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1 Introduction

1.1 Motivation

Logarithmic geometry was developed to deal with two fundamental and related
problems in algebraic geometry: compactification and degeneration. A key as-
pect of algebraic geometry is that it is essentially global in nature. Algebraic
varieties can be compactified: any separated scheme S of finite type over a field
k admits an open embedding j: S < T, with T/k proper and with S Zariski
dense in T [55, 9]. Since proper schemes are much easier to study than general
schemes, it is often convenient to work with T even if it is the original scheme
S that is of primary interest. It then becomes necessary to keep track of the
complement Z := T\ S and to study how functions, differential forms, sheaves,
and other geometric objects on T behave near Z, and to have a mechanism to
extract S from 7. In differential topology, these problems are often addressed
by working with manifolds with boundary, and logarithmic geometry can be
thought of as a substitute for, or version of, the notion of “algebraic variety
with boundary.” Indeed, log schemes over the field of complex numbers have
“Betti realizations,”! and the Betti realizations of logarithmically smooth log
schemes are topological manifolds with boundary.

The compactification problem is related to the phenomenon of degeneration.
A scheme S often arises as a moduli space, for example, a space parameterizing
smooth proper schemes of a certain type. If S is a fine moduli space, there
is a smooth proper morphism f: U — § whose fibers are the objects one
wants to classify. One can then hope to find a compactification 7 of S such that
the boundary points parameterize “decorated degenerations” of the original
objects. In this case there should be a proper and flat (but not smooth) g: X —
T extending f: U — S. Then one is left with the problem of comparing f to g
and in particular of analyzing the behavior of g near Y := X\ U. In many cases
one can obtain important information about the original family f by studying
the degenerate family over Z. A typical example is the compactification of the
moduli stack of smooth curves by the moduli stack of stable curves.

The problems of compactification and degeneration are thus manifest in a

1 Betti realizations of log schemes were introduced by Kato and Nakayama and are often called
“Kato—Nakayama spaces.”
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diagram of the form:

U < X > Y

f 8 8ly

S e T > Z.

It turns out that in many such cases there is a natural way to equip X and 7" with
log structures, which somehow “remember” U and S and are compatible with
g- Then g: X — T becomes a morphism of log schemes and inherits many
of the nice features of f. The log structures on X and T restrict in a natural
way to Y and Z, and the resulting morphism of log schemes g|,: ¥ — Z still
remembers useful information about f, thanks to the “decoration” provided by
the log structures on Y and Z.

In good cases, the log structures on f, X, and T render the morphism f
logarithmically smooth, which makes it much easier to study than the under-
lying morphism of schemes. The concept of smoothness for log schemes fits
very naturally into Grothendieck’s geometric deformation theory. Furthermore,
Betti realizations of proper log smooth morphisms behave in some respects like
topological fibrations (see [44] and [57]). The fact that this picture works so
well both in topological and in arithmetical settings is one of the main justifi-
cations for the theory of log geometry.

Let us illustrate how log geometry works in the most basic case, that of
a (possibly partial) compactification. Let j: U — X be an open immersion,
with complementary closed immersion i: ¥ — X. Then Y (and hence U) is
determined by the sheaf Iy C Oy consisting of those local sections of Ox whose
restriction to Y vanishes, a sheaf of ideals of Ox. However, it is not Y but rather
U that is our primary interest, so instead we consider the subsheaf My, x of Ox
consisting of the local sections of Ox whose restriction to U is invertible. If f
and g are sections of Myx, thensois fg, but f + g need not be. Thus Myx is
not a sheaf of rings, but it is a sheaf of submonoids of the multiplicative sheaf
of monoids underlying Ox. Note that My, x contains the sheaf of units Oy}, and
if X is integral, the quotient My,x/O} can be naturally identified” with the
sheaf of effective Cartier divisors on X with support in the complement Y of
U in X. The morphism of sheaves of monoids ay,x: My,;x — Ox (inclusion)
is a logarithmic structure, called the compactifying log structure associated to
the embedding j. In good cases this log structure “remembers” the inclusion
U — X and furthermore satisfies a technical coherence condition that makes

2 This identification takes the class of a local section m of My to the inverse of the (invertible)
ideal sheaf generated by a ¢ x(m).
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Figure 1.1.1 Compactifying an open immersion

it manageable. In the category of log schemes, the open immersion j fits into a
commutative diagram

J

U X, ay/x)

Tu/x

X.

This diagram provides a relative compactification of the open immersion j.
The map 7y,x is proper but the map j somehow preserves much of the essential
nature of the original open immersion j: in good cases, it behaves like a local
homotopy equivalence. We can imagine that the log structure ay,x cuts away or
blows up enough of X to make it look like U, but leaves enough of a boundary
for it to remain compact. It is in this sense that the log scheme (X, ay/x) plays
the role of an “algebraic variety with boundary.” For example, in the case of
the standard embedding of G, — A!, the corresponding log scheme (A!, @)
behaves very much like the complex plane in which the origin is blown up to
become a circle, as shown in Figure 1.1.1. The morphism in this picture can
be identified with the multiplication map Rs x 8! — C, where R; is the set
of nonnegative real numbers and S! is the set of complex numbers of absolute
value one. This “real blowup” resolves the ambiguity of polar coordinates. It
serves as a proper model of the inclusion Gy, — A!, whose homotopy theory
it closely resembles. These ideas will be made more precise in Section 1 of
Chapter V, where we discuss Betti realizations of log schemes. In particular,
Theorem V.1.3.1 shows that the Betti realization of a (logarithmically) smooth
log scheme over C really is a topological manifold with boundary.

In general, a log structure on a scheme X is a morphism of sheaves of com-
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mutative monoids @: M — Oy inducing an isomorphism a~'(0}) — O. We
do not require « to be injective. In particular, sections of M can map to zero
in Oy, although in good cases M is integral, so that on M, multiplication by
any local section is injective. The tension between these behaviors accounts
for much of the power, as well as many of the technical difficulties, of log
geometry, particularly those involving fiber products. The flexibility and func-
toriality of log structures allow us to restrict a compactifying log structure ay,x
to X \ U, where sections of the sheaf of monoids M keep track of the “ghosts
of vanishing coordinates.”

The naturality of these constructions allows them to work in appropriate
relative settings, for example, in the context of semistable reduction. Let X
be a regular scheme, let T be the spectrum of a discrete valuation ring, and
let f: X — T be a flat and proper morphism whose generic fiber X, /7 is
smooth and whose special fiber is a reduced divisor with normal crossings.
Then the compactifying log structures ax and a7 associated as above to the
open embeddings X; — X and T — T fit into a morphism of log schemes

fr X ax) = (T,ar),

which is in fact logarithmically smooth.

The value of the machinery of log geometry must be judged by its appli-
cations to problems outside the theory itself. A detailed discussion of any of
these would be beyond the scope of this book, and we can only point readers
to the literature. Historically, the first (and perhaps still most striking) such ap-
plication is in the proof, due to Hyodo and Kato [37], Kato [48], Tsuji [75],
Faltings [19] [18], and others, of the “Cj, conjecture” in p-adic Hodge theory.
Indeed, log geometry began as an attempt to discern what additional structure
on the special fiber of a semistable reduction was needed to define a “limit-
ing crystalline cohomology,” in analogy to Steenbrink’s construction of lim-
iting mixed Hodge structures in the complex analytic context [73], [74]. In
{-adic cohomology, the main applications have been to the Bloch conductor
formula [51] and higher dimensional Ogg—Shafarevich formulas [1] and to
results on resolution, purity, and duality [42]. Log geometry has also been
notably used in the theory of mirror symmetry [24] and the study of com-
pactifications of moduli spaces of curves [47], [68], abelian varieties [64], K3
surfaces [63], and toric Hilbert schemes [65].

1.2 Roots

The development of logarithmic geometry, like that of any organism, began
well before its official birth, and was preceded by many classical methods deal-
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ing with the problems of compactification and degeneration. These include
most notably the theories of toroidal embeddings, of differential forms and
equations with log poles and/or regular singularities, and of vanishing cycles
and monodromy. Logarithmic geometry was influenced by all these ideas and
provides a language that incorporates and extends them in functorial and sys-
tematic ways.

Logarithmic structures fit so naturally with the usual building blocks of
schemes that it is possible, and in most (but not all) cases, straightforward and
natural, to adapt many of the standard techniques and intuitions of algebraic
geometry to the logarithmic context. Log geometry seems to be especially
compatible with infinitesimal techniques, including Grothendieck’s notions of
smoothness, differentials, and differential operators. The sheaf of Kihler dif-
ferentials of a logarithmic scheme (X, ax), constructed from Grothendieck’s
deformation-theoretic viewpoint, coincides with the classical sheaf of differ-
ential forms of X with log poles along X \ U, this fact is one justification for
the terminology. Furthermore, any toric variety (with the log structure corre-
sponding to the dense open torus it contains) is log smooth, and the theory of
toroidal embeddings is essentially equivalent to the study of (logarithmically)
smooth log schemes over a field.

1.3 Goals

Our aim in this book is to provide an introduction to the basic notions and
techniques of log geometry that is accessible to graduate students with a basic
knowledge of algebraic geometry. We hope the material will also be useful to
researchers in other areas of geometry, to which we believe the theory can be
profitably adopted, as has already been done in the case of complex analytic
geometry. For the sake of concreteness, we work systematically with schemes
as locally ringed spaces, although it certainly would have been possible and
profitable to develop the theory for complex analytic varieties, or for algebraic
spaces or stacks. Even in the case of schemes, it is quite valuable to work
locally in the étale topology, and we shall allow ourselves to do so, although
we do not use the language of topos theory. (That more powerful approach is
taken in the very thorough treatment in [22].)

Just as scheme theory starts with the study of commutative rings, log geom-
etry starts with the study of commutative monoids. Much of this foundational
material is already available in the literature, but we have decided to offer a
self-contained presentation more directly suited to our purposes. In log geom-
etry, in an apparent contrast with toric geometry, the study of the category of
monoids, and in particular of homomorphisms of monoids, plays a fundamen-
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tal role. This difference was part of our motivation for including this material,
and we hope our treatment may be of interest apart from its applications to
log geometry per se. Thus Chapter I begins with the study of limits and col-
imits in the category of monoids, and in particular with the construction of
pushouts, which are analogous to tensor products in the category of rings. We
then discuss sets endowed with a monoid action (the analogs of modules in
ring theory), ideals, localization, and the spectrum of a monoid, with its Zariski
topology. After these preliminaries we turn to more familiar constructions in
convex geometry, including basic results about finiteness, duality, and cones.
Then we discuss monoid algebras and some facts about affine toric varieties.
The final sections of Chapter I are devoted to a deeper study of properties of
homomorphisms and actions of monoids, and in particular to certain analogs
of flatness. Of particular importance is Kato’s key concept of exactness, which
we encounter in Section 1.1. An example of its importance is manifest in the
“four point lemma” 4.2.16, where exactness is needed to make fiber products
of logarithmically integral log schemes behave well. Integrality and saturation
of morphisms, which we discuss next, are refinements of the notion of exact-
ness. Theorem 4.7.2 reveals the structure of “critically” and “locally” exact
homomorphisms and plays an important role throughout log geometry and this
text. We finish by showing how locally exact homomorphisms can be made
integral and saturated by a suitable base change, which can be viewed as a log-
arithmic version of semistable reduction. This material is more technical than
the rest of our exposition and can be skipped over in a first reading.

Chapter II discusses sheaves of monoids on topological spaces. After dis-
posing of some generalities, we define monoschemes, which are constructed
by gluing together spectra of commutative monoids, just as schemes are con-
structed by gluing together spectra of commutative rings. Our monoschemes
are sometimes called “schemes over F,” in the literature [12] and are general-
izations of the fans used to construct toric varieties. We use this concept to con-
struct monoidal transformations (blowups) for monoids (and monoschemes).
The main application is Theorem 1.8.1, which explains how a homomorphism
of monoids can be made locally exact by a monoidal transformation. Sec-
tion 1.10 explains the moment map for a monoid scheme Ay, which gives
a linearized model of the set of its R,-valued points. As an application, we
show that the “positive part” of each fiber of a monoidal transformation is con-
tractible. The remainder of Chapter II is devoted to Kato’s important notions of
charts and coherence for sheaves of monoids, which form the main technical
link between logarithmic and toric geometry.

With the preliminaries well in hand, we are ready in Chapter III to turn to
logarithmic geometry per se, including two variants of the standard theory:
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idealized log schemes and relatively coherent log structures. We work with log
structures in both the Zariski and étale topologies, since each has its own ad-
vantages and disadvantages, and explain the relation between the two. After
giving the main definitions and basic constructions, we discuss some exam-
ples: log points and dashes, and the compactifying log structures coming from
open immersions U — X. We then describe in some detail a precursor of the
notion of log structures, due (independently) to Deligne and Faltings. This no-
tion, although less flexible and functorial than the point of view taken here, is
convenient for describing the log structures that arise in the context of divisors
with normal crossings and semistable reduction. It was in some sense already
envisioned in the work of Friedman [20] and Steenbrink [73]. We then discuss
hollow and especially solid log structures. In the first case, the log structure
reflects the geometry of the part of a scheme that has been cut away, and in
the second the log structure is tightly tied to the part of the geometry of the
scheme which can be modelled by a toric structure. The notion of solidity of
a log structure is closely related to, and helpful in, the study of Kato’s notion
of log regularity, which we discuss next. Finally, we briefly discuss frames for
log structures, a weak version of charts that can be quite useful.

The remainder of Chapter III is devoted to the study of morphisms of log
schemes, including the rather delicate construction of fibered products. Exact
morphisms of log schemes play an especially important role, as well as the re-
lated notions of integral and saturated morphisms. We also study the logarith-
mic versions of immersions, inseparable morphisms, and Kummer and small
morphisms, as well as logarithmic blowups.

Chapter IV is devoted to logarithmic differentials and logarithmic smooth-
ness. We begin with a purely algebraic construction of Kihler differentials for
(pre) log schemes, then explain its geometric meaning in terms of deforma-
tion theory. Next we discuss smoothness for logarithmic schemes, defined in
terms of a logarithmic version of Grothendieck’s infinitesimal lifting criterion.
Although smooth morphisms in logarithmic geometry are much more com-
plicated than in classical geometry, locally they admit nice toric models. As in
the classical case, smoothness and regularity are related notions, the former be-
ing a “relative” version of the latter. We next discuss the more general notion
of logarithmic flatness, which is quite useful but, as of this writing, techni-
cally challenging. We explore the relationships among the notions of flatness,
smoothness, exactness, and integrality, extending in some cases the fundamen-
tal results of Kato.

In Chapter V we discuss topology and cohomology. To provide a geomet-
ric intuition, we begin with the construction of the Betti realization Xj,g of a
log scheme X over C. This is a topological space that comes with a natural
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proper map 7x: X, — X, which embodies the picture exemplified in Fig-
ure 1.1.1. We explain the definition and basic topological properties of Betti
realizations, make them explicit for toric models, and show that the Betti re-
alization of a smooth analytic space is a topological manifold with boundary.
(We do not include the proof, but in fact the Betti realization of a smooth
proper and exact morphism of log analytic spaces is a topological fibration of
manifolds with boundary [57].) We then define the sheaf of rings Oé?g on Xje,
which is obtained by adjoining logarithms of sections of My in a canonical
way and which allows for a generalization of the familiar exponential sequence
in classical complex analytic geometry. Our next main topic is logarithmic de
Rham cohomology. We begin with an algebraic description of the logarith-
mic de Rham complex of a monoid algebra and some of the natural filtrations
(defined by faces and ideals) it carries. Then we explain the sheafification and
globalization of these constructions for log schemes. We give several versions
of the logarithmic Poincaré lemma in the analytic setting, proving that analytic
de Rham cohomology calculates the Betti cohomology of Xj,,. In the alge-
braic setting, we construct the Cartier isomorphism and the Cartier operator
in positive characteristics, and explain how the Cartier operator relates to the
restricted Lie-algebra structure on the logarithmic tangent sheaf. Finally we
study algebraic de Rham cohomology in characteristic zero, concluding with
some finiteness theorems and comparisons with analytic, and hence log Betti,
cohomology.

Time and space constraints have prevented us from discussing many impor-
tant topics which we had earlier hoped to include and for which we can only
indicate some references in the literature. Some fundamental results not cov-
ered include the resolution of toric singularities [49],[58],[42], the cohomol-
ogy of log blowups [39], and the fact that normal toric varieties are Cohen—
Macaulay [36]. We have also had to omit examples of applications of log ge-
ometry and can only suggest that the reader look at work on the moduli of sta-
ble curves [47], on the logarithmic Riemann—Hilbert correspondence [40, 61],
and on crystalline cohomology [37, 60], as a scattered set of examples.

1.4 Organization

The goals of this text are to introduce the reader to the basic ideas of log geom-
etry and to provide a technical foundation for further work on the theory and
its applications. These goals are somewhat contradictory, in that a good deal
of the foundational material depends on the algebra of monoids and the geom-
etry of convex bodies, the study of which can impede the momentum toward
the ultimate goals coming from algebraic geometry. Although a fair amount of
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this material can be found in the literature, we have decided to treat it care-
fully here, partly because the author himself wanted to become comfortable
with it and partly because the perspective from log geometry, in which homo-
morphisms play a central role, is not to be found in the standard texts. We
have grouped nearly all this material in the first two chapters and consequently
don’t arrive at log geometry itself until Chapter III, potentially discouraging a
reader eager to try out log geometry in some specific context. Such a reader
may find it preferable to skip some of the earlier sections, returning to them as
necessary. We hope our exposition will make this possible. In particular, the
material on idealized monoids, idealized log schemes, and relative coherence,
concepts whose ultimate utility has not yet been convincingly demonstrated,
can be skipped on a first reading. Probably the same is true of monoschemes,
which are really just an alternative to the classical theory of fans from toric
geometry. Readers focused on the essence of log geometry could try reading
only Sections 1.1, 4.1, and 4.2 of Chapter I, and then Sections 1.1 and 2.1 of
Chapter II, before proceeding to Chapter III. Readers whose primary interest
is convex rather than log geometry may find it interesting to concentrate on
the material in Chapters I and II, since some of it may be new to them, es-
pecially Section 4 of Chapter 1. Unfortunately, the key concept of logarithmic
smoothness does not appear until well into Chapter IV; fortunately, this con-
cept was already well explained in Kato’s original paper [48]. In any case, we
hope that impatient readers will find our treatment palatable even if they have
not digested all the preceding material.

To facilitate flexibility in reading the text, we have tried to be careful with
references. We use the same numbering scheme for definitions, theorems, re-
marks, etc. within each chapter. When referring to a result from a different
chapter, we include the (roman numeral) chapter number in the reference; oth-
erwise we omit it.

It is probably appropriate to remark on the writing style. We have attempted
to include a considerable degree of detail, both in motivating and in defin-
ing concepts and in writing the proofs. Some readers, especially those fa-
miliar with the techniques of toric geometry, may consequently find the pre-
sentation ponderous. However, we found no alternative compatible with the
goals of solidifying our understanding and of avoiding a plethora of errors,
which would otherwise crop up not just in the proofs themselves, but also
in statements of theorems and, worse, definitions. It seems easier for the
reader to skip some arguments as s/he sees fit rather than to worry about er-
rors hidden in unwritten proofs. Readers who feel the (understandable) de-
sire for exercises can refrain from reading the proofs supplied and provide
their own and/or content themselves with the search for errors, of which we
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fear many may remain. We would be grateful for notifications of any errors,
which we hope eventually to correct on a web page available at <https:
//math.berkeley.edu/~ogus/logpage.html>.
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The Geometry of Monoids

1 Basics on monoids

1.1 Limits in the category of monoids

A monoid is a triple (M, %, ey) consisting of a set M, an associative binary
operation *, and a two-sided identity element ey, of M. A homomorphism of
monoids is a function § : M — N such that 0(ey) = ey and (m x m’) =
O(m) % 6(m’) for any pair of elements m and m’ of M. Note that, although the
element ey, is the unique two-sided identity of M, compatibility of 6 with ey,
is not automatic from compatibility with x. All monoids we consider here will
be commutative unless explicitly noted otherwise, and we write Mon for the
category of commutative monoids and homomorphisms of monoids.

We will often follow the common practice of writing M or (M, x) in place
of (M, x, e)) when there seems to be no danger of confusion. Similarly, if a
and b are elements of a monoid (M, x, e;), we will often write ab (or a + b)
for a x b, and 1 (or 0) for ey,.

The most basic example of a monoid is the set N of natural numbers, with
addition as the monoid law. If M is any monoid and m € M, there is a unique
monoid homomorphism N — M sending 1 to m; thus N is the free monoid with
generator 1. More generally, if S is any set, the set N®® of functions I: § — N
such that I, = 0O for almost all s, endowed with the pointwise addition of
functions as a binary operation, is the free (commutative) monoid with basis
S € N, Thus the functor S — N® is left adjoint to the forgetful functor from
the category of monoids to the category of sets.

Arbitrary (projective) limits exist in the category of monoids, and their for-
mation commutes with the forgetful functor to the category of sets. In particu-
lar, the intersection of a set of submonoids of M is again a submonoid; hence
if S is a subset of M, the intersection of all the submonoids of M that contain
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S is the smallest submonoid of M containing S, the submonoid of M generated
by S. If there exists a finite subset S of M that generates M, one says that M is
finitely generated as a monoid.

Arbitrary colimits (inductive limits) of monoids also exist. Direct sums are
easy to construct: the direct sum @ M; of a family {M; : i € I} of monoids is
the submonoid of the product []; M; consisting of those elements m. such that
m; = 0 for almost all i. The general construction is more difficult, and we will
first investigate quotients and equivalence relations in the category of monoids.

Let §: P — Q be a homomorphism of monoids. Note that the kernel
671(0) of @ is not very useful: for example, the kernel of the homomorphism
6: N® N — N sending (a, b) to a + b is just {(0, 0)}, but 8 is not injective. In-
stead we consider the set E(6) of pairs (p;, p2) € PX P such that 8(p,) = 6(p»),
an equivalence relation on P. The fact that # is also a homomorphism of
monoids implies that E(6) is a submonoid of P X P. An equivalence relation
on P that is also a submonoid of P X P is called a congruence (or congru-
ence relation) on P. One checks easily that if E is a congruence relation on P,
then the set P/E of equivalence classes has a unique monoid structure making
the projection P — P/E a monoid homomorphism. Thus there is a dictio-
nary between congruence relations on P and isomorphism classes of surjective
monoid homomorphisms P — P’. The following proposition, whose proof is
immediate, summarizes these considerations.

Proposition 1.1.1. Let P be a monoid.

1. Letm: P — Q be a surjective homomorphism of monoids, and let E be the
P1
equalizer of the two maps P X P " P QO,ie,E:=PxyP.

(a) E is a congruence relation on P.
pP1
(b) Q is the coequalizer of the two maps E — P X P - P. Thus, the

diagram

E P

P

is cocartesian, as well as cartesian.

2. Let E € P X P be a congruence relation on P, let Q := P/E be the set of
equivalence classes, and let m: P — Q be the function taking an element of
P to the equivalence class containing it.
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(a) There is a unique monoid structure on Q such that n: P — Q is a
monoid homomorphism.
(b) Theinclusione : E — PXP is the equalizer of the two homomorphisms

P1
PxP — P2+,
P2

and Q is the coequalizer of the two homomorphisms

¢ D1
E PxP —= P.

Thus, the diagram of (1b) is cartesian and cocartesian.

The passage from E to Q induces a bijection from the set of congruence re-
lations on P to the set of isomorphism classes of surjective homomorphisms
whose domain is P. O

In the terminology of [2, 10.3 and 10.8, Exp. I], Proposition 1.1.1 says that
every surjective homomorphism of monoids is an “effective epimorphism,” and
every congruence relation E is an “effective equivalence relation.”

Remark 1.1.2. If P — Q is surjective and Q' — Q is any homomorphism,
then the pullback map P xp Q" — @’ is again surjective. This implies that
P — Q and E are in fact “universally effective.” On the other hand, not every
epimorphism in the category of monoids is surjective. In fact, a homomorphism
of monoids is universally an epimorphism if and only if it is surjective.

The intersection of a family of congruence relations is a congruence relation,
and hence it makes sense to speak of the congruence relation generated by a
subset of P X P. One says that a congruence relation E is finitely generated if
there is a finite subset S of P X P that generates E as a congruence relation; this
does not imply that S generates E as a monoid.

Here is a useful description of the congruence relation generated by a subset
of Px P.

Proposition 1.1.3. Let P be a (commutative) monoid.
1. An equivalence relation E C P X P is a congruence relation if and only if

(a+ p,b+ p) € E whenever (a,b) € E andp € P.
2. If S is a subset of P X P, let

Sp:={a+p,b+p):(ab)eS, peP}

Then the congruence relation E generated by S is the equivalence relation
generated by Sp. Explicitly, E is the union of the diagonal with the set of
pairs (x,y) for which there exists a finite sequence (po, . .., p,) With py = x
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and p, = y such that, for every i > 0, either (p;_1, p;) or (p;, pi—1) belongs
to Sp.

Proof Let E be an equivalence relation on P that is stable under addition by
elements of the diagonal. Suppose that (a, ) and (¢, d) € E. Then (a+c,b+c) €
E and (¢ + b,d + b) € E, and since P is commutative and E is transitive,
(a+c,b+d) € E. Thus E is closed under addition. Since E contains the
diagonal, the identity element (0, 0) of Px P belongs to E, so E is a submonoid
of PX P, hence a congruence relation. Conversely, if E is a congruence relation,
then (p, p) € E for every p € E; hence (a + p,b + p) € E whenever (a,b) € E,
This proves (1). For (2), let E denote the congruence relation generated by
S and let E’ denote the equivalence relation generated by Sp. Since Sp C E
and E is an equivalence relation, it follows that E’ C E. The associative law
implies that Sp is stable under addition by elements of the diagonal of P X P.
Hence if (po, ..., pn) is a sequence such that (p;_1, p;) or (p;, pi—1) € Sp for all
i >0, then (po + p, ..., pn + p) shares the same property. Thus if (x,y) € E’
and p € P, then (x + p,y + p) € E’. Then it follows from (1) that E’ is a
congruence relation, and so E’ = E. O

Remark 1.1.4. If P is an abelian group and E C P X P is a congruence relation
on P, then the image of E under the homomorphism #: P & P — P sending
(p1,p2) to py — py is a subgroup K of P, and E = h~!(K). Conversely the
inverse image under & of any subgroup of P is a congruence relation on P.
This defines a bijective correspondence between the subgroups of P and the
congruence relations on P.

If 6; and 6, are monoid homomorphisms P — (@, one can construct the
coequalizer of 6, and 6, as the quotient of Q by the congruence relation on Q
generated by the set of pairs (6,(p), 8>(p)) for p € P.

The existence of arbitrary colimits follows from the existence of direct sums
and coequalizers of pairs of morphisms by the following standard construction
(see also [2, 2.3, Exp. I]). Let {P;, 6,} be a functor from a small category I to
the category of monoids, where i ranges over the objects of I and a over the
arrows a: i(a) — j(a) of 1. Since the category of monoids has direct sums, we
can form Q = ®&{P; : i € Ob(I)} and R := &{Pj(,),a € Arr(I)}, with canonical
homomorphisms

{uj: Pi— Q:i€0b(l)} and {uy: Pia — R:ac Arr(])}.

Then there are unique homomorphisms 6;,6,: R — Q such that, for all 4,
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91 O Uy = Uja) and 92 OlUg = Ujg) © Hai

Uqg Ug

Piw R R

Ui(a)
Uj(a)
0 Q+~——Pw
The colimit of the functor {P;, 6,} is the coequalizer of 6, and 6,.
A presentation of a monoid M is a coequalizer diagram

L —>Ly— M

with Ly and L; free. It is equivalent to the data of a map from a set I to M
whose image generates M and a map from a set J to N x N) whose image
generates the congruence relation on N) defined by the surjective monoid map
N® — M corresponding to the set map I — M. The monoid M is said to be
of finite presentation if it admits a presentation with Ly and L, free and finitely
generated. We shall see in Theorem 2.1.7 that in fact every finitely generated
(commutative) monoid is of finite presentation.

The amalgamated sum Q SN 0 SECES 0, of a pair of monoid morphisms
u;: P — Q;, often denoted simply by Q; ®p 0>, is the colimit of the diagram
0, —p-=, . That is, the pair (v, v») universally makes the diagram

Uy

P 0
up 1 (1.1.1)
0, —2 9

commute. This amalgamated sum can be viewed as the pushout of u; along u;
or the pushout of u, along u;. It can also be viewed as the coequalizer of the
two maps (¢, 0) and (0, up) from P to Q; @ Q.

The following proposition describes the pushout Q; ®p O, explicitly. Its
calculation is considerably simplified if one of the monoids in question is a
group. (See Proposition 4.6.1 for a generalization.)

Proposition 1.1.5. Let u;: P — Q; be a pair of monoid morphisms, let Q be
their amalgamated sum, as in Diagram 1.1.1, and let E be the congruence rela-
tion on Q| ® Q, given by the natural surjection Q; ® Q> — Q.
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1. Let S be the set of pairs
((q1,92). (4}, 92) € (Q1 © Qo) X (01 ® O2)

such that there exists a p € P such that ¢} = ui(p) + ¢ and g2 = us(p) + ¢j.
Then E is the set of pairs

(a,b) € (Q1® O2) X (Q1 ® Or)

such that there exists a sequence (ry, ..., r,) in Q; ® Q, such that (a,b) =
(ro, 1) and such that (r;, r;y1) belongs to S if i is even and to S := {(a, b) :
(b,a) € S} ifi is odd.

2. Let E’ be the set of pairs ((q1, 92), (g}, g5)) of elements of Q1 & Q> such that
there exist p and p’ in P with q; + u1(p’) = q| + u1(p) and g2 + us(p) =
g, +ua(p’). Then E’ is a congruence relation on Q1 ® Q, containing E, and
if any of P, Qy, or Q, is a group, then E = E’.

3. If P is a group, then two elements of Q1 ® Q, are congruent modulo E if
and only if they lie in the same orbit of the action of P on Q) & O, defined
by p(q1,42) = (q1 + u1(p), q2 + ua(—p)).

4. If P and Q; are groups, then so is Q1 ®p Q», which is in fact just the amal-
gamated sum in the category of abelian groups.

Proof To prove (1), observe first that S is stable under the action of the di-
agonal of (Q; @ 0>) X (Q; ® Q) and contains this diagonal. Then, by Propo-
sition 1.1.3, the congruence relation R generated by S is the set of pairs (a, b)
such that there exists a sequence (ry, . ..,r,) with ry = a and r, = b and such
that each pair (r;, ri+1) belongs to S or to S’. Note however that if (r,_, ;) and
(r;, ri+1) both belong to S or to §’, then so does (r;i_1, ri+1), S0 the sequence can
be shortened. Note further that if (ry, ) belongs to S’ then (ry, ro, 1) satisfies
the description in (1). This shows that the set described in (1) really is a congru-
ence relation. Since E contains S, and is in fact the smallest such congruence
relation, it follows that £ = R.

To prove (2), note first that the set E’ is evidently symmetric and reflexive.
To prove its transitivity, let us say that a pair (a,b) in P X P “links” a pair
of elements (g1, q2) and (g}, q5) of Q1 & Qs if g1 + u1(b) = ¢} + u1(a) and
q2 + uz(a) = g, + uz(b). One checks immediately that if (a, b) links (g1, g2)
and (q7,q5) and (a’,b’) links (¢}, q5) and (g7, q5), then (a + a’,b + b’) links
(g1, q2) and (q7, ¢5). Moreover, if (a, b) links (g1, g2) and (g, ¢5) then, for any
(G1,G2) € Q1 © Qo, (a,b) links (q; + g1, g2 + §2) and (g + §1,q) + §2). Then
by Proposition 1.1.3, E’ is a congruence relation on Q; & Q,. Furthermore,
if p € P, (p,0) links (u;(p),0) and (0, u»(p)), and since E is the congruence
relation generated by such pairs, E C E’. If P or either Q; is a group, then
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v := v; o u; factors through the group O of invertible elements of Q. If (a, b)
links (g1, q2) and (¢}, g5), we find that

vi(q1) + va(q2) + v(a + b) = vi(qy + ui(b)) + va(qa + uz(a))
=vi(q) + u1(a)) + va(g5 + uz(b))
=vi(q}) +va(g5) + v(a +b).

Since v(a + b) € Q*, it follows that

vi(q1) + va(q2) = vi(q}) + va(gh).

Thus E’ C E. This proves (2), and (3) and (4) are immediate consequences.
O

Example 1.1.6. Taking O, = 0 in Proposition 1.1.5 one obtains the cokernel
of the morphism u;: P — i, or, equivalently, the coequalizer of u; and the
zero mapping P — Q. If P is a submonoid of Q, one writes Q — Q/P for
the cokernel of the inclusion P — @, and it follows from (2) of the proposition
that two elements ¢ and ¢’ of Q have the same image in Q/P if and only if
there exist p and p’ in P such that g + p = ¢’ + p’. For example, the cokernel
of the diagonal embedding N — N & N is the homomorphism

NeN-—>Z:(a,b)— a-b.

Note that Q/P can be zero even if P is a proper submonoid of Q; this holds, for
example, if P is the submonoid of Q := N @ N generated by (1,0) and (1, 1).
If P’ is a submonoid of Q containing P, then P’/P is a submonoid of Q/P and
the natural map (Q/P)/(P’'/P) — Q/P’ is an isomorphism.

1.2 Monoid actions

If S is a set, then the set of functions from S to itself forms a (not necessarily
commutative) monoid End(S) under composition. If Q is a monoid, an action
of Q on S is a monoid homomorphism 65 from Q to End(S). In this context we
often write the monoid law of Q multiplicatively, and, if ¢ € Q and s € S, we
write gs for 05(q)(s). A Q-set is a set endowed with an action of Q, and Ensgp
will denote the category of O-sets, with the evident notion of morphism. If S is
a Q-set and s € S, the image of the map Q — § sending ¢ to ¢s is the minimal
Q-stable subset of S containing s, called the trajectory of s in S.

A basis for a Q-set S is a map of sets i: T — S such that the induced map
OxT — S:(q,1) — qi(?) is bijective. If such a basis exists we say that S
is a free Q-set. A free Q-set with basis T — S satisfies the usual universal
property of a free object: every map from T to the set underlying a Q-set §’
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extends uniquely to a morphism of Q-sets S — §’. If T is any set and if Q X T
is endowed with the action p defined by p(q¢')(q,f) = (¢’q, 1), then the map
T — O x T sending 7 to (1,¢) is a basis. Thus the functor taking a set T to the
free O-set Q X T is left adjoint to the forgetful functor from the category of
Q-sets to the category of sets. Note that if G is a group and S is a G-set, then S
has a basis as a G-set if and only if the action is free in the sense that gs = s
implies g = 1. This equivalence is not true for general monoids.

The category Ensy of Q-sets admits arbitrary projective limits, and their
formation commutes with the forgetful functor to the category of sets. This is
a formal consequence of the fact that the forgetful functor Ensy — Ens has
a left adjoint. In particular, if S and T are Q-sets, then Q acts on S X T by
q(s, 1) := (gs, qt), and this action makes S x T the product of S and 7 in Ens,.

Colimits in Ens also exist. The direct sum of a family S; : i € I is just
the disjoint union with the evident Q-action. To understand the construction of
quotients in the category Ensg, note that if 7: S — T is a surjective map of
Q-sets, then the corresponding equivalence relation £ C § X § is a Q-subset
of S x §; such an equivalence relation is called a congruence relation on S.
Conversely, if E is any congruence relation on S, then there is a unique Q-set
structure on S/E such that the projection S — S/E is a morphism of Q-sets.
When S = Q acting regularly on itself, the notion of a congruence relation
on Q as a monoid coincides with the notion of a congruence relation as a Q-
set, thanks to Proposition 1.1.3. Furthermore, the analog of statement (2) of
Proposition 1.1.3 holds for Q-sets, and in particular the equivalence relation
generated by a subset of § X § that is stable under the diagonal action of Q
is already a congruence relation. If # and v are two morphisms §’ — S, the
coequalizer of u and v is the quotient of S by the congruence relation generated
by {(u(s"), v(s")) : s" € §’}. The existence of general colimits follows.

If S and T are Q-sets, the set Homg(S, 7') has a natural action of Q, given
by (gh)(s) := qh(s) = h(gs) for h: S - T, q € Q, and s € S There is also
a tensor product construction for Q-sets. If S, 7, and W are Q-sets, then a Q-
bimorphism S X T — W is by definition a function 5: S X T — W such that
B(gs,t) = B(s, qt) = gB(s,t) for any (s,7) € SXT and g € Q. The tensor product
of S and T is the universal Q-bimorphism S X ' — § ®¢ T. To construct it,
begin by regarding S X T as a Q-set via its action on S, so that ¢(s, 1) := (gs, 1),
and consider the equivalence relation R on S X T generated by the set of pairs

((gs,0),(s,q)) e SXT)Xx(SxT)forge Q,s€S,teT.

Note that this set of pairs is stable under the action of Q, since if ¢' € Q,
and s’ := ¢’s then ((¢'gs,1),(q’s,qt)) = (g5, 1), (s, qt)). It follows that the
equivalence relation R is a congruence relation. Then the projection r: SX7T —
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(§%T)/R is a Q-bimorphism and satisfies the universal mapping property of the
tensor product. If Q is a (commutative) group, then S ®p T can be constructed
in the usual way as the orbit space of the action of Q on SXT given by ¢(s, t) :=
(gs.q7").

In general, one has a natural isomorphism of Q-sets

Homgp(S ®9 T, W) = Homy(S, Homy(T, W)),

taking a Q bimorphism S to the Q-morphism y given by y(s)(¢) := S(s, 7). It
follows formally that, for fixed 7', the functor § — S ®p T commutes with
colimits.

Let8: P — Q be a homomorphism of monoids. Then 6 defines an action of
P on Q given by pq := 6(p)q. If S is a P-set, the tensor product Q ®p S has the
natural action of Q, with g(¢’ ® s) = (g¢’ ® 5), and the map § — Q®p S sending
s to 1 ® s is a morphism of P-sets over the homomorphism 6. If §;,: P — Q;
for i = 1,2 is a pair of monoid homomorphisms, then there is a unique monoid
structure on Q1 ®p O, such that

(91 ® 92)(q] ® g5) = (q19] ® 9245),

and this is also the unique monoid structure for which the natural maps Q; —
01 ®p O, are homomorphisms. It can be checked that this monoid structure
makes QO ®p Q- into the amalgamated sum of Q; and Q, along P.

Remark 1.2.1. We have seen that, for a fixed Q-set T', the functor S = S® T
commutes with colimits. It is perhaps no surprise that it does not commute
with limits in general. We want to emphasize that this functor need not even
commute with finite products, even if T is free. Indeed, if T has basis A, then
S®pT = §xA, and if the cardinality of A is greater than one, the functor § —
Sx A does not commute with products. This fact complicates the calculation of
tensor products from generators and relations. Indeed, suppose that F — Sis a
surjective morphism and E := F Xg F is the corresponding equivalence relation
on F, where F is free. Then F' — S is the coequalizer of the two maps E 3 F,
and, since ®p7T commutes with colimits, it follows that F ®p T — S®¢ T is
the coequalizer of E ®y T = F ®¢ T. However, the natural map

(FXF)®pT — (F®y T)x (F®y T)

is not an isomorphism, and the image of E®yT in (F®pT)x(F®yT) might not
be an equivalence relation. Thus one is left with the often challenging problem
of computing the congruence relation it generates.

Definition 1.2.2. Let Q be a monoid and let S be a Q-set. The transporter of
S is the category TS whose objects are the elements of S and for which the
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morphisms from an object s to an object t are the elements g of Q such that
qs = t, with composition given by the monoid law of Q. The transporter of a
monoid Q is the transporter of Q regarded as a Q-set, and is denoted simply by
7 0.

Associated with the category 7S is a partially ordered set that is worth
making explicit.
Definition 1.2.3. Let Q be a monoid and S a Q-set. If s and t are elements of

S, we write s < t if there exists aq € Q such thatgs =t,and s ~ t if s < t and
r<s.

It is clear that s < wif s < fand ¢t < w and that s < s for every s € S.
Thus the relation < defines a preorder on S. The relation ~ is a congruence
relation on S, and the relation < on the quotient S/~ is a partial order. We shall
use this notion especially when § = Q with the regular representation. Since ~
is a congruence relation, it follows from Proposition 1.1.3 that Q/~ inherits a
monoid structure.

1.3 Integral, fine, and saturated monoids

If M is any commutative monoid, there is a universal homomorphism A, from
M to a group M®P. That is, M®P is a group, dy: M — M?*P is a homo-
morphism of monoids, and any homomorphism from M to a group factors
uniquely through A,,. Thus, the functor M +— M?®P is the left adjoint of the
inclusion functor from the category of groups to the category of monoids;
since it has a right adjoint, it automatically commutes with the formation of
direct limits. In fact, M®P can be identified with the cokernel (Example 1.1.6)
of M®M = M X M by the diagonal, and A, with the composite of (idy, 0) and
the projection M X M — (M X M)/Ay. One can also construct M*P as the set
of equivalence classes of pairs (x,y) of elements of M, where (x, y) is equiva-
lent to (x’,y’) if and only if there exists z € M such that x+y' +z = x’+y+z. The
explicit description of the equivalence relation in Example 1.1.6 shows that the
two constructions are in fact the same. One writes x—y for the equivalence class
containing (x,y), and then (x —y) + (X’ =y ) = (x+x) - + ).

If M is a monoid, let M* denote the set of all m € M such that there exists
an n € M such that m +n = 0. Then M* forms a submonoid of M. Itis in fact a
subgroup—the largest subgroup of M. Any homomorphism from a group to M
factors uniquely through M*, so that M — M* is right adjoint to the inclusion
functor from groups to monoids. We call M* the group of units of M; it acts
naturally on M by translation. If G is any subgroup of M, the orbit space M/G
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can be identified with the quotient in the category of monoids discussed in
Example 1.1.6. In particular, we write M for M/M*.

Definition 1.3.1. A (commutative) monoid M is said to be:

1. sharp if M* = {0};

2. dullif M* = M, i.e., if M is a group;

3. u-integral itm € M,u’ € M* and m + v’ = m implies that u’ = 0;

4. quasi-integral if m,m’ € M and m + m’ = m implies that m’ = 0;

5. integral if m,m’,m"” € M andm + m’ = m + m" implies thatm’ = m".

Evidently every integral monoid is quasi-integral and every quasi-integral
monoid is u-integral. If M is u-integral, then M* acts freely on M and the map
M — M makes M an M*-torsor over M. The universal map Ay : M — M
is injective if and only if M is integral, and the induced map M* — M*P is
injective if and only if M is u-integral. For any monoid M, the quotient M is
sharp, and the map M — M is the universal homomorphism from M to a sharp
monoid. For any monoid M, the monoid M/~ (see Definition 1.2.3) is sharp,
and if M is quasi-integral, the natural map M/M* — M/~ is an isomorphism.
The inverse limit of a family of integral monoids is again integral.

Remark 1.3.2. The formation of M®P commutes with direct products but not
with fibered products in general. For example, let s: N> — N be the map
taking (a, b) to a + b and let ¢ be the map taking (a, b) to 0. Then the equalizer
of s and ¢ is zero. However, the equalizer of the associated maps on groups
7% — 7 is the antidiagonal Z — 72, sending ¢ to (¢, —c). On the other hand, it
is true that if 8: P — Q is injective and Q is integral, then 6%P: P& — QFP is
also injective.

Proposition 1.3.3. If Q is an integral monoid and P is a submonoid, the natural
map Q/P — Q®/P*P is injective. Thus Q/P is integral and can be identified
with the image of Q in Q% /P®. A monoid Q is integral if and only if it is
u-integral and Q is integral.

Proof 1If g and ¢’ are two elements of Q with the same image in Q%P/P*P,
then there exist p and p’ such that ¢ — ¢’ = p — p’ in Q®P. Since Q is integral,
q+p’ =¢q + pin Q. Then it follows from the discussion in Example 1.1.6 that
q and g’ have the same image in Q/P. Thus Q/P — Q*f/P#P is injective, and
Q/P is integral. In particular, if Q is integral, so is Q. Conversely, suppose that
Q is u-integral and Q is integral, and that ¢, ¢’ and p are elements of Q with
g+ p = ¢ + p.Since Q is integral, there exists a unit u such that ¢’ = g + u.
Then g + p = ¢ + p + u. Since Q is u-integral, u = 0 and hence g = ¢’. This
shows that Q is integral. O
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Let Mon™ denote the full subcategory of Mon whose objects are the inte-
gral monoids. For any monoid M, let M™ denote the image of

Ay: M — M*P.

Then M +— M™ is left adjoint to the inclusion functor Mon'™ — Mon.

Proposition 1.3.4. Let Q be the amalgamated sum of two homomorphisms
u;: P — Q; in the category Mon. Then Q™ is the amalgamated sum of
uh; Pt — Qi in the category Mon™, and can be naturally identified with
the image of Q in QF° @p=» Q5. If P, Oy, and Q, are integral and any of these
monoids is a group, then Q is integral.

Proof The fact that Q™™ is the amalgamated sum of uim in Mon™ is a formal
consequence of the fact that M +— M™ preserves colimits. Moreover, since
M — M® also preserves colimits, Q2 = O @pw Q5. It follows that Q™ is
the image of Q in Q% = Q% &ps» Q5. Now suppose that any of P and Q; is
a group and that g and ¢’ are two elements of Q with the same image in Q*P.
Choose (g1, g2) and (¢}, ¢5) in Q1 ® Q> mapping to g and g’ respectively. Then
vi(g1)+va(q2) = vi(g}) +v2(g3) in O, and so there exist elements a and b in P
such that (g} — g1, g, — q2) = (u1(a—b), uz(b—a)). Then g} +u1(b) = g1 +ui(a)
and g, + uz(@) = gz + uz(b). It then follows from (2) of Proposition 1.1.5
that vi(q1) + va(q2) = vi(q})) + va(g5) in Q, i.e., that ¢ = ¢'. Thus the map
0 — OF @p» Q5 is injective and Q is integral. ]

A monoid Q is said to be fine if it is finitely generated and integral. A monoid
Q is called saturated if it is integral and if whenever g € QP is such that mq €
Q for some m € Z*, then g € Q. For example, the monoid of all integers greater
than or equal to some natural number d, together with zero, is not saturated if
d > 1. For another example, let Q be the submonoid of Z & Z/2Z generated
by x := (1,0) and y := (1, e), where e is the nonzero element of Z/2Z. Then
2x =2y,50z:= (0,x—y) € 0%\ Q. In fact z is a nonzero unit of Q**, but Q
is sharp.
Proposition 1.3.5. Let Q be an integral monoid.

1. The natural homomorphism Q% /Q* — @gp is an isomorphism.

2. If Q is saturated, then @gp is torsion free.

3. The set Q% of all elements x of QP such that there exists n € Z* with
nx € Q is a saturated submonoid of Q%°, and the functor Q +— Q' is
left adjoint to the inclusion functor from the category Mon*" of saturated
monoids to Mon™.

4. Q is saturated if and only if Q is saturated. An element of Q is a unit if and
only if its image in Q%" is a unit.
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5. The natural map Q%'/Q* — Q is an isomorphism. Furthermore, every
unit of Q "is torsion, and the natural map

_Qsat N ésat
is an isomorphism.

Proof Suppose that g¢,q2 € Q and ¢g» — g; maps to zero in Qgp. Since Q C
Qgp, g, = ¢, in 0, and hence there exists a u € Q° with ¢» = u + ¢;. Then
q>» — q1 = u € Q*. This proves (1). Suppose Q is saturated and g € Q%P maps
to a torsion element g of Qgp. Then ng € Q* for some n € Z*, and since Q is
saturated, g € Q. The fact that nq belongs to Q* now implies that g belongs to
Q*,soqg=0¢ Q. Thus Qgp is torsion free. If g and p are elements of Q%P with
mg € Q and np € Q, then mn(g+p) € Q, and it follows that Q** is a submonoid
of O%. Hence (Q**)® = Q¢ and, if g € Q% and ng € Q%*, then there exists
an m € Z* with mng € Q. It follows that g € Q%*, so Q%" is saturated. The
verification of the adjointness of the functor Q +— Q% is immediate, as is the
verification of (4).

If g € Q" and g is a unit of Qsm, then there also exists an element p of Q%
with g + p € Q*. Then there exist m and n in Z* such that mq and np belong
to Q. But then mng + mnp € Q*, and hence mngq is a unit of Q. This shows

_. . —sat . . . L
that g is a torsion element of QSa It is clear that the map in (5) is surjective.

Suppose that g and p are two elements of Q% with the same image in Qsa

Then q- p € Q°fP maps to a unit of Q , and hence to a torsion element of
t

QSa c Q . Hence mq — mp € (Q%")* for some m. Then mp —mgq € Q" also, so

g — p is a unit of 0 and ¢ and p have the same image in Q%. This proves the

injectivity. o

Monoids that are both fine and saturated are of central importance in loga-
rithmic geometry, and are often called fs-monoids. A monoid P is said to be
toric if it is fine and saturated and in addition P8P is torsion free; in this case
P#P can be viewed as the character group of an algebraic torus. The schemes
arising from toric monoids form the building blocks of toric geometry.

Proposition 1.3.6. Let {M; : i € I} be a direct system of monoids each of
which satisfies one of the following properties P: integral, saturated, dull. Then
the direct limit M also satisfies P.

Proof Suppose that each M; is integral and let m be an element of M. Then
there exist i € I and m; € M; such that m; maps to m in M. For each i — j,
let mj; denote the image of m; in M;. Then multiplication by m;;: M; — M;
is injective. It follows that the limit of these maps, i.e., multiplication by m,
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is also injective. Thus M is integral. Suppose further that each M, is saturated
and that x € M®P, with nx € M for some n > 0. Since the formation of M®&P
commutes with direct limits, there exist i € [ and x; € M?p mapping to x.
Replacing i by some element to which it maps, we may further assume that
there is some m; € M; mapping to nx. Again replacing i, we may assume that
nx; = m; in M;. Since M; is saturated, it follows then that x; € M; and hence
that x € M. Thus M is saturated. Since the formation of direct limits is the
same in the categories of commutative monoids and groups, the direct limit of
dull monoids is dull. O

A monoid M is said to be valuative if it is integral and if for every x €
M?®P, either x or —x lies in M. This is equivalent to saying that the preorder
relation (Definition 1.2.3) on M*P defined by the action of M is a total preorder.
The monoid N is valuative and, if V is a valuation ring, the submonoid V' of
nonzero elements of V is valuative. Every valuative monoid is saturated.

If R is any commutative ring, its underlying multiplicative monoid (R, -, 1) is
not quasi-integral unless R = {0}, since 0 - 0 = 1 - 0. On the other hand, the set
R’ of nonzero divisors of R forms an integral submonoid of the multiplicative
monoid of R. For example, Z' is integral, and 7 =7 /(%) is a free (commuta-
tive) monoid, generated by the prime numbers. If R is a discrete valuation ring,
R =FR /R* is freely generated by the image of a uniformizer of R’. Although
there is a unique isomorphism of monoids R’/R* = N, this isomorphism is not
functorial: if R — S is a finite extension of valuation rings with ramification
index e, the induced map R — S sends the unique generator of R to e times
that of S

If Q is a sharp commutative monoid, free Q-sets are very rigid, as the fol-
lowing simple observation shows.

Proposition 1.3.7. Let Q be a sharp commutative monoid, and let S be a free
Q-set. Then any basis for S is unique up to unique isomorphism. Explicitly,
every basisi: T — S induces a bijection between T and S \ Q*S.

Proof Leti: T — S be a basis for S. Since the induced map Q X T — S'is
bijective, i must be injective. Let us verify that if r € T, then i(f) € S\ O*S.
Suppose that i(f) = gs with ¢ € Q and s € S. Then there is a unique (¢’,¢") €
O x T such that s = ¢’i('), and so i(f) = gq’i(*). Then (1,7) and (¢q’, 1)
are two elements of Q X T with the same image in S, so g¢’ = 1. Since Q
is commutative, ¢ € Q and, since Q is sharp, ¢ = 1. Since g was arbitrary,
i(t) ¢ Q*S. On the other hand, suppose that s € S\ Q*S. Since i is a basis for
S, there is some (g,7) € Q X T such that ¢gi(¢) = s and, since s ¢ 07§, q = 1
and s = i(7). Thus the induced map from T to S \ Q*S is also surjective. O
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1.4 Ideals, faces, and localization

Definition 1.4.1. An ideal of a monoid M is a subset I such that k € I and
q € M implies g + k € 1. An ideal I is called prime if ] # M and p + q € |
implies p € I or q € 1. A face of a monoid M is a submonoid F such that
p + g € F implies that both p and q belong to F.

For example, the empty set 0 is a prime ideal of M, as is the set M* of non-
units of M. Note that any ideal I containing a unit must be all of M, so that
every proper ideal of M is contained in M*. Thus M* is the unique (proper)
maximal ideal of M; moreover, 0 is the unique minimal ideal of M. In many
respects, a monoid is analogous to a local ring. In particular, a monoid homo-
morphism : P — Q is said to be local if 67'(Q*) = P* or, equivalently,
671(Q*) = P*. Observe that a face is just a submonoid whose complement is
an ideal (necessarily prime) and a prime ideal is an ideal whose complement
is a submonoid (necessarily a face). Thus p — Fyp := M \ p gives an order
reversing bijection between the set of prime ideals of M and the set of faces
of M. The set of units M* is the smallest face of M (contained in every face),
and M is the largest face of M. The notion of a face of a monoid corresponds
to the notion of a saturated multiplicative subset of a ring; we do not use this
terminology here because of its conflict with the notion of a saturated monoid.

As in the case of rings, the intersection of a family of ideals is an ideal,
but for monoids the union of a family of ideals is also an ideal. Furthermore
the union of a family of prime ideals is a prime ideal and the intersection of
a family of faces is a face. If T is a subset of M, the intersection (7") of all
the faces containing 7 is a face of M, called the face generated by T. It is
analogous to the multiplicatively saturated set generated by a subset of a ring.
The interior ideal I, of a monoid M is the set of all elements that do not lie in
a proper face of M, i.e., the intersection of all the nonempty prime ideals of M.

We denote by Spec(M) the set of prime ideals of a monoid M, and for each
ideal I of M we denote by Z(I) the set of primes ideals of M containing /. Then
if (1) is any family of ideals, U, is an ideal and Z(UI,) = NZ(I,). Also, if 1
and J are ideals, so is the set 1J of all elements of the form p+¢ with pin I and
ginJ,and Z(I) U Z(J) = Z(INJ) = Z(1J). Thus the set of all subsets of Spec M
of the form Z(I) for variable I is closed under intersections and finite unions,
and hence defines a topology (the Zariski topology) on S := Spec(M). Since
M has a unique minimal prime ideal, Spec(M) has a unique generic point, and
in particular is irreducible. Since M has a unique maximal ideal it also has a
unique closed point. If f € M and F is the face it generates, then

D(f)y=8Sp:={p:fepl=p:pNnF=0}
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is open in S, and the set of all such sets forms a basis for the topology on S.

Note that Spec(M) is never empty: it contains a unique closed point (the
maximal ideal M* of M, consisting of all the non-units) and a unique generic
point (the empty ideal of M). These two points coincide if and only if every
element of M is a unit, that is, if and only if M is a group.

If6: P — Q is a homomorphism of monoids, then the inverse image of an
ideal is an ideal, the inverse image of a prime ideal is a prime ideal, and the
inverse image of a face is a face. Thus 6 induces a continuous map

Spec(Q) — Spec(P):  p > 67 (p).

The preorder relation (Definition 1.2.3) is useful when describing the ideals
and faces of a monoid, as the following proposition shows.

Proposition 1.4.2. Let S be a subset of a monoid Q and let P be the submonoid
of Q generated by S.

1. The ideal (S) of Q generated by S is the set of all g € Q such that g > s for
some s € S.

2. The face (S) of Q generated by S is the set P’ of elements g of Q for which
there exists a p € P such that g < p. In particular, the face generated by an
element p of Q is the set of all elements q € Q such that g < np for some
neN.

3. If Q is integral, then Q/P is sharp if and only if P®® N Q is a face of Q. In
particular, if F is a face of Q, then Q/F is sharp.

Proof The first statement follows immediately from the definitions. For the
second, note that a submonoid F of Q is a face if and only if F contains ¢
whenever g < f for some f € F. Hence (S) contains P’. Since in fact P’ is
necessarily a face of Q containing S, it follows that P’ = (S). If Q is integral,
Q/P can be identified with the image of Q in Q% /PP by Proposition 1.3.3.
Thus an element g € Q maps to 0 in @/P if and only if ¢ € Q N P*P, and ¢
maps to a unit in Q/P if and only if there exists an element ¢’ € Q such that
q+q € P, ie., if and only if ¢ € (Q N P&P). This shows that Q/P is sharp
if and only if Q N P#P is a face of Q. Finally, note that if F is a face of Q, and
qe QN F theng+ f € F for some f € F; hence g € F. O

Corollary 1.4.3. Let K be an ideal of a monoid Q and let
VK := {g : nqg € K for somen € Z*}

be its radical.

1. VK is aradical ideal, that is, VK = \/ VK.
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2. VK is the intersection of all the prime ideals of Q containing K.

3. The mapping I — Z(I) induces an order-reversing bijection between the
radical ideals of Q and the closed subsets of Spec(Q), with inverse S +—
Nf{p:pesS}

4. A closed subset S of Q is irreducible if and only if the corresponding radical
ideal is prime.

Proof 1If g € v VK, there exists n € Z* such that ng € VK and then there

exists m € Z* such that mng € K. Thus VK ¢ VK , and the reverse inclusion
is obvious. This proves (1). For (2), it is clear that VK is contained in every
prime ideal p containing K. Conversely, suppose that g € Q \ VK and let f be
an element of the face F of Q generated by g. By Proposition 1.4.2, there exist
n and ¢’ such that ng = f + ¢’. Since ng ¢ K, the same is true of f. This shows
that F N K = 0, and hence that p := Q \ F is a prime ideal of Q containing
K but not g. It is clear that Z(J) € Z(I) if I C J. If S is any subset of Q, then
NS := N{p : p € S} is clearly a radical ideal of Q, and S C Z(NS), since for
every p € S, NS C p. Moreover, if [ is any ideal of Q and S C Z(I), then I C p
for every p € S, and hence I C NS and Z(N(S)) € Z(I). Thus Z(NS) is the
closure of S. In particular, if S is closed, S = Z(NS). On the other hand, if K is
aradical ideal, statement (2) shows that K = NZ(K). This completes the proof
of statement (3). If S is closed and Z(S) is a prime ideal p, then p € S and S is
the closure of {p} and hence is irreducible. Conversely, if S is irreducible and
a+ b € NS, then a + b belongs to every p € §; hence every such p contains
either a or b, and so S C Z(a) U Z(b). Since S is irreducible, it is contained in
either Z(a) or Z(b). If, for example, S C Z(a), it follows that /(@) C NS and,
since NS is a radical ideal, that a € NS. Thus NS is prime. O

Proposition 1.4.4. Let M be a monoid, S a subset of M, and E an M-set. Then
there exist an M-set, denoted by S'E orE s, on which the elements of S act
bijectively and a map of M-sets As: E — S™'E with the following universal
property: for any morphism of M-sets E — E’ such that each s € S acts
bijectively on E’, there is a unique M-map S™'E — E’ such that

As

E S'E = Eg

E/

commutes. The morphism Ag is called the localization of E by S. A morphism
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of M-sets ¢: E — E’ induces a morphism ¢s: Es — E5; if ¢ is injective (resp.
surjective), then so is ¢s.

Proof Let T be the submonoid of M generated by S. The set S™'E can be
constructed in the familiar way as the set of equivalence classes of pairs (e, f) €
E X T, where (e,t) = (¢/,1) if and only if #'#’e = tf¢’ for some ¢’ in T. Then
As(e) is the class of (e, 1), and the action of an element m of M sends the class
of (e, ?) to the class of (me, ). The proof of the remainder of the proposition is
straightforward. O

Notice that in fact every element of the face F' generated by § acts bijectively
on S7'E, so that in fact S~'E = F~'E. Indeed, let E’ be any M-set such that
O (s) is bijective for every s € S. If f € F, then f < p for some p in the
submonoid P of M generated by S. Thus p = fm for some m € M. Then
0p(p) = Op/ (f)Or(m) = 6 (m)fp (f) and, since O (p) is bijective, the same
is true of O (f). If p := M \ F is the prime ideal of M corresponding to F,
one often writes Ey instead of ST'E. An M-set E is called M-regular if the
elements of M act as injections on E. If this is the case, the localization map
As: E — S7'E is injective, for every subset S of M.

The most important case of Proposition 1.4.4 is the regular representation,
where M acts on E = M by translation. Then Mg := S~' M has a unique monoid
structure for which Ag is a homomorphism compatible with the M-actions. The
morphism Ag: M — My is also characterized by a universal property: any
homomorphism A: M — N with the property that A(s) € N* for each s € S
factors uniquely through Mj. In fact, every element of the face (S) generated
by S maps to a unit in S~'M, and /lEI(M;) = (§). Indeed, if m € (S), then
by (2) of Proposition 1.4.2 there exists m’ € M such that mm’ belongs to the
submonoid T of M generated by S. Then Ag(mm’) is a unit in My, and hence
so is m’. Conversely, if Ag(m) is a unit of Mg, then there exist m’ € M and
t € T such that (m, 1)(m’,t") = (1,1). This means that there is some ¢ such
that mm’t = t't. Since tt' € (S), it follows that m € (S). If M is integral, then
the natural map S~'M — M?®P is injective, and S~'M can be identified with
the set of elements of M®P of the form m — t with m € M and ¢ belonging to
the submonoid (or face) of M generated by S. If 8: M — N is a morphism of
monoids and S is a subset of M we write S™'N to mean the localization of N
by the image of S, when no confusion can arise. We should note that if E is
an M-set, then the localized monoid My acts naturally on Eg, and in fact the
natural map Mg ®y E — Ejg is an isomorphism.

Remark 1.4.5. The localization of an integral (resp. saturated) monoid is inte-
gral (resp. saturated), but the analog for quasi-integral and u-integral monoids
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fails. For example, let Q and P be monoids and let K be an ideal of Q. Let
E be the subset of (P @ Q)? consisting of those pairs (p ® ¢, p’ ® ¢) such that
either p = p’ or g € K. In fact E is a congruence relation on P @ Q, and we
denote the quotient (P @ Q)/E by P xx Q (the join of P and Q along K). If
K is a prime ideal with complement F, then P xx Q can be identified with
the disjoint union of P X F with K, and (p, f) + k = f + k. Then N »n+ N is
u-integral, but its localization by the element 1 of the “first” N in the previous
expression is Z xn+ N, which is not u-integral.

Definition 1.4.6. Let Q be a monoid.
1. The dimension of Q is the maximum length d of a chain of prime ideals
O=pyCp C--Cp,=0°,

i.e., the Krull dimension of the topological space Spec(Q).
2. Ifp € Spec(Q), the height of P, denoted by ht(p), is the maximum length of
a chain of prime ideals

P=pPo 2P D DPy

If p is a prime ideal of Q, the map Spec(Qp) — Spec(Q) induced by the
localization map A: Q — Qyp is injective and identifies Spec(Qp) with the
subset of Spec(Q) consisting of those primes contained in p. Equivalently,
F + A7'(F) is a bijection from the set of faces of Op to the set of faces
of Q containing Q \ p. These bijections preserve the topologies and order. In
particular, every ideal of Qp is induced from an ideal of Q, and so Spec(Qp)
has the topology induced from its embedding in Spec(Q). Moreover, we have
ht(p) = dim(Qp). If Q is fine, Spec(Q) is a finite topological space, and is
catenary [26, 14.3.2, 14.3.3], as the following proposition implies. We defer its
proof until Section 2.3, after Corollary 2.3.8.

Proposition 1.4.7. Let Q be an integral monoid.

1. Spec(Q) is a finite set if Q is finitely generated.

2. dim(Q) < rank(Q®), with equality if Q is fine.

3. If Q is fine, every maximal chain py C p; C --- C p, of prime ideals has
length dim(Q). If p € Spec(Q) and F := QO \ p,

ht(p) = rank(Qj ) = rank(Q/F#") = dim(Q) — dim(F).
Examples 1.4.8.

1. The monoid N has just two faces, {0} and N, with complementary prime
ideals N* and 0, respectively.
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2. More generally, let S be a set and let M = N, the free monoid generated
by S.If T is any subset of S, N can be identified with the set of all 7 € N©®
such that Iy = O for s ¢ T. This is a face of M, and every face of M is of
this form.

3. Let Oy, be the monoid given by generators x, y, z, w subject to the relation
x+y = z+w. This is isomorphic to the amalgamated sum N? &y N2, where
both maps N — N? send 1 to (1, 1), to the submonoid of N* generated by
{(1,1,0,0),(0,0,1,1),(1,0,1,0),(0,1,0, 1)}, and to the submonoid of Z>
generated by

{(1,1,D,(-1,-1,1),(1,-1,1), (-1, 1, 1)}.

In addition to the faces {0} and Q»_, it has four faces of dimension one,
corresponding to each of the generators, and four faces of dimension two:
(x,2), {x, w), (¥, ), and (y, w).

4. Let O3, be the monoid given by generators x, y, z, u, v subject to the rela-
tions x + y + z = u + v. This four-dimensional monoid has five faces of
dimension one, nine of dimension two, and six of dimension three.

When attempting to visualize the relations among the faces of a monoid, it
is often helpful to draw a picture not of the monoid itself but rather of its slice
with a suitable hyperplane not containing the vertex. Doing so reduces the
dimension of the monoid and of each of its faces by one. For example, slices
of the monoids O, and Q33 in the above examples are shown in Figure 1.4.1

1.5 Idealized monoids

A surjective homomorphism of commutative rings A — B induces a closed
immersion Spec(B) — Spec(A), but the analog for monoids is not true. In
fact, if P — Q is any homomorphism of monoids, the generic point of Spec P
lies in the image of Spec Q, so the map Spec O — Spec P cannot be a closed
immersion unless it is bijective. To remedy this we introduce the notion of an
idealized monoid, which will be useful in studying the stratifications that arise
naturally in the context of toric varieties and log schemes.

Definition 1.5.1. An idealized monoid is a pair (M, K), where M is a monoid
and K is an ideal of M. A homomorphism of idealized monoids

6: (P.1) = (Q.J)

is a monoid homomorphism P — Q sending I to J. A face of an idealized
monoid (M, K) is a face F of M such that F N K = 0 or, equivalently, such that
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Figure 1.4.1 Slices of monoids and their faces

the corresponding prime ideal M \ F contains K, and Spec(M, K) is the set of
all such prime ideals, with the Zariski topology.

Note that Spec(M, K) is empty if and only if K = M. Let us say therefore
say that an idealized monoid (M, K) is acceptable if either K is a proper ideal
of M or M is the zero monoid. We write Moni for the category of acceptable
idealized monoids. The functor Moni — Mon taking (Q, J) to Q has a fully
faithful left adjoint, taking a monoid P to (P, 0). Thus we may view Mon as a
full subcategory of Moni.

Remark 1.5.2. The Krull dimension of (M, K) is as usual the supremum of
the set of lengths of the chains of prime ideals of (M, K), or, equivalently, of a
chain of faces of (M, K). If C is a maximal chain of such faces, then F' := UC
is another face of (M, K) and hence belongs to C; furthermore, each member
of C is a face of F. Thus the set of faces of (M, K) admits maximal elements,
and the dimension of (M, K) is the same as the maximum of the dimensions of
its faces.

Limits and colimits exist in the category of idealized monoids, and are com-
patible with the forgetful functor to the category of monoids. For example, the
pushout of a pair of morphisms u;: (P,I) — (Q;, J;) in the category of idealized
monoids is given by the obvious maps v;: (Q;, J;) — (Q, J), where Q; — Q is
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the pushout of the underlying monoid homomorphisms and J is the ideal of O
generated by the images of J;. Note that this compatibility is not quite true for
acceptably idealized monoids. For example, if (Q, J) is an integral idealized
monoid and f € J, then the localization of (Q, J) by f is not acceptable: the
localization in the category of acceptable idealized monoids is (0, 0).

2 Finiteness, convexity, and duality

2.1 Finiteness

Proposition 2.1.1. A monoid is finitely generated as a monoid if and only if
M* is finitely generated (as a group) and M is finitely generated (as a monoid).

Proof 1If S is a finite set of generators for M, then any nonzero element m of
M can be written as a sum ), n;s;, with each n; > 0. If m is a unit, so is each
s;» and it follows that M* is generated by the finite set S N M*. Since M — M
is surjective, M is finitely generated as a monoid. For the converse, suppose
{s;} is a finite set of generators for the group M* and {t;} is a finite subset of M
whose images in M generate M as a monoid. Then the set {s;, —s;, ¢ ;) generates
M as a monoid. O

Recall that if M is a monoid and x and y are elements of an M-set X, we
write x < y if there exists some m € M such thaty = m+x. If S is a subset of X
we say that s € S is an M-minimal element of S if, whenever s’ € S and s’ < s,
then also s < s’ (so that s ~ s’ in the equivalence relation corresponding to
<). If there seems to be no danger of confusion, we just say “minimal” instead
of “M-minimal.” For example, with the regular action of M on itself, the units
are the minimal elements of M. If M is quasi-integral, the minimal elements
of the maximal ideal M* are called irreducible. Thus an element ¢ of M* is
irreducible if and only if it is not a unit and, whenever c = a+bin M, a or b is
a unit. The set M*? of elements of the form a + b with a,b € M* is an ideal of
M, and we see that the irreducible elements of M are precisely the elements of
M\ M+
Proposition 2.1.2. Let M be a sharp quasi-integral monoid. Then every set
of generators of M contains every irreducible element of M. If in addition M
is finitely generated, then the set of irreducible elements of M is finite and
generates M.

Proof The first statement is obvious. Suppose now that M is finitely gener-
ated. It is clear that every finite set of generators contains a minimal set of
generators. Let S be such a minimal set; we claim that every element x of S is
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irreducible. If x = y + z with y and z in M, we can write y and z as sums of
elements of S,sayy = >, a;sand z = ) b,s, where a; and by € Nforall s € S.
Then x = Y, ¢ys, where ¢ = ay + by. Let ' := S\ {x}, so that x = c,x + m’
where m’ is in the submonoid M’ of M generated by $’. If ¢, = 0, then x € M’,
and $” generates M, a contradiction of the minimality of S. Hence ¢, > 1, and
we can write x = x+ (¢, — 1)x+m’. But then the quasi-integrality of M implies
(cxy — 1)x + m’ = 0, and the sharpness implies that ¢, = 1 and m" = 0. Then
y = a,x and z = b,x, where a, + b, = 1. Thus exactly one of y and 7 is zero, so
x is irreducible, as claimed. Since S generates M by hypothesis and since the
elements of S are irreducible, M is generated by its set of irreducible elements.
Since S contains all the irreducible elements of M and is finite, there can be
only finitely many irreducible elements. O

Corollary 2.1.3. The automorphism group of a fine sharp monoid is finite and
contained in the permutation group of the set of its irreducible elements. O

Remark 2.1.4. Proposition 2.1.2 shows that every element in a fine sharp
monoid can be written as a sum of irreducible elements. In fact a standard
argument applies somewhat more generally. Let M be a sharp quasi-integral
monoid in which every nonempty subset has a minimal element. Then every
element of M can be written as a sum of irreducible elements. (Note that O is
by definition the sum over the empty set.) Let us recall the argument. We claim
that the set S of elements of M that cannot be written as a sum of irreducible
elements is empty. If not, by assumption it contains a minimal element s. Since
s is not irreducible, s = a + b where a and b are not zero and hence belong to
M™. If both a and b can be written as sums of irreducible elements, then the
same is true of s, a contradiction. But if for example a cannot be written as a
sum of irreducible elements, then ¢ € S and a < s, and, since b is not a unit,
s £ a, contradicting the minimality of s.

Let M be a monoid and let S be an M-set. We say that S is noetherian if
every sub-M-set is finitely generated, and we say that M is noetherian if it is
so when regarded as an M-set via the regular representation. It is clear that
a finite union of noetherian M-sets is again noetherian, that a sub-M-set of a
noetherian M-set is noetherian, and that the image of a noetherian M-set is
noetherian. It follows that if M is a noetherian monoid, an M-set is noetherian
if and only if it is finitely generated as an M-set.

Proposition 2.1.5. Let M be a monoid and let S be an M-set. Then the follow-
ing conditions are equivalent:

1. Every sub-M-set of S is finitely generated, i.e., S is noetherian.
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2. Every ascending chain S; € S, € S3 C --- of sub-M-sets of S is eventually
constant.

3. Every sequence (s, $2, s3 . ..) in S contains an increasing subsequence; that
is, there is a strictly increasing sequence (iy, i3, i3, ...) of natural numbers
such that (s;,, si,, Si, . . .) IS an increasing sequence in S.

4. Every nonempty subset of S contains a minimal element, and there are only
finitely many equivalence classes of such elements for the equivalence re-
lation ~.

5. Every nonempty set of sub-M-sets of S has a maximal element.

6. The quotient of S by the congruence relation ~ is noetherian.

Proof The equivalence of (1), (2), and (5) is proved in exactly the same way
as in the case of modules over a ring. Suppose that (2) holds and that (s1, s2, .. .)
is a sequence in S. For each i, let (s;) be the sub-M-set of S generated by s; and
let S; denote the union (s;)U(sz)U---U(s;). Then S} € S, € -+ -, so by (2) there
exists some N such that S; = Sy for all j > N. Thus for every j > N, there
exists some i < N such that s; > s;. Since there are infinitely many such j and
finitely many such i, there must exist an i < N and a sequence j; < j, < ---
such that s; < s;, for all k. Thus, replacing (si, s2,...) by the subsequence
(i, 8j,58),,-..), we may assume that s; < s; for all j > 1. Repeating this
process, we may also arrange that s, < s; for all j > 2, and then that 53 < s;
for all j > 3, and so on.

To prove that (3) implies (4), let us first observe that any decreasing sequence
(81, $2,...) in S is eventually in a single equivalence class for the relation ~.
Indeed, (3) implies that there is an increasing sequence (i; : j € Z*) such that
(8i,» Siy» - - .) 1s increasing (as well as decreasing). Then all s; with i > i; are
equivalent. Indeed, if i > 7y, choose j such that i; > 7, and then

Sip = 8i 2 8i; 2 Si.

Now if T is a nonempty subset of S, choose any element #; of 7. If #; is M-
minimal, we are done; if not there exists an element #, of 7 such that t, < #;
and 1, # t;. If 1, is M-minimal, we are done, and if not there exists #; with
t3 < t and t3 # 1,. Continuing in this way, we find a decreasing sequence
(t1, 12, ...) of elements of T with #; # t,_; for all i. As we have just seen, such a
sequence must terminate, and so we find an M-minimal element of 7. If there
were an infinite number of equivalence classes of such minimal elements, we
could find an infinite sequence (sy, sz, . . .) of elements all belonging to distinct
equivalence classes, and by (3) such a sequence would contain an increasing
subsequence s. But then s; < s, and s; + s,, contradicting the minimality of
5. This proves (4).
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Suppose that (4) holds and T is a sub-M-set of S. By (4), there is a finite set
T’ of minimal elements of T such that every minimal element is equivalent to
some element of 7”. Now let ¢ be an arbitrary element of 7" and let T} := {s €
T : s <t}. Then T; is not empty and hence by (4) contains a minimal element
t’. Note that if ¥ € T and ¢’ < t”, then t”” € T,, and hence "’ ~ t”, by
the minimality of #. Thus #” is in fact a minimal element of 7', and hence is
equivalent to some element # of 7’. Since t/ € T;, t = m+ 1" = m’ + ¢ for
some m, m’ € M. Thus the finite set 7’ generates 7. This proves (1).

Let 7: S — S/~ be the natural projection and let §* be a sub-M-set of S.
Note thatif & € ' and s € Sand s ~ &', then s € §'. Thus §' = 7~ (n(S)),
so that 7 induces a bijection from the family of sub-M-sets of S to that of S/~.
Hence property (5) holds for S if and only if it does for S/~. O

Corollary 2.1.6. Every dull monoid is noetherian, and a monoid is noetherian
if and only if its sharpening is noetherian. O

Theorem 2.1.7. A finitely generated monoid is noetherian and finitely pre-
sented. Conversely, a sharp and quasi-integral noetherian monoid is finitely
generated.

Proof We shall use the following analog of the Hilbert basis theorem.

Lemma 2.1.8. If P and Q are noetherian, then P®Q is noetherian. In particular
if Q is noetherian, then Q ® N is also noetherian.

Proof We use condition (3) of Proposition 2.1.5. Let (p., g.) be a sequence
in P @ Q. Since P is noetherian, there is a strictly increasing sequence (7.) in
N such that the subsequence (p,.) of (p.) is increasing. Replacing the original
sequence by the sequence (p,.,g,.), we may assume that the sequence (p.)
was already increasing. Now since Q is noetherian, we may choose a strictly
increasing sequence (n.) such that (g,.) is increasing. But then (p,., g,.) is an
increasing subsequence of the original sequence. O

It is immediate to verify that if M — M’ is surjective and M is noetherian,
M’ is also noetherian. Then it follows from the lemma and induction that ev-
ery finitely generated monoid is noetherian. The fact that a finitely generated
monoid is finitely presented follows from Lemma 2.1.9 below.

For the converse, suppose that M is sharp, quasi-integral, and noetherian. We
may assume that M is not the zero monoid. Applying (4) of Proposition 2.1.5
to the nonempty subset M* of M, we see that the set S of minimal elements of
M is finite and not empty. Furthermore, the argument of Remark 2.1.4 shows
that every element of M can be written as a sum of elements of S. Thus M is
finitely generated. o
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Lemma 2.1.9. Every congruence relation on a finitely generated monoid is
finitely generated (as a congruence relation).

Proof The following proof is due to Pierre Grillet [23]. Let E be a congruence
relation on a monoid P. If P’ — P is a surjective homomorphism of monoids,
the inverse image E’ of E in P’ X P’ is a congruence relation on P’, and if §* C
E’ generates E’ as a congruence relation, then the image of §’ in E generates
E as a congruence relation. If P is finitely generated, we can find a surjective
homomorphism N” — P, and thus we are reduced to proving the lemma when
P=N".

If p and g are elements of P, write p < ¢ if p precedes ¢ in the lexicographi-
cal order of N’, and write p < ¢ if in addition p # ¢g. If p < g and p’ < ¢’, then
p+p <qg+q',andif p < q in the partial order defined by the monoid struc-
ture, then p < g. Then < well-orders P: every nonempty subset has a unique
<-minimal element. If p € P, let E(p) denote the E-congruence class of p, and
let u(p) denote the <-minimal element in E(p). Then, if (x,y) € PXP, (x,y) € E
if and only if u(x) = u(y), and E is the congruence relation generated by the set
of pairs (x, u(x)) for x € P. Then pou = u, and the complement K of the image
of u: P — P is the set of all elements k of P such that u(k) < k. Note that if
p € Pandk € K, then u(k) < k, so u(k)+p < k+ p. Since (u(k)+ p) =g (k+p),
k + p is not <-minimal in E(k + p). Thus u(k + p) < k + p and so K is an ideal
of P, finitely generated since P is noetherian. Let S be a finite set of generators
for K and let E’ be the congruence relation on P generated by the set of pairs
(s, u(s)) with s € S. Then E’ is finitely generated as a congruence relation and
contained in E, so it will suffice to prove that E C E’, i.e., that E’ contains
(x, u(x)) for every x € P. If this fails, there exists an x such that u(x) does
not belong to E’(x) and that is <-minimal among all such elements. Note that
x does not belong to the image of u, since otherwise x = u(x), which would
contradict u(x) ¢ E’(x). Thus x € K, and hence x = p + s for some s € S and
p € P*.Since s € K, u(s) < s,s0also x’ := p + u(s) < p+ s = x. Then by the
minimality of x, u(x") € E’(x"). But u(s) =g s,s0x’ = p+u(s) =g p+s=x,
and consequently x” =g x. But then u(x") = u(x) and u(x) € E’(x), a contra-
diction. This completes the proof. O

Corollary 2.1.10. A quasi-integral monoid M is noetherian if and only if M
is finitely generated. O

Corollary 2.1.11. If M is a finitely generated monoid, any sub-M-set of a
finitely generated M-set is finitely generated, and in fact is generated by a
finite set of minimal elements. O
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The following simple result can be viewed as an analog of Nakayama’s
lemma in commutative algebra.

Proposition 2.1.12. Let Q be a monoid and let S be a finitely generated Q-set.
Assume that gs # s for every s € S and every q € Q*. Then S is generated by
S\ Q*S. In particular, if Q*S = S, then in fact S = (.

Proof Let{si,...,s,} be a finite set of generators for S. After omitting some
of its elements, we may assume that no proper subset also generates S. Then
it suffices to prove that each s; ¢ Q*S. For example, if 5, € Q*S, then there
exist ¢ € Q" and s € S with s, = ¢s, and, since {s1, ..., s,} generates S, there
exist some i < n and some ¢’ € Q with s = ¢’s;. Then s, = g¢q’s;, and if i <n
the set {sy,..., s,—1} generates S, contradicting the minimality assumption. It
follows that i = n, so that s, = ¢gq’s,. The hypotheses then imply that gq’ is
unit, contradicting the assumption that g € Q™. O

It follows from (2) of Proposition 2.1.5 that in a noetherian monoid M, ev-
ery nonempty set of ideals has a maximal element. We can deduce a primary
decomposition theorem for ideals; again the proof is a simple adaption of the
standard one in commutative algebra. Here we will use multiplicative notation
for the monoid law to exhibit the similarity with the argument from commuta-
tive algebra.

Definition 2.1.13. A proper ideal ¢ C M in a monoid M is primary if ax ¢ q
whenevera € M \\/q and x ¢ q.

Proposition 2.1.14. Let M be a noetherian monoid.

1. If q is a primary ideal of M, its radical +/q is prime, and there exists some
element x of M such that \/q = {a : ax € q}.

2. Every ideal of M can be written as the intersection of a finite number of
primary ideals.

3. IfK = g, N---Ngq,, where each q; is a primary ideal, let F; := M \ +/q; and
let F=F Nn---NF,. Then M \ K is stable under multiplication by F.

Proof Suppose q is primary, and a ¢ +/q, but ax € +/q. Then there exists an n
such that a"x" € g, and, since q is primary, it follows that x" € g and so x € /q.
Thus +/q is prime. For each x € M \ ¢, let K, := {a : ax € q}. Then K, C +/q.
Furthermore, since M is noetherian, there exists an x € M \ q such that K,
is not properly contained in any K,,. We claim that in fact K, = +/q. Indeed,
if b € +/q, then some power of b belongs to q, and hence there is a natural
number n such that "x ¢ q but b"*'x € q. Let x’ := b"x. Then K, C K, and
by maximality K, = K. Since b € K, it follows that b € K,, as required,
completing the proof of (1).
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If statement (2) were false, we could find an ideal of M that is maximal
among all ideals not admitting a primary decomposition. Such an ideal K
would necessarily be proper. For a € M \ VK, let K, = {x : d'x € K}.
Then K C K; C K, C ---, so there exists an n such that K,, = K,,;. Note that
if x € K; N (a"), we can write x = a"y for some y € M, and ax = a"'y € K.
Then y € K,,+1 = K, so in fact x = @"y € K. This implies that K| N (a") € K,
and hence that K = K; N K’, where K’ := K U (a"). Since a ¢ \/K K’ strictly
contains K and hence admits a primary decomposition. Then K| cannot admit
such a decomposition, and hence K; = K. This means that x € K whenever
ax € K, assuming as before that a ¢ VK. We have in fact proved that K is
primary, another contradiction.

To prove (3), suppose that fm € K, where f € F and m € K. Then fm € q;
for every i and, since f ¢ +/g;, it follows that m € q; forevery i, som € K. O

Let S be a nonempty subset of a monoid P, and suppose that P is a local
submonoid of a fine monoid Q. Since Q is fine, it is noetherian, and Propo-
sition 2.1.5 shows that S contains a Q-minimal element s. Such an element is
necessarily also P-minimal: if s = p + s with p € P and s’ € S, then there
exist ¢ € Q such that 5" = g + s; hence p + g = 0. Then ¢ € Q" and p € P*,
so s’ >p s, and s is P-minimal. In particular, Remark 2.1.4 implies that P is
generated by its irreducible elements. On the other hand, P-minimal elements
of S need not be Q-minimal, and it could happen that S has an infinite number
of minimal elements and that P has an infinite number of irreducible elements.
For example, in Q := N X N, consider the submonoid E of N X N consisting
of (0, 0) together with all pairs (mm, n) such that m and n are both positive. (This
submonoid is actually a congruence relation on N; the quotient N/E is the
unique (up to isomorphism) monoid with two elements which is not a group.)
Then for every m > 0, the element (1, m) is irreducible in E, and in particular
E is not finitely generated as a monoid. This situation is ameliorated by the
notion of exactness, which will turn out to be of fundamental importance.

Definition 2.1.15. A monoid homomorphism 6: P — Q is exact if the dia-
gram

2p
pep

QgP

is cartesian.
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For example, an inclusion of integral monoids P — Q is exact if and only if
P = P N Qin Q. In this case one says that P is an exact submonoid of Q.

Proposition 2.1.16. The following statements hold.

1. If M is any monoid, the diagonal map Ay: M — M x M is exact if and
only if M is integral.

2. An exact homomorphism 6: P — Q is local, and is injective if P is sharp.

3. Let0: P — Q be a homomorphism of integral monoids. Then 6 is exact if
and only if, for any py, p,» € P, 8(p;) > 6(p,) implies that p, > p;.

4. In the category of integral monoids, the pullback of an exact homo-
morphism is exact.

5. Let P be a submonoid of an integral monoid Q. Then the inclusion P — Q
is exact if and only if Q \ P is stable under the action of P on Q.

Proof A monoid M is integral if and only if the localization map Ay : M —
M?#P is injective. This is true if and only if the diagram

A
M M MxM
/lM AM X /lM
MEP A MEP x JfEP

is cartesian. Since M X M = M & M, M= x M® = (M x M)?, and thus (1)
is clear. Assume that 8: P — Q is exact and that p € P with 8(p) € Q*. Then
there exists a ¢ € Q such that g + 6(p) = 0, and hence (—A(p), g) € PP Xgw Q.
By the exactness of 6, there is a unique p’ € P such that A(p’) = —A(p) and
0(p’) = q. Then p’ + p and 0 are two elements of P with the same image in
P xp0 Q,50 p’ + p =0and p € P*. This proves that 6 is local. Now suppose
that P is sharp and that 6(p) = 6(p>). Then (A(p1) — A(p2),0) € P Xgw O, sO
there exists a unique p € P such that A(p) = A(p;) — A(p>) and 6(p) = 0. As
we have just observed, 6 is local, so p € P*, and, since P is sharp, p = 0. Then
A(p1) = A(p2), and p; and p, have the same image in P® Xp» O, hence are
equal.

Let6: P — Q be a homomorphism of integral monoids. We notate the maps
P — PfP and Q — Q%P asinclusions. Assume that 6 is exact and that p, p, € P
with 8(p;) > 6(p1). This means that for some g € Q, 8(p>) = 0(p1) + g. Then
0%P(p, — p1) = q in Q®P, so there is a unique p € P mapping to (p; — p1,¢q) in
PP x Q. Since P is integral, this implies that p, = p + p;. For the converse,
suppose that (x, g) € Pt X Q and 6%P(x) = g in Q%P. Write x = p, — p;, with
p1, p2 € P. Since Q is integral, it follows that 6(p,) + g = 6(p;), and hence by
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hypothesis that there exists a p € P such that p, = p; + p. Then 6(p) = g by
the integrality of O, and p is unique by the integrality of P. This shows that 6
is exact, completing the proof of (3).

Let6: P — Q be an exact homomorphism of integral monoids, let ¢: Q' —
0 be a homomorphism with Q" integral, and let 6: P’ := PXxy Q" — Q' be the
induced homomorphism. Then we have the following commutative diagram:

P’ Y

P’EP Xge Ql

R
=

P XQ Q, ~ pgp XQgp Q XQ Q/ ~ pgp XQgp Q’ — pgP XQEI’ Q’gp.

The diagram shows that @ o y is an isomorphism, and in particular that y is
injective and « is surjective. Since P and Q’ are integral, the map

P =P X0 Ql — PP X Qe Q/gp

is injective, and hence so is the map P’8? — P& X» Q'#P. Thus the map S is
injective, hence so is @, and it follows that @ and y are isomorphisms.

For the last statement, suppose that P is an exact submonoid of Q. If p € P
andge Qandp’ :=p+qge P, theng=p ' —pec PPNQ=P.Thus Q\ P
is P-invariant. Conversely, if Q \ P is P invariant and p — p’ = q¢ € Q, then
p’'+q€P,hence g € P. O

The following theorem contains most of the important finiteness results for
fine monoids. The notion of exactness plays a key role.

Theorem 2.1.17.

1. Let 8: P — Q be an exact homomorphism of integral monoids. Suppose
that S is a sub-P-set of P®? whose image in Q%P is contained in a noetherian
Q-set. Then S is a noetherian P-set.

2. Every exact submonoid of a fine (resp. saturated, resp. toric) monoid is fine
(resp. saturated, resp. toric).

3. A face of an integral monoid is an exact submonoid. Every face of a fine
monoid is finitely generated (as a monoid), and monogenic (as a face).

4. Every localization (see Proposition 1.4.4) of a fine (resp. saturated) monoid
is fine (resp. saturated).

5. The equalizer E of two homomorphisms of integral monoids 6;: P — Q is
an exact submonoid of P. If P is fine (resp. saturated), then the same is true
of E.
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6. The fiber product of a pair of finitely generated (resp. fine, resp. saturated)
monoids over an integral monoid is finitely generated (resp. fine, resp. sat-
urated).

7. If P — Q is a homomorphism of fine monoids, then the congruence rela-
tion E := P Xg P is finitely generated as a monoid and in particular as a
congruence on P.

8. Let P and Q be monoids. If Q is fine and P is finitely generated, then
Hom(P, Q) is also fine. If Q is saturated, Hom(P, Q) is also saturated.

Proof The proof of statement (1) will rely on criterion (4) of Proposition 2.1.5
and the following simple observation.

Lemma 2.1.18. Let P be an exact submonoid of a fine sharp monoid Q and
let £ be a nonempty subset of P®P. Then an element s of ¥ is P-minimal in Z if
and only if 08P (s) is Q-minimal in 6°P(X).

Proof We assume for convenience and without loss of generality that P and
Q are sharp. Then 6P is injective, since 6 is exact. Let s be an element of X. It is
clear that s is P-minimal in X if 6(s) is Q-minimal in 8%P(X). On the other hand,
if &' € X and 68P(s") < 08P(s), then g := 6%P(s) — O%P(s’) € Q*, and it follows
from the exactness of 6 that p := s — s’ € P*. Then s cannot be P-minimal in
S. O

To prove statement (1), we may again assume that P and Q are sharp. Let
X be a nonempty subset of S. If 62P(S) is contained in a noetherian Q-set T,
then (4) of Proposition 2.1.5 implies that the set X’ of Q-minimal elements of
6% (Z) is finite and nonempty. The lemma implies that 6P~ (X’) is precisely the
set of P-minimal elements of X. Since 62 is injective, this set is also finite and
nonempty. Then Proposition 2.1.5 implies that S is noetherian.

To prove (2), suppose that P is an exact submonoid of Q. If Q is fine, then by
Theorem 2.1.7, Q is noetherian as a Q-set. Then statement (1) implies that P
is noetherian as a P-set, and Theorem 2.1.7 implies that P is finitely generated
as a monoid. Furthermore, P* is contained in Q%, a finitely generated group, so
it too is finitely generated. Then P is finitely generated by Proposition 2.1.1. If
Q is saturated, we can conclude from the following (slightly stronger) lemma
that P is also saturated.

Lemma 2.1.19. If6: P — Q is an exact homomorphism of integral monoids
and Q is saturated, then P is also saturated,

Proof Suppose that x € P#P and nx € P. Then nf(x) = 6(nx) € Q, and, since
Q is saturated, it follows that 8(x) € Q. Since 0 is exact we conclude that x € P,
so P is saturated. |
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In particular, an exact submonoid of a saturated is saturated. Of couse, if
QO¢P is torsion free, then PSP C QFP is also torsion free, and consequently if Q
is toric, so is P.

Let F be a face of an integral monoid M, let x and y be elements of F, and
suppose z := x —y € M. Then x = y + z € F and, since F is a face, it follows
that z € F. Thus F is an exact submonoid of M, and hence is finitely generated
as a monoid if M is fine. If fi,..., f, are generators, then f := fi + -+ + f,
generates F as a face of M. This proves (3). For (4), note thatif S € M is a
finite set of generators of M, then My is generated by the set of elements A(s)
for s € S together with —A(f), where f is any generator of F as a face. Thus
My is finitely generated as a monoid. If M is saturated and x is an element of
MfilD and n is a positive integer such that nx € Mp, then there exist y € M and
f e Fsuchthatnx =y— f.Butthenn(x + f) =y+ (n—1)f € M, and, since
M is saturated, x + f € M and x € Mp. This proves (4).

Let E — P be the equalizer of two homomorphisms 6, and 6, from P to Q,
with P and Q integral. Then E — P is just the pullback of the diagonal Ay via
the map (0,6,): P — Q X Q. Proposition 4.2.1 implies that Ay is exact, and
thus that E — P X P is also exact. This proves (5), since an exact submonoid
of a fine (resp. saturated) monoid is fine (resp. saturated).

Let8: P - M and ¢: QO — M be monoid homomorphisms, where M is
integral. If P and Q are fine (resp. saturated), then so is P X Q. In this case,
P X3 Q is an exact submonoid of P x Q, since 8(p) = ¢(q) if and only if
6%P(p) = ¢%P(q). Then P X, Q is fine (resp. saturated), by statement (2). If P
and Q are finitely generated but not necessarily integral, we choose surjections
N" — P and N° — Q, and observe that the homomorphism N” x;; N* —
P %y Q is surjective. As we have just seen, N” X, N¥ is finitely generated, and
hence the same is true of P Xy, Q. This proves statement (6), and (7) is a special
case.

In statement (8), it is clear that Hom(P, Q) is integral (resp. saturated) if
Q is integral (resp. saturated). If P is finitely generated, choose a surjective
homomorphism N” — P for some r € Z*. Then Hom(P, Q) can be identified
with the equalizer of the two obvious maps

Hom(N'", Q) —» Hom(N" xp N, Q).

Since Hom(N", Q) = Q7 is finitely generated if Q is finitely generated, (5)
implies that Hom(P, Q) is also finitely generated. O

Corollary 2.1.20. If P is an integral monoid and E is a congruence relation on
P, then P/E is integral if and only if E — P X P is exact. In particular, if P and
P/E are fine, then E is also fine.
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Proof Indeed the congruence relation E determined by a surjective homo-
morphism 7: P — Q of integral monoids is just the equalizer of the two maps
P x P — Q, and we saw in (5) of Theorem 2.1.17 that it is then an exact sub-
monoid of P X P. For the converse, let E be a congruence relation on P which
is an exact submonoid of P X P and let 7: P — Q be the quotient mapping.
Then 7 is the coequalizer of the two maps E — P. To prove that Q is integral,
let g1, g2, and g be elements of Q such that g; + ¢ = ¢» + ¢, and choose p; and
p in P with n(p;) = g; and n(p) = q. Then e := (p1, p2) + (p,p) € E, and,
since (p, p) € E, it follows that (py, p2) € E® N (P x P). Since E is an exact
submonoid, it follows that (p1, p») € E and hence that 7(p,) = n(p,). If P and
P/E are fine, E is also fine by (2) of Theorem 2.1.17. |

In particular, congruence relations on P yielding integral quotients Q corre-
spond to congruence relations on P#P, and hence by (1.1.4) to subgroups of P£P.
Of course, the subgroup of PfP corresponding to a surjective homomorphism
of integral monoids P — Q is just the kernel of PP — QFP.

Corollary 2.1.21. Let Q be a finitely generated integral monoid, let L be a
finitely generated abelian group, and let L — Q®° be a homomorphism. Then
L X o= Q is a finitely generated monoid.

Proof This corollary is a special case of statement (6) of Theorem 2.1.17. O

Corollary 2.1.22. Let L be a finitely generated abelian group and let P be a
finitely generated submonoid of L. Then

PY .= {weHom(L,Z) : (w,p) >0 forall pe P}
is a fine monoid.

Proof For each w € PV, the restriction p(w) of w to P belongs to H(P) :=
Hom(P, N). Thus there is a a homomorphism of integral monoids

p: PV — H(P).

We claim that p is exact. Indeed, suppose that w € (P¥)& and that there exists
h € H(P) such that p®?(w) = h in H(P)*P. Then the same relation holds in
Hom(P, Z), so that in fact w(p) = h(p) > 0 for all p € P, and indeed w € PV,
as desired. It follows easily that the induced homomorphism p: PV — H(P)
is also exact, and hence injective, by Proposition 2.1.16. According to (8) of
Theorem 2.1.17, H(P) is fine, and therefore so is its exact submonoid PV. Since
PV is a subgroup of a finitely generated group, it is also finitely generated, and
hence so is PV, by Proposition 2.1.1. ]



34 I The Geometry of Monoids

Remark 2.1.23. Let Q be an integral monoid. A subset K of QP that is in-
variant under the action of Q is called a fractional ideal. (Sometimes this ter-
minology is reserved for the case in which moreover there exists an element
q of O such that ¢ + K C Q. This is automatically the case if K is finitely
generated as a Q-set. Moreover, if Q is fine and ¢ + K € Q, Corollary 2.1.11
implies that g + K is finitely generated as a O-set and hence so is K.) The natu-
ralmaprm: Q — 0 induces a bijection between the set of fractional ideals of O
and of Q, and this bijection takes finitely generated fractional ideals to finitely
generated fractional ideals.

Proposition 2.1.24. Suppose that 8: P — Q is an exact homomorphism of
fine monoids and that K is a finitely generated fractional ideal of Q. Then
J := 027Y(K) is a finitely generated fractional ideal of P.

Proof This proposition is an immediate consequence of statement (1) of The-
orem 2.1.17. O

To see that the exactness hypothesis is not superfluous, consider the sum-
mation homomorphism 8: N&N — N, and let K = N C Z. Then 62*~'(K) =
{(m,n) : m+n > 0} C Z @ Z, which is not finitely generated as an N & N-set.

Lemma 1.9.2 of Chapter III gives an application of Theorem 2.1.17 to alge-
braic geometry.

2.2 Duality

If Q is a monoid, let H(Q) denote the monoid of homomorphisms Q — N. The
following proposition, which guarantees the existence of enough elements of
H(Q), plays a fundamental role in the theory of monoids. It also connects our
definition (given in Definition 1.4.1) of a face of a monoid with the standard
definition in the theory of convex bodies (see for example [21, 1.2].)

Proposition 2.2.1. Let Q be a fine monoid and let F be a face of Q. Then there
exists a homomorphism h: Q — N such that h~'(0) = F.

Proof Let Ap: Q — Qp be the localization homomorphism, and recall that
F = /I;I(Q*F). Thus it suffices to construct a homomorphism i: Qr — N with
h1(0) = Q5. Since Qp is still fine, we may as well replace Q by QF, and thus
we have reduced to the case in which F' = Q. Replacing Q by Q/Q*, we may
also assume that Q is sharp and so F' = 0. We must show that there is a local
homomorphism #: Q — N.

Let T be a finite set of nonzero generators of Q. We argue by induction
on the cardinality of 7, using the technique of Fourier—Motzkin elimination.
If T is empty, Q = 0 and there is nothing to prove. If |T| = 1, then, since
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Q is sharp, the homomorphism N — Q sending 1 to the unique element of
T is an isomorphism, and its inverse is the desired homomorphism. In the
general case, if T is a finite set of nonzero generators for O, we must construct
a homomorphism %: Q% — Z such that A(r) > O for all t € T. Choose some
teT,letS =T\ {t}, and let P be the submonoid of Q generated by S. The
induction hypothesis implies that there exists a local homomorphism #: P —
N. Then /4 induces a homomorphism P#¥ — Z, which we denote again by
h. Since Ext!(Q% /P Z) is a finite group, there is a positive integer n such
that nh extends to all of Q®P. Let us replace h by nh and choose an extension,
still denoted by A, of h to Q®. If h(f) > O, there is nothing more to prove.
If h(f) = 0, then the submonoid Q’ of Q generated by ¢ is isomorphic to N,
and some positive multiple of the isomorphism extends to a homomorphism
g: Q%P — Z. Then, if n is a sufficiently large natural number, nh(s) + g(s) > 0
for all s € S. Since also nh(t) + g(t) = g(¥) > 0, nh + g is positive on all the
elements of T, as required.

Suppose on the other hand that i(f) < 0. Let ¢: Q%P — QFP be the homo-
morphism defined by

#(q) = h(@)t — h(t)q.

Then ¢(f) = O and, if s € S, 5" := ¢(s) = h(s)t + |h(t)|s € Q. Since Q is
sharp, s* # 0. Furthermore, the image Q’ of ¢ is a submonoid of Q, hence is
again sharp, and is generated by the image S’ of S under ¢. By the induction
hypothesis, there exists a local homomorphism Q" — N. Let #//: Q — N be
the composition of such a homomorphism with the homomorphism Q — Q'
induced by ¢. Then 4’(s) > O for all s € S and /'(¢) = 0. This reduces us to the
previous case. O

Corollary 2.2.2. Let Q be a fine monoid and let x be an element of Q%P. Then
x € 0% if and only if h¥(x) > O for every h € H(Q).

Proof 1If x € Q% then nx € Q for some n € Z* and hence h%°(x) > 0 for
every h € H(Q). Suppose conversely that h#P(x) > O for every h € H(Q).
Let Q' be the submonoid of Q%P generated by Q and —x, and choose a local
homomorphism A: Q" — N. Then h%P(x) > 0 and A(—x) > 0, so that in fact
h(—x) = 0. Since A is local, —x € Q"*. Thus x € Q’, and writing x = —mx + ¢
with m € N and ¢ € Q, we see that (m + 1)x = ¢, so x € Q%" ]

The following result is the main duality theorem for fine monoids.
Theorem 2.2.3. Let Q be a fine monoid, and let H(Q) := Hom(Q, N).

1. The monoid H(Q) is fine, saturated, and sharp.
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2. The natural map H(Q)** — Hom(Q#P, Z) factors through an isomorphism
e: HQ)® — Hom(0%,Z).

3. The evaluation mapping ev: Q — H(H(Q)) factors through an isomor-
phism

ev: 0% — H(H(Q)).

Thus, the functor H induces a contravariant involution of the category of
sharp toric monoids. In particular, this category is self dual.

Proof The first statement follows immediately from (8) of Theorem 2.1.17.
Since H(Q) — Hom(Q, Z) is injective, so is the map H(Q)** — Hom(Q, Z).
Any element h of H(Q) necessarily annihilates Q*, so this map factors through
a map € as claimed, and € is still injective. To prove its surjectivity, let & be
a local homomorphism Q — N and let S be a finite set of generators for Q.
For g € Hom(@, Z), there exists n € Z* such that nh(s) > g(s) for each
s € S. Then nh(g) > g(g) for every g € Q, so b’ := nh — g € H(Q). Thus
g=nh-hWeH (Q)® = H(Q)®, as required.

Since H(H(Q)) is fine saturated and sharp, ev factors through a map ev
as claimed in the statement (3). Let x; and x, be two elements of Q%' with
ev(x) = ev(xp), and let x := x; — x, € Q%P. Then h(x) = 0 for every h € H(Q).
It follows from Corollary 2.2.2 that x and —x belong to Q%*, so x € (Q%")*.
Thus X; = X, in O%*, and this proves the injectivity of ev. For the surjectivity,
suppose that g € H(H(Q)). Since Q%P is a finitely generated group, the map
from Q°fP to its double dual is surjective. Thus there exists an element g of Q%P
such that ev(q) = g, i.e., such that i(q) = g(h) for all h € H(Q). Then h(qg) > 0
for all h, so g € Q%*, as required. O

Corollary 2.2.4. Let Q be a fine monoid. A subset S of Q is a face if and only
if there exists an element h of H(Q) such that S = h~'(0). For each S C Q, let
St be the set of h € H(Q) such that h(s) = 0 for all s € S, and, for T € H(Q),
let T+ be the set of ¢ € Q such that t(q) = O for allt € T. Then F +— F*
induces an order-reversing bijection between the set of faces of Q and the set
of faces of H(Q), and F = (F*)* for any face F of either.

Proof The first statement follows from Proposition 2.2.1. It is clear that if S is
any subset of Q, then S* is a face of H(Q) and that T+ is a face of Q if T is any
subset of H(Q). Furthermore, S5 C S; if §; € S5, and § C (§*)*. Let F be a
face of Q. By Proposition 2.2.1, there exists an 4 € H(Q) such that 2~'(0) = F.
Then h € F* and, if ¢ € (FY)*, h(g) = 0so g € F. Thus F = (F*)*, and
hence the map L from the set of faces of Q to the set of faces of H(Q) is
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injective and the map L from the set of faces of H(Q) to the set of faces of Q
is surjective. Hence the map from the set of faces of H(Q) to the set of faces
of H(H(Q)) is also injective. By Corollary 2.3.8, the map Q — @ induces
a bijection on the corresponding sets of faces, and hence by (3) of Theorem
2.2.3, ev identifies the faces of Q with the faces of H(H(Q)). Now it follows
that L is bijective. O

The next corollary is an analog of the finiteness of integral closure in com-
mutative algebra.

Corollary 2.2.5. If Q is a fine monoid, then Q%" is again fine. In fact, the
action of Q on Q%" defined by the homomorphism Q — Q%' makes Q** a
finitely generated Q-set.

Proof Since (Q*)* is contained in Q%, it is a finitely generated abelian
group. Theorem 2.2.3 implies that @ is fine, and, since Q% is integral, it fol-
lows from Proposition 2.1.1 that Q%" is finitely generated, hence fine. Choose
a finite set of generators T for Q% as a monoid, and, for each 7 € T, choose
n; € N* such that n,t € Q. Then {3, j,f such that j, < n, for all t € T} generates
0% as a Q-set. m|

Corollary 2.2.6. Ifr: Q" — Q is a surjective homomorphism of fine monoids,
then H(rr): H(Q) — H(Q’) is injective and exact.

Proof 1t is clear that H(r) is injective if x is surjective. Moreover, by (2)
of Theorem 2.2.3, we can view an element /4 of H(Q)®P as a homomorphism
Q — Z, and we see that h € H(Q) if and only if h o m € H(Q"). |

Corollary 2.2.7. Let Q be a fine sharp monoid. Then Q is isomorphic to a
submonoid of N" & T for some r € N and some finite group T . If QP is torsion
free, we can take T = 0. If Q is also saturated, then it is isomorphic to an exact
submonoid of some N".

Proof Suppose that Q is fine and sharp. By (8) of Theorem 2.1.17, the monoid
P := H(Q) is fine and sharp, and, by (2) of Theorem 2.2.3, PP := H(Q)*P =
Hom(Q#®P,Z). Then Hom(P*P,Z) = H(P)*P is a finitely generated free group.
It follows that the kernel of the natural map

0% — Hom(P®P,Z) = H(P)*®
is just the torsion subgroup 7 of Q%P. Choose a splitting
O¥ =HP) T

and a surjection N” — P. By Corollary 2.2.6, H(P) is then an exact submonoid
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of H(N") = N". Then the natural injection
Q0 — Q% _=, HP®&T

factors through the inclusion H(P) @ T € H(P)** & T, and Q is a submonoid
of N" @ T since H(P) € N'". Furthermore, by (3) of Theorem 2.2.3, the natural
map Q — H(P) factors through an isomorphism Q% — H(P). Thus if Q also
is saturated, Q = H(P), an exact submonoid of N". m|

Remark 2.2.8. Recall that the interior of a monoid is the complement of all
its proper subfaces. Let us observe that if Q is fine, then an element & of H(Q)
lies in the interior of H(Q) if and only if #: Q — N is a local homomorphism.
Indeed, by Corollary 2.2.4, & lies in the interior of H(Q) if and only if 2+ does
not contain any nontrivial face of Q, i.e., if and only if A* = Q*. This is exactly
the condition that #: Q — N be a local homomorphism.

We shall find the following crude finiteness result useful. More precise vari-
ants are available, most of which rely on the theory of Hilbert polynomials in
algebraic geometry.

Proposition 2.2.9. Let Q be a fine sharp monoid, let d be the rank of Q¢P, and
leth: Q — N be a local homomorphism. For each real number r, let

By(r):={q € Q: h(q) <r}
Then there are positive real constants ¢ and C such that, for all r > 0,
cr? < #B;,(r) < cr.

Proof The torsion subgroup T of Q%P is finite, and the quotient Q%P/T is a
free abelian group of rank d. By Theorem 2.2.3, H(Q) is finitely generated and
sharp, and hence by Proposition 2.1.2 it has a unique set of minimal gener-
ators {hy, ..., hy}. Since h is local, it belongs to the interior of H(Q), by Re-
mark 2.2.8. Thus the face of H(Q) generated by £ is all of H(Q), and in particu-
lar contains each ;. By Proposition 1.4.2, this means that for each i there exists
a positive integer n; such that n;h > h; in H(Q). Choose n > n; for all i. Then
By(r) € N;By,(nr) for every r € R*. Since Q is sharp, statement (2) of Theo-
rem 2.2.3 implies that H(Q)* = Hom(Q*P, Z), and consequently {%1, ..., h,}
spans the Q-vector space Hom(Q#P, Q). Since this space has dimension d, the
set {hy,...,h,} contains a basis, which we may assume is {hy,...,hs}. Then
the map Q% ® Q — Q¢ sending x ® 1 to (h(x), hy(x), ..., ha(x)) is an iso-
morphism and induces an injection from the image Q’ of Q in Q¢ /T to N¢. If
g € By(r), its image in N? lies in {(1}, ..., I;) : 0 < I; < nr}, a set of cardinality
(1 + [nr])?. Since the cardinality of the fibers of the map Q — Q' is bounded
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by the order ¢ of T, it follows that #B,(r) < t(1 + nr)?. Thus if C := #(1 + n)?
and r > 1, the cardinality of B,(r) is bounded by Cr.

On the other hand, any set of generators for the monoid Q also generates
the d-dimensional Q-vector space Q ® QOfP, and therefore contains a subset
{q1,...,qq4) whose image forms a basis. Thus the homomorphism 6: N - Q
sending I := (I;,...,1y) to ) I;q; is injective. Let n := max{h{(qy), ..., hi(qa)}
and let ¢ := (2nd)~“. Then we claim that #B,,(r) > cr? for r > nd. Indeed, if
r > nd, let m := [r/nd], and note that

rind>m>r/nd—-1>r/2nd.

The set {I : I; < m,i = 1,...,d} has cardinality (1 + m)? and its image in Q
also has cardinality (1 + m)? > m? > cr? and is contained in By(r). |

2.3 Monoids and cones

Just as vector spaces are simpler than abelian groups, cones are simpler than
monoids, and it is frequently very helpful to replace a monoid by the cone it
spans. Let K be an Archimedean totally ordered field and let K=° denote the
set of nonnegative elements of K, regarded as a multiplicative monoid. Since
0 € K2°, this monoid is not u-integral, but K> := K=°\ {0} is a group. In
practice, here K will be either R or Q. The constructions when K = Q are
considerably simpler and suffice for most purposes, but in some cases it is
useful to work with the locally compact topology of R. Proposition 2.3.11 will
help control the behavior of the constructions when one changes the field K.

Definition 2.3.1. A K-cone is an integral monoid (C, +,0) endowed with an
action of the monoid (K=°, -, 1), such that

(a+b)x=ax+bx fora,be K> and x € C, and

a(x+y)=ax+ay forae K= andx,yeC.

A morphism of K-cones is a morphism of monoids compatible with the actions
of K0,

In the sequel we shall say “cone” instead of “K-cone,” and write C(S) instead
of Ck(S), when there seems to be no danger of confusion.

Remark 2.3.2. We could define the notion of a K-cone without the integrality
assumption, but there seems to be no need for this extra generality. Note that it
follows from the definition (assuming only that C is quasi-integral) that a0 = 0
for every a € K= and that Ox = 0 for every x € C. Thus it really suffices to
give the action of the group K~ on C, and in fact any such action satisfying the
definition extends uniquely to an action of K.
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Any K-vector space V is a K-cone, and any submonoid of V stable under the
action of K> forms a subcone. On the other hand, if C is any K-cone, then one
verifies immediately that the action of K> on C extends to a unique action of
K on C*®P and that this action defines a K-vector space structure on C#P. Thus
every K-cone can be viewed as a subcone of a K-vector space.

If C is a K-cone, then its group of units C* is automatically stable under
the action of K> and hence forms a K-vector space. A cone is sharp if and
only if C* = 0; some authors call such a C a strongly convex cone. If C is a
K-cone, then C := C/C* is a sharp K-cone. By the dimension of C we mean
the dimension of C#® (as a K-vector space), and we call the dimension of C
(which inherits a cone structure) the sharp dimension of C.

If S is any subset of a K-vector space V we can define its conical hull C(S)
to be the set of all elements v of V that can be written v = 3 a,s with a, € K=
and s € §. Then Ck(S) is the smallest K-cone in V containing S. A K-cone C
is called finitely generated if it admits a finite subset S such that C = Ck(S).

Let C be a K-cone and let F be a face of C. Then F is automatically a
subcone of C. Indeed, if x € F and a € K3, then there exists n € N with a < n,
since K is Archimedean. Then ax < nx and nx € F, and, since F is a face,
ax € F also. If F is a face of a cone C, then C/F is a sharp cone, and we call
its dimension the codimension of F. If this codimension is one, we say that F'
is a facet of C. A one-dimensional face of C is sometimes called an extremal
ray of C.

Remark 2.3.3. An ideal J of C need not be invariant under K~; if it is we
say that is a conical ideal. Since the complement of every prime ideal is a
face and hence is invariant under K, it follows that every prime ideal of C is
necessarily conical. In fact, an ideal is conical if and only if it is a radical ideal.
It is clear that a conical ideal is radical. Conversely, suppose that J is a radical
ideal of C and that ¢ € J and A € K”. We claim that p := Ag € J. Since K is
Archimedean, there exists A’ € K> such that n := A’ + 27! is a positive integer.
Thennp = A'p+A"'p =V p+q € J. Since J is an ideal and ¢ € J, it follows
that np € J, and thus p € J since J is a radical ideal. It follows that the conical
ideal generated by a subset S of C is the intersection of the set of prime ideals
of C containing S.

Let us say that an element x of a sharp cone C is K-indecomposable in C if it
is not a unit and, whenever x = y + z with y and z in C, y and z are K-multiples
of x. Thus x is K-indecomposable if and only (x)*P is a one-dimensional K-
vector space. (Recall that (x) is the face of C generated by x.) For example,
in the monoid P given by generators {x, y, z} and relation x + y = 2z, the el-
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ements x, y, and z are irreducible, and in the corresponding cone x and y are
indecomposable, but z is not indecomposable.

Proposition 2.3.4. Let C be a finitely generated sharp cone. Then every ele-
ment of every minimal set S of generators of C is indecomposable, and every
indecomposable element of C is a multiple of some element of S. In particular,
C is spanned by a finite number of indecomposable elements.

Proof The proof is essentially the same as the proof of the analogous result
(Proposition 2.1.2) for monoids, but we write it in detail anyway. Let x be an
element of a minimal set S of generators for C and let §" := S\ {x}. Write
x=y+z withy = > ags, z = > bss, and ay, b € K20, Then x = >, css, With
¢y = a5+ by, 50 (1 —co)x = Yo css. If ¢, < 1 we see that §” generates C,
a contradiction, and if ¢, > 1, x is a unit, contradicting the sharpness of C.
Then necessarily ¢, = 1,50 0 = X g ass + bys. Since S is sharp, this implies
that ags = bys = 0 for all s € §’. Then y = a,x and z = b,x, proving that x
is indecomposable. On the other hand, if x’ is any element of C, we can write
X’ = Y a,s, and if X’ is indecomposable, a; # 0 implies that s is a multiple of
x’, hence x’ is a multiple of s. O

The next result relates the Krull dimension of the spectrum of a cone to the
dimension of the corresponding vector space.

Proposition 2.3.5. Let C be a K-cone and S a set of generators for C.

1. Every face F of C is generated as a cone by F N S, and in particular is
finitely generated if C is finitely generated.

2. If C is finitely generated, C contains only a finite number of faces.

3. The length d of every maximal increasing chain of faces

C*'=FycF i cF,c---cF,=C

is less than or equal to the K-dimension of the vector space Egp, with equal-
ity if C is finitely generated as a K-cone. In this case, every chain of faces
is contained in a chain of length d.

4. If C is finitely generated, every proper face of C is contained in a facet.

Proof Let F be a face of C and x € F, x # 0. Then we can write x = ) a,s
with a;, € K2° and s € S. Since F is a face, each s for which a, # 0 must
belong to F. This shows that in fact F is generated as a cone by F N S. If S is
finite, it has only finitely many subsets, so C can have only finitely many faces.
This proves (1) and (2). Since there is a natural bijection between the faces of
C and the faces of C we may as well assume in the proof of (3) that C* = 0. Let
C:=(Fy C--- C Fy;) be amaximal chain of faces of C; necessarily Fy = {0}
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and F; = C. Since each F; is an exact submonoid of C, the inclusions F’ gp -
F %p c---CcF sp of linear subspaces of C®P are all strict. It follows that d is less
than or equal to the dimension d of C2. Suppose that C is finitely generated and
that G := (Gy C - - - € G,) is a chain of faces. We will prove that G is contained
in a chain of length d by induction on the dimension d of C#. Without loss of
generality we may assume that Gy = 0 and that G, = C. If d = 0, C = {0}
and the result is trivial. Suppose that d > 0; we may assume by Proposition
2.3.4 that S is a set of indecomposable elements of C. Necessarily G; # {0},
and it follows from statement (1) that G; must contain a K-indecomposable
element c. Then F := (c) has dimension one and the quotient C/F has sharp
dimension d — 1. Thus the induction assumption implies that the chain G/F in
C/F is contained in a chain of length d — 1. The inverse image of this chain
in C, together with Gy, is then a chain of length d containing G. This proves
statement (3), and (4) is an immediate consequence. m]

Proposition 2.3.6. Let Q be an integral monoid and let K be an Archimedean
ordered field. Denote by Ck(Q) the K-subcone of K ® QfP spanned by the
image of the map Q — K ® Q% sending g to 1 ® q.

1. Two elements q1, q> of Q have the same image in Cg(Q) if and only if there
exists n € Z* such that nq, = ng, in Q.

2. If K = Q, then an element x of Q ® Q% lies in Cq(Q) if and only if there
existn € Z* and g € Q such that nx = 1®gq. For general K, Cx(Q) is the set
of elements of K ® QfP that can be written as a sum of the form ), a; ® ¢;,
with a; € K= and g; € Q.

3. If C is any K cone and Q — C is a homomorphism of monoids, then there
is a unique homomorphism of K-cones Cx(Q) — C such that the diagram

Q Cx(Q)

C
commutes.
4. Let H(Q) := Hom(Q,N) € Hom(Q, K=). If Q is fine, the natural maps

Ck(H(Q)) —» Hom(Q,K*) and Q™ — 0% N Ck(Q)
are isomorphismes.

Proof Since Q is integral, the map Q — QFP is injective, and the kernel of the
map Q% — Q ® QFP consists of the torsion subgroup of QfP. This proves (1)
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when K = Q. Since K is flat over Q, the map Q ® Q% — K ® O®P is injective,
and the general case follows.

For (2), denote by C the set of all x in Q ® Qf for which nx = 1 ® ¢ for
some n € Z* and some g € Q. Itis clear that C C Cqo(Q). On the other hand, if
nx=1®qgandn'x’ =1Q¢ ,thennn’(x+x)=1® W q+ng),sox+x" €C.
Since C is stable under the action of QZ, it follows that C is a Q-cone, and
hence Cq(Q) C C. The statement for general K is an immediate consequence
of the definition.

For (3), observe first that a homomorphism 8: QO — C induces a group
homomorphism 6%P: Q% — C#P, where C*®P is now a K-vector space. This
homomorphism extends uniquely to a K-linear map K ® Q% — C®P. It then
follows from (2) that this map sends Cg(Q) to C. It is clear that the induced
map is a map of K-cones and is unique.

For now we just prove (4) when K is the field of rational numbers; see
Remark 2.3.13 for the general case. It is clear that the map Cx(H(Q)) —
Hom(Q, K?) is injective. For the surjectivity, let & be a homomorphism Q —
Q? and let S be a finite set of generators for Q. For each s € S, choose ng € Z*
such that n;h(s) € N and let n := [] n,. Then nh € H(Q). The second part of
(4) follows immediately from (2). |

Let us now explain the relationship between the faces of a monoid and the
faces of the cone it spans. The following proof of the following result is almost
trivial if K = Q, but is slightly more delicate in the general case.

Proposition 2.3.7. Let Q be an integral monoid and let c: Q — Cg(Q) be the
map sending g to 1 ® q.

1. If F is a face of Q, then Cg(F) is a face of Cx(Q), and the map F — Ck(F)
is a bijection from the set of faces of F to the set of faces of Cx(Q), with
inverse G — ¢~ '(G). For each face F of Q, ¢! (Cx(F)%) = F.

2. If I is an ideal of Q, let C,’;(I) denote the set of elements that can be writ-
ten as a sum Y {ays : s € S}, where each a;, € K~ and S is a nonempty
finite subset of I. Then C}(I) is the smallest K -invariant ideal of Cx(Q)
containing the image of I, and c“(C;;(I)) is the radical of I. Furthermore,
I = Cy(I) induces a bijection from the set of radical ideals of Q to the set
of K~ -invariant ideals of Cx(Q).

Proof Since the map from Q to its image Q" in Q#P/ Q,gf, induces a bijection
between the sets of faces (resp. radical ideals) of Q and of Q’ and an isomor-
phism Cg(Q) — Cg(Q’), we may assume without loss of generality that Q=P
is torsion free. In this case, the map c is injective, and we write it as an in-

clusion and omit the subscript K. Let F be a face of Q. To prove that C(F)
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is a face of C(Q), suppose that ¢ := a + b € C(F) with a,b € C(Q). Write
c=2crf,a= Y a.,q and b = Y byq with ag, by, ¢y € K*andge Q,f € F.
There is a fine submonoid Q" of Q containing all g and f such that a,, b,, or
¢y is nonzero. Then a,b,c € C(Q’), and F N Q' is a face of Q. By Proposi-
tion 2.2.1, there is a homomorphism /4: Q" — N such that 7~'(0) = F n Q.
This homomorphism extends to a homomorphism C(#'): C(Q’) — K=°. Then
Ch)a) + CW)b) = CW)c) = 0, s0 C(h)a) = C(W)b) = 0. Since
0 = 3} ayzh(q) and each a, > 0, it follows that a, = 0if i(g) > 0, i.e.,if g ¢ F.
Thus a € C(F), and similarly for b. This shows that C(F) is indeed a face of
C(Q).If g € OQNC(F), then there exists a finite subset S of F such that g can be
written g = Y{ays : s € S}, with each a, € K=°. Let Q” be the submonoid of Q
generated by S, let F” be the face of Q" generated by S, and choose a homo-
morphism #”: Q" — N with #/~1(0) = F”. Then h"'(q) = C(h"')(q) = 0, so
g € F” C F. This shows that QN C(F) = F, and a similar argument shows that
0PN C(F)& = F*# On the other hand, if G is a face of C(Q), then F :=GNQ
is a face of Q. Every element of G can be written as a sum g = )’ a,s with
s € Q, and since G is a face of C(Q), s € G whenever a; > 0. But then each
such s lies in F, and hence g € C(F), so in fact G = C(F). This proves (1).

For (2), let I be any ideal of Q. It is clear that C¢(I) is contained in every
K~ -invariant ideal containing ¢(/) and that it is invariant under K~, hence a
subcone, but perhaps it is not clear that it is an ideal of Cx(Q). Let us first check
thatifa,b € K*, g € Q, and s € I, then ag + bs € C},(I). If a < b, this is clear,
since then ag+bs = a(q+s)+(b—a)s € C;(I). On the other hand, if b < a, letn
be the largest natural number less than a/b, so thata = bn+a’ and a’ < b. (Such
a number exists because K is Archimedean.) Then aq + bs = a’q + b(ng + s)
and we are reduced to the previous case. Now in general, if ¢ = } a,g9 and
v =), bys, with ay, by € K then it follows, by induction on the numbers of ¢’s
appearing, that ¢ + v € C;(I). It is clear that c‘l(C;;(I)) is a radical ideal of Q
containing /, and hence containing its radical V1. Suppose that ¢ ¢ VI. Then
there is a prime ideal p of Q containing / but not g, i.e., there is a face F of Q
containing ¢ and which does not meet /. Then if c¢(g) € Cx(]), c(q) = X ass
with ag € K~ and s € I. Since ¢(q) € Ck(F), the same is true of each s, and so
each s € Cx(F) N Q = F, a contradiction. This shows that VI = c‘l(Cl’;(I)).

On the other hand, let J be any K~ -invariant ideal of Cx(Q) and let I :=
¢'(J). Then I = VI and furthermore it is clear that Cy() < J. To prove
the reverse inclusion, write an element v of J as a finite sum v = } a,q with
a, € K. Choose a natural number n with n > a, for all g and let w := }.q.
Then nw = 3(n — a,)q + v € J, and, since J is K~ invariant, it follows that
w € ¢ 1(J) = I. Moreover, there is some a € Q> C K> such that a < a, for all
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g. Then aq belongs to the ideal C (/) of Cx(Q), and, since v = }(a,—a)g+aw,
it follows that v € C (D). O

Corollary 2.3.8. Let Q be an integral monoid. Then the natural maps in the
commutative diagram:

Spec(Cx(Q™)) — Spec(Ck(Q))

Spec(Q*") —— Spec(Q)
are homeomorphisms (for the Zariski topologies).

Proof 1Tt is clear from that the map Cx(Q) — Cx(Q°") is an isomorphism,
and hence so is the top arrow in the diagram. Proposition 2.3.7 implies that the
vertical arrows are bijections, and even homeomorphisms. It follows that the
bottom arrow is also a homeomorphism, but this could also be easily checked
directly. O

Note that Proposition 1.4.7, whose proof we deferred, follows immediately
from Corollary 2.3.8 and Proposition 2.3.5. Moreover, if Q is fine, then § :=
Spec S is a finite topological space. In fact the topology of S can be recovered
from the partial order on S defined by inclusion on the set Spec S of prime
ideals of Q, or, equivalently, the set of faces of Q. To make this explicit, let p
be a point of S. The complement F of p is a face of Q, and, since Q is finitely
generated, by statement (3) of Theorem 2.1.17 there exists an f € Q such that
(f)=F.Then

I opelpV)=Sp=p" FOp =01 =S;:={p": fep')
is open in S. Thus the set of generizations of each point is open, and hence a
subset of S is open if and only if it is stable under generization. This shows
that the topology of § is entirely determined by the order relation among the
primes of Q.

Let s be a point of S corresponding to a prime ideal p of Q and let F be
the complementary face. The height of s is the maximum length of a chain of
prime ideals containing p, or, equivalently, the dimension of Q/F. The space
S has a natural stratification defined by the heights of its points. Let d be the
Krull dimension of S and for 0 < i < d let K; := N{p : htp = i}, an ideal of Q.
We saw in Definition 1.4.6 that every prime of height i + 1 contains a prime of
height i, hence K; C K;;;. We have

®=KOCIQ=K1C"'CKd:Q+,
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where I is the interior ideal of Q.
Since {p : htp = i} is finite,

Z;i:=Z(K;)) = U{Z(p) :htp =i} = {p : htp > i}.
Thus we have a chain of closed sets
{Q"Y=Z,CcZyC---CZ CZy= SpecQ.

If p € SpecQ and F := Q \ p, then p belongs to the open subset Sr of §
defined by Q, and F is the largest face with this property. Let #; denote the set
of faces F of Q such that Q \ F has height i, i.e., such that the rank of Q/F is i.
A prime p belongs to some Sy with F € ¥; if and only if htp < i. This shows
that

USF: FeFil ={p:htp <i} =S\ Zyy

If G is a face of Q, then Spec(Q/G) = Spec(Qg) is an open subset of Spec Q,
and the height of a prime ideal computed in Spec(Q/G) is the same as its height
computed in Spec(Q). It follows that, for every i, the ideal of Q/G generated
by the ideal K; of Q is the ideal of K; of Q/G.

The following corollary summarizes this discussion.

Corollary 2.3.9. Let S be the spectrum of a fine monoid Q. For each natural
number i, let

Ki:=n{p:htp=1i} and
Z;=Z(K)={peS:htp >i}.

1. The Krull dimension d of Q is the rank of Q, and we have a chain of closed
subsets

@=Zd+1CZdZ{Q+}CZd_1C"'CZ()=S.

2. The complement of Z; in S is the union of the set of all the open sets Sr as
F ranges over the faces of Q such that the rank of Q/F isi— 1. In particular,
S\ Z, is the union of the sets Sg := Spec(QF) as F ranges over the facets of
0O, and S\ Z| = Spec(Q*P).

3. The topological space S is catenary, and Z; has codimension i in S.

4. If G is face of Q, then the ideal of Q/G generated by the ideal K; of Q is
the ideal K; of Q/G.

We now discuss a few finiteness and duality results for K-cones. When K =
Q, these can be deduced from analogous results for monoids, but in the general
case it is necessary to use “Fourier—Motzkin elimination theory.” Its key lemma
will allow us to compute a set of generators for the intersection of a cone C
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with a hyperplane from a set of generators of C. It will also show that formation
of this intersection is compatible with field extensions.

Lemma 2.3.10. LetV be a K -vector space, let w be a linear map W — K, and
letiy,: A’V — Ker(w) signify interior multiplication by w:
(Vi Ava) = (W, vi)va = (w, va)vy.
If S is a subset of V, let
Sy 1= {iw(s1 A s2) 1 {w, s1) > 0 and (w, s2) < 0} U (S N Ker(w)).

Then Ck(S,,) = Ck(S) N Ker(w). If K — K’ is an extension of ordered fields
andV’ := K’ ¢ V andw' := idg ® w, then Cg-(S,,) = Cg-(S) N Ker(w”).

Proof 1Tt is clear from the definition that §,, € C(S) N Ker(w) and hence that
C(Sy) € C(S) N Ker(w). To prove the reverse inclusion, suppose that v belongs
to C(S) N Ker(w). Since v € C(S), it can be written in the form

V= Z ags, where each a; > 0,
seS’

for some finite subset S” of S. We will prove that v € C(S,,) by induction on
the cardinality of $’. Since S N Ker(w) C S,,, we may assume without loss of
generality that $” N Ker(w) = 0, i.e., that (w, s) # 0 for all s € .

If §’ is empty there is nothing to prove. Otherwise,

0=qw,v)= Zas<w’ ),
ses’

and since each a; > 0, there must exist s,¢ € §” with (w, s) > 0 and (w, t) < 0.
Then

e =i,(sANt)={w,s)t—w,t)s €8S,,.
Suppose that a,(w, s) + a,{w, t) > 0. Then
ay = {w, sy Nagw, s+ aw,1)) >0, and

Vii=v—adw,s) e = ays + E ags”,

s"esS”

where S := S\{s, t}. Thus V' € C(S)NKer(w), and by the induction hypothesis,
V' € C(S,,). Since v = V' +a,(w, s)"'e, we conclude that v also belongs to C(S,,),
as desired.

If on the other hand, a,(w, s) + a,{(w, ) <0, let

a = (w, 0y Nag(w, s) + aw,1)) >0 and
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Vi=v+adw, ) le = apt + Z ags’.
s"eS”
Then the same argument shows that v' belongs to C(S,,) and hence so does v.
If K —» K’ is an extension of ordered fields, then, with the notations of
the lemma, the same argument with V’ in place of V shows that Cg/ (S, ) =
Ck (S) N Ker(w”). Since it follows from the construction that S, is just (the
image in V’ of) S,,, in fact Cx/(S,,) = Cx(S) N Ker(w’), as claimed. O

Proposition 2.3.11. Let g: V' — V be a homomorphism of K-vector spaces
such that Ker(g) is finite dimensional.

1. If C is a finitely generated K-cone in V, then g~'(C) is a finitely generated
K-coneinV’.

2. If Cis a K-cone in V and K — K’ is an extension of ordered fields, then
g7 1(C) generates the K’-cone (idg: ® g)~' (Cx-(C)).

3. An exact subcone of a finitely generated K -cone is finitely generated.

Proof 1t is clear that g~!(C) is a K-cone in V’. To prove statements (1) and
(2), we may factor g as the composition of a surjection (with finite dimensional
kernel) and an injection, and it suffices to treat each of these separately.

Assume first that g is injective. Replacing V by the span of C and g(V’),
we may assume that the cokernel of g is finite dimensional. Then we can fac-
tor g into a finite composition of injections each of whose cokernels is one-
dimensional, and it suffices to treat each of these. Thus we are reduced to the
case in which V’ is a subspace of V of codimension one. In this case there
exists a linear map w: V — K whose kernel is V’. Then if § is a finite set of
generators for C, Lemma 2.3.10 tells us that S, is a finite set of generators for
g (C). If K — K’ is a field extension, the second part of the same lemma
shows, without assuming that S is finite, that the K’-cone spanned by g~'(C) is
(idg ® )7 (Ck(S))-

Now suppose that g is surjective with finite dimensional kernel. Arguing as
before, we may assume that the kernel has dimension one. For each s in a set
S of generators for C, choose s' € V' with g(s’) = sand let S’ := {5’ : s € S}.
Let 7 be a nonzero element of the kernel of g, and let 7 := §” U {¢, —¢t}. Note
that T is finite if S is finite. Since T C g~'(C), it follows that C(T) C g~'(C).
Thus, to complete the proof of statements (1) and (2), it will suffice to show
that g~ 1(Cg(C)) = Cx/(T), where g’ = id ®x g. If v/ € g~'(Cg(C)), then
g = Yas witha), € K20, Let v’ := Y a.s’ € Cxi(S") € Cy/(T). Since
g’ —v") =0, wecan find some a’ € K’ withv' —v"’ =d’t. If @’ > 0, we have
Vv =v'+a't e Cy(T),and if a’ < 0wehaveVv' =V’ +(-a’)(-1t) € C(T). Thus
in either case v € Cg (T), as required.
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If C is a finitely generated K-cone, then C#P is a finite dimensional K-vector
space, and if C’ is an exact subcone of C, then C’ = V' NC, where V' = C’*P C
V. It follows that C” is also finitely generated. O

The following statement summarizes the major duality results for cones that
we will need.

Theorem 2.3.12. Let V be a finite dimensional K-vector space and let W :=
Homg (V, K) be its dual. If C is a finitely generated K-cone contained in V, let

C':={w:VosK:w)>0 forallceC})
Ctr:=w: Vo> K:w)=0 forallceC).

1. The K-cone CV is finitely generated. If K — K’ is an extension of ordered
fields, then

Cp(CY)=(Cr) =w: VK :w()=0 forallceC).
2. For every face F of C, there is an element w of C" such that
wl0)nC=F.

The evaluation mapping from V to its double dual induces an isomorphism
C — (CY)V.

3. An element v of V belongs to C (resp. C*) if and only if w(v) > 0 (resp.
=0)forallwe CV.

4. The map F — C¥ N F* = (Cr)” induces an order-reversing bijection from
the set of faces of C to the set of faces of CV.

5. IfFisaface of C and G := C¥ N F*, then F¥ C W is the localization C,
of CV by G, and GV is the localization of C by F.

6. C is sharp if and only if C¥ spans Hom(V, K).

Proof Let S be a finite set of generators for C and consider the homo-
morphism g: W — K5 sending w to the function s + w(s). Then CV is
just g7'((K*)%), and, since (K*)3 is a finitely generated K-cone in K5, state-
ment (1) of Proposition 2.3.11 implies that C" is finitely generated. Moreover
C{, = (id® g"")((K'*)®), and statement (2) of Proposition 2.3.11 implies that
this K’-cone is spanned by CV.

Statements (2) through (4) are proved by the arguments used in the proofs
of the analogous statements for monoids, and we do not repeat them here; see
Corollary 2.2.4. For (5), observe first that G2 C FV, so the natural injection
CY — F" factors naturally through the localization of C¥ by G. To prove that
the resulting (injective) map is surjective, let w be an element of FY. By (2),
there is some ¢ € CV such that ¢~'(0) N C = F; in particular ¢ € G. Let §
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be a finite set of generators for C. If s € S\ F, ¢(s) > 0, and if s € SN F,
w(s) = 0. Thus there exists an n > 0 such that w(s) + n¢(s) > 0 for all s € S.
Then w + n¢ € C¥ and ¢ € G, sow € (C¥)s. The second part of (5) then
follows from (4). For (6), note that evidently C¥ C (C*)*, so if CV spans W
then (C*)* = W and hence C* = 0. On the other hand, if CV is contained in a
proper subspace W’ of W, then W'+ is a nonzero subgroup of C = (CV)Y, so C
is not sharp. O

Remark 2.3.13. We can now explain the proof of the general case of (4) of
Proposition 2.3.6. Let V := Q® Q%P and let C be the cone of V generated by Q.
Then (1) of Theorem 2.3.12, applied to the extension Q — K, implies that the
K-cone Hom(C, K?) is spanned by Hom(C, Q>) and hence also by Hom(Q, N).

Corollary 2.3.14. Let F be a face of a finitely generated cone C (resp. a fine
monoid Q) and let Fr denote the set of facets of C (resp. of Q) containing F.
Then

1. F=n{G : G € Fr},
2. F® =N{G® : G € FF}, and
3. Cr =n{Cq : G € Fr}, (resp. Qr = N{Q¢ : G € Fr}.

(The improper face F = C (resp. Q) is viewed as the intersection of the empty
set of facets.)

Proof Proposition 2.3.7 shows that the statements for monoids follow from
the statements for cones. Moreover, the second statement implies the first,
since F is an exact submonoid of C. The homomorphism C — C/F induces
a bijection between the facets of C containing F' and the facets of C/F. Thus,
replacing C by C/F, we reduce to the case in which C is sharp and F = 0.
Without loss of generality we may assume that C # {0}. Let V := C®P and
W := Homg(V, K). Then, by (6) of the previous theorem, the cone C¥ C W is
sharp and nonzero, and hence by Proposition 2.3.4 is generated by a nonempty
finite set of indecomposable elements wy,...,w,. Each wil N C is a facet G;
of C, and hence if x lies in G®P for every facet G, then w;(x) = 0O for every i.
Since C is sharp, C¥ spans W, hence w(x) = 0 for every w, hence x = 0. For
(3), we can replace C by Cr to reduce to the case in which F' = C*. Arguing
as before, we see that CV is sharp, hence is generated by the set T of its inde-
composable elements. By (3) of Theorem 2.3.12, C = N{C; : ¢t € T}, where
C,:={veV:(tv) >0} By (5) of the theorem, each C; is the localization of
C by (t)* N C, a facet of C. O

The following application is a monoidal analog of the Hauptidealsatz.
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Corollary 2.3.15. If Q is a fine monoid and q is an element of Q, then every
prime ideal of Q that is minimal among the primes containing g has height one.
In particular, +/(q) is a finite intersection of height one primes.

Proof Applying Corollary 2.3.14 to the complementary faces of prime ideals,
we see that every prime ideal p of Q is the union of the set of height one primes
contained in p. Suppose p is minimal among the set of primes containing ¢ and
write p as the union p; U --- U p,, where each p; has height one. Then g € p;
for some i, and, since p is minimal with this property and p; C p, in factp = p;.
By Corollary 1.4.3, \/@ is the intersection of the prime ideals containing
¢, and, since this set is finite, it is the intersection of a finite set of minimal
such elements. As we have just seen, each of these has height one. Perhaps we
should remark that the set of such primes is not empty if and only if g € Q*; if
on the other hand ¢ € O, the ideal it generates is Q, which is the intersection
of the empty set of prime ideals of height one. O

Corollary 2.3.16. Let C; and C, be cones in a finite dimensional K-vector
space V.

1. (C1+C)Y =C nCy.
2. If Cy and C, are finitely generated, then C1 N C, and C| + C, are finitely
generated, and C\ + CJ = (C; N Cy)".

Proof The first statement is obvious. If C| and C; are finitely generated, it is
also obvious that C; + C, is finitely generated. Furthermore, it follows from
Theorem 2.3.12 that C} and C3 are finitely generated, and hence that C} + C}
is finitely generated. Now Theorem 2.3.12 tells us that (C} + C3)" is finitely
generated, and by (1) this is (C})" N (C3)", which is C; N C;, by another
application of Theorem 2.3.12. Thus C| N C; is finitely generated. Now let us
apply (1) to the duals of C; and C; to obtain the equality (C) +C3)" = C1NC;.
The dual of this equality then gives the equation in (2). O

Corollary 2.3.17. Let C be a finitely generated cone in a finite dimensional
K-vector space V. Endow V with the topology induced from the ordered field
K.

1. The cone C is closedin'V.

2. Every face of C is closed in C.

3. The interior I¢ of C (the complement in C of the union of its proper faces)
is an open dense subset of C.

Proof The inclusion C — V factors through an inclusion C® — V, and,
since C#P and V are finite dimensional, C®P is closed in V. Thus we may as
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well assume that V = C#. Each ¢ € CV is a linear and hence continuous map
V — K, and hence each ¢~ (K=°) is closed in V. By (2) of Theorem 2.3.12, C
is the intersection of these closed sets, and hence is closed. Furthermore each
face F is the intersection of C with a linear subspace of V, hence is also closed,
and since C has only a finite number of proper faces, their union is closed. Thus
the complement /¢ of this union is open. To prove that I¢ is dense, let S be a
finite set of generators for C. An element ¢ of C can be written as a sum )’ a,
with a; € K=, and c lies in the interior of C if no a, vanishes. In any case
ci = Y(as + i~"s lies in the in