similarly oriented if they are related by a se-
quence of such “double perspectivities.” It can be proved! that
(ABC, aBy) is similarly oriented with (ACB, ayB), but not with
(ABC, ayB), and that

9.54. There are just two classes of doubly oriented lines, such that
any two doubly oriented lines are similarly oriented if and only if
they belong to the same class.

Intuitively, this is the distinction between right-handed and left-handed
screws. The general result is that a projective space is orientable or non-
orientable according as its number of dimensions is odd or even.

2.6. Triangular and tetrahedral regions. The plane-
dual and space-dual of 2.51 may be stated as follows:

Two coplanar lines (or two planes) divide the rest of their
plane (or of space) into two classes of points, such that two
points in different classes are separated by the points in which
their join meets the given lines (or planes), whereas two points
in the same class are not so separated.

Such classes of points are called regions.* A third line (or
plane) will in general subdivide each region. Hence

9.61. The sides of a triangle ABC divide the rest of the plane
ABC into four regions.

tVeblen and Young [2], II, p. 449. Cf. Russell [1], p. 232.
*“Veblen and Young (2], II, pp. 51-54, 385-400.
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1 ABC/'p
A
3 2
4
p
g
oo N/ e N
Fi1c. 2.6a )

To distinguish one of these, we may proceed as follows. A
line p, not passing through any of A, B, C, is divided by BC,
CA, AB into three segments, lying respectively in three of the
four regions. The remaining region, to which P is exterior, is
then denoted by ABC/p, as in Fig. 2.6A.

So also, three non-coaxial planes divide the rest of space into
four regions, each of which will be subdivided by a fourth plane
(not concurrent with the others). Hence

2.62. The faces of a tetrahedron ABCD divide the rest of space

into eight regions.

We distinguish any one of these as ABCD/w, where w is an
exterior plane.

The above results become quite obvious when we apply
them to affine space with ideal elements, taking one side of
the triangle (or one face of the tetrahedron) to be the line (or
plane) at infinity. then 2.61 describes the four “quadrants,” and
2.62 the eight “octants.”

2.7, Ordered correspondences. A correspondence be-
tween two ranges is said to be ordered if it preserves the
relation of separation. The points of the second range which
correspond to A, B... in the first will be denoted by A',B/,....
Thus the correspondence is ordered if A'B’ | C'D whenever
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AB || CD. If the two ranges are on the same line (“'super-
posed”), the correspondence is said to be direct or opposite
according as it preserves or reverses sense, i.e. according as
S(ABC) =or=S(A’B'C’). A point which corresponds to itself
(A’ =A) is called a double point. As a particular direct corres-
pondence, we include the identity, in which every point 1s a
double point. Direct and opposite correspondences are easily
seen to combine like positive and negative numbers; e.g. the
product of two opposite correspondences 1s direct. These
notions extend in an obvious manner to correspondences be-
tween any kind of one-dimensional primitive forms; e.g., in a
correspondence between two flat pencils, a line which corres-
ponds to itself is called a double line.

Our first application of the Axiom of Continuity 1S 1N
proving the following lemma* (which we shall need several
times, notably in 2.84, where we enumerate the double points
of a projectivity):

2.71. If an ordered correspondence relates an interval AB/C to
an interior interval A'B’/C, then the latter interval contains a
double point M, such that there is no double point between A and
M (in AB/C).

__ Proor. It 1s convenient to say, of points X and Y in
AB/C, that X precedes Y (and Y follows X) if S(XYC) =S(ABC).
If A’ coincides with A, then A is itself the desired point M. i
B coincides with B’, while every other point of AB/C precedes
its corresponding point, then B is the desired point M. Setting
aside these two extreme cases, we divide the segment AB/C
into two sets of points:

(i) Points P such that every point H which precedes P
precedes its corresponding point H’,

(ii) Points Q which follow at least one point K which does
not precede its corresponding point K'.

*Enriques |1}, pp. 11-75. See daleo Coneter [6], pp. 168 170 (310.6,
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We are assuming the existence of such a point K; the second
set includes every point between this and B. To see that the
first set likewise contains some points, we observe that every
point between A and B, and in particular every point between
A and A’, is related to a point between A’ and B’ Hence, if
the correspondence is direct, so that A’ precedes B’ (as in
Fig. 2.7A), the first set certainly contains A’. If, on the other
hand, the correspondence is opposite, so that A’ follows B’ (as
in Fig. 2.7¢), consider any point P between A and B. If P
precedes (or coincides with) its corresponding point P’, then
every point which precedes P is related to a point which follows
P’; hence the first set contains this P. But if P follows P’, then
P’ precedes its corresponding point P”’, and by the same argu-
ment the first set contains this P’.

Fic. 2.7a Fi1c. 278 Fic. 2.7¢

Clearly, every point of the first set precedes every point of
the second. Hence, by 2.13, there is a point M such that
every point which precedes M belongs to the first set, while
every point which follows M belongs to the second. (Actually,
M itself belongs to the first.) By (i), every point H which
precedes M precedes its corresponding point H’: hence there
is no double point preceding M. To see that M itself is a
double point, we again consider the two types of correspon-
dence separately.

If the correspondence is direct, suppose if possible that M
1s not a double point. If M follows M’, then M’ {ollows M,
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contradicting (i). But if M precedes M/, as in Fig. 2.7, then
every point H between M and M’ precedes its corresponding
point H' (which follows M’); this makes M’ belong to the first
set, which is absurd.

If. on the other hand, the correspondence is opposite, every
point Q of the second set follows its corresponding point Q’,
since Q' precedes the point K’ of (ii). Let H be a fixed point
between A and M, and P a variable point between H and M,
as in Fig. 2.78. Then, the correspondence being opposite, H’
follows P’. which follows P. Thus H’ follows every point which
precedes M, and so either follows or coincides with M. Simi-
larly, for any point K between B and M, the corresponding
point K’ either precedes or coincides with M. If M’ precedes
M., as in Fig. 2.7c, then every point H' between M and M’,
being also between A’ and M’, corresponds to a point H be-
tween A and M, which is absurd. Similarly, it is absurd to
suppose that M’ follows M.

Hence, finally, M is a double point.

Although this rigorous proof (due to Enriques) is quite subtle, the

result is intuitively obvious when we think of a correspondence between
moving points. On a circular race-track, Tom runs from A to B while
Dick runs (over part of the same ground) from A’ to B’; M is the place
where Tom first passes Dick.

In the case when the correspondence is opposite, we easily
see that M is the only double point in AB/C. By applying the
same theorem to the inverse correspondence, we deduce that
there is likewise just one double point in the supplementary
interval. Conversely, every opposite correspondence relates
a pair of intervals, one containing the other; for, if A’ is related
to A’ (which may or may not coincide with A), then the two

intervals AA’ are related to the two intervals A’A"’, one of
which is interior. Hence
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2.72. Every opposite correspondence has exactly two double
points.

We shall see, in §4.1, that the points of a line can be represented by
therealnumbersand @ . Therelation x’ =x73%is an example of an opposite
correspondence; its two double points are -+1. On the other hand, the
direct correspondence x’ =x% has four double points: 0, ©, 4=1. In fact,

a direct correspondence may have any number of double points, from none
to infinitely many.

By 2.126, a perspectivity is an ordered correspondence; so
also is the result of any sequence of perspectivities. Thus, if
A, B, I, K in Fig. 2.4A are fixed, the correspondence between
C and D is ordered, since it is given by the sequence of per-
spectivities

I B K
ABCAKJZAIL-ABD.

By 2.41 and 2.53, this correspondence reverses sense. In other
words,

2.73. The correspondence between harmonic conjugates with
respect to two fixed poinis 1s opposite.

If H(AB, CD) and H(AB, C,D,), so that C,D, is another
pair in the same correspondence, we have S(CDC,) #S(DCD),),
1.e.

S(CDC,) =S(CDD,).
By 2.53, this means that C; and D, do not separate C and D.
Hence

2.74. If two pairs of points on a line are each harmonic con-
jugates with respect to a third pair, they do not separate each
other.

By applying 2.71 to the product of two correspondences of
the kind just considered, it is easy to prove* the converse
theorem (which plays an important part in the theory of
projectivities):

*Enriques {1], p. 77, Holgate {1], p. 36.
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2.75. If two pairs of points on a line do not separate each other,
there is ai least one pair of points which are harmonic conjugates
with respect to each of the given pairs.

2.8. One-dimensional projectivities. Following von
Staudt, we define a projectivity between two ranges (or two
pencils, or a range and a pencil) as a correspondence which
preserves the harmonic relation,* so that H(A'B’, C’'D’) when-
ever H(AB, CD); and we indicate corresponding elements by
formulae such as

ABC...zABC...

This relation is clearly reflexive, symmetric, and transitive.
(The analogous two- and three-dimensional correspondences
will constitute the main topic of Chapter 111.)

By 2.42, every perspectivity is a projectivity; so also 1S
any product of perspectivities. We shall see (in 2.86) that,
conversely, every pro;ecthty can be constructed as a product
of perspectivities; but for the present we shall be content to
treat such a product as a special case of a projectivity. In this

manner it is easily verified that, for any four collinear points,
2.81. ABCD xBADC.

This means that there is at least one projectivity which inter-
changes A with B, and C with D. Hence

ABCDZBADCKDCBAKCDAR
In particular,

2.82. H(AB, CD) implies H(CD, AB).
2.83. Every projectivity is an ordered correspondence.

Proor. Given ABCD A A'B’'C'D’, where AB || CD, we
have to show that A’B’ || C'D’. Suppose, if possible, that this

*Von Staudt [1], pp. 49, 59; Enriques [1}, pp. 78, 81, 84, 89, 101, 108.
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were not the case. Then, by 2.75, the second range would
contain points M’ and N’, such that H(A’B’, M’N’) and
H(C'D’, M'N’). These would correspond to points M and N
in the first range, such that H(AB, MN) and H(CD, MN). By
2.74 and 2.82, this contradicts our hypothesis that AB||CD.

In particular, a projectivity between the points of one line
is either direct or opposite. However, in contrast to the general
ordered correspondence, this special kind has the following

property:

Fic. 2.8a

2.84. A projectivity which has more than two double points is
the identity.

PROOF. Suppose, if possible, that we can have a non-
trivial projectivity with three double points A, B, C, so that
for some point P,

ABCP1ABCP

with P’ distinct from P. (Fig. 2.84.) Since the double points
were named arbitrarily, we may suppose that AB || CP. Then,
by 2.83, AB || CP’; and there is no loss of generality in sup-
posing that, in the interval AB/C, P’ lies between P and B.
Since the projectivity relates the interval PB/C to the interior
interval P’B/C, 2.71 reveals the presence of a double point M,
such that there is no double point between P and M. Applying
the same theorem to the inverse projectivity, which relates
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P'A/C to PA/C, we find another double point N, such that
there is no double point between P’ and N. Since the segments
PM /C and P'N/C overlap, there is no double point in MN/C.
But the harmonic conjugate of C with respect to M and N is
clearly a double point, and liesin MN/C. Thus we have proved
the theorem by reductio ad absurdum.

The following has been called the Fundamental Theorem
of Projective Geometry:
2.85. A projectivity between two ranges is uniquely determined
when we are given three points of one and the corresponding three
points of the other.

ProoF. A product of perspectivities by which ABC x

A’B’C’ can be chosen in many ways, such as the following. If

the two ranges are on distinct lines, as in Fig. 2.8B, take any
point Cp, on AB’, and use centres 0:=(BB’, CCy), O.=(AA’,
CoC’). Then

O, 0,
ABC= AB’Co A'B'C’.

If AB and A’B’ are skew lines, thns construction may be de-
scribed more simply by saying that the related ranges are
traced out by a pencil of planes (with axis 0,0:). If the two
ranges are on one line, a range related to one of them can be
obtained by applying an arbitrary perspectivity, and then we
proceed as before (thus using three perspectivities in all).
Denote this product of perspectivities (in either case) by &,
and let © be any projectivity having the same effect on A, B, C.
Then, since
AP 1=A'd71=

and similarly for B and C, the ‘‘quotient’’ projectivity 697" has
three double points. By 2.84, 6¢7'=1, and ©=%. Thus the
projectivity is unique.
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Fic. 2.8B F1G6. 2.8¢

As an immediate corollary, we have
2.86. Every projectivity can be constructed as the product of two
or three perspeclivities.

In one important case, a single perspectivity suffices:
2.87. If a projectivity between the points of two distinct lines has
a double point, it 15 a perspectivity.

Proor. By 2.85, there is only one projectivity by which
ABC 4 AB'C’. (See Fig. 2.8c.) Using the centre O = (BB,

CC’), we have ABC ?AB'C'.

A projectivity in one line is said to be elliptic, parabolic, or
hyperbolic, according as the number of double points is 0, 1,
or 2 (these being the numbers of points at infinity on the three
types of conic in Euclidean geometry). As a special case of
2.72, we have

2.88. Lvery opposite projectivity is hyperbolic.

Therefore every elliptic or parabolic projectivity is direct. On
the other hand,

2.89. A hyperbolic projectivity is opposite or direct according
as the double points do or do not separate a pair of corresponding
poinis.
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Proor. Let M, N be the double points, and AA" any pair

of corresponding points. We merely have to compare S(MNA)
with S(MNA'), using 2.53.

2.9. Involutions. We now consider a concept which will
be seen to have a fundamental bearing on the subject of non-
Euclidean geometry. By its aid we shall define coordinates
in Chapter 1V, and metrical notions in Chapter v. An 1nvo-
lution* is a projectivity of period two (8?=1), i.e. a non-
trivial projectivity which isits own inverse (67 =0>1). From
2.81 and 2.85 we easily deduce

2.91. Any projectivity which has one doubly-corresponding pair
(AA" % A’A) is an involution.

Fic 2.9a

By a further application of 2.81, we obtain the relation
AABCHLA A'C'B’

as a necessary and sufficient condition for the pairs AA’, BB/,
CC’ to belong to an involution. Three such pairs of points are
said to form a ‘‘quadrangular set,” for the following reason.
Let O denote the diagonal point (IL, JK) of a quadrangle
IJKL, whose sides meet a line in points A B C A" B, 6 C, as
in Fig. 29a. Then

I L
AABC_AOKJ=AACP.

*Von Staudt [1], pp. 118-122; Enriques (1], pp. 124-129, 138.
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Hence

2.92. The pairs of epposite sides of a quadrangle meet any

coplanar line (not through a vertex) in three pairs of an invo-
lution.

An involution may be elliptic or hyperbolic; but it cannot
be parabolic, as the following theorem shows:

2.93. If an involution has one double point it has another, and

any two corresponding points-are harmonic conjugates with
respect to the two double points.

PrRoOOF. Let AA’ be any pair of an involution in which M
is a double point. Then the harmonic conjugate of M with
respect to A and A’, being also the harmoric conjugate of M
with respect to A’ and A, is a second double point.

The following two corollaries are easily deduced:

2.94. If a hyperbolic projectivity has a pair of corresponding
points which are harmonic conjugates with respect to the double
points, 1t is an involution.

2.95. The relation MNAA’ A~ MNA'A 15 equivalent to

H(MN, AA').

By 2.88, every opposite involution is hyperbolic. By 2.73,
every hyperbolic involution is opposite. Hence

2.96. An tnvolution s elliptic or hyperbolic according as it is
direct or opposite.

I[f the involution determined by pairs AA’ and BB’ is
etliptic, and so direct, we-have S(AA’B) =S(A’AB’) #S(AA'B’),
and AA’ || BB’. Similarly, if the involution is hyperbolic we
have S(AA’'B) =S(AA’B’). Hence
2.97. An involution is elliptic or hyperbolic according as two of
its pairs do or do not separate each other.

If © and & are two involutions in one line, we have 8~ !' =9,
$71=¢, and (6®)"1=34"19"1=88. Hence
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2.08. Two involutionsare permutable if and only if their product
1s an involution.

We are now ready to prove a theorem which will enable us
to define reflections and translations in Chapter v:

2.99. Given two points A and B, and an elliptic involution {1 n
the line AB, there are just lwo projectivities which are permutable
with Q and relate A to B. One of these is a hyperbolic involution,
and the other is elliptic (but is not an involution unless A and B
are a pair in Q, in which case 1t coincides with Q).

ProoF. If A and B are not a pair in @, we define A’ = AQ,
B’ =BQ. If there is a hyperbolic or parabolic projectivity &,
such that Q® =®Q and A® =B, suppose that it has a double
point M, and define M'=MQ. Then
M&=MQPp=MIQe=MQO=M’

:s another double point, and & is hyperbolic (not parabolic).

M3Q=M' and M'9Q=M,
oduct ®Q is an involu‘ion (by 2.91). Hence
P2 =00 . 10 =(PQ)2=1,
and & is itself an involution

Since A’® =B’, the only possible involution which is per-
mutable with €, and relates A to B, is that determined by the
pairs AB, A‘B’. Conversely, the involution ® so defined is in
fact permutable with ; for, since

APQ=B0 =B’ and B'dQ=A'Q=A,
$Q is an involution. Moreover, ®is in fact hyperbolic; for, by
2.97. AA’ || BB’, and therefore A and B do not separate A’
and B’.

If there is a non-involutory (and therefore elliptic) pro-
jectivity ¥, such that Q¥ =¥ and AV =B, we define C=A¥™,
C’'=CQ. Then C'¥=A’, and A'Y =B". Thus

AACC' 4 BPBA A" X A'A B'B,



§2.9 PERMUTABLE PROJECTIVITIES 47

AA’, CB’, BC’ are three pairs of an involution, and
AA'CBAA'AB'C' x AA'BC.

(The last projectivity used here is Q.) It follows, by 2.95, that
H(AA’, BC). Thus V¥ is determined as the projectivity by
which A A'C £ BB’A, where C is the harmonic conjugate of B

with respect to A and A’. Conversely, the projectivity ¥ so
defined is in fact permutable with ©; for, Q¥ and ¥Q have the
same effect on each of three points, namely

(AA’C)Q¥ = (A’AC")¥ = (B'BA’) = (BB'A)Q = (AA'C) ¥©.

If, on the other hand, A and B are a pair in Q (so that A’
coincides with B, and the previous construction breaks down),
let © be a projectivity such that 26 =0Q and A6=B. Then,
since

BO=A0O0=A00=BQ=A,
O must be an involution. Since A and B are interchanged by
both @ and 6, they are unchanged by the product 28. Hence
either 28 =1, in which case 6=, or Q20 is the hvperbolic
involution with double points A and B, in which case 0 is itself
hyperbolic, by 2.96.



CHAPTER III

REAL PROJECTIVE GEOMETRY: POLARITIES, CONICS
AND QUADRICS

3.1. Two-dimensional projectivities. The history of
conics begins about 430 B.c., when Hippocrates of Chios ex-
pressed the ‘‘duplication of the cube’ as a problem which his
followers could solve by means of intersecting curves. Some
seventy years later, Menaechmus showed that these curves
can be defined as sections of a right circular cone by a plane
perpendicular to a generator. Their metrical properties (such
as the theorem regarding the ratio of the distances to focus
and directrix) were described in great detail by Aristaeus,
Euclid, and Apollonius.* Apollonius introduced the names
ellipse, parabola, and hyperbola, and discovered the harmonic
property of pole and polar. But the earliest genuinely non-
metrical property is the theorem of Pascal (1623-1662), who
obtained it at the age of sixteen. (See 3.35.) A hundred years
later, Maclaurin used similar ideas in one of his constructions
for the conic through five given points.f The first systematic
account of projective properties is due to Steiner (1796-1863).
But his definition in terms of related pencils (3.34) lacks sym-
metry, as it specializes two points on the conic (the centres of
the pencils); moreover, several steps have to be taken before
the self-duality of a conic becomes apparent. Von Staudt
(1798-1867) made the important discovery that the relation
which a conic establishes between poles and polars is really
more fundamental than the conic itself, and can be set up
independently (§3.2). This ‘‘polarity” can then be used to
define the conic, in a manner that is perfectly symmetrical and

*See Zeuthen [1]. tMaclaurin {1}, p. 350.
48




§3.1 COLLINEATIONS 49

immediately self-dual: a conic is simply the locus of points
which lie on their polars, or the envelope of lines which pass
through their poles. Von Staudt’s treatment of quadrics is
analogous, in three dimensions.

We shall find projectivities easier to define in two or three
dimensions than in one (as there is no need to mention the
preservation of harmonic sets). But we have to distinguish
two kinds: collineations and correlations,

A collineation between two planes (which may coincide) is
a correspondence which relates collinear points to collinear
points, and consequently concurrent lines to concurrent lines;
in other words, it is a point-to-point and line-to-line corres-
pondence preserving incidence. Since this transforms a quad-
rangle into a quadrangle, it automatically preserves the har-
monic relation; and the correspondence ‘“‘induced’ between

two corresponding ranges is a one-dimensional projectivi
3.11. Any collineation which leaves a quadrangle or quadri-
lateral invariant is the identity.

Proor. If the four sides of a quadrilateral are invariant,
so are its six vertices. Since then three points on each side are
invariant, 2.84 shows that every point on each side is invar-
iant. Hence every line in the plane (joining points on two
distinct sides) is invariant, and so also every point. The dual
argument establishes the same result for a quadrangle.

In other words, any collineation which leaves four inde-
pendent points (or lines) invariant is the identity.

3.12. A collineatron 1s uniquely determined when a pair of
corresponding quadrangles or quadrilaterals is assigned.

ProoF. Such a collineation is easily constructed by means
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of a sequence of perspectivities* (three or four, accordmg as
the two planes are distinct or coincident). Its uniqueness fol-
lows from 3.11.

--.\A Lﬂ Fueon 10 P ‘.Mﬂl -~ ”~n M ' .
It can be proved that the only involutor collineations in a

plane are harmonic homologies, having any given point O as
centre and any line o, not through O, as axis. Such a corres-
pondence relates each point A in the plane to its harmonic
conjugate with respect to the two points O and (o, OA), and
consequently relates each line a to its harmonic conjugate with
respect to the two lines o and O(o, a).

. B

X
A’ O ‘ﬁT 0"
FiG. 3.1a

3.13. The product of three harmonic homologies, whose
centres and axes are the vertices and sides of a triangle, is the
identity.

Proor. Let &, &', &’ be the homologies, with centres
0, O/, 0" and axes 0’0", 0’0, O0’. Take four points, A, B,
A’, B, such that H(OO”, AB) and H(O’O’’, A’B’), as in Fig.
3.1A. Then & interchanges A and B, leaving the other points
invariant; similarly & interchanges A’ and B’; but ®” inter-

*Robinson [1], pp. 133-137. Cf. von Staudt [1}], pp. 60-66, 125.
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changes both pairs. Hence $&’®’/ leaves all four points invar-
iant and (by 3.11) is the identity.

We come now to the second kind of projectivity. A cor-
relation between two planes (which may coincide) is a corres-
pondence which relates collinear points to concurrent lines,
and consequently concurrent lines to collinear points; in other
words, it is a point-to-line and line-to-point correspondence
which preserves incidence in accordance with the principle of
plane-duality. Thus, if it relates a point A toalinea’, and a
line b to 2 point B’, then B’ lies on &’ if and only if b passes
through A. Since the correlation transforms a harmonic set
of four points into a harmonic set of four lines, it induces a
projectivity between the points of b and the lines through B’.
Clearly, the product of two correlations i1s not a correlation
but a collineation; in fact, collineations and correlations com-

bine like positive and negative numbers.

]

Fi1G. 3.1B

3.14. A correlation 1s uniquely determined when a quadri-
lateral and the corresponding quadrangle are assigned.

Proor. By associating the vertices E, F, G, H, I, J of the
quadrilateral with the sides e/, f/, g’, b/, i/, j’ of the quad-
rangle, as in Fig. 3.18, we establish one-dimensional projectiv-
itiesEFG A e'f’'g’andE1]J A e’i’j’, which enable us to associate
any points P on EF, and Q on EI, with definite lines p’ through
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(e’,f'), and q’ through (e’,i’). In this way we obtain a definite
point (p’, q’) corresponding to any line PQ. Let (p1, q1)»
(p2, Q2), (ps. Q) be the points corresponding to three con-
current lines P1Q;, P2Q2, P3Q;. Then

e'Pxpzpa—/;\ E P,P.P; /:\ E Q1Q2Q3 A e’q1q:9s.

Hence, by the plane-dual of 2.87, these three points are col-
linear. This shows that the correspondence we have set up is
in fact a correlation. It is unique since, if I and IV were two
such, we would have I'I'"'=1, by 3.11. (Wecould have proved
3.12 similarly, without using a sequence of perspectivities.)

3.2. Polarities in the plane. A polarity is a correlation
of period two, i.e. a correlation which is its own inverse, sO that
if it relates any point A to a line a, it also relates a to the same
point A. We call A the pole of a, and a the polar of A, If B
lies on a, its polar, b, passes through A. We call A and B
conjugate points, a and b conjugate lines. The polarity induces
an involution of conjugate points on any line which i1s not
self-conjugate, and an involution of conjugate lines through
any point which is not self-conjugate.*

We shall see in §3.8 that, in certain three-dimensional polarities, every
point is self-conjugate. However, there are no such “‘null” polarities in
two dimensions; in facr, it is impossible for a line to contain more than two
self-conjugate points.t

A polarity is a correlation, a correlation is a correspondence, and we
consistently use this last word in the strict sense of ‘‘one-to-one corres-
pondence.” Thus, in the definition of a correlation between two planes,
we mean that every point in the first has a definite corresponding line in
the second, and that every line in the second corresponds toa definite point
:n the first. The “‘trilinear polarity” of §2.4 is not a correspondence in this
sense (for, the trilinear pole of a side of the triangle is partially indeter-
minate). Moreover, it does not relate concurrent lines to collinear points.
Thus it is not a true polarity, and to that extent its name is unfortunate.

*Von Staudt {1}, pp. 131-136.
tEnriques {1}, pp. 184-185.
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Several theorems, originally stated for conics, are really
properties of polarities; e.g.*

3.21. Hesse's Theorem. If two pairs of opposite sides of a
quadrangle are pairs of conjugate lines in a given polarity, so is
the third pair.

Proor. Let the sides of the quadrangle IJKL meet the
polar of L in the points A, B, C, A’, B/, C/, as in Fig. 2.9a. If
the sides IL and JL are respectively conjugate to JK and IK,
their poles are A and B. Hence the involution of conjugate
points on the polar of L contains the pairs AA’, BB’, which
suffice to determine it. By 2.92, it also contains the pair CC’.
Hence KL is the polar of C, and is conjugate to IJ.

By considering the triangle formed by the poles of JK, KI,
IJ, we immediately deduce

3.22. Chasles's Theorem. If thevertices of one triangle are the
poles of the sides of another, the joins of corresponding vertices are
concurrent (as in 2.32).

The two-dimensional analogue of the one-dimensional
theorem 2.91 is as follows:

3.23.  Any correlation which transforms each vertex of one iri-
angle into the opposite side is a polarity.

Proor. Let the vertices and opposite sides be A, B, C and
a,b,c. A correlation which transforms Binto b, and C into c,
also transforms BC =a into (b, ¢) =A, and so interchanges the
vertices with the opposite sides. Let P be any point not on
a side, so that the corresponding line p does not pass through
a vertex. By 3.14, ABCP and abcp suffice to determine the
correlation.  Construct the six points

*Hesse {1}, p. 301; Chasles {2], p. 98.
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P, = (AP, a), P, = (BP, b), P.=(CP, c),
Ap=(at P) Bp=(b! P) Cp=(c, p).

For each point D on a, there is a corresponding line d through
A, and the correlation induces in a a projectivity between
points D and (d, a). This projectivity, in which BCP, &
CBA,, is an involution, and so transforms A, into P,. Thus,
when D is A , d is AP, or AP; similarly the line corresponding
to B, is BP. Hence the correlation transforms p=A B, into
P = (AP, BP), and is a polarity.

Fi1.. 3.2A Fi1G. 3.2B

Given ABC, P, and p, the polarity is determined.  Such
a triangle ABC is said to be self-polar. Any two vertices or
sides are conjugate. A given polarity has infinitely many self-
polar triangles; for, A and B may be any two points which are
conjugate, but neither self-conjugate, and then C is deter-
mined as (&, b).

A polarity is said to be hyperbolic or elliptic according as it
does or does not admit a self-conjugate point (i.e. a point
which lies on its own polar). The following theorem shows
that both types exist:

3.24. Ifpisaline not through any vertex of a self-polar triangle
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ABC, and P is its pole, the polarity is elliptic or hyperbolic accord-
ing as P lies in the region ABC/p or in one of the other three
regions determined by the triangle.

Proor. If P lies in ABC/p, as in Fig. 3.2a, we have
BC || P,A,, CA||P,B,, AB || P.C,,

and the invciutions of conjugate points on the sides of the
triangle are all elliptic (by 2.97). Hence, if we take a new
position for p, the same separations must hold, and again P
lies in ABC/p. Since it is then impossible for P to lie on p, the
polarity is elliptic. But if P lies in one of the other regions,
as in Fig. 2&.2B, two of the above separations cease to hold,
and two of the three involutions are hyperbolic. The double
points of these involutions being self-conjugate, the polarity
is hyperbolic.

E
H e H
Fic. 3.3a

3.3. Conics. With reference to a given polarity, a non-
self-conjugate line (or point) is said to be elliptic or hyperbolic
according to the nature of the involution of conjugate points
on it (or lines through it). Thus, if the polarity is elliptic, all
lines and points are elliptic; but if it is hyperbolic, every self-
polar triangle has one elliptic side and vertex, two hyperbolic
sides and vertices, as in Fig. 3.3A. Hence, in the latter case,

every point on an elliptic line is hyperbolic, and likewise
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every line through an elliptic point. But every hyperbolic
line contains two self-conjugate points, which separate* its
elliptic points from its hyperbolic points; and every hyperbolic
point lies on two self-conjugate lines, which separate the
elliptic and hyperbolic lines through it. On the other hand,
the only self-conjugate point on a self-conjugate line is its
pole, and the only self-conjugate line through a self-conjugate
point is its polar.

Following von Staudt, we define a conic as the class of self-
conjugate points and lines in a hyperbolic polarity. The points
are said to lie on the conic, and the lines are called tangents.
The pole of a tangent is its point of contact. Hyperbolic lines
(each containing two points on the conic) are called secants.
Hyperbolic points (each lying on two tangents) and elliptic
lines (containing no points on the conic) are said to be exterior.
Elliptic points (through which no tangent passes) are said to
be interior.

(These notions are particularly relevant to the subject of
this book, since the interior of a conic provides the most im-
portant model for hyperbolic geometry.)

The polar of an exterior point P joins the points of contact
of the two tangents through P. For, if these tangents are m
and n, with points of contact M and N, then MN is the polar
of (m, n)=P. (See Fig. 3.3B.)

The polar of an interior or exterior point C contains the
harmonic conjugate of C with respect to the two points in
which any secant through C meets the conic. For, these two
points are the double points of the involution of conjugate
points on the secant. It follows that the conic (as a whole) is
invariant under any harmonic homology whose centre is the
pole of its axis, and that the diagonal triangle of an inscribed

*Strictly, this separation needs further discussion. See Enriques [1],
p. 262.
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quadrangle (or of a circumscribed quadrilateral) is self-polar.*

P
B In n
/ \
o —
C M P N

Fic. 3.3B

3.31. A definite conic is determined when two tangents, their
points of contact, and a pair of conjugate points are given.

Proor. Let MP and NP be given as the tangents at M
and N, let A and B be the given conjugate points, and let C
be the harmonic conjugate of C’'=(AP, MN) with respect to
M and N, as in Fig. 3.3B. Consider the definite correlation
which transforms M, N, P, A into MP, NP, MN, BC, and
consequently transforms MN into P, PA into C, and C’ into
PC. This induces in MN a projectivity which relates C’ to C
and has double points M and N. By 2.94, the projectivity is
an involution; so the correlation transforms C into PC’. We
can now apply 3.23 to the triangle PCC’,

3.32. Seydewitz's Theorem. If a triangle is inscribed
in a conic, any line conjugate to one side meets the other two sides
in conjugate points.

ProoF. Let the sides LM and LN of the inscribed triangle
LMN meet the tangents at N and M in N’ and M’ respectively,
as in Fig. 3.3c. For every point A on LM, there is a conjugate
point A’=(a, LN) on LN. Since the range of points A is pro-
jective with the pencil of polars a, this correspondence between
A and A’ is a projectivity, and is determined by LM N’ A

*Von Staudt [1], pp. 137-143.
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L M'N. By 2.87, the projectivity is a perspectivity with
centre P=(MM’, NN’). Hence the pairs of conjugate points
on LM and LN (respectively) are cut out by the pencil of lines
through P, the pole of MN.

F1G. 3.3C

3.33. Steiner’s Theorem.* By jotning all the points on a
conic lo any two fixed points on the conic, we obtain two projec-
tively related pencils.

Proor. Let M and N be the two fixed points, and L a
variable point on the conic. On any fixed line conjugate to
MN, the lines ML and NL of the two pencils determine a pair
of conjugate points, A and A’, asin Fig. 3.3c. Since such pairs
of points belong to an involution, the pencils are projectively
related. In particular, the lines MN and MP of the first
pencil are related to the lines NP and NM of the second.

Conversely,
3.34. The points of intersection of corresponding lines of two
projectively related pencils in one plane, with distinct cenires
M and N, are the points on a conic through M and N, provided
MN s not a double line 1n the projeclivity.

*Steiner 1], p. 139.
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Proor. Suppose the lines MN, MP, ML of the first pencil
are related to the lines NP, NM, NL of the second. Then the
desired conic is determined by the polarity in which L is self-
conjugate while the polars of M, N, P are MP, NP, MN. (Use
3.31, with the conjugate points coincident.)

Most text-books on Projective Geometry give 3.34 as the
definition of a conic. Steiner's Theorem reconciles the two
alternative treatments, and allows us to use the customary
proof* for the dual theorems of Pascal and Brianchon:

3.35. Pascal’s Theorem. 3.36. Brianchon’s Theorem.
If LM, N, L', M, N’ are If 1, m’, n, I', m, n’ are
any six points on a conic, the any six tangents to a conic,

three points (M'N, MN’), the three lines (m’, n) (m, n’),
(N'L, NL'), (L'M, LM') are (n’,1) (n, 1), (V, m) (1, m") are

collinear. concurrent.

3.4. Projectivities on a conic. Since the two pencils of
3.33 are in ordered correspondence, any such pencil defines a
definite order for all the points on the conic. Thus the Axioms
of Separation hold for points on a conic, as well as for points
on a line. Accordingly, we extend the meaning of the word
range to include such a class of points, and say that two ranges
on the conic are projectively related if the pencils joining them
to any fixed point on the conic are projectively related.T Any
such projectivity, relating pairs of points on the conic, carries
with it a projectivity relating pairs of tangents (the polars of

L] - - - - .
the points). A projectivity on a conic, as on a line, may be

direct or opposite, elliptic or parabolic or hyperbolic, and it is
an involution if it admits a doubly-corresponding pair.

*Cremona {1}, p. 121, or Robinson {1), p. 39.
tSimilarly, we can define projectivities between two distinct conics.
See Bellavitis {1}, p. 270; von Staudt {1}, pp. 149, 158.
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It is a simple consequence of 3.35 that every projectivity
on a conic has an axts, which contains the intersection of ‘‘cross-
joins”’ of any two pairs of corresponding points, as in Fig. 3.4A.
The double points, if any exist, lie on the axis; therefore the
projectivity is hyperbolic, parabolic, or elliptic, according as
its axis is a secant, a tangent, or an exterior line. A hyperbolic
projectivity may be opposite or direct, as in 2.89.

By applying the polarity which defines the conic, we deduce
that the projectivity of tangents has a centre, which lies on the
join of “‘cross-intersections’’ of any two pairs of corresponding
tangents.

Fi1G. 3.4a

3.41. Any projectivity on a conic determines a collineation
of the whole plane.

Proor. If the projectivity is given by LM N A L'M'N,
let P and P’ be the poles of MN and M'N’. By 3.12, the quad-
rangles LM N P and L'M'N’P’ are related by a definite collin-
eation, which transforms the given conic, as determined by
points L, M, N and tangents PM, PN, into the same conic as
determined by L', M/, N’, PPM’, P'N’. In other words, this
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collineation preserves the conic and in the projectivity.
In particular, a harmonic homology whose centre is the
pole of its axis induces on the conic an involution, elliptic or

hyperbolic according as the centre is interior or exterior.

3.5. The fixed points of a collineation. In one dimen-
sion, an elliptic projectivity leaves no point invariant. It is
remarkable, then, that a two-dimensional collineation (in one
plane) always has an invariant point somewhere. (It may
have more than one; e.g. a homology has infinitely many.) To
see this, we need the following lemma.

3.51. If two coplanar conics have a common point, at which
thetr tangents are distinct, they have at least one other common
point.

To save space, we omit the formal proof.* The result is
intuitively obvious if we think of a variable point on one conic,
moving so as to cross the other. Since the first conic includes
both interior and exterior points of the second, considerations
of continuity show that there must be at least two points of
intersection.

0
l\r

M
Fi1G. 3.5

3.52.  Every collineation of a plane into itself has at least one
invariant point.

*Enriques (1], pp. 294-298.
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Proor. If the collineation has two invariant lines, their
point of intersection is an invariant (i.e. self-corresponding)
point. If not, let L be a point not lying on any invariant line,
so that, if L is transformed into M, and M into N, the line LM
is distinct from MN, as in Fig. 3.5A. The collineation induces
a projectivity between the lines through L and M, and between
the lines through M and N. Since LM and MN are not
invariant, the loci of points of intersection of corresponding
lines are conics: one through L and M touching MN, and one
through M and N touching ML. These two conics, having
distinct tangents at their common point M, have at least one
other common point, say O. The collineation transforms LO
into MO, and MO into NO; therefore O is an invariant point.

The two conics may have four common points. Then the
collineation has three invariant points.

3.6. Cones and reguli. By applying space-duality to
§§ 3.2 and 3.3, we obtain the analogous theory of polarities in
a bundle, i.e., of involutory correspondences between lines and
planes through one fixed point. Such a polarity may be elliptic
or hyperbolic, and in the latter case its self-conjugate lines and
planes are the generators and tangent planes of a quadric cone.
Every property of conics leads to a corresponding property of
cones: e.g. the space-dual of Brianchon’s Theorem 3.36 is the
following: Ifl,m’,n,l', m, n’ are any six generators of a cone,
the three lines (m’n, mn’), (n’l, nl’), ('m, lm’) are coplanar.

A more interesting system of lines may be defined as fol-
lows.* A regulus is the class of lines which meet each of three
skew lines a, b, c. The lines are again called generators.

Every plane through ¢ meets a and b in two points whose
join, AB, is a transversal of the three skew lines. The generator
AB, meeting ¢ at C, may also be described as the intersection

*Enriques [1}, p. 333.



§3.6 AsSOCIATED REGUL: 63

P Riasii s e d

generator bemg both the join of corresponding points of pro-
jectively related ranges on a and b, and also the intersection
of corresponding planes of projectively related axial pencils
through a and b.

The transversal to two generators AB and A’B’, from any
point D" on a third generator A”’B’’, determines points D and
D’, such that ABCD »x A’B'C'D’. By 2.85, the projectivity
thus established between AB and A’B’ isindependent of the
choice of A”B”’. Hence the given regulus determines another
associated regulus, such that every generator of either regulus
meets every generator of the other. (The generators of the
associated regulus include the original lines a, b, ¢.)

The above remarks suffice to prove the following theorem:

3.61. If four skew lines have two transversals on which they
determine projectively related ranges, they belong to a regulus, and
so have an infinity of transversals.

The remaining possibilities for four skew lines are as follows:

3.62. If four skew lines do not belong to a regulus, the number
of their transversals may be 0, 1, or 2.

Proor. The regulus determined by three of the four skew

lines 1s generated.by corresponding planes of two axial pencils,

which meet the fourth line in projectively related ranges. There

will be a transversal for each double point in this projectivity
(i.e., for each point in which the fourth line meets the regulus).

3.7. Three-dimensional projectivities. In space, a col-
ltneation can again be defined as a correspondence which re-
lates collinear points to collinear points; it consequently relates
flat pencils to flat pencils, and planes to planes. It. clearly
induces a collineation between any two corresponding planes,
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pencils.

3.71. Any collineation which leaves a complete pentagon or

pentahedron invariant ts the identity.

Proor. If the five faces of a complete pentahedron are
invariant, so are its ten edges and ten vertices. Since then
three points on each edge are invariant, 2.84 shows that every
point on each edge is invariant. Hence every plane (joining
points on three distinct edges) is invariant, and so also every
line and point. The dual argument establishes the same result

for a complete pentagon.

Any given point O and plane w, not incident, are the centre
and axial plane of a harmonic homology, which relates each
point A to its harmonic conjugate with respect to the points
O and (w, OA).

3.72. The product of four harmonic homologies, whose cen-
tres and axial planes are the vertices and faces of a tetrahedron, 1s
the identity.

Proor. Let®, &/, ®", "'’ be the homologies, with centres
0,0’, 0", 0", Take six points A, B, A’, B’, A’”", B”/, such that
H(OO’, AB), H(0’'O’’, A'B’), H(O"’0’", A”’B"’). Then A and
B are interchanged by ® and again by ®’, A" and B’ by ¢’ and
again by ®”’, A’ and B” by ®" and again by ¢'”. Hence
$d'd"'d’"" =1, preserving all six points, of which five form a
complete pentagon (ABA’A”’B”” or ABB’A”’B”).

In three dimensions, as in one dimension, we can distin-

guish two kinds of collineation: direct (preserving sense) and
nhhncefe (r-owarc;n(r cOon cp\. F(}r, by fhP dpﬁﬂition Of d “dQUble
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perspectivity’’ on 7p. 34, any collineation preserves similarity of
orientation (for a pair of doubly oriented lines). In other
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words, to see whether a given collineation is direct or opposite,
we merely have to test its effect on one doubly oriented line.
Consider, for instance, the harmonic homology ® and the
doubly oriented line (OAB, aBv), where B is the harmonic
homologue of A. This is transformed into (OBA, a8v). Hence
3.73. A harmonic homology is an opposite collineation.

A correlation in space is a correspondence which relates
collinear points to coaxial planes, and so preserves incidence
in accordance with the principle of space-duality. It clearly
induces a projectivity between the points of a line and the
planes through the corresponding line. Theorem 3.14 is readily
extended as follows:*

3.74. A correlation is uniquely determined when we are given a
complete pentahedron and the corresponding complete pentagon.

3.8. Polarities in space. A polarity is a correlation of
period two, so that if it relates any point A to a plane a, it also
relates a to A.  We call A the pole of a, and a the polar plane
of A. If Blieson a, its polar plane, 8, passes through A. We
call A and B conjugate points, a and 8 conjugate planes. Since
AB lies in the polar plane of any point on (a, 8), two such lines
are symmetrically related; we call them polar lines (of each
other). Two lines are said to be conjugate if either meets the
polar line of the other. If there is a plane a which is not self-
conjugate, the polar planes and polar lines of the points and
lines in a will meet a in lines and points according to a plane
polarity, which we say is induced by the polarity in space.
Similarly, an involution is induced in any line which is neither
self-conjugate nor self-polar. If BCD is a self-polar triangle
for the polarity induced in the polar plane of a non-self-con-
Jugate point A, the tetrahedron ABCD is said to be self-polar.
Any two vertices or faces are conjugate; any two opposite
edges are polar lines.

*Von Staudt [1], pp. 60-69.
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Arguments similar to those used in proving 3.23 and 3.24
suffice for the following analogous theorems:*

3.81. Any correlation which transforms each vertex of one tetra-
hedron into the opposite face is a polarity.

3.82. If w is a plane not through any vertex of a self-polar tetra-
hedron ABCD, and P is its pole, the polarity does not or does
admit a self-conjugate point, according as P lies in the region
ABCD /w or in one of the other seven regions determined by the
tetrahedron.

In the former case the polarity is said to be uniform (or
elliptic), since the involution of conjugate points on any line
is elliptic; there are no self-conjugate points, lines, or planes,
and no self-polar lines. In the latter case there are still two
alternative possibilities, since ‘‘the other seven regions’’ consist
of four of one kind and three of another. In fact, the four faces
of the tetrahedron meet the plane w in a quadrilateral, thereby
dividing the rest of the plane into seven regions (which are

7

FiG. 3.8a

sections of the seven regions in space); of these plane regions,
four are three-sided and three four-sided. (See the odd and

*Von Staudt (1], pp. 180-196.
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even numbers in Fig. 3.8A.) According as P lies in one of the
regions whose section is three- or four-sided, three or Sfour of
the six edges of the tetrahedron will contain hyperbolic invo-
lutions of conjugate points, the involutions in the remaining
edges being elliptic. Thus, putting the number of elliptic
involutions first, we may distinguish polarities of types

6, 0), (3, 3), (2, 4)

(2, 4),
though it is not yet established that the last two are mutually
exclusive, since we have considered only one self-polar tetra-
hedron.

The analogous symbols for elliptic and hyperbolic polarities
in two dimensions are (3, 0) and (1, 2). Since the polarities
induced in the faces of the tetrahedron must each be of one of
these two types, the distribution of elliptic and hyperbolic
involutions is as indicated in Fig. 3.88, where the edges con-
taining such involutions are drawn in full and broken lines,
respectively. Thus, in the (3, 3) case, opposite edges contain
unlike involutions, whereas in both the other cases opposite
edges contain like involutions.

/1IN
/1N
/ \JI
// 7 \
/’,l \\\}
& 2 ¥
(6, 0) (3, 3) (2, 4)
Fi1G. 3.88
In the (2, 4) case, let 1 and I’ be a pair of opposite edges

containing hyperbohc involutions, with double points A, B and
A’, B’. Since 1 and I’ are polar lines, the polar planes of the
self-conjugate points A and A’ are Al’ and A’l, and the polar
line of AA" is (Al, A’l) =AA’. Thus a (2, 4) polarity admits
self-polar lines.
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Conversely, if a polarity admits a self-polar line and a non-
self-conjugate point (or plane), it is of type (2, 4) with respect
to every self-polar tetrahedron. For, since every non-self-
conjugate plane contains a self-conjugate point (where it
meets the self-polar line), the polarity induced in such a plane
is necessarily hyperbolic; thus every face of any seclf-polar
tetrahedron is of type (1, 2), and the tetrahedron itself is of
type (2, 4). It follows that a (2, 4) polarity cannot be also a
(3, 3) polarity. Hence

3.83. If a polarity admits a self-conjugate point and a non-self-
conjugate point, it is of type (2, 4) or (3, 3) according as it does
or does not admit a self-polar line.

We define a quadric as the class of self-conjugate points and
planes in such a polarity: in the (2, 4) case, a ruled (or ring-
shaped) quadric; and in the (3, 3) case, an oval (or non-ruled)
quadric. The self-conjugate points are said to lie on the
quadric, their polar planes are called tangent planes, the self-
conjugate lines are called tangent lines, and, in the (2, 4)
case, the self-polar lines are called generators.

A tangent line t, whose polar line is t’, meets the quadric
only at its point of contact (t, t’), whose polar plane is the
tangent plane tt’. In each tangent plane, the flat pencil of
tangent lines contains an involution of such pairs. In the case
of the ruled quadric, this involution is hyperbolic, its double
lines being two generators. Lines which are neither tangents
nor generators fall into two categories, according as the invo-
lutions of conjugate points on them are elliptic or hyperbolic:
exterior lines, which do not meet the quadric at all; and secant
lines, which meet it twice.

The properties of an oval quadric are closely analogous to
those of a conic. Such a quadric divides the points of space,
and so also the planes, into three categories, as follows:
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(i) Interior points, through
which no tangents pass;

(11) Points on the quadiric,
each the centre of a flat
pencil of tangent lines;

(iii)) Exterior points, the tan-
gent lines through each form-
Ing a cone;

(1) Exterior planes, which do
not meet the quadric;

(1) Tangent planes, each
containing a flat pencil of
tangent lines;

(ii1) Secant planes, each
meeting the quadric in a
conic.

3.84. The generators of a ruled quadric form two associated
regulz.

Proor. Letaand b be two skew generators of the quadric.
The polar plane of each point A on a meets b in a point B whose
polar plane is Ab. Since the range of points A is projectively
related to the range of points B, their joins form a regulus of
self-polar lines (i.e. generators of the quadric). Similarly,
relating the points on any two of these generators, say m and n,
we infer that also the generators of the associated regulus be-
long to the quadric. These account for all the generators of the
quadric, since the two generators in any tangent plane v, whose
pole (or point of contact) is C, may be described as (Ca, v and
(Cm, Y).

Returning to the general classification of polarities, we still
have to consider the possibility that every point (and every
plane) is self-conjugate, so that there is no self-polar tetra-
hedron, and the only appropriate type-symbol is (0, 0). Then
we have what is known as a null polarity (or null system), and
the class of self-polar lines is called a lineay complex. Clearly,
every plane contains a flat pencil of such lines, with its centre
at the pole of the plane; and conversely, a polarity which
admits a flat pencil of sclf-polar lines can only be a null
polarity.
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The following theorem establishes the existence of such a
polarity :*

3.85. The correlation which transforms the vertices of a complete
pentagon ABCDE into the respective planes EAB, ABC, BCD,
CDE, DEA is a null polarsty.

Proor. The given correlation transforms the plane EAB
into the point (DEA, EAB, ABC) =A, and so is the same as its
inverse: i.e., it is a polarity. [Each of the lines AB, BC, CD,
DE, EA is self-polar; e.g. DE = (CDE, DEA). The polar plane
of P =(ABC, DE) is BDE; therefore the line BP =(ABC, BDE)
is self-polar. The flat pencil of lines through B in ABC is trans-
formed into itself according to a projectivity with three double
lines: BA, BC, BP. Hence, by the plane-dual of 2.84, every

line of the pencil is self-polar.

The following summary gives, in the customary notation,
the number of points and lines which play a special role in the
four types of polarity.

With respect | With respect

Polarity Uniform | to an oval to a ruled Null
quadric quadric
Type-symbol (6, 0) (3, 3) (2, 4) (0, 0)
Self-conjugate points
(or planes) 0 ©? w!? o?
Self-conjugate lines 0 o? o? 0
Self-polar lines 0 0 201! !

*Von Staudt {1}, p. 194.



CHAPTER 1V
HOMOGENEOUS COORDINATES

4.1. The von Staudt-Hessenberg calculus of points.

Projective geometry might well be described as ‘*“What we can
do with an ungraduated straight edge or ruler, without
compasses.”’ It is hoped that Chapters 11 and 111 have shown
what a wealth of elegant theorems can be obtained without
any appeal to measurement. It isone of von Staudt’s greatest
discoveries that even such apparently metrical notions as co-
ordinates and cross ratios can be introduced non-metrically.
The following is a brief outline of his method, as revised by
Hessenberg,* and a summary of the standard results in analy-
tical projective geometry.

We saw, in §2.9, that an involution cannot be parabolic.
It is sometimes convenient, however, to extend the meaning
of the word “involution’ so as to admit the relation which
associates every point on a line with one particular point on
the same line. We call this a degenerate involution. It enables
us to omit the proviso (in parentheses) in 2.92.

Let (AA")(BB’) denote the involution determined by the
pairs AA" and BB’. Then if A=B, (AM)(BM) is the degen-
erate involution with double point M.

Let Py, P,, Py, be any three fixed collinear points, and
X, Y, Z variable points on the same line. We define the sum
X+Y as the point corresponding to Py in (XY)(P,P.), and
the difference Z—Y as the point corresponding to Y in
(ZPo)(PoPy). ThusX+Y=Y+X (Z—-Y)4+Y=Z,X+P,=X,
and if X#P,, X+P,=P,. Also P;~X is the harmonic

*Von Staudt {2], pp. 15-18, 166-176, 256-283: Hessenberg [1}; Robinson
(1], pp. 90-104.
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conjugate of X with respect to Pyand P,. By means of inci-
dences in a plane,* it is easily proved that
4.11. X+ Y+2Z)=(X+Y)+Z.
Accordingly, if we define P,=P;+P,, P, =P,_,+P,, and
P_,=P,—P,, we shall have P,+P,=P,,, for all integers x
and y.

Next, we define the product X-Y as the point corresponding
to P, in (XY)(PsPy), and the quotient Z:Y as the point
corresponding to Y in (ZP,)(PsPy). Thus

XY=YX (Z:Y)Y=Z, XP,=X=X:P,,
XP,=P,=X:P,, (if X#Py), and
X:P,=P, =X P, (if X#Py).
The associative law for multiplication, namely X-(Y-Z)=
(X-Y)-Z, can be proved in the same manner as the associative

law for addition, 4.11.  But the distributive law can be proved
“in one dimension,’’ as follows.

By the definition of X-Y, we have

4.12. P PP Y X Po Py (X-Y)X,
whence, by 2.81,
4.13. P. PP, Y x Py Po X (X'Y).

This last projectivity, which is the same for all positions of Y,
transforms theinvolution (Y Z) (PP ) into (X Y X Z)(PPs).
But P, is paired with Y-+Z in the former involution, and with
X-Y-+X Z in the latter. Hence

X(Y+Z)=XY+X Z.
It follows that, if we define P,=P,:Py for all rational
numbers x =n/d, we shall have

P:+Py=Pz+w Pz"—PyZPz-—y;
P,.P,~P,, P,:P,=P,,

*Veblen and Young [2], T, pp. 143, 146.
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Such points P,, along with P, are said to form a net of ration-
ality in the line.

Let x be any rational number other than 0. Since Py, =
P.+P,, P,, is the point corresponding to Py in (P,P,)(P,Py);
hence H(P,P,, PoP,,), and PP, || P.P,,. We can now prove
by induction that

Pco Pz I [ PO sz
for all integers m>1. For, by the definition of X+Y,
PoPo XY £ Py (X+Y)Y X.

In particular, P, Py P.Pim_1: X Py Pmz:Pm—1y:P.. Hence the
separation P P.||PoPm—1 . implies PoPm—1ys||Pmz P, which
(by 2.123 and 2.125) implies PP, || P¢Pn..

Thus the points P,, P,,, Ps,, . . .occur in order in one of the
two segments Py P,,. Replacing x by —x, we see that the same
holds for P_,,P_,,, P_;,,... . Moreover, these lie in the other
segment Py P, since H(Py Py, P,P_,). Hence all the points

’ p—Szy P-—zm P-—z: po, st P!:a s ey Pco
occur in order. In other words, if m and n are any integers,
while disa positive integer, we have S(Pp;Pp.Po ) =S(PoP4.Po)
if and only if m <n.  Writing 1/d for x, and observing that any

two r:lhnnnl nnmhprc can ha evpreSS(.d as "‘/d aud "/d \lll

terms of a “‘common denominator’’), we deduce that
S(Ps Py Py ) =S(P, Py Py,)
if and only if a <b. Hence*

4.14. The order of the points P, of a net of rationality agrees
with the order of the rational numbers x.

The step from a net of rationality to the whole line is made
by means of Axiom 2.13." Let y be any real number, which we
first suppose to be positive. We divide all the points of the

*Veblen and Young (1], p. 368.
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“positive”’ segment Py P, /P_, into two sets: (1) all points
which lie between P, and every ‘‘rational’’ point P, with x>y,
and (ii) the rest of the segment. The point determined by this
dichotomy is denoted by P,. For a negative y, we treat the
“negative’’ segment Py Py /P, similarly. Thus

4.15. There is a definite point for every real number, the order
of the points agreeing with the order of the numbers.

Conversely, every point of the line can be so numbered.
For, any point divides the numbered points, and thence the
real numbers, into two sets, to which we can apply the arith-
metical axiom of Dedekind. The real number x is called the

abscissa of the point P..

4.2. One-dimensional projectivities. Since P,..=P.—P.,
the above definition for the difference of two points may be
expressed in the form

Py P, PP, % Po PoP,Pos.

Replacing x by —x, and applying the involution (PoPo) (P Pw),
we deduce that

Pcop—a Po P, 7{ pmpo Pa Pa+=.
Considering P as a variable point, we thus see that the trans-

formation
4.21. x'=a+x

defines a project

...... projecti

vity between points P, and P,..
By 4.12 and 4.13, we have
Pm nglpx 'K Popm P]_P]_/,

and P,PiP,P. A Po Po P,P,,.

Thus the transformations

4.22. x'=1/x,

4.23. x'=ax (a#£0)

define two further projectivities.
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It follows that the combined transformation

, ¥ (Bé+v)x+(8+Bde+e)
4.24. « =ﬁ+5+—1—_ = 5%+ (L F36) (v#0)
€+x

likewise defines a projectivity. Moreover, the values @, 0, 1
for x give for x’ the values g++v/5, B+~/(6+1/¢), B4~/{6+
1/(e+1)}, which may be arbitrarily assigned, provided they
are distinct. Hence, by 2.85,

The general one-dimensional projectivity is given by the lincar

fractional transformation

4.25. x' =(px+q)/(rx+s) (ps—gr#0)
or by the bilinear relation
4.26. axx’' +bx+cx’+d =0 (ad —bc#0).

By observing their effect on the points Py, Py, P, we see
that the projectivities 4.21 and 4.22 are direct and opposite,
respectively, while 4.23 is direct or oppesite according as a is
positive or negative. Hence 4.24, 4.25, and 4.26 are direct or
opposite according to the sign of

By considering the discriminant of the quadratic equation
ax?*+(b+c)x+d =0,

we see that the projectivity 4.26 is elliptic, parabolic, or hyper-
bolic according as ad —bc is greater than, equal to, or less than
t(b—c)*. The projectivity is an involution if it is symmetrical
with respect to x and x/, i.e. if b=c. (Cf. 2.88 and 2.96.)
Any involution can be expressed in the form xx’+d =0, by
assigning the symbols Py and P, to one of its pairs. For any
non-vanishing number ¢, we can change the notation by assign-
ing the symbol P, to the point previously called P,,. The given
involution then becomes ¢?xx’+d =0. Finally, taking ¢ =+/|d],

o
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Any elliptic or hyperbolic involution can be expressed in the
“canonical form”

4.27. xx'4+£1=0.

The hyperbolic involution xx’—1=0 has double points

P.,. More generally, for any unequal finite numbers s and ¢,
(P,P,)(P:Py) 1s

4.28. xx' —4(s+)(x+x')+st=0;

for, this relation becomes (x —s)(x —t) =0 when we put x’ =x.
On the other hand, (P,P,)(PxPs) 1s

4.29. x +x' =2s.

4.3. Coordinates in one and two dimensions. The sum,
difference, product, and quotient of points (§4.1) depends on
our choice of Pq, P;, Po. The transformation 4.25 enables us
to get rid of this particular choice by using the symbol P, to
denote the point previously called P.-.

The interpretation of 4.25 when x = o requires a little care.
Such difficulties are avoided if we replace the abscissae x by
pairs of homogeneous coordinates x,, %1, such that xi/x,=x.
Then if x40, (xo, x1) denotes the point P, ,,, but (0, 1) de-
notes P,. Thus every ordered pair of real numbers, not both

zero, defines a point on the line, but each point is equally well
defined by every pair (pxo, px1), where p0; hence ‘““homo-
geneous.” In particular, the harmonic conjugate of (xq, x1)
with respect to (1, 0) and (0, 1) is ( —xo, x1) Or (X0, —X1).

By the fundamental theorem 2.85, any three collinear
points are projectively related to any other three collinear
points. But the case of four collinear points is different, as
some tetrads are harmonic while others are not. Accordingly,
we seek a number which will distinguish a given tetrad from
all unrelated tetrads.

For any four collinear points P, P,, P,, P, not necessarily
distinct, we define the cross ratio
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431. {P,P, P,P,) - (x—2)(y~1) _ (%120 ~%081) (yrto — yot1)
(x=0)(y—2) (Xrto—%ot1)(¥120 — yo2y)
The former expression (in terms of abscissae) is convenient to
use when the point P, is not involved. The cross ratio is
clearly unchanged by each of the transformations 4.21, 4.22,
4.23, and is therefore a projective invariant. In other words,
the relation ABCD A A’B'C’'D’ is equivalent to the equation
{AB,CD} = {A'B/, C’D’}. But there is no projective invariant
depending on fewer than four points. (The simple ratio
AC/BC, which occurs in affine geometry, has no place in
the present theory, though it can actually be derived from
{AB, CD} by calling D the “point at infinity.")
Clearly
{AB, CD}| = {BA, DC} = {CD, AB} = {DC, BA},

in agreement with 2.81. In particular,

{AB, AD} = {BA, DA} =0,

{AA, CD} ={CD, AA} =1,

{AB,CA} ={BA,AC} =w.
Also
4.32. {AB,DC} ={AB,CD}, {AC,BD} =1- {AB, CD}.
Another useful formula is
4.33. {P,P,, PoPm} =x/y,
which shows that the relation H(AB, CD) is equivalent to
{AB,CD} =—1. By 4.33 again, we have

{P,P,, P,P,} {P,P,, P,P,} {P,P, P,P_}=1.

Thus, for any five points A, B, C. I, X, on a line or conic,
4.34. {BC, IX} {CA,IX} {AB, IX} =1,

By 3.12, any four coplanar points, no three collinear, are
related (by a collineation) to any other such set of four points.
On the other hand, each of five coplanar points is joined to the
remaining four by lines which have a definite cross ratio. We



78 HoMOGENEOUS COORDINATES

proceed to use three of these five cross ratios to determine a
point X with reference to a quadrangle ABCI in the simplest

possible way. Applying 4.34 to the conic ABCIX. we infer
the existence of real numbers Xo, X1, X2, such that

X
(BC,1Z) =% (CA 1K) = =, (AB,IX} = .
0

X2 1

These, or any numbers proportional to them (not all zero),
are called the coordinates of X with respect to the triangle of
reference ABC and the unit poini 1, and the point Xis denoted by
(xo, %1, x2). To make this definition significant, we must stipu-
late that the unit point (1, 1, 1) shall not lie on any side of the

triangle.

LN 0N
B X, I, C B A X, C
FiG. 4.3a Fi1G. 4.3B

Each of the above cross ratios may be interpreted as apply-
ing to the four lines obtained by joining the four points men-
tioned to the remaining one of A, B, C, I, X, as in Fig. 4.3A.
Thus, if X lies on BC, we have {CA,IX] = and {AB, IX}
= 0, so the line BC has the equation xo = 0. Similarly
CA and AB have equations x; = 0 and x;= 0: therefore A is

(1, 0, 0).
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Similarly B and C are (0, 1, 0) and (0, 0, 1). Itisimportant to
notice that the point (x4, x;, 0) on AB has one-dimensional
coordinates x,, x,, referred to Py =A, P, =B, P, =1.. The line
joining C to (o, y1, 0) evidently has the equation x,/x0 =¥1/y0

or Vixo —yox1 = 0.

To see that a line not through any vertex of the triangle
has likewise a linear equation, consider such a line p (as in

Fig. 3.2B) and let P = (po, p1, p2) be its trilinear pole. In
other words, defining P, and P. so that H(P,B,, CA) and
H(P.C,, AB), let P be the point where BP, meets CP.. (See
Fig. 4.3B.) Then, for any point X on p, we have

B C
CBDAXb—?\:AD BDCDX~7\:BACD X..
Since the points X, X, B, C, are respectively
(x(h 01 x’)p (xOs X1, O)r (_p(h 01 pZ)’ (Po, _pl: 0);

we easily calculate the cross ratios

{CB, AX,}=1+2% (BA C X]}=- 2%,
xopg xopl

Hence the line p has the equation

Thus every point, and likewise every line, is represented
by an ordered set of three real numbers: a point by its co-
ordinates (or “‘point coordinates') x,, x), xs, and a line by its
tangential coordinates (or “line coordinates’) X, X, X,,
which are the coefficients of x¢, x4, x2 in its equation. Any three
real numbers, not all zero, are the coordinates of a definite
point, and of a definite line; but the same point (x, x5, x3) or
line { X, X,, X.]isrepresented when the three coordinates are
all multiplied by the same non-vanishing number.

If (xo, x,, x2) is the trilinear pole of [ X, X,, X,], we have

xo Xo=x1X1=2:X,.



80 HoMOGENEOUS (COORDINATES

On the other hand, the condition for (xo, x1, X1) and
[ Xo, X1, Xa] to be incident is

ono+x1X1+x2X2=0.

The expression on the left is conveniently abbreviated to [x X 1 ,
and we say that the condition for the point (x) and line [ X] to
be incident 1s [xX} —0. If we regard [ X] as a fixed line and
(x) as a variable point, this relation is the equation of the line,
being the condition satisfied by all points which lie on it.
Dually, if we regard (x) as a fixed point and [ X] as a variable
line, the same relation is the tangential equation of the point,
being the condition satisfied by all lines which pass through it.
Thus the coordinates of a point are the coefficients of X, X}, X,
in its tangential equation. In particular, the vertices (1, 0, 0),
(0, 1, 0), (0, 0, 1) of the triangle of reference have equations
X,=0(u=0,1,2). Dually, the sides, having equations x, =0,
are [1, 0, 0], [0, 1, O}, [0, O, 1].

To find the condition for three points (x), (¥), (z) to be
collinear, we eliminate X, X; Xa between the equations

{xX} =0, {yX} =0, [zX} =0, obtaining
Xo X1 X3

Yo Y1 Y2
20 21 29

= 0.

Thus the line joining (y) and (2) is
[y122 — 121, YaZo—YoZa, Yo21—Y120]-

Dually, the condition for three lines [ X], [V], [Z] to be con-
current is

Xo Xl X2
Yo Yl Y2 = 0!
Zo Zi1 2

and the point of intersection of [¥] and [Z] is
(YIZS—"' Y2Zl.v Y2ZO_ YOZ21 YOZI_ YIZO)-
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It is easily seen that any point collinear with (y) and (2) may
be expressed in the form

(myo+mnzo, my1+nzy, mys+nz,),
or briefly (my-+mnz), and that its harmonic conjugate with
respect to (y) and (2) is (my —nz).

The triangle of reference divides the plane into four regions
(§2.6), any one of which may be chosen as the interior region
by taking the unit point in that region. (The fact that we
intuitively designate a particular region of a triangle as interior
serves to emphasize the difference between projective and
Euclidean geometry.) In the interior region all three coordi-
nates of a point have the same sign, but in the other three
regions one coordinate differs in sign from the other two.
The same distinction can be made as to the signs of the
tangential coordinates of a line. If X, X;, X are all of the
same sign, and {xX} =0, then x¢, %1, x; are certainly not all
of the same sign. Hence the lines whose coordinates are all of
the same sign are exterior to the triangle of reference. The
trilinear pole of an exterior line is an interior point.

4.4, Collineations and coordinate transformations. Be-
fore considering the general collineation, let us take an impor-
tant special case: the harmonic homology (§3.1) with centre
(1) and axis [U]. Let (¢) be the point where the line joining
any point (x) to (#) meets [U). Since (x) is collinear with (¢)
and (#), we may write

x,=mi,+nu,,
and the harmonic homologue i1s (x’) where
x, =ml, —nu, =x,—2nu,.
But, since (¢) lies on [U],
{xU} =m{tU} +n{uU} =n{uU}.
Hence the harmonic homology is given by
4.41. x,=x,~2u,{xU}/{uU]}.
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In terms of homogeneous coordinates, the one-dimensional
projectivity 4.25 takes the form

x4 _ pxitgxe

-1 (ps —qr #0)
x, rx1+sxo
7
or pxo=Cooxo+601x1,
f
px1=610x0+611x1 (COOCII—CIOCM#O)-

Analogously in two dimensions,
4.42. The general collineation 1s given by the linear transforma-
tion
/ .
pxuch0x0+culxl+cp2x2 (“=O' lr 2)1

the coefficients being any nine real numbers whose determinant

Coo Cor Co2
Y= Cio Ci1i1 Ci2
Cy0 C21 C22

15 not zero.
Proor. Whenever there is no danger of confusion, the
factor of proportionality p will be omitted or “‘absorbed.”

Since v#0, we can solve the equations

!

Cu0x0+cplxl+cu2x2=xp (”':01 11 2):
obtaining x,=C,xy+ C, 21+ Cy x4 (v=0,1, 2),

where the numbers C,, are proportional to the co-factors of c,,
in the determinant 4. Hence the transformation is a point-
to-point correspondence; and since any linear function of the
x, is a linear function of the x,, this correspondence is a col-
lineation. Conversely, every collineation is expressible in this
form. For, in order to transform the four particular points

4.43. (1,0,0), (0,1,0), (0,0, 1), (1,1, 1)

into the four general points
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4.44, (Xors X4y X3,) (v=0, 1, 2, 3),
we merely have to take ¢, =x,w,, where w,, w, w; are given
by the simultaneous equations

x#0w0+xulwl+xp2w2=xu3 (I“':O! 1! 2)!

which have a non-vanishing solution provided no three of the
four points 4.44 are collinear. Thus any matrix (c,,) for which
v#0 determines a collineation, and conversely the collineation
determines the matrix (apart from a scalar factor).

The above proof shows also that (x’) is the point whose
coordinates are x, when referred to the triangle and unit point
4.44 instead of 4.43. Thus the transformation plays a double
role: 1t can be regarded either as a collineation which relates
one point to another, or as a transformation of coordinates,
enabling us to use a new triangle of reference and unit point.*

It 1s convenient to borrow from tensor calculus the con-
vention whereby any term involving a repeated suffix is under-
stood to be summed for the possible values of that suffix (in the
present case, the values 0, 1, 2). In this notation the trans-
formation 4.42 takes the form

4.45, x,: =C,,X, (u=0,1, 2)
or
4.46. x,=C,x, (»=0, 1, 2).

The connection between these two equations becomes clearer

when we use the “Kronecker delta” §,,, which is equal to 1 or

0 according as the two suffixes are the same or different. In

fact, if we define C,, so that the co-factor of ¢,, in v is precisely
~C,,, the theory of determinants shows that

v
Cav C,..- = 5)\“

Hence 4.46 implies ¢,,x, =¢,,C,, x b',mx;:x;, which 1s 4.45;
and similarly 4.45 implies 4.46.

*Mobius [1], p. 304.
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The corresponding transformation of tangential coordinates
must be such that the incidence-condition {xX} = 0 is equiv-
alent to {¥ X’} = 0. Disregarding a factor of proportionality,
we equate these expressions, obtaining

0,X, =24.X, = ¢, X,
Since this must hold for every point (x), we equate coefficients
of x,, and find

4.47. X, = C.quL, (v =0,1,2).
Similarly, since x’#XL =x,X, = C,wx’uX,,, we have
4.48. XL = CuXo (w=0,1,2).
Al
A
a
B
B’ b C
FiG. 4.4A

The advantage of being able to transform the coordinates
to any triangle of reference is well illustrated by the following
self-dual definition of cross ratio. Let A, B, a, b, or (x), (),
[X], [Y], be any two points and two lines in one plane. (See
Fig. 4.4A.) Defining their cross ratio by the formula®

xXH{yY}
{xYHy X}
we observe that this expression does not depend on the arbi-
trary factors in the coordinates of the points and lines, nor
on the choice of the coordinate system. Accordingly, we may
suppose the triangle of reference to be formed by the lines

1. AT o~ tlonte TV I T 1 ic
b, a, AB, so that [X] is [0,1,0], [Y] is [1,0,0], and

4.49., {AB, ab} =

*Heffter and Koehler [1], I, pp. 120, 136.
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{AB, ab} = x13, /%0y, .
Denoting by A’ and B’ the points where a and b meet AB, we
see that this agrees with the value of {AB,A’B’} as given by
4.33.

4,5. Polarities. Since the product of any two correlations
is a collineation, and the inverse of a correlation is a corre-
lation, we see that every correlation can be regarded as the
product of any particular correlation and a suitable collineation.
The simplest particular correlation is clearly that which re-
lates each point (x) to the line [x]. (Incidentally, this also
relates the line [X] to the point (X), and so is a polarity)
We have seen that the general collineation is given by

X, = Cpv¥y, X:L = C,u.va (I«L =0,1,2),

I

X = Cux,, Xy =cuX, (v =0,1,2).
Hence

4.51. The general correlation is given by
X:L = Cp¥y, X, = C,u.va (p, = 0,1, 2);

7
%, = X, Xy = ¢, v =0,1,2).
Interchanging x and «/, X and X', u and v, we find that, in
the inverse correlation, X/, = c,,x,. The correlation is a polarity
if it is the same as its inverse, i.e. if ¢,, = mc,,. Since this

implies ¢,, = mc,,, we must have m* = 1. But m = —1 would
imply
0  ep  —e
Y = —Cp1 0 C12 = ().
cp —cz 0
Therefore m = 1, and ¢,, = c,,. Moreover, no confusion can
now be caused by writing x for ¥ and X for X’. Hence

4.52. The general polarity is given by

Xpo=cuw, 2 =C.X, (u=012),
where ¢y, = cyy and ¢\, Cyyy = 8y,
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This last condition implies that the co-factor of ¢, in the
determinant y =det (c,,) is vC,,, that the co-factor of C,, in
I' =det (C,,) is I'c,,, and that yI'=1.  Clearly, the condition
for points (x) and (y) to be conjugate is

Con X, Yy =0,
and the condition for lines [ X] and [ Y] to be conjugate is
C,X,Y,=0.

By transforming to a self-polar triangle of reference, we ob-
tain the polarity in a remarkably simple form. In fact, since
each pair of vertices is now a pair of conjugate points, we
have ¢, =cg0 =co1 =0, and the polarity is given by
4.53. Xo=cooxo, X1=cC1nx1, Xa2=cCaXz,
where coociic225#0. Since the order in which the new co-
ordinates are numbered 0, 1, 2 is arbitrary, and since the
polarity is not altered when the coefficients are all multiplied
by the same constant (which may be negative), there is no
loss of generality in assuming that ¢;; and cs2 are positive.

A “change of scale,” which preserves the triangle of refer-
ence while changing the unit point, is achieved by writing
xo/Co, %1/c1, %2/ca for xg, %1, %2, and coXo, Xy, c2 Xo for
Xo, X1, X, The relations 4.53 then become

co? Xo=Ccoo X0, €2 X1=0C11 %y, c3? X g =¢n Xa.
Taking co=+/|cool, c1=+/c11, c2=+/cas, we thus reduce the
polarity to its canonical form
4.54. X o= 3x, X1=x1, X,=x,.

Since this relates the interior point (1, 1, 1) to the exterior
or interior line [#1, 1, 1], the polarity is elliptic or hyperbolic
according as the upper or lower sign is taken. In 4.52, the
condition for the point (x) to be self-conjugate is ¢, %x,x, =0;
hence the polarity is elliptic or hyperbolic according as c,,x,%,
is a definite or indefinite quadratic form, i.e. according as the
three numbers Coo, ¢11, v are or are not all of the same sign.*

*Veblen and Young [2], 11, p. 205.
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In the hyperbolic case, the locus of self-conjugate points,

and the envelope of self-conjugate lines, is the conic

MRV LY 3 W

4.55. c,xx,=0, C,X, X, =0,
or, in canonical form,
4.56. —x02+x12+xz’=0, —X02+ X12+ X32=0.

The line [1, 0, 0] or xo =0 does not meet the conic 4.56. Hence,
by considerations of continuity, all lines [ X] for which

- X+ X2+ X <0
are exterior to this conic, while those for which
- X+ X3+ X2 >0
are secants. Applying the polarity 4.54, we deduce that the

point (x) is interior or exterior according as —xo®+x +x2? is
negative or positive.

4.6. Coordinates in three dimensions. The above results
are easily extended to three-dimensional space.* The point (x)
now has a fourth coordinate x;, and the tangential coordinates
[X]or[Xe Xi, X: X,]represent a plane. The condition for
the point (x) and plane [ X] to be incident is {xX} =0 or
x, X, =0, which now means

ono+x1X1+szz+xsXs=0-
This can be interpreted either as the ordinary equation of a
fixed plane [ X], or as the tangential equation of a fixed point
(x). In particular, the tetrahedron of reference has faces x, =0
(=0, 1, 2, 3) and vertices X, =0.

Since the relations x, X , =y, X ,=0imply (mx,+ny,) X,=0,
every plane through (x) and (y) contains the point

(mao+nyo, mxy+ny,, mxa+nys, mxs+nys),

or briefly (mx+mny). This point is therefore collinear with (x)

and (y). The plane through three non-collinear points (x),
(¥), (2) 1s [ X], where

*Instead of the conic ABCIX we now use the twisted cubic ABCDIX,
Cf. Robinson [1], pp. 104-106; Plicker {1], [2].
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X1 X2 X3 Xo X2 X3
Xo=1|5m % |, Xi=—1% % ¥ |
21 23 23 20 2 23
Xo X1 X3 Xo X1 X9
Xo=1|% » »| Xz3=—|% »n ¥
2'0 2'1 23 ZO Zl 2'2
The point of intersection of three planes is given by the same

formulae with small and capital letters interchanged.
Pliicker’s coordinates for a line are defined by closely analo-
gous formulae:

The line joining points (x) The line of intersection of
and (y) is {p} or planes [X] and [Y] is
{Po1, P02, Po3, P23, P31, P12}y {Pa3, P31, Pyg, Poy, Pog, Pzl
where where
='x”, x, | =|Xu X, |
Pur Yo Yo | Pp‘v l Y, v,/
so that so that
pvu = _p;w Pvp, = _P,u,v
and poy=p11 =po2=p33=0. and Py, =Py = Py = P33=0.

In order to identify these two sets of six coordinates, we
observe that, if both the points (x¥) and (y) lie in both the planes

[X] and [Y], so that {xX} = (X} = {xY} = {yY} = 0, then
p)tva,v = (X Yy — a%s) (X[.LYP = Y,LLXv)
= OX, Y = 0 Y, X} — X {xY} + 0 Y {aX} = 0.

If A # w, two of the four terms implied by the expression
PP, vanish identically. We thus have twelve relations such as
po1P3; + pooP32 = 0, which are equivalent to

Pys Py _ Py _ Py _ Pop _ P3

— —— — — ———

por  Po2  bos P Pu P12
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Since the p,, and P,, are homogeneous coordinates, we may
write simply
Py = po1, P31 = po2, P12 = poss
Por = p23, Py = P31, Poz = P12

To find the condition which six numbers pg1, pg2, Po3s D23s
P31, P12 must satisfy in order to be the coordinates of a line, we
put A = g = 0 in the relation p,,P,, = 0, obtaining py, Py, = 0
or
4.62. borbas + Posb3r + posb1z = 0.

To find the condition for two lines {p} and {§'} to intersect,”
let (x) and (y) be two points on the former, [X] and [Y] two
planes through the latter, so that

puvpiw = (xp,yv _yuxv) (X;LYIJ - Yva

=2 X}y Y} - 2{xY}{y X}
If the lines intersect at (¥), we have {xX} = {xY} = 0, and
therefore pw,PL,, = (. Conversely, if this relation holds, we can
choose [Y] so that (x) lies on it and thus {x Y} = 0. Then the
relation p,,P,, = 0 yields either {xX} = 0 or {yY} = 0. In the
former case, (¥) lies on both lines; in the latter, [Y] contains

both lines. Thus the necessary and sufficient condition for
{p} and {p'} to intersect is

4.63. po1Dhs + boabhy + Posbls T Paaboy + Parbog + P12tz = 0.

To find conditions for the line {p} to lie in the plane [X], let
{p} be given as the join of points (x) and (y), so that, for any
plane [X],

punXs = @Yy — Y X = 2,9 X} -y {x X}
Then the four relations
4.64. purXy =0 (n=20123)
hold whenever [X] passes through {p}. For each value of p,

4.61.

p

*Cartan [1], p. 120.
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the relation 4.64, being linear in the X,, is the tangential equation
of a point, viz. the point (x,y — y,%), collinear with (x) and (¥).
Since there is no term in X, this is the point in which the
line meets the plane x, = 0. Thus the four conditions 4.64 are
sufficient to make {p} lie in [X]. The dual argument shows that
the four relations

4.65. Pot, =0 (u=0,123)

(which are the equations of the planes joining the line to the
points X, = 0) are necessary and sufficient conditions for the
line {p} to pass through the point (x).

4.7. Three-dimensional projectivities. The results of
§4.4 continue to hold in three dimensions if we make the
obvious changes, replacing lines by planes, triangles by tetra-
hedra, and extending the range of the suffixes to 0, 1, 2, 3.
Thus a linear transformation of coordinates will enable us
to take the tetrahedron of reference (and the unit point) in
any convenient position. For any two points and two planes
A B, a, B, or (x),(®,[X], [Y], we define the cross ratio*

xXHyY}
4.71. {AB, o} G VX1
The convenient tetrahedron of reference is formed by B, a, and
any two planes through AB. Then [X] is [0,1,0,0], [Y] is
[1,0,0,0], and
{AB, a8} = 015 /%1 = {AB,A'B'},
A’ and B’ being the points where o and 8 meet AB.
The general collineation is given by

xl = CppXy, X, = CvaXv (w=01,23)
= Cup¥,,, Xv = X, (v =0,1,2,3).
Combining thls with the special polarity which relates the point

*Heffter and Koehler [1], II, pp. 76, 95.
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(x) to the plane [x], and the plane [X] to the point (X), we
obtain the general correlation

XIL = Cpydy, xJM = C;Lva (r=0,1223),

1, =CuX,, X,=cur, (»¥=0123).

The condition for this to be a polarity is again c,, = mc,,, where
m = *1; but now both values of m are available. Hence

4.72. The general polarity is given by

X, = Cupy, 2y = CuXy (w=0123),
where ¢y, = ¢y, and €5, Cpy = )y

The implications of this last condition are the same as in the
case of 4.52, save that now the determinants vy and I' each have
four rows and columns instead of three.

When ¢,,, = ¢,,, so that the determinants are symmetric, we
have an ordinary polarity, which admits non-self-conjugate points.
By referring the coordinates to a self-polar tetrahedron,” we can
reduce this to the canonical form

Xo =coxo, Xy =cxy, Xy =coxy, X3 = 343

(A proper choice of the unit point would enable us to put ¢, =
+1; but it is convenient to postpone this last step.) The condition
for a point (x) to be self-conjugate is now ¢,x = 0. Hence the
polarity is uniform, i.e. of type (6,0), if the ¢, all have the same
sign.

If a line {p} jOlIl oints (x) and (y), its polar line is the

Fa) -y 2l ad

intersection of the po p lanes
[coxo, €121, Co%a, Csxsl and  [co¥o, €191, €292, €333],
namely

4.73. {e9€spas, €3€1031, €1C2P12, CoC1P01, CoC2P02, CoC3b03}-

In particular, the polar line of {$} in the uniform polarity X, = x,
is {P}, or

*Veblen and Young [2], II, p. 263.
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4.74. {P 3 P31, Pz Pony Do, Pas}-

Aline {p} is self-polar if it is the same as 4.73, i.e. if
CaCsPes __ CsC1Par _ CiC2P12  CoCipor  CoCaPor  CoC3Pos

o — — ——— — —

Do1 Po2 Dos P23 P P12
where m? =cocice83.  This cannot happen if one of the ¢, differs
in sign from the other three, but it can if two differ in sign from
the other two. Hence, by 3.83, these distributions of sign give
polarities of types (3, 3) and (2, 4), respectively. In particular,
the quadric
—x?Ex 2222 =0, — X+ X2+ X224+ X2=0

16 oval or ruled according as the upper or lower sign is taken.

"y

On the other hand, when ¢,, = —¢,,, so that the deter-
minants are skew-symmetric, we have a null polarity. For,

since
CurX, X, =€, %,%, =3(c,+¢,,)x,x, =0,

every point in space is self-conjugate. Two distinct points,
(x) and (y), are conjugate if ¢,,x,y,=0. Since this relation is
equivalent to ¢, x,y,+¢,,xy,=0 or c¢,(x,y,—x,y,) =0, the
condition for a line {$} to join two conjugate points is

4.7S. Cln =0.

But the join of two conjugate points, being the line of inter-
section of their polar planes, is self-polar. Hence 4.75 is the
equation of a linear complex.

When ¢,, = —¢,,, we easily verify that

v = (Co1Ca3+ Co2c31+ Cos c12)t.
Thus if ¢o1c23 4 co2c31+coscy2 =0, the lines which satisfy 4.75 are
not the self-polar lines in a polarity. Instead, they are all
the lines that meet the particular line {623, 31, C12, Co1, Co2, co,}.
They form what is called a special linear complex.

The common lines of two linear complexes, say b,,p,, =0
and ¢,,p,, =0, are said to form a linear congruence. Clearly,
they belong to the linear complex (nb,, +c,)p,, =0, for all
values of n.
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This is a special linear complex if n satishes the quadratic
equation

(bom +601) (b:zan +Cza) <+ (boan +Coz) (baln +Cal)
+(b03n +C03) (blz'ﬂ +C12) =0.

If the roots are real and distinct, they provide two lines

{nb23+623, nbsi+csy, nbis+cia,
nbo1-+co1, nbo2+coa, nhos +Coa},

called directrices, and the congruence consists of all lines which
meet these two. If the directrices are skew, the congruence
is said to be hyperbolic, in contrast with the elliptic congruence*
for which the above quadratic equation has no real root. By

.
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equations 4.65, we obtain a definite line of the congruence
through a given point (x) of general position. For a hyperbolic
congruence, this line is simply the transversal from (x) to the
two directrices, and so is no longer definite when (x) lies on
either of the directrices. But an elliptic congruence has no
directrices, and in that case the line is definite for every
point (x).

enerators of a quadric,
Consider the quadric ¢,x,2=0. If coc1c2¢5> 0, we can simplify
4.73 by the following device, due to P. W. Wood. Multiplying
the ¢, by the constant (co/clcgcs)*, and changing the notation
so as to call the new coefficients ¢, again, we obtain the same
quadric in a ‘“normalized” form, with co=cicecs. Then the

polar line of {p} is
{st/Ch Ps1/ca, Pr2/cs, C1por, C2po2, CsPoa}-

If one of ¢;, ¢, ¢3 differs in sign from the other two, the
quadric is ruled. If, further,

*Veblen and Young {2], I, p. 315.
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4.81. P23 =Cipo1, Pa1=Capo2, P12=C3Dos,
the line {p} is self-polar. Thus a typical generator of one
regulus of the quadric

€1€3C3xo> +C1x 2t caxt4caxst =0

1S {Plv P2, D3y C1P1, C2ps, cpat,
where, by 4.62,
Gptoapt tespst =
A typical generator of the other regulus is obtained by rever-
sing the signs of ¢, ¢q, cs.

4.9. Complex projective geometry. An alternative pro-
cedure (of great theoretical importance, since it identifes the
consistency of the axioms with the consistency of the real
number field) is to define a point as an ordered set of four real
numbers, a line as an ordered set of six real numbers satisfying
4.62, and soon. (See p.25.) Then every axiom about points
and lines is replaced by a theorem about numbers, and most
of these theorems are quite easy to prove.

Two possible generalizations immediately present them-
selves. First, instead of four numbers, we may take n+1, so
as to obtain n-dimensional geometry.* Secondly, instead of
real numbers, we may take elements of any field, e.g. the field
of complex numbers.t Defining a projectivity as a linear
transformation, we find, in this last case, that every polarity
has self-conjugate points, and that every quadric has gen-
erators.

Axiomatically, complex geometry is derived from real
geometry by denying 2.124, while retaining all the other axioms
and adding an ‘‘axiom of closure’ (to rule out more extensive

fields).?

*Schoute |1], pp. 187-219; Sommerville [3], pp. 59-72.
tCartan [1].
tVeblen and Young (2], I1, p. 30: “Assumption I.”" See also Young [1}].




CHAPTER V

ELLIPTIC GEOMETRY IN ONE DIMENSION

5.1.  Elliptic geometry in general. As we saw in §1.7,
Klein’s elliptic geometry is a metrical geometry in which two
coplanar lines always have a single point of intersection. One
method of approaching this geometry is to introduce an un-
defined relation of congruence, satisfying certain axioms such

as the following:

5.11.  From any point D on a given line, we can lay off two
segments, CD and DE, each congruent to a given segment AB.

We can then develop a chain of propositions similar to Euclid I,
1-15, and conclude* that all lines are finite and equal. A line
being finite, any two points determine two “supplementary”’
segments. If these are equal, each is a “right”” segment, and
the two points are said to be “conjugate.” All the lines per-
pendicular to a given plane are found to concur at a definjte
point, conjugate to every point in the plane. Conversely, the
locus of points conjugate to a given point is a plane. There is
thus a definite correspondence between points and planes, of
the kind that was called a uniform polarity in §3.8.

This brings us to the alternative treatment which is fol-
lowed in the present book. Observing that every axiom of
real projective geometry is valid in elliptic geometry, we simply
adopt the axioms of §2.1, and agree to specialize a uniform
polarity. This absolute polarity, having once been arbitrarily
chosen, is kept fixed, and a congruent transformation is defined
as a collineation which transforms this polarity into itself. All
the axioms of congruence then become theorems which can be

*Sommerville [2], p. 88.
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proved. The gain in simplicity is considerable, especially as
those axioms are more complicated than in Euclidean geome-
try (where a segment is uniquely determined by its two ends).
Moreover, all the theorems of real projective geometry
(Chapters 11, III, 1V) necessarily hold also in elliptic geometry,
and form a substantial basis for the deduction of further
theorems. (Another name for “congruent transformation’’ 1s
1somelry.)

If we wish to develop elliptic geometry in two dimensions
only, we begin with the real projective plane, and specialize
an elliptic polarity (§3.2). This will be done in Chapter VI;
but in the present chapter we are still less ambitious, being
content to consider the geometry of a single line. Instead of
an absolute polarity we now have an absolute involution. This
is initially any elliptic involution in the real projective line;
but when once chosen it is retained throughout the whole dis-
cussion. By definition, its pairs are conjugate points, which
divide the line into right segments.

Analogously, we can derive Euclidean from ‘‘affine’’ geometry* by
specializing an elliptic polarity (or involution) in the plane at infinity (or
line at infinity). In fact, the geometry of points and lines in the plane at
infinity of affine space is projective, whereas the geometry of points and
lines in the plane at infinity of Euclidean space is elliptic.

5.2. Models. In §1.7 we illustrated two-dimensional
elliptic geometry by a model consisting of a bundle of lines
and planes in Euclidean space. The analogous model for one-
dimensional elliptic geometry consists of a flat pencil in the
Euclidean plane, conjugate points being represented by per-
pendicular lines. But in this one-dimensional case, excep-
tionally, another simpler model is available. In fact, the
geometry of the elliptic line is identical with the geometry of
an ordinary circle, points being ““‘conjugate’’ when they are
diametrically opposite.

*Robinson (1], Chapter IV,
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The existence of this model may be regarded as a conse-
quence of the possibility of defining projectivities on a conic
(§3.4). For, a circle is a conic, and the lines joining pairs of
any involution on a conic are concurrent, like the diameters
of a circle. There is no analogous theory for a quadric, and
consequently no one-to-one representation of the elliptic plane
on a sphere.

To emphasize the abstract nature of the elliptic geometry
itself, we may place the two models side by side, as in the fol-
lowing dictionary:

The elliptic line  The Euclidean plane in  The circumference of a circle

the neighbourhood
of a fixed point O

Point Line through O Point on the circle

Segment Angle Arc

Supplementary Supplementary angles Major and minor arcs
segments

Right segment Right angle Semicircle

Translation Rotation about O Rotation about the centre

Reflection in a Reflection in a line Reflection in a diameter
point through O

It must be clearly understood that models are not part of

the logical development of the subject, but merely suggestive

aldsi like dlagrams. {ROtu u;Ode}S are used in Elg. 53:‘1, the

second alone in Figs. 5.4 and 5.4B.) There is no longer any
question of consistency; for, since no fresh assumptions have
been made since §2.1, elliptic geometry is as consistent as real
projective geometry.

5.3. Reflections and translations. We saw, in 2.99, that
every projectivity permutable with an elliptic involution
(other than @ itself) is either elliptic but not involutory or else
a hyperbolic involution. When  is the absolute involution
(as we shall suppose from now on), we call this hyperbolic
involution a reflection, and the elliptic projectivity a trans-
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lation. The same theorem tells us that, for any two points
A and B, there is a unique reflection ,®p, and a unique trans-
lation s¥g, each taking A to B. In the special case when A
and B are conjugate, ,¥p={.

The remarkable power of Theorem 2.99 is apparent in the
ease with which the following important results can be deduced.
The product of twec projectivities, each permutable with , 1s
itself permutable with @ (In detail, 60’ =006’ = 66'Q.)
Hence, by 2.96, the product of two reflections, or of two trans-
lations, is a translation; but the product of a reflection and a
translation is a reflection. In symbols, for any three points
A, B, C on the line, we have

a®p 8®c = a¥c = a¥s Yo
a®p s¥c = a®c = a¥p sPc

It is therefore natural to extend the notation so as to
include

a¥a = 1,
in agreement with the obvious fact that ,¥ g 1=V But P4
is the involution whose double points are A and AQ; we call
this the reflection ¢n A (or in AQ). Since ,%p interchanges
A and B, it is the same as g®a.

If & is any reflection, and ¥ any translation, we have
¥ =3 ¥, where ®¥ is a reflection. Hence
5.31. FEvery translation is the product of two reflections, one of
which may be chosen arbitrarily.

FiG. 5.3A
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Again, since ¥, being a reflection, is of period two, we have
5.32. Yo =@,

Thus, if A¥=B and B®=C, then Ad=AVd¥ =BéV =CV.
Calling this last point D, as in Fig. 5.34, we deduce the following
theorem (which justifies the definition that we shall adopt for
congruent segments):

5.33. The relations \ ¥y =¥y and gdbc = Py, are equivalent.

Since the second relation is symmetrical between B and C,
another equivalent relation is s ¥¢ =g ¥p.

Our use of the words “reflection” and ‘‘translation’ is
explained by the fact that the above theorems hold also in
Euclidean geometry; but the method of proof is quite different,
since the Euclidean line admits no absolute involution, no
conjugate points. In Euclidean geometry, any two trans-
lations are permutable, but no two reflections are permutable
(in one dimension). We now investigate the corresponding
results in elliptic geometry.

Let ¥ and ¥’ be two translations, and A any point. Define
B=AY¥,C=AV¥,D=CV¥. Then, since the relation ¥y =c¥p
(=¥) is equivalent to g¥p=,¥-(=¥'), we have BV =D,
Thus AVV =D =AYV,
and therefore ¥¥'=,¥5,=¥'¥. Hence

5.34. Any two translations are permutable.
On the other hand, if reflections ,®5 and s®c are permu-
table, we have
AVc=aPp gPc=pPc APp =Py gbs =cV,.
By 5.33 (with C for B, and A for D), this implies cPe=49,.
Thus, if A and C are distinct, they are conjugate, and ¥ =0.
Hence

5.35. If two reflections are permutable, their product is the abso-
lute involution.
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5.4. Congruence. Since we are considering a single line,
we are free to make a convention whereby one of the two
sense-classes is distinguished as ‘‘positive’” or “left to right.”
If the triad ABC belongs to the positive sense-class, the seg-
ment AB/C is denoted by AB, and the supplementary segment
by BA. When A and B are conjugate, AB and BA are right
segments.

Two segments, AB and CD, are said to be congruent if
A¥p=c¥p (or pdc=a%Pp, Or a¥c =p¥p); and we write
AB=CD. We see at once that this implies AC=BD.

The relation of congruence is reflexive, symmetric, and
transitive. It is also “‘additive,” in the following sense. If
AB=DE and BC=EF, as in Fig. 5.4A, we have ,¥p=p¥r=
c¥f, and therefore AC=DF.

Fi1G. 5.4A Fi1G. 5.4B

To construct the segments CD and DE of 5.11, we merely
have to apply g¥p and 4¥p, 1n turn. (See Fig. 5.4B.)

If AB and CD are right segments, s¥g == c¥p. Thus all
right segments are congruent.

We define the mid-points of the segments AB and BA as the
double points of the hyperbolic involution s®g. Thus A®g
may be described as the reflection in the mid-point of AB (or
of BA). Since the two double points are a pair in Q, the mid-
points of supplementary segments are conjugate.
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Let O be the mid-point of AB. Then A% =%, and
therefore
AO=0B.
The translation , ¥y is the product of reflections in A and 0O;

for,
APA 0Po=aPs AP =, ¥5.

5.5. Continuous translation. The following considera-
tions enable us to define any power of a translation. For any

n+1 points A, B, C,..., G, H, we have
A¥YH=a¥g g¥c ...c¥y.

In particular, if AB=BC== . . . =GH, sothat \¥g=5¥.= ...
=g¥u =V, say, we obtain

AV = "
This notion of a power of ¥ can be extended to fractional
values of n, as follows. If O is the mid-point of AB, we write

a¥o = ¥V
observing that (\Ifl”’z)z:A\I/O o¥p=a¥Yg=V¥. By repeated
bisection* we define ¥'*, ¥V8 _ and deduce ¥" where n

Is any terminating ‘‘decimal” in the scale of 2, e.g.
YO 1011 — \p1/2q1/ 81/ 16

Now, if # is any number between 0 and I, the 1's in its
binary expansion determine a sequence of points A,; e.g.,
n=0.1011 ... gives

A1=A\I’1/2, A2=A1‘I’1/8, A3:A.2‘I’1'f[16, e,

and we can apply axiom 2.13 to the segment AB, taking as one

.
PR PR ,

set all points which lie in at least one segment AA,, and as the
other the remaining points of AB. If M is the point deter-
mined by this “Dedekind cut,” we write

‘I’n - A\I’M-

*Veblen and Young [2], 11, pp. 151-154; Enriques [1], p. 393.
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The extension to values of # which are negative or greater
than 1 presents no difficulty.

We proceed to prove that, conversely, any translation can
be expressed as a power of any other. In particular,

5.51. Every translation is a power of L.

Proor. We shall see that, for any segment AB, there is a
number 7, between 0 and 2, such that ,¥p =Q". In fact, the
following process leads to a binary expansion

a a a
n=4a,a18:a3 . . . =ao+ — +2 424
2 2 23

We put ao=0or 1 according as B lies in the segment AA’ or A’A
(where A’=AQ). We then bisect the segment thus selected,
and put @; =0 or 1 according as B lies in the left or right half.
And so on. If at any stage a point of bisection coincides with
B, we write ¢, =1, and the ‘‘decimal” terminates. In any case,
42 definite number 7 is obtained; and this power of &, inter-
preted as above, is precisely A¥g. We can include the case
when B coincides with A by defining 2°=1.

To express any translation as a power of any other, we
merely have to observe that Q" = (Qmy™'".

As defined in §5.3, a translation is a ““sudden’’ transfor-
mation, relating every point to another point. But since the
translation ©" can be obtained by a gradual increase of the
exponent of @ from 0 to n, there is another aspect of it as a
“deformation,” gradually displacing every point to a new
position. According to the first aspect, we have 22=1; but
according to the second, we can distinguish Q? as a displace-
ment over the whole line in the positive sense. Thus any
segment AB determines an infinity of translations Q"7 r
being an arbitrary integer (positive, zero, or negative). Wecan
select a definite one of these by making the exponent lie be-
tween 0 and 2.

A reflection, on the other hand, is essentially ‘‘sudden.”
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In the language of the theory of groups, the class of trans-
lations 1s a continuous abelian group, and is a subgroup of
index two (by 5.31) in the non-abelian group of translations
and reflections.

5.6. The length of a segment. To define the length of a
segment, we seek a property which is invariant under con-
gruent transformation, and additive for juxtaposed segments,
1.e.

AB+4+BC=AC
whenever B lies in the segment AC. Since s ¥g g¥c =4 ¥¢, we
consider the power to which the translation © must be raised
in order to transform A into B. To be precise, if \¥g=0Q"
(0<n<2), the segment AB is said to be of length n\, where A
is an arbitrary constant depending on the unit of length; and
we write

AB =n)\.
(No confusion need result from using the same symbol AB for
a segment and its length. The context always shows which
meaning is intended.) It follows immediately that two seg-
ments are congruent if and only if they have the same length.
If A and B are conjugate, we have AB =\, and the length
of the whole line is obtained by juxtaposing two such segments:

AB+4BA =2)\.

conjugate, in which case the shorter segment is said to be
acute, and the longer obtuse. The length of the acute segment
1s called the distance between A and B.

The choice of a unit has not the same kind of arbitrariness
here that it has in Euclidean geometry, since the distance \
plays a special role. In fact, we shall find that a judicious
choice of N greatly simplifies the appearance of certain for-
mulae.
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5.7. Distance in terms of cross ratio. We saw, in §4.1,
that the points of the line can be represented continuously by
the real numbers and «, these being the values of a non-
homogeneous coordinate or abscissa, x. By 4.27, the simplest
form for an elliptic involution is

5.71. xx'+1=0.
Let the fundamental points Pq, Py, P be so chosen that this
is the absolute involution .

Then the abscissae of a typical pair of conjugate points
are £ and —¢~'. By 4.28, the involution which has these for
double points is
5.72. xx' —3(t—t ) (x+x")—1=0.

This, therefore, is the general reflection; but, by 4.29, the
reflection in Py is
x+x'=0.

Combining these two reflections, by putting —x for x in 5.72,
we obtain the general translation in the form
5.73. xx' —3(t—t D (x—x)+1=0
or

(x' —x)/(14xx"y=2t/(1—18).
This can be simplified by a trigonometrical substitution. In
fact, putting x=tan §, x'=tan £ t=tan 36, we obtain
tan (¢ —§) =tan 6, whence
5.74. £ = t+86 (mod ).

It need hardly be pointed out that the tangent function, though

commonly defined in terms of Euclidean geometry, can just as well be

d
defined analytically, say by means of the differential equation ;1-2’ =144
x

(with y=0 when x=0).

For any number ¢, with 0< ¢ <, thereisa definite point (£)
whose abscissa is tan £, As £ increases steadily from 0 through
ir tow, tan § increases from 0 to and then through negative
values back to 0. Meanwhile, the point (§) describes the line
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by means of the continuous translation Q*, where n increases
steadily from 0 to 2. If Q" and Q™ translate the origin (0) to
(¢) and (6) respectively, the combination Q"*™ translates (0)
to (¢+90), in accordance with 5.74. Hence ¢ and 7 increase
proportionately, and Q" translates (0) to (37n). In other
words, the length of the segment from (0) to (£), or of the equal
segment from () to (¢+6), is proportional to ¢: in the notation
of §5.6, it is precisely 2¢N /.

In terms of 9, the translation 5.73 takes the more familiar
form

xx'+(x—x') cot 64+1=0

or

5 75 o = X cos 6+ sin @ .

—xsin @4cos 6

To obtain a formula for length which is independent of the
choice of fundamental points, we calculate the cross ratio that
the ends of a given segment make with their respective con-
jugates. Consider a segment AB, whose ends are (£) and ().
The conjugate points A’ and B are (§+1r) and (n+1x). The
abscissae of these four points are tan £, tan n, —cot £, —cot 1.
Hence, by 4.31,

{AA’, BB’} _ (tan £—tan n)(—cot £+cot n) _
(tan £+cot n)(—cot ¢—tan 5)
__ (tan n—tan §)?
(1+tan n tan §)?
In other words, if AB is a segment of length 20\ /7, we have

{AA’, BB’} = —tan?,
and therefore, by 4.32,
{AA’, B'B} = —cot?, {AB’, A’'B} = cosec?,
{AB’, BA’} =sin?%, {AB, B’A’} =cos?,
{AB, A'B'} =sec?.

= —tan?*(n—§).
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Selecting a convenient one of these cross ratios, we express
the length itself as

5.76. AB = g-)farc cos (+/ {AB, B'A’}),
T

where the ambiguous sign is determined by the sense of the
triad ABA’.

Our measure of length agrees with the radian measure of
angle or arc (§5.2) if we take A=37 in the first model, and
A= in the second. Then the length of the whole line is 7 or
27, respectively.

5.8. Alternative treatment using the complex line. Many
of the above considerations are formally sunplified if we regard
the real projective line as a subspace of the complex projective
line (§4.9). Then the involution © has two conjugate imag-
inary double points, say M and N. A projectivity permutable
with © must either interchange M and N, in which case it is
an involution, or leave both M and N invariant, in which case
it cannot be an involution unless it is € itself. Hence the
reflection 4 &5 is the involution (AB)(MN), and the translation
a¥p is the projectivity in which AM Nz BMN.

It is thus possible to define the elliptic line as the complex
projective line with two conjugate imaginary absolute points
specialized, or rather as the real part of such a complex line.
From this aspect, conjugate points are harmonic conjugates
with respect to M and N, and two segments AB and CD are
congruent if

ABMN;CDMN.

When the elliptic line is regarded as the line at infinity of
the Euclidean plane, M and N are recognized as Poncelet’s
circular points at infinity. For, as Chasles observed in 1850,
two lines in the Euclidean plane are perpendicular if (and only
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if) their points at infinity are harmonic conjugates with respect
to the circular points.* Extending this result, Laguerre showed
in 1853 that the angle between any two lines is proportional to
the logarithm of the cross ratio which their points at infinity form
with the circular points.

The recognition of this as a theorem in one-dimensional
elliptic geometry is due to Klein.t He saw that it can be
derived from the relation

{AB, MN| {BC, MN} = {AC, MN},

which holds for any five collinear points. (See 434.) If M
and N are the absolute points, the cross ratio {AB, MN | is the
same for AB as for any congruent segment; 1t is therefore a
function of the length AB, say f(AB), and satisfies the func-
tional equation
f(AB) - {(BC) =f(AB+BC)
or f(u) - f(v) =f(u+v). Since f(v) tends to {BB, MN} =1asv
tends to zero, f(u) is continuous. Hence
f(u) =",
for some constant x. But f(%) must be periodic, with period

2\; therefore
5.81. =m1/\.

Representing each point of the complex line by a complex
abscissa x, we observe that M and N, being the double points
of the absolute involution 5.71, have abscissae +i. Let x and
y be the abscissae of A and B. Then

s.82. #AB = {AB, MN} = (¥=9 O+i)
(x+1) (y—1)

Formula 5.76 may be verified (in the case when AB=\)\) as
follows:

*Poncelet [1], I, p. 48; Chasles [1], p. 425; Laguerre (1), p. 64.
tKlein (3], pp. 146, 164.
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cos (rAB/2\) =cos (xkAB/21)
=cosh (xAB/2)
— 1 (e"AB/2 o —<AB/D)
=_%_( (x—1) (y+1) +4/(Jc+i) (y—1)
(x+1) (y—1) (x—1) (y+1)
_ (x=1) (y )+ (x+1) (y—1)
2v/ (x+10)V(x—1)V(y+1)V(y—1)
_ xy+1
VDV (D)
_ /ey (y+ah)
V (42 (y4+y7H
=+/{AB,B'A’}"




CHAPTER V1

ELLIPTIC GEOMETRY IN TWO DIMENSIONS

6.1. Spherical and elliptic geometry. As we saw in §1.7,
a2 convenient model for the elliptic plane can be obtained by
abstractly identifying every pair of antipodal points on an
ordinary sphere. The reflections and rotations which we shall
define in §§6.2 and 6.3 are represented on the sphere by reflec-
tions in diametral planes and rotations about diameters.

In elliptic plane geometry, every reflection is a rotation.
This rather startling result is a consequence of the fact that
the product of the reflection in any diametral plane and the
rotation through = about the perpendicular diameter is the
central inversion (or point-reflection in the centre of the
sphere), which interchanges antipodal points and so corres-
ponds to the identity in elliptic geometry. In any orientable
space (§2.5), a reflection reverses sense, whereas a rotation
preserves sense. Thus the above remarks are closely as-
soctated with the non-orientability of the real projective plane
(in which elliptic geometry operates). On a sphere, corres-
ponding rotations about antipodal points have opposite senses;
so the identification of such points abolishes the distinction
of sense.

It was shown by Euler in 1776 that every displacement of
a sphere (keeping the centre fixed) can be obtained as a rota-
tion. In elliptic geometry we have the stronger statement
that every congruent transformation can be obtained as a rota-
tion. The problem of combining two rotations of a sphere
was investigated between 1840 and 1850 by Rodrigues, Cayley,
Sylvester, Hamilton, and Donkin. Their results are imme-

109
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diately applicable to elliptic geometry, which, in turn, provides
alternative proofs for them (§§6.6, 6.8).

Every diametral plane of the sphere determines a perpen-
dicular diameter. In other words, every great circle has a pair
of poles, which are antipodal points. This correspondence
represents the absolute polarity of elliptic geometry. For the
reasons given in §5.1, instead of basing our investigation on
the notion of congruence, we shall take over the axioms of real
projective geometry, and define all the metrical concepts in
terms of this absolute polarity, which is an arbitrarily chosen
elliptic polarity.

1f we chose to single out a hyperbolic polarity instead, the
result would be hyperbolic geometry (with “‘ideal elements’’;

see §8.1).

6.2. Reflection. Two points, or two lines, will be said
to be perpendicular if they are conjugate in the absolute polar-
ity. Thus any line through a point A is perpendicular to the
absolute polar of A, and every point on a line a is perpendicular
to the absolute pole of a. Two perpendicular lines, and the
absolute polar of their point of intersection, form a self-polar
triangle, of which every two sides are perpendicular, and like-
wise every two vertices. The geometry of points on any line
:s the one-dimensional elliptic geometry described in Chapter
v, its absolute involution being induced by the absolute polar-
ity. We now speak of perpendicular points rather than con-
jugate points, because the dual concept of perpendicular lines
is closely analogous to the concept so named in Euclidean
geometry. For the same reason, we fix the unit of length by
writing A =3, so that the length of a right segment 1s irx, and
the length of a whole line is . (When more than one line is
involved, we naturally have to abandon the convention
whereby the two segments terminated by A and B were dis-

tinguished as AB and BA.)
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Let o be any line, and O its absolute pole. If we define
the reflection in o (or in O) as the harmonic homology with
axis 0 and centre O (§3.1), we find that it has all the properties
commonly associated with the idea of reflecting in a line (or
in a point). This transformation is involutory; and, being
invariant with respect to the absolute polarity, it relates per-
pendicular lines (or points) to perpendicular lines (or points).

The fact that a reflection is permutable with the absolute
polarity may be seen in greater detail as follows. Let A be a
general point of the plane, B its reflected image, O’ the point
(o, AB), and a, b, o’ the absolute polars of A, B, O’, as in Fig.
6.2A (where the lines are drawn as arcs of circles, so as to
allow angles to be represented without distortion). Then
H(AB, OO’); therefore H{ab, 00’), and b is the reflected image
of a.

By 3.13, the product of reflections in the three sides of a
self-polar triangle is the identity. Hence

6.21. The product of reflections in two perpendicular lines 1s
the reflection in the common perpendicular of the two lines.

O "B~ a2 o B
Fi1G. 6.2a Fic. 6.3A

6.3. Rotations and angles. A rotatzon about a point O
may be defined as the product of reflections in two lines
through O. The point O is transformed into itself; so also is
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its absolute polar, 0. With every segment PQ of o, we as-
sociate the product of reflections in OP and 0Q. (See Fig.
6.3A.) This rotation induces in o the one-dimensional trans-
lation

pPr oPo = p¥r,
where R is the image of P by reflection in Q. When Q is

perpendicular to P (so that PQ is a right segment), the rotation

reduces to the reflection in 0, by 6.21. In this case R coincides

with P, but the two supplementary segments OP are inter-
chanoed We denote this involutory rotation hv Q. reaardan‘

\.,110.“.5\.,\4- A LA W A 2 S Wl allaa et B AS —Sat

it as the absolute involution of the one-dimensional elliptic
geometry whose ‘‘points’’ are right segments emanating from
0, and whose ‘‘translations’’ are rotations about 0. We define
Q" for all real numbers 7, as in §5.5. In order to agree with
the ordinary radian measure of angles, we take the unit of
length in this one-dimensional geometry to be such that A=
Then segments OP and OR are said to form an angle / POR =6
if OR is derived from OP by applying the rotation &/*, which
we describe as a rotation through angle 6. (Cf. §5.6.) This
rotation induces in o a translation of length PR =6, but the
““associated’’ segment PQ is of length 36. Thus the total angle
at a point is 2x, although the total length of a line is only =.
(If we wish to extend the principle of duality to metrical con-
cepts, we must take, as the dual of length, the measure of a
“directed angle’ or ‘‘cross,’’* instead of an ordinary angle.)

A convention of “positive’’ sense enables us to distinguish
two angles Z/POR and Z/ROP, whose sum is 2. Since oP
may mean either of two supplementary right segments, we
make this distinction precise by taking an arbitrary point A
in the segment under discussion, and similarly a point C in the
segment OR, and writing ZAOC for the angle between the
directed (or oriented) lines OAP and OCR.

*Johnson [1], [2]; Picken [1]; Forder (1], p. 120.
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If A and A’ lie respectively in supplementary segments OP,
we have ZAOA’'= Z/A’OA=r (a “straight angle’’). (Thus
6.21 asserts that reflection in o 1s equivalent to rotation through =
about O.) Two angles ZAOB and /ZBOA’, whose sum is =,
are said to be supplementary. If OA and OB are perpendicu-
lar, so that these angles are equal, each is a right angle (=3r).
Most of the one-dimensional theorems about segments can
immediately be interpreted as theorems about angles at one
point., For instance, if ZAOB = £ZCOD, so that the rotation
which takes OA to OB also takes OC to OD, then ZAOC=
£BOD. This happens, in particular, when ZAOBand £COD
are (positive) right angles.

The convention which distinguishes /BOA from ZAOB
can to a limited extent be applied to angles at distinct points,
by continuous variation within such a region as the interior
of a triangle. But it cannot be applied universally, since the
projective plane is not orientable. In general, therefore, the
symbol ZAOB may mean either of two angles whose sum is
27, just as AB may mean either of two segments whose sum
is . If the context does not indicate otherwise, we shall take
the smaller value. For instance, we say that any two lines
determine two supplementary angles, respectively equal to the

lt‘.ﬂg[.nb ()I [ne two bupplemen[dry begments 10rIT1Eed Dy [ﬂ(’.’.ll‘
absolute poles.

6.4. Congruence. In §§5.4 and 5.6 we defined con-
gruence in terms of translation, and showed that congruent
segments have equal lengths. In two-dimensional geometry
we can take advantage of the one-dimensional determination
of length, and define a congruent transformation as a point-to-
point correspondence which preserves length. Since a line is
the locus of points distant 37 from its absolute pole, such a
correspondence is a collineation. Since it preserves the rela-
tion of pole and polar, it is permutable with the absolute
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polarity. A congruent transformation could alternatively
be defined as a collineation which is permutable with the abso-
lute polarity, the preservation of length being a consequence
of the one-dimensional theory.

Thus a reflection is a congruent transformation (and there-
fore, so also is a rotation). Conversely,

6.41. Any congruent transformation which preserves two dis-
tinct points is a reflection (if 1t 1s not the identily).

Proor. If the two points, say O and A (Fig. 6.2A), are not
perpendicular, the congruent transformation preserves also
the absolute polar o, and the point O’ where o meets OA.
Hence, by 2.84, it preserves every point on OA. The projec-
tivity induced in o is either the identity or the one-dimensional
reflection in O’. In the former case, the whole transformation
is the identity, by 3.11. In the latter, it is the reflection in
OA; for, its product with that reflection preserves every point
on o0, as well as every point on OA.

If, on the other hand, the two given fixed points are O and

n R T, r 3
O’, it may happen that every point on OQ’ is preserved, as

before: but another possibility is that the projectivity induced
in OO0’ is the one-dimensional reflection in O. In that case the
whole transformation is the reflection in either o or o’; for, its
product with the reflection in o preserves every point on 00/,
and so is either the identity or the reflection in OQO’.

We are now ready for the important theorem
6.42. Every congruent transformation (of the plane) 1is a
rotation.

Proor. By 3.52, any collineation preserves at least one
point. In view of 6.41 and 6.21, it will suffice to consider a
congruent transformation which preserves only one point, say
O. This induces, in the absolute polar o, an elliptic projec-
tivity permutable with the absolute involution, i.e., a trans-
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lation. This translation, of length 6, say, could have been
induced by a rotation through angle 8 about O. Consider the
product of the given transformation with the inverse of this
rotation. This product, preserving every point on o, must
be either the identity or the reflection in o, which is the rota-
tion through angle = about O. Hence the given transforma-
tion is a rotation through either angle 6 or 6+ about O.

Two figures are said to be congruent if one can be derived
from the other by a congruent transformarion, i.e., by a
rotation.

This definition 1s easily seen to satisfy the familiar properties of
congruence. Consider, for instance, the theorem (Euclid I, 4) that two
triangles ABC and A’B’C’ are congruent if two sides and the included
angle of the one are respectively equal to two sides and the included angle
of the other. By a suitable rotation about the absolute pole of AA’, we
obtain a triangle AB,C,, congruent to A’B’C’. If we are given AB=A'B’,
a suitable rotation about A carries AB,C, to ABC;. If we are also given
ZBAC= /ZB'A'C’ and AC=A'C’, the point C; either coincides with C
or is its image by reflection in AB. (This is essentially Euclid’s own proof,
with the superposition of a triangle replaced by a congruent transformation
of the whole plane.) By 6.42, the various transformations used could be
combined into a single rotation,

On page 17 we mentioned the standpoint of Klein's
Erlanger Programm, where the various geometries are distin-
gUIbneu Uy LI]C Eroupos UI erllblUrIIldLlUllb uriacr WI]ILH LHCII
properties are invariant. We conclude from the results of
Chapter 111 that the group for projective geometry consists

f
of all collineations and all correlations. We see now that the

group for elliptic geometry is a subgroup of this, consisting of
those collineations and correlations which are permutable with
a given uniform polarity. In the two-dimensional case, these
collineations are just the rotations, and the correlations are
derived from them bv applving the absolute polarity itselt.*

6.5. Circles. A circle with centre O may be defined as

*Coxeter [7], p. 0.
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the locus of a point under continuous rotation about O, or as
the locus of a point whose distance from O is constant, say R,
the radius. Since no distance can be greater than 4=, we have
R<3ir. The rotation through = gives us two “‘diametrically
opposite’ points of the circle, which are images of one another
by reflection in the absolute polar of O, say o, the axis. A
circle of radius 4= is merely the axis itself, described twice over.
In the following investigation, we suppose that R<}m.

F16G. 6.5A

Given two diametrically opposite points B and C, and a
variable point A on the circle, let OP (with P on o) be the
perpendicular bisector of CA, as in Fig. 6.5A. Then the rota-
tion which carries C to A is the product of reflections in OC
and OP. The former reflection has no effect on C. The latter
is the harmonic homology with axis OP and centre Q, the abso-
lute pole of OP. If BC meets o at O/, we have H(BC, 00’);
therefore BP, the reflected image of CP, contains A. Hence
the circle may be constructed as the locus of (BP, CQ), where
P and Q are a variable pair of perpendicular points on the
axis 0. But P and Q trace projectively related ranges on o.
Hence, by 3.34,
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6.51. Every circle ts a conic.

It is interesting to observe that the same reasoning applies in Euclidean
geometry, if we replace o by the line at infinity. Then ZBAC is a right
angle; but in elliptic geometry it is obtuse.

When P coincides with O/, Q coincides with O’, the abso-
fute pole of BC. Thus CO”, perpendicular to BC, is the tan-
gent at C. Hence

6.52. Any tangent to a circle 1s perpendicular to the diameter
through its point of contact.

It follows also that- O, besides being the absolute pole of
BC, is the pole of BC with respect to the circle. The axis o,
containing no point on the circle, is an exterior line; hence the
centre, its pole, is an interior point. But an arbitrary point D
on the tangent at C is an exterior point. By considering the
right-angled triangle ODC, we deduce that

6.53. The hypotenuse of an acute-sided right-angled triangle is
longer than either of the other sides.

In other words, the shortest distance from a point to a line
is along the perpendicular line. We naturally call this the

id by
distance from the point to the line; it is the ‘‘complement’’ of

the distance from the point to the absolute pole of the line.
Thus a circle of radius R is the envelope of a variable line
distant R from the centre, and also the locus of a variable point
distant 37 — R from the axis. Since ZCO"0'=CO’' =4r—
the same circle is the envelope of a variable line making a
constant angle with the axis.* These remarks reveal the circle
as a self-dual figure.

Since diametrically opposite points are images of one another by
reflection in 0, we have the paradox that the circle, continuously described,
remains at a constant distance from o ‘‘on one side'’ and later reappears

*Coolidge (1], p. 131.
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at the same distance ‘‘on the other side.” The explanation is that the
two sides of a line can only be defined locally, since the whole line does
not divide the projective plane into two regions. When R approaches its
maximum value, 3, the circle resembles the periphery of the familiar
Mbius band, which may be modelled by joining the ends of a long strip
of paper after making a half-twist. The line bisecting the width of the
strip represents 0. It is now easy to see how, in the limiting case when
R=134x, the circle reduces to the line 0 described twice over; so that its
total length, or circumference, is then 2w, in agreement with the total
angle at its centre.

6.6. Com of two

Sr S TV Sr

rotations. Since the produ
tr

ansformation, 6.42 shows at once

cto
rotations 1s a congruent
that

6.61. The product of two rotations is a rotation.

We proceed to determine the centre and angle of the
rotation which thus arises from two given rotations, with
centres C and A, say. By 5.31, any rotation about C is the
product of reflections in two lines through C, one of which may
be chosen arbitrarily. Hence there is a point B, such that the
given rotation about C is the product of reflections in CB and
CA, while the given rotation about A is the product of reflec-
tions in AC and AB. Then, since the reflection in CA cancels
out, the product of the two rotations is the product of the
reflections in CB and AB, which is a rotation about B.

Thus, to obtain the product of rotations through angles ¥
and a about C and A, we draw CB and AB so as to make
/BCA=%y, s/CAB=1a. The resultant rotation is then
through 2 Z/CBA about B. The special case when y=a=mr
and CA =3r has already been considered in 6.21. The genera

case may be expressed as follows:*

6.62. The product of rotations through angles 24,2B, 2C about
the three vertices of a triangle ABC 1s the tdentity.

*Sylvester 1], p. 441.
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In §6.3 we found it convenient to represent a rotation
through angle 8 about O by a segment of length 38 of the
absolute polar, o (along which the rotation induces a trans-
lation of length 8). Since the starting-point of this directed
segment is immaterial (provided it remains on o), we may call
it a vector of length 36 along 0. By considering the polar tri-
angle of ABC, whose vertices D, E, F are the absolute poles of
BC, CA, AB, we see that 6.62 is equivalent to

6.63. Donkin’s Theorem.* If DEF¥ s any triangle, the
product of rotations represented by vectors EF, ¥D, DE 1s tae
identity.

Fi1c. 6.6A

Donkin's own proof is delightfully perspicuous. It consists
in observing the effect of the three rotations on the triangle
marked 1 in Fig. 6.6A.

By applying 5.35 to the one-dimensional geometry of right
segments emanating from O, we see that two reflections cannot
be permutable unless their axes are perpendicular. By 5.34,
two rotations are permutable if they have a common centre.
The condition for two rotations with distinct centres to be

*Donkin [2]. See also Hamilton [4], p. 330.
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permutable may be found as fo
which led to 6.62, it is clear that the product of the same rota-
tions in the reverse order is a rotation about the image of B by
reflection in CA. If this image coincides with B, B must be
the absolute pole of CA; then AB and BC are perpendicular to

CA, and y=a=7. We now have the product of reflections in
BC and AB, and the nrndn(‘f of reflections in AB and BC, which

Sl el e e N LR L WL ¥V ALA WAL
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cannot be the same unless these lines are perpendxcular, in
which case ABC is a self-polar triangle. Hence*

6.64. If two rotations about distinct points are permutable, they
are rotations through n about perpendicular points.

In §2.1, we considered the principle of transformation in
general. By applying this to rotations, we see that, if ¥ is a
rotation through # about O, and O is any other rotation, then
07V 1s a rotation through 6 about the point O8. This result
may be verified in detail by performing the rotation through 8
about OO in three stages, as follows. We first apply the
rotation 871, which takes 00 to O, then the rotation ¥ about
this transformed centre, and finally the rotation 6, which
restores the centre of rotation to its original position.

6.7. Formulae for distance and angle. Putting A=3x in
5.76, we see that the lengths of the two segments determined
by points A and B are given by

AB =arc cos (++/{AB, B'A’}),
A’ and B’ being the points where the line AB meets the absolute
polars a and b. The upper sign refers to the acute segment
AB/A’, and gives the distance AB. There is some advantage
in using the ‘““mixed’”’ cross ratio, of two points and two lines

(4.49), so that
6.71. AB=arc cos (+/{AB, ba}).
*Stephanos [1], p. 357.
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The angles between a and b, having these same values,
may be expressed in the dually corresponding form

6.72. Z (ab) =arc cos (:}:\/{ab, BA}).
According to the definition which was justified by 6.53, the
distance from the point A to the line b is
AB’ =arc cos v/ {AB’, BA’}
6.73. =arc cos v/ |{Ab, Ba} =arc sin v/{AB, ba}.

In terms of coordinates, if A, B, a, b are (x), (y), [X], [Y],
we have

(AB, ba] - 2YHyX]
ERSEIDS
where {2V} =x,Vo+xY:+2:Y,, and so on. If we take the
absolute polarity in its canonical form
6.74. X,=x,

(see 4.54), this can just as well be written in any of the fol-
lowing ways:

H

(AB, ba} = EZ2RNNNN L2 4 LN 0.0 4 S
{xx} oy} {axf{YY} {XX}{YY)
where {xx} =x,24x,24x,%, and so on. Thus
{xy] (X v}
Vixx} v/ {yy V{Xxiv{rYy}
In particular, A and B are perpendicular points if{xy} =0, and
a and b are perpendicular lines if {X ¥} =0.

If we suppose the coordinates of B to be derived from those
of A by continuous variation along the intended segment AB,
we can take the upper sign in the above expression for cos AB.
But the choice of sign in the expression for cos Z(ab) is less
obvious. Of the two supplementary angles between a and b,

the one usually preferred is that which contains some standard
point, such as (1, 1, 1). For two lines whose coordinates differ

cos AB =+ , cos Z(ab) =+



122 ELLipTic GEOMETRY

sufhiciently little, this will in general be the obtuse angle; we
therefore take the lower sign.

On this understanding, the segment between points (x) and
(), the angle between lines [X] and [ Y], and the distance from
(x) to [ Y], are respectively

6.75. arc cos ; {1:}’}! T+ arccos —- _{le/j} T
VXX VYY) VXX ViYY
arc sin ny}'

V] V1 77]

It follows that the circle of radius R with centre (2) has the
ordinary equation
6.76. {zx}2 = {zz} {xx} cos’R
and the tangential equation

{zX}2 = {zz} {XX} sin’R.

It 1s sometimes convenient to normalize the coordinates
X9, X1, X2, replacing them by such multiples that {xx} =],
Homogeneity is then lost, although (x) and (—x) are still the
same point. (We have here the analytical form of the model
described in §6.1.) The normalized equation of the circle is
simply
6.77. {zx} =cos R.
When the centre is (1, 0, 0), this reduces to
6.78. xg=cos R,
and the general point on the circle is (cos R, x1, x2), where

6.79. x24x.2 =sin? R.

6.8. Rotations and quaternions. Quaternions were in-
vented by W. R. Hamilton in 1843, and were soon applied, by
Cayley and others, to the analytical geometry of rotations.*
The basic ideas are as follows.

*Hamilton (1), [2], [3]; Cayley [1]; Boole [1}; Donkin [1].
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Quaternions are generalized numbers, consisting of ordered
tetrads of real numbers, for which addition and multiplication
are defined by special rules. If the quaternion consisting of
the real numbers a, b, ¢, d is written as

a + bi + ¢j + dk,
the rules are those of ordinary arithmetic, excluding the com-
mutative law of multiplication, together with

2 =j* =k =ijk = —

These clearly imply jk=—kj=1i, ki=—ik=7j
For a quaternion 4 = a + bi + c¢j + dk, we e
Jjugate u =a — bi — ¢j — dR, the scalar part 3(u ) = a, the
norm uu =ut = a®+ b*+ 2+ d?, and the reciproca

|

[ 4
u/uu. By examining the conjugates of ii, ij, etc., we easily
verify that

i

uy =y u,
whence the norm of a product equals the product of norms:
WU =vuuv =uuvw
(The real number u commutes with the quaternion v.)

If the scalar part vanishes the quaternion is said to be pure.
Then 4 = — u,and u?= —uu. Thusany pure quaternion of
unit norm is a square root of —1. The scalar part of the
product of two pure quaternions ¢ and v is

Luy 4+ uv) = L(uv + vu).
Before applying these ideas to geometry, let us obtain the

analytical expression for a rotation. The collineation 4.45 or
4.48 is a rotation if it commutes with the absolute polarity

6.74, i.c., if

= C,,-
Since ¢,,Cy, =8,,, this condmon is equivalent to
6.81. Ckpc)\v — 6;””

which makes the transformation x, =¢,x, ‘‘orthogonal.” By
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this transformation wehave {x'x’} = X)X, = Xy Ok, = O3, 00X X,
But {xx} =x,x,=0,x,x,. Thus the relation 6.81 is a conse-
quence of {x'x’} = {xx}, and we deduce the following theorem:
6.82. If a linear transformation leaves the quadratic form {xx}
invariant, it represents a rotation.

Consider the linear transformation
6.83. x;i—%—xij —{—x;k =$"Hxol+x17+x:k)s,
where § 1s a quaternion. Since

— {x’x’} = (xé,i—i— x1j+ 2ok)2 = 57 (xof + x17 + x2k)2s
=5 —x—x?—xa?)s = — {xx},

this transformation represents a rotation. Clearly, there will
be no loss of generality in supposing s to be a quaternion of
unit norm.

With any line [u}, or {ux} = 0, normalized so that {uu} =1,
we may associate a pure quaternion U = ugi + u,J + u.k of
unit norm. Since the scalar part of the product

(ol + u1j + w:R) (vol + v1j + v2k)
is — {uv}, the cosine of the angle between two such lines [u]
and [v] is {uv} = — j(uv 4+ vu). (This choice of sign makes
the angle vanish when w =v. In 6.75 we employed the
opposite convention.)
The reflection in the line [«], being the harmonic homology
with axis {#] and centre (#) (see 4.41), is

!
“

As a transformation of the quaternion x= x¢ + x,J + x,k,
this takes the form
¥ =x—2ulux} = x + u(ux + xu)
= Uuxu
(stnce = —1).

x, = x,— 2u, {ux}.

Now, every transformation ¥’ = $7!xs is a rotation, every
rotation is expressible as the product of two reflections, and
the product of reflections in lines [«] and [v] 1s

’

X = vuxuv.
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Since (uv)'= v7lu!'= (—v) (— u) = vu, this transforma-
tion may be identified with 6.83 by setting s = —uv. (It
would have been formally simpler to set § = 4uy, but the
minus sign has the advantage of making § = 1 when u = v.)
If this is a rotation through 8, the angle between [#} and [v]
must be 36, so
cos 360 = —3(uv 4+ vu),

which is the scalar part of s. For a reason that will appear
in a moment, let us write the non-scalar part of s as 2 sin 36,
where 2 = 24 + 217 + 2:k. Then s = cos 48 — z sin 16, and
cos? 18 — z¢ sin? 40 = §s = 1; therefore —2?=1, and z 1s a
pure quaternion of unit norm. Since s commutes with z, we
have 2 = s~'zs, so the point (%) is left invariant by the rota-
tion &’ = s”'xs. We have now proved Cayley's remarkable
theorem

6.85. The rotation through 8 about the point (z), where {22} =1,
is given by the transformation

xoi4x, j+x,k =57 (xoi +x1j+x:2k)s,
where s =cos 104 (zoi +215+2:k) sin 30.

In particular, the rotation through 8 about (1, 0, 0) is
given by
xoi+x,j+x,k
= (cos 30 —1 sin 16)(xi+x1j+x2k)(cos 360 +1i sin 30)
= xof + (21 +x2k) (cos 30 +1 sin 36)?
=xof +(x1J +x2k) cos 8+ (x25—x,1k) sin 6,

[T

or

J Xy =Xg,
6.86. x’1 =x, cos 0+x, sin 8,

l x; = —x, sin 8+x; cos @,
which agrees with 5.75 when we put x =x,/x..

To combine two given rotations, we merely have to mul-
tiply the corresponding quaternions. For, the effect of trans-
forming by s, and then by ¢, is to transform by sz. However,
the correspondence between rotations and quaternions (of unit
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norm) is not one-to-one but one-to-two, since s and —s have the
same effect.

The advantage of the quaternion notation is also seen in
its conciseness. The general rotation of 6.85, when written
in full (with s = a + bi + ¢j + dk), takes the far less elegant
form*

= (a® + b* — ¢® — d®)xy + 2(bc + ad)x; + 2(db — ac)x,,
¥, = 2(bc — ad)xy + (@® — b* + ¢ — d®)x; + 2(cd + ab)x,,

xy = 2(db + ac)xy + 2(cd — ab)x; + (a® — b* — ¢ + d*)x,.

6.9. Alternative treatment using the complex plane.
The expressions for distance and angle in terms of coordinates
(§6.7) were obtained by Cayley in 1859. His derivation of them

will be described later ( \31.;4 .lj 11ie 1laea 01 eXpressing ais-

tance in terms of cross ratio is due to Klein.© Both Cayley
and Klein regarded the real projective plane as a subspace of
the complex projective plane, and defined the absolute polarity
by means of a conic, called the Absolute. A congruent trans-
formation is then a collineation which preserves the Absolute,
and may be described (by 3.41) as a projectivity on the conic
itself.

The tangents to the Absolute are self-perpendicular lines, and

the points on the Absolute are self-perpendicular points. Thus

L Y P W ATl b AL VALYl 1—.’ ALVAMWT

the points in which any real line meets the Absolute are the
“absolute points” for that line. By 5.81, our chosen unit of length
is such that x = 2i. Hence, by 5.82, if the line AB meets the
Absolute at M and N, the two segments AB are given by

A8 = {AB,MN}*!,
and the distance AB is

6.91.

log{AB, MN} l
21 '

*Klein [3], p. 102.
fCayley [3], pp. 88-89; Klein {1}, p. 574.
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The acute angle between the absolute polar lines a and b,
being equal to this distance, may be expressed in the dually
corresponding form

where m and n are the tangents to the Absolute from the point
(a,b).

In both these expressions, the logarithm is a “principal
value.” The other values would give the same distance or
angle plus an arbitrary multiple of .

By 6.52, the tangents to a circle from its centre are self-
perpendicular, i.e. they are tangents also to the Absolute.
Since the centre has the same polar with respect to the circle
and the Absolute, the points of contact of these tangents are
the same in both cases. Hence

6.92. A circle is a conic which has double contact with the
Absolute.

This is also clear from the form of 6.76, since the Absolute has
the equation {xx} = 0.



CHAPTER VII

ELLIPTIC GEOMETRY IN THREE DIMENSIONS

7.1. Congruent transformations. In the present section

we describe those properties of perpendicularity, congruence,
which closely resemble their two-dimen-

le
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distance, angl
sional analogues. We mention also certain other properties
which more closely resemble their one-dimensional analogues,
because projective spaces of odd dimension are orientable.
In contrast to 6.42, we find various kinds of congruent trans-
formation: reflections, rotations, rotatory reflections, and
double rotations. The last of these resembles the one-dimen-
sional translation in leaving no point invariant. A special case
of it, known as a Clifford translation,* is intimately associated
with the existence of pairs of skew lines which are parallel in
the sense of 1.11. Most of this chapter is concerned with
various devices for the elucidation of this fascinating idea,
which is quite different from the hyperbolic parallelism de-
scribed in §1.4.

As in two dimensions, so in three, we begin with real pro-
jective geometry, and introduce metrical concepts by singling
out an arbitrarily chosen uniform (or elliptic) polarity, calling
it the absolute polarity. Then every point A has an absolute
polar plane a, every line AB has an absolute polar line (a, 8),
and every plane a has an absolute pole A.  Every point of a
is perpendicular to A, and every plane through A is perpen-
dicular to a. The relation between two absolute polar lines is
symmetrical: every point on the one 1s perpendicular to every
point on the other, and every plane through the one 1s per-
pendicular to every plane through the other. Two perpen-

ot
H LWy

*Clifford [1].
128
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dicular planes through each of two such lines form a self-polar

------- | et -a ~a

tetrahedron, such that any two opposite edges are absolute
polar lines.

absolute polarity (or involution) is induced by the absolute
polarity in space. Thus lengths can be measured as in §5.6.
The dihedral angles formed by two planes a and 8 can be
measured as ordinary angles by taking their section by any
plane, v, perpendicular to the line (a, 8). The result is inde-
pendent of our choice of v, since any such plane contains the
absolute polar line AB, and the angles in question are equal
to the lengths of the two supplementary segments AB.

7.11. The angles between two intersecting lines are equal to
the angles between the respective absolute polar lines.

ProoF. Let | and m be the lines, intersecting at D and
lying in 7. Then the absolute polar lines, 1’ and m’, lie in the
absolute polar plane §, and intersect at the absolute pole C.
Since CD is perpendicular to «, the angles between 1 and m
are equal to the angles between the planes Cl and Cm, and so
are equal to the segments formed by the absolute poles of
these planes, which are the points where 1’ and m’ meet ~.

The orientability of space (§2.5) enables us to associate, in
either of two definite ways, the senses along each line with the
senses along the absolute polar line. We can thus improve
7.11 by distinguishing the two supplementary angles formed
by the two lines. The distinction is made by considerations
of continuity, beginning with the case when the angle is zero.

The result is as follows:

7.12. The angle between two directed intersecting lines 1s equal
to the angle between the correspondingly directed absolute polar
lines.

The reflection in any plane w (or in its absolute pole, O) is
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defined as the harmonic homology with centre O and axial
plane w. There are two reflections which will interchange two
given points A and B, namely those in which O is the mid-
point of either segment AB. It is easy to see, as in §6.2, that
a reflection is permutable with the absolute polarity. By 3.72,
the product of reflections in all four faces of a self-polar tetrahedron
15 the identity.

Corresponding to the two-dimensional rotation through
angle  about a point O in a plane a, we have a three-dimen-
sional rotation through the same angle about the line AO,
perpendicular to a. When the former rotation is expressed as
the product of reflections in lines OP and OQ, the latter is the
product of reflections in the planes AOP and AOQ, whose line
of intersection is the axis of the rotation. The three-dimen-
sional rotation preserves every point on its axis, AO, and
induces a translation of length 6 in the absolute polar line.
This translation reduces to the identity in the special case
when 8 =r: the rotation is then the product of reflections in
two perpendicular planes. Thus it is the same as the product
of reflections in two other planes which form with the first two
a self-polar tetrahedron, and it may therefore be regarded
indifferently as a rotation through = about either of two abso-
lute polar lines. Any line which intersects both axes is rotated
into itself.

Asin §6.4, we may define a congruent transformation either
as a point-to-point correspondence preserving distance or as a
collineation which is permutable with the absolute polarity.
Any reflection or rotation is a congruent transformation, but
there are other kinds as well. The possibilities, however, are

limited by the following theorem:

7.13. Every congruent transformation is the product of at most
four reflections.

PrROOF. Let any given congruent transformation ¥ relate
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A to B, and let & be one of the two reflections which interchange
A and B. Then the product ¥ leaves A invariant, and induces,
in the absolute polar plane a, a certain two-dimensional con-
gruent transformation, which, by 6.42, is a rotation about some
point O. Let © denote the corresponding three-dimensional
rotation about the line AO. Then 67'¥®, preserving every
point of a, is either the identity or the reflection in a, say &’.
(This follows from 3.71, since the projectivity induced in AQ
is either the identity or the one-dimensional reflection in A.)
Thus ¥ is either 6® or 6%’®. Since O is the product of two
reflections, ¥ is now expressed as the product of three or four
reflections.

By 5.31, when a rotation is expressed as the product of two
reflections, one of the reflecting planes may be any plane
through the axis, and so can be chosen to pass through a given
point, or to be perpendicular to a given plane. Thus, in the
product of tharee reflections, we can choose the first two in such
a way that the plane of the second is perpendicular to that of
the third. Then (if necessary) we can modify the second and
third so as to make the plane of the second perpendicular to
that of the first. We now have a product ®&'®’’, where both
¢ and ¢" are permutable with . This can be expressed as
©®’, where the rotation 6 =$4"’ is permutable with the reflec-
tion @, the axis of © being perpendicular to the plane of &'
In other words,

7.14.  The product of three reflections is a rotatory reflection.

It follows from 7.13 that any congruent transformation
which leaves no point invariant is expressible (in many ways)
as the product of four reflections, or of two rotations. We shall
see, In 7.49, that the axes of the two rotations can be chosen
so as to be absolute polars; then the rotations are permutable,
and we are justified in calling their product a double rotation.

By 3.73, a congruent transformation is direct or opposite
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according as it is the product of an even or odd number of
reflections. Hence

7.15. A direct congruent transformation is either a rotation or a
double rotation, and an opposite congruent transformation is either
a reflection or a rotatory reflection.

Two figures are again said to be conmgruent if one can be
derived from the other by a congruent transformation. The
congruence may be either direct or opposite (as between left
and right hands).

In terms of cross ratio (4.71), the lengths of the two segments
AB are

arc cos(*+/{AB, Ba}),
where a and B are the absolute polar planes of A and B.
(Cf. §6.71.) These are the same as the angles between a and B,
and as such may be written in the form

arc cos(++/{aB, BA}).
The distance from the point A to the plane B is
arc cosy/{AB,Ba} = arc siny/{AB, Ba}.
In terms of coordinates, if A, B, «, 8 are (x), (), [X], [Y],

we have VX
X

{AB, Ba} GXy TV
where now {xY} = Yy + ;Y] + x5 + 2373, and so on. If
we take the absolute polarity in its canonical form, and make
the proper conventions for selecting one of the two supplemen—
tary engms or angles we deduce the following CApJ.Cbmuua
for the segment between points (x) and (3), the angle between
planes [X] and [Y], and the distance from the point (x) to the

plane [Y]: - -
Xy —
arc cos \/{xx} \/{yy}’ arc cos \/{XX} \/{YY}’
(34
arc sin

Vs /iy vy
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7.2. Clifford parallels. Some of the properties of equi-
distant lines can be obtained in quite an elementary way, by
means of the following chain of theorems.

\A‘ Ay
7\
B :1
[ b
\
bf
F1G. 7.2A

7.21. The shortest segment connecting two skew lines is perpendic-
ular to both lines.

PROOF. Let a and b be the two skew lines. If they are abso-
lute polars, every connecting segment is perpendicular to both,
and of length 217 If not, then by 6.53, the shortest segment
from any point A on a is the acute segment of the line per-
pendicular to b (which is the transversal from A to b and
its absolute polar, b’). Considerations of continuity suffice to
show that, among such segments, there must be one or more
minima. If such a minimum segment AB, perpendicular to b,

is not also perpendicular to a, draw BA1 perpendicular to a,

M e
and AlBl perpendu.ulcu to b, as in Flg 7.2A. Then

AIBI < AlB < AB,
which is absurd.

7.22. Any two lines have at least two common perpendiculars.
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Proor. Two intersecting lines have one common perpen-
dicular in their plane, and one perpendicular to their plane at
the point of intersection. By 7.21, two skew lines have at
least one common perpendicular, AB; another is the absolute
polar of AB.

7.23. If two skew lines have more than two common perpen-
nd the segments intercepted

’J‘ ‘,‘l,"”ﬂ ; ; :
diculars, they have infinitely many, a

on these are all equal.

ProoF. The common perpendiculars to a and b are trans-
versals of four lines: &, b, and their absolute polars. By 3.62,
if there are more than two transversals, the four lines belong
to a regulus, and the sets of four points intercepted are pro-

jectively related.

Two such equidistant lines are called Clifford parallels, or
“paratactics,” and the ruled quadric generated by their
common perpendiculars is called a rectangular Clifford surface.
Clearly, any two intersecting generators are perpendicular,
and any two skew generators are Clifford parallels. Thus four
generators, two from each regulus, form a ‘“‘skew rectangle,”
having opposite sides equal, and four right angles, like a rect-
angle in the Euclidean plane.

Theorem 3.61 provides the following sufficient condition
for Clifford parallelism:*

7.24. Two skew lines which have two common perpendiculars
of equal length, are Clifford parallels.

To construct a Clifford parallel from a point A to a line bt
draw AB perpendicular to b, and let the absolute polar of AB
meet b at B, as in Fig. 7.28. On this absolute polar line, take
a point A’ so that B'A’=BA. Then, by 7.24, AA’ is a Clifford
parallel to BB’. By 5.11, there are two possible positions for
A’. Hence

*Coolidge {1], p. 114. tBonola {2}, p. 204.
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7.25. Two Clifford parallels to a given line can be drawn through
a gwen point of general position.

The two parallels reduce to one if the point lies on the line
or on its absolute polar.

Al c} A

Fic. 7.28

A Chfford translation may be defined as the product of
rotations through equal angles § about two absolute polar lines.
Each rotation leaves one of these lines pointwise invariant,
and induces a one-dimensional translation in the other: thus
the product induces equal translations in the two lines. We
proceed to investigate its effect on an arbitrary point C.

Let AA’ be the transversal from C to the two lines (i.e., the
perpendicular from C to either of the lines). Suppose the
Clifford translation takes AA’ to BB’, and C to D. Then the
segments AB and A’B’ are equal, and the line BB’ is a Clifford
parallel to AA’. By varying 6, we obtair an infinity of lines
BB’, which generate a rectangular Clifford surface. The gen-
erators of the regulus that includes AA’ are permuted by the
Clifford translation; the generators of the other regulus, in-
cluding AB and A’B’, are translated along themselves. Hence
D is the point where the generator through C of this second

regulus meets BB’,
Since the senses along AB and its absol

A1 TEAN SRR RNl

associated in either of two ways, there are two
tions for B’, given A, B, and A’. Hence

~ h
ute polar can be

P

p
o possible posi-



136 ELLipTic GEOMETRY
7.26. For any two points A and B, there are just two Cly
translations which will take A to B.

Since the point C was chosen arbitrarily, we see that a
Clifford translation of length (or angle) § moves every point
of space through a distance 8 along a line which is preserved
by being translated along itself. Conversely,

7.27. Any congruent transformation which moves every point
through the same distance, and preserves the line which joins each
point to its transform, is a Clifford translation.

Proor. If such a congruent transformation takes A to B,
let A’ be any point on the absolute polar of AB, and suppose
the transformation takes A’ to B/, so that A’'B’=AB. Then
the line AB is invariant; its absolute polar, being likewise
invariant, contains B’, and is A’B’.

The invariant lines of a Clifford translation are called its
axes' the same translation can be regarded as the product of
rotations through 8 about any one of them and its absolute
polar. Clearly, every power of the Clifford translation has
the same axes, and any two axes are Clifford parallels. Since
two Clifford parallel lines whose distance apart is 37 are abso-
lute polars,

7.28. A Clifford translation of length 3w transforms any line
perpendicular to an axis into its absolute polar line.

A Clifford translation of length =, being the product of
reflections in the faces of a self-polar tetrahedron, is the
identity.

7.3. The Stephanos-Cartan representation of rotations by
points. A rotation about a line 1 induces, tn any plane per-
pendicular to 1, a rotation through the same angle about the
point where this plane meets 1. Therefore Donkin’s Theorem
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6.63 continues to hold in three dimensions, if a rotation
through 6 about 1is represented by a vector of length 46 along
the absolute polar line, I’. In this manner the directed sides
of any triangle DEF represent definite rotations, whose product
is the identity. The axes of these rotations concur at the
absolute pole, P,, of the plane DEF.

Since the senses along pairs of absolute polar lines can be
consistently associated, the rotation through 6 about 1 may be
represented (in a different but definite manner) by a vector of
length 36 along 1 itself, instead of along 1I'. The various rota-
tions §, about lines through P, are then represented by vectors
P,P; along their axes, and so, finally, by points Pg, such that
the length PP is equal to half the angle of rotation. When
we keep the axis fixed, and increase 8 from 0 to 2, the point
P starts at P,, and traverses the whole length of the axis. In
particular, the point Pg-1, which represents the inverse rota-
tion $7! (i.e. the rotation through —6 or 2r —#6 about P,Py),
is the image of Pg by reflection in P;. Hence*

Pr

I)T—l

Ps-.
F1G. 7.3A

*Stephanos (1}, pp. 344, 360; Cartan [1], p. 265; Coxeter [4], pp. 473-475.
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Consider two rotations § and T, through angles 8 and ¢,
about lines P,Ps and P,P;. We seek the point Psr which
represents their product. Let DE and EF (Fig. 7.3A) be vec-
tors of lengths 40 and 3¢ along the absolute polars of P,Pg
and P,P (so that E is the absolute pole of the plane P,P;Pr).
By 7.12, the angle between the vectors P,Pgs and P,Pr is equal
to the angle between the vectors DE and EF, which is the
supplement of the angle E of the triangle DEF. Thus triangles
DEF and P5-P,P7 are congruent, the sides DE, EF, and angle
E of the former being equal to the corresponding sides and
angle of the latter. By Donkin’s Theorem, Pgr lies on the
absolute polar of DF, at distance DF from P,. Thus

PIPST =PS~' PT-

Transforming the rotation ST by S, we see that TS is a
rotation through the same angle. Hence

PlPTS =P1P5T=P5-‘PT.
Replacing § by S,
7.32. PlPTS'l =P1PS'1T=PSPT'

Thus the length PsPr is equal to half the angle of either of the
rotations TS, $7\T.

It follows readily that both the segments PszPrg and
Prs Prr are congruent to PsPr.

7.4. Right translations and left translations. Consider
the group of all rotations about lines through Py, and the cor-
responding set of all points of space. The effect of multiplying
all the rotations by any one of them, say R, on the right or on
the left, is to permute the representative points according to
a certain correspondence, Ag or Ag, so that, for every point Pg,

we have
PsAg =Pgsg, PsAp=Pgs.
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By the remark at the end of §7.3, Agz and Ag preserve the
distance between any two points, and so are congruent trans-
formations. Let us call them right and left translations. In
order to identify them with the Clifford translations defined in
§7.2, we shall apply the criterion 7.27, after establishing the
following lemma:

7.41. Any line may be expressed as the locus of a point Py*s,
or of a point Psy, where Ps 1is an arbitrary point on the line, U
and V are rotations through arbitrary angles about definite axes,
and x and y vary over a sufficient range of real numbers.

ProoOF. Since the various powers of a rotation all have
the same axis, the general point on the line P, Py is Pyz. Ap-
plying the right translation Ag, we deduce that the general
pointon PsPy 5 is Py*s. Similarly, the general point on PsPgy
is Pgy?.  Since any line PsPr may be expressed as PP or

as PsPsy, the desired result follows.

Since PsPgrs=P,\Pr=PPsr, Agx and Ay translate every
point Pg through the same distance P,Pr. By 7.41, the line
PsPyrs is preserved by Ag, and PsPgg by Ax. Hence

7.42. If R s a rotation through 0 (about a line through P,), Ag
and Ay are Clifford translations of length 46, each having PPy
as an axis.

Given two points, Pg and Py, there is a unique left trans-
lation Arg+, and a unique right translation Ag-1;, which will
take Ps to Pr.* Hence, by 7.26,

7.43. Every Clifford translation is either a left translation or a
right translation.

SiIICE PSAUAV:PUSV =PSAVAU (fOI' cevery pOil’lt Ps),

7.44. Any left translation is permutable with any right trans-
lation.

*Klein [3], p. 236.
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Since AUAV =Apv and AUAV =AVU!

7.45. The product of two right (or left) translations is a right (or
left) translation.*

Thus, in the language of group-theory, the class of right
(or left) translations is a continuous group, simply isomorphic
with the group of rotations about lines through P,.

We come now to the most important theorem on Clifford
translations:

T AL D-....._.. Po o mm v ass s san l“on-‘n:n‘lmﬂ J_‘.nu ;n PSRy Aarfyan e
f TV, LJUCT)/ U’IJCL CONETRCTL LTANSJUTTITIA WL 10 WILI{HTL Y CALTLIT
sible as the product of a left translation and a right translation.

PrRoOOF. A rotation through 6 about any line whatever may
be regarded as the product of two equal rotations through 36
about this line and two inverse rotations through 38 about the
absolute polar line in opposite senses. It is then expressed as
the product of a left translation and a right translation, each
of length $6. Hence, by 7.44 and 7.45, the product of any two
rotations, being the product of two left and two rnight trans-
lations, is also the product of one left and one right translation.
By 7.15, thisis the most general direct congruent transformation.

Finally, if this expression were not unique, we could find
a left translation (other than the identity) which was also a
right translation, say A¢=Ar. This would imply SR=RT for
every R, including R=1;hence S=T, and SR=RS. By 6.64,
this 1s impossible.

The last three theorems may be summarized 1n group-
theoretic terms, as follows:

7.47. The group of all direct congruent transformations, being

the direct product of the group of left translations and the group

of right translations, is simply isomorphic with the direct square

of the group of all rotations about lines through a fixed point.
*Klein [3], p. 236.
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From the above proof of 7.46, it is seen that, when a rota-
tion through 6 about any line 1 is expressed as AyAy, the Clifford
translations Ay and Ay are of equal length 46. Therefore, by
7.42, U and V are rotations through equal angles 8 about two
lines through P,. The effect of replacing Uor Ay by its inverse
is to change the rotation through 6 about | into a rotation
through 6 about the absolute polar line. Hence

7.48. If U and V are rotations through equal angles about two
lines through Pi, then AyAy and Ay-Ay are rotations through
equal angles about two lines which are absolute polars of each
other. _

In particular, since any R transforms any S into R™'SR,

we have R=AgAp,

for a rotation through 2P Py about the line P,P;. Putting

TS for R, and transforming by Ag, we obtain the expression

AsrAgir for a rotation through 2PsPr about the line PsP.

The rotations about absolute polar lines (in 7.48) can be
re-combined to form Clifford translations, as follows:
AvAy-AyrAy =4y, ApAy(AyAyp)T =Ap.
More generally,

7.49. Lvery direct congruent transformation is the product of
rotaticns about two absolute polar lines.

PROOF. Since any two rotations about lines through P,
may be expressed as U* and V?, where U and V are rotations
through equal angles, the general direct congruent trans-
formation is

ApzAyy=(Ayp Ay) Y (Ayaay)loo,

7.5. Right parallels and left parallels. By 7.25, there are,
in general, two Clifford parallels to a given line through a given
point. These may be distinguished as follows. Two lines
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which occur among the axes of a right (or left) translation are
said to be right (or left) parallels. It follows at once that
right (or left) parallelism is transitive, and that two lines which

are both right and left parallels must be absolute polars.

/—(é’ /l'éiu. p_y——//—7pus’

Psy

iy

-

Ll

P, Py Ps
Fi1c. 7.5A

If U and V are any two rotations about distinct lines
through P,, theskew quadrangle P\P Py Py is called a Clifford
parallelogram.* (See Fig. 7.54.) The opposite sides PP, and
PP, being axes of Ay, are left parallels; the opposite sides
P,P, and P, P, being axes of Ay, are right parallels. The
former two opposite sides are both of length half the angle of
the rotation U, and the latter two are both of length half the
angle of V. Since Ay takes P\Py to PyPyv, and translates PPy,
along itself, the external angle at Py is equal to the internal
angle at P,. Proceeding similarly with 4y, we see that the four
internal angles are equal or supplementary, just like those of
a FEuclidean parallelogram; their sum is exactly 2. For
simplicity, we have taken one vertex at P.: but similar
results evidently hold for the general Clifford parallelogram
PP, P,y Psy. Since Ay translates the line PJPgy to
P, Pysy, while Ay translates PsPyg to P,y Pusy, we have

7.51. Two lines which are derived from one another by a left (or
right) translation are right (or left) parallels.

*Klein (3], p. 235.
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It is now clear that the problem of representing the product
of two given rotations (§7.3) amounts to completing a Clifford
parallelogram. Fig. 7.5B indicates the representative points
of three rotations R, S, T whose product is the identity (so that
the inverse of each is the product of the other two, in cyclic
order). Six Clifford parallelograms are easily picked out.

Prs Py g |

/\ /\ P, ]vw ]Puv

PS V PTR Pyy PUlyr PUV’
P,
Psr Pr P, VPU. VPU
FiG. 7.5B Fic. 7.5¢

The following theorem enables us to define a generalization
of the surface considered in §7.2:

7.52. Given any two intersecting lines, the left parallel to one
through any point of the other meets the right parallel to the latter
through any point of the former, so as to form a Clifford paral-
lelogram.

PrOOF. Since any point Pg can be translated (by Ag- or
Ag') to Py, there is no loss of generality in taking the two inter-
secting lines to be P,Py; and P,Py, asin Fig. 7.5c. Then Py
is the general point of the former, and P,y of the latter. The
point Pyxyy lies on both the left parallel to P,P;, through Py
and the right parallel to P;Py through Py-.

The quadric generated by the above systems of lines is
called a Clifford surface.* Given three parallel lines and a
transversal, we can apply 7.52 and obtain

*Sommerville [2], pp. 105-114.
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7.53. The quadric determined by any three left (or right) paral-
lels is a Clifford surface.

Clearly, any two left parallel generators and any two right
parallel generators form a Clifford parallelogram of angle
y=ZP,P,P,. By a famous theorem of Gauss, the “total
curvature’’ of a geodesic polygon on any surface is measured
by its angular excess (as compared with a Euclidean polygon
of the same number of sides). Since a Clifford surface is cov-
ered with a network of Clifford parallelograms, as small as we
please, it follows that this surface has zero curvature every-
where, which means that it can be mapped without distortion
on a suitable region of the Euclidean plane.* (This will be seen
more clearly in §13.8.) To put the matter picturesquely, a
small creature whose world was a Clifford surface would find
his practical geometry to be Euclidean, until he explored so
far as to discover that his ‘‘flat earth” was finite (though un-
bounded). In other words, after cutting the Clifford surface
along any two intersecting generators, we can ““develop’’ it on
the Euclidean plane, just as we can unroll a cylinder. The
Clifford parallelograms will then become ordinary parallelo-
grams, and the whole surface will appear as the interior of a
rhombus of side = and angle ¢. (Thus its total area is x*sin y.)

The general point of the Clifford surface being Pyzy», the
numbers x and y serve as intrinsic coordinates, which resemble
affine coordinates in the Euclidean plane, save that they are
periodic (since every generator is of length ). Along each of
the right parallel generators, x is constant; and along each of
the left parallel generators, y is constant. Linear equations
involving both x and y define curves called geodesics, which
develop into straight lines.  If U and V are rotations through

angles 6 and ¢, we have
P1PUx=%9x, P1PVy=é¢Jy.
*Klein (3], pp. 243-247.
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The coordinates x and y will be proportional to actual distances
(like oblique Cartesian coordinates) if we choose the points
P, and Py to be equidistant from P,, so that § =¢. In thiscase

the surface, consisting of points Pyzyy, is preserved by every

power of either of the rotations AyAy and A;+A,. Hence

7.54. A Clifford surface is a surface of revolution in two distinct

am wrwrw

ways.

It follows that the geodesics x —y =c are circles (of the same
radius for all values of ¢), and likewise the geodesics x+y =c.
When the surface is developed on the Euclidean plane, two
such circles, one of each kind, appear as diagonals of the
rhombus. Hence, by Euclidean trigonometry, their circum-
ferences are 2r sin 3¢ and 27 cos 3y¥. In the special case of a
rectangular Clifford surface, the rhombus is a square, and the
circles are equal.

If we had taken the twointersecting lines of 7.52 to be PP,
and P<Psy, the general point of the Clifford surface would have
been Py g1y (and the angle y = ZP PPy = LPs1; P Py).
The loci of points Pyxgsyy for various values of z are a family
of ‘‘coaxal’” Clifford surfaces. The numbers x, y, z could be
used as coordinates for the whole elliptic space.*

A Clifford surface, being closed and uniform like a sphere,
developable like a cylinder, and ring-shaped like a torus, is
not easy to visualize. Unlike a sphere, it has zero curvature;
moreover, in the rectangular case, its “‘inside’’ and ‘‘outside"’
are congruent. Unlike a cylinder, it is finite, and has two
systems of generating lines.

*A treatment closely resembling the above §§7.3-7.5 was worked out
independently by W. S. Morris (The Geometry of the Rolation Group,
Princeton Junior Paper, 1936) under the direction of Hrotessor A W,
Tucker. Morris considers the abstract space whose ‘‘points’’ are rotations

about a point in ordinary space. He defines the ‘‘motions' of this space
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7.6. Study’s representation oflines by pairs of points.
Any line determines a unique pair of lines through the arbitrary
fixed point P;: one left parallel and one right parallel. These
meet the absolute polar plane of P; in a definite pair of “rep-
resentative” points. Any other line represented by the same
pair of points (in the same order) is both left and right par-
allel to the first line, and so can only be the absolute polar
line. Clearly, point-pairs such as (A,B) and (A,D) represent

left parallel lines, while pairs such as (A,D) and (C,D) rep-
resent right parallel lines. In particular, (A, A) represents the

line P{A (and its absolute polar).

7.61. If U and V are rotations through i about lines through
Py, AyAy is the rotation through w about either of the lines repre-
sented by the point-pair Py, Py).

PROOF. The two absolute polar lines represented by (P, Py),
being left parallel to P;Py and right parallel to PPy, are axes
of both the Clifford translations Ay and Ay. Therefore either of
them can be regarded as the axis of the rotation AyAy.

7.62. The general direct congruent transformation AgAt is repre-
sented by independent rotations S~ and T, applied respectively to
the first and second representative poinis of a line.”

PROOF. AgAr transforms the rotation AyAy into

(AsA7) 'ApAy (AsAT) = Ag-1AyAs - ApAyAr = Agyg-1Ap-ipr,

to be the transformations that we have called AyAy, the “lines” to be the
one-dimensional subgroups V¥ (V fixed) and their cosets SV? (cf. 7.41), the
“distance” from S to T to be proportional to the angle of the rotation S~ T
(c.f 7.32), the “polar plane” of S to be the class of rotations T for which
S™1T is of angle =, and a “Clifford surface” to be the product of two one-

dimensional subgroups. He shows that these definitions are consistent, and
that the properties of the space so constructed are those of elliptic space.
*Study [1], pp. 121-123.
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and thus replaces the point-pair (Py,Py) by Pgys-1, Pr-ipp).

7.63. A necessary and sufficient condition for two lines, repre-
sented by point-pairs (A,B) and (C,D), to be either intersecting or
perpendicular, is AC = BD.

PrROOE. If the two lines intersect at an angle (= %fn'), the
respective left parallels through P; make this same angle, and
therefore AC = . Similarly BD = . If, on the other hand,
the two lines are perpendicular (i.e.conjugate in the absolute

polarity), one intersects the absolute polar of the other, and

aoninn A — DPIY MAanc rovranly 1f « aras agroon A — R wo ran
ajixdlll asw ArAF. ULLIVOULIOULLY, 1) VVL- alLv miviill Ay Arar, VWL ‘Ldll

find a two-dimensional rotation (in the absolute polar plane of P;)
which takes A to B, and C to D. Let T be the corresponding
three-dimensional rotation (about a line through P;). By 7.62,
a right translation affects the second representative point alone.
Thus Ap transforms the point-pairs (A,A) and (C,C), which
represent lines through Py, into (A,B) and (C, D).

In the above theorem, the word “perpendicular” is used in
a wider sense than in 7.22, where the “common perpendiculars”
of two lines were understood to intersect the two lines. If
lines represented by (A,B) and (E,F) are perpendicular in this
stricter sense, we have AE = BF = ;7. Hence

7.64. If two non-parallel lines are represented by point-pairs (A, B)
and (C,D), their two common perpendiculars are represented to-
gether by (E,F) where E and F are the absolute poles of the lines
AC and BD (in the plane of the representation).

The bundle of lines through P, is represented by all pairs
of coincident points (A,A). Applying Ay, we deduce that the
bundle of lines through any point Pr is represented by all
pairs (A, AT), where A is arbitrary. In other words, the point

P.. is represented by the rotation 7. In this sense, Study's
1 Awr F \/H‘ AL L Y T LR TS ) UJ CALNS A VLA LVALV AL A ¢ @ AAL LALANTY APV rALNWT ““uJ wr

representation is just the inverse of the Stephanos—Cartan repre-
sentation.
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By 7.54, the reguli of a Clifford surface are the loci of two
intersecting lines, say 1 and r, by continuous rotation about
either of the two lines which are left parallel to 1 and right
parallel to r. Suppose that 1 and r are represented by (A, B)
and (C, D), where AC=BD =y. Then the two axes of rotation
are represented together by (A, D). Thus the Clifford surface
is represented by two equal circles, with centres D and A, in
the following manner. The left parallel generators are repre-
sented by point-pairs (A, B), where A is fixed and B describes
the circle with centre D and radius ¢; and the right parallel
generators by point-pairs (C, D), where C describes the circle
with centre A and the same radius.

In the special case when ¢ = 3, the circles reduce to lines.
In every other case, a second Clifford surface, whose generators
are the absolute polars of those of the first, i1s automatically
represented at the same time. Both surfaces belong to the
coaxal system which is obtained by varying ¢ while keeping A
and D fixed. If ¢ =AD, one of the surfaces passes through P;.

Three left parallel lines, represented by (A, B), (a, C),
(A, D), determine a Clifford surface which is represented by
the circle BCD and an equal circle with centre A. (Cf. 7.53.)

7.7. Clifford translations and quaternions. Let us choose
our canonical coordinate system so that the point P, 1is
(1,0,0,0). Arotation about a line through (1, 0, 0, 0) induces,
in the perpendicular plane x,=0, a rotation through the same
angle about the point where this plane meets the line. By
6.85, if this point is (0, 21, 23, 23), where 224z, +2. =1, such a
rotation S, through angle 6, leaves x, unchanged, and trans-
forms x,, x;, x; according to the formula

xii—{-xéj dx .k =5"Nx i +x25+xsR) S,
where
7.71. s=cos 560 -+ (z1i+227-+2:k) sin % 6.
In other words, the rotation through 6 about the line
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7.72. Do E
Z: Ze Zs
is given by the transformation
xy+xi+x, f+x k=" 2o+ x1i+ 205 +x3 k) S,
or, in brief,
7.73. X' =s"1xs.

We naturally call s the quaternion of the rotation, observing
that quaternions combine by multiplication in the same manner
as the corresponding rotations.

The Stephanos-Cartan representative point Pg, distant 34
from (1, 0, 0, 0) along the line 7.72, is

(cos 30, z,sin 46, g4 sin 36, g5 sin 36).
These coordinates being the constituents of s, we have

7.74. The point (s) represents the rotation whose quaternion
is §.

For a given point (s), there are fwo quaternions of unit
norm: =+s/+/{ss}. These correspond to values of 8 which
differ by 2=, and so give essentially the same rotation.

If 4 and v are the quaternions of rotations U and V¥, the
effect of multiplying all rotations on the left by U, and on the
right by V, is to multiply the corresponding quaternions on
the left by # and on the right by v. Thus the transformation
Apdy 1s*

7.75. X =uxv.
In particular, the Clifford translations Ay and Ay are, respec-

tively,
y X' =ux, X' =xv,

or or
X0 =1oXo— UX1— UsXo— UsX3, | X§=UoXo—U1X] —0Usks— VsX3,
X1=U1Xo-+UoX1 —UsXs+Usxy, | X =010+ 0e%) +1sxs —vexs,
Xq = UgXo-+U3x, “+Uoxe — U1 Xy, X3 = UpX o — U3X1 -+ UoXe -+ 0123,
X3 =1U3Xo— UX 1+ 11X+ U X3, X3 = 03X+ V2X) — U1X -+ 00X 3.

*Cayley [2], p. 812.
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By 6.86 (with x, for x4, and then x5 for x,), the product of
rotations through given angles 8 and ¢ about two opposite
edges of the tetrahedron of reference 1s*

x)=x, cos §—x; 5in §, | X;=2x COS $—x; 8in &,

x; =x, sin §+4x; cos 6, l Xy =2%3 SIin ¢-+x3 COS ¢.
(Cf. 7.49.) This may be expressed in the form 7.75 by taking
U and V to be rotations through respective angles 6+ ¢ about
the line x3=x; =0, so that

uxv=(cos"+¢ + isina+¢) (xo+x1d +x2f+xs k)
2 2 PR 60— o
(cos-—z— + 1sin 5 )

= (cos 8-+1 sin 8)(xo+x19) +(cos ¢+ 1 sin ¢)(x:f +xs k)
= (x9 cos 6 —x, sin 8) +(x; sin 6 +x, cos 8)
+(x2 cos ¢ —x38in ¢} j+ (x2 5in ¢ +x1cos @) k.
By 7.46, 7.75 is the general direct transformation of elliptic

space. To obtain the general opposite transformation, it is
sufhcient to combine this with a particular opposite trans-
formation, such as the reflection in x,=0, which merely re-
verses the sign of x,. Hence

7.76. The general congruent transformation (direct or opposste
according as we take the upper or lower sign for x,) ts
xo+x i+x, f+x k=
(ot+uri+usf+usk)(Lxo-+x11+x25 +238) (vo+vi +vaf +uvsk).
As in §4.6, we define the Pliicker coordinates of the line
joining two points (x) and (y) by the formula p,, =x,y, —vy.x,.
If (y) is derived from (x) by applying Ay, we multiply both
sides of the equation ux=9yon theright by xo—x1i—x:5 —x;3 E,
obtaining (uo+u i+ usf+usk)(xg+x +x5+x3)
=(yo+y1i+yzj+yak)(xo—*xxi—xzj--xa k)
= (Xgyo+x1y1+%2y2+x3ys) + (Por +pas) i
+(portpa) T+ (Post+p12) k.
*Goursat [1], p. 36.
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If, on the other hand, (y) is derived from (x) by applying Ay,
the equation & v =1y gives similarly

{xx} (vo-tviitveftus k)

={xy} +(por—p23) i+ (poz—pu1) J+(pos—p12) k.
Comparing the coefficients of 1, f, k, we deduce that the axes
of Ay and Ay form the linear congruences

Por-tp2s _ po2zt+pmn _ postpiz ’
7.77. ;M “z “s
Por—P2s _ Por—pPs1 _ Poa— P12
Uy B vy - vy
Hence*

7.78. A necessary and sufficient condition for two lines lo be
left (or right) parallel is that the sums (or differences) of comple-
mentary Plicker coordinates for one line be proportional to the
corresponding sums (or differences) for the other.

7.8. Study’s coordinaces for a line. The linear congru-
ences 7.77 are elliptic, in the sense of p. 93, since there is just
one axis through each point of space. If a line {p] belongs
to both of them, its left and right parallels through (1, 0, 0, 0)

are {4 2. 2. Y 0N 9}

¥y B0, Mgy VY Wy

nd {9_ v, v.. 0 0 9}-

o | -
(=28 A 1 V2y vy y e ’

therefore the points of Study’s representative pair are

7.81. (0, uy1, ua, u3), (0, vy, vq, v3).
Since the coordinates are homogeneous, we may write
20y =portpas, 2Us=pPor-+ P, 2Us=pe3+ P12,
20y =po1— P23, 2va=Po2— P31, 203=7Pg3— P12,
whence

7-82. { p01=u1+v1l p02=u2+023 p03=u8+v3f

Pra=u,—v, Ps1=Us—V1, Pra=1u3z—s.

*Coolidge [1], p. 125.
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The line is specified by its “Study coordinates’® u;, us, us,
vy, ¥, U3, Just as well as by its Pliicker coordinates p,,. We then
speak of “‘the line {#; v}.” The identical relation 4.62 is re-
placed by

7.83. ultustul=vi4vl 4ol
and the condition 4.63 for two lines to intersect becomes
7.84. ulu;+u2u;+u3u; =v,v;+vgv;+v3v;.

By 4.74, the absolute polar of {u;v} is {u; -—v}, which dlearly
has the same representative point-pair. Two lines {u; v} and
{u’;v’} are perpendicular (without necessarily intersecting) if
one intersects the absolute polar of the other, i.e. if

Uiy Uty st +u10) +oaw, +os05 = 0.
These results resemble 7.63, but are slightly stronger in that

they distinguish between intersection and perpendicularity

- I aYel of LI Lo I ¥ Y
py i 18, two 11‘(‘165 are }ch pala“c} 1f Lut:u U :: are¢ propor-

tional, and right parallel if their v's are proportional. Since
the line {u; v] is represented by the point-pair 7.81, 7.62 implies

the followine theorem

LAY, ANSAEINS VY AAlE, LALLASL AAAG

7.85. As a transformation of Study coordinates, ASAT 1§
1—l—unf—#—u,k U 1—&—11.\1—1—11.17\‘-

bl AV A ]

Ull +Uz_]+!)3k-—t (911+U2]+Uak)t,

where s and t are the quaternions of the rotations S and T.

To illustrate the use of these coordinates, let us apply them
to a Clifford surface. We saw, at the end of §7.6, that the
right parallel generators of a Clifford surface of angle ¢ are
represented by a circle of radius ¢ and centre A, paired with a
fixed point D. By applying suitable left and right translations,
we can make A and D coincide at (0, 1, 0, 0). By 6.79, a
typical point of the circle is then

*Study [1], p. 119.
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(0, cos ¥, us, #s), where uz+uj =sin? y.
Hence a typical generator (of the right parallel regulus) is
{cos v, s, us; 1, 0, 0}.
By 7.82, the same line in Pliicker coordinates is
{2 cos? Y, uy, us, —2 sin? {4y, u,, u;}.

Comparing this with 4.81, we see that ¢,=—tan? 4y and
cs=c3=1. Thus the Clifford surface is

— (x3+=x?) tan? d+x; +x3 =0,

or (xo2+x42) sin? Y = (xa?+x,2) cos? 4y,
or*
7.86. x4 —xi—x}={xx} cos ¢

In particular, the rectangular Clifford surface is simply

2 2 2 2
x,+x,=x,+x,.

7.9. Complex space. When the real projective space of
elliptic geometry is regarded as a subspace of complex projec-
tive space, the locus of self-perpendicular points and the en-
velope of self-perpendicular planes is a quadric, called the
Absolute. Klein's formulae for distance and dihedral anglet
are precisely analogous to his formulae for distance and angle
in the plane (§6.9).

A congruent transformation, being a collineation which
preserves the Absolute, either preserves each of the two reguli
or interchanges them. Consider, in particular, a reflection.
Let L be the point where the reflecting plane meets an arbi-
trary generator 1. Since L reflects into itself, the reflected
generator 1’ passes through L. Thus 1 and 1’ intersect, and
belong to different reguli. Hence a reflection interchanges the

two reguli, and, by 7.15,

*Klein (3], p. 241.
tKlein [1], p. 621.
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7.91. A congruenttransformation s direct or opposite, according
as it preserves each regulus of the Absolute, or interchanges the
two regult.

Since there are no real points on the Absolute, its gener-
ators are imaginary lines of the second kind,* and occur in
conjugate imaginary pairs which, being skew, belong to one
regulus. Any real line meets the Absolute in two conjugate
imaginary points, and the two generators through one of these
points are conjugate imaginary to the two generators through
the other. Thus any real line which meets a particular gener-
ator also meets the conjugate imaginary generator.

T
/4 A

L N L' N/
Fi1G. 7.9a

7.92. Two real lines which meet the same generator of the
Absolute are Clifford parallels.t

Proor. Let KL and MN be two real lines which meet
both the conjugate imaginary generators KM and LN. Since
generators are self-polar, the respective polar lines K’L’ and
M’'N’ will meet the same generators, as in Fig. 7.9A. Now,
the polar planes of K, M, K’, M’ are KK'L’, MM'N’, K’KL,
M’MN, which meet LN in L’, N’, L, N, respectively. Hence

KMKM AL'NLN xLNL'N’,
and, by 3.61 and 7.23, KL and MN are Clifford parallels.

*Klein (3], p. 79; Robinson [1], p. 147.
tKlein {3], p. 234; Study (1], p. 133.
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This theorem enables us to recognize each pair of conjugate
imaginary generators as the directrices of a linear congruence
of left or right parallels. Accordingly, Study distinguishes the
two reguli as consisting of left and right generators, respec-
tively. The opposite convention would perhaps be more
natural, since the left generators (which intersect all right
generators) belong to every congruence of right parallels, and
vice versa.

7.93. A real collineation which preserves each right (or left)
generator 1s a left (or right) translation.

PrRooF. Since such a collineation preserves the Absolute,
it is a congruent transformation, in fact (by 7.91) a direct
congruent transformation. It transforms the left (or right)
generators according to a certain projectivity having two self-
corresponding elements. There are thus two conjugate imag-
inary left (or right) generators of which every point is invar-
iant. The Clifford parallels which are transversals of these
two generators are consequently invariant, and the trans-
formation is a left (or right) translation having these trans-
versals for axes.

Theorem 7.92 suggests the possibility of defining a Clifford
surface without mentioning parallels. This can be done by
means of 7.53. The result is as follows:*

7.94. A real quadric which has four generators in common with
the Absolute is a Clifford surface.

In other words, a Clifford surface may be defined as a real
quadric which has quadruple contact with the Absolute.
Comparison with 6.92 emphasizes the analogy between a circle
and a Clifford surface, though a more obvious analogue of the
circle is a sphere (which can be shown to have ‘‘ring contact”
with the Absolute).

*Klein (3], p. 241.




156 ELLipric GEOMETRY

To close this chapter, let us express some of the above
results in terms of coordinates.

The Absolute, being the locus of self-perpendicular points,
has the equation {xx} =0, or

x5 +x;+x;+x,=0.

To obtain the generators, it is easiest to use Study coordinates.
Since the polar line of {u; v} is {u;—v}, or { —u; v}, a self-
polar line has either vanishing »'s or vanishing #’s. Thus the
generators are

{pl: p2| Pa' O: Oy 0} and {O: Ov Os pli Pﬁ: p3}1
where, by 7.83,
py+p,+p5=0.

Since {p; 0} belongs to every congruence of right parallels,
and {0; p} to every congruence of left parallels, these are left

and right generators, rpcpprhvcslv The same lines in Pliicker

coordinates are

{Ph P2, Pa, D1, P, :tps},

in agreement with §4.8 (which is valid in complex space with-

out any restriction on the signs of ¢y, ¢2, ¢3).
The Clifford surface 7.86 meets the Absolute where

xi+xt =x1+x;=0.
This locus, being the intersection of the planes xo+41x, =0 with
the planes x;+1x; =0, consists of four lines
{0,1, 14,0, 1, x4}, {0, 1, =4, 0, —1, Fe},
in agreement with 7.94.



CHAPTER VIII

DESCRIPTIVE GEOMETRY

8.1. Klein’s projective model for hyperbolic geometry.
The two chief ways of apnroaching non-Euclidean geometry
are that of Gauss, Lobatschewsky, Bolyai, and Riemann, who
began with Euclidean geometry and modified the postulates,
and that of Cayley and Klein, who began with projective
geometry and singled out a polarity.

In Klein’s treatment, two lines are perpendicular if they
are conjugate in the absolute polarity, and the geometry is
elliptic or hyperbolic according to the nature of this polarity.
We have considered the elliptic case exhaustively in the pre-
ceding three chapters; the null polarity is easily seen to be
unsuitable. Setting these aside, we are left with a polarity of
the kind that determines a conic or quadric: ‘“the Absolute.”
If we accept Postulate IV (§1.1), which rules out the possibility
of self-perpendicular lines, we find that the Absolute cannot
be a ruled quadric, and we are led to consider points interior
to a conic in the plane, or to an oval quadric in space.*

Defining a congruent transformation as a collineation which
preserves the Absolute, Klein showed, as in §5.8, that if a line
AB meets the Absolute at M and N, then the length AB is given

by the formula
"B = {AB, MN} ,

where « is a real constant depending on the unit of length.
Taking « to be positive, we find that this formula makes AB
positive or negative acccrding as AM || BN or AN || BM. In
either case the distance AB is

*Veblen and Young (2], 11, pp. 350-370.
157
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| log {AB, MN} l

K

In particular, AM=w ; so we speak of the points on the
Absolute as points at infinity.

Fi1G. 8.1a

We easily see that this geometry of the interior of a conic
or quadric has all the properties of Lobatschewsky’s ‘‘imagi-
nary geometry.”’ Consider, for instance, a flat pencil with
centre A, and a line q in the same plane, as in Figs. 1.2A and
8.1A. The parallels p and p’ join A to the points at infinity
on q, and divide the pencil into two parts. The ‘‘second’ part
consists of lines which meet q outside the Absolute, so that,
from the standpoint of hyperbolic geometry, they do not meet
q at all.

The 1deal points, on and exterior to the Absolute, will be
found very useful; e.g. the polar of an exterior point is the
common perpendicular of any two lines through it. But since
all the ordinary points of hyperbolic geometry are interior to
the absolute, it is by no means obvious that these other points
can still be defined when we approach hyperbolic geometry in
the classical manner, as a modification of Euclidean geometry.
Klein indicated a method for achieving this extension of hyper-
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bolic space. The details were worked out by Pasch. The
adjunction of points at infinity to affine or Euclidean space
appears as a special case.

It is natural enough that metrical notions are irrelevant.
What is more startling is that nothing need be said as to the
number of lines, parallel to a given line, that can be drawn

thrnnoh a O’iVPn nninf \/RJ‘P are thue {"D:’J];nn' with 2 mare oo
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eral geometry, which includes both Euclidean and hyperbolic.

8.2. Geometry in a convex region. When we described
real projective geometry as ‘“What can be done with an un-
graduated straight edge,” we ignored the practical difficulty
that a complicated construction is apt to involve pairs of lines
whose desired point of intersection is outside the sheet of paper
we are using.* We can take account of this familiar trouble
by asking what becomes of real projective geometry when we
restrict consideration to a convex region (i.e. to a region which
does not include the whole of any line but includes the whole
of one of the two segments determined by any two points
within it). The only axioms that are violated are 2.115 and
2.117. (Two lines, or two planes, are said not to meet at all
if they do not meet within the chosen region.) The resulting
descriptive geometry is of theoretical as well as practical inter-
est, since the loss of the principle of duality is compensated by
the fact that two points now determine a unique segment.
Consequently the relations of incidence and separation, instead
of being undefined, are both expressible in terms of the single
relation of “‘three point’ order, or intermediacy. In fact, the
collinearity of three points is tested by seeing whether one of
them lies between the other two, just as in practical surveying.

The name “‘descriptive geometry,”’ which commonly refers
to something quite different (namely, the technique of repre-

*Robinson [1], p. 68.
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senting a solid figure by projections on planes), was adopted
by Russell and Whitehead as a convenient abbreviation for
“the geometry of serial order.” Possibly a better name for it
would be ordered geometry (as in Coxeter [9]).

A set of axioms for descriptive geometry will be given in
§8.3. The geometry of a convex region then serves as a model.
But the variety of possible convex regions shows that descrip-
tive geometry is not categorical; in other words, it is strictly not
one geometry but a family of geometries. The two most useful
regions (in the two-dimensional case) are the interior of a conic,
and the whole projective plane with the exception of one line;
these give hyperbolic geometry and affine geometry, respec-
tively. But there are other possibilities. For instance, we
might use a triangular region and the corresponding trilinear
polarity; however, the metrical properties are then quite
bizarre, as perpendicularity is no longer a symmetric relation.

Descriptive geometry, being high school geometry with
congruence and parallelism left out, is more familiar than
projective geometry. It is therefore interesting that the
former provides a model for the latter, as well as vice versa.
In fact, this happens in two distinct ways. We shall see in
§8.5 that the lines and planes through a point in descriptive
space form a model for the points and lines in the real projec-

tive plane. More generally, the lines and planes through a
point in n-dimensional descriptive space form a model for the
points and lines in real projective (n —1)-space. Secondly, fol-
lowing Klein’s suggestion as elaborated by Pasch, we shall see
in §§8.6-8.8 that certain classes of lines and planes in descrip-
tive space form a model for the points and lines in real pro-
jective space of the same number of dimensions. In effect this
means that, given a descriptive space, we can construct a
projective space of which the descriptive space 1s a part,

namely a convex region.
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8.3. Veblen’s axioms of order. After giving a sufficient
set of axioms for descriptive geometry, we shall save space by
omitting most of the consequent elementary theorems, as they
are intuitively obvious and have been elegantly proved else-
where.*

In Veblen's treatment there is one undefined entity, a
pownt, and one undefined relation, intermediacy. Following
Forder, we use the symbol [ABC] to express this relation in the
form ‘‘B lies between A and C"’ or ‘‘the three points A, B, C are
in the order ABC.”

AXIOMS FOR DESCRIPTIVE GEOMETRY

8.311. There are at least two points.

8.312. If Aand B aretwo points, thereis atleast one point C
such that [ABC].

8.313. If [ABC], then A and C are distinct.

8.314. If [ABC], then [CBA] but not [BCA].

If A and B are any two points, the segment AB is the class
of points X such that [AXB], the half-line or ray A/B is the

class of points Y such that [BAY], the tnterval AB consists of
the segment AB together with its end-points A and B, and the

line AB consists of the interval AB together with the rays A/B
and B/A, asin Fig. 8.3A. Theray A/B is said to emanate from
A. Points are said to lie on a segment, ray, interval, or line,
if they belong to the respective class. Several other words,
such as colltnear, will be used in the same sense as in §2.1.

A/B . AB B/A
A

»
[

<4

T
.
1

=

FiG. 8.3aA

8.315. If Cand D are two points on the line AB, then A 1s
on the line CD.

*Veblen [1], pp. 353-370.
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8.316. There is at least one point not on the line AB.

8.317. If A, B, C are three non-collinear points, and D and
E are such that [BCD] and {CEA), then there is a point ¥ on the
line DE with [AFB]. (See Fig. 8.8A.)

If A, B, C are non-collinear, the plane ABC is the class of

points collinear with pairs of points on the intervals BC, CA,

‘AB. It can be deduced* that the plane contains the line
joining any two of its points.

8.318. There is at least one point not in the plane ABC.

8.319. Two planes which have ome common point have
another.

8.32. For every partition of all the points of a line into two
non-vacuous sets, such that mo point of either lies between two
points of the other, there is a point of one set which lies between
every other point of that set and every point of the other set.

This last axiomt differs from 2.13 only in the substitution
of “line” for “‘segment.” There would be no harm in using
2.13 itself, although we could not conversely use 8.32 in pro-
jective geometry (where it would be meaningless).

8.4. Order in a pencil. A convex region is slightly easier
to define in descriptive geometry than in projective; in fact
it is simply a set of points which includes the whole of the
segment bounded by any two points within it. In particular,
segments and rays are convex regions.

For any three collinear points A, B, C, we have either
[ABC] or [BCA] or [CAB]. In the first two cases we say that
B and C are on the same side of A (on the line considered), and
in the third case that they are on opposite sides of A. Thus the
points on either side of A form a ray emanating from A. Two
such rays (which are *‘halves of one line”’) are said to be supple-

*Veblen [1], p. 360; Forder [1], p. 59.
tDedekind (1], §3.
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mentary. Analogously,* if & is any line through A, and a any
plane through a, then a divides the rest of a into two convex
regions called supplementary half-planes. Points B and C are
said to be on the same side of a (in a) if they belong to the
same half-plane, i.e. if the segment BC contains no point of a.
Again the plane a divides the rest of space into two convex
regions called supplementary half-spaces, which determine
whether two points are on the same side of a or on opposite
sides.

Two rays a;, b;, emanating from a point O, along with O
itself, are said to form the angle a;b,. Another ray xi, eman-
ating from O in the same plane, is said to lie within the angle
aiby, or between a, and by, if and only if there are points
A, B, X, on ay, by, x;, with [AXB]. Thereisa precisely analo-
gous condition for a half-plane to lie within the dihedral angle
a181, where a; and 8, are two half-planes bounded by a common
line.

F1G. 8.4A

Let a, and a; denote the two rays into which a point O
divides a line a (through O). Then two lines & and b through
O divide the rest of the plane into four convex regionst bounded
by the angles a,b,, bia,, asb,, bsa;. A ray ¢; within the angle
aib: divides it into two angles a;c,, ¢1by, and the supplementary

*Forder {1}, p. 68.
tVeblen (1], p. 365; Forder [1], p. 82.
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ray c, effects a corresponding division of azby. In this manner
we see that # coplanar lines through O divide the rest of the
plane into 2% convex regions. In particular, the notation a,b,c,d
can be assigned to four concurrent and coplanar lines in such a
way that the eight regions are bounded by the angles
ajc;, ¢iby, bydy, djaz, axce, by, bady,  daay,
as in Fig. 8.4A. We then say that a and b separate ¢ and d,
writing
ab || ed.
The separation «af || yé for four coaxial planes can be defined in

an analogous manner, since # coaxial planes divide the rest of
space into 2n convex regions bounded by dihedral angles.

8.5. The geometry of lines and planes through a fixed
point. The following definition will be needed soon. A trike-
dron consists of three concurrent but non-coplanar lines a,b,c
(its edges) and their joining planes bc, ca, ab (its faces).

In §2.2 we asserted that the “third model” for real pro-
jective geometry can be set up in Euclidean or non-Euclidean
space. More generally, it can be set up in descriptive space.
This is proved in detail by taking the axioms of real projec-
tive geometry in two dimensions, namely 2.111-2.114, 2.31, 2.32,
2.121-2.126, 2.13, and translating them into provable theorems in
the geometry of lines and planes through a fixed point. For
instance, the translations of 2.32, 2.126, 2.13 are as follows:

8.51. If the edges of two covertical trihedra correspond in such a
way that the planes joining corresponding edges are coaxial, then the
lines of intersection of corresponding faces are coplanar.

8.52. Ifabed and a'b'c'd’ are two plane sections of a set of four
coaxial planes, and ab|| cd, then also a'b’ || c'd'.

8.53. For every partition of all the rays within an angle into two
non-vacuous sets, such that no ray of either lies between two rays of
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the other, there is a ray of one set which lies between every other ray
of that set and every ray of the other set.

The deduction of these theorems from Axioms 8.311-8.32 is
left to the reader. The particularly significant theorem 8.51 is
due to Reyes y Préosper.* The final result is as follows:

8.54. The descriptive geometry of lines and planes through a point
can be identified with the real projective geometry of points and lines
in a plane.

In other words, the properties of a bundle are the same in
descriptive geometry as in real projective geometry. In particular,
there is a principle of duality between lines and planes of a
bundle. Using this, or applying 8.54 to 2.33, we obtain the
bundle-dual of 8.51, which is also its converse;

8.55. If the faces of two covertical trihedra correspond in such a
way that the lines of intersection of corvesponding faces are coplanar,
then the planes joining corresponding edges are coaxial.

8.6. Generalized bundles and pencils. Given two
coplanar lines a and b, which fail to meet within a certain
convex region of projective space (or as drawn on an ordi-
nary sheet of paper), the problem of constructing another line
through their inaccessible point of intersection can be solved
by means of 2.33. But it can be solved more elegantly as
follows: Join a and b by planes to a point E outside ab. Then
lines of the desired kind are coplanar with the line (Ea, Eb).
(It will be proved in 8.61 that the result is independent of
the choice of E.) Essentially, instead of the inaccessible point
(a,b) we are using the bundle of lines and planes through it.
From the standpoint of the convex region, or of the correspond-

ing descriptive geometry, we cannot call this a bundle without

*Reyes y Prosper {1]; Robinson [1], pp. 59-60.
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extending the meaning of that word. Let us call it an 1mproper
bundle, in contrast to the proper bundle whose centre is an
accessible or ordinary point. The following definition applies
equally well to either kind.*

If a and b are any two coplanar lines, we define the bundle
[a, b] as a class of lines and planes, consisting of all lines of
intersection of planes through a and planes through b, together
with all planes through every such line, and all lines of inter-
section of such planes with the plane ab. If a and b intersect
in a point O, we have a proper bundle, consisting of all the lines
and planes through the centre O. We shall see that an im-
proper bundle has many of the same properties.

The common planes of two bundles are said to form a
pencil.t 1f the two bundles contain a common line o, we have
a proper (axial) pencil, consisting of all the planes through the
axis 0. Tle essential properties of these generalized bundles
and pencils are developed in the following theorems.

8.61. Thereis just one line of a given bundle through any
point (other than the centre, in case the bundle is proper).

ProoF. Let [a, b] be the bundle, and C the point. When
C is outside the plane ab, the unique line through it is (Ca, Cb).
The theorem is again obvious when C lies on a or b. Suppose,
then, that C lies in ab, but notonaor b. Let d and e be any

two lines of the bundle outside ab. What we have to prove is
that the line ¢ ={Cd. ab) could nlef ag well be constructed as

vu “II e =SS L R R

(Ce, ab), or that ¢ and e are coplanar. Since this is obvious
when a and b intersect, we shall suppose that they do not.
Let A, A’ be two points on &, as in Fig. 8.6A. Take a point
N, in the plane ab, on the other side of b, and construct
B=(AN, b), B’=(A'N, b). Take a point C’ on ¢, on the

*Pasch and Dehn [1], pp. 33-36; Schur {1}, pp. 16-18; Whitehead (2],
pp. 18-22; Baker (1}, pp. 110-114; Robinson (1], pp. 61-67.
tVeblen {1}, p. 372.
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opposite side of BC from B’, and construct L =(BC, B’C’).
By 8317, NL meets CA in a point M. Since a, b, ¢ are each
coplanar with d, we can apply 8.51 to the trihedra which join
any point on d to the triangles ABC, A’B’C’, and conclude that
C’A’ passes through M. Since L, M, N are collinear, we can
apply 8.55 to the trihedra which join any point E on e to the
same triangles, and conclude that the planes Ea, Eb, Ec are
coaxial, 1.e. that Ec passes through (Ea, Eb), which is e.

b

Fi1G. 8.6A

It follows that the bundle [a, b] is the same as [a, ¢c]. Also
any line d and any planc p determine a bundle, provided »
does not contain d; the bundle so determined is naturally
denoted by [d, p].

8.62. Any two lines of a bundle are coplanar.

Proor. Let d and e be two lines of the bundle [a, b]. If
d lies in the plane ab, we know that d and e are coplanar. The
same conclusion holds if d and e lie on opposite sides of ab;
for, the plane joining d to any point on e meets ab in a line of
the bundle, and so contains e entirely. Suppose, then, that d
and e lic on the same side of ab, and let g be any line of the
bundle on the other side of ab, as in Fig. 8.68. I.ct D and E
be any points on d and e, respectively, and F any point be-
tween them. Since the lines g and ¢ =(Fg, ab) are each



168 DEsScCrR1IPTIVE GEOMETRY

coplanar with d, and similarly with e, we see that d and e
belong to the bundle [g, ¢]. But d and e lie on opposite sides
of the plane gc. Hence d and e are coplanar.

Fic. 8.68

8.63. A bundle :s determined by any lwo of its lines.

Proor. Letdandebe two lines of [a, b]. It follows from
8.62 that a and b are lines of the bundle [d, e]. Let F be any
point in the plane de; then the line through F of the bundle
[a, b} is coplanar with a, and so belongs to [d, e]. Let G be any
point outside the plane de; then the line through G of [a, b} is
coplanar with each of d, e, and so belongs to [d, e]. Thus the
bundles [a, b} and [d, e] are identical.

8.64. If pis any plane of a given bundle, and C any point
in p, then the line through C of the bundle lies in p.

Proor. Otherwise, any plane through that line would
meet pin another line through C belonging to the bundle. This
contradicts 8.61.

8.65. Thereis just one plane of a given bundle through any
line not belonging to the bundle.
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ProoF. Let AB be the given line, and BC the line through
B of the bundle. Then ABC is the required plane. It is
unique since, if two planes of a bundle intersect, their common
line belongs to the bundle.

8.66. There s just one plane of a given pencil through any
point (not on the axis, in case the pencil is proper).

ProoF. Let1and m be the lines, through the given point
O, of the two bundles which determine the pencil. Then Im,
belonging to both bundles, is the required plane. Any other
plane through O of the pencil would meet Im in a line belonging
to both bundles; the pencil would then consist of all the planes
through this line, its axis.

Fi1G. 8.6¢C

8.07. Any two planes belong to a unique pencil.

PrROOF. A pencil containing two given planes p and ¢ is
determined by two bundles (1, p] and [m, p], where 1 and m are
two tntersecting lines in ¢ whose common point O does not lie
in p. To establish the uniqueness of this pencil, we shall show
that any other bundle which contains p and ¢ also contains
every common plane of [, p] and [m, p].

Let [n, p] be such a bundle, n being its line through O. By
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8.64, n lies in . Take any two points A, A’ in p, any point C
on the line (Am, p), any point B’ on (A'n, p), and construct
a=0A, b=(An, Cl), c=0C,
a’=0A’, b'=0B/, ¢’=(A'm, B'l),

as in Fig. 8.6c. By 8.55, since 1, m, n are coplanar, the three
planes aa’, bb’, c¢’ pass through one line 0. Let O: be any
point on n_p!rhpr of the planes p, 0. Let l;, my, n;, 04 be the
lmes through O; of the respective bundles [, p}, [m, o], [n, o],
[0, p], and construct

a;=0A, b1=(An1, C11), ¢;=0,C,

31’ =01A', b1' =01B’, 01’ =(A’m1, B’ll).

Now, the bundle [b, p] contains the planes An, Cl, which meet
o in the lines through A, C of the respective bundles [n, p],
[1, p]. But [by, p], containing the same lines through A and C,
is the same bundle. Hence the planes bb’ and b;b,’ (through
B’} are coaxial with p. Similarly, c¢’ and ¢i¢,’ (through C)
are coaxial with p. Thus the three planes a:a;’, bib,’, cic)’
belong to the bundle [o p] and pass through the line 0;. By
8.51, applied to the trihedra a;b;c; and a,'by'c/’, the three lines
1, m;, n; are coplanar. Thus any plane belonging to both

bundles [I, p) and [m, p] belongs also to [n, p].

8.68. Any three planes, not belonging to a pencil, belong
to a unique bundle.

PrOOF. Let p, o, 7 be the three planes, and O any point
in . Let w be the plane through O of the pencil determined
by pand ¢. Then w meets 7 in a line through O, say 1. The
bundle [1, p], containing the planes w and p of the pencil, con-
tains ¢ also, by 8.67. This bundle is unique, since two such
would determine a pencil.

8.69. If two pencils contain a common plane, they belong to
one bundle.
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PROOF. Let each pencil be determined by the common
plane and one other plane, and apply 8.68.

8.7. Ideal points and lines. In this section and the next,
we shall establish the validity of the ‘‘first model” for real
projective geometry, by translating the above theorems
according to the dictionary on page 24, and deducing the
axioms 2.111-2.13. Proper and improper bundles (or pencils)
will be translated as ordinary and ideal points (or lines). It is
natural to identify the ordinary pointsand lines with the centres
and axes of the proper bundles and pencils, and to think of the
ideal points and lines as centres and axes of improper bundles
and pencils.*

An analogous change of meaning occurs several times
in arithmetic.} For instance, we derive the field of
rational numbers from the ring of integers by defining a
rational number as the class of “‘equivalent” pairs of integers
n/d, the criterion for equivalence of such pairs being nd’ =dn’.
We then observe that certain classes of pairs (namely those in
which d divides n) are isomorphic to the integers themselves.
Therefore we agree to include the integers among the rational
numbers, identifying the integer # with the class of pairs
equivalent to n/l. It is to be clearly understood, however,
that the use of such devices in mathematics is psychological
rather than logical. They aid our thinking in much the same
way as diagrams do in the discovery of geometrical theorems.

Returning to geometry, we say that a point and a line
(ordinary or ideal) are incident if the bundle contains the pencil.
In particular, an ordinary line passes through an ideal point
if it belongs to the corresponding improper bundle. Similarly,
we say that a given plane passes through an ideal point or line

*Pasch and Dehn [1), pp. 40-49; Schur {1}, pp. 18-20; Bonola [1], pp.
110-116; Veblen [1}, pp. 373-376; Whitehead {2], pp. 22-29.
tRobinson {1], pp. 77, 86.
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if it belongs to the corresponding improper bundle or pencil.
Thus Theorems 8.61-8.69 are translated as follows:

An ideal point is joined to an ordinary point by an ordinary
line.

Any two ordinary lines through an ideal point are coplanar.

If two ordinary lines lie in a plane, they meet in a point
(ordinary or ideal).

Any plane containing an ideal point and an ordinary point
contains their join.

An ideal point (or line) is joined to an ordinary line (or
point) by a plane.

Any two planes meet in a line (ordinary or ideal).

Any three non-coaxial planes meet in a point (ordinary or
ideal).

Any two coplanar lines (ordinary or ideal) meet in a point.

It is easily deduced that an ideal line meets a plane (not
containing it) in an ideal point. (Naturally, every point on
an ideal line is ideal.) Such results become quite obvious
when we think of the ordinary points and lines as interior
points and ‘“‘secants’’ of a convex region, such as a sphere.
This mode! forms a suggestive guide, but we have not yet
completed its justification.

8.8. Verifying the projective axioms. Clearly, Axioms
2.111-2.114 present no difficulty. Before considering the next,
it is useful to remark that we can prove Desargues’ Theorem
2.32, and its converse 2.33, by joining the vertices and sides
of the given triangles to an ordinary point outside their plane,
and applying 8.51 or 8.55 to the consequent trihedra.

Axiom 2.115 (Fig. 8.84) is easily verified whenever at least
one of A, B, C is an ordinary point; but it is no longer obvious
when all these points are ideal. To establish it we construct,
in any plane through BC, two triangles whose points of inter-
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section of corresponding sides are D, B, C. This can be done*
in such a way that each triangle has at least two ordinary
vertices, while no two corresponding vertices are both ideal.

A

——

B C D
Fi1cG. 8.8a

Then all three sides of each triangle are ordinary lines, and so
also are the three joins of corresponding vertices, which, by
2.33, are concurrent. We now join these nine ordinary lines
to A by nine planes, which intersect any plane through DE in
a new set of nine lines (ordinary or ideal). These again form
two triangles with their corresponding vertices joined by con-
current lines. Hence, by 2.32, the points of intersection of
corresponding sides are collinear. These three points, lying
on AD, AB, AC, respectively, are D, E, and the desired point F.

We may now consider the class of points lying on lines
which join A to the points of BC as a plane: ordinary if it con-
tains any ordinary point, ideal otherwise. (Even when both
A and BC are ideal, the plane is not necessarily ideal; for, A
and BC might be an ideal point and line in a given ordinary
plane.) Since an ideal plane contains no ordinary point, the
verification of 2.116 is trivial.

It remains to be shown that an ideal plane p_meets any
plane win a line. Let a and b be two arbitrary linesin p. If
w is ordinary, it meets p in the line (a, w)(b, w). The same

*Robinson {1}, p. 66. (His 4 and 4’ may be taken to coincide with our
D.) For an alternative procedure see Pasch and Dehn [1}, pp. 52-53.
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conclusion holds when w is ideal, provided there is a point of
intersection (a, w) for any line a. This can be constructed as
the point of intersection of a with the line (Oa, ), where O is
any ordinary point. Thus 2.117 is verified.

To verify the Axioms of Separation and Continuity, we
define the separation of four collinear points in a way that will
apply to ideal points just as well as to ordinary potnts. This
is done by joining the four points to an ordinary point O by
lines a, b, ¢, d, and taking the definition of ab || cd from §8.4.
To see that this way of defining separation is independent of
the choice of O, we join the same four points to another point
O’ by lines a’, b’, ¢/, d/, and apply 8.52 to the coaxial planes
aa’, bb’, cc’, dd’. Thus Axioms 2.121-2.13 follow from the cor-
responding results in the geometry of a proper bundle (§8.5).

The desired extension of descriptive space is now accom-
plished. We have found that the descriptive geometry of
bundles and pencils is ‘‘isomorphic”’ with the projective
geometry of points and lines. But it is obvious that the
geometry of proper bundles and pencils is isomorphic with the
descriptive geometry of points and lines. In this sense, there-
fore, descriptive space is a part of projective space, and the
use of ideal elements is entirely justified.

We saw, in 8.54, that the geometry of a proper bundle is
projective. It can be proved similarly that the geometry of an
improper bundle is descriptive. In other words,

8.81. The geomeiry of ordinary lines and planes through an
ideal point can be identified with the geometry of ordinary points
and lines 1n a plane.

8.9. Parallelism. It is interesting to observe that, if
Axiom 8.32 were omitted, we could have a ‘‘descriptive’”’
geometry* in which two coplanar lines always intersect; so

*Veblen [1], p. 348.
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that all bundles (and pencils) are proper, and the projective
axioms (except 2.13) can be deduced without extending the
space. The manner in which continuity provides non-
intersecting lines will be seen in the proof of the following
theorem:*

8.91. Every line conlains at least one ideal point.

ProoOF. Suppose, if possible, that a certain line q contains
no tdeal point, so that it is a projective line whose points are
all ordinary. Take points B, C, D on q, such that [BCD], and
apply 2.13 to the partition of the segment BD/C into the two
rays B/C and D/C. The dividing point E belongs to one of
these rays, say the latter. By 8.312, this ray contains a point
F such that [DEF]. But by 2.13, such a point F belongs to the
other ray; so we have a contradiction, and our theorem is
proved.

In order to define parallelism, we consider once more a flat
pencil with centre A, and a line BC or q in the same plane, as
in Fig. 1.2A. The pencil includes all the lines that join A to
ordinary points on q. By 8.91, it contains at least one more
line, say 8. If (q, s) is the only ideal point on q, we say (with
Euclid) that s is parallel to q.

But if q contains more than one ideal point, let R and S be
two, such that BR || CS. Then, by 2.13 applied to the segment
CS/B, the ray C/B contains a first ideal point M, such that all
points between C and M are ordinary, while all points ‘‘beyond"’
M are ideal. Similarly, the supplementary ray C/D contains
a first ideal point N. We now say (with Gauss and Lobat-
schewsky) that both AM and AN are parallel to q.

Without making a further assumption, we cannot say
whether q contains just one ideal point or more than one. In
other words, we cannot say whether one or two lines parallel

*Veblen {1], pp. 369-370.
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to q can be drawn through A. We may combine these alter-
natives by using rays instead of lines, thus:

A ray p;, emanating from A, is said to be parallel to a
ray q; if it joins A to the first ideal point on q;. It is then also
said to be parallel to the line q which contains q;.

According to this definition, there are always two rays
from A parallel to q. If q contains only one ideal point, these
two rays are supplementary (and the word “‘first’’ in the defini-
tion 1s superfluous). The rays are again supplementary if A
lies on q, any ray being parallel to itself. When A does not lie
on ¢, the parallels from A separate every ray that meets q
(in an ordinary point) from every other ray that fails to do so.

If the ray p,is parallel to q, so also is any ray proceeding in
the same sense along the line p which contains p;. Thus the
position of A on p is immaterial,* and we can define the paral-
lelism of two lines as follows:

A line p is said to be parallel to a line q if it contains the
first 1deal point on q in either sense. Hence, if there is only
one ideal point on q, there is only one line parallel to q through
any point A; but if there are two (and so infinitely many) ideal
points on q, then there are two lines parallel to q through any
point A not lying on q.

The relation of parallelism, as defined above, is obviously
reflexive. We shall now prove that it is also symmetric and
transitive.f

8.92. If py s parallel to q,, then q, 1s parallel to p,.

Proor. Take any points A, B, on p, q, respectively, and
A’ on A/B (or “BA produced’), as in Fig. 8.9A. From A’,

*Gauss {1}, p. 203.

t1Gauss gave a metrical proof of 8.92, and a descriptive proof of 8.93.
Lobatschewsky's treatment is somewhat simpler, but still metrical. (See
Carslaw (1], p. 45.) Our descriptive proof of 8.92 was suggested by Gauss's
proof of 8.93.
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draw r, parallel to q;. Then any ray from A’ within the angle
between A’B and r, meets q,, say at C. It is a consequence of
Axioms 8.311-8.317 that* if a line coplanar with A’, B, C meets
the segment A’'B and does not pass through C, it meets one of
the segments A'C, BC. Hence p, not meeting BC, must meet
A’'C. Since this property of A’C applies to every ray between
A'B and ry, r, is parallel to p;. Let M be the first ideal point
on q,, so that p,is AM and r, is A’M. Then, since r; is parallel
to p1, M is the first ideal point on p,, and q, (or BM) is likewise
parallel to p,.

Al’

M

FiG. 8.9a

Thus parallelism is symmetric, and we may say that two
rays are parallel (to one another) if and only if they have the
same first ideal point. Hence
8.93. Two rays which are parallel to the same ray are parallel
to one another, and

8.94. Thelines parallel to a givenray formanimproper bundle.

We naturally call this a bundle of parallels, and the corres-
ponding ideal point a point at infinity. Moreover, any line and
plane of the bundle are said to be parallel (to one another).
Thus two lines, or a line and a plane, are parallel if and only
if they have a common point at infinity.

*Forder (1], p. 58.
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The following theorem will enable us to distinguish two
kinds of point at infinity:
8.95. If there is a line conlaining only one ideal point, then
every parallel line contains only one ideal point.

ProoF. Let q be such a line, and p any parallel line.
Choose A’ as in Fig. 8.9A. Since q contains only one ideal
point, the rays from A parallel to q, and likewise those from
A’, are supplementary. But the latter pair of rays are parallel
also to p. Hence p contains only one ideal point.

It follows that every point at infinity is of one of two kinds.
Every ordinary line through a point of the first kind contains
no other ideal point; but every line through a point of the
second kind contains an infinity of ideal points.

If every point at infinity is of the first kind, then every
ordinary plane contains just one ideal line (its line at infinity),
and there is just one ideal plane (the plane at infinity). This
geometry is affine (see §2.1), and can be metricized by singling
out an elliptic or hyperbolic polarity in the plane at infinity.
We thus obtain three-dimensional Euclidean or Minkowskian
geometry, respectively.

In hyperbolic geometry, which may now be considered as
the geometry of points interior to an oval quadric, every point
at infinity is of the second kind. But this is not the only such
case: the locus of points at infinity may be any convex surface,
not necessarily a quadric The geometry can then be con-
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sidered as a ‘‘distorted uypcn bolic geometry.
Between these extremes we have many geometries in which
points at infimty of the two kinds coexist. The most obvious
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the bounding plane contains only one ideal point, but any

other line contains infinitely many (in the supplementary half-

space). Another instance is the interior of a cone (in real

projective space); here the vertex alone is of the first kind.
*Forder (1], p. 303




CHAPTER IX

EUCLIDEAN AND HYPERBOLIC GEOMETRY

9.1. The introduction of congruence. In Chapters v-viI
we introduced the elliptic metric into real projective geometry
by means of the “absolute polarity,” and observed the equiva-
lence of two alternative definitions for a congruent trans-
formation: a point-to-point transformation preserving dis-
tance, and a collineation permutable with the absolute polar-
ity. It i1s quite easy to introduce the hyperbolic metric simi-
larly (see §8.1). But in order to follow the historical develop-
ment more closely, we prefer to reverse the process, introducing
congruence into descriptive geometry as a second undefined
relation, and stating its properties in the form of axioms. The
propositions of Bolyai's “‘absolute geometry’ can then be
deduced in a straightforward manner. After imbedding the
descriptive space in a real projective space by the method of
Chapter viIl, we shall find a definite polarity which is per-
mutabie with every congruent transformation.

The relation of congruence applies initially to point-pairs,
and we write AB=CD to mean that the point-pair AB is con-
gruent to the point-pair CD. But since every point-pair deter-
mines a unique segment, no confusion will be caused by reading
the same formula as ‘‘the segment AB is congruent to the
segment CD."

The idea of introducing congruence axiomatically is due
to Pasch. His axioms were simplified by Hilbert and R. L.
Moore.* For the sake of reducing the number of axioms to a
minimum, it should be noticed that 9.11 makes 8.312 super-
fluous. Accordingly, we begin with the single undefined

*Pasch and Dehn {1}, pp. 92-101; Hiibert [1], pp. 9-19; Moore [1].
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entity, a point, the two undefined relations of intermediacy and
congruence, the ‘‘descriptive’’ axioms 8.311, 8.313-8.32, and the
following five

AXIOMS OF CONGRUENCE

9.11. If A and B are distinct points, then on any ray C/E
there is just one point D such that AB=CD.

9.12. If AB=CDand CD=EF, then AB=EF.

9.13. AB=BA. (Therefore AB=AB.)

9.14. If[ABC]and [A'B'C’] and AB=A'B’ and BC=B'C’,
then AC=A'C’.

9.15. If ABC and A'B'C’ are two triads of non-collinear
points, with BC=B'C’, CA=C'A’, AB=A'B’, while D and D’
are two further points, such that [BCD], [B’'C'D’], and BD=B'D’,
then AD=A'D’,
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this relation is readily extended from point-pairs or segments
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9.15, which may be roughly described as ensuring the rigidity
of ‘“‘a triangle with a tail.”

The detailed deduction of elementary theorems would take
too much space, so we shall be content to mention some of the
most important steps. Axioms 9.11-9.14 enable us to define
the length of a segment (or of an interval), and then 8.32 shows
that lengths form a continuous set of magnitudes. In par-
ticular, every interval has a mid-point. After defining con-
gruent angles in the natural manner, we can deducef that if
p1q. is any angle, and a, any ray, there are not more than two
rays by, in a plane through a,, such that a;b1=pi1q:.

If a; and a; are supplementary rays, and b; emanates from

ruence 1s not

*Forder (1)}, p. 92.
tForder [1], p. 132. Hilbert took this as an axiom, instead of 9.15.
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ex, the angles a;b, and asb, are said to be sup-
plementary. If a;by=a;b,, then the rays a; and b,, or the

lines a and b which contain them, are said to be perpendicular,
olo

and the angle a;b; 1s called a right angle.

The statement AB=CD for segments is clearly equivalent
to the statement AB =CD for lengths, so no confusion arises
from using the same symbol for a segment and its length. A
stimilar remark applies to angles, although there the situation
is slightly more complicated.*

The circle with centre O and radius OP is defined as the
class of points X, 1in a plane through O, such that OX=0P
(or OX=0P). A point Q such that OQ>OP is said to be
outside the circle. Points neither on nor outside the circle are
said to be inside. It can be proved} that if a circle with
centre A has a point inside and a point outside a circle with
centre C, in the same plane, then the two circles meet in at
least one point on each side of AC. It then follows that any
two right angles are congruent, and we have reached Euclid’s
starting-point (with Postulates I-IV). Accordingly, we accept
Euclid’s propositions I, 1-28, with the word “‘parallel’”’ replaced
by ‘‘non-intersecting.”” We shall also adopt the customary
notation /ZBAC for the angle formed by the rays from A that
contain B and C, respectively.

—rn - =
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9.2. Perpendicular lines and planes. In Chapter viiI we
saw how to extend descriptive space by defining ideal elements,
and found that the result is real projective space. The method
used has the advaatage that no new axioms are needed, as the
ideal elements are sets of things already defined. Our purpose
in the present chapter is to show that the effect of introdu-
cing congruence into the descriptive space is to single out an
absolute polarity, either in one ideal plane or in the whole pro-

*Forder [1), pp. 113-115.
tForder {1}, pp. 308, 131, 133.
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jective space. In other words, the treatment of Cayley and
Klein will be derived from that of Bolyai and Lobatschewsky.
As a first step we shall obtain, in §9.3, a metrical description
for the bundles and pencils which determine the various kinds
of ideal element, beginning with the following chain of theo-
rems about perpendicularity. (Until §9.4, all points, lines,

and planes considered are ordinary.)

9.21. A line which 1s perpendicular to each of two intersec-
ting lines at their common point A, is perpendicular to every
line through A in the plane of the two lines.

Euchd’s proof (XI, 4) is valid. Such a line and plane are
said to be perpendicular (to one another).

9.22. There is just one line through any given point, per-
pendicular to any given plane.

Euchd’s constructions (XI, 11 and 12) give such a line.
(But his proof of the former has to be modified* to avoid using
parallels.) The uniqueness follows (as in Euclid XI, 13) by
considering the plane that two such lines would determine.

9.23. If a plane o contains a line r perpendicular to a
plane p, then p contains a line s perpendicular to o.

Thus follows easily from 9.21. Two planes such as p and ¢«
are said to be perpendicuiar. (Cf. Euclid XI, 18.)

9.24. If p and o are perpendicular planes, any line in o
which is perpendicular to the line (p, o) 1s perpendicular to p.

ProoF. Let ¢ contain tae line BC perpendicular to p, and
p contain the hine BD perpendicular to o. (See Fig. 9.2A.)
Let AE be any line in ¢ perpendicular to (p, 0) or BA. On A/E,
take F so that AF=AE. By considering pairs of congruent
triangles (as in Euchd’s proof of X1, 6), we deduce in turn that
BE =BF, that DE=DF, and that DA is perpendicular to EA.

*Forder {1}, p. 123.
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Hence EA, being perpendicular to both AB and AD, is per-

pendicular to p.

D

Fi1c. 9.2a

9.25. Two lines which are perpendicular to the same plane
are coplanar.

Proor. Let BC and AE, be any two lines perpendicular
to p (at Band A). By 9.24, the line AE (perpendicular to AB
in the plane ABC) is perpendicular to p. By 9.22, AE, coin-
cides with AE, and so is coplanar with BC.

9.26. A plane which is perpendicular to each of two inter-
secting planes 1s perpendicular to their common line.

Proor. Let p be perpendicular to the two intersecting
planes ¢, 7. From any point C on (¢, 7) draw lines perpen-
dicular to (p, o) and (p, 7), respectively. By 9.24, each of these
lines is perpendicular to p. But by 9.22, there 1s only one
line through C perpendicular to p. This therefore lies in both
planes ¢, 7, and is (g, 7) itself.

90.27. There 1is just one plane through any gien point,
perpendicular to any given line.
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ProoF. In the plane of the given point A and given line r
(or, if r contains A, in any plane through r) draw the line t
perpendicular to r through A. Let s be the line through A
perpendicular to the plane rt. Then st is the required plane
(by 9.24 with p=st, ¢ =rt). The uniqueness can be established
(as in Euclid XI, 14) by considering the section which two
such planes would make on rt.

9.3. Improper bundles and pencils. We now consider
two kinds of bundle and two kinds of pencil, without saying
that they are necessarily different.

9.31. The lines and planes perpendicular to a given plane
form an improper bundle.

Proor. Let aand b be any two lines perpendicular to the
given plane p. By 9.25, these are coplanar. All the planes
through a or b, all the lines of intersection of pairs of these
planes, all planes through each of these lines, and all lines of
intersection of such planes with ab, are perpendicular to p (by
9.23 and 9.26). These lines and planes form the bundle [a, b],
which is improper by 9.22.

9.32. The planes perpendicular to a given line form an
improper pencil.

Proor. Take any two planes p, g, through the given line,
and consider the bundles perpendicular to p and o, respec-
tively. The common planes of these bundles form a pencil.
Being perpendicular to both p and o, they are perpendicular
to the given line. Conversely, every plane perpendicular to
the given line is perpendicular to both p and ¢, and so belongs
to the pencil. The pencil is improper, by 9.27.

By 8.94, there is a “bundle of parallels’ consisting of all
lines and planes parallel to a given ray. Let p be any plane
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of such a bundle. Then those planes of the bundle which are
perpendicular to p, being the common planes of two bundles,
form a pencil, called a pencil of parallels. (This pencil is im-
proper. For otherwise, by 9.26, its axis would intersect p; but
it would also be parallel to p.) Any two planes of such a pencil
are said to be parallel (to one another).

9.4. The absolute polarity. The ideal point R, defined
by the bundle perpendicular to a plane p, is called the absolute
pole of p; it lies on every line or plane perpendicular to p. The
ideal line RS, defined by the pencil of planes perpendicular to
a line (p, o), is called the absolute polar line of (p, ¢); 1t lies an
every plane perpendicular to (p, o).

90.41. The absolute poles of the planes through an ordinary
line | are the points of its absolute polar line Y.

Proor. Let w and w; be any two planes perpendicular to
1, so that ' is (w, w;). Since all planes through 1 are perpen-
dicular to w and w;, their absolute poles lie on 1I’. Conversely,
if R is any given point on 1’, there is a plane thtough 1 whose
absolute pole is R, namely the plane through 1 perpendicular
to Rl

9.42. The absolute poles of the planes through an ordinary
point A are the points of an ideal plane a.

Proor. Let 1 be any line through A, and p any plane
through A but not through 1. Let I’ be the absolute polar line
of 1, and R the absolute pole of p. By 9.41, R does not lie on
I’. The planes through 1 meet p in a flat pencil of lines, whose

he 4
absolute pulcu lines ) Juul n R to the p“'“fc of ] Hence the nlanes

through the lines of the flat pencil (i.e. the planes through A)
have for absolute poles the points of the plane a =RI’. This
plane is ideal, as every point in it is the absolute pole of an

ordinary plane.
We call a the absolute polar plane of A.
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Thus every ordinary point, line. or plane has a definite
absolute polar plane, line, or point (pole), with incidences
corresponding dually.* But we must not assume that every
1deal element is the pole or polar of an ordinary element.

We saw, in §8.9, that a line may contain one ideal point or
more than one. By the Axioms of Congruence, any line is
congruent to every line; hence etther every line contains just
one ideal point, or every line contains infinitely many ideal
points. In other words, these axioms exclude the coexistence
of the two kinds of point at infinity defined on page 178.
Accordingly, we make our geometry categorical by stating one
further axiom, either affirming or denying the existence of a
unique parallel to a given line through a given point.

9.5. The Euclidean case. One of the alternative state-
ments 1s:7

THE EUCLIDEAN AXIOM OF PARALLELISM

9.51. There is at least one line q and at least one point A, not
on q, such that not more than one line can be drawn fhrm/ah A

coplanar with but not meeting q.

This implies that one (and so every) ordinary line contains
just one ideal point, its ‘“point at infinity.”” Hence the join of
two such points must be an ideal line. An ordinary plane con-
tains only one ideal line (since two such would meet an ordin-

AI"V hnp |n f‘u]n |r'|o"l| pn;nfc\ herlce f]'\e pl')na Aotermlr}ed h}r

two such “‘lines at infinity”’ must be an ideal plane. Similarly,
there is only one ideal plane (in three-dimensional space).
This “plane at infinity’’ contains every ideal point, and is the
absolute polar plane of every ordinary point. Thus the ‘‘abso-
lute polarity’’ does not operate uniformly throughout the whole
projective space, but is degenerate.

*Pasch and Dehn [1], p. 147.
tMoore {1], p. 489; Forder [1], p. 307.



§9.5 THE PLANE AT INFINITY 187

Let A, A, be two ordinary points, and p, p; the planes per-
pendicular to AA, through A, Ay, respectively. Then p and p;
have the same absolute pole, namely the point at infinity on
AA,; and every line perpendicular to p is also perpendicular to
p1.. Hence the absolute polar line of any such line is (p, p1),
and every ordinary plane through the line at infinity in p is
perpendicular to every ordinary line through the point at
infinity on AA;. In other words, we have an improper pencil
of (“horizontal’’) planes perpendicular to an improper bundle
of (“‘vertical’’) lines.

This correspondence between pencils and bundles can be
regarded as a two-dimensional polarity in the plane at infinity,
two ordinary lines (or planes) being perpendicular if their
points (or lines) at infinity are conjugate in this polarity. Since
self-perpendicular lines are excluded, the polanty is elliptic,
and we have the projective definition for Euchdean geometry.

Since every ideal point is now a point at infinity, the lines
and planes perpendicular to any given plane form a bundle of
parallels, and the planes perpendicular to any given line form
a pencil of parallels.

A large part of the above theory can be developed without using
continuity, provided we insert some extra axioms of congruence. However,
we must then abandon the theory of parallelism as developed in §8.9, and
the above deductions from it. In fact, Dehn has developed a *‘semi-
Euclidean geometry” in which all ordinary points have the same absolute
polar plane, although ideal points exist outside this plane.*

9.6. The hyperbolic case. The other alternative 1s:}

THE HYPERBOLIC AXIOM OF PARALLELISM

9.61. There is at least one line q and at least one point A, such
that two distinct lines can be drawn through A coplanar with but
not meeting q.

*Dehn (1], pp. 436-438; Forder {1], pp. 337-338.
tMoore [1], p. 503.
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This implies that one (and so every) ordinary line contains
two (and so infinitely many) ideal points. We shall deduce,
in §9.7, that in this case the absolute polarity is non-degen-
erate, 1.e. that every point, ideal as well as ordinary, has a
definite polar plane. In preparation for this, we shall prove
some of the classical theorems of two-dimensional hyperbolic
geometry,* culminating in the famous result about the angle-
sum of a triangle (1.32, 9.66).

By 9.61, the two rays that can be drawn from A parallel to
q are not supplementary, and a ray from A meets q if and only
if it lies within the angle formed by these particular rays. In
other words, the flat pencil of lines through A in Aq contains
two special lines, p and p’, which separate all other lines not
meeting q from all lines which meet q. (See Fig. 1.2A.) Accord-
ing to our definition, the lines p and p’ are parallel to q. Itis
convenient to describe the ‘“‘other lines not meeting q'’ as ultra-
parallel to q; they lie in the “‘external’ angle formed by the
two parallels.

The fhigure consisting of two parallel lines with a transversal
AB may be regarded as a triangle ABM with M at infinity; it
is therefore called a singly-asymptotic triangle. Similarly, a
triangle with two or three vertices at infinity is said to be
doubly- or trebly-asymptotic. The analogy with ordinary
triangles is exemplified in 9.62 and 9.64, which are adapted
from Euclid I, 26 and 16.

*Carslaw [1], pp. 48-54.
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9.62. Two singly-asymptotic triangles ABM, A'B'M’, such
that AB=A'B’ and ZABM = LA’B’'M’, are congruent.

ProoF. If the angles at A and A’ are unequal, suppose the
former to be the greater. Draw a ray AD so that Z/BAD =
ZB’A’M’, and let D be the point where this ray meets BM, as
in Fig. 9.6A. On B’M’, take a point D’ so that B'D’ =BD.

L
1 Nererorc

Then the triangles ABD and A’'B’D’ are congruent.

LB'A'D'= /BAD= /B’'A’M’,
which is absurd. Hence in fact /BAM = /B’A'M’.

Applying this theorem to the singly-asymptotic triangles
ABM and ABN, where AM and AN are the parallels from
A to q, and AB is perpendicular to q (as in Fig. 1.2A), we con-
clude that ~BAM and ZBAN are equal, and therefore acute.
Their common value (which, by 9.62; is a function of the dis-
tance AB) is called the angle of parallelism for AB, and is
denoted by II(AB). (This is Lobatschewsky’s notation.) It
follows also that the line through A perpendicular to AB is
ultra-parallel to q. Thus

90.63. Two lines which are perpendicular to the same line are
ultra-parallel to one another.

G G
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FiG. 9.68

9.64. In a singly-asymptotic triangle ABM, the external
angle at A is greater than the internal angle at B.
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Proor. Produce BA to G, and draw AF so that ZFAG =
ZMBA, as in Fig. 9.68. Then the perpendicular to BM from
the mid-point of AB is also perpendicular to AF. By 9.63, AF
is ultra-parallel to BM, and /FAG < /ZMAG; that is,

/MAG > /MBA.

Our next theorem concerns Saccheri’s isosceles birectangle.

9.65. If a simple quadrangle ABED has right angles at D and
E, while AD =BE, then the angles at A and B are equal acute
angles.

Proor. By constructing pairs of congruent triangles, we
easily see that the angles at A and B are equal. To show that
they are acute, we draw AM and BM parallel to D/E, as in
Fig. 9.6c, and apply 9.62 o the triangles BEM, ADM. Since
BE = AD, while the angles at E and D are equal, we conclude
that /ZEBM = /DAM. By 9.64, we have Z/ MBA < / MAG,
where G is any point on A/B. Hence

2. BAD = /EBA < /DAG,
and ZBAD is acute.

We now come to the theorem which Gauss used in his
unsuccessful attempt to determine the nature of physical space,
when he set up theodolites on three mountain peaks.

B o
\ )
B o G
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M
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FiG. 9.6C
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9.66. The sum of the angles of any triangle is less than two right
angles.

Proor. By Euclid 1, 17, the triangle cannot have two
angles that are right or obtuse; in other words, at least two of
the three angles must be acute. Let ABC be any triangle with
acute angles at A and B. Let I and J be the mid-points of BC
and CA, asin Fig. 9.6p. Draw AD, BE, CF, perpendicular to
IJ. Then the right-angled triangles ADJ, CFJ are congruent:
so also are BEI, CFI. Hence

9.67. AD =CF =BE,

and £ACB= /JCF+ /FCIl= / JAD+ £ EBI.

The angle-sum of the triangle ABC is

£LBAC+ LACB+ /CBA=/BAJ+ 2/ JAD+ /EBI+ /IBA
= ZBAD + ZEBA.

By 9.65, these last angles are both acute. Thus the angle-sum

is less than two right angles. (Cf. 1.14.)

Since any simple quadrangle can be dissected into two
triangles, it follows that the angle-sum of a quadrangle is less
than four right angles. In particular, there are no rectangles:

9.68. Two coplanar lines cannot have two common perpen-
diculars.

We saw, in 9.63, that two coplanar lines which have a
common perpendicular are ultra-parallel. Conversely,

9.69. Amnyiwoultra-parallel lines have a common perpendicular.

CoNSTRUCTION.* Let r and s be two ultra-parallel lines.
From any two points A and C on s, draw AB and CB’ perpen-
dicular tor. If it happens that AB =CB’, the desired common
perpendicular joins the mid-points of AC and BB’ (by the
symmetry of the isosceles birectangle ACB’B). If not, suppose
AB<CB’. Take A’ on CB’ so that A'B’ =AB, as in Fig. 9.6E.

*Hilbert [1], p. 149.
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Through A’ draw a line s/, making the same angle with A'B’
that s makes with AB. Then (as we shall prove) s meets s’ in
an ordinary point D. Take a point D’ on A/C so that AD’ =
A’D. Then the perpendicular bisector of DD’ is also per-
pendicular to r.

C\
, M’

8 '
A' 2D DM

> L q/i. > L

B' r B B’ B r
F1c. 9.6

Proor. Let L, M, M’ be the points at infinity on r, s, 8/,
on the same side of CB’ as A. Draw the parallels BM, B'M,
B’'M’. By 9.62, the singly-asymptotic triangles ABM, A'B’'M’
are congruent. By 9.64,

ZLBM< Z/LBM = LLB'M".

Hence B’M’, lying within ZMB’C, must meet CM: so also
must A’M’. This gives D, and we have constructed D’ in such
a way that D and D’ are two vertices of an isosceles birectangle
with its base on r. The desired result now follows easily.

9.7. The Absolute. We now return to three-dimensional
geometry, extended by the postulation of ideal elements: a

point at infinity for each bundle of parallels, a line at tnfinity
for each nencil
iUl Lakll pulivil
bundle of ultra-parallels (9.31), an wltra-infinite line for each
pencil of ultra-parallels (9.32), and an ideal plane determined
by any ideal point and line that do not determine an ordinary
plane. Assuming 9.61, we obtain the following important

theorem (which does not hold in Euclidean geometry):

of parallels, an wultra-infinite point for each

A AkVNrA
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9.71. Any two ordinary planes have distinct absolute poles.

Proor. If two ordinary planes p and p; had the same
absolute pole, every line perpendicular to p would be perpen-
dicular to p;. Two such lines would form, with the sections of
p and p; by their plane, a rectangle, contradicting 9.68.

It follows that the planes perpendicular to any two planes
p and o, being the common planes of two distinct bundles,
form a pencil, whose axis joins the absolute poles of p and o.
The planes perpendicular to any two planes of this pencil form
a second pencil, which includes p and ¢ and so consists of all
the planes through (p, ¢). Hence each plane of the second
pencil is perpendicular not merely to two planes of the first,
but to all. Two such pencils are said to be reciprocal. They
include as special cases the pencils whose axes are absolute
polar lines, as defined in §9.4. In other cases (namely, when
both axes are ideal), they provide a definition for absolute polar
lines. Thus two lines (one or both ideal) are absolute polars
if the ordinary planes through one are perpendicular to the
ordinary planes through the other. In this sense every line,
ordinary or ideal, has a definite absolute polar line. Conse-
quently, every point has an absolute polar plane, whose lines
are polar to the lines through the point; and similarly every
plane has an absolute pole.

9.72. The absolute polarity is of type (3, 3).

Proor. Of the four possible types of polarity (§3.8), two
are ruled out immediately: this cannot be a null polarity, since
an ordinary plane does not contain its pole; and it cannot be
of type (2, 4), since the plane joining an ordinary point to a
self-polar line would be self-perpendicular.
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FIG. 9.7A

To exclude the remaining possibility, of a uniform or (6,0)
polarity, consider the involution of conjugate points on the line
HD in Fig. 9.7A. Here ADHK is a simple quadrangle with
right angles at D,H,K, and therefore an acute angle at A
(We may take H and K to be the mid-points of DE and AB
in Fig. 9.6c.) The absolute polarity in space induces a two-
dimensional polarity in the plane of this “trirectangle.” Thus the
ideal point R = (KA,HD) is the pole of KH. Let S be the
pole of AD, and M the point at infinity on D/H. Then £DAR,
~DAS, and ~DAM are respectively obtuse, right, and acute.

Hence

S(RSM) # S(HDM)
and the order of the ordinary points on HD is opposite to that
of their ideal conjugates. By 2.96, the involution of conjugate
points is hyperbolic, and has two (ideal) double points, one of
which will later be identified with M. Thus the absolute polarity
admits self-conjugate points, and is not of type (6,0).

The above proof depends essentially on 9.65, which tells us that the
fourth angle of a trirectangle is acute. This, in turn, depends on the prop-
erties of parallelism, and so ultimately on the Axiom of Continuity. By
denying continuity, Dehn has developed a “non-Legendrian geometry” in
which pairs of coplanar lines may still have no ordinary intersection al-
though the absolute polarity is uniform (from which it follows that the
fourth angle of a trirectangle is obtuse, and the angle-sum of a triangle is
greater than two right angles). Following a different procedure, Hilbert
rules out this possibility (without assuming continuity) by strengthening
9.61.*
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By 9.72, there is an oval quadric, the Absolute, whose points
are self-conjugate; but we have not yet identified these points
with the points at infinity determined by bundles of parallels.

9.73. The points on the Absolute are the points at infinity.

PROOF. By 9.69, every improper bundle is either a bundle of
parallels or else the class of lines and planes perpendicular to a
plane. Hence every ideal point which is not a point at infinity
has an ordinary polar plane. Also, by 9.42, every ordinary point
has an ideal polar plane. Thus, on an ordinary line, whose points
at infinity are M and N, all the ordinary points are conjugate
to ideal points, and all the ideal points except M and N are
conjugate to ordinary points. Hence M and N, which separate
the two classes of points, are the double points of the involution
of conjugate points; i.e. they are self-conjugate. Conversely, any
self-conjugate point can be joined to an ordinary point by an
ordinary line, and occurs as one of the points at infinity on that
line.

Hence, also, the interior and exterior points of the Absolute
are the ordinary and ultra-infinite points, respectively, and its
secant lines and planes are the ordinary lines and planes. Thus
any two points at infinity are joined by an ordinary line; in other
words, the common planes of two bundles of parallels form a
proper pencil.

9.74. The tangent lines of the Absolute are the lines at infinity.

PROOF. A “line at infinity,” being the axis of a pencil of
parallels, is an ideal line which contains a point at infinity;

Dehn [1], pp. 431-436; Forder [1], p. 338; Hilbert [1], p. 147.
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i.e. it is a tangent line of the Absolute. Conversely, if m is
any tangent, its polar line m’ 1s another tangent having the
same point of contact. The reciprocal pencils determined by
these lines both belong to the same bundle of parallels, and
each is a pencil of parallels (as defined in §9.3). Hence m and
m’ are lines at infinity.

It follows that the lines and planes through a point A,
parallel to a plane p (not through A), are the generators and
tangent planes of a cone, which joins A to the section of the
Absolute by p.

By a natural extension of the above terminology, we define
a plane at infinity as a tangent plane of the Absolute, or as the
polar plane of a point at infinity. Thus a plane at infinity is
traced out by the lines at infinity in the planes of a bundle of
parallels. Other ideal planes are said to be ultra-infinite; they
are the polar planes of ordinary points.

The points at infinity on an ordinary plane form a conic,
which separates ordinary (interior) points from ultra-infinite
points. Secants of the conic are ordinary lines, tangents are
lines at infinity, and exterior lines are ultra-infinite. A plane
at infinity contains just one point at infinity, namely its pole
(point of contact), and contains a flat pencil of lines at infinity.
Its other points and lines are ultra-infinite. Finally, an ultra-
infinite plane consists solely of ultra-infinite points and lines.
Thus the pairs of polar elements may be summarized as follows:

Ordinary points Ultra-infinite planes
Points at infinity Planes at infinity
Ultra-infinite points Ordinary planes
Ordinary lines Ultra-infinite lines
Lines at infinity Lines at infinity
This completes the proof that hyperbolic geometry is both

consistent and categorical. It1 categorxcal (or uni ue) since
Axioms 8.3, 9.1, 9.61 suffice for the construction of Cayley's
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Absolute (§8.1); and it is consistent, since the Cayley-Klein
model satisfies these axioms (as the reader can easily verify).
We have seen also that Euclidean geometry can be based on
Axioms 8.3, 9.1, 9.51. Hence either axiom of parallelism 1s
independent of the axioms of order, continuity, and congru-
ence. This means that Euclid is vindicated: his decision to
include “‘Postulate V'’ among his basic assumptions is entirely
justified.

9.8. The geometry of a bundle. It is interesting to see
how Theorems 8.54 and 8.81 are affected by the introduction
of congruence. The absolute polarity induces a two-dimen-
sional polarity in any bundle whose centre is not self-conjugate.
This polarity will be hyperbolic or elliptic according as the
bundle does or does not contain self-conjugate lines (tangents
of the Absolute), i.e., according as the centre is exterior or
interior to the Absolute. Hence

9.81. The geometry of lines and planes through an ordinary
point can be identz’ﬁed with the elliptic geometry of poinis and

"Mﬂ nnnnn
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9.82. Thegeometry of lines and planes through an ultra-infinite
point can be identified with the hyperbolic geometry of points and
lines in an ordinary plane.

In 9.81, the elliptic polarity is the correspondence between
perpendicular lines and planes through the given point. In
both cases, perpendicular planes are represented by perpen-
dicular lines. In 9.82, the given lines and planes are all per-
pendicular to one ordinary plane (the polar of the ultra-infinite
point), and can be represented on that plane by their sections.
Analogously,

9.83. The geometry of lines and planes through a point at infin-
1ty can be identified with the Euclidean geometry of points and
lines in a plane.
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Proor. Let M be the given point at infinity, and u its
polar plane. Apart from g, all the planes through M are
ordinary. In g itself, the pairs of polar lines through M con-
stitute an absolute involution, which establishes a Euclidean
metric in the bundle of parallels.

This result is remarkable, as showing that every theorem
of Euclidean plane geometry has its counterpart in hyperbolic
solid geometry. For instance, the counterpart of 9.51 is:*

90.84. If a plane p is parallel to a linel, there is only one plane
through | which does not meet p in an ordinary line.

This unique parallel plane is, of course, lm, where m is the line
in which p meets the polar plane of the point at infinity (1, p).
In other words, it is the plane through 1 perpendicular to o,
where o is the plane through 1 perpendicular to p.

It is interesting to notice that 9.81, 9.83, and 9.84 hold also
for Euclidean geometry, and 9.81 for elliptic geometry. To
sum up, the geometry of a bundle is elliptic, or Euclidean, or
hyperbolic, according as the bundle is proper, or a bundle of
parallels, or a bundle of ultra-parallels.

*Sommerville [2], p. 50.



CHAPTER
HYPERBOLIC GEOMETRY IN TWO DIMENSIONS

10.1. Ideal elements. As a sufficient set of axioms for
plane hyperbolic geometry (based on point, intermediacy, and
congruence) we may take 8.311, 8.313-8.317, 8.32, 9.11-9.15,
and 9.61 (along with the denial of 8.318). It is, of course,
possible to prove such theorems as 8.92 and 9.69 without using
ideal elements.* But the ar]vnn.fmyp of hnggg;c at mfzm.ty has
already been seen, and the reader will find that many pro-
positions can be handled very expeditiously with the aid of the
powerful machinery of projective geometry.

By considering flat pencils of parallels (namely, lines par-
allel to a given ray) and flat pencils of ultra-parallels (namely,
lines perpendicular to a given line) it is possible to introduce
ideal points into the plane, and to distinguish certain classes
of them as forming idecal lines.t But the three-dimensional
treatment of Chapters viII and IX is more satisfactory, as it
allows all kinds of point, ordinary and ideal, to be covered by
a single definition (§§8.6, 8.7). Accordingly, we have used
Axioms 8.318, 8.319, and defined the absolute polarity in terms
of reciprocal pencils of planes (§9.7), obtaining an oval quadric
as the locus of points at infinity. When we restrict considera-
tion to a single ordinary plane, the points at infinity that
remain form a conic (the section of the quadric by the plane).
From now on, we shall reserve the name Absolute for this conic,
as we shall be concerned almost entirely with two-dimensional
geometry.

Two ordinary lines are perpendicular if and only if they

*See, for instance, Carslaw (1], pp. 45, 55.
tBonola (2], p. 231. Cf. Owens [1].
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are conjugate with respect to the Absolute. The lines per-
pendicular to an ordinary line r form a flat pencil whose centre
is an ultra-infinite point R, the pole of r. Conversely, any two
ultra-parallel lines (through R, say) have a common perpen-
dicular (namely r). The poles of the lines through an ordinary
point A are the points of an ultra-infinite line a, the polar of A.
The poles of the lines of a flat pencil of narallels (i.e., of the
lines through a point at infinity, M) are the points of a line at
infinity (namely the polar, m). Each line at infinity, being a
tangent to the Absolute, contains its pole, while the rest of its
points are ultra-infinite. Thus the pairs of polar elements
(cf. page 196) are as follows:

Ordinary points Ultra-infinite lines
Points at infinity Lines at infinity
Ultra-infinite points Ordinary lines

10.2. Angle-bisectors. As a striking instance of the
difference between the classical and projective methods, let us
take the familiar theorem which gives a triangle an in-centre,
and show that this is Brianchon’s Theorem in disguise.

10.21. The internal angle-bisectors of a triangle are concurrent.

CLAssICAL PrRoor. By considering congruent triangles, we
see that every point on the bisector of an angle 1s equidistant
from the two arms of the angle. Hence the point of intersection
of two (internal) angle-bisectors of a triangle is equidistant
from all three sides, and so lies on the third angle-bisector too.

ProjecTIVE PrOOF. Since the two parallels to a line
through a point are equally inclined to the perpendicular, the
internal bisector of an angle NAM, with M and N at infinity,
is perpendicular to MN, and so joins A to the pole of MN,
which is the point of intersection of the tangents at Mand N
to the Absolute. (See frontispiece.) Hence the angle-bisectors
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of a triangle ABC are the diagonals of the simple hexagon
whose sides are the polars of the six points at infinity on the
three sides of the triangle. Their concurrence now follows

from 3.36.*

10.3. Congruent transformations. We have seen that
the ordinary and ultra-infinite points on an ordinary line are
separated by two points at infinity,say M and N (p.175), which
are the double points of the involution of conjugate points on
the line (see 9.73). In other words, conjugate points (such as
H, R, or D, S, in Fig. 9.74) are merely harmonic conjugates
with respect to M and N. A one-dimensional congruent trans-
formation is thus a projectivity which either preserves or
interchanges M and N, as in §5.8 (only now these are real
points). The translation ,¥y, taking A to B, is the projec-
tivity by which AM NAB M N, and the reflection ,®p is the

involution (A B)(M N). This aspect of translation shows at
once that two segments AB and CD are congruent if

ABMN - CDMN.

It follows (see §8.1) that the distance AB is proportional to
| log {AB, MN}|. Inorder that our unit of measurement may
agree with Lobatschewsky’s, we choose the factor of propor-
tionality to be x =2, so that

10.31. AB= } |log {AB, MN} |.

We turn now to the consideration of two-dimensional
transformations. In marked contrast to 6.42, which shows
that there is essentially only one kind of congruent trans-
formation in the elliptic plane, there are four kinds in the hyper-
bolic plane:

(1) Rotation,

(i) Parallel displacement,
(iii) Translation,

(1v) Glide-reflection.

*For a similar treatment of external angle-bisectors, see Coxeter (8],
p. 13.
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Each of these can be expressed as a product of reflections, the
reflection in a line OO’ being the transformation that preserves
every point on this line, but replaces every other point A by a
different point B, such that AOO’ and BOO’ are congruent
triangles. A rotation is, 2s usual, the product of reflections
in two intersecting lines. A parallel displacement is the pro-
duct of reflections in two parallel lines; it can be regarded as
a rotation whose centre is at infinity, since it shifts the lines
of a pencil of parallels just as an ordinary rotation shifts those
of a proper pencil. A transiation is the product of reflections
in two ultra-parallel lines; it induces a one-dimensional trans-
lation in the common perpendicular of the two lines, which is
called the axis of the translation. A glide-reflection is the
product of a translation with the reflection in its axis. The
reflection itself can be regarded as the special case when the
extent of the component translation reduces to zero. Being
composed of an even number of reflections, (i), (ii), (iii) are
direct transformations; but (iv) is opposzte.

The only essential difference in Euclidean geometry 1s that
there the lines perpendicular to a given line form a pencil of
parallels, so that the distinction between a translation and a
parallel displacement is lost, and a translation has infinitely
many ‘‘axes’’ instead of only one.

The following projective considerations suffice to show that
the above list is exhaustive. Since a congruent transformation
is a collineation which preserves the Absolute, it is completely
determined by the projectivity it induces in the Absolute
itself.* (The transform of any line is determined by the trans-
forms of its two points at infinity.) We saw, in §3.4, that any
projectivity on a conic has a centre and an axis (which are pole
and polar), and that in the hyperbolic case the projectivity is
opposite or direct according as two corresponding points do or

*Veblen and Young [2], 11, pp. 353, 355.
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do not separate the double points. Hence the various possi-
£
I

bilities, in the same order as above, are as

ollows:
(1) Elliptic projectivity,

(1) Parabolic projectivity,

(i11) Direct hyperbolic projectivity,
(iv) Opposite hyperbolic projectivity.

In the first case the centre is an ordinary point; in the second,
both centre and axis are at infinity: in the last two the axis is
an ordinary line. Thus Fig. 3.44 illustrates a glide-reflection.

We saw, in §3.3, that"a conic is preserved by any harmonic
homology whose centre is the pole of its axis. When the conic
is the Absolute, such a homology is a congraent transformation
of period two, namely the reflection in a point or in a line
according as the centre is ordinary or ultra-infinite. (See §3.4.)
Thus again, as in §6.2, a reflection is a harmonic homology.*
This may be seen directly in Fig. 3.14, if we take B and B’ to
be the images of A and A’ by reflection in 00’ (so that the
angles at O and O’ are right angles, and O"’ is the pole of 00’).

The above remarks provide a one-dimensional projective
model for two-dimensional hyperbolic geometry, congruent
transformations of the hyperbolic plane being represented by
projectivities on a conic, or on a line. Among these pro-
jectivities, any involution, elliptic or hyperbolic, represents
the reflection in a point or in a line, respectively. In this
sense, points and lines are themselves represented by involu-
tions, and the condition for incidence is that the involutions
be permutable. We may say alternatively that each line is
represented by a pair of points, the double points of a hyper-
bolic involution. Essentially, we are representing a line by
its two points at infinity, and then transforming the Absolute
into a line by ‘‘stereographic projection.”

*Ibid., p. 352.
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10.4. Some famous constructions. In 9.69 we considered
Hilbert's construction for the common perpendicular to two
ultra-parallel lines. We may now describe this more simply
by observing that s’ is derived from s by applying a translation
with axis r, while D’ is derived from D by applying the inverse
translation. The following three problems are concerned with
drawing lines parallel to a given ray.

.\ .
M

walod
=~ &

10.41. Given a point A and a line q, construct the parallels
to q through A.

ConsTrUCTION.* Through A draw r perpendicular to q, and
s perpendicular tor. (See Fig. 10.4a.) Through any point C
on q, draw t perpendicular tos. On t, locate D and D’ so that
AD =AD’' =BC, where B is (q, r). Then AD and AD’ are
parallel to q.

Proor.t Let M and N be the points at infinity on q, and
M’ and N’ the remaining points at infinity on AN and AM.

*Bolyai [2], §34.
tBaldus [1], p. 102. Mohrmann (1], p. 108.
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Construct R =(MN, M'N’) and S=(MM’, NN’). Then AS,
the polar of R, 1sr; and AR, the polar of S, iss. Being perpen-
dicular to s, t passes through S; and the points where t meets
AM and AN satisfy the relations
NADM ~ NAD'M’ A~ NBCM,

which are the projective equivalent of AD =AD’ =BC. These
points, therefore, are the same as the D and D’ previously
obtained by drawing a circle arc ind A.

10.42. Gwen two non-parallel rays, p and p’, constrict
thewr common parallel.

ConsTRUCTION.* Let M be the point at infinity on p, and
N on p’. Through any point A on p, draw AN parallel to p’.
Through any point B on p’, draw BM parallel to p. (See Fig.
10.4B.) Then the bisectors of Z/NAM and ZNBM are ultra-

parallel, and their common perpendicular is the desired
line MN.

Fi1c. 10.48

PROOF. We have already seen (in the frontispiece) that
the bisector of an angle NAM is AQ, where Q is the pole of MN.
Hence the bisectors of ZNAM and ZNBM meet in the ultra-
infinite point Q, and MN is their common perpendicular.

*Cf. Hilbert (1}, p. 151,
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10.43. Given a ray p and a line t which is neither parailel
nor perpendicular to p, comstruct the line which is paraliel to
p and perpendicular to T.

CONSTRUCTION.* Draw p’, the image of p by reflection in
r. Then, clearly, the desired line is the common parallel to p
and p’.

10.5. An alternative expression for distance. It is some-
times convenient to replace 10.31 by a formula resembling
576 instead of 6.91. Such a formula can most easily be
obtained by using abscissae, with the involution of conjugate
points in the form

x +x' =0

(which is 4.29 with s = 0), so that the points at infinity, M
and N, have abscissae 0 and =, while ordinary points have
positive abscissae. Let x and y be the abscissae of A and B,
so that —x and —y are those of their respective conjugates,
A’ and B’. Then, in terms of Lobatschewsky's unit of
measurement, we have, by 4.33,

¢x2AB — |AB, MN} =,
Y
whence

cosh AB = j(eAB 4 e AB)

1 x y
(W55
x + vy
24/ (xy)
(x +y) (y +x)
(x + x) (y + )
- /{AB, B'A’} .

*Carslaw [1], p. 76.
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This is, of course, the same as the expression for cos AB in
elliptic geometry. In fact, every metrical formula of elliptic
geometry leads to a corresponding formula for hyperbolic
geometry when we multiply each distance by 7. There is
nothing surprising in this principle, which arises because both
these geometries are special cases of the complex non-Euclidean
geometry whose Absolute is the general quadric in complex
projective space.

By 9.81 and 5.76, the angles between two intersecting lines
a and b are given by
10.52. cos Z(ab)= :t\/{ab, b’a’} ,
where a’ and b’ are the respective perpendiculars through the
point (a, b) in the plane ab.

10.6. The angle of parallelism. Problem 10.41 enables
us to construct the angle II(¢) for a given segment of length c.
Conversely, 10.43 provides the length corresponding to a given
(acute) angle. The functional relation between ¢ and II(c)
may be found as follows.

Fic. 10.6a

Let AM or p be one of the parallels from a point A to a
line q. Through A, draw r perpendicular to q, s perpendicular
to r, and o perpendicular to p, as in Fig. 10.6A. Then a, the
polar of A, meetsp, q,r,0in O, R, S, P (the polesof o, 1, s, p).
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The polar of M contains P, and meets r in Q (the pole of q).

Hence

A &

ABQSMORPS psor.

Since S and Q are conjugate to A and B, respectively, we have
cosh’ AB = {AB, QS}.
Since o and s are perpendicular to p and r, respectively, we
have
cos® Z(pr) = {pr,so}, sin’ / (pr) = {ps,ro},
and cosec’ 2 (pr) = {ps,or)}.
Hence the relation between the distance ¢ = AB and its angle of
parallelism ¢ = Tl(c) = £ (pr) is
cosh ¢ = cosec?,

or sinhe¢ = cotd, or ta “o = cosc’. Another form of the same
relation is cosh¢ — sinh¢ = cosec¢ — cot¢, or

= tan 3¢
Thus*

II(c) = 2arc tane °.

10.7. Distance and angle in terms of poles and polars.
If a and b are the polars of A and B, we may put 10.51 into a
form analogous to 6.71, namely
10.71. AB = arg cosh \/{AB, ba},

Since the shortest distance from a point A to a line q is
along the perpendicular AQ, it is

arc cosh \/ {Aq, Qa} = arg sinh \/ (—{AQ, ga)}).

Similarly, the distance between two ultra-parallel lines q and s,
measured along their common perpendicular, is
10.72. arg cosh /{gs, SQ}.

For the angle between two intersecting lines, 6.72 can be
carried over in the form

10.73. £ (pr) = arccos(++/{pr, RP}).

*Lobatschewsky [1], p. 633.
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10.8. Canonical coordinates. The simplest coordi-
nates, for most purposes, are given by taking the Absolute
in its canonical form 4.56, so that the polar of (xg,x1,%) is
[—x9,%1,%2], and the condition for lines [X] and [Y] to be
perpendicular is

X0Y0 = X1Y1 + X2Y2.
Then the point (x) is ordinary, at infinity, or ultra-infinite, accord-

ing as

- -
is positive zero, or negative; and the nature of the line [X]
depends similarly on the sign of —X? + X? + X2. Since these
coordinates are homogeneous, there is no loss of generality in

assuming that xy = 0; then x; is positive for every ordinary point.
By 10.71, the distance between (x) and (y) is*

{xYHy X}
10.81. argcosh4{/ ————
- ZXHy Y}

— arg cosh *0Yo — X1Y1 — X2)2

V@&~ -8 0§ ~ 5~ %)

The condition for this expression to vanish is

(Yo — 1 — Xo¥2)? = (5 — 8 — x25) (0 — ¥ — ¥5),

or  — (%, — x2y)? + (6230 — %¥2)? + ¥y — %130)° = 0.

This can happen either when (x) and (y) coincide, or when their
join is a line at infinity. The latter possibility (which suggests the
alternative name “null lines” for lines at infinity) is not so para-
doxical as it looks, when we remember that it involves applying
10.81 to the ideal region, where distance has not hitherto been
defined.t

Similarly, the distance from (x) to [Y] is

*Klein [3], p. 185.

tSchilling [2]. Physicists will recognize this ideal region as a two-
dimensional de Sitter’s world, whose time-like and space-like lines are our
ordinary and ultra-infinite lines.
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, {xY}{vX})

10.82. ar smh\/ -

s ( GX O T}

IxOYO + lel + X2Y2|
VO 5 DX V)
This vanishes only when (x) lies on [Y].
The distance between non-intersecting lines [X] and [Y] is

- ey X)

COSIl V {X’X}{)’l’}

= arg cosh

= arg sinh

-

16.83. ar
[—XoYy + X111 + Xo X5l
VEXE+X2+XD /(YR + Y2+ YD)

which vanishes if
10.84. XY — XoY)? — XY, — XpYo)?

— (XY, — X1 Yp)? = 0,
i.e., if the lines are parallel. Hence, when a variable line, ultra-
parallel to a fixed line and passing through a fixed point, rotates
towards either of the positions of parallelism, the distance be-
tween the lines tends to zero. In other words, parallel lines
approach one another asymptotically.*

Finally, the acute angle between intersecting lines [X] and
[Y] ist

{xYHy X}
10.85. arccos
wriory XoY, + X Y, + X, Y-
— arccos |I-XoYy + X1 1] + Xo 1ol

VEX+ X+ XD G+ Y +YD
For instance, this is zero for two parallel lines and is [1, *1,1].}%
Hence, when two parallel lines arise as the limiting form of two
intersecting lines whose point of intersection recedes to infinity,
the angle between the lines tends to zero. Thus a singly-, doubly-,
or trebly-asymptotic triangle may be regarded as having one, two,
or three zero angles.

*This is one of Saccheri’s theorems. See Carslaw [1], pp. 56-58.
tKline [3], p. 185.
*Bonola [2], p. 171.
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10.9. Euclidean geometry as a limiting case. The for-
mulae of §§6.7 and 10.8 can be unified by inserting a parameter
K, which takes the value 1 for elliptic geometry and —1 for
hyperbolic (cf. § 15.5). Then the distance between points (x) and

(y) is

+
10.91. —-1——arc coS %030 + Kx191 + Kxoysl

VK V(02 + K22 + Kx2) /(2 + Ky’ +Ky2)
R arc sin K{K (192 — 291)° + (x99 — %o32)? + (x¥1 ~ x130)%}
VK (2 + Kx? + Kx2) (o2 + K32 + Ky?) ’

the distance from (x) to [Y] is

Yo + 1Y + 6 Y51 /K
10.92. Larcsin oYy + 1Y) + Yl ,
VK v 0% + Kx? + Kx2) \/(KYZ + Y2 + V2)
and the acute angle between lines [X] and [Y] is
|KXOY0 +X1Y1 +X2Y2|
VEXZ+ X2+ X2\ /(KYZ+ Y2+ 712
There is no harm in giving K other positive or negative
values. This merely means changing the “unit point” of the
coordinate system, so that the absolute polarity takes the form
Xo = KX(), X1 =X1, X9 =X2.

By making K tend to zero* we obtain Euclidean geometry
with Cartesian coordinates x,/xg,x>/x,. For, the above expres-
sions become, respectively,

10.93. arccos

X X
Yl—l + Yg-—-z- + Yy

2

J(2-aYs (2on) Do T
v \*o Y/ \% ¥/ J¥Z+ Y2)
and arc cos X111 + Xy

V& + X)X+ 1))

*Bonola [2], p. 162; Klein [3], p 190.
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The factor 1/4/K in 10.91 and 10.92 indicates an infinite
magnification of scale as K approaches zero. Our conclusion
may therefore be expressed as follows:

10.94. The geometry of an inﬁnitesz’mal region 1s Euchidean.

The analogous results in three dimensions are the same,
save that [ X) is now a plane and the formulae acquire extra
terms involving the fourth coordinate. When K tends to zero,
the absolute polarity

xo—_—KXg, x1=X1, X= Ag, X3= A3
degenerates in the manner described in §9.5, so that every
plane has its absolute pole in the plane at infinity xo = 0.

There is thus a continuous transition from hyperbolic
geometry to elliptic, with Euclidean (or ‘‘parabolic’’) geometry
occurring instantaneously on the way. The absolute quadric

KX+ X3+ X2+ X82=0
disappears when K ceases to be negative. But if we enlarge
our space by including complex points, we may say that the
quadric degencrates into an imaginary conic in the plane at
infinity when K =0, and becomes an imaginary quadric when

K>0. (See §7.9.)



CHAPTER XI

CIRCLES AND TRIANGLES

11.1. Various definitions for a circle. We have seen
that both elliptic geometry and hyperbolic geometry can be
derived from real projective geometry by singling out a
polarity. In the present chapter, so far as is possible, we
give the definitions and theorems in such a form as to apply
equally well in either of these non-Euclidean geometries.

In §8.6 we generalized the concepts ‘‘bundle’’ and ‘‘axial
pencil” (§2.1) in such a way that any line and plane belong
to a bundle, any two planes to a pencil. Those lines of a bundle
which lie in a plane of the bundle are said to form a flat pencil
(§10.1). Thus any two coplanar lines determine a flat pencil.
In the proof of 8.61, we saw that any flat pencil can be con-
structed as a plane section of an axial pencil. We now make
the analogous generalization of the concept ‘‘circle.”

A circle is the class of images of a point by reflection 1n the
lines of a flat pencil.* The lines are called diameters, their
common point the centre, and the absolute polar of this point
the axis. In elliptic geometry this will be seen to agree with
our previous definition (§6.5). But in hyperbolic geometry
we have to distinguish three cases: a proper circle (the ‘‘circle’’
of §9.1) has an ordinary centre and an ultra-infinite axis; a
horocycle has parallel diameters, so that its centre and axis are
at infinity; and an equidistant curve has ultra-parallel diame-
ters, all perpendicular to the axis, while the centre is ultra-
infinite. (Some authors use the distinctive word cycle for the
general circle in hyperbolic geometry, and distinguish the
three kinds as a circle, a horocycle, and a hypercycle.)

*Baldus (1], p. 140.
213



214 CIRCLES

Since the product of reflections in two diameters is a dis-
placement which can vary continuously, an alternative
definition for a circle in elliptic geometry, or for a proper circle
in hyperbolic, is the locus of a point under continuous rotation
about the centre. So also a horocycle or an equidistant curve
is the locus of a point under continuous parallel displacement
or translation, respectively. (See §10.3.) It follows that a
proper circle is the locus of a point whose distance from the
centre is constant, say R, while an equidistant curve is the
locus of a point whose distance from the axis is constant, say
D. According to this description, a circle in elliptic geometry
is both a proper circle and an equidistant curve, with R+D =
1x, and ‘‘diametrically opposite’’ points are images of one
another by reflection in the axis.

In hyperbolic geometry, on the other hand, an equidistant
curve is not obviously symmetrical by reflection in its axis.
To achieve this desirable symmetry, we have to combine the
reflections in two conjugate diameters, one of which is neces-
sarily ultra-infinite. When this is done, the curve is seen to
have two separate branches, like a Euclidean hyperbola (or,
better, like the two parallel lines that can arise from an ellipse
by making the eccentricity tend to 1). It consists of the points
distant D from the axis on both sides. Returning to our first
definition, we can describe the second branch as the class of
images of the same point by reflection in the points of the axis
(which is the common perpendicular of all the diameters).

Thus a circle of any kind meets each diameter twice,
though in the case of the horocycle one of the points of inter-
section is the centre (at infinity). In this respect the horocycle
resembles the Euclidean parabola.

Since a circle is symmetrical by reflection in any diameter,
the diameters through two points A and B on the circle make
equal angles with the ‘‘chord” AB. Conversely, this property
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is sometimes used to define a circle.* After Gauss, points A
and B on lines AA’ and BB’ are said to correspond when
ZA’AB = £/ABB’. Ifthelinesintersect (in an ordinary point),
this means that A and B are equidistant from the point of
intersection. If they are ultra-parallel, it means that A and B
are equidistant from the common perpendicular. But the
definition remains signiﬁcant in the “intermediate’” case when
the lines are parallel; for it is still truet that the property of
correspondence is transitive for points on all lines of the con-
sequent pencil of parallels. Thus in all three cases, the locus

of corresponding points on the lines of a pencil 1s a circle.

P
AAT
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FiGg. 11.2a

11.2. The circle as a special conic. Many properties of
a circle are easily deduced from the fact that every circle is a
conic.t This was proved for elliptic geometry in 6.51, where
we obtained the circle as the locus of A=(BP, CQ), P and Q
bemo a variable nalr of Comugate Domts on the axis. The

same proof can be applied to a proper circle in hyperbolic
geometry, and to an equidistant curve. In the former case

*Bonola (2], p. 74.
1Gauss [1]. p. 207; Bolyai [2], §§8-12; Carslaw [1], pp. 69-71, 80.
iKlein (3], p. 177.
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(Fig. 11.24), OP and OQ are the bisectors of the supple-
mentary angles COA and AOB (or the internal and external
bisectors of ZCOA) and are evidently perpendicular to the
respective chords AC and AB. Thus a proper circle is the
locus of the point of intersection of perpendiculars from B
and C to a variable pair of perpendicular lines (OQ and OP)
through the mid-point of BC.

A \
A
C

i ;°\ 7/

0

<

Fic. 11.28

In the case of the equidistant curve (Fig. 11.2B), the axis o
is the perpendicular bisector of BC. On o, we have P ordinary
and Q ultra-infinite for one branch, and vice versa for the other.
For the first branch, PO is perpendicular to o, and the curve
is the locus of the point where BP meets the perpendicular
from C to PO. When P is either of the points at infinity on o,
Q and A coincide with it; thus the points at infinity on o lie
on the curve (and connect its two branches). The proof of
6.52 remains valid, and shows that the absolute pole of any
diameter is also its pole with respect to the circle (or equi-
distant curve); whence the axis (which contains such poles) is
the polar of the centre. It follows that the tangents to an
equidistant curve from its centre are also tangents to the
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Absolute (i.e. lines at infinity). Hence

11.21. An equidistant curve has double contact* with the
Absolute.
(In complex geometry, the same statement can

for a proper circle. Cf. 6.92.)

The horocycle has to be treated differently, since in this
case B and P coincide with the centre Q, at infinity. As before,
let C and A be two points on the curve, fixed and variable
respectively. Let N and L be the remaining points at infinity
on OC and OA, as in Fig. 11.2c. Then the reflection that
carries C to A is a harmonic homology whose centre, Q, lies
on the axis 0, as well as on CA and NL. Since O, N, C are fixed
points, we can apply 3.33 to the Absolute, obtaining the pro-
jectively related pencils

OLx NQ zCQ.
Hence, by 3.34, the horocycle is a conic.

Fic. 11.2¢

*Chasles (2], p. 324.
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One line of the pencil OL is o, the tangent at O to the
Absolute. The corresponding line of the pencil CQ is CO.
Hence o is the tangent at O to the horocycle also. In any
other position, OL is an ordinary line, and A an ordinary point.
Thus the horocycle has only the point O in common with the
Absolute.

When OL coincides with ON, NQ is the tangent at N to the
Absolute, and CQ is the tangent at C to the horocycle. Thus
6.52 continues to hold, and the contact of the horocycle with
the Absolute is such that each point on their common tangent
has the same polar with respect to both conics. Two conics
so related are said to have contact of the third order.* This is
the limiting form of double contact when the two points of
contact become coincident. The horocycle is thus exhibited
as a limiting form of an equidistant curve. It is obviously also
a limiting form of a proper circle, when the centre recedes to
infinity. In fact Lobatschewsky sometimes called it simply
the limiting-curve.

11.3. Spheres. The extension of the above results from
two to three dimensions presents no serious difficulty. A sphere
is defined as the class of images of a point by reflection in the
planes of a bundle. Its axial plane is the absolute polar of its
centre (which is the centre of the bundle). In hyperbolic
geometry, a proper sphere has an ordinary centre (from which
all its points are distant R, say), a horosphere has its centre and
axial plane at infinity, and an equidistant surface has an ordin-
ary axial plane (from which all its points are distant D, say)
and consists of two separate sheets.

To show that a proper sphere or an equidistant surface is
a quadric, we consider it as the locus of (BP, Cp), where B and
C are two fixed diametrically opposite points, P 1s a variable

*Veblen and Young [2], I, pp. 133-134.
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point on the axial plane w, and p is the line in which w meets

the absolute polar plane of P.
In the case of a proper sphere, we have a variable line OP

through the centre O, and a plane Op which varies in such a
way as to remain perpendicular to OP. Then BP is the line
through B perpendicular to Op, and Cp is the plane through C
perpendicular to OP.

In the case of the equidistant surface, w is the perpendicular
bisector of BC. On w, we have P ordinary and p ultra-infinite
for one sheet, and vice versa for the other. For the first sheet,
PO is perpendicular to w, and the surface is the locus of the
point where BPmeets the plane through C perpendicular to PO.
For the second sheet, pO is perpendicular to w, and the surface
is the locus of the point where Cp meets the line through B
perpendicular to pO.

In either case, BP and Cp trace correlated bundles.* There-
fore the locus of their point of intersection is a quadric accord-
ing to Seydewitz’s definition, which can be reconciled with von
Staudt’s by means of a chain of theorems analogous to 3.31-
3.34.

As for the horosphere, let C and A be two points on it, fixed
and variable respectively, as in Fig. 11.2c. Let O be the
centre, N and L the remaining points at infinity on OC and
OA, and S the absolute peole of the plane OCA. Then the
reflection that carries C to A is a harmonic homology whose
centre, Q =(CA, NL), lies in the axial plane. Since the
Absolute is a quadric through the fixed points O, N, and the
variable point L, the analogue of Steiner’'s Theorem shows
that the plane OSL and line NL trace correlated bundles. But
the latter bundle is collineated with that traced by CQ. Hence
OSL and CQ (which meet at A) trace correlated bundles, and

the horosphere is a quadric.

*Seydewitz [1], p. 158; Reve [1], pp. 26-38,.
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The diameters of a horosphere are the lines of a bundle of
parallels. Any plane of the bundle meets the other planes in
a flat pencil of parallels. Hence the section of the horosphere
by any ‘‘diametral plane’ is a horocycle. Theorem 9.83 now
gives
11.31.  The geometry of points and horocycles on a horosphere
can be identified with the Euclidean geometry of points and lines
in a plane.

This theorem, due to Wachter (§1.3), was rediscovered by
both Lobatschewsky and Bolyai, and is fundamental in their
treatment of hyperbolic trigonometry.*

11.4. The in- and ex-circles of a triangle. In discussing
the general triangle we shall use the customary terminology
and notation, letting a, b, ¢ denote the sides, A, B, C the
angles, hg, hy, h. the altitudes, r the in-radius, and ry, ry, 7,
R, R,, Ry, R, the three ex-radir and four circum-radir (when
they exist).

We have seen (2.61) that three lines BC, CA, AB decompose
the real projective plane into four regions, any one of which
can be singled out as ‘‘the triangle ABC'' by naming an exterior
line (or an interior point). The remaining three are then called
the associated or colunar triangles.t In elliptic geometry, the
colunar triangle that has the same side a has for its other two
sides m—b and 7 —c¢, while its angles are 4, r— B, r—(C. In
hyperbolic geometry, we take A, B, C to be ordinary points,
and consider the one triangle ABC whose interior points are all
ordinary (i.e., the triangle ABC/p, where p is any ideal line).

The internal and external biseetors of the angles 4, B, C,
are the loci of points equidistant from pairs of sides. In elliptic
geometry, they accordingly concur in sets of three at four
points, each of which is equidistant from all three sides. One

*Bolyai (2], §21; Klein [3], p. 252.
tMcClelland and Preston [1], I, p. 15,
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of these, being interior to the triangle, is called the in-centre, 1.
The distance of this point from any side is called the 1n-radius,
7, since it is the radius of the inscribed circle. The rest of the
four points are the three ex-centres, 1,, 1, I.; their distances
from a side are the ex-radii, r,, 7y, 7.. The escribed circles are
the inscribed circles of the colunar triangles.

Most of these definitions remain valid in hyperbolic geom-
etry. But some pairs of external angle-bisectors may be par-
allel or ultra-parallel. In such a case the triangle has an
escribed horocycle or equidistant curve, whose tangents are
the images of any side by reflection in the lines of the pencil
determined by those two angle-bisectors.

It is easily proved, as in Euclidean geometry,* that the
lengths of the tangents from A to the inscribed and escribed.
circles are respectively

s—a,s, s—c¢, s—b,
where s=%(a+b+¢).

11.5. The circum-circles and centroids. The above re-
sults can be dualized, as follows. The internal and external
mid-points of the sides a, b, ¢, are the envelopes of lines equi-
distant from pairs of vertices. In elliptic geometry, they
accordingly lie by threes on four lines, each of which is equi-
distant from all three vertices. The ‘“‘trilinear poles’ of these
four lines, being the points of concurrency of the medians, are
the centrotds G, Gq, Gs, G.. (See Fig. 2.4B.) The absolute
poles of the same four lines are called circum-centres, since each
is the centre of a circumscribed circle. One of the lines is
exterior to the triangle, and the corresponding circle is called
the principal circum-circle. Similarly, there is a principal
centroid.

In hyperbolic geometry, the mid-points of BC, CA, AB are

*See, e.g., Johnson (2], p. 184.
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joined in pairs by three lines, each of which is, by 9.67, the
axis of a circumscribed equidistant curve (with two vertices
on one branch and one on the other). The external mid-points
of the sides are three ultra-infinite points lying on a line that
may or may not be ordinary. Hence there is either a fourth
circumscribed equidistant curve (with all three vertices on one
branch), or a circumscribed horocycle, or a proper circum-
circle.* As for the centroids, only the “principal’’ one 1s neces-
sarily ordinary; any of the other three may be at infinity or
ultra-infinite.

Fic. 11.5a

O being the principal circum-centre, let 8, denote the angle
OBC or OCB, considered negative if O is inside the first colunar
triangle (i.e., if O is “‘beyond” the side BC), with analogous
definitions for 8, and 8., as in Fig. 11.5A. Then

8, +0.=A4, 8.+0,=B, 0,+0,=C,
and therefore
11.51 9,=S— A, 0,=S—B, 6.=5S—-C,

oS A

where S=0,4+60,+0.=3(A+B+C).

Thus O lies on BC if S=A4, i.e. if B4+C=4, and O is 1nside
the first colunar triangle if B4+(C<A4. Hence

*Sommerville [2], pp. 54, 143.
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11.52. The principal circum-centre is interior to the triangle
ABC 1f and only 1f each of the angles A, B, C is less than the sum
of the other two.

11.6. The polar triangle and the orthocentre. In elliptic
geometry, the absolute polars of the points A, B, C intersect
in pairs at the absolute poles of BC, CA, AB, forming four new

triangles. One of these, having sides r— A4, r— B, —C, and

ang!eg T—4a, 1r—-b, T™—C, ig Called thp hn’nr fran-nnfa Of ABF

Clearly, its in-radius and principal circum- radlus are 37— R
and 3w —r. The relation between the original triangle and
its polar triangle is symmetrical. The in- and ex-centres of
either are the circum-centres of the other.* The same definition
can be applied 1n hyperbolic geometry; but then, of course, the
polar triangle is entirely ultra-infinite.

By Hesse's Theorem (3.21), if the respective perpendiculars
from A and B to BC and CA meet at H, then CH will be per-
pendicular to AB. In other words, the “‘altitude lines’’ (which
join A, B, C to the corresponding vertices of the polar triangle,
as in 3.22) concur at a point H, called the orthocentre. 1In
hyperbolic geometry, the orthocentre of an obtuse-angled
triangle may be ordinary, at infinity, or ultra-infinite.

*McClelland and Preston {1], I, p. 27; 11, p. 8.



CHAPTER XII

THE USE OF A GENERAL TRIANGLE OF REFERENCE

12.1. Formulae for distance and angle. For many pur-
poses, such as the development of trigonometry, it is desirable
to take the absolute polarity in its general form 4.52, namely

12.11. X, =c¢, %, =C, X, (u=0, 1, 2),
where ¢,» =C,, and e G =0,
We shall find it convenient to make the abbreviations*

(xy) =cux,.y, [ XY]=C,L X, Y.,

so that the hyperbolic Absolute is the conic (xx) =0or [ X X]=0.
Since the polarity is not changed by reversing the signs of
all the ¢,, and C,,, there is no loss of generality in assuming
that (xx)> 0 for one ordinary point, and therefore (by con-
tinuous variation) for all ordinary points. In hyperbolic
geometry this implies that (xx) < O for all ultra-infinite points.

Let [ X] and [ Y] be the respective polars of (x) and (y), so

that, besides 12.11, we have a similar relation between the
Y’s and y's. Then since

Xy, =%, Y, and C, X, Y, =x, Y,
we have
12.12. (xy)={x ¥} =[ X ¥]={ X»}.
Factors of proportionality have been suppressed in 12.11, and
so also here. This makes no confusion, provided we keep our
equations homogeneous in the coordinates of each point or

line.
In particular, [X ¥]=0 is the condition for lines { X] and

[ Y] to be perpendicular, and (xy) =01s the condition for points

*In the notation of Klein [3], pp. 167-169, these are .y and Py,.
224




§12.1 DISTANCE AND ANGLE 225

(x) and (y) to be perpendicular (or conjugate). More gener-
ally, the squared cosine of the angle between lines [ X] and
[¥]is

=¥y} _ _xve

{xX}{yY} [XX}[YYV]

and the cosine (or hyperbolic cosine) of the distance between
points (x) and (y) is

In elliptic geometry we have [ X X} =(xx)> 0 for every line;
in fact both (xx) and [ X X] are positive definite forms. In
hyperbolic geometry we have [ X X] = (xx)> 0 for the polar of
any ordinary point, i.e. for any ultra-infinite line; therefore
[ X X] <O for every ordinary line. Hence, according to the
convention of §6.7, the “internal” angle between intersecting
lines [ X} and [¥] is

~(X 7] (X 7]

12.13. arc cos or arc co

S
VIX X]V[YY] V({XX]{YY])
in the two geometries respectively. Also the distance from the
point (x) to the line [¥] is

12.14, ar(; sin I [x Y} l

RE241

or arg sinh —

Vizx) V(Y Y] V(x2) V(=Y Y])’
and, as we have already remarked, the distance between points
(x) and (y) is

12.15 C COS =9)] or arg cosh (xy)]
AN e () 8OV 0V (yy)

Finally, by 10.72, the distance between ultra-parallel lines

[X] and [ Y] is
[ X Y]]

12.16. arg cosh VX XIVH) -
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It is interesting to see how 12.15 was obtained before Klein
had defined distance in terms of cross ratio. Cayley showed
that this expression has the additive property for juxtaposed
segments, by observing that the relation

arc cos (xy) -+ arc cos (2)
vV (xx) v/ (yy) Vv (yy) V/(22)
(x2)
= arcC COos
(xx) +/(22)
implies the vanishing of the determinant
(xx) (xy) (x2) xX1ixY{ixZ xox1x2| | Xo Yo Zo
(yx) (yy) (y2) | = ly X}y Y {yZY = {yoyya| . | Xa V1 44
| (zx) (2y) (23) | l‘zX’ 2Y {122 2o 21 23 XY 2,

which is the condition for the points (x), (¥), (z) to be col-
linear* (or for the lines [X] [ Y], {Z] to be concurrent, which

b a— L’\ Pt oy ﬂl‘\’
amounts to the same thing)

12.2. The general circle. To obtain the equation for a
circle, we use the first definition of §11.1, reflecting the fixed

A41 I SANEiJEREWANSAR (SR

point () in the variable line {U] through the centre (z). If (u)
is the absolute pole of [U], so that (uz) = { Uz} =0, 4.41 gives
the circle as the locus of (x) where

1221.  x,=y,—2u,{yU}/{uU} =y,—2u,(yu)/(uu),
and similarly y, =%, —2u,(xu)/(un).

Multiplying the first of these relations by ¢,,x,, the second by
¢,,Y»» and either of them by ¢,z2,, we deduce

(xx) = (xy) —2(xu) (yu)/ (uu) = (yy), and (z%)=(zy).

These lead to the single homogeneous equation

(yy) (2x)? = (zy)*(xx).
(A factor of proportionality may be appended to x, in 12.21

*Cayley [3], pp. 69, 81.
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if desired. Then the final step consists in eliminating it.)
Hence the circle through (y) with centre (2) has the equation®

12.22. (2x)* =g’ (xx),

where g’ =(2y)*/(yy).
In other words, the circle through (y) with axis [Z] has the
equation

12.23. {Zx ?=p(xx),
where g=1{2Zy}/(yy).

In hyperbolic geometry, the above equations represent a
proper circle, horocycle, or equidistant curve, according as
(22) =[ZZ] is positive, zero, or negative. Appiying 12.15 to
(¥) and (z), and 12.14 to (y) and [Z}, we see that

g’ =(zz) cos’R or (z3) cosh*R (for a proper circle)
and g=[2ZZ]sin*D or—{ZZ}sinh?D (for an equidistant curve).
No such expression for g’ or g can be looked for in the case of a
horocycle. The form of equation 12.23 is clearly in agreement
with 6.92 and 11.21, the chord of contact being the axis
{Zx} =0.

In particular, when the absolute polarity is expressed in
its canonical form, a proper circle with centre (1,0, 0) is

12.24. x: = (x;+x; +x.) cos? R or x§=('x§-—-xf —x3) cosh?R;
the horocycle through (1, 0, 0) with centre (1,0, 1) is
12.25. (%o —x3)2=x5—x} —x3,
which may alternatively be expressed as
x1 =2(%0—%3)xs;

and an equidistant curve with axis [0, 0, 1] is
12.26. X3 = (X} —x] —x3) sinh? D.

As an example of the use of general coordinates, consider
the familiar theorem that the polar of a point with respect to a

*Sommerville [2], p. 136.
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circle is perpendicular to the diameter through the point. This
can be proved (for all kinds of circle at once) as follows. The
polar of the point (w) with respect to the conic 12.23 is the line

{Zw} {Zx} =g(wx).

From the form of its equation, we see that this is concurrent
with the lines {Zx} =0 and (wx) =0, namely the axis of the
circle and the absolute polar of (w). Hence its absolute polar
.« collinear with the centre of the circle and (w) itself. The
desired result is now evident.

12.3. Tangential equations. The harmonic homology
with centre (x) and axis [U] may be expressed as a trans-
formation of tangential coordinates by dualizing the steps that
led to 4.41. The result 1s

X, = X,-—2Up{uX}/{uU}.
This enables us to dualize the derivation of 12.22, so that the
circle touching [ Y] with axis (Z] has the tangential equation
12.31. [ZX)=CG'[X X],
where G =|ZYP/[YY]
In other words, the circle touching (Y] with centre (z) has the
tangential equation

12.32. e X}1=G[X X],
where G={zY}¥/[YY]

Applying 12.13 or 12.16 to [Z] and [ Y], and 12.14 to (2) and
[ Y], we see that

G’ =[ZZ)costD or [ZZ]cosh*D (foran equidistant curve)
and G =(z2) sin?R or —(zz) sinh’R (for a proper circle).
Thus, in both geometries, G+¢’ = (z2) and g+G =[ZZ]. In

fact, we could verify directly that the tangents to the conic
12.23 satisfy the equation [ZX]*=([ZZ]—¢g)[ X X].
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12.4. Circum-circles and centroids. There are two pos-
sible ways of applying coordinates to the study of the general
triangle. One* is to take the absolute polarity in its canonical
form, letting the vertices of the triangle be three general points
(x), (), (2). The other, preferred here, is to take the absolute
polarity in its general form 12.11 and to study the triangle of
reference, whose sides and angles are definite functions of the
coefficients ¢,,,.

In elliptic geometry, (xx) and { X X] being positive definite
forms, the ““diagonal” coefficients cgo, €11, €22, Coo, Ci1, Caq are
positive, and we shall find it convenient to denote their pOSi1-
tive square roots by

Coy €1,y Co, CO» Cl, CQ.

The reciprocal determinants vy and T are positive also.

In hyperbolic geometry, the vertices and sides of the
triangle of reference being ordinary points and lines, we have
Coos €11, €22 positive, and Coq, C1y, Cip negative; accordingly we
write

Co =/Cq0, Co=\/icoo[ '

and so on. The absolute polars of the vertices, namely the
lines

[Coo, Cig, 620], [C01, Ci1, 621]. [Coz, Cio, C22] y

arc ultra-infinite, and so external: hence the ¢, are all positive,
The points at infinity on the side xo=0 are given by the
quadratic equation

2 2
€11X, +2612x1x2 + 22X, =0;

hence vCoo=c11¢22—¢;» <0, and v 1S again positive.
Since the coefhcient of x; in (xx) is ¢4 OF ¢, the general
arcle 12.23 passes through the point (1,0, 0) if Z; = g¢;, and

*Coolidge [1], p. 102; Sommerville (2], p. 139.
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. . 2 2 2
through the other two vertices if Z} =gc; and Z, = gc,.  Hence
ircum-circles are
12.41. (Coxo €11 = Cax2)? = (xX);

£
1

—*
=3
v
Pty
O
=
-t -
®)

and their axes (the absolute polars o
12-42‘ [COy ¢, C?]r [_Cﬂr 1, C2]: [COs —Cn Cz], [601 ¢, "_62]-
Thus the principal circum-centre 1s [cX]=0, or

(Cuo Cu' Cul Cu' Cul Cn)‘

In hyperbolic geometry, there is a proper circum-circle if
the axis [co, €1, €2] is ultra-infinite, i.e. if [cc]>0; and there is a
circumscribed horocycle if [cc]=0. In the former case the
circum-radius R, being the distance from (1, 0, 0) to the circum-
centre, is given by

cosh R= —* Con Cu

Vv ooV [cc]

Since ¢o,C,.¢, =80,¢, = Co, this reduces to
12.43. R =arg cosh [ce] Y,

In elliptic geometry the principal circum-radius is found
more easily. Since r— R is the distance from the point
(1, 0, 0) to the line [¢q, ¢, 2], we have

sin (3= — R) =co/ VooV [cc},
so that

12.44. R =arc cos [cc]™t.

The centroids, being the trilinear poles of the lines 12.42, are

12.45.
(11 1y 111y (1 11y 1 1y
Co C1 C2 ,\ 60161-62/-\60, C1 Cz/ \Co C1 Cz/
In hyperbolic geometry, the last three are not necessarily

ordinary points; e.g. the fourth is ultra-infinite if

12.46 C12 + C20 . Co1 > _3_

Ci1(2 CaCo CoC1 2
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12.5. In- and ex-circles. The circle 12.32 touches the
line [1, O, O] if zf, =GCo = IGIC:, and also the other two sides if
2, =|G|C; and z;=|G|C}. (In hyperbolic geometry, G is
negative.) Hence the in-circle and ex-circles are
12.51. (CoXoC1 X 1£C Xa)=| [ X X] |

and their centres are

12.52. (Cg, C'-i Cz)i (_Cﬂi C1| Ci): (CG, ""‘Ci, Ci), (Cﬁ, Ci, ==C2)
The in-radius, being the distance from (C, C,, Cs) to

[1, 0, 0], is

12.53. r =arc sin (CC)~* or arg sinh (CC)™4,

12.6. The orthocentre. The vertices of the polar triangle

of the triangle of reference, being the absolute poles of the
sides (1, 0, 0], [0, 1, 0}, [0, O, 1], are

(Cﬂﬂs CIO: C!O)a (Cﬂla Clln Czl); (C02, Clz, C!l)-

These are joined to the corresponding vertices of the original
triangle by the altitude-lines

[0! C!Or -CIO]l [—Cn, 0: COI]; [C121 -_CDZ! 0]-

which concur at the orthocentre (CyCo1, CoiCla, C12Cs). If
CuCzoCm?fO, this is simply

12.61. (1,1,1)-
Cis Gy Coy

If one of Cis, C10, Co1 vanishes, the triangle is right-angled,
and the orthocentre coincides with a vertex. If more than one
of them vanishes, the triangle has two (or three) right angles,
and the orthocentre is indeterminate. If one of Cia, Cag, Coy
differs in sign from the other two, the orthocentre is exterior.
(This is, of course, the case of an obtuse-angled triangle.)

In hyperbolic geometry, the orthocentre is ultra-infinite if

Coo C1y Cae 2612 2(-:& 2(9:
tes =+ + 0t <0.
Clg Cin  Cot CioCoi C1Cra C12Cag
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Since ng'—'—"y(C11Cn—C122) and C1z="r(CmC01—CooClz), thiS
condition is equivalent to

Cll Cz: C22 COO COU Cll
e Yo T

_ 2C00 C12 __ 2C11 C20 2C22 COl
C!O Cm COI C12 CIZC20

or (COI _ Cll) (CZO _ CH) + (Clz _ C:z) (Col _ COO)
C20 Cl! COI Cl! COI C20 Cl! C!O

+ (C20 _ COO) (CU — Cll) < 0
Cn COI C20 Col

<0

C2 Cot Co1 Ci2 Ci2 Ca0
or o~ (‘)- o~ on, + Ve | Fal e P + e ”~ 1 P <0
CaoCi2 Co1 (e Coa1C20 C12C2 Ci12C01 CaoC 1
or
C20 C 1 COl Cl2 Clz C20
12.62. o+ + < 0.

Ci2 C29 Co1

12.7. Elliptic trigonometry. By considering the model of
§6.1, we see that the formulae of elliptic trigonometry must be
identical with the familiar formulae of spherical trigonometry.*
Nevertheless, it is interesting to derive them differently.

When the puuxta (*) and f»u\ of 12.15 are fn 1, Q) and
(0, 0, 1), we have (xx) =c¢y, (xy)*—cn, (yy)-—cn. Hence, in
elliptic geometry, the sides of the triangle of reference are
given byt

C12 C20 Coi

12.71. cosg=—, COsSsb=—, cosc=-—"
C1Cs CaCyp CoC1

Since ¢j162s — €122 = Cooy, 1t follows that
: C : C . C
sin a = VY , sinb= 1\/7, sin ¢ = V'Y :
C1C2 C2Cy CoC1

*See, e.g., M<Clelland and Preston [1], I, pp. 36-39, 50, 58.
tBaker [1], 11, p. 205.
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Similarly, when the lines [ X] and [ Y] of 12.13 are [0, 1 0]
and [0, 0, 1], we have [X X]=Cy, [XY]=Cn, [YY]=Cas.
Hence the angles are given by

12.72.
cos A =— Cus , cos B=— Cao , Cos ('=— Car .
C,C C; Cy CoC,y
Since C11C23—' Clg =Coor, it fO”OWS that
sin 4=9Y0 g g= VT g oo eVl
1C2 Cz Co Co Cl

To obtain the three colunar triangles, we merely have to
reverse the signs of two of ¢y, ¢;, ¢3, and of the corresponding
two of Co, Cy, C;. To obtain the polar triangle, we interchange
¢wand C,,, vy and T,

When the point (x) and line [ Y] of 12.14 are (1, 0, 0) and
(1, 0, 0], we have (xx) =cq, {x Y} =1,[YY¥Y]=Cx. Hence the
altitudes are given by
cosec b, =¢oCy, cosec hy=c,C,, cosec k,=c;C,.
Thus sin a sin k., =sin b sin hp =sin ¢ sin h, = v/ cotrcy,
sin A sin h,=sin Bsin by =sin Csin k, = VT /CoCiCy,
and we have the famous “rule of sines’:
12.73. sina _ sinb _ sin ¢
sinA sinB sinC
To express the angle C in terms of the three sides, we have
the formula
sin a sin b COSs C= - 0017/6162360‘-“-‘(622601—'6136:0)/616”60
12.74. =C08 ¢—CO0S a cos b.
Again, to express the side ¢ in terms of the three angles, we
have

sin A sin B COS ¢ =601P/C1C22C0 ="'-( - CnCo1+CuC30)/C1C”Co
12.75. =cos C+cos A4 cos B.
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From each such formula we can derive others by permuting
a, b, ¢, and simultaneously 4, B, C; e.g. 12.75 gives

sin B sin C cos a =cos 4 +4cos B cos C.

In a similar manner we may prove that
cot ¢ sin a—cot C sin B—cos a cos B =¢,1C,0/c1¢sCsCo =0,
cot a sin b—cot 4 sin C—cos b cos C=0,
and so on.
By putting C=34r, we derive the following formulae for a
right-angled triangle:
sin a/sin 4 =sin b/sin B =sin c,
0 =cos ¢—cos a cos b,
sin A sin B cos ¢ =cos A cos B,
sin B cos a =cos A4,
cot ¢ sin a —cos a cos B =0,
cot a sin b—cot 4 =0.

Collecting these into a more convenient form, we have

12.76. sin @ =sin ¢ sin 4, sin b=sin ¢ sin B,
12.77. cos ¢ =cos a cos b=cot A4 cot B,
12.78. cos A =cos a sin B, cos B=cos b sin 4,
12.79. {tan a =tan ¢ cos B=si-n btan A4,

tan b =tan ¢ cos 4 =sin g tan B.

It was noticed by Napier that the formulae for a right-
angled triangle are permuted among themselves by cyclic
permutation of the five “parts’” 4, r—a, ¢, ir—b, B. If we
remember this rule, we can deduce all the ten formulae from
12.77. By drawing the absolute polars of the vertices A and
B, Gauss showed that the five ‘‘parts” in the above order are
the supplements of the angles of a pentagon whose five pairs
of alternate sides are perpendicular.* They are also the halves

*For a nicely illustrated description of this pentagramma mirificum, see
Mohrmann (1], p. 72.
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of the angles of a hyperbolic pentagon whose five pairs of
alternate sides are parallel.*

The result of using a general unit of length, as in 5.76,
would be to replace 12.74 by

Tc xa xb . @ . ®b
CO8 — = C08 — C0S — -+ 8in — sin — cos C,
2A 2N 2) 2 22

where X is the length of a “'right segment.”” Making A tend
to infinity, we obtain the familiar formula

c?=a*+b*—2ab cos C.

This provides an alternative proof for 10.94 (in the elliptic
case).

e

I
AA ‘Z’L _ » B‘/S—Al- Ju

¥ya
FiG. 12.8a Fi1c. 12.8s

o

I )

12.8. The radii. Continuing our investigation of the
elliptic geometry of the general triangle ABC, let Z and Z’ be
the points of contact of the side AB with the in-circle and the
first ex-circle, so that the triangles AIZ and ALZ’ are right-
angled at Z and Z’, as in Fig. 12.8a. Also let M be the internal
mid-point of BC, so that the triangle OBM is right-angled at
M, as in Fig. 12.88. Applying 12.79 to these triangles, we
have, in the notation of §§11.4 and 11.5,}

12.81. tan r =sin (s—a) tan }4,

12.82. tan 7, =sin s tan } 4,

and tan 4a =tan R cos (S—A4), whence
*See §15.2.

tMcClelland and Preston [1), 11, pp. 4-12.
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12.83. cot R=cos (S—A4) cot }a.

Formula 12.82 could have been obtained by applying 12.81
to the colunar triangle whose sides are a, » —b, = —¢; we merely
have to replace s —a by w—s. Similarly, replacing S—A4 by
r —S, we deduce from 12.83,

12.84. cot R, = —cos S cot 4a.

(This expression is positive, since S is obtuse.)
Alternatively, 12.83 and 12.84 could have been obtained
by applying 12.81 and 12.82 to the polar triangle, whose sides,

angles, and circum-radii are
r—A n—B, r—C, r—a, v—b, 7—¢,
o1, dm—rg, dm—rp, T 7.
By permuting a, b, ¢, and A, B, C, we derive alternative
formulae for r and R, and analogous formulae for ry, 7., R, R..

Since a triangle is determined by its three sides, we lose no
generality by putting either Co=Ci=Cy=1 or co=01=C2= 1.
In the former case we deduce

Cy=—cos A, Cyo= —cos B, Co1= —cos C,
12.85. T =1—cos? A —cost B—cos? C—2cos A cos B cos C,
and sin B sin C sin a =+/T.
By 12.44, we have
T sec? R=T (ci+4c;+cs+2C1ac1ca+2Crc2c0 +2Co1c01)
=sin? A +sin? B+sin? C—2 cos A4 sin Bsin C
—92 cos B sin Csin A—2 cos C sin 4 sin B,

whence I tan? R=2+42 cos (4 4+ B+C)=4cos*S. Butcos S<0;
hence

12.86. tan R=—2T"* cos S.
Moreover, the in-centre, orthocentre, and (principal) centroid

are now
(1,1, 1), (sec 4, sec B, sec (), (cosec A, cosec B, cosec C),
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precisely as in Euclidean trilinear coordinates.* In fact, we
can derive Euclidean geometry by making I' tend to zero.
(Cf. §10.9)
The analogue of areal coordinates* is obtained by making
the alternative specialization ¢o=¢,=¢y=1, whence
€12 =COS @, C20=CO08 b, Co1=cC0S8 ¢,

12.87. y=1-cos’a—cos? b—cos? c+2 cos a cos b cos c,

andt sin b sin ¢ sin A =+/4.
From 12.53 we readily deduce
12.88. cot r =2y} sin s.

The coordinates of any point are the same as in the previous
case, only multiplied respectively by sin 4, sin B, sin C (or by
sin g, sin b, sin ¢). The principal circum-circle, in the form
(¢162 — Cra)x1xs + (€200 — Ca0)X2%0 + (Coc1 — Co1) x0x1 =0,
reduces to
(sin? §a)x1xs +(sin? }b)xsx04(Sin? 4¢)xox; =0.
This time we derive Euclidean geometry} by making + tend to

zero. (Since we have made two different specializations, we
no longer have yT'=1.)

12.9. Hyperbolic trigonometry. By applying the methods
of §12.7 to hyperbolic geometry, we obtain the sides, angles,
and altitudes of the triangle of reference in the form

Cis

12.91. cosha= —=  etc., sinha= Cov/y
Ci1Cy C1C

 elc.,

12.92. cos A = CC“ ,elc., sin A= co\/I" etc.,

1%12 1.2

*Sommerville (4], p. 19.

fThus v and T are the 4n? and 4N* of McClelland and Preston 1], 1,
pp. 42, 55.

$Milne {1}, p. 1086.
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COSCCh h, =CoCu , eic.,
and deduce*

12.93. sinh a _ sinh b _ sinh ¢

sinA sinB sinC
12.04. sinh b sinh ¢ cos A =cosh b cosh ¢—cosh a, etc.,
12.95. sin B sin C cosh a =cos B cos C+cos 4, elc.
For a right-angled triangle (with C=4n), we have
12.96. sinh a =sinh ¢ sin A, sinh b=sinh ¢ sin B,
12.97. cosh ¢ =cosh a cosh b=cot A cot B,
12.08. cos A =coshasin B, cos B=cosh b sin A,

tanh @ =tanh ¢ cos B=sinh b tan 4,
A =sinh a tan B.

12.99. {

+ —
{tanh & =tanh ¢ cos

alliil

All these formulae were discovered by Lobatschewsky.
But he preferred to express them in terms of angles of paral-
lelism: e.g., he wrote 12.98 in the form

sin B =sin II(a) cos A, sin A =sin II(b) cos B.

The result of using a general unit of length, as in §8.1,
would be to replace 12.94 by

cosh 1xa =cosh 3«b cosh yxc—sinh $xb sinh 3xc cos A.
Making « tend to zero, we see again that the geometry of an
infinitesimal region is Euclidean. On the other hand, putting
« =24 instead of 2, we obtain the elliptic formula

cos a =cos b cos c+sin b sin ¢ cos 4.
Conversely,t hyperbolic formulae can be derived from elliptic
formulae by multiplying each symbol for distance (such as a
or h,) by 1.

We find, as in §12.8, that the radii of the general triangle
are given by

*Lobatschewsky (1], pp. 633-638,
1This is the device used by Taurinus; see $1.3.
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tanh r =sinh(s—a) tan 44,
tanh r, =sinh s tan 44, elc.,
coth R=cos(S—A) coth }a.

n for a proper ex-circle beyon
found to be
cos 34 < sin $B + sin 3C.

Thus the conditions for three escribed horocycles are

P BV IRy
Iaiiv
o)t is

A =B=C(C=2arctan { = arc tan 3,

implying{
a =b=c¢ = argcoshj.

By putting Coo=C11=Cia=—1, so that Cys=cos A4, elc.,
we find the hyperbolic analogue of 12.86 to be

tanh R=2T"" cos S,

where I'= —1-cos? A +cos? B+cos? C+2 cos A cos B cos C.
Similarly, the analogue of 12.88 is

coth r =2y% sinh s,

where ¥ =1~ cosh? @ —cosh? b — cosh? ¢+2 cosh a cosh b cosh c.
The condition 12.46 for the fourth centroid G, to be ultra-
infinite is clearly equivalent to

cosh a+4cosh b—cosh ¢ > §.

Thus all three centroids are at infinity if a =b =¢ =arg cosh §.

In this case there are three escribed horocycles; for, it follows
from 12.91 that any triangle whose principal centroid and
in-centre coincide is equilateral, and that then the other
centroids coincide with the ex-centres.

By 12.92, an obtuse-angled triangle has C;3C3qCo1 <O.
Hence, by 12.62, the condition for the orthocentre of an
obtuse-angled triangle to be ultra-infinite is

*Coxeter [3].
tSommerville [2], p. 83 (Example 13).
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1 1 1
+ + >0,
c13Cis €20C ¢ Cn
or sech a tan A +sech b tan B+sech ¢ tan C > 0,

or tanh a sec A +tanh b sec B4tanh csec C > 0.

We can study a triangle that is singly-, doubly-, or trebly-
asymptotic by making one or more of ¢,, ¢;, ¢s tend to zero.
Thus a trebly-asymptotic triangle has

co=c1=¢3=0, Ci1a=CiCy, ..., 13=Co/ v, ...,
and v =2¢13¢10c01 =2CoCiCsy"’*. In fact, the Absolute takes
the form
Coxixs+Cixsxo+ Caxox1 =0 or
V(Co X o) £/ (Ci X1) £/ (C: X3) =0.
For such a triangle, 12.53 gives

COS&Ch2 r = (CC) =2CuClC3 +2630C:Co +2Co1CoC1
=6C0C1C3\/'y =3.

Thus* the in-radius of a trebly-asymptotic triangle is 4 log 3.
More simply, it is geometrically evident that II(r) = §x, whence
r =log cot }~r.

*Sommerville {2], p. 85 (Example 10).



CHAPTER XIII
AREA

13.1. Equivalent regions. Two polygonal regions in a
plane are said to be equivalent if they can be dissected into
parts which are respectively congruent.* For instance, in
Fig. 9.6p, the tr:angle ABC is equivalent to the isosceles birect-
angle ABED, since the parts CFJ and CFI of the former are

congruent to the parts ADJ and BEI of the latter. That the
relation of equivalence is transitive may be seen by super-
posing two dissections to make a finer dissection. Regions
bounded by curves can be treated similarly, by regarding them
as limiting cases of polygonal regions.

This notion enables us to define the area of any region in
terms of a standard unit region, as follows. A region is said
to be of area 1/n (where n is a positive integer) if the unit
region can be dissected into n parts each equivalent to the
given region; and a region 1s said to be of area m/n if it is
equivalent to m juxtaposed replicas of a region of area 1/n.
By a natural limiting process, we obtain a real number as the

area of any given region.

13.2. The choice of a unit. In Euclidean geometry the
unit of area is the square of unit side. In non-Euclidean
geometry there is no square, but only a “regular quadrangle”
whose angles are not right. By drawing the diagonals of this

*For the further refinements required when continuity is not assumed,
see Hilbert [1}, pp. 58-60; Carslaw (1}, pp. 84-30. It is remarkable that
the above simple definition for equivalence cannot be extended to three-
dimensional space. Two polyhedral regions may have equal volume
without being equivalent by dissection into a finite number of parts.

241
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figure, we dissect it into four isosceles right-angled triangles
(whose base-angles differ from 4x). For such a triangle ABC,
with A = B, formulae 12.77 and 12.97 give

cos¢ =costa =cot’ 4 (elliptic),

cosh ¢ =cosh? a =cot? 4 (hyperbolic).
If we make a tend towards zero, this more and more closely
resembles a Euclidean triangle with ¢?=2a%* and A =}r. (See
10.94.) Accordingly, we adjust our unit so as to make the
area A of the non-Euclidean triangle satisfy

13.21. lim2 = 1.
a»0 %02

We shall see later that, in elliptic geometry, our unit is in
fact the area of a birectangular triangle whose third angle is
one radian (or whose base is of unit length), while in hyper-
bolic geometry it is the area of a horocyclic sector of unit arc.
(The latter figure has the disadvantage of extending to infinity,
but can easily be replaced by other figures that are entirely
accessible.)

13.3. The area of a triangle in elliptic geometry. Two
lines decompose the real projective plane into two angular
regions called Junes. (Such a lune has two sides but only one
vertex, unlike a lune on a sphere.) In elliptic geometry, the
two supplementary lunes are congruent if the lines are perpen-
dicular. By repeated bisection .of such a right-angled lune,
we sce that the area of a lune is proportional to 1ts angle.

If 48 is the area of a lune of angle 8, the area of the whole
plane is

b+ p(x —86) = ux.
Let A, Aa, As Acdenote the areas of any triangle ABC and
its colunar triangles. (See Fig. 2.6A on page 35.) Then

A+A4=FA1 A+AB=FBl A+Ac=”ci
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and A+AFAvHA=ur.
Hence* 2A =u(A4+B+C—x).

This argument provides the simplest proof of the famous
inequality

13.31. A+B+C>r,

which can alternatively be deduced from 12.75 (just as 1.32
was deduced from 1.31).

To evaluate u, we consider a right-angled triangle with
A =B =1r+¢ so that

cos a=cot A =(1—tan ¢)/(1+tan ¢
and sin? @ =4 tan ¢ /(1 +tan ¢)2.

The ratio of the area of this triangle to that of a Euclidean
right-angled triangle with equal sides a is

sin a \?

He K ( ) c (14+tan ¢)2.
1a® 2\ a tan e

The limit, as @ and ¢ tend to zero, is x/2. Hence u =2, and

13.32. In elliptic geometry, the area of any triangle ABC s
A+B+C—mr.

13.4. Area in hyperbolic geometry. The corresponding
result in hyvperbolic geometry does not come so easily. Since
the plane is now infinite, our only hope of an analogous method
will be to work within some region whose area is known to be
finite. The main steps in the argument are given by the
following chain of theorems.

13.41. A horocyclic sector has a finite area.

Proor.t Let H, H,, H,, H;, . . . be points evenly spaced
along a line HM. Let these be joined to corresponding points

on a parallel line AM by horocyclic arcs HA, H)A,, H A, H;A;,

*Klein (3}, pp. 200-201.
1Suggested by Carslaw [1], p. 120. See also Coxeter (9], p. 295.




244 AREA

A A
B N A,y ——
c B, B A;
C, C) B,
D D,
> M
1 H, H, I,

Fi1G. 13.4a

..., with centre M (at infinity). On the arc HA, take points
B,C,D,..., sothat
HB =H,A,, HC =H,A,, HD =H:A,, ...,

and let the parallel lines BM, CM, DM, . . . meet the other arcs
at points B,, C,, D,, ..., as in Fig. 13.4a. Then the trans-
lation along HM that takes H to H; (and H, to H,;,) takes
BB1B2 ... to A1A2A3 .y CC]C2 ... 1o B1B2B3. .., and so on.*
Thus the “curvilinear rectangles’” AB,, BC,, CD,, ... are re-
spectively congruent to the curvilinear rectangles AB,, A;B,,
A.B;, . .., which together make up the horocyclic sector ABM.
By a natural limiting process, we deduce that this horocyclic
sector is equivalent to the curvilinear rectangie AH,. The area
of the given sector AHM, being greater than that of ABM in
the ratio of the arcs AH:AB, i1s still finite.

13.42. A trebly-asymptotic triangle has a finite area.

PrRoOF. Let LMN be a trebly-asymptotic triangle. Draw
LH perpendicular to MN, HK perpendicular to LM, and let
the horocycle through H with centre M meet LM at A, as in
Fig. 13.4B. By 13.41, the sector AHM has a finite area: a
fortiori, so has the singly-asymptotic triangle KHM. By
reflection in HK, the area of the doubly-asymptotic triangle
LHM is twice that of KHM. Finally, doubling again by
reflection in LH, the area of LMN is still finite.

*We see in this manner that all horocycles are congruent.
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N

M

Fic. 13.48

Since any three points at infinity can be transformed into
any other three points at infinity by a projectivity in the
Absolute, i.e. by a congruent transformation, we see that all
trebly-asymptotic triangles are congruent. Accordingly, we let

uw denote the area of such a triangle, u being a constant which

remains to be calculated. (The = is inserted for convenience.)

It follows that the area of a right-angled doubly-asymptotic
triangle, such as LHM, is jur.

13.43. The area of a doubly-asymptotic triangle of angle
6 is u(x—86).

Proor.* Let H be any point on the ‘““doubly infinite' side
MN of the doubly-asymptotic triangle AMN, and let L be the
point at infinity on the ray H/A, as in Fig. 13.4c. Then the
areas of the various triangles combine as follows:

ALM +ALN=AMN+LMN.
Hence letting f\ﬂ) denote the area of a doubly-asymptotic

f(9) + f(e) = f(6 + ¢) + ur.

Differentiating with respect to 6, while keeping ¢ constant, we¢
obtain

*Cf. Liebmann {1], p. 44; Schilling [1], II, p, 198.
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f1(6) = f(6 + ¢).
(Here we are letting M vary while the triangle ALN remains
fixed.) Since ¢ is arbitrary, we conclude that f’(8) is constant,
so that f (8) is linear. The two special values f (0) = ux and
f () = 0 now determine

f(6) = u(x — 6).

13.44. In hyperbolic gec netry, the area of any triangle ABC
1S r—.1—-B—-_C.

Proor.* Let L, M, N be the points at infinity on B/C,
C/A, A/B, as in Fig. 13.4p. Then the trebly-asymptotic
triangle LMN is dissected into four parts: the original triangle
ABC, and the doubly-asymptotic triangles AMN, BNL, CLM
whose angles are respectively r— A4, r— B, x—C. Hence the
area

ABC=ur—pd —uB—uC=pu(r— A4 - B-0).

To evaluate u, we consider a right-angled triangle with

A =B=1r—¢, so that
cosh a=cot 4 =(1+tan ¢)/(1 —tan ¢)
and sinh? a =4 tan ¢ /(1 —tan ).

*Gauss [1], p. 223.
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FiG. 13.4p

In this case 13.21 gives

lim M (Sinh 0)2 ¢ (1 —tan e)z = 1,
a tan e

whence u=1.

13.5. The extension to three dimensions. The analogous
problem, of finding the volume of a tetrahedron as a function
of its angles, is vastly harder, since this is not one of the “ele-
mentary functions” at all. In terms of suitably defined new
functions, however, the problem was solved by Lobatschewsky
(for hyperbolic geometry) and Schlafli (for spherical, and hence
elliptic).*

One of Schlafli's results may well be mentioned here, as it is
analogous to 13.32 and 13.44 in their differentiated form

dA =+(dA +dB+d(C).

13.51. If AB, ..., CD are the dihedral angles at the
edges AB, ..., CD of a tetrahedron ABCD of volume V, then
dV=+3(AB dAB+AC dAC+AD dAD
+BC ¢BC+BD dBD+CD d(CD).

*Lobatschewsky {1], pp. 608-610; Schlafli [1], p. 289 (for » —1 dimensions,
p. 287).
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A proof of this remarkable theorem will be given in §15.7.

13.6. The differential of distance. A continuous curve
may be defined as the locus of a point whose coordinates are
continuous functions of a parameter . We assume further that
the functions have continuous derivatives. If As is the distance
between points (x) and (x + Ax), whose parameters are ¢ and
t+At, we consider the curve as the limit of a sequence of broken
lines, or polygons, formed by smaller and smaller chords, and
define its length* to be

At—0 At—0 A
where $ = lim(As/A¢b).
For purposes of differential geometry, it is convenient to nor-
malize the coordinates by making (xxr) = 1, so that the distance
between (x) and (y) is simply

ty
s= lim S As= lim Asmu/ sdt,
h

arccos(xy) or argcosh(xy).
(Cf. page 122.)

13.61. In terms of normalized coordinates, the differential of dis-
tance along any continuous curve is given by

ds? = *(dxdx) = *c,, dx, dx,,
with the upper sign for elliptic geometry, the lower for hyperbolic.
PROOFE. +In elliptic geometry, the distance from (x) to (x + Ax) is
given by!
cosSAs = (xx + Ax) = (xx) + (xAx) = 1+ (xAx).

Since (x + Axx + Ax) = 1 = (xx), we have 2(x Ax) + (AxAx) = 0,
and therefore

4sin® JAs = 2(1 - cosAs) = —2(xAx) = (AxAx).

*Klein [3], p. 245.
TCoolidge [1], p. 187.
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Dividing by At d passmg to the limit, we find § = (&%), or

in the notation o
= (dx dx).
In hyperbolic geometry, we have similarly
coshAs =1+ (xAx),
4sinh? 1As = 2(coshAs — 1) = 2(xAx) = —(AxAx),

and ds? = — (dx dx).

Thus, in terms of normalized coordinates with the absolute
polarity in canonical form, we have

13.62. ds® = xdxk + det + do
in the plane, and
= *dd} + di + dil + dr}

in space.

13.7. Arcs and areas of circles. The circle 12.24, in the
form
2+ =sin®R or sinh®R
(cf. 6.79), has the parametric representation
xy = cosR, x; = sinKcost, x; =sinRsin{

or xy = coshR, x; = sinhRcosf, %, = sinhRsint
(in the two geometries, respectively). Hence
.’1:’0 = 0, 5c1 = —Xo, iz = X1,
and
= /(& + x3)
=sinR or sinhR.

Integrating from ¢ = 0 to t = 6, we deduce that an arc of angle 0
of a circle of radius R is of length”
138.71. s(R) = #sinR or 6sinhR.

Theorem 10.94 enables us to calculate areas by integration,
as in Euclidean geometry. Thus a sector of angle 6 of a circle of
radius R has area

*Carslaw [1], p. 118. See also Coxeter [5], p. 268, [13], p. 24.
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R
13.72. J s(r)dr=0(1—cos R) or 6(cosh R—1).
0

In particular,* a circle of radius R has circumference

2rsin R or 27 sinh R
and area

13.73. 2x(l—cos R) or 2x(cosh R—1).

Putting R=14%=, we deduce that the area of the elliptic plane is
2, in agreement with §13.3.

By 13.71 and 13.72, the area of a sector of arc s (in hyper-
bolic geometry) is
s(cosh R—1)/sinh R=s tanh }R.
Making R tend to infinity, we deduce that

13.74. The area of a horocyclic sector is equal to its arc.

(Cf. 13.41.) In other words, our chosen unit is the area of a
horocyclic sector of unit arc.

In terms of normalized coordinates, the horocycle 12.25
may be expressed as

Xo—x2=1,
whence dxy,=dx; and
ds =dx;.
[t follows that a horocyclic arc of length s goes from (1, 0, 0) to
(143s% s, 3s?).

The diameter through the latter point meets the line x; =0 at
(1,s,0). But thislineis the tangentat (1,0,0). Puttings=1,
we deduce the following characterization for a horocyclic arc
of unit length: the tangent at one end is parallel to the diameter
through the other.t Thus, in Fig. 13.4B, AH i1s a horocyclic
arc of unit length, and AHM is a horocyclic sector of unit
area.

*Bolyai [2], §§30, 32 (IV).
tCarslaw [1], p. 119.
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13.8. Two surfaces which can be developed on the Euclid-
ean plane. Analogously, the horosphere through (1, 0, 0, 0)
with centre (1, 0, 0, 1) has the equation

(x0—x3)2 =x¢"— 212 — X2 — x,?
or x124x92 =2(x9—x3)%;3.
In terms of normalized coordinates, this becomes
Xeg—x3=1,
whence dx,=dx; and

13.81. ds?® =dx*+dx,.

Since x;=1(x:?+x:2) and xo=1+4=2,, all four coordinates are
expressible in terms of x; and x,. Thus 13.81 provides an
alternative proof that the intrinsic geometry of a horosphere
is Euclidean.  (See 11.31.)

The corresponding proof of the same result for a Clifford
surface (7.86) is as follows. The obvious representation in
terms of parameters ¢ and 7 is

Xo=COS 3¢ cOs §, x;=C0s 3y sin §,

xs=sin 3y cos 7, x3=sin 3y sin 7,
whence

dxo= —x1d§, dxi=x0d%, dxs= —x3dn, dx;=2x.dn,
and
ds?={dxdx} = (x> +2,)d8 + (x52 +x3%)dn?
=cos? 3¢ dt* + sin? 3¢ dn’

This can be put into the ‘‘Euclidean” form ds*=dx*+dy? by
taking new parameters

x=¢cos 3y, y=nsin iy.

In comparing these two ‘‘develnpables,” the one hyper-
bolic and the other elliptic, it is important to notice that,
whereas the horosphere can be mapped on the whole Euclidean
plane, the corresponding map of the Clifford surface covers

only a finite portion of the plane, namely a rhombus of side =
and angle y. (See §7.5.)



CHAPTER XIV

EUCLIDEAN MODELS

14.1. The meaning of ‘“elliptic”” and “hyperbolic.” In
ordinary Euclidean geometry, a central conic may be either
an ellipse or a hyperbola. For any central conic, the pairs of
conjugate diameters belong to an involution (of lines through
the centre); but it is only the hyperbola that has self-conjugate
diameters (viz. its two asymptotes). Accordingly, any invo-
lution (and so, conveniently, any one-dimensional projectivity)
is said to be hyperbolic if it has fwo self-corresponding elements,
and elliptic if it has none. Analogously, a polarity 1s said to be
hyperbolic or elliptic according as it does or does not contain
self-conjugate elements. Finally, a non-Euclidean geometry
is said to be hyperbolic or elliptic according to the nature of

its absolute polarity.

A more direct connection with ellipses and hyperbolas will
be seen in Fig. 14.2a.

14.2. Beltrami’s model. In the case of two-dimensional
hyperbolic geometry, we are at liberty to draw the Absolute
as a circle in the Euclidean plane, provided we understand
that we are then using two metrics simultaneously : the Euclid-
ean metric by which the circle is drawn, and the hyperbolic
metric defined by 10.71 and 10.73. The poles and polars ar
taken with respect to the circle in the ordinary sense, as the
constructions involved are essentially projective. This model
for hyperbolic geometry is due to Beltrami (1835-1900) .*

Any ordinary point of the hyperbolic plane may be iden-
tified with the centre of the circle. If the two metrics are

)

*Beltrami [1], [2]; Bonola [2], pp. 164-175: Baldus (1], pp. 56-148.
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taken to agree at that point, thev will deviate more and more
as we recede from it, until at the circumference the distortion
1s infinite.

The hyperbolic metric can be expressed in terms of Car-
tesian coordinates x;, x3, by putting xo=1 (and yo=1) in 10.81.
Alternatively, we can use that formula as it stands, by regard-
ing Xxo, X1, X2 as homogeneous Cartesian coordinates,”’ with
xo =0 as the line at infinity. The corresponding re-interpre-
tation of 6.75 provides a similar model for elliptic geometry.
The point (x, 0) or (1, x, 0), at Euclidean distance x from the
origin, is at elliptic distance arc tan x, and at hyperbolic dis-
tance arg tanh x. This comparison of metrics establishes the
following model for one-dimensional non-Euclidean geometry.*

FiG. 14.2a

We introduce the elliptic or hyperbolic metric into a line
AB of the Euclidean plane, by regarding AB as a tangent to an
ellipse or hyperbola, onto which its points are projected from
the centre O, as in Fig. 14.2a. The non-Euclidean distance
AB is defined to be twice the area of the corresponding sector

*Klein [3}, p. 173.
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OA’B’. Thus the elliptic length of the whole line is finite,
being just the area of the ellipse; but the hyperbolic distance
AM, to a point on either asymptote, is infinite. For simplicity
we may take the ellipse to be a circle, and the hyperbola to be
rectangular®* with AB as the tangent at the vertex, C. Then,
if x, x,, x5 are the Euclidean, elliptic, and hyperbolic distances
CB, we have
X,=arc tan x, xp=arg tanh x,

as above.

Note that the two kinds of trigonometrical functions have to be called
csrcular and hyperbolic, the name “‘elliptic functions’ being already used
in another connection. In fact, the latter functions arise when we consider
the arc-length of an ellipse (or hvperbola), and this is not proportional
to the area of the corresponding sector unless the ellipse reduces to a circle.

14.3. The differential of distance. In Beltrami’s model
we represented the point with canontcal coordinates (x,, x1, x3)
by the point with Cartesian coordinates (x,/xo, ¥2/%¢). Putting
x,=1, we have the expressions

1—|—x1y1 +x2}’2 _
V(1+x2+x2)V (1 + 3.2 +y.7)
(x1—=y1)"+(xa —y2)* +(x1y2 —x231)?
(1 +x, +122)(1 +}’12 +}’22)

arc cos

arc sin

and

l—xlj}’l"‘xzyz _
V(=22 —x) v/ (1—y,2—32)
arg smh,‘/(xl Y1) 4+ (xs —y2)t— (x1y2 —x2y1)?

(1 —x2—x2%) (1 —yi*—y2*)

arg cosh

for the elliptic and hyperbolic distances between points
(x1,%2), (¥1, ¥2). Thus the elliptic distance between (x;, x3)
and (x,+Axi, x2 +Ax,) is given by

*Hobson {1], p. 329.
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Axy? +Axs® +(x94x) —x1Ax3)*
(12 +x22) { 14+ (21 +Ax1)2+ (x3+Ax,)?}
and the differential of elliptic distance is given by

sin? As=

(14212 +x4%)?
(14x2%)dx:? —2x1%2dxrdxcs + (1 +2,2) dx,?
(1 42,2 +x,2)?
Similarly* for hyperbolic distance we have
Yy ype

14 32 d52= dx12+dx22_ (xzdxl—xldxz)z -

(1 _xlz__x22)2

(1 —x9")dxy? +2x1x.dx:dx, + (1 — x,2)dxy?

Analogous formulae for three-dimensional space are readily
obtained. The hyperbolic absolute is then represented by a
sphere, and planes by secant planes. This modelt provides
the earliest satisfactory proof that hyperbolic geometry is
consistent (so that Euclid’s Postulate V cannot possibly be
deduced from his other assumptions).

14.4. Gnomonic projection. In the elliptic case, the above
results have a very simple interpretation in the geometry of a
bundle (§1.7). In fact, we may consider (x9, x1, x2) as Car-
tesian coordinates in three dimensions, lines through the origin
representing points of the elliptic plane. Then the result of
putting xo =1 is to take the section of the bundle by a plane

In other words, if we represent the points of the elliptic
plane by pairs of antipodal points of the sphere

x?+yr+22 =1,

*Beltrami [2], pp. 287, 307.
tBeltrami [3].
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we can make a gnomonic projection*® onto the plane x =1, with
the result that the antipodal points (x, ¥, z) and (—x, —y, —2)
project into the single point (1, x,, x2), where

1 :
x =% - , y= ad ,
\/(1 +x12+x22) V(1 +x12+x22)
= X2
V(1 +xFx?)

Then 14.31 may be obtained by substitution in the familiar

formula
ds? =dx*+dy*+dz’.

The same analysis can be made to include a derivation of
14.32 as well. For, we can change the normalized canonical
coordinates of 13.62 into homogeneous canonical coordinates
by writing x,/v/ (xs2 3% £x,?) for x,, and then we can derive
Beltrami’s model by putting xo=1. But in order to interpret
14 32 in terms of a bundle or gnomonic projection, we would
have to use a three-dimensional space that 1s Minkowskian

instead of Euclidean. (See page 178.)

14.5. Development on surfaces of constant curvature.
Since the elliptic plane can be developed (i.e. represented
without distortion) on a sphere, it is natural to seek a corres-
ponding development of the hyperbolic plane on some kind
of ‘“‘pseudo-sphere.” This should be a surface 1in Euclidean
space, such that all distances measured on the surface itself are
related like distances in the hyperbolic plane.t In particular,
the lines of the hyperbolic plane should be represented by
geodesics (i.e. shortest paths, like great circles on a sphere).
The point-to-point homogeneity of the hyperbolic plane re-

*Klein {3}, p. 294.
tMinding [2], p. 324. For a very enjoyable account of this aspect
of non-Euclidean geometry, see Lieber [1].
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quires constant specific curvature K for the surface. (Cf. §1.6.)
Gauss proved that, for a triangle ABC formed by geodesic
arcs on a surface of area S, the total curvature is

JJKdS=A +B+C—r.

In the case where K is constant, this means that the area of
the geodesic triangle is (4 +B+C—r)/K, which agrees with
13.32 and 13.44 when the unit of length is generalized as in
§10.9. Thus a pseudo-sphere is a surface of constant negalive

curvature.
Such surfaces were studied by Minding (1806-1885).* The

simplest example is the horn-shaped tractroid, a surface of
revolution for which cylindrical coordinates r and z are expres-
sible in terms of a parameter ¢, thus:

r=sech {, z=¢{—tanh ¢.

This model for hyperbolic geometry is inferior to the
spherical model for elliptic geometry in two respects. First,
although the maximum and minimum normal curvatures at a
point on the surface have the constant product K = —1, they
vary from one point to another, whereas every normal section of
the unit sphere has curvature 1. Second, the tractroid does not
represent the whole hyperbolic plane, but only a restricted
region, namely a horocyclic sector (Fig. 13.44). For, the meri-
dians of the tractroid, being geodesics which approach one
another asymptotically, represent parallel lines; and the circles
orthogonal to them represent arcs of concentric horocycles,
one of which, representing the ‘““rim’’ (1=0) of the tractroid,
1s of length 2x. The horocyclic sector is “‘wrapped around"
the tractroid so that its two bounding diameters coincide with

*Minding [1], pp. 379-380. For good pictures of these surfaces, see
Klein [3], p. 286. For an easy proof that the tractroid has constant curva-

ture, see Sommervitle {2, pp. 168-170.,
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one meridian. We easily verify that the total area of the
surface is 2w, in agreement with 13.74.

Beltrami suspected, and it is now known,* that there is no
smooth surface in ordinary space which provides an undis-
torted representation for the whole hyperbolic plane.

14.6. Klein’s conformal model of the elliptic plane. The
various ways of representing a sphere on the Euclidean plane
have a practical application in mapping the surface of the
Earth, and it is convenient to use the terminology suggested
by that application. Thus stereographic projectiont may be
described geographically as the projection from the “north
pole’’ onto the ‘‘equatorial plane” (or, in some treatments,
onto the tangent plane at the ‘‘south pole,” which gives a
similar result). Using Cartesian coordinates, we project the
general point (xo, x1, x2) of the unit sphere x¢®+x2+x.2=1
from the point (1, 0, 0) onto the plane x, =0, obtaining the
point (0, u,, us) for which

so that
w2 tu2—1 2u, _ 2uU,

t x = ?
uy? tu?+1 Y tut+l Yudut+1
These equations take the slightly simpler form

14.61. Xo=

uu — 1 utu . uU—u
14.62. Xo= — , X1= _+ , 1Xg= —=
uu+1 uu—+1 uu+1
in terms of the complex number u=u,+1u,. Conversely, we
have here a representation of complex numbers by points of a

sphere, known as the Neumann sphere. The geodesic dis-

*Litkemeyer [1].
tNeumann (1}, p. 52; Klein {3], p. 295.
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tance 6 between two such points (x) and (y), corresponding to
complex numbers « and v, is given by

COS & =xoYp+x1y1+ X2y
(uu—l)(w—1)+(u+uwv+m—(u %) (v
(uu+1)(vw +1)

p

so that
(uv +1)(vu +1) (u+5“‘)(v+§“‘)
(uu+1) +1)  (u4u)(o+o-1)

Thns 1S the cross ratio* of the four complex numbers
u,v, —v7!, —u~!. Hence, if A, B, B’, A’ are the points in the
u-plane which represent these complex numbers, we have
lu+v7 L joul _AB’ - BA’
ju+u"l L 4yl ~ AA’ ‘BB’
We thus have a simple expression for the “spherical distance
AB" in terms of the Euclidean distances between A, B, and
their “‘negative inverse’’ points A’, B’. (If u=re®, then
~u7'=7r"'¢'®" Thus A and A’ are at reciprocal distances
from the origin in opposite directions.)

By 14.61, every linear relation among x,, x,, x» is equivalent
to a linear relation among u\*+u,?, u,, .. In other words,
every circle on the sphere projects into a circle (or line) in the
plane. In particular, a “‘meridian” (lying in the plane
X1+ Xox,=0, say) projects into a line through the origin,
but any other great circle (such as that in the plane
xo+ X1x,+ Xox9=0) projects into a circle of the form

u12+u22+2X1u1+2 X2u2—1 =0,
for which the power of the origin is —1. Such a circle meets
the “equator’ u*+u’—1=0 in two diametrically opposite

points (of the latter).t
This representation of spherical geometry on the Euclidean

cos? 16 =

14.63. cos? 16 = [cos® 15| =

*Cf. Sommerville [2], pp. 182-185.
tCarslaw [1], pp. 171-174.
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plane is due to Klein. ‘*‘Lines” of the spherical geometry,
being great circles of the sphere, are represented by circles and
lines which meet a fixed circle at the ends of a diameter. To
derive the corresponding representation for elliptic geometry,
we merely have to identify each pair of ‘‘negative inverse’’
points, or equally well to restrict consideration to the inside
of the fixed circle, identifying each pair of diametrically oppo-
site points of that circle.

Since circles are represented by circles, the above trans-
formation (from the spherical or elliptic plane to the Euclidean
plane) is conformal,* i.e., angles are represented without any
distortion. For distances, on the other hand, we have from
14.62 the formula

4du d; — 4(du12+du22) .
(uu+1)?  (ul+ut+1)?

14.64. ds?=dx?+dx’+dxs?=

14.7. Klein’s conformal model of the hyperbolic piane.
To obtain a representation of two-dimensional hyperbolic
geometry on a sphere in Euclidean space, we take Beltrami’s
model in the equatorial plane, with the equator for Absolute,
and project orthogonally.f Then every ordinary point of the
hyperbolic plane is represented by two points on the sphere,
one in the northern hemisphere and one in the southern, while
the equator represents points at infinity. Lines of the hyper-
bolic plane are represented by circles orthogonal to the
equator. Any circle on the sphere which intersects the
equator projects orthogonally into an ellipse which has double
contact with the equator, and so represents an equidistant

*The preservation of circles is a sufficient condition for conformality.
See Sommerville {2], p. 237.

tFor beautiful drawings of this construction, see Klein {3], p. 206.
Note that we are using the equatorial plane instead of the tangent plane
at the south pole. The advantage is that points at infinity now have the
same representatives in both models.
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curve. We shall not be surprised, therefore, to find that this
representation on the sphere is conformal. Finally, we go
back to the equatorial plane by stereographic projection from
the north (or south) pole. The result is a representation of
the hyperbolic plane on the Euclidean plane, lines being repre-
sented by circles which cut a fixed circle orthogonally, Le. by
circles for which the centre of the fixed circle has power 1.

Since two such circles meet once inside and once outside
the fixed circle, each point of the hyperbolic plane is repre-
sented by two points which are inverses with respect to this
circle, or equally well by one of these alone, say that which lies
inside the circle.

A flat pencil is represented by a system of coaxal circles
(orthogonal to the fixed circle). In the case of a proper pencil,
these will of course be intersecting circles. For a pencil of
parallels, they will touch one another at a point on the fixed

circle, their common tangent being a diameter. For a pencil
of ultra-parallels, they will be non-intersecting circles, namely
the system of circles orthogonal to two given intersecting circles.
In each case, the “complementary” system of coaxal circles,
which are the orthogonal trajectories of the system just de-
scribed, will represent the system of concentric circles (or
horocycles, or equidistant curves) whose diameters are the
lines of the given flat pencil. In particular, a horocycle is
represented by a circle touching the fixed circle.

We must remember that the points outside the fixed circle
merely represent the ordinary points over again. Ultra-
infinite points are not represented by points at all (unless we
extend the Euclidean plane so as to include complex points).
If we restrict consideration to the inside of the fixed circle, we
must say that an equidistant curve is represented by a figure
consisting of two arcs which cut the fixed circle at supple-
mentary angles. This shows clearly that an equidistant curve
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may meet a proper circle (ora horocycle, or anotherequidistant
curve) in as many as four points.

We have seen that lines are represented by circular arcs
joining pairs of points on the fixed circle. To return to
Beltrami’s model, we merely have to replace these arcs by
their chords.

Analytically, if xo=0 is the equatorial plane of the sphere

14.71. xol4x2+x =1,

the point (0, x1, x2) of Beltrami's model projects orthogonally

into the two points (+V'1—x2—x4? x1, x2) on the sphere. If

the point (—-\/1 —x2—x,?, %1, x2) in the southern hemisphere
projects stereographically into (0, i, us), we have

_ 2u, - 2us |
1 +u:2+u® 14212 4u,?
with u24+u.2<1. In terms of complex numbers x =x;+1x;
and u =u,+1u,, these relations become
x=2u/(14uu).
By 10.81, the hyperbolic distance § between points x and y
(in Beltrami's model) or % and v (in the conformal model) is

X1

given by
cosh § = —%Ex}-i-yx) _ = (1+“;)(1+ﬁ)—2(_u5 +ou) |
\/(l—'xx)\/(l—-yy) (l-—uu)(l—m;)
whence
COshzé _ (1 “‘u!—l)(l —'u;) _ (u-—;“l)(v__a—l) .

2 (1—uu)(1—vv) (u—uNw—v")
This cross ratio can again be expressed as
AB’ - BA’
AA’ - BB’
(cf. 14.63), where A and B are the points in the #-plane which
represent the complex numbers % and v; only row A’ and B’
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(representing %! and #~') are their ordinary inverses with
respect to the circle uy =1.

14.8. Poincare’s model of the e hyperbolic plane. There

a very close analogy between the models described

in §14.6 and §14.7. It is instructive to place corresponding
results side by side; e.g., Fig. 14.8a llustrates the fact that the

nnor'p..enn'} nf a fr|ﬂng|n 1S greate

et el A B

less than = in hyperbolic.

Fic. 14.8a

Since circles are represented by circles, and (consequently)
angles are preserved, it is clear that reflecttons are represented
by tnversions. Hence any inversion, applicd once for all to the
whole system, will produce another conformal representation.

A distinction between the elliptic and hyperbolic cases
arises here, since the property of cutting a circle orthogonally
is maintained by inversion, whereas the property of cutting a
circle diametrally is not. Thus, in the hyperbolic case, a suit-
able inversion will replace the “‘fixed circle’” by a straight line,
and we have Poincaré’s representation of the hyperbolic plane
on a Euclidean half-plane, lines being represented by semi-
circles based on the bounding line.* \When this line is taken

*Poincaré [1], p. 8.
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to be u, =0, or w =u, the inversion in a circle orthogonal to it
is expressible in the form

w =(u+b)/(cu—1),
where b and ¢ are real.

Since a semicircle is determined by its diameter, we have
incidentally represented the lines in the hyperbolic plane by
pairs of points on a line, as at the end of §10.3.

Klein made the interesting observation that Poincaré’s
model can be derived from Beltrami's by projection without
inversion. His procedure* is equivalent to the following.
Given Beltrami’s model in the plane xo =0, we project ortho-
gonallv onto the sphere 14.71, and then stereographically from
the point (0, 0, 1) onto the plane x, =0 (perpendicular to the
equatorial plane). Thus the equator projects into the x;-axis,
and the lines of the hyperbolic plane are represented by circles
orthogonal to this line.

14.9. Conformal models of non-Euclidean space. Apart
from the use of complex numbers, which was convenient but
not essential, all the ideas of §8§14.6-14.8 can readily be ex-
tended to space of three or more dimensions. Instead of a
sphere we must use a hyper-sphere, but that hardly demands
an apology nowadays.

The planes of three-dimensional ‘‘spherical space’’ are
represented by the planes and spheres that meet a fixed sphere
in great circles (of the latter). The spherical distance AB is
still expressible in terms of ‘‘negative inverse’’ points A’ and
B’, as in 14.63. Elliptic space can then be derived by iden-
tifying pairs of negative inverse points, or by restricting con-
sideration to the inside of the fixed sphere and identifying
pairs of antipodal points of that sphere.

*Klein {3], p. 300.
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In a somewhat analogous manner, the planes of hyper-
bolic space are represented by the planes and spheres ortho-
gonal to a fixed sphere or plane w (Poincaré [2]) or by the
circles that are the sections of these planes and spheres by w
(Liebmann [1]). Since w represents the Absolute (p. 195), we
have here a representation of the planes of hyperbolic space by
their absolute conics, which are sections of the absolute
quadric. By regarding » as a sphere or (inversive) plane,
instead of a general oval quadric, we have the advantage of a
conformal representation: the two supplementary dihedral
angles between two intersecting planes are equal to the two
supplementary angles between the corresponding intersecting
circles.

Stereographic projection makes it natural to regard the
inversive plane (Coxeter [9], pp. 83, 91, 146) as the Euclidean
plane completed by the postulation of a single point at infinity,
so that a line is a circle through this point and two parallel
lines are two circles that touch each other there. Three non-
coaxal circles belong to a bundle of circles which contains, with
every two of its members, the coaxal pencil to which they
belong. The bundle is said to be hyperbolic, parabolic or elliptic
according as its circles have a common orthogonal circle, a
common point, or neither. Two non-intersecting circles have
an tnversiwe distance which can be defined as log(R/r), where
Rand 7 (with R > r) are the radii of two concentric circles into
which the given circles can be inverted. Any two circles are
interchanged by inversion in a mid-circle (or ‘“‘circle of anti-
similitude”’). In the case of intersecting circles, there are two
mid-circles bxse(‘tmcr the sunnlementarv ancrles of Infprsectlnn
in the case of non-intersecting circles, there is just one mld-
circle, bisecting the inversive distance. A product of inversions
is called a homography or an antthomography according as the
number of inversions is even or odd. In particular, the product
of inversions in two orthogonal circles is a Mobius involution,
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and the product of inversions in three mutually orthogonal circles
is an anti-inversion (or “elliptic anti-involution”). The correspond-
ing product of reflections in three mutually orthogonal planes is
a central inversion (or “reflection in a point”).

These remarks enable us to exhibit Liebmann’s representa-
tion in the form of a “dictionary,” as follows:

The inversive plane

Circles and point pairs

Tangent circles

The angles between two intersecting
circles, and the mid-circles that bi-
sect these angles

The inversive distance between two
non-intersecting circles, and the
mid-circle that bisects it

Two orthogonal pencils of tangent cir-
cles

A pencil of intersecting circles and
the orthogonal pencil of non-
intersecting circles

The limiting points of the pencil con-

ainin
taining two non-intersecting circles

A hyperbolic bundle of circles

A parabolic bundle of circles

An elliptic bundle of circles

Three mutually orthogonal circles

Inversion in a circle

Homographies and anti-
homographies

Mobius involutions and other elliptic
homographies

Parabolic and hyperbolic homogra-
phies

Anti-inversions and other elliptic anti-
homographies

Parabolic and hyperbolic anti-
homographies

Loxodromic homographies

Hyperbolic space

Planes and lines

Parallel planes

Dihedral angles, and the planes that
bisect these angles

The distance between two ultra-
parallel planes, and the mid-plane
that bisects it

Two reciprocal pencils of parallel
planes

An axial pencil of planes and the
reciprocal pencil of ultraparallel
planes

The common perpendicular of two ul-

frapqrﬂ“p] nlanec

prACML AN A

The planes perpendicular to one plane

The planes parallel to one ray

A point (or the planes through it)

Three mutually perpendicular planes

Reflection in a plane

Congruent transformations,
and opposite

Half-turns and other rotations

direct

Parallel displacements and transla-
tions

Central inversions and other rotatory-
reflections

Parallel-reflections and glide-
reflections

Screw displacements or twists
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CONCLUDING REMARKS

15.1. Hjelmslev’s mid-line. If AB and A’B’ are congru-
ent point-pairs in a plane, we can find a congruent transformation
that takes AB to A'B’ (see pp. 113, 201-203). In fact, since A/
and B’ are invariant by reflection in the line A’B/, there are two
such transformations.

Fic. 15 1a

If the geometry is Euclidean or hyperbolic, one of these
two transformations is direct and the other opposite. The latter,
being the product of three reflections, cannot be anything but
a glide-reflection (including, as a possible special case, a simple
reflection). Let o denote the axis of the glide-reflection. Since A,
A’ are equidistant from o on opposite sides, o passes through P,
the mid-point of AA’; similarly it passes through Q, the mid-point
of BB’ (see Fig. 15.1A). Moreover, P and Q are distinct unless
AB is perpendicular to o (in which case the direct transformation
relating AB to A’B' is simply a halfturn, i.e., a rotation through
m). Since the same glide-reflection will transform any point on
AB into the congruently related point on A’B/, we have proved

267
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HJELMSLEV'S THEOREM.* If X = X' is any congruent mapping
of one line on another, then the mid-points of the segmenis XX' are
distinct and collinear or else they all coincide.

The line o, which is the axis of the glide-reflection, is called
the mid-line (or Hjelmslev line) of the congruent mapping.

If the geometry is elliptic, the two transformations relat-
ing AB to A'B’ are both rotations, but it is possible to re-
gard them as glidereflections whose axes are the polars of
their centres. Thus in the elliptic plane we have two mid-lines,
the loci of the two mid-points of XX’ (see p. 100).

By varying the segment A'B’ on its line, and allowing its
sense to be reversed, we obtain two continuously-infinite families
of mid-lines belonging to the two given lines AB and A'B'.

In the elliptic plane, the centre of a rotation relating two
lines, being equidistant from the lines, lies on one of their angle-
bisectors. Since the mid-lines are the polars of these centres of
rotation, the two families are two pencils, namely all the lines
through the pole of either angle-bisector. In other words, they
are the lines perpendicular to either angle-bisector.

In the Euclidean or hyperbolic plane, the axis of a glide-
reflection relating two lines is equidistant from the lines or else
makes equal angles with them. Hence, for two intersecting
lines, the two families of mid-lines are (as before) the lines
perpendicular to either angle-bisector. In the Euclidean case they
are pencils of parallels; in the hyperbolic, pencils of ultra-parallels
(see p. 199).

The above families of mid-lines may be described as the
joins AA’ of corresponding points (see p. 215) on the two given
lines. Such a description remains valid (for one family of mid-
lines) when the two given lines (in the Euclidean or hyperbolic

*Hjelmslev [1], p. 458. He denoted this glide-reflection by W, and ex-
pressed it as the product of the halfturn about P and the reflection in a line
perpendicular to o. What particularly interested him was the fact that this is a
substantial theorem not requiring any assumption about parallelism.
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plane) do not intersect. In the case of parallel lines in the
hyperbolic plane, every point between A and A/, on such a
mid-line, is the mid-point of some segment XX’ (such that A’X/
is congruent to AX). In the case of ultra-parallel lines, the
locus of mid-points of segments XX’ is restricted to a segment
in the middle of AA’, cut off by the parallels to the given
lines through their symmetry point* which is the mid-point of
their common perpendicular. In particular, when AA’ is this
common perpendicular, the symmetry point is the mid-point of
every segment XX'. In the case of parallel lines in the Euclidean
plane, this reduction of the locus to a single point occurs for
every pair AA’ of corresponding points.

In all these cases, the congruent segments AX and A’X’, on

A second family of mid-lines (having only one member in the
Euclidean case) arises when the senses of AX and A'X agree.
Now the locus of mid-points of segments XX’ covers the whole
mid-line; the mid-line lies between the two given lines and is
parallel or ultra-parallel to both. In the case of parallel lines in
the hyperbolic plane, this second family of mid-lines consists of
all the (parallel) lines between them. In the case of ultra-parallel
lines, it consists of part of the pencil of lines through their
symmetry point, namely, those lines through the symmetry point
which are ultra-parallel to the given lines.

This last remark provides a neat construction for the Sym-
metry point of two given ultra-parallel lines. Take two adja-
cent segments AB, BC on one line, both congruent to A’B
on the other (with senses agreeing, so that B and B’ are on
the same side of AA’). Then the symmetry point lies on the
join of mid-points of AA/, BB’ and also on the join of the
mid-points of BA’,CB'.

Since the symmetry point lies on the common perpendicular,
this construction supersedes Hilbert's (pp. 191-192).

*Busemann and Kelly [1], p. 200.
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If AB and A’B’ are congruent point-pairs in three-di-
mensional space (elliptic, Euclidean, or hyperbolic), one con-
gruent transformation taking AB to A’B’ is a half-twist about
the line PQ joining the mid-points of AA” and BB’. To see
this, let By, By’ be the orthogonal projections of B, B’ on the
plane AA’Q, as in Fig. 1)H.18B.

B, B B,
C
A ' l
| | .

] | Q
P\, © !
I

A ~O B, B, & R’
FiG. 15 1R

The congruent right-angled triangles QBB,, QB'B," show
that B and B’ are equidistant from the plane AA’Q on opposite
sides, and that Q is the mid-point of B;B,". The congruent
right-angled triangles ABB;, A’'B’B," show that AB; = A’B/".
Hence PQ is the mid-line of AB; and A’B/, i.e., it is the axis
of the glide-reflection that relates AB, to A'B,". Regarding
the reflection in the line PQ as a half-turn about that line, we
have, instead of the glide-reflection, a half-twist (the pro-
duct of the half-turn with the same translation that was used
in the glide-reflection). Since this half-twist nterchanges
the two sides of the plane AA’Q, it not only takes B, to B/’
but also B to B/, as desired.

Since the same half-twist will transform any point on
AB into the congruently related point on A’B’, we see that
Hjelmslev's Theorem continues to hold for point-pairs on
skew lines.*

*Liebmann [1], p. IR
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As before, the different congruent mappings between two
given lines vield two continuously-infinite families of mid-
hnes. In Euclidean space, each half-twist interchanges two
parallel planes, namely the plane through each line parallel
to the other; therefore the mid-lines of the given lines are the
same as those of the respectively parallel lines through their
symmetry point (the mid-point of their common perpen-
dicular), namely two perpendicular pencils of parallels. But

In elliptic or hyperbolic 3-space, the two families of mid-lines
of two skew lines are generators of a ruled quadric.

We shall prove this by showing that two mid-lines intersect
or are skew according as they belong to opposite families or
to the same family (see pp. 62, 69).

Consider the mid-lines of two congruent mappings X X’

and X-/\—-

while X’ or X" is the congruently related point on the second
line l,. Suppose first that the two mid-lines belong to opposite
families. Then, on 1., the congruent transformation X’KX ”,

X", where X is a variable point on the first lme I

being opposite, 1s simply the reflection in a point A’ = A"
(see p. 98). Thus the two given mappings have a common
pair of corresponding points AA’, and the mid-point of AA’
lies on both mid-lines. (In the elliptic case thcrc is the sl:ght

'afale]
L

™ Iﬁ I I
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complicati that eac ucnt mapping viel a [Jdu O1

ASA ¥ l_l.ll\_ul. )' l LIl L “

mid-lines. The two mid-points of AA’ lie on one pair of mid-
lines from each family; therefore both mid-lines of one family
meet both mid-lines of the other.)

Two mid-lines of the same family cannot intersect. For,
their point of intersection would be a mid-point of some pair
AA’ related by the first mapping and also a mid-point of
another pair BB" related b_\' the sccond. (These two pairs
must be distinct, since the congruent transformation X’ -/—\ X”,

11

o

-

If\'l'l \I

being direct, is a translation, which has no double

Thus the lines I, = AB and 1. = A'B" woulc
whereas we are assuming them to be skew.

c

Tt

be coplanar,
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In hyperbolic space, the ruled quadric may be described
very simply in terms of the common parallels of the given
skew lines 1,, ;. Naming their points at infinity, suppose
1, = M,N,, I, = Mu,N,, and let p, q denote the common
perpendiculars of M;M. and N,N.,, M,N, and M.N,, as in
Fig. 15.1c. Then one regulus consists of lines meeting M, M.,
N.N., q, while the other consists of lines meeting MNo,
M.N,, p.

q
M, « > N,
AN A
p
\' 4 v
M, € > N,

Fi1G. 15.1c¢

In fact, a limiting case of the mapping X % X' will relate
M, on 1, to an ordinary point M’ on L., and an ordinary point
N on I; to N, on L.. Since the mid-points of M;M’ and NN,
are M, and N, one of the mid-lines 1s the common parallel

MlNg Similarly, others are M;M,, M.N,, N,N,. Moreover,
mid-line for the rnnpprnn M, OLN — M, OnN 2, where
0,0, is the common perpendicular of 1, dlld l,. For, in this
case the half-twist reduces to a simple half-turn. Similarly,
q is the mid-line for M;O:N; = N.O:M..

1. 5. Forder has pointed out that lljelmslev’s Theorem
may be extended as follows:
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If X A X' is any congruent mapping of one plane on an-
other, then the mid-points of the segments XX’ are distinct and
coplanar or else they all cotncide.

In fact, one of the two congruent transformations relating
two congruent triangles ABC, A'B’C’ is a rotatory reflection
(p. 131) whose plane, joining the mid-points of AA’, BB’, CC’,
1s the “‘mid-plane’ of the congruent mapping.

15.2. The Napier chain. The formulae connecting the
sides and angles of a triangle in the clliptic plane (p. 234) are,
of course, the same as the classical formulae for a spherical
triangle on a sphere of unit radius in Euclidean 3-space. The
sides of such a spherical triangle ABC are arcs of three great
circles whose planes form a trihedral angle at the centre P, of
the sphere.  This trihedral angle mav be regarded as one
corner of a special kind of tetrahedron P;P,P,P, whose opposite
face is perpendicular to PgA, as in Fig. 15.24.

This is called a quadri-rectangular tetrahedron or ortho-
scheme, because all its faces P,P,P., P,P;P,, P,P.P,, P,P,P,
are right-angled triangles (with each right-angle at the point
named last). Since these Euclidean triangles have respec-
tively an angle 4 at Py, and angles a, b, ¢ at Py, those formulae
which do not involve B may be deduced immediately; e.g.,

P,P; P,P; P.,P;

sin g = = = sin ¢ sin A.
PP, PP, PP,

- .

The rest follow by Napier's rule, to the effect that anyv formula
connecting

15.21. A, 37 —a, ¢, ixr — b, B

remains valid when these five quantities are cyclically per-
muted. (To be historically accurate, Napier used the “‘alter-

nate’’ cycle
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15.22. %r*—a, B, ¢, A, -%r—b;

but either rule implies the other.)

Fi1G. 15.2a

One way to establish Napier’s rule is to draw another unit
sphere, with its centre at P; instead of Py, so as to obtain a
triangle A’B’C’ whose vertices lie on P3Py, PsP,, P3Py, as in
Fig. 15.2a. Since the dihedral angle at the edge PoP; appears
as the angle B of ABC and as the angle 4’ of A'B’C’, we have

A' = B.

Since the two acute angles of a Euclidean right-angled triangle
are complementary,

1r —a’ = 4, ¢ =3ir —a, 1r — b =, B’ = ir — b.

Thus we pass from ABC to A’'B’C’ by a cyclic permutation.

In other words, these are the first two of a cycle of five related

right-angled spherical triangles, known as the Napier chain.
An alternative procedure is to consider a certain set of five
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2
25
2.4
2
NS i) i O—
X. Xl X, X,
Fi1G, 15.28

planes through Py, namely three faces of the orthoscheme, one
plane parallel to the fourth face, and one perpendicular to
the longest edge PoP;. These five planes cut out from the
sphere round Py a rectangular pentagram* (Gauss's penta-
gramma marificum) whose sides

it+a. 71— B, = —¢, n— A, ir+b

are the supplements of Napier's cycle 15.22.
A third way is to use G. T. Bennett’s diagramt (Fig. 15.28)

based on four collinear points X,, X, X, X; in the Euclidean
plane, so arranged that

XOX1 —_ Poplz, X1X2 == Plpzz, ng:a, = P2P32

and consequently (by Pythagoras)
Xon = Popzz, XoXa = Popsz. X1X3 = Plpaz.

Semicircles and lines are drawn orthogonal to the line of the

*Sommerville [2], p. 118.
11t was stated (Coxeter (2], p. 123) that Dr. Bennett would publish this

in greater detail elsewhere. But he did not live to do so.
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P, Y

(_\,—]

Fi1G. 15.2¢C

X's. Comparing the two parts of Fig. 15.2¢, in which YX,Y’
is a chord perpendicular to the diameter X,X,X;, we have

(1_:’_1_P_g)'2 XX, XX X.Y (xlxz)2
P,P, X, X, X, Y X,X; X,Y/

Since P,P,P, and X,YX, are similar triangles, the angle be-
tween the line X,Y and the arc YX; is 24. Similarly, the
triangles PoP,Ps, PiP;Pi, PiP:P; yvield angles 2a, 2b, 2¢, as
indicated in Fig. 15.28. Performing an arbitrary inversion,
and calling the centre of inversion X,, we obtain Fig. 15.2p,
which shows that, since 2a and 25 are interchanged by naming
X,X,X,X.X, in the reverse order, the angle indicated between
X,X, and X;X; 1s 2B.

Thus the arcs XoX,, X:X;, X.X,, X:Xo, XiX,, orthogonal to
the circle X,X:X,X:Xi, form a curvilinear pentagon whose
angles

24, # — 2a, 2¢, = — 2b, 2B

are the doubles of those in the cycle 15.21. Regarding
the interior of the circle as a conformal model of the hvper-
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X,

Fi1G. 15.2p

bolic plane (p. 261), we may say that these are the angles of
a pentagon whose alternate sides are parallel.

15.3. The Engel chain. Let the angles of parallelism for
lengths a, b, ¢, I, m be denoted by the corresponding Greek
letters «, B, v, N\, u, and let a’, &', ¢/, I, m’ denote the lengths
whose angles of parallelism are the complements o’ = 3r — q,

4 =31 — u. By §10.6,

sinh ¢« = cot a, tanh ¢ = cos «,
sinh ¢’ = cot &’ = tan «, tanh a’ = cos &’ = sin a,

b

: . A |
Lobatschewsky* discovered between the

~

nd so on. This notation is useful for discussing a remarkable
e
L

™ + L
onneciion ¢

~

*Lobatschewsky's treatment was trigonometrical. Engel [1] estab-
lished the correspoundence from purely geometrical cunsiderations, using
three-dimensional space. Liebmann ([1), pp. 37-42) gave a synthetic proof
in the plane. The simpler treatment given here was inspired by Lieb-
mann’s proof of Bolyai's parallel construction (Liebmann 1], p. 36).
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Fi1G. 15.3A

general trirectangle (p. 194) and the genera! right-angled
triangle. Writing X and u for A and B, we may express his
result by saying that the right-angled triangle ABC corresponds
to a trirectangle with sides /', ¢, m, b, the second and third
sides enclosing the single acute angle, which 1s a.

Given ABC (right-angled at C, as in Fig. 15.34), draw AA’
of length I’ perpendicular to MAC on the same side as B, so
that A’M’, parallel to AB, is perpendicular to AA". By Bolyai’s
parallel construction (p. 204), A'M’ meets CB produced in a
point B’ such that A'B’ = AB. Since these congruent seg-
ments are on parallel lines, their mid-line PQM’ (§15.1)
belongs to the same pencil of parallels. The half-turn about
P interchanges AM and A’M’. The half-turn about Q trans-
forms C into a point C’ such that C'M’, parallel to AB, 1s
perpendicular to CB.  Since the acute angle at B is u, we have

B'C = BC' = m;
and since B'C’ = BC = a, the acute angle at B’ is a. We,
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have thus derived from the triangle ABC a trirectangle
AA'B'C with
AA’ =], A'B ' =¢, B'C=m, CA =15,

and angle « at B’.

Conversely, given the trirectangle AA'B'C, we can re-
construct the triangle by taking B on B’C so that AB = A'B".

Naming the five “‘parts’” in a convenient order, we may
say that we have established a correspondence between the
right-angled triangle dbAcua and the trirectangle /"camb. Since
the five parts can equally well be named in the reverse order,
the same triangle (or trirectangle) yields another trirectangle
(or triangle); e.g., the trirectangle AA’B'C yields not only
the triangle ABC at its corner C but also another triangle
I'8'm~a at its opposite corner.

Carrying out the correspondence systematically, we thus
obtain the Engel chain of alternate triangles and trirectangles:

b\cua, lcamb or bmacl’,
I'8mvya or aymB'l!,)’ cmXba or ab'\N'mc,
ca’b'ul’  or Uub'd'c’, m'b'ya'l! or la'y'b'm’,
m'Aa’B'c’ or c'Ba’xm’, ba'ylc or c'lu’a’b,
byla’m’ or m'a’lyb, alBem’ or m'cBla,
auch\b or b\cua.

Since the sixth triangle is the same as the first, the chain
closes; there are just five triangles and five trirectangles.

Mukhopadhyava [1] has managed to put all the five tri-
rectangles into a single figure by establishing the existence of
a rectangular pentagon with sides /, b’, ¢, a’, m. The members
of the chain are derived from one another by cyclically per-
muting these five sides, taken alternately, i.e., by the permu-
tations

15.31. (lemb'a’) ('c’'m’ba) (AyuB'a’) (Nv'u'Ba).
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R. C. Bosce [1] has proved directly that, in a rectangular penta-
gon, the hyperbolic cosine of any side is equal to the product
of the hyperbolic cotangents of the adjacent sides,* and equal
to the product of the hyperbolic sines of the remaining sides.
Thus

cosh ¢ = coth a’ coth b = sinh / sinh m,
1e.,

cosh ¢ = cosh a cosh b = cot \ cot g,

in agreement with 12.97 (p. 238). The rest of the ten formulae
for the right-angled hyvperbolic triangle can be derived from
these two by means of the above permutations (i.e., by
applyving Bose's rule to other sides of the rectangular penta-
gon).

Lobatschewsky described a correspondence between spher-
ical and hyperbolic trianglest whereby the Engel chain mav
be derived from the Napier chain (§15.2). Regarding the
orthoscheme PP \P,P: of Fig. 15.27 as being in hyperbolic
space instead of Euchdean, we take the plane P,P.P; (perpen-
dicular to PyA) to be parallel to PPy, so that Py is a point at
infinity and the tetrahedron 1s “singlv-asy mptotic.”  To give
the sides of the spherical triangle ABC their proper values, we
may take the radius of the sphere round Py to be arg sinh 1
(see 13.71). Thus

a = II(Pupz), = II(P(;P]), A = H(P]PQ) .

On the other hand, instcad of another sphere round Py we
now have a horosphere, so that A'B’C’ is a horospherical

triangle, which is indistinguishable from a Euclidean triangle
(sce 11.31). Thus

B=A"=ir - B = )r — £LP,P,P..

*This was anticipated by Whitchead in his Universal Algebra (Cam-
bridge, 1898), p. 434.
tLobatschewsky {2], p. 18; [3], p. 36.



§15.3 NAPIER AND ENGEL 281

Since also b = 4P,PP;, we have expressed the five parts of
the spherical triangle ABC in terms of the five parts of the
hyperbolic triangle P,P,P,. Changing the notation so as to
identify PyPoP; with the hyperbolic triangle ABC of our earlier
discussion, we may say that the corresponding spherical
triangle has hypotenuse II{a) = « and catheti v, u opposite
to its angles 8, \'. In other words, the hyperbolic triangle
bhcua corresponds to a spherical triangle pBol'~y. The ten
formulae 12.96-12.99 now follow from the ten formulae 12.76-
12.79, and Napier’s cycle 15.22 yields the cycle (v'N agpu’),
which is the inverse of Engel's (A" v" 4’ 8 a) (see 15.31).

15.4. Normalized canonical coordinates. Another approach
to hyperbolic trigonometry is the use of canonical coordinates
(810.8), normalized so that

9 v
xo>0,x02—x12-—x2-= 1,‘¥02—X12—X22‘—" —1.
This normalization simplifies the formulae in a striking manner

The distance between (x) and (y) 1

w

arg cosh (x¢yq — X1y1 — X2¥2) ,
the distance from (x) to [ Y] is
arg sinh | %Yo + 21 Y1 + x: 13 |,
and the angle between intersecting lines [X] and [ Y] is
arccos | —XoVo+ XaVi+ Xo Vo | .
For a right-angled triangle ABC with A at (1,0,0)
along [0,0,1], as in Fig. 15.4A, we see at once tha
C is (cosh b, sinh b, 0),
BC is [sinh b, —cosh b, 0],
AB is [0, —sin A, cos A},

ad

s 3
Ll

C

A &



282 CoNCLUDING REMARKS

(1,0,1)
N B
}J.
¢
a
A& —o- > (1.1.0)
(1,0,0) b C
Fi1G. 15.4a

and B is (cosh ¢, sinh ¢ cos A, sinh ¢ sin X\). The distance from
B to AC yields

15.41. sinh @ = sinh ¢ sin A.

,.
1
:
)]

]
)
td

cosh b sin TI(b) = 1,
in agreement with §10.6. Writing 15.41 and 15.42 in the form
sin A = tan vy tan « = cos u cos B,

and making repeated applications of the permutation (Ayug’a’)
(see 15.31), we deduce the rest of the ten relations 12.96-12.99
in the form*

sin y = tan g tan A = cos 8’ cos o,
sinu = tan 8’ tan v = cos a’ cos A,
sin 3’ = tan &’ tan g = cos A cos 7,
sin & = tan A tan B8 = cos v cCoOs .

*Lobatschewsky (2], p. 223.
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15.5. Curvature. Instead of the normalized canonical
coordinates xg, x1, x2 used in 6.77, 13.62 and §§14.3, 15.4, it is
sometimes convenient to use somelric coordinates ui, us,
given by

Xo — p — 1, X1 = pUi, X9 = pU3,

where, since x¢? £ (x,2 + x2?) =1 (W1th the upper or lower

ngu aCCo

[\

B 1 4 (14 + u2?)

(cf. pp. 258, 262). Since dp = Fp*(u1du, + p2du,), it follows
that ‘ .
ds? = 4+ dxo* + dx\? + dx:? = p
4(du,® + dus?)
(1 4 (u1? + ua?)}?

as in 14.64 and §14.9. Comparing this with the formula

ds* = g, du, du, = E du,* + 2Fdu,du, + Gdu,*
of classical differential geometry, we have E = G = p?,

F = 0, so that the curvature K (of the elliptic or hyper-
bolic plane, with the classical unit of measurement)isgiven by*

—-'\/—EEK= 3(_1@ (_9_\_{9)+aa(1 8\/E)
U

du, \WE du, VG o Oug

a /1 dp a /1 Bp)
— + — (= =) = 2]
du, (p aul) du (p U V©log e

= — Velog{l @ + u?)} = Fpr = FVEC.

We thus verify that K = =+1, in agreement with p. 211.

*Struik {1], p. 113.
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Still more simply, we may use polar coordinates 7, 8, so that
ds? = dr* + g d6?,
where g = sin?» or sinh?r (see 13.71). Then*

2
K= L %ve _

Vg or?
(since /g = sin 7 or sinh 7).

15.6. Quadratic forms. From the remarks on p. 225,
we see that the expression

(xy)*
(xx) (y¥)
is S 1 or 21 according as the geometry is elliptic or hyperbolic,
1.e., according as the signature of the quadratic form
(xxX) = CurxuX,

is {+++4+. ..} or {+——...}. L. J. Mordell has kindly
supplied a proof for the corresponding algebraic theorem:

(1) If (xx) s positive definite, (xy)* < (xx) (yy).

(1) If (xx) is indefinite, of signature {+ — —. ..}, then
for values of (y) satisfying (yy) > 0,

(xy)* 2 (xx) (yy) .

Working in projective (n—1)-space, so that (xx) is an

n-ary form, we may assume (x) and (y) to be two distinct

points and then choose 7 —2 further points to form a simplex
(x) (v) .. .(2), so that

X1 Y1 ...21

------

*Struik [1], p. 138.
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These n independent points determine a coordinate trans-
formation

E =8+ + ...+ ag (n terms),

from (¢, &2, ..., En) to (&, n, ..., ) (cf. p. 83). Applying
this transformation to the form (£%), we obtain

(EE). = (kb = Cur(xnf + oy 4. ) (E+ v+ )
= (xx)&* + 2(xy)n + (yym*+. ...

(i) If (xx) is positive definite, so is (££), and so is

15.61. (xx) & + 2(xy)én + (yy)nt
Hence (xx) (yy) — (xy)? > 0.
(i1} If (xx) is of signature {4+ — —. ..}, so is (££). There-

fore the binary form 15.61 is either indefinite or negative
definite; if (yy) > 0, it can only be indefinite, i.e.,

(xx) (yy) — (xy)? < 0.

15.7. The volume of a tetrahedron. A proof of 13.51,
simpler than Schlafli’s, was given in 1903 by H. W. Rich-
mond [1]. But his presentation is so highly condensed that a
full account seems desirable. Following him, we work 1n
elliptic space; but the corresponding proof for hyperbolic
space may be derived by making the appropriate changes
from circular to hyperbolic functions.

We begin with a lemma concerning a spherical (or elliptic)
triangle ABC: For a small displacement of A along CA produced,

15.71. dA = —coscdB (a and C constant).

To prove this, draw AH perpendicular to BA’ as in
Fig. 15.74, so as to form an infinitesimal right-angled triangle
A’AH in which, by 13.71, AH = dB sin ¢, and therefore

dc = A’H = dB sin c cot A.

By 12.73, sin¢sin 4 = sin a sin C = const., whence
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B a
Fi1G. 15.7a

sin ccos A dA = —cos ¢ sin A dc¢
= —CoO0s ¢ sin ¢ cos 4 dB,

as desired.

We proceed to prove that the differential of the volume V
of an elliptic tetrahedron ABCD is

15.72. dV = 1Y ld),

where / is the length of an edge at which the dihedral angle is A,
and the summation is taken over the six edges.

It is clearly sufficient to consider the effect of varying just
one vertex. Since any small displacement of A may be decom-
posed into small displacements along the three edges at that
corner, we may simply suppose A to be displaced to A’ on CA
produced, as in Fig. 15.7B. Let w denote the dihedral angle
at the edge BD, so that dw is the angle between the planes
ABD and A’BD.

Draw XM and AN perpendicular to BD, taking Y any-
where on AN, and X on BY. Set § = BX, ¢ = ZDBX. An
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AQ

Fi1G. 15.78

element of area at X may be expressed as sin 6 d6 d¢. This
traces out an element of volume

sin 8 d0 d¢ . dw sin XM,
where, by 12.76, sin XM = sin 8 sin ¢. The increment d V
is the sum of two terms, corresponding to the two parts ABN,
ADN of the triangle ABD. (The possibility of an obtuse angle
at B or D 1s covered by an appropriate change of sign.)
The contribution of the part ABN is p dw, where

BY B
P==J" J' sin? 8 sin ¢ df do (B
J o=l

fual

Z/DBA).

Performing first the integration with respect to 8, and then
changing the notation so that § = BY, we have

B
p_—_%f (8 — sin 8 cos 8) sin ¢ d¢.

Pl
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Applying 12.79 to the triangle YBN, we obtain

tan 8 cos ¢ = tan BN,

whence
sin @ cos 8 sin ¢ d¢ = cos ¢ df
and
B B
p=~;—f (6 sin ¢ dp — cos ¢ df) = —%[ﬁcosd)]
¢=0 ¢=0

= 3(BN — BA cos B).
Similarly, the contribution of the part ADN is ¢ dw, where

g = 3(ND — DA cos D) (D = £ZBDA).
By addition,

dV = pdw + gdw = 3(BD — BA cos B — DA cos D)dw
= 1{BD dw + BA(—cos B dw) + DA(—cos D dw)}.

Applving 15.71 to the trihedral angle at the corner D of
the tetrahedron, we see that d\ for the edge DA is —cos D duw.
Similarly, dA for the edge BA is —cos B dw. Also dX for the
edge BD is dw itself. Hence

dV = 1 3 ldx,

summed over the three edges BD, BA, DA whose dihedral
angles vary. For the reasons given above, this suffices to

establish 15.72 in its full generality.

The computation of V itself is most readily performed by
dissecting the tetrahedron into orthoschemes (Fig. 15.24) and
then emploving the formulae of Coxeter [1] (where 15.72 is
used on p. 25). In the hyperbolic case the explicit formula,
though complicated, is elegant: If V is the volume of an
orthoscheme P,P,P.P; in which the dihedral angles at the
edges PoP,, PoPs, P,P; are v —a, B, 37— (while the re-
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maining three are right angles), then, as Lobatschewsky
proved by an entirely different method,

4V =L0+a)+ L6 —a) — LG+ B8) — L5 — B)
+ L+ v) + L@ — v) — 2L(s),

where
Sin «a sin 7y

v/ (sin?a — sin?8 + sin?y)

§ = arc cos

and

L(x) =f log sec 8 df .
0

15.8. A brief historical survey of construction problems.
In §10.4, we saw some famous constructions in hyvperbolic
geometry performed by means of ruler and compasses. The
construction of a line parallel to a given rav is shown in 10.41,
-and the construction of a line perpendicular to one line and
parallel to another in 10.43. The latter can also be obtained
as the altitude of infinite length passing through the inter-
section of the two altitudes of finite length in a singlv-asvmp-
totic triangle having the two given lines as intersecting sides.*

In 1927, Mordoukhav-Boltovskoy [1] proved a theorem
which may be stated as follows:}

15.81. By means of ruler and compasses we are able to
construct, from a given point on a given line, all segments of
length r, where sinh r belongs to the rational field extended by
extraction of square roots.

Since the proper circle is only one of the three “cvcles”
(§11.1), it is reasonable to consider, along with the compasses,
two more instruments, namely the hypercompass for drawing

*Gérard [1}]; Liebmann (1], p. 34.
1Cf. Jessen [1].
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a hypercycle (or equidistant curve) with a given axis and a
given distance (p. 214) and a horocompass for drawing a horo-
cycle with a given diameter and passing through a given
point. Nestorowitsch [1;2] has proved that no further con-
structions are obtained by adding either or both of these new
instruments. Later, Nestorowitsch [3;4] proved that the
three kinds of compasses are of equal efficacy in conjunction
with a ruler. Hence

15.82. Any construction that can be performed by means
of ruler, compasses, horocompass and hypercompass can be
performed by means of ruler and compasses or ruler and horo-
compass or ruler and hypercompass.

A further restriction on the use of the instruments
can be made without reducing their efficacy. Hjelmslev

(see Forder [2], [3]) and Handest [1] proved:

15.83. Any construction that can be performed by means
of ruler and compasses can still be performed 1f the compasses
have a fixed adjustment, or if the compasses are replaced by a
hypercompass with a fixed adjustment.

Steiner [2] proved in Euclidean geometry that a fixed circle
with its centre and a ruler have the same efficacy as the ruler
and compasses. This is not quite the case in hyperbolic
geometry, but:

15.84. Any construction that can be performed by means
of ruler and compasses can be performed with a ruler alone if
there is drawn somewhere in the plane: either a circle with ils
cenire and two parallel lines, or a horocycle with one diameter
and two parallel lines with their common end not al the centre
of the horocycle, or a hypercycle with its axis and two parallel
lines with their common end not on the axis.*

*Handest [1].



§15.8 CONSTRUCTION PROBLEMS 291

Actually, the circle with its centre and two parallel lines
may be replaced by circle of radius arg sinh 1 with its centre.
For, since the angle of parallelism for this radius is i, the

ruler VIPI(“Q a palr nf para”el ! nes.

- . A s A AW wF

Qu1te another instrument has the same effect, namely a

parallel-ruler, which is an instrument for drawing a line

through a given point parallel to a given ray.*
In elliptlc geometryT 15.81 1s valid if we write sin r instead
of sinh 7. But the theorems concerning new instruments are,

of course, meaningless.

Georg Mohr [1] proved in 1672 (and independently of him,
Mascheroni in 1797) that all the constructions in Euclidean
geometry that can be performed bv means of ruler and com-
passes can be performed with the compasses alone. (A line
1s then said to be constructed if two points on it are con-
structed.) In 1935, Fog [1] proved that in elliptic geometry
the compasses alone are as effective as the ruler and compasses
if two perpendicular points are given. In 1951, Smogor-
schevsky [1] proved that in hyperbolic geometry the three
kinds of compasses together have the same effect as the ruler
and ordinary compasses. Finally, in 1953, Mokriscev (1)

15.85. Amny hyperbolic construction that can be performed
by means of ruler and compasses can be performed by means of
compasses and horocompass or by means of the (adjustable)
hypercompass alone.

*Handest [1].
tBonnesen (1]; cf. Jessen {1].
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15.9. Inversive distance and the angle of parallelism.
Consider, in the Euclidean plane, two circles with radii @, b and
centres A, B. Suppose AB = c. If each of a,b,¢ is less than the
sum of the other two, the circles have two common points; let
C be one of them. Then ABC is a triangle whose angle at C,
is given by

15.91. cosC = (@® + b* - c?) /2ab,

is one of the two supplementary angles of intersection of the
circles. Since angles are preserved by inversion, the expression
on the right of 15.91 is an inversive invariant for all values of
a,b,c.

Ifa+b=cor |a—b| =c, the circles are ‘tangent’, that is, in
contact, internally or externally, and C = 0 or .

If a+b<cor|a—bl>c, the circles are disjoint, so there is
no real point C. Instead, there is a real number 8, invariant for
inversion, such that

15.92. cosd = |a? + b* — c?| /2ab.

This 8, like C, is zero when the two circles are tangent; it
becomes infinite when one of the circles shrinks to a point.
Accordingly we call & the inversive distance between the two
disjoint circles.

In particular, if the circles are concentric, so that ¢ = 0, we
have

a + b

+
ab

SIS o

¢ +e%=2coshd =

o R

Thus, if a > b,
a
o = logg

Since any two disjoint circles can be inverted into concentric
circles (Coxeter and Greitzer [1], p. 121), this expression for &
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justifies the definition for inversive distance proposed on page 265
(see also Coxeter [10]).

Consider, in Euclidean space, a uniform triangular prism.
A sphere which touches all the nine edges at their midpoints
contains the incircles of all the 3 + 2 faces. By stereographic
projection, these incircles yield three mutually tangent circles
and two disjoint circles tangent to each of those three. The
inversive distance between the two disjoint circles is easily seen

to be

15.93. & = 2log(2 + \/5) = arg cosh 7

(Coxeter and Greitzer [1], p. 125 with » = 3).
More interestingly, consider a ‘loxodromic’ sequence of tan-
gent circles

ey 0_1,00,01,09,...

(Coxeter [11], pp. 112, 176-177) such that every four consecutive
members are mutually tangent, as in Fig. 15.9A. Let §, denote
the inversive distance between oy and o, (or between o, and
ou+y for any p). Then it can be proved that cosh 8, is always
an integer. In terms of the Fibonacci numbers

we have
[v/2]

15.94. cosh§, = Z (21;)1‘;,_“_2.
p=0

Thus

COShSl =f_1 = 1,
coshd, =f+f;=0+1=1,
coshd; =fi+3f=1+0=1,
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FIG. 15.9A

coshd, =/ +6A+f=1+6+0=7,
coshds =+ 10 + 54 =2+10+5=17,
coshdg = f + 156+ 15/ + 4 =3 +30+ 15+ 1 = 49,

and so on (Coxeter [11], pp. 117-118).

We see from page 191 that, for any two ultra-parallel lines in
the hyperbolic plane, the shortest distance from a point on one to
a point on the other is along the unique common perpendicular.
We naturally call this the distance between the two lines, as
in 10.72 on page 208. In other words, the length of any line
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segment AB can be measured as the distance between two ultra-
paralle]l lines, one through A and one through B, perpendicular
to the line AB.

In the conformal models (see page 262), instead of using
cross ratios, Klein and Poincare could more easily have defined
the length of a segment AB as the inversive distance between
the circles representing these two ultra-parallel lines.

B

2
o

0 n’
~

FIG. 15.98

One spectacular application of this definition of length is
P Szasz's method (Coxeter [1], p. 82) for establishing Lo-
batschewsky’s formula

o -8
15.95. & = 2Zarctane
where 8’ = II(8) is the angle of parallelism for the segment 8,

that is, the angle between the lines AB and AM, perpendicular
and parallel (respectively) to the line BM, as in Fig. 15.9B. This
being the half-plane model, & is represented by the part AB
of the vertical radius QB of the semicircle that represents the
line BM. The horizontal diameter MM’ is the absolute line,
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whose points are ‘at infinity’. The line AM, parallel to BM, is
represented by another semicircle, with centre O and radii OM
and OA. The angle of parallelism appears as the angle at A in
the curvilinear triangle BAM, and again as ZQOA. Since & is
the inversive distance between concentric circles with radii QB
and QA (the latter not drawn), we have

s _ QB _ QM
QA QA
which is equivalent to 15.95.

—_ 1 g/
e = cot 50,

cosh &

sinh &
FIG. 15.9C

The right-angled triangle AOQ suggests a useful mnemonic
(Fig 15.9¢) for the six circular (i.e. trigonometrical) functions
of & which are equal, in a peculiar order, to the six hyperbolic
functions of & (see pages 9, 208, 277): the sides of the triangle
illustrate the theorem of Pythagoras in the form

1 + sinh® = cosh? 8,

and the angle opposite to the side of length 1 is &',

Comparing the projective and inversive aspects of hyperbolic
geometry, we may declare that the hyperbolic plane is part of
the real projective plane with a metric introduced by an ‘absolute’
conic, and it is also part of the real imversive plane with a
different metric introduced by an ‘absolute’ circle (or line, since,
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in the vocabulary of inversive geometry, a line is simply another
circle). Although we have found it convenient to describe the real
inversive plane, with its points and circles, in terms of Euclidean
distance, a purely axiomatic treatment is feasible (Ewald [1],
p. 357; Mirsky [1], p. 40). Orthogonality can be defined by
declaring two circles to be orthogonal if one of them belongs to
a triad of mutually tangent circles while the other is determined
by the three points of contact. Then inversion can be defined by
saying that two points are tnverse with respect to a circle ¢ if
they are the intersection of two distinct circles orthogonal to o.

Consider, in the Euclidean plane, a sequence of concentric
circles whose radii are in geometric progression. Each circle, in-
terchanging its two neighbours by inversion, is the mid-circle of
those neighbours. From the inversive standpoint, the circles are
evenly spaced with respect to inversive distance, and this prop-
erty is invariant for inversion (Coxeter [1], p. 4). Thus repeated
inversions enable one to multiply a given inversive distance by
any whole number. The mid-circle (see page 265), which halves
the inversive distance between any two disjoint circles, can be
constructed as the locus of the point of contact of a variable pair
of tangent circles which touch both the given circles. Repeated
bisection, followed (if necessary) by a limiting process, will mul-
tiply the inversive distance by any real number, and the circle
so obtained will be coaxal with the original pair of circles. Thus,
to obtain a purely inversive definition for inversive distance, all
that we still need is a special pair of circles whose inversive
distance is precisely known. In Euclidean geometry, such a unit
is provided by a pair of concentric circles with radii 1 and e; the
simplest possible hyperbolic choice seems to be 15.93.

These ideas, including the above description of a loxodromic
sequence (Fig. 15.9A and equation 15.94) belong to hyperbolic
geometry as well as to Euclidean: they are ‘absolute’ in the

sense of Bolyai (see page 17) and so are valid also on a sphere,
like the sphere that led to 15.93.
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The Euclidean plane, on which Fig. 15.9A is drawn, must be
regarded as having been rendered inversive by the adjunction
of a single point at infinity which lies on both the upper and
lower parts of the curve (drawn as a broken line) which passes

through the points of contact of o, and o,4; for all values of p.

This curve begins and ends at the two points of accumulation
where the circles seem to become infinitesimal (although from
the standpoint of inversive geometry they are all alike)! By
applying two suitable inversions we can place this arrangement
of circles on a geographical sphere in such a position that the two
‘points of accumulation’ are antipodal, say at the north and south
poles. Now the curve becomes a loxodrome (or ‘rhumb line’)
cutting all the meridians at the same angle ¢, approximately
64°37' (Coxeter [11], pp. 115-116), and still passing through the
points of contact of consecutive pairs of circles. Any one of the
circles can be named oy, but it is natural to choose the circle
whose centre lies on the equator. Then the remaining circles
o, have their centres in the northern or southern hemisphere
according to the sign of ».



APPENDIX

ANGLES AND ARCS IN THE
HYPERBOLIC PLANE

H.S.M. Coxeter
Dedicated to H.G. Forder on his 90th birthday

1. Introduction. This essay may be regarded as a se-
quel to Chapter V of H.G. Forder’s charming little book, Geom-
etry [Forder 8*, pp. 80-95], which is summarized in Sections 2
and 3. Section 4 gives a fuller account of Lobachevsky’s ap-
proach to hyperbolic trigonometry. Section 5 contains a simple
proof that the natural unit of measurement is the length of a
horocyclic arc such that the tangent at one end is parallel to the
diameter at the other end. Section 6 frees Poincaré’s half-plane
model from its dependence on cross-ratio, by introducing a more
natural concept: the inversive distance between two disjoint cir-
cles. Section 7 shows how an equidistant-curve of altitude « is
represented by lines crossing the absolute line at angles *+I11(a).
Finally, Section 8 provides an easy deduction of Poincaré’s for-
mula [dz|/y for the hyperbolic line-element.

Math. Chronicle 9 (1980) 17-33.
*See page 316.

299
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B

IT(a)

C £
FIG. 1: Parallel rays

2. Asymptotic triangles. Felix Klein once said that
“non-Euclidean geometry...forms one of the few parts of math-
ematics which...is talked about in wide circles, so that any
teacher may be asked about it at any moment” [Klein 9, p. 135].
The richest kind of non-Euclidean geometry is the one discov-
ered independently about 1826 by J. Bolyai (1802-1860) and N.L
Lobachevsky (1793-1856). After 1858, when B. Riemann and
L. Schiifli had discovered another kind, Klein named the old
kind Ayperbolic. This geometry shares with Euclid the first 28
propositions and many more. The first departure occurs when
we consider a line £ and a point B not on it (see Figure 1). In

the plane B¢, the pencil of rays going out from B includes some

that intersect the infinitely long line £ and others that do not.
The two special rays that separate those intersecting £ from all
the rest are said to be parallel to £. In Euclid’s geometry they
are the two halves of a single line, but in hyperbolic geometry
they form an angle. This angle is bisected by the perpendicular
BC from B to £. Lobachevsky called either half the angle of
parallelism corresponding to the distance @ = BC, and denoted
it by Il(a).

After proving that parallelism is an equivalence relation it

Jr i Leas -aa LSLe L

becomes natural to describe the two rays parallel to £ as BM
and BN where M and N are ideal points: the infinitely distant
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ends of the line € = MN. (It was D. Hilbert who first called
them ends.) We speak of asymptotic triangles BCM, BCN, and
call BMN a doubly asymptotic triangle. The limiting form of
BMN when B recedes from C towards the end L of the ray
CB is the trebly asymptotic triangle LMN (Figure 2): a triangle
whose three angles are all zero while its three sides are all
infinitely long!

/
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|
I
|
|
I
|
|
I M

- >

C
FI1G. 2. A trebly asymptotic triangle

Gauss, in his famous letter of March 1832 to Bolyai’s father,
gave an extremely elegant proof that the area of any triangle
ABC is proportional to its angular defect m — A — B — C [see
Coxeter 4, pp. 297-299]. The second of the seven numbered
steps in this proof is the statement that a trebly asymptotic
triangle has a finite area. Admirers of Lewis Carroll [Dodgson
6, p. 14] must face the sad fact that he rejected the possibility
of hyperbolic geometry because he found it unthinkable that a
triangle (or quadrangle) could retain a finite area when its sides
were indefinitely lengthened.
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This gap in Gauss’'s proof was finally closed in 1905 by
Liebmann [10, p. 54; see also Coxeter 4, p. 295]. For Liebmann
saw how to dissect a finite quadrangle into an infinite sequence
of small pieces that can be reassembled to form an asymptotic

3. The horocycle and the horosphere. Lobachevsky
announced his newly discovered world in a lecture at Kazan
on the 12th of February, 1826, which he published later as a
little book, Geometric investigations on the theory of parallel lines.
The Dover edition of Bonola’s Non-Euclidean Geometry [Bonola
1] includes, as an Appendix, G.B. Halsted’s translation of that
little book. There we can see how cleverly Lobachevsky derived
hyperbolic trigonometry from spherical trigonometry (which is
independent of considerations of parallel lines).

b
FIG. 3: An arc of a circle

Figure 3 shows an arc s = CC' of a circle of radius b =
AC = AC'. When C stays fixed while & tends to infinity, so
that the centre A tends to the end N of the ray CA, the limit-
ing form of the circle is an interesting curve called a limiting
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Ci'

A
P!

FIG. 4: An arc of a horocycle

curve or boundary line or horocycle (Figure 4), whose diameters
form a pencil of parallel lines having N as their common end
[Forder 8, p. 85; Coxeter 4, p. 300]. (The term horocycle has
the same root as horizon.) In three-dimensional space, contin-
uous rotation about the diameter NC yields a surface called a
horosphere, which is the limiting form of a sphere whose cen-
tre recedes to infinity. All the lines through N, diameters of
the horosphere, form a bundle of parallel lines, and each plane
through any one of these lines cuts the horosphere along a
horocycle.

Many of Lobachevsky’s results are derived from his observa-
tion that the intrinsic geometry of the horosphere is Euclidean:
the set of horocycles on the horosphere can be represented iso-
metrically by the set of straight lines in the ordinary Euclidean
plane. We shall find a modern proof in Section 6 [see also
Liebmann 10, p. 61; Coxeter 4, p. 304].

4. Lobachevsky’s asymptotic orthoscheme. In 1620,
John Napier, Baron of Merchiston, obtained the (g) = 10 for-
mulae which connect (in threes) the five parts of a right-angled
spherical triangle ABC (right-angled at C): namely the three
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sides @, b, ¢ and the acute angles A, B. For instance:

cos¢ = cosa cosbh = cotA cotB

kind of asymptotic tetrahedron BCAN on a hyperbolic triangle
ABC by erecting a ray AN perpendicular to the plane ABC and

- -
completing the tetrahedron with parallel rays BN and CN so that

the three edges BC, CA, AN are mutually perpendicular, BC is
perpendicular to the plane ACN, and

£ CBN = 1I(a), LACN =11(b), LABN = 1l(c).

FiG. 5: An orthoscheme BCAN with N at infinity

This tetrahedron BCAN (Figure 5) is called an asymptotic

orthoscheme [Coxeter 4, p. 156].

Lobachevsky observed that the three planes, NBC, NCA,
NAB, whose lines of intersection are parallel, cut out, from any
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horosphere with centre N, a horospherical triangle which is iso-
metric to a Euclidean triangle. Since the first two of these three
planes are perpendicular, this triangle is right-angled: therefore
its two acute angles, which are the dihedral angles along the
edges NA and NB of the orthoscheme, are complementary. But
the dihedral angle along NA is equal to the angle A of the hy-
perbolic triangle ABC; therefore the dihedral angle along NB is
Lo —A

: It follows that the three planes BCA, BAN, BNC cut out,
from a suitable sphere with centre B, a right-angled spherical
triangle with sides B, I1(c), II(a) and acute angles i = — A, T1(b).
In this way, Napier’s ten spherical formulae (which remain valid
in hyperbolic space) yield a corresponding set of ten hyperbolic
formulae. For instance, Napier’s

cosc = cotA cotB
yields
(4.1) cosll(a) = tanA cotII(b).

At this stage, I1(x) remains an unknown function of x, decreasing
from I1(0) = 3 7 to TI(x) = 0, but after some rather formidable
work Lobachevsky finds

(4.2) tan 1 TI(x) = e7*.

At first he allows this e to be any positive number, but then he
chooses a natural unit of measurement by identifying ¢ with the
base of Naperian logarithms.

Many simpler proofs of this famous formula have been discov-
ered since Lobachevsky’s time [for instance, Carslaw 2, p. 109;
Coxeter 4, p. 453, Figure 16.7a; 5, p. 395]. It obviously implies

cosII{x) = tanhx, cotII(x) = sinhux;
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hence (4.1) becomes, in modern notation,
(4.3) tanha = tan A sinhb,
analogous to Napier’s spherical formula tana = tan A sinb.

FIG. 6: A polygon and its incircle

5. The unit horocyclic are. With this background, we
can pass easily to some further results concerning circles and
horocycles.

Consider (in the hyperbolic plane) a regular z-gon with centre
A and an ""IQI"“I"I]"\QA PIT‘(‘IP nf rﬂ(‘]lllQ h = AF as 1n PIO'IIT'P 6. A

ALk CAAANA CRAL  ARAWINCL ARV

typical vertex B forms, with A and C, a rlght-angled triangle
ABC in which the side a = BC is half a side of the polygon. By
(4.3), in the form

tanh a = tan(sr/») sinh b,

the perimeter of the n-gon is

_ a tan(w/n) .
zna_zwtanha i sinh &.
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We may now make a tend to zero and # to infinity (while fixing
b) and deduce that the circumference of a circle of radius b is

2 sinh b.

Consequently the area of a circle of radius 7 is

211-/ sinhbdb = 2m(coshr — 1) = 4 sinh? g
0

Restricting attention to what happens inside the angle A, as
in Figure 3, we deduce that a circular arc of radius & subtending
an angle A has length

(5.1) s = Asinhb

and that a sector of radius & and angle A has area

t t
(5.2) 2Asinh2% = tanh%
We see from (4.3) and (5.1) that
A
s = mtﬂﬂh a.

Keeping BC fixed while pushing A away from C (to the end N,
as in Figure 4) so that & tends to infinity and A to zero, we
deduce that, for a horocyclic arc with tangent a,

(5.3) s = tanha.

Also (5.2) shows that the area of a horocyclic sector is equal to its
arc [Coxeter 5, p. 250].

Keeping NC fixed while pushing B away from C (to the end
L, as in Figure 7) so that a tends to infinity and tanha to 1, we
deduce that a horocyclic arc CC' has length 1 when the tangent at
C is parallel to the diameter through C' [Carslaw 2, p. 119; Coxeter
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L
ST

FIG. 7: A horocyclic arc of length 1

3, p. 250]. Also the area of this horocyclic sector NCC' is equal
to 1. (An amusing consequence is that the curvilinear triangle
formed by three mutually tangent horocyclic arcs of length 1 has
area ™ — 3.)

6. Circles and cycles. Along with circles and horocycles,
it is natural to consider also hypercycles or equidistant-curves. Such
a curve is the locus of a point B at a constant distance ¢ from a
fixed line £. We call a the altitude of the equidistant-curve, and
£ the axis. Since B may be on either side of the axis, this curve
(like a hyperbola) has two separate branches. However, since
the isosceles birectangle BB'C'C in Figure 8 has acute angles
at B and B, both branches are concave as seen from any point
between them. By varying a while keeping £ fixed, we obtain
a pencil of coaxial equidistant-curves, which may be described
as the orthogonal trajectories of the pencil of wltraparallel lines
perpendicular to £ [Coxeter 4, p. 300]. Analogously, concentric
horocycles having a common centre N (at infinity) are the or-
thogonal trajectories of the pencil of parallel lines through N,
and concentric circles are the orthogonal trajectories of a pencil
of intersecting lines.
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FIG. 8: An equidistant-curve of altitude a

The investigation of these cycles is facilitated by using one
of Poincaré’s Euclidean models for the hyperbolic plane. In this
model the ends appear as the points of a horizontal line Q, and
the hyperbolic lines are represented by the circles and lines
orthogonal to (2, that is, by the circles with their centres on ,
and the vertical lines. Since this model is conformal, the angles
between two intersecting lines of the hyperbolic plane agree with
the angles of intersection of the representative circles. The point
of intersection of the two lines thus appears as a pair of points
which are images of each other by reflection in ), or as a single
point in the upper half-plane (if we choose to disregard the lower
half-plane and represent lines by semicircles and vertical rays).

The length of a hyperbolic line-segment AB can be measured
as the distance between lines through A and B perpendicular to
AB, and this is the inversive distance between the representative
circles: the natural logarithm of the ratio of the radii (greater
to smaller) of any two concentric circles into which these repre-
sentative circles can be inverted [Coxeter 4, pp. 90, 303]. The
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inversive distance tends to zero when the circles approach tan-
gency, and tends to infinity when one of the circles shrinks
to a point, which is what happens when A (or B) becomes
an end.

A coaxial pencil of disjoint circles having Q for radical axis,
being orthogonal to a pencil of intersecting circles with their
centres on (), represents a pencil of concentric circles of the
hyperbolic plane. As a limiting case, a coaxial pencil of fangent
circles, touching Q) at a point N, being orthogonal to the pen-
cil of circles touching the vertical line through N, represents a
pencil of concentric horocycles. Inverting the Euclidean plane in
a circle with centre N, we see that another pencil of concen-
tric horocycles is represented by the pencil of lines parallel to
Q (in the Euclidean sense), that is, by all the horizontal lines
except Q itself. The vertical lines, being the diameters of these
horocycles, are parallel in the hyperbolic sense as well as in
the Euclidean sense. (The reader may wonder how their com-
mon end can lie on Q; but we must remember that the plane

of the representation, which we have called Euclidean, is more

precisely an inversive plane, which is the Euclidean plane aug-

mented by just one point at infinity, lying on every line, honzontal
or vertical or oblique.) All the horocycles are symmetrical by
reflection in each of these diameters; therefore any discrete set
of vertical lines, evenly spaced, represents a set of diameters
cutting out a set of points evenly spaced on any one of the
horocycles. It follows that distances along the horocycle are pro-
portional to the corresponding distances along the representative
Euclidean line.

Figure 9 shows the Poincaré model for Figure 7. OCCL is
a square of side 1 with O and L on ; the arc LC is a quadrant
of a circle with centre O. As we have seen, the horizontal line
CC' represents a horocycle. Since the arc LC, representing the
tangent at C, touches the line C'L, which represents the diam-

eter at C', this tangent and diameter are parallel. Hence, by
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F1G. 9: Poincaré’s version of Figure 7

Carslaw’s theorem which was quoted near the end of Section 5,
the horocyclic arc CC' is of length 1, so that, on this particu-
lar horocycle, hyperbolic distance is not merely proportional to
Euclidean distance but equal to it. Rotating the whole figure
continuously about the vertical line OC, we deduce the isometric
representation of the horosphere on a Euclidean plane, which is
Lobachevsky’s observation mentioned at the end of Section 3.

7. The altitude of an equidistant-curve. A coaxial
pencil of intersecting circles through two points M and N on
Q, being orthogonal to the pencil of disjoint circles having
M and N for limiting points, represents a pencil of coaxial
equidistant-curves whose axis is represented by the circle on
MN as diameter. Inverting in a circle with centre N, we see that
another pencil of coaxial equidistant-curves is represented by an
ordinary pencil of lines, all passing through M’, the inverse of
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M. Thus any oblique line I', along with its image by reflection
in Q (see Figure 10) represents an equidistant-curve [Siegel 12,
p. 25].

FI1G. 10: Poincaré’s version of Figure 8

It is natural to ask how the acute angle 6 between ) and
" is related to the altitude @ of the equidistant-curve. For this
purpose, let any circle through M’, with its centre on {2, meet I
again in B, so that M'B is a chord, and let the circle through B
with centre M’ meet the vertical line through M’ in C. The two
arcs M'B and BC obviously form an angle 6 at their intersection
B. Comparing Figure 10 with Figure 1, we see that

(7.1) 6 = [1(a).

This shows that a is independent of the position of B on I', in
agreement with our definition of the equidistant-curve.

8. The hyperbolic line-element. Taking () to be the
x-axis of Cartesian coordinates, as in Figure 9 or Figure 11, we

may represent any hyperbolic line £ by the y-axis, any point on
this line by (0,y), and a neighbouring point by (0,y+dy). Circles
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£

dy

Q
0 y=0

F1G. 11: An application of concentric circles

(or semicircles) with centre O represent lines perpendicular to
£, and the hyperbolic distance ds from (0,3 to (0,y + dy) can
be measured as the inversive distance between these two circles.
Since the circles are concentric, and dy is infinitesimal, this
inversive distance is simply the logarithm of the ratio of their
radii:

y + dy ( dy) d
ds = 1lo =log|{1+ = —
£ y - y y

Since Poincaré’s model is conformal, local measurements are the
same in all directions. We have thus obtained his famous formula

(8.1) ds = /dx? + dy*/y

[Poincaré 11, p. 7; Liebmann 10, p. 149]. In particular, along
the horocycle y = 1,

ds = dx;

and along the equidistant-curve with polar equation (7.1), the arc
from (ry,0) to (rp, 0), corresponding to a distance b along the
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axis, is

g d
/ .r = log "2 cosec 6 = bcosh a,
, rsing 8

where a is the altitude.

C' a
B!
b
b cosh a
C
a
B
7}
O

FIG. 12: A sector of an equidistant-curve

Jan van de Craats has remarked that the same kind of coor-
dinates may by used to find the area of the sector BB'C'C of an
equidistant-curve, bounded by the arc BB/, two diameters, and
the base b = CC' along the axis (see Figure 8). The element of

length (8.1) yields the element of area
dxdy/y’,

which is drd¢/rsin? ¢ for polar coordinates (7,¢). Hence the

area of BB'C'C (Figure 12) is

ry pw/2
/ / drd¢ = log f2 cot 8 = bsinha.
r 6

y sin? ¢ 71
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FIG. 13: A trebly asymptotic triangle

At the end of Section 2 we tried to deal with Gauss’s as-
sumption that a trebly asymptotic triangle has a finite area.
Coordinates provide a quick verification if we represent such
a triangle by the strip LMN above the circle » = 1, bounded by
the ordinates x = *1 (see Figure 13). Thus the area is

e
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Abscissa, 74, 104, 107, 206

Absolute, ix, 126, 153-157, 195, 199,
207, 224, 252; geometry, 11, 17, 26,
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points, 106; polarity, 95, 110, 128,
157, 181, 185, 193, 211, 212, 224,
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Acute-angle hypothesis, 5

Acute segment, 103

Addition of points, 71

Affine geometry, 18, 24, 31, 35, 77,
96, 159, 178

Altitudes of a triangle, 220, 223, 231,
233, 289

Analytical geometry, 71-94, 121-127,
132, 148-153, 156, 209-212, 224-
231, 253-265, 281-285

Angle, descriptive, 163, 180; metrical,
6, 14, 107, 112, 127, 129, 132, 207-
211, 225, 260; of parallelism, 9, 189,
208, 239, 277, 295-296, 300, 305,
312

Angle-bisector, 200, 220

Angle-sum of a triangle, 2, 7, 191, 243,
263

Appendix, 25, o7

APOLLONIUS of Perga, 48

Arc, 249, 303, 307

Area, 6, 18, 241, 253; of a circle, 8,
250; of the elliptic plane, 242, 250;
of a horocyclic sector, 243, 250,
258; of a triangle, 7, 9, 243-247,
257

Areal coordinates, 237

ARISTAEUS, 48

Associated reguli, 63, 69, 272

Associative law, 72
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6, 210, 257, 301

Axial pencil, 21; see also Pencil, gen-
eralized

Axiom, 16; Pasch’s, 20 (2.115), 162
(8.317); Playfair’s, 3, 186
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tinuity, 23, 36, 162, 174, 194; of
descriptive geometry, 161; of inci-
dence, 20; of parallelism, 186, 187,
197, of plane hyperbolic geometry,
199; of plane projective geometry,
28, of plane inversive geometry,
297; of separation, 22, 174

Axis of a circle, 116, 213; of an
equidistant curve, 213; of a pencil
of planes, 21; of a projectivity, 60;
of a rotation, 130; of a translation,
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260, 262, 264
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Bilinear relation, 75

Binary expansion, 101

Birectangle, isosceles, 5, 190, 241,
308-309

Bisection, 100, 200, 268, 297

Boryal, Farkas, 2, 10, 301

BoOLYAI Janos, 10, 17, 157, 179, 204,
215, 220, 250, 277, 298, 300
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BoNoLA, Roberto, 3, 134, 171, 199,
210, 211, 215, 252, 302, 315

BOOLE, George, 122

BRIANCHON, C. ]., 59, 62, 200

Bundle (of lines and planes), 14, 21;
generalized, 166-171, 184, 197, 213,
218; of parallels, 24, 177, 184, 187,
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Bundies, correlated, 219

Canonical form for a conic, 87, 209;
for an involution, 76; for a polarity,
86, 91, 249; for a quadric, 92

CARROLL, Lewis, 301

CarsLaw, H. S., 176, 188, 199, 206,
210, 215, 241, 244, 249, 250, 259,
267

CARTAN, Elie, 89, 94, 137

Cartesian coordinates, 24, 211, 253-
256, 258-260, 262, 312

Categorical, 160, 186, 196

CAYLEY, Arthur, 13, 109, 122, 125, 126,
149, 157, 182, 196, 226, 266

Central projection, 256

Centre of a bundle, 21; of a circle,
1, 213; of a (flat) pencil, 20; of a
projectivity, 60, 203; of a rotation,
111, 202

Centroid, 31, 221, 230, 236, 239

CHASLES, Michel, 53, 106, 217

Circle, 1, 2, 14, 115-117, 122, 181,
213-218
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252, 259-264; see also Arc, Area,
Circumference, Coaxal
Circular points at infinity, 106
Circum-centres, 221, 223, 230
Circumferences, 8, 11, 250
Circum-radius R, 230, 236, 239
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Circumscribed circles (or Circum-
circles), 221, 230, 237

Class, 16

CLIFFORD, W. K, 128, 270

Clifford parallel, 134, 151, 154; par-
allelogram, 142; surface, 143-145,
148, 153, 155, 251; translation, 135~
142, 149, 155

Coaxal circles, 261; Clifford surfaces,
145

Coaxial planes, 21

Collinear, 20, 80

Collineation, 49, 60-63, 82, 90

Colours, ix

Colunar triangles, 220, 233

Common parallel, 205; perpendicular,
133, 147, 158, 191, 204, 272

Complex, linear, 69, 92

complex geometry, Euclidean, 106,
261: non-Euclidean, 207, 212, 217;
projective, 94, 106, 126, 153, 207

Complex number, 94, 107, 258, 262

Composition of rotations, 118-120,
125

Cone, quadric, 26, 62, 178; right cir-
cular, 14, 48

Conformal mapping, 258-265, 295

Congruence, linear, 92, 151, 155

Congruence (relation), 18, 95, 100,
103, 106, 115, 132, 179, 201,
241

Congruent transformation, 95, 113,
126, 130-132, 139-141, 150, 134,
179, 201-203, 245; see also Direct,
Opposite

Conic, 26, 48, 56-62, 87, 117, 126, 196,
199, 215

Conjugate lines, 52, 65, 86, 252;
planes, 65; points, 52, 65, 86, 95,
96, 106; quaternions, 123
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Consistency of axioms, 4, 10, 23, 97,
197, 255

Construction for a common paralle],
205; for a common perpendicular,
191; for parallels to a given line,
204, 289-291

Contact, see Double, Quadruple, Ring,
Third order

Continuity, 23, 74, 101, 162, 174, 187,
194, 201

Convex region, 159, 162

COOLIDGE, J. L., 117, 134, 151, 229,
248

Coordinates, see Areal, Cartesian,
Homogeneous, Non-homogeneous,
Pliicker, Study, Trilinear

Coordinate transformation, 76, 83

Coplanar, 20

Correlation, 51, 65, 85, 91, 219

Correspondence, 16, 52, 215; see also
Direct, Ordered

Cosh, 206

COXETER, H. S. M., 9, 201, 275, 288
293-295

CRAATS, Jan van de, 314

CREMONA, Luigi, 59

Cross (angle), 112

Cross ratio, 76, 84, 90, 105, 107, 120,
126-132, 259, 262, 299

Curvature, Gaussian (or Specific), 12,
144, 211, 257; of space, 11, 212

Curve, 248

Cycle, 213, 309

Cyclic order on a line, 18

DEDEKIND, Richard, 19, 74, 101, 162
Defect, angular, 6, 246, 301
Degenerate involution, 71; polarity,

186, 212
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DEHN, Max, 166-173, 179, 187, 194

DE LA HIRE, Philippe, 29

DESARGUES, Girard, 14, 28, 172

Descriptive geometry, 159-178

DE SITTER, Willem, 209

Developable surfaces, 144, 220, 251

Diagonal triangle, 27, 56

Diameter, 213, 252

Dictionary, 14, 24-26, 97, 266

Differential geometry, 12, 15, 247-
251, 255-257, 260, 265, 283

Dihedral angle, 129, 163

Dimensions, 21

Direct collineation, 64; congruent
transformation, 132, 140, 141, 146,
154, 202; correspondence, 36; pro-
jectivity, 43

Directed angle, 112

Directrices of a congruence, 93, 155

Distance, 225; see also Elliptic, Hyper-
bolic

Distributive law, 72

DobGsoN, C. 1., 301

DoNKIN, W. E, 109, 119, 122, 136-
138

DONNAY, J. D. H., 304

Double contact, 127, 217, 260; per-
spectivity, 34; point, 36; rotation,
131, 141, 150

Doubly-asymptotic triangle, 188, 210,
245, 301

Doubly oriented line, 34, 137

Duality, 19, 26, 51, 62, 165

Dummy suffix convention, 83

Duplication of the cube, 48

Elements of Euclid, 1, 115, 181-184,
188, 191
Ellipse, 18, 48, 252-254
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155

Elliptic distance, 14, 103, 117, 120-
122, 126, 132, 254-255; geometry,
4, 13-15, 95-156, 207, 220-223, 242,
252-255, 260, 264-266; involution,
45-47, 96, 104, 252; line, 55, 96—
108, 112, 253; point, 55; polarity,
54, 66, 86, 96, 110, 157, 252, pro-
jectivity, 43, 75, 203; trigonometry,
232-238, 272

ENGEL, Friedrich, 6, 277

ENRIQUES, Federigo, 29, 36-45, 54-56,
61-63, 101

Equidistant curve, 213-217, 222, 227,

Equivalent regions, 241

Erlanger Programm, 17, 115

Escribed circles (or Ex-circles), 221,
231, 239

EucLID, 1, 18, 48, 175, 181, 197; see
also Elements, Postulates

Euclidean geometry, 6, 9, 17, 96, 99,
106, 117, 144, 178, 186-187, 197,
202, 220, 251-266, 297-298; as a
limiting case, 8, 212, 235, 237, 242

EULER, Leonhard, 109

EwaLD, Gunther, 297

Factor of proportionality, 82

Fibonacci numbers, 293

Finite but unbounded space, 11, 301

Fixed points of a collineation, 61

Flat pencil (of lines), 6, 20, 158, 175;
generalized, 199, 213, 261

FORDER, H. G, 112, 162, 163, 177-182,
186, 187, 195, 272, 299

Forms, primitive, 21

Four-dimensional space, 12, 26
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Fractional linear transformation, 75
Fundamental Theorem of Projective
Geometry, 42, 76

Gauss, C. F, 2, 7, 8, 144, 157, 175,
176, 190, 215, 234, 247, 257, 275,
301-322

Genealogy of geometries, 19

Generators of a quadric, 62, 68, 94; of
the Absolute, 153-156

Geodesics, 144, 256-257

Geographical sphere, 298

Glide-reflection, 201-203, 267

Gnomonic projection, 256

GOURSAT, Edouard, 150

GREITZER, S. L., 292

Group, 16, 103, 115, 138, 140, 145

H(AB, CD), 28

Half-plane, 163, 263, 299

Half-space, 163, 178, 302

HAILSTED, G. B., 267

HAMILTON, Sir W. R,, 109, 119, 122

HAMLET, ix

Harmonic conjugate, 28, 39, 42, 45,
76, 81, 107; homology, 50, 64, 65,
81, 116, 203, 228; set of lines, 30,
51; set of points, 28, 40, 51

HEFFTER, Lothar, 18, 84, 90

HESSE, L. O., 53, 223

HESSENBERG, Gerhard, 71

Hexagon, 59, 201

HILBERT, David, 24, 179, 180, 191,
194, 195, 205, 241, 301

HipPOCRATES of Chios, 1, 48

HIRE, Philippe de la, 29

History, 1-15, 48, 226, 277, 289-291

HoBSON, E. W., 254
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HOLGATE, T. F, 39

Homogeneous coordinates, 25, 76-94,
121, 124-127, 132, 148-153, 156,
209-212, 224-233, 236, 240, 253;

Homography, 265, 266

Homology, see Harmonic

Horocycle, 9, 213, 214, 217-222, 227,
239, 244, 250, 257, 290, 303, 308

Horosphere, 7, 9, 218-220, 251, 280,
311

Hyperbola, 18, 48, 252-254

Hyperbolic, ix; cosine, 206; distance,
157, 201, 206-211, 254-255, 294-
295; functions, 206, 254, 292-296;
geometry, 4-11, 157, 178, 187-210,
213-223, 243-247, 252-258, 260-
266, 300; involution, 45, 76, 252;
line, 55, 201, 253; point, 55; polar-
ity, 54, 56, 86, 110, 157, 252; pro-
jectivity, 43, 75, 203; trigonometry,
220, 237-240, 277-282

Hypercycle, see Equidistant curve

Hyperosculation, 218

Hyper-space, 12, 14, 26, 94, 160, 265

Hyper-sphere, 12, 264

Ideal line, 171, 185, 199, 209; plane,
173, 185; point, 158, 171-178, 185,
199, 209, 300; see also line at Infin-
ity, Ultra-infinite

Imaginary geometry, 10, 158

Improper bundie, 166, 174, 184

In-centre, 200, 221, 231, 236

Incidence, 18, 20, 80, 171, 203

Infinitesimal, 9, 212, 235, 238, 298

Infinity, ix, see Point, Line, Plane

In-radius r, 221, 231, 235, 237, 239

Inscribed circle (or In-circle), 221, 231
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Interior of a conic, 56, 87; of an inter-
val, 23, 36-38, 41

Intermediacy, 159

Intersection condition for lines, 89,

100 nrz4

102, 271

Interval, 23, 36-38, 41, 161

Invariant, 17, 77; see also Fixed

Inverse correspondence, 17

Inversion, 259, 263, 276, 297

Inversive distance, 265, 292, 296, 299,
313

Involution, 44, 61, 76, 203, 252; see
also Absolute, Degenerate, Elliptic,
Hyperbolic

Involutory collineation, 50

Isosceles birectangle, 5,
308-309

Isotropic space, 15

190, 241,

JOHNSON, R A, 112, 221

K, see Curvature

KEPLER (or Keppler), Johann, 14

KLEIN, Felix, 13, 14, 17, 33, 95, 107,
115, 126, 139-144, 153-160, 182,
209-212, 215, 220, 224-226, 243,
248, 252-264, 295, 300

Klein’s conformal model,
266; projective model, 157

KRONECKER, Leopold, 83

258-263,

LAGUERRE, Edmond, 107

LAMBERT, J. H., 6

Left generator, 155; parallel, 142, 146,
155; translation, 139, 146, 149, 155

LEGENDRE, A. M., 2, 194

Length, 6, 103, 106, 157, 180, 248



332

LIEBER, H. G., and L. R, 256

LIEBMANN, Heinrich, 245, 270, 277,
313

Light-ray, 4

Line, 1, 4, 14, 20, 24, 161, see also Dou-
bly oriented, Elliptic, Hyperbolic,
Ideal, Projective; at infinity, 24, 31,
106, 117, 178, 186, 192, 195, 200,
209, 217, 253; coordinates, see Tan-
gential, Pliicker; element, 12, 248,
255, 260, 265, 299, 313

Linear complex, 69, 92; congruence,
92, 151, 155; transformation, 75, 82,
90, 124, 285

LOBATSCHEWSKY, N. L, 2, 8-10, 158,
175, 176, 182, 201, 206-208, 218,
220, 238, 247, 277, 280, 282, 289,
299

Logarithmic-spherical geometry, 8

Loxodrome, 298

Loxodromic sequence of tangent cir-
cles, 293

LuDLAM, William, 3

Lune, 242

McCLELLAND, W. ]., 220, 223, 232-237

McCLINTOCK, Emory, 266

MACLAURIN, Colin, 48

Matrix of a linear transformation, 83

Measuring-rod, variable, 265

Medians, 221

MENAECHMUS, 48

Metric, see Distance, Elliptic, Hyper-
bolic

Mid-circle, 265-266, 297

Mid-line, 267-273

Mid-point, 100, 180, 268

MILNE, W. P, 237

MINDING, Ferdinand, 256-257

INDEX

MINKOWSKI, Hermann, 19

Minkowskian geometry, 178, 256

Model, 13, 23, 97, 157, 203, 253; see
also Beltrami, Conformal, Poincaré
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MOBIUS, A. E, 83, 118

Mobius involution, 265-266
MOHRMANN, Hans, 204, 234
MOORE, R. L., 179, 186, 187
MORRIS, W. S,, 145
Multiplication of points, 72

NAPIER, John, 234, 274, 303

n-dimensional geometry, 12, 14, 94,
160, 247, 265, 284

Net of rationality, 73

NEUMANN, Carl, 258

Non-Euclidean geometry, 4, 7, 252

Non-homogeneous coordinates, 12,
122, 144, 145, 248, 251, 283

Non-Legendrian geometry, 194

Norm (of a quaternion}, 123

Normalized coordinates, 122, 248

Null polarity, 52, 69, 70, 92

Number, see Complex, Rational, Real

Nutshell, ix

Obtuse-angle hypothesis, 5, 11

One-dimensional geometry, see Ellip-
tic line, Hyperbolic line, Projective
line

One-sided, 33

Opposite congruent transformation,
132, 150, 154, 202; see also Direct

Ordered correspondence, 3540

Order on a conic, 59; on a line, 18,
73, 159; in a pencil, 164

Ordinary, see Ideal

Orientability, 32-34, 109, 113, 129
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Orthocentre, 223, 231, 236, 239

Orthogonal circles, 297; projection,
260, 264; transformation, 123

Oval quadric, 68, 92, 157, 195, 219
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Pangeometry, 10

Parabola, 18, 48

Parabolic geometry, 197, 212; projec-
tivity, 43, 75, 203

Paraliax, 9

Parallel displacement, 201-203, 214;
line and plane, 177; lines, 2, 8, 17,
134 136 141—144 151 154, 175-

Parallehsm see Angle, Ax10ms, Sym-
metry, Transitivity

Paratactic, 134

PAscaL, Blaise, 48, 59

PASCH, Moritz, 159, 166-173, 179, 186

Pencil, axial, 21; flat, 6, 20, 58, 158,
175, 199, 213; generalized (axial),
166, 169-171, 184, 193, 213; of par-
allels, 24, 185, 187, 195, 199, 308

Pentagon, complete, 27, 64, 70; sim-
ple, 234, 235

Pentagramma mirificum, 234, 275

Pentahedron, complete, 27, 64

Permutable correspondences, 17, 115;
involutions, 46, 203; quaternions,
123; reflections, 99, 119; rotations,
120; translations, 99, 139

Perpendicular line and plane, 182;
lines, 18, 110, 121, 133, 147, 157,
181, 224; planes, 128, 182; points,
110, 121, 128

Perspectivity, 21
ble, 34

Physics, 4, 24, 209
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Plane, 20, 162; see also Ideal; at infin-
ity, 15, 25, 178, 186, 196, 212

PLAYFAIR, John, 3

PLUCKER, Julius, 87, 88, 150, 153

POINCARE, Henri, ix, 263-265, 295,
299, 309, 313

Point, 1, 4, 14, 20, 24, 161; see also
Double, Ideal; at infinity, 6, 14, 19,
77, 106, 158, 177, 186, 192 195-
206, 239, 296, 298; of contact, 56

Polarity in a bundle, 62; in a plane,
52, 85, 187; in space, 65, 70, 91; see
also Absolute, Degenerate, elliptic,
Hyperbolic, Null, Trilinear

Polar coordinates, 314; line, 52, 65, 91,
128, 193, 227; plane, 65; triangie,
53, 119, 223, 231, 233, 236

Pole, 52, 65, 117

PONCELET, J. V., 18, 31, 106

POSIDONIUS, 2

Postulates of Euclid, 1, 11, 13, 181,
197, 255

Power of a point, 259, 261

PRESTON, Thomas, 220, 223, 232-237

Primitive forms, 21

PROCLUS, 2

Product of correspondences, 16; of
points, 72; of rotations, 118, 141

Projection, 21; see also Gnomonic, Or-
thogonal, Stereographic

Projective geometry, 14; see also Com-
plex, Real

Projective line, 28, 31-33, 3547, 71—
77

Projectivities, one-dimensional, 40~
47, 5861, 75, 126, 201-203; two-
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Quadrangle, complete, 27, 29, 49, 51,
o3; simple, 5, 6, 190, 194, 241
Quadrangular set, 44, 72

Falih Yo NP TE VY 104 0 A
Quadrau-., for m, 00, 124, 204
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