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Foreword

For many graduate students of physics the written qualifying examina-
tion is the last and one of the most important of the hundreds of grueling
examinations that they have had to take in their career. I remember vividly
my own experience in 1947 at the University of Chicago. After the quali-
fying examination, I knew I was finally free from all future examinations,
and that generated a wonderful feeling of liberation and relief.

Be that as it may, the written qualifying examination does serve a useful
purpose, both for the faculty and for the students themselves. That is why
so many universities give these exams year after year in all parts of the
world.

Sidney Cahn and Boris Nadgorny have energetically collected and pre-
sented solutions to about 140 problems from the exams at many universities
in the United States and one university in Russia, the Moscow Institute
of Physics and Technology. Some of the problems are quite easy, others
quite tough; some are routine, others ingenious. Sampling them I am re-
minded of the tripos questions of Cambridge University that I had spent so
many hours on when I was an undergraduate student in China during the
years 1938-1942, studying such books as Whittaker’s Analytical Dynamics,
Whittaker and Watson’s Modern Analysis, Hardy’s Pure Mathematics, and
Jeans’ Electricity and Magnetism.

It is perhaps interesting to the readers of this volume to note that the
famous Stokes’ theorem, so important to modern differential geometry and
to physics, first appeared in public as problem No. 8 of the Smith Prize
Examination of 1854. Stokes was the examiner and Maxwell was one of the
takers of the examination. That Maxwell was impressed with this theorem,
and made extensive use of it in 1856 in the first of his epoch-making series
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of papers that led to Maxwell’s equations, is obvious from his papers and
from his A Treatise on Electricity and Magnetism (1873). Maybe a hundred
years from now somebody will remember one of the problems of the present
collection?

C.N. Yang
Stony Brook



Preface

The written qualifying examination, a little publicized requirement of
graduate physics programs in most universities, brings some excitement to
the generally dull life of the graduate student. While undergoing this ordeal
ourselves, we were reminded of the initiation ceremonies into certain strict
monastic orders, designed to cause the novices enough pain to make them
consider their vocation seriously. However, as the memory of the ghastly
experience grows dim, our attitudes are gradually changing, and we now
may agree that these exams help assure a minimal level of general physics
knowledge necessary for performing successful research. Still, the affair
is rather stressful, sometimes more a test of character than of knowledge
(see Figure P.1). Perhaps it is the veteran’s memory of this searing, yet
formative experience that preserves the Institution of the Qualifying Exam.

Some schools do not have written exams, for instance: Brown, Cal-
Tech, Cornell, Harvard, UT Austin, Univ. of Toronto, Yale. However, the
majority do administer them and do so in a more or less standard form,
though, the level of difficulty of the problems, their style, etc., may differ
substantially from school to school. Our main purpose in publishing this
book — apart from the obvious one to become rich and famous — is to
assemble, as far as possible, a universal set of problems that the graduate
student should be able to solve in order to feel comfortable and confident at
the exam. Some books containing exam problems from particular univer-
sities (Chicago, Berkeley, Princeton) have been published; however, this is
the first book to contain problems from different American schools, and for
comparison, problems from Moscow Phys-Tech, one of the leading Russian
universities.

vii
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Figure P.1

Hapless Physicist Impaled on his own Delta Function
(Demonstrating the Perils of Insufficient Theoretical Rigor)

The other goal of the book is much more complicated and only partly
realized: to allow comparison of problems from different schools in terms of
breadth of material, style, difficulty, etc. This would have required analysis
of a greater number of problems than we were able to include, and the
use of approximately the same number of problems from each department
(we had only a few problems from some universities and hundreds from
others). We were much more concerned to present problems that would
cover as much material as possible. We should note in this regard that
the exams with the most difficult problems to solve are not necessarily the
most difficult to pass — that depends on the number of problems that have
to be solved, the amount of time given for each problem, and the way in
which the problems are graded. We have not attempted to present such
information, but we wish to point out that it is an important consideration
in the selection of a graduate school and well worth investigating.

Quite often the written exam consists of two parts: the first part, cover-
ing “fundamental” physics, usually includes classical mechanics, electrody-
namics, quantum mechanics, statistical physics and thermodynamics, and
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sometimes special relativity and optics; the second part, containing “mod-
ern” physics, includes nuclear, atomic, elementary particle, and solid state
physics, and sometimes general relativity and astrophysics. The scope and
difficulty of the second part vary too much from school to school to allow
generalization, and we will only deal with the first part. The problems will
appear in two volumes: Part 1 — Mechanics, Relativity, and Electrody-
namics, and Part 2 — Quantum Mechanics and Statistical Physics.

While reviewing the material submitted to us, we were not surprised to
find that often the same problems, maybe in slightly different formulations,
were part of the exams at several schools. For these problems, we have
noted the name of the school whose particular version we solved next to
the name we assigned to the problem, followed by the name or names of
schools whose exams contained variants of the problem. If only part of
the problem was used at a different school, we have indicated which one.
We have also tried to establish a balance between standard problems that
are popular with many physics departments and more original problems,
some of which we believe have never been published. Many of the standard
problems used in the exams have been published previously. In most cases,
though, it is difficult to determine when the problem was first presented;
almost as difficult as it is to track down the origin of a fairy tale. However,
when we could refer to a standard textbook where the problem may be
found, we have done so. Although it may be boring to solve a lot of the
standard problems, it is worthwhile — usually they comprise more than half
of all the problems given in the exams. We have to acknowledge grudgingly
that all errors in the formulation of the problems and solutions are the
sole responsibility of the authors. We have tried to provide solutions that
are as detailed as possible and not skip calculations even if they are not
difficult. We cannot claim that we have the best possible solutions and
inevitably there must be some errors, so we would welcome any comments
or alternative solutions from the reader.

We were encouraged by the response from most of the schools that we
approached, which furnished us with problems for inclusion in this book.
We would like to take this opportunity to thank the Physics Departments at
Boston University (Boston), University of Colorado at Boulder (Colorado),
Columbia University [Applied Physics] (Columbia), University of Mary-
land (Maryland), Massachusetts Institute of Technology (MIT), Univer-
sity of Michigan (Michigan), Michigan State University (Michigan State),
Michigan Technological University (Michigan Tech), Princeton University
(Princeton), Rutgers University (Rutgers), Stanford University (Stanford),
State University of New York at Stony Brook (Stony Brook), University of
Wisconsin (Wisconsin-Madison). The problems from Moscow Institute of
Physics and Technology (Moscow Phys-Tech) came from different sources
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— none from graduate qualifying exams, rather from undergraduate exams,
oral exams, and magazines (Kvant). A few were published before, in a book
containing a lot of interesting problems from Moscow Phys-Tech, but most
were compiled by the authors. We wish to thank Emmanuel I. Rashba, one
of the authors of that book, for his advice. We realize that there are many
schools which are not represented here, and we welcome any submissions
for Part 2 of this project.

It is our pleasure to thank many members of the Department of Physics
at Stony Brook for their encouragement during the writing of this book,
especially Andrew Jackson, Peter Kahn and Gene Sprouse, as well as Kirk
McDonald of Princeton. We are indebted to Chen Ning Yang, who agreed
to write the foreword for this book. We are grateful to: Dmitrii Averin,
Fabian Essler, Gerald Gwinner, Sergey Panitkin, Babak Razzaghe-Ashrafi,
Sergey Shokhor and Henry Silsbee for numerous discussions of problems
and many useful suggestions, and especially to Bas Peeters, who read most
of the manuscript; and to Michael Bershadsky, Claudio Coriano, and Sergey
Tolpygo for contributing some of the problems. One of the authors (B.N.)
wishes to thank the students at Oxford University and Oxford’s Student
Union for their invaluable help without which this book might not have been
written. Finally, we would like to thank Vladimir Gitt and Yair Minsky for
drawing the humorous pictures, and Susan Knapp for typing part of the
manuscript.

Sidney B. Cahn
Stony Brook Boris E. Nadgorny
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Mechanics

1.1 Falling Chain (MIT, Stanford)

A chain of mass M and length L is suspended vertically with its lower end
touching a scale. The chain is released and falls onto the scale. What is
the reading of the scale when a length z of the chain has fallen? Neglect
the size of the individual links.

1.2 Cat and Mouse Tug of War (Moscow Phys-Tech,
MIT)

A rope is wrapped around a fixed cylinder as shown in Figure P.1.2. There
is friction between the rope and the cylinder, with a coefficient of friction

Figure P.1.2

3
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u; the angle 8y = m/3 defines the arc of the cylinder covered by the rope.
The rope is much thinner than the cylinder. A cat is pulling on one end
of the rope with a force F while 10 mice can just barely prevent it from
sliding by applying a total force f = F/10.

a) Does the minimum force necessary to prevent the rope from sliding
depend on the diameter of the cylinder?

b) Through what minimum angle #; about the cylinder should one mouse
wrap the rope in order to prevent the cat from winning the game of
tug of war?

1.3 Cube Bouncing off Wall (Moscow Phys-Tech)

An elastic cube sliding without friction along a horizontal floor hits a verti-
cal wall with one of its faces parallel to the wall. The coefficient of friction
between the wall and the cube is ¢. The angle between the direction of the
velocity v of the cube and the wall is «. What will this angle be after the
collision (see Figure P.1.3 for a bird's-eye view of the collision)?

Figure P.1.

1.4 Cue-Struck Billiard Ball (Rutgers, Moscow Phys-
Tech, Wisconsin-Madison (a))

Consider a homogeneous billiard ball of mass m and radius R that moves
on a horizontal table. Gravity acts downward. The coefficient of kinetic
friction between the ball and the table is y, and you are to assume that
there is no work done by friction for pure rolling motion. At time ¢ = 0,
the ball is struck with a cue, which delivers a force pulse of short duration.
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Its impulse is

+e
P = / F(t) dt

a) The point of contact between the cue and the ball is at the “equator”
and the direction of the force is toward the center of the ball. Calcu-
late the time at which pure rolling motion begins. What is the final
speed of the center of mass of the ball?

b) At what height h above the center must the cue strike the ball so that
rolling motion starts immediately (see Figure P.1.4)?

Figure P.1.4

1.5 Stability on Rotating Rollers (Princeton)

A uniform thin rigid rod of mass M is supported by two rotating rollers
whose axes are separated by a fixed distance a. The rod is initially placed
at rest asymmetrically, as shown in Figure P.1.5a.

a) Assume that the rollers rotate in opposite directions. The coefficient
of kinetic friction between the bar and the rollers is x. Write the
equation of motion of the bar and solve for the displacement xz(t)
of the center C of the bar from roller 1, assuming z(0) = xo and
z(0) =0.

I |

| |
[PPE— xo - ,.*C
|

L

S==9

Figure P.1.5a
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b) Now consider the case in which the directions of rotation of the rollers
are reversed, as shown in Figure P.1.5b. Calculate the displacement
z(t) again, assuming z(0) = z¢ and £(0) = 0.

[

]
k—x —HC

Figure P.1.5b

1.6 Swan and Crawfish (Moscow Phys-Tech)

Two movers, Swan and Crawfish, from Swan, Crawfish, and Pike, Inc.,
must move a long, low, and narrow dresser along a rough surface with a
coefficient of friction u = 0.5 (see Figure P.1.6). The mass M of the dresser
is 150 kg. Swan can apply a maximum force of 700 N, and Crawfish 350 N.

Figure P.1.6

Obviously, together they can move the dresser; however, each of them in-
sists on his own way of moving the darn thing, and they cannot agree. Show
that by using his own method, each of them can move the dresser alone.
What are these methods?

Hint: The names in the problem are not quite coincidental, and the two
methods are natural for Swan and Crawfish.
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1.7 Mud from Tire (Stony Brook)

A car is stuck in the mud. In his efforts to move the car, the driver splashes
mud from the rim of a tire of radius R spinning at a speed v, where v? > gR.
Neglecting the resistance of the air, show that no mud can rise higher than
a height R + v?/2g + gR?/2v? above the ground.

1.8 Car down Ramp up Loop (Stony Brook)

A car slides without friction down a ramp described by a height function
h{z), which is smooth and monotonically decreasing as z increases from 0
to L. The ramp is followed by a loop of radius R. Gravitational acceleration
is a constant g in the negative A direction (see Figure P. 1.8).

NG

\\ \\\\\\\\\\\\\\\\\\\\ \\ \\\
\ \\\\\\\\\\\\\\\\\\\\\\\\\&

Figure P.1.8

a) If the velocity is zero when = = 0, what is the minimum height
ho = h(0) such that the car goes around the loop, never leaving the
track?

b) Consider the motion in the interval 0 < z < L, before the loop. As-
suming that the car always stays on the track, show that the velocity
in the z direction is related to the height as

2g [ho — h(x))
1+ (dh/dz)*

c) In the particular case that h(z) = ho [1 — sin (rz/2L)] show that the
time elapsed in going down the ramp from (0, hg) to (L,0) can be ex-
pressed as T = (L/+/gho) f(a), where a = why/2L, and write f(a) as
a definite integral. Evaluate the integral in the limiting case hg > L,
and discuss the meaning of your answer.
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1.9 Pulling Strings (MIT)

A mass m is attached to the end of a string. The mass moves on a fric-
tionless table, and the string passes through a hole in the table (see Figure
P.1.9), under which someone is pulling on the string to make it taut at all
times. Initially, the mass moves in a circle, with kinetic energy Eo. The
string is then slowly pulled, until the radius of the circle is halved. How
much work was done?

|\ ST AL LSS LSS ST, // /7, /

Figure P.1.9

1.10 Thru-Earth Train (Stony Brook, Boston (a),
Wisconsin-Madison (a))

A straight tunnel is dug from New York to San Francisco, a distance of

5000 kilometers measured along the surface. A car rolling on steel rails

is released from rest at New York, and rolls through the tunnel to San
Francisco (see Figure P.1.10).

5000 km

Figure P.1.10
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a) Neglecting friction and also the rotation of the Earth, how long does it
take to get there? Take the gravitational acceleration g = 980 cm/s2
and the radius of the Earth R = 6400 km.

b) Suppose there is now friction proportional to the square of the velocity
(but still ignoring the rotation of the Earth). What is the equation
for the phase space trajectory? Introduce suitable symbols for the
constant of proportionality and for the mass of the car, and also draw
a sketch.

¢) We now consider the effects of rotation. Estimate the magnitude of
the centrifugal and Coriolis forces relative to the gravitational force
(ignore friction). Take New York and San Francisco to be of equal
latitude (approximately 40° North).

1.11 String Oscillations (Moscow Phys-Tech)

The frequency of oscillation of a string depends on its length L, the force
applied to its ends 7, and the linear mass density p. Using dimensional
analysis, find this dependence.

1.12 Hovering Helicopter (Moscow Phys-Tech)

A helicopter needs a minimum of a 100 hp engine to hover (1 hp = 746 W).
Estimate the minimum power necessary to hover for the motor of a 10
times reduced model of this helicopter (assuming that it is made of the
same materials).

1.13 Astronaut Tether (Moscow Phys-Tech, Michigan)

An astronaut of total mass 110 kg was doing an EVA (spacewalk, see Fig-
ure P.1.13) when his jetpack failed. He realized that his only connection to

Figure P.1.13



10 PROBLEMS

the spaceship was by the communication wire of length L = 100 m. It can
support a tension of only 5 N before parting. Estimate if that is enough to
keep him from drifting away from the spaceship. Assume that the height of
the orbit is negligible compared to the Earth's radius (R = 6400 km). As-
sume also that the astronaut and the spaceship remain on a ray projecting
from the Earth’s center with the astronaut further away from the Earth.

1.14 Spiral Orbit (MIT)

A particle moves in two dimensions under the influence of a central force
determined by the potential V(r) = ar? + 8r?. Find the powers p and ¢
which make it possible to achieve a spiral orbit of the form r = 62, with ¢
a constant.

1.15 Central Force with Origin on Circle (MIT,
Michigan State)
A particle of mass m moves in a circular orbit of radius R under the influence

of a central force F(r). The center of force C lies at a point on the circle
(see Figure P.1.15). What is the force law?

-

‘s

’ 1
J

N/
E(r)
— m

Figure P.1.15

1.16 Central Force Orbit (Princeton)

a) Find the central force which results in the following orbit for a particle:
r = a(l + cosf)

b) A particle of mass m is acted on by an attractive force whose potential
is given by U o 4. Find the total cross section for capture of the
particle coming from infinity with an initial velocity v..
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1.17 Dumbbell Satellite (Maryland, MIT, Michigan
State)

Automatic stabilization of the orientation of orbiting satellites utilizes the
torque from the Earth’s gravitational pull on a non-spherical satellite in a
circular orbit of radius R. Consider a dumbbell-shaped satellite consisting
of two point masses of mass m connected by a massless rod of length 2!,
much less than R where the rod lies in the plane of the orbit (see Figure
P.1.17). The orientation of the satellite relative to the direction toward the
Earth is measured by angle 6.

O\Z%\O

Earth

Figure P.1.17

a) Determine the value of 8 for the stable orientation of the satellite.

b) Show that the angular frequency of small-angle oscillations of the
satellite about its stable orientation is \/§ times the orbital angular
velocity of the satellite.

1.18 Yukawa Force Orbit (Stony Brook)

A particle of mass m moves in a circle of radius R under the influence of a

central attractive force

F= _Ee—r/a.

r2
a) Determine the conditions on the constant a such that the circular
motion will be stable.
b) Compute the frequency of small radial oscillations about this circular
motion.
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1.19 Particle Colliding with Reflecting Walls
(Stanford)

Consider a particle of mass m moving in two dimensions between two per-
fectly reflecting walls which intersect at an angle x at the origin (see Figure
P.1.19). Assume that when the particle is reflected, its speed is unchanged
and its angle of incidence equals its angle of reflection. The particle is at-

tracted to the origin by a potential U(r) = —c/r®, where c is some constant.
N
E >
|
L y
A\

Figure P.1.19

Now start the particle at a distance R from the origin on the z-axis with a
velocity vector V = (V, V,). Assume V,, # 0, V, < 0.

a) Determine the equation for distance of closest approach to the origin.
b) Under what conditions will the particle reach the origin?
¢) Under what circumstance will it escape to infinity?

1.20 Earth-Comet Encounter (Princeton)

Find the maximum time a comet (C) of mass m following a parabolic
trajectory around the Sun (S) can spend within the orbit of the Earth (E).
Assume that the Earth’s orbit is circular and in the same plane as that of
the comet (see Figure P.1.20).

C

le5]

Figure P.1.20
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1.21 Neutron Scattering (Moscow Phys-Tech)

Neutrons can easily penetrate thick lead partitions but are absorbed much
more efficiently in water or in other materials with high hydrogen content.
Employing only classical mechanical arguments, give an explanation of this
effect (see Figure P.1.21).

Figure P.1.21

1.22  Collision of Mass—Spring System (MIT)

A mass my, with initial velocity Vg, strikes a mass-spring system mz, ini-
tially at rest but able to recoil. The spring is massless with spring constant
k (see Figure P.1.22). There is no friction.

ity

00—

Figure P.1.22

a) What is the maximum compression of the spring?
b) If, long after the collision, both objects travel in the same direction,
what are the final velocities V3 and V, of m; and mg, respectively?

1.23 Double Collision of Mass-Spring System (Moscow
Phys-Tech)

A ball of mass M moving with velocity V on a frictionless plane strikes the
first of two identical balls, each of mass m = 2 kg, connected by a massless
spring with spring constant k = 1 kg/s? (see Figure P.1.23). Consider the
collision to be central and elastic and essentially instantaneous.
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Figure P.1.23

a) Find the minimum value of the mass M for the incident ball to strike
the system of two balls again.
b) How much time will elapse between the two collisions?

1.24 Small Particle in Bowl (Stony Brook)

A small particle of mass m slides without friction on the inside of a hemi-
spherical bowl, of radius R, that has its axis parallel to the gravitational
field g. Use the polar angle & (see Figure P.1.24) and the azimuthal angle
 to describe the location of the particle (which is to be treated as a point
particle).

,

i,
.f:l '§R
N\

Figure P.1.24

m

a) Write the Lagrangian for the motion.

b) Determine formulas for the generalized momenta ps and p,.

¢) Write the Hamiltonian for the motion.

d) Develop Hamilton's equations for the motion.

e) Combine the equations SO as to produce one second order differential
equation for 8 as a function of time.

f) If9 = 6 and § = 0, independent of time, calculate the velocity
(magnitude and direction).

g) Ifatt =0, § =6y, 0 =0, and ¢ = 0, calculate the maximum speed
at later times.

1.25 Fast Particle in Bowl (Boston)

A particle constrained to move on a smooth spherical surface of radius R is
projected horizontally from a point at the level of the center so that its an-
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Figure P.1.25

gular velocity relative to the axis is w (see Figure P.1.25). If w?R > g, show
that its maximum depth 2 below the level of the center is approximately

w29 . o fwt
Z_Z‘)—ESID (2

1.26 Mass Orbiting on Table (Stony Brook, Princeton,
Maryland, Michigan)

A particle of mass M is constrained to move on a horizontal plane. A second
particle, of mass m, is constrained to a vertical line. The two particles are
connected by a massless string which passes through a hole in the plane
(see Figure P.1.26). The motion is frictionless.

_/./"'_'""'x.

w1
¢ i
|

L.

Figure P.1.26
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a) Find the Lagrangian of the system and derive the equations of motion.
b) Show that the orbit is stable with respect to small changes in the
radius, and find the frequency of small oscillations.

1.27 Falling Chimney (Boston, Chicago)

A tall, slender, cylindrical brick chimney of height L is slightly perturbed
from its vertical equilibrium position so that it topples over, rotating rigidly
around its base B until it breaks at a point P. Show that the most likely
value for the distance [ of P from B is L/3. Assume that the chimney
breaks because the torque is too great and the chimney bends and snaps

(see Figure P.1.27).

Figure P.1.27

1.28 Sliding Ladder (Princeton, Rutgers, Boston)

A ladder of mass m and length 2! stands against a frictionless wall with its
feet on a frictionless floor. If it is let go with initial angle ag, what will be
the angle when the ladder loses contact with the wall (see Figure P. 1.28)?

N

Figure P.1.28
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1.29 Unwinding String (MIT, Maryland (a,b),
Chicago (a,b))

A point mass m is attached to a long, massless thin cord whose other end
is attached to a fixed cylinder of radius R. Initially, the cord is snugly and
completely wound up around a circular cross section of the cylinder, so
that the mass touches the cylinder. No external forces are acting, except
for an impulse at t = 0 directed radially outward to give the mass m an
initial velocity of magnitude vg. This starts the mass unwinding (see Figure
P.1.29a). The point P is the initial position of the mass, and Q denotes the
instantaneous contact point between the cord and the cylinder.

Figure P.1.29a

a) Find the Lagrangian and equation of motion in terms of the gener-
alized coordinate 8 as a function of time, satisfying the initial condi-
tions.

b) Using the above solution, find the angular momentum of the mass
about the center of the cylinder. Is angular momentum conserved?
Why? Is the energy conserved? Why?

¢) Now consider a new situation in which the cylinder, taken to be hol-
low and of mass M (same radius R), can spin freely as the mass
unwinds. The new angle ¢ measures the position of P (the place
where the mass was at rest) with respect to the vertical axis (see Fig-
ure P.1.29b). Write down the Lagrangian in terms of the generalized
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Figure P.1.29b

coordinates @ and ¢. Identify two conserved quantities and express
them as functions of 8 and .
d) Solve for §(t). Which way does the cylinder spin?

1.30 Six Uniform Rods (Stony Brook)

Six equal uniform rods, fastened at their ends by frictionless pivots, form a
regular hexagon and lie on a frictionless surface. A blow is given at a right
angle to the midpoint of one of them at point P in Figure P.1.30 so that it
begins to slide with velocity u. Show that the opposite rod begins to move
with velocity v = u/10.

Figure P.1.30
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1.31 Period as Function of Energy (MIT)

A particle of mass m moves in a one-dimensional potential U(z) = A|z{®,
where A is a constant. Find the dependence of the period 7 on the energy

E in terms of n.

1.32 Rotating Pendulum (Princeton, Moscow Phys-
Tech)

The bearing of a rigid pendulum of mass m is forced to rotate uniformly
with angular velocity w (see Figure P. 1.32). The angle between the rotation

|
i
i
Figure P.1.32

axis and the pendulum is called 8. Neglect the inertia of the bearing and of
the rod connecting it to the mass. Neglect friction. Include the effects of

the uniform force of gravity.

a) Find the differential equation for 6.
b) At what rotation rate w, does the stationary point at § = 0 become

unstable?
c) For w > w, what is the stable equilibrium value of 67
d) What is the frequency €2 of small oscillations about this point?

1.33  Flyball Governor (Boston, Princeton, MIT)

Consider the flyball governor for a steam engine shown in Figure P.1.33.
Two balls, each of mass m, are attached by means of four hinged arms,
each of length I, to sleeves on a vertical rod. The upper sleeve is fastened
to the rod; the lower sleeve has mass M and is free to slide up and down
the rod as the balls move out from or in toward the rod. The rod-and-ball

system rotates with constant angular velocity w.



20 PROBLEMS

Figure P.1.33

a) Set up the equation of motion, neglecting the weight of the arms and
rod. Use as variable the distance y between the sleeves.

b) Show that, for steady rotation of the balls, and w?l/g > (1 + M/m),
the value of the height z of the lower sleeve above its lowest point is

M
=2 2T Mg
mw
¢) Show that the angular frequency € of small oscillations of z about
the steady value zg is

Q- (m + M) gsin® 6,
(m+2M sin? 6p) [ cos 6y
with

6y = cos™! (1 - %)

1.34 Double Pendulum (Stony Brook, Princeton, MIT)

The double pendulum consists of a mass m suspended by a massless string
or rod of length !, from which is suspended another such rod and mass (see

Figure P.1.34).
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Figure P.1.34

a) Write the Lagrangian of the system for 61,6, < 1.
b) Derive the equations of motion.
¢) Find the eigenfrequencies.

1.35 Triple Pendulum (Princeton)

A triple pendulum consists of masses am, m, and m attached to a sin-
gle light string at distances a, 2a, and 3a respectively from its point of
suspension (see Figure P.1.35).

ANANNNNNNNNY
a

gl ®am
a

eom

a

em
Figure P.1.35

a) Determine the value of & such that one of the normal frequencies of
this system will equal the frequency of a simple pendulum of length
a/2 and mass m. You may assume the displacements of the masses
from equilibrium are small.

b) Find the mode corresponding to this frequency and sketch it.

1.36 Three Masses and Three Springs on Hoop
(Columbia, Stony Brook, MIT)

Three masses, each of mass m, are interconnected by identical massless
springs of spring constant k& and are placed on a smooth circular hoop as
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Figure P.1.36

shown in Figure P.1.36. The hoop is fixed in space. Neglect gravity and
friction. Determine the natural frequencies of the system, and the shape of
the associated modes of vibration.

1.37 Nonlinear Oscillator (Princeton)
a) A nonlinear oscillator has a potential V{(z) given by
1 1
V(iz)= §kx2 - gm)\:ES

with X a small parameter. Find the solution of the equations of motion
to first order in A, assuming x =0 at ¢t = 0.

b) Comment on the temperature dependence of the thermal expansion
coefficient, if the interaction of the atoms in a solid is described by
V(z) from (a).

1.38 Swing (MIT, Moscow Phys-Tech)

A child of mass m on a swing raises her center of mass by a small distance
b every time the swing passes the vertical position, and lowers her mass by
the same amount at each extremal position. Assuming small oscillations,
calculate the work done by the child per period of oscillation. Show that
the energy of the swing grows exponentially according to dE/dt = aE and
determine the constant a.

1.39 Rotating Door (Boston)

A uniform rectangular door of mass m with sides a and b (b > a) and
negligible thickness rotates with constant angular velocity w about a di-
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agonal (see Figure P.1.39). Ignore gravity. Show that the torque |N| =
[m(b? — a®)abw?] / [12(a® + b*)] must be applied to keep the axis of rota-
tion fixed.

w

.....__\\.... a

Figure P.1.39

1.40 Bug on Globe (Boston)

A toy globe rotates freely without friction with an initial angular velocity
wp. A bug starting at one pole N travels to the other pole S along a
meridian with constant velocity v. The axis of rotation of the globe is held
fixed. Let M and R denote the mass and radius of the globe (a solid
sphere, moment of inertia Iy = 2M R? /5), m the mass of the bug, and T
the duration of the bug's journey (see Figure P.1.40).

i

Figure P.1.40

Show that, during the time the bug is traveling, the globe rotates through
an angle
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NG = ’“‘fR M2V ¥ 5m)

A useful integral is
27

/ d.T _ 2 1 (az > b2)

a+bcosx a? — b2
0

1.41 Rolling Coin (Princeton, Stony Brook)

A coin idealized as a uniform disk of radius a@ with negligible thickness and
mass m rolls in a circle. The center of mass of the coin C moves in a circle
of radius & and the axis of the coin is tilted at an angle 6 with respect to
the vertical. Find the angular velocity §2 of the center of mass of the coin
(see Figure P.1.41).

Figure P.1.41

1.42 Unstable Top (Stony Brook)

A top of mass M is spinning about a fixed point under gravity, and its axis
is vertical (8 = 0, 6 = 0), but the angular velocity around its axis wj is
insufficient for stability in that position. The Lagrangian for a top is

1 ; .
L= 511(02 + ¢%sin?9) + -;-Ig(w + ¢ cos8)? — Mglcosd

where 8, ¢, are the usual Euler angles, I; and I3 are the moments of
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Figure P.1.42

inertia about their respective axes, N is the line of nodes, and ! is the
distance from the point of the top O to the center of mass C (see Figure

P.1.42).

a) Derive all the first integrals of the motion and evaluate them in terms

of the given initial conditions.
b) Show that the head will descend to an angle € given by

cos (&) = faws
2)  oyT Mgl

c) Show that the time dependence of this 8 is given by the solution of

o 4Mgl 0 IZw? 6
62 = 22 (V) 4393 2(2
I sin (2) I12 tan <2>

You do not need to solve for 8(t).

1.43 Pendulum Clock in Noninertial Frame (Maryland)

An off-duty physicist designs a pendulum clock for use on a gravity-free
spacecraft. The mechanism is a simple pendulum (mass m at the end of
a massless rod of length {) hung from a pivot, about which it can swing
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Figure P.1.43

in a plane. To provide artificial gravity, the pivot is forced to rotate at
a frequency w in a circle of radius R in the same plane as the pendulum
arm (see Figure P.1.43). Show that this succeeds, i.e., that the possible
motions (t) of this pendulum are identical to the motions 6(t) of a simple
pendulum in a uniform gravitational field of strength g = w?R, not just for
small oscillations, but for any amplitude, and for any length [, even [ > R.

1.44 Beer Can (Princeton, Moscow Phys-Tech)

A space station is in a circular orbit about the Earth at a radius rp. An
astronaut on a space walk happens to be a distance € on the far side of
the station on the line joining the station to the center of the Earth. With
practice, the astronaut can throw a beer can so that it appears to orbit

Figure P.1.44
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the space station in the plane of the motion of the space station about the
Earth according to an observer on the station (see Figure P.1.44). You may
disregard the gravitational attraction between the beer can and the space
station.

a) In what direction and with what velocity relative to the station should
the beer can be thrown?

b) What is the period, size and shape of the beer can's orbit, relative to
the space station?

1.45 Space Habitat Baseball (Princeton)

On Earth a baseball player can hit a ball 120 m by giving it an initial angle of
45° to the horizontal. Take the acceleration due to gravity as g = 10 m/ s2.
Suppose the batter repeats this exercise in a space 'habitat' that has the
form of a circular cylinder of radius R = 10 km and has an angular velocity
about the axis of the cylinder sufficient to give an apparent gravity of g at
radius R. The batter stands on the inner surface of the habitat (at radius R)
and hits the ball in the same way as on Earth (i.e., at 45° to the surface), in
a plane perpendicular to the axis of the cylinder (see Figure P. 1.45). What
is the furthest distance the batter can hit the ball, as measured along the
surface of the habitat?

Figure P.1.45

1.46 Vibrating String with Mass (Stony Brook)

A thin uniform string of length L and linear density p is stretched between
two firm supports. The tension in the string is T (see Figure P.1.46).
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Figure P.1.46

a) Derive from first principles the wave equation for small transverse
disturbances in the string.

b) Determine the set of possible solutions for the given boundary condi-
tions and state the allowed frequencies.

¢) A small mass m is placed a distance ! from one end of the string.
Determine the first-order correction to the frequencies of the modes
found in (b).

1.47 Shallow Water Waves (Princeton (a,b))

Water waves travel on the surface of a large lake of depth d. The lake has
a perfectly smooth bottom and the waves are propagating purely in the
+z direction (The wave fronts are straight lines parallel to the x axis. See
Figure P.1.47).

s
Figure P.1.47

a) Find an expression for the velocity of the water v(y, 2,t)

b) Find the corresponding dispersion relation. You may assume that the
flow of the water is irrotational (V x v = 0}, that the amplitude of the
waves is small (in practice, this means that v? < gh, where h is the
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height of the waves), that surface tension effects are not important,

and that water is incompressible.
¢) Find the group velocity of the wavefront and consider two limiting

cases A > d, A« d.

1.48 Suspension Bridge (Stony Brook)

A flexible massless cable in a suspension bridge is subject to uniform loading
along the z-axis. The weight of the load per unit length of the cable is w,
and the tension in the cable at the center of the bridge (at z = 0)is T, (see
Figure P.1.48).
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Figure P.1.48

a) Find the shape of the cable at equilibrium.
b) What is the tension T'(z) in the cable at position z at equilibrium?

1.49 Catenary (Stony Brook, MIT)

A flexible cord of uniform density p and fixed length { is suspended from two
points of equal height (see Figure P. 1.49). The gravitational acceleration is
taken to be a constant g in the negative 2 direction.

a) Write the expressions for the potential energy U and the length [ for
a given curve z = z(x).

b) Formulate the Euler-Lagrange equations for the curve with minimal
potential energy, subject to the condition of fixed length.

c) Show that the solution of the previous equation is given by z =
A cosh(z/A) + B, where A and B are constants. Calculate U and
[ for this solution.
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Figure P.1.49

Formulae:

£ ~£ £ _ ¢
cosh¢ = gre +2e i e-e

cosh® € —sinh? ¢ =1 cosh2¢ = 2cosh?¢ — 1

1.50 Rotating Hollow Hoop (Boston)

A thin hollow cylindrical pipe is bent to form a hollow circular ring of mass
m and radius R. The ring is attached by means of massless spokes to a
vertical axis, around which it can rotate without friction in a horizontal
plane. Inside the ring, a point mass P of mass m is free to move without
friction, but is connected to a point H of the ring by a massless spring
which exerts aforce kAs, where As is the length of the arc HP (see Figure
P.1.50). Take as variables the angles # and ¢ of CH and CP with the z
axis.

Figure P.1.50
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a) Write the Lagrangian and the Hamiltonian, and rewrite them in terms
of the variables

E=(p+0)/vV2 n=(v-0)/V2

b) Find an integral of motion other than the energy, and show that its
Poisson bracket with H is zero.

¢) Integrate the equations of motion with these initial conditions at ¢t =
0:

m n .
9:—— = — ==
1 Y=t b=¢=0

1.51 Particle in Magnetic Field (Stony Brook)

a) Give a relationship between Hamilton’s equations under a canonical
transformation. Verify that the transformation

X = \/%(\/ZH sin@,+P), Y= ﬁ(\/ﬂﬁ cos Q1 + Q2)

Py

\/W(v 2P cos @y — Qz), Py = —;— \/m(—\/ 2P sin @ + Pg)

1
2
is canonical.

b) Find Hamilton’s equations of motion for a particle moving in a plane
in a magnetic field described by the vector potential

YH XH
A‘(*Eﬂﬁr”)

in terms of the new variables @y, Q2, P1, P2 introduced above, using
w=eH/me.

1.52 Adiabatic Invariants (Boston (a)) and Dissolving
Spring (Princeton, MIT (b))

a) (Adiabatic Invariants) Consider a system with canonical variables

pP1,...,PN, 41,..-,4N

At the time ¢t = 0 let Cp be an arbitrary closed path in phase space
and
1 N
I=5f2m%

Co T
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Assume that the point p,q of Cy moves in phase space according to
Hamilton's equations. At a later time the curve Cp will have become
another closed curve C;. Show that

N

dl d 1
E=Eg?{zpid%’=0
&, =t

and, for a harmonic oscillator with Hamiltonian H = (p?/2m) +

(mw?q?/2), show that

1==
w

along a closed curve H(p,q) = E.

b) (Dissolving Spring) A mass m slides on a horizontal frictionless track.
It is connected to a spring fastened to a wall. Initially, the amplitude
of the oscillations is A; and the spring constant of the spring is Kj.
The spring constant then decreases adiabatically at a constant rate
until the value K3 is reached. (For instance, assume that the spring
is being dissolved in acid.) What is the new amplitude?

Hint: Use the result of (a).

1.53 Superball in Weakening Gravitational Field
(Michigan State)

A superball is bouncing vertically up and down. It has a velocity vg when
it strikes the ground. The acceleration due to gravity is slowly reduced by
10% during a very long period of time. Assuming that the collisions of the
ball with the ground are elastic, find the corresponding change in wg.



Relativity

2.1 Marking Sticks (Stony Brook)

Observer O’ is travelling with velocity v = 0.6¢ in the = direction relative
to observer 0. Each observer has a meter stick with one end fixed at his
origin and the other end fixed at z (or ') = 1 m (see Figure P.2.1). Each
stick has a marking device (such as a spring-loaded pin) at the high = (or

Y| o y 0

v
_—

x' X

Figure P.2.1

z') end, capable of marking the other stick if it overlaps that stick when
the marking devices are triggered. The two origins coincide at ¢t = ¢/ = 0.
Both marking devices are triggered at ¢t = 0.
a) According to O, who has the shorter stick? Which stick is marked
and where?
b) According to O', who has the shorter stick? Prove by explicit deriva-
tion that O’ agrees on the result of the marking experiment, including
the position of the mark.

33
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2.2 Rockets in Collision (Stony Brook)

A person on Earth observes two rocket ships moving directly toward each
other and colliding as shown in Figure P.2.2a. At time ¢t = 0 in the Earth

PO SR
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[IIRIT]
ses sen

"e aee

Figure P.2.2a

frame, the Earth observer determines that rocket A, travelling to the right
at v4 = 0.8¢, is at point a, and rocket B is at point b, travelling to the left
at vg = 0.6¢c. They are separated by a distance ! = 4.2 - 10® m (see Figure
P.2.2b).

!
Figure P.2.2b

a) In the Earth frame, how much time will pass before the rockets col-
lide?

b) How fast is rocket B approaching in A’S frame? How fast is rocket A
approaching in B'S frame?

¢) How much time will elapse in A’s frame from the time rocket A passes
point e until collision? How much time will elapse in B’S frame from
the time rocket B passes point b until collision?

2.3 Photon Box (Stony Brook)

An empty box of total mass M with perfectly reflecting walls is at rest in
the lab frame. Then electromagnetic standing waves are introduced along

the x direction, consisting of N photons, each of frequency v (see Figure
P.2.3).
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Figure P.2.3

a) State what the rest mass of the system (box + photons) will be when
the photons are present.

b) Show that this answer can be obtained by considering the momentum
and/or energy of the box-plus-photon system in any inertial frame
moving along the z axis.

2.4 Cube’s Apparent Rotation (Stanford, Moscow
Phys-Tech)

A cube with 1-meter edges in its rest frame moves along a straight line
at velocity fc. An observer is located in the laboratory frame, and the
distance of closest approach is much greater than 1 m. Two faces of the
cube are perpendicular to the direction of motion and another two faces
are parallel to the plane formed by the trajectory and the observer. The
other two faces are approximately perpendicular to the line of sight of the
observer (see Figure P.2.4). In this problem, we need to take into account
the different travel times for light from different parts of the cube to the
observer. This effect causes distortions which make the cube appear to the
observer to be rotated. Find the expression for the apparent rotation and
indicate the sign of the rotation with respect to the direction of motion of
the cube and the line from the cube to the observer.

D C

' Be

Figure P.2.4
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2.5 Relativistic Rocket (Rutgers)

A rocket having initially a total mass My ejects its fuel with constant ve-
locity —u (u > 0) relative to its instantaneous rest frame. According to
Newtonian mechanics, its velocity V', relative to the inertial frame in which
it was originally at rest, is related to its mass M(V) by the formula

M ex \%4
M() N P u
a) Derive this result.

b) Suppose the velocity of the ejecta is limited only by 0 < u < ¢, and
derive the relativistic analogue of the above equation. Show that it
reduces to the Newtonian result at the appropriate limit.

2.6 Rapidity (Moscow Phys-Tech)

a) Consider two successive Lorentz transformations of the three frames
of reference Ky, K3, K2. Ky moves parallel to the x axis of Kp with
velocity v, as does K2 with respect to K;. Given an object moving
in the z direction with velocity vy in K, derive the formula for the
transformation of its velocity from K, to Kp.

b) Now consider n + 1 frames moving with the same velocity v relative
to one another (see Figure P.2.6). Derive the formula for a Lorentz
transformation from K, to Kjy, if the velocity of the object in K, is
also v.

Figure P.2.6

Hint: You may want to use the definition of rapidity or velocity parameter,
tanhy = 3, where 8 = v/ec.
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2.7 Charge in Uniform Electric Field (Stony Brook,
Maryland, Colorado)

Find the trajectory of a particle of mass m, charge e, in a uniform electric
field E, assuming zero velocity parallel to E at t = 0. Sketch the trajectory
in the plane of motion.

2.8 Charge in Electric Field and Flashing Satellites
(Maryland)

a) Write the relativistic equations of motion for a particle of charge ¢
and mass m in an electromagnetic field. Consider these equations
for the special case of motion in the z direction only, in a Lorentz
frame that has a constant electric field £ pointing in the positive x

direction.
b) Show that a particular solution of the equations of motion is given by
mc? gbr me qET
= —— cosh | — = — sinh [ — P.28.1
z JE cos (mc) t .E sin (mc) ( )

and show explicitly that the parameter 7 used to describe the world-
line of the charge g in equation (P.2.8.1) is the proper time along this
worldline.

c) Define the acceleration 4-vector for this motion and show that it has
constant magnitude. Draw a space-time (z,ct) diagram showing the
worldline (P.2.8.1) and the direction of the acceleration vector at three
typical points on the worldline (with 7 <0, 7 =0, 7 > 0).

d) Suppose an observer moves along the worldline (P.2.8.1), starting at
t =0 and z = mc?/gE. Also, at T = 0, she leaves behind a satellite
that remains at rest at x = mc?/qE. The satellite emits flashes of
light at a rate f that is constant in the satellite’s rest frame. Show
that only a finite number mfc/qFE of flashes ever reach the observer.

e) Some time after 7 = 0, the observer, always moving along the world-
line (P.2.8.1), decides to retrieve the satellite. Show that she cannot
wait longer than t = 3mc/4qE or 7 = (mc/qE)sinh™!(3/4) to decide
to do so.

Hint: To retrieve it at this limiting time, she must “reach down” to the
satellite with the speed of light, bring it back at the speed of light, and wait
indefinitely long for its return.
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2.9 Uniformly Accelerated Motion (Stony Brook)

Determine the relativistic uniformly accelerated motion (i.e., the rectilinear
motion) for which the acceleration wg in the proper reference frame (at each
instant of time) remains constant.

a) Show that the 4-velocity

w2 : - = (e, v7)
dr V1=02/c?’ /1 —v?/c? ’

b) Show that the condition for such a motion is

w” w, = constant = —w§
where wyg is the usual three dimensional acceleration.
¢) Show that in a fixed frame (b) reduces to
d v
—_— ————— T wo
dt /1 —2/c?

d) Show that

v wot
V1 + wit?/c?

Do these expressions have the correct classical behavior as ¢ — co?

2.10 Compton Scattering (Stony Brook, Michigan
State)

In the Compton effect, a y-ray photon of wavelength A strikes a free, but
initially stationary, electron of mass m. The photon is scattered an angle

8, and its scattered wavelength is A. The electron recoils at an angle ¢ (see
Figure P.2.10).

Figure P.2.10
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a) Write the relativistic equations for momentum and energy conserva-
tion. ~

b) Find an expression for the change A — A in the photon wavelength for
the special case 8 = m/2.

2.11 Mossbauer Effect (Moscow Phys-Tech, MIT,
Colorado)

An atom in its ground state has mass m. It is initially at rest in an excited
state of excitation energy AE. It then makes a transition to the ground
state by emitting one photon. Find the frequency of the photon, taking
into account the relativistic recoil of the atom. Express your answer also in
terms of the mass M of the excited atom. Discuss this result for the case
of a crystalline lattice (M&ssbauer effect).

2.12 Positronium and Relativistic Doppler Effect
(Stony Brook)

An electron e~ and a positron, e*, each of mass m., bound with binding
energy &, in positronium, annihilate into two photons.

a) Calculate the energy, momentum, velocity, and frequency of the pho-
tons.

b) The positronium with velocity v moves away from the observer in the
lab and annihilates as shown in Figure P.2.12. Give the frequency of
the photon as measured by the observer and calculate its frequency
in terms of the frequency in the positronium rest system (Relativistic
Doppler Effect).
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Figure P.2.12

2.13 Transverse Relativistic Doppler Effect (Moscow
Phys-Tech)

A qualitative difference between classical mechanics and relativity is the
existence of the transverse Doppler effect in relativity (when light propa-
gates perpendicular to its source in the observer’s frame). Calculate the
frequency of the photon «’ in the observer’s frame in terms of its frequency
w in the rest frame.
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2.14 Particle Creation (MIT)

Consider a photon of energy £, incident on a stationary proton. For suffi-
ciently large £,, a m meson can be produced in a reaction

y+p—-p+n’

What is Enyin, the threshold photon energy for this reaction to occur?

2.15 Electron—Electron Collision (Stony Brook)

An electron of total energy 1.40 MeV collides with another electron which is
at rest in the laboratory frame. Let the electronic rest energy be 0.51 MeV.

a) What are the total energy and momentum of the system in the labo-
ratory frame of reference (specify momentum in MeV /¢ units)?

b) Find the velocity of the center of mass in the laboratory frame.

¢) Determine the total energy of the pair of particles in the center of
mass frame of reference (CMF).

d) The target electron scatters at an angle of 45° in the CMF. What will
be the direction of scatter of the projectile in the CMF? What will
be the energy and momentum of the target electron after scatter in
the CMF?

e) What, in the laboratory frame, will be the target electron’s momen-
tum components perpendicular and parallel to the direction of the
incoming particle after the collision?

2.16 Inverse Compton Scattering (MIT, Maryland)

The HERA electron storage ring at Hamburg, Germany contains circulating
electrons with an energy of 27 GeV. Photons of wavelength 514 nm from
an argon-ion laser are directed so as to collide head-on with the stored
electrons. Calculate the maximum scattered photon energy.

2.17 Proton—Proton Collision (MIT)

A proton with v = 1/4/1 — (v2/¢?) collides elastically with a proton at
rest. If the two protons rebound with equal energies, what is the angle 8
between them?
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2.18 Pion Creation and Neutron Decay (Stony Brook)

a) Calculate the threshold energy in MeV for the creation of charged
pions by photons incident on stationary protons,

Y+p—on+wt

b) Neutrons S-decay via
n—-pt+e +7

If the neutron is at rest, what is the maximum possible velocity for the elec-
tron in units of ¢? (Note that m, = 938.27 MeV/c?, m,, = 939.57 MeV /c?,
mp+ = 139.57 MeV/c?, and m, = 0.51 MeV /c?.)

2.19 Elastic Collision and Rotation Angle (MIT)

Consider an elastic collision (namely a collision where the particles involved
do not change their internal state) of an incident particle of mass m;,
momentum py, and energy & (see notation below), with a particle of mass
mgq at rest. Let the final energies be &, and &, and the final momenta be
P1 and py (all of this in the laboratory frame).

a) In the center of mass frame (CMF), denote by pie and pgp the in-
coming momenta of the two particles and by €19, €20 their energies.
One has

P10 = —P20 = Po, [Pol = po (P.2.19.1)

where pgis a vector. In the center of mass frame the collision rotates
the direction of the momenta. Let the outgoing momenta and energies
be Pig, P20, €10, €20, and the rotation angle be x. From conservation
of energy and momentum, what can you tell about p1o, P20? About
510 and 520?

b) From the energy and momentum conservation laws,

D1y + Doy = Prp + Pau (P.2.19.2)
show that
p1-P2—p1-P1—p2-Pr+mi=0 (P.2.19.3)

¢) Evaluate the first and third terms of the left-hand side of equation
(P.2.19.3) in the laboratory frame. Evaluate the second term in the
CMF in terms of pp and x (and masses). Now use equation (P.2.19.3)
to find an expression for (€3 — &£;) in terms of pp and x (and masses).
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d) Find an expression for pg in terms of £ (and masses) by evaluating
p1 - p2_both in the laboratory and CMF.

e) Give &1 and &; in terms of £1,&,, and x.

f) Consider the case for maximal energy transfer. What is the value
of x? For this case find the ratio of the final kinetic energy to the

incident kinetic energy for the incoming particle (in the laboratory
frame).

Notation: Here we use
c=1
p-p=pupt =& —p?=m?

P1-P2 = Pmpg = p‘fmu

kinetic energy = & —m
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Electrodynamics

3.1 Charge Distribution (Wisconsin-Madison)

An electric charge distribution produces an electric field

E:c(l—e“‘")?%

where ¢ and o are constants. Find the net charge within the radius r = 1/a.

3.2 Electrostatic Forces and Scaling (Moscow Phys-
Tech)

a) Consider two solid dielectric spheres of radius a, separated by a dis-
tance R (R > a). One of the spheres has a charge ¢, and the other is
neutral (see Figure P.3.2a). We scale up the linear dimensions of the
system by a factor of two. How much charge should reside on the first
sphere now so that the force between the spheres remains the same?

b) Now consider a conducting ring made of thin wire, where d is the
diameter of the wire and D is the diameter of the ring (again, D > d).
A charge Q placed on the ring is just sufficient to cause the ring to

q

R

Figure P.3.2a
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Figure P.3.2b

break apart due to electrostatic repulsion (see Figure P.3.2b). As in
(a), the linear dimensions of the system are multiplied by two. At
what charge will the new ring break?

3.3 Dipole Energy (MIT, Moscow Phys-Tech)

An electric dipole of moment p is placed at a height h above a perfectly
conducting plane and makes an angle of § with respect to the normal to
this plane (see Figure P.3.3).

T h
|

+

N
Figure P.3.3

a) Indicate the position and orientation of the image dipole and the
direction of the force felt by the dipole.

b) Calculate the work required to remove the dipole to infinity.

3.4 Charged Conducting Sphere in Constant Electric
Field (Stony Brook, MIT)

A conducting sphere of radius a on whose surface resides a total charge Q is
placed in a uniform electric field Eq (see Figure P.3.4). Find the potential
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Figure P.3.4
at all points in space exterior to the sphere. What is the surface charge
density?
3.5 Charge and Conducting Sphere I (MIT)

A point charge e is placed at a distance R from the center of a metallic
sphere of radius @, with R > a (see Figure P.3.5). The sphere is insulated
and is electrically neutral.

Figure P.3.5

a) Find the electrostatic potential on the surface of the sphere.
b) Find the force acting on the charge.

3.6 Charge and Conducting Sphere II (Boston)

A charge e is placed at a distance R from the center of a grounded conduct-
ing sphere of radius a < R (see Figure P.3.6). Show that the force acting
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on the charge is proportional to 1/R* when R 3> a and 1/(R — a)? = 1/62
when R=a+6,0< 6 < a.

3.7 Conducting Cylinder and Line Charge (Stony
Brook, Michigan State)

The axis of a long, thin-walled, conducting, uncharged cylindrical shell of
radius o is oriented along the z-axis as shown in Figure P.3.7. A long,
thin wire carrying a uniform linear charge density -+ runs parallel to the
cylinder, at a distance R from the center. Use the method of images to find
the electric potential in the z—y plane.

Z A
==
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+
+
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Figure P.3.7

a) State the conditions that have to be met by the image charge. Find
the potential on the surface of the shell relative to infinity.

b) Find the potential at any point p, in the z—y plane outside the
cylinder.

Hint: It is possible to find an image charge such that the potential at in-
finity in the z—y plane is zero.

3.8 Spherical Void in Dielectric (Princeton)

Suppose there is a spherical void of radius R in an otherwise homogeneous
material of dielectric constant € (see Figure P.3.8). At the center of the
void is a point dipole p. Solve for the electric field everywhere.

Figure P.3.8
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3.9 Charge and Dielectric (Boston)

A charge e is situated at the point z = h > 0, y = z = 0 outside a
homogeneous dielectric which fills the region z < 0 (see Figure P.3.9).

y

Figure P.3.9

a) Write the electric fields E(0*,y,2) and E(0~,y, 2) just outside and
just inside the dielectric in terms of the charge e and surface charge
density os of bound charges on the surface of the dielectric.

b) Express @sin terms of E(07, y, z). Denote by ¢ the dielectric constant
of the dielectric.

¢) By using the equations obtained in (a) and (b), show that

1 e-1 eh
2m e+ 1 (h% +y2? + 22)3/2

gp =

d) Calculate the electric field E'due to oy at the position (k,0,0) of the
charge €. Show that it can be interpreted as the field of an image
charge €’ situated at the point (—h,0, 0).

e) Show that the charge e experiences the force

e—1 e

— X

F=-—
e+ 1 4h?

3.10 Dielectric Cylinder in Uniform Electric Field
(Princeton)
An infinitely long circular cylinder of radius a, dielectric constant g, is

placed with its axis along the z-axis, and in an electric field which would be
uniform in the absence of the cylinder, E = Ey% (see Figure P.3.10). Find
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Figure P.3.10

the electric field at points outside and inside the cylinder and the bound
surface charge density.

3.11 Powder of Dielectric Spheres (Stony Brook)

A powder composed of small spherical particles (with € = 4 and of radius
R = 100 nm) is dispersed in vacuum with a concentration of n = 10'2
particles per cm®. Find the effective dielectric constant ¢’ of this medium.
Explain why the apparent answer,

g€ =14(—-1nV

(where V = 47 R3/3 is the volume of one particle) is wrong.

Hint: Make use of the fact that nR® <« 1. Exploit the spherical sym-
metry of the particles.

3.12 Concentric Spherical Capacitor (Stony Brook)

Consider two concentric metal spheres of finite thickness in a vacuum. The
inner sphere has radii a3 < as. The outer sphere has 61 < by (see Figure
P.3.12).

Figure P.3.12
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a) A charge @1 is put on the inner sphere and a charge @3 on the outer
sphere. Find the charge density on each of the four surfaces. If
Q2 = —Q1, what is the mutual capacitance of the system?

b) If the space between the spheres is filled with insulating material
of dielectric constant €1, what are the surface charge densities and
polarization surface charge densities for arbitrary @; and @, and the
mutual capacitance for @y = —@17

3.13 Not-so-concentric Spherical Capacitor (Michigan
Tech)

An insulated metal sphere of radius a with total charge ¢ is placed inside a
hollow grounded metal sphere of radius b. The center of the inner sphere is
slightly displaced from the center of the outer sphere so that the distance
between the two centers is 6 (see Figure P.3.13).

Figure P.3.13

a) Use the boundary conditions to determine the potential between the
spheres in the case 6§ = 0.

b) Find the charge distribution of the inner sphere and the force acting
on it.

Hint: Show that R() = b+& cos 8, where R is the distance from the center
of the inner sphere to the surface of the outer sphere, and write down an
expansion for the potential between the spheres using spherical harmonics
to first order in 6.

3.14 Parallel Plate Capacitor with Solid Dielectric
(Stony Brook, Michigan Tech, Michigan)
Two square metal plates of side L are separated by a distance d <« L. A

dielectric slab of size L x L x d just slides between the plates. It is inserted
a distance z (parallel to one side of the squares) and held there (see Figure
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Figure P.3.14

P.3.14). The metal plates are then charged to a potential difference V and
disconnected from the voltage source.

a) Find the force exerted electrically on the slab. Be careful and explicit
about its direction.
b) How does the situation change if the battery is left connected?

3.15 Parallel Plate Capacitor in Dielectric Bath (MIT)

A parallel plate capacitor with square plates of side L and plate separation
d is charged to a potential V and disconnected from the battery. It is then
vertically inserted into a large reservoir of dielectric liquid with relative di-
electric constant ¢ and density p until the liquid fills half the space between
the capacitor plates as shown in Figure P.3.15.

L2

oo

-

Figure P.3.15

a) What is the capacitance of the system?

b) What is the electric field strength between the capacitor plates?

¢) What is the distribution of charge density over the plates?

d) What is the difference in vertical height between the level of liquid
within the capacitor plates and that in the external reservoir?
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3.16 Not-so-parallel Plate Capacitor (Princeton (a),
Rutgers (b))

a) A capacitor is formed by two rectangular conducting plates having
edges Ly and Ls. The plates are not parallel. One pair of edges of
length L; is separated by a distance d; everywhere, and the other
pair of edges of length L, is separated by dgz everywhere; dy > dy

L

2

Figure P.3.16

(see Figure P.3.16). Neglecting edge effects, when a voltage difference
V is placed across the two conductors, find the potential everywhere
between the plates.

b) Determine the capacitance.

3.17 Cylindrical Capacitor in Dielectric Bath (Boston,
Maryland)

The electrostatic field energy U, of a capacitor can be expressed as a func-
tion of a parameter x (e.g., the plate separation) and the fixed plate charge
(no charging battery present) or as a function of z and of the electromotive
force V4, of a battery to which the plates are connected.

a) Show that the generalizedforce F,; corresponding to the parameter
x is given by

_dU(2,Q) _ | dUe(x,YA)

Fez = dz dz

b) Verify these formulae for the case of a parallel plate capacitor.

¢) A cylindrical capacitor is lowered vertically into a reservoir of liquid
dielectric of mass density p. If a voltage V is applied between the
inner cylinder (radius a) and the outer shell (radius b), the liquid
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Figure P.3.17

rises to a height h between them (see Figure P.3.17). Show that

b (e —1)V?
~ 4mpg(b? — a?)In(b/a)

3.18 Iterated Capacitance (Stony Brook)

a) Given two point charges of opposite sign and unequal in magnitude,
show that the (nontrivial!) surface with V = V(o0) is a sphere. Find
its radius and center. This is the basis of the “method of images” for
problems involving equipotential spheres.

b) Describe concisely but clearly an iterative method to find the capac-
itance of two conducting spheres of radius a whose centers are 4a
apart.

¢) Calculate the capacitance to within 5%.

3.19 Resistance vs. Capacitance (Boston, Rutgers (a))

a) Consider two conductors of some shape. Use them in two alternative
ways, as a capacitor and as a resistor as shown in (a) and (b) of Figure
P.3.19, respectively. In case (a), the space between the conductors is
filled with a homogeneous material of permittivity &, while in case
(b), it is filled with a homogeneous material of finite conductivity o.
By considering separately these two cases, prove the relation

£

- Ao
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é
-

b
Figure P.3.19

between the capacitance C in case (a) and the resistance R in case
(b). If you cannot give a general proof, try at least some special
example, e.g., parallel plates.

b) Two conducting spheres have their centers a distance ¢ apart. Their
respective radii are @ and . Show that when ¢ > a, b the capacitance
of this system will be given approximately by

-1
a b ¢

¢) Two small, spherical, perfectly conducting electrodes of radii @ and b
are embedded in an infinite medium of conductivity . Their centers
are separated by a distance ¢ > a,b. Find the resistance between
them without using (a) and (b).

Hint: If two electrodes at potentials V; and V2 are embedded in a medium
of finite conductivity, the currents I; and I3 leaving each of them are related
to the potentials by the formulae Vi = Ry I + Riala, Vo = RoyIi + Ry 1.
Determine the coefficients £;; by considering cases with I, =0 and [; = 0.

d) Check the results of (b) and (c) by using (a).

3.20 Charge Distribution in Inhomogeneous Medium
(Boston)

A stationary current distribution is established in a medium that is isotropic
but not necessarily homogeneous. Show that the medium will in general
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acquire a volume distribution of charge whose density is (in Gaussian units)
= — (oY~ £Vo) - V4
p=—p—(0Ve-eVo

where o and ¢ are the conductivity and the dielectric permittivity of the
medium and ¢ is the potential.

3.21 Green’s Reciprocation Theorem (Stony Brook)

a) Prove Green’s reciprocation theorem: If ¢ is the potential due to
a volume charge density p within a volume V and a surface charge
density ¢ on the conducting surface S bounding the volume V, while
¢’ is the potential due to another charge distribution p’ and ¢’, then

/p¢' d3x+S/a¢’ dS:V/p'qS d3x+s/a'¢ ds

v

b) A point charge g is placed between two infinite grounded parallel
conducting plates. If 2o is the distance between ¢ and the lower
plate, find the total charge induced on the upper plate in terms of
q, 2o, and [, where [ is the distance between the plates (see Figure
P.3.21). Show your method clearly.

.||}_

=

Figure P.3.21

3.22 Coaxial Cable and Surface Charge (Princeton)

A very long coaxial cable consists of an inner cylinder of radius e and
isotropic conductivity ¢ and a concentric outer cylinder of radius 6. The
outer shell has infinite conductivity. The space between the cylinders is
empty. A uniform, constant current density J, directed along the axial
coordinate z, is maintained in the inner cylinder. Return current flows
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Figure P.3.22

uniformly in the outer shell (see Figure P.3.22). Compute the surface charge
density on the inner cylinder as a function of the axial coordinate z, with
the origin z = 0 chosen to be the plane halfway between the two ends of
the cable.

3.23 Potential of Charged Rod (Stony Brook)

A thin nonconducting rod of length L carries a uniformly distributed charge
Q and is oriented as shown in Figure P.3.23.

Figure P.3.23

a) Find the potential ¢ due to the charged rod for any point on the
z-axis with z > L/2.

b) Find ¢(r, 8,¢) for all |r| > L/2 where 7,8, are the usual spherical
coordinates.
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Hint: The general solution to Laplace’s equation in spherical coordinates
is

o0 {
oo, 0) =3 [AlT + ,H} Yim (6, ) (P.3.23.1)
1=0 m=~—1

3.24 Principle of Conformal Mapping (Boston)

a) Show that the real part U(z,y) and the imaginary part V(z,y) of a
differentiable function W(z) of z = z + iy obey Laplace’s equation.

b) If U(z,y) and V{x,y) above are the potentials of two fields F and G
in two dimensions, show that at each point (z,y), the fields F and G
are orthogonal.

¢) Consider the function W(z) = Alnz, where A is a real constant. Find
the fields F and G and mention physical (Electrodynamics) problems
in which they might occur.

3.25 Potential above Half Planes (Princeton)

An infinite conducting plane (the z—z plane in Figure P.3.25) is divided by
the line z = 0. For z > 0, the potential in the plane is +Vp, while for z < 0.
the potential is —V;. Evaluate the potential everywhere.

A

Figure P.3.25§

3.26 Potential of Halved Cylinder (Boston, Princeton,
Chicago)
Consider an infinitely long conducting cylinder of radius e with its axis

coinciding with the z-axis. One half of the cylinder (cut the long way)
{y > 0) is kept at a constant potential Vp, while the other half (y < 0) is
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Figure P.3.26

kept at a constant potential —V5 (see Figure P.3.26). Find the potential
for all points inside the cylinder and the field E along the z-axis.

3.27 Resistance of a Washer (MIT)

A washer is made of a dielectric of resistivity p. It has a square cross section
oflength a on a side, and its outer radius is 2a. A small slit is made on one
side and wires of negligible resistance are connected to the faces exposed
by the slit (see Figure P.3.27). If the wires were connected into a circuit,
what would be the lumped resistance due to the washer?

X,

NN

Figure P.3.27

3.28 Spherical Resistor (Michigan State)

A and B are opposite ends of a diameter AOB of a very thin spherical
shell of radius e and thickness ¢. Current enters and leaves by two small
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il

-

Figure P.3.28

circular electrodes of radius b whose centers are at A and B (see Figure
P.3.28). If I is the total current and P is a point on the shell such that the
angle POA = 8, show that the magnitude of the current density vector at P
is proportional to (2watsin#)~!. Hence find the resistance of the conductor.

You may find this integral useful:

dx 1 [1+cosm]
g In | =TS98
1—coszx

sinx 2

3.29 Infinite Resistor Ladder (Moscow Phys-Tech)

Consider the ladder of resistors, each of resistance r, shown in Figure P.3.29.
What is the resistance seen between terminals A and C?

Figure P.3.29
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3.30 Semi-infinite Plate (Moscow Phys-Tech)

Consider a thin semi-infinite plate of negligible thickness made of an isotropic
conductive material. A voltage ¥, = 1 V is applied across points A and
B of the plate (see Figure P.3.30). At a distance d = 1 cm from the end
a voltage of 0.1 V is measured between points C and D. Find the voltage
difference between two analogous points an arbitrary distance z from the
end of the plate.

Al C

- »

- | \. \
l. ] \ \I;
ACME] ;
1 Volt 0 *

Figure P.3.30

3.31 Magnetic Field in Center of Cube (Moscow Phys-
Tech)

The current I flowing along the edges of one face of a cube (see Figure
P.3.31a) produces a magnetic field in the center of the cube of magnitude
By. Consider another cube where the current / flows along a path shown
in Figure P.3.31b. What magnetic field will now exist at the center of the
cube?

Figure P.3.31a Figure P.3.31b
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3.32 Magnetic Dipole and Permeable Medium
(Princeton)

A point magnetic dipole m in vacuum (medium 1) is pointing toward the
plane surface of a medium with permeability 2 (medium 2). The distance
between the dipole and surface is d (see Figure P.3.32).

l

Figure P.3.32

a) Solve for the magnetic field B within the medium.
b) What is the force acting on the dipole?

3.33 Magnetic Shielding (Princeton)

A spherical shell of high permeability p is placed in a uniform magnetic
field.

a) Compute the attenuation (shielding) produced by the sphere in terms
of 4 and the inner and outer radii a and b, respectively, of the shell.

b) Take the limit at g > 1 and estimate the shielding for u = 10°,
a=0.5m,b=0.55m.

3.34 Electromotive Force in Spiral (Moscow Phys-
Tech)

A flat metal spiral (with a constant distance h between coils) and a total
number of coils N is placed in a uniform magnetic field B = Bgcoswt
perpendicular to the plane of the spiral (see Figure P.3.34). Evaluate the
total electromotive force induced in the spiral (between points A and C).
Assume N > 1. h

Figure P.3.34
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3.35 Sliding Copper Rod (Stony Brook, Moscow
Phys-Tech)

A copper rod slides on frictionless rails in the presence of a constant mag-

netic field B = Bgz. At t = 0, the rod is moving in the y direction with
velocity vg (see Figure P.3.35).

14,
L/

Figure P.3.35

a) What is the subsequent velocity of the rod if ¢ is its conductivity and
Pm the mass density of copper.

b) For copper, o = 5 x 10'7s™! and p,, = 8.9g/cm>. If By = 1 gauss,
estimate the time it takes the rod to stop.

c) Show that the rate of decrease of the kinetic energy of the rod per
unit volume is equal to the ohmic heating rate per unit volume.

3.36 Loop in Magnetic Field (Moscow Phys-Tech,

MIT)

A conducting circular loop made of wire of diameter d, resistivity p, and
mass density pp, is falling from a great height A in a magnetic field with
a component B, = By(l + kz), where & is some constant. The loop of

diameter D is always parallel to the z—y plane. Disregarding air resistance,
find the terminal velocity of the loop (see Figure P.3.36).
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Figure P.3.36
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3.37 Conducting Sphere in Constant Magnetic Field
(Boston)

A perfectly conducting sphere of radius R moves with constant velocity
v = vX (v < ¢) through a uniform magnetic field B = BoJ (see Figure

P.3.37). Find the surface charge density induced on the sphere to lowest
order in v/c.

Figure P.3.37

3.38 Mutual Inductance of Line and Circle (Michigan)

A circular wire of radius a is insulated from an infinitely long straight wire
in a tangential direction (see Figure P.3.38). Find the mutual inductance.

Figure P.3.38

3.39 Faraday’s Homopolar Generator (Stony Brook,
Michigan)

Consider a perfectly conducting disk of radius ry in a constant magnetic
field B perpendicular to the plane of the disk. Sliding contacts are provided
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Figure P.3.39

at the edge of the disk (C) and at its axle (C,) (see Figure P.3.39). This
system is Faraday’s “homopolar generator.” When turned at constant an-
gular velocity, it provides a large direct current with no ripple. A torque is
produced by a mass M hung on a long string wrapped around the perimeter
of the disk.

a) Explain how and why a current flows. Give a quantitative expression
for the current as a function of angular velocity.

b) Given a long enough string, this system will reach a constant angular
velocity wy. Find this wy and the associated current.

3.40 Current in Wire and Poynting Vector (Stony
Brook, MIT)

A long straight wire of radius b carries a current / in response to a voltage
V between the ends of the wire.

a) Calculate the Poynting vector S for this DC voltage.

b) Obtain the energy flux per unit length at the surface of the wire.
Compare this result with the Joule heating of the wire and comment
on the physical significance.

3.41 Box and Impulsive Magnetic Field (Boston)

Two opposite walls of a rigid box are uniformly charged with surface charge
densities o and —o, respectively. The positively charged wall occupies the
region 0 < z < g, 0 < y < b of the plane z = h, while the negatively
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charged wall occupies the region 0 < z < a, 0 < y < b of the z—y plane.
Inside the box, there is a uniform magnetic field B = (0, By, 0). Assume
that A is much smaller than both a and b and that the charged walls are
nonconducting (see Figure P.3.41).

Z

. = ¥ B
h

/L S ekl 4

X

Figure P.3.41

a) Estimate the impulse experienced by the box when the magnetic field
is switched off.

b) Show that it is equal to the initial momentum of the electromagnetic
field.

3.42 Coaxial Cable and Poynting Vector (Rutgers)

The infinitely long coaxial line in Figure P.3.42 carries a steady current /
upwards in the inner conductor and a return current / downwards in the
outer conductor. Both conductors have a resistance per length (along the
axes) A. The space between the inner and outer conductors is occupied by

Figure P.3.42
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a vacuum. The radius of the inner conductor is a, and that of the outer
conductor is b. In the following, use the cylindrical coordinates, p, ¢, z. In
these coordinates,

2510 (08 1 8% 0%
v¢_p3p ?85) " 7 Bp T B2

a) Find the electrostatic potential and the electric field in the region
a < p < b. Assume that E,(p,,0) =0.

b) Find the magnetic field in the region a < p < b.

c¢) Calculate the Poynting vector in the region a < p < b and integrate
it over the surface of the volume bounded by p = a, p = b, and
—~1/2 < z € 1/2. Comment on the physical implications of your
result.

3.43 Angular Momentum of Electromagnetic Field
(Princeton)

Consider two spherical metal shells of radii @ and b (see Figure P.3.43).
There is a magnetic dipole of moment M in the center of the inner sphere.
There is a charge +¢ on the inner sphere and —¢ on the outer sphere.
Find the angular momentum associated with the electromagnetic field of
the system.

Figure P.3.43

3.44 Plane Wave in Dielectric (Stony Brook,
Michigan)

A monochromatic plane wave of frequency w propagates through a nonper-
meable (¢ = 1) insulating medium with dielectric constant ;. The wave is
normally incident upon an interface with a similar medium with dielectric
constant &9 (see Figure P.3.44).
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Figure P.3.44

a) Derive the boundary conditions for the electric and magnetic fields at
the interface.

b) Find the fraction of incident energy that is transmitted to the second
medium.

3.45 X-Ray Mirror (Princeton)

X-rays which strike a metal surface at an angle of incidence to the normal
greater than a critical angle 8y are totally reflected. Assuming that a metal
contains n free electrons per unit volume, calculate €y as a function of the
frequency w of the X-rays. The metal occupies the region x > 0. The
X-rays are propagating in the z—y plane (the plane of the picture) and
their polarization vector is in the z direction, coming out of the picture
(see Figure P.3.45).

Figure P.3.45
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3.46 Plane Wave in Metal (Colorado, MIT)

Suppose that a plane electromagnetic wave of frequency w/27 and ampli-
tude Ey is normally incident on the flat surface of a semi-infinite metal
of conductivity o. Assume the frequency is low so that the displacement
current inside the metal can be neglected. The magnetic permeability of
the metal p = 1.

a) Using Maxwell’s equations, derive expressions for the components of
the electric and magnetic fields inside the conductor which are parallel
to the surface. What is the characteristic penetration depth of the
field?

b) What is the ratio of the magnetic field amplitude to the electric field
amplitude inside the metal?

¢) What is the power per unit area transmitted into the metal?

3.47 Wave Attenuation (Stony Brook)

Consider a medium with nonzero conductivity ¢ (I = ¢E gives the current
density) and no net charge (p = 0).

a) Write the set of Maxwell’s equations appropriate for this medium.
b) Derive the wave equation for E ( or B) in this medium,

[VX(VxV)=V(V-V)-VV]

c) Consider a monochromatic wave moving in the +z direction with E,
(or E, or By or B;) given by

Ey — ,Q/) — woei(ka:—wt)

Show that this wave has an amplitude which decreases exponentially;
find the attenuation length (skin depth).

d) For sea water (¢ ~ 5 mho/m, or 4.5 - 10! in cgs units), and
using radio waves of long wavelength w = 5 - 107!, calculate the
attenuation length. (Why is it hard to communicate with submerged
submarines?) You can take for sea water € = 1, = 1.

3.48 Electrons and Circularly Polarized Waves (Boston)

a) An electron (mass m, charge —e) is subject to the elastic force F =
—mwgr. A static, uniform magnetic field B in the positive z direction
is also present. The electron is set in forced motion by one of the
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circularly polarized electromagnetic waves
E=FE, [cos(kz — wt)i + cos(kz — wt + (671’/2))3]

(e = —1 positive helicity, € = 1 negative helicity). Find the coordi-
nates of the electron as functions of time.

Hints: Approximate E by its value for z = 0. The use of the variables
& =z + iy and n = x — iy will simplify your calculations.

b) Consider circularly polarized electromagnetic waves propagating in
the direction of a static magnetic field B in a medium consisting
of elastically bound electrons (N per unit volume). The elementary
theory of dispersion leads to the formula

02 dme*N 1 B 1
T m Wi - Wi+ eBw/me wi —w? —eBw/me

(P.3.48.1)
for the refractive indices (ny,n_) of circularly polarized waves of
(positive, negative) helicity.

Without proving this formula, infer from it that the plane of polariza-
tion of a linearly polarized wave is rotated through the angle

_ 4me*N 1 eBw® |

Tm (W2 w2)? me? 2

after propagating through a length [ in the medium when a magnetic
field in the direction of propagation is present.

Hint: Represent a linearly polarized wave as a sum of circularly polarized
waves of opposite helicities.

3.49 Classical Atomic Spectral Line (Princeton,
Wisconsin-Madison)

Consider the classical theory of the width of an atomic spectral line. The
“atom” consists of an electron of mass m and charge e in a harmonic oscil-
lator potential. There is also a frictional damping force, so the equation of
motion for the electron is

mx + mwix + vk =0 (P.3.49.1)
a) Suppose at time t = 0, x = Xg, and x = 0. What is the subsequent

motion of the electron? A classical electron executing this motion
would emit electromagnetic radiation. Determine the intensity I{w)
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b)

c)

3.50

of this radiation as a function of frequency. (You need not calculate
the absolute normalization of I{w), only the form of the w dependence
of I(w). In other words, it is enough to calculate I(w) up to a constant
of proportionality.) Assume y/m < wg.

Now suppose the damping force vx is absent from (P.3.49.1) and that
the oscillation is damped only by the loss of energy to radiation (an
effect which has been ignored above). The energy U of the oscillator
decays as Upe~T*. What, under the above assumptions, is I'? (You
may assume that in any one oscillation the electron loses only a very
small fraction of its energy.)

For an atomic spectral line of 5000 A, what is the width of the spectral
line, in angstroms, as determined from the calculation of (b)? About
how many oscillations does the electron make while losing half its
energy? Rough estimates are enough.

Lifetime of Classical Atom (MIT, Princeton,
Stony Brook)

At a time t = 0, the electron orbits a classical hydrogen atom at a radius
ao equal to the first Bohr radius. Derive an expression for the time it takes
for the radius to decrease to zero due to radiation. Assume that the energy
loss per revolution is small compared to the total energy of the atom.

3.51 Lorentz Transformation of Fields (Stony Brook)

a)

b)

Write down the Lorentz transformation equations relating the space—
time coordinates of frames K and K’, where K’ moves with velocity v
relative to K. (Take v to point along a coordinate axis for simplicity.)
Explicitly define your 4-vector conventions.

Use the fact that the electromagnetic field components E and B form
an antisymmetric tensor to show that

E1|:E|| ES_='7(EL+%XB)
B/ = By Bi:y(Bl—%xE)

where v = 1/4/1 — (v/c)? and the subscripts label directions parallel
and perpendicular to V.

Consider the particular case of a point charge ¢ and recover an ap-
propriate form of the law of Biot and Savart for small v.
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3.52 Field of a Moving Charge (Stony Brook)

A charged particle with charge ¢ moves with constant velocity v along the
z-axis (see Figure P.3.52). Its potentials are

-4 -
¢= A=—9
1/2
where s = [(1 - B (#*+¢?) + (2 - vt)z] and 8 =v/c

0 q1_ A4 Z

Figure P.3.52

a) Show that ¢ and A satisfy the Lorentz condition

1 8¢
c Ot
b) Calculate the fields E and B at point P(z,y,2) and time t. Show
first that B = {v/c) x E, and calculate E explicitly. Show that E is
parallel to n.
¢) Assume at P a second particle with charge g moving with the same
velocity v as the first. Calculate the force on ga.

+V-A=0

3.53 Retarded Potential of Moving Line Charge (MIT)

An infinitely long insulating filament with linear charge density A lies at
rest along the z-axis (see Figure P.3.53).

a) Find the electrostatic field E, at a point P a distance zg away from
the origin along the z-axis.

b) At t = 0, the wire suddenly starts to move with constant velocity v
in the positive z direction. Assuming the wire is infinitely thin, write
down an expression for the current density J arising from the motion.
Using the formula for the retarded potential

J(x',t—[x—x|/c)
x — x|

A(x,t) = %/d:‘x’
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Figure P.3.53

calculate A;(zo,t). Give its value for ¢ > xg/c and for ¢t < zo/c.

¢) Because of cylindrical symmetry, you really know A,{p,t) with p the
radial coordinate in cylindrical coordinates. Find B(p,t) as ¢t — oo.
Does your value agree with your intuitive expectation from Ampere’s
law?

Hint: A useful integral is

z + vV? + a?

a

In

/ dr B

V? + a?

3.54 Orbiting Charges and Multipole Radiation
(Princeton, Michigan State, Maryland)

Charges +¢ and —-q a distance d apart orbit around each other in the z-y
plane (z = 0) at frequency w (d « ¢/w) (see Figure P.3.54).

Figure P.3.54
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a) The emitted radiation is primarily confined to one multipole. Which
one?

b) What is the angular distribution of the radiated power?

¢) What is the total power radiated?

d) The plane z = —b is now filled with a perfect conductor (b < c/w).
What multipole radiates now?

3.55 Electron and Radiation Reaction (Boston)

The equation of motion for a particle of mass m and charge ¢ in electric
and magnetic fields E and B, including the radiation reaction force, is

1 2
mV:q(E+vaB>+§—Z§V

a) Assuming that the radiative reaction term is very small compared to
the Lorentz force and that v « ¢, find an approximate expression for
the radiative reaction force in terms of E and B.

b) A plane electromagnetic wave propagates in the z direction. A free
electron is initially at rest in this wave. Under the assumptions of
(a), calculate the time-averaged radiative reaction force on the elec-
tron (magnitude and direction). What result would you obtain for a
positron?

c) Rederive the reaction force by considering the momentum acquired
by the electron in the process of forced emission of radiation. Use the
Thomson cross section &

scattered power 8t [ e?
g = T " T e— ——
incident power/unit area 3 \ mc?

3.56 Radiation of Accelerating Positron (Princeton,
Colorado)

A nonrelativistic positron of charge e and velocity vy (v; <« ¢) impinges
head-on on a fixed nucleus of charge Ze (see Figure P.3.56). The positron,
which is coming from far away {00), is decelerated until it comes to rest
and then is accelerated again in the opposite direction until it reaches a
terminal velocity v,. Taking radiation loss into account (but assuming it is
small), find vy as a function of v; and Z.

@ v‘ ‘
T T €

Figure P.3.56
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3.57 Half-Wave Antenna (Boston)

Consider the half-wave antenna shown in Figure P.3.57. The current dis-
tribution shown as a broken line is I = Iy cos(27z/)) cos(wt).

} P(,6)
“/
| ile r
f” COS&H@::E:::E] i T

Figure P.3.57

a) Find the vector potential in the radiation zone due to the complex
current I = Iy cos(2mz/ ) exp(iwt).

b) Find the electric field E and the magnetic induction B in the radiation
zone.

¢) Show that the time-averaged power radiated per unit solid angle is

dP _ I§ cos®((m/2)cosb)
dQ  2mc sin® 4

Hint:

dP c N
E§=S_WR6[T2“.(EXB )]

3.58 Cerenkov Radiation (Stony Brook)

Cerenkov radiation is an electromagnetic shock wave caused by a charged
particle moving with a velocity v which is faster than the velocity of light
¢/n in a medium with index of refraction n.

a) Show that the shock wave is emitted at an angle 6, relative to the
particle direction, where

1
cosf, = Y (8

b) Show that a spherical mirror with radius of curvature R will focus
this shock wave onto a ring in the focal plane of the mirror.
¢) Find the radius of the ring.

)

il
ole
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3.59 Stability of Plasma (Boston)

Consider an idealized ion beam of radius R and length much longer than
R.
a) Show that an individual ion at the periphery of this beam is subject
to the net outward force

21Q v?
F= Rv (1 - -0—2—>

where [ is the beam current, Q is the charge of each ion, and v is the
velocity of the ions. Assume that the charge and current densities
have cylindrical symmetry.

b) The beam diverges because the electrostatic force prevails on the mag-
netic force that tends to concentrate the beam along its axis (“pinch”
effect). Show that the rate of increase of the beam radius

dr 41Q
= =\ 7 (1 - 2—) In(r/R)

3.60 Charged Particle in Uniform Magnetic Field
(Princeton)

A nonrelativistic charged particle is orbiting in a uniform magnetic field of
strength Hy at the center of a large solenoid. The radius of the orbit is Ro.
The field is changed slowly to H;. What is the new radius R of the orbit?
If the field is suddenly changed back to Hg, what is the final radius Rz?

3.61 Lowest Mode of Rectangular Wave Guide
(Princeton, MIT, Michigan State)

Consider a rectangular wave guide, infinitely long in the z direction, with a
width (z direction) of a and a height (y direction) of b (a > b) (see Figure
P.3.61). The walls are perfect conductors.

y
""" = AN
[ \
l\
b | X
- N
N
N
S, AT AR,
-— a >

Figure P.3.61
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a) What are the boundary conditions on the components of B and E at
the walls?
b) Write the wave equation which describes the E and B fields of the
lowest mode.
Hint: The lowest mode has the electric field in the y direction only.

c) For the lowest mode that can propagate, find the phase velocity and
the group velocity.

d) The possible modes of propagation separate naturally into two classes.
What are these two classes and how do they differ physically?

3.62 TM Modes in Rectangular Wave Guide
(Princeton)

A rectangular wave guide of sides a = 7.21 cm and b = 3.40 cm is used
in the transverse magnetic (TM) mode (see Figure P.3.61). TM modes
are modes in which the magnetic field is perpendicular to the direction of
propagation, here z. Assume that the walls are perfect conductors.

a) By calculating the lowest cutoff frequency, determine whether TM
radiation of angular frequency w = 6.1 x 10!%s~! will propagate in
the wave guide.

b) What is the dispersion relation (i.e., the relationship between w and
the wavevector &) for this guide.

¢) Find the attenuation length, i.e., the distance over which the power
drops to e~! of its starting value, for a frequency w that is half the
cutoff frequency.

3.63 Betatron (Princeton, Moscow Phys-Tech,
Colorado, Stony Brook (a))

Consider the motion of electrons in an axially symmetric magnetic field.
Suppose that at z = O (the “median plane”) the radial component of the

\ \ 1 [ |I |
L I
° o ] .
—l L 1 r
1

] po———d

Lo * R II'-.

! \ |

Figure P.3.63
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magnetic field is 0, so B(z = 0) = B(r)z. Electrons at z = 0 then follow a
circular path of radius R (see Figure P.3.63).

a) What is the relationship between the electron momentum p and the
orbit radius R?

In a betatron, electrons are accelerated by a magnetic field which changes
with time. Let (B) equal the average value of the magnetic field over the
plane of the orbit (within the orbit), i.e.,

where @ is the magnetic flux through the orbit. Let By equal B(r=R, z=0).

b) Suppose (B} is changed by an amount (AB) and By is changed by
ABjy. How must {AB) be related to ABy if the electrons are to
remain at radius R as their momentum is increased?

¢) Suppose the z component of the magnetic field near r = R and 2 = 0
varies with 7 as B,(r} = Bo(R)(R/r)™. Find the equations of motion
for small departures from the equilibrium orbit in the median plane.
There are two equations, one for small vertical changes and one for
small radial changes. Neglect any coupling between radial and vertical
motion.

d) For what range of n is the orbit stable against both vertical and radial
perturbations?

3.64 Superconducting Frame in Magnetic Field
(Moscow Phys-Tech)

A superconducting square rigid frame of mass m, inductance L, and side
a is cooled down (in a magnetic field) to a temperature below the criti-
cal temperature. The frame is kept horizontal (parallel to the z—y plane)
and constrained to move in the z direction in a nonuniform but constant

Figure P.3.64
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magnetic field described by a vector potential A = (—Bgy,azz,0) and a
uniform gravitational field given by the acceleration g. The thickness of
the frame is much smaller than a (see Figure P.3.64). Initially, the frame
is at rest, with its center coinciding with the origin. Find the equations of
motion of the frame and solve for the position of the frame as a function of
time.

3.65 Superconducting Sphere in Magnetic Field
(Michigan State, Moscow Phys-Tech)

A superconducting (Type I) spherical shell of radius R is placed in a uniform
magnetic field Bg (Bg € H,, H,, the critical field). Find

a) the magnetic field everywhere outside the shell
b) the surface current density

Hint: Inside, B = 0.

3.66 London Penetration Depth (Moscow Phys-Tech)

The model used by the brothers F. and H. London suggests that free elec-
trons in a superconductor can be divided into two types: normal, with a
density m,, and superconducting, with a density ns (where ns + n, = n,
the density of free electrons). On the surface of the superconductor flows a
current with density Js.

a) Using classical arguments, obtain the equation for the electric field
E, where

d
E = =(AJ,) (P.3.66.1)

where A = m/(nse?). Here, m and e are the mass and charge of the
electron. Again using classical arguments, write the kinetic energy of
superconducting electrons in the form
nemuv?

2

Adding the magnetic field energy, find a minimum of the free energy
F.(h) to obtain a second equation

h+XVxVxh=0 (P.3.66.2)

Exin =

where h is a microscopic magnetic field inside the superconductor and
AL is the London penetration depth.
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b) Solve (P.3.66.2) for the boundary between vacuum and a space half-
filled with superconductor, with an external field Hy parallel to the
boundary, and estimate Ar(0) for a typical metal superconductor at
zero temperature, assuming ng(0) = n.

3.67 Thin Superconducting Plate in Magnetic Field
(Stony Brook)

A very long, thin plate of thickness d is placed in a uniform magnetic field
Hp parallel to the surface of the plate (see Figure P.3.67).

HnT

Figure P.3.67

a) Find the distribution of the magnetic field and the current inside the
plate.

b) Consider two limiting cases d > Ar,d < Ar, and draw a picture of
the distributions in these two cases (A, — London penetration depth).
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Mechanics

1.1 Falling Chain (MIT, Stanford)

The reading of the scale consists of two parts: the weight of the chain
accumulated and the impulse per unit time imparted by the chain colliding
with the scale. The first part is clearly W, = Mgx/L. The velocity of the
links at the instant of hitting the scale is found from v? = 2gz. The second
component of the force exerted on the scale equals

dp d(mv) dm M z
= at V@ U vT Mg

The total force on the scale during the fall of the chain is therefore

T T T
z 2 =3Mag=
Mg +2Mg7 =3Mgy

1.2 Cat and Mouse Tug of War (Moscow Phys-Tech,
MIT)

a) The straightforward solution is given in (b). However, to answer the
first part, we can use dimensional analysis. Theforce f applied by the mice
may depend only on the dimensionless coefficient of friction g, the cylinder
diameter d, and the force F:

f & G (u)d*F*

where G (p) is some function of p. It is obvious that it is impossible to
satisfy this equation unless & = 0, so the force f does not depend on the
diameter of the cylinder.

81
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T(6+d6)

N

lﬂ’ﬂ)

Figure S§.1.2

do

b) Consider an element of rope between angles § and 8 + df#. The dif-
ference in tension dT" between its ends equals dT" = uN = pT'df, where N
is the normal force (see Figure S.1.2). This equation has a solution: T =
const-e’?, At § =0, T'= f, and at §y =7/3, T=F, so

F = ferdo (s.1.2.1)

From equation (S.1.2.1) we obtain the same result as determined in part (a),
i.e., the force does not depend on the diameter of the cylinder. Similarly, if
we have just one mouse, the minimum angle #; of wrapping is found from

F = flep0t (S.1.2.2)

where f' = f/10 = F/100 is the force necessary for one mouse to keep the
rope from slipping. From equation (S.1.2.1), we can also find the coefficient

of friction g :
-5e(3)
6o f

Then, from equation (S.1.2.2),

1, (F\ _, W(F/f) F\ _ . om
91 = l—;ll’l (F) = eom = HologF/f F = 90 logw 100 = 290 = ?

1.3 Cube Bouncing off Wall (Moscow Phys-Tech)

There are two forces acting on the cube. One is the normal reaction N(t),
perpendicular to the wall, and the other is the force of friction Fy.(¢), paral-
lel to the wall (see Figure S.1.3). We expect that, as a result of the collision,
the cube’s velocity v will change to v/. In the direction perpendicular to
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Fyr

Figure 8.1.3

the wall, the collision is elastic, i.e., the velocity in the % direction merely
changes sign: v, = ~v; = —vsina. Therefore, the momentum changes by
—2musina in the X direction. This change is due to the normal reaction
N (t). So, according to Newton’s second law:

Ap, = —/N(t) dt = —2musina (8.1.3.3)
0

where 7 is the collision time. If there were no friction, the parallel veloc-
ity component would not change and the angle would remain the same.
However, in the actual case, the ¥ component changes and

min{r’,7} min{r',7}
Apy = — / Fy (t) dt = — / uN (t) dt (5.1.3.4)
0
Here 7/ is the time at which the velocity vy goes to zero. So, from (S.1.3.4)
min{r’,7}
mu, = muy — / ulN (t) dt (8.1.3.5)

0
First assume that 7 < 7/, i.e., vz’/ is not zero. Then we have from (S.1.3.3)

2musina = /N(t) dt (8.1.3.1)
0
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and
.

mu, = mvcos o — M/N (t) dt = mycos a — 2umusin o (5.1.3.2)

0
or

v, = v (cosa — 2usin o) (58.1.3.3)

Therefore, the angle 3 between the velocity v/ and the wall is given by

8~

A vsino tan o

t = — = =
an 8 v, v(cosa—2usina) 1-2utanc

(S.1.3.4)

If 1 — 2utana = 0, then tana = (1/2u) and tan 3 goes to infinity, which
corresponds to 8 = m/2. Nowif 1 —2utana < 0 (vy goes to zero before the
collision ends; v; cannot become negative), then 7 > 7/, and the cube will

leave perpendicular to the wall. Therefore,

tan~! _ tana tana<—1—
1-2utana /)’ 24

T ‘cn04>1
2’ M=o

1.4 Cue-Struck Billiard Ball (Rutgers, Moscow Phys-
Tech, Wisconsin-Madison (a))

a) Introduce a frame of reference with the origin at the center of the ball
(see Figure S.1.4a). Since the direction of the force is toward the center
of the ball there is no torque at ¢t = 0. (We consider a very short pulse.)
So one can define the initial conditions of the ball’s movement from the

Figure S.1.4a
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equations

mv(0) =P
(8.1.4.1)
Iw(0) =0

where v(0) and w(0)are the velocity and angular velocity at ¢ = Oand I is
the moment of inertia of the ball I = (2/5)mR2. So we have v (0) = P/m
and w(0) = 0. Subsequent motion of the ball will be given by

v(t)=v(0)+%t

(S.1.4.2)
w(t) =w(0) + R; £y
where f is a friction force f = —pmgX and @ = wy. In our geometry,
(S.1.4.2) may be rewritten in the form
_ f

v(t) =v(0) — mt
(8.1.4.3)

fR

w(t)=w(0)+7t

The ball will roll without slipping when v = @ X R or v = wR. Using
(S.1.4.3), we obtain the time tg when pure rolling motion begins:

v(0)-w(0)R v (0) 2

= G Tmy A T mBE/D) - (F/m) L+ mRED) 7

P
f
The final speed vy of the center of mass of the ball is given by
f P 2 5P
= —ltp =12 ) =
vy =v(0) B= Tm
b) Using (S.1.4.1) from part (a) for the initial conditions, we obtain

mu{0)=P

Iw(0) = hP
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Figure S.1.4b

Again using the condition v (0) = w (0) R for rolling without slipping, we
have (see Figure S. 1.4b)

P hP
m=- TPk
and
2
h= gR

1.5 Stability on Rotating Rollers (Princeton)

Hint: Consider arod, e.g., a pencil, supported by one finger of each hand.
First put your fingers as far apart as possible and then move them until
they touch. Where do they meet? Now put your fingers together and place
the rod with its center of mass at this point and move your fingers apart.
What happens now?

a) Let us orient the x-coordinate positive to the right (see Figure S.1.5a).
Then we can write equations for forces and torques relative to the center

Ny A AN

Figure S.1.5a
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of mass of the rod:

N1+ Ny = Mg (S.1.5.1)
Niz =Ny (e —1x) (S.1.5.2)
Mi=fi~fs (S.1.5.3)

where Ny and N3 are normal forces and f; and fo are friction forces at the
first and second rollers, respectively.

f1=pN, fo = uN (8.1.5.4)
From (S.1.5.1) and (S.1.5.2) we get

= (1-2)

(8.1.5.5)
z
Ny = MQE

Substituting (S.1.5.5) and (S.1.5.4) into (S.1.5.3) results in the differential

equation

219
a

Letting w? = 2ug/a gives & + w?z = pg. The solution of this equation is

T+ z—pug=0

x=Acos(wt+a)+g

where « is an arbitrary phase. Taking into account the initial conditions
z (0) = 2o and £ (0) = 0 leads to the solution

a a
z(t) = (xo — 5) coswt + 3

corresponding to simple harmonic motion.

b) Now consider another case (see Figure S.1.5b). The equations are quite
similar:

Ny + Ny = Mg (3.1.5.1’)
Niz =Ny {(a—1x) (S.1.5.2)
Mi = fy — fi = p(Na — Ni) (8.1.5.3")
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N oA AN
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Figure S.1.5b

Again from (8.1.5.1’) and (S.1.5.2") we can get & —w?z = —pug, w? = 2ug/a.
The solution of this equation is

z(t) = (mo - %) coshwt + g.

This means that the motion is not bound within the length of the rod.
Even if you place the rod in the middle of the rollers, the equilibrium will
not be stable.

1.6 Swan and Crawfish (Moscow Phys-Tech)

First consider the method most likely suggested by Swan. Ignorant of the
law of gravitational attraction, he does not have to apply a strictly hori-
zontal force, and although the horizontal projection of the force is smaller,
the friction is also smaller. Let us assume that he applies the force at the
center of mass of the dresser and at an angle o to the horizontal (see Figure
S.1.6a). Then we can write, for the normal force N exerted by the floor on

NA F
< f [ & [¢]

I HH S S—S|EH 0

YMg
Figure S.1.6a
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the dresser,
N = Mg - Fsina

To move the dresser, Swan needs to apply a force F such that its horizontal
projection is larger than the friction force f = pNN:

Fcosa> u(Mg — Fsina)
or
pMg

- (8.1.6.1)
cosa + pusino

It is easy to check that tana = p corresponds to the maximum of the
denominator in (S.1.6.1) and therefore to a minimum force F. Using cos o =

1/4/1 + tan® @, we have
M
Finin = —=2— ~ 660 N

/12
Therefore, the force F should be

F > 660N

So Swan, who can apply a force of 700 N, will be able to move the dresser
alone.

Crawfish, being somewhat more earthbound, is likely to suggest another
method of moving the piece of furniture. He will apply a horizontal force,
but not to the center of mass of the dresser; rather, to one of its ends.
The dresser will start to rotate; however, the center of rotation R will not
coincide with the center of mass of the dresser (see Figure S.1.6b). So, after
one rotation of 180°, Crawfish will have moved the dresser by ! — 2z, where

F, AF

J °!R g

F)

Figure S.1.6b
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[ is the total length of the dresser. The frictional forces on each of the two
parts are Fy and Fy. They are proportional to the weight of the two parts:

l—=z

l

F = uMg (5.1.6.2)

Fy = %/,LMg (5.1.6.3)

Since the torque relative to the point R is zero, we have

F(l-z)-F (l_zx) —Fzgzo

Taking F, and F; from (S.1.6.2) and (S.1.6.3), we obtain the relation be-

tween F and x :
F_2z2~2l:v+l2
T 2(l-x)

The minimum force F occurs when

m=<1—ﬁ)l Foin = (V23— 1) pMg ~ 305 N

uMg

2

So, Crawfish is also able to move the dresser by his method.

1.7 Mud from Tire (Stony Brook)

Mud flying from different points on the tire will rise to different heights,
depending on the initial height and angle of ejection. Introducing an angle
o and the height h of the point of ejection O above the equator of the tire
(see Figure S.1.7), we can write using energy conservation

mv:  mv?cos’a
mgho = 5 = 7
v cos? o
ho = o2
g

where kg is the height to which the mud rises above O, and v = wR is the
speed of the rim of the wheel. The height H above the ground will be

v? cos? o

H=R+h+hy=R+ Rsina+ 2
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Figure S8.1.7

Now find the maximum height by setting the derivative of H with respect
to a equal to O:

dH v? .
T =0=Rcosa — —cosasina
o

There are two solutions of this equation. First,

cosa =0 a= g (S.1.7.1)

This case yields a maximum only when v? < gR, and the highest point of
the wheel is the maximum height. But here v? > gR, so we will consider
the other case:

. gR
sinap = “7 (8.1.7.2)
The height becomes
2 2 2
— : Voo a2 _ v ﬁ
H—R+Rs1nao+2g (1 -sin ag)—R+2g+ 3
We can check that
dzH ’U2 2 ’1)2 2

-d——z— = —Rsin ag— — cos® ap+— sin” oy
% e g g

2 R2
= —P—+g—2 < 0 (maximum)
g v
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1.8 Car down Ramp up Loop (Stony Brook)

a) Since there is no friction, we have from energy conservation
1 2
mghy = mgh + Emv

where v is the velocity of the car and m is its mass (see Figure S.1.8). At
any point of the ramp, the normal force of the ramp on the car should

ho

|

l
A
x

MM A e

Figure S.1.8

be nonzero; otherwise, the car will leave the ramp. Obviously, the critical
point is the top of the loop, £ = L, where the velocity is minimal and
gravity and centrifugal forces are antiparallel. For this point,

mgho = 2mgR + %mv2 (S.1.8.1)

The minimum height hg corresponds to a velocity v = vy at this point,
enough to provide a centrifugal acceleration equal to the gravitational ac-
celeration:

R 7Y
Substituting this into (S.1.8.1) yields

1
mgho = 2mgR + -2—ng = gng

5
hO:-éR

b) Consider a point on the ramp 0 < 2 < L. The velocity at this point is

defined by
2

Tzv— = mgho — mgh () (S.1.8.2)
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where »? may be written

v = (&% +§?) = [rfv2 + (dy/dn)’ 3] = [1 +(dh/da)?] ?  (S.183)

where the slope of the curve dy/dx is given by the derivative of the height
function dh/dz. Substituting (S.1.8.3) into (S.1.8.2) results in

2g [ho — h (m)]
1+ (dh/dz)’

¢) Now consider h(z) = hg [1 —sin(7wz/2L)]. Rewrite the solution to (b)
as

1+ (dh/dz)?
2g [ho — h (2)]
The time T to travel to £ = L can be expressed by the integral

dt = dzx

1+ (dh/dz)? dh  whe (:m
———— —_— s — —— COS —_—
29 [ho — h(z)) dx 2L 2L>

/ \/1 + (mho/2L)* cos? (wz/2L)
2ghg sin (mx/2L)

Letting £ = mz/2L anda = who/2L, we obtain

w/2
L V2 1+ a2cos?¢ L
T = L2 =
Vi 7 0/ N V@
where
V2 e 14 a%cos?é
fla)= e / ¢ siné
0

In the limiting case of hg 3> L, or a > 1, let us write the integral in the
form

(m/2)~¢ n/2
T L V2 / it 1+a2cos2§ L V2 / dt 1+ a?cos? ¢
T Vgho T sin & \/gho T sin &

(7/2)—e
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We can neglect 1 compared to a?cos? £ for the region from 0 to (7/2) — €,
with 1/a < € < 1. Then we have

(m/2)~¢ (m/2)—¢

T~ L \/_ alcos£| L —@a / d(sin¢)
- Vsiné \/gﬁo T J Vsiné
L \/' |V Jop,
= -24/siné g —

Vg;'-fO 0 g

This corresponds to free fall from the height ho, where g72/2 = h

1.9 Pulling Strings (MIT)

In order to keep the mass traveling in a circular orbit of radius 7, you must
apply a force F equal to the mass times its centripetal acceleration v?/r

I,

B A A A A A

Figure S.1.9

(see Figure S.1.9). Pulling on the rope exerts no torque on the rotating
mass, so the angular momentum ! = muvr is conserved. Therefore
mu? 12

F = = —
r mr

Then the work W necessary to move the mass from its initial orbit of radius
R to its final orbit of radius R/2 is

B2 oy 312
R :2_7;(-52-_72—2>=2mR2
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Solving in terms of Ej :

_3m**R?  3mo?
2mR2 ~ 2

= 3E0

1.10 Thru-Earth Train (Stony Brook, Boston (a),
Wisconsin-Madison (a))

a) The radial force acting on a particle at any given point inside the Earth
depends only on the mass of the sphere whose radius is at that point (see

Figure S.1.10a

Figure S.1.10a):

mM (r) 4 4
F.=G = M) = 37PT
where m is the mass of the car, so
4
F. = §7r,onr

The accelerating force will be

4 4
F, = F,.sina = §7rmer sina = §1rme:v
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so we have 4
mi + gprm:c =0

On the surface of the Earth A
g = §7rpGR

resulting in P %x -0
which describes oscillatory motion of frequency @ = 4/g/R. Half of the

period of this oscillation is the time ¢ for the train to get to San Francisco

t= L / g = 2540 s ~ 42 minutes

b) If there is friction proportional to the square of velocity we have an

additional term
Gt ~ilg|+ Lz =0
m R
where « is the proportionality coefficient for the friction force. Using p =
mZ we obtain
o+ —=plp| + g =0
LA R
=L
m

' dp aplp| = m?
 _ _1(cpipl myg,
= ( + )

(see Figure S.1.10b).

p

A
& iz

Figure S.1.10b
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¢) The acceleration due to the centrifugal force is given by the formula

F
la.| = Fel _ | ~wxwxr|=wa
m
where a is defined in Figure S.1.10a, and w = 27 /T is the angular frequency
of the Earth’s rotation. So the maximum centrifugal acceleration |a,|

on the surface of the Earth

max 18

|ac|max = w?Rcosf
For New York 8 = 40°, yielding
|ac|max = (47%/T?) Recos 6 ~ 2.6 cm/s”.

So the centrifugal force is only about 0.3% of the gravitational force. The
acceleration due to the Coriolis force is

|aCor|max = I — 2w x Vmaxl = 2w |Vmax|
From (a):
r = xzgcosft
9 = Rsing

where ¢ = L/2R = 2500/6400 ~ 0.39 rad. So,
v=12=—RQsin¢sin Q¢

and |agor|max = 2wQRsin ¢ , where Q is the frequency of oscillation found

in (a): Q = +/g/R, and S0 |acer|max = 2wv/gRsing =~ 45 cm/sz. Hence,
the Coriolis force is about 5% of the gravitational force.

1.11 String Oscillations (Moscow Phys-Tech)

We have assumed that the dependence is of the form
f o< LoTBpY

To find «, £, 7, we use dimensional analysis, i.e., assume that the dimen-
sions are equivalent on both sides of our proportion:

[£] o< [L]*(T1°[)
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In MKS units, we have
_ Kg-M\? /Kg\”
1 _ a 26
=00 (557 ()

§~1 = Me+B-v . KgP+r.g728

or

This is true if the following equations hold:
20 = -1 B=1/2
B+y=0 = y=-1/2

a+B8-v=0 a=-1

So
1 /T

LlTl/2 12
fox P A

1.12 Hovering Helicopter (Moscow Phys-Tech)

The simplest model for a helicopter rotor is a disk of area A inducing a
uniform flow of air with velocity v close to the rotor and w far downstream.
For an estimate, this model is adequate (see for instance Johnson, Helicopter
Theory). We disregard any energy loss due to turbulence and consider air
to be an incompressible fluid. The rate of mass flowing through the area A

of the rotor will be
m = pAv (5.1.12.1)

The thrust T is equal to the momentum change per unit time of the air

from velocity 0 to w :
T =rw (S.1.12.2)

The power P is equal to the energy change of the same amount of air per
unit time (seconds):

1
P=T.v= 5fnw2 (8.1.12.3)

From (S.1.12.2) and (S.1.12.3) we have w = 2v, and substituting 7 and w
from (S.1.12.1) into (S.1.12.3), we can get

P=Tv= %pAv (20)? = 2p40° (S.1.12.4)
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and therefore
T = 2pAv? (S.1.12.5)

If the helicopter is hovering, it means that its weight W is equal to the
thrust 7 in our ideal case. Then

W = 20402 v=\/W/2pA (S.1.12.6)

The resulting power is
P=Tv=W+W/2pA (8.1.12.7)

Since the weight W is proportional to the volume L3 of the helicopter, and
the area A is, of course, proportional to L?, we find

PocL3\/L3/12=L"? (S.1.12.8)
So, for a model of the helicopter
I\
p= (f) P (8.1.12.9)

where p and | are the power and size of the model, respectively. For a
1/10th size model:

1

7/2 7/2
-2
= —— = — . I . . h z2
) (10) P (10) 100hp =~ 3.16 - 10 p 4W

1.13 Astronaut Tether (Moscow Phys-Tech, Michigan)
The spaceship moves under the influence of the Earth’s gravity, given by

MMg

F=
G B

(5.1.13.1)

where M is the mass of the spaceship, Mg is the Earth’s mass, R; is
the distance between the center of the Earth and the ship, and G is the
gravitational constant (see Figure S.1.13). We may write for the spaceship

ME
M
£ 2
-— e Rl e— [ e
R‘Z —

Figure S.1.13
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MMg

GR%

—~T = MQ?R; (S.1.13.2)

where €} is the angular velocity of the ship and 7T is the tension of the
communication cable. Similarly, for the astronaut,

+T =mQO2R, (S.1.13.3)

where m is the mass of the astronaut, Ry is the radius of the orbit of the
astronaut, and € is the angular velocity of his rotation about the Earth.
Obviously, we can write (S.1.13.2) and (S.1.13.3) with the same angular
velocity only for the specific case where the spaceship and the astronaut
fall on a ray from the Earth’s center. Equating € from (S.1.13.2) and
(S.1.13.3), we obtain

1 MMg 1 mMg
-T) = — G——=+T .1.13.
v (O7R ) =rm (G0 T) 1134

From equation (S.1.13.4), we can easily find the tension 7 :

_ Mm R} - R}
" MR; +mRy \ RIR?

Using Ry & Ry &~ R, R} —~ R} = (Ry — R1) (R2 + R1Ry + R?) = 3R?L,we
can rewrite T in the form:

Mm _MgG L Mm
T“3M+mL R " "RM+m

where gis the acceleration on the surface of the Earth. Also, since M > m,
we can write an even simpler formula as an estimate:

ng_3 100-110-9.8
R 6400 - 103

Hence, the wire would withstand the tension of holding the hapless astro-
naut in tow.

T )MEG

g,

T=3 ~ 0.05N

1.14 Spiral Orbit (MIT)

The solution may be obtained most quickly by employing the differential
equation for the orbit (see Goldstein, Classical Mechanics, §3-5 ), whereby
the time dependence is eliminated from the equation of motion. The deriva-
tion proceeds from the definition of angular momentum {, which is conserved
in central force motion, and consists of the substitution of (I/mr?) (d/df)
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for d/dt. Inits final form, the equation reads as follows:

d*u m d 1 1
We now substitute the proposed potential and orbit equation into (S.1.14.1):
_ 1 Pu_ 6
T ch? de: o4
i‘ﬁ = —pau~ Pt _ ggy~(a+1)
du
yielding
6 1 m

it = (pacp+192(p+1) + qﬁcq+102(q+1>) (S.1.14.2)

Identifying powers of 8 on the two sides of (S.1.14.2) gives
-4=2(p+1)
-2=2(q+1)
and therefore
p=-3
q=-2

1.15 Central Force with Origin on Circle (MIT,
Michigan State)

The differential equation of the orbit comes to the rescue here as in problem
1.14. From Figure S.1.15, we see that the orbit equation is

Figure S.1.15
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r =2Rcosd (5.1.15.1)
50 11 1
w=—= o — (S.1.15.2)
and

due 1 sing d*v 1 1+sin’f

d9 ~ 2R cos?f 49> " 2R cos®6
Applying the differential equation of the orbit and substituting (S.1.15.2)
and (S.1.15.3) into it, we obtain

du o omd (1N 1 1+sin20+ 1

a2 YT T @ \u) TR\ 0?0 " cost
p— 1 —
" Rcos39

(5.1.15.3)

8R%? (S.1.15.4)

We are required to find

@V _ dudV 1 av

Frl=-——=—-— — == — .1.15.
(r) dr dr du r? du (5.1.15.5)
SO e

8 m

— = —ﬁrzF(r) (S.1.15.6)
and finally

8R%? 1
F(T’) = — m ’ITS—

1.16 Central Force Orbit (Princeton)

a) We see that the orbit describes a cardioid as shown in Figure S.1.16.
Invoking the orbit equation yet again (see Problem 1.14), we may find the

y

A

Figure S.1.16




MECHANICS 103

% (327‘2‘ +u> - —f (%) (S.1.16.1)

where ¥ = 1/r. Calculating the derivatives of u:

force:

1
“~ 2 +cosh)
du _ sin @
d6  a(1+ cosf)’
d*u _ 1 (1+cos6)cosf + 2sin’ 6
do? a (1-+-cost9)3
_ 1 (1+cosf)cosf +2(1 + cosf) (1 — cosb)
T a (1 + cos6)®
_ 1 cosf+2—2cosd
a (14 cosf)’
_ 13— (1+cosb)
a (14 cosf)®
_ 3a _ 1
a2 (1+cos)® a(l+4cosb)
3a 1
=— — - S.1.16.2
- (S.1.16.2)

and substituting into (S.1.16.1), we obtain

2
Fey=-22

mr
b) (see Landau and Lifshitz, Mechanics, §18). The initial impulse to solve
for the scattering angle as a function of the impact parameter leads one
astray into the realm of elliptic integrals. Instead, realize that the operative
word is “capture” and construct the effective potential of the particle, where

12 A

Ut = =3 — =
€ 2mr2

and A is a constant of proportionality, and [ is the angular momentum.
Those particles whose kinetic energy exceeds Ues (10) will be captured. At
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ro, dU (ro) /dr = 0, so we obtain

12 + 4A 0 I 4Am
mry  ry 0= 12
and
4 Ald 4

U = —_— =
o (70) = g3 ~ T64Pm? ~ 16Am2
The condition for capture becomes

1mv2 > e
2 16 Am?

where [ = musb, and b is the impact parameter. Rearranging, we find that
b < ¢/8A/mv2, . The cross section is given by mb%, so

2A
muk,

Ocapture = 2m

1.17 Dumbbell Satellite (Maryland, MIT, Michigan
State)

Write the Lagrangian in the frame with the origin at the center of the
Earth. The potential energy of the satellite is

mM mM

V=-G——-G—

R, ¢ R_
where M is the mass of the Earth, and R, and R_ are the distances
from the center of the Earth to the two masses (see Figure S.1.17). Using
the formula Ry = v/RZ + 12 £ 2Rlcosf ~ R/1% (21/R)cosf (where we

Figure S.1.17
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disregard the quadratic term (I/R)?), we can rewrite the potential energy
in the form

v=-c¥ : + 1
- R \\/1+(2l/R)cos® +/1—(2l/R)cosb

Keeping two terms in the expansion of the square root, we obtain

mM 3720\°

We can find the minimum of the potential energy now by solving 8V/86 = 0,
which has two solutions:

) (S.1.17.1)

=0

and T
=3
For the first solution, 82V/862 > 0, and for the second, 82V/862 < 0. So,

at @ = 0, the potential energy has a minimum, and that determines the
orientation of the satellite.

b) For small oscillations
cos?f~1—6°
From (S.1.17.2) we obtain

202
ﬁﬂ-h{—léi + const (8.1.17.3)

The kinetic energy of the satellite can be written in the same approximation
as a sum of its center of mass energy (which is constant) plus the kinetic
energy relative to the center of mass:

T=2. %m (lé)z + const

V (6) = 3G

So the Lagrangian is

L=T-V =ml?* - BG%FGZ + const
The angular velocity wp of the satellite about the Earth may be obtained
from the equation for a circular orbit: mwiR = G (mM/R?). From the
Lagrangian, we arrive at the angular velocity € of small angle oscillations
of the satellite, where 2? = 3G (M/R?) = 3w§ and so Q = v/3wg. For
further details, see Barger and Olsson, Classical Mechanics: A Modern
Perspective, §7.3.
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1.18 Yukawa Force Orbit (Stony Brook)

The motion can be investigated in terms of the effective potential

l2

Vet = DT +V(r) (8.1.18.1)
where ! is the angular momentum of the particle about the origin and
v (r)
Fr)=—-———+
(r) or
The conditions for a stable orbit are
Ve Ve
Fealr)]  _, IVal)l (5.1.18.2)
or r=R or? r=R

where r = R is an equilibrium point for the particle in this now one-
dimensional problem. The requirement on the second derivative implies
that the effective potential is a minimum, i.e., the orbit is stable to small
perturbations. Substituting (S.1.18.1) into (S.1.18.2), we obtain

Vo 28V { 12 K_T/a}
—- = e

mrd 7?2

A =g = =0  (S.1.18.3)

r=R

The second condition of (S.1.18.2) gives

2 2 2
a ‘feﬁl = _1_ {3_1_ —_ 2K7ﬂe_r/u‘ —_ ﬁ_e—r/a}
m a

o2 i r=R
(S.1.18.3) gives
2
KReRa =L
m
which, substituted into (S.1.18.4), yields
0 Vg 12 R
— = —<1—-— 0 S.1.18.
or? | _p mR* { a} > ( 8.5)

which implies that, for stability, a > R.

b) The equation for small radial oscillations with £ =r — R is

0 Vgt

mé + o2

£=0 (8.1.18.6)
r=R
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The angular frequency for small oscillations given by (S.1.18.5) and (S.1.18.6)

is found from
_ 12 1 R
T m2Rt a

w= — VI~ (RJa)

2 18%Ver
“m Or?

1.19 Particle Colliding with Reflecting Walls
(Stanford)

a) The presence of the perfectly reflecting walls is a smokescreen, obscuring
the two-dimensional central force problem (see Flgure S.1.10a). In r,8
coordinates, each reflection merely changes @ into —§, which does not affect
the energy or the magnitude of the angular momentum, so ignore the walls.

T X

Figure S.1.19a

Write the energy as

e 1 , C
T 2mr? + 2™ T3
where [ is the angular momentum of the particle about the origin. If the
particle does not actually hit the origin, at its closest approach to the
origin 7 = 7¢e, 7 = 0 (see Figure S.1.19b). Equating the initial energy of
the particle with its energy here:

(S.1.19.1)

E=-mV? - = = e — — (S.1.19.2)

where | = mVy,R. Solving (S.1.19.2) for re, gives the distance of closest
approach.
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Ueff

Fo Tea g

Figure S.1.19b

b) Considering the problem in one dimension, we write the effective po-
tential from (S.1.19.1)

2 o
- — = .1.19.
Usit = 5—5 — (S.1.19.3)
It has a maximum when 8Ug/0r = 0.
2 s
mr  rh
(S.1.19.4)
_3mC _ 3C
To = 2z msz;?
Here 3ROV
=Y S.1.19.5
eff 5402 ( )

If the energy of the particle exceeds this value, the particle will greet the
origin and escape to infinity. In addition, if the energy is less than this
value, but the initial position R is less than the value given by (S.1.19.4)

3c \ /3
R (i)

then the particle will also reach the origin.

c) If, as in (b), the energy exceeds (S.1.19.5), then the particle will es-
cape to infinity. If, on the other hand, the energy is too small, but the
particle starts with R > rq, then the particle will turn around at r¢, and
escape also.
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1.20 Earth—Comet Encounter (Princeton)

The total energy of the comet is zero since its trajectory is parabolic. In
general,
£ mr? N 12
T2 2mr?

where r is the comet’s distance from the Sun, { is its angular momentum,
and U (r) is its potential energy (see Figure S.1.20). U (r) = ~GmMgyn/T,

+U(r) (S.1.20.1)

g
N7

ty

Figure S.1.20

where G is the gravitational constant. Find the total angular momentum
defined at the perihelion, where

T=Tmin=p, =0

2

2mp?

+U(P)=E=0

Therefore,
| = (2map)*/? (S.1.20.2)

where o = GmMgyn. From (S5.1.20.1)

dr_ (2 (a_ P
dt  \\m\r 2mr?

so the time the comet spends inside the Earth’s trajectory is

Tmax

‘=9 dr

Tmin 3 2__ l2
m\r 2mr?
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But [? = 2map, so from (S.1.20.2)

Tmax a

dr rdr
t=2 / — = 2/m 2a/ S.1.20.3
2 (a ap) / VT —D ( )
Tmin -\ — "'_2' Y4
m \r T

where a is the radius of the Earth’s orbit. The expression f: rdr/r—p
can be easily integrated by parts, yielding

rdr 2 3 2p D
== 1+ % 1-£

Jr—0p 3a +a a
2

Substituting this result back into (S.1.20.3) gives

2 [md® 2
s 22, [ma’ (1 + —p) 1- P (S.1.20.4)
3 o a a

We know that the period of the Earth’s revolution about the Sun Tg equals
one year, and noting that Tr = 2m\/ma®/a, we can rewrite (S.1.20.4) in

the form Y
2

=_TE(1+2_P),/1_£

3 o a

Denoting p/a = £, we find the maximum of F (£) = (1 + 2¢) /1 = ¢, given
that t = (v/2/37) TgF () :

dF
ar =2
d¢ 1/2

Therefore tax = 2Tk /37 = 77 days = 11 weeks.

1.21  Neutron Scattering (Moscow Phys-Tech)

Consider a neutron colliding with atoms of a certain type. In each collision,
neutrons lose a fraction of their kinetic energy; let us calculate this fraction.
We will assume that the collision is elastic and central. From energy and
momentum conservation,
mvg  MV?  mo?
5 -~ 3 "
mvg = MV + mu

where m and M are the masses of the neutron and the atom, respectively;
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vp and v are the initial and final velocities of the neutron; V is the velocity
of the atom after the collision. These equations may be rewritten in the
form
M
vg ~v? = —=V?
m

’Uo—'l)—':MV
m

Solving for V gives

2
V=
a+1 vo
lettingoe = M/m. The kinetic energy of the atom after collision is
MV? My 4 M mi 1
Ty = = 5 = 4 —= —
2 2 (a+1) m 2 (a+1)
a T()

BRI Sy

where Ty is the initial kinetic energy of the neutron. Obviously, asa — 0
oroo, T4 — 0. The maximum of T4 as a function of a corresponds to the
minimum of (& + 2 + 1/a). So we have @ = 1 (a positive). Here, m = M
and the kinetic energy of the atom as a result of the collision will be a
maximum T4 = Tp. For hydrogen, @ = My /mis very close to 1 and
this explains why materials with high hydrogen content are so efficient in
blocking the neutrons.

1.22 Collision of Mass—Spring System (MIT)

a) The maximum compression of the spring occurs at the moment when the
velocities of the two masses my and mg become equal (see Figure S.1.22).
For this moment we can write conservation of momentum and energy as

miW = (m1 + mz) |4 (81221)
2
-"; V2 = m—‘? v’y k—g— (S.1.22.2)

where A is the maximum compression of the spring; from (S.1.22.1)

Figure S§.1.22
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/ my

-y,
my + mo

and from (S.1.22.2)

A=+ulkVo
where @ = mimg/ (my + mg) is the reduced mass.

b) If, long after the collision, both masses move in the same direction,
it means that mj > mg, and the spring will not be compressed. So we have

ml%z _ m1V12 m2V22

2 2 2

m1Vp = miVi + maVs

We can easily find V7 and V; from these equations

m1 — ma 1—7v
V:——— = V
Y miAmg 0 147 0
2 2
Vo = i Vo

— V=
my + ma 1479

where v = ma/m,.

1.23 Double Collision of Mass—Spring System (Moscow
Phys-Tech)

a) Let us call the ball of mass M ball 1, the first ball struck 2, and the
third ball 3 (see Figure S.1.23a). After the first collision, ball 1 will move
with constant velocity V1 and balls 2 and 3 will oscillate. For another
collision to take place, the coordinates of balls 1 and 2 must coincide at
some later moment. First find V; after the initial collision, considered to
be instantaneous. Then, this problem is no different from the collision
of just two balls of masses M and m. If the velocity of the first ball
before the collisionis V3 we can find V; and V, from energy and momentum

k
M m m
Q> O A
1 2 3

Figure §.1.23a
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conservation:
MVy = MV, +mV,

MVE MV? mV?

) 2 T3
Again, as in Problem 1.22,
M — 1-
mV ~y

Vi = =
YTMAm YT 144

Vo (5.1.23.3)

Vo (S.1.23.4)

After the collision the first ball will move with constant velocity V; and
so its position coordinate x1 = Vit = Vot (1 — ) /(1 +«). The center of
mass of balls 2 and 3 will also move with constant velocity V, = V; /2 (since
mg = m3 = m). Therefore from (S.1.23.4)

T 14y

Le

Now, in the center of mass frame of balls 2 and 3, the two balls are moving
toward one another each with speed V,/2, and they will start to oscillate
relative to the center of mass with the following time dependence:

T93(t) = Asinwt

where w = +/k’/m and k' is the spring constant of half of the spring,
k' = 2k. From energy conservation, the initial energy of mass 2 in the
center of mass frame goes into the energy of spring deformation with an
amplitude corresponding to the velocity change from V,/2 to zero:

m(Ve/2)>  mVE KA
2 2(1+7)° 2

/ _— VO
A=/mV3/k 1+9)° = Trvw

In the lab frame
Vot

1) = z.(t) + Asinwt =
z2(t) = z(2) sinw T+

Vo .
+ sinwt
(1+7w
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sin @

Figure S.1.23b

For the second collision to occur, we need 1 = x3 or

1—7 Vot sin wt
— Wt = 1 .1.23.5
T+~ O 1+4 < t o ) (8 )
So we have inwi .
Sneb e, (S.1.23.6)

wt
The easiest way is to solve (S.1.23.6) graphically (see Figure S.1.23b). For
the solution to exist, we have the condition ¥ < Ymax, Where

1
Tmax N 5 N 0.2

3n/2
at g ~ 37 /2. The minimum value of the mass M = m/Ymax = 10 kg

b) The time between collisions is

to=£q~—\/k, 37”/ ~5s

1.24 Small Particle in Bowl (Stony Brook)

a) In spherical coordinates, the Lagrangian
L=T-V= % (7"2 +r2¢2sin20+r292) + mgr cos 8
Since we have the restriction = constant = R (see Figure S.1.24),

R :
L= mT (¢2 sin? 4 + 92) + mgRcos 6 (S.1.24.1)
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Figure S.1.24

b) For the generalized momenta

oL _

= — = mR29
ol

Do

ac 2. .92
Po = =— = MR*psin® 6
¥ 6(/) (4

¢) Find the Hamiltonian of the motion H (p, q,t)

H(p7Q7t) = szf.h - ‘C
From (b)
g =P
mR?

Py

v= mR2sin? §

The Hamiltonian then becomes

1 P 2
©
= —— | —— + — mgRcos 8
H 2mR? (sin29 po) I

d) Let us write Hamilton’s equations

. _ _OH
pi= £
oo O
' Op
OH _ pjcosf ,
.o 9 _ J?
Do 36 - mRZsn®d mgRsin
) oH
Po=—57-=0 Py = Py, = const

115

(S.1.24.2)

(S.1.24.3)

(S5.1.24.4)

(S.1.24.5)

(S.1.24.6)

(5.1.24.7)
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e) Differentiate (S.1.24.3) and use (S.1.24.6) and (S.1.24.7)

" ; 1 1 p% cosb
§=-2_ _ ( Peo — mgRsin 6) (S.1.24.8)

- mR2 mR2 \ mR? sin3 @
f) 1f6 =0y, 6§ =0, § =0, wehave

2
1 pj,cosby
mR?  sin® 4,

~mgRsinfy =0 (S8.1.24.9)

Do, = £mR+/gR/ cos by sin? 8,
p= — Peo ++/g/Rcos by

mR2 sin? 6,

(S.1.24.10)

Here, the particle slides in a circle at a fixed height in the bowl. The dif-
ferent signs correspond to clockwise or counterclockwise motion.

g) If 8 =6y, §=0, ¢ =0 at t =0, then we always have

p‘P:pSOo:O

and so .
gsiné

R

(the equation for a simple pendulum). The energy is conserved and there-
fore

f=

(S.1.24.11)

H(t) = const = H(0) (S.1.24.12)
Using (S.1.24.2), (S5.1.24.5), and (S.1.24.12), we have
2

P
H(t) = 2m6’R2

—mgRcosf = —mgR cosfy

and

|pe| = mR+/2gR(cosf — cos 6p)

The maximum velocity corresponds to the maximum |pg| which occurs at

=0
P8l ey = MB\/29R(1 — cos bp)
— R — 'pelmax _ \/___—
|Vmax| = Romax == mR = 2gR(1 — COs 90)
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Of course, this result can be obtained much more easily from (S.1.24.11)
using elementary methods.

1.25 Fast Particle in Bowl (Boston)

Introduce cylindrical coordinates p, ¢, 2z, where 2z is positive down (see Fig-
ure S.1.25). We can write the Lagrangian

L= l;_ (8% + p2? + %) + mgz (S.1.25.1)
From (S.1.25.1), we can see that, as usual, the angular momentum is con-

served:
mp*p = const = lp = mR%w

g m

Figure S.1.25§

Using the constraint p? = R? — 2? which follows from the fact that the
particle moves along the spherical surface, we have

. wR? wR?

From the same constraint,

F34

R S.1.25.3
p s ( )
Energy is of course also conserved:
2R2

2
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Substituting ¢» and p from (S.1.25.2) and (S.1.25.3) into (S.1.25.4), we ob-
tain
1/ R?*3? w?Rt w?R?
- —gz = S.1.25.5
(Rz—z2+R2—z2 98= 3 ( )

The condition w?R > g leads to z <« R. Therefore we can approximately
write

2 2
(1 + R2> +w?R? (1 + R—2> ~2gz=w?R? (S.1.25.6)

or

324wz —292=0

g 29 ., quwt
z2="3 (1 —coswt) = —sin® o (8.1.25.7)

1.26 Mass Orbiting on Table (Stony Brook, Princeton,
Maryland, Michigan)

a) We can write the Lagrangian in terms of the length r of the string on
the table and the angle 6 (see Figure S.1.26):

. 1
= %M (r’2 + r292> + Emfz — mgr

The equations of motion are

(M +m)# — Mr6? + mg =0 (S.1.26.1)
L] (Mﬂé) -0 (S.1.26.2)
dt
}
r
7 '. 7
m

Figure S.1.26
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From (S:l .26.9) we have angular momentum conservation: M 72§ = const
=1y s0 8 =lp/Mr?
2

_ 1 .2 lg
£—2(M+m)r +2Mr2 mgr

b) The equilibrium position is defined by taking the derivative of Usg where

l2
Uet = mgr + 2.MOr2
3Ueff =0
or r=rg

g\
= (ng>

8%Ueg/8r? > 0, so the orbit is stable with respect to a small perturbation
in the radius. The frequency of small oscillations is given by

a1 (0 _ 1 (s
Meg \ 0r J|._,, M+m\ or
1 (BN 1 gg)
T M+m \Mry) 1+ (M/m) \ro

1.27 Falling Chimney (Boston, Chicago)

First calculate the motion of the entire chimney of mass m by considering
the torque 7 about its base B (see Figure S.1.27)

T=To

L
T= —ng cosd

S I HIH I I H NN
Figure S.1.27
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The moment of inertia about the base is I = (1/3)mL?. The equation of
motion for § is found from
=10
= —— =cosf

4 5 T 08
The piece of the chimney above the point P rotates in response to the
torque 7, produced by its center of mass about P given by

m(L—-z) (L-2x)

Tem = — T g 5 cosf

and the torque 7(z) produced by the rest of the chimney attached below
P, “trying” to convince the piece to rotate at 8
m(L—x)g(L——z) _lm(L—m)

-
7(z) — 7 5 cos&--3 i3 (L—x)9

Find 7 (z) by substituting for cos 8 above:
1m 3= m 9 =
== (L - -=(L-z)8
7 () 3T (L-2)"0 3 (L—-1x)

Find the maximum torque by taking the derivative of 7 (x} with respect to
z and setting it equal to zero:

dr (z) m 25 2m --

——~=we (L-2)0+— (L—2)0=0

o L(L :1:)+3(L z)

Either £ = L, where the torque is zero, or L —z = (2/3)L = z = L/3,
as was to be demonstrated. This problem may also be found in Cronin,
Greenberg, Telegdi, University of Chicago Graduate Problems in Physics
and Routh, Dynamics of a System of Rigid Bodies.

1.28 Sliding Ladder (Princeton, Rutgers, Boston)

Let us watch the ladder until it leaves the wall. Forces Ny and N, are
normal reactions of the wall and floor, respectively; W = mg is the weight
of the ladder; z. and y. are the coordinates of the center of mass (see
Figure S.1.28). First, find the Lagrangian of the system. The kinetic energy
T = (m/2) (&2 +92) + (1/2) 1.6 I is the moment of inertia relative to
the center of mass

=M oon2 = M2
L =25 (2) = 21
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\ SN

Figure S.1.28

T = __2711 (&2 +92) + émlzoz2 = =mi%e?
L= %mlzdz —mglsina (S.1.28.1)
From Lagrange’s equations
g—ld = —gcosa (S.1.28.2)
In addition, from energy conservation
(2/3) mi%6® = mgl (sin g — sin @) (S.1.28.3)

We will assume that the ladder loses contact with the wall before it does
so with the floor. (This has to be checked). Up until the ladder slides away
from the wall, there are constraints of the form

z, = lcosa (S.1.28.4)

Yo = lsina (8.1.28.5)

Since N, is the only force acting in the x direction, N1 = m&.. When the
ladder loses contact with the wall, Ny = 0. Differentiating (S.1.28.4) twice
gives

%o = —l&® cosa — lgsine = 0 (S.1.28.6)

From (S.1.28.6) & = —a&? cot &, and substituting it into (S.1.28.2), we have
for the angle the ladder leaves the wall

g—ldz = gsina (8.1.28.7)
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From (S.1.28.3) and (S.1.28.7), we obtain

1 . . .
§s1na =sinag — sina

9 (S.1.28.8)
sina = 3 sin oy

We have assumed that the ladder loses contact with the wall first. Let us
check this assumption. It implies that Nz > 0 at all times before the ladder
leaves the wall

Ny = mg + mi,. (S.1.28.9)

From (S.1.28.5) and (S.1.28.6), we have

162
o = —la2sina + licosa = ——— (S.1.28.10)
sin o
Therefore 162
mlda
Ny = - .1.28.
2 = mg prows (S.1.28.11)
At the time the ladder leaves the wall
mla? 3 1
Nz—mg—sina—mg~zmg-—zmg>0 (g>0)

On the other hand, N, is monotonically decreasing while « is decreasing (see

2
(S.1.28.3)). So, our assumption was right and indeed o = sin~? (§ sin a()) .

1.29 Unwinding String (MIT, Maryland (a,b),
Chicago (a,b))

a) You can write a Lagrangian using Cartesian coordinates ,y and express
it as a function of 8,8 (see Figure S.1.29a). However, if you notice that the
length of the unwound string is R#, and it unwinds with angular velocity
8, you can immediately write a Lagrangian, which is just a kinetic energy
in this case

1 .
L= §mR29292
The equation of motion will be

d

= (929) 6% =0
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Figure S.1,29a

Or X3 .
66+ 6%6 = 0

L6 5(5) -

whose solution is % = 2At + B. From the initial condition 6 (0) = 0 and

or for 8 # 0,

i.e., 6(0)8(0) = vo/R, we conclude that B =0 and A4 = vo/R, so

6= \/2(U0/R)t

b) The angular momentum 1 about the center of the cylinder is given by

1 =mr x v = mlué, = mROué, = my/2v3Rt &,

The angular momentum is not conserved, since there is a torque from the
cord connected to the cylinder; the energy, on the other hand, is conserved,
because the force on the mass m is always perpendicular to its velocity:

mv

_pr_TMpasao
E—L—2R09 5
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Figure S§.1.29b

¢) Again we can employ cartesian coordinates (see Figure S.1.29b), but if
we use the fact that the cord is always perpendicular to the radius of the
cylinder at the point of contact we can write the Lagrangian in the form

I ST Sy SN L | 2.2
£ = SR + =mR? (0+ga) + MR

_1 2.2, Y oo (s, o)}
= 5 (m+ M) R*? + smR2 (6+¢)

From this equation, we can immediately obtain the integrals of motion. An
angular momentum which is now conserved is

oL
(4 3(,0
Initially, it is equal to zero, and since the initial impulse does not give the

system any angular momentum, it will be zero for all time. So, we have
from (S.1.29.1)

(8.1.29.1)

(m + M) @ + m8? (0’+¢>) -0 (5.1.29.2)
The energy is also conserved:
1 1 . 2 2
E = 5 (m+ M) R? + smR* (+¢) =5 (51203)

d) From equation (S.1.29.2) we can express ¢ in terms of § and 8 :
662

=
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Substituting (S.1.29.4) into (S.1.29.3) we obtain

M 6264 o[ 662 ’ v3
1+ — +0 |0 - 57—~ =55
( m) [62 + 1 + (M/m)]? 02 +1+ (M/m) R?
After some algebra, letting a = 1+ (M/m) and 8 = (v/R?) we have
o _ B
2+a a
Integrating this eguation results in
VO +a=(8/a)t+C

Therefore: 8
6% = at2 +2y/(B/a)Ct+C? -
From the initial condition 8 (0) = 0, we find that C? = a, 0

6=1/(8/a)t2 + 2/Bt

Substituting back o and 8, we have

0 vit? + 2uot
T VR2(1+(M/m)) R
For M/m — oo (i.e, afixed cylinder), this result reduces to that obtained
in (a). It is obvious from angular momentum conservation that the cylin-
der would spin in the opposite direction from that of the unwinding cord.
Indeed, from (S.1.29.4) we see that if 8 > 0, then ¢ < 0. Parts (a) and (b)
of this problem were published in Cronin, Greenberg, Telegdi, University
of Chicago Graduate Problems in Physics.

1.30 Six Uniform Rods (Stony Brook)

This problem, in genera (after some arbitrary time t) is rather difficult.
However we can use two important simplifications at t = 0. First, there is
sixfold symmetry, which means that the positions of the center of mass of
each rod can be described by just one angle # and, of course, the length of a
rod, which we will denote as 2a. The other condideration is that even after
the blow, the system will keep symmetry relative to the y-axis (because the
blow is a midpoint of the first rod). That means that not only at t = 0, but
dso at later times, there will be no rotation of the system, and its angular
momentum is zero. We choose the coordinate system as shown in Figure
S.1.30. Now the velocity of the center of mass (midpoint P) of the first
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Figure S.1.30

rod is w = g. The velocity of the midpoint of the opposite one (rod 4) is
1+ 4af cos 8 since the coordinates of its center of mass are (x,y + 4asin8).
We may try to use the condition P = 0 to find a relation between 6 and
y. At t =0, 6 = m/3 for a regular hexagon and

o
o0

_ar

Py = —
6=n/3 a6

0=7/3

where £ is the Lagrangian of the system, which in this case is equal to its

kinetic energy T
6

T=Y T
i=1

where ¢ = 1...6 are subsequent rods (see Figure S.1.30). The kinetic
energy of each rod consists of its energy relative to the center of mass
plus the energy of its center of mass. Let us say that the mass of the
rod is m. The energy relative to the center of mass will be the same for
rods i = 2,3,5,6 and equal to T; = (1/2) I.m6?%, where Iy, is the moment of
inertia relative to the center of mass. We have already used I.m ofauniform
rod in Problem 1.28. To calculate it, we can either integrate (which is very
simple in this case) or use a more general approach, which can be applied
in other problems with bodies possessing certain symmetries. In this case,
we know that the moment of inertia of the rod is ymZL?, where L is the
length of the rod and # is some numerical factor. Now move to the edge of
the rod. The moment of inertia I, is

L 2
Iechm'l'm(E)
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where L /2 is the distance between the edge and the center of mass. Here
we have applied the parallel axis theorem. On the other hand, this I, is
nothing but half of the moment of inertia relative to the center of mass of
a rod that is twice as long. So, we can write

2

57 (2m) (2L)? = ymI? 4 m <:;i>

1
47=’7+Z
_ 1
T 12

The moment of inertia of the rod is then I = (1/12)mL?2. In our case,
L = 2a,s0 I = (1/3) ma®. We then arrive at
1. 1 .
Trel.cm, = 5192 = 6maze2

Now calculate the center of mass energy of each rod T; = (m/2) (&2 + y2) :

T = %L‘Z]2
Ty =T = % [(y +a6’cos€)2 + (—aésinG)z]
Ty =T5 = % [(g]+3aécosé?>2 + (—aésin&)ZJ

. 2
Ty = % (y + daf cos 9)
So the total kinetic energy is
T=T+ 2T + 213 + Ty + 4Trel.cm.

. . 1
= 3my? + 12maby cos § + 8ma?6? (§ + 2 cos? 9)

Now we can calculate Py at § = 7/3:

T

= — = 12maycosf + 16ma? (1 + 2 cos? 0)
o6 6=m/3 3

Py

= 6may + %mazé =0



128 SOLUTIONS

So : 9y
#="2%a
Now recalling that 3 = u, we get for the velocity of rod 4
9 1 1
y+4afcosf = g+ 208 = — ﬁy Ey To¥

1.31 Period as Function of Energy (MIT)

Energy is conserved for a position dependent potential, so we may write

= (1/2)mi? + A|z|*. The time for a particle to travel between two
turning points of its motion 7, and 7, (where its kinetic energy is zero) is
given by

7 7 dz
mzw_“:/“"Jv@MME—mwa

(B/A) /™ (B/A)2/m)
_ dz _o / dr
o VO E=AED ] Vem B A=
(B/A)/™
dz
/ (S.1.31.1)
1/n "
5 \/1 - [(A/E) a:]
Let u = (A/E)Y™z. (S.1.31.1) then becomes

D) o
Tig = E\™ 2/ 4- W")/ N (S.1.31.2)

0

The period T is twice the time to go between points 1 and 2, T = 27y,. So
for the energy dependence of the period, we have

e
T o E\™ 2 (S.1.31.3)

For a harmonic oscillator n = 2, and T = 2mw/+/k/m, independent of E, as
(S.1.31.3) confirms (see Landau and Lifshitz, Mechanics, § 11).
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1.32 Rotating Pendulum (Princeton, Moscow Phys-
Tech)

We may compute the Lagrangian by picking two appropriate orthogonal
coordinates # and ¢, where ¢ equals a constant w (see Figure S.1.32).

1 o2 o2 1 2\ 2
T= 2m(ls1n0) w +2m(l0)
U= —-mglcost

L= %mlz(;"2 - (—mgl cosf — %mlzw2 sin? 9)

where we consider Upg = — (1/2) ml%w? sin® § — mgl cos 4.

Figure S§.1.32

a) Employing the usual Lagrange equations

doc_oc

dt 96 00
we have B

mi26 — mi2w? sin @ cos § + mglsinf = 0 (8.1.32.1)
b) (S.1.32.1) has stationary points where dUeg/06 = 0.
sinf =0 61=0, 6=
cosf = g/w?l 03 =cos™! ﬁ g/l <w?

To check these points for stability, take the second derivative

DUt
062

= —ml?w? cos? § + mi%w?sin® 0 + mglcosd  (S.1.32.2)
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At 8 =0 (S.1.32.2) becomes

>0, w?<g/l
<0, w?>g/l

0?Ueg

TR = —mliPw? + mgl = ml (g — w?1) = {

6=0

So at angular velocities w, < +/g/l, the potential energy has a minimum
and the § = 0 equilibrium point is stable. However at we > 1/g/l, this
point is no longer stable. At § = :

O?Ueg
062

=-ml?w? —mgl <0

f=r
This point is unstable for all values of w.
c) At w, > +/g/l, 8 =63, (S.1.32.2)becomes

*Uest
06?

2
= —amw?2-d L mw —%—
w?l

22
wil? l

+mgl

0=03

mg?

=T

2,2 >0,w2>g/l
+mwl _{ <0, w?<g/l

So, here at w, > +/g/l, the equilibrium point is stable.

d) Consider the initial differential equation (S.1.32.1) and substitute for 6,
8 — 83 + 8, where 83 = cos™! (g/w?l) :

mi? (53 + 6) — mw?1%sin (83 + 6) - cos (03 + 6) + mglsin (83 + ) =0

For small oscillations, we will use the approximations siné = 8, cosé =
1 —(1/2) % and leave only terms linear in 6 :

mi%8 + [mw?l? (1 — 2 cos® 63) + mglcosf3] - 6§ =0

After substituting cos 63 = g/lw?, we will have for the frequency € of small
oscillations about this point

3 2
ml%6 + (mw2l2 - %—g—-> 6=
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1.33 Flyball Governor (Boston, Princeton, MIT)

a) Find the Lagrangian of the system. The kinetic energy

1 .

T = %;ﬁ +3 (2ml?) 6% + % (2mi? sin® §) w? (S.1.33.1)
where y is the distance of the sleeves from each other and @ is the angle of
the hinged rods to the fixed vertical rod (see Figure S.1.33). The potential
energy

V= -Mgy - 2mg-g (5.1.33.2)

Figure §.1.33

Using the relation y = 2l cosé, we obtain for 8 # 0

M m12 .2 2 y2 2
L= (? 4 m) 7° +ml (1 — Zl_i) w*+(m+ Mgy  (S.1.33.3)

The equation of motion becomes

2 oml2yn? 2
d 2 (_1\1 ml )]_ mi2yy 2_}_myw
dt 42—y 2

5 +4l2—y2 —(m+M)g=0
(5.1.33.4)
b) From (S.1.33.3), we may introduce the effective potential energy

2

Ustt = %4—1/2 — (m+ M)gy (S.1.33.5)
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Its minimum gives the equilibrium position of the sleeve yo

2
OUeqt _ MwWyo (m+M)g=0 (S8.1.33.6)
Y |ymyo
yo = 2m+ Mg (S.1.33.7)
mw

The angle g corresponding to (S.1.33.7) is defined by

m+ M)g
cosfy = % = (——-;TL—;)—zl—)— (S.1.33.8)

The condition for stability of the equilibrium of (S.1.33.8) is equivalent to

cos By = (ﬂ-i]g)—g <1 (S.1.33.9)
mw?!

which can clearly be seen if we write everything in terms of # and not y
(see Problem 1.32). On the other hand, if

(m+ M)g
mw?l
(S.1.33.7) and (S.1.33.8) are no longer valid, and yo = 2!. This corresponds

to the stable equilibrium at & = 0 (again compare to Problem 1.32). So the
height 2z, of the lower sleeve above its lowest point is

>1

2(m + M) (m+ M)g

2l - yO = 2l - mwz s mw2l < 1
%= (5.1.33.10)
M
0, (m+ ! )9 . 1
mw?]
c¢) Taking the time derivative in (S.1.33.4), we obtain
2ml2 2mlzy 2 my o
. 2, MY 3 Mo = 0 Las
(M+ 4l2—y2> (4lz_y2)2y + ) w”—(m+M)g (S.1.33.11)

For small oscillations around the equilibrium point ¥ = yp+7, the quadratic
terms of 7 may be neglected, and we rewrite (S.1.33.11), where yq is defined
in (S.1.33.10) under the conditions in (S.1.33.9)

29(m + M)
Yo=———"

— (S.1.33.12)
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So
i+ Q% =0 (S.1.33.13)

where Qis the angular frequency of a simple harmonic oscillator given by

mw? /2
Q= \ﬂ/.r I A5 (S.1.33.14)

Now, yo = 2l cos 8y, and using (S.1.33.9), we eliminate w? to arrive at

_ (m + M)gsin? 6,
~V (m + 2M sin? 6)! cos o

(S.1.33.15)

1.34 Double Pendulum (Stony Brook, Princeton, MIT)

a) For the first mass m, the Lagrangian is given by
. 1 .
Li=T1 -V = -;—ml20f —mgl (1 —cosb;) = 5mﬁef + mgl cos 6,

ignoring the constant mgl. To find £z, introduce the coordinates for the
second mass (see Figure S.1.34):

T9 = Isinf; + Isinfy

1o = lcosfy + lcosBy

|
|
|

y

Figure S.1.34

Now, Ly =T, ~ Vo, where

T, = 0 (x% + yg) = El2 [0% + 62 + 26,65 cos (6 — 91)]

Vo = —mgys = —mgl (cos 61 + cos )
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So
L=Ly+ L,
= ml?6? + —gl—ﬂég + mi26,0, cos (82 — 6;) + 2mgl cos 61 + mgl cos 6,
For 61,6, < 1, we can take cosf = 1 — #?/2. Denoting the frequency of

a single pendulum by wy = /g/!l, and eliminating superfluous constant
terms, we obtain the Lagrangian in the form

. 1. . 1
L ~mi? <9’f + 593 + 0,8y - w26% — §w§9§> (S.1.34.1)

b) Using (S.1.34.1) we can write the equations of motion

26;1 + ég + 2&)891 =0

(5.1.34.2)
él +é2+w(2)92 =0
c¢) We are looking for solutions of (S.1.34.2) of the form
91 — Aeiwt
{S.1.34.3)
62 — Betwt

After substituting (S.1.34.3) into (S.1.34.2), we get a pair of linear equations
in A and B

—24w? — Bw? + 24wt =0

(S.1.34.4)
—Aw? — Bw? + Bwg =0
For nontrivial solutions of (S.1.34.4) to exist, we should have
2wk —2w?  —w?
det =0 (5.1.34.5)
—w? wg — w?

The eigenfrequencies are defined from

9 (w(z) _ w2)2 =t V2 (wg - wz) = +u? (S.1.34.6)
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Finally,
2 1/2
wf = \/_ wg W = (2 - \/5) Wo

(S5.1.34.7)
1/2
w2 = v2 w? w2=(2+\/§) wo

1.35 Triple Pendulum (Princeton)

a) Write the Lagrangian of the system using coordinates g, @2, 3 (see
Figure S.1.35a).

1 =asing; T =afsing; +singy) 3 = a(siny; + siny; + sinp3)

y1 =acosp; Y2 =a(cosypy +cosys) Y3 = a(cosyi + cosp; + cos p3)

N X
a
%
am
8
a
%,
m
a
@
¥ ¢ m

Figure S.1.35a

Then in the small angle approximation,

am ., . m . . m . .
T=—= @ +91) + 5 (@ +95) + o (&5 +93)

ama?
2

2
. ma . . ..
~ @7 + 5 (63 + 3 + 201¢2)
ma? .2 .2 .2 .. . .o
t— (7 + 3 + 3 + 2012 + 223 + 2901¢3)
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V = —amgy: — mgys — mgys

1 1 1
~ 5 mgaagt + 5 mga(el + ¢3) + 5 mga(] + 93 + ¢f)

Here we used

sinp; & p;

COS ; oS 5 + sin; sinp; = cos(p; — p;) = 1

So the Lagrangian is
maf" .2 .2 .2 . . Lo
L=T-V= - {(a+2)@ + 205 + ¢F + 412 + 201¢3 + 2pagp3

—wi [(o+ 2)0? + 202 + 3]}

where we let g/a = w. Therefore the equations of motion will be
(@ +2) [¢1 +whpr] +2p2 + @3 =0
201 + 292 + 2whps + P3 =0
@1+ Pa + Pz + wipz =0

Looking for the solution in the form ¢; = A;e** and letting w?/w3 = A,
we have as a condition for the existence of a nontrivial solution

(@+2)(A—1) 2 A
det 2 2A-1) A |=0
A A A-1

We want a mode where w? = 2g/a. So A = 2, and the determinant becomes

a+2 4 2
det 4 2 2{=0
2 2 1

Obviously v = 2 is the only solution of this equation (the first and third
rows are then proportional).
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Al ¥

Figure S§.1.35b

b) The mode corresponding to this frequency can be found from the equa-
tion

4 2 2 Az =0
2 21 Az
which has a solution A3 = —24;, Ay = 0. So the mode corresponding to

the frequency w = 1/2g¢/a is shown in Figure S.1.35b

P1 p
w2 |~ 0
3 —2p

1.36 Three Masses and Three Springs on Hoop
(Columbia, Stony Brook, MIT)

Introducing «;, the displacement from equilibrium for respective masses
1,2,3 (see Figure S.1.36), we can write a Lagrangian in the form

L=T-V=— (m1+z2+:1:3) [9:2—3:1) + (z3 — z2)? +(m1—m3)]
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Figure S.1.36

The resulting equations of motion are in the form
. 2k k
Iy + —x1 — —(.’132 +1z3)=0
m m
2k k .
Eo + —Tg — — (1;1 + :1;3) =0 (813()1)
m m

. k
3+ —z3— — (1 +22) =0
m m

Again, looking for solutions of the form z; = A;e™? we obtain an equation
for the determinant:

“A+2 -1 -1
det| -1 —A+2 -1 [=0
-1 —1  —A+2

where A = w?/w? and wg = k/m. The first root is Ay = w = 0 which
corresponds to the movement of all three masses with the same velocity.
The two other roots are Az 3 =3, w = v/3 wg, which are double degenerate,
corresponding to the mode 4, = 0, Ay = —A3, or Ay =0, A; = —A;3,
where one mass is at rest and the two others move in opposite directions.
The result can be obtained even without solving (S.1.36.1), if one can guess
that this is the mode. Then

T=%ﬁ+%ﬁ=mﬁ
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k , k
V=2 5:& + 5(235)2 = 3kz?

So, again, w = /3k/m = /3 wy.

1.37 Nonlinear Oscillator (Princeton)

a) The Lagrangian for the potential V (z) is

L=T-V(z)= %ma’:2 - ékxz + %m)\x:‘

Therefore, the equation of motion for the nonlinear harmonic oscillator is
&+ wiz = A’ (S.1.37.1)

where wp = 1/k/m is the principal frequency of a harmonic oscillator. We
will look for a solution of the form

T =z 4 az® 4 X2@ 4 ... (S.1.37.2)
where z(® is a solution of a harmonic oscillator equation
i+ wiz® =0 (S.1.37.3)

Since we are looking only for the first order corrections, we do not have
to consider a frequency shift in the principal frequency wp. The solution
of equation (S.1.37.3) with initial condition z{® = 0 is (¥ = Asinwgt.
Substituting this into (S.1.37.1) and using (S.1.37.2), we obtain an equation
for z(1) (leaving only the terms which are first order in A).

2
A2 4 dwiz(M) = A (-“6(0) + /\x(l)) =z (5.1.37.4)

or

2
iD 422V = 2@ = A?sin? wyt = %— (1 — cos2wot)  (S.1.37.5)

The solution for z(!) is a sum of the solutions of the linear homogeneous
and the linear inhomogeneous equations:

1) = Bsinwgt + C coswot + £ (S.1.37.6)
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where Z is the inhomogeneous solution of the form

2
= i@ + D cos 2wyt (8.1.37.7)
2wy

Substituting (S.1.37.6) and (S.1.37.7) into (S.1.37.5), we obtain D = A?/6w3.
So
) ) 2 A2
' = Bsinwgt + C coswgt + -éz)—g + 6_w§ cos 2wgt (8.1.37.8)

Using the initial condition z(1)(0) = 0 we obtain C = —~24%/3wg. The
solution of the equation of motion (S.1.37.1) will be

2 A%\ 1 A% 1 A%\
P / 1 . — — — ——— — —
z = A'sinwyt 3wl coswot + 3 W + 6wl cos2wpet  (S.1.37.9)

where A’ is defined from initial conditions.

b) The average of {(z} over a period T = 27 /wy is certainly nonzero for a
given amplitude of oscillation A. Inspection of (S.1.37.9) reveals that

1 A2)

W=

To take into account the energy distribution of the amplitude, we have to

calculate the thermodynamical average of (z) as a function of temperature

(S.1.37.10)

T(m)e'E/T de
(@) = Lo (S.1.37.11)

fe /T de
)

where 7 is the temperature in energy units 7 = kg7 and kg is Boltzmann’s
constant.

Ty A T 2 —e/T
(x) = 237 /A (e)e de (8.1.37.12)
0
The amplitude of the oscillator as a function of energy is given by
2
A? = —kf (S.1.37.13)
Substituting (S.1.37.13) into (S.1.37.12) gives
— X [ . A
= ~¢/T de = —— .1.37.
(z) T /ee e kng (8.1.37.14)

0
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This result can explain the nonzero thermal expansion coefficient of solids.
As 7 increases, the equilibrium point shifts (see also the discussion in Kittel,
Introduction to Solid State Physics, p.142, where (S.1.37.14) is obtained by
a different method).

1.38 Swing (MIT, Moscow Phys-Tech)

Consider half a period of swinging motion between points 0 — 1 — 2 —
3 — 4 (see Figure S.1.38, where the dotted line indicates the position of
the center of mass). From O to 1, energy is conserved Ey = F;.

| S

-_______-_;.;///
1

Figure §.1.38

muv?

2

mg (L +b) (1 — cospg) =

where (g is the initial angle. For small angles, 1 — cospo = ¢§/2 and

2 2
mg(l+b) 20 = %L (S.1.38.1)
2 2
From 1 to 2, angular momentum is conserved:
m{l+8vy =m{—-buv
(S.1.38.2)

Vg = E—ﬂ v
2= I—b 1
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From 2 to 3, again, energy is conserved so we can find the final angle ¢

2 2 2 2
mg (1 - b) ‘%f - v _ MY (l +b) (S.1.38.3)

2 2 \Il-b

From (S.1.38.1) and (S.1.38.3) we can express mv%/Z and obtain the change
in the amplitude:

1-b\*
mg (I +b) pi = mg (L — b) (l_-l-_b> 0% (5.1.38.4)
or using b/l < 1
b
o5 (1 + 32) @o (S.1.38.5)
and b
Ap = 32<p0 (5.1.38.6)
The work done by the child is equal to the energy change per period :
mgl
AE =2- —2‘?— (<p3} ~ &) = 2mglpo Ay

b (8.1.38.7)
= 6mgbyi = 12E0Z

We want to write (S.1.38.7) in the form dE/dt = aF,

dE AE wo b
—_— =6 —- .1.38.
dt  2mwfwo 6 T lEO (8.1.38.8)

(S.1.38.9)

where wg = /g/l.

1.39 Rotating Door (Boston)

We will use the frame rotating with the door (body frame, axes 1,2,3, sce
Figure S.1.39), so that we can use the Euler equations

di

Il%tl‘ + (I3 - Iz)wzws =N (S.1.39.1)
dw

Izd—: + (Il — .[3) wiwg = Ny (S.1.39.2)
d

Ig—u')é + (Iz e Il)wlwg = N3 (S.1.39.3)

dt
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o>

[

b
Figure §.1.39

where wj,ws,ws are the components of angular velocity in this frame and
I, I, I3 are the principal moments of inertia. In this case I1 and I2 cor-
respond to the moments of inertia of rods of length @ and b, respectively,
which can be calculated easily (see the solution to Problem 1.30):

1 9 1 9
L = zme I = 12mb

Since the problem is two-dimensional (we can disregard the thickness of the
door),

1
Iz =1, + I = 1—2-m(a,2 +b2)
In our frame w3 = 0, and w; and wy are constant.

wb
e VET
wa

wEVere
Substituting (S.1.39.4) and (S.1.39.5) into (S.1.39.1)<(S.1.39.3) we obtain

(5.1.39.4)

(5.1.39.5)

Ni=N,=0

m (b2 — a2) abw?

INI=Ns = — @+ )

1.40 Bug on Globe (Boston)

The angular velocity of the globe is always in the same direction (along the
fixed axis, see Figure S.1.40). Since the angular momentum 1 is constant



144

SOLUTIONS
S
Figure S.1.40
and |1} = Jw we may write
d
I
dt( w)=0
Tw = const = Ipwo (S.1.40.1)

Initially Ip is just the moment of inertia of the sphere (the bug is at the
pole), so Iy = (2/5) M R%. Substituting this into (S.1.40.1) we obtain

2
= =M R%wy (S.1.40.2)

It % dt 5

where I (t) = Iy+md? = Iy+mR?sin® a = [+mR?sin? (vt/R) , a = vt/R,
S0

T T
/ 2/5) MR2w0 / (2/5) Mszodt
(2/5) MR? + mR2?sin’ (vt/R)

Q Q

_ Rup [ d (2vt/R) Rwo [ dz
T 0/2-+—(5m/M)sin2(vt/R)~ v 0/2+(5m/M)sin2(a:/2)

27

_ Ruwo dz FWOR
T ow /(2+5m/2M)—(5m/2M)cosx V2M/ (@M + 5m)
0
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We used here sin? (z/2) = (1/2) (1 — cosz) and the integral given in the

problem:
27

/ dz 2 (a® > »)
a+bcosz  /g? -2
0

If the bug had mass m = 0, the angle Aé would be

wwo R TR
=WwWp— = UJQT
v v

Af =

which corresponds to the free rotation of the globe with angular velocity
wo-.

1.41 Roalling Coin (Princeton, Stony Brook)

We can use the standard method of Euler equations to solve this problem.
However, since the coin has a symmetry axis, it is easer to use aframe of
reference rotating with angular velocity €2, corresponding to the rotation
of the center of mass of the coin. Rolling without slipping implies that the
velocity of the point of contact with the table should be zero, and therefore

wa = (b+ asind) (S.1.41.1)

where wis the angular velocity of rotation of the coin around its axis (see
Figure S1.41). We have in this frame
n=-w=mg2
(5.1.41.2)
ffr = —‘szbS'

Figure S.1.4
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where n is the normal reaction, and w is the weight. From (S.1.41.2), we
can find the torque N relative to the center of mass of the coin:

N = Zri x F; = [mgasinf - mQ?abcosf) % (S.1.41.3)
i

In a noninertial frame rotating with an angular velocity §2, we can write
(see for instance Goldstein, Classical Mechanics, §4.9)

dl 1
== == S.1.41.4
N (dt)space (5t>rot * fx1 ( 4 )

In the rotating frame
61)
= =0
bt rot

Choose the moment of time when one axis is horizontal and in the same
direction as %X (3 in Figure S.1.41). Since the axis of this frame coincides
with the principal axis, the tensor of inertia is diagonal

1
§ma2 0 0
. 1
I= 0 Zmaz 0
1
0 0 Zma2

To calculate this tensor, we used I; = (1/2)ma? for the moment of inertia
of the disk about its symmetry axis and also the fact that for a body of
negligible thickness I; = Iz + I3. On the other hand 1 = I, where

Qiot = (w — Nsinf, —Q cos b, 0)
Taking N from (S.1.41.4) we have

i p) 3

Ni = N3 = —Qsind —Qcosf 0
1, . 1 .,

3ma (w— Qsinf) —zma Qcosd 0

= ma?Q? B— sin 6 cos 6 + -;— (% - sinB) cos 0] 3 (S.1415)
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From (S.1.41.1)
w=0 (g + sinB) (5.1.41.6)
Comparing (S.1.41.5) with (S.1.41.3) and using (S.1.41.6) we obtain

1
gasinf — Q2%abcos§ = a?Q? [l sinfcosf + 53— cos 0] (8.1.41.7)

4
gsinf = Q2 [% sinf cos 6 + gbcos e] (S.1.41.8)
4gtané
2
Ly (S.1.41.9)

1.42 Unstable Top (Stony Brook)

a) There are two integrals of motion in the generalized momenta p,,, py :

Py = g——i =13 (1}) + pcos 6) cosf + I psin® @ (8.1.42.1)
oL .
Py = 5;/)— = I3 (1/; + ¢ cos 9) = Iawg (S.1.42.2)

where we used the fact that wz = 4 + ¢ cosé is the angular velocity of
the top around its axis. Applying the initial conditions (6 = 0, 6 = 0) to
(S.1.42.1) and (S.1.42.2), we obtain

Py =Py = I3ws

Another integral of motion is, of course, the energy; again using the initial
conditions, we have

E=T+V= %11 (92 + ¢? sin? e) + -;—Igwg + Mgl cos 6

= EO = %Iswg + Mgt (S.1.42.3)

b) From (S.1.42.3) and using the condition that the head will descend to
a maximum angle 8 where § = 0, we have
o = 2Mgl (1 — cos 8)

S.1.42.4
I, sin%9 ( )
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On the other hand, from (S.1.42.1),
. Taw3 (1 —cos®)
=" 5,
Iy sin“ @

By equating ¢ in(S.1.42.4)and (S.1.42.5) and using the half angle formulas

(S.1.42.5)

8 8 0
_ — .2 Y . _ v v
1 —cosf = 2sin 5 siné 251n2cos2
we get
6 I3LU3
COS = = ——m—
2 2\/I1Mgl
c) Again using (S.1.42.3) and (S.1.42.5), we have
: 2 X 4Mgl I3 6
2 _ “ _ 2ain2h — 20 13W3 2 ¥
0 _IlMgl(l cosf) — p*sin“ g T sin” 5 2 tan 5

1.43 Pendulum Clock in Noninertial Frame (Maryland)

Calculate the Lagrangian of the mass m and derive the equation of motion
for 6(t) (see Figure S.1.43). Start with the equations for the z and y
positions of the mass

z = Rcoswt + L cos (6 + wt)
y = Rsinwt + Isin (0 + wt)

and compose

1 . 2 .
L= Zm (:1'02 + y'z) = %m [w2R2 + 12 (0 +w) + 2RIw (0 +w> cose] .

Figure S.1.43
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Applying Lagrange’s equations gives

6+ ?—wz sinf =0
which, for g = w?R, corresponds, as required, to the equation of motion for
a pendulum 6 + (g/!)sin@ = 0 in a uniform gravitational field.

1.44 Beer Can (Princeton, Moscow Phys-Tech)

a) It is possible to solve this problem in the rotating frame of the station.
However, then you have to take into account the Coriolis force. Instead,
consider the movement of the can in the Earth’s frame first and assume
that the trajectory of the can is only slightly perturbed compared to the
trajectory of the station (see, for instance, Arnold, Mathematical Methods
of Classical Mechanics, §2.8). Write Newton’s equations for the orbit

. T

¥ = —92;3 (S.1.44.1)
where € is the frequency of revolution. Using polar coordinates (r, ), we
can write for the trajectory of the can

r=r10+7T1
(5.1.44.2)
¥ = 9o+ p1

where (rg, o) correspond to the trajectory of the station and (ri,1) are
small corrections to the trajectory. Writing

r=re,
&, = e,
&, = —pe,
we have
I = Fe, + rpe, + 7pe, + rpe, — r¢e, (5.1.44.3)

Substituting (S.1.44.3) into (S.1.44.1) yields

1
F—rp? + 5= 0 (S.1.44.4)

2Wp+rp=0 (S.1.44.5)
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where we have chosen units of time and length so that
rg =1 po=0=1 (S.1.44.6)
Substituting the variables for the perturbed orbit into (S.1.44.4) and (S.1.44.5)
from (S.1.44.2) gives
1

o + 71— (o +T1)(Po+ 1)+ ————= =0 (S5.1.44.7)
(ro +71)

2(f0 + 71)(Po + 01) + (ro +r1)(Go + $1) =0 (S.1.44.8)

Using the units defined in (S.1.44.6) and assuming that 71 <1 and ¢; €1
simplifies (S.1.44.7) and (S.1.44.8):

’i‘ll = 37‘1 + 2¢1
(S.1.44.9)
$1= -2
where we expanded

1 o~ 1 o~
(7‘0+1‘1)2 - 14 2r =

1—21"1

Solving (S.1.44.9) by differentiating gives
‘7.'.1 +7‘1 = 0
71 = Asint + Bcost

where A and B are some constants, SO

r1(t) = —Acost 4+ Bsint (8.1.44.10)

In the Earth’s frame, the orbit of the can is only slightly perturbed com-
pared to the orbit of the station. In order for the beer can to appear to be
rotating around the station it should have the same period T as that of the
station. The period only depends on the major axis of the ellipse which
was rg + € before the can was thrown and should become rg after. On the
other hand, the major axis only depends on the energy of the orbit.

G,O(-L
[E]

To change the energy, we need only change the tangential velocity of the
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can. The initial conditions are
71{0) =0 (5.1.44.11)
r1(0) = ¢/ro (S.1.44.12)

From (S.1.44.11) B = 0 and from (S.1.44.12) A = —€/rg, so (S5.1.44.10)
becomes

r1(t) = €/ro cost (S.1.44.13)
From (S.1.44.9)
G = 2—Esint (5.1.44.14)
To
Integrating (S.1.44.14) with the initial condition
©1(0) =0
¢1(0) = wo
we obtain 9 9
01 = — =< sint + (wo + —)t (S.1.44.15)
To To

In order for the can to orbit around the station ¢; should be periodic, i.e.,
the term

2
wo+—£=0
To

which gives for the initial angular velocity of the can

2¢
wo = ——
To
or for the velocity
2 2
V(,z__f(uf_),@_:
To To To
In the usual units
Vo = —2e0) (S.1.44.16)

The minus sign means that the can should be thrown in the direction op-
posite to the direction of rotation of the station.

b) The parameters of the orbit will be defined by the equations

€
Tl(t) = ;(‘)‘ cost
S5.1.44.17
01(t) = —?sint ( )
0
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Figure S.1.44a

From (S.1.44.17), we can find the equation of the trajectory of the can seen
by the observer in the station. The distance R from the station (S) to the
can (C) (in regular units)

R? =72 4 rdp? (5.1.44.18)

where we assumed that ¢, is small and the angle ZCOS ~ m/2 (see Figure
S.1.44a). Substituting 71 and ¢; from (S.1.44.17) into (S.1.44.18), we obtain

R? = €?cos® Ot + 4€®sin? Qt = *(1 + 3sin? Qt)  (S.1.44.19)

So in this approximation, the orbit of the can as seen from the station is
an ellipse of major axis 2¢ and minor axis € with the same period 7 as the
station. The position of the station and the can in the Earth’s frame is
shown in Figure S.1.44b.

Figure S.1.44b
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1.45 Space Habitat Baseball (Princeton)

On Earth, we can disregard the Coriolis force since it is only a second-order
correction. If the player hits the ball with an initial velocity v, the maxi-
mum distance will be for the angle o = 45° (neglecting also the effects of air
resistance). Then, we calculate the range L by decomposing the trajectory
into its component motions, with initial velocities v, = vcosa, v, = vsino

t2 2
vsina-t—g—=0, t=—2sina

2 g

v? sin 2a

L=vcosa-t= ——5———

resulting in an initial velocity off the bat of
v=+/gL/sin2a = /gL =v10-120 ~ 34.6 m/s.  (S.1.45.1)

On the surface of the habitat we can no longer disregard the Coriolis force
(see Figure S.1.45), so if we consider the problem in the rotating frame of the
cylinder, the equations of motion become rather complicated. Therefore,
let us view the exercise in the inertial frame. To provide the same apparent
gravitational acceleration ¢, the cylinder has to rotate with an angular
velocity wg = 4/g/R. The instantaneous linear velocity of the point P
where the player stands will be

V = woR = v/gR = V10- 10% ~ 316 m/s (S.1.45.2)

Figure S.1.45
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When the ball leaves the surface, no forces act on it in the inertial frame.
Its velocity is either u4 or u—, where the velocities of the ball in the rotating
frame v, and the habitat V are parallel or antiparallel, respectively:

u+=\/v§+(V+vx)2=\/g(R+\/2TR_+L)
u_ = /v +(V-v, 2=\/g(R—\/2—1.'z——R+L)

The angle 8 of the line PO of length D to the tangent of the circle is found
using (S.1.45.1)—S.1.45.3):

—ain- [P _ qin-1 L2
iy = din (%) . (\/R:I:\/2LR+L)

The distance along the surface of the cylinder PO will then be 8, = 2Rf.
During the time of the flight, the cylinder rotates by an angle 81 = wpty. =
wpD/u4, and the distance s3 will be

(8.1.45.3)

D 2Rsi
53 = 0.R = wo2 R = \/gR 22sinfe (S.1.45.4)
U4 Ut

The distance the player would hit the ball measured along the surface of
the habitat is

Li = |81 - 82| = 2Rlﬁi - g sinﬁi
Ut
= 2R |8+ — B sin B4
VREV2ILR+ L

=2R

(S.1.45.5)

sin‘1< L/2 )_ VRL/2
VR+v2LR+L) R*V2LR+L

Substituting numerical values into (S.1.45.5) we obtain

L, ~108m L_=~132m

Therefore, to hit the furthest, the player should hit in the direction opposite
to the direction of the habitat’s rotation.

1.46 Vibrating String with Mass (Stony Brook)

a) To derive the equation of motion of the string we assume that the
oscillations of the string are small, the tension 7 is a slowly varying function
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' “:ﬂgxy\\dx

T

x X +dx X

Figure S.1.46

of z, and there is no damping of the motion. Consider a part of the string
between x and x + dx, where s (z,t) is the transverse displacement of the
string (see Figure S.1.46). The transverse force acting on this piece of mass
pdz is ,

d?s(z,t)
pdm . .———dtz—,
Using the initial assumptions, we can substitute a constant 7 for the tension
T (x) and write

= T'sinf|,, 4, — Tsind|, (5.1.46.1)

T'sinf|g4dz — Tsinb|, = T (sinf |p44; —sinb|,)

ds ds d*s
T (tanf |z 44z — tand|,) (d:): w0 m) Tdm2 dx
(S.1.46.2)

where the substitution of tan 8 for sin# again follows from assumptions.
Using (S.1.46.2) in (S.1.46.1), we obtain

d?s(z,t) szs (z,t)
a2 dz? (5.1.46.3)
§= zs// = c2s//
p

where ¢ = 4/T/pis the wave velocity.

b) Now, we have boundary conditions. We choose a standing wave so-
lution. Another possible solution is a traveling wave s (z,t) = f(z +ct) +
g(x — ct), where f and g are some functions. In our case, we use the
method of separation of variables: s(z,t) = g () f (t), which, substituted
into (S.1.46.3), gives

1
el It
g f
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where w? is a constant independent of z and ¢. We arrive at two second-

order differential equations for f and g and their solutions:

fHwif=0, f(t) = Acoswt + Bsinwt

2
g" + %g::o, g(z) =Ccoskz + Dsinkz, k=

o lE

Applying the boundary condition to the solution:

s (x’ t)la::() =S8 (x$t)l:n=L = 0

from which we get

nm
= = — = 1,...
C=0, k=7, n=0zl,
For each mode gn, (z) = sin(wnpz/c) and fn (t) = A, coswpt + By sinwpt
with w,, = ner/L. For each complete mode

sn (z,t) = sin (wnaz/c) (An cOSwnt + By, sinwpt)
and the transverse displacement is

s(z,t) = Z sy (z,t) = Z sin (nmz /L) [Ay, cos (nert/L) + By sin (nent /L))

c) To find the frequency change, use a perturbation method. Consider for
simplicity the nth mode of the form s,, = sin(nnz /L) cos wy,t, corresponding
to the initial conditions s(x,0) = so(x) and §(z,0) = 0. We know from the
virial theorem that initially the average of potential energy of the string in
the nth mode is equal to the kinetic energy:

L
(Vo) = (Kyp) = <%/Péz d:l:>

0
1 7 iL
_ /2 2 .02 (ALY . 2 _ Pn 4
= <2/pwnsm ( 7 )sm (wnt) da:> . (5.1.46.4)
0

where we used (sin® wnt) = {cos? w,t) = 1/2. Now examine the nth mode
of the string with mass to be of the same form as in (S.1.46.4): s, (z,t) =
sin (nwz /L) cos Q,t with a slightly different frequency €2,. Find the kinetic
energy K, in this mode of the string and then add the kinetic energy of
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the additional mass:
L

L
= ~ 1
Ky = Katring + Kmass = §/psfl dz + %/m& (l—-x)8idx (S.1.46.5)

0 0

where 6 (I — z) is the Dirac & function. The average kinetic energy of the
string with mass from (S.1.46.5)

byt Q%L ]. 2 nﬂ'l
(Kp)=p 3 7™M sin (T) (S.1.46.6)

where again we used {sin? Q,t) = (cos? Q,t) = 1/2. In this approximation,
if we ignore the change in tension T, the average potential energy of the
string with mass is the same as for the string alone, so {V;,) = (V,,}. Utilizing
this together with the virial theorem, which is also true for the modified
string, we may write

(Kp) = (Vn> = (Vn> = (K,) (S.1.46.7)
So from (S.1.46.5)—5.1.46.7)
(Kn> - (I?;L)string = (R;L)mass

or
l
2L——92L—— 2 il 1.46.
Spwn 4mQ sin? A (S5.1.46.8)
Therefore the new frequency
Q2 ~ wrzt
+ (2m/pL) sin® (nml/L)
m . ,nxl
Qn " Wn (1 - ;E Sln2 '—L—> (81469)

where we used m < pL.

1.47 Shallow Water Waves (Princeton (a,b))

This problem is discussed in Landau & Lifshitz, Fluid Mechanics, Ch. 12.
We essentially follow their solution. In this problem, we consider an in-
compressible fluid (which implies that the density p is constant (see Figure
S.1.47). We also consider irrotational flow (V x v = 0) and ignore the
surface tension and viscosity of the fluid. This is a very idealized case;
(Feynman calls it “dry” water in his Lectures on Physics). In this case,
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\

d

| z
SHHHIHII I
Figure S.1.47

we have V - pv = 0 and since p is constant, V - v = 0. Combining this
equation with the condition ¥V x v = 0 allows us to introduce a potential
@ (the so-called potential flow). The velocity v may be written in the form
v = V, and for the potential we have

Vip =0 (S.1.47.1)

On the bottom, we have the boundary condition

d¢
Uy = —— =0 5.1.47.2
y ay - ( )
Using Euler’s equation for an irrotational field
v v?
—_— = - S5.1.47.3
o =-v(2+3 ) g (8.1.47.3)
(Here pis pressure, g = —gyis the acceleration of gravity.) We substitute
v = Ve and rewrite (S.1.47.3) as
Op
— .1.47.4
V[3t+ +2+gy] 0 (S )

Since (S.1.47.4) is the gradient of a function, the function itself will simply

be

9 p
3t+ +7+gy f ()

where f (t) is some arbitrary function of time which may be chosen to be
zero. Also taking into account that v?/2 <« gh, we have
Op

+2 Fa =0
Bt 9y

or 6
3 @
= —pgy -5 (S.1.47.5)
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Consider the surface of the unperturbed water at y = d and introduce a
small vertical displacement ¥ = y — d. Also, we assume that there is a
constant pressure on the surface of the water pg. Then from (S.1.47.5) we
obtain

o
po=—pg (¥ +d) - p2E (S.1.47.6)

The constant pg + pgd can be eliminated by using another gauge for ¢ :
o= p— (@ + gd) t
P
We now obtain from (S.1.47.6)
10p

Y= ———/— (S.1.47.7)
g ot y=Y+d

Again using the fact that the amplitude of the waves is small, we can write
vy = 8Y/0t. In the same approximation of small oscillations, we can take
the derivative at y = d. On the other hand, v, = 8¢/8y. So, from (S.1.47.7)

_oY _ 19

o ¢
T ot g o2

5y (S.1.47.8)

y=d y=d

Now look for a solution for ¢ in the form ¢ = f () cos(kz — wt). Substi-
tuting this into (S.1.47.1) gives

dfldy® - k*f =0 (S.1.47.9)
SO
@ = (Ae* + Be™") cos (kz — wt) (S.1.47.10)

where A, B are arbitrary constants. From (S.1.47.2), we find that A = B
and ¢ = A’coshky - cos (kz — wt) where A’ = 2A. By differentiating the
potential we obtain the velocity components

vy = A'ksinh ky - cos (kz — wt)
v, = —A’kcosh ky - sin (kz — wt)

b) From (S.1.47.8) we get the dispersion relation:

2
ksinh kd = % cosh kd (S.1.47.11)

w? = gk tanh kd (8.1.47.12)
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c) The group velocity of the waves is

Bw NG ( kd )
= V9 (tanhkd+ $.1.47.13
T8 T 2/ktanhkd \ prerwl B )

Consider two limiting cases:

1) kd> 1, d > A—short wavelength waves. Then

1 1
U~ 5\/9/16 = 5\/9)\/27r

2) kd < 1, d < A—long wavelength waves. Then u = /gd.

1.48 Suspension Bridge (Stony Brook)

a) We use an elementary method to solve this problem. The conditions for
a static equilibrium are

T(x + dzx) - cosb(z + dz) — T(z) cosf(z) = Fr =0 (S.1.48.1)

T(x +dzx) -sinb(z + dz) — T(z)sinf(z) = wdz  (5.1.48.2)

(see Figure S.1.48). (S.1.48.1) and (S.1.48.2) can be rewritten in the form

% [T{(z)cosb(z)] =0 (S.1.48.3)
d .
i [T(z)sinf(z)] = wdz (S.1.48.4)
T(x+dx)
& (x+dx)
ds
8(x)

T(x)
Figure S.1.48
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Integrating (S.1.48.3) and (S.1.48.4), we obtain
T(z)sinf(z) = Cp + wzx (5.1.48.5)
T(z)cosb(z) = Cy (S.1.48.6)

Atz =0, § =0,s0 Cy =0; C; =Ty and dividing (S.1.48.5) by (S.1.48.6),

we have
dy w

dz Ty

From (S.1.48.7) we find the shape of the suspension bridge, which is parabolic

tané(z) = (S.1.48.7)

2

wr
Y=Y+ 2—To' (S5.1.48.8)

b) To find the tension T(z) at z # 0 (6 # 0), multiply (S.1.48.5) by
(S.1.48.6).

T?(z)sinf cos§ = Tywz (S.1.48.9)
tand
T} z) ————= = .1.48.
(:c)1 T tanZ Towz (5.1.48.10)

1 w To
2(z) = — V=1 el 20) e 2,.2
T(z) = Towzx (tan9+ tan0) oWT (T0x+ m) Iy +wz

So

T(z) = To/1 + (wz/Tp)? (S.1.48.11)

1.49 Catenary (Stony Brook, MIT)

a) Write the expressions for the length ! and potential energy U (see Figure
S.1.49) using

li— a0 —»!
ARG AAAALARL AL RAS AR

lg

Figure S.1.49
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dl? = dz? + d2?

l.—_/\/1+(dz/da:)2dx=/ 17 2°dz  (S.1.49.1)
U= /pgz\/1+z’2 dx (S.1.49.2)

b) Here, we are not reproducing the usual Euler-Lagrange equations where
we have minimized the action I = [ £ dt. Instead, we look for the minimum
of U found in (a), subject to the constraint of constant length I. Utilizing the
method of undetermined Lagrange multipliers, A (see Goldstein, Classical
Mechanics, Chapter 2), we may write

L=pgzV1+2" + pghV/1 + 2" (S.1.49.3)

The coefficient preceding A simplifies the calculation. From (S.1.49.3)

L*=+/1+2'2(z+))

where L = pgLl*

oL _Za+N oL s

8z 1 + 22 oz
d [Z(z+N) 2
- [m] V1+22=0 (S.1.49.4)

Before proceeding to (c), note that in this problem, we may immediately
extract a first integral of the motion since £* does not depend explicitly on
z (see Goldstein, Classical Mechanics §2.6).

oLcr
— —-L*
h (a constant) =z 55
2’2z 4+ A) —— z2+ A
V1+272 #HE4 ) V1422 ( :

¢) We may now substitute z = Acosh(xz/A) + B into (S.1.49.5), yielding
V1 + 2% = cosh(z/A)

_ Acosh(z/A) + B + A

h= cosh(z/A)

(5.1.49.6)
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h is constant for A = -B. Calculate { from (S.1.49.1):
l= /acosh(m/A) dx = 2Asinh(a/A) (8.1.49.7)
Using (S.1.49.2) and (S—.tll.49.7), find U:
U =pg /a [Acosh(z/A) + B]cosh(z/A) dx

—a

= pg-g- / [cosh(2z/A) + 1] dx + pglB

lA
= pg2 cosh(a/A) + pgAa + pglB (5.1.49.8)
Using z(a) = 2(—a) = 0, we see that
B = —Acosh(a/A)
(5.1.49.8) becomes

pgia cosh{a/A) + pgAa (8.1.49.9)

U=-
2

From (5.1.49.7), we have
cosh(a/A) = /1 + ({/2A)?

0

U= —p—g;é\/l + (1/2A)2 + pgAa = pgAa [1 - —2%\/1 + (l/2A)2]

1.50 Rotating Hollow Hoop (Boston)

The Lagrangian for the system shown in Figure S.1.50 can be written in
the form 1

1
252 _ Lep2(,_ 02
2mR @ 2kR (p—6)

L=%mﬁﬁ+
The generalized momenta are

pe =mR*  p,=mR%
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Figure S.1.50

The Hamiltonian is

1 I 1 pi 1, .2 2
H=smrE tompe TR (v —0)

Changing the variables gives

o= %_59 (5.1.50.1)
8= % (S.1.50.2)
L= mTRZ (5'2 + 172) — kR?*p? (8.1.50.3)

Again, the generalized momenta are
p¢=mR*%  p,=mR%Y
The Hamiltonian is

H=pe+py— L= (P} + p%) + kR*n?

2mR?

b) Since L/8¢ = 0 we have

p¢ = const & = const

The Poisson bracket of pg with H is

1
[pe, M) = 5—=3 ([pe,p] + [pe, #3)) + KR? [pe, ] = 0
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So, Pe is indeed the integral of motion since its Poisson bracket with H is
equal to zero.

¢) From (S.1.50.3), the equations of motion are

£=0 (5.1.50.4)

mR%ij + 2kR?p =0 (8.1.50.5)
From (S.1.50.4) and (S.1.50.5) we obtain

E=6 + At

71 = Bcoswt + Csinwt, w=+/2k/m
Using the initial conditions for (S.1.50.1) and (S.1.50.2) we have

£(0)=0, £(0)=0

0) = —, 0)=0
n(0) W 7 (0)
So
£E=0
—Lcoswt
n o
and finally
_&+n _w
@ 5 4coswt
§—n
f=->—— =——coswt
V2

1.51 Particle in Magnetic Field (Stony Brook)
a) A canonical transformation preserves the form of Hamilton’s equations:

_OH 5, __OH
~ OP, A

where ‘H = H(Q, P) is the transformed Hamiltonian. It can be shown that

Qi
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Poisson brackets are invariant under such a transformation. In other words,
for two functions f,g

(f:9lep = f dlgp (8.1.51.1)

where ¢,p and Q, P are the old and new variables, respectively. Since we
have the following equations for Poisson brackets:

(9i,95] =0, (pi, 03] = 0, (95, p;] = 6y (8.1.51.2)

(S.1.51.1) and (S.1.51.2) combined give equivalent conditions for a trans-
formation to be canonical:

[Qi:Qj]q,p = 0; {-PH -Pj]q’p = 0, [Qia Pfj]q’p = 61'_7'
Let us check for our transformation (we let & = 1/+/mw)

80X 0P, 0P, 0X + o0X 6P, 0P, 80X
T 0Q, 9P, 0Q; 0P, ' 0Q 0P, 8Q, 8P;

1 1 1 . sin Q)4
= Ci\/?.Pl COSQl . Eﬁ COSQl — (—Ea\/ 2P1s1nQ1> o \/:2?1

oL
2c
1 1
=—4==1
313
and
x.p,) ,_ 0X 0B, OF, 0X 0X 0P, 0P, 0X
fulep = 8Q, OP,  8Q, 8P, ' 8Q, 9P, 0Q; 0P,
= a+/2P; cos (h ( 5 \/_ s an)
\/2P1 Sian
(o @) e
=0
Similarly
Y, Pm]Q,P =0
[Y,P)] =1

and so on.
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b) For a particle in a magnetic field described by the vector potential
= (-=YH/2,XH/2,0), which corresponds to a constant magnetic field
H = H%, we should use the generalized momentum P in the Hamiltonian

€
pr =P —-A;
(&

e
py=PFPy,— -4,y
c
so the Hamiltonian

Hm () o (-2

2m
§%(P2+P2) — L (Pod, + PyAy) + 5 2(A2 + A2)
1 2, p2 eH 2 2
_'I’;(P P)+ (PY PX)+ 2(X +Y*)
= % %mw(2P1 —24/2P1Q3cos Q1 + Q% —24/2P P sin Q1 + P22)
eH 1
+o— 5 (2P - QF - )
€2H2 1 2 . 2
3 (2P1 + 24/ 2P1Q2 COSQl + Q2 + 2\/ 2P1P2 Sanl =+ P2)
8mcet mw
= wP1
So the Hamiltonian H does not depend on @y, @, and Ps.
. OH
P1 = —6_621 =0
P, = const = —
. OH
Ql 3P1 =w
Gr=wt+a

where ¢« is the initial phase. Also

Pz = P20 = \/mon
Q2 = Q20 = VmwYp
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where X, and Y are defined by the initial conditions. We can write this
solution in terms of the variables X,Y,pg,py :

X = /2E /mw?sin (wt + &) + Xo
Y = /2E/mw? cos (wt + @) + Y,
Pe = Po — Sy = \/mB/2cos (wt +a) - Yo
+% %\/Wcos(wt+a)+%%l’b

= v2mE cos (wt + &) = po cos (wt + )

Similarly
Py = —po sin (wt + o)

so this is indeed the solution for a particle moving in one plane in a constant
magnetic field perpendicular to the plane.

1.52 Adiabatic Invariants (Boston (a)) and Dissolving
Spring (Princeton, MIT (b))
a)

ar 1 . . 1 . .
a = ﬂfzpid%'{'pid% = %fZ(piin—Qidpi)
C: ¢ Cy *
1 OH oH
ﬂf?(“a‘é:dq"‘a—md“)“’

For a harmonic oscillator H (p,q) = E

P, g

2m 2

=F

This trajectory in phase space is obviously an ellipse:

with

A=+V2mE, B = \/2E/mw? (5.1.52.1)
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The adiabatic invariant

1

[=—
2w

1
pdg = ﬂfdpdq

where we transformed the first integral along the curve into phase area
integral which is simply I = o/2x, where o is the area of an ellipse o =
wAB. So, taking A and B from (S.1.52.1) gives

AB 1 E
I= T = -2—v2mE\/2E/mw2 = ";
b) The fact that the spring constant decreases adiabatically implies that
although the energy is not conserved its rate of change will be proportional
to the rate of change in the spring constant: It can be shown (see for in-
stance §49, Landau and Lifshitz, Mechanics) that in this approximation the
quantity found in (a)—the so-called adiabatic invariant—remains constant.
Our spring is of course a harmonic oscillator with frequency w = /K /m
and energy E = (1/2) K A?%. So we have

B,

B (8.1.52.2)
w1 Wa

VE1A? = /K, A3

So from (S.1.52.2), the new amplitude is

(K 1/4
Az—(g) Ay

or

1.53 Superball in Weakening Gravitational Field
(Michigan State)

The slow change of the acceleration of gravity implies that we will have an
adiabatic invariant / as in Problem 1.52

1
I=%}1{qu

We have from energy conservation that

P9

om ~ om 9
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where  is the height of the ball or

p = (p% - 2m%gz)"/*

SO
. h
_ _ 1 2 1/2
I—% Tp(:n) dx_—/p(a;) dm:;/(p0—2m2gx) dzr
0 0
2 2. \3/2 " 3
z_l (po—2m gm) Dy
3 2m2g ~ 3mmlg
where we used
P 5
om -
Therefore
3 3
2 = const = 2L
N

and 3 ,
0.9\ /%
= (gl) vo = (~g—g) vo ~ 0.97vp
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2.1 Marking Sticks (Stony Brook)

a) According to observer O, the O’ stick is Lorentz—contracted:

I'=lgn/T—-B2=1-v/1—-036m=08m

where g is the length of the stick in its rest frame. So observer O believes
that the stick in O’ is shorter. In this frame, the marking devices are trig-
gered simultaneously at ¢t = 0 when the origins of the two frames coincide
(see Figure S.2.1a). As shown, the O stick will be marked at £ = 6.8 m (in
the O frame, the marking device of O’ is at z = 0.8 m).

b) According to observer O', the O stick is Lorentz—contracted:

l=1v/1-62=1v/1-036=08m

I o
y 0
0 g5 ‘li(f ‘. ? ‘M -1- :

Figure S.2.1a

17
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— - M ‘;\;‘, -
Figure S.2.1b

so that observer O’ believes that the O stick is shorter. In frame O, the
triggering of the devices (happening at t = 0 in frame O) is no longer
simultaneous. Actually, the device in frame O’ is triggered first, and that
is why this observer agrees with the result found in (a) (see Figure S.2.1b).
Indeed, from the Lorentz transformation of time, we can obtain the time
in O’ when his device is triggered:

! v /
0=t=’y(t +c—2x)

v
t = g’
2

So

The point in the O frame corresponding to the mark is

’

T
=7 +vt')=vz' (1 —ﬁz) = > =0.8m
the same result as in (a).

2.2 Rockets in Collision (Stony Brook)

a) In the Earth frame

I b-a 42-108 m

t=UA+vB “ va+ug - 1.4~3-108m/s=

ls

b) In A’s frame, the coordinates of B are given by the Lorentz transforma-
tion from the Earth frame

Az’ = v(Az — vaAt)
At = v(At — 22 Az)

c2
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So, in A’s frame, B is approaching with velocity

, A7 v(Az — vaAt)

BT Ay T Y(At —valAz/c?)

_ UB—Ua —0.6c — 0.8¢ - _0.05
" 1-wvpvg/c®  1-—(0.8c)(—0.6¢c)/c® ~ ¢

The same result (with opposite sign) may be obtained in B’s frame for
rocket A.

¢) In each of the two rocket frames, the time to collision is dilated with
respect to that in the Earth frame, and so

tA=-f—=1- 1-082=06s
YA

t3=—t—=1-\/1—0.62=0.83

B

2.3 Photon Box (Stony Brook)

a) Consider the initial state of the system. Write the 4-momentum of the
box and photons as pj,,, and p‘;h, respectively:

Phoy = (Moc,0)

N hl/()
pﬁh = ( c ’0>

where we have used the fact that for a standing wave (which can be rep-
resented as the sum of traveling waves with opposite momenta) the total
momentum is zero. Therefore, from (S.2.3.1), the 4-momentum of the sys-
tem P* is given by

(S.23.1)

P* = Phox + P = (Moc+ NZ"",O) (S.2.3.2)

From (S.2.3.2), we can find the rest mass of the total system M (which is
defined by M2c? = P#P,)

Nhl/o

c2

M= M, + (5.2.3.3)
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b) Transform the 4-momentum by going into a frame moving with velocity
—v along the z axis. We have in this frame for energy £ and momentum
PI

&' =~(E+vP)=~+E

P'=y(P+6E) =6t

where € and p are the total energy and momentum in the rest frame,

respectively. So
& €
Plp' = (’Y-,’Yﬁ—)
c c

Therefore in the moving frame

82 52 82 82
2.2 __ A2 2 32 a2 2\ _
MiE =y -y m =15z (1-8)=3
and
. £ Nhvg
M=—§=M=MO+ )
C C

We expect this to be true, of course, since mass is a relativistic invariant
under a Lorentz transformation.

Another way to look at it is to consider a transformation of energy and
momentum of the photons and the box separately. The frequencies of these
photons will be Doppler shifted (see Problem 2.12):

I 1+
1= 1—
v 1-
V1+
Nhl/[)

V1-—p62

The energy of the box &, = ¥Myc?. The momentum of the photons

=)

> ™

I

vy

>»

The energy of the photons
Nh
6;,h = —2-(1/1 + I/z) = = ’)’Nhllo

’ _Nh Nhl/() 2ﬁ
Pon = 5 (i~ 1) = — Wiy

=YBNhvo
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The momentum of the box

p‘)ox = YMov

So the 4-momentum is the same as found above

Nhy, Nhy £ £
PH = <7Moc+7——c—°,7Mov+7ﬁ . 0) = (v?vﬁ;)

2.4 Cube’s Apparent Rotation (Stanford, Moscow
Phys-Tech)

At any given moment, the image of the cube is created by the photons
reaching the observer at this time. The light received from points A and B
of the near face of the cube is accompanied by light from point D emitted
a time (1/c) earlier (see Figure S.2.4a). The length of AB is Lorentz con-
tracted to 4/1 — 82, while the distance from A’ to A is 8 (the distance the

Figure S.2.4a Figure S.2.4b

cube has moved while the light from D travelled to the front face). The
apparent rotation is seen in Figure S.2.4b. The angle of rotation 8, ZBAFE,
should be equal to ¢, LA’FA. From the figure, we see that cos § = /1 — 32
and sin@ = 8. So § = ¢, and the cube does appear rotated by sin™' 8. A
more detailed solution of this problem employs the Lorentz transformation
fromframe K’ to K of the velocities which leads to the light aberration
seen by the observer O [see Phys. Rev. 116, 1041 (1959)].
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2.5 Relativistic Rocket (Rutgers)

a) Let us consider the short interval dt in the center of mass frame moving
with velocity v; the fuel is ejected with velocity u in this frame. At time
t' = t + dt the velocity of the rocket increases by dv. The mass M(t) of the
rocket decreases by dM (dM < 0) and the mass |dM| of the ejected fuel
will have a velocity —u in this frame. Momentum conservation gives

M(t +dt) dv — u |[dM| = M(t + dt)dv + udM = 0 (S.2.5.1)

where M (t+dt) is the mass of the rocket at time t+dt. Expanding M (t+-dt)

* M(t+dt) = M(t) + M'(t) dt

and neglecting second-order terms in the differentials yields
Mdv=—-udM (8.2.5.2)

Transforming to the lab frame and using dv = dV, where V is the velocity

of the rocket in the lab frame, we obtain a solution for the initial condition

v(0)=0:

M _ v (5.2.5.3)
My

b) Write down momentum conservation in the rocket’s frame:

Mdv—~,dnmnu=0 (S.2.5.4)

where M is the mass of the rocket, dm is the mass of the fuel, and =, =
1/+/1 — u?/c?. Energy conservation in the frame of the rocket gives

M =, dm + (M + dM) (8.2.5.5)

We ignored the relativistic corrections to the mass of the rocket in (S.2.5.5)
and terms such as 1/4/1 — (dv)?/c? in (S.2.5.4). Substituting dm from
(S.2.5.5) into (S.2.5.4), we have

Mdv=—udM (8.2.5.8)

which is the same result as obtained in the nonrelativistic calculation of
(a). Now we must transform dv from the instantaneous rocket frame to the
laboratory frame. Using the equation for the addition of velocities, we have

V 4+ dv

VAV = e

(8.2.5.7)

where V +dV is the new velocity of the rocket in the lab frame. Rearranging
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(S8.2.5.7) gives

2
dV + V_2 dv =dv
c
(8.2.5.8)
dv=+2dV

where v = 1/4/1 — V2/c?. Substituting (S.2.5.8) into (S.2.5.6), we obtain
My dV = —udM or

av 1 av av aM
1-V2Z/c2 ~ 2 (1 Ve T 1T V/c) =-ugr (8239
Integrating (S.2.5.9), we have
S ~In(1 - B) +1In(1 + B)] = uln Mo (S.2.5.10)
2 M
where g4 = V/¢, from which we find
M 1—- ﬂ c/2u
= L S.2.5.11
Mo <1 +8 ) ( )

If 3 « 1 then (S.2.5.11) boils down to

M _ _
~ e—V/2u e V/i2u _ e V/iu

My

the same result as that obtained in (a).

2.6 Rapidity (Moscow Phys-Tech)

a) The velocity of the particle moving in frame K, with velocity v2 in the
frame X is given by a standard formula:

Vo + U

1 T o0/

Introducing B; = v;/c, we may rewrite this formula in the form
B2+ B
=t2Tr 5.2.6.1
A 1+ 528 ( )

Now the same formula may be written for a transformation from Kj to
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KO . I@ n ,8
M
Fo=17 N (8.2.6.2)
Now substituting (S.2.6.1) into (S.2.6.2), we obtain
By = B2 +26/(1 + B%)
O T 14 26:/(1 + 62

b) If we need to make a transformation for n-frames, it is difficult to obtain
a formula using the approach in (a). Instead, we use the idea of rapidity,
1. Indeed for one frame, we had in (S.2.6.1)

_bBatB
1+ B2

which is the formula for the tanh of a sum of arguments

B

tanh Py + tanh Py
1 + tanh4; tanh

tanh(y1 + 12) =

where tanh; = ;. This means that the consecutive Lorentz transforma-
tions are equivalent to adding rapidities. So the velocity in the frame K,
after n transformations (if vp+1 = v) will be given by

Bo = tanhy = tanhZ i = tanh[(n + 1) tanh™! ]

We can check that if n — oo, then Gy — 1.

2.7 Charge in Uniform Electric Field (Stony Brook,
Maryland, Colorado)

The plane of motion of a particle will be defined by its initial velocity V and
the direction of the electric field E. Let the initial velocity coincide with
the z axis and E with the y axis. We may write the equations of motion
for a charge in an electric field

dp _

= = ¢E (5.2.7.1)

where p is the momentum of the particle. Obviously, since there is no force
in the direction perpendicular to the z-y plane, the particle will move in
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this plane at all later times. We can write (S.2.7.1) in the form

dps
— =0 (8.2.7.2)
dpy _
L = el (S.2.7.3)

Integrating (S.2.7.2) and (S.2.7.3) yields

Pz = Pxo = Po (S.2.7.4)
py = eEt (S.2.7.5)

The energy £ of the particle (without the potential energy due to the field)
is given by

E = /m2c* + p2c? = \/m2ct + pic? + c2e?E2H?

= /&2 + (ceEt)? (5.2.7.6)

where £ = \/m2c? + pjc? is the initial energy of the particle. The work
done by the electric field changes the energy of the particle

d€ dy
— =eE.v=eFu, =eE-d—t

= (8.2.7.7)

or
E=&E +eEy (S.2.7.8)

Equations (5.2.7.6) and (S.2.7.8) result in

£y + eEy = (/€2 + (ceEt)? (8.2.7.9)

which yields
&
y= ;% {\/1 + (ceBt)? /€2 — 1} (8.2.7.10)
and ——3
p = V€t eBy)’ — & (S.2.7.11)
ceE
On the other hand
d
Py _ ymuy _ vy _ dy/dt _ dy (5.2.7.12)

Pz Ymuy vy dx/dt  dz
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Substituting p; = po and py = eFt into (S.2.7.12) and using ¢ from
(S.2.7.11), we find

dy _eEt _ V(& + eEy)? — &

= S.2.7.13
dz Do PbocC ( )
Integrating (S.2.7.13), we obtain
= - / @y = —cosh™! by + const
poc V(€ +eEy)2 - eE &o
For the initial conditions zg =y =0
& eEx
= — — -1 S.2.7.14
y=% (cosh o ) ( )

So the particle in a constant electric field moves along a catenary (see
Figure S.2.7, where we took e > 0). If the velocity of the particle v < ¢,
then py = muyg, & = mc?, and expanding cosh(eEz/poc), we obtain

eE
YR 5T
2mug

which gives the classical result for a charged particle in an electric field.
Also note that (S.2.7.10) coincides with the result for uniformly accelerated
motion in the proper reference frame, where the acceleration wg = eE/m
and pyp = 0 (see Problem 2.9, (S.2.9.7)). Under Lorentz transformations
for frames moving with velocities parallel to the electric field E, the field
is unchanged (see Landau and Lifshitz, The Classical Theory of Fields,
Chapter 3).

Figure S8.2.7
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2.8 Charge in Electric Field and Flashing Satellites
(Maryland)

Starting from a 4-vector potential (¢, A), we can obtain equations of motion
for a charged particle in the electromagnetic field

dp  q O0A q
a7 gV — SV X (VxA) (5.2.8.1)
By definition
1 8A
B=-C o V¢
H=VxA
Therefore (S.2.8.1) becomes
®_ g+ivxH (5.2.8.2)
dt c

In this case of one-dimensional motion, where there is only an electric field
E and momentum p in the x direction, we obtain

dp
< =4 (S.2.8.3)

where
mv mef

VISR VR

b) To show that (P.2.8.1) is a solution to (S.2.8.3), we write

P B=uv/c (5.2.8.4)

dxr dzx/dr
Pe= % = @jar
Now
dz . dt
P csinh(gET/mc) e cosh{gET/mc)
SO

Bc = ctanh{gET/mc)
Since 1 — tanh® =1 / cosh?, we may rewrite (S5.2.8.4)

_ mctanh(¢ET/mc)
" 1/ cosh(gET/mc)

= mcsinh(¢ET/mc)
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Differentiating,

dp _ dp/dr _ qEcosh(gET/mc) _
dt =~ dt/dr ~ cosh(gET/mc)

verifying (S.2.8.3). To show that 7 is the proper time for the particle, we
must demonstrate that

dr? = dt? - dx?
From (P.2.8.1)
dz = csinh{gET/mc)dr  dt = cosh(gET/mc)dr

So
c2dt? — da? = c?(cosh? —sinh?) dr? = ¢? dr?

as required.

¢) Define the 4-momentum as (£/¢,p,0,0), where € is the energy £ =
mc?y and p is the momentum p = mecBy. The 4-acceleration is given by

(1/m)(dp*/dr)

wh = (% Sinh(qET/mC), gg COSh(qET/mC)’ 0’ 0)

2 2
whw, = (9_:;2) (sinh? — cosh?) = — (%f—)

From (P.2.8.1), 2% — c¢?t? = (mc?/qE)?, which defines a hyperbola (see Fig-
ure S.2.8a).

Figure S.2.8a
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ct
worldline

photons

mcigE x

Figure S.2.8b

d) From Figure S.2.8b, we see that flashes emitted at a constant frequency
f will cross the worldline of the particle until point A, where the trajectory
of the satellite is above ¢t = z. To find the number of flashes, we find the
time of intersection of x = mc?/gE and z = ct, i.e., t = mc/qE. The num-
ber of flashes is therefore ft = mecf/qE.

e) As shown in Figure S.2.8c, we need the intersection of
ct=—x+b

and

ct

o worldline

"retrieves at speed of light"

. ™ "reaches down"

meligE X

Figure S.2.8¢
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where b is found from

me*  mc b
qE = qE
- 2mc?
=~F
Thus,
2mc?
= —ct
T + oE
22 22 dmcdt  dm2el
- qF q?E?
Therefore,
m2ct amedt  am2c
22—t = =- +
¢ E? 4F ¢ E?
and
g 3me
" 4 qE

2.9 Uniformly Accelerated Motion (Stony Brook)
a) The 4-velocity, by definition

_dor _de e

T dr T dt dr

where dr = dt+/1 — v?/c2. Therefore,

ut

c

R A— u=0
1 dx# V1-vt/et
oo e =
JV1-—v2/c2 di Z
/ h p=123

1=/’
or
ut = (cy,v7)
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b) For arbitrary velocity v, the 4-acceleration

oo B _dw a1 dw
Todr? T dr o dt dr_m dt
For 1 =0
du® v-v
_d—t—_c(l—ﬂ2)3/2
For 4 =1,2,3

du# pH et v-v

F e A e

Therefore, we find

1 -V v v(v-v
o= (T o ) —

In the proper frame of reference, where the velocity of the particle v =0
at any given moment, and assuming v = 9, = wg = const,

wh = (0, Wo, 0, 0)

Using w? = w* w,,, we have

w? = —w% = const

¢) w* wy, from (5.2.9.1) may be written in the form
1 (v v)? B 02 B vi(v-v)? o 2v- v)?
2 (1-824 (1-82)2 Q-8 2(1-p2)3

,YS
= Z (V1= 8 - 201 - 7] - R

wHh w, =

(v . o2
= —7(‘;—2") — At (S.2.9.2)

Using the identity (A x B)? = A?2B? — (A - B)?, we may rewrite (S.2.9.2)
w* wy, = —° (0% — (¥ x v/c)?) (S.2.9.3)

In the fixed frame, since the acceleration is parallel to the velocity, (S.2.9.3)

reduces to

— 852
wh w, = -0
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So, given that w? is a relativistic invariant, wo = ¥39. Now, differentiating
d v B ) N 003
dt \/T—p2 J1-p2 (1-p%)32

_v(1=p%) +0p® ¥

(I =p23E ~ (1-pe)n = 730 = wyp (5.2.9.4)

d) Integrating (S.2.9.4), we have

v _ wot + const (5.2.9.5)

oy

Taking v = 0 att = 0, we obtain

and so
V= e (5.2.9.6)

As wpt — 00, v — c. Integrating (S.2.9.6) with z(0) = 0 yields

2
=41 rwder/e -1
x wo{ 14+ wit?/c } (8.2.9.7)

As ¢ — oo (classical limit), (S.2.9.6) and (S.2.9.7) become

w0t2
v = wol T = -

appropriate behavior for a uniformly accelerated classical particle.

2.10 Compton Scattering (Stony Brook, Michigan
State)

a) From momentum and energy conservation we can write

p= f’ + Pe
(8.2.10.1)

E+E =E+E,

where p, p, &, £ are the momenta and energies of the photon before and after
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the scattering, respectively, Pe, &, are the final momentum and energies of
the electron, and &, is its initial energy. We have for the electron

£, = /2 + mict, E. = mc?

and for the photon .
£ =pc & =7pc
So we can rewrite (S.2.10.1) in the form

P—P=DPe

pc +me? = pc+ /p2c? + m2ct

b) To solve these equations we can express the momentum of the recoil
electron p, in two ways

(S.2.10.2)

p. =(p-p)°
(S.2.10.3)
p: = (p—5)* + 2mc(p — )
from (S.2.10.2).
pp(1 — cos8) = me(p — P)
and for a special case 8 = 7/2, cosf = 0. We have
pp = me(p — )

Dividing this equation by pp we get

G3)
l=mec{<—-
p p

Taking into account that p = h/\, we obtain the final result:

5oa=
C

2.11 Mossbauer Effect (Moscow Phys-Tech, MIT,
Colorado)

Write the energy and momentum conservation equations:

p-{-pPh =0 (82111)
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mc? + A€ = hw + 1/p2c? + m2c! (S.2.11.2)

where p is the momentum of the atom after emitting the photon, ppp =
fiw /¢, the momentum of the photon, and w is the photon’s frequency. Sub-
stituting p = —fiw/c from (S.2.11.1) into (S.2.11.2) and rewriting it in the

form mc? + AE — hw = Vh%w? + m2c4, we can find, after squaring both

sides, )
AE (A€ + 2me
= | —0 2.11.
T < AE + me? ) 8 3)
Now taking into account that AE + mc? = Mc?, we can rewrite (S.2.11.3)
as
AE AE

which is smaller by the amount of (AE)%/2Mc?h than it would have been
without relativistic effects. In the case of a crystalline lattice (Mdssbauer
effect), the atoms are strongly coupled to the lattice and have an effective
mass Mgy >> M. From equation (S.2.11.4) we can see that in this case the
atom practically does not absorb energy, which all goes into the energy of
the photon, and therefore there is no frequency shift due to this effect.

2.12 Positronium and Relativistic Doppler Effect
(Stony Brook)

a) The two photons will have momenta p of the same magnitude (but
opposite sign), so their energies £ are also the same:

28 = 2m.c? + &
€ =pc

where we have chosen their momenta to be along the z axis. From these
formulas we can find

& =mec? + % (S.2.12.1)
£ &
pr=t—==% (mec+ —b) (8.2.12.2)
c 2c
The frequency of the photons is
£ 1 £
w=z=z <mec2 + %’) (8.2.12.3)

The velocity of the photon is, of course, u = *c.
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b) To find the velocity and the frequency of the photon in the lab frame we
can use the Lorentz transformations for momentum and energy for the pho-
ton that is registered by the observer (with momentum p_ from (S.2.12.2)):

v
= 5)
E' =~v(€+vp-)
where £, pare the energy and momentum of the photon in the rest frame,

and &',p’ are the energy and momentum of the photon in the observer’s
frame.

& v &b ¥ &
/ — — — —_ 2 — = — 2 — —_
p—fy[ <mec+2c)+cz(mec+2>J c(mec+2>(ﬁ 1)
& & &y
I = 2 _— = — = 2 —_ —_
£ —v[mec + 5 v(mec+26):| v(mec + 2)(1 B)

so the velocity of the photon in the observer’s frame is u’ = p’c?/&' = —c,
which of course is what one would expect. The frequency of the photon
measured by the observer is
£ v &
r_ 2 1 2 et _ — _
w=g =g (mec + 2c) (1-5)=y(1-p)

where we substitute w from (S.2.12.3) of (a). So the original frequency w
is redshifted to

’ 1_16 1—18

w =w

Vi-e \T+s

2.13 Transverse Relativistic Doppler Effect (Moscow
Phys-Tech)

Intuitively it is clear that the effect is due to a time dilation ¢ = ~¢ so

w' = w/y (w oc 1/t). More formally, we can use the energy and momentum

transformation as in Problem 2.12, but it is more convenient to introduce
a 4-vector k* (k is a wave vector)

o= (29

and consider its transformation from the rest frame K to the observer’s

frame K’
K® = (k" — Bk (S.2.13.1)

where k0 = w'/c, k" = k'cosa = 0 (@ = m/2). Substituting this into
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(S.2.13.1), we find

=y—

w W
c C

SO
l

w :$=w\/1—ﬂ2

Note that the transverse Doppler effect gives only a second order correction
to the frequency

1
w/%w—EWﬁz

where 3 « 1, whereas the longitudinal Doppler effect yields a first order
correction (see Problem 2.12).

2.14 Particle Creation (MIT)

In this problem and in most of the problems involving particle reactions, we
will use units where ¢ = 1. Compose the invariant quantity for the system
p*p,. Before the reaction in the rest frame of the proton

Pt = (mp’o) + (Emp'y) = (mp + g—y,P’y) (S'2'14'1)

P Py =m2 + E2 + 2myuEy — E2 = m2 + 2myE,  (S.2.14.2)

where we used py = £,. After the reaction, in the center of mass frame, the
lowest energy products will take away no momentum, so

PPy = (my +myg)? = mf, + m2 + 2mymy (S.2.14.3)
Setting (S.2.14.2) equal to (S.2.14.3), we find &, = Emin-
2mpEmin = mf, + 2mpmy (S.2.14.4)

So the threshold for this reaction

M (M + 2myp)
2my,

gmin =

™m
=m, {1 Ll S.2.14.5
™ ( * Qmp) ( )

2.15 Electron—Electron Collision (Stony Brook)

a) The total energy in the laboratory frame
E=& +& =& +mec* =1.40 MeV + 0.51 MeV = 1.91 MeV

where £ is the energy of the moving electron and &; = mc? is the energy
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of the electron at rest. The total momentum is simply the momentum p;
of the moving electron

P =p; =/E}/c® — m2c? = /(1.40)% — (0.51)2 MeV/c = 1.30 MeV /c
b) The velocity of the center of mass in the lab frame is defined as
,_ P _¢P
€l €

where P and £ are the total momentum and energy in the lab frame,

respectively.

1.30
v=|v|= I—g—l = 0.68¢

¢) The total energy in the CMF &’ (P’ = 0) is given by
8/2 _ PIZCZ — 82 _ P2c2

SO
£ = (% — P:*)M? = 1.40 MeV

We may also calculate the total energy in the CMF by transforming the
energy of the target from the laboratory frame to the CMF:

£ =& + vBepy = ym

Since the target and the projectile have the same energy in the CMF, the
total energy is given by

d) In the center of mass frame the total momentum P = 0, therefore,
p: = —p2 and the angle of the scatter v = 135°. The momentum can be
found by considering the 4-momentum of the two particles. We will use
another method here. Before the collision the projectile had a momentum
pp in the lab frame; in the CMF it had a momentum

v
p1=" (Pl - 6—251)
p1 and p4j are both along the X axis

, 1
= —————(1.30-0.68-1.40) = 0.47 MeV /c
Dy 1= (0.63)2 ( ) /
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As a result of the collision, the momentum of the projectile will only rotate,
and the momentum of the target

Ips| = [P}l = 0.47 MeV /c

The energy of the target € = 1/p}? + m2c? = 0.70 MeV, or from the same
transformation as that of the projectile

1
El =~(& —v = ———————(1.40 — 0.68 - 1.30) = 0.70 MeV
1 ’Y( 1 P1) T (0.68)2( )

which is, of course, the same as above, where we used the fact that the
energy of the projectile is equal to the target energy, since the masses of
the two particles are the same.

e) In the ¥ direction perpendicular to the direction of the incoming particle

. 0.47 MeV /¢
Py =py, = pgsiny = —5 - 0.34 MeV/c

To find the X component in the lab frame we can again use the Lorentz
transformation of momentum

;U 1
= —&) = ———====1(0.34+0.68 - 0.70) = 1.11 MeV
Pa v(pgﬁrc2 ) 1__(0_68)2( + ) eV/e

2.16 Inverse Compton Scattering (MIT, Maryland)

Write the energy and momentum conservation laws in 4-notation, where
we use units in which ¢ = 1:

ph +pb = ph + Pt (S.2.16.1)

where Py, Pe, and Py, Pe are the 4-momenta of the photon and electron
before and after the collision, respectively. After subtracting g4 from both
sides of (S.2.16.1) and squaring, we obtain

pzpep, - pl‘;ﬁvu - p‘;ﬁ'yu =0 (82162)

Here we used phpep = PHPe, = m?2 and pipy, = 0. We may rewrite
(S.2.16.2) in the form

Ev€e — Py - Pe — 5757 + Py Py - geé"r +PePy=0 (5.2.16.3)
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Introducing the angle 8 between the direction of the incident and scattered
photons, we have

ExDe + ExEe — Exboy + EyEy 080 — E&y — pebycosf =0 (8.2.16.4)

From (S.2.16.4)
£ = &y (pe + &)
T €y (1 —cos8) + E + pecos b

(S.2.16.5)

The maximum energy 57 max 10 (S5.2.16.5) corresponds to the minimum of

the denominator which yields cos§ = —1, # = 7w (backscattering). There-
fore £, ( £)
5 +
E . = y\PeTC) 2.16.
~ max 2g'y+€e"pe (S2166)

Using the fact that m, <« & (pe = €) and expanding the denominator, we
can rewrite (S.2.16.6) in the form
F; N 2&, N &y
YT 28y [E + (L= pefEe) T Ey[Ec +mE[AER

(5.2.16.7)

We may now substitute values into (S.2.16.7): &, = he/A = 2.42 eV,
me = 0.51 MeV, and &, = p, = 27 GeV, so
i 2.42 eV B 2.42 6V
TR o940 051 \2 9.0 10-11189-10-11
27 - 109 + (54- 103)

= 13.5 GeV

2.17 Proton—Proton Collision (MIT)

Since the energies of the protons after the collision are equal, they will
rebound at the same angle /2 relative to the initial momentum of the
proton (see Figure S.2.17). Again we use ¢ = 1. In these units before the

Figure S.2.17



194 SOLUTIONS

collision
p=mpy

E =my

Using momentum conservation, we have

mfBy = 2mB7 cos ) (8.2.17.1)

oD
D

or By = 235 cos (S.2.17.2)

where # and # stand for 8 and v after the collision. Energy conservation
yields
m 4+ my = 2m¥y (5.2.17.3)

or
v+1=25 (5.2.17.4)

By =71 (S.2.17.5)

So, we obtain by using (S.2.17.4)

Now,

Bi=vV3r—1=+/(y+1)2/a-1 (S.2.17.6)

Substituting (S.2.17.6) into (S.2.17.2) and using (S.2.17.5) gives

VY -1=2/(v+1)2/4~1 cosg
0 0
72— 1= (7" +2y—3)cos? 5 = (v~ 1)(7 +8)cos” 5
) _
cos6:2cosz-2-—1 = 3_4-%

For v = 1, i.e., in the classical limit of low velocity, cos # = 0, and we obtain
the familiar result that the angle between billiard balls rebounding with
equal energy is 90°. If v > 1 (extremely relativistic case), then cos§ = 1
and 4 — 0.

2.18 Pion Creation and Neutron Decay (Stony Brook)

a) The threshold energy for the creation of a neutron n and a pion 7% in
the center of mass frame is simply the sum of their masses (in units where
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¢ =1). The 4-momentum of the neutron/pion system in the center of mass
frame is
Pl = (mn + Mg+, 0) (S.2.18.1)

We must also calculate the energy of the incident particles in the center of
mass frame. However, we may use the relativistic invariance of a product
of 4-vectors (which can be written for a complex system as well as for a
single particle). The 4-momentum in the lab (stationary proton) frame is

Ff = (€4, pv) Py = (my,0)

Py, = (& + myp, py) (S.2.18.2)

Taking the squares of (S5.2.18.1) and (S.2.18.2) and equating them, we ob-
tain
(Ey +my)? — p,2y = (Mp, + mps)? (5.2.18.3)

Note that in these units |py| = &€,. Therefore, we have for the threshold

energy

_ (Mn + Myt )2 —m2
2my,

&y (S.2.18.4)

Substituting the values given in the problem

_ (939.57 4+ 139.57)% — (938.27)2

€y 2 - (938.27)

MeV = 151.4 MeV

b) Consider the neutron decay following the scheme
n— pUe +e~

where we consider the proton and neutrino as one complex particle. From
energy and momentum conservation, we find
0 = ppz, + Pe- (5.2.18.5)

M = Ep, + Ee- (5.2.18.6)

&, = \JP%y, +mb, (5.2.18.7)
Ea- = \[p2- +mE_ (5.2.18.8)
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Substituting (S.2.18.6) into (S.2.18.8), we have

P2 = (my — &gz, )t —mZ

(5.2.18.9)

Pe- = \/(mn - 8,,7)2 - mg_

We are looking for the maximum possible momentum p.- of the electron.
It depends only on one variable, &z, , where £, < my, so the maximum
De~ corresponds to a minimum &,z,. Using (S.2.18.5) and (S.2.18.7), we
obtain

83775 = mIZJUe +p?19¢ = m%vﬂ +p3_ (821810)

Substituting pg, from (S.2.18.9) into (S.2.18.10) yields

) _ 2 2
0 =mg — 2mp&w, + My, — M-

(S.2.18.11)

2 2 2
m,, + My, — M-

£ =
e 2mn,

From this equation, the minimum of &,;, corresponds to a minimum of
2
My . Now,

mis = (Ep +£)% — (Pp + pu)?
= E2 + 2E,E, — P2 — 2pppy cos
=m2 +2£,(Ep — ppcosh) (S.2.18.12)

The minimum of (S.2.18.12) corresponds to &, = 0, so myp, = my. There-
fore

2
2 2 2
m, +m; —m
= 82._ el 2__ = —“’n p e” — 2
|pe‘max U, 7711",8 an mp

(S.2.18.13)
= 1.19 MeV

where we have substituted the masses in energy units. On the other hand

mef

Pemax = MY =
-

(S.2.18.14)
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From (S.2.18.14), we have

Pemax/me _ __119/051 ...
VI+ (Demax/me)? /14 (1.19/0.51)2

Therefore in regular units

8=

Vemax = Jc = 0.92¢

2.19 Elastic Collision and Rotation Angle (MIT)

a) Express conservation of energy as
E10+ Exo = Ero + € (S.2.19.1)
Conservation of momentum gives
P10 = —P20 = Po (S.2.19.2)
From the information given and (S.2.19.2)

2 2 __ .02 2 2 _ 2
Eio — P§ = m¥ &5 —pg =m3

(S.2.19.3)
2

€y — 7§ = m? 3y — P =mj
These equations may be rearranged to yield
5120 - <5‘220 = 5%0 - 5‘220
(E1o — E20)(Ero + Ex0) = (E1o — E20)(E10 + E20)  (S.2.19.4)
Substituting (S.2.19.1) into (S.2.19.4) yields
E10 — Ex0 = €10 — € (8.2.19.5)
Adding or subtracting (S.2.19.1) from (S.2.19.5) results in
Eww=Eo0 En=Exn (S.2.19.6)

and by (S.2.19.3),
IPo| = [Pol (5.2.19.7)

b) Inspection of (P.2.19.3) seems to indicate the way to proceed, since Fa
does not appear. Subtract py, from both sides of (P.2.19.2) and square:
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(pr+p2—P1) - (p1 +p2 — 1) = D2 - P2
— 1 2 2 2 _ = = ]
=mi+ms+mi+2p1-p2—2p1-P1 — 2P1 - p2 = M
P2 p1—p1-P1—Pr-pr+mi=0 (S.2.19.8)

¢) The instructions in (c) exploit the invariance of a product of 4-vectors
under a Lorentz transformation, here from the laboratory frame to the
CMF. In the laboratory frame

p1 = (€1,p1) p1 = (£1,P1)
b2 = (mz,ﬂ)
So we have
p1-p2 = E1my
pa-p1 = Ema
In the CMF
p1 = (€10, Po) 71 = (€10, Do)
where
[Pol = |Pol
P2 = (€20, —Po)

p1-P1 = EE — phcosx

Substitution into (S.2.19.8) yields
Exmg — EL + pEeosy — Exmy +m3 =0
Now, &%) = pg +m?, so
(&1 = E1)mg = —p§(1 — cos x)
2

£ -8 =20 (1 -cosy) (5.2.19.9)
ma
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d) From (c), p1 - p2 in the laboratory frame equals £ymsq, and py - p3 in the

CMF equals E19€20 + P, so

Eymg = E10€20 + PE
€10 = \/p(z) -+ m%
Exp = \/pg -+ mg

Rearrange and square (S.2.19.10):
(Erma ~ p§)? = (8§ + m}) (B + m3)
yielding
pa(m? + m2 + 26ymy) = m3(EF — m?)

2 2
P = it
m? + mé + 2Eymy

[ gm
Po=1m2 m? + mi + 2E1me

(5.2.19.10)

(S.2.19.11)

(5.2.19.12)

If the incident mass has no kinetic energy, in the CMF it should have no
momentum, as seen in (S.2.19.12). If mg/my — 0, then the frame of parti-

cle 1 is the CMF, so pg again should equal 0.

e) From (S.2.19.9) and (S.2.19.12) we have

(&2 —m3)(1 — cosx)
m? + mik + 2Eymy

51=51—m2

Conservation of energy gives
E+&E=6+E
So
E=E+&~-&

(€2 — m3)(1 — cosx)
m% + m% + 2& Mg

52=m2+m2
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f) We maximize gz(x) by letting x = 7. So

é (81 +m2)2+(82 —ml)
2 =y
m1 + m2 + 2817712
2(62 —m})
m23 2
ml + m2 + 281m2

£ =&

& - my_ (&1 ~ ml)(m% + m% + 2E1my) — 2m2(812 - m%)
& —m (51 - ml)(mf + m% + 281m2)

ml + m2 + 281m2 - 27712(51 + ml)
ml '|" mz + 2£1m2

__ (m—my)?
m? +mé +2E1my

For mj; = ma, the final kinetic energy of the incident particle equals O.



Electrodynamics

3.1 Charge Distribution (Wisconsin-Madison)

We can use Gauss’s theorem in its integral form:
/ E.-dS =47rQ
So
where Q is the net charge inside the surface Sp.

1 c r
= — E . dS=— 1—e" %) = .dS
@ 47r/50 4dr So( € )7"2

_ Sy ety 24T -t
_47r<1 e @ a)a Cy2~-c(1 e )

3.2 Electrostatic Forces and Scaling (Moscow Phys-
Tech)

a) The charged sphere will polarize the neutral one, which acquires a dipole
moment p proportional to the electric field created by the charged sphere

px E x %
The force between the dipole and the charged sphere is given by the product
of the dipole moment and the gradient of the electric field at the dipole:

2
F pbg q

“ R RS

201
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The condition that F = F’ after increasing the distance by a factor of two
gives for the new charge ¢’

So ,

¢ =4v/2q

b) The charge Q will be distributed uniformly along the wire. So the
Coulomb force between some point on the ring and the rest of the ring will
be proportional to the square of Q and inversely proportional to the square

of the diameter D of the ring
2

Q
When the ring breaks, the elastic force F, attempting to maintain the
integrity of the ring is given by

Fo=0S (5.3.2.2)

where o is the ultimate strength, which depends only on the material of
the wire, and S is the cross section of the wire. At the point when the ring
parts, Fg = Fg, so equating (S.3.2.1) and (S.3.2.2), we obtain

Q? x 05D?* x 0d?D?
Scaling up the linear dimensions by a factor of two gives
Q' xd' D' =4dD

Therefore

Q' =4Q

3.3 Dipole Energy (MIT, Moscow Phys-Tech)

a) The dipole is attracted to the plane, as seen from the position of the
image charges (see Figure S.3.3).

b) The field at a point r due to a dipole at the origin is given by

E(r) = 3"(;1%25—_‘"“3 (S.3.3.1)

The potential energy U of the dipole in the field of another dipole is given
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|
|
Figure S8.3.3

by — p - E. Therefore, for two dipoles p; and p2

2

U= —3(r - pa)(r 1115) +(P1pa) 7 (5.3.3.2)

where r is the vector from dipole 1 to dipole 2. Extra care must be exercised

here since this is an image problem and not one where a single dipole

remains fixed and the other is brought to infinity. The force F on the

dipole equals —dU/8r, and we want to integrate F dz from = = h to oo,
where z = r/2. The work done

o

T /U U\ 8z 1 [ oU
W= / —<E‘> d.’l,':— / (E') d’/"é’,—':—i 5617‘
T=h h h

= r=2

) 2.2 29 252

_ 1 3@hp o0 ~ (2h)Tcos2) g4 4
o 2 (2h)

_ L (Lt cos6)p?

=27 e

1
=_§U(T)

The work necessary to move the dipole to infinity from a real fixed dipole
is twice that found in (S.3.3.3).

3.4 Charged Conducting Sphere in Constant Electric
Field (Stony Brook, MIT)

Look for a solution of the form Q
o=¢o+ ¢+ P
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where ¢g = —~Ey - r is the potential due to the external field and ¢; is the
change in the potential due to the presence of the sphere. The constant
vector E, defines a preferred direction, and therefore the potential ¢; may
depend only on this vector. Then, the only solution of Laplace’s equation
which goes to zero at infinity is a dipole potential (see, for instance, Landau
and Lifshitz, Electrodynamics of Continuous Media, §3)

EQ'I‘
r3

1
é = —-AE; - V; =A (8.3.4.1)
where A is some constant (alternatively, we may write the solution in terms
of Legendre polynomials and obtain the same answer from the boundary

conditions). So
Eo Q

-r
¢=-Eg-r+ A i ey (S.3.4.2)
On the surface of the sphere, ¢ is constant:
E, ]
= —FEgacosf + A-—%‘;O—s——- + % = const (S.3.4.3)

where € is the angle between Ey and r (see Figure S.3.4). From (S.3.4.3),
we find that A = @2, and finally

3
¢ = —Eqgrcosf (1 - :’—3) + g (5.3.4.4)

The surface charge density

1 108 1094
G T TG T o a—4Egcos0+47r2
Q
E,
ﬁ

Figure 8§.3.4

3.5 Charge and Conducting Sphere I (MIT)

a) First replace the sphere by an image charge that will create zero potential
on the surface of the sphere. We know that is possible to do so with only
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Figure 8.3.5a

one image charge e’ since we can always find a spherical surface of zero
potential for two charges (see Problem 3.18). In general, we must consider
the potential at arbitrary points on the surface. Consider, for simplicity,
two points A and B on opposite sides of a diameter (see Figure S.3.5a).
The potentials at points A and B due to the two charges e and €', are,
respectively,

e e

¢A=R—a+a—r=0 (5.3.5.1)
and ,
e e
¢B_R+a+'r+a_0 (8.3.5.2)
or
efa—r)+e(R-a)=0 (5.3.5.3)
efr+a)+€e(R+a)=0 (8.3.5.4)

From (S.3.5.3) and (S.3.5.4), we can find ¢’ and r
eaq

L

For a neutral sphere, the total charge is constant (Q = 0), so we have to
add yet another charge ¢’ = —e’ and at the same time keep the potential
constant on the surface of the sphere (see Figure S.3.5b). Obviously, we

Figure 8.3.5b
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must put this charge at the center of the sphere. The potential on the
surface of the sphere is therefore

e ea e

R A
(since the potential due to the other two charges is zero).
b) The force can be found from the interaction between the charge e and
the two image charges e’ and e”’. The force is attractive and directed along
the radius vector to e.

Fe ee +ee”_ ela +e2a__e2a B 1 +L
" (R-r2? R RR-7)! R* R (R—a2?/R)*> R?

e?ad (2R2 — az)
R3(R? — a?)?

3.6 Charge and Conducting Sphere I1 (Boston)

In Problem 3.5, we found the expression for the force acting on the charge
in the presence of an insulated conducting sphere. For the grounded sphere,
the potential on the surface of the sphere is zero, and therefore there is only
one image charge

’ ea
e = ——

) R

at a distance

2

a

r=—

R

from the center of the sphere. The force on e can be computed as the force
between it and the image charge e’:

Fo ee/ e?a B e’aR
" (R-7)2  R(R—da?/R)2 (R -a?)?
Now, if R>> a,
e2a 1
“ <5
If R=a+ 6, then
_eafa+s) & 1 1

F =

(206)2 462 " 8 (R—a)?

We may look at this case in a different way, for R = a + 6, the sphere looks
like an infinite conducting plane. So the force should not differ much from
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the force between the charge e and the image charge —e (see Problem 3.9).

2 2 1

€ e
Fe-mm=—rgxgy

(262 ~ 467
3.7 Conducting Cylinder and Line Charge (Stony
Brook, Michigan State)

a) The image line charge together with the wire should provide a constant
potential on the surface of the cylinder. The potential due to the image

B 4

-

Figure 8.3.7
line charge at a distance p (point P in Figure S.3.7) is
¢ =-2)NIn|p—r|

where )’ is the linear charge density and r is the distance from the axis of
the cylinder to the line charge (see Figure S.3.7). The potential due to the
charged wire, similarly, is

¢ =-2\Inlp— RX|
From the condition that
#(p) = —2AInlp— RX| - 2X\ " Injp— 1| (S5.3.7.1)
goes to 0 as p — oo, we have

A= -\ (S.3.7.2)
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Again taking for simplicity two opposite points A and B on the surface of
the cylinder, we find

-2Alnja— R| - 2N Inla —r| = ¢o (S.3.7.3)

~2\Inla+ R| -2\ Inja+ 7| = ¢o (8.3.7.4)
Subtracting (S.3.7.4) from (S.3.7.3) and using (S.3.7.2), we obtain

a—R
+ R

a—r
a+r

In

(8.3.7.5)

—n

which yields the position of the image charge A":

| ]

The potential on the surface
2 R
¢=-2\In|R—-qa|+2\In|a-a*/R| = —2)\ln—(;

We can check (see (b)) that this is the potential for any two points on the
surface of the cylinder.

b) From (S.3.7.1) and (S.3.7.2), we have
¢=—-2An|p— RX|+ 2X1n|p— r¥|

In cylindrical coordinates, p = pcos pX + psine§. So

\/(pcosw—r)2 +p2sin2<p:|

¢ =2AIn
\/(pcos<p — R)2 + p?sinp

= Aln [P2 - 2p(a?/R) cos o + (a4/32)]

p? —2pRcosyp + R?
For p = a, ¢ = —2XIn(R/a), as in (a).

3.8 Spherical Void in Dielectric (Princeton)

We expect the dipole to induce some charge in the dielectric which would
create a constant electric field inside the void, proportional to the dipole
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moment p. Therefore the field inside is due to the dipole field plus (pre-
sumably) a constant field. The field outside is the “screened” dipole field,
which goes to zero at infinity. We look for a solution in the form

g n® ;‘g’._)___* P ap (S.3.8.1)
Eout = ﬁ3n(___.__n . :I:) i (5382)
T

where n is normal to the surface of the void (see Figure S.3.8). Use the

Fnul

Figure §8.3.8

boundary conditions to find the coefficients « and 8

D;n — Dgut
Eén — E?Ut
and D = ¢E, so
Elr = eE3"
Write (S.3.8.1) and (S.3.8.2) at some point P on the surface of the void
2pcosf __a2pcosb
7 +apcosfd = sﬁ—RT— (S.3.8.3)
sin 8 . psin @
—pR3 +apsingd = -0 7 (8.3.8.4)

where g is the angle between p and the normal to the surface of the void,

2 2¢e3
L et (5.3.8.6)
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We solve for & and 3 in (S.3.8.5) and (S.3.8.6):

- Efﬁ (S.3.8.7)
o=l };3'8 =1 225(1_1)1})23 (S.3.8.8)
and find
in . 3n(n rf) -p 22(2 - 1) L (S.3.8.9)
out _ 2611 1 3n(n 'Tf) —P (S.3.8.10)

3.9 Charge and Dielectric (Boston)

a) The electric fields just above and below the dielectric due to the charge
e and the surface charge o,(y, 2} are, respectively,

e(—h& + yy + 22)
(h2 + yZ + z2)3/2
e(—hX + y§ + 22)
(h2 + y2 + z2)3/2
b) From D = E+47P = ¢E, we have for the polarization P and its normal
component to the boundary P,

E(0%,y,2) =

+ 2mopR (5.3.9.1)

E(0 ,y,2) = — 2oy (S.3.9.2)

e—1
P yp E
op = P = S22 E,(07,y, 2) (S.3.9.3)
b = n — 47[' T ,y, z s P N
c¢) Using (S.3.9.2) in (S.3.9.3), we have
e—1 eh
_ _ _ 3.9.4
T [ (h? +y? + 22)3/2 2”"] (5394
So
1 -1 h
oy = £ ° (S.3.9.5)

T 2w e+ 1 (h2+y? + 22)3/2
d) The field at the position of the charge e due to the surface charge oy is

hop dA .
E'(h,0,0) = / T S (5.3.9.6)
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where dA is the area. We can rewrite this integral in cylindrical coordinates:

2
E'(h,0,0) = —— h L dp %
2w + p?)
_e:s—looh2d£5‘< __,_E‘E_l h? °°),(_ e—-1 e %
2e+1) (W2+83  "de+l (W2+6)2|, = e+1 (2h)?
0
(8.3.9.7)
This can be interpreted as an image charge
,_ e-1
=--71¢ (5.3.9.8)
at a distance 2h from the charge e (see Figure S.3.9).
[ h h ]
e o
Figure 8.3.9
e) The force on the charge e is
-1 ¢?
F = g&/ =S - Ty 3.9,
qE'(h,0,0) TR (8.3.9.9)

3.10 Dielectric Cylinder in Uniform Electric Field
(Princeton)

First solution: Introduce polar coordinates in the plane perpendicular to
the axis of the cylinder (see Figure S.3.10). In the same manner as in
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Figure §S.3.10

Problem 3.4, we will look for a potential outside the cylinder of the form
¢ = ¢o + ¢1 (5.3.10.1)

where ¢o = —E .r and ¢; is a solution of the two-dimensional Laplace
equation, which may depend on one constant vector E

¢1= AB-Vinr = AE (5.3.10.2)
r

where A is some constant (see, for instance, Landau and Lifshitz, Electro-
dynamics of Continuous Media, §8). Inside the cylinder, the only solution
of Laplace’s equation that is bounded in the center of the cylinder and
depends on E is

#" =BE-r
Using the condition on the potential ¢ at r = a, ¢® = ¢°%, we find
0
BEyacosd = —Epacosd + A@(;ﬁ~ (5.3.10.3)
from which we find A
B = —2 b 1
a
We now have
En = Vgt = 1- A g & (S.3.10.4)
pund = a2 O e .

Eout — _V¢out =E— A <_]_3§ — 2_(15—:):) (S.3.10.5)
r r

Using the boundary condition DIP = Do or ¢Eid = E2U we find

A
5(1—— —2> Eycosf = (1-!—%) Epcosf
a a
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A= e—~1 o2
e+1
So we obtain
Ein = 15 Egx (S.3.10.6)
E 2E- r)r
Eout (__2 _ )
- Eyx (on 2E0 cosG )

e—1a? 202 e -1
=(1- — | EoX + — 3.10.
( T 1 7‘2) oX + 3 11 Eycosfr (83107)

The polarization is
P_e-lEm_ 1 8—1E)‘c
T 4rm T ome+1

So the dipole moment per unit length of the cylinder is

1le~1

= P . 2 = - 2 X
P ma 5 71 a“Ep X
which corresponds to the potential
2p-r
$1=—73
The surface charge density o is
P-r 1 e-
= = E 0
o T o i1 0 COS

Second solution: Use the fact that for any dielectric ellipsoid with a dielec-
tric constant € immersed in a uniform electric field in vacuum, a uniform
electric field inside is created (see, for instance, Landau and Lifshitz, Elec-
trodynamics of Continuous Media, §8). Therefore there must be a linear
dependence between Eyz, Ei*, and D, where the applied field Ep is along

the z-axis:
By = Eg, = aE‘“ + 5D“‘ (S.3.10.8)

where « and [ are coefficients independent of the dielectric constant of the
ellipsoid and only depend on its shape. For the trivial case in which e =1

Ey=E} =Dy



214 SOLUTIONS

Therefore
a+p=1 (8.3.10.9)

For a conducting ellipsoid (which can be described by a dielectric constant
€=00)

Eir=0
A= Din © 4np, N

where n, is the depolarization factor. From (S.3.10.9), we have
a=1—-n,
Finally (S.3.10.8) takes the form
(1 ~ng) E + n, D = E, (.3.10.10)

For a cylinder parallel to the applied field along the z-axis, n, = O, but
Ng + Ny + n, = 1, so ny = ny, = 1/2. Equation (5.3.10.10) becomes

%Ei;‘ + %eE;“ = Eq (8.3.10.11)
and
E" = 2 E (S.3.10.12)
T T 1ve? B

as in (S.3.10.6) above.

3.11 Powder of Dielectric Spheres (Stony Brook)

To find the effective dielectric constant, we must first find the polarization
of the spherical particles. Consider a dielectric sphere placed in a uniform
electric field E = Ep2. Since the field at infinity is E = Eyz and the field
produced by the sphere must be a dipole field (see Problem 3.10), try a
solution outside the sphere:

3(p-r)r — pr?

Eout = EpZ + 5

(8.3.11.1)

Inside the sphere, try a field oriented in the direction of the original field
EOZ
Ei, = F12 (S.3.11.2)
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Figure 8.3.11
The usual boundary conditions apply:
Dir = pout (8.3.11.3)
Ein = Eout (8.3.11.4)

Taking (S.3.11.3) and (S.3.11.4) at points 4 and B, respectively (see Figure
S.3.11),

eEy = Ey + -;% (S3115)
By = Ey— % (S.3.11.6)
Solving (S.3.11.5) and (S.3.11.6) for E; yields
_ 3K
Ey = 3 (S.3.11.7)
) -
_ Sfp
Ey, = s 2z

The dipole moment p is found by substituting (S.3.11.7) back into (S.3.11.6):
3E, g _ P

e+2 O—ﬁ

e—-1 3 fe—-1
= EyR3 = — 1%
P (E+2) 0 47r(s+2)E0
Using the condition nR® < 1 (low concentration of particles), we can dis-
regard the interaction between them. The polarization of the medium then

is given by the dipole moment per unit volume. Here, we have n dipoles
per unit volume, so

e~1 3
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Now, D =¢€'Eg = Eg + 47 P, so

4 P -1
e'=1+7r—=1+47r(z >nR3

Ey 42
=1+ 4nr a-1 Eﬁ (10‘5cm)3—1006 (5.3.11.9)
- 442/ \ cm3 o T

The apparent but wrong answer ¢’ = 1 + (¢ — 1)nV comes about by ne-
glecting the shape of the particles and considering ¢’ as the average of
the dielectric constant of free space, 1, and the dielectric constant of the
spheres, ¢.

3.12 Concentric Spherical Capacitor (Stony Brook)

a) By using Gauss’s theorem and the fact that charges rearrange themselves
so as to yield a zero electric field inside the conductors, we infer that all
of @; will reside on surface 2 of the inner sphere, —@Q; on surface 3 of the
outer sphere (no field in the interior of the outer sphere), and Q1 + @2
on surface 4 of the outer sphere (see Figure S.3.12). The surface charge

Figure 8.3.12

densities are straightforward to calculate as the charge divided by surface
area:

51 =0 U=Q1 Uz—Ql U:Q1+Qz
! ®” 4ral 7 42 4 4mb3
If @2 = —@Q1, there is no charge on the external shell, simply @; on surface

2 and —@Q1 on surface 3. The mutual capacitance may be calculated from
AV C = @1, where AV is the difference in electric potential between the
spherical shells. Again using Gauss’s theorem to calculate the magnitude
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E of the electric field between the shells, we have

E(r) - 4mr? = 47Q, E(r) = %
by
1 1
LAV = /E(r) cdr = -0, <_. - _)
b1 a2
i_1_1
C - az b1

b) The D field behaves like the E field before:

V-D =4np
so, between the spheres
D =c¢cE Q—,;
r
_ @
er?

The real and polarization surface charge densities on surface 1 are still zero,
and on surface 2, we find

@ _ @

¢ 4mrad
@ __ @i e-1
pol dral €

Likewise, on the third and fourth surfaces,

@ _ tQre-1

[of

pol ™ 4mh? ¢
4) _
Opat = 0

Finally, the capacitance may be found:

b1

——AV=/E-dT‘=—QI- (_l__i>
£ b1 az

az
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3.13 Not-so-concentric Spherical Capacitor (Michigan

Tech)
a) For 6 =0, we have the boundary conditions
Gly=p =0 @|r=o = const (8.3.13.1)
which with Gauss’s law yield for the potential between a and b
1 1
¢=gq (; - 5) (S.3.13.2)

b) Introduce spherical coordinates with the polar axis along the line AB
(see Figure S.3.13). Find the equation of the sphere Sp in these coordinates.

Figure S.3.13

From the triangle AABS we have
b = R? 4+ 62 — 2R6 cosd

We can expand 1/b as a sum of spherical harmonics using a general formula:

1 1 = &
1_ = Py(cos
b~ VR TP BResd & RTH0)
5 16
N — + =P, ==+ —
7 + 72 1 (cos 8) 57 + =5 cosf

or simply by expanding the square root to first order in é (§ « R)

1 1 1. 6
5~ (1+§2Ecos0>
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So 5
bzR<1—§00s9> =R —6cosé

and we have
R=~b+écosb (S.3.13.3)

The term 6P (cos8) represents the deviation from concentricity and should
be zero at 6 = 0. We look for a potential as an expansion of spherical
harmonics to first order in é

¢(r,6) = (Ao + %> +6 (Alr + %) cos @ (S.3.13.4)

With the boundary conditions in (S.3.13.1)
¢lr=pr =0 @|r=q = const

The first term in (S.3.13.4) should be the same as in (a)

1 1
¢’=Q<;—3)

We may find A; and B;by checking the potential on the inner and outer
spheres. On the inner sphere r = a and the potential is a constant, and so
must be independent of cos §. This yields

Ala + Ezl =0
a
(S.3.13.5)
B1 = —a3A1

Substituting (S.3.13.5) back into (S.3.13.4), we now check the potential on
the outer sphere, where r = b+  cos 8

1 1 a®
—— - — |+ 64 | b+ bcos) - —— =0
q(&cose—i—b b>+ l( o cos (b+6cos9)2>cos

1 ) 1 a® 26 cos f
zq{5(1—50039>~5]+6f11 lib+6cos€—b—2(1— 5 )]cosﬂ

bcosd a® 26 cos 8
=q<— 7 )+6A1 [b+6c089—35(1—— 5 )]cos&
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Neglecting terms of order §2, we find

Aad
6cos0(~b%+A1b——;2—-) =0

.
b3 — o3

(1 1 bq a
¢(r,9)—Q(r - b) o3 (r— r2>cos0

The charge density on the inner sphere is

A =

Finally,

1 8

4 On

q 3¢6
= - 6
dra? 4w (b3 — a3) cos

r=a

The force on the sphere may now be calculated by integrating the z com-
ponent of the force on the differential areas of the surface dF = 2wo?n dA:

F=F,= /21ra2 - 2n0?sinf df cos b
0

s

2
/47r2a2 <47:'1a2 — 47r(;q6 PE) cos 9) sin @ cos 8 df

0

The only term which survives is the cross term

7 3¢q2%6 cosf .
F=[4n%? | 20— —— 8 8 db
0/ T“a < T6m2a? (5 — &) siné cos

_ a6 (5.3.13.6)
GEFY

We can check this result in the limit of @ = 0 against the force between a
charge inside a neutral sphere and the sphere (see Problems 3.5, 3.6).

3.14 Parallel Plate Capacitor with Solid Dielectric
(Stony Brook, Michigan Tech, Michigan)

To solve this problem, the capacitance of a parallel plate capacitor must be
calculated with and without a dielectric inserted. We then recognize that
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the two capacitors are in parallel in order to infer the total capacitance,
and we then use the expression for the energy contained in the capacitor
to determine the force on the dielectric. The potential difference between
the plates is given by

d
V= —/ E.dl = drod (8.3.14.1)
0

where o is the surface charge density o = Q/L?2. Since Q = CV, we find

olL? L2

a) With a dielectric inserted, the capacitance is modified. E is replaced
by D in (S.3.14.1), where D = ¢E. The potential V is still the integral of
—E - dl, so we find that the capacitance is multiplied by &. In this problem,
the dielectric is inserted only a distance x between the plates (see Figure

. I

Figure S.3.14

S.3.14). As the total capacitance of two capacitors in parallel is simply the
sum of the individual capacitances, we find that the new capacitance is

’

The energy stored in a capacitor is given by

U= =-¢cVv? (S.3.14.4)

In (a), the battery has been disconnected from the capacitor. As the dielec-
tric moves either into or out of the capacitor, the potential V will change
while the charge @ is constant. So we use the first part of (S.3.14.4). The
force on the dielectric is found from

oUu

Fp = (S.3.14.5)

From (S.3.14.3) and (S.3.14.4) we have

U__147rdQ2 1 )
T2 L <L+x(e——1)
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S0
_ 2mdQ?* (1)

L [L+xz-1)?

Expressing F in terms of a potential difference V

Fy

(S.3.14.6)

Q=CV

we obtain
_ Lv?
T 8rd

Since £ > 1, the dielectric slab will be drawn further between the plates (z
will increase).

(e-1)

b) In this case, V is constant, not (, and we must now take into account
the electric potential energy of the battery. For some small change of the
system,

AU = A (%cxﬂ) ~VAQ
Since Q = CV, and the potential is held fixed AQ = VAC, so
AU = —%VZAC

Note the minus sign. If the electric potential energy of the battery had
been ignored, the expression would be incorrect (see also Problem 3.17).
We now wish to find

oU vZoC' LV?

= e e— = —_——— —— — SS. .
Fo Oz + 2 Oz 8nd (e-1) (8.3.14.7)

as obtained in (a). Note that the force goes to zero when € = 1, as expected.

3.15 Parallel Plate Capacitor in Dielectric Bath (MIT)

a) As in Problem 3.14, the capacitance of the parallel plate and dielectric
system is simply the sum of two capacitors in parallel:

_L(L/2)  eL(L/2) L? _ L 1+e
C= 4dnd + 4md “81rd(1+€)~00 2

b) The charge is constant as the plates are lowered into the dielectric bath,
but the potential between the plates is not. After charging, @ = CpV.
Lowering the plates into the fluid to a height L/2 changes C from Cy to
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Co(1 + €)/2. The new potential V' may be found from

oV = Co v
So
;2
T 1+
Since |V| = |E|d 2 Vv
E= =
1+¢ed
c¢) From Maxwell’s equation V-D = 4mwp, we find that D = 470, but
D =c¢F, so
g=4
€
From (b), we obtain
_ 22V
C4n(l+e)d

where the fluid is between the plates. The surface charge density where
there is no fluid is 5 v

C4n(l+e)d
d) To determine the height difference between the liquid between the plates
and in the external reservoir, we consider the sum of the electrical and
gravitational potential energies of the capacitor and fluid. Let the height
difference be given by h and a small change in the height be produced by
¢ (see Figure S.3.15) . The gravitational potential energy is given by the

integral B
+ 2
/ pgLd r dz = pg_(h_-l—g)ﬂi.
0

» d =

Figure S8.3.15
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so that the total potential energy

_ 1@ pg(h+Q)’Ld

U=5% 5 (S.3.15.1)

Again we have written the electrical potential energy in terms of the charge
O, since the potential changes as the fluid rises or falls. Writing out the
capacitance, we get

87Q%d pg(h +¢)*Ld

L2(e+1) +2L(e — 1)¢ 5 (5.3.15.2)

1

U=

2

At equilibrium, the force on the liquid is zero, or the derivative of the

potential energy is zero

_OU 1 167Q*Ld(e — 1)
8¢ 2[L2(e+1) +2L(e — 1)(]

5 — pg(h+()Ld =0

At equilibrium, i.e., { = 0,
87Q?Ld(e — 1)
IA(e +1)2
p - 8mQie - 1)
 Lipg(e + 1)
Rewriting (S.3.15.4) in terms of V, we obtain

= pgLdh (S8.3.15.3)

(S.3.15.4)

b Vi e-1
- 2mpgd? (g +1)2

Alternatively, we can use the result of Problem 3.14 (S.3.14.6) and equate

the force
) 2 _
F) = (—Q—U-> _ 2mdQ -1 __  (53155)
0% ) 412 L [L+L{e-1)/2]

to the weight of the dielectric
W = pghLd (S.3.15.6)
From (S.3.15.5) and (S.3.15.6) we find

_8nQ? (e-1)
~ Lipg (e+1)?

as in (S.3.15.4).
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3.16 Not-so-parallel Plate Capacitor (Princeton (a),
Rutgers (b))

a) Consider this problem in cylindrical coordinates, so that the plates are
along the radii (see Figure S.3.16). The Laplace equation, V2¢ = 0, then

Figure S.3.16

becomes

2
19 ( 8¢)+L ¢ _ (S.3.16.1)

0 op\"3p) " 0 Bp?

Writing ¢ = R(p)x(¢), we may separate (S.3.16.1) into two differential
equations

pd [ dRY _ ,
o ( dp>_n (S.3.16.2)

—= =-n S5.3.16.3

X dp® ( )

where R is the radial part of the potential, x is the azimuthal part, and n

is some constant. In the small-angle approximation (which can be assumed

since we are allowed to disregard the edge effects), we can say that R is
independent of p, and then

&x

dip?

for which we have the solution x = Ay + B. From the boundary condition

x(0) = 0, we have B = 0, and using the other condition x(wo) = V, we
find that

=0

p=vZ
Yo
where d d
Yo ~ sin g = ———1 (S.3.16.4)

Ly
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b) Using the result of (a) and the expressions for the of the field energy U
contained in a capacitor, we may find the capacitance. We have

lf:lcvzzj;/i#d%: (S.3.16.5)
2 8m

Here,

so (S.3.16.5) becomes

1 1 Ly pp2 ppo y2
—CV2=—/ / / ——pdodpdz
2 81 Jo Jp Jo PR

. 1 L1V2 //72 dp B L1L2V2 1 d‘z/(p[) _ L1L2V2 lnd—2
81 wo J,

= n =
P 8 (dg - dl) dl/(po 87r(d2 - dl) dl

1

Hence, the capacitance

LiLy de _ Lily (] d—d
) d

:———-————-———l _
47T(d2—d1) n

C d1 - 47I'(d2—d1

) (S.3.16.6)

1
In the limit of d; — d; = d (the case of a parallel plate capacitor), (S.3.16.6)

reduces to
C~ Lng d2 - dl _ L1L2
- 47 (dz — dl) dl o 4rd
which is equivalent to the result found in (S.3.14.2) of Problem 3.14.

3.17 Cylindrical Capacitor in Dielectric Bath (Boston,
Maryland)

a) For the first case (fixed charge), the generalized force can be calculated
as usual by considering the change in potential energy of the capacitor (field
source) written in terms of the charge of the capacitor (which is a closed
system). So, in this case,

aUe
Fop = - ( ) (8.3.17.1)
or Q

If the capacitor is connected to the battery, it is no longer a closed system,
and we have to consider the energy of the battery also. The battery must
do some work to keep the potential of the plate constant. This work AW
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is
AW = -V,AQ = ~VEAC = -2AU,
The energy change of the total system
AU, = AU, + AW = -AU,

Therefore, the force

aU, dUe(z, V})
Fep = — =4—T .3.17.
( o ) = (5.3.17.2)

b) The energy of the capacitor

_Q* Q% AV
20T A 8mx
where A is the area of the plates. From (S.3.17.1)

dUe(z,Q)  2mQ?
dr A

Ue

Fea:=_

In the case of constant voltage

+6Ue(x,Vb) AR onQ?

F,, = = — -
e Oz 8rx2 A

c¢) The capacitance of a cylindrical capacitor may be found by calculating
the potential outside a uniformly charged cylinder. Gauss’s theorem gives

¢(r) = 2AIn(r/a) (S.3.17.3)

where A is the linear charge density of the cylinder, and @ is the radius of
the cylinder. The potential of the outer cylinder of the capacitor in the
problem is V. So

o(b) =V = 2AIn(b/a) (S.3.17.4)

For a cylinder of length H, the capacitance may be found from (S.3.17.4)
by substituting A = Q/H:

Q _ 2QIn(b/a)
¢  H
H

C = W (S.3.17.6)

V= (S.3.17.5)
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h

Figure S.3.17

For the capacitor of length H filled with dielectric up to a height A (see

Figure S.3.17)
1

1
Ug== —— - 2
3 2(6/a) (H - h)+eh|lV
Here, we use (S.3.17.2) to obtain
o Ve e—-1 2
*7 8k 4ln(b/a)

(S.3.17.7)

The liquid is drawn into the capacitor. The weight of the liquid in the

capacitor
W =7 (b% - a®) hpg (S.3.17.8)

where (b2 —a2)h is the volume of the liquid drawn up between the cylinders
and p is the mass density of the liquid. Equating (S.3.17.7) and (S.3.17.8),
we get
- (e ~1)V?
"~ 4mpg (b2 — a?)In(b/a)

3.18 Iterated Capacitance (Stony Brook)

a) We found in Problem 3.5 that a charge ¢ a distance R from a conducting
sphere of radius a produced an image charge ¢’ a distance r from the center
of the sphere, where

1= =%
¢=-5 r=4 (5.3.18.1)

Using this result, we may verify that charges ¢ and ¢’ a distance R —r
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Figure 8.3.18a

apart do indeed give a spherical equipotential surface. The problem is
cylindrically symmetric, so we establish a circular equipotential by writing
down the potential due to the two charges (see Figure S.3.18a2). Given that
V(o0) =0, we find the sum of the potentials

/ !

q q 4 q

+ = +
IR—a| |r—a] +/R?+a2—-2aRcosf +a2+r%— 2arcosb
for a circle of radius a. If ¢’ = —ga/R, we have

q q
_ =0
VRZ +a? —2aRcosf (R/a)va? + 1?2 — 2ar cosf

With r = a?/R,

q q
_ =0
vVR2 +a? —2aRcosfd +R?+a2—2aRcosh
as required. Given that the separation of the two charges is some distance

z = R —r, we may find the radius of the sphere ¢ and the location of the
center with respect to one of the charges R using (S.3.18.1):

q x z

- = R= —~
q 1-(¢'/q)? 1-(qg'/9)?

b),c) In general, the charge and potentials of a number of conductors are

related by the linear equations

n
q, = ZCU‘/J (33182)
i=1

a =

where Cy; and C;; are called coefficients of capacity and induction, respec-
tively. In the case of two conductors carrying equal but opposite charges,
the capacitance is defined by the ratio of the charge on one conductor to
the potential difference between them. For our two-sphere capacitor, we
have

@1 = CnVi + Cr2Vz

S.3.18.3
g2 = CVi 4+ Cpp Vs ( )
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Figure S.3.18b

The capacitance may be found by setting g = —¢q; and calculating
Q1
C= .3.18.
Vi-V, (S.3.18.4)
If we choose the zero of potential at infinity, it is clear that ¥, = —V], so
we have for the capacitance
1
c=-L_ -2 __(¢,~Cu) (S.3.18.5)

This is a specific case of a more general result (see, for instance, Landau
and Lifshiftz, Electrodynamics of Continuous Media, §2)

_ Cy1C2 ~ C%,
C11 +2C1p + G2

Now we may calculate Ci; and Cia by placing a charge Q on the first
sphere, giving it a potential V' = @/a, then placing an image charge inside
the other sphere to keep it at zero potential. In turn, we place an image
charge inside the first sphere to restore the potential to @/a, whereupon
we. ... Operationally, we have from (5.3.18.1) (see Figure S.3.18b)

(S.3.18.6)

Qo=Q
2
_Qi-1a a?

Rin=Ro—mi2 Q;=

Rt 7'T R
c) For our problem, R = 4a, and Qo = Q,sowe find Q; = -Q/4, Q2 =

Q/15, Q3 = —Q/56, and Q4 ~ Q/209. Since we maintain V, = 0, we have
from the first of (S.3.18.3)

n=CuimrQ+Q2+ Q4= C’u%— (8.3.18.7)
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So
Cu= |1+ L + ! 1
1= 5 o090 07a (8.3.18.8)
Since C12 = Ca1, we find from the second of (S.3.18.3) by summing the first

two image charges in sphere 2

@2 =0l = C12% ~ QL+ Qs (5.3.18.9)
So
Cro 1 1 N
(-7 )e —-0.27a (5.3.18.10)
Finally, we have
1 1

See Smythe, Static and Dynamic Electricity §5.08 for further details.

3.19 Resistance vs. Capacitance (Boston, Rutgers (a))

a) Enclose one of the conductors in a surface and use Maxwell’s equation
(see Figures S.3.19a and S.3.19b)

V- -D =dmp
So
4mp
V- E=—— (S.3.19.1)

Take the volume integral of (S.3.19.1) and transform into a surface integral:

4
/V-Ed% = /%’ &z = /E-dA (5.3.19.2)
Q

-----

"
[y

.....

:
i

[V

Figure 8.3.19
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Using this result and the definition of C, we find
Q= / pdiz=CV
which yields . O
V/E'dA - _’%_ (S.3.19.3)

Now treat the resistor problem by starting with J = oE. Finding the
current flux through the same surface,

I=/J-dA=a/E~dA=K

R
So
l/E-dA—l (S.3.19.4)
|4 ~ oR D
Equating (S.3.19.3) and (S.3.19.4), we find
1 4nC
oR~ ¢
and finally .
RC = — (5.3.19.5)
4ro
The parallel plate capacitor has the following capacitance and resistance:
eL? 1 d
= ird R=om

Thus, we confirm the general result for RC.

b) Find the potential at the surface of each conductor:

vid_-4 Vom 248 (S.3.19.6)
a ¢ b ¢
So .
1 1 2\
C~ <E +3- E) (3.3.19.7)

c¢) Following the hint, consider the potential drop from each conductor to
infinity when first Iz = O and then I; = 0:

00 o 3 L[> dr
V1_~/a E-dl_~/a sdl=- | 5

SO
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In the same fashion

1
R =
A droc
1
R o~
12 droc
1
R = —
22 4nob

Now,V; = (Ry; — Ri2)I and V3 = (Rgy — Rgo) I, where I = I; = — 1. So
we obtain for R

Vi—-Vy 1 /1 1 2
= = —-— — ~N — | - - = = .3.19.
7 R11 — Rig — Ro1 + Ry P (a + b c) (S 3.1 8)

d) Multiplying (S.3.19.7) by (S.3.19.8), we find the result in (S.3.19.5) with
e=1

R

3.20 Charge Distribution in Inhomogeneous Medium
(Boston)

From the Maxwell equation for D = ¢E
V-D=4mp
we have
drp=V-D=V . (¢E)=(Ve)-E+eV E (5.3.20.1)

Substituting J/o for E in (S.3.20.1) (for an isotropic medium where J is
the current density), we find

J € €
47rp=(VE)-E+EV-((—T-) =(V€)-E—F(VJ)~J+;V-J

From the condition that the current is stationary V-J = 0 and substituting
back for J,

dnp = (Ve) - E — g(vo—) .E = —é (6Ve — Vo) Vo

and so 1
p==71— (cVe—eVo) - Vo
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3.21 Green’s Reciprocation Theorem (Stony Brook)

(See Problems 1.12 and 1.13 of Jackson, Classical Electrodynamics)
a) We may prove the theorem by considering the volume integral of the

following expression:
/ Vé - V¢ d*x
v

Integrating by parts in two ways, we have

V/v¢-v¢' Pz = S/¢v¢'.ds —Jw%’ d*x
= S/¢ Ve - dS _V/¢/v2¢ Bz (58.3.21.1)

Now, V¢ *n = 4wo (where n points opposite to the directed area of the
surface S) and V2¢ = —4np, so dividing (S.3.21.1) by 4 yields the desired

result:
/p¢’ d3z+/a¢’ ds = /p’¢ d3x+/a'¢ dS  (S.3.21.2)
|4 S 14 S

b) Let us introduce a second potential given by ¢’ = 2w¢’z, corresponding
to a surface charge density on the upper plate of ¢’ and on the lower plate
of 0 (see Figure S.3.21). This introduced potential has no charge in the
volume, and the real potential is zero on the plates so that the right-hand
side of (S5.3.21.2) is zero, yielding

/qé(x —2z9) 270’z A3z + / o-2nc'l dS
\%4 upper plate

=gq- 27‘(‘0”2‘0 + Q‘i o'l =0
where @; is the induced charge. So on the upper plate,

— ]
Qi ql
[
| =
| p 0

Figure S§.3.21
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3.22 Coaxial Cable and Surface Charge (Princeton)

Write down Laplace’s equation in the region between the cylinders in cylin-
drical coordinates:

10 /(3 1 8% 8%
240 . - 2 -r T4 T =
Ve~ p Bp <p3p) p? Bp? 922

By cylindrical symmetry, ¢ does not depend on ¢ (see Figure S.3.22), so

al

2808 |

Figure S.3.22

Laplace’s equation reduces to

2y 1 0 ( 08 0% _
V=25, (05, )t 37 =0 (8.3.22.1)

As usual, we look for a solution in the form
¢(p, 2) = R(p)Z(2)
and (S.3.22.1) becomes

1120 3R 1 8%Z
R ; 5—,; ( -a—p) + Z 52 0 (S.3.22.2)
From (S.3.22.2), we have
2
7 125 0 (5.3.22.3)

822
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where & is a constant. By translational symmetry along the z-axis,

aEz_o_?z

8z~ 922
so k=0, and

Z(z)=az+p

where o and 3 are constants. The radial part then becomes
d [ OR
(=) =0
dp (p dp )

R(p) = Aln(p/po)

(5.3.22.4)

So
#(p, 2) = (az + B)Aln(p/po) (8.3.22.5)

Imposing the boundary condition that ¢(p,0) = 0 leads to 8 = 0, and we
have

d(p, z) = AzIn(p/po) (S.3.22.6)

where A is a constant (A = aA). We may write the potential differences
along the cable as

d(a,2) — ¢(a,0) =E .-z ==
(5.3.22.7)

¢(b,z) — ¢(b,0) =0

where we used J = ¢E, the uniformity of the current density J and isotropic
electrical conductivity. We now have

Azln(a/po) = Jz
g (S.3.22.8)
Aln(b/pg) =0
From (S.3.22.8), we find
oo =b (8.3.22.9)
Ao (S.3.22.10)

o 1n(a/b)



ELECTRODYNAMICS 237

For p < a, the potential is the same as on the surface, and from (S.3.22.7)
and (S.3.22.9)

Jzln (p/b)
h@/p) C50E
¢(p,1)=
%‘E p<La

The surface charge density is

Ey(a™) — Bp(a”)

g =
4m
_ _1_ (__ Opg+ O, - _ Jz
T 4m 0p |pmat 0p |,m- )  4macln(e/d)

where a* and a~ correspond to the points outside and inside the inner
cylinder, respectively.
3.23 Potential of Charged Rod (Stony Brook)

a) The potential along the z-axis may be computed by integrating along
therod:

L/ZQ . Q L2
p(2) = - d¢ = ~— Injé — 2|
_L//2Lz—5 L —L)2
Q L/2 -~z _Q 14+u ‘
-7 In Tiﬁ_:—z =7 ln‘l—u (5.3.23.1)

where v = L/2z.

b) Since the problem has azimuthal symmetry, we may use the Legen-
dre polynomials P;(cos®#) and rewrite the expansion in (P.3.23.1) (see §3.3
of Jackson, Classical Electrodynamics and Figure S.3.23)

o)

B
o(r,0) = Z (An‘" + m%—) Pi(cosf)

=0

Since we consider r > L/2, all the A; are zero, and

[o o]

P(r,0) = %Pz(cos 6) (S.3.23.2)
=0
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Figure S.3.23

We wish to equate (S.3.23.2) along the z-axis with (S.3.23.1) where P,(1) = 1
for all {. We must rewrite In|(1 + u)/(1 — u)| as a sum. Now,

n+1
S n(l + u) ngl
} i D (1) (=) w_ gi win! (S.3.23.3)
1-u| &~ n =1 T

Rewriting (S.3.23.1) using (S.3.23.3), we find
20 &1 L\ 1 X1 L\ 1
4’(‘2)*7;5(5) T ga( ) =

Replacingn byl +1,

Ms

1 *
¢(2) = =O—+— 5 ) s (8.3.23.4)

Using (S.3.23.2) and (S.3.23.4), we have
oo 1 L 20 1
¢(7‘,0) =QZm (§> 2H_1P21(C050)
1=0

3.24 Principle of Conformal Mapping (Boston)

A differentiable function W(z) = U(z,y) + ¢V (z,y) satisfies the Cauchy—
Riemann conditions
oU(z,y) _ 9V(z,y) oU(z,y) _ 8V(z,y)
or Oy oy oz

(5.3.24.1)
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To check that U and V satisfy Laplace’s equation, differentiate (S.3.24.1)

U _ o (a0\_ o (av\_ o (av\_ &U
0z2 0z \dx/) 0x\8y) oOy\dz) 8y’

or
&U(z,y) , 8°U(z,y)
52 oy? =0
Similarly,
V. _ 8 (8U\__8 (oU\__38 (oV)__&WV
ox2  Or oy ) dy\dcx) oy\dy) Oy
and

PV@y) | Vi)
Or? oy?

b) Orthogonality of the functions F and G also follows from (S.3.24.1):

=0

oU 8V oU 8V oU U 08U au

P GGt B = 5 " 5y oy~ Bz oy Ty 9z "

c) The electric field of an infinitely long charged wire passing through the
origin is given by E, = —(A/r)f, where A = —2X and ) is the charge
per unit length, r is the distance from the wire (see Figure S.3.24). The
complex potential

W =Alnz = Aln(re") = Alnr + Aip
\ | /
A -

Figure §.3.24
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So
U= Alny/22+42
V = Atan~(y/z)
The fields F and G are given by

G, -%~—ff

Note how F and G satisfy the conditions of parts (a) and (b). The mag-
netic field of a similarly infinite line current can be described by the same
potential.

3.25 Potential above Half Planes (Princeton)

This problem is symmetric for displacements along the z-axis, so we can
consider this a two-dimensional problem in the z~y plane, a candidate for
the method of conformal mapping. It can be seen that the function w = Inn
(n = z+1iy, w = u+1iv) transforms the initial plane so that points at y =0
for z > 0 map into the line v = 0, and the points at y = 0 for z < 0 map
into the line v = 7 (see Figure S.3.25). In the w plane

V=Vo—%’v
™
so that at v = 0, V = Vp and at v = =, V = —V,. Again using
y @ oW
T
_VU
_______ e 0 s
-V, 7 A
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n =z + 1y = pe'¥, we obtain
In(z + iy) =In (pe*®) =lnp +ip = u +iv

so that y
tanp = =
T

We then have

-1¥
= =t 1 =
v "2 an o
and o
¢(z,y) = Vo — 20 pan-1 ¥ 2 200 (E tan~! g)
T ™ 2 T
or using
tan‘l g = E — tan_l E
we find o
dz,y) = L tan~t =
n Yy

We can check that ¢(z,y) satisfies the boundary conditions.

3.26 Potential of Halved Cylinder (Boston, Princeton,
Chicago)

This problem can be solved by several methods. We will use conformal
mapping. Namely, we will try to find a function w(z), where z = = + 1y, to
transform the curves of equal potential (in the cross section of the three-
dimensional body) into parallel straight lines in the u-v plane, where w =
u+iv = f(z,y) + ig(z,y) with both f and g satisfying the Laplace’s
equation. We can easily find the solution for the potential problem in the w
plane, and because of the properties of a conformal mapping (see Problem
3.24), the functions u = f(x,y) or v = g(x,y) will be a solution to the
initial potential problem. For this problem, we can use the transformation
(see, for instance, Spiegel, Schaum’s Outline, Complex Variables or Kober,
Dictionary of Conformal Representations for many useful conformal maps)

a+z
a—z

(5.3.26.1)

w=In

This will transform acircle R = a into two straight lines (see Figure S.3.26).
The upper half of the cylinder will go into v = /2, and the lower half will
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R @ v |x2 ®

/” '-.\ ——————————————————
{ a Ty,
; \i b 0 u
\ /

\.\ /

“"--._}.._- 7 -7/2
Figure S.3.26
go into v = —7/2. So we have

. a+zx+1
w=u+w=ln—+——:£
a—z—1y

_ln(a+m+iy)(a—x+iy) _lna2——z2—y2+2ayi
T (e -z —iy)(a -z +1y) (a—1x)2+y?

(5.3.26.2)

Denote the argument of the natural log as pe*?, where p and ¢ are real.

Then. '
u+itv=Inpe¥ =lnp+ip
So v = ¢. On the other hand,
a? — 22 — 3% + 2ayi i
= 5.3.26.3
Oy T (53263
For a complex number m + in = pe*?, we have
m?+nt=p (S.3.26.4)
tang = — (5.3.26.5)
p=— .3.26.

Using (S.3.26.5), we obtain from (S.3.26.3)
2ay

t =—_—

MA@y

or N
- ay
==t 1 7y
p=v=tan —— 179
=-Vo, ¢lv=7m/2) =Wy is

So the potential which satisfies ¢(v = —m/2)
2V, 4 2ay
¢ = p tan p R P (S.3.26.6)
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On the z-axis

2V 1 20 [a2 — (z® + y?)] + day? }
™ | ay/[a? - (2% +y2)])* +1 a2 - (22 +42))*

4
7a

z=0,y=0

E, =0

A different solution to this problem may be found in Cronin, Greenberg,
Telegdi, University of Chicago Graduate Problems in Physics.

3.27 Resistance of a Washer (MIT)

From the cylindrical symmetry of the washer, there is no radial dependence
of the potential. We can therefore consider infinitesimal current rings flow-
ing through the washer and sum them to obtain the total current and
thereby the lumped resistance. Given that the potential difference between
the faces of the cut washer is V, we have

_ Vadr
~27rp

dI (S.3.27.1)

where r is the radius of one of the current rings. Integrating (S.3.27.1) from
the inner to the outer radius,

2a 2a
I— dI=/ Vadr=a1n2v
@ o 27mrp 2mp

so the resistance 5
R= T ~997f
aln?2 a

The resistance of the washer is bounded by the resistances of a bar a x a
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in cross section and either 2mwa or 4ma in length:

2
M0 R < R< Ry ="
a a

3.28 Spherical Resistor (Michigan State)

The current density at point P may be written down immediately because
of the cylindrical symmetry of the problem (see Figure S.3.28). The current

Figure S.3.28

1 is divided evenly through 27 so that the current density J at each point

in the spherical shell is
I

= —e
2matsin @ o

3(6)

From the equation J = oE, where o is the conductivity of the shell, we

obtain
1 %
V== / J.dl

g o

(5.3.28.1)

where V is the potential difference between the two electrodes. So

|4 92 a dbé 1 7—sin"(b/a) do
R T = O .
I /91 2noatsind  2wot /sin—‘(b/a) sin 0 (5.3.28.2)

From the hint in the problem (which can by computed by using the substi-
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tution tan &/2 = t), we can take the integral in (S.3.28.2):
11 1+ cos@][*sin T (¥/a)
" 2n0t2 n [1 - cosé?]
1 _1_ln 14 +4/1—(b/a)? 1++/1—(b/a)?
2mot 2 1—+4/1—-(b/a)? 1—+/1—(b/a)?
_ 1, [1 +/1= (b/a)'-"]

"~ 2mot 1—-+/1=(b/a)?

As the radius b of the electrodes goes to zero, the resistance goes to infinity!

sin—!(b/a)

3.29 Infinite Resistor Ladder (Moscow Phys-Tech)

Define equivalent resistances R and R’ as shown in Figure S.3.29a. By
symmetry, the equivalent resistances attached to points A and C are both
R. The total resistance between terminals A and C is the sum of the series

resistance
Rqc =R+ R=2R (S.3.29.1)

Now, rewrite the ladder one rung back, as in Figure S.3.29b. The new
resistance R 4. should equal the original R 4., given that an infinite ladder
of resistors has a finite resistance between the terminals in the first place.
Without calculating loops, it can be seen that R’ does not contribute to
the resistance R4rcr (Remove R’. What would be the potential difference
between its terminals?). Ignoring B’, we have the equivalent circuit in
Figure S.3.29c. The loop on the right may be replaced by

«+ _ 2r-2R  2rR
T 2r+2R r+R

R
A MWW

.
B WA

C*JW\I/‘WV

Figure 8.3.29a Figure §.3.29b Figure §.3.29c
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)
2R r2 +2rR

T+R: r+ R

RA/C/ =7+ R* +r= 2r + (83292)
But, from (S.3.29.1),

Rac =2R=Rpyc = 27'——1%—5

We arrive at the quadratic equation
RP—rR—-r?=0

whose positive solution,

r+r\/5= (V5+1)

R =
2 2

r

gives a resistance of (\/5 + 1) r for Rac. Calculation of R4 can be done
in the same manner as for R4¢.

3.30 Semi-infinite Plate (Moscow Phys-Tech)

Consider the voltage difference between arbitrary points (E, F) a distance
z; from the end (see Figure S.3.30). We can write

Vizgi +dz) - V(z;) = a(z)V (x;) dr (P.3.30.1)

Since the plate is semi-infinite, (P.3.30.1) is true for any other points (G, H)
of the plate. So
a(x;) = a(x;) = const = o (P.3.30.2)

Figure S.3.30
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Hence, for an arbitrary point a distance x from the end, we have

Viz +dz)—V(z) =aV(z) dz (P.3.30.3)
o ﬂdz =aV(z)dz (P.3.30.4)
dz
V(z) = Voeoo (P.3.30.5)
From the condition V(d) = V;/10, we have
1, W/ 1
a=- In A In10 (P.3.30.6)

Therefore

V(.’B) — Voe—(a:/d) In 10 = V-olo—z/d
For the values given in the problem, the voltage measured a distance x cm
from the end gives the function

flz)y=10""

3.31 Magnetic Field in Center of Cube (Moscow Phys-
Tech)

The field can be calculated directly from the current flowing in each of the
edges of the cube and then expressed in terms of By, but it is easier to use
symmetry considerations. In Figure P.3.31a, the field is clearly parallel to
the y-axis (¥ is perpendicular to the face of the cube), so

B = Bsy
C H
z I
D Jl‘; E
o d
‘3/ ..... < G
7
A —— F
y

Figure §.3.31



248 SOLUTIONS

For the problem at hand, we can add several of these “current loops” in
order to produce the configuration given in Figure P.3.31b, noting that two
overlapping but opposite current legs produce no field (see Figure S.3 31).
From the figure, we see that there are now three faces of the cube with a cur-
rent I flowing about their edges: ABCD, AFGB, and ADEF, producing
thefields

By = Byy By = ByZ By = —-Box

So the total field B = Byg(—1,1,1), where the direction is along the diagonal
of the cube and the magnitude is

IB| = Bov3

3.32 Magnetic Dipole and Permeable Medium
(Princeton)

a) Use the method of images. We place another dipole m’ = am at the
point O', at the same distance d on the other side of the plane separating
the vacuum from the permeable medium (see Figure S.3.32). Compute the
field in medium 1 as a superposition of the dipole fields from m and m’. To
find the field in medium 2, we put yet another dipole m” = fm at point
O. We can write this in the form

3(m-n)n —m +03(m-n’)n’ —m

D _ ) —
BMW = HO = 3 3

(S.3.32.1)

ﬂS(m ‘njn —m

2) _
H® = -

(5.3.32.2)

where n, n’ are unit vectors in the directions r, r’, respectively, and indices
1 and 2 correspond to media 1 and 2. As usual, we write the boundary

Figure S.3.32
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conditions at some point P on the plane where |r| = |r/|
HY = H® (S.3.32.3)
BY = B? = ug®? (S.3.32.4)

Substituting (S.3.32.1) and (S.3.32.2) into (S.3.32.3) and (S.3.32.4), we ob-
tain

3mcosfsiné +a3mcos€sin9 _ 3mcosfsinf

-3 3 I} =3 (8.3.32.5)
3cos?f -1 3cos?6 -1 3cos?f -1
m 3 —am -3 = uﬂm—-——ﬁ————- (S.3.32.6)
From (S.3.32.5) and (S.3.32.6), we have
l1+a=4
(8.3.32.7)
l-—a=us
which yield
2
b= p+1
pw—1
= 1 — e ——
“ wh ==
So the field in medium 2 is
@ _ _2 3(m-n)n-—m B® — LHO - 2p 3(m -nn-m
p+1 73 p+1 r3

b) The force acting on a dipole m is determined only by the field BW' of
the image dipole m’ in medium 2

2am®* 3 pu—-1m?

(2d)* 8 p+1 d*

|F|=F, =m VB = -3 (5.3.32.8)
The dipole is attracted to the medium. The result for the equivalent prob-
lem of an electric dipole near a halfspace filled with an ideal conductor can
be obtained from (S.3.32.8) by letting u — oo

24

|F’|=Fa,:: a4

o) w

where p is the electric dipole moment.
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3.33 Magnetic Shielding (Princeton)

a) By analogy with electrostatics, we assume that the shell can be described
by a magnetic dipole placed in the center of the shell for » > a and try to
satisfy boundary conditions for H and B. We can write

3(H0-n)n—H0

H, =B, =Hy+a 3 (53331)
= BH, + A2 I;ln — (5.3.33.2)
H, = 6Hy (5.3.33.3)

where (S.3.33.1), (5.3.33.2), and (S.3.33.3) are written for areas 1, 2, and
3 outside the shell, at b > r > a, and inside the shell, respectively (see
Figure S.3.33); a, 8,7, and é are numerical factors that we shall find from

Figure S.3.33

the constitutive relation B = gH; and n is a unit vector parallel to r. From
(5.3.33.1)—(S.3.33.3), we can impose conditions for the normal components
of B and the tangential components of H, taken at the same angle 6.

2uvyH, 2aH
wBHg cos 6 + 'uZS % cosh = Hycos8 + % cosf (S.3.33.4)
BHgsinf — —g— sinf = Hysin6 — :SIO sin @ (8.3.33.5)
N’YHo
§Hycosf = pGHgcosf + cosf (S.3.33.6)

H
§Hysing = BHysind — 1(1—32 sin 4 (S.3.33.7)
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where (S.3.33.4) and (S.3.33.5) apply to interface 1-2, while (S.3.33.6) and
(S.3.33.7) apply to interface 2-3. Dividing out the Hycos§ and Hjysiné

appropriately, we obtain

¥

2ury _1 2¢;

1B + W it (5.3.33.8)
8- b13 =1- % (.3.33.9)
§=upB+ %‘31 (8.3.33.10)
§=0-1 (S.3.33.11)

Q

This system of four equations for the four numerical coefficients may be
easily solved. Using (S.3.33.10) and (S.3.33.11), we find

Bl — ) o

21 +1
and from (S.3.33.8) and (S.3.33.9), we obtain

_ 3(2u+1)
(@u D (n +2) — 2(ad/b%) (k- 1)?

B

Now we can calculate 8, which is the attenuation factor we seek. Isolating
6 from (S.3.33.10) and (S.3.33.11) and substituting 3, we have

5= 3uB  _ %
1+2p (2 +1)(p+2) —2(a3/6%)(k — 1)2

b) In the limit of high permeability u > 1, we arrive at

P I _ 9
2u% — 2(a®/63)p?  2u (1 - a3/b3)

For a =0.5m, b=0.55m and y = 10°

§~2.1074
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3.34 Electromotive Force in Spiral (Moscow Phys-
Tech)

The electromotive force & is given by

2n N
142 1 d _ Bowsinwt 2
0
Bowsmw /( ) 7rBowh2N3sinwt
J 3¢ (8.3.34.1)

where @ is the magnetic flux, and we used r(p) = hg/27. As another
solution, in the approximation of a large number of coils, we can consider
the nthcoil to be a circle of radius r, = nh. Then,

_1.dd, 1d Sp, dB  S,Bow

(n) = —— — = —_——— = i t
£ ¢ dt c dt(BSn) c dt c o

where S, = mr2 = wh?n? is the area of the nth coil. So we find for the

electromotive force between the ends of a single coil

. 2 » t
Sé") _ 7 Bow Smwtr;‘); _ mBowh* sinw 2 (S.3.34.2)
c c

Summing up over all the coils from (S.3.34.2), we obtain the total electro-
motive force (S.3.34.1)

& =

wBowh? sinwt i 2 7 Bowh? N3 sinwt

- 5 (S.3.34.3)

n=0
where we have used the approximation

N
an _ N(N+1){2N +1) ~ NT3
6

for N > 1.

3.35 Sliding Copper Rod (Stony Brook, Moscow
Phys-Tech)

a) In this problem, B = Byz, so the magnetic flux through the surface
limited by the rod and the rails changes as a result of the change of
the surface area S (since the rod is moving). This gives rise to an
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b)

c)

electromotive force &, :

_ 1
¢ codt
where ® = [ B dSis the magnetic flux, so
_ 1d(BpS) 1 dy(t) 1
be=—ymm ~ eDlTg =Bl

In its turn, & produces the current through the rod:

£ & 1

I=2= S = —ZyByoA
R oA ¢

where R is the resistance of the rod, A is its cross section, and o is
the conductivity of the rod. The force acting on the rod is

I A 1 .

F= - {Bp (X x 2) = ~z vBalAcy

On the other hand, F = mv = miy = p,, Alv§. So we have
B Bio

pmc?

2
—t/T T = pmC

~ Bio

For an estimate we can take that the rod practically stopped when
t/T = 10. (It is good enough for an estimate, since for t/T = 10 the
final velocity is v; = 51075y and for t/7 = 20, vy = 2-107%vg.)
So for t/T = 10,

P Al = —Ci’,; BiAs = v

v = vge

2 9.(3.1010)2
Opmzc :1089( 0'9)
Blo 1-5-1017

=~ 1.6 - 10° sec ~ 44 hours

The kinetic energy of the rod is T = Mv?/2 = (Mv¢/2)e” %/, where
M is the total mass of the rod. We can simply take the derivative of
this kinetic energy per unit volume:

t=10r =1

1dT M ayr P oy
V dt Vr T
where V is the volume of the rod. On the other hand, the Joule

heating per unit volume
we W _ 1 £ 1 & 1 v2Bj? A= Pz
i

V VR VijeA & Vi B

SO
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3.36 Loop in Magnetic Field (Moscow Phys-Tech,
MIT)

The magnetic force acting on the loop is proportional to its magnetic mo-
ment, which is proportional to the current flowing through the loop. The
current /, in turn, is proportional to the rate of change of the magnetic flux
through the loop, since I = &/ R, where &, is the electromotive force and
R is the resistance of the loop. We have

1d®

o= (S.3.36.1)

The magnetic flux ® in (S.3.36.1) is given by
® = BS = By(l + k2)S (S8.3.36.2)

where S is the area of the loop. From (5.3.36.1),
Ee=——— = —ZBOn—S (S.3.36.3)

But dz/dt is the velocity of the loop. So the electromotive force increases
with the velocity, and therefore the magnetic force F},, acting on the loop
also increases with velocity, while the only other force, gravity, acting in the
opposite direction, is constant. Therefore, the velocity will increase until
Fyn = mg. From energy conservation, the work done by gravity during this
stationary motion goes into the Joule heating of the loop:

mgAz = I*RAt (S.3.36.4)
But, since the velocity is constant,

Az I’R &2 B k%282

_A-t-_v: mg "ng"ZZ" Rmg

(S.3.36.5)

where we substituted & from (S.3.36.3) again using v = dz/dt. From
(8.3.36.5), we can find

c2Rmyg
Now, substituting
wD 4D
R=p—— =p— .3.36.
p1rd2/4 P (8.3.36.7)

and
d?
m=p,V = mewD (S.3.36.8)
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into (S.3.36.6), we obtain

= CPPmgm?D? _ 16¢’ppmg
Bik?(rD?/4)2  B2Xk2D?

3.37 Conducting Sphere in Constant Magnetic Field
(Boston)

In the frame K’ moving with velocity v, we have, to lowest order in v/c
(see Problem 3.51),

E'=E+ %v x B
(5.3.37.1)
B'=B - lv xE
(84

In the lab frame K, we have E = 0 and B = By§. Using (S.3.37.1) for the
frame K’, we have an electric field in this frame
, 1 LN S
E' = SV X B= EvBo(x xy)= EvBoz = Eyz (8.3.37.2)
where Ej = vBp/c. Now, we have a perfectly conducting sphere in a

constant electric field, so we may write the potential outside the sphere in
the form (see Problem 3.4)

R3
¢ = —Egrcosf (1 - —1:3—> (5.3.37.3)

where 8 is the angle between r and E’, or, in this case, between r and %
(the origin of the spherical coordinates is at the center of the sphere). The
surface charge density a is given by

1 3
= ——(—3E'cosf) = —E!
o 47{( 0 cos 6) 47rE0 cos 8

s lp 1 9

4w Or

Finally, substituting Ef from (S.3.37.2), we have

3 v

= By cosé (8.3.37.4)
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3.38 Mutual Inductance of Line and Circle (Michigan)

Label the circular wire conductor 1 and the straight wire conductor 2 (see
Figure S.3.38). Recall that the mutual inductance of two conductors is

given by

My = 2 (S.3.38.1)

where [ is the current flowing in conductor 2 and ®;2 is the magnetic flux
from conductor 2 through the surface bounded by conductor 1 (In modi-

y

(]

Figure S.3.38

fied Gaussian units, Mi3 = ¢®19/I5. See, for instance, Jackson, Classical
Electrodynamics, p.820).

o :/BQ.ds (5.3.38.2)
S

where B, is the magnetic field produced by the straight wire and dS is the
element of area of the loop. The magnitude of the field due to a current in
an infinite wire of

— 222

By = (5.3.38.3)
rc

is perpendicular to the plane of the loop. So, from (S.3.38.1)—(S.3.38.3), we
have

2 ds
My = = / 43 (5.3.38.4)
cC s T

Let x = 0, y = 0 be the center of the circle, and locate the infinite wire at
x = —a. Then (S.3.38.4) becomes

2 ["2dz 4 (*VaZ-327 da [t [1-
My = 2 yar _ 2 _“_J"_d:c:_j/ “ du (S.3.38.5)
¢t J4V14+u

cdJ ,a+x 2 J , a+z
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Using the substitution u = cos 26, we obtain

4 0 9 /2
M12=--—(2z 1 4Sin60059d«9=1—62q sin® 6 df = Z—LZ-;E
¢ Jnjg cost ¢t Jy c

3.39 Faraday’s Homopolar Generator (Stony Brook,
Michigan)

a) Consider an electron at a distance r from the axle (see Figure S.3.39).
It experiences a Lorentz force

F=S(vxB) (S.3.39.1)
c
with v =w x r, so we have a radialforce F, acting on the electron:
F, = g [(@xr)xB] = ngr (S.3.39.2)

where e is the electron charge. Therefore, the equivalent electric field £ =
—(1/c)wBr, and the voltage between C3 and Cj is

0 T0 2
V=—/ E-dr:—l-wB/ rdrzﬂ
0 c 0 2c

The current ¢ through the resistor R is given by

(5.3.39.3)

Figure S.3.39
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b) The power P dissipated in the resistance can be found from (S.3.39.3)
wiB%r§  $?B%r}

P={R= =
’ 4Rc? 4Rc?
The kinetic energy of the disk
Iw? I
T= -“23— = % (S.3.39.4)

where [ is the moment of inertia of the disk. From energy conservation, we
may write

d [I$? B%*r§
— (= = Mgro¢ 5.3.39.
dt(2)+4R2(p groP (S.3.39.5)
For a constant angular velocity ¢ = wy, we have
Br§ 4
TRl = Mgrowy (S.3.39.6)
30 4MgRc?
g
and Br2 Iy
. _wrBry _ 2Mgc
i = SRe = Bre (S.3.39.8)

3.40 Current in Wire and Poynting Vector (Stony
Brook, MIT)

a) Let us calculate the flux of the Poynting vector. Introduce cylindrical
coordinates with unit vectors e,, e, and Z. Current flows along the wire
in the z direction and the electric field E = EZ. Using one of Maxwell’s
equations in vacuum, the fact that conditions are stationary, and Stokes’
theorem,

1 8E
VxB=-—1 J — (S.3.40.1)

/VchdAsz-dlzg/J'dA (S.3.40.2)
A c C Ja

where J is the current density and A is the surface. At any given radius
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r, Bpg is constant, so we have

4

2B = —C’l Jrr? B= 3671 Jreg (S.3.40.3)
S=SExB= Y rE(hxep) = -2 JrE (S.3.40.4)
=i _47rcr(z eg) = —5 JrEe,

Using the relation between current density and total current J = I/(mb?):

1Er IE
= o S = ~5mpe
b) The Poynting flux per unit length is then S -27b = —IE. So the flux
enters the wire, and we see that the dissipated power per unit length /E is
equal to the total incoming S-flux, in agreement with Poynting’s theorem:

ou

—=-J-E-V- .3.40.
5 J-E-V-S (8.3.40.5)
where u is the energy density. Under stationary conditions such as ours
Ou
—Z =0
ot

and we have

/J~Ed3x=—/v-SdV=—/s-dA=1E
14 \'4 A

3.41 Box and Impulsive Magnetic Field (Boston)

a) From the Maxwell equation
1 0B
E=--— S.3.41.
V x = 5t (5.3.41.1)

we can find the electric field induced in the box. We have for the %, ¥, and

Z components
2 (aE, 3 6Ey) _0

dy 0z
_(BE, OE,\ _

o BEZ_BE,,; ___l__B_Bi,
y oz 8z | Bty
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From these equations, we obtain

E,=E, =0
1 8B
Emz—z —5?2+E0

where Eyis some constant. From the equation for the force
dP 1
>i=aabh (—— B_B) %
y=h c Ot

— =< — oabE,
we obtain the impulse received by the box when the magnetic field goes to

7 + cabE,
Zero

2=0

¢

198 ,,. 1 X

P= aabh/—-c— rm dt’ % = -C—O'athox (S.3.41.3)
0

b) The initial momentum may be found from the Poynting vector

X ¥y V7
c c o
S= o [ExH] = yo 0 0 —4mo |=coBpk (S.3.41.4)
0 By 0
] 1 .
P= - dV = —Gath()X (33415)
vC 4

which is the same result as (S.3.41.3)

3.42 Coaxial Cable and Poynting Vector (Rutgers)

As in Problem 3.22, we have Laplace’s equation in cylindrical coordinates
whose solution is

é(p, 2) = (az+ B)In <-p’i) (S.3.42.1)
0
From the boundary conditions,
¢(p) 0) =0, B=0

d(p,z) =azln (%) (8.3.42.2)
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e

. a.

N >4
= i I
N
B T
: M| ! |
o
A &
| L

—’r ¥ |'O-“‘~‘I \l ‘\‘.

Figure 8.3.42

Integrating the voltage drop along the cable (see Figure S.3.42), we find
—1Xz = ¢(a,z) — ¢(a,0)

(5.3.42.3)
Ihz = ¢(b,2) — ¢(b,0)
and so -
=D pe=Vab
resulting in In(a/b)
2 —I\z, p=a
(0, 2) = —IAZW - (S.3.42.4)
n(a/b) IAz2, p=b
The electric field
_ B¢ ¢, 20z I\In[p?/(ab)] .
E=-V¢=- apep 9a% = Tn(a/b) e, + In(a/) z (S8.3.42.5)
b) The magnetic field in the region a < p < b can be found from
4dn
j{H(p dl = —C—I
4
2rpH, = %I
21 (S.3.42.6)

H=H,e, = gew
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¢) The Poynting vector is

C
- £ 3.42,
S=(ExH) (5.3.42.7)

Transforming E into Cartesian coordinates (see Appendix), we have
E, =E,cosp — E,sing
Ey =E,sing + E,cosyp (5.3.42.8)
E,=F,

The same transformation applies to H, so we obtain

Ny

% ¥y

ExH=| E,cos¢ E,sing E, (5.3.42.9)

—Hysing Hgycosp 0
=—E,Hycosp X~ E,H,sinpy + E,H, 2
=-E,H,e,+E,H,2

So
S ¢ IXn[p?/(ab)] 2 —e N 200z 21
“4r In(a/b) cp ar pln{a/b) cp
I*X\1n[p?/(ab)) I?x
= — S.3.42.10
2rpln(a/B] ” " mp?In(afb) ( )

We now write the flux F' and F° into the inner and outer conductors,
respectively, from (S.3.42.10):

I*Aln(a/b),,
S dA = ] = 2 — 2 3. .
/ araln(ahy 2T = M =R (s34211)

sz\ln(a/b)
Fo= [S.dA = —Lomb -1 =I°Al = IR (S.3.42.
/ 2mbIn(a/b) N=IR 212)

where R is the resistance of a length [ of each conductor. The total flux
going into the conductors F' = Fi 4 F° = 2J?R, which corresponds to the
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Joule heating of the conductors (see also Problem 3.40). Since there is
no current in the vacuum between the conductors and the conditions are
stationary, Poynting’s theorem (see (S.3.40.5)) gives

V-8=0 (S.3.42.13)

The total flux is zero. There must also be a corresponding negative flux F®
into the volume through the ends to satisfy Poynting’s theorem. Indeed

b
I ~l I?)
Fe= [ S dA=(--22) [ —2
fsaan=(5-%) [ stagarm mo i
2rI2\l In(b/a) 9 9
= gy = M =2rR (S.3.42.14)

as expected.

3.43 Angular Momentum of Electromagnetic Field
(Princeton)

By analogy with the electric dipole, we can write the magnetic field from
the magnetic dipole M as
M 3M:-r)r

H=-— +

= ~ (S.3.43.1)

where r is the distance from the center of the spheres (see Figure S.3.43).
The electric field is nonzero only between the spheres:

r
Eporep = i—s (S.3.43.2)

The electromagnetic angular momentum is given by the volume integral
of r x g, where g is the electromagnetic momentum density (see, for in-

Figure S$.3.43
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stance, Jackson, Classical Electrodynamics, §6.13). The electromagnetic
momentum density is S
g=> (5.3.43.3)
where S is the Poynting vector and ¢ is the speed of light. Using the
definition of the Poynting vector
_° [E x H] (5.3.43.4)
m
we obtain for our field configuration
1
om = Jy (£ X &) dV=Z7T—c/V[r><(ExH)]dV
9 1 M 3M-rr
=T )y [ (Ts**rs— v
i [ & ()] o
dme Jy r3
M) (S.3.43.5)

e R

dme | Jy 3 s

(S.3.43.5) may be rewritten in the form
(=X + vy . 2 My (5.3.43.6)
-

b
M drr3dr g
4me Jy

L =
M e ré

a
Choose spherical coordinates with the z-axis in the direction of the vector

M, taking into account that

r=($5y7z) =

(rsinf cos ¢, 7 sin O sin g, 7 cos )
We notice that the X and ¥ components of the second integral vanish, and

M
_M / q / /rcoerMcosG dr sin 0 do
" 4re 4

_ M (_ _ l) m (_ _ %) /cos20s1n0 de
4]

¢ \a b 2¢ \a

a b

(-0 2= 12

(&
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3.44 Plane Wave in Dielectric (Stony Brook,
Michigan)

a) We assume that the dielectric constant is essentially real (no dissi-
pation). For a monochromatic wave travelling in the z direction with
E = Ege'tk2~wt) we can write the sourceless Maxwell equations (1 = 1)

1 6H
VxE = —E E (83441)
e OE
=< — S5.3.44.2
VxH - 5 ( )

Substituting the explicit form for E (and H) produces the following ex-
change:

Tl —tw
Vx — tkx
So (S.3.44.1) and (S.3.44.2) become
iwH =1ick x E (5.3.44.3)
weE = —ick x H (8.3.44.4)

Orient the axes so that E = Ex and H = Hy (see Figure S.3.44). Then,
the boundary conditions (which require continuity for the tangential com-
ponents of E and H) become

E;l) — E;?) H'_((/l) — HéQ)

where the indices 1 and 2 correspond to dielectric media 1 and 2 (see Figure

E

Figure $.3.44
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S.3.44). From (S.3.44.3), ok
Hy=—F, (S.3.44.5)

The field in medium 1 is the sum of the incident wave Ey and the reflected
wave E;, whereasthe field in medium 2 is due only to the transmitted wave
E,. Using the boundary conditions and (S.3.44.5), we obtain

Ey+Ey =E;
(S.3.44.6)
ki(Eo — E1) = ko E»
Solving (S.3.44.6) for E1 and E»,
bk V-V
E, = Eq
TR e (S.3.44.7)

2k1 2\/61
E, = Ey = E
2 ki + ko 0 VE1 + /€2 0

b) The energy flux in a monochromatic wave is given by the magnitude of
the Poynting vector,

c [e N
S=a/ EE (S.3.44.8)

(see, for instance, Landau and Lifshitz, Electrodynamics of Continuous Me-
dia, p. 285). So the incident and transmitted fluxes Sp and S3, respectively,

are, from (S.3.44.7) c 9
So = g;r'\/E—l ‘E0|

S1= o valEl = £ va (2 )2]Eol2

VetV
The fraction of the energy transmitted into the second medium is
_ S 4 4 4
B_ ot _4eEWE L _dmm g4
"5 Ve (ErvE) (Erva) (mtw)

where we have substituted ny 3 = /13, the indices of refraction of the
two media. Similarly, the fraction of the energy reflected back into the first

medium
St _ (m-m)’ 5.3.44.10
R=—= .3.44.
So <n1+n2> ( )

where S is the magnitude of the Poynting vector for the reflected wave.
We can check that 7+ R = 1 by adding (S.3.44.9) and (S.3.44.10).
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345 X-Ray Mirror (Princeton)

Calculate the dielectric constant of the metal under the assumption that the
electrons in metals are free and disregarding any scattering on the atoms,
since they are much heavier than electrons (M > m). Under the influence
of the X-rays, the electrons only move a small fraction of the distance
between atoms, so the field due to the atoms is nearly uniform over one
period of the X-ray. Thus, we may write

mv = eE
where E = Egetkr-vt) o B
v= —e—/Edt =i (S.3.45.1)
m mw
The current density in the field is L
J=env=—"E (S.3.45.2)
mw

where n is the density of electrons in the metal. Using the Maxwell equa-
tion, 1 0E 4
VxH=-224+25g (S.3.45.3)
c Ot c

Substituting (S.3.45.2) into (S.3.45.3), we have

£, .
E=~—= E(-zw)E (5.3.45.4)
in which we used D = ¢E. From (S.3.45.4)

drne?
o’ (S.3.45.5)

e=1-—

Figure S.3.45
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For two media with €3 < &; (see Figure S.3.45),
sin 8 n €
by _m_ [,
sinf; ng )

For 8, = m/2, the largest angle of refraction corresponds to the critical
angle gy for the incident wave:

. €2
sinfy =,/ —=
€1

So
o dmne?
B = sin~! y/ea/e; =sin"14/1 —

mw?

346 Plane Wave in Metal (Colorado, MIT)

a) Starting with Maxwell’s equations, we may follow a standard procedure
to arrive at the wave equation for the fields and then the dispersion rela-
tions:

V- -D=dnp (5.3.46.1)
1B
E=—-— .3.46.
V % -2 (S.3.46.2)
V-B=0 (S.3.46.3)
4rJ 18D
VxH-= —c—' + EF{ (S.3‘46.4)

First take the curl of (S.3.46.4)
4 1
UxVxH=Tyx3+1%0xD (S.3.46.5)
c cot

Using the identity
VxVxA=V(V-A)-VA

in (S.3.46.5), we obtain

4 8
- V?H = —7£V x J+ 1——V xD (5.3.46.6)
c c ot
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Figure S.3.46

Inside the conductor, we must use the relations J = ¢E and D = ¢E in
(S.3.46.6). Therefore (S.3.46.6) becomes
4

~V?H = —"Ev E+ -%v x E (S.3.46.7)
Using (S.3.46.2) and B = pH in (S.3.46.7), we obtain the wave equation
for H of the wave propagating in the z direction (see Figure S.3.46):

0®H  droudH eud’H

2@ o 2ae (5.3.46.8)
Disregarding the displacement current (which is equivalent to the condition
o > w), we obtain from (S.3.46.8)

O°H  dmou OH

w7~ a5 =0 (S.3.46.9)

Substituting the plane wave solution H o expi(kz — wt) into (S.3.46.9)
results in 4
-k i—= Uil aed

c?

k= \/47rap,w\/- \/2770'1“")(1_'_ (5.3.46.11)

=0 (S.3.46.10)

or

For our case p = 1, so we have

k=

v 2:‘""(1 +4) (S.3.46.12)

Assuming that the electric field in the incident wave is polarized in the z
direction and the magnetic field in the y direction, and the amplitude of
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the field outside the conductor is Eg, we can obtain the fields inside Hy, E;
Ht — thei(kz-—wt) — the-oz/6+i(z/6—-wt)

where § = ¢/v2mow is the characteristic penetration depth of the field
(skin depth). From the boundary conditions Hi* = H{"* = Ey, we have

H; = Egge?/8%iz/6-wt) (S.3.46.13)

The electric field inside the conductor E;:

c ¢ OH;
E,=Ef=—VxH, = ———2"tg
¢ X 47rc7VX t Aro Bzx

L ik Egke—/6Hila/6-wt) Zf_\/27rdw(1 ) B/ 5=t
s

= <2 (1 = §) Egge—#/6+i(z/5-wt) (5.3.46.14)
8ro

Therefore

E, = ,/ﬁ;one'z/““z/&-wt-"/‘*) (S.3.46.15)

where the phase shift —m/4 comes from the factor (1 —i)/+/2. Equation
(S.3.46.14) is a special case of a more general formula
c

B, = A

Zs (Ht X n)
where n is a unit vector in the direction of the wave propagation, and

1 /27w
Zy= =4/ —(1 -1
s = - 0(1 i)

is the surface resistance.

b) The ratio of the amplitude of the magnetic field to that of the electric
field inside the metal from (S.3.46.13) and (S.3.46.15) is in this approxima-

tion
[H| 1 _ [4mo 5. [TO
Bl  wjdme V w VYV w

Therefore the energy of the field inside a good conductor is mostly the mag-
netic energy.
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c) The power per unit area P transmitted into the metal is given by the
flux of the Poynting vector:

-5 * = & JY g2
P= SWRe{EXH n}L:o 16w 27raE°

347 Wave Attenuation (Stony Brook)

a,b) We obtain the equation for the electric (magnetic) field in the same
way as in Problem 3.46 (see (S.3.46.8))

g Sk OB Amop OB, (S.3.47.1)

c¢) Now, taking E, in the form E, = toe’**~%%) and substituting into
(8.3.47.1) yields

2
Y LR i 1'4””2““’ =0 (.3.47.2)
[5 (53
We have
w dro 1/2
k=.fen— (1 + i—) =k'+k"i (5.3.47.3)
C EW

To solve for the square root of the complex expression in (S.3.47.3), write
4 1/2
(1 +i—"3) =a+bi (S.3.47.4)
EW

where a and b are real, and

K = \/Eﬁ%a
K = /e %b

By squaring (S5.3.47.4), we find
a?—-bt =1 (S.3.47.5)

9ab = X9 (.3.47.6)
EW
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Taking @ from (S.3.47.6) and substituting it into (S.3.47.5), we have for b

1/2

where we have chosen the branch of the root with the plus sign to satisfy
o = 0 (vacuum) b = k” = 0 (no dissipation). So

1/2
2
P E( (4_72) 1 _1> (S.3.47.7)
2 c Ew

Therefore, the attenuation length (1/e point) for the amplitude

~1/2
1 2 ¢ 4o\’

whereas for the intensity, the attenuation length is /2.

d) For the frequency given in the problem,

dra
— > 1
Ew

and so we can disregard the 1’s in (S.3.47.8) and rewrite it as

2 c Vaw ¢ 3.10%0
ep w 2¢/mc  2rwo  /2-3.14-5.105-4.5-10%0

b~

cm =~ 80 cm

At a depth of 10 m below the surface, the intensity attenuation at this
frequency will be

P
— =~ exp[—(2-10/0.8)] ~ 107!
Py

which implies that transmission of signals to submerged submarines will
require much lower frequencies, f < 10-102Hz (see also Jackson, Classical
Electrodynamics §7.5).
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3.48 Electrons and Circularly Polarized Waves
(Boston)

a) Find the equations of motion of the electron in the x and y directions at
z2=0 fore =—1:

mi = —mwiz —~ eEp cos(wt) — SBQ (5.3.48.1)

mij = —mwdy + eEy sin(wt) + ZBa’: (S.3.48.2)
Multiply (S.3.48.2) by —¢ and add to (S.3.48.1). Substituting the variable
7 from the hint in the problem, we obtain

) B '
m(f + win) + lec T~ _eEgeit (S.3.48.3)

(S.3.48.3) may be solved by finding a solution at the driving frequency w:
eEy/m

— w? — eBw/me

— iwt —
77—~Aew A———2

Wy

The analogous differential equation for £ is formed by multiplying (S.3.48.2)
by ¢ and adding to (S.3.48.1). We find that £ = Aexp(—iwt). This gives
for the original variables

z = Acos{wt)
y = ~Asin(wt)
For ¢ = +1, we have
§ — Aleiwt n= A/e—iwt
where
A= eFy/m
w ~ w? + eBw/mc
Here,

z = A’ cos{wt)

y = —~A’sin{wt)

b) A linearly polarized wave may be viewed as the sum of two circularly
polarized waves of opposite helicity (see Figure S.3.48). After propagating
through the medium, the waves will be delayed by different phases, given
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Figure S.3.48

by a4 and a_
nywl

ar=a+kil=a+

n_wl
a_ =q-+

The plane of polarization is now along the bisector of the circularly polar-
ized vectors and forms with the initial plane of polarization the angle
ot as —ay wl

wi ni—n‘_ /wl nﬁ_—nz
== <§_ e -@2) —on, . (8:3485)

where 2n =~ n, + n_. Substituting (P.3.48.1) into (S.3.48.5), we obtain

_wl 1 4w’ N 2¢Bw/me _ 4me’N 1 eBw? 1

Tk m (o) m (@) m

(S.3.48.6)

3.49 Classical Atomic Spectral Line (Princeton,
Wisconsin-Madison)

a) The equation
m¥ + mwix +yx =0

has a solution 4
X ~ Re {xoe'(“’/zm)‘e“""t} (S.3.49.1)

with initial conditions x = xg, and x = 0, where we used

2
(2—%) — w2 & iwg



ELECTRODYNAMICS 275

for wg >> «/m.In the same approximation, the acceleration
[wi =[] = |Re { —xouwge /et o x| (5.3.40.9)

The total energy £ radiated by the atom
&= /I(w)dw (S.3.49.3)
0

where I(w)is the spectral density of the radiation. On the other hand

£ = / P(t) dt « / w? dt = / w? dt (S.3.49.4)
0 0 —00
where we used the formula
2 e2w?
== .3.49.
P 73 (5.3.49.5)

and the fact that w = 0 at ¢ < 0. We may write the Fourier transform of
the acceleration w:

o0

W(w) « /w(t)e_i‘“t dt / |x| e~ dt

—0o0

oo
) ) 1
—(v/2m)t+iwot—iwt dt =
o € T
0/ (7/2m) + i(w = wo)

Now, Parseval’s relation (see, for instance, Arfken, Mathematical Methods
for Physicists) gives

£ / wh(t) dt = / W) dw x / T fd(w—wof (S.3.49.6)

Comparing (S.3.49.3) and (S.3.49.6), we obtain for the spectral density

1
(v/2m)* + (w = wo)”

Hw)
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b) The energy U of the oscillator may be written

U=Upe 't = %mngge_” (8.3.49.7)
The power loss is therefore
au r
i ——imwgmge_” (S.3.49.8)

This may be equated to the power loss given by the average over one cycle
of (5.3.49.5)

-~ = —MWyT
3¢8 2 2 o0 (S.3.49.9)
_ 2e%wd
3Imc?
c) We may rewrite (S5.3.49.9) as
_ 8n?e?
 3mA2c
The linewidth in angstroms may be found from
2meAA
I'=Aw= —/\2—'—

_ Ar _ A2 8r2e? _ 4rme?
T ome  2me 3mM2¢ 3mc?

AX

4314 (4.8-10710)?

~ 5~ 1072 cm = 1071 A
3.(0.91-10-27) (3 - 1010)

Now find the time T for the atom to lose half its energy:

_ln2

=7

The number of oscillations is then

cln2 cln?2 3mA2ch

T =

f Al A 8m2e?h
_cmh23mh 3.10° In2 3.1-107%7.5.1075
T h oa 872 1-10-%7 1/137 8. m2

~ 5 - 10%0scillations
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3.50 Lifetime of Classical Atom (MIT, Princeton,
Stony Brook)

If the energy loss per revolution is small compared to the total energy of
the electron in the atom, we can write (see Problem 3.49)

d€ 2 e2qy?

9 T T3TaE

(S.3.50.1)

where w is the acceleration of the electron and Py,q is the total radiated
power. Using our assumption, we can approximate the orbit of the electron
(which is a spiral) by a circle for each revolution of radius r = r(t). The
acceleration is due to the Coulomb force

e?

w=—s (S.3.50.2)

On the other hand, using |€| = [U]/2 (U is the potential energy of a particle
moving in a circle in a 1/7? field; see Problem P.1.44) we have

1¢?
= -5 (S.3.50.3)
Substituting (S.3.50.2) and (S.3.50.3) into (S.3.50.1) gives
1 €2 dr 2 e2 ¢t
= 5.3.50.4
2 r2 dt 3 3 m2rt ( )
of d 4 &t
r
e A S.3.50.5
dt 3 m2c3r? ( )

Integrating (S.3.50.5) yields

3 3 m2c® a3 m2c3a8
-~ 2dr =
4e4 3 4et

So
(9-10-28)2(3 - 10'%)3(0.5 - 1078)3

10—11
4(4.8 - 10-10)2 ®

t=
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3.51 Lorentz Transformation of Fields (Stony Brook)

a) Using a 4-vector of the form

A* = (A% A) (contravariant form)

and recalling that for v pointing along the z-axis, we have for the Lorentz

transformation of a 4-vector

AY = (AO - %A‘)

Al =~ (Al - EAO)

c
A2 = A2
A3 = A8
For space-time coordinates,
AP = (ct, 1)

and we have from (S.3.51.1)—(S.3.51.4)

v

t=y(t - EEI)

z' = y(z — vt)
Y=y
2=z

b) Writing the explicitly antisymmetric field-strength tensor,

0 -E, -E, -E,

&

0 -B, B,
FH =

i

B, 0 —B;

o
|
&

«
W

8
o

(S.3.51.1)
(5.3.51.2)
(5.3.51.3)

(S.3.51.4)

(S.3.51.5)
(S.3.51.6)
(S.3.51.7)

(S.3.51.8)

(S.3.51.9)
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where FO! and F22 do not change under the Lorentz transformation and
FO2 FO3 and F'2, F13 transform as z® and x!, respectively (see, for in-
stance, Landau and Lifshitz, Classical Theory of Fields, Chapter 1.6).

FO¥ = o (Foz _ PC_F12>

FO% — (Fos _ 2F13)
(4
(S.3.51.10)
12 _ 12 _ V02
F12 = (F °F )
13 13 _ Y o3
F18 = (F °F )
Substituting (S.3.51.9) into (S.3.51.10), we obtain
E,=E, Ey=v(B,-2B.) E =v(E.+ °B,)
(S.3.51.11)

B,=B, B,=~ (By + %E) Bl =~ (B, - %Ey)

We can rewrite (S.3.51.11) is terms of the parallel and perpendicular com-
ponents of the fields:

E|=E%=E E| =E;§+E;2=7(El +% x B)
(.3.51.12)
B) =B,k =B B =B;5'+B;2=7(BJ_—% xE)

¢) In the case of a point charge ¢, we have to transform from K’ to K,
which is equivalent to changing the sign of the velocity in (S.3.51.12). For
a small velocity v, we may write

Blng+%xE'

where we have changed the signs in (5.3.51.12) and taken -y = 1. For a point
charge in K’, B’ = 0 and

v vXr
B, =~xE =1
C C

r3

which is the magnetic field for a charge moving with velocity v.
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3.52  Field of a Moving Charge (Stony Brook)
a) Differentiating, we obtain

10p _vai(z—vt) (S.3.52.1)
c Ot cs3

and, since v lies only in the z direction (see Figure S.3.52)

V.A- 0A, _ gy (z — vi)

= — (S.3.52.2)

b) To calculate B, we recall from the definition of A that

Now,

E=-Vp-—=——
1= (zx+yf) +(z—v)E vg (z—vt)v
s3 B 233
a1 [(1~ 52) (ak + y) + (2 — vt) & — w2 /2 (2 ~ vt) ]
§9
_a(1-)R _ qR
- 53 T 428

=q1

(S.3.52.4)

0 q[_ v Z
!(6
A
\

N\ P(xy.2)
: %

Figure S.3.52
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where R = X+ y¥ + (2 — vt)Z is the vector from the charge to point P and
therefore is parallel to n. The same results can be obtained by calculating
E in the moving frame (with the charge ¢;) and then taking the Lorentz
transformation.

c) The force acting on charge g, can be calculated as the force acting on g2
in the field of ¢; from (S.3.52.4):

F=gE+ qué x B = gE + Z—jv x (vxE)  (S.3.52.5)
where we used (S.3.52.3). Substituting E from (S.3.52.4), we find

apeR  qge R
F= 253 + =V X (v X —~——7283>

2 R -v)v
012 (1_U_)R+QI‘122( 23)
c?y2s

We can express s through the angle 8 between R and Z (see Figure S.3.52):
s*=R*(1-p° sin® 6)

where we used z? + y® = R?sin? 4, and so s = [R| (1 — 3% sin® 0)1/2. Now,
F may be written as a sum of the projections perpendicular and parallel to
the z direction:

F q1g2 (1 —v%/c®)Rsind qiqe sin @
L= =
v2R3 (1 - B%sin® 0)3/2 R? vt (1 - B2 sin? 9)3/2
_ q1q2(1 —v*/c?)Rcos q1g2Rv? cos 8
W= J2R3(1 — B2sin20)%/2 | 2y2R3(1 — B2 sin? §)3/2
Q1@ cosd

T R?Z 42(1 - B?sin’ 6)3/2

3.53 Retarded Potential of Moving Line Charge (MIT)
a) We may calculate the field of a line charge using Gauss’s law
fsE-dA = 4mq
E - 2nrl = 47l
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where 7 is the distance from the line charge and ! is some length of wire.

So o)
E, = — (S.3.53.1)

b) The current density
J = Mé(z)6(y)0(t)z (S.3.53.2)
where 6 is the Dirac delta function and 6(t) is defined by
0 t<0
1 t20

We may then write

Ay (20,t)
) N ,G(t—u/c)\/(zo—m'f+y’2+z'2)
e / //dm A a0 \/(-'Eo -z 4 y? 4 22

w F 6 <t —(1/e)y/ 2% + z'2> dz'
¢ Z,=[oo Va3 + 2
Now, 8 (t — (1/e)r/2d + z’2> is zero unless t > (1/c)y/x% + 2/%, so
[2'| < y/c?t? — xk

and the integral in (S.3.53.3) becomes

(5.3.53.3)

AT
!
Az(g;o,t):.)lcg / d—zz
_Jana T3 + 2/
M et + /2 —z2| I |1+ /1= (zo/ct)?
= —n|l——al = —In (S.3.53.4)
c ct — \/c?t? —z} c 1 —+/1— (zo/ct)?

for t > zo/c. For t < z¢/¢, A.(xo,t) = 0.
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c¢) From (5.3.53.4), we have for p < ct

- 2
Ax(p,t) = 2 in | TV (/)

1 - /1 (p/ct)?

By definition, B = V x A, which in cylindrical coordinates gives (see Ap-
pendix)

(S.3.53.5)

B é] 4 Av p/(ct)?
v =5 z(P,t)z——c— - - -
P VI= (oIt (1+ 1= (o/ct?)
p/(ct)? _w 2

V1= (p]ct)? (1 iy (p/ct)2) ¢ py/1—(p/ct)?
o2 2
c p cp
for t — oo, which is the value of the magnetic field that would result from
a calculation using Ampere’s law.

3.54 Orbiting Charges and Multipole Radiation
(Princeton, Michigan State, Maryland)

a,b) At 7> d, the emitted radiation is confined to a dipole (r >> A > d),
where A is the wavelength. The vector potential of the system with dipole
moment p at a distance r >> A is given by

1
A=—j
C'I‘()p

The magnetic field of the system (see, for instance, Landau and Lifshitz,
Classical Theory of Fields)

11, 1 .
H- - [A x n] = B xn (S.3.54.1)

where p = gd is the dipole moment of the system, n is the unit vector
in the direction of observation, and rg is the distance from the origin (see
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T

Figure S.3.54a

Figure S.3.54a). The energy flux is given by the Poynting vector S:

HZ
S= ey (8.3.54.2)
The radiated power in a solid angle d© is given by
2,2
dP = Sr2de = ch;:’ o (S.3.54.3)

Substituting (S.3.54.1) into (S.3.54.3), we obtain

1 2
p_ 1 s
Tnc [P x n|® dO©

(S.3.54.4)
Noting that
p = qd = (pcoswt, psinwt) = (pg, py)
we have
i) k&
Pxn=—|p, p, 0 w? = [“pynzzi +pxnzj ~ (pany “pynz)f(] w?
Ny Ny 7Ny
(Ibxn|*) = (p*cos? @+ p?cos?wt sin®@ sin® ¢ +p?sin? wt sin?§ cos?

— 2p®sinwt coswt sin? 6 singp cosp)w?

1
= §p2(1 + cos? f)w*

where we took the average over the period of revolution and used <sin2 wt) =
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(cos?wt) =1/2 and (2sinwtcoswt) = (sin 2wt) = 0. So from (8.3.54.4)

1 2,4

_ _1_ 2 4 2 _pw
(dP) = T 3P v (1+cos 0) de = 83

(1 + cos®8) d©
c) The total power radiated is

dP 2, 4 7
(P) = %de=%2w/(l+cosze)sin6d6
i}

2, 4 ™ 2, 4
p*w [ 1 4 ] p*w [ 2]
=——|—-cosf—=cos’f|| === |2+=
4c3 3 0 4c8 3
_ 2p2w4 B 2q2d2w4
T 33 3c8
d) When the plane z = —b is filled with a perfect conductor, we have

an image charge for each of the charges +¢ and —¢, and the total dipole
moment of the system becomes zero (see Figure S.3.54b). The next nonzero
multipole in this system must be quadrupole with quadrupole moment Dg:

Dop = Y qx (3zap — 1260p)

(]

A

—a
F

d +q

I
o9

Figure S.3.54b

3.55 Electron and Radiation Reaction (Boston)

a) By assuming that v € ¢, we may write

. 1
mv = g (E + SV X B) (5.3.65.1)
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Differentiating (S.3.55.1) with respect to time, we obtain

vxdhy LoxBr LuxB (S.3.55.2)

m me me

Substituting for v in (S.3.55.2) results in
2
i}zi(E—klva)+—q§—<ExB+l(va)xB)
m ¢ mic ¢
2

~1p. L EgxB

m mec
where we have disregarded terms first order in v/c. So

2. 2¢°[q. ¢
=G |9, T pyB S.3.55.3
3c3 3ci |m + m2c x ( )

b) Let the E field of the plane wave be polarized in the z direction, so that
E, = Eysin(kz — wt) E,=E, =0
By = Bosin(kz — wt) B,=B,=0

The time averages of (S.3.55.3) are

. 1 .
<E> =0 (E x B) = §E0z
so that el , 87 / 2 \? E?
Fl=-"=El2=—|—) =% .3.55.
(Fr) 3mich 04T g (mc2> 8t (5.3.85.4)

The radiation reaction force varies with the fourth power of the charge, so
a positron would yield the same result.

c) The average power {P) scattered by the charge is
(P)y = |(S)|o (S.3.55.5)
where o is the total cross section. The average power is then

E2
(P) = 98—730 (S.3.55.6)

The average incident momentum per unit time p; is given by

dpi\ 1/dE\ . E}
<dt >— C<dt>z—§7—r-az (S.3.55.7)
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where we used the relation £ = pc for radiation. Using the Thomson cross
section for ¢ in (S.3.55.7) gives the reaction force

m= (B =% () &

This is the same result as in (S.3.55.4).

3.56 Radiation of Accelerating Positron (Princeton,
Colorado)

In first approximation, we disregard the radiation loss, i.e., we consider the
energy to be constant at any given moment:

2 2 2
_mvy M Ze
E= - =3 + - (5.3.56.1)

From this equation, we may find v as a function of 7(¢) and then calculate
dE  2e*w?  2e%?
dt 3¢ 38

where w isthe acceleration of the positron. We should check at the end

that the energy change due to radiation is small compared to the initial
energy. From (S.3.56.1)

(S.3.56.2)

2

v =y fur = 228 (S.3.56.3)
mr
o= B, 2 (S.3.56.4)
dr’ " mr R
Substituting (S.3.56.4) into (S.3.56. 2) and integrating, we have
s [ (22)
mr

(S.3.56.5)

2872

/ dr
3c3m? 4 [ 2Ze? 1
mr 1—- 7 =
muvy T

We should integrate (S.3.56.5) from o0 to rmin and then from 7y, to oo,
again only when AE <« Ejy. In our approximation, we can say that the ra-
diation during the deceleration is the same as for the period of acceleration
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and simply write -
2e8 72 dr/rt
AE =2- / 5.3.56.6
3c3m2u, \/1——1',,“,1—/7~ ( )
2 Tmin
where rmin = qu; . Substituting 1 = T/ (S.3.56.6) becomes
1
4 €822 1\° Fon? d 1 ma} 1 nidn
N ( ) ndn _1m 1/ (5.3.56.7)
3 Am2v1 \ Tmin Vi—-n 6 cZo 1—1n

Integrating by parts,

Therefore,

Check our initial assumption:

A—E-z(%>3i<<l

E z
So
mu2 _ mi Ap. i 8 my
2 2 45 37

3.57 Half-Wave Antenna (Boston)

a) The vector potential may be found from the integral (see, for instance,
Marion and Heald, Classical Electromagnetic Radiation, Chapter 8):

(Y] !l
A(x,t)zl/ dv'/dt’ JOGE) g (v Xox] et (S.3.57.1)
cJy |x — x/| ¢
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The current density may be written with a complex time dependence (tak-
ing the real part at the end of the calculation):

J(x,t) = IpZcos (zg\r_z_) 6(z)b(y)e™* (8.3.57.2)

Substituting (S.3.57.2) into (S.3.57.1) and integrating over z’ and y’, we
obtain

s prA/4 ’ . v
A(x, t) ~ _Ig% dz' cos <37)£\f_) etw(t—(l/c)\/:c2+y2+(z—z )2) (5'3.57.3)

Cr J_x/4

where we have used the assumption that we are in the radiation zone, so
that
|x — x| ~7r

Expanding the square root in (S.3.57.3) to order 2’/r, we find

2n2!

I3 A4 i2_7r iz'
A(x,t) = —c‘—’r—e“”t-’") / dz’cos(T)e AT (S.3.57.4)

—A/4

Letting z = rcos# and performing the integral in (S.3.57.4) (write cos as
sum of exponentials), we get

A(x,t) ~

. (T L
Iz X sin ( 5 (1 +cos 9)) s sin (2 (1 - cos 9)) itk
cr 2w 1+ cos@ 1—cos@

(S.3.57.5)

cos (7r c 9)
_ loA2 2 o8 ei(wt—kr)
Ter sin® 6

b) The electric field E in the radiation zone may be found directly from

_ 16A_ W
[+

A

—_——— =

c ot

using (S.3.57.5). The magnetic induction B in the radiation zone is given
by
1 OA
B=—nx %
So
B = —ik(n x A)
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c) The power radiated is calculated using the hint in the problem:

9 £ Re [Pn (A x (n x A))]

g (T
2y2 cos* {—cosf
—E_Ldk IO/\ 2 (2 )n-(er(nxez))

T 81 ¢ micir? sin* 9
I2 cos? ( g cos 9) Ig cos? (g cos 9) )
_ n-(n— e, )= ———2— 2 (1 —cos“0
2me sin* @ (n—e;(n-e;)) ome sin* @ ( )

_ Lg—COSQ (g cos 0)
21c sin? 6

3.58 Cerenkov Radiation (Stony Brook)

a) At each point in the passage of the charged particle through the medium,
a spherical wave is produced whose rate of travel is ¢/n, while the particle
is travelling at a velocity v (see Figure S.3.58a). The lines perpendicular
to the wavefront give the direction of propagation of the radiation and the

angle 6., as required:
1
cosf, = Y (8= E)
b) The spherical mirror and the cone of radiation produced by the charged
particle are azimuthally symmetric, so we may solve the problem in two
dimensions. We now must show that the parallel rays striking the mirror

Figure S.3.58a
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c: :
< R[2 —=<—R/2

Figure §S.3.58b

will be focussed to a point on the “focal line” of the mirror. The focal
length of a spherical mirror with radius of curvature R is R/2. Consider
two rays incident on the mirror at an angle 8, to the horizontal, one which
passes through the center of the circle and another on the opposite side of
the focus, which strikes the mirror a a distance £ away as measured along
the axis (see Figure S.3.58b). In the paraxial approximation, we may use
the standard relation between the image distance 7, the object distance o,
and the focal length f = R/2

L1l 5350
Checking for the ray leaving the center of the circle (object at 2f), we have
1,1 2
i R R
i=R

Obviously, a ray along a radius of the circle will be reflected back on itself.
It passes through the point P along the focal line at a distance (R/2) tan 8,
from the axis. Now, a ray originating at the point E will strike the mirror
at the point B and form a virtual image at point A on the other side of the
mirror. Using (S.3.58.1) to find the image distance 4 and thereby AD,

= (S.3.58.2)

AD = |i| = (S.3.58.3)
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where the length of the segment AD is made positive (although the image
distance is negative). To find the point where the reflected ray crosses the
focal line, we will use similar triangles, AAPF ~ AABD. So
PF _AF
BD 4D
First, we find that y = BD = xtané,, and then in the same paraxial ap-
proximation (see Figure S.3.58b)

(5.3.58.4)

r _ (Rz)/(R—2z)+ R/2
= RO —25 (S.3.58.5)

SO

_ Rt R/2-Re
N Re

R R
i 0, — —tanf, (S.3.58.6
y <2z)xtan 2tanﬁ ( )

c) Restoring the cylindrical symmetry to the problem, the point in the
focal line becomes a circle in the focal plane of radius

R
= —2—tanﬁc

3.59 Stability of Plasma (Boston)

a) Calculate the force on the ion of charge Q at radius R in cylindrical
coordinates with unit vectors ¥, e,, and Z. The electrostatic force

Fe = %f- (8.3.59.1)
where A = I /v is the linear charge density. So
21Q
Fe = m—r
and the magnetic force
Q Q 2
Fm = z vxB= —c- C__RV X e, (83592)

21
where B = R o could be found from

j{B .dl = 27RB = / ic’fJ ds=2"p (S.3.59.3)
C
S
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So
2IQuv
Fpn=—- 2R by (5.3.59.4)
Therefore, the total force acts outward

2IQ . 2IQu . 2I 2
F=F,+F,= RS Fo 632” 7 R? (1 - ’c’—z) #  (S.3.59.5)

b) The force calculated in (a) does some work on an ion, which leads to an
increase of its kinetic energy (we take the initial radial velocity of the ion
to be zero)

T

/F(r) dr = %M (%)2 (S.3.59.6)
R

Performing the integration in (S.3.59.6), we obtain
2IQ v? ro1 dr\?
—|l-=)ln= == —

v ( 02) "R 2M (dt)

dr 41Q v? T
& =\ v (1 B 25) Iz

or

3.60 Charged Particle in Uniform Magnetic Field
(Princeton)

The solution to this problem is similar to that for Problem P.1.52, where
we considered the adiabatic invariant for a mechanical system. Here, we
have for the motion in the plane perpendicular to the magnetic field

I = —-1——fPt~dr=const
2m
where e
Pt =Pt + EA
is the projection of the generalized momentum on this plane, and the in-

tegral is taken over one period of motion in this plane, whose shape is a
circle. (A is the vector potential and e is the charge of the particle.)

1 e
=— . — b A. .3.60.
1 27r%pt dr+27rc?{ dr (S.3.60.1)
Using Stokes’ theorem and substituting H =V x A, we obtain

e _ eH ,
I=prt o /S H.dS=pr— 5 r (5.3.60.2)
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We used the fact that the absolute value of py is constant. The minus
sign before the second term occurs since the line integral about the orbit is
opposite to the velocity of the charge. After substituting py = eHr/c into
(S.3.60.2) (see Problem 3.63), we obtain

=CHo eH o eH o inst (.3.60.3)
c 2c 2c

So, for a slow change of magnetic field from Hp to Hy, we find

HoR? = H R}
or

H
Ry =Ry —ﬁ‘f

Now, if the field changes suddenly from H; back to Hp, then the energy €

is conserved 1
& = §mw2R2

wiR1 = woRy

where w; and wp are cyclotron frequencies, corresponding to magnetic fields

H, and Hy, respectively:
e

mc

where m is the mass of the particle. Therefore,

(7751 Hl Hg Hl
Ry = Ri— = Ry =2 = Ry [ 2
2 lwo OHO H1 RO Ho

3.61 Lowest Mode of Rectangular Wave Guide
(Princeton, MIT, Michigan State)
a) Because the walls are perfectly conducting, we have for E and B the
boundary conditions
nxE=0
n-B=0

where n is normal to the wall, or in terms 0E,(B,) (z1is the direction of
wave propagation)

8B,
=0 (.3.61.1)

E,|s=0 =
zlS an s
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b) Starting from the sourceless Maxwell equations in vacuum

1 6B
E=—-— 3.61.
V x ~ = (S.3.61.2)
1 8E
VxB=- (S.3.61.3)
V-B=0 (S.3.61.4)
V-E=0 (S.3.61.5)

and substituting E(r,t) = E(r) exp(—iwt) (same for B), we obtain

VXE= 36‘513 (S.3.61.6)
Vsz—%E (S.3.61.7)
V.- B=0 (S.3.61.8)
V-E=0 (S.3.61.9)

The field dependence on z may be written in theform f(z) = exp [i(kz — wt)],
where k is the wave vector for the wave transmitted in the z direction. Us-
ing the fact that the electric field of the lowest mode is in the y direction
only, we have, from (S.3.61.6)—(S.3.61.7),

—ikE, = ’—Z’-BI (S.3.61.10)
0=B, (S.3.61.11)
0B,

22 9 $.3.61.12
- (5:3.61.12)
) 0B, _ W
ikBy - 5= = —=E, (S.3.61.13)

From (S.3.61.12), B, = B(z)exp(ikz), and substituting (S.3.61.10) into
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(8.3.61.13), we obtain
ﬁ 0B,

= S.3.61.14
iw OB
=—— £ S5.3.61.15
Ey=~13 5, (5:3.61.15)
where
2
N2 = %2— — k2 (S.3.61.16)

Using V- B = 0 and B, from (S.3.61.14), we get a differential equation for
B,

ik 0?B,(z) .
or 52B,(z)
2\T 2
B B,(z) = .3.61.1
522 +7v°B,(z) =0 (S.3 8)
The solution of this equation satisfying the boundary conditions
0B, —0
on |g

is B, = By cosyz with v = 7w/a. So the field in the wave guide in this mode
from (S.3.61.14)- (S.3.61.15)

B, = By cos (g:v) . ekt (S.3.61.19)
ika 3 i tkz—iwt

B, = ~==Bysin (Ex) e (S.3.61.20)

E, = t"—:BO sin (§$> eikamiwt (S.3.61.21)

¢) The dispersion relation for the lowest mode is found from (S.3.61.16):

w=cyVk?+7n2/a? (5.3.61.22)

The phase velocity v is

v = % = c/1+ 72/ (k%a?) (S.3.61.23)
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The group velocity u is

w Ok (5.3.61.24)

Ok /K2 +n?/a?
d) The waves propagating in the wave guides can be divided into two classes:

TE (transverse electric, E, = 0) as is the case in this problem, and TM
(transverse magnetic, B, = 0).

3.62 TM Modes in Rectangular Wave Guide
(Princeton)

a) Again, as in Problem 3.61, we can express all the fields in terms of a
single longitudinal component. In this problem, we are considering TM
waves so B, = 0, and we use E, instead. We find for the field components

£ = ik OF, _ z_li OF,
CT oy Bz YT 42 oy
(8.3.62.1)
B, = v 9E. _ v OF;
T ey By Y oey? Oz
where again
2 w2 k2
v = 2
The wave equation for the E, component is
ViE,+v*E, =0 (S.3.62.2)
where & P
Viz —+
ox2  Oy?

The solution to (S.3.62.2) with the boundary condition E xn|g = 0 is
given by

E, = Eysin 1(:1:1: - sin % (5.3.62.3)

where n and m are integers. So

2 = 72 ("— + m—) (S.3.62.4)
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The frequency w is given by

b2

2 2
w=c\Vk®++2 = c\/k2 + 7?2 <%2— + T..) (S.3.62.5)

The cutoff frequency corresponds to & =0, so

In? m?

For TM waves, we cannot take any of the n or m = 0 modes because
that would make F, = 0. So the lowest cutoff frequency corresponds to
m=n=1

1 1 10 1 1 10,1
— oL =9. 2314/ —m——F —— 311
Wi = emf g g =310 \/(7.21)2 t e ¥ 10

So the TM radiation with frequency 6.1-10%s~! will propagate in the guide.

b) The dispersion relation was given in (a):

/ 2 2
w=cy/k? + =2 (;—%—FT—ZZ—)

c¢) The wave number as a function of the cutoff frequency wy can be written
in the form

1
kkzz w? —w?

The wave of frequency w < wy cannot propagate (k becomes imaginary),
and in fact the attenuation of the field will be given by k. In our case,

Y2

We may write E, in the form
E, x Eyerz = Eoe_(‘/g wxz)/(2¢)
The power dissipation will be proportional to |E,|*:

P(z) o e—(\/§ wiz)/c
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We wish to find the point where P(z)/P(0) = 1/e. Hence,

¢ 3.1010

= = = (.56 cm
wyVv3  3.1-1019/3

z

3.63 Betatron (Princeton, Moscow Phys-Tech,
Colorado, Stony Brook (a))

a) Assume we have a magnetic field that is constant along and perpendicular
to the plane of the orbit B(z = 0) = B(R)Z (see Figure S.3.63). The Lorentz
force gives

p=SvxB (S.3.63.1)
¢
We can substitute the energy £ for the momentum by using
Ev
P=7F
and since the energy does not change in the magnetic field we have
E dv e
or, separating into components,
by = Qv (S.3.63.3)
by = —Qu, (5.3.63.4)
v, =0
where B(R
q = &BE) (S.3.63.5)
£
z
| \ oo '
\ \] \‘ \\ J’I.IB r.fr :f .II

t |

T T |

Figure S.3.63
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Following a standard procedure, we multiply (S.3.63.4) by ¢ = +/—1 and
add it to (S.3.63.3), which yields

t+iQu=20 (8.3.63.6)

where u = v, + tvy or
u = Ae~i(¥+a) (S.3.63.7)

where A and « are real. Separating real and imaginary parts of (5.3.63.7),
we obtain

vy = Acos(Q + ) (5.3.63.8)
vy = —Asin(Qt + «) (5.3.63.9)
From (S.3.63.8) and (S.3.63.9), we can see that
v+l = A% =]

where vp is the initial velocity of the particle, which as we assumed moves
only in the z-y plane. Integrating again, we find

T =0+ % sin(Q% + )
(5.3.63.10)
Y=y + % cos(Q2 + )
So the radius R is given by
2 2 2_ Y8
R =(z~20)"+(y~ )" = 57 (5.3.63.11)
and P
VYo Yo CPo
R = — = = 0. .
0] = ecB(R) ~ eB(R) (8.3.63.12)
b) From (S.3.63.12), the momentum
B
p=2% C"R (S.3.63.13)

where By = Bg(R). Assuming that R does not change, we find from
(S.3.63.13) that

Ap = %ABO (S.3.63.14)

If the magnetic field through the orbit is increased, a tangential electric
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field will be produced at the position of the orbit:

¢ _ (B)rR2 _ (8)7 (5.3.63.15)

v = 21rRec~ 2nRc 2¢

Therefore the rate of increase of the momentum is

p=eE, = 6R2<CB> (S.3.63.16)

Integrating (S.3.63.16), we obtain

Ap = ﬂggﬂ (5.3.63.17)

Equating (S.3.63.14) and (S.3.63.17), we have
(AB) = 2ABy (S.3.63.18)

indicating that the change in flux through the orbit must be twice that
which would have been obtained if the magnetic field were spatially uni-
form (Betatron rule 2:1).

¢) Consider first the vertical displacement (we assume that the vertical
and radial motions are decoupled)

dp, _ d(ymv,)

2z _ =F 5.3.63.19

dt dt ‘ ( )
where v = 1/4/1 — v2/c?. Since v, is much smaller than the velocity in the
x—y plane, we disregard any change in 7y due to changes in v,

d(~ymuv;) dv, ;€
————— T _——= = - B:,- R D .
pr M = ymE = —v (R) (5.3.63.20)

where B,.(R) is the radial B field at a radius R. Neglecting the space charge
current and displacement current and using cylindrical coordinates, we may
write

dB, 0B,
(VxB),=0= ( 8z  or )
50 0B, 0B,

0z or
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or, for small z,

_ (0B, (0B,
B,(R) = ( 5 )rsz = ( o >T=Rz (8.3.63.21)

Using the expression for B, given in the problem,

B,(r) = By (;)n

and substituting it into (S.3.63.21) and then (S.3.63.20), we obtain

. eBov { R\""! neBgv
ymé = - n—p (—r—) “—R (5.3.63.22)
r=R
So
. neBO'u
=——_— .3.63.23
Z 'ycmR (S.3.63.23)
Taking v = QR from (S.3.63.12), (S.3.63.23) becomes
5= -nBog, o ,Bog, - _na2, (S.3.63.24)

ymce

Therefore (S.3.63.24) exhibits oscillatory behavior along the z-axis which
is stable if n¥? > 0 and so n > 0. The period of oscillation is then

Wy =Qn (8.3.63.25)

For the radial motion, the Lorentz force FY, is
F= —-—-Z’UBZ(T) (S.3.63.26)

For small deviations from equilibrium g = r — R, we can write (S.3.63.26)
in the form

e OB e n
F, = —-’UB()(R) -V o (r—R)=FL(R)+ EU—EBop
— Ry(R) + £BS EB"Q” 5ol R(R)+ymPnp  (S.3.63.27)

where we again used (S.3.63.12) for the cyclotron frequency. We must also
consider the centrifugal force

Q2R?

T

F, = ymw?r = ym (S.3.63.28)
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where we used the conservation of canonical angular momentum

P, = ymrp = ymrw
Now, for small p, v

2R2
R+p
Combining (S.3.63.27) and (S.3.63.29), we obtain

F,=~ym

= ymQ?R (1 - j%) = F.(R) —ymQ%p  (5.3.63.29)

ymp = Fo(R) + FL(R) + ymQipn — ymQ?p (5.3.63.30)
Since F,(R) + Fi(R) = 0 at equilibrium, we can write
p=(n—-10% (S.3.63.31)
Again, as for the vertical motion, we have an oscillation of frequency
Wy = Qm

This oscillation is stableif 1 —n >0, or n < 1.

d) The condition for both radial and vertical stability will be the inter-
section of the two conditions for 7, so

O0<n<l1

A more detailed discussion of this problem may be found in Phys. Rev. 60,
53 (1941).

3.64 Superconducting Frame in Magnetic Field
(Moscow Phys-Tech)

Find the magnetic field from the vector potential

X A VA
9 0 d

B=VxA= B2 3y 0z = (~az,0,0z + By)
~Boy oaxzz O

The magnetic flux ® through the surface of the superconducting frame is
constant (see Figure S.3.64). ® is composed of the flux from the external
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&
Figure S.3.64

magnetic field @, and the flux ®; produced by the current I flowing in the
frame:

1 1
<I>:<I>e+<bi=B-S+ELI=(BO-|—az)a2+ELI
Att=0,z=0and ® = &; = Bya?. At later times,
1
® = Boa® + aza® + ELI = ®,

So for the current we have

The force on the frame due to the interaction with the magnetic field is
given by the general formula

F:ifﬂxB
C

In this problem, due to the physical constraint, we need only the component
in the z direction

af2
Fo=2 [ (-dy)(-aa/2) =

—a/2

Therefore, the equation of motion becomes

3 aat
mz = — zZ—m
I g
or
. alat
2+ ——2z2=—g

mL
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This equation describes oscillatory motion with w = aa?/v/mL, and the
solution is z = Acos(wt + wo) + 2o

where mgL g
zZ20 = =

et W?
From the initial conditions z(0) = 0 and 2(0) = 0, we find that A = —z;
and o = 0. The complete solution for the position of the frame along the

z-axis at time t is

z = 2zp(1 — coswt) = %(coswt -1)
3.65 Superconducting Sphere in Magnetic Field
(Michigan State, Moscow Phys-Tech)

a) Prom symmetry considerations, it is clear that the current would flow
on the surface of the shell perpendicular to the applied magnetic field. As
for any ellipsoid in a uniform electric or magnetic field (see Problem 3.10),
we can assume that the field outside the shell produced by these currents
is equivalent to a magnetic dipole moment m placed in the center of the
shell. For

The total field outside is then B = B,, + Bg. The boundary condition on
the surface at an arbitrary point gives

Byn + Bmn = 0

The normal component of B is continuous and inside B = 0. From the
boundary conditions on the surface at an arbitrary angle # between the
direction of By and the normal n (see Figure S.3.65) we have

_ 3mcosf mcosf  2mcos@

B R3 R3 R3

(S.3.65.1)

Figure S$.3.65
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Hence 9 0
Bocos§+ “m— = 0 (8.3.65.2)
Atm = — (R3/2) By, where R is the radius of the spherical shell, the

boundary conditions are satisfied on the surface of the shell. Therefore,
3R3 (Bo -r)r R3B0 R3 3R3(B0 . r)r
3 T8 T 1+2_7-'§) Bo- 2r8

b) The surface current density J, can be found by using tangential H
component continuity:

4
gBosinH = Hy, + H; = %Js

B =B,,+Bo =B¢—-

and therefore Js(8) = 3¢Bgsiné/87. This solution is only true while B <
2/3 H,, and the whole sphere is superconducting. When B > 2/3 H,, the
field at the equator exceeds H., and the sphere goes into an intermediate
state.

3.66 London Penetration Depth (Moscow Phys-Tech)

a) Equation (P.3.66.1) can be obtained from a naive classical model with
a superconducting electron density ns. This derivation is not quite rigor-
ous since we assume spatially uniform fields in the penetration depth (see,
for instance, M.Tinkham, Introduction to Superconductivity). For a unit
volume of superconducting electrons in an electric field E,

‘%ﬁ = ngeE (S.3.66.1)

The superconducting current density may be written as J3 = ngevg. Sub-
stituting into (S.3.66.1) gives (P.3.66.1):

d
E= 2 (AJ,
7 (M)

g

To derive (P.3.66.2), write the kinetic energy density in the form

& mv:  mJ?
ki = Ng———— =
m ® 9 2nge?

Using Maxwell’s equation

4
Vxh= %Js
we obtain \2
Exin = g;rli (V x h)? (S.3.66.2)
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where

2
2 me

M= (S.3.66.3)

Now we can write the free energy in the form
- 1 2, 42 2
Fon=Feo+ 81r/v(h + 22 (V x h) )dv

where [h?/(8m)dV accounts for the energy of the magnetic field in the
superconductor. We want to find a function h(r) that will minimize the free
energy. Note that a more rigorous approach requires that we minimize the
Gibbs’ free energy, but the result is the same. Using a standard procedure
(see Goldstein, Classical Mechanics, Chapter 2) we take a variation of F .
We can write

0= / [2h6h + 2)2 (V x h) - (V x 6h)] dV (5.3.66.4)
\'2

The second term in (S.3.66.4) can be transformed using the identity
V-(axb)=b-Vxa-a-Vxb
Now we can rewrite (S.3.66.4) in the form

/[h+)\%(Vx(Vxh))]-6th~/V-[(Vxh)xéh]dV:O
v %

(5.3.66.5)
The second integral in (S.3.66.5) can be transformed into a surface integral
using Gauss’s theorem

/V-[(Vxh)xéh]def[(Vxh)xéh]dS:O
174 S

since everywhere on the surface h = Hy, and so 6h = 0. So, from the first
integral in (S.3.66.5), we obtain (P.3.66.2)

h+ X Vx(Vxh)=0
b) Using (P.3.66.2) and the identity
V x (V x h) = —-V2h

we have .
Vih - —h=0
AL
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Orient the z direction normal to the boundary and the magnetic field par-
allel to it, H = HpZ. From the symmetry of the problem, it is obvious that
h = h(z)%. Then (P.3.66.2) becomes

dh 1
& =0

whose solution is
h = ae~ %/ 4 pe®/

Invoking the boundary conditions h(0) = Hy and h(oco) = 0, we arrive at
h = Hoe™®/

where Ap, is the London penetration depth introduced in (a) (S.3.66.2). For
a typical metal superconductor with one free electron per atom

Napm

A
where N ,4is Avogadro’snumber, p,, is the mass density, and A is the atomic
mass in grams per mole. For a typical superconductor, n = 1022-1023¢m3.
Assuming ng = nat T = 0, we have from (S.3.66.3)

~

mc?

4mne?

AL(0) = ~ 200—500A

3.67 Thin Superconducting Plate in Magnetic Field
(Stony Brook)

a) Choose z = 0 at the center of the plate (see Figure S.3.67a). We know
(see, for instance, Problem 3.66) that the external field penetrates to a
depth Aj, into the superconductor; this can be described in our case by the

~d/2 dr2 o

Figure S.3.67a
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equation: 1
VoaH- H=0
A

L

Because of the symmetry of the problem, H = H(x)2 where the H field
inside the the superconductor will be in the z direction and depend only
on z. So we have
d°H 1
de? M

The general solution of (S.3.67.1) is

H=0 (S.3.67.1)

H = Hycosh(z/AL) + Hasinh(z/AL)

Using the boundary conditions

2
we obtain
H,
= ——_— Hy =0
H cosh(d/2)L) 2
So
cosh{z/Ar)
% cosh(d/2xL)
The supercurrent density Js can be found from Maxwell’s equation
VxH-= 4—7sz
c
Since H = H#, we have
X ¥y z
o o9 & oH |
VxR=\ o & 5| e’
0 0 H

c ( OHY\_ _ cHo sinh(z/AL) .
y= A7 cosh(d/ZAL)y

b) In the limiting case of a thin film, Ay, > d, we have

H%Ho
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H H
\‘“w ................... /
» _ X X
I\ &

Figure S.3.67b

~ CH(] T
i 4mAi

since cosh(z/AL) = 1+ (1/2)(z/AL)? +. .. and sinh(z/\) = /AL + . . .
Both cases d > Ay, and d <« A, are shown in Figure S.3.67b.
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Appendix 1

Approximate Values of Physical Constants

Constant Symbol SI CGS
Speed of light ¢ 3.00- 108 m/s 3.00 - 10'° em/s
Planck's constant h 6.63.-1073 J.5 6.63-107% erg s
Reduced Planck's constant hi= 2% 1.05-107% 7.5 1.05-107% erg - s
Avogadro's number Na 6.02 - 10% kmol " 6.02 - 1023 mol~!
Boltzmann's constant k 1.38.10-% J/K 1.38 - 10~ erg/K
Electron charge e 1.60-1071° C 4.80- 10719 esu
Electron mass me 9.11-1073 kg 9.11-107%8 g
Electron charge to mass ratio mie 1.76 - 10! C/kg 5.27-10'7 esu/g
Neutron mass M 1.675-10~%" kg 1.675-107% g
Proton mass mp 1.673-107% kg 1.673- 10" ¢
Gravitational constant G 6.67- 1071 N . m?/kg? 6.67- 108 dyn - cm?/g?
Acceleration of gravity 9 9.81 m/s? 981 cm/s?
Stefan-Boltzmann constant o 5.67 W/(m?K*) 5.67 - 107% erg/(s - cm*K*)
Fine structure constant a 1/137 1/137
Bohr radius ag 5.29.10"" m 5.29-107°% cm
&

Classical electron radius re= 3 2.82-107%m 2.82-107% cm
Electron Compton wavelength "ZC 3.86-107¥% m 3.86-10"'! cm
Bohr magneton Hp = eh 9.27-10"24 J/T 9.27 10" erg/G

2m.c
Rydberg constant Reo 1.10-10° m-! 1.10- 105 ¢cm™!
Universal gas constant R 8.31-10% J/(kmol - K) 8.31- 107 erg/(mol - K)
Josephson constant %e 4.84 .10 Hz/V 1.45 - 10'7 Hz/statvolt
Permittivity of free space € 8.85-10712 F/m 1

313
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Some Astronomical Data

Mass of the Sun Mg =~ 2-10% kg

Radius of the Sun Rg ~ 6.7-10® m

Average Distance between the Earth and the Sun =~ 1.5- 10! m
Average Radius of the Earth Rp ~6.4-106m

Mass of the Earth Mg =~ 6-10% kg

Average Velocity of the Earth in Orbit about the Sun Vg ~ 3104 m/s

Average Distance between the Earth and the Moon =~ 3.8 -10® m

Other Commonly Used Units
Angstrom (A) =108 cm = 10 m
Fermi (Fm) = 1071¥ cm =10"% m
Barn = 10724 cm? = 10728 m?

Year ~ 3.16 - 107 s

Astronomical Year =~ 9.5 - 1017 ¢cm = 9.5 10 m
Parsec = 3.1-10® cm = 3.1- 10 m
eV=16-1001J=16-10"2erg

Room Temperature (294 K) ~ 0.025 eV
Horsepower (hp) = 746 W

Calorie == 4.2 J

Atmosphere = 10® dynes/cm?
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Appendix 2
Conversion Table from Rationalized MKSA to Gaussian Units
Physical Quantities Rationalized MKSA Conversion Coeftficients Gaussian
Charge coulomb 3.10° esu
Charge Density coulomb/m3 3.10° esu/cm®
Current ampere 3:10° esu/sec
Electric Field volt/m . statvolt/cm
3104
Potential (Voltage) volt 1/300 statvolt
Magnetic Flux weber 108 gauss - cm? (maxwell)
Magnetic Induction tesla 10 gauss
Magnetic Field ampere-turn/m 4r .10~ oersted
Inductance henry 1 sec? /em
9.1011
Capacitance farad g.10% cm
Resistance ohm L sec/cm
g-1011
Conductivity mho/m 9.10° sec™!
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Appendix 3

Vector Identities

V(®¥) = VY +IVD
V- (PA)=A - V& +IV A
Vx(PA) =BV X A+VExA
V.- (AxB)=B-VxA-A-VxB

Vx(AxB)=(B - V)A-(A-V)B+A(V-B)-B(V-A)

) ) )
(A9) = Ao+ Ay + Adu

V(A-B)=(B-V)A+(A - V)B+Bx (VxA)+A x (V xB)

+ =+

P PP
. =V = ={ — —
V.V =729 =AD ( 57 " 5 6z2)

VxVxA=V(V-A)-(V?)A
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Vector Formulas
in Spherical and Cylindrical Coordinates
Spherical Coordinates

e Transformation of Coordinates

7= x? +y? 4 22

z
f =cos™! =
r
Y
tany = —
=z
=rsinfcosyp

y =rsinfsing
z=rcosf
¢ Transformation of Differentials
dx =sinfcosy dr +rcosfcosy df — rsinfsing dp

dy = sinfsin dr +rcosfsiny df + rsinfcosp dy

dz = cos@ dr — rsinf df

¢ Square of the Element of Length
ds® = dr? +r? d6? + r? sin? 0 dy?
¢ Transformation of the Coordinates of a Vector

F, = Fysinfcosp + Fysin@siny + F, cos§

Fy = Fycosfcosp + Fycosfsingp — F, sinf
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F,=—F;sinp+ F,cosy
F, = Fysinbcosyp + FgcosBcosp — Fy,sinp
F, = F.sinfsing + Fycosfsinp + F,cosy
F, = F,cosf — Fpsin8

e Divergence

BFz oF, 8FZ
..+_ ¥

T Oz 8y 0z
10 ,, 1 9 1 0OF,
T r20r (T FT) + rsinf 89 (Fpsinf) + rsinf Oy
e Curl ) ) )
X v &
8 4 0
VxF= a 5; 5;
F, F, F,
1 d OFy 1[ 1 8F. 8(rF,)
= F, - =T -
rsiné [86( sin6) - 390] "oy Lin& By ar | %
1 8(7‘F9) BFT
+; [ ar 00 ] e
¢ Gradient
V@—?ge +l @e —i———1 ?Ee
T or " T r 88 " rsinfdp ?

¢ Laplacian

2o L e %o A 529
9z2 " By " 822

_ 10,08\ 1 9 80\ 1 50
“Poar\" or r2sin @ 56 si 00 r2 sin? 6 Oy?

V20 =
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Cylindrical Coordinates

e Transformation of Coordinates

p=+z?+y?

T =pCcosy

y = psing
2=z
o Transformation of Differentials
dx = cosy dp — psiny dy

dy =sing dp + pcosy dy

dz = dz
¢ Square of the Element of Length
ds? = dp* + p? dp? + dz?
¢ Transformation of the Coordinates of a Vector
F, = Fgcosp+ Fysiny

F, = —F;sinp + F,cosp

F,=F,
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Fy=F,cosp—F,singp
Fy = F,sinp + F,cosp

F, =F,

o Divergence
_10(F,) | 10F,  oF,

V= "0 Todp 5
o Curl
_(18F, 8F, oF, OF, 1 (8(pF,) 8F,\ ,
VXF‘<56w az)e”+(az ap)e”p( o o9 )"
Gradient
[ SN N
T op P pBp ¥ Bz
¢ Laplacian
v2<1>_l.2 Q? l@+@
“ 0o \"8p) T 287 T B2

Appendix 4

Legendre Polynomials

Py(z) = 1

Pz) = z

Po) = (32~ 1)

Py(z) = %(5:1;3—31)
Py(z) = %(353:4——30:52—}-3)
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Rodrigues’ Formula

1 d

i
~g @ & Y

By(z)

Spherical Harmonics

1
9, ) = T
1 3 s i
i, o) = - i sinf e
o 3
P, ¢) = y cosé
-1 3 . —iQO
Y7 (0, ¢) = o sinf e
1 /18 ;
Y28, ¢) = Vo sin? § e
1 .
Y, ) = -— —8—75; sinf cos§ &'
1 /5
Y26, ¢) = N (3cos®6 — 1)
15 ;
Y, (8, p) = o sinfcosf e~
1 /15 ;
Y2_2 (0, (p) = Z 57; sin29 6—2“P
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Foreword

It is only rarely realized how important the design of suitable, interesting
problems is in the educational process. This is true for the professor — who
periodically makes up exams and problem sets which test the effectiveness
of his teaching — and also for the student — who must match his skills
and acquired knowledge against these same problems. There is a great need
for challenging problems in all scientific fields, but especially so in physics.
Reading a physics paper requires familiarity and control of techniques which
can only be obtained by serious practice in solving problems. Confidence
in performing research demands a mastery of detailed technology which
requires training, concentration, and reflection — again, gained only by
working exercises.

In spite of the obvious need, there is very little systematic effort made
to provide balanced, doable problems that do more than gratify the ego of
the professor. Problems often are routine applications of procedures men-
tioned in lectures or in books. They do little to force students to reflect
seriously about new situations. Furthermore, the problems are often ex-
cruciatingly dull and test persistence and intellectual stamina more than
insight, technical skill, and originality. Another rather serious shortcoming
is that most exams and problems carry the unmistakable imprint of the
teacher. (In some excellent eastern U.S. universities, problems are cata-
logued by instructor, so that a good deal is known about an exam even
before it is written.)

In contrast, A Guide to Physics Problems, Part 2 not only serves an
important function, but is a pleasure to read. By selecting problems from
different universities and even different scientific cultures, the authors have
effectively avoided a one-sided approach to physics. All the problems are
good, some are very interesting, some positively intriguing, a few are crazy;
but all of them stimulate the reader to think about physics, not merely to
train you to pass an exam. I personally received considerable pleasure in
working the problems, and I would guess that anyone who wants to be a
professional physicist would experience similar enjoyment. I must confess



vi Foreword

with some embarrassment that some of the problems gave me more trouble
than [ had expected. But, of course, this is progress. The coming generation
can do with ease what causes the elder one trouble. This book will be a
great help to students and professors, as well as a source of pleasure and
enjoyment.

Max Dresden
Stanford



Preface

Part 2 of A Guide to Physics Problems contains problems from written
graduate qualifying examinations at many universities in the United States
and, for comparison, problems from the Moscow Institute of Physics and
Technology, a leading Russian Physics Department. While Part 1 presented
problems and solutions in Mechanics, Relativity, and Electrodynamics, Part
2 offers problems and solutions in Thermodynamics, Statistical Physics, and
Quantum Mechanics.

The main purpose of the book is to help graduate students prepare for
this important and often very stressful exam (see Figure P.1). The difficulty
and scope of the qualifying exam varies from school to school, but not too
dramatically. Our goal was to present a more or less universal set of problems
that would allow students to feel confident at these exams, regardless of the
graduate school they attended. We also thought that physics majors who are
considering going on to graduate school may be able to test their knowledge
of physics by trying to solve some of the problems, most of which are not
above the undergraduate level. Asin Part 1 we have tried to provide as many
details in our solutions as possible, without turning to a trade expression of
an exhausted author who, after struggling with the derivation for a couple of
hours writes, “As it can be easily shown....”

Most of the comments to Part 1 that we have received so far have come not
from the students but from the professors who have to give the exams. The
most typical comment was, “Gee, great, now I can use one of your problems
for our next comprehensive exam.” However, we still hope that this does not
make the book counterproductive and eventually it will help the students to
transform from the state shown in Figure P.1 into a much more comfortable
stationary state as in Figure P.2. This picture can be easily attributed to the
present state of mind of the authors as well, who sincerely hope that Part 3
will not be forthcoming any time soon.

Some of the schools do not have written qualifying exams as part of their
requirements: Brown, Cal-Tech, Cornell, Harvard, UT Austin, University
of Toronto, and Yale. Most of the schools that give such an exam were

vii
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Figure P.1

Hapless physicist impaled on his own delta function
(demonstrating the perils of insufficient theoretical rigor)

happy to trust us with their problems. We wish to thank the Physics Depart-
ments of Boston University (Boston), University of Colorado at Boulder (Col-
orado), Columbia University (Columbia), University of Maryland (Mary-
land), Massachusetts Institute of Technology (MIT), University of Michi-
gan (Michigan), Michigan State University (Michigan State), Michigan Tech-
nological University (Michigan Tech), Princeton University (Princeton),
Rutgers University (Rutgers), Stanford University (Stanford), State Univer-
sity of New York at Stony Brook (Stony Brook), University of Tennessee at
Knoxville (Tennessee), and University of Wisconsin (Wisconsin-Madison).
The Moscow Institute of Physics and Technology (Moscow Phys-Tech) does
not give this type of qualifying exam in graduate school. Some of their prob-
lems came from the final written exam for the physics seniors, some of the
others, mostly introductory problems, are from their oral entrance exams or
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Figure P.2

In an inertial frame for several days,
a physicist begins to long for absolute rest

magazines such as Kvant. A few ofthe problems were compiled by the authors
and have never been published before.

We were happy to hear many encouraging comments about Part 1 from
our colleagues, and we are grateful to everybody who took their time to re-
view the book. We wish to thank many people who contributed some of the
problems to Part 2, or discussed solutions with us, in particular Dmitri Averin
(Stony Brook), Michael Bershadsky (Harvard), Alexander Korotkov (Stony
Brook), Henry Silsbee (Stony Brook), and Alexei Stuchebrukhov (UC Davis).
We thank Kirk McDonald (Princeton) and Liang Chen (British Columbia)
for their helpful comments to some problems in Part 1; we hope to include
them in the second edition of Part 1, coming out next year. We are indebted
to Max Dresden for writing the Foreword, to Tilo Wettig (Miinich) who read
most, of the manuscript, and to Vladimir Gitt and Yair Minsky who drew the
humorous pictures.

Sidney Cahn
New York

Gerald Mahan
Oak Ridge

Boris Nadgorny
Washington, D.C.
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4

Thermodynamics
and Statistical
Physics

Introductory Thermodynamics
4.1 Why Bother? (Moscow Phys-Tech)

A physicist and an engineer find themselves in a mountain lodge where
the only heat is provided by a large woodstove. The physicist argues that

Figure P.4.1

3
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they cannot increase the total energy of the molecules in the cabin, and
therefore it makes no sense to continue putting logs into the stove. The
engineer strongly disagrees (see Figure P.4.1), referring to the laws of ther-
modynamics and common sense. Who is right? Why do we heat the room?

4.2 Space Station Pressure (MIT)

A space station consists of a large cylinder of radius Ry filled with air. The
cylinder spins about its symmetry axis at an angular speed € providing an
acceleration at the rim equal to g. If the temperature 7 is constant inside
the station, what is the ratio of air pressure P, at the center of the station
to the pressure 4 at the rim?

4.3 Baron von Miinchausen and Intergalactic Travel
(Moscow Phys-Tech)

Recently found archives of the late Baron von Miinchausen brought to light
some unpublished scientific papers. In one of them, his calculations indi-
cated that the Sun’s energy would some day be exhausted, with the sub-
sequent freezing of the Earth and its inhabitants. In order to avert this
inevitable outcome, he proposed the construction of a large, rigid balloon,
empty of all gases, 1 km in radius, and attached to the Earth by a long, light

Figure P.4.3
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rope of extreme tensile strength. The Earth would be propelled through
space to the nearest star via the Archimedes’ force on the balloon, trans-
mitted through the rope to the large staple embedded in suitable bedrock
(see Figure P.4.3). Estimate the force on the rope (assuming a massless
balloon). Discuss the feasibility of the Baron’s idea (without using any
general statements).

4.4 Railway Tanker (Moscow Phys-Tech)

A long, cylindrical tank is placed on a carriage that can slide without
friction on rails (see Figure P.4.4). The mass of the empty tanker is M =
180 kg. Initially, the tank is filled with an ideal gas of mass m = 120 kg
at a pressure FPp = 150 atm at an ambient temperature Ty = 300 K. Then
one end of the tank is heated to 335 K while the other end is kept fixed at
300 K. Find the pressure in the tank and the new position of the center of
mass of the tanker when the system reaches equilibrium.

¥ : ;**s& }*ﬁ*if”:ﬁ; ??22222
**** * . &a?’* L SO
- :?***-m o * %

Figure P.4.4

4.5 Magic Carpet (Moscow Phys-Tech)

Once sitting in heavy traffic, Baron von Miinchausen thought of a new kind
of “magic carpet” type aircraft (see Figure P.4.5). The upper surface of the
large flat panel is held at a constant temperature 77 and the lower surface
at a temperature T > 7). He reasoned that, during collision with the
hot surface, air molecules acquire additional momentum and therefore will
transfer an equal momentum to the panel. The back of the handkerchief
estimates he was able to make quickly for 1 m? of such a panel showed that
if T3 = 273 K and T = 373 K (air temperature 293 K) this panel would be
able to levitate itself and a payload (the Baron) of about 10® kg. How did
he arrive at this? Is it really possible?
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Figure P.4.5

4.6 Teacup Engine (Princeton, Moscow Phys-Tech)

The astronaut from Problem 1.13 in Part I was peacefully drinking tea
at five o’clock galactic time, as was his wont, when he had an emergency
outside the shuttle, and he had to do an EVA to deal with it. Upon leaving
the ship, his jetpack failed, and nothing remained to connect him to the
shuttle. Fortunately, he had absentmindedly brought his teacup with him.
Since this was the only cup he had, he did not want to throw it away in
order to propel him back to the shuttle (besides, it was his favorite cup).
Instead, he used the sublimation of the frozen tea to propel him back to
the spaceship (see Figure P.4.6). Was it really possible? Estimate the time
it might take him to return if he is a distance L = 40 m from the ship.
Assume that the sublimation occurs at a constant temperature I' = 273 K.

Figure P.4.6
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The vapor pressure at this temperature is Py = 600 Pa, and the total mass
of the astronaut M = 110 kg.

4.7 Grand Lunar Canals (Moscow Phys-Tech)

In one of his novels, H. G. Wells describes an encounter of amateur earthling
astronauts with a lunar civilization living in very deep caverns beneath the
surface of the Moon. The caverns are connected to the surface by long
channels filled with air. The channel is dug between points A and B on
the surface of the Moon so that the angle AOB = 90° (see Figure P.4.7).
Assume that the air pressure in the middle of a channel is Py =1 atm.
Estimate the air pressure in the channel near the surface of the Moon. The
radius of the Moon a & 1750 km. The acceleration due to gravity on the
surface of the Moon g, =~ ¢/6, where ¢ is the acceleration due to gravity
on the surface of the Earth.

Figure P.4.7

4.8 Frozen Solid (Moscow Phys-Tech)

Estimate how long it will take for a small pond of average depth D = 0.5 m
to freeze completely in a very cold winter, when the temperature is al-
ways below the freezing point of water (see Figure P.4.8). Take the ther-
mal conductivity of ice to be x = 2.2 W/m K, the latent heat of fusion



8 PROBLEMS

g = 3.4-10° J/kg, and the density p = 0.9 - 103 kg/m3. Take the outside
temperature to be a constant 75 ~ 263 K.

Figure P.4.8

4.9 Teain Thermos (Moscow Phys-Tech)

One liter of tea at 90°C is poured into a vacuum-insulated container (ther-
mos). The surface area of the thermos walls A = 600 cm?. The volume
between the walls is pumped down to Py ~ 5-107% atm pressure (at room
temperature). The emissivity of the walls e = 0.1, and the thermal capacity
of water C' = 4.2 - 10® J/kg K. Disregarding the heat leakage through the
stopper, estimate the

a) Net power transfer
b) Time for the tea to cool from 90°C to 70°C.

4.10 Heat Loss (Moscow Phys-Tech)

An immersion heater of power J = 500 W is used to heat water in a
bowl. After 2 minutes, the temperature increases from 73 = 85°C to Tp =
90°C. The heater is then switched off for an additional minute, and the
temperature drops by AT = 1°C. Estimate the mass m of the water in the
bowl. The thermal capacity of water ¢ = 4.2 - 10% J/kg K.
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4.11 Liquid-Solid-Liquid (Moscow Phys-Tech)

A small amount of water of mass m = 50 g in a container at temperature
T =273 K is placed inside a vacuum chamber which is evacuated rapidly.
As aresult, part of the water freezes and becomes ice and the rest becomes
vapor.

a) What amount of water initially transforms into ice? The latent heat
of fusion (ice/water) ¢; = 80 cal/g, and the latent heat of vaporization
(water/vapor) ¢, = 600 cal/g.

b) A piece of heated metal alloy of mass M = 325 g and original volume
V = 48 cm? is placed inside the calorimeter together with the ice
obtained as a result of the experiment in (a). The density of metal
at T = 273 K ispp = 6.8 g/cm®. The thermal capacity is C =
0.12 cal/g K, and the coefficient of linear expansion a = 1.1:107% K~1.
How much ice will have melted when equilibrium is reached?

4.12 Hydrogen Rocket (Moscow Phys-Tech)

The reaction chamber of a rocket engine is supplied with a mass flow rate
m of hydrogen and sufficient oxygen to allow complete burning of the fuel.
The cross section of the chamber is A, and the pressure at the cross section
is P with temperature 7. Calculate the force that this chamber is able to
provide.

4.13 Maxwell-Boltzmann Averages (MIT)

a) Write the properly normalized Maxwell-Boltzmann distribution f(v)
for finding particles of mass m with magnitude of velocity in the
interval [v,v + dv] at a temperature 7.

b) What is the most likely speed at temperature 7?7

¢) What is the average speed?

d) What is the average square speed?

4.14 Slowly Leaking Box (Moscow Phys-Tech, Stony
Brook (a,b))

An ideal gas of atoms of number density = at an absolute temperature 7 is
confined to a thermally isolated container that has a small hole of area A in
one of the walls (see Figure P.4.14). Assume a Maxwell velocity distribution
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for the atoms. The size of the hole is much smaller than the size of the
container and much smaller than the mean free path of the atoms.

Figure P.4.14

a) Calculate the number of atoms striking the wall of the container per
unit area per unit time. (Express your answer in terms of the mean
velocity of the atoms.)

b) What is the ratio of the average kinetic energy of atoms leaving the
container to the average kinetic energy of atoms initially occupying
the container? Assume that there is no flow back to the container.
Give a qualitative argument and compute this ratio.

¢) How much heat must you transfer to/from the container to keep the
temperature of the gas constant?

4.15  Surface Contamination (Wisconsin-Madison)

A surface scientist wishes to keep an exposed surface ‘“clean” (< 0.05 ad-
sorbed monolayer) for an experiment lasting for times¢ > 5 h at a temper-
ature 7" = 300 K. Estimate the needed data and calculate a value for the
required background pressure in the apparatus if each incident molecule
sticks to the surface.

4.16 Bell Jar (Moscow Phys-Tech)

A vessel with a small hole of diameter d in it is placed inside a high-vacuum
chamber (see Figure P.4.16). The pressure is so low that the mean free path
A > d. The temperature of the gas in the chamber is Ty, and the pressure
is Py. The temperature in the vessel is kept at a constant Ty = 4T;. What
is the pressure inside the vessel when steady state is reached?
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Figure P.4.16

4.17 Hole in Wall (Princeton)

A container is divided into two parts, I and II, by a partition with a small
hole of diameter d. Helium gas in the two parts is held at temperatures
T3 = 150 K and T2 = 300 K, respectively, through heating of the walls (see
Figure P.4.17).

1
T +

T, T,

Figure P.4.17

a) How does the diameter d determine the physical process by which the
gases come to steady state?

b) What is the ratio of the mean free paths A;/Az between the two parts
when d € A1, d € Ag?

¢) What is the ratio A;/As when d > Ay, d > Ao?

4.18 Ballast Volume Pressure (Moscow Phys-Tech)

Two containers, I and II, filled with an ideal gas are connected by two
small openings of the same area, A, through a ballast volume B (see Fig-
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ure P.4.18). The temperatures and pressures in the two containers are
kept constant and equal to P, 7, and P, 27, respectively. The volume B is
thermally isolated. Find the equilibrium pressure and temperature in the
ballast volume, assuming the gas is in the Knudsen regime.

I BEII

Pt E P2t

Figure P.4.18

4.19 Rocket in Drag (Princeton)

A rocket has an effective frontal area A and blasts off with a constant
acceleration a straight up from the surface of the Earth (see Figure P.4.19).

Figure P.4.19

a) Use either dimensional analysis or an elementary derivation to find out
how the atmospheric drag on the rocket should vary as some power(s)
of the area A, the rocket velocity v, and the atmospheric density p
(assuming that we are in the region of high Reynolds numbers).

b) Assume that the atmosphere is isothermal with temperature 7. De-
rive the variation of the atmospheric density p with height 2. Assume
that the gravitational acceleration g is a constant and that the density
at sea level is pg.
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¢) Find the height ho at which the drag on the rocket is at a maximum.

420 Adiabatic Atmosphere (Boston, Maryland)

The lower 10-15 km of the atmosphere, the troposphere, is often in a con-
vective steady state with constant entropy, not constant temperature (PV"
is independent of the altitude, where ¥y = Cp/Cvy.)

a) Find the change of temperature in this model with altitude dT'/dz.
b) Estimate dT/dz in K/km. Consider the average diatomic molecule
of air with molar mass ¢ = 29 g/mole.

4.21 Atmospheric Energy (Rutgers)

The density of the Earth’s atmosphere, p(z), varies with height z above
the Earth’s surface. Assume that the “thickness” of the atmosphere is
sufficiently small so that it is in a uniform gravitational field of strength g.

a) Write an equation to determine the atmospheric pressure P(z), given
the function p(z).

b) In a static atmosphere, each parcel of air has an internal energy AE;
and a gravitational potential energy AEg. To a very good approxima-
tion, the air in the atmosphere is an ideal gas with constant specific
heat. Using this assumption, the result of part (a), and classical
thermodynamics, show that the total energy in a vertical column of
atmosphere of cross-sectional area A is given by

Py

EsEi+Eg=£&/T(P)dP
Hg ]

and that the ratio of energies is
By
E;

where T is the temperature, Py is the pressure at the Earth’s surface,
p is the molar mass, Cp is the molar specific heat at constant pres-
sure, and v = Cp/Cy is the ratio of specific heats.

Hint: The above results do not depend on the specific way in which
P(z), T(z) and p(z) vary as a function of z (e.g., isothermal, adia-
batic, or something intermediate). They depend only on the fact that
P(z) is monotonically decreasing. At some step of the derivation, you
might find it useful to do an integration by parts.

='y—-]_
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4.22 Puncture (Moscow Phys-Tech)

A compressed ideal gas flows out of a small hole in a tire which has a
pressure F; inside.

a) Find the velocity of gas outside the tire in the vicinity of the hole if
the flow is laminar and stationary and the pressure outside is P;.

b) Estimate this velocity for aflow of molecular hydrogen into a vacuum
at a temperature T = 1000 K. Express this velocity in terms of the
velocity of sound inside the tire, sq.

Heat and Work

4.23 Cylinder with Massive Piston (Rutgers, Moscow
Phys-Tech)

Consider n moles of an ideal monatomic gas placed in a vertical cylinder.
The top of the cylinder is closed by a piston of mass M and cross section
A (see Figure P.4.23). Initially the piston is fixed, and the gas has volume
Vo and temperature To. Next, the piston is released, and after several
oscillations comes to a stop. Disregarding friction and the heat capacity
of the piston and cylinder, find the temperature and volume of the gas at
equilibrium. The system is thermally isolated, and the pressure outside the
cylinder is F,.

Figure P.4.23
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4.24 Spring Cylinder (Moscow Phys-Tech)

One part of a cylinder is filled with one mole of a monatomic ideal gas at
a pressure of 1 atm and temperature of 300 K. A massless piston separates
the gas from the other section of the cylinder which is evacuated but has
a spring at equilibrium extension attached to it and to the opposite wall
of the cylinder. The cylinder is thermally insulated from the rest of the
world, and the piston is fixed to the cylinder initially and then released
(see Figure P.4.24). After reaching equilibrium, the volume occupied by
the gas is double the original. Neglecting the thermal capacities of the
cylinder, piston, and spring, find the temperature and pressure of the gas.

Figure P.4.24

4.25 Isothermal Compression and Adiabatic
Expansion of Ideal Gas (Michigan)

An ideal gas is compressed at constant temperature T from volume V; to
volume V2 (see Figure P.4.25).

a) Find the work done on the gas and the heat absorbed by the gas.

B

Figure P.4.25
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b) The gas now expands adiabatically to volume 2V,. What is the final
temperature T¢ (derive this result from first principles)?
¢) Estimate T; for T} = 300 K for air.

4.26 Isochoric Cooling and Isobaric Expansion
(Moscow Phys-Tech)

An ideal gas of total mass m and molecular weight p is isochorically (at con-
stant volume) cooled to a pressure n times smaller than the initial pressure
P,. The gas is then expanded at constant pressure so that in the final state
the temperature T, coincides with the initial temperature T7. Calculate
the work done by the gas.

4.27 Venting (Moscow Phys-Tech)

A thermally insulated chamber is pumped down to a very low pressure.
At some point, the chamber is vented so that it is filled with air up to
atmospheric pressure, whereupon the valve is closed. The temperature of
the air surrounding the chamber is Tp = 300 K. What is the temperature
T of the gas in the chamber immediately after venting?

4.28 Cylinder and Heat Bath (Stony Brook)

Consider a cylinder 1 m long with a thin, massless piston clamped in such
a way that it divides the cylinder into two equal parts. The cylinder is in
a large heat bath at T = 300 K. The left side of the cylinder contains 1
mole of helium gas at 4 atm. The right contains helium gas at a pressure
of 1 atm. Let the piston be released.

a) What is its final equilibrium position?
b) How much heat will be transmitted to the bath in the process of
equilibration? (Note that R = 8.3 J/mole K.)

4.29 Heat Extraction (MIT, Wisconsin-Madison)

a) A body of mass M has a temperature-independent specific heat C. If
the body is heated reversibly from a temperature 7 to a temperature
T, what is the change in its entropy?
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b) Two such bodies are initially at temperatures of 100 K and 400 K.
A reversible engine is used to extract heat with the hotter body as a
source and the cooler body as a sink. What is the maximum amount
of heat that can be extracted in units of MC?

¢) The specific heat of water is C = 4.2 J/g K, and its density is 1 g/cm3.
Calculate the maximum useful work that can be extracted, using as
a source 103 m*® of water at 100°C and a lake of temperature 10°C as
a sink.

4.30 Heat Capacity Ratio (Moscow Phys-Tech)

To find Cp/Cv of a gas, one sometimes uses the following method. A
certain amount of gas with initial temperature Ty, pressure Py, and volume
Vb is heated by a current flowing through a platinum wire for a time ¢. The
experiment is done twice: first at a constant volume Vy with the pressure
changing from Fp to P1, and then at a constant pressure Py with the volume
changing from Vp to V3. The time 7 is the same in both experiments. Find
the ratio Cp/Cy (the gas may be considered ideal).

4.31 Otto Cycle (Stony Brook)

The cycle of a highly idealized gasoline engine can be approximated by the
Otto cycle (see Figure P.4.31).1 — 2 and 3 — 4 are adiabatic compression
and expansion, respectively; 2 —+ 3 and 4 -+ 1 are constant-volume pro-
cesses. Treat the working medium as an ideal gas with constant v = ¢, /cy.

P 3

Figure P.4.31

a) Compute the efficiency of this cycle for v = 1.4 and compression ratio
r=V;/Vy =10.
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b) Calculate the work done on the gas in the compression process 1 — 2,
assuming initial volume Vi =2 L and P, =1 atm.

432 Joule Cycle (Stony Brook)

Find the efficiency of the Joule cycle, consisting of two adiabats and two
isobars (see Figure P.4.32). Assume that the heat capacities of the gas Cp
and Cy are constant.

P

Figure P.4.32

4.33 Diesel Cycle (Stony Brook)

Calculate the efficiency of the Diesel cycle, consisting of two adiabats, 1 — 2
and 3 — 4; one isobar 2 — 3; and one constant-volume process 4 — 1 (see
Figure P.4.33). Assume Cy and Cp are constant.

P

Figure P.4.33
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4.34 Modified Joule-Thomson (Boston)

Figure P.4.34 shows container A of variable volume V controlled by a fric-
tionless piston, immersed in a bath at temperature 7. This container is
connected by a pipe with a porous plug to another container, B, of fixed
volume V’. Container A is initially occupied by an ideal gas at pressure P
while container B is initially evacuated. The gas is allowed to flow through
the plug, and the pressure on the piston is maintained at the constant value
P. When the pressure of the gas in B reaches P, the experiment is ter-
minated. Neglecting any heat conduction through the plug, show that the
final temperature of the gas in B is 1, = (Cp/Cy) T, where Cp and Cy are
the molar heats at constant pressure and volume of the gas.

Figure P.4.34

Ideal Gas and Classical Statistics

435 Poisson Distribution in Ideal Gas (Colorado)

Consider a monatomic ideal gas of total N molecules in a volume V. Show
that the probability, Py, for the number N of molecules contained in a
small element of V is given by the Poisson distribution

e— (M) (N)N
Pv=—"F
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where (N) = NV/V is the average number of molecules found in the volume
V.

4.36 Polarization of Ideal Gas (Moscow Phys-Tech)

Calculate the electric polarization P of an ideal gas, consisting of molecules
having a constant electric dipole moment p in a homogeneous external
electric field E at temperature 7. What is the dielectric constant of this
gas at small fields?

4.37 Two-Dipole Interaction (Princeton)

Two classical dipoles with dipole moments p; and pe are separated by a
distance R so that only the orientation of the magnetic moments is free.
They are in thermal equilibrium at a temperature 7. Compute the mean
force (f) between the dipoles for the high-temperature limit g1 p2/TR? < 1.
Hint: The potential energy of interaction of two dipoles is

U= [l '3!1'2 _3(P'1 'r)s(ﬂ2‘r)
T T

438 Entropy of Ideal Gas (Princeton)

A vessel of volume V; contains N molecules of an ideal gas held at temper-
ature 7 and pressure Py. The energy of a molecule may be written in the
form ) 5 )

P Py P
where g denotes the energy levels corresponding to the internal states of

the molecules of the gas.

a) Evaluate the free energy F. Explicitly display the dependence on the
volume Vj.

Now consider another vessel, also at temperature 7, containing the same
number of molecules of the identical gas held at pressure Pz.

b) Give an expression for the total entropy of the two gases in terms of
P1, Pz, 7, N.

¢) The vessels are then connected to permit the gases to mix without
doing work. Evaluate explicitly the change in entropy of the system.
Check whether your answer makes sense by considering the special
case Vi =V, (P, = P).
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4.39 Chemical Potential of Ideal Gas (Stony Brook)

Derive the expression for the Gibbs free energy and chemical potential of
N molecules of an ideal gas at temperature 7, pressure P, and volume
V. Assume that all the molecules are in the electronic ground state with
degeneracy g. At what temperature is this approximation valid?

440 Gas in Harmonic Well (Boston)

A classical system of N distinguishable noninteracting particles of mass m
is placed in a three-dimensional harmonic well:

m2+y2+22

a) Find the partition function and the Helmholtz free energy.

b) Regarding V as an external parameter, find the thermodynamic force
P conjugate to this parameter, exerted by the system; find the equa-
tion of state and compare it to that of a gas in a container with rigid
walls.

c) Find the entropy, internal energy, and total heat capacity at constant
volume.

441 Ideal Gas in One-Dimensional Potential
(Rutgers)

a) An ideal gas of particles, each of mass m at temperature 7, is sub-
jected to an external force whose potential energy has the form

U(z) = Az"

with 0 < 2 < 00, A > 0, and » > 0. Find the average potential
energy per particle.

b) What is the average potential energy per particle in a gas in a uniform
gravitational field?

4.42 Equipartition Theorem (Columbia, Boston)

a) For a classical system with Hamiltonian

N N
: (3
H(qi - pn) = 2—’i+§:§fh
=1

i=1
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at a temperature 7, show that

}) _ T ki -

o b

2m; 2 2

[ ]

b) Using the above, derive the law of Dulong and Petit for the heat
capacity of a harmonic crystal.
¢) For a more general Hamiltonian,

N2
H(gr-pn)=) —+U(q qn)

where 1 = q1,...,ZN = N, ZN+1 = P1,-..Z2N = pN. You will need
to use the fact that U isinfinite at g; = +oo0.

d) Consider a system of a large number of classical particles and assume
a general dependence of the energy of each particle on the generalized
coordinate or momentum component ¢ given by €(g), where

oI ©0) = Fo0

Show that, in thermal equilibrium, the generalized equipartition the-
orem holds: Pe(q)
e(g)\ _
<q dq > -7

What conditions should be satisfied for e(g) to conform to the equipar-
tition theorem?

4.43 Diatomic Molecules in Two Dimensions
(Columbia)

You have been transported to a two-dimensional world by an evil wizard
who refuses to let you return to your beloved Columbia unless you can
determine the thermodynamic properties for a rotating heteronuclear di-
atomic molecule constrained to move only in a plane (two dimensions).
You may assume in what follows that the diatomic molecule does not un-
dergo translational motion. Indeed, it only has rotational kinetic energy
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about its center of mass. The quantized energy levels of a diatomic in two
dimensions are

ey = heBJ? J=0,1,23,...

with degeneracies gy = 2, for J not equal to zero, and g; = 1 when J = 0.
As usual, B = h/8m?Ic, where I is the moment of inertia.

Hint: For getting out of the wizard’s evil clutches, treat all levels as having
the same degeneracy and then... . Oh, no! He’s got me, too!

a) Assuming 7 3 heB, derive the partition function Z;o for an individ-
ual diatomic molecule in two dimensions.

b) Determine the thermodynamic energy E and heat capacity Cy in the
limit, where 7 3> heB, for a set of indistinguishable, independent,
heteronuclear diatomic molecules constrained to rotate in a plane.
Compare these results to those for an ordinary diatomic rotor in three
dimensions. Comment on the differences and discuss briefly in terms
of the number of degrees of freedom required to describe the motion
of a diatomic rotor confined to a plane.

4.44 Diatomic Molecules in Three Dimensions (Stony
Brook, Michigan State)

Consider the free rotation of a diatomic molecule consisting of two atoms
of mass my and maq, respectively, separated by a distance a. Assume that
the molecule is rigid with center of mass fixed.

a) Starting from the kinetic energy ey, where

2

1 . . .

& = E,Z:mi (a:,z +y,~2 +z,-2)
=1
derive the kinetic energy of this system in spherical coordinates and
show that .

€k = §I (6"2 + @2 sin20)

where [ is the moment of inertia. Express [ in terms of m;y, mg, and

a.

b) Derive the canonical conjugate momenta ps and p,. Express the
Hamiltonian of this system in terms of pg, py, ¢, ¢, and 1.

c) The classical partition function is defined as

co 27 ™

o0
1
zd:?/ ///e_H/T d6 d dpe dp,

—-oo—-oc 0 0
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Calculate Z.. Calculate the heat capacity for a system of N
molecules.

d) Assume now that the rotational motion of the molecule is described
by quantum mechanics. Write the partition function in this case,
taking into account the degeneracy of each state. Calculate the heat
capacity of a system of N molecules in the limit of low and high
temperatures and compare them to the classical result.

4.45 Two-Level System (Princeton)

Consider a system composed of a very large number N of distinguishable
atoms at rest and mutually noninteracting, each of which has only two
(nondegenerate) energy levels: 0, € > 0. Let E/N be the mean energy per
atom in the limit N — oo.

a) What is the maximum possible value of E/N if the system is not
necessarily in thermodynamic equilibrium? What is the maximum
attainable value of E/N if the system is in equilibrium (at positive
temperature)?

b) For thermodynamic equilibrium compute the entropy per atom S/N
as a function of E/N.

4.46 Zipper (Boston)

A zipper has N links; each link has a state in which it is closed with energy
0 and a state in which it is open with energy e. We require that the zipper
only unzip from one side (say from the left) and that the link can only open
if all links to the left of it (1,2,..., n — 1) are already open. (This model is
sometimes used for DNA molecules.)

a) Find the partition function.
b) Find the average number of open links (n) and show that for low
temperatures 7 < €, (n) is independent of N.

4.47 Hanging Chain (Boston)

The upper end of a hanging chain is fixed while the lower end is attached
to a mass M. The (massless) links of the chain are ellipses with major axes
{+ a and minor axes { — a, and can place themselves only with either the
major axis or the minor axis vertical. Figure P.4.47 shows a four-link chain
in which the major axes of the first and fourth links and the minor axes of
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the second and third links are vertical. Assume that the chain has N links
and is in thermal equilibrium at temperature 7.

a) Find the partition function.
b) Find the average length of the chain.

Figure P.4.47

448 Molecular Chain (MIT, Princeton, Colorado)

Consider a one-dimensional chain consisting of N molecules which exist in
two configurations, e, 8, with corresponding energies eq, €3, and lengths a
and b. The chain is subject to a tensile force f.

S S
O OO
L

<€ >

SEE

Figure P.4.48
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a) Write the partition function Zy for the system.

b) Calculate the average length (L) as a function of f and the tempera-
ture .

¢) Assume that ¢, > ¢ and @ > b. Estimate the average length (L)
in the absence of the tensile force f = 0 as a function of tempera-
ture. What are the high- and low-temperature limits, and what is the
characteristic temperature at which the changeover between the two
limits occurs?

d) Calculate the linear response function

= (%)

Produce a general argument to show that x > 0

Nonideal Gas
449 Heat Capacities (Princeton)

Consider a gas with arbitrary equation of state P = f(r,V), at a temper-
ature T, 7 < T, Where 7, is a critical temperature of this gas.

a) Calculate Cp — Cy for this gas in terms of f. Does Cp — Cy always
have the same sign?

b) Using the result of (a), calculate Cp — Cy for one mole of a van der
Waals gas.

4.50 Return of Heat Capacities (Michigan)

In a certain range of temperature = and pressure p, the specific volume v
of a substance is described by the equation

T P
o(T,P)=vexp| — — =
( 3 ) 1 p (Tl Pl)
where v1, 71, P; are positive constants. From this information, determine
(insofar as possible) as a function of temperature and pressure the following
quantities:

a) ¢p—Cy
b) ¢
C) Cy
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4.51 Nonideal Gas Expansion (Michigan State)

A gas obeys the equation of state

_ 1 B(1)
P=2+5

where B(r) is a function of the temperature 7 only. The gas is initially at
temperature 7 and volume ¥y and is expanded isothermally and reversibly
to volume V; = 2Vj.

a) Find the work done in the expansion.
b) Find the heat absorbed in the expansion.

Some Maxwell relations:
ory __(oP 0P\ _ (88
ov)s \85)y or )y,  \8v/,
Y (s ory _(ov
orJp  \8P), OP)s \8S/)p

4.52 van der Waals (MIT)

A monatomic gas obeys the van der Waals equation

Nt N3g

P=yv—mns 72

and has a heat capacity Cy = 3N/2 in the limit V — co.
a) Prove, using thermodynamic identities and the equation of state, that

aCy
av | =0

b) Use the preceding result to determine the entropy of the van der Waals
gas, S(7,V), to within an additive constant.

¢) Calculate the internal energy e(r, V) to within an additive constant.

d) What is the final temperature when the gas is adiabatically com-
pressed from (V;,71) to final volume V27

€) How much work is done in this compression?
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4.53 Critical Parameters (Stony Brook)
Consider a system described by the Dietrici equation of state

P(V - nB) = nNyre "4/ (Nat¥)

where A, B, R are constants and P, V, 7, and n are the pressure, volume,
temperature, and number of moles. Calculate the critical parameters, i.e.,
the values of P, V, and 7 at the critical point.

Mixtures and Phase Separation

4.54 Entropy of Mixing (Michigan, MIT)

a) A 2-L container is divided in half: One half contains oxygen at 1
atm, the other nitrogen at the same pressure, and both gases may
be considered ideal. The system is in an adiabatic enclosure at a
temperature 7' = 293 K. The gases are allowed to mix. Does the
temperature of the system change in this process? If so, by how
much? Does the entropy change? If so, by how much?

b) How would the result differ if both sides contained oxygen?

¢) Now consider one half of the enclosure filled with diatomic molecules
of oxygen isotope 0 and the other half with 3O. Will the answer
be different from parts (a) and (b)?

4.55 Leaky Balloon (Moscow Phys-Tech)

Sometimes helium gas in a low-temperature physics lab is kept temporarily
in a large rubber bag at essentially atmospheric pressure. A physicist left a
40-L bag filled with He floating near the ceiling before leaving on vacation.
When she returned, all the helium was gone (diffused through the walls of
the bag). Find the entropy change of the gas. Assume that the atmospheric
helium concentration is approximately 5 - 1074%.. What is the minimum
work needed to collect the helium back into the bag?

4.56 Osmotic Pressure (MIT)

Consider an ideal mixture of Ny monatomic molecules of type A and N3
monatomic molecules of type B in a volume V.
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L
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# - type A molecules (solvent)
Y- type B molecules (solute)

Figure P.4.56

a) Calculate the free energy F(r,V, No, N1). Calculate the Gibbs poten-
tial G(r, P, No,N1). G is the Legendre transform of F with respect
to V.

b) If Ny > N, the molecules of type A are called the solvent, and those
of type B the solute. Consider two solutions with the same solvent
(type A) and different concentrations of solute (type B molecules)
separated by a partition through which solvent molecules can pass but
solute molecules cannot (see Figure P.4.56). There are Np particles in
volume V (or 2Ny in volume 2V), and N; and Na particles in volume
V on the left and right of the membrane, respectively. Calculate the
pressure difference across the membrane at a given temperature and
volume. Assume that the concentrations of the solutions are small;

ie.,
M
= —— 1
Cl No <K
and
N3
= — 1
CQ No <

4.57 Clausius—Clapeyron (Stony Brook)

a) Derive the Clausius—Clapeyron equation for the equilibrium of two
phases of a substance. Consider a liquid or solid phase in equilibrium
with its vapor.

b) Using part (a) and the ideal gas law for the vapor phase, show that the
vapor pressure follows the equation In P, = A— B/T. Make reasonable
assumptions as required. What is B?
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4.58 Phase Transition (MIT)

The curve separating the liquid and gas phases ends in the critical point
Ve, Te,where (8P/08V),_, = 0. Usingarguments based on thermodynamic

stability, determine

0P

ov?2 T=T7c
at the critical point.

4.59 Hydrogen Sublimation in Intergalactic Space
(Princeton)

A lump of condensed molecular hydrogen in intergalactic space would tend
to sublimate (evaporate) because the ambient pressure of hydrogen is well
below the equilibrium vapor pressure. Find an order-of-magnitude estimate
of the rate of sublimation per unit area at T = 3 K. The latent heat of
sublimation is L ~ 450 J/g, and the vapor pressure at the triple point
T, ~ 15 K is P, ~ 50 mm of Hg. (1 atm ~ 760 mm Hg = 10° dyn/cm?.)

4.60 Gas Mixture Condensation (Moscow Phys-Tech)

A mixture of my = 100 g of nitrogen and some oxygen is isothermally
compressed at 7' = 77.4 K. The result of this experiment is plotted as the
pressure dependence of the mixture versus volume in arbitrary units (see
Figure P.4.60). Find the mass of oxygen and the oxygen saturation vapor
pressure at this temperature.

1 2 Vv

Figure P.4.60
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Hint: 7 = 77.4 K is the boiling temperature of liquid nitrogen at
atmospheric pressure. Oxygen boils at a higher temperature.

4.61 Air Bubble Coalescence (Moscow Phys-Tech)

A tightly closed jar is completely filled with water. On the bottom of the
jar are two small air bubbles (see Figure P.4.61a) which sidle up to each
other and become one bubble (see Figure P.4.61b). The pressure at the top
of the jar is Py, the radius of each original bubble is Rp, and the coefficient
of surface tension is ¢. Consider the process to be isothermal. Evaluate
the change of pressure inside the jar upon merging of the two bubbles.

a b

Figure P.4.61

4.62 Soap Bubble Coalescence (Moscow Phys-Tech)

Two soap bubbles By and By ofradii Ry and Rz become one bubble Bg of
radius Rg. Find the surface tension coefficient for the soap solution. The
ambient pressure is P,.

4.63 Soap Bubbles in Equilibrium (Moscow
Phys-Tech)

Two soap bubbles of radius Ry are connected by a thin “straw” of negli-
gible volume compared to the volume of the bubbles (see Figure P.4.63).
The ambient pressure is P, the temperature is 7, and the surface tension
coefficient is o.

a) Is this system in stable equilibrium? What is the final state?
b) Calculate the entropy change between the final-state configuration
and the configuration in Figure P.4.63. Assume 20/Ry < P,.
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Figure P.4.63

Quantum Statistics

4.64 Fermi Energy of a 1D Electron Gas
(Wisconsin-Madison)

Calculate the Fermi energy for a one-dimensional metal with one free elec-
tron per atom and an atomic spacing of 2.5 A at T=0.

4.65 Two-Dimensional Fermi Gas (MIT,
Wisconson-Madison)

Consider a noninteracting nonrelativistic gas of N spin-1/2 fermions at
T=01n a box of area A.

a) Find the Fermi energy.
b) Show that the total energy is given by

1
FE= Enep

¢) Qualitatively discuss the behavior of the heat capacity of this system
at low temperatures.

4.66 Nonrelativistic Electron Gas (Stony Brook,
Wisconsin-Madison, Michigan State)

a) Derive the relation between pressure and volume of a free nonrela-
tivistic electron gas at zero temperature.

b) The formula obtained in (a) is approximately correct for sufficiently
low temperatures (the so-called strongly degenerate gas). Discuss the
applicability of this formula to common metals.
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4.67 Ultrarelativistic Electron Gas (Stony Brook)

Derive the relation between pressure and volume of a free ultrarelativistic
electron gas at zero temperature.

4.68 Quantum Corrections to Equation of State
(MIT, Princeton, Stony Brook)

Consider a noninteracting, one-component quantum gas at temperature 7,
with a chemical potential g4 in a cubic volume V. Treat the separate cases
of bosons and fermions.

a) For a dilute system derive the equation of state in terms of tem-
perature 7, pressure P, particle density n, and particle mass m. Do
this derivation approximately by keeping the leading and next-leading
powers of n. Interpret your results as an effective classical system.

b) At a given temperature, for which densities are your results valid?

4.69 Speed of Sound in Quantum Gases (MIT)

The sound velocity u in a spin-1/2 Fermi gas is given at 7 = 0 by

where p = mn, m is the mass of the gas particles, and n is the number
density.

a) Show that
6P\ _ mou
dp /), mon
where p is the chemical potential.

b) Calculate the sound velocity in the limit of zero temperature. Express
your answer in terms of n, m.

¢) Show that
arP
haisll =0
(ap)'rzo

in a Bose gas below the Bose—Einstein temperature.
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4.70 Bose Condensation Critical Parameters (MIT)

Consider an ideal Bose gas of N particles of mass m and spin zero in a
volume V and temperature 7 above the condensation point.

a) What is the critical volume V; below which Bose—Einstein condensa-
tion occurs? An answer up to a numerical constant will be sufficient.
b) What is the answer to (a) in two dimensions?

4.71 Bose Condensation (Princeton, Stony Brook)

Consider Bose condensation for an arbitrary dispersion law in D dimensions
(see Figure P.4.71). Assume a relation between energy and momentum of
the form e « |p?|. Find a relation between D and ¢ for Bose condensation
to occur.

Figure P.4.71

4.72 How Hot the Sun? (Stony Brook)

The total radiant energy flux at the Earth from the Sun, integrated over
all wavelengths, is observed to be approximately 0.14 x 107 erg cm™2%s71,
The distance from the Earth to the Sun, d, is 1.5 x 10'3 ¢cm and the solar
radius, Rg, is 7 x 101° em. Treating the Sun as a “blackbody,” make a
crude estimate of the surface temperature of the Sun (see Figure P.4.72).
To make the numerical estimate, you are encouraged to ignore all factors of
2’s and 7’s, to express any integrals that you might have in dimensionless

form, and to take all dimensionless quantities to be unity.
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Figure P.4.72

4.73 Radiation Force (Princeton, Moscow Phys-Tech,
MIT)

Consider an idealized Sun and Earth, both blackbodies, in otherwise empty
flat space. The Sun is at a temperature Tg = 6000 K, and heat transfer by
oceans and atmosphere on the Earth is so effective as to keep the Earth’s
surface temperature uniform. The radius of the Earthis Rg = 6.4 - 10% m,
the radius of the Sunis Rs = 7-10% m, and the Earth-Sun distance is
d =1.5-10'" m. The mass of Sun Mg = 2 - 10%° kg.

a) Find the temperature of the Earth.

b) Find the radiation force on the Earth.

¢) Compare these results with those for an interplanetary “chondrule” in
the form of a spherical, perfectly conducting blackbody with a radius
R = 0.1 cm, moving in a circular orbit around the Sun at a radius
equal to the Earth—Sun distanced.

d) At what distance from the Sun would a metallic particle melt (melting
temperature Ty, = 1550 K)?

e) For what size particle would the radiation force calculated in (c) be
equal to the gravitational force from the Sun at a distance d?

4.74 Hot Box and Particle Creation (Boston, MIT)

The electromagnetic radiation in a box of volume V can be treated as a
noninteracting ideal Bose gas of photons. If the cavity also contains atoms
capable of absorbing and emitting photons, the number of photons in the
cavity is not definite. The box is composed of a special material that can

withstand extremely high temperatures of order T > 7 = mec?.
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a) Derive the average number of photons in the box.

Hint:
T a2 dz
/ T T 24
et —1

]

b) What is the total energy of the radiation in the box for 7 /7, <« 17

c) What is the entropy of the radiation for /7, <« 1?7

d) Assume that photons can create neutral particles of mass m and zero
spin and that these neutral particles x can create photons by anni-
hilation or some other mechanism. The cavity now contains photons
and particles in thermal equilibrium at a temperature 7. Find the
particle density n = N/V. Consider only the process where a single
photon is emitted or absorbed by making a single particle.
Hint: Minimize the free energy.

Now, instead of neutral particles, consider the creation of electron-positron
pairs.

e) What is the total concentration of electrons and positrons inside the
box when 7/7, < 17

f) What is the total concentration of electrons and positrons when
T/7e > 17
Hint:

[&]

2
/x dz ~ 1.8
e* +1
0

4.75 D-Dimensional Blackbody Cavity (MIT)

Consider a D-dimensional hypercube blackbody cavity. What is the energy
density as a function of temperature? It is not necessary to derive the
multiplicative constant. Assume that the radiation is in quanta of energy
E(w) = hw.

476 Fermi and Bose Gas Pressure (Boston)

For a photon gas the entropy is
1 hUJi —hw;
2 )

where w; is the angular frequency of the ith mode. Using (P.4.76.1):
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a) Show that the isothermal work done by the gas is
aw = - Y nnd gy
T e~tav

where n; is the average number of photons in the jth mode.
b) Show that the radiation pressure is equal to one third of the energy

density:
P 1FE
T3V
¢) Show that for a nonrelativistic Fermi gas the pressure is
2F
P=—-—
3V

4.77 Blackbody Radiation and Early Universe (Stony
Brook)

The entropy of the blackbody radiation in the early universe does not
change if the expansion is so slow that the occupation of each photon mode
remains constant (or the other way around). To illustrate this consider the
following problem. A one-dimensional harmonic oscillator has an infinite
series of equally spaced energy states, with &, = nhw, where n is a positive
integer or zero and w is the classical frequency of the oscillator.

a) Show that for a harmonic oscillator the free energy is
F=1ln [1 — e"h“’/"]

b) Find the entropy S. Establish the connection between entropy and
occupancy of the modes by showing that for one mode of frequency
w the entropy is a function of photon occupancy {n} only:

S=(n+1)In(n+1) — (n)In(n)

478  Photon Gas (Stony Brook)

Consider a photon gas at temperature 7 inside a container of volume V.
Derive the equation of state and compare it to that of the classical ideal
gas (which has the equation PV/r = const). Also compute the energy of
the photon gas in terms of PV. You need not get all the numerical factors
in this derivation.
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4.79 Dark Matter (Rutgers)

From virial theorem arguments, the velocity dispersions of bright stars in
dwarf elliptical galaxies imply that most of the mass in these systems is in
the form of “dark” matter - possibly massive neutrinos (see Figure P.4.79).
The central parts of the Draco dwarf galaxy may be modeled as an isother-
mal gas sphere, with a phase-space distribution of mass of the form

f(r,p):~"—(’")—)3/—2exp( ’”2)

T 22
(2rm2o? mio

Here, p(r) is the local mass density in the galaxy, o is the velocity disper-
sion, and m is the mass of a typical “particle” in the galaxy. Measurements
on Draco yield o & 10 km/s and 7o &~ 150 pc (1 pc & 3.3 light years). rq is
the “core” radius, where the density has decreased by close to a factor of 2
from its value at r = 0.

a) Using the virial theorem, write a very rough (order of magnitude)
relation between rg, o, and p(0).

b) Assume that most of the mass in Draco resides in one species of
massive neutrino. Show how, if the Pauli exclusion principle is not to
be violated, the distribution function above sets a lower limit on the
mass of this neutrino.

¢) Using the observations and the result of part (a), estimate this lower
limit (in units of eV/c?) and comment on whether current measure-
ments of neutrino masses allow Draco to be held together in the man-
ner suggested.

Figure P.4.79
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4.80 Einstein Coefficients (Stony Brook)

You have two-state atoms in a thermal radiation field at temperature 7.
The following three processes take place:

1) Atoms can be promoted from state 1 to state 2 by absorption of a
photon according to

dnN.
(d—tl> = —B13N1p(v) (P.4.80.1)
abs

2) Atoms can decay from state 2 to state 1 by spontaneous emission
according to

dN.
<__2) = —ApN, (P.4.80.2)
dt spon
3) Atoms can decay from state 2 to state 1 by stimulated emission ac-
cording to
dN.
<—2) = — By Nap(v) (P.4.80.3)
dt abs

The populations Ny and Nz are in thermal equilibrium, and the radiation
density is
8rhy? 1
plv) = T3 et 1

a) What is the ratio No/N;?

b) Calculate the ratios of coefficients Az1/B2; and Ba1/Bi2.

¢) From the ratio of stimulated to spontaneous emission, how does the
pump power scale with wavelength when you try to make short-
wavelength lasers?

(P.4.80.4)

4.81 Atomic Paramagnetism (Rutgers, Boston)

Consider a collection of N identical noninteracting atoms, each of which
has total angular momentum J. The system is in thermal equilibrium at
temperature 7 and is in the presence of an applied magnetic field H = Hz.
The magnetic dipole moment associated with each atom is given by p =
—gupd,where g is the gyromagnetic ratio and up is the Bohr magneton.
Assume the system is sufficiently dilute so that the local magnetic field at
each atom may be taken as the applied magnetic field.

a) For a typical atom in this system, list the possible values of g, the
magnetic moment along the magnetic field, and the corresponding
magnetic energy associated with each state.
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b) Determine the thermodynamic mean value of the magnetic moment
and the magnetization of the system M, and calculate it for J = 1/2
and J = 1.

¢) Find the magnetization of the system in the limits H — oo and
H — 0, and discuss the physical meaning of the results.

4.82 Paramagnetism at High Temperature (Boston)

a) Show that for a system with a discrete, finite energy spectrum &,, the
specific heat per particle at high temperatures (7 > ¢, for all n) is

where o is the spectrum variance
7= () - (0’

b) Use the result of (a) to derive the high-temperature specific heat for
a paramagnetic solid treated both classically and quantum mechani-
cally.

¢) Compare your quantum mechanical result for J = 1/2 with the exact
formula for c.

4.83  One-Dimensional Ising Model (Tennessee)

Consider N spins in a chain which can be modeled using the one-
dimensional Ising model

N-1
H==J) snsnp1 (P.4.83.1)

n=1
where the spin has the values 8, = +1.

a) Find the partition function.
b) Find the heat capacity per spin.

4.84  Three Ising Spins (Tennessee)

Assume three spins are arranged in an equilateral triangle with each spin in-
teracting with its two neighbors (see Figure P.4.84). The energy expression
for the Ising model in a magnetic field (F' =p-H) is

H = —J (8182 + 3283 + 8381) — F (81 + s2 + s3) (P.4.84.1)
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Derive expressions for the

a) Partition function
b) Average spin (s)
c) Internal energy &

Figure P.4.84

485 N Independent Spins (Tennessee)

Consider a system of N independent spin-1/2 particles. In a magnetic field
H, in the Z direction, they can point either up or down with energy +uH,
where g is the magnetic moment. Derive expressions for the

a) Partition function
b) Internal energy
c) Entropy

486 N Independent Spins, Revisited (Tennessee)

Consider a system of N independent spin-1/2 particles. In a magnetic field
H, in the Z direction, they can point either up or down with energy sipH,
where p is the magnetic moment and s; = £1. Derive expressions for the
entropy S(f) in the case of a microcanonical ensemble, where the number
of particles N and the magnetization M = pfN (f =Y 8;/N) are fixed.

4.87 Ferromagnetism (Maryland, MIT)

The spins of a regular Ising lattice interact by the energy

H=-JY 0,0;,-uBY o (P.4.87.1)
iAj B
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where B is an external field, g is the magnetic moment, and the prime
indicates that the summation is only over the nearest neighbors. Each spin
o; has z nearest neighbors. The spins are restricted to equal £1. The
coupling constant J is positive. Following Weiss, represent the effect on o;
of the spin—spin interaction in (P.4.87.1) by the mean field set up by the
neighboring spins ¢;. Calculate the linear spin susceptibility x(7) using
this mean field approximation. Your expression should diverge at some
temperature 7 = 7,. What is the physical significance of this divergence?
What is happening to the spin lattice at T = 7.7

488 Spin Waves in Ferromagnets (Princeton,
Colorado)

Consider the quantum mechanical spin-1/2 system with Hamiltonian

H=-J) s s; (P.4.88.1)
(i)
where the summation is over nearest-neighbor pairs in three dimensions.

a) Derive the equation of motion for the spin s; at site ¢ of the lattice.

b) Convert the model to a classical microscopic model by inserting the
classical spin field s(r,t) into the equation of motion. Express §(r,t)
to lowest order in its gradients, considering a simple cubic lattice with
lattice constant a.

¢) Consider the ferromagnetic case with uniform magnetization M =
M3. Derive the frequency-versus-wave vector relation of a small spin-
wave fluctuation s(r,t) = M + mg(¢)sin(k - r).

d) Quantize the spin waves in terms of magnons which are bosons. De-
rive the temperature dependence of the heat capacity.

Fluctuations

4.89 Magnetization Fluctuation (Stony Brook)

Consider N moments g with two allowed orientations g in an external
field H at temperature 7. Calculate the fluctuation of magnetization M,
ie.,
(M?) — (M)?
(M)
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490 Gas Fluctuations (Moscow Phys-Tech)

A high-vacuum chamber is evacuated to a pressure of 107! atm. Inside
the chamber there is a thin-walled ballast volume filled with helium gas
at a pressure P = 107% atm and a temperature T = 293 K. On one wall
of this ballast volume, there is a small hole of area A = 10~3 cm?. A
detector counts the number of particles leaving the ballast volume during

time intervals At = 1 ms.

a) Find the average number of molecules counted by the detector.

b) Find the mean square fluctuation of this number.

¢) What is the probability of not counting any particles in one of the
measurements?

491 Quivering Mirror (MIT, Rutgers, Stony Brook)

a) A very small mirror is suspended from a quartz strand whose elas-
tic constant is D. (Hooke’s law for the torsional twist of the strand
is T = —D@, where 8 is the angle of the twist.) In a real-life ex-
periment the mirror reflects a beam of light in such a way that the
angular fluctuations caused by the impact of surrounding molecules
(Brownian motion) can be read on a suitable scale. The position of
the equilibrium is (§) = 0. One observes the average value {#2), and
the goal is to find Avogadro’s number (or, what is the same thing,
determine the Boltzmann constant). The following are the data: At
T = 287 K, for a strand with D = 9.43 - 10~® dyn-cm, it was found
that (%) =4.20-107%. You may also use the universal gas constant
R = 8.31- 107 erg/K mole. Calculate Avogadro’s number.

b) Can the amplitude of these fluctuations be reduced by reducing gas
density? Explain your answer.

4.92 Isothermal Compressibility and Mean Square
Fluctuation (Stony Brook)

_V (N
Ky = Nz 3p, V’T

where k. is the isothermal compressibility:

T |4 ap 7N

a) Derive the relation
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b) From (a), find the relation between &, and the mean square fluctua-
tion of N in the grand canonical ensemble. How does this fluctuation
depend on the number of particles?

493 Energy Fluctuation in Canonical Ensemble
(Colorado, Stony Brook)

Show that for a canonical ensemble the fluctuation of energy in a system
of constant volume is related to the specific heat and, hence, deduce that
the specific heat at constant volume is nonnegative.

494 Number Fluctuations (Colorado (a,b), Moscow
Phys-Tech (¢))

Show that for a grand canonical ensemble the number of particles N and
occupational number n; in an ideal gas satisfy the conditions:

a) (n?) - (n)? = (ng) (1 & (nz)) quantum  statistics
b) (N?) — (N)? = (N) classical statistics

For an electron spin s = 1/2 Fermi gas at temperature 7 < £,

¢) Find <(AN)2>.
495 Wiggling Wire (Princeton)

A wire of length L and mass per unit length p is fixed at both ends and
tightened to a tension f. What is the rms fluctuation, in classical statistics,
of the midpoint of the wire when it is in equilibrium with a heat bath at
temperature 77 A useful series is

[e.¢}

7r2
> @m+1) 2=§

m=0
496 LC Voltage Noise (MIT, Chicago)

The circuit in Figure P.4.96 consists of a coil of inductance L and a ca-
pacitor of capacitance C. What is the rms noise voltage across AB at
temperature 7 in the limit where

a) 7is very large?
b) T is very small?
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A

r'-q
a
1}

®

B

Figure P.4.96

Applications to Solid State

4.97 Thermal Expansion and Heat Capacity
(Princeton)

a) Find the temperature dependence of the thermal expansion coefficient
if the interaction between atoms is described by a potential

1 1
Vo(z) = §Ko:1:2 - gm)\ws
where A is a small parameter.
b) Derive the anharmonic corrections to the Dulong—Petit law for a po-
tential

1
V(z) = Vo(z) + an“
where 7 is a small parameter.
498 Schottky Defects (Michigan State, MIT)
N atoms from a perfect crystal of total number of atoms N are displaced to
the surface of the crystal. Let eg be the energy needed to displace one atom

from the bulk of the crystal to the surface. Find the equilibrium number
of defects N at low temperatures T < &g, assuming N < N.

4.99 Frenkel Defects (Colorado, MIT)

N atoms are arranged regularly to form a perfect crystal. If one replaces
n atoms among them from lattice sites to interstices of the lattice, this
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becomes an imperfect crystal with n defects (of the Frenkel type). The
number N of interstitial sites into which an atom can enter is of the same
order as N. Let €o be the energy necessary to remove an atom from a
lattice site to an interstitial site. Show that, in the equilibrium state at
temperature T such that 7 < &g, the following relation is valid:

n=VNN e /2

4.100 Two-Dimensional Debye Solid (Columbia,
Boston)

An atom confined to a surface may be thought of as an object “living” in a
two-dimensional world. There are a variety of ways to look at such an atom.
Suppose that the atoms adsorbed on the surface are not independent but
undergo collective oscillations as do the atoms in a Debye crystal. Unlike
the atoms in a Debye crystal, however, there are only two dimensions in
which these collective vibrations can occur.

a) Derive an expression for the number of normal modes between w
and w + dw and, by thinking carefully about the total number of
vibrational frequencies for N atoms confined to a surface, rewrite it
in terms of N and wp, the maximum vibration frequency allowed due
to the discreteness of the atoms.

b) Obtain an integral expression for the energy E for the two-dimensional
Debye crystal. Use this to determine the limiting form of the tempera-
ture dependence of the heat capacity (analogous to the Debye 73 law)
as 7 — 0 for the two-dimensional Debye crystal up to dimensionless
integrals.

4.101 Einstein Specific Heat (Maryland, Boston)

a) Derive an expression for the average energy at a temperature 7 of a
quantum harmonic oscillator having natural frequency w.

b) Assuming unrealistically (as Einstein did) that the normal-mode vi-
brations of a solid all have the same natural frequency (call it wg),
find an expression for the heat capacity of an insulating solid.

c) Find the high-temperature limit for the heat capacity as calculated
in (b) and use it to obtain a numerical estimate for the heat capacity
of a V =5 cm3 piece of an insulating solid having a number density
of n = 6-10% atoms/m®. Would you expect this to be a poor or a
good estimate for the high-temperature heat capacity of the material?
Please give reasons.
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d) Find the low-temperature limit of the heat capacity and explain why
it is reasonable in terms of the model.

4.102 Gas Adsorption (Princeton, MIT, Stanford)

Consider a vapor (dilute monatomic gas) in equilibrium with a submono-
layer (i.e., less than one atomic layer) of atoms adsorbed on a surface.
Model the binding of atoms to the surface by a potential energy V = —¢g.
Assume there are Ny possible sites for adsorption, and find the vapor pres-
sure as a function of surface concentration § = N/Np (N is the number of
adsorbed particles).

4.103 Thermionic Emission (Boston)

a) Assume that the evaporation of electrons from a hot wire (Richard-
son’s effect) is thermodynamically equivalent to the sublimation of a
solid. Find the pressure of the electron gas, provided that the elec-
trons outside the metal constitute an ideal classical monatomic gas
and that the chemical potential us of the electrons in the metal (the
solid phase) is a constant.

b) Derive the same result by using the Clausius—Clapeyron equation

@_ L
dr ~ 7 AV

where L is the latent heat of electron evaporation. Neglect the volume
occupied by the electrons in the metal.

4.104 Electrons and Holes (Boston, Moscow
Phys-Tech)

a) Derive a formula for the concentration of electrons in the conduction
band of a semiconductor with a fixed chemical potential (Fermi level)
i, assuming that in the conduction band € —- g 3> T (nondegenerate
electrons).

b) What is the relationship between hole and electron concentrations in
a semiconductor with arbitrary impurity concentration and band gap
E,?

c) Fignd the concentration of electrons and holes for an intrinsic semi-
conductor (no impurities), and calculate the chemical potential if the
electron mass is equal to the mass of the hole: me = my.
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4105 Adiabatic Demagnetization (Maryland)

A paramagnetic sample is subjected to magnetic cooling.

S
0
H
2H
3H
/ 4H
p
Figure P.4.105
a) Show that
08 M
(;ﬁ)T = (_37)” (P.4.105.1)
Assume x is independent of H. Show that
6CH _ 02X
( 5H )T =VrH (W>H (P.4.105.2)

where M = VxH is the magnetization, x is the isothermal magnetic
susceptibility per unit volume, H is the magnetic field, and Cy is the
heat capacity at constant H.

b) For an adiabatic process, show that

or VrH (0x

¢) Assume that x can be approximated by Curie’slaw x = a/7 and that
the heat capacity at zero magnetic field is given by

Vb

Cr(r,0) = o (P.4.105.4)

where a and b are constants. Show that

Cu(r,H) = TK2 (b+aH?) (P.4.105.5)
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For an adiabatic process, show that the ratio of final and initial tem-

peratures is given by
11 [b+aH?
%\ v (P.4.105.6)

d) Explain and indicate in the S-rdiagram given in Figure P.4.105 a
possible route for the adiabatic demagnetization cooling process to
approach zero temperature.

4.106 Critical Field in Superconductor (Stony Brook,
Chicago)

Consider a massive cylinder of volume V made of a type I superconducting
material in a magnetic field parallel to its axis.

a) Using the fact that the superconducting state displays perfect diamag-
netism, whereas the normal state has negligible magnetic susceptibil-
ity, show that the entropy discontinuity across the phase boundary is
at zero field H:

|4 0H,

.S’,,—SE,——EHc P
where H(7) is the critical H field for suppressing superconductivity
at a temperature 7.
b) What is the latent heat when the transition occurs in a field?
¢) What is the specific heat discontinuity in zero field?
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Quantum
Mechanics

One-Dimensional Potentials

5.1 Shallow Square Well I (Columbia)

A particle of mass m moving in one dimension has a potential V(z) which
is a shallow square well near the origin:

Viz) = Vo ol <a (P.5.1.1)
0 |z| > a

where V} is a positive constant. Derive the eigenvalue equation for the state
of lowest energy, which is a bound state (see Figure P.5.1).

Figure P.5.1

51
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5.2 Shallow Square Well 11 (Stony Brook)

A particle of mass m is confined to move in one dimension by a potential
V{(x) (see Figure P.5.2):

o0 <0
Viz)=¢ -V 0<z<a (P.5.2.1)
0 a<zx

Figure P.5.2

a) Derive the equation for the bound state.

b) From the results of part (a), derive an expression for the minimum
value of Vp which will have a bound state.

c) Give the expression for the eigenfunction of a state with positive en-
ergy £ > 0.

d) Show that the results of (c) define a phase shift for the potential, and
derive an expression for the phase shift.

5.3 Attractive Delta Function Potential I (Stony
Brook)

A particle of mass m moves in one dimension under the influence of an
attractive delta function potential at the origin. The Schrodinger equation
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is

& ]
{—%W - C(S(.’B) - zha} \I'(:v,t) =0

L1 -CH(x)

Figure P.5.3

a) Find the eigenvalue and eigenfunction of the bound state.

53

(P.5.3.1)

b) If the system is in the bound state and the strength of the potential is
changed suddenly C — C', what is the probability that the particle

remains bound?

5.4 Attractive Delta Function Potential II (Stony

Brook)

A particle of mass m is confined to the right half-space, in one dimension,
by an infinite potential at the origin. There is also an attractive delta
function potential V' (z) = —Vp ad(z — a), where a > 0 (see Figure P.5.4).

a) Find the expression for the energy of the bound state.

b) What is the minimum value of Vg required for a bound state?
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-Vod(a)
Figure P.5.4

5.5 Two Delta Function Potentials (Rutgers)

A particle of mass m moves in a one-dimensional potential of the form

KPP
V(z) = -—36 (2? - a?) (P.5.5.1)
where P is a positive dimensionless constant and e has units of length.

Discuss the bound states of this potential as a function of P.

5.6 Transmission Through a Delta Function Potential
(Michigan State, MIT, Princeton)

A particle of mass m moves in one dimension where the only potential
V(z) = Cé(x) is at the origin with C > 0. A free particle of wave vector k
approaches the origin from the left. Derive an expression for the amplitude
T of the transmitted wave as a function of k, C, m, and &.

5.7 Delta Function in a Box (MIT)

A particle of mass m is confined to a box, in one dimension, between
—a < z < a, and the box has walls of infinite potential. An attractive delta
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function V(z} = —aCé(z) is at the center of the box.

a) What are the eigenvalues of odd-parity states?

b) Find the value of C for which the lowest eigenvalue is zero.

¢) Find the ground state wave function for the case that the lowest
eigenvalue is less than zero energy.

5.8 Particle in Expanding Box (Michigan State, MIT,
Stony Brook)

A particle of mass m is contained in a one-dimensional impenetrable box
extending from z = —L/2 to ¢ = +L/2. The particle is in its ground state.

a) Find the eigenfunctions of the ground state and the first excited state.

b) The walls of the box are moved outward instantaneously to form a
box extending from —L < z < L. Calculate the probability that the
particle will stay in the ground state during this sudden expansion.

¢) Calculate the probability that the particle jumps from the initial
ground state to the first excited final state.

5.9 One-Dimensional Coulomb Potential (Princeton)

An electron moves in one dimension and is confined to the right half-space
(z > 0) where it has a potential energy

2
4z

where e is the charge on an electron. This is the image potential of an
electron outside a perfect conductor.

Viz) = (P.5.9.1)

a) Find the ground state energy.
b) Find the expectation value {z) in the ground state

510 Two Electrons in a Box (MIT)

Two electrons are confined in one dimension to a box of length a. A clever
experimentalist has arranged that both electrons have the same spin state.
Ignore the Coulomb interaction between electrons.

a) Write the ground state wave function %(z,z2) for the two-electron
system.
b) What is the probability that both electrons are found in the same

half of the box?
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511 Square Well (MIT)

A particle of mass m is confined to a space 0 < # < a in one dimension by
infinitely high walls at = 0,a. At ¢ = 0 the particle is initially in the left
half of the well with constant probability

_ 2/a 0<z<a/2
W&ﬂ%—{o BN (P.5.11.1)

a) Find the time-dependent wave function ¥(z,t).
b) What is the probability that the particle is in the nth eigenstate?
c) Write an expression for the average value of the particle energy.

5.12 Given the Eigenfunction (Boston, MIT)
A particle of mass m moves in one dimension. It is remarked that the exact
eigenfunction for the ground state is

A
~ cosh Az

P(z) (P.5.12.1)

where ) is a constant and A is the normalization constant. Assuming that
the potential V'(z) vanishes at infinity, derive the ground state eigenvalue
and V(z).

5.13 Combined Potential (Tennessee)

A particle of mass m is confined to > 0 in one dimension by the potential

2
V() = Ve [g—z - g] (P5.13.1)

where V; and b are constants. Assuming there is a bound state, derive the
exact ground state energy.

Harmonic Oscillator

5.14 Given a Gaussian (MIT)

A particle of mass m is coupled to a simple harmonic oscillator in one di-
mension. The oscillator has frequency w and distance constant 23 = h/mw.
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At time ¢t = 0 the particle’s wave function ¥(z,t) is given by

6—3122/202

)1/4

U(z,0) = r0?

(P.5.14.1)

The constant o is unrelated to any other parameters. What is the proba-
bility that a measurement of energy at ¢ = 0 finds the value of Fy = hw/2?

5.15 Harmonic Oscillator ABCs (Stony Brook)

Consider the harmonic oscillator given by

[ %]

2

y4 x
H=0.%
2 + 2
Define
1
G=E(P—im)
aT=—1~(p+ix)
V2

a) Show that [a,a!] = 1.

b) Show that H = afa + 1/2.

¢) Show that [aTa, H] =0.

d) Show that if |n) is an eigenstate of N = a'a with eigenvalue n:

afa|n) = n|n)

then a' [n) and a|n) are also eigenstates of N with eigenvalues n + 1
and n — 1,respectively.
e) Define|0) such that ]0) = 0. What is the energy eigenvalue of |0)?
f) How can one construct other eigenstates of H starting from [0)?
g) What is the energy spectrum of H? Are negative eigenvalues possible?

5.16 Number States (Stony Brook)

Consider the quantum mechanical Hamiltonian for a harmonic oscillator

with frequency w:
P2 mw?

H=
2m 2
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and define the operators

a= ! (p — imwq)
T V2mhw P 7
at = e (p + imcg)
2mhw
a) Suppose we define a state {0) to obey
al0) =0
Show that the states
1 n

— 1
n)=—7—\a 0
= o= (@) 0

are eigenstates of the number operator, N = ata, with eigenvalue n:
ala|n) = n|n)

b) Show that |n) is also an eigenstate of the Hamiltonian and compute
its energy.
Hint: You may assume (n|n) =1

¢) Using the above operators, evaluate the expectation value (n |q2| n)
in terms of £(n}, m, and w.

5.17 Coupled Oscillators (MIT)

Two identical harmonic oscillators in one dimension each have mass m and
frequency w. Let the two oscillators be coupled by an interaction term
Cz122, where C is a constant and z; and z2 are the coordinates of the two
oscillators. Find the exact spectrum of eigenvalues for this coupled system.

5.18 Time-Dependent Harmonic Oscillator I
(Wisconsin-Madison)

Consider a simple harmonic oscillator in one dimension:

e 2"’_ + mw?z?

2m 2

(P.5.18.1)

At t = 0 the wave function is

U(z,0) = \/§¢o(m) + \/%1/12(:1:) (P.5.18.2)
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where %n(x) is the exact eigenstate of the harmonic oscillator with eigen-
value fiw(n +1/2).
a) Give ¥(z,t) for ¢t > 0.
b) What is the parity of this state? Does it change with time?
¢) What is the average value of the energy for this state? Does it change
with time?

5.19 Time-Dependent Harmonic Oscillator 11
(Michigan State)

Consider a simple harmonic oscillator in one dimension. Introduce the
raising and lowering operators, a' and a, respectively. The Hamiltonian H
and wave function ¥ at t =0 are

H = hw (a*a + %) (P.5.19.1)
1 2
¥(0) = 7 [1) + 7 2) (P.5.19.2)

where |n)denotes the eigenfunction of energy E, = hw(n + 1/2).

a) What is wave function ¥(¢) at positive times?
b) What is the expectation value for the energy?
¢) The position z can be represented in operators by z = Xp(a + af)
where Xy = /h/2mw is a constant. Derive an expression for the
expectation of the time-dependent position
(z(2)) = (T(t) x| T(2)) (P.5.19.3)

You may need operator expressions such as a |ny = v/n |n — 1) and

atlny =vn+1 |n+1).
5.20 Switched-on Field (MIT)

Consider a simple harmonic oscillator in one dimension with the usual

Hamiltonian 9 9
Ho=L2 + T2 (P.5.20.1)
2m 2
a) The eigenfunction of the ground state can be written as
Yo(z) = Ne~®'2"/2 (P.5.20.2)

Determine the constants N and a.



60 PROBLEMS

b) What is the eigenvalue of the ground state?

¢) At time t = 0, an electric field |E| is switched on, adding a perturba-
tion of the form H' = e|Elx. What is the new ground state energy?

d) Assuming that the field is switched on in a time much faster than 1/w,
what is the probability that the particle stays in the ground state?

5.21 Cut the Spring! (MIT)

A particle is allowed to move in one dimension. It is initially coupled to
two identical harmonic springs, each with spring constant K. The springs
are symmetrically fixed to the points +a so that when the particle is at
z = 0 the classical force on it is zero.

a) What are the eigenvalues of the particle while it is connected to both
springs?

b) What is the wave function in the ground state?

c) One spring is suddenly cut, leaving the particle bound to only the
other one. If the particle is in the ground state before the spring is
cut, what is the probability it is still in the ground state after the
spring is cut?

Angular Momentum and Spin

5.22 Given Another Eigenfunction (Stony Brook)

A nonrelativistic particle of mass m moves in a three-dimensional central
potential V(r) which vanishes at r — oco. We are given that an exact
eigenstate is

P(r) = Cr¥3e ™2 cos§ (P.5.22.1)
where C and « are constants.

a) What is the angular momentum of this state?
b) What is the energy?
¢) What is V(r)?

5.23  Algebra of Angular Momentum (Stony Brook)
Given the commutator algebra

[J1,J2] = iJ3
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[J2, J3] = ih

[J3a ']1] = ZJZ

a) Show that J2 = J? 4+ JZ + J2 commutes with Js.
b) Derive the spectrum of {J2,J3} from the commutation relations.

5.24 Triplet Square Well (Stony Brook)

Consider a two-electron system in one dimension, where both electrons have
spins aligned in the same direction (say, up). They interact only through
the attractive square well in relative coordinates

7 Iy —-x3| <a
an—sz{O 0 I&_mj>a (P.5.24.1)

What is the lowest energy of the two-electron state? Assume the total
momentum is zero.

5.25 Dipolar Interactions (Stony Brook)

Two spin-1/2 particles are separated by a distance a = aZ and interact only
through the magnetic dipole energy

H= " .3""2 _ 3("“1 ' a)gp"Z ’ a) (P5.25.1)
a a
where p; is the magnetic moment of spin j. The system of two spins
consists of eigenstates of the total spin (§2) and total S,.
a) Write the Hamiltonian in terms of spin operators.
b) Write the Hamiltonian in terms of §2 and S,.
c) Give the eigenvalues for all states.

5.26 Spin-Dependent 1/ Potential (MIT)

Consider two identical particles of mass m and spin 1/2. They interact only
through the potential
V=§al-a2 (P.5.26.1)

where g > 0 and o; are Pauli spin matrices which operate on the spin of
particle j.
a) Construct the spin eigenfunctions for the two particle states. What

is the expectation value of V for each of these states?
b) Give the eigenvalues of all of the bound states.
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5.27 Three Spins (Stony Brook)

Consider three particles of spin 1/2 which have no motion. The raising
(st = 83 +1sy) and lowering (s~ = s, — is,) operators of the individual
spins have the property

sT =1 (P.5.27.1)

st =11 (P.5.27.2)
where the arrows indicate the spin orientation with regard to the z-
direction.

a) Write explicit wave functions for the four J = 3/2 states: (M =
3/2,1/2, -1/2, -3/2).
b) Using the definition that J* = 3" sF, construct the 4 x 4 matrices
i

which represent the J* and J~ operators.
c) Construct the 4 x 4 matrices which represent J; and J,.
d) Construct from J, Jy, J, the value of the matrix J2,

5.28 Constant Matrix Perturbation (Stony Brook)

Consider a system described by a Hamiltonian

H=Hy+V (P.5.28.1)
100

Hy=¢| 0 1 0 (P.5.28.2)
00 1
111

V=-G| 1 1 1 (P.5.28.3)
111

where € and G are positive.
a) Find the eigenvalues and eigenvectors of this Hamiltonian.

b) Consider the two states
|2) ( ) (P.5.28.4)

1
=1 0
0
0
1f) = ( 0 ) (P.5.28.5)
1
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At t = 0, the system is in state |). Derive the probability that at any
later time it is in state |f).

5.29 Rotating Spin (Maryland, MIT)

A spin-1/2 particle interacts with a magnetic field B = Bz through the
Pauli interaction H = ueo - B, where p is the magnetic moment and o =
(0g,0y,0;) are the Pauli spin matrices. At ¢ =0 a measurement determines
that the spin is pointing along the positive z-axis. What is the probability
that it will be pointing along the negative y-axis at a later time ¢7

5.30 Nuclear Magnetic Resonance (Princeton, Stony
Brook)

A spin-1/2 nucleus is placed in a large magnetic field By in the z-direction.
An oscillating field B; € By of radio frequencyw is applied in the zy-plane,
so the total magnetic field is

B = (B coswt, B, sinwt, By) (P.5.30.1)

The Hamiltonian is H = uB - &, where g is the magnetic moment. Use the
notation Ay = pBy, Q2 = uB;.

a) If the nucleus is initially pointing in the +z-direction at ¢ = 0, what
is the probability that it points in the —z-direction at later times?
b) Discuss why most NMR experiments adjust Bo so that Q) ~ w/2.

Variational Calculations
5.31 Anharmonic Oscillator (Tennessee)

Use variational methods in one dimension to estimate the ground state
energy of a particle of mass m in a potential V(z) = Az*.

5.32 Linear Potential I (Tennessee)

A particle of mass m is bound in one dimension by the potential V() =
| Fz|, where F is a constant. Use variational methods to estimate the energy

of the ground state.
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5.33 Linear Potential II (MIT, Tennessee)

A particle of mass m moves in one dimension in the right half-space. It has
a potential energy V(z) given by

o0 z<0
V(z) = { Fa 250 (P.5.33.1)

where F is a positive real constant. Use variational methods to obtain an
estimate for the ground state energy. How does the wave function behave
in the limits £ — 0 or z — o0?

5.34 Return of Combined Potential (Tennessee)

A particle of mass m moves in one dimension according to the potential

Viz) = Vo [— -2 (P.5.34.1)

2 =z
where V, and b are both constants.

a) Show that the wave function must vanish at = 0 so that a particle
on the right of the origin never gets to the left.
b) Use variational methods to estimate the energy of the ground state.

5.35 Quartic in Three Dimensions (Tennessee)

A particle of mass m is bound in three dimensions by the quartic potential
V(r) = Ar*. Use variational methods to estimate the energy of the ground
state.

5.36 Halved Harmonic Oscillator (Stony Brook,
Chicago (b), Princeton (b))

Consider a particle of mass m moving in one dimension (see Figure P.5.36)

in a potential
o0 z <0
Vigh=¢ 1 5 5

—mw°z® x>0
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AARRRRN

Figure P.5.36

a) Using the normalized trial function

0 <0
b(z) = { 2X3/2ze~22 £ 50

find the value of A which minimizes the ground state energy and
the resulting estimate of the ground state energy. How is this value
related to the true ground state energy?

b) What is the exact ground state wave function and energy for this
system (neglect the normalization of the wave function)? Do not
solve the Schrodinger equation directly. Rather, state the answer and
justify it.

Hint: You may need the integral

o0

/.’c"e_z dz =n!

0

5.37 Helium Atom (Tennessee)

Do a variational calculation to estimate the ground state energy of the
electrons in the helium atom. The Hamiltonian for two electrons, assuming
the nucleus is fixed, is

K2 e

1 1 2
—— 2 2] _ 92 [ L - P.5.37.1
H 2m {vl + Vz} 2e (7‘1 + 7‘2) * ey — 1o ( )
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Assume a wave function of the form
3
o —x(7r ™ a
Y(r,r2) = —se (ritra)/acy (P.5.37.2)
0

where ag is the Bohr radius, « is the variational parameter, and y, is the
spin state of the two electrons.

Perturbation Theory
5.383 Momentum Perturbation (Princeton)

A particle of mass m moves in one dimension according to the Hamiltonian

2

Ho=2 4 v() (P.5.38.1)

2m
H0¢n($) = En"pn(x) (P.5.38.2)
Alleigenfunctions ¥,(z) and eigenvalues E, are known. Suppose we add

a term to the Hamiltonian, where A and m are constants and p is the
momentum operator:

A
H = Hy+ ——TT—ZP (P.5.38.3)

Derive an expression for the eigenvalues and eigenstates of the new Hamil-
tonian H.

5.39 Ramp in Square Well (Colorado)

A particle of mass m is bound in a square well where —a/2 < z < a/2.

a) What are the energy and eigenfunction of the ground state?
b) A small perturbation is added, V(x) = 2¢|z|/a. Use perturbation
theory to calculate the change in the ground state energy to O(g).

5.40 Circle with Field (Colorado, Michigan State)

A particle with charge e and mass m is confined to move on the circumfer-
ence of a circle of radius . The only term in the Hamiltonian is the kinetic
energy, so the eigenfunctions and eigenvalues are

Pn(d) = \/—15;7;6"” (P.5.40.1)

h2n?

T 2mr2

(P.5.40.2)

n
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where ¢ is the angle around the circle. An electric field E is imposed in the
plane of the circle. Find the perturbed energy levels up to O(|E|?).

5.41 Rotator in Field (Stony Brook)

Consider a rigid body with moment of inertia /, which is constrained to
rotate in the zy-plane, and whose motion is given by the Schrodinger equa-
tion
hZ d2y
T dg
a) Find the eigenfunctions and eigenvalues.
b) Assume the rotator has a fixed dipole moment p in the plane. An
electric field E is applied to the plane. Find the changes in the energy
levels to first and second order in the field.

= Ey (P.5.41.1)

5.42 Finite Size of Nucleus (Maryland, Michigan
State, Princeton, Stony Brook)

Regard the nucleus of charge Z as a sphere of radius Ry with a uniform
charge density. Assume that g € ag where ag is the Bohr radius of the
hydrogen atom.

a) Derive an expression for the electrostatic potential V'(r) between the
nucleus and the electrons in the atom. If Vo(r) = —Ze?/r is the
potential from a point charge, find the difference 6V = V(r) — Vo(r)
due to the size of the nucleus.

b) Assume one electron is bound to the nucleus in the lowest bound
state. What is its wave function when calculated using the potential
Vo(r) from a point nucleus?

¢) Use first-order perturbation theory to derive an expression for the
change in the ground state energy of the electron due to the finite
size of the nucleus.

543 U and U? Perturbation (Princeton)

A particle is moving in the three-dimensional harmonic oscillator with po-
tential energy V(r). A weak perturbation 8V is applied:

2
V(r) = mTw(xz +y? +22) (P.5.43.1)

2

8V =Uzyz + ;]—wmzyzzz (P.5.43.2)
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The same small constant U occurs in both terms of §V. Use perturbation
theory to calculate the change in the ground state energy to order O(U?).

5.44 Relativistic Oscillator (MIT, Moscow
Phys-Tech, Stony Brook (a))

Consider a spinless particle in a one-dimensional harmonic oscillator poten-
tial: )
V(z) = —2~mw2a:2
a) Calculate leading relativistic corrections to the ground state to first
order in perturbation theory.
b) Consider an anharmonic classical oscillator with

2m 2

For what values of o will the leading corrections be the same as in

(a)?
5.45  Spin Interaction (Princeton)
Consider a spin-1/2 particle which is bound in a three-dimensional har-

monic oscillator with frequency w. The ground state Hamiltonian Hy and
spin interaction are

H=H,+H' (P.5.45.1)
2
P 1 22
Hy='"—+= P.5.45.2
0= 5 + 5T ( )
H =)o (P.5.45.3)

where A is a constant and @ = (04,0y,0,) are the Pauli matrices. Neglect
the spin—orbit interaction. Use perturbation theory to calculate the change
in the ground state energy to order O()\?).

5.46 Spin—Orbit Interaction (Princeton)

Consider in three dimensions an electron in a harmonic oscillator potential
which is perturbed by the spin—orbit interaction

H = Hy + Vi (P.5.46.1)
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- P
Hy = o ~+V(r) (P.5.46.2)
2,2
V(r) = m“’? r (P.5.46.3)
2
Vi = 1 1OV(r)y g (P.5.46.4)

Im2cZr Or

a) What are the eigenvalues of the ground state and the lowest excited
states of the three-dimensional harmonic oscillator?

b) Use perturbation theory to estimate how these eigenvalues are altered
by the spin—orbit interaction.

5.47 Interacting Electrons (MIT)

Consider two electrons bound to a proton by Coulomb interaction. Neglect
the Coulomb repulsion between the two electrons.

a) What are the ground state energy and wave function for this system?
b) Consider that a weak potential exists between the two electrons of
the form

V(I‘l - 1‘2) = %63(r1 - r2)51 + 82 (P5471)

where V; is a constant and s; is the spin operator for electron j (ne-
glect the spin—orbit interaction). Use first-order perturbation theory
to estimate how this potential alters the ground state energy.

5.48 Stark Effect in Hydrogen (Tennessee)

Consider a single electron in the n = 2 state of the hydrogen atom. We ig-
nore relativistic corrections, so the 2s and 2p states are initially degenerate.
Then we impose a small static electric field E = |E|2z. Use perturbation
theory to derive how the n=2 energy levels are changed to lowest order in
powers of |E|.

5.49 n = 2 Hydrogen with Electric and Magnetic
Fields (MIT)

Consider an electron in the n = 2 state of the hydrogen atom. We ignore
relativistic corrections, so the 2s and 2p states are initially degenerate.
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Then we impose two simultaneous perturbations: an electric field E in
the z-direction (E = |E|%) and a magnetic field B, which is given by the
vector potential A = (B/2)(—y,z,0). Ignore the magnetic moment of the
electron. Calculate how the n = 2 states are altered by these simultaneous
perturbations.

5.50 Hydrogen in Capacitor (Maryland, Michigan
State)

A hydrogen atom in its ground state is placed between the parallel plates
of a capacitor. For times # < 0, no voltage is applied. Starting at ¢ = 0, an
electric field E(t) = Ege™%/7 is applied, where 7 is a constant. Derive the
formula for the probability that the electron ends up in state j due to this
perturbation. Evaluate the result for j:

a) a 2s state
b) a 2p state

5.51 Harmonic Oscillator in Field (Maryland,
Michigan State)

A particle of mass m and charge e moves in one dimension. It is attached
to a spring of constant k and is initially in the ground state (n = 0) of the
harmonic oscillator. An electric field E is switched on during the interval
0 <t < 7,where 7 is a constant.

a) What is the probability of the particle ending up in the n = 1 state?
b) What is the probability of the particle ending up in the n = 2 state?

5.52 (-Decay of Tritium (Michigan State)

Tritium is an isotope of hydrogen with one proton and two neutrons. A
hydrogen-like atom is formed with an electron bound to the tritium nucleus.
The tritium nucleus undergoes 3-decay, and the nucleus changes its charge
state suddenly to 4+2 and becomes an isotope of helium. If the electron is
initially in the ground state in the tritium atom, what is the probability
that the electron remains in the ground state after the sudden 8-decay?
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WKB
5.53 Bouncing Ball (Moscow Phys-Tech, Chicago)

A ball of mass m acted on by uniform gravity (let g be the acceleration
of gravity) bounces up and down elastically off a floor. Take the floor to
be at the zero of potential energy. Working in the WKB approximation,
compute the quantized energy levels of the bouncing ball system.

Figure P.5.53

5.54 Truncated Harmonic Oscillator (Tennessee)

A truncated harmonic oscillator in one dimension has the potential

1
Vie)= { Smt(e? =) fal <b (P5.50.1)
0 lz| > b

a) Use WKB to estimate the energies of the bound states.

b) Find the condition that there is only one bound state: it should de-
pend on m, w and b.

5.55 Stretched Harmonic Oscillator (Tennessee)

Use WKB in one dimension to calculate the eigenvalues of a particle of
mass m in the following potential (see Figure P.5.55):

0 |z| < a b
V(z) = { %{‘(M 0 ] > (P.5.55.1)
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-a a X

Figure P.5.55

5.56 Ramp Potential (Tennessee)

Use WKB in one dimension to find the eigenvalues of a particle of mass m
in the potential V(z) = F|z|, where F > 0.

5.57 Charge and Plane (Stony Brook)

A particle moving in one dimension feels the potential

V(z) = v]z| + C(z) (v>0)

(This potential would be appropriate for an electron moving in the presence
of a uniformly charged sheet where C is the transparency of the sheet.)

a) Using the WKB approximation, find the energy spectrum, E,, for
this one-dimensional problem for all n for C = 0.

b) Find the energy spectrum, Ep, for C — oo.

¢) Derive an equation that describes the energies £y, for even wave func-
tions for an arbitrary value of C. What can you say about the energies
E,, for odd wave functions?
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5.58 Ramp Phase Shift (Tennessee)

Use WKB to calculate the phase shift in one dimension of a particle of mass
m confined by the ramp potential

V(z) = { ?le v zg (P.5.58.1)

5.59 Parabolic Phase Shift (Tennessee)

Use WKB to calculate the phase shift in one dimension of a particle of mass
m confined by the parabolic potential

0 x>0
V(z) = { lez <o (P.5.59.1)
2

5.60 Phase Shift for Inverse Quadratic (Tennessee)

A particle of mass m moves in one dimension in the right half-space (z > 0)
with the potential

hz
2ma?

where the dimensionless constant A determines the strength of the potential.
Use WKB to calculate the phase shift as a function of energy.

V(x) = A2

(P.5.60.1)

Scattering Theory

5.61 Step-Down Potential (Michigan State, MIT)

A particle of mass m obeys a Schrodinger equation with a potential

V(z) = { [‘)/0 :ig (P.5.61.1)

Since Vj > 0,the potential is higher on the left of zero than on the right.
Find the reflection coefficient R(p) for a particle coming in from the left
with momentum p (see Figure P.5.61).
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Figure P.5.61

5.62 Step-Up Potential (Wisconsin-Madison)

Consider a particle scattering in one dimension from a potential ¥'(x) which
is a simple step at z = 0:

0 <0
V(z) = { Ve ; So (P.5.62.1)
E
Vo
X

Figure P.5.62

where Vp > 0. A particle with kinetic energy E > Vjp is incident from the
left (see Figure P.5.62).

a) Find the intensity of the reflected (R) and transmitted (7)) waves.
b) Find the currents (Jg, J7), and the sum Jg + Jr, of the reflected and
transmitted waves.
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5.63 Repulsive Square Well (Colorado)

Consider in three dimensions a repulsive (Vp > 0) square well at the origin
of width a. The potential is

Vir) = { (‘)/0 rea (P.5.63.1)

r>a

Figure P.5.63

A particle of energy E = h%k?/2m < Vp is incident upon the square well
(see Figure P.5.63).

a) Derive the phase shift for s-waves.
b) How does the phase shift behave as Vo — 00?
c) Derive the total cross section in the limit of zero energy.

5.64 3D Delta Function (Princeton)
Consider a particle of mass m which scatters in three dimension from a
potential which is a shell at radius a:

V{r) = -Cé()r) — a) (P.5.64.1)

Derive the exact s-wave expression for the scattering cross section in the
limit of very low particle energy.
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5.65 Two-Delta-Function Scattering (Princeton)

A free particle of mass m, traveling with momentum p parallel to the z-axis,
scatters off the potential

V(r)=Vo[8(r —ez) — 8 (r + €2))]

Calculate the differential scattering cross section, de/d€?, in the Born ap-
proximation. Does this approximation provide a reasonable description for
scattering from this potential? In other words, is it valid to use unperturbed
wave functions in the scattering amplitude?

5.66 Scattering of Two Electrons (Princeton)

Two electrons scatter in a screened environment where the effective poten-
tial is
e
V(r)= -r—e‘” (P.5.66.1)

where A is a constant. Consider both electrons in the center-of-mass frame,
where both electrons have energy E. This energy is much larger than a
Rydberg but much less than mc?, so use nonrelativistic kinematics. Derive
an approximate differential cross section for scattering through an angle ¢
when the two electrons are

a) in a total spin state of S =0,
b) in a total spin state of S =1.

5.67 Spin-Dependent Potentials (Princeton)

Consider the nonrelativistic scattering of an electron of mass m and mo-
mentum k through an angle 8. Calculate the differential cross section in
the Born approximation for the spin-dependent potential

V=e*"[A+Bo- 1| (P.5.67.1)

where o = (0,,0y,0,) are the Pauli spin matrices and (u, A, B) are con-
stants. Assume the initial spin is polarized along the incident direction, and
sum over all final spins. (Note: Ignore that the potential violates parity.)
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5.68 Rayleigh Scattering (Tennessee)

Rayleigh scattering is the elastic scattering of photons. Assume there is a
matrix element M(k,k’) which describes the scattering from k to k’. It
has the dimensions of J m®.

a) Derive an expression for the differential cross section do/dQ for
Rayleigh scattering. Ignore the photon polarization.
b) Assume the specific form for the matrix element

Mk, K) = 2rhwé - G(w) - b (P.5.68.1)

where &{w) is the polarizability tensor and & are the polarization
vectors of the photons. What is the result if the initial photons are
unpolarized and the final photon polarizations are summed over? As-
sume the polarizability is isotropic: & = al where [ is the unit tensor.

5.69 Scattering from Neutral Charge Distribution
(Princeton)

Consider the nonrelativistic scattering of a particle of mass m and charge e
from a fixed distribution of charge p(r). Assume that the charge distribu-
tion is neutral: [ d®r p(r) = 0; it is spherically symmetric; and the second
moment, is defined as

A= / d3r r2p(r) (P.5.69.1)

a) Use the Born approximation to derive the differential cross section
do/dQ for the scattering of a particle of wave vector k.

b) Derive the expression for forward scattering (8 — 0).

¢) Assume that p(r) is for a neutral hydrogen atom in its ground state.
Calculate A in this case. Neglect exchange effects and assume that
the target does not recoil.

General

5.70 Spherical Box with Hole (Stony Brook)

A particle is confined to a spherical box of radius R. There is a barrier
in the center of the box, which excludes the particle from a radius a. So
the particle is confined to the region @ < 7 < R. Assume that the wave
function vanishes at both 7 = a and 7 = R and derive an expression for the
eigenvalues and eigenfunctions of states with angular momentum ¢ = 0.
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5.71 Attractive Delta Function in 3D (Princeton)
A particle moves in three dimensions. The only potential is an attractive

delta function at r = a of the form

2
Vir) = —2:1 56(r —a) (P5.71.1)

where D is a parameter which determines the strength of the potential.

a) What are the matching conditions at 7 = a for the wave function and
its derivative?
b) For what values of D do bound states exist for s-waves (£ = 0)?

5.72  Ionizing Deuterium (Wisconsin-Madison)

The hydrogen atom has an ionization energy of Ex= 13.5983 eV when an
electron is bound to a proton. Calculate the ionization energy of deuterium:
an electron bound to a deuteron. Give your answer as the difference between
the binding energy of deuterium and hydrogen (§E = Ep — Ey). The
deuteron has unit charge. The three masses are, in atomic mass units,
me = 5.4858 - 1074, m,, = 1.00728, mq = 2.01355.

5.73  Collapsed Star (Stanford)

In a very simple model of a collapsed star a large number A = N + Z of
nucleons (N neutrons and Z protons) and Z electrons (to ensure electric
neutrality) are placed in a one-dimensional box (i.e., an infinite square
well) of length L. The neutron and proton have equal mass 1 GeV, and
the electron has mass 0.5 MeV. Assume the nucleon number density is
A =05 fm~! (1 fm = 107! cm), neglect all interactions between the
particles in the well, and approximate Z > 1.

a) Which particle species are relativistic?

b) Calculate the ground state energy of the system as a function of Z
for all possible configurations Z/A with fixed A.

¢) What value of Z/A (assumed small) minimizes the total energy of the
system?
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5.74 Electron in Magnetic Field (Stony Brook,
Moscow Phys-Tech)

An electron is in free space except for a constant magnetic field B in the
z-direction.

a) Show that the magnetic field can be represented by the vector poten-
tial A = B(0,z,0).

b) Use this vector potential to derive the exact eigenfunctions and eigen-
values for the electron.

5.75 Electric and Magnetic Fields (Princeton)

Consider a particle of mass m and charge e which is in perpendicular electric
and magnetic fields: E = |E|z, B = |B|y.

a) Write the Hamiltonian, using a convenient gauge for the vector po-
tential.

b) Find the eigenfunctions and eigenvalues.

¢) Find the average velocity in the z-direction for any eigenstate.

5.76 Josephson Junction (Boston)

Consider superconducting metals I and II separated by a very thin insulat-
ing layer, such that that electron wave functions can overlap between the
metals (Josephson junction). A battery V is connected across the junction
to ensure an average charge neutrality (see Figure P.5.76). This situation
can be described by means of the coupled Schrodinger equations:

v, U,

h——— = P.5.76.1
ih ot Ul\I’1+K‘I’2+K \I/; ( )
0w, T,V
Zﬁ-a—t—Uz\I’2+K‘I/1+K v

Here ¥; and ¥, are the probability amplitudes for an electron in I and
II, U, and Us are the electric potential energies in I and II, K is the cou-
pling constant due to the insulating layer, and K%, %3 /%] and KW¥,¥3/¥3
describe the battery as a source of electrons.

a) Show that p; = |\111|2 and ps = le12|2 are constant in time.
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Figure P.5.76

b) Assuming p; = ps = pp (same metals) and expressing the probability
amplitudes in the form

Wy = /poe'™ (P.5.76.2)
Uy = \/poe’®

find the differential equations for 8, and 6s.
¢) Show that the battery current

I= % (I, T% — U3y) (P.5.76.3)

oscillates, and find the frequency of these oscillations.
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Introductory Thermodynamics

4.1 Why Bother? (Moscow Phys-Tech)

The physicist is right in saying that the total energy of the molecules in the
room cannot be changed. Indeed, the total energy of an ideal gas is

E = Nc,1 (S4.1.1)

where N is the number of molecules, ¢, is the heat capacity at constant
volume per particle, and = is the absolute temperature in energy units. In

these units,
Cy

ks
Since the pressure P in the room stays the same (as does the volume V)
and equal to the outside air pressure, we have

T — kT Cy —

PV = Nt = const (8.4.1.2)

83
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So, the total energy of the gas does not change. However, the average
energy of each molecule does, of course, increase, and that is what defines
the temperature (and part of the comfort level of the occupants). At the
same time, the total number of molecules in the room decreases. In essence,
we burn wood to force some of the molecules to shiver outside the room
(this problem was first discussed in Nature 141, 908 (1938)).

4.2 Space Station Pressure (MIT)

The rotation of the station around its axis is equivalent to the appearance
of an energy U = —mQ2R?/2, where m is the mass of an air particle and
R is the distance from the center. Therefore, the particle number density
satisfies the Boltzmann distribution (similar to the Boltzmann distribution
in a gravitational field):

n(R) = nee VAT = nee™ R /2T (8.4.2.1)

where n.is the number density at the center and 7 = kgT is the tem-
perature in energy units. The pressure is related to the number density n
simply by P = nr. So, at constant temperature,

Py = P(Ry) = P.e™¥'B3/27 (S.4.2.2)

Using the condition that the acceleration at the rim is £22Ro = g, we have

__]?9_ _ ,—mgRo/27
7= (5.4.2.3)
4.3 Baron von Miinchausen and Intergalactic Travel
(Moscow Phys-Tech)

The general statement that a closed system cannot accelerate as a whole
in the absence of external forces is not usually persuasive to determined
inventors. In this case, he would make the point that the force on the rope
is real. To get an estimate of this force, assume that the balloon is just
above the surface of the Earth and that the density of air is approximately
constant to 2 km. Archimedes tells us that the force on the rope will equal
the weight of the air, mass m, excluded by the empty balloon (given a
massless balloon material). We then may use the ideal gas law
m

PV = ERT (5.4.3.1)
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to find the force Fj:

PV
F,=mg= —RT"’g (5.4.3.2)
10° - 47 /3 - 10° - 29 - 10 10
= g3l 10%.300 "o 100N
F, _F,

a b c

Figure S.4.3

where we approximate the acceleration due to gravity as constant up to
2 km; i.e., g ~ 10 m/s%. However, there will be no force acting on the
Earth. The system (Earth + surrounding air) is no longer symmetric (see
Figure S.4.3a). The symmetric system would be the one with no air on
the opposite side of the Earth (see Figure S.4.3b). Therefore, there will be
a force between this additional air, which can be treated as a “negative”
mass, and the Earth (see Figure S.4.3c):

mMg

Rg
where Mg and Rg are the mass and radius of the Earth, respectively, and
G is the gravitational constant. So, the Archimedes force is completely
canceled by the gravitational force from the air. Perhaps that is why the
Baron shelved his idea.

F, =G =mg = F,

4.4 Railway Tanker (Moscow Phys-Tech)

The new equilibrium pressure of the gas will be the same throughout the
tanker, whereas the temperature across its length will vary: higher at the
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heated wall, and cooler at other end (see Problem 4.5). Expanding the
temperature 7 along the length of the tanker in a Taylor series and keeping
the first two terms (since the temperature difference between the walls is
small compared to Tb), we have

dT'(z) AT

T="T|,+

=0

We may write the ideal gas law as a function of position in the tanker:

p =n(z)ksT(z) (S.4.4.2)

where n(z) is the gas concentration. Rearranging, we have

R I 1 AT
n(z) = T @) " ke < T x) (5.4.4.3)
The total number N of molecules in the cylinder is given by
!
N = /An(x) dz (S.4.4.4)

0
l

_ Ap 1 [AT _ Alp AT
=%l |\ To/ il Balwy (1 2T0)

0

where A is the cross-sectional area of the tanker. Alternatively, we can
integrate (S.4.4.3) exactly and expand the resulting logarithm, which yields
the same result. The total number of molecules originally in the tank is

Alpo

N() = Alno = kBTo

(5.4.4.5)

Since the total number of molecules in the gas before and after heating is
the same, N = Np (no phase transitions), we may equate (S.4.4.4) and
(S.4.4.5), yielding

_ Po ~ 1AT

135
=150 |14+ --—— ] =
( + 2 30()) 159 atm
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The center of mass (inertia) Xy of the gas found with the same accuracy is
given by

A
Xo= %

S

!
A P AT z
d == L (=222
T zn(z) O/dxkao(l 0l>

!
_ Apo 1LAT ATz
v (1455 e (1-55)  Gaan)
0

1 I AT
T2 12T
As we have assumed that the tanker slides on frictionless rails, the center

of mass of the system will not move but the center of the tanker will move
by an amount AX such that

m(Xo+ AX)+ M (% + AX) =(m+ M)é (S.4.4.8)

Substituting (S.4.4.7) into (S.4.4.8) and rearranging give

35
Axo l_m AT, 1120

.10 ~ 0.04 S.4.4.9
12m+ M T, 12300 300 m ( )

4.5 Magic Carpet (Moscow Phys-Tech)

First let us try to reproduce the line of reasoning the Baron was likely to
follow. He must have argued that in the z direction the average velocity of

a molecule of mass m is
[ (v? [T
UV, (T> = E (S4.5.1)

If we consider that during the collision the molecules thermalize, then the
average velocities after reflection from the upper and lower surfaces become

Vy1 = - (S45.2)
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AF,

AR
Mg

Fy
Figure S.4.5

The forces due to the striking of the molecules on the upper and lower
surfaces are, respectively, |F1| and |F2| (see Figure S.4.5):

[F1| = mnu, (v 4 v,) = mny [ — (,/Tl A/ = > (5.4.5.3)
|F2|=mnvz(v22+vz):mn,/—1 (,/2-’“/1)
m m m

where n is the concentration of the air molecules, and we have used the
fact that the number of molecules colliding with 1 m? of the surface per
second is approximately 72{v,) (the exact number is n{v)/4; see Problem
4.14). The net resulting force AF is

F = |Fa| — |F4

Substituting for n = P/7, we have

VT2 —/T1 Vie— /1
F = P= P S.4.5.4
\/’? VT ( )
— ____—__"37_ ”273105 ~15-10* N

V293

Unfortunately, this estimate is totally wrong since it assumes that the con-
centration of molecules is the same above and below the panel, whereas it
would be higher near the cold surface and lower near the hot surface (see
Problem 4.4) to ensure the same pressure above and below. That’s why
irons don’t fly.
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4.6 Teacup Engine (Princeton, Moscow Phys-Tech)

If the cup were vacuum tight, the number of molecules leaving the surface
would be the same as the number of molecules returning to the surface.
The mass flow rate of the molecules hitting the surface (see Problem 4.14)
is

_ Po{v)A
w= °4 (S.4.6.1)

where pg is the vapor density corresponding to the saturation, (v) is the
average velocity of the molecules, and A is the surface area of the ice. The
mass flow rate of the molecules actually returning to the surface is

- v)A

B = %—" (S.4.6.2)
where 9 is the sticking coefficient (the probability that the molecule hitting
the surface will stick to it). Let us assume for now that n = 1 (we will
see later that this is not true, but that actually gives us the lower limit
of the distance). If the cup is open we can assume that the number of
molecules leaving the surface is the same as in the closed cup, but there
are few returning molecules. We then find that the time 7 for complete
evaporation of the ice is

m 4m

TR — = ———
w  po(v)A

where we take m = 200 g as the mass of the ice, A = 30 cm?, and

(5.4.6.3)

2RTy
(v)y =2 —

from Problem 4.13. Substituting (5.4.6.4) into (S.4.6.3), we obtain

(5.4.6.4)

4m 2mp
~ S.4.6.5
T A poA RT, ( )

Once again using the ideal gas law, we may obtain po:

Pop
= 5.4.6.6
Substituting (S.4.6.6) into (S.4.6.5) yields
m RTy [2mp 27rRT0
= \/ S.4.6.7
T PA p 1o Po ( )

3 0.2 '314-83-273
"‘600-30-104\/ 18-10-3 ~
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During the sublimation of the ice, the acceleration of the astronaut is

_ P4

7, (S.4.6.8)

a

where PyA/2 corresponds to the momentum transferred by the molecules
leaving the surface. Using the time 7 calculated above, he will cover a
distance

2 2 2 2
L= ar® _ Py AT _ Py A 7;7. 27 RT, _ 7 RTom (5.4.6.9)
2 aM 4M P§A? 2M Py Ap

m-8.3-273-0.22

= ~ 40
2-110-600-30 - 10-4 - 18- 10-3 m

Note that this is the lower limit because we assumed 1 = 1 and that all the
molecules that are leaving go to infinity. So, it seems that the astronaut
can cover the distance to the ship by using his cup as an engine. Moreover,
the sticking coefficient 5, which is often assumed to be close to unity, could
be much smaller (for water, n ~ 0.03 at 0°C). That explains why the
water in a cup left in a room does not evaporate in a matter of minutes
but rather in a few hours. For a detailed discussion see E. Mortensen
and H. Eyring, J. Phys. Chem. 64, 846 (1960). The physical reason for
such a small sticking coefficient in water is based on the fact that in the
liquid phase the rotational degrees of freedom are hindered, leading to a
smaller rotational partition function. So, the molecules whose rotation
cannot pass adiabatically into the liquid will be rejected and reflect back
into the gaseous phase. These effects are especially strong in asymmetric
polar molecules (such as water). The actual time the teacup engine will
be working is significantly longer (about 30 times, if we assume that the
sticking coefficient for ice is about the same as for water at 0°C).

4.7 Grand Lunar Canals (Moscow Phys-Tech)

Consider the atmosphere to be isothermal inside the channel. The pres-
sure depends only on the distance from the center of the moon r (see
Figure S.4.7), and as in Problem 4.19 we have

Pgm(r) dr = —dP (S.4.7.1)
So P
= - *
g = ~P9m(r) = —prPgm(r) (S.4.7.2)
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Figure S.4.7

The acceleration of gravity (see also Problem 1.10, Part I)

Gpodmr® 4
= GM = ZPos™l —nGpor (S.4.7.3)
r? r2 3
where M is the mass of the Moon and pg is the average density of the Moon
(which we consider to be uniform). Therefore,

gn(r) = gm(a) > = & (8.4.7.4)

gm(r)

where we have set gy, (a) = g/6. Now, from (S.4.7.2) and (S.4.7.4), we have

dpP ©yg

ar _ _ d

P 6RTa -

S . 1
InPlp, =~ BRTa" lo/vs

where P; is the pressure on the surface of the Moon.

. . . 108
mEt o pga _ 29-10-1750-10°  go5  (g475)
Py 24RT 24.8.3-103.273
P, = Ppe #90/24RT ;=933 5 1074 atm (S.4.7.6)

which implies that it is not impossible to have such cavities inside the Moon
filled with gas (to say nothing of the presence of lunars).
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4.8 Frozen Solid (Moscow Phys-Tech)

If the ice does not freeze too fast (which is usually the case with lakes),
we can assume that the temperature is distributed linearly across the ice.
Suppose that the thickness of the ice at atime ¢is z. Then the heat balance
can be written in the form

ﬁudt =gqpdz (5.4.8.1)
x

where Ty, is the melting temperature of ice. The left side represents the
flow of heat through one square meter of ice surface due to the temperature
gradient, and the right side the amount of heat needed to melt (freeze) an
amount of ice p dz. Integrating (S.4.8.1), we obtain

1
K (T —To)to = Eq,oz'2 +a (5.4.8.2)

where ¢y and « are integration constants. If we assume that there is no ice
(z = 0) initially (¢ = 0), then o = 0, and we find that the time ¢ to freeze
solid is

goD?*  3.4-10°.0.9-10° - 0.52

= ] (5.4.8.3)

t=2n(Tm—T0) 2.2.2-10

~ 1.7 10% s = 20 days

4.9 Teain Thermos (Moscow Phys-Tech)

There are two main sources of power dissipation: radiation from the walls
of the thermos and thermal conductance of the air between the walls. Let
us first estimate the radiative loss. The power radiated from the hotter
inner wall minus the power absorbed from the outer wall is given by (see
Problem 4.73)

Je(0) = ed A (T* — T) (S.4.9.1)

where T is the temperature of the tea, Tp is room temperature, and the
Stefan—Boltzmann constant ¢ = 5.7 - 1078 W/m?K*. Initially, T = 363 K,
T =293 K. So

P, =0.10-5.7-107%.600-107* (363* — 293*) =34 W

The power dissipation due to the thermal conductivity of the air can be
estimated from the fact that, at that pressure, the mean free path of the
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air molecules is about A & 1 cm. Therefore, there are very few collisions
between the molecules that travel from one wall of the thermos to the other.
We can assume that we are in the Knudsen regime of A > d (d is the distance
between the walls). In this regime the thermal conductance is proportional
to the pressure (if A < d, it is independent of the pressure). Let us assume
that after a molecule strikes the wall, it acquires the temperature of the
wall. Initially after it hits the wall, a molecule will take away the energy

e =c,(T - To) (S.4.9.2)

where we can take for air ¢, ~ 5/2 kg. The number of molecules striking
the inner wall per time interval df is

dN = #A dt (5.4.9.3)

where n is the concentration of molecules and (v) is their average velocity
(see Problem 4.14). The power due to the thermal conductance is

J=¢ (%) = ng(T —Tp) T—l%ﬂA (S.4.9.4)

We can substitute n = P/kpTy and

[8RT, /8-8.3:293
(v) T m-0.029 460 m/s

Then (S.4.9.4) becomes

a2 (T 1) pa, SRR (S.4.9.5)
8 \Tp u

Jy(0) = 2(0.24) .0.5-0.06 460 ~ 2.1 W

So, we can see that radiation loss has about the same order of magnitude as
thermal conductance at these parameters. Therefore the properties of the
thermos can only be improved significantly by decreasing both the emissiv-
ity and the residual pressure between the walls. The energy dissipated is
equal to the energy change of the mass m of the tea:

~Cm dT = (J, + J;) dt (S.4.9.6)



94 SOLUTIONS

So

ar W oy B | 8R
~Cm = oA (T* = Tg) + 2 (T - To) PA T (8.4.9.7)

.. 5 [ 8R
o~ p— 3 — —_—
~eocA(T —Tp)4T° + 3 (T -To) PA T

where we used for an estimate the fact that 7 does not change significantly
and T = (T + Tg)/2 =~ 330 K. Then the time ¢ for the tea to cool from the
initial temperature 7 to the final temperature ¢ is given by

Ti-Tp
T —-Tp

- 5 8R
3, 2p
A (4€UT + 3 W#T0>

Cmln

t =~

42-10%3-1 In -;—g-
= (5.4.9.8)

5
600 - 10—¢ [4 -0.10-5.7 - 1078(330)3 + 3 0.5+ 460]

~5h

4.10 Heat Loss (Moscow Phys-Tech)

Let 7; = 2 min be the time the heater is operating. The energy added to
the water and bowl will heat the water as well as the environment. We
will assume that the heat loss @, to the surroundings is proportional to the
elapsed time 71 and that the changing temperaturedifference T between
the water and room temperature Tp =~ 23°C. During this phase, we may
write

JT1 =Cm (T2 “T1)+Q1 (84101)
The heat loss @ is actually a time integral of some proportionality constant
A times the temperature difference as the water heats up. However, T only

varies by 5°C out of an average 65°C, so we will ignore the variation. The
heat loss during the second phase is given by

Q2 = CmAT (S.4.10.2)
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Just as in the heating phase, the heat loss is proportional to the elapsed
time 72 = 71/2. Since T again only changes a little, we have

Q1 =2Q2 = 2CmAT (S.4.10.3)

We may now eliminate ¢; from (S.4.10.1), yielding

Jr = Cm(Ty - Ty + 2AT)

Jn _ 500-120
C(T,-Ti +2AT)  42-103-(5+2)

m= ~ 2 kg

4.11 Liquid-Solid-Liquid (Moscow Phys-Tech)
a) Since the evaporation is very rapid, the heat to vaporize can only be
obtained from the heat of fusion. Therefore, if m; of water becomes solid

and m, vaporizes, we may write

migi = MyQy (S.4.11.1)

Since the total mass m = m; + m., we have

v 1
=¥ m~0.88m =44 g (8.4.11.2)
&+ gy 1+gi/qv

m;

If we continue pumping, the ice would, of course, gradually sublimate, but
this process takes much longer, so we can neglect it.

b) The metal cools from its initial temperature by transferring heat gm to
melt some ice:

4m = CM AT (S.4.11.3)

where AT is the temperature change.  This may be determined from the
sample’s density p before it was placed in the calorimeter. Using the thermal
coefficient of volume expansion 3, where 8 = 3«, we have

_ Po
p= 1T 3AT T BAT (S.4.11.4)

The temperature difference AT may be found from (S.4.11.4)

AT:.00—/)_P0~M/V_/OOV—M

= v = (S.4.11.5)
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Equating the amount of heat required to melt a mass h; of ice with the
heat available in the metal, we have

. MCAT MC(pV-M) ClpV—-M)
hy= = T, = ieg (S.4.11.6)
0.12(6.8 - 48 — 325)
T T3.1.1-10-%-80
This mass exceeds the amount of ice from part (a), so all of it would melt.

~64g

4.12 Hydrogen Rocket (Moscow Phys-Tech)

Find the amount of water vapor produced in the reaction
2H; + Oy = 2H,0 (S.4.12.1)
One mole of hydrogen yields one mole of water, or in mass
bw 18 _
B 2

Since m is the mass of fuel intake per second, m' = 9m is the mass of water
ejected from the engine per second. If the water vapor density is p, this
rate may be expressed as

9 (5.4.12.2)

m' = pAv (S.4.12.3)
where v is the velocity of the gas ejected from the engine. Therefore,
m' 9m
=— = — S.4.12.4
Ky by ( )
Express the density as ,
m Pl
= = =X S5.4.12.5
P= = R ( )
From (S.4.12.4) and (S.4.12.5), we then have
ImRT
= S.4.12.6
V= B ( )

The mass ejected per second from the engine provides the momentum per
second m'v, which will be equal to the force F; = m'v supplied by the
engine. Apart from this reactive force, there is a static pressure from the
engine providing a force Fy = P A, so the total force

9mRT 81m2RT

= S.4.12.
P + PA Puad + PA ( 2.7)
In real life the second term is usually small (P is not very high), so the
force by an engine is determined by the reactive force.

F=F.+F,=9m
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4.13 Maxwell-Boltzmann Averages (MIT)

a) We may write the unnormalized Maxwell-Boltzmann distribution imme-
diately as

£ (U, vy, v;) = Ce™mVa/2T = muy/2r g=mu /27 (S.4.13.1)

We would like to write (S.4.13.1) as f(v), so we must integrate over all
velocities in order to find the proper normalization:

oo
1=/
00 ~

Rewriting (S.4.13.2) in spherical coordinates v, 8, ¢, we have

8

/ Ce—m(v§+'uz+vz)/27' dv, dvy d'uz (84132)

8

27 1

1= C//
0 -1
(8.4.13.3)

A variety of problems contain the definite integral (S.4.13.3) and its varia-
tions. A particularly easy way to derive it is to start by writing the integral
as

v2e" ™" /27 dy d cos b dy = 47rC/v26—m“2/ZT dv
0

I= /e_“’E2 dz (S.4.13.4)

— 00

Now multiply I by itself, replacing x by y, yielding
o oo
= / / e~ e~ dg dy (S.4.13.5)
—o0 —00

Rewriting (S.4.13.5) in polar coordinates gives

27 oo
I2=//e—‘“‘2u du df = 27
o 0

where we have substituted v = au? in (S.4.13.6). So we have I = /7 /a
Integrating instead from O to oo then gives

oo
e~y du = ~ /e'” dv="2 (5.4.13.6)
a a
0

/e““‘2 du = 12r/a (5.4.13.7)
0
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The integral required here may be found by differentiating (S.4.13.7) once
with respect to a:

o0 o0

/ Yy
ule™® duy = _4 /e_’“‘2 du = _d yr/a_ yn/a (5.4.13.8)
da da 2 4
0 0
Using (S.4.13.8) in (S.4.13.3), where a = m/27, gives
3 3/2
| = areYTETM? _ 6 (EE> (S.4.13.9)
4 m
SO
m \3/2
C= (éw_r) (5.4.13.10)
3/2 2
2 -mu®/2T
f(v) dv = 4x (2 T) e dv (S.4.13.11)

b) The most likely speed u occurs when (S.4.13.11) is a maximum. This
may be found by setting its derivative or, simply the derivative of In f(v),
equal to O:

dd2 (nvZem /27) =L —"1 =0 (S.4.13.12)

u=Vv? = \/7~14\/z

¢) The average speed is given by
o0
v):/va v——47rC/ 3g=mv*/27 g
0
= 4wC%/vze_m”2/ZT dv? = 27rC/me me/2T g
0

o0
d o-az d1
—2#0@ de = —27era " (5.4.13.13)

1 m \3/2 /21 2
=m0 = or (5 (5)

(=]
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d) The mean square speed of the atoms may be found immediately by
recalling the equipartition theorem (see Problem 4.42) and using the fact
that there is 7/2 energy per degree of freedom. So

mo’\ _ 37
2 /2

(=" (S.4.13.14)

\/(11—2)=\/3%z1.7\/g

For completeness, though, the integral may be shown:

o 2 oo
(¥*) = 47rC’/'vze“"“’2/2Tv2 dv = 411'0;? /e“‘“’2 dv
o )
—anc L VT/a (5.4.13.15)
3 4.13.

3/2
=47r(m) 3 m 37

2r7/  8(m/2r)¥2  m

4.14 Slowly Leaking Box (Moscow Phys-Tech, Stony
Brook (a,b))

a) The number of atoms per unit volume moving in the direction normal
to the wall (in spherical coordinates) is

dn = n f(v)v? dv sin8 d¢ dé (S.4.14.1)

where ¢ is the azimuth angle, @ is the polar angle, n is the number density
of atoms, and f(v) is the speed distribution function (Maxwellian). To
determine the number of atoms striking the area of the hole A on the wall
per time df, we have to multiply (S.4.14.1) by Avcosd dr (only the atoms
within a distance v cos # dr reach the wall). To obtain the total atomic flow
rate R through the hole, we have to integrate the following expression:

w/2

2 o0 oo
R=nA/dqb/f(v)'v3 dv / sinflcosf df = ﬂAn/’Uaf(’U) dv (5.4.14.2)
0 0 0

0
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We integrate from O to « /2 since we only consider the atoms moving toward
the wall. On the other hand, by definition, the average velocity (v) is given
by

27 o) n o0
— 2 : _ 3
(v) = O/d(,bo/vf(v)v dvo/sm0 dé = 47r0/v f(v) dv (5.4.14.3)

Comparing (S.4.14.2) and (S.4.14.3), we see that

R=n % A (S.4.14.4)

This result applies for any type of distribution function f{v). We only con-
sider a flow from the inside to the outside of the container. Since the hole
is small, we can assume that the distribution function of the atoms inside
the container does not change appreciably.

b) The average kinetic energy of the atoms leaving the container should be
somewhat higher than the average kinetic energy in the container because
faster atoms strike the wall more often than the ones moving more slowly.
So, the faster atoms leave the container at a higher rate. Let us compute
this energy (e;) . For a Maxwellian distribution we have f(v) = Ce~™*"/27,
where C is a normalizing constant:

27 0o 7 /2

[ [ | nA™20cos6Ce ™ /272 du sinf d¢ dd
0 0
2

9 (5.4.14.5)
J [ [ nAvcos Ce~™v*/2792 du sin8 d¢ df
0

The numerator is the total energy of the atoms leaving the container per
second, and the denominator is the total number of atoms leaving the con-
tainer per second. Define 1/ = £. From part (a), we can express this
integral in terms of the average velocity (v). Then we have

27 7|'/2

(el>:_d£1£- ln///vae”(m”z/z)gdvcosasinﬁ d¢ de
00 0O

_ _dis In <%) (S.4.14.6)

We know that C o 1/ (v)® (since it is a normalizing factor, see Problem
4.13), and

1 d 1 2
x gijEr S (1) = 3 In i 2r (S.4.14.7)

(v) x T
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So (&1} is indeed higher than the average energy of the atoms:

() = %T (S.4.14.8)
c) From (b) we know that each atom leaving the container takes with it an
additional energy Ae = (g;) — (¢) = 7/2. The flow rate of the atoms leaving
the container (from (a)) is

R=n % A (S.4.14.9)

The energy flow rate from the container becomes

dE 1

T RAe = g (v) A (5.4.14.10)
To keep the temperature of the atoms inside the container constant, we
have to transfer some heat to it at the same rate:

dE_dQ 1

-a.? =5 = gnr (v)A (S.4.14.11)

Equating the flow rate to the decrease of the number of atoms inside gives

d(nV) dn  n(v)
= - =-V == A S.4.14.12
R dt 4 dt 4 (5.4.14.12)
We then obtain
dn (v) A
— = —n -t 5.4.14.1
7 n % (5.4.14.13)
Solving this differential equation, we can find the change in number density:
v
— —~t/to =
n(t) = ne , where tg= A (5.4.14.14)

is the time constant and n is the initial number density. Therefore, the
heat flow rate is

I'Q 1 —t/to
—_— I - S-4. 4-
ntA (’U) € ( 1 15)

4.15 Surface Contamination (Wisconsin-Madison)

The number of molecules striking a unit area of the surface N during the
time of the experiment ¢ (see Problem 4.14) is given by

N =", (S.4.15.1)
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For an estimate we can assume that the adsorbed molecules are closely
packed and that the number of adsorption sites on a surface of area A is
just

44
T wd?

where d is the average diameter of the adsorbed atoms, and we take d ~ 3 A.
The total number of adsorption sites may actually be smaller (these data
can be obtained from the time to create one monolayer at lower pressure).
We may write

No (5.4.15.2)

N < vNy

or, for 1 m? of surface,

Using the average velocity from Problem 4.13 at T' = 300 K gives

) = /2= = /2L ~ 500 m/s (5.4.15.3)
e T

n=-—— (S.4.15.4)

and

Thus,

16vksT _ 16-0.05-1.4-107% . 300
= wd?t(v) 7. (3-10-19)%.3600-5- 500

~ 1072 Pa ~ 107! Torr

(5.4.15.5)

So, we will have to maintain a pressure better than 10~ Torr, which can
be quite a technical challenge. In fact, at such low pressures the resid-
ual gas composition is somewhat different from room air, since it may be
more difficult to pump gases such as H, and He. Therefore, (S.4.15.3) and
(S.4.15.5) are only order-of-magnitude estimates.

4.16 Bell Jar (Moscow Phys-Tech)

The pressure inside the vessel

P, = nikpTy = dnike Ty = 4P0%1- (S.4.16.1)
0
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where 71 is the concentration of the molecules inside the vessel and ng is the
concentration of the molecules in the chamber. Disregarding the thickness
of the walls of the vessel, we can write the condition that the number of
molecules entering the vessel per second is equal to the number of molecules
leaving it:

1 1

an(vo) A= an ('Ul) A (84162)
where A is the area of the hole, and we used the result of Problem 4.14 for
the number of molecules striking a unit area per second. Actually, the only

important point here is that this number is proportional to the product of
concentration and average velocity. Therefore,

ny = {0} (5.4.16.3)

The average velocity (v) & v/T. So, from (S.4.16.3), we have

ny = no,/% = % (S.4.16.4)

Substituting (S.4.16.4) into (S.4.16.1), we obtain

P, = 2P, (5.4.16.5)

4.17 Hole in Wall (Princeton)

a) If the diameter of the hole is large compared to the mean free path in
both gases, we have regular hydrodynamic flow of molecules in which the
pressures are the same in both parts. If the diameter of the hole (and
thickness of the partition) is small compared to the mean free path, there
are practically no collisions within the hole and the molecules thermalize
far from the hole (usually through collisions with the walls).

b) In case d € Ay, d K Ag, there are two independent effusive flows from I
to II and from II to I. The number of particles N1 and N3 going through
the hole from parts I and II are, respectively (see Problem 4.14),

N, = 41n1(m> A (S.4.17.1)

1
N2 = an(’l)z) A
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where A = wd?/4 is the area of the hole. Atequilibrium, N; = N,, so we
have

n1(v1) = na(vy) (5.4.17.2)

The mean free path is related to the volume concentration of the molecules

n by the formula
1

" Voo
where o is the effective cross section of the molecule, which depends only
on the type of molecule, helium in both halves. Substituting (S.4.17.3) into
(5.4.17.2) gives

(v1) _ (va)

PV

A

(5.4.17.3)

or
/\1 <'U1> . T1 _ 1

/\_2 - (’02> B E - E ~
¢) When d > A1, d > A2, we have to satisfy the condition

0.7

Pr=P
or
nlkBTl = ’nngTz
which gives for the ratio of the mean free paths:
M T
N T, 0.5
4.18 Ballast Volume Pressure (Moscow Phys-Tech)

The number of molecules per second entering the volume B from the left
container I is proportional to the density of the molecules in I, n;, the
average velocity, {v1), and the area of the opening, A. The constant of
proportionality (see Problem 4.14) is unimportant for this problem. So,
equating the rate of molecular flow in and out of volume B, we can write
for flow rates R; in equilibrium (see Figure S.4.18)

R+ Ry=R, (S.4.18.1)

ny(v1) + nalve) = 2ny{vy) (S.4.18.2)
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I B 11

Pz P27

Figure S.4.18

The factor 2 appears for the flow rate R, since there are two portals from
region B. On the other hand, for an ideal gas, P = n, and therefore

n o — (v) o< VT (5.4.18.3)

We can rewrite (S.4.18.1) as

A BB (S.4.18.4)

Vi Vm oV

ieldin
Y ¢ P P P

=225
VT V2T VT
For the state of equilibrium, the energy in the volume B is constant. This

means that the total rate of energy transfer out of volumes I and II should
be equal to the rate of energy transfer out of volume B :

(S.4.18.5)

E,+Ey=E, (S.4.18.6)

The average energy per particle is proportional to the temperature, so
(5.4.18.6) becomes

Ryt + Ryma = Rymy (S.4.18.7)
We then have
PT+ PV2r =2Py\/7 (S.4.18.8)
Dividing (S.4.18.8) by (S.4.18.5), we can obtain
1+v2
="V = Vaor S.4.18.9
and
p=1t"2p (S.4.18.10)
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4.19 Rocket in Drag (Princeton)
a) Use dimensional analysis to derive the drag force F on the rocket:

F o p*oP A7 (5.4.19.1)

M- [ B e

[s)?
We then have
a=1
-3a+(8+2y=1 (5.4.19.2)
~B=~2

Soa=v=1,=2,and
F x pv?A (S5.4.19.3)
This formula is generally correct for high Reynolds numbers; for low

Reynolds numbers we have Stokes’ law:

F x nrv (5.4.19.4)

where 7 is the viscosity and r is the radius.

b) For an isothermal atmosphere, take a column of air of height dz and area
A. The pressure difference between top and bottom should compensate the
weight of the column:

[P(2) ~ P(z+ dz)] A = p(2)gA dz (8.4.19.5)
or
dP
qz Py
Using
P= ERT (S.4.19.6)

where p is the molar weight of the air, and substituting (S.4.19.6) into
(5.4.19.5), we obtain

dp gu
dp _ _ 9k S.4.19.
dz ~ PRT (5.4.19.7)
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Therefore,
p = poe~9#/ BT (S.4.19.8)

c) At aheight h we have, from (S.4.19.3),

F « poe 9*MRT20h A o he90h/RT (5.4.19.9)

where we used v? = 2ah for uniform acceleration. Now, the maximum force
is defined by

dF - ge
= e—9kho/RT _ p IF —guho/RT _ 4.19.
<dh ) = 0 e 0 (S.4.19.10)

So, assuming that the average temperature for the isothermal atmosphere
T =250 K, we find

_RT _83-10°-250

g 10- 29 ~ 7000 m =7 km (S.4.19.11)

ho

4.20 Adiabatic Atmosphere (Boston, Maryland)

a) Starting from the ideal gas law, we can express the temperature T as a
function of pressure P and the mass density p:

_BVp_pP

T(Pp)= i = %> (S.4.20.1)

where P and p are functions of the height z above the surface of the Earth:
P = P(2),p = p(z). Taking the derivative of T with respect to z, we have

dT u1dP _puPdp

= L _ -7 .4.20.
dz2 Rpdz Rp?dz (8 2)

We need to express dp in terms of dP. The fact that PV” is independent
of altitude allows us to write

P = Bp”
P
dP=Byp" !t dp = 7 de
where B is some constant. So

dp = 1% dP (S.4.20.3)
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Substituting (S.4.20.3) into (S.4.20.2), we obtain

dT" pldP plldP (y-1)\ p dP
dz ~ Rpdz Rypdz

)R a (S.4.20.4)

Assuming that the acceleration of gravity is constant, using the hydrostatic
pressure formula

dP = —pg dz (S.4.20.5)
and substituting (S.4.20.5) into (S.4.20.4), we can write
dT [~y —=1)\ ug
i = ( " ) R (5.4.20.6)

b) For the atmosphere, using diatomic molecules with Cy = 5R/2 and
Cp = TR/2, we have from (S.4.20.6),

dr  7/5-120-10  210-0.029 »
S e A E e T 1072 K/m = —10 K/k
dz 7/5 83-105 7 83 /m [km

This value of |dT'/dz| is about a factor of 2 larger than that for the actual

atmosphere.

4.21 Atmospheric Energy (Rutgers)
a) Again starting with the ideal gas law

PV = nRT = %RT

we have

P(z) = ‘-’%—)-RT(Z) (S.4.21.1)

b) The gravitational energy of a slice of atmosphere of cross section A and
thickness dz at a height z is simply

&g = Agp(z)z dz (S.4.21.2)

while the internal energy of the same slice is

_ Acy
7

&

p(2)T(z) dz (5.4.21.3)
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The total internal energy E; is given by the integral of (S.4.21.3):
Acy f
Ei= 'TV p(2)T(z) dz (S.4.21.4)
0

We wish to change the integral over z into an integral over P. To do so,
first consider the forces on the slice of atmosphere:

AP(z+dz) + Agp(z) dz = AP(z) (5.4.21.5)
Rearranging (S.4.21.5), we have
dP(z)
= gp(2) (8.4.21.6)
dP
dz = ———
go(2)

Substituting (S.4.21.6) into (S.4.21.4), we obtain

__ACy
E: / AAT() (z) (S.4.21.7)

Py
_ ACV/T(Z ACV I(P) aP

The total gravitational energy E; may be found by integrating (S.4.21.2):
20

E, = Ag/p(z)z dz (S.4.21.8)
0

Integrating by parts gives

z

E,=Ag l:z/p(z’) dz' X —j)dz/zp(z') dz’:l (5.4.21.9)

0 0

The first term on the RHS of (S.4.21.9) is zero since at the limits of evalu-
ation either z =0 or [ p(2') = 0, so we have

=—~Ag/dz/ dz—A/ /dP 7(8.4.21.10)
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Zg

7 AR AR T
= AO/P(z)dz = TO/T(Z)p(Z) dz = ==

T(P) dP
1224 5

The ratio of energies Eg/F;, from (S5.4.21.10) and (S.4.21.7) is

Eg R Cp—-Cy Cp
= —— = —— = —— = hand 1 e 2% .
E-C O o 7 (842110

Finally,

Py Py
A
E=E +E, = —(C—;gii) /T(P) dP = é/gﬁ /T(P) dP (S.4.21.12)
0 0

4.22 Puncture (Moscow Phys-Tech)

a) Use Bernoulli’s equation (see, for instance, Landau and Lifshitz, Fluid
Mechanics, Chapter 5) for an arbitrary flow line with one point inside the
tire and another just outside it. We then have

v vi

where wy and w; are the enthalpy per unit mass inside and outside the
vessel, respectively, and vy and v; are the velocities of the gas. The velocity
vg is very small and can be disregarded. Then the velocity of the gas outside

is
vy =v=+/2(wp— wy) (S.4.22.2)

For an ideal gas the heat capacity does not depend on temperature, so we
may write for the enthalpy

w=p+P T ET (S.4.22.3)
P
_T(Cy+R) _TCp
p I

Therefore, the velocity is

Uz‘lw (S.4.22.4)
p 4.22.
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The temperature T3 may be found from the equation for adiabats and the
ideal gas law:

py-t prl
—%},,—: ,}1,, (S.4.22.5)
Rewriting gives
P\ O-b/
V=T (F) (5.4.22.6)
0
Substituting into (S.4.22.4) gives
T (v=D)/v
v= J ?C% [1 - (-?l) (S.4.22.7)
0

The maximum velocity vy, will be reached when P; = 0, flow into vacuum.

o= 2R 5429

b) For one mole of an ideal gas

Cp—Cy =R (S.4.22.9)
and, by definition,
_Cr (5.4.22.10)
¥ Gy .4.22,

From (S.4.22.9) and (S.4.22.10), we may express Cy and Cp through R
and ~:

=" S.4.22.11

Cv po ( )
Cp = ezl
v-1

Then (S.4.22.8) becomes

2vRT
UV = | ——~ S.4.22.12
V ply—1) ( )

For molecular hydrogen (y = 7/5) we have

27/5
Vm = \/55%%.3.103-103%5400 m/s
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Note that this estimate implies that 71 = 0, i.e., that the gas would cool to
absolute zero. This is, of course, not true; several assumptions would break
down long before that. The flow during expansion into vacuum is always
turbulent; the gas would condense and phase-separate and therefore would
cease to be ideal. The velocity of sound inside the vessel

| P
so =1 [v— (S.4.22.13)
Po

2 Py RT,
§g=Y— =7—
Po B

Substituting (S.4.22.14) into (S.4.22.12) yields

[ 2
Uy = o 750 =~ 2.25¢ (5.4.22.15)

or
(5.4.22.14)

Heat and Work
4.23 Cylinder with Massive Piston (Rutgers, Moscow
Phys-Tech)

When the piston is released, it will move in some, as yet unknown, direction.
The gas will obey the ideal gas law at equilibrium, so

PV =nRT (5.4.23.1)

Figure S$.4.23
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On the other hand, at equilibrium, there is no net force acting on the piston
(see Figure S.4.23), and we have

PA=P,A+ Mg (S.4.23.2)

Substituting (S.4.23.2) into (S.4.23.1) gives
M
(Pa + —A—g) V =nRT (S.4.23.3)

We can also use energy conservation in this thermally insulated system.
Then the work done to the gas equals its energy change AE. For an ideal
gas

AE =nC, (T —Tp) (S.4.23.4)

where C,, is the heat capacity of one mole of the gas (for a monatomic gas,
C, = 3R/2). The work done to the gas

W = (P,A+ Mg)z (S.4.23.5)

where z = (Vp — V') /A is the distance the piston moves, where downward
is positive. From (S.4.23.4) and (S.4.23.5), we have

(Pa + %2) (Vo—V) = gnR (T -Ty) ($.4.23.6)

Solving (S.4.23.3) and (S.4.23.6) yields

3 2(P,+Mg/A)Vy
=2 S e FI/A0 S.4.23.7
T=3To+g nR ( )
V= 2V + 3 nRTo

5 °" 5P, + Mg/A

We may check that if Py = P, + Mg/A, i.e., that the piston was initially
balanced, (S.4.23.7) gives T =Tp and V = Vj.

4.24 Spring Cylinder (Moscow Phys-Tech)

For a thermally insulated system (no heat transfer), the energy change AE
is given by

1
AE = / Pav (S.4.24.1)
o]
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Figure S.4.24

where 0 and 1 correspond to the initial and final equilibrium states of the
system, with sets of parameters Ty, Py, Vp and Ti, P, Vi, respectively. In
this case, the gas is expanding, therefore some positive work is done by the
gas, which indicates that the energy change is negative, and the temperature
decreases. A€ for an ideal gas depends only on the change in temperature:

AE = C,AT = C, (Ty — To) (S.4.24.2)

where C,, is the heat capacity of one mole of the gas at constant volume
(for a monatomic gas C, = 3R/2). The work done by the gas goes into
compressing the spring:

Ka?

where K is the spring constant and « is the change of the piston position
(see Figure S.4.24). On the other hand, when equilibrium is reached, the
compression force of the spring

F=Kz=PA (5.4.24.4)

where A is the cross section of the piston. So

k- DA _RLA (S.4.24.5)
T JIV]
where we used the ideal gas law for one mole of gas. Substituting (S.4.24.5)
into (S.4.24.3), we have

_ RTiA , RTAz

U= - S.4.24.
22V, © A ( 6)

Notice that Az is the volume change of the gas:

Ax = Vi - Vo = 2V0 — ‘/0 = Vo (S.4.24.7)
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Therefore,
U= R4T‘1/0V° = %l (5.4.24.8)
Substituting (S.4.24.8) and (S.4.24.2) into (S.4.24.3), we obtain
AE =C,(T) —~Tp) = R4Tl (S.4.24.9)
and
n=tR ___ T 300 os7k (S.4.24.10)

C,+R/4_ 1+RJAC, 1+1/6

The temperature indeed has decreased. As for the pressure, we have for
the initial state

PyVo = RTp (8.4.24.11)
Now V; = 2V, so
PV =2P Vo =RTy (S.4.24.12)
and
1T Py

P1 P() ~ (0.43 atm

3T 0T 3FR/3C, 7

4.25 Isothermal Compression and Adiabatic
Expansion of Ideal Gas (Michigan)

a) We can calculate the work as an integral, using the ideal gas law:

2
Nt 1
= — - .4.25.
w / / v = N'ran2 (S.4.25.1)
1 1

where 7 is, as usual, the absolute temperature. Graphically, it is simply
the area under the curve (see Figure S.4.25). Alternatively, we can say that
the work done is equal to the change of free energy F' of the system (see
Problem 4.38):

W=AF=F,-F (5.4.25.2)

eVy A% _ Wi
= —N’rln-Tv— + Nf(r) +NTIH—N_ —Nf(r)=Nrln A
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Vs, 2V, 4 V
Figure S.4.25

The total energy £ of the ideal gas depends only on the temperature, which
is constant, so the heat absorbed by the gas is

Q=Af —W =—-Nrln > (S.4.25.3)

i.e., heat is rejected from the gas into the reservoir. Alternatively, since
éQ =7dS,

2
Q= [ 17dS=7(52-5))
/

(0% OF) NlnE—V—Z—NIn%> (S.4.25.4)
ar or T T
:—N‘rln%

the same result as in (S.4.25.3).
b) For an adiabatic expansion the entropy is conserved, so

dE = —-P dV (S.4.25.5)

On the other hand,

where Cy is the specific heat for an ideal gas at constant volume. From
(S.4.25.5) and (S.4.25.6), and using the ideal gas law, we obtain

dV _ Cydr _e.dr

v N+ 71

(5.4.25.7)
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where Cy /N = ¢, the specific heat per one molecule. Integrating (S.4.25.7)

yields
Vi 1/¢cy 1 1/cy
= (1) o)

¢) For air we may take ¢, = 5/2 (in regular units, ¢, = 5kg/2; it is mostly
diatomic). Therefore,

1) 2/
T = <§> T~ 227K

4.26 Isochoric Cooling and Isobaric Expansion
(Moscow Phys-Tech)

The process diagram is shown in Figure S.4.26. The work W done by the
gas occurs only during the 2 — 3 leg since there is no work done during the
1 — 2 leg. The work is given by

3

V;
Wa,3 = /P dV = P, (V2 -W) =RV, (1 — -171> (84261)
5 2
P
1,
\\
\\
W1

Figure S.4.26

Using the ideal gas law, we may relate V1 and Va:

Hw:%m& (S.4.26.2)
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PVy = 2RT, = °RTy
1 7

since the initial and final temperatures are the same. Substituting into
(S8.4.26.1) we find
P

W = “RT, (1 - —) ="Rr, (1 - 1) (S.4.26.3)
% B J n

4.27 Venting (Moscow Phys-Tech)

The air surrounding the chamber may be thought of as a very large reservoir
of gas at a constant pressure Py and temperature Tp. The process of venting
is adiabatic, so we can assume that there is no energy dissipation. We then
find that the energy of the gas admitted to the chamber equals the sum
of its energy Ejy in the reservoir plus the work done by the gas of the
reservoir at Py to expel the gas into the chamber. This may be calculated
by considering the process of filling a cylinder by pushing a piston back,
where the piston offers a resistant force of Py A, A being the cross section
of the cylinder. The total energy E is then given by

E = FEy+ BV, (5.4.27.1)

Figure S8.4.27

where V; is the volume of the gas needed to fill the volume of the chamber
V (note that V does not coincide with Vy because the temperature of the
gas in the chamber T presumably is not the same as Tp; see Figure S.4.27).
On the other hand.

AE=E -~ Ey=Cy AT =Cy (T - To) = Noc, (T - To)  (5.4.27.2)

where Cy is the heat capacity of the gas, ¢, is the heat capacity per
molecule, and Ny is the number of molecules. From (S.4.27.1) and
(5.4.27.2), we have

PyVi = Nocy (T — To) (S.4.27.3)
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Using the ideal gas law

PyVo = NokgTy (5.4.27.4)
we have
ksTo = ¢, (T — Tp) (5.4.27.5)
So &
T= Bc“: S = z—iTo = Th (S.4.27.6)

The air is mostly nitrogen and oxygen (78% nitrogen and 21% oxygen
= 99%), diatomic gases, so that

5 7
= —k = -
Cy 2 B 9 5
and therefore T' = 420 K. Thus, the temperature of the gas in the chamber
will increase. Note that the result does not depend on the outside pressure
Py, the volume of the chamber V, or whether it is filled to Py.

4.28 Cylinder and Heat Bath (Stony Brook)

a) Since the process takes place at constant temperature, PV is constant
for each side of the piston. When the piston is released, we can write

Py Vo - PV Py o
2 ! 2

where Py, and Py, are the initial pressures on the left and right sides of the
cylinder, respectively, P is the final pressure on both sides of the cylinder,
and V| and V; are the final volumes. From S.4.28.1 we have

Pu _ Vi

= PV, (S.4.28.1)

= — S.4.28.2
POr Vr ( )
or
Puy+FPr W+W;
= S.4.28.3
POr ‘/r ( )
Therefore,
V. i Yo (S.4.28.4)

"1+ Pu/Pe 5
So, the piston winds up 20 cm from the right wall of the cylinder.

b) The energy of the ideal gas does not change in the isothermal process,
so all the work done by the gas goes into heating the reservoir. Denoting
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by m and n, the number of moles on the left and right sides of the cylinder,
respectively, and using n, = 1/4 mole, we obtain the total work and, hence,
heat given by the integral

nRT | Vi
/——— dV—anT1n<VO/2> +n,RTln<Vo/2>

B Vo /5 Vo/5
—anTln( Vo/2 ) +n,RT In <V0/2)

8 1 2
= — —_ T — =
RT1n<5>+<4>R 1n<5) 600 J

4.29 Heat Extraction (MIT, Wisconsin-Madison)

a) For a mass of fixed volume we have
de =T dS (S.4.29.1)

So, by the definition of C,

Oe a5
7 =MC = TBT (S.4.29.2)

Since C is independent of 7, we may rewrite (S.4.29.2) and integrate:

ds MC
— = 5.4.29.3
dT T ( )
S=MClhT
The change in entropy is then
Ty
AS = MCln T (5.4.29.4)

b) The maximum heat may be extracted when the entropy remains con-
stant. Equating the initial and final entropies yields the final temperature
of the two bodies:

MCInTg + MClnTe = MCIlnT + MCInT
TyTe = T? (S.4.29.5)

= /TuTc
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The heat extracted, @, is then equal to the difference in initial and final
internal energies of the bodies:

Q=MC(TH+TC - 2MC+\/TuTc
= MC (TH+TC—2\/THTC) Mc (\/ir}}— \/Fc) (S.4.29.6)
= MC (\/400 - \/100)2 = 100MC

c) Here we may calculate the maximum useful work by using the Carnot
efficiency of a reversible heat engine operating between two reservoirs, one
starting at a high temperature (100°C) and the other fixed (the lake) at
10°C. The efficiency may be written for a small heat transfer as

_aw_ (. Tc
=3 = (1 TH) (5.4.29.7)

where the heat d@ transferred from the hot reservoir equals its change in
internal energy —MC d7. We may then find the total work by integrating
dW as follows:

Tc Tc
T
W=/dW=—MC’/<1—?C) dT = —MC (T - T InT)| R
Tu

= MC [TH —To - Tcln (?‘ )] (5.4.29.8)
C

=4.2-10%108(90 — 10In10) ~ 2.8 - 10" J

We may also use the method of part (b) and the fact that the entropy is
conserved. Denote the mass of the hot water M and the lake Mr. Equating
the initial and final entropies gives

S=MCInTg+ M ClnTc = (M+M.)ClnT (S.4.29.9)

Writing the final temperature T as Tc + 6, where ¢ is small (it’s a big lake),
and expanding the logarithm, we obtain

(M + ML)Cé

.4.29,
= (S.4.29.10)

(M + Mp)CIn(Tc + ) ~ (M + ML)CInTc +

Substituting (S.4.29.10) back into (S.4.29.9) gives

6= —M—TC In 28

= S.4.29.11
M+ My, Tc ( )
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As before, the work extracted equals the change in internal energy of the
bodies, so

W =¢ —e = MCTy 4+ M,CTc — (M + Mp)C (Tc + 6)

M Ty
=MCTy + M ,CTc — (M+ML)C (TC -+ mTc In T—C)
Th
=MC|Tg -Tc—-Tcln T (S.4.29.12)
C

which is the same as above.

4.30 Heat Capacity Ratio (Moscow Phys-Tech)

If the gas is heated at constant volume, then the amount of heat ¢ trans-
ferred to the gas is

Q=Cv (T ~To) =com (T —To) (S.4.30.1)

where ¢, is the heat capacity by weight of the gas, m is the mass, and T is
the temperature at pressure P;. Using the ideal gas law at the beginning
and end of heating gives

P1V0 = nRT
where n, is the number of moles of the gas. From (5.4.30.1) and (S.4.30.2),

o C S )AL (5.4.30.3)
nR
and P — P) Vi
Q= c;m BP0 (.4.30.4)
nR
For heating at constant pressure,
Q’ = CP (T/ - To) =Cpm (T’ - To) (S.4.30.5)
Similarly,
PyVo = nRT, (5.4.30.6)

PoVy = nRT’
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So
Py (Vi = Vo)
T —Tp= ———- .4.30.
T R (5.4.30.7)
and Py (Vi = V)
o V1~ V¥
Q = cme (5.4.30.8)

Since the time ¢ during which the current flows through the wire is the
same in both experiments, the amount of heat transferred to the gas is also
the same: Q' = Q. Equating (S.4.30.4) and (S.4.30.8), we obtain

Cp_Pi~P Vo _P/R-1

TR VT (5.4.30.9)

4.31 Otto Cycle (Stony Brook)

a) The efficiency of the cycle is n = W/Q;, where W is the work done by
the cycle and @ is the amount of heat absorbed by the gas. Because the
working medium returns to its initial state W = @1 — Q2, where Q2 is the
amount of heat transferred from the gas, therefore

_D-Q_ . Q
n= 0. 1 0, (S.4.31.1)
P 3
0
4
0]
2 1
7

Figure S.4.31

Let us calculate @; and . Since both processes are at constant volume
(see Figure S.4.31), we may write

3 3
Q= dQ =c, | dT = CU(T3 - T2) (S.4.31.2)
2/ 2/
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1
Q2 = —cy /dT = —cy(T1 — Ty) = ¢ (Ty — T1)
4

and

Q: Tu-T)
22 = S5.4.31.3
@1 T3-T ( )
We know that for an adiabatic process
pV?Y =const or TV7?™! = const
So
VNN N AR (S.4.31.4)
T3‘/f7—1 — T4V;'y—1
Using
E:T_g- and T4—T1:T3——T2
T1 T2 Tl T2
we find v—1 -1
L-h 4L (Vi) <1> (S.4.31.5)
-T, Ty Vi T
and therefore the efficiency is
1\
n=1- (—) (S.4.31.6)
T
For v = 1.4 and r = 10 the efficiency is
n=1-(01)°*=06 (S.4.31.7)
b) The work done on the gas in the compression process is
2 2 Vi
W:—/PdV:—/PiVi"V_V de—RVﬂ/V""dV
1 1 Vi
v+ py N X
— _BV” = 0% (14—7+ S ey ) (S.4.31.8)
=7y |y -1

For Vi =2 L and P, =1 atm,

1 5.9, -3
W= _O_gl_l_o_uo“4 1)~ 7557
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4.32 Joule Cycle (Stony Brook)

The efficiency 7 of the cycle is given by the work W during the cycle divided
by the heat @ absorbed in path 2 — 3 (see Figure S.4.32). W is defined
by the area enclosed by the four paths of the P-V plot. The integral
J P dV along the paths of constant pressure 2 — 3 and 4 — 1 is simply the
difference in volume of the ends times the pressure, and the work along the
adiabats, where there is no heat transfer @ = 0, is given by the change in
internal energy Cy 48T

W=Cy[(Tz - Ty) ~ (T2 ~Th)] + P2 (V3 = V2) — L (V4 — V1) (S.4.32.1)

P

Figure S.4.32
Substituting the ideal gas law PV = nRT into (S.4.32.1) and rearranging,
we find

W = (Cv +nR)[(Ts — Ty) — (Tz — Ty)] (5.4.32.2)

=Cp (T3 - Ta) — (Ts — T1)]

where we used Cp = Cy + nR. In the process 2 — 3, the gas absorbs the
heat Q:
Q=Cp (T3 -T7) (S.4.32.3)

What remains is to write W and @ in terms of P and form the quotient.
Using the equation for an adiabatic process in an alternative form,

PV7 = const

TPA=1/7 = const
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we have

(v=1)/7
Vi Py
b S.4.32.4
2= (7) (5.432.4)
E _ Pl (v=1)/~
T3 \P,
Substituting for 71 and Ty by putting (S.4.32.4) into (S.4.32.1) yields

(v=1)/v
W=Q{%—B%ﬁ%—ﬁ%%> } (S.4.32.5)

The efficiency 7 is then

w P (v=1}/v
-5 (3)
Q P,

433  Diesel Cycle (Stony Brook)

We calculate the efficiency n = W/Q as in Problem 4.32. The work W in
the cycle (see Figure S.4.33) is

W=Cv[(Ts—Tu)— (T2 —Th)|+ P2 (Vs — V2)
=Cy[(Ts~Ty)~Te+Ti+(v-1) (T3 -Tp)]  (S.4.33.1)
=Cv[v(Ts —T2) - (Ts — Th)]
where we have again used the ideal gas law PV = nRT and nR = Cp—Cy
The heat @@ absorbed by the gas during 2 — 3is
Q=Cp (T3 - T3) (S.4.33.2)

The efficiency 7 is

w 1Ty -1y
v _,_1 S.4.33.3
79 T3 -T2 ( )
Using the equation for the adiabats gives
TV =Tyt (S.4.33.4)

Tavs'v—l — T4V1‘Y—1
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F

Figure S§.4.33

The ideal gas law gives

T; V3
— = .4.33.
T =V (5.4.33.5)
Substituting (S.4.33.4) and (S.4.33.5) into (S.4.33.3) gives
¥~1 _ y-1
po1- L BT T— (/)" (B/Ve)Ts (g, 4

vy Ts — (Vo/Va) T3

1 (W)Y = (Va/Vh)?
v Vi/Vi-Va/Vy

=1

4.34 Modified Joule-Thomson (Boston)

The work done by the piston goes into changing the internal energy of the
part of the gas of volume dV that enters the plug and into the work done
by the gas to enter container B occupying volume dV’. So we may write

PdV =c,dN(r' = 7)+ (P - P') dV' (S.4.34.1)
where ¢, is the constant-volume heat capacity for one molecule and d is

the number of molecules in the volume dV. On the other hand, before and
after the plug, we have, respectively,

P dV =dNr (S.4.34.2)

P dV’' =dN7' (S.4.34.3)
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Substituting dV from (S.4.34.2) and dV’ from (S.4.34.3) into (S.4.34.1), we
have

!
r=cy(r'—T)+ (P - P % (5.4.34.4)
So,
, (14+ey)T CpT
= = .4.34.5
e+ PP —1 o+ P/P -1 (5.4.34.5)
. CPT
~ Oy +(P/P'~1) Ny
When P = P', (S.4.34.5) becomes
"= ggr (S.4.34.6)

Ideal Gas and Classical Statistics
4.35 Poisson Distribution in Ideal Gas (Colorado)

The probability w of finding a particular molecule in a volume V is

= |4
Ty
The probability wyy of finding N marked molecules in a volume V is
V) N
wy=|= S5.4.35.1
v=(¥ (5:435.1)

Similarly, the probability of finding one particular molecule outside of the
volume V is .

__V-

wy = ——=—

|4
and for N — N particular molecules outside V,

~ N-N
V-V
UN_N= T (8.4.35.2)

Therefore, the probability Py of finding any N molecules in a volume V is
the product of the two probabilities (S.4.35.1) and (S.4.35.2) weighted by
the number of combinations for such a configuration:

e D) (-9 sy
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The condition V <« V also implies that N < N. Then we may approximate

Nt (N - N)! NW (5.4.35.4)

N-N=~N

So, (5.4.35.3) becomes

N'(N— N)' 14 4
L \N 7

_ % (%) (1 - g) (S.4.35.5)
N N

where we used the average number of molecules in V:

N
() =2V

Noticing that, for large N,

we obtain
_ WY
where we used
N .
u <1 N>1
N

(S.4.35.6) can be applied to find the mean square fluctuation in an ideal gas
(see Problem 4.94) when the fluctuations are not necessarily small (i.e., it is
possible to have (N — (N)) /(N) ~ 1, although N is always much smaller
than the total number of particles in the gas N).
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4.36 Polarization of Ideal Gas (Moscow Phys-Tech)
The potential energy of a dipole in an electric field E is

U=-p-E=—-pEcosd

where the angle 6 is between the direction of the electric field (which we
choose to be along the Z axis) and the direction of a the dipole moment.
The center of the spherical coordinate system is placed at the center of the
dipole. The probability dw that the direction of the dipole is within a solid
angle dw = siné dy df is

ePEcos8/7 gin g dyp df

dw=Ae™Y/" d = — (5.4.36.1)
[ [epEcosb/Tsind dop df
00
The total electric dipole moment per unit volume of the gas is
P=N{p)=N{p)=N / peosd df ($.4.36.2)

N peos ePEcos8/T gin g dp df

oy
S ylo—y

i

ki

J epEcos8/75ing dy do

0

Introducing a new variable x = cos# and denoting o = pE/T, we obtain

1
Np [ ze*® dz

1
P=_I__£—=Np%1n l:/ea:c dm}

[ ex* dz =1
-1
d 2sinh o
«a cosha sinha
= Np [sinha ( o - a2 )] (S.4.36.3)

= Np (COtha - -1—) = Np [cothzE - —T-]
44 T



THERMODYNAMICS AND STATISTICAL PHYSICS 131

where £L(pE/T) is the Langevin function. For pE < 7 (o < 1), we can
expand (S.4.36.3) to obtain

2
p‘N
P="—F .4.36.
3, (S.4.36.4)
Since D = ¢E and
2
D=E+47rP=E(1+47rﬂ)
3r
we have for the dielectric constant
4m pP°N
e=1+5 (S.4.36.5)

4.37 Two-Dipole Interaction (Princeton)

Introduce spherical coordinates with the Z axis along the line of the sepa-
ration between the dipoles. Then the partition function reads

Z = / / dQ, dQ, e7V/7 (8.4.37.1)
The potential energy of the interaction can be rewritten in the form
U= Mz haz + le:l;&y + H1zpi2, _ 3N1z»:'2z (5'4‘37'2)
T T

— Pizlax + Hiypoy — 2p12p02,
r3

Since
Wiz = pisinb; cosp;
iy = pisinf; sin p; (S.4.37.3)
Hiz = picosB;

(S5.4.37.2) becomes

_ Hi1H2
— .3

U [sin@; sinf cos(p1 — p2) — 2cosfy cosby] (S.4.37.4)

= ”7152 f(61,62)



132 SOLUTIONS

and

T 2w 27w

Z = ////sin01 d01 d‘Pl sin02 d92 d(p2 (84375)
0 0 0O

o[22 166,

We can expand the exponential at high temperatures p /77 < 1 so that

exp [ b1k ¢ (01,02)] (S.4.37.6)

~o 1= EELf (61,60) + ,Af2 (81,02) +
where A = p?u2/7?r®. The first-order terms are all zero upon integration,

and we have

T 2r 7w 27
= (4m)* + g ////dcos 61 dcosfy dpy dpa  (5.4.37.7)
0000

. [sin201 sin6; cos?(ps — 1) + 4cos?y coszﬂz]

where the cross term also vanishes, and we find

= (4m)? +27r2A//dc0301 d cos 6,
.2, .2 2 2
. —2-s1n 0, sin®fy + 4cos“6; cosf,

= (47)? +27r2A//dzl dzg[ (1-23) (1- )+4z1z2]

-1-1

1
11 9
= (47)? + 2124 / / dz dzp [5 -3 (22 +23) + —z-zfzg}(s.4.37.8)

-1-1
4
9

4
3
(4m)? ul/“’Z - (4n)? uluz
= (4r ) Tty 3 37'27‘6

—

= (4m)? +27r2A[ —-= 20—+

2

I\DICO
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6_F
or Vv
Ban

— _ #iu3
() =7—- 27'7'7 . (5.4.37.9)

The average force is given by

where F is the free energy. So,

The minus sign indicates an average attraction between the dipoles.

4.38 Entropy of Ideal Gas (Princeton)

a) For an ideal gas the partition function factors; however, we must take
the sum of N identical molecules divided by the number of interchanges N!
to account for the fact that one microscopic quantum state corresponds to
a number of different points in phase space. So

N
Z= NL' (Z e-Ek/T) (S.4.38.1)

k

Now, the Helmholtz free energy, F, is given by

N
1 -
F=-tnZ=-7ln4 (;e E’k/f) (S.4.38.2)

=—-Ntln (Z e_Ek/") +7laN!

k

Using Stirling’s formula, In N = f Inz - dz =~ N In(N/e), we obtain

F=-Nrt ane"E"/T + Nt ln% =—Nrln [% Ee_E"/T} (8.4.38.3)
k k

Using the explicit expression for the molecular energy Ex, we can rewrite

(5.4.38.3) in the form
T T T dpy dp, dp, AV
— € dps dpy dp, AV Pz
=Nl N//f/ T @)
0 —00 —00 ~
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. e~ (Pa4pi+p2)/2mr Z e—sk/7:| (5.4.38.4)
k

e ( mr )3/2Ze-ak/r
N \2nn? k

Vi
= —N'rlne—ﬁl— + Nf(r)

= ~N7ln

Here we used the fact that the sum depends only on temperature, so we
can define f(7):

mr 3/2
f(r)=-7ln [(W) > e-sk/fl (S.4.38.5)
k

b) Now we can calculate the total entropy S of the two gases (it is important
that the gases be identical so that f(7) is the same for both vessels):

§=— (‘Z—f-)v (5.4.38.6)

where F is defined by (5.4.38.4).

S =Nl % _NF(r) (5.4.38.7)

eV;
Sy = anTVE — Nf'(7)

We have for total entropy

S=5+8 =Nl ENV—I ~Nf'(r)+ Nl % — Nf'(r)(S.4.38.8)

- Nlng- —I—Nln};— ~ONf'(r) = —NIn PP, + 2N In7 — 2N f'()
1 2
c) After the vessels are connected their volume becomes V = Vi + V3, the
number of particles becomes 2N, and the temperature remains the same
(no work is done in mixing the two gases). So now

- e(Vi +V2)
§=2NIh—~—> 2%
n 2N

= —-2NInP+2Nlnt - 2Nf'(7)

~2Nf'(T) (5.4.38.9)
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It can be easily seen that the pressure becomes P = 2P, P, /(P + P), so

5 2P P,
§=- - ! .4.38.
2NIn P+ D, +2Nlnr - 2Nf'(1) (5.4.38.10)
2P P, \?
=-N —2NFf
1n<P1+P2> +2NInt - 2N f'(7)
and
& 4P P, (P + P2)?
AS=8~S5=-Nh—"= = —_— .4.38.
n Pt By Nln 1P P, (5.4.38.11)
Let us show that AS is always nonnegative. This is equivalent to the
condition (P +.Py)?
17T-42 2
— > - > .4.38.
4P P, 2 1 (PL—P)*>0 (5.4.38.12)

which is always true. At Py = P, (V4 = V2), AS = 0, which makes perfect
sense.

4.39 Chemical Potential of Ideal Gas (Stony Brook)

The expression for the Helmholtz free energy was derived in Problem 4.38:

F=-Nrin|¥ (-Tl)mze—e'e/f (S.4.39.1)
= N \2mi?) & -

Since all the molecules are in the ground state, the sum only includes one
term, which we can take as an energy zero, €g = 0. Then (5.4.39.1) becomes

eV [ mr 8/2

where we took into account a degeneracy of the ground state g. The Gibbs
free energy G is then

eV [ mr 8/2 PV
G=F+PV=—-N7ln N E;r—ﬁi gl +
3/2
= -Nrl [% (5:’—;5) g} + Nt (S.4.39.3)

3/2 3/2
_ g_V_ mT _ gr ( mt
=—-N7ln [N (27”22) ] =—N7ln [P (27r7‘z2) :l
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where we have expressed G as a function of 7, P. The chemical potential
= G/N, so we obtain, from (S.4.39.3),

5/2 3/2
gT m
S.4.39.4
P (27rh2) } ( )

P [2xr\*? N [20p2\*?

gr5/2 (T) =7l gV ( mr )

This approximation is valid when the temperature is much lower than the
energy difference AE between the electronic ground state and the first
excited state; since this AFE is comparable to the ionization energy E€ion,
this condition is equivalent to 7 < €;on. However, even at temperatures
T ~ Ejon, the gas is almost completely ionized (see Landau and Lifshitz,
Statistical Physics, Sect. 106). Therefore (S.4.39.4) is always valid for a
nonionized gas.

p=7ln

=7ln

4.40 Gas in Harmonic Well (Boston)

a) The partition function is given by a standard integral (compare with
4.38, where the molecules are indistinguishable):

Z= / oetr Spd
(2rh)®

o0 o0
- 1 /e""’z/2"”47rp2 dp / e~ (@7 +y?+2%) 2V % 4o dy dz
-0

3
(27h) ]
= ﬁ ? (2mr)*/2 23/2y 13123/ (S.4.40.1)
3md3/2y
The Helmholtz free energy F follows directly from the partition function:

m3/2
F=-NrlnZ=-N7lhV -3N7lnt~ N7l -3 (5.4.40.2)

=—-NrtlnV+Nf(r)
b) We may find the force from F:
~ oF Nt
= =] = S.4.40.
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The equation of state is therefore analogous to the gas in a container with
rigid walls, where

PV =Nt

c) The entropy, energy, and heat capacity all follow in quick succession from
F:

3/2
§=-— <?_€> =NInV +3Nlnr+3N + Nln D (S.4.40.4)
or /y h
E=F+758=3Nr (5.4.40.5)
OF
Cy = (E)V = 3N (S.4.40.6)

441 Ideal Gas in One-Dimensional Potential
(Rutgers)

a) The coordinate- and momentum-dependent parts of the partition func-
tion can be separated. The coordinate-dependent part of the partition
function

oo

Z, = / e U@ dg (S.4.41.1)
0

For the potential in this case we have

o0 . 1 l/n o0
Zy = /e_““c ™ dz = - (%) /e‘zzl/""1 dz (S.4.41.2)
0 0

1/n
" (1)
nAl/n" \(n

()

where we substituted

dz = % (1-1—) o 271 dz

R 1
/ 2/ lem2 4z =T (—)
0 n

and
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The free energy associated with the coordinate-dependent part of the par-
tition function is

1 I'(l/n
Fo=—-tlnZ = -7 InT~7ln [ nfql//n)] (S.4.41.3)

The average potential energy is given by

Uy=F,— (%)V = 12 [a% (%)] = -;- (S.4.41.4)

For n = 2 we have a harmonic oscillator, and in agreement with the equipar-
tition theorem (see Problem 4.42)

b) For n =1, U = mgz, and the average potential energy per particle
U)y=7

which also agrees with the generalized equipartition theorem.

4.42 Equipartition Theorem (Columbia, Boston)

a) For both of these averages the method is identical, since the Hamiltonian
depends on the same power of either p or g. Compose the first average as
follows:

(pl f(p2/2mz e~ Pi/2maT dp; [e” E'/T dgy ---dpn

S.4.42.1
omi ~ [T dp; [ e~/ dqr - dpm ( )

where the energy is broken into the p;-dependent term and E’, the rest of
the sum. The second integrals in the numerator and denominator cancel,
so the remaining expression may be written

2 o0
[ % In / e=Bri/2ms g (S.4.42.2)

Zmi

where, asusual, # = 1/7. A change of variables produces a piece dependent
on # and an integral that is not:

pi = yv/'2m;/B
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%_ o \/7 / -+ dyJ (S.4.42.3)

6
- mvE= =]

]
The (ki/2){q?) average proceeds in precisely the same way, yielding
ki T
3 (qf) = 3 (S.4.42.4)

b) The heat capacity, Cv, at constant volume is equal to E/87. From part
(a), we have

3N o 3N

D; k; T T

E:(H)=< ——Z—+ZEQ,»2>=3N-2-+3N§=3NT (S.4.42.5)
=1 i=1

where we now sum over the 3-space and momentum degrees of freedom per
atom. The heat capacity,

Cv=—-=3N (S.4.42.6)

is the law of Dulong and Petit.
c) Now take the average:
~E/T .. .
6H> fe m,(BH/azJ)l;[dmk
s J e E/m[]dxx
k
— [ 7 (8 El[8z;) w; ll_c[dmk
f e-E/T Hd-’L‘k
k

(S.4.42.7)

Integration by parts yields
-7 f (e‘E/’a:,-)]z___ooH dzy + 7 [ e~ B/7 (8x;/0z;) Hdmk
fe‘E/T Hdmk
k

(S.4.42.8)
where the prime on the product sign in the first term indicates that we
integrate over all z; except ¢ = j. If ¢ # j, then the first term in the
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numerator equals zero. If z; is one of the ¢’s, then by the assumption of U
infinite, the term still equals zero. Finally, if ¢ = j > N, then by I’Hopital’s
rule the first term again gives zero. In the second term, dz;/dz; = é;;, so
the expression reduces to

7 [ e~ EB/78;; [] das,
k

S.4.42.9
f e~ B/T [Tdzk ( )
k
Finally,
O0H
<Ez%> = T(Sij (S.4.42.10)
d) By definition,
T 495@ —c(@)/7 g
q € q
oc(g)\ _ oL P
-5 = 5
1 [ e~c@/™ dq
—00
—T f q_aa;qe—s(q)/‘r dq
=—"= (S.4.42.11)

[o o]
[ ee@/7 dg

— o0

qe‘e(Q)/le — [ @7 4q
=T e =7
f e—c(@)/7 dq f e—elq)/r dq

—00 —o0

Given a polynomial dependence of the energy on the generalized coordinate:

e(q) = ag” (5.4.42.12)
(S.4.42.11) yields
<q62?)> = (nog™) = n (ag") (5.4.42.13)
=n{e(g) =7
To satisfy the equipartition theorem:
T T

Thus, we should have n = 2.
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4.43 Diatomic Molecules in Two Dimensions
(Columbia)

a) The partition function Z,, may be calculated in the usual way by multi-
plying the individual Boltzmann factors by their degeneracies and summing:

o0 [e <]
Zeoy =1+2) e7heBI/7 =g N eheBI/T (S.4.43.1)
J=1 J=0

This is difficult to sum, but we may consider the integral instead, given the
assumption that 7 > heB :

o0

- T
Zrot = 2/6 heBz?/r dr—-1= ‘[ m -1 (8443.2)

0

b) The energy and heat capacity of the set of diatomic molecules described
above may be determined from the partition function for the set:

N
_ 1 v_ 1 T 1 gmr \N/2
Z= 77(Ze)” = 5 (V heB 1) ~ 51 (7o) (8.4.43.3)

where the N-fold product has been divided by the number of permutations
of the N indistinguishable molecules. Recall that

a8
— 72 1
E=r 57 nz
We then find that
E=r%2_" il ! = T (S.4.43.4)

2 VheB \/ar/heB-1 2
Again, for 7 > hcB, the heat capacity is
Cy=— ~— (S.4.43.5)

A diatomic rotor in three dimensions would have contributions to the energy
of (1/2)r per degree of freedom. Three degrees of translation and two
degrees of rotation (assuming negligible inertia perpendicular to its length)
gives for one molecule

E=2r (S.4.43.6)

E= gNT (5.4.43.7)
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A diatomic rotor confined to a plane would have three degrees of freedom,
two translational and one rotational. Hence,

3
E=zr (S.4.43.8)
cy = g (S.4.43.9)

The quantization of energy is not apparent since we have assumed 7 > hcB.

4.44 Diatomic Molecules in Three Dimensions (Stony
Brook, Michigan State)

a) We first transform the expression of the kinetic energy e:

2
%Zmz- (22 + 92 + 22) (S.4.44.1)

=1

€k =

where x;, y;, 2; are the Cartesian coordinates of the molecule in the frame
with the c.m. at the origin to spherical coordinates:

z; = r;8in8; cos p;
y; = 1, 8in 6; sin p; (5.4.44.2)
2z; = r1;c080;
For the rigid diatom,
Ohh=n—0,=0
PL=T+P2=¢
We may substitute (S.4.44.2) into (S.4.44.1), obtaining
£ = % (mir? + mar3) (92 + sin®g c/')z) (S.4.44.3)
Using the definition of c.m., we may write
miT] = MaTs (5.4.44.4)

Ira| + [r2] = a
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yielding
n=—=2__4 (S.4.44.5)
my + ma
my
Ty = ———=—aq
my + Moy

Then (S.4.44.3) becomes

1 , 1_v¢. . .
ek =3 mT:_m;’Lz a2 (92 + sin?6 ¢2) = §I (02 + sin@ 502) (S.4.44.6)
with
= e 2
mi +mg

b) In order to find the conjugate momenta pg, p,, we must compute the
Lagrangian L:

_ R 57 SR AP
C—ak—V—-Ek—2I(0 +Sm0(p)

oL

Po =55 = Isin®6 ¢ (S.4.44.7)
oL :
=19
Po = 6 5
Expressing ¢, é through py, Ppe,
. Do . P
0 = — =
T Y= Tsin®
we may rewrite the Hamiltonian as
1 Pe Pg pi
H=-=] == S.4.44.8
2 < I? sm20> I 21 sin%6 ( )

¢) The single-diatom partition function may be computed as follows:

2 oo T oo
=h—§/ dpg e Po/m/ dé / dp, e Pe/2 500 (5 4.44.9)
—00 0 [e<]

2 * 2 o 2
= h—§v2l7‘7r/d0 V2ITr sinf = 47;2I7/d0 sinf = 8:;217'
0 0
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Now the free energy F for N such classical molecules may be found from

8m2J
F=-NrlnZ=-Nrh ’;2 7 (S.4.44.10)
The entropy S is then
oF 87I'2IT

and the energy E and heat capacity C are

2
E=Ft15=—Nrino™ IT+N oS IT+NT=N’T
OF
C=5-=N (S.4.44.12)

d) For the quantum case the Schrodinger equation for a rigid rotator

J? | N a 82
ETP = 57’!/) = —ﬁ m (smGae sm0 a 2) ’(/J (S44413)
admits the standard solution
Yjm = €™Y;,(6) (S.4.44.14)

h2
Ejpn=—j{j+1
jm = 573 +1)
where each of the energy states is (25 + 1)-degenerate. The partition func-
tion Z, is given by

o0
(25 + 1) e MiG+D/2IT (S.4.44.15)
Jj=0

For low temperatures we may neglect high-order terms and write
Zym 14377

where we left only terms with 7 = 0 and j = 1. For N molecules we find
for the free energy that

F=-NrlnZ,=—-Nrl (1 + 3e-"2/“) ~ —3NTe M/17  (8.4.44.16)
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The energy E and heat capacity C are then

8 (F\ 3N72h? _,s 3NK® _,a
292 [T —h?/Ir _ OV —n?/IT(g 4 44.
E TGT(T> e 7€ (S.4.44.17)
_OB 3N B _pay,  SNE' _nyp
Tor I Ir? T I2p2

So, at low temperatures the heat capacity corresponding to the rotational
degrees of freedom is exponentially small. This implies that there would be
no difference, in this limit, between the heat capacity for monatomic and
diatomic molecules. In the opposite case, at high temperatures, h%/2I < 7,
the sum may be replaced by an integral:

[ o]
Zy=Y (2 +1)e U+ (S.4.44.18)
=0

where o = h?/2It. Proceeding from (S.4.44.18), we have

Z,=2) (j + %) e=ol(+1/27-1/4] (S.4.44.19)

j=0

oo
= 2¢%/4 E (j + %) e—ali+1/2)
=0

Replacing the sum by an integral, we obtain

[e ] o o]
Z, ~ 2%/ / dz ze=o®" = /4 f dz? e (8.4.44.20)
1/2 1/4
_1_r
Ta Al
Therefore, in the classical limit (high temperatures),
F=-NrlnZ,~-Nrln %f (S.4.44.21)
The energy E and heat capacity C are given by
Fe_n29 (f) =N = N7 (S.4.44.22)
Ir \ 7 T
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We see that this is the same as found in (S.4.44.12). Since we expect a heat
capacity per degree of freedom of 1/2, we see that there are two degrees of
freedom for each molecule since

= =1
‘W
They correspond to the two rotational degrees of freedom of a classical rod.
(There are no spatial degrees of freedom since the molecule is considered
fixed.)

4.45 Two-Level System (Princeton)

a) There is nothing to prevent giving each atom its larger energy €; hence,
n = E/Ne has a maximum of 1 with E/N = e. Clearly, the system would
not be in thermal equilibrium. To compute the problem in equilibrium,
we need to determine the partition function, Z. For distinguishable non-
interacting particles, the partition function factors, so for identical energy
spectra

N
Z7=2= (1 + e—e/T) (S.4.45.1)
The free energy would be
F=-rlnZ=-NrlnZ; = -Nrin(l+e™/") (S.4.45.2)

The energy is then

E=F+4+78=F - 'rg—f—
=-NrlnZ + er-;—T InZ; + NrlnZ, (S.4.45.3)
= NT?(% InZ;
or
_]EV = 7'258; InZz; = 7'2;; In (1 + 8—5/7) (5.4.45.4)
= 1545::/7 = Elj-x = /()

where z = e™¢/7. Obviously, since both € and 7 are positive, £ cannot be
larger than 1. On the other hand, z/(1+ ) is a monotonic function which
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goes to 1/2 when 7 goes to infinity; hence, max{F/Ne} = f(1) = 1/2 at
T — 00.

b) The entropy § may be found from (S.4.45.2)—(S5.4.45.4):
_E~-F FE F N ez

S + Nln(1+2) (S.4.45.5)

T T T —‘r—1+m

The entropy per particle, s = §/N, is given by

e
8=~ 12 +In(1+z) (5.4.45.6)
Writing
T n 1
= = — 1+ = ——
K 1+z a: -7 a: l1-9
8= ; n—1n(1-17) (5.4.45.7)

=n[ln(1 - n) ~ Ing] —In(l - 9) = ~[plnn 4+ (1 - 1) In(1 — n)]

‘We can check that

0 aa7—0,7-20
8= { In2 as7—00, n>1/2 (8.4.45.8)
as it should.
4.46 Zipper (Boston)
a) A partition function may be written as
N
Z=Y el (S.4.46.1)

n=0

where we have used the fact that a state with n open links has an energy
&En = ne. SO

N . 1-— 7
Z=) nt=-—— (S.4.46.2)

where 7 = e™¢/7,
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b) The average number of open links (n) is given by

N N
Z ne—ne/T z nn®

(n) = "= =5
>
n=0
N+l
- ,73% nZ = ,75% In (%) (S.4.46.3)

n__ (N+Lp"*!
- 1—-7 1'7IN+1

If r <« e thenn <« 1 and

(n)y mp=e/"

which does not depend on N. It is also zipped up tight!

4.47 Hanging Chain (Boston)

a) Let the number of links with major axis vertical be n; the number of
horizontal major axis links will then be N — n. The total length of the
chain is then

Liny=(l4+a)n+({l—-a)(N-n) (5.4.47.1)
The energy of the system, is also a function of 7 since
E(n) = -MgL(n) = -Mg(l + a)n — Mg(l — a)(N — n)(5.4.47.2)
=-Ein - EZ(N - n)

where we let Ey 5 = Mg(l £ a). The partition function

N

N!

— —En/m _ Ein/r+Ey(N~n)/T

Z=> gne => G T : 2 (S.4.47.3)
n

n=0
_ (eEl/-r +6E2/T)N

where g, = N!/[n!(N — n)!] is the number of possible configurations with
n major axis vertical links.

b) The average energy can be found from (S.4.47.3):

(E) = 726(19“72 = _% (InZ) = —N% In (P51 + ePF2)  (S.4.47.4)




THERMODYNAMICS AND STATISTICAL PHYSICS 149

where 8 = 1/7. Therefore,

E’leﬁE1 + E‘zeﬂE2
eﬁEl + eﬁE2

(By = -N
(I + a)ePMali+a) o (] _ g)efMli-a)
eﬂMg(H‘a) -+ eBMg(l~a)
L (efM9a 4 e=BMga) | g (efMga _ ¢=BMga)
eﬁMga' + e—ﬁMga

= —NMg|l + atanh(BMga)]

=—-NMyg

(5.4.47.5)

=-NMg

The average length is
E
(L) = —(—3 (S.4.47.6)

We can check that, if M =0,

(L) = Nl = Lo
At T = 0, (L) = N(I + a) (lowest energy state). At 7 — oo, (L) —
Nl+ NBMga? = Ly + NBMga®.

4.48 Molecular Chain (MIT, Princeton, Colorado)

a) Consider one link of the chain in its two configurations: ¢ and 8. The
energy of the link is

Eo=ta—fa Eg=ceg—fb (5.4.48.1)

The partition function for the entire chain is given by

N
7= (Z e_E"‘v") = (e(fa—fa)/’ + e(f"—sﬁ)/’)N (S.4.48.2)
a,f

b) The average length of the chain may be found from the partition function:

8nZ N (ae(f“‘ea)/f + be(fo=e8)/7)

(L) =7 ( o7 ), T T el g el (8-4.48.3)
c) If £=10, (S.4.48.3) becomes
ae~%a/T 4 be=ca/"
m =N (S.4.48.4)

a + belea~ea)/T
T T T eleae)/r
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If eq,3 < 7, high temperature,

(L) ~ N& ;r b (5.4.48.5)
If Ea,ﬂ > T,
(L) ~ N(ae™® +b) (S.4.48.6)

where we let § = (eq — €g) /7. The changeover temperature is obviously
€a — €.

d) From (S.4.48.3),

aefo/™ 4 pefb/T+S

(L) = N s (S.4.48.7)

a+ bef(b—a)/T+é
=N L efb-a)/r+8

At small £, (S.4.48.7) becomes

I a+be +bf(b—a)/T €
(L)~ 1+el+ f(b—a)/7 €

atbe’  bf(b—a)jr-¢  (a+be’) f(b—a)/7- e‘sjf

~N

1+el 1+4¢ (1+ ed)?
a+bef  Nfel(b—a) a + beb
= - .4.48.
N1+e<5 7(1+ €f) 1+eb (5.4.48.8)

a+be®  Nfeb(b-a)?

=N
I+e 7 r(14ef)?
Therefore,
d(L Neb [ b—a\?
_;_J)‘ =T<1+e6> >0 (5.4.48.9)
f=0

as it should, since (for the specified direction of the tensile force f) it
corresponds to a thermodynamic inequality for a system at equilibrium:

ov
-(55) >0
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Nonideal Gas
4.49 Heat Capacities (Princeton)

From the definition of Cp for a gas,

a8
"P”(a?),,

151

(S.4.49.1)

Since we are interested in a relation between Cp and Cv, it is useful to
transform to other variables than in (5.4.49.1), namely 7, V instead of T, P.
We will use the Jacobian transformation (see Landau and Lifshitz, Statis-

tical Physics, Sect. 16):

_,(98) __0(s,P) _ 8(SP)/o(r,V)
= ( >p "9(rnP) T "8 P) /3 (r,V)

_(08/67),(9P/8V), - (95/8V),(9P/9r)y

or

(OP/8V),
_ (85 (05/8V),(0P/07)y
—T(EJV‘T (8P/aV),
s (85/8V), (8P/dr),,
~ VT T @Pjev),

A useful identity is obtained from

oF
S-’(?a?)v

as __82F_(Q£>
av)_ — oerov ~ \or ),

> (oP/or):
— _ N\OT/OT )y
Cr = Cv="T{ap/av),
Since 9
(%)
—_ >0
or /v
and

P
(8_1;>T <0 T < Ter

(5.4.49.2)

(S.4.49.3)

(S.4.49.4)

(S.4.49.5)
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Cp—Cy >0
Cp>Cy

b) Let us write the van der Waals equation for one mole of the gas in the
form

<P + NA“) (V — Nab) = Nar (S.4.49.6)
from which we obtain
_ NAT Nf,a
P = V= Nab a7 (5.4.49.7)

Substituting for P in (S.4.49.5) yields

(5).~ (+5)

a7 ), T \V = Nab

(6P> __ Nar 2N%a
-

av ). V~NAb)2+ Vs

(N4/V — Nab)®
[NAT/ (V- NAb)z] —~ (2NZ%a/V?)

Cp—Cy =1

1~ (2Naa/TV3) (V — N4b)?

We can see that Cp — Cy = N4 (in regular units Cp — Cy = R) for an
ideal gas where a = b = 0.

4.50 Return of Heat Capacities (Michigan)

a) We will again use the Jacobian transformation to find ¢, —c, as a function
of r, P.

o= (@) =7_6(s,v) _ 70(s,v)/0(r, P)
v or d(r,v)  8(r,v)/8(r, P)
(63/6T)P(8v/8P) — (0s/8P)_(8v/0T)p
(6v/OP),
_, _,(0/0P) (8v/0r)p _ _(8v/07)p
R (8v/0p). P (6v/8P),

(5.4.50.1)
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where we used

0s) __0 (9G\ __0 (G __ (%
oP),  oP\or/p, 8r\8P),  \0r/)p
So, we obtain

2
Cp— Cy = —TEZ:};%))}: (5.4.50.2)

Substituting v(7, P) into (S.4.50.2) yields

v¥/rE Py T P
ey =~ - Lo A4.50.
Cp — Cy T—u/Pl 2 T exp (7_1 P1) (5.4.50.3)

b,c) We cannot determine the temperature dependence of ¢, or ¢,, but we
can find ¢,(P) and ¢,(v), as follows:

301’ ?s e 8%y
3P ) "~ "8Por = apor: - "\or2 4.50.
(6P), "aPor ~ opart | \or%), (5.4.50.4)

Similarly,

ov ).~ "ovar  ovar?  8r2 \ v ).

_ . 0P
S o\or? )/,
where F is the Helmholtz free energy, and we used

(),

T

(5.4.50.5)

From (5.4.50.4) and the equation of state, we have

Ocp TV
P} = S.4.50.6
(58). % (5450

and from (S.4.50.5),

dc
) = .4.50.
< 5 )T 0 (8.4.50.7)
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(since v = const implies 7/m; = P/P,). Integrating (S.4.50.6) and
(5.4.50.7), we obtain

= —-——/vl exp (E - —) dP = TPW + fi(r) (5.4.50.8)

_ P1 _ Pl’l)l T P
_—T—z—'rv+f1(7')_ 3 Texp (Tl P1> + f1(7)

1 1
and
e = fa(T) (S.4.50.9)

where f, and f; are some functions of temperature. Since we know ¢, — ¢,
from (a), we infer that f; = f, = f, and finally

P11)1 T P
= _ - — .4.50.10
Cp = T eXp (7_1 P1) + f(7) (S.4.5 )

Cy = f(T)

4.51 Nonideal Gas Expansion (Michigan State)

a) The work done in the expansion

\ 2V
W = /P v = / Pav (S.451.1)
Vo

[ (3+22) av = -raa- B2

Vo

b) To find the heat absorbed in the expansion use the Maxwell relations
given in the problem:

(5).-() 550 oo

where the prime indicates the derivative with respect to 7. Integrating
(5.4.51.2), we obtain

BI
s=mv-20 4 4r) (5.4.51.3)
where f(7)is some function of 7. The heat absorbed in the expansion

B'(r)

AQ=7AS=71(81—So)=rIn2+r
2Vo

(S.4.51.4)
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4.52 van der Waals (MIT)

a) The heat capacity Cy is defined as

Cv = o) _, 98 (S.4.52.1)
orly, or |y
By using the Maxwell relation
88 oP
W = o , (5.4.52.2)
we may write
6Cy %S 628 P
ov | ~Taver ~ Terav T a7, (5.4.52.3)
Substituting the van der Waals equation of state
Nr N2%a
P —_ ‘_/_____]-V—b - W (S.4.52.4)
into (S.4.52.3) gives
oCy i) N
— =T | = .4.52.5
av | " Tor (V—Nb) L0 8 )
b) The entropy S(r,V) may be computed from
o8
S(r,V) = —g—f— , dr + / W ) dV + const (5.4.52.6)

We were given that Cy = 3N/2 at V' — oo; therefore, again using (S.4.52.2)
and (S.4.52.4), we obtain

S(r, V) =/gg dT+_/V_—ALJ\73 dV + const
= gN In7 + NIn(V — Nb) + const (S.4.52.7)
=Nln [(V — Nb) 73/2]
¢) The internal energy (7, V) may be calculated in the same way from

e(r, V)=/gj—_ dr+/ g% dV + const (5.4.52.8)
v

T
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Now,from de = 7 dS — P dV, we have
Oe as

—_— = —_ —_ P S 2.
5|, T@VT (5.4.52.9)
and using (S.4.52.4) and (S.4.52.7), we get
Oe Nt Nt N?a NZ%q
— = - = S.4.52.10
V. “V-No V-No ' VZ Ve (84.52.10)
So, (5.4.52.8) becomes
2
e(r,V) = / gN dr + % dV + const (S.4.52.11)
3 N2a
= ENT - + const
d) During adiabatic compression, the entropy is constant, so from (S.4.52.7)
(V — Nb)7%/% = const (5.4.52.12)
and we have 2/3
Vi— Nb
Ty = (VZ — Nb) T (5.4.52.13)

e) The work done is given by the change in internal energy e since the
entropy is constant:

/dEE/TdS—/PdV=~/PdV=W (S.4.52.14)

From (S5.4.52.11), we arrive at

3 , (1 1
W= EN(TZ —11)—N° (Vz - Vl) (5.4.52.15)
3 [/v-nNe\® 2 (Vi-Va
[ R =

4.53 Critical Parameters (Stony Brook)

At the critical point we have the conditions

(%)T -0 (5.4.53.1)

2
(g—vf;) =0 (S.4.53.2)
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Substituting the Dietrici equation into (S.4.53.1) gives

6P _ nNAT —nA/NA‘rV 1 nA
(61/),‘ V-nB® —V—nB+NATV2> =0 (54533)

NATCV(;2
nA
Using the second criterion (S.4.53.2) gives

SO

Ve —nB = (5.4.53.4)

8’p NNAT o A/Narv
(m)T =V _nB® (D14 D) =0  (5.4.53.5)

Di+Dy=0 (5.4.53.6)

where

1 nA 2
D= (_Vc—nB + NATCVE) =0

by (S.4.53.3), so

1 2nA
Dy = - =0 8.4.53.7
7 (Ve—nB)?  NatV3 ( )
by (S.4.53.6). (S8.4.53.7) then yields
2 _ Nat Vg
(Ve —nB)” = 2nA
which combined with (S.4.53.4) gives
(Namo)’ V& Nat V2
YD ¢ = S A (5.4.53.8)
Nyt V. = % (5.4.53.9)

Substituting this result in the RHS of (5.4.53.4) finally yields

V. = 2nB (S.4.53.10)
A

=2 S.4.53.11

e = 4N,B ( )

Rearranging the original equation of state gives

nNATe _na/Narv _ A 2
=—2" " ™= — .4.53.12
P, 7 —-nBe 1B2¢ (S )
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Mixtures and Phase Separation

4.54 Entropy of Mixing (Michigan, MIT)

a) The energy of the mixture of ideal gases is the sum of energies of the
two gases (since we assume no interaction between them). Therefore the
temperature will not change upon mixing. The pressure also remains un-
changed. The entropy of the mixture is simply the sum of the entropies of
each gas (as if there is no other gas) in the total volume. We may write the
total entropy S (see Problem 4.38) as

v v
S=Nn eﬁl- +Nyln %,; — Ny f(7) = Naf(r) (S.4.54.1)

where N;and Njare the number of molecules of each gas in the mixture.
V is the total volume of the mixture (V = V; + V3). The entropy of the
gases before they are allowed to mix is

Vi V-
Si4+8;=NInS2 + NyIn S22 - Nifl(r) — Nafh(r)  (S4.54.2)
N, N,
Therefore, the change in entropy, AS, is given by
14
AS=8—-5—-8,=N;In —Y— + Nyln — (S.4.54.3)
Vi Va
In our case V4 = V, = V/2, and
R L
T 2T
So, (S.4.54.3) becomes
PV
In conventional units we find
AS = ’;—V In2 (S.4.54.5)
10%-.2-1073
N — . =~ 0.47 J/K
293 In2 4773/

The entropy increased as it should because the process is clearly irreversible.

b) If the gases are the same, then the entropy after mixing is given by

_ VitVa ,
S=(Ni+ M)l gt = (N + Vo) f/(r) - (3.4.54.6)

— V !
—2N1n-27v——2Nf(T)
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and so AS = 0. In the case of identical gases, reversing the process only
requires the reinsertion of the partition, whereas in the case where two
dissimilar gases are mixed, some additional work has to be done to separate
them again.

c) The same arguments as in (a) apply for a mixture of two isotopes, 6O
and '80. The Gibbs free energy can be written in the form

G =Nitln ]Xf + No7ln % + Nipo1 + Napoz (S.4.54.7)
where pg; and po2 are the chemical potentials of pure isotopes. Therefore,
the potential (S.4.54.7) has the same form as in the mixture of two different
gases, and there is no correction to the result of (a). This is true as long
as (S.4.54.7) can be written in this form, and it holds even after including
quantum corrections to the order of h? (see, for further details, Landau and
Lifshitz, Statistical Physics, Sect. 94).

4.55 Leaky Balloon (Moscow Phys-Tech)

Let us consider the bag as part of a very large system (the atmosphere)
which initially has N molecules of air, which we consider as one gas, and
N; molecules of helium. The bag has volume V5, and the number of helium
molecules is Np. Using (S.4.38.7) from Problem 4.38 and omitting all the
temperature-dependent terms, we may write for the initial entropy of the
system

eV eV, eV
S=Noln —° + Mo+ Nin (S.4.55.1)
When the helium has diffused out, we have
e(Vo +W1) e(Vo+V)
= B e _ S.4.55.2
(N0+N1)ln No+ N, +Nln i ( )

We wish to find AS = § — S in the limit where V 3> V5. Then

- eVy eV
i = Nln— S.4.55.3
N,NP,I‘I/I—»oo §=(No+Ni)ln N w T N ( )

We then obtain

. i/ o
= = Ngln — S.4.55.4
N,Nlll,I\I/l—mo AS NO In VQ/NO 0 ny ( )
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where ng/n; ~ 1/(5-107¢) is the concentration ratio of helium molecules
in the bag to their concentration in the air. In regular units

PV
AS = Nokgln <"—°> =20 ("—°> (S.4.55.5)
ny To ny
Substituting the standard pressure and temperature into (S.4.55.5) gives
10°-40-107° 1
AS = . 1 4.55.
203 ST 67 J/K (5.4.55.6)

The minimum work necessary to separate the helium at constant temper-
ature is (see Landau and Lifshitz, Statistical Physics, Sect. 20)

Rmin = —T() ASI = T[) AS (84557)

AS; = —AS, since after we separate the helium molecules from the rest of
the air, the total entropy of that system would decrease. So

Rpin =~ 293 - 167 ~ 50 kJ

4.56 Osmotic Pressure (MIT)

a) The free energy for a one-component ideal gas is derived in Problem
4.38:

F=-Nrl EI‘V/_ + Nf(r) (S.4.56.1)
The Gibbs free energy

eV

N
But G = G(r,V,N), so (5.4.56.2) must be transformed:

G=F+PV=-Nrln= +Nf(r)+ PV (S.4.56.2)

G= —NTln%+Nf(T)
=NrInP+ N|[f(r) ~7ln7] (5.4.56.3)
= N7lnP + Nx(r)

If we have a mixture of two types of molecules with Ny and N; particles
each, we find for the thermodynamic potential of the mixture:

i v 1%
F=-Norln S~ — NyrIn S5 + Nofo(r) + Ny fu(7) (S.4.56.4)
No M
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Therefore F' = Fy + Fy. The Gibbs potential of the mixture

G = NyrIn Py + Noxo(r) + Ny71n Py + Nyx1(7) (8.4.56.5)
where Py, Py are partial pressures (P = Py + P2) corresponding to particles
A and B, respectively. So,

x Po Py

G =Nyrln PF + Noxo(7) + Nirln P-F + Nix1(7)
= No7In P + Noxo(7) + NyrIn P (S.4.56.6)
No Ny
+Nix1(1) + Norln N + Nitln N
It can be seen that
G # Go+Gi
namely
N N, N
G =Go+Gy+ Norln I—V‘l 4+ Ny7ln —171 (S.4.56.7)
where N = Ng + Ny (see also Problem 4.54).

b) To derive the pressure difference, we notice that for the system with
a semipermeable membrane, only the chemical potentials of the solvent
are equal, whereas the chemical potentials of the solute do not have to be
(since they cannot penetrate through the membrane). We will write first
the Gibbs free energy on the left and right of the membrane, GL and GRr,
respectively. Gy, will be defined by (5.4.56.6), with P — P, whereas

- N N.
Gr = No7In Pg + Noxo(7)+ NorIn Pr + Nox2(7) + NotIn —]Vo + Nprln =2

(S.4.56.8)
The chemical potentials of the solvent are given by
Gr
= —= S5.4.56.9
UR 5N, ( )
_8G,
BL = A No
Equating pur = p1,, we obtain
rin P, + (7')+7'1n——N°—— (5.4.56.10)
Xo No+ MV, '

N,
= rlnPR+Xo(r)+r1n]—v0+—°N2
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or

B, N N

In—=~— == S.4.56.11

PR Ny Mo ( )

where we only take into account the first-order terms in the solute. If we
also assume, which is usually the case, that the osmotic pressure is also

small, i.e., P, = PR + AP =~ P + AP, we obtain, from (S5.4.56.11),

AP NN,

5 N =Ci=Ca (S.4.56.12)

where Cy and C; are the concentrations of the solutes: C; = Ni/Ng;
Cy = N3/Np. Therefore, with the same accuracy, we arrive at the final
formula:

N()‘T

A different derivation of this formula may be found in Landau and Lifshitz,
Statistical Physics, Sect. 88.

4.57 Clausius—Clapeyron (Stony Brook)

a) We know that, at equilibrium, the chemical potentials of two phases
should be equal:

p1 [P(7),7] = pa [P(7), 7] (S.4.57.1)

Here we write P = P(r) to emphasize the fact that the pressure depends
on the temperature. By taking the derivative of (S.4.57.1) with respect to
temperature, we obtain

Op1 Our\ dP Opa 3#2) dpP
—_ — ) — == —_— ] — S.4.57.2
(&)P’L(ap & \%r ), t\ep). & ! )
Taking into account that (8u/87)p = —s and (Op/8F), = v, where s and

v are the entropy and volume per particle, and substituting into (S.4.57.2),

we have
dP  s;— 82

dr v — v

(S.4.57.3)

where subscripts 1 and 2 refer to the two phases. On the other hand,
g = 7(8z2 — s1), where ¢ is the latent heat per particle, so we can rewrite
(S8.4.57.3) in the form
dP ¢
dr ~ TAv
which is the Clausius—Clapeyron equation.

(S.4.57.4)
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b) Consider the particular case of equilibrium between liquid and vapor.
The volume vy of the liquid is usually much smaller than that for the vapor
vg, so we can disregard vy in (S5.4.57.4) and write

dP, ¢

dr Ty

Using the ideal gas law for vapor, v, = 7/P,, we get

dP, g¢b
Eraili (5.4.57.5)
or
InP, =A- % (S.4.57.6)
We can see that B = ¢. Rewriting (S.4.57.6) in usual units gives
q qgN4 L
ImP,=A—- ——=A-21"2_ -4 —
o ksT kg NaT RT

where L is the latent heat per mole, N4 is Avogadro’s number, and R is
the gas constant.

4.58 Phase Transition (MIT)

For a system at equilibrium with an external reservoir, the Gibbs free energy
G = F + PV is a minimum. Any deviation from equilibrium will raise G:

§G =6F + Py 6V > 0 (S.4.58.1)

where P, is the pressure of the reservoir (see Landau and Lifshitz, Statistical
Physics, Sect. 21). Expanding 6F in 8V, we have

OF 1 (0°F 2
G =~ (6_17)7 oV + 5 (5—‘/—2)T 1% (8.4.58.2)
1 (83F s 1 (0*F 4
— (== (=) ¢ P,
+3! (3V3)T 1% +4! (8V4)T Vit P 6V >0

Since OF/8V = — P, we may rewrite (5.4.58.2) as
2
~Py 8V — % <E> V2 ! (g—P) V3
T T

v T 31\ av2?
1 [/8%P )

1 0P\ ., 1(8P\ .. 1[8P\ .,
5(5?), v +"3’!(51‘/3>T Vit ai\avs) OV <0
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At the critical point, 8P/8V = 0, so (S.4.58.3) becomes

1 /6°P s 1 /8%P 4
3 (5-‘75>T=T % +Z (W) ) V<0 (S.4.58.4)

For (5.4.58.4) to hold for arbitrary §V', we have

8P
(W) =0 (5.4.58.5)

8P
W T— <0

See Landau and Lifshitz, Statistical Physics, Sect. 153 for further discus-
sion.

4.59 Hydrogen Sublimation in Intergalactic Space
(Princeton)

Using the Clausius—Clapeyron equation derived in Problem 4.57, we can
estimate the vapor pressure P at T' = 3 K. Namely,

P P~ (WL/R)Q/T-1/T) (S.4.59.1)

where P; is the pressure at the triple point and R is the gas constant. Here
we disregard the volume per molecule of solid hydrogen compared to the one
for its vapor. This formula is written under the assumption that the latent
heat does not depend on the temperature, but for an order-of-magnitude
estimate this is good enough.

Consider solid hydrogen at equilibrium with its vapor. Then the number
of particles evaporating from the surface equals the number of particles
striking the surface and sticking to it from the vapor. The rate R of the
particles striking the surface is given by

R= # n (S.4.59.2)
where p is the number density, (v} is the average speed, and 7 is a sticking
coefficient, which for this estimate we take equal to 1. Here we used the
result of Problem 4.14, where we calculated the rate of particles striking the
surface. Now if the density is not too high, the number of particles leaving
the surface does not depend on whether there is vapor outside, so this would
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be the sublimation rate. Taking the average velocity from Problem 4.13,

we get
8kpT
{v) =/ —

where m is the mass of a hydrogen molecule, and substituting n = P/kgT,
we may rewrite (S5.4.59.2) as

P [8ksT P
4kBT ™m - W—T
Pe~WL/R)Y/T-1/T.)  p N ,e~(L/R)1/T-1/T,)
T VanksmT V2Zr BT
(50/760) .105 . 6. 1023 . ¢—(2-450/8.3)(1/3-1/15)

= A~ 2101 s7im ™2
V27 .8.3.0.002-3

R=

(5.4.59.3)

4.60 Gas Mixture Condensation (Moscow Phys-Tech)

Consider three parts of the plot (see Figure S.4.60). At V > V, there is a
regular gas mixture (no condensation). At V3 < V < V3, one of the gases
is condensing; let us assume for now it is oxygen (it happens to be true).
At V < Vi, they are both condensing, and there is no pressure change. Let
us write

P, =Po+ Pa (S.4.60.1)

P, = Py + Py (8.4.60.2)

Here Py is the partial nitrogen pressure at (Va, Pa), Pg is the saturation
vapor pressure of oxygen, and Pj is the saturated vapor pressure of nitrogen
(1 atm) at T = 77.4 K. Between V; and Vi, nitrogen is a gas, and since the

temperature is constant, -
1

Py =Ppo— (S.4.60.3)
Vs
Using (S.4.60.3) and dividing (S.4.60.1) by (S.4.60.2), we have
7 P, Po + Py Py + Py

== = S.4.60.4
4 P, P0+PAV1/Vz Po+ Py/2 ( )

yielding
Po=PAr/6~1.7-10* Pa
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4

12
2 V

Figure S.4.60

Had we assumed that oxygen is condensing at (Vi, P;) we would get Pp =
6P,4. This contradicts the fact that oxygen boils at a higher temperature.
The saturated vapor pressure at T = 77.4 K should be less than P5. To
find the oxygen mass, we use the ideal gas law at (V,, P;) where the oxygen
is just starting to condense (i.e., its pressure is Pp and it is all gas). So

PoVy = ZORT (S.4.60.5)
©o

where puo is the oxygen molar mass. For nitrogen a similar equation can
be written for (Vy, P;):

PaVy = TN RT (S.4.60.6)
UN

where uy is the molar mass of nitrogen. Dividing (S.4.60.5) by (S5.4.60.6),
we obtain

4.61 Air Bubble Coalescence (Moscow Phys-Tech)

Writing the equilibrium conditions for the bubbles to exist, we find for the
pressure inside each original bubble:

20

Pi=Po+Pgh+R0

(5.4.61.1)
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where pgh is the hydrostatic pressure (h is the height of the water). We
disregard any effects due to the finite size of the bubble since they are
small (Ry < h). After merging, the pressure inside the new bubble will not
change. This is due to the fact that the temperature is constant, and since
the jar is closed and water is incompressible, the total volume also will not
change. The new radius R; is given by

2. %wRS = %wRi‘ (5.4.61.2)
Ry = 23R,

Writing (S.4.61.1) for the new bubble, we obtain

20

4.61.
2 (S.4.61.3)

P, = P, + pgh +

where we disregard any small change in hydrostatic pressure. From
(S.4.61.1) and (S.4.61.3) we find that the change of pressure inside the
jar is

1 1
=P -FP=20-5+ = .4.61.4
AP =P, — Py 0( 7+ Ro) (S )
20 1 o

4.62 Soap Bubble Coalescence (Moscow Phys-Tech)

Assume that, during the coalescence, the total mass of air inside the bubbles
and the temperature do not change. So,

mg = my + ma (S.4.62.1)

where mg, m1, mg are the masses of air inside bubbles By, By, Bz, respec-
tively. By the ideal gas law,

PViu
;= —— S.4.62.2
™= TRT ( )
where m; isthe mass, P;is the pressure, and V; = (4/3) mR} is the volume in
the ith bubble, and g is the molar mass of the trapped air. The equilibrium
condition for a bubble is 9

g
P,=PFP, + 2E (5.4.62.3)
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The coefficient 2 in front of the second term results from the presence of
two surfaces of the soap film enclosing the air (compare with Problem 4.61).
From (S.4.62.2) and (S.4.62.3) we obtain

- it 3 _H
m; = (Pa + Rz’) TR, — BT (5.4.62.4)

Substituting (S.4.62.4) into (S.4.62.1), we obtain

(P + ZU>R0 (P + )R ( %) R (S.4.62.5)

and so

_ PR - R -}
S ITRIR-R
Note that if a is very small the volume of the new bubble is close to the

sum of the original volumes, whereas if it is very large the surface area of
the new bubble is roughly the sum of the original surface areas.

(S.4.62.6)

4.63 Soap Bubbles in Equilibrium (Moscow
Phys-Tech)

a) The equilibrium is unstable. It is obvious from purely mechanical consid-
erations that if the radius of one bubble decreases and the other increases,
the pressure in the first bubble (which is inversely proportional to Rg) will
increase and that in the second bubble will decrease, leading to further
changes in respective radii until the system becomes one bubble with ra-
dius Ry (see Figure S.4.63). The same result can be obtained by considering
the free energy of the system.

Ry

Figure S.4.63

b) The free energy of the bubble consists of two parts: a volume part, which
is just the free energy of a gas (see Problem 4.38), and a surface part, which
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is associated with the surface tension:
F=Fy+Fg =—‘N1'ln-3—:,/- +Nf(r)+oA (8.4.63.1)
The Gibbs free energy
G=F+PV=NrlnP+ N{(r)+cA (5.4.63.2)
The entropy change
AS = -% (G1 — Go)

where G is the potential of the system with one bubble and Gy is the
potential of the initial configuration. We then find

AS=-Nn ﬁ _do (A1 Ao) (5.4.63.3)

Po

=Nln + (Al Ag)

where we used the fact that the number of particles did not change and ¢
is the heat necessary to produce a unit area of the film:

__do
1= "T5r
So
P, +40/Ry g
= —_— 2 (A —
AS ; Nln(Pa+4a/Rl)+T( 1 — Ao)
N 40 4o g e o p2
NN(PRO PRJ*'T(R 2R3)
_4No Ry - Ry 47rq 2 2
= -2 5.4.63.4
Pa R()Rl T (R R ) ( )
, 2P $7R}-40 Ry — Ry | 4mq [ 5 2
— (R{ —2R
Fur Oy )
32n0R3(Ry — Ry) 47rq 5 N
= R; — 2R
3R T o)
We can eliminate R; from the final result by using the following equations:
Py=PF,+40/Ry (5.4.63.5)
P =P, + 40’/R1 (8.4.63.6)

2P)R3 = PR3 (S.4.63.7)



170 SOLUTIONS

where the last equation represents the ideal gas law at constant tempera-
ture. This yields the equation

4o 3 _
<1 + P R1) Ri=2 ( + B Ro) R} (5.4.63.8)

Solving this cubic equation in the small ¢ limit gives

_ol/3 1/3 _
Ry = 23R, +3P (2 ) (S.4.63.9)

a

Substituting (S.4.63.9) into (S.4.63.4) yields (in the same approximation)
871'R2 1
AS ~ = (30 - q) (1 - 275) (S.4.63.10)

Quantum Statistics

4.64 Fermi Energy of a 1D Electron Gas
(Wisconsin-Madison)

For a one-dimensional gas the number of quantum states in the interval dp
is

L dp

2mh

where g = 25+ 1 = 2and L is the “length” of the metal. The total number
of electrons N (which in this case is equal to the number of atoms) is

dN = g——

¥ A Y
Pr
= =g— = S.4.64.1
N / dn gZ'/rh / dp wh ( )
—Pp —Pg
Therefore,
-y N 7h
2L ~ 2d
where d is the atomic spacing. The Fermi energy
2 2
Py _ (h)
= IF — S.4.64.2
Fo2m  8md? ( )

where m is the electron mass.

272 1.05-10727)% 2
B, =T ( ) r > (S.4.64.3)
8md?  §.9.10-28(2.5-10-8)

~25-1002 erg~2.10* K
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4.65 Two-Dimensional Fermi Gas (MIT,
Wisconson-Madison)

a) At T = 0 the noninteracting fermions will be distributed among the
available states so that the total energy is a minimum. The number of
quantum states available to a fermion confined to a box of area A with
momentum between p and p + dp is given by

2rpdp-A _ Apdp
arh)? T onn?

flp)dp=g (S.4.65.1)

where the multiplicity g = 25+ 1 and the spin s = 1/2. The N fermions

at T = 0 fill all the states of momentum from 0 to p.. We can therefore

calculate this maximum momentum pp from
Pp

gA p?

gA
N = 27rh2 /p dp = 2—7rh7_2— (S4652)
0

The Fermi energy e, for this nonrelativistic gas is simply

2
=P
& =5 (S.4.65.3)
Using (S5.4.65.2) and (S.4.65.3) we obtain
gmAe,
= L2F S.4.654
omh? ( )
2nhi N
Ep = om I (S.4.65.5)
For s =1/2 and g = 2, (5.4.65.5) becomes
Th* N
= — .4.65.
Er 2 (S.4.65.6)
b) The total energy of the gas
Pr 2 A Pp A p4
p g 3 g F
E=/fd — = dp= -+ 5.4.65.7
6/ p f(p) 2m  4rmh? 0/ PP rmn? 4 ( )

Substituting Pr from (S.4.65.2) into (S.4.65.7) gives

gA  167°h*N? _ ah’N? e N

= . = = S.4.65.8
E 16wmh? g2A? gmA 2 (54.65.8)
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4.66 Nonrelativistic Electron Gas (Stony Brook,
Wisconsin-Madison, Michigan State)

a) As 7 — 0, the Fermi-Dirac distribution function

1

<n>
1
0 Er E

Figure S.4.66

becomes a step function. All the states above a certain energy, € > pu,
are empty, and the states below, € < , are filled (see Figure S.4.66). This
energy for an electron gas is called the Fermi energy. Physically, this results
from the simple fact that the total energy of the gas should be a minimum.
However, we have to reconcile this with the Pauli principle, which prohibits
more than one electron per quantum state (i.e., same momentum and spin).
This means that the states are filled gradually from zero energy to the
limiting energy, .. The number of states accessible to a free particle with
absolute value of momentum between p and p + dp is

_ d3pdiq  4mp®dp dV

= GFp = @mhp

(S.4.66.2)

In each of these states, we can put two electrons with opposite spin (up
and down), so if we consider the total number of electrons, N, contained in
a box of volume V, then N is given by

Pg

2
N=2V / 4(’;1; h‘;ﬂ’ (S.4.66.3)

0
Substituting p?/2m = €, we obtain

_ 2 m3/2e3/2 v

S.4.66.4
3m2h? ( )



THERMODYNAMICS AND STATISTICAL PHYSICS 173

and therefore

ﬁ2 N 2/3
= (8n?)3 — (= 4.66.
€, = (37?) s \ 7 (S.4.66.5)
To calculate the total energy of the gas, we can write

ep

E=2/sdl‘p
0

where again dI', = 47p? dp dV/(2nh)3.

W3V 3/2 h2 5/2 5/2
B 22 VMY s <__) (ﬂ) (5.4.66.6)

5 ﬂzha 2m \%
B 3 2 2/3 h2 N 2/3
10 (37%) m\V N
and therefore
8E\ 1 23 B2 (N\°/®
and we can check that
PV = §E (S.4.66.8)

b) The condition for strong degeneracy is that the temperature T should
be much smaller than the Fermi energy:

2 2/3
L ;n— (—"é) (S.4.66.9)

For typical metals, if we assume that there is one free electron per atom
and a typical interatomic distance ¢ = 2.5 A, we obtain an electron density
N/V =~ 5¢10%2 e/cm3, which indicates a Fermi energy of the order of
10~ 2 erg =~ 10* K. So, most of the metals are strongly degenerate, even at
room temperature.

4.67 Ultrarelativistic Electron Gas (Stony Brook)

The fact that the gas is ultrarelativistic implies that the energy of the
electron is large compared to its rest energy me?. In this case, the dispersion
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law is linear: € = ¢p. The number of quantum states is the same as for the
nonrelativistic case considered in Problem 4.66:

d3p d3q _ 4rp? dp dV

(2mh)3 —  (2nh)3

dl’ =

However, the Fermi energy now is different since € = ¢p, and

€

B
drp*dp e3v
=92V 2de = —F
/ (2rh)3 7T2713c3 ) e de 3r2h3 3
Hence,
N\ 1/3
e, = (37%)Y3hc (7) (S.4.67.1)

The total energy is

Py p €

F F
_ _ drp*dp  V s _ etV
E~2V/sdI‘—2V/e(27rh)3—ﬂ_zhscs/e de = —F
0 0

After substituting &, from (S.4.67.1), we obtain
_ (37"2)4/3 44N 43 _3 2\1/3 N 1o
= 47r2h3c3h A\ V= 4(37r ) he % N

So, the pressure is

_ (BB _ 1, 444 (N\*_ 1E
P= (av)s_4(3”) helv) T3V

Hence, for an ultrarelativistic gas we have PV = E/3, the same as for mass-
less particles (e.g., photons), which is not surprising since the dispersion law
is the same.

4.68 Quantum Corrections to Equation of State
(MIT, Princeton, Stony Brook)

a) Start with the particle distribution over the absolute value of momentum:

Vp? dp

dN, =
P g27r2h3 (e(s‘l‘)/" + 1)

(S.4.68.1)
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where the upper sign in (S.4.68.1) and below corresponds to Fermi statistics
and the lower to Bose (g = 28+ 1). Using & = p?/2m, we obtain

Vvm¥?  Jfede

dN, = g\/§7r2h3 CEmyE (S.4.68.2)
The total energy is given by
s 32 F 32
E= 0/ e dN, = %’:%3 0/ e(f_u) /fi - (S.4.68.3)
On the other hand, using the grand canonical potential §2, where
Q=FrY In (1 + e<ﬂ~5k>/f) (S.4.68.4)
k
and replacing the sum by an integral, using (S.4.68.2), we obtain
Vorm¥? [ (u=e)/r
D=3y O/ﬁ In (1 +elt=e/7) de (S.4.68.5)
Integrating (S5.4.68.5) by parts, we have
2 gVm3/2 T e3/24e
= RIS 0/ ec—w)/T 11 (8.4.686)
Comparing this expression with (5.4.68.3), we find that
Q= —;E (S.4.68.7)

However, 2 = F—uN = F -G = —PV. Therefore, we obtain the equation
of state, which is valid both for Fermi and Bose gases (and is, of course,
also true for a classical Boltzmann gas):

PV = §E (S.4.68.8)

Note that (S.4.68.8) was derived under the assumption of a particular dis-
persion law e = p?/2m; for relativistic particles or photons with & = pc,
(5.4.68.8) becomes PV = E/3 (see Problem 4.67). From (S.4.68.8) and
(5.4.68.3), we obtain

3/2.5/2 ¢ .3/2
p=2E _g/2mlr / v dz (5.4.68.9)
1% 3n2 eT~H/T £ 1
0
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where z = e/7. (5.4.68.9) defines the equation of state. To find quantum
corrections to the classical equation of state (which corresponds to the case
e*/T & 1), expand the integral in (S.4.68.9), using exp(u/T — x) as a small
parameter:

) 3/2 oo
z dz ~ 3/2 pl/T—x u/r—zx
/—ez‘”/f:l:l N/m e (1¥e ) dz (S5.4.68.10)
0 0

3T 1
= ——e“/‘r 1 __el"'/T)
4 ( YA
Using 2 = — PV and substituting (S.4.68.10) into (S.4.68.9), we have
3/2..5/2 3/2.5/2
_gVm 7'3 e gvm Ta 2/t
(2m)3/2h 16m3/2h
The first term, which we may call £2g, corresponds to a Boltzmann gas with
g =1 (see Problem 4.39), and the second term gives the first correction

gvm3/27_5/2 e
16m3/2K3

Using the fact that, for small corrections (see, for instance, Landau and
Lifshitz, Statistical Physics, Sect. 24),

(5F)7',V,N = (JQ)T,V“U.

we can write the first quantum correction to the free energy F. Using the
classical expression for g in terms of 7 and V gives the result to the same
accuracy:

Q=

(S.4.68.11)

Q=Q0p+ (S.4.68.12)

732 N2Rp?
= —_— S.4.68.13
F=Fat o an ( )
Using
pe_ (OF . (%) _Nr
~\ev), ™ v ).~V

we obtain, from (S.4.68.13),

Nr | a%2N?H

and
n3/2Kd N
w23 n
P =nr (1 + —————ngs/z 7_—-———3/2>
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where n = N/V.

b) The condition for validity of this approximation is that the first correc-
tion should be much less than unity:

h3n

a2

<1 (S.4.68.16)
(m7)

This gives the condition on the density for which (S.4.68.15) is valid:
(mt)3/?
3
It is interesting to determine the de Broglie wavelength Ags at this tem-

perature 7. We find that

n K

(S.4.68.17)

W
4B p JmT
1 (e
Mg h®

We see that this approximation is valid when the separation between par-
ticles is much larger than the de Broglie wavelength. (S.4.68.16) expresses
the same condition as for the applicability of Boltzmann statistics (which
implies exp{y/7) < 1). Since the chemical potential 4 may be written (see

Problem 4.39)
o \ 3/2
p=7ln|n (-) k3 (5.4.68.18)
mT
we see that 3
nh

(mryprz €1

4.69 Speed of Sound in Quantum Gases (MIT)

a) The Gibbs free energy G is a function of (P, 7), which do not depend on
the number of particles; i.e.,

G = Nf(P,T) (S.4.69.1)

where f(P,r) is some function of (P, 7). On the other hand,

= (%ﬁ-)m = f(P,7) (S.4.69.2)
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Therefore, p = G/N for a system consisting of identical particles, and we
may write for p:

dp=—-sdr+vdP (5.4.69.3)
where 8 = §/N and v = V/N. From (S.4.69.3) we have

oy (2
v on 8n
and we recover

(%%J)T - ;11; (g_f_l) = (g’;) (5.4.69.4)

b) The number of quantum states in the interval between p and p + dp for
a Fermi gas is

<
4mp <13pv
(27h)
where g = 2s 4+ 1. At 7 = 0,electrons fill all the states with momentum
from O to p,, so the total number of electrons N is given by

dN, =g (S.4.69.5)

Pp
v 9Vp}
pwors / p?dp = P hg (S.4.69.6)
0
For s =1/2, g =2, and
Vpl
3#2;3 (8.4.69.7)
or
pp = (372)" 2 hnts3 (S.4.69.8)
The total energy of the gas
Tp amp?d v f
E= / PP Py I /p4 dp (S.4.69.9)
(27rh) 4mm2h
0 0
_ QVPF |4 ps
T 20mn?R  10mmeRS T
Substituting p, from (S.4.69.8), we obtain
|4 5/8 N\*?
= m ( ) / h5 (V) (846910)

_ 3 2)2/3 h N 2/3N
~ 10 v
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Using the equation of state for a Fermi gas (see Problem 4.66),

2
PV = -
\%4 3E
we have
_2(E\ 1 2n2/3 B° N\*?
P=z <V) =z (3n2) 7 (8.4.69.11)
2
_ % (37r2)2/3 %ns/s
Now, using (S.4.69.11), we can calculate u?:
oP
u? = (-) (S.4.69.12)
8[) 7=0
1 /8P 2
- (5) =3
=0

Alternatively, we can use the expression obtained in (a) and the fact that,
at 7 = 0, the chemical potential u = e,. From (5.4.69.8),

2 2
_Pr _ (e 2\2/3 R 23
& = 5o = (37%) P (S.4.69.13)
and we again recover (S.4.69.12) in
2_nOK
Ut = (5.4.69.14)

_nlg 1 22/3_7_11 2/3

“man T30
¢) We can explicitly calculate the total energy of the Bose gas, which will be
defined by the particles that are outside the condensate (since the condensed
particles are in the ground state with e = 0). At a temperature below the
Bose—FEinstein condensation 7 < 75, the particles outside the condensate
(with £ > 0) are distributed according to a regular Bose distribution with

# = 0 (see Problem 4.70):

. Vvmd? (fede
- g\/i‘ﬂ_zhii ec/T — 1
The total number of particles outside the condensate N is therefore

o0 2
o _ gV(mr)®? [z dz _ T 8/
N= / av. = T2 [ S =N (¢ (S.4.69.16)
)

dN., (5.4.69.15)
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The energy of the Bose gas at 7 < 1p is

[¢,2]

E= gl\//(imw;r;/"’T / ‘i/idl”” ~ ms/;: i (S.4.69.17)
The free energy F is
F=G—PV=——PV=—§E
since G = uN and g = 0. So the pressure
P=- (2—5)7 ~ "%jrf”/z (S.4.69.18)

So we see that the pressure does not depend on the volume and

0P\ _1(0P\ _,
Op /. T m\ on - -
at 7 < 19. We could have determined the result without the above calcu-

lations since p =0 at T < 7p; the particles which are inside the condensate
(with e = 0) have no momentum and do not contribute to pressure.

4.70 Bose Condensation Critical Parameters (MIT)

a) The number of particles dV in an element of phase space is given by

d3p d¥q 1
(21rh)3 ele~m)/T — 1

N=g (8.4.70.1)

where g = 28 +1. With the usual dispersion law for an ideal gas € = p?/2m

and integrating over d3q, we find the particle distribution over energy:

Vmd?  Jfede
V2m2hdele—r)/T — 1

dN, =g (S.4.70.2)

Integrating (S.4.70.2), we obtain a formula for the total number N of par-
ticles in the gas:

00
Vmd/? Ve de
\/-2—7l'2h3 e(E—ﬂ)/T -1
0

N=g (5.4.70.3)
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Letting /7 = &, we rewrite (S.4.70.3) as

N  m¥%2 T /rde

14 \/57,-253 eT—nlT 1
0

(S.4.70.4)

(5.4.70.4) defines a parametric equation for the chemical potential p. The
decrease of volume (or temperature) will increase the value of the integral,
and therefore the value of 4 (which is always negative in Bose statistics) will
increase. The critical parameters V; or 7. correspond to the point where
1 = 0 (i.e., if you decrease the volume or temperature any further, g should
increase even further to provide a solution to (S.4.70.4), whereas it cannot
become positive). So we can write at a certain temperature:

N m3/332 oo\/idx mB/273/2

== ~ S.4.70.5
Vo YArnd)e-1" " # ( )
0
Therefore, s
NhR
Ve ——— S.4.70.6)
(mT)3/2 (
b) In two dimensions the integral (S.4.70.3) becomes

T 4
x
NNT/———e“"#/T-—l
0

and there is no Bose condensation (see Problem 4.71).

4.71 Bose Condensation (Princeton, Stony Brook)

For Bose particles, )

no e/ — 1
where 7 is the temperature in energy units. The total number of particles
in a Bose distribution is

_ |4 d®p
N= gnk = GaR)D / N C R (5.4.71.2)

Substituting dPp o pP~1 dp ox e(P~1/o(1-0)/7 de x eP/7~1 deinto the
integral gives

(S.4.71.1)

7 Dj/e-1 4 x Dfo-1 4
€77 de  pro [ %
N x / e(E"ﬂ)/T _1 X T /——ex—u/r 1 (S.4.713)
0 0
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The condition for Bose condensation to occur is that, at some particular
temperature, the chemical potential goes to zero. Then the number of
particles outside the Bose condensate will be determined by the integral

o0

D/fo~-1 d

Djo T x

N x 1 /—ez — (S.4.71.4)
0

This integral should converge since N is a given number. Expanding around

z = 0 in order to determine conditions for convergence of the integral yields

D/o—~1 d
lim [ 2 / 2P/ 4y (S.4.71.5)
z—0 0 T

~ mD/°’1|o Djo #1
In |z|[o Djec=1

So, this integral diverges at D/o < 1, and there is no Bose condensation
for this region. (For instance, in two dimensions, particles with ordinary
dispersion law E = p?/2m would not Bose-condense.) In three dimensions,
D/e =3/2 > 1, so that Bose condensation does occur.

4.72 How Hot the Sun? (Stony Brook)

(See Problem 2 of Chapter 4 in Kittel and Kroemer, Thermal Physics.) The
distribution of photons over the quantum states k with energy € = hwy
is given by Planck’s distribution ng (the Bose—FEinstein distribution with
chemical potential ¢ = 0):

1

Nk
where 7 is the temperature of the radiation which we consider equal to the

temperature of the surface of the Sun. To find the total energy, we can
replace the sum over modes by an integral over frequencies:

3, 43 2 2
de=2/dXdk _ S Vark dk‘n _ Vw® dw

= 2 g = e (S.4.72.2)

w2l
where the factor 2 accounts for the two transverse photon polarizations.
The energy of radiation de,, in an interval dw and unit volume is therefore

dN, h w®dw

VT 28 ehw/T — 1 (S.4.72.3)

de, = hw
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The total radiation energy density u = e/V over all frequencies is

(o]

[+
h w? dw ™1 [ 23dz
U= 2.3 / Fl =1 Pand / 1 (S.4.72.4)

The integral with factor 1/72 is just a number which we can take ~ 1 (in
fact it is #2/15). So
4
r

The energy flux J per a unit solid angle is
(5.4.72.6)
The flux that illuminates the Earth is proportional to the solid angle Af2
subtended by the Sun’s surface at the Earth:
mRZ
AQ = _[12_5 (S.4.72.7)
The radiant energy flux at the Earth is therefore

c 7 k3T¢ RZ
=AM N S T e

where T is the temperature of the Sun’s surface in K. Now we may estimate

T3:
4Jgh32\ 4 1 a \/?
Tsz(’—kg ) (R—)

1/4
4-014-107- (10-77)% 102\ ! 151008
- (1.4)* (10-16)* 7-101
~ 5000 K

(S.4.72.8)

1/2
) (S.4.72.9)

(The actual temperature is about 6000 K; see Problem 4.73.)

473 Radiation Force (Princeton, Moscow Phys-Tech,
MIT)

a) The total radiation flux from the Sun is

Js = oT$4nRE (8.4.73.1)
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where ois the Stefan-Boltzmann constant. Only a fraction wR%/4nd? of
this flux reaches the Earth. In equilibrium this fraction equals the total
flux radiated from the Earth at temperature Tg.So

o TRE

4
UTS47TRSZT-I'd—2

= oTp4m RS, (5.4.73.2)

From (S.4.73.2) we obtain

Tg = ,/I:d Ts ~ 290 K (5.4.73.3)

b) The radiation pressure on the Earth is given by

Pr'_3 Tsd2
4 af T:10° \?
=——567-107%. (6-10% — 4.73.
373 108067-107°- (6-10°%) <1.5.1011> (5.4.73.4)

=7-10% N/m?

where (Rg/d)? is the ratio of the total flux from the Sun to the flux that
reaches the Earth. The radiation force on the Earth

fo=PuAp = PmRL =7-107% .7 (6.4-10°)°  (S.4.73.5)
=9-10° N
where Ag is the cross section of the Earth.

c¢) For the small “chondrule” the temperature will be the same because it
depends only on the angle at which the Sun is seen and the radiation force:

fo=PA. = PrR*=7.10"%x (107%)° (S.4.73.6)
~2 1071 N~ 2.107% dyn

d) Using (S.4.73.3) and denoting the melting temperature of the metallic
particle Ty, and the distance from the Sun d¢, we obtain

Ts 1, . 4 (6000\°
= =718 == S.4.73.7
e 2Rs (Tm> 2 (1550) ( )

~5:10°m=5-10% km
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e) Let us estimate the radius 7 of a particle for which the radiation force will

equal the gravitational force at the distance of the Earth’s orbitd. Using

(8.4.73.6), we have

Msmp
42

where the particle mass my, = (4/3)7r3p, and p ~ 103 kg/m3

Par? =G

(S.4.73.8)

3 Pd® _ 3-7-107°(15-101)
T 4GMsp  4-7-10711.2.10%0.1.103

~1um (5.4.73.9)

4.74 Hot Box and Particle Creation (Boston, MIT)

a) The number of photons is

/ / (2rh)® dvegj/f,_ 1) (5.4.74.1)

where the factor 2 comes from the two polarizations of photons; p = hk =
hw/e. So,

4np? dp _ 7) arhiw? dw
(27rﬁ * (el — 1) J c3(2rh)®(ehw/T — 1)
v w? dw _ v 7 z? dz (5.4.74.2)
T w23 [ ehw/T —1 7 p2:843 ) e -1 T
0 0

3y

247 ~o2a()v
~2h—s 0. (%)

b) At low temperatures we can disregard any interaction between photons
due to the creation of electron—positron pairs. We can therefore use the
standard formula for energy flux:

J=or* (5.4.74.3)

where ¢is the Stefan—Boltzmann constant. On the other hand, by analogy
with molecular flow,

J=ze (S.4.74.4)
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where € = E/V is the energy density. So,

E= ‘-ICKUT“ (S.4.74.5)

c) Using the equation of state for a photon gas

PV = g (S.4.74.6)
and oF
P=_ (a_v), (8.4.747)
we have
E
The entropy S is then
OF 1 /0F 16V 4
=) ===} === 4.74.
S <BT>V 3(87')V 3c 7" (8:4.74.9)

d) The energy E of the system of particles + photons is

4otV
c

(S.4.74.10)

E = Nmc? + :—;-Nr-i-

The entropy of the system is the sum of the entropy of an ideal gas and
radiation. The free energy of a single-particle ideal gas with § = 0 (see
Problem 4.38) of created particles and the radiation is then

3/2
v ( mT ) } _ oy (S.4.74.11)

— 2 e
F=Nmc*—-Nrln N \ 3oz 30

Minimizing the free energy with respect to the number of particles, we have
3/2

eV [ mr

—_—|— + 78N

N (27rh2) :]

m Vo (m
r N 2mh?

0=6F=mc*SN —76Nn

(5.4.74.12)

From (S.4.74.12) we obtain

mT 3/2 2
n= (2 h2> e~me /T (S.4.74.13)
™
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This result can be immediately obtained if we consider the process as a
“chemical” reaction

or

For chemical equilibrium
By =y =0

Since, for photons, u = 0, we have

by = pid + mc? =0

where p;qis the chemical potential of an ideal gas (see part (e)). This result
gives us (S.4.74.13).

e) Pair creation and annihilation can be written in the form

y=e +et (S.4.74.14)

The chemical potential ¢ of the photon gas is zero (since the number of pho-
tons is not constant but is defined by equilibrium conditions). Therefore,
we have for process (S.4.74.14) in equilibrium:

fte + pip =0 (S.4.74.15)

where y, and pp are the chemical potentials of electrons and positrons,
respectively. If we disregard the walls of the box and assume that there are
no electrons inside the box initially, then the number of electrons equals
the number of positrons, and pe = pp = 0. We then find for the number of
electrons (positrons)

o0 oo
47p? dp 174 / p? dp
=N, = = S5.4.74.16
Ne =Np 2V/ (27Th)3 [es/f 4 1] n2h3 J e/ +1 ( )
0,

where the factor 2 comes from the double degeneracy of the electron gas
g =2s+ 1, and we set p = 0. The energy may be written

e = /m2ct + p2c?
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Disregarding the 1 in the denominator of (S.4.74.16) and expanding the
square root with respect to the small parameter p2?/m2c?, for r < mec?,
we obtain, from (S.4.74.16),

00
1% 9 Mec? p?
NG:NP:W/Z) exp [— o 1+2mgc2 dp
0

oo}

_ Vv —mec? /T d —ap?

= 7r2_h36 % /¢ dp (S.4.74.17)
0

4 —mec? /T VT - (meT)S/ze_mecz/T

- h?

= 7r2h36 10372 ﬁ

where we set o = 1/2m.7. We then find that the concentrations are

1 /meT 8/2 2
Ne = Np = -ﬁ (#) e Mec /T (S47418)
and so 32
n=ne+n, =2 (:’:;;) e~mec®/T (5.4.74.19)

Alternatively, we can take an approach similar to the one in (d). Using the
formula for the chemical potential of an ideal gas (see Problem 4.39) gives

2y 3/2 2\ 3/2
_153/_2 (ﬂ) ] =rin | (%h ) ] (S.4.74.20)
a7 m

gV \ mr
We can immediately write

Mg =Tln

e = Up =I14id+7'nec2 =0
to obtain the same result in (S.4.74.18) and (S.4.74.19).

f) For 7 > mec? the electrons are highly relativistic, and we can write
€ =c¢p in (5.4.74.16). Then

s 2 174 3 ® 2 d
Ne=N, =2 / pdp (%) /z % (8.4.74.21)
0

x2hd ] er/T 417 p25% \¢ e?+1
0

~ 1.8;;%5 <£)3 ~0.18 (é)sv
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where we have used the integral given in the problem. Finally,

3
ne = np = 0.18 (%) (5.4.74.22)

n = ne + np = 0.36 (%)3

4.75 D-Dimensional Blackbody Cavity (MIT)

For a photon gas the average number of photons per mode w is given by
1

(M= o=y (5.4.75.1)
The energy b
14 d®p hw
E= A.75.
(2rn)? / SRl — 1 (8.4.75.2)
where V is the volume of the hypercube:
dPp x pP 7 dp x P! de x WPt dw
Substituting z = hw/7 into (S.4.75.2), we obtain
D %D
ExV / -{’—i o« VrPH / 2~ de (S.4.75.3)
ehw/T — 1 e® —1
0 0
The energy density is simply
E TP d
& D41 [ T 4T D+1 S.4.75
v T /e‘”-—lou_ (S.4.75.4)

o]

For D = 3 we recover the Stefan—Boltzmann law:

gocT4

4.76 Fermi and Bose Gas Pressure (Boston)

a) Using F = E — 78 and substituting the entropy from the problem, we
obtain

F=E-} eﬁ—fl/i:’—_—l +7) In (1- e~hun!) (S.4.76.1)
? 1
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But 5
Wi
Z enw,-/'r -1 =E
k3

_ _—hwi/T
F r‘;ln@ e )

We may then find the pressure P of the gas:
BF e"hw,‘/‘r dwz‘
F=- (av) B Z PR 2 (S.4.76.2)

1 ,dw d dw;
_Zehw,/'r___l d‘;’_ Zn’ =

The isothermal work done by the gas

Therefore,

Wi

dW=PdV =~) nh doi gy (S.4.76.3)
9

dv

b) For a photon gas in a cuboid box

w;i ~ y/n2 +n2 + n % x V§/3 (S.4.76.4)

where £is a constant.

dw; 1 €& lw
= 3= 3T (S.4.76.5)
50 1E
11
== nihw =S 4.76.6
P 3T : n;hw; 3V (5.4.76.6)

The same is true for a relativistic Fermi gas with dispersion law E = cp.

¢) For a nonrelativistic Fermi gas the energy is

ﬁz 71'2 7
huwi = (n2 +nj +nl) 5+ x 7375 (S.4.76.7)
where 7 is a constant. So,
dwi — 2 n _ 2w¢
dv 3Vs3 . 3V (5.4.76.8)
and .
=3V A4.76.
3V (5.4.76.9)

This result was already obtained directly in Problem 4.66 (see (S5.4.66.8)).
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4.77 Blackbody Radiation and Early Universe (Stony
Brook)

a) By definition the free energy

F=_—r ane's"/T
n

= —T lnz (e—hw/'r)n — (:l__e;—hw/'r) (S.4.77.1)

=r7ln (1 - e"h“’/")

b) The entropy is then

OF —hw/ hwrehw/T
=_[22) == — e hw/T ———(8.4.77.2
S (BT)V ln(l e )+7—2(1—e—’“"/7)( )
hw 1
— _ p—hw/T pted
- ln(l € )+'reh“’/7—1
The energy of the system
hw
E=F+185= M (S.4.77.3)
Alternatively, the entropy can be found from
L (%F
IRCEN
or B .
s=[F
o
i
where 7 can be expressed from (S.4.77.3) as
1_In(l+Aw/EB) (S.4.77.4)

hw

<

So,

E E
_ 1 ’ ) _ 1 [ap £ S.4.77
0 0
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where we let § = hw. Performing the integral gives

s=§O/EdE’ RESEIE)
o E)u(-5)- Jo(5) ()

1+E/¢ E/¢
= dz Inz ~ /dm Inz (5.4.77.6)
1 0

= mlnw]i“’vﬁ —~E/¢ — :Jslnzvlf/E +E/¢

=(1+E/§)In(1+ E/§) - (E/€) In(E/£)

Substituting the energy for this mode E = kw (n), we recover the entropy
in the form

S=(14+(n))In(1+(n))—(n)In(n) (5.4.77.7)

4.78 Photon Gas (Stony Brook)

The photon gas is a Bose gas (s = 0) with zero chemical potential (g = 0),
leading to Planck’s distribution:

1

m (S.4.78- 1)

(ne) =

Replacing the sum over different modes by an integral in spherical coordi-
nates, we may write, for the number of quantum states in a volume V,

v as Vinp? dp

==F . (S.4.78.2)

(2mh) (27h)

Substituting p = hw/c into (S.4.78.2) and taking into account the two
possible transverse polarizations of photons, we obtain

_ Vw?dw

dn = (8.4.78.3)

m2c3
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Let us calculate the Helmholtz free energy F. For a Bose gas with u = 0,
the grand thermodynamic potential §2 is given by

Q=rY In (1 - e"sk/r) (5.4.78.4)
k

The free energy F would coincide with € (since F = Ny + Q = Q). Again
replacing the sum by an integral in (S.4.78.4) and substituting § = hw/7
yield

< 2
F = 'r/ln (1 - e_h“’/T) _____V:thsiw
]
V oo}
T —~hw/T
= m/wzln (1*e heo/ ) dw (S.4.78.5)
o]

Integrating by parts gives

L[galn(l—e 6| - fee f} (5.4.78.6)

"~ 3m2c3h3 1-e§
0
_ VT4 i 63 d{ _ VT4
T3n2c3Rd ) e -1 3n2e3R°
0
where o
= [EE_ T
e€—-1 15

although we really do not need this, and so

F=—aVr*

with o a positive constant. The pressure P of the photon gas is

oF 4
=—{ =) = S.4.78.7
P <3V>T ar ( )
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The entropy S of the gas is given by

S=- (@) = 4aV7? (S.4.78.8)
or /vy

The energy E may now be found from
E=F+4+718=-aVrt+4aVr* = 3aVr* = -3F (5.4.78.9)

Comparing (S.4.78.7) and (S.4.78.9) gives

pv=E (5.4.78.10)

3
Note that this result is the same as for an ultrarelativistic electron gas
(which has the same dispersion law E = pc¢; see Problem 4.67). The total
number of photons is given by

[o.]
1% w? dw
New = =55 / R R (5.4.78.11)

]

[o ]

\%a z? dz
= _ | 1 —gVys8

7T203h3 / et — 1 ,B T
0

where we let

1 Te?d
z¢ dz
A= r2c3h3 / er —1
0
Comparing (S.4.78.9)—(S.4.78.10) with (S.4.78.11), we can write

PV = % nT (5.4.78.12)

So, similar to the classical ideal gas, we have PV/T = const.

4.79 Dark Matter (Rutgers)

a) The virial theorem may be written relating the average kinetic energy,
(T}, and the forces between particles (see Sect. 3.4 of Goldstein, Classical

Mechanics):
1
(T> = —5 < E Fi -I'i>
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For an inverse square law force (gravitation), the average kinetic energy
(T) and potential energy (U) are related as

(T)=~5 () (5.4.79.1)

For a very rough estimate of the gravitational potential energy of Draco,
consider the energy of a sphere of uniform density p(0) and radius rq:

{U)=- 7) G%’.’rsp(o)47rr2p(0) dr

. (5.4.79.2)
0
_ 16w2Gp(0)r§
B 15
The average kinetic energy may be approximated by
4:03,(0)02
(T) = ————3M°g( o (5.4.79.3)
Substituting (S.4.79.2) and (S.4.79.3) into (S5.4.79.1), we find
4.3 2 2 2,5
3mop(0)0” 1/ 16m°Gp(0)*rg 4
= (5.4.79.4)

a? ~ Gp(0)r3

b) If most of the mass of Draco is in massive neutrinos, we may estimate
the energy by considering the energy of a uniform distribution of fermions
in a box of volume V. The energy of such a fermionic gas has been found
in Problem 4.66:

B2 /N 2/3
E= 1% (3r2)*/° ~ (7) N (5.4.79.5)

Rewriting (S.4.79.5) in terms of density and volume gives

R2p23V K253V
E~ i =t (5.4.79.6)

If the mass of the neutrino is too low, in order to maintain the observed
density, the number density would increase, and the Pauli principle would
require the kinetic energy to increase. So, in (S.4.79.6), the energy increases
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as the mass of the neutrino decreases. Equating the kinetic energy from
(a) with (5.4.79.6), we see

ﬁ3p5/3V
m8/3

m> (M)

Vo(0)o? ~ (S.4.79.7)
o3

c¢) Substituting (S.4.79.4) into (S.4.79.7), we determine that

1302 B\
" (—Grgos) - (—Grg;)
N (1.06)3 - 10-102 AT
~\6.7-10-11(150-3.3-9.5)2- 10%0-10- 105/  1.8-10-36
~ 300 eV/c?

1/4

ev/c?

This value is at least an order of magnitude larger than any experimental
results for neutrino masses, implying that the model does not explain the
manner in which Draco is held together (see also D. W. Sciama, Modern
Cosmology and the Dark Matter Problem).

4.80 Einstein Coefficients (Stony Brook)

a) At equilibrium the rates of excitation out of and back to state 1 should
be equal, so

(gi_lyl) _ (%) + (%) (S.4.80.1)
dt abs dt spon dt abs

Substituting (P.4.80.1), (P.4.80.2), and (P.4.80.3) into (S.4.80.1) gives

—B1aNip(v) = — [A21 + Ba1p(v)] No (S.4.80.2)
We may find the ratio of the populations from (S.4.80.2) to be
N _ __Buap) (S.4.80.3)

N1~ Asi+ Bap(v)
b) At thermal equilibrium the population of the upper state should be

smaller than that of the lower state by the Boltzmann factor e=**/7, so
(S.4.80.3) gives
e—hwir — _ Buelr) (S.4.80.4)

"~ Ag1 + By1p(v)
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Substituting the radiation density p(v) into (S.4.80.4) gives

8rhy® ehv/T Sthy® 1
~hv/ L 2 L i
Agre~ /T 4 By, 3 ohoir _ 1 = By, = m (84805)
or 3 3 v/
A 8mh 1 By, 87h viT
An L. = Sn STV € (S.4.80.6)
By, 3 etv/T 1 By B3 e/t -1

The ratios of coefficients may be found by considering (S.4.80.6) for extreme
values of v since it must be true for all values of v. For very large values of

v, we have
An _ By $mhu?

B = By (S.4.80.7)
Substituting (S.4.80.7) back into (S.4.80.6) yields
By, 8mthy® 8tho® 1
By & vy — (S.4.80.8)
_ EES‘/rhiﬁ ehv/T
- B21 c3 ehu/r —1
or by
Bys e"’T 1
—=(1- = - .4.80.
By, < ehv/T _ 1) ehv/t _ 1 (S 80 9)
which immediately yields
By
— =1 S.4.80.10
Bar ( )
and so, from (S.4.80.7),
A21 87I'hl/3
—_— = S.4.80.11
321 C3 ( )

c¢) Inspection of (S.4.80.11) shows that the ratio of the spontaneous emission
rate to the stimulated emission rate grows as the cube of the frequency,
which makes it more difficult to create the population inversion necessary
for laser action. The pump power would therefore scale as (1/A)°.

4.81 Atomic Paramagnetism (Rutgers, Boston)
a) The energy associated with the magnetic field is
em=—p -H=gugJ -Hz = gupHm (S.4.81.1)

where m is an integer varying in the range —J <m < J.
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b) From (S5.4.81.1) we may find the partition function Z:

J J J
Z= Y eemlm= Y gmonsH/r o K7 gmme (5.4.81.2)

m=—J m=—J m=-—J

where wedefine = gug H/7. The sum (S.4.81.2) may be easily calculated:

J
7 = Z e~ — o—Jz (1 +eS 4.+ e(2J-1)= +e2Jm)
m=—J
1— 6(2.7-{-1):1: e(J+1/2)a: _ e—(J+1/2)a:
— o—J2 —
=e T = Y gy (S.4.81.3)
_ sinh(J + %) z
sinh §
The mean magnetic moment per dipole {u) is given by
8nZ 106Z T 0zdZ
N — = e = e S.4.81.
W) =T5H = ZoH ~ 75K ow (S4.81.4)

_ T giB (J + %) cosh(.] + %) zsinh 3 — %sinh(.] + %) T cosh
Z T sinh?

z
2
1 1 1 z
= guB [(J—i— 5) coth(J+ -2-) x— icoth 5]

Since the atoms do not interact,

M = N{u) (S.4.81.5)

1 1 1 T
= Ng/.LB [(J+ 5) coth(J+ 5) x— ECOthE]

For J=1/2,
_ gusH 1 iy 9#BH
M = Ngugp [coth - 5 coth o ] (S.4.81.6)
1 gusH
= 2Ng,u.B tanh o
This result can be obtained directly from (S.4.81.3) and (S.4.81.4):
1/2 .
= “™m% = 2cosh - S.4.81.
Zy/s Z e cosh 7 (5.4.81.7)

m=—1/2
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ForJ=1,
Z =1+2coshz (S.4.81.8)
2sinhx
M= —_
Ngug 1T 2cosh3 (S.4.81.9)

¢) For large H the magnetization saturates (cothz — 1, £ — 00):

1
Mo = Nopg [(J+ 2 ) coth(J 4 L) 2#8H _ 1 oy 1opnH
2 2 T 2 2

~ NgusJ (8.4.81.10)

It is convenient to define the so-called Brillouin function By(z) [Brillouin,
Journal de Physique 8, 74 (1927)] in such a way that

M= MsatBJ(y) = NgNBJBJ(y)

So,
1 1\ gupH 1 Yy
=(14 — h = - — ——
B;(y) <+2J)cot (J+2) —Y 2Jcoth2J
y=Jz
For small H, H — 0, we can expand coth z:
coth ——1-+£—m—3+-
TEZTI T
So,
1 1 (J+Yz| 172 =
M~NguB{<J+§>[(J+%)m+ 3 5lz1s
=N FFRARNSIE. (S.4.81.11)
= NguB 3 il3 .4.81.
2,2 J 22H
=N9NBH(J2+J)=NJ( + 1)g*ug
3T 3r

The saturation value (S.4.81.10) corresponds to a classical dipole gusJ per
atom, where all the dipoles are aligned along the direction of H, whereas the
value at small magnetic field H (S.4.81.11) reflects a competition between
order (H) and disorder (7).
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4.82 Paramagnetism at High Temperature (Boston)

a) The specific heat ¢ of a system that has N energy states is given by

N
3 Epe En/7
c %g aa "=N (S.4.82.1)
T T $° e=En/r
n=1
Using 1/ = 3, we may rewrite ¢
ZEne"ﬂEﬂ
_ﬂ2 n=1
s
20 [0 (S mom || 2 g2 0 1 (5 oot
i { a-ln(;e - on ()
N
agz n(Zl BE, + ﬁ2E2) (S.4.82.2)
n=1
N 2
_ﬂzwln( 2ﬂ <€2>)
2
_ﬂzb—ﬁ-gln(l Ble) + ﬂ< >)

w2 (a0 + G- )

- () =%

where we have used In(1 +z) ~ = — z2/2. Note that, in general, the param-
eter BE, is not small (since it is proportional to the number of particles),
but, subsequently, we obtain another parameter fe < 1.

b) For a classical paramagnetic solid:
e(0) = —uHcosf = —pHz (-1<2<1)

{e) =0
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and we have

1
o? = / (uHz)? %z- = %;PH? (5.4.82.3)
=1

where dz/2is the probability density. Therefore,

N 1/-"2H2
¥ 352

(5.4.82.4)
For the quantum mechanical case, (¢} = 0; there is an equidistant energy
spectrum: E,, = —gugHm (see Problem 4.81) and

J

1 2R H? <
2 2_9FB 2
0= o5y =_S__J(——guBHm) = E_Jm (5.4.82.5)

J
To calculate 3" m?, we can use the following trick (assuming J integer):

m=-J
N
(N+1P =3 [+1)° - n?] (5.4.82.6)
n=0
N N N
=Y (3n*+3n+1)=3Y n*+3Y n+(N+1)
n=0 n=0 n=0
From (S.4.82.6) we have
N 1 N
Y= |(N+1)°-3) n-(N+1) (S.4.82.7)
n=0 3 n=

With the familiar sum

we arrive at

i n? = % [(N +1)% - 3—{(—1\27+—1) — (N + 1)] (S.4.82.8)

N(N +1)(2N +1)
6

:é(N+1) [2N? +4N +2-3N -2] =



202 SOLUTIONS

We wish to perform the sum from —J to J, so

J J
Z, m2:22m2=J(.]+1)(2J+1)
3
m=—J m=1

and (S.4.82.5) gives

L ) (S.4.82.9)
2,2 72
‘= J(J + ;)s; ppH (S.4.82.10)
T
¢) ForJ=1/2,
1/2
S et
m:—1/2
and
2 2
g usH
= Lt (S.4.82.11)

As in Problem 4.81 for J = 1/2:

Z(B) = 2cosh — = 2cosh =—— gkt = 2cosh By (S.4.82.12)
2T

where y = gugH. We then find

c_526_3_[}_21:1 (2cosh ﬁy) 555 [%]

By\* 1
_ (_) LI (S.4.82.13)
2) cosh®(By/2)
_ B*gPuiH? 1
B 4 cosh®(BgusH/2)

For 7 — o0, 8 — 0,

on ,3292H}23H2 _ g2N2BH2

4 472

which coincides with (S.4.82.11).
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4.83 One-Dimensional Ising Model (Tennessee)

a) The partition function is defined as

N
z=]] 3 e#* (S.4.83.1)

n=1s,=x%+1

where the product is taken over the n sites. Define K = 8J where 8 = 1 / T.
Start by evaluating the sum at one end, say for » = 1. The answer is
independent of the value of sg = £1:

Z e~ Ksis2 _ K | K (5.4.83.2)
81=ﬂ:1

Next we evaluate the sum over sz, which is also independent of the value
of s3:

Z e~ K283 — K 4 —K (S.4.83.3)
82=:i:1

Z = (X 4 e K)N (S.4.83.4)

So each summation over s, gives the identical factor e* 4+ e~¥, and Z is
the product of N such factors.

b) The heat capacity per spin is obtained using thermodynamic identities.
The partition function is related to the free energy F:

F=-rInZ=~-Nrln(e¥ +e¥) (S.4.83.5)
The entropy is given by
s=-2% _Nn (e +e7¥) - N anh K (S.4.83.6)
or T2

Now, the heat capacity C is given by

0S8 NJZ 1 NK?
=rl =) = = 5.4.83.7
C=r (67') 72 cosh’K  cosh’ K ( )
The heat capacity per spin c is
K2
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4.84 Three Ising Spins (Tennessee)

a) Define K = J and f = BF where 8 = 1/r. The definition of the

partition function is
3
z=1] ) ## (S.4.84.1)

n=1s,=%1
A direct calculation gives
Z = 2¢*® cosh3f + 6e~% cosh f (S.4.84.2)
b) The average value of spin is
<s>:_lilnz=—3(eaKsinh3f+e—Ksinhf) (S.4.84.3)
T 7 4.84.
¢) The internal energy is
2 6J sk -K
€= —JE—E InZ = 7 (€™ cosh3f — e~ cosh f) (5.4.84.4)

4.85 N Independent Spins (Tennessee)

a) The partition function is given by

N
z=1] > e (5.4.85.1)
n=1g,=%1

where £ = SuH. Each spin is independent, so one has the same result as
for one spin, but raised to the Nth power

Z = (ef +e &N (S5.4.85.2)

b) The internal energy is the derivative of In Z with respect to (:

€= _b InZ = —NupH tanh € (S.4.85.3)

op

¢) The entropy is derivative of  In Z with respect to 7:

S = %Tlnz = Nlln(e + e7¢) — ¢ tanh¢] (S.4.85.4)
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4.86 N Independent Spins, Revisited (Tennessee)

We use the expression S = Inw where w is the probability of the arrange-
ment of spins. For N spins we assume that Ny are up and Ny are down,
where N = N, + Ny. The different arrangements are

N!

Y= S (5.4.86.1)
Ny = Mi;;ﬁ (5.4.86.2)
Ny = NN—(12_—f) (S.4.86.3)
Use Stirling’s approximation for the factorial to obtain
S=lnw=NIlnN - NyInN, — NgIn Ny (S.4.86.4)

4.87 Ferromagnetism (Maryland, MIT)

Using the mean field approximation, we may write the magnetization M of
the lattice as (see Problem 4.81)

M=nu tanh(—l%@) (S.4.87.1)

where n is the density of the spins and Beg is the sum of the imposed field
and the field at spin o; produced by the neighboring spins:

Beg = B+ AM (S.4.87.2)

where )\ is a constant. We may rewrite (S.4.87.1) as

M
M = nptanh #(L-:é——) (5.4.87.3)
The susceptibility x is given by
2 oM
X = . e ar:): (S.4.87.4)
0B cosh®[u(B+ A\M) /7] T
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For B and M small we may rearrange (S.4.87.4), yielding

2 2
_ o/t np
T 1o/t T (S.4.87.5)

X

where 7. = Anu?. The divergence of x at T = 7. indicates the onset of
ferromagnetism. The spins will align spontaneously in the absence of an
applied magnetic field at this temperature.

4.88 Spin Waves in Ferromagnets (Princeton,
Colorado)

Quantum spins have the commutation relations

[82,8y] =18, (S.4.88.1)
(8y,85] = i3, (5.4.88.2)
[82,8y] =18y (5.4.88.3)

a) The time dependences of the spins are given by the equations of motion:

0 .
E;Si = Z[H, Si] (54884)
15} .
asm' = —3J Z[sm-szj + 8yi8y; + 82545, Sxi) (S.4.88.5)
J

=JY {8yi82j — 824845}
i
= ﬁsi =Jsix Y _s; (S.4.88.6)
ot - 7

b) The classical spin field at point r; is s(r;,t). In the simple cubic lattice
the six neighboring lattice sites are at the points r; = r; £ aj, where j is
%X,¥, or z. We expand the sum in a Taylor series, assuming that a is a small
number, and find

> s(r;,t) = 6s(ri, t) + a’V?s(r;, t) + O(a*) (S.4.88.7)
J

%s(r, t) = Ja®s(r,t) x V2s(r;,t) (S.4.88.8)



THERMODYNAMICS AND STATISTICAL PHYSICS 207

¢) Given the form of the spin operator in part (c), one immediately derives
the equation by neglecting terms of order O(m3):

]
—my(t) = —J(ka)>M x my S.4.88.9
ot
a’;"’” = —wymoy (5.4.88.10)
am,
at"y = WKMoz (S.4.88.11)
wg = J(ka)®M (S.4.88.12)

The equations of motion have an eigenvalue wg, which represents the fre-
quencies of the spin waves.

d) The internal energy per unit volume of the spin waves is given by

A3k hwy,

where the occupation number is suitable for bosons. At low temperature
we can evaluate this expression by defining the dimensionless variable s =
Bhwy, which gives for the integral

80

_ 1 (7)5/2 $3/2ds
€= 42 (nJazM)a/z _/ s — 1 (5.4.88.14)
0

At low temperature the upper limit of the integral so becomes large, and the
internal energy is proportional to 75/2. The heat capacity is the derivative
of &€ with respect to temperature, so it goes as C' ~ 73/2,

Fluctuations

4.89 Magnetization Fluctuation (Stony Brook)

The energy of a dipole in a magnetic field &, may be written
Em = TuH

The partition function Z is simply

Z=etPm e rHIT = 2cosh($) (S.4.89.1)
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Since the moments are all independent, we may express the average mag-
netization (M) as

(M) =N (1) = Nr a;zz = Nptanh(-‘if-> (S.4.89.2)

On the other hand,

(M) — (M)* = (M - (M))?)

N N
= < {Z (i — <ﬂi>)] [Z (nj — (w))} > (S.4.89.3)
i=1 j=1

N
= Z (s = (pa)) (g = (15)))

For 1 # j, the ensemble averages are independent, and

N N
S = ) g = ))) = D (s = ()M g = )

iAj=1 i#j=1
N
Z Y({s) — (u3)) =0

We are left with ¢ = 7, so (5.4.89.2) and (S5.4.89.3) give

(M?) - (M)* XNI(O»;) (m) (S.4.89.4)

i=1

H 1
=N |2 = 42t hz(ﬁ_)]zN 2 4L
[M ptan T # cosh?(uH/T)

We then obtain

(M%) — (M) Ry
(M) "~ cosh(uH/7) Nutanh(uH/1)
1
~ V/Nsinh(uH/7)

(5.4.89.5)
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490 Gas Fluctuations (Moscow Phys-Tech)

a) We can disregard any particles from the high-vacuum part of the setup
and consider the problem of molecular flow from the ballast volume into
the vacuum chamber. The number of particles was calculated in Problem
4.14:

N= #A At (S.4.90.1)
where n is the particle concentration and (v) is the average velocity. Ex-
pressing n via the pressure P and using (see Problem 4.13)

81
(’U) = ;_E (S.4.90.2)
we obtain
P (v)A At PAAt

N = = S.4.90.3
47 V2rmT ( )

PAN At 1071.1073.107%.6.02-10%%.107% _ . 1

V2ruRT V2r - 0.004 - 8.31 - 293

b) At the given pressure the molecules are in the Knudsen regime, the mean
free path A > A'/2. Therefore, we can assume that the molecular distribu-
tion will not change and N can be obtained from the Poisson distribution.
The mean fluctuation (see Problem 4.94)

(AN?) = (N) ~ 8- 10" (S.4.90.4)
The mean relative fluctuation is given by

/ ]

<(?V1>V ) - <1N) ~ 1078 (S.4.90.5)

c) The probability of finding N particles as a result of one of the measure-
ments, according to the Poisson distribution (see Problem 4.35), is

_ Y
Therefore, the probability of counting zero particles in 1 ms is
w(0) = e~ ~ exp [-8 - 10"] (8.4.90.7)

an exceedingly small number. This problem is published in Kozel, S. M.,
Rashba, E. 1., and Slavatinskii, S. A., Problems of the Moscow Institute of
Physics and Technology.
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491 Quivering Mirror (MIT, Rutgers, Stony Brook)

a) When the mirror is in thermal equilibrium with gas in the chamber, one
may again invoke the equipartition theorem and state that there is (1/2)r
of energy in the rotational degree of freedom of the torsional pendulum,

where the torque is given by 7 = —D#. The mean square fluctuation in the
angle would then be given by (see Chapter 13, Fluctuations, in Pathria)
1 .0 1
<—2~D9 > =37 (S.4.91.1)
So,
ksT
62) = — = B2 S.4.91.2
(== (54912
Now, Avogadro’s number N4 = R/kg, and we obtain
31-107 .28
Ny= R RT 831-10 287 _ 091028 (S.4.91.3)

ks D(0%) 9.43-10-°-4.20-10-6

b) Even if the gas density were reduced in the chamber, the mean square
fluctuation (02> would not change. However, in order to determine whether
individual fluctuations might have larger amplitudes, we cannot rely on the
equipartition theorem. We instead will examine the fluctuations in the
frequency domain. (62) may be written

(6%) = / w(f) df (5.4.91.4)
0

where w(f) isthe power spectral density of 6. At high gas density, w(f)is
broader and smaller in amplitude, while the integral remains constant. This
corresponds to more frequent collisions and smaller amplitudes, whereas,
at low density, w(f) is more peaked around the natural frequency of the
torsional pendulum /D/I, where [ is its moment of inertia, still keeping
the integral constant. It then appears that by reducing the density of the
gas we actually increase the amplitude of fluctuations!

4.92 Isothermal Compressibility and Mean Square
Fluctuation (Stony Brook)

a) Let us use the Jacobian transformation for thermodynamic variables:

1 (W)T,N_ 1 8(V,N)/8(V,u) 1 (6N)V 8(V, )

V\oP), y VO&PN)/V,u) V\béu/),d(PN)

Kr = —



THERMODYNAMICS AND STATISTICAL PHYSICS 211

- (%), (7)., (), - ()., (), ]

Since the chemical potential # is expressed in P,7 and does not depend on
N, we can write

dy=—-sdr+vdP (S.4.92.1)

where s = §/N andv = V/N are reduced entropy and volume respectively.
Using the equation for the Gibbs free energy of a single-component system,
G = pN, we can write

_1 (N oa f’ﬁ) _1 (N ou\*®
=v\ou),,0NoP \3P )y ~V \ou ), \8P),.

where we also used V = (8G/8P),. Butfrom (S.4.92.1),

wy _,_V
9P )y, N

. _1l(oN (z>2_1 ﬂ)
T VA\éu/)y,\N/  N*\du/y,

b) By definition the average number of particles in the grand canonical
ensemble is
<N> = ST ENeuN/T Z e~ Bnn/T
N n
where Q = F — uN. Now, from (a),

v ("’JX
Ky = N2 a“ Vir

where N is an average number of particles:

So finally

9(N) _ gy N? N/v N —Ean/r, 109
AL = YT —_— n —— (N) (5.4.92.2
) _ 52 e o= 4 22 () (a0

_1iey anz
=~ (v -v?)
where we have used (N) = —9§/0u. So

__V (NN
(T

T (5.4.92.3)

T

V {(AN)?)
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From (S5.4.92.3)

and

Since V is proportional to (N},

((AN)*) o (N)

The relative fluctuation is given by
((An)?) 1
(N) vN

493 Energy Fluctuation in Canonical Ensemble
(Colorado, Stony Brook)

First solution: For a canonical ensemble:

S edemen/”

2

8z
2y n — 98
(E*) = ST = (5.4.93.1)
n
where 8 = 1/7. On the other hand,
Z Ene_ﬁE" %_g
(B)= trp—=-"7 (5.4.93.2)
Differentiating (S.4.93.2), we obtain
8(E) 1822 1 [0Z\°
B e S.4.93.3
Je] Z op2 72 <8ﬂ ( )
By inspecting (S.4.93.1)—(S.4.93.3), we find that
_‘%ﬁﬂ = (E*) - (B)* (S.4.93.4)

Now, the heat capacity at constant volume, C,, is given by
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Therefore, comparing (S.4.93.4) and (S.4.93.5), we deduce that, at constant
volume,

(B*) - (E)* =1%C, (5.4.93.6)
or in standard units
(B*) - (B)" = ksT?C, (5.4.93.7)
Since
(B?%) (B = ((BE-(B)) 2 0
then

Cy, >0

Second solution: A more general approach may be followed which is appli-
cable to other problems. Because the probability w of finding that the value
of a certain quantity X deviates from its average value (X) is proportional
to e5(X—(X)) and denoting z = X — (X), we can write

w(z) dz ~ 5 dz (5.4.93.8)

Note that (z) = 0. The entropy has a maximum at z = 0. Expanding
S(z), we obtain

T
S(z) = S(0) - 2
where
sl _ g
9z? |0
so A > 0. The probability distribution
1 2
w(z) dz = ——e~* /2 dz S.4.93.9
(%) V21N ( )
(z?) = A, 50
w(z) dz = 1 ex ( ~a? ) dz (S.4.93.10)
= T ) p D) 4.
If we have several variables,
TiTk
- S$.4.93.11
w x exp ( 2 m) ( )

If the fluctuations of two variables z;, x are statistically independent,

(zizk) = (T} (ze) =0
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The converse is also true: If (z;zx) = 0, the variables z; and zj are statis-
tically independent. Now for a closed system we can write

w o e%0 o eA50 (5.4.93.12)

where Sy is the total entropy of the system and ASjyis the entropy change
due to the fluctuation. On the other hand,

Wmin

ASy = — (5.4.93.13)

where Wy, is the minimum work to change reversibly the thermodynamic
variables of a small part of a system (the rest of the system works as a heat
bath), and 7 is the average temperature of the system (and therefore the
temperature of the heat bath). Hence,

w o e—Wm‘m/TO

However,
Woin = AE —7AS+ PAV (5.4.93.14)

where AF, AS, and AV are changes of a small part of a system due to
fluctuations and 7, P are the average temperature and pressure. So,

(S.4.93.15)

AE—TAS-{-PAV)

wocexp(— =

Expanding AE (for small fluctuations) gives

OE OE
AE = 22 AS + 25 AV (S.4.93.16)

0%E 8%E 52 2
+= [ =7 (AS) + 2500 AS AV + 2 (AV)]

Substituting (S.4.93.16) into (S.4.93.14), we obtain

0*E 2 0°FE 1 92
W) (AS)* + asaVAS AV + = 3577 (AV)?

OF OF
AS A (as) 4= AV A (av) (S.4.93.17)

1
Wmin - 5 <

(AS At — AP AV)

l\Jl'—‘
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where we used

So, finally

AP AV — Ar AS)

o (5.4.93.18)

wocexp(

Using V and 7 as independent variables we have

AS:(ﬁ) AT +<BS) AV:%A7+(2€) AV
v

or 1% or
P oP
AP = (—87) AT + (BV) AV (5.4.93.19)

Substituting (S.4.93.19) into (S5.4.93.18), we see that the cross terms with
AV Ar cancel (which means that the fluctuations of volume and temper-
ature are statistically independent, {AV - A7) = 0):

w X exp { (?ﬂ) (AV)2 C, (AT) } (5.4.93.20)

1% 27 272

Comparing (S.4.93.20) with (S.4.93.10), we find that the fluctuations of
volume and temperature are given by

< AV) > =—r (Zg) (S.4.93.21)

(i) 5

To find the energy fluctuation, we can expand AE:

OF 0F
AFE = (57) AV + (37')V AT

- [ (%f) —P] AV +C, A7 (5.4.93.22)

((a8) = (8% -

=[ (;)V Pr (AV)? +c§<(Ar)2>
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where we used (AV - A1) = 0. Substituting <(AV)2> and <(A7-)2> from
(5.4.93.21), we obtain a more general formula for <(AE)2>:

<(AE)2> =7 [7— (%;)V - P] 2 (g—g)T +Cyr? (S.4.93.23)

At constant volume (S.4.93.23) becomes
((AEY) = Cyr?

the same as before.

494 Number Fluctuations (Colorado (a,b), Moscow
Phys-Tech (¢))

a) Using the formula derived in Problem 4.92, we have

(%":))T _ % ((N2> - (N)z) (S.4.94.1)

Consider an assortment of n, particles which are in the kth quantum state.
They are statistically independent of the other particles in the gas; therefore
we can apply (S.4.94.1) in the form

3(%))
Any)? =r<——— S.4.94.2
((ang)?) ). ( )
For a Fermi gas
1
) = o1 (S.4.94.3)
So, by (5.4.94.2),
(ee~p)/T
(And) = — (S.4.94.4)

[elex—w/ +1]*

_ [_1____] [1_;(—1— = (ng) (1 - (ng))

elex—p}/7 41 ex—m)/T 4 1



THERMODYNAMICS AND STATISTICAL PHYSICS 217

Similarly, for a Bose gas

(nk) = -e(e—k_‘j,,—_l (5.4.94.5)
we have
(Ang)g = (k) (14 (nx)) (S.4.94.6)

b) First solution: Since a classical ideal gas is a limiting case of both Fermi
and Bose gases at (ng) < 1, we get, from (S.4.94.3) or (S.4.94.6),

(n}) = (ng) (S.4.94.7)

Alternatively, we can take the distribution function for an ideal classical
gas,
(ny) = elB=ex)/™

and use (S.4.94.2) to get the same result. Since all the numbers nj of
particles in each state are statistically independent, we can write

<(AN)2> =y <(Ank)2> =Y () = (V) (S.4.94.8)
k k

Second solution: In Problem 4.93 we derived the volume fluctuation

((avy) = (g%) (5.4.94.9)

This gives the fluctuation of a system containing N particles. If we divide
(5.4.94.9)by N2, we find the fluctuation of the volume per particle:

<<A%>2> = —}% (%)T (5.4.94.10)

This fluctuation should not depend on which is constant, the volume or
the number of particles. If we consider that the volume in (S5.4.94.10) is

constant, then

1% 1 1%
YV _val__Y 4.94.11
Ay =VAg = -75AN (S.4.94.11)

Substituting (S.4.94.11) into (S.4.94.10) gives

<(AN)2> = —Tg\Qz (g—;) (5.4.94.12)
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Using the equation for an ideal gas, V = (N} t/P, in (5.4.94.12), we obtain

<(AN)2> = Tgy Up; = (N) (S.4.94.13)

Third solution: Use the Poisson distribution, which does not require that
the fluctuations be small:

N o—=(N)
wy = (ﬂ>Ne‘_ (5.4.94.14)
The average square number of particles is
= (MYN
20 = e (V)
(N? Z Niwy =€ Z (N -1)!
N=0 N=1
[e ] N o)
=e (M Z _N) (S.4.94.15)
=e .4.94.
N=2 (N_2 N=1 1)!
— () i ()2 (V)N o= () Z (V) (M — (NY2 4 (N)
° (N -2 T

N=2
Thus we recover (S.4.94.8) again:
((ANY) = (N)
c) Again we will use (S5.4.94.1):

Since the gas is strongly degenerate, 7 < €, we canuse g =&, and 7 =0
(see Problem 4.66):

2 2/3
2/3 B (N
H=Eg = (37’(‘2) ;n' ("-/—> (849416)
Then
T V23

I

(S.4.94.17)
2/3 K2
(37r2) / 2h_N 1/3

(b

) .

8(N) T=0

3mrV2BN3 313,y (N\Y3
(37T2)2/3h2 - 774/3h2 <1_/">
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495 Wiggling Wire (Princeton)

First solution: Consider the midpoint of the wire P fixed at points A and B
(see Figure S.4.95). let s be the deviation of the wire from the line segment
AB. Then, in equilibrium, the wire will consist of segments AP’ and P’B.
To find (.92}, we will have to find the minimum work Wy, to change the
shape of the wire from APB to AP’'B:

L\? L
Woin = f AL = 2f (5) e (5.4.95.1)
2 2
22(1,/2) L
PI

s

A P B
Figure S.4.95

Using a standard formula for the probability of fluctuation (see Problem
4.93),

w ox e~ Wmin/T (S.4.95.2)
we obtain
2fs? 52
- | = _ S.4.95.3
wocexp( LT) exp( 2(32)> ( )
So,
2y = i 5.4.95.4
(%)= % (84954
. 1 /7L
rms — 2 f

This answer can be easily generalized for an arbitrary point z along the
wire (see Landau and Lifshitz, Statistical Physics, Sect. 112):

(%) = % (L - z) (S.4.95.5)
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Second solution: We solve the equation of motion for the wire (see deriva-
tion in Problem 1.46, Part I). For the boundary conditions s(z,t)|,_, =
s(z,t)|,., = 0, we have modes:

sn(z,t) = sin (wpz/c) (A, cOsw,t + By, sinwyt) (5.4.95.6)

with w, = ¢k, = enn/L, for n = 0,1,..., where ¢ is the phase velocity,
¢ = 4/ f/p. Taking for simplicity

8n, = Apsin (nwz/L) cos wyt (5.4.95.7)

we can find the average kinetic and potential energy in each mode:

L
(V) = (K,) = <%/psz dx>

0

L
2
<%/pw,2l sinZ(nLﬂ) sin’(wpt) dx> Pn LA2 (S.4.95.8)

0

pc2n27r2A2 _ f’n,27'l'2A2
8L n 8L "
The total energy in each mode is

Ep = (V) + (Kn) = =7 (5.4.95.9)

The fluctuation of the wire is given by
(s?) = Zn: (s2) = }: 42 (sin? (*1F) cosPwnt)  (S.4.95.10)
_ZAZ (n‘n’m)
where we have used (cos’wnt) = 1/2. For z = L/2,

(s?) = -;- i A2 sin2(’;—”) (S.4.95.11)
n=1

4Lt 1 s nw
= —Z fr2 nz S 2('5')
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where we substituted A, from (S.4.95.9). Note that even modes do not
contribute to the fluctuation of the midpoint of the wire, as expected from
elementary considerations. We may then find the fluctuation:

2Lt
()= Z ( ) (S.4.95.12)
_ 2L Z Eé’_!:ﬂ‘z _ L7
f7r2 (2m+1 fn? 8 7 Af

where we have used the sum given in the problem

[o.¢] 7['2
Y em+1)?= T
m=0

So,
s 1 Lt
™ms 2 f

as before.

496 LC Voltage Noise (MIT, Chicago)

Write the Hamiltonian H for the circuit:

1Q2 2
H=3%+ LQ (5.4.96.1)
A
A s e <V>
B

Figure S.4.96
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where @ is the charge on the capacitor. This is the Hamiltonian of a
harmonic oscillator of frequency , = 1/4/ZC, Whose energy levels e, are

€n = hw (n + %) (5.4.96.2)

The average energy in the circuit is given by (with 8 =1/7)

Eene"‘sn/‘r ane"ﬁsn
_n . n
<E> - Ze—en/"' - Ee—ﬁsn
n n

9 —Be 9 —fBhw —pBhw\"
=—5—Bln<;e ﬂ") =—-a—ﬁln[e A /22(6 Ahw) :l

n

—Bhw/2
= —%m (ﬁ) = 5‘% In [2 sinh(@)] (S.4.96.3)
_ hwcosh(Bhw/2) _ hw hw
=2 simb(fhw/2) 2 c"th(zr)

The average energy is equally distributed between the capacitance and the
inductance:
(E

T> - %(cvz) (S.4.96.4)

where V is the voltage across the capacitor (between points A and B; see
Figure S.4.96). We then have

(V) = %’2 = Z—g coth(;‘—‘:> (5.4.96.5)

a) In the classical limit fiw < 7:

hw ehw/ZT + e—hw/z-r hw 2T T
(V¥ = <%) ~ == (S.4.96.6)

ehw/2T _ g—hw/2T ~ é—é—ﬁ; s
We could equally well have derived the classical result by using the equipar-
tition theorem (see Problem 4.42). For the single degree of freedom, there

is an average energy T, which, as noted, is divided between the capacitor
and inductor, so

1 2 7
— ‘/ —_ .4. . ?

V)= %
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as found in (S5.4.96.6). The mean square noise voltage is

VIV \/g (5.4.96.8)

b) If hw > 7, then (S.4.96.6) becomes

hw
2\ o 22
(V?) ~ 5C (S.4.96.9)

V7T~ s

Applications to Solid State

4.97 Thermal Expansion and Heat Capacity
(Princeton)

a) First solution: We can calculate the average displacement of an oscillator:

[>]

[ ze=V®/T 4y
(z) = =3
f e—VO(z)/T d;l:

-0

(8.4.97.1)

Since the anharmonic term is small, m/\a:3/3 <« 7, we can expand the
exponent in the integral:

T e~Kom* /27 (3 + mAz4/37) da

(z) ~ =
f e—Kom2/2'r dz
—o0

o0 2
f e—Ko:z: /2T$4 dz

_ M (S.4.97.2)
3T oo —Koz2/2
J e~ Koz?/2m dg
—00
2 PR
. %5_{06 = dz
- 37

x
[ e—o** dz
—0o0
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where we set a = Kg/27. So,

=7 (5.4.97.3)

Note that, in this approximation, the next term in the potential (oc z*)
would not have introduced any additional shift (only antisymmetric terms
do).

Second solution: (see Problem 1.37, Part I) We can solve the equation of
motion for the nonlinear harmonic oscillator corresponding to the potential
Vo(z):

&+ woxr = Az? (5.4.97.4)

where wg = +/Ko/m is the principal frequency. The solution (see
(S.1.37.10) of Part I) gives

) 2 A%\ 1A%y 1A%
z(t) = A'sinwot — 32 coswot + 5l + oy cos2wot  (S.4.97.5)

where A’ is defined from the initial conditions and A is the amplitude of
oscillations of the linear equation. The average {(x)over a period T = 27 /wy
is

1 A%\
gy =22 (5.4.97.6)
() 2 w?
We need to calculate the thermodynamic average of (x):
J(z)e /" de v ¥
(z) = 1 =5 /Az(e)e_E/T de (S.4.97.7)
fe e/ de WoT o
0
Substituting A2%(e) = 2¢/Kp, we obtain
AT A m
= /T de = =— S.4.97.
() Rowlr /ee de Kong K2 T (5.4.97.8)

the same as before.
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b) The partition function of a single oscillator associated with this potential
energy is

oo e8]

N
7r
-0 -0
o0
_\/21rm7'/ N _Koa:2+m)\3:3 nzt d
T 2k exp 2T 37 47 o
—00
(s o)
V2rmt Koz® mizd  pat
~ ~Koztf2r (44 7 T2 S.4.97.
Py /e ( + i 4‘r) de (S.4.97.9)
—00
o0

=t =

3 4
N L B R P
- 27r/e <1+ 5 4 ) @
—00
L ([ oa
TRV or Ky 4rdo2V o
T fm (3 N_ T (, 307
AN AK2 ) ™ hwo 4K3?

So, the free energy F per oscillator is given by

T 3nr
= - =— —— - — 5.4.97.10
F TInZ Tin ™ (1 4Kg> ( 7.10)
3nr?
~ —7In7+ 7Infiwg + 1?02
where we approximated In (1 — z) & —z. The energy per oscillator may be
found from
0 F Inr?
=72 == =7 — — S5.4.97.11
E T (6‘7’ T )V T 4KE ( )
The heat capacity is then
OF 3nr
- (2E) =21 S.4.97.12
Cv < or )V 2K? ( )

The anharmonic correction to the heat capacity is negative.
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498 Schottky Defects (Michigan State, MIT)

When N atoms are displaced to the surface, they leave the same number
of vacancies. Now there are N vacancies and N atoms in N + N lattice
points. The entropy as a function of N is

N+N)!
S(N) = In Q—]\;:N'—> (S.4.98.1)

~(N+N)n(N+N) =Nl - NlnN
where we have used Stirling’s formula
Inn!~nlnn—n

The free energy may be written
F(N)=E(N)—-18(N) (5.4.98.2)
=N60—T{(N+N)IH(N+N) —NlnN—NlnN]

The minimum of the free energy can be found to be

OF -
(W)T'N =£&p —7ln (N+N) +T1IIN:0 (S4.983)
or
N e (S.4.98.4)
N+ N

Since N < N, we have
N ~ Ne~%/7 (S.4.98.5)

which is what one would expect.

499 Frenkel Defects (Colorado, MIT)

We assume that the number of defects created around one lattice site does
not affect the process of creating new defects. In other words, all configu-
rations of the system are independent (not a very realistic assumption in
general, but since 7 <« eg, and the number of defects n <« N, N, it can
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be used as an approximation). The vacancies and interstices then can be
distributed in w, and w; ways, respectively:

NI

The total number of possible configurations of the system, w, is given by

w; =

NIN!

(n!)2 (N = n)! (N _ n)! (5.4.99.2)

W = WyW; =

The entropy, S, may be written
S=lnw=InN!+InN!—2Inn! —In(N - n)! —In (1\7 - n)! (S.4.99.3)

Using Stirling’s formula

N
N
lnN!z/d:c lna:=NlnN—N:N1n; (5.4.99.4)

1

we obtain, from (S.4.99.3),

S= Nlng +Nln§ —2nlng (S.4.99.5)

—(N—n)lnN;n—(N—n)lnNe—n

Using (S.4.99.5) and the fact that the total energy of the system E = neo,

we have
1 88 108
1 (a_E)V - (5.4.99.6)
1 .
= [—2lnn+ In(N —n)+1In (N - n)]
or

0 ° (S.4.99.7)

2T (N = n)(N —n)
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and

6—50/27' — n <1 + ln ( 1 1 > + - ) (84998)
/NN N N

The condition & < 7 implies that n < N, N, and therefore

6—50/27 ~ n na~ vV NNe—¢0/27 (S.4.99.9)

NN

4.100 Two-Dimensional Debye Solid (Columbia,
Boston)

a) The number of normal modes in the 2D solid within the interval dk of a
wave vector £ may be written

omk dk

dN = (27r)2

(S.4.100.1)

In the 2D solid there are only two independent polarizations of the excita-
tions, one longitudinal and one transverse. Therefore,

AN = o W dw g2 wdw g, (S.4.100.2)

(v)* (2m)° m (v)®
where (v) is the average velocity of sound. To find the Debye frequency wp,
we use the standard assumption that the integral of (S.4.100.2) from O to
a certain cut-off frequency wp is equal to the total number of vibrational
modes; i.e.,

“p 2 F 20,2
dN = 5 | wdw=—""L=DN=2N (S.4.100.3)
7 (v) 27 (v)
0 0
Therefore
wp = 221)) VrN (S.4.100.4)
We can express {v) through wp
wDL
5.4.100.5
)= SN (5:4.1005)
Then (S.4.100.2) becomes
an = 4w dw (8.4.100.6)
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b) The free energy (see Problem 4.77) then becomes
aN f
F=Neg+7— /ln (1-e™/m)w du (8.4.100.7)
“p

Defining fp = hwp and introducing a new variable = = hw/7, we can
rewrite (S.4.100.7) in the form

8p /T
2
F = Neog+4NT <0T ) / zln(1-e %) dz (5.4.100.8)
D

Integrating (S.4.100.8) by parts, we obtain

2
F=Neo+ a7 () Sm-e)
D

= Negg+ N7 [2 In (1 - e‘oD/T) - D, (9D/T)]

where the 2D Debye function Dz(2) is

2 [2%dz
= — .4.100.10
== | o1 (S 0.10)
0
The energy is given by
E=F- T—aF (S5.4.100.11)
or

Op/T
3 2d 0
:NEO—}-ZA;T / z z :N€0+2NTD2 <—2>
6% et —1 T
0
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The specific heat C' (Cp ~ Cy at low temperatures) is

c=28_oN [D2 (i‘_’) - e—DDg (6—‘3)] (S.4.100.12)

ar T T

At low temperatures, T < 8p, we can extend the upper limit of integration

to infinity:
2 [ z?dz
DQ(Z) ~ ""‘/
0

22 ] ez —1

Therefore, at T < 0p,

2 oo 2
C~2N |2 (i) - / T4 (5.4.100.13)
0D T(GD/T 4 et —1

where

[a2de _
0/ (3)¢(3)

and {(z) is the Riemann ¢ function. Note that the specific heat in 2D is

C x 12

(see also Problem 4.75). Note also that you can solve a somewhat differ-
ent problem: When atoms are confined to the surface but still have three
degrees of freedom, the results will, of course, be different.

4.101 Einstein Specific Heat (Maryland, Boston)

a) For a harmonic oscillator with frequency w the energy

e = hw (n) (S.4.101.1)
where
_ 1
<TL> T oehw/T _ 1
So, 5
e (S.4.101.2)

= ehw/T _ 1
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b) If we assume that the N atoms of the solid each have three degrees of
freedom and the same frequency wg, then the total energy

hwg
The specific heat
OF hwE)2 ehwe/T
Cy=|— = 3N S.4.101.
v (aT)V ( T (ehwE/T_l)z ( 4)

c) In the high-temperature limit of (S.4.101.4) (hwg < 7), we have

hwE)z (1 +hwE/'r)2 N

Cyv ~ 3N ~ 3N S.4.101.5
v < (hon))? ( )

-
In regular units

Cy = 3Nkp
which corresponds to the law of Dulong and Petit, does not depend on
the composition of the material but only on the total number of atoms

and should be a good approximation at high temperatures, especially for
one-component elements. Prom the numbers in the problem,

N
N=nV=6-102.5=3-10* atoms ~ TA (5.4.101.6)
Therefore,
N
C~ 37’%5 = gR (S.4.101.7)

Note that, at high enough temperatures, anharmonic effects calculated in
Problem 4.97 may become noticeable. Anharmonic corrections are usually
negative and linearly proportional to temperature.

d) At low temperatures (S.4.101.4) becomes
hwg 2 ~hwg/T

The heat capacity goes to zero as exp (—hwg/7) at 7 — 0, whereas the
experimental results give C o« 73 (see Problem 4.42). The faster falloff of
the heat capacity is due to the “freezing out” of the oscillations at 7 — 0
given the single natural frequency wg.
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4102 Gas Adsorption (Princeton, MIT, Stanford)

For two systems in equilibrium, the chemical potentials should be equal.
Consider one of the systems as an ideal gas (vapor) in a volume, and another
as a surface submonolayer film. For an ideal gas the free energy F (see
Problem 4.38) is given by

F=—-Ntln

v (ﬂT—)mZe-fk/T (S.4.102.1)
N \27h? P B

v (111)3/ ‘

N \27h?

where €3 and Z’ correspond to the energy states and statistical sum associ-
ated with the internal degrees of freedom. If the temperature is reasonably
small, 7 <« Tion, Where Tion corresponds to the ionization energy of the
atoms, so that the atoms are not ionized and mostly in the ground state,

and this state is nondegenerate, we can take Z’' = 1, and then (S.4.102.1)
becomes

= —N7ln

eV [ mr \*?
F:—NTIH F W (S.4.102.2)

The Gibbs free energy G is given by

G=F+PV=—-N7ln

3/2
er { mr
— + Nt S5.4.102.3
P (27rh2) ] ( )

3/2
T ( mr
P (27rh2> ]
where we have expressed G as a function of P and 7, using PV = Nt. The
chemical potential 4 = G/N, so

7 [ mr \*? —rln omwh? 8/ P
P\ 27h? - m 75/2
Now, consider an adsorption site: we can apply a Gibbs distribution with
a variable number of particles to this site:

= —Nrln

p=—rln (S.4.102.4)

Q=—rln Y ern/mY e B/ (S.4.102.5)
k

n=0,1
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where the possible occupational numbers of the site for a submonolayer n =
0,1 (site is empty, site is occupied), with energy Ey, = —neg. Performing
the sums, we have

Q=-rln Y e#n/Tecon/T (5.4.102.6)
n=0,1
=—7ln Z [e(“"'sﬂ)/T]n =—7ln (1 + e(“+€°)/7)
n=0,1

The average number of particles per site (n) may be written

aﬂ e(ﬂ+€0)/r

The total number of adsorbed particles N is given by
Ny

N = NO (n> = m (841028)
The surface concentration 8 is simply
o= 1 (S.4.102.9)

No 1+ e (wreo)/T

Substituting g for an ideal gas from (S.4.102.4) into (S.4.102.9), we have

3/2 5/2
Lo —eo/r—nT — —eofT [T T $.4.102.10
7 1=e € =e ey P (S.4.102.10)
and
3/2
P= l_f_g (2_;%) 75/2ee0/7 = If—gp"(ﬂ (5.4.102.11)
where
m \3?
Po(r) = (2 n2> R ym— (5.4.102.12)
T

(S.4.102.9) can also be derived by considering the canonical ensemble. The
number of possible ways of distributing N atoms among Ny sites is
No!
N!(Ny — N)!
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The partition function is then

No
- No! Neo/r Nu/t
Z=) e e (S.4.102.13)
N=0
No
No! (cot N No
- Z eleotm)/m 7 |1 4 eleotn)/7
N=ON!(N0—N)! [ ] [ ]
and the average number of particles
0 Ny
<N> = EpTan = m (S.4.102.14)

the same as (S.4.102.8).
4.103 Thermionic Emission (Boston)

a) We can consider the electron gas outside the metal to be in equilibrium
with the electrons inside the metal. Then the number of electrons hitting
the surface from the outside should be equal to the number of electrons
leaving the metal. Using the formula for chemical potential of a monatomic
ideal gas (see Problem 4.39), we can write

/2
P /2nn?\?

where g = 25 + 1 = 2 for an electron gas. Rewriting (5.4.103.1), we have

pg =7ln

m \3/2

P=2 < 2) 75/ 2ghe/T (S.4.103.2)
2rh

The state of equilibrium requires that this chemical potential be equal to

the potential inside the metal, which we can take as us = —¢o; i.e., the

energy ¢o is required to take an electron from the Fermi level inside the

metal into vacuum. So, the pressure of the electron gas is given by

m 3/2
P=2 (2 h2> 75/2g=%0/7 (S.4.103.3)
™

On the other hand, the number of particles of the ideal gas striking the
surface per unit area per unit time is

n{v) n |87 P
= = -4/ — = S.4.103.4
N 4 4V m™m 2rmT ( )
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The current P
e
J=eN = S.4.103.5
Vv 2rmT ( )
where e is the electron charge. Therefore, we can express P from (5.4.103.5):
J
P = —2mmr (8.4.103.6)

[

Equating (S.4.103.6) with (S.4.103.3), we find the current

3/2
J =e(2rmr) %2 (%) 75/2¢=%0/7 (5.4.103.7)
w

2me 4mme
= 5 37'28_¢°/T =—5 T2~ 0/7

(2r)° h
Alternatively, we can calculate the current by considering the electrons

leaving the metal as if they have a kinetic energy high enough to overcome
the potential barrier.

b) For one particle,

L=Eg—E;+ P (vg —vs) (S.4.103.8)
where E; and F, are the energies, and v, and vs the volumes per particle,
of the gas and solid, respectively. Since vg >> vs, we can rewrite (S.4.103.8)
in the form

L= gT_Ns'i'P'Ug = gT_lj'5+T= g'r—,u,s (S.4.103.9)

Substituting (S.4.103.9) into the Clausius-Clapeyron equation (see Problem

4.57),
P L L L

= — N = S.4.103.10
dr  T(vg—vs) TUYg T(7/P) ( )
we obtain
dP  (57/2—ps) P
—_— S.4.103.11
dr 72 ( )
We may rewrite (5S4.103.11) as
dP _ 5dr _ psdr (S.4.103.12)

P 27 72
Integrating, we recover (S.4.103.2):

Py
ln;s/—2=—:r—+lnA

where A is some constant, or

P = Ard/%etelT (S.4.103.13)
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4.104 Electrons and Holes (Boston, Moscow

Phys-Tech)

SOLUTIONS

a) Let the zero of energy be the bottom of the conduction band, so u <0
(see Figure S.4.104). The number of electrons may be found from

3
N = 2V/ & w-err
(2rh)®

E

\; Conduction band
0 Y

Valence band

Figure S.4.104

(5.4.104.1)

where 2 = 2s+1 for electrons, and the Fermi distribution formula has been

approximated by
1

— s e(r—e)/7
ele—p)/m 41

(n)

The concentration of electrons is then

%
u/T
E — 8me /e—p2/2m'r p2 dp

Vo (2xn)®
0
_ 8met/T 1 d \/7)_8776”/71 VT
T @emP2\ daVa/ T (27h)* 22232
3/2
- ( MeT ) eh/T
onh?

where 1/a = 2mr.

b) In an intrinsic semiconductor

(np) =1~ (ne)

(5.4.104.2)

(S.4.104.3)

(S.4.104.4)
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since a hole is defined as the absence of an electron. We may then write

1
(np) =1- ;

m (5.4.104.5)

_ 1
T elp—e)/T 41

I Y

where € is the energy of a hole and we have used the nondegeneracy con-
dition for holes g — £* > 7. The number of holes is

o0
4 2
N, =2V ﬁe(w)/’ (S.4.104.6)
0

The energy of a hole (from the bottom of the conduction band) is

p?
Therefore, similar to (a):
N,  e-WtE)/r T
p= -T/!—L = -e_W-Z-E;_ /e—p2/2mr p2 dp (5.4.104.8)

3/2
_ 9 (th ) o= (utEg) /7
omh?

The product of the concentrations of electrons and holes does not de-
pend on the chemical potential p, as we see by multiplying (S.4.104.3)
and (S5.4.104.8):

3

np =4 (memh)e'/2 (Lz) e~ Fe/7 (5.4.104.9)
27h

We did not use the fact that there are no impurities. The only important

assumption is that & — g > 7, which implies that the chemical potential u

is not too close to either the conduction or valence bands.

¢) Since, in the case of an intrinsic semiconductor n; = p; (every electron
in the conduction band leaves behind a hole in the valence band), we can
write, using (S.4.104.9),

3
np=n?=4 (memh)3/2 (#ﬁ—f) e Be/7 (S5.4.104.10)
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Therefore,

3/2
n; = 2 (memp)®* (-T—-z—) e~ Be/27 (5.4.104.11)
27h

Equating (S5.4.104.3) and (S5.4.104.11), we can find the chemical potential
for an intrinsic semiconductor:

E, 1 mp 8/2 E 3. my
=8 S () s 2T S.4.104.12
7 2+2n(me) 2t ( )

If me = my, then the chemical potential is in the middle of the band gap:
0= Y

4105 Adiabatic Demagnetization (Maryland)

a) We start with the usual relation dE = 7 dS — P dV, and substitute
M dH for P dV, since the work done in this problem is magnetic rather
than mechanical. So

dE=71dS— M dH (S.4.105.1)

ff 2} T
Figure S.4.105

We now want to produce a Maxwell relation whose independent variables
are T and H. Write an equation for the free energy F:

dF = d(E — 78) = -8 dr — M dH (5.4.105.2)
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We then obtain, from (S.4.105.2),

oF
(2) --s 501059
oF
(), =
The cross derivatives of (S.4.105.3) are equal so
O’k = O°F - (25) - oM S.4.105.4
OHdr 9r8H  \0H/ =~ \or /4 (54.105.4)

The heat capacity at constant magnetic field is given by

08
Cu=1{+ .4.105.
H T(6T>H (S.4.105.5)
from which we obtain )
oCy 9°S

By again exchanging the order of differentiation in (S.4.105.6) and using
the result found in (S.4.105.4), we have

8Cx 828 8 (oM
= =2 (22 5.4.105.
<6H)T "8H or ' or (BT)H (5.4.105.7)

Replacing M by VxH in (S.4.105.7) yields the desired

aCu\ _ 82x
(6—H)T = VTH (W o (S41058)

b) For an adiabatic process, the entropy S is constant. Writing S = S(r, H),
we compose the differential

a8 a8
== =] dH=0 $.4.105.9
ds <8T>H dT+(3H)T H ( )

and by (S5.4.105.4) and (S.4.105.5),
(87’) _ —(88/0H), —(OM/BT)y _VTH (3_x>
s

8H (8S/or); ~ (/r)Ca  Cm \87/)4
(S.4.105.10)
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¢) The heat capacity Cg (7, H) may be written as the integral

H
ocC !
Cu(r,H) = CH(r, 0)+/—~%%’,—€—) dH’ (S.4.105.11)
0
Substituting x = a/7 into (S.4.105.8), we have
Cy 2VraH 2VaH
( OH )T =" T (5.4.105.12)

Using the heat capacity at zero magnetic field, Cg(7,0) = V/72, and
(8.4.105.12) in (S.4.105.11), we obtain

Vb VaeH? V 2
Cu(r,H) = g (b+aH?) (S.4.105.13)
The temperature 7 may be written 7 = 7(S, H), so for our adiabatic process

Hg
7t (S, Hy) = 7 (S,Hi)+/(191 dH (S.4.105.14)
0H /¢

The integrand in (S.4.105.14) is found by substituting x = a/7 into
(S.4.105.10):

or VrH a TaH
(ﬁi)s T T W) (b + oH?) (—;5) = by a? (5.4.105.15)

So, for a process at constant entropy, we may write

TaH
= —— 4.105.1
dr Y dH (8.4.105.16)
Rearranging and integrating give
InT = % In(b + aH?) (S.4.105.17)

and

7 |b+aH?
T=yf $.4.105.
n \ b+aH? (8.4.105.18)

d) A possible route to zero temperature is illustrated in Figure S.4.105.
During leg 1 the paramagnetic sample is kept in contact with a reservoir
at a low temperature, and the magnetic field is raised from 0 to Hy. The
contact with the reservoir is then removed, and the field is reduced to zero
along leg 2. The sample is thereby cooled.
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4.106 Ciritical Field in Superconductor (Stony Brook,
Chicago)

a) If the external field is smaller than the critical field, H < H,, then the
B-field inside the superconductor iszero, B = 0, and the magnetization M
becomes

B-H 1

M= = ——
yp o (8.4.106.1)
This means that the superconductor displays perfect diamagnetism (with
magnetic susceptibility x = —1/4m). The change in free energy of the

superconductor due to the increase of the external field H may be written
as 6F = -V - M -dH = (V/4n)H - dH. Therefore, the free energy of the
superconductor in a field is given by

H H
Fs(H) = Fs(0) + / dF = F3(0) + % / H.dH (S.4.106.2)
0 0
1%
87

The transition to a normal state occurs when the free energy of the super-
conducting state is equal to that of the normal state:

=Fs(0)+ H?

F,(H,) = F,(0) + SKW H? = F,(H,) = F,(0) (S.4.106.3)

Here we used the fact that, because of the negligible magnetic susceptibility,
the free energy of the normal state practically does not depend on the
applied field. So, we have

F,(0) — F5(0) = % H: (S.4.106.4)

where H. = H.(r). Now, it is easy to calculate the entropy discontinuity
since

S=- (?f) (S.4.106.5)
or HV
" vV 8H
5a(0) = 85(0) = — — He 5 (S.4.106.6)

If we recall that the dependence of the critical field on the temperature can
be approximated by the formula H.(7) = H(0)[1 - t?),where ¢ = 7/7, then
we can confirm that a superconducting state is a more ordered state, since
8H,./8t < 0 and hence Sp > Ss.
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b) The latent heat g, if the transition occurs at a constant temperature,
is given by ¢ = 7(S, — Ss). If the transition is from superconducting to
normal, then

TV OH,
¢=-7 Hé(z = ) >0 (S.4.106.7)

So, if we have a transition from the superconducting to normal states, then
heat is absorbed.

¢) The specific heat is defined as C = 7(8S/87). Here we disregard any
volume and pressure changes due to the transition. Hence, from equation
(5.4.106.6), the specific heat per volume discontinuity is

7 | (8H.\? 82H,
Cg — Cph = Z;; [(6?) + HC W (S.41068)

At zero field the transition is of second order and H.(7.) = 0, so the specific
heat per unit volume discontinuity at 7 = 7, from (5.4.106.8) is

2
Cs — Cp = 41‘;; <8£C) (5.4.106.9)

T=Tc



Quantum
Mechanics

One-Dimensional Potentials

5.1 Shallow Square Well I (Columbia)

The ground state energy E must be less than zero and greater than the
bottom of the well, 0 > E > —V,. From the expression

h2
~y(z) = [V(z) - Elp(2) (85.1.1)

2m

one can deduce the form for the eigenfunction. Denote the ground state
energy E = —h%a? /2m, where a is to be determined. The eigenfunction
outside the well (V = 0) has the form exp(—a|z|). Inside the well, define
k? = k% — o?,where k2 = 2mVp/h%. One can show that &2 is positive since
E +V, > 0. Inside the well, the eigenfunction has the form A coskz, so

Acosk <
ERR i N (8.5.1.2)

Matching #(z) and its derivative at z = a gives two expressions:

Acoska = Be™®® (8.5.1.3)

—Aksinka = —Bae™%° (8.5.1.4)

243
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Dividing these two equations produces the eigenvalue equation

a = ktanka = 1/ k¢ — k? (S.5.1.5)

The equation given by the rightmost equals sign is an equation for the
unknown k. Solving it gives the eigenvalue E.

5.2 Shallow Square Well II (Stony Brook)

a) For the bound state we can write the eigenvalue as B = —K2a?/2m,
where & is the decay constant of the eigenfunction outside the square well
(see Problem 5.1). Inside the square well we define a wave vector k by

=2V (S.5.2.1)
h2

The infinite potential at the origin requires that all eigenfunctions vanish
at z = 0. So the lowest eigenfunction must have the form

Asink <
Ys(e) = { Borer pe (5.5.2.2)

At the point z = a, we match the eigenfunctions and their derivatives:

Asinka = Be™ % (S.5.2.3)
Ak coska = —aBe™*® (S8.5.2.4)

We eliminate the constants A and B by dividing these two equations:

atanka = -k (8.5.2.5)

Earlier we established the relationship between k and @. So the only un-
known variable is o, which is determined by this equation.

b) To find the minimum bound state, we take the limit as @ —+ 0 in
the eigenvalue equation. From (S.5.2.1) we see that k goes to a nonzero
constant, and the eigenvalue equation only makes sense as a — 0 if
tan ka — oo, which happens at ka — /2. Using (S.5.2.1) gives 72/4 =
k%a? = 2mVpa?/h®. Thus, we derive the minimum value of V5 for a bound
state:

h2m?

~ 8ma?

Vo (S.5.2.6)
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¢) For a positive energy state set F = R2k2 /2m,where k is the wave vector
outside the square well. Inside the square well we again define a wave vector
k according to

2mVy -
k? = ’;:2 0+ k? (S.5.2.7)
Asinkz z<a
Yile) = { Bsin(kz+46) z>a (8.5.28)

Again we have the requirement that the eigenfunction vanish at x = 0. For
z > a we have an eigenfunction with two unknown parameters B and 4.
Alternatively, we may write it as

Csinkz + Dcoskz (S.5.2.9)

in terms of two unknowns C and D. The two forms are equivalent since
C = Bcosd, D = Bsind. We prefer to write it with the phase shift 4.
Again we match the two wave functions and their derivatives at ¢ = a :

Asinka = Bsin(ka + §) (S.5.2.10)
kAcoska = kB cos(ka + &) (S.5.2.11)
Dividing (S.5.2.10) by (S.5.2.11), we obtain

ktan ke = ktan(ka + &) (5.5.2.12)

Since & is a known function of k, the only unknown in this equation is 4,
which is determined by this equation.

d) From (S.5.2.12) we derive an expression for the phase shift:

6 = —ka +tan™? (—]IE tan ka) (5.5.2.13)
5.3 Attractive Delta Function Potential I (Stony
Brook)

a) The bound state is stationary in time: its eigenvalue is E (£ < 0), and
the time dependence of the wave function is ¥(z,t) = ¥(z) exp(—iEt/h).
The equation for the bound state is

{ B0 o) - E} ¥(z) =0 (8.5.3.1)

~ 2m 822
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The bound state for x # 0 has the form

P(z) = Aeol=l (8.5.3.2)

We have already imposed the constraint that #(z) be continuous at = 0.
This form satisfies the requirement that ¢(z) is continuous at the origin
and vanishes at infinity. Away from the origin the potential is zero, and
the Schrodinger equation just gives E = —k2a? /2m. A relation between C
and E is found by matching the derivatives of the wave functions at z = 0.
Taking the integral of (S.5.3.1) between 0% and 0~ gives

_¥ [% &

om da:0+_dx

Cy(0) =

o—] (S.5.3.3)

Applying (S.5.3.3) to (S5.5.3.2) gives the relations

2
CA= %a (8.5.3.4)
a= m?f‘ (S.5.3.5)
2
E= —’Z; (5.5.3.6)

We have found the eigenvalue for the bound state. Note that the dimensions
of C are energy x distance, which makes the eigenvalue have units of energy.
Finally, we find the normalization coefficient A:

o0 o0 2
1= / dz |(@)|? = 242 / dz e=20% — % (8.5.3.7)
—00 0
s0 A= \/a=vmC/h.

b) When the potential constant changes from C' — C’, the eigenfunction
changes from +(x) — ¥/(z), where the prime denotes the eigenfunction with
the potential strength C’. In the sudden approximation the probability Pp
that the particle remains in the bound state is given by

Py =12 (8.5.3.8)
where

I= / dz ¥/ (z) ¥(z) (8.5.3.9)
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Substituting (S.5.3.2) into (5.5.3.9) and using the result of (S.5.3.7), we
obtain

24A' _ 2Vad

at+a  a+ao

o0
I=2A4" / do e~(@te)e = (S.5.3.10)
0

Finally, using (S.5.3.5) yields
_2veo
T Cc+C

_acc
“Croy

(8.5.3.11)

Py (8.5.3.12)
It is easy to show that Py < 1 as required by particle conservation. If
C = (', then Py = 1 since there is no change, and the particle must stay
in the bound state.

5.4 Attractive Delta Function Potential I1 (Stony
Brook)

a) In order to construct the wave function for the bound state, we first
review its properties. It must vanish at the point £ = 0. At the point
x = @, it is continuous and its derivative obeys an equation similar to
(S.5.3.3):

B [ dy() dy(z)
‘/oa'l/)(a) = —;n- Ii_d(l?— o dz e (8541)
Away from the points z = (0,a), it has an energy E = —h2a?/2m and

wave functions that are combinations of e™** and e**, These constraints
dictate that the eigenfunction has the form

Asinh azx 0<z<a
P(z) = { Bo-ez N (S.5.4.2)

At the point z = a, we match the two eigenfunctions and their derivatives,
using (S.5.4.1). This yields two equations, which are solved to find an
equation for a:

Asinhaa = Be™** (8.5.4.3)

2
VoaBe™** = %_a [Be™** + Acoshaa] (8.5.4.4)
m
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We use the first equation to eliminate A in the second equation. Then each
term has a factor of Be™®® which is canceled:
2

o
‘/0 a = % [1 + coth aa] (5545)
Multiplying both sides of (S.5.4.5) by sinh aa gives
hla

i = oa S.5.4.

sinh aa ppTA e (S.5.4.6)
ha 2

=1—e % 5.5.4.7
mVo a ¢ ( )

This last equation determines ¢, which determines the bound state energy.
There is only one solution for sufficiently large values of V;.

b) The minimum value of V; for creating a bound state is called V.. It is
found by assuming that the binding energy E — 0, which means o — 0.
We examine (S.5.4.7) for small values of « and find that

ha

= 5.5.4.
2ca mV.a (5.5.4.8)
h2
= S.54.9
2ma? ( )
5.5 Two Delta Function Potentials (Rutgers)
There are two delta function singularities, one at £ = a and one at = —a.
The potential can be written in an equivalent way as
h*P
V(z) = ———[6(z — a) + 6(z + a)] (8.5.5.1)
2ma

At each delta function we match the amplitudes of the eigenfunctions as
well as the slopes, using a relation such as (S.5.3.3). A single, isolated,
attractive, professional, delta function potential has a single bound state.
We expect that a pair of delta function potentials will generally have one
or two bound states.

The lowest energy state, for symmetric potentials, is a symmetric eigen-
function. The eigenvalue has theform E = —h2a2/2m, where « is the decay
constant of the eigenfunction. The most general symmetric eigenfunction
for a bound state is

Acoshax lz| < a

¥s(z) = { Be—alal 2| > a (8.5.5.2)
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Matching at either x = +a gives the pair of equations:

Acoshaa = Be ¢ (8.5.5.3)
K h*P
—2—;?- (Be™** + Asinhaa) = %Be_a“ (S8.5.5.4)

Eliminating the constants A and B gives the final equation for the unknown
constant a:

P = aa (1 + tanh aa) (S5.5.5.5)

For large values of aa the hyperbolic tangent is unity, and we have the
approximate result that P =~ 2aa, which gives for large P the eigenvalue
E ~ —h*P?/8ma?. For small values of aa we see that P ~ aa and E ~
—h2P?/2ma?. This is always the lowest eigenvalue.

The other possible eigenstate is antisymmetric: it has odd parity. When
the separate bound states from the two delta functions overlap, they com-
bine into bonding and antibonding states. The bonding state is the sym-
metric state we calculated above. Now we calculate the antibonding state,
which is antisymmetric:

Asinhaz |z| < a
Yo(z) = ¢ Be™** z>a (8.5.5.6)
—Be*® z< —a

Using the same matching conditions, we find the two equations, which are
reduced to the final equation for a:

Asinhag = Be™ ¢ (S.5.5.7)

e . RP _
— e = —— @ S.5.5.8
5 (Be™** + Acosh aa) Y. Be (S.5.5.8)
P = aa(l + cothaa) (8.5.5.9)

For large values of aa the hyperbolic cotangent function (coth) approaches
unity, and again we find P ~ 2aa and E ~ —h*P?/8ma?. At small values
of z the factor of z cothz — 1. Here we have z = aa, so we find at small
values of @a that P — 1. The antisymmetric mode only exists for P > 1.
For P < 1 the only bound state is the symmetric one. For P > 1 there are
two bound states, symmetric and antisymmetric.
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5.6 Transmission Through a Delta Function Potential
(Michigan State, MIT, Princeton)

On the left the particle has an incident intensity, which we set equal to
unity, and a reflected amplitude R. On the right the transmitted amplitude
is denoted by T.

e'*® 4+ Re7the 3 <0
w(a) = { °Se (5:5:61)

At the point z = 0, we match the value of ¢(z) on both sides. We match
the derivative according to an expression such as (S.5.3.3) with C = —C.
This yields two equations for 7 and R which can be solved for T

1+R=T (S.5.6.2)
K2k
TC === -(1-R) (S.5.6.3)
1
= (S.5.6.4)
1+iCm/hk

5.7 Delta Function in a Box (MIT)

a) In the absence of the delta function potential, the states with odd parity
are

1 nrL
(o) = — sjinp —— .5.7.
W () 7 sin — (8.5.7.1)
(O) — (hﬂ'n)z
E} oma? (8.5.7.2)

These states have zero amplitude at the site of the delta function z = 0
and are unaffected by it. So, the states with odd parity have the same
eigenfunction and eigenvalues as when the delta function is absent.

b), c) For a delta function potential without a box, the bound states have
a wave function of Ae~°%l (see Problem 5.3). In the box we expect to
have similar exponentials, except that the wave function must vanish at
the edges of the box (z = %a). The states which do this are

$(z) = Asinha(ae - |z|) (58.5.7.3)
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h2a?
p=-t2 (S.5.7.4)
d
@ _ FaAcoshaa (8.5.7.5)
dz o

Using (S.5.4.1), we match the difference in the derivatives at z = 0 with
the amplitude of the delta function potential. This leads to the eigenvalue
condition

aacothaa = < (5.5.7.6)
Co
h2

The quantity on the left of (S5.5.7.6) has a minimum value of 1, which it
obtains at & — 0. This limit produces the eigenvalue £ = 0. So we must
have C = Cj for the zero eigenvalue, which is the answer to part (b). The
above eigenfunction, for values of « > 0, gives the bound state energy £ < 0
when C > Cy.

5.8 Particle in Expanding Box (Michigan State, MIT,
Stony Brook)

a) For a particle confined to a box —L/2 < z < L/2, the ground state
Yo(z) and the first excited state ¥ (z) are

=4/ = — S5.5.8.1

Po(z) i coS 7 ( )
2 2rx

= 4/ — sin — S$.5.8.2

di(e) = |/ T sinF (5.5.8.2)

After the sudden transition L — 2L, the final eigenfunctions are

, 1 T

= = S.5.8.3

1/)O("I:) \/Z Ccos 2L ( )

T

¥i(z) = % sin — (S.5.8.4)

b) In the sudden approximation let Fp; denote the probability that the
particle starts in the ground state 0 and ends in the final state j:

Po; = |Io;)? (S.5.8.5)
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where the amplitude of the transition Io; is given by

L/2

= [ da 4)(2)%o(a) (5.5.8.6)

-L/2

The amplitude for the particle to remain in its ground state is then

L/2
\/_ T
Ioo = — dz cos — cos T
—L/2
L/2
1 3nzx
= e d — — .5.8.
7L / m(cos2L—+-co 2L) (S.5.8.7)
~L/2
I Y )
“VaLw "ML T 3R )|y, 3w
The probability Pyo is given by
8\ 2
Pyp = (5—7;) (8.5.8.8)

The same calculation for the transition between the initial ground state
and final excited state 4] is as follows:

IJ()J = |I01|2 (8589)
where
L/2
Loy = / dz ¥ () o () (S.5.8.10)
-L/2
L/2
_ V2 / dz sin ™% cos ™ = 0
= I x sin L Ccos L =
—-L/2

The integral is zero by parity, since the integrand is an odd function of z,
SO

Py =0 (S.5.8.11)
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5.9 One-Dimensional Coulomb Potential (Princeton)

a) Since the electron is confined to the right half-space, its wave function
must vanish at the origin. So, an eigenfunction such as exp(—az) is un-
suitable since it does not vanish at z = 0. The ground state wave function
must be of the form ¥ = Nz exp(—ax), where a needs to be determined.
The operator p? acting on this form gives

p(ze™*®) = h%a(2 — az)e " (8.5.9.1)
so that using this wave function in Schrédinger’s equation yields
52 2
a2~ az) - % S o (S.5.9.2)

For this equation to be satisfied, the first and third terms on the left must
be equal, and the second term on the left must equal the term on the right
of the equals sign:

Ko e?
Ta_ (5.5.9.3)
hZa? e*m Ep
= — = = —— S.5.9.4
E om  39K2 16 ( )

The answer is one sixteenth of the Rydberg, where Er is the ground state
energy of the hydrogen atom. The parameter o = 1/4ag, where aqg is the
Bohr radius.

b) Next we find the expectation value {z). The first integral is done to find
the normalization coefficient:

N2

1=N? /d:c rle 2% = —3 (S.5.9.5)
4o

7 pep  40%31 3
(z) = N? /dw zde~%0T = = 2af e 6ao (8.5.9.6)

0

The average value of z is 6 Bohr radii.

510 Two Electrons in a Box (MIT)

a) If the box is in the region 0 < x < a, then the one-electron orbitals are

Yn(z) = \/> nnaﬂ (S.5.10.1)



254 SOLUTIONS

If both electrons are in the spin state @ (spin up), then the spin part of the
wave function o eeg s symmetric under exchange of coordinates. Therefore,

the orbital part has to be antisymmetric, and both particles cannot be in
the n = 1 state. Instead, the lowest energy occurs when one electron is in
the n = 1 state and the other is in the n = 2 state:

Y(z1,22) = \/% [1(21) Ya(22) — Y1 (22) P2(z1)] 102 (8.5.10.2)

b) The probability that both are in one half, say the left side, is

a/2 a/2
PLL = /dwl /d.’l)z |z/)(x1,wg)|2 (S.5.10.3)
0 0
a/2 a/2
= /dm/dwz [} (21) ¥3(z2) — ¥1(21) Ya(z2) Yr(m2) Ya(z1)]
0 0
Three integrals must be evaluated:
P=5LL-I} (S.5.10.4)
a/2
1
L = 2 /dm sin2 7% = = (S.5.10.5)
a a 2
0
a/2
1
L= 2 /dm sin’ ez _1 (5.5.10.6)
a a 2
0
a/2
2
Lp=2 / de sin 22 sin (S.5.10.7)
a a a
0
af2 a/2
4/ . 9 X T 4 ¢, 37T 4
= - [ dz sin —cos———:——(sm —) = —
a a a 3r a /|, 3r
0
1\? [ 4)\?
=({=) —{—] =0. .5.10.8
Py, (2> <37r) 0.07 (S.5 )

The result is rather small. Naturally, it is much more favorable to have one
particle on each side of the box.
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5.11 Square Well (MIT)

a) The most general solution is

Yn(z) = Jj sin"—? (S.5.11.1)
2
E,= (ZZZ)Z (5.5.11.2)
t) = Z an P (2)e " Ent/R (8.5.11.3)
n=1

We evaluate the coefficients by using the initial condition at ¢t = O:

a

ap = / dz 9, (z) ¥(z,0) (5.5.11.4)

0

a/2
2 . nmx 2 nw
= ;/ dz sin P (l—cos—2~)

0
The term cos(n7r/2) is either 1, 0, or —1, depending on the value of n. The
answer to (a) is to use the above expression for a,, in (S.5.11.3). The answer
to part (b) is that the probability of being in the nth eigenstate is |an|*.
The answer to part (c) is that the average value of the energy is

(U|H|®) = Za E, (S.5.11.5)
=S (1 cos Y
" ma? ~ €8

This latter series does not converge. It takes an infinite amount of energy
to form the initial wave function.

5.12 Given the Eigenfunction (Boston, MIT)

We evaluate the second derivative of the eigenfunction, which gives the
kinetic energy:
h KA A ( 2sinh? /\:1:>

2m - 2m cosh Az B cosh? \z
A

cosh \z

(8.5.12.1)

= [V(z) - E]¢(z) = [V(z) - E]
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We take the limit that £ — oo of the function on the left, and this must
equal —Ev since we assumed that the potential vanishes at infinity. Thus,
we find that
RZA2
E=- S.5.12.2
o ( )

The energy is negative, which signifies a bound state. The potential V()
can be deduced from (S.5.12.1) since everything else in this expression is
known:

A2A? 1

Vi) = —— ——
() m  cosh? Az

(S.5.12.3)
This potential energy has a bound state which can be found analytically,
and the eigenfunction is the function given at the beginning of the problem.

5.13 Combined Potential (Tennessee)

Let the dimensionless distance be y = x/b. The kinetic energy has the scale
factor Ep = h%/2mb?. In terms of these variables we write Schrodinger’s
equation as

[_Ebd—; % (5 - 3) | v = o) (5.5.13.1)

Our experience with the hydrogen atom, in one or three dimensions, is that
potentials which are combinations of y~* and y~2 are solved by exponentials
e~ ¥ times a polynomial in y. The polynomial is required to prevent the
particle from getting too close to the origin where there is a large repulsive
potential from the y~2 term. Since we do not yet know which power of y
to use in a polynomial, we try

P(y) = Ay’e ¥ (5.5.13.2)

where s and a need to be found, while A is a normalization constant.
This form is inserted into the Hamiltonian. First we present the second
derivative from the kinetic energy and then the entire Hamiltonian:

2
P pee oty o sy (55159)
Y

(8.5.13.4)

- 1%
yse—ay[Ez —E, <a2_ E+S_(s__}l) L ?0]

y? y?
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We equate terms of like powers of y:

~Ey®=E (S.5.13.5)
208Ey =V (S.5.13.6)
s(s—1)Ey=Vp (S.5.18.7)

The last equation defines s. The middle equation defines o once s is known.
The top equation gives the eigenvalue:

1 Yo
=~ 1 — .9.13.
2(1+ +4Eb) (S.5.13.8)
Vo
a= (S.5.13.9)
By (1+,/1+4% )
VOZ

E=- (S.5.13.10)

2
By (14+/1+4% )

Harmonic Oscillator

5.14 Given a Gaussian (MIT)

Denote the eigenfunctions of the harmonic oscillator as ¥»{z} with eigen-
value E,,. They are a complete set of states, and we can expand any

function in this set. In particular, we expand our function ¥(z,0) in terms
of coefficients ay:

¥(z,0) = Zan V() (S.5.14.1)

an = (Pn|¥(z,0)) = /dw Pn(z) ¥(z,0) (5.5.14.2)

The expectation value of the energy is the integral of the Hamiltonian H
for the harmonic oscillator:

(E) = (¥(z, 0)|H|¥(z,0)) (S.5.14.3)

= /da: U(z,0) H¥(z,0) = ZEn |an|?
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where we used the fact that Hiyn = En¢n. The probability P, of energy
E, is |an|2. So the probability of Ey is given by

Py = |ag|? (S.5.14.4)
where
ag = /dm wo(z) ¥(z,0) (S.5.14.5)
1 ]odxe z? /1 . 1 V2zo0
= X —— | — J— — ——_——
JTZo0 P 2 \z§ o2 V22 + o2
and finally 0
— Zoo r
P() = CL’(% g (S.o.14.6)

It is easy to show that this quantity is less than unity for any value of
o # xp and is unity if o = xo.

515 Harmonic Oscillator ABCs (Stony Brook)
a) Herewetook m=1,A=1,w=1.

[o,01) = aal ~ ata = £ {(p @) (p+iz) ~ (p + i) (p — i)}

1 1
=5 {2ilpal} = 5 {2 (=)} =1 (8.5.15.1)
since the commutator
[p,z] = za—axa: —+—z'acb% = —1
b)
i _ptixp—iz 1
a'a+ - = + -
V2 ooV2 o2
2 2 2 2
_p e _ipe] (1 pt
=3t 2+2_2+2_H

c)

[a'a, H] = [aJ‘a, —;— +aTa} = [aTa, %} + [a'a,ata] =0 (8.5.15.2)
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d) In order to demonstrate that at |n) and a|n) are also eigenstates of N,
compose the commutator

[a,N] = [a, aTa} =aale —ala? = (aa’ - ala)a=a (8.5.15.3)
by (S.5.15.1). Similarly,
[at,N] = a'ala — a'aa! = af (ala - aa’) = —at [¢,a!] = —a! (5.5.15.4)
Now,
a'N|n) = ([a!, N] + Nat) |n) (S.5.15.5)
Substituting (S.5.15.4) into (S.5.15.5) and replacing N [n) by n |n), we have
a'N|n) = (Na! — a?) [n) = nal |n) (8.5.15.6)
Rearranging (S.5.15.6) yields
N (a'|n)) = (n+1) (at |n)) (8.5.15.7)
as required. A similar calculation gives
N (a|n)) = (n—1)(a|n)) (S.5.15.8)

We see from the above results that the application of the operator at on
a state |n) has the effect of “raising” the state by 1, and the operator a
lowers the state by 1 (see (f) below).

e)

Ey = (0|H|0) = <0 a*a+%|0>=<o|afa|o>+%(om):%

since, by assumption, & |0) = 0.

f) Since by (c), the number operator N = ata and the Hamiltonian H =
ata + 1/2 commute, they have simultaneous eigenstates. Starting with
{0}, we may generate a number state whose energy eigenvalue is 1 + 1/2
by applying the raising operator af. Applying a! again produces a state of
eigenvalue 2+1/2. What remains to be done is to see that these eigenstates
(number, energy) are properly normalized. If we assume that the state |n)
is normalized, then we may compose the inner product

((n[a)- (a'[n)) = (nfaat|n) =[c*(n+1|n+1) (S.5.15.9)

=(n+1)(n|n)
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Up to an arbitrary phase, we see that

"n)
al|n
n+1) =

| ) vn+1

Starting with the vacuum ket |0}, we can write an energy eigenket |n):

my = @) 10)
v

¢) The energy spectrum is n+1/2, wheren takes all positive integer values
and zero. From (S.5.15.9) and the fact that the norm of the eigenvectors is
positive (actually, 1), we see that n cannot be negative, and so no negative
eigenvalues are possible.

5.16 Number States (Stony Brook)

a) In this problem it is important to use only the information given. We
may write the Hamiltonian as

2 2.2 . o .

2m 2 V2mhw V2mhw

where [p,q] = —ih (see Problem 5.15), so

H = hw (afa + %) = hw (N + %) (S.5.16.2)

We may establish the following:

[a,af] =aal - a'a

_ [p—iqup+iqu_p+iqup~iqu] (8.5.16.3)
V2mhw V2mhw V2mhw V2mhw R

2
—— =1
Apply the number operator a'a to the state |n) directly:

(@) o)

afaln) = afa—=
vl
- L (aaf)(af)"“‘ 0y =

— (1+ata)(at)" " o)

-
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1
Y
{af @)+ (@) (@) (@)1 (@) 6] p0)
- %n(af)" 10) + % ()™ al0)
Since a |0) = 0, we have
ata|n) = n—— (a")" 0y = n|n) (S.5.16.4)

V!

b) We see from (S.5.16.2) that the Hamiltonian is just
H = hwata + %‘ﬁ

We demonstrated in (a) that |r) is an eigenstate of the number operator
ata, so |n) is also an eigenstate of the Hamiltonian with eigenvalues E,

given by
hw [ afa + l
2

=hw<n|afa[n>+%hw(n|n)=hwn+h7w=ﬁw<n+%)

En = (n|H|n) = <n

n> (S.5.16.5)

¢) The expectation value (n |¢| n) may be calculated indirectly. Note that

2
2 _

where V(q) is the potential energy. The expectation values of the poten-
tial and kinetic energies are equal for the quantum oscillator, as for time
averages in the classical oscillator. Therefore, they are half of the total
energy:

(n|e?n) = oz (U @In) = &2 (n|H] ) = 27

In this problem, however, you are explicitly asked to use the operators a
and a! to calculate (n|q?|n}, so we have

_ | 2h (a—a“)i~ h Y
7= mw 2 - 2mw(a“a)Z
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We proceed to find
h
(n|e?|n) = =5 (n|® - aal - ala+ (a!)*] n)

= 2—%‘; (n Iaofr + aTa] n)

h h

(g L) P
- 2/ mw?

E(n)

mw?

Thus, the result is the same by both approaches.

5.17 Coupled Oscillators (MIT)

The Hamiltonian of the system is

2
g= L [0 + 28] + 2 (22 + 23] + Oy (8.5.17.1)

2m 2

The problem is easily solved in center-of-mass coordinates. So define

T =Ty — To E-p——;—-@
yzﬂ—}ﬂ II=p+p2
- N (S.5.17.2)
=5ty pL=pty
z II
T2 =51y P2=-pt3

These new coordinates are used to rewrite the Hamiltonian. It now decou-
ples into separate z- and y-parts:

H=H,+H, (8.5.17.3)
2 2
=0 m [wz _ 9.] ($5.17.4)
m 4 m

H2
H, = wt my? [wz + %} (8.5.17.5)
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The z-oscillator has a frequency Q¢ = +/w?—-C/m and eigenvalues
hQz(nz 4 1/2), where ng is an integer. The y-oscillator has a frequency of
Qy = /w? + C/m and eigenvalues hQy(n, + 1/2), where n, is an integer.

5.18 Time-Dependent Harmonic Oscillator I
(Wisconsin-Madison)

a) At times t > 0 the wave function is

U(z,t) = \/gwo(:c)e_i“’t/z + \/§¢2(x)e”5i“’t/2 (8.5.18.1)

b) The state ¥(z,t) has even parity: it remains the same if one replaces z
by —z, since WYan(—2z) = ¥an (). This is true for all times.

¢) The average value of the energy is

1 2

_[11 2 5

11
§-§+§-§]hw_€hw

which is independent of time.

5.19 Time-Dependent Harmonic Oscillator 11
(Michigan State)

a) The time dependence of the wave function is

1 . 2 )
Uty = — |1 e—3‘lwt/2+__ 9 e—51,wt/2 $.5.19.1
== 712 (8:5.19.0)
b) The expectation value for the energy is

1 4

(B) = (Y()IH|Y(®)) = s Er + ;B2 (S.5.19.2)
13 45 23
= [5§+g-2-] hw—mhw

which is independent of time.
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c) To find the average value of the position operator, we first need to show
that

(1lz|1) =0 (S.5.19.3)
(2lz]2) =0 (8.5.19.4)
(1|z|2) = (2]z]1) = Xo (S.5.19.5)

Then
2 —iwt iwt 4
(@) = (T() |z| ¥()) = gXo (e +et) = EXO coswt (S.5.19.6)
The expectation value of the position operator oscillates in time.
5.20 Switched-on Field (MIT)

a) Operate on the eigenfunction by the kinetic energy term in the Hamil-
tonian:

2 2 2
Y4 R d —a?z?/2
L oy = e .5.20.1
om "’ 2m dz? (Ne ) (8:5.20.1)
= N————h2a2 e~o'e? /2 (1 - azmz)
2m

Consider the factor 1 —a2z?; the 1 must give the eigenvalue and o?z? must

cancel the potential energy. These two constraints give the identities

h2at

=mw? —a? = o2 (8.5.20.2)
m h

RPo?  hw
= = — S.5.20.3
Eq o ) ( )

The normalization constant N is determined by
o0 o0
1= / dz o(z)? = N*? / dz e='*" = Nzg (S.5.20.4)
—00 —o0
Va

= 7|-1_/I (8.5.20.5)

b) The solution is given above: Ey = hAw/2.
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c) After the perturbation e|E|z is added, the Hamiltonian can be solved
exactly by completing the square on the z-variable:
mw? e%|E|?

2
P 2 _
H+H 2m + 2 (2 + &) 2mw?

where the displacement & = e|E|/mw?. The new ground state energy and
eigenfunction are

(5.5.20.6)

1\  e2E]?
E' = hw (n + 5) - -‘;—7—1@'—2 (5.5.20.7)
Yh(z) = Ne~o (#+é0)? (S.5.20.8)

The harmonic oscillator vibrates about the new equilibrium point —£, with
the same frequency w as before. The constants N and « are unchanged by

d) To find the probability that a particle, initially in the ground state,
remains in the ground state after switching on the potential, we employ the
sudden approximation. Here we just evaluate the overlap integral of the
two eigenfunctions, and the probability is the square of this overlap:

Ioor = / dz o () ()

— o -—az[z2+(w+€0)2]/2 S.5.20.9
ﬁ/dx e (8.5.20.9)
_ 3 62|E‘2
= P T s
2 2
72 _ _ € [E|
P = IOOI = exXp < thw3) (S.5.20.10)

5.21 Cut the Spring! (MIT)

a) Below we give the Hamiltonian Ha, the frequency wsg, and the eigenvalues
E? of the particle while coupled to two springs:

2
Hy=L2 4 K2? (5.5.21.1)
2m

Rt (5.5.21.2)
m

1
E® = huwy (n + 5) (S.5.21.3)
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The only change from the harmonic oscillator for a single spring is that,
with two identical springs, the effective spring constant is 2K.

b) The eigenfunction of the ground state (n = 0) is

6 (z) = Wl—‘/i emo’s'/2 (5.5.21.4)
omK 1/4
a= ( ;’:2 ) (8.5.21.5)

c) When one spring is cut, the particle is now coupled to only a single
spring. So we must replace 2K in the above equations by K. The ground
state eigenfunction is now

\/B - 222
(()1)(22') = m € B /2 (85216)
K\ /4
8= (72—2) (3.5.21.7)

Notice that 8 = a/2}/4. The amplitude / for remaining in the ground state
is found, in the sudden approximation, by taking the overlap integral of the
two ground state wave functions. The probability Pyo: of remaining in the
ground state is the square of this overlap integral:

[oo}

I= / dz ¥ () %82 (z) (S.5.21.8)
a +B2 2aﬁ
\/ / dz e” )72 ” o B
25/4
Py =1? = 208 _ ~ 0.985 (S.5.21.9)

2+ 1+2

where we have used 8 = a/2'/4 in deriving the last line. The probability
of remaining in the ground state is close to unity.

Angular Momentum and Spin
5.22 Given Another Eigenfunction (Stony Brook)

a) The factor cos @ indicates that it is a p, state which has an angular
momentum of 1.
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b) In order to determine the energy and potential, we operate on the eigen-
state with the kinetic energy operator. For ¢=1 this gives for the radial
part (s = /3)

2 1 d2 2 8 ,—ar
Viy(r) = v L Ar®e " cos 8 (5.5.22.1)

_ {az_ 2a(1 + s) 4 s(s+1)~2] b(r)

r r2

The constant in the last term can be simplified to s(s + 1) =2 =1 + /3.
In the limit » — oo, the potential vanishes, and only the constant term in
the kinetic energy equals the eigenvalue. Thus, we find
hla?
E=- .5.22.
S (S.5.22.2)

c¢) To find the potential we subtract the kinetic energy from the eigenvalue
and act on the eigenfunction:

2
V(r)y(r) = [E+ B V2] (r) (S.5.22.3)
V() = (1+V3) il [ 2:' +;1—2—] (5.5.22.4)

The potential has an attractive Coulomb term ~ 1/7 and a repulsive 1/r?
term.

5.23 Algebra of Angular Momentum (Stony Brook)
a)
[J3,J?]) = [Js, I + J5 + J3]
= [J3, JZ] + [Js, J3]
= Jy [J3, L] + [Ja, Al Sy + T2 (T3, Jo] + (T3, T2 J2

= (2.]2) + (ZJQ) J1+ Jo (—'iJl) + (—i]l) Jp=0

b) Since J2 and J; commute, we will try to find eigenstates with eigenvalues
of J? and J3, denoted by |jm), where j,m are real numbers:

J? |jm) = A|jm)

J3|jm) = m|jm)
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Since JZ+ JZ +J2 > JZ we know that A > m?2. Anticipating the result, let
A = j(j +1). Form the raising and lowering operators J, and J_:

Jiy=J1+1J2
J_o=J1—1iJs
Ji=J_
Jr=J,
Find the commutators
[J3, 4] = [J3, 1 +3d2) = iJp — iy = J4 (S.5.23.1)

[Jg, J_} = [Jg, Ji— ZJz] =iJg+itJ = —~-J_

From part (a) we know that [Ji,J?] = 0. We now ask what is the eigen-
value of J2 for the states Jy |jm):

24 |jmY = JoJ |jm) = 5(j + 1)Je [jm) (5.5.23.2)

So, these states have the same eigenvalue of J. Now, examine the eigen-
value of J3 for these states:

J3Jy |jm) = ([Js, Ji] + JxJds) |jm) (8.5.23.3)
= (£Jy + JxJ3) |gm) = (m £ 1) J4 |jm)

In (S5.5.23.3) we see that J has the effect of raising or lowering the m-value
of the states |jm) so that

Ji [jm) = CFL |5m £ 1)
where C7 are the corresponding coefficients. As determined above, we

know that (5 + 1) > m?, so J4. cannot be applied indefinitely to the state
[7m); i.e., there must be an m = Mmax, M = Mmpin sSuch that

Ji |7Mmax) = 0 (S.5.23.4)

J_ |jmmin) = 0 (S.5.23.5)
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Expand J-J4 and apply J_ to (5.5.23.4):
J_Jp = (I —idp) (Jy +ide) = JE+ J2 +i[J1, Jo)
=S -Jitiids=J -T2 - Js
J- Ty |jManax) = (J2 = J§ = J3) |jMunax) = 0
= [1G +1) = Miuux = Mamax] |iMmex) = 0
Either the state |jmmax) is zero or j(j + 1) ~ m2 ., — Mmax = 0. So
(G + 1) = Mmax (Mmax + 1)
mide=3  m@=-(+1)
Similarly,
J - |iMumin) = (J? — J2 + J3) [immin) = 0
= [j(j +1) = mip + mmin] |7Mmin) = 0
50 +1) = Mipin + Manin = 0
77 + 1) = Muin (Mmin — 1)
(2)

1 . .
mx(m)n =7+ 1 Mpin = —J

For j > 0, and since myax = Mmin, the only solution is
Mmax = J Mmpmin = —J

We knew that 7 was real, but now we have Mmax — Mmin = 27 = integer,
SO

3 . . .
j=0) y1,§,2"“ m=_.7a—3+1’---,.7_1’.7

[N

5.24 Triplet Square Well (Stony Brook)

Since the two spins are parallel, they are in a spin triplet state with § =1
and M = £1. The spin eigenfunction has even parity. The two-electron
wave function is written as an orbital part ¥(z1,zz) times the spin part.
The total wave function must have odd parity. Since the spin has even
parity, the orbital part must have odd parity: ¥(z2,21) = —¥(x1,2z2). Since
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the interaction potential acts only between the electrons, it is natural to
write the orbital part in center-of-mass coordinates, where X = (z, + 22)/2
and ¢ = r; — 3.

P (z1,22) = e“‘xt/)(a:) (S.5.24.1)

The problem stated that the total momentum was zero, so set k = 0. We

must now determine the form for the relative eigenfunction #(z). It obeys

the Schrodinger equation with the reduced mass p = m/2, where m is the
electron mass:

h? 42

[ 2p dx?

We have reduced the problem to solving the bound state of a “particle” in
a box. Here the “particle” is the relative motion of two electrons. However,
since the orbital part of the wave function must have odd parity, we need
to find the lowest energy state which is antisymmetric, ¥(—z) = —¥(z).

Bound states have E = —FEpg where the binding energy Ep > 0. Define
two wave vectors: o? = 2uEg/h? for outside the box, |z[ > a, and 4% =
2u (Vo — Eg) /h? when the particle is in the box, |z| < a. The lowest
antisymmetric wave function is

+V(z) - E'] Y(x) =0 (S.5.24.2)

Be7o= zT>a
P(z) = Asinkz [z] < a (S8.5.24.3)
—Be®* r < ~a

We match the wave function and its derivative at one edge, say z = a,
which gives two equations:

Asinka = Be™*® (S.5.24.4)
kAcoska = —aBe™® (5.5.24.5)

We divide these two equations, which eliminates the constants A and B.
The remaining equation is the eigenvalue equation for c:

a = —kcotka (S.5.24.6)
k=4/k2 - a? (S.5.24.7)
;2 = 2:;’0 (5.5.24.8)

Since « and k are both positive, the cotangent of ka must be negative,
which requires that ka > «/2. This imposes a constraint for the existence
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of any antisymmetric bound state:

hin2
Vo > 8ua2

(S.5.24.9)

Any attractive square well has a bound state which is symmetric, but the
above condition is required for the antisymmetric bound state.

5.25 Dipolar Interactions (Stony Brook)

a) We assume the magnetic moment is a vector parallel to the spin with a
moment f; = po8; where po is a constant. Then we write the Hamiltonian
as 2
H= ?“—S‘Z[s1 -8 — 381,82;] (S.5.25.1)

The second term contains only s;, components since the vector a is along
the z-direction.

b) We write
S=s+s; (8.5.25.2)
S-S=8(5+1)=(s; +82) (81 +82) (5.5.25.3)
S(S+1)=2s(s+ 1)+ 2s; - s, (8.5.25.4)
S, = 815 + 82; (8.5.25.5)
S2 =8}, + 53, + 251,52, (8.5.25.6)

For s=1/2 we have s(s+ 1) = 3/4 and .9]2-z = 1/4, so we can write

1 3
8) -89 = §S(S + 1) - Z (55257)
1 1
81282; = 553 - Z (85258)
H = Eo[S(S +1) — 357 (S.5.25.9)
3
= $.5.25.10
EO 203 ( )

¢) The addition of two angular momenta with s = 1/2 gives values of S
which are O or 1:
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For S =1 there are three possible eigenvalues of S, = (—1,0,1), which
gives an energy of Eo(—1,2,—1).

For S = 0 there is one eigenvalue of S, = 0, and this state has zero
energy.

5.26 Spin-Dependent 1/r Potential (MIT)

a) The spin operator is 8 = = o/2. For spin 1/2 the expression s -8 =
s(s +1)I = 31 /4 becomes, for Pauli matrices, o - o = 31, where I is the
unit matrix. The total spin operator for the two-particle system is

S= %(a’l +0o3) (S.5.26.1)

~ 1. -
S'S=S(S+1)I= ‘2-[3.[-}-0'1 '02] (S.5.26.2)
(1-02) =25(S+1)-3 (S.5.26.3)

For the spin singlet state S = 0, then Vg=g = —3g/r, while for the spin
triplet state (S = 1), then Vg=1 = g/r.

b) The potential is repulsive for the triplet state, and there are no bound
states. There are bound states for the singlet state since the potential is at-
tractive. For the hydrogen atom the potential is —e2/r, and the eigenvalues

are
e‘m

2h°n2
Our two-particle bound state has 3¢ instead of €2 and the reduced mass
m /2 instead of the mass m, so we have the eigenvalues

(hydrogen atom) (S.5.26.4)

n = =

9g%*m

==

(S.5.26.5)

527 Three Spins (Stony Brook)
a) We use the notation that the state with three spins up is |[t1%21s). This

is the state with M = 3/2. We operate on this with the lowering operator
J~, which shows that the states |3/2, M) with lower values of M are

13/2,3/2) = |111213) (8.5.27.1)
13/2,1/2) = —}\/——é[lTlTua) + [tdats) + [Hatets)]  (S.5.27.2)
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13/2,-1/2) = %HTN&L@) + ladats) + [atels)] (S.5.27.3)

13/2,-3/2) = [{1dals) (S.5.27.4)
b) From the definition of J* we deduce that

J* 13/2,-3/2) = V3 |3/2,-1/2) (S.5.27.5)
Jt|3/2,-1/2) =2 |3/2,1/2) (5.5.27.6)
J*13/2,1/2) = V3 (3/2,3/2) (8.5.27.7)

0 V3 0 0

+ |0 0 2 o0
T =104 o o /3 (8.5.27.8)

0 0 0 O

The matrix J~ is the Hermitian conjugate of J*+:

J™=(JH! (S.5.27.9)
¢) Because J, = (J* + J7)/2 and J, = —i(J* — J7)/2, we can construct
0 V3 0 0
1{v3 0o 2 o0
=510 2 o J3 (S.5.27.10)
0 0 V3 0
0 V3 0 0
7 -3 0 2 0
h==31"9" 22 o 3 (8.5.27.11)
0 0 —-v3 0
3/2 0 0 0
[ 0o 12 o 0
L=1 0o 0 12 o (S.5.27.12)
o 0 0 -3/2

d) To find the matrix J? = J2 + J2 + JZ, we square each of the three

matrices and add them. This gives J? = 151 /4, where I is the 4 x 4 unit
matrix. This is what one expects, since the eigenvalue of JZ is J(J + 1),
which is 15/4 when J = 3/2.



274 SOLUTIONS

5.28 Constant Matrix Perturbation (Stony Brook)

a) Define z = ¢ — A — G where X is the eigenvalue. We wish to diagonalize
the matrix by finding the determinant of

z -G -@G
H-)M=| -G =z -G (S.5.28.1)
-G -G x
0=2z®-32G*-2G° (S.5.28.2)

When confronted by a cubic eigenvalue equation, it is best first to try to
guess an eigenvalue. The obvious guesses are * = £G. The one that works
isx = —(@, so we factor this out to get

0=2°—32G? - 2G® (S.5.28.3)

= (z+ G)(z? - zG - 2G?) = (z + G)*(z - 2G)
z=-G,~G,2C (S.5.28.4)
A=¢,e,e-3G (S.5.28.5)

We call these eigenvalues Aj, A2, As, respectively. When we construct the
eigenfunctions, only the one for A3 is unique. Since the first two have degen-
erate eigenvalues, their eigenvectors can be constructed in many different
ways. One choice is

1 1

P = 7 ( 51 ) (8.5.28.6)
1 1

Yo = 7 ( _12 ) (S5.5.28.7)
(1!

3 = 7 ( i ) (8.5.28.8)

b) Since the three states 1; form a complete set over this space, we can
expand the initial state as

i) = 3 i (Wi i) (S.5.28.9)
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1
|7) = Ed’l + %wz + 71_51/13 (S.5.28.10)
l5)(t) = %%e-“l‘ + \/igzpze-“zt + %%f“at (S.5.28.11)

— ettt (\/—"/’1 + \/—Tﬁz + 7¢ eSth) (852812)

To find the amplitude in state |f), we operate on the above equation with
(f|- The probability P is found from the absolute-magnitude-squared of
this amplitude:

—iet

() () = eT (3Gt — 1) (S.5.28.13)
P= gs n? %ﬁ (S.5.28.14)

529 Rotating Spin (Maryland, MIT)

Let us quantize the spin states along the z-axis so that spin up and spin
down are denoted by

a= ( (1) ) (S.5.29.1)
8= ( ? ) (S.5.29.2)
Ho = hwa (8.5.29.3)
HpB = —hwp (3.5.29.4)
hw = pBy (S.5.29.5)

The eigenstates of o, are 4, for pointing along the +x-axis, and vz for the
—z-axis
1

Yy = ﬁ(a + ﬂ) Ore = Py (5.5.29.6)

(a+1iB) oty = Yy (8.5.29.8)
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1 .
t/)g = —\/_.—2(0 - Z,B) O'yipg = —?/lg (35299)
At time t = 0 we start in state .. Later this state becomes
1 . .
T, (t) = —= (ae™™ + Be™* S.5.29.10
o(6) = 5 (o™ 4 ™) (5:5.29.10)

The amplitude for pointing in the negative y-direction is found by taking
the matrix element with 3. The probability is the square of the absolute
magnitude of this amplitude:

(g |Wa(t)) = = (7™ +ie™?) (8.5.29.11)

DO bt

Puy(t) = cos? (wt + Z-) (S.5.29.12)

5.30 Nuclear Magnetic Resonance (Princeton, Stony
Brook)

a) Let a(t) and B(t) denote the probability of spin up and spin down as a
function of time. The time-dependent Hamiltonian is

x(t) = ( g ) (S.5.30.1)
L d .

zhd—-t-x = p(Biogcoswt + Broysinwt + Boo,) x  (8.5.30.2)

.d _ Q” Qle_iwt
X = ( Q0 et Y X (S.5.30.3)

The equations for the individual components are

6= Qa+Qe7™g (S.5.30.4)
iB=—-YB+Nie“ta (S.5.30.5)

where the overdots denote time derivatives. We solve the first equation for
[ and substitute this into the second equation:

Q.8 = e“fia — Qa (S.5.30.6)

i-(% [ (ia — Q)] = e* [-Q (& — Qa) + Q1 a] (8.5.30.7)

0 = 28 — iwé + a [wQ" o Qi] (S.5.30.8)
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We assume that
a(t) = age™t (8.5.30.9)

We determine the eigenvalue frequency A by inserting the above form for
a(t) into (S.5.30.8), which gives a quadratic equation for A that has two
roots:

0=A+dw+w) -Qf -0F (8.5.30.10)
A= —‘5" t@ (S.5.30.11)

2
o= \/ (m-%) +92 (S.5.30.12)
a(t) = e7 /2 [a) "%t + gpe™ ) (S.5.30.13)
B(t) = e [brei® + hye~™t] (S.5.30.14)

We have introduced the constants ai,ag,by,b2. They are not all inde-
pendent. Inserting these forms into the original differential equations, we
obtain two relations which can be used to give

Qi by =ay [% —-w— Qu] (S.5.30.15)
Q162 =a2 [g +@— Q"] (S.5.30.16)

This completes the most general solution. Now we apply the initial con-
ditions that the spin was pointing along the z-axis at ¢ = 0. This gives
a(0) = 1, which makes a; + az = 1 and B(0) = 0, which gives b; + b2 = 0.
These two conditions are sufficient to find

%+E)—Q“

= S.5.30.17
a1 5 ( )
w -
F-w-gy
= S.5.30.1
az 55 ( 8)
-Q-L wt/2 o -
Bt) = —i_ve sin &t (8.5.30.19)

—iw W .
a(t) = e"wt/2 [coswt + = (5 - Q“) smwt} (8.5.30.20)
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The probability of spin up is |e(¢)|? and that of spin down is |B(¢)|%:

la(t)]? =1~ Qz —L sin? ot (S.5.30.21)

2
1B = %;—sixﬁ wt (8.5.30.22)

b) In the usual NMR experiment, one chooses the field By so that 2Q) = w,
in which case @ =~ QJ, and |a(t)|? ~ cos? Q t and |B(¢)|? ~ sin? Q,t. The
spin oscillates slowly between the up and down states.

Variational Calculations

5.31 Anharmonic Oscillator (Tennessee)

Many possible trial functions can be chosen for the variational calculation.

Choices such as exp(—a|z|) are poor since they have an undesirable cusp
at the origin. Instead, the best choice is a Gaussian:

P(z) = Ne=®'%’ (8.5.31.1)
where the potential in the problem is
V(z) = Az* (S.5.31.2)

We evaluate the three integrals in (A.3.1)—(A.3.4).

/da: Y2 (z) = N? a\C_ (S.5.31.3)

/ dx Azt (z) = AN2I§;—5F”—\/§ (S.5.31.4)
%/dz lpyp?(z)| = N? Zi:\‘g (5.5.31.5)
Ey = h;:‘: 1_‘:’;% (S.5.31.6)

We have used (A.3.1) to derive the last expression. Now we find the min-
imum energy for this choice of trial function by taking the derivative with
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respect to the variational parameter c. Denote by ¢ the value at this
minimum:

dEy  h’ay 34
34
af = FZ‘ (S.5.31.8)
2\ 2/38
Eo(ag) = <%%) Al/3 (S.5.31.9)

This result for Ey is higher than the exact eigenvalue.

5.32 Linear Potential I (Tennessee)

The potential V(z) is symmetric. The ground state eigenfunction must also
be symmetric and have no cusps. A simple choice is a Gaussian:

P(z) = Ae~*' =12 (S.5.32.1)

where the variational parameter is @ and A is a normalization constant.
Again we must evaluate the three integrals in (A.3.1)—(A.3.4):

/ dz ¥3(z) = Azg (5.5.32.2)
2 2 2 4 2
A~ dz ¥ = A2£—a~— /d:c g2e="" = AzM (S.5.32.3)
2m dz 2m 4m

7 F
/ dz V(z)p?(z) = 2F A2 / dr ve " = AP (55.324)
0
h2a? F
E(a) = am T VTa

The minimum energy is found at the value ag, where the energy derivative
with respect to a isaminimum:

(S.5.32.5)

dE(a) Koy F

—0= - S.5.32.6

da 0 2m  /mad ( )
of = 2mF (S.5.32.7)

VTh?
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B(ao) = (th 2)1/3 (5.5.32.8)

5.33 Linear Potential II (MIT, Tennessee)

The wave function must vanish in either limit that x — (0,00). Two
acceptable variational trial functions are

Y(z) = Aze™ ™" (8.5.33.1)

2,2

(z) = Bre™ " (8.5.33.2)

where the prefactor z ensures that the trial function vanish at the origin.
In both cases the variational parameter is a. We give the solution for the
first one, although either is acceptable. It turns out that (S5.5.33.2) gives a
higher estimate for the ground state energy, so (S.5.33.1) is better, since the
estimate of the ground-state energy is always higher than the exact value.
The ground state energy is obtained by evaluating the three integrals in
(A.3.1)-(A.3.4):

o oo}
A2
= 2(z) = A2/d Zem2am — S.5.33.3
I /d:v ¥*(x) z ze e ( )
0 0

o]

U= [ de V(z)y?(z) = A’F [ dz 232> (8.5.33.4)
T T

_ 3A’F
~ 8ot
2 7 2
K= i—'/dm <(—i—7’é> (S.5.33.5)
2m dzx
0
h*A? T 2ax 2 42
— —al 1 —
2m /d ( az) 8am
i)
hia?  3F
Bla)=22 13 (S.5.33.6)
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The optimal value of ¢, called oy, is obtained by finding the minimum value
of E(a):

dE hlay  3F
—_— = O = —_—— ). .
= Y (S.5.33.7)
3Fm
ad = oh (S.5.33.8)
5/3 ;2202 1/3
E(ap) = (g) (hrf ) (S.5.33.9)

Note that this result is also the first asymmetric state of the potential in
Problem 5.32.

534 Return of Combined Potential (Tennessee)

a) The potential V(z) contains a term which diverges as O(z~2) as ¢ — 0.
The only way integrals such as [ dz %2V (z) are well defined at the origin
is if this divergence is canceled by factors in #. In particular, we must have
1 ~ z at small z. This shows that the wave function must vanish at x = 0.
This means that a particle on the right of the origin stays there.

b) The bound state must be in the region £ > 0 since only here is the
potential V'(z) attractive. The trial wave function is

b(z) = N%e“"m/b (S.5.34.1)

where the variational parameter is a. We evaluate the three integrals in
(A.3.1)-(A.3.4), where the variable s = z/b:

o0

1
I= sz/ds sle2%8 = szm (S.5.34.2)
0

K = E,N% / ds e72%3(1 — as)? = sz% (S.5.34.3)
0
U = N2V, / ds e72%%(1 — 5) (S.5.34.4)
0

—vNZ | Lo L
=N b[2a (20)2
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E(a) = Byo® + Vp (202 - a) (S.5.34.5)
h2

The minimum energy is obtained by setting to zero the derivative of E(«)
with respect to a. This gives the optimal value cg and the minimum energy
E (Clo)i

dE

1 Vo
= 5.34.8
1 V2
E =0 S.5.34.9
(o) 15+ 2V ( )

5.35 Quartic in Three Dimensions (Tennessee)

The potential V(r) = Ar* is spherically symmetric. In this case we can
write the wave function as a radial part R(r) times angular functions. We
assume that the ground state is an s-wave, and the angular functions are
Py, which is a constant. So we minimize only the radial part of the wave
function and henceforth ignore angular integrals. In three dimensions the
integral in spherical coordinates is d®r = 47r% dr. The factor 47 comes
from the angular integrals. It occurs in every integral and drops out when
we take the ratio in (A.3.1). So we just evaluate the r% dr part. Again we
choose the trial function to be a Gaussian:

R(r) = Ne~®'m*/2 (S.5.35.1)

The three integrals in (A.3.1)-(A.3.4) have a slightly different form in three
dimensions:

I=N? / dr r2e=@'"" = N2£§ (8.5.35.2)
0
2 % 2
K= :—m / dr [%(TR)] (S.5.35.3)
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U= AN? / dr rSe=®"" = AN? 115(’3;/7_ (S.5.35.4)
0
3 [R%a? 54
Bla) = 3 [ 1: + g] (S.5.35.5)

Note the form of the kinetic energy integral K, which again is obtained
from Rp?R by an integration by parts. Again set the derivative of E(a)
equal to zero. This determines the value ap which minimizes the energy:

ao = 10—~ h;q (8.5.35.6)
9 [ h? 13

5.36 Halved Harmonic Oscillator (Stony Brook,
Chicago (b), Princeton (b))

a) Using the Rayleigh—Ritz variation principle, calculate {E(A)), the expec-
tation value of the ground state energy as a function of A:

(=) |H] 9(2))
W@ 9@) (8.5.86.1)

First calculate the denominator of (S.5.36.1):
2
(¥(z) | ¥(z / dz |9( a;)l —/ (2)\3/%6*“)

oo

4% d? o

= T/dx oz (e 2z (S.5.36.2)
0

o0
d? d 1
39 —22z _ 13 i
= A e dz e = A d/\z( ) 1
0

(E(\) =

So our trial function is already normalized. Continuing with the numerator
of (5.5.36.1), we have

oo 9 9
(E(N)) = /dm 2)3/2ge2® ( 2hm d(iz + ;mw2m2) 2X3/2 e
0
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=4)3 /dx ze™® (~—Aa-x—2 + Ba:2> ze " (S8.5.36.3)
0

where we set A = h?/2m and B = mw?/2. Evaluate the integral I =
(E(X)) /423

oo
2
I = /dw e A —Ai— + Bz? | ze=*
dz2

0

o0
= / dz ze™>* (—AzA%e7> + 2AXe™* + Bzde™*) (8.5.36.4)
0

o0
= —A)N? _L 2d—zmd 22 4 24 1 i/dwe—m
= 2) axe ) ¢*¢ 2/ ax
0

]

Now,
1
/ dr e=2*® = EX (S.5.36.5)
0
So, we have
AX?1 4% /1 1d /1 B1 d*
== e ——— | < }J(5.5.36.6
I=-23% (A) AT D ()\>+162d)\4< )(85 )
_ A+A+B-4!_£+_3_l_3_
AN 20 3205 4h 48
Finally,
8 2, 38 S.5.36.7
(E(A)) =4X°T = AX +—)‘—2 (S.5.36.7)
To minimize this function, find Ay corresponding to
0 (E(X)
=0 S.5.36.8
Y ( )

6B
240 ~ 55 =0 (8.5.36.9)

0
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yi_ 3B _ 3mw?  3miw?
°T A wm R
2 V3mw
AO =
h
Therefore,

(B = o Ve 3 _me

= om  h + 5\/§mw/ﬁ = V3hw ~ 1.7Thw

We should have the inequality (see Problem 5.33)

(E()) 2 Eo

where Ejp is the true ground state energy.

285

(5.5.36.10)

(5.5.36.11)

(S.5.36.12)

(5.5.36.13)

b) To find the exact ground state of the system, notice that odd wave
functions of a symmetric oscillator problem (from —oo to oo) will also be
solutions for these boundary conditions since they tend to zero at ¢ = 0.
Therefore, the ground state wave function of this halved oscillator will corre-
spond to the first excited state wave function of the symmetrical oscillator.
The wave function can easily be obtained if you take the ground state |0)

and act on it by the creation operator a' (see Problem 5.16):

at |0) o |1)

|O> o e—-(mw/2h):c2

1oy o< {4/ ™go it 4
GV T Vomhw da

d ) 10) o e~ (me/2m)s"

The ground state energy of our halved oscillator will in turn correspond to

the first excited state energy E; of the symmetrical oscillator:

Eo=FE, = hw (1+%> = ghw= 1.5hw

Comparing this result with that of (a), we see that the inequality (S.5.36.13)
holds and that our trial function is a fairly good approximation, since it

gives the ground state energy to within 15% accuracy.
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5.37 Helium Atom (Tennessee)

In the ground state of the two-electron system, both orbitals are in 1s states.
So the spin state must be a singlet x, with § = 0. The spin plays no role
in the minimization procedure, except for causing the orbital state to have
even parity under the interchange of spatial coordinates. The two-electron
wave function can be written as the product of the two orbital parts times
the spin part:

U(ry,r2) =9 (r1) ¥ (r2) xs (8.5.37.1)
P(r) = Eog; e=r/ao (S.5.37.2)

where aq is the Bohr radius and & is the variational parameter. The orbitals
¥(r) are normalized to unity. Each electron has kinetic (K) and potential
(U) energy terms which can be evaluated:

K= 27’2 / a*r [Vo(r)]® = a®Eg (S.5.37.3)

2
U= —2¢? / d®r ?7@ = —4aEg (S.5.37.4)

where Er = 13.6 eV is the Rydberg energy. The difficult integral is that
due to the electron—electron interaction, which we call V:

2
V=e / a3y 92 (ry / d3r; lr (r2) (S.5.37.5)
1

_r2|

First we must do the angular integral over the denominator. If rm is the
larger of ry and rg, then the integral over a 4w solid angle gives

/ _dQ  _4n (5.5.37.6)

Irl - I‘2| Tm

V—————/ dmme”lil/dyyze‘y+/dyye‘y}
2(1«0 .'L'O
€T

In the second integral we have set £ = 2ari/ap and y = 2ara/ao, which
makes the integrals dimensionless. Then we have split the y-integral into
two parts, depending on whether y is smaller or greater than z. The first
has a factor 1/z from the angular integrals, and the second has a factor



QUANTUM MECHANICS 287

1/y. One can exchange the order of integration in one of the integrals and
demonstrate that it is identical to the other. We evaluate only one and
multiply the result by 2:

/dy ye ¥V =e F(z+1) (8.5.37.7)
xz
2 —2z 5
/dw iz +1)e " = 3 (S.5.37.8)
0
5
V= —:—ER (S.5.37.9)

This completes the integrals. The total ground state energy E(a) in Ryd-
bergs is

E(a)=2(a? - 40) + Za (S.5.37.10)
=20’ -~ a

We find the minimum energy by varying a. Denote by g the value of a
at which E(a) is a minimum. Setting to zero the derivative of E(a) with
respect to a yields the result ag = 27/16. The ground state energy is

27\ ?
E(ap) = -2 6 ~ —b.7ER (S8.5.37.11)

Perturbation Theory
5.33 Momentum Perturbation (Princeton)

The first step is to rewrite the Hamiltonian by completing the square on
the momentum operator:

P2 (p+A)? N

H= -+ —pt+ Vi) =520 - oo+ V() (S.5.38.1)

2m 2m

The constant A just shifts the zero of the momentum operator. The rewrit-
ten Hamiltonian in (S.5.38.1) suggests the perturbed eigenstates:

Pn(z) = e7=Mhy, (2) (5.5.38.2)
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The action of the displaced momentum operator p+A on the new eigenstates
is

(P+ N Phn(z) = e =M py, (z) (S.5.38.3)

so the Hamiltonian gives

. . /\2 )\2
H’(/)n = e~—1:c)\/ﬁ |:H0 - 2_1’7’—7,:| d)n(a:) = [En — %il ’l[)n (85384)

and the eigenvalues are simply

- 22
E,=E,— — .5.38.
n = B, T (S.5.38.5)

5.39 Ramp in Square Well (Colorado)

a) For a particle bound in a square well that runs from ~a/2 < = < a/2,
the eigenfunction and eigenvalue for the lowest energy state are

Yo(z) = \/gcos %:1: (S.5.39.1)
2
0 = g::; (S.5.39.2)

The eigenfunction is symmetric and vanishes at the walls of the well.

b) We use first-order perturbation theory to calculate the change in energy
from the perturbation:

a/2 a/2

0F = / de V(z)yi(z) = i—‘: /d:L' x cos® %
—a/2 0
a/2
- 4—‘2 de z (1 + cos %—x) (S.5.39.3)
a a

0

™

e [ e (62 .
=— [dfO(1+cosl)=—= | — +6sinb+cosb
w2 72\ 2

0

£
= gz (7" —4)
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5.40 Circle with Field (Colorado, Michigan State)

The perturbation is V(¢) = —e|E|rcos ¢ if we assume the field is in the
z-direction. The same result is obtained if we assume the perturbation is
in the y-direction (V = —e|E|rsin¢). In order to do perturbation theory,
we need to find the matrix element of the perturbation between different
eigenstates. For first-order perturbation theory we need

27
(n|V|n) = —e[E|r / 521-}: cosg =0 (8.5.40.1)
0

The eigenvalues are unchanged to first-order in the field E.
To do second-order perturbation theory, we need off-diagonal matrix
elements:

2w

(n|Vim) = —e|E{r/ gew(m_") cos ¢ (S8.5.40.2)

0

1
= - §CIEIT(5m’n:t1

If we recall that cos¢ = (eid’ + e‘i‘f’) /2, then we see that n — m can only
equal +1 for the integral to be nonzero. In doing second-order perturbation
theory for the state |n), the only permissible intermediate states are m =
ntl:

<”|b|”+1>2 <”|H”_1>2
4 S5.5.40.3
8B { E,—En,11 E,-E,, ( )

- (er;w)“’ (27;52> [n2—<:z+ I " nl - (i—nz]

_ me*rtE? 1
TR 42—

This solution is valid for states n > 0. For the ground state, with n = 0,
the n ~ 1 state does not exist, so the answer is

me?rt|E|?

SEg =
0 2h2

(8.5.40.4)
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5.41 Rotator in Field (Stony Brook)

a) The eigenfunctions and eigenvalues are

Pn(d) = \/12?em¢ (S.5.41.1)
2,2
E, = h; (S.5.41.2)

b) The electric field interacts with the dipole moment to give an interaction

V=p-E =p|E|cos¢ (S.5.41.3)

This problem is almost identical to the previous one. The quantity mr? of
the previous problem is changed to the moment / in the present problem.
The perturbation results are similar. The first-order perturbation vanishes
since (n|V|n) = 0. The second-order perturbation is given by (S.5.40.3)
and (S.5.40.4) after changing mr? to I and er to p:

2 27
P! lEI’I 1
- 22 i1 n>0
SE, = (S.5.41.4)
P*|E[*I
Con? n=0

5.42 Finite Size of Nucleus (Maryland, Michigan
State, Princeton, Stony Brook)

a) To find the potential V' (r} near the nucleus, we note Gauss’s law, which
states that for an electron at a distance r from the center of a spherical
charge distribution, the electric field is provided only by those electrons
inside a sphere of radius r. For r < Ry, this is the charge Z(r/Ro)?,
whereas for r > Rj it is just the charge Z. Thus, we find for the derivative
of the potential energy:

ze* ( " )3 r< R
L o
V) gy =] 7\
dr Ze?
-—75‘ r> Ro

(S.5.42.1)
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where C' is a constant of integration. We chose C = —3 to make the
potential continuous at r = Ry:
Ze? { ( r )2}
—— 13— = r < Ry
V(r) = QZRg Ro (S.5.42.3)
__e r> RO
r
Ze?
V(ry=V(r)+ - (5.5.42.4)
N Z62 3 L 2 2R0 < Ro
= 2R0 Ro r "
0 r> Ry

b) For a single electron bound to a point nucleus, we can use hydrogen wave
functions:

T(r) = e (S.5.42.5)
(S.5.42.6)

c) The first-order change in the ground state wave energy is

0FE = /dar U(r)2V(r) = 4a3/dr r2e~27§V (r)
0

2Z€ 2 -2 T 2 RO
ar - =} —2— .5.42.7
/d rT [ (Ro) 2 " (S.5 )

Z22 2—:1; 2 E
=_2a0£/dmm [3—6—2—2:6]

¢ =220 z = 2ar (S.5.42.8)

ap

For any physical value of Z, the parameter £ is very much smaller than
unity. One can evaluate the above integral as an expansion in £ and show
that the first term is —0.2¢3, so the answer is approximately 0.2Z2EgR¢2.
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543 U and U? Perturbation (Princeton)

The result from first-order perturbation theory is obtained by taking the
integral of the perturbation 6V with the ground state wave function ,:

P (r) = Yo(z) Yo(y) Yo(2) (S.5.43.1)

sEM = / &r g, (r)2V (r) (S.5.43.2)

The ground state energy is Eg = 3hw/2. The first term in §V has odd
parity and integrates to zero in the above expression. The second term in
dV has even parity and gives a nonzero contribution. In this problem it is
easiest to keep the eigenfunctions in the separate basis of z, y, z rather than
to combine them into r. In one dimension the average of % = (0|z%|0), so
we have

2
{0lz*|0) = /dm 2?2(z) = ?2—0 (8.5.43.3)
2 2\ 3
SEW = ;]_w (%) (S.5.43.4)

where 22 = A/mw. This is probably the simplest way to leave the answer.
This completes the discussion of first-order perturbation theory.

The other term Uzyz in §V contributes an energy of O(U?) in second-
order perturbation theory. The excited state must have the symmetry of
xyz, which means it is the state tex(r) == 11{z) ¥1(y) ¥1(2). This has three
quanta excited, so it has an energy Eex = 9fw/2:

312
SE® = —Uzu%(;—)—l— (S.5.43.5)
T
(1/2)0) = / do 1(a) 2 bo(@) = 2% (S.5.43.6)
(2) 2 a:g
0B = U (S.5.43.7)

Now we combine the results from first- and second-order perturbation the-
ory:

5”50 (5.5.43.8)

U228 1 1 U228
e o] =522 - %] - T
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5.44 Relativistic Oscillator (MIT, Moscow
Phys-Tech, Stony Brook (a))

a) The classical Hamiltonian is given by Hy = p%/2m + V(z), whereas the
relativistic Hamiltonian may be expanded as follows:

Hoa = E+ V() = Vi 4 778 + V(z)

2
= mc*/1+ m’;cz +V(z) (S.5.44.1)

1 p2 1 pt 1 p*
~ 2 - — = - =
~ me (1 + Sm2E T gl +V(z) = Hy Py

The perturbation to the classical Hamiltonian is therefore

1 pt
H =_=
8 m3c2?

First solution: For the nonrelativistic quantum harmonic oscillator, we have

where z, p are operators. Defining new operators Q, P,

mw 1
L=V ® P=Vomm?

and noting the commutation relations

1 1] .8 )1, i
P.Ql= g el = g |=ingr o] = ghi = ;

we may rewrite (5.5.44.2) as
Hy = tw (Q* + P?) = hw [(Q +iP) (Q — iP) — [P, Q]]

= hw [(Q +iP)(Q —iP) + -;-J (S.5.44.3)
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Introducing the standard creation and annihilation operators (see Problems
5.15 and 5.16):

al =Q~iP
a=Q+1iP (5.5.44.4)
alln)y=vnF+1ljn+1)
aln) =+vnln—1)
we find that
a—al
2

Using these results, we may express the first-order energy shift Ag as

’)

N (\/meh)4 (0]P*|0) (S.5.44.5)

8m3c2

(ﬁw)

Ao_—.(OiH’]O):< i ;Wf’scz

1
=5 ez (0|P¥0) = —A (0] P%0)
where
_ (hw)?
T 2me?
The expansion of (0|P*|0) is simplified by the fact that a|0) = 0, so

() ]0)

2
((12 - aaT - aTa =+ a12>

(0|P*|0) = <0

1
=—(0
16 <

1
= IE) <0 la?a‘L2 + aafaaf} 0>

o (Vava+T) = 3

16

)

Finally, we obtain

2
3A__3(hw)

Ayg=——A= ——
°~ 716 32 mc?



QUANTUM MECHANICS 295

Second solution: Instead of using operator algebra, we can find a wave
function a(p) in the momentum representation, where

d
=ith— .5.44.
r=1 & (8.5.44.6)
The Hamiltonian then is
2 2 2 2 42
P mw? , PP m(hw) d
H=%5X 47 2_ £ _ — .5.44.
o + 5 T o 5 a7 (5.5.44.7)

The Schrodinger equation for a(p) becomes

d?a(p) 2 p? 3
ip? + m(ha)? (E - %) a(p) =0 (S.5.44.8)

This equation has exactly the same form as the standard oscillator
Schrodinger equation:

d%y  2m mw?x?
122 + 'h—2 (E' - > P=0 (8.5.44.9)

We then obtain for the momentum probability distribution for the ground
state:

2 dp 1 _p2/m 1

— = e “r d S.5.44.10
lao (p)| o —t p ( )

Therefore
Do = (0|H'|0), = A / PN (8.5.44.11)

P 2mh
— 00

where A = —1/8m3c%.  Using the old “differentiate with respect to an

innocent parameter method” of simplifying an integral, we may rewrite Ag
as

o0
A d2 2 A 4 [r
A= A& [gpeero_A 4 T $.5.44.12
07 Vrmwh d€? / pe VrmwhdE? Y € ( )

where we substituted (S.5.44.10) into (S.5.44.11) and let £ = 1/mwh. Fi-
nally,

_ 3 (w)?
32 me?

(S.5.44.13)
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as found in the first solution.

b) The first-order energy shiftfrom az® would be zero (no diagonal elements
in the @3 matrix). The leading correction would be the second-order shift

as defined by the formula

Vol

m

where Z' means sum over m # n = 0. From (S.5.44.3) and (S.5.44.4), we
have

at+a
Q= 2
h h
1.
wQ_ 2mw(a —+—a)

So,

A ,K ‘aTa +ataal + aa"2‘0>|2
<“> Z E® _ED

m

*[1BvavavI3)[* | [ala+2)lb) }

0 0
CORF R O

.f B \°[6 9 11, h?
= (—) |+ | =-F0P——
2mw 3hw  hw 8  mdw?

As for any second-order correction to the ground state, it is negative. To
make this expression equal to the one in part (a), we require that

_uw a3 (W)
8 mdwt 32 mc?

o= imw3
V12
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5.45 Spin Interaction (Princeton)
In first-order perturbation theory the change in energy is

SEM = (0[H'[0) =0 (S.5.45.1)

where

[0) = o ()30 (y)vo(2) (5.5.45.2)

since H' = Ar - o and the matrix element of r is zero for the ground state
|0). The first excited state is three-fold degenerate: denote these states as

) = ¥1(z) Yo(y) Yo(2) (S.5.45.3)
[y) = Yo(2) ¥1(y) Yo(2) (S.5.45.4)
|2) = Yo(z) Yoly) ¥1(2) (S.5.45.5)
In this notation the matrix elements are
(@ |H|0y = 25902  (iprioy = 2TO%u g (S.5.45.6)
V2 V2
In second-order perturbation theory
SE® = Z <gﬁ, 'gi (S.5.45.7)
_ Nz} 3A%z3
=- $ o2 +ok+02] =~ i

where ¢? = 3] where the unit matrix is /. Each spin state has the same
energy, to second order.

5.46 Spin—Orbit Interaction (Princeton)

a) In three dimensions the lowest eigenvalue of the harmonic oscillator is
(3/2)hw, which can be viewed as Aw/2 from each of the three dimensions.
The ground state has s-wave symmetry. The lowest excited states have
eigenvalue (5/2)hw. There are three of them. They have p-wave symmetry
and are the states L =1 and My = (1,0,-1).
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b) In the spin—orbit interaction we take the derivative 0V/dr and find

Vo =AL-S (S.5.46.1)
2
A= (27;;’22 (S.5.46.2)

The matrix element A is a constant, which simplifies the calculation. We
evaluate the factor L - 8 by defining the total angular momentum J as

J=L+8 (S.5.46.3)
J-J=(L+8S)-(L+8) (S.5.46.4)
JJ+1)=LL+1)+S(S+1)+2L-8 (S.5.46.5)

(L.S) = % U +1) - LL+1) =SS +1)]  (S.5.46.6)

For the ground state of the harmonic oscillator, L = 0 and J = S = 1/2.
The above expectation value of L - 8 is zero. The ground state is unaf-
fected by the spin—orbit interaction, although it is affected by relativistic
corrections (see Problem 5.44) as well as by other states (see Problem 5.45).
The first excited states have L = 1,8 = 1/2 so that J = 3/2,1/2. For

J = 3/2 wefind that
Esjp = (5/2)hw + A/2 (S.5.46.7)

For J = 1/2 we find that
By = (5/2)hw — A (S.5.46.8)

5.47 Interacting Electrons (MIT)

a) The wave function for a single electron bound to a proton is that of the
hydrogen atom, which is

1
Vmag

where aq is the Bohr radius. When one can neglect the Coulomb repulsion
between the two electrons, the ground state energy and eigenfunctions are

o(r) = e~/ (S.5.47.1)

By = —2Eg (S.5.47.2)
Yo (r1,72) = ¥ (r)¥ (r2) xo (8.5.47.3)

Xo = —\;—2—- [c182 — a2f3:1] (S.5.47.4)
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The last factor in (S.5.47.3) is the spin-wave function for the singlet § = 0
in terms of up @ and down B spin states. Since the spin state has odd parity,
the orbital state has even parity, and a simple product function (ry }3(rs)
is correct. The eigenvalue is twice the Rydberg energy Ep.

b) The change in energy in first-order perturbation theory is § E = (|V| ).
The orbital part of the matrix element is

{V)o = / d3ry dBra YE(r1)Ved3(r1 — r2)2(r2)  (S.5.47.5)

o

%
= Vb/dar Ya(r) = —41; g/dx e = Vo
mT2a;

"~ 87al
J 0

where the final integration variable is ¢ = r/aq.
Next we evaluate the spin part of the matrix element. The easiest way
is to use the definition of the total spin 8 = s; + 82 to derive

S S==8; 8] +83 8y + 281 -8 (85476)

(s1-8p) = % [S(S +1) - g} (S.5.47.7)

where for spin-1/2 particles, such as electrons, 81-8; = s(s+1) = 3/4. Since
the two spins are in an S = 0 state, the expectation value (s; - s2) = —3/4.
Combining this with the orbital contribution, we estimate the perturbed
ground state energy E to be

(S.5.47.8)

5.48 Stark Effect in Hydrogen (Tennessee)

We use the notation |LM) to describe the four orbital states: the s-state
is |00) and the three p-orbitals are |1—1),[10),|11). Spin is not affected
by this perturbation and plays no role in the calculation. For degener-
ate perturbation theory we must evaluate the 10 different matrix elements
(LM |V(z)| L' M') which occur in the symmetric 4 x 4 matrix. The interac-
tion potential is V' = —e|E|z. One can use parity and other group theory
arguments to show that only one matrix element is nonzero, and we call it
&

& = —e|E|[(00|2| 10) (S.5.48.1)
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Since the two states |1 4 1) have no matrix elements with the other two
states, we can omit them from the remaining steps in the calculation. Thus
we must find the eigenvalues of a 2 x 2 matrix for the states [00) and [10).

H = ( g ; ) (3.5.48.2)

This matrix has eigenvalues A = £&. The perturbation splits the fourfold
degenerate n = 2 state into states with eigenvalues

E= E237 EZsa E2s - 6, E2s + § (85483)

Since £ is proportional to the electric field, the energies split linearly with
The matrix element ¢ can be evaluated by using the explicit represen-
tation for the n = 2 eigenstates of the hydrogen atom:

1 T
=% (1 — $.5.48.4
00) = —=s ¢ (1-5) ( )
z
10) = ——— e7"/2% S.5.48.5
10)= ey (8.5.48.5)
yielding
£= —e|E|F2W—— /dr e T/o0 (1 - ———) /d0 sin 6 cos? 8
= e|E[a0 /d —) e =3e|Elao (5.5.48.6)

The angular integral gives 2/3, and s = r/ag.

549 n = 2 Hydrogen with Electric and Magnetic
Fields (MIT)

We use the same notation as in Problem 5.48 to describe the four orbital
states: the s-state is |00) and the three p-orbitals are |1—1),(10),|11).
Here again, spin is not affected by this perturbation. As in Problem 5.48,
we must evaluate the 10 different matrix elements (LM |V (z)| L' M') which
occur in the symmetric 4 x 4 matrix.
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One interaction potential is V = —e|E|z. One can use parity and other
group theory arguments to show that the only nonzero matrix elements are

¢ = —e|E|(00 |z 11) (S.5.49.1)
(' = —e|E|(00 |x]1 — 1) (5.5.49.2)

One can show that ¢ and ¢’ are equal to within a phase factor. We ig-
nore this phase factor and call them equal. The evaluation of this integral
was demonstrated in the previous solution. The result here is ¢ = £/v/2,
compared to the one in the previous problem.

To first order in the magnetic field, the interaction is given by

U=-"p-A (S.5.49.3)
mc

In spherical coordinates the three unit vectors for direction are (f,@,&).

In these units the vector potential can be written as A = Br¢. Similarly,
the momentum operator in this direction is

h 9
Dy = ;% (3.5.49.4)
U=h 9 S5.5.49.5
= hwe ps (8.5.49.5)
U|LM) = Mhw, |LM) (S.5.49.6)

where the cyclotron frequency is w, = eB/mec. The magnetic field is a
diagonal perturbation in the basis |LM).

Now the state |10) has no matrix elements for these interactions and is
unchanged by these interactions to lowest order. So we must diagonalize
the 3 x 3 interaction matrix for the three states [00),|11),]|1 — 1):

0 ¢ ¢
H=|¢ bw 0 (S.5.49.7)
¢ 0 —hw
A =0, %/ (hwe)? + 2(2 (S.5.49.8)

The n = 2 states are initially fourfold degenerate. The double perturbation
leaves two states with the same eigenvalue Ej, while the other two are
shifted by £4/(fw.)? + 2¢2, where hw. ~ B and ¢ ~ |E|. Note that 2(? =
£2 so that, in the absence of the magnetic field, the result is the same as in
Problem 5.48.
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5.50 Hydrogen in Capacitor (Maryland, Michigan
State)

For time-dependent perturbations a general wave function is

U(r,t) = Z a;j(t)p;(r)e~ st (S8.5.50.1)

where the 1; satisfy
Hoyp; = hw;; (8.5.50.2)
For the time-dependent perturbation V (),

V(t) = —e|Eolze~t/T (S.5.50.3)

From Schrodinger’s equation we can derive an equation for the time devel-
opment of the amplitudes a;(t):

m%w = [Ho + V(£)]¥ (S.5.50.4)

b3}

e Y - . it(wj—we)
ihsza;(t) = XZ: a (G V()| O e ¢ (S.5.50.5)

If the system is initially in the ground state, we have a15(0) = 1 and the
other values of a;(0) are zero. For small perturbations it is sufficient to
solve the equation for j # 18:

) ie|Eo|

LN ) —t[1/7—i(w;—w1s)] S.5.50.
50 () = T (i 12118) e (8:5:506)
aj(oo) _ %/dt et/ T=i(w;—w1s)] (8.5.50.7)
0
ie|Eo| (2) T

TRl —ir(w; — wis)]

The general probability P; that a transition is made to state j is given by

Py = fay(oo) = —(SBlr)_ G 1211S)

- S.5.50.8
R [1 + 72 (w; — wls)z] ( )

This probability is dimensionless. It should be less than unity for this
theory to be valid.
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a) For the state j = 25 the probability is zero. It vanishes because the
matrix element of z is zero: (25 |z|1S) = 0 because of parity. Both S-
states have even parity, and z has odd parity.

b) For the state j = 2P the transition is allowed to the L = 1,M = 0
orbital state, which is called 2P,. The matrix element is similar to the
earlier problem for the Stark effect. The 2P eigenstate for L =1, S =0is
in (S.5.48.5) and that for the 1S state is exp(—r/ao) /4/ma3. The integral
is

0 m
27
(2P, |2|18) = /dr rie=3r/2a0 /df) sinf cos® 6
: magyv/32 J
17 252\ °
— d 4 —31‘/2(10 — O .
3\/5(13/ r rie a0 | =3 (S.5.50.9)
0

where ag is the Bohr radius of the hydrogen atom.

5.51 Harmonic Oscillator in Field (Maryland,
Michigan State)

We adopt (S.5.50.4) and (S.5.50.5) for the time-dependent perturbation
theory. Now we label the eigenstates with the index n for the harmonic
oscillator state of energy E, = hw(n+1/2) and write the equation satisfied
by the time-dependent amplitudes a,(t),

zh——an t)-Zae n|6V|£) gitlwn—w0) (S.5.51.1)

§V = —e|E|z (S.5.51.2)

We need to evaluate the matrix element (n |z| m) of  between the states
|n) and |m) of the harmonic oscillator. It is only nonzero if m = n £ 1. In
terms of raising and lowering operators,

z = Xo(a+a') (8.5.51.3)
h
=4/ — S8.5.51.4
Xo 2mw (8:5.51.4)
aflny =vn+1|n+1) (5.5.51.5)

aln) =+vnn-1) (5.5.51.6)
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a) If the initial state is » = 0 at ¢t = 0, then the amplitude of the n =1
state for (¢ < 7) is given by

¢
ai(t) = —iﬂ%& /dt' et (8.5.51.7)
0
eIE’XO iwt
=- 1
T (6 -1)

A = P =4 (EX) 2 () sss1g)
1 1 o 5 .5.51.
The last equation is the probability of ending in the state n = 1 if the
initial state is n = 0. This expression is valid as long as it is less than 1 or
if 2¢|B|X, < hw.

b) The n = 2 state cannot be reached by a single transition from n = 0
since the matrix element (2 |z|0) = 0. However, n = 2 can be reached by a
two-step process. It can be reached from n =1, and n = 1 is excited from
n = 0. The matrix element is (2|z| 1) = v/2 X;, so we have that

t
as(t) = —i@lh% / dt' ay () e

0

hiw

1 e|ElX, 2 iw 2
- 5 () -y

_ 2 e|E| Xo 4 4 WT
Py(1) = |aa(T)|" =8 <_—hw sin 2

t
2
= iv/w ( e'E|X°) / dt’ et (eiwt’ - 1) (S.5.51.9)
0

(S.5.51.10)

Note that P, = P2/2!. Similarly, one can show that P, = PJ*/n!. However,
the total probability, when summed over all transitions, cannot exceed 1.
Therefore, we define a normalized probability Pp:

n
n P

Pn:-e ]
ni

(5.5.51.11)
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5.52 (B-Decay of Tritium (Michigan State)

We use the sudden approximation to calculate the probability that the
electron remains in the ground state. One calculates the overlap integral
I of the initial and final wave functions, and its square is the probability.
The ground states in the initial and final states are called %; and ¢, and
ag is the Bohr radius:

1
Yilr) = —=e /% (8.5.52.1)
mag
8 —2r/a
0

— 3 . . 2,-3r/ao
I= /d ri(r)Ys(r) = 3 o/dr e (S.5.62.3)

23/2 6
P=I= <_3—) ~ 0.702 (S.5.52.4)

WKB

5.53 Bouncing Ball (Moscow Phys-Tech, Chicago)

The potential energy here is U = mgz. We can apply the quasi-classical
(WKB) approximation between points [0, a], where a = E/mg, with the

quasi-classical function applicable all the way to z = 0. The wave function
is given by

Yr,2<0 =0 (S.5.53.1)

C 1 r C 1 r T
W = —— gin = - - dz — =
1,2>0 \/_i sin 7 O/P(z) dz \/_ cos (} O/I)(z) z 2)

On the other hand, for z = a,

YI1,2<a = %cos (% /p(z) dz — %) (S.5.53.2)



306 SOLUTIONS

Imposing the condition ¥y = 1y yields

7 /P(Z) dz — < + h/ dz—— =7n (5.5.53.3)

a

%/p(z)dz=7r(n+§)

0

We know that in this approximation

p(z) = V/2m(E — mgz) (5.5.563.4)

SO
f mh 3\ 28
dz/E-mgz= —|n+- S5.5.53.5
2/3
En =+ (9n2h2g*m)"/° (n + §->

2 4

forn=0,1,2,...

5.54 Truncated Harmonic Oscillator (Tennessee)

a) If C is the turning point, to be found later, then the WKB formula in
one dimension for bound states is

C
1
dek(z)=n(n+ 2 (8.5.54.1)
R
k(z) = i—T[E —V(z)] (8.5.54.2)

where we have used the truncated harmonic oscillator potential for V(z).
The constant C is the value of z where the argument of the square root
changes sign, which is

2K
mw2

C? = + b2 (8.5.54.3)
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/C dz /TP — gt = (n + 1) (S.5.54.4)

2mw 2
0

The integral on the left equals #C2/4. The easiest way to see this result
is to use the change of variables £ = C'siné, and the integrand becomes
C? db cos? § between 0 and 7/2 (Actually, just note that this is the area of
a quadrant of a disk of radius C). We get

2F 2h 1
C'= "=+ =— (n + —) (8.5.54.5)
mw mw 2
1 »
E, = hw [n +5- 2’:‘”] (S.5.54.6)

b) The constraint that there be only one bound state is that Ey < 0 and
E; > 0. This gives the following constraints on the last constant in the
energy expression:

b mw

1< A

<3 (S.5.54.7)

5.55 Stretched Harmonic Oscillator (Tennessee)

We use (S.5.54.1) and (S.5.54.2) as the basic equations. The turning point
C is where the argument of k(z) = 0. For the present potential the turning
point is

C=a+d (S.5.55.1)

2E
d=y/% (S.5.55.2)

The integral in (S.5.54.1) has three regions. In the interval —a < = < a then
V(z) = 0, k(z) is a constant, and the integral is just 2ak. The potential
V(z) is nonzero in the two intervals —C < z < ~a and a < ¢ < C. Since
the WKB integral is symmetric, we get

g (n+ %) =/adx \/2;:’7+/Cdx \/1—? [E— fz{-(z—a)Z] (S.5.55.3)

To evaluate the second integral, change variables to ¥y = = — a:

d
g(n+%) =a’/2—hn—z§§+\/72—£{/dx Vd? —y?  (S.555.4)
0
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The last integral equals d*r /4. Writing K = mw?, we find

T 1 E rnF
5 (n + 5) “VE + e (5.5.55.5)
hZ
E,= 2ma? (S.5.55.6)

We have to determine E. Equation (S.5.55.5) is a quadratic equation for
the variable vE. Solving the quadratic by the usual formula gives the final

result:
hw 1\ E
- _ _ 2 )= .5.55.
VE, i 1 \/1—}-77 (n+2) hw] (S.5.55.7)
( ) ’
hw 1\ E
— 2 a
E, = 5 \[l+7r (n+ 2) hw] (8.5.55.8)

5.56 Ramp Potential (Tennessee)

We use (S.5.54.1) and (S.5.54.2) as the starting point. In the present prob-
lem, V(z) = Flz| and C = E/F, so

Ko = \/g‘;nTF (% - lwl) (8.5.56.1)
_/: daVC-lel= \/;:Tﬁ (” + %) (S.5.56.2)

Since the integral is symmetric, we can write it as

(o}
/d:z: —zr=- —[C’ —z]?? = §C3/2 (S.5.56.3)

0

Remembering that C = E/F, we obtain the final result:

_ (3nhF(n+1/2)\**
En = <_W—) (S.5.56.4)
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5.57 Charge and Plane (Stony Brook)
a) Since V(z) = v|z|, we may write

p=v2m(E — v|z|) (S.5.57.1)

In the WKB approximation

or, between turning points,

o

1
/ pdz =7h (n + 5) (8.5.57.2)

—zo

Substituting (S.5.57.1) into (S.5.57.2) and using the symmetry of the motion
about z = 0, we obtain

Zo
\/2mE/dm J1- %m = —21-7rh (n + %) (S.5.57.3)
0

1
3/2
= gt [qu Vimu= DI
v
0

S
Thus,
1
By = L Z”h (n + 5) (S.5.57.4)
5 1\12/3
B, - [4 et (n + 5)] (5.5.57.5)

b) For the potential where C' — oo,
V(z) = 7lz| + “00”é(z)

the quantization condition gives

Zg

/ pdr=rh (n + %) (S.5.57.6)

0
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B2 = —;I;%rh <2n +1+ %) (S.5.57.7)

3 3\12/3
E, = [4\/%_')%71 (Qn + 5)] (8.5.57.8)

¢) Using the boundary conditions at z = 0, we obtain
g—f T g—z = Cy(0) (S.5.57.9)

It implies that the odd states, for which ¥(0) = 0, are not affected by
Cé(z), while even states should satisfy the condition

oY 1

_— = = 0 S.5.57.10
5, = 2640 (8:5.57.10)

Since .
P(z) = cos ( - %/p(af:) da:) (S.5.57.11)

0

where 20

1 T

0
this condition takes the following form:

tana = ¢__ ¢ (S5.5.57.13)

2p(0)  2v2mE

5.58 Ramp Phase Shift (Tennessee)

The following formula is for the phase shift in one dimension where the
particle is free on the right (V(z) — 0 as  — oo) and encounters an
impenetrable barrier near the origin:

5(k) = % + lim {/dx' K (z') - k'x} (5.5.58.1)

C
K (z) = i—T[E —V(z)] (S.5.58.2)
g ¥ (5.5.58.3)

2m
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The factor 7/4 is the phase change when the particle goes through the
turning point where &'(C) = 0.
For the present problem we have that V' = 0 for z > 0, and this part
of the integral exactly cancels the term —kz. For 2 < 0 the potential is
= ~Fz, assuming that F > 0. The turning point is C = —E/F, sowe

have
SmF |
5=%+1/%fdw vz-C (S.5.58.4)
C

_7 2 [amF (B\Y?
T4 3V m? \F

5.59 Parabolic Phase Shift (Tennessee)

Again we use (S.5.58.1) for the phase shift. The potential V() in the
present problem is zero for z > 0. The integral in this region cancels the

term —kz. To the left of the origin, the turning point is C = —/2E/K.

0
§= ;45 + ,/”;L—-zﬁ /dx V2 — g2 (S.5.59.1)

C

m o /mK ™ m
= - -— == 2B,/ 5—
foven B -2 [ovan ]

The integral over dz again equals C?x/4. The phase shift is linear with
energy and has a constant term.

5.60 Phase Shift for Inverse Quadratic (Tennessee)

Again we use (S.5.58.1) for the phase shift. The turning point is C = A/k.
The phase integral is

T T 2
/dy,/2—’;‘[E—V(m) :/dy,/kz—’\—2

h y
C C

T

_ k/%m (S.5.60.1)

(o]
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=k (\/a:z —~C? - Ccos™! g)

The last integral is found in standard tables. To evaluate the phase shift, we
need to evaluate this expression in the limit z — oo, which gives kz —7A/2.
So the final expression for the phase shift is

§= %(1 ~2X) (S.5.60.2)

The phase shift is independent of energy.

Scattering Theory
5.61 Step-Down Potential (Michigan State, MIT)

Denote by p’ the momentum of the particle to the right of the origin, and
+p is momentum on the left. Since energy is conserved, we have
2 12
p p
E=—+4+Vy=— S.5.61.1
o + W ( )

p = Vp*+2mV, (5.5.61.2)

Now we set up the most general form for the wave function, assuming the
incoming wave has unit amplitude:

etPe/h | Re—ipz/h z<0
¥(z) = { e T (5.5.61.3)

Matching the wave function and its derivative at the origin gives two equa-
tions for the unknowns R and 7 which are solved to find R:

1+R=T (S.5.61.4)
ip(1 - R) = ip'T (S.5.61.5)

_ 2
r=P— VP t2mh (S.5.61.6)

p+ /p?+2mVy
5.62  Step-Up Potential (Wisconsin-Madison)

Write the energy as E = h*k?/2m, where k is the wave vector on the
left of zero. Since E > Vp, define a wave vector &' on the right as k' =
k2 — 2mV, /B2
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a) The wave functions on the left and right of the origin are

ehT L re~ihz 2 <
Y(z) = { tik's 250 (S.5.62.1)

where 7 and ¢ are the amplitudes of the reflected and transmitted waves.
Matching the wave function and its slope at £ = 0 gives two equations:

l+r=1t (8.5.62.2)
k(1 —7) =ik't (5.5.62.3)
These two equations are solved to obtain r and ¢:
k-k
2k
t= —
Py (S.5.62.5)
_ gz (B K)?
R= "rl = (k T k')2 (8.5.62.6)
4k?
— 1412 =
T =1 = oy (S.5.62.7)

b) The particle currents are the velocities times the intensities. The veloc-
ities are hk/m on the left and ik’ /m on the right:

_n2
_ Pk hk(k—F)

JR m = Em (S.5.62.8)
KK’ ko 4k2K
hk hk
Jr+Jr = mlk+ ) [(k— &) +4kk'] = — (8.5.62.10)

The last expression equals the current of the incoming particle.

5.63 Repulsive Square Well (Colorado)

a) If the radial part of the wave function is R(r), then define x(r) = rR(r).
Since R is well behaved at » — 0, x = 0 in this limit. The function x(r)
obeys the following equation for s-waves:

d2
[Eﬁ + k% — kg] x(r)=0 (S.5.63.1)
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where omV:
k2 = _%‘2—9@(a —r) (S.5.63.2)

and the theta function ©(a —r) is 1 ifa > r and 0 ifa < r. For r > a the
solutions are in the form of sin k7 or cos kr. Instead, write it as sin(kr + 4)
where the phase shift is §(k). For r < a define a constant « according to
a? = k2 — k? > 0. Then the eigenfunction is

Asinh ar r<a
x(r) =

Bsin(kr + 6) r>a (8.5.63.3)

For r < a the constraint that x{0) = 0 forces the choice of the hyberbolic
sine function. Matching the eigenfunction and slope at » = a gives

Asinh e = Bsin(ka + 6) (S.5.63.4)

aAcoshaa = kB cos(ka + 8) (5.5.63.5)

Dividing these equations eliminates the constants A and B. The remaining
equation defines the phase shift.

ktanh oo = atan(ka + 6) (5.5.63.6)

6(k) = —ka + tan™* [—h tanh (a\/kg - kz)} (8.5.63.7)

o]

b) In the limit that Vy — oo, the argument of the arctangent vanishes, since
the hyperbolic tangent goes to unity, and § = —ka.

¢) In the limit of zero energy, we can define

lim 6 = —kd (S.5.63.8)
k—0
d=a-— I—cl— tanh koa (S.5.63.9)
0

To find the s-wave part of the cross section at low energy, we start with

. [amsin?8(k)] . [é(k)]°
o= %l_r)x%) [__-k_z——_} =4 %1_{)% [T (8.5.63.10)

1 2
=4nd® = 4w (a — = tanh koa>
ko

where the total cross section is o.
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5.64 3D Delta Function (Princeton)

For a particle of wave vector k, Schrodinger’s equation for the radial part
of the wave function is

K2 d? 2,2
{-275 [%W" - e(e;; 1)] +V(r) - %} R(r)=0  (S.5.64.1)

Only s-wave scattering is important at very low energies, so solve for £ = 0.
Alsodefine x(r) = rR(r) and get

0= [‘f—; +v8(r —a) + kz} x(r) (S.5.64.2)

2mC
7=

At r = 0, R(r) is well behaved, so x = TR — 0. Thus we choose our wave
functions to be

(8.5.64.3)

x(r) = { Asin kr 0<r<a (S.5.64.4)

Bsin(kr 4 6) T>a

The quantity 6 is the phase shift. We match the wave functions at r = a.
The formula for matching the slopes is derived from (S.5.64.2):

0= (%)M - (%)a_ + vx(a) (8.5.64.5)
Matching the function and slope produces the equations
Asinka = Bsin(ka + §) (8.5.64.6)
0 = kBcos(ka + §) — Akcoska -+ yAsinka (S.5.64.7)
which are solved to eliminate A and B and get
tan(ka + ) = % (S.5.64.8)

In the limit of low energy, we want ka — 0. We assume there are no bound
states so that & — kd, where d is a constant. We find in this limit:

_
T 1-7a
o = 4nd? (8.5.64.10)

(S.5.64.9)

We also give the formula for the cross section in terms of the scattering
length d. The assumption of no bound state is that ya < 1,
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5.65 Two-Delta-Function Scattering (Princeton)

Let us take an unperturbed wave function of the particle of the form

p=ek k=L (S.5.65.1)
m

Figure S.5.65

Suppose that, after scattering, the wave vector becomes k’. In the Born
approximation, the scattering amplitude f(8) is

f(8) = e n2 / d’r V(r)e T (S.5.65.2)

(see, for instance, Landau and Lifshitz, Quantum Mechanics, Sect. 126),
where q = k' — k and g = 2ksin(6/2) (see Figure S.5.65). Substituting the
potential V(r) into (S.5.65.2), we obtain

50 = -8 / &r [65(r - e8) — 6 (r +e8)] e~ (S.5.65.3)

mW ieq-2 —ieqE mVyp . . mWs . .

= - = ——%ising,e = —5isin|g.|¢
" onh? (e ¢ ) mh? 1= 7h? 22|

where ¢, = —gsin(/2) = —2ksin?(6/2) is the projection of the vector q

on the z axis. The scattering cross section

2172 2V2 9
— =f0)* = %}? sin’ g& = ’:Zhg sin® (2ak sin® 5) (8.5.65.4)

In order to apply the Born approximation, i.e., to use perturbation theory,
we must satisfy at least one of two conditions:

K2 K2
Vi< = ma?  me?

h h? &
V| < mI; <m_52) ‘% (S.5.65.6)

(S.5.65.5)



QUANTUM MECHANICS 317

where ¢ = ¢ is the range of the potential. The first condition derives
from the requirement that the perturbed wave function be very close to the
unperturbed wave function. Inequality (S.5.65.5) may also be considered
the requirement that the potential be small compared to the kinetic energy
of the particle localized at the source of the perturbation. Even if the first
condition is not satisfied, particles with large enough p will also justify the
Born approximation.

5.66 Scattering of Two Electrons (Princeton)

We evaluate the scattering in the Born approximation, which is valid when
the kinetic energies are much larger than the binding energy. The Fourier
transform of the potential is V(g):

Vig) = (S.5.66.1)

A4 g2

and the formula for the total cross section ¢ of electrons with initial wave
vector k is

d3k’' R2k? K2k
=% ] @ —= V(K - k)é (T‘ — (S.5.66.2)

This cross section is suitable for classical particles, without regard to spin.
The specification to the spin states S =0, 1 is made below. Write a3k’ =
k'* dk' A2 where Q isthe solid angle of the scattering. The differential cross
section is found by taking the functional derivative of the cross section with
respect to this solid angle:

12 311 212 2102
do _ / WAK (R _ Rk (S.5.66.3)
an Forapge k)21 m T m

a2 [A? 4 2k2 (1 — cos8))?

where we have used the fact that v = 2khk/m, and k is defined by
E = h2k2/2m. The magnitudes of the vectors k' and k are the same,
so (k' —k)? = 2k?(1 — cos®) (see Problem 5.65 and Figure S.5.65). All
of the dimensional factors are combined into the Bohr radius ag. Now we
consider how this formula is altered by the spin of the electrons. Spin is
conserved in the scattering, so the pair of electrons has the same spin state
before and after the collision.
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a) For § =0 the two electrons are in a spin singlet which has odd parity.
Hence, the orbital state must have even parity. The initial and final orbital
wave functions are given below, along with the form of the matrix element.
The relative coordinate is r:

bi= = [T + emiker] (S.5.66.4)
1 ik'r —ik’'r
V= [e +e ] (S.5.66.5)
(fIV]i) = V(K —k)+ V(K +k) (S.5.66.6)
do 1
%= (S.5.66.7)

2
1 1
' [/\2 + 2k2(1 — cos 9) + AZ 4+ 2k2(1+ 0089)]
The matrix element has two factors.

b) For S =1 the spins are in a triplet state which has even parity. The
orbital part of the wave function has odd parity. There is a minus sign
between the two terms in (S.5.66.4) instead of a plus sign, and ditto for the
final wave function. Now the differential cross section is

do _1_ 1 B 1
dQ a2 [ A2+ 2k2(1—cosf) A%+ 2k2(1+cosd

)] ’ (S.5.66.8)

There is a relative minus sign between the two term in the matrix element.

5.67 Spin-Dependent Potentials (Princeton)

In the first Born approximation the scattering is proportional to the square
of the matrix element between initial and final states. If the initial wave
vector is k and the final one is k/, set ¢ = k’ — k and evaluate

V(q) = /dar TV (1)

r3/2

= me‘qz/‘“‘ [A + 5%Bq . a] (5.5.67.1)

w2 ¢ o oot
:We T /m A+ﬂB(qzaz+q " +gq a)
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¢* = ¢z +ig, (S.5.67.2)

1
ot = -2‘(09: +ioy) (8.5.67.3)

where we have written the transverse components of momentum in terms
of spin raising and lowering operators. The initial spin is pointing along the
direction of the initial wave vector k, which we define as the z-direction.
Let us quantize the final spins along the same axis. Now consider how the
three factors scatter the spins:

a) The term A is spin independent. It puts the final spin in the same
state as the initial spin.

b) Bgq,o, is a diagonal operator, so the final spin is also along the initial
direction, and this term has a value of Bg,.

¢) Bgto~ flips the spin from +z to —z and contributes a matrix element
of Bqt to the final state with the spin reversed.

d) Bg~ o™ gives a matrix element of zero since the initial spin cannot be
raised.

When we take the magnitude squared of each transition and sum over final
states, we get the factors for spins of

i S 2, B
The differential cross section is written as

2

do _ _2m / R O R (g

dQ  hopd(27)3 2m 2m

B? 2

A2+ —= (k—-K S.5.67.5
47+ 25 -’ (5:5:67.5)

2 ) B?
mm e_k (1-cos@)/u {A2 + ﬁkz (1 ~— COS 9)]

T artys

We have used the fact that energy is conserved, so |k’| = |k]|, to set (k' —
k)% = 2k?(1 — cos ) (see Problem 5.65 and Figure S.5.65).
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5.68 Rayleigh Scattering (Tennessee)

a) The formula for the total cross section ¢ is

o= ;_’cr / %’% [M (k,k')[*6(hck — Rick’) (8.5.68.1)

We write d3k’ = k'* dk’ A€, where €' is the solid angle. The differential
cross section is obtained by taking a functional derivative with respect to
d€?’. There remains only the d&' integral, which is eliminated by the delta
function for energy conservation:

do k2 N2
a0 = @ne MUK (S.5.68.2)

where the vector k/ differsfrom k only in direction.

b) With the assigned choice of the matrix element we write our differential
cross section as

do
= k*a?(w)S (S.5.68.3)
5= ( (& &)?) (5.5.68.4)

where the factor S is the average over initial polarizations and the sum
over final polarizations. There are two possible polarizations, and both are
perpendicular to the direction of the photon. These averages take the form

kik;
DGk =08 - 5" (S.5.68.5)

1 kik; Kk
S= EZ [aij - /sz} [5, —~ kaJ (S.5.68.6)
ij
_ 1 L L/ 2 . 1 2

The factor 1/2 is from the average over initial polarization. The angle & is
between the directions of k and k'.
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5.69  Scattering from Neutral Charge Distribution
(Princeton)

a) The particle scatters from the potential energy V(r) which is related to
the charge distribution

ViV (r) = —4mep(r) (8.5.69.1)
(OREL0 (5.5.69.2)

where V(q) is the Fourier transform of V(r) and j5(g) is the Fourier trans-
form of p(r). The differential cross section in the Born approximation is

do 1 L .
a0~ 2n)th, /dk K“8(Bx ~ Ep) [V (k- k)| (S.5.69.3)
_ 4e?m? p* (2ksin §)

At (2k sin %)4

b) In forward scattering we take € — 0. In order that the cross section have
a nondivergent result in this limit, we need to find

lim p_ég_) = “% (5.5.69.4)

To obtain this result, we examine the behavior of 5(g) at small values of g¢:

plg) = /dsr p(r)elar (8.5.69.5)

2 2
2 6
Consider the three terms in brackets: (i) the 1 vanishes since the dis-
tribution is neutral; (ii) the second term vanishes since the distribution
is spherically symmetric; (iii) the last term gives an angular average
(q-r)% = (gr)?/3 and the integral of r?p is A. The cross section in forward
scattering is
i do  e*m2A?
600 d0 gnt
c) The charges in a hydrogen atom are the nucleus, which is taken as a
delta function at the origin, and the electron, which is given by the square

(S.5.69.6)
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of the ground state wave function ¥%,(r):

p(r) = —e [63(r) — ¥2,(r)] (8.5.69.7)
. 16

A = 3ea? (S.5.69.9)

Jim g-% = a? (8.5.69.10)

where ag is the Bohr radius.

General

5.70 Spherical Box with Hole (Stony Brook)

In spherical coordinates the eigenfunctions for noninteracting particles of
wave vector k are of the form

[Aje(kr) + Bne(kr)|PF"(0)e"™? (8.5.70.1)

where j, and 7, are spherical Bessel functions. The constants A and B
are determined by the boundary conditions. Since we were only asked for
the states with ¢=0, we only need jo(z) = sinz/z and np(z) = —cosz/z.
We can take a linear combination of these functions, which is a particular
choice of the ratio B/A, to make the wave function vanish at r = a:

sink(r — a)

$.5.70.2
kr ( )

Rno(k?") = A

This satisfies the boundary condition at 7 = a. Requiring that this function
vanish at r = R gives k(R — a) = nm, so

b = (8.5.70.3)

(8.5.70.4)
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5.71 Attractive Delta Function in 3D (Princeton)

a) The amplitude of the wave function is continuous at the point » = a of
the delta function. For the derivative we first note that the eigenfunctions
are written in terms of a radial function R(r) and angular functions:

Y(r) = AR(r)P"(8)e™? (S.5.71.1)

Since the delta function is only for the radial variable r, only the function
R(r) has a discontinuous slope. From the radial part of the kinetic energy
operator we integrate from r =a~ tor =a™:

at

2 h® d? h?
0= [ r*dr %—;F'I’ + 2—7’n—D6(r -a)+E;R (8.5.71.2)

0=D[R (a*t) — R (a7)] + R(a) (S.5.71.3)
This formula is used to match the slopes at r = a.

b) In order to find bound states, we assume that the particle has an energy
given by E = —h®a?/2m, where a needs to be determined by an eigenvalue
equation. The eigenfunctions are combinations of exp (ar)/r. In order to
be zero at r = 0 and to vanish at infinity, we must choose the form

A,
—sinh ar r<a
Ri)={ | (8.5.71.4)
B ~ar
—e r>a
,.

We match the values of R(r) at r = a. We match the derivative, using the
results of part (a):

Asinh aa = Be™*¢ (8.5.71.5)

0= —aD (Be™®® + Acoshaa) + Asinhaa (8.5.71.6)

We eliminate the constants A and B and obtain the eigenvalue equation
for a, which we proceed to simplify:

Da (sinh aa + cosh aa) = sinh aa (8.5.71.7)
Da = e *sinhaa (8.5.71.8)

_ p—2xa
D_1l-e™ (S.5.71.9)

a 2aa
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This is the eigenvalue equation which determines « as a function of param-
eters such as a, D, m, etc. In order to find the range of allowed values of
D for bound states, we examine aa — 0. The right-hand side of (S.5.71.9)
goes to 1, which is its largest value. So, the constraint for the existence of
bound states is

0<D<a (S.5.71.10)

5.72 Ionizing Deuterium (Wisconsin-Madison)

The ionization energy of hydrogen is just the binding energy of the electron
which is given in terms of the reduced mass uep of the electron—proton
system. The same expression for deuterium contains the reduced mass ped
of the electron—deuteron system:

et
Bu= ng (8.5.72.1)
11
LI (5.5.72.2)
Hep ~ Me  Mp
e4/‘ed
Bp == (S.5.72.3)
1.t (5.5.72.4)

Hed me Mg

The difference is easily evaluated. The ratio me/myp is a small number and
can be used as an expansion parameter:

5E=ED—-EH=EH<@—1)

Hep

14 me/mp
= __ e r S.5.72.5
122 (1 + Me /My 1) ( )

mgq —m

mpMmyg

The ratio of masses gives 2.72- 10~ and SE = 3.700 meV.

5.73 Collapsed Star (Stanford)
a) Using the 1D Schrodinger equation

h2
_%¢II = Ey (8.5.73.1)



QUANTUM MECHANICS 325

with the boundary conditions ¥(L/2) = ¥ (—L/2) = 0 gives
Rinn?
"= omL?

where n =1,2,3.... Protons, neutrons, and electrons are spin—-;- fermions,
so 2 may occupy each energy level, and we have

(S.5.73.2)

nemng = 2
2
N
o= o
The kinetic energy of a particle
B, = (v~ 1)mc? (S.5.73.3)

where
1

il 77

To determine which species are relativistic, we wish to find whether « > 1.
We may extract v from S.5.73.2. For neutrons:

h222 h2 2 9 A 2 N 2
n—l= o 2TC (-) '(X) (S.5.73.5)

T 2m2c2L? T 2m2ct \ 2

(8.5.73.4)

(197 MeV fm)? 7% (0.25 fm™*) (N)2 ~ 001 (N)2
2(10% MeV)? A) T A

Similarly for protons:

Z 2
vp & 0.01 - (Z) (S.5.73.6)

Since N, Z < A, both neutrons and protons are non-relativistic. For elec-
trons:

e 1 = 197 MeV fm)” 2 (025 fm™")° (—2—)2 ~5.10% (£>2.

2(0.5 MeV)? A A

(8.5.73.7)
The equilibrium value of Z/A obtained in (c) for relativistic electrons gives
ZJA ~ 0.07 which still leaves v, > 1 in S.5.73.7. Moreover, if we assume
that the electrons are non-relativistic and minimize S.5.73.14 below with
electron energy (see S.5.73.9)

K243 7\3
Ee = m (Z) (85738)
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we will get Z/A ~ 0.02 and 7. ~ 20 which contradicts the assumption.
So the electrons are relativistic. Alternatively, we can use the result of

Problem 4.64,
T2h2 Z\?
Ep=_—").[2
P (A)

the same as S.5.73.5.

b) The ground state energy of the system is given by the sum of energies of
all levels, which we may approximate by an integral. We calculate the total
energies of non-relativistic particles (neutrons and protons) and relativistic
ones (electrons) separately:

ZE"zzzszz mL2/2dJ

i=n,p i=n,p j=1
Kin? n? K2m? (273 N3
_Wiznpﬁz-“ﬁﬁ(_ m_n> (S.5.73.9)
A IANE! (i % 1
24L2 A my A} my
R2r243 | Z\° z\*?
N—— =] +(1-=
st | (3) + (07 %)
For 1-D electrons (see Problem 4.64)
dp L
=92 8.5.73.10
dN, =2 ( )
TapL L
ap L Po
= S.5.73.11
Ne / wh 27rh ( )
—Po
whN, whZ
= = S.5.73.12
o= =21 ( )
The total electron energy is
podpL cpiL  cnhZ® _cwhA? (Z 2
= = 207 = - S.5.73.13
Be=2 | —5 %= i i <A> ( )

0
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where we used for an estimate an electron energy of the form E = ¢p since
we have already established that they are relativistic. We can obtain a
correct value of v, for them:

. p _ wh Z
%Nmec—Zmec A

Z
~7r~100(z) ~ 20

where we have used the result of (c), Z/A & 0.07. The total energy of the
star is

E=E,+E,+E, (8.5.73.14)
XY SN AN Z\*|  cnhA? [ Z)\?
=—0|{Z) +(1-2) | +—=—(Z
24Lm, |\ A A 4L \A

¢) Let z = Z/A. We need to find the minimum of the expression

flz)=az® +a(l —z)° + B2? (5.5.73.15)
where
h2r2A3
= — S.5.73.
= ST (S.5.73.16)
crhA?
= S.5.73.
B il (S.5.73.17)
Setting the derivative of S.5.73.15 equal to zero gives
30x® —3a (1 —xz)? +28z =0 (S.5.73.18)
3a 3{a/B)
= = S.5.73.19
= 6o+ 28 6(a/B) +2 ( )
a 1 wnhA 1 mhAie
=== =-—— S.5.73.
8 6Lcm, 6myc? (8.5.73.20)
17-107%7.0.5-10'3.3-10%
== ~ 0.0
6 1-10°-1.6.10-12 5
Finally, 3.0.05
= " _~0 S.5.73.21
“= 5otz 0 ( )

So the minimum energy corresponds to a star consisting mostly (~93%)
of neutrons.
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5.74 Electron in Magnetic Field (Stony Brook,
Moscow Phys-Tech)

a) The relationship between the vector potential and magnetic field is
B=VxA. Using A = B(0,z,0) does give B = Bz. So this vector
potential produces the right field.

b) The vector potential enters the Hamiltonian in the form

: (p - -i—A)2 (8.5.74.1)

" 2m
;

1|, eB \* 2
= om |Pet \Py— %) +P;

One can show easily that p, and p, each commute with the Hamiltonian
and are constants of motion. Thus, we can write the eigenfunction as
plane waves for these two variables, with only the z-dependence yet to be
determined:

P(z,y, z) = eFv ey (q) (S.5.74.2)

The Hamiltonian operating on ¥ gives

i(hyytkaz) 11, eB \?
Hyp = "BTR2 0By 4 o |pz + hky — —a

}X(:L‘) (S.5.74.3)

where E, = h%k2/2m. We may write the energy E as

E=E,+E, (S.5.74.4)
and find
E p§+"ﬁ”—“’3(a:—m)2 (S.5.74.5)
X = |5 0)"| x 5.74.
w. =B (S.5.74.6)
mc
hky c
=% S.5.74.7
T0=—¢ ( )

The energy is given by the component F, along the magnetic field and the
energy F, for motion in the (z,y) plane. The latter contribution is identical
to the simple harmonic oscillator in the z-direction. The frequency is the
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cyclotron frequency w¢, and the harmonic motion is centered at the point
xo which depends upon k,. The eigenvalues and eigenfunctions are

h2k2 1
E= zm" + hw, (n + 5) (5.5.74.8)
P(r) = Fv¥ TRy, (2 — ) (S.5.74.9)

where ¥y (z) are the eigenfunctions for the one-dimensional harmonic oscil-
lator.

5.75 Electric and Magnetic Fields (Princeton)

a) Many vector potentials A(r) can be chosen so that V x A = By. For
the present problem the most convenient choice is A = Bzx. Thus the
Hamiltonian is

1 eB 2 2 2
H= 5 l:(px - —c—z> +p, +p;| —€elE|z (8.5.75.1)

The above choice is convenient since only p, fails to commute with H, so p,
and p, are constants of motion. Both potentials have been made to depend
on z.

b) Since p, and p, are constants of motion, we can write the eigenstates
and energies as

P(r) = etlkaathyv) () (S.5.75.2)

E=E,+E, (S.5.75.3)
h2k2

= Y 4

)= (S.5.75.4)

2
E.¥(2) = {% [pﬁ + (hkm - %z)

The last equation determines the eigenvalue E, and eigenfunctions ¥(z).
The potential is a combination of linear and quadratic terms in z. So the
motion behaves as a simple harmonic oscillator, where the terms linear in
z determine the center of vibration. After some algebra we can write the

- e|E!z}1,/1(z) (S.5.75.5)
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above expression as

2 2 202
_[pe mwd 2 mcE[®  Tfiksc|E|
Bow(e) = { £ 4 T (o oyt - OB Dot
P(2) (5.5.75.6)
hkze mcE|E|
0= —% +— (S.5.75.7)
So, we obtain

1 mc|E|2  hk,c|E|

Ez = hwc (n -+ 5) - 2B2 - B (85758)

The total energy is E, plus the kinetic energy along the y-direction. The
z-part of the eigenfunction is a harmonic oscillator 1, (z — o).

¢) In order to find the average velocity, we take a derivative with respect

to the wave vector kg:

1 0FE |E|
=z = —C—— S.5.75.9
Rok, B ( )
This is the drift velocity in the z-direction. It agrees with the classical
answer.

Vg

5.76  Josephson Junction (Boston)

a) Take the first of equations (P.5.76.1),

. 8\I"l \111\115
= KU+ K
ih 5 U ¥ + 2+ T

(8.5.76.1)

and its complex conjugate and multiply them by ¥i and ¥, respectively:

I
mw;%t_l S U + KV, + KU, U3 (S.5.76.2)
. 8\1‘: * * *
—1hW¥, 5 = U] vy + K"I’l\I/z + K‘I’l ¥y (55763)

Subtracting (S.5.76.3) from (S.5.76.2) yields

2
o|W|” _ 290 _ 0 (S.5.76.4)

5 Bt
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Similarly, from the second of (P.5.76.1),

h—5; Bt

=0 (S.5.76.5)

b) Substituting the solutions ¥; = \/p_oewl and ¥, = \/p_oe“'2 into
(S.5.76.1), we obtain the expression for 8;:

ihy/poibre’® = Uy \/poe® + K \/poe’® + K \/poe’®17%)  (3.5.76.6)

Taking (S.5.76.6), the analogous expression for 8, gives

6, = _U 2K cos (6, — 62) (5.5.76.7)
I3 h
. U, 2K
by = —=2 — == cos (6 — 61) (S.5.76.8)
k h
Subtracting (S.5.76.7) from (S.5.76.8), we obtain
by by == 20 (8.5.76.9)
where 6 = 65 — 6;. So
PO Sl VORI PSR (S.5.76.10)
k 13
where eV = Uy — Us.
c) The battery current
K * *
Jl = ’l,—h (lI’l‘Ijz - ‘Illlpg)
_K 2 [Li(61-62) _ ,—i(61-62)
== (Vpo)” |e e (8.5.76.11)
2

_ _”;”0 sin (62 — 61)

1%
= _2I§Lpo sind = —2Kp0 sin <e—t+6g>

h h
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Approximate Values of Physical Constants

Constant Symbol SI CGS
Speed of light c 3.00 - 10® m/s 3.00-10* cm/s
Planck’s constant h 6.63-107% J.s 6.63-10"%" erg-s
h —34 —27
Reduced Planck’s h=_— 1.05 - 10 J-s 1.05- 10 erg - s
constant 2m
Avogadro’s number Na 6.02 - 10%® kmol ™! 6.02 - 10%° mol ™!
Boltzmann's k 1.38 - 1072 J/K 1.38 - 107 1% erg/K
constant
Electron charge e 1.60-107'° C 4.80- 10710 esu
Electron mass e 9.11-107 3 kg 9.11-107 %% ¢
Electron charge to 5. 1.76 - 10'! C/kg 5.27 - 10'7 esu/g
mass ratio e
Neutron mass My 1.675- 10727 kg 1.675 - 10724 g
Proton mass mp 1.673- 107" kg 1.673-10" 2 g
Gravitational G 6.67-10"11 N . m?/kg?| 6.67-107% dyn-cm?/g?
constant
Acceleration of g 9.81 m/s? 981 cm/s®
gravity
Stefan—Boltzmann o 5.67 W/(m?K*) 5.67 - 10~% erg/(s - cm?K*)
constant
Fine structure a 1/137 1/137
constant
Bohr radius ap 520.10"" m 5.20-10"% cm
o2
Classical electron Te = = 2.82-1071% m 2.82-107% cm
radius kel
h
Electron Compton 3.86-107"3 m 3.86-107" cm
wavelength MeC
h
Bohr magneton s 9.27.10~2% J/T 9.27.10~2! erg/G
2mec
Rydberg constant Roo 1.10- 107 m™* 1.10 - 10° cm™?!
Universal gas R 8.31-10% J/(kmol - K) | 8.31-107 erg/(mol - K)
constant
2
Josephson constant f 4.84 .10 Hz/V 1.45 - 1017 Hz/statvolt
Permittivity of free =) 8.85-1072 F/m 1
space
Permeability of free o 47 - 1077 N/A? 1
space
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Some Astronomical Data

Mass of the Sun Mg ~ 2-10% kg

Radius of the Sun Rg =~ 6.7-108 m

Average Distance between the Earth and the Sun ~ 1.5-10*!' m

Average Radius of the Earth Rg =~ 6.4-10m

Mass of the Earth Mg ~ 6-10%* kg

Average Velocity of the Earth in Orbit about the Sun Vg =~ 3-10% m/s

Average Distance between the Earth and the Moon &~ 3.8 - 108 m

Other Commonly Used Units

Angstrom (A) = 1078 cm = 107 m

Fermi (Fm) = 1073 ¢m =107 m

Barn = 107%* em? = 10728 m?

Year ~ 3.16 - 10" s

Astronomical Year ~ 9.5 - 1017 em = 9.5 - 10" m
Parsec = 3.1-10'% cm = 3.1- 10 m
eV=16-10"19J=1.6-10"1% erg

Room Temperature (294 K) ~ 0.025 eV
Horsepower (hp) = 746 W

Calorie = 4.2 J

Atmosphere = 10 dynes/cm?
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Conversion Table from Rationalized MKSA to Gaussian Units

Physical Quantities | Rationalized MKSA | Conversion Coefficients Gaussian
Charge coulomb 3.10° esu
Charge Density coulomb/m? 3.10% esu/em?
Current ampere 3.10° esu/sec
: : 1
Electric Field volt/m St statvolt /em
Potential (Voltage) volt 1/300 statvolt
Magnetic Flux weber 108 gauss - cm? (maxwell)
Magnetic Induction tesla 10* gauss
Magnetic Field ampere-turn,/m 4 - 1074 oersted
Ind h : 2
nductance Enry m sec” fcm
Capacitance farad 9.10% cm
Resist h o sec/cm
esistance ohm PETIE
Conductivity mho,/m 9.10° sec™!
Appendix 3:
Vector Identities
V (30) = OVY + TV
V- (BA)=A - VO+OV-A
Vx(PA) =PV X A+VEXA
V- (AxB)=B-VxA-A - VxB
V x (A x B) z(B-V)A—(A-V)B+A(V-B)—B(V-A)
AV =a 2,242
BT 8 * 0z
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V(A-B)=(B-V)A+(A-V)B+Bx (VxA)+A x (VxB)

62 62 82
‘5;2*@2*@)

VxVxA=V(V-A)-(V)A

V-V<I>=V2<I>EA<I>=(

Vector Formulas in Spherical and Cylindrical Coordinates

Spherical Coordinates
¢ Transformation of Coordinates

T:'/$2+y2+22

6 = cos™!

SN

y
tangp = =
¢ T

x =rsinfcosy
y =rsinfsinep
z=rcosd

o Transformation of Differentials

dx = sinfcos ¢ dr + rcosfcosp df — rsindsiny dp
dy = sinfsinp dr + rcosfsinp df + rsinf cos ¢ dp

dz = cos 6 dr — rsind df
¢ Square of the Element of Length

ds? = dr? 4+ r? d6? + r?sin? § dy?
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¢ Transformation of the Coordinates of a Vector

F. = Fysinfcosp + F, sinfsiny + F, cosf
Fy = F,cosflcosp + Fycosfsinp — F, sind

F,=—Fysinp+ Fycosp

F, = F,sinficosyp + FycosBcosyp — F,sing
F, = F,.sinfsiny + Fycosfsiny + F,cosg
F,=F,.cos0 — Fysin6

¢ Divergence
oF, OF, OF,

V= T T 5

138, 1 0 : 1 OF,

T 2o (r 7")_{—7"sin9%(Fpsmg)—k7"sint9w

e Curl
X ¥y z
8 o8 0
. Fy F;
1 0 , OFy 1[ 1 0F. 0O(rF,)
"~ rsinf [55 (Fpsinf) Bcp]er T [Sine Op or

1[0(Fs) _0F]
ar 50 | °°

r

¢ Gradient
od 1 60 1 od
Ve = Eer + r %eg + rsinﬁ%etp

339
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¢ Laplacian
_vo o oo
T 022 0y? | 922

—i_a_ T‘Q?g _|__1__._ Sing@- +___1_82_q)
T r29r or r2sinf 96 of r2sin? @ Op?

Ve

Cylindrical Coordinates

e Transformation of Coordinates
p=Vz?+y?
tany = ¥
x

Z =z

T = pcosey
y = psing
=2z
¢ Transformation of Differentials
dr = cosy dp — psine dy
dy = siny dp + pcosy dy
dz = dz
e Square of the Element of Length
ds® = dp? + p? dp? + d2*
¢ Transformation of the Coordinates of a Vector
EF,=Fycosp+ Fysiny
F,= —F,sinp + F,cosp

F,=F,
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Fy = F,cosp — F,singp
F,=F,sinp+ F,cosp

F,=F

¢ Divergence

18(pF,) 18F, OF,
F=23p 2 P02
v p Op +p 3s0+5z
o Curl
_(18F, 9F,
VXF_(;Bcp_—ﬁ—z—>ep
O0F, OF, 1 (0(pF,) OF,\ .
<3z 3p>e“’+p< dp 5 ) ”
e Gradient
V@—a—@e +£@e +Q?“
VP A A P

e Laplacian

1 10 (), 150 5
V(D_pap “o0) TR o2 T B2
Appendix 4:

Legendre Polynomials

Po(l‘) =1

Pl(:z:) =X
Pyx) = 5 (32~ 1)
Pi(z) = % (52° — 3z)

Py(z) = % (352* — 30z + 3)
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Rodrigues’ Formula

1 &

l

Spherical Harmonics

1
}/00 (07 (P) = _\/?4——1(_'
1 3 : ip
Yi (0, ¢) = - B sinf e
0 3
Yy (6, ¢) = o cosf
1O, o) = % sin@ e~*¥
Y2 (0, ) = i %75-; sin? § %
Y3 (8, p) = — ;—i— sin 6 cos 6 e'¥
1 /5
Y3 (8, ¢) = 5\121—7; (3cos?6 — 1)

\/ 15 sinfcosf e
1 15 —2ip
20, p) = 4\/ 5 sin? 6 e

Appendix S:

Harmonic Oscillator

The first three eigenfunctions of the harmonic oscillator in one dimension
are

zi = — (A.5.1)
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1 z? /222
T) = __e— [4]
1/)0( ) 7r1/4\/$—0

\/§$ 22 2
— —z°/2z4
¥i(e) 7r1/4:vg/2e

1 2:132 2 2
- -2 _1qle® /2zg
1["2(:8) 7'('1/4 /——22:0 [ .’E% } €

where w is the oscillator frequency.

Appendix 6:

Angular Momentum and Spin

The spin % (Pauli) matrices are

while the vector o = (04,0y,0;).
The spin 1 matrices are

O = O
oo “‘Ol
|
)—AOO OLL

V\—/
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(A.5.2)

(A.5.3)

(A.5.4)

(A.6.1)

(A.6.2)

(A.6.3)

(A6.4)

(A.6.5)

(A.6.6)
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Appendix 7:
Variational Calculations
The general procedure for solving variational problems in one dimension

is to first evaluate three integrals which are functions of the variational
parameter o:

E(@) = — (A.7.1)
I= /da: ¥ (z) (A.7.2)
U= /dm V(x)y?(x) (A.7.3)

B h? 21/) B h2 dT/) 2

The two expressions for the kinetic energy K can be shown to be equal
by an integration by parts. The second expression is usually easier to use,
since one has to take a single derivative of the trial function #(z) and then
square it.

Appendix 8:
Normalized Eigenstates of Hydrogen Atom

1 —-r/a
P100 = We /a0 (A.8.1)
1 T
= (1 —— | e7/? A.8.2)
©200 (2a0)3/2 ﬁ < 2a0> (
1 T r
Y210 = m ('270> € /2a0 COSH (A83)
1 r —r/2a0 o +¢
P2141 = 8agi? " e sin fe (A.8.4)
52
ap =

:!—F
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Appendix 9:

Conversion Table for Pressure Units

N/m?  dyn/cm? bar atm mm Hg
1 N/m? (pascal) 1 10 107> 9.87-107% 7.50-1072
1.dyn/cm? 0.1 1 1078 9.87-1077 7.50-107*
1 bar 10° 108 1 0.987 7.5- 107
1 atm 1.01-10° 1.01-10° 1.01 1 7.6 - 10%
1 mm Hg 1.33-10° 1.33-10° 1.33-107% 1.31-107% 1

Appendix 10:

Useful Constants

Resistivity of copper (T = 300 K) ~ 2-107¢ Q- cm
Linear expansion coefficient of copper ~ 2-107% K~}
Surface tension of water (at 293 K) ~ 70 dyn - cm™!
Viscosity of water ~ 0.01 dyn-cm™2
Heat of vaporization of water (at 373 K, 1 atm) ~ 2300 J/g
Velocity of sound in air (at 293 K) ~ 340 m/s
Si band gap ~ 1.1 eV

Ge band gap ~ 0.7 eV
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