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Foreword to the
Second English Edition

Foreword to the
First English Edition

The Mathematical Society of Japan takes
pleasure in presenting this second edition of
our Encyclopedic Dictionary of Mathematics
to every researcher and user of mathematics.
It is intended to be a compact, up-to-date
source of information comprising, as com-
pletely as possible, all significant results in all
fields of our Science, pure and applied, from
the elementary to the advanced level. The
success of the first edition owed much to the
kind assistance given by the American Mathe-
matical Society. As described in the preface,
the members of our Society have taken re-
sponsibility for compiling this new edition.
We hope that it will be as useful to the mathe-
maticians of today as the first edition was

to the mathematicians of yesterday. We also
hope that this edition will be followed in
years to come by subsequent ones incorporat-
ing the future development of our Science.

Hikosaburo Komatsu
President 1985-1987
Mathematical Society of Japan

The American Mathematical Society welcomes
the publication of the Encyclopedic Dictionary
of Mathematics. For many years we have been
fascinated by the publication in Japanese,
Iwanami Sugaku Ziten, because we saw that
this was an encyclopedia that contained effec-
tive and penetrating information about all

the fields of advanced mathematical research.
We were also frustrated because we could not
read Japanese and so we could not really
reach out to this expert and effective source

of information. We now welcome the fact that
the second Japanese edition has been trans-
lated into English and we look forward to the
fascination which we can now have in getting
at this rich mine of information.

Saunders Macl.ane
President 1973-1974
American Mathematical Society






Preface to the
Second English Edition

This second edition of the Encyclopedic Dic-
tionary of Mathematics is in substance an
English version of the third edition of Iwanami
Sugaku Ziten (in Japanese). We shall explain
how these two versions are related to each
other and how the present edition differs from
the first English edition. For the sake of sim-
plicity we abbreviate Encyclopedic Dictionary
of Mathematics and Iwanami Sugaku Ziten to
EDM and ISZ, respectively, and indicate the
numbers of editions beyond the first by Arabic
numerals.

The prefaces of the previous editions will
clarify how ISZ, its augumented edition, ISZ2,
ISZ3, and EDM came into existence in 1954,
1960, 1968, 1985, and 1977, respectively. EDM,
published nine years later than ISZ2, consisted
of its English translation and some new mate-
rials added to update its contents. In retro-
spect, it was felt that this procedure was not
adequate to cope with the recent rapid pro-
gress of mathematics, and a suggestion was
raised in the Mathematical Society of Japan
that ISZ3 and EDM2 be produced simulta-
neously. The favorable reaction of the mathe-
matical public to EDM encouraged us greatly.

In 1978 an agreement was made among the
Society, Iwanami Shoten, Publishers, and The
MIT Press for the publication of ISZ3 and
EDM2. An editorial committee was estab-
lished in the Society with the members named
in the preface to ISZ3. Manuscripts were pre-
pared simultaneously in Japanese and English
by each contributor, with Yuji Ito acting as
linguistic consultant.

I should mention that we benefited greatly
from the kind comments on EDM by the
following mathematicians: J. F. Adams, M.
Atiyah, A. Borel, H. Cartan, K. Chandrase-
kharan, S. S. Chern, J. Dieudonng, E. Hewitt,
F. Hirzebruch, O. Lehto, J. L. Lions, L. Markus,
and J. P. Serre. In particular, we are deeply
grateful to J. Dieudonné for his many detailed
comments.

Compared with ISZ3 and EDM, EDM2 has
the following characteristics:

(1) EDM2 contains many more new mathe-
matical results than EDM. For the details we
refer the reader to the main points of revision
mentioned in the preface to ISZ3, because
EDM2 has the same mathematical content
as ISZ3 and the additions made to ISZ2 and
subsequently in EDM are of relatively minor
importance.

(2) The Japanese textbooks listed in the
article references of ISZ3 are replaced in
EDM2 by references to standard textbooks

written in English. Such replacement was not
done in compiling EDM. ‘

(3) Years of birth and death are included in
the Name Index of EDM2 as far as possible.
This information was given in ISZ2 but was
removed in compiling EDM.

(4) The Subject Index of EDM2 is so de-
signed that every concept consisting of two or
more words can be traced from each of these
component words. (This principle was adopted
in ISZ2 and EDM but was not rigidly fol-
lowed in ISZ3 due to the lack of space.)

(5) While all editions of ISZ were in one
volume and EDM was in two volumes, EDM?2
is in four volumes: 1. Forewords, prefaces,
introduction, text A-E; I1. Text F—N; III.
Text O-Z; IV. Appendices, indexes and other
backmatter. The Systematic List of Articles
appears in volume IV, page 1857.

While EDM2 is more voluminous than
ISZ3, we hope that, being written in English
and printed with generous margins, it can
easily provide readers with information on
every significant result of today’s mathematics
and so will be useful to a large number of
mathematicians. I am responsible for any
shortcomings that may exist despite all our
efforts, and 1 would appreciate any remarks
from the readers. T hope to have occasion to
remedy any such shortcomings in the future.

Finally I would like to repeat my thanks to
all the collaborators named in my preface to
ISZ3. Also I express my gratitude to Yuji Ito
for his tremendous effort to polish the English
of all manuscripts, to Shigeru litaka for his
laborious assistance in the final stage of the
work, to Mrs. M. Nawata for her excellent
secretarial work, and to the staff of the De-
partment of Mathematics at Gakushuin Uni-
versity for providing me with an office for
compilation for eight years.

Kiyosi It
December 1986



Preface to the
Third Japanese Edition

The first edition of Iwanami Sigaku Ziten was
published in 1954, and a revised and aug-
mented edition appeared in 1960. Extensive
revision of the work was carried out sub-
sequently, and the result was published in 1968
as the second edition, which has retained its
valuable and useful life for the past 17 years.
The English translation of this second edition
published by The MIT Press has achieved
international recognition. In the meantime,
remarkable progress has been made in mathe-
matical sciences: recognition of the interrela-
tionships amongst various branches within
mathematics has increased significantly, and
the formulation of mathematics as a synthetic
entity is in the making. Furthermore, advanced
mathematical theories have been utilized fre-
quently in the physical, biological, and social
sciences, and expectations for mathematics

to be the basis of all the sciences have been
increasing. In order to cope with these devel-
opments, it was decided that the second edition
of Siigaku Ziten should be further revised and
an updated version be published as the third
edition. The English translation of this third
edition will also be published by The MIT
Press.

The main points of the revision are as
follows:

(1) On the Size and Scope of the Encyclo-
pedia: The total number of articles has in-
creased only slightly from that of the second
edition, from 436 to 450. However, in view
of the rapid and extensive development in
mathematics in recent years, many old articles
have been reorganized and unified, and much
new material has been added. Consequently,
the mathematical content of the encyclopedia
has increased a great deal over that of the
second edition, and this, together with the
authors’ efforts to render the articles more
readable than before, necessitated a 50% in-
crease in the number of pages devoted to the
main text. The account of computer science
has been taken out of the subject area of
Numerical Analysis, and a new subject area
has been created for it; thus mathematics is
now classified into 21 subject areas altogether
instead of 20.

(2) On the Arrangement of the Articles: In
the second edition, the title of each article
was spelled out in Romanized Japanese, and
articles were arranged alphabetically. In the
third edition, however, the titles of the articles
are arranged in the order of the Japanese syl-
labary (katakana) and each article is numbered

accordingly. To each article a parenthetical
number is also attached, giving the subject
area to which the article belongs and its place
in that list.

(3) On the Text: Sections within each arti-
cle are headed by letters A, B, C, .. .; the ini-
tial section of each article gives an outline
and is devoted to an introductory and general
account of the topic with which the article
is concerned. In the actual exposition of
the articles, every effort has been made to
pay close attention to the interrelationships
amongst various fields of mathematics. Even
when there was no need to revise the original
article, changes were made in the bibliography
to list items that would be more accessible to
the readers.

(4) On the Appendices: The appendices have
been revised and augmented along with the
text. Numerical tables were deleted when-
ever it was felt that scientific calculators or
microcomputers could easily reproduce their
contents.

(5) On the Indexes: The listing of mathe-
matical terms in Japanese has been changed,
as in the case of the arrangement of articles,
from the alphabetical order to the order of
the Japanese syllabary. However, terms in
Japanese that start with a European word
have been separated out, and, in order to
facilitate finding, have been listed indepen-
dently in an Index for Mathematical Terms in
Japanese with European Headings. The loca-
tion of a term listed in the indexes is indicated
by the article number and the letter heading
of the section in the article where the term
appears.

We here outline briefly how the process of
compilation of this edition was organized. In
the summer of 1978 the Mathematical Society
of Japan decided, following a proposal by
Professors Shokichi Iyanaga and Yukiyosi
Kawada, the chief editors of the previous
editions of Sugaku Ziten, to undertake the
compilation of the third edition. Following
a resolution by the members of the Soci-
ety, Kunihiko Kodaira, Sigeru Mizohata,
Itiro Tamura, Nagayoshi Iwahori, Tosihusa
Kimura, and myself have joined Iyanaga and
Kawada to form an editorial committee and
have formulated basic guidelines for the com-
pitation of the third edition. The work of
editing and compiling articles in each subject
area was delegated to the editors designated
for the areas, and I was asked to undertake the
responsibility of putting the entire volume in
order.

The subject areas and their editors are as
follows:
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I Logic and Foundations: Shéji Maehara

I Sets, General Topology, and Cate-
gories: Sh6ji Maehara, Hikosaburo
Komatsu, Masayoshi Nagata

11 Algebra: Masayoshi Nagata
v Group Theory: Nagayoshi Iwahori
v Number Theory: Takayoshi Mitsui

VI Euclidean and Projective Geometry:
Itiro Tamura

VII  Differential Geometry: Morio Obata,
Shigeru litaka, Itiro Tamura

VIIT  Algebraic Geometry: Shigeru litaka
IX Topology: Itiro Tamura
X Analysis: Sigeru Mizohata, Kiyosi It6

X1 Complex Analysis: Yukio Kusunoki,
Shigeru litaka

XII  Functional Analysis: Hikosaburo
Komatsu

XIII  Differential, Integral, and Functional
Equations: Tosthusa Kimura, Sigeru
Mizohata

XIV  Special Functions: Sin Hitotumatu
XV Numerical Analysis: Masaya Yamaguti

XVI  Computer Science and Combinatorics:
Sin Hitotumatu

XVII Probability Theory: Kiyosi Itd
XVIII Statistics: Kei Takeuchi

XIX Mathematical Programming and
Operations Research: Shigeru Furuya

XX Mechanics and Theoretical Physics:
Huzihiro Araki

XXI History of Mathematics: Shokichi
Iyanaga
Appendices: Sin Hitotumatu

Before the actual process of compilation
started, the editorial committee had met sev-
eral times, and two meetings of all the subject-
area editors had been called. Furthermore,
editors for each area consulted with other
experts in their fields as they selected the
titles of articles to be included. In areas where
remarkable development had taken place, such
as differential geometry, functional analysis,
probability theory, and applied mathemat-
ics, extensive revision and insertion of many
new articles were proposed by the respective
editors. For this reason, the original articles
were thoroughly reorganized and systematized.
We resolved to keep the whole work in one
volume, even though a number of new articles
have had to be added.

The selection of articles and of their re-
spective authors was finally completed in the
spring of 1980, and 197 colleagues were asked
to write the articles. The names of these con-
tributors and those of the previous editions are
listed elsewhere in this volume. To all of the
authors we express our sincere gratitude.

Editing of the entire manuscript has been
carried out since the summer of 1982, and we
are deeply indebted to the following colleagues
for their painstaking efforts in checking cross
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references and in proofreading: Nobuyosi Moto-
hashi (Foundations, Set Theory), Takeo Yoko-
nurma (Algebra, Group Theory), Takayoshi
Mitsui (Number Theory), Tetsuro Kawasaki
(Geometry, Topology), Shigeru litaka, Isao
Wakabayashi (Algebraic Geometry), Morio
Obata, Koichi Ogiue, Osamu Kobayashi (Dif-
ferential Geometry), Seizd Ito, Hisashi Oka-
moto (Analysis), Hiroaki Aikawa, Makoto
Ohtsuka (Computer Analysis), Hikosaburo
Komatsu, Akihiko Miyachi (Functional
Analysis), Kazuo Okamoto, Daisuke Fujiwara
(Differential Equations), Sin Hitotumatu
(Special Functions), Teruo Ushijima (Nu-
merical Analysis), Hideo Wada (Computer
Science), Yasunori Okabe (Probability Theory),
Mituaki Huzii, Yoshihiro Yajima (Statistics),
Shigeru Furuya (Mathematical Programming),
Koichi Nakamura (Theoretical Physics),
Shaichi Okamoto (History of Mathematics),
Kosaku Okutsu (History of Mathematics,
Number Theory).

On those occastons when it became neces-
sary to rapidly revise manuscripts in order to
unify the presentation, we were forced to go
through the revision without consulting the
authors of the manuscripts. I am responsible
for all such revisions and hereby express my
apologies to the authors concerned.

As for the indexes, we received assistance
from Takeo Yokonuma, Koichi Yano, Hiroaki
Aikawa, and Hisashi Okamoto in all aspects
of the work, which lasted for two years,
through the final proofreading. Preliminary
work on the Name Index was carried out by
staff members of the University of Tokyo, and
Seiz6 Tto supervised its final compilation. We
also asked many other colleagues, and in par-
ticular Nobuyuki Tkeda and Huzihiro Araki,
to participate in the preparation of the Name
Index, using resources available at different
universities. To all of these people goes our
sincere gratitude for their assistance.

Last August, when the completion of the
work was drawing near, it became necessary
for me to leave Japan for some time, and this
made it imperative that I entrust Shigeru
Titaka with responsibility for supervising the
work at the final stage of editing. I am most
grateful to litaka for having agreed to take
over this responsibility and for having brought
the work to completion under the pressure of
time.

From the beginning of this project, we have
received an unlimited amount of assistance
from the members of the Dictionary Depart-
ment of Iwanami Shoten, Publishers. Messrs.
Tkutaro Sasaki, Hirotomo Ushida, Kazuhiko
Uetake, and Nagao Sato in particular, have
made supreme efforts and have come up fre-
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quently with innovative ideas to make this
dictionary polished and perfect. To them and
also to those at Dai-Nippon Printing Co., who
typeset with the use of computers the entire
text, including the complicated mathematical
formulas, and who have cooperated with us
fully in the process of editing the indexes, goes
our deep gratitude.

Kiyosi It
October 1985

xii

Preface to the
First English Edition

The first and second editions of Iwanami
Sugaku Ziten (in Japanese) were published,
respectively, in April 1954 and June 1968 by
Iwanami Shoten, Publishers, Tokyo. Begin-
ning in the late 1950s, a number of unsuccess-
ful attempts were made to arrange for translat-
ing the Sugaku Ziten into European languages.
Finally an agreement for an English transla-
tion was made between The MIT Press and
the Mathematical Society of Japan in July
1968. The discussions were carried on first

by Professor Kbsaku Yosida, then presi-

dent of the Mathematical Society of Japan,
and later by Yukiyosi Kawada, who suc-
ceeded him in April 1968. Throughout these
initial negotiations, which lasted from 1966 to
1968, we received the kindest assistance

from Dr. Gordon Walker, Executive Director
of the American Mathematical Society,

and from Professors W. T. Martin and Shizuo
Kakutani.

The agreement for the project was shortly
followed by the establishment of a commit-
tee for the English edition of Sugaku Ziten
within the Mathematical Society of Japan,
with the following membership: Professors
Yasuo Akizuki, Shigeru Furuya, Sin Hito-
tumatu, Masuo Hukuhara, Isaoc Imai, Sho-
kichi Iyanaga, Yukiyosi Kawada, Kunihiko
Kodaira, Atuo Komatu, Hirokichi Kudo,
Shoji Machara, Yukio Mimura, Kiyoshi
Noshiro, Shigeo Sasaki, Shoji Ura, Nobuo
Yoneda, and Kdsaku Yosida. This committee
requested the original authors of the articles
and other members of the Society to translate
the work. A list of translators will be found at
the end of this work.

In November 1968, an advisory committee
for the project was formed with the following
membership: Professor Edwin Hewitt (chair-
man), Dr. Sydney H. Gould, Professor Shizuo
Kakutani, Professor Kenneth O. May, and
Professor Isaac Namioka.

As the translating began, we were immedi-
ately faced with problems concerning unifica-
tion of terminology and style, some of which
were inherent in the differences between the
structures of our two languages—for example,
the fact that the Japanese language makes no
distinction between singular and plural forms
of nouns.

In August 1969, Professor Hewitt kindly
arranged a mecting at the University of Wash-
ington, Seattle, that included the members
of the Japanese and American committees
and a representative of The MIT Press. It was
agreed during this meeting that the transla-
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tion should be faithful, with only a minimum
number of changes, such as the correction of
mathematical errors; whereas the references
to each article might be augmented consider-
ably for the convenience of Western readers.
Professor Kenneth O. May volunteered to
review the entire translated manuscript, and
Professors Isaac Namioka and Shizuo Kaku-
tani, who are proficient in both Japanese and
English, proposed to read through some of the
manuscript of the translated articles. It was
also agreed that the Systematic List of Arti-
cles should appear in French, German, and
Russian, as well as in English.

We owe very much to the American com-
mittee: Professor Hewitt organized the whole
work, and Professor May revised the entire
manuscript and gave us important advice con-
cerning the appendices, according to which we
deleted some of the numerical tables which
may be easily found in readily accessible West-
ern books. Professor Namioka reviewed a
great part of the manuscript, transmitting his
views to Professor May, who forwarded them
to us with his comments. All of this assistance
helped us greatly in making our final decisions.
Professor Kakutani gave us very detailed and
important advice on the choice of reference
works.

We were also assisted concerning English
terminology and reference books by the fol-
lowing Japanese mathematicians working in
American universities: Tadatoshi Akiba, Pro-
fessors Kiyosi 1t6, Tatsuji Kambayashi, Tosio
Kato, Teruhisa Matsusaka, Katsumi Nomizu,
Ichiro Satake, Michio Suzuki, and Gaisi
Takeuti.

The Mathematical Society of Japan estab-
lished the following double reviewing system:
group A with its twenty subgroups, each
headed by the members listed below, reviewed
their respective subjects; while group B re-
viewed the whole manuscript, mainly from the
linguistic standpoint.

Group A

1. Foundations of mathematics: Shoji
Macehara

2. Set theory: Atuo Komatu and Shéji
Machara

3. Algebra: Akira Hattori, Masayoshi Nagata,
and Hideyuki Matsumura

4. Group theory: Shingo Murakami, Mitsuo
Sugiura, and Reiji Takahashi

5. Number theory: Yukiyosi Kawada and
Tomio Kubota

6. Geometry, 7. Differential geometry: Sho-
kichi Iyanaga, Shigeo Sasaki, and Kentaro
Yano

8. Algebraic geometry: Yasuo Akizuki and
Kunthiko Kodaira

9. Topology: Atuo Komatu

10. Real analysis: Sin Hitotumatu, Shunji
Kametani, and Shigeki Yano
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11. Complex analysis: Kiyosht Noshiro

12. Functional analysis: Yukio Mimura and
Koésaku Yosida

13. Differential equations: Masuo Hukuhara
and Sigeru Mizohata

14. Special functions: Sin Hitotumatu

15. Numerical analysis, 16. Probability
theory: Kiyosi It
17. Statistics: Hirokichi Kudo

18. Information theory: Tosio Kitagawa and
Hirofumi Uzawa

19. Theoretical physics: Isao Imai and
Kazuhiko Nishijima

20. History of mathematics: Tamotsu Murata
Group B
Kenichi Iyanaga and Mitsuyo Iyanaga

Professor Sin Hitotumatu also assisted us in
translating the titles of Japanese books given
in the references and the explanations attached
to the lists of formulas and numerical tables in
the appendices. We are also grateful for the
generous cooperation offered to us by our
colleagues in the Department of Mathemat-
ics, Faculty of Science, University of Tokyo:
Hiroshi Fujita, Shigeru Furuya, Akio Hat-
tori, Seiz6 1t6, Nagayoshi Iwahori, Tosihusa
Kimura, Kunihiko Kodatra, Hikosaburo
Komatsu, Akihiro Nozaki, and Itiro Tamura.
We are indebted as well to Professors Walter
L. Bailey of the University of Chicago and
Yuji Ito of Brown University for many valu-
able consuitations concerning both mathe-
matical and linguistic questions.

In translating the Systematic List of Articles
into French, German, and Russian, we were
assisted by Professor Hideya Matsumoto in
Paris, Professor Emanuel Sperner in Hamburg,
Professor Katsuhiro Chiba in Tokyo, and
Professor Arkadii Maltsev in Moscow.

We began to send the manuscript to The
MIT Press in March 1970 and finished send-
ing it in July 1972. The manuscript was edited
there, then sent to Professors May, Namioka,
and Kakutani, and finally was sent back to us
with their comments and questions. All of the
references were carefully checked by Laura
Platt.

Iwanami Shoten, Publishers, have always
been cooperative with us. In the office of
the Mathematical Society of Japan, Yoko
Endo, Reiko Nagase, and Chieko Sagawa
helped us with their efficient secretarial
work.

The fruition of this project was made pos-
sible only by the gracious assistance offered to
us by many people, including those already
mentioned. We should like to express our
most sincere gratitude to all those who have
helped us so kindly.

Shékichi Iyanaga, Yukiyosi Kawada
August 1973
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Addition made in January 1976

After the procedures described above, the
whole manuscript of this Encyclopedia was
sent to The MIT Press in August 1973. It was,
however, toward the end of November 1975
that the final decision was made by The MIT
Press to send the manuscript to composition
in early 1976 in order that the work be pub-
lished in 1977.

At the same time, we were asked to review
and update the manuscript up to the end of
February 1976. We are now making our best
effort to this effect with the kind help, especially
from the linguistic viewpoint, of Dr. E. J.
Brody.

In so doing, we have noticed that perhaps
too much emphasis has been given to results
obtained by Japanese mathematicians and that
there are still many things in this book which
should be improved.

We hope that ongoing revisions will be
carried out in subsequent editions.

Xiv

Preface to the
Second Japanese Edition

Seven and a half years have passed since the

‘revised and augmented edition of Iwanami

Sugaku Ziten was published. The nature and
purpose of this book remain the same as de-
scribed in the preface to the first edition: It is
an encyclopedic dictionary with articles of
medium length aimed at presenting the whole
of mathematics in a lucid system, giving exact
definitions of important terms in both pure
and applied mathematics, and describing the
present state of research in each field, together
with historical background and some per-
spectives for the future. However, mathemat-
ical science is in rapid motion, and the “pre-
sent state of research” changes constantly.
The present updated second edition has been
published to remedy this situation as far as
possible.

The main points of revision are as follows:

(1) On the Articles and the Size of the Ency-
clopedia: From the articles of the last edition,
we have removed those whose importance has
diminished recently (e.g., Geometry of Tri-
angles), while we have added new articles in
domains of growing importance (e.g., Cate-
gories and Functors; K-Theory). Many articles
concerning applied mathematics in the first
edition were short; in this edition, they have
been combined into articles of medium length
to save space and to systematize the presenta-
tion. The number of articles, 593 in the first
edition, has thus diminished to 436. We have
made every effort to keep the size of the ency-
clopedia as it was, but the substantial aug-
mentation of content has necessarily brought
about an enlargement of about 30%,.

(2) On the Text: When the title of an article
has remained the same as in the first edition,
we have reviewed the whole text and revised
whenever necessary. Especially for the fun-
damental ideas, we have endeavored to give
thorough explanations. In the first edition we
gave English, French, and German transla-
tions of article titles; in the present edition, we
have also added Russian. The bibliographies
at the ends of articles have been updated.

(3) On Terminology: In previous editions we
endeavored to unify the terminology of the
whole encyclopedia so that the reader would
have no difficulties with cross-references. Here
we have done this once again with the hope of
attaining results more perfect than before.

(4) On the Appendices: The appendices were
designed to supplement the text efficiently.
Some overlapping of the appendices with the
text found in previous editions has been re-
moved. Also deleted in this edition are elemen-
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tary formulas in analytic geometry and tables
of statistical distributions, which can be easily
found in other books. However, we have
added some formulas in topology, the theory
of probability, and statistics, as well as tables
of characters of finite groups, etc.

(5) On the Indexes: Important terms are
listed multiply in the indexes to facilitate find-
ing, e.g., the term transcendental singularity
appears under both transcendental and singu-
larity. Both names in the text and those in the
references are included in the Name Index of
this edition. The numbers of items in the Index
of Mathematical Terms in Japanese and in
European Languages and in the Name Index in
this edition are 17740, 10124, and 2438, com-
pared with 8254, 8070, and 1279, respectively, in
the previous edition.

The compilation of this edition was organized
as follows. In the spring of 1964 we began to
select the titles of articles with the aid of the
following colleagues: in set theory and foun-
dations of mathematics, Sh6ji Maehara; in
algebra and number theory, Yasuo Akizuki,
Yukiyosi Kawada; in differential geometry,
theory of Lie groups, and topology, Yozo
Matsushima, Atuo Komatu; in analysis,
Masuo Hukuhara, Késaku Yosida, Shunji
Kametant, Sin Hitotumatu; in probability
theory, statistics, and mathematics for pro-
gramming, Kiyosi It6, Hirokichi Kudo, and
Shigeru Furuya; in theoretical physics, Isao
Imai; and for the appendices, Sin Hitotumatu.
I have participated in compiling the articles
on geometry and the history of mathematics.
Kawada and Hitotumatu undertook the re-
sponsibility of putting the volume in order.

The work of selecting titles was completed
in the summer of 1964. We then asked 173
colleagues to contribute articles. The names of
these contributors and those of the previous
editions are listed elsewhere. To all of them
goes our most sincere gratitude.

In editing the manuscript, we were assisted
by the following colleagues in addition to
those mentioned already: in set theory and
foundations of mathematics, Setsuya Seki and
Tsurane Iwamura; in algebra and number
theory, Masayosi Nagata, Akira Hattori,
Hideyuki Matsumura, Ichiro Satake, Tikao
Tatuzawa; in geometry, theory of Lie groups,
and topology, Singo Murakami, Hideki Ozeki,
Noboru Tanaka, Kiiti Mortta, Hirosi Toda,
Minoru Nakaoka, Masahiro Sugawara, Shoro
Araki; in analysis, Kiyoshi Noshiro, Yasaku
Komatu, Seizo Ito, Hiroshi Fujita, Shige-
Toshi Kuroda, Sigeru Mizohata, Masaya
Yamaguti, Tosiya Saito, Tosihusa Kimura,
Masahiro Iwano; in probability theory, sta-
tistics, and mathematics of programming,
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Nobuyuki Tkeda, Tadashi Ueno, Masashi
Okamoto, Haruki Morimoto, Kei Takeuchi,
Goro Ishii, Tokitake Kusama, Hukukane
Nikaido, Toshio Kitagawa; and in theoretical
physics, Ryogo Kubo, Hironari Miyazawa,
Yoshihide Kozai.

After the summer of 1965, we entered into
the period of finer technical editing, in which
we were assisted by the following colleagues:
in algebra, Keijiro Yamazaki, Shin-ichiro
Ihara, Takeshi Kondo; in geometry, Tadashi
Nagano, Mitsuo Sugiura, Ichiro Tamura,
Kiyoshi Katase; in analysis, Nobuyuki Suita,
Kotaro Oikawa, Kenkiti Kasahara, Tosinobu
Muramatsu, Hikosaburo Komatsu, Setuzd
Yosida, Hiroshi Tanaka; and in history,
Tamotsu Murata.

We were also assisted by Katsuhiro Chiba
in the Russian-language translation of the
article titles, and by Osamu Kéta and Kiyoshi
Katase in the indexing.

Proof sheets began appearing in the spring
of 1966. In proofreading, Kaoru Sekino,
Osamu Kéta, Kiyoshi Katase, and Teruo
Ushijima helped us, as well as Mrs. Rieko
Fujisaki. Miss Yoko Endo worked with all of
us throughout the entire revision at the office
of the Mathematical Society of Japan. She
helped us especially in looking for and check-
ing references and preparing the Name Index.

Yukiyosi Kawada supervised the whole
work, succeeding me in the role I had played
in the compilation of the first and augmented
editions. Sin Hitotumatu collaborated with
him throughout, especially on the appendices.
The second and the third proof sheets of the
text were read by Kawada; the fourth proof by
Hitotumatu; the proof sheets of appendices by
both Kawada and Hitotumatu.

The Editorial Committee of the Mathe-
matical Society of Japan asked me to write
this preface. Having edited the previous edi-
tions and realizing full well the difficulty of the
task, I would like to express my particular
gratitude to Kawada. In the Dictionary De-
partment of Iwanami Shoten, Publishers,
Messrs. Hiroshi Horie, Tetsuo Misaka, Shi-
geki Kobayashi, and Toshio Kouda were very
cooperative in their collaboration with us.

To them and also to those who typeset and
printed this book at Dai-Nippon Printing Co.
and Shaken Co. goes our gratitude.

S. Iyanaga
March 1968



Preface to the Revised and
Augmented Japanese Edition

Six years have passed since the publication of
the first edition of this encyclopedia. This re-
vised and augmented edition incorporates the
achievement of these years. It contains, to-
gether with the correction of errors found in
the first edition, some new articles such as
Abelian Varieties, Automata, Sheaves, Homo-
logical Algebra, Information Theory, and also
supplements to articles in the first edition such
as Complex Multiplication, Computers, and
Manifolds. These additional items render the
new edition 93 pages longer than the previous
one. Each article has been thoroughly re-
vised, and the indexes have been completely
rewritten.

We were assisted by the following colleagues
in selecting articles, writing, and proofreading:
In set theory and foundations of mathematics,
Sigekatu Kuroda, Setsuya Seki; in algebra
and number theory, Tadao Tannaka, Tsuneo
Tamagawa: in real analysis, Shunji Kametani,
Kosaku Yosida; in function theory, Kiyoshi
Noshiro, Sin Hitotumatu; in theory of dif-
ferential and functional equations, Masuo
Hukuhara, Masahiro Iwano, Ken Yamanaka;
in functional analysis, K&saku Yosida, Seizd
1t6; in geometry, Shigeo Sasaki, Nagayoshi
Iwahori; in topology, Atuo Komatu, Itiro
Tamura, Nobuo Yoneda, in theory of proba-
bility, Kiyosi 1t6, Seizd Itd; in statistics, Toshio
Kitagawa, Sigeiti Moriguti, Tatsuo Kawata;
in applied mathematics, Sigeiti Moriguti; and
in mechanics and theoretical physics, Taka-
hiko Yamanouchi, Isao Imai. The revision
and augmentation of the articles concerning
the history of mathematics was done by
myself. Mlles. Y6ko Tao, Eiko Miyagawa, and
Mutsuko Nogami worked in the office of the
Society.

The names of authors who contributed to
the completion of this edition have been added
to the original list of contributors.

The project of editing this edition started
in the summer of 1958. We acknowledge our
deep gratitude to all those who have col-
laborated with us since that time.

S. Iyanaga
August 1960
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Preface to the
First Japanese Edition

This encyclopedia, Iwanami Siigaku Ziten, was
compiled by the Mathematical Society of
Japan at the request of the Iwanami Shoten,
Publishers, who have hitherto published a
series of scientific dictionaries such as Iwanami
Rikagaku-Ziten (Iwanami Encyclopedia of
Physics and Chemistry) and Iwanami Tetugaku-
Ziten (Iwanami Encyclopedia of Philosophy).
As mentioned in the prefaces to these volumes,
the importance of such encyclopedias in clari-
fying the present state of each science is obvious
if we observe the rapid pace of contemporary
research. Mathematics is also in rapid motion.
As a fundamental part of exact science, it
serves as a basis of all science and technology.
It also retains its close contact with philo-
sophy. Therefore, the significance of having

an encyclopedia of mathematics cannot be
overemphasized.

Mathematics have made remarkable pro-
gress in the 20th century. As for the situation
toward the end of the 19th century, we quote
the following passage from the article Mathe-
matics in the 19th Century of this encyclo-
pedia: “Toward the end of [the 19th] century,
the subjects of mathematical research became
highly differentiated. Branches split into more
specialized areas of study, while unexpected
relations were found between previously
unconnected fields. The situation became
so complicated that it was difficult to view
mathematics as a whole. It was in these cir-
cumstances that in 1898, at the suggestion of
Franz Meyer and under the sponsorship of the
Academies of Gottingen, Berlin, and Vienna, a
project was initiated to compile an encyclo-
pedia of the mathematical sciences. Entitled
the Enzyklopddie der mathematischen Wissen-
schaften, it was completed in 20 years....”

One of the characteristics of 20th-century
mathematics is the conscious utilization of the
axiomatic method and of general concepts
such as sets and mappings, which serve as
foundations of different theories. Indeed,
mathematics is being reorganized on the basis
of topology and algebra. One such example of
reorganization is found in Bourbaki’s Eléments
de mathématique; some fifteen volumes of this
series have been published since 1939, and
more are coming. This encyclopedia, with
its limited size, cannot contain proofs for
theorems. However, we intend to present a
lucid view of the totality of mathematics,
including its historical background and future
possibilities.

Each article of this encyclopedia is of me-
dium length—sufficiently short to permit
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the reader to find exact definitions of notions,
and sufficiently long to contain explanations
clarifying how important concepts in the same
field are related to each other. The problem of
choosing adequate titles required some de-
liberation. The Systematic List of Articles,
classified according to specific fields, shows
those we have chosen. The Index of Terms
contains detailed references for each notion.
The appendices, including formulas and tables,
supplement the text, and will be particularly
useful for applied mathematicians.

The project of compiling this encyclopedia
was proposed in the spring of 1947 by the
Steering Committee of the Mathematical
Society of Japan. It was promptly adopted,
and the selection of articles in specific fields
was started by the sectional committees of the
Society. After seven years, our encyclopedia
is finally appearing. We shall not give a de-
tailed description of how our work proceeded
through all these years. We list simply the
names of those who assisted us greatly and
to whom we should like to express our deep
gratitude.

The president of the Society at the start of
this project was the late Professor Tadahiko
Kubota; but our work has been supported also
by Professors Teiji Takagi, Zyoiti Suetuna, and
Masatsugu Tsuji as well as by other leading
members of the Society.

At the stage of selecting articles, we were
assisted by the following colleagues: in history
and the foundations of mathematics, Sige-
katu Kuroda, Motokiti Kondo; in algebra
and number theory, Kenjiro Shoda, Tadasi
Nakayama, Masao Sugawara, Yukiyosi
Kawada, Kenkichi Iwasawa, in geometry,
Kentaro Yano, Asajiro Ichida; in function
theory, Kiyoshi Noshiro, Yisaku Komatu; in
the theory of differential and functional equa-
tions, Masuo Hukuhara, Shigeru Furuya; in
topology, Atuo Komatu, Ryoji Shizuma; in
functional analysis, Yukio Mimura, Shizuo
Kakutani, K6saku Yosida; in the theory of
probability and statistics, Tatsuo Kawata,
Toshio Kitagawa, Junjiro Ogawa,; and in
applied mathematics, Ayao Amemiya, Isao
Imai, Kunihiko Kodaira, Shigeiti Moriguti.

We asked 190 colleagues to contribute arti-
cles, which were collected in 1949. Since then
we have spent an unexpectedly long time edit-
ing them. Terminology had to be unified
throughout the encyclopedia so that the reader
would have no trouble with cross-references.
Repetitions had to be eliminated and gaps
filled. Part of the manuscript thus had to be
rewritten a number of times. We have made
out utmost effort in this editing work, but we
are not completely without apprehension that
our result has still left something to be desired.
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For any shortcomings in the work, I take
complete responsibility, as I have acted as the
editor-in-chief. Also, since we have rewritten
the manuscript, as already mentioned, we have
refrained from printing the name of the original
author of each article; for this, I must request
the understanding of the contributors.

In the stage of editing and proofreading,
we were assisted by the following colleagues:
Yukio Mimura, Yukiyosi Kawada, Kazuo
Matsuzaka, Sin Hitotumatu, Setsuo Fuku-
tomi, Setsuya Seki, Shoji Irie, Shigeo Sasaki,
Tatsuo Kawata, Sigekatu Kuroda, Yiisaku Ko-
matu, Ayao Amemiya, Isao Iami, Tosio Kato,
Tsurane Iwamura, Morikuni Goto, Kbésaku
Yosida, Jir6 Tamura, Yasuo Akizuki, Kiyoshi
Noshiro, Motosaburo Masuyama, Sigeiti
Moriguti, Osamu Kéta, Nobuo Yoneda,
Tsuneo Tamagawa, Jun-ichi Hano; and more
particularly, in the foundations of mathematics,
Sigekatu Kuroda, Tsurane Iwamura; in alge-
bra and number theory, Kazuo Matsuzaka,
Yukiyosi Kawada; in algebraic geometry,
Yakuo Akizuki; in real analysis, Tatsuo Ka-
wata; in complex analysis, Ylsaku Komatu,
Sin Hitotumatu, Jiré Tamura; in functional
analysis, K&saku Yosida; in topology, Setsuo
Fukutomi, Nobuo Yoneda; in the theory of
probability and statistics, Motosaburo Masu-
yama, Sigeiti Moriguti; and in applied mathe-
matics, Ayao Amemiya, Isao Imai, Tosio
Kato, Sigeiti Moriguti.

The portraits of Abel and Riemann were
kindly loaned to us by Torataro Shimomura.

The formulas in the appendices were com-
piled by Isao Imai, Sin Hitotumatu, and Sigeiti
Moriguti; the Subject Index (in Japanese and
European languages) by Osamu Kéta and
Mrs. Hiroko Ide; the Name Index and Com-
ments on Journals and Serials by Setsuo
Fukutomi. Setsuo Fukutomi has taken an
active part in our work ever since 1948 and
given much effort to collecting and rewriting
the manuscript and to unifying terminology.
The editorial staff of Iwanami Shoten, Pub-
lishers, has always been cooperative. Without
their generous support, this encyclopedia
could never have been published.

T should like to express my sincere gratitude
to all those who have collaborated with us
directly or indirectly.

S. Iyanaga
March 1954






Introduction

The text of this Encyclopedic Dictionary con-
sists of 450 articles arranged alphabetically,
beginning with 1 Abel and ending with 450
Zeta Functions. Most of these articles are
divided into sections, indicated by A, B, C, ...,
AA, BB, ....Cross-references to articles, e.g.,
to the second article, are of the form: (— 2
Abelian Groups) or (— 2 Abelian Groups A),
according as the whole article or a specific
section is being referred to. Citations in the
indexes are also given in terms of article and
section numbers.

Key terms accompanied by their definitions
in the text are printed in boldface. All of these
terms are found in the Subject Index at the
end of the volume.

The sign * means that the term preceded by
it can be found in the index. A list of special
notations used throughout the work (with
explanations of their meanings) appears after
the appendices.

A Systematic List of Articles, showing the
general structure of the work, will be found on
p. 1857 (vol. IV). The number in parentheses
after each article title refers to this systematic
classification into subject areas; e.g., “Abelian
Varieties (VIIL.5)” means that the article on
Abelian varieties is the fifth article in Section
VIII of the systematic list.

Books and articles in journals are cited in the
text by numbers in brackets: [1], [2], .... At
the end of each article there is a section of
references in which, for books, the name of the
author or authors, title, name of the publisher,
year of publication, and the number of the
edition are given; for journals, the name of the
author, title of the article, name of the journal,
and the volume numbers and inclusive page
numbers are given in this order. (The names of
journals and publishers are abbreviated as
indicated in the lists at the end of the work.)

The Cyrillic alphabet is transliterated as

follows:

Cyrillic

Alphabet Transliteration
A a (a) a
b 6 (be) b
B B (ve) v
r ro(ge) g
A o (de) d
E e (ye) e
E & (yo) é
X x*  (zhe) zh
3 3 (ze) z
4 u (i) i
" i (i kratkoe) i
K k (ka) k
J1 a1 {el) 1
M M (em) m
H H (en) n
(0] o (o) 0
m n o (pe) p
P p (er) r
C ¢ (es) S
T T (te) t
2 y  (u) u
<o b (ef) f
X x  (kha) kh
8 o (tse) ts
Y 4y (che) ch
I m  (sha) sh
1 i (shcha) shch
b b (tvérdyi znak) ”
bl bl (yery) y
(b) b (myagkii znak) °
2 3 (e) €
0 10 (y) yu
5 1 (ya) ya
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Abel, Niels Henrik
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Abel, Niels Henrik

Niels Henrik Abel (August 5, 1802—April 6,
1829) was born a son of a poor pastor in the
hamlet of Find6 in Norway. In 1822, he en-
tered the University of Christiania; however,
he studied mathematics almost entirely on his
own. He was recognized as a promising stu-
dent by his senior, Holmboe, and after gradu-
ation he studied abroad in Berlin and Paris.
In Berlin he met and was aided by A. Crelle,
the founder of the Journal fiir die Reine und
Angewandte Mathematik, and participated in
the founding of this journal. Although he did
brilliant work in Paris, he did not gain the
fame he deserved. He returned to Norway in
May 1827, but, unable to find a job, he was
obliged to fight poverty while continuing his
research. He died at twenty-six of tuberculosis.

His best-known works are the result that
algebraic equations of order five or above
cannot generally be solved algebraically, the
result that tAbelian equattons can be solved
algebraically, the theory of *binomial series
and of series in general, the theory of fellip-
tic functions and more generally of falge-
braic functions, the introduction of tAbelian
integrals, and the establishment of tAbel’s
theorem. His work in both algebra and analy-
sis, written in a style conducive to easy com-
prehension, reached the highest level of attain-
ment of his time.
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2(IV.2)
Abelian Groups

A. General Remarks

A fgroup G is called an Abelian group (or
commutative group) if G satisfies the commuta-
tive law ab = ba for all a, b€ G. In this article, G
always denotes an Abelian group. Every fsub-
group of G is a 'fnormal subgroup, and all the
elements of finite order in G form a subgroup

T, for which the *factor group G/T has no
elements of finite order except the identity e.
T is called the (maximal) torsion subgroup of G.
If G=T, then the Abelian group G is called a
torsion group (or periodic group). On the other
hand, if T={e}, then G is called torsion-free; if
T+# G, T#{e}, then G is called mixed. If the
order of every element of a torsion group G is
a power of a fixed prime number p, then G is
called an Abelian p-group (or primary Abelian
group). An Abelian torsion group is the tdirect
sum of primary Abelian groups. Thus the
study of torsion groups is reduced to that of
primary Abelian groups.

B. Finite Abelian Groups

The following fundamental theorem on finite
Abelian groups was established by L. Kro-
necker, G. Frobenius, and L. Stickelberger in
the 1870s. An Abelian group G of order p”,
where p 1s a prime number, is a direct product
of fcyclic subgroups Z,,...,Z,:G=2Z, x ... x
Z,.If Z, is of order p™, then n=n,+... +n,,
and we can assume that n;>n;,,. A direct
product decomposition of G, as above, is not
unique, but n,, ..., n, are determined uniquely
by G. The system {p™,...,p"™} or {n,...,n,} is
called the system of invariants (or type) of G,
and a system of tgenerators {z, ..., z,} of
Z,,...,Z,1s called a basis of G. An Abelian
group of type (p, p, ..., p) is called an elemen-
tary Abelian group. The decomposition of a
finite Abelian group into a *direct sum of
subsets (not necessarily of subgroups) was
considered by G. Hajos (1942) and applied
successfully to a problem of number theory
(— 151 Finite Groups).

C. Finitely Generated Abelian Groups

The theory of *finitely generated Abelian
groups, i.e., Abelian groups generated by a
finite number of elements, is as old as that of
finite Abelian groups. The direct product of
*infinite cyclic groups is called a free Abelian
group. A finitely generated Abelian group G is
the direct product of a finite Abelian group
and a free Abelian group. The finite factor is
the torsion subgroup of G. The free factor of the
group G is not necessarily unique; however,
the number of infinite cyclic factors of the free
factor is uniquely determined and is called the
rank of G. Two finitely generated Abelian
groups are isomorphic if they have isomorphic
maximal torsion subgroups and the same
rank. This theory can be extended to the
theory of 'modules over a *principal ideal
domain (— 67 Commutative Rings K).



D. Torsion Groups

The structure of Abelian p-groups is relatively
well known, compared with other infinitely
generated Abelian torsion groups. In the
1920s, H. Priifer made the first important
contribution to the study of Abelian p-groups,
and H. Ulm and L. Zippin completed the
theory for countable groups in the 1930s. The
uncountable case was first treated by L. Kuli-
kov in the 1940s, but the study of this case is
still in progress.

An Abelian p-group G # {e} is called divis-
ible (or complete) if for any ae G there is an
element x e G satisfying x?=a. A divisible
group is a *direct sum of Abelian groups of
type p* (Priifer). Here a group of type p® is
isomorphic to the fmultiplicative group of all
the p"th roots of unity (n=1,2,...) in the
complex number field. Let G be any Abelian
p-group. The maximal divisible subgroup
V of G is a direct product factor of G:G=
V' x R, where R has no divisible subgroups.
An Abelian p-group without a divisible sub-
group is called a reduced Abelian group.

An element x of an Abelian p-group G is
said to have infinite height if for any » there is
an element y,e G satisfying x = y?". The ele-
ments of infinite height form a subgroup G' of
G.If G' ={e} and G is countable, then G is
decomposed uniquely into the direct sum of
cyclic groups. This assertion fails if the hy-
pothesis of countability is dropped. By ftrans-
finite induction we can define G? as follows. If
B is an tisolated ordinal number, then Gf =
(GP YL if B is a tlimit ordinal number, then
G# =(),<5G* For the least ordinal number t
such that G'=G**1, G* is the maximal divis-
ible subgroup of G. If G is reduced, then G*=
{e}. We call 1 the type of an Abelian p-group
G. For a <1, G*=G*G**! is called the Ulm
factor of G, and the sequence G°, ..., G, ...

(x <7} is called the sequence of Ulm factors
of G. Each Ulm factor G* has no element of
infinite height, and if « <7 — 1, then G* has an
element of arbitrarily large order. Let t be a
countable ordinal number; assume that for
any ordinal number a <7 there is given a
countable Abelian p-group A, such that 4,
has no element of infinite height, and that
for a#1—1 A, has an element of arbitrarily
large order. Then there is a reduced coun-
table Abelian p-group which is of type t with
a sequence of Ulm factors isomorphic to 4,
Ay ery Ay .. (< 1) (Zippin). Two reduced
countable Abelian p-groups A and B are iso-
morphic if they have the same type t; and for
any a <t the Ulm factors 4* and B* are iso-
morphic. The assertion fails if the hypothesis
of countability is dropped.

2E
Abelian Groups

E. Torsion-Free Groups

In Abelian groups, the group operation is
often written a + b, using the additive notation;
an additively written group, called an additive
group, is generally assumed to be Abelian. In
the rest of this article we consider exclusively
additive Abelian groups, of which the additive
group Z of rational integers is the most primi-
tive example. In such a group the identity
element is called the zero element and is de-
noted by 0; the inverse of a is denoted by —a,
and we write a+(—b)=a—b. The direct sum
of additive groups 4, (A€ A) is called a free
additive group if each A, is isomorphic to Z.
An additive group G is regarded as a fmodule
over the fring Z, to which the notion of linear
independence is applicable (— 277 Modules).
Elements a4, ..., a, of G are linearly dependent
if there are integers n, ..., n, not all of which
are zero such that n,a, +... +n,a,=0. Those
that are not linearly dependent are termed
linearly independent. An infinite set of elements
of G is called linearly independent if the ele-
ments of any finite subset are linearly inde-
pendent. If there are N clements of G that are
linearly independent, but if any N + 1 elements
of G are linearly dependent, then N is called
the rank of G. Such a system of N linearly
independent elements is called a maximal
independent system. A torsion-free additive
group G is not necessarily free if G is not
finitely generated.

The first important work on torsion-free
additive groups was done by F. W. Levi (1917).
A. G. Kurosh (1937) completed the theory in
the case of finite rank. In the general case little
is known, and I. Kaplansky, J. Rotman, and
others are continuing the investigation.

The additive group Q of rational numbers is
of rank 1, and conversely any additive group
of rank 1 is isomorphic to some subgroup of
Q. An additive group G is called divisible (or
complete) if for any ae G and for any integer n
there is an element x,€G such that nx,=a. A
divisible torsion-free additive group is isomor-
phic to a direct sum of some copies of Q. For
any torsion-free additive group G there is a
divisible torsion-free additive group containing
G. A minimal additive group F among these
groups is uniquely determined up to isomor-
phism and has the rational number field Q as
an toperator domain. Let Q¥ = {a/b|(a,b)=
1, ptb} be the ring of p-integers in Q, and let
G, be the smallest Q”-subgroup of F contain-
ing G. Let Q, be the *p-adic number field and
Z, the ring of Tp-adic integers. Extending the
operator domain Q to Q, we obtain naturally
a Q,-module F, from F. Let G, be the natural
closure of G, in F,. Then G, has Z, as an
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operator domain and thus becomes a Z -
module. A Z ,-module of rank N is isomorphic
to the direct sum of x, copies of Q, and N —k,
copies of Z,:G,~ ¥, Q,v,+ X, Z,w, (n=
L...,x;;m=1,...,N ~x,). Here x, is called
the p-rank of G. As the invariants of G, Kurosh
gives the rank, the p-ranks for all primes p,
and a certain equivalence class of the sequence
of the matrices 9. Here p ranges over all
primes, and 9, is the matrix of coefficients
when the elements of a maximal independent
system of F are written as linear combinations
of (v, w,)-

F. General Abelian Groups

An Abelian group is, in general, an Textension
of a torsion group by a torsion-free group. A
torsion group T is called bounded if there is an
integer n such that t"=1 for all te T. Suppose
there is a torsion group 7. Then T'is a direct
summand of an Abelian group G which con-
tains T as its maximal torsion subgroup if and
only if T is the direct product of a divisible
group and a bounded group (R. Baer and S.
Fomin).

G. Characters

A character y of an Abelian group G is a func-
tion which assigns to each ae G a complex
number y(a) of absolute value 1 and satisfies
x(ab)=y(a)y(b) for all a, b G. The product y =
¥1 X2 of two characters y; and y, is defined

by x(a)=yx(@)y,(a), and y is also a character
of G. Thus all the characters of G form an
Abelian group C(G), which is called the char-
acter group of G. The identity element of the
character group is the identity character (or
principal character) y such that y(a)=1 for all
aeG. If G is finite, then G = C(G). This implies
the duality G=C[C(G)]. This fact was ex-
tended by L. S. Pontryagin to tlocally compact
ftopological Abelian groups (— 422 Topo-
logical Abelian Groups B-D). For additive
Abelian groups with operator domains — 277
Modules.
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3 (VIILS)
Abelian Varieties

A. History

Except for C. F. Gauss, whose work on this
subject saw the light many years after his
death, N. H. Abel was the first to consider
talgebraic functions as functions of complex
variables and to discover double periods of
felliptic functions such as x = x(u), which is the
inverse function of an elliptic integral

f * dx
u= s

Ja(x)
where f,(x) is a polynomial in x of degree 4. C.
G. Jacobi expressed elliptic functions explicitly
as ratios of theta series. As a natural generali-
zation of elliptic functions, which are tAbelian
functions of genus 1, Jacobi and his successors
studied the inverse function of the thyperellip-
tic integral, or more generally, the inverse
function of the Abelian integral. By investigat-
ing hyperelliptic integrals of the first kind of
genus 2,

J"* dx, J"z Xydx,

Jo(x1) Jo(x2)
where fg(x) is a polynomial of degree 6 in x,
Jacobi obtained multiple-valued functions
with quadruple periods. He then discovered

the remarkable fact that if we consider sums of
two integrals

e 1 dx, +j2 dx,
) ) ) )

J"l X,dxy *2 x,dx,
Uy = + s

Velx1) VSe(x2)
the elementary symmetric functions s, =X,
+x, and s, =x,x, of x; and x, are single-
valued functions of u; and u, with quadruple
periods. He also conjectured that these func-
tions s; and s, might be expressed explicitly in
terms of theta series of u, and u,; this conjec-
ture was later confirmed by J. G. Rosenhain
and A. Gopel.

In the latter half of the 19th century, the
general theory of Abelian functions was es-
tablished. The central subject was Jacobi’s
inverse problem (— Section L), which is a
natural generalization of the above results. B.
Riemann solved this problem by expressing
elementary Abelian functions (— Section M)
as rational functions of theta functions.

The theory of functions with multiple
periods was developed further by H. Poincarg,
G. Frobenius, and E. Picard. In the 20th cen-




tury, the importance of the theories of Abelian
functions and Abelian varieties has become
more obvious with the development of the
theory of functions of several complex vari-
ables and algebraic geometry. In particular,
problems intimately related to number theory
have given rise to the development of a purely
algebraic theory of Abelian varieties. Valuable
contributions have been made by S. Lefschetz,
C. L. Siegel (fSiegel modular forms), A. Weil
(algebraic theory of Abelian varieties, syste-
matization of the theory of theta functions),
and by D. Mumford (fmoduli theory, algebraic
theory of theta functions).

B. Algebraic Theory

When a fgroup variety is tcomplete as a
variety, the group law is commutative; such a
group variety is called an Abelian variety (—
12 Algebraic Varieties H.). Let B be a sub-
variety of an Abelian variety A, and assume
that B is a subgroup of 4 as an abstract group.
Then B has the structure of an Abelian variety
whose law of composition is induced by that
of 4, and B is called an Abelian subvariety of
A. More generally, when an algebraic subset B
is a subgroup of A, then the component B of B
containing the identity element is an Abelian
subvariety, and 9B is a union of B and a finite
number of cosets of B. When A4 is defined over
a field k, then any Abelian subvariety of A4 is
defined over a finite tseparable extension of k
(W. L. Chow’s theorem). An Abelian variety

A is called simple if A has no Abelian sub-
varieties other than A itself and 0.

Every frational mapping of an algebraic
variety V into an Abelian variety is defined at
each simple point of V. This implies that an
Abelian variety is Tabsolutely minimal.

C. Homomorphisms

A rational mapping of an Abelian variety A
into an Abelian variety B is called a rational
homomerphism (or simply homomorphism) if f
is a group homomorphism. Let F be a rational
mapping of 4 into B; then F can be uniquely
expressed as follows: F(x)=F,(x)+ F(0) (xe A),
where F, is a homomorphism and F(0) is the
image of the unit element 0 of A. Hence the
structure of an Abelian variety (as a group
variety) is uniquely determined by the underly-
ing algebraic-variety structure.

When a rational homomorphism f is bira-
tional, f is called a birational isomorphism (or
simply isomorphism). It is clear that a rational
isomorphism is an abstract isomorphism, but
the converse is not necessarily true. Let 4, B
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be two Abelian varieties. We say that 4 is
isogenous to B if the dimension of 4 is equal to
that of B and there exists a surjective homo-
morphism of 4 onto B, or equivalently, if there
exists a surjective homomorphism of 4 onto B
whose kernel is finite. The relation of isogeny
is an equivalence relation. For an Abelian
variety A and an Abelian subvariety X of A
there is an Abelian subvariety Y of 4 such
that the natural homomorphism X x Y-
A:(x,y)—x+ yis an isogeny (Poincaré’s com-
plete reducibility theorem). In particular, every
Abelian variety is isogenous to a product of
simple Abelian varieties that are determined
uniquely up to isogeny and order.

Let A, B be two Abelian varieties; we denote
by Hom(A, B) the additive group of rational
homomorphisms of A into B. When a rational
homomorphism 4 is surjective, then the degree
v(4) of 4 is defined by A(4)=v(1)B as talgebraic
cycles. If A is an isogeny, then v(1)#0, and the
order of the kernel {t|te A, it =0} is at most
v{4) and equal to v(1) if and only if 4 is Tsepa-
rable. The additive group Hom(4, B) is shown
to be free of rank <4 dim A-dim B by the l-adic
representation (— Section E). If A= B, then
Hom(A4, A) has a ring structure; it is called the
ring of endomorphisms (or endomorphism ring)
of A and is denoted by 2(A). The tensor prod-
uct A (A)=AW(4)® Q, where Q is the field
of rational numbers, is an tassociative alge-
bra over Q. If 4 is simple, then Ay(A) is a
tdivision algebra. More generally, ,(A) is iso-
morphic to a direct product of some ftotal
matrix algebras over division algebras; thus
Ay (A) is tsemisimple. In particular, if 4 is 1-
dimensional (in other words, if A is an felliptic
curve), the types of Wy (A4) are well known;
when the characteristic p=0, then y(A) is
either the field of rational numbers or an
fimaginary quadratic field. When p> 0, aside
from these two fields, we have a fquaternion
algebra over Q as a possible type of Ay (A).

Let k be a finite field with g elements. An
algebraic integer is called a Weil number for g
if every conjugate of it has absolute value \/c;
If A is an Abelian variety defined and simple
over k, the gth power endomorphism of A:
x—x? determines a conjugacy class of Weil
numbers for g, as Weil showed (— 450 Zeta
Functions). Moreover, we have the following
classification theorem (J. Tate, T. Honda):
There is a one-to-one correspondence between
the set of all k-isogeny classes of k-simple
Abelian varieties over k and the set of all con-
jugacy classes of Weil numbers for ¢. Tate also
determined the structure of the division alge-
bra A,(A4) over Q, which is described in terms
of the decomposition of the gth power endo-
morphism into prime ideals.
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D. Divisors

Let ® be the additive group of divisors on an
Abelian variety A and &, be the subgroup of
divisors that are talgebraically equivalent to O.
Then the factor group %/®, has no *torsion
part; this implies that for an Abelian variety
fnumerical equivalence coincides with falge-
braic equivalence. We denote this relation
by =. Given an element a of A, the translation
T,:Aax—Xx+a€ A gives a Tbirational trans-
formation, which is everywhere tbiregular, on
the underlying variety of 4; we denote by X,
the image of a divisor X on A. Then X =0 if
and only if X, is tlinearly equivalent to X for
each point g of A. The tAlbanese variety of an
Abelian variety 4 is 4 itself, and the tPicard
variety A of A is isogenous to A. In particular,
for the tJacobian variety J of an algebraic
curve, J is isomorphic to J itself. The Picard
variety AofAis isomorphic to A (duality
theorem). Let X be a divisor on A4; the map-
ping a—the flinear equivalence class of the
divisor X,— X, ae A4, is a rational homomor-
phism of 4 into A4, and we denote it by ¢y. If
@x=0, then X =0, and vice versa; hence we
have an additive map of /®, into Hom(4, A).
If ¢ is surjective, we say that X is nondegener-
ate. A tpositive divisor X is nondegenerate if
and only if X is fample, and then nX is fvery
ample for n>3. There always exist positive
nondegenerate divisors on an Abelian variety;
therefore an Abelian variety is a tprojective
variety. For a given divisor X on A, we can
find n suitable points u,, ..., u,, where n is the
dimension of 4, so that the fintersection prod-
uct X, -...- X, is defined. We denote by (X )
the fdegree of the zero cycle X, -...- X, . If X
is positive nondegenerate, then the dimension
I(X) of the tdefining module of the tcomplete
linear system determined by X is equal to
(X™)/n! (Poincaré’s theorem). Furthermore, the
degree v(¢y) of ¢y, where X is any divisor on
A, is given by the formula v(@y) =((X™)/n!)?
(Frobenius’s theorem).

For a nondegenerate divisor X on A there is
a unique integer i=i(X), 0<i<dim 4, called
the index of X, such that H(A4, ¢(X))=0 for
p#iand H(A4, 0(X))#0. We have i(—X)=
dim 4 —i(X) and i(X)=0if and only if X is
ample.

E. l-adic Representations

Let A be an Abelian variety of dimension n.
For a given prime number /, let 6,(4) denote
the group of points on A whose order is a
power of [ If I is different from the character-
istic of the base field of A, then the group
®,(A) is isomorphic to the direct product of 2n

factor groups Q,/Z,, where Q, is the field of /-
adic numbers and Z, is the group of /-adic
integers (— 439 Valuations). We call such an
isomorphism the /-adic coordinate system of
®,(A). Now let A be a rational homomorphism
of A into an Abelian variety B of dimension m.
Then we can see that 4 induces a homomor-
phism of ®,(A4) into &,(B). This shows that by
placing /-adic coordinate systems on &,(4) and
®,(B) respectively, we get a matrix representa-
tion M,(4) of 4 with 2m rows and 2n columns.
The representation 21— M,(4) is faithful, and
M,(2) is called the l-adic representation of A.
When A= B, then 1—M,(}) is a faithful repre-
sentation of the ring of endomorphisms U(A).
This representation can be naturally extended
to the representation of the algebra A (A),

the characteristic polynomial of the l-adic
representation M,(1) (where A is an element

of Ay(A)) is a polynomial with coefficients in
Q. Moreover, the polynomial does not depend
on the choice of the prime number . When

7€ U(A), then v(A) is equal to det M,(2). The
trace of My(A) is usually written as a(4).

Let A be a rational homomorphism of A
into B and Y be a divisor on B. Then by the
correspondence cl(Y)—cl(4~1(Y)), we obtain a
rational homomorphism of B into A, called the
transpose of 4 and denoted by ‘4, where ¢l
means the linear equivalence class (— 16 Alge-
braic Varieties M). If X is a nondegenerate
divisor on A, then the composition map f: 4 —
Aof'ey: A — A and the canonical isomorphism
A-A satisfy the equality o @y =v(px)d
(0 =the identity mapping of 4). We denote by
@x! the element (1/v(py)) B in Hom(4, A)® Q.
The correspondence a—o/, o' =@y 0'2o @y
(e Ny (A4)) is an Tinvolution of Wy(A) and
is of order 1 or 2. If 2 #0, then (o’ 0 ) >0
(Castelnuovo’s lemma). A. Weil was the first to
recognize the importance of this theorem in
connection with fRiemann’s hypothesis on
fcongruence zeta functions.

F. Differential Forms

A tdifferential form w on an Abelian variety A
of dimension n is called invariant if T*w=w
for every point ae 4, where T, is the trans-
lation by a (— Section D). The differential form
*of the first kind is invariant, and conversely,
every invariant differential form is of the first
kind. Let K be the tuniversal domain and
K(A) be the tfunction field of A. The set of the
linear differential forms of the first kind on A
is a linear space over K of dimension n, and its
basis becomes a basis over K{(A) of the linear
space consisting of all linear differential forms
on A. An invariant derivation on A is a deriva-
tion D in K(A) satisfying (Df)o T,=D(fo T,)



for any element f of K(A) and every point a of
A. For a linear differential form w =% f;du;
and a derivation D, we put {(w,D>=X f.Du,.
Then {w, D is a bilincar form in w and D. A
derivation D is invariant if and only if {w, D)
is a constant function for every invariant linear
differential form . Similarly, a linear differen-
tial form @ is invariant if and only if (@, D) is
a constant function for every invariant deriva-
tion D. The linear space of invariant linear
differential forms and that of invariant deriva-
tions are dual to each other with respect to
the bilinear form {w, D).

Now consider the case when the character-
istic p of the universal domain is positive. The
automorphism a—a?, ae K, of the universal
domain K induces a group isomorphism of A4;
we denote by A” the image of A and by x? the
image of a point x of A. The image A” is an
Abelian variety, and the group isomorphism
n:x—xFf, xe A, is an isogeny of A onto A”. Let
B be another Abelian variety and let 1 be an
isogeny of A onto B. If there is an isogeny p:
B A? such that n=puo A, then we say that A1is
of height 1. The function field K(B) of B can be
considered as a subfield of the function field
K(A) of A by the mapping A. If 4 is of height 1
and v(4) = p, there exists an invariant deriva-
tion D of K(A) with the constant field K(B),
uniquely determined up to constants. More-
over, we can choose D so that D?=D or D?=0.
In the first case 4 is said to be of type (i,); in
the second case it is said to be of type (i,). An
isogeny whose degree is a prime different from
the characteristic p is said to be of type (s,),
and a tseparable isogeny whose degree is p
is said to be of type (s,). Any isogeny can be
written as a product of isogenies of these four
types.

G. Polarized Abelian Varieties

Let X be a divisor on an Abelian variety 4; we
denote by X the class of divisors X' such that
mX =m'X’ for suitably chosen positive inte-
gers m, m'. When the class X contains positive
nondegenerate divisors, we say that X deter-
mines a polarization on A4, and the couple

(A, X) is called a polarized Abelian variety. In
particular, if 4 is a tJacobian variety whose
polarization X is determined by a theta divi-
sor, we call (4, X) the canonically polarized
Jacobian variety. If an endomorphism o of A
keeps the polarization invariant, i.e., if the
class determined by o ~}(X) coincides with the
class X, then « is called an endomorphism of
the polarized Abelian variety (4, X). In partic-
ular, if o is an automorphism of A, then we
say that « is an automorphism of (4, X). The
group of all automorphisms of a polarized
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Abelian variety is finite. In particular, the
group of automorphisms of a canonically
polarized Jacobian variety is finite. Hence
follows the famous theorem concerning the
finiteness of the group of automorphisms of an
falgebraic curve of genus not less than 2.

On the other hand, the algebraic equiva-
lence class of a nondegenerate divisor is called
an inhomogeneous polarization. (The above
polarization is then sometimes called a homo-
geneous polarization.) An inhomogeneous
polarization X determines an isogeny @y:
A— A uniquely. If gy is an isomorphism,
the polarization is called principal. An endo-
morphism of an inhomogeneously polarized
Abelian variety can be defined similarly.

H. Analytic Theory

For the rest of this article we take the complex
number field C as the universal domain, and in
this case we can utilize analytic and topolog-
ical methods.

Let C" be an n-dimensional vector space
over C. In a natural way, the space C" be-
comes a 2n-dimensional vector space R?"
over the real field R, and the mapping J:z—
\/?1 z,ze C", is an R-linear automorphism
of R?" such that J2= —1. Conversely, if for an
even-dimensional R-vector space R?" such
a mapping J is given, then by putting (a+
\/jl b)x=ax +bJx (xeR*", a,beR), we can
introduce an n-dimensional complex linear
structure into R?". We then say that J deter-
mines a complex structure on R2";, we denote
by C"=(R*",J) the space having the complex
structure determined by J. Let w,, ..., w,, be
2n R linearly independent points on C"=
(R?",J). Then the *lattice D generated by
these points is discrete, and the factor group
T"=C"/D is a complex torus of dimension n.
We fix a basis of C" and introduce a complex
coordinate system on C". Utilizing the basis
oy, ..., 0,, of R*", we also introduce a real
coordinate system on R2". We then obtain an
n x 2n matrix Q= (w;), where the (w,, ..., 0,)
are the complex coordinates of w;; the ma-
trix Q is called the period matrix of T". Let
(z4,...,2,) be the complex coordinates of
a point ze C" and (x,, ..., X,,) be the real
coordinates. Then we have Y(z,,...,z,)=
QYx,, ..., x,,). If we let the same symbol J
stand for the representation matrix of the
linear transformation J with respect to the
basis @, ..., ®,,, then we have \/jl Q=QJ.
The underlying real Lie group of T"is a 2n-
dimensional (real) ftorus group (R/Z)*". Hence
the Poincaré polynomial of T" is (1 + x)™.
Any tHermitian metric on C" (as a vector
space) induces a *flat YKdhler metric; hence the
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Hodge numbers (— Kéhler Manifolds C) are
W= ()0

I. Theta Functions

A holomorphic function f(z) on C"=(R", J) is
called a theta function if for every deD we
have f(z+d)=f(z)exp(ls(z) + c,), where [,(z) is
a linear form on C” which, as for ¢, depends
on d. The set of zeros of a theta function f,
which we write as (f), determines an analytic
divisor on T". Conversely, for every effective
analytic divisor X on T", there exists a theta
function f such that (f)= X. With respect to
the real coordinate system x,, ..., x,, deter-
mined by the basis w,, ..., w,,, we can find 2n
x 2n matrices 4, Ay and a 1 x 2n matrix b,
with elements in C, such that the transforma-
tion formula f(x +a)= f(x) exp(2n\/«—1(‘an
+3taAsa+'ba)) (where A=A, (mod Z), ‘A,
= A,) holds for every 1 x 2n matrix a whose
elements are rational integers. Moreover, if
we put E=A—"A, then E is an talternating
matrix whose elements are rational integers,
and S=EJ is a tpositive semidefinite sym-
metric matrix. Conversely, if there exists such
an alternating matrix E we can find a theta
function. (There does exist, however, a com-
plex torus on which no theta function exists
other than trivial ones, i.e., ones of the form
exp(¢(z)), where @(z) is a polynomial of degree
at most 2.)

A theta function f is called nondegenerate if
it cannot be a function of n—1 complex vari-
ables, and f is nondegenerate if and only if the
matrix S= EJ is tpositive definite. A complex
torus has the structure of an Abelian variety if
and only if there exists a nondegenerate theta
function, i.e., if and only if there exists an
alternating matrix E whose elements are ra-
tional integers such that EJ is a positive de-
finite symmetric matrix. The latter condition
is satisfied if and only if there exists an alter-
nating matrix E whose elements are rational
integers such that Q'E™1'Q =0, \/jl QET'Q
>0 (positive definite Hermitian matrix). In
particular, a period matrix Q satisfying these
conditions is called a Riemann matrix, and the
rational matrix 'E ! is called the principal
matrix belonging to Q.

Determining a polarization on an Abelian
variety can be reduced to designating a class of
principal matrices obtained from a principal
matrix by multiplying by positive integers. Let
X be a positive divisor on an Abelian variety
T"=C"/D, and let f be a theta function such
that (f)=X. Then the divisor X is nondegen-
erate if and only if the theta function f is non-
degenerate, and the latter statement holds if
and only if the alternating matrix E obtained

from f is finvertible. For a given principal
matrix ‘E”!, we can choose suitable coordinate
systems of C" and D so that Q=(/,, F) and E=
( Z g), where I, is a unit matrix and A is

a diagonal matrix whose elements are telemen-
tary divisors of E. In these situations, AF is
symmetric and its imaginary part positive
definite, i.e., AF is a point of the tSiegel upper
half-space &,. Thus to the polarized Abelian
variety (where the polarization is determined
by 'E™!) there corresponds a point of &,. This
gives a one-to-one correspondence between
the isomorphism classes of Abelian varieties
inhomogeneously polarized by a principal
matrix with given elementary divisors and the
points of the factor space &, /T",(A), where
I',(A) is a subgroup that is fcommensurable

to the Siegel fmodular group of degree n and
operates on S, discontinuously. The case

of principal polarization corresponds to the
case when A=1,, and then T',(A) is the Siegel
modular group itself. S,/I,(A) is the coarse
fmoduli space of Abelian varieties, polarized
as above; the projective embedding of S,/T"(A)
is given by means of tSiegel modular forms.

J. Abelian Functions

Meromorphic periodic functions on C" with
periods w,, ..., ®,, (.., meromorphic func-
tionson T=C"D,D=Zw, ® ... ® Zw,,) are
called Abelian functions with periods D (or on
T). The quotient of two theta functions having
the same periods and the same transforma-
tion formulas is an Abelian function, and con-
versely any Abelian function can be written as
such. All Abelian functions on T form a field
C(T) called the Abelian function field. If T has
the structure of an Abelian variety, then C(T)
coincides with the field of rational functions on
T. In general, for any complex torus T there
are an Abelian variety T’ (possibly of dim0)
and a surjective homomorphism A:T—->T’
which induces an isomorphism A*: C(T")x
C(T). Such a pair (T, 1: T>T) is unique up

to isomorphism, and is called the *algebraic
reduction of T.

K. Homomorphisms

Let C"=(R?",J) (i=1, 2) be complex linear
spaces; an R-linear mapping f:R>" >R2" is
C-linear if and only if the relation foJ, =

Jyo f holds. Let D; be tlattice groups of C™ for
i=1, 2. If a C-linear mapping A:C"1 —»C"
satisfies A(D,) = D,, then A induces a com-
plex analytic homomorphism of T, =C"/D,
to T,=C":/D,. Conversely, any complex
analytic homomorphism of T, to T, is ob-



tained in this way. Let T, and T, be Abelian
varieties, and let Q, =(o{", ..., w5,)) and Q,
=(0{, ...,0f)) be their Riemann matrices.
Then for a homomorphism 4: T, -T,, we

can find a representation matrix W(4) with
complex coefficients; and with respect to the
real coordinate systems (w{"), ..., @5, ) and
(@, ..., %)), we can find a representation
matrix M(4) with coefficients in Z such that
W(A)Q, =Q, M(J). Conversely, if for a complex
matrix W there is a matrix M, with coefficients
in Z, satisfying the relation given above, then
W gives a homomorphism of T, to T,. The
above equation is called Hurwitz’s relation.
The notion of l-adic coordinate system, which
is valid for a general characteristic, corre-
sponds to that of the lattice group, and the I-
adic representation M,(4) of 4 is the abstrac-
tion of the integral representation M ().

L. Abelian Integrals

Let R be a compact tRiemann surface of genus
g=1(— 11 Algebraic Functions) and let w be
a sum of TAbelian differentials of the first kind
or of the second kind. Then the *period of »
along a cycle y depends only on the thomology
class of y. The set of all differentials of the first
kind forms a complex linear space of dimen-
sion g; we denote it by D,. Let P be a point
and P, a fixed point of R; then we denote by
u(P) the vector integral ([} o, ..., [k ®,),
where (w,,...,®,) is a basis of D, and the path
from P, to P is common to every integral. The
correspondence P—u(P) is not a single-valued
mapping; the totality of differences of values
of u(P) coincides with the group D consisting
of periods ({,,, ..., [, w,), where 7 varies over
all cycles. Let a set of cycles {y,,...,7,,} be a
basis of the homology group, with coefficients
in Z; then 2g column vectors of the g x 2g
matrix Q=(wy), 0; f, o, are linearly inde-
pendent over R. Since the group D coincides
with the set of linear combinations, with co-
efficients in Z, of column vectors of Q, this D
is a flattice of rank 2g, and the matrix Qis a
period matrix of the complex torus T =C?/D
of dimension ¢.

For a basis of the homology group with
coefficients in Z, we take normal sections
Hpyonns Ogs Ogrys-nn s 0oy Of R, and let the same
symbol Q stand for the period matrix (w;),
wy= f,,;; then we have

v =1 QEQ>0

(positive definite Hermitian matrix), where

QE'Q=0,

0 1, . . .
E= N (with I, the unit matrix).

I, 0

This implies that E is a principal matrix be-
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longing to Q; we call the equality and inequal-
ity just given Riemann’s period relation and
Riemann’s period inequality, respectively. Fur-
thermore, we can choose a suitable basis of D,
so that the period matrix Q is of the form

(I, F) with Fe &, (— Section 1). We consider
the function (u), u=(u,, ..., u,), defined by an
infinite series

9(”) - Z exp(2n\/j] (mlu + %mth))a

where the sum is taken over all row vectors
m=(m,,...,m,) with coefficients in Z. If u is in
a bounded region, then the series for 3(u) is
uniformly and absolutely convergent. Hence
3(u) is a holomorphic function of u. This is

a theta function corresponding to the princi-

-1, 0
Riemann theta func:ion. As 9(u) is nondegen-
erate, the complex torus T? =C?/D has the
structure of an Abelian variety. If we regard
the Riemann surface R as an algebraic curve,
this Abelian variety T’ is precisely the Jaco-
bian variety of the curve R. The collection of
zeros of Hu), a divisor on T, defines the ca-
nonical polarization on the Jacobian variety
{— Section G).

The correspondence P—u(P), pe R induces
a well-defined mapping ¢ of R into T¢=
C?/D. Moreover, if we set p(A4)= 2, ¢(P)—
251 9(Q) for any divisor A=P,...F,/Q,...0,
of degree 0, then ¢(A) is a point on T?=C?/D,
which is represented by the vector (X, j‘g'l'_ w,,
e Xy jgffwg) of C% and the mapping A—
¢@(A) is a homomorphism of the group &, of
divisors of degree 0 onto T?=C?/D. The kernel
of this homomorphism coincides with the
group &, of fprincipal divisors (Abel’s theo-
rem). Hence a divisor A=P, ... P,/Q,...Q, of
degree 0 is a divisor of some function if and
only if we have 37, jgfljwizo (modD) (i=
1,...,9), or equivalently, the left-hand side is
0 for a suitable path.

Given g fixed points P, ..., P, on R and
given (u,, ..., u,) as any vector of C¥, the prob-
lem of finding g points @, ..., Q, satisfying
relations 29_, jgfﬂ’ff u;(modD),i=1,...,g,1s
called Jacobi’s inverse problem. To solve the
problem, we take a divisor 4 of degree 0 such
that the class ¢(A4) (mod D) is represented by
(uy, ..., u,); then, by virtue of the 'Riemann-
Roch theorem, there exists a divisor Q, ... @,
satisfying

0 I
pal matrix E =< “’) and is called the

A=Q,...Q,/P; ... P,(mod &)).

Abel’s theorem implies that the set of points
{0,....,Q,} is a solution of Jacobi’s problem.
Moreover, for general (u,, ...,4,), the solution
is unigue: i.¢., there exists a subvariety ¥ of
dimension g—2 on €9 such that the solution is
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unique up to order if and only if (u,, ..., u,)
does not lie on ¥. In particular, if every point
P; coincides with the fixed point P, that ap-
peared in the definition of u(P), the subvariety
on TY=C%/D determined by ¥ is obtained in
the following way: Let W, + ...+ W,,_, be a
canonical divisor on R, and put c= (W) +...
+ @(W,-,). Then the locus of points ¢ —¢(R,)
- ...— (R, ;) (where g—2 points Ry, ...,R,_,
are taken independently over all points of R) is
the desired subvariety.

In terms of the theory of complex manifolds
the above result can be rewritten as follows: Let
S%(R) be the symmetric product of R and X the
subvariety of TY=C¢/D induced from X. Then
the holomorphic map S%¢): S9(R)—T? induced
from ¢:R—>T? is bimeromorphic and isomor-
phic outside that X whose elements corre-
spond to effective divisor classes of degree ¢
contained in canonical divisors on R.

M. Elementary Abelian Functions

Let z be a nonconstant meromorphic func-
tion on R. Then for any u=(u,,...,u,)eC’
that does not lie on X, there exist g points
Qi,...,0Q, (uniquely determined up to order) as
the solution of Jacobi’s problem. Therefore

the elementary symmetric functions

Mm

sils2)= ), 2(Q),

Jj=1

A 2)=Y 2(Q)z(Q), St 2) = ﬁ z(Q
i<j j=1

are well defined if u lies outside the variety ¥
of dimension g — 2. Each function s;(u; z), re-
garded as a function of u, can be extended
uniquely to an Abelian function in the whole
space C7 the function is denoted by the same
symbol s,(u; z). The Abelian functions s, (4; z),

., 5,(u; z) are called the elementary Abelian
functions obtained from z.

Now let K be the field of Abelian functions
on C"/D and k the field of meromorphic func-
tions on ‘R; then the dimension of K over C is
g, and [K:C(s;(4; 2), ..., 5,(u; 2)) ] =r?, where r
is the degree of the function z that is given by
[k:C(z)]. Moreover, if we take any function w
such that k =C(z, w), then we have

K=C(s,(u;2), ..., 5,(u;2); s, (s W), ..

- 8, w)),

where 5, (u; w), ..., s,(u; w) are the elementary
Abelian functions obtained from w.

We can write any elementary Abelian func-
tion as a rational function of Riemann theta
functions; therefore any Abelian function can
be written as a rational function of Riemann
theta functions. Furthermore, if ¥ and v are
variable vectors, then s;(u+ v; z) can be repre-
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sented as an algebraic function of 5, (u; 2), ...,
5,(12), 5,(v;2), ..., 5,(v; 2); .., we can choose
a suitable polynomial H(Z; X, ..., X ; ¥,

Y,) with coefficients in C so that H,(s;,(u+
v; z) sl(u 2), ..., 8,(u;2); 51 (13 2), ..., 5,(v;2)) =0
This algebralc addmon formula with respect
to the elementary Abelian functions s;(u;z), i=
1,..., 4, is a function-theoretic interpretation
of the fact that the addition map X x X —
X:(x,y)>x+yis a Tmorphism of algebraic
varieties.

As the study of *Abelian integrals of the first
kind led us to the theory of Jacobian varieties,
fAbelian integrals of the second and the third
kind give rise to the theory of fgeneralized
Jacobian varieties (— 9 Algebraic Curves).

The theory of Abelian varieties has signifi-
cant applications to number theory, as shown
by the following examples: the theory of fun-
ramified Abelian extensions with respect to a
function field of several variables defined over
a finite field (S. Lang), the theory of heights of
points on an Abelian variety (Weil, A. Néron,
J. Tate), and the theory of complex multipli-
cation (— 73 Complex Multiplication) in the
case of higher dimensions (Y. Taniyama, G.
Shimura).

N. Some Recent Results

(1) Level Structure, Moduli of Abelian
Varieties. Let A be an Abelian variety over k
of dimension g and n a positive integer which
the characteristic of k does not divide. A level
n structure on A is defined to be a set of 2¢
points 64, ..., d,, on A which form a basis for
the group of points of order n on A.

Let A(g, d, n; k) be the set of triples: (i) an
Abelian variety A over k of dimension g,
(ii) an inhomogeneous polarization X on 4
with v(¢y)=d?, and (iii) a level n structure
ay,...,0,, of A, all up to isomorphisms. Simi-
larly we can define A(g,d, n; S) for Abelian
schemes over a scheme S. The correspondence
S—A(g,d, n; S) defines a functor (g, d, n).
D. Mumford has shown that there exists
the fcoarse moduli scheme A(g, d, n) quasi-
projective over Spec(Z[1/n]), and that it is even
fine if n23[6]. He used the technique of tHil-
bert schemes and *stable points (— 16 Alge-
braic Varieties). One of the key steps of his
proof is to show that for an embedding ¢: 4 —
P™ of degree r (i.e., the degree of ¢(A4) in P™)
over an algebraically closed field k and a posi-
tive integer » such that char(k) does not divide
nand n>./(m+1)r, the point ($(x;))i=y, . p2
in (P™"" is stable with respect to the action
of PGL(m), where the x; are the points of order
non A (with an arbitrary order). Mumford
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later showed another method of constructing
the moduli of polarized Abelian varieties by
using algebraic theta constants [7].

(2) Néron Minimal Models, Good and Stable
Reduction. Let R be a discrete valuation ring
with residue field k and quotient field K. For
an Abelian variety A over K, there exists a
smooth group scheme ./ of finite type over S
=Spec(R), called the Néron minimal model of
A, such that for every scheme S’ smooth over S
there is a canonical isomorphism

Homg(S', o) = Homg(Sk, A),

where S is the pullback of §' by Spec(K)—
Spec(R) (A. Néron, M. Raynaud). In particu-
lar, we have .o/ =~ A. Denote by A, the fiber of
o over the closed point of §.

If o is proper over S, we say that 4 has a
good reduction at R. If the connected compo-
nent A of 4, containing 0 has no unipotent
radical {or equivalently, AJ is an extension of
an Abelian variety by an *algebraic torus over
a finite algebraic extension of k), we say that A
has a stable reduction. If there is a finite sepa-
rable extension K’ of K with a prolongation R’
of R to K’ such that 4 x K’ has good (stable)
reduction, we say that 4 has a potential good
(stable) reduction at R. Let K be a separable
closure of K and R a prolongation of R to
K. For a prime number [ # char(k), we have
a canonical homomorphism p:Gal(K/K)—
Aut(®,(A)), called a monodromy. Then A
has potential good reduction if and only if the
image of the tinertia group I(R) by p is a finite
group (J.-P. Serre and Tate). Every Abelian
variety A over K has potential stable reduc-
tion at R (stable reduction theorem, A. Gro-
thendieck [16]).

(3) Graded Ring of Theta Functions. If f is a
theta function with a period system D, /" is
also a theta function with the same period
system for every positive n. We denote by S,
the vector space of the theta functions with the
period system D subject to the same trans-
formation law as ™. If we denote by X the
effective divisor on T=C?/D defined by f, then
S, can be naturally considered as the tdefining
module of the fcomplete linear system of nX,
and the dimension of S, (={(nX)) is equal to
the product of the nonzero diagonal elements
of nA (— Section I) (Frobenius). If ge§,, and
heS,. then gheS,, . ,; hence S=@),,8S, s a
fgraded ring, which is normal and finitely
generated. For m =2 and n = 3, the product
map S,, X S,—S,,., 1s surjective (D. Mumford,
S. Koizumi). If the elementary divisors of E
can be divided by an integer >4, the kernel of
the natural graded mapping S(S,)—S (where
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S(S,) denotes the fsymmetric algebra over S,)
is generated by the quadratic relations (i.e., the
part of degree 2) for suffictently large degrees
(Mumford). Geometrically this means that if
X =(f), feS,, s nondegenerate, then, with the
projective embedding i: T—P" defined by the
complete linear system of X, i(T) is an inter-
section of quadrics in PV containing i(T).

Mumford has developed a theory of alge-
braic theta functions that also works for the
positive characteristic case [7] and has proved
the above results in general.
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4 (V.5)
Additive Number Theory

A. General Remarks

Let N be the set of natural numbers, and let A,
B, ... be subsets of N. The sum C=A+ B is
defined as the set {c|c€ A, ceB,orc=a+b,
ae A, be B}. A finite sum of subsets of N is
defined similarly. If N is the sum A+...+ 4

(r times), then we say that A4 is a basis of order
rin N. Let A(x) denote the number of integers
in A that do not exceed x. The density of A

is defined as inf A(x)/x. If A(n)=an, B(n)>
pn(0<a, f<1)for all neN, then we have
{A+ B)(n) = (min(1, a+ B))n. This result was

stated by E. Landau (1937) without proof; A. J.

Khinchin had given a proof (1932) for the case
o=, and H. B. Mann (1942) and E. Artin and
P. Scherk (1943) succeeded in proving the
statement for the general case. Suppose that
the densities of A4 and B are, respectively, o
and 0. If B is a basis of finite order in N, then
the density of 4 + B is greater than that of 4
(Khinchin and P. Erdoés, 1936). Let P be the
set of all prime numbers. Though the density
of P is 0, the density of P+ P is positive (L. G.
Shnirel’'man, 1930). Hence P is a basis of finite
order in N; in other words, there exists a posi-
tive integer r such that every natural number
can be expressed as a sum of at most r primes.
Though the density of the set Q of the kth
powers of natural numbers is 0, there exists a
positive integer s(k) such that the sum Q + ...
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+ @ (s(k) times) is a set of positive density. L.
K. Hua (1956) gave a simple proof of this fact,
based on Yu. V. Linnik’s idea. It follows,
therefore, that any natural number n can be
expressed as a sum n=a¥+ ... +a¥, where
a;eN, t=s(k). This result had already been
shown by D. Hilbert (1909).

An ancient method of finding prime num-
bers is tEratosthenes’ sieve. V. Brun (1920)
devised a new sieve method to express an
arbitrary integer n as the sum of two integers
n=a+ b, where the number of prime factors
of a and b is as small as possible. This method
was improved by H. A. Rademacher (1924),
Landau (1931), A. Bustab (1937), and others.
Among these the method found by A. Selberg
(1952) is notable (— 123 Distribution of Prime
Numbers E).

B. Farey Sequences

Let t be a positive integer. We arrange in
increasing order the set of all positive irreduc-
ible fractions lying between 0 and 1 whose
denominators do not exceed 7. This sequence
is called the Farey sequence of order 1. For
example, the Farey sequence of order 5 con-
sists of

01112132341

A necessary and sufficient condition that a
fraction a/b be directly followed by a fraction
¢/d in the Farey sequence of order nis b+d >
n+1, bc—ad=1. In this case the fraction
(a+c)/(b+d) is called the mediant of a/b and
c¢/d. Interpolating the Farey sequence of order
n with such mediants (a + ¢)/(b+ d) satisfying
b+d=n+1, we obtain the Farey sequence

of order n+ 1.

Let a/q be a fraction in the Farey sequence
of order 7, and d'/¢’, a"/q" be adjacent mem-
bers of a/q in the sequence such that a'/q' <
alq<a’l/q". The interval [(d’' + a)/(q’ + 9),
(a+a")/(g+4")] is known as the Farey arc
surrounding a/q. In particular, if a/q=0/1,
then we set [ —1/n, 1/n] to be the Farey arc
surrounding 0/1, where n=[t]+1 ([ ]is the
tGauss symbol). We can thus decompose the
interval [ —1/n, 1 —1/n] into a disjoint union
of Farey arcs. If « is contained in the Farey
arc surrounding a/q, then |a —a/q| <1/qt.
Therefore, for a given t>1 and a real o, we
can prove the existence of a/q such that

(lalaq)=1a [ot—a/q|<1/q1:

Let f({)=X2.¢a,." be a power series which
is convergent in the disk |{| < 1. Then, by
Cauchy’s integral formula,

O0<g<rt,
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— 1 f(C) — ! 2miay ,— 2mina
a,,—z—m ;|=1C"+ldC_Jo f(e*™)e do.

To estimate such an integral, we sometimes
utilize the decomposition of the interval [0, 1]
into a disjoint union of Farey arcs as men-
tioned above. This method is called the circle
method, and the subdivision of the interval is
known as the Farey dissection.

Given a positive number c, a Farey arc
around a/q is usually called a major arc (or
basic interval) if ¢ does not exceed the given
bound ¢; otherwise, it is called a minor arc (or
supplementary interval). Usually, the principal
part of the previously mentioned integral is
derived from the integral over the major arcs,
and the residual part is provided by the in-
tegral over the minor arcs.

C. Goldbach’s Problem

Goldbach’s problem is found in letters (1742)
he exchanged with L. Euler. In them he stated
that every positive integer can be expressed as
the sum of primes. More precisely, he conjec-
tured that any even integer not smaller than 6
can be expressed as the sum of two odd primes
and that any odd integer not smaller than 9
can be expressed as the sum of three odd
primes.

1. M. Vinogradov (1937) proved that every
sufficiently large odd integer can be expressed
as the sum of three primes. Let N be a suffi-
ciently large odd integer. If we write

wq) .a
Alg, N):(p3(q) lgiq exp(—Zm;N),

then the series S(N)=2X2, A(g, N) is ab-
solutely convergent and is equal to

1 1

UO*@«W)HO w-w+§'
It is known that S(N)>6/r° for all N. If we
denote by r(N) the number of solutions of
N=p,+p,+ps, then r(N)~(N?/2(log N)°)-
S(N). To prove this, Vinogradov used the cir-
cle method. He employed the *prime number
theorem for arithmetic progressions to esti-
mate the integrals over the major arcs and
devised an ingenious method to estimate the
series 2., . yexp(2niap) in the computation of
the integrals on the minor arcs. A finite or
infinite sum of exponential functions such as
this is called a trigonometric sum. More gener-
ally, we consider trigonometric sums of several
variables. Vinogradov provided detailed re-
marks and calculations [6].

In the case of even integers, the problem is
still unsolved, although J. G. van der Corput,
T. Estermann, and N. G. Chudanov proved
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simultaneously (1938) that almost all even
integers (i.e., except a set of density 0) can be
expressed as the sum of two primes. For these
problems, Linnik (1946) and Chudanov (1947)
introduced function-theoretic methods. They
obtained the density theorem concerning the
zeros of L-series, and A. Zulauf (1952) con-
tinued along the same lines, These methods
had been suggested by G. H. Hardy and J. E.
Littlewood (c. 1919), although they had as-
sumed that the textended Riemann hypothesis
held.

We denote by P; a number having at most j
prime factors counted with their multiplicity.
Using his sieve method, Brun (1919) proved
that every sufficiently large even integer 2n can
be expressed in the form 2n= P, + P,. Radema-
cher (1924) improved this result and obtained
2n=P,+ P,. Applying his new sieve method to
this problem, Selberg (1950) proved that 2n=
P, + P;. On the other hand, using the *large
sieve, A. Rényi proved that 2n= P, + P, for
some k. Afterwards, combining Richert’s sieve
with.a large steve, Chen Jing-Run (1973)
proved that 2n= P, + P, for large 2n [11].

D. Polygonal Numbers

Let m be an integer greater than 3, and let
a=1,a,.,—a,=m-2n+1(n=12,...).
The sequence {a,} forms the system of polyg-
onal numbers of order m. The general term

of {a,} is given by n+3(m—2)(n*—n) (n=
1,2,...). Such q, are said to be triangular
numbers if m= 3, square numbers if m =4, and
pentagonal numbers if m=5.

P. Fermat (1636) stated that every natural
number can be expressed as the sum of m
polygonal numbers of order m. This conjecture
was proved by A. M. Legendre (1798) for m=
3, by J. L. Lagrange (1772) for m=4, and by
A. L. Cauchy (1813) for the general case. With
regard to Lagrange’s result, Legendre noticed
that in order that a positive integer n be ex-
pressed as the sum of three squares, it is neces-
sary and sufficient that n not be of the form
4°8m+7).

Given a positive integer n, the number of
integral solutions of the equation x7+x3+...
+ x2=nis denoted by ry(n). For example, r,(5)
=8. The *generating function X2, r,(n)n~*
can be expressed as X7 5., (m*+n?) "%, where
the term corresponding to m=n=0 is omitted;
the function is equal to 4{(s), where {(s) is
the TDedekind zeta function of the Gaussian
number field K = Q(\/:T). The equation
4L (s)=4L(s) L(s, x) (Where x(n)=(—4/n)) leads
to
ra(m =43 (=",

min
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where 2. means the sum over all odd factors
m of n. This result was obtained by C. G. J.
Jacobi (1829). He also obtained the following
formula:
rq(n)=28 Z/ m,

mindfm
where Y’ means the sum over all divisors m of
n not divisible by 4 (Hardy and E. M. Wright,
C. L. Siegel, 1964). Let g=exp(2nit) (Im7>0),
and

f@=1+ 3. rng"
n=1

=(1+2q+2¢*+2¢°+...).

Hardy (1920) considered the variation of f(g)
for g=aexp(Cnih/k) (with O<a<1)as a—1; he
obtained

Jig)~n? <h>510g <1> -
k a

where S, , =X%_, exp(2ri(h/k);?). Furthermore,
he constructed the singular series

AR 1

/)S(Yl):*m“*k; Ak’ Al =1,

h
A=k Y (Sh'k)’exp<—2nizn>,

1<hsk
(h,ky=1

and showed that r(n)=p,(n) for s=35, 6, 7, and
8. P. T. Bateman (1951) proved the same equa-
tion for s=3 and 4. If s> 9 then r(n) = p,(n)+
O(n**) (Hardy, Littlewood, and S. Rama-
nujan, c. 1919). The detailed exposition of this
result is in the notes of A. Z. Walfisz (1952)
and Rademacher [4]. H. D. Kloostermann
(1926) and Estermann (1962) studied the equa-
tion ax? +bx3+cx2 +dxi=n, which led to a
new field of study concerning the tKlooster-
mann sum. For instance, estimates such as

p-1 ] d
Y exp (27&”(+ /x) <2\/;
p

x=1

are obtained by using the theory of zeta func-
tions in algebraic function fields in one vari-
able (A. Weil, 1948) (— 450 Zeta Functions).

E. Waring’s Problem

The first formulation of Waring’s problem is
found in E. Waring, Meditationes algebraicae
(1770), in which he discusses the problem of
expressing an arbitrary positive integer as the
sum of at most nine cubes or as the sum of at
most nineteen biquadratics. Hilbert proved (—
Section A) that there exists a positive integer
s(k) such that, for any integer N, the equation

x4 xk+ . Hxk=N
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has a nonnegative integral solution if s> s(k).
We denote by g(k) the least value of s(k), and
by G(k) the least value of s(k) for which the
equation is solvable with at most finitely many
exceptions of N. Research concerning g(k) and
G (k) received its initial impetus from the circle
method considered by Hardy and Littlewood,
and it underwent considerable development in
the works of H. Weyl and Vinogradov.

Let r(N) be the number of solutions of the
above equation. We then have

r(N)= f ( Zkexp(zmmk))

0 \x<ND
x exp(—2niNa)da.

If we make the Farey dissection, translating
the interval [0, 1] slightly, then the main term
of r(N) is provided by the integrals over major
arcs, and the residual term is derived from the
mtegrals over minor arcs. Let p be a prime,
and let M(N, p') denote the number of solu-
tions of the congruence equation

x¥+xk+ .. +xF=N(mod p').

Then lim,_, M(N, p)/p'®~" =y,(N) is not zero,
and the infinite product I, x,(N)=S(N) con-
verges for s >4k, where S(N) is larger than a
positive constant which is determined inde-
pendently of the choice of N. On the other
hand, let

g-1 a
S(a,q)= Y exp 2mgx" ,

x=0

A N)=¢™ Y S, q)sexp<—2msN>.

I<a<q

(a,9)=1

Then X2, A(g, N) is absolutely convergent,
and the sum is equal to S(N). According to
Hua (1959) we have

T+ 1k

stk—1
T'(s/k)

r{(N)~S(N) ,
provided that s> 2k?*(2logk +loglogk + ¢).
Next, if we denote by V(N, ) the volume of the
closed region satisfying N <x¥+x5+...+

x¥< N 4 in the s-dimensional Euclidean
space, then lim,_, V{(N, 8)/6 =y, (N) exists and
is equal to (I'(1 + 1/k)*/T(s/k)) N**~1 Hence we
can show that the principal part of r(N) is
equal to the infinite product IT, x,(N), where p
runs over all finite and infinite prime spots in
Q. This is a generalization of the singular
series studied by Hardy.

With regard to g(k), there are studies by L.
E. Dickson (1936) and others. It is easy to see
that g(k)>=2*+(3/2)* —2 and that G(k) =k + 1.
It has been shown that ¢(3)=9, G(3)<7 (G. L.
Watson, Linnik, 1947) and that g(4) <37,
G(4)=16 (H. Davenport, 1939). More gener-
ally, Vinogradov (1959) proved that
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G(k)<2klogk+4kloglogk

+2klogloglogk+ck.

To prove this, Vinogradov (1934) introduced
the following integral, which is closely related
to the fprime number theorem:

=[]

Y exp(mifoy x+oyx*+ ...

x<P

2s

+ e x*))

Hua (1949) improved Vinogradov’s result and
proved that if s = tk(k+ 1)+ Ik, then

I(P) S(SS)SSl(lOg P)ZIPstk(k+1)/2+6’

where 6 =1k(k+1)(1 —1/k)'"'. Concerning
I(P), another notable approach was made by
A. A. Karacuba and N. M. Korobov (1963).
Further investigation proved that I(P)=
e, p2s—kk+1)/2 +O(PETHERI2) f o> o2 logk
(Vinogradov, Hua, 1959). The result is called
the Vinogradov mean value theorem.

There are many variations and generaliza-
tions of this theorem. Vinogradov and Hua
(1944) studied the problem of representing an
arbitrary N as N =p%+ph+ ... + p¥ (with p,
prime). Hua (1937) and others also considered
the problem of representing N as N = f(x,)+
f(xz)+ ...+ f(x,), where f(x) is a given poly-
nomial. Also, let

1=

n n
Clxy,Xg, ..., X)) = Z Z Cijkxixjxk
i1 /51 k=1

be a homogeneous polynomial of degree 3
with integral coefficients. Davenport (1963)
proved that if n> 16, then the equation
C(xy,X,,-..,X,)=0 has at least one nontrivial
integral solution. There are further develop-
ments of the theory of representations of in-
tegers by forms in many variables by V. A.
Tartakovskii, H. Davenport, B. J. Birch, and
D.J. Lewis.

F. Additive Problems in an Algebraic Number
Field

Siegel (1922) considered the generalization of
Hardy’s square sum problem to the case of an
algebraic number field. He later (1945) studied
the generalized Waring’s problem in an alge-
braic number field K of finite degree: Let [

be the principal order of K, and let J, be the
subring of I generated by the kth powers of
integers in K. It is easily seen that the index
(I:J,) is finite. Hence our concern regarding
s(k) must be restricted to integers contained in
J,.. Another question is how to extend the
Farey dissection to an algebraic number field.
Siegel succeeded in solving these difficulties.

doy ... do.
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His ingenuity is seen in his way of dealing with
the minor arcs, which provided a stimulus to
the research of T. Mitsui (1960).

A generalization of Goldbach’s problem to
the case of an algebraic number field was
obtained by Mitsui (1960) and O. K&rner
(1961).

As another extension of the Vinogradov
three primes theorem, Mitsui (1971) proved
the following theorem: Let K be an algebraic
number field of degree n. Let C be the prin-
cipal ideal class generated by a totally positive
number in K, and P be the set of prime ideals
of degree 1 contained in C. Let N be a positive
integer and I (N) be the number of representa-
tions of N as the sum of the norms of s prime
ideals belonging to P,

I(N)= > 1, p,eP (1<Ki<s).
N=Np+...+Nog

If N is sufficiently large and s> 3, we have the

asymptotic formula

N1 _, loglogN
e O NSTE =)
(log Ny < (logN )’“)
where A is a positive constant depending on s
and K independent of N, and S(N) denotes the
singular series. If s= N (mod 2D), where D is
the discriminant of K, then S(N)> ¢ >0, where
¢ is a constant. Later this problem was ex-
tended by Mitsui and T. Tatuzawa (1981).

I(N)=A,5(N)
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A. General Remarks

The study of sums of tindependent random
variables has been one of the main topics in
modern probability theory (— 250 Limit
Theorems in Probabitity Theory). Combin-
ing the ideas of this study with the considera-
tion of tstochastic processes with continuous
time parameter, we get the notion of additive
processes.

B. Definitions and Fundamental Properties

A real-valued fstochastic process {X,}o< <>
denoted by X(r) (0 <t < oc) for the rest of this
article, where for simplicity we assume that
X(0)=0, is called an additive process (or pro-
cess with independent increments) if for any ¢, <
G <..<t, X(t)—X(t,_,)(i=1,2,...,n) are
*independent. An additive process is essentially
the same as a Tspatially homogeneous tMar-
kov process (i.e., a Markov process on R! that
is invariant under translations). When, for any
h>0and t>s, X(t+h)— X(s+h)and X(t)—
X (s) have the same law, i.e., the distribution
law of X (t)— X (s) depends only on ¢t —s, we
call the additive process X (t) temporally homo-
geneous. This is essentially the same notion as
a temporally and spatially homogeneous Mar-
kov process.

Let X(t) be a given additive process. If f{z) is
a function of t only, then clearly Y(t)= X (t)—
f(t) 1s also an additive process, and we can
choose f(t) in such a way that for every ¢t >0
and for every sequence s,1¢ (s,|t), Y(s,) con-
verges with probability one. Here, lim Y(s,)
is independent of a particular choice of s,,,
and we denote it by Y(t —) (Y (¢ +)). We call
such Y(z) a central process and also say that
Y(t) is obtained from X(t) by centering. This
f(t) is given, for example, by the condition
E(arctan(X(t)— f(1)))=0.
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Let Y(t) be a centered additive process.
Then Y(t—)=Y(t)=Y(t +) for all 1 >0, except
on an at most countable t-set S, and teS 1s
called a fixed point of discontinuity of Y(t).
Then Y;(t)=I1im U, (t) exists with proba-
bility 1, where
U= ). (Y(s;+)=Y(s5;—))

0o<ign
si<t

+Y(O)-Y(-)-C,

n—sC

C; being a constant determined by E(arctan
U,0)=0,and S={s;} (j=1,2,...). Y,(t)=
Y(t)— Y,(¢) is a centered additive process
without any fixed point of discontinuity. Fur-
thermore, Y| (t) and Y,(z) are independent.
Thus we have a decomposition of Y(z): Y(t)=
Y;()+ Y, (1), where Y,(t) and Y,(t) are mutu-
ally independent additive processes. The struc-
ture of Y, (r) is simple, and it is not worthwhile
to study its behavior in more detail. On the
other hand, since Y,(¢) is a centered additive
process without any fixed point of discontinu-
ity, it is an additive process that is fcontinuous
in probability. Let ¥,(¢) be a *separable modi-
fication of Y,(t). Then the discontinuities of
almost all sample functions of ¥,(t) are of the
first kind. If we set Y*(t)= Y,(t+), Y*(1)is a
*modification of Y,(t), and almost all sample
functions of Y;*(¢) are right continuous and
have a left-hand limit at every t. In the study
of the process Y, (1), it is always convenient to
take such a modification. Thus we give the
following general definition: An additive pro-
cess is called a Lévy process if it is continuous
in probability and almost all sample functions
are right continuous and have a left-hand limit
atevery te[0,0) [3,9].

The notions of additive processes and Lévy
processes can also be considered for R¥-valued
processes.

C. Additive Processes and Infinitely Divisible
Distributions

Let X (¢) be a Lévy process and ®,, (s <t) be
the fdistribution of X (t)— X (s). Then @, is an
finfinitely divisible distribution {— 341 Proba-
bility Measures G). Conversely, for a given
infinitely divisible distribution ® we can con-
struct an essentially unique temporally homo-
geneous Lévy process X (t) such that @ coin-
cides with the distribution of X (1). If X(r) is
temporally homogeneous, the fcharacteristic
function ¢ (z) = E(e"**©~X6)) of the distri-
bution @, is given in the form ¢, =exp((t —
$)ir(z)); hence the law of the process X (t) is
completely determined by the function ¥(z).
By the tLévy-Khinchin canonical form, y(z) is
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written in the form

v(z)= imz—gz2 +J (e”"— 1-— 1 ljl;Z)n(du),

-

where m, veR, v=0, and n(du) is a nonnegative

WO uZ

measure on R— {0} such that f n(du)

e 1+u?
< 00. These m, v, and n(du) are uniquely deter-

mined by ¥(z).

D. Basic Additive Processes

Wiener Process. When almost all sample func-
tions of a Lévy process X(t) are continuous,
the distribution of X (t)— X (s) is a *fnormal
distribution. If, further, X(¢) is temporally
homogeneous, ¥/(z) has the form y(z) = imz —
1vz2 In particular, if m=0 and v=1, then
X(t) is called a Wiener process or Brownian
motion. This stochastic process was introduced
by N. Wiener (1923) as a mathematical model
for the random movement of colloidal par-
ticles first observed by a British botanist, R.
Brown. This is one of the most fundamental
and important stochastic processes in modern
probability theory (— 45 Brownian Motion).

Poisson Processes. When almost all sample
functions of a Lévy process are increasing step
functions with only jumps of size 1, the distri-
bution of X(t)— X(s) is a tPoisson distribution.
If, further, X (¢) is temporally homogeneous,
Y(z) in (1) has the form Y (z) = A{e?*— 1) (A>0),
and X(t) is called a Poisson process. Let X (t)
be a Poisson process, and let T, Ty+ T;, T, +
T, + T, ... be successive jumping times of a
sample function X (¢). Then T, T;, T, ... is

a sequence of mutually independent ran-

dom variables with the common exponential
distribution P(Tedr)= e *dt. Conversely,
given such a sequence {T,}, if we define X (¢)=
inf{n| Ty + T+ ...+ T,>1}, then X(t)is a
Poisson process. Thus, for example, the num-
ber of telephone calls at a switchboard is a
Poisson process when the intervals between
successive calls can be regarded as inde-
pendent and having a common exponential
distribution.

E. The Structure of the General Lévy Process

[8.9]

In this section we restrict ourselves for sim-
plicity to temporally homogeneous Lévy pro-
cesses. As we noted, the probability law of the
process X (t) is determined by the function

¥ (z). The Lévy-Khinchin formula (1) in a
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certain sense shows that i is a combination of
a Wiener process and Poisson processes. This
fact can be seen more clearly from the Lévy-Itd
theorem, which states that the sample function
of X (¢) itself can be expressed as a composite
of those of a Wiener process and Poisson
processes. The Lévy-1td theorem actually
implies formula (1) and, moreover, clarifies its
probabilistic meaning.

The Lévy-It6 theorem can be summarized
as follows: Let U be a Borel subset of R which
has a positive distance from the origin, and let
N(t, U) be the number of s such that X (s)—
X(s—)eU,s<t. Then N(t, U) is a Poisson
process. The expectation E(N(t, U)) can be
written in the form tn(U), where n(U) defines
a nonnegative Borel measure on R —{0}; fur-
thermore, it satisfies

o] uZ
J‘ W”(dﬂ)< Q0.

Next, we set

S.(t)= uN(t,du)

|u]>¢

- 3

s<t
X(s)=X(s—)=ze

(X(5)—X(s—)).

Generally, S,(¢) diverges as ¢|0. However, with
probability one, a centered process

_ u

S.(t)=S,(t)— t£“|>£wn(du)

converges uniformly in ¢ on every finite inter-
val as ¢|0. Furthermore, X () —lim, |, S.(t) is
continuous with probability one. However, a
Lévy process X (t) of which almost all sample
functions are continuous has the form mt+\/;
B(t), where m, v =0 are constants and B(t)is a
Wiener process. Hence we have

X(@O=mt+ /v B(t)

+lim jun (uN(t, du)~1+uuztn(du)>. )

)

Furthermore, we can show that if
U, U,,...,U,

are disjoint, then

B(l)’ N(ta U1)9 N(t3 U2)7 LR N(t’ Un)

are mutually independent Lévy processes. In
particular, in (2) the terms are mutually inde-
pendent. The m, v, and n(du) in (2) correspond,
of course, to those in (1). Conversely, given m,
v, and n{du), we can construct B(¢) and N(t, U)
with the properties above, and then (2) defines
a Lévy process which corresponds to ¥(z)
given by (1). The measure n(du) is called the
Lévy measure of X (¢).
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F. Examples of Lévy Processes

Compound Poisson Processes. A temporally
homogeneous Lévy process is called a com-
pound Poisson process if almost all sample
functions are step functions, namely, if (z) in
(1) is given by

V()= f " (™~ n(du),

— 0

A= J n(du) < 0.
If we set ®(du)=(1/A)n(du), then ®(du) is a
probability distribution on R. @ is the distri-
bution of the size of jumps when they occur.
A compound Poisson process is constructed
in the following way: Let Ty, Ty, T, ...; U;,
U,, ... be mutually independent random vari-
ables such that

P(Tedty=Jde *dt, t>0,
P(U,€du)=D(du),

and let

NO=U, +Uy+ ... + Uy,
where

n=inf{n|Ty+ T +...+ T,>1}.

Then X (1) is a compound Poisson process.
Thus the number of jumps of X(z) follows a
Poisson process, and the size of each jump
obeys the distribution ®.

Stable Processes. A temporally homogeneous
Lévy process X (¢) is called a stable process if
for every a>0 we can find b>0 and c real
such that the processes X (t)= X (at) and X, (1)
=bX(t)+ct are equivalent in law. It is called a
strictly stable process if in the above ¢ can be
chosen to be 0. X(¢) is a stable process (resp. a
strictly stable process) if and only if the corre-
sponding infinitely divisible distribution is a
fquasistable distribution (resp. fstable distri-
bution). The fexponent « (0<a < 2) of the
quasistable distribution is called the exponent
(or index) of the stable process. y/(z) in (1) cor-
responding to a stable process is given as
follows:

- d
Mn=MH{LJ (e — 1)
o u
0
4 d
+C,J (e'z"—l)M%, O<a<l,

© /. izu \du
— 1 C mu_l_‘ g
Y(z)=imz+ +L (e 1+u2>u2

i C 0 o1 izu du 1
- -l —, a=1,
o ¢ 14+u? /|ul?
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© o . du
Y(z)=imz+C, (e —1—izu)—+
0 u
0 d
+C-J (e‘""—l—izu)—’l |:4+“’ l<a<?2,
Cw u

U(z)= imz~§zz, a=2.

Here m, C,, C_ , and v are real constants such
that C, 20,C_20with C, +C_>0and v>0.
¥(z) corresponds to a strictly stable process if
and only if m=0whena#1and C,=C_
when o= 1. The above ¥(z) is also expressed as
follows:

() if0<a<2, a1, then

lp(Z)zl-f’nZ—Cole‘(l —i[ftanﬂi),
2 |z|

where
v
== if a=2
and
o
c0=—(C++C,)F(—a)cos7,

C,—C.

B=c++c,

if a#2;
(ii) if « =1, then

w<z)=ivz-co|z|(1 +i3ﬂzlog|z|>,
o |z|

where

y=m+a(C,+C_)

a= ) sinu u_\du
A 1+u?ju?)’

C,—-C._

T
¢=5(Co~Co)y f=t
L +C

When « =2, it is thus essentially a Wiener
process: X(t)=mt+ \/; B(t), where B(t)is a
Wiener process. When a=1, it is called a
Cauchy process, a symmetric Cauchy process if
m=0and C, =C_ or equivalently y=§=0, or
an asymmetric Cauchy process if f #0. Gener-
ally it is called a symmetric stable process if
m=0and C, =C_ or a=2 and m=0. In par-
ticular, for the symmetric Cauchy process cor-
responding to ¥(z)= —|z|, we have

1 (> t
P(X(t)<x)—;f~wmdy.
Next, when 0<a<1 and m=C_ =0, almost
all sample functions of X(t) are purely dis-
continuous increasing functions (i.e., sums of
positive jumps). In this case, X(¢) is called a
one-sided stable process of the exponent « (or
subordinator of the exponent «). Now, if X(¢) is
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a symmetric stable process of the exponent

B (0<pB<2)and Y(t) is a subordinator of the
exponent a which is independent of X (¢), then
Z(t)=X(Y(1)) is a symmetric stable process
of the exponent aff. This operation is called

a subordination and is closely related to the
theory of tfractional powers of finfinitesimal
generators of semigroups (— 261 Markov
Processes) [2].

A stable process X (1) is defined in a simi-
lar way when X (t) takes values in an N-
dimensional space RY. In particular, if X (t) is
a symmetric stable process of the exponent «
(0<a<2) given by

E(ei(z,X(t)))ze*llz)‘, ZERN,

then for every bounded measurable function
f(x) with compact support, we have

E(Jmf(x+X(t))dt>

(N —a)/2)

_ _ yle—N
_kzanN/Zr(a/z)JR~|x I f(v)dy.

The right-hand side is the "Riesz potential of
order o (— 338 Potential Theory). This fact
is a generalization of a well-known rela-

tion between Brownian motion and Newton-
ian potential (— 45 Brownian Motion), and
through this relation we can study several
properties of sample functions and also com-
pute various quantities related to stable pro-
cesses [1].

G. Sample Path Properties of Lévy Processes

Let X(¢) be a temporally homogeneous Lévy
process. For a Borel set B in R, the hitting
time ay is defined by

og=inf{t>0]X(t)e B}.
Recurrence. X (1) is called recurrent if 65 < oo

a.s. for every nonempty open set B. Otherwise
it is called transient. X(¢) is recurrent if and

1
only ifJ Re

dz= o0 (Port and Stone,
o Yl

Ornstein). If, in particular, E(X (1)) exists, it is

recurrent if and only if E(X(1))=0. When X(¢)

is a stable process, it is recurrent if and only if

a>1,ore=1and f=0.

Hitting Probabilities for Single Points. If B=
{a}, oy is denoted by o,. OeR is said to be
regular for X(¢) if 6,=0 a.s. Set C={xeR|
P(0, < 00)>0}. The following result is due to
Kesten [10]:

(i) If v #0, then C=R and 0 is regular;

(i) If v=0and |L, |u|n(du)= oo, then either C
=R and 0 is regular, or C= ¢ and 0 is not

SH
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regular according to whether f dz

1
e
< oo for all A>0 or = oo for some A>0;
(iii) If v=0 and |, |u|n(du) < o0, then the
following four cases are possible, where
a=m— [gu(l+u* 'n(du) and S(n) is the sup-
port of the Lévy measure n:

(a) C=¢ when a=0,
(b) C=(0, oc) when a >0 and S(n)=(0, o0),
(c) C=(—00,0) when a<0 and S(n)=(—o0,0),
and
(d) C =R in the remaining case.
For further properties of sample functions

— [4].

H. Generalization of Additive Processes

A temporally homogeneous Lévy process is, as
we have seen, essentially a temporally homo-
geneous Markov process on R which is homo-
geneous in space (i.e., invariant under transla-
tions of the space). Thus, on a homogeneous
space when homogeneity in space makes sense,
we can generalize the notion of additive pro-
cesses. Let M be a thomogeneous space with
transformation group G. A temporally homo-
geneous Markov process X(¢) is called an
invariant Markov process, (or homogeneous
Markov process) if its system of transition
probabilities {P(t, x, E)} satisfies P(¢, x, E)=
P(t,gx,gE) for all geG. Thus an additive pro-
cess is exactly an invariant Markov process
on R" when G is the group of translations. G.
A. Hunt determined all invariant Markov
processes when M is a tLie group or a factor
space of a Lie group [6].

Let G be a Lie group and A= A(G) be the
(left-invariant) tLie algebra of G. Let G, =
GU{w} be a fone-point compactification of
G, and C be the set of all continuous functions
on G,. We can define Yf(YeA, feC) as usual by
Y(f)=lim Lm{ S

tl0

n(t)=exptY, R, f(z)=f(z0),

when the limit exists uniformly. Let C, =
{feC| Y(X[) exists for every X, YeA}. Let
X1, X5, ..., X, be a basis of A(G), and let x,,
X,, ..., Xz be functions in C, such that x;(e)=
0 and X(x;))(e)=6; (i,j=1,2,...,d; e is the
unit element of G). Take a neighborhood of e,
and define a function o(g)=X%,x?(g) for g
contained in the neighborhood, and extend
this function to G, in such a way that g€ C,
and ¢ > k>0 (k=constant) outside of the
neighborhood of e. Then ge G defines a trans-
formation of G, by 7,0 =g, ;o=w, and in
this way G, is supplied with the structure of a
thomogeneous space with the transformation
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group G. Now let X(¢) be an invariant Markov
process on G, which is fcontinuous in proba-
bility. Then the tsemigroup 7, (which is a
fstrongly continuous semigroup on C) of the
process X (t) is characterized as follows: The
domain of the infinitesimal generator A of T;
contains C,, and for feC,

A=Y aXNO+ 3 X XN E

i, j=

f }{f(m)—f(r)
- ; Xif (@) xi(v)}n(do),

where a;, a;; are real numbers (i,j=1,2,...,d)
such that (a;)) is a symmetric nonnegative
definite matrix, and n(do) is a nonnegative
measure on G, —{e} such that [ _., o(0).
n{do) < co. Conversely, given such a;, a; and
n(do), there exists one and only one invariant
Markov process on G, whose infinitesimal
generator is given as above.

A similar result is obtained when M is a
factor space of a Lie group by its compact
subgroup. Furthermore, for more concrete
homogeneous spaces such as spheres or Loba-
chevskii spaces (more generally, Tsymmetric
Riemannian spaces) the canonical form of the
invariant Markov processes and infinitely
divisible laws is obtained by making use of
harmonic analysis [S].

References

[1] R. M. Blumenthal, R. K. Getoor, and D. B.
Ray, On the distribution of the first hits for the
symmetric stable processes, Trans. Amer.
Math. Soc., 99 (1961), 540-554.

[2] S. Bochner, Harmonic analysis and the
theory of probability, Univ. of California
Press, 1955.

[3] J. L. Doob, Stochastic processes, Wiley,
1953.

[4] B. Fristedt, Sample functions of stochastic
processes with stationary, independent incre-
ments, Advances in Probability and Related
Topics II1, P. Ney and S. Port (eds.), Dekker,
1974, 241-396.

[5] R. Gangolli, Isotropic infinitely divisible
measures on symmetric spaces, Acta Math.,
111 (1964), 213-246.

[6] G. A. Hunt, Semi-groups of measures

on Lie groups, Trans. Amer. Math. Soc., 81
(1956), 264-293.

[7] K. It6. On stochastic processes I, Japan.

J. Math., 18 (1942), 261-301.

[8] K. Itd, On stochastic processes, Lecture
notes, Tata Inst., 1960.

20

[9] K. It6, Stochastic processes, Lecture Notes
Series, no. 16, Aarhus Univ., 1969,

[10] H. Kesten, Hitting probabilities of single
points for processes with stationary indepen-
dent increments, Mem. Amer. Math. Soc., 93
(1969).

[11] P. Lévy, Théorie de I’addition des vari-
ables aléatoires, Gauthier-Villars, 1937.

[12] P. Lévy, Processus stochastiques et
mouvement brownien, Gauthier-Villars, 1948.

6 (111.20)
Adeles and Ideles

A. Introduction

The concept of idele was first introduced by C.
Chevalley (J. Math. Pures Appl., (9) 15 (1936);
Ann. Math., (2) 41 (1940)), for talgebraic num-
ber fields. Later on, this concept and the allied
concept of adele were defined for fsimple alge-
bras and also for falgebraic groups over
algebraic number fields, and the two concepts
became important in the arithmetical theory of
these objects. We shall first explain the general
concept of restricted direct product, by means
of which adeles and ideles will be defined.

B. Restricted Direct Product

Let I be an index set. Suppose we are given,
for each pel, a tlocally compact group G,, and
for each p except for a given finite set, say
P1,P2, .-, P,, a compact open subgroup U, of
G,. Let G be the subgroup of the direct prod-
uct I'],.; G, consisting of elements (g,) whose
G,-components g, lie in U,, except for a finite
number of p. Put U=IT}_, G, x11,,,,U,.
Then U is a locally compact group with re-
spect to the fproduct topology. The group G
can be supplied naturally with a topology with
respect to which G is a locally compact group
and the quotient space G/U is discrete. The
group G together with this topology is called
the restricted direct product of {G,} with re-
spect to {U,}.

C. Adeles and Ideles

Let k be an falgebraic number field of finite
degree and I be the totality of finite and in-
finite tprime divisors of k. For each pel we
denote by k, and k,* the fcompletion of k with
respect to p and the multiplicative group of
nonzero elements of k,, respectively. Further-
more, for each finite prime divisor p, we de-
note by o, and u, the ring of *p-adic integers
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of k and the multiplicative group of *units of
o, respectively.

(1) Since o, is a compact open subgroup of
k, as an additive group, we can construct the
restricted direct product A, of {k,} with re-
spect to {o,}. Then A, is a locally compact ring
with respect to the componentwise ring oper-
ations. We call A, the adele ring (or ring of
valuation vectors) of k, and an element of A, an
adele (or valuation vector) of k. The element of
the direct product I, k, whose p-component
is a fixed element of k for all p is an adele. We
call such an adele a principal adele. Since 1, is a
compact open subgroup of k,* for each finite
prime p, we can construct the restricted direct
product J, of {k,*} with respect to {u,}. We
call J, the idele group of k and an element of J,,
an idele of k. The element of the direct product
ITk,* whose p-component is a fixed element
of k for all p is an idele. We call such an idele a
principal idele. Each element b of J; induces an
automorphism f; of the additive group A,
defined by f,(a)=b-a(acA,). Thus J, can be
regarded as a subgroup of the automorphism
group Aut(A,) of the additive group A,. The
topology of J, coincides with the relative
topology of J, as a subgroup of Aut(A,). We
note, however, that the topology of J, is dif-
ferent from the relative topology of J, as a
subspace of A,, and the former is stronger
than the latter. Finally, for a tfunction field
in one variable over a finite field, the adele
ring and the idele group can be defined
similarly.

(2) Let R be a fnormal simple algebra over k
and O be a fmaximal order of R. For each
pel put R, =R ® ,k,, and for each finite
prime divisor p put O, =0, 0. Then O, is a
compact open additive subgroup of R,. By the
adele ring Ay of R we mean the restricted
direct product of {R,} with respect to {O,}.
Let R, and U, be the multiplicative group of
nonzero divisors of R, and the multiplicative
group of the units of O, respectively. (2, can
be defined only if p is a finite prime divisor.)
By the idele group J; of R we mean the re-
stricted direct product of {R,*} with respect to
{u,}. The notion of principal adele (or idele) of
R can be defined similarly, as in (1). The struc-
tures, as topological groups, of A, and Jg do
not depend on the choice of a maximal order
0. The adele ring A, and the idele group J,
described in (1) are special cases of Ay and Jy,
respectively.

(3) Let G be a linear falgebraic group de-
fined over k, and let G, be the set of k-
frational points of the group for each pel. For
each finite prime divisor p, let U, be the set of
elements « of G, such that the coordinates of
both o and a ! are p-adic integers. We can
then construct the restricted direct product of
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{G,} with respect to {U,}, which is called the
idele group (or adele group) of G.

In the following section we focus on describ-
ing the fundamental properties of adeles and
ideles of an algebraic number field k. We shall
start, however, by observing more generally
those adeles and ideles of a normal simple
algebra R over k. (For the properties of the
adele group of algebraic groups — [7]; 13
Algebraic Groups.)

D. The Structures of the Adele Ring and Idele
Group

Let R be a normal simple algebra over an
algebraic number field of finite degree k. We
identify the totality of principal adeles of R
(principal ideles of R) with R (R*), and denote
it by the same letter R (R*). Then R (R*)is a
discrete subgroup of Ay (Jg). The quotient
group Ag/R is compact. Denoting by [a,],
(a,€k,) and N, () (x,€R,) the 'normalized
valuation of k, and the *reduced norm from R,
to k,, respectively, we define, for aelJy, a posi-
tive number: V(a)=1I1,,|N,(2,)|,, where a=
(o). We call V(a) the volume of a. If a is a prin-
cipal idele, we have V(a)=1 by the tproduct
formula on valuations. Denote by J§,the set
of ideles a with V{a)=1 and put C,=J5/R".
Then C$, has finite volume with respect to

the tHaar measure of J. Furthermore, CJ is
compact if and only if R is a tdivision algebra.
In particular, C{ is compact. Let Q be the field
of rational numbers. For each rational prime
p, we define a character 4, of the completion
Q, of Q with respect to the p-adic topology
(by a character of Q,, we mean a continuous
homomorphism from Q, to the 1-dimensional
torus R/Z): If p=p_, is the infinite prime of Q,
then we put }M,,m(x)z —xmodZ (xeQ)). If pis
finite, then we let 4, be the composite of the
following three canonical homomorphisms,
namely, the one from Q, to Q,/Z,, the one
from Q,/Z, to Q/Z, and the one from Q/Z to
R/Z. We define a character 4, of R, as follows:
A, =2,0tr(R,/Q,), where p is the rational
prime divisible by p and tr(R,/Q,) denotes the
freduced trace from R, to Q,.. For x,ye R,
put (x, y), =exp(2nil,(xy)). Then the additive
group R, is self-dual relative to (x, y),. Fur-
thermore, if we put (a,b>=11(a,,b,), for
a=(a,) and b=(b,)e A, then Ay is sclf-dual
relative to {a,b). The tannihilator of the
group of principal adeles with respect to {a,b>
is R. Hence it follows from TPontryagin’s
duality theorem that A/R is compact. Hence-
forth let R =k. We call the quotient group
C,=J,/k” (an element of C)) the idele class
group of k (an idele class). If a character y of J,
satisfies the condition y(«)=1 for all aek (ie.,
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if ¥ is a character of C,), we call such a charac-
ter a Grossencharakter (or Hecke character).
Grossencharakters were introduced by E.
Hecke as characters of a certain type of the
tideal group of k (Math. Z., 1 (1918), 5 (1920)),
but they are essentially the same as the ones
defined above [17]. Let D, be the connected
component of the identity element of C,. Then
C,/D, is totally disconnected and compact.
Hence a Griossencharakter y is of finite order if
and only if y(D,)=1. We can prove by fclass
field theory that C,/D, is canonically isomor-
phic to the Galois group over k of the maxi-
mal Abelian extension of k (— 59 Class Field
Theory). For the structure of D, the following
fact is known: Let r; and r, be the number of
freal infinite prime divisors and fimaginary
infinite prime divisors of k, respectively. Then
the dual group of D, is isomorphic to R x
Q"1 7' where R is the additive group of
real numbers with the usual topology and

Q (Z) is the additive group of rational numbers
(rational integers) with the discrete topology.
Let F be a function field in one variable over a
finite field F,,. The properties of the adele ring
and idele group of F are similar to the prop-
erties of A, and J,, while the group Cy has

a simpler structure than C,. To explain the
structure of Cy, let F be the maximal Abelian
extension of F, G be the Galois group of F/F,
and G be the subgroup of G consisting of the
elements o such that a(e)=a?" for all aeF,
(=the talgebraic closure of F,), where q is the
number of elements of the finite field Fy and
is a given rational integer. Also, let G2 be the
subgroup of G, consisting of the elements
inducing the identity map on F,. G2 is a com-
pact group with respect to the fKrull topology.
Gy can be naturally supplied with a topology
such that the group G is a locally compact
group and the quotient group G/G? is dis-
crete. Then class field theory implies that Gy is
isomorphic to C as a topological group.

The following characterization of the adele
ring of a number field or function field in one
variable over a finite field is the work of K.
Iwasawa (4nn. Math., (2) 57 (1953)). Let A be a
fsemisimple commutative and locally compact
topological ring with unity 1. Assume that A 1s
neither discrete nor compact, and moreover
that A contains a discrete subfield k51 and
A/k is compact. Then k is an algebraic number
field or a function field in one variable over a
finite field, and A is isomorphic to the adele
ring of k as a topological ring.

E. Ideles and Cohomology

Let K be a Galois extension of finite degree of
an algebraic number field k, and ® be the
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Galois group of the extension K/k. ® operates
naturally on the idele group J and the idele
class group Cy of K. The structures of the
*cohomology groups of ® with the coefficient
groups J, and Cy were investigated by G.
Hochschild, T. Nakayama, E. Artin, J. Tate,
and others. In particular, we have H'(®,Cy)=
{0} and H*(6, Cy) = Z/nZ (cyclic group of
order n), where n={K:kJ. These facts play an
important role in one of the proofs of class
field theory (— [3]; 59 Class Field Theory).
Furthermore, A. Weil introduced the so-called
Weil group, which is a fgroup extension of a
certain type of Cy by ®. He defined the most
general L-functions, which include both
tArtin L-functions and tHecke L-functions
with Grossencharakters (— [2]; 450 Zeta
Functions).

F. Fourier Analysis on the Adele Group

*Dedekind zeta functions and Hecke L-
functions are fmeromorphic on the whole
complex plane and satisfy functional equa-
tions of certain types. This can be proved by
methods of Fourier analysis on the adele
group A, (Artin, Iwasawa, Tate [ 1,8,9]). For a
continuous complex-valued function ¢(a) on
A, satisfying suitable conditions, we define the
Fourier transform of ¢(a) as follows:

(ﬁ(a)=f @(a){a,b)db,
Ay

where db denotes the Haar measure on A,.
By normalizing db suitably and applying
tPoisson’s summation formula, we get, for
each idele a of k,

Y ela=V(@)™" ) ¢la " a)

ack aek

This is called the @-formula. Consider the
following integral on J,:

5(8)=j V(ay x(a)p(a)d*a,
Ik

where d*a denotes the Haar measure on J,,

s is a complex number, and y is a Grossen-
charakter of k, namely, a character of C,. This
integral converges if s> 1, and by using the
©-formula one can show that &(s) is meromor-
phic on the whole complex plane and satis-
fies a functional equation of a certain type.
When the function ¢ is of special type, then
the above integral can be explicitly expressed
as the product of L-functions, I'-functions, and
exponential functions. This method of express-
ing L-functions by integrals on J, and apply-
ing the ®-formula can be applied to investi-
gate tHey zeta functions and L-functions of
various types defined for a simple algebra (—
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450 Zeta Functions) (G. Fujisaki [6]; T. Tama-
gawa, Ann. Math., 77 (1963)).
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7 (VI.15)
Affine Geometry

A. Construction of Affine Spaces

An affine space A is constructed as follows: Let
V be a tvector space over a tfield K, and let A
be a nonempty set. For any vector ac V and
any element p of A, suppose that an addition p
+ac A is defined so as to satisfy the following
three conditions: (i) p+0=p (0 being a zero
vector); (ii) (p+a)+b=p+(a+b) (a,beV); and
(iii) for any g€ A4 there exists a unique vector
ac V such that g=p+a. (Condition (i) follows
from (1i) and (iii).) Then we call A an affine
space, V the standard vector space of 4, and K
the coefficient field of A. Each element of 4 is
called a point.

If we fix an arbitrary point o€ 4, there is a
one-to-one correspondence between A and V
given by the mapping sending pe A toaeV
such that p=o0+a. Such an element a of V'is
called a position vector of p with the initial
point o and is denoted by 0p. We say that r+1
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points p, (0< a<r) of A are independent if r
vectors a; = p,p; (1 <i<r) are linearly inde-
pendent in V; otherwise, they are said to be
dependent. This definition of dependence of
points p, is independent of the choice of the
initial point among them. If V is of dimension
n, we say that A is of dimension n, dim A =n; in
this case, we sometimes write A" instead of 4
and V" instead of V. The affine space A is of
dimension #n if and only if the maximum num-
ber of independent points in A isn+1.

Next, for any vector subspace V* of ¥” and
an arbitrary point pe 4", we put A% ={qe A"
g=p+x,xeV*} and call it a subspace of 4". It
is an affine space of dimension k. Conversely,
every subset of A" that is an affine space under
the affine space structure of 4 can be expressed
in this form. 4%, A%, and A" ! in A" are called
a line, plane, and hyperplane, respectively. A set
that consists of only one point is also consid-
ered as a subspace A°. For subspaces A" and
A® of A", we denote by A" N A° the intersection
(i.e., the set-theoretic intersection) of A" and A4°,
and by A"U A4° the join of A" and A°(i.e., the
intersection of all subspaces that contain both
A" and A°). Then A" N A* is the affine space of
highest dimension contained in A" and A° and
A"U A* is the affine space of lowest dimension
that contains A" and A* If r 4 1 points are
given in A", there always exists a subspace A"
that contains all these points. In particular, if
the points are independent, then such an A" is
unique. Moreover, if A"N A° ¢ (& is the
empty set), then we have r+s=dim(A"U A%+
dim(A" N A%). This is called the dimension
theorem (or intersection theorem) of affine
geometry.

Next suppose that r+ 1 points p, (0<a<r)
in A" are independent, and put p,,, =p,. Let
q, be an arbitrary point on p,Up,., that differs
from p, and p,,,. If A* are elements of K such
that A*- p.q.,=q,P.+1- then qq, ..., q, are de-
pendent if and only if 1°A'... A"=(—1)"*'. And
ifr>2and 6,=¢,Up,s2U...Upys, (Pirr=Picy
if i= 1), then oy, ..., g, have a point in common
if and only if A°A! ... "= 1. The former is
called Menelaus’s theorem, and the latter
Ceva’s theorem.

The set L(A) of all subspaces (including &
considered as an affine space of dimension —1)
constitutes a tlattice with respect to the inclu-
sion relation.

B. Parallelism in Affine Spaces

Let A" and A* be subspaces of A". We say
that A" and A°® are parallel in the wider sense
if either of the following conditions holds:
(i) A" A% or A*> A"; or (i) A"NA*= ¥

and dim(A4"U A%) <r+s. Next, let A" and
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B’ be subspaces of A" of the same dimension.
If A" and B’ coincide, or A"N B"= ¢ and
dim(A"U B")=r+ 1, then they are said to be
parallel in the narrower sense (or simply paral-
lel), and we denote the relation by A"/ B". If
r=s= 1, the definitions of parallelism in the
narrower sense and wider sense are equivalent.
If r> 1, parallelism in the narrower sense im-
plies parallelism in the wider sense. For two
sets (a,) and (b,) (O<a<r)of r+ 1 independent
points, let V" and W’ be vector spaces with
bases dya; and b b, (1 <i<r), respectively.
Then A"=a,U...Uaq, and B"=byU...Ub, are
parallel if and only if ¥"=W"; and for an
arbitrary point p, there exists a unique r-
dimensional subspace that is parallel to A" and
passes through point p. If A" and B® are paral-
lel in the wider sense, then there exist sub-
spaces A" and B’ (t=1) of A" and B® that are
parallel to each other. Moreover, if neither A"
nor B*is contained in the other and if ¢ is the
largest integer with the property just given,
then we have t=r+s+1—dim(4"U BY).
Parallelism between subspaces of A" is an
equivalence relation. Specifically, the equiva-
lence class of a 1-dimensional subspace A' is
called a point at infinity and is denoted by 49 .
Given a subspace A" of A", the set of points at
infinity A% represented by lines A' con-
tained in A" is denoted by A7, !; we have
ATj/Brifand only if A ' =B"_1. A7t is
called a space at infinity. In particular, the set
A" ! is called the hyperplane at infinity. The
set-theoretic sum A"U A" ' = A" is supplied
with the structure of a fprojective space; the
“points” in A" are elements of 4", and the
“lines” in A" are AU A2 and AL.

C. Coordinates of Affine Spaces

If we fix a point o in A" and a basis {e,, ...,e,}
of the standard vector space V", then any
point p in A" is uniquely expressed as

x‘eK. 0

The system §=(o;e,,...,e,) is called an affine
frame (simply the frame) of A"; the point o

is called its origin, and e, is called the ith

unit vector. The mapping sending p to (x!,

x") gives a *bijection of A" to K"; we call
(x1, ..., x") affine coordinates of p with respect
to &, and x' the ith affine coordinate. In partic-
ular, if K is a topological field (e.g., the real
number field R or the complex number field
(), this bijection A”"— K" induces a topology of
A", which can be shown to be independent of
the choice of &. For the remainder of this
article, by “coordinates” we mean affine co-
ordinates unless otherwise stated. Putting
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a;=o0+e; (1 <i<n), we sometimes call (0;a,,
,a,) an affine frame. Further, putting [;=0U
a, ;=o0Ua,U...Uq;_;Ua; U...Ugq,, we call
a;, l;, and 7; the ith unit point, the ith coordi-
nate axis, and the ith coordinate hyperplane,
respectively.
Assume that subspaces 4" and 4° (r,s >0,r +
s=n) are not parallel in the wider sense. For
a point p of A", denote by A"(p) the subspace
that passes through p and is parallel to A", and
put g=A"(p)N A*. A mapping @: A" A° de-
fined by @(p)=gq is called a parallel projection
on A*® with respect to A". In particular, if A"=
n;and A*=1; (r=n—1,s=1), we write ¢(p)=p;.
Then the ith coordinate x' of p is an element
of K such that op, = x‘64,. Hence such coordi-
nates are also called parallel coordinates (or
Cartesian coordinates).
Suppose that we are given r+ 1 points
by, ..., b, of A" and r+1 elements A°, ..., 4" of
K such that ¥} ,4*=1. Wefix a point o of 4™
If Ifa point p in A" satisfies op =25 A" obm, then
Op T A bob,, hence p is contained in the
subspace hyU ... Ub,. Conversely, if a point p is
contained in the latter subspace, then there
exists a system (4°, ..., A") such that

op=37_oA%0b, and _oA*=1.

The system (4%, ..., 4" has a geomemc mean-
ing since we also have 0 p p4 0/1"0 b, if we
replace the point o by any other point o’ of A"
The elements 1°, ..., 1" are called barycentric
coordinates of p with respect to {b,,...,b,}. In
particular, if {b,, ..., b,} are independent,

then the barycentric coordinates (1°, ..., A"
are uniquely determined by the point p on
boU...Ub,. Furthermore, let (y!, ..., y") be
affine coordinates of p with respect to an affine
frame §, and let (x5, ..., x%) be affine coordi-
nates of b, (x=0, ...,r). Then p belongs to the
subspace A"=byU...Ub, if and only if y =

X o A*xi(i=1,...,n). In this case we say

that the system of the linear equations y'=

> A*x! (X A*=1) gives a parametric represen-
tation of the subspace A" (by parameters A%).
Specifically, if r=n—1, the solvability of the
system of equations y'=¥"_} 1°x! (i=1,...,n),
1=Y 4% implies the equation %, yiu; =y, for
some nontrivial constants pq, ..., &,. Hence the
latter equation represents the hyperplane n=
A""'_If a point p has barycentric coordi-
nates A°=A'=...=1"=(r+ 1) ! with respect
to {bg, ..., } it is called the barycenter of b,
by, ...,b,. The barycenter is uniquely deter-
mined by the set {b,,...,b,} and is denoted

by g(b,, -..,b,). Specifically, the barycenter

of two points by and b, is called the midpoint
(or middle point) of by and b,. If we divide
B={by, ..., b} into two sets of points and if
g, and g, are barycenters of these two sets

of points, respectively, then g, Ug, passes
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through the barycenter of B. More generally, a
point with barycentric coordinates (1°, ..., 4")
with respect to {by, ..., b,} is called a barycen-
ter of by, ..., b, with weights 1°, ..., A".

D. Affine Spaces over Ordered Fields

Suppose the coefficient field K is an tordered
field (e.g., the real number ficld R). Given a
hyperplane n of A", we take an affine frame for
which 7 is the nth coordinate hyperplane. If we
denote coordinates of points with respect to
this frame by (x!, ..., x"), then the equation of
n is given by x"=0. Let A" and A" be sets of
points whose nth coordinates are positive and
negative, respectively. They are called half-
spaces of A" divided by =. The unton of = and
a half-space is called a closed half-space. A
half-space of a subspace A” of A" (divided by
some A" on A") is called a half-space of di-
mension r. For a point p of A" that does not lie
on 7, the half-space containing p is called the
side of p with respect to 7. In particular, when
n=1, let p and g be two points on a line I. The
closed side of g with respect to p is called the
(closed) half-line (or ray) from p to g. The inter-
section of the closed half-lines emanating from
p to g and from ¢ to p is called the segment
joining p and g and is denoted by pg. Clearly
Pg=qp. A subset C of A" is called a convex set
if the segment joining two arbitrary points of
C is contained in C. Each half-space of each
dimension is convex. For any family C, of
convex sets, [ ), C. is also convex. Therefore,
for any subset D in A" there exists a minimal
convex set that contains D. Tt is called the
convex closure (or convex hull) of D. The con-
vex closure C(P) of a finite set of points P=
{Pos ..., i} in A" is called a convex cell, and
dim(pyU...Up,) is called the dimension of the
convex cell. In particular, when py, ..., p; are
independent, C(P) is called a k-dimenstonal
simplex with vertices p,, ..., p,. The 1-dimen-
sional simplex having two distinct points p
and g as vertices is the segment pg, and the
vertices p and g are called ends of the segment.
A point is regarded as a 0-dimensional sim-
plex. Each 2-dimensional or 3-dimensional
simplex is called a triangle or tetrahedron,
respectively. A k-dimensional simplex S with
vertices po, ..., Dy 1S a set of points whose
barycentric coordinates A* (0<a<k X A*=1)
with respect to the vertices satisfy 2*>0. On
the other hand, if we put A*=p,U...Up, and
,=poU...Up, 1 Upei U...Up,, and denote
by A* the side of p, in 4* and by A% the closed
side of p, in A* with respect to =,, then the
simplex S is given by (s_o A%, and (5—o 4} is
called an open simplex. A" has the structure of
a ftopological space in which the set of open n-
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dimensional simplexes forms a tbase of topen
sets. In particular, if K is R, the topology of 4"
thus defined is compatible with the one that is
naturally induced by the topology of R. With
respect to this topology, A" is a tHausdorff
space. The terms open and closed used before
for n-dimensional simplexes agree with the
corresponding notions with respect to this
topology.

A subset of A" is said to be bounded if it is
contained in some simplex. A bounded set
obtained through a finite process of construct-
ing intersections and unions from a finite
number of closed half-spaces is called a poly-
hedron. The points of a convex polyhedron are
characterized by several linear inequalities
satisfied by their coordinates. A set of points
whose coordinates (x', ..., x") satisfy hi < x'<
kifor ki, h'e K is called a parallelotope; it is a
polyhedron whose tinterior is called an open
parallelotope. A simplex is a polyhedron, and
polyhedra admit fsimplicial decompositions.
A polyhedron can also be defined as the set-
theoretic union of a finite number of simplexes.

Let P be a finite set of points, and let its
convex closure C(P) be a convex cell of dimen-
sion m. Then C(P) is contained in an m-
dimensional subspace A™. The tboundary of
C(P) in the topological space A™ is called the
boundary of a convex cell C(P). We can take a
subset Q of P so that dim C(Q)=m—1 and
C(Q) is the intersection of the boundary of
C(P) and an (m— 1)-dimensional subspace.
Such a C(Q) is called a face of C(P), and
we denote this relation by C(P)>>C(Q). If
C(P)>~C(P))>...>>C(P), then C(P,) is called
an (m—s)-dimensional face of C(P). A 0-
dimensional face is called a vertex, and a 1-
dimensional face is called an edge. Suppose
that C(P)>>C(Q) for P={p,, ..., p,}; and Q
={pip»---»p;_,}- Then F=p, U...Up; isa
hyperplane of E=p,U...Up,, and C(P)is
contained in a closed side of E divided by F.
Therefore, if C(P) has d (m — 1)-dimensional
faces, then C(P) is expressed as the intersection
of d m-dimensional closed half-spaces. This
shows that any convex cell is a polyhedron.

E. Affine Transformations

A mapping ¢: A"— A™ is an affine mapping if
there is a linear mapping @: V"— V"™ of the
standard vector spaces of A" and A™ such that
o(p+x)=(p)+ @(x) holds for any pe A" and
any xe V" An affine mapping of A" into itself
is called an affine transformation (or affinity)
of A". Specifically, a bijective affine transforma-
tion is called a regular (or proper) affine trans-
formation. An affine transformation ¢ of 4" is
characterized by each one of the following
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properties: (i) Let oe A" be afixed point. Then
¢ isamapping of A" onto itself that can be
expressed as

plo+x)=0+a+ f(x), 2)

where aisafixed vector of V' and f isa
linear transformation of ", (ii) The mapping
¢: A"— A" isamapping such that ¢(a)ep(b)=
/- o(p)olq) it ab=4-pg (2eK). Moreover, if
the *characteristic of K is not equal to 2, an
affine transformation is also characterized as
follows: (iii) ¢ is @ mapping that sends lines
into lines and preserves the ratio of each pair
of paralel segments.

The set A(A4") of all regular affine transfor-
mations of A” constitutes a group that we call
the group of affine transformations. If the
linear mapping f associated with a regular
affine transformation ¢ is the identity map-
ping, then ¢ iscaled atranslation. The set
%(A") of all trandations is a normal subgroup
of A(4" and is called the group of trandations.
The group of tranglations is isomorphic to V
regarded as an additive group. The vector
group B(A") (i.e.,, an additive group of a linear
space) acts Tsimply transitively on A”. We see
that W(A4")/B(A4")= GL(n, K), where GL(n, K)
denotes the tgeneral linear group. The set of
all regular affine transformations that leave a
point ¢ of A” invariant constitutes a subgroup
®(A") of A(A4"); itis caled an tisotropy group
at ¢ and isisomorphic to GL(n, K). Let § =
(0; & ., &) be an &fine frame of A" with
origin o, and let ¢ be a regular affine trans-
formation of A” givenby (2); putx =% x'e;,
plo+x)=0+XX'e,a=Xa'e, and fle) =
¥ aje;. Then ¢ is expressed with respect to §
by the following eguation:

X=a'+ Y alx¥*, det(@)#0, 1 <i<n. (3)
k=1

Conversely, a transformation that is given by
(3) isaregular affine transformation. Elements
of B(A") and H(A") are expressed with respect

to & by
X'=x+d, 1<ign, (4)

and

aix%  det(a) £0,
1

¥'=
k

1<i<n, (5)
respectively. Hence (A4") is represented as a
tsemidirect product group of B(A4") and (F>(A").
In particular, a regular affine transformation
that is represented by x* = ax’ (1L <i< n) for
some ae K (a#0) iscaled a similarity with the
origin O as center.

According to F. Klein, the objects we deal
with in affine geometry are the properties
(parallelism, barycenters, etc.) that are invar-
iant under regular affine transformations.
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Subsets S, and S, of A" are called affinely
congruent if there exists a regular affine trans-
formation ¢ sending S, onto S, For a fixed
k, two k-dimensional simplexes are affinely
congruent. Now we fix an affine frame § in A’
and denote by x! the coordinates of n + |
points p, (0 < agn)in A”. Then the quantity

1 |
Tixd xt .o x!
ypn)za

Xg  Xi

V(po, ... (6)

n
n

X

is called the volume with respect to & of the -
dimensional simplex with vertices pq, , p,. If
¢ isaregular affine transformation given by
(3), we have VV=det(q]) V. Hence the ratio of
volumes of two n-dimensional simplexes is
independent of the choice of coordinate gys-
tems, and is invariant under regular affine
transformations.

A regular affine transformation given by (3)
satisfying det(a/) = 1 is caled an equivalent
affnity. The set of all equivalent affinities
constitutes a subgroup of A(A"). The geometry
belonging to this group is caled affine geome-
try in the narrower sense For instance, the
concept of volume is an invariant in affine
geometry in the narrower sense.

F. Relation to Projective Geometry

Let P" be a projective space over a coefficient
field K (— 343 Projective Geometry). If we fix
a hyperplane = in P", then the set of projec-
tive transformations that leave =, invariant
congtitutes a subgroup of the group of tprojec-
tive transformations of P"; this subgroup is
isomorphic to a group of regular affine trans-
formations. Actually, if we use a *projective
frame [q,, a,, ,a, U] such tha a, , a are
points on r, , then each projective transfor-
mation leaving z invariant is expressed by
equations of the same form as (3) with respect
to the finhomogeneous projective coordinates.
The point set A" complementary to z_ in P”

is an affine space, and =, coincides with the
hyperplane at infinity. Moreover, two distinct
lines in P* are parald in A" if they meet on the
hyperplane at infinity. Hence, denoting by

(0, I, ., I") the +homogeneous projective co-
ordinates of the intersection of a line | in A’
and n,,, we call (/1,, [") the direction ratio of
1. A projective transformation leaving each
point of . invariant induces a trandation.
The *principle of duality that holds in projec-
tive geometry does not hold in affine geome-
try. The *pole of the hyperplane at infinity,
with respect to a quadric hypersurface, is
caled the center of the quadric hypersurface. A
regular quadric hypersurface is called central
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or noncentral according asits center belongs to
A" or isapoint at inlinity. Quadric hypersur-
faces in an &ffine space are classilied in several
ways, by taking account of their relations with
the hyperplane at infinity (— 78 Conic Sec-
tions, 350 Quadric Surfaces).
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8 (111.1)
Algebra

Though the word “algebra’ usually refers to
afield of mathematics as will be explained
below, the word may aso denote Specific
mathematical structures such as tassociative
agebras, tJordan algebras, *Clifford agebras,
etc. The first concepts concerning “unknowns’
in dgebra originated in India, whence came
aso our decimal positional system of numer-
ation. These ideas were introduced to Europe
through Arabia in the Renaissance period. F.
tViéte systematized them into a symbolic
method, called algebra, representing numbers
by letters. The first problem of algebra was
solving equations. Before Viéte, G. Cardano
and L. Ferrari had solved algebraic equations
of degrees 3 and 4; the solution of equations of
lower degree had been known from antiquity.
The effort to solve equations of higher degree
remained unresolved until the middle of the
19th Century, when N. H. fAbel and E. tGalois
proved the nonexistence of algebraic solutions
of such equations. They considered not only
individual roots of these equations but aso
any rational transforms of their roots at the
same time, and thus were led to the concept of
tields. They also noticed that the problem of
algebraic solution could be characterized by
properties of permutation groups of the roots.
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After the discovery of the Galois group, group
theory and group-theoretical considerations
maintained the central position in agebra for
sometime (- 172 Galois Theory). These de-
veloped into the “abstract algebra’ of this
Century in the general atmosphere of arithme-
tization and of axiomatization of mathematics.
At the turn of the century the monumental
textbook in three volumes by H. Weber [1]
was considered the standard work on algebra.
Then there appeared in 1910 an epoch-making
paper [2] by E. Steinitz on the abstract theory
of lields.

The main objects of algebra today are falge-
braic systems of various kinds, such as fgroups,
*rings, *fields, and tmodules. Another fun-
damental concept of algebra is that of fiso-
morphism or of thomomorphtsm. The col-
lection of algebraic systems of a given kind,
together with the homomorphisms among
them, gives rise to the notion of fcategory; a
functor is a sort of homomorphism between
categories {— 52 Categories and Functors).
These notions were first used in thomological
algebra, created in the 1940s by methods
transferred from topology to agebra; now
they are of basic significance to the whole of
mathematics.

An important branch of agebra with wide
applications is the theory of tvector spaces, or
more generally that of tmodules over aring.
This branch is caled linear algebra. Homo-
morphisms between finitely generated modules
can be represented by fmatrices. Another
branch of agebra, caled frepresentation
theory, is concerned with representations of
groups or rings by matrices. The methods of
modern agebra provide useful and powerful
tools for the whole of mathematics, in partic-
ular for the theory of numbers and algebraic
geometry.

The present development of algebra owes
much to the activity of the German school in
the late 1920s represented by E. Noether, E.
Artin, W. Krull, and B. L. van der Waerden.
The book by van der Waerden [3] has had a
great impact on mathematics. N. Bourbaki [4]
has been influenced by van der Waerden but
gives accounts of more recent developments,
particularly in linear algebra. In Japan, M.
Sono, who worked at about the same period
as E. Noether, was a forerunner in this field;
after him, algebraists of the Kyoto Schoal, Y.
Akizuki, M. Nagata, and their followers, did
notable research, especidly in agebraic geom-
etry. On the other hand, K. Shoda studied
with E. Noether toward 1930 in Germany; his
school includes such agebraists as T. Naka-
yama, K. Asano, and G. Azumaya. Finaly
K. Morita and his disciples have made signif-
icant contributions to homological agebra.
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Algebraic Curves

A. General Remarks

An talgebraic variety of dimension 1 is called
an algebraic curve (for analytic theory — 11
Algebraic Functions). The theory of algebraic
curves has two aspects, the geometry of 1-
dimensiona complex manifolds in projective
spaces and the theory of function fields of
transcendence degree 1 (— 3 Abelian Varieties,
16 Algebraic Varieties). The number-theoretic
study of algebraic function fields concerns the
latter theory (- 73 Complex Multiplication,
450 Zeta Functions). In this article, the geo-
metric aspect of the theory is emphasized.

We denote the tuniversal domain by K.

B. Classical Results on Plane Algebraic Curves

Let f(X,Y) be apolynomia of degree s in
two variables X and Y. A point set in an affine
two-space defined by f(X,Y) = Oiscaled the
plane adgebraic curve of degree m. If we set
F(Xo, Xy, X3) = XT (X 1/ X0, X3/ Xo), the
homogeneous polynomial F defines an alge-
braic curve of degree m in a projective plane
P2 Thecurveiscaledirreducibleif the poly-
nomia f(X,Y) isirreducible. A curve of degree
1issaid to be aline. Some results of this sec-
tion are valid only in the case where the chat-
acteristic of K is zero.

Let C be a plane curve defined by the equa-
tion f(X,Y)=0.A pointP=(a b)onCis
caled anr-plepoint if f(X +a,Y +p)hasno
term of degree < rin X and Y. At an r-ple
point there are r tangent straight lines (count-
ing multiplicity). An r-ple point with r > 1is
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cdled a multiple point (or singular point). If
these tangents are distinct, P is called ordi-
nary. An ordinary double point is called a
node; e.g., the origin for X*+Y?-3X Y = 0.
An agebraic curve can be transformed into a
plane curve that has only ordinary multiple
points by a finite number of plane fCremona
transformations (fquadratic transformations of
the projective plane into itself).

Let C be an-irreducible plane curve of de-
gree m > 1 in a projective plane. The set of all
tangent lines at nonsingular points of C deter-
mines a set of points in the dua projective
plane, and its closure is an algebraic curve C,
that is called the dual curve of C. The dua
curve of C becomes the origina C. The degree
m of € is said to be the class of C, which is
equa to the number of tangent lines to C
drawn from a generd point. A nonsingular
point Piscaled apoint of inflection (or aflex)
if the tangent line at P has contact of order
> 2. If Cis defined by an irreducible homoge-
neous polynomial F(X,, X,, X,), the curve
defined by det(0?F/0X;6X)=0 is said to be the
Hessian of C. A nonsingular point P isa point
of inflection if and only if P iscontained in the
Hessian. A singular point P is said to be a cusp
if C is detined by an equation Y? = X3 + higher
terms, in terms of suitable affine coordinates X
and Y where P = (0,0). Whenever the singular
points of C are only v nodes and y cusps, the
effective genus g is given by the formulag =
(m =1) (m=2)/2=v -y. In addition, suppose
that the dual curve has only v’ nodes and y’
cusps as singularities. Then C hasy’ points
of inflection, and m* and y’ are given by p' =
m(m- 1)—2v—3y and 7' =3m(m—2)—6v—8y.
Moreover, m=m‘(m’- 1)—2v'— 3y’ and y =
3m'm=2) 6v 8y hold. These formulas are
cdled Pliicker formulas.

For example, a nonsingular plane curve of
degree 3isan dliptic curve, i.e., g = 1, of class
6, which has 9 points of inflection. A non-
singular plane curve of degree 4 has, in gen-
eral, 24 points of inflection and 28 bitangents.
This results from the Plucker formulas.

C. Fundamental Notions

In what follows, by a curve we mean an alge-
braic variety of dimension 1. Let I' be a non-
singular complete irreducible curve. An ele-
ment of the free Abelian group generated by
points of T iscdled a divisor. A divisor is
written intheforma= X n, P, withn,e Z. The
integer n=3 n; is called the degree of aand is
denoted by deg a. The expression for adivisor a
is said to be reduced if P, P, for j #j. A divisor
whose reduced expression has only positive
coefficients is called apositive divisor (or effec-
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tive divisor, or integral divisor), and this is
denoted by a>-0. The group of divisorson I is
denoted by G(I'), and the subgroup consisting
of divisors of degree 0 is denoted by G,(I'). Let
P be apoint of T'. The subset of the function
field K(I') of T' consisting of functions regular
at P forms avaluation ring R, for a fdiscrete
valuation of K(T). A prime element 1 of R, is
caled alocal parameter at P. Letv, be the
tnormalized valuation of K(I') defined by Rp;
the integer vp(f) is called the order off at P.
The point Pisazero off if yp( f)> O itisa
pole off if vp(f)< 0. There are only afinite
number of poles and zeros of a given function
/. Thedivisor ¥ v,(f) P is called the divisor of
the function f and is denoted by (f). The set of
divisors of functions forms a subgroup G, of
G,. Any divisor ain G; iscdled aprincipal
divisor (wealsosay that ais flinearly equiva-
lent to zero and write a~ 0).

Let a be an arbitrary divisor. The set of all
positive divisors that are linearly equivaent to
aforms a complete linear system |a| deter-
mined by a Weset L(a) ={ fe K(r) (f)+
a>0} U {[)} Then L(8) is a finite-dimensional
vector space over K, and 1-dimensional sub-
spaces of L(a) correspond bijectively to the
elements of al. We set J(@) = dim, L(a) and
dim|a|=1I(a)— 1. Then dim|a] is called the
dimension of a|. For any divisor a, the integer
deg a = dim] a is nonnegative and bounded.
The supremum g of such integers is called the
genus of I'. The nonnegative integer i(a) =
g ~dega +dm a iscdled the speciality index
of a

Let @ be a tdifferential formon T, P be a
point of T, and  be a loca parameter at P.
Then o can be written in the form o = fit. We
now set vp(w) = vp(f) and (w) = X vp(w) P. Then
(w) is a well-defined divisor, and the class of
(W) in G/G, isindependent of the choice of .
This divisor class is caled the canonical class;
any divisor in this class is called a canonical
divisor (or differential divisor) and is denoted
by t. We have J(f) =y, deg f = 2¢ ~ 2. Given a
divisor a, the index i(a) is equal to the number
of linearly independent differentials ¢ such
that (w)>a, i(a)=1(f—a). The equality J(&)=
deg a —g + 1 + i(d is caled the Riemann-Roch
theorem.

For any irreducible algebraic curve T, there
exists a hirationaly equivalent nonsingular
curve [ that is unique up to isomorphism. The
genus of [ is called the effective genus of . A
curve whose effective genus is zero is called a
rational (or unicursal) curve. An éliptic curve is
a curve whose effective genusis 1. Anirreduc-
ible curve I' with genus > 2 is cdled a hyper-
elliptic curve if K(I') is a quadratic extension of
afidd K(t) for somet.

A positive divisor a on a nonsingular com-
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plete irreducible curve I is called a special
divisor if i(@ > 0. In this case, 2 (J&) = 1) < deg a
where equality holdsif and only if a=0 or a~
f,or T is ahyperelliptic curve (Clifford’s
theorem). Let " be a nonsingular complete
irreducible curve and k be a sublield of K such
that I is defined over k. Denoting by k the
algebraic closure of k, we ¢all a divisor p =

X P onT aprimerational divisor over k if

p satisfies the following three conditions: (i) p
is invariant under any automorphism g of kfk;
(i) for any j, there exists an automorphism

0; of k/k such that P, = P; (iii) n, = . =n, =
[k(P,):k];. An element in the subgroup of
G(TI') generated by prime rational k-divisors is
caled ak-rational divisor. Let k(I") be the
subset of K(T') consisting of functions f defined
over k. Then k(') is a subfield of K(I'), and the
quotient field of k(I') ® K = K(T). k(I') is
called the function field of I" over k. Let pbea
prime rational k-divisor, and let P be a point
of p. Then R, N k(I') is avaluation ring of k(I")
uniquely determined by p and independent of
the choice of the point P in p. We call this
valuation ring the valuation ring determined
by .

D. Algehraic Function Fields

Let k be afield, and let K be a finite separable
extension of a purely transcendental extension
kx) of k such that k is maximadly algebraic in
K. Then K iscaled an algehraic function field
over k of dimension 1 (or of transcendence
degree 1). Theequivalence class of fexponen-
tial valuations of K that are trivial over k is
caled aprimedivisor of K/k, An element of the
free Abelian group generated by prime divisors
is caled a divisor of K/k. The group opera-
tion in the divisor group of K/k is usualy
denoted multiplicatively. Let R, be the
vauation ring of the prime divisor P, and

let M, be the maximal ideal of R,. The de-
gree deg P of the prime divisor P is defined by
[(Rp/Mp): K. If we replace the terms: curve I’
by function field K /k; K(I') by K; K by k; and
points on I" by prime divisors of K/k, we can
develop the theory of the function field K/k,
which is similar to the theory of nonsingular
curves I (- Sections B, C). Thus we define the
genus of the function field K/k.

Suppose we are given an agebraic function
fidd K/k of dimension 1. An agebraic curve I
defined over k is caled a model of K/k if k(I')
and K are k-isomorphic. For any function field
of dimension 1, there always exist two ele-
ments x and y in K such that K= k(x, y). Let
f(X,Y) be an irreducible polynomia such that
f(x,y) = 0. Then the plane curve defined by the
equation f(X, Y) = 0is a model of K/k. Among
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the models of K/k there exists a fnormal model
T, over k that is unique up to isomorphism
(and the uniqueness of the normal model of
the function field within the birational equiva
lence class of varieties holds only for curves). In
particular, if k is the complex number tield, the
norma model [, is the tRiemann surface of
the function lield K/k. If I, has no singular
point, the theory of the curve I';, and the
theory of the function tield K/k are essentialy
identical. (This occurs, for example, when k is
tperfect.) In that case the genus of T, is equal
to that of K/k. In general, the genus of the
function field is not less than the genus of the
norma model I, and it is greater than the
latter if T}, has a singular point. If the genus of
K/k is zero, we can take a plane quadratic
curve as amodel of K/k. Moreover, K/k has a
prime divisor of degree 1if and only if Kisa
purely transcendental extension of k. A func-
tion lield K Jk of genus 1 is called an elliptic
function field. If K has a prime divisor of de-
gree 1, an dliptic function field K has a model
of a plane cubic curve. Moreover, if the char-
acteristic of the lield k is different from 2, we
can take as the model I, the curve defined by
anequationoftheform Y2=4X3—g,X —g,.
This is celed Weierstrass's canonical form.
The number j=(g,*—27g,%) '¢,* (#O)is a
birational invariant of I7,.

E. Jacobian Varieties

Let I be anonsingular curve. A fgroup variety
J iscalled the Jacobian variety of I"if it has the
following four properties (we fix an algebrai-
caly closed *field k of definition for " and J):
(i) There exists an isomorphism ¢ (of-abstract
groups) of Gy(I')/G(T’) into J. (i) ¢ is contin-
uous in the following sense: Let ii, b be elements
of G,(I')/G(I") represented by a, b. If bisa
specialization of a over a ficld K( > k), then
®(b) is aso a specidization of d(a) over K. (iii)
If there exists a K-rational divisor in the class
@, then the point ®(a) is also K-rational. (iv)
For any écJ, there exists a k(&)-rational divi-
sor ain G, such that ®(a mod () = £. A group
variety J satisfying these conditions is neces-
sarily a complete variety, hence an fAbelian
variety, and is determined uniquely up to
isomorphism. The construction of Jacobian
varieties over a lield of arbitrary characteristic
is due to A. Weil [27] (for analytic construc-
tion - 11 Algebraic Functions C).

Let P be a tgeneric point of I' over k, and let
P, be a fixed k-rational point. Then ¢(P)=
®(P— P,) defines arational mapping of I' into
J, and ¢, which is an isomorphism of I" and its
image ¢(I'), is determined uniquely by @ up to
trandation on J. This mapping ¢ is called the
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canonical function on I'. The dimenson of J is
equal tothegenusgof I.If Py,. .., P, ae
independent generic points of T over k, then
k(P,, ..., P,) isthefunction field of J over k,
where k(P, , ., P,), isthe subfield invariant
under the group of g! automorphisms (P, , . .,
P)-(P,, Pag)' The Jacobian variety of T is
also the +Picard variety of T", and it is equal to
the tAlbanese variety of " (- 16 Algebraic
Varieties P). Hence for any function f on T’
with values in an Abelian variety A, there
exists a unique homomorphism 4 of J into A
such that f= 10 ¢+ const. This } iscalled the
linear extenson of f.

Let ® be the set of points on J that can be
written as ¢@(F,) + + ¢(P,_;). Then @ is an
irreducible subvariety of codimension 1. The
divisor @ is called the canonical divisor of J.
The Jacobian variety that is polarized by the
divisor @ is caled the canonically polarized
Jacobian variety (— 3 Abelian Varieties G). If
two curves I and T" are birationally equiva
lent, the canonically polarized Jacobians of I"
and I'" are isomorphic. Conversely, if the
canonically polarized Jacobian varieties J of T’
and J' of " are isomorphic, then [ and [’ are
birationally ~ equivalent (Toreli's theorem). Let
t be any integer such that 1 <r < g, and let W,
be the set of points that are written in the
form

o(P)+... +o{P)

(W, = o), W,_; = ©,W, = J). Then we have
0" =r! W,_, (fnumerically equivalent) and
(@9 = y!I, where @ isthe class of intersec-
tions of r copies of @. The existence of a divi-
sor @ is characteristic for Jacobian varieties.
Actually, if A isan Abelian variety of dimen-
sion y that hasan irreducible subvariety x#-!
of codimension 1 and a positive I-cycle C such
that (X®)=nl and X" V=(n 1)IC, then C
is a nonsingular irreducible curve, A is the
Jacobian variety of C, and X is the canonical
divisor. The canonical divisor @ is defined
by a ftheta function in the classical case.
For adivisor a= Z n; P, we define ¢(a) to be
Y n;p(P)eJ. For lixed numbers 1<r<g, 0<d,
welet W/ denote {@(a)eJ|l(a)=>d+1, dega=
v}. Then W¢ =W, and isa fsubscheme of J.
Wecall the number p=g—(d+ 1)(g—r+d)
the Brill-Noether number. Then dim W¢ > p.
Moreover, if T is a genera curve, then dim W
= p. In particular, if p <0, then W¢ = 4. This
result has been verified recently by S. Kleiman,
D. Laksov, P. Griffiths, and J. Harris [9, 14].
Let T be a nonsingular curve, and let ¢» be a
differential form on I". If the divisor (w) is >0,
the ¢ is called aregular 1-form or differential
form of the first kind. Let Q be the tsheaf of
germs of regular differential forms. A differen-
tiad form of the first kind is an element of
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H(T', Q), and vice versa. Let t be a canonical
divisor. Then we have a natural isomorphism
HO(T', Q) > L(f), and the number of linearly
independent differential forms of the first kind
is equal to the genus g of I'. The tresidue of a
differential can be defined as in the classica
case. A differential that has nonzero residues is
cdled a differential of the third kind. The re-
sidue theorem ¥ Res, w = 0 holds for any dif-
ferential ., Theform @ is cdled adifferential
form of the second kind if for any Pe [ there
exists a rational function f» such that w—df is
regular at P. The set of differential forms of the
second kind forms a linear space G, over the
universal domain and contains the subspace
G, consisting of the differential forms of the
first kind. The quotient space G,/dk(T") has
dimension 29 or y according as the character-
istic of the universal domain is O or not.

When the characteristic p of the universal
domain is positive, we have what is called the
Cartier operator. Let T be a curve defined over
aperfect tield k, let L = k(I'), and let ¢t be an
element of L that is transcendental over k and
such that L/k(t) is separable. Then any dif-
ferential @ of L/k is written uniquely as @
=(fE+ e+ ...+ 17" )dt, where fie L.
Then the Cartier operator C given by Cw
= fp-1 dtiswell defined and independent of
the choice of 1 and leaves G, invariant. Hence
given a basis w,, ,w, of G,, we obtain a
matrix (a,) with coefficient in L by Co, =
2 ayw( 1<igy). Thisgx g matrix A is called
the Hasse-Witt matrix of I, The class of
A modulo the transformations of the form
S77AS isabirationa invariant of I' and plays
an important role in the theory of unramified
cyclic p-extensions of the algebraic function
field.

F. Generalized Jacobian Varieties

The notion of linear equivalence of divisors on
a nonsingular curve can be extended to a more
general situation. Such attempts have been
made by M. Noether, F. Severi, and M. Rosen-
licht, who succeeded in obtaining such a gen-
eralization [22].

Let I be an agebraic curve, and let
Py, , P, be singular points of T Let T, be
the flocal ring of P. We set © = ()i, O, and
['=T ={P,,, P}. An element of the free
Abelian group G(I') generated by points of I"
is cdled a I'-divisor. Let abe a I'-divisor and
set L(a)={feD|(f)+a>0}U{0}. Then L(a)
is a finite-dimensional linear space (over the
universal domain). The dimension of L(a) is
denoted by I(a), and we set dimja|=1{a)— 1.
The upper bound 7 of deg(a) = dim|a|isa
nonnegative integer and is caled the ©-genus
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of I'. We call i{a) =7 —dega+dim|a| the ©-
speciality index of thedivisor a. Let Cbea
nonsingular curve birationally equivalent
tol,andletQ,, ..., Q, bepointsof C that
correspond to singular points of T, An -
differential ¢ isadifferential form on C (of
K(I') = K(C)) such that X;_; Res, few =0 for
any fef. Theni(a) is equal to the number of
linearly independent O-differentials w such
that (@)>ain " The equality [(a)=dega—

n + 1 +i(@ is caled the generalized Riemann-
Roch theorem. An O-differential @ is called an
D-differential of the first kind if @ is regular
everywhere on I"'. The number of linearly
independent O-differentials of the first kind is
equal to the O-genus 7. Let g be the effective
genus of T, i.e,, the genus of C. Then we have
the equality 7 — g = dim(D/0) = 6, where D15
the integral closure of 8 in K(T). The set of D-
differentials forms an D-module that is in
general not of rank 1. Hence in this case, we
do not have the “canonical divisor.” Let ¢ be
the conductor of /0. Then ¢ determines a
divisor in a natural way. If we denote the de-
gree of this divisor by d, we have the inequal-
ity 6+ 1<d<20. We have d=20 if and only

if the set of O-differentials forms an D-module
of rank 1. This case occurs, for example, if I"is
acurve on a nonsingular surface or a complete
intersection. Two I'-divisors aand b are said
to be O-linearly equivalent if there exists a unit
f of O such that a-b=(f). The set of T-
divisors that are O-linearly equivalent to zero
forms a subgroup G{(T') of G(T). There exists a
group variety Jg, unique up to isomorphism,
that satisfies the four conditions required for
Jacobian varieties (- Section E) with respect
to the class group Go(I')/G,(I"). The variety J,
is called the generalized Jacobian varigty. The
generalized Jacobian variety is not complete,
in general. If J is the Jacobian variety of C,
then J is an extension of J by a connected
tlinear agebraic group I,. Any Abelian exten-
sion of the function tield of T" can be obtained
by the fisogenies of the generalized Jacobian
variety of I' [22]. This fact plays an important
rolein class field theory over dgebraic func-
tion fields (— 59 Class Field Theory G). The
theory for nonsingular curves is considered as
the special case in which © = K(T').

Suppose that I is situated in a projective
space of dimension n. Let p be the prime idea
in k[X,, X, , X,]ddining " and y(p, m) be
the number of linearly independent homoge-
neous polynomials of degree m modulo p. Then
¥(p, M is a polynomia in m for lage m. This
polynomial is called the Hilbert polynomial of
p (or T). Let ¢ be the constant term of the
Hilbert polynomial. The number p (') = 1—¢
is called the arithmetic genus of [ and is equal
to the O-genus of I Let I' be a nonsingular
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irreducible curve in P? of degree d. If T"is
contained in a plane, then p,(I) =@ 1)-
(d-2)/2. Otherwise, p,(IN<d?/4—d+ 1 when
dis even, and p,(I')<(d*>— 1)/4-d+ 1 when d
isodd [11].

G. Sheaf Theory

Let ' be an irreducible curve and ¢, be the
local ring of p. Then () = [ | €, is an talgebraic
coherent sheaf, which is called the structure
sheef of I, and dim, H(I', ¢/r) is equal to the
arithmetic genus 7 of I". Let a be a I'-divisor,
and let ¢/(a) be the tsheaf of germs of rational
functions f such that (f)+ a>>0and feD, for
every singular point Q of T' (- 383 Sheaves
D). Then dim, H*(I", O,(a)) is equal to the
speciality index i(a), and dim, HO(T, ¢r(a))

is equa to 1(a). When I" has no singular

point, the Riemann-Roch theorem is deduced
naturally from tSerre’s dudity theorem:
HY(T, O(a)) 3 HY(T, O —a)).

H. Algebraic Correspondence

Let T be a nonsingular curve. A divisor of

the product variety I'x I' is called an alge-
braic correspondence of I"[26,27]. Let D,

be the subgroup consisting of divisors that

are linearly equivalent to degenerate divisors
ax I'4+ I'x b. Then the class group ¢(T") =

G(I' xT)/D, is called the group of classes of
algebraic correspondences, Wewrite X =0 if

X is an element of D,. Let X be an agebraic
correspondence, k a field of deinition for T
over which X is rational, and P a generic

point of T over k. Then X(P)=pr,[X(P x T')]
isrationa over k(). The composite x, 0 X,

of two correspondences X, and X, is defined
by (X, 0 X,)(P)=X,(X,(P)) whenever they
have meaning. The composite X, o X, deter-
mines an element of %(I') that depends only on
the classes of X, and X,. This multiplication
supplies the group %(T") with the structure of
an associative ring. This ring is caled the
correspondeuce ring of I'. The correspondence
ring ¢(I') and the ring ./ of endomorphisms of
the Jacobian variety J are isomorphic, and the
isomorphism is given by the following rule: Let
¢ be an element of %/(T"), and let X be a divisor
in & Let P be a generic point of T" with re-
ference to k over which X is rational. Let Py be
ak-rationa point of T. Then the class of

X(P) — X(P,) modulo G{(T') is independent of
the choice of adivisor X in the given class. We
set Y(P)y=®(X{P)— X(P,)) andlet } be the
linear extension of Y. The correspondence
¢— 2 is an anti-isomorphism of %(I'y and 7.
Now we set .o/, = o/ ® Q. Then .o/, contains

an automorphism ¢ of order 2 caled an in-
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volution. Let 1 be arational prime different
from the characteristic p. Then A has a faithful
representation by 2g x 2g matrices with co-
efficientsin J-adic integers. The ftrace ¢ of
this representation has the property that

a( f0 B)>0if f # 0 (Cagtelnuovo's lemma). 7,
is an algebra of finite tank over @, and &/ is a
finitely generated Abelian group. Based on
these results A. Weil proved the Riemann
hypothesis for congruent {-functions on a non-
singular curve (- 450 Zeta Functions P),

L Coverings

Let I and C be nonsingular curves such that
there exists a regular mapping n: I'-C. Then
there is an injection of the function field K (C)
into K(T). If K(f) is separably algebraic over
K(C), then T is caled a covering (curve) of C.
The integer [K(1): K(C)] = n is caled the de-
gree of covering. Let P be apoint of I and let
Q=n(P). Let t, s be local parameters at P on I'
and at Q on C, respectively. The nonnegative
integer vy(ds/dr) is called the differ ential index
at P and is denoted by mp. Theindex m, is
zero except for a finite number of points. The
divisor ¥ m, P is caled the branch divisor. The
covering I is called an unramified covering if
the branch divisor is zero. If we denote the
branch divisor by a, we have the formula
2g(I)—2=n(2g(C)—2)+dega, where ¢(I')
and g(C) are genera of " and C, respectively.
This is caled the Riemann-Hurwitz formula.
This formula yields at once that a rationa
curve has no nontrivial unramified covering
and that I can be an unramified covering of
itself if and only if T" is an €lliptic curve.

J. Theory of Moduli

Let .#,(k) be the set of isomorphy classes of
complete nonsingular irreducible curves (here
simply called “curves”) of genus g defined over
afield k. We can endow ., (k) with a structure
of an agebraic variety over k with the prop-
erty that for any smooth family (over k) #: 46—
S of curves of genus'y the map T:S— ., (k)
sending s to the isomorphy class of the fiber
7~ !(s) is a Tmorphism. This algebraic variety is
called the (coarse) moduli space of curves of
genus g. Furthermore, the moduli space over
Spec(Z) exists (D. Mumford [16]). .#,(k) is
tnormal, irreducible and tquasiprojective (but
not complete for g > 0) of dimension 0 (g =0), 1
(g=1),39-3(922)(=3g—3+dimAut(C))
with only quotient singularity [5].

Since when g = 1 any dliptic curve C over
an agebraicaly closed lield k is isomorphic to
a plane curve with the Weierstrass canonical
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form y? =4x3 —g,x —g, (if char(k)+2; the case
of char(k) = 2 needs a dight modification), the
correspondence C—j(g,, g,) (— Section D)
defines an isomorphism .#, ~ A (affine line).
In the case of g > 2 and k = C we have another
function-theoretic construction of .#, due to
Teichmiller (- 11 Algebraic Functions F).

Let .=/, be the coarse moduli space (over Z)
of principally polarized Abelian varieties of
dimension g (— 3 Abelian Varieties 1). For a
curve C we denote the Jacobian variety of C
by J(C) (- Section E). The correspondence
C—-J(C) defines a morphism i:.4,— .7, which
is injective (Theorem of Tordli). It is even an
timmersion (F. Oort, J. Steenbrinck). If g= 1,
2, 3, then i isan open immersion whose image
we can describe.

For k =C we can express the above map
i by using periods of curves. Namely, let
%, %, Py, f, be a (canonica) basis of
H, (C, Z) detined by tnormal sections of C
(considered as areal surfece). Let o, , . ., w, be
abasis of tdifferential forms of the first kind
on C with L}i w; = ;. Then the matrix Q =
(s, ;) is symmetric and has a positive definite
imaginary part, i.c., is an element of the tSie-
el upper half-space S, of degree y. With the
identification «7, ~ €,/Sp(g, Z) (- 3 Abelian
Varieties 1) the map i:.4,— ./, is nothing but
the one sending the isomorphy class of C to
Rmod Sp(g, Z). For g =4 the closure of i(.#,)
is a principal divisor detined explicitly with
theta constants (Schottky, J.-I. 1gusa).

K. Sable Curves

A reduced connected complete curve C over k
iscaled astable curveof genusg (> (0) if(i) C
has only ordinary double points as possible
singularities; (ii) when I" is a smooth rational
irreducible component of C, then I' intersects
the other components in more than 2 points;
(iii) dim, H' (C, 6) = g.

There exists a fcoarse moduli space ., of
stable curves of genus g which contains .#,
as a Zariski open subset. The space .%, detined
over Spec(Z) is fcomplete and even tpro-
jective; hence %, gives a compactification of
#,. The completeness of ., follows from the
stable reduction theorem asfollows: letR bea
discrete valuation ring with quotient field K
and C be a smooth connected curve over K.
Then there exists a finite separable algebraic
extension L of K such that the curve C x ; L
extends to a flat family of stable curves gyer
Spec(R,), where R, denotes the integral clo-
sure of R in L. In this case we say that the
curve C X g L has a stable reduction in R,.
With the above notation a curve C over K
has a stablereduction in R if and only if its
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Jacobian variety J(C) has a tstable reduction
in R (- 3 Abelian Varieties N).

Over C, 7, has the tSatake compactification
s#,, which is a digoint union of «/,., 0 <¢' <g,
as a set. The injection i:.4,— s, (- Section J)
extends to a morphism j:.%,—./, that sends
the isomorphy class of a stable curve C =
C, U U G, (C; irreducible) to that of J(C))

x x J(CJesly, ¢ =X, genus(C), where (, is
the tnormalization of C,. In particular the
closure of the image of i in s/ is the set of
products of Jacobian varieties.
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A. General Remarks

Let Fi(X,,....X), » F(X,,. .X,) ber
tpolynomials in m variables X, ., X, over a
ffield k. Then the equations

F, =0,. ..) F,=0

ae cdled algebraic equations in m unknowns.
When we consider these equations simulta-
neously, wherer > 2, we call them a system of r
equations or smultaneous equations. (For r = 1,
a system of one equation means the single
equation Fy, = 0.) Coeflicients of F,,, F, are
called coefficients of the system, and the great-
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est of thedegreesof F, . ., F.iscdled the
degree of the system.

To solve a system of equations (henceforth
in this article we shall omit the word “alge-
braic”) means to find the common fzero points
(inan talgebraically closed field containing k)
of elements F,, . . , F, of the fpolynomial ring
k[X,, . X,]. If there exist no common zero
points, the system is said to be inconssent; if
there exists a finite number of such points, it
issaid to beregular; and if there are an infinite
number of such points, it is called indetermin-
ate. The telimination method allows us to
reduce the problem of solving a system of r
equations to the case r = 1. In particular, any
regular system of eguations can be reduced to
the case m=r= 1.

B. Equations in Qne Unknown

For the above reason, it is important to con-
sider an equation of the form f(X) = 0, where

ap #0. )

This gives the generd form of an agebraic
equation in one unknown.

According as f(X) is reducible or not in the
tpolynomial ring k[X7], the equationf(X)=0O
is caled reducible or irreducible (- 337 Poly-
nomials). In some talgebraic extension field K
of k, f(X) can be factored:

JX)=ao(X —a)(X —a5)... (X —at,). @)

o, . ,o, are caled the roots of the eguation
f (X) =0. Hence, any agebraic equation of
degree 11 has exactly n roots (Kronecker’s
theorem). Now, (—1)a;/a, isequal to the tele-
mentary symmetric function of degree i of

% 1y +++y . Some of the roots a,, ..., «, may be
identical. If « appears p timesing, , ., a,, we
say that ¢ is a p-tuple root, and p is called the
multiplicity of the rooto. When p =1, ais
caled asimpleroot, and when p > 2, « is called
a multipleroot. Let §;, ..., B, be all the distinct
roots among «,, . ,a,, and let p, be the multi-
plicity of f(i= 1, , v). Then

f(X)=ao(X =B yr...(X =B, 2)
pt.tpy=n

f(X)=aoX"+a,; X" ' +... +a,,

If py, ., p, arenot divisible by the tcharacter-
istic of k, the greatest common divisor g off
and

[ =na X" ' +(n—Da,; X" 24+ ... +a,,

is (X =B, ... (X—B,P 1. Thus we can
reduce the multiplicity of every root to 1 by
dividing f by 9. Any irreducible equation over
a field of characteristic 0 has no multiple roots.
Equation (1) has multiple roots if and only if
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its tdiscriminant D is equal to O (- 149 Fields;
172 Galois Theory).

C. Equations of Special Type

In Sections C and D we assume that the char-
acteristic of k is zero.

Binomial Equations. An equation of the type
X™ = a =0 iscdled a binomial equation. It is
solved by root exraction. Let 7/q (mtb root of
u) be one of the roots (if ais a positive rea
number, ¥/a usually denotes a positive real
root). Then 7/a multiplied by 1, ¢, ¢2,, &m!
are the roots of X ™ —a=0, where { isa *prim-
itive mth root of unity.

Reciprocal Equations. An equation a, X"+

a; X" '+ ...+a,=01is called a reciprocal
equation if ¢y =q,, 8, =a,_;,a,=a, ,,.... A
reciprocal equation of an odd degree n =

2m +lhasaroot X = =1, and dividing the left
side by X + 1 we get areciprocal equation of
degree 2m. A reciprocal eguation of degree

n = 2m is reduced to an equation of degree m
inY=X + X ~!and the quadratic equation
X?—XY+1=0.

D. Equations of Lower Degree
(- Appendix A, Table 1)

(1) A linear equation a¢ X + a =0 hasa single
root —a, /a,. (2) the roots of a quadratic equa-
tion a, X2 +a, X +a,=0are given by (—a,
+./a?—4a,a,)/2ay. (3) To solve a cubic
equation ao X > +a; X*+a, X +a,=0, weset
A, =9%aga,a,—2a} —27akay, A,=a2—3a,a,,
and solve the quadratic equation 72 A, T

+ A43=0. Let t, and t, be the roots of this
quadratic equation, and let « be any cube root
of 1. Then (-a, +w¥/t, +0*¥t,)f3a, is a
root of the original cubic equation. (Cardano’s
formula). If we apply this method to a cubic
equation g X3+ hX?+cX +d=0 with real
coefficients, we need to use complex cube
roots even if the roots of the equation are real.
In fact, it has been proved that it is not pos-
sible to solve this equation within the real
numbers in this case; t.¢., if the cubic equation
isirreducible over the extension Q(a, b, ¢, d) of
the rational number field Q, and if all of its
roots are real, it is impossible to find the roots
only by rational operations and with real
radicals. This is cdled the casus irreducibilis.
(4 A quartic equation aoX* +a X 3+ a,x 2

+ a3 X +a, = 0 can be solved by means of
reduction to a cubic equation (L. Ferrari) (—
Appendix A, Table 1). Generally, the proce-
dure of solving an algebraic equation, i.e.,
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finding the roots of a given equation from its
coefficients by means of a finite number of
rational operations and extractions of radicals,
is cdled a solution by radicals (or algebraic
solution). The tgeneral algebraic equation

whose degree is > 5 cannot be solved by
radicals (N. H. Abel) (— 172 Galois Theory).

E. Analytic Theory

In this section, k denotes the field R of real
numbers or the field C of complex numbers.
These cases have been studied for a long time,
for practical reasons.

Concerning the case k = C, the field C is
talgebraically closed; i.c., every equation with
coefficients from C has aroot in C (Gauss’s
theorem, called the fundamental theorem of
algebra). Accordingly, in the field C, we always
have equations (2) and (2').

Let «,,, x, be the roots of equation (1).
Then each «; is a continuous function of coeffi-
cients a,, a, , a. Concerning the location of
roots of f(X)=0and f'(X)=0 on the complex
plane, we have the following theorems:

(1) Any convex polygon on the complex
plane containing the roots of f(X)=0 aso
contains the roots off’ (X) = 0 (Gauss).

(2) Let C be arectifiable tJordan curve not
passing through a root off(X) = 0. Then
the number (C, f) of the roots of f(X)=0
lying in the region enclosed by C is equal to
( ]/Zni)fc(f’(z)/f(x))dz, where the multiplicity
of the roots is taken into account.

(3) Let C be a Jordan curve on the complex
plane. If | f(z)| > |g(z)| at every point z on C,
then the equations f=0and f+ g = 0 have the
same number of roots (counting multiplicity)
within the region enclosed by C (Rouché's
theorem).

(4) The absolute value of aroot of equation
(1) isless than

M =max(la,/a,l, ..., la,/a,|)+ 1.

(5) Let D be the tdiscriminant of f, and as-
sume that |o;| <M (i=1,...,n). Then |o;— 2|
2> D/2My V"2 =E. Since the value of
|D| is known fromf’and one vaue of M is
given by theorem (4), we have one value of E.
If we draw a ctrcle on the complex plane with
center at the origin and with radius M, and if
we cover it with a net whose meshes have
diameters less than \/f/z, then the interior of
each mesh contains at most one root of f=0.

When k=R.,1e, feR[X ], letf,,.... B,
denote the distinct roots off= 0, and recall
equation (2'). Suppose that g, , ;¢ R and
the others ¢R. Then v—4 is an even integer 2x,
and we can renumber 8, ,,, B, so that f,,,
=Byaxsrs o Bae = B, (B denotes the con-
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Jugate of f) and Py =Piss1s o5 Prec =Py
Inthiscase, g,, ., p, are the real roots of

equation (2), and the other f’s are caled the
imaginary  roots.

6) IffeR[X]and ag>a,> .. >a,>0, then
the absolute value of any root of equation (1)
is less than 1 (Kakeya-Enestrém theor em).

Concerning the real roots of an equationf
= 0, where feR[ X ], we have the following
theorems: Let N(a, b)(a, beR) denote the
number of rea roots in the interval (3, b).
Furthermore, let V(c,, ¢,, . . ¢,) denote the
number of changes of sign in the sequence
CCg 4 €, of real numbers, which is defined
as follows: Suppose that we have the sequence
Syppern oy after deleting the terms ¢; = 0 from
the sequence ¢y, ¢,,, ¢,. Then

Lot
Vicy,ca, .,.,c,,)=§ > —sgncvjcvjﬂ).
=i

(7) N(O, w)= Via,, &, , a,) (Mod 2) and
N < V(Descartes’s theorem).

@) Lee V(©O= V(f(c).[f'(c), - - - (). Then
N(a, b) =V(a) V() (mod 2) and N < V(a)=
v(b) (Fourier’s theorem).

(9) We may assume that f =0 has no multi-
ple roots. Construct afinite series f, = f, f; =
f’,,f; of polynomials over R such that
fia=figi—fi, fori=1,2,....1—1land fieR,
by successive application of the fdivision al-
gorithm. Let V(9= V(fy(c), /y(0). ,/i(c)).
Then N(a, b) = V(a) = v(b) (Sturm’s theorem).
By means of this theorem we can determine the
location of real roots as precisely as we wish.

(10) In order that every root «; of an equa-
tion = 0 with a, > 0 lies on the |eft side of
the imaginary axis, i.e., Re o, < 0, it is necessary
and sufficient that in the following matrix the
tprincipal minors composed of the first r rows
and first r columns be positive for g|| r =
1,2, , n (Hurwitz's theorem):

o
o
QL
=
1
(¥}
Q

Also, for fe C[X ], various results have been
obtained about under what conditions g]] the
roots off= 0 lie on one side of a given straight
line or inside a given circle (€.9., the unit circle)
(- 301 Numerica Solution of Algebraic
Equations).
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11 (X1.10)
Algebraic Functions

A. Definition

An algebr aic function is a multiple-valued
*analytic function W = W(Z) defined by an tirre-
ducible algebraic equation P(z, w) =0 with
complex coefficients.

B. History and Methods

The theory of algebraic functions evolved from
the works of C. F. Gauss, N. H. Abel, and C.
G. J. Jacobi on felliptic functions in the early
19th Century. Stimulated by their works, B.
Riemann and K. Weierstrass established the
foundations of the theory of complex functions
and developed the important theory of alge-
braic functions.

The equation P(z, w) = O defines acurve in
the 2-dimensional complex fprojective space
with inhomogeneous coordinates z, w. Inves-
tigations from this point of view were initiated
by Riemann, A. Clebsch, and P. Gordan.

This approach was followed by A. Brill, M.
Noether, and the Italian school (F. Severi, C.
Segre, etc.) and has developed into contempo-
rary agebraic geometry (— 9 Algebraic
Curves, 12 Algebraic Geometry).

The set of Hfunction elements w(z) satisfying
P(z, w) = 0 isa’icomplex manifold R, aclosed
(= compact) tRiemann surface, on which z and
w are tmeromorphic functions. The field K
consisting of the meromorphic functions on R
is an talgebraic function field C(z, W). Con-
versely, for any closed Riemann surface R, the
field Ky isan talgebraic function field in one
variable over C, and any pair of functions z
and w with K = C(z, w) has the property that
R is tconformally equivalent to the Riemann
surface determined in the above fashion by the
irreducible algebraic equation P(z, w) = 0 satis-
fied by z and w. Two Riemann surfaces R,, R,
determined by the equations P, =0, P,=0 are
conformally equivalent if and only if the ficlds
Ky, and Kg are C-isomorphic. This condition
is equivalent to the existence of a thirational
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transformation between the algebraic curves
P,=0, P,=0. The “analytic method” (the
method of studying algebraic functions as
functions on Riemann surfaces) is the creation
of Riemann. It was extended by F. Klein and
D. Hilbert, and later by H. Weyl, who es-
tablished in his monograph [6] a rigorous
foundation of the analytic method for the
theory of algebraic functions.

Given an arbitrary agebraic function field
K in one variable over C, the set R of its
tprime divisors with a suitable topology and
analytic structure is a closed Riemann surface
whose function field Ky coincides with K. The
“agebraic method” (the method of studying
agebraic functions as elements of an agebraic
function tield) was founded by J. W. Dedekind
and H. Weber at the end of the 19th Century.
In the 20th Century, the algebraic method has
made remarkable progress, owing to the devel-
opment of abstract adgebra. It covers the case
of an arbitrary ground lield as well as that
of more than one variable. The theory of
algebraic functions has had considerable in-
fluence on the development of humber theory
because of a basic analogy between the two
subjects.

The tuniversal covering spaces (surface) R of
a closed Riemann surface R can be regarded,
by conformal mapping, as the Riemann
sphere, the plane, or the unit disk (or, equiva-
lently, to the upper half-plane) if the fgenus g
of Ris0, 1, or = 2, respectively. Then the
tcovering transformation group G, consisting
of tlinear fractiona transformations without
fixed pointsin ®, is tproperly discontinuous
and has a compact *fundamental domain.
Conversely, if D isone of the three domains
just mentioned and if G is the group just de-
scribed, then | = D/G is a closed Riemann
surface such that D and G are its universal
covering space and covering transformation
group. A meromorphic function on R is repre-
sented as an tautomorphic function on 9 with
respect to G. If y =0, then G = {1}, ®= R, and
Ky isthefield of rational functions. If g = 1,
then K isthe field of felliptic functions. The
study of algebraic functions as automorphic
functions was initiated by H. Poincaré and
Klein. Recently, C. L. Siegel made a remark-
able contribution to the investigation of the
case of severa variables. The theory of auto-
morphic functions is aso related to number
theory. Works of E. Hecke, M. Eichler, and
G. Shimura on this domain are noteworthy
(- 32 Automorphic Functions, 73 Complex
Multiplication).

Another important topic concerning alge-
braic functions (closed Riemann surfaces) is
the problem of moduli. Riemann stated, with-
out rigorous proof, that the set of conformal
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equivalence classes of closed Riemann surfaces
of genus ¢ (> 2) depends on 3g = 3 complex
parameters, called moduli. This has led to the
modern theory of Teichmiiller spaces, which is
developing into an extensive new field (- 234
Kleinian Groups, 416 Teichmiiller Spaces).

In the rest of this article, we deal mainly
with the analytic method (for the case of two
varigbles — [1]).

C. Abdian Differentials

An Abelian differential on a closed Riemann
surface R is, by definition, a complex *dif-
ferential form ¢ = a(z)dz, where a(z) is a mero-
morphic function of a local parameter z. Such
adifferential is said to be of the first kind if
a(2) is holomorphic, of the second kind if the
residue vanishes everywhere, and of the third
kind  otherwise.

The indelinite integral W(p) = jgo w of an
Abelian differential «, where p, is assumed not
to be apole of w, iscalled an Abelian integral.
It issaid to be of thefirst, second, or third kind
if the same holds for w. If y isal-feycle on R,
the quantity [, w is referred to as the period of
w along y. An dliptic integral is defined to be
an Abelian integral on a closed Riemann sur-
face of genus 1. For example, thisis the case if
the equation P(z, w) = 0 defining the surfaceis
of degree 2 with respect to w and of degree 3
or 4 with respect to z. More generally, a closed
Riemann surface is called byperelliptic if P(z, w)
is of degree 2 with respect to w, or, equiva-
lently, if R carries a meromorphic function
with exactly two poles. An Abelian integral on
such a sufece is cdled a hyperdliptic integral.

On aclosed surface R, let ¥, be the linear
space over C of the Abelian differentials of the
first kind. Given al-cycle o of 9%, there exists a
unique w,e ¥, such that Ref, o, is equa to the
tintersection number (x, y) for every 1 -cycle y.
This differential is also characterized by the
property (o, @,)g =) g A*0,= — 2/ -1
foo for every weV,. If {«,, .. .a} fooma
basis of the 1-dimensional thomology group
with integral coefficients, thenRe w, (i = 1, .,
2g) form a basis of the linear space V; over R
of the tharmonic differentials on R as well as
that of the space { Rew w eV,}. Accordingly,

dimeV,=g,  dim, ¥, = 2g.

These identities show a close relationship
between the topological structure of ‘R and the
space of the Abelian differentials on R (— 194
Harmonic Integras).

One can choose a 1-dimensiona homology
basis {a;, og+;f{=; SO that (o, o) =(otg+s, %54 )) =
0, (o, 054)= 1, and (o, 00, ) =0 (1 #)), (i,j =
1,2,, g). Such abasis is called a canonical
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homology basis. If ¢ and ¢ are Abelian dif-
ferentials of the first kind, then we have

@m= V([ o

Together, these are cdled the (Riemann) period
relation. The second formulaimplies that
vanishes identically if the periods of ¢ along
alle; =1, ..,y) are zero.

Let a;, ., a, bea l-dimensonal homology
basis, and let wlg, ., w, form a basis of ¥, over
C. The g x 2g matrix Q with f, w; asits (i,j)-
component is caled a period matrix. Corre-
sponding to the change of bases (a) and (w), it
is subject to transformation into the form
AQM, where A isag x g invertible complex
matrix and M isa2g x 2g¢ integra square
matrix with determinant + 1. Conversely, two
Riemann surfaces are conformally equivalent if
they possess period matrices transformable to
each other in this manner (Torelli's theorem).
We can choose @y, . . ., w, so that the cor-
responding period matrix with respect to a
canonical homology basis becomes (1, T) with
the g x g unit matrix I,. Then from the period
relation, T is symmetric and Im T is positive
definite.

On the complex linear space C?, consider
the subgroup generated by the 23 column
vectors of a period matrix Q (the subgroup
is also denoted by Q). Since it is of rank 2g
and properly discontinuous, a group mani-
fold C9/Q is obtained. It is determined by R
uniquely up to analytic isomorphism and is
called the Jacobian variety of ®. The general-
ized Jacobian variety isintroduced in asimi-
lar fashion by means of Abelian integrals of
the second and third kinds (- 9 Algebraic
Curves).

D. The Riemann-Roch Theorem

In the present context, a 0-tchain with inte-
grd coefficients on a Riemann surface R is
referred to asadivisor. A divisor d =¥ n;p;

(n; € Z, p; € R) is an integral divisor (or positive
divisor) if n; > 0 in the reduced expression; d is
aprime divisor if it consists of asingle point p,
and n, = 1. A divisor of a meromorphic func-
tion for an Abelian differential  is defined
by taking the p; as the zeros (poles) off or @
and n{ = n;) as the multiplicity of the zero

Og+j
-— .I cuj (D) =0.
by %
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(pole) at p;. The divisors on R constitute an
Abelian group D in which principal divisors,
i.e., divisors of meromorphic functions, consti-
tute a subgroup P. The factor group D/ is
cdled the divisor class group; an element of itis
caled adivisor ¢lass. The divisors of Abelian
differentia constitute a single divisor class,
which is referred to as the canonical divisor
class (or differential divisor class). The degree
and the dimension of adivisor class D are
detined as follows, independent of the choice of
the representative d = 3, n;p;e D:deg D = X n,,
dim D = dim¢{ f|f is meromorphic, (divisor of
f) + d isapositive divisor}. For example, the
degree of the principal divisor class is zero.

In terms of these concepts, the Riemann-
Roch theorem is stated as follows: For adivi-
sor class D on a closed Riemann surface R of
genus g and for an integer n, we have

dim(D + nW)—dim(~D —(1 —n) W)
=degD+(2n—1)(g—1),

where W is the canonicdl divisor class (- 9
Algebraic Curves).

This theorem implies the following prop-
erties of R: (i) deg W=2g 2. (ii) Theholo-
morphic invariant forms ¢dz* (i.e., analytic
tensors of order 2), referred to as quadratic
differentials, constitute alinear space over C of
dimension O (if g=0), 1 (if g =1), or of dimen-
sion 3g 3 (if g > 2). The quadratic differentials
have close connection with textremal quasi-
conformal mappings and play an important
role in the theory of Teichmiiller spaces (—
352 Quasiconformal Mappings, 416 Teich-
miiller Spaces). (iii) For a point pe R, a posi-
tive integer m is called agap value if R carries
no meromorphic function having a pole only
at p with multiplicity m. Thenif g = 0, no point
has gap values; and if g = 1, every point p has
exactly g gap values, in this case, p aso has
anongap value m <g + 1. A point p is called
an ordinary point if the gap values at p are
1,2, , g; otherwise p is caled a Weierstrass
point. If y > 2, then the total number N of
Welerstrass points is not less than 2g + 2 and
not greater than (g — 1)g(g + 1) (A. Hurwitz).
Moreover, the case N = 2g + 2 occursif and
only if R is hyperelliptic, and then the gap
values at Weierstrass pointsare 1, 3, ..,2g 1.
This implies that every closed Riemann surface
of genus 2 is hyperelliptic. (iv) Suppose the
genus g of R is = 2. A conformal mapping f of
‘R onto itself with the property that every 1-
cycley is always homologous to f(y) is ncces-
sarily the identity transformation. Also, R is
known to admit only a finite number of con-
formal mappings onto itself (H. Schwarz);
the total number does not exceed 84(g— 1)
(Hurwitz).
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E. Abel’s Theorem

Abel’s tbeorem is stated as follows: A divisor d
of degree zero is a principal divisor if and only
if it is expressed asd = ¢y by means of al-
chainy that has the property that |, w = 0 for
every wel,

Given a divisor class D of degree zero, con-
sider a 1-chain y with gye D. For every I-cycle
o there corresponds the quantity

Xa(D)=exp<2m /—1 ReJ a)a),

independent of the choice of y. Thus D deter-
mines a tcharacter on the 1-dimensiona ho-
mology group, called theintegral character.
Conversely, every character on the homology
group is shown to be the integral character

of some D. In terms of this notion, Abel’s
theorem can be stated as follows: D is the
principal divisor class if and only if y (D)=

1 for every ¢, This result shows that thel-
dimensional homology group with integral
coefficients and the group of the divisor classes
of degree zero (with compact topology) are,
with respect to integral characters, mutualy
dual (in the sense of Pontryagin) topological
Abelian groups (— 422 Topological Abelian
Groups). For the relationship between Abelian
integrals and Jacobian varieties, in particular
the tJacobi inverse problem, fAbelian func-
tions, and TRiemann theta functions, — 3
Abelian Varieties L. Also — references to 234
Kleinian Groups, 352 Quasiconformal Map-
pings, 367 Riemann Surfaces, 416 Teichmuller
Spaces.
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Algebraic Geometry

A. Introduction

Algebraic geometry is the branch of mathe-
matics that deals with falgebraic varieties, that
is, point sets detined by several algebraic equa-
tions in a space of any dimension or those
derived from these sets by means of certain
constructions (- 16 Algebraic Varieties). It
may also be considered to be a theory of the
tield of algebraic functions in severa variables
in geometric language, and it is closely related
to the theories of complex analytic manifolds,
commutative algebra, and homologica alge-
bra. It also has an important connection

with number theory through the theories of
automorphic functions, Diophantine equa-
tions, and zeta functions.

To investigate local properties of algebraic
varieties we consider varieties embedded in an
taffine space; to study global properties we
usually consider varieties contained in projec-
tive spaces. A quantity (or property) that is
invariant under tprojective transformations,
isomorphisms, i.e., tbiregular and tbirational
transformations, or birational transformations
is caled a tprojective invariant, a relative
invariant, or an absolute invariant (birational
invariant), respectively. The study of projective
invariants is a part of projective geometry,
whose methods are important in algebraic
geometry. The notions of relative invariant
and absolute invariant are used, for example,
in the classification of algebraic varieties.
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We usually assume that the coordinates of
each point of the variety belong to a certain
fixed ffield K. In the classical case, namely,
when the field K is the field C of complex
numbers, the algebraic varieties are considered
as complex spaces and are studied by apply-
ing the theories of partia differential equa-
tions, tdifferential geometry, etc. Topological
methods may also be applied. Algebraic geom-
etry originated from such studies, but, for the
study of properties such as frational mappings
or talgebraic systems, it became necessary
to consider as well the case where the ground
field K is not talgebraicaly closed. Further-
more, to apply this to number theory, it is
necessary to establish the theory over the field
of any tcharacteristic p. For this purpose it is
necessary to establish a theory for varieties
having ground domains as general as possible.

B. History

Analytic geometry began with the study of
lines and quadratic curves (surfaces) and Jater
came to include the study of cubic and quartic
curves (surfaces), and so on. These subjects
originaly belonged exclusively to analytic (or
projective) geometry. At that time, the study
could not have been described by so specific a
title as algebraic geometry.

The study of such theories as the construc-
tion of an agebraic plane curve by families
of curves of lower degree or the *algebraic
m-n correspondence on a straight line prob-
ably began with research such as that by M.
Chasles. The most outstanding event in the
history of agebraic geometry was the intro-
duction and development of the theory of
agebraic functions (- 11 Algebraic Func-
tions) by B. Riemann (1857). Before that time
the degree of an algebraic curve (surface) was
the only quantity known to be a projective
invariant of the curve (surface).

With the theory of algebraic fynctions,
Riemann gathered into one family all the
curves that can be transformed onto each
other by birational transformations. As the
basis for his study, Riemann examined bira-
tional transformations in place of projective
transformations. This idea led to the notion of
the so-called fRiemann surface. The tgenus of
the surface was obtained as the characteristic
number of the family of curves. The concept
of genus was the first absolute invariant to
appear in the history of algebraic geometry.
Riemann based his theory on tAbelian inte-
grasusing Dirichlet’s principle, under the
assumption that any agebraic curve reduces
to one without tsingularities.

After Riemann many mathematicians tried
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to reconstruct the theory more precisely with-
out using transcendental methods. M. Noether
attempted this reconstruction by using geo-
metric methods. Using the *Cremona trans-
formation, he confirmed Riemann’s assump-
tion for curves: that any algebraic curve on a
plane can be transformed by a birational
transformation to a plane curve without sin-
gularities except for simple tnodes. He also
contributed in making more precise the basis
conditions for the tRiemann-Roch theorem,
which is considered to be one of the most
important theorems in the field. His results
on space curves and surfaces are also note-
worthy. J. Pliicker detined the concept of
genus in geometric terms and introduced the
tPliicker coordinates. A. Cayley and A. Brill
worked along similar lines. Cayley’s idea was
developed later by B. L. van der Waerden and
W. L. Chow, who introduced the fassociated
form of an algebraic variety and its TChow
coordinates.

Around 1890 the Italian school of algebraic
geometry appeared. Following the tradition
established by Noether, they employed alge-
brogeometric methods and uncovered many
new facts concerning algebraic surfaces.
Among those who belonged to this school
were G. Castelnuovo, F. Enriques, and F.
Severi.

In France, H. Poincaré and E. Picard ini-
tiated their study of algebraic functions of two
complex variables. After them S. Lefschetz
investigated the theory of complex agebraic
surfaces [11, 123. The results attained by the
Italian and French schools were very sugges-
tive but lacked rigorous foundations.

On the other hand, rigorous number-
theoretic theories of algebraic curves appeared
in Germany. R. Dedekind and H. Weber de-
veloped the theory of algebraic function ficlds
parallel to that of talgebraic number fields. K.
Hensel introduced the concept of fp-adic num-
bers in analogy to tpower series expansions of
analytic functions. E. Noether constructed an
abstract theory of tpolynomial ideals from a
formal theory by E. Lasker and F. S. Macau-
ley. Under her influence there appeared the
arithmetic algebraic geometry (of curves)
over an abstract tield as developed by F. K.
Schmidt and others.

In the higer-dimensiona case, van der
Waerden attempted to create a more rigorous
foundation for algebraic geometry under the
influence of Noether's abstract ideal theory
(c. 1930) [14]. He introduced the concept of
tgeneric points and tspecialization, and specifi-
caly defined the tmultiplicity of intersections
of two varieties in a projective space. He
succeeded in getting a rigorous proof of Be-
zout’s theorem: In n-dimensional projective
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space, the number of intersections of an r-
dimensiona algebraic subvariety of degree |
with an (n = r)-dimensional subvariety of
degree m isalwaysim if they intersect in only
afinite number of points.

The problem of intersections was taken up
by C. Chevalley and A. Weil in the 1940s.
Chevalley developed the ideal theory of tlocal
rings (studied initially by W. Krull); he intro-
duced topological concepts and applied them
to the problem of intersections. The theory in
this direction was later extended further by P.
Samuel, M. Nagata, and J.-P. Serre.

Well gave foundations of agebraic geometry
over an abstract field and reconstructed the
theory by introducing geometric language to
designate objects of abstract algebra [15]. He
thus gave quite a new aspect to the theory and
extended H. Hasse's arithmetization of the
theory of algebraic functions in one variable to
the case of several variables. Reconstructing
Severi’s theory of agebraic correspondence
over abstract fields, he succeeded in proving
an analogy of the fRiemann hypothesis on
tcongruent zeta functions (- 450 Zeta Func-
tions N). He also constructed, purely algebrai-
cally, the entire theory of fAbelian varieties
independent of characteristic.

Around 1930, 0. Zariski gave another
foundation to algebraic geometry by applying
the generalized +Vauation theory that had
been introduced by Krull. Zariski clarified
especialy the properties of birational trans-
formations by using valuation theory. Zariski’'s
main theorem states that if a birational map-
ping is not tregular at a fnormal point P (-

16 Algebraic Varieties 1), each component of
the image of P by the mapping is of dimension
21

Zariski also solved the problem of freso-
lution of singularities in the affirmative in the
case of characteristic O for varieties of dimen-
sion £ 3. The affirmative resolution of this
problem (which Riemann assumed) says that
any agebraic variety in a projective space can
be transformed birationally to a projective
agebraic variety without singularities. In
1964, H. Hironaka gave an affirmative
answer for any dimension in the case of char-
acteristic 0.

Along with the achievements in agebraic
methods, great development took place in
analytic methods. Unification of the concepts
of Riemann surfaces and fRiemannian mani-
folds led to the concept of fcomplex analytic
manifolds. Furthermore, G. de Rham’s theo-
rem on the duality of topologically defined
homology and cohomology based on differen-
tial forms was proved; aso, W. V. D. Hodge's
theory of tharmonic integrals was developed.
In the case of the complex dimension 1, any
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compact Riemann surface is derived from a
certain projective agebraic curve. However,
the situation is not so simple in the case of
higher dimensions. Weil’s concept of tabstract
complete algebraic varieties can be consid-
ered as an analog of compact complex mani-
folds. If a compact complex analytic variety is
projective, then it must be an algebraic variety
(fChow’s theorem). K. Kodaira proved that a
necessary and sufficient condition for a com-
pact complex analytic manifold to be biholo-
morphically equivalent to a projective ¢com-
plex analytic manifold is that the manifold is
atHodge variety.

Using results on harmonic integrals, J. Igusa
and Well established the theory of +Picard and
tAlbanese varieties associated with agebraic
manifolds of arbitrary dimensions as a gen-
eralization of the theory of fJacobian varieties
associated with algebraic curves (- 9 Alge-
braic Curves E). Thus many ambiguities in
the theory as developed by the Italian school
were clarified. Later the theory was gen-
eralized to the case of characteristic p by T.
Matsusaka, Chow, and S. Lang. The duality
theorem in this case was later proved by M.
Nishi and P. Cartier (- 3 Abdian Varieties
D).

The concept of fsheaves (- 383 Sheaves)
had aready been used in Kodaird s theory.
Serre defined an abstract algebraic variety as a
tringed Space by using an analogy to the con-
cept of complex analytic spaces ; he considered
it as a topological space with respect to the
tZariski topology. By introducing fcoherent
algebraic sheaves, Serre claritied the idea that
classical invariants (such as tarithmetic genus)
may be considered cohomologica quantities
{— 16 Algebraic Varieties E).

A. Grothendieck invented the concept of a
fscheme, which is far more genera than that of
an agebraic variety, by admitting the existence
of *nilpotent elements in structure sheaves and
taking as a coordinate ring a genera commu-
tative ring with unity element. By the device
of taking into account nilpotent elements, an
analog of the method of successive approxima-
tion in analysis is now applicable. By master-
ful use of cohomologica techniques, Grothen-
dieck derived many results, including Zariski's
important theorems.

In the classical case, F. Hirzebruch gen-
erdized the Riemann-Roch theorem to higher-
dimensional manifolds. He made use of the
language of sheaves and some topological
results of A. Borel and R. Thom [S]. Later
Grothendieck generalized the theorem for the
abstract case as well. His idea in this work is
recognized as the origin of 1K-theory.

Every nonsingular complete curve of genus
0 isisomorphic to the projective line, and any
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nonsingular complete curve of genus 1 is iso-
morphic to a projective curve delined by the
equation X3X,=X,(X, -X,)(X, —1X,) for
some A # 0, 1. On the other hand, the set of all
isomorphism classes of nonsingular complete
curves of genus g > 1 is parametrized by a
normal quasiprojective variety of dimension
39 = 3. Such facts were first discussed by Rie-
mann as the problem of moduli.

Concerning the moduli of manifolds of
higher dimensions in the classical case,
Kodaira and D. C. Spencer developed their
theory of tdeformations of complex structures
{— 72 Complex Manifolds G). The meaning of
number of tmoduli is clarified by deformation
theory. Deformation theory has been extended
in various ways, and deformation is considered
as one of the fundamental concepts in alge-
braic geometry.

To investigate the global structure of the
moduli varieties, D. Mumford introduced
geometric invariant theory (- 16 Algebraic
Varieties W).

Etale and crystalline cohomologies initiated
by Grothendieck and others are useful for the
study of algebraic varieties of positive charac-
teristic. In particular, the conjecture made by
WEell concerning fcongruent zeta functions hes
been solved affirmativety by P. Deligne with
the help of étale cohomology [2].

Many important questions have been
answered by means of the geometric theory.
For example, (1) every tvector bundle on A} is
trivial (- 16 Algebraic Varieties Z); (2) there
exist funirational but nonrational fields over C
(- 16 Algebraic Varieties J); (3) the funda-
mental groups of the complements of node-
curves on PZ are commutative (- 16 Alge-
braic Varieties I); (4) the cancellation theorem
holds for AZ (— 15 Algebraic Surfaces H); (5)
whenever the tangent vector bundles are am-
ple, the varieties are P} (— 16 Algebraic Var-
ieties R).
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13 (IV.1 1)
Algebraic Groups

A. Definitions and General Remarks [1,2,8]
Let k be afield and Q atuniversd domain
containing it. An affine algebraic group G
defined over Kk is, by definition, a group G
which has the structure of a (not necessarily
irreducible) falgebraic variety defined over k in
an affine space Q" such that the group oper-
ation (x, y) —x "'y on G isan everywhere
*regular trational mapping defined over k. For
such a group G, the set G, of ail k-trational
points on G is an abstract group. The firreduc-
ible component G, of G (viewed as an a]ge-
braic set) containing the identity element ¢ is
unique and is a normal subgroup defined over
k with finite index in G; the decomposition of
G into (absolute) irreducible components
coincides with that into the cosets of G by G,.
When G = G,, the group G is called connected.
It should be noted that for an algebraic group
G defined over k, acoset gGy is not necessarily
delined over k; and if it is, a representative g
cannot necessarily be taken to be k-rational.
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However, if k isan infinite field and G is con-
nected, and if moreover k is *perfect or G is
treductive, then G, is *Zariski dense in G ([9],
A. Borel and T. A. Springer [30]); hence G is
uniquely determined by ,. (In this case, G, is
sometimes referred to as ak-group.) When

k isattopological tield, G, is a +topological
group with respect to the natural topology de-
fined by that of k, which is generally stronger
than the Zariski topology on G,. For instance,
when k = R, (G,)g isa fLie group with finitely
many connected components.

A subgroup H of an affine algebraic group
G, which is Zariski closed, is an affine alge-
braic group with respect to its natural induced
structure and is called an algebraic subgroup
of G. If Hisdefined over k, then H is k-closed;
the converse is also true when k is *perfect.
(An affine algebraic set A is called k-closed
if Aisacommon zero of aset of polynomial
equations with coefficientsin k. The set A is
k-closed if and only if all irreducible com-
ponents of A are detined over the dgebraic
closure k of k, and for every tGalois auto-
morphism ¢ of k/k, A°= A.) The notions of
homomorphism and isomorphism for alge-
bratc groups can be detined in a natural
manner. For instance, for affine agebraic
groups G and G’ defined over k, arational
bomomorphism ¢ : G - G defined over k or a
k-morpbism for short, is a homomorphism of
G into G’ that is at the same time an (every-
where regular) rational mapping defined over
k. For ak-morphism ¢ of G into G’, the (set-
theoretic) image ¢(G) is a closed subgroup
of G' defined over k, the kernel ¢ ~1(€') isak-
closed subgroup of G, and dim ¢(G) = dim G =
dim ¢! (€'). In particular, when dim G =
dim ¢(G)=dim G’ (or equivaently, when
©(Gy)= Gy and @ ~'(¢') is finite), ¢ is called an
isogeny. (Two groups G and G’ are called
isogenous if there exist athird group G” and
isogenies G"— G, G"—G’) When a k-morphism
¢ is bijective and ¢ ~!is also an (everywhere
regular) rational mapping defined over k, ¢ is
cdled a hirational isomorphism defined over Kk
or ak-isomor phism for short. It should be
noted that a rational homomorphism which
is an isomorphism of abstract groups is
not necessarily an isomorphism of algebraic
groups (e.g., & Frobenius homomorphism); a
similar statement holds for an injective con-
tinuous homomorphism of topological groups.

Given a connected affine algebraic group G
and a closed subgroup H, both defined over k,
the quotient space G/H has the uniquely deter-
mined structure of an algebraic variety defined
over k such that the canonical mapping G—
G/H is separable. The ffunction field of G/H
is then identified with the subfield of the func-
tion field of G formed by all H-invariant ele-
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ments. In particular, if H is a closed normal
subgroup, then G/H has a natural structure of
an affine agebraic group (defined over the
same ground field k) 8,10, 11].

As an example, we have the group G L(n) of
all n x n nonsingular matrices (x;;). GL(n) may
be viewed as an agebraic set in Q***!, defined
by a single equation det(x;} y = 1, and as such
is a connected agebraic group defined over
the fprime fidd. In generd, an agebraic group
reahzed as a closed subgroup of GL(n) is called
a linear algebraic group. Since an dfine alge-
braic group is always isomorphic to a linear
algebraic group, these two terminologies are
essentially synonymous [1,2].

B. Generalization of the Definition

Replacing the term affine algebraic set (or
affine cariety) in the definition of an affine
algebraic group by a more genera term *alge-
braic variety, we obtain the notion of an
algebraic group (algebraic group variety, or
smply group variety). On this subject, the
following facts are fundamenta. A tcomplete
connected agebraic group is an Abelian
variety (— 3 Abelian Varieties). More gener-
ally, given a connected agebraic group G
defined over k, there always exists a (k-closed)
largest linear connected closed norma  sub-
group L, and the factor group G/L is an
Abelian variety. Furthermore, for a closed
normal subgroup H of G, the factor group
G/H iscomplete if and only if H> L (Che-
valley's theorem [81). In particular, if acon-
nected algebraic group G is complete and
linear at the same time, then G reduces to the
identity group. In view of these theorems, the
study of algebraic groups can be reduced, in a
sense, to the study of Abelian varieties and
linear algebraic groups. For this reason, we
henceforth restrict ourselves to linear algebraic
groups, which are simply called algebraic
groups. (The notion of *generalized Jacobian
variety, introduced by M. Rosenlicht [12], is
an example of an agebraic group in a genera
snse — 9 Algebraic Curves.) The notion of
algebraic groups has been generahzed further
to that of tgroup schemes by A. Grothendieck

[3.4].

C. Lie Algebras

Since an agebraic group G defined over k has
no singularities, the ftangent space g to G at
the identity element ¢ is detined and has the
same dimension as G : dimg = dim G. The space
g can be identified in a natural manner with
the space of all left-invariant *derivations of
the function field of G, and thus has the struc-
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ture of a Lie algebra defined over k (— 248 Lie
Algebras). We call g (the Lie dgebra g, over k
of all k-rational pointsin g) the Lie algebra of
G (of the k-group G,). If G is a linear algebraic
group contained in G L(n), then g, is aLie
subalgebra of gl(n, k) with the Lie product
defined by [x, y] = Xy = yx; alinear Lie agebra
corresponding to a linear algebraic group is
caled an algebraic Lie algebra. When the
characteristic of k is zero, conditions for a
linear Lie agebra to be agebraic can be given
in terms of the replica [5]. Also, in the case of
characteristic zero, for x €gl(n, k), xe g, if and
only if exp(tx)e G, where t is avariable over K
and exp(tx) is understood as a tformal power
series in t (contained in Q). From this, we can
prove, exactly as in the theory of Lie groups
{— 249 Lie Croups), a one-to-one correspon-
dence between k-closed subgroups H of G and
agebraic Lie subalgebras 1y, of g,, establish-
ing a complete paralelism of the theories of
algebraic groups and Lie algebras [5]. This
parallelism breaks down when k has positive
characterigtic [1, 2]. On the other hand, over a
field of characterigtic p > 0, we have formal
groups, an analog of locd Lie groups intro-
duced by J. Dieudonné [ 137, and aso thyper-
algebras, which play the role of Lie agebras in
characteristic 0.

D. Tori [1,2]

The group G,, = GL(1), the multiplicative
group of nonzero elementsin Q,isal-
dimensiona connected algebraic group defined
over the prime field. In genera, an agebraic
group G that is isomorphic to the direct prod-
uct (G,,)" is caled an (algebraic) torus. When a
torus G defined over k isisomorphic to (G,)
over an extension K of k, G iscaled K-trivial
(or K-split), and the field K is caled a splitting
field for G. A torus G defined over k always has
a splitting field K which is a finite separable
extension of k.

In general, a rational homomorphism y of
an algebraic group G into G, is called a char-
acter of G. If we define the sum of two charac-
ters y; and x2 of G by (11 +12)(9)=1,(9) 12(9)
(g € G), the totality of characters of (G isan
additive group, called the character module of
G and denoted by X(G). Let G be a torus
defined over k and X =X(G) its character
module, and let K be a splitting field for G
that is a finite fGalois extension of k. If a K-
isomorphism G =(G,,)" is given by the corre-
spondence G3g-(y,(g), ,1.(¢9)), then the 1
are characters of G, and X is a *free module of
rank n generated by x;. ... ,%,. Furthermore, if
I' denotes the Galois group of K/k, then for
ae I'and ye X, the conjugate y° is also achar-

acter of G; under this action of I", X becomes a
right f-module. We have complete duahty
between a torus G and its character module X
in the following sense. There exists a one-to-
one correspondence between the closed sub-
groups G, (defined over k) of G and a (I'-
invariant) submodule X, of X for which X/X,
has no p-ttorsion (where p is the character-
istic of k). This correspondence is determined
by the relation of the annihilators X, = G{,

G, =X, and under the correspondence the
character modules of G, and of G/G, are
canonically identiiied with X/X, and X,,
respectively. Furthermore, let G’ be another
torus (defined over k and split over K) with the
character module X', and suppose that we
have a (k-) homomorphism ¢: G—(’. Then we
can define a (I'-) homomorphism ': X' X,
caled the dual homomorphism of ¢, by the
relation 'p(y') = ¥ o ¢ for y'e X’; conversely,
any (I"-) homomorphism of X’ into X is ob-
tained uniquely in this manner. In particular,
¢ isa(k-) isomorphism if and only if its dual

‘¢ is a (I'-) isomorphism. Since for any free (I'-)
module X of finite rank there always exists
atorus (G (defined gver k and split gyer K)
such that X(G) = X (as a special case of the
existence theorem of k-forms), the fcategories
of all tori (defined over k and split over K) and
that of all free (I"-) modules of finite rank are
mutually dual.

E. Semisimple Elements and Unipotent
Elements

A matrix g is caled fsemisimple if it is diago-
naizable, i.e., if the tminimal polynomia of 4
has only simple roots. A matrix ¢ is called
tunipotent if ¢ 1isnilpotent, i.e., if all charac-
teristic roots of ¢ are equal to 1. (When the
characteristic of the ground field is zero, the
unipotent elements u in GL(n, k) and the nilpo-
tent elements x in gl(n, k) are in one-to-one
correspondence by the relation 4 = expx.) Any
nonsingular matrix a can be written unicquely
as a product of a nonsingular semismple ma-
trix @ and a unipotent matrix &' of the same
size which are mutually commutative: a =
ua’ = a"d (fmultiplicative Jordan decompo-
sition); o’ (@) is called the semisimple (unipo-
tent) part of a and is denoted by q, (a); a, can
be expressed as a polynomial of the matrix a
with scalar coefficients. For an element a of a
(linear) algebraic group G, the semisimplicity
(unipotency) of a does not depend on the
matrix representation of G. Moreover, these
properties are preserved by homomorphisms
of algebraic groups. Also, if ge G, then a, a,e
G.

For an algebraic group G, we denote the
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totality of semisimple (unipotent) elements
contained in G by G, (G,) and call it the semi-
smple (unipotent) part of G. (Note that (. and
G, are not necessarily subgroups.) A torus G is
then characterized by the property that G =

G, = G,. On the other hand, an algebraic group
G such that G =G, iscdled unipotent. For
instance, the additive group of the universal

domain,
xe Q},

a5 1)

isal -dimensional connected unipotent alge-
braic group.

F. Solvable Groups and Nilpotent Groups
[1,2,7,9]

For two closed normal subgroups H,, H,
(deiined over k) of an agebraic group G, the
fcommutator group [H,, H,] (in the sense of
abstract group theory) is aso a closed normal
subgroup (defined over k) of G. In view of this
fact, an algebraic group G is caled solvable
(nilpotent), when it is fsolvable (inilpotent) &
an abstract group. For example, the totality
T(n) of nx nnonsingular upper unipotent Ma-
trices, 1.e., matrices of the form

(’ * " *k \

, is a connected solvable algebraic

s
group. A unipotent algebraic group is always
nilpotent.

For any connected solvable algebraic group
G <= GL(n), there aways exists an element ain
GL(n) such that a™! Ga < T(n) (LieKolchin
tbeorem [ 1,2]). A connected solvable algebraic
group G has atcomposition series G = G, G,
o+ 2 G, = {e} such that each G, is a connected
closed normal subgroup of G and G;_,/G;
is isomorphic to either G, or G,. If G is de-
fined over k, the subgroup G, is a connected k-
closed normal subgroup of G, and for any
maximal torus T in G, we have a decompo-
sition into a fsemidirect product G = TG, (in
the sense of agebraic groups, i.e., the natural
map 7' x G,—G is birationa). Tt is known
that for any algebraic group G defined over k
there exists a maximal torus defined over k
{[4]. A. Borel and T. A. Springer [30]). G is
nilpotent if and only if G has a unique maxi-
mal torus T; when that is so, T=G, and T is
contained in the fcenter of G. For a connected
solvable algebraic group G defined over k, we
can take a € GL(n, ¥ such that ¢! Ga < T(n)
(see the Lie-Kolchin theorem) if and only if all
characters ye X (() are defined over k; when
this condition issatisfied, G is caled k-solvable.
G, is then defined over k, and G/G, isa k-
trivial torus.

13 G
Algebraic  Groups

When the characteristic of k is zero, any
commutative unipotent algebraic group (de-
fined over k) is (k) isomorphic to the direct
product (G,)" When k is an algebraically
closed field of characteristic p > 0, any con-
nected commutative unipotent algebraic group
defined over k is k-isogenous to a direct prod-
uct of a certain number of the groups W,, of
*Witt vectors (of length m) (Chevalley-Chow
theorem [ 12]). A 1 -dimensional connected
unipotent algebraic group detined over a per-
fect field k is k-isomorphic to G, [ 1,2].

G. Borel's Theory

Let G be an agebraic group and V' an alge-
braic variety (both defined over k). We say
that vis atransformation space of G (defined
over k), or simply G acts on ¥, if there is given
an everywhere regular rational mapping G x
V3(g,v)—gve V (defined over k) such that
9:1(g,0)=(g,9,)v, ev=v(g,,9,€G,ve V). When
the action of G on V is *transitive, V is caled a
thomogeneous space Of G. For a closed syub-
group H of a connected agebraic group G
(both defined over k), the quotient space G/H
has the natura structure of a homogeneous
space of G (deiined over k). A. Borel [ 1,2]
proved the following theorems:

(1) If G is a connected solvable agebraic
group and Va complete transformation space
of G, then G has at least one fixed point in v.
More precisely, in order that a connected
agebraic group G defined over k be k-solvable,
it is necessary and sufficient that for any com-
plete transformation space vV of G defined over
k for which I, # ¢4, G have at least one k-
rational fixed pointin v [9].

(2) Let G be a connected agebraic group. A
maximal connected solvable closed subgroup
of G iscaled aBorel subgroup of G. Then (i) all
pairs (T, B) formed by amaximal torus T in G
and a Borel subgroup B containing it are con-
jugate to each other with respect to inner auto-
morphisms of G. (ii) For a closed subgroup
H of G, the quotient space G/H is complete
if and only if H contains a Borel subgroup
of G; and, when that is so, G/H is actually a
tprojective algebraic variety. (For instance,
if G=GL(n), B =T(n), then G/B is a so-called
tflag manifold.) (i) The conjugates of B(T)
cover the whole group G (G,). A closed sub-
group of Giscaled parabalic if itcontains
a Borel subgroup of G. A parabolic subgroup
H coincides with its own tnormalizer N(H); in
particular, H is always connected. Parabolic
subgroups are significant in the theory of
automorphic functions. (For the parabolic
subgroups associated with BN-pairs — Sec-
tionsQ,R.)
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When G is a connected algebraic group
detined over a perfect field k, proposition (i)
can be sharpened: The pairs (A, H) formed by
a maximal k-trivial torus A in G and a maxi-
mal connected k-solvable subgroup H con-
taining it are conjugate to each other with
respect to the inner automorphisms detined by
elementsin G,. The normalizer N(H) of such a
k-solvable subgroup H is a minimal k-closed
parabolic subgroup of G. When the maximal
connected k-solvable subgroups of G are re-
duced to the identity group, G is called k-
compact or k-anisotropic. (Otherwise, G is
caled k-isotropic.) For instance, the tortho-
gonal group G = §O(n, f) of a fquadratic form
f of n variables is k-compact if and only if the
form f is anisotropic, i.e., the homogeneous
equation f'= 0 has no solution other than
zero in k. Similar facts hold for other classi-
cal groups. When k is a tlocal field, G is k-
compact if and only if G, is compact as a
topological group. In general, a k-compact
group is *reductive.

H. The Weyl Group

Let G be a connected agebraic group and Q
an arbitrary torus in G. The fcentralizer Z(Q)
of Q is then connected and coincides with the
connected component of the normalizer N(Q).
Hence the factor group W= N(Q)/Z(Q) is finite
and can be identified with a subgroup of the
automorphism group of Q (or of its character
module X(Q)) in a natura manner. The group
W iscalled the Weyl group of G relativeto Q.
In particular, when Q = T (a maximal torus),
the order of W is equal to the number of Borel
subgroups containing 7. In this case, the cen-
tralizer C = Z(T) is called aCartan subgroup of
G; it is characterized by the property that C is
a (maximal) connected nilpotent closed sub-
group of G which cotncides with the connected
component of its own normalizer N(C). The
notions of Borel subgroups, Cartan subgroups,
and maximal tori are preserved under rational
homomorphisms of algebraic groups.

1. Semismple Groups and Reductive Groups

In an agebraic group G defined over k, there
exists a largest connected solvable closed
normal subgroup R, called the radical of G.
The unipotent part R, of R is called the unipo-
tent radical of G. When R = {¢}, G is cdled
semisimple. WhenR is atorus, namely, R, =
{¢}, Giscalled reductive. Semisimplicity and
reductiveness are preserved under forming a
direct product and taking the image (or in-
verse image) of an isogeny. For a reductive
group G, the +commutator subgroup D(G) is
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[ ]
semisimple, and G = D(G)- R, D(G) NR = finite;
in other words, G is isogenous to the direct
product of a connected semismple agebraic
group and atorus. In generd, if R isthe rad-
ical of a connected algebraic group G and R, is
the unipotent radical of R, then the factor
groups G/R, G/R, are semismple and reduc-
tive, respectively. Furthermore, if the charac-
teristic of the field k is zero, there exists a
reductive closed subgroup H of G such that G
decomposes into a semidirect product G =
H- R, (Chevalley decompostion [5]). (In this
case, R and R, are k-closed, and H can be
taken to be k-rational; such an H is unique up
to inner automorphisms defined by elements in
G,.) Also in the case of characteristic zero,
reductive algebraic groups are characterized
by the property that all rational representa-
tions are completely reducible. But when k
has the characteristic p >0, this property char-
acterizes tori (M. Nagata).

J. Root Systems  [1,2,14]

Let G be a connected semisimple algebraic
group, T a maximal torus, and X =X(T) its
character module. A character xe X is caled a
root of G relative to T if there exists an jso-
morphism x, of G, onto itsimage in G such
that

tTIx (Ot=x,(a)) for all feG,, teT

For aroot «, such an isomorphism x, is
uniquely determined up to a scalar multipli-
cation in G,; hence we put P, = x,(G,).

If we denote by r the totality of roots (rela-
tive to T), 1 satisfies the following axioms,
where E = X ® Q and E* is the *dual space of
E with respect to the inner product ( ): (i) For
each o e 1, there corresponds «* € E* such that
(¥ ap=2and {a* B)eZ for all fer. (i) If we
define areflection w, of E by

wx=x—<a*x>u for xekE,

then w,fex for all fer. (In particular, w,a=
—aer.) (iii) If a Ber are linearly dependent,
then ff = +a. (iv) If dim E = r, r containsr
linearly independent elements.

In generd, a finite subset y in a finite-
dimensional vector space E over Q satisfying
the axioms (i)—(iv) is caled a root system ink.
(This root system is sometimes said to be
reduced, to distinguish it from the root system
defined in Section QQ, which does not satisfy
axiom (iii).) For aroot system r, the elements
a* of E* corresponding to aet are uniquely
determined by these conditions, and the set
t* = {o*} isaroot system in E* (a* gr* is
caled a coroot). Also, the group W of linear
transformations of E (E*) generated by w,
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(w,«) With ger is finite and is called the Weyl
group of theroot systemr, If we identify E*
with E by means of any W-invariant (positive
definite) metric on E, then a =(2/{x, «))a.
When r is aroot system of a semisimple alge-
braic group,

(a*,yyeZ forall aer, yeX, (1)

so that X is W-invariant, and the Weyl group
of the root system r ¢an be identified with the
group N(T)/Z(T) of Section H. (In generd, a
maximal torus in a connected reductive alge-
braic group coincides with its own centralizer,
so that the Weyl group W can be identified
with N(T)/T)

When a flinear ordering (compatible with
the addition) is given in E, we denote by r, the
set of all positive rootsinr. An element cer,
iscaled asimpleroot if it cannot be written as
a=o'+a" witho', a"er, . fA={oy, ..., 2} is
the totality of (distinct) simplerootsin ¢, , the
elements «,, , «, are linearly independent,
and any root ¢er can be written uniquely in
theforma=+ X!, ma;, withm,e Z,m; > 0. In
general, a subset A of r having this property is
cdled afundamental system; afundamental
system is aways obtained in the manner gx-
plained from a linear ordering on E. For a
fundamental system A, the cone A, in E*,
defined as the set of x in E* satisfying the
inequalities {o;, X) >0 (1< i< r),iscaled a
Weyl chamber. If we denote by L, the hyper-
plane defined by the linear equation {x, x) = 0
for aroot a, then E* ~ | J,o. L, = | JsAs, and W
acts Tsimply transitively on the set of all Wey!
chambers {A,}. The Weyl group W is gen-
erated by r reflectionsw, (1<i<r).

In a semisimple agebraic group G, Borel
subgroups B containing a (fixed) maximal
torus Tare in one-to-one correspondence with
the fundamental systems A (or r+) relativeto T
by the relation B, = I1,.., P,, where P, = x,(G,).
(More precisely, every element in B, can be
written uniquely as a product of the elements
in P,, where the ordering of the P, is taken
arbitrarily.)

K. Bruhat Decomposition

If we take a representative s, of we Win N(T),
there is a decomposition G = J,.w Bs, B
(digoint union). Furthermore, if for w € Wwe
put N, = I, nwe, P, @nd in particular N =
N, = B,, and denote by w, the unique element
in W guch that wyA= -A, then the element
in Bs,, B can be written uniquely as a product
of elementsin N, s, T, N. Hence we have
G= {J N, suT"N,

weW

which is caled a Bruhat decompostion of G. In
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particular, if we put N' =5, ~'Ns, (whichis
the unipotent part of the Borel subgroup cor-
responding to -A), then N'TN is a Zariski
open set in G, and the natural map N’ x T x
NG is birational. This implies that the
function field of G isrational (i.e., tpurely
transcendental over Q).

L. Structure of Semismple Groups

A subset r, of aroot systemr is called a closed
subsystem if vy, N1 = r;, where t, , denotes the
submodule of X generated by r; A closed
subsystem satisfies conditions (i), (i), and (iii)
of aroot system. For a closed subsystem r, of
aroot system r of a semisimple algebraic
group G, the subgroup G(r,) of G generated by
the P, (¢ e 1 ,) isasemisimple closed subgroup
with @ maximal torus T, =(G(x,)N T),, of
which the root system relative to T, coincides
with the restriction of r, on T, and the coroot
system can be identified with rf = {x*|aex,}.
The subgroup G(x,) is normal if and only if
r—r, iSalso aclosed subsystem; when thisis
0, G=G(ty) G(r—1,), G(r,)NG(r —r,) =finite.
All connected closed normal subgroups of G
are obtained in this manner. In order that G
be smple (sometimes cdled ahsolutely simple
or almost simple) as an algebraic group (i.e,
without proper connected normal subgroups),
it is necessary and sufftcient that t be irreduc-
ible (i.e., r cannot be decomposed into a dis-
joint union of two proper closed subsystems).
In general, a root system r can be decomposed
uniquely into the disjoint union r = r, UU 1,
of irreducible closed subsystems ¢, such that

1, UUr, (1€i <9 are also closed subsystems,
correspondingly, G is isogenous to the direct
product G, X X G, of (absolutely) simple
agebraic groups G, = G(r,). (G is actualy a
direct product if it is simply connected or an
adjoint group.) The subgroups @, are deter-
mined uniquely and only by G.

M. k-Forms [15]

Let K be an extension of k and G, an alge-
braic group defined over K. An algebraic
group G defmed over k is caled a k-form

of G, if there is a K-isomorphism { of ¢ onto
G,. Suppose further that K/k is finite sepa-
rable, and for every Galois automorphism

o of k/k, put ¢, = f?0 f'. Then ¢, is an iso-
morphism of G, onto (9, and the ¢, satisfy
the relation ¢: 0 ¢, = @,,. Conversely, given
a collection of isomorphisms { ¢,} satisfying
these conditions, there always exists a k-form
G (with a K-isomorphism f onto G, such
that ¢,=f°0 /"), which is unique up to k-
isomorphism (Weil). In particular, if K/k isa
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finite Galois extension with Galois group T,
then { ¢,} is a (continuous) *1-cocycle of I"in
Autg(G,) (the group of all K-automorphisms
of G,), and by the above correspondence the k-
isomorphism classes of k-forms G are in one-
to-one correspondence with the (continuous)
1-*cohomology classes of the cocycle {@,}(in
the cohomology set H'(T, Auty(G,))) (- 172
Galois Theory J)

To agiven finite separable extension K /k of
degree d and an agebraic group G, defined
over K of dimension #, we can associate a
certain algebraic group R, (G,) defined over k
of dimension dn, which is obtained from G, by
restricting the ground field [ 19]. A more pre-
cise definition is as follows. Let {a,, 0, ., 6,4}
(6, = 1) be a set of automorphisms of k/k such
that a; K( 1<i<d) areall distinct. Then one
can find ak-form G of G, = []2, G¢i with an
isomorphism f: G—G, such thaI G, =f"of !
isgiven by ¢_{(x,)) = (x;s), where i is defined
by the relation (6,0) K=0;s K. If wedenote
by p, the canonical projection of G, onto its
first component G, and put p = p, o f, then the
pair (G, p) is uniquely characterized (up to k-
isomorphism) by the following universality
property: If ' is any agebraic group defined
over k and ¢ is a K-morphism of ¢’ into G,,
then there exists a (uniquely determined) k-
morphism ¢ of G’ into G such that ¢ = p o é.
The group (; (together with p) is denoted by
RK +(Gy). For the group of rational points,
G G, - When the agebraic group G, has
some addmonal structure (such as that of
tvector space, falgebra, €tc.), then Ry, (G))
automeatically has the same kind of additional
structure.

N. Chevalley’s Fundamental Theorems

Let G, G' be connected semisimple algebraic
groups, and let T( T") be a maximal torus in
G(G'), X(X") its character module, ¢ (') a root
system of G (G') relative to T (T'), ec. If we
have an *isogeny ¢ of G onto G’ such that
<p(T) =T, then thereis abijection a—«" of t
onto t’ such that (') = g,2, where i is the
dual homomorphism of ¢ T and ¢, is a posi-
tive integer, which equals 1 if the characterigtic
is zero and is a power of p if the characteristic
is p > 0. Conversely, any injective homomot-
phism y : X'— X satisfying this condition (with
respect to a certain bijection t—1" and g,)
cornes from an isogeny ¢: G— G’ in the mannet
aready stated. In particular, ¢ is an isomor-
phism if and onIy if 1 is an isomorphism such
that y(t')=t (ie, g,=1for allaer)[7]. The
isomorphism class of G is thus completely
determined by the pair (X, r), so that we some-
times write G = G(X, r). A connected semi-
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simple algebraic group G defined over k is
called of Chevalley type over k(or k-split) if
there exists a k-trivial maximal torus T in G. If,
in the above theorem, G and G’ are of Cheval-
ley type over k and T'and T are k-trivial, then
the theorem remains true if we replace isogeny
by k-isogeny. In particular, the k-isomorphism
class of a connected semismple agebraic
group of Chevalley type over k iscompletely
determined by (X, r). Chevalley also showed
that, for any pair (X, r) satisfying condition (1)
above, there exists a connected semisimple
agebraic group G(X, r) of Chevalley type
defined over the prime field. Therefore, since
the classification of semismple algebraic
groups of Chevalley type is reduced essentialy
to that of root systems (X, r), it turns out that,
over any ground field k, there exist as many
connected simple algebraic groups of Cheval-
ley type as connected sSimple complex Lie
groups (— 249 Lie Groups; Appendix A, Table
51).

For a given semisimple agebraic group
G =G(X,r)ddined over k, put X, =1, (=
the submodule of X generated by t), X° =
{xeF|{a* x)eZ for all xer}. Then we have
natural isogenies G(X°,1)—G(X,1)>G(X,, 1)
(with g, = 1), all of which can be taken to be
defined over k. The group G(X°, 1) (G(X,, 1)) is
cdled the smply conmected group (the adjoint
group) isogenous to G. When the characteristic
of k is zero, these isogenies (which are aready
known in the classical theory of complex Lie
groups) are essentially the only possible iso-
genies among the semismple algebraic groups.
But when the characteristic is p > 0, there are,
in addition to these, the Frobenius homo-
morphism (with g, = p) and the following
“singular” isogenies (for which ¢, = 1 or p de-
pending on a): B,2C,, F,—»F,(p=2), G,—~G,
(p = 3). In particular, when k is a finite field,
taking the set of fixed points of the singular k-
isogenies, we obtain the simple finite groups of
M. Suzuki and R. Ree (- 151 Finite Groups).

0. Classification Theory

A connected semisimple agebraic group G
defined over k iscalled k- (almost) simple if
there is no proper connected closed normal
subgroup of G defined over k. (When G is k-
simple and k-split, the factor group D(G,)/
center is an abstract simple group except for
afew special cases [ 17]. For more general
results — Section Q.) For a k-simple agebraic
group G, let G, be any one of its absolutely
simple components, and let k, be the smallest
field of definition for G, containing k. Then
k,/k isafinite separable extension, and G is k-
isogenous to R, ,(G,). Hence the problem of
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classifying all k-simple groups (up to isogeny)
is equivalent to that of tinding al] k,-forms of
simple groups of Chevalley type. This latter
problem can be reduced, in principle, to the
classification of compact k,-forms and that of
certain diagrams (i.e., "Dynkin diagrams along
with an action of the Galois group) [ 16], J.
Tits {30] (- Appendix A, Table 5.1). For
instance, when k is a linite field (or, more gen-
erdly, afield of dimension < 1 [ 15}), thereis
no compact k-simple group; hence, using a
simple classification theory of the diagrams,
we can show that the only absolutely simple
agebraic groups G deiined gyer k are either of
Chevalley type or of the types introduced by
R. Steinberg (denoted by 24,, °D,, 3D,, ®D,,
2E,). Connected semisimple algebraic groups
composed of the groups of these types are
characterized by the property that they have a
Borel subgroup defined over k. Such groups
are said to be of Steinberg typeover k (or k-
quasi-split). Absolutely simple algebraic groups
over a *p-adic lield have been classified by M.
Kneser and J. Tits [30,31]. When the charac-
teristic of k is not equal to 2, the classification
of simple groups of classical type (except for the
type D,) is known to be equivalent to that of
semisimple fassociative algebras with tinvo-
lution [ 18]. A similar relation also holds be-
tween some of the exceptional simple groups
and *Cayley algebras or tJordan agebras (H.
Hijikata, T. A. Springer, J. Tits).
The following is a Jjst of absolutely simple
agebraic groups of classical type.
1 kforms of SL(n) (n = 2.
11. Gy =SL(m, 8) = {ge M, (R) | N(9)=1},
where K is a fcentral division algebra
over k with (R:k)=r? n=mr, and N
denotes the treduced norm in M,,(R).
12.G, =SUm K, f)={geSL(m, R)|
Slgx,gy)=1(x, ) for x, ye K™}, where
R is a central divison agebra over a
guadratic extension k* of k with an in-
volution ; of the second kind (which
means that {Cek'|¢'=¢}=k), (K k)=
r?, n=mr, and { is a (nondegenerate)
tHermitian form of m variables over
& with respect to the involution j,
I1. k-forms of SO(n) (n=3, n #4), Sp(n) (n
even, n = 2.
G =SU(n, K, f), where & is a central
division algebra over k with an involu-
tion ; of the first kind (i.e., such that
{Eek|&=¢E =k), (R:k)=r* n=mr,
and f is a nondegenerate c-Hermitian
form of m variables gyer & with re-
spect to the involution ;. In this case,
dim{leK |&'=¢) =r(r+ey)/2 with gy =
1 1,and Gy is ak-form of SO or Sp
according as ce, = 1 or = 1. (§O(8) may
have other k-forms coming from the so-
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called triality.) The case where the
characteristic of k is2 can also be dis-
cussed by a method given by J. Tits
(Inventiones Math. 5, 1968).

When k is a loca field or an algebraic num-
ber field, the only central division algebra with
an involution of the first kind is a fquaternion
agebra (and, if ; is the “canonical involution,”
theng,=  1).

P. Algebraic Groups over an Algebraic
Number Field

Let G be a connected algebraic group detined
over an agebraic number field k of finite de-
gree. Let {v} be the totality of prime divisors
(i.e, equivalence classes of valuations) of k.
Taking the frestricted direct product of a
family of locally compact topological groups
{ Gy}, we obtain a locally compact topological
group G, called the adelegroup of G[19] (- 6
Adeles and Ideles). In particular, when G =
G,,, the adele group 7 = (G,,), is exactly the
*fidele group introduced by Chevalley in class
field theory. If we identify xe G, with an

adele whose components are all equa to x,

G, becomes a discrete subgroup of G,.

Concerning the tiniteness property of G,/G,,
the following results have been obtained
[21,22]: A character ye X,(G)( = the module
of all k-rational characters of G) gives rise
to a (continuous) homomorphism y,: G,—
I1=(G,).. Put G4={geG,||z,(g)|=1 forall
%€ X,(G)}, where || is the standard norm in 1.
Then GY is tunimodular, and the quotient
space G%/G, is of finite volume with respect to
the (unique) invariant measure on it. G%/G,
(G4/G,) is compact if and only if the semi-
simple part G/R (the reductive part /R ) of G
is k-compact. From the arithmetic point of
view, it is important to determine explicitly the
volume of GY/G, with respect to the invariant
measure normalized in a certain manner; such
avolume iscalled the Tamagawa number of G
and is usually denoted by 7(G) [19,23]. For
instance, Siegel’s formulas on the volume of
the fundamental domain of the unit group of a
quadratic form f gver k are essentially equiva-
lent to a theorem on the Tamagawa number
stating that t(SO(f))=2.

Let p be the fring of integersin k and L an
o-lattice in the vector space on which G is
acting. We can define in a natural manner an
action of G, on the set of all o-lattices; then the
orbit G, L (G, L) of L with respect to G, (G,) is
called the genus (class) of L. The fstability
subgroup G, , of Lin G, is open, and the
double coset space G, ;\G,/G, is finite (fi-
niteness of the ¢lass number). Moreover, let
{v,,, v} be the totality of finfinite prime
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divisors of k, and put G, = [1;-; G.. Then G,
is a Lie group, and the canonical prbjection
G,on G, of G4, c G, isadiscrete subgroup of
finite type. (In general, (discrete) subgroups of
G, which are *‘commensurable with G, are
caled arithmetic subgroups.) Asin the adele
case, ye X,(G) gives rise to a (continuous)
homomorphism .. : G, »(R "}, and if G% =
{9€G, |1.(g)]=1}, then the quotient space
G%/G, is of finite volume. Moreover, G% /G,
(G, /G,) is compact if and only if G%/G, (G,/G,)
is compact.

In addition to these, the tapproximation
theorem and the tHasse principle are also
extended to (classical, or general) agebraic
groups (M. Eichler, M. Kneser, G, Shimura,
Hijikata, Springer; — [30]).

Q. Structure of Reductive Groups [24]

Let G be a connected treductive group defined
over afield k. Then G has a fmaximal torus
defined over k and G is *split over a finite
fseparable extension K of k. The structure of
the group Gy can be discussed as in Sections 1,
J, K, and L. Here, we discuss the structure of
G,, ie., atk-form of G,.

Let § be a maximal k-split torus of G, i.e, a
k-subtorus of G that is k-split and maximal
with respect to these properties. Any two such
tori are conjugate over k 1.e., by an element of
G,. Their dimension is called the k-rank of G.
To say that G is of k-rank zero is equivalent to
saying that G is tk-anisotropic. The centralizer
Z=27,9) of Sin ¢ is areductive k-group,
and its derived group is k-anisotropic. Let
N = N,(S) be the normalizer of §in G. The
*Weyl group W= N/Z relative to § is caled
the k-Weyl group of G. A k-root of G with
respect to S is a nontrivial character of S that
appears when one diagonahzes the represen-
tation of Sin the +Lie algebra g of G, S operat-
ing via adjoint representation. Denote by ,x
the set of all k-roots of (; with respect to S.
There is a decomposition of the Lie agebra g
of G:g=go+ X, 8, Where g, = { X eg|Ad(s) X
=a(s)X for all s£S). Then g, isthe Lie alge-
bra of Z, and there is a unique unipotent k-
subgroup P, of G normalized by S such that its
Lie dgebrais g,. The set ,r isa froot system in
a suitable Euclidean space whose Weyl group
isisomorphic to , W; if G is k-split, ,r is the
ordinary root system, and the P, are asin
Section J. In general, ,r need not be reduced
(i.e,, axiom (iii) in Section J need not be satis-
fied), nor should dim g, = dim P, always be 1.

A closed subgroup of G defined over k
which is minimal among the parabolic sub-
groups of G iscalled a minimal paraholic k-
subgroup of G. (If G is k-split, aminimal para-
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bolic k-subgroup is a *Boret subgroup of G.)
Any two minimal parabohc k-subgroups are
conjugate to each other over k. If P is one such
subgroup, then there exists a maximal k-split
torus S such that P is the semidirect product
of the reductive k-subgroup Z = Z,(S) and the
tunipotent radica U = R,(P) of P. The ex-
pression P = ZUis cdled a Levi-decomposition
of P, and Z is called a Levi-suhgroup of P. Any
two Levi-subgroups of P are conjugate by an
element in U,. There is an ordering of ,x such
that P is generated by Z and P, with ¢ > 0. The
minimal parabolic k-subgroups containing a
given maxima k-split torus § correspond to
the *Weyl chambers of ,x. They are permuted
simply transitively by the Weyl group ,W.

Fix an ordering of ,r, and let A be the ffun-
damental system of ,r with respect to the given
order. For any subset {) of ,A, denote by P, the
subgroup generated by Z = Z,(S) and P,,
where 7 is a linear combination of the roots of
L inwhich al roots not in ¢ occur with a
coefficient > 0. Then PH contains P and, in
particular, P, = P. P is caled a standard para-
bolic k-subgroup of G containing P. Any para-
bolic k-subgroup of G is conjugate over k to a
unique P,. If S, is the identity component of
(Vacolkera), then S is ak-split torus of G and
Py = Z(Sp)R,(Py). This shows that any parabohc
k-subgroup of G has a Levi-decomposition
and its Levi-subgroups are conjugate to each
other over k. Let P be a minimal parabolic k-
subgroup of G containing a maximal k-split
torus S. Put U= R,(P), Z=2,S),and N =
N,(S). Then, N = N, Z, so G, is the digjoint
union over W of double cosets Uyn,, P, (we
W), where n, is a representative in N, of
we, W. More precisely, if we, W, there exist
two k-subgroups U, and U?, such that U =
U, x Uy, (product of k-varieties), the map
U, xP— Un,,P sending (X, y) onto xn,,y isan
isomorphism, and

(G/Py=Gy/P= | ml(U)),

we W
where 7 is the projection G—G/P. Thisis
called arelative Bruhat decomposition. If G is
k-split, this gives an ordinary Bruhat decom-
position (— Section K). If § is a subset of | A
let W, be the subgroup of W generated by
reflections defined by the s in 0. If 0, ¢ are
subsets of ,A, then there is a bijection of dou-
ble cosets

(Po)k\Gk/(Pe')k = We\k W/We'-

(Note that all these properties follow from the
fact that (P,, N,) is a BN-pair in G,; — Section
R)

If G isk-isotropic, let G* be the subgroup of
G, generated by all U,, where U runs over the
unipotent radicals of the minimal parabolic k-
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subgroups of G. Kneser and Tits conjectured
that when G is semisimple and simply con-
nected and k arbitrary, G, = G*. Platonov
showed that this conjecture fails for some k-
formsof SL, (N> 2), but it istruein many
cases, e.g., when G is tk-split or tk-quasi-split
(J. Tits, Sém. Bourbaki 29e, no. 505, 1976677).
In this casg, if G is simple as an algebraic
group and the cardinality of k is> 4, then
G,/Z(G,) is smple as an abstract group. The
connected semisimple agebraic k-groups over
a finite field k are k-split or k-quasi-split (—
Section Q). J. Tits has given a reduction pro-
cess for classifying the groups over an arbi-
trary field k. He defined the index of the k-
group (to a certain extent a generalization of
Witt's theorem characterizing a quadratic
form by means of its index and anisotropic
kernel) and gave all possible indices of the k-
groups and also a complete list in the case of
local tield (J. Tits[30,31]).

R. Buildings and BN-pairs [25]

The origin of the notations of buildings and
BN-pairs lies in an attempt to give a systema-
tic procedure for the geometric interpretation
of the semisimple Lie groups and, in partic-
ular, the exceptional groups. The theory has
various applications to the groups of Lie types.
To describe this precisely, we must introduce a
number of detinitions.

A complex A is a set with an order relation
, read “is a face of” or “is contained in” such
that for a given element A, the ordered subset
SA) of ai] faces of Aisisomorphic to the set of
all subsets of a set. The subset SA) of A is
caled asimplex in A. A complex has a smallest
element, which we denote by 0. For an element
A, the number rk A of minimal nonzero faces
of Aiscalled therank of A. Definerk A =
sup(rk A| AeA). A morpbism o: A—A’ (Where
A and A’ are complexes) is a mapping of the
underlying sets such that for every A€A,

SA) =~ S{«(A)). A subcomplex of A isacom-
plex whose underlying set is a subset of A such
that the inclusion is a morphism. If AeA, the
star St(A) of Aisthe set of all elements of A
containing A. With the order relation induced
from A, S(A) isa complex. If BeSt(A4),the
rank of Bin S(A) is caled the codimension of
A'in B and is denoted by codimg 4.

A complex A is called acbamber complex if
every element is contained in amaximad ¢le-
ment, which is called a cbamber, and if given
two chambers C, C’, there exists a sequence of
chambers C = C,, C, , , C,, = C' such that
codi 2 Gy NC)=codimc (i NC)<1
for all i= 1, 2, , m. A chamber complex is
cdled thick (resp. thin) if every element of
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codimension | is contained in at least three
(resp. exactly two) chambers. An endomor-
phism ¢ of athin chamber complex A is called
afolding if *> = ¢ and if any chamber on @(A)
is the image of exactly two chambersin A by
. For any folding ¢, ¢(A) is caled a root. A
thin chamber complex is called a Coxeter
complex if for any pair of adjacent chambers
C, C, i.e., chambers such that codim(C N C’) =
1, there is a root containing C and not C'. Let
2 be a Coxeter complex. For any root ¢()
of X, there is only one root ¢'(2), called the
opposite of ¢(2), such that ¢(2) N @'(2) does
not contain any chamber and @(2) U ¢'(2) = Z;
there is also an involutive automorphism
called the reflection associated with ¢ that
transforms ¢(X) onto ¢'(2). The group W(C)
generated by all reflections of 2 is caled the
Weyl group of X, which turnsout to be a
Coxeter group, i.e., there exist sets! and {m;;},
(i,j) € 1 x ], where m;; are integers or = and
m;; =1, such that the group is presented by
the generators {r,};., and the fundamenta
relations (r;r)™i = 1, , jel, m;# oo. A Coxeter
complex iscaledirreducibleif it is not the
join of two nonempty Coxeter subcomplexes.

A building is a thick chamber complex A
with a system 9 of Coxeter subcomplexes,
caled the apartments of A such that (i) every
two simplexes of A belong to an apartment. (ii)
If ¥, 2'e¥, there exists an isomorphism of X
onto ' that fixes Z N L' (elementwise). Since
the apartments of a building are isomorphic to
each other, we can define the Weyl group,
rank, and irreducibility of the building to be
those of its apartment. A building with finitely
many chambersis said to be of spberical type.
If abuilding can be redlized as a smplicia
decomposition of a Euclidean space, then one
says it is of Euclidean type

Examples of buildings are provided by BN-
pairs. A BN-pair or Titssystem inagroup Gis
a system (B, N) consisting of two subgroups of
G such that
(BNO) B and N generate G;
(BN1) BN N=H<=aN;and
(BN2) The group W= N/H has a generating
set Rguch that for any r e Rand any we W,
(BN2') rBw c BwB N BrwB,
(BN2") rBr #B.
The group W is called the Weyl group of the
BN-pair. For any subset § of R, let W, denote
the subgroup of W generated by S. Set P, =
B W;B. Then P, is a subgroup of G and the
mapping S— P; is a bijection of the lattice of
all subsets of R onto the lattice of all sub-
groups of G containing B. A subgroup of G is
caled parabolicif it isconjugate to some Ps.
Let A be the set of all left cosets of all sub-
groups Py, Sc R, ordered by the opposite of
the inclusion relation. Let G operate on A on
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the left. Let X' be the subset {nP; ne N, § c R}
of A, and 9 be the set of G-transates of X
Then (A, %) is a building whose Weyl group is
W.

Let G be a reductive algebraic group defined
over a field k and P be a minimal parabolic k-
subgroup of G containing a maximal k-split
torus § and set N = N,(S). Then (P, N;) is a
BN-pair in G,. Therefore there is a building of
spherical type associated with the group G.
Conversealy, the buildings of rank > 3 and
irreducible spherical type (roughly speaking)
all turn out to be associated with simple alge-
braic or classical groups (J. Tits [25]). This
result gives a complete and unified description
of structures that were discovered previously
in certain cases. For example, the building of
type A, gives atprojective space (E. Abe, T.
Tsuzuku), that of type C, gives a polar space
(Veldkamp), and that of a k-form of type E
gives a Cayley space (J. Tits). As an applica
tion, one can show that a finite building of
rank > 3 and irreducible spherical type is
isomorphic to the building of an tabsolutely
simple algebraic group over a finite field.

When k islocd (ie., endowed with a com-
plete discrete valuation whose residue field is
Perfect), the reductive group defined gver k
has another BN-pair such that the associated
building is Euclidean. This theory was ini-
tiated by N. Iwahori and H. Matsumoto [26],
who considered split semisimple groups. Later,
quasi-split and classical groups were studied
by H. Hijikata, and the theory for the general
case was given by F. Bruhat and J. Tits
[27,28]. To distinguish from the usual BN-
pair structure, the subgroups conjugate to B in
this case are called Iwabori subgroups, and
parabolic subgroups are called paraholic sub-
groups. The Euclidean buildings are the “ultra-
metric analogs™ of the *Riemannian Symmetric
spaces. In other words, in the study of p-adic
simple groups, they play arole similar to that
of the symmetric spaces in the theory of simple
groups.
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14 (V.13)
Algebraic Number Fields

A. Introduction

A complex number that satisfies an agebraic
equation with rational integral coefficients is
sad to be an algebraic number. If the coeffi-
cient of the term of highest degree of the equa-
tion is 1, this algebraic number is said to be
an algebraicinteger. The set A of all dgebraic
numbers is a field which is the talgebraic clo-
sure of the rational number tield Q in the
complex number tield C. The set 1 of dl alge-
braic integers is an *integral domain which
contains the integral domain Z of all the ra-
tional integers. The ffield of quotients of JisA.

B. Principal Order

An extension field k of Q of finite degree
(which we shall always suppose to be con-
tained in C) is said to be an algebraic number
field of finite degree, and k is asubfield of A.
The intersection 0 = kN [ is an integral domain
whose field of quotientsis k; o is caled the
principal order of k. (More generaly, a subring
R of o containing 1 is said to be an order of k if
the field of quotients of R is k. The set { of all
elementsy of osuch that ypc R isan ideal of o;
in addition f is called the conductor of R.) Let n
be the degree of k gver Q. Then the additive
group of the principal order o of k is a tfree
Abelian group of trank n. A tbasis (@, , , ®,)
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of 0 as afree Abelian group (or Z-module) is
said to be aminimal basis of o (or of k). Let wj!"
(i =1,, n) be fconjugate elements of w; over
Q. and let A = |!"| be the determinant whose
{i,j) entry is @!?. Then D, = A* is a rationa
integer that is independent of the choice of a
minimal basis of 0. D, is called the discrimi-
nant of k. If k #Q, then |D,|> 1 (Minkowski's
theorem, 1891). For any given rationa integer
m there are only a finite number of agebraic
number fields whose discriminants are equal
to i (C. Hermite and H. Minkowski, 1896).
The proof of these theorems depends on the
methods of geometry of numbers (- 182
Geometry of Numbers).

C. Ideals of tbe Principal Order

An fideal a of the principal order o is said to
be anintegral ideal of k. In particular, a prime
ideal (#0) of oiscaled simply aprimeided of
k. The domain 0 is not necessarily a tprincipal
ideal ring but is aways a tDedekind domain.
That is, every ideal a of ois uniquely ex-
pressed (up to the order of the factors) as a
finite product of powers of prime ideals of o.
Thistheorem is called the fundamental theo-
rem of the principal order o.

The quotient ring o/a of o by an ideal a (#0)
of o is a finite ring. The number of elements
of p/a iscalled the absolute norm of aand is
denoted by N(a). We have N(ab) = N(a)N(b).
Every primeideal p (# 0) of o isafmaximal
ideal of 0, and o/p is a Imite field. Let the
fcharacteristic of o/p be p, where p isaprime
number. Then o/p is a Imite extension of the
tprime field Z/pZ. Let the degree of o/p over
Z,/pZ be f. Then N(p) = p/, and f is said to be
the degr ee of the primeideal p.

Let s be a complex variable. The (complex-
valued) function

Ck(8)=; 1/(N(a,))‘=lp_[ I=(N®)™)

of s € C is cdled the Dedekind zeta function Of
k (R. Dedekind, 1871). Here the summation
extends over all ideals a of o, and the product
extends over all prime ideals p of o. This series
converges absolutely for Re s > 1, and the
function {,(s) has a single-valued *analytic
continuation to a +meromorphic function

on the whole complex plane (- 450 Zeta
Functions).

D. Units

An agebraic integer ¢ of k is said to be a unit
of kif ¢~!is aso an algebraic integer. Hence &
isaunit of k if and only if the +Principal ideal
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(E) iso. The set E, of all units of k formsan
Abedlian group under multiplication, which is
caled the unit group of k. The set of all ele-
ments of E, of finite order coincides with the
set of all the roots of unity contained in k and
forms a cyclic group of a finite order w. Let
be the degree of k over Q. Then for each ele-
ment ge k there are n conjugate elements o
over Q. Leto® (i = 1,, r)) bereal for any
aE K, and let a(’1+j) and a('1+’2+j) (J = 1, ., r2)
be pairs of complex conjugates for any «€ k.
Then we have n = r, + 2r,. The unit group E,
of k isthe direct product of a cyclic group of
order w and the free Abelian multiplicative
group of trank r = r; + r, = 1. This theorem
is caled Dirichlet's unit theorem (1846). A basis
(g1, &) Of this free group is caled a system
o fundamental umits of k.

Let [Ya=log|a®| (i=1,...,r), V2=
2logle?| (j=r,+1,...,r,+r1,) for gek. Forr
elements #,, , n, of E,,

[Py 100, 1",

[(2) 1(2) 1(2) .
R[r’l’”"ﬂr]: & 2 1

[0y, 10, 10y,

is caled the regulator of (y,,, 4,) (Dedekind).
In order for #,, ..., 5, to be multiplicatively
independent, it is necessary and sufficient
that R [, , 5,] # 0. The absolute value of
R [#y, - » #,] takes the minimum positive
value R for fundamental units (¢, . ., ¢).R =
R [e,,, E] isindependent of the choice Of
fundamental units (¢, . , &) of k. R is called
the regulator of k. Ingenerd, R[y,,.#,]I/R
is equal to theindex [E,: H] of the group
H generated by the roots of unity in k and
. 1.~ Ho W. Leopoldt conjectured that
units in k, which are multiplicatively indepen-
dent over Z, remain multiplicatively indepen-
dent over Z, (the ring of p-adic integers) when
they are considered as elements of the tensor
product k ® Q, over Q. This conjecture was
affirmatively proved in some special cases by
J. Ax (Illinois J. Math., 9 (1965)) and others.

If k/Q is a Galois extension, there exists a
unit ¢ of k such that the conjugates of ¢ over Q
contain r multiplicatively independent units
(Minkowski's ~ theorem).

E. ldeal Classes

An o-module contained in k (ie., pa = @ such
that ¢a c o holds for some element o (#90) of k
issaid to be afractional ideal of k. For two
fractional ideals a, b of k the “product” ab
defined by {X> a,f; (finite sumj|o;€a, fieblis
also a fractional ideal. Thus the set of the
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fractiond ideals of k forms a multiplicative
commutative semigroup. For a fractiond ideal
atheseta'={xek aac o} isaso afractiona
ided of k, and we have aa™! = 0. Thus the set
of all nonzero fractional ideals of k forms an
Abelian group J, under multiplication with

0 as identity. Each fractional ided a (0)

is uniquely expressed as a finite product of
powers of prime ideals, if we admit negative
powers. Namely, J, is a free Abelian multi-
plicative group with the set of all prime ideals
as basis. Given fractional ideals a and b, we
say that aisdivisible by bif ac b; in this case,
we call badivisor of aand aamultiple of b.
Also, ac bif and only if there exists an integral
idedl ¢ such that a = bc. Given fractional ideals
a=[Tpfi and b=T1qfi (e;#0, f;#0), we say
that aand b are relatively prime if {p;} and {q;}
are digoint. Usually a fractional ideal of k is
simply called an ideal of k.

For an element g (# 0) of k, ()= aoisa
(fractional) ideal of k, and () is said to be a
principal ideal of k The st P, of all principa
idedls () (xek,a0) is a subgroup of J,.
Since (¢) = 0 is equivalent to ae E,, we have
P, = k*/E,, where k* is the multiplicative group
of all nonzero elements of k.

Each coset of 3, modulo P, is called an
ideal class of k, and the group €, = 3, /P, is
called the ideal class group of k. Each ided
class contains an integral ideal a with N(a) <
|Dil (more precisely, with N(a)<(4/n)>(n!/n")

|Dy|). From this it follows that €, is afinite
Abelian group. The order h of €, is caled the
class number of k. For the calculation of the
class number the tresidue at the pole s = 1 of
the Dedekind zeta function is used. Namely,
lim (s 1)0,(5)=gh,

s—1+

g=2"""m" Ry Wi /1Dy

where R, is the regulator of k and w, is the
number of roots of unity in k (Dedekind,
1877). This formulais used, in particular, for
the computation of the class numbers of
tquadratic fields and icyclotomic fields (- 347
Quadratic Fields). The class numbers of cubic
and quartic (rea) fcyclic fields over Q were
computed by H. Hasse in the case where

the *fconductor of &/Q is less than 100 (Abh.
Deutsch. Akad. Wiss. Berlin, 2 (1948)). Hasse
has also given a detailed computation of the
class number of cyclotomic fields [ 15). In
generd, let the degree i = [k: Q] be fixed and
let |D,|—oc. Then

lim(log(h Ry)/log /| D)= 1.

(This formula was proved forn =2 by C. L.
Siegel, 1935, and for general n by R. Brauer,
Amer. J. Math., 69 (1947).)
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F. Valuations

All the fArchimedean and tnon-Archimedean
valuations of an agebraic number field k can
be obtained as follows (- 439 Valuations):

Archimedean Valuations. Let n= [k: Q], and
let n conjugates of ge k be oY, , o such that
a® (i=1,, r)is real, and g and gritrath
(j=1,, r,) are pairs of complex conjugates.
W e write |af;=[a| (j=1,r,+T1); these
are Archimedean valuations of k that are

not mutually equivalent. The equivalence
classes of these valuations are denoted by

P, ..., plitr2), respectively, and are called the
finfinite prime divisors of k. The first r, infinite
prime divisors are caled treal and the remain-
ing r, are called fimaginary (or complex). The
valuations of k defined by

|a|p.j;=]a|j, j=1,....r1,
=lal}, j=r+1,.., ri+r,

are cdled tnormal vauations of k. Here
(j=r,+1,...,1, +r,) ae vauations in the
wider sense. If ry =1 wecall k atotally real
field, and if r, = O wecall k a totally imaginary
field.

lv‘i’

Non-Archimedean Valuations. Let p be a prime
ideal of k and o an element of k. Let (x)=p“b,
where p and b are relatively prime. Put v,(a) =
a Then for any constant p (0 < p <1),

2y =p"

is a non-Archimedean valuation of k. This
valuation of k is called the Tp-adic valuation of
k; p-adic valuations for different prime ideals
are mutually inequivalent. The valuation |«|,
with p=(N(p))~!is called a tnormal valuation
of k. The equivalence class of vauations con-
taining |p is denoted by the same letter p
and is called a *finite prime divisor of k.

A formal finite product of powers of finite o
infinite prime divisors wm* = [I pfi is called a
divisor of k. If alle; = 0, then m* iscalled an
integral divisor of k. Given divisors m* =
I1 p& and n* = T p/i, we write m* n*if ¢,

f; (| = 1,2, )

Any valuation of k is equivalent to one of
the valuations defined previously (A. Ost-
rowski, 1918; E. Artin, 1932). For any element
o (#0) of k the *product formula T, f«l,= 1
holds, where p runs over all finite and infinite
prime divisors of k and |, are the normal
vauations of k. Conversely, let k be afield,
and letV={ |} beaset of inequivalent
valuations of k such that (i) for any a ek (a # 0)
||, # 1 holds only for a finite number of pin
V; (ii) the product formula [T, |af,= 1 (x€k,
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% #0) holds; and (iii) there is at least one
Archimedean valuation in V. Then k is an
agebraic number field and vis the set of all
the prime divisors of k (Artin and G. Whaples,
Bull. Amer. Math. Soc., 5 1 (1945)).

G. Ideal Classes in the Narrow Sense

For a, fie k, the expression a = § (mod p?)
means « %> 0 for area infinite prime divi-
sor p& and «@ B £ 0 for an imaginary infi-
nite prime divisor p. We call an element

x € k totally positiveif all real conjugates o)
(i=1,., r,) are positive. In the notation just
given, this means a = 1 (mod p) (i = 1, , r,).
The set of all principal ideals (a) generated by
totally positive elements ae k isamultipli-
cative subgroup P, of P, Each coset of J,
modulo P, iscalled anideal classof k in the
narrow sense. Let E; be the group of all totally
positive units of k. Then we have (J,: P;) =
h2 J(Ey: EX).

H. Multiplicative Congruence

Let m be an integral ideal of k, and let k*(m)
be the multiplicative group of all elements a in
k such that (a) is relatively prime to m. Any
element o€ k*(m) can be expressed in the form
% = B/ysuch that §,y € o and (B), (y) arerela-
tively prime to m.

Consider an integral divisor m* = m [T p%
which is aformal product of m and intinite
prime divisors p'? of k. We call m the finite
part of m*. Given an element ¢ k*(m) and
elements f, y € k*(m)Nosuch that a= gy,
weset a=1 (mod*nt*)if f=y (mod nr), and
a =1 (mod p?). The set of all a in k*(m) such
that a =1 (mod” m*) forms a multiplicative
group. We write a= f (mod” m*) for a, e k if
a/B e k*(m) and «/f = 1 (mod* m*). This con-
gruence is caled the multiplicative congruence.
In the following discussion we shall write
modm* for mod” m*.

We denote by 3,(m) the group of all ideds
of k that are relatively prime to an integra
ided m, and by ${nt*) the group of all prin-
cipdl ideals (a) such that a € k*(m), a= 1
(mod m*); S(nr*) is known as the ray modulo
m*. Any subgroup H of J,(m) which contains
S(m*) is caled an ideal group modulo m*, and
the factor group 3, (m)/H is called a group of
congruence classes of ideals modulo m*.

If n* m* for integral divisors m* and n* of
k, then J,(m) < J, (1) and S(m*) = Sm*). If H
is an ideal group modulo n*, then Q(H) =
H N J,(m) is an ideal group modulo m*, and
we have J,(n)/H = s,(m)/@(H). For any given
ideal group H, modulo m* there is a smallest
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integral divisor {* such that f* m*, and there
exists an ideal group H modulo {* with ®(H)
= H, (i.e, if there is an ideal group H’ modulo
n* with ®(H') = H,, then {* n*). We call {* the
conductor of the ideal group H. The notion of
multiplicative congruence is used in fclass field
theory and in the theory of fnorm-residue
symbols.

L. Ideal Theory for Relative Extensions

If an dgebraic number lield K has a subfield k,
we say that K/k is a relative algebraic number
field. Let © be the principal order of K. For a
(fractional) ideal a of k, Oa is an idedl of K.
We write Oa= E(a) and cal] E(8) the exten-
sion of ato K. For ideals a, b of k, we have
E(ab)=E(a)E(b) and E(a)Nk=a.

Let ¥, : K - C be k-isomorphisms (i =
1,...,n), where n=[K:k]. We write K =
W(K) and A?=Y;(A)for AeK. For an
ideal Y of K, AV ={4" A€ A} isanideal
of K and 91 is called the conjugate ideal
of Win KY, Let L be the composite field of
KM, K™ Then the ideal generated by
A A in L is the extension of an ideal a
of k. Wewrite a= Ny, () and call atherela-
tive norm of 9 over k. We have N, (UB) =
N (W Ny (B) and Ny, (E(a)) = @ (for an
ideal aof k). In particular, for k = Q, N,o()
=(N()).

Let pbeaprimeided of k. Then E(p) =
P P2 Pea in O, where § 4, , P, ae
prime ideals of K. Let f; be the degree of the
finite field O/*B; over o/p. Then Ny . (*B,) = p/i;
fiiscaled therelative degree of B, over k, and
e; is caled the (relative) ramification index of
¥, over k. We have therelation n = 3¢, ¢, f;
between these numbers. If e, = =¢,= 1, the
primeideal pissaid to be unramified for K/k,
Otherwise, p is said to be ramified for K/k. If
every prime ideal of k is unramified for K/k, we
call K/k anunramified extension. (For an in-
finite prime divisor p , of k we write p,, =
15, PO if the Archimedean valuation

)px of k can be extended to g Archimedean
valuations o (i=1,...9) of K,wheree¢, =
2if P2 isimaginary and p_ isred, e, = 1
otherwise.)

J. Relative Differents and Relative
Discriminants

Let K/k be a reative agebraic number field
and o, 8 be the principal orders of k, K, re-
spectively. Put M= {A ¢ K Try,(AD) < o},
where Try, is the ttrace (- 149 FieldsJ). Then
i is a (fractional) ideal of K and Wi~'= D, is
an integral ideal of K; Dy, is caled the rela-
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tive different of K over k. Whenk = QQ, QKJQ is
simply called the different of K. For L - Kok,
we havethechaintheorem: D, , =D, Dy, .

Let the conjugates of A€ K over k be
A A and assume that 41V = A. Put
Sxu(A)=TT1=,(A-AD) for AcK.If A€D,
thendy (A)e iy Dey,y is generated by
{Oku(A)| AeD}. The integral ideal G gen-
erated by {A — AP AeD}inthefield [ =
KWK® K® was caled an element by D.
Hilbert. We also have Dy, = E2E¢> . €.
The integral ideal by, = N, (Tk,) Of kis
caled the relative discriminant of K/k If k = Q,
Dxo = (Dg)-

For the relative different Dy, to be divisible
by a prime ideal ‘B of K, it is necessary and
sufficient that E(p) = RePg Pes with e > 1,
where p = B N k (Dedekind's discriminant
theorem, 1882). Hence aprimeideal p of kis
ramilied for K/k if and only if p divides the
relative discriminant by, ; there are thus only a
linite number of prime ideals of k which ramify
for Kjk. In particular, K/k is unramilied if and
only if dg, = 0.

K. Arithmetic of Galois Extensions

Let K/k be a reldive agebraic number field
such that K isa *Galois extension of k of
degree n, and let G be the *Galois group of
K/k. Let o, D be the principal order of k, K,
respectively. The conjugate ideds of an idedl
A of K are given by A°={A4°| AeU} (ceG).
If Ny, () = a then E(@) = I1,.;U°. For a
prime ideal p of K, E(p)=(L,B, ... B,)".
where N, (B,) = p/(i=L....¢g),n=efy,and
B, ..., B, are mutually conjugate prime ideals
of K over k.

Hilbert (1894) developed the decomposition
theory of aprime idea p of k for a Galois
extenson K/k in terms of the Galois group G
as follows: Let I be a prime ideal of . Then

Z={oeG|P" =P}

is a subgroup of the Galois group G of K/k.Z
is called the decomposition group of P over k.
Let G = { J, Zr, be the left coset decomposition
of G. Then ;= P (i=1,., g) aeallthe
conjugate ideals of P over k.

The subgroup

T={oeZ]|A°= A(mod*B), Ac D}

of the decomposition group Z is normal, and
T iscaled theinertiagroup of B over k. The
quotient group Z/T is a cyclic group of order f
(the relative degree of ¥J3). There exists an
element ¢ of Z such that

AeD,
and ¢ is uniquely determined mod T; ¢ T gen-

A”= A" (mod *P),
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erates the cyclic group Z/T. This ¢ is caled the
Frobenius  subgtitution  (or  Frobenius automor-
phism) of P over k. For m=1,2, ,

Vim={greZ|A°=A(mod P"*'), 4e O}

are normal subgroups of Z; the group V™ is
called the mth ramification group of B over k.
Let

Vo - = V(”‘)i Pt o

SV Yt

= V(n,+])£ V(L‘r+1):]

Let V,— V™D (p=0,1,...,r), where vy = —1.
In particular, V, = V' = T. Theintegers v, ,
v,, .. are caled the ramification numbers of 3.
The group T/V, is isomorphic to a subgroup of
the multiplicative group of the finite field O/R.
Hence T/V, is a cyclic group whose order e,
is adivisor of N(§)— 1. The groupV, /v, .,

> 1) isisomorphic to a subgroup of the
additive group of the finite field O/, Hence
V./Vm+y is an Abelian group of type (p, p, , p)
whose order divides N(*B). Frome¢= T|=
(T: )|V, itfollowsthat e=e,p*, (¢y, p)= 1.
Here (| denotes the order of a finite group G.
Hence the decomposition group of P is a
tsolvable group. The relation between the
ramification numbers for K/k and those for an
intermediate Galois extension F/k was com-
pletely determined by J. Herbrand (J. Math.
Pures Appl., 10 (1931)) [II].

Let ¢ be the P-component of the relative
different Ty, of a Galois extension K/k. Then

Z per =0Vl =1)= 3 (V=1

Inparticular, d=0if T=1,andd=¢ 1if
yi=1,

Let ky, ki, and kym be the intermediate
fields which correspond to the subgroups z, T,
and V™ respectively, in the sense of *Galois
theory; the fields k,, k,, and k) are called
the decompostion field, the inertia field, and
the mth ramification field of R, respectively.
Let R be a prime ideal of K containing p, and
let p, and p, be prime idedls in k, and k, such
that p, =RBNk, andp, PNk, Then we
have E(p)=p,py’ p¥ for ky/k; Elp)=p;
and NkT/kZ(p'I‘):pg for kp/k,; and E(pp) =
for Kjky.

If aprimeidea p of k is unramified for a
Galois extension K/k then we have E(p) =
BB, By, Bi= Bl =1,. g), Nyul( By =
p’/, and i1 = fy. The Frobenius automor-
phism g,: A% =AM (mod B,) (A D) for the
prime ideal B, is uniquely determined, and its
order is f. Since B, = P, we have o, = 7, ' o, 1,
Hence ¢, , , g, belong to the same fcon-
jugate class of G In part|cular if Gisan
Abelian group, then ¢, = .. = ¢, and

3
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Aa‘] = ANID} (mod p), A c D.

We then write
o= L()E G )
J

and call this symbol the Artin symbol for p
for the Abelian extension K/k. For an ideal
a =1 p¢ of k that is relatively prime to the
relative discriminant of K/k, we define

)1 o

Evidently, we have

()= ()

The arithmetic of quadratic fields (— 347
Quadratic Fields) and the arithmetic of cyclo-
tomic fields (— Section L) have been developed
since the 19th Century.

L. Arithmetic of Cyclotomic Fields

A complex number { whose mth power is [ but
whose m’th power isnot 1 for m" <m iscaled
an mth primitiveroot of unity. There are ¢(m)
primitive roots of unity: exp(2zir/m) ((r, M) = 1),
where ¢ is tEuler’s function. These g(m) primi-
tive roots of unity are the zeros of an irreduc-
ible polynomia over Q of degree <p(my):
FoX) =] J(X™— 1),

dim
where ¢ is the tMdbius function. The coeffi-
cient of the highest term of F,(X) is 1, and the
other coefficients are all rational integers.
F.(X) is caled acyclotomic polynomial. An
example is

Fio(X)=(X"2 = DX - DAX° - 1)(X*=1)

=X*—X2+1

The agebraic number field K, = Q((,)

({,, = exp(2ni/m)) obtained by adjoining an
mth primitive root of unity to Q is a Galois
extension over Q of degree ¢(m) whose Galois
group ( is isomorphic to the multiplicative
Abelian group of freduced residue classes of Z
modulo m:G={c,({gr=C{ (rom)=1} K, is
caled the mth cyclotomic field. Cyclotomic
fields are t*Abelian extensions of Q. Conversely,
every Abelian extension of Q is a sybfield of a
cyclotomic  fidld  (Kronecker’s theorem, 1853,
1877).

We can choose (1, {,,, (2., (g™ Y asa
minimal basis of K,. Let m= 1! {5 [% be
the decompositions of m in powers of prime
numbers Iy, ,l. Put K= Kp. Then K,
is the composite field K, = KWK
The different of K, is given by Dy =
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Dy gD Pg- - Dytog, and the discriminant

of K, isgiven by Dy = D, Dy (n, =
o(m)/p(IM)). 1f m=[* the discriminant of K,
isDg, =el® (a=["""(hl—h— 1)), where ¢=
—1ifI"=4 or I=3 (mod4), and =1 other-
wise. Hence the discriminant of K, is Dy =
(/=1 m/IT,,.p" " D)*™, Suppose that

m =2 (mod 4). Then a prime number p ramifies
for K,,/Q if and only if p divides m. In par-
ticular, if m= /" (m> 2), then only 1 ramifies for
K,/Qand ()=1°"_N(I) = | (1 is explicitly
given by [= (I-i,,,)). For [# 2 the ramification
numbers for jarey; = ' 1(i = 1,2,), and

the ramitication fields are K,, Kp, For [= 2
the ramification numbers are 1,3,7, and the
ramification fields are Q, K,, Kj,

In K,,/Q a prime number p (ptm) is decom-
posed as(p)=p,p,, N(p)=p’/(i=1,....y)
and fg = gn(m). Here the degree f of p;isde-
termined as the minimal positive integer f
such that p” = 1 (mod m). Hence the decom-
position law of a prime number p in K, /Q is
derermined by its residue class modulo m. This
is a prototype form of class tield theory (- 59
Class Field Theory).

The class number of the cyclotomic tield K,
can be calculated by Dedekind's formula (-
Section E; see also Hilbert [4]). Here we shall
give the result for m =] (a prime number).

Let r be a +Primitive root modulo /. For | =
exp(2ni/l), we put

ATl Bt
s—s(g)—<1_§ 1—4“1) .
Then ¢ isaunit in K,. Define an eement  of
the Galois group of K,/Q by ("= (", and put
g=¢ (i=0,1,...). Then 80, €5 eesbpy (p=
(I— 3)/2) are multiplicatively independent units.
That is, the regulator R [, &, ¢,_,] =
E+#0. The units &g, ¢4, . . .. ¢, are caled
circular units. The class number j of K, isthe
product of two factors, h = i, h,. Here j, isthe
class number of the real subfield K} = Q({ +
{7"). E. E. Kummer called F, the first factor
and h, the second factor of the class number .
Let x. %2>, 71— be the multiplicative char-
acters of the treduced residue classes of Z
modulo 1, and let z,(i = 1, , p+ 1) be the
characters among them such that y,( = 1) = = .
Then

(=P i I
v (ZI)p ﬂ <aZ1 aXi(a))’ hz_Fo

(Kummer, 1850). Here R, is the regulator of
K. Since circular units belong to K, the class
number k, of Kj isequal to the index of the
subgroup generated by + 1, &, , ¢, in the
group of units of K, The class number h of
K, isequal to 1 for /< 19 and it has been ¢on-
jectured that there exist no more fields K|
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with h= 1. H. L. Montgomery and K. Uchida
solved this conjecture by proving that the first
factor h;> 1 for [ > 19 (Téhoku Math. J 23
(1971)). J. M. Masley and Montgomery proved
that there are precisely 29 distinct K, with
class number 1 (/. Reine Angew. Math.,
286/287 (1976)).

According to Kummer, | divides h if and
only if ! divides h,. Since h can be computed
explicitly, we can readily determine whether
Ilh or not (- 145 Fermat’'s Problem; Ap-
pendix B, Table 4.111). A prime| is called regu-
lar if I{h, otherwiseit is called irregular. Thus
an odd prime [z 5 isirregular if and only if
there exists an even integer j with 2 <j /-3
such that | divides the numerator of the jth
Bernoulli number B, This criterion of Kum-
mer can be strengthened as follows. Let §
denote the [-Sylow subgroup of the ideal
class group (EKI of the prime cyclotomic tield
K, = Q({)). Because the Galois group G of
Q({)/Q operates on S, the Abelian group §
becomes naturally a Z,[G]-module. Choosing
the canonica character 0:G—Z} defined
by {7 =/ for any o e G, we have adirect
decomposition § = ITi=Z §©, where §% =
{seS|s°=5", 5 G}. Thenit is necessary and
sufficient for I} (the numerator of By that §¢=/
#0 (K. A. Ribet, Inventiones Math., 34 (1976)).
Moreover, because G is naturally isomorphic
to the multiplicative group of the reduced
residue classes of Z/IZ, each 6 becomes a
tDirichlet character. Let

I
B, -i=—) 07! :
1,0 lﬂ; (a)a’

then this number, regarded as an element in
Q,, isequal to afactor of the product (up to
+ 1 and 2) appearing in the class number
formula for h,. Let m; be the [-exponent of

B, y-iforeachoddi (2<ig/—3). Thenitis
conjectured that the order of S is precisely
equal to [™: for each odd i with 2 <i<!—3.In
particular, if §" = [T, .., S istrivia, then
this is known to be true. In general, it is also
conjectured that /+h, holdsfor any prime |
(Vandiver's conjecture). If the group S is
cychc, then $¥ is of order ™ (A. Wiles, Inven-
tiones Math., 58 (1980)).

When a Galois extension K over a finite
agebraic number field k has the Galois group
isomorphic to the additive group of the [-adic
integer ring Z,, the extension K/k is called a
Z-extension or r-extension. Then for each
integer n 2 O there exists a unique subfield k, of
K with degree /" over k. Letk = K, = Q({) (1> 2),
and let K be the union of all {"*! th cyclotomic
fields Kpu+1(n > 0). Then Kjk isatypical ex-
ample of a Z-extension With subfields k, =
K+ 1. Let K/k be a Z-extension with sub-
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fields k,, and let [* denote the [-component
of the class number of k,. Then there exist
integers 1> 0, y > 0, v independently of n
such that e, = An + pl" + v for al sufftciently
large numbers n (K. Iwasawa, Bull. Amer.
Math. Soc., 65 (1959)). These numbers 4, i,
v are called the Iwasawa invariants for the
Z,-extension K jk. There exists a unique
Z,-extension K° gyer the rationals Q. An ex-
tension K°k over k obtained by taking the
composite of K° and K is caled the basic Z,-
extension of k or the cyclotomic Z-extension
of k. We denote its lwasawa invariants by
Ak, wy(k), vi(K). It is known that there are Z,-
extensions with arbitrarily large y. But it is
conjectured that g,(k) = 0 holds for the basic
Z,-extension of any k. In particular, in the case
k = K, = Q({,) it has been computed that p (k) =
0 for [ < 125,000 (for [ < 4001 by K. Iwasawa
and C. C. Sims, J. Math. Soc. Japan, 18 (1966);
for ] < 30,000 by W. Johnson, Math. Comp., 29
(1975); for [< 125000 hy S. Wegdtaff, Math.
Comp., 32 (1978)). By applying the theory of
uniform distributions to /-adic situations, B.
Ferrero and L. C. Washington (Ann. Math.,
109 (1978)) proved that 4,(k) = 0 when k/Q is
Abelian. In particular, when k = K, and k, =
K,m1, e, > 0if and only if the class number
of K, is divisible by | (P. Furtwangler, 1911).
Since any quadratic field is a subfield of a
cyclotomic field (by a tGaussian sum formula
we have Q(\/r;) cQ(¢,), where d isthe dis-
criminant of Q(,/m)), the computation of the
class number of quadratic fields and the proof
of the law of reciprocity for the fLegendre
symbol follow from the arithmetic of cyclo-
tomic fields.

M. Aritbmetic of Kummer Extensions

Assume that an algebraic number field k con-
tains an nth primitive root of unity. Then a
*Kummer extension K = k(\"/;) (nek) isa
*eyclic extension of k. Assume that [K: k] = n.
In order that a prime ideal p of k ramify for
Kk, it is necessary that p be a divisor appear-
ing in (n) or (p). If p4(n) and v,(;)%£0 (modn),
then p ramifies for K/k. A primeideal p which
is relatively prime to () has the decomposition
E(p) = P, B, with distinct primes §; in K if
and only if the equation p = £" (mod p”) is
satisfied by some ¢ e o for any positive integer
m. In particular, if p+(n) andv,( 4) = 0, we have
E(p) = B, B, if and only if y = ¢ (mod p) is
solvablein o.

If for an element u of O

p=¢" (mod p)

is solvable by some¢e o, yissaidtobea
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resdue of the ntb power modulo p. Asume
that p)(n) and v,(w) = 0. Let f be the minimal
positive integer such that x4/ is a residue of the
nth power modulo p. Then p is decomposed
in K as E(p)="8, B,, and NK/k(g‘Bi):pf
i=1,...,9)

N. Power-Residue Symbol

Let [, =exp(2ni/n) € k, and let p be relatively
prime to (n) and («) (x€ k). Then for somer we
have

2N =17 (mod p),

and we write

- <a>
(S5l
P/n

This symbol is caled the nth power-resdue
symbol (Kummer). Generalizing this definition,
we can define the nth power-residue symbol
(u/b), for an ideal b of k which is relatively
prime to the relative discriminant of k(\"/;)/k
by using the tArtin symbol (( K/k)/b):

ol (%)

This symbol satisfies

(o)~
(5= ).6),

if all the symbols are well delined. In partic-
ular, ¢ is aresidue of the nth power modulo p
if and only if (x/p), = 1. This symbol coincides
with the tquadratic residue symbol for n = 2,
k=Q, and p#2.

0. Law of Reciprocity for tbe Power-Residue
Symbol

Severa formulas concerning the power-residue
symbol are known which are similar to that
for the quadratic residue symbol (F. G. M.
Eisenstein, Kummer, Furtwangler, Takagi,
Artin, Hasse). These can be proved by means
of Artin's tgeneral law of reciprocity in class
field theory (— 59 Class Field Theory).

There are many formulas concerning the
reciprocity of the power-residue symbol. One
of themisasfollows: Letn =] beaprime
number. Let o, fe k and assume that (i) o is
totally positive; (i) v,(a) = 0 (mod ) if v,(8)£0
(mod!), and v,()=0 (mod ) if v (¢)£0 (mod!),
for any primeided p; and (jiii) a= 1 (mod /) and
f=1(mod( 1 —{)). Then
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() -

—16-1
=l )

(general law of reciprocity, Hasse, 1924). This
result is a generalization of the formula of
Eisenstein (1850). If a{ck) is totally positive
and ¢ = 1 (mod [), then

¢ 1
(o) oeml7)

If =1 (mod I( 1 = {})), then

/ e _ o—1 )
(a>l—lz, c=Tryg m ;

LAY _ el
( x >,"C’d’ d"”*”"(l(l—&))

(complementary
1924).

law of reciprocity, Hasse,

P. Norm Residue

Let m be an integral divisor of k such that
m =TT, p{i TT,; p¥ (e, > 0) with finite prime divi-
sors {p;} and infinite prime divisors {p¥},

and let § be an element of k that is relatively
prime to m. For a relaive agebrac num-

ber iield K/k and an element B of K, we set

f = Ng,( B) (mod m) if the following two con-
ditions are satisfied: (i) §# = Ni(B) (mod py) for
every finite p; and (i) Y >0 for every infinite
prime pY such that ) is rea and its extension
to K isimaginary. fe k is then said to be a
norm residue modulo m for K/k if thereexistsa
number B of K such that f= Ny, (B) (modm).

Let p be afinite prime divisor of k. If Bisa

norm residue modulo p° for a sufficiently large
¢, then g is a norm residue modulo p® for any
e > C. Let c bethe smallest such integer (c > 0).
Then the ideal f, = p is said to be the p-
conductor of norm residuefor K/k. If pis un-
ramified for K/k,then c = 0; i.e., every fe k
which is relatively prime to p is a norm residue
modulo p€ for any e > 0. For aramified p put

, = p*. For a Galois extension K/, c is not
greater than
1|Vp| . _”r V(i)|
Lo = 5

In particular, for an Abelian extension K/k this
value is an integer and is equa to ¢ (Hasse, J.
Fac. Sci. Univ. Tokyo, 1934). For example, the
[-conductor of the cyclotomic field K;»/Q is /*.
We define the p _-conductor for K/k for an
infinite prime divisor p_ of k by f, =p_if p,
is real and its extension to K is imaginary, and
ivl = 1 otherwise (- 257 Local Fields F).

r
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Q. Norm Residue Symbol

For an Abelian extension K/k, the positive
divisor

f=I1f,
?

(where p runs over all finite and infinite prime
divisors of k) is called the conductor of K/k
(— 59 Class Field Theory). For ae k (a# 0)
take %, such that a/ay= 1 (modf)and 4y =1
(mod ffs '), and put (xy) = p“b with b relatively
prime to p. Then b is relatively prime to the
relative discriminant dg,. We define a new
symbol by

o KK\ (KK
( p >_<T> (€6

where ((K/k)/b) is the Artin symbol. This
value is independent of the choice of the
auxiliary element «,. The new symbol is called
the norm-resdue symbol (Hase, J. Reine
Angew, Math., 162 (1930)). In particular, for
an infinite real prime divisor p¥ of k whose
extension B for K is imaginary, we have

o, Kk
20 =lor =0

according to whether the conjugate ¥ is
positive or negative, where ¢ is the automor-
phism of K/ induced from the complex con-
jugation of the completion C of K with respect
to PY.

The norm-residue symbol has the following
properties:

M (zxoc’, K/k>_ <oc, K/k) <oc’, K/k)_
p /) \ »p p )

(2) if p is unramified for K/k, then

(O(, K/k>_<K)/k>—v9(a)‘
VAR ’

(3) in order that o be a norm residue modulo T,
for K/k, it is necessary and sufficient that

(u,K/k>>1.
P k]

(4) the product formula for the norm-residue
symbol (Hasse) is

)

where p runs over all finite and infinite prime
divisors of k; and (5) if the domain of the
variable ¢ is the whole k (#0), or the set of
all o such that («) is relatively prime to p, or
the set of allg such that «=1 (mod p”) (v, +
1<mgv,.,). then the range of ((a, K/k)/p)is
the decomposition group Z of p, the inertia
group T of p, or the ramification group V,




61

of p, respectively (Hasse, S. lyanaga, 1933)
(- 257 Loca Fields F).

R. Hilbert Norm-Residue Symbol

The symbol first introduced by Hilbert for
quadratic fields can be defined in a genera
algebraic number fiddd k containing an nth
primitive root {, of unity. Let o, fie K (x#0,

B # 0), and let p be a prime divisor. Then the
following nth root of unity ((«, f)/p), iS defined
by using the norm-residue symbol:

() oo
o (a k(\"/E)/k)

p

This symbol ((a, f3)/p), is caled the Hilbert
norm-resdue symbol. Tt is &so caled the
Hilbert-Hasse norm-residue symbol. For o, «,
B ek, we have

(UC&®=Cﬂ>@ﬁ»
P /o \P /u\ P /n

(2) the law of symmetry:

G-,
p e \P Ju’

and (3) the product formula for the Hilbert
norm-residue symbol:

(%) -

(Hilbert, Furtwiingler, Takagi, Artin, Hasse).
For detailed properties concerning the norm-
residue symbol, power-residue symbol, and
Hilbert norm-residue symbol and for refer-
ences for them see Hasse [6].

In general, the problem of obtaining various
laws of reciprocity for the power-residue sym-
bol is reduced to the one of computing the
Hilbert norm-residue symbol explicitly. De-
tailed formulas for these symbols are called
explicit reciprocity laws; they are treated as
a topic in the number theory of locd fields
(- 257 Loca Fields H).

S. Density Theorem

Let M be a set of primeideals of k. If

1
_L/ log——

RPNy

exists, its value is said to be the density of M.
The density of the set of all primeidealsof k is
1. Let H be an ided group modulo an integral
divisor m. Then the density of the set of all
prime ideals contained in each coset of J(m)
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modulo H is 1/(J(n): H). In particular, let H
be the ray S(m). Then this result implies that
each coset of J(m) modulo S(M) contains
intinitely many prime ideals (a generalization
to agebraic number fields of the fprime num-
ber theorem for arithmetic progression).

Let K/k be a Galois extension, C be a conju-
gate class of the Galois group G of K/, and
M(C) be the set of all prime ideals p of ksuch
that the tFrobenius automorphism of each
prime factor s, of p in K belongs to C. Then
the density of M(C) is |C|/|G| (Chebotarev's
dendty theorem, Math. Ann, 95 (1926)).

Each element ¢ of the Galois group G of K/k
can be expressed by the permutation z of the
conjugate fields K, K™ of K over k. Let z
be expressed as the product of v feycles of
length fi, .f.. Hence n =f; + +,. Let
C(fy,. ,f) be the set of all such g in G, and
let M(f,,,f) be the set of al prime idedls
p of ksuch that p is decomposed in K/k as
the product of r prime ideals of K with rela
tive degree f,, . ,f,. Then the density of
M(fy, . )18 C(fy, .. . [)I/IG]| (Artin, Math.
Ann, 89 (1923)).

T. Relation to the Arithmetic of Local Fields

It is quite useful to investigate the relation
between the arithmetic of algebraic number
fields and that of local fields. For example, let
a prime ideal p of an agebraic number field k
be decomposed as E(p)= Bs:. o, NK/k(sBi)
=pfi(i=1,...,¢) in an extension K of k. Let
Ky and k, be the completion of K and k with
respect to PB-adic and p-adic valuations, re-
spectively. Then we have [K,, : k] = ¢, f; and
K®gk =Ky ++ Ky, (direct sum). The
relative different Dk is expressed as (the
p-component of Dy,) = [T4., Dy, e FOr @
Galois extension K/k the p-conductor f, = p°
for the norm-residue and the conductor p¢ of
loca extension K,/k, have the same exponent
c. For aloca fidd K,p/kp, each norm-residue
modulo §, is a norm of an element of K,.
Hence precise results concerning the norm-
residue in local fields can be applied imme-
diately to agloba field K/k (- 257 Loca
Fields).

We can also apply the method of the idele
group of an algebraic number field k, and
therefrom we can prove results concerning the
ideal class group, unit group, and zeta function
of k (- 6 Adeles and and |deles).

U. Higstory of the Arithmetic of Algebraic
Number Fields

C. F. Gauss (1832) was the first to generadlize
the notion of integers to algebraic number
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fields in considering the elements of Z[/—11,
now caled Gaussian integers (Z[v[jl] is the

principal order of Q(\/—_l )). After investiga-
tions by G. L. Dirichlet and Kummer, the
notion of ideals was introduced by Dedekind
(1871) [2]. L. Kronecker gave another founda-
tion for the arithmetic of algebraic number fields
(1882) [3]. Dirichlet proved the unit theorem
and, introducing the analytic method to num-
ber theory, gave the class number formula of
quadratic fields (— 347 Quadratic Fields). H.
Minkowski first applied the theory of lattice
points to number theory (- 182 Geometry of
Numbers), and K. Hensel introduced the p-
adic method (- 257 Loca Fields). Hilbert
(1897) [4] and Hasse (1926, 1927, 1930) [6]
summarized the main results on the arithmetic
of agebraic number fields known at that time.
In particular, Hilbert's report centered around
the arithmetic of Galois extensions, and
Hasse's around the class field theory obtained
by T. Takagi, E. Artin, and H. Hasse (- 59
Class Field Theory). Since c. 1950, when the
notions of ideles and adeles were introduced,
cohomology-theoretic methods have been
successfully applied to number theory (— 6
Adeles and Ideles). Recently various local
methods, for example, the Iwasawa theory of
Z-extensions, fformal groups, and tp-adic L-
functions (T. Kubota and H. W. Leopoldt, J.
Reine Angew. Math., 214/215 (1964)) have been
frequently applied to research in agebraic
number fields.
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15 (VHL3)
Algebraic Surfaces

A. Definition

An algebraic variety of dimension 2 is caled
an algebraic surface. In thisarticle, by a sur-
face we mean a complete irreducible algebraic
surface defined over an dgebraicaly closed
field K.

B. History

The history of algebraic surfaces originated
with the study of algebraic functions of two
variables. In the case of agebraic functions of
one variable, the introduction of tRiemann
surfaces attached to such functions played an
essential role in the development of the theory.
The study of agebraic functions of two vari-
ables led naturally to the consideration of the
surfaces defined by a suitable polynomial
equation. H. Poincaré and E. Picard are
among those who studied the homological
structure of the surface defined by the equation
P(x,Y, z) = 0. Thetheory of *Abelian integrals
(Picard integrals) is one of the consequences of
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such topological investigations. S. Lefschetz
obtained further results in this direction.

M. Noether and geometers of the Italian
schooal, such as F. Enriques, G. Castelnuovo,
and F. Severi, studied algebrogeometric prop-
erties of algebraic surfaces. In particular, the
Italian school geometers recognized the im-
portance of irregularity and thoroughly inves-
tigated its geometric meaning. In the early
20th Century they succeeded in constructing
the great edifice of the theory of algebraic
surfaces. Though some of their results lack
rigorous proof, €fforts to build a foundation
for those results have led to the recent devel-
opments in algebraic geometry. A signifi-
cant contribution to the modernization of
the theory was made by 0. Zariski and K.
Kodaira

The resolution of singularities of an alge-
braic surface is one of the most fundamental
problems in the field. When the funiversal
domain is the complex number field, function-
theoretic methods were used by Italian-school
geometers and R. J. Walker (Ann. Math., 36
(1935)). Zariski introduced the tvaluation-
theoretic method to deal with the problem
when the characterigtic of the universal dop-
main is zero. S. Abhyankar (1966) succeeded
in resolving the case of positive characteristics.

C. Divisors and Linear Systems

In what follows, let § denote a nonsingular
surface. § can be embedded into some projec-
tive space. Let £ be alinear system of divisors
on §and f,,,/, be a basis of the detining
module for £ over K. Associated with X we
have a rationa mapping ¢, : §—P" defined by
O, (P)=(fy(P), ..., [,(P))for genera points P
on S. Pullbacks of hyperplanes by @, are
caled variable components of 2. Any member
of 2 isasum of avariable component and a
fixed component of Z. Let §’ denote the clo-
sure of theimage of S by @,. If dmS =2,a
generd varigble component is irreducible. If
dim S =1, then a general variable component
is composed of an algebraic system of dimen-
sion 1, which is called an algebraic peneil.
These result from Bertini’'s theorems. For any
divisors D and D’ on S, the inter section number
(or the tKronecker index) I(D-D)) is defmed;
this number is a symmetric bilinear form such
that [(D-D)=1I(D, D)) for any divisors D, and
D linearly equivalent to D and D', respec-
tively. If Cisanonsingular curve on S, I(C- D)
coincides with the degree of the restriction
C-D of D toC.I(D-D)=(D?) issaidtobethe
self-intersection number of D.  If D is an ample
divisor on S, then(D?) >0andf(D- C) > 0O for
any irreducible curve C on S. These properties
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characterize an ample divisor (Y. Nakai; — 16
Algebraic Varieties E).

Let 2 be an irreducible linear system of
dimension r( = 1), and let C be a generic com-
ponent of X. Let C' be amember of X different
from C. Then the set of C-divisors - C' forms
alinear system of dimension v- 1 on C. This
is caled the trace of 2 on C and is denoted
by Tr.2. The trace is, in general, not com-
plete. The integer dim [Tr 2| —dim Tr 2=
5(2) is called the deficiency of Z. The defi-
ciency of the complete linear system|D| is
denoted by §D.

Let x be a point of S, and let ¢, be the local
ring of x. Then (/s = Uxes @, is an talgebraic
coherent sheaf, called the fstructure sheaf of S.
Let D beadivisor on S. The sheaf of germs of
rational functions f such that (f)+D>0 is
denoted by G , (D) . Then H%(S,(5(D)) isadefin-
ing module for the complete linear system D |.
D>0 if and only if Og(— D) is a sheaf of (-
ideals. The quotient sheaf ()g/(5(— D) will be
denoted by O,. If D isa *prime divisor, then @,
is the structure sheaf of the algebraic curve D
(— 9 Algebraic Curves). Let # be a sheaf on S.
We set

18, F)=Llo(-1)'dim HYS, F).

7(8, €5) will be denoted simply by ¥(S). We
call p(S = z(S) 1the aritometic genus of
the algebraic surface S. Sometimes x(S) is re-
ferred to as the arithmetic genus of S. We set
#5(D)= 1(S)  y(S. G5(~D)). Theinteger p, (D)
=1 —ys(D) is by definition, the arithmetic
genus of the divisor D. If D isaprime divi-
sor, then p, (D) coincides with the arithmetic
genus of the algebraic curve, i.e, p, (D) =
dim HY(D, Op).

D. Riemann-Roch Theorem

Let S be a nonsingular surface and let K de-
note a canonical divisor on S, i.e., K = (w) for
some nonzero rational 2-form g on S. If Cisa
nonsingular irreducible curve on S, (K + C): C
becomes a canonical divisor on C; hence,
deg((K+C)-C)=2p,(C)—2 byacorollaryto
the Riemann-Roch theorem on C (- 9 Alge-
braic Curves C). Since J((K + C)- C) = deg((K +
C)-C), it follows that p (C)=I1((K + C)- C)/2+
1. Moreover, the formula

P(D)=I((K+D)-D)/2+1

holds for an arbitrary curve D on §; thisis
called the adjunction formula. For any divisor,
wedefinep, (D) tobel (D (D +K))/2+1 Then

18, D))= y(8) = ys(—=D)=2(8) +p.(—D)— 1
=I1(D-(D - K))/2+ 1(S).
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This formula is called the Riemann-Rocb
theorem on S (— 366 Riemann-Roch Theo-
rems C). Applying Serre’s duality theorem to
D (— 16 Algebraic Varieties E) we have

dim H(S, O(D))=dim H*7(S, O(K — D))
for i=0, 1, 2.

In particular, dim H2(S, O(D))=I(K — D),

which is caled the index of speciality of D;

dim HY(S, ¢(D))=dim H'(S, (K — D)) is cdled
the superabundance of D, denoted by h'(D).
The inequality

D)+ (K —D)
2 1(S, O(D)) =I(D - (D = K))/2+(5)

is caled the Riemann-Roch ineguality, where
equality holdsif and only if #*(D) = 0. IfD isa
curve with s ¢connected components, then

D+ K)=h'(—D)+p,(D)—s+ x(S).

In addition, if A'(0)=0, then k!( D) =0and
thusl(D+ K)=p,(D)—s+ x(S). Thisiscalled
the Riemann-Roch theorem for the adjoint
sytem. Notethat D + K| is caled the adjoint
sysem of D.  The Noether fomula, (K?) +
¢,(8)= 12¢(S), is a special case of Hirzebruch’s
theorem of Riemann-Roch type (- 366
Riemann-Roch Theorems B). Here, ¢,(S)
denotes the second Chern number of S, which
coincides with the Euler number of §if K is
the field of complex numbers.

Let Div(S) denote the group of ali divi-
sors on S; by linearity we can define the bi-
linear form I{D-D") onDiv(S), = Div(S) ® ,Q.
J ={DEDiv(S), I(D- D) =0forallD} is
a subgroup and X = Div(S),/J is a finite-
dimensiona vector space over Q, on which the
nondegenerate bilinear form ! is induced. I has
a unique positive eigenvalue; thus the other
eigenvalues are all negative. This is caled the
index theorem of Hodge it is derived from the
Riemann-Roch theorem on S. From this, we
inferthatif D*=1(D-D)>0, then I(D-D')?>
D? -D? forany . X issad to be the Neron-
Severi group of § anddim X is said to be the
Picard number of § (— 16 Algebraic Vari-
gties P).

Tostudy /[(mD) asa functionof m >> 0, O.
Zariski writes an arbitrary effective divisor D
asasum of D'*) and D'”)e Div(S), with non-
negative rational coefficients such that (1) D
is arithmetically effective (or, numericaly
semipositive), ie. | (D™} C)>0forany curve C
on S; (2) D’=0 or the intersection matrix of
the support of D is negative detinite; and
(3) 1(D'**- D)) = 0. Such adecomposition is
unique and is called the Zariski decomposition
of D [7]. If mD™ is adivisor for some m > 0,
then I(mD)=1(mD'™").
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E. Invariants of Algebraic Surfaces

There are many invariants besides the arith-
metic genus discussed earlier. We set h4P =
dim, H7(S, Q9. Then h*-°isequa to the
number of linearly independent holomorphic
2-forms; it is called the geometric genus and is
usually denoted by p,. Since h°% ! gives the
maximum among the deficiencies 6(2) of linear
systems on S, it is called the maximal defi-
ciency of S. For adivisor C such that 4'(C) =
0, we have §(C)=h**. The number 4°! was
formerly called theirregularity of §, because
h% ! was considered to be a correction term in
the equality p,(S) = p,— h®', The study of
higher-dimensional varieties showed, however,
that it was unnatural to regard h%! as a cor-
rection term. At present, by irregularity we
mean the dimension of the Picard variety of §
(— 16 Algebraic Varieties P), and we denote
this number by g.

When § is defined over the complex number
field, we have h?% = 4%? In particular, g =
B ' = 10 This number is equal to the num-
ber of linearly independent tAbelian Simple
integrals of the first kind; it is also equal to
one-half the first Betti number of S. In cases
with positive characteristic, these egudlities
do not hold in general. J-P. Serre gave an
example of an algebraic surface § such that
h% 40 and J. Igusa gave an example such
that g <h®1=h'° Let K beacanonica djvi-
sor of S. The number P, =(iK) iscalled thei-
genus, and P, (i = 2,3, .) are generaly caled
plurigenera. If P, =0and d  n, then P, isaso
zero. The numbers p,(S) = h*° —h® ! p,(S) =
WO RO O P(i=2,3,...) (P =p,) ae
tabsolute invariants of §'; ie., they take the
same values for any nonsingular surface S
that is birationally equivalent to S. However,
h'-'is not an absolute invariant. For a pro-
jective plane, all plurigenera P, vanish and
the irregularity g = 0. Thus if S is a rational sur-
face (- 16 Algebraic Varieties J), i.e., a sur-
face which is birationally equivaent to P2,
all P, =g =0. Conversely, any surface with
g =P, =0isarational surface. Thisis called
Castelnuovo's  criterion. A ruled surface is de-
fined to be a surface that is birationally equiv-
alent to a product of the projective line and a
curve. All P, of aruled surface equal 0 and
any surface with P, = P = 0is a ruled sur-
face. This is cdled the criterion of ruled sur-
faces  (Enriques).

F. Characteristic Linear Systems of
Families

Algebraic

One of the central problems considered by the
Italian school was to prove that the irregular-
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ity g is equa to the maximal deficiency 401,
For that purpose, Severi introduced the notion
of characterigtic linear systems of agebraic
families. Let X be an irreducible algebraic
family of positive divisors on S such that a
generic member C of X is an irreducible non-
singular curve, and let r be the dimension of X.
Let 2| be a 1-dimensional subfamily of %
containing C as a simple member, and let C
be a generic member of X, . Then the speciali-
zation of - C over the specidlization '~ is
awell-defined C-divisor of degreep= I(C-C').
The set of C-divisors thus obtained is called
the characteristic set. The characteristic  set
forms an (v - 1)-dimensional linear system and
contains Tr, C| as a subfamily. This linear
system is caled the characterigic linear system
of X, For any agebraic family of dimensionr,
we haver < dim Cl + ¢. In particular, there
exists an agebraic family X that contains oo?
linear systems and such that for a generic
curve C we have h(C) = 0. For such an alge-
braic family, we have the equality r = dim (|

+ ¢; hence the inequality g < #% ! follows.
Moreover, if the characteristic linear system is
complete, we have g = h%!, The proof of the
completeness of characteristic linear systems
given by Severi is valid only in some special
cases (e.g., the case p, = 0). For a complex
agebraic manifold, a rigorous proof was given
later. When the characteristic is positive, the
completeness does not hold in general (Igusa);
however, for the surface with p, = 0, the com-
pleteness holds (Y. Nakai). The completeness
holds if and only if the Picard scheme of § is
reduced [ 14].

G. Birational Transformations of

Surfaces

Algebraic

Let Sand S’ denote nonsingular surfaces. If
there exists a birational morphism T: S—§’, we
say that S dominates §’, and we write S > §'. In
addition, if T is not an isomorphism, we write
S> S In casethere does not exist an S’ with

S > S, Sis sad to be reatively minimal. On the
other hand, if we have §’ > § for any §’ which
is birationally equivalent to S, § is said to be
minimal. Any minimal surfaceis, by definition,
relatively minimal. If a minimal (resp. rela-
tively minimal) surface S is birationally equiva-
lent to §', wesay that § isaminimal (resp.
relatively minimal) model of §' or of the field
K(S). A necessary and sufficient condition for
S to have a minima model is that S not be a
ruled surface (Castelnuovo and Enriques).

Let S be a nonsingular surface and P be a
point on S. Replacing P by a projective line
P!, we have a nonsingular surface §' and a
birational morphism T:§—S such that T-‘(P)
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=ExP'andS'—ExS—{P} by T. T:§'>§
(or T~"in some references) is said to be a
locally quadratic transformation. Any bira-
tional morphism between nonsingular sur-
faces is a composition of localy quadratic
transformations and an isomorphism. Given
abirational mapping T: S—S5ad P on S,
T7'{P} iscalled an exceptional curve when-
ever it is not a point. Moreover, it is called an
exceptional curve of the firse kind if T is regu-
lar along T~'{P}. Otherwisg, it is of the second
kind. Exceptional curves consist of irreducible
rational curves. An irreducible curve E is an
exceptiond curve of the first kind if and only
if (E)==1and E =P Sisrdatively minimal
if and only if S has no exceptional curves of
the first kind; Sis minimal if and only if S has
no exceptional curves at all. A relatively mini-
mal surface that is not minimal is a ruled
surface. Such a surface is either P? or a P!-
bundle over a curve. In particular, a relatively
minimal rational surface is either P2 or a P!-
bundle over P'. Any surface of the latter type
isoccasiondly called aHirzebruch surfaceand
its (K?) is 8, where K denotes a canonical
divisor. However, (K?) of P2is 9. Define the
linear genus Of arational surfaceto be 10. If S
is not a rationa surface, taking a relatively
minimal surface §', we deline the linear genus
p' of Stobe(K?*)+ 1of §'.

H. Examples of Algehraic Surfaces

Let S, denote a nonsingular surface in P?
defined by a homogeneous polynomia of
degree m. Let H denote adivisor on §,, in-
duced from a (hyper)plane on P3. Then the
canonical divisor K is linearly equivalent to
(m—4)H, i.e. K-(m-4)H. Hence, p,=(m~—1)
Mm 2 (m 3)/6. Moreover, g = 0; if K is the
field of complex numbers, S, is simply con-
nected. S, is isomorphic to the product of two
copies of P!, i.¢. S, = P'x P!; hence, itisara-
tional surface. §, is aso rational. There exist
27 lines on §,. Contracting 6 mutually digoint
lines among these 27 lines, we obtain a pro-
jective plane. Conversely, given 6 points on

P2 in general position, by performing locally
quadratic transformations with these points
as centers we get a cubic surface S, and a
birational morphism T: S, —»PZ2. The inverse
images by T of the 6 given points, the proper
transforms of 15 lines connecting every pair of
points chosen from the 6, and 6 conics passing
every 5 of the 6 points by T, exhaust 27 [ines
on S,. If m =4, then K ~ 0. In generd, anon-
singular surface with K~ 0 and ¢ = 0 is said to
be a K3 surface (- 72 Complex Manifolds J).
K3 surfaces have certain properties similar

to Abelian surfaces that are defined to be 2-
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dimensional Abelian verieties (—~ 3 Abelian
Varieties). For K = C, the period mapping
defined by integrating regular 2-forms has
been studied extensively in connection with
moduli theory.

In general, surfaces with the bigenus P, =
p, = 1and g =0 are birationally equivalent to
K 3 surfaces; surfaceswith P, =p,=1landg=2
are birationally equivalent to Abelian surfaces.
Every Abelian surface has the involution i
defined by i(x) = -a and the quotient surface
by i isasingular surface with 16 ordinary
double points. By performing 16 locally qua-
dratic transformations successively with these
singular points as centers we obtain a K3
surface. Such a K3 surface is caled a Kummer
surface. The original singular surface is aso
caled a Kummer surface. A quartic surface in
P3 with 16 double points is an example of a
Kummer surface.

The theory of birational classification of
surfaces was developed by Castelnuovo, En-
riques, and others of the Ttalian school. This
theory has been extensively enriched and gen-
eralized in various ways. Kodaira's theory of
analytic surfaces includes classification of
agebraic surfaces (— 72 Complex Manifolds 1,
J), and classification of surfaces in the positive-
characteristic case has been recently studied in
detail [4,5]. When the field K(S) is a subfield
of a purely transcendental extension K(X, ), §
is said to be a unirational surface. If the exten-
sion K(X, Y)/K(S) is separable, S is a rational
surface. However, if it is inseparable, § may
become nonrational, a K3 surface, an dliptic
surface, or a surface of general type [5,12].
Even for noncomplete surfaces, we have a
classification theory [ 10] similar to the previ-
ous ones. The following result is one of the
applications: whenever Sx A’ > A3, § isiso-
morphic to A2, Here A” means the affine p-
space (M. Miyanishi, T. Sugie, T. Fujita;
[7,9,13]).

Let / be the ring of integers of a real qua-
dretic field of discriminant d. The Hilbert
modular group G = SL(2,1)/{ £ 1} acts on the
product H#? A# being the complex upper half-
plane. The normal complex space #%/G can
be compactified by adding a finite number of
points and thus a compact northal surface is
obtained. Resolving these singularities in the
canonical minimal way, we have a nonsingular
surface Y(d) over C, which is called the Hilbert
modular surface with discriminant d. Y(d) is
simply connected; hence, g( Y(d) =0. Ifd =5, 8,
12, 13, 17,21, 24, 28, 33, 60, then Y(d) isa
rational surface. If d = 29, 37, 40, 41, 44, 56, 57,
69, 105, then Y(d) is birationally equivalent to
a K3 wrface If d =53, 61, 65, 73, 76, 77, 85, 88,
92, 93, 120, 140, 165, then Y(d) isan elliptic
surface with ( Y(d)) = |. Otherwise, itisa
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surface of general type (— [ 19,201 in 72 Com-
plex Manifolds).

For O-cycles on a surface — 16 Algebraic
Varieties J.
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16 (VIII.4)
Algebraic Varieties

A. Affine Algebraic Varieties and Projective
Algebraic ~ Varieties

Fix a field k. A subset of the n-dimensional
taffine space k" over k is called an affine alge-
braic varigty (or smply affine variety) if it

can be expressed as the set of the common
zeros of af(finite or intinite) set of polynomials
F(X,, ., X,) with coefficients in k. Similarly, a
subset of the n-dimensional tprojective space
P’ (k) over k that can be expressed as the set of
the common zeros of a set of homogeneous
polynomials G( Y,, ., Y,) iscaled a projective
algebraic  variety (or sSimply projective variety).
In this section, variety means either an affine
or projective variety. A variety which is a
subset of another variety is called a subvariety.
These varieties are the forerunners of the
modern, more general versions of algebraic
varieties, which we will discuss later.

When V is an affine variety in k” , the set of
the polynomials in k[X] = k[X,, ,X,] that
vanish at every point of V form an ided (V)
of k[X]. Theresidue class ring A, = k[ X]/I( V)
is caled the coordinate ring (or affine ring) of
V. We can regard A, as the ring of k-valued
functions on V that can be expressed as poly-
nomials of the coordinates of k”. When Vis a
projective variety, the Thomogeneous ided
generated by the homogeneous polynomials in
k[ Y] =k[ Y. ., Y] that vanish at every point
of Visdenoted by I1(V), and thering A, =
k [ YJ/I( V) is cdled the bomogeneous coordi-
nate ring of V.

A variety Vis said to be reducible or irreduc-
ible according as it is the union of two proper
subvarieties or not. A maxima irreducible
subvariety of V is called an irreducible compo-
nent of V. Any variety can be written uniquely
as the union of a finite number of irreducible
components. A variety Vis irreducible if and
only if I( V) isa'prime idea. When that is the
case, the field of quotients of A, (when Vis
affine) or the subfield of the field of quotients
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of A, consisting of the homogeneous elements
of degree 0 (when V is projective) is called the
function field of V and is denoted by k(V).
Elements of k( V) arecalled rational functions
(or simply functions) on the variety V. The field
k(V) is tfinitely generated over k. The tran-
scendence degree of k(V) over k is called the
dimension of V. WhenV is reducible, the max-
imum of the dimensions of its irreducible
components is called its dimension. If W isa
subvariety of an irreducible variety V, then
dim V=dimW iscaled the codimension of W
on V. A subvariety of pure codimension 1 of
an affine or projective space can be defined by
a single equation and is called a hyper surface.
If the ideal 1(V) of a variety V of dimension r
in a projective space P’(k) is generated by n-r
homogeneous polynomials, then Vis caled a
complete inter section. Compared with general
varieties, complete intersections have some
simpler properties. On the other hand, many
important verieties are not complete intersec-
tions, e.g., tAbelian varieties of dimension > 2.

The intersections and finite unions of sub-
varieties on a variety V are also subvarieties.
Thus the subvarieties can be taken as the
tsystem Of closed sets of atopology on V (-
426 Topology), which is called the Zariski
topology of the variety V. When k is the field of
complex numbers, V can be viewed as an
tanalytic space, and the topology of Vas such
(the “nsual” topology) is much stronger than
the Zariski topology. For the rest of this arti-
cle, varieties will be considered as having Zar-
iski topologies unless stated otherwise. Terms
such as Zariski open, Zariski closed, and Zar-
iski dense are used to mean open, closed, or
dense in a Zariski topology. Suppose a con-
dition (P) concerning the points of an irreduc-
ible variety V (concerning the elements of a
set M parametrized by the points of V) is
satisfied in a nonempty Zariski open set of V.
Then we say that the condition (P) holds at
almost all points of the variety V or a genera
points of V (almost all elements of the set M).

Let U and V be affine varieties in k" and k™,
respectively. Then the product set U x Vis an
affine variety in k"™ and is called the product
algebraic variety (or smply the product) of U
and V. Note that the Zariski topology on
U x Vis stronger than the product of the
topologies of U and V. When k is talgebrai-
cally closed, U x Vis irreducible if U and
V are irreducible.

Suppose that k is agebraicaly closed. Let §
be a fprime ided of k[X] = k[X,,,X,], ad
let V be the affine variety in k" detined as the
zero points of P, Then I(V) = P (Hilbert zero
point theorem) (- 369 Rings of Polynomials
D). Therefore there exists a one-to-one corre-
spondence between the set of prime ideas of
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k[X] and the set of irreducible varietiesin k™.
In particular, the tmaximal ideals correspond
to the points of k”. Similarly, there existsa
one-to-one correspondence between the set of
homogeneous prime idedls of k[ Y] other than

", Y:k[ Y] and the set of irreducible sub-
varietiesin P’ (k).

When we dea with nonlinear algebraic
equations, we cannot expect asimple, clearcut
theory without assuming that k is agebraically
closed. Hence we take an agebraicaly closed
field K containing k and regard a variety V in
k" asasubset of the variety V; in K" defined
by the same equations. From now on, we
suppose that k is agebraicaly closed. If the
ideal 1(V) of k[X] or k[ Y] determined by a
variety Vis generated by polynomials with
coefficients in a subfield k' of k, we say that V
is defined over k' or that k' is afield of defi-
nition for V. Any variety has the smallest field
of definition, which is finitely generated over
the prime field. In the theory of A. Weil [92],
we fix an algebraically closed field K that has
an infinite transcendence degree over the
prime field. ThisK is caled the universal
domain. A point of Vis caled a k'-rational
point of Vif dl of its coordinates belong to a
subfield k' of K. Let K, K, be two extension
fields of a field L, and let (x)e K, (y)eK4.

We say (y) is a specialization of the point (x)
over L (notation: (x)>(y)) if all polynomials
f(X)eL[X,,.... X, satisfying f(x) = 0 dso
satisfy f(y) = 0; in other words, if there exists a
homomorphism of L-algebras L [x,, ,x,] =
LTy,,.,Y.] mapping x;to y,. Let K be the
universal domain, Van irreducible variety in
K", and k' (c K) afield of definition for V
having a finite transcendence degree over the
prime field. Then there exists a point (x) of V
such that all points of V are specidizations of
(X) over k'. Such a point (x) (in general not
uniquely determined) is called a generic point
of Vover k'. Thering k’[x] is isomorphic to
KTX)/I(V) NK'[X] over K. (Some authors use
the term generic point to mean almost gll points
as defined earlier.)

B. Local Rings

Let V be an affine variety and let W be an
irreducible subvariety of V. Let By, be the
subset of A, consisting of the elements that
vanish identically on W. Then ,, is a prime
ideal of A,. Thering of fquotients of A, with
respect to ¥, is denoted by D, , or by D,
and is called the local ring of W on 'V (or of

V at W). Suppose for simplicity that Visirre-
ducible. Then Dy, isthe subring { f/g|f, 9 € 4y,
g¢ By} of k(V), and the tresidue field of Dy,
modulo the maximal ideal 9B, Dy, can be
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identilied with k( W). When a function ¢ on
V (p e k( V)) belongsto Dy, itissaid to be
regular at W. For agiven function ¢ € k( V),
the set of the points of V where ¢ is regular
is Zariski open. In the case of a projective
variety, the local ring D,  is defined as the
subring of the ring of quotients of A, with
respect to B, consisting of the homogeneous
elements of degree 0.

A mapping from an open set U of a variety
V to k that is regular at every point of U is
caled a regular function on U. The ring of
regular functions on U is denoted by A,. By
assigning A, to each open set U, we can define
a tsheaf of rings @, on V, of which the fstalk
¢y . a apoint xe Visthe local ring Dy .. The
sesf ¢, is cadled the sheaf of germs of regular
functions on V (or the structur e sheaf of V)
(- 383 Sheaves H).

C. General Definition

Consider a pair (V, 0) of atopological space

V and a sheaf ¢ of germs of mappings from

V to k. If V has a finite open covering (U))
such that each (U, €| U,) isisomorphic to an af-
fine variety ¥, (in the sense that there exists a
homeomorphism from U; to ¥; that transforms
0] U. to the structure sheaf of V), the pair (V, )
iscaled aprealgebraic variety over k, and ()

is called its structure sheaf. Usudly (V, () is
denoted simply by V.

A regular mapping between prealgebraic
varieties is detined as a continuous mapping
g: V-V satisfying poge @, , for any xeV
and ge 0y 4. Furthermore, if g is a homeo-
morphism and ¢! is aso regular, then g
is cdled an isomorphism or a hiregular map-
ping. The Cartesian product X X Y of pre-
agebraic varieties X and Y is locally a prod-
uct of affine varieties. Therefore X x Y has
the structure of a prealgebraic variety. A pre-
algebraic variety X is called an algebraic va-
riety if the image of the diagonal mapping X —
X x X is closed in the Zariski topology of
the product variety X x X (“separation con-
dition”). (This definition is due to J.-P. Serre
[81].) The separation condition corresponds
to tHausdorfl’s separation axiom. If Wis a
locally closed subset (i.e., the intersection of
an open set and a closed set) of an agebraic
variety V, then it becomes an algebraic variety
in a naturad manner (the germs of regular
functions at Pe W are taken to be the germs of
functions induced on W by the functions in
0y p). Localy closed subvarieties of k" or P’ (k)
ae cdled quas-affine or quasiprojective alge-
braic varieties, respectively. Definitions of
irreducibility and local rings for general alge-
braic varieties are given in the same manner



69

as before. In this article, algebraic varieties will
often be referred to simply as varieties.

The notion of an irreducible algebraic
variety was developed from that of abstract
algebraic varigty (or simply abdract variety)
defined by Weil.

D. Schemes

The set of primeideals ( # (1)) of acommuta
tive ring A with unity element 1 is denoted by
Spec(A4) and is called the spectrum of A. For
any subset a of A, wedenote by V(a) the set of
the prime ideals containing a. We define a
topology on Spec(A) in which the closed sets
areV(a). This, again, is called the Zariski
topology of Spec(A). For an element f of A, the
open set D(f)=Spec(A)— V(f)iscaled an
elementary open set. The elementary open sets
form a base of open sets in the Zariski topol-
ogy of Spec(A4). The set of closed pointsis
nothing but the set of maximal ideals of A.
Assigning to each point § of Spec(A) the fring
of quotients A,, we obtain a sheaf of rings A
on Spec(A). We have the equality T'(D(f), A)=
Ay, where A, is the fring of quotients by the
multiplicative system { /" n > 0}. In particular,
we have T'(Spec(4), 4) = A. Regarded as a
tlocal-ringed space with 4 as the structure
shedf, Spec(A) is caled an affine scheme.

A local-ringed space X which is locally
isomorphic to an affine scheme is called a
scheme. A morphism of schemes is, by defi-
nition, a fmorphism between them as local-
ringed spaces. Thus we obtain a *category
whose objects are schemes. We denote it by
(Sch). Giving a morphism f: X —Spec(A4) is
equivalent to giving a ring homomorphism
['(f): A-T(X, 0,). Hence the category of
affine schemes (which is a tfull subcategory of
(Sch)) is contravariantly equivaent to the
category of commutative rings. If there is given
amorphism of schemes f: X -8, X is said to
be an S-scheme or aschemeover §, and f is
caled the structure morphism and § the base
scheme. For two S-schemes f: X —S§, g Y-8,
a morphism of S-schemes is defined to be a
morphism of schemesh: X - Y with f=goh.
Thus we obtain the category of S-schemes
denoted by (Sch/S). Spec(Z) is the unique tfinal
object in (Sch), hence (Sch) is nothing but
(Sch/Spec(2)).

The tfiber product aways exists in (Sch). In
fact in the case of affine S-schemes X = Spec(B)
and Y= Spec(C) with § = Spec(A4) we have
X x,Y = Spec(B ®, C), and in the general case
we construct X X ¢ Y by patching together fiber
products of affine schemes.

A morphism f: X —S is caled separated if
the image of the diagona morphism Ays :
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XX x ¢ X isclosed. We also say that X is
separated over § or X isa separated S-scheme.
A scheme X issaid to be separated if it is
separated over Spec(Z). All affine schemes are
separated.

When K is a field, Spec(K) is a space having
only one point and equipped with K as the
stalk of the structure sheaf. For a point x of a
scheme X, denote by k(x) the residue field of
Ux.,- For fe0y . we call the residue class off
in k(x) the value off at x, denoted by f(x). We
have a natural morphism i,: Spec(k(x))—X
whose image is {x}. More generally, we call a
morphism i of a spectrum Spec(K) of a field K
to X apoint of X with valuesin K. Such a
point is determined by a point x in X and an
embedding of k(x) in K. A point of X with
values in an agebraicaly closed field is called
a geometric point. For amorphism f: X —

S and a point s in S, the fiber product X x 4
Spec(k(9)) is called the fiber off over s and
denoted by f~*(s). For a geometric point
Spec(K)—S, X X sSpec(K) is cdled a geo-
metric  liber.

A scheme X iscaled reduced if the local ring
at each point of X has no nilpotent elements.
A stheme is said to be irreducible if its underly-
ing topological space is not a union of two
proper closed subsets. A scheme is called in-
tegral if it is reduced and irreducible. Every
local ring of an integral scheme is an tintegral
domain. If ascheme X has an affine open
covering { U; = Spec(A4,)} such that every A,
isatNoetherian ring, X is said to be locally
Noetherian. A locally Noetherian scheme is
caled Noetherian if its underlying topological
space is  +(quasi-)Compact.

A morphism f: X—Y = Spec(A)issaid to be
locally of finite type (of finite type) if X hasan
open affine covering (a finite open affme cover-
ing) { U = Spec(A,)} such that each 4; isa
finitely generated A-algebra. A generd mor-
phism f:X — Y is said to be locally of finite
type (of finite type) if thereisan open affine
covering {¥;} of Y such that every restriction
of f:f 71 (V)-V,islocaly of finite type (of
finite type). If /2 X~ Y is (locdly) of finite
type we say that X is (locally) of finite type
over Y.

A scheme of finite type over afield K {i.c.,
over Spec( K)) iscaled an algebraic scheme
over K. Thereis a tnatural equivalence of
categories between the category of reduced
separated algebraic K-schemes (as a full sub-
category of (Sch/K)) and the category of alge-
braic varieties over K (defined in Section C)
equipped with regular mappings as mor-
phisms. Hence we identify these categories
from now on. Occasionally, algebraic vari-
ety means irreducible variety. Nonalgebraic
schemes are also important as tools for the
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study of algebraic varieties. For example, for a
point X in a scheme X there is a canonical
monomorphism j,: Spec((y ,)—X by which
the unique closed point of Spec(Ox .) is map-
ped to x. If for two algebraic K-schemes X, Y
and for two points xe X, ye Y thereis a K-
isomorphism @, .= O, ,, then suitable neigh-
borhoods of x and y are isomorphic over K.

Many concepts concerning varieties, e.g.,
dimension, generic points, specialization, can
be naturally extended to the case of schemes
by virtue of commutative ring theory.

A morphism of schemes f: X - Y iscaled
proper if itsatisfies the following two con-
ditions: (1) f is separated and of finite type, (2)
for every scheme T and for every morphism T
- Y, the morphism X x ;T— T obtained from
f by the “change of base” is a closed mapping.
We aso say that X is a proper Y-scheme or X
is proper over Y. A proper algebraic K-scheme
is called complete. A projective variety iscom-
plete, while an affine variety over K is com-
plete only when it is of dimension zero. Every
algebraic variety can be embedded in a com-
plete variety (M. Nagata [63]).

A morphism of schemes f: X — Y iscaled
affine if every inverseimage by f of an open
affine subset of Y is again an affine scheme.

A morphism of schemes f: X Y iscaled
finite if it is of finite type and there is an affine
open covering { U, = Spec(4;)} of Y such that
f "N U) = Spec(B,), where B, is tintegra over
A;. For a locally Noetherian scheme Y and a
morphism of schemes f: X— Y the following
three conditions are equivalent: (i) f is finite;
(i) fisaffineand proper; (iii) f is proper and
every fiber off is a finite set. For a finite sur-
jective morphism of Noetherian schemes f:
XY, Xisan afine schemeif and only if Y
is an affine scheme.

A morphism of schemesf: X - Y is said to
be flat if for each point x € X, 0 ,isafflat
Oy, ;-module. If, moreover, fis surjective,
then f 1s caled faithfully flat. Assume that
g: Y'+ Y isafaithfully flat morphism of finite
type of locally Noetherian schemes and 1 X —
Y is a morphism of schemes. Then for many
important properties of morphisms, f has these
properties if and only if the pull-back f;. :

XXy Y+ Y’ hasthe same properties (theory of
descent [29,30]).

E. Cohomology Theory

Let (X, 0) be aringed space. An (-Module
(i.e., asheaf of O-modules) F is said to be
quasicoherent if for each point x of X there
exist a neighborhood U of x and an texact
sequence M —N—F,—0, where M and N are
free ¢),-Modules. An ¢-Module F is said to
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be of finite typeif F islocaly generated by a
finite number of sections over ¢; F is of finite
presentation if, locally, there exists an exact se-
quence (#—©®4— F—( where p and ¢ are posi-
tive integers (they need not be globally con-
stant); F iscoherent if(i) F is of finite type and
(i) the kernel of any homomorphism O, — F,
(where n is an arbitrary positive integer, and [J
is an open set) is of finite type. Obviously, if F
is coherent, then F is of finite presentation,
which implies that F is quasicoherenet and of
finite type. In the category of U-Modules, the
full subcategory of coherent sheaves is closed
under almost all operations of sheaves. If @
itself is coherent as an O-Module, ¢ is said to
be a coherent sheaf of rings. In this case every
("-Module of finite presentation is coherent.

The structure sheaf of a locally Noetherian
scheme is a coherent sheaf of rings. On a lo-
cally Noetherian scheme X, every quasicoher-
ent sub-@,-Module or quotient @,-Module of
acoherent Oy-Module is coherent. A coherent
0,-Module on an agebraic variety V is called
a coherent algebraic sheaf.

Let X = Spec(A) be an affine scheme. Then
every quasicoherent (),-Module F on X is
generated by its globa sections. The corre-
spondence F—I'(X, F) defines an equivalence
beeween the category of quasicoherent sheaves
on X and the category of A-modules; if A is
Noetherian, then the coherent sheaves and the
finite A-modules correspond to each other
under this equivalence.

Let X be a separated scheme, and U = {U,}
an affine open covering of X. For each quasi-
coherent @,-Module F, the cohomology group
H4(X, F) is canonically isomorphic to the
Cech cohomology HY(!, F) (- 383 Sheaves
F). If X is of dimension d, then H(X, F) =0
for every sheaf F of Abelian groups on X and
q>d.

For a scheme X we define the cohomological
dimension cd(X) to be the largest integer ¢
such that HY(X, F) #0 for a quasicoherent (/-
Module F on X [35]. The cohomological
dimension cd(X) does not exceed the dimen-
sion of X. If X isan affine scheme, then cd(X)
= 0. The converse is true under the assump-
tion that X is Noetherian (Serre’'s criterion
[29, 111]). For an agebraic scheme X of dimen-
sion n, cd(X) = p if and only if X is complete
(S. L. Kleiman).

Let f: X 'Y be aproper morphism of
Noetherian schemes. Then for every coherent
0x-Module F and for every g > 0, R (F) (—
200 Homological Algebra) is dso coherent. In
the special case of Y = Spec(k) with afield k
this means that for an agebraic coherent sheaf
F on a complete variety X the cohomology
group H4(X, F) is a finite-dimensional vector
spaceover k.



71

Let X be a scheme over k and let F be a
locally free ¢,-Module of rank 5 (.., an @y-
Module which is locally isomorphic to ¢}). If
we take an open covering {U;} of X and iso-
morphisms ¢;: Fiy, 30y, then ¢, 0 ¢ defines
amorphism g;: U; N U;—» G L(n, k), which is
called the coordinate transformation of F. If we
construct a tvector bundle B on X by the same
coordinate transformations ¢y, then F can be
regarded as the sheaf B(B) of germs of sections
of B. By means of the canonical homomor-
phism GL(n, k)» PGL(n— 1, K) we cancon-
struct a projective bundle P(F) on X (which is
said to be associated with F). (Note that in
[29], P(F) is defined to be a projective bundle
with coordinate transformations 'g;!, ie., as-
sociated with the dual of F in our sense.) This
procedure of associating P(F) with a locally
free @¢,-Module F can be generalized for any
guasicoherent Os-Module of finite type on
an arbitrary scheme S.

A closed (locally closed) S-subscheme f: X —
S o p: P(F)-S iscdled a projective scheme
(quasiprojective scheme) over S, or f is said to
be a projective morphism (quasiprojective meor-
phism). A projective morphism is proper. A
reduced projective scheme over a field k is
nothing but a projective variety over k. We
can develop the theory of projective schemes
by means of *graded ringsin away similar to
affine schemes.

A locally free ¢/y,-Module of rank 1 is called
an invertihle sheaf. Invertible sheaves corre-
spond to line bundles up to isomorphisms. Let
P =P¥(k) be aprojectivespace, (Y., Vs - - » V)
a system of homogeneous coordinates of P,
and U; the open subset of P defined by y; # O.
Denote by @(n) the invertible sheaf on P de-
fined by the coordinate transformation g;;=
(y;/v:). More generaly, let p: P = P(F)—S be
the projective bundle associated with a locally
free Us-Module F of rank N + 1 on a scheme
S. Then there is an invertible sheaf O(n) =
6(1)®" on P with the properties: (i) for each
sSits restriction to the fiber p~'(s) = PV(k(s))
is ()(n) detined above; (ii) p,(O(n))= S"(F) for
n > 0where S”(F) denotes the nth symmetric
product of F. The invertible sheaf ()(1) is called
the tautological line hundle on P. (Note that
0(1) inthe sense of [297is®( -1) in our sense,
but since the definition of P(E) is also differ-
ent, the above property (ii) holds without
modification.)

For a quasiprojective S-scheme f: X —»P(E)
—§, therestriction of ¢( 1) to X is denoted by
0x( 1) (or smply @( 1)). An invertible sheaf L on
X is caled very ample over S if there exist a
locally free (s-Module of finite type E on §
and an S-immersion i: X -» P(F) such that
Ox( 1) = L; Liscaled reatively anple gver § or
Sampleif L®" is very ample over § for a cer-
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tain n > 0 (- Section N). When § is an affine
scheme, an ample (very ample) sheaf over § is
simply caled ample (very ample). Thereisthe
following cohomological criterion of ample-
ness (generalized Serre’s theorem).

Let Y be a Noetherian scheme, f: X—>Y a
proper morphism, and L an invertible ¢,-
Module. Then the following four conditions
are equivalent: (i) L is f-ample; (ii) for each
coherent @,-Module F there is an integer
N such that R, (F® L®)=0foralln >N
and g > O; (iii) for each coherent sheaf of
idedls .# of (0, there is an integer N sych that
RYf (¥ ® L®)=0foralln> N. They imply
the condition (iv): for each coherent -
Module F thereis an integer N such that the
canonical homomorphisms f*f, (F @ L®")—
F ® L®" are surjective for all n > N.

Let X be a scheme proper over a field k
(such an X is cdled a k-complete scheme),
and let F be a coherent Q-module. Then all
HY(X, F) are finite-dimensional k-vector
spaces (finiteness theorem), and y(F) =
X(=1)"dim H(X, F) is afinite number,
cdled the Euler-Poincaré characterisic of F
over X. For every invertible sheaf L, y(F ®
L®"‘) is a polynomial in m, which is said to
be the Snapper polynomial [48]. Supp F, de-
fined to betheset {x e X F, # 0}, isaclosed
subset of X and is called the support of F. The
degree of the polynomial y(F ® L®™) is a
most v = dim supp F, and we have y(F ® L®™)
= ¢-m"/r! + lower termsin m for someeeZ. e
is said to be the intersection number of L' with
F [48]. When W is a closed subscheme of X
defined by an Oy-ideal I, (L - W) isdefined to
be the intersection number of L with @, /.#,
where r =dim W. If L isample, then(L" - W) >
0 for any W. In particular, when W= X, it
follows that (L") > 0, where p = dim X. The
converse of thisfact is the Nakai-M oishezon
criterion, saying that if {L" W) > 0 for any
closed subvariety W of X wherer =dimWw,
then L is ample [ 56, 64].

When L isample, H4(X, F ® L®™") = 0 for
any g > 0 and for sufficiently large m; hence
2(F ® L®™) =dim H°(X, F ® L®™) and the
Snapper polynomia y{F ® L®™) is also caled
the Hilbert polynomial or the Hilbert charae-
teristic function of F.If L isthe invertible sheaf
detined by a hyperplane section of X in PF, ie.,
L =@,(1), then x(L®™) = dim H°(X, L®™) =
dim R, for sufficiently large m where @R,
denotes the homogeneous coordinate ring of
Xin PX.

In generdl, for a complete irreducible variety
V of dimension v, we put

1V)=10)= Y, (~1yh°

(h%4=dim H9(V, ¢,)) and call it the arithmetic

-
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genus of V. Classicaly, the number p,(V) de-
fined by p,(V)=(=1(x(V)— D)=h""—h%"""
+...+h%*! was caled the arithmetic genus of
V, instead of y( V). When V is a nonsingular
irreducible curve, p,(V) isthe usua fgenus. If
V isa projective variety, the constant term of
the Hilbert polynomial is ¢(V) and the coeffi-
cient of its highest term is (deg V)/r.

Let V be a tnormal variety, and D a tdivisor
on V. If, for each point x eV, wedenote by
0(D), the set of the functions fe k( V) that
satisfy (f) + D > 0 on some neighborhood of X,
we obtain a coherent algebraic sheaf ¢(D), and
we have dim H°( V, O(D)) = I(D). If, moreover, V
is complete, we put y,,(D) = (V) — x(O(— D))
and call it the virtual arithmetic genus of D.
Classically, the number p,(D) =( —1) {x(D)
= 1) was called by that name. When D is effec-
tive and has no multiple components, y, (D)
coincides with the arithmetic genus of D re-
garded as a variety. In generd, y,(D) stays in-
variant if D is replaced by adivisor that is
agebraicaly equivalent to D (- Section N).

If DisaCartier divisor, O(D) isan inver-
tible sheaf. For two Cartier divisors D,, D,,
O(D, +D,) = (D) ® O(D,), and D, and D,
are linearly equivalent if and only if O(D,)x~
O(D,).

Let V be an irreducible nonsingular variety
and let Qf denote the sheaf of germs of regular
differential forms of degree p (Q°= @,). If V is
complete, then we denote dim H(V, QF) by
R,

Serre’s duality theorem: Let V be a nonsin-
gular complete irreducible variety of dimen-
sion r, B an dgebraic vector bundle over V,
and B* the dua vector bundle of B. Denote by
2 and #* the sheaves of germs of sections of
B and B*, respectively. Then (i) H(V,¥)is
canonically isomorphic to k, and (i) Hi( V, %)
and H™ YV, 4* ® {¥) are dud to each other as
linear spaces by means of the fcup product of
the above spaces with H"(V, {¥) = k. In partic-
ular, H/(V, Q?)isdual to H' 4V, ¥ "7); hence
we have hP4 =7 P74,

This theorem was extensively generaized
by Grothendieck in the category of schemes
[1, 331

When the field k is of characteristic O, we
furthermore have h#% = h*? by complex con-
jugation (= 232 Kihler Manifolds C); but in
characteristic p, there are examples for which
this symmetry does not hold [61]. In generd,
h#9 isatrelative invariant but not an tab-
solute invariant; however, as h?° is the dimen-
sion of the hnear space of the differential forms
of the first kind with degree p, h*° is an ab-
solute invariant. Hence h®? is also an absolute
invaiant in the cese of charaderidic 0. When
the characteristic is positive, the absolute
invariance of h%? has not yet been proved.
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F. Smple Points and Singular Points

Let V be a variety over an agebraicaly closed
field k. We say that a point P of Vis simple

or that Vis nonsingular or smooth at P if the
locd ring £, is a fregular loca ring. Since the
problem is local, we may assume that Vis an
affine variety in k”. Then the simplicity of P on
Vis equivalent to the following condition: P is
contained in only one irreducible component
of ¥, and if that component has dimension r
there exist n-r polynomias F,(X) in I(V) such
that rank (0F,/0X;)x)-p = n—r. A point of V
that is not smpleiscalled asingular point or
amultiple point. The set of singular points on
V (called the singular locus of V) is a proper
closed subset of V. A variety with no multiple
points is called smooth or nonsingular.

This notion can be made relative. A mor-
phism f:X — Y of alocaly Noetherian scheme
is caled smooth if f isflat and localy of finite
type and all the geometric fibers off are non-
singular. In the case of an affine morphism
S:X =Spec(RLX,. ... X, J/(fr. ... o)) = Y=
Spec(R) of relative dimension r (by which we
mean the dimension of the general fiber) with
a Noetherian ring R, the smoothness off
amounts to a condition that rank ((6f;/0X;)(x))
=g at each point x of X.

When for a point P of a variety V the loca
ring O, is fnormal, P is caled anormal point.
A simple point is normal. The set of normal
points is a nonempty open subset of V. An
irreducible variety whose points are all norma
is cdled a normal algebraic variety (or simply
normal variety). The singular locus of a normal
variety has codimension > 2. For an irreduc-
ible variety V, there exists a pair (V’, f) of a
normal variety V' and a birationa finite mor-
phism f:¥'—V; V’ isunique up to isomor-
phisms and is called the derived normal model
or normalization of V.

Simplicity and normality for V at a sub-
variety W are detined in the same way as at
apoint by using the loca ring O, .

For amorphism f: X — Y of localy Noe-
therian schemes, locally of finite type, the fol-
lowing three conditions are equivalent: (i) f is
smooth and every fiber off is a discrete set; (ii)
fis flat and every geometric fiber over Spec(K)
off is a union of spectra of fields isomorphic
to K; (iii) f isflat and every fiber off over
y €Y isaunion of spectra of fields that are
finite *separable extensions of k(y). These
conditions are local with respect to X. If a
morphism f satisfies these equivalent con-
ditions, we say that f is étale or X is étale over
Y. A morphism

f: X = Spec(R[X,,, X /(f1.. . /)
- Y= Spec(R)
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is étaleif and only if det((df;/0.X;)(x))#0 for all
xeX. Hence étale morphisms correspond to
local isomorphisms in the analytic category.
For asurjective étale morphism f: X —»Y many
important geometric properties (reduced,
integral, normal, nonsingular, etc.) hold on

X if and only if they hold on Y (theory of
descent).

G. Dimension Theorems

Let V be an irreducible variety, and let U and
W be irreducible subvarieties of V. Then any
irreducible component of U W that is simple
on Vhasdimension > dmU +dmW —dim V.
When the equality holds, the component is
caled aproper component of the intersection
U N W. If every component of UN W that is
simple on Vis proper, we say that U and W
properly intersect on V. Any two subvarieties
U and W of P (k) withdimU + dmW>=n
intersect each other. When Vis an irreducible
r-dimensional variety in P”(k), the number of
points of intersection VN L of V with an (n=
r)-dimensiona linear variety L is independent
of the choice of L aslong as L isin a“gen-

era position.” This number is called the degree
of Vand is denoted by deg( V). Letting ¢( 1) be
the fundamental sheaf of P’(k), we have deg V
=(¢(1Y V) (- Section E).

H. Group Varieties

An algebraic variety G is caled an talgebraic
group if it has a group structure and if the
mapping G x G—G sending (x, y) to xy~tis

a morphism. Every algebraic group is quasi-
projective (Chow). If G isirreducible, then
itisalso called agroup variety; acomplete
group variety is called an tAbelian variety (-
3 Abelian Varieties B, 13 Algebraic Groups B).
A scheme G gver another scheme § equipped
with morphisms over S:G X (G- G, G—G, and
§—G, caled multiplication, inverse, and unit
section, respectively, which satisfy the relations
corresponding to the usual axioms of group, is
cdled a group scheme (over S). As a point S,
G is not a group, while, for any scheme T over
§ the set G(T) = Homy( T, G) of the morphisms
from T to G is a group (- 52 Categories and
Functors M). Consider an algebraic group
scheme G over § = Spec(k). If the characteristic
of k iszero, then G is necessarily reduced, so
an agebraic group scheme over K is essen-
tially the same as an agebraic group; if k has
characteristic p, there exist agebraic group
schemes over k that are not reduced.
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I. Rational Mappings

Let f: V-tV be amorphism of varieties. If V
is not complete, the image f(V) is not always
closed; the closure off(V) (in V') is caled the
closed image of V. Theimage f(V) contains an
open dense subset of the closed image.

Let V and W be irreducible varieties. A
closed subset T of Vx W is caled an algebraic
correspondence of V and W. We say that points
P eVand Q e W correspond to each other by T
if (P, Q)e T. If Tisirreducible and the closed
image of the projection T— V coincides with
¥, then the function field k(V) can be identified
with asubfield of k(T); if we have k(V) = k(T)
with this identification, then T is caled a
rational mapping from Vto W. Moreover, if
the same conditions are satisfied for W, then T
is caled a birational mapping (of birational
correspondence or birational transformation),
and in this case we have k(V) = k( W). A mor-
phism can be considered a special kind of
rational mapping by taking the graph. If Tisa
rational mapping from V to W and W, is the
closed image of T in W, then k( W,) can be
regarded as asubfield of k(T) = k( V). If k(V) is
fseparably generated (fpurely inseparable) over
k( W,), then T is said to be sgparable (purely
insepar able).

Let T be arational mapping from V to W,
and let V' and W' be irreducible subvarieties
of V and W, respectively. If there exists an
irreducible subvariety T' of T whose projec-
tions have the closed images V' and W', then
we say V' and W' correspond to cach other by
T. The union of irreducible subvarieties of W
that correspond to V' by T is a closed subset of
W; itiscalled the proper transform of V' by T
and is denoted by T[V']. Note that V'= V"
does not imply T[V'] > T[ V"]. The set of
points of W that correspond to the points of
V' iscadled thetotal transform of V' by T and
is denoted by T{ V'}. ldentifying k(T) with
k(V), we have D} ;. Oy - in generd; if the
equality holds, we say that T is regular (or
defined) along \V'. In that case, W' is the unique
irreducible subvariety of W corresponding to
V' by T. If V' is simple and of codimension |
in V, then T is aways regular along V'. The set
U of points of V at which T is regular is a
nonempty open subset, and the restriction of T
to U/ defines @ morphism from U to W. A
rational mapping can be defined as the closure
of the graph of a morphism defined on an
open subset of V. The study of a rational
mapping can be reduced to that of the bira-
tional morphism T— V. Zariski’s main theo-
rem: Let§: X » Y beabirational mapping,
and assume that the inverse §7': Y-X is
regular, and that X is normal along an itre-
ducible subvariety X'. If there exists an irre-
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ducible component Y’ of S[X"]with dim X' >
dimY’, then § isregular along X'. It follows
from the above main theorem that, if T:V—
W is arational mapping and if P is a normal
point of V such that T[P] contains an iso-
lated point, then T is regular at P.

For a birational mapping T: V- W between
complete irreducible varieties, a subvariety V
of Vissaidto be fundamental whendim T[ V']
>dim V’. When V' is a point (curve) we say V'
is a fundamental point (fundamental curve) with
respect to T. The most classical example of a
birationa correspondence with fundamental
points is the quadratic transformation T of a
projective plane onto itself given by (x,: x, @ x,)
—(x,X5:X3%0:XoX,) With & suitable coordinate
system. In this case, T = identity and the
points P. defined by x; = 0 for j # i correspond
to the lines x;=0 by T. Let Cr, denote the
group of birational transformations of P” (k)
into itself. These transformations are called
Cremona transformations when n > 2. Cr, is
generated by linear transformations and qua-
dratic transformations (M. Noether). Recently,
Cr, has been studied in detail by M. Dema-
zure [21] and H. Umemura [91]. Let V bea
complete nonsingular irreducible variety over
k Tt is cdled relativdly minimal if every bira-
tional morphism from V to a complete non-
singular variety V' is an isomorphism. It is
called minimal if every birational mapping
from a nonsingular variety V' to Vis a mor-
phism. Replacing birational mapping by ra-
tional mapping, we can define strong (abso-
lute) minimality. Abelian varieties and com-
plete nonsingular curves with positive genera
are strongly minimal. In general, minimality
implies relative minimality.

Zariski’s main theorem is closely related to
the general connectedness theorem due to W.
Fulton and J. Hansen stated as follows: Let P
be the product of r copies of P and A be the
diagonal subvariety of P. If X is an irreducible
projective variety and f: X — P is a morphism
with dim f(X)>(r— 1)m, then f~'(A)iscon-
nected [22]. The following results are derived
from this theorem: (1) if X is singular with only
normal crossings (- Section L), then X can-
not be imbedded in P?"~! wheren =dim X. (2)
Let X be a nonsingular subvariety of P which
is not contained in any hyperplane. Suppose
that by the projection n,.: PY—>P""! with cen-
ter X, x being a generd point of P¥, X is iso-
morphic to 7 (X). Then3-dim X <2(N = 2)
(Zak’s theorem). (3) Let X be a nonsingular
subvariety of P¥ and H be an arbitrary hyper-
plane section of X. Then dim(Sing H) <
codim X (J. Roberts).

By a similar connectedness theorem, it was
proved that if C is a (reducible) curve with
normal crossings on P? gver C, then the fun-
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damental group of P? -C is commutative,
which was conjectured by 0. Zariski [20].

J. Rational Varieties

An irreducible algebraic variety V over k
whose function field is purely transcendental
over kiscaled arational variety. A complete
smooth surface § over an agebraically closed
field isrationd if and only if P,(S)=q(§ =0
(the Castelnuovo-Zariski criterion, — 15 Alge-
braic Surfaces E).

If the function field of V' has a finite alge-
braic extension which is purely transcendental
over k, then Vis called unirational. A unira-
tional curve isin fact rationa. More generally,
if the function field k(C) of acurve C over
k is contained in afield finitely generated
and purely transcendental over k, then C is
rational (L uroth’stheorem). A unirational
surface over an agebraicaly closed field of
characteristic zero is rational by virtue of the
above criterion, but in the case of positive
characteristic there are unirational surfaces
which are not rationa (Zariski). There are
nonrational unirational threefolds even of
characteristic zero; for example, gll smooth
cubic hypersurfaces in P* (C. H. Clemens and
P. A. Griffiths [ 16]), and some smooth quartic
hypersurfaces in P# (V. A. Iskovskii and Yu. 1.
Manin [45]). See [6].

K. Monoidal Transformations

Let V be an irreducible variety and .# be a
sheaf of ideals of ¢,,. For any affine open set U
of I, .#{U is determined by an ideal a of the
coordinate ring A of [J, Let a, a, , a be a
system of generators of g, and let ' be the
graph of a rational mapping from U to P"(k)
such that the points Pe U and (a,(P):a,(P):

. a,(P))e P"(k) correspond to each other by
U’. Then U’ is uniquely determined (up to
isomorphisms) by U and a only. Suppose

V has a covering by affine open sets U,. We
obtain U; over U; as before. By patching them
together, we get a birational morphism T':
V' — V, which is unique up to isomorphisms.
This T with V' is called the monoidal trans-
formation or blowing up of V by the ideal
sheaf .#. Note that in some references, the
inverse transformation 7! is said to be the
monoidd transformation. The inverse image
ideal T~!(.#) is an invertible shedf, that is
relatively ample over V. If W is the support of
¢,/# and W# V, then T-'(W) has codimen-
sion 1 and T gives rise to the isomorphism
from V' = T~'(W) onto V- W. Thus one can
say that V' is obtained from V by replacing W
with T-‘(W), which is locally defined by prin-
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cipal ideals. If every point of W isa nonsin-
gular point of ¥ and W is itsalf nonsingular,
T~Y(W) is the projective bundle over W whose
fiber is the projective r-space where r = dim 1

= dimW — 1. In general, if W is a subvariety
defined by a sheaf of ideals .#, then T is said to
be the monoidal transformation with center W.
In particular, if wisapoint, T is cdled the
(locally)  quadratic  transformation.

L. Resolution of Singularities

Given an arbitrary irreducible variety ¥V, we
have the problem of finding out a nonsingular
projective variety V' birationally equivalent
to v. Thisis called the problem of resolution
of dingularities. In the case of characterigtic
zero, this problem was solved by Zariski
(1944) for dimension < 3 and by H. Hironaka
(1964) [37] for any dimension. In the case of
characteristic p, S. Abhyankar solved the 2-
dimensional case (1956) and the 3-dimensional
case (1966). Hironaka s theorem of resolution
of singularities is stated as follows: Let v be a
variety over afield of characteristic zero. Then
there exists a finite sequence of morphisms of
varieties: V.- V,_; —=.V, -V, = V such that (1)
V. has no singular points, (2) each V,,;—» Viisa
monoidal transformation of V; with center D,
(3) each D; is anonsingular subvariety, (4)
each V; is normally flat along D,. Here, Vis
said to be normally flat along asubscheme D
of v defined by the sheaf of ideals ¢, if the
quotient modules #¥/ #F*" are flat 0, ,-
modules for all p and all points x of D.

Let IV be a nonsingular variety and D an
effective divisor on V. D is said to be a divisor
with (only) normal crossingsatx eV, if D is
defined by f,. f; such that (f;, ,f) is a part
of a tsystem of local coordinates around x. D
is said to be a divisor with only normal cross-
ings, if it is so everywhere. For any subvariety
w on V, there exist i: 77— V that is a composi-
tion of monoidal transformations with non-
singular centers, such that A™'(W) has only
normal crossings. This results from Hironaka's
main theorem Il [37]. The normal crossing
divisor is also defined for complex manifolds,
and similar results hold.

M. Cycles and Divisors

Let v be an irreducible variety. We denote by
B, the set of r-dimensiona irreducible sub-
varieties of Vv that are smple on V (i.e., are not
contained in the singular locus of V), and by
3,(V) the free Abelian group with basis 23,.
Elements of 3,( V) are called cycles of dimen-
sion v (or r-cycles) on v. Let A and B ber-
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cycles, A=Xm A, B=Zm; A;(4;€B,, A, # 4;
if i#j). 1f n, > m, for all, then we write A > B.
If A=0,then Aissaid to be apositive cycle.
For aO-cycle A=X n, P, the integer deg(A) =
X n; iscalled the degree of A.

A cycle of codimension 1 is called adivisor.
A divisor = Oisusualy caled effectivein-
stead of positive. If Vis of dimension d and if
W @ 23-  thelocd ring O, w isa tdiscrete
vauation ring. The fnormalized valuation
defined by it is denoted by p,,( ). For a func-
tion fek( V), wesay that wisazero of order n
if vy (f)=n> 0, and that w isa pole of order
—n if vy (f) =n<0. Any function fe k(V),
other than the constant 0, has at most a finite
number of zeros and poles. We denote by
{(f)o the sum Z vy,(f) W extended over all the
zeros W off, and put (f ")o=(f). and (f),—
(f).=(f). We call (f)g, (f), and (f) the
zero divisor, the pole divisor, and the divisor
off; respectively. The divisor (f) is equal to
2 vy /) W, where the summation is taken gver
We®B,_,, and we have (fg)=(f)+(g). When v
is complete and the singular locus of Vv has
codimension > 1, then fis constant if and only
if(f), =0 (or (f)o=0). Let D, and D, be divi-
sors; if there exists a function f{ # 0)e k(V)
such that D, —D, =(f), then D, and D, are
called linearly equivalent to each other and we
write D, ~ D,. Thelinear equivalence class
containing a divisor D is denoted by cl(D). A
divisor which is linearly equivalent to 0 on a
neighborhood of each point of Vv is called a
Cartier divisor (some authors call a Cartier
divisor simply a divisor). If Vv is smooth, then
any divisor is a Cartier divisor. If adivisor D
can be written as D=(f) on an open set U,
then the function fis called a local equation of
DonU. Let T: V'—V be arational mapping
from a normal variety v’ to a complete variety
V, let D be a Cartier divisor on Vv, and assume
that the closed image of T is not contained in
D. Since T is regular on some open set U such
that codim( v*  U)> 1, we have amorphism
¢ = T, and the pullback ¢*(D) defined by
composing the local equations of D with ¢.
Taking the closure of this divisor in V', we
obtain a divisor on Vv’, which is denoted by
(D).

N. Divisors and Linear Systems

Let v be a complete irreducible variety, f,,
fir...1f, be elements of the function field k(v)
of ¥, and D be adivisor on Vv satisfying (fi) +
D > Ofor each i. Then the set X of the divisors
of the form (¥ ¢,f) + D, where the a; are
elements of k and not all zero, is called alinear
system. The linear space kfy, + kf, + . +kf, is
cdled adefming module of 2. The divisorsin
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2 are positive and are linearly equivalent to
each other; if every positive divisor that is
linearly equivalent to a member of X belongs
to &, then 2 issaid to be acomplete linear
system. For any linear system Z, there exists a
unique complete linear system containing it,
which is denoted by |Z|. The maximal positive
divisor D, that is contained in all divisors of »
is called the fixed component of X, and for
each DEC we call D = D, the variable compo-
nent of D (or of 2). A point P of V iscalled a
base point of alinear system X if Pison each
variable component of 2. A linear system }
iscalledirreducibleif its generic member is
irreducible; otherwise it is called reducible. The
dimension of a defining module of a linear
system 2 is denoted by 1(C); we call |(C)- 1 the
dimension of X and denote it by dim X' A
linear system of dimension 1 iscalled alinear
pencil.

A defining module of alinear system X is
determined uniquely up to k-isomorphisms.
Let L be a defming module, and let f,, f,, ., f,
be a linearly independent basis of I, over
k. If we associate to each point P of V the
point O =(fo(P):f;(P):...: f,(P)) of the n-
dimensiona projective space, then we obtain
arationa mapping &, from V to another
variety V’. Outside the base points of X, the
rational mapping @, is regular; and the base
points are the fundamental points of ®,, We
say that @y is the rational mapping defined
by the linear system X, When Chas no tixed
components and ®@; is a closed immersion,

2 issaid to be very ample (or ample). For a
divisor D, the set of positive divisors that are
linearly equivalent to D is a linear system,
which is cadled the complete linear system and
is denoted by | D|. We usualy write /(D) in-
stead of I( |D|). If | D| is very ample, we say that
D isvery ample. Wesay that D isample (or
nondegenerate) if mD is very ample for some

m > 0.

0. Differential Forms

Let V be an n-dimensional irreducible variety,
and let A = k( V) beits function field. We de-
note by D* the set of derivations of ] over

k, ie., the k-linear mappings D: & — R satisfy-
ing D{fg)=D(f)g+ fD(g). Then D* isan n-
dimensiona linear space over K. Let D denote
the tdual space of D* over R. For each fe R,
let df be an element of D defined by {df, D) =
D(f) (DeD*). Let x;,X;,. . ., X, be aseparat-
ing transcendence basis of ] over k, in the
sense that x,, ,x, are algebraicaly inde-
pendent over k and & is a fseparable agebraic
extension over K(X , ,x,). (Such a basis exists
under the weaker hypothesis that k is fperfect.)
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Then dx,, . ... dx, form abasis of D over R.
The homogeneous elements of degree r of the
tGrassmann adgebra of D over | are caled
differential forms of degree r on V (or raiond
r-forms). The set of the differential forms of
degree n is a 1-dimensional linear space over &
spanned by dx, A dx, A. A dx,.

A set of n functions f},,f,in & is cdled a
system of local coor dinates on anopen set{J of
Vif fi —fi(P), ., f,— [,(P) isaTregular system
of parameters of the local ring O, for each
Pe U.In that case, f,,,f, is also a separat-
ing transcendence basis of & If P isasimple
point of ¥, then there exists a system of local
coordinates on a suitable neighborhood of P.
Let @ be a differential form of degree r on V,
and write @ = Zin < <i,(P(i)dfil A A dfir’
where (f,, . ., f,) isasystem of local coordi-
nates around P. If the coefficients ¢, are
regular at P, then o is said to be regular at P.

When Vis a complete variety without sin-
gular points, a differential form that is every-
where regular on V is cdled adifferential form
of the first kind (or a regular form); the dif-
ferential forms of the first kind are determined
by the function field A and are independent of
the choice of the nonsingular model V. The
number of linearly independent differential
forms of the first kind, of degree n, is denoted
by p, and is called the geometric genus of V.

Let V be a complete variety, W an irreduc-
ible subvariety of V of codimension 1, and P
apoint of W that is simple on V. Choosea
system of local coordinates (fi). Given a dif-
ferential form @ on ¥, we write it as a “poly-
nomial” in the df;, and denote by v, (w) the
minimum of the values of the coefficients for
the Tvaluation vy( ). The number vy (w) is
determined by w and W, and it is independent
of the choice of P and of the local coordinates.
Then o defines adivisor (w) = 3., vy (w) W on
V, which is caled the divisor of a differential
form @, The divisor of a differential form of
degree n (= dim V) is called a canonical divisor
and is usualy denoted by K. The canonical
divisors form a linear equivalence class of
divisors.

P. Albanese Variety, Picard Variety, Néron-
Severi - Group

Let V be an irreducible variety. Then we can
construct a couple (4, f) consisting of an
tAbelian variety called the Albanese variety of
V and arational mapping f: V+A (caled an
Albanese mapping) such that: (i) the image of
/ generates A, i.¢., the sum off with itself n
times, F: V" 4, is generically surjective for
sufticiently large n; (ii) for every rational map-
ping g: V- B of V into an Abelian variety B,
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there exist a homomorphism f: A - B and a
point be B such that g=h- f +b. The Albanese
variety is uniquely determined up to isomor-
phisms and £ is determined up to translations.

In the case of k = C, if Visacomplete non-
singular variety and if g is the dimension of the
linear space of differential 1-forms of the first
kind on V, then the first 1Betti number i?, is
equal to 2q. Let w,, , @, be a basis of the
linear space and let y;,, 7,, be a basis of
the first homology group modulo torsion. Put
;= |, o and o; = (a;,,, %,). Then the period
vectors o; (1 < £ 29) are linearly independent
over RinC% If T denotes the discrete sub-
group of C* generated by the 2;, then the quo-
tient group C4T" is the Albanese variety of
V. The Albanese mapping is given by the map-
ping P—([gm,. . , [hw,) (modT), where P
is a variable point on V and Q is a fixed point
on V (— 232 Kihler Manifolds C).

Replacing the term “rational mapping” by
“morphism” in the definition, we can define the
drict Albanese variety of V and prove its
existence. It is a quotient Abelian variety of
the Albanese variety of V. If V is nonsingular,
both coincide by virtue of the strong mini-
mality of an Abelian variety (- Section ),

Let V be a complete normal variety, U the
set of the simple points of V, and D adivisor
on V. Then D issaid to be algebraically equiva-
lent to O if there exist anonsingular curve C,
adivisor T on U x C, and two points P and
Q on Csuch that D can bewrittenasD =
o3 = 5, where @ and ¢, are the mor-
phisms @p: U-UxP-UxCand ¢,:U—

U x QU x C. We denote by GB(V), ®,(V),
and (&,(V) the set of ]| divisors on V, the set

of divisors that are algebraically equivalent to O,
and the set of divisors that are linearly equiva-
lent to O, respectively. We can introduce a
canonical structure of an Abelian variety into
®,(V)/®,(V), which is called the Picard variety
of V. The dimension g of the Picard variety is
called the number of irregularity of V; if g = 0
we say that Visregular.

The Albanese variety and the Picard variety
of V are tisogeneous to each other, and each
one is the Picard variety of the other. If Vis
a curve, they are isomorphic and called the
Jacobian variety (— 9 Algebraic Curves E).

Using Cartier divisors instead of divisors, we
get an analogous theory to construct another
kind of Picard variety which turns out to be
isomorphic to the Picard variety of the strict
Albanese variety of V. The group of the linear
equivalence classes of Cartier divisors can be
identified with H!(V, (), where ¢# is the sheaf
of multiplicative groups of the invertible ele-
ments in 0,. From this point of view, we can
generalize the theory of Picard variety to the
case of schemes also. The theory thus obtained

16R
Algebraic  Varieties

is called the theory of Picard schemes[60].
The quotient group NS(V) = G(V)/G,( V) is
finitely generated [66] and is called the Neron-
Severi group of V. We¢all the rank of NS(V)
the Picard number of V and denote it by p(V).
In the case of a nonsingular projective vari-
ety over k = C we have an inequality p(V) <
RV L(V) (=dim, H' (V, Q})) and the L efschetz
number B,(V)=p( V) isabirationa invariant
(where B,(V) is the second Betti number of
V) [39]. For the positive characteristic case,
however, the above inequality does not hold
in genera [61].

The torsion part of NS(V) isG,( V)/6,( V),
where ®,( V) denotes the group of divisors
numericaly equivalent to zero (- Section Q)
(T. Matsusaka). The last fact cannot be gen-
eralized for higher codimensiona cycles [25].

Q. General Intersection Theory

Let V be an irreducible variety of dimension n,
and let A and B be irreducible subvarieties of
V of dimension r and s, respectively. If Cisa
proper component of A N B, wecan define the
inter section multiplicity (4 B, C; V) of Aand
B along C on ¥, which has properties consis-
tent with our geometric intuitions. In partic-
ular, it is invariant under biregular mappings.
If A and B intersect properly on V and if

C,,, Cy are the proper components of A N B,
we define an (r+s—n)-cycle A-Bby A-B=

Y, i(4.B,C,; V) C,and call it theinter section
product of A and B. If each component X, of
an r-cycle X =3, n,X, and each component ¥}
of ans-cycleY =X, m; Y, intersect properly,
we define

X-Y=2,X;n,mX, Yy

Then we have the associative law (X Y)- Z =
X-(Y-2)forcycles X, Y, and Z whenever
both sides are defined. Two r-cycles X, and X,
ae sad to be numerically equivalent if for
every (n=r)-cycleY that intersects them pro-
perly we have deg(X, Y) = deg(X, Y).

The theory of intersection is one of the most
basis theories in agebraic geometry, for the
other theories can be constructed from it [92].

R. Chow Rings

Let U and T be nonsingular irreducible vari-
eties. If Zisacycleon U x T such that Z -

(U x 1) is defined for every pointt of 7. we

put Z-(Ux t)=X(t)x t, and we obtain a
family {X(t)} of cycles on U parametrized by
the points of T. Such afamily is caled an
algebraic family of cycles Two cycles X, and
X, whose difference is equal to the difference
of two cycles in an algebraic family are said to
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be algebraically equivalent. In particular, if X,
— X, can be expressed as the difference of two
cycles of an agebraic family parametrized by
the points of the affine line, then X, and X,
ae sad to be rationally equivalent. The set of
the cycles that are agebraically (rationaly)
equivalent to O is asubgroup 3,( U)(3,,,( U)) of
J(U). For divisors, rational eguivalence coin-
cides with linear equivalence.

Let f:V—>U be a morphism between non-
singular irreducible varieties. For an irre-
ducible subvariety W of V, let W’ denote the
closure of f{ W), and put f3(W)=0if dimW>
dmW and f3(W)=mW if dmW=dimW,
where m= [k(V\/) k(W] isthe degree of the
morphism W— W . Extending f, by linearity,
we obtain a module homomorphism f5: 3( V)
—3(U). If fis proper, then f; induces a
module homomorphism f, from 3(V)/3,..(V)
=A(V) to A(V).

Let U and V be nonsingular irreducible
projective varieties, and f: V+U be a mor-
phism with graph I'. If Ye3( U) is such that
I'- (VxY)isdefined, wedenote by f§(Y) the
image of T'- (Vx Y) under the induced isomor-
phism I+ V. Each class of the rational equiva-
lence class group A(U) = 3(U)/3,,( U) contains
acyclefor which f isdefined. Hence wecan
define f*: A(U)—»A(V). Let A:U—-UxU be
the diagona morphism, and define x-y =
A*(x x y) for x, ye A(U). Then A(U) isaring
with respect to this product; moreover, it is a
tgraded ring with the grading by codimension.
This graded ring A(U) is called the Chow ring
of U, and the mappingf*: A(U)+ A(V) is a
ring homomorphism. If f is proper, we have
1y ¥ = f(3)- x for xe A(U), ye A(V).

Zero Cycles. Let V be anonsingular irreduc-
ible projective variety over an uncountable
agebraicaly closed field of characteristic
zero (say C). Denote by A,,(V) the group of
classes of O-cycles of degree 0 on V modulo
rational equivalence. We say A,(V) is finite-
dimensiond if the mapping V" x V' +A,(V)
sending (ay,...,da,,b,...,b,)to La;— X b; is
surjective for a certain n.

If A(V) is finite-dimensional, then the
canonical mapping A,( V)-Alb( V) induced
from V—Alb( V) is bijective (A. A. Rojtman).
In genera, the torsion part of A,(V) isisomor-
phic to that of Alb( V) (Rojtman [75]). If
hP°( V) > 0for some p > 1, then A,(V) is not
finite-dimensional (Mumford, Rojtman [74]).
If Vis a surface which is not of genera type
and with 42-°( V) = 0, then A,(V}isisomorphic
to AIb( V) (S.Bloch, A. S. Kas, D. Lieberman
[13]). There exist surfaces of general type with
h%° =0 gych that A,(V) =0O. For instance,
Godeaux surfaces are such surfaces (H. Inose

[43]).
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One Cycles. Let V be a nonsingular projective
irreducible variety and N(V) denote {numer-
ical equivalence classes of I-cycles on V} &), R.
Via the intersection pairing, N(V) is dua to
the Neron-Severi group tensored by R (-
Section P); and let NE(V) denote the smallest
cone in N(V) containing all effective I-cycles.
S. Mori studied the structure of NE(V) in
detail. Ope of hisresultsis stated as follows: If
the anticanonical divisor is ample, then there
exist rationa irreducible curves [, , , I, such
that (1) —(/,- K,)<n+ 1 and (2) NE(V)=

R, [[,]J+...+R,[I], where n=dimV, K, is
the canonica divisor on V, and [1] denotes
the class represented by 1,. Moreover, Mori
has proved that (1) if K, is not numerically
effective, e.g., if — K, isample, then V con-
tains arationa curve, and (2) if the tangent
bundle of V is fample, then Vis isomorphic
to the projective space [59]. (Thisis called
the Hartshorne  conjecture)

S. Chow Coordinates, Hilbert Schemes

Consider an irreducible agebraic correspon-
dence T between irreducible varieties V and
W. Let V' and W be the closed images of the
projections of TtoV and W, and let aand ¢
be their dimensions, respectively. Take generic
points P, Q of V', W, and consider the total
transforms T{P} of P to W and T{Q} of Q
to V. Denoting the dimensions of T{ P} and
T{ Q} by b and d, respectively, we have a +

b = ¢ + d, where both sides are equal to the
dimension of T. This property is caled the
principle of counting constants.

This simple principle has wide application.
For instance, let V be an r-dimensional variety
inP’'(k), and let 3 ;u,; X ;=0 (0<i<r) bethe
equations of r + 1 hyperplanes H;. The con-
dition YN (H, N N H) # ¥ defines an irreduc-
ible algebraic correspondence T between V
and the multiprojective space W = F'* (k) x x
P” (k) with u;; as coordinates. T={(x,u)|x€V,
> UyX; = 0}. Inthiscase, wehavea=r,b=
(n I)(r +1),and d =0 in the notation intro-
duced previously, so that ¢ =n(r 4+ 1)— 1. This
implies that W is of codimension 1in W,
hence W is defined by a single equation F(u;)
=0. Thisform F isthe associated form of V of
B. L. van der Waerden and W. L. Chow. It is
a homogeneous form of degree d (d = deg( V))
in each (u;, » u;) and is symmetric in the
indices i. More generally, for a positive cycle
X=X n,V, of dimension r and of degree d
(=X n,deg(V,)) in P"(k), the product [] F;= of
the associated forms F, of V, is celled the as-
sociated form of X. The coefficients of F|
arranged in a fixed order and regarded as the
homogeneous coordinates of a point of a pro-
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jective space, are called the Chow coordinates
of X. Thisis a natura generalization of the
tPliicker coordinates. Given r, d and a projec-
tive variety U( < P’ (k)), the set of Chow ¢oor-
dinates of the positive cycles that are con-
tained in U, whose dimension is r and whose
degree is d, is a projective variety caled a
Chow  variety.

In scheme theory, the Hilbert scheme is
introduced in the following way [60]. Let P
be the n-dimensional projective space over
Spec Z. For alocaly Noetherian scheme S,
and for a closed subscheme Z of P x §, we
have the composition of the immersion of Z
and the projection P} x § to §; this is denoted
by f,:Z—S.For any point s of §, f;7'(s)is
a closed subscheme of Py, and the restric-
tion of ¢(1) to f, !(s) is denoted by ... Put
MS)={ZcPyx S} |f,isflat}. Then M be-
cornes a contravariant functor to the cate-
gory of sets, which is representable, i.e., there
exists a locally Noetherian scheme M such
that .# is naturally isomorphic to the functor
Hom( —, M). M is written as Hilb(P§) and
is caled the Hilhert <heme. There exists a
closed subscheme W of P x Hilb(Pg) with flat
fw such that for any Ze M(S), there exists a
unique ¢: S—M = Hilb(Pz) in such a way that
Z=Wx S Inpaticular, if X isaclosed syb-
scheme of P} over afield K, there exist s
Hilb(Py) and a field extension k/k(s) such that
X =f3'(s) ® yek Thus Hilb(P}) parametrizes
all closed subschemes of Pj. Fix a polynomial
P and define .#%(S) to be {Ze M(S)| x(L®™
= P(m) for all s}. .#" is also a contravariant
functor, represented by a scheme Hilb”(P%)
which is projective gver SpecZ. The direct
sum of all Hilb®(P) is just Hilb(Py).

T. Algehraic Geometry and Complex Analytic
Geometry

When k = C, an agebraic variety is caled a
complex algehraic variety, and it has the struc-
ture of a fcomplex analytic manifold or (if it
has singular points) of an fanalytic space. If we
denote by ¢}, . the ring of holomorphic func-
tions at a point x of ¥, then ¢, , c O} ., and
their fcompletions coincide. If x is a smple
point of ¥, then @}, .. is the fring of convergent
power series, and its completion is the tring of
formal power series. The prime ideals of ©f ,
remain prime under completion (M. Nagata).
Because of this, the anaytic behavior of Vin a
neighborhood of x can be investigated alge-
braically through the completion of @, .

If Vis complete, then the analytic coher-

ent sheaves on V and the algebraic coherent
sheaves on V correspond to each other bijec-
tively; consequently, for propositions that can
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be stated in terms of coherent sheaves, the
results in the analytic sense remain valid in the
agebraic sense also, and vice versa (J.-P. Serre
[82]) (- 72 Complex Manifolds E).

U. Topology of Algebraic Varieties

Every agebraic variety defined over R (or C)
can be triangulated by real anaytic cells [46].
Let V be a nonsingular connected agebraic
variety defined over C. For an agebraic guto-
morphism ¢ of C we can define V° by letting
¢ operate on the coefficients of the defming
equations of open affine coverings of V.V and
V° are not necessarily homeomorphic or even
of the same homotopy type [83]. Grothen-
dieck has shown that there is a fspectral se-
quence E4*P=H?(V,Q4)=H"*9(V,C), cdled a
Hodge spectral sequence. This spectral ge-
quence can be defined in a purely algebraic
way and H?*4( V, C) can be considered as the
thypercohomology of the de Rham complex
{T(V,Q)),d} of V. If Visprojective, V carries a
Kihler metric and by the theory of tharmonic
integrals the Hodge spectral sequence degener-
ates and Ef? is C-isomorphic to the complex
conjugate of E¥¥ (- 232 Kihler Manifolds B).
Thisisalso the case if V iscomplete.

The topology of a nonsingular projective
surface was studied by Lefschetz using the
method of Lefschetz pencils. For a projective
nonsingular irreducible variety V of dimension
n delined over C, a L efschetz pencil { W, },.p: Of
V is, by definition, alinear pencil consisting of
hyperplane sections W, of V such that: (i) for
allteU="Pe={t 15 ,t; W, is nonsingular;
(ii) each W, has only one singular point that is
an ordinary double point; and (i) W, N W,
is nonsingular, where we assume 0, o € U.
Embed V into P¥ by a high multiple of a
hyperplane of V and take a generic linear
pencil {H,} of hyperplanesin PN Then { W, =
H, NV} is a Lefschetz pencil of V. By blowing
up Valong W, N W, we obtain a smooth
variety V and a surjective morphism 7: 7 »P!.
Let W=nr"1(0), n,==|n (V). RPn,Qisa
local system attached to the monodromy
representation ¢,:7,(U,0)->GL(H?(W,Q)). o,
istrivial if p # n = 1. For each pointz, there
corresponds a cocycle , of H*™' (W, Q) cdled a
vanishing cocyclesuch that if y; isaloop based
at 0 going once (counterclockwise) around t;,
we have, for each xe H" (W, Q), ¢ ,(7)(x)=
X + (X, §,>6;, where () is the intersection
pairing of H""'(W, Q). ¢,(y) is caled a Picard-
Lefschetz transformation. The main results due
to Lefschetz are restated as follows. (1) (Weak
Lefschetz theorem). The natural homomor-
phism H'(V, Q)— H( W, Q) isanisomor-
phism for 0<ig n~2and isaninjection for



16V
Algebraic ~ Varigties

i=p—1, orequivdently H(V,W Q = 0 for
0<ign=1(2 (Srong Lefschetz theorem). Let
¢ be the cohomology class of H?( V, Q) corre-
sponding to the hyperplane section W and let
L:H*(V,Q)—H*"2(V, Q) be the homomor-
phism detined by the cup product with ¢. Then
foreachin, L V:H{(V,Q)»H>""{( V, Q isan
isomorphism. The weak Lefschetz theorem is
true for a cohomology with integra coeffi-
cients. In fact, V-W has the homotopy type
of ared n-dimensional finite CW complex,

and 7(V, W =0for v < n The strong Lefschetz
theorem is equivalent to the statement that
H*'( W, Q) is the direct sum of the vector
space spanned by the vanishing cocycles §;
and the vector space spanned by the invar-
iant cocyles (i.e, @, ((y)x=x,i=1, ,d).
Lefschetz's original proof of this statement is
incomplete, and no direct topological proof is
known. The transcendental proof of (2) is
given by the theory of harmonic integrals. A
version of Lefschetz pencils is a proper mor-
phism f: X —»D={z]|z| <&} of a complex mani-
fold X onto adisk D such that f*=f|f"1(D*)
D* =D = {0}, isof maximal rank at every point
of f~1(D*). Fix apointse D*. n,(D*,s) oper-
ates on H/( W, 2), W =/"!(s), and we have a
representation ¢;:7,(D*,s)—GL(H/(W,Z)).
For aloop y based at s and going once around
0 the Picard-Lefschetz transformation ¢,(y) is
quasiunipotent (i.e., for a certain integer m,
o,(y)™ is unipotent).

For a nonsingular projective variety detined
over afield k with characteristic p> 0, the
above Lefschetz theorems hold for an l-adic
cohomology (/#p) [19, 30 (SGA 7)] (- Sec-

]

tion AA). Using the theory of finite éale cover-

ings of an algebraic variety detined over a field
K, wecan define the algebraic fundamental
group and the algebraic homotopy groups,
which are profinite completions of the topo-
logical fundamental group and the topological
homotopy groups, respectively, where kK = C
[5, 30 (SGA I)]. Let (X,x) be agerm of a
complex space with isolated singular point x.
(X,x) is always agebraizable, ie., the com-
pletion @, . of the analytic local ring Oy, is
isomorphic to the completion of the local ring
of a closed point of an algebraic variety de-
fined over C [3]. For topological type of al-
gebraic surfaces — Moishezon [57].

V. Hodge Theory

Let Hy be afinite-dimensional rea vector
space containing alattice H,, and letH =
Hy ®¢C beitscomplexification. A Hodge
gructure of weight mon H (or Hg) is by de-
finition, a direct sum decomposion H =
@pig=mHPY, HPA> HOP whereHP? isa
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complex vector subspace and the overbar de-
notes complex conjugation. If H and H’ carry
Hodges structures of weight m and m’, respec-
tively, then H @ H, Hom(H,H), A’H, and
H*  cary Hodge structures of weight m + m',
m'—m, pm, and —m, respectively. For a Hodge
structure H - ofweight m, FPH= @, H*"*,
p=0,1,., m induces adecreasing filtration.
Let H be aHodge structure of weightm, and
let Q be abilinear formon H.  If the follow-
ing three conditions are satisfied, the Hodge
structure H is said to be polarized by Q. (i) Q
is detined over Q and is symmetric (skew-
symmetric) if m is even (odd). (i) Q (H™9, H" %)
=0unlessp =g, q=q. (i) (/~ 1) Q(v, 1) >
0 for nonzero ve HP4. Let V be a compact
Kihler manifold. Then H = H*( ¥, C) carries
the Hodge structure induced by the type (p, q)-
decomposition (— 232 Kihler manifolds B).
Thisisalso thecaseif V isacompact complex
manifold which is the image of a holomorphic
mapping from a compact Kihler manifold of
the same dimenson. Moreover, if Vi's projec-
tive, the Hodge-Riemann bilinear relations
define a natural polarization on the subspace
P of H consisting of 3]] primitive cohomology
classes.

Each agebraic cycle W of codimension
s determines a cohomology class [W] ¢
H?S( 'V, Q),whichbelongsto[1*%( V). (Such
aclassis caled an dgebraic cycle) The con-
verse of this fact is called the Hodge conjecture,
which says that H2*( V, Q) H*S(V) is spanned
by algebraic cycles. The case s = 1 has been
verified by Hodge., Lefschetz, and Kodaira.

Let V(W be a smooth irreducible algebraic
variety detined over C (complex manifold), and
let p:¥— W bea projective smooth morphism
with connected tibers. Then H = R™¢p, C is a
flat vector bundle on W with the flat connec-
tion V. V is often caled the Gauss-Manin
connection, and it can be detined algebraically
if W isalso agebraic.

For each fiber V;=¢ ~'(s), s W, the filtra-
tion FPH™(V,, OF @ ,H*"*( V) induces a
complex subbundle F? and the connection V
has the property V((O(F")) ¢ O(F?"' ® T*),
where T is the tangent bundle of W [26].
Moreover, if W is algebraic, V is a differentia
equation with regular singular points on W
where W 1s a smooth compactification of W
such that W — W is adivisor with normal
crossings (— Section L). If we consider the
subbundle P of H consisting of all primitive
cohomology classes, the polarization on each
fiber induces a Hermitian pseudometric on
P. Curvatures of bundles P N F” have been
studied by Griffiths [26]. There exists a classi-
fying space D for polarized Hodge structures
and there exists a holomorphic mapping of the
universal covering W of W into D, usually
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called a period mapping. D may not be a
bounded symmetric domain but has several
interesting properties [24,27]. In some cases
D/T" with a suitable discrete subgroup T is the
moduli space of polarized algebraic varieties
(e.g., curves, Abelian varieties).

P. Deligne [ 1 8] has generalized Hodge
theory to arbitrary algebraic varieties (more
generally schemes of finite type over C). The
simplest case is the Hodge theory of a smooth
noncomplete irreducible variety X. By Na-
gata s embedding theorem [63] there exists a
complete algebraic variety X sych that Y =
X-X is a subvariety. By virtue of Hironaka's
resolution theorem we can assume that X
is nonsingular and that Y is a divisor with
normal crossings. Let Q4(log Y) be a sheaf
of germs of meromorphic 1-forms with loga-
rithmic pole along Y, i.e. locally written as
21 a(x)(dx,/x) + Z]-psy 4x)dx;, where
(xy,, x,) is a system of local coordinates with
center pe Y in X such that x x;, = 0 is a loca
equation of Y and a,(x), 4;(x) are holomor-
phic at p. Using the complex {Q%(log Y)=
APQL(log ), d}, with a suitable filtration,
Deligne has shown that H = H™(X, C) carries
a mixed Hodge structure and this structure is
independent of the choice of X. The mixed
Hodge structure on H consists of two finite
filtrations, ie, Oc.. ¢ W,_, < W, c. cH, the
weight filtration which is detined over Q, and 0
c . cFPc FP*' - . < H, the Hodge filtration
such that F? induces on W,/W, | a Hodge
structure of weight n. As a corollary he has
shown that a meromorphic p-form on X with
logarithmic pole along Y (i.e., a section of
Q% (log Y) isd-closed on X, and ¢ = 0 if and
only if w, iszeroin H?(X, C). An important
application of the theory of this mixed Hodge
structure on H™(X, C) is the following. Let
Vv and W be smooth irreducible varieties,
and let ¢:V—w be a smooth projective mor-
phism. If ¥ is a smooth compactification of
¥, the canonical homomorphism H"(V, Q)—
HO(W, R™p, Q) is surjective. Fix a point s
W. 7; (W, S) operates on H™( V;, Q). Then this
action is semisimple [ 18].

W. Deformations, Moduli, Algebraic Spaces

In this section for simplicity the ficld k is as-
sumed to be agebraicaly closed. Let X be an
agebraic schemeover k. A (flat) deformation of
X over a connected scheme Sover k with base
point s, consists of the following data: (1) A
morphism p:X—S that is flat and of finite
type. If X iscomplete, p isalso proper. (2) A
closed point s, e Ssuch that the fiber X X ;k(s,)
is isomorphic to X. For any closed point s €S
the liber X,=X X k(s) is caled a flat deforma-
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tion of X. If X is smooth and complete, we
assume further that p is smooth. Similarly, we
can define a deformation of a polarized alge-
braic manifold, an embedding deformation
of X in an algebraic scheme Y over k, ade-
formation of an affine scheme with isolated
singular points, and a deformation of vector
bundles on a fixed agebraic scheme over k,
etc. The theory has two aspects: local theory
and global theory.

Let (R, m) be a complete Noetherian local
ring such that R/m = k. Set R, = R/m", A for-
mal deformation Xy of X is a sequence {X,}
such that (i) X, is a deformation of X over
Spec(R,) and (ii) there is a compatible ge-
quence of isomorphisms X, ® p R,- 3 X,_,
for any n. Let (FLA/k) be the category of
finite-dimensional commutative local k-
algebras. The local theory of deformation is
the study of the covariant functor F of (FLA/k)
to (Set), where, for Ae(FLA/k), F(A) is the set
of isomorphism classes of deformations of X
over Spec(A). The functor is in genera neither
representable nor prorepresentable (i.e., there
exists a formal deformation x, of X sych that
F(A) = Homy, (R, A)). But, under reasonably
mild conditions on F, F has the hull R [78].
That is, there is a formal deformation X of X
and a natura transformation j: G-F, where
G(A) = Hom, (R, A), such that j is for-
mally smooth (ic., for any surjection A'+ A in
(FLA/K), G(A')> G(A) x g4 F(A') IS surjective)
and G(k[e])— F(k[e]) is bijective for the ring
of dua numbers k[¢]. The formal deformation
X is cdled a versal deformation of X. The
hull R is unique up to noncanonical isomor-
phism. The deformation functor F has the hull
R if X is (i) a complete algebraic scheme over
k, (ii) an affine scheme with isolated singular
points, (iii) a polarized algebraic variety over
k, or (iv) a vector bundle on a complete alge-
braic scheme over k, €tc. If there exists a de-
formation 7: X—S§ of X gver a scheme S
with base point s, over k such that R = (?/\S’SU’
X, > 3 @ R,, the formal deformation {r,, :
X,~>Spec(R,)} is caled agebraizable. Alge-
braizability of the yersal deformation has been
studied by M. Artin. Since the assumption that
Sis ascheme is rather restrictive, Artin has
introduced the notion of algebraic spaces and
has considered agebraizability in the category
of algebraic spaces [2-4]. For a complete
algebraic variety, the versal deformation is not
necessarily algebraizable and we need to con-
sider deformations of polarized algebraic
varieties. The versal deformation of an affine
variety with an isolated singularity is alge-
braizable in the category of algebraic spaces.
For the global theory of deformations, we
need the projectivity assumption, and the
theory is essentially reduced to the theory of
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Hilbert schemes (or Chow varieties) (— Sec-
tion S). The problem of moduli is considered
as the study of the set A4 of all isomorphism
classes of deformations of X. Usually we ¢on-
sider the moduli of polarized varieties.

Let (Sch) be the category of Noetherian
schemes and .# a contravariant functor from
(Sch) to (Set) delined by .#(X)= {isomor-
phism classes of families of polarized varieties
parametrized by X €Ob(Sch), e.g., families
of polarized Abelian varieties with(out) addi-
tional conditions}. The functor .# is called
amoduli functor. If it is represented by a
scheme M, M iscdled afine moduli scheme
[60]. In this case there is the universa family
n:¥"—M. In many cases the moduli functor
is not representable. A coarse moduli scheme
for a given moduli problem is a scheme A4
together with a natural transformation ¢:

A4 -Hom( ~, M)such that (1) ¢(Spec(k)):

M (Spec(k))—»Hom(Spec(k), M) is bijective for
any algebrically closed field k, and (2) for

any scheme N and any natural transformation
¥ : M —-Hom(—, N), there is a unique natural
transformation 1: Hom( —, M)—Hom( —, N)
with iy = A ¢. A coarse moduli scheme is called
a moduli space or a moduli scheme.

In many cases, the moduli space can be
obtained as the quotient space of a certain
(locally closed) subset H of a Hilbert scheme
by the following equivalence relation: s-s° eH
if and only if X~ X, as polarized varieties,
where1: X » H, 1 (s) = X, (T. Matsusaka
[53]). This equivalence relation is often in-
duced by an action of a treductive agebraic
group G. Suppose that a reductive algebraic
group G operates on an agebraic k-scheme Z.
A G-invariant morphism f:Z— Y (i.e, for the
trivial action of Gon Y, f is a G-equivariant
morphism) is cdled a geometric quotient if (1)
/is a surjective affine morphism and f,(€,)¢
=0y, (2) if X isaG-stable closed subset of Z,
then f(X)isclosedin, and (3) for x {,x, € Z,
f(x,) =f(x,) if and only if the G-orbits of x,
and x, are the same. Let G be a reductive
agebraic group, y: G-Aut( V) araiona rep-
resentation on a finite-dimensional vector
space V over k, and v, #0 a G-invariant point.
Then there exists a G-invariant homogeneous
polynomial F of degree > | on I such that
F(vg) # 0 (W. J. Haboush [32]). Thisimplies
that if a reductive group G operates on an
agebraic k-affine scheme Spec(A), then the
invariant ring A is a finitely generated k-
agebra and, moreover, if any G-orbit in
Spec(A) is closed, the natural morphism
Spec(A4)—Spec(A©) is a geometric quotient.
For a quasiprojective scheme Z gyer k with
an action of a reductive group G we need a
notion of stable points [60, 62]. The subset
of stable points of Z consists of all geometric
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points of a G-stable open subscheme Z* of Z,
and there exists a geometric quotient f: Z*— Y
where Y is quasiprojective (Mumford [607, C.
S. Seshadri [79], Haboush [32]). In this way
Mumford has shown the existence of coarse
moduli schemes of nonsingular complete
irreducible agebraic curves and polarized
Abelian varieties. But, in general, analysis of
stable points is very difficult and it is desirable
to extend the category of schemes so that it
becomes easier to obtain a quotient. Matsu-
saka has introduced the notion of a Q-variety
[52]. M. Artin has introduced the notion of an
algebraic space (D. Knutson [497).

An algebraic space X of finite type consists
of an affine scheme U and a closed subscheme
R c Ux U such that (1) R is an fequivalence
relation, and (2) the projections p;: R+U (i =
1,2) are éale. (These are often written as R=3
U—X.) A morphism g: ¥— X of an affine
scheme V' to an algebraic space X consists of
a closed subscheme wc U x V such that (1)
the projection W— V is étale and surjective,
and (2) the two closed subschemes R x ; W,
Wx,Wof UxUxV areequal. Let S3V-Y
be an algebraic space. Then Hom( Y, X) is de-
fined as the kernel of Hom(V, X)=3Hom(S, X).
If Y is an affine scheme, this definition of
Hom( Y, X) is equivalent to the previous defi-
nition by virtue of the étaie descent. Thus
agebraic spaces form a category which con-
tains the category of schemes. We can define
the structure sheaf of an algebraic space and
construct a cohomology theory. Many impor-
tant notions and theorems for schemes can
be generdlized to those for algebraic spaces.
Every agebraic space has a dense open subset
that is an affine scheme. A group algebraic
space is a group scheme (J. P. Murre). Suppose
k = C. If an algebraic group G operates on an
agebraic k-scheme properly with a finite stabi-
lizer group, the quotient space exists as an
agebraic space. In this way H. Popp has
shown the existence of moduli spaces of alge-
braic surfaces of general type as algebraic
spaces [70,71] (- 15 Algebraic Surfaces; also
[54]). Moreover, every separated algebraic
space X of finite type over C carries a natural
structure X"” of an analytic space. If there
exists a proper modification morphism f: X"”
— Y of a separated algebraic space X onto an
analytic space Y, then Y carries a structure of
an algebraic space and f becomes a morphism
of agebraic spaces (Artin [2]). For any alge-
braicaly closed field k, Artin has introduced
the notion of formal algebraic space and
formal contraction and has obtained results
similar to those for algebraic spaces [49].

An irreducible compact complex space X
whose algebraic dimension (— 72 Complex
Manifolds F) is equal to dim X is caled a
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M oishezon space. Asacorollary of the above
theorem, any Moishezon space X carries a
structure M of a compact agebraic space such
that X > M™.

X. Formal Schemes

Let A be aring which we assume to be Noe-
therian, for simplicity, and | an ideal of A.
Taking { I}, as a fundamental system of
neighborhoods of O, we ¢an introduce a struc-
ture of a topological ring into A called [-adic
topology. The fcompletion of A with I-adic to-
pology is isomorphic to the projective limit 4
=li*r_n,,>0 A" (here A/I" are regarded as dis-
crete topological rings) and called the comple-
tion of A along /. If A is Noetherian, then A is
again Noetherian. There is a canonical con-
tinuous homomorphism i: 4 — 4 whose kernel
comprisesthe zero divisorsawitha=1¢1
(intersection theorem of Krull; — 284 Noeth-
erian Rings B). If i is an isomorphism, we say
A iscomplete with respect to I. The topology
of A isthe [-adic topology where = i(1)4 and
A is complete with respect to |, Take a Noeth-
erian ring A complete with respect to I which
we consider as an [-adic topological ring by
identifying its completion along ! with A.

On X=V(I)< Spec(A4) we can define a sheaf
of topological rings ¢; by I'(2(f),0,) =
lim,,, A;/1"A; for Z(f)=D(f)NX with

fE A Wecall (X, ¢;) the format spectrum of A
and write Spf(A). I iscalled a defining ideal of
Spf(A). A (localy Noetherian) formal scheme is
by definition a topological local ringed space
which is locally isomorphic to a formal spec-
trum (of a Noetherian ring). If we define mor-
phisms between two formal schemes by those
in the category of topological local ringed
spaces, the formal schemes form a category.

For two formal spectra Spf(A) and Spf(B)
with deiining ideals I and J, respectively, the
direct product Spf(A) x Spf(B) in the category
of formal schemes is the formal spectrum of
the completion of A ® B along the image of
| ® B+ A® J. Similarly, we can construct a
fiber product of formal schemes. A formal
scheme X iscaled separated if the image of the
diagonal morphism Ay: X—X x X is closed (—
Section D).

For a Noetherian ring A with an ided |, the
formal spectrum Spf(A) (with a defining idedl
[)is called the completion of Spec(A) along
P (1). Smilarly for a Noetherian scheme X and
aclosed subscheme X’ we can define the com-
pletion X\x' of X along X’. Every completion of
a separated scheme is separated. For a coher-
ent sheaf F on X one can define its completion
Fix- along X', which is again coherent (under
the assumption that X is locally Noetherian).
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Thus we can develop a theory of formal
schemes in away similar to that of schemes,
which we call “formal geometry” (for the more
general definitions and further discussions see
[2; 29,1, 111; 303). Roughly speaking, a function
on Xy is a formal Taylor series with respect
to the direction normal to X' whose coeffi-
cients are regular functions on X'. The method
of formal completion enables us to introduce
“analytic” or “intinitesimal” methods in alge-
braic geometry. Among many important
theorems, we state here the following two
theorems. (1) The fundamental theorem of
proper mapping: Let f: X— Y be a proper mor-
phism of locally Noetherian schemes, Y’ a
closed subscheme of Y, and X’ = X x y Y’ the
inverse image of Y’. Denote the respective
completions of X and Y along X’ and Y’ by
X and Y, respectively. We have the induced
proper morphism of formal schemes f X-
Y. Then we have canonical isomorphisms,
(R, (F))y = RY,(F x),n>0, for every coher-
ent, Oy-Module F on X. This theorem can
be applied to prove Zariski's connectedness
theorem: for a proper morphism f: X — Y of
locally Noetherian schemes with £, (0y) = 0,,
every fiber f ' (y) off is connected and non-
empty for ye Y. (2) We use the same nota-
tion asin (1) and assume, moreover, that Y =
Spec(4) for a Noetherian ring A, complete
with respect to an ideal [, and Y’ = V(I). Then
the correspondence F— Fy. gives an equiva-
lence between the category of coherent (/-
Modules with proper support over Y and the
category of coherent ¢3-Modules with proper
support over ¥. This theorem plays an impor-
tant role in the theory of tdeformations of
algebraic varieties.

Y. Algebraic Yector Bundles

In this section avector bundle isalocaly free
sheaf of finite constant rank (- Section E). A
quotient sheaf of a vector bundle is caled a
quotient bundle if it is a vector bundle. A sub-
sheaf F of avector bundle E isasubbundle
when both F and E/F are vector bundles. A
vector bundle is said to be indecomposable
unless it is a direct sum of proper subbundles.
Every vector bundle E on P!is a direct sum of
line bundles, that is, E = @ ()(a;) (Grothen-
dieck). This property characterizes P! in the
category of nonsingular projective varieties. In
fact, if X is a nonsingular projective variety
withdim X >0and X £P'andif r isanin-
teger with r > dim X, there are stable (see
below), afortiori, indecomposable vector
bundles on X of rank r (J. Simonis and M.
Maruyama). Vector bundles are closely related
to subschemes of the base variety. Let E be a
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vector bundle of rank 2 on a nonsingular
quasiprojective variety X and ¢( 1) an tample
invertible sheaf on X. For p »() and generd

se HYX, E(n)), E(n)/sO,~ L ® I with L aline
bundle and | an ided in ¢, which defines a
smooth subscheme Y= (s), of codimension 2.
When X is, for example, P” (n > 3) or affine,
the converse holds. Let Y be a subscheme of X
purely of codimension 2 and locally of com-
plete intersection. If w, =~ A4 ® @, for an inver-
tible sheaf M on X, there is a vector bundle

E of rank 2 and se H(X, E) with (s), = Y.
Moreover, E is decomposable if and only if Y
is globally a complete intersection. An Abelian
surface can be embedded in P#(C), and hence
we have an indecomposable vector bundle of
rank 2 on P*(C) [40]. For p > 5, we have no
examples of indecomposable vector bundles of
rank 2 on P”(C) [36]. Every vector bundlie on
A” =k"istrivial (D. Quillen [72], A. Suslin).
From this and the fact stated above several
results can be deduced; every nonsingular
curve in A® is set-theoretically a complete
intersection (L. Szpiro).

For a vector bundle E on a complete
scheme, the following are equivalent: (i) for
every coherent y-module F, F ® S'(E) is
generated by its globa sections for n>>0, (ii)
for every coherent sheaf # on X, Hi(X, F®
S'(E)) = 0foralli>0and n > 0, (iii) the ‘tauto-
logica line bundle ¢( 1) on P(E) isample. A
vector bundle having these properties is said
to be ample. Thisis a generalization of the
notion of ampleness of invertible sheaves
(- Section E). The set of ample vector bundles
is closed under several operations [34], No
good criterion such as Nakai-Moishezon's
for the ampleness of invertible sheaves (—~
Section E) is yet known. The tangent bundle
of a nonsingular complete variety X is ample
if and only if X ~P" (— Section R; S. Mori
[59]).

Let Y be a nonsingular projective variety
over an agebraicaly closed field and ¢y( 1) an
ample invertible sheaf on Y. A coherent sheaf
E on Y is said to be stable (or, semistable) with
respect to ¢,( 1) if E is torsion-free and if for
every coherent subsheaf F of EwithO#£ F #F,
H(F(m))r(F)<(or <)x(E(m))/r(E) for all m>0,
where r(*) denotes the rank. If E is stable (or
semistable) and localy free, it is called a stable
(resp. semigtable) vector bundle. Let f: XS be
a fsmooth, projective, geometrically integral
morphism and ¢,( 1) an f-ample invertible
sheaf on X. For a numerical polynomial H
andan Sscheme T, set ¥H.((T)={E Eisa
coherent sheaf on X, with the properties (a)
and (b)}/ ~; (a) E is T-flat, (b) for every geo-
metric fiber X,,E, = E X is stable with re-
spect to 0, ( 1) 4, and x(E,(m)) = H(m), and if
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E, 2 E, ® f#(L) with L an invertible sheaf on
T, E, ~E,. X% s isatcontravariant functor of
the category of flocally Noetherian S-schemes
to the category of sets. If § is of Hinite type
over a *universally Japanese ring A, X% ,¢ hes
a coarse moduli scheme My (H) (— Section
W) and it is tlocally of finite type over S (D.
Mumford, Seshadri, D. Gieseker, Maruyama
[23,51]). The set of the classes of semistable
sheaves under a suitable equivalence relation
(S-equivalence) on geometric libers of X over §
also has a coarse moduli scheme MX/S(H) and
M,,,(H) isits open subscheme. Moreover, it is
known that M,,,(H) is projective over § in
some cases, for example, when A is afield of
characteristic zero. When dim X/S= 1, X ~ P2
or P3, the structures of M,,,(H) have been
extensively studied [ 11, 69]. Theories of vector
bundles are used in theoretical physics [9].

Z. Torus Embeddings

Qver an dgebraicdly c¢losed field k, atorus
embedding, or atorie variety, isanormal
scheme X locally of finite type over k on which
an algebraic torus T acts with a dense open
orbit isomorphic to T. Such X's, as well as
many of their algebrogeometric properties, can
be described very simply in terms of cones in
red affine spaces, as Demazure [21] first Saw
in the nonsingular case in connection with
algebraic subgroups of the Cremona trans-
formation group, and then as D. Mumford et
d. [47] as well as K. Miyake and T. Oda [67]
saw in the general case immediately after H.
Sumihiro [SS] proved a hasic theorem on
linear algebraic group actions.

The group N, written additively, of one-
parameter subgroups of an r-dimensional
algebraic torus T is a free Abélian group of
rank r. A convex rationa polyhedral cone ¢ in
Ng = R®, N with 0 as the vertex is the set of
nonnegative linear combinations of a finite
number of elements of N such that ¢N (—g) =
{O}. A subset r of g iscaled aface, and is
denoted by 1 < o, if there exists a linear func-
tional m on Ny having nonnegative values on
cand 1={yeg|m(y)=0}. Afan Ain Ny isa
collection of such ¢’s satisfying the conditions
(i) Aso, c>1=A3tand (i) Ass, a'=06>
oMo' <g.

Each o€ A givesrise to an affine torus em-
bedding U, as follows: Let M be the Z-module
dual to N; hence A4 isthe group of fcharacters
of T.For geA, the set MN&={meMim(y)=0
for all yeo} is seen to be alinitely generated
additive subsemigroup of M containing O
and generating M as a group. U, is then the
spectrum of the semigroup algebra k[M N &].
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Thanks to the condition (ii) above, the U_’s
can be naturally pasted together to produce
atorus embedding X = | J,.4 U,

Every torus embedding is obtained in this
way. Equivariant dominant morphisms be-
tween torus embeddings can be described in
terms of Z-linear maps between N’s which
send a fan to another.

Many agebrogeometric properties of X can
be described in terms of A, e.g., X isnonsin-
gular if and only if every ¢ € A can be spanned
by a part of aZ-basis of N. X is complete
(proper over k) if and only if the union of ¢’s in
A coincides with N,. X has at worst cyclic
quotient singularities if and only if every g ¢ A
issimplicid, i.e., if it is spanned by R-linearly
independent elements of N. An equivariant
resolution of singularities of X exists and is
obtained by a suitable subdivision of A (Mum-
ford et a. [47]). X has only rational singular-
ities, hence is Cohen-Macaulay (M. Hochster
[38] and Mumford et al. [47]). The set of T-
orbits in X isin one-to-one correspondence
with geA. A reduced T-invariant subscheme Y
of X isthe union of T-orbits, and hence corre-
sponds to a subset X of A. M.-N. Ishida[44]
determined when Y is Cohen-Macaulay or
Gorenstein in terms of the combinatorics of 2.

A T-invariant Cartier divisor D on X cor-
responds to a support function k, which is a
continuous R-valued function on the union
U“Aa which is (i) positively homogeneous,
i.e., h(Ay)=Ah(y) for 1>0and ye| ) .40, (ii)
Z-valued on N N (| J,., o) and (iii) linear
when restricted to each ¢eA. Various prop-
erties of the invertible sheaf (¢y(D) (— Section
E) can be described in terms of h. For in-
stance, when X is complete, (/y(D) is tample if
and only if h is upper convex, i.e., h(y) + h(y') <
h(y +V'), and moreover, A is the coarest fan
with the property (iii) above. The cohomology
of 0,(D) can be calculated by means of
(Demazure [21] and V. Danilov [ 17]).

A support function h, on the other hand,
gives rise to a convex polyhedron in My with
vertices in M. In this way, certain aspects of
the geometry of convex Sets can be thought of
as a part of the theory of projective varieties
(R. Stanley [87], B. Teissier [89]).

Mumford et al. [47] introduced a more gen-
erd concept of toroidal embedding: A normd
dgebraic variety Y and a nonsingular Zariski
open subset U such that Y o U is formally
isomorphic at each point to a torus embedding
X o T. This concept has been used very effec-
tively to prove important theorems: (1) Sys-
tematic nice compactitications of arithmetic
quotients of bounded symmetric domains (D.
Mumford et al. [7], 1. Satake [77]). Y. Nami-
kawa [65] worked out the details in the case
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of the Siegel upper planes, improving their
earlier Satake compactifications studied by 1.
Satake, W. Baily, J-I. Igusa, and A. Borel [12].
(2) Semistable reduction theorem (Mumford et
a. [47]). Let f:V—C be aflat morphism from
a nonsingular variety V to a nonsingular
curve C in characteristic 0. After a finite base
extenson C'—» C and a modification V’'—
Vx.C', wecan gt ¥ ': V' > whose singular
fibers are reduced with only nonsingular com-
ponents crossing normally with each other

(- Section L). Without the reducedness
requirement, the existence is derived from a
result of Hironaka [37].

AA. Etale Topology

Let & be a category. We say that a Gro-
thendieck topology onY isgivenif, for each
SE Ob(S), families of morphisms (covering
families of S) are given and satisfy the follow-
ing conditions: (1) If ¢: TS isan isomor-
phism, {¢ : T— S} is a covering family, (2) if
{@;: R;— S}, is acovering family, for any
morphism ¢S8-S, the fiber product R, =

R; x .§' exists and the induced family { ¢, :
R;—S'} isacovering family of S, (3) if {¢;:
R,— S}, is acovering family and if for each
iel, {5;,4:8; 4= R} e 4, 1S @ covering family,
then {(P?Siawsi,a_’s}iel,aem is a covering
family. In generd, it is more convenient to
use a notion of sieves to define aGrothen-
dieck topology [30 (SGA 4)].) A category with
Grothendieck topology is called a site. Let X
be a scheme and Et/X the category whose
objects consists of schemes étale over X. If we
choose a family of morphisms {¢,: ;- Y}..,,
with | J;er ¢4 Y)) = Y, as a covering family of

Y e Ob(Et/X), this defines the éale topology
on X and the étale site X,,, Similarly, one can
define the Zariski ste X, (resp. the flat site
Xgy), using open immersions (resp. flat mor-
phisms locally of finite type). A presheaf on a
site Y is a contravariant functor from Y to
(Set). A presheaf F isasheaf if, for any cover-
ing family {¢;: R, R},.;, F(R) =TT, F(R)=
I o F(R; X gR}) is exact. If Y has afinal ob-
ject X, the functor Fi— F(X) is left exact on
the category of Abelian sheaves on & and
the cohomology groups H- (X, F) are de-
fined as the right derived functors. Using
covering families, one can define the Cech
cohomology H : (X, F) as usud. In the follow-
ing, a sheaf means an Abelian sheaf. For a
tgeometric point j: x— X of a scheme, an éde
neighborhood U of x consists of an étale mor-
phism f: U~ X and a morphism j: x— U such
that f oj = i. For asheaf F on X, the stalk
F, a a geometric point x is defined by F, =
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hm I'( U, F), U being the étale neighborhoods
of x. On X, the sheaf G,, is defined by G,(S)=
I'(S, C)* for each Se Ob(Et/X). The kernel of
the nth power homomorphism G,, LG
denoted by u,. The sequence 1—»;4,,—>G by
G,— lisexactin X if pisprimeto resid-
ual characteristics of X, but not necessarily
exact in X,,. There are canonical isomor-
phisms Pic(X)= H (X z,., 053 H' (X, G,)>
H'(Xq, G,). For X = Spec(k), k afield, the
étale cohomology theory of sheaves on X, is
equivaent to the tGalois cohomology theory
over k; hence H'(X,,, F)S HY(G, Fy), where
G = Gal(k/k), k the tseparable closure of k and
F, isthe stalk of F at the geometric point &),
of X. For amorphism f: X =Y of schemes
and a sheaf F on X,,, the direct image sheaf
J4 F of Fisdefined by f, F(S) = F(X x,8),
SeOb(Et/Y), and higher direct-image sheaves
Rf,F are detined by the right-derived functor.
Let X be a separated scheme of linite type
over afield k. By atheorem of Nagata [63],
there exists a scheme X proper over k and
an open immersion j: X —X. For a torsion
sheaf F on X, let j F be ashesf on X, ex-
tended by O outside X. The cohomology
with compact support Hi(X,,, F) is defined
by HY(X.,, F)= H(X,,j,F). Thisisinde-
pendent of compactifications. Similarly, for a
separated morphism f: X —§ of linite type of
schemes and a torsion sheaf F on X, one can
define higher direct image sheaf with compact
support R4, F. For the étale topology, torsion
sheaves are important. All torsion sheaves on
X, on a Noetherian scheme X are inductive
limits of constructible sheaves. A sheaf F on
X, is caled locally congructible (congtant) if F
is represented by an étale covering of X. A
sheaf F on X, iscdled constructible if there

exists a linite surjective family of subscheme X,

of X such that the restriction of F to X, is
locally constructible (constant). This is equiva-
lent to saying that every irreducible ¢losed
subscheme Z of X contains a nonempty open
subscheme U such that the restriction F to U
is locally constant and has finite stalks, ie.,
there is a covering family {¢;: U;— U} such that
F U, is constant and the stalk F_is a finite
Abelian group for a1l geometric points x of U.
The cohomology of a torsion sheaf or a con-
structible sheaf has properties similar to those
of the classical cohomology. Let f: X—S be a
proper morphism and F a torsion sheaf on

.- Then the stalk Rif, F at a geometric
pomt s of § isisomorphic to HY(X, ,,, F),
where X,=X X 5 Spec K(s). If f isaseparated
morphism of linite type of Noetherian schemes,
asmilar fact holds for the cohomology with
compact support. Moreover, if F isa con-
structible sheaf, R F isalso constructible
(finiteness theorem). For an affine scheme X of
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finite type over a separably closed field and F
atorsion sheaf on X, , one has H4(X,,, F) =0
for g>dim X. Let f: XS be a separated
morphism of schemes of linite typeon C, Fa
torsion sheaf on X,,. One has a canonical
isomorphism (R"f!F "~ R F. In partic-
ular, if X is proper over C, one has HY(X,,,
Z/(n))= HY(X™, ZI(n)). On the other hand,

for anonsingular complete curve C over an
algebraicaly closed field, one aways has
HY(C,, Z) = 0. For a geometric point s of §
the strict localization of S at s isthering

g, = im T(U, 0y), U being éale neighbor-
hoods of s. A geometric point t of § is called a
generalization of s if 1 is detined by an alge-
braic closure of the residue field of a point of
Spec s ,. In this case, s is called a special-
ization of t If f: X =8 is a proper smooth
morphism the sheaf R7f, Z/(n) is localy con-
structible (constant), and ifs is a specializa-
tion of ¢ one can define a cospecialization of
HY(X, &, ZI(n)) to HY(X, ., Z/(n)) whichis
bijective. Let X be a scheme of finite type over
afield k. If | #ch(k) is prime, one can define the
l-adic cohomology Hi(X, Q,) = lim, H%(X,Z/
() ®2,Q;. The [-adic cohomology has as
many good properties as the classical co-
homology (— Section U).
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17 (X1.11)
Algebroidal Functions

A. General Remarks

If an analytic function [ satisfies an firreduc-
ible algebraic equation

Ao + A @)+ .+ A, (2)=0 (1)

with single-valued tmeromorphic functions
Aj(z) in a domain G in the complex z-plane,
then f iscaled ak-valued algebroidal funetion
in G. With no loss of generality, we can as-
sume that there is no common zero among the
A2} and that all the A,(z) are tholomorphic in
G. When k = 1, the solution of (1) isasingle-
valued meromorphic function in G. If al the
A,(z) are polynomials, then f is an talgebraic
function. Thus algebroidal functions can be
regarded as extensions of single-valued to
multiple-valued functions and aso as exten-
sions of algebraic to ftranscendental functions.
Since (1) isirreducible, its discriminant D(z)
does not vanish identically. For all the points
asatisfying D(a)#0, Ay(a)#0, aeG, equation
(1) determines k holomorphic function ele-
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ments f(z), fi{z) in a suitable neighborhood
of athat determine the analytic function f.
They can be fprolonged analyticaly in G in
the wider sense. At any point satisfying A,(z)
=0, at least one element has a pole; and at any
point satisfying D(z) = O, there may appear
ramified €lements. Therefore an agebroidal
function can be defined as a finitely multiple-
valued analytic function in G with the excep-
tion of poles and falgebraic branch points.
Every agebroida function f(z) determines a
tRiemann surface, which may be considered a
fcovering surface 3 of G. This surface 3 isak-
sheeted fcovering surface over G with no sin-
gular point except for algebraic branch points.
Also, f reducesto asingle-valued meromor-
phic function on 3, and ali the function ele-
ments over a point z are different. A k-valued
agebroida function can also be characterized
by this property.

These two (equivalent) delinitions of alge-
broidal functions give rise to two distinct
methods of studying these functions. In adopt-
ing the first definition, we can make use of
results in the single-valued case, as did G.
Rémoundos and G. Valiron. When the lat-
ter definition is adopted, we ¢an use severa
methods that are also applicable in the single-
vaued case, as did H. Selberg and E. Ullrich.

Research on agebroidal functions has been
carried out mainly for the case where G is the
finite plane |z| < o0 oOr the unit disk {z| < 1.
Almost all the known results for algebroidal
functions are extensions of those on single-
valued functions, but several results particu-
larly relevant to agebroidal functions have
been discovered. The existence of branch
points makes it difficult to investigate alge-
broidal functions in some cases.

B. Absolute Value

Among several results on the absolute vaues
of agebroida functions, the fmaximum prin-
ciple, one of the basic principles, holds on the
Riemann surface 3. The following relation
holds among the A,(z) and | f,(z)|. Assume that
(2) hasthe form

SEH A @+ + 4,(2)=0. 1)

Then log(1 + A(z))/log( 1 + F(2)) is bounded,
where A(z)=max|A;(z)| and F(z)=max|f,(z)|.
An dgebroidd function that has no pole
in z| <o iscalled an entire algebroidal func-

tion. The successive derivatives of an entire
agebroida function may have poles a every
branch point, which is a departure from the
case of single-valued integra functions. An
algebroidal function defined by (1) or (1') with
entire functions A4,(z) and zero-free 4,,(z) is
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entire. Dividing both sides of (1) by A,(z), we
obtain equation (1'), and all its coefficients are
entire. In equation (1'), the *order, type, and
class of an entire algebroida function coincide
with those of the largest A(z) (- 429 Tran-
scendental Entire Functions).

For an entire agebroida function of order
less than /2, F(2) tends to infinity uniformly
along a sequence of concentric circles |z| =7,
(r,— o0). However, it can be shown that not
alt the branches of f{z) necessarily tend to in-
finity on the Riemann surface 3; in this sense,
fWiman’s theorem does not remain true. But,
using min,,_, max, | f,(z)|, one can obtain some
extensions of the generalized Wiman theorem.

C. Picard’s Tbeorem and Its Extension

Rémoundos first extended tPicard’s theorem
and tBorel’s theorem to an agebroidal func-
tion. Every k-valued transcendental alge-
broidal function in the finite plane takes on
every value inlinitely often with at most 2k
exceptional values. There are examples where
2k values are actually omitted. Hence the
theorem is the best one possible in this sense.
T. Varopoulos (Bull. Soc. Math. France, 53
(1925), 23-34) introduced the degeneracy index

A=dim{(cg,cy,...,c)eC* o dg+c AL+ ...
+ckAk=0}

{0< A< k=1) into equation (1) and showed
that the number of Picard’s exceptionad values
off is at most k + A+ 1. There is no single-
valued meromorphic function with A > 0, so
this result is relevant only for agebroidal
functions. Extending this idea further, J. Du-
fresnoy and others obtained more precise
results. The situation is the same for the Borel
exceptiona values. That is, the +Convergence
exponent of f(z) =w = 0 coincides with the
torder off except for at mest 2 values, for
which the convergence exponents off are
less than the order off (E. Borel). There are
at most 2k polynomias P(z) for which f(z) -
P(z) = 0 has at most a finite number of roots
(Borel), and furthermore, using the degeneracy
index, we can give more precise results.

Selberg was the first to extend the tNevan-
linna theory of meromorphic functions to
agebroida functions (—~ 272 Meromorphic
Functions). Almost simultaneously, Valiron
obtained the same results starting from the
coefficients of (1); then Ullrich improved the
results by considering the effect of branch
points of 3.

Let J, be the part of 3 over |z|<r, let n(r, w)
be the number of roots of f(zZ) ~w =0in 3,,
and let n(r, 3) be the number of branch points
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of 3,. With these notations we write
1’ dr t n(n(0,w)
N = (e w)—n(0,w) &1 OH
k Jo t
m(r, w)

1 1
= logt ———

2 L 8 Tfre)—wi
T(r, w) = m(r, w) + N{r, w).

dp, w#0,

Let T(r, /) be the tlogarithmic integral of the
spherical area of the image of 3, under w =

1),

_1 (e
e _E‘J t J L(l rempr e

and let N(r, 3) be the logarithmic integral of
n(r, 3). Then we have T'(r, w) = T(r, /) + O(1)
and the ramification theorem:

N(r, 3) <Qk=2) T(r,f)+O(1).

Also, T(r, f)=O(logr) holds if and only if f is
algebraic. Let .4(z) be the maximum of |4,(z)],
and let

1 1% .
- ip
u(r) py. \]0 log A{re**)dep.

Then T(r, /) = p(r) + O( 1). Asthe second funda-
mental theorem we have

¥ Nirw)>(q=2T ) =N J)

q
+ Y Ny (r, w,) +O(logrT)

v=1

>(g=20)Tir, f)

q
+ Y Ny(r,w)+0(ogrT),

y=

—_

where N, (r, w) is the logarithmic integral of
n,(r, w) which is the sum of the multiplicity
minus one of al} the roots of f(x) —w=0in 3,.
Furthermore, the deficiency, ramification index
of f(z), and ramification index of the surface 3
are defined by

6(w)= 1 —limsup N(r, w)/T(r, f)
=liminfm(r, w)/T(r, f),
D(w) = liminf N, (r, w)/T(r, f),
E=liminfN(r, 3)/T(r, f).
With these notations, we have
0w+ Dw,)<2+E< 2k

These results contain the Picard theorem
and the Borel theorem. Furthermore, by con-
sidering the effect of branch points, the Ahlfors
theory of covering surfaces can be extended to
agebroida functions (Y. Tumura). By using
this result, tBloch’s theorem can be obtained
very simply.
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But these results do not contain the Varo-
poulos result. Taking into consideration the
degeneracy index J, H. Cartan proved the
following inequality when ) = O:

M=

(@=k=1T( )< X Nlr, w,) + S(r),

v

and for genera 2 he conjectured that the
number g-k = 1 may be changed to the num-
ber ¢g—k— A= 1. This conjecture is still un-
solved except for some special cases where for
example, ¢ =k + 4+ 2 (N. Toda, Nagoya Math.
J., 91 (1983), 37-47).

Interesting results follow upon a study of
this degeneracy index. For example, when f is
an entire algebroidal function, if X247 §(w,)
>2k 2(w, #0), thereare at leastk - 1
tPicard’s exceptional values in {w,} (Niino,
Ozawa, and Toda).

With respect to the relation between the
number of exceptiona values and the order of
fin |z| < oo, there are some results similar to
those for single-valued functions. For example,
if f hask + 1 Picards exceptional values, the
order off must be a positive integer or co.

D. Asymptotic Values and Other Results

In the single-valued case, Valiron, L. Ahlfors,
W. H. J. Fuchs, A. Edrei, W. K. Hayman, and
others studied the tBorel direction, the number
of *tasymptotic values, the relation between the
deficiency values and the asymptotic values,
etc. However, almost none of the correspond-
ing results holds for the agebroidal case as
shown by several counterexamples.

There is no relationship between the order
of an entire agebroidal function and the num-
ber of its finite fasymptotic values, which is
quite different from the single-valued case.
Furthermore, it is possible to have an infinite
number of asymptotic values even if the order
is equal to zero. If an algebroidal function f
satisfies liminf T(r, f)/(log r)* < + oo, then it
has at most k asymptotic values (Valiron-
Tumura). The Ahlfors theorem, which is con-
cerned with the number of tdirect transcen-
dental singular points of the inverse function
and the order of a meromorphic function in
the single-valued case, was extended to the
algebroidal function by L0 Yinian (Scientia
Sinica, 23 (1980)).

The tJulia direction or the Borel direction
for an algebroidal function is defined not on 3
but on |z| < cc because of the appearance of
branch points. With respect to the Julia direc-
tion, there are results similar to those for the
single-valued case, but it is unknown in gen-
eral whether the Borel direction exists. A.
Rauch proved that if I“ r O/ dr = q,
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then there is a %ctor with an angle of at least
n/p inwhich L(p)=["log* F(re')/r**! dr
diverges. Apart from the theory of distribution
of values, Selberg obtained some conditions
under which the inverse functions of tAbelian
integrals of a special kind reduce to alge-
broidal functions.
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18 (X.25)
Almost Periodic Functions

A. History

The theory of almost periodic functions was
originated by H. Bohr in 1924 as a result of his
study of tDirichlet series. The theory provides
a method of studying a wide class of trig-
onometric series (— 159 Fourier Series) of
general type. Further generalizations were
made by N. Wiener, V. V. Stepanov, A. S.
Besikovich, S. Bochner, and others. H. Weyl,
J. von Neumann, and others clarified the rela-
tions between this theory and *representation
of groups, specificaly, the relations between
almost periodic functions in a ftopological
group and representation theory of a fcompact
group.

B. Almost Periodic Functions in the Sense of
Bohr

Let f(x) be a complex-vaued continuous
function defined for all real values of x. A
number 7 iscalled atranslation numher of f(x)
belonging to ¢ > O if

sup | f(x+1)—f(x)|<e.

—w0<x<w

If for any > O there exists a number [(g) > 0
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such that any interval of length [(¢) contains a
trandation number off belonging to & then
f(x) is caled amost periodic in the sense of
Bohr. Wedenote by B the set of all almost
periodic functions in the sense of Bohr.

If f(x) is *periodic with a period p, then
fe B, because each number [> p plays the role
of I(¢) for any ¢ > 0. Any ¥ € B isbounded and
uniformly continuous. A necessary and suffi-
cient condition for a bounded continuous
function on (—oo, o) to belong to B is that for
any given sequence {h,} of real numbers, there
exist a subsequence {k, } such that the se-
quence of functions { f(x + hnv)} is uniformly
convergent in (—co, w); i.e., the set { f(x+
h) he(—, )} is ttotally bounded with re-
spect to the uniform norm || f | =sup f(x)|in
the space of bounded continuous functions in
(—o0, o).

If f(X) e B, then f( —x), flx), of (x) (where
« is a complex number), and f(x + h) (where
h is ared number)eB. If f(x), g(x)eB, then
fx)+g(x) and f(x)g(x)eB. If f,(x)eB and
{ f,(x)} converges uniformly to f(x), then f(x)
€B. For any real number A, expiix (where
i isthe timaginary unit) is continuous and
periodic. Hence the polynomial function
X a, expid,x € B. Moreover, if the latter
function converges uniformly to ¥ a,exp il x
as m tends to oo, then the limit function
is also an element of B. The polynomial
Tm  «, eXpil,x and theseries X<, o, EXPid,x
ae caled a generalized trigonometric poly-
nomial and a generalized trigonometric series,
respectively.

For any f eB, its mean exists:

atT
M[f]=;m;f f(x) dx.

The convergence of the right-hand formula
is uniform in ge( —o0, co), and the limit is
independent of the chotce of a Thus M[ f]

is a tlinear functional defined on B. Since
M{[expiix]=1for 2=0 and =0 for 10, the
family {exp iix —oo <4 <o} isan tortho-
normal system with respect to the finner prod-
uct (f,g)= M[ f(x)g{x)] defined on B. Let

a(d) = M[f(x)exp( ilx)]forany feB; then
there exist countably many values of A for
which «(4) differs from zero. Denote these
values of 2 by i, 4,,.and write a(4,) =

2,. We call the numbers o, a,, , o, the
Fourier coefficients of f(x). The formal series
Y=, 4 expis,xiscaled the Fourier series

of f(x). Moreover, the Parseval equality
MI|f(x)1?]=X2, |a,|? is valid for any feB.
For every periodic function, these definitions
coincide with the ordinary Fourier coefficients
and the Fourier series (— 159 Fourier Series).
Any almost periodic function in the sense of
Bohr is uniquely determined by its Fourier
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coefficients; i.e., if two almost periodic func-
tions have the same Fourier series, then they
are identical. For any f € B, its Fourier series
does not always converge uniformly, but

f(x) € B can be approximated uniformly by a
sequence of trigonometric polynomials. Hence
the almost periodic functions in the sense of
Bohr are aso caled uniformly amost periodic
functions.

C. Generalizations of Almost Periodic
Functions

Let C( —a0, oo) be the space (- 168 Func-
tion Spaces) of all bounded continuous func-
tions on (—ao, co) with distance p(f, g) =
SUP- sy <x<c0 | /(%)= (x)|. Then @ uniformly
almost periodic function is the limit of a se-
quence of trigonometric polynomials with
respect to this distance. Generally, let p be a
tdistance function introduced in a function
space (whose elements are not necessarily
continuous in (—o0, co)). Then the limit of a
sequence of generalized trigonometric poly-
nomials with respect to the distance p is caled
an amogt periodic function with respect to p.
For example, for p > 1, we set

a+1 lip
Dsp[ﬁ5|=sgp<{f If(x)—g(x)I”dX} ,

Dy £, S1 =

1 atl 1ip
lim  sup {J If(x)—g(x)l"dx}
b0 —wo<a<w [ a

These are distance functions. The properties of
the corresponding almost periodic functions
and their relations to other classes of almost
periodic functions have been studied by Besi-
kovich [ 1].

D. Analytic Almost Periodic Functions

Let D be astrip domain, a< Re z< b, defined
in a complex plane. For any tholomorphic
function f(z) in D and £ > 0, area number 1 is
caled a translation number off belonging to
£>0if sup, p| flz+it)— f(z)| e If forany &>
0 there exists a number i(g) > O such that any
interval of length [(¢) contains a trandation
number off belonging to e, then f(x) is caled
an analytic almost periodic function in D. We
denote the set of all analytic amost periodic
functionsin D = {a < Rez < b} by A(q, b). If we
fixanxina<x<h, theng(y) =f (x + iy) for
any f(z)e A(a, b) belongsto B.

For any fcA(a, b) there corresponds a
Dirichlet series X2, , €xp 4,z such that two
analytic amost periodic functions are identi-
cd if the corresponding Dirichlet series are
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identical. Here the coefficients

% =M, [f(x+iy)exp(=ii,y)]

are determined independently of x (a <x <b),
and Parseval’s identity

M1 fx+ip)P1= ) ) exp24,x
n=1
holds (Bohr [3]). If the series

Y o, ep A,x epid,y

a x = aand x = b represent the Fourier geries
of f,(y) and f,(y)eB, respectively, then there
exists '€ A(a, b) such that f(z) is continuous on
D and

flat+i)=f0)  flb+ip)=f(y).

The behavior of feA(q, b) a the boundary or
exterior points of the domain P = {a<Rez <
b} has aso been investigated by Besikovich

[1].

E. Almost Periodic Functions on Groups

Von Neumann defined almost periodic func-
tions on any group, generalizing the charac-
terization of uniformly amost periodic func-
tions on (—ao, oc). Let B(G) be the set of all
complex-valued bounded functions on a group
G. Then B(G) is a metric space with the tdis-
tance p(f,g)=sup,.q|f(x)—g(x)|. If for any
f€B(G) the set A= {f, ,(x)=f(axb)|a,beG}
is totally bounded in the metric space B(G), we
call f an almost periodic function on the group
G. This condition is equivalent to the total
boundedness of B, = { f,(x) = f(xa) ae G} or
C,={.f(x)=f(ax)|ae G}. We denote the set
of almost periodic functions on G by «#(G).
For f(x), g(x)e.«/(G), the linear combina-
tionsa- f(x)+ b- g(x) (a beC) and the prod-
uct f(x)g(x) are both contained in .«Z(G). If
1, e o/(G)and { f,} convergesto f uniformly on
G, then fed(G). If fe A(G), then f, 4. fo,of €
d(G) also. Hence /(G) is a closed subalgebra
invariant under two-sided trandation in the
tBanach dgebra iXG). For any fe/(G) there
exists only one number M[ f] in the closure
(with respect to the distance p in B(G)) of

Ap= { i ¢;f(a;xb)

i=1

c,—>O,Zc,~:1,a,-,b,-eG}

(= the least closed fconvex set including A)).
We call M[ f] the mean off on G. The map-
ping f—M[ f]isalinear functiond on o/(G),
and we have M[ f1=20if f=0.

F. Relation to Bounded Representation

Suppose that we are given a finite-dimensional
matrix representation D(x) = (d,(x)) of a group
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G. Then the following three conditions are
equivalent: (i) All the d;(x) are bounded on G.
(i) All the d,(x) are dmost periodic in G. (iii)
The representation J) is tequivalent to a repre-
sentation by unitary matrices. The inner prod-
uet (£, 9) = M[ f(x)g(x)] provides the agebra
&/(G) with the structure of a tpre-Hilbert
space. Let H(G) be the Hilbert space that is the
completion of «/(G). If weselect D" (X) = (d}(x))
from each L, where L is an equivalence class of
bounded irreducible representations of G, and
if n, is the order of D% then { (1/1/n,)dA(x)|1<
i,] <ny, A€ L}isatcomplete orthonormal sys-
tem in the Hilbert space H(G). Any f(x) €
#(G) can be approximated uniformly in G
by a finite linear combination of the du(x)-

G. Almost Periodic Functions on Topological
Groups

When G is a fseparated topological group, we
denote the set of all continuous functions on G
contained in /(G) by &/ (G). The statements
of the theorems in the previous section con-
cerning .«/(G) and the representation D remain
valid if we replace .o/(G) by d,(G) and replace
D by a continuous representation of G. In
particular, if G is the additive group of rea
numbers R, then d,(R) is exactly B.

H. Relation to Compact Groups

Every continuous function on a compact
group G is amost periodic; i.e., &/ (G) = C(G).
The mean value M[ f] of fe &/ (G) is identical
to [ f(x)dx, where the tHaar measure dx is
normalized so that f;dx= 1. In this case, the
theory of bounded representations discussed
above is the Peter-Weyl theory (- 69 Com-
pact Groups).

In generd, let G be a separated topological
group. There exists a continuous homomor-
phism ¢ of G onto a compact group K = K(G)
with the following two properties: (i) For any
compact group K' and a continuous homo-
morphism ¢': G— K’, there exists a continuous
homomorphism y : K - K"such that ¢’= iy 0
o. (i) Such apair K =(K, ¢) is unique up to
isomorphism. K is called the Bohr compactifi-
cation of G, and ¢ is caled the canonical map-
ping. In particular, suppose that G is a locally
compact Abelian group and G* isits tcharac-
ter group. We denote by G’ the group G* with
discrete topology. Let K be the character
group of G', and let ¢* be the identity map-
ping G'=G* and ¢ be its conjugate mapping
G—K, which is a continuous homomorphism.
Then X is the Bohr compactification of G
with the canonical mapping ¢. A necessary
and sufficient condition for f on G to be con-
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tinuous almost periodic is that a continuous
function /' on K such that ¥ = 1’0 ¢ must
exist. If this condition is satisfied, then the
mcan M [f] isidentical to ij’(x) dx. For
any finite-dimensional continuous unitary
representation D' of K, D = D'0 ¢ is afinite-
dimensional continuous unitary represen-
tation of G, and vice versa. Hence there exists
a canonical isomorphism (determined by D =
D’o ¢) between the equivalence classes of
finite-dimensional unitary representations

of a separated topological group G and the
equivalence classes of finite-dimensional uni-
tary representations of its Bohr compactifica-
tion K. The tkernel of the canonical mapping
o: G-K isidentical to the intersection of all
the kernels of finite-dimensional continuous
unitary representations of G.

1. Maximally Almost Periodic Croups

Let G be a topological group. If for each pair
a, b of distinct elements of G there exists a
continuous almost periodic function ¥ ong
such that f(a) #f(b), then G is called a maxi-
mally almost periodic group. This is the case
if and only if G has sufliciently many finite-
dimensional unitary representations. For a
connected locally compact group G, the fol-
lowing six conditions are equivalent: (1) G isa
maximally amost periodic group. (2) There is
a one-to-one continuous homomorphism from
G into a compact group. (3) G isthe direct
product of a compact group and a vector
group R”. (4) G isthe tprojective limit of +Lie
groups that are locally isomorphic to compact
groups. (5) The quotient group G/Z is com-
pact, where Z is the center of G. (6) The system
of all neighborhoods that are invariant under
the finner automorphisms constitutes a basis
for the neighborhood system of the unit [7].
Moreover, any discrete free group is maxi-
mally almost periodic. If there is no continu-
ous almost periodic function except constant
functions, the topological group is called
minimally almost periodic. Any noncompact
connected fsimple Lie group is minimaly
amost periodic.
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A. History

The term analog computation iS a generic term
describing various techniques of computa-
tion employing diagrams, or physica systems
whose equations are similar to the mathemat-
ical problems in question. The history of ana-
log computation is probably as old as that of
digital computation; for example, the ancient
Greeks tried to solve cubic equations using
diagrams, and the astrolabe widely used by
astronomers through the medieval period is
aso a kind of analog computer. Soon after
the discovery of logarithms, the slide rule was
invented. In the 18th Century, the planimeter,
used to measure plane areas, was introduced,
and in the 19th Century, the nomogram ap-
peared (- Section D). In the first half of 20th
Century, a large electronic analog computer
was developed, thus predating the lirst prac-
tical digital computer.

However, analog computation has an essen-
tial defect, namely, the limitation of accuracy.
Today it is useful for simple calculation, but is
rapidly becoming less important as the devel-
opment of digital computers, including pocket
calculators, advances.

B. Graphical Calculation

Graphical calculation is a method of compu-
tation by means of geometric constructions
using common drawing tools. Some typical
examples of practical graphical caculation are
the following: evaluation of linear functions of
severa variables (J. Massau, 1887), of systems
of linear equations (F. J. van den Berg, 1888),
of polynomials (J. A. Segner, 1761), of alge-
braic equations (Lill, 1867), graphical integra-
tion, graphical differentiation, and the solu-
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tion of ordinary differential equations of the
first order (J. Massau, 1878), of linear differ-
ential equations (Czuber), and of ordinary
differential equations of the second order
(Lord Kelvin, 1892).

Using bisquare-root graph paper, sold
under the names of binomial probability
paper or stochastic paper; wecan handletf-
distributions or other probability distributions
reducible to F-distributions, such as binomia
or norma distributions, to a fairly good de-
gree of approximation. This grapbical method
of statistical inference iS, even now, a powerful
method of statistical quality control.

C. Graphical Mechanics

Graphical mechanics isthe graphical treatment
of mechanical problems, especialy problems of
equilibrium. In this method, the fundamental
constructions are the composition and reso-
lution of forces by means of-force polygons
(Fig. 1). This method is also applicable to
problems in dynamics when they can be re-
duced to problems of equilibrium by means of
d’Alembert’s principle.

Fig. 1

An example of the graphicd method of constructing
the composite and the line of action of three given
forces F,, F,, and F,. In the force polygon in (b), the
vector 03 represents the composite R. On the link
polygon in (@), the paint d is a point on the line of
action of the force. If the fourth force F, has the
same magnitude as R with opposite direction, both
polygons &€ closed, and the four forces F, F,, F,,
and F, ae in equilibrium.

Graphical mechanics is most convenient
when applied to problems reducible to 2-
dimensional structural mechanics. But we can
also use it for 3-dimensional problems if we
work on projections, ¢.g., on the plan and the
elevation, of the original body. In recent years,
however, the amount of work involved in
geometric construction has been deemed non-
negligible, and the technique of computer
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graphics is now considered to be much more
convenient. Here the computation is done by a
digital computer, and the result is displayed in
a convenient graphical form.

D. Nomograms

Nomograms are charts in which we can easily
read off the corresponding value u, from given
values u,, , u,_, When there is a relation
Fluy,...,u,) = 0among 1 real variables u, ,
.... .. The congtruction of nomograms has
been thoroughly investigated by M. d’Ocagne
(51

A function of two variables F(u,,u,) =0 can
be represented by a two-sided seale or by func-
tional paper. The most yseful homograms are
those for functions of three variables, F(u,,
u,, u3) = 0. Changing thisinto f(x,y,u)=0
(i =1,2,3) and drawing the curves fi(x,y, u;) = 0
for fixed values of u,, we have an inter section
chart, where three curves for the correspond-
ing values u,, u,, u; meet at a point. In prac-
tice, however, it is much more convenient to
use the alignment chart, which is a dua of the
intersection chart. It is especially useful when
the relation F(u,, u,, u;) = 0 can be decom-
posed into an equation of the form

Si(uy) g,(uy) hy(uy)
Salus) ga(uy) hy(uy)|=0. N
f3(u3) g3(us) hylus)

Putting X; =ﬁ/hi’ yi = gi/hi (i = 112» 3) and
drawing the curves (x;, y;) with the parameter
u; scaled on it (u-scaled), the corresponding
values uy, u,, and u, satisfying relation (1) lie
on a straight line (Fig. 2). Using this property
we can eadily read off the corresponding values
(by laying down aruler). In the strict sense, the
term “nomogram” usualy refers specificaly to
an adignment chart.

Fig. 2

For four or more variables, we can apply
similar techniquesif the function is separable
into functions of three variables. If it is not
separable, we can sometimes apply such tech-
niques such as two-functional scales with
functional networks, cocircular charts, co-
planar charts, or moving charts. Using func-
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tional approximations, an approximate nom-
ogram has recently been constructed with
errors considered to be admissible in practical
use.

Historically, the origin of Hilbert's 13th
problem, which asks if it is possible to rep-
resent a function of many variables as the
composite of functions of two variables,
cornes from a study of nomograms with many
variables.

E. Analog Computers

The analog computer is a specid purpose
machine designed for a specified andog com-
putation. In a wider sense it includes specia
devices that perform fanalog simulation. The
following mechanical devices are well known:
the pantograph for copying plans, the harmonic
analyzer for obtaining the Fourier expansion
of a periodic function, and V. Bush’s differen-
tial analyzer. Since about 1940 large electronic
analog computers for solving differential equa-
tions have been extensively developed.

Analog computers have up to recently had
the advantages of ease of construction, sim-
plicity, and inexpensive operation, and they
were also considered to be fast enough for use
in real-time computation. To compensate for
the limitations of analog computers in com-
parison to digital ones, several hyhrid com-
puters have aso been used. However, with
the rapid progress of digital computers and
digital-analog converters, the analog com-
puters are now considered less important than
in the past.

F. Curve Fitting

Curve fitting is amethod of finding asim-

ple curve y = f(x) supplying the best possible
approximation to the values vy,, vy, for
discrete values x;, x,, of the independent
variable. A polynomia passing through all the
given points is constructed by means of tinter-
polation. For experimental data we usually
construct a curve by using methods, such as
the "method of least squares, that take the
errors due to observation into account.

A function constructed to best fit the ob-
served values of the function y = f(x) express-
ing some physica law is called an empirical
formula, in contrast to the theoretical formula.
Usually, we first assume that the function
contains Severdl empirical congtants, which are
then determined to fit the experimental data.

The most common case is a linear approx-
imation (using a linear function) with a suit-
able change of variables. Semilogarithmic

96

paper, logarithmic paper, or probability paper
are used to facilitate transformations in terms
of logarithms or normal distributions.

We also frequently use polynomials or trig-
onometric polynomials of lower degree. To
determine the empirical constants the follow-
ing methods are used: the graphing method,
the selection of certain points, the mean vaue
method, or the method of least squares.

G. Orthogonal Polynomials

Let there be given the vaues y,,y,,, y,-; for
discrete valuesx =0, 1, . , n— 1 with equa
differences. A polynomial f(x) of degree k (<n)
that minimizes the sum of the squares G,(n) =
Z(ym—f(m))* is given by

k

J)= Zo a,4,(n, x),

n-1
a,= ;0 Ym4,(n, m)/S,(n),
n-1
S,(m)= 3 (q,(n,m))?,

and we have G(n)= X2 y2 — Tk a2, (n).
Here the function ¢, (n, X), cdled a Chebyshev
g-function, is defined by

£

In practical applications, it is better to replace
q,(n, X) by the function

¥ (n, x)=4q,(n, x)/27"vI M, (n),

where M, (n) is the greatest common divisor of

<v+m><n—1—m>
(m=0,1,..., V).
m v—m

The values g¥(n,m) (im=0, 1,...,n—1) are mu-
tually coprime integers. The function g*(n, m)
is caled the smples Chebyshev g-function or
simplest orthogonal polynomial, and is some-
times denoted by X,,,(x), &, ,.(x), OF @, n(X).
When two functions satisfy the condition

(figh= 20f(m)g(m)=0,

they are called orthogonal for a finite sum. If
from 1,x,x%, ..., x"We construct a system
orthogonal with respect to this definition, then
we have the polynomial

a5

which has the following connection with g,:
g,(n, x)
=((=1)’(n—DY2(n—y—=DYP, -1 (x).
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The polynomial P, ,(x) iscaled aChebyshev
orthogonal polynomial or sometimes simply an
orthogonal polynomial. The polynomials P, ,(x)
are orthogonal for the finite sum. If p-» o0 and
0 £x <1, thefunction P, ,(x)tendsto P,(1—
2x), where P, is the tLegendre polynomial.
These functions may be conveniently used in
least-squares curve fitting.
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The origin of analysis can be traced back to
the time when Eudoxus (4th century s.c) and
Archimedes (3rd century B.c.) devised the so-
caled method of exhaustion for calculating
the area of a plane figure and the volume of a
solid. Their objects of investigation were re-
stricted, however, to particular types of figures
or solids. In the 16th and 17th centuries, F.
Viete, J. Kepler, and B. Cavalieri again took
up this problem. In the 17th Century, the prob-
lem of drawing a tangent to a given curve
was studied by R. Descartes, P. de Fermat,

B. Pascal, and J. Wallis. Fermat, in particular,
applied the result to find the maxima and
minima of certain functions. It is worth noting
that a certain type of mathematics powerful
enough to produce similar results was inde-
pendently developed in Japan around that
time. In 1684, G. Leibniz in Germany intro-
duced the symbols dx and dy in treating the
same problem. He proved that dy/dx repre-
sents the slope of the tangent to the curve at

a given point and discovered a new operation
to calculate it. In 1686, he established the “in-
verse tangent method,” which is what we now
call integral calculus. He also introduced the
notation [. On the other hand, 1. Newton in
England developed his “method of fluxions,”
corresponding to our differential and integral
calculus, from the viewpoint of mechanics. But
neither Leibniz nor Newton formulated the
fundamental concepts rigorously, and there-
fore they were criticized severely by many
contemporary scholars. The new calculus
gained ground in Great Britain rather slowly.
B. Taylor in England and C. MacLaurin in
Scotland demonstrated its usefulness in 1715
and in 1745, respectively. On the continent,
however, Leibniz's symbolic calculus was
taken up by mathematicians of the Bernoulli
family, G. F. A. de 'Hépital, G. Fagnano, and
many others; with it, they solved many scien-
tific problems which until then had remained
intractable. This motivated subsequent re-
searchers to pose new problems in the form of
differential equations.

One of these problems, treated by J. le
Rond d’'Alembert in relation to the vibration
of a chord, concerns the tpartial differentia
equation

0%y/0t> =a?0? y/0x? (1

for y = y(z, X) with the boundary conditions
y =0 for x =0 and x = [. He obtained the solu-
tion y= f{at +x)— f(at— x), where f isan
arbitrary function of period 21. In 1753, D.
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Bernoulli showed that solutions of equation
(1) are given by functions of the form

a, & kn kmx
y=—+Y | a,cos—
2 kzl< k

l'x +b, sinT>
These two kinds of solutions gave rise to the
question of whether an arbitrary function ¢an
be expressed by a ftrigonometric series. This
problem was studied by A. C. Clairaut, J. L.
Lagrange, and L. Euler. In 1807, J. Fourier in
France, in treating a problem on the conduc-
tion of heat, claimed that an arbitrary function
of period 2z can be expressed as

a, & :
y=5t 3 (@ coskx + b, sin kx), )
k=1

where the coefficients 4, and b, are given by

1 n
ak=—f f(x)coskxdx,
TJ-r

1 n
b"_n J_nf(x)smkxdx. ©)
This series is now called the tFourier series,
but Fourier never verilied the fact that the
series (2) with coefficients (3) converges and
represents f(x). It was only as late as 1820 that
A. L. Cauchy in France first noted that to
treat a series properly, one must examine its
convergence.

In the 19th Century, the concept of tfunc-
tions, which had been taken in the sense of
“analytic expressions,” came to be detined by
the correspondence relation. Cauchy clarified
the ideas of tlimit and fcontinuity, fdifferentia-
bility and fintegrability. He showed that a
function that is continuous in a bounded
closed interval is integrable in that interval.
But his proof was not rigorous, as he lacked
the notion of tuniform continuity. In his 1854
paper on the trigonometric series, B. Riemann
in Germany considered the integrability of
functions that might be discontinuous and
introduced the concept of what we now call
the tRiemann integrd.

The theory of fsets, initiated by G. Cantor in
Germany in his paper of 1874, revolutionized
analysis. R. Baire, E. Borel, and H. Lebesgue
in France contributed to the establishment of
analysis on the basis of set theory. Baire made
aclassfication of discontinuous functions.
Generdizing his results, Lebesgue gave a
definition of analytic expressions, thus clarify-
ing the term that had been used vaguely since
the time of Euler. Lebesgue also tried to define
the concepts of the integral of a function, the
length of a curve, and the area of a surface
from the most general viewpoint. In generaliz-
ing the notion of *measure introduced by
Borel, he established in 1902 the theory of
tLebesgue measure with which he laid the
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foundations of the theory of *Lebesgue inte-
grals. The introduction of this theory gave
to the theory of Fourier series @ new turn in
the direction of functional analysis. Measure
theory was also employed by A. N. Kolmo-
gorov of the Soviet Union to lay a solid foun-
dation for tprobability theory in 1933.

The study of functions of a complex variable
was originated by Cauchy in the first half of
the 19th Century. He began his research by
introducing the notion of “monogenic func-
tions’; a function which is monogenic at every
point of adomain is what we now call atholo-
morphic function. He established tCauchy’s
integral theorem and integral formulas for
these functions, and deduced from these theo-
rems the tresidue theorem for functions with
tpoles. Making use of the integral formula,
Cauchy proved that a function that is
holomorphic at a point a can be expanded in
apower series of theform ¥© ( a,(z=a)" in a
neighborhood of this point.

Riemann considered a complex variable w
as a function of another complex varigble 7
when dw/dz is independent of the value of
the differential dz. This amounts to the same
thing as a “monogenic function” of Cauchy.
Riemann’s mapping theorem became a model
for subsequent developments. Riemann intro-
duced the concept of tRiemann surfaces in
order to tuniformize multivalued functions.
This important idea was basic to the progress
of analysis and ftopology in the 20th Century.

K. Welerstrass, who was a contemporary of
Riemann, developed the theory of functions
of a complex variable from a purely analytic
viewpoint. He delined an element of a function
to be a power series 2,2, q,(z  a)f of z-g,
representing a holomorphic function in the
interior of its fcircle of convergence, and de-
fined an analytic function to be an aggregate
of such elements that are derived from one of
them by means of fanalytic continuations,
along all curves having the point a as the
initial point.

Riemann and Weierstrass constructed their
theory to complete the theory of felliptic func-
tions and fAbelian functions that was initiated
by N. H. Abel and C. G. J. Jacobi. Their re-
sults were a high point of 19th-century class-
ical mathematics. H. Poincaré in France built
upon their work. Another high point in the
theory of functions of a complex variable was
reached when J. Hadamard and C. de La Vallée
Poussin in France made use of it to prove the
*prime number theorem in 1896.

Weierstrass also initiated the study of func-
tions of several complex variables and was
succeeded by Poincaré, P. Cousin, and E.
Picard in France. They tried to extend the
theory of functions of one complex variable to
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that of many variables. F. Hartogs, however,
discovered a phenomenon quite different from
the case of one variable. Cousin posed in 1895
the problem of constructing a function of
several complex variables that has assigned
poles. This problem was pursued by A. Weil in
France and solved by K. Oka in Japan in
1936. Also, the problem of characterizing
tdomains of holomorphy was investigated by
E. E. Levi in Italy, H. Cartan in France, and
P. Thullen and K. Stein in Germany and was
finally solved by Okain 1953. H. Cartan and
J-P. Serre reformulated these results in terms
of fcohomology with coefficientsin *sheaves.
This considerably influenced the formulations
of mathematics thereafter. These results were
further generalized to fanalytic space by H.
Grauert, R. Remmert, and Stein in Germany.
The theory of *complex manifolds, which are
generalizations of Riemann surfaces to severa
variables, was initiated by W. V. D. Hodge in
England and K. Kodaira in Japan and con-
tinued by F. Hirzebruch in Germany, M. F.
Atiyah in England, and I, M. Singer in the
United States.

Differential calculus gives a genera method
of finding extreme values of a given function.
Likewise, in order to find a function that pro-
duces an extremal of the given tunctional, the
calculus of variations was created in the 18th
Century. For example, Euler considered the
problem of finding a particular function y(x)
that renders the functional [} F(x,y, y’) dx
an extreme value among all those functions
y(X) for which the plane curve y = y(X) passes
through two given points (a, A) and (b, B) of the
plane; he showed that this y(x) must satisfy
the differential equation dF, /dx — F, = 0 (1744).
Lagrange, W. R. Hamilton, and others devel-
oped this result into a general fvariational
principle that governs not only classical tme-
chanics but also *fquantum mechanics.

From research on the continuity or differen-
tiability of the functional with respect to y
emerged the idea of considering a function as a
“point” in a ffunction space. This gave rise to
ffunctional analysis, a branch of analysis that
treats functions as elements of certain spaces
and utilizes the methods of algebra and topol-
ogy. The first result in this regard was the
theory of fintegral equations of V. Volterra in
Italy and E. 1. Fredholm in Sweden in the
beginning of the 20th Century. Fredholm's
work was motivated by his desire to solve the
Dirichlet problem, the solution of which had
been used by Riemann in the proof of his
mapping theorem, etc. However, Riemann’s
own proof of existence of the solution, called
the *Dirichlet principle, was not rigorous, and
attempts to save the proof provided one of the
central problems of analysis for some time.

20 Ref.
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Fredholm’s solutions were different from Rie-
mann% but D. Hilbert in Germany was able
to justify Riemann’s original proof. Hilbert's
proof was later simplitied and generalized by
R. Courant, H. Weyl, and others. Hilbert also
introduced the *function spaces [, and L, to
study the teigenvalue problem of integral
equations with fsymmetric kernels. Later J.
von Neumann in Germany established tspec-
tral theory in abstract tHilbert spaces and
applied it to the mathematical foundations
of quantum mechanics (1929). S. Banach in
Poland created the theory of tlinear operators
in Banach spaces (1932). This theory was
further generalized to that of t]inear topolog-
ical spaces and was applied to the theory of
distributions.

In their study of partial differential equa-
tions and Fourier analysis, Hadamard, J.
Leray, S. L. Sobolev, T. Carleman, and many
others had to extend the notion of functions;
they aso enlarged the notion of derivatives. L.
Schwartz in France introduced tdistributions
and defined derivatives in the sense of distribu-
tions to unify these generalizations (1945). M.
Sato in Japan defined more genera generdized
functions, caled thyperfunctions (1958). It has
become evident that both distributions and
hyperfunctions have provided the most power-
ful tools in recent research in the genera
theory of tpartial differential eguations, to
which L. Hormander in Sweden has made
outstanding contributions.
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21 (X1.20)
Analytic Functions of Several
Complex Variables

A. Holomorphic Functions

Asin the case of tholomorphic functions of
one complex variable, the definition of holo-
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morphic functions can be given in two ways:
the first definition utihzes differentiability,
following the approach of B. Riemann; and
the second method utilizes the notion of power
series expansion as developed by K. Weier-
strass. In this article, N = {0, 1,2,.}.

B. Power Series

Let z be an n-tuple of complex variables
Zyy...,2y,and ¢=(c¢y,...,c,) a point of C".

An infinite sum P of monomias a,(z ¢ =
P ¢ —c (=) (k=(ky, ..., k)e
N"), where g, e C, iscalled apower series

with center ¢ and coefficients q,. If, for a bi-
jection ¢ of N onto N, the simple series

Y penldpn(z = )75 convergent at z = 20,
wesay that P is absolutely convergent at 20,
Its sum at z°, denoted by X a,(z° —cf, isde-
fined asthe sum X a,,,,(z° — ¢)*™, whichiis
independent of the choice of . If P is uni-
formly bounded at z°, then P is absolutely
convergent at every point of the open polydisk
S={zllz;—cjl<|zf —¢;l, j=1,...,n}. Further-
more, in this case P converges absolutely and
uniformly on every compact setin § (N. H.
Abdl).

The conver gence domain of a power series P
is the set D of points z° such that P is ab-
solutely convergent at every point in a neigh-
borhood of z°, The interior of the set B of
points at which the infinite sum P is uniformly
bounded is equal to D. A (complete) Reinhardt
domain with center c is a domain D in C" such
that whenever D contains Zo, the domain D
aso contains the torus{z |z;=¢;|= 1z} ¢}l.j=
I, ,n} (the closed polydisk {z| |z;—c;| <|z)—
¢lhj= 1., n}). If the convergence domain D
of the power series P is not empty, itisacom-
plete Reinhardt domain and is also logarithmi-
cally convex; that is, the set D —{ },{z|z;=¢;} is
mapped onto a convex domain in R" by the
mapping z;—log|z;—¢;| (=1, ...,n). The set J
of points at which P is absolutely convergent
is, in general, greater than D, and it is possible
that [ contains exterior points of D. A thorn of
D is the set of exterior points of D contained in
D that are located on the planes{z z; = G (=
1..,n). An n-tuple r e R% is caled a set of
associated  convergence radii if P is absolutely
convergent at every point of {z| |z; = cj| <
r,j=1,...,n}but not of {z||z;—¢;|>r;,j=
1,, n}. An ntuple of associated conver-
gence radii may not be uniquely determined,
but it satisties
limsup (|a,|r*) ¥ =1,
Jk|— + o0

k|=ky+...+k,

(E. Lemaire).
Let f be a complex-valued function defined
in a neighborhood of z%¢ C”. If there exists a
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convergent power series P with center z° such

that at every point of a neighborhood of z° the
value off’ and the sum of P coincide, then f is
caled analytic at z° in the sense of Weierstrass,
and P is the Taylor expanson of f a z°.

C.  Differentiability

Let f be a complex-valued function detined in
aneighborhood of z% € C”. If in aneighbor-
hood of z° we have

@)= f2%)=0,(z, ~ 20+ ... +0,(z,—20) +5,

withe,, . ..,a,eCand
im ef(lz, — 2%+ ... +|z,—22]) =0, )
220

then we say that f is (totally) differentiable &
z° The function f is then continuous at z°,
and the partial derivatives 9f/oz; (j = 1, , n)
exist. Furthermore, the Cauchy-Riemann
differential equations &f/dz;=0 (j= 1, , n)
hold, where &f/¢z;=(1/2)(0f/0x;—idf/dy;) and
0f10z;=(1/2)(0f )0x;+ idf/dy;) with z;= x; + iy
We say that f isholomor phic at z° in the sense
of Riemann if f is differentiable at every point
in a neighborhood of z°. Analyticity in the
sense of Weierstrass is equivalent to holomor-
phy in the sense of Riemann. Furthermore, if
the partial derivatives of/dz; (j = 1, ..., n) exist
at every point in a neighborhood of z° then f
is, without assuming continuity, proved to be
holomorphic. Thus the holomorphy off in
each variable z; implies the holomorphy off in
z=(z, - J2) (Hartogss theorem of holomor-
phy, 1906).

A complex-vaued function in a domain G <
C" is cdled holomorphic or analytic in G if it
is holomorphic at every point of G. Let H(G)
be the ring of holomorphic functions in G. For
f=u+iveN(G), u andyp satisfy in G the dif-
ferential equations o%u(z, 2)/dz;0%, = O; that is,

u Au
—t—=0, 2
ox0xs B0 @
0u Ay

- =0, jk=1,...,n
0x;0y,  0x,0y; pk=1..n
A tdistribution TED'(G) is called plurihar-
monic in G if it satisfies (2) in G. Then T is
harmonic and hence a rea analytic function
by *Weyl’s lemma

Let G; be a domain in the z-plane with
piecewise smooth boundary C;. If f'e H(G) (G
= [T}-, G)) is continuous on G, then

1 j J©
Qi) Je, x..xc,(Ci—24) - (= 2,)

flz),z€G,

dCI/\.../\dC,,={ 0.2¢G 3)
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(Cauchy's integral representation). Thus if n > 2,
then f is determined by its values only on the
proper subset C = Ci x x C, of ¢G, which is
cdled the skeleton (or determining sgt) of G.
For (pluriharmonic) functions of several com-
plex variables, the boundary value problem,
not necessarily solvable in its classical form, is
not so effective as the Dirichlet problem in one
complex variable.

Asin the case of one variable, the tLaurent
expansion is valid for every holomorphic
function in a domain of the form G = I1}-, G,
where the G; are circular annuli = C. Suppose
that we are given f, e H(G,) and f, € H(G,),
where G, G, are domains in C” such that G, N
G, is nonempty and connected. If f; =f, on
{zllz;— 2| <r, y=)"%j=1,...,n}, where z° =
1%+ iy® € G, N G,, then there exists a unique
feH(G, U G,)such that /|G, =f,and f|G, = f
(tbeorem of identity). Thus tanalytic continu-
ation proceeds as in the case of one variable.
Similarly, some fundamental theorems in one
variable, such as tLiouville’s theorem on fen-
tire functions and the fmaximum principle,
hold also for several variables. However, there
are some properties that revea the differences
between the cases of one and several variables.
For instance, the set of zeros of a holomorphic
function (— 23 Analytic Spaces B) has no
isolated point for n > 2. The investigation of
these remarkable differences is one of the
purposes of the theory of analytic functions of
several complex variables.

D. Shilov Boundaries

While the maximum principle holds for a
holomorphic function in a domain G, the set of
points where the maximum is attained may be
a proper subset § of 6G. For instance, if G is
the product of annuli as before, then the skele-
ton of G can be taken as S. In connection with
the theory of tnormed rings, G. E. Shilov
proved that there exists a unique smallest
member §,, (called the Shilov boundary of G)

in the family of closed subsets S such that
sup!{|f(z)|| z& S} =sup{|/(2)|| € G} for every
f€ H(G) continuous on G. The structure of

§, is investigated in detail together with

the pseudoconvexity of G connected with it.
Applying tPerron’s method for the Dirichlet
problem to *plurisubharmonic functions and
the Shilov boundary, H. J. Bremermann solved
one type of boundary problem.

E. Local Theory

Let { and g be two functions defined in neigh-
borhoods of aset S C". If f=ginaneigh-
borhood of S, then f and g are called equiva-
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lent with respect to S. The germ off on S,
denoted by f;, is the equivalence class off: A
germ of a bolomorpbic function on S is the
germ on S of a holomorphic function defined
in a neighborhood of S, and H(S) denotes the
ring of germs of holomorphic functions on S.
Given apoint 0in C”, H(0) = H( {0}) isiso-
morphic to the ring H, of convergent power
series a 0, ie., the power series that are ab-
solutely convergent in some neighborhoods of
0. For every nonzero function fe H(O), there
exists a system of coordinates (z,, , z,,) cen-
tered at O such that £(0, , O, z,) # O for every
z, # 0 in aneighborhood of z, = 0. In a neigh-
borhood of 0, f is then equal to the product of
an invertible dement of H, and a distinguished
pseudopolynomial

P(Zn)zzf.‘i-al(zli o zn*l)zrfil*_

’ Zn*l)Eanl [zn]’

with a,(0,...,0)=...=a,(0,...,0)=0, and P(z,)
is uniquely determined by f and the coordi-
nates z,, , z, (Welerstrass's preparation
theorem). It follows from thisthat H, is ann-
dimensiona tfregular loca ring. Considering
H(0) asthe tinductive limit of tlocally convex
rings H(U), where U ranges over a base for a
neighborhood system of 0, H. Cartan proved
the preparation theorem in a more precise
form in which the association f—a; is con-
tinuous with respect to the supremum norm.
Based on a deep consideration of this situ-
ation, K. Oka proved a theorem of funda-
mental importance: The tsheaf (). defined by
O¢n., = H(2) (ze C") istcoherent.

+a,(zy, ...

F. Domains of Holomor phy

Given a domain G ¢ G" for n 22, it may be
that there exists a domain G’ strictly greater
than G such that all the functions that are
holomorphic in G extend to holomorphic
functionsin G'. For instance, let S=S x g,
where S and ¢ are open polydisksin (z,, . ,
z,_1)-space and z,-space, respectively, and

let T = C" bean open set. If there exists an
open set U (# F)<= S such that (U x 6)U(S" %
do) T andif SN T isconnected, then all the
functions that are holomorphic in T extend
uniquely to holomorphic functionsin SU T
(Hartogs's continuation  theorem). In  paticular,
if A isan fanalytic setinadomain G < C" with
dm A <n 2,then all the functions that are
holomorphic in G-A extend uniquely to
holomorphic functions in G. Furthermore, if A
isan analytic set in G with A # G, then every
fe H(G=A) that is]ocally bounded at the
points of A extends uniquely to a holomorphic
function in G (Riemann% continuation theorem
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for n> 2). The domain G, of holomorphy for f
is defined to be the maximal domatin to which
f may be continued analytically. A domain G
is caled adomain of holomorphy if G =G, for
some e H(G). However, G, is, in general, not
a subdomain of C". G, is, generaly, a mani-
fold spread over C’; ie.,, G, is a connected n-
dimensional tcomplex analytic manifold with a
holomorphic mapping ¢: G,—C" of maximum
Jacobian rarnk (¢ is then an open mapping).
The same is true for the common existence
domain of functions in a subfamily of H(G).
The common existence domain G of all the
functionsin H(G) is called the envelope of
holomorphy. A holomorphically complete
domain isa domain G such that G = (. These
notions carry over to the case where G isa
manifold spread over C”. The (general) Levi
problem of determining the conditions for a
given domain to be holomorphically complete
is fundamental to the theory of analytic func-
tions of several complex variables (— Section
I). In connection with this problem, various
notions of pseudoconvexity of holomorphi-
caly complete domains are defined.

G. Pseudoconvexity

An upper semicontinuous real-valued function
u(—o0 <u< +o0)in a domain G C" is said
to be plurisubharmonic if for every z° € G and
every ae C"the function u(z® + ta) of ¢ is *sub-
harmonic (including the constant —ao) in all
the connected components of {t z° +tae G}. A
domain G is said to be pseudoconvex (or d-
pseudoconvex) if 4 = =logd, is plurisubhar-
monic in G, where d,(z) is the distance from

z e G to G with respect to any normin C".
Every connected component of the interior of
the intersection of a family of pseudoconvex
domains is pseudoconvex, and the union of an
increasing sequence of pseudoconvex domatns
is pseudoconvex. Suppose that we are given a
domain G and a function y of class C*in a
neighborhood of G such that G = {z| u(z) < 0}
and, for some &>0, ¥, (0*u/0z;0%,)a;d, > el a|?
for every ae C". Then the domain G is said to
be strongly pseudoconvex. Strong pseudo-
convexity implies pseudoconvexity. Every
pseudoconvex domain is exhausted by an
increasing sequence Of strongly pseudoconvex
domains. An open set Pc C” is caled an ana-
Iytic polyhedron if P= {z| |,(z)| < 1,a=

1,, N}, z,€ H(P) (&= 1, ... N). Then every
connected component of P is pseudoconvex. A
Weil domain isa connected and bounded
analytic polyhedron P defined by y, (o =

1,, N) with N 2 n, such that for every k

(1< k< n) the intersection of the hypersurfaces
l#,(2)]=1 (1 <i<Kk) is of dimension <2n—k.
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H. Holomorphic Convexity

A domain G < C" is caled holomarphically
convex if for every compact setK ¢ G, K =
Nseaz 1/(2)] <sUPuex | f(@)]} (the holomor-
phic hull of K} is a compact set contained in
G. (For a domain G contained in an tanalytic
set we can similarly define holomorphic con-
vexity of G.) Every connected component of
the intersection of a family of holomorphically
convex domains iS holomorphically convex,
and a holomorphically convex domain is
exhausted by an increasing sequence of Waeil
domains. Holomorphic completeness implies
holomorphic convexity. The converse is true
for domains in C". If G is holomorphically
convex, then for every point { of g¢ there
exists an fe H(G) such that f is not locally

bounded at { (H. Cartan and P. Thullen, 1932).

Hence a holomorphically convex domain is a
domain of holomorphy. Thus a domain in C
is holomorphically convex if and only if it isa
domain of holomorphy. (The same is true for
unramified covering domains over C" (Oka,
1953).) The union of an increasing sequence of
domains of holomorphy is a domain of holo-
morphy (H. Behnke and K. Stein [2], 1939).
Suppose that we are given a domain G and
domains S,, T, (@=1,2,) suchthat §, U7"
G and supy, /] = sups,u 1, |f] for every fe H(G).
Suppose also that §; = lim §, is bounded. We
say that the continuity principle holds in G if
T, =G (T,=limT)implies§, c G. Thecon-
tinuity principle holds in a domain of holo-
morphy  (Hartogs's theorem of  continuity).
Thisimplies that if G is a bounded domain

< C" (n = 2) with connected boundary 9@,
then every function holomorphic in a neigh-
borhood of ¢G extends to a holomorphic
function in G (Hartogs-Osgood theorem). In
particular, for n > 2, the set of singular points
of a holomorphic function has no isolated
point. A domain is pseudoconvex if the ¢con-
tinuity principle holds there. Hence a domain
of holomorphy is pseudoconvex.

L. The Levi Problem

Let G be a domain in C" and z°€4G. If there
exists an open neighborhood U of z° such that
every connected component of G N isa
domain of holomorphy, then G is caled Car-
tan pseudoconvex at z°. On the other hand, if
every 1-dimensional analytic set that has z° as
an ordinary point contains points not belong-
ing to G U {z°} in the neighborhoods of 2°,
then Giscaled Levi pseudoconvex at ;0 Fyr-
thermore, G is caled locally Cartan (Levi)
pseudoconvex if G is Cartan (Levi) pseudo-
convex at every point of dG. Every domain of
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holomorphy is locally Cartan pseudoconvex. If
G is pseudoconvex and there exists a neighbor-
hood U of z° such that GN U ={z|¢(z) <0},
where ¢ € C*( U), then G is Levi pseudoconvex
at z°

The (proper) Levi problem of whether every
pseudoconvex domain iS a domain of holo-
morphy was proposed by E. E. Levi (1911).
After unsuccessful efforts by various mathe-
maticians to solve the problem, it was affirma-
tively solved by Oka (1942 for n = 2 and 1953
for manifolds spread over C" for n > 2), H.
Bremermann, and F. Norguet. The problem
was solved also by H. Grauert [ 14](1958) in a
more general form (- Section L) using results
on linear topological spaces and by L. Hér-
mander [ 18] (1965) using methods of the
theory of partial differential equations. A
fundamental step in Oka's solution is his
gluing theorem: Let G be a bounded domain
< C" If every connected component of G, =
{z|x,>a}NG and G,={z|x,<b}NG (a<bh)
isa domain of holomorphy, then G is a do-
main of holomorphy. Indeed, by virtue of
the Behnke-Stein theorem and the fact that
every pseudoconvex domain is the union of an
increasing sequence of bounded locally Cartan
pseudoconvex domains, it suffices to solve the
Levi problem in the case of a bounded locally
Cartan pseudoconvex domain. The Levi prob-
lem in this case is solved by the gluing theo-
rem. Various integra representations of holo-
morphic functions are known besides the
Cauchy representation. The Bergmann-Weil
integral representation in a Weil domain was
used as an important means of solving the
Levi problem.

J. Holomorphic Mappings

Holomorphic functions with values in a fquasi-
complete flocally convex complex vector space
E have also been investigated. The classica
theory described above has been generalized,
to some extent, to this case. In this way, many
applications of the theory have been dis-
covered. An E-valued function in a domain G
« C” is holomorphic if and only if the map-
ping uof: G- is holomorphic for every con-
tinuous linear form y on E. By this theorem,
most problems concerning E-valued holo-
morphic functions can be reduced to those of
ordinary holomorphic functions. Note that the
vector space H(G) of ordinary holomorphic
functions in G is a tFréchet space. The spaces
C? and complex *Banach spaces belong to the
above category of E. A. CP-valued holomor-
phic function in adomain G c C"iscaled a
holomorphic (or analytic) mapping of G into
C?. An isomorphism in the category of do-
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mains G < C" and holomorphic mappings is
cdled an analytic isomorphism (or biholomeor-
phic mapping). An automorphism in the cate-
gory is caled an analytic (or holomorphic)
automor phism. With every domain G C

is associated the sheaf ¢; of germs of holo-
morphic functions over G. Thus we have the
notion of a fringed space (G, 0,). A complex
analytic manifold can be defined as a (Haus-
dorff) ringed space that is locally isomorphic
to some (G, 0,).

A meromorphic function in G is a function
that is locally the quotient of two holomor-
phic functions with denominator #0. It may
be defined more rigorously as a meromor-
phic mapping of G into P,(C) (- 23 Analytic
Spaces D).

K. The Cousin Problems

The Cousin problems are those of constructing
meromorphic functions with given zeros or
poles. In terms of sheaves the problems are
stated as follows: Let #; be the sheaf of germs
of meromorphic functions over a domain G <
C". The first Cousin problem asks whether

the mapping T'(G, #;)-T'(G, %;) induced

by the exact sequence 0— ()~ A —P;—0
(P = A /04) 1S surjective, where (G, F)is
the module of fsections of % over G (- 383
Sheaves C). Let #;* be the sheaf of multiplica
tive groups of germs of meromorphic functions
not identically 0 and ¢;* be the subsheaf of
Hg* formed by germs of nonzero holomorphic
functions. The second Cousin problem asks
whether the mapping T'(G, #5*)— P(G, %)
(D = H*/05*) is surjective. P. Cousin (1895)
solved the first problem for G = C" or [T}, G;
and the second problem for G = ", Oka (1935)
proved that the first problem is solvable in
every domain of holomorphy. In solving the
second problem in a domain of holomorphy,
Oka established the notion of tfiber bundles
and proved that the problem for any domain
is reduced to holomorphic triviaity of a
holomorphic principal fiber bundle over the
domain and that holomorphic trividlity is
equivalent to topological triviality when the
domain is of holomorphy (Oka’s principle).
Using the solutions of the Cousin problems,
Oka proved his gluing theorem, described in
Section 1.

L. Stein Manifolds

Abstracting certain important properties of a
domain of holomorphy, Stein [33] introduced
the following category of complex analytic
manifolds (X, ¢): (1) X is paracompact (i.e.,
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each connected component of X has a count-
able open base). (2) Functionsin I'(X, ()
separate the points of X. (3) For every point

X e X there exists a system of local coordi-
nates around x that is formed by functions in
I'(X, ¢). (4) X is holomorphically convex.
(X, 0,) isthen called a Stein manifold. It was
later discovered by Grauert [ 12] that con-
ditions (2) and (4) imply (1) and (3).

Applying the theory of fcohomology with
coefficients in sheaves, H. Cartan and J.-P.
Serre obtained for an fanalytic coherent sheaf
F on a Stein manifold X, the following funda-
mental theorems of Stein manifolds. Theorem
A: H%(X, F) generates the stalk % (as an (-
module) at every point x of X. Theorem B:
HYX, #)=0forall > 0[7,30]. Conversely,
for a complex anaytic manifold X, if for every
analytic coherent sheaf .# of idedls defined by
a 0-dimensiona anaytic set in X (ie., a dis-
crete subset of X), H' (X, .#) = 0, then X is a
Stein manifold. Furthermore, if I'(X, 0y) =
[(Y, 0y) for aStein manifold Y (asin the case
where X < "), then the fundamental theorem
A for every coherent sheaf of ideals implies
that X is a Stein manifold (I. Wakabayashi).

Due to the fundamental theorems, most
results on domains of holomorphy hold un-
changed for Stein manifolds. For instance, the
first Cousin problem is always solvable. The
second Cousin problem is solvable if and only
if H*(X, Z)=0. An n-dimensional Stein mani-
fold can be redlized as a (ramitied) covering
domain of holomorphy over C’. Furthermore,
some theorems on differentiable manifolds
have analogs on Stein manifolds. For instance,
the cohomology groups of the complex of
holomorphic differential forms over a Stein
manifold X are isomorphic to the cohomol-
ogy groups H*(X, C) (analog of fde Rham's
theorem). Every n-dimensiona Stein manifold
X is redlized as a closed complex analytic
submanifold in C2*1; that is, there exists an
injective tproper holomorphic mapping f:

X —C** with df #0. Consider all the holo-
morphic fprinciple tiber bundles over a Stein
manifold X whose fibers are isomorphic to a
complex Lie group G. The analytic isomor-
phism classes of the bundles and the elements
in H'(X, G") (where G is the shesf of germs
of holomorphic mappings of X into G) are in
one-to-one correspondence. The same is true
for the topological isomorphism classes of the
bundles and the elementsin H!(X, G (where
G* is the sheaf of germs of continuous map-
pings of X into G). The mapping H! (X, G%—
H'(X, G) induced by the canonical injection
G* - G* is bijective (Grauert [ 13]). Every rela-
tively compact domain in a complex analytic
manifold is holomorphically convex if it is
strongly pseudoconvex (Grauert [14]). Hence
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such a domain is a Stein manifold. It follows
from this that every real analytic manifold
with countable base for open sets is realized as
a closed real analytic submanifold of some R”.

The notion of Stein manifolds is generalized
to that of weakly 1-complete manifolds: a
complex manifold X is called a weakly 1-
complete manifold if there exists a plurisubhar-
monic function » of class C* on X, such that
for any ceR, X, ={xe X |u(x)<c} is relatively
compact. The family of such manifolds in-
cludes compact complex manifolds too. For a
weakly 1-complete manifold also, vanishing
theorems of cohomology have been estab-
lished by H. Hironaka, S. Nakano [26], and H.
Kazama [2] (- 232 Kéhler Manifolds D).

The theory of entire functions of two vari-
ables has been developed from a new view-
point established by T. Nishino. An entire
function f of two variables defines a family of
Riemann surfaces{ f=c¢ ce C} onC? and
investigations of the structure of sych a family
play an important role. For instance the fol-
lowing is proved in thisway: If everyirreduc-
ible component off= ¢ (ce C) is biholomor-
phic to C!, then there exists an entire function
gsuch that (£, y): C* —C? is a biholomorphic
mapping (Nishino [28]). In this theorem, the
analyticity of g is obtained from the fact that
Clis a Stein manifold.

M. Continuation of Analytic Sets

The application of the theory of cohomology
with coefficients in sheaves is not restricted
to problems concerning Stein manifolds.
Given G0={Z||zj|< Li<gi<n} (n=3), G, =
{zllz;] <&z <1,2<j<n}, and G™=G, U
(Go—{z|zy=...=2,=0}) B<m<n), we have
H(G™, ) = 0 (1 <p <m=2) (Scheials
theorem [32]). Let # be acoherent analytic
sheaf over adomain G < C". If, for every point
zof ananayticset AS G, £, ={0} orpg
n—dim,A=2 hd, # (wherehd, % isthe
thomological dimension of the ¢; .-module
Z.), then it follows from Scheja’s theorem that
the mapping H?(G, #)— H?(G — A, %) induced
by the canonical injection G— 4 - G is bijec-
tive. This generalizes Hartogs's continuation
theorem for holomorphic functions, which
corresponds to the case p = 0.

Besides the continuation of holomorphic
functions, we can consider the continuation of
analytic sets. Let A be an analytic setin a
domain G cC"and § anandyticsetinG A
A point ze G is said to be regular (essentially
singular) with respect to § if theclosure § of S
inGis(isnot) analyticat z. If dim A<dim, S
for every point ze S, then § isanalyticin G. If
Sis purely d-dimensional and S is anaytic at
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a point of a d-dimensional irreducible com-
ponent A’ of A, then Sis analytic at every
point of A’ that is not located in any other ir-
reducible component of A. Furthermore, if
dim A< dim Sand Sis purely d-dimensional,
then the following hold: (1) The set E of essen-
tial singularities of Sis, if not empty, a purely
d-dimensional analytic set in G, formed by
irreducible components of A. (2) If every
irreducible component of A contains points
of E not located in any other irreducible com-
ponent of A, then Ac E, and A is, if not
empty, purely d-dimensional. (3) If every 4-
dimensiond irreducible component of A con-
tains points that are regular with respect to S,
then S 1s a purely d-dimensiona analytic set
in G (Thullen, Remmert, and Stein). By these
resultsit is possible to give a proof for {Chow’s
theorem that every analytic set in P,(C) is
agebraic.

The continuation of holomorphic functions
is related to the continuation of their graphs.
W. Rothstein investigated the continuation of
analytic sets to obtain the following analog
to Hartogs's theorem of continuity: If G =
G, UGy, G, ={z| |Zl|<1/232?:2|zj'2 <1}, G,=
{z]lz,]<1,12< X", |z)* <1}, and G =
{z|lz,|< 1, X, |z|* <1} (the envelope of
holomorphy of G) with n > 3, then every purely
(n 1-dimensional anaytic set Ain G extends
to an analytic set in G; that is, there exists a
purely (n = 1)-dimensiona analytic set 1 in
G such that A= AN G. K. Kasshara and H.
Fujimoto generalized this theorem to the case
of analytic spaces.

N. Nevanlinna Theory for Several Complex
Variables

The Nevanlinna theory investigates holomor-
phic mappings between complex manifolds.
In function theory of orne variable, for a holo-
morphic mapping f:C—P!(C) from C into
the 1-dimensional tcomplex projective space,
the famous +Picard theorem states that if f
omits three values, then f must be constant.
R. Nevanlinna developed the quantitative
theory of value distributions off: L. Ahlfors
[1], introduced the geometric approach, and
enunciated the principle that the negative
curvature of the image manifold restricts a
holomorphic mapping. In higher-dimensional
situations, this principle has been realized in
many cases. The Nevanlinna theory for a
holomorphic mapping f: C—P*(C) with re-
spect to thyperplanes was established by Ahl-
fors and H. Weyl and J. Weyl [34]. Holomor-
phic mappings into projective spaces have
been studied in detail by W. Stoll, H. Fujimoto,
and M. Green. Following the work of S. S.



210
Analytic Functions, Several Complex Variables

Chern [9] of around 1970, the equidimen-
sional case was investigated (P. A. Grifliths, K.
Kodaira, S. Kobayashi and T. Ochiai). J. A.
Carlson and Grifliths [6] succeeded in obtain-
ing a tdefect relation for equidimensional
holomorphic mappings and thypersurfaces of
the image manifold. This yields the following
Picard-type theorem (after the formulation by
F. Sakai, Inventiones Math., 16 (1974)): Let X
be a tprojective algebraic manifold of dimen-
sionnand f: C"- X a holomorphic mapping.
Let D be a hypersurface of X. We take a
tdesingularization 1: X*+X so that the in-
verse image D* = ¢! (D) has at most normal
crossings as singularities. We denote by K* a
tcanonical divisor of X*. We assume that

i HO X* * *
i supdlm (X*, Om(K* +D )))>0.

n
m-o m

If f omits D, then the Jacobian off vanishes
everywhere. As a corollary, it follows that the
funtversal covering manifold of X -D cannot
be C". When X = P"(C) and D is a nonsingular
hypersurface of degree d, the above assump-
tion is satisfied if d 2 n + 2. In the nonequidi-
mensional case, Ochiai [297] (with supple-
mentary works by M. Green, Y. Kawamata,
and P. Wong) verified the following asser-
tion, which was first stated by A. Bloch with
rough arguments: Let X be a projective alge-
braic manifold of dimension n, and suppose
dim H'(X, 04} > n; then the image of aholo-
morphic mapping f; C—X is contained in a
proper subvariety of X (— 124 Distributions
of Values of Functions of a Complex Variable;
272 Meromorphic Functions).

0. Hyperbolic Manifolds

Every complex analytic space X has two in-
variant tpseudodistances: the Carathéodory
pseudodigtance ¢y and the Kobayashi pseudo-
distance dy, both of which generalize the Poin-
caré distance p of the unit disk D = {|z| < 1}.
These pseudodistances can be defined by the
property that dy is the largest pseudodistance
among all pseudodistances d, on X for which
all holomorphic mappings (X, 8,)—(D, p) ae
distance-decreasing, while ¢y is the smallest
among all pseudodistances §, for which all
holomorphic mappings (D, p)—(X,6,) are
distance-decreasing. Then ¢, < d,. If Y is an-
other complex analytic space, every holomot-
phic mapping f: X — Y is distance-decreasing
with respect to either its Carathéodory or
Kobayashi pseudodistance. This may be con-
sidered to be a generalization of the Schwarz-
Pick lemma. (The *Schwarz lemma is often
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referred to by this name, since G. Pick also
investigated the distance-decreasing property.)
The Kobayashi pseudodistance dy can also
be obtained by integrating an infinitesimal
differential pseudometric caled the K oba-
yashi pseudometric in the same manner as the
Riemannian distance is obtained from the
Riemannian metric (H. L. Royden).

If dy isa(complete) distance on X, then X is
said to be (complete) hyperbolic. A Riemann
surface is hyperbolic in this sense if and only
if its universal covering is biholomorphic to
the unit disk. If X isopen in'Y and if, for
every pair of sequences of points {p,} and
{g,} in X converging to distinct points of X,
lim d(p,, q,) is positive, then X is said to be
hyperbolically embedded in Y. The Riemann
sphere CU { oo} minus three points is not
only complete hyperbolic but also hyperboli-
caly embedded in the Riemann sphere. Every
holomorphic mapping of C into a hyperbolic
complex analytic space is constant, while every
holomorphic mapping of the punctured disk
D* = {0<|z| < 1} into a hyperbolically embed-
ded space X = Y extends to a holomorphic
mapping of D into Y. Thus the classicd little
Picard theorem reduces to the statement that
C ={0, 1} is hyperbolic, while the great Picard
theorem reduces to showing that C = {0, 1} is
hyperbolically embedded in the Riemann
sphere. These classical theorems can be gen-
eralized in two ways. If M isatsymmetric
bounded domain and I is a discrete arithmetic
group acting freely on M, then M/I is not
only complete hyperbolic but also hyperboli-
caly embedded in its Satake compactification
(Kobayashi and Ochiai). If X is the comple-
ment of 2n + 1 hyperplanes in genera position
in the complex projective space P”(C), then X
is complete hyperbolic and hyperbolically
embedded in P”(C) (arestatement of a re-
sult going back to E. Borel, A. Bloch, and H.
Cartan).

Although there are some noncompact non-
hyperbolic complex manifolds X for which
every holomorphic mapping f; C— X is con-
stant, a compact complex manifold X is hyper-
bolic if and only if every holomorphic map-
ping f:C— X isconstant (R. Brody).

For the tTeichmiiller space X = T, of com-
pact Riemann surfaces of genus g, the Koba-
yashi distance d, agrees with the Teichmiiller
distance which had been introduced before
the complex structure of T, was defined (H. L.
Royden).

In the study of pseudoconvex domains, the
tBergman metric, the Carathéodory distance,
and the Kobayashi distance serve as useful
tools. Their behavior at the boundary has been
studied extensively.
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Given an n-dimensional complex mani-
fold X, an invariant measure ¥, can be de-
fined as the largest measure such that every
holomorphic mapping f from the polydisk
D" with invariant measure into X is measure-
decreasing. For an agebraic manifold of gen-
era type, this measure is everywhere positive.

P. Bounded Domainsin C"

For any bounded domain in C” there is natu-
rally assigned a *Kahler metric caled the
Bergman metric. Using the invariance of this
metric, E. Cartan proved that all the Her-
mitian symmetric spaces of honcompact type
are realized as bounded domains. In view of
the fact that some important period matrix
domains (e.g., the 19-dimensional bounded
symmetric domain of type IV, the Siegel upper
space, etc.) are of thistype, it is obviously of
great significance in algebraic geometry to
study discontinuous subgroups of the auto-
morphism groups of such domains (Pyatetskii-
Shapiro).

On the other hand, it is amost impossible
for general bounded domains to determine the
explicit form of their Bergman metrics. But
Cartan aso investigated strongly pseudo-
convex real hypersurfaces in €2, and he solved
completely the (local) equivalence problem for
them, introducing a definite type of tCartan
connections over them in a functorial way.
Thereafter N. Tanaka (and for hypersurfaces
also Chern and J. Moser) generalized this
result to all pseudoconvex real submanifolds
in higher-dimensional complex manifolds.
One can further apply this result to the equi-
vaence problem of bounded domains with
smooth strongly pseudoconvex boundaries,
for C. Fefferman [ 10] proved by analyzing the
boundary behavior of the Bergman metric that
every biholomorphic mapping between two
such domains is extended smoothly up to their
boundaries (I. Naruki [27] gave an dternative
proof).

Q. History

In connection with tAbelian functions, ana-
lytic functions of several complex variables
have been studied sporadically since the time
of Riemann and Weierstrass (H. Poincaré,
Cousin). A series of investigations by Hartogs
([ 17](1906), etc.) that revealed the distinctive
properties of several complex variables ini-
tiated a new epoch in complex analysis. Levi
(1910~ 1911) generalized Hartogs's results to
the case of meromorphic functions, introduced
the notion of pseudoconvexity, and proposed
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the so-called Levi problem. After a lapse of
time, many contributions to this new area of
complex anaysis have been made since 1920.
The study by K. Reinhardt (1921) of analytic
automorphisms was further developed by C.
Carathéodory and Behnke. The tkernel func-
tion introduced by S. Bochner and S. Berg-
mann (1922) produced many remarkable
results. In contrast with TPicard’s theorem

in one variable, P. Fatou found a holomor-
phic mapping f: C* —C? with nonvanishing
Jacobian such that the image f{C?) has an
exterior point.

The theory of analytic functions of several
complex variables has flourished since 1926.
Behnke and Thullen in Minster, together with
G. Juliaand H. Cartan in Paris, were the most
active investigators. The results on tnormal
families of anaytic functions of several com-
plex variables (Julia [207], 1926), the uniqueness
theorem of holomorphic mappings (H. Cartan,
1930), and a characterization of a domain of
holomorphy by holomorphic convexity (Car-
tan and Thullen, 1932) are their most remark-
able achievements. Behnke and Thullen [3]
systematized the results obtained since the
discovery of the theory by providing a com-
plete bibliography of articles up to 1934.

The three major unsolved problems at that
time-those of Cousin, Levi, and the approx-
imation of holomorphic functions-were
intensively studied by Oka from 1936, who has
given complete solutions [30]. The investiga-
tion of ideals of holomorphic functions by H.
Cartan (1944), together with that of ideals with
undetermined domains by Oka, has developed
into the theory of coherent analytic sheaves.
The notion of analytic spaces, first introduced
by Behnke and Stein (1951), extended the figld
of investigation in the theory of analytic func-
tions of several complex variables. The theory
of cohomology with coefficients in sheaves has
been effectively applied by H. Cartan and
Serre (1951-1952). The introduction of the
notion of Stein manifolds (195 1) came at the
same time. Grauert’s deep investigations since
1955, together with those of Stein and Rem-
mert, have contributed greatly to the develop-
ment of the theory of analytic spaces. In the
1960s, active investigations took place also in
the United States [16]. The theory of auto-
morphic functions of severa complex variables
has been developed by C. L. Siegdl, 1. Satake,
and othersin connection with the theory of
numbers. Entire functions of two variables
have been investigated from a new point of
view by Nishino and others since 1968 (— last
paragraph of Section N). The notion of a
hyperbolic manifold introduced by Kobayashi
(1967) enables us to obtain many results on
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complex manifolds by means of the methods of
differential geometry. The theory of automor-
phisms of bounded pseudoconvex domains
was developed extensively in the 1970s by
Fefferman, Naruki, and others. The theory of
an envelope of holomorphy has also been
successfully applied to the theory of elemen-
tary particles in physics.
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22 (1.12)
Analytic Sets

A. General Remarks

The notion of analytic sets was first defined by
N. N. Luzin and M. Ya. Suslin in 1916, and

it was extended to that of projective sets by
operations such as complementation and pro-
jection (Luzin, 1924). Most mathematicians,
including Luzin and W. Sierpinski, who
worked in this field, were in agreement with
fFrench empiricism (or tsemi-intuitionism),
which defended the standpoint of R. Baire,

E. Borel, H. Lebesgue, and others. An object is
said to be effectively given if it can beuniquely,
individually, and unambiguously determined
in finite terms so that anyone can reach the
same object by following the defining pro-
cedure. Semi-intuitionists claim that only
effectively given objects have mathematical
existence, and they do not recognize as a
mathematical object something that needs the
axiom of choice for its definition. From this
point of view, tBorel sets were “well-defined”
sets to which classical analysis had to be re-
stricted. Thus the question was raised whether
it is possible to extend the class of Borel sets to
awider class of sets with the same certainty.
Lebesgue(J. Math. Pures Appl., 1 (1905)) de-
fined a function not belonging to any class

of Baire functions by using the totality of
tordinals of the second class. (Later, this
method was systematically developed as the
ftheory of sieves by Luzin.) However, it did
not satisfy Borel as being effective. Can we,
then, extend the Bore] sets without any use of
ordinals of the second class? The discovery of
analytic sets gave an affirmative answer.

In this article (except in Section 1), we treat a
space (denoted by X, Y, .) that is thomeo-
morphic to a fcomplete *separable tmetric
space and its subspace. Denote by Nt the space
of irrational numbers (a metric space consis-
ting of the irrational numbers e R with the
metric | x —y| of x and y). The following prop-
erties of a subset S of a space X are equivalent:
(i) S isacontinuous imageof M; (ii) S isacon-
tinuous image of a Borel set in X; (iii) S isthe
projection of a closed set in a product space
X x 9; (iv) § isthe projection of aBorel setin
X x'Y. We call aset satisfying one of these
properties an analytic set, an A set, or a X'} set
(in X). The complement of an analytic set is
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cdled a complementary analytic st (or simply
coanalytic set), a CA s, or a IT} st

B. The Operation A and Seves

When to cach (n,, , 1) of finite sequences of
natural numbers there corresponds a unique
element E(n,, , n,) of afamily F of sets, this
correspondence {E(n,, . ., n,)} iscaled a
schema of Suslin (or system of Suslin) consist-
ing of sets in F. Denoting an infinite sequence
of natural numbers by {,}, the set given by
Uum, [k E(ny, .m) is cdled the kernel of a
system of Suslin, and the operation of taking
the kernel is called the operation A (analytic
operation).

Let Q be the set of all rational numbers
between 0 and 1 and F be afamily of sets.
Take a family {C,},., of sets belonging to F
with the index set Q (or more geometricaly, a
subset C= | J,coC, x () of X x Qwhen F isa
family of subsets of aspace X), and call it a
sieve consisting of sets in F. Denoting by {r.} a
(strictly) monotone decreasing sequence of
elements of Q, we call the set  J,,, (1 C,,
(namely, the set of all x such that C*¥ =
{r {x,n e C} isnot well-ordered by the
order < of rationa numbers) the set obtained
by asieve C or the sieved set obtained by C. If
the family F is closed with respect to countable
intersection, then the family of all sets ob-
tained by sieves consisting of setsin F isident-
ical to the family of all sets obtained by apply-
ing the operation A to F. When F consists of
all the closed setsin a given space, thisis the
family of 3]l analytic sets. In particular, it is
sufficient to take the family of closed intervals
as F when X is the space of real numbers.
Note that we can define Sieves and sieved sets
more generally by using the space of red num-
bers R instead of the set Q of rationals.

C. Properties of Analytic Sets

It is evident from the definition that every
*Borel set is analytic. If aBorel set is uncount-
able, then it is the union of a countable set
and a one-to-one continuous image of 9. The
analyticity of sets is invariant under countable
unions, intersections, and Cartesian products
and the operation A and *Borel-measurable
transformations. An uncountable analytic set
contains a tperfect subset (Suslin). Therefore
the possible cardinality of an analytic set is at
most countable or is that of the continuum.
Every analytic set enjoys the *Baire property,
and in Euclidean space every analytic set is
Lebesgue measurable (Luzin, Sierpinski). If a
set E in the Euclidean plane is analytic {coana-
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Iytic), then I(E) is also analytic (coanalytic),
where I(E) is the set of all x such that the
section E™ of E that is paralel to the y-axis
has a positive measure (M. Kondd and T.
Tugué). Concerning the Baire property, the
similar result for aset E of X x Y is obtained
by replacing “to have a positive measure” by
“to be the tsecond category (nonmeager) set”
(A. S. Kechris). The Lebesgue measure of an
analytic set is effectively calculable (in the
sense that the measure of a 2} (or 2 !(®)) set is
a 2! (resp. X}(2)) real number (- Section G
and 356 Recursive Functions) (H. Tanaka).
Every analytic (coanalytic) set E can be de-
composed into &, Borel sets. This decompo-
sition is called a decomposition of E into
condituents. An analytic (coandytic) set is a
Borel set if and only if it is decomposable into
a countable number of constituents (Luzin,
Sierpinski). In a space with the cardinality of
the continuum, there exist analytic sets that
are not Borelian. For example, in the space
C( [0, 17) of continuous functions on the inter-
va [0, 1](— 168 Function Spaces) the set of
all differentiable functions is coanalytic but not
Borelian (S. Mazurkiewicz).

The following theorems are especialy im-
portant in analytic set theory. Luzin’s first
principle (the first separation theorem): For
every pair of digoint analytic sets A,, A, there
exists a Borel set B such that A, < B and
B Il A = . An immediate corollary of
Luzin's first principle is Suslin’s theorem: If
both A and X — A are analytic,’ then Alisa
Borel set. Luzin's second principle (the second
separation theorem): For every pair of analytic
sets A and B, there exist complementary analy-
ticsets C and D such that A—B<C, B-Ac
D, and CN D = . A one-to-one continu-
ous image of a Borel set is Borelian (Sudlin).
More generally, for a given B-measurable
function f defined on a Borel set B, the set A
{<f(B)) of all points y whose inverse images
[~ (y) are singletons is a complementary
andytic set (Luzin's unicity theorem). In this
theorem, we can replace “a singleton” by “a
tg-compact set” (V. Ya. Arsenin, K. Kunugui).
Therefore, if aset isthe image of aBorel set by
a continuous function such that the inverse
image of each point is a o-compact set, then it
isaBorel set.

D. Generalization to Projective Sets

A projective set of class n isinductively defined
asfollows: (i) the Borel sets are the projective
sets of class O; (ii) the projective sets of class
2n + 1 are the continuous images of the sets of
class 2n; (iii) the projective sets of class 2n are
the complements of the sets of class 2n - 1.
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The projective sets of class 1 are exactly the
analytic sets, and those of class 2 are the com-
plementary analytic sets. The following are
fundamental properties of projective sets.
Denote by L, the family of the projective sets
of classn. Then (1) L,,c L,,,andL,,,, C
Lons2ex (k= 1,2,. ). (2) the property of
being a set of class 1 is invariant under count-
able unions, intersections, and Cartesian
products and homeomorphisms; (3) a contin-
uous image of aprojective set of class 2n + 1
is of the same class; (4) the projection on X of
aset of class 2n+ 1in X x Y isaset of class
2n + 1in X; (5) the family of the projective sets
of class 2n+ 1in aspace X is the family of the
projections of all sets of class 2nin X x X (or
X x MN); (6) the kernel of a system of Suslin
consisting of sets of class# is aprojective set
of the same class, where n #0, 2.

We frequently call a projective set of class
2n  lap,setoraX!set, andthat of class 2n
acC,setorall, set. A B, set or aA, set isaset
that is both P, and C,. The respective families
of these sets are also denoted by P, (),

C, (I1}), and B, (A}), respectively. In general, for
afamily § of setsin aspace X, wedenote by
C§ the family of the complements X-E of all
sets E in §. We write Sepy(¥) and Sepy (i) for
the propositions obtained by substituting “set
in®,” “setin §Fandin C¥,” and “set of CF”
for “analytic set,” “Borel Set,” and “coanalytic
set,” respectively, in Luzin'sfirst principle and
Luzin's second principle, respectively. Fur-
thermore, we say that the reduction principle
holds for &, and denote it by Red(g), when for
any sets A, BE § there exist A, B, ¢ & such
that 4, <4, B,c B, A,UB,=AUB, and

A, N B, = @, C. Kuratowski introduced the
latter principle Red() which implies Sep,(CF)
and Sepy(CF), and proved Red(/T{). Classi-
cally, reduction or separation principles for the
projective sets of higher classes were not
settled except for Sepy(173), Sepy(11}) (P. S.
Novikov), and Red(Z}) (Kuratowski). Now-
adays, it is known that these principles for
{Z!, M)}, ae undecidable from the axiom-
atic set theory ZFC. If we assume tthe axiom
of constructibility V= L, then Red(Z}) holds
for n> 3 (J. W. Addison). On the other hand,
under the assumption of tprojective deter-
minacy PD (— Section H), it follows that
Red(17}) (Red(X))) holds when 1 is odd (even)
(A. Martin, Addison and Y. N. Moschovakis).

E. Universal Sets

A setint x X iscaled the universal set
for the projective sets of classn in X if for any
projective set P of clags n in X, there exists
2,eM such that P={x|(z,,x)e U}. Concern-
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ing universal sets, we have the following result:
for every n> 0, there exists a universal set for
the projective sets of classn in X that is of the
same classin 9 x X. Hence in a space with
the cardinality of the continuum, there exists a
projective set of classy + 1 which is not of

class n. In generd, if aclass & of setsis closed
under taking a universal set and continuous
preimages, then & and C%& cannot both have
the reduction property. Therefore Red(/1}) or
Red(Z}) fails for each n > 1.

Any two universal sets of analytic sets are
tBorel isomorphic. On the other hand, an
analytic set E is not Borel isomorphic to any
universal analytic set if the complement of Eis
an uncountable set without a perfect subset (A.
Maitra and C. Ryll-Nardzewski). Hence, there
are at least two equivalence classes of uncount-
able analytic sets with respect to the Borel
isomorphism = under the assumption of V=
L, since the latter assumption implies the
existence of such a set E (- Section H).

F. Uniformization Principle

The uniformization problem arose during
investigations of implicit functions. For a set E
in a space X x Y, uniformization of E is the
finding of a subset V of E such that

Vx(3y((x, y)e B) = 3Ny((x, y)e V),

where 3!y is the fquantificr which means
“there exists exactly one y.” A Borel set can be
uniformized by choosing a suitable coanalytic
set (Luzin). Kondd's uniformization theorem
(Japan. J. Math., 15( 1938)) is the most impor-
tant result in descriptive set theory: every
coanalytic set is uniformizable by a coanalytic
set. Asacorollary to this, any 27 set is uni-
formizable by a X} set, and every X} set is
obtained as a one-to-one continuous image
of acoanalytic set.

Kondd's original proof was very difficult to
understand. Since *effective descriptive set
theory was introduced by Kleene and Ad-
dison, the proof has been simplitied by Ad-
dison, and a more elegant one has been given
by J. R. Shoenfield [7, p. 1887]. Nowadays, the
theorem is also called the Novikov-Kondé-
Addison theorem, and is one of the most
powerful and fundamental theorems not only
in descriptive set theory, but also in the ffoun-
dations of mathematics.

The uniformization of an analytic set is, in
general, not to be found among anaytic or
coandytic sets. There was a conjecture that
any analytic set is uniformizable by specifying
an A, set(difference of two analytic sets).
Recently, this conjecture was negatively settled
(J. Steel, Martin). Assuming that V= L, the
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uniformization of a £} (n = 3) set is determined
by specifying a X! set, and that of a ! (n > 2)
set by specifying a 77,, set. On the other hand,
if an axiom system of set theory (¢.g., ZF; — 33
Axiomatic Set Theory) is consistent, then it is
still consistent even if we add to it the follow-
ing proposition: There exists a 7} set whose
uniformization is impossible by any choice of a
definable set in the system (P. J. Cohen, A.
Lévy). However, if we assume the existence of
a measurable cardina (MC), it is known that
every IT} set is uniformizable by a I7; set
(Martin and R. M. Solovay). On the other
hand, PD implies “every IT} (X! set is uni-
formizable by a 17} (2}) set for each odd

(resp. even) n” (Moschovakis).

There are sufficient conditions on sections
E™ of a Borel set E in the Cartesian product
X x 'Y for E to be uniformizable by the Borel
set as follows: all sections E® are (i) countable
(Luzin, Novikov), (ii) a-compact (Arsenin,
Kunugui); or, as “large section property,” (iii)
in the second category (S. K. Thomason, P. G.
Hinman), or (iv) of positive measure (Tanaka,
G. E. Sacks). For applications of descriptive
set theory to analysis, an important uniformi-
zation result is von Neamann’s selection
theorem: forany Aset ECc X x Y, there exists
a tBaire measurable and fabsolutely measur-
able function f: X— Y (- 270 Measure
Theory L (vi)) such that

Vx(@y((x, y)e E)y>(x, f(x))€E).

Concerning implicit functions, any Borel set
Ec X XY such that al sections £ are a
most countable is expressed by a union of
intersections of E with graphs of some Baire
functions f: X - Y, neN (Luzin). Recently, it
was shown known as a generdization of this
that any Borel set E— X XY such that all
sections are a-compact is a union of countably
many Borel sets E, for each of which all sec-
tions ES” are compact (J. Saint-Raymond).

G. Kleeneg's Hierarchy and Effectiveness

First, projective set theory in any space is
reducible to the theory in the space of irra-
tional numbers. Second, if we introduce a
tweak topology in the set N~ = ¢ of thumber-
theoretic functions o with one argument, the
resulting topological space N is homeomor-
phic to the fBaire zero-dimensional space

of irrational numbers. Third, any subset B of
N™is open and closed in this topology if and
only if there exist a function £(eN™) and a
predicate A%(x) that is tgeneral recursive in ¢
such that «eB<> A%(a). Fourth, logical opera-
tions such as 1, v, A, 3x (where x is a vari-
able ranging over the natural numbers), and Jx
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exactly correspond to the operations (on sets)
complementation, union, intersection, count-
able union, and projection, respectively. On
the basis of these facts, projective set theory is
regarded as the theory of the N™ tanalytic hier-
archy of Kleene. Here, the following example
is remarkable: We can construct a X} set which
is universal for the analytic sets (namely, a
Z1[N”] set) in the space of irrational num-
bers (— 356 Recursive Functions H).

The connection between projective set
theory and logic has been discussed by C.
Kuratowski and A. Tarski. From their point of
view, semi-intuitionists such as Borel regard
the set of natural numbers to be precisely clear
in itself and also the continuum to be immedi-
ately recognizable by our geometric intuition.
In their argument rational numbers do not
play such an important role. They take, a
priori, the set of irrational numbers as the
fundamental domain, and intervals with ra-
tional extremities as the smplest sets of points
among the subsets of the fundamental domain
as the starting point of their argument. Here,
the fundamental domain or each interval is
not conceived as a totality of its elements, but
recognized as a “uniform extent.” In contrast
to this, singletons and individual irrational
numbers are not so simple. For this reason
Borel introduced the notion of caculable
numbers to study definable real numbers.
Following Luzin, we say that a calculable
number is a constructible real number in the
sense that we can give it by an arithmetical
approximation as precisely as we want. Now,
this notion is nearly identical to the notion of
an effectively caculable read number given by
A. Church or A. M. Turing.

In the mathematics of the semi-intuitionists,
the word “effective’ has played an especialy
important role. Although these mathema-
ticians have always agreed not to accept the
taxiom Of choice, the exact meaning of “effec-
tive" has differed slightly among different
members of their group or in different stages
of the development of the theory. Such dif-
ferences mainly arose in connection with the
question: How can we tell whether given en-
tities are finitary or individual? One way to
guess the original intention held by Borel and
others when they used the term “effective” isto
replace the term by “recursive.” Nowadays, the
concept of “effectiveness’ is used in this sense
{— 356 Recursive Functions C), and all clas-
sical results in descriptive set theory essentially
have effective versions (or refinements via
relativization). For example, the Novikov-
Kond6-Addison theorem is described as {ol-
lows: Any 17} (17! () for an ae“w) set is uni-
formizable by a 17} (resp. I} («)) set. Similarly,
Suslin's theorem is that every anaytic and
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coanalytic (i.e., 41 («)) set Ais aBorel set of
class v(x) which is effective relative to the
“definability o™ of given A, where v(a) is the
+Constructive ordina relative to « (Kleene,
Tugué and Tanaka, A. Louveau, etc.).

H. Further Results in Axiomatic Set Theory
and Strong Axioms

The recent development of axiomatic set
theory has yielded the following propositions.
Under the assumption that V= L (K. Godel,
Novikov, Addison): (1) there exists an uncount-
able 177 set that does not contain any perfect
subset; (2) there exists a nonmeasurable A4}

set; (3) there exists a 43 set that does not have
the Baire property. On the other hand, if the
axioms of set theory ZFC plus “there exists an
*inaccessible cardinal number” are consistent,
then so is “every projective set is Lebesgue
measurable, has the Baire property, and has a
perfect subset when it is uncountable” with
them (Solovay). Concerning these properties,
tMartin’s axiom MA and “2%> & ” (MA +

1 CH is consistent with ZFC; — 33 Axiom-
atic Set Theory E) implies that every