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Preface

Yuri Ivanovich Manin has made outstanding contributions to algebra,
algebraic geometry, number theory, algorithmic complexity, noncommutative
geometry and mathematical physics. His numerous achievements include the
proof of the functional analogue of the Mordell Conjecture, the theory of the
Gauss—Manin connection, proof with V. Iskovskikh of the nonrationality of
smooth quartic threefolds, the theory of p-adic automorphic functions, con-
struction of instantons (jointly with V. Drinfeld, M. Atiyah and N. Hitchin),
and the theory of quantum computations.

We hope that the papers in this Festschrift, written in honor of Yu. I.
Manin’s seventieth birthday, will indicate the great respect and admiration
that his students, friends and colleagues throughout the world all have for him.

June 2009
Courant Institute Yuri Tschinkel
Penn State University Yuri Zarhin
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Potential Automorphy of Odd-Dimensional
Symmetric Powers of Elliptic Curves
and Applications

Michael Harris

UFR de Mathématiques, Université Paris 7,
2 P1. Jussieu, 75251 Paris cedex 05, France
harris@math. jussieu.fr

To Yuri Ivanovich Manin

Summary. [ explain how to prove potential automorphy for odd-dimensional
symmetric power L-functions.

Key words: elliptic curves, Sato—Tate conjecture, potential automorphy

2000 Mathematics Subject Classifications: 11F80, 11F70, 11G05, 11R37,
22E55

Introduction

The present article was motivated by a question raised independently by Barry
Mazur and Nick Katz. The articles [CHT,HST, T] contain a proof of the Sato-
Tate conjecture for an elliptic curve F over a totally real field whose j-invariant
j(FE) is not an algebraic integer. The Sato-Tate conjecture for E is an assertion
about the equidistribution of Frobenius angles of E, or equivalently about the
number of points |E(F,)| on E modulo p as p varies. The precise statement
of the conjecture, which is supposed to hold for any elliptic curve without
complex multiplication, is recalled in Section 5. Now suppose E and E’ are
two elliptic curves without complex multiplication, and suppose E and E’ are
not isogenous. The question posed by Mazur and Katz is roughly the following:
are the distributions of the Frobenius angles of ' and E’, or equivalently of
the numbers p+ 1 — |E(F,)| and p + 1 — |E'(F,)|, independent?

The Sato-Tate conjecture, in the cases considered in [CHT,HST,T], is a
consequence of facts proved there about L-functions of symmetric powers of
the Galois representation on the Tate module T;(E) of E, following a strategy

Y. Tschinkel and Y. Zarhin (eds.), Algebra, Arithmetic, and Geometry, 1
Progress in Mathematics 270, DOI 10.1007/978-0-8176-4747-6_1,
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2 Michael Harris

elaborated by Serre in [S]. These facts in turn follow from one of the main theo-
rems of [CHT,HST, T], namely that, if n is even, the (n—1)st symmetric power
of Ty(E) is potentially automorphic, in that it is associated to a cuspidal auto-
morphic representation of GL(n) over some totally real Galois extension of the
original base field. The restriction to even n is inherent in the approach to po-
tential modularity developed in [HST], which applies only to even-dimensional
representations. The necessary properties of all symmetric power L-functions
follow from this result for even-dimensional symmetric powers, together with
basic facts about Rankin-Selberg L-functions proved by Jacquet-Shalika-
Piatetski-Shapiro and Shahidi. In a similar way, the Mazur-Katz question
can be resolved affirmatively if we can prove potential automorphy for all
symmetric power L-functions of E and E’ over the same field.

The main purpose of the present article is to explain how to prove potential
automorphy for odd-dimensional symmetric power L-functions, thus provid-
ing a response to the question of Mazur and Katz. The principal innovation
is a tensor product trick that converts an odd-dimensional representation to
an even-dimensional representation. Briefly, in Sections 2 and 3 one tensors
with a two-dimensional representation. One has to choose a two-dimensional
representation of the right kind, which is not difficult. The challenge is then
to recover the odd-dimensional symmetric power unencumbered by the extra-
neous two-dimensional factor; this is the subject of Section 4. I say “explain
how to prove” rather than “prove” because the proofs of the main results of
this article make use of stronger modularity theorems than those proved in
[CHT] and [T], and are thus conditional. I explain in Section 1 how I expect
these modularity results to result from a strengthening of known theorems as-
sociating compatible families of /-adic Galois representations to certain kinds
of automorphic representations. These stronger theorems, stated as Expected
Theorems 1.2 and 1.4, are the subject of work in progress by participants in
the Paris automorphic forms seminar, and described in [H]. This work has
progressed to a point where it seems legitimate to admit these Expected The-
orems. Nevertheless, the present article should be viewed as a promissory
note which will not be negotiable until the project outlined in [H] has been
completed!.

One can of course generalize the question and ask whether the distributions
of the Frobenius angles of n pairwise non-isogenous elliptic curves without
complex multiplication are independent. For n > 3 this seems completely
inaccessible by current techniques in automorphic forms.

The article concludes with some speculations regarding additional appli-
cations of the tensor product trick.

'Note added in proof. All the Expected Theorems have now been proved in arti-
cles by Chenevier, Clozel, Guerberoff, Labesse, Shin, and the author, in various com-
binations. Most of these articles can be consulted at http://fa.institut.math.fr/node/
29. An article in preparation by the six authors will make the connections clear.
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I met Yuri Ivanovich Manin briefly near the beginning of my career. Later,
as a National Academy of Sciences exchange fellow I had the remarkable good
fortune of spending a year as his guest in Moscow, and as a (mostly passive
but deeply appreciative) participant in his seminar at Moscow State Univer-
sity during what may well have been its final year, and saw first-hand what
the Moscow mathematical community owed to his insight and personality.
The influence of Yuri Ivanovich on my own work is pervasive, and the present
work is no exception: though it is not apparent in what follows, the article
[HST], on which all the results presented here are based, can be read as an
extended meditation on the Gauss-Manin connection as applied to a partic-
ular family of Calabi-Yau varieties. It is an honor to dedicate this article to
Yuri Ivanovich Manin.

I thank Barry Mazur and Nick Katz for raising the question that led to
this paper. Apart from the tensor product trick, practically all the ideas in this
paper are contained in [CHT], [HST], and [T]; I thank my coauthors — Laurent
Clozel, Nick Shepherd-Barron, and Richard Taylor — for their collaboration
over many years. I thank Richard Taylor specifically for his help with the proof
of the crucial Lemma 4.2. Finally, I thank the referee for a careful reading,
and for helping me to clarify a number of important points.

1 Reciprocity for n-dimensional Galois representations

All finite-dimensional representations of Galois groups are assumed to be con-
tinuous. When F is a number field, contained in a fixed algebraic closure Q
of Q, we let I'y denote Gal(Q/E). Let p be a (finite-dimensional) ¢-adic rep-
resentation of I'g. Say p is pure of weight w if for all but finitely many primes
v of E the restriction p, of p to the decomposition group I, is unramified
and if the eigenvalues of p,(Frob,) are all algebraic numbers whose absolute
values equal qv% ; here ¢, is the order of the residue field k, at v, and Frob,
is geometric Frobenius. If p is pure of weight w, the normalized L-function of
p is
w
Lnorm(s’p) = L(S + Evp);

here we assume we have a way to define the local Euler factors at primes
dividing ¢ (for example, p belongs to a compatible system of A-adic represen-
tations). Then L"°™(s, p) converges absolutely for Re(s) > 1.

Let F be a CM field, F* C F its maximal totally real subfield, so that
[F: FT]<2. Let ¢ € Gal(F/F*) be complex conjugation; by transport of
structure it acts on automorphic representations of GL(n, F'). The following
theorem is the basis for many of the recent results on reciprocity for Galois
representations of dimension >2. For the purposes of the following theorem, a
unitary Harish-Chandra module o for GL(n, C) will be called “cohomological”
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if 0 @ ||det||"=" is cohomological in the usual sense, i.e., if there is a finite-
dimensional irreducible representation W of GL(n, C) such that

H*(Lie(GL(n,C)),U(n); o0 ® || det || “Z" @ W) # 0.
The half-integral twist is required by the unitarity.

Theorem 1.1 ([C2, Ko, HT, TY]). In what follows, II denotes a cuspi-
dal automorphic representation of GL(n, F'), and {pe r} denotes a compatible
family of n-dimensional \-adic representations of I'p.

There is an arrow IT — {pmr}, where X\ runs through non-archimedean
completions of a certain number field E(IT), under the following hypotheses:

(1) The factor I (a) p = pm.a geometric,
is cohomological HT regular
@) Moc=m" {1 pepoc —Qul-n)
(8) Jvg, 11, (¢) local condition
discrete series at vg

This correspondence has the following properties:

(i) For any finite place v prime to the residue characteristic £ of A,

1l-n
o lwp, JF70 7% = LT, @ e ], ).

Here WD, is the local Weil-Deligne group at v, L is the normal-
ized local Langlands correspondence, and Frob — ss denotes Frobenius
semisimplification;

(i1) The representation pr x |a, is potentially semistable, in Fontaine’s sense,
for any v dividing £, and the Hodge-Tate weights at v are explicitly deter-
mined by the infinitesimal character of the Harish-Chandra module Il .

The local Langlands correspondence is given the unitary normalization.
This means that the correspondence identifies L(s, IT) and L"™(s, pi.»), sO
that the functional equations always exchange values at s and 1 — s.

The term “geometric” is used in the sense of Fontaine-Mazur: each p x
is unramified outside a finite set of places of F, in addition to the poten-
tial semistability mentioned in the statement of the theorem. The condition
“HT regular” (Hodge-Tate) means that the Hodge-Tate weights at v have
multiplicity at most one.

For the local condition (c), we can take the condition that the representa-
tion of the decomposition group at vy is indecomposable as long as vq is prime
to the residue characteristic of A, or equivalently that this representation of the
decomposition group at vy corresponds to a discrete series representation of
GL(n, F,,). The conditions on both sides of the diagram match: (1) < (a),
(2) < (b), (3) = ().

When I7 is a base change of a representation I of GL(n, F'), condition
(2) just means that IT is self-dual.

In what follows, we will admit the following extension of Theorem 1.1:
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Expected Theorem 1.2. The assertions of Theorem 1.1 remain true pro-
vided IT satisfies conditions (1) and (2); then pmx satisfies conditions (a)
and (b), as well as (i) and (ii).

Here “Expected Theorem” means something more than conjecture. The
claim of Expected Theorem 1.2 is a very special case of the general Langlands
conjectures, in the version for Galois representations developed in Clozel’s
article [C1]. This specific case is the subject of work in progress on the part
of participants in the Paris automorphic forms seminar and others, and an
outline of the various steps in the proof can be found in [H]. There are quite
a lot of intermediate steps, the most difficult of which involve analysis of the
stable trace formula, twisted or not, but I would “expect” that they will all
have been verified, and the theorem completely proved, by 2010 at the latest?.

I single out one of the intermediate steps. By a unitary group over F'+ I will
mean the group of automorphisms of a vector space V/F preserving a non-
degenerate hermitian form. The group is denoted U(V'), the hermitian form
being understood. We will consider a hermitian vector space V' of dimension
n with the following properties:

(1.3.1) For every real place o of FT, the local group U(V,) is compact (the
hermitian form is totally definite);

(1.3.2) For every finite place v of F'™, the local group U(V,,) is quasi-split and
split over an unramified extension.

We write Gop = U(V). Such a unitary group always exists when n is odd,
provided F/F7T is everywhere unramified. When n is even, there is a sign
obstruction that can be removed by replacing F'* by a totally real quadratic
extension. Such restrictions are harmless for applications (see [H]).

We let K = [, K, C Go(Af) be an open compact level subgroup.
Hypothesis (1.3.2) guarantees that Go (F,") contains a hyperspecial maxi-
mal compact subgroup for all finite v. If v is split then any maximal compact
subgroup is hyperspecial and conjugate to GL(n,0,). We assume

Hypothesis 1.3.3. K, is hyperspecial maximal compact for all v that remain
iert in F.

For any ring R, let
Mg (Go, R) = C(Go(F)\Go(A)/Go(R) - K, R),

where for any topological space X, C(X, R) means the R-module of continuous
functions from X to R, the latter endowed with the discrete topology. The
Hecke algebra Hx (R) of double cosets of K in Go(A/) with coefficients in R
acts on Mk (Go, R). It contains a subring 'H};(yp(R) generated by the double
cosets of K, in G (F,) where v runs over primes that split in F at which K, is
hyperspecial maximal compact. We denote by Tx(R) the image of H}I‘{yp(R)

2See footnote to introduction.



6 Michael Harris

in Endr(Mg(Go, R)). The algebra Tx(R) is reduced if R is a semisimple
algebra flat over Z (cf. [CHT], Corollary 2.3.3).

We can also consider M (G, R), the direct limit of Mg (Go, R) over all K,
including those not satisfying (1.3.3). This is a representation of Go(A7) and
decomposes as a sum of irreducible representations when R is an algebraically
closed field of characteristic zero. Let m C M (G, C) be an irreducible sum-
mand. Write 7 = 7o ® ¢, T = Q) 7y, the restricted tensor product over
finite primes v of F'* of representations of G (F,"). With our hypotheses o
is the trivial representation of Gor = [[, U(V,), where ¢ is as in (1.3.1).
Suppose 75 # {0} for some K satisfying (1.3.3). Then for every finite v
one can define the local base change II, = BCyp, /F# Ty, & representation of

Go (F,S) =Tl GL(n, Fyy). If v is inert, then by (1.3.3) we know that 7, is
an unramified representation, and so is II,. If not, then 7, is a representation
of GL (n, F}') and II,—m, ® 7/, with the appropriate normalization. Thus
we have the following:

Lemma 1.3.4. The local factor m, is uniquely determined by II,,.

Expected Theorem 1.4 There is a cohomological representation I, of
GL(n, Fx) = GL(n, F ®g R) such that the formal base change

/
H:BCF/F+7I':HOO®® 11,

is an automorphic representation of GL(n,F). Moreover, there is a parti-
tion n = a1 + as + --- + a, and an automorphic representation ®j II; of
the group Hj GL(aj, AF) such that each II; is in the discrete automorphic
spectrum of GL(aj, F') and II, as a representation of GL(n, Ar), is paraboli-
cally induced from the inflation of ®j II; to the standard parabolic subgroup
P(A) C GL(n,AFr) associated to the partition. Moreover, each II; satisfies
conditions (1) and (2) of Theorem 1.1, where “cohomological” is understood
as in the discussion preceding that theorem.

We say © is F//F T -cuspidal if IT is cuspidal, in which case it follows from
the classification of generic cohomological representations that IT., is neces-
sarily tempered and is uniquely determined by the condition that 7., is trivial.
This representation is denoted Il o, or ITs o(n, F') when this is necessary.

Fix a prime ¢ and let O be the ring of integers in a finite extension of
Q¢. The ring T (O) is semilocal and T (O ® Q) is a product of fields. Let
m C Tx(O) be a maximal ideal and let I C Tx (O ® Q) be any prime ideal
whose intersection with Tx(O) is contained in m. Then I determines an ir-
reducible Go(Af)-summand 7y of M(Gp,Qy), or equivalently of M (Gy,C), if
one identifies the algebraic closures of Q in C and in Qy, as in [HT, p. 20]. More
precisely, I determines 7, locally only at v for which K, is hyperspecial, but
this includes all inert primes. Let S be the set at which K, is not hyperspe-
cial. By Expected Theorem 1.4, I determines a collection of cohomological

3Note added in proof. This theorem has now been proved by Labesse.
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automorphic representations I of GL(n, F') which are isomorphic outside the
finite set S. By strong multiplicity one, II is in fact unique; we denote it II;.
Then 7 is unique by Lemma 1.3.4.

Combining Expected Theorems 1.4 and 1.2, we thus obtain an n-
dimensional representation pr ¢ = pre of I'r. We say I is Eisenstein at
£ if the reduction mod ¢, denoted p ¢, is not absolutely irreducible. It follows
in the usual way from property (i) of the correspondence between pr7 ¢ and IT
that if I is Eisenstein at £ then every prime ideal of Tx (O ® Q) lying above
m is Eisenstein. In that case we say m is Eisenstein at /.

Lemma 1.5. Admit Expected Theorems 1./ and 1.2. Fix a prime £, and sup-
pose m C Tg(O) is not an Fisenstein ideal at . Then any prime ideal
I C Tr(O®Qp) lying above m has the property that IT is cuspidal (in that
case we say m and I are F/F* — cuspidal ).

Sketch of proof. This follows from the classification of automorphic represen-
tations of GL(n) and from properties of base change. Suppose I corresponds
to m C M(Gg,C). If the base change IT of 7 belongs to the discrete spectrum
of GL(n, F') — that is, if the partition in Expected Theorem 1.4 is a singleton
— then it is either cuspidal or in the non-tempered discrete spectrum. In the
latter case, the Moeglin-Waldspurger classification implies that n factors as
ab, with @ > 1,0 > 1, and II is the Speh representation attached to a cuspidal
automorphic representation I7; of GL(b, F). Clozel has checked in [C3] that
I1, satisfies properties (1) and (2) of Expected Theorem 1.2 for GL(b), hence
is associated to a b-dimensional £-adic representation p; of I'p. It follows from
condition (i) of Expected Theorem 1.2 that the semisimple representation pr ¢
decomposes as a sum of a constituents, each of which is an abelian twist of p;.
Suppose II does not belong to the discrete spectrum of GL(n, F'). Then
m is endoscopic, hence is associated to a partition n = ) a;, with each
a; > 0, and an automorphic representation ®;11,, in the discrete spectrum of
Hj GL(ay, I), such that each IT,;, satisfies properties (1) and (2) of Expected
Theorem 1.2. Then pj7 ¢ decomposes as a sum of r > 1 pieces of dimensions a;.
O
I recall the main Modularity Lifting Theorem of [T], whose proof builds

on and completes the main results of [CHT].

1.6. Modularity Lifting Theorem. Let ¢ > n be a prime unramified in
F* (resp. and such that every divisor of £ in F* splits in F) and let

r: I'p+ — GL(n,Qy) (resp. 7: I'r — GL(n, Q)
be a continuous irreducible representation satisfying the following properties:

(a) T ramifies at only finitely many primes, is crystalline at all primes dividing
£, and is Hodge-Tate reqular;

(b) r=rV(1 —mn)-x (resp. r° = r¥(1 — n)) where (1 —n) is the Tate twist
and x is a character whose value is constant on all complex conjugations
(resp. ¢ denotes complex conjugation);
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(c) At some finite place v not dividing ¢, r,, corresponds to a square-integrable
representation of GL (n, F,") under the local Langlands correspondence,
and satisfies the final “minimality” hypotheses of [CHT, 4.3.4 (5)] or

[T, 5.2 (5)]
In addition, we assume that 7

(d) has “big” image in the sense of Definition 3.1 below;

(e) is absolutely irreducible;

(f) is of the form pre for some cuspidal automorphic representation IT of
GL(n, F*) satisfying conditions (1)-(3) of Theorem 1.1.

Then r is of the form pp ¢ for some cuspidal automorphic representation
II' of GL(n, F'T) satisfying conditions (i)-(iii) of Theorem 1.1.

I have not written out the last part of hypothesis (c) in detail, because it
will be dropped in the remainder of the article. More precisely, if we admit
Expected Theorems 1.2 and 1.4, then we obtain the following theorem:

1.7. Expected Modularity Lifting Theorem.* Let ¢ and r be as in
Theorem 1.6, but we no longer assume condition (c), and in (f) we drop
condition (3). Then r is of the form prm e for some cuspidal automorphic
representation I’ of GL(n,F*) satisfying properties (i)-(ii) of FEzpected
Theorem 1.2.

In the remainder of the paper, I draw consequences from Theorem 1.7.

2 Potential modularity of a Galois representation

Let F' and F'T be as in Section 1. The article [HST] develops a method for
proving that certain n-dimensional ¢-adic representations p of I'p+ (resp. I'r)
that look like they arise from automorphic representations via the correspon-
dence of Theorem 1.1, are potentially automorphic in the following sense:
there exists a totally real Galois extension F’/F™ such that p |r,, (resp.
p |r.. ., ) does indeed correspond to a cuspidal automorphic representation of
GL(n, F') (resp. GL(n, F' - F")). The relevant result is Theorem 3.1 of [HST],
which is in turn based on Theorem 1.6. Although the latter theorem is valid
for representations of arbitrary dimension n, Theorem 3.1 only applies to an
even-dimensional representation of I'm+ endowed with an alternating form
that is preserved by I'r+ up to a multiplier.

If we admit the expected results of Section 1, then Theorem 3.1 of [HST]
admits the following simplification. The constant C'(n;) is a positive number
introduced in [HST], Corollary 1.11; its precise definition is irrelevant to the
applications. For a finite prime w, G,, denotes a decomposition group, I,, C
G, the inertia group.

“Note added in proof. This theorem has now been proved by Guerberoff.
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Theorem 2.1 [HST]. Assume the Exzpected Theorems of Section 1. Let
F*/F%* be a Galois extension of totally real fields and let ny, ..., n, be even
positive integers. Suppose that £ > max{C(n;),n;} is a prime which is un-
ramified in F and which splits in Q(Cp,+1), 1 =1,...,7. Let L be a finite set
of primes of FT not containing primes above £ and let M be a finite extension
of F.

Suppose that fori=1,...,r

it I'p+ — GSp(ng, Zy)

s a continuous representation with the following properties.

(1)r; has multiplier wt}fm, where wy 1s the £-adic cyclotomic character.

(2)r; ramifies at only finitely many primes.

(3) The image 7i(I'p+(c,)) is big, in the sense of Definition 3.1 below, where
(o 1is a primitive £-th root of 1.

(4) The fized field F; of ker ad(7;) C I'r+ does not contain F((p).

(5)r; is unramified ot all primes in L.

(6)If w| ¢ is a prime of F then r; |q, is crystalline with Hodge-Tate weights
0,1,...,n; — 1, with the conventions of [HST]. Moreover,

’I’Lifl

_ ~ —J
Ti |1, @ We -
Jj=0

Then there is a totally real field F""*/F*, Galois over Fy and linearly
disjoint from the compositum of the F; with M over F, with the property
that each v, prv = 1; |F;,+ corresponds to an automorphic representation
II; of GL(n;, F""). If F'/F"* is a CM quadratic extension, then the base
change II; g has archimedean constituent isomorphic to Il o(ni, F') (cf. the
remarks after Expected Theorem 1.4). Finally, all primes of L and all primes
of F dividing ¢ are unramified in F’.

Apart from a few slight changes in notation, this theorem is practically
identical to Theorem 3.1 of [HST]. There is no field M in [HST] but the
proof yields an F'* linearly disjoint over F'* from any fixed extension. Only
condition (7) of Theorem 3.1 of [HST], corresponding to condition (3) of The-
orem 1.1, has been eliminated. The proof is identical but simpler: references
to Theorem 1.6 are replaced by references to Expected Theorem 1.7, and all
arguments involving the primes ¢ and ¢’ in [HST] are no longer necessary.

Let E be an elliptic curve over F*', and let pg ¢ : I'r+ — GL(2,Qy) denote
the representation on Hl(E@, Qp), i.e. the dual of the ¢-adic Tate module. For
n>1let

PEe= Sym™ pp o : I'py — GL(n, Q).

We will always assume £ has no complex multiplication. Then pf, , is irre-
ducible by a theorem of Serre, for all n, and for almost all £ > n, Im(p)
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contains the image of SL(2,F,) under the symmetric power representation,
and hence is absolutely irreducible. When F* = Q it was proved in the se-
ries of papers initiated by Wiles and Taylor-Wiles and completed by Breuil,
Conrad, Diamond, and Taylor that L(s, pg ) is automorphic, which in this
case means is attached to a classical new form of weight 2. The prototype
for Theorem 2.1 is the theorem proved by Taylor in [T02], which shows that
L(s,pE,¢) is potentially automorphic for any F'*.

In [HST] and [T], Theorem 2.1 is notably applied to show that L (s, p%j)

is potentially automorphic for any even n, provided F has non-integral j-
invariant. One can hardly hope to apply Theorem 2.1 as such when n is odd,
given that symplectic groups are only attached to even integers. Moreover,
when n is odd pf; , has an orthogonal polarization rather than a symplectic
polarization. These two related flaws — the oddness of n and the orthogonality
of p™ — can be cured simultaneously by tensoring PE.e Dy a two-dimensional
representation 7 : I';m+ — GL(2,Z;). Such a representation is necessarily
symplectic, with multiplier det7. We suppose 7 has determinant w, ™. In
order to preserve the hypotheses of Theorem 2.1, specifically 2.1 (6), we need
to assume the following:

Hypothesis 2.2. If w | £ is a prime of F then 7 |g, is crystalline with
Hodge-Tate weights 0,n, with the conventions of [HST]. Moreover,

T |[wﬁ 1@&);“

For example, let f be a classical new form of weight n + 1 for IH(N),
for some integer N. Associated to f is a number field Q(f), generated by
the Fourier coefficients of f, and a compatible system of 2-dimensional M-adic
representations 75\ of Iy as A varies over the primes of Q(f). We choose a
prime ¢ that splits completely in Q(f) and such that £ { N. Fix A dividing
¢, and write 7 = 77x. Then 7 takes values in GL(2,Z;); since f has trivial
nebentypus, the determinant of 7 is indeed w, ™. The hypothesis regarding
7 |1, is in general a serious restriction, but we will find explicit examples.

(2.3)

We say the residual representation 7 is “big enough” if its image contains
a non-commutative subgroup of the normalizer N(T') of a maximal torus
T C SL(2,F,), and more specifically that Im(7) contains an element h of T
with distinct eigenvalues that acts trivially on the cyclotomic field Q({), and
an element w of order 2 that does not commute with h.

Here are the representations we will use. Let L be an imaginary quadratic
field not contained in F', and let 7, be the corresponding quadratic Dirichlet
character, viewed as an idele class character of Q. Let x be a Hecke character
of (the ideles of ) L whose restriction to the ideles of Q is the product ||, " 0,
where | |4 is the idéle norm. Choose an isomorphism Lo, = L&gR——C, let 2
be the corresponding coordinate function on Lo, and assume xoo(2) = 27"
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Then x is an algebraic Hecke character and is associated to a compatible

system of f-adic characters xx : I', — Q(x){, where Q(x) is the field of

coefficients of y, a finite extension of QQ, and A runs through the places of

Q(x). Choose a prime £ > 2n + 1 that splits in L and in Q(x); then for any A

dividing ¢ we can view x as a Q, -valued character of I'z; we write x¢ = xx.
For such an ¢, we define the monomial induced representation

7 = Ind;2 xo : Iy — GL(2, Qo).

Lemma 2.4. Under the above hypotheses, Ty is “big enough” in the sense

of (2.3).

Proof. Let v, v be the two primes of L dividing ¢. Let k(v), k(v") denote the
corresponding residue fields; then the product of the respective Teichmiiller
characters defines an inclusion

k(v)* x k(v')* — O x O) C A7.

Let b and b’ denote generators of the images of the cyclic groups k(v)* and
k(v)* in OF and O,;, respectively, and let s(b),s(b’) denote their images
in Gal(L%/L) under the reciprocity map. Our hypotheses imply that s(b)
acts on 7 with eigenvalues b™, 1, and likewise for s(b’). Moreover, the trivial
eigenspace for s(b) is the non-trivial eigenspace for s(b'), and vice versa. We
identify b and b with roots of unity in Q,*. The element h = 7(s(b) - s(b’) 1)
then belongs to SL(2,F,) and has eigenvalues b*". Since £ — 1 > 2n, these
eigenvalues are distinct; in particular, h does not commute with the image
w of complex conjugation in Im(7). Since the action of OF x O on Q({)
factors through the norm to Z;, we see that h acts trivially on Q({,). This
completes the proof of Lemma 2.4. a

Corollary 2.5. Let 7 = 75 be as in the preceding paragraph and satisfy
Hypothesis 2.2. We continue to admit the Ezpected Theorems of Section 1.
We use the same notation for T |FFJr . Let E be an elliptic curve over F'. Letn
be an odd positive integer, and suppose there is a prime ¢ > 2n+1, unramified
in FT, such that

(i) E has good ordinary reduction at all primes w dividing £.
(ii) £ does not divide the conductor N of f, and

Ty, =1ow,™

(i11) € splits in Q(Caiv1), ¢ = 1,...,n —1; in particular, £ =1 (mod n) (take

Z:nfl

2
(iv) % > 2.

Suppose T is “big enough” in the sense of (2.3). Let M be an arbitrary
extension of FT. For every integeri < n, let r; = pi{[; letry = pg ,@T. Then
there is a totally real Galois extension F""%/F¥, linearly disjoint from M over
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F7, with the property that fori=1,...,n,r; pr+ =1; |+ corresponds to an
F

automorphic representation II; of GL(2i, F""%), and such that r, corresponds

to an automorphic representation II. of GL(2n, F"*). If F'/F"* is a CM

quadratic extension, then the base change II; g+ (resp. I1: g/ ) has archimedean

constituent isomorphic to s 0(2i, F') (resp. I,0(2n, F")).

Proof. Under our hypotheses on £ and the image of 7, 7, is absolutely irre-
ducible. We first prove the corollary under the hypothesis that for each w
dividing ¢,
pEel;, ~1®w, . (2.5.1)
Conditions (1), (2), and (6) of Theorem 2.1 are clearly satisfied. Since ¢
is unramified in F*, F'* and Q((;) are linearly disjoint over Q. By condition
(1), the intersection of Im(7;) with the center of GSp(n;,F;) maps onto the
subgroup of Gal(Q(¢,)/Q) generated by 2(1 — n;)-th powers, which implies
condition (4) for all ;, and for r, as well.
Condition (5) is irrelevant. It remains to verify condition (3). For 7;, ¢ =
1,...,n, this is Corollary 2.5.4 of [CHT]; the case of 7, is Lemma 3.2 below.
This completes the proof under hypothesis (2.5.1). We reduce to this case
as in the proof of Theorem 3.3 of [HST], replacing £ by a second prime ¢’ >
2n+1 also split in L and in Q(x), 7z by 7, and E by a curve E’ (unfortunately
denoted E in [HST]) such that pg ——ppe but pp e satisfies hypothesis
(2.5.1) at £'. O

Remark 2.6. Recall that the results of this section are all conditional on
the Expected Theorems of Section 1. In particular, we are not assuming that
FE has potentially multiplicative reduction at some place. If we do assume
j(E) is not integral, then the automorphic representations II; are constructed
unconditionally in [CHT,HST, T|. However, the local condition on j(E) does
not suffice to impose a strong enough local condition on 7, (corresponding to
a discrete series representation on the automorphic side).

3. A lemma about certain residual representations

Definition 3.1. Let V/F; be a finite dimensional vector space. Let ad’(V') C

ad(V) = Hom(V, V) be the subspace of trace O endomorphisms. A subgroup

A C GL(V) is big if the following hold:

(a) HY(A,ad’V) = (0) fori=0,1.

(b) For all irreducible Fy[A]-submodules W C Hom(V,V) we can find h € A
and o € Fy with the following properties. The a-generalized eigenspace
Vh,a of h on 'V is one-dimensional. Let

Th,o - V— ‘/}L,Oc; ih,a : Vh,a —V

denote, respectively, the h-equivariant projection and the h-equivariant in-
clusions of the indicated spaces. Then mp o 0 W oy o # (0).
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Remark. It is not the case that if A contains a subgroup A’ which is big
in the above sense, then A itself is necessarily big (bigger than big is not
necessarily big). This is because condition (a) is not preserved under passage
to a bigger group. To check condition (b), on the other hand, it clearly suffices
to show that it holds for some subgroup A’ C A.

Lemma 3.2. Let F*, 7, p" = PE.s and 7 be as in the statement of Corol-
lary 2.5, with T as in the proof of Lemma 2.4. Suppose ¢ > 4n — 1. Then
Tr(I'p+(c,)) s big in the sense of Definition 8.1.

Proof. We begin by establishing notation. Write p" = pf, ,. We define ad’ as
in Definition 3.1, and write

ad p" =ad’ p"®1, ad7T=ad’ TP 1,
where 1 denotes the trivial representation. Then
ad’ 7 = ad® p" ® ad’ T ® ad’ p" @ ad’ 7. (3.2.1)
Let A =7, (I'p+(¢,)), and define

A= ﬁn(FFJr(Q)) X ?((FFJr(Q)).
The tensor product defines an exact sequence
1-C—>A—>A—>1

where the kernel C' maps injectively to the center of GL(2,F,), viewed as the
group of linear transformations of the space of 7. In particular, the order of
C is prime to £. (In fact, as the referee pointed out, under our hypotheses
one checks easily that C' is trivial, but this makes no difference in the sequel.)
Finally, let A, denote the image of p"(I'p+(¢,)) C A in A. This is a normal
subgroup of A isomorphic to the simple finite group PSL(2,F,), since n is
odd and ¢ > 2n + 1. Moreover, A, := A/A, is of order prime to ¢, since the
image of T is contained in the normalizer of a maximal torus. It follows from
the inflation-restriction sequence that

HY (A, W)-"5HO(A, H (A, W) (3.2.2)

for any summand W of (3.2.1).

Proof of (a): We first note that A acts irreducibly on #,; hence H(A, ad® 7,) =
(0). We apply (3.2.2) to show that H'(A, W) = 0 for each summand W of
(3.2.1). Indeed, it suffices to show that H*(PSL(2,F,),W) = 0 for each W.
But as a representation of PSL(2,Fy), each W is a direct sum of copies
of i-dimensional symmetric powers Sym?~! of the standard representation
PSL(2,F;), where ¢ runs through (odd) integers at most equal to 2n — 1. Since
¢ >2n+1, it is well known that H'(PSL(2,F;), Sym*~!) =0 for i < 2n — 1.
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Proof of (b): Let b denote a generator of the cyclic group k(v)* ~ us—1, as
in the proof of Lemma 2.4. As remarked above, if A’ C A is a subgroup
that satisfies 3.1(b) for a given summand W of (3.2.1), then A also satistifes
this property for the given W. We may thus assume Im(7) is contained in
the normalizer of a maximal torus T in SL(2,F;) and contains an element
to € T with the two distinct eigenvalues 0™,b6~™ on 7 , with corresponding
eigenvectors v; and vg, as well as the element w ¢ T with eigenvalues 1
and —1. With appropriate normalizations, we can assume the corresponding
eigenvectors are v1 + v and vy — ve, respectively. Write k£ = [Fy,. We can write

ad 7=k, ®k_@U,

where U = Ind?ffFJr)_@/)Zl? and k4 and k_ are representations of I'p+ that

factor through Gal(L - F'T/F7T), with the non-trivial element acting by the
indicated sign. We thus have

Hom(7;,7,) = ad p" ® [ky @ k_ & U]. (3.2.3)

For i,j € {1,2}), let p; ; € End(7) be the endomorphism that takes v; to v;
and vanishes on vy, if k # ¢. Then k4 (resp. k—) is spanned by p1 1 +pa22 (resp.
P1,1 — P2,2, whereas U is spanned by pi,2 and pa ;.

Let t € Im(p™) be the image of an element of a split maximal torus of
SL(2,F,), with n distinct eigenvalues under p", as in the proof of Lemma 3.2 of
[HST]. More precisely, we can take t to be the diagonal element diag(b, b~1), so
that p"(t) has eigenvalues b" =1, p"=3 ... b1=". The formula (3.2.3) expresses
Hom(7,7,) as a sum of four copies of ad p", as representation of ¢. Let
ho, resp hy, denote the image in A of (t,ty) € A, resp. the image of (t,w).
Since ¢ > 4n — 1, b* # 1 for any ¢ < 4n — 1, hence no ratio of eigenvalues
of p™(t) equals a ratio of eigenvalues of 7(ty), nor of 7(w). It follows that
all the generalized eigenspaces of hy and h,, in 7, are of dimension 1. It
was shown in the proof of Lemma 3.2 of [HST] that ad p" satisfies 3.1(b),
with A replaced by Im(p™) and with ¢ playing the role of h; here we use the
hypothesis that £>2n+ 1. It thus follows that if W is an irreducible summand
of ad p" ® [ky+ @ k_], then 3.1(b) is satisfied for this W with h = hg. On
the other hand, if W is an irreducible summand of ad p™ ® U, then 3.1(b)
is satisfied for this W with h = h,,. Indeed, it suffices to observe that the
element (p12+ p2,1) € U takes the eigenvector vy + vy to itself. O

4. Removing T

We fix an odd number n as above. The hypotheses of the earlier sections
remain in force; in particular, we admit the Expected Theorems of Section 1.

Corollary 4.1. Let Ft(pg) denote the splitting field of pge and M =
L - F*(pgy). Then there is a totally real Galois extension F"*/F*, lin-
early disjoint from M over F¥, with the property that for i = 0,...,n,
Ty pnt = T |F1'7'+ corresponds to a cuspidal automorphic representation II;
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of GL(2i, F"T), and such that v, g+ = vy |pn+ corresponds to a cuspidal
F
automorphic representation II. of GL(2n, F"T).

Let E be a number field, and let p be an ¢-adic representation of I'p. We
assume p to be pure of some weight w, as in Section 1; thus we can define
Lrorm(s, p). We say L(s,p) (or L™™(s,p)) is invertible if it extends to a
meromorphic function on C and if L™™(s, p) has no zeroes for Re(s) > 1
and no poles for Re(s) > 1 except for a possible pole at s = 1.

Let L' = L- F"", and let ¢ € Gal(L'/F"™") denote complex conjugation.
The proof of the following lemma was devised with a great deal of help from
Richard Taylor.

Lemma 4.2. The representation II; of GL(2n,F"T) is isomorphic to the
automorphic induction from L' of some cuspidal automorphic representation
I (1) of GL(n,L"). After possibly replacing I, (1) by its Galois conjugate
I, (7)€, the tensor product IT1 (1) ® x is isomorphic to ils c-conjugate, hence
descends to a cuspidal automorphic representation ™ of GL(n, F"'T).

Proof. Let nr. be the quadratic character of F»F associated to the extension
L'. By construction, 7 |r,, , ®Npr—Te |, ; hence

I, @ np =11, (4.2.1)

It follows from [AC, Chapter 3, Theorem 4.2 (b)] that there exists a cuspidal
automorphic representation II; (1) of GL(n, L") such that I, is isomorphic to
the automorphic induction of T (7) from L’ to F"*. This means in particular
that
I (1) % I(7),

and

L(s,prr’) = L(s,II+ 1) = L(s, 11 (7)) L(s, II1 (7)) (4.2.2)
It follows from Corollary 2.5 that L (s, PE, F), and more generally that
L (S,pg’F ®§g), is entire for all even m < 2n, F = F"* or F = L', when
& is the f-adic Galois avatar of an algebraic Hecke character & of AX. The
proof of Theorem 4.2 of [HST] shows that L (s, PEr® f[) is invertible for all
m < 2n and for all algebraic Hecke characters &, for F = % or F = L'. Of
course L(s,r, pr.+) is also entire and L(s,r; /) is entire unless n = 1, which
gives rise to the only possible pole at s = 1.

Consider the automorphic L-function

L(s)=L (s, 110 x ILY 1, ® (x/x")) (4.2.3)
Comparing this to (4.2.2) we find that
L(s) = L(s, [l © (x @ X)) @ oy @ (e x| @ b/xD

= L(s, (p%,y ® p%’,vy) ® [(x/x%) @ (x/x) @ (x/x)?) - L (s, PE,L @ pZ{L)
(4.2.4)
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Writing
n—1
WV 2i+1 —i
PEL @ P%,L/ = @ PEZ,JZ’ Qu,"
i=0

we see that the first factor of the last line of (4.2.4) is a product of invertible
L-functions without poles at s = 1; the final factor of the last line has a
simple pole at s = 1. Thus L(s) has a simple pole at s = 1. But L(s) is an
automorphic L-function for GL(n) x GL(n). We rewrite L(s) using (4.2.2):

L(s) = L(s, I () x II(7)" @ (x/x)) - L(s, I (7)* x I (7)Y ® (x/X))
L(s, I (1) x I (7)*" @ (x/x°)) - L(s, I (1) x I (7)" @ (x/X°))-

Applying the Jacquet-Shalika classification theorem we see that exactly one
of the factors has a simple pole, and in that case the factor is necessarily of
the form L(s, IT x ITV). Since (x/Xx¢) is a character of infinite order, neither
of the first two factors can have a pole; we must therefore either have

()" —IL (1) @ (x/X°)
or
(r)*Y 10 (1) @ (x/X°)-
In other words, up to exchanging IT; (1) with IT; ()¢, we have
I (7) @ x—(I11(7) © X);

hence II;(1) ® x descends to a cuspidal automorphic representation of
GL(n, F""T). This completes the proof. O

Now (II;)so is cohomological, hence (II;)1/ « is also cohomological. But
(IT:) 1/ 0 is represented as a subquotient of the representation of GL (2n, L)
induced from the representation (IT1(7))eo ® (IT1(7)%)s of the Levi factor
GL (n, L) xGL (n, L.,) of the relevant maximal parabolic, and it follows that
IT1 (7)o is also cohomological. Thus IT; (7) satisfies condition (1) of Expected
Theorem 1.2.

On the other hand, p, has a symplectic polarization with multiplier wt}*Q”,
by construction. It follows that the associated automorphic representation IT,
is self dual. This property is preserved under base change to L’. It thus follows
from (4.2.2) and the Jacquet-Shalika classification theorem that

{I1(7), I (7)°} = {Ii ()", IT (1)}
as sets. Thus either (a) IT; (1) satisfies condition (2) of Expected Theorem 1.2,
or (b) Iy (7)—=1II;()V.
Assume (a) holds. Then II;(7) satisfies both conditions of Expected

Theorem 1.2, hence is associated to an n-dimensional Galois representation
p1(7) of I',. It follows from (4.2.2) that

p1(T) @ p1(7)°—=p% 0 © Xt ® Pl o © X§ (4.3)
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Since pl , is irreducible, it follows that it must be equal to either p1(7)® x¢ or
p1(T) ® x§. In either case, p7, ¢ 1s assoclated to a cuspidal automorphic repre-
sentation II,, 1. of GL(n, L'). Since P, ¢ descends to a representation of I'pr.+,
II,, 1/ descends to a cuspidal automorphic representation I1,, of GL(n, F").
Thus pf; , is automorphic over B,

Assume (b) holds. Then the central character ¢ of IT; () is also self-dual,
ie., £ = &1 It follows from Lemma 4.2 that

II(1) © x——II1 (1) @ X“.
Combining this with (b), we have

E-xodet =£°- x®odet.
This implies that x/x¢ is self-dual, ie.,

(x°)* = x>
But this is already false for the archimedean components. Thus (b) is
impossible.
We have thus proved that pf; , is automorphic over F"*. More generally,

Theorem 2.1 allows us to add new r.’s of different dimensions 2n;, with n;

odd, to the list in Corollary 2.5. By adding ,OZH'1 ® 7; to the list (we are free
to vary the 2-dimensional 7; if we like), we thus obtain our main theorem:

Theorem 4.4. Assume the Exzpected Theorems of Section 1. Let F'* be a
totally real field, and let E be an elliptic curve over Ft. Let n be a posi-
tive integer. Then there is a finite totally real Galois extension F""*/F and,
for each positive integer i < n, a cuspidal automorphic representation II; of
GL(3, "), satisfying conditions (a) and (b) of Ezpected Theorem 1.2, such
that

P [T = P10

In particular, if i > 1, L*™ (5’9%,£,F'»+) = L(s, II;) is an entire function.

I repeat that we are not assuming that E have non-integral j-invariant;
however, all statements are conditional on the Expected Theorems of
Section 1.

5. Applications and generalizations

We continue to admit the Expected Theorems of Section 1. Let E and E’ be
two elliptic curves over F'T without complex multiplication. Assume E and
E’ are not isogenous. It then follows from Faltings’ isogeny theorem that pg ¢
and pgs ¢ are not isomorphic as representations of I'r+ for all £. Since the
traces of Frob,, for primes v of good reduction for E and E’, are integers that
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determine pg ¢ and pg/ ¢ up to isomorphism, it follows that pg ¢ and pgr ¢ are
not isomorphic for sufficiently large ¢. By Serre’s theorem, if ¢ is sufficiently
large, Im(pp,¢) = Im(ppr 0) = GL(2,F).

Let m,m’ be two positive integers. Applying Theorem 2.1, we obtain the

analogue of Corollary 2.5 for the collection of representations r; = P%,ea r;- =

péj, 1 <i<m, 1< 5 <m/, together with r, = P ® T and r, = pm/ QT
if m or m’ is odd, provided 7 and 7/ are “big enough”. Bearing in mind the
results of Section 3, we have the following statement:

Proposition 5.1. Let L be as in Section 3, and define
I I
7 = Indp xe; 7 = Indpl xp

where x (resp. X') is a Hecke character with xoo(z) = z27™, (resp. X5 (2) =
z7™ ) if m (resp. m’) is odd. We assume

—-m ’ —m/’
X laz=I1ola" -nes X' [ax=1o[a™ -m

Suppose there is a prime £ > sup(2m + 1,2m’ + 1), unramified in F¥, such
that

(i) E has good ordinary reduction at all primes w dividing ¢

(ii) ¢ splits in L;

(iii) € splits in Q((2i41), © = 1,...,sup(m — 1,m' — 1); in particular, { = 1
(mod mm');

(iv) 2 >2, &1 > 2

Let M be an arbitrary extension of FT. Define r;, r;-, rr and v+ as above.
Then there is a totally real Galois extension F”+/F+ linearly disjoint from
M over FT, with the property that for i = 1,...,m, (resp. j = m')
Ty Fn+ =Ty |F/ + (resp. r R + ) corresponds to an automorph@c representatzon
II; of GL(2i, F’*) ((resp IT} of GL(24, F"*) ) and such that r- (resp. r’.,) cor-
responds to an automorphic representation II; of GL(2m, F" %) (resp. II., of
GL(2m/,F"*). If F'/F"* is a CM quadratic extension, then the base change
II; pr (resp. II; p/) has archimedean constituent isomorphic to I o(2i, F”)
(resp. oo 0(2n, F')), and likewise for I p,, I, p.

The discussion of Section 4 applies to both I, and IT., and we obtain the
following strengthening of Theorem 4.4.

Theorem 5.2. Assume the Expected Theorems of Section 1. Let F'* be a
totally real field, let E and E' be elliptic curves over FT, and assume E and
E’ do not become isogenous over an abelian extension of F*. Let m and m’
be positive integers. Then there is a finite totally real Galois extension F""*/F
and, for each positive integer i < m, (resp. j < m’) a cuspidal automorphic
representation II; of GL(i, F"') (resp. IT; of GL(j, F")) satisfying condi-
tions (a) and (b) of Expected Theorem 1.2, such that

Plot | Dps =PI Pl g |0y = P11
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In particular, if m -m’ > 1,
Lo (&Prg,z,Fw ® pg’,l,F’v‘*’) = L (s, Iy x I;,,))

is an entire function.

The Rankin-Selberg L-function has no poles if m # m’; if m = m’ it has a
pole if and only if II! ,— II)Y,. which implies that the corresponding Galois
representations pf , and pfy , are isomorphic. The kernel of the map of the
standard 2-dimensional representation of GL(2) to its mth symmetric power
is finite and contained in the center. If pgﬁg;pgﬁ’e, it thus follows that the
corresponding adjoint representations ad pg¢ and ad pg/ are isomorphic,
hence that there exists an abelian character 7, necessarily finite, such that
PE' ¢ i»pgg@ﬁ. Thus pg ¢ and pg ¢ become isomorphic over a finite extension
of FT, hence E and E’ are isogenous by Faltings’ theorem.

Using Brauer’s theorem, as in the proof of Theorem 4.2 of [HST], we then
obtain:

Theorem 5.3. Assume the Exzpected Theorems of Section 1. Let F' be a
totally real field, let E and E’' be elliptic curves over FT, and assume E and
E'" do not become isogenous over an abelian extension of Ft. Let m and m’
be positive integers. Then the L-function L (s,pﬁz ® p’g,:l) is invertible and

satisfies the expected functional equation.

Proof. This is obtained from Theorem 5.2 by applying Brauer’s theorem, as
in the proof of Theorem 4.2 of [HST]. It suffices to mention that the non-
vanishing of the Rankin-Selberg L-function along the line Re(s) = 1 of a pair
of cuspidal automorphic representations (with unitary central characters) is
due in general to Shahidi [Shi63]. O

Finally, here is the precise statement of the question of Mazur and Katz
mentioned in the introduction, together with the affirmative response. Recall
the notation k, and ¢, of Section 1.

Theorem 5.4. Assume the Expected Theorems of Section 1. Let FT be a
totally real field, let E and E' be elliptic curves over FT, and assume E and
E’" do not become isogenous over an abelian extension of FT. For any prime
v of T where E and E’ both have good reduction, we let

Bk = (1-gie®) (1-gie)

B/ (k)| = (1-gie™) (1—qie ™)

where ¢y, 1, € [0,7].
Then the pairs (¢v,1y) € [0,7] x [0,7] are uniformly distributed with
respect to the measure

4
—25in2¢ sin®y deo di.
™
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Proof. Theorem 5.4 follows directly from Theorem 5.3 by the argument in [S,
Appendix to Section I]. O

6. Concluding remarks

The author and Richard Taylor have independently noticed that tensoring
with an induced representation from a Hecke character may be useful in
other situations. For example, let f be an elliptic modular form of weight k,
pre: Tg — GL(2,Qy) the associated two-dimensional Galois representation,
and let Pfe= Sym"™ ! pf.¢. There is no hope of applying the potential modu-
larity technique of [HST] to p' , if k > 2: the series of Hodge-Tate weights at
¢ has gaps for all n, and Griffiths transversality implies it is impossible to ob-
tain families of positive dimension of motives with such Hodge-Tate numbers.
However, if k is odd, one can choose a Hecke character x of an abelian CM
extension L/Q of degree k — 1 with infinity type so chosen that PFe® Ind?ﬁ X¢
has an unbroken series of Hodge-Tate weights. (If k is even one takes L of
degree 2(k —1).)

Two serious obstacles remain. In the first place, the constructions in
Section 4 require that we know in advance that the symmetric power
L-functions are invertible, and this information is not available a priori for
k > 2. In the second place, the arguments for finding rational points on moduli
spaces over number fields unramified at ¢ break down in higher weights.
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Summary. We propose a category which can serve as the category of coefficients
for the cyclic homology HC.(A) of an associative algebra A over a field k. The
construction is categorical in nature, and essentially uses only the tensor category
Abimod of A-bimodules; objects of our category are A—bimodules with an additional
structure. We also generalize the construction to a more general tensor k-linear
tensor category C' instead of A-bimod. We add some remarks about Getzler’s version
of the Gauss—Manin connection for the periodic cyclic homology H Pi(A).

Key words: cyclic homology, Gauss—Manin connection, tensor categories
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Introduction

Ever since it was discovered in 1982 by A. Connes [C1] and B. Tsygan [Ts],
cyclic homology has occupied a strange place in the realm of homological al-
gebra. Normally in homological algebra problems, one expects to start from
some data, for instance a topological space X, then construct some abelian
category, such as the category of sheaves on X, and then define the cohomol-
ogy of X by computing the derived functors of some natural functor, such
as the global sections functor I'(X, —). Admittedly, this is a modern formu-
lation, but it was certainly current already in 1982. Cyclic homology starts
with an associative algebra A, and defines its homology groups HC, (A), but
there are absolutely no derived functors in sight. Originally, groups HC, (A)
were defined as the homology of an explicit complex, which anyone trained
to use triangulated categories cannot help but take as an insult. Later, A.
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Connes [C2] improved on the definition by introducing the abelian category
of so-called cyclic vector spaces. However, the passage from A to its associated
cyclic vector space Ay is still done by an explicit ad hoc formula. It is as if
we were to know the bar-complex that computes the homology of a group,
without knowing the definition of the homology of a group.

This situation undoubtedly irked many people over the years, but to the
best of my knowledge, no satisfactory solution has been proposed, and it may
not exist; indeed, many relations to the de Rham homology notwithstanding,
it is not clear whether cyclic homology properly forms a part of homological
algebra at all (to the point that for instance in [F'T], the word “homology” is
not used at all for HC, (A), and it is called instead additive K -theory of A). In
the great codification of homological algebra done in [GM1], cyclic homology
appears only in the exercises. This is not surprising, since the main unifying
idea of [GM1] is the ideology of “linearization”: homological algebra linearizes
geometry, just as functional analysis used to do 50 years ago; triangulated
categories and adjoint functors are modern-day versions of Banach spaces and
adjoint linear operators. This has been an immensely successful and clarifying
point of view in general, but HC, (A) sticks out on a complete tangent: there
is simply no natural place for it in this framework.

This paper arose as one more attempt to propose a solution to the
difficulty: to find a natural triangulated category where HC,(—) would be
able to live with a certain level of comfort (and with all the standard corol-
laries such as the notion of cyclic homology with coefficients, the ability to
compute cyclic homology by whatever resolution is convenient, not just the
bar resolution, and so on).

In a sense, our attempt has been successful: we define a triangulated
category that can serve as the natural “category of coeflicients” for cyclic
homology of an algebra A, and we prove the comparison theorem that shows
that when the coefficients are trivial, the new definition of cyclic homology
is equivalent to the old one. In fact, the algebra A enters into the construc-
tion only through the category A-bimod of A-bimodules; we also show how to
generalize the construction so that A-bimod is replaced with a more general
tensor abelian category C.

From a different point of view, though, out attempt failed miserably:
the correspondence A — Ay, being thrown out of the window, immediately
returns through the door in a new and “higher-level” disguise: it is now ap-
plied not to the algebra A, but to the tensor category C = A-bimod. Then in
practice, the freedom to choose an arbitrary resolution to compute the derived
functors leads, in our approach to HC,(—), to complexes that are even larger
than the original complex, and at some point the whole exercise starts to look
pointless.

Still, we believe that all said and done, some point can be found, and
some things are clarified in our approach; one such thing is, for instance,
the version of Gauss-Manin connection for cyclic homology discovered by
E. Getzler [Ge]. Moreover, we do propose a definition of cyclic homology
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that — makes sense for a general tensor category; and in some particular
questions, even the computations can be simplified. As for the presence of the
A-construction, this might be in the nature of things, after all: not a bug in
the theory, but a necessary feature. However, we leave it to the reader to be
the judge.

The paper is organized as follows. In Section 1 we recall A. Connes’s second
definition of cyclic homology, which uses the cyclic category A; we also recall
some facts about homology of small categories that we will need. We have tried
to give only the absolute minimum; the reader not familiar with the material
will have to consult the references. In Section 2 we introduce our main object:
the notion of a cyclic bimodule over an associative algebra A, and the derived
category of such bimodules. We also introduce cyclic homology HC, (A4, M)
with coefficients in a cyclic bimodule M. In Section 3 we give a very short
derivation of the Gauss—Manin connection; strictly speaking, the language of
cyclic bimodules is not needed for this, but we believe that it shows more
clearly what is really going on. In Section 4, we show how to replace the
category A-bimod everywhere with a more general tensor abelian category C.
Section 5 is a postface, or a “discussion” (as is done in medical journals);
we discuss some of the further things one might (and should) do with cyclic
bimodules, and how to correct some deficiencies of the theory developed in
Sections 2 and 4.
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1 Recollection on cyclic homology.

We start by recalling, extremely briefly, A. Connes’ approach to cyclic
homology, which was originally introduced in [C2] (for detailed overviews,
see, e.g., [L, Section 6] or [FT, Appendix]; a brief but complete exposition
using the same language and notation as in this paper can be found in
[Ka, Section 1]).
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Connes’ approach relies on the technique of homology of small categories.
Fix a base field k. Recall that for every small category I', the category
Fun(I', k) of functors from I' to the category k-Vect of k-vector spaces is
an abelian category with enough projectives and enough injectives, with de-
rived category D(I, k). For any object E € Fun([, k), the homology H, (I, E)
of the category I" with coefficients in E' is by definition the derived functor of
the direct limit functor

lim : Fun(I', k) — k-Vect.
r

Analogously, the cohomology H" (A, E) is the derived functor of the inverse
limit lim. Equivalently,
r

H'(I' E) = Ext"(k, E),

where k € Fun(I, k) is the constant functor (all objects in I" go to k, all
maps go to identity). In particular, H" (I, k) is an algebra. For any E €
Fun(I, k), the cohomology H" (I, E) and the homology H, (I', E) are modules
over H' (I, k).

We also note, although it is not needed for the definition of cyclic homology,
that for any functor v : I — I" between two small categories, we have the
pullback functor v* : Fun(I', k) — Fun(I”, k), and for any FE € Fun(I, k), we
have natural maps

H.(I",v*E) — H,(I,E), H'(I'VE) — H (I'",v*E). (1.1)

Moreover, the pullback functor v* has a left adjoint v : Fun(l”, k) —
Fun(I, k) and a right-adjoint f. : Fun(I",k) — Fun(l,k), known as the
left and right Kan extensions. In general, fi is right-exact, but it need not be
left-exact. We will need one particular case in which it is exact. Assume given
a covariant functor V' : I' — Sets from a small category I" to the category of
sets, and consider the category I of pairs ([a],v) of an object [a] € I' and
an element v € V([a]) (maps in I are those maps 7 : [a] — [a/] that send
v € V([a]) to v" € V([a']). Such a category is known as a discrete cofibration
over I" associated to V; see [Gr]. Then the Kan extension f, associated to the
forgetful functor f: I — I', ([a],v) — [a] is exact, and is easy to compute:
for any £ € Fun(I”, k) and [a] € I", we have

RE(a)= @ E((al,v)). (1.2)

veV([a])
Moreover, for any E € Fun([, k), this imediately gives the projection formula:
Hf"E =2 E® Rk, (1.3)

where as before, k € Fun(I", k) stands for the constant functor.
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For applications to cyclic homology, one starts by introducing the cyclic
category A. This is a small category whose objects [n] are numbered by positive
integers n > 1. One thinks of an object [n] as a circle S! with n distinct
marked points; we denote the set of these points by V([n]). The set of maps
A([n'],[n]) from [n'] to [n] is then the set of homotopy classes of continuous
maps f: S' — S! such that

e f hasdegree 1, sends marked points to marked points, and is nondecreasing
with respect to the natural cyclic order on S! (that is, if a point a € St
lies between points b and ¢ when one counts clockwise, then the same is

true for f(a), f(b), and f(c)).

In particular, we have A([1],[n]) = V([n]). This topological description of
the cyclic category A is easy to visualize, but there are also alternative
combinatorial descriptions (e.g., [GM1, Exercise I1.1.6], [L, Section 6], or [F'T,
A 2], retold in [Ka, Section 1.4]). All the descriptions are equivalent. Objects
in Fun(A, k) are usually called cyclic vector spaces.

The cyclic category A is related to the more familiar simplicial category
A°PP the opposite to the category A of finite nonempty linearly ordered sets.
To understand the relation, consider the discrete cofibration A;/A associated
to the functor V' : A — Sets; equivalently, Apyj is the category of objects [n]
in A equipped with a map [1] — [n]. Then it is easy to check that Apj is
equivalent to the category A°PP. From now on, we will abuse notation and
identify Aj;; and A°PP. We then have a natural projection AP = A;) — A,
([n],v) — [n], which we denote by j : APP — A.

For any cyclic k-vector space E € Fun(A, k), we have its restriction
J*E € Fun(A°PP E), a simplicial vector space. One defines the cyclic ho-
mology HC,(E) and the Hochschild homology HH, of E by

HC.(E)< H,(A,E), HH.,(E)< H,(A%" j*E).

By (1.1), we have a natural map HH,(E) — HC,(F) (moreover, since j :
A°PP — A is a discrete cofibration, the Kan extension j, is exact, so that
we have HH,(E) =2 HC,(jij*FE), and the natural map is induced by the
adjunction map jij*E — E). It has been shown by A. Connes that this map
fits into a long exact sequence

HH,(E) —— HC,(E) —*— HC, 3(E) — . (1.4)

Here the map wu is the so-called periodicity map on HC,(E): one shows that
the algebra H' (A, k) is isomorphic to the polynomial algebra k[u] in one gen-
erator u of degree 2, and the periodicity map on homology is simply the
action of this generator. This allows one to define a third homological invari-
ant, the periodic cyclic homology HP,(E); to do it, one inverts the periodic-
ity map.
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Definition 1.1. For any cyclic k-vector space E € Fun(A, k), the periodic
cyclic homology of F is defined by

HP,(E) =1lim"HC,(E),

—

where liin' denotes the derived functor of the inverse limit liin.

Assume now that we are given an associative unital algebra A over k. To
define its cyclic homology, we associate to A a canonical cyclic vector space
Ay in the following way. We set A ([n]) = A®V") | the tensor product of n
copies of the vector space A numbered by marked points v € V([n]). Then for
any map f € A([n'],[n]), we define

A= Q my-ry: AN = QAT AVID, (15
veV([n]) veV([n])

where for any linearly ordered finite set S, mg : A®S — A is the canonical
multiplication map induced by the associative algebra structure on A (and if
S is empty, we set A®S =k, and mg is the embedding of the unity). This is
obviously compatible with compositions, and it is well defined since for any
v € V([n]), its preimage f~! C V(|m]) carries a natural linear order induced
by the orientation of the circle S!.

Definition 1.2. For any associative unital algebra A over k, its Hochschild,
cyclic, and periodic cyclic homologies HH,(A), HC,(A), HP,(A) are defined
as the corresponding homologies of the cyclic k-vector space Ay:

HH.(A) € HH,(Ay), HC.(A)= HC,(Ay), HC.(P)ZE HP,(Ay).

2 Cyclic bimodules.

Among all the homology functors introduced in Definition 1.2, Hochschild
homology is the most accessible, and this is because it has another definition:
for any associative unital algebra A over k, we have

HH, = Tor yoppg (4, A), (2.1)

where Tor" is taken over the algebra A°PP @ A (here A°PP denotes A with the
multiplication taken in the opposite direction).

This has a version with coefficients: if M is a left module over A°PP ® A,
in other words, an A-bimodule, one defines Hochschild homology of A with
coefficients in M by

HH, (A, M) = Toryuppg 4 (M, A). (2.2)
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The category A-bimod of A-bimodules is a unital (nonsymmetric) tensor
category, with tensor product — ® 4 — and the unit object A. Hochschild
homology is a homological functor from A-bimod to k- Vect.

To obtain a small category interpretation of HH, (A, M), one notes that
for any n,n’ > 0, the A-bimodule structure on M induces a multiplication
map

A®" @ M @ A®™ — M.

Therefore, if to any ([n], v) € A°P we associate the k-vector space
Mﬁ([n}) = M @ A2\ (2.3)

with M filling the place corresponding to v € V([n]), then (1.5) makes perfect
sense for those maps f : [n/] — [n] that preserve the distinguished points.
Thus to any M € A-bimod, we can associate a simplicial k-vector space Mﬁ €

Fun(A°?, k). In the particular case M = A, we have A2 = j*Ay.
Lemma 2.1. For any M € A-bimod, we have a canonical isomorphism
HH,(A,M) = H,(A?, MZ). (2.4)

Proof. 1t is well known that for any simplicial k-vector space E, the homology
H,(A°P FE) can be computed by the standard complex of E (that is, the
complex with terms E([n]) and the differential d = ,(—1)‘d;, where d;
are the face maps). In particular, Ho(A°PP, M. ;ﬁ) is the cokernel of the map
d: A® M — M given by d(a ® m) = am — ma. The natural projection
M — M ® porrga A obviously factors through this cokernel, so that we have
a natural map
po : Ho (A°PP, M3) — HHo(A, M).

Both sides of (2.4) are homological functors in M, and HH, (A, M) is a uni-
versal homological functor (= the derived functor of HHy(A, M)); therefore
the map pg extends to a map p, : H, (AOPP,Mﬁ) — HH,(A, M). To prove
that p. is an isomorphism for any M, it suffices to prove it when M is
free over A°PP @ A, or in fact, when M = A°PP @ A. Then on the one hand,
HHy(A,M) = A, and HH;(A,M) =0 for ¢ > 1. And on the other hand, the
standard complex associated to the simplicial k-vector space (A°PP ® A)i is
just the usual bar resolution of the diagonal A-bimodule A.

It is more or less obvious that for an arbitrary M € A-bimod, M. ?ﬁ does
not extend to a cyclic vector space: in order to be able to define HC, (A, M),
we have to equip the bimodule M with some additional structure. To do this,
we want to use the tensor structure on A-bimod. The slogan is the following:

e To find a suitable category of coefficients for cyclic homology, we have
to repeat the definition of the cyclic vector space Ay € Fun(4, k), but
replace the associative algebra A in this definition with the tensor category
A-bimod.
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Let us explain what this means.

First, consider an arbitrary associative unital monoidal category C with
unit object I (at this point, not necessarily abelian). For any integer n, we
have the Cartesian product C"™ =C x C x - - - x C. Moreover, the product on C

induces a product functor
m:C" —C,

where if n = 0, we let C™ = pt, the category with one object and one morphism,
and let m : pt — C be the embedding of the unit object. More generally, for
any finite linearly ordered set S with n elements, we have a product functor
mg : C° — C, where C° = C" with multiples in the product labeled by
elements of S. Then for any [n], [n'] € A, and any f : [n/] — [n], we can define
a functor f : CV{I") — ¢V(I") by the same formula as in (1.5):

fi = H M1y evin'l) — H cf ') _, eVnl), (2.5)
veV([n]) veV ([n])

The natural associativity isomorphism for the product on C induces natural
isomorphisms (fo f')1 & fio f/, and one checks easily that they satisfy natural
compatibility conditions. All in all, setting [n] — CYV{")| f 1 f defines a
weak functor (a.k.a. Lax functor, a.k.a. 2-functor, a.k.a. pseudofunctor in the
original terminology of Grothendieck) from A to the category of categories.
Informally, we have a “cyclic category.”

To work with weak functors, it is convenient to follow Grothendieck’s
approach in [Gr]. Namely, instead of considering a weak functor directly, we
define a category Cx in the following way: its objects are pairs ([n], M,) of an
object [n] of A and an object M, € C”, and morphisms from ([n'], M)
to ([n], M,) are pairs (f,if) of a map f : [n/] — [n] and a bimodule
map ¢ : filtMy) — M,. A map (f,cr) is called co-Cartesian if 1y is an
isomorphism. For the details of this construction, in particular, for the defini-
tion of the composition of morphisms, we refer the reader to [Gr].

The category Cx comes equipped with a natural forgetful projection 7 :
C4 — A, and this projection is a cofibration in the sense of [Gr]. A section of
this projection is a functor o : 4 — Cx such that 7 oo = id (since A is small,
there is no harm in requiring that two functors from A to itself be equal, not
just isomorphic). These sections obviously form a category which we denote
by Sec(Cx). Explicitly, an object My € Sec(Cx) is given by the following:

(i) a collection of objects M,, = Mx([n]) € C™, and
(ii) a collection of transition maps ¢f : fiM, — M, for any n, n/, and f €

A([n']; [n]),

subject to natural compatibility conditions.

A section o : A — Cy4 is called co-Cartesian if o(f) is a cocartesian map
for any [n],[n'] € A and f : [n'] — [n], equivalently, a section is cocartesian if
all the transition maps ¢ are isomorphisms. co-Cartesian sections form a full
subcategory Seccqrt(Cy).
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Lemma 2.2. The category Seccqrt(Cx) of co-Cartesian objects My € Sec(Cy4)
is equivalent to the category of the following data:

(i) an object M = My([1]) € C, and
(ii) an isomorphism 7 : I x M — M x I in the category C*> =C x C,

such that if we denote by 7;; the endomorphism of I x I x M € C?® obtained
by applying T to the i-th and j-th multiples, we have T31 0 Ty2 0 Tog = id.

Proof. Straightforward and left to the reader.

faithful: an object in Seceqr+(Cx) is given by My ([1]) plus some extra struc-
ture on it, and all the higher components My ([n]), n > 2, together with the
transition maps ¢f, can be recovered from My ([1]) and this extra structure.

Return now to the abelian situation: we are given an associative unital
algebra A over a field k, and our monoidal category is C = A-bimod, with
the natural tensor product. Then for every n, the product A-bimod™ has a
fully faithful embedding A-bimod™ — A®"-bimod, My x My X - x M,
MK MsK---X M,, and one checks easily that the multiplication functors
mg actually extend to right-exact functors

Thus the natural forgetful functor Seccar(Cx) — C, My — My([1]) is
)

mg : A®-bimod — A-bimod:
for instance, one can define mg as
mg(M) = M/ {aym —ma, |ve S,ac Ame M},

wherea, =1®---®a®---®1 € A®S with a at the v-th position, and v’ € S
is the next element after v. We can therefore define the cofibered category
A-bimody /A with fiber A®V("D)_bimod over [n] € A, and transition functors
fiasin (2.5). We also have the category of sections Sec(A-bimody) and the
subcategory of co-Cartesian sections Seccq,+(A-bimody4) C Sec(A-bimody).

Lemma 2.3. The category Sec(A-bimody) is a k-linear abelian category.

Proof (Sketch of a proof). This is a general fact about cofibered categories; the
proof is straightforward. The kernel Ker ¢ and cokernel Coker ¢ of a map ¢ :
My — M}, between objects My, M}, € Sec(A-bimody) are taken pointwise:
for every n, we have an exact sequence

0 — (Ker 6)([n]) — My(In]) % M(n]) — (Coker ¢)([n]) — 0.

The transtition maps ¢¢ for Ker ¢ are obtained by restriction from those for
My for Coker ¢, one uses the fact that the functors fi are right-exact.

Definition 2.4. A cyclic bimodule M over a unital associative algebra A is a
cocartesian section My € SeCeqri(A-bimody). A complex of cyclic bimodules
M, over A is an object in the derived category D(Sec(A-bimody)) whose
homology objects are co-Cartesian.
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Complexes of cyclic bimodules obviously form a full triangulated
subcategory in D(Sec(A-bimody)); consistent notation for the category would
be Dcgrt(Sec(A-bimody)), but for simplicity we will denote its DA(A-bimod).
We have to define complexes separately for the following reasons:

(i) The category Seccqr(A-bimody) C Sec(A-bimody) need not be abelian:
since the transition functors fi are only right-exact, the condition of being
cocartesian need not be preserved in passing to kernels.

(ii) Even if Secqrt(A-bimody) is abelian, its derived category might be much
smaller than DA(A-bimod).

Example 2.5. An extreme example of (ii) is the case A = k: in this case
Sec(A-bimody) is just the category of cyclic vector spaces, Fun(4, k), and
E € Fun(A, k) is co-Cartesian if and only if E(f) is invertible for any map
f : [?] — [n]. One deduces easily that E must be a constant functor, so
that Seccart(k-bimody) = k-Vect. Then DA(k-bimod) is the full subcategory
Deonst(A, k) C D(A, k) of complexes whose homology is constant. If we were to
consider A°PP instead of A, we would have Deopst(APP k) = D(k- Vect): since
H*(A°PP k) = k, the embedding D(k-Vect) — D(A°PP k) is fully faithful,
and Deonst (A°PP, k) is its essential image. However, H" (A, k) is k[u], not k.
Therefore there are maps between constant functors in D(A, k) that do not
come from maps in D(k-Vect), and the cones of these maps give objects in
Deonst(A, k) that do not come from D(k- Vect).

This phenomenon is quite common in homological algebra; examples are,
for instance, the triangulated category of complexes of étale sheaves with
constructible homology, the category of complex of D-modules with holonomic
homology, and the so-called “equivariant derived category” of sheaves on a
topological space X acted upon by a topological group G (which is not in
fact the derived category of anything useful). The upshot is that it is the
triangulated category DA(A-bimod) that should be treated as the basic object,
wherever categories are discussed.

Remark 2.6. We note one interesting property of the category Deonst(4, k).
Fix an integer n > 1, and consider the full subcategory A<, C A of objects
[n'] € A with n’ < n. Then one can show that H" (A<, k) = k[u]/u™, so that
we have a natural exact triangle

H.(Acn,E") —— HC.(E") —“— HC.jon(E) —— , (26

for every E* € Deonst (A, k). We note that for any E* € D(A, k), (1.4) extends
to a spectral sequence

HH,(E)[u '] = HC,(E), (2.7)

where the expression on the left-hand side reads as “polynomials in one formal
variable u~! of homological degree 2 with coefficients in HH, (E").” Then (2.6)
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shows that for E* € Deonst(4, k), the first n differentials in (2.7) depend only
on the restriction of E* to A<(,4+1) C A. This is useful because in practice,
one is often interested only in the first differential in the spectral sequence.

As in Lemma 2.2, a cyclic A-bimodule My essentially consists of an
A-bimodule M = M4([1]) equipped with an extra structure. Explicitly, this
structure is a map 7 : A ®, M — M ® A that respects the A®2-bimodule
structure on both sides and satisfies the condition 731 0 715 0 793 = id, as in
Lemma 2.2.

Another way to view this structure is the following. One checks easily
that for any cyclic A-bimodule My, the restriction j*My € Fun(A°PP k) is
canonically isomorphic to the simplicial k-vector space M. ﬁ associated to the
underlying A-bimodule M as in (2.3). By adjunction, we have a natural map

Ty :ngﬁ — My.

Then ngﬁ in this formula depends only on M € A-bimod, and all the struc-
ture maps that turn M into the cyclic bimodule My are collected in the
map T#.

We can now define cyclic homology with coefficients. The definition is
rather tautological. We note that for any cyclic A-bimodule M, or in fact,
for any My € Sec(A-bimody), we can treat My as a cyclic vector space by
forgetting the bimodule structure on its components M,,.

Definition 2.7. The cyclic homology HC, (A, My) with coefficients in a
cyclic A-bimodule M is equal to H,(A, My).

Of course, (1.4), being valid for any cyclic k-vector space, also applies to
HC, (A, My), so that we automatically get the whole package: the Connes ex-
act sequence, the periodicity endomorphism, and the periodic cyclic homology
HP,(A,M). By Lemma 2.1, HH, (M) coincides with HH, (A, M) as defined
in (2.2).

3 Gauss—Manin connection.

To illustate the usefulness of the notion of a cyclic bimodule, let us study the
behavior of cyclic homology under deformations.

There are two types of deformation theory objects that one can study for
an associative algebra A. The first is the notion of a square-zero extension of
the algebra A by an A-bimodule M. This is an associative algebra A that fits
into a short exact sequence

0 —— M —~ 5 A -2 4 0,

where p is an algebra map, and 7 is an A-bimodule map, under the A-bimodule
structure on M induced from the given A-bimodule structure by means of the
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map p. In other words, the multiplication on the ideal Kerp C Ais trivial, so
that the A-bimodule structure on Ker p is induced by an A-bimodule structure,
and ¢ identifies the A-bimodule Ker p with M. Square-zero extensions are clas-
sified up to an isomorphism by elements in the second Hochschild cohomology
group HH?(A, M), defined as

H' (A, M) = EXt'yoppg 4 (A, M),

In this setting, we can consider the cyclic homology of the algebra A and
compare it with the cyclic homology of A. T. Goodwillie’s theorem [Go] claims
that if the base field k£ has characteristic 0, the natural map

HP,(A) — HP,(A)

is an isomorphism, and there is also some information on the behavior of
HC,(A).

A second type of deformation-theory data includes a commutative k-
algebra R with a maximal ideal m C R. A deformation Ar of the algebra
A over R is a flat associative unital algebra Ar over R equipped with an
isomorphism Ap/m = A. In this case, one can form the relative cyclic R-
module Arx by taking the tensor products over R; thus we have relative
homology HH,(Ar/R), HC,(Ar/R), HP,(ARr/R). The fundamental fact dis-
covered by E. Getzler [Ge] is that we have an analogue of the Gauss—Manin
connection: if Spec(R) is smooth, the R-module HP;(Agr/R) carries a canon-
ical flat connection for every i.

Consider now the case that R is not smooth but, on the contrary, local
Artin. Moreover, assume that m? = 0, so that R is itself a (commutative)
square-zero extension of k. Then a deformation Ag of A over R is also a square-
zero extension of A, by the bimodule A ® m (m here is taken as a k-vector
space). But this square-zero extension is special: for a general square-zero
extension A of A by some M € A-bimod, there does not exist any analogue
of the relative cyclic R-module Arx € Fun(4, R).

We observe the following: the data needed to define such an analogue is
precisely a cyclic bimodule structure on the bimodule M.

Namely, assume given a square-zero extension A of the algebra A by some
A-bimodule M, and consider the cyclic k-vector space Ax € Fun(4, k). Let
us equip A with a descreasing two-step filtration F* by setting F 14 = M.
Then this induces a decreasing filtration F'* on tensor powers A®n_Since A is
square-zero, F'* is compatible with the multiplication maps; therefore we also
have a filtration F* on Ax. Consider the quotient

One checks easily that gr?, ﬁ# ~ Ay and grk g# = ngﬁ in a canonical way,
so that A fits into a canonical short exact sequence
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0 —— jMg —— Ay Ay 0 (3.1)

of cyclic k-vector spaces.

Now assume in addition that M is equipped with a structure of a cyclic
A-bimodule M, so that Mﬁ 2 j*My, and we have the structure map 74 :
ngﬁ — M. Then we can compose the extension (3.1) with the map 74, to
obtain a commutative diagram

0 —— jMp —— Ay Ay 0
T#l l H (3.2)
0 —— My — Ay Ay 0

of short exact sequences in Fun(A, k), with Cartesian left square. It is easy
to check that when A = Apg for some square-zero R, so that M = A ® m,
and we take the cyclic A-bimodule structure on M induced by the tautological
structure on A, then A4 coincides precisely with the relative cyclic object Arx
(which we consider as a k-vector space, forgetting the R-module structure).

We believe that this is the proper generality for the Getzler connection; in
this setting, the main result reads as follows.

Proposition 3.1. Assume given a square-zero extension A of an associative
algebra A by an A-bimodule M, and assume that M is equipped with a struc-
ture of a cyclic A-bimodule. Then the long exact sequence

HP,(A,M) —— HP,(Ay) —— HP,(A) ——

of periodic cyclic homology induced by the second row in (3.2) admits a
canonical splitting HP,(A) — HP,(Ay4).

Proof. By definition, we have two natural maps

HP,(Ay) — HP,(Ay) = HP,(A), (3.3)
HP,(Az) — HP,(Ay), |

and the cone of the first map is isomorphic to HP, (ngﬁ). Since ji is
exact, we have HC, (ngﬁ) >~ HH,(My), and the periodicity map w :
HC, (ijﬁ) — HC’._z(ijﬁ) isequal to 0, so that HP, (ngﬁ) = 0. Thus the
first map in (3.3) is an isomorphism, and the second map is then the required

splitting.

Corollary 3.2. Assume given a commutative k-algebra R with a mazimal
ideal m C R, and a deformation Ag of the algebra A over R. Then if Spec(R)
is smooth, the R-modules HP,(Ar/R) carry a natural connection.
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Proof (Sketch of a proof). Consider the R ® R-algebras Ag ® R and R® Ag,
and their restrictions to the first infinitesimal neighborhood of the diagonal
in Spec(R® R) = Spec(R) x Spec(R). Then Proposition 3.1, suitably general-
ized, shows that HP,(—) of these two restrictions are canonically isomorphic.

It is well known that giving such an isomorphism is equivalent to giving a
connection on HP,(Ar/R).

We note that we do not claim that the connection is flat. It certainly is,
at least in characteristic 0; but our present method does not allow one to go
beyond square-zero extensions. Thus we cannot analyze the second infinitesemal
neighborhood of the diagonal in Spec(R ® R), and we cannot prove flatness.

Unfortunately, at present, we do not understand what is the proper cyclic
bimodule context for higher-level infinitesimal extensions. Of course, if one is
interested only in an R-deformation A = Apr over an Artin local base R, not in
its cyclic bimodule generalizations, one can use Goodwillie’s Theorem: using
the full cyclic object Ay instead of its quotient A_# in Proposition 3.1 im-
mediately gives a splitting HP,(A) — HP,(Ar/R) of the augmentation map
HP,(Ar/R) — HP,(A), and this extends by R-linearity to an isomorphism
HP,(Ar/R) = HP,(A) ® R. However, this is not quite satisfactory from
the conceptual point of view, and it does not work in positive characteristic
(where Goodwillie’s Theorem is simply not true). If char k # 2, the latter can
be cured by using Z#/F‘?Z#, but the former one remains. We plan to return
to this elsewhere.

4 Categorical Approach.

Let us now try to define cyclic homology in a more general setting: we will
attempt to replace A-bimod with an arbitrary associative unital k-linear tensor
category C with a unit object | € C. We do not assume that C is symmetric in
any way. However, we will assume that the tensor product —® — is right-exact
in each variable, and we will need to impose additional technical assumptions
later on.

The first thing to do is to try to define Hochschild homology; so let us look
more closely at (2.1). The formula an the right-hand side looks symmetric,
but this is an optical illusion; the two copies of A are completely different
objects: one is a left module over A°PP ® A, and the other is a right module
(A just happens to have both structures at the same time). It is better to
separate them and introduce the functor

tr : A-bimod — k- Vect
by tr(M) = M ® gerpga A, or equivalently, by
tr(M) = M/{am —ma |a € A,m e M}. (4.1)
Then tr is a right-exact functor, and we have HH, (A, M) = L" tr(M).
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We want to emphasize that the functor tr cannot be recovered from the
tensor structure on A-bimod; this really is an extra piece of data. For a general
tensor category C, it does not exist a priori; we have to impose it as an
additional structure.

Let us axiomatize the situation. First, forget for the moment about the
k-linear and abelian structure on C; let us treat it simply as a monoidal cate-
gory. Assume given some other category B and a functor T7': C — B.

Definition 4.1. The functor T : C — B is a trace functor if it is extended to
a functor Cx — B that sends any cocartesian map f: M — M’ in C4 to an
invertible map.

Another way to say the same thing is the following: the categories
Fun(C™, B) of functors from C™ to B form a fibered category over A, and a
trace functor is a Cartesian section of this fibration. Explicitly, a trace functor
is defined by T': C — B and a collection of isomorphisms

TM@M')—T(M @ M)

for any M, M’ € C that are functorial in M and M’ and satisfy some
compatibility conditions analogous to those in Lemma 2.2; we leave it to
the reader to write down these conditions precisely. Thus T has a tracelike
property with respect to the product in C, and this motivates our terminology.

Recall now that C is a k-linear abelian category. To define Hochschild
homology, we have to assume that it is equipped with a right-exact trace
functor tr : C — k-Vect; then for any M € C, we set

HH, (M) = L" tr(M). (4.2)

Lemma 4.2. The functor tr : A-bimod — k-Vect canonically extends to a
right-exact trace functor in the sense of Definition 4.1.

Proof. For any object ([n], M,) € A-bimody, [n] € A, M,, € A®™-bimod, let
tr(([n], My)) = M,/ {aym —ma, |v € V([n]),m € My,a € A},

where a, = 1®1®- - -®a®- - -®1 € APV ") has ¢ in the multiple corresponding
to v € V([n]), and v € V([n]) is the next marked point after v counting
clockwise. The compatibility with maps in the category A-bimody is obvious.

We note that here, in the case C = A-bimod, the category A-bimody
is actually larger than what we would have had purely from the monoidal
structure on C: M, is allowed to be an arbitrary A®”-bimodule, not a col-
lection of n A-bimodules. To do the same for general k-linear C, we need to
replace A®"-bimod with some version of the tensor product C®". Here we have
a difficulty: for various technical reasons, it is not clear how to define tensor
products for sufficiently general abelian categories.
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One way around it is the following. For any (small) k-linear abelian
category B, a k-linear functor B°PP — k-Vect is left-exact if and only if it
is a sheaf for for the canonical Grothendieck topology on B ([BD, 5, §10]);
the category Shv(B) of such functors is abelian and k-linear, and B itself is
naturally embedded into Shv(B) by Yoneda. The embedding is a fully faithful
exact functor. Every functor in Shv(B) is in fact a direct limit of representable
functors, so that Shv(B) is an inductive completion of the abelian category
B. Now, if we are given two (small) k-linear abelian categories B, B2, then
their product By x Bs is no longer abelian. However, we still have the abelian
category Shv(B; x Bs) of bilinear functors By x Bs?? — k-Vect, which are
left-exact in each variable, and the same goes for polylinear functors.

Moreover, for any right-exact functor F' : By — B2 between small abelian
categories, we have the restriction functor F* : Shv(Bs) — Shv(B;), which is
left-exact, and its left-adjoint Fy : Shv(B;) — Shv(B2), which is right-exact.
The functor F) is an extension of the functor F: on Yoneda images B; C
Shv(B;), we have Fi = F. And again, the same works for polylinear functors.

In particular, given our k-linear abelian tensor category C, we can form
the category Shv(C)4 of pairs (E,[n]), [n] € A, E € Shv(C"), with a map
from (E’, [n']) to (F,[n]) given by a pair of a map f : [n'] — [n] and either
amap E' — (fi)*E, or map (fiiE’ — FE; this is equivalent by adjunction.
Then Shv(C)y is a bifibered category over A in the sense of [Gr].

The category of sections A — Shv(C)x of this bifibration can also be
described as the full subcategory Shv(Cyx) C Fun(Cy”, k) spanned by those
functors Ey : C3f” — k-Vect whose restriction to (COPP)" C Cyf” is a shea,
that is, an object in Shv(C™) C Fun((C°PP)™, k). Since the transition functors
(fi)r are right-exact, Shv(Cy) is an abelian category (this is proved in exactly
the same way as Lemma 2.3).

We denote by Shveet(Cx) C Shv(Cx) the full subcategory of sections
E : A — Shv(C)x that are co-Cartesian, and moreover, are such that E([1]) €
Shv(C) actually lies in the Yoneda image C C Shv(C). We also denote by
DA(C) C D(Shv(Cyx)) the full triangulated subcategory of complexes £, €
D(Shv(Cx)) with homology in Shvqr(Cy).

If C is the category of A-bimodules for some algebra A, or better yet, of
A-bimodules of cardinality not more than that of AxN, so that C is small, then
Shv(C) is equivalent to A-bimod (one shows easily that every sheaf E € Shv(C)
is completely determined by its value at A°?P ® A € C). In this case, DA(C)
is our old category DA(A-bimod).

Now we assume that C is equipped with a right-exact trace functor tr :
C — k-Vect. We would like to define cyclic homology HC, (M,) for any M, €
DA(C), and we immediately notice a problem: for a general C, we do not have
a forgetful functor to vector spaces. However, it turns out that the forgetful
functor is not needed for the definition; it can be replaced with the trace
functor tr.

We proceed as follows. By definition, tr is extended to a functor Cx —
k-Vect; we extend it canonically to a functor Shv(C)x — k-Vect, and consider
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the product
tr x7 : Shv(C)u — k-Vect x A,

where 7 : Shv(C)x — A is the projection. This is a functor compatible with
the projections to A, and therefore, it induces a functor of the categories
of sections. The category of sections of the projection k-Vect x A — A is
tautologically the same as Fun(A, k- Vect), so that we have a functor

tray : ShV(C#) — Fun(/l, k)
One checks easily that this functor is right-exact.

Definition 4.3. For any My € Sec(Cy), its cyclic homology HC,(My) is
defined by

HC,(My) = HC, (L try(My)) = H, (A, L try(My)).

Definition 4.4. The pair (C,tr) is called homologically clean if for any n, the
category Shv(C™) has enough objects E such that

(i) E is acyclic both for functors (fi); : Shv(C™) — Shv(C™), for any f :
[n] — [n'], and for the trace functor tr : Shv(C™) — k-Vect, and

(ii) for any f : [n] — [0], (AWE € Shv(C™) is acyclic for tr : Shv(C") —
k-Vect.

Example 4.5. Assume that the category C has enough projectives, and more-
over, P; ® P, is projective for any projective Py, P» € C (this is satisfied, for
instance, for C = A-bimod). Then the pair (C,tr) is homologically clean, for
any trace functor tr. Indeed, Shv(C™) then also has enough projectives, say
sums of objects

P=PXPKX. . -XKP,cShv(C") (4.3)

for projective Py,..., P, € C C Shv(C), and these projectives automatically
satisfy the condition (i). To check (ii), one decomposes f : [n] — [n/] into a
surjection p : [n] — [n”] and an injection i : [n”] — [n']. Since the tensor
product of projective objects is projective, (p)i(P) € ShV(C””) is also an
object of type (4.3), so we may as well assume that f is injective. Then one
can find a left-inverse map f’ : [n'] — [n], f' o f = id; since P’ = (fi)i(P) is
obviously acyclic for (f/),, and (f/), (P") = ((f" o f))(P) = P is acyclic for
tr, P’ itself is acyclic for tr = tro (f/),.

Lemma 4.6. Assume that (C,tr) is homologically clean. Then for any object
[n] € A and any My € Shv(Cyx), we have

L™ try (My)([n]) = L7 tr(My([n]))- (4.4)

For any M, € DA(C), we have L' try(My) € Deonst(A, k) C D(A, k).
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Proof. The natural restriction functor Shv(Cx) — Shv(C™), My — Mxy([m])
has a left-adjoint functor I,y : Shv(C™) — Shv(Cx); explicitly, it is given by

Li(E)[W) = D (uE). (4.5)

finl—[n’]

Let us say that an object E € Shv(C™) is admissible if it satisfies the condi-
tions (i), (ii) of Definition 4.4. By assumption, Shv(C™) has enough admissible
objects for any n. Then Shv(Cy) has enough objects of the form I,,) E, [n] € 4,
E € Shv(C™) admissible, and to prove the first claim, it suffices to consider
My = I E of this form. In degree 0, (4.4) is the definition of the functor
try, and the higher-degree terms on the right-hand side vanish by Defini-
tion 4.4 (ii). Therefore it suffices to prove that My = I E is acyclic for the
functor try. This is obvious: applying try to any short exact sequence

0 M), MY My —— 0

in Shv(Cy ), we see that since My ([n']) is acyclic for any [n'] € A, the sequence
0 —— trMy([n']) —— trMj([n']) —— tr My([n]) —— 0
is exact; this means that

is an exact sequence in Fun(4, k), and this means that My is indeed acyclic
for try.

With the first claim proved, the second amounts to showing that the nat-
ural map

L troL’ (f0(E) — L' tr(E)

is a quasi-ismorphism for any f : [n] — [n/] and any E € Shv(C™). It suffices
to prove it for admissible M; then the higher derived functors vanish, and the
isomorphism tro(fi) = tr is Definition 4.1.

Lemma 4.7. In the assumptions of Lemma 4.6, for any complex M# €
DA(C) with the first component M* = M ([1]) we have

HH,(M')= HH, (L try (M})).

Proof. By Lemma 4.6, the left-hand side, HH, (M "), is canonically isomorphic
to the complex L"try (M) € D(A, k) evaluated at [1] € A, and moreover,
L try (M) lies in the subcategory Deonst(A,k) C D(A, k). It remains to
apply the following general fact: for any E° € Deonst (4, k), we have a natural
isomorphism HH,(E") = E*([1]). Indeed, by definition we have

HH,(E") = H,(A%" j*E"),

and j*E" lies in the category Deonst(APP, k), which is equivalent to D (k- Vect)
(see Example 2.5, and also Remark 2.6: the isomorphism we constructed here
is a special case of (2.6) for n = 1).
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The lemma shows that if the pair (C,tr) is homologically clean,
Definition 4.3 is consistent with (4.2), and we get the whole periodicity
package of (1.4): the periodicity map u, the Connes exact sequence

HH,(M') —— HC,(M*) —*— HC, o(M') — ,
and the periodic cyclic homology HP, (M").

In general, objects in DA(C) may be hard to construct, but we always have

at least one: the identity section |y : A — Shv(C)4, given by

L (n]) = 177 € ¢,

where | € C is the unit object. Thus we can define cyclic homology of a tensor
category equipped with a trace functor.

Definition 4.8. For any k-linear abelian unital tensor category C equipped
with a trace functor tr : C — kVect, its Hochschild and cyclic homologies are
given by

HH,(C,tr) = HH.(1), HC,(C,tr) = HC. (1),

where | € C is the unit object, and |l € DA(C) is the identity section.

We now have to check that in the case C = A-bimod, Definition 4.3 is
compatible with our earlier Definition 2.7, in other words, that the cyclic
homology computed by means of the forgetful functor is the same as the
cyclic homology computed by means of the trace. This is not at all trivial.
Indeed, if for instance My € Shv(Cy) is co-Cartesian, then, while L° tr# My
lies in the subcategory Deonst(A, k) C D(A, k), the same is certainly not true
for the object My € Fun(4, k) obtained by forgetting the bimodule structure
on M,.

Thus these two objects are different. However, they do become equal after
taking cyclic (or Hochschild, or periodic cyclic) homology. Namely, for any
My € Sec(A-bimody) we have a natural map

My — L't My (4.6)
in the derived category D(4, k), and we have the following result.

Proposition 4.9. For every My € Sec(A-bimody), the natural map (4.6)
induces isomorphisms

HH,(My) = HH.(L" tr My),
HC,(M#) = HC_(L‘ tI’M#),
HP,(M#) = HP_(L. tI’M#).

Proof. By (1.4), it suffices to consider HC, (—); as in the proof of Lemma 4.6, it
suffices to consider My = I, E given in (4.5), with E being the free bimodule
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E = (A" @ A)®" € Shv(C™) = A®"-bimod
for some fixed n. Explicitly, we have
LE() = @ Q& Ao ) (4.7)
finl=nTo' eV ([n])
for any [n'] € A. Then LPtry I,)E = 0 for p > 1, and one checks easily that
try [nE = igtr B =i A" € Fun(4, k),

where i,, : pt — A is the embedding of the object [n] € A (pt is the category
with one object and one morphism). Therefore

HCo(L" try InE) = H.(A, i A®") = A®",

and HC,(L" try i, E) = 0 for p > 1. We have to compare it with HC, (i, E).
To do this, consider the category Ap, of objects [n'] € A equipped with

a map [n] — [n'], and let j, : A, — A be the forgetful functor. Then j, is

obviously a discrete cofibration. Comparing (1.2) and (4.7), we see that

In!E - ]n'EL:]

for some EL:] € Fun(Ayp,)). Moreover, fix once and for all a map [1] — [n].
Then we see that the discrete cofibration j,, : A, — A factors through the
discrete cofibration j : Aj;; = AP — A by means of a discrete cofibration
Yn @ A — Apyy, and we observe that

B (@) = (42 A%

depends only on 7, ([n']) € A°PP. More precisely, we have E;[;:} = v*E2 where

n-—n

EA € Fun(A°P k) is as in (2.3), and E, is the free A-bimodule
E, = A" @ A®("—1 ¢ A
The conclusion: we have

HC,(I,FE)=H, (A[n],E;Z]) =H, (Aopp77’n!7':E'r?) —H, (Aopp’Ef ®’Yn!k) ’

where we have used the projection formula (1.3) in the right-hand side. The
homology of the category A°PP can be computed by the standard complex;
then by the Kiinneth formula, the right-hand side is isomorphic to

H, (A7, E2) & H.(A, k) = H, (A, E3) & H, (A, ).
By Lemma 2.1,
H, (AP EY) = HH,(A, E,) = A%

Since the category A, has an initial object [n] € Ap,), we have k = ipnk, so
that the second multiple H, (A, k) is just k in degree 0.
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The essential point of Proposition 4.9 is the following: the cyclic object
Ay associated to an algebra A inconveniently contains two things at the same
time: the cyclic structure, which seems to be essential to the problem, and
the bar resolution, which is needed only to compute the Hochschild homol-
ogy HH,(A). Replacing Ay with the cyclic complex L*try Ay € D(A,k)
disentangles these two.

We note that while one still has to prove that this does not change the
final answer, the construction itself looks pretty straightforward: if one wants
to remove the inessential bar resolution from the definition of the cyclic ho-
mology, Definition 4.8 seems to be the obvious thing to try. However, it was
actually arrived at by a sort of reverse engineering process. To finish the sec-
tion, perhaps it would be useful to show the reader the first stage of this
process.

Assume given an associative algebra A, and fix a projective resolution P, of
the diagonal A-module A. Then HH, (A, M) can be computed by the complex

tr(P.) = P. ®Aopp®A A

How can one see the cyclic homology in terms of this complex? Or even
simpler, what is the first differential in the spectral sequence (2.7), the Connes
differential B : HH,(A) — HH,11(A)?

There is the following recipe, which gives the answer. Let 7 : P, — A
be the augmentation map. Consider the tensor product P, ® 4 P,. This is
also a projective resolution of A, and we actually have two natural quasi-
isomorphisms

T, 72 P,®4 P, — P,,

given by 1 = 7 ® id, 702 = id®7. These quasi-isomorphisms are different.
However, since both are maps between projective resolutions of the same
object, there should be a chain homotopy between them. Fix such a homotopy
L P, @A P, — Py

Now we apply the trace functor tr, and obtain two maps 7, 7o:

tr(P, ® P,) — tr(P,), and a homotopy ¢ : tr(P, ® P,) — tr(P,+1) between
them.

However, by the trace property of 7, we also have an involution o :
tr(P, ® 4 P.) that interchanges the two multiples. This involution obviously
also interchages 7 and 79, but there is no reason why it should fix the homo-
topy ¢ — in fact, it sends ¢ to a second homotopy ¢ : tr(P, ® 4 P,) — tr(P,11)
between 7 and 7.

The difference ' — ¢ is then a well-defined map of complexes

—vitr(P, ®a P,) — tr(P.41). (4.8)

On the level of homology, both sides are HH, (A); the map ¢/ — ¢ then induces
exactly the Connes differential B : HH,(A) — HH,1(A).

To justify this recipe, we use Proposition 4.9 and identify HC,(A) with
HC,(L" trg(Ag)) rather than HC,(A4). Then L*tru(Ax) is an object in
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Deonst(A, k). Therefore, as noted in Remark 2.6, the Connes differential B
depends only on the restriction of L* trg(Ax) to A<z C A. In other words, we
do not need to compute the full L" tru(Ax) and to construct a full resolution
P# of the cyclic A-bimodule Ay; it suffices to construct P! = P#([i]) for
i =1,2 (and then apply the functor tr).

With the choices made above, we set P! = P,, and we let P2 be the cone

of the map
(TXid) @ (id X7)

P,X P, (AR P,) & (P, K A).

The involution o : [2] — [2] acts on P? in the obvious way. We also need to
define the transition maps ¢y for the two injections d,d’ : [1] — [2] and the
two surjections s, s’ : [2] — [1]. For dy, the transition map tq : AX P, — P2
is the obvious embedding, and so is the transition map ¢g. For the surjection
s, we need a map ts from the cone of the map

(TQid)®(id ®7)

P, ®a P, P, o P,

to P,. On P, & P,, the map ¢, is just the difference map a &b — a — b; on
P, ®4 P,, s is our fixed homotopy ¢ : P, ®4 P, — P, 1. And similarly for the
other surjection s’.

We leave it to the reader to check that if one computes L™ tru(Ax) |4,
using this resolution P#, then one obtains exactly (4.8) for the Connes dif-
ferential B.

5 Discussion

One of the most unpleasant features of the construction presented in Section 4
is the strong assumptions we need to impose on the tensor category C. In fact,
the category to which one would really like to apply the construction is the
category End B of endofunctors—whatever that means—of the category B of
coherent sheaves on an algebraic variety X. But if X is not affine, End B
certainly does not have enough projectives, so that Example 4.5 does not
apply, and it is unlikely that End B can be made homologically clean in the
sense of Definition 4.4. We note that Definition 4.4 has been arranged so as
not to impose anything more than strictly necessary for the proofs; but in
practice, we do not know any examples that are not covered by Example 4.5.

As for the category End B, there is an even bigger problem with it: while
there are ways to define endofunctors so that End B is an abelian category
with a right-exact tensor product, it cannot be equipped with a right-exact
trace functor tr. Indeed, it immediately follows from Definition 4.8 that the
Hochschild homology groups HH,(C) of a tensor category C are trivial in
negative homological degrees. If C = End B, one of course expects HH, (C) =
HH,(X), the Hochschild homology HH,(X) of the variety X, which by now
is well understood (see, e.g., [W]). And if X is not affine, HH, (X) typically is
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nontrivial both in positive and in negative degrees. If X is smooth and proper,
HH,(X) in fact carries a nondegenerate pairing, so that it is just as nontrivial
in degrees > 0 as in degrees < 0. Thus the case of a nonaffine algebraic variety
is far beyond the methods developed in this paper.

The real reason for these difficulties is that we are dealing with abelian
categories, while the theory emphatically wants to live in the triangulated
world; as we explained in Example 2.5, even our main topic, cyclic bimodules,
are best understood as objects of a triangulated category DA(C). Unfortu-
nately, we cannot develop the theory from scratch in the triangulated context,
since we do not have a strong and natural enough notion of an enhanced
triangulated category (and working with the usual triangulated categories is
out of the question because, for instance, the category of triangulated func-
tors between triangulated categories is usually not a triangulated category
itself). A well-developed theory would probably require a certain compromise
between the abelian and the triangulated approaches. We will return to it
elsewhere.

Another thing that is very conspicuously not done in the present paper
is the combination of Section 4 and Section 3. Indeed, in Section 3, we are
dealing with cyclic homology in the straightforward naive way of Section 2,
and while we define the cyclic object A4 associated to a square-zero extension

ﬁ, we make no attempt to find an appropriate category Sec(A-bimod.) where
it should live. This is essentially the reason why we cannot go further than
square-zero extensions. At present, sadly, we do not really understand this

hypothetical category Sec(A-bimod).

One suspects that treating this properly would require studying defor-
mations in a much more general context: instead of considering square-zero
extensions of an algebra, we should look at the deformations of the abelian
category of its modules, or at the deformations of the tensor category of its
bimodules. This brings us to another topic completely untouched in the paper:
the Hochschild cohomology HH" (A).

Merely defining Hochschild cohomology for an arbitrary tensor category C
is in fact much simpler than the definition of HH, (C), and one does not need a
trace functor for this: we just set HH"(C) = Ext’(l,1), where | € C is the unit
object. However, it is well understood by now that just as Hochschild homol-
ogy always comes equipped with the Connes differential, the spectral sequence
(2.7), and the whole cyclic homology package, Hochschild cohomology should
be considered not as an algebra but as the so-called Gerstenhaber algebra; in
fact, the pair HH,(—), HH (—) should form a version of “noncommutative
calculus,” as proposed for instance in [TT]. Deformations of the tensor cat-
egory C should be controlled by HH"(C), and the behavior of HH,(C) and
HC,(C) under these deformations reflects various natural actions of HH"(—)
on HH,(-).

We believe that a convenient development of the “noncommutative
calculus” for a tensor category C might be possible along the same lines
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as our Section 4. Just as our category DA(C) is defined as the category of
sections of the cofibration Cx/A, whose definition imitates the usual cyclic
object A, one can construct a cofibration C# /A that imitates the standard
cosimplicial object computing HH"(A): for any [n] € A, C#([n]) is the cat-
egory of polylinear right-exact functors from C"~! to C, and the transition
functors between various C#([n]) are induced by the tensor product on C.
Then one can define a triangulated category DA(C), the subcategory in
D(Sec(C*)) of complexes with co-Cartesian homology; the higher structures
on HH'(C) should be encoded in the structure of the category DA(C), and
relations between HH,(C) and HH'(C) should be reflected in a relation
between DA(C) and DA(C). We will proceed in this direction elsewhere. At
present, the best we can do is to make the following hopeful observation:

e the category Sec..,¢(C*) is naturally a braided tensor category over k.

The reason for this is very simple: if one writes out explicitly the definition of
Seccmt(C#) along the lines of Lemma 2.2, one finds that it coincides on the
nose with the Drinfeld double of the tensor category C.
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Introduction

(0.1) A monomial in noncommutative variables X and Y, say, X‘YJ X*ky! ..
can be visualized as a lattice path in the plane, starting from 0, going ¢ steps
in the horizontal direction, j steps in the vertical one, then again & steps in the
horizontal one, and so on. Usual commutative monomials are often visualized
as lattice points, for example x%y” corresponds to the point (a,b). To lift such
a monomial to the noncommutative domain is therefore the same as to choose
a “history” for (a,b), i.e., a lattice path originating at 0 and ending at (a,b).

This correspondence between paths and noncommutative monomials can
be extended to more general piecewise smooth paths if we deal with ex-
ponential functions instead. Let us represent our commutative variables as
x = e*,y = e¥; then a monomial will be replaced by the exponential e+
and we are free to take a and b to be any real numbers. To lift this ex-
ponential to the noncommutative domain, i.e., to a series in Z, W where
X =¢e?Y = €%, one needs to choose a path v in R? joining 0 with (a,b).
One can easily see this by approximating v by lattice paths with step 1/M,
M — oo, and working with monomials in X /M = /M and YV/M = ¢W/M,
Denote this exponential series by E. (Z, W).
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This suggests the possibility of a “noncommutative Fourier transform”
(NCFT) identifying appropriate spaces of functions of noncommuting vari-
ables (say, of matrices of indeterminate size) with spaces of ordinary functions
or measures on the space of paths. For example, to a measure y on the space
IT of paths (or some completion of it) we want to associate the function F(u)
of Z, W given by

(0.1.1) Fuzw) = [ B2 W)

The basic phenomenon here seems to be that the two types of functional
spaces (noncommutative functions of n variables vs. ordinary commutative
functions but on the space of paths in R™) have, on some fundamental level,
the same size.

The goal of this paper and the ones to follow [K1-2] is to investigate this
idea from several points of view.

(0.2) The concept of NCFT seems to implicitly underlie the very founda-
tions of quantum mechanics such as the equivalence of the Lagrangian and
Hamiltonian approaches to the theory. Indeed, the Lagrangian point of view
deals with path integrals, while the Hamiltonian one works with noncom-
muting operators. Further, it is very close to the concept of the “Wilson
loop” functional (trace of the holonomy) in Yang—Mills theory [Po]. Note that
the exponential E,, being itself the holonomy of a certain formal connec-
tion, is invariant under reparametrization of the path. Quantities invariant
under reparametrization are particularly important in string theory, and the
reparametrization invariance of the Wilson loop led to conjectural relations
between strings and the N — oo limit of Yang-Mills theory [Po].

Since the integral transform F should, intuitively, act between spaces of
the same size, it does not lead to any loss of information and can therefore be
viewed as “path integration without integration.” The actual integration oc-
curs when we restrict the function F(u) to the commutative locus, i.e., make
Z and W commute. Alternatively, instead of allowing Z, W to be arbitrary
matrices, we take them to be scalars. Then all paths having the same end-
point will contribute to make up a single Fourier mode of the commutativized
function. We arrive at the following conclusion: the natural homomorphism
R — Rgp of a noncommutative ring to its mazximal commutative quotient is
the algebraic analogue of path integration.

(0.3) The idea that the space of paths is related to the free group and to its
various versions was clearly enunciated by K.-T. Chen [C1] in the 1950s and
can be traced throughout almost all of his work [C0]. Apparently, much more
can be said about this classical subject. Thus, the universal connection with
values in the free Lie algebra (known to Chen and appearing in (2.1) below)
leads to beautiful nonholonomic geometry on the free nilpotent Lie groups
G, 4, which is still far from being fully understood; see [G].
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Well-known examples of measures on path spaces are provided by prob-
ability theory, and we spend some time in §4 below to formulate various
results from the probabilistic literature in terms of NCFT. Most importantly,
the Fourier transform of the Wiener measure on paths in R” is the noncom-
mutative Gaussian series exp (— 2?21 ij), where the Z; are considered as
noncommuting variables. We should mention here the recent book by Bau-
doin [Ba], who considered the idea of associating a noncommutative series to
a stochastic process. It is clearly the same type of construction as our NCFT
except in the framework of probability theory: parametrized paths, positive
measures, etc.

(0.4) T would like to thank R. Beals, E. Getzler, H. Koch, Y.I. Manin, and
M. A. Olshanetsky for useful discussions. I am also grateful to the referee for
several remarks that helped improve the exposition. This paper was written
during my stay at the Max-Planck-Institut fiir Mathematik in Bonn, and I
am grateful to the institute for support and excellent working conditions. This
work was also partially supported by an NSF grant.

1 Noncommutative Monomials and Lattice Paths

(1.1) Noncommutative polynomials and the free semigroup. Con-
sider n noncommuting (free) variables Xi,...,X,, and form the algebra of
noncommutative polynomials in these variables. This algebra will be denoted
by C(X1,...,X,). It is the same as the tensor algebra

oo n
T(V)=ve, v=c'=cC: X.
d=1 i=1
A noncommutative monomial in X = (Xi,...,X,) is, as described in the

introduction, the same as a monotone lattice path in R" starting at 0. We
denote by F,I the set of all such paths and write X7 for the monomial corre-
sponding to a path . The set F) is a semigroup with the following operation.
If v,~" are two monotone paths as above starting at 0, then v o~’ is obtained
by translating v so that its beginning meets the end of 4" and then forming
the composite path. It is clear that F is the free semigroup on n generators.
Thus a typical noncommutative polynomial is written as

(1.1.1) FXy, LX) = f(X) = > a, X,
yeFTt

Along with C(X4,...,X,,) we will consider the algebra C[z1,...,z,] of usual
(commutative) polynomials in the variables z1,...,z,. A typical such poly-
nomial will be written as

(1.1.2) g(z1,...,zn) =g(x) = Z box®, ¥ =at - -xpn.
a€Z’



52 Mikhail Kapranov
The two algebras are related by the commutativization homomorphism
(1.1.3) c: C(Xy,..., X)) = Clzy,...,z),

which takes X; to ;. For a path v € I, let e(y) € Z" denote the endpoint
of . Then we have

(1.1.4) e(X7) = 2¢0),

This means that at the level of coefficients, the commutativization homo-
morphism is given by the summation over paths with given endpoints: if

g(x) = e( (X)), then

(1.1.5) ba= > ay.

e(v)=a

(1.2) Noncommutative power series. Let I C C(Xq,...,X,,) be the span
of monomials of degree > 1. Then clearly I is a 2-sided ideal and I? is the
span of monomials of degree > d. We define the algebra C((X,...,X,)) as
the completion of C(X7, ..., X,,) in the I-adic topology. Explicitly, elements of
C((X1,...,Xpn)) can be seen as infinite formal linear combinations of noncom-
mutative monomials, i.e., expressions of the form ny ery Oy X7. For example,

o

i I
1.2.1 eXl . eX2 — X{XZ’ 1 _ X’Y
)

15! 1-(X1+X
ij=o " (X1 + X yEFS

are noncommutative power series. We will also be interested in convergence of
. . . o N S
noncommutative series. A series f(X) =3+ ay X7 will be called entire if

(1.2.2) lim R'|a,| =0, VR>0.

y—00

Here [(7) is the length of the path +, and the limit is taken over the countable
set FiF (so no ordering of this set is needed). We denote by C({(X1, ..., X))
the set of entire series. It is clear that this set is a subring.

(1.2.3) Proposition. The condition (1.2.2) is equivalent to the property that
for any N and for any square matrices XY,..., X0 of size N the series of
matrices Y a,(X°)Y obtained by specializing X; — X converges absolutely.

(1.3) Noncommutative Laurent polynomials. By a noncommutative
Laurent monomial in X7,..., X, we will mean a monomial in positive and
negative powers of the X; such as, e.g., XngXleg’. In other words, this
is an element of F,,, the free noncommutative group on the generators X;. A
noncommutative Laurent polynomial is then a finite formal linear combination
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of such monomials, i.e., an element of the group algebra of F,,. We will denote
this algebra by

(1.3.1) C(X{!,.... X = C[F,].

As before, a noncommutative Laurent monomial corresponds to a lattice path
in R™ beginning at 0 but not necessarily monotone. These paths are defined
up to cancellation of pieces consisting of a subpath and the same subpath run
in the opposite direction immediately afterward.

We retain the notation X” for the monomial corresponding to a path ~.
We also write (—v) for the path inverse to v, so X =7 = (X7)~L.

(1.4) Noncommutative Fourier transform: discrete case. The usual
(commutative) Fourier transform relates the spaces of functions on a locally
compact abelian group G and its Pontryagin dual G. The “discrete” case
G =17" G = (S")" corresponds to the theory of Fourier series.

In the algebraic formulation, the discrete Fourier transform identifies the
space of finitely supported functions

(1.4.1) b:Z" - C, aw by, |Supp(d)| < oo,
with the space (C[:clil,...,x#] of Laurent polynomials. It is given by the
well-known formulas
(1.4.2) (ba) = f, fl@) =) baz®,
aEZm™
(1.4.3) fr(ba), ba= / fl)z=d"zq - - d"zp,
lzy]|==|zn|=1

where d*z is the Haar measure on S' with volume 1. Our goal in this sec-
tion is to give a generalization of these formulas for noncommutative Laurent
polynomials.

Instead of (1.4.1) we consider the space of finitely supported functions

(1.4.4) a:F, - C, vy~ ay, [Supp(a)l < oo.

The discrete noncommutative Fourier transform is the identification of this
space with C <X1i1, L XE) via

(1.4.5) (ay) = f, F(X)= ) a, X7

YEF,

This identification ceases to look like a tautology if we regard a noncom-
mutative Laurent polynomial as a function f that to any n invertible
elements X?,..., X0 of any associative algebra A associates an element
f(XP,...,X0) € A We want then to recover the coefficients a, in terms
of the values of f on various elements of various A. Most importantly, we
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will consider A = Maty (C), the algebra of matrices of size N, and let N be
arbitrary. To get a generalization of (1.4.3) we replace the unit circle |z] =1
by the group of unitary matrices U(N) C Maty(C). Let d*X be the Haar
measure on U(N) of volume 1.

The following result is a consequence of the so-called asymptotic freedom
theorem for unitary matrices due to Voiculescu [V]; see also [HP] for a more
elementary exposition.

(1.4.6) Theorem. If f(X) = > .p ayX" is a noncommutative Laurent
polynomial, then we have

N—o0

1
4, = lim — tr/ FXtyeo X)X AP X - d* X,
N Jxi, XeeU()

As for the commutative case, the theorem is equivalent to the following
orthogonality relation. It is this relation that is usually called “asymptotic
freedom” in the literature.

(1.4.7) Reformulation. Let y € F,, be a nontrivial lattice path. Then

lim _tr/ X7 d" Xy d"Xn = 0.
N—oo N X1,..,Xn€U(N)

Note that for v = 0 the integral is equal to 1 for any N.

Passing to the N — oo limit is unavoidable here, since for any given N
there exist nonzero noncommutative polynomials that vanish identically on
Matn(C). An example is provided by the famous Amitsur—Levitsky polyno-
mial

f(Xq, ., Xon) = Z sgn(o) Xo) - Xo(2n)-

ocESaN

2 Noncommutative exponential functions.

(2.1) The universal connection and noncommutative exponentials.

Let us introduce the “logarithmic” variables Z1, ..., Z,, so that we have the
embedding
(2.1.1) C(X1,..., X)) CCUZy,..., Zn)), XirseZi.

The algebra C((Z1,...,Zy,)) is a projective limit of finite-dimensional alge-
bras, namely

(2.1.2) C{(Zy,....Zy)) = limg C{Zy,...,Z,) /1",

where the ideal I is as in (1.2).
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Consider the space R™ with coordinates y1, ..., y,. On this space we have
the following 1-form with values in C((Z1,...,Z,)):

(213) 2 = > Zi-dyg € 2'R")QC{Z1,..., %))

We consider the form as a connection on R™. One can see it as the universal
translation-invariant connection on R™, an algebraic version of the connection
of Kobayashi on the path space, see [Si], Section 3.

Let v be any piecewise smooth path in R™. We define the noncommutative
exponential function corresponding to v to be the holonomy of the above
connection along ~:

(2.1.4) EW(Z):EW(Zl,...,Zn):Pexp/(} e CUZy,..., 7).

The holonomy can be understood by passing to finite-dimensional quotients
as in (2.1.2) and solving an ordinary differential equation with values in each
such quotient.

It is clear that E.(Z) becomes unchanged under parallel translations of ~,
since the form (2 is translation-invariant. So in the following we will always
assume that v begins at 0.

Further, E,(Z) is invariant under reparametrizations of 7: this is a general
property of the holonomy of any connection. So let us give the following
definition.

(2.1.5) Definition. Let M be a C*°-manifold. An (oriented) unparametrized
path in M is an equivalence class of pairs (I, : 1 — M), where I is a smooth
manifold with boundary diffeomorphic to [0,1] and v is a piecewise smooth
map I — M. Two such pairs (I,7) and (I',~') are equivalent if there is an
orientation-preserving piecewise smooth homeomorphism ¢ : I — I’ such that

7=7"0¢.

We will denote an unparametrized path simply by ~.
(2.1.6) Example. Let « be a straight segment in R? joining (0,0) and (1,1).
Let also 0 be the path consisting of the horizontal segment [(0,0), (0,1)] and

the vertical segment [(0,1), (1,1)]. Let o be the path consisting of the vertical
segment [(0,0), (1,0)] and the horizontal segment [(1,0), (1.1)]. Then

E(Z1,Zy) = #1722 E5(Zy,Z5) = 1?2, E,(Z) = e?2e?1.

More generally, if « is a lattice path corresponding to the integer lattice Z",
then E,(Z) = X7 is the noncommutative monomial in X; = eZi associated
to v as in Section 1.

Let 7,7’ be two unparametrized paths in R™ starting at 0. Their product
~vo+' is the path obtained by translating v so that its beginning meets the end
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of 7/ and then forming the composite path. The set of v’s with this operation
forms a semigroup. For a path v we denote by y~! the path obtained by
translating v so that its end meets 0 and then taking it with the opposite
orientation. Finally, we denote by II,, the set of paths as above modulo can-
cellations, i.e., forgetting subpaths of a given path consisting of a segment and
then immediately of the same segment run in the opposite direction. Clearly
the set II,, forms a group, which we will call the group of paths in R™.

The standard properties of the holonomy of connections imply the
following:

(2.1.7) Proposition. (a) We have
Ero(2) = B,(2)- Ey(2), By (2) = E,(2)"

(equalities in C{(Z1,...,Zy,))).
(b) The series E(Z) is entire, i.e., it converges for any given N by N matrices
Z9,...,20.

(c) If Z9,...,Z% are Hermitian, then E, (iZY,...,iZ0) is unitary.

The property (a) implies that E.,(Z) depends only on the image of  in the
group I1,,. Further, let us consider the commutativization homomorphism

(2.1.8) c:C{{Z1,...,Zn)) = Cllz1,. .., zn]].
The following is also obvious.
(2.1.9) Proposition. If a = (a1,...,a,) is the endpoint of ~y, then
o(B(2)) = o)
is the usual exponential function.

Thus there are as many ways to lift e(*?) into the noncommutative domain
as there are paths in R" joining 0 and a.

(2.2) Idea of a noncommutative Fourier transform. The above obser-
vations suggest that there should be a version of Fourier transform that would
identify an appropriate space of measures on II,, with an appropriate space
of functions of n noncommutative variables Z1, ..., Z,, via the formula

221) e f(Zrsee Zn) = /GH B (iZy,...,iZ,)Du(7).
ol n

The integral in (2.2.1) is thus a path integral. The concept of a “function
of noncommuting variables” is of course open to interpretation. Several such
interpretations are currently being considered in noncommutative geometry.

In the present paper we adopt a loose point of view that a function of n
noncommutative variables is an element of an algebra R equipped with a ho-
momorphism C(Zy, ..., Z,) — R. We will assume that this homomorphism re-
alizes R as some kind of completion or localization (or both) of C{Z1, ..., Z,).
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In other words, that R does not have “superfluous” elements, independent of
the images of the Z;. See [Ta] for an early attempt to define noncommutative
functions in the analytic context.

(2.2.2) Examples. We can take R = C((Z1, ..., Z,))™, the algebra of entire
power series. Alternatively we can take R to be the skew field of “noncommu-
tative rational functions” in Zi, ..., Z, constructed by P. Cohn [Coh]. Thus
expressions such as

1 _ _
exp (Z2+23), (Z3+23) ", (ZiZs— Z220) '+ Z5% 2,
are considered noncommutative functions.

It will be important for us to be able to view a “function” f(Z1,...,Z,)
as above as an actual function defined on appropriate subsets of n-tuples of
N by N matrices for each N and taking values in matrices of the same size.

Similarly, the group II,, can also possibly be replaced by various related
objects (completions). In this paper we will consider several approaches such
as completion by a pro-algebraic group or completion by continuous paths.

Alternatively, functions on II, should correspond to “noncommutative
measures” or distributions on the space of noncommutative functions.
Examples of such “measures” are being studied in free probability theory
[HP], [NS], [VDN]. See Section 6 below.

Note that we have a surjective homomorphism of groups

(2.2.3) e: I, = R v ey).

Here e(y) is the endpoint of 7. One important property of the Noncommu-
tative Fourier transform (NCFT) is the following principle, which is just a
consequence of Proposition 2.1.9: under the Fourier transform, the integra-
tion over paths with given beginning and end, i.e., the pushdown of measures
on II,, to measures on R", corresponds to a simple algebraic operation: the
commutativization homomorphism

(2.2.4) c: R— R/([R, R]),

where R is a noncommutative algebra and the right-hand side is the maximal
commutative quotient of R.

(2.3) Relation to Chen’s iterated integrals. Let us recall the main points
of Chen’s theory. Let M be a smooth manifold, v an unparametrized path,
and w a smooth 1-form on M.

Along with the “definite integral” fv w, we can consider the “indefinite in-
tegral,” which is a function “on ~,” or, more precisely, on the abstract interval
I such that v is a map I — M. For any ¢t € I we have the subpath y<; going
from the beginning of I until ¢, and we have the function

/ w:I—-C, tw— w.
() r<t
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If now w; and wsy are two smooth 1-forms on M, we can form a new 1-form
on vy by multiplying (the restriction of) w, and the function |, ) Wi Then this
form can be integrated along 7. The result is called the iterated integral

[ o= [l ] 2)

Note that if we think of v as a map ~ : I — M, then the iterated integral is
equal to

/t<t €I7*(&«)1)(151)ﬂy*(Wz)(tQ),

Note that integration over all t1,t2 € I would give the product ( f ) ( )
Similarly, one defines the d-fold iterated integral of d smooth 1-forms
Wi, ...,wq on M by induction:

/ w1~-~wd=/(wd~/ w1~-~wd_1),
v v (v)

where the (d — 1)-fold indefinite iterated integral is defined as the function on

I of the form .
t—>/ W1 Wa—1-
<t

As before, the iterated integral is equal to the integral over the d-simplex:

/ wl"'wd:/ V*wl(tl)fy*wd(td)
ol t1<--<tqg€l

The concept of iterated integrals extends in an obvious way to 1-forms
with values in any associative (pro-)finite-dimensional C-algebra R. The well-
known Picard series for the holonomy of a connection consists exactly of such
iterated integrals. We state this as follows.

(2.3.1) Proposition. Let R be any (pro-)finite-dimensional associative C-
algebra, and A be a smooth 1-form on M with values in R considered as a
connection form. Then the parallel transport along an unparametrized path ~

has the form
PeXp/A:Z/ A--- A
Y d=0""7

Here the term corresponding to d = 0 is set equal to 1.
Let us specialize this to M = R", R = C((Z1,...,Zy)), and 2 =, Z;dy;.

(2.3.2) Corollary. The coefficient of the series E (Zi,...,Zn) at any
noncommutative monomial Z;, --- Z;, is equal to the iterated integral

/ dyi, -+ dyi,-
Y
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Thus E, is the generating function for all the iterated integrals involving
constant 1-forms on R”.

(2.3.3) Example. By the above,

where a; = f,y dy; is the ith coordinate of the endpoint of « and

b= [ (o [ ) = [ i
gl 60) ¥

Suppose that v is closed, so a; = 0. Then b; = 0, and for 7 # j we have that
b;; is the oriented area encirlced by 7 after the projection to the (4, j)-plane.

The following was proved by Chen [C2].

(2.3.4) Theorem. The homomorphism II, — C{{Z1,...,Z,))* sending v
to E, is injective. In other words, if a path v has all iterated integrals as
above equal to 0, then v is (equivalent modulo cancellations to) a constant
path (situated at 0).

(2.4) Grouplike and primitive elements. Let FL(Z1, ..., Z,) be the free
Lie algebra generated by Z1,...,Z,. It is characterized by the obvious uni-
versal property; see [R] for background. This property implies that we have a
Lie algebra homomorphism

(2.4.1) hiFL(Z1,...,Z0) — C(Zy, ..., Zy),

and this homomorphism identifies C(Z1, ..., Z,,) with the universal enveloping
algebra of FL(Z4, ..., Z,). Further, let us consider the Hopf algebra structure
on C(Zy,...,Zy,) given on the generators by

(2.4.2) AZ)=7Z;214+1® Z;.

The following result, originally due to K. Friedrichs, is a particular case of a
general property of enveloping algebras.

(2.4.3) Theorem. The image of h consists precisely of all primitive ele-
ments, i.e., of elements f such that A(f)=f®@14+1® f.

We will also use the term Lie elements for primitive elements of
C(Z1, ..., Zn).

Further, consider the noncommutative power series algebra C((Z1, ..., Zy)).
It is naturally a topological Hopf algebra with respect to the comultiplication
given by (2.4.2) on generators and extended by additivity, multiplicativity,
and continuity.
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The free Lie algebra is graded:

(2.4.3) FL(Zy,...,Zn) = PFL(Z1.. .., Zn)a,
d>1
where FL(Z1,...,Zy,)q is the span of Lie monomials containing exactly d

letters. We denote by

(2.4.4) gn = [[FL(Z1. .., Zn)a

d>1

its completion, i.e., the set of formal Lie series. This is a complete topological
Lie algebra. We clearly have an embedding of g,, into C{(Z1, ..., Z,)) induced
by the embedding of the graded components as above. Further, degree-by-
degree considerations and Theorem 2.4.3 imply the following:

(2.4.5) Corollary. A noncommutative power series f € C{((Z1,...,Zy,)) lies
in gn if and only if it is primitive, i.e., A(f) = f®1+1® f with respect to
the topological Hopf algebra structure defined above.

Along with primitive (or Lie) series in Z1, . .., Z,, we will consider grouplike
elements of C({(Z1,...,Z,)), i.e., series @ satisfying

(2.4.6) A®) =D .

The completed tensor product C{(Zi,..., Z,))®C{(Z,...,Z,)) consists of
series in 2n variables Z] = Z; ® 1 and Z]' = 1® Z; that satisfy [Z], Z]] =0
and no other relations. Thus a series &(Z1, ..., Z,) is grouplike if it satisfies
the exponential property:

24.7) F(ZL+20,...,2' + 2" =F(Z,,...,2')-F(Z!,...,2"),

provided [Z{, A4 ] =0, Vi, j. We denote by G, the set of grouplike elements in
C{{(Z1,...,Zy)). Elementary properties of cocommutative Hopf algebras and
elementary convergence arguments in the adic topology imply the following;:

(2.4.8) Proposition. (a) G,, is a group with respect to the multiplication.
(b) The exponential series defines a bijection

exp : gn — Gn,

with the inverse given by the logarithmic series.

(c) The image of any series & € G,, under the commutativization homomor-
phism (2.1.8) is a formal series of the form e(®?) for some a € C™.

(d) If & € G, then

D(—Z1,. .., —Zp) =D( 21y, Zy)t

(equality of power series).
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(2.4.9) Example. The above proposition implies that the series
log(e” - e?*) € C((Z1, Z2))

is in fact a Lie series. It is known as the Campbell-Hausdorff series, and its
initial part has the form

1
log(e?' - e?2) = 7y + Zy + l2nZa) 4

Let Gp,(R) C G, be the set of grouplike series with real coefficients.
Further, the Lie algebra FL(Zy,...,Z,) is in fact defined over rational num-
bers. In particular, it makes sense to speak about its real part. By tak-
ing the completion as above, we define the real part of the completed free
algebra g, (R). It is clear that the exponential series establishes a bijection
between g, (R) and G, (R).

The following fact was also pointed out by Chen [C2].

(2.4.9) Theorem. If v € II, is a path in R™ as above, then E,(Z) is
grouplike. Moreover, it lies in the real part G,(R).

Note that a typical element & = &(Z1,...,7Z,) € G, is a priori just a
formal power series and does not have to converge for any given matrix values
of the Z; (unless they are all 0). At the same time, series of the form ¢ = E.,,
~ € II,,, converge for all values of the Z;. This leads to the proposal, formulated
by Chen [C3], to view series from G, with good covergence properties as
corresponding to “generalized paths,” i.e., paths perhaps more general than
piecewise C'™° ones. The theory of stochastic integrals, see below, provides a
step in a similar direction.

(2.5) Finite-dimensional approximations to G, and g,. Let us recall
a version of the Malcev theory for nilpotent Lie algebras. Let k be a field of
characteristic 0. A Lie algebra g over k is called nilpotent of degree d if all
d-fold iterated commutators in g vanish. Let U(g) be the universal enveloping
algebra of g. It is a Hopf algebra with the comultiplication given by A(z) =
x®1+1®a for z € g. The subspace I in U(g) generated by all nontrivial
Lie monomials in elements of g is an ideal, with U(g)/I = k.

(2.5.1) Lemma. If g is nilpotent of some degree, then (1™ = 0.
Thus the I-adic completion

(25.2) U(g) = lim U(g)/I"

is a complete topological algebra containing U(g). As before, the standard
Hopf algebra structure on U(g) gives rise to a topological Hopf algebra struc-
ture on U(g). We then have the following fact.
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(2.5.3) Theorem. (a) g is the set of primitive elements of U(g).

(b) The set G of grouplike elements in ﬁ(g) is the nilpotent group associated,
via the Malcev theory, to the Lie algebra g.

(c) If k =R or C, then G is the simply connected real or complex Lie group
with Lie algebra g.

(d) The exponential map establishes a bijection between g and G.

Let now k£ = C and
(2.5.4) Ond=FL(X1,...,X,,)/FL(X1, ..., X0)>d+1-

This is a finite-dimensional Lie algebra known as the free nilpotent Lie algebra
of degree d generated by n elements. It satisfies the obvious universal property.
Then

gn = lin n 9n,d-
So g, is the free pronilpotent Lie algebra on n generators.

Let R, 4 be the quotient of R, = C((Z1,...,Z,)) by the closed ideal
generated by all the (d 4 1)-fold commutators of the Z;. For example, R, 1 =
Cl[Z1, ..., Zy]] is the usual (commutative) power series algebra.

The topological Hopf algebra structure on R,, descends to R, 4, and we
easily see the following:

(2.5.5) Proposition. R, 4 is isomorphic to ﬁ(gn’d) as a topological Hopf
algebra.

We denote by G g C R}, ; the group of grouplike elements of Ry, 4. Then
the above facts imply:

(2.5.6) Theorem. (a) G, 4 is the simply connected complex Lie group with
Lie algebra gy, 4.
(b) Gy, is the projective limit of Gy, 4.

Thus G, 4 is the “free unipotent complex algebraic group of degree d with
n generators,” while G,, is the free prounipotent group with n generators.

As above, taking k = R, we get the real parts G, ¢(R) and g, 4(R). The
homomorphism F : IT,, — G,(R) gives rise, for any d > 1, to the homomor-
phism

(2.5.7) €n,d : I — G a(R),
whose target is a finite-dimensional Lie group.

(2.5.8) Proposition. For any d > 1 the homomorphism €, 4 is surjective.
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In other words, the group G,, can be seen as a (pro-)algebraic completion
of the path group II,.
Proof: Let I C IT,, be the subgroup of rectangular paths, i.e., paths con-
sisting of segments each going in the direction of some particular coordinate.
As a group, IT%*°* is the free product of n copies of R. Let Z; 4 € gn 4 be the
image of Z;. Then the image of II}*** in G, 4(R) is the subgroup generated
by the 1-parameter subgroups exp(t - Z;4), t € R, i = 1,...,n. Since the
Z; q generate gp q as a Lie algebra, the corresponding 1-parameter subgroups
generate G, 4(R) as a group. Therefore €, 4 (II:*") = G, a(R).

(2.6) Complex exponentials. Consider the complexification C" of the space
R™ from (2.1). The form (2 from (2.1.3) is then a holomorphic form on C"
with values in C((Z1,...,Z,)). In particular, we have the noncommutative
exponential function

Ey(Z) € G, CC((Z1,..., Zn))

for any unparametrized path v in C™ starting at 0. Because {2 is holomor-
phic, E,(Z) is, in addition to invariance under cancellations, also invariant
under deformations of subpaths of 7 inside holomorphic curves. Let IIC be
the quotient of ITy,, the group of paths in C* = R?” by the equivalence re-
lation generated by such deformations. Obviously, IIS is a group, and the
correspondence vy — E, gives rise to a homomorphism

(2.6.1) E: IS — G,.

In contrast to the real case, it seems to be unknown whether (2.6.1) is injective.
As before, we see that the composite homomorphism

(2.6.2) €n g IS — G
is surjective.

(2.6.3) Example. Let C be a complex analytic curve, ¢y € C a point, and
¢ : C — C™ a holomorphic map such that ¢(cg) = 0. Denote by p : C — C the
universal covering of C' corresponding to the base point ¢y. In other words, C
is the space of pairs (¢,7), where ¢ € C' and + is a homotopy class of paths
joinig cg and c. Then, by the above, ¢ induces a map gg : C — HE. The
composition
Wy zeg’dog: C~'HGn,d

can be called the period map of degree d. The restriction of w,y to p~t(co) =
m1(C, ¢p) is a homomorphism

mq : 71'1(0, CO) - G’n,d7

called the monodromy homomorphism of degree d. We get then the “Albanese

k2

map
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Qq C — Gn’d/Im(md).

The particular case that C' is the maximal abelian covering of a smooth pro-
jective curve of genus n, and ¢ is the Abel-Jacobi map, corresponds to the
setting of Parshin [Pal. Iterated integrals of modular forms were studied by
Manin [Ma].

In the subsequent paper [K1] we will use complex noncommutative expo-
nentials to construct invariants of degenerations of families of curves in an
algebraic variety.

3 Generalities on the Noncommutative
Fourier Transform

(3.0) Formal Fourier Transform on nilpotent groups. Let us start with
the general situation of (2.5) with & = R. Thus g is a finite-dimensional
nilpotent real Lie algebra and G is the corresponding simply connected Lie
group. Then G is realized inside U(g) as the set of grouplike elements. In
general, we can think of elements of U(g) as some kind of formal series (infinite
formal linear combinations of elements of a Poincare—Birkhoff-Witt basis of
U(g))- .

To keep the notation straight, we denote by E,; € U(g) the element corre-
sponding to g € G.

(3.0.1) Example. Let G = R™ with coordinates y1, . . ., y,. Then U(g) is the
ring C[[#1, ..., z,]] of formal Taylor series. If g = (y1,...,yn) € G, then E, =
E,(z) = exp (> , yiz) is the exponential series with the vector of exponents

(ylv s ayn)

The above example motivates the following definition. Let 1 be a measure
on G, or, more generally, a distribution (understood as a generalized measure,
i.e., as a functional on the space of C'*°-functions). Its formal Fourier transform
is the element (formal series) given by

(3.0.2) Flu) = /GGEgd“ e O),

whenever the integral is defined.
Recall that for two distributions u, v on a Lie group G their convolution
is defined by

(3.0.3) px v =m,(pXv),

where m : G X G — G is the multiplication and uXwv is the Cartesian product
of u and v. Here we assume that the pushdown under m is defined. The
following is then straightforward.
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(3.0.4) Proposition. For two (generalized) measures pi,v on G we have
Fluxv)=F(p) - Fv)

(product in U(g)).

(3.1) Promeasures and formal NCFT. We now specialize the above to
the case G = Gy, 4(R). In other words, we consider the projective system of
Lie groups

(3.1.1) = Gp3(R) = Gpa(R) — Gri(R) =R"
with projective limit G,,(R). For d > d’ let

(3.1.2) paa : Gpa(R) = G (R)

be the projection. By a promeasure on G, (R) we will mean a compatible
system of measures on the G, 4(R). In other words, a promeasure is a system
tte = (pa) such that each pq is a measure on G, 4(R) such that for any d > d’
the pushdown (pgar)«(1q) is defined as a measure on G, & (R) and is equal to
par- Equivalently, this means that for any continuous function f on G, 4 (R)
we have

(313) / f . dﬂd/ = / (f Opdd’) . dlLLd,
G, 4 (R) Gr,qa(R)

whenever the left-hand side is defined.

More generally, by a prodistribution we mean a system of distributions
on the G, q(R) (understood as generalized measures, i.e., as functionals on
C*>°-functions) compatible in a similar sense, i.e., satisfying (3.1.3) for C'*°-
functions f.

For & = &(Zy,...,Z,) € G, we denote by &;, __; the coefficient of ¢ at
Zi, -+ Zy,. It is clear that @;, . ; depends only on the image of @ in G, j, so
it makes sense to speak about ¥;, ; for ¥ € G, 4, d > p.

Let pe be a prodistribution on G,,(R). Its formal Fourier transform is the
formal series F(ue) € C{({Z1,...,Zy,)) defined as follows:

(314) j}(/,(,.) = (/ Wilwu,ip . d/,éd) Zil e Zip'
Z Z VEG,,a(R)

p=01i1,...,ip

Here for each p, the number d is any integer greater than or equal to p, and
we assume that all the integrals converge.

The convolution operation extends, in an obvious way, to prodistributions
on G, (R):
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(3.1.6) Proposition 1. If pe, Ve are two prodistributions, then

~ o~

Fpe *va) = Flua) - F(va)
(product in C{(Z1,...,2Zy))).

(3.2) Delta functions. In classical analysis, the Fourier transform of §m)
the mth derivative of the delta function, is the monomial z™. We now give a
noncommutative analogue of this fact.

First of all, let 4 be the delta function on Gy, 4(R) supported at 1. Then
0e = (d4) is a prodistribution, and

(3.2.1) F(6) =1€C{Zy,...,2Z,)).

Next, first derivatives of the delta function at a point on a C°° manifold
correspond to elements of the complexified tangent space to the manifold at
this point. This, if £ € FL(Z1,...,Z,), and &; is the image of { in g, 4 =
T1Gr,q(R) ® C, then we have the distribution 0, (d4) on Gr q4(R), and these
distributions form a prodistribution O¢(d).

Further, for any Lie group G with Lie algebra g, the iterated derivatives
of the delta function at 1 correspond to elements of U(g ® C), the universal
enveloping algebra. Thus for any ¢ € U(gy,q) we have a punctual distribution
Dw((;d) on Gn’d(R)

Let now f € C(Zy,...,Z,) be a noncommutative polynomial. Recall that
C{(Z1,...,Zy,) is the enveloping algebra of FL(Z1,...,Z4). Thus for any d
we have the image of f in U(gn,q), which we denote by f4. As before, the
distributions Dy, (dq) form a prodistribution, which we denote by Dy(ds).

(3.2.2) Theorem. We have .7?(Df(6.)) = f. In other words, F takes iterated
derivatives of the delta function into (noncommutative) polynomials.

Let L¢,4 be the left-invariant differential operator on Gy, 4(R) correspond-
ing to fq € U(gn,q)). Similarly, let R4 be the right-invariant differential
operator corresponding to fy. Recall that distributions (volume forms) form
a right module over the ring of differential operators. In other words, if P is a
differential operator acting on functions by ¢ — P¢, then we write the action
of the adjoint operator on volume forms by w — wP. Thus, if pe = (pa)
is a prodistribution, and f € C(Zi,...,Z,), then we have prodistributions
el s = (alya) and peRy = (aRy,a). Since applying Ry q or L4 to a dis-
tribution is the same as the right or left convolution with Dy, (d4), Proposition
3.1.6 implies the following.

(3.2.3) Proposition. If ¢ € C{(Z1,...,Zy)) is the Fourier transform of jia,
then for any f € C(Z1,...,Zy,) the product f - ¢ is the Fourier transform of
oLy, and ¢ - f is the Fourier transform of peRy.
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(3.3) Measures and convergent NCFT. Let pg : Go,(R) — G, 4(R) be
the projection. By a cylindric open set in G,,(R) we mean a set of the form
pgl(U), where d > 1 and U C G, 4(R) is an open set. These sets thus form a
basis of the projective limit topology on G,,(R). We denote by & the o-algebra
of sets in G, (R) generated by cylindric open sets. Its elements will be simply
called Borel subsets in G, (R).

(3.3.1) Example. Let
Gn(R)™ = G, (R)NC{(Z1, ..., Zn))™

be the subgroup formed by entire series; see (1.2.2). Since for & € G,(R)
each given coefficient of f depends on the image of & in some G, q(R), the
condition (1.2.2) implies that G, (R)*™ is a Borel subset. Note further that
for & € G,(R)* and any Hermitian matrices Z?,...,Z% (of any size N),
the matrix @ (iZ?, .. .,iZg) is unitary. This follows from the reality of the
coefficients in @ and from Proposition 2.4.8(d).

By a measure on G,,(R) we mean a complex-valued, countably additive
measure on the g-algebra &. If p is such a measure, we define its Fourier
transform to be the function of indeterminate Hermitian N by N matrices
Zi,..., Zyn (with indeterminate N) given by

(3.3.2)  F(u)(Z4,..., %) :/ B(iZy,. .. iZ,)du(D).
PEG, (R)ent

As usual, by a probability measure on G, (R) we mean a real, nonnegative-
valued measure on & of total volume 1.

Given a promeasure e = (1g) on Gy (R), the correspondence
(3.3.3) Py (U) = pa(U), U € Gpna(R),

defines a finite-additive function on cylindric open sets in G,(R). The
following fact is a version of the basic theorem of Kolmogorov ([SW],
Theorem 1.1.10) that a stochastic process is uniquely determined by its
finite-dimensional distributions.

(3.3.4) Theorem. If i, is a probability promeasure (i.e., each pq is a proba-
bility measure), then the correspondence (3.5.3) extends to a unique probability
measure p = lim pg on G,(R), so that pg = pas(p).

Thus, probability measures and probability promeasures are in bijection.

Proof: The original theorem of Kolmogorov is about probability measures
on an infinite product of measure spaces. Now, the projective limit G, (R)
is a closed subset in the infinite product [[,Gr,q¢(R). We can then apply
Kolmogorov’s theorem to this product and get a probability measure sup-
ported on this subset.



68 Mikhail Kapranov
4 Noncommutative Gaussian and the Wiener Measure

(4.1) Informal overview. By the noncommutative Gaussian we mean the
following noncommutative power series:

(4.1.1) E(Z)—exp(%ZZ?) € C{Zi,...,Zn))™

Since the series is entire, we will denote by the same symbol =(Z1,...,Z,)
its value on any given square matrices Z1, ..., Z,. In classical (commutative)
analysis, the Fourier transform of a Gaussian is another Gaussian. In this
section we present a noncommutative extension of this fact. Informally, the
answer can be formulated as follows.

(4.1.2) Informal theorem. “The” measure on the space of paths whose
Fourier transform gives Z(Z) is the Wiener measure.

We write “the” in quotes because so far, there is no uniqueness result for
NCFT, so (4.1.2) can be read in one direction: that the NCFT of the Wiener
measure is Z(Z). Still, there are two more issues one has to address in order to
make (4.1.2) into a theorem. First, the Wiener measure (see below for a sum-
mary) is defined on the space of parametrized paths, while NCFT is defined
for measures on the space of unparametrized paths. This can be addressed
by considering the pushdown of the Wiener measure (i.e., by performing the
integration over the space of parametrized paths).

Second, and more importantly, the Wiener measure is defined on the space
of continuous paths, and piecewise smooth paths form a subset of measure 0.
On the other hand, the series E,(Z) is a solution of a differential equation
involving the time derivatives of v and so is a priori not defined if v is just a
continuous path. This difficulty is resolved by using the theory of stochastic
integrals and stochastic differential equations, which indeed provides a way of
associating E.(Z) to all continuous v except those forming a set of Wiener
measure 0.

Once these two modifications are implemented, (4.1.2) becomes an in-
stance of the familiar principle in the theory of stochastic differential equa-
tions: that the direct image of the Wiener measure under the map given by
the solution of a stochastic differential equation is the heat measure for the
corresponding (hypo)elliptic operator; see [Bel], [Ok], [Bil].

(4.2) The hypo-Laplacians and their heat kernels. Let Z; 4 be the image
of Z; in gy 4, and L; 4 the left-invariant vector field on Gy, 4(R) corresponding
to Zjq. We consider L; q as a first-order differential operator on functions.
The dth hypo-Laplacian is the operator

(4.2.1) Ag=> L,
1=1
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in functions on G, 4(R). For d > d’ the operators A4 and Ay are compatible:

(4.2.2) A (g f) = Paar(Dar ), Vf € C*(Ga(R)),

where the projection pgqq is as in (3.1.2). This follows because a similar com-
patibility holds for each L; 4 and L; g.

For d > 1 the number of summands in (4.2.1) is less than the dimension
of G, 4(R), so Aq is not elliptic. However, Ay is hypoelliptic [Ho], i.e., every
distribution solution of Aju = 0 is real analytic. This follows from Theorem
1.1 of Hérmander [Ho], since the Z; 4 generate g, 4 as a Lie algebra. Further,
it is obvious that A, is positive:

(4.2.3) (Aqu,u) > 0, u € C5°(Gp.a(R)).

General properties of positive hypoelliptic operators [Ho] imply that the heat
operator exp(—tAy), t > 0, is given by a positive C* kernel. Because this
operator is left-invariant, we get part (a) of the following theorem:

(4.2.4) Theorem. (a) The operator exp(Aq/2) is given by convolution with
a uniquely defined probability measure 0q on Gp q(R). This measure is in-
finitely differentiable with respect to the Haar measure.

(b) For d > d' the measures 04 and 04 are compatible: (paar)«(0a) = 0.

Part (b) above follows from (4.2.2).

Thus we obtain a probability promeasure o = (64) on G, (R) and hence
a probability measure 6 = lim 6.

(4.2.5) Examples. (a) the group G, is identified with the space R" from
(2.1) with coordinates y1, ..., yn, and Z; 1 = 9/0y;. Therefore A; is the stan-
dard Laplacian on R, and

_dyi---dyn IR
61 = 2m)/? exp *Egyz

is the usual Gaussian measure on R™. Each 04, d > 1, is thus a lift of this
measure to Gy, 4.

(b) For d = 2 an explicit formula for #; was obtained by Gaveau in [G].
Here we consider the case n = 2, where the formula was also obtained by Hu-
lanicki [Hu]. In this case g2,2 is the Heisenberg Lie algebra with basis consisting
of Zy 2, Z2 2 and the central element h = [Z] 2, Z2 2]. Denoting by 1, y2, v the
corresponding exponential coordinates on G 2, we have

_dyidyadv /°° 27 . 9 5 2T
b= ~amz | smn@n SR\ (i +32) tanh2r )47

In fact, all known formulas in the literature (see [BGG] for a survey) involve
integration over auxuliary parameters.
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(4.2.6) Theorem. The formal Fourier transform of the promeasure 0o is
equal to the noncommutative Gaussian =(Z).

Proof: This follows from the fact that the delta-prodistribution Dy, (d,) cor-
responding to the generator Z; € g, is taken by JF into the monomial Z;.
For each d the corresponding distribution takes a function f on G, ¢(R) into
the value of L;(f) at the unit element of G, 4(R). Further, convolution of
such prodistributions corresponds to composition of left-invariant differential
operators in the spaces of functions of the G, 4(R). So the system of the heat
kernel operators on the G, 4(R), d > 1, given by exp (—1 3" L?) has, as a
prodistribution, the Fourier transform equal to exp (f% > Zf) a

(4.3) The Wiener measure. Let P, be the space of continuous
parametrized paths «y : [0,1] — R™ such that v(0) = 0. The Wiener measure
w on P, is first defined on cylindrical open sets C(t1,...,tm,Ur,...,Un),
where 0 < t; < -+- < t,,, <1 and U; C R" is open. By definition,

C(tlv"'atmaUlw-'a {’7 7 )GUza - 7~-~,m},
and
(431) U}( tl,.. m,Ul,...,Um))
:/ ﬁexp (=llytD =y @)%/ 2(tirs *ti))dy(l)...dy(m)
(y® y(m)eU; x- i=0 (2’/T(ti+1 — tl)) 12

Here we put tog = 0,tmy1 = 1 and y(© = 0. Further, it is proved that w
extends to a probability measure on the o-algebra generated by the above
subsets.

The Brownian motion is the family of R™-valued functions (random vari-
ables) on P, parametrized by t € [0, 1]:

(4.3.2)  b(t) = (bi(t),- .., ba(t), () : Py — R™, b(t)(y) = ~(1).

let PS™ C P, be the subset of piecewuse smooth paths. Then it is well known
that w (P3™) = 0.

As is also well known, the Wiener measure has the following intuitive
interpretation:

433 dut)=ew (- [ V@) P12y =T[an00

In other words, D~ is the (nonexistent) Lebesgue measure on the infinite-
dimensional vector space of all paths, while the integral in the exponential is
the action of a free particle.
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(4.5) Reminder on stochastic integrals. Let w = Y. | ¢;(y)dy; be a
1-form on R™ with (complex-valued) C*° coefficients. If v : [0,1] — R™ is a
piecewise smooth path, then we can integrate w along ~, getting a number

(45.1) / o= [ ) = / 1 OO

This gives a map (function)

(4.5.2) /(w) P — C.

If ~(t) is just a continuous path without any differentiability assumptions,
then (4.5.1) is not defined, so there is no immediate extension of the map
(4.5.2) to the space P,. The theory of stochastic integrals provides several
(a priori different) ways to construct such an extension. The two best-known
approaches are the Ito and Stratonovich integrals over the Brownian motion;
see [SW] [KW]. They are the functions

(15.3) /Im(w), /Str«u): PG,

defined everywhere outside some subset of Wiener measure 0, and measurable
with respect to this measure.

To construct them, see [Ok], pp. 14-16, one has to consider Riemann
sum approximations to the integral but restrict to Riemann sums of some
particular type. For a piecewise smooth path ~, the integral is the limit of
sums

(4.5.4) > s @ ((ilty) = viltv-1)),

where 0 =ty < t; < -+ < t;, = 1 is a decomposition of [0,1] into intervals,
and &, € [t,—1,t,] are some chosen points. In the smooth case the limit exists,
provided max(t, —t,—1) goes to 0 (in particular, the choice of &, is inessential).

Now, to obtain [ Ito(w), one chooses the class of Riemann sums with
(4.5.5) t,=v/m, & =t,-1, m=2% qg— 0.

In other words, for each ¢ the above sum defines a function S;to (w): P, — C,
and

Ito
(4.5.6) / (w) = lim S*(w).

qHOO
. St . .
To obtain [~ (w), one chooses the class of Riemann sums with

(4.5.7) t,=v/m, & = (ty,—1+1t,)/2, m=2% g— occ.
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Each such sum gives a function Sg“ (w): P, — C, and

Str
(4.5.8) / (w) = lim 87 (w).
q—00

It is known that [ Str(u)) is invariant under smooth reparametrizations
of the path considered as transformations acting on P, and also satisfies a
transparent change of variables formula.

The more common notation for the stochastic integrals (considered as
random variables on P,) is

459 [ = [Cwome), [ @ = [ ow) o),

where b(t) is the Brownian motion (4.3.2). Thus db(t) and odb(t) stand for the
two ways (due to Ito and Stratonovich) of regularizing the (a priori divergent)
differential of the Brownian path b(¢). See [Ok] for the relation between the
two regularization schemes. By restricting to the truncated path [0, s], s < 1,
one defines the stochastic integrals fos in each of the above settings.

(4.6) Stochastic holonomy. Let G be a Lie group, which we suppose to be
embedded as a closed subgroup of GLy (C) for some N, and let g C Mat(C)
be the Lie algebra of G. Let A = Y A;(y)dy; be a smooth g-valued 1-form
on R™, which we consider as a connection in the trivial G-bundle over R™. If
~:10,1] — R™ is a piecewise smooth path, then we have the holonomy of A
along ~:

(4.6.1) Hol,(A4) = PeXp/A e G.

¥

It is the value at ¢ = 1 of the solution U(t) € GLy(C) of the differential
equation

as2) v A6 H0), Vo=t

The holonomy defines thus a map
(4.6.3) Hol(A) : P;™ — G.

As before, (4.6.2) and thus Hol,(A) have no immediate sense without some
differentiability assumptions on A.

The theory of stochastic differential equations [Ok], [KW] resolves this
difficulty by replacing the above differential equation by an integral equation
and understanding the integral in a regularized sense as in (4.5). Thus, one
defines the Ito and Stratonovich stochastic holonomies, which are measurable
maps
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(4.6.4) Hol"™°(4), Hol®™(A) : P, — G,

defined outside a subset of Wiener measure 0. For example, HolStr(A) is de-
fined as the value at t = 1 of the G-valued stochastic process U(t) satisfying
the Stratonovich integral equation

(4.6.5) U(t) =1+ /Ot U(s) (Z A;(b(s)) o dbi(s)>.

We will be particularly interested in the case in which the A; are constant,
i.e., our connection is translation-invariant. In this case, B(t) = > A;b;(t) is
a (possibly degenerate) Brownian motion on g and U(t) is the correspond-
ing left-invariant Brownian motion on G as studied by McKean, see [McK,
Section 4.7], and also [HL]. In particular, the Stratonovich holonomy can be
represented as a “product integral” in the sense of McKean:

(4.6.6) 9 )
Str L . v vV — )
Hol 1[_[ exp(dB(t = qli)lgo l_llexp(B (2—q> - B ( 52 )),
tel0,1 v=

see [HL], Thm. 2. Here the product is taken in the order of increasing v. In
the sequel we will work with Hol®* (A).

(4.7) The Malliavin calculus and the Feynman—Kac-Bismut for-
mula. We now specialize (4.6) to the case in which G = G, 4(R), g = gn.a(R),
and A = 2 is the constant 1-form 2(4) = Z?:l Z; qdy;. We get the stochas-
tic holonomy map

(4.7.1) Hol*" (2@D) : P, — G, a(R).

(4.7.2) Theorem. The probability measure 84 on G, q(R) is equal to
Hol*™ (@), (w),
the pushdown of the Wiener measure under the holonomy map.

Proof: This is a fundamental property of (hypo)elliptic diffusions holding for
any vector fields &7, ...,&, on a manifold M such that iterated commutators
of the &; span the tangent space at every point. In this case the operator
A= ZLieé is hypoelliptic and has a uniquely defined, smooth heat kernel
O(z,y),z,y € M, which is a function in = and a volume form in y and
represents the operator exp(—A/2). Further, the heat equation

(4.7.3) Ou/dt = —A(u) /2
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is the “Kolmogorov backward equation” for the M-valued stochastic process
U (t) satisfying the Stratonovich differential equation

(4.7.4) dU = Le,(U) o db;

with the b;(t) being as before. This means that the fundamental solution of
(4.7.3) is the pushforward of the Wiener measure under the process U(t). See
[Ok], Th. 8.1. Our case is obtained by specializing to M = G, 4(R), & = Z; 4.

O

Further, let 6 be the probability measure on Gy (R) = lim 4 G, 4(R) cor-

responding to the promeasure (6;) by Theorem 3.3.5. Note that the maps
Hol®* (2(4) for various d unite into a map

(4.7.4) Hol®(02) : P, — Gu(R), 2= Zidy,.
We get the following corollary.
(4.7.5) Corollary. The measure 0 is the pushdown of the Wiener measure

under Hol®™ (£2).

(4.7.6) Theorem. (a) The support of the measure 0 is contained in
Gn(R)® the set of entire grouplike power series.

(b) The convergent Fourier transform of 0 is equal to Z(Z). In other words
(taking into account part (a) and (4.7.5)), for any given Hermitian matrices

Z9,...,Z9 of any given size N, we have
1 — 2
eXp(—§ Z (Z;-)) ) = /ep HoLSytr(A) (iz7,...,iZ0) dw(v).
j=1 YELn

(4.8) Stochastic iterated integrals and the proof of Theorem 4.7.6.
In the situation of (4.5), assume that we are given d smooth 1-forms wy, ..., wqy
on R™. We then define, following Fliess and Normand-Cyrot [FN], the iterated
Stratonovich integral

—Str
(4.8.1) / (w1-+-wq) : P, —C

by the same iterative procedure as in (2.3). Like the ordinary Stratonovich
integral, it is reparametrization-invariant. This definition extends to the case
that each w; takes values in a (pro)finite-dimensional associative C-algebra R
(with unity). As before, we define the empty iterated integral (corresponding
to d = 0) to be equal to 1. We will need some extensions of Proposition 2.3.1
to the stochastic case. The first statement deals with the nilpotent case.
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(4.8.2) Proposition. Let I C R be a nilpotent ideal, i.e., I™ = 0 for some
m. Let A be a smooth 1-form on R™ with values in I. Consider A as a con-
nection form with coefficients in R. Then

Str _ - —Str
Hol (A)fZ/ (A---A),
d=0

the series on the Tight being terminating.
Proof: This is a consequence of Theorem 2 of [FN].

(4.8.3) Corollary. The random variable Hol>"" (£2) from (4.7.4), considered
as an R{(Z1, ..., Z,))-valued random variable on P, has the form

oo —Str
Hol*™"(@)=% " Y Z, "'ij/ (dyj, - -~ dyj,,)-

m=0 J=(j1,....m)

Next, we look at convergence of the series in (4.8.3). Questions of this
nature (“convergence of stochastic Taylor series”) were studied by Ben Arous
[Be], and we recall some of his results. Denote by

—Str
(4.8.4) By :/ (dyjy -+ dyj,.) = /dbj1 o---odbj,

the coeflicient in the series (4.8.3) corresponding to the multi-index .J. Here
the right-hand side is the notation of [Be]. Let |J| = > j, be the degree of
the monomial corresponding to J.

(4.8.5) Theorem. Let (z;) be a collection of real numbers given for each
J=({1,---,Jm), m >0, and satisfying the condition

lzs] < K7, for some K >0.

Then the series

> D larBl

m | J|=m

of random wvariables on P, converges almost surely.

This is Corollary 1 of [Be] (with the parameter o from loc. cit. taken to
be 0).

We now deduce Theorem 4.7.6 from the above results. Let Z7,..., Z% be
fixed matrices of any given size N. For a matrix B denote by

[B)]|
o]l

IB]] = max
v#0
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the matrix norm of B. Let us apply Theorem 4.8.5 to

vy =127 =123, --- 23|

Take K = max (|| Z?|]). Then |z;] < K7, so (4.8.5) gives that the series
>, Bs(Z%)7 converges absolutely almost surely. This establishes part (a) of
Theorem 4.7.6. Part (b) follows from (a) and from Theorem 4.2.6 about the
formal Fourier transform.

5 Futher Examples of NCFT

(5.1) Near-Gaussians. In classical analysis, a near-Gaussian is a function of
the form f(z)- e*“'zuz/z, where f(z), 2= (z1,...,2n), is a polynomial. In that
setting, the Fourier transform of a near-Gaussian is another near-Gaussian.

A natural noncommutative analogue of a near-Gaussian is a function of
the form

(5.1.1) F(Z) 2(2)-G(Z), F,GeC(Z,...,Z).

It can be represented as a (formal) Fourier transform using Proposition 3.2.3:
(5.1.2) F(Z)-5(Z)-G(Z) = F(0LrRa),

where Lp is the system of left-invariant differential operators on the G,, 4(R),
d > 1, corresponding to F'; while R¢ is the system of right-invariant differen-
tial operators corresponding to G.

It seems difficult to realize the measures 0;LrR¢a, d > 1, in terms of
some transparent measures on the space P,, since it requires using group
translations on IT°™, the group of continuous paths obtained by quotienting
P,, by reparametrizations and cancellations.

(5.2) The Green promeasure. Let g be the fundamental solution of the
dth hypo-Laplacian on G, 4(R) centered at 1, the unit element, i.e.,

(5.2.1) Aq(ga) = 61.

By the general properties of hypoelliptic operators, g4 is a measure (volume
form) on Gy, 4(R) smooth away from 1. In fact, if we denote by 64 the kernel
of exp(—tA4/2), t > 0, i.e., the heat kernel measure at time ¢, then

o)
(522) gd = / Qd’tdt.
t=0

This expresses the fact that the Green measure of a domain is equal to the
amount of time a diffusion path spends in the domain. It is clear therefore
that ge = (ga) is a promeasure on G, (R).
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(5.2.3) Examples. (a) For d = 1 we have the Green function of the usual
Euclidean Laplacian in R™, which has the form

1
a(y) = e In (v +v3) dyrdyz, n =2,
n/2) — 2)! 1-n/2
gl(y) __w (ny) dyl"'dynan23~

Arn/2

(b) Consider the case n = 2,d = 2 corresponding to the Heisenberg group,
and let us use the exponential coordinates y1, y2, v as in Example 4.2.5(b).
Then

1 1
92(Y1, Y2, v) = = —mm—e—— dyr dyadv,
T/ (yi +y3) +v

as was found by Folland [Fo], see also [G], p. 101.

(5.3) The method of kernels. More generally, if F(Z1,...,2,) is a “non-
commutative function” such that the operator F(Li 4, ..., Ly, ) in functions
on G, 4(R) makes sense and possesses a distribution kernel K4(z,y)dy, then
the distribution ug = K4(1, y)dy is precisely the dth component of the prodis-
tribution whose Fourier transform is F'.

For example, hypoelliptic calculus allows us to consider F/(Z) = ¢(Z?:1 Zf),
where ¢ : R — R is any C*° function decaying at infinity such as ¢(u) = e’“2/2,
#(u) = 1/u,or1/(u?+1). Thisleads to a considerable supply of prodistributions.

(5.4) Probabilistic meaning. An idea in probability theory very similar
to our NCFT, namely the idea of associating a noncommutative power series
to a stochastic process, was proposed by Baudoin [Bal], who called this series
“expectation of the signature” and emphasized its importance. From the gen-
eral viewpoint of probability theory one can look at this series (the Fourier
transform of a probability measure on the space of paths) as being rather
an analogue of the characteristic function of n random variables. Indeed, if
x1i,...,ZT, are random variables, then their joint distribution is a probability
measure on R”, and the characteristic function is the (usual) Fourier trans-
form of this measure:

(5.4.1) flz1,.o2n) = E[ei(z’x)],

which is an entire function of n variables. Each time we have a natural lifting
of the characteristic function to the noncommutative domain, we can therefore
expect some n-dimensional stochastic process lurking in the background.

6 Fourier Transform of Noncommutative Measures

(6.1) Nomcommutative measures. Following the general approach of
noncommutative geometry [Con], we consider a possibly noncommutative C-
algebra R (with unit) as a replacement of a “space” (Spec(A)). A measure on
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R is then simply a linear functional (“integration map”) 7 : I — C defined
on an appropriate subspace I C R whose elements have the meaning of in-
tegrable functions. We will call a measure 7 finite if I = R, and normalized
if it is finite and 7(1) = 1. If R has a structure of a *-algebra, then a finite
measure 7 is called positive if 7(aa*) > 0 for any a € R. A (noncommutative)
probability measure on a *x-algebra A is a normalized positive measure.

(6.1.1) Examples. (a) Let R = Maty(C) with the x-algebra structure given
by Hermitian conjugation. Then 7(a) = 4 Tr(a) is a probability measure.
(b) Let R = C(Zy,...,Z,) with the x-algebra structure given by Zf =
Z;. Let Hermpy be the space of Hermitian N by N matrices. We denote by
dZ = ngﬂ dZ;; the standard volume form on Hermy. Let ¢ = pun be a
volume form on (Hermpy)™ of exponential decay at infinity. Then we have a

finite measure on R given by

1
T(f):N’I‘I‘ f(Zl,,Zn)d/,L(Zl,,Zn)
Z1y..yZn€Hermy

If uy is a normalized (resp. probability) measure in the usual sense, then 7
is a normalized (resp. probability) measure in the noncommutative sense. An
important example is

uny =exp (=S(Z1,...,2,))dZ -+ - dZ,,

where the “action” S(Z1,...,Zy,) € C{Z1,...,Z,) is a noncommutative poly-
nomial with appropriate growth conditions at the infinity of HermY;.

(c)Let R=C <X1il, ..., XE!) with the *-algebra structure given by X; =
X;l. If 4 = py is a finite measure on U(N)", then we have a finite measure
7 on R given by

1
T(f): NTT/ f(Xl,,Xn)dM(Xl,,Xn),
X1,..,Xp€U(N)

which is normalized (resp. probability) if px is so in the usual sense.

(6.2) Free products. Let Ry,..., R, be algebras with unit. Then we have
their free product Ry -+ - * R,. This is an algebra containing all the R; and
characterized by the following universal property: for any algebra B and any
homomorphisms f; : R; — B there is a unique homomorphism f : Ry % ---
R, — B restricting to f; on R; for each ¢. Explicitly, R; x---x R,, is obtained
as the quotient of the free (tensor) algebra generated by the vector space
R1 @ ® R, by the relations saying that the products of elements from each
R; are given by the existing multiplication in R;. We will also use the notation
i=1 1.

(6.2.1) Example. If each R; = C[Z,] is the polynomial algebra in one vari-
able, then Ry x---x R,, = C(Zy,...,Z,) is the algebra of noncommutative
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polynomials. If each R; = C [XZ-, X i_l] is the algebra of Laurent polynomials,
then Ry x--- xR, = C <X1ﬂ, ..., XE") is the algebra of noncommutative
Laurent polynomials.

The following description of the free product follows easily from the defi-
nition (see [VDN]).

(6.2.2) Proposition. Suppose that for each i we choose a subspace Ry C R;
that is a complement to C-1. Then as a vector space,

RixxR,=C-1a P R, @ oR;.
k>0 i1 Aio - Fig

The following definition of the free product of (noncommutative) measures
is due to Voiculescu; see [VDN].

(6.2.3) Proposition—Definition 1. Let R;, i = 1,...,n, be associative al-
gebras with 1, and 7; : R; — C finite normalized measures. Then there exists
a unique finite normalized measure T = Yk 7; on ki Ri with the following
properties:

(1) T|r, = 7.
(2)If in # --- # i and a, € R, are such that 7;,(a,) = 0, then
T(a;, ---a;) = 0.

If the R; are x-algebras and each T; is a probability measure, then so is T.

Both the existence and the uniqueness of 7 follow at once from (6.2.2) if we
take RY = Ker(7;). The problem of finding 7(a; - - - ax) for arbitrary elements
ay, € R;, is clearly equivalent to that of writing a; - - - ax in the normal form
(6.2.2). To do this, one writes

(6.2.4) ay, =7, (ay) - 1+ayp,

with af defined so as to satisfy (6.2.4), and we have ¢;, (a)) = 0. Then one
uses the conditions (1) and (2) to distribute.

(6.2.5) Examples. Suppose we have two algebras A and B and normalized
measures ¢ : A — C and ¢ : B — C. Let x : Ax B — C be the free product
of ¢ and 1. Then for a,a’ € A and b, b’ € B we have, after some calculations,
x(ab) = ¢(a)(b), x(aba’) = d(aa’)¥(b),
x(aba'd’) = ¢(aa’)ip(b)i(b') + ¢(a)p(a’ ) (bb") — d(a)d(a’)iy(b)y (V).
See [NS], Thm. 14.4, for a general formula for x(a1b1 - - - ambym), a; € A, b; € B.

(6.2.6) Examples. (a) Let R; = Clz™1],i = 1,...,n, and let 7; be given
by the integration over the normalized Haar measure d*x on the unit circle.

[hus
Ti xTr) = E amxm = €T d*.’ﬂ = agp.
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The free product of these measures is the functional on (C(Xlil, e ,Xnﬂ)
given by

T f(X):Za,YXV = ag,

YEF,

the constant term of a noncommutative Laurent polynomial. The asymptotic
freedom theorem for unitary matrices (1.4.7) says that this functional is the
limit, as N — oo, of the functionals from Example 6.1.1(c) with ux, for each
N, being the normalized Haar measure on U(N)™.

(b) Let R, = C[z],i=1,...,n, and let 7, = §(z — a;) be the Dirac delta
function situated at a point a; € C, i.e., 7;(f) = f(a;). Then the free product
T =Ty %+ x Ty 1S given by

T(f(Z1,....Zn)) = fla1-1,...,an - 1);

in other words, it depends only on the image of f in the ring of commutative
polynomials C[z1, ..., 2,]. This can be seen from the procedure (6.2.4) using
the fact that each 7; : C[z] — C is a ring homomorphism.

(c) Let R; =Clz],i=1,...,n, and let 7; be integration over the standard
Gaussian probability measure

(= L7 e

Their free product is a probability measure on C(Z,...,Z,) denoted by &,
and called the free Gaussian measure. The asymptotic freedom for Hermitian
Gaussian ensembles [V] can be formulated as follows.

(6.2.7) Theorem. The measure &, is the limit, as N — oo, of the mea-
sures from Example 6.1.1(b), where for each N, we take for uy the Gaussian
probability measure on the vector space (Hermy)™ corresponding to the scalar
product Y Tr(A; B;) on this vector space:

1 1,
M:MN:W—NZ/ZGXP <_§ZZZ>dZ1dZn

i=1

(6.3) The Fourier transform of noncommutative measures. In classical
analysis, the Fourier transform is defined for measures on R™, not on an arbi-
trary curved manifold. We will call a measure on Rfj (“noncommutative R™”)
a datum consisting of a *-algebra R, a *-homomorphism C(Z1,...,Z,) — R
(i.e., a choice of self-adjoint elements in R, which we will still denote by Z;),
and a measure 7 on R. Elements of R for which 7 is defined will be thought of
as functions integrable with respect to the measure. This concept is thus very
similar to that of n» noncommutative random variables in noncommutative
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probability theory, except that we do not require any positivity or normaliza-
tion.

Let 7 be a measure on Ry. Its Fourier transform is the complex-valued
function F(7) on the group I7,, of piecewise smooth paths in R™ defined as
follows:

(6.3.1) S(1)(y) =7(E,(iZ4, ... ,12y,)), v € II,.

Here we assume that the “entire function” E,(iZ,...,iZ,) lies in the do-
main of definition of 7. In physical terminology, §(7)(v) is the “Wilson loop
functional” (defined here for nonclosed paths as well).

(6.3.2) Example: delta functions. (a) For every J = (j1,...,jm) we have
the measure §/) on C((Zy,...,Z,)) given by

(5(']) Z Z CL]ZZ' sz =aj.
m I=

=(11,50e0y0m)

The Fourier transform of §(/) is the function W : IT,, — C that associates to
a path v the iterated integral along y labeled by J:

Wi(y) = / dy;, - - dyj,, -
Y

We will call these functions monomial functions on IT,,.

(b) If we take for 7 the free product of (underived) delta functions d,, *
-+ % dg, , as in Example 6.2.6(b), then

§(7)(v) = exp(i(e(v),a)),
where e(y) € R™ is the endpoint of v. This follows from the fact that 7
is supported on the commutative locus, i.e., 7(E,(iZ)) depends only on the
image of E,(iZ) in the commutative power series ring, which is exp (ie(7), 2)).

(6.4) Convolution and product. Let 7,0 be two measures on R, so we
have homomorphisms

a:C(Z,...,2Z,)— R, [:C{(Z1,...,Z,) — S,
and 7 is a linear functional on R, while o is a linear functional on S. Their
(tensor) convolution is the measure 7 * o, which corresponds to the homomor-
phism
and the linear functional

Txk0:R®S—>C, r®s—1(r)®aoc(s).

For commutative algebras this corresponds to the usual convolution of mea-
sures with respect to the group structure on R™.
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(6.4.2) Proposition. The Fourier transform of the convolution of measures
is the product of their Fourier transforms:

S(rxo)=5F(1) - F(o).

Proof: This is a consequence of the fact that the elements E. (iZ1,...,iZy) of
C{{(Z1,...,Zy)) are grouplike; see the exponential property (2.4.7). O

(6.5) Formal Fourier transform of noncommutative measures. The
product of two monomial functions on II,, is a linear combination of monomial
functions. This expresses Chen’s shuffle relations among iterated integrals:

= ) . . ) _ ) )
(6.5.1) Wit eooim Wit sosimay = E Wity sediamin »
S

the sum being over the set of (m, p)-shuffles. An identical formula holds for the
convolution of the measures §U1:++Jm) and §(m+1:--dm+p) since both formulas
describe the Hopf algebra structure on C((Z1, ..., Z,)).

The C-algebra with basis Wy = W; and multiplication law (6.5.1) is
nothing but the algebra

15--3)m

(6.5.2) ClGn] = lim C[Gpd]

of regular functions on the group scheme G,, = lim G, 4. The multiplication
in GG, corresponds to the Hopf algebra structure given by

m—+1
(653) A(Wj17"'aj7n,) = Z Wj17“.7j1/ ® Wju+1a~~~7jm'
v=0

Elements of C[G},] can be called polynomial functions on I7,.

Note that formal infinite linear combinations (series) > ; c; W still form
a well-defined algebra via (6.5.1), which we denote by C[[G}]]. This is the
algebra of functions on the formal completion of Gy, at 1. The rule (6.5.3)
makes C[[G,]] into a topological Hopf algebra.

Let 7 be a measure on Rj. We will call the series

(6.5.4) Sy = > w(Zn-2;,) W, € C[Gn]]
J=(J1,Jm)

the formal Fourier transform of 7. As before, we see that convolution of mea-
sures is taken into the product in C[[G,]].

7 Toward the Inverse Noncommutative
Fourier Transform

(7.0) In this section we sketch a possible approach to the problem of finding
the inverse to the NCFT F from (2.2) In other words, given a “noncommu-
tative function” f = f(Z1,...,Z,), how do we find a measure p on (possibly
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some completion of) IT, such that F(u) = f? Note that in contrast to clas-
sical analysis, the dual Fourier transform § (from noncommutative measures
to functions on II,,) does not provide even a conjectural answer, since there
is no natural identification of functions and measures.

So we take as our starting point the case of discrete NCFT (1.4.5), where
Theorem 1.4.6 provides a neat inversion formula.

(7.1) Fourier series and Fourier integrals. We recall the classical proce-
dure expressing Fourier integrals as scaling limits of Fourier series; see [W],
§5. Let f(z) be a piecewise continuous C-valued function on R of sufficiently
rapid decay. We can restrict f to the interval [—m, 7], which is a fundamental
domain for the exponential map z — exp(iz), R — S!, and then represent f
on this interval as a Fourier series in €%, n € Z.

Next, let us scale the interval to [—A, A] instead. Then the orthonormal
basis of functions is formed by

1 .
(711) \/ﬁ exp (%) 5 n e Z,

so on the new interval we have

(712)  f(z) = i Z;exp (’”ZZ) /1 F(w) exp (‘”f“’) dw
ne -

If we associate the Fourier coefficients to the scaled lattice points, putting

(7.1.3) g (%) - \/%7 /:: F(2)exp (_’Zm) dz,

then
(7.1.4) f(z)= % nz:g (%) exp <n7;12z> A (%T) , z€[-A 4],

where A (%) = % is the step of the dual lattice. So when A — oo, the
formulas (7.1.3) and (7.1.4) “tend to” the formulas for two mutually inverse
Fourier transforms for functions on R. In other words, the measures on R (with
coordinate y) given by infinite combinations of shifted Dirac delta functions,

ras S5 5),

converge, as A — 00, to a measure whose Fourier transform is f.

(7.2) Matrix fundamental domains. We now consider the analogue of the
above formalism for Hermitian matrices instead of elements of R, and unitary
matrices instead of those of S'. Let HermIS\,A be the set of Hermitian N by N
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matrices whose eigenvalues all lie in [— A, A]. Then Hermf\,’r is a fundamental
domain for the exponential map

(7.2.1) Z— X =exp(iZ), Hermy — U(N).
Note that the Jacobian of the map (7.2.1) is given by
(7.2.2)
e2d?) _q elNi— —cos(Aj — Ag)
J(Z) = det AR Y —_
( ) €l N2 x N2 7 H Y *)\k: H O *)\k)

Jik
Here A1,..., An are the eigenvalues of Z; see [Hel], p. 255. Using the formula
for the volume of U(N), see, e.g., [Mac], we can write the normalized Haar
measure on U(N) transferred into Hermy" as

N-1

J(Z)dZ 2l
7.2.3 X =——"—— Vn=
(7.2.3) w N ngo m!
Let f(Z1,...,Zy) be a “good” noncommutative function (for example an
entire function or a rational function defined for all Hermitian 71, ..., Z, and

having good decay at infinity). Then we can restrict f to (Herm%ﬂ)" and
transfer it, via the map (7.2.1), to a matrix function on U(N)™. This matrix
function is clearly nothing but

(7.2.4) f(=ilog(X1),...,—ilog(X,)),

where —ilog : U(N) — Herm%7r is the branch of the logarithm defined using
our choice of the fundamental domain. Although (7.2.4) is far from being a
noncommutative Laurent polynomial (indeed, it is typically discontinuous),
one can hope to use the procedure of Theorem 1.4.6 to expand it into a
noncommutative Fourier series. In other words, assuming that for each v € F,
the limit

(7.2.5)
a,= lim — Tr Fl=ilog(X1), ..., —ilog(Xn)) X ﬁ &°X,
N—oco N X1,...,Xn€U(N) jie
- J\;gnoo N E /z1 ,,,,, ZpEHermy™ TG Zn)Eya (B i2)) le_Il J(Z‘;—j[dzj
exists, we can form the series
(7.2.6) Z a, X" Z ay Ey(iZy,...,iZy,), Z;€ Hermy" .

By analogy with the classical case one can expect that this series converges
to f‘(Hermgw)" away from the boundary.
N
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(7.3) Scaling the period. In the situation of (7.2) let us choose A > 0
and restrict f to (Hermjé\,A)". The same procedure would then expand the
restriction into a series in

(7.3.1) X7 = exp (z'%zj) Ci=1,....n

Let F/4 ¢ G,(R) be the group generated by the X;F/A. We can think of

elements of Fir/* as rectangular paths in R™ with increments being integer
multiples of w/A. The coefficients of the series for the restriction give then a
function

ga: F;y,r/A - (Ca

so the series will have the form

f2)= Y 9aAWEyi2), Z=(Z\,...,Zy), Z; € Hermy" .

'yGF][/A

Now, as A — oo, we would like to say that the ga, considered as linear
combinations of Dirac measures on IT,, (or some completion), tend to a limit
measure. Although I7,, is not a manifold, we can pass to finite-dimensional
approximations

I, C G,(R) 24 G, a(R).

Let F:;QA = pa(Fpn / A). This is a free nilpotent group of degree d on generators

pd(X]T-r/A)7 and is a discrete subgroup (“lattice”) in G, 4(R). As A — oo,
these lattices are getting dense in G, 4(R). Supposing that the direct image
(summation over the fibers) pq.(ga) exists as a function on F, QA or, what is

FTr/A

the same, a measure on G,, 4(R) supported on the discrete subgroup nid

we can then ask for the existence of the limit
pa = lim pa.(ga) € Meas(Gna(R)).

These measures, if they exist, would then form a promeasure p, that is the
natural candidate for the inverse Fourier transform of f. The author hopes to
address these issues in a future paper.
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Summary. We give a new approach to the cohomology of the Dwork family, and
more generally of single-monomial deformations of Fermat hypersurfaces. This ap-
proach is based on the surprising connection between these families and Klooster-
man sums, and makes use of the Fourier Transform and the theory of Kloosterman
sheaves and of hypergeometric sheaves.
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1 Introduction and a bit of history

After proving [Dw-Rat] the rationality of zeta functions of all algebraic va-
rieties over finite fields nearly fifty years ago, Dwork studied in detail the
zeta function of a nonsingular hypersurface in projective space, cf. [Dw-Hypl]
and [Dw-HyplI]. He then developed his “deformation theory”, cf. [Dw-Def],
[Dw-NPI] and [Dw-NPII], in which he analyzed the way in which his theory
varied in a family. One of his favorite examples of such a family, now called
the Dwork family, was the one parameter (\) family, for each degree n > 2,
of degree-n hypersurfaces in P"~! given by the equation

ixgb anﬁXi =0,
=1 =1

a family he wrote about explicitly in [Dw-Def, page 249, (i), (ii), (iv), the
cases n = 2,3,4], [Dw-Hypll, section 8, pp. 286-288, the case n = 3] and
[Dw-PC, 6.25, the case n = 3, and 6.30, the case n = 4]. Dwork of course
also considered the generalization of the above Dwork family consisting of

Y. Tschinkel and Y. Zarhin (eds.), Algebra, Arithmetic, and Geometry, 89
Progress in Mathematics 270, DOI 10.1007/978-0-8176-4747-6_4,
(© Springer Science+Business Media, LLC 2009
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single-monomial deformations of Fermat hypersurfaces of any degree and
dimension. He mentioned one such example in [Dw-Def, page 249, (iii)].
In [Dw-PAA, pp. 153-154], he discussed the general single-monomial defor-
mation of a Fermat hypersurface, and explained how such families led to
generalized hypergeometric functions.

My own involvement with the Dwork family started (in all senses!) at the
Woods Hole conference in the summer of 1964 with the case n = 3, when I
managed to show in that special case that the algebraic aspects of Dwork’s
deformation theory amounted to what would later be called the Gauss—Manin
connection on relative de Rham cohomology, but which at the time went by
the more mundane name of “differentiating cohomology classes with respect
to parameters”.

That this article is dedicated to Manin on his seventieth birthday is partic-
ularly appropriate, because in that summer of 1964 my reference for the notion
of differentiating cohomology classes with respect to parameters was his 1958
paper [Ma-ACFD]. T would also like to take this opportunity to thank, albeit
belatedly, Arthur Mattuck for many helpful conversations that summer.

I discussed the Dwork family in [Ka-ASDE, 2.3.7.17-23, 2.3.8] as a “par-
ticularly beautiful family”, and computed explicitly the differential equation
satisfied by the cohomology class of the holomorphic n — 2 form. It later
showed up in [Ka-SE, 5.5, esp. pp. 188-190], about which more below. Ogus
[Ogus-GTCC, 3.5, 3.6] used the Dwork family to show the failure in general of
“strong divisibility”. Stevenson, in her thesis [St-th],[St, end of Section 5, page
211], discussed single-monomial deformations of Fermat hypersurfaces of any
degree and dimension. Koblitz [Kob] later wrote on these same families. With
mirror symmetry and the stunning work of Candelas et al. [C-d10-G-P] on the
case n = 5, the Dwork family became widely known, especially in the physics
community, though its occurence in Dwork’s work was almost (not entirely,
cf. [Ber], [Mus-CDPMQ)]) forgotten. Recently the Dwork family turned out to
play a key role in the proof of the Sato—Tate conjecture (for elliptic curves
over Q with non-integral j-invariant), cf. [H-SB-T, Section 1, pp. 5-15].

The present paper gives a new approach to computing the local sys-
tem given by the cohomology of the Dwork family, and more generally of
families of single-monomial deformations of Fermat hypersurfaces. This ap-
proach is based upon the surprising connection, noted in [Ka-SE, 5.5, esp.
pp. 188-190], between such families and Kloosterman sums. It uses also
the theory, developed later, of Kloosterman sheaves and of hypergeometric
sheaves, and of their behavior under Kummer pullback followed by Fourier
Transform, cf. [Ka-GKM] and [Ka-ESDE, esp. 9.2 and 9.3]. In a recent
preprint, Rojas-Leon and Wan [RL-Wan] have independently implemented
the same approach.
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2 The situation to be studied: generalities

We fix an integer n > 2, a degree d > n, and an n-tuple W = (w1, ..., w,,) of
strictly positive integers with >, w; = d, and with ged(wy, ..., wy,) = 1. This
data (n,d, W) is now fixed. Let R be a ring in which d is invertible.

Over R we have the affine line AL := Spec(R[)]). Over AL, we consider
certain one-parameter (namely )\) families of degree-d hypersurfaces in P"~1.
Given an n + 1-tuple (a,b) := (a1, ...,an,b) of invertible elements in R, we
consider the one-parameter (namely A) family of degree-d hypersurfaces in
IP’"_l,

Xa(a,b): Y a; X! —bAXW =0,
i=1

where we have written
n
w ._ w;
xWo=T]xm
i=1

More precisely, we consider the closed subscheme X(a,b)r of P%_l xp AL
defined by the equation

n
D aX! - X" =0,
i=1

and denote by
m(a,b)r : X(a,b)p — AL

the restriction to X(a,b)r of the projection of P! xz Ak onto its second
factor.

Lemma 2.1. The morphism
m(a,b)r : X(a,b)gp — Ak

is lisse over the open set of AL, where the function
(b /d)? [ (wsfar)™ 1

is invertible.

Proof. Because d and the a; are invertible in R, a Fermat hypersurface of the
form
n
> aixi=0
i=1
is lisse over R. When we intersect our family with any coordinate hyperplane

X; = 0, we obtain a constant Fermat family in one lower dimension (because
each w; > 1). Hence any geometric point (z,A) € X at which 7 is not smooth
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has all coordinates X; invertible. So the locus of nonsmoothness of 7 is defined
by the simultaneous vanishing of all the X;d/dX;, i.e., by the simultaneous
equations

dain = b w; XV, fori=1,...,n.

Divide through by the invertible factor da;. Then raise both sides of the i’th
equation to the w; power and multiply together right and left sides separately
over i. We find that at a point of nonsmoothness we have

XMW = (M) [ [ (wi/a:) X

As already noted, all the X; are invertible at any such point, and hence
1= (bA/d)* [ [ (wi/a:)™

at any geometric point of nonsmoothness. O

In the Dwork family per se, all w; = 1. But in a situation where there is
a prime p not dividing d¢ but dividing one of the w;, then taking for R an
F,-algebra (or more generally a ring in which p is nilpotent), we find a rather
remarkable family.

Corollary 2.2. Let p be a prime which is prime to d but which divides one
of the w;, and R a ring in which p is nilpotent. Then the morphism

m(a,b)r : X(a,b)p — Ak
is lisse over all of AL.

Remark 2.3. Already the simplest possible example of the above situation,
the family in P!/F, given by

Xt Lyl = AXYY,
is quite interesting. In dehomogenized form, we are looking at
29T \r 41

as polynomial over F,(\); its Galois group is known to be PSL(2,F,), cf.
[Abh-PP, bottom of p. 1643], [Car], and [Abh-GTL, Serre’s Appendix]. The
general consideration of “p|w; for some ¢” families in higher dimension would
lead us too far afield, since our principal interest here is with families that
“start life” over C. We discuss briefly such “plw; for some ¢” families in
Appendix II. We would like to call the attention of computational number
theorists to these families, with no degeneration at finite distance, as a good
test case for proposed methods of computing efficiently zeta functions in entire
families.
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3 The particular situation to be Studied: details

Recall that the data (n,d, W) is fixed. Over any ring R in which d[[, w; is
invertible, we have the family 7 : X — AL given by

Xo = Xa(Wyd) : > wi X —dAX" =0;

i=1

it is proper and smooth over the open set U := AL[1/(A\? — 1)] C AL where
A4 — 1 is invertible.

The most natural choice of R, then, is Z[1/(d]], w;)]. However, it will
be more convenient to work over a somewhat larger cyclotomic ring, which
contains, for each ¢, all the roots of unity of order dw;. Denote by lem (W) the
least common multiple of the w;, and define dy := lem(W)d. In what follows,
we will work over the ring

Ry := Z[1/dw][Caw | := Z[1/dw][T]/(Pay (T)),

where @4, (T') denotes the dy 'th cyclotomic polynomial.

We now introduce the relevant automorphism group of our family. We
denote by pq(Ro) the group of d’th roots of unity in Ry, by I' = Iy, the
n-fold product group (uq(Ro))™, by I'w C I the subgroup counsisting of all
elements (1, ...,¢,) with [T, ¢ = 1, and by A C I'y the diagonal sub-
group, consisting of all elements of the form (¢, ...,{). The group I'yy acts as
automorphisms of X/A}, , an element (Cy, ..., ¢,) acting as

((Xla ~-~3Xn)7 )‘) = ((Clea ey Can)v )‘)

The diagonal subgroup A acts trivially.
The natural pairing

(Z)dZ)" x I' — pa(Ro) C R,
(Ulv "'avn) X (Clv aCn) i HC??

identifies (Z/dZ)™ as the Ry-valued character group DI" := Hom group (F R )
The subgroup
(z/dzZ)y C (Z/dZ)™

consisting of elements V' = (v1,...,v,) with ), v; = 0 in Z/dZ is then the Ro-
valued character group D(I'/A) of I'/A. The quotient group (Z/dZ)§/<W >
of (Z/dZ)§ by the subgroup generated by (the image, by reduction mod d,
of) W is then the Ry-valued character group D(I'w/A) of I'w /A.

For G either of the groups I'/A, I'y /A, an Rp-linear action of G on a
sheaf of Rp-modules M gives an eigendecomposition
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M = M(p).
pED(G)

If the action is by the larger group G = I'/A, then DG = (Z/dZ)jy, and for
V € (Z/dZ)§ we denote by M (V') the corresponding eigenspace. If the action
is by the smaller group 'y /A, then DG is the quotient group (Z/dZ)5 /< W >;
given an element V € (Z/dZ)j, we denote by V mod W its image in the
quotient group, and we denote by M (V' mod W) the corresponding eigenspace.

If M is given with an action of the larger group I'/A, we can decompose

it for that action:
M= & M)
Ve(z/dz)y

If we view this same M only as a representation of the sugroup I'y /A, we
can decompose it for that action:

M = b M(V mod W).
Ve(z/dL)y | <W>

The relation between these decompositions is this: for any V' € (Z/dZ)j,

MV mod W)= € MV +rW).

r mod d

We return now to our family 7 : X — A}%O, which we have seen is (projec-
tive and) smooth over the open set

U = A1/ 1),

We choose a prime number ¢, and an embedding of Ry into Q,. [We will now
need to invert £, so arguably the most efficient choice is to take for ¢ a divisor
of dy.] We We form the sheaves

Fi.= R'1,Q,

on A}%o[l/é}' They vanish unless 0 < i < 2(n — 2), and they are all lisse on
UJ[1/¢]. By the weak Lefschetz Theorem and Poincaré duality, the sheaves
FUU[1/f] for i # n — 2 are completely understood. They vanish for odd i; for
even i = 2j < 2(n — 2),i # n — 2, they are the Tate twists

FHUL/0) 2 Qo).

We now turn to the lisse sheaf F7~2|U[1//]. It is endowed with an autod-
uality pairing (cup product) toward Q,(—(n — 2)) which is symplectic if n — 2
is odd, and orthogonal if n — 2 is even. If n — 2 is even, say n — 2 = 2m, then
Fr=2|U[1/4] contains Q,(—m) as a direct summand (m’th power of the hy-
perplane class from the ambient P) with nonzero self-intersection. We define
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Prim_”f2 (as a sheaf on U[1//] only) to be the annihilator in F*~2|U[1//] of
this Q,(—m) summand under the cup product pairing. So we have

Fr2UL/0) = Prim" > @ Qu(—

when n — 2 = 2m. When n — 2 is odd, we define Prim"™? := F"~2|U[1//],
again as a sheaf on U[1//] only.

The group I'w /A acts on our family, so on all the sheaves above. For
i #mn — 2, it acts trivially on F*|U[1/€]. For i =n — 2 = 2m even, it respects
the decomposition

Fr2|UL/) = Przm@@f

and acts trivially on the second factor. We thus decompose Prim™ 2 into
eigensheaves Prim™~2(V mod W). The basic information on the eigensheaves
Prim™~2(V mod W) is encoded in elementary combinatorics of the coset
V mod W. An element V = (v1,...,v,) € (Z/dZ)} is said to be totally
nonzero if v; # 0 for all 4. Given a totally nonzero element V' € (Z/dZ)g, we
define its degree deg(V') as follows. For each 4, denote by ¥; the unique integer
1 <9; <d—1 that mod d gives v;. Then )", ¥; is 0 mod d, and we define

deg(V) := (1/d) Zv,

Thus deg(V) lies in the interval 1 < deg(V) < n — 1. The Hodge type of a
totally nonzero V € (Z/dZ)y is defined to be

HdgType(V) :=(n—1—deg(V),deg(V) — 1).

We now compute the rank and the Hodge numbers of eigensheaves
Prim™=2(V mod W). We have already chosen an embedding of Ry into Q,.
We now choose an embedding of @, into C. The composite embedding Ry C C
allows us to extend scalars in our family 7 : X — A}%O, which is projective
and smooth over the open set Ur, = Af [1/(A? — 1)], to get a complex
family 7m¢ : X¢g — A}C, which is projective and smooth over the open set
Uc = AL[1/(A? — 1)]. Working in the classical complex topology with the
corresponding analytic spaces, we can form the higher direct image sheaves
R%g"@ on Aé"m, whose restrictions to UE™ are locally constant sheaves. We
can also form the locally constant sheaf Prim™=*"(Q) on U&". Extending
scalars in the coefficients from Q to QZ, we get the sheaf Prim"~% ‘m(@g).
On the other hand, we have the lisse Q,-sheaf Prim™2 on URo[1/¢, Which we
can pull back, first to Uc, and then to UZ". By the fundamental comparison
theorem, we have

Prim"~%""(Q,) & Prim™?|U&".
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Extending scalars from Q, to C, we obtain
Prim™~>%"(C) = (Prim™?|U&") ®g, C.

This is all I'yy/A-equivariant, so we have the same relation for individual
eigensheaves:

Prim™=2(C)(V mod W) 2 (Prim™ (V mod W)|U&") ®g, C-

If we extend scalars on Ug™ from the constant sheaf C to the sheaf O¢eo,
then the resulting C*° vector bundle Prim"~2%"(C) ®c O¢~ has a Hodge
decomposition,

Prim™=%%"(C) ®@c Oc~ = @ Prim®?.
a>0,b>0,a+b=n—2

This decomposition is respected by the action of I'y /A, so we get a Hodge
decomposition of each eigensheaf:

Prim™= 2" (C)(V mod W) ®@¢ Ocee = @ Prim®®(V mod W).
a>0,b>0,a+b=n—2
Lemma 3.1. We have the following results.
(1) The rank of the lisse sheaf Prim™=2(V mod W) on Ury1/¢ 18 given by
rk(Prim™™2(V mod W)) = # {r € Z/dZ | V 4+ rW is totally nonzero} .

In particular, the eigensheaf Prim"_z(V mod W) vanishes if none of the
W -translates V + rW is totally nonzero.

(2) For each (a,b) with a > 0,b > 0,a+ b= n — 2, the rank of the C> wvector
bundle Prim®™®(V mod W) on UE™ is given by

rk(Prim®*(V mod W))
=#{re€Z/dZ |V +rW is totally nonzero and deg(V +rW) =b+1}.

Proof. To compute the rank of a lisse sheaf on Ug,[1/¢, or the rank of a C*
vector bundle on Ug", it suffices to compute its rank at a single geometric
point of the base. We take the C-point A\ = 0, where we have the Fermat
hypersurface. Here the larger group (Z/dZ)} operates. It is well known that
under the action of this larger group, the eigenspace Prim (V') vanishes unless
V is totally nonzero, e.g., cf. [Ka-IMH, Section 6]. One knows further that if
V' is totally nonzero, this eigenspace is one-dimensional, and of Hodge type
HdgType(V) := (n—1—deg(V), deg(V) —1), cf. [Grif-PCRI, 5.1 and 10.8]. O

The main result of this paper is to describe the eigensheaves
Prim™%(V mod W)

as lisse sheaves on U[1//], i.e., as representations of w1 (U[1/¢]), and to de-
scribe the direct image sheaves jy, (Prim™ 2(V mod W)) on A}zou/zp for
Jju : U[1/4] C A}%O[l/l] the inclusion. The description will be in terms of hy-
pergeometric sheaves in the sense of [Ka-ESDE, 8.7.11].
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4 Interlude: Hypergeometric sheaves

We first recall the theory in its original context of finite fields, cf. [Ka-ESDE,
Chapter 8]. Let k be an Ry[1/{]-algebra which is a finite field, and

¥ (k,4) — Q)

a nontrivial additive character. Because k is an Ry[1/{]- algebra, it contains
dw distinct dy'th roots of unity, and the structural map gives a group isomor-
phism pg,, (Ro) = pa,, (k). So raising to the #k* /dw 'th power is a surjective
group homomorphism

kX — piay, (k) = pay, (Ro).

So for any character x : pq,, (Ro) — pay (Ro), we can and will view the com-
position of x with the above surjection as defining a multiplicative character
of k>, still denoted x. Every multiplicative character of k* of order dividing
dw is of this form. Fix two non-negative integers a and b, at least one of which
is nonzero. Let x1, ..., Xq be an unordered list of a multiplicative characters of
k> of order dividing dy, some possibly trivial, and not necessarily distinct.
Let p1,...,pp be another such list, but of length b. Assume that these two
lists are disjoint, i.e., no x; is a p;. Attached to this data is a geometrically
irreducible middle extension Q,-sheaf

H(Y; xi 's;pj's)

on Gy, /k, which is pure of weight a + b — 1. We call it a hypergeometric
sheaf of type (a,b). If a # b, this sheaf is lisse on G,,/k; if a = b it is lisse
on Gy, — {1}, with local monodromy around 1 a tame pseudoreflection of
determinant ([]; p;)/(I1; xi)-

The trace function of H(v;x; 's;p; 's) is given as follows. For E/k a
finite extension field, denote by g the nontrivial additive character of F
obtained from ¢ by composition with the trace map Traceg,;, and denote
by xi,e (resp. p;g) the multiplicative character of E obtained from x; (resp.
pj) by composition with the norm map Normpg,. For t € G,,(E) = E*,
denote by V(a,b,t) the hypersurface in (G,,)* x (G,,)?/E, with coordinates
L1y ey Ty Y1, .., Yo, defined by the equation

H.TZ‘ :tHyj.
i J

Then
Trace(Froby g|H(¢; xi 's; p; 's))

= (=0t S e (D> wm =Y i | [[xee@) [[7)6w)-
)(E) i J @ J

V(n,m,t
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In studying these sheaves, we can always reduce to the case a > b, because
under multiplicative inversion we have

inv*H (s xi 'sipy ') = HW; B, 'si X 's))

If @ > b, the local monodromy around 0 is tame, specified by the list of x;’s:
the action of a generator o of I§*™ is the action of 7" on the Q,[T]-module
Q[T]/(P(T)), for P(T) the polynomial

P(T) = T[T = xi(0))-

K2

In other words, for each of the distinct characters x on the list of the x}s, there
is a single Jordan block, whose size is the multiplicity with which x appears
on the list. The local monodromy around oo is the direct sum of a tame part
of dimension b, and, if a > b, a totally wild part of dimension a — b, all of
whose upper numbering breaks are 1/(a — b). The b-dimensional tame part
of the local monodromy around oo is analogously specified by the list of p’s:
the action of a generator v, of I!¥™¢ is the action of T’ on the Q,[T]-module

Q,[T]/(Q(T)), for Q(T) the polynomial

Q(T) = [[(T = pi(r0))-

J

When a = b, there is a canonical constant field twist of the hypergeometric
sheaf H = H (¢; x; 's; p; 's) which is independent of the auxiliary choice of 9,

which we will call H". We take for A € @; the nonzero constant

A—(H(g(w,xi)> H(*Q(E,P_j) ,

and define
H =H® (l/A)de-".

[That H" is independent of the choice of i can be seen in two ways. By
elementary inspection, its trace function is independent of the choice of 1, and
we appeal to Chebotarev. Or we can appeal to the rigidity of hypergeometric
sheaves with given local monodromy, cf. [Ka-ESDE, 8.5.6], to infer that with
given x’s and p’s, the hypergeometric sheaves ’H:L“” with different choices of
1 are all geometrically isomorphic. Being geometrically irreducible as well,
they must all be constant field twists of each other. We then use the fact that

H! (Gm Q0 k, Hfﬁ”) is one dimensional, and that Froby acts on it by the

scalar 1, to see that the constant field twist is trivial.]
Here is the simplest example. Take xy # p, and form the hypergeometric
sheaf H°*(1; x; p). Then using the rigidity approach, we see that
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HE (4 X5.0) 22 Loga) @ Lip/x)(1-a) © (1/A)79,

with A (minus) the Jacobi sum over k,

A=—J(k;xp/x) == Y x(@)(p/x)(1 —x).
z€kX
The object
HOx: ) = L@y ® Lippx)(1-2)
makes perfect sense on G,,/Rp[1/{], cf. [Ka-ESDE, 8.17.6]. By [We-JS], at-
taching to each maximal ideal P of Ry the Jacobi sum —J(Ro/P; X, p/Xx)
over its residue field is a grossencharacter, and so by [Se-ALR, Chapter 2] a

Qg-valued character, call it A, ,/,, of 71 (Spec(Ro[1/£]). So we can form

H™ (x5 p) == H(x: p) ® (1/ Ay /)

on G,,/Ro[1/¢]. For any Ry[1/f]-algebra k which is a finite field, its pullback
to Gm/k is K" (¥; x; p).-

This in turn allows us to perform the following global construction. Sup-
pose we are given an integer a > 0, and two unordered disjoint lists of charac-
ters, X1, ..., Xa and pi, ..., pa, of the group pq,, (Ro) with values in that same
group. For a fixed choice of orderings of the lists, we can form the sheaves
H™ (x4, pi), 8 =1, ...,a on Gy /Ro[1/£]. We can then define, as in [Ka-ESDE,
8.17.11], the ! multiplicative convolution

HE™ (xa, pr) [ H™ (X2, p2) 1] 1 -0 H (Xa, pa)[1],

which will be of the form F[1] for some sheaf F on G,,,/Ro[1/¢] which is “tame
and adapted to the unit section”. This sheaf F we call H"™ (x; s;p; 's).
For any Ry[l/¢]-algebra k which is a finite field, its pullback to G,,/k is
He™ (5 x5 's; pj 's). By Chebotarev, the sheaf H™ (¢; x; ’s; p; 's) is, up to
isomorphism, independent of the orderings that went into its definition as an
interated convolution. This canonical choice (as opposed to, say, the ad hoc
construction given in [Ka-ESDE, 8.17.11], which did depend on the orderings)
has the property that, denoting by

f:Gu/Ro[1/€] — Spec(Ro[1/4])

the structural map, the sheaf R'fiH™ (x; 's;p; 's) on Spec(Ro[1/(]) is
the constant sheaf, i.e., it is the trivial one-dimensional representation of
1 (Spec(Ro[1/4])).

If the unordered lists x1, ..., Xq and p1, ..., pp are not disjoint, but not iden-
tical, then we can “cancel” the terms in common, getting shorter disjoint lists.
The hypergeometric sheaf we form with these shorter, disjoint “cancelled” lists
we denote H (¢; Cancel (x; s; p; 's)), cf. [Ka-ESDE, 9.3.1], where this was de-
noted CancelH (¢; x; 's;p; 's). If a = b, then after cancellation the shorter
disjoint lists still have the same common length, and so we can form the con-
stant field twist H°*" (¢); Cancel (x; 's; p; 's)). And in the global setting, we
can form the object H*" (Cancel (x; 's; p; ’s)) on G, /Ro[1/4].
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5 Statement of the main theorem

We continue to work with the fixed data (n,d, W). Given an element V =
(U1, .y 0n) € (Z/dZ)}, we attach to it an unordered list List(V,W) of d =
>, w; multiplicative characters of jq,, (Ro), by the following procedure. For
each index i, denote by x,, the character of u4,, (Roy) given by

¢ i/ ddw

Because w; divides dw /d, this charactery,, has w; distinct w;’th roots. We
then define

List(V,W) = {all w/th roots of xy,, ..., all w),th roots of x,, } .
We will also need the same list, but for —V, and the list
List(all d) := {all characters of order dividing d} .

So long as the two lists List(—V, W) and List(all d) are not identical, we can
apply the Cancel operation, and form the hypergeometric sheaf

Hy.w = H"(Cancel(List(all d); List(—V,W)))
on G, /Ro[1/4].

Lemma 5.1. If Prim™ 2(V mod W) is nonzero, then the unordered lists
List(—V,W) and List(all d) are not identical.

Proof. If Prim™ 2(V mod W) is nontrivial, then at least one choice of V in the
coset V' mod W is totally nonzero. For such a totally nonzero V', the trivial
character is absent from List(—V,W). If we choose another representative
of the same coset, say V — rW, then denoting by Yy, the character of order
dividing d of pg,, (Ro) given by ¢ — (/MW e see easily that

List(—(V —rW), W) = x, List(=V, W).
Hence the character x, is absent from List(—V + rW, W). O

Lemma 5.2. If Prim™~2(V mod W) is nonzero, then Prim™=2(V mod W)
and [d]*Hy,w have the same rank on Ug,1/¢-

Proof. Choose V in the coset V mod W. The rank of Prim™ *(V mod W) is
the number of r € Z/dZ such that V + rW is totally nonzero. Equivalently,
this rank is d — §, for ¢ the number of r € Z/dZ such that V + rW fails
to be totally nonzero. On the other hand, the rank of Hy w is d — ¢, for
¢ the number of elements in List(all d) which also appear in List(—V,W).
Now a given character x, in List(all d) appears in List(—V, W) if and only
if there exists an index ¢ such that x, is a w;’th root of x_,,, i.e., such that
XFi = X_u,, i-€., such that rw; = —v; mod d. O
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Theorem 5.3. Suppose that Prim"~%(V mod W) is nonzero. Denote by
J1 ¢+ Urenyg C A}%o[l/ﬁ] and j2 : Gy popjg C A}%[lm the inclusions,
and by [d] : Gy ror17e) — Gm,Ro[1/e the d’th power map. Then for any
choice of V in the coset V. mod W, there exists a continuous character
Ayw : m1(Spec(Ro[1/4])) — Q, and an isomorphism of sheaves on A}%O[l/é]’

G Prim™~2(V mod W) = Joxld"Hy,w @ Av,w.

Remark 5.4. What happens if we change the choice of V in the coset
V mod W, say to V —rW? As noted above,

List(—(V —rW),W) = x, List(=V, W).

Since List(all d) = x,List(all d) is stable by multiplication by any character of
order dividing d, we find [Ka-ESDE, 8.2.5] that Hy _,w,w = Ly, @ Hv,w ® 4,
for some continuous character A : 1 (Spec(Ro[1//])) — Q, . Therefore the
pullback [d]*Hyv,w is, up to tensoring with a character A of w1 (Spec(Ro[1/4])),
independent of the particular choice of V' in the coset V' mod W. Thus the
truth of the theorem is independent of the particular choice of V.

Question 5.5. There should be a universal recipe for the character Ay
which occurs in Theorem 5.3. For example, if we look at the I'yy /A-invariant
part, both Prim"™~2(0 mod W) and Ho,w are pure of the same weight n — 2,
and both have traces (on Frobenii) in Q. So the character Agw must take
Q-values of weight zero on Frobenii in large characteristic. [To make this
argument legitimate, we need to be sure that over every sufficiently large
finite field k& which is an Ro[1//]-algebra, the sheaf Prim™ 2(0 mod W) has
nonzero trace at some k-point. This is in fact true, in virtue of Corollary 8.7
and a standard equidistribution argument.] But the only rational numbers of
weight zero are £1. So A&W is trivial. Is Ag,w itself trivial?

6 Proof of the main theorem: the strategy

Let us admit for a moment the truth of the following characteristic p theorem,
which will be proven in the next section.

Theorem 6.1. Let k be an Ry[l1/{]-algebra which is a finite field, and let

v o (k+) — @[X be a nontrivial additive character of k. Suppose that
Prim™ %(V mod W) is nonzero. Let ji 5 : Uy C A} and jo : Gpx C AL be
the inclusions. Choose V in the coset V.- mod W, and put

Hy.w.i := H " (y; Cancel(; List(all d); List(—V, W))).

Then on A} the sheaves ji g Prim™ 2(V mod W) and joi[d*Hywi are
geometrically isomorphic, i.e., they become isomorphic on A%,
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We now explain how to deduce the main theorem. The restriction to
Ury ={0} = Gm.ry — pta
of our family

n
Xo: ) wiX!=dx"
i=1
is the pullback, through the d’th power map, of a projective smooth family
over G,, — {1}, in a number of ways. Here is one way to write down such a
descent Tgese 1 Y — Gy, — {1}. Use the fact that ged(wy, ..., wy) = 1 to choose
integers (b, ...,b,) with >, bjw; = 1. Then in the new variables

Vi =\,

the equation of X becomes
n
> wiam iyt =dy™.
i=1

Then the family
Vi) wid iy =dyW
i=1

is such a descent. The same group Iy /A acts on this family. On the base
Gum — {1}, we have the lisse sheaf Prim}_ 2 for this family, and its eigensheaves
Prim”2(V mod W), whose pullbacks [d]* Prim7_ 2 (V mod W) are the sheaves
Prim™ 2(V mod W)|(G.ry — j1a).

Lemma 6.2. Let k be an Ro[l/¢]-algebra which is a finite field. Suppose
Prim"-2(V mod W) is nonzero. Then there exists a choice of V in the coset

V mod W such that the lisse sheaves Prz’m"iQ(V mod W) and Hy.w,r on

desc
G,k — {1} are geometrically isomorphic, i.e., isomorphic on G, 3 — {1}.

Proof. Choose a V in the coset V- mod W. By Theorem 6.1, the lisse sheaves
[d]* Prim"y. 2 (V mod W) and [d]*Hy,w are isomorphic on G,, 7 — 4. Taking
direct image by [d] and using the projection formula, we find an isomorphism

@ L, ® Prim”-2(V mod W) = @ Ly @ Hyv,wk

x with x? trivial x with x9 trivial

of lisse sheaves G,, 7 — {1}. The right hand side is completely reducible,
being the sum of d irreducibles. Therefore the left hand side is completely
reducible, and each of its d nonzero summands £, ® PrimZ;gi(V mod W)
must be irreducible (otherwise the left hand side is the sum of more than d
irreducibles). By Jordan-Hélder, the summand Prim”. 2(V mod W) on the
left is isomorphic to one of the summands £, ® Hy,w, on the right, say to
the summand £,, ® Hy,w,x. As explained in Remark 5.3, this summand is

geometrically isomorphic to Hy —rw,w,k- o
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Lemma 6.3. Suppose that the sheaf Primgesi(V mod W) is nonzero. Choose

an Ro[1/£]-algebra k which is a finite field, and choose V' in the coset V- mod W
such that the lisse sheaves Przmzesi(V mod W) and Hv.wi on Gpp — {1}
are geometrically isomorphic. Then there exists a continuous character

X

Av,w = mi(Spec(Ro[1/€])) — Q;
and an isomorphism of lisse sheaves on G, go1/0 — {1},

Prim">2(V mod W) = Hyw @ Av,w.

desc

This is an instance of the following general phenomenon, which is well
known to the specialists. In our application, the S below is Spec(Ro[1/¢]), C
is P!, and D is the union of the three everywhere disjoint sections 0, 1, co. We
will also use it a bit later when D is the union of the d + 2 everywhere disjoint
sections 0, j1q, 00

Theorem 6.4. Let S be a reduced and irreducible normal noetherian Z[1/¢]-
scheme whose generic point has characteristic zero. Let's be a chosen geomet-
ric point of S. Let C/S be a proper smooth curve with geometrically connected
fibres, and let D C C be a Cartier divisor which is finite étale over S. Let F
and G be lisse Q,-sheaves on C — D. Then we have the following results.

(1) Denote by j: C—D C C andi: D C C the inclusions. Then the formation
of jxF on C commutes with arbitrary change of base T — S, and i*j,F
s a lisse sheaf on D.

(2) Denoting by f : C — D — S the structural map, the sheaves R'fiF on S
are lisse.

(3) The sheaves R'f,F on S are lisse, and their formation commutes with
arbitrary change of base T'— S.

(4) Consider the pullbacks F5 and Gs of F and of G to Cs — Ds. Suppose that
Fs = G5, and that Gz (and hence also Fz ) are irreducible. Then there exists

a continuous character A : m(S) — QE an isomorphism of lisse sheaves
on C—D,
GRAZF.

Proof. The key point is that because the base S has generic characteristic zero,
any lisse sheaf on C' — D is automatically tamely ramified along the divisor
D; this results from Abhyankar’s Lemma. See [Ka-SE, 4.7] for assertions (1)
and (2). Assertion (3) results from (2) by Poincaré duality, cf. [De-CEPD,
Corollaire, p. 72].

To prove assertion (4), we argue as follows. By the Tame Specialization
Theorem [Ka-ESDE, 8.17.13], the geometric monodromy group attached to
the sheaf F is, up to conjugacy in the ambient GL(rk(F),Q,), independent
of the choice of geometric point 5 of S. Since Fz is irreducible, it follows
that Fsr is irreducible, for every geometric point 57 of S. Similarly, Gz is
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irreducible, for every geometric point 57 of S. Now consider the lisse sheaf
Hom(G,F) 2 F®GY on C — D. By assertion (3), the sheaf f, Hom(G,F) is
lisse on .S, and its stalk at a geometric point 57 of S is the group Hom(Gsr, F+7).
At the chosen geometric point s, this Hom group is one-dimensional, by hy-
pothesis. Therefore the lisse sheaf f, Hom(G, F) on S has rank one. So at every
geometric point 57, Hom(Gs;, F57) is one-dimensional. As source and target
are irreducible, any nonzero element of this Hom group is an isomorphism,
and the canonical map

is an isomorphism. Therefore the canonical map of lisse sheaves on C' — D
g f fudom(G,F) — F

is an isomorphism, as we see looking stalkwise. Interpreting the lisse sheaf
fxHom(G,F) on S as a character A of 71 (.5), we get the asserted isomorphism.
(|

Applying this result, we get Lemma 6.3. Now pull back the isomorphism
of that lemma by the d’th power map, to get an isomorphism

Prim™2(V mod W) 2 [d*Hv.w @ Av.w

of lisse sheaves on G, gr,[1/¢ — ta- Then extend by direct image to A}%o[l/f]
to get the isomorphism asserted in Theorem 5.3.

7 Proof of Theorem 6.1

Let us recall the situation. Over the ground ring Ry[1/¢], we have the family
7: X — Al given by

Xy =X \(W,d) : Y w X —dAX" =0,

i=1

which is projective and smooth over U = A! — 1ig. We denote by V C X the
open set where X" is invertible, and by Z C X the complementary reduced
closed set, defined by the vanishing of X"'. As scheme over A!, Z/A! is the
constant scheme with fibre

x" =0)n (Z w X3 = o) :

The group Iy /4, acting as Al-automorphisms of X, preserves both the open
set V and its closed complement Z. In the following discussion, we will re-
peatedly invoke the following general principle, which we state here before
proceeding with the analysis of our particular situation.
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Lemma 7.1. Let S be a noetherian Z[1/{]-scheme, and f : X — S a separated
morphism of finite type. Suppose that a finite group G acts admissibly (:=
every point lies in a G-stable affine open set) as S-automorphisms of X. Then
in DY(S, Qy), we have a direct sum decomposition of RAQ, into G-isotypical
components

RfQ, = D RAQq(p)-

irred. Q, rep.’s p of G

Proof. Denote by h : X — Y := X/G the projection onto the quotient,
and denote by m : Y — S the structural morphism of Y/S. Then RhQ, =
h,Q, is a constructible sheaf of Q,[G] modules on Y, so has a G-isotypical
decomposition

Rh!@g = h*@[ = @ h*@i(ﬂ)-

irred. @e rep.'s p of G

Applying Rmy to this decomposition gives the asserted decomposition of

Rf!@z~ O

We now return to our particular situation. We are given a Ry[1/¢]-algebra

k which is a finite field, and a nontrivial additive character ¢ : (k, +) — @; )
We denote by
Tk - Xk — Allc

the base change to k of our family. Recall that the Fourier Transform F'T%;
is the endomorphism of the derived category D (Ak,@z) defined by looking
at the two projections pr;, pry of Ai onto A}, and at the “kernel” Loy (zy) ON
A%, and putting

FT#’(K) = R(prZ)! (‘Cib(xy) 0y pr’le[]-D 5
cf. [Lau-TFCEF, 1.2]. One knows that FT,; is essentially involutive,
FTy(FTy(K)) = [z — —2]"K(-1),

or equivalently
FT,(FT,(K)) = K(~1),

that FT, maps perverse sheaves to perverse sheaves and induces an exact
autoequivalence of the category of perverse sheaves with itself.

We denote by K (Ak,@g) the Grothendieck group of DY (A]lc,@g). One
knows that K is the free abelian group on the isomorphism classes of irre-
ducible perverse sheaves, cf. [Lau-TFCEF, 0.7, 0.8]. We also denote by FT,
the endomorphism of K (A}, Q,) induced by FTy on DY (A}, Q).

The key fact for us is the following, proven in [Ka-ESDE, 9.3.2], cf. also
[Ka-ESDE, 8.7.2 and line —4, p. 327].
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Theorem 7.2. Denote by 1_q,q the additive character x — (—x/d), and
denote by j : Gy, C AL the inclusion. Denote by Ay, ..., Aq the list List(all d)
of all the multiplicative characters of k> of order dividing d. For any un-
ordered list of d multiplicative characters pi,...pq of k™ which is different
from List(all d), the perverse sheaf

FTyjuld H (1745 p1, ---pa; O)[1]
on Ay is geometrically isomorphic to the perverse sheaf
J«[d]*H(¢; Cancel(List(all d); p1, ..., pa))[1].

Before we can apply this result, we need some preliminaries. We first cal-
culate the Fourier Transform of Rﬂ'kﬁ@[, or more precisely its restriction to
Gk, in a I'y /A-equivariant way. Recall that V), C Xy, is the open set where
XW is invertible, and Zj, C X}, is its closed complement. We denote by

f = Wk‘vk : Vk —>A,1€

the restriction to Vi, of mg. Concretely, Vj, is the open set P} ' [1/XW] of PY~!
(with homogeneous coordinates (X1, ..., X,,)) where X" is invertible, and f
is the map

(X1, X)) = > (wi/d) X/ X

?

Lemma 7.3. For any character V.- mod W of I'w/A, the canonical map
of p-isotypical components RfQ,(V mod W) — R 1Q,(V mod W) in-
duced by the A,lg-linear open immersion Vi C X induces an isomorphism
m ch)(Gm,k, Qﬁ)7

(FT,RAQ,)(V mod W)|Gpy i = (FTy R 1 Q) (V mod W)|Gyy, .
Proof. We have an “excision sequence” distinguished triangle
RAQu(V mod W) — Ry Qu(V mod W) — R(7|Z) 1 Qu(V mod W) —

The third term is constant, i.e., the pullback to A} of a an object on Spec(k),
so its FTy is supported at the origin. Applying FTy to this distinguished
triangle gives a distinguished triange

FTyRAQ(V mod W) — FTy Ry 1Q,(V mod W)
— FTyR(7|2)5,Qu(V mod W) —
Restricting to Gy, k, the third term vanishes. O

We next compute (FTyRfQ,)|Gn x in a Iy /A-equivariant way. We do
this by working upstairs, on Vj, with its I'yy /A-action.
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Denote by Tw C Gy, ;. the connected (because ged(wr,...wn) = 1) torus
of dimension n — 1 in Gy, ;, with coordinates z;,7 = 1,....,n, defined by the
equation 2" = 1. Denote by P}~ '[1/X"] C P}~ the open set of P} ™" (with
homogeneous coordinates (X1, ..., X,,)) where X" is invertible. Our group
I'y is precisely the group Tw[d] of points of order dividing d in Ty . And
the subgroup A C 'y is just the intersection of Ty with the diagonal in the
ambient Gy, .. We have a surjective map

g:Tw — [PZ_I[I/XW], (X1, ey ) = (X1, ey T)-

This map g makes Ty a finite étale galois covering of ]P’Zf1 [1/X"W] with group
A. The d’th power map [d] : Ty — Tw makes Ty into a finite étale galois
covering of itself, with group I'yy. We have a beautiful factorization of [d] as
ho g, for

he PR/ XY = Tw, (X, o0 X)) — (XE/XY, L XE/XY).

This map h makes IPZ_I [1/X™] a finite étale galois covering of Ty with group
I'yy /A. Denote by m the map

m: Ty — Ap, (21, ..., 2,) — Z(wl/d):cZ

K3
Let us state explicitly the tautology which underlies our computation.

Lemma 7.4. The map f : Vi, = P} ' [1/XW] — AL is the composition
f=moh:PI /X L1y B AL

Because h is a a finite étale galois covering of Ty with group I'y /A, we
have a direct sum decomposition on Tyy,

Rh!@[ = h*@z = @ [/V mod W -

char’s V.mod W of I'iw /A

More precisely, any V' in the coset V mod W is a character of I'/A, hence of I,
so we have the Kummer sheaf £y on the ambient torus G?n, - In the standard
coordinates (z1,...,x,) on G, 1> this Kummer sheaf Ly is LHini(ﬂ?i)' The
restriction of Ly to the subtorus Ty is independent of the choice of V' in the
coset V' mod W it is the sheaf denoted Ly ;04 w in the above decomposition.

Now apply Rmy to the above decomposition. We get a direct sum

decomposition

RfiQ, = Rmh,Q, = &b RmiLyv mod w
char’s V.mod W of I'iwv /A

into eigenobjects for the action of I'y /A.
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Apply now FTJ We get a direct sum decomposition

FT;RAQ, = D FTGRMILY mod w
char’s V.mod W of I'w /A

into eigenobjects for the action of 'y /A; we have
(FTFRfQ)(V mod W) = FTZRmLY mod w
for each character Vmod W of I'y /A.

Theorem 7.5. Given a character V-mod W of I'yy /A, pick V in the coset
V mod W. We have a geometric isomorphism

(FTang@f)(V mod W)|Gop e = [d]*H(Y_1q; List(V,W); 0)[2 — n].

Proof. By the definition of FTE, and proper base change for Rm,, we see that
FTERmILV mod W is obtained as follows. Choose V' in the coset V' mod W.

Endow the product Ty x A}, with coordinates (z = (21, ..., z,);t) from the
ambient G, , X A}. The product has projections pry,pr, onto Ty and A}
respectively. On the product we have the lisse sheaf L@(tz (wi )z @ prily.
By definition, we have '

FIGRmLY mod w = RPr21 (L5005 (i fdyai) © PITETL, o, (@) 1)

If we pull back to Gy, 1 C Ak, then the source becomes Ty X Gy, . This source
is isomorphic to the subtorus Z of G} with coordinates (z = (1, ..., 2, ); ),

m,k
defined by
W =1

by the map
(x = (X1, ey xp);t) — (tx = (txq, ..., txy); t).

On this subtorus Z, our sheaf becomes L5~ (. /a)2) @ PIILT, xo, () [1]- [Re-
member that V has >, v; = 0, so Ly], y, (x;) 18 invariant by z ~— tz.] Thus
we have

FTERm LY mod w|Gm.k = BV 1 /(L5 (w, 7ayen) @ PITLTT, xo, (@) [1])-

This situation,

Prp41

EE(Zz(wz/d)l’z) ®er’CH1 Xw(ﬂfq)[” on Z = (:EW = td) - Gm,k’

is the pullback by the d’th power map on the base of the situation

IW
L35 swn fdya) © PALTL x, o1 00 Gl = G
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Therefore we have
FTJRmIEV mod W|Gm.k = [d]*R(xW)! (EE(Zj(wi/d)xi) ® pr’l‘ﬁni Xov; (Ii)[1]> .

According to [Ka-GKM, 4.0,4.1, 5.5],

R (L e © PLL v, )

vanishes for a # n — 1, and for a = n — 1 is the multiple multiplicative !
convolution

KUY, a3 Xors w1) %1 KUy /a3 Xos W) *1 -k KUY, /d3 Xo s Wn)-
By [Ka-GKM, 4.3, 5.6.2], for each convolvee we have geometric isomorphisms
KU, a5 X wi) =[wil s KUY, a3 Xo ) Z K11 a; all with roots of x,).

So the above multiple convolution is the Kloosterman sheaf
Kl(p_14;all with roots of Xy, ,...,all wjth roots of x,)

:= H(1_1/q; all with roots of Xy, , ..., all wjth roots of x,,;0).
Recall that by definition

List(V,W) := (all with roots of xu,,...,all wi,th roots of x,, ).
Putting this all together, we find the asserted geometric isomorphism

(FT;RAQ)(V mod W) |Gy i, = [d* H(3_1 /a3 List(V,W); 0)[2 — n].
O

We are now ready for the final step in the proof of Theorem 6.1. Recall
that jix : Ug := A} — pg C A}, and jo i : Gy C A} are the inclusions. We
must prove.

Theorem 7.6. (Restatement of 6.1) Let V mod W be a character of I'y /A
for which Prim™ *(V mod W) is nonzero. Pick V in the coset V mod W.
Then we have a geometric isomorphism of perverse sheaves on A},

Gk Prim™2(V mod W)[1] 2 jor.[d]* Hy.wi[1].

Proof. Over the open set Uy, we have seen that sheaves R"ﬂ';ﬁ’*@AU;g are
geometrically constant for ¢ # n — 2, and that R"_me@g\Uk is the direct
sum of Prim™ 2 and a geometrically constant sheaf. The same is true for the
I'y / A-isotypical components. Thus in K (Uy, Q,), we have
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Ry« Qy(V mod W)|Uy : =Y (=1)"Rimy. . Qy(V mod W)Uy

= (=1)"2Prim"*(V mod W) + (geom. const.).

Comparing this with the situation on all of A}e, we don’t know what happens
at the d missing points of ug, but in any case we will have

Ry Qu(V mod W) = (=1)"" 24 g Prim™2(V mod W)
+(geom. const.) + (punctual, supported in i)

in K (Ak, @5) .
Taking Fourier Transform, we get

FTEij’*Prim"Q(V mod W) =
(_1)n—2FTER7rk7*@[(V mod W)+(punctual, supported at 0)+(sum of Lys)

in K (A}C’ @£> .
By Lemma 7.3 , we have

(FTwRWk,I@E)(V mod W)|Gpy 1 = FTd,Rﬁ@E(V mod W)|G, i,

so we have
FTEij,*Prim"Q(V mod W) =

(—=1)"?FT,RAQ,(V mod W)+ (punctual, supported at 0)+ (sum of .Ci/,(s)

in K (A}, Q).
By the previous theorem, we have

(FTZRAQ)(V mod W)|Gpy g = (—1)"2[d]* H(¢_1/a; List(V, W); 0)

in K(G,, E,@g). We don’t know what happens at the origin, but in any case
we have

(FTRAQ)(V mod W)
= (—1)"_2]'27;67*[d]*H(w,l/d; List(V,W);0) + (punctual, supported at 0)
in K (A%, @[). So we find

FTEij,*Prian2 (V mod W)
= Jo ks [d]"H(Y_1a; List(V,W); 0)
+(punctual, supported at 0) + (sum of Ly, s)

in K (A%,@[). Now apply the inverse Fourier Transform FT,. By

Theorem 7.2, we obtain an equality
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J1.kx Prim™2(V mod W)[1]
= jo kA" Hv.wk[1] + (geom. constant) + (punctual)

in the group K (A%, @() . This is the free abelian group on isomorphism classes

of irreducible perverse sheaves on A%. So in any equality of elements in this
group, we can delete all occurrences of any particular isomorphism class, and
still have an equality.

On the open set Uy, the lisse sheaves Prim™ 2(V mod W) and [d]*Hv,wk
are both pure, hence completely reducible on Uy by [De-Weil 11, 3.4.1 (iii)]. So
both perverse sheaves ji .« Prim™ (V. mod W)[1] and jo x . [d]*Hyw x[1] on
A% are direct sums of perverse irreducibles which are middle extensions from
Uz, and hence have no punctual constituents. So we may cancel the punctual
terms, and conclude that we have

J1ks Prim™ 2 (V mod W)[1] — jop«[d]*Hv.wi[1] = (geom. constant)

in the group K (A%, @5) By Lemma 5.2, the left hand side has generic rank

zero, so there can be no geometrically constant virtual summand. Thus we
have an equality of perverse sheaves

j17k7*Prim"_2(V mod W)[1] = jo k. [d]*Hv,wk[1]

in the group K (A%, @l)- Therefore the two perverse sheaves have geomet-

rically isomorphic semisimplifications. But by purity, both are geometrically
semisimple. This concludes the proof of Theorem 6.1, and so also the proof of
Theorem 5.3. a

8 Appendix I: The transcendental approach

In this appendix, we continue to work with the fixed data (n,d, W), but
now over the groundring C. We give a transcendental proof of Theorem 5.3,
but only for the I'yy /A-invariant part Prim"™ (0 mod W). Our proof is es-
sentially a slight simplification of an argument that Shepherd-Barron gave
in a November, 2006 lecture at MSRI, where he presented a variant of
[H-SB-T, pages 5—22]. We do not know how to treat the other eigensheaves
Prim™=2(V mod W), with V' mod W a nontrivial character of Iy /4, in an
analogous fashion.

First, let us recall the bare definition of hypergeometric D-modules. We
work on G, (always over C), with coordinate \. We write D := Ad/d\. We
denote by D := C[A, 1/A][D] the ring of differential operators on G,,. Fix non-
negative integers a and b, not both 0. Suppose we are given an unordered list
of a complex numbers ag, ..., @, ,not necessarily distinct. Let 31,..., 6y be a
second such list, but of length b. We denote by Hyp (a;s; ﬂ;s) the differential
operator
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Hyp (ai's; 8;'s) := [ [(D — aa) = AT [ (D — )
i J
and by H(ajs; Bs) the holonomic left D-module
H(ei's; B;'s) := D/DHyp(a;'s; 8;'s).

We say that H(ajs; 8}s) is a hypergeometric of type (a, b).

One knows [Ka-ESDE, 3.2.1] that this H is an irreducible D-module on
G, and remains irreducible when restricted to any dense open set U C G,,,,
if and only if the two lists are disjoint “mod Z”, i.e., for all 4, j, a; — B; is not
an integer. [If we are given two lists List; and Lists which are not identical
mod Z, but possibly not disjoint mod Z, we can “cancel” the common (mod
Z) entries, and get an irreducible hypergeometric H(Cancel(List, Lists)).]

We will assume henceforth that this disjointness mod Z condition is satis-
fied, and that a = b. Then H(a;s; 3}s) has regular singular points at 0, 1, co.
If the a; and B; lie in Q, pick a common denominator N, and denote by X4,
the character of un(C) given by

XOCZ(C) = CaiN~

Similarly for xg,. For any prime number /, the Riemann-Hilbert partner
of H(ajs;Bjs) is the Q, perverse sheaf H"(xa, 's;xg, 's)[1] on G, cf.
[Ka-ESDE, 8.17.11].

We denote by D, := C(A)[D] the ring of differential operators at the
generic point. Although this ring is not quite commutative, it is near enough
to being a one-variable polynomial ring over a field that it is left (and right)
Euclidean, for the obvious notion of long division. So every nonzero left ideal
in D, is principal, generated by the monic (in D,) operator in it of lowest
order. Given a left D,-module M and an element m € M, we denote by
Ann(m, M) the left ideal in D,, defined as

Ann(m, M) := {operators L € Dp|L(m) =01in M}.

If Ann(m, M) # 0, we define L,, s € D,, to be the lowest order monic operator
in Ann(m, M).
We have the following elementary lemma, whose proof is left to the reader.

Lemma 8.1. Let N and M be left Dy-modules, f : M — N a horizon-
tal (:= Dy-linear) map, and m € M. Suppose that Ann(m,M) # 0. Then
Ann(m, M) C Ann(f(m),N), and Ly, ar is right-divisible by Ly n-

We now turn to our complex family 7 : X — Al given by

Xy =X\(W,d) : > w X! —d X" =o0.

i=1

We pull it back to U := G,,, — tqg C A', over which it is proper and smooth,
and form the de Rham incarnation of Prim™ 2, which we denote Pm’mggz.
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We also have the relative de Rham cohomolgy of (P"~! x U — Xy)/U over
the base U in degree n — 1, which we denote simply H5 ' ((P — X)/U). Both
are O-locally free D-modules (Gauss—Manin connection) on U, endowed with
a horizontal action of I'yy/A. The Poincaré residue map gives a horizontal,
I'y /A-equivariant isomorphism

Res : Hip' (P —X)/U) = Prim/j5°.

As in the discussion beginning Section 6, we write 1 = ), b;w; to obtain
a descent of our family through the d power map: the family mgesc : Y — Gy,
given by
n
Yy : Zwi)\_biYid =dx".
i=1

The same group I'w /A acts on this family, which is projective and smooth
over G, — {1}. So on G,,, — {1}, we have Pm’ngfdesc for this family, and its

fixed part Pm’ngfdesc(O mod W), whose pullback [d]*PrimZE?desc(O mod W)

is the sheaf Prim”;;?(0 mod W)|(Gym, — pta)-

Our next step is to pull back further, to a small analytic disk. Choose a real
constant C' > 4. Pull back the descended family to a small disk Uy, c around
C. We take the disk small enough that for A € Uy, ¢, we have |C/\|% < 2 for
all 7. The extension of scalars map

Hye (P =Y)/ (G — {1})) = Hig (P = Y)/(Gm — {1}) ®0c,,_ 1) Ot

is a horizontal map; we view both source and target as D-modules.
Over this disk, the C* closed immersion

v : (S1)"/ Diagonal — P"~1,
(21, .y 2n) > (OO COn=t/dy,  CP/dy,)

lands entirely in P — Y: its image is an (n — 1)-torus Z C P"~! that is disjoint
from Yy for A € Ugp,c. Restricting to the Iy /A-invariant part

Hig (P =Y) /(G — {1}))(0 mod W),
we get a horizontal map
i (B = Y)/(Gyn = {13))(0 mod W) = HUnn0, Ou ). = [ w
Write y; :=Y;/Y,, for i =1,...,n — 1. Denote by
w € Hyp ' (P~ Y)/(Gm — {11))(0 mod W)

the (cohomology class of the) holomorphic (n — 1)-form
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= dYW — Z?:l wi)\_biY;'d palet Yi/Yi-

Our next task is to compute the integral

[«

The computation will involve the Pochammer symbol. For o € C, and
k > 1 a positive integer, the Pochammer symbol («), is defined by

k-1

(@) = T(a+k)/T(a) = [[(a+i).

i=0
We state for ease of later reference the following elementary identity.

Lemma 8.2. For integers k > 1 and r > 1, we have
s
(kr)!/rhr = H(z/r)k
i=1
Lemma 8.3. We have the formula

_ =1 /d) k
fe= HZ(HZ Ry (y/w,n)“m'

k>1

Proof. Divide top and bottom by dY'"W, expand the geometric series, and
integrate term by term. This is legitimate because at a point z € Z, the
function Y7 (w; /d)A"*Y;2 /YW has the value

> (wi/d)ATVCPi OV =N (wi/d)(C/N) 2 Y

i=1 1=1
which has absolute value < 2(}" ,(w;/d))/C = 2/C < 1/2. Because
each term in the geometric series is homogeneous of degree zero, the in-
tegral of the k’th term in the geometric series is the coefficient of zFW
in (300 (w;/d)(X)~b zld)k. This coefficient vanishes unless k is a multiple

i=1
of d (because gcd(wi,...,w,) = 1). The integral of the dk’th term is the

coefficient of zF¥W in (Z?:l(wi/d)(/\)_bizf)dk, i.e., the coefficient of zKW
in (X0 (wi/d)(A) iz )dk. Expanding by the multinomial theorem, this
coeflicient is

(k) TT (o)A fGhwi)t) = )@kt /), TT ((hawn)tfoo™)
i=1

i=1

which, by the previous lemma, is as asserted. a
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This function

i=1 /d) k
F&): /“"”Z<H B </wz>k)<1/”

is annihilated by the following differential operator. Consider the two lists of
length d.

List(all d) := {1/d,2/d, ...,d/d},
List(0, W) := {1/w1, 2/w1, e, w1 /W1, vy 1/ Wiy 2/ Wiy ooy W J Wi }

These lists are certainly not identical mod Z; the second one contains 0 with
multiplicity n, while the first contains only a single integer. Let us denote the
cancelled lists, whose common length we call a,

Cancel(List(all d); List(0,W)) = (a1, .., q); (B1y ovs Ba)-

So we have
FO): [ w=1+ < i=1 () )(m)
fo=re X (g,

which one readily checks is annihilated by the differential operator

a

Hypo w = Hyp(ajs; B — 1's) := H — ;) )\H

i=1
Theorem 8.4. We have an isomorphism of D-modules on G,, — {1},

Hig (P = Y)/ (G — {11))(0 mod W) = How|(G — {13)
= H(ajs; Bi — 1's)|(Gm — {1}).

Proof. Both sides of the alleged isomorphism are O-coherent D-modules on
Gm — {1}, so each is the “middle extension” of its restriction to any Zariski
dense open set in G, — {1}. So it suffices to show that both sides become
isomorphic over the function field of G,, — {1}, i.e., that they give rise to
isomorphic D,-modules. For this, we argue as follows. Denote by A the ring

A= HO(Uan,C7 Oty ) ®0g,, (1} C(\N),
which we view as a D,-module. We have the horizontal map

fz

Hijg (P = Y)/(Gm = {11))(0 mod W) =& H® Uan,c, Ou,, -

Tensoring over Og,, {1} with C()\), we obtain a horizontal map

m

HZY (P —Y)/C(A\)(0 mod W)f_% )
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By (the Hyp analogue of) Lemma 5.2, we know that the source has C(\)-
dimension a:= the order of Hyp(a}s; 3; —1’s). So the element w in the source is
annihilated by some operator in D,, of order at most a, simply because w and
its first a derivatives must be linearly dependent over C(X). So the lowest order
operator annihilating w in Hggl((IP’ —Y)/C(A))(0 mod W), call it Ly, gy,
has order at most a. On the other hand, the irreducible operator Hyp(os; 5; —
1’s) annihilates [,w € A. But [,w # 0, so Ann([,w,A) is a proper
left ideal in D,, and hence is generated by the irreducible monic operator
(1/(1—=X))Hyp (as; B; — 1's). By Lemma 8.2, we know that Ly, m,; is divisible
by (1/(1—X))Hyp(cas; B; —1’s). But L, g, has order at most a, the order of
Hyp(as; 8;i—1's), so we conclude that Ly, g, = (1/(1 — X)) Hyp(ais; 3; — 1's).
Thus the D,-span of w in the group Hz'((P—Y)/C(A)(0 mod W) is
D, /D, Hyp(a;s; B; — 1's). Comparing dimensions we see that this D,-span
is all of Hz '((P — Y)/C(A\)(0 mod W). O

Corollary 8.5. For the family

Xo =X \(W,d) : Y w X = dAX" =0,

i=1
its Prim}iz>(0 mod W) as D-module on A' — iy is related to the D-module
[d*(Ho,w (G, — {1})) on Gy, — g as follows.

(1) We have an isomorphism of D-modules on G, — 4,

Primf (0 mod W)|(Gyn — pa) 2 [d* (How |(Grn — {1})):
(2) Denote by j1 : A — ug C Al and jo : G, — g C At the inclusions. Then

we have an isomorphism of D-modules on A! of the middle extensions

Jux(Primi (0 mod W)) 2 ja4(d]* (How|(Gm — {1})))-
Proof. The first isomorphism is the pullback by d’th power of the isomorphism
of the theorem above. We obtain the second isomorphism as follows. Denote
by js : G — pa C A' — g the inclusion. Because Prim/j5>(0 mod W) is an
O-coherent D-module on A! — 14, it is the middle extension

Jae (Primig®(0 mod W)|(Gm — pa)) -

Because jo = ji o j3, we obtain the second isomorphism by applying j2 . to
the first isomorphism. a

Theorem 8.6. Suppose n > 3. For either the family

Xy =X (W,d) : Y w; X —dAX" =0
1=1

over A — 11y or the descended family

Yo Y wd by =dx"W
=1
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over Gy, —{1} consider its Prim/jz*(0 mod W) (resp. Pm’mggfdesc(O mod W) )
as a D-module, and denote by a its rank. For either family, its differential
galois group Ggq (which here is the Zariski closure of its monodromy group)
is the symplectic group Sp(a) if n — 2 is odd, and the orthogonal group O(a)
if n — 2 is even.

Proof. Poincaré duality induces on Prim/i5*(0 mod W) (resp. on the module
Primggfdesc(O mod W)) an autoduality which is symplectic if n — 2 is odd,
and orthogonal if n — 2 is even. So we have a priori inclusions Gyq C Sp(a)
if n — 2 is odd, Ggar C O(a) if n — 2 is even. It suffices to prove the theorem
for the descended family. This is obvious in the Sp case, since the identity
component of G 44 is invariant under finite pullback. In the O case, we must
rule out the possibility that the pullback has group SO(a) rather than O(a).
For this, we observe that an orthogonally autodual hypergeometric of type
(a,a) has a true reflection as local monodromy around 1 (since in any case
an irreducible hypergeometric of type (a,a) has as local monodromy around
1 a pseudoreflection, and the only pseudoreflection in an orthogonal group is
a true reflection). As the d’th power map is finite étale over 1, the pullback
has a true reflection as local monodromy around each ¢ € ug. So the group
for the pullback contains true reflections, so must be O(a).

We now consider the descended family. So we are dealing with Ho w :=
H(als; B;—1's). From the definition of Ho w, we see that =1 mod Z occurs
among the J; precisely n — 1 times (n — 1 times and not n times because of
a single cancellation with List(all d)). Because n — 1 > 2 by hypothesis,
local monodromy around oo is not semisimple [Ka-ESDE, 3.2.2] and hence
H(as; B7s) is not Belyi induced or inverse Belyi induced, cf. [Ka-ESDE, 3.5],
nor is its G% 9" trivial.

We next show that How is not Kummer induced of any degree r > 2.
Suppose it is not. As the a; all have order dividing d in C/Z, r must divide
d, since 1/r mod Z is a difference of two «;’s, cf. [Ka-ESDE, 3.5.6]. But the
B; mod Z are also stable by  — x + 1/r, so we would find that 1/r mod Z
occurs with the same multiplicity n — 1 as 0 mod Z among the 3; mod Z.
So r must divide at least n — 1 of the w;; it cannot divide all the w; because
gcd(wy, ..., wy) = 1. But this 1/r cannot cancel with List(all d), otherwise its
multiplicity would be at most n — 2. This lack of cancellation means that r
does not divide d, contradiction.

Now we appeal to [Ka-ESDE, 3.5.8]: let H(a;s; 3}s) be an irreducible hy-
pergeometric of type (a,a) which is neither Belyi induced nor inverse Belyi
induced not Kummer induced. Denote by G its differential galois group G ga,
G its identity component, and G* " the derived group (:= commutator sub-
group) of GY. Then G%?" is either trivial or it is one of SL(a) or SO(a) or,
if a is even, possibly Sp(a).

In the case of Ho w, we have already seen that Goj;ller is not trivial. Given
that G gq lies in either Sp(a) or O(a), depending on the parity of n—2, the only
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possibility is that G4q = Sp(a) for n —2 odd, and that G4q = O(a) or SO(a)
if n —2is even. In the even case, the presence of a true reflection in G4 rules
out the SO case. a

Corollary 8.7. In the context of Theorem 5.3, on each geometric fibre of
Uro[1/0)/ Spec(Ro[1/£]), the geometric monodromy group G geom of the sheaf
Prim™~2(0 mod W) is the full symplectic group Sp(a) if n — 2 is odd, and is
the full orthogonal group O(a) if n — 2 is even.

Proof. On a C-fibre, this is just the translation through Riemann-Hilbert of
the theorem above. The passage to other geometric fibres is done by the Tame
Specialization Theorem [Ka-ESDE, 8.17.3]. O

When does it happen that Prim”%(0 mod W) has rank n — 1 and all
Hodge numbers 1?7

Lemma 8.8. The following are equivalent.

(1) Prim"%2(0 mod W) has rank n — 1.

(2) Bvery w; diwvides d, and for all i # j, ged(w;,w;) = 1.

(3) Local monodromy at co is a single unipotent Jordan block.
(4) Local monodromy at co is a single Jordan block.

(5) All the Hodge numbers Pm’m‘;ﬁ(o mod W)gtb=n—2 are 1.

Proof. (1)=(2) The rank is at least n — 1, since this is the multiplicity of 0
mod Z as a [ in Ho w. If the rank is no higher, then each w; must divide d,
so that the elements 1/w;, ..., (w; — 1)/w; mod Z can cancel with List(all d).
And the w; must be pairwise relatively prime, for if a fraction 1/r mod Z with
r > 2 appeared among both 1/w;, ..., (w; — 1)/w; and 1/wj, ..., (w; — 1)/wj,
only one of its occurrences at most can cancel with List(all d).

(2)=-(1) If all w; divide d, and if the w; are pairwise relatively prime, then
after cancellation we find that Ho w has rank n — 1.

(1)=(3) If (1) holds, then the §;’s are all 0 mod Z, and there are n — 1
of them. This forces Ho,w and also [d]*Ho,w to have its local monodromy
around oo, call it T, unipotent, with a single Jordan block, cf. [Ka-ESDE,
3.2.2).

(3)=-(4) is obvious.

(4)=(3) Although d’th power pullback may change the eigenvalues of local
monodromy at oo, it does not change the number of distinct Jordan blocks.
But there is always one unipotent Jordan block of size n — 1, cf. the proof of
(1)=(2).

(3)=-(5) If not all the n—1 Hodge numbers are 1, then some Hodge number
vanishes, and at most n — 2 Hodge numbers are nonzero. But by [Ka-NCMT,
14.1] [strictly speaking, by projecting its proof onto Iy /A-isotypical compo-
nents| any local monodromy is quasiunipotent of exponent of nilpotence < h:=
the number of nonzero Hodge numbers. So our local monodromy 7' around
o0, already unipotent, would satisfy (7' — 1)"~2 = 0. But as we have already
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remarked, Ho w always has unipotent Jordan block of size n — 1. Therefore
all the Hodge numbers are nonzero, and hence each is 1.
(5)=(1) is obvious. O

Remark 8.9. Four particular n = 5 cases where condition (2) is satisfied,
namely W = (1,1,1,1,1), W = (1,1,1,1,2), W = (1,1,1,1,4), and W =
(1,1,1,2,5), were looked at in detain in the early days of mirror symmetry,
cf. [Mor, Section 4, Table 1].

Whatever the rank of Prim’,2(0 mod W), we have:

Lemma 8.10. All the Hodge numbers Prim‘;ﬁ(o mod W)atb=n—2 are
nonzero.

Proof. Repeat the proof of (3)=(5). O

9 Appendix II: The situation in characteristic p, when p
divides some w;

We continue to work with the fixed data (n,d, W). In this appendix, we indi-
cate briefly what happens in a prime-to-d characteristic p which divides one
of the w;. For each ¢, we denote by w; the prime-to-p part of w;, i.e.,

w; = w; x (a power of p),

and we define

We denote by dy- the integer

dwe = lem (w3, ..., w;)d,

d = wa

For each i, we have w; = wy mod p — 1, so we have the congruence, which
will be used later,

and define

d=d modp—1.

We work over a finite field k£ of characteristic p prime to d that contains the
dwo’th roots of unity. We take for v a nontrivial additive character of k that
is of the form g, o Traceyr,, for some nontrivial additive character ¢r, of
F,,. The signifigance of this choice of 9 is that for ¢ = p®,e > 1, any power of
p, under the ¢’th power map we have

(]« Ly = Ly, [q]" Loy = Ly

1
on A;.
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The family we study in this situation is 7 : X — Al

Xy =Xa(Wyd) : Y wy X —dax™ = 0.

i=1

The novelty is that, because p divides some w;, this family is projective and
smooth over all of Al.

The group I'w /A operates on this family. Given a character V' mod W of
this group, the rank of the eigensheaf Pm’m”_Z(V mod W) is still given by the
same recipe as in Lemma 3.1(1), because at A = 0 we have a smooth Fermat
hypersurface of degree d.

Given an element V = (v1, ..., v, ) € (Z/dZ)}, we attach to it an unordered
list List(V,W) of d’ = ), wy multiplicative characters of £*, by the following
procedure. For each index ¢, we denoted by x,, the character of k* given by

C s (01 DH#R

This character x,, has w! (as opposed to w;) distinct w;’th roots. We then
define

List(V, W) = {all w}th roots of xy,,...,all w},th roots of x,, } .
We will also need the same list, but for —V, and the list
List(all d) := {all characters of order dividing d} .

The two lists List(—V,W) and List(all d) are not identical, as they have
different lengths d’ and d respectively, so we can apply the Cancel operation,
and form the hypergeometric sheaf

Hyw = H"(Cancel(List(all d); List(—V,W)))

on Gy, i Exactly as in Lemma 5.2, if Prim”fQ(V mod W) is nonzero, its rank
is the rank of Hy .

An important technical fact in this situation is the following variant of
Theorem 7.2, cf. [Ka-ESDE, 9.3.2], which “works” because F, has order p—1.

Theorem 9.1. Denote by 1_1 /4 the additive character x — (—x/d), and de-
note by j : G C A the inclusion. Denote by Ay, ..., Aq the list List(all d) of
all the multiplicative characters of k* of order dividing d. Let d’' be a strictly
positive integer with d' = d mod p — 1. For any unordered list of d' multi-
plicative characters pi,...pqar of k* which is not identical to List(all d), the
perverse sheaf

FTyjeld] " H(Y-1/a; p1, ---par; 0)[1]

on A} is geometrically isomorphic to the perverse sheaf

J«[d]*H(¢p; Cancel(List(all d); p1, ..., par))[1]-
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The main result is the following.

Theorem 9.2. Suppose that Prim™ 2(V mod W) is nonzero and denote by
j : G C Al the inclusion. Choose V in the coset V. mod W. There exists a

constant Ay,w € @Z and an isomorphism of lisse sheaves on A},
Prim™2(V mod W) = j.[d*Hv.w @ (Av,w )3°e.

Proof. Because our family is projective and smooth over all of A!, Deligne’s
degeneration theorem [De-TLCD, 2.4] gives a decomposition

Rm,Q, = Prim™ 2[2 — n] ® (geom. constant).
So applying Fourier Transform, we get

FT;RmQy(V mod W)|Gp, = FTpPrim™ (V mod W)[2 — n]|Gy,.

On the open set V C X where X" is invertible, the restriction of 7 becomes
the map f, now given by

(X1, X)) = Y (wf /D) X/ XY

i
Then the argument of Lemma 7.3 gives
FT5Prim™(V mod W)[2 = n]|Gy, = FT;RAQ(V mod W)|G,,.

Theorem 7.5 remains correct as stated. [In its proof, the only modification
needed is the analysis now of the sheaves K l(w,wg /d; Xv;» wi). Pick for each i
a w;'th root p; of x,,. We have geometric isomorphisms

KUY —weai Xovi» wi) = (Wil k KU e ydi Xoi) = Ly @ [wi}*ﬁw,wg/d
= Em ® [wﬂ*ﬁiﬂfwg/d
=L, ® Kl(_1,q; all the w; char's of order dividing w;)
= Kl(¢_1q; all the w; wjth roots of Xu,).]

At this point, we have a geometric isomorphism
FT 5 Prim™2(V mod W)[2 = n]|Gp, = [d]*H(¢_1/q; List(V, W); 0)[2 — n].
So in the Grothendieck group K (A%, Q,), we have
FTEPm'm”_Z(V mod W)

= Juld)*"H(p_1q; List(V,W); 0) + (punctual, supported at 0).
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Applying the inverse Fourier Transform, we find that in K (A%, Q) we have

Prim™2(V mod W) = j,[d]*Hy.w + (geom. constant).

As before, the fact that Prim™ *(V mod W) and j,[d]*Hv,w have the same
generic rank shows that there is no geometically constant term, so we have
an equality of perverse sheaves in K (A%, Qy),

Prim™2(V mod W) = j, [d]*Hy.w.

So these two perverse sheaves have isomorphic semisimplifications. Again by
purity, both are geometrically semisimple. So the two sides are geometrically
isomorphic. To produce the constant field twist, we repeat the descent ar-
gument of Lemma 6.2 to reduce to the case when both descended sides are
geometrically irreducible and geometrically isomorphic, hence constant field
twists of each other. O

10 Appendix III: Interesting pieces in the original
Dwork family

In this appendix, we consider the case n = d,W = (1,1,...,1). We are in-
terested in those eigensheaves Prim™ 2(V mod W) that have unipotent local
monodromy at oo with a single Jordan block. In view of the explicit descrip-
tion of Prim"~(V mod W)|(G,, — pa) a