Ahmad A. Kamal

1000 Solved
Problems in
Modern Physics

A Springer



1000 Solved Problems in Modern Physics






Ahmad A. Kamal

1000 Solved Problems
in Modern Physics

@ Springer



Dr. Ahmad A. Kamal

425 Silversprings Lane
Murphy, TX 75094, USA
anwarakamal @yahoo.com

ISBN 978-3-642-04332-1 e-ISBN 978-3-642-04333-8
DOI 10.1007/978-3-642-04333-8
Springer Heidelberg Dordrecht London New York

Library of Congress Control Number: 2009943222

(© Springer-Verlag Berlin Heidelberg 2010

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations
are liable to prosecution under the German Copyright Law.

The use of general descriptive names, registered names, trademarks, etc. in this publication does not
imply, even in the absence of a specific statement, that such names are exempt from the relevant protective
laws and regulations and therefore free for general use.

Cover design: eStudio Calamar Steinen
Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



Dedicated to my parents






Preface

This book is targeted mainly to the undergraduate students of USA, UK and other
European countries, and the M.Sc of Asian countries, but will be found useful for the
graduate students, Graduate Record Examination (GRE), Teachers and Tutors. This
is a by-product of lectures given at the Osmania University, University of Ottawa
and University of Tebrez over several years, and is intended to assist the students in
their assignments and examinations. The book covers a wide spectrum of disciplines
in Modern Physics, and is mainly based on the actual examination papers of UK and
the Indian Universities. The selected problems display a large variety and conform to
syllabi which are currently being used in various countries. The book is divided into
ten chapters. Each chapter begins with basic concepts containing a set of formulae
and explanatory notes for quick reference, followed by a number of problems and
their detailed solutions.

The problems are judiciously selected and are arranged section-wise. The solu-
tions are neither pedantic nor terse. The approach is straight forward and step-by-
step solutions are elaborately provided. More importantly the relevant formulas used
for solving the problems can be located in the beginning of each chapter. There are
approximately 150 line diagrams for illustration.

Basic quantum mechanics, elementary calculus, vector calculus and Algebra are
the pre-requisites. The areas of Nuclear and Particle physics are emphasized as rev-
olutionary developments have taken place both on the experimental and theoretical
fronts in recent years. No book on problems can claim to exhaust the variety in the
limited space. An attempt is made to include the important types of problems at the
undergraduate level.

Chapter 1 is devoted to the methods of Mathematical physics and covers such
topics which are relevant to subsequent chapters. Detailed solutions are given to
problems under Vector Calculus, Fourier series and Fourier transforms, Gamma and
Beta functions, Matrix Algebra, Taylor and Maclaurean series, Integration, Ordinary
differential equations, Calculus of variation Laplace transforms, Special functions
such as Hermite, Legendre, Bessel and Laguerre functions, complex variables, sta-
tistical distributions such as Binomial, Poisson, Normal and interval distributions
and numerical integration.

Chapters 2 and 3 focus on quantum physics. Chapter 2 is basically concerned
with the old quantum theory. Problems are solved under the topics of deBroglie
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waves, Bohr’s theory of hydrogen atom and hydrogen-like atoms, positronium and
mesic atoms, X-rays production and spectra, Moseley’s law and Duan—-Hunt law,
spectroscopy of atoms and molecules, which include various quantum numbers and
selection rules, and optical Doppler effect.

Chapter 3 is concerned with the quantum mechanics of Schrodinger and
Hesenberg. Problems are solved on the topics of normalization and orthogonality
of wave functions, the separation of Schrodinger’s equation into radial and angu-
lar parts, 1-D potential wells and barriers, 3-D potential wells, Simple harmonic
oscillator, Hydrogen-atom, spatial and momentum distribution of electron, Angular
momentum, Clebsch—Gordon coefficients ladder operators, approximate methods,
scattering theory-phase-shift analysis and Ramsuer effect, the Born approximation.

Chapter 4 deals with problems on Thermo—dynamic relations and their applica-
tions such a specific heats of gases, Joule-Thompson effect, Clausius—Clapeyron
equation and Vander waal’s equation, the statistical distributions of Boltzmann
and Fermi distributions, the distribution of rotational and vibrational states of gas
molecules, the Black body radiation, the solar constant, the Planck’s law and Wein’s
law.

Chapter 5 is basically related to Solid State physics and material science. Prob-
lems are covered under the headings, crystal structure, Lattice constant, Electrical
properties of crystals, Madelung constant, Fermi energy in metals, drift velocity, the
Hall effect, the Debye temperature, the intrinsic and extrinsic semiconductors, the
junction diode, the superconductor and the BCS theory, and the Josephson effect.

Chapter 6 deals with the special theory of Relativity. Problems are solved under
Lorentz transformations of length, time, velocity, momentum and energy, the invari-
ance of four-momentum vector, transformation of angles and Doppler effect and
threshold of particle production.

Chapters 7 and 8 are concerned with problems in low energy Nuclear physics.
Chapter 7 covers the interactions of charged particles with matter which include
kinematics of collisions, Rutherford Scattering, Ionization, Range and Straggiling,
Interactions of radiation with matter which include Compton scattering, photoelec-
tric effect, pair production and nuclear resonance fluorescence, general radioactivity
which includes problems on chain decays, age of earth, Carbon dating, alpha decay,
Beta decay and gamma decay.

Chapter 8 is devoted to the static properties of nuclei such as nuclear masses,
nuclear spin and parity, magnetic moments and quadrupole moments, the Nuclear
models, the Fermi gas model, the shell model, the liquid drop model and the optical
model, problems on fission and fusion and Nuclear Reactors.

Chapters 9 and 10 are concerned with high energy physics. Chapter 9 covers
the problems on natural units, production, interactions and decays of high energy
unstable particles, various types of detectors such as ionization chambers, propror-
tional and G.M. counters, Accelerators which include Betatron, Cyclotron, Synchro-
Cyclotron, proton and electron Synchrotron, Linear accelerator and Colliders.

Chapter 10 deals with the static and dynamic properties of elementary particles
and resonances, their classification from the point of view of the Fermi—Dirac and
Bose—Einstein statistics as well as the three types of interactions, strong, Electro-
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magnetic and weak, the conservation laws applicable to the three types of interac-
tions, Gell-mann’s formula, the properties of quarks and classification into super-
multiplets, the types of weak decays and Cabibbo’s theory, the neutrino oscillations,
Electro—Weak interaction, the heavy bosons and the Standard model.
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Chapter 1
Mathematical Physics

1.1 Basic Concepts and Formulae

Vector calculus

Angle between two vectors, cos ) = IZ‘I'IB

B|
Condition for coplanarity of vectors, A.B x C =0

Del
0, 04~ 04
V=—i+—j+—k
ox By 0z
Gradient
3, . ¢,
Vo = — — —k
¢ <8x + By I+ 0z )
Divergence
If Vix,y,z) = Vlf + sz' + V312, be a differentiable vector field, then

vv—dw+Mw+&w
Laplacian

v2_ 92 92 92 C . di
=2 + B_yz + 3_12 (Cartesian coordinates x, y, z)

szi 90 (2 a>+;i<sin9i)+;a—2
r29r \' ar)  r%sing 90 30 ) r2sin’g 092
(Spherical coordinates r, 6, @)
92 10 1 92 92

v2Z= o7 + —ar + 3357 + e (Cylindrical coordinates r, 8, z)

Line integrals

@ [o¢dr
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(b) fc A .dr

(©) [-Axdr

where ¢ is a scalar, A is a vector and r = xi + y] + zk, is the positive vector.

Stoke’s theorem

y{A.dr=ff(VxA).nds=ff(VxA).ds
c s s

The line integral of the tangential component of a vector A taken around a simple
closed curve C is equal to the surface integral of the normal component of the curl
of A taken over any surface S having C as its boundary.

Divergence theorem (Gauss theorem)

///Vv.AdvszsA.ﬁds

The volume integral is reduced to the surface integral.

Fourier series

Any single-valued periodic function whatever can be expressed as a summation of
simple harmonic terms having frequencies which are multiples of that of the given
function. Let f(x) be defined in the interval (—m, w) and assume that f(x) has
the period 2m, i.e. f(x + 2mw) = f(x). The Fourier series or Fourier expansion
corresponding to f(x) is defined as

1 %0 .
F) = Za0+ anl (ag cos nx + by, sin nx) (1.1)

where the Fourier coefficient a,, and b,, are

T

1
a, = — f(x)cosnx dx (1.2)
T J-n

b, = % f(x)sinnx dx (1.3)

wheren =0,1,2, ...

If f(x) is defined in the interval (—L, L), with the period 2L, the Fourier series
is defined as

foo) = %ao + 3" (@ costnrx/L) + by sin(uzx/L) (1.4)

where the Fourier coefficients a,, and b, are



1.1 Basic Concepts and Formulae

1 L
a, = Z/ f(x)cos(nmx/L) dx (1.5)
-L
1 L
b, = Z/ f(x)sin(nwx/L) dx (1.6)
-L
Complex form of Fourier series
Assuming that the Series (1.1) converges at f(x),
_ o0 inwtx/L
=) " Cue (1.7)
with
| g 4 1y —iby) n>0
C, = 7 / Fx)e ™/ dx = Ha—w +ib_y)n <0 (1.3)
¢ %ao n=0
Fourier transforms
The Fourier transform of f(x) is defined as
o .
J(f(x) = Fla) = / f(x)e' ™ dx (1.9)
and the inverse Fourier transform of F(«) is
1 o0
~—1 _ _ ioxx
N (f(a))—F(x)_—/ F(a)e' ™ da (1.10)
27 J_ o
f(x) and F(«) are known as Fourier Transform pairs. Some selected pairs are given
in Table 1.1.
Table 1.1
S (x) F(a) S (x) F(a)

1 Te ax a
x2+a? a ¢ a? 4+ a?

X Tio 1 [m _»
- _ " ,—aa —ax — |2 —at/4a
x2 4+ a? a ¢ 2 \/:e
1 l —ax? ﬁ —a?/4a
x 2 xe 3%

Gamma and beta functions

The gamma function I'(n) is defined by
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F(n):/ e*x" 'dx (Ren >0) (1.11)
0

I'n+ 1) =nl'(n) (1.12)

If n is a positive integer

T(n+ 1) =n! (1.13)

1 . 3\ V7. (5 _3
F(§>_ﬁ,r<§>_7,r(§>_4ﬁ (1.14)
F(n 1) - 1'3'5'”(;? VT s (1.15)
1\ (2w B
F<_n+§>_—1.3.5...(2n—1) n=1,2,3,...) (1.16)
F'n+1)=n!=+2rnn"e" (Stirling’s formula) (1.17)
n— oo

Beta function B(m, n) is defined as

I'(m)I'(n)
B(m,n) = ——— (1.18)
'(m + n)
B(m,n) = B(n, m) (1.19)
/2
B(m,n) =2 / sin®" ™' 0 cos?™ ' 6 do (1.20)
0
oo tm—l
B(m,n) = ——— dr 1.21
(m, n) fo N (1.21)
Special funtions, properties and differential equations
Hermite functions:
Differential equation:
y' —2xy +2ny =0 (1.22)

whenn = 0, 1,2, ... then we get Hermite’s polynomials H,(x) of degree n, given
by

n

d
H,(x) = (—l)”exzd— (e’x2> (Rodrigue’s formula)
xil
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First few Hermite’s polynomials are:

Hy(x) =1, Hi(x) = 2x, Hy(x) = 4x> =2
Hi(x) = 8x> — 12x, Ha(x) =

Generating function:

Recurrence formulas:

_2
ethz =§:

16x* — 48x% + 12

oo H,(x)t"

n=0

H)(x) = 2nH,(x)

H,1(x) =2xH,(x)

Orthonormal properties:

Legendre functions:

[ee]

[ee]

Differential equation of order n:

whenn =0,1,2,...

n!

- 2an—1(x)

/oo e Hy()H,(x)dx =0 m #n

foo e {H, () dx = 2" nl/7

(1—x2)y" —2xy +nn+1)y=0

we get Legendre polynomials P, (x).

Pn(x) = 2

First few polynomials are:

n

dxn

Po(x) =1, Pi(x) = x, P,(x) =

P3(x) = %(5163 —3x), Py(x) =

Generating function:

V1 —2tx+t2

=2

(x

2_1)n

1
—(3x*—1
2(x )

1
g(35x4 —30x2 4+ 3)

P,()t"

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)
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Recurrence formulas:

xP (x) = P,_(x) =nPy(x)
P (x) = P (x) = 2n+ D Py(x)

Orthonormal properties:

1
/ Pu()Pa()dx =0 m #n
-1

2
2n + 1

1
/ (Py(0)}? dx =
—1

Other properties:

Py(1) =1, Py(=1) = (=1)", Py(—x) = (=1)" P, (x)

Associated Legendre functions:

Differential equation:

m2
A—=x2y" —2xy +{ll+1)— ——ty=0
1—x2
P(x) = (1 — 2y Y p
! dxm

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

where P;(x) are the Legendre polynomials stated previously, / being the positive

integer.

P (x) = P(x)

and P"(x)=0 ifm >n
Orthonormal properties:
1
f P'x)P"(x)dx =0 n#l

2 (U +m)
/{H(”} TAF1d—m)

Laguerre polynomials:

Differential equation:
xy"+(1=x)y +ny=0

ifn=0,1,2,...we get Laguerre polynomials given by

(1.38)
(1.39)

(1.40)

(1.41)

(1.42)
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dVl
3 (x"e™) (Rodrigue’s formula)
xn

L,(x)=¢"

The first few polynomials are:
Lx)=1,Li(x)=—-x41,Ly(x) =x>—4x+2
L3(x) = —x> 4+ 9x% — 18x + 6, Ly(x) = x* — 16x> + 72x> — 96x + 24

Generating function:

—xv/(l s)

ZOO L (X)S

Recurrence formulas:

Lys1(x) = @n + 1= x)Ly(x) +n’L,1(x) =0
XLy, (x) = nLy(x) = n*L, 1 (x)

Orthonormal properties:
/ e *L,x)L,(x)dx =0 m#n
0

/ T Lo dx = (1)
0

Bessel functions: (J/,,(x))

Differential equation of order n
X2y +xy +@x?=n?)y=0 n>=0
Expansion formula:

g Db/t

IO =2 TR+ 1=

Properties:

Jon(x) = (=1Y"Jy(x) n=0,1,2,...
Jo(x) = —Ji(x)

2n
Jop1(x) = ?Jn(x) — Ju—1(x)

Generating function:

. . oo
eX(A—]/A)/z — Z Jn(x)tn
n=—o0o

(1.43)

(1.44)

(1.45)

(1.46)

(1.47)

(1.48)

(1.49)

(1.50)

(1.51)
(1.52)

(1.53)

(1.54)



8

Laplace transforms:

Definition:

1 Mathematical Physics

A Laplace transform of the function F(¢) is

/ ” F(t)e™ dt = £(s)
0

(1.55)

The function f(s) is the Laplace transform of F(¢). Symbolically, L{F (1)} =
f(s) and F(t) = L7'{f(s)} is the inverse Laplace transform of f(s). £~ is called

the inverse Laplace operator.

Table of Laplace transforms:

F(1)

f(s)

aFi(t)+ bF,(t)
aF(at)
e F(t)
Fit—a)t>a
0 t<a

1

tnfl
(n—1)!
at

e

sin at

a

cos at

sinh at

a

cosh at

afi(s) + bfa(s)
f(s/a)
fs—a)

e f(s)

Calculus of variation

The calculus of variation is concerned with the problem of finding a function y(x)
such that a definite integral, taken over a function shall be a maximum or minimum.
Let it be desired to find that function y(x) which will cause the integral

x2
I :/ F(x,y,y)dx

X1

(1.56)
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to have a stationary value (maximum or minimum). The integrand is taken to be
a function of the dependent variable y as well as the independent variable x and
y' = dy/dx. The limits x; and x, are fixed and at each of the limits y has definite
value. The condition that / shall be stationary is given by Euler’s equation

— = ——=0 (1.57)

When F does not depend explicitly on x, then a different form of the above
equation is more useful

oF  d F JOFY 0 (1.58)
ox  dx Y ay ) '
which gives the result
,0F
F—y 3 = Constant (1.59)
y

Statistical distribution
Binomial distribution

The probability of obtaining x successes in N-independent trials of an event for
which p is the probability of success and ¢ the probability of failure in a single trial
is given by the binomial distribution B(x).

B(x) = x— pg" T =CNprgN (1.60)

N
Zx:o B(x)=1 (1.61)

It is a discrete distribution.
The mean value,

(x) =Np (1.62)
The S.D.,

o =/Npg (1.63)
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Poisson distribution

The probability that x events occur in unit time when the mean rate of occurrence
is m, is given by the Poisson distribution P (x).

—m X

e "'m

P(x) =

T @=01.2..) (1.64)

The distribution P(x) is normalized, that is

Z:O i) =1 (1.65)

This is also a discrete distribution.

When N P is held fixed, the binomial distribution tends to Poisson distribution
as N is increased to infinity.

The expectation value, i.e.

{(x) =m (1.66)
The S.D.,
o=Jm (1.67)
Properties:
DPm—-1= Pm (1.68)
Pl = %pm and pyy1 = mLpr (1.69)

Normal (Gaussian distribution)

When p is held fixed, the binomial distribution tends to a Normal distribution as N
is increased to infinity. It is a continuous distribution and has the form

1 2 2
fx)dx = ———e @M /297 4 (1.70)
V2no

where m is the mean and o is the S.D.
The probability of the occurrence of a single random event in the interval m — o
and m + o is 0.6826 and that between m — 20 and m + 20 is 0.973.

Interval distribution

If the data contains N time intervals then the number of time intervals n between t;
and 1, 18

n= N —e ") (1.71)

where a is the average number of intervals per unit time. Short intervals are more
favored than long intervals.
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Two limiting cases:
(@)t = 00; N = Nye ™™  (Law of radioactivity) (1.72)
This gives the number of surviving atoms at time ¢.
b)Yty =0;N = N,(1 —e™™) (1.73)

For radioactive decays this gives the number of decays in time interval 0 and 7.
Above formulas are equally valid for length intervals such as interaction lengths.

Moment generating function (MGF)
MGF = Ee“ ™!

l‘2
_E[1+(x—u)t+(x—u)25+...:|
12 3
=140+, R (1.74)

so that u,, the nth moment about the mean is the coefficient of " /n!.

Propagation of errors

If the error on the measurement of f(x, y,...)is oy and that on x and y, o, and oy,
respectively, and o, and o, are uncorrelated then

2 _ (Y - <3f> 2,
af_<ax)0+ 3y o) + (1.75)

Thus, if f =x £y, theno, = (a +o )1/2

o2y 12
And1ff_—then“f—( —i——z)

X2

Least square fit

(a) Straight line: y = mx + ¢
It is desired to fit pairs of points (x, y1), (x2, ¥2), . .., (x,, ¥,) by a straight line

Residue: § = Y7 l(y, - ma; — C)?
Minimize the residue: == = 0; % =0

The normal equations are:
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which are to be solved as ordinary algebraic equations to determine the best
values of m and C.
(b) Parabola: y = a + bx + cx?

Residue: S = Y7 (yi —a — bx; — cx?)?

i

Minimize the residue: 2 = 0; 2 =0; % =0
da ab dc

The normal equations are:
Zyi —na—be,- —szizzo
inyi —ain —beiz —czxf =0
Syi—ay F by 5 -cY at=0

which are to be solved as ordinary algebraic equations to determine the best
value of a, b and c.

Numerical integration

Since the value of a definite integral is a measure of the area under a curve, it follows
that the accurate measurement of such an area will give the exact value of a definite
integral; I = fxxlz y(x)dx. The greater the number of intervals (i.e. the smaller Ax is),
the closer will be the sum of the areas under consideration.

Trapezoidal rule

1 1
aréa = <§)’0+)’1 +y2+"'ynfl + Eyn> Ax (176)

Simpson’s rule

Ax
area = T(yo + 4y + 2y, +4y3 +2y4 + - - - yu), n being even. (1.77)

Fig. 1.1 Integration by
Simpson’s rule and
Trapezoidal rule (o)




1.1 Basic Concepts and Formulae 13

Matrices
Types of matrices and definitions

Identity matrix:

100

L= (é?);@: 010 (1.78)
001

Scalar matrix:

aig 0 0
(g“ao); 0 an 0 (1.79)
2 0 0 ass

Symmetric matrix:

an ap ai
(aji = aij): | a2 ax ax; (1.80)
aps dss ass

Skew symmetric:

an ap an;
(aji = —a;;); | —ann axn ax (1.81)
—ai3 —ax as;

The Inverse of a matrix B = A~ (B equals A inverse):
if AB = BA = I and further, (AB)™! = B~'A~!
A commutes with B if AB = BA
A anti-commutes with Bif AB = —BA
The Transpose (A’) of a matrix A means interchanging rows and columns.

Further,(A+ B)Y = A' + B'
(A = A, (kA) = kA’ (1.82)

The Conjugate of a matrix. If a matrix has complex numbers as elements, and if
each number is replaced by its conjugate, then the new matrix is called the conjugate
and denoted by A* or A (A conjugate)

The Trace (Tr) or Spur of a matix is the num of the diagonal elements.

Tr = Za,-i (1.83)
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Hermetian matrix

If A/ = A, so that @;; = a; for all values of i and j. Diagonal elements of an
Hermitian matrix are real numbers.

Orthogonal matrix

A square matrix is said to be orthogonal if AA’ = A’/A =1,ie. A’ = A~!
The column vector (row vectors) of an orthogonal matrix A are mutually orthog-
onal unit vectors.

The inverse and the transpose of an orthogonal matrix are orthogonal.
The product of any two or more orthogonal matrices is orthogonal.
The determinant of an Orthogonal matrix is £1.

Unitary matrix

A square matrix is called a unitary matrix if (A)'A = A(A)’ = I,i.e.if (A) = A~
The column vectors (row vectors) of an n-square unitary matrix are an orthonor-
mal set.

The inverse and the transpose of a unitary matrix are unitary.
The product of two or more unitary matrices is unitary.
The determinant of a unitary matrix has absolute value 1.

Unitary transformations

The linear transformation ¥ = AX (where A is unitary and X is a vector), is called
a unitary transformation.
If the matrix is unitary, the linear transformation preserves length.

Rank of a matrix

If |A| # 0, it is called non-singular; if |A| = 0, it is called singular.
A non-singular matrix is said to have rank r if at least one of its r-square minors
is non-zero while if every (» + 1) minor, if it exists, is zero.

Elementary transformations

(i) The interchange of the ith rows and jth rows or ith column or jth column.

(i) The multiplication of every element of the ith row or ith column by a non-zero
scalar.

(iii)) The addition to the elements of the ith row (column) by k (a scalar) times the
corresponding elements of the jth row (column). These elementary transfor-
mations known as row elementary or row transformations do not change the
order of the matrix.
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Equivalence

A and B are said to be equivalent (A ~ B) if one can be obtained from the other by
a sequence of elementary transformations.

The adjoint of a square matrix

If A = [a;;] is a square matrix and o;; the cofactor of a;; then
LS I R 5
. ap o
adjA= | %2 o2
ann

The cofactor o;; = (—1)" M;;
where M;; is the minor obtained by striking off the ith row and jth column and
computing the determinant from the remaining elements.

Inverse from the adjoint

1 adj A
|A]

Inverse for orthogonal matrices

ATl =4
Inverse of unitary matrices

A = (AY
Characteristic equation

Let AX =X (1.84)

be the transformation of the vector X into A X, where A is a number, then A is called

the eigen or characteristic value.
From (1.84):

ayg—A ap - ap X1
ay axp—A---  ay X2

I
=

(A— DX = (1.85)

an1 - ...ann_)\ Xn
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The system of homogenous equations has non-trivial solutions if

ayn—AiA ap -+ ap
ary axp—A--- ay
A—nll=| . ~0 (1.86)
a}’ll PRI o-oann—k

The expansion of this determinant yields a polynomial ¢(A) = O is called the
characteristic equation of A and its roots A, Ay, ..., A, are known as the charac-
teristic roots of A. The vectors associated with the characteristic roots are called
invariant or characteristic vectors.

Diagonalization of a square matrix

If a matrix C is found such that the matrix A is diagonalized to S by the
transformation

S=Cc'AC (1.87)

then S will have the characteristic roots as the diagonal elements.

Ordinary differential equations

The methods of solving typical ordinary differential equations are from the book
“Differential and Integral Calculus” by William A. Granville published by Ginn &
Co., 1911.

An ordinary differential equation involves only one independent variable, while
a partial differential equation involves more than one independent variable.

The order of a differential equation is that of the highest derivative in it.

The degree of a differential equation which is algebraic in the derivatives is the
power of the highest derivative in it when the equation is free from radicals and
fractions.

Differential equations of the first order and of the first degree

Such an equation must be brought into the form Mdx+Ndy = 0, in which M and N
are functions of x and y.

Type I variables separable

When the terms of a differential equation can be so arranged that it takes on the
form

(4) f)dx+ F(y)dy =0

where f(x) is a function of x alone and F(y) is a function of y alone, the process is
called separation of variables and the solution is obtained by direct integration.

(B) f £ dx + / F(ydy=C

where C is an arbitrary constant.
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Equations which are not in the simple form (A) can be brought into that form by
the following rule for separating the variables.

First step: Clear off fractions, and if the equation involves derivatives, multiply
through by the differential of the independent variable.

Second step: Collect all the terms containing the same differential into a single
term. If then the equation takes on the form

XY dx+X'Y' dy=0

where X, X’ are functions of x alone, and Y, Y’ are functions of y alone, it may be
brought to the form (A) by dividing through by X'Y".
Third step: Integrate each part separately as in (B).

Type II homogeneous equations

The differential equation
Mdx + Ndy =0

is said to be homogeneous when M and N are homogeneous function of x and y
of the same degree. In effect a function of x and y is said to be homogenous in the
variable if the result of replacing x and y by Ax and Ay (A being arbitrary) reduces
to the original function multiplied by some power of A. This power of A is called
the degree of the original function. Such differential equations may be solved by
making the substitution

y=uvx
This will give a differential equation in v and x in which the variables are sepa-

rable, and hence we may follow the rule (A) of type L.

Type III linear equations

A differential equation is said to be linear if the equation is of the first degree in the
dependent variables (usually y) and its derivatives. The linear differential equation
of the first order is of the form

dy
—t+tPy=20
dx

where P, Q are functions of x alone, or constants, the solution is given by

yedeX:/Qedede+C
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Type IV equations reducible to linear form

Some equations that are not linear can be reduced to the linear form by a suitable
substitution, for example

d
(A) T +Py=0)"
X

where P, Q are functions of x alone, or constants. Equation (A) may be reduced to
the linear form (A), Type III by means of the substitution x = y™"*!,

Differential equations of the nth Order and of the nth degree

Consider special cases of linear differential equations.
Type I - The linear differential equation

dny dnfly dn72y
+ Pl + P2 dxn—Z

A
(4) dxn dxn-1

+--+Py= 0
in which coefficients Py, P,, ... P, are constants.
Consider the differential equation of third order

d3y dzy
— 2 p 2
dx3 + V2

where P;, P, and P; are constants. The corresponding auxiliary equation is

d
(B) + PPy =0
dx
r3~|—P1r2~|—P2r+P3=O

Let the roots be ry, 1, r3.
If ry, rp, r3 are real and distinct,

y — Cler]x + Czerzx + C36r3x
If r, ry, r3 are real and equal
y=Cie " 4+ Crxe " + Cix2e™ 3

In case a 4 bi and a — bi are each multiple roots of the auxiliary equation occur-
ring s times, the solutions would be

Cre® cos bx, Coxe®™ cosbx, C3xe®™ cosbx, ... Cox* '™ cos bx

Cre™ sinbx, Cyxe™ sinbx, Cix*e™ sinbx, ... Clx*~'e™ sinbx

Summary for the rule for solving differential equations of the type

dny dn—ly dn—zy
P P,
dx” + a1 +  dxn—2

where Py, P,, ... P, are constants.
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First step: Write down the corresponding auxiliary equation
D"+ p D" 4+ D" P44 =0

Second step: Solve completely the auxiliary equation.
Third step: From the roots of the auxiliary equation, write down the correspond-
ing particular solutions of the differential equation as follows

Auxiliary equation Differential equation

(a) Each distinct real root r; Gives a particular solution ¢"'*

(b) Each distinct pair of imaginary Gives two particular solutions
roots a + bi e cosbx, e™ sinbx

(c) A multiple root occurring s times  Gives s particular solutions obtained by
multiplying the particular solutions
(a)or (b) by 1, x, x2, ., ]

Fourth step: Multiple each of the n independent solutions by an arbitrary constant
and add the results. This gives the complete solution.

Type II
dny dn—l y dn—zy
1 + P—— + P, +---+Py=X
0 dx” N a1 T dxn2 Y
where X is a function of x alone, or constant, and P, P>, ... P, are constants.

When X = 0, (/) reduces to (A) Type L.

d” y dn—ly n—Zy
P P o+ Py=0
dx”+ ldx”*1+ 2dx”*2+ + P,y
The complete solution of (J) is called the complementary function of ().
Let u be the complete solution of (J), i.e. the complementary function of (/), and
v any particular solution of (/). Then

J)

do LAl

dxn 1dxn—l 2dxn—2 nV =

anddn—u—i—Pldn_lu +P2dn—2u +---+Pu=0
dx” dxn—l dxn—Z n

Adding we get

d"(u +v) L p " '(u +v) d"2(u +v)

o R 2 gz T T Bty =X

showing that u 4 v is a solution of 1.
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Procedure:

First step: Replace the RHS member of the given equation (/) by zero and solve
the complimentary function of / to get y = u.

Second step: Differentiate successively the given equation (/) and obtain, either
directly or by elimination, a differential equation of a higher order of type L.

Third step: Solving this new equation by the previous rule we get its complete
solution

y=u-+v

where the part u is the complimentary function of (/) already found in the first step,
and v is the sum of additional terms found

Fourth step: To find the values of the constants of integration in the particular
solution v, substitute

y=u-+v

and its derivatives in the equation (). In the resulting identity equation equate the
coefficients of like terms, solve for constants of integration, substitute their values
back in

y=u+v
giving the complete solution of (/).
Type 111
d'y
dxn

where X is a function of x alone, or constant
Integrate n times successively. Each integration will introduce one arbitrary
constant.

Type IV
d*y

dx2

where Y is a function of y alone
Multiply the LHS member by the factor 2% dx and the RHS member by k equiv-
alent factor 2dy

Jo(&) -(8) - forone
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Extract the square root of both members, separate the variables, and integrate
again, introducing the second arbitrary constant C,.

Complex variables

Complex number z = r(cos6 + i sin6), where i = /—1
7" = cosnf +isinnf

Analytic functions

A function f of the complex variable z is analytic at a point z, if its derivative f’(z)
exists not only at z, but at every point z in some neighborhood of z,. As an example
if f(z) = L then f'(z) = —%(z # 0). Thus f is analytic at every point except the
point z = 0, where it is not continuous, so that f’(0) cannot exist. The point z = 0
is called a singular point.

Contour

A contour is a continuous chain of finite number of smooth arcs. If the contour
is closed and does not intersect itself, it is called a closed contour. Boundaries of
triangles and rectangles are examples. Any closed contour separates the plane into
two domains each of which have the points of C as their only boundary points. One
of these domains is called the interior of C, is bounded; the other, the exterior of C,
is unbounded.

Contour integral is similar to the line integral except that here one deals with the
complex plane.

The Cauchy integral formula

Let f be analytic everywhere within and on a closed contour C. If z, is any point
interior to C, then
1 f(2)dz
f(20) = =——

27Tl CZ_Z()

where the integral is taken in the positive sense around C.

1.2 Problems

1.2.1 Vector Calculus

L1 If ¢ = 1, where r = (x* + y* + 2%)"/2, show that V¢ = 4.
1.2 Find a unit vector normal to the surface xy? 4+ xz = 1 at the point (-1, 1, 1).
1.3 Show that the divergence of the Coulomb or gravitational force is zero.

1.4 If A and B are irrotational, prove that A x B is Solenoidal that is div (A xB) =
0
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1.5 (a) If the field is centrally represented by F = f(x,y,z),r = f(r)r, then it
is conservative conditioned by curl F = 0, that is the field is irrotational.
(b) What should be the function F(r) so that the field is solenoidal?

1.6 Evaluate ch.dr from the point P(0,0,0) to Q(1, 1, 1) along the curve
r=it+ > +krdwithx =1,y =12,z =13, where A = yi + xz] + xyzk

1.7 Evaluate ¢, A .dr around the closed curve C defined by y = x? and y* = 8x,
with A = (x + )i + (x — )]

1.8 (a) Show that F = (2xy + zz)f + xZ} + xyzlAc, is a conservative force field.

(b) Find the scalar potential.

(c) Find the work done in moving a unit mass in this field from the point
(1,0, D to (2,1, —1).

1.9 Verify Green’s theorem in the plane for fc (x + y)dx + (x — y) dy, where C is
the closed curve of the region bonded by y = x? and y? = 8x.
1.10 Show that fs A.ds = 15—271R2, where S is the sphere of radius R and
A=ix"+ ]y +kz’
1.11 Evaluate fr A .dr around the circle x> + y> = R? in the xy-plane, where
A =2yi —3x] +zk

1.12 (a) Prove that the curl of gradient is zero.
(b) Prove that the divergence of a curl is zero.

1.13 If ¢ = x%y — 2x73, then:
(a) Find the Gradient.
(b) Find the Laplacian.

1.14 (a) Find a unit vector normal to the surface x?y 4+ xz = 3 at the point
1, -1, 1.
(b) Find the directional derivative of ¢ = x2yz + 2xz> at (1, 1, —1) in the
direction 2i — 2 + k.

1.15 Show that the divergence of an inverse square force is zero.

1.16 Find the angle between the surfaces x> + y> +z> = land z = x> + y*> — | at
the point (1, +1, —1).

1.2.2 Fourier Series and Fourier Transforms

1.17 Develop the Fourier series expansion for the saw-tooth (Ramp) wave f(x) =
x/L,—L <x < L,asinFig. 1.2.

1.18 Find the Fourier series of the periodic function defined by:
f(x)=0,if —7 <x <0

f)=m, if0<x<nx
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Fig. 1.2 Saw-tooth wave ftx)

© —mme N

3L 2L L L L 3L

1.19 Use the result of Problem 1.18 for the Fourier series for the square wave to

prove that:
| 1 n 1 1 n _m
35 7 4
1.20 Find the Fourier transform of f(x) = {(1) :;“: iz

1.21 Use the Fourier integral to prove that:

/°° cosaxdx
puutidanthe
0 1+02 2

—X

1.22 Show that the Fourier transform of the normalized Gaussian distribution

1
f)=

T/ 2

2
2
ex?, —00<t<OoO

is another Gaussian distribution.

1.2.3 Gamma and Beta Functions

1.23 The gamma function is defined by:

I'(z) = / e *x*dx,(Rez > 0)
0

(a) Show that I'(z + 1) = zI'(2)
(b) And if z is a positive integer n, then ['(n + 1) = n!

1.24 The Beta function B(m, n) is defined by the definite integral:

1
B(m,n) = / "1 =) dx
0

and this defines a function of m and n provided m and n are positive. Show
that:

Bm.n) — T(m)T (n)

" T(m+n)
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1.25 Use the Beta functions to evaluate the definite integral foﬂ/ 2(cos 6) do
1.26 Show that:
@Il —-—n=-"2=0<n<1

sin(nmw)?

(b) ILGn)I* = 157

nsin h(nm)
1.2.4 Matrix Algebra

1.27 Prove that the characteristic roots of a Hermitian matrix are real.

1.28 Find the characteristic equation and the Eigen values of the matrix:
1—1 1
03 -1
00 2

1.29 Given below the set of matrices:

V31
_(-10 _ (01 (20 Y
A‘( 0 —1>’B_<10)’C_<02>’D_<__ﬁ)
272
what is the effect when A, B, C and D act separately on the position vector

()

1.30 Find the eigen values of the matrix:

6 -2 2
-2 3 -1
2 —-13

1.31 Diagonalize the matrix given in Problem 1.30 and find the trace (7, = X| +
A2+ 23)

1.32 In the Eigen vector equation AX = AX, the operator A is given by
A [3 2}
ERN
Find:

(a) The Eigen values A

(b) The Eigen vector X

(c) The modal matrix C and it’s inverse C~!
(d) The product C~'AC

1.2.5 Maxima and Minima

1.33 Solve the equation x*> — 3x + 3 = 0, by Newton’s method.

1.34 (a) Find the turning points of the function f(x) = x2e
(b) Is the above function odd or even or neither?
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1.2.6 Series

1.35 Find the interval of convergence for the series:

x2 x3 x4
+ J—

tatynoa

1.36 Expand log x in powers of (x — 1) by Taylor’s series.

1.37 Expand cos x into an infinite power series and determine for what values of x
it converges.

1.38 Expand sin(a + x) in powers of x by Taylor’s series.

1.39 Sum the series s = 1 +2x +3x> +4x> + .-, x| < 1

1.2.7 Integration

1.40 (a) Evaluate the integral:
/ sin® x cos® x dx

(b) Evaluate the integral:
/ sin* x cos? x dx

1.41 Evaluate the integral:

1
— dx
/2x2—3x—2

1.42 (a) Sketch the curve in polar coordinates > = a? sin 26
(b) Find the area within the curve between § = 0 and 6 = /2.

1.43 Evaluate:
(7 +x7+2)
——C dx
(2 427

1.44 Evaluate the definite integral:

/+OO 4(13 i
0o x%2+4a?

1.45 (a) Evaluate:
/ tan® x sec* x dx

(b) Evaluate:
/ tan® x sec® x dx
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1.46 Show that:

4 oy 44
/ _ Y =24
5 x2—4x+38

1.47 Find the area included between the semi-cubical parabola y?> = x3 and the
linex =4

1.48 Find the area of the surface of revolution generated by revolving the hypocy-
cloid x?/3 4+ y?/* = a*/3 about the x-axis.

1.49 Find the value of the definite double integral:
a par=x?
/ / (x+y)dydx
0o Jo

1.50 Calculate the area of the region enclosed between the curve y = 1/x, the
curve y = —1/x, and the lines x = 1 and x = 2.

1.51 Evaluate the integral:

/ dx
x2 —18x +34

1.52 Use integration by parts to evaluate:
1
/ x*tan™! x dx
0

1.53 (a) Calculate the area bounded by the curves y = x> +2and y = x — 1 and
the lines x = —1 to the left and x = 2 to the right.
(b) Find the volume of the solid of revolution obtained by rotating the area
enclosed by the lines x = 0,y = 0,x = 2 and 2x 4+ y = 5 through 27
radians about the y-axis.

[University of Wales, Aberystwyth 2006]

[University of Wales, Aberystwyth 2006]

1.54 Consider the curve y = x sinx on the interval 0 < x < 27.
(a) Find the area enclosed by the curve and the x-axis.
(b) Find the volume generated when the curve rotates completely about the
X-axis.

1.2.8 Ordinary Differential Equations

1.55 Solve the differential equation:
dy x4y’
dx  3xy?
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1.56 Solve:

d? d?

ﬁ — 3% + 4y = 0(Osmania University)
1.57 Solve:

d4 d3 d? d

ﬁ — 4% + 10% - 12£ + 5y = 0(Osmania University)
1.58 Solve:

d2

ﬁ + mzy = cosax
1.59 Solve:

d’y . dy

- _ 5L 6y =

o T

1.60 Solve the equation of motion for the damped oscillator:

d2x +2dx L S5c—0
dr? ar T

subject to the condition, x = 5,dx/df = —3 atr = 0.

1.61 Two equal masses are connected by means of a spring and two other identical
springs fixed to rigid supports on either side (Fig. 1.3), permit the masses
to jointly undergo simple harmonic motion along a straight line, so that the
system corresponds to two coupled oscillations.

Assume that m; = m, = m and the stiffness constant is k for both the
oscillators.

(a) Form the differential equations for both the oscillators and solve the
coupled equations and obtain the frequencies of oscillations.
(b) Discuss the modes of oscillation and sketch the modes.

Fig. 1.3 Coupled oscillator

1.62 A cylinder of mass m is allowed to roll on a spring attached to it so that it
encounters simple harmonic motion about the equilibrium position. Use the
energy conservation to form the differential equation. Solve the equation and
find the time period of oscillation. Assume k to be the spring constant.
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1.63

1.64

1.65

1.66

1.67

1.68

1.69

1.70

1 Mathematical Physics

Solve:

d’y _dy

— —8—==-16
dx? dx Y
Solve:

d
xz—y +y(x+ Dx = 9x?
dx

Find the general solution of the differential equation:
d? d
5)2} + ﬁ — 2y = 2cosh(2x)

[University of Wales, Aberystwyth 2004]

Find the general solution of the following differential equations and write
down the degree and order of the equation and whether it is homogenous or
in-homogenous.

@y —3y=15
(b) y"+5y' +4y =0
[University of Wales, Aberystwyth 2006]
Find the general solution of the following differential equations:
@ F+y=e"
(b) £ + 4y = 2cos(2x)
[University of Wales, Aberystwyth 2006]

Find the solution to the differential equation:
b, 3 2
—_ [ =X
dx x4+ Zy
which satisfies y = 2 when x = —1, express your answer in the form y =
J(x).
(a) Find the solution to the differential equation:
&y dy >
@—4a+4y=8x —4x —4
which satisfies the conditions y = —2 and g—i = 0 when x = 0.
(b) Find the general solution to the differential equation:
d2
& +4y =sinx

dx?
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1.71

Find a fundamental set of solutions to the third-order equation:

1.2.9 Laplace Transforms

1.72

1.73

1.74

. . . S PR
Consider the chain decay in radioactivity A > B =% C, where A, and Ap are
the disintegration constants. The equations for the radioactive decays are:

dN4(1) dNp(t)
= —AaNx(?), and
” AN4(?), an ”

= —)\QNB(t) + )\‘ANA(Z‘)

where N4(t) and Np(¢) are the number of atoms of A and B at time ¢, with
the initial conditions N4(0) = Ng; Np(0) = 0. Apply Laplace transform to
obtain N () and Ng(t), the number of atoms of A and B as a function of time
t, in terms of Ng, Aaand Ap.

Consider the radioactive decay:

A4 B C (Stable)

The equations for the chain decay are:

dN4

—— = —AsN 1
” AN, (1
dnN,

d_tB = —ApNp + AaNa 2

We _ asNs 3
dr

with the initial conditions N4(0) = Ng; Ng(0) = 0; N¢(0) = 0, where various
symbols have the usual meaning. Apply Laplace transforms to find the growth
of C.

Show that:

(a) £(e*) = %a lfS >a

(b) £(cosax) = s >0
(c) £(sinax) = i

where £ means Laplacian transform.

2+a27

1.2.10 Special Functions

1.75

The following polynomial of order 7 is called Hermite polynomial:
H' —2&tH +2nH, =0

Show that:

(a) H, =2nH,_,

(b) HrH—l = 2§Hn —2nH,
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1.76 The Bessel function J, (x) is given by the series expansion

1)k n+2k
5 = 2D E/2)
KIT(n+k+1)
Show that:
(@) A [x"Ju(x) ] = x" Ty (x)
(b) -[x " Ju(0)] = —x " Jup1 (x)

1.77 Prove the following relations for the Bessel functions:

(@) Juo1(x) = Jup1(x) = 25 1, (x)
(b) Ju1 () + Jup1(x) = 22 7, (x)

1.78 Given that T' (1) = /7, obtain the formulae:

@ J1p(x) = \/g sinx
(b) J1j2(x) = |/ 2 cosx

1.79 Show that the Legendre polynomials have the property:

ifm=n

1
Pl’l Pm d = ’
f_l () Pa(x) dr = =

=0, ifm#n

1.80 Show that for large n and small 6, P,(cos ) =~ Jo(n0)

1.81 For Legendre polynomials P;(x) the generating function is given by:

T(x,s)=(1—2sx+s>)"1/?2
=37 P 1
= leo (x)s', 5 <

Use the generating function to show:

@+ DPy =@+ DxP =1 P,

(b) Pi(x)+2xP/(x) = P/ (x)+ P/_ (x), Where prime means differentiation
with respect to x.

1.82 For Laguerre’s polynomials, show that L,(0) = n!. Assume the generating

function:
efxs/(lfs) _ 00 Ln(x)sn
1—s n=0  pl

1.2.11 Complex Variables

1.83 Evaluate . Zdez where C is:

(a) The circle |z] = 1
(b) The circle |z +i| =3
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1.84 Evaluate fc 47';:311)}” dz when C is any simple closed curve enclosing z = 1.

1.85 Locate in the finite z-plane all the singularities of the following function and
name them:
423 -2z + 1
(z=3)2(z—i)z+1-20)

1.86 Determine the residues of the following function at the poles z = 1 and
7= -=2:
1

(z—1(z+2)?

1.87 Find the Laurent series about the singularity for the function:
e.X

(z—2)?

1.88 Evaluate [ = [;° xfj_l

1.2.12 Calculus of Variation

1.89 What is the curve which has shortest length between two points?

1.90 A bead slides down a frictionless wire connecting two points A and B as in
the Fig. 1.4. Find the curve of quickest descent. This is known as the Brachis-
tochrome, discovered by John Bernoulli (1696).

Fig. 1.4 Brachistochrome A B

1.91 If a soap film is stretched between two circular wires, both having their planes
perpendicular to the line joining their centers, it will form a figure of revolution
about that line. At every point such as P (Fig. 1.5), the horizontal component
of the surface of revolution acting around a vertical section of the film will be
constant. Find the equation to the figure of revolution.

1.92 Prove that the sphere is the solid figure of revolution which for a given surface
area has maximum volume.
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Fig. 1.5 Soap film stretched
between two parallel circular
wires

1.2.13 Statistical Distributions

1.93 Poisson distribution gives the probability that x events occur in unit time
when the mean rate of occurrence is m.

—M . X

e "m

P, =

x!

(a) Show that P, is normalized.

(b) Show that the mean rate of occurrence or the expectation value < x >, is
equal to m.

(c) Show that the S.D., o0 = \/m

(d) Show that P, | = P,

(e) Show that P,_; = ;‘—le and Py = JC’"?PX

1.94 The probability of obtaining x successes in N-independent trials of an event
for which p is the probability of success and ¢ the probability of failure in a
single trial is given by the Binomial distribution:

N!

B = v —oi”

qufx — C)Icvpqufx

(a) Show that B(x) is normalized.
(b) Show that the mean value is Np
(c) Show that the S.D. is \/Npg

1.95 A G.M. counter records 4,900 background counts in 100 min. With a radioac-
tive source in position, the same total number of counts are recorded in
20 min. Calculate the percentage of S.D. with net counts due to the source.

[Osmania University 1964]

1.96 (a) Show that when p is held fixed, the Binomial distribution tends to a nor-
mal distribution as N is increased to infinity.
(b) If Np is held fixed, then binomial distribution tends to Poisson distribu-
tion as N is increased to infinity.

1.97 The background counting rate is b and background plus source is g. If the
background is counted for the time #, and the background plus source for a
time f,, show that if the total counting time is fixed, then for minimum sta-
tistical error in the calculated counting rate of the source(s), #;, and 7, should
be chosen so that 7,/t, = /b/g
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1.98

1.99

1.100

1.101

1.102

1.103

The alpha ray activity of a material is measured after equal successive inter-
vals (hours), in terms of its initial activity as unity to the 0.835; 0.695; 0.580;
0.485; 0.405 and 0.335. Assuming that the activity obeys an exponential
decay law, find the equation that best represents the activity and calculate
the decay constant and the half-life.

[Osmania University 1967]

Obtain the interval distribution and hence deduce the exponential law of
radioactivity.

In a Carbon-dating experiment background counting rate = 10 C/M. How
long should the observations be made in order to have an accuracy of 5%?
Assume that both the counting rates are measured for the same time.

4C 4+ background rate = 14.5 C/M

Make the best fit for the parabola y = ay + a;x + a,x?, with the given pairs
of values for x and y.

x -2 -1 0 +1 42 43

y 91 35 05 08 46 110

The capacitance per unit length of a capacitor consisting of two long concen-
tric cylinder with radii @ and b, (b > a) is C = 15(1?2)' Ifa = 10+ 1 mm and
b =20 £ 1 mm, with what relative precision is C measured?

[University of Cambrdige Tripos 2004]

If f(x) is the probability density of x given by f(x) = xe */* over the

interval 0 < x < oo, find the mean and the most probable values of x.

1.2.14 Numerical Integration

1.104
1.105

Calculate || 110 x? dx, by the trapezoidal rule.

Calculate || 110 x? dx, by the Simpson’s rule.

1.3 Solutions

1.3.1 Vector Calculus

1.1

I IR B
VO = (i—+]—+k— ) +y*+H)7"
ox ay 0z

1 . 1 A~ 1 4
- (—E.in — 3] - 5.2zk> &y 427"

r

= (i +y] + D+ D = -5
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1.2

1.3

1.4

1.5

1 Mathematical Physics

.0 0
Vy? +xz) = (1o + ] +k (xy? +x2)
ox dy
=(y* +2)i + (2xy)j + xk
=2 —2j —k,at(—1,1,1)
A unit vector normal to the surface is obtained by dividing the above vector
by its magnitude. Hence the unit vector is

A 2. 2. 1.
Qi =2] IR+ (2 + (D)1= - Z) -k
37 373

Fo1/r?
V.rr)=r>V.r+r. Ve
ButV.r a+3+ka (ix + jy + kz)
u . = l— —_— CLX

ax 7y T2 Jyie
ox dJdy 0z
= — - —23
8x+8y+81

s oA a 3 3
r.Vr_3=(xi+yj+zk).(la——i-]@-f-k )(X +y 427

oA s 3 . . .
=i+ y]+zk). (—§> CQ2xi 42y +2zk)(x + yE 2272

_ —3(x2 + y2 + Zz)(xz + yz +Z2)_% — 33
Thus V.(r3r)=3r2-3r2=0

By problem V x A = 0and V x B = 0, it follows that
B.(VxA)=

A. (Vx B)=

Subtracting, B.(Vx A)—A.(Vx B)=0
NowV.(AxB)=B.(VxA) —A.(VxB)
Therefore V. (A x B) = 0, so that (A x B) is solenoidal.

@ Curl {rf(r)} =V x {rf(r)} =V x {xf ()i + yf(r)j + zf )k}
Pk
_| o9 (. af  afN. (O dFN\. (3 _ 3\;
T oax dy  dz <8y y32>l+(xaz Z3x>1+(y8x x8y>k
xf(r) yf(r) zf(r)

aof __ (of A AP D X
BUta_(Br)(E)x)_W ax =

Similarly 3~—v = T and % = sz’, where prime means differentiation with
respect to r.

Thus,
curl{r f(r)} = (% — &)f+ (xzf _af )}+ (yxf _xyf )]2 o

r r r r r
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(b) If the field is solenoidal, then, V.r F(r) =
I(xF(r)) n Ay F(r)) n IF(r) _

ox ay 0z
oF oF oF
F+x—+F+y—+F+z—=0
ax ay 0z
oF x oF y oF z
3Fr)+x——-+y—=+z—-=0
or r or r or r

OF 2 2 2
3F0) + (_) (M) _0
ar r

But (x2 + y? + z2) = r2, therefore, 2£ 3 =
Integrating, In F = —31Inr 4 In C where C = constant

C
InF=—Inr’ —i—lnC:]n—3
’

3F(r)

Therefore F = C/ 3. Thus, the field is A = % (inverse square law)
r

1.6 x=t,y=1t>z=1
Therefore, y = x2, z = x3, dy = 2xdx, dz = 3x? dx
/A.dr = /(yt + xz] + xyzk).(idx + jdy + kdz)

1 1 1
:/xzdx—i—Z/ xsdx+3/ x® dx
0 0 0

~3

+o=1

WO | =
W | =

1.7 The two curves y = x2 and y2 = 8x intersect at (0, 0) and (2, 4). Let us
traverse the closed curve in the clockwise direction, Fig. 1.6.

/A.dr = /[(x + )i + (x — y)j1.G dx + ] dy)

_ f G+ y)dx + (x — y)dy]

c

0
= / [(x + xHdx + (x — x?)2xdx]  (along y = x?)
2

Fig. 1.6 Line integral for a

closed curve +y2=8x (2,4)

y=x*
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4 2 2
d
—i—/ y——i—y u+ y——y dy (along y* = 8x)
o \8 4 8

16
3
1.8 (a) It is sufficient to show that Curl F =0
i j ok
0 g 0 A N A
VxF= — — — | =i0—-jQ2z—-229)+k(2x —-2x)=0
ox dy 0z

2xy + 7% x? 2xz
(b) d® = F.dr = (2xy + 2°)i 4+ x?j + 2xzk)).(idx + jdy + kdz)
= (2xy + z%) dx + x> dy + 2xzdz
= (2xydx + x? dy) + (2% dx + 2xzdz)
= d(x%y) + d(z%x) = d(x*y + x2%)
Therefore ® = x2y + xz> + constant
(c) Work done = &, — &; = 5.0
19 LetU =x4+y;V=x—y
w_ | av
dx "y
The curves y = x2 and y*> = 8x intersect at (0, 0) and (2, 4).

2/2x
//(———)dxdy_//(l—( 1))dxdy—2/ / dxdy
x=0 Jy=
2 24/2x 372
:2/ [/ dy:|dx—2/(2f\/)?—x2)dx_2{4f 32 _ 3} :13f
0 x2 0

This is in agreement with the value obtained in Problem 1.7 for the line inte-
gral.

=1

1.10 Use the divergence theorem

[[aws=[[[v.an

Butv. A= 0,3y 05 90
u = —x —
ax oy ot

=3x2 +3y> + 322 =3(x> + y* + %) = 3R?

//A.ds =/// 3R%dv =[(3R2)(4JTR2 dR)

4 12 s
=127 | R"dR = ?]TR
1.11 /A.dr = /(2y§ —3x] + zk).(dxi + dy] + dzk)

= /(Zydx — 3xdy + zdz)
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Putx = Rcosf, dx = —Rsinf df,y = Rsin6, dy = Rcosf,z =0,0 <

0 <21
fA.dr:—Zszsinze dO—RZ/COSZGdG

= -27R>—nR?>= -37xR?

i ok
LI2@ V x (V®) =55 3 3
a0 90 9o
dx dy 0z

[ %D 0’ [ %D 9’ RRL 0’
=i — —J — +k — =0
dydz  0zdy 0xdz  0z0x dxdy  dydx

because the order of differentiation is immaterial and terms in brackets

cancel in pairs.

(b) To show V.(Vx V) =0

R RTC AN AES TRNT R
= — 4+ J— 4+ k— )i | 9| —j|dx 0z k| 9x 9y
<’ax oy 8z> [’ vv.| T vev. T vxv_\,}
d 0 d 9 d 0
_ 0 g w| O a | e ay
ax |V, V; ay | Vx V; az |V, Vy
d a9 0
it
=|ox 3y 5: | =0
Ve V, V.

The value of the determinant is zero because two rows are identical.

1.13 @ = x%y — 2x7°
3

2 0 A 0 2 3
@Vo=|i—4+]—+k— ) (x"y—2x2)
ax ay 0z

=20xy — )i + x*j + 6x7%k

2 9 9 9 2 3

by Vo=|—+—+— -2
®) <3x2 + ay? * 8Z2> 'y —2x2)

=2y — 12xz

) A0 40 .0 2
1.14 (@) Vx“y+xz)=|i— 4+ — +k— | (x°y + x2)
ax ay 0z
= Qxy +2)i +x2) +xk

=—i+j+k
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A unit vector normal to the surface is obtained by dividing the above
vector by its magnitude. Hence the unit vector is

—i4j+k i N Ji N k
(12 + 1241212 /3 /3 3
3 3 3
b)YV =i— +j— +k— | (Pyz +2x7%)
ox ay 0z

= 2xyz + 220)i + x%z] + 4xzk

=—]—dkat(1,1,-1)

The unit vector in the direction of 2i — 2] + k, is
20 —2] +k . R .

= =2i/3-2j/3+k/3

Galvyas o E A A

The required directional derivative is

20 27 2k 2 4 2
Vo.n=(— ]—4k) (—l——]—i-—):———:——

3 3 3 3 3

Since this is negative, it decreases in this direction.

1.15 The inverse square force can be written as

r

far—3

V.f=V.r3r=r>V.or+r.vr?
d d a A N A

ButV.r = z—~|—J—+k “(ix+jy+kz)
0x dy 0z

_0x 0y 0z

T ox 9y 9z

Now Vr* = nr"2r
so that Vi3 = =3rr
N =3 =3 rr =372 -2 =0

Thus, the divergence of an inverse square force is zero.

1.16 The angle between the surfaces at the point is the angle between the normal to
the surfaces at the point.
The normal to x> + y?> +z2 =l at (1, +1, —1) is
Vo, = V(x® +y?> +2%) = 2xi +2y] +2zk =21 + 2] — 2k
The normal to z = x> + y> — lorx> +y> —z=1lat (1,1, —1)is
Gy =V 4y —) =2 +2y] —k=2i+2]—k
(VD1).(VDy) = |V ||VD;| cos b
where 6 is the required angle.
(2 +2] —2k).21 +2] —k) = (12292 cos o

10
c.cosf = ——= =0.9623
6+/3
6 = 15.780
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1.3.2 Fourier Series and Fourier Transforms

L17 f(x) = %ao + Z:; (an cos (?) + by sin (?)) (1)
an = (1/L) f_LL f(x)cos(%) dx )
by = (1/L) /LL f(x)sin (’”TTX) dx 3)

As f(x) is an odd function, a, = 0 for all n.

L . nmwx
by = (1/L)[L F(x)sin (T)dx

L . nmwx
= (2/L)/0 X sin <T) dx
=— <i> cosnw = — <i) =" = <i> (=1t
ni nim ni
Therefore,

0 (—1)y+!
foo =m0 T i ()

. (TTX 1 . [27x 1\ . [3mx
= (2/m)[sin (T> ~3 sin (T) + (§> sin (T) -]

Figure 1.7 shows the result for first 3 terms, 6 terms and 9 terms of the
Fourier expansion. As the number of terms increases, a better agreement with
the function is reached. As a general rule if the original function is smoother
compared to, say the saw-tooth function the convergence of the Fourier series
is much rapid and only a few terms are required. On the other hand, a highly
discontinuous function can be approximated with reasonable accuracy only
with large number of terms.

Three terms Six terms Nine terms

(a) (b) (c)

Fig. 1.7 Fourier expansion of the saw-tooth wave
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1.18 The given function is of the square form. As f(x) is defined in the interval
(—m, ), the Fourier expansion is given by

fx) = %ao + Z:o:l(an cosnx + b, sinnx) (1)
where a, = (1/m) ! f(x)cosnx dx 2)
ap = (1/m) S(x)dx 3)
b, = (%) i f(x)sinnx dx 4)
By (3)
0 T
ap=(1/m) </ 0dx+/ ndx) =7 5)
- 0
By (2)
a”:(l/n)/ﬂcosnxdxzo,nzl (6)
0
By (4)
bnz(l/n)/ﬂnsinnx dx = <%> (1 — cosnm) @)
0

Using (5), (6) and (7) in (1)

T . Iy . 1\ .
fx)= E+2<sm(x)+ <§> sin3x + (5) sm5x+--->

The graph of f(x) is shown in Fig. 1.8. It consists of the x-axis from —m 0 0
and of the line AB from O 7o 7. A simple discontinuity occurs at x = 0 at
which point the series reduces to /2.

Now,

7/2=1/2[f(0-) + f(0+)]

- 1 .
M "
X

Fig. 1.8 Fourier expansion of \M 0
a square wave
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which is consistent with Dirichlet’s theorem. Similar behavior is exhibited at
x = m, 27 ... Figure 1.8 shows first four partial sums with equations

y=m/2

y=mw/2+ 2sinx

y=m/2+ 2(sinx + (1/3)sin3x)
y=m/2+2(sinx + (1/3)sin3x + (1/5) sin 5x)

1.19 By Problem 1.18,

T . 1\ | 1\ . Iy .
y:5+2(smx+<§)sm3x+<§)sm5x+<§>sm7x+~~>
Put x = /2 in the above series
y:n:£+2(1_l+l_l+...)

2 35 7
Hence%:l—%+%—%+--~

1.20 The Fourier transform of f(x) is

a

1 .
T(u) = —— e f(x)dx
A/ 27 J—a

1 a ) 1 eiux a 1 eiua _ e—iua

= | tewar= —F - :
V2 J-a N2motu |_, 27w u

7 si
_ _smua’ 040

b u

Foru =0,T(u) = \/gu

The graphs of f(x) and T'(u) for u = 3 are shown in Fig. 1.9a, b, respec-
tively

Note that the above transform finds an application in the FraunHofer
diffraction.
f(w) = Asina/a

This is the basic equation which describes the Fraunhofer’s diffraction pat-
tern due to a single slit.

%) T

3

2

i a3 O nA_ B3
0 X
@) (b)

Fig. 1.9 Slit function and its Fourier transform
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1.21 Consider the Fourier integral theorem

2 o0 o0
fx) = —/ cosax da / e “cosau du
T Jo 0

Put f(x) = e™*. Now the definite integral

oo
/ e cos(au) du =
0

b* 4 a?
o0 1
Here/ e “cosaudy = ——
0 1+a2
2 [ cos ® cos bid
—/ axdx = f(x)or / @ _ —e "
7)o 1+a? o l4+a*> 2

1.22 The Gaussian distribution is centered on ¢+ = 0 and has root mean square
deviation T.

- 1 o .
flo)=—= f()e ' dt
A/ 27 —00
1 o 1 .
— / e—zz/the—zwtdt
N2 J 0o TN 2T
7[t2+2r2iwt+(rziw)27(1'2[(0)2]/21’2dt

1 /°° 1
=— ——e
V21 J—oo TV 27

1 _2{ I /‘” w;wdt}
= —F—=¢€ 2 (4 27
N 27 V21 Jo

The expression in the Curl bracket is equal to 1 as it is the integral for a
normalized Gaussian distribution.

- 1 202
S fle) = e 2

V21
which is another Gaussian distribution centered on zero and with a root mean
square deviation 1/t.

1.3.3 Gamma and Beta Functions
123 T(z + 1) = limy_.o f e *x%dx
Integrating by parts

T
Iz+1) = Tlméo [—x%e ™8 +2 / e x¥ldx]
e 0

T
= zlimy_ o f e *xldx = 2I(2)
0

because T?e~ 7 — Oas T — 00
Also, since T(1) = [;~ e~ dx = 1
If z is a positive integer n,

I'n+1)=n!
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Thus the gamma function is an extension of the factorial function to numbers
which are not integers.

1
1.24 B(m,n):/ XN = x)ldx )
0

With the substitution x = sin2® (1) becomes
/2
B(m,n) =2 / (sin @)*" " (cos @) 'd )
0
Now I'(n) = 2 [ y2"~1e™>dy
o0 2
I'(m) = 2/ y¥=le= dx
0

. I(m)I(n) = 4/ / x2m=ly2=lexp —(x% + yH)dxdy 3)
0 0

The double integral may be evaluated as a surface integral in the first
quadrant of the xy-plane. Introducing the polar coordinates x = r cosf and
y = rsin 0, the surface element ds = rdrd@, (3) becomes

/2 poo
T(m)[(n) = 4 / / 21 (cos 02" (sin )" e " rdrdo
0 0
0

/2 ,
I'(m)I(n) =2 / (cos 0)*"!(sin6)*"~'d6.2 / pRmtm=1 =1 gy 4)
0

In (4), the first integral is identified as B(m,n) and the second one as
I"(m + n). It follows that

5 _ I'(m)I'(n)
1) = )

1.25 One form of Beta function is

JT/2 F 1—'
2/ (cos )" (sin )2 1d8 = Bm.n) = @ 00> 0)

0 I'(m+n)

(H

Letting 2m — 1 = r, thatis m = % and 2n — 1 = 0, thatisn = 1/2, (1)
becomes

/2 1r(#h)r@
/ (cos ) df = —M 2)



44 1 Mathematical Physics
Now I'(n) = [~ x"~'e~*dx, put x = y?, dx = 2ydy, so that
[o.¢]
F(f’l) — 2/ y2t17187y2dy
0

r'(1/2) = Z/Ooe_yzdy - ¥ - J7
0

So that
7 r+l
/ (cos0) do = vrE I'(5) r(5)
0 2 r(t+1)
1
1.26 (a) B(m,n):[ X" = )y (1)
0
Put x = % )

B ) /°° y'ldy _ LemI ()
o (LY~ Tm+n)

Lettingm =1—n; 0 <n <1

/°° y*! I'(d—n)I'(n)
dy =

o (I+y) r

But I'(1) = 1 and

o) n—1
/ J dy = T ;0<n <1
o (I+y s]lTn(nn) 3)
Perd =m = sin(nr)

(b) [I(in)|* = C(in)I"(—in)
Now I'(n) = £+l

rd—in)

—in

I'(in)['(1 —in)
—in(sin imn)

I'(—in) =

LGP =

by (3)
Further sinh(nn) = isininn

T
. F 1 2 = —
AL n sinh(mn)

1.3.4 Matrix Algebra

1.27 Let H be the hermitian matrix with characteristic roots ;. Then there exists a
non-zero vector X; such that
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1.28

1.29

Fig. 1.10a Parity operation

HX; =7 X; (D
Now )_(ZHX, ZX:X,‘XZ‘ Z)xiXZX,‘ (2)
is real and non-zero. Similarly the conjugate transpose

XHX; =7,XX; 3)

Comparing (2) and (3),
i = A

Thus A; is real

The characteristic equation is given by
-1 —1 1
0 3—2 -1 |=0
0 0 2—-A
1-MD3-M»N2-1N+0+0=0 (1)
orA> =62 +11A—6=0 (characteristic equation) 2)

The eigen values are A = 1, A, = 3, and A3 = 2.

Let X = x

a0 (0)-(5)

It produces reflection through the origin, that is inversion. A performs the
parity operation, Fig. 1.10a.

(inversion through origin) P(x,y)

(01 x\ _ (v
7=(10) (3)=(2)
Here the x and y coordinates are interchanged. This is equivalent to a reflec-
tion about a line passing through origin at 6 = 45°, Fig. 1.10b

=(22)()-=(5)
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Fig. 1.10b Reflection about a
line passing through origin at
45°

Fig. 1.10c Elongating a
vector in the same direction

1 Mathematical Physics

Pxuy)

P'(2x,2y)

P(x,y)

Here the magnitude becomes double without changing its orientation.

N ) x\ _( cos30°
bXx = 1 V3 (y>_(—sin30"cos30°

2 2

3
)Z 275

x+«/§
2 Ty Y

The matrix D is a rotation matrix which rotates the vector through 30° about

the z-axis,. Fig.1.10d.

Fig. 1.10d Rotation of a
vector through 30°

6 —2 2
1.30 Thematrix A=| -2 3 —1
2 -1 3

The characteristic equation is

6—1 =2 2
|A— )X = —-23—-1 —-1|=0

2 —13-2A

This gives —A3 + 1242 — 361 +32 =0
or(A—2)L—2)(A—=8)=0
The characteristic roots (eigen values) are
)»1 =2,)»2 =23Hd)»3 =38
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1.31

1.32

6 -2 2
A=1-23 -1
2 -13

In Problem 1.30, the characteristic roots are found to be A = 2, 2, 8. With
A = 2, we find the invariant vectors.

6—2 =2 2 X1

—-23-2 -1 x| =0
2 —-13-2 X3

The two vectors are X; = (1,1, —1) and X, = (0, 1, 1)’. The third vector
can be obtained in a similar fashion. It can be chosen as X3 = (2, —1, 1). The
three column vectors can be normalized and arranged in the form of a matrix.
The matrix A is diagnalized by the similarity transformation.

S71AS = diag A

1 2
5 0%
S = D U
o WA
ERVERNANG
As the matrix S is orthogonal, S~' = §’. Thus
I S . 1 2
NN 6 —2 2 7 0 = 200
4L IS I .
SRR | ey | WAl I W+
V6 Vo V6 B V3 V2 Ve
H_ <a11 a12>
a1 ax
32
A= [4 1]
3—1 2 . .
(a) ‘ 41— A‘ = 0, characteristic equation is
B-MN1—-1)—-8=0
A =4 —=5=0,0—-5*r+1)=0
The eigen values are Ay = Sand A, = —1
(b) and (c) The desired matrix has the form
Cn Ci2
C =
<C21 sz)
The columns which satisfy the system of equations
(Cl,‘j — (Sij)‘-k)cjk = O, no sum on k (1)

yielding

(a1 — A)Cix + apCyy = 0, no sumon k
a2 Cix + (axp — 2)Cox =0, k=1,2

Since a;; = 3,ax1 =4, a0 =2,a»n =1, we get
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onsettingk =1land A; =5

—2C11 +2Cy =0
4C11 —4Cy =0

Thus C21 = C11 =a=1
The substitution of k = 2 and A, = —1 yields

B+ 1DCi2+2C» =0
4C1+2C» =0

or sz = —2C12
We may set Cj; = 1 so that Cpp = —2

Thus C = (} _12) (modal matrix)

The inverse of C is easily found to be

1
-1 3
3

Eigen vectors: an =i an ) =0
ay  an—Air)\x

W= WM

(@)
3

PutA =1 =5; (315 2 )(xl) =0—>-2x1+2x =0—>x1=x,

1-5 X2

. . . . 1
The normalized invariant vector is \/Li ( )

Puti = A, = —1;(3 —=h 2 ) <x1>=0—> 4y +2x,=0 —

4 1-(=D)\x
Xy = —2)61

L . . . . 1
The second invariant eigen normalized eigen vector is % ( _ 2)

_ 2/3 1/3 32\ (1 1 50
@c 1AC:<1/3 —1/3><41)<1 —2):(0—1)

1.3.5 Maxima and Minima

133 Let f=y=x>—-3x4+3=0
Let the root be a
fx=a=-2,y=+1
Ifx=a=-3,y=-15
Thus x = a lies somewhere between —2 and —3.
For x =a — 2.1, y = 0.039, which is close to zero.

Assume as a first approximation, the roottobe a = v + h
Putv = -2.1
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f)
=— ; = f(-2.1
) S = f( )
d
f'w)= d—ylv; f'(v) =10.23
X
0.039
h=———=-0.0038
10.23

To a first approximation the root is —2.1 — 0.0038123 or —2.1038123. As a
second approximation, assume the root to be

a = —2.1038123 + h,
Put v; = —2.1038123
hi = —f()/f (v1) = —0.000814/6.967 = —0.0001168

The second approximation, therefore, gives a = —2.1039291.
The third and higher approximations can be made in this fashion. The first
approximation will be usually good enough in practice.

1.34 y(x) = x® exp(—x?) )
Turning points are determined from the location of maxima and minima. Dif-
ferentiating (1) and setting dy/dx = 0

dy/dx = 2x(1 — x*)exp(—x*) =0

x =0, +1, —1. These are the turning points.
We can now find whether the turning points are maxima or minima.
dy

e 2(x — x3)e_"2

" 4 2 —x?
y =22x" —5x"+ 1)e
2 . .
For x =0, 372 = +2 — minimum
2 .

For x = +1,, gx—§ = —4e~!' — maximum

dzy
o

y(x) = x2e™" is an even function because y(—x) = +y(x)

For x = —1 = —4e~! - maximum

1.3.6 Series

x2 X Xt
1.35 The given series is x — 5 + Ev Rl + - (A)
The series formed by the coefficients is
1 1 1
_?4_?_4_2_{_... (B)

. ap+1 . n? [el¢)
lim = lim | — = —
n=00 ap =00 (n + 1)2 oo

Apply L’Hospital rule.



50 1 Mathematical Physics

Differentiating, lim,— (—%) =2
Differentiating again, lim,—« (—3) = —1(= L)
1 1
— | =—] =1
L -1

The series (A) is

I. Absolutely convergent when |Lx| < 1 or |x| > |%| ie. — |%| <x <
1
+17]
II. Divergent when |Lx| > 1, or |x| > }%|
III. No test when |[Lx| =1, or |x| = ]%]

By I the series is absolutely convergent when x lies between —1 and +1
By 11 the series is divergent when x is less than —1 or greater than +1
By III there is no test when x = +£1.

Thus the given series is said to have [—1, 1] as the interval of convergence.
1.36 f(x)=logx; f(1)=0
1
== f(H=1
X
" 1 "
Flo0) === f(H=—1
X
ua 2 "
)= F;f H=2
Substitute in the Taylor series

_ _ 2
1!a)f’(a)+(x @)

2!

(x —

(x Cl)3 "

f(x) = fla)+ @)+

1 2, 1 2
logx=0+(x—1)—§(x—1) +§(x—1) — -

1.37 Use the Maclaurin’s series

X x2 x3
f(x)=f(0)+Ff,(0)+5f”(0)~|-§f”’(0)+~-~ (1)

Differentiating first and then placing x = 0, we get
f(x)=cos x, f(0)=1

f'(x)=—sin xf'(0)=0

f/(x) = —cos x, f'(0)=—1

f"(x)=sin x, f"(0)=0

FU(x) =cos x, fU0) =1

etc.
Substituting in (1)

x2 x* x°
COSXZI—E—FZ—E—F

The series is convergent with all the values of x.
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1.38 f(a + x) = sin(a + x)
Putx =0

f(a) =sin a
f'(a) =cos a
f"(a) = —sin a
f"(a) = —cos a

Substitute in

(x_a)Z ” (x—a)3 "
F) = f@+ @+ S @)
. . x X2 3 .
sm(a—i—x):sma—l—Tcosa—Esma—icosa—i—-u

(x

_a) ,
T fl(a) +

1.39 We know that
y=l4+x+x>+2+x*+...=1/0—x)
Differentiating with respect to x,
dy/dx =1 42x +3x> +4x° + ... =1/1 —x)* =S

1.3.7 Integration

1.40 (a) [ sin® x cos® xdx = [ sin® x cos® x sin xdx

= — [(1 — cos? x) cos® x d(cos x) = [ cos® x d(cosx) — [ cos® x d(cos x)

_ cos9x COS7)C + C
9 7

(b) / sin* x cos? xdx = /(sinx cos x)? sin” xdx

1., 1 1
= [ —sin”“2x(= — = cos2x)dx
4 2 2
1 . 1 .
= 3 sin” 2xdx — 3 sin” 2x cos 2x dx

1 1 1 1
= - /(— — —cosdx)dx — - / sin? 2x cos 2xdx
8 2 2 8

X sindx  sin®2x

=— - — = C
16 64 48 *
1.41 Express the integrand as sum of functions.
1 A B A(x —2)+ BQ2x + 1)

Let = = + =

2x2—-3x—-2 (2x+Dx-2) 2x+1 x-2 2x+D(x—2)
B-2A=1
A+2B=0

Solving, A = —% and B = %

/= 2/ dx +1/dx iC
5 ) 2x+1 5] x=2
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1 1
= —gln(2x+ 1)+ gln(x -2)+C
1 | x—=2 Lc
=—In
5 2x+1

1.42 r* = a’sin26
Elementary area

1
dA = —r%do
2
1 /2 a2 /2
A= -f r2do = —/ sin20d6 =
2 Jo 2 Jo

/2 a2 a2
aZ/ sinfd(sinf) = — sin29|(l) = —
0 2 2

Fig. 1.11 Polar diagram of
the curve r? = a? sin 20

B = 450

1.43 Since x% 4 2 occurs twice as a factor, assume
o 4x242 Ax + B Cx+ D
@12 @+ T 2tz
On clearing off the fractions, we get
X 4+x24+2=Ax+ B+ (Cx+ D)x*+2)
orx*+x24+2=Cx*+Dx*+(A+2C)x + B+2D
Equating the coefficients of like powers of x
C=1,D=1,A+2C=0,B+2D =2
This gives A =—-2,B=0,C=1,D =1

Hence,
X 4+x242 2x X 1
127 12 vy teia
(3 + x2 + 2)dx 2xdx xdx dx
@2+27 <x2+2)2+/x2+2 /x2+2
1 o, 1 x
=x2+2+§1n(x +2)+Etan (E)—i—C

> 4a’dx " 4a’d b
1.44 / e l'mf T im [2a2tan—1 (i)]
0 0 =



1.3 Solutions 53
1.45 (a) /tan6 xsect xdx = /tan6 )c(tan2 x+1) sec? xdx
= /(tan)c)8 sec? xdx + / tan® x sec? xdx
= /(tanx)sd(tanx) + f(tanx)éd(tanx)
tan’ x  tan’ x

= C
9+7+

(b) / tan’ x sec’ xdx = / tan* x sec” x sec x tan x dx

= /(secz X — 1)2 sec? x sec x tan x dx

= /(8606 x — 2sect x + sec? x)d(sec x)

sec’ x sec>x  secd x

= -2 C
7 5+3+

42 4 4 2x—4438
1_46f de:/ udx
) x2—4x +8 » (x—2)%+4

Z/“ﬂdx%/“d_x
) (x—2)2+4 ) (x—2)2+4
=1In[(x —2)® +4]3 + (8/2)tan"" 1
=In2+n

1.47 Let us first find the area OMP which is half of the required area OPP’. For the
upper branch of the curve, y = x*2, and summing up all the strips between
the limits x = 0 and x = 4, we get
Area OMP = f(;l ydx = f04 x3dx = &,

Hence area OPP’ = 2x % = 25.6 units.

Note: for the lower branch y = x3/2 and the area will be —64/5. The area
will be negative simply because for the lower branch the y-coordinates are
negative. The result for the area OPP’ pertains to total area regardless of sign.

Fig. 1.12 Semi-cubical <—4 P’
parabola
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1.48 x¥3 423 =43 (1)

The arc AB generates only one half of the surface.

s, b ay\*1"
?zznfay[w(a)} dx @)

From (1) we find
dy yi73 Y
az—m;)’:(a}_xS) 3)

Substituting (3) in (2)

S, a 23 23 y2/3 1/2
?=27t/0(a —X )|:1+x27:| dx

¢ 2/3 2/3+3/2 a*? 2
:2ﬂA (d — X ) (m) dx

a
_ 27ra1/3/ (@3 — x23P12x=13 dx
0

_ 6 a?

5

] 127a?
L0y = 5

Fig. 1.13 Curve of
hypocycloid
X232 = 23

N 3
(=]

II ‘\
I" N ~;
%?
>
>

a P2 al[ pva@=—x2
P A A [ [ <x+y>dy] 0
0 0 0 0

. oy e
3]
J ()]
a 2 _ 2
:/ (x a2—x2+a x)dx
0 2

. 2a3
3
1.50 Area to be calculated is

A = ACFD =2 x ABED
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2/ydx

21
:2/ —dx =2In2
1 X

= 1.386 units
Fig. 1.14 Area enclosed y
between the curves y = 1/x y =1/x
and y = —1/x and the lines 2 -
x=1landx =2
1

1
151 /;sz—dx
x2 —18x + 34 (x —3)2+25

(1/5)tan"" (xsi)

1 1 3
152 | x*tan~'xdx = (x3/3)tan"" x|} — 1 3/ — 4
/O ( / ) |O / 0 (xz + 12)

2 1

1

X 1
—_ - — —JIn(x*+1
2 5 0+<6> n(x~+1)

T 1 1
i lm2
2 66"

T 1/‘1 X

— - = x— —— |dx
12 3/ (x24+1)

b4

0

1.53 (a) The required area is for the figure formed by ABDGEFA. This area is equal

to the area under the curve y = x2 42, that is ACEFA, minus ABCD, plus
ADGE (Fig 1.15a)

2 1 1
:/ ydx — =BC.CD + -DE .EG
| 2 2

2 1 1
=/ (x2+2)dx — =.224-.1.1
. 2 2

= 7.5 units

(b) The required volume V = Volume of cylinder BDEC of height H and

radius » and the cone ABC. (Fig 1.15b)

1 h
V =nr’H + gnrzh =77 (H + §>
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y =x%+2

Fig. 1.15b Volume of the Y

cylinder plus the cone
(See Prob 1.15b)

2x+y =5

4 1
=7.22(5+ = ) = 25-7 units
3 3

2 b4 2
1.54 (a) Area:/ ydx:/ xsinxdx+/ x sinx dx
0 0 T

= —xcosx +sinx|] —xcosx +sinx|*" =7 + 37 =4x
The area refers to the magnitude
(b) Volume, V =27 [ y? dx = 27 [ x?sin’x dx
dr* w2
E



1.3 Solutions 57
1.3.8 Ordinary Differential Equations

d 3 3

1.55 @ _ r+y
dx 3xy?

The equation is homogenous because f(Ax, Ay) = f(x, y). Use the trans-

formation

y=Ux,dy =U dx +x dU

Udx +xdu x3 4+ U3x3 _ 1+U3
dx © O 3x.U%2 0 302

3U% dx 4+ 3xU? du = (1 + U?)dx

or QU3 — 1)dx +3xU?du =0

Dividing by x(QU? — 1),

dx n 3U%du —0

x  2U3-1

Integrating, Inx + %ln(2U3 —-1H=C

2y3
2lnx+ln —3—1 =C
X

or2y? —x3 =Cx

d3y d’y
— 3— 4y =0
dx3 ta=

The aux1hary equation is
D —3D*+4=0
Solving, the roots are —1, 2, 2.
The root —1 gives the solution e~
2x 2x

The double root 2 gives two solutions e”*, x e
The general solution is

y = Cie ™ 4+ Cre® + Cyxe™

1.56

X

d*y d3y dy

——4—+10——12—+5 =0

e Tdd e T Y

The auxiliary equation is

D*—4D*+10D* — 12D +5=0

Solving, the roots are 1, 1, 1 £ 2i

The pair of imaginary roots 1 & 2i gives the two solutions e cos2x and
e* sin2x.

The double root gives the two solutions e*, xe*.

The general solution is

Y = Cie* + Coxe® + Cze* cos 2x + Cye” sin2x
or, y = (Cy + Cox + C5cos2x + Cysin2x)e”.

1.57
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1.58

1.59

1 Mathematical Physics

2)’ 2
— 4+ m“y = cosbx
dx2 Ty

Replacing the right-hand member by zero,

&y

dx?
Solving, we get the complimentary function

+m?y =0.

y=C;sinmx + Cocosmx = U.

Differentiating (1) twice, we get

d d?

aﬁ + mzé = —b*cos bx.

Multiply (1) by b? and adding the result to (4) gives
d*y PN 2 2

@—F(m —l—b)@-l-bmy:O.

The complete solution of (5) is
y = Csinmx + C, cosmx + C3 sinbx + C4cos bx
ory=U+4 Cssinbx + C4cosbx =U +V

)]

@

3

“

®)

‘We shall now determine C3 and C4 so that C5 sinbx + C4 cos bx shall be a

particular solution V of (1)
Substituting

d
y = Cs sinbx + Cy cos bx, ay = C3 beosbx — Cybsinbx,

£y — _C3b? sinbx — C4b* cosbx in (1
o= 3b” sin bx 4+b” cosbx in (1), we get
Ca(m® — b*) cos bx + C3(m? — b*)sinbx = cos bx

Equating the coefficients of like terms in this identity we get

1
Cim>—b)=1—>Cy= ——
m2 — b2

Ci(m* =b*)=0—> C3=0

Hence a particular solution of (1) is

cos bx
T2 _p2
and the complete solution is
. cos bx

y=04+V = C;sinmx 4+ C,cosmx + —
m? — b?

d’y  _dy

— —5—+6y=

dx? dx rea

Replace the right-hand member by zero to form the auxiliary equation
D*-5D+6=0

The roots are D = 2 and 3. The solution is

y=Cie” +Cre* =0

ey

@)

3
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1.60

The complete solution is

y=U+YV
where V = Czx + Cy4

59

“
&)

In order that V' be a particular solution of (1), substitute y = Czx + Cy, in

(1) in order to determine C; and Cy.
—5C3+6(C3x + Cy) = x
Equating the like coefficients

6C;=1— C3=1/6
6C4—5C3=0—> C4=5/36

Hence the complete solution is

5
=C 2x C 3x f =
y e + Cae +6+36
d%x dx
— 4+2—4+5x=0
dtZJF dt+ *

Putx = e, & = de™, ‘(jj% =22 in (1)
M H2L+5=0

its roots being, A = —1 + 2i
x = Ae10-2) 4 po—1(1+2)
x = e '[Ccos2t + Dsin?2t]

where C and D are constants to be determined from the initial conditions.

Att =0, x = 5. Hence C = 5. Further
dx

o= —e "[C cos2t + Dsin2t + 2C sin2t — 2D cos 2¢]

Att =0,dx/dt = =3
-3=-C+2D=-5+2D

whence D = 1. Therefore the complete solution is
x = e '(5co0s2¢t + sin2t)

ey

(@)

1.61 (a) Let the mass 1 be displaced by x; and mass m; by x,. The force due to the
spring on the left acting on mass 1 is —kx; and that due to the coupling is

—k(x1 — x2).
The net force

Fi = —kx; — k(x1 — x2) = —k(2x1 — x2)

The equation of motion for mass 1 is

mx; +k(2x; —x2) =0

(1)

Similarly, for mass 2, the spring on the right exerts a force —kx;, and the

coupling spring exerts a force —k(x, — x1). The net force
Fy = —kxy — k(x; — x1) = —k(2x — x1)
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The equation of motion for mass 2 is
mi; +k(2x, —x1) =0 2)
The two Egs. (1) and (2) are coupled equations.

Let x; = A; sinowt 3)
Xy = Ay sinwt (4)
¥ = —w?A;sinot = —w’x, S
¥ = —w’Aysinwt = —w’xy (6)

Inserting (5) and (6) in (1) and (2)
—maw*x; +k2x; —x2) =0

—ma*xs +kQxs —x1) =0

Rearranging
2k — mw?)x; —kx, =0 (7
—kx; + 2k — mw*)x, =0 (8)

In order that the above equations may have a non-trivial solution, the
determinant formed from the coefficients of x; and x, must vanish.

2k — maw? —k

& 2k—me?| =0 ©)

Qk —ma?? —k>=0
or (mw” — k)(mw? —3k) =0
The solutions are

o = \/Z (10)
m

wy = x L
m

(b) The two solutions to the problem are

X1 = A sinw;t; xo = Ay sinwt (12)
X1 = By sinwat; x, = By sinwst (13)
In (12) and (13) the amplitudes are not all independent as we can verify
with the use of (7) and (8). Substituting (10) and (12) in (7), yields A, =
Aj. Substitution of (11) and (13) in (7), gives B, = —B;.
Dropping off the subscripts on A’s and B’s the solutions can be
written as

Xy = Asina)lt = X (14)

x| = Bsina)zt = —X (15)
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W= w,
W= W,
—> -
a Symmetricalmode b Antisymmetrical mode
(in phase)

(out of phase)

Fig. 1.16 Two modes of Oscillation

If initially x; = x», the masses oscillate in phase with frequency w; (sym-
metrical mode) as in Fig. 1.16(a). If initially x, = —x; then the masses
oscillate out of phase (asymmetrical) as in Fig. 1.16(b)

1.62 Sum of translational + rotational + potential energy = constant

1.63

! 2+112+1k2 t
— — — = const.
2mv 2 w 2 X

1
But ] = 5mR2 and w = v/R

3 1
Therefore 2 mv? + 3 kx? = const.

3 1
1 m(dx /dr)* + 3 kx* = const.

Differentiating with respect to time,

3 md®x dx Tk dx 0
2 ar )ar A T
Cancelling dx/d¢ through and simplifying d?x/d¢> + (2k/3m)x = 0. This

is an equation to SHM.

Writing @” = 5 -, time period T = & = 27,/ 3/

d’y _dy
— — 8= +16y=0
dx?2 dx + 1oy

Auxiliary equation:
D*-8D+16=0
(D—-4)(D—-4)=0

The roots are 4 and 4.
Therefore y = C 1€ 4+ Coxe®

,dy 2
1.64 x a—l—y(x—i—l)x =9x (1)

Put the above equation in the form
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1.65

Yy Py=20
dx

dy x+1

& AetD
Lety=Uz

dy _Udz v

dx dx dx

Substituting (4) and (5) in (3)
QE+<g£+Uu+n>Z:9
dx dx

9

1 Mathematical Physics

@

3)
“4)
&)

(6)

Now to determine U, we place the coefficients of z equal to zero. This gives

dU U(x+1)
RN + [ —
dx X
dUu 1
—=—(14—-)d

U ( + x) *
Integrating, InU = —x — Inx or

U=e¢e"/x

=0

As the term in z drops off, Eq. (6) becomes

d
v =9
dx

Eliminating U between (7) and (8)
dz =9x ¢* dx

Integrating z = 9 f xe* dx =9¢* (x — 1)

Substituting U and ziny = Uz,

9(x — 1)

y =

by
Ey a2
— + — — 2y =2cosh 2x
o Tdax
The complimentary solution is found from
¢y dy
— 4+ —=—-2y=0
R

(D-1)D+2)=0
D=1,-2
Y =U = Cie* + Cre™>

(N

(®)

€)

D

@
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1.66

Differentiating (1) twice

dty dy d*y

@+$—2@=8005h2x 3)
Multiply (1) by (4) and subtract the resulting equation from (3)

dy d*y 6d’y 4dy

— 4+ — — — — — 48y =0 4
& Tae e e Y @
D*4+ D? —6D*—4D+8=0

(D —1)(D=2)(D+2)=0

D=1,2,-2 -2
The complete solution of (4) is

y = Cie* + C3e* + Cre > + Cyxe >

=U + C3¢* + Cyxe™

=U+V

V = C3¢% 4 Cyxe ™ (5)
Inserting (5) in (1), writing 2cosh 2x = e** + e~ and comparing the

coefficients of ¢** and e~%*, we find C3 = % and Cy = —%. Thus the complete
solution of (1) is

1 1
y=C16x+C2€72x+—€2x—§x 872/{

4
xdy 2
o T
by
dx x
The standard equation is
d
dx
1
P=——0=x
X

sen( [ rae) = [ [ 0w o)+
oo (= [ra) = [fren (- o) e
yam—mmz[/xmm—mn]+c

yx = /xx’ldx +C

y:x2+Cx
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;o 2y 1

1.67 (a)y - ? = )C_3
Lety = px,y = p+xp’
Then (1) becomes

xp' —p=1/x

Now  (£) = 22

.'.xp'—p:x2i (E) = 1

dx \x
d /p 1 P dx
L=l k
dx \x x5 X x5

Integrating

=——+C
x2 4x4 +
1 2
V=Tt
It is inhomogeneous, first order.

(b) y' +5y +4y =0
D*+5D+4=0
(D+4)(D+1)=0
D=—-4 -1
y=Ae ™ 4 Be "

It is inhomogeneous, second order.

168 (@) 2 4y = e
. (a)a‘f‘)’—é’

Compare with the standard equation

D i py=0
dx py =
P=1,0=¢"

vesp ([ ) =[ [ 0esn(f pa)]ar v
o ) o )

yetQ =x+C
y=xe "+ Ce™*

d2
(b) d—z + 4y = 2cos(2x)
x

1 Mathematical Physics

ey

ey

The complimentary function is obtained from y” + 4y =0

y=U = C;sin2x 4+ C, cos 2x

Differentiate (1) twice
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1.69

4 2
jxi + tdzy — —8cos(2x)
Multiply (1) by 4 and add to (2),

4 2
ST 16y =0
D*+8D*+16=0
(D*+4y =0
D = 12
y = C;sin2x + C3 x sin2x 4+ C, cos 2x + Cyx cos 2x
= U + C3xsin2x + C4x cos 2x
=U+V

Y =V = Csxsin2x 4+ Cyx cos2x

65

(@)

3

Use (3) in (1) and compare the coefficients of sin2x and cos 2x to find

C3; = 1/2 and C4 = 0. Thus the complete solution is

1
y = C;sin2x + C, cos2x + Exsian

dy 3y
dx  x+42
This equation is of the form

=x+2

dy
o +yp(x) = 0(x)
X

with P = 35 and Q = x +2
The solution is obtained from

yexp (/ p(x)dx = [/ Q(x)exp </ p(x)dx)] dx+C

NOW/ p(x)dx = 3/ L 3In(x +2) = In(x +2)°
x+2

coyexp(In(x +2)%) = [/(x +2)exp(n(x + 2)3)} dx+C

yx +2)° = /(x +2)%dx +C

(42
5
(x +2)?

+C

ory = +C

y=2whenx = —1
Therefore C = %
The complete solution is

_(x+2)2+9_x2+4x+13

5 5 5
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2
170 () 9y _ 4dy

(i)

171 y"

_ Q.2
dxz—a+4y—8x —4x —4 (1)

Replace the RHS member by zero to get the auxiliary solution.

D*—4D +4=0

The roots are D = 2 and 2. Therefore the auxiliary solution is

y = Ae* + Bxe™ 2)
Complete solution is

y=(A+ Bx)e” +Cx>+ Dx+ E (3)

The derivatives are

d
ay = (2A +2Bx + B)e® +2Cx + D (4)
d’y/dx* = 4(A + B + Bx)e® +2C (5)

Use (3), (4) and (5) in (1) and compare the coefficients of like terms. We
get three equations. Two more equations are obtained from the conditions
y = —2and % = 0 when x = 0.

Solving the five equations we get, A = —3, B =3,C =2, D = 3 and
E = 1. Hence the complete solution is y = 3(x — 1)e?* 4+ 2x2? 4+ 3x + 1
d*y )

2 + 4y =sinx (1)
Replace the RHS member by zero and write down the auxiliary equation
D>+4=0

The roots are +2i. The auxiliary solution is

Y = Acos2x + B sin2x

The complete solution is

Y = Acos2x + Bsin2x 4+ Csinx 2)
d*y . .
i —4(A cos2x + Bsin2x) — Csinx 3)

Substitute (2) and (3) in (1) to find C = 1/3. Thus

1
y = Acos2x 4+ bsin2x + gsinx

Y'Yy -y=0

Auxiliary equation is

D3

—-D>’+D—-1=0

(D — 1)(D* + 1) = 0 The roots are D = 1, i
The solution is

y = Asinx + Bcosx + ce”
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1.3.9 Laplace Transforms

1.72

1.73

dNa(®) = —AaNa(t)

dNp(1)
dr
Applying Laplace transform to (1)

= —ApNp(t) + AaNx(t)

SL(NJ) — No(0) = —As L(Ny)
NG M
o S4+ha s —(=ka)

SNy = Ng exp(—Xiat)

Applying the Laplace transform to (2)
sL(Np) — Np(0) = —=ApL(Np) + 2o L(N4)

Using (3) in (4) and putting N,(0) =0
0

»aNS
L(N Ap) =
(N)(s + Ap) Y

67

ey

2)

3

“)

&)

AaN$ ANy 1
(s +Aa)s+rp)  Ap—ha [
NS 1 1

© hs—ha [s —(=Aa) s —(—AB)}
ANy
A —Aa

or L(Np) =

- NB [e—)\At _ e—)\.Bl]

—— = —AsN
dr ALVA
dNp
T = _)\BNB +)»ANA

—C — 4N
dr BiVB

Applying the Laplace transform to (3)
0
SL{Nc} — Nc(0) = AgL{Np} = %
Given N.(0) =0
AarpN§
s(s +2a)(s + Ap)
AarpN§ [ 1 1 ]

o ()\,B—)\.A)S S+)xA - S+)\,B

E{Nc} =

S+)»A B

1
S-’-AB

ey
2

3
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_ MrgNG [ 11 1 1 (1 1
T Op—=2) | ls s+ Aga A ls s+ i

_NO[l_ Ap Y 1 ]
T ls =) (5+ra) (s —Aa) (s +Ag)

1
N, = Nﬁ |:1 + m (Aaexp(—Apt) — Apexp (_)»At))i|

o0 o0
1.74 (a) L{e"*} = f e e dx = / e T dx
0 0

= Jifs > a
s—a

(b) and (c). From part (a), L(e*™) = ﬁ Replace a by ai

L(e™) = L{cosax + i sinax}
= L'{cos ax} + zﬁ{sm ax}
s +ai s ia

Ts—ai C s24a? T 21al +s2+a2
Equating real and imaginary parts:

s
L{cos = ——: L{sin S
{cosax} T a {sinax} T a

1.3.10 Special Functions

1.75 Express H, in terms of a generating function 7'(&, s).

T(s 5) = exp[£* — (s — £)*] = exp[—s” + 2s£]

Z H, (E)S

leferentlate (1) first with respect to & and then with respect to s.

o7 25 exp(—s? 4 2s&)
— = LS EXP(—¢§ S =
PY; P

2G5 )
> = Z

Equating equal powers of s

H/ = 2nH,,,1

a——g( 25 + 2&) exp(—s +2s§)_2( 25+26)s" Hy(§) = Z

Equating equal powers of s in the sums of equations
Hn+1 = zéHn —2nH,

It is seen that (5) satisfies the Hermite’s equation

(D

2

3

" H,(8)

— 1!
4

&)
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H, —2¢H. +2nH, =0

(_ 1)k (%)n-‘er

176 @) =) ok D

k
(a) Differentiate
2 4, ()
x —
dx
B Z (_l)k ()2_;)n+2k nxn—l N Z )Cn(l’l + Zk)(_l)kxn+2k—l
N K\l (n+k+1) k'I'(n 4 k 4 1).2n+2

d n n—1
—[x" ()] = Ju(x)nx""" +
dx

Uy U@ e o ) e
- k'T'(n+k+1) - T'(n+k)

(b) A similar procedure yields
d
— [T (0)] = —x "y (%)
dx

1.77 From the result of 1.76(a)

= xn-]n—l(x)

dJ,
% = xn-]n—l(x)

d

—[x"J,(x)] = J11(x)nxn71 +x"
dx
Divide through out by x”"

n dJ,(x
2+ 0
X dx
Similarly from (b)
n dJ,(x)
__Jn = —Jn
T (x) + o +1(x)

Add and subtract to get the desired result.

00 (_1)k (%)n+2k

1.78 J,(x) = ; AIRTENES

(a) Therefore, withn = 1/2

(E) R €) N ) i

Ji(x) = — —
@) @ 2rQ)
Writing I” (%) = \/TE’ r (%)

=¥ r(3) =%V
!

5w =2 S
O T
[ 2 .
= — Sinx
X

(b) Withn = —1/2

®" @, 6"
HO=TT T Tar
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1.79 The normalization of Legendre polynomials can be obtained by / — fold inte-

gration by parts for the conventional form
!

P = S

+1 1 2 el d2 =1y d? =1y
/ (PO dy = (—— / (x ) (x " |y
1 20 1 dx! dx!
1 +1 d2[(x2 _ ])
Y2 ALY RN
=( 1)(21“) /;1 [ o2 j|(x 1) dx
enn\? ! 2
—(—1Y (& 2 Ydp = —°
( )(2lu) W=
Put / = n to get the desired result.
The orthogonality can be proved as follows. Legendre’s differential equation

X — l)l (Rodrigues’s formula)

d 5. dPy(x)

— [ =x7) +nn+ DP,(x) =0 (D
dx
can be recast as

[(1 = xH)P)) = —n(n + 1)P,(x) (2
[(1 =x*) P, ] = —m(m + 1) P, (x) 3)
Multiply (2) by P,, and (3) by P, and subtract the resulting expressions.
Pul(1 = x»)Py] — P,[(1 = x*)P,] = [m(m + 1) — n(n + D] P, P, 4)

Now, LHS of (4) can be written as

Pul(1 —x) P — P,[(1 = xHP.T
= P,[(1 —xHP] + P.I(1 —x)HP/] — P,I(1 — x*)P ] — P,[(1 — x*)P.T

(4) can be integrated
d
(U= X))y P} = P,P}) = [m(m + 1) = n(n + D], P,
x
1
(1= x2) (PuP, = P,PL) ', = [m(m + 1) — n(n + 1)]/ PP dx
-1

Since (1 — x?) vanishes at x = =1, the LHS is zero and the orthogonality
follows.

1
/ P,(x)P,(x)dx =0;m #n
~1
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1.80 Legendre’s equation is

2
9 P"(x) — 2xaPn(X) + I’l(l’l + I)Pn(x) =0 (])
X

1_2
(=)= P

Put x = cos @, Eq. (1) then becomes

2

n n

2cosf +nn+ 1P, =0 2)

dcos2h 9 cosf

For large n, n(n + 1) — n?, and cos & — 1 for small 6,

sin 0

in” 0 P O 2P, =0 3)
sin — n’pP, =
9 cos? 6 dcosf

Now, Bessel’s equation of zero order is

2 d? Jy(x)
dx2
Letting x = 2nsinf/2 = nsin6, in (4) for small 6, and noting that cos 6 —
1, after simple manipulation we get
d?Jy(nsin6) Y dJo(nsin@)
d cos? 8 d cos 6
Comparing (5) with (3), we conclude that

+x%]0(x) +x2J(x) =0 4)

sin® 6 +n?Jo(nsin@) =0 (3)

P,(cos ) — Jy(nsin0) (1)

1.81 T(x,s)=(1—2sx +s>)7 2= ZPl(x)sl

(a) Differentiate (1) with respect to s.

aT 2\—32
— = —s)(1 —2sx +s57) 2
as

= Z(x —$)(1 = 2sx + )" pr(x)s’

= Ip)s'!

Multiply by (1 — 2sx + s2)

Z(x —s)ps = le,s’_l(l —2sx +5%)
Equate the coefficients of s’

xpr — pi-1 =+ Dpryy — 2xlpr + (0 = Dpiy
or (( + Dpiy1 = Q2L+ Dxpr — Ipi—y
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(b) Differentiate with respect to x

oT 3
— =s(1 —2sx + sz)_%
ax

= Z(l — 2sx + sz)_lpls“rl

Multiply by (1 — 2sx + 52)

ZSI+]P1 Z(s — sl 4§12

Equate coefficients of s/*"
Pi= Py — 22X+ piy
or pi(x) + ZXP;(X) = 171/+1 + Pz/_l

n=0
Therefore L,(0) = n!

1.3.11 Complex Variables

1 Mathematical Physics

1.83 (a) Since the pole at z = 2 is not interior to |z| = 1, the integral equals zero
(b) Since the pole at z = 2 is interior to |z 4 i| = 3, the integral equals 27i.

1.84 Method 1

y§4z2—3z+1d _f4(z—l)2+5(z—1)+2
c (Z_l)’;

(z—1)

=4?§z—1 (z—l)2 (z—l)*

= 4Q27i) + 5(0) 4 6(0) = 87i

where we have used the result
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1.85

1.86

1.87

1.88

d
ff < =2niifn=1
c(z—a)y
=0ifn >1

Method 2
By Cauchy’s integral formula

V
Foa) = 2= § L

27 (Z _ a)n+l

If n =2 and f(z) = 4z> — 3z + 1, then (1) = 8. Hence

2! (472 -3z+1 /‘4z2—32+1
8§ = — or = 8mi
2wi J, (z—1)3 (z—1)

z = 3 is a pole of order 2 (double pole);

z =1 and z = —1 + 2i are poles of order 1 (simple poles).
z = 1 is a simple pole, z = —2 is a pole of order 2 or double pole.
Residue at z = 1 is lim,_,1(z — 1) {m} = %
. _ P d (z42)%
Residue at z = =2 is lim,, 5 - {(:B(TN}

Cd 1y 2 2
Cd2?2 |z @-12 9

The singularity is at z = 2
Letz—2=U.Thenz=2+U.

G—12_ v
&2 U2 3
1+U+ —+ —
=102 |: + + + 3 + - i|
e? e2 e Hz-2) Az —-2)7

G-y T2t 31 4!

The series converges for all values of 7 # 2

Consider gﬁ = +1, where C is the closed contour consisting of line from —R
to R and the semi-circle I', traversed in the counter clock-wise direction.
The poles for Z* + 1 = 0, are z = exp(wi/4), exp(3mwi/4), exp(5mi/4),
exp(7mi/4). Only the poles exp(wi/4) and exp(3wi/4) lie within C. Using
L’Hospital’s rule
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j 1
Residue at exp(wi/4) = limz_mp(%) {z — exp <%) e }

. , . 3mi 1
Residue at exp(3wi/4) = llmz_)exp(,%%f) z—exp| —

Thus
% d =2mi {lexp <—E> + lexp (—E>} -

Al 4 4 4 4 V2
Thus

R dx dz b
/,Rx“—kl +/z4+1 ZE
Taking the limit of both sides as R — oo
1imR%o/+Rd_x=/°°d_x=L

g x*+1 o X+ 2

It follows that

/Oo dx _m
o x+1 22

Fig. 1.17 Closed contour y
consisting of line from —R
to R and the semi-circle I' r
X
-R R
1.3.12 Calculus of Variation
x|
1.89 Let I = / F(x,y,y)dx €))

X0
X d 2
HereI:/ ‘/1+<—y> dx )
o dx

Now the Euler equation is

oF d ([OF
&L= =0 3)
dy dx \ 9y’
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1.90

Butin (2), F = F(y').
Hence
oF
E =
oF

3 / L ’ 12\—
oy = gy L TYDT =y Ay

0

d
- [y’(l + y/2)—l/2] —0

ory'(1 4+ y*)~"/? = C = constant
ory*(1 — C?) = C?

ory = &Y _ 4 = constant
dx

75

Integrating y = ax + b which is the equation to a straight line. The constants

a and b can be found from the coordinates Py(xo, yo) and P;(xy, y;)

The velocity of the bead which starts from rest is
ds

— =2y

dt=

The time of descent is therefore

1—;—/ ds 1 [dx2+dy> 1 //1+y/2dx
v28y V28 y V28 y

1 2
po 0D

y

Here F involves only y and y’. The Euler equation is

which does not contain x explicitly. In that case F(y, y’) is given by
dF  9Fdy  9Fdy

dx 9y dx = 9y dx

Multiply (4) by &

dy dFF dy d [dF —0
dy’

dx dy dxdx
Combining (5) and (6)
ir_d(ard)
dx dx \ dy’ dx

Integrating F = g_gg_)yc +C

ey

@

3

“4)

(&)

(6)

)
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1.91

1.92

1 Mathematical Physics

l_l_y/z y/2
F=| - e
y V1+y?

. . . 1 _
Simplifying m = C where we have used (3)
Or y(1 + y?) = constant, say 2a

C(dy 2_2a—y
. dx - y

cde oy NPy
“dy 2a -y (ay — yH'/2

This equation can be easily solved by a change of variable y = 2a sin’# and
direct integration. The result is

x =2asin”! (%) —V2ay —y*+b

which is the equation to a cycloid.

Irrespective of the function y, the surface generated by revolving y about the
x-axis has an area

2nf : yds = 27 / y(1 + y*)? dx (D
If this is to be minimum then Euler’s equation must be satisfied.
E—i(F—y/E)ZO )
dx  dx ay’
Here
F=y(+y*)" 3)
Since F' does not contain x explicitly, ‘;—f = 0. So
,0F
F — y'— = a = constant “4)
ay’
Use (3) in (4)
YA+ =321+ =a
Simplifying
—y =
(L4 y2)172

d 32
or—y= y——l,y:acosh(£+b)
dx a? a

This is an equation to a Catenary.

The area is

A =27 / yds = 271/ y(1 4y Y2dx
0
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The volume:

VZJT/ y2dx
0

Therefore, dropping off the constant factors
K = y> + ay(1 + y2)12

which must satisfy the Euler’s equation
— = —(K—y—)=0
( y By/)

It is convenient to use the above form as K does not explicitly contain x, and

% = 0. Therefore,

K— % — +)\’ (1+)\‘ /2)2 )\' /2(1+ /2)7% —
Y 3y’ y y y yy y

Now y = 0 atx = 0 and at x = a which can be true if C = 0. Hence
Y a4y =0

Ory=—A(l+y?™/2

Solving for y/,

dy _
dr
Integratlng,

()Lz yHl/2

1
— (A =y =x—1x
Or(x—xo)z—i—y2 =22

This is the equation to a sphere with the centre on the x-axis at x¢, and of
radius A.

1.3.13 Statistical Distribution

=y,

1.93 (a) Zio Py = Zio : x!

_ Lo m?
= + — +7+
=e M xe™ =1

X

Thus the distribution is normalized.
m

(b) <x>=Z:OxPx=Zzooxex' _ZX o(x—l)'

m?>  m?
=e <m+T+7+ )('.'(—1)!=OO)

B 1 m  m?
=me + — +7+

=me " xe"=m
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—m X

() <x*>= szef;",mx = I — D+

o e "m* o0 _am
=2 a—2 " Qo™ ST

. 5 m3 4
=e m-+——+ -+ +m

2 2 2

2 D <cx>it<i>i=<x’>—-m

ol=<@x -3} >=<ux

o’=moro =/m

(d)P _ e—mmm—l B e—mmm B e—mmm _p
T = m—Dm om! "

That is the probability for the occurrence of the event at x = m — 1 is
equal to that at x = m

efmmxfl e "m* x X

Px— = = —:-Px
© ! (x—1! x!' m m
e "m* L memmY m
Py = = = »
x+D! xlx+1D  x+1
N(N — 1)gN—2
194 @) (g +p)V =¢" + N¢g"'P + %Jﬂ
N!
o7 pY¥gN-x ... pN
STy R

_ x N—x __ .. —
=3 0x,(N_x),P ¢"=1Cq+p=1)
(b) We can use the moment generating function M, (¢) about the mean u
which is given as
M, (1) = Ee¥ "

2
=E|:l+(x—,u)t+(x—p,)2%+...i|

2 3

t 1
—1+0+/L2—+M3§

So that 1, is the coefficient of £;



1.3 Solutions
M) =Ee" =Y " &"B(x)
* x=0
_ o0 N INF _ N—r
=> ( ) )(pe) (1-p)
_ t _ N N r N-—r
=(pe' +1—p) Z(r P'q

=(pe' +1—-p)"
ER/AGY
" a0

Therefore uf = 41— = Npe'(q + pe' )N '|izo = Np
Thus the mean = Np
2

0-M
©us = — = [N(N — Dp*e'(qg + pe"" 2 + Npe' (g + pe' )N =

a2
=N(N — DHp*+ Np
But py =y — (u)* = N(N — 1)p* + Np — N*p’
= Np — Np*> = Np(1 — p) = Npq
oro =+/Npg
1.95 Total counting rate/minute, m; = 245

Background rate/minute, m, = 49
Counting rate of source, m = m; — mp = 196

ni A/ ns /12
— + —;my = — =+ >=; Netcountm = m| — my
n 151 15 %)

2 20172 np - np 12 mp  mp 172
0=<ol+oz>/=(—z+—z> =<T+T>
4 1, 1 2

m m 1/2
151 15)

49  245\'?

mp; =

100 © 20
Percentage S.D. = £ x 100 = 337 x 100 = 1.8%

N' x N—x

Using Sterling’s theorem
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N! = V2rNNVe ™V
x! — V2mxx*e™
(N =x)! > /2n(N — x)(N — x)¥N T Ntx

_ N pqufoN
Bx) =~ f() = \ 27x(N — ) x*(N — 0V
B N Np\* [ Ng \"'™
~\ 27x(N —x) <7> ((N—x))

Let § denote the deviation of x from the expected value Np, that is

d=x—Np

then N —x =N —-Np—-56=Ng—9§

8 s \17Y?
por=[e(+5) (-5

- S —(Np+98) | S —(Ng—98)
Np Ng

Assume that |§| < Npg so that
i <« 1 and 5 <1
Np Ngqg
The first bracket reduces to (27 N, pq)’%. Take log, on both sides.
1 8 s
In [f(x)(Zanq)Z] — —(Np+8)In(1+-2)—(Ng—&)In(1- —
Np N

q
=_(Np+5)<i_i+i_...>
Np 2N2p?2  3N3p3
STV (SR R
Ng 2N2%*q* 3N3g3
8P -4
:_2Npq_ 6N?p2q?

Neglect the §° term and putting 0 = «/Npg and 0 = x — Np = ¥.

Flo) = 1 ox |:—(x—)"c)2:|
VT e P T2

(Normal or Gaussian distribution)
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_ N!pqufx
(b) B(x) = TNV — !
NN =D (N —x—1Dp*(1 — pN=
- x!
NN —1)...(N —x + D(Np)*(1 — p)¥=*
- N*x!

LA SRR W R DU ST Sl DR
_F<1 N><1 N> (1 N)(l )

(=) (1=3) (1= 5 a-p
x! (I—p)y

The poisson distribution can be deduced as a limiting case of the bino-
mial distribution, for those random processes in which the probability of
occurrence is very small, p <« 1, while the number of trials N becomes
very large and the mean value m = pn remains fixed. Then m <« N and
x & N, so that approximately

(1 _ p)fo ~ efp(fo) ~ epr — e

—m X

Thus B(x) — P(x) = “*

X

b
197 S=g-by+ [£4+2
ty I

t =t + t; = constant

1.98

te=t—1
2 2 2 8 b
o =0, +o0, = —_
&N Ty g
must be minimum. Therefore, %:) =0
8 b
C—0)? 12
tg b tp b
—2 = — % _— = _—
t—1) 8 Iy g
A= Aoeim
A
A
y =\t

S=y—At
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Normal equation gives

2 tadn

- 2

Ty

Z fayn = 1 x In(1/0.835) + 2 x In(1/0.695)

n=1

A

+3 % In(1/0.58) + 4 x In(1/0.485)
+5 % In(1/0.405) + 6 x In(1/0.335)
. = 16.5175
k=142 4344 +5 46" =91

n=1

_ 16,5175

A= =0.1815h7"
91
0.693  0.693
12 A 0.1815

We determine the probability P(z) that a given counter records no pulse
during a period . We divide the interval ¢ into two parts ¢t = t; + f,. The
probabilities that no pulses are recorded in either the first or the second period
are given by P(#) and P(t,), respectively, while the probability that no pulse
is recorded in the whole interval is P(t) = Pi(t; + ).

Since the two events are independent,

P(ty + 1) = P(t1)p(12)
The above equation has the solution
P(t)=e¢“

where a is a positive constant. The reason for using the minus sign for a is
that P () is expected to decrease with increasing 7.

The probability that there will be an event in the time interval dr is ¢ d¢. The
combined probability that there will be no events during time interval ¢, but
one event between time ¢ and ¢ + dt is ¢ e™% df where ¢ = constant. It is
readily shown that ¢ = a. This follows from the normalization condition

o0 o0
/ P(t)dt = c/ e dr =1
0 0

Thus dp(t) = ae™ dt

Clearly, small time intervals are more favoured than large time intervals
amongst randomly distributed events. If the data have large number N of
intervals then the number of intervals greater than #; but less than #, is

n
n=N / ae ™ dt = N(e™™ — ¢~“2) (Interval distribution)

141

a represents the average number of events per unit time.
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Two limiting cases

(a) t, = oo. We find that the number of intervals greater than any duration is
Ne " in which at = average number of events in time t. In the case
of radioactivity at time t = 0, let N = Nj.
Then the radioactive decay law becomes
N = Noe ™
where N is the number of surviving atoms at time ¢, and @ = X is the
decay constant, that is the number of decays per unit time.

(b) t; = 0, implies that the number of events shorter than any duration 7 is
No(1 —e™)
For radioactive decay the above equation would read for the number of
decays in time interval O to ¢.

N = Ny(1—e™)

1.100 Ny =No— Np=145-10=4.5

1.101

10 145 /245

GS = =

t 13 t
o, 5 1 [245
N, 100 4.5V ¢
t = 484 min

The best values of ay, a; and a, are found by the Least square fit. The residue
S is given by

S . 6 252
=2, On — a0 —aix, —arx;)

Minimize the residue.

0S5 .
— =0, gives
8a0

Zj:lyn =nag+ary X, +ay x (1)

aS

. —0gi
b gives

Srn=aY e Y ey 5 @
aS

— =0 gives

3a2

doxtv=agy xptary xi+ayy xy 3)

Equations (1), (2) and (3) are the so-called normal equations which are to be
solved as ordinary simultaneous equations.
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N=6Y =25 x=3) x=19
D ad =27 xh =115 xy, =213 xay, = 158.1

Solving (1), (2) and (3) we find ag = 0.582; a; = —1.182; a, = 1.556

12

1 Mathematical Physics

10

_ﬁ\\.c

L

B

—

2 -15-1-050 05 1 15 2 25 3

Fig. 1.18 Least square fit of the parabola

1.102 2meo
c=""2
In(%)

From propagation of errors

ac\’ 2 ac\’ 2
o, = — | o — | o
ab) " " \oa)

dc c 'Bc c

9 blnl'9a alnt

X —

i|1/2

Using (1), (2) and (3) and simplifying

o, I b\ 2 aaz n oaz 12
— = n— . =
c a a?  b?

Substituting a = 10mm, b = 20mm, o, = 1 mm and 0, = 1 mm, o./c =

0.16

(M

2

3
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1.103

<x>=/oox f(x)dx//mf(x)dx
0 0

oo [o.¢]
= f xze_?dx// xe +dx
0 0

223
=52 =2

Most probable value of x is obtained by maximizing the function xe™*/*

d
a(xe_"/)‘) =0

x X
e} (1—-):0
Y

X =A

x(most probable) = A

1.3.14 Numerical Integration

1.104 The trapezoidal rule is

1.105

1 1
Area = <§yo+y1 +yv4+ Y+ 5)%) Ax

Given integral is || lloxzdx. Divide x = 1 to x = 10 into 9 intervals.
Thus =4 = 0= = 1 = Ax

Substituting the abscissas in the equation y = x
1,4,9,16,---100.

2, we get the ordinates y =

1 1
area = <§+4+9+25+36+49+64+81+5x 100):334.5

This may be compared with the value obtained from direct integration,

[%‘]IO =333,

1
The error is 0.45%.

For Simpson’s rule

take 10 intervals
Here%:%:l:Ax

The area under the curve y = x? is given by

Ax
T(y" +4y1+ 2y, +4ys + 2y + -+ 41+ Ya)
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The ordinates are found by substituting x = 0, 1,2---10 in the equation
y = x%. Thus

1
area = §(0-}-4+8—1—36—i—32+ 1004724196 + 128 4324+ 100) = 333.3

In this case Simpson’s rule happens to give exactly the same result as that
from direct integration.



Chapter 2
Quantum Mechanics - I

2.1 Basic Concepts and Formulae

Wave number

b= 2.1
\)—)L .

Ifm = 100°m; 1A = 107%m; Inm = 10 m; lpm = 107%m; he =
197.3 Mev — fm

Photon energy
E=hv 2.2)
Photon momentum

p=nhv/c

Photon energy — wavelength conversion

©am) = 1241 23
= Eev) '
de Broglie wavelength
r=h/p (2.4)
Aelectron) : A(A) = (150/ V)!/2 (2.5)
A(neutron) : A(A) = 0.286 E~Y? (E inev) (2.6)

Atomic units

The Bohr radius h%/m,e? is frequently used as the unit of length in atomic physics.
In atomic units the energy is measured in multiples of the ionization energy of
hydrogen atom that is mee*/20?. In these units 7> = 1, ¢ = 2 and m = 1 in

all equations.

87
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Natural units

h=c=1
Mosley’s law (for characteristic X-rays)

Jv=AZ —b)

where Z is the atomic number, A and b are constants.
For K, line

1,200
S (Z-1p

X-rays absorption

I = Ioe_’”

Duane-Hunt law (for continuous X-rays)

c hc 1,240
=—=——pm
Vmax eV \%

Ae =

Quantum Mechanics — I

2.7)

(2.8)

(2.9)

(2.10)

@2.11)

where e is the electron charge and V is the P.D through which the electrons have

been accelerated in the X-ray tube.

Doppler effect (Non-relativistic)

v = vy(1 + Bccos %)

(2.12)

where v is the observed frequency, vy the frequency of light in the rest frame of
source emitted at angle 6*, v = Bc is the source velocity. The inverse transforma-

tion is

vo = v(1 — Bccosh)
Hydrogen atom (Bohr’s model)
Angular momentum

L=nh, n=1,2,3.....

(2.13)

(2.14)

Energy of photon emitted from energy level E; to final level Ey.

hv = Ei — Ef
Radius of the nth orbit
_ 80h2n2

ez

(2.15)

(2.16)
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where p is the reduced mass given by
mem
w=——">->~"
me +my

and Z = 1 for H-atom.
The radius of the smallest orbit, called the Bohr radius,

goh?
apg=r; = 0 2=0529A
Tme
Orbital velocity in the nth orbit
ze?
v, =
2e,nh
Fine structure constant
v &2 1

C - 280hc - m

« is a measure of the electromagnetic interaction
Kinetic Energy of electron

1 e
K,=-m vﬁ = ‘
2 8me,r,
Potential energy of electron
2
ze
U, =—
dme,r,
Total Energy of electron
E =K 4+U e mz?t  —136
nT " 8me,n, 8e2h2n? n?
1 R ( 1 1 )
Vif = — = — — —=
Y ni  n}
Mesic atom

89

(2.17)

(2.18)

(2.19)

(2.20)

221

(2.22)

(2.23)

(2.24)

A negatively charged muon or pion when captured by the nucleus forms a bound

system called mesic atom before absorption or decay system.

i. r, o 1/p; therefore radii are shrunk by a factor of ~200 for muonic atom

compared to H-atom.

ii. E, o p; therefore energy levels are spaced 200 times greater than those of
H-atom. X-rays are emitted instead of visible light, when the muon cascades

down.
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Table 2.1 Hydrogen spectrum

Series Region First line (A) Series limit (A)

1. Lyman Ultraviolet 1,215 911
p=1=R (,L - n%) Ni=234..

2. Balmer Visible 6,561 3,645
P=R(%-L)in=345

3. Pashen Infrared 18,746 8,201
P=R($—L)in =456

4. Brackett Infrared 40,501 14,580
P=R(%-%)im=567

5. Pfund Far infra-red 74,558 22,782
P=R(&-%)im=6738

Positronium

A system of eT —e™ is called positronium, the reduced mass, & = 0.5m,. Therefore,
the radii are expanded but energy levels are reduced by a factor of 2, compared to
the H-atom, and the entire spectrum is shifted toward the longer wavelength.

Uncertainty principle (Heisenberg)

AxAp, 2 h (2.25a)
AEAt 2 h (2.25b)
L.A® Z h (2.25¢)
Restricted uncertainty principle
AxApy Z h/2 (2.26)
Bohr magneton
eh
U = 5— (2.27)
2m

Zeeman effect

The splitting of spectrum lines in a magnetic field is known as Zeeman effect.

Normal Zeeman effect (Strong magnetic field)

Each term is split up into 2/ + 1 terms by the magnetic field. When observed trans-
versely (magnetic field at right angle to the light path), the lines are observed to
be split up into three, the middle line linearly polarized parallel to the field, and
the outside lines at right angles to the field; but when observed longitudinally (field
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parallel to the light path), they are split into two, which are circularly polarized in
the opposite directions.

The selection rule is Am = 0, =1, where m is the magnetic quantum number.
We thus get a simple triplet or doublet. In the former they are equally spaced.

Anamolous Zeeman effect

For not too strong field, one observes splitting into more than three components,
unequally spaced. The additional magnetic energy is given by

ehBmg

Epnag = (2.28)

2uc

where g is Lande’s g-factor. The undisturbed term again splits up into 2J +1 equidis-
tant terms but the lines will not be equidistant because the g-factor for the upper and
lower levels would be different.

_ JG+D+sis+1D—=I10+1)
g=1+ TS (2.29)

Degeneracy of H-atom energy levels

n—1
The degeneracy = 2 Zz—o QL+ 1)=2n? (2.30)

where n is the principal quantum number.

Broadening of spectral lines
The observed spectral lines are not perfectly sharp. The broadening is due to
(1) Natural width explained by the uncertainty principle for time and energy.

(ii) Thermal motion of atoms.
(iii) Molecular collisions.

Spectroscopic notation

25+11,, ,where S is the total electron spin, L is the orbital angular momentum, and
J the total angular momentum.

Stern—-Gerlah experiment

In this experiment a collimated beam of neutral atoms emerging from a hot oven is
sent through an inhomogeneous magnetic field. The beam is split up into 2J + 1
components. The experiment affords the determination of the spin of the atoms.
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2.2 Problems

2.2.1 de Broglie Waves

2.1 (a) Write down the equation relating the energy E of a photon to its frequency
f. Hence determine the equation relating the energy E of a photon to its
wavelength.

(b) A 7° meson at rest decays into two photons of equal energy. What is the
wavelength (in m) of the photons? (The mass of the 7% is 135 MeV/c)

[University of London 2006]

2.2 Calculate the wavelength in nm of electrons which have been accelerated from
rest through a potential difference of 54 V.

[University of London 2006]

2.3 Show that the deBroglie wavelength for neutrons is given by » = 0.286 A//E,
where E is in electron-volts.

[Adapted from the University of New Castle upon Tyne 1966]

2.4 Show that if an electron is accelerated through V volts then the deBroglie wave-
length in angstroms is given by A = (ivo) V2

2.5 A thermal neutron has a speed v at temperature 7 = 300 K and kinetic energy
m#”z = 3"TT Calculate its deBroglie wavelength. State whether a beam of these
neutrons could be diffracted by a crystal, and why?

(b) Use Heisenberg’s Uncertainty principle to estimate the kinetic energy (in

MeV) of a nucleon bound within a nucleus of radius 10~ m.

2.6 The relation for total energy (E£) and momentum (p) for a relativistic particle
is E? = ¢?p? + m?c*, where m is the rest mass and c is the velocity of light.
Using the relativistic relations £ = hw and p = hk, where w is the angular
frequency and k is the wave number, show that the product of group velocity
(vg) and the phase velocity (vp) is equal to 2, that is VpVg = c?

2.2.2 Hydrogen Atom

2.7 In the Bohr model of the hydrogen-like atom of atomic number Z the atomic
energy levels of a single-electron are quantized with values given by

Z mee?

n )
88(2)h2n2

where m is the mass of the electron, e is the electronic charge and n is an
integer greater than zero (principal quantum number)
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What additional quantum numbers are needed to specify fully an atomic quan-
tum state and what physical quantities do they quantify? List the allowed quan-
tum numbers for n = 1 and n = 2 and specify fully the electronic quantum
numbers for the ground state of the Carbon atom (atomic number Z = 6)
[Adapted from University of London 2002]

2.8 Estimate the total ground state energy in eV of the system obtained if all the
electrons in the Carbon atom were replaced by 7~ particles. (You are given
that the ground state energy of the hydrogen atom is —13.6 eV and that the 7~
is a particle with charge —1, spin 0 and mass 270 m,,

[University of London]

2.9 What are atomic units? In this system what are the units of (a) length (b) energy
(c) h? (d) € (e) m, ? (f) Write down Schrodinger’s equation for H-atom in
atomic units

2.10 (a) Two positive nuclei each having a charge q approach each other and elec-
trons concentrate between the nuclei to create a bond. Assume that the
electrons can be represented by a single point charge at the mid-point
between the nuclei. Calculate the magnitude this charge must have to
ensure that the potential energy is negative.

(b) A positive ion of kinetic energy 1 x 10~'? T collides with a stationary
molecule of the same mass and forms a single excited composite molecule.
Assuming the initial internal energies of the ion and neutral molecule were
zero, calculate the internal energy of the molecule.

[Adapted from University of Wales, Aberystwyth 2008]

2.11 (a) By using the deBroglie relation, derive the Bohr condition mvr = nh for
the angular momentum of an electron in a hydrogen atom.
(b) Use this expression to show that the allowed electron energy states in
hydrogen atom can be written

I’l’l€4

8e2h?n?
(c) How would this expression be modified for the case of a triply ionized
beryllium atom Be(Z = 4)?
(d) Calculate the ionization energy in eV of Be*? (ionization energy of hydro-
gen = 13.6eV)
[Adapted from the University of Wales, Aberystwyth 2007]

n =

2.12 When a negatively charged muon (mass 207 m. is captured in a Boht’s orbit
of high principal quantum number (n) to form a mesic atom, it cascades
down to lower orbits emitting X-rays and the radii of the mesic atom are
shrunk by a factor of about 200 compared with the corresponding Bohr’s atom.
Explain.

2.13 In which mu-mesic atom would the orbit with n = 1 just touch the nuclear
surface. Take Z = A/2and R = 1.3 A'/3 fm.
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Calculate the wavelengths of the first four lines of the Lyman series of the
positronium on the basis of the simple Bohr’s theory
[Saha Institute of Nuclear physics 1964]

2.15 (a) Show that the energy E, of positronium is given by E, = —a’m.c?/4n?

2.16

2.17

2.18

2.19

2.20

where m. is the electron mass, n the principal quantum number and « the
fine structure constant
(b) the radii are expanded to double the corresponding radii of hydrogen atom
(c) the transition energies are halved compared to that of hydrogen atom.

A non-relativistic particle of mass m is held in a circular orbit around the
origin by an attractive force f(r) = —kr where k is a positive constant

(a) Show that the potential energy can be written
U@r)=kr?)2
Assuming U(r) = Owhenr =0
(b) Assuming the Bohr quantization of the angular momentum of the particle,

show that the radius r of the orbit of the particle and speed v of the particle
can be written

)
(D)6

where n is an integer
(c) Hence, show that the total energy of the particle is

K\ 12
E,=nh <—>
m

(d)Ifm =3 x 107°kg and k = 1180N m~!, determine the wavelength of
the photon in nm which will cause a transition between successive energy
levels.

For high principle quantum number (1) for hydrogen atom show that the spac-
ing between the neighboring energy levels is proportional to 1/71°.

In which transition of hydrogen atom is the wavelength of 486.1 nm produced?
To which series does it belong?

Show that for large quantum number n, the mechanical orbital frequency
is equal to the frequency of the photon which is emitted between adjacent
levels.

A hydrogen-like ion has the wavelength difference between the first lines of
the Balmer and lyman series equal to 16.58 nm. What ion is it?
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2.21

A spectral line of atomic hydrogen has its wave number equal to the difference
between the two lines of Balmer series, 486.1 nm and 410.2 nm. To which
series does the spectral line belong?

2.2.3 X-rays

2.22

2.23

2.24

2.25

2.26

2.27

2.28

2.29

2.30

2.31

2.32

(a) The L — K transition of an X-ray tube containing a molybdenum (Z = 42)
target occurs at a wavelength of 0.0724 nm. Use this information to estimate
the screening parameter of the K -shell electrons in molybdenum.

[Osmania University]

Calculate the wavelength of the Mo(Z = 42)K, X-ray line given that the
ionization energy of hydrogen is 13.6eV
[Adapted from the University of London, Royal Holloway 2002]

In a block of Cobalt/iron alloy, it is suspected that the Cobalt (Z = 27) is
very poorly mixed with the iron (Z = 26). Given that the ionization energy
of hydrogen is 13.6eV predict the energies of the K absorption edges of the

constituents of the alloy.
[University of London, Royal Holloway 2002]

Calculate the minimum wavelength of the radiation emitted by an X-ray tube

operated at 30 kV.
[Adapted from the University of London, Royal Holloway 2005]

If the minimum wavelength from an 80kV X-ray tube is 0.15 x 107'm,
deduce a value for Planck’s constant.
[Adapted from the University of New Castle upon Tyne 1964]

If the minimum wavelength recorded in the continuous X-ray spectrum from
a 50KV tube is 0.247 A, calculate the value of Plank’s constant.
[Adapted from the University of Durham 1963]

The wavelength of the K, line in iron (Z = 26) is known to be 193 pm. Then
what would be the wavelength of the K, line in copper (Z = 29)?

An X-ray tube has nickel as target. If the wavelength difference between the
K, line and the short wave cut-off wavelength of the continuous X-ray spec-
trum is equal to 84 pm, what is the voltage applied to the tube?

Consider the transitions in heavy atoms which give rise to L, line in X-ray
spectra. How many allowed transitions are possible under the selection rule
Al ==%£1,Aj=0,=%£1.

When the voltage applied to an X-ray tube increases from 10 to 20kV the
wavelength difference between the K|, line and the short wave cut-off of the
continous X-ray spectrum increases by a factor of 3.0. Identify the target mate-
rial.

How many elements have the K, lines between 241 and 180 pm?
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2.33

2.34
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Moseley’s law for characteristic x-rays is of the form /v = a(z—b). Calculate
the value of a for K,

The K, line has a wavelength X for an element with atomic number Z = 19.
What is the atomic number of an element which has a wavelength A /4 for the
K, line?

2.2.4 Spin and p and Quantum Numbers — Stern—Gerlah’s

2.35

2.36

2.37

2.38

2.39

2.40

Experiment

Evidence for the electron spin was provided by the Sterrn—Gerlah experiment.
Sketch and briefly describe the key features of the experiment. Explain what
was observed and how this observation may be interpreted in terms of electron
spin.

[Adapted from University of London 2006]

(i) Write down the allowed values of the total angular momentum quantum
number j, for an atom with spin s and [, respectively (ii) Write down the
quantum numbers for the states described as s, /25 3D, and °P; (iii) Determine
if any of these states are impossible, and if so explain why.

[Adapted from the University of London, Royal Holloway 2003]

(a) show that an electron in a classical circular orbit of angular momentum
L around a nucleus has magnetic dipole moment given by p = —e L/2m,
(b) State the quantum mechanical values for the magnitude and the z-compo-
nent of the magnetic moment of the hydrogen atom associated with (i) electron
orbital angular momentum (ii) electron spin

[Adapted from the University of London, Royal Holloway 2004]

In a Stern-Gerlach experiment a collimated beam of hydrogen atoms emitted
from an oven at a temperature of 600 K, passes between the poles of a magnet
for a distance of 0.6 m before being detected at a photographic plate a further
1.0 m away. Derive the expression for the observed mean beam separation, and
determine its value given that the magnetic field gradient is 20 Tm~! (Assume
the atoms to be in the ground state and their mean kinetic energy to be 2kT;
Bohr magneton g = 9.27 x 10747 T~!

[Adapted from the University of London, Royal Holloway 2004]

State the ground state electron configuration and magnetic dipole moment of
hydrogen (Z = 1) and sodium (Z = 11)

In a Stern—Gerlah experiment a collimated beam of sodium atoms, emit-
ted from an oven at a temperature of 400K, passes between the poles of
a magnet for a distance of 1.00m before being detected on a screen a fur-
ther 0.5m away. The mean deflection detected was 0.14°. Assuming that
the magnetic field gradient was 6.0 Tm™! and that the atoms were in the



2.2 Problems 97

ground state and their mean kinetic energy was 2k7, estimate the magnetic
moment.

[Adapted from the University of London, Royal Holloway and Bedford New
College, 2005]

2.41 If the electronic structure of an element is 152 25> 2p® 352 3p® 3d'0 452 4p°,
why can it not be (a) a transition element (b) a rare-earth element?

[Adopted from the University of Manchester 1958]

2.42 1Ina Stern—Gerlach experiment the magnetic field gradientis 5.0 Vs m™ mm™',

with pole pieces 7 cm long. A narrow beam of silver atoms from an oven at
1, 250K passes through the magnetic field. Calculate the separation of the
beams as they emerge from the magnetic field, pointing out the assumptions
you have made (Take ;1 = 9.27 x 1072*JT!]

[Adapted from the University of Durham 1962]

2.43 (a) The magnetic moment of silver atom is only 1 Bohr magneton although it
has 47 electrons? Explain.

(b) Ignoring the nuclear effects, what is the magnetic moment of an atom in
the 3p, state?

(c) In a Stern—Gerlah experiment, a collimated beam of neutral atoms is split
up into 7 equally spaced lines. What is the total angular momentum of the
atom?

(d) what is the ratio of intensities of spectral lines in hydrogen spectrum for
the transitions

22p1/2 — 1251/2 and 22[)3/2 — 125‘1/2?

2.44 Obtain an expression for the Bohr magneton.

2.2.5 Spectroscopy

2.45 (a) Given the allowed values of the quantum numbers 7, [, m and m; of an
electron in a hydrogen atom (b) What are the allowed numerical values of
I and m for the n = 3 level? (c) Hence show that this level can accept 18

electrons.
[Adopted from University of London 2006]

2.46 State, with reasons, which of the following transitions are forbidden for elec-
tric dipole transitions

3])1 — 2F3
P3p — S
Py — S0

3D2 — 351
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247

248

2.49

2.50

2.51

2.52

2.53

2.54

2.55
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The °Be™ ion has a nucleus with spin 7 = 3/2. What values are possible for
the hyperfine quantum number F for the 2S, /2 electronic level?

[Aligarh University]

Obtain an expression for the Doppler linewidth for a spectral line of wave-
length A emitted by an atom of mass m at a temperature T

For the 2P3,, — 28, transition of an alkali atom, sketch the splitting of the
energy levels and the resulting Zeeman spectrum for atoms in a weak exter-
nal magnetic field (Express your results in terms of the frequency vy of the
transition, in the absence of an applied magnetic field)

i(j+ 1 -1 +1
[TheLandeg-factoris givenbyg:1+](J+ )+s+ Dl )]

2jG+D
[Adapted from the University of London Holloway 2002]

The spacings of adjacent energy levels of increasing energy in a calcium triplet
are 30 x 10~* and 60 x 10~*eV. What are the quantum numbers of the three
levels? Write down the levels using the appropriate spectroscopic notation.

[Adapted from the University of London, Royal Holloway 2003]

An atomic transition line with wavelength 350 nm is observed to be split into
three components, in a spectrum of light from a sun spot. Adjacent compo-
nents are separated by 1.7 pm. Determine the strength of the magnetic field in
the sun spot. g = 9.17 x 107 J T~!

[Adapted from the University of London, Royal Holloway 2003]

Calculate the energy spacing between the components of the ground state
energy level of hydrogen when split by a magnetic field of 1.0 T. What fre-
quency of electromagnetic radiation could cause a transition between these
levels? What is the specific name given to this effect.

[Adapted from the University of London, Royal Holloway 2003]

Consider the transition 2P;,, — 28/, for sodium in the magnetic field of
1.0T, given that the energy splitting AE = gugBm , where ug is the Bohr
magneton. Draw the sketch.

[Adapted from the University of London, Royal Holloway 2004]

To excite the mercury line 5,461 A an excitation potential of 7.69 V is required.
If the deepest term in the mercury spectrum lies at 84,181 cm~!, calculate the
numerical values of the two energy levels involved in the emission of 5,461 A.

[The University of Durham 1963]

The mean time for a spontaneous 2p — 1s transition is 1.6 x 10~"s while
the mean time for a spontaneous 2s — ls transition is as long as 0.14s.
Explain.
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In the Helium-Neon laser (three-level laser), the energy spacing between the
upper and lower levels E, — E| = 2.26 in the neon atom. If the optical pump-
ing operation stops, at what temperature would the ratio of the population of
upper level E, and the lower level E, be 1/10?

2.2.6 Molecules

2.57

2.58

2.59

2.60

2.61

2.62

2.63

2.64

What are the two modes of motion of a diatomic molecule about its centre of
mass? Explain briefly the origin of the discrete energy level spectrum associ-
ated with one of these modes. L

[University of London 2003]
Rotational spectral lines are examined in the HD (hydrogen—deuterium)
molecule. If the internuclear distance is 0.075 nm, estimate the wavelength
of radiation arising from the lowest levels.

Historically, the study of alternate intensities of spectral lines in the rotational
spectra of homonuclear molecules such as N, was crucial in deciding the
correct model for the atom (neutrons and protons constituting the nucleus
surrounded by electrons outside, rather than the proton—electron hypothesis
for the Thomas model). Explain.

The force constant for the carbon monoxide molecule is 1,908 N m~'. At
1,000 K what is the probability that the molecule will be found in the lowest
excited state?

At a given temperature the rotational states of molecules are distributed
according to the Boltzmann distribution. Of the hydrogen molecules in the
ground state estimate the ratio of the number in the ground rotational state to
the number in the first excited rotational state at 300 K. Take the interatomic
distance as 1.06 A.

Estimate the wavelength of radiation emitted from adjacent vibration energy
levels of NO molecule. Assume the force constant k = 1,550 N m~!. In which
region of electromagnetic spectrum does the radiation fall?

Carbon monoxide (CO) absorbs energy at 1.153x 1,011 Hz, due to a transition
between the [ = 0 and / = 1 rotational states.

(1) What is the corresponding wavelength? In which part of the electro-
magnetic spectrum does this lie?
(ii)) What is the energy (in eV)?
(iii) Calculate the reduced mass p. (C = 12 times, and O = 16 times the
unified atomic mass constant.)
(iv) Given that the rotational energy E =
r for this molecule.

11+ DA?

=R find the interatomic distance

Consider the hydrogen molecule H; as a rigid rotor with distance of separation
of H-atoms r = 1.0 A. Compute the energy of J = 2 rotational level.



100 2 Quantum Mechanics — I

2.65 The J = 0 — J = 1 rotational absorption line occurs at wavelength 0.0026
in C'20'® and at 0.00272 m in C*0'®. Find the mass number of the unknown
Carbon isotope.

2.66 Assuming that the H*> molecule behaves like a harmonic oscillator with force
constant of 573 N/m. Calculate the vibrational quantum number for which the
molecule would dissociate at 4.5 eV.

2.2.7 Commutators

2.67 (a) Show that e?®/x ¢=iP*/h = x 4 o
(b) If A and B are Hermitian, find the condition that the product AB will be
Hermitian

2.68 (a) If A is Hermitian, show that ¢/* is unitary
(b) What operator may be used to distinguish between
(a) ¢** and e~'** (b) sinax and cos ax?

2.69 (a) Show that exp (iox0) = cos6 + iox sin6
(b) Show that ()" = —

Tdx
2.70 Show that

@ [x, pl =1y, pyl =z, p:1 =ih
(b) [x?, py] = 2ihx

2.71 Show that a hermitian operator is always linear.
2.72 Show that the momentum operator is hermitian

2.73 The operators P and Q commute and they are represented by the matrices

<1 2) and <3 2). Find the eigen vectors of P and Q. What do you notice

21 23
about these eigen vectors, which verify a necessary condition for commuting
operators?

2.74 An operator A is defined as A = ok + ifp, where « , B are real numbers
(a) Find the Hermitian adjoint operator A’
(b) Calculate the commutators [A, X], [A, A]and [A, P]

2.75 A real operator A satisfies the lowest order equation.
A —4A+3=0
(a) Find the eigen values of A (b) Find the eigen states of A (c) Show that A
is an observable.

2.76 Show that (a) [x, H] = ith ®d) [[x, H],x] = %2 where H is the Hamiltonian.

2.77 Show that for any two operators A and B,
[A%, B] = A[A, B]+ [A, B]A
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2.78 Show that (0.A)(0.B) = A.B+io.(A x B) where A and B are vectors and o”’s
are Pauli matrices.

279Thehmhmmﬁxqﬁ:<? a’)

(a) Show that the matrix is real whose eigen values are real.
(b) Find the eigen values of o, and construct the eigen vectors.
(c) Form the projector operators P; and P, and show that

00
. . 01 0—i 10
2.80 The Pauli spin matrices are o, = (1 0) ,Oy = <i 0 ) ,0, = (0 _1>
Show that (i) GXZ = 1 and (ii) the commutator [0, 0] = 2io.

PP, = (0 0), PP+ PP =1

2.81 The condition that must be satisfied by two operators A and B if they are to
share the same eigen states is that they should commute. Prove the statement.

2.2.8 Uncertainty Principle

2.82 Use the uncertainty principle to obtain the ground state energy of a linear
oscillator

2.83 Is it possible to measure the energy and the momentum of a particle simulta-
neously with arbitrary precision?

2.84 Obtain Heisenberg’s restricted uncertainty relation for the position and momen-
tum.

2.85 Use the uncertainty principle to make an order of magnitude estimate for the
kinetic energy (in eV) of an electron in a hydrogen atom.
[University of London 2003]

2.86 Write down the two Heisenberg uncertainty relations, one involving energy
and one involving momentum. Explain the meaning of each term. Estimate
the kinetic energy (in MeV) of a neutron confined to a nucleus of diameter
10 fm.

[University of London 2006]

2.3 Solutions

2.3.1 de Broglie Waves

21 () E=hf =h)/c
(b) Each photon carries an energy

2135
E)/ = my;C = 7 = 675 MCV
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cP, = E, = 67.5MeV

N h ) he  (2m)(197.3 MeV.fm)
= — = 4Ll — =
p cp 67.5MeV

= 18.36fm = 1.836 x 10™"“m

150 12 150\ /2
22 &= == =1.667A
54
_h_

2m he 197.3MeV — fm

=28.6x 1075A/T/?
where T is in MeV. If T is in eV, A = 0.286 A/T'/2

(2 x 939T — MeV)!/2

h 6.63 x 1073 J—s
2.4 )\, = — =
P (2x9.1x1073 x 1.6 x 10-19)1/2

=12.286 x 107 'm/Vv!/? = ( )

m,l v2 _ 300

2.5 (a) —— —2mn ( )x138x10 2 X e 101
=0.0388 eV
cCp = (2muc® - E,)'"* = (2 x 940 x 106 x 0.0388)"/> = 8,541 eV
A= % = IZ—; =39x107%@EV —s)x3x 10°m —s7'/8,541eV

=137x10""m=1374A
Such neutrons can be diffracted by crystals as their deBroglie wavelength
is comparable with the interatomic distance in the crystal.
(b) Apy.Ax =h

Put the uncertainty in momentum equal to the momentum itself, Ap, = p
hc 197.3MeV — fm

cp=—=—"""77—""—"=1973MeV
Ax 1.0fm

E = (A2p* + m*cH)Y? = [(197.3) + (940)*]"/? = 960.48 MeV

Kinetic energy T = E — mc? = 960.5 — 940 = 20.5MeV

2.6 E*=c*p? +m?ct
Rw? = ARk + m*ct

N
— (22 +
—<ck _h2>
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h2
dw m2et\
Vg = J = kC2 <C2k2 + 7)
Vpl)g =cC

2.3.2 Hydrogen Atom

2.7

2.8

Apart from the principle quantum number n, three other quantum numbers
are required to specify fully an atomic quantum state viz [, the orbital angular
quantum number, m; the magnetic orbital angular quantum number, and m;
the magnetic spin quantum number.

For n = 1,1 = 0, if there is only one electron as in H-atom, then it will be
in 1s orbit. The total angular momentum J = [ £ 1/2, so that J/ = 1/2. In
the spectroscopic notation, 2+ the ground state is therefore a 2S, /2 state.
For n = 2, the possible states are 2S and P. if there are two electrons as in
helium atom, both the electrons can go into the K-shell (n = 1) only when
they have antiparallel spin direction (1] ) on account of Pauli’s principle.
This is because if the spins were parallel, all the four quantum numbers would
be the same for both the electrons (n = 1,1 = 0,m; = 0,my; = +1/2).
Therefore in the ground state S = 0, and since both electrons are 1s electrons,
L = 0. Thus the ground state is a S state (closed shell). A triplet state is not
given by this electron configuration. An excited state results when an electron
goes to a higher orbit. Then both electrons can have, in addition, the same
spin direction, that is we can have S = 1 as well as § = 0 Excited triplet
and singlet spin states are possible (orthohelium and parahelium). The lowest
triplet has the electron configuration 1s 2s, it is a 35y, state. It is a metastable
state. The corresponding singlet state is 2'Sy, and lies somewhat higher.

Carbon has six electrons. The Pauli principle requires the ground state con-
figuration 1S? 2S% 2P2. The superscripts indicate the number of electrons in a
given state.

A carbon atom has 6 electrons. If all these electrons are replaced by 7~
mesons then two differences would arise (i) As 7~ mesons are bosons (spin
0) Pauli’s principle does not operate so that all of them can be in the K-shell
(n = 1) (ii) The total energy is enhanced because of the reduced mass .

My (12 x 1,840)(270)

me+my (12 x 1,840) + (270)]

l[,L:

Foreachn—, E = —13.6 x 266.7 = 3,628 eV
For the 6 pions, E = 3,628 x 6 = 21,766eV
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2.9 In atomic physics the atomic units are as follows:

(i) (a) The Bohr radius h?/m,. e? is used as the unit of length. (b) The energy

is measured in multiples of the ionization energy of hydrogen m.e”/2h?
©R=1(e*=2

(i1) In atomic units the Schrodinger equation

K2 e*u

Viu— — =Eu
2me r
would read as
) 2u
—V°u— — =FEu

r

2.10 (a) Let the separation between the two nuclei each of charge ¢ be 2d, then the

negative charge Q on the electrons is at a distance d from either nuclei
Total potential energy due to electrostatic interaction between three objects
is

Taking the equality sign and cancelling g

- _1
0= 4

(b) Let Ty be the initial kinetic energy and py the momentum of the ion and T

2.11(a)

the kinetic energy and p the momentum of the composite molecule and Q
the excitation energy.

Th=T+ Q Energy conservation @))]
Po=7p Momentum conservation 2)
-.2mTy)Y? = 2.2mT)'? 3)

The mass of the composite being 2m as the excitation energy is expected
to be negligible in comparison with the mass of the molecule. From (3) we
get
Ty
2

. . _ Ty 1079 _ —20
Using (4)in (1), wefind Q = 3+ = 5— =5 x 1077J

T = 4

Stationary orbits will be such that the circumference of a circular orbit is
equal to an integral number of deBroglie wavelength so that constructive
interference may take place i.e. 2rr = ni

ButA =h/p

o.L=rp=nh/2r (Bohr’s quantization condition) (nH
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(b) Equating the coulomb force to the centripetal force

Zez/47'n3,,r2 = mvz/r 2)
Solving (1) and (2)

v = Zée*)2e,nh (3)
r=eg,n*h?/mmZe* 4)
Total energyE = K + U = %mv2 — Zeé?JAme,r 5)

Substituting (3) and (4) in (5)
E = —me4Z2/8$3nzh2 (6)

(c) E=-mZ%*/8¢2n’h> = —9me* /8e2nh? (for Z = 3)
(d) Tonization energy for Be™ = 13.6 x 32 = 122.4¢V

For a hydrogen-like atom the energy in the nth orbit is E, = 13.6 ©Z>/n?

For hydrogen atom the reduced mass p & m., while for muon mesic atom
it is of the order of 200 m.. Consequently, the transition energies are enhanced
by a factor of about 200, so that the emitted radiation falls in the x-ray region
instead of U.V., LR. or visible part of electromagnetic spectrum. The radius is
given by
rn = 80nzh2/7'rue2
Here, because of inverse dependence on u, the corresponding radii are reduced
by a factor of about 200.
=L = R=rpA = ry(22)"3

[v4
45 A 0.529 x 10710
207 x 1.3 x 213 x 10-13

Therefore Z = 44.14 or 44

The first orbit of mu mesic atom will be just grazing the nuclear surface in
the atom of Ruthenium. Actually, in this region A ~ 2.2 Z so that the answer
would be Z ~ 43

=156

The first four lines of the Lyman series are obtained from the transition ener-
giesbetweenn =2 —- 1,3 > 1,4 > 1,5 —> 1

o’mec?

Now E, = —
4n?
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2.2
oA MeC 1 1
AE,1 = <§‘E>’”=2’3’4’5

1 \2/0.511 x 10° 1
AEy = [— ) (2222 ) (1-2) =516V
137 4 4

1,241
hat = =1 = 2433 nm = 2,433 A

2 Quantum Mechanics — I

The wavelengths of the other three lines can be similarly computed. They are

2,053, 1,946 and 1,901 A.

2.15 (a) Using Bohr’s theory of hydrogen atom
" 8edh*n?

where w is the reduced mass. But the fine structure constant

&2

*= dmeghc
Combining (1) and (2)
a?uc?

En=— 2n?

For positronium, = m¢/2. Therefore for positron

_ a’mec?
En=~- 4n?
n?h?
rn=¢€
(b) n 0
1 2
Fp X — = —
" me

Therefore the radii are doubled.

(c) E ==
X = —
c) 7 >

Therefore the transition energies are halved.

2.16 (a) U(r):—/f(r)dr:/kr dr+C

:%kr2+C
Uu0)=0—-C=0
U(r):%kr2

(b) Bohr’s assumption of quantization of angular momentum gives

mvr = nh

Equating the attracting force to the centripetal force.

ey

)

3

“
(&)

ey
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217 E

mvz/r = kr 2)

solving (1) and (2)

. (nh\ [(k\?
= () G) v

2 nh @
r =
Vkm
© E=U+T=1%kr*+1im’ (5)

Substituting (3) and (4) on (5) and simplifying
E = nh(k/m)"/?

k\? 1,180 \:
(d AE:En—En_lzh(—> =1.05x 107 (3—) J
m

x 1026

=0.13¢eV

LAl

= — = nm

0.13

136
1 1 13.62n + 1)
AE =Ep —E, =136 — — =
H (n2 (n+ 1)2> n2(n + 1)

In the limit n — oo, AE o & = L
n n

2.18 The wavelength A = 486.1 nm corresponds to the transition energy of £ =
1241/486.1 = 2.55eV Looking up Fig. 2.1, for the energy level diagram
for hydrogen atom, the transition n = 4 — 2 gives the energy difference
—0.85 — (—3.4) =2.55eV

The line belongs to the Balmer series.

Fig. 2.1 Energy level 6 -0.38

diagram for hydrogen atom 5 -054
4 -0.85
3 1.51
2 -3.40
1 -13.60

2.19 Orbital velocity, v = ﬁ ap = nzhzso/nezm

Orbital frequency f = v/2may
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2.21
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f =me*/an’h’e]

me* < 1 1 ) me* {(ni —np)(n; + nf)}

V= ——— —_ =
8edh? 8edh? Zn?

)
ny on ning

If both n; and n; are large, and if we let

me* 2
ni=nt+lve ——| =< |=f

23\ 3
8egh” \n;

Energy difference for the transitions in the two series AE;; — AE3p =
1,241/16.58 = 74.85 eV

N2 (I .
13622 (-5 )~ (55— 3 ) [ =7485

Solving for Z, we get Z = 3.
The ion is Lit"

Note that wave number is proportional to energy. The wavelength 486.1 nm
in the Balmer series to the energy difference of 2.55eV, and is due to the
transition between n = 4(E4 = —0.85eV)and n = 2(E, = —3.4eV).
AEyp = —0.85 — (—3.4) = 2.55eV. The wavelength 410.2nm in the
Balmer series corresponds to the energy difference of 3.0eV and is due to
the transition between n = 6(E¢ = —0.38eV) and n = 2(E, = —3.4eV).
AEg = —0.38 — (—3.4) =3.02eV
Thus AEsy — AEs =3.02 —2.55=0.47¢eV

The difference of 0.47¢eV is also equal to difference in £ = —0.38eV
(n =6)and E4 = —0.85 eV (n = 4). Thus the line arising from the transition
n = 6 — n = 4, must belong to Bracket series.

Note that in the above analysis we have used the well known law of spec-
troscopy, Umn — Ukn = Umk

2.3.3 X-rays

222

2.23

2.24

The wavelength A; x = 0.0724 nm corresponds to the energy

E, =1241/ 1k =1,241/0.0724 = 17,141 eV

Now 17,141 = 13.6 x 3(Z — 0)?

The factor 3/4 is due to the L — K transition. Substituting Z = 42, and
solving for o we obtain o = 1.0

E, =13.6 x3(Z —0)*/4=13.6 x 3(42 — 1)*/4 = 17,146.2 eV.
Ak = 1,241/17,146.2 = 0.07238 nm

=0.7238 A

Cobalt: Ex = 13.6(Z — 0)* = 13.6(27 — 1)> = 9,193.6 eV
1,241

Ak = nm = 0.135nm = 1.35A

9,193.6
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2.25

2.26

2.27

2.28

2.29

2.30

Iron: Ex = 13.6(26 — 1)> = 8,500eV

1,241
= —=0.146nm = 1.46 A
8,500

The minimum wavelength of the photon will correspond to maximum fre-
quency which will be determined by E = hvax

K

c hc . he 2mhe

Umax N Vmax E E
_ 2w x 197.3fm — MeV

Amin =

=413 x 10°fm =4.13A

30 x 10—3 MeV
[ he
€= eV
L eVic 1.6 x 10719 x 80 x 10° x 0.15 x 1071°
T 3 x 108
=64 x107%] —5
he
he = —
eV
b AeeV  0.247 x 1071 x 1.6 x 107" x 50,000
- - 3 x 108

C
=659 x 107*J -5

According to Mosley’s law

L_ A(Z = 1)°
=
b _ A6 — 1)?
A
L_ AQ29 — 1)?
)VCu N
how _ 25 0.797 — X 193 x 0.797 = 153.8
— = — =0. u = X U. = . m
28 ¢ P
Ak —Ac =84pm =0.84 A (1)
1,200 12.4
T 084 2
28—12 VvV
he 12.4 ..
where A\c = — = —— (Visin kV) 3)
eV \%

Solving for V in (2), V = 15.4kV

The L, line is produced due to transition n = 3 — n = 2. For the n = 2 shell
the quantum numbers are / = Oor/ = land j = [ + %, the energy states
being 2S;/2, *P12, *P32. For n = 3 shell the energy states are *Sj )2, *Py o,
3 3 3

P32, 7ds)2, °ds )2

The allowed transitions are

3812 = P12, *S12 — *P3pn

*Pija = 2S1/2,°P3p — *Sipn
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3d — 2Py, *dsjn — P32
3ds;n — Py
In all there are seven allowed transitions.
2.31 Let the wavelength difference be AA when voltage V is applied.
1,200 % .

_ = A\ 1
Z—-1?2 Vv M
1,200 12.4
B N Y )
Z—-1% 10
1,200 12.4
_ 2T _3A 3)
(Z—12 20

Note that the first term on the LHS of (1) (Corresponding to the character-
istic X-rays) is unaffected due to the application of voltage. Eliminating AX
between (2) and (3), we find Z = 28.82 or 29. The target material is Copper.

1,200
232 hp=
Tz
1,200\ 2
Zi=14+(222) =23
| +< o > 3.36
1,200\ /2
Zo=14+(222) =268

The required eiements have Z = 23, 24, 25 and 26

2.33 Bohr’s theory gives

mee* (1 1 5
V= 821 (ﬁ - ;) (z—b) (D
or
mee* [ 1 1 :
-2 (b e

The factor within the square brackets is identified as a. Substitute m, =
9.11 x 1073 kg,

e=16x10""¢,

g0 =8.85x 1072 F/mand h = 6.626 x 107> J — s and put n = 2 to find a.
We get

a =4.956 x 10" Hz'/?
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2.34 By Moseley’s law

1 A(Z — 1) = A(19 — 1)? (1
Aot -
LAz 2
2 /4 ( )

Dividing (2) by (1) and solving for Z, we get Z = 37

2.3.4 Spin and p and Quantum Numbers — Stern—-Gerlah’s
Experiment

2.35 The existence of electron spin and its value was provided by the Stern—Gerlah
experiment in which a beam of atoms is sent through an inhomogeneous mag-
netic field.

Schematic representation of the Stern—Gerlah experiment. to a force moment
tending to align the magnetic moment along the field direction, but also to
a deflecting force due to the difference in field strength at the two poles of
the particle. Depending on its orientation, the particle will be driven in the
direction of increasing or decreasing field strength. If atoms with all possible
orientations in the field are present, a sharp beam should be split up into 2J 41
components. In Fig. 2.2 the beam is shown to be split up into two components
corresponding to J = 1/2

Fig. 2.2 Schematic drawing
of Stern-Gerlah’s apparatus IL]J

@ P

2.36 (i) Ifl > s, then there will be 25 + 1 valuesof j; j =1+s,l+s—1...1—s

If [ < s, then there will be 2/ + 1 valuesof j; j =s+I,s+[—1...5—1

(i) The spectroscopic notation for a term is 28+, s, p,d, f ... refer to
1=0,1,2,3...respectively.

Term L S J Possible values of J
281/2 0 172 12 172

D, 2 1 2 3,2,1

Py 1 2 3 2,1

(iii) Obviously the term SP5 cannot exist.
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2.37 (a) By definition the magnetic moment of electron is given by the product of

the charge and the area A contained by the circular orbit.

67TI’2 (,()67'[}"2

T 2
—emewr? _ el

2me  2me

(b) jus = ———(L(L + 1)/*h
2mc
ws = —(2e/2mce) (S(S + 1)'/?h

2.38 The principle of the Stern—Gerlah experiment is described in Problem 2.35.
While the atom is under the influence of inhomogeneous magnetic field the
constant force acting on the atom along y-direction perpendicular to the
straight line path OAF in the absence of the field, is a parabola (just like
an object thrown horizontally in a gravitational field). The equation to the
parabola is

y = kx? (1)
where k is a constant, Fig 2.3. Let us focus on the atom which deviates upward.
After leaving the field at D, its path along DE is a staright line. It hits the
plate at E so that EF = s. When E D is extrapolated back, let it cut the line
OAF in C.

Taking the origin at O, Eq. (1) satisfies the relation at D,

h =kl )

Furthermore at D,

d

(d_y> = 2Kx|p =2K.0A = 2K I 3)
X/ b
Dy\ AD  h @
dx /), CA CA

Combining (2), (3) and (4), we get

l
CA=3 (&)

Now the time taken for the atom along the x-component is the same as for
along the y-component. Therefore

Vv a

or
12a

h=— )

212
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From the geometry of the figure,

EF DA

CF CA

or

s h I s.l ®)

= —_— —> =

L+Li 12 2L +1

Eliminating & between (7) and (8), we find
2512

a=——-7 ®

I2QL+1)

Now the acceleration,
F B

a=" = (ﬁ> <—) (10)
m m dy

Finally the separation between the images on the plate,

2L +1 JdB
2§ = g wl — (11)
mv? dy
1/2 mv? = 2kT
o — I2L + Dpp(3B/3y)
B 4kT
_ [0.6(2 x 1 +0.6) x 9.27 x 107 x 20]
- 4 x 1.38 x 10723 x 600
=0.873 x 10> m = 8.73mm
Fig. 2.3 Stern—Gerlah ; i
experiment H ! E
1 1 3
i Inhomogeneous E s
! magnetic field
A L h
: '
o' x C Al F
i / i L
2.39 H Na

s 1522522p°%3s
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2.40

241

242

243

2.44
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Magnetic moment for both hydrogen and sodium is

h
=927 x 10724J1!

e

1 Bohr magneton, up =

From Problem 2.38, the distance of separation on the plate

IQL +1) (azz)
28 = ———pp | —

mu? dy

25 1#3(%) . IMB(%)

Therefore, tan 0 = #1/2 =50n = 2k o
Substituting # = 0.14°,7 = 1.0m, g—f =6Tm !, k=138 x 1072 JK!
And T = 400K, we find g = 8.99 x 10724 J T,

The total number of electrons is given by adding the numbers as superscripts
for each term. This number which is equal to the atomic number Z is found to
be 35. The transition elements have Z = 21 —30, 39—-48, 72—80, 104 — 112,
while the rare earths comprising the Lanthanide series have Z = 57 — 71
and actinides have Z = 89 — 100. Thus the element with Z = 35 does not
correspond to either a transition element or a rare earth element.

From Fig. 2.3 of Problem 2.38 the separation of the beams as they emerge
from the magnetic field is given by

2h = ’a/v? = (I*u/mv*)(dB/dy)

= (I*/4kT)u(dB/dy)

Substituting / = 0.07m, . = 9.27 x 107 J T~!

(@B/dy) = STmm~! =5,000Tm™ !, k = 1.38 x 1072 JK~!, T = 1,250K.
we find 2/ = 3.29 x 1073 m or 3.29 mm

(a) The magnetic moment for the silver atom is due to one unpaired electron

(b) In the 3Py state the atom has J = 0, therefore the magnetic moment is also
Zero.

(c) The beam of neutral atoms with total angular momentum J is split into
2J + 1 components. 2J +1=7,s0J =3

(d) Ratio of intensities,

I = Q2J, + 1)/@2J +1)—2X%+1 _ !

L 2T T k3 2

Let an electron move in a circular orbit of radius r = h?/me? around a proton.
Assume that the z-component of the angular momentum is L, = h. Equating
L, to the classical angular momentum

L, =h=mr’w (1)

An electron orbiting the proton with frequency v = 32 constitutes a current
we

1= 5=

2
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The magnetic moment p( produced is equal to this current multiplied by
the area enclosed.

2

Ty
up =iA = we.— )
2
Using (1) in (2)
eh
_ 3
UB o, (3

g is known as Bohr magneton.
Electron with total angular momentum [j(j + 1)]'/2h has a magnetic
moment pu = [j(j + D' up
The z-component of the magnetic moment is (; = my g
where m; h is the z-component of the angular momentum.

2.3.5 Spectroscopy

245

2.46

The principle quantum number n denotes the number of stationary states in
Bohr’s atommodel. n =1,2,3...

[ is called azimuthal or orbital angular quantum number. For a given value of
n, [ takes the values 0, 1,2...n — 1

The quantum number m,, called the magnetic quantum number, takes the val-
ues —/, =l +1,—1+2,...,+l for a given pair of n and / values. This gives
the following scheme:

n 1 2 3

I 010 1 0 1 2

m | 0|0 —-104+1/0|—-10 41| -2 —-10 +1 +2
n 4

[ |0 1 2 3

m |0(-10 +1|-2-10 +1+2|-3-2-10 +1+2+3

ms, the projection of electron spin along a specified axis can take on two values
+1/2.

Hence the total degeneracy is 2n>. For n = 3,2 x 3% = 18 electrons can be
accommodated.

According to Laporte rule, transitions via dipole radiation are forbidden
between atomic states with the same parity. This is because dipole moment
has odd parity and the integral ffooo Y (dipole moment) ;dr will vanish
between symmetric limits because the integrand will be odd when ; and ¢
have the same parity. Now the parity of the state is determined by the factor
(—1)". Thus for the given terms the /-values and the parity are as below
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Term S P D F
l o 1 2 3
Parity = (—1)) +1 -1 +1 -1

247 J=1+s=0+1/2=1/2
F=I1+J14+J—-1,...1—1J
=2,1,0

2.48 The observed frequency (w) of radiation from an atom that moves with the
velocity v at an angle 6 to the line of sight is given by

w = wo(1 4+ (v/c)cosH) (D

where wy is the frequency that the atom radiates in its own frame of referenece.
The Doppler shift is then

% S (B) cosf (2)

wo ap c

As the radiating atoms are subject to random thermal motion, a variety of
Doppler shifts will be displayed. In equilibrium the Maxwellian distribution
gives the fraction % of atoms with x-component of velocity lying between v,
and v, + dv,

Fig. 2.4 Thermal broadening
due to random thermal
motion

av o[~ v,
N Jr U

where u/+/2 is the root-mean-square velocity for particles of mass M at tem-
perature 7. Now

1,2
"= (”‘VT) )

where k = 1.38 x 10723 J/K is Boltzmann’s constant.

Introducing the Doppler widths Awp and ALAp in frequency and wavelength

Awp  Adp U (2kT\'?
Mc?

3

®

w( )\0 (&
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Further from (2) d(Aw) = dw. The relative distribution of Doppler shift is

o _(Aw)2
dN ’ Aop /| do ¢
W_ ﬁ AG)D ()

Thus a Gaussian distribution is produced in the Doppler shift due to the
random thermal motion of the source (Fig. 2.4).
The intensity of radiation is

o[ ()]

AwDﬁ

H(w) = @)

centered around the unshifted frequency wy. The width of the distribution at
the frequencies where I (w) falls to half the central intensity /(wy) is known as
the half width

Doppler half width = 2(1n2)'/? Awp

2T In2\'?
= 2w0 ( = ®)

Thermal broadening is most pronounced for light atoms such as hydrogen and
high temperatures, for example the H, line (6,563 A) has a Doppler width of
0.6 A at 400 K.

2.49 Lande’ g-factor is
g=14+jG+D+s@s+1D)—=I10+1D/2j(j+1)
For the term 2P3,/ =1,/ =3, s =1 and g = }
For2Sy;,1=0,j=3,s=5andg =2
Fig. 2.5 Anamolous Zeeman M Mg
effect in an alkali atom. The
lines are not equidistant v +312  +2
7 /12 +213
2P,
=15 A2 23
ry =312 -2
Yiviy +1/2 +1

25, <
YYY /2 A
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2.50

Fig. 2.6 Russel-Saunders
coupling

2.51

2 Quantum Mechanics — I

The splitting of levels as in sodium is shown in Fig. 2.5. Transitions take place
with the selection rule

AM =0, +1.
Under the assumption of Russel-Saunders coupling, the ratios of the intervals
in a multiplet can be easily calculated as follows. The magnetic field produced

by L is proportional to [L(L + 1)]'/?, and the component of S in the direction
of this field is [S(S + 1)]'/? cos(L, S). The energy in the magnetic field is

W =W, — Bus ey

where up is the component of the magnetic moment in the field direction and
Wy is the energy in the field-free case. From (1) the interaction energy is

upB = A[L(L + D]'?[S(S + 1)]"*cos(L, S) 2)
where A is a constant. From Fig. 2.6 It follows that
JJ+D—-LL+1D—=SS+1
2JLIL+DVSS+ 1D
Consequently the interaction energy is A[J(J +1)—L(L+1)—S(S+1)]/2
As L and S are constant for a given multiplet term, the intervals between
successive multiplet components are in the ratio of the differences of the

corresponding J(J + 1) values. Now the difference between two successive
J(J + 1) values is

cos(L, S) =

J+DUJ+2)—JJ +Dor2(J +1)

and therefore proportional to J + 1. This is known as Lande’s interval rule.
For the calcium triplet

(J+2)/(J+1)=60x10"*/30 x 1074 =2

whence J = 0. The three levels of increasing energy have J = 0, 1 and 2.
Now J = 0, 1 and 2 are produced from the combination of L and S. With

the spectroscopic notation 2L the terms for the three levels are Py, *P,

and 3P,.

AE = ugB
hAv = hcAA/)\? = ugB
heAh — (6.63 x 107*H)(3 x 10%)(1.7 x 107'?)

LeA2  (9.17 x 10-2%)(350 x 10-9)2
=03T

B =
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2.52 AE = ugBAm = ugB (because Am = %1)
=(9.27 x 1072*)(1.0) = 9.27 x 1071 = 5.79 x 107> eV.
The splitting of levels by equal amount in the presence of magnetic field is
called normal Zeeman effect.
f=AE/h=579%x107 x 1.6 x 10719/6.625 x 1073* = 1.398 x 10'% ¢/s
2.53 For the term 2P1/2,l =1,j= %, s = % and g = % For the term 281/2,1 =0,
j= % s = % and g = 2. The energy levels and splitting of lines in sodium
are shown in Fig. 2.7.
2.54 The ground state energy is
h
Eo = hv = TC —6.63 x 107 x 3 x 10" x 84,181/1.6 x 10~"°
=10.46 eV
The excitation lines E, = 10.46 + 7.69 = 18.15 eV
The line 5461 A is emitted when E, is deexcited to a lower level E; such
that
1,241 1,241
E2_E1= =——=227¢eV
A(nm)  546.1
Thus E| = 18.15 — 2.27 = 15.88 eV
Fig. 2.7 Splitting of D lines M M.g
in magnetic field 12 +1/6
L 3
2P,
112 -1/6
- h
3 +1/2 +1
284
L4 2 -1/2 -1
Therefore the two levels involved in the emission of the 5,461 A line are
18.15eV and 15.88 eV
2.55 The 2s state of the hydrogen atom cannot decay by electric dipole radiation

because a 2s — ls transition would violate the Al = =1 rule (Laporte
rule). In point of fact the 2s state is a metastable state with a long life time
which eventually decays to the ls state by a mechanism, such as collision
with other gas molecules, which is much less probable than an electric dipole
transition.
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n(Ez) _ e*(EZ*El)/kT — i
n(E;) 10
E,— E 2.2
et Bl 6 =1.14 x 10*K
kin10 ~ 8.625 x 105 x 2.3

2.3.6 Molecules

2.57

2.58

2.59

The two modes of motion of a diatomic molecule are (i) rotation and (ii) vibra-
tion.

The first order rotational energy is h*J(J + 1)/21, where Iy = MR} is
the moment of inertia of the molecule about an axis perpendicular to the line
joining the nuclei; the energy being the same as for the rigid rotator. Clearly
the spacing between successive levels is unequal; it progressively increases
with the increasing value of J, where J = 0,1,2... The spectrum called
band spectrum arises due to optical transitions between rotational levels. The
band spectrum is actually a line spectrum, but is thus called because the lines
are so closely spaced and unresolved with an ordinary spectrograph, and give
the appearance of a band.

The second mode consists of to and fro vibrations of the atoms about the
equilibrium position. The motion is described as simple harmonic motion.
The energy levels are given by E, = hw(n + 1/2), where n = 0,1,2...
and are equally spaced. However as J or n increases, the spacing between
levels becomes smaller than that predicted from the simple rigid rotator and
harmonic oscillator.

The rotational energy levels are given by
E; =RJJ +1))21,
where I, is the rotational inertia
AE = E, — Ey = h*/1,
If w is the reduced mass,

,  mumpr’  my.2mgr’ (2) 5

I = ure = = = myr
my+mp  my+2my

(because mp ~ 2my)
_ 3n? 3 (he MeV — fm)?
C 2mpr? 2 mpc2(0.075 x 10~°m)?
_3(197.3 x 10~ MeV — m)?
2 938(0.075 x 10~%m)?
=0.011eV.
A =1,241/0.011 = 1.128 x 10° nm
=0.113 mm

3

AE

=0.011 x 107° MeV

All nuclei of even A, with zero or non-zero spin obey Bose statistics and
all those of odd A obey Fermi statistics. The result has been crucial in
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2.60

2.61

deciding the model of the nucleus, that is discarding the electron—proton
hypothesis. Consider the nitrogen nucleus. The electron—proton hypothesis
implies 14 prorons+-7 electrons. This means that it must have odd spin because
the total number of particles is odd (21) and Fermi statistics must be obeyed.
In the neutron—proton model the nitrogen nucleus has 7n + 7p = 14 parti-
cles (even). Therefore Bose statistics must be obeyed. If the electronic wave
function for the molecules is symmetric it was shown that the interchange of
nuclei produces a factor (—1)’ (J = rotational quantum number) in the total
wave function of the molecule. Thus, if the nuclei obey Bose statistics sym-
metric nuclear spin function must be combined with even J rotational states
and antisymmetric with odd J. Because of the statistical weight attached to
spin states, the intensity of even rotational lines will be (I + 1)/I as great
as that of neighboring odd rotational lines where [ is the nuclear spin. For
Fermi statistics of the nuclei the spin and rotational states combine in a manner
opposite to that stated previously, the odd rotational lines being more intense
in the ratio (/ 4+ 1)/1. The experimental ratio (I + 1)/I = 2 for even to odd
lines, giving I = 1, is consistent with the neutron—proton model.

The vibrational energy level is
1
E, = (n+§)ha),n=0,l,2...

with @ = /(k/u), k being the force constant and u the reduced mass of the
oscillating atoms.

memy 12 x 16
n= = = 6.857 amu
me + my 124+ 16
1908 12
= =4.082 x 105!
@ (6.857 x 1.67 x 1027> x

Number of molecules in state E, is proportional to exp(—nhw/kT), k being
the Boltzmann constant and 7 the Kelvin temperature. The probability that
the molecule is in the first excited state is

_ exp(—hw/kT)
- Y Y exp(—nhw/kT)

ho  1.054 x 1073* x 4.082 x 10'4

Py

= exp(—hw/kT)[1 — exp(—hw/kT)]

— = =3.1177
kT 1.38 x 10723 x 1, 000

Therefore, P; = exp(—3.117)[1 —exp(—3.1177)]
=0.042

The rotational energy state is given by

J+Dh?
E;, = Ju
21
The state with quantum number J is proportional to (2J + 1)exp(—E;/kT)
The factor (2J + 1) arises from the J state.

No/Ny = (1/3)exp (h*/I,kT)

, J=0,12...



122 2 Quantum Mechanics — I

u=m/2=0.5m,
No/Ny = (1/3)exp (hz/ursz) = (1/3)exp (hzcz/uczrsz)

1 [ (197.3 x 10715)? ]

= —ex
3 0.5 x 938 x (1.06 x 10-10)” x (1.38 x 10-23/1.6 x 10-13) x 300
= 0.445
k
262 w=_|—
7
= —10 _ 7.466amu
my + myg
1550 - 3.526 x 10"*s™!
w = = J. X S
7.466 x 1.67 x 10-%7
1.055 x 1073% x 3.526 x 10'
E = ho= x x 02325
1.6 x 10—19
1,241
= nm = 5,337 nm = 5.34 um
0.2325
This wavelength corresponds to Infrared region.
3 x 108
263 () a=2 X =26x 107 m=2.6mm

v 1.153 x 101

It lies in the microwave part of electromagnetic spectrum.

1241 1241

i) E(eV) = = = 0.000477 eV
(i) E@V) = im = 2.6 x 105(m) ¢
memg 12 x 16
= = = 6.857
) = e ~ 12416 .
1+ DR2 R
(v) E; = 10+ DA~ -
2ur? ur?
Ey=0
FLZ
AE=E| —Eg=—;
ur
RN\ 197.3%(MeV — fm)? 1z
~ \uctAE ~ \6.857 x 931.5 x 477 x 10—12
=0.113 x 10™°m
=1.13A
J(J + D2
264 E; = JU + Di”

21,

M
I=w?=(22)?
ur <2>r
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E; = [J(J + DR*c*1/(2)(0.5)(M yc*)r?
E> = (2)(3)(197.3)%(10719)? /(940) x (10719)?
=0.264 x 107" MeV

=264 x107eV
2 2
265 ag, = _ 0
1, ur?
AE; = he/i
A
A 0.00260 "
X 0.00272 o
16 x 12 16x
=16+ 122" 7 1o+« @

Using (2) in (1) and solving for x, we get x = 13.004. Hence the mass
number is 13.

1 [k 1
2.66 E,,:ha)<n+—):h —(n—}——)
2 I 2

1.054 x 10734 573 172 1
4.5 = n+ -
1.6 x 10719 \ 0.5 x 1.67 x 10~27 2

whence n = 7.75

Therefore the molecule would dissociate for n = 8.

2.3.7 Commutators

0
2.67 (a) Writing x = ih—
ap

i ad .
<elpa/7b (lh@) e—tpa/ﬁ) l/f|p|
= ihePe/h [—%g"’{‘w(p) L emipa/h 31”(17)}

ap
. ihay(p) _
ap
(b) If A and B are Hermitian
(AB)' = B'AT = BA
If the product is to be Hermitian then (AB)' = ABi.e. AB = BA. Thus,
A and B must commute with each other.

o+ x
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2.68 (a) Let f = ¢ ;then fT = (e’A)
Therefore f i f=eet =1
Thus e'4 is unitary.
(b) (a) Momentum (b) Parity
2.69 (a) exp(io0) = 1 +i0:0 + (i0,0)* /2! + (i0,0)° /3! + - - -
=(1—6%/21+60%/4! .. ) +io (0 —6°/3! +6°/5!...)
= cosf +io, sinf
(where we have used the identity o2 = 1)

(b) / o (Y /dr)dy = gy — / (dg* /)
But o*y =0
Hence [ ¢* (a"’ = (—%) Ydx = [ —(dg/dx) ydx

Therefore ( dX)T = —d/dx
2.70 (a) [x, Py ]y = x Py — Poxyr

0 0
=X (—lha> v+ lha(xd/)

9 9
i i iny
0x ax

— ihy
x, P =ik

(b) [x2, P 1Y = xX(—ihd ¥ /0x + ih%(xzw)

= —ihx?9y/0x + ihx*0y/0x + ii(2x)Y
= 2ihxyr
Therefore [x2, p,] = 2ihx

2.71 By definition a transformation A is said to be linear if for any constant (possi-
bly complex) A
AAX)=2A X
And if for any two vectors x and y
Alx +y) = Ax + Ay
If H is a hermitian operator
(x, HAy) = (Hx, Ay) = MHx, y) = Mx, Hy) = (x, AHY)
Or Hry = AHy
for any y. Furthermore
(z, Hx+y) =(Hz,x +y)=(Hz,x)+ (Hz,y)
=(z, Hx) + (z, Hy) = (z, Hx + HYy)
. Hx+y)=Hx+ Hy

2.72 Consider the equation

d *
St =t l/’+1/f ‘”
X

ey
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2.73

Integration of (1) yields
/i(¢*¢)dr+fw*%dr+/wdw dr )
ax ox x

d

The integral on the LHS vanishes because y* vanishes for large values of
|x| if the particle is confined to some finite region. Thus

0
/ Lz = f 2 dydz = 0

Therefore (2) becomes

o () ()

Generalizing to all the three coordinates

W, V) = —=(Vy, ) 4)
Hence
(Y, ihVY) = (hVy, ¥) ©)

where we have used, ihVyr, ¥ = — [ihV Y*¢ dt.
This completes the proof that the momentum operator is hermitian.
Using the standard method explained in Chap. 1, define the eigen values

A1 = 3 and A, = —1 for the matrix P and the eigen vectors \/% (}) and

\/LE (Jl ) For the matrix Q, the eigen values are A; = 5 and A, = 1, the eigen

vectors being \/LE ( i) and %2 (jl ) Thus the eigen vectors for the commutat-

ing matrices are identical.

274 (a)A =ax +ifp

Al =axf — i,BpT

OIA, x] = alx, x] +iBlp, x]
=0+ iB(—ih) = Bh
[A,A] = AA —AA =0
[A, pl = alx, pl+iBlp. pl
=iah+0=iah

2.75 (a) As A satisfies a quadratic equation it can be represented by a 2 x 2 matrix.

Its eigen values are the roots of the quadratic equation
M —dr+3=0,0=11=3
(b) A is represented by the matrix

()

The eigen value equation is

(05)(3)=+(3)
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This givesa =1,b=0forA =1landa =0,b=1forA =3
Hence the eigen states of A are ( é) and (?)

(c) As A = AT, A is Hermitian and hence an observable.
2.76 (a) A general rule for commutators is
[A%, B] = A[A, B]1+[A, B]A
Here H = P?/2u

[H, X] = (1/2w)[P? x] = (1/2u)(P[P, x] + [P, x]P)
= (1/2u)2ph/i = ph/ipn
Therefore [x, H] = ihp/u

. . . 2
®) [[x, H], x] = [th)‘,x] = <f> (P, x] = <f> (—ih) = "
I I I I

277 [A> B]=AAB—BAA=AAB—ABA+ABA—BAA
= A[A, B]+[A, B]A

2778 (0.A)(0.B) = (01A; + 0yAy + 0.A.) 0By + 0,By + 0.B.)
= AXBX(sz + AyByaf + AZBZUZ2 +o0,0,AB, +0,0,A:B;
+o0,0,AyB, +0,0,A,B, +0,0,A;B; +0,0,A.B,
=A.B+io,(A; By — A, By)+io. (A, B, — A; By)
+ioy(A; B, — B; Ay)
=A.B +ilo.(A x B)]; +i[o.(A x B)], +i[o.(A x B)],
=A.B+io.(AxB)

where we have used the identities in simplifying:

2_ 2 2
o, =0, =0, = 1
and 0,0, = —0,0, etc.

2.79 (a) oy, = 0,,T as can be seen from the matrix elements of o,. Therefore o, is
Hermitian. It is the matrix of a Hermitian operator whose eigen values are
real.

(b) The eigen values A are found by setting

—A —
i —A

oy —A oy
oy 0yn —X
AM—1=0, A==+l

=0




2.3 Solutions

The eigen vector associated with A; = 1 is
2
[ > = chm > with —C, —iC, =0,C, =iCy,

n=1

1 i
V) >=—|1 >+—2 >
V2 V2
The eigen vector associated with A, = —1is

2
¥y > = Zc,,m > withC, —iC, =0,C, = —iCy,

n=I1

1 i
W >=—=ll>——=2>

V2 V2

(c) The projector onto |Y; > is P; = |Y; >< .
I
:|, matrix of P, = |:2_

00
PHPZ[OO}:o,PIPH +PP =1

o (01\[ 01\ _ (10
280 @ > ={10)\10)=\o1
) (01 [0—i 0-i) (01
(ii) [vaa)’]_<10>(i 0)_<i 0)<10>
(i 0 —i 0
“lo-i) o
= (5 %)= (p 1) =2

2.81 Proof: A X =1 X
BX =X

=

I~
= NI~
1

[SIESIEH

Matrix of P = |:

oI~

where 1| and X, are the eigen values belonging to the same state A.
BAX = BMX = M BX =M X

ABX = Al X = MAX = Mh X = Al X

Subtracting (3) from (4)

(AB—BA)X=0

Therefore A B — B A = 0, because X # 0
Operate with B on A in (1) and with A and B in (2)
Or[A,B]=0
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2.3.8 Uncertainty Principle

2.82

2.83

2.84

AxAp,~h/2
h
P=—
2x
»?
E = 4+ 1/2ma’x*
2m
’ 2.2
= o2 + 1/2mw*x

The ground state energy is obtained by setting ‘;—f =0

OF 12 ,

_— = = = 0
ax 4mx3 tmery
whence x2 = %

. E =1/4ho + 1/4ho = Lho

If E and p are to be measured simultaneously their operators must commute.
Now

H=—h*V*2m+V and p = —ihV
[H, p] = [-W*V?/2m + V, —ihV]
= ik’V?V/2m — ihVV — iB’VV?/2m + ihVV

The first and the third term on the RHS get cancelled because V>V = VV?2.
Therefore

[H, P] = —ik(VV — VV)

If V = constant, the commutator vanishes. To put it differently energy
and momentum can be measured with arbitrary precision only for unbound
particles.

Consider the motion of a particle along x-direction.
The uncertainty Ax is defined as

2 2

(Ax)2=<(x—<x>)2>=<x >-2<x><Xx>4+<x>

=<x’>—<x>2 @))]

Similarly

(AP =< P> > — <P, >? )
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2.85

The precise statement of the Heisenberg uncertainty principle is

AP, Ax > h/2

AP,Ay > h/2 (3)
AP, Az > h/2

Consider the integral, a function of a real parameter A

I = /OO dx|(x— < x > + iM(—ihdy/dx— < Py > ¥|? @)

[o¢]
By definition, /(A > 0). Expanding (4)
1) = /Oo dxy*(x— < x =)y +Ah/oo ( aw

o0 * 9 o) * o0
+A2h2/ (aw ) W _ iz? < P> h/ idd < P, >2 [ dxy™y (5)
—oo \ Ox ) dx —o0 dx —o0

)(x—<x>)

The term in the second line can be written as
o0 a o0
/ Qe (Y= < =) = [ < x =) YIS, f ey = —
o X oo

because it is expected that v — 0. Sufficiently fast as x — 400 so that the
integrated term is zero. Similarly the third term can be re-written as

hZ/OO dx (%f) (%) =" [w%] +/OO dxy* (=R 3%y /9x?) =< P? >

In term (4) rewrite

—ln/

So, the full term (4) becomes —2 < P, >2.
Collecting all the terms

—lhwlﬂ / d)ﬁ//lh =—< P, >

IO) = (Ax)? — A + (AP)* A2 >0

Denoting I(A) = ar? + bx + c, the condition /(A > 0) is satisfied if
b? —4ac > 0.
Thus, A> — 4(Ax)*(AP,)* < 0, and therefore

AP Ax > 1/2

AxAp=h

he 197.3MeV — fm
Ax 0529 x 10-10m
—=372.97 x 1075 MeV = 3,730V

T = c*p?/mc® = (3,730)2/0.511 x 10° = 13.61 eV

cAP ~cp =
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This value is in agreement with 13.60 obtained from Bohr’s theory of hydro-
gen atom.
2.86 (i) AxAP, =h(ii)) AEAt =1
he 197.3MeV — fm
= —— ~20MeV/c

h
AP, =—;cAP, =cP, = — =
Ax Ax 10fm
P2 2.2 202
cro_ — 0.21 MeV

T = — = =
DM T 2Mc?  (2)(940)



Chapter 3
Quantum Mechanics - II

3.1 Basic Concepts and Formulae

Schrodinger’s equation

v R,

h2
—2—v21p + (V — E) ¢ = 0 (Time independent equation)
n

Probability density p = %"y
Continuity equation

ap
L iv.ji=0
ar TV

where j is the probability current density.

Normalization of the wave function

/ pdt = / Wflﬁndf =1
all space all space

I = [ Y ydr is called the overlapping integral.

Orthogonality

+00
YE) Y (x)dx = 0,if m #n

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

131
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Table 3.1 Dynamic quantities and operators

Physical Quantity Operator
Position r R
Momentum P —ihV

FL2
Kinetic energy T ——V?

2p
Potential energy Vv V(r)
Angular momentum square L? I + Dr?

0

z-component of angular momentum L, —i h%

Expectation values of dynamical variables and operators

An arbitrary function of r has the expectation value

<fw== [V sowar 37)
The expectation value of P
h
<P>= / v* <7V1//) dr (3.8)
i
The expectation value of the kinetic energy
* h2 2
<T>= | ¢y | —=—Vy |dr (3.9)
2u

Pauli spin matrices

@=<?®,%=<?y)¢&=<éfo (3.10)

oy =0y =0 =1 (3.11a)
0x0y =10;,0,0;, = i0x, 0,0, =10, (3.11b)

These matrices are both Hermetian and unitary. Further, any two Pauli matrices
anticommute

0x0y + 0,0, =0, etc. (3.11¢)
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Commutators
AB — BA = [A, B] (3.12)
by definition.

Dirac’s Bra and Ket notation

A ket vector, or simply ket, is analogous to the wave function for a state. The symbol
|m > denotes the ket vector that corresponds to the state m of the system. A bra
vector, or bra, is analogous to the complex conjugate of the wave function for a
state. The symbol < n| denotes the bra vector that corresponds to the state n of the
system. Then

fﬁwmzwm (3.13)

And /ﬁmezwmm (3.14)

Parity

Parity of a function can be positive or negative, and some functions may not have
any parity.

If ¥ (—x, —y, —2) = +¥(x, y, z) then ¥ has positive or even parity. (3.15)
If Y (—x, —y, —z) = —¥(x, y, z) then ¥ has negative or odd parity. ’

Example of even parity is cos x. Example of odd parity is sin x.
For a function like e*, parity cannot be defined. The parity due to orbital angular
momentum is determined by the function (=1,

Laporte rule

An integral vanishes between, symmetric limits if the integrand has odd parity. Con-
sidering that the operator of the electric dipole moment has odd parity, the expecta-
tion value of the electric dipole moment has odd parity, the expectation value of the
electric dipole moment as well as the transition probability vanishes unless initial
and final state have different parity.

Even a more restrictive selection rule is

Al = +1 (3.16)



134 3 Quantum Mechanics — 11

Table 3.2 Some selected eigen functions of hydrogen atom

State N L m u
1S 1 0 0 Ay e
2S 2 0 0 Ay e (1 —x)
2P 2 1 0 A,e *xcosf
p ) | 11 4 e *xsinf e*¥
! V2
X .\'2
38 3 0 0 Age (1-20+ 28)
2
3P 3 1 0 Ane’x\/gx(Z —x)cos@
3P 3 1 +1 Ane”‘ix(Z — x)sinfe*?
N
3d 3 2 0 Ape ™ ——=x2Bcos? 6 — 1)
e
x° .
3d 3 2 +1 A, e~ = sin 6 cos fe*?
3
3d 3 2 +2 A e ——x2sin? fei¢
23

where x = r/n ap; A, = (1//7)(1/nao)*?; agp = h*/me? is the Bohr radius

Molecular spectra
Three types:

i. Electronic (Visible and ultraviolet)
ii. Vibrational (Near infrared)
iii. Rotational (Far infrared)

Because electron mass is much smaller than the nuclear mass, the three types of
motion can be treated separately. This is the Born—Oppenheimer approximation, in
which the complete ¥ — function appears as the product of the wave functions of the
three types of motion, and the total energy as the sum of the energies of electronic
motion, of vibration, and of rotation.

Iﬂ = 1;//el : WU . wrol
E = E¢ + Eyibr + Eror 3.17)

Eel v1br L E rot — =1: W (318)

where m and M are the mass of electron and nucleus.
Thus Eel > Evibr > Erot-

The rotational energy
2

h
E SJJ+1 3.19
R = oA J+1 (3.19)

Permanent dipole moment is necessary, molecules with center of symmetry such
as CoH, or O, have no dipole moment and do not exhibit rotational spectrum.
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Hetero-nuclear diatomic molecules such as CO and linear polyatomic molecule

such as HCN, do possess dipolemoment and so also rotational spectrum.
The selection rule is

AJ =0, +1. (3.20)

The occurrence of a rotational Raman spectrum depends on the change in polar-
izibility. Such a change can occur in symmetric top molecules. The selection rule is

AJ =0, £2. (3.21)

Required properties of the wave function

¥ should be finite, single-valued and continuous. These requirements follow from
the interpretation of |1/|? as the probability density.

Ladder operators

Raising operator:

Tiljm >=(+m+ DG —m)lj.m+1>

Lowering operator:

Jljm == /(j —m+ DG +m)j.m—1> (3.23)

The Klein—-Gordon equation for the relativistic free motion of a spinless particle
of rest mass m.

1 3% m?c*p
2
22 (3.24)

If the quantum of nuclear field is assumed to have mass m, then its range

h
R~— (3.25)
mc

The variation method

It consists of evaluating the integrals on the RHS of the inequality

g < JYTHY AT



136 3 Quantum Mechanics — 11
with a trial function i that depends on a number of parameters, and varying these
parmeters until the expectation value of the energy is a minimum. This results in an
upper limit for the ground state energy of the system, which will be close if the form
of the trial function resembles that of the eigen function.

Table 3.3 Clebsch—Gordan coefficients (C.G.C)

1 1
2 2
J=1 1 0 1
mi m, M =+1 0 0 -1
Y12 412 1
+1/2 —1/2 J1/2 1/2
—1/2 +1/2 V12 —1/2
—1/2 —1/2 1
1
I x =
J=3/2 312 172 3/2 172 3/2
m my M=+3/2 +1/2 +1/2 —-1/2 —-1/2 =3/2
1412 1
+1 —1/2 J1/3 0 /2/3
0 +1/2 V2/3 —=J1/3
0 —1/2 2/3 1/3
1 412 /3 —J2/3
—1 —1/2 1
I x1
J=2 2 1 2 1 0 2 1
mi my M =+2 +1 +1 0 0 0 —1 —1
+1  +1 1
1 1
1 0 - -
+ 2 2
0 +1 ! !
2 2
+1 1 ! ! !
6 2 3
2 1
0o 0 R
3 3
1 +1 ! !
6 3
0 -l L
2 2
1
1 0 -




3.2 Problems 137

The Born approximation

Here the entire potential energy of interaction between the colliding particles is
regarded as a perturbation. The approximation works well when the kinetic energy
of the colliding particles is large in comparision with the interaction energy. It there-
fore supplements the method of partial waves.

o®) =1fO) (3.27)
where
fO)=—-K"! /Dor sin Kr V(r)dr (3.28)
0
and
0
K = 2k sin > kh = p. (3.29)

3.2 Problems

3.2.1 Wave Function

3.1 Anelectron is trapped in an infinitely deep potential well of width L = 10° fm.
Calculate the wavelength of photon emitted from the transition £, — Ej3. (See
Problem 3.18).

_1
3.2 Given ¥(x) = (%) *exp (—“22*2>, calculate Var x

33 Ify(x) = ﬁ calculate the normalization constant N.
3.4 Find the flux of particles represented by the wave function
1)0()(:) — Aelkx + Be—lkx

3.5 For Klein — Gordon equation obtain expressions for probability density and
current. Explain the significance of the result.

3.6 (a) Find the normalized wave functions for a particle of mass m and energy E
trapped in a square well of width 2a and depth V) > E.
(b) Sketch the first two wave functions in all the three regions. In what respect
do they differ from those for the infinite well depth.

3.7 The Thomas-Reich-Kuhn sum rule connects the complete set of eigen func-
tions and energies of a particle of mass m. Show that

2
(h—’§> > (B = Elxyl? =1
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3.8 (a) State and explain Laporte rule for light emission.
(b) What are metastable states?

3.9 Show that the eigen values of a hermitian operator Q are real
3.10 The state of a free particle is described by the following wave function
(Fig. 3.1)

Y(x) =0forx < —3a
=cfor —3a<x<a
=0forx > a

(a) Determine c¢ using the normalization condition
(b) Find the probability of finding the particle in the interval [0, a]

Fig. 3.1 Uniform distribution ¥
of ¥

3.11 In Problem 3.10,
(a) Compute < x > and o2
(b) Calculate the momentum probability density.

3.12 Particle is described by the wavefunction
Yv=0x<0
= 2e /Ly >0

where L = 1 nm. Calculate the probability of finding the particle in the region
x > 1 nm.

3.2.2 Schrodinger Equation

3.13 The radial Schrodinger equation, in atomic units, for an electron in a hydrogen
atom for which the orbital angular momentum quantum number, / = 0, is
((d®/dr®) + 2/r) + QE)F(r) = 0,
where E is the total energy.
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3.14

3.15

3.16

(a) Put F(r) =exp (—r/v) y(r), where E = —1/(2\)2), and show that
d?y _2d v
&2 vdr 7’

(b) Assuming that y(r) can be expanded as the series

oo
NOED DN st

Show that the coefficients a,, in the series satisfy the recurrence relation,
2
p(p + Da, = (;) (p—vay_

(c) Solutions of the radial Schrodinger equation exist which are bounded for
all r provided that v = n, where n is a positive integer. Show that the
un-normalized radial function for the n = 2 state is

F(r) = ape "*r(1 — r/2)

State Ehrenfest’s theorem. Show that
@) d<x> <p,>
a =
dt m
d< p, >

(b) T =< —dV/ox >

Consider the time-independent Schrodinger equation in three dimensions

FLZ
[(——) V2 + V(r)] v =Ey
2m

In spherical coordinates

A N AR I A A A B
“\r2) or or r2sinf J 06 20 r2sin?0 ) 92

(a) Write ¥(r,0,¢9) = ¥,(r)Y(0,¢) as a separable solution and split
Schrodinger’s equation into two independent differential equations, one
depending on r and the other depending on 6 and ¢.

(b) Further separate the angular equation into € and ¢ parts

(c) Combine the angular part and the potential part of the radial equation and
write them as an effective potential V,. Then make the substitution y (r) =
r,(r) and transform the radial equation into a form that resembles the
one-dimensional Schrodinger equation.

Consider a three-dimensional spherically symmetrical system. In this case,
Schrodinger’s equation can be decomposed into a radial equation and an angu-
lar equation. The angular equation is given by

! J ’08 + ! 8? }Y@ =AY (6
‘[(@(@)(“ %) (smw)(a—wz) ©9)=2109)

Solve the equation and, in the process, derive the quantum number m.
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3.17
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In Problem 3.16,

(a) Consider the case where m = 0. Make the change of variable pcos 6 and
consider a series solution to the equation for (). Derive a recurrence rela-
tion for the coefficients of the series solution.

(b) Explain why the series solution should be cut off at some finite term, give
a mechanism for doing this and hence derive another quantum number /.

3.2.3 Potential Wells and Barriers

3.18

3.19

3.20

3.21

(a) The one-dimensional time-independent Schrodinger equation is

R\ Eyx)
(_%> o UGN = EY ()

Give the meanings of the symbols in this equation.
(b) A particle of mass m is contained in a one-dimensional box of width a.
The potential energy U(x) is infinite at the walls of the box (x = 0 and
x = a) and zero in between (0 < x < a).
Solve the Schrodinger equation for this particle and hence show that the

1
normalized solutions have the form ,(x) = (2)* sin (“£*), with energy
E, = h?n?/8ma’?, where n is an integer (n > 0).
(c) For the case n = 3, find the probability that the particle will be located in
the region § < x < %“
(d) Sketch the wave-functions and the corresponding probability density dis-
tributions for the cases n = 1, 2 and 3.

Deuteron is a loose system of neutron and proton each of mass M. Assuming
that the system can be described by a square well of depth V|, and width R,
show that to a good approximation

w\2 [ h?
VoR? = (—) r
2 M
Show that the expectation value of the potential energy of deuteron described

by a square well of depth Vj and width R is given by
v VA2 R sin 2kR

<V >=-— — —
2 4k

where A is a constant.

Assuming that the radial wave function
U(r)=ry(r) = Cexp(—kr)
is valid for the deuteron from r = 0 to r = oo find the normalization
constant C.
Hence if k = 0.232fm ™" find the probability that the neutron — proton separa-
tion in the deuteron exceeds 2 fm. Find also the average distance of interaction
for this wave function.

[Royal Holloway University of London 1999]
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3.22

3.23

3.24

3.25

3.26

3.27

3.28

3.29

3.30

The small binding energy of the deuteron (2.2 MeV) implies that the maximum
of U(r) lies just inside the range R of the well. From this knowledge deduce
the value of Vj if R is approximately 1.5 fm.

[Osmania University]

Given that the normalized wave function

r=(;)G) e

(1/a = 4.3fm) is a useful approximation to describe the ground state of the
deuteron, find the root mean square separation of the neutron and proton in
this nucleus.

[University of Durham 1972]

A particle of mass m, trapped in an infinite depth well of width L = 1 nm.
Consider the transition from the excited state n = 2 to the ground state n = 1.
Calculate the wavelength of light emitted. In which region of electromagnetic
spectrum does it fall?

Consider a particle of mass m trapped in a potential well of finite depth Vj
Vix) =W, |x| >a
=0; x| <a

Discuss the solutions and eigen values for the class I and II solutions graphi-
cally.

Show that for deuteron, neutron and proton stay outside the range of nuclear
forces for 70% of the time. Take the binding energy of deuteron as 2.2 MeV.

Show that the results of the energy levels for infinite well follow from those
for the finite well.

Show that for deuteron excited states are not possible.

The small binding energy of the deuteron indicates that the maximum of U (r)
lies only just inside the range R of the square well potential. Use this informa-
tion to estimate the value of Vj if R is approximately 1.5 fm.

Consider a stream of particles with energy E travelling in one dimension from
x = —oo to oco. The particles have an average spacing of distance L. The
particle stream encounters a potential barrier at x = 0. The potential can be
written as

Vix)=0ifx <0
=Vifl<x <a
=0ifx >a
Suppose the particle energy is smaller than the potential barrier, i.e., < V.

(a) For each of the three regions, write down Schrodinger’s equation and cal-
culate the wave-function ¥ and its derivative dyr/dx.
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3.31

3.32

3.33

3.34

3.35
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Use the constants to represent the amplitude of the reflected and trans-
mitted particle streams respectively and take
2mE 2m(Vy, — E
K== andk = %
(b) At the boundaries to the potential barrier, ¢ and diy//dx must be continu-
ous. Equate the solutions that you have at x = 0 and x = a and manipulate
these equations to derive the following expression for the transmission

amplitude

dikykne ke
[(iki + kp)?e k] — [(iky — ko)?ek2e]

In Problem 3.30,
(a) Show that the fraction of transmitted particles is given by Fins = 777,
which when calculated evaluates to

—1
V2 sinh?(kya
FlmnS — 1 _|_ b—(Z)
4E(V, — E)

(b) How would Fins vary if E > V.

A particle is trapped in a one dimensional potential given by = kz?/2. At a
time ¢+ = O the state of the particle is described by the wave function ¢ =
C1y1 + Coyrp, where ¥ is the eigen function belonging to the eigen value E,,.
What is the expected value of the energy?

A particle is trapped in an infinitely deep square well of width a. Sud-
denly the walls are separated by infinite distance so that the particle becomes
free. What is the probability that the particle has momentum between p and
p+dp?

The alpha decay is explained as a quantum mechanical tunneling. Assuming
that the alpha particle energy is much smaller than the potential barrier the
alpha particle has to penetrate, the transmission coefficient is given by

T ~ex —z ’ - 12
~ exp - R2m(U(r) — E)]/ dr

The integration limits a and b are determined as solutions to the equation
U(r) = E, where U(r) is the non-constant Coulomb’s potential energy. Cal-
culate the alpha transmission coefficient and the decay constant A.

The one-dimensional square well shown in Fig. 3.2 rises to infinity at x = 0
and has range a and depth V;. Derive the condition for a spinless particle of
mass m to have (a) barely one bound state (b) two and only two bound states
in the well. Sketch the wave function of these two states inside and outside the
well and give their analytic expressions.
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Fig. 3.2 Bound states in a
square well potential

Vix) —_—

vy

3.36 In Problem 3.25 express the normalization constant A in terms of «, 8 and a.

3.37 A particle of mass m is trapped in a square well of width L and infinitely deep.
Its normalized wave function within the well for the nth state is

we(2) )

(a) Show that its mean position is L /2 and the variance is

(%) (-7r)

(b) Show that these expectations are in agreement with the classical values
when n — oo.

3.38 The quantum mechanical Hamiltonian of a system has the form
5
H = (—h2/2m)V2 + ar? (1 ~5 sin® 0 cos? ga)
Find the energy eigen value of the two lowest lying stationary states.

3.39 (a) Write down the three-dimensional time-independent Scrodinger equation
in Cartesian co-ordinates. By separating the variables, ¢ (x,y,z) =
X(x)Y(y)Z(2), solve this equation for a particle of mass m confined to
a rectangular box of sides a, b and ¢, with zero potential inside.

(b) Show that the particle has energy given by

E = h_Z ﬁ+n_~zv+n_§
8m a’?  br  c?

3.40 In Problem 3.39, consider the special case of a cube a = b = ¢. Draw up a
table listing the first six energy levels, stating the degeneracy for each level.

3.41 A particle of mass m is moving in a region where there is a potential step at
x=0: V(x)=0forx < 0and V(x) = Uy (a positive constant) for x > 0
(a) Determine ¥ (x) separately for the regions x < 0 and x > 0 for the cases:
1) Up< E
(11) U() > E.

(b) Write down and justify briefly the boundary conditions that v (x) must sat-
isfy at the boundary between the two adjacent regions. Use these
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conditions to sketch the form of i{(x) in the region around x = 0 for
the cases (i) and (ii).

3.42 A steady stream of particles with energy E(>V}) is incident on a potential
step of height V; as shown in Fig. 3.3.
The wave functions in the two regions are given by
Yi(x) = Ag exp(ikix) + A exp(—ikx)
Y2(x) = B exp(ikax)
Write down expressions for the quantities k; and &, in terms of E and V).
Show that

ki — ky 2k,
A= A() and B = AO
kl + k2 kl + k2
and determine the reflection and transmission coefficients in terms of k; and
ky.
If E = 4V,/3 show that the reflection and transmission coefficients are 1/9

and 8/9 respectively.
Comment on why A? + B? is not equal to 1.

Fig. 3.3 Potential step E =——>

3.43 (a) What boundary conditions do wave-functions obey?
A particle confined to a one-dimensional potential well has a wave-function
given by
Y(x)=0forx < —L/2;

Y(x) = A cos 37 for L< <L'
V= L 2 ==
L

w(x)=0f0rx>5

(b) Sketch the wave-function v (x).

(c) Calculate the normalization constant A.

(d) Calculate the probability of finding the particle in the interval —% <x <
L

e
(e) By calculating d?y/dx> and writing the Schrodinger equation as

R\ [ d*y
(m) (@ =5
972 K2

show that the energy E corresponding to this wave-function is TR

3.44 (a) Sketch the one-dimensional “top hat” potential (1) V = 0 for x < 0; (2)
V =W =constantfor0 < x < L; 3) V =0forx > L.

(b) Consider particles, of mass m and energy £ < W incident on this potential

barrier from the left (x < 0). Including possible reflections from the barrier
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boundaries, write down general expressions for the wavefunctions in these
regions and the form the time-independent Schrodinger equation takes in
each region. What ratio of wavefunction amplitudes is needed to determine
the transmission coefficient?

(c) Write down the boundary conditions for ¢ anddy/dx atx = Oandx = L.

(d) A full algebraic solution for these boundary conditions is time consuming.
In the approximation for a tall or wide barrier, the transmission coefficient
T is given by

E E
T=16(— ) (1— = )e ", where o® = 2m (%5E)
w w h

Determine T for electrons of energy E = 2eV, striking a potential of
value W = 5eV and width L = 0.3 nm.
(e) Describe four examples where quantum mechanical tunneling is observed.

3.45 A particle of mass m moves in a 2-D potential well, V(x, y) = 0for0 < x < a
and 0 < y < a, withwallsat x =0, a and y = 0, a. Obtain the energy eigen
functions and eigen values.

3.46 A particle of mass m is trapped in a 3-D infinite potential well with sides of
length a each parallel to the x-, y-, z-axes. Obtain an expression for the number
of states N(N > 1) with energy, say less than E.

3.47 A particle of mass m is trapped in a hollow sphere of radius R with impenetra-
ble walls. Obtain an expression for the force exerted on the walls of the sphere
by the particle in the ground state.

3.48 Starting from Schrodinger’s equation find the number of bound states for a par-
ticle of mass 2,200 electron mass in a square well potential of depth 70 MeV
and radius 1.42 x 1073 cm.

[University of Glasgow 1959]

3.49 A beam of particles of momentum %k, are incident on a rectangular potential

well of depth Vj and width a. Show that the transmission amplitude is given by

Ak kye~ ke
T = — —
(ky + k1)* ek — (ky — ky)~ etkea

2m(E — Vo) 1V?
hZ

where k, = [

Show that 77* = 1 when k,a = nm. Further, show graphically the varia-
tion of 7', the transmission coefficient as a function of E/V,, where E is the
incident particle energy.

3.50 (a) What are virtual particles? What are space-like and Time-like four momen-
tum vectors for real and virtual particles?
(b) Derive Klein — Gorden equation and deduce Yukawa’s potential.
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3.2.4 Simple Harmonic Oscillator

3.51

3.52

3.53
3.54

3.55

3.56
3.57

3.58

3.59

Show that the wavefunction o(x) = A exp(—x2/2a?) is a solution to the
time- independent Schrodinger equation for a simple harmonic oscillator
(SHO) potential.

(w3 #vr0s+ (3) mows
—— ) d°Y/dx” + | = | mwox“y = EYr
2m 2

with energy Ey = (%) hwy, and determine a in terms of m and wy.
The corresponding dimensionless form of this equation is
—d*y/dR?* + R*Y = e¥
where R = x/a and ¢ = E/E).
Show that putting ¥/(R) = AH(R)exp(—R?/2) into this equation leads to
Hermite’s equation
d*H dH
2R

S oRr(SE “1DH=0
e dR)—Ir(s )

H(R) is a polynomial of order n of the form a,R" +a,_» R"™ 24a,_4 R"*+. ..
Deduce that ¢ is a simple function of n and that the energy levels are equally
spaced.
[Adapted from the University of London, Royal
Holloway and Bedford New College 2005]

Show that for a simple harmonic oscillator in the ground state the probability
for finding the particle in the classical forbidden region is approximately 16%

Determine the energy of a three dimensional harmonic oscillator.

Show that the zero point energy of a simple harmonic oscillator could not be
lower than hw/2 without violating the uncertainty principle.

Show that when n — oo the quantum mechanical simple harmonic oscillator
gives the same probability distribution as the classical one.

Derive the probability distribution for a classical simple harmonic oscillator

The wave function (unnormalized) for a particle moving in a one dimensional
potential well V(x) is given by ¥ (x) = exp(—axz?/2). If the potential is to
have minimum value at x = 0, determine (a) the eigen value (b) the poten-
tial V(x).

Show that for simple harmonic oscillator Ax.A p, = h(n 4 1/2), and that this
is in agreement with the uncertainty principle.

In HCI gas, a number of absorption lines have been observed with the fol-
lowing wave numbers (in cm™1): 83.03, 103.73, 124.30, 145.03, 165.51, and
185.86.

Are these vibrational or rotational transitions? (You may assume that tran-
sitions involve quantum numbers that change by only one unit). Explain your
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reasoning briefly. (a) If the transitions are vibrational, estimate the spring con-
stant (in dyne/cm) (b) If the transitions are rotational, estimate the separation
between H and Cl nuclei. What J values do they correspond to, and what is
the moment of inertia of HCI (in g-cm?)?

[Arizona State University 1996]

3.60 Determine the degeneracy of the energy levels of an isotropic harmonic oscil-
lator.

3.61 Attime ¢ = 0, particle in a harmonic oscillator potential V (x) = %2"2 has a
wavefunction

1
0) = _
¥(x,0) <ﬁ

where ¥(x) and 1 (x) are real ortho-normal eigen functions for the ground
and first-excited states of the oscillator. Show that the probability density
[ (x, 1)|? oscillates with angular frequency w.

) [Yo(x) + ¥r1(x)]

3.62 The quantum state of a harmonic oscillator has the eigen-function v (x, t) =

1 i1 Eot 1 1Eqt
(ﬁ) Yo(x) exp <—T> + (ﬁ) Y1(x) exp <_T>
1 i1 Eot
+ <%> Yo (x) exp (— 5 )

where ¥o(x), ¥1(x) and y¥,(x) are real normalized eigen functions of the har-
monic oscillator with energy E¢, E| and E, respectively. Find the expectation
value of the energy.

3.63 (a) Show that the wave-function ¥o(x) = A exp(—x2/2a?) with energy E =
hw/2 (where A and a are constants) is a solution for all values of x to the
one-dimensional time-independent Schrodinger equation (TISE) for the
simple harmonic oscillator (SHO) potential V (x) = maw?x?/2

(b) Sketch the function v/;(x) = Bz exp(—x2/2a?)
(where B = constant), and show that it too is a solution of the TISE for
all values of x.

(c) Show that the corresponding energy E = (3/2)hw

(d) Determine the expectation value < p, > of the momentum in state

(e) Briefly discuss the relevance of the SHO in describing the behavior of
diatomic molecules.

3.2.5 Hydrogen Atom

3.64 Find the expectation value of kinetic energy, potential energy, and total energy

r/ag
W, where ay = Bohr’s
T aO

of hydrogen atom in the ground state. Take ¥ =

radius
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3.65

3.66

3.67

3.68
3.69
3.70
3.71

3.72

3.73

3.74

3.75

3.76
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Show that (a) the electron density in the hydrogen atom is maximum at r = ay,
where q is the Bohr radius (b) the mean radius is 3ay/2

Refer to the hydrogen wave functions given in Table 3.2. Show that the func-
tions for 2 p are normalized.

Show that the three 3d functions for H-atom are orthogonal to each other.
(Refer to Table 3.2)

What is the degree of degeneracy for n = 1, 2, 3 and 4 in hydrogen atom?
What is the parity of the 1s, 2p and 3d states of hydrogen atom.
Show that the 3d functions of hydrogen atom are spherically symmetric

In the ground state of hydrogen atom show that the probability (p) for the
electron to lie within a sphere of radius R is

P =1—exp(—2R/ap) (1 +2R/ap + 2R*/aj)

Locate the position of maximum and minimum electron density in the 2.5 orbit
(n =2 and [ = 0) of hydrogen atom

When a negative muon is captured by an atom of phosphorous (Z = 15) in

a high principal quantum number, it cascades down to lower state. When it

reaches inside the electron cloud it forms a hydrogen-like mesic atom with the

phosphorous nucleus.

(a) Calculate the wavelength of the photon for the transition 3d — 2p state.

(b) Calculate the mean lifetimes of this mesic atoms in the 3d-state, consider-
ing that the mean life of a hydrogen atom in the 3d state is 1.6 x 1078s.
(mass of muon = 106 MeV)

The momentum distribution of a particle in three dimensions is given by
V(p) = [1/Q2h)*?] [ e P"/"y(r)dt. Take the ground state eigen function

V() = (\/m3> " exp (—r/ap)

Show that for an electron in the ground state of the hydrogen atom the
momentum probability distribution is given by

)’
ap
14
o ]
In Problem 3.74 (a) show that the most probable magnitude of the momentum

of the electron is i/(/3 ap) and (b) its mean value is 8/1/3 ag, where ay is
the Bohr radius.

8
vi(p))* = ;

Calculate the radius R inside which the probability for finding the electron in
the ground state of hydrogen atom is 50%.
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3.2.6 Angular Momentum

3.71

3.78

3.79

3.80

3.81

3.82

3.83

3.84

Given that L = r x p, show that [L,, L,] =ihL,

The spin wave function of two electrons is (x 1 x | —x | x 1)/4/2. What is
the eigen value of S;.5,? S| and S, are spin operators of 1 and 2 electrons

Show that for proton — neutron system
0,.0, = —3 for singlet state

= 1 for triplet state

Write down an expression for the z-component of angular momentum, L, of a
particle moving in the (x, y) plane in terms of its linear momentum components

px and p,.

0
Using the operator correspondence p, = —iha— etc., show that
X
0 d
L,=—ih|lx——y—
dy ax
a
Hence show that L, = —i ha—, where the coordinates (x,y) and (r, ) are
¥

related in the usual way.

Assuming that the wavefunction for this particle can be written in the form
Y(r,9) = R(r)®(p) show that the z-component of angular momentum is
quantized with eigen value i, where m is an integer.

Show that the operators L, and L, in the spherical polar coordinates are
given by

L, . 9 B
= smgoa—e + cot cosgoa—
L, a . a
E = —cos<p£ + cotf s1n<p—(p

Using the commutator [Ly, Ly] = i AL, and its cyclic variants, prove that
total angular momentum squared and the individual components of angular
momentum commute, i.e [L%, L,] = 0 etc.

Show that in the spherical polar coordinates
L? 02 n 1 02 + cotd 0
_ PR _ cO J—
(ih)? 960>  \sin*0/ d¢? 36
And show that in the expression for V? in spherical polar coordinates the

angular terms are proportional to L2,

(a) Obtain the angular momentum matrices for j = 1/2 particles
(b) Hence Obtain the matrix for J2.
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3.85 (a) Obtain the angular momentum matrices for j = 1
(b) Hence obtain the matrix for J2.

3.86 Two angular momenta with j; = 1 and j, = 1/2 are vectorially added, obtain
the Clebsch — Gordan coefficients.

3.87 The wave function of a particle in a spherically symmetric potential is

W(x,y,2)=C(xy+yz +zx)e "

Show that the probability is zero for the angular momentum/ = O0and/ = 1
and that it is unity for/ =2

3.88 Show that the states specified by the wave-functions

V1= +iy)f(r)

Y2 =2zf(r)

Y3 = (x —iy) f(r)

are eigen states of the z-component of angular momentum and obtain the cor-

responding eigen values.
[Adapted from the University of Manchester 1959]

3.89 The Schrodinger wave function for a stationary state of an atom is
¥ = Af(r)sinf cosfe'?
where (7, 6, @) are spherical polar coordinates. Find (a) the z component of the
angular momentum of the atom (b) the square of the total angular momentum

of the atom. (You may use the following transformations from Cartesian to
spherical polar coordinates

NI B 9
— — yV— =SIneY-— (¢]0) COSQp—
oy " Vox T Y0
9 D+ cotdsing
X— — 77— = —COSpp— (610) SIn @ —
9z ‘ox Y90 Y90
s 9 9
e
ax ay ap

[Adapted from the University of Durham 1963]

3.90 The normalized Schrodinger wavefunctions for one of the stationary states of
the hydrogen atom is given in spherical polar coordinates, by

1N\"?1 r r 3\ 2
0,9 =(—) ——exp(——)(==) sin0exp(—i
Y(r, 0, @) <2a0> N exp( 2a0> <8n> sinf exp (—ig)

(a) Find the value of the component of angular momentum along the z axis
=0
(b) What is the parity of this wavefunction?
[ag is the radius of the first Bohr orbit]
[Adapted from the University of New Castle 1964]
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3.91

3.92

3.93

3.94

3.95

3.96

The normalized 2 p eigen functions of hydrogen atom are

L ! e — r sinf ¢'? ! e~"/2 I cos b
V7 ag)’/ 2¢ 2ay f (2a0)3/ 2¢ 2ay ’
1 1

20 L Ginge- —i® form = +1, 0, —1 respectively.

ﬁ (2610)3/2 2a0

Apply the raising operator L = L, + iL, and lowering operator to show that
the states with m = %2 do not exist.

How can nuclear spin be measured from the rotational spectra of diatomic
molecules?

An electron is described by the following angular wave function

1 /15 .,
u(6,<p)=Z ;sm 6 cos2¢

Re-express u in terms of spherical harmonics given below. Hence give the
probability that a measurement will yield the eigen value of L? equal to 6A>
You may use the following:

5
Y2000.0) =/ 1 (3 cos®0 — 1)

/15
Y4100, 0) = - sinf cos 6 exp (Eig)

[ 15 . .
Y210 (0, ¢) = Tom sin? O exp (£2i @)

Given that the complete wave function of a hydrogen-like atom in a particular

[University College, London]

state is ¥ (r, 6, @) = Nr? exp ( ) sin’ 0 %% determine the eigen value of
L, the third component of the angular momentum operator.

Consider an electron in a state described by the wave function

V= (cos® + sinfe'?) f(r)
TT

o
where / | f(PPr2dr =1
0

(a) Show that the possible values of L, are +h and zero
(b) Show that the probability for the occurrence of the L, values in (a) is 2/3
and 1/3, respectively.

Show that (a) [J., J4] = J; (b) Jo|jm >= Cjm + hlj,m +1 > (©) [y, J,]
=iJ,
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3.2.7 Approximate Methods

3.97

3.98

3.99

3.100

3.101

Consider hydrogen atom with proton of finite size sphere with uniform
charge distribution and radius R. The potential is

V() = 3¢ (R — r2/3) f R
r) = N8 re/3)forr <
=—e*/r forr > R

Calculate correction to first order for n = 1 and n = 2 with [ = 0O states
[Adapted from University of Durham 1963]

A particle of mass m and charge ¢ oscillating with frequency w is subjected
to a uniform electric field E parallel to the direction of oscillation. Determine
the stationary energy levels.

Consider the Hermitian Hamiltonian H = H, + H’, where H' is a small
perturbation. Assume that exact solutions Hy|yy >= Ey|y > are known, two
of them, and that they are orthogonal and degenerate in energy. Work out to
first order in H’, the energies of the perturbed levels in terms of the matrix
elements of H'.

The helium atom has nuclear charge +2e surrounded by two electrons. The
Hamiltonian is

2 2
H= (—h—)(varvg)—zez <l+l) + =

2m r r rn
where r; and r; are the position vectors of the two electrons with nucleus as
the origin, and r;, = |r; — 1| is the distance between the two electrons. The
expectation value for the first two terms are evaluated in a straight forward
manner, the third term which is the interaction energy of the two electrons is
evaluated by taking the trial function as the product of two hydrogenic wave
functions for the ground state. The result is

27> 4¢*Z 5622 &2 , 217
< H >= — + =(—)(z?-=—=
ap ao 8610 ap 8

Thus, the energy obtained by the trial function is

e’ 277 )
0

Determine the ionization energy of the helium atom.

Consider the first-order change in the energy levels of a hydrogen atom due

to an external electric field of strength E directed along the z-axis. This phe-

nomenon is known as Stark effect.

(a) Show that the ground state (n = 1) of hydrogen atom has no first-order
effect.

(b) Show that two of the four degenerate levels for n = 2 are unaffected and
the other two are split up by an energy difference of 3eFay.
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3.102

3.103

A particle of mass m is trapped in a potential well which has the form,
V=1 ma*x?. Use the variation method with the normalized trial function
(1/4/a) cos(rx/2a) in the limits —a < x < a, to find the best value of a.

In Problem 3.45, consider the perturbation W(x, y) = Wy for0 < x < a/2
and 0 < y < a/2, and 0 elsewhere. Calculate the first order perturbation
energy.

3.2.8 Scattering (Phase-Shift Analysis)

3.104

3.105

3.106

3.107
3.108

3.109

A beam of particles of energy h*k?/2m, moving in the +z direction, is scat-
tered by a short-range central potential V(r). One looks for the stationary
solution of the Schrodinger equation which is of the asymptotic form,

‘(//‘ ~ eikz 4 f(e)eikr/r
Derive the partial-wave decomposition

o0
)= 2ik)~! 2(21 + 1) (exp(2ié;) — 1) Pi(cos 6)
1=0
[Adapted from the University College, Dublin, Ireland, 1967]

In the case of « — He scattering the measured scattered intensity at 45°
(laboratory coordinates) is twice the classical result. Indicate how the wave-
mechanical theory of collisions explains this experimental result.

[Adapted from the University of New Castle 1964]

In the analysis of scattering of particles of mass m and energy E from a fixed
centre with range a, the phase shift for the /th partial wave is given by

. (iak)!
S =sin" | —————>
[0+ DN
Show that the total cross-section at a given energy is approximately given by

_ 27 B? . 2mEa?
7= mE *P h2

At what neutron lab energy will p-wave be important in n—p scattering?

[University of Cambridge, Tripos]

1 MeV neutrons are scattered on a target. The angular distribution of the neu-
trons in the centre-of-mass is found to be isotropic and the total cross-section
is measured to be 0.1 b. Using the partial wave representation, calculate the
phase shifts of the partial waves involved.

Considering the scattering from a hard sphere of radius a such that only s-
and p-waves are involved, the potential being

V(iry=o00forr <a

=0forr > a.
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show that o(8) = a> [1 — @ + 2(ka)? cosf + - - ]
and 0 = 41 a’[1 — (ka)?/3]

3.110 Find the elastic and total cross-sections for a black sphere of radius R.

3.111 Ramsauer (1921) observed that monatomic gases such as argon is almost
completely transparent to electrons of 0.4eV energy, although it strongly
scatters electrons which are slower as well as those which are faster. How is
this quantum mechanical peculiarity explained?

3.112 What conditions are necessary before the Schrodinger equation for the inter-
action of two nucleons can be reduced to the form

d’U 2m

where U(r) = ry(r) and the other symbols have their usual meanings?

By solving this equation for a square-well potential V (r) for a neutron —
proton collision show that the neutron — proton scattering cross-section, as
calculated for high energies is about 3 barns compared with the experimental
value of 20 barns. What is the explanation of this discrepeancy and how has
this explanation been verified experimentally?

[Adapted from the University of Durham 1963]

3.2.9 Scattering (Born Approximation)

3.113 In the case of scattering from a spherically symmetric charge distribution,
the form factor is given by

o0 sin (4-
F(qz) = / ,o(r)—( h)471 rdr
0 qr/h
where p(r) is the normalized charge distribution.

(a) If the charge distribution of proton is approximated by p(r) = A exp(—r/a),
where A is a constant and a is some characteristic “radius” of the proton.

Show that the form factor is proportional to (1 + Z—z) where g is hi/a.
0

(b) If g2 = 0.71 (%)2, determine the characteristic radius of the proton.

3.114 The first Born approximation for the elastic scattering amplitude is

_ 2_”’ ig.r 13
f= <qﬁ2>/ V(r)e'+ d’r

Show that for V (r) spherically symmetric it reduces to

f=-(2un/qh*) / rsin(gr) V(r)dr
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3.115

3.116

3.117

3.118

3.119

3.120

3.121

3.122

Given the scattering amplitude

£©O) = (1/2ik) Y @21 + 1) [ — 1] P(cos )

Show that
Im f(0) =ko,/4m

Obtain the form factor F'(g) for electron scattering from an extended nucleus
of radius R and charge Ze with constant charge density. Show that the minima
occur when the condition
tan gR = gR, is satisfied

In the Born’s approximation the scattering amplitude is given by

£O) = (=2u/qh? f h V(r)sin(gr) r dr
0

where p is the reduced mass of the target-projectile system, and g# is the
momentum transfer. Show that the form factor is given by the expression

oo
F(g) = (4n/q) / p(r)sin(gr)rdr
0
where p(r) is the charge density

Obtain the differential cross-section for scattering from the shielded Coulomb
potential for a point charge nucleus of the form

V= zlxzez exp(—r/ro)/r

where r is the shielding radius of the order of atomic dimension. Thence
deduce Rutherford’s scattering law.

Electrons with momentum 300 MeV/c are elastically scattered through an
angle of 12° by a nucleus of ®*Cu. If the charge distribution on the nucleus is
assumed to be that of a hard sphere, by what factor would the Mott scattering
be reduced?

An electron beam of momentum 200 MeV /c is elastically scattered through
an angle of 14° by a nucleus. It is observed that the differential cross-section
is reduced by 60% compared to that expected from a point charge nucleus.
Calculate the root mean square radius of the nucleus.

. e . . —2 /)
Assuming that the charge distribution in a nucleus is Gaussian, “—,+ then
show that the form factor is also Gaussian and that the mean square radius is
3b%/2

In the Born approximation the scattering amplitude is given by

£O) = (—2 :ﬁz) / V(r)etdir

Show that for spherically symmetric potential it reduces to

2 .
[ = (——2> /rsm(qr)V(r)dr
qh
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3.123 Using the Born approximation, the amplitude of scattering by a spherically
symmetric potential V (r) with a momentum transfer ¢ is given by

00 : qr
A =/0 [smg(_ﬁ)} V(r)dmridr

h

Show that in the case of a Yukawa-type potential, this leads to an amplitude
proportional to (g2 4+ m?c?)~!.

3.3 Solutions

3.3.1 Wave Function
n*h? 7n?h*c?

T 8mL?2  2mcrL?
7% x (197.3 MeV — fm)*n?

2x0.511(MeV) x (105fm)2
E, =0.038¢eV, E, =0.152 ¢V, E5 =0.342 ¢V, E4 = 0.608 eV
A Ey3=E4— E; =0.608 —0.342 = 0.266 eV

. 1,241

A= ——— =4,665nm
0.266

=0.038 n% eV

az
32 Y(x) = (r/a) V4 exp (—7 xz)

Varx =< x2 > — < x >2

The expectation value

<x>=/oolp*Xde=O

o0

because ¥ and also {* are even functions while x is an odd function. There-
fore the integrand is an odd function

—1/2 [
<x?>= (Z) f x2 exp(—a’x?)dx

o —00
Puto?x? = y; dx = '/ o /y
oo
<x’>= (nas)_l/zf y2 e dy
0

But [;° y!/2e™dy = I'(3/2) = /7/2

Varx =< x2 >= (4o°)"'/?
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33

34

35

Normalization condition is

foo|1/f|2dx=1

o0
o0
N2/ x*+a*)2dx =1
—0Q

Put x = a tan6; dx = sec?6 dé
2N2 /2

(—3> f cos’ 0d0 = N*n/2a° = 1
o 0

3

Therefore N = (%)1/2

Y = Ae'™ 4 Bem M

The flux J, = (%) [W% _ (d;p) w]

= (%) [(Ae=* + Be'**) ik (Ae'** — Beit)
+ ik (Ae™™ — Bel*) (Ae'™ + Be )]

hk . . . )
— (27) [AZ_BZ _ ABe*Zlkx + ABeZlkx + AZ_BZ +AB€721kX—AB€21kX]
m

In natural units (7 = ¢ = 1) Klein — Gordon equation is

3%
vzw—ﬁ—m%p:o (1)

The complex conjugate equation is

32(p>k
2 2 x
Multiplying (1) from left by ¢* and (2) by ¢ and subtracting (1) from (2)
32¢* 82¢* 32¢
V2 * *VZ o _ T 0
PV — @ VT <Pat2 @ 9.2 +o s
ad o¢p* ¢
V. (pVe*Ve) — — - — | =
(eVerve) - 5, <¢ or 7 az)

Changing the sign through out and multiplying by 1/2im

1 1 9 1) dp*
—V-(w*w—wvw*)———(w — -9 )=0

2im 2im ot \* " o ot
1 9T i 3o dg*
Vol — (0Vo — Vo) |+ 2 | 1 (022 - —0
[Zim (Ve —¢ ‘p)]Jraz [2 (‘0 or o
9
orv.-7+L -0

at
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This is the continuity equation where the probability current J = ﬁ (p*Vo—
pVe*)
And probability density
i L 00 ap*

r= 5 (75 %)

For a force free particle the solution of the Klein — Gordan equation is ¢ =
A i (Px—Et)
The probability density is

o= ZL [(A*efi(p.xfEt)) (ZAE) e*i(p.xfEt) _ (Aefi(p.xfEt)) (lA*E) e*i(p.xfEt)]
m
= ﬁ [A* A(—iE)— A A* ((E)]

|A|? |AJ?
=—[E+E]l=E—
2m m

As E can have positive and negative values, the probability density could
then be negative

3.6 (a) Class I: Refer to Problem 3.25

U1 = AP (—c0 < x < —a)
Y» =D cos ax (—a < x < +a)
Y3 = Ae P (a < x < 00)

Normalization implies that

/ Wmﬁx+/lwfm+/1WM%x=1

0 —a a
/70 A?e?P*dx + /a D? cos® axdx + /‘00 A?e P dx =1

o —a a

A2 )28 + D? [a + sinQua)/2a] + A2 e 2P /28 =1

Or

A? e %48 4+ D*(a + sinaa)/2a) = 1 (1)
Boundary condition at x = a gives

Dcosaa=ae P )

Combining (1) and (2) gives

!
D = -
(“+ﬁ>
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(b) The difference between the wave functions in the infinite and finite poten-
tial wells is that in the former the wave function within the well terminates
at the potential well, while in the latter it penetrates the well.

oo
~
U
~
a x— Za o

0 x> Za
(a) Infinitewelldepth  (b) Finite well depth

Fig. 3.4 Wave functions in potential wells of infinite and finite depths

3.7 Consider the expression

2
[.X,[H,X]]:_ (1)
"
The expectation value in the initial state s is
h? 2
<s|—|s>=— <s[x,Hx —xH]|s > 2)
I I
Using the wave function ¥, and expanding the commutator
h2
— =<s|2xHx—x2H—Hx2|s > 3)
I

Further < s|xHx|s >= Z < slxlk >< klx|s > E; = Z |xks |2 Ex @)
k

where the summation is to be taken over all the excited states of the atom.

Also < s|Hx%|s >=< s|x*H]|s >

= <shxlk><klxls > E; =Y |x,|E, 5)
k

Using (4) and (5) in (3) we get

W2 =" |xisP(Ex — Ey)
k

3.8 (a) The wave functions of the hydrogen atom, or for that matter of any atom,
with a central potential, are of the form

u(r)y = A(r)P/"(cos 0)e'™?
Exchange of r — —rimpliesr — r,0 — 7w —6 and ¢ — 7 + ¢ (parity
operation)
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where P/"(cos 0) are the associated Legendre functions

Now, P/"(cosf) = (1 — cos? 0)"2d™ Py(cos 0)/d cos™ 0

. P"(cos(r — 0)) = (1 — cos” §)"/*d™ P,(— cos 0)/d(— cos 0)"

= (1 — cos? 0)Y"*(—1)'d™ Pi(cos 0)/d(— cos O)"

= (1 — cos? O)Y"2(—=1)!*™d™ Py(cos 0)/d cos™ 0 = (— 1) P (cos 6)
Thus P, (cos(r — 6)) — (— 1) P,™(cos 6)

Further ¢/ @77 = /"¢ oM™ — ¢iM% (cos mmr + i sin m7)

= (=1)"e™¥

where m is an integer, positive or negative. So, under parity (p) operation,
the function overall F(r, 8, ¢), goes as

PF(r, 0, ¢) = Pf(r)P™(cos 0)e!™ = f(r)P,™(cos 0)e™?(—1)+"(—1)"
=(=D""F(r, 0, ¢)
=(-D'F(r, 0, ¢)

All the atomic functions with even values of / have even parity while
those with odd values of / have odd parity. Considering that an integral
vanishes between symmetrical limits if the integrand has odd parity, and
that the operator of the electric dipole moment has odd parity, the following
selection rule may be stated:- The expectation value of the electric dipole
moment, as well as the transition probability vanishes unless initial and
final state have different parity, that is lipiga — lfina = Al #0,2,4 ...

This condition for the dipole radiation emission is known as Laportes’s
rule. Actually a more restrictive rule applies

Al==1

Note that even if the matrix element of electric dipole moment vanishes,
an atom will eventually go to the ground state by an alternative mechanism
such as magnetic dipole or electric quadrupole etc for which the transition
probability is much smaller than the dipole radiation.

(b) The 2s state of hydrogen can not decay to the 1s state via dipole radiation

because that would imply A/ = 0. Furthermore, there are no other electric
or magnetic moments to facilitate the transition. However, de-excitation
may occur in collision processes with other atoms. Even in perfect vacuum
transition may take place via two-photon emission, probability for which
is again very small compared to one-photon emission. The result is that
such a state is allowed to live for considerable time. Such states are known
as metastable states.
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3.9 V. Qv) =W q¥) =qW, ¥)
Q. ) =(q¥. ¥) =g, ¥)

since Q is hermitian,

(¥, Q¥) = (QV, ¥) and that ¢ = g*
That is, the eigen values are real. The converse of this theorem is also true,
namely, an operator whose eigen values are real, is hermitian.

3.10 (a) The normalization condition requires

o0 a
/ | 2dx = / lc)?dx = 1 = 4alc|?
—00 —3a

Therefore ¢ = 1/2/a
®) [y [ylPdx = [§ Fdx =1/4

3.11 (a) The expectation values are

<x>—/ Yrx g dx = /
3a

<x >—/ vEx g dx = (1/4a)x2dx:<;>a2

—3a
7 4
xol=<x?>—<x>=|(- aZ_(_a)Zz_az
3 3
(b) Momentum probability density is |¢(p)|?

o(p) = Qrh)~'/? /oo dx ¥ (x)e”P*/"

:(27171)_1/2/ dxce P¥/
—3a

: gl [ _tpa 3ipa
)
p 14
2ipa —2ipa
. 1/2
(@) [
p b4

)T ur)

h
Therefore |¢p(p)|* = 2Mp2 sin (%)
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3.12 First the wave function is normalized

NZ/ww*wdle
0

NZ/OOC (\/ze*%)zdx —1
N=1/JL

The probability of finding the particle in the region x > 1 nm is

R N CRUCEOTEE

—e T =2 =0.135

3.3.2 Schrodinger Equation

33 (€2
. — +=42E)F(r)=0 ey
dr?2  r
(a) By using F(r) = exp(—r/v) y(r), and E = —ﬁ, it is easily verified that
dy 2/d v
e =_Z 2
drz v <dr r) Y )
oo
b)yr)=3  apr’ 3)
= ay(p+r’ 4)
d%y 1
==Y a, plp+r’ ©)

Substitute (3), (4) and (5) in (2)
2
Ya,p(p+)r’' = Z%a,(p+ Drf —2%a,r?
v
Replace p by p — 1 in the RHS and simplify
2 —1
ZapP(P-l-l)rp ZEE ap—l(p_"')rp

Comparing the coefficients of 7”~! on both sides

2
p(p+ Da, = ;(p —V)dp-1 (6)
(c) The series in (3) will terminate when v = n where n is a positive integer.
Heren =2
Using (3)

1

y(r) = Zap rP = agr +ayr?
0
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From the recurrence relation (6)
ap
a) = ——

2
Therefore, y(r) = agr (1 — ’5)
F(r) = age™* (1 r)
r)=ape r (1 — =
0 2
The normalization constant is given to be 1/,/2.
3.14 The statement that the variables in classical equations of motion can be
replaced by quantum mechanical expectation values is known as Ehrenfest’s

theorem. For simplicity we shall prove the theorem in one-dimension although
it can be adopted to three dimensions.

d<x> d oy* Iy
— * — *,. 1 1
(a) % dt/l// x Ydx /(at xl/f—i—lﬂxat)dx (1)
Now v satisfies Schrodinger’s one dimensional equation
oy W 0%y
ih—=———+4YV 2
» o t ()Y 2)
T n* 9? w*
—ih— = Vv 3
th— o x + V(x)y* (3)

Premultiply (2) by ¥*x and post multiply (3) by x¢ and subtract the result-
ing equations

ou* h2 82 32 *
in(veall e ) == () (re5d - Gh) @

ot 2m ax? 0x2
Using (4) in (1)
d<x> ih dy Py
= — x— — d 5
dr 2m (‘/f Y ax? 0x2 Xl/f) * )

The first integral can be evaluated by parts

dyr*
/(dlﬁ/d )(w T )dx (6)

/w—dxw

The first term on RHS is zero at both the limits.

21/f _ dy (. xdy*
: @)
/‘” FR (dx)(dx)dx
Furthermore
_/Wwdx__w dx |, dx <¢+ )
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The first term on the RHS is zero at both the limits.
32y dy* d
— / v xydx = f v ¥ +x 1//
9x2
dl/f* dy ™\ (dy
= — | dx 8
=yt [ ( dx ) <dx ®
Substituting (7) and (8) in (5), the terms underlined vanish together.
d<x> ih ad dy*
=|—) |- F—dx d
dr <2m>( /wax +/I/fdx x)
1 0 ., 0
= — /w* —ih— wdx—i—/w ih— ) ¥*dx ©)]
2m 0x ox

Now the operator for P, is —i h% The first term on RHS of (9) is the
average value of the momentum P,, the second term must represent the
average value of P}. But p, being real, P = P,. Therefore

d 1
<x>=—<Px> (10)
dr m

Thus (10) is similar to classical equation x = p/m

Equation (10) can be interpreted by saying that if the “position” and
“momentum” vectors of a wave packet are regarded as the average or
expectation values of these quantities, then the classical and quantum
motions will agree.

d<P>_ B __,i *%
(b) /w ( ih— )I/Id‘l.'— lhdt/I/f axdt

[ [
- ’hf dr ox /1/’3 a1 (5
L0y h? 2
Nowzhg——<2m>v v+ Vi
inyr (1
- = <2m>v v+ Vgt (12)
Using (12) in (11)

d P, >= » I’ v? Vy )d
gt v () v eve)e
2

+/ ((—j—m) v2w+vw) %dr
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165
Integrating by parts twice

d T oy
E<g>_—/w[awm—valw

/‘w L :fv N

X

These two examples support the correspondence principle as they show
that the wave packet moves like a classical particle provided the expecta-
tion value gives a good representation of the classical variable
3.15 (a) Using the Laplacian in the time-independent Schrodinger equation
RPl19d[(,9 n 1 a9 (. 0 ad n 1 02
—— | == \|rr= — | sin 80— _
2m | r2 or or r2sinf \ 90

r2sin% 6 3_§02
Y, 0,0)+ V)@, 0, ¢)

=Ey(r.0,9) ey

We solve this equation by method of separation of variables

Lety (r,0,0) = ¥, (r) Y (0, @)

)
Use (2) in (1) and multiply by (—3%.%) /4,(r)Y (6, ¢) and rearrange

2

Jm— (r*dy, (r)/dr) + [E— V()]

——( (p)|:s1n9 29 <s1n9 (sin@aY (0, ) /00)+

Y (@, w)/sz)}

It is assumed that V (r) depends only on r

L.H.S. is a function of r only and R.H.S is a function of 6 and ¢ only.
Then each side must be equal to a constant, say A

1 9

)4 1 %Y
v (m@a—e(e, (p)) + -

0, +AY (0, =0
sin® 6 3(/?2( ?) ©.)

3

(4)
The radial equation is
d ,dy,(r) 2mr?
> 4 B [E = V()= Al Ye(r) = (%)

(b) The angular equation (4) can be further separated by substituting
Y(0,9) = f(0)(6)

(©)
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Following the same procedure
glp) d . df @)  fO) d’glp)
— —sinf +
sin@ do de sin?9 dg?
sinf d /. df(9)

— | sinf——+—
f(6)do de

where m

d’g )
i ®

gives the normalized function

g =(1/y2m) "™ )

m is an integer since g(¢ + 27) = g(¢)
Dividing (6) by sin? @ and multiplying by f, and rearranging

LA (e (- f=0 (10)
— | sinf — - =
sin@ do de sin® 6

+Af(0)g(p) =0

—1 @2
)—i—ksinzez— g(;p)z 2
glp) do

@)

2 is a positive constant

(c) The physically accepted solution of (10) is Legendre polynomials when

A=I1I+1) (1D

and / is an integer.
With the change of variable ¥, (r) = x(r)/r
The first term in (5) becomes

d (¢ df,( x n 1dx d [ dx
— | )= |-+ - ) =—|r & —
dr dr dr r2  rdr dr | dr X
d>x | dy dx  d*x
=V — —_— e —— —

=7y —
dr2  dr dr dr?
With the substitution of A from (11), (5) becomes upon rearrangement

2 2 2
<—h—) Ly [V(r) + W} x=Ex (12)

2m F 2mr

Thus, the radial motion is similar to one dimensional motion of a particle
in a potential

11+ HR?
2mr?

where V, is the effective potential. The additional “potential energy” is
interpreted to arise physically from the angular momentum. A classical
particle that has angular momentum L about the axis through the origin
perpendicular to the plane of its path has the angular velocity w = L/mzr?
where its radial distance from the origin is . An inward force mw?*r =

mIL?/wr? is required to keep the particle in the path. This “centripetal

Ve=V(r)+ 13)
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force” is supplied by the potential energy, and hence adds to the V(r)
which appears in (13) for the radial motion. This will have exactly the
form indicated in (13) if we put L = /I(l + 1)h

sin? 0 3¢
We solve the equation by the method of separation of variables.
Let Y (0, ¢) = f(0)g(¢) and multiply by sin® 6

2
—o(¢)sin 8-> <sin6%) + f(e)a—(pg2 — )sin’6 fg

316 — [k s (5in03) + sy i | Y 6. 9) =Y (6. 9)

a0 0

Divide through out by f(0)g(¢) and separate the 6 and ¢ variables.

ey

9 9 1 3
sin@ — (sin@—f +Asin20> = ———‘g; = m?
f©) 00 00 g(p) ¢

LHS is a function of 8 only and RHS function of ¢ only. The only way the
above equation can be satisfied is to equate each side to a constant, say —m?,

where m? is positive.

1 dgo)

g(p) dg?

Therefore g(¢) = A e™™
We can now normalize g(¢) by requiring

/ g (@)g(p)dp =1
2 o img |2 2
A e dp =27 A% =1
0

OrA=_Qn)"'/?
We shall now show that m is an integer

8l +2m) = g(p)

_ -1 im(p+2mw) __ -1 ime 2mwmi
gl +2m) = (2m) 2e = (2m) 2e"".e
— g(q))eani
@M = cos (2mm) + i sin(2rm)
=cosmm) =1

Thus m is any integer, m = 0, £1, £2 ...

3.17 (a) In Problem 3.16, going back to Eq. (1) and multiplying by f(6) and divid-
ing by sin? 6 and putting j& = cos 6.
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! 9 ’Odf +A fO)=0 2
<w>£(sm @) fO)= (2)

(5)-(3) (5)--=r2

Writing f(0) = P(w), Eq. (2) becomes

d d
o= Ll 4ar=0
du du
dp dp

1—p?)— —2u—+ip=0 3
or (1= %) gz = 2ug 4 3)
One can solve Eq. (3) by series method
Let P = X2 appu* 4)
dp k—1
— = k 5
i ;ak n )
&P k(k — Dpt—?
w = ak(k — Hu (6)

Using (4), (5) and (6) in (3)

> klk — Dagp* ™ =Y " k(k — Dagp* =2 kagp® + AZagu* =0
Equating equal powers of k

(k +2)(k + Dagyr — [k(k — 1) + 2k — Alax =0

Or apo/ay =k (k+1) =M1l /(k+ 1) (k +2)

(b) If the infinite series is not terminated, it will diverge at © = =+1, i.e. at

6 = 0 or & = m. Because this should not happen the series needs to be
terminated which is possible only if A = k(k + 1)

ie. l(l+1); 1 =0,1,2... Here/is known as the orbital angular momen-
tum quantum number. The resulting series P(w) is then called Legendre
polynomial.

3.3.3 Potential Wells and Barriers

3.18 (a) The term — R4’ s the Kinetic energy operator, U(x) is the potential

2mdz?
energy operator, ¥ (x) is the eigen function and E is the eigen value.

(b) Put U(x) = 0 in the region 0 < x < a in the Schrodinger equation to

obtain

2 2
(_h_> T kv M

2m dx2
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Or
d*y(x) 2mE
dx2 ( 2 >1ﬁ(x)=0
Writing
2mE
2
o’ = 1
Equation (2) becomes
&y o,
@z TV =0

which has the solution

Y(x) = A sinax + Bcosax

169

(@)

3

“)

&)

where A and B are constants of integration. Take the origin at the left

corner, Fig 3.5.

Fig. 3.5 Square potential
well of infinite depth

Boundary condition:

Y(0)=0; ¥(a) =0

The first one gives B = 0. We are left with
Y = Asinax

The second one gives
aa=nw,n=1,2,3...

n = 0 is excluded as it would give a trivial solution.
Using the value of « in (6)

Yn(x) = Asin (?)

to oo to oo

1

™

N

0 xX— a

(©)
(N
3)

This is an unnormalized solution. The constant A is determined from

normalization condition.
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/0 Y, O (x)dx = 1

Az/ sin® <@> dx =
0 a

A2 2nmwx a )
— X — CoS =Aa=1
2 a 0
2\ /2
Therefore, A = (—) ©)]
a

The normalized wave function is

Y (x) = (%y sin(””) (10)

a a

Using the value of « from (7) in (3), the energy is

nZh?

8ma?

D

E,

(c) probability p = [; [¥3(x)|?dx

/2 3
<_) sin? (ﬂ) dx = l
a a 3

(d) ¥(n) and probability density P(x) distributions for n = 1,2 and 3 are
sketched in Fig 3.6

o

Pa(®)

(b)

Fig. 3.6

3.19 The Schrodinger equation for the n — p system in the CMS is

2 28N p _
VA 0,9) + | 77 JIE= VO (. 0,9) =0 ey
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-

o

Fig. 3.7 Deuteron wave
function and energy

R

where  is the reduced mass = M /2, M, being neutron of proton mass. With
the assumption of spherical symmetry, the angular derivatives in the Laplacian
vanish and the radial equation is

1 d d
== (rz—) Y(r) + (M/BHE = V(O (r) =0 )
r2dr dr
With the change of variable
vy =" )
Equation (2) becomes
d’u M
= (ﬁ) [E—V(@)]u=0 “

The total energy = — W, where W = binding energy, is positive as the poten-
tial is positive

Vo = —V, where V, is positive

Equation (4) then becomes

d’u M .

m_‘_ ﬁ MVMo—W)u=0;,r <R (5)
d>u  MWu )

m — 7 = O, r>R (6)
where R is the range of nuclear forces, Fig. 3.7.

Calling

MVy—W) )

— = k @)
and

MW 5

T T ®)
(5) and (6) become

d’u 2

d2

YU =0 (10)
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The solutions are
ui(r)y = Asinkr + Bcoskr; r < R a1
ur(ry=Ce™ " + De""; r > R (12)

Boundary conditions: asr — 0, u; — 0
and as r — 00, u, must be finite. This means that B = D = 0.
Therefore the physically accepted solutions are

uy = Asinkr (13)
Uy =Ce™ 7" (14)

At the boundary, r = R, u; = u, and their first derivatives

du1 _ dM2
dr r=R a dr r=R

These lead to
AsinkR = Ce™ 7" (15)
AkcoskR = —yCe™ " (16)

Dividing the two equations

kcotkR = —y (17)
Or
COtkR = —% (18)

Now Vy, > W, so cot kR is a small negative quantity. Therefore kR =
72 1R = (%)’

M(Vy— W)R? 72
VW — = —

0
h? 4
Again neglecting W compared to Vj
,  w?
VoR* =
aM

3.20 The inside wave function is of the form u = A sin kr. Because V(r) = 0O for
r > R, we need to consider contribution to < V > from within the well alone.

R R
<V >=f u*(—=Vo)u dr = —VOAZ/ sin” krdr
0 0

VA2 R
= (— 0 )f (1 — cos 2kr)dr
2 0

,[ R sin2kR
=—-VoA" | = —

2 4k
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321 u=Ce™™
Jo lul?dr = c* [T e = % =1
C =2k
The probability that the neutron — proton separation in the deuteron exceeds
R is

oo oo
P= / |ul*dr = 2k / e M dr
R R

— o ZkR _ ,—(2x0.232x2) o, ) 4
Average distance of interaction

[o.¢] oo
<r>= / rlu*|dr = Zk/ re *rdr
0 0

1

=—=——=2.16fm
2k 2x0.232
3.22 The inside wave function u; = A sin kr is maximum at r ~ R. Therefore
kR =m/2
or k*R*= My — W)R?/R* =7?/4
_ 72h2c? W
07 AMR?

Substituting ic = 197.3MeV — fm, Mc? = 940MeV, R = 1.5fm and
W =2.2MeV, we find V) ~ 47 MeV

323 <r? >=/w*r2¢dt

o .2
= f r_2 <21> e 2 4 ridr
o I T

_ 1
T 22

V<r?s=

1 _ 43 x 107 m
V2a V2

3.24 Referring to Problem 3.18, the energy of the nth level is

=3.0x10""m =3.0fm

n*h?
n — 1
8mL? )
and
(n + 1?*h?
E = ——F—— 2
+1 S L2 @)
2 A2
Therefore E, | — E, = & (3)

8mL?



174

3.25

Fig. 3.8 Square potential 0 T
well of finite depth

3 Quantum Mechanics — 11

The ground state corresponds to n = 1 and the first excited state to n =

2,m = 8me and L = 1 nm = 10° fm. Putting n = 1 in (3)
3n?

8mL?2
= 37%(197.3)> MeV? — fm? /(16 x 0.511 MeV)(10°)*fm?
=0.14 x 107°MeV = 0.14 eV
1,241 1,241
E@EV) 0.14

hv=E,—E, = = 372h%c?/16mec? L?

Al(nm) = = 8864 nm

This corresponds to the microwave region of the electro-magnetic spectrum.

Consider a finite potential well. Take the origin at the centre of the well.

Vix)=Vy; x| >a
=0; x| <a

d>yr 2m
E§+(§)w—wmw=0

Region 1 (E < V)
d>y 2m
a2 \ »2
d>y

dx?

yw—szo (1)
By =0 )

where ,32 = (Z_m) Vo — E) 3)
Y1 = AeP* + Be P )

where A and B are constants of integration.

Since x is negative in region 1, and | has to remain finite we must set B = 0,
otherwise the wave function grows exponentially. The physically accepted
solution is

Y = Aef* )

Region 2; (V = 0)
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2
dl//-l-(sz)l/f:O

dx? 2
d>yr
. 5,  2mE
with o* = o @)
Yo = C sinax + D cosax ®)
Odd even

In this region either odd function must belong to a given value E or even
function, but not both,
Region 3; (E < Vj)
Solution will be identical to (4)
U3 = AeP* + Be™P*
But physically accepted solution will be
Y3 = Be ™™ ©)
because we must put A = 0 in this region where x takes positive values if the

wave function has to remain finite.
Class I (C =0)

Yo = Dcosax (10)
Boundary conditions

Va(a) = ¥3(a) (11)
Ay /dx|,—, = dyr3/dx],_, (11a)
These lead to

D cos (aa) = B e P (12)
— D« sin(wa) = —B B e P (13)
Dividing (13) by (12)

atanaa = B (14)
Class I (D = 0)

Yy = C sin(ax) (15)
Boundary conditions:

Ya(—a) = Yi(—a) (16)
dyra/dx|,__, = dyr/dx|,__, a7
These lead to

C sin(—aa) = —C sin(aa) = Ae*F* (18)
Ca cos(aa) = ABel? (19)
Dividing (19) by (18)

a cot(aa) = —B (20)
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0 - i
0 | 5

Fig. 3.9 n — & curves for class I solutions. For explanation see the text

Note that from (15) and (2), «®> = — B2, which is absurd because this implies
that o> + g% = 0, that is 2mV/h* = 0, but V, # 0. This simply means that
class I and class II solutions cannot coexist
Energy levels:

ClassI: set &€ = aa; n = Ba
where « and B are positive.

Equation (15) then becomes

ftang =1 (21
with £2 + 5 = a®*(e* + %) = 2mVya®/h* = constant (22)
The energy levels are determined from the intersection of the curve & tan &

1/2
plotted against n with the circle of known radius <2mh—‘§0“2> , in the first

quadrant since £ and 7 are restricted to positive values.

The circles, Eq. (22), are drawn for Voa®> = h?/2m, 4h*/2m and 9h*/2m
for curves 1, 2 and 3 respectively Fig 3.9. For the first two values there is only
one solution while for the third one there are two solutions.

For class II, energy levels are obtained from intersection of the same circles
with the curves of —& cot£ in the first quadrant, Fig 3.10.

Curve (1) gives no solution while the other two yield one solution each.
Thus the three values of Vpa? in the increasing order give, one, two and three
energy levels, respectively. Note that for a given particle mass the energy levels
depend on the combination Voa?. With the increasing depth and/or width of
the potential well, greater number of energy levels can be accommodated.

For £ = 0 to /2, that is Voa® between 0 and 72h%/8m there is just one
level of class I
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0

Solutions
N |
pgﬁ’qz%%-&* !
o |
|
| |
RN
A2 )
Ba'im N\ p=-tcoté \ p=—écoté-s||
N YT /
L
£ | /
0 | 2 3 4 5
é
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Fig. 3.10 n — & curves for class II solutions. For explanation see the text (After Leonard I. Schiff,
Quantum mechanics, McGraw-Hill 1955)

3.26

For Vya® between 272h?/8m and 472h?/8m there is one energy level of
each class or two altogether. As Vya?® increases, energy levels appear succes-

sively first of one class and next of the other.

The probability for neutron and proton to be found outside the range of nuclear

forces (refer to Problem 3.21)

P = /Oo VARGES /(luz(r)|/r)24m’2dr
R

o0
=471C2/ e 2 dr
R

P =2nC2e 2RIy

By Eq. (15) of solution 3.19
AsinkR = Ce 7R

or

C*e ™R = A%sin? kR ~ A*

because, kR ~ /2

Therefore,
27 A2
p =
14

‘We can now find the constant A from the normalization condition

ey

@

3)
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3.27
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R [e%e)
/iw#m+/ YoPdr = 1

0 R

R 00
/0 14%.47'L'r2dr/r2 —i—/ u%47‘[r2dr/r2 =1
R

R 00
A? / sin krdr + C? f e dr = 1/4n
0 R

Integrating and using (2), we find

> Y

= GRTD) @

Using (4) in (3)

)
MW\ "> MEw\'"?

40 x 2.27'?
o[ 20X 22T 048

(197.3)2
where we have inserted Mc> = 940 MeV /c?,
W =22MeV and R = 2.1 fm

Therefore p = gz = 0.67
Thus neutron and proton stay outside the range of nuclear forces approxi-
mately 70% of time.

By Problem 3.25, for the finite well, for class I
atan aa = B

@mE):  _ [2m(Vo— E)*
ot h

with o =

As Vy — o0, B — oo and aa = nm/2 (n odd)
2a2 _ 2m§a2 _ nPn?
= 4

h

Therefore, =
Or E = n’7h?/8ma* (n odd)
For class 11

acotaa = —f

As Vy — 00, B — oo and wa = nm/2 (n even)
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3.28

3.29

3.30

Solutions 179

5 5  2mEa*> n*m?

YEE TR Ty
27252
8ma?

E = (n even)

2,252
Thus E = —,n=1,2,3...
8ma?
From problem 3.27,
acotaa=—B=0

The first solution is wa = /2, for the ground state.
The second solution, ea = 3 /2, will correspond to the first excited state
(with I = 0). This will give

*a’ =9n° /4
Let the excited states be barely bound so that W = 0. Then,
o =2mE/h* = 97° /4a*
E=V, =9V,

a value which is not possible. Thus, the physical reason why bound excited
states are not possible is that deuteron is a loose structure as the binding energy
(2.225 MeV) is small. The same conclusion is reached for higher excited states
including/ =1,2...

The inside wave function u; = A sin kr is maximum at r ~ R. Therefore
b4
kR = —
2
,  MVo—-W)R* x?
orki=—mM———— = —
h2 4
v 72 h2c? W
or Vo= ——
O~ \4Mc2R2

Substituting fic = 197.3 MeV — fm, Mc? = 940 MeV, R =15fmand W =
2.2 Meyv, we find Vy ~ 47 MeV

Schrodinger’s equation in one dimension
2
@ G + () (E = Vyy =0
Region 1: (x < 0)V = 0; £ 4 2y = 0
where kI = 22E Solution: ¥y = exp(zklx) + A exp(—ikix)
Region2: (0 < x < a)V = Vb, dx2 kzl/f =0
where k3 = (2%) (V, — E)
Solution: ¥, = B exp(kyx) 4+ C exp(—kox)
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Region3: (x >a) V=0
Solution: Y3 = D exp(ikx)
(b) Boundary conditions:

Y1(0) =¥»(0) > 1+ A=B+C (H
Wil

s . =5 . — iki(1 — A)=ky(B —C) 2)
Ya(a) = Y3(a) — Bexp(kaa) + Cexp(—kya) = D exp(ikia) 3)
% = % — ky (B exp(kya) — Cky exp(—kaa))

dr |,  dx |, “4)

=ik Dexp(ik|a)

Eliminate A between (1) and (2) to get

B(ky +ik1) — C(ky — iky) = 2ik (©)

Eliminate D between (3) and (4) to get

ka(B exp(kaa) — Cky exp(—kaa)) = iki(B exp(kra) + C exp(—kaa))  (6)

Solve (5) and (6) to get

B 2iky(ky + iky) 7
[(k2 + ik1)* — exp(hkaa)(ky — ik1)?]

C— 2iki(ky — iky)e?e @)
[(k2 + ik1)* — €20 (ky — ik1)°]

Using the values of B and C in (3),

. 4ikky exp(—ikia)

(ko + iky)? exp(—koa) — (iky — k)2 exp(kaa)

t=D ©)

kik3

Fians =TT = |D|* = 16
331 (a) trans | | (k% + k%)2(€2k2a + e*2k2a) _ 2(](;1 _ 6k%k12 + k‘ll)

This expression simplifies to
B 4k? k3
(K + k3)? sinh?(kya) + 4K3K3
use k12 =2mE/h? and k% =2m(V, — E)/I?
The reflection coefficient R is obtained by substituting (7) and (8) in (1)
to find the value of A. After similar algebraic manipulations we find
AP = (k2 + k3)? sinh*(kya)
(k3 + k3)? sinh?(koa) + 4k3k3
Notethat R+ T =1
(b) When E > Vp, k, becomes imaginary and

sink (k,a) =i sin (k,a) (12)

Fians =T (10)

an
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Using (11) in (9) and noting k? + k3 = 2247+

2m Vb
k= -

2 2
and K2k2 = (h—"j> E(V, — E)

we find
T ! 13
- 1 Vb2 sin” kya ( )
T AEE-V)
and
R —1 14
- 1 + 4E(E—Vp) ( )
V3 sin® kaa

A typical graph for T versus v£,, is shown in Fig. 3.12
Fig. 3.11 Transmission Vy
through a rectangular
potential barrier

-
1 2 3
0 a
T
1.0
0.5

Fig. 3.12 Transmission as a T T T T
function of E/V, 0 1 2 3 4 E/Vp

3.32 The form of potential corresponds to that of a linear Simple harmonic Oscil-

lator. The energy of the oscillator will be E| = %‘“ and E; = %
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3.33

3.34

< E>=<VY|H|Y >
=< (C1¥1 + CY) | HI(C1yn + Cayra) >
=< C1Y1 + Crn|CiHY + CoHyn| >
=< C1y¥1 + Con|CLE1y + CLExyn| >
= C{E\ + GJE;
Clho  C33hw
2

2 2

1
= Eha)(cf +3C3)

K\ 2
where w = (—)
m

The ground state is

2\ 12
Y= (—) sin(rx/a)
a

The wave function corresponding to momentum p is

Y= @)Y Gt
k

3 Quantum Mechanics — 11

The probability that the particle has momentum between p and p+dp is given

by the value of
|C|?, where Cy is the overlap integral

1 2 12 ra : TX
Cy=Q2m): (—) / ™ sin (—) dx
a 0 a
Itegrating by parts twice,
Ci = (a)? (6% + 1) (% — K2a?)”
The required probability is
|Cel> = mwa (™ + 1) (7% + 1) (7 — K?a®)

= 47ra cos’ (];—a) (7‘[2 — k2a2)72

2

The transmission coefficient is given by
T=e"

2 b
G = ﬁ/ 2m(U(r) — E)'?dr

Put
77Ze>

U(r)=

ey
@

3

for the Coulomb potential energy between the alpha particle and the residual

nucleus at distance of separation r.
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2 L (P (7762 172
G = —(2m)?f ( — E> dr
h P r

where z = 2
Now at distance b where the alpha energy with kinetic energy E, potential
energy = kinetic energy

1
E = Emv2 =zZeé*/b

2 brro1\'?
G = <ﬁ) (2mZZez)l/2/u <; — E) dr

The integral is easily evaluated by the change of variable r = b cos®#

= ifeo () ;5

Finally

2 2172 (R /R R?
Gzﬁ(2mzZeb) |:cos (z>— i

where a = R, the nuclear radius.

If vy, is the velocity of the alpha particle inside the nucleus and R = a is
the nuclear radius then the decay constant A = 1/7 ~ (vi,/R).e”¢

3.35 (a) In Problem 3.19 the condition that a bound state be formed was obtained as
1/2
cotkR = — 4 = — i
k Vo — W

where V| is the potential depth and «a is the width. Here the condition
would read

W 172
Vo— W

where k> = 2m(Vy — W)a?/?
If we now make W = 0, the condition that only one bound is formed is

cotka = — |:

i T v h?
a=—orVy=
2 ° 7 3ma?
(b) The next solution is
3
ka = —
2

Here W, = O for the first excited state
With the second solution we get

_ 9h?

"~ 32ma?

Note that in Problem 3.23 the reduced mass u = M /2 while here u = m.
The graphs are shown in Fig. 3.13.

Vi
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Fig. 3.13
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U,

For (a) the inside and outside wave functions are as in the deuteron
Problem 3.19. For (b) the inside wave function is similar but the outside
function becomes constant (W; = 0) and is a horizontal line.

3.36 (a) Class I: Refer to Problem 3.25

U1 = AeP* (—o0 < x < —a)
Yy, = Dcosax(—a < x < +a)
Vs =Ae P < x < o00)
Normalization implies that

—da a o0
/ |1/f1|2dx+/ Ilﬁzlzdx—f-/ |s)%dx = 1

o0 —a a

—a a [}
/ APy + / D?cos® ax dx + / AP dx =1
—0oQ —a a

—28a

=1

A2e2Pa ) sinQaa) A%
+ D*|a+ +
28 2 28
Or
A?2e72P4)B + D*(a + sinaa)/2a) = 1 (1)
Boundary condition at x = a gives
Deosaa = ae™ P 2

Combining (1) and (2) gives

!
D = -
(”ﬁ)
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nnx)

3.37 () u, = (%)1/2 sin (22X

L . 2 L .o (RTTX
<X >= uxu,dx = — X sin (—) dx
0 L) Jo a

L L

The second term on the RHS vanishes for any integral value of n. Thus

L
<X >= —
2
L2
Varx =0 =< (x— <x >y >=<x’>— <x>’=<x’> T
L L
2 T
Now < x? >=/ wixlu,dx = | = / x2 sin? (_n x)dx
0 L 0 L
L2 L2
T3 22
L2 L2 L2 L2 6
=<l o222 = =2 _(Z)(1-=
3 2nin? 4 12 272

Forn — 00, < x >= %;02 — L*/12

(b) Classically the expected distribution is rectangular, that is flat.
The normalized function

foo =7

L xdx L
<x>=/xf(x>dx:/0 T2

O'2=<)(?2>—<)C>2

L
<x?>= / x2f(x)dx = L?/3
0

P L _ L
3 4 12

Fig. 3.14 T

f(x)

.o

2 5
338 H=—— ) V> +ar?|1 — Zsin®fcos’ ¢ (1)
2m 6

In spherical coordinates x = r sinf cos ¢. Therefore
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H ) g2 + TR
=\— a X
2m v+ 6

h? x?
_ v2 A 2., 2 )
<2m> +a|:6+y +z:| ()
The Schrodinger’s equation is
Hy(x,y,2) = E¥(x,y,2) 3)

This equation can be solved by the method of separation of variables.
Let

W('xi yv Z) = lﬁxw,\'wz (4)
2 R LR & 2,
Hw(x:))9z) _2_ <8x2 a_y2+8_zz>WXI//yl01+a|:€+y +Z:|
wxwyl/fz = El/fxwyl/fz
h2 82wx h2 aZwy h2 82 wz
wy‘ﬁz 92 - %le//z 9x2 - I/IX‘ﬁy 9X2

+ wawywz +ay Yy e+ az%wm = BV
Dividing throughout by v, ¥,
1%y, R 1 0%y, R 1 9%y,

L tal =
2y a2 2m iy, 8y?  2my. 02 | 6 ay’ +az’

2 2 2 ®)
h 1 0%y,  ax a

T - Ry 6
. X + 6 1 G hki (6)
21y,

- — =E =k 7
2, 9y +ay 2 a=hky (N
2oy,

b 922 +az 3 a=hk ®)

Ey = (n1 +'h)hwi; Ey = (ny +h)has; E3 = (n3 + ) has
ki a 2a
===z m=w=—
m 3m m
E=E+E,+E;= <l’11 + )ha)l + (ny +n3 + Dhw,
The lowest energy level corresponds to n; = ny, = n3 = 0, with

LU (gm)h B

It is non-degenerate.
The next higher state is degenerate withn; = 1, n, =0, n3 = 0;

Ezgh\/%+h\/%=<\/§+«/§)h\/g

This is also non-degenerate.
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2
339 (a) [(_f_m) V24 v} V(x, y,2) = EY(x, v, )

PutV =0
h? 92 92 92
2m ax? ay2 9,2 ’ ’ = E 9 9
( 2m>[8x2+ay2+azzi|‘/f(x ¥,2) Y(x,y,2)
Let
Yy, ) =X@Y G Z )
yz X +ZX82Y cxrZ __(MEN vy g
dx? 9y2 02 7

Dividing throughout by XYZ
19%Y 19d%*z 1 3°X 2mE

Yor "Zo2 T X

187

ey

@)

3

LHS is a function of y and z only while the RHS is a function of x only.
The only way (3) can be satisfied is that each side is equal to a constant, say —

(12.

1 d*X 2mE

-+ —a?=0

X dx2 2 B

?X (2mE

a2 T\ )X =0
Or

X +8°X=0

0x2 -

where

X = Asin Bx + B cos fx

Take the origin at the corner

Boundary condition: X = 0 when x = 0. This gives B = 0.

X = Asin Bx
Further, X = 0 whenx =a
Sinfa =0 — Ba =n,n
Or

%

B = (n, = integer)
a

“

&)
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Going back to (3)

1%y 10°Z )
Yoy " Zaz
laz_Z - _laz_Y —o? (6)
Z 972 Y 9y?
Each side must be equal to a constant, say —y? for the same argument as
before.

19%Y
_?3_);2 ot = 2
Or

1 9%y
_?a_yZ
Or

2

% +u*Y =0
where u? = o — y? @)

+<a2_y2)20

Y = Dsinpuy

Y=0aty=>»

This gives i = % 3)
Going back to (6)

1\ d&*z
z) a2z~ 7
This gives Z = F siny,

where y = % )]

nx) . <nyny> . (nznZ)
sin sin
b c

(b) Combining (4), (5), (7), (8) and (9)

. /n
',1//""S1I1< al

W =a’—y*=QmE/W) - B> —y*

Or
2ZmE 2 2 (NyT\? Ny 7T\ 2 n,m\?2
h? _M+ﬂ+y_<b)+(a)+<c>
Or
YN
E:(%> Stot3 (10)

340 Fora=b=c
E = (h/8ma?) (nfC + nf + ng) (Equation 10 of Prob 3.39)
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None of the numbers n,, n,, or n; can be zero, otherwise V¥ (x, y, z) itself
will vanish.

For an infinitely deep potential well E, = g— [n? 4 n} 4 nZ]. The com-
bination n, = n, = n; = 0 is ruled out because the wave function will be
zero. Table 3.4 gives various energy levels along with the value of g, the degen-
eracy. The values of n, ny and n are such that n} +n3 +n? = 8ma’E, / h* =
constant for a given energy E,. The energies of the excited states are expressed
in terms of the ground state energy Eo = h?/8ma’

h?

Table 3.4
Ny ny n; 8 E,
0 0 1 3-fold Eo = h?/8ma’®
0 1 0
1 0 0
0 1 1 3-fold 2E)
1 0 1
1 1 0
1 1 1 Non-degenerate 3Ey
0 0 2 3-fold 4E,
0 2 0
2 0 0
0 1 2 6-fold 5Ey
1 0 2
1 2 0
0 2 1
2 0 1
2 1 0
1 1 2 3-fold 6E)
1 2 1
2 1 1

3.41 (a) Case (i) Uy < E, Region x <« 0
Putting V(x) = 0, Schrodinger’s equation is reduced to

2

((1171/2[ + (2’;;—212) v =0 (1)

which has the solution

Y = Aexp(ikix) + Bexp(—ik;x) 2)
5, 2mE

where ki = 7 3)

Y| represents the incident wave moving from left to right (first term in (2))
plus the reflected wave (second term in (2)) moving from right to left

>y N [Zm(E — Up)

Region x > 0 : ) = ] V=0 4)

which has the physical solution
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Y = C exp(ikax)

where
2m(E — Uy)

K= =

3 Quantum Mechanics — 11

&)

(6)

It represents the transmitted wave to the right with reduced amplitude.
Note that the second term is absent in (5) as there is no reflected wave in

the region x > 0.
Case (i1), Uy > E
Region x <0

Y3 = Aexp(ikix) + Bexp(—ik;x)
Region x > 0
&’y 2my(Up — E)
a2 h2 -
d>yr
dx?
w4 — Ce—ax + Deax
2 2m(Ug—E)

0

—a®Yy =0

where o° =

)

Y must be finite everywhere including at x = —oo. We therefore set
D = 0. The physically accepted solution is then

Yy =Ce™™*

®)

(b) The continuity condition on the function and its derivative at x = 0 leads

to Egs. (9) and (10).
¥3(0) = ¥4(0)

A+B=C
avs| _ v
dx x=0 dx x=0

iki(A— B) = —Ca

Incident wave ANANANNN NN

- Transmitted
Reflgcted wave =
wave

x=0
Case (i)

Fig. 3.15 Case(i)

)
(10)
Incdident wave
ansmitted
wave —
« Reflected
wave
x=0
Case (ii)
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Dividing (10) by (9) gives

ik(A— B)

—— = -« (11)
A+ B

Diagrams for i at around x = 0

2mE\"? 2m(E — Vo) \ '/*
Boundary condition at x = 0:
¥1(0) = ¥2(0)
| dYa) o
dx x=0 dx x=0
These lead to
Ao+A=B (3
iki(Ag — A) = ik,B
Or
ki(Ag — A) = k2B 4)
Solving (3) and (4)
ki — ko
A= A 5
|:k1 +k2:| 0 (%)
2k1 A
_ “kido 6)
ki + ko
Reflection coefficient,
Al? ki — ky)?
AP k) o

T A (ki +k)?
Transmission coefficient,
ky\ |BI? 4k k
T=(_2>_' P _skk ®)
ki) A2 (ki + ko)?
Substituting the expressions for k; and k, from (1) and putting E = 4V,/3

we find that R =1/9and T = §/9.
From (7) and (8) it is easily verified that

R+T=1 )
Transmitted
—3
Incident
—3
-
Reflected

Fig. 3.16 Graphs for
probability density
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This is a direct result of the fact that the current density is constant for a
steady state.

Thus |Ao|?v, = |A|*v; + |B|*v2
where v| = % and v, = %
A? + B? # 1 because the sum of the intensities of the reflected intensity and
transmitted intensities does not add up to unity. What is true is relation (9)

which is relevant to current densities.

3.43 (a) The wave function must be finite, single-valued and continous. At the
boundary this is ensured by requiring the magnitude and the first derivative
be equal.

(b)

Fig. 3.17 Sketch of
¥ ~ cos ()

© f

%
A2f (1 + cos 6rx/Lydx = AL =1
-2

37
|y |2dx = A2/, cos? de =1

m\\

2

Therefore A = 1//L

(d)P<—£<x<£)=A2/4cosz<3n—x>dx
4 4 L L
1\ [ 6mx 1
d21p_ dZA 3mx _ 3r _ om?
© g gt () = om (7 )“”(T)— ()

heret R\ dly (9n P
erefore, ( —— = _
om ) dx? 2mL

Or
9 2K?
2mL
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3.44 (a)

Fig. 3.18 Penetration of a Wi
rectangular barrier

X—

(b) Region 1, x <0
2

d 2

@ + kY =0

with k? = 222

U1 = Ael** 4 Bemikx
Incident reflected at x = 0

Region2,0 <x < L

d*yr
e
with @ =

Wz = Ce ™ 4+ De**

2m(W—E)
h2

Region 3, x > L
d>y 5
) + kY =0
with k> = 2mE / h?
w3 — Feikx

The second term is absent as there is no reflected wave coming from
right to left

|F[?

The transmission coefficient T = e
(c) Boundary conditions

¥1(0) = ¥2(0)

Wil _ s

dx |, dx

Yo(L) = ¥3(L)
Wl dys

dx |,_; dx
@ T=16(%)(1-
o =2m <Wﬁ_2 E
V(@2 %0511 x (5—2) x 10-°

- 197.3 x 10-15

x=0

L
) 8720¢L

V2mc2(W — E)

he

- o =

SN—— §|h’1>ﬁ

= 8.8748 x 10° m™!
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Therefore 20 = 2 x 8.8748 x 10° x 0.3 x 1072 = 5.3249

2 2
T =16 <§) <1 - 5) e — 0.0187

(e) Examples of quantum mechanical tunneling
(1) «-decay Observed a-energy may be ~ 5 MeV although the Coulomb

barrier height is 20 or 30 MeV

(i1) Tunnel diode

(iii) Josephson effect In superconductivity electron emission in pairs
through insulator is possible via tunneling mechanism

@iv) Inversion spectral line in ammonia molecule. This arises due to tun-
neling through the potential barrier between two equilibrium posi-
tions of the nitrogen atom along the axis of the pyramid molecule
which is perpendicular to the plane of the hydrogen atoms. The oscil-
lation between the two equilibrium positions causes an intense spec-
tral line in the microwave region.

3.45 The wave function to the zeroeth order in infinitely deep 2-D potential well is
obtained by the method of separation of variables; the Schrodinger equation is

Ry R0 y)

2m  Ox? 2m  9y? =Ev(x.y)
Letw(x V) =Vaty
821//)( hZ aZW
2 W} 3)62 - —% } El/’x‘ﬂy

Divide through by v, l/fy
1%y, Rl 8%y, .

2m e 9x2 2m o, 9y?
BPy, B9y,

2m Y, 9x2 2m lﬁy dy?

9%, 2
0x2 oy =0

where o = (3%) (E + A)
Y, = Csinax + D cosax
Y, =0atx =0
This gives D =0

Y, = Csinax
Yy =0atx=a

= A = constant

This gives wa = nyw oro = 1%

Thus ¢, = Csin(n,wx/a)

Further o 1/5 = zmA% = —p2 vy

The negatlve sign on the RHS is necessary, otherwise the 1, will have an
exponential form which will be unphysical.

Yy = Gsin By
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When the boundary conditions are imposed,

namy
B =
a
¥, = Gin (2225
a

Thus (x, y) = Y ¥y = K sin (“7%) sin (27) (K = constant)
a4 7 = 2 = (32)" (22)
or

hr?
£= <2ma2) (ni -+ m)

By Problem 3.39, E = (2 ) (13 + 2, n?)
Therefore the number N of states whose energy is equal to or less than E is
given by the condition

8ma’E
2, 02, 2
ny —i—ny—i—nZ < 2
The required number, N = (17 +n; + n?)l/ ?_is numerically equal to the
volume in the first quadrant of a sphere of radius (8 m a5 ) "2 Therefore

N— 1 4 8ma’E\""” _ 2n ma?E\""
- \8 3 2 -~ 3 \2mn?
Schrodinger’s radial equation for spherical symmetry and V = 0 is

d>y(r) 2 dy(r)
dr? r dr w(r) =0

Take the origin at the centre of the sphere. With the change of variable,

Y = ”(’) (1)

The above equation simplifies to
d%u n 2mEu
dr? h?
The solution is
u(r)y = Asinkr + B coskr
2mE

= )

Boundary condition is: #(0) = 0, because ¥ (r) must be finite at » = 0. This

gives B =0
Therefore,
u(r)y = Asinkr 3)

Further y/(R) = “& =0
SinkR =0

=0

where k2 =
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or

b4
kR:nn—)k:n—
R

Complete unnormalized solution is
() = Asi (nrrr)
u(r) = Asin(——

R

The normalization constant A is obtained from

R
/ [y ()| - 4mridr = 1
0
Using (1) and (5), we get
1

27 R
The normalized solution is then

u(r) = (27 R)™ 7 sin (%)

A=

From (2) and (4)
B n°n’h?
" 2mR?
For ground state n = 1. Hence
w2h?
El=——
"7 2mR?

The force exerted by the particle on the walls is
av 0H  0E, = 2p?

F = ———_—— = —— = —
oR oR oR mR3
The pressure exerted on the walls is
_F nh?
4R 4mRS

. 252 2822 2 2
The quantity _ﬂsj =zhc _ 7973

8mc? 8x2,200 m.c?

7%(197.3)?
~ 8x2,200 x 0511
Now Voa? = 70 x (1.42)> = 141.148 MeV — fm?

It is seen that

= 42719 MeV — fm?

8m 8m
(42.7 < 141 < 169)

3 Quantum Mechanics — 11

“

&)

(6)

@)

®)

€)

(10)

From the results of Problem (3.25) there will be two energy levels, one belong-
ing to class I function and the other to class II function.

The particle of mass 2,200m, or 1,124 Mev/c? is probably A-hyperon
(mass 1,116 MeV/cz) which is sometimes trapped in a nucleus, to form a

hypernucleus before it decays(Chap. 10).
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Class1 ClassII

SN
4

Fig. 3.19 Class I and Class II wave functions

3.49 The analysis for the reflection and transmission of stream of particles from
the square well potential is similar to that for a barrier (Problem 3.30) except
that the potential V;, must be replaced by —V,, and in the region 2, k, must be
replaced by ik,. Thus, from Eq. (9) of Problem 3.30, we get

4k ky exp(—ikia)
T =
(ky + k1)? exp(—ikoa) — (ky — ki)* exp(ikaa)

The fraction of transmitted particles when k,a = nm is determined by the
imaginary exponential terms in the denominator.

et = cosnm £ 1isin () = cosnw

=1(n=0,24)
=—-1;n=1,3,5..)

Fig. 3.20 Transmission
coefficient T as a function of
the ratio E/V, for attractive
square well potential

E/V,—
Therefore t7* = 1
A typical graph for T as a function of E/Vj is shown in Fig. 3.20.
In general we get the transmission coefficient

V02 sin® kra

T = —_—
4E(E + Vo)

I+

The transmission coefficient goes to zero at E = 0 because of the 1/E term
in the denominator. For E/V, < 1, narrow transmission bands occur when-
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ever the condition k,a = nir is satisfied, the width of the maxima becomes
broader as the electron’s incident energy increases. The occurrence of nearly
complete transparency to incident electrons in the atoms of noble gases is
known as the Ramsuer-Townsend effect.

The condition kya = nm implies that a = ni/2, n = 1,2..., that is
whenever the barrier contains an integral number of half wavelengths leading
to complete transparency. Interference phenomenon of this type is analogous
to the transmission of light in optical layers.

3.50 (a) particles which can not be observed are called virtual particles

A 4-vector momemtum is p = (p, i E) so that
(4 — momentum)® = (3 momentum)> — (energy)2
Space time
The components p; >3 are said to be spacelike and the energy compo-
nent E, timelike. If q denotes the 4-momentum transfer in a reaction i.e.
q = p—p’, where p, p’ are initial and 4-momenta, then
g* > 0 s spacelike as in the scattering process
g* < 0is timelike as for (mass)? of free particle
g* = 0is lightlike
(b) The relativistic relationship between total energy, momentum and mass for
the field quantum is

E?— p*’c? —m*c* =0 (1)
We can now use the quantum mechanical operators
E — iﬁ% and p — —ihV
To transform (1) into an operator equation
—ﬁza—z + 12V —m*ct =0
or?

representing the force between nucleons by a potential ¢(r, t) which may
be regarded as a field variable, we can write

[2 1 82 m2c2]
VieSs—S——5|e=0

c? 312 h?
as the wave equation describes the propagation of spinless particles in
free space.
The time independent part of the equation is
m2c?
[vz_ a }pzo @

For m = 0, this equation is the same as that obeyed in electromagnetism,
for a point charge at the origin, the appropriate solution being

_ e 1 3
@r) = <4n80> - 3)

where ¢ is the permittivity.
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When m # 0, (2) can be written as

82+ 20 m2c? ) =0
ar? r or h2 =

or
19 ad 22
— = (PE) =222 @)
r2 or or h?
For values of » >0 from a point source at the origin, » = 0. Integra-
tion gives
ger
o(r) = dmr ®))
Tr
where R = h/mc (6)

The quantity g plays the same role as charge in electrostatistics and mea-
sures the “strong nuclear charge”.

3.3.4 Simple Harmonic Oscillator

3.51 By substituting ¥ (R) = AH(R) exp (—R?/2) in the dimensionless form of
the equation and simplifying we easily get the Hermite’s equation
The problem is solved by the series method

H = XYH,(R) = 2":0,2,4aan

E = a,,nR”_l

dzH b3 ( 1) Rn—2
— = xn(n — 1)a,

dr?

En(n — Da,R"* —2Xa,nR" + (¢ — )Ta,R" =0
Equating equal power of R"

B [2n — (¢ — D]a,
2 = = D+ 2)

If the series is to terminate for some value of n then
2n — (¢ — 1) = 0 becuase a,, # 0. This gives ¢ = 2n + 1
Thus ¢ is a simple function of n

E=¢Ey=Qn+ Drho,n=0,2,4,...
=!)rhw, 3hw/2, Shw/2, . ..

Thus energy levels are equally spaced.
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3.52 up = [%] e EC2HY(E). £ = ax

P=1 —/ lug|?dx = 1 —2/ () /7)e 5 dx
0
2 ao
=1- —f e Fdk
0

I
Ey ='/ska® = 7‘”(:1 =0)

Therefore a® = % = (%) (%)]/2 = \/% - alz

Therefore o?a? = 1 orwa = 1

2 /'
P=1--—"=|[ e*dt
NEWN)

2 ) 4 56 %-8
1—ﬁ[1—é +5—§+I]ds
2
JT

{ 1+1 1+1
310 42 2167

1—

~ 0.16
Therefore, p ~ 16%

Fig. 3.21 Probability of the
particle found outside the
classical limits is shown

shaded
-d d
3.53 The potential is of the form V(r) = —V, + y2r2 @))]
Schrodinger’s radial equation is given by,

d*u I+1) 21

. u (2

dr? r2 R(V@F)—E)

Upon substituting (1) in (2), we obtain

d’u 2u a+1

i — =0 3

dr2 [ﬁz(Vo +E—y%?) r? " )

The quantity 2 can be expressed in terms of the classical oscillator fre-
quency

2

2 _ Mo
= — 4
Y 5 “)

For r — 0, (3) may be approximated to
d>u I+ Du
dr2 )

The solution of which is,

=0

b
ulry=a P 2
-

with a and b as constants.
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The boundary condition that u#/r be finite at r = 0 demands that b = 0.
Thus, ¥ is proportional to r/. The probability that a particle be in a spherical
shell of radii  and r + dr for small r, is proportional to r**2dr. The larger /
is, the smaller is the probability that the particle be in the vicinity of the origin.
For the case of collision problems, there is a classical analogy: the larger the
orbital angular momentum the larger the impact parameter.

Thus u(r) ~ r't'@r — 0)

For — oo, we obtain, as an approximation to differential equation (3), as
d>u  2uy*r’u _
dr? o
If we try a solution of the form,

u(r) = uge ?
the asymptotically valid solution is satisfied provided we change
_ y(2u)? _ ke
h h
Inorder to solve (3) for all r, we may first separate the asymptotic behaviour
by writing
u(r) = r'*1eP 2y (r) ©)
Insert (5) in (3), and dividing by r'+1e=Bv*/2
We get
d?v n 2dv [ (1 +1
drz = dr
Define C =1+ 3

B

r

)—Br] — Bv |:21+3—i(Vo+E):|
hw

2
4A=21+3 - —(Vh + E) (6)
hw
& N2 op | —sau=o0 7
_— JR— —_ — V=
dr?2  dr r "
Set
V)
0 r
Fig. 3.22 The parabolic
potential of the three r= ﬂ
dimensional harmonic v He”
oscillator 2
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Brl=x ®)
Substitute (8) in (7) and simplify, to obtain

xd>v  dv

o2 +E(C—x)—Av=0 ©)

which is the familiar confluent hyper geometric equation whose solution
which is regular at x = 0 is;
Ax  AA+ Dx?  AA+ 1)(A +2)x3 :|

V(A,C,x) = a [1 te et tecr et

ABr*  A(A+1)B**
C C(C+1)2!
A(A + 1)(A 4+ 2)B*r® }

V(A, C, Br?) = o [1 +

C(C+ D(C +2)3!

The asymptotic solution V(r) — 0, while r — oo implies that the series
must break off for finite powers of Br? since ag # 0. This means that A must
equal a negative integer —p; where p =0,1,2,3 ...

Therefore —4p =21 + 3 — hz—w(Vo + E)

Where we have used the definition of A (Eq. 6) from this we find, the energy

eigen values,

3
E,;=—-Vo+ o <2p+l+§>

(p=0,1,2,...))
Settingn = 2p + 1/

E,=—-Vy+ hw (n + %) (which is different from one-dimensional harmonic
oscillator)
Ey=—-Vo+ VLT"’ corresponds to ground state.

It is a single state (not degenerate)
since n = 0 can be formed only by the combination/ = 0, p = 0.

When the oscillator is in the lowest energy state
mw? ) 1 )
<H>=<V+T>=|—|<x">4+|— )< P>
2 2m
Now, if a, b and ¢ are three real numbers such that a + b = ¢, then

c? a—b\>
ab = — —
4 2

or

[}

abfc—
4

Apply this inequality to (%) < x? >, (ﬁ) < p* > and T'T‘"

2

<Ax>?=<x’>—<x>’=<x’> and <x>=0
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3.55

Similarly < Ap, >*=< p? >
1 1
1 2 2 2
. —_— < —
[omw” < x° > (2 ><px> 1

2 ]1/2

[<x ><pi>

or Ax.A p, < %
Now compare this result with the uncertainty principle

Ax-Ap, <
x . y = —
Pr=735

We conclude that Ax.Ap, > % Obviously the zero point energy could not

have been lower than % without violating the uncertainty principle.

The probability distribution for the quantum mechanical simple harmonic
oscillator (S.H.O) is

» aexp(—=EHH; ()
P(x) = [yl VT (H
&= ax;at = mk/h2
Stirling approximation gives
n! — Qnm)*n"e™" 2

Furthermore the asymptotic expression for Hermite function is

H,(§)(forn — 00) — ZnHM exp(nB’) cos [(Zn +'/2)8 — %] 3)

2 cosf
where sin§ =&/ V2n (€]
Using (2) and (3) in (1)

os’[(2n+3) B~ 5]
wA/2ncos f
But < cos?[(2n+ ) B — 2] >=1
o exp(—Ez) exp(2nﬂ2)

Therefore P(x) = (5)
w+/2ncos

c
P(x) — 2« exp(—éz) exp(2nﬂ2)

Classical
Quantum
mechanical

X—

Fig. 3.23 Probability distribution of quantum mechanical oscillator and classical oscillator
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Classically, E = kT“Z = (n + %) hw (quantum mechanically) &~ nhw(n — 00)
h

Therefore a2 = @ = (2%) (%)1/2 — 2nh _ i_g

Vkm
k
w=.—
m
or
a= V2 (6)
o
ax X
Si =2 = ____ ==
in 8 m \/ﬂ p
Therefore
(a® = x?)2
cosf = —— @)
a
Using (6) and (7) in (5)
g2 2
Pl = SPE eXP20E%) ©

(a2 — x2)1/2

Now when n — oo, sin8 — f and
B — &/+/2n, and exp(—&%) exp(2np?) — 1)
Therefore P(x) = ﬁ (classical)

One can expect the probability of finding the particle of mass m at distance x
from the equilibrium position to be inversely proportional to the velocity

A
P(x) = - ey
where A =normalization constant. The equation for S.H.O. is
d’x 5
W + w X = 0

which has the solution
x =asinwt;(att =0,x =0)
where a is the amplitude.
d
v=d—/:=a)\/az—x2 (2)
Using (2) in (1)

P(x) = A/wva* — x2 3

We can find the normalization constant A.

/P( \d /“ Adx Am 1
X X = _— = =
—a o a? — x? w
Therefore,
w
A=— 4
T

Using (4) in (3), the normalized distribution is
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1

POr)= ——
a/a? — x?

3.57 Schrodinger’s equation in one dimension is
)Y L v = By
- X =
2m ) dx?

Given
I,
Y = exp(—=ax”)
2
Differentiating twice,
we get
2 1
el exp(—zaxz)(azx2 —a)
Inserting (2) and (3) in (1), we get

ﬁZ
V(x)=E + <—) (a*x* —a)
2m

Minimum value of V (x) is determined from

dv . ha’x
dx ~ m

=0

Minimum of V(x) occurs at X = 0
From (4) we find 0 = E — 1@

2m
(a) Or the eigen value E = %
2 2 2.2.2
) V) =52 + () @2 — ) = 5
E,
3.58 CV =t
P2
<—>=<H>,—<V >,,=l/2E,,
2m

< P?>,=mE,
Also < x >,=0; < P >,=0

<(Ax)P >=<x?>, — <x’>,

< (APZ) >=< P? >, — < P, >2=< p? >,=mkE,

But < x2

Zn= foooo ”Z(x)x2un(X)dx; E = ox

205

(&)

ey

@)

3)

“
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2 00
=D / HA§)E%e ™ d
o7 J oo

Il
N
S
s
N——
N
Qw._.
N——
~~
[\®]
Iy
4
+
p—a
[\)
=
S
9

C ArAP, = \/ha) (n+ %) ﬁ\/% <n+ %)
:h(n-i—%)

Thus, Ax.AP > % is in agreement with uncertainty principle.

The vibrational levels are equally spaced and so with the rule An = 1, the lines
should coincide. The rotational levels are progressively further spaced such
that the difference in the wave number of consecutive lines must be constant.
This can be seen as follows:

J 1)i?
g, 0D
21
h J+DWUJ+2)—JJ+ DR J + DHR?
_c:AE:Ej+1_Ej:[(+)(+) VA+DIFm _(+D
)LJ 2]0 2]0

1 1 1 _ _
Therefore o= A (M)a[(./ +2) — (J + 1)] = constant

103.73 — 83.03 = 20.70 cm™'; 124.30 — 103.73 = 20.57 cm™;
145.03 — 124.30 = 20.73cm™'; 165.51 — 145.03
=20.48cm™';185.86 — 165.51 = 20.35cm ™!

The data are consistent with a constant difference, the mean value being,
20.556 cm~". Thus the transitions are rotational.

EjmE; 200 +1)  83.03
Ejpn—Ejqy 2(J+2) 10373

Therefore J = 3
The levels are characterized by J = 3,4,5,6,7,8,9
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1 1 . R

he| — — — ) = he x (20.556cm™ ') = —
Ajr1 A Iy

h
4m2¢ x 20.556
. 6.63 x 107*7erg — 57!
T 472 x 3% 100 cm — s~ x 20.556cm~!
=2.727 x 107%g — cm?

Moment of inertia Iy =

Iy = er2
m(H)m(Cl) 1 x 35 x 1.67 o
n= = x 107" g
[m(H) 4+ m(Cl)] 1435
=1.62x107*g
\"? (2727 x 1074
r=(2) = (22T ) S 13x 108 em =134
w 1.62 x 1024

3.60 For the 3-D isotropic oscillator the energy levels are given by
3
ENZEk+E[+Em= E—i—nk—i—n;—i—nm hw

where o is the angular frequency
N=n,+n+n,=0,1,2...

For a given value of N, various possible combinations of ny, n; and n,, are
given in Table 3.5, and the degeneracy indicated.

Table 3.5 Possible combinations of ny, n; and n,, and degeneracy of energy levels

N n; Ny n, Degeneracy (D)
0 0 0 0 Non-degenerate
1 1 0 0 Three fold (1 + 2)
0 1 0
0 0 1
2 1 1 0 Sixfold (1 +2 + 3)
1 0 1
0 1 1
2 0 0
0 2 0
0 0 2
3 1 1 1 Tenfold (1 +2+3+4)
1 2 0
1 0 2
2 1 0
2 0 1
0 2 1
0 1 2
3 0 0
0 3 0
0 0 3
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It is seen from the last column of the table that the degeneracy D is given by
the sum of natural numbers, that is, = n(n + 1)/2, if we replace n by N + 1,

D = (N + 1)(N +2)/2.
3.61 As the time evolves, the eigen function would be

Y, 1) =301 Cu¥u(x) exp(—iEnt/h)
= CoYo(x) exp(—iEot/h) + C11(x) exp(—iEyt/h)
The probability density

¥ (x, D> = Cg + CF + CoCrypo(x) ¥ (x)lexp(i(Er — Eo)t/h)

—exp(—i(E — Eo)t/h)]
= C§ + C7 4+ 2CoCo(x)¥1(x) cos w ¢

where we have used the energy difference E1 — Ey = wh. Thus the probability

density varies with the angular frequency.

362 < E >= anm |Cu|*E, = C3Eg + CIE; + C3E;
(! ha)+ 1 37ia)+ 1\ Shw  Tho
- \2) 2 3) 2 6) 2 6

3.63 (a) Yo(x) = A exp(—x?/2a?%)
Differentiate twice and multiply by —Ah?/2m

R\ d*v AR? ] x? x?
— - — — — Jex -
2m ) dx? 2ma? a? P 2a?

K2 h2x2
- (2ma2> Vo (2ma4> Vo

R\ vy (R 2y,
or— [ — — =

2m ) dx? 2ma* ) "0 2ma2) "’

Compare the equation with the Schrodinger equation

K2 hw
T ma? T 2
_h
" ma?

B\ 12
ora— (_)
mw

Same relation is obtained by setting
h?x? maw*x?
C 2ma* 2

() 41 = Bx exp (—5%)

Differentiate twice and multiply by — %

R d2y, BR*x3exp (i—j) 3BR?exp (—2"“—22)

2m dx? 2ma* 2ma?

ey
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Fig. 3.24 ;(x) for SHO

Substitute s
Bx exp(—x%/2a) = Yy and a = (1) /> and rearrange to get

a2 3h
) ()= (5)
(© E=%2

(d) < px>= fwr( zhr‘wn) dx

= —ihB* [* xexp (—a—z) (1 - x—;) dx
= zero (because integration over an odd function between symmetrical lim-
its is zero). This result is expected because half of the time the particle will
be pointing along positive direction and for the half of time in the negative
direction.

(e) The results of SHO are valuable for the analysis of vibrational spectra of
diatomic molecules, identification of unknown molecules, estimation of
force constants etc.

3.3.5 Hydrogen Atom

3.64 <V >=< _er_l >= [Y*Vydr = —n"’—; [ (exp (—i—;) /r)dmridr
0
0
where e = charge of electron

P 2r e’
=—-—— exp| —— ) rdr = ——
ay Jo ao ao

2
Therefore < V >= —Z—O

o [ ()]s
a 2m

In polar coordinates (independent of 6 and ¢);
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d? 2\ d
V= — - — 2

dr? + <r> dr )
Inserting (2) in (1) and performing the integration we get

hZ
<T >=
2maé

But ay = 7:};
Or %2 = ape®
Therefore, < T >= %
A1S0<E>=<T>+<V>=i—é=—€2/2(lo

2agp ap

3.65 The normalized eigen function for the ground state of hydrogen atom is

1
1//0 — 1/ (JTCIS)Z E_r/ao
where qg is the Bohr’s radius

(a) The probability that the electron will be formed in the volume element dt
is

_2r
a

p(rydr = |Yol*dt = (e 3> Amridr
T

qp
= (;%) r2e=%/adr

0

Maximum probability is found by setting i—f =

d [4r2e <8r> _< r)
—_ = — ]e Y 1 _ — =
dr a a ao

Therefore r = ay

4 2
= <—3) /r3 exp <__r> dr
a5/ ao

d
Let—rzx, dr:ao al
ap 2 3
<r>= (—)fx3e_x dx = (a—o)?)' = 2%
4 2

3.66 [ u*y0dt = Ax? [ e *x? cos?6r? sin 6 dO dr dg

1 1\3 oo 2 +1 27
= (7> <7) / exp <_L> (%) rzdr/ cos? 6 d(cos 9)/ do
T 2ay 0 ao 400 -1 0

where we have put x = r/2ag. Putr/ag = y, dr = apdy
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1 o dy cos0 ]
2 4 —y 5
dr = ) 2
oo € (Sﬂa3> [/o ve (4613)%] [ 3 }1( ™

Similarly u3,, dt = m Il %xz sin” 0 e*¢ eFi9r2 sin 0dOdedr
1 © fe¢w\ (ridr\ [V o
( %)/ <—2)/ (1 — cos® 0)d(cos 9)/ de
87‘[61(‘) 0 2 4a0 —1 0
5 o)
ag 4y 4)
— e’d -2
(64na3> [/0 ' y] <3 @m

1
<@> “4n®. =1

S uzia1 Uz dr = AT% [ e xcos e x sin 0 et¥r?sin 6 dodpdr
The integral fozn etiedp =0

Therefore u,;+, and uyo are orthogonal.

Further the integral

/ u3;, Uzi—1dt involves the integral

2w ) ) 2w )
f e 'Y e dy or / e Hdp =0
0 0

So, the functions u,;; and u,;_; are also orthogonal.

The degree of degenerating is given by 2n%. So for n = 1, degenerary is 2, for
n=2itis &, forn = 3, itis 18 and for n = 4, it is 32.

Parity of the state is determined by the factor (—1). For s, [ = 0, parity= +1,
for2p, I =1, parity = — 1 and for 3d, I = 2, parity = +1.

To show that the probability density of the 3d state is independent of the polar
angle 6. We form

u*u = u*@3, 2, Ou3, 2, 0)+2u* 3, 2, Du@B, 2, H)+2u*@3, 2, 2)
u(3, 2, 2)

The factor 2 takes care of m values =1 and +£2, as in Table 3.2. Inserting the
functions the azimuth part, e’? or e~¢ drop off when we multiply with the
complex conjugate,

ie. (€%) e =1lor(e ™) (™) =1

1 2 1
uu = A%e’zj‘)c4 |:(1_8> (3 cos’0 — 1) + (5) sin® 6 cos® 0 + (6) sin* 6j|
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3.72

3.73
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Writing sin® @ = 1—cos® § and simplifying we get u*u =  AZe=**x* which
is independent of both 6 and ¢. Therefore the 3d functions are spherically
symmetrical or isotropic.

_1
Y00 = (mag) *exp (—GLO)
The probability p of finding the electron within a sphere of radius R is

R 2 2 47 R 2 2r
P = (V100" Anrodr = | — reexp| —— ) dr
0 Tdg, 0 ao

Seti—g:x; dr:(“2—°)dx

4 2
r= () (3) ) [t f e

Integrating by parts

P =Y[—x%e* + 2/ xe “dx]

=Y, —xze_"—l-Z{—x e_x—i—/ e_xdx”

1 2 — - —x72R/ao
—/2[—xe T —2xeF —2e X]O

1 <2R>2 < 2R) (2R> ( 2R>
=/|—l—) exp{l— ) =2 — )exp| ——
i ap a ap ao

_ 2R 2R?
P=l-eo(l+—+—

ap ag

The hydrogen wave function for n = 2 orbit is

1 1 r
Y 2 3 £ o R —r/2ag
wzoo (4) ( ]TaO) ( Clo> ¢

The probability of finding the electron at a distance r from the nucleus

5 2 1r? r\? r
P = [Ynoo|” - 4nr =§—3 2—— ) exp| ——
aO ap [7N)

Maxima are obtained from the condition dp/dr = 0.
The maxima occur at r = (3 — \/§)a0 andr = 3+ ﬁ)ao while minimum
occur at r = 0, 2ap and oo (Fig. 3.25) (the minima are found from the condi-
tion p = 0).
@ hv=13.67> (%) (% — %)

Put m,, = 106 MeV (instead of 106.7 MeV for muon)

Z =15and m, = 0.511 MeV
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Fig. 3.25 Probability P()
distribution of electron in 3
n = 2 orbit of H-atom

N

5 r/a, 10 15
hv = 0 088 MeV
A= 88x104 nm = 0.0141 nm
(b) The transition probability per unit time is
A & |rwe |

For hydrogen-like atoms, such as the meisc atom
1 2
[reer| o€ =, @ ocm, Z*, so that
z
3 4
Aoccm, Z

The mean life time of the mesic atom in the 3d state is

(3= (i) o
Ty=\—)Tg=\|— TH
. A, my
0.511\° 1
=(——) (16x10®)(— ) =35x10%s.
106 154

3.74 Take k along the z-axis so that p.r/i = k.r = kr cos 6. Write
dt = r2drd(cos 0)dg

1 oo T 2w ) it r
Y(p) = ;/ / / e ikreost (43)72 exp (——> r2drd (cos 6) dg
2rh)z Jr=0 Jo=0 Jp=0 ( 0) ao
(D
2
/ dp =2x 2)
0
+1
—ikrcos6 2 :
/ e d(cosh) = (—) sin kr 3)
-1 kr

With the aid of (2) and (3), (1) becomes

Y(p) = <ﬁ> (hao)”? [ "1 sinkrexp (—ai) dar @
0 0

00 . _ _ o . _
Now [¢° r sinkr e™ = Z2 [ sin kr e
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o k \ _ 2kb
b \PP+K2) (D2 + k)2

Therefore the integral in (4) is evaluated as

G/ 1G] ®

Using the result (5) in (4), putting k = p/h, and rearranging, we get

V(p) = ("'nﬁ) (%) / |:p2 + (a—ﬁO)T

or

»_ 8 (Wagy
VOl = 2 0 s (ot

8 (1) aul
375 @) W) = — (@) 4 ’”’2/ [”ZJF <a_o) } v

Maximize (1)

(6)

d 2
I, vIm=0
p
This gives Prost probable = h/\/g ao

(b) <p >:/0 w;pwp.él-n'pzdp

5 274
32 h B 2 h
w ap 0 ag
The integral I, is easily evaluated by the change of variable

p= (%) tan 6. Then

I = (%) <a_f;))4/0ﬂ/2 sin® 20d0 — <%) (%)4

8n
37‘[“0

Thus < p >=

3.76 By Problem 3.71, the probability that

r 2r 2r  2r?
Pl—)=l-exp|——|(1+—+—
ap aop ap Clo

Put p (a’—o) = 0.5 and solve the above equation numerically (see Chap. 1). We
get r = 1.337ay, with an error of 2 parts in 10°.
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3.3.6 Angular Momentum
i j ok
377 [ = | x y z
Px Py Pz
=i(yp: — 2py) — J(Xp; — zpx) + k(xpy — yps)
=ilL,+jL,+kL,
Thus, Ly = yp: — zpy, Ly = z2px —xp;, L. = xpy — yp« ()
[Ly,L,]=L,L,—L,L,
= (yp: — zpy)(@px — xpz) — (2px — xp)(YP: — 2Py)
= YPzZPx — YP:XP: — ZPyIPx + ZPyXP; — ZPxYPz + IPxZDy
+Xp.yp: — Xp.2py ()
But [p,, py] =[x, py] =0, etc 3)

(2) becomes

[Ly. Lyl = yp,pe2 — yapl — 2 pypx + TPy 2D, — Yp, 2P, + 2 Px Dy

+ yap? — ap,p-2 = [z, p:1ap, — yp.) @)
.0 . 0
But [z, p,] = [z, —ih—] = —ih [z, —} (5)
0z 0z
d
Further, |:z, —i| =-1 (6)
0z
So
[z, p.1=ih (N
Combining (1), (4) and (7) we get
[Ly, Lyl =ihL, (3)

3.78 Given spin state is a singlet state, thatis S = 0
Si+S,=S
Form scalar product by itself

S1-S14+S1:S54+S-S1+S,-5=S-8
S12428,-5+82=8*=0

Now, S12 =8, = (1/2)(1/2+ 1) =3/4
Therefore S| - S, = —(3/4) B2

3.79 For the n — p system

Sy +S. =8
and S,% = S,? = s(s + 1) with s = 1/2

(i) For singlet state, S = 0
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LSy +Sn) (S +Sp) =SS
Spr +Su2+2S,-8,=5>=0
h(A1/2+ 1D+ 1A1/24+1D)+2S,-5,=0
OrS,-S,=-3/4.0ro, -0, =-3

(ii) For triplet state S = 1
3/44+3/4+2S,-Sy=1(1+1)

S-Sy =1/4
ButS, =140, and S, = /0,
Lopro =1

3.80 From the definition of angular momentum
L =r x p, we can write

i j k

Xy z

Px Py Pz

=i(yp, — 2py) + j(zp, — 2p;)

+ k(xpy - Z/Px)

=1Ly + jL, + kL,

L=

3 Quantum Mechanics — 11

P(r6,®)
h
r?
7 |
/ | 3 4
/ I
,.)9/
-
Fig. 3.26 Cartesian and polar — T 4, X
coordinates 0
L B ad d
x = ; T APy = 1 a. <4
yp, Py y 9z < dy
a 0]
Lyzsz—xpzz—if‘L(z——x—) (1
X

3
L,=uap,—yp, = —iﬁ(x— - y—)

If 6 is the polar angle, ¢ the azimuthal angle and r the radial distance,

(Fig. 3.26). Then
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X =rsinf cos ¢

y =rsinfsing 2)
z=rcosf
rr=xt4y 4+ 7 €)
2 2
tan?6 = = —Zy 4)
z
tang = > (5)
X
Differentiating (3), (4) and (5) partially with respect to x
0 d 0
—r=sin6?cos<p;—r=sin0 sin @; —r=cos9 (6)
0x ay 0z
20 1 20 1 . 20 sin @
— = |- )cosfcosp; — =|—)cosfsing;, — = — (7)
ox r ay r 9z r
0 1 0 0
_(p:_ — ) cosect singo;—wzco,ﬂ;—wzo (8)
ax r dy rsinf 0z
0 0
Lo, 09) = —in (L _ YV
dy ax

=l (5) () () () (5) ()
=+ (5) G+ G) () () ()]

LA, 0,¢)
[0 (or  ar\ oy (96 a6
=—ih|—|x——y— — x——y—
o Moy Tl ) T e My T Y ax
oy ( dg dg
S N 9
+8<p (xay y3X)} ©

Substituting (2), (6), (7) and (8) in (9) and simplifying, the first two terms drop
off and the third one reduces to dy//d¢, yielding

0
L,=—ih— (10)
d¢
In Problem 3.15 it was shown that the Schrodinger equation was separated
into radial (r) and angular parts (6 and ¢). The angular part was shown to be

separated into 6 and ¢ components. The solution to ¢ was shown to be

me

1
glp) = me

where m is an integer.
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Now L.g(p) = —ihs = mhg(p)
Thus the z-component of angular momentum is quantized with eigen
value h.

One can do similar calculations for L, and L, as in Problem 3.80 and obtain
L

x 0 d
— =singp— to —
T sin ¢ 59 + cot6 cos ¢ P
Ly 9 4 cotbsing
— = —cos¢p— +cotf sing—

ih T Y90

Using L? = L} + L} + L2, the commutator with total angular momentum
squared can be evaluated

(L% L= [L}+ L]+ L2, L]

=[L;+L; L]

=Ly[Ly, L0+ [Ly, L)Ly + Ly[Ly, L]+ [Ly, L] Ly (1)
=—ihL,Ly —ihL,L, +ihLyL,+ihL,L, =0

Similarly [L?, L,] = [L* L,]=[L* L] =0

L*=L7+ L+ L

Using the expressions for L, L, and L, from problem (3.81)

L* sin Y + cot 6 cos 9 sin 9 ~+ cot 6 cos 9
= 1 _— —_— 1 —_— —_
(h)? Y90 Y90 Y90 Y0

ad d d a
+ (— cos go@ + cot 6 sin (p@) (— cos gz)% + cot 9sin<p%>

D

] a
— +cot? 0 cos® p— — sing cos ¢ cosec’d — + cos> ¢ cot §—
062 d¢p? 1) a6

02 02 d
+ cos® 9 — + cot® 6 sin®> g — + sin ¢ cos pcosec’d —
002 9?2 dg

= sin’ ¢

+ w0l 4 &
Sln CO —_— _—
$eOtvhe T 9g2

The cross terms get cancelled and the expression is reduced to

” + — Lo + cotf 9
062 sin? 9 a(p 00

L0y 13 (. Y 1 9%y
Vi = = (sinot )+ — 2%
4 r2 ar <’ or ) t 2sing 90 (Sm 90 ) T in?e 392
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Apart from the factor 1/r2, the angular part is seen to be

3y ay 1 3y
- tg_ -
207 50 T 92

3.84 (a) The (i, j)th matrix element of an operator O is defined by
07;]' =< l|0|] >
For j =1/2, m = 1/2 and —1/2. The two states are

11 1 1
1>=|=,=> and |2 >= |-, —= >
2°2 27 2

With the notation |j, m >
Now

< j'm'|Jlgm >= mh8;;:8mm
Thus

1
~h
2

1
(V)2 =< 2|/ |2 >= ) h

(Jz)ll =< 1|JZ|1 >=

(J2) /|2 l 1IJI1 H=o
=< >= (-, — - =) =
z)12 z ) 12’2

because of (3).
Similarly

(J2)21=0

Therefore

hi(10
Jz_§<0—1)

For J, and Jy, we use the relations
1

Jy = /o(Jy +J-)and J, = — (2_> (Jo—J)
l

1
< JomlJeljym >=< j,ml5 (s + J)ljm >
=Vohl(G+m+ DG —mN* < jom'|ljm+1>
+ G —m+ DG +m)"? < jom'|jom—1 >
=1l +m+ DG — m)" 2B s
FU0G = m A+ DG A m) 28

219

6]

@

3

“)
(&)

(6)

(7

®)

That is the matrix element is zero unless m’ = m + 1 orm’ = m — 1.

The first delta factor survives
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(J)—l 1|J|11_1 5
x21—27 2 272— 2

because the second delta factor survives

(I =< 1|Jy]1 >= (% %|Jx|%, %) = 0 because of delta factors.
Similarly, (J; )2 =0

ThusJX=§<?é>;Jy=§(?_0’)

h(10
Jz=5(0_1> ©)

These three matrices are known as Pauli matrices.

by JP=Jr+ T+ ]

Using the matrices given in (6), squaring them and adding we get

2 _ 3 2 10
I7="1ak (01

38 @ For j = 1,m = 1,0 and —1, the three base states are denoted by

[1 > ,]2 >and |3 >. In the |j,m > notation |1 >= [I,1 >,|2 >=
[1,0>,13>=11,—-1>

J |1 >=mh|l >= h|l >

J:12 >=0.A]2 >=0

J: 13 >=—h|3 >

) =< 1|1 >=< 1, 1|L,]1,1 >=h

([ =< 2|J;12 >=<1,0|/,]1,0>=0

()33 =< 3|13 >=< 1, —-1|J,|1,—1 >= —h

(D12 = =iz =)z =) = )n=0

because of & — factor 8,/

10 0
J,=h|00 0
00—1

For the calculation of J, and J,, we need to work out J and J_.
Ji1>=0
T2 >=[( —m)(j +m+ D]l >
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=[(1 = 0)1+0+ D]"2h|1 >= V281 >
Jo|3>=[[1—(=DJ(1 -1+ D2kl 2 >= V2 h2 >
1 >=[( +m)( —m+ D]'"?h)2 >
—[(1+ DA =1+ D]"2h)2 >=v2h]2 >
J_|2 >=/2h|3 >
J_13>=0
Matrices for J, and J,:
o =< 1Ll >=}, < 1[J4 +J_|1 >
1
=V, <171 > +5 < 1J_|1 >

= 1ol —m)(G +m + DI hSm41

+ 1/2[(.] + m)(.] —m+ 1)]1/2&11’,;1171:0
Similarly; (Jy)» = (Jx)33 =0
U =< 1L2>=1/2<1|J,+J_2>=1/2 < 1,1|J . +J_|1,0 >
=10 = m)G +m A+ DI mmer + 1/2[( +m)( —m + D1 *8pm
The second delta is zero

1 h
Jon =11 +0)(1+0+ D]'Y2h = —

V2
Similarly, (Jo)21 = (Jx)2s = (Jo)32 = %
By a similar procedure the matrix elements of J, can be found out. Thus
i 010 B 0—-i 0 100
Ji=—0 (101} Jy=—4|7 0 —i];J.=h|00 O
V2 010 V2 0i O 00-1

(b) For the matrix elements of J we can use the relation
< j'm'|I2jm >= j(j + DE*8j;8um
Thus (J?)11 = (J?) = (JP)33 = 1(1 + DA? = 21
=== =0)n=0n=0
100
JE=2r*|010
001
Alternatively, J> = J? + J} + J?
Using the matrices which have been derived the same result is obtained.

3.86 With the addition of j; = 1 and j, = 1/2, one can get J = 3/2 or /5. In the
(J, M) notation in all one gets 6 states

33 31 3 1 3 3 d 11 I 1
0(33) 0 Ga) v (G2) v (G3) mev (2) v (3-3)
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Clearly the states (% %) and ¢ (% —%) can be formed in only one way
v > 2) = (1, D Ll ey
22) %\
3 3 1 1
-, —= )=, -1 -, —= 2
I/f(2 2) ( )fp(2 2) 2

We now use the ladder operators Jy and J_ to generate the second and the
third states.

Teo(j,m) =1 —m)(j +m+ DI2e(j, m+ 1) 3)

J_p(j.m) = [(j +m)(j —m+ D]>g(j,m — 1) “
Applying (4) to (1) on both sides

33 3 3\ /3 3 12 31
o (33)=[G+3) G-3)] =V (53)
J 1,1 1
= J_¢( )<p(2 2)
=o(1, 1)J. 1 L] J 1,1
= ¢( )_<2 2>+<p<2 2) —e(1,1)
1 1
=¢<1,1)<p( 2>+¢( )fgo(lo)

31 11 1 1 1
Thusvf(2 2) \ﬁo(l 0)p (2 2>+\£¢<1,1)¢(5,—5> )

Similarly, applying J, operator given by (3) to the state ¥ (%, —%) we
obtain

31_\/31011\/T1111 6
w<§7—5)— gw(, )w(z,—E)Jr gw( )w(2 2) (6)

The J = 1/2 state can be obtained by making it as a linear combination

11 1 1 11
I/f(§7§> =ap(l, g (57—§)+b¢(170)¢ (5,5) @)
For normalization reason,
a?+b=1 (8)

We can obtain one other relation by making (7) orthogonal to (5)

Jien3

a 5 + b g ==

Ora = —/2b )
Same result is obtained by applying J operator to (7). J. ¢ (1/2,1/2) =0

Solving (8) and (9), = \/g b= —\/g (10)
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3.87

3.88

Thus

11 \/E X 11 \/T10 11 "
1ﬂ<2 2) o, )‘P(Ea—§>— gfp(, )w(i,z) (11)

Similarly

1 1 1 1 1 2 11

I//(E’_E) =\/;€0(110)¢ (5—5> —\/;0(1 —Dyg (2 2) (12)

The coefficients appearing in (1), (2), (5), (6), (11) and (12) are known as
Clebsch — Gordon coefficients. These are displayed in Table 3.3.
In spherical coordinates
X =7 sinf cosep; y=r sinf sing; z=r cosf (hH
So that 2y + yz 4+ zz = r’sin’@sin ¢ cos ¢ + r*sin 6 cos 6 sin ¢

+ r%sin 6 cos O cos 0] 2)

The spherical harmonics are

172 172 172
1 3 3 .
Yoo= | — s Yo=(— cos 0; Yo =F | — sin 6 e¢~*
47 4 87

1

5\ ., 15\ . »
Yoo=|—] @Bcos”0—1); You1 =F |- sin 0 cos 6 e™'?;
167 &
15 \ /2 .
Yoz = (@> sin? 0 ¢+ 3)

Expressing (2) in terms of (3),

Yoo — Yoy (327!
sin?@ sin ¢ cos ¢ = 1/2 sin @ sin 2¢ = % <1—;T>
i

12 (=Y

Similarly sin 6 cos 6 sin ¢ = (3%) 5

. 87\ ?
sin @ cos @ cos ¢ = = (Y21 —Yo_1)/2

1
Hence, zy + yz + 2z = r*(32)* (Y — You)/i + (Yo + Yo1)/2i
+(Y21 — Y2-1)/2]
The above expression does not contain Yy, corresponding to [ = 0, nor
Y10 and Y4 corresponding to [ = 1. All the terms belong to [ = 2, and the
probability for finding / = 2 and therefore L> = I(I + 1) = 6A? is unity.

L, _—lh—

dp
x=rsinf cos ¢; y=rsin 6 sin ¢ ; z =rcos 0
Y1 = (x+1iy)f(r)=rsin O(cos ¢ +isin ¢)f(r)
= (cos ¢ +1i sin @)sin OF(r)
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where F(r) = r f(r)
0
Ly = —iha—(cos @ +isin @) sin 6 F(r)
%
= —ih(—sin ¢ +1i cos @) sin 0 F(r)
= h(cos ¢ +isin @) sin 6 F(r)
= hy,
Thus v, is the eigen state and the eigen value is &
Yo = zf(r) =rcos 0f(r)
0
L.y, = —ih—(@rcos 6f(r)) =0
dp
The eigen value is zero.
Y3 = (x —iy)f(r) =rsin O(cos ¢ —isin ¢)f(r)
= (cos ¢ — i sin ¢)sin 0 F(r)
0
L.y = —iha—(cos @ —isin @) sin 6 F(r)
%

= —ih(—sin ¢ — i cos @) sin O F(r)
=1ih(sin ¢ +i cos ¢) sin 6 F(r)
= —h(cos ¢ —i sin @) sin 6 F(r) = —hy;

Thus 3 is an eigen state and the eigen value is —/.

389 (@ L, = _iﬁi
g

9 A
L.y = —iha—Af(r) sin 0 cos 0 ¢'¢
%

= (i) (—i hA f(r) sin 0 cos 0 ¢'%)

= hA f(r) sin 0 cos 6 ¥

= hyr

Therefore, the z-component of the angular momentum is /.
(mzﬁz-ﬁﬂ§§+ane%+(;ﬁ)§4

Expressions for L, and L? are derived in Problems 3.80 and 3.83.

Ly = —h? 31+unwi+ ! BilwammechQW
h 062 a0 sin’ @ Rl

, - )
=~ Af(r)e'” {—4 sin 6 cos @ + cot 0 (cos® @ — sin® ) — w}

sin? @
= 6h2Af(r) sin 6 cos 0 '

=61’y

Thus L? = 6 #?

But L? = [(I + 1). Therefore | =2
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3.90

391

3.92

With reference to the Table 3.2, the function ¥ (r, 8, ¢) is the 2p function for
the hydrogen atom.
(a) L. = —ihyg;

Applying L, to the wavefunction

oy (r, 0,
Ly, ) = —in2 V009
de
= _hw(rv 9’ §0)
Therefore, the value of L, is —h
(b) As it is a p-state, I = 1 and the parity is (—1) = (—1)/ = —1, that is an
odd parity.
L | h | sin 9 + cot 6 cos 9 (1)
=1 i — —
Y %0 Y90
L i h 0 + cot O sin 9 2)
= —CoS ¢ — in p—
y =t Y90 Vo0

0 ad
L,=L,+4+iL,=ih(sin ¢p— +cot 6 cos ¢p—
’ a0 R17)

ad il
— h(— cos go% + cot 6 sin gz)%) 3)

Apply (3) to the m = +1 state which is proportional to sin 6 e’?
L (sin 0 ') = ili(sin ¢ cos 6 +icot 6 cos @)e'?

— h(—cos @ cos Bi + cot @sin ¢sin @)e'?

= ih(sin @ cos O — cot O sin @sin O)e'?

— h(cos B cos ¢ —cos @cos B)e'? =0

Thus the state with m = 2 does not exist. Similarly by applying L_ to the
state with m = —1, it can be shown that the m = —2 state does not exist.

Particles with even spin (0, 2, 4 ...) obey Bose statistics and those with odd
spin (1/2, 3/2, 5/2 ...) obey Fermi — Dirac statistics.

Consider a diatomic molecule with identical nuclei. The total wave function
may be written as
W = 1pelec;viblorotoynuc

Let p be an operator which exchanges the space and spin coordinates.
Now p welec = :twelec

It is known from molecular spectroscopy, that for the ground state it is pos-
itive. Furthermore, P&yi, = +vib, because yip depends only on the distance
of separation of nuclei.

Now p = P™ (cos6)e'™¢, where 6 is the polar angle and ¢ the azimuth
angle; p is represented by the associated Legendre function.
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Exchange of x — —x, y - —y, z - —z implies & — 7 — 6 and
¢ — 1 + ¢, so that

P, (cosf) — (—1)*™
and ™ — (—1)" "¢, Thus Pp = (—1)*"(=1)) = (=1)'p

where m is an integer. Thus p is symmetrical for even / and antisymmetrical
for odd .

First consider zero nuclear spin. The total wave function  is antisymmet-
rical for odd / and symmetrical for even /. As the nuclei must obey either
Fermi or Bose statistics, either only the / = odd states must exist or only the
| = even states must exist. It turns out that for nuclei with zero spin only the
even rotational states exist and odd rotational states are missing.

Next consider the case of non-zero spin. A nucleus of total angular momen-
tum / can have a component M in any prescribed direction taking 27 +1 values
inall(/,I—1,...—1),thatis 2/ + 1 states exist. For the two identical nuclei
(21 + 1)? wave functions of the form ;1 (A)Y¥42(B) can be constructed. If
the two nuclei are identical, these simple products must be replaced by lin-
ear combination of those products which are symmetric or antisymmetric for
interchange of nuclei. If M, = M,;, the products themselves are (21 + 1)
symmetric wave functions, the remaining (27 + 1)> — (21 + 1) = 2121 + 1)
functions with M| # M, have the form ;1 (A) Va2 (B) and Yy (A) Y (B).
Each such pair can be replaced by one symmetric and one antisymmetric
wave function of the form ;1 (A)Yp2(B) £ Yy2(A) Y (B). Thus, half of
2121 + 1) functions, that is (2] + 1) are symmetric and an equal num-
ber antisymmetric. Therefore, total number of symmetric wave functions
= QI+ D+ I2I+ 1) = 2L + )T + 1). Total number of antisymmetric
wave functions = I(27 + 1). Therefore, the ratio of the number of symmetric
and antisymmetric functions is (I + 1)/1.

From the previous discussion it was shown that for the symmetric elec-
tronic wave function of the molecule the interchange of nuclei produces a
factor (—1) in the molecular wave function. Thus, for nuclei obeying Bose
statistics symmetric nuclear spin functions must combine with even /. Because
of the statistical weight attached to spin states, the intensity of even rota-
tional lines will be (I + 1)/I as great as that of neighboring odd rotational
lines.

For nuclei obeying Fermi statistics, the spin and rotational states combine
in a manner opposite to the previously described and the odd rotational lines
are more intense in the ratio (I + 1)/L.

Thus, by determining which lines are more intense, even or odd, the nuclear
statistics is determined and by measuring the ratio of intensities of adjacent
lines the nuclear spin is obtained. The reason for comparing the intensity of
neighboring lines is that the intensity of rotational lines varies according to
the occupation number of rotational states governed by the Boltzmann distri-
bution.
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3.93

3.94

15 .
u®, ¢) = /41/ — sin26 cos 2¢
b1
15 ) (62i<p+e—2iw)
1 2
= i gl
/41/ - sin |: 3
5,
But Y5150, ¢) = / —— sin” fe”'?
32
/15 .
Y>.,(0, ¢) = Esmzeeﬂw

Adding (2) and (3)

15 . .
Y2200, 9) + Y220, ¢) =/ o sin® 0(e? + ¢72%)
JT

Dividing (1) by (4) and simplifying we get

1

NG

We know that
L%Y},, = B2 + DYy
2 _ LYn0.9)+Y2 20.9)]
o u(9,<p); ©.0)+Y {g )]
— 2 [Y(0,¢0)+Y2 2(0,¢
=22+ Dh 7
= 6h*u(0, ¢)
Thus the eigen value of L? is 67>

u(@,¢) = —=Y212(6, ) + Y2200, 9))

The wave function is identified as V33,

Ly = _indV 2hy
dg

Thus the eigen value of Ly is 2A.

227

ey

2

3

“

3.95 (a) Using the values, Yo = ,/ % cosfand Y; 1+ = :F,/% sin 0 exp(Zig), we

can write

W=\/§(—“/§Y11 +Y10) f)

Hence the possible values of L are +-A, 0
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(b) First we show that the wavefunction is normalized.
2

1 [ m
f|¢|2dr = Ef |g(r)|2r2dr/ do | (1 +cosgsin26)sinfdy
0 0

0
1 .
_—/ sinfdf =1
2 Jo

The probability for the occurrence of L, = h is

2
/ [\/g (_ﬁ) Y1|:| a2 = (2/3)/(3/8n)sin20.2n sin6do

+1
=(1/2) (1 —cos?0)d cos® =2/3
-1

The probability for the occurrence of L, = 0 is

n 7 B
f Yo dQ:/ — ) 27 cos?Od cos® = 1/3
3 —1 4

396 (a) [/, Jol = JJp — Jpd, = J.(Jy +idy) — (Je + 3] ) J;
=JJy = LI +ilJJy, — T J)
=[J., S 1 +ilJ;, Jyl =ihJy, — iihJ,
=ihJy +hJ, = W(J; +iJ,) = hJy
= J,, in units of A.
(b) From (a), J,J. = J4J, + hJy
J I lgm >= JiJ |ym > +hJy|jm >
= Jymh|jm > +hJ;|jm >
=(m+ DhJy|jm >
J+|ym > is nothing but |j, m 4+ 1 > apart from a possible normalization
constant. Thus
Jilgm >= Cjp+hlj,m +1 >
Given a state |jm >, the state |j, m + 1 > must exist unless C;,,,+ van-
ishes for that particular m. Since j is the maximum value of m by definition.
There can not be a state |j, j + 1 >, i.e. Cj;+ must vanish. J, is known as
the ladder operator. Similarly, J_ lowers m by one unit.

© Jp=J+il,

Jo=J,—il,
| 0 1/¥/2 0
Therefore, J. = > (/4 + /) = 1/V2 0 1/v2
0 1/4/2 0
| 0 —i/v2 0
Sy=—Ur—=J)=|i/N2 0 —i/V2
2i .
0 i/vV2 0
10 0

e Syl =Jody— I Je=i [00 0 | =iJ.
00—1
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3.3.7 Approximate Methods

397 AE =<y 8U|y >
83U = U (interaction energy of electron with point charge nucleus)
2

8U=ez/r—3—e2 R2—r— forr <R
2R 3 -

=0 forr > R
(a) First we consider n = 1 state
2 R 2
e 2r 1 3 r
AE =| — exp(—=) |- - = +V,— |4nr2d
() | or (O[5 oo

2¢r (R 3r2 4
=— e 2/ |:2r - —+ r—i| dr
ao 0

Now R = 107"¥ cm « 1073 cm = q, the factor exp (—i—g) ~ 1
2¢2 2 2 R? 4 (¢ R\’

AE= () (R-r+ ) =2 (=) (=
(1(') 5 5 2a0 ap

10-13 2
= (0.8)(13.6) <m)

=387 x 10%eV
byn=2

1 2 r r
v =(gr) (- 2) o0 (35
T T R
8na8 0 ag ao r 2R 2R3

Here also exp (—i) ~ 1, for reasons indicated in (a)

When the remaining factors are integrated we get

AE — e? R*\[2 IR N 3 R?
- \2a0/\a2 )5 6ay 14043
2 (e (R R

- — — as— << 1
5 \2ay ao aop

=1/,%x387x107 =193 x 107V

where we used the result of (a)

3.98 Schrodinger’s equation in the presence of electric field is

m\ d?

[<_—)—+‘/mw2x2+qu}w = E,x (1)
2m ) dx? 2 " "

Now, Vymw?x? + qEr = Y,maw? [x2 + %]
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=Y, mo’[(x + qE/ma*? — ¢*E*/m*o*]

2 22
1 2 qE q°E
_ _ 2
[ me (x + mw2> 2mw? @
Put X =x + n‘f—ﬂ; then we can write
d d d? d2
— =—and — = —
dx dX dx? dx?
Equation (1) becomes
e ) oo = (B4 CE) ) 3)
2mdxz " 2" A Tl R

Left hand side of (3) is the familiar Hamiltonian for the Simple harmonic
oscillator. The modified eigen values are then given by the right hand side

212
q°E 1
E,+1 % _ ~\n

+2ma)2 <n—|—2>w

or

1
E, = (n + 5) ho — ¢*E? 2me? “)

3.99 The matrix of H' is
H'yy H'y» .
(H/) = <H/21 I_I/22 ’ Wlth HI/Z = HZ/T
The matrix of H is
Eyv+H'y1 H'p
Hy Eoy+Hop

Eo+H'\1—E H'y,
H'y; E0+H2/2—E

<H>=[

=0

1 / / 1 / 7 \2 ’ 12 172
E\ =, (2E0+ H{, + Hy) + /> [(Hn — Hy)" +4|H),| ]

1 / / 1 / 7 \2 ;12 172
Ey =, (2Eo+ H{, + Hy) — /> [(Hn_sz) +4|H],| ]

These are the energy levels of a two state system with Hamiltonian H =
Hy+ H'. The perturbation theory requires finding the eigen values of H" and
adding them to Ey, which gives an exact result.

3.100 The nuclear charge seen by the electron is Z and not 2. This is because of
screening the effective charge is reduced.
The smallest value of E(Z) = —% (%%Z — 222) must be determined
which is done by setting
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oE L 27
— = 0; thisyields Z = —
0Z 16

EATNERYE " 136 2 T 77.45eV
(B)“(%)(E) =X ->(R) = e

The estimated value of ionization energy 77.4 eV may be compared to the
74.4 eV derived by perturbation theory and an experimental value of 78.6eV.
In general the variation method gives better accuracy then the perturbation
theory.

3.101 (a) The unperturbed Hamiltonian for a hydrogen atom is

h? e’
Hy=——v>— < (1)
21 r

where w is the reduced mass.
H' is the extra energy of the nucleus and electron due to external field
and is

H' = —eEz = eErcosf 2)

where the polar axis is in the direction of positive z.

Now, the perturbation in (2) is an odd operator since it changes sign
when the coordinates are reflected through the origin. Thus, the only non-
vanishing matrix elements are those for unperturbed states that have oppo-
site parities. In particular all diagonal elements of H’ of hydrogen atom
wave functions are zero. This shows that a non-degenerate state, like the
ground state (n = 1) has no first-order Stark effect.

(b) The first excited state (n = 2) of hydrogen atom is fourfold degener-
ate, the quantum numbers n, [ and m have the values (2,0,0), (2,1,1),
(2,1,0), (2,1,—1). The first one (2S) has even parity while the remaining
three(2P) states have odd parity of the degenerate states only |2,0,0 >
and |2, 1, 0 > are mixed by the perturbation, but |2, 1,1 >and (2, 1, —1 >
are not and do not exhibit the Stark effect. It remains to solve the secular
equation,

e|lE| <2,0,0/z]2,0,0 > =1 e¢|E| <2,0,0|z|2,1,0 > _0
elE] <2,1,0/z]2,0,0 > e|lE] <2,1,0|z|2,1,0 > —A
Because the conservation of parity the diagonal elements < 2, 0, 0|z]2,
0,0 > and < 2, 1,0|z|2, 1,0 > vanish. Hence the first-order change in
energy A = e|E < 2,0,0|z]2,1,0 >
Thus, only one matrix element needs to be evaluated, using the unper-
turbed eigen functions explicitly. (see Table 3.2)
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28(m = 0); Yoy (0) = (4m) ¢ (i) (2-L)ewn(-5)
2P(m = 0); ¥2,(0) = (47) "7 <%>2 (2) exp (—é) cos 6

We can calculate

<2,0,0/z12,1,0 >=< 2,0,0|rcos 8|2, 1,0 >
1 1\’ /1 /00 . r r
=(—)(— - r (2——)exp(——)dr
4 2a a 0 a a

b4 2
/ cos’ 6 sinfdo / de
0 0

= —3a

Thus, the linear Stark effect splits the degenerate m = 0 level into two
components, with the shift

AE = %3 ae |E|

The corresponding eigen functions are %(1/4(0) F v¥,(0))
The two components being mixed in equal proportion (Fig. 3.27).

Fig. 3.27 Stark effect in . +3aelE|
Hydrogen —

+a 1 h2 d2 1
3.102 E =f (ﬁ) cos (%) [(—%> P + 1/2ma)2x2] ﬁ cos (Z—:) dx
—a T
. k2 n mw? a* n 8a> ] 6
" 8ma? 10 w2 w2

The best approximation to the ground-state wave function is obtained by
setting 3£ = 0. This gives

3m2h? 4
= [st w272 — 3)]

3.103 The unperturbed wave function is

TX

Y0 = ksin <n1 ) sin(nom y/a); H = W,

E= ( nh >(n%+n§)

2ma?
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First order correction is

Ap [ ViH vd
[ ¥5wde
/ Yo H'ydr = KZW/: sin® (m:x> dx /00/2 sin? (nz(JlTy) dy
vl (s )] T () ()]
2 dn o a 0 2 dnom a 0
_ K2 Wa?

16
“ . » [ [ sin®n wx sinznzny k2a?
Yoodtr = K dxdy = —
0 0 0 a a 4
K2W0a2/1(2a2 _ WQ
16 4 4

Therefore AE =

3.3.8 Scattering (Phase Shift Analysis)

3.104 Let the total wave function be
Y=+ Vs (D

where s; represents the incident wave and 4 the scattered wave.
In the absence of potential, the incident plane wave

wi — Aeikz — eikz (2)
where we have dropped off A to choose unit amplitude.
Assume
f(e)eikr
Vs = Y (3)

which ensures inverse square r dependence of the scattered wave from the
scattering centre.

a(@) = 11O @
f(0) being the scattering amplitude.
We can write (1)

w — eikrcos@ + f(@)eikr (5)
r

or

f@ — ,re—ikr(w _ eikrcosO) (6)

Ltr - o0

The azimuth angle ¢ has been omitted in f(6) as the scattering is assumed
to have azimuthal symmetry. In the absence of potential \s; is the most
general solution of the wave equation.

V3 + k2 =0 (7)
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Now ; can be expanded as a sum of partial waves

. o] .
Yi =t =% Ak pi(cos ) ®)

where j;(kr) are the spherical Bessel functions and p;(cos 0) are the Legen-
dre polynomials of degree [. For r — oo, jj(kr) = # sin (kr — ”7[) The A,
are some constants which can be evaluated as follows.

Multiply both sides of (8) by P;(cos 6) sin 6d6 and integrate. Put cos0 = ¢

+1
Apji(kr)2/2L+ 1) = / ™™ pi(1)(d)t
—1

where we have used the orthonormal property of Legendre polynomials.
Integrating the RHS by parts

(/i) [* pyo]! = (k) f e py (s

where prime (") means differentiation with respect to t. The second term is of
the order of 1/r? which can be neglected. Therefore

[ﬁ] Ay ji(kr) ~ (#) [e"" — e (—1)] )
where we have used p;(1) = 1 and p;(—1) = (—1)

Also, using the identity
o2 — il (10)
(9) becomes

2—”] [ei(krf%l) _ e*i(krf%):l

2 =
[—} Avj(hr) ~ k

20+ 1 20
2i' sin (kr — ”7’)
- kr
Thus

@1 + D)’ sin (kr — %)
kr
Similarly, we can expand the total wave function into components

Y 0) =Y~ B R (r)pi(cos6)

Bk . ml
= Z — )sin| kr — = + 8, ) pi(cos0)
r—oo \ kr 2

where B; are arbitrary coefficients and §; is the phase-shift of the /th wave.
From (6)

£O) = re~ |:Z B, (ki sin (kr — %l + 81) pi(cos 8))

Apjitkr) =

(11)

T

=il +1 [
—%ﬂ sin <kr — %) pi(cos 9)]

r
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Z Blp[(COSQ) I:gi(krf%urél) _ e*i(krf%lw%,)]
2ik
S i1 + 1)pi(cos B) [ei(’w—%) - e—f(’““—%)]
2ik

or e™*" £(6) =

Equating coefficients of e~ %"

Ny
0=— Z (L) By pi(cos ) [e“”””‘m + 2 121+ DPi(cos Q)ei”’/z}

2ik 2ik
Therefore
B; = i'(21 + 1)e' (12)
Equating coefficients of ¢’
1 . o
fO) = <ﬂ> [Z i'Q21 + e’ pI(COSQ)e’(_TIHI)
2

=37 i@ + Dpy(eos e)e—%’]

, and using the value of B;

1 ) .
= <ﬁ> > il @+ D) P(cos e [ — 1] (13)
i
Using (10), formula (12) becomes

1 .
f(6) = o Z 21 4+ 1)(e*® — 1)P(cos 0)

The above method is called the method of partial wave analysis. The sum-
mation over various integral values of / means physically summing over var-
ious values of angular momenta associated with various partial waves. The
quantity §; is understood to be the phase shift when the potential is present. At
low energies only a few [ values would be adequate to describe the scattering.

3.105 The differential cross-section for the scattering of identical particles of spin
s is given by

(_ 1)2s

2s +1

where f is assumed to be independent of the azimuth angle ¢. The angles refer
to the CM-system. The first two terms on RHS are given by the Rutherford
scattering, one for the scattered particle and the other for the target particle.
In the CMS the identical particles are oppositely directed and the detector
cannot tell one from the other. The third term on the RHS is due to quantum
mechanical interference and does not occur in the classical formula. Now for
alpha-alpha scattering s = 0 and (1) reduces to

a(0%) = 1fO) + | f(x =6 +2RLf(O") f*(x — 6)].

Furthermore if the scattering at * = 90° is considered then obviously f (7 —
0*) = f(0*) and the lab angle 8 = 45°. In that case classically o (45°) =
2| £(90°)|%,,,; while quantum mechanically

o) = |fO) +|f(x =09 + [ } 2R fON) f* (=071 (1)
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3.106

3.107

3.108
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01 (45%) = 4] f(90)|cm -
Thus quantum mechanics explains the experimental result

o= (%) leo (21 + 1)sin’ §; )

By problem
s (iak) @
sin §) = ——=
NS

Therefore,

B (_a2k2)l
QL+ D
Using (3) in (1)

47 (—a*kH)l
7= (ﬁ) Zl=0 T
Summing over infinite number of terms for the summation and writing
2 2mE
=5

27 h? 5
= —a’k?

o ( -~ ) exp(—a“k”)

2 h? 2mEd*
= exp | —

mE “P\T R
Let b be the impact parameter. In the c-system
bPom, =1lh ="

where we have set / = 1 for the p-wave scattering
2 2
Ecyu = Pz‘% = fou _ hZ/sz (Since the reduced mass u = M /2, where

sin® §;

3

M

M is the mass of neutron or proton)
2R 2R*c?

Pan = 2Bou = 353 = 32y

Inserting hic = 197.3 MeV.fm, Mc? = 940MeV and b = 2fm, we find
Ersp = 20.6MeV. Thus up to 20MeV Lab energy, s-waves (I = 0) alone
are important

Only s-waves (I = 0) are expected to be involved as the scattering is
isotropic.
47t sin® &
=5
Now k*h? = p?> = 2mE
Sil’lz 80 — 2mEo __ 2mc?Eo

4nh? T 4mhc?

Inserting mc? = 940MeV; E = 1.0MeV,

o =0.1b=10"5cm? = 10fm?, fic = 197.3MeV — fm
sin® 8y = 0.03845

So = +11.3°
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3.109

3.110

By Problem 3.104
1
o0) = [sm 8o + 6sin §g sin §; cos(§; — 8p) cos O + 95sin® §; cos 9] @))]

We assume that at low energies 8 ; < dp. Now in the scattering with a hard
sphere
(ka)Zl-H
QI+ 1)(1.1.3.5...21 — 1)?
8o (H.sphere) = —ka, for all ka

And §; (H.sphere) = —(k§)3, for ka < 1
Neglecting higher powers of §'s, we can write (1)

N
)= L1 (50— 20) 16805, coss
U()—k—2 o—a + 6808; cos

tan §; = —

1
= 2 |:8 — 9 46808, cosé]
1 k4 4 k3 3
= |:k2a2 — —— + 6(—ka) <__a> COS9:|
3
a’ |:1 - — —|— 2k*a® cos@i|

+1 2.2
2 k“a 2 2
2w sinfdb =2 a I—T—G—Zka cosf | dcosé
-1

2
= dwa® [1 - (k%)}

A spherical nucleus of radius R will be totally absorbing, or appear “black”
when the angular momentum / < R/A. In that case ; = 0 in the reaction
and scattering formulae.

— 7x2 —|m)?
o, = Tk ZZ(ZI + DA = [ml)
— 7x2 —nl?
oy = A Zl(Zl + DIT —n|

(I >mn>0)
Putting n; =0

R/
O, = 05 = 77.'}(,2 217/0(21 + 1)

The summation can be carried out by using the formula for arithmetic
progression

nn — 1)d
2
Herea=1,d =2,n = R/x

S =na+
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R/ )
ZZ:O @21 +1) = (R/%)
R
Lo, =05 = 712 (—) =7R?
x2

The total cross-section
oy =0, + 05 = 27 R?

which is twice the geometrical cross-section

The potential which an electron sees as it approaches an atom of a monatomic
gas can be qualitatively represented by a square well. Slow particles are con-
sidered.
Vir)y)=—-Vo; r <R
=0; r>R
corresponding to an attractive potential. Scattering of slow particles for
which kR << 1, is determined by the equation
2uV
24 g2
<V + k- 7
with k> = 2 E /h?, and the wave number k = p/h
Outside the well the equation is
(V2 + &)y =0 2
Further writing
ki = k> + kg
where ké = 2’;;—2‘/
and V = -V,
The solutions are found to be
1//‘2 = Asinklr (3)
Y = Bsin(kr + &) 4)
Y1 (r) is the asymptotic solution at large distances with the boundary condi-
tion
Y1(0)=0
Matching the solutions (3) and (4) at r = R both in amplitude and first
derivative,

) Yr» = 0 (inside the well) H

Asink; R = Bsin(kR + dy) (5)
Akycosk R = Bkcos(kR + &) (6)
Dividing one equation by the other, and setting kjcot kR = %, and with
simple algebraic manipulations we get

tandy = (kD — tankR)(1 + kD tankR) ™" (7

The phase shift 8 determined from (7) is a multivalued function but we are
only interested in the principle value lying within the interval —7% < §p < 7.
For small values of the energy of the relative motion
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3.112

(kR)’

3
We therefore have

oo (2]
1+ kDR

If the inequalities kR << 1 and k>DR << 1 are satisfied we can still
further simplify the expression for tan §y.

tan kR ~ kR +

tan 8y ~

tan k1 R
tan 8o ~ k(D — R) = kR -1 ®)
kiR
The total cross-section is then
4 tank, R\ >
o:k—j;sin280%4n(D—R)2=47rR2<l— azllle ) ©)
It follows that if the condition
tan kiR = kiR (10)

is satisfied, the phase shift and the scattering cross-section both vanish. This
phenomenon is known as the Ramsauer-Townsend effect. The field of the
inert gas atoms decreases appreciably faster with distance than the field of
any other atom, so that to a first approximation, we can replace this field by a
rectangular spherical well with sharply defined range and use Equation (10)
to evaluate the cross-section for slow electrons.

Physically, the Ramasuer — Townsend effect is explained as the diffraction
of the electron around the rare-gas atom, in which the wave function inside
the atom is distorted in such a way that it fits on smoothly to an undistorted
function outside.

Here the partial wave wave with [ = 0 has exactly a half cycle more of
oscillation inside the atomic potential then the wave in the force-free field,
and the wavelength of the electron is large enough in comparision with R so
that higher / phase-shifts are negligible.

In order that the Schrodinger equation is reduced to the given form is that the
potential V (r) does not depend on time. From Problem 3.104 the total wave
function

isl

1
v =SilQl+1) |:k—i| sin (kr — Errl + 5;) pi(cos 0)
r

For slow neutrons only the first term (/ = 0) in the summation is important.
As po(cos ) =1
exp(ido)
V=
-

sin(kr + 8y)

exp(idy . .
u=yr= P sin(kr + 8p) = const. sin(kr + §g)

We assume that the wave function inside the well is identical with that
in the deuteron problem. This is justifiable since the total energy inside the
potential well is raised by little over 2MeV corresponding to the
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binding energy W of the deuteron, which is much smaller than the well depth
(~25MeV). In the deuteron problem the outside function Ce™"", where
y = MW /h?, is matched with the inside function A sin kr. Here we
match the functions sin(kr + 8p) and Ce™"" at r = R, both in magnitude
and first derivative.

This gives us k cot(kR+38p) = —y. Further, R ~ 0. This is also reasonable
since for the square well the main features of the deuteron problem remain
unaltered by narrowing the well width and deepening the well. It follows that
sin® 8y = k*/k*> + y?)

But the s-wave cross-section is given by
o = 47 sin’ 8/ k> = 4n /(K> + y?)
Substituting k> = ME/h* and y?> = MW /h?
arh? 1
o= 1)
M W+E
where M is proton or neutron mass, W is the deuteron binding energy
(2.225MeV), and E is the lab kinetic energy.

Formula (1) agrees well with experiment at relatively higher energies (say
5-10MeV) but fails badly at very low energies. For E <« W, for example,
(1) predicts ¢ = 2 barns which is far from the experimental value of 20
barns. Wigner pointed out that in n— p scattering the spins of the colliding
nucleons could be either parallel or antiparallel. Formula (1) holds for the
parallel case because the analogy is made with the deuteron problem which
has parallel spins. Now for random orientations of spins:

1

3
o= ZO} + Zcrs 2)

where o; and o, are the cross-sections for the triplet and singlet scattering,
’i

the factors § and i being the statistical weights. In (1), W is the binding
energy of the n—p system for the triplet state. Corresponding to the singlet
state the quality W; is introduced, although it is a virtual state.
Combining (1) and (2)
3nh? Th?
o= + 3)
M(E+W) M(E+ W)
W takes a value of 70keV if agreement is to reach with the experiments.
Agreement at higher energies is preserved because for E > W or W, (3)

reduces to (1).

3.3.9 Scattering (Born Approximation)

3.113 (a) F(g) ~ [ ewsintar/dnr? g,

qr/h

p(r) = Aexp(—r/a)

F(g) ~ 4 A /0 r exp(—r/a)lsin(qr/h)/(q/)dr
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Puta =1/aand B =q/h

.sin Br

B

r

[o¢]
F(q)’”4yrA/ re ™

= ——/ e s1n,3rdr
-1 B
B 8aa2+ﬁ2 R ﬂ(a2+/32)2
2 2 B\’
== (1+%
T @+ o ( 062>
=2a’/(1 + ¢°a* /%)
F(q)=8wAd’/(1+4¢*/q?), where g, = h/a
thus F(q) ~ 1/ (1 + ;’—)2

(b) The characteristic radius

h he 197.3MeV — fm
a=—= = = 0.278 fm
90 qoC 0.71 x 1,000 MeV

3.114 f(0) = [V@r)eierdr

27[ hz

2
=3 hzf / / V(r)etdreosty 2sm@d@d(pdr
T r=0J6=0

w 2
= 27rh2/ V(r)rzdr/1 elq”osgd(cose/o do

2u V(r)ridr [ e — e—tm
a3 qr 2i

= _2_712/ rsin(qr)V (r)dr
q

3.115 From the partial wave analysis of scattering the scattering amplitude

f0) = —21(21 + D exp(2i8;) — 1)/2i) pi(cos 0).

For elastlc scattering without absorption 7; = 1, and
1
fO) = %2,(21 + 1) [exp(2i8;) — 1)/2i] pi(cos )

1
= %21(21 + 1) exp(i8;) sin §; p;(cos 6).

Now for 6 = 0, p;(cos 8) = p;(1) = 1 for any value of /, and exp(ié;) =
cos & + i sin §;. Therefore the imaginary part of the forward scattering
amplitude

Im f(0) = %Z(Zl + 1)sin® §;.
1
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But the total cross-section is given by
4 .
o, = ﬁ(Zl + 1)sm2 8-

It follows that Im f(0) = ko, /4. The last equation is known as the opti-
cal theorem.

Z2 2
V(r):(—%)(3—%);0<r<R (1)
ZZ—(LT
:—L;R<r<oo 2)
P

Inside the nucleus the electron sees the potential as given by (1) corre-
sponding to constant charge distribution, while outside it sees the shielded
potential given by (2). The scattering amplitude is given by

fO) = —Qu/qh?) / h V(r)r sin(gr)dr
0

-9 Z62 1 R 3 ﬁ) . ( )d *© . ( )—ard:|
= Mﬁ [(ﬁ)/; < — R r sin(qr)dr +,/1; sim(qr)e r
3)

The first integral is easily evaluated and the second integral can be written
as

00 00 R
/ sin(gr)e”*"dr = / sin(gr)e”*"dr — / sin(gr)e”*"dr 4)
R 0 0
g R
= — — i —d 5
7+ a /0 sin(gr)e r %)

1 k 1
(Lima — 0) = — — / sin(gr)dr = — cos(gr)
q 0 q

We finally obtain

. 2uZe? 3 sin(gR)
1= <_ q*h? )<q2R2)< Rk qR)

o (0)finite size = 0 (0)point charge F(Q)|2

where the form factor is identified as

3 sin(qR)
Fo= () (S )

The angular distribution no longer decreases smoothly but exhibits sharp
maxima and minima reminiscent of optical diffraction pattern from objects
with sharp edges. The minima occur whenever the condition tan gR = ¢R,
is satisfied. This feature is in contrst with the angular distribution from a
smoothly varying charge distribution, such as Gaussian, Yakawa, Wood-
Saxon or exponential, wherein the charge varies smoothly and the maxima
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and minima are smeared out, just as in the case of optical diffraction from a
diffuse boundary of objects characterized by a slow varying refractive index.

f(O)=—Qu/qh?) [ V(r)sin(gr) r dr
Integrate by parts

oo

o 1
/ V(r)sin(gr)r dr = V(r) |:—25m qr — icos qr]
0 q q

*dV /1 . r
— — | 5 singr — —cos gr dr
o dr \g q

The first term on the right hand side vanishes at both limits because V (co) =
0, Therefore:

o . 1 [>*dv . 1 [>®dv
V(r)sin(gr)r dr = - — sin qrdr + — —r cos qrdr
0 q° Jo qJo dr

0

[e.¢]

0

Evaluate the second integral by parts
1 [>®dv 17dv /r . cos qr\ 1%
- —vrcos(qr)dr = — | — | —singr + 3
q.Jo dr g Ldr \q q 0
Now the term (qu) r (&) sin qr|(o)o vanishes at both the limits because it is
Integrating by parts again
1 / c12vd 1 dV°°+ 1 /°° AV o
— ) Jcos qr——dr = | — | cos gr — — —— | sin grdr
q3 4 q° 4 0 q* ) Jo dr 1
1 /‘ ® (d*V . d 1 dv
- = —— |rsingrdr —{ — | | — ) cosgr
a*) Jo \ dr’ ! q*) \dr !
@[ (&)
— — | sin gr dr.
q 0 dr
*° ) 1 v 24V |
V(r)sin(gr)r dr = — — —— + ——— | sin(gr)r dr.
0 q drz  r dr
Now for spherically symmetric potential
dr2 " \r) dr-
Furthermore by Poisson’s equation:

dr
1 [ d’v
——/ <£sinqr+cos—2qr> ——dr
qJo \q q dr
expected that (dV/dr),—» = 0.
1 / ©rdv 1 dv *©
- — |rcosqrdr = — — | cos gr
q) Jo dr q3 dr 0
The first and third terms on the right hand side get cancelled
5 a?v. 2\ dv
VYV =—+
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V2V = —4nZe’p

where Ze is the nuclear charge and p is the charge density.

q3h/2

2 o)
= (%) (%T) /0 p(r)sin (qr) r dr

The quantity (47”) fooo p(r) sin(qr) r dr is known as the form factor.

( Ze? ) o0 .
o fO)=-8tu | —— / p(r)sin(qr) r dr
0

) = <—2—IZ> /00 V(r)sin(qr)r dr (1)
qh 0

Substituting,

Vi) = e )

Where a = 1/r,, (1) becomes
2 2 ©° :
f)=- (M) / e~ sin(qr)dr
0

qh?
_ —2uz122¢> g _ —2/1z122€* 3)
- gh?>  ¢*+a® W2 (q2+1/rg)
But the momentum transfer

0
gh = 2khisin <§) 4)
The differential cross-section

dplz3z2et

o(0) =[O = =2 )

h* (4K sin%(0/2) + 1/r2)’

The general angular distribution of scattered particles is reminiscent of
Rutherford scattering. However for 6 < 6y, where

sin(6,/2) ~ 1/2kr, (6)

the curve does not rise indefinitely but tends to flatten out because when
qr, < 1, the angular dependence of o(8) is damped out resulting in the
flattening of the curve. The angle 6, may be considered as the limiting angle
below which the Rutherford scattering is inoperative because of the shielding
of the atomic nucleus by the electron cloud.

Rutherford scattering is derived from (5) by letting r, — o0, in which case
the scattering would occur from a bare nucleus. The screening potential (2)
now reduces to Coulomb potential. Furthermore, writing ki = p = v, (5)
becomes
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3.119

3.120

3.121

1 (z122¢*) 1
o) = Z( ! 22 ) T (Rutherford scattering formula)
) sin* (%)

By Problem 3.116

3 sin gR
F(g*) = - R
(q7) quz( oR cos ¢ )

R=r,A"> =13 x (643 =52fm
qgh =2p,sin(0/2)

5.2 x sin 6°

= 2¢p,Rsin(0/2)/he = 2 x 300
qR cp, R sin(0/2)/he X X 1973

= 1.653 radians
sin gR = 0.9966, cos ¢R = —0.0819

245

ey

(@)
3)

Inserting (2) and (3) in (1), we find F(g) = 0.75, F? ~ 0.57. Thus Mott’s

scattering is reduced by 57%.

F@)=1-2& <r?>+...

gh =2p,sin(0/2) =2 x 200 x (sin7°)MeV/c = 48.75MeV/c
6h>

<r’>=—[1-F(@]

q

1 2

=6 (973)( 1 — 0.6) fm?
(48.75)2

=393

*. Root mean square radius = 6.27 fm

o0
F(q) = (47 /q) f p(r)sin(gr)r dr

0

o0 22

= (4 )7** b q) / e /Y sin(qryr dr

0

8 o0 2 /12
=(—4/n1/2b3q)—/ e /" cos(gr) dr

3, Jo

— (—4/7t1/2b3q)i [l(nb2)]/26—b2q2/4i|
0y L2
F(q) = exp(=bq’/4)
5 fooo r2p(r)dmridr fooo rer /P dr
=== 2 = 7o 2 /12
[ p(r)amridr Jo " r2er/Pdr
where we have put p(r) = (1/73/2b%)e™""/"dr
With the change of variable r?/b%> = x, we get
P erdx M (3)p? 30
3
2

) 2

<r->= = _

5
2
fo x1/2¢=*dx (
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m 00 ) +1 . ) 2
=— <W>/o V(r)r dr‘/;1 e d(cos&)/(; do
o m 5 (eiqr _ e*iqr)

- (_2nh2) / V) [—iqr 2dr

= (Z2) [T v singra
=— <ﬁ>/0 (r)r sin(gr)dr

3123 A= [i7 SV Y (1A r2dr
e—r/R

Substitute V (r) ~
where R = h/mc

A~ / " S/ o
0 q

Putl/R=aandqg/h=0>b
A~ /°° o—ar sin(br)dr
0

b

b1
b lat+br] a?+p?




Chapter 4
Thermodynamics and Statistical Physics

4.1 Basic Concepts and Formulae

Kinetic theory of gases

Pressure
1
p=§p<v2> “.1)
Root-mean-square velocity
Vrms = 3P//0 4.2)
Vems = v/3kT /m = \/3RT /M (4.3)

Average speed
8kT 8RT
<V>=,/— =,/—— 4.4
Tm M

Most probable speed

2kT 2RT
N i il *5)

where m is the mass of the molecule, M is the molar weight, p the gas density,
k=138x 102 /K, the Boltzmann constant, R = 8.31 J/mol-K, is the universal
gas constant, and K is the Kelvin (absolute) temperature.

U, i<V > Vg V2 V8/m: V3 4.6)

247
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The Maxwell distribution

m \3/2 2
NO)dy = 4 ( ) 2~ /2T 4 47
(v)dv T TokT vie v 4.7

N(v)dv
N(v)dv

<v>v(rms)
v(m/s) —

<

vV v+dv p

vim/s) ——
(a) (b)
Fig. 4.1 The Maxwell distribution

Flux
1 - .
= Zn < v > (number of molecules striking unit area per second)  (4.8)

where n is the number of molecules per unit volume.

Mean free path (M.E.P)
B 1
V27no?

where n is the number of molecules per unit volume and o is the diameter of the
molecule.

s 4.9)

Collision frequency

= 4.10
f . (4.10)
Viscosity of gas ()
1
n:§pk<v> 4.11)
Thermal conductivity (K)
K =nC, (4.12)

where C, is the specific heat at constant volume.
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Coefficient of diffusion (D)

(4.13)

|

Clausius Clepeyron equation

dp L

where v; and v, are the initial and final specific volumes (volume per unit mass) and
L is the latent heat.

Vander Waal’s equation

a

(P + V2) (V —b)=RT (for one mole of gas) (4.15)

The Stefan-Boltzmann law
E=0T* (4.16)

If a blackbody at absolute temperature 7' be surrounded by another blackbody at
absolute temperature Ty, the amount of energy E lost per second per square metre
of the former is

E=0(T*-Ty) 4.17)

where o = 5.67 x 1078 W/m?.K* is known as Stefan-Boltzmann constant.

Maxwell’s thermodynamic relations

. . S oP
Firstrelation: | — ) = — (4.18)
ov ), oT /),
. aS oV
Second relation: | — | =—| — (4.19)
oP ), oT ) p
. . oT oP
Third relation: | — | =—[ — (4.20)
AR N
. oT A%
Fourth relation: [ — ) = | — (4.21)
oP ) as /) p
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Thermodynamical potentials

(1) Internal energy (U)
(ii) Free energy (F)
(iii) Gibb’s function (G)
(iv) Enthalpy (H)

H=U+ PV 4.22)
oU
— ] =Cy (4.23)
oT /),
oH
<—> =T 4.24)
S ) p
oH
— | =V (4.25)
aP )¢
oH
— ) =Cp (4.26)
T / p
The Joule-Kelvin effect
T(2%) —V]AP
AT = 7 Gz)p ~ V] (4.27)
Cp
Black body radiation
u
Pradialio =3 (428)
3
where u is the radiation density
Wein’s displacement law
AnT =0.29 cm - K (4.29)
Planck’s radiation law
8rhvidv
u,dv = —CB(ehv/kT _— (4.30)
8mhce 1
wydh = B @T ) 4.31)
. 2 7okt @.32)
7T 15 e ‘
A
AS — TQ 4.33)

AS = kIn(AW) (4.34)
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where W is the number of accessible states.
Probability for finding a particle in the nth state at temperature 7'

o—En/kT
Pn,T)= ——— 4.35
1) = gz (4.35)

Stirling’s approximation
n!=+2rnn"e™" (4.36)

4.2 Problems

4.2.1 Kinetic Theory of Gases

4.1

4.2

43

4.4

4.5

4.6

4.7

4.8

4.9

Derive the formula for the velocity distribution of gas molecules of mass m at
Kelvin temperature 7.

Assuming that low energy neutrons are in thermal equilibrium with the sur-
roundings without absorption and that the Maxwellian distribution for veloci-
ties is valid, deduce their energy distribution.

In Problem 4.1 show that the average speed of gas molecule < v >=

8KT /tm.

Show that for Maxwellian distribution of velocities of gas molecules, the root
mean square of speed < v >1/2= (3kT/m)'/?

(a) Show that in Problem 4.1 the most probable speed of the gas molecules
v, = kT /m)'/?
(b) Show that the ratio v, :< v >:< p2 =12 /2 8/ V3
Estimate the rms velocity of hydrogen molecules at N7 P and at 127°C
[Sri Venkateswara University 2001]

Find the rms speed for molecules of a gas with density of 0.3 g/ of a pressure
of 300 mm of mercury.
[Nagarjuna University 2004]

The Maxwell’s distribution for velocities of molecules is given by N(v)dv =
27 N(m/2mkT)¥?v? exp(—mv?/2kT)dv

Calculate the value of < 1/v >

The Maxwell’s distribution of velocities is given in Problem 4.8. Show that the

probability distribution of molecular velocities in terms of the most probable
velocity between « and « + do is given by
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4.10

4.11

4.12

4.13

4.14

4.15

4.16

4.17

4.18

4.19

4.20

4 Thermodynamics and Statistical Physics

4N
N(a)da = Lol da
JT

where, @ = v/v, and v, = (2kT/m)"/2.
Calculate the fraction of the oxygen molecule with velocities between 199 m/s
and 201 m/s at 27°C

Assuming that the hydrogen molecules have a root-mean-square speed of
1,270 m/s at 300 K, calculate the rms at 600 K.

Clausius had assumed that all molecules move with velocity v with respect
to the container. Under this assumption show that the mean relative velocity
< vl > of one molecule with another is given by < vy >= 4v/3.

Estimate the temperature at which the root-mean-square of nitrogen molecule
in earth’s atmosphere equals the escape velocity from earth’s gravitational
field. Take the mass of nitrogen molecule = 23.24 amu, and radius of
earth = 6,400 km.

Calculate the fraction of gas molecules which have the mean-free-path in the
range A to 2A.

If p is the density, < v > the mean speed and XA the mean free path of the
gas molecules, then show that the coefficient of viscosity is given by n = %p
<V >A

At STP, the rms velocity of the molecules of a gas is 10° cm/s. The molecular
density is 3 x 10* m~3 and the diameter (o) of the molecule 2.5 x 10~ m.
Find the mean-free-path and the collision frequency.

[Nagarjuna University 2000]

When a gas expands adiabatically its volume is doubled while its Kelvin tem-
perature is decreased by a factor of 1.32. Calculate the number of degrees of
freedom for the gas molecules.

What is the temperature at which an ideal gas whose molecules have an aver-
age kinetic energy of 1eV?

(a) If y is the ratio of the specific heats and » is the degrees of freedom then
show that for a perfect gas
y=1+4+2/n

(b) Calculate y for monatomic and diatomic molecules without vibration.

If K is the thermal conductivity, 1 the coefficient of viscosity, C,, the specific
heat at constant volume and y the ratio of specific heats then show that for the
general case of any molecule

K _1(9 5)
nC, 47
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4.2.2 Maxwell’s Thermodynamic Relations

4.21 Obtain Maxwell’s Thermodynamic Relations
as aP
@ (=) ==
ov ), oT ),
as av
® (%) =—(5=
oP ), oT ) p
4.22 Obtain Maxwell’s thermodynamic relation.
< aTy\ op
awv)s  \as/y
4.23 Obtain Maxwell’s thermodynamic relation.
ary\ _ (aV
ap), \as/,

4.24 Using Maxwell’s thermodynamic relations deduce Clausius Clapeyron equa-
tion

() o= 75
oT saturation T(va—vy)

where p refers to the saturation vapor pressure, L is the latent heat, T the
temperature, v; and v, are the specific volumes (volume per unit mass) of the
liquid and vapor, respectively.

4.25 Calculate the latent heat of vaporization of water from the following data:
T =3732K,v; = lem?, v, = 1,674cm?, dp/dT = 2.71 cm of mercury
Kfl

4.26 Using the thermodynamic relation
as _ ap
av ), \ar /)’
derive the Stefan-Boltzmann law of radiation.

4.27 Use the thermodynamic relations to show that for an ideal gas

Cp—Cy =R.
4.28 For an imperfect gas, Vander Waal’s equation is obeyed
a
(p+w)(V—b):RT

with the approximation b/V <« 1, show that

cr—Cyz=pr14 2
P = RTV

4.29 If E is the isothermal bulk modulus, « the coefficient of volume expansion
then show that
Cp—Cy =TEa*V
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4.30

4.31

4.32

4.33

4.34

4.35

4.36

4.37

4.38

4.39

4.40

4.41
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Obtain the following 7'ds equation
Tds = CvdT + TOCETdV
where Ez = —V (§0), is the isothermal elasticity and o =  (37),

is the volume coefficient of expansion, S is the entropy and 7 the Kelvin
temperature.

Obtain the equation
Tds = CpdT — TVadp

Obtain the equation
Tds=C or dP +C or dv
= \sr), "\av ),

Obtain the formula for the Joule-Thompson effect
[T @V/dT)p — VIAP
= c,

AT

(a) Show that for a perfect gas governed by the equation of state PV = RT
the Joule-Thompson effect does not take place.

. . a
(b) Show that for an imperfect gas governed by the equation of state (P + W)
(V —b) = RT, the Joule-Thompson effect is given by

1 2a
AT =— | ——0b)AP.
Cp \RT
Explain graphically the condition for realizing cooling in the Joule-Thompson
effect using the concept of the inversion temperature.

Prove that for any substance the ratio of the adiabatic and isothermal elastici-
ties is equal to the ratio of the two specific heats.

Prove that the ratio of the adiabatic to the isobaric pressure coefficient of
expansion is 1/(1 — y).

Show that the ratio of the adiabatic to the isochoric pressure coefficient is
y/(y = 1.

If U is the internal energy then show that for an ideal gas (dU/dV); = 0.
[Nagarjuna University 2004]

Find the change in boiling point when the pressure on water at 100°C is
increased by 2 atmospheres. (L = 540Calg™!, volume of 1g of steam =
1,677 cc)

[Nagarjuna University 2000]

If 1 g of water freezes into ice, the change in its specific volume is 0.091 cc
Calculate the pressure required to be applied to freeze 10 g of water at —1°C.
[Sri Venkateswara University 1999]
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4.42 Calculate the change of melting point of naphthalene per atmospheric change
of pressure, given melting point = 80°C, latent heat = 35.5 cal/g, density of
solid = 1.145 g/cc and density of liquid = 0.981 g/cc

[University of Calcutta]

4.43 The total energy of blackbody radiation in a cavity of volume V at temperature
T is given by u = aVT*, where a = 40/c is a constant.

(a) Obtain an expression for the entropy S in terms of 7', V and a.
(b) Using the expression for the free energy F, show that the pressure P = %u

4.44 Given that the specific heat of Copper is 387 J/kg K™, calculate the atomic
mass of Copper in amu using Dulong Petit law.

4.2.3 Statistical Distributions

4.45 Calculate the ratio of the number of molecules in the lowest two rotational
states in a gas of H, at 50 K (take inter atomic distance = 1.05 A°)
[University of Cambridge, Tripos 2004]

4.46 Consider a photon gas in equilibrium contained in a cubical box of volume
V = a*. Calculate the number of allowed normal modes of frequency w in the
interval dw.

4.47 Show that for very large numbers, the Stirling’s approximation gives

n! = 2xnn"e™”

4.48 Show that the rotational level with the highest population is given by

VIkT 1
Jmax(pop) = P

4.49 Assuming that the moment of inertia of the H, molecule is 4.64 x 1043 kg-m?,
find the relative population of the J = 0, 1, 2 and 3 rotational states at 400 K.

4.50 In Problem 4.49, at what temperature would the population for the rotational
states J = 2 and J = 3 be equal.

4.51 Calculate the relative numbers of hydrogen atoms in the chromosphere with
the principal quantum numbers n = 1, 2, 3 and 4 at temperature 6,000 K.

4.52 Calculate the probability that an allowed state is occupied if it lies above the
Fermi level by kT, by 5kT, by 10kT.

4.53 If n is the number of conduction electrons per unit volume and m the electron
mass then show that the Fermi energy is given by the expression

n? (3n\*?
8m \ 7



256

4.54

4.55

4.56

4.57

4.58

4.59

4.60
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The probability for occupying the Fermi level Pr = 1/2. If the probability for
occupying a level AE above Eg is P, and that for a level AE below Ef is P_,
then show that for 2£ < 1, P is the mean of P, and P_

Find the number of ways in which two particles can be distributed in six states

if

(a) the particles are distinguishable

(b) the particles are indistinguishable and obey Bose-Einstein statistics

(c) the particles are indistinguishable and only one particle can occupy any
one state.

From observations on the intensities of lines in the optical spectrum of nitro-
gen in a flame the population of various vibrationally excited molecules rela-
tive to the ground state is found as follows:

v 0 1 2 3
N, /Ny 1.000 0.210 0.043 0.009

Show that the gas is in thermodynamic equilibrium in the flame and calcu-
late the temperature of the gas (6, = 3,350 K)

How much heat (in eV) must be added to a system at 27°C for the number of
accessible states to increase by a factor of 10%?

The counting rate of Alpha particles from a certain radioactive source shows
a normal distribution with a mean value of 10* per second and a standard

deviation of 100 per second. What percentage of counts will have values
(a) between 9,900 and 10,100

(b) between 9,800 and 10,200
(c) between 9,700 and 10,300

A system has non-degenerate energy levels with energy £ = (n + %) hw,
where hw = 8.625x 1075 eV, andn = 0, 1, 2, 3... Calculate the probability
that the system is in the n = 10 state if it is in contact with a heat bath at room
temperature (7 = 300 K). What will be the probability for the limiting cases
of very low temperature and very high temperature?

Derive Boltzmann’s formula for the probability of atoms in thermal equilib-
rium occupying a state E at absolute temperature 7.

4.2.4 Blackbody Radiation

4.61

A wire of length 1 m and radius 1 mm is heated via an electric current to pro-
duce 1kW of radiant power. Treating the wire as a perfect blackbody and
ignoring any end effects, calculate the temperature of the wire.

[University of London]
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4.62

4.63

4.64

4.65

4.66

4.67

4.68

4.69

4.70

4.71

When the sun is directly overhead, the thermal energy incident on the earth is
1.4 kWm™2. Assuming that the sun behaves like a perfect blackbody of radius
7 x 10° km, which is 1.5 x 108 km from the earth show that the total intensity
of radiation emitted from the sun is 6.4 x 107 Wm™2 and hence estimate the
sun’s temperature.

[University of London]

If u is the energy density of radiation then show that the radiation pressure is
given by Prg = u/3.

If the temperature difference between the source and surroundings is small
then show that the Stefan’s law reduces to Newton’s law of cooling.

The pressure inside the sun is estimated to be of the order of 400 million atmo-
spheres. Estimate the temperature corresponding to such a pressure assuming
it to result from the radiation.

The mass of the sun is 2 x 10°° Kg, its radius 7 x 10% m and its effective
surface temperature 5,700 K.

(a) Calculate the mass of the sun lost per second by radiation.

(b) Calculate the time necessary for the mass of the sun to diminish by 1%.

Compare the rate of fall of temperature of two solid spheres of the same
material and similar surfaces, where the radius of one surface is four times
of the other and when the Kelvin temperature of the large sphere is twice that
of the small one (Assume that the temperature of the spheres is so high that
absorption from the surroundings may be ignored).

[University of London]

A cavity radiator has its maximum spectral radiance at a wavelength of 1.0 pm

in the infrared region of the spectrum. The temperature of the body is now

increased so that the radiant intensity of the body is doubled.

(a) What is the new temperature?

(b) At what wavelength will the spectral radiance have its maximum value?
(Wien’s constant b = 2.897 x 1073 m-K)

In the quantum theory of blackbody radiation Planck assumed that the oscil-
lators are allowed to have energy, 0, &, 2¢ ... Show that the mean energy of
the oscillator is &€ = ¢/[exp(e/kT) — 1] where ¢ = hv

Planck’s formula for the blackbody radiation is

8mhc 1

5w — 1

(a) Show that for long wavelengths and high temperatures it reduces to
Rayleigh-Jeans law.

(b) Show that for short wavelengths it reduces to Wien’s distribution law

uAdA. =

Starting from Planck’s formula for blackbody radiation deduce Wien’s dis-
placement law and calculate Wien’s constant b, assuming the values of &, ¢
and k.



258

4.72

4.73

4.74

4.75

4.76

4.77

4.78
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Using Planck’s formula for blackbody radiation show that Stefan’s constant

2 okt

T 5w

A blackbody has its cavity of cubical shape. Determine the number of modes
of vibration per unit volume in the wavelength region 4,990-5,010 A°.

[Osmania University 2004]

=567 x 107 Wm2.K™*

A cavity kept at 4,000 K has a circular aperture 5.0 mm diameter. Calculate (a)
the power radiated in the visible region (0.4—0.7 pum) from the aperture (b) the
number of photons emitted per second in the visible region

Planck’s formula for the black body radiation is
8mhc 1
wdh = —— o 14

Express this formula in terms of frequency.
Estimate the temperature Tg of the earth, assuming that it is in radiation
equilibrium with the sun (assume the radius of sun Ry = 7 x 10% m, the

earth-sun distance r = 1.5 x 10'! m, the temperature of solar surface T, =
5,800 K)

Calculate the solar constant, that is the radiation power received by 1 m?

of earth’s surface. (Assume the sun’s radius Ry = 7 x 10® m, the earth-
sun distance r = 1.5 x 10'! m, the earth’s radius Rg = 6.4 x 10° m,
sun’s surface temperature, 7, = 5,800 K and Stefan-Boltzmann constant

o =57x 1078 _K%).
m

A nuclear bomb at the instant of explosion may be approximated to a black-
body of radius 0.3 m with a surface temperature of 10’ K. Show that the bomb
emits a power of 6.4 x 1020 W.

4.3 Solutions

4.3.1 Kinetic Theory of Gases

4.1

Consider a two-body collision between two similar gas molecules of initial
velocity v; and v,. After the collision, let the final velocities be v3 and vy.
The probability for the occurrence of such a collision will be proportional to
the number of molecules per unit volume having these velocities, that is to
the product f(vy)f(v;). Thus the number of each collisions per unit volume
per unit time is ¢ f(v;) f(v2) where c is a constant. Similarly, the number of
inverse collisions per unit volume per unit time is ¢’ f(v3) f(v4) where ¢’ is
also a constant. Since the gas is in equilibrium and the velocity distribution is
unchanged by collisions, these two rates must be equal. Further in the centre
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of mass these two collisions appear to be equivalent so that ¢’ = ¢. We can

then write

J f(v2) = f(v3) f(vs)

orln f(vy) +1n f(v2) =1In f(v3) +In f(v4) D
Since kinetic energy is conserved

Vi vy =3y &)
Equations (1) and (2) are satisfied if

In f(v) oc V2 3)
orf(v) = Aexp(—av?) “)

where A and « are constants. The negative sign is essential to ensure that no
molecule can have infinite energy.

Let N(v)dv be the number of molecules per unit volume with speeds v to
+dv, irrespective of direction. As the velocity distribution is assumed to be
spherically symmetrical, N(v)dv is equal to the number of velocity vectors
whose tips end up in the volume of the shell defined by the radii v and +dv,

so that

NW)dv = 47v? f(v)dv (5)
Using (4) in (5)

NW)dv = 47 AvZexp(—av?) (6)

We can now determine A and «. If N is the total number of molecules per
unit volume,

N = /00 N(v)dv (N
0
Using (6) in (7)
N =47 A foo v2exp(—av?) dv = 47 A(1/4)(r Ja?)/?
0
or N = A(r Jar)*/? (®)

If E is the total kinetic energy of the molecules per unit volume

o0
[ p# exp(—ozvz)dv
0

or E = 3mA/4) (o) /? ©)

dr Am

1 oo
E = —m/ V2 N@)dv =
2 Jo

where gamma functions have been used for the evaluation of the two integrals.
Further,
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E =3NkT/2
Combining (8), (9) and (10)
m
a=—
2kT

and A = N(a/7)** = N(m/2xkT)*?

Using (11) and (12) in (5)

N)dv = 4n N(m /27kT)>*v?exp(—mv?*/2kT)dv
42 N()dv = 4x N(m/2rwkT)*v?exp(—mv?/2kT)dv

Put E = ymv?, dE = mvdv

Use (2) in (1) and simplify to obtain

N(E)E = 2nNE EN e
= k2 TP\ Tkt

4.3 The average speed

=y N(v)dv 32 oo
<vV>= u =4r ( n ) / v exp(—mv?/2kT)dv
N 27kT 0
where we have used the Maxwellian distribution
m
Puta = —
2kT

*© 2
so that / Ve @ dy = —
0 20[2

Combining (1), (2) and (3)

<8kT)1/2 [SRT
<V >= _— = _—
Tm M

(10)

Y
12)

ey
@)

ey

2

3

“

where m is the mass of the molecule, M is the molecular weight and R the gas

constant.
00 2
v-N(v)dv 32 [
4hh <o oo J VNOMY ( m ) / v exp(—mv? /2kT)dv
N 2nkT 0
witha = — and x = av?; dx = 2avdy
2kT
o 1 o 3

The integral, 1 =/ Ve dy = / x3 2™ dx = el

o 20572 [, 8a5/2

323 3kT
Therefore, < v >=4x ( n ) v = —
2nkT/ g (L)S/z m
2T

<v?>12= (SkT/m)l/2
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4.5 (a) v, is found by maximizing the Maxwellian distribution.

%[v2 exp(—mv?/2kT)] = 0
exp(—mv?/kT)[2v —mv?/kT] =0
whence v =v, = (ZkT/m)l/2
(b) v, i< v >i<v? >V kT /m)'? L 8kT /em)'/? - BkT /m)'/?

=V2:/8/m: 3

46 <2 =12 <3kT>1/2 <3x1.38x10‘23x273>]/2
. <V > = | — —

m 1.67 x 10~%7

= 2,601 m/s at N.T.P
-23
< V2 >1/2= 3x1.38 x 10 x 400
1.67 x 10-27

172
> = 3,149 m/s at 127°C.

3p\"? /3 x (300/760) x 1.013 x 10°\"/*
47 <v?s1P= <_”> - ( x (300/ 3; x ) = 632m/s
0 .

1 1 (™1
48 < — >= — —N(v)dv
v N Jy v

1 *1 3/2
= —/ —4n N (L) v exp(—mv?/2kT) dv
N Jy v 2nkT
Set mv?/2kT = x;vdv = kT dx/m
o0

1
< —->= (2m/nkT)1/2/exp(—x) dx = Q2m/mkT)"?
v
0

4.9 N)dv = 47 N(m /2rkT)*’*v? exp(—mv? /2kT)dv 1)
v, = (kT /m)"/? )
Letv/v, = a;dv = v,da 3)
Use (2) and (3) in (1)

N(x)da = 4—N o? exp(—ozz)dot
JT

4.10 Fraction

N(v)d 3/2

f= (]\:,) v =4 [—ZHHZT] v? exp(—mv2/2kT)dv
199 + 201

p= 2 200m/s

dv =201 -199 =2m/s
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32 x 1.67 x 10727 \*?
=4 200)>
J=am (271 x 138 x 102 x 300> (200)

32 x 1.67 x 10727 x 200? 2
X — X
P\ T 138 % 102 x 300

=229 x 1073
3T\ /2
< v2 >l/2: (_)
m

Vrms (600 K) = [1pms (300 K)](600/300) /2

= 1270 x v/2 = 1,796 m/s
Relative velocity v, of one molecule and another making an angle 6 is
Vrel = (V2 4+ 12 = 2(1)(v) cos B)/2 = 2v 5in(6/2)

Now, all the direction of velocities v are equally probable. The probability
f(0) that v lies within an element of solid angle between 6 and 6 + d6 is given
by

1
f(@) =2msin6dO /4n = 3 sin 6dO

Vrel 1S Obtained by integrating over f(6) in the angular interval O to 7.

T s . 9 1 .
< Vpel >= Vel f(O) = 2vsin| = ) | = sin6dd
0 0 2)\2
T 5[0 0 T . ,0 .0
=2v sin“ | — ) cos —d6 = 4v sin® —d [ sin - | =4v/3
0 2 2 0 2 2

ve = (2¢R)"?; Vs = GKT /m)'/?
Vims = Ve
T — 2mgR _ 2 x (2 x 23.24 x 107%7)(9.8)(6.37 x 10°)
3k 3x1.38 x 10-23
=14x10°K
Fraction of gas molecules that do not undergo collisions after path length x

is exp(—x/A). Therefore the fraction of molecules that has free path values
between A to 2A is

f = exp(—1 /%) — exp(=2./)

= exp(—1) — exp(-2)
=0.37 —0.14 =0.23

Consider a volume element dV = 27r?sin@dfdr located on a layer at a
height z = rcos8. If mu is the momentum of a molecule at the XY-plane
at z = 0, then its value at dV will be mu + (%mu) rcos 6 (Fig. 4.2). At an
identical layer below the reference plane dA, the momentum would be
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d
mu — (—mu) rcosd
dz

Let dn be the number of molecules with velocity between v and v + dv
per unit volume. The number of molecules with velocity v and v + dv in the
volume element dv is dndv. Molecules within the volume element undergo
collisions and are scattered in various directions.

Fig. 4.2 Transport of
momentum of gas molecules

Number of collisions that occur in dV in time d¢ will be %%dt. The fac-
tor % is introduced to avoid counting each collision twice, since the collision
between molecules 1 and 2 and that between 2 and 1 is same.

Each collision results in two new paths for the scattered molecules. Hence
the number of molecules that are scattered in various directions from this vol-
ume element dV in time df will be 2 x %/—Kdt x dndV or § dtdndV.

Now the solid angle subtended by dA of the reference plane at dV is
dAcos6/r.

Assuming the scattering to be isotropic the number of molecules moving
downward toward dA is

v dtdndVdA cos 6

A 4mr?
vdtdn (27 r? sin @dédr)dA cos 6
r

Admr?
vdrdndA sin 6 cos 6
T

21
Transport of momentum downward from molecules in the upper hemi-
sphere through dA in time dt is
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_ dAdr /2 dm
/ vdn/ ’/Adr/ sin® cos @ (mu +r cos@d—> do
z

The factor e~’/* is included to ensure that the molecule in traversing the

distance r toward dA does not get scattered and prevented from reaching dA.
Similarly, transport of momentum upward, from molecules in the lower
hemisphere through dA in time df is

dAde o [ dmu
= vdn ~*dr sin@ cos | mu — r cos Od— do
z

Hence net momentum transfer to the reference plane through an area dA in
time df is

dAdr mdu o [
P=P —P, = vdn re”"dr cos” 0 sin6do

= KdAdt—u)»n <V >
3 dz

(the first integral gives n < v >, the second one A? and the third one a factor
1/3)
Momentum transported per second is force

A du
F=—-dAn <v>m—
3 dz

The viscous force is
du A du

17dAd—Z =1§dAn <V > md—Z

1
or =-mn<v>A=-p<v>A
n 3 3,0
where mn = p = density of molecules.

1 1

V2rno? 21 x 3 x 1025 x (2.5 x 10-10)2
=12x10"m

v 1,000 .
f=o= 833 % 10°s

A 1.2 x 1077

- _ "' T
TV =1V, <_2> =

A=

Vi T
or2" '=132, y=14

Number of degrees of freedom,

fo 2 2 _s
Ty —1 14-1
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4.18

4.19

4.20

leV = kT
_lev  16x1077J
Tk 138x1073J/K

=11,594K

(a) For a perfect gas at temperature 7', the kinetic energy from translation
motion

—m<\;2>—i——m<v2>+—m<v2>:EE @))]

2 * 2 Y 2 : 2 Ny
where R is the gas constant and Ny is Avagadro’s number. The energy of
the 3 degrees of freedom of translation is therefore on the average equal to
%RT/ Ny for each molecule. Using this result together with the principle of
the equipartition of energy, it is concluded that in a system at temperature 7
each degree of freedom contributes, %N%T to the total energy.

If each molecule has n degrees of freedom, the total internal energy U of a
gram-molecule of a perfect gas at temperature 7,

1
U= nRT 2)

The molecular heat at constant volume C is equal to (g—(Tj)v, and is therefore
given by

1
Cy = 3nR €)
For a perfect gas
C,—C, =R @)
2)R
Therefore C, = C, + R = % (5)
C 2
andy = L =1+ = (6)
C, n

(b) For monatomic molecule n = 3, for translation (rotation and vibration are
absent), y = 1.667.

For diatomic molecule n = 5 (3 from translation and only 2 from rotation
as the rotation about an axis joining the centres of atoms does not contribute)
andy = 1.4
If vibration is included then n = 7 and y = 1.286

According to Chapman and Enskog

«_ 1 |3dE dE’ |
“wl2ar Tar .

where E, is the translational energy and E the energy of other types.

If B denotes the number of degrees of freedom of the molecule due to causes

other than translation, the total number of degrees of freedom of the molecule

will be 3 + B.
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From the law of equipartition of energy we have

dE, 3 dE B

=—k;— =~k (2)
dr —27°dr 2
Hence,
K_[22420F (©)
n o[22 2 m

We can express the result in terms of C, and y. From the law of equiparti-
tion of energy

C, — (3+ﬁ).£; c, = (5+ﬂ).£
m 2 m
S 2
whence y = C. _1+3+ﬂ
orp= 2= 4)
y —1
Furthermore
C. = _k 5)
Comy =1
Combining (3), (4) and (5)
K _ l(9 -5
nc, =1 )
4.3.2 Maxwell’s Thermodynamic Relations
421 Let f(x,y)=0 Q)
df:(%) dx+(%) dy=0 2)
ax/, ay /.

Equation of state can be written as f(P, V, T) = 0. By first law of thermody-
namics

dQ =dU +dwW (3)
By second law of thermodynamics

dQ = Tds (4)

for infinitesimal reversible process

dW = pdV &)
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Therefore,
dU = Tds — PdV (6)

where U is the internal energy, Q the heat absorbed, W the work done by the
system, S the entropy, P the pressure and 7 the Kelvin temperature.
Let the independent variables be called x and y. Then

U=Ux,y);V=V(xy):,5=S8xy) (7

Now,

df = <%> dx + (%> dy 3)
ax/, 9y /.,

Therefore

dU = (8—[]) dx + (8—U) dy )]
0x v ay /.

aVv aVv
dv = (—) dx + <—> dy (10)
ax /, ay /.
N 0S
ds = (—) dx + <—> dy (11)
ax/, ay /.
Eliminating internal energy U and substituting (9), (10) and (11) in (6)
aU oU S as
() o ()=o) - ().
ax /, ay /., ax/, ay /.
A% aVv
—P (—) dx+<—> dy (12)
ax /, ay /.
Equating the coefficients of dx and dy
oU 0S A%
(), =), (&) @
ax /, ax/, ax /,
iU N aVv
WY (22 _p (2 (14)
ay /., ay /. ay /.

Differentiating (13) with respect to y with x fixed, and differentiating (14)
with respect to x with y fixed
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o (50 ] =060 5 () | ®
()G, 5G]
(5] -(), ) G w
)& E G,

Since the order of differentiation is immaterial, dU being a perfect differ-

ential, the left hand sides of (15) and (16) are equal. Further, since dS and dV
are perfect differentials.

HEIRHGN <”>

and

(50 ] - G w

Using (15), (16), (17), and (18),

() (962,62 - (), ) -2, ),

Equation (19) can be written in the form of determinants

(), (0) |, (2,
S @)

(a) Let the temperature and volume be independent variables. Put x = T and
y = V in (20). Then

() () (3)-() -

Since T and V are independent, we find

S\ _ (0P .
(W);(a—r>v @D
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(b) Let the temperature and pressure be independent variables. Put x = T and
y = P in (20).

T\ _ (3PN _,. (3T _(?P\ _,
5).-5).= (5).-(5) -

)~ )
oP ), oT )

4.22 In Problem 4.21 let the entropy and volume be independent variables. Put
x =sand y =V in Eq. (19)

S\ _ (VY _ . (3S\ _ (VY _, (¥T\ __ (2P
()= (). = (5).= (), = ().~ (55),
' (23)

4.23 Let the entropy and pressure be independent variables. Putx = s and y = p
in Eq. (19) of Problem 4.21.

()= ().~

Therefore,

oT oV
().~ (5), @

4.24 Consider Maxwell’s relation (21) of Problem 4.21

S\ _ [oP .
(W)T = (ﬁ% M

Multiply both sides by T,

aS oP
T|— ) =T(— 2)
ov ), oT Jy,
0 apP
o (22) =7 (28 3)
v ), oT /,
which means that the latent heat of isothermal expansion is equal to the prod-
uct of the absolute temperature and the rate of increase of pressure with tem-
perature at constant volume. Apply (3) to the phase transition of a substance.
Consider a vessel containing a liquid in equilibrium with its vapor. The pres-
sure is due to the saturated vapor pressure which is a function of temperature
only and is independent of the volume of liquid and vapor present. If the vessel
is allowed to expand at constant temperature the vapor pressure would remain

constant. However, some liquid of mass §m would evaporate to fill the extra
space with vapor. If L is the latent heat absorbed per unit mass,
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8§Q = Ldm “

If v; and v, are the specific volumes (volumes per unit mass) of the liquid and
vapor respectively

v = (v, — vdm (5)
Using (4) and (5) in (3)

Lr(2)
V2 —Vp - aT 7%

Here, various thermodynamic quantities refer to a mixture of the liquid and
vapor in equilibrium. In this case

P\ [0V
aT ), \dT ),

since the pressure is due to the saturated vapor and is therefore independent of
V, being only a function of 7. Thus (6) can be written as

0P L (Cl ’ tion) @)
— = — apeyron’s equation
0T )y~ T(uy—vy) | poyromsedd
L=T( )dP
=T, —v)—
2=V
2.71 p
=373.2(1,674 — 1) x T3 x 1.013 x 10
=2.255x%x10"erg g~!
=2.255]/g
2255 539.5 cal/
T aas TR
as oP
) (= )]
v/, oT ),
Substitute
dU + PdV
a5 = LY @
T
in (1)
U apP
=) =7(=) -P 3)
v ), oT /),
If u is the energy density and P the total pressure, (g—g) = u and the total

pressure P = u/3, since the radiation is diffuse. Hence (3) reduces to
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Solutions
T ou u du dT
30T 3 u T
Integrating,

Inu=4InT +Ina =InaT*
where In a is the constant of integration. Thus,

u=arl*

S=f(T,V)
where T and V are independent variables.

a N
ds = 95 dT + | — ) dVv
oT ), v /),
(8S> _<BS> +<BS> <8V)
or ), oT ), oV ) \oT Jp
Multiplying out by 7' and re-arranging
aS N aS aV
T|—=) - T|—=) =T|— —
ar ), oT /), oV ), \oT /) p
Now,
aS aS
T —_— :Cp; T g :CV
ar ), aT /,
and from Maxwell’s relation,
S\ (9P
av ), \ar ),

Therefore,

c _c _r(?F v
peomre o \ar )\t ),

For one mole of a perfect gas, PV = RT. Therefore

9P R v R
— ) =—and |—= ) =—
ar), Vv aT ), P

It follows that
C,—C,=RT

(P+%)(V—b)=RT

Neglecting b in comparison with V,

RT a
P=———
\% V2

271

ey

6]

©))
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9P\ R 3
(a—r)v—v )

Re-writing (1)
a
PV + — =RT
+ Vv

Differentiating V with respect to 7', keeping P fixed

A% a [0V
Pl—=) —-= (=) =r
aT ), V2\oT /,

or

aV R
it ), = P a2 @
P —al/V
Now,
oP Vv
C,—C,=T|—= — (5)
oT ), \oT J p
(By Problem 4.27)
Using (3) and (4) in (5)
R’T P V2
c,—C, (P+al/VD) Rt +2a/PV?)

TVP—a/Vh) (P —a/V?)
_Rr(14-2

- RTV

If f(x,y, z) =0, then it can be shown that

5).).(), =~
gy ). \oz ), \ox/,

Thus, if f(P,V,T) =0
<ap> (av) (3T>
il -~ — ) =-1 ey
av ), \ar ), \oP ),
(ap) (ap) <av>
o(—=) =—(=) (= )
aT ), ov ), \oT ),
o (3),=-(25), 62
aT ), or ), \apr ),

But

cr-cv=1(2L) (& 4
PoCv= (a—T)v(a—T>P @
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4.30

Use (2) and (3) in (4)

oo (2P V> 5
r—ev=-1(57), (57), v
PP ) aP\? 6
r—ev=1(35), (57), “

Equation (5) can be written in terms of the bulk modulus E at constant tem-
perature and the coefficient of volume expansion .

apP 1 [0V
E=—|—7=); a=—=|— @)
av/v VA\oT
C,—C,=TEd*V ®)
Taking T and V as independent variables

S=f(T,V)

38 3S
dS=<—) dT+T<— av
aT ), v ),

Multiplying by T,

35S 38
TdS=T(— ) dT+T(—) dv
aT ), v ),
38
=CydT +T(—) dv
v ),

S 9P
But [ — ) =(—
ov ), \or ),
IP
TdS:CVdT—l—T(—) dv
|4

oT
Also,

(i), =) (),

IP\ [V
S TdS=CydT —T (— ) (=) dv
av ) \ar /),

Introducing relations o = %(8 V/oT)p and Er = —V(dP/9V)r for volume
coefficient of expansion and isothermal elasticity
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Taking T and P as independent variables

S=f(T,P)

EN 38
dS=(—) a7+ (=) ar
aT ), P ),

9
orrds =7 (22 ar+7(22) ap
aT ) » P ),
S
=CpdT +T (— ) dP
P ),

orTdS = CpdT — T 8_V dP
oT ) p

= CpdT — TVadP

Taking P and V as independent variables,

S=f(P,V)

35S 35S
dS=<—) dP+<—> av
aP ), v ),
38 38
TdS=T(— | dP+T(—) dv
aP), v ),
39S\ (oT aS\ [oT
=7(=) (=) dP+7T (=) (=) av
ar ), \oP/, or ), \ov ),
o (LY ap+ce (21 av
—v\ar)/, P\av ),

In the Joule-Thompson effect heat does not enter the expanding gas, that is
AQ = 0. The net work done by the external forces on a unit mass of the gas
is (P V1 — P,V3), where Py and P, refer to higher and lower pressure across
the plug respectively.
AW =PV, — PRV,

If the internal energy of unit mass is U; and U, before and after the gas
passes through the plug
AU =U,—-U,
By the first law of Thermodynamics
AQ=0=AW + AU
or Uz—Ul =P1Vl —PZVZ
or A(U+PV)=0
or AH=0
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where H is the enthalpy
S TAS+ VAP =0

But by Problem 4.31

vV
TAS=CpAT —T (=) AP
T ) »

CpAT + |V TaV AP =
- Cp T ), =

[T (5r), —VIAP
Cp

or AT =

4.34 (a) For perfect gas
PV =RT

A%
Pl—) =R
T ) »
v TR
T(—=) =—=V
or), P

A%
orT | — —-V=0
T ) p

.. AT = 0 by Problem 4.31
(b) For imperfect gas
a
V2
a
orPV:RT—V—i—bP—i—

(P+ )(V—b):RT

ab
V2

v a [V 2ab [0V
Pl—=) =R+ =) = |—=
aT ), vz\ar ), vi\ar/,

Re-arranging

<av> R R
ar ) = a | 2ab  RT__ 2a b
T/)p P-4+ v5—w(-7)

Multiplying both numerator and denominator of RHS by (V — b)/R

AN 2a 1!
T(ﬁ>P _(V—b)[l — 2V =D ]

=(V -b) [1 +2—a(v —b)ﬂ

RTV3
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=V =b)+ ——(V—b)

RTV?3

(2 S R
AT ) p ~RT v

Using this in the expression for Joule-Thompson effect (Problem 4.31),
1 2a
AT =— | ——-b) AP
C, \RT
4.35 The equation of state for an imperfect gas is

(r+5)v—b=

It can be shown that

1 2a
AT = — | —-p
C, \RT
IfT <2a/bR, AT /Ap is positive and there will be cooling.
IfT > 2a/bR, AT /A p will be negative and the gas is heated on undergo-
ing Joule—Kelvin expansion.
IftT =2a/bR, AT/Ap =0, there is neither heating nor cooling.
The temperature given by 7; = b % is called the temperature of inversion

since on passing through this temperature the Joule—Kelvin effect changes its
sign. Figure 4.3 shows the required curve.

Fig. 4.3 Joule-Thompson
effect

T | Cooling

Heating

p—>

4.36 By definition

aP aP
Er=-V(|—) (Es=-V(—
W), v )



4.3 Solutions

dP/oV oT
P/ )S(W)S

Es _(@P/3V)s _
Er  (P/dV)r

aS
(0P/3S)r <W>
T

aS
0T /3V)s (ﬁ)T _ @P/3S)y@V/aT)p

IS\ @V/9S)p@P/IT)y
A

from the relations given in Problems 4.21 and 4.22
L Es _@S/aT)r 0000w _Cp
Er 3S/9T)vy  (3Q/3T)y  Cy

(8T/3P)s<

437 0V/3T)s 1 _ 1
T @V, GT/aV)s@V/aT)e (a_P) (8_V>
a8 ), \oT /)
where we have used Eq. (23) of Problem 4.22.
Writing
(), = (7). 5), = Gsromn
as ), \ar ), \as ),  (3S/dT)y
@V/oT)s (05/0T)y . (@5/9T)y

@V/8T)p — (@P/dT)v(@V/dT)p ~ —(Cp —Cv)/T

(by Eq. (4.1) of Problem 4.27

T3S/dT)y Cy 1
—(Cp—Cy)  —(Cp—Cy) 11—y
435 OP/OD)s _ 1 _ !
T @P/dT)y  (AT/dP)s(3P/dT)y (8_‘/) (8_1’)
as ), \oT /),
- 1 B (3S/3T)p
- (av <8T (8P oV 9P /3T
i), (55), Gr), (i), eprm

_T@S/aT)p  Cp vy
(Cp—Cy)  (Cp—Cy) y-—1

where we have used Eq. (4.24) of Problem 4.22 and the relation

o7 (35
P=2\or),
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4.39 By Maxwell’s first equation

MY oP
(W)T = (ﬁ)v M

T
using (2) in (1)

(iv), =7 (i) -

For perfect gases,
RT

P=—
Vv

U RT
_— =— —P=0
wv), v

Thus, temperature remaining constant, the internal energy of an ideal gas
is independent of the volume.

40 P L
VAT T Ty — )
T
dT = —(vy — v)dP
L(vz V)
373(1677 — 1)(2 x 10°
L JZX 10D _ 55 1oc
546 x 4.2 x 107
=1lcem®; v, = —— =10.981 cm®
441 v om’; vy = oo cm
P — LAT  80x42x107x1
T —v) (—14273)(10.981 — 1.0)
10%dynes
= 1.238 x — S = 1.24 atm
cm
P, =P, +dP = 1.0+ 1.24 = 2.24 atm
4.42 ! ! 0.873 cm?/
V)W =—=——=0. cm
ae =T 1145 g
! ! 1.019 cm?/
= —=—=1. cm
2, T 0.981 &
4T — T (v, —v)dP
L

(80 +273)(1.019 — 0.873)(1.0 x 10°)
h 35.5 x 4.2 x 107

= 0.0346°C
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4.43 (a) Use the relation

dU = Tds — PdV (1
Here,

dV = 0(. V = constant) and

U=aVT* )

dU = 4aVT3dT = Tds

d
—s> — 4aVT?
ar ),

Integrating S = %aT3V

4 1
OF=U-TS=aVT*— 5aT“V = —SaVT4

dF 1, 1
p=—\— =—al" = —-u
av), 3 3

4.44 According to Dulong-Petit’s law the molar specific heats of all substances,
with a few exceptions like carbon, have values close to 6 cal/mol°C~!. The

specific heat of Cu is k;?, r = 213(%71] = 0.0926cal/gK~!. Therefore, the atomic

mass of Cu = W6926 = 64.79 amu.

4.3.3 Statistical Distributions

4.45 Probability for the rotational state to be found with quantum number J is given
by the Boltzmann’s law.

P(E) o< (2J + Dexp[—J(J + DR /2IokT
where [ is the moment of inertia of the molecule, k is Boltzmann’s constant,
and T the Kelvin temperature. The two lowest states have / = 0and J = 1

1

Ip = M(r/2° + M(r/2)* = EMr2, where M = 938 MeV/c?
21y = Mr? =938 x (1.05 x 10719)?/¢?

he = 197.3MeV — 10~ Pm

50
_ -23 _ —10
B2 B2 (197.3)% x 103
2I0kT — Mc2r2kT 938 x (1.05 x 10719)2 x 43.125 x 10~10
J(J + D2
For J = 1,—( ZZT) =1x({+1)x0.8728 = 1.7457

For J =0, P(Ep) « 1.0
ForJ =1, P(E|) x (2 x 1 + 1)exp(—1.7457) = 0.52
. P(Ep): P(Ey):1:0.52
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4.46 For stationary waves, in the x-direction
kea = n,m
orny = kya/mw
dn, = (a/m)dk,
Similar expressions are obtained for y and z directions.
dn =dn,dn,dn,
= (a/n)’dk
However only the first octant of number space is physically meaningful.
Therefore
dn = (1/8)(a/m)’d*k
Taking into account the two possible polarizations

2V 2V
dn = &Pk = —— Anxk’dk
Q2m)3 83
w
Butk = —;dk = dw/c
c
Voldw
c.dn = o

447 n'=n(n—-1Dn —-2)...43)(2)
Take the natural logarithm of n!
Inn!=mn24+mn3+mnd+---+In(n—2)+1In(n —1)+1Inn

=X _,Inn

=f Inn dn
1

=nlnn—n+1
~nlnn—n
where we have neglected 1 forn > 1
448 p(E) = (2J + 1)e~/U+DR/2kT
The maximum value of p(E) is found by setting dp(E)/dJ =0

5_ (2J + 1)*w? o JUHDR2IKT _
210kT

Since the exponential factor will be zero only for J = oo,

232
, @I+
20I0kT

Solving for J, we get

VIokT 1

max — 7 )
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4.49

4.50

451

4.52

4.53

— +1)R2
p(E)) = (2) + et
n (1.055 x 107342
The fact = = 86.9
e factor 200k~ 2x4.64x 10-%8 x 1.38 x 10-23J
p(Eo) =1
D(E)) = 3¢ 27869400 _ | 949
D(Ey) = 5¢-6x869/400 _ 1 359
P(E3) = Te~12x869/40 _ () 516
P(E,) = 5e~0x8609/T — 5,=5214/T 0

P(E3) = Te  12X869/T — 7,-10428/T

Equating p(E,) and p(E3) and solving for 7', we find T = 1,549 K

For Boltzmann statistics p(E) o e~ £/¥T Therefore,

P(Ey) — o~ (Ea—ED/KT
p(EY)

In hydrogen atom, if the ground state energy E; = O, then E, = 10.2,
E; =12.09 and E4 = 12.75 eV

The factor kT = 8.625 x 107> x 6, 000 = 0.5175

P(Ey)/P(E)) = e 102/03175 =2 75 x 107°

P(E3)/P(Ey) = e~ 1209/05175 _ 1 4 5 10710

P(E4)/P(E|) — 6712.75/0.5175 = 1.99 x 10711

Thus P(E1): P(E>): P(E3):1:28x 1077 :1.4x10719:2.0x 107!
This then means that the hydrogen atoms in the chromospheres are predomi-
nantly in the ground state.

1
e(E—Ep)/KT 1 ]

1
For E — Ep = kT, p(E) = —— = 0.269
e+ 1

p(E) =

For E — Ep = 5kT, p(E) =

1 -3
s =669 10
e

1 =5

For the conduction electrons, the number of states per unit volume with energy
in the range E and E+dE, can be written as n( E)dE where n(E) is the density
of states. Now, for a free electron gas
82 m3/? g2
3

nE) = =5
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Let P(E) be the probability function which gives the probability of the state
at the energy E to be occupied. At T = 0 all states below a certain energy are
filled (P = 1) and all states above that energy are vacant (P = 0). The highest
occupied state under the given conditions is called the Fermi energy.

The product of the density n(E) of available states and the probability P(E)
that those states are occupied, gives the density of occupied states ny(E);
that is

no(E) = n(E)P(E)
The total number of occupied states per unit volume is given by

Ex
n =/ no(E)dE
0

3/2 Eg
— M/ El/zd(E)
0

h3
8\/571”13/2 2 3/2
=——" ZE
md T3
h? (3n\*?
or EF = — (_)
8m \ 1w
454 P, = ! = ! ~ 1 = 1(1 A/2kT)
DN T QE-EDIT 1] T AT 11 24 AJKT 2

1
P— = E(1 + A/2kT)
P P_
S /2 = Py
2
4.55 (a) For n states, the number of ways is N = n?. Therefore, for n = 6 states
N =36
(b) For n states the number of ways is N = n>—(n— Dorn?—n+1. Therefore,
forn =6, N =31
(c) For n states, N = n> —n + 1 — n or n> — 2n + 1. Therefore for n = 6,
N =25

4.56 If the gas is in equilibrium, the number of particles in a vibrational state is

hv 0
N, = Nyexp T = Npexp -7)

The ratios, No/N; = 4.7619, N, /N, = 4.8837, N,/ N3 = 4.7778, are seen
to be constant at 4.8078. Thus the ratio N, /N, is constant equal to 4.81,
showing the gas to be in equilibrium at a temperature

T =3,350/(In4.81) ~ 2,130 K

457 AS =kIn(AW)
But AS = AQ/T
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or AQ =TAS =kTIn AW
= (1.38 x 1072*)(300) In 10®
=7.626 x 107*J = 0.477 eV

4.58 The Gaussian (normal) distribution is

fx) =

e—(x—u)z/2<"2
o2

where p is the mean and o is the standard deviation. The probability is found
from

n+o

(a)P(/L—o<x<u+6)=/ f(x)dx

n—o

. xp
Letting z = —=

1
P(-l<z<1)= /(b(z)dl
.

1
=2 / ¢(z)dz (from symmetry)
0

=2 x 0.3413 = 0.6826 (from tables)
or 68.26%(shown shaded under the curve, Fig 4.4)

74
1.1.?:0 |.l-|20 p-g B B0 |.|4!2u U0 x——p
3 2 101 2 3 1» ;

Fig. 4.4

(b) Similarly
P(u—20) <x < pu+20)=0.9544 or 95.44%
() P(u—30) <x <(u+30)=0.9973 or 99.73%

(n+3)no
e T

(n+3)no
00—
z:n:Oe K

459 P(n,T) =

o~ (n+3)ho/kT

e~ 3ho/kT 500 enho/KT
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e—nhw/kT e—nhw/kT
= T ThojkT
e "l SRolkT ]
1 — e~ hw/kT

— e—nhw/kT (ehw/kT _ 1)

. hw 8.625 x 107>
Substitute n = 10, — = =
k (1.38 x 10723/1.6 x 10~19)

P(10,300) =3.2 x 1073

In the limit 7 — 0, the state n = 0 alone is populated so that n = 10 state is
unpopulated.

In the limit 7 — oo, probability for n = 10 again goes to zero, as higher
states which are numerous, are likely to be populated.

1.0

Consider a collection of N molecules of a large number of energy states,
E,, E,, E5 etc such that there are N; molecules in state £, N, in £, and
so on. The nature of energy is immaterial. The number of ways in which N
molecules can be accommodated in various states is given by

N!

W=——
NN, ...

ey
The underlying idea is that the state of the system would be state if W is a
maximum.

Taking logs on both sides and applying Stirling’s approximation In W =
NInN — N —XEN;InN; + EN;

=NInN — XN;InN; 2)
because N; = N 3)
YN;E; = E 4

If the system is in a state of maximum thermodynamic probability, the varia-
tion of W with respect to change in N; is zero, that is

X8N; =0 (5)
SE;$N; =0 (6)
(1 +1InN;)§N; =0 @)

We now use the Lagrange method of undetermined multipliers. Multiplying
(5) by « and (6) by B and adding to (7), we get

S{(1+InN;)+o+BE}SN; =0 (¥
Therefore
InN;+1+a+BE; =0 )

or N; = Ce PEi (10)
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Where C = constant which can be determined as follows.

YN; =N =Cxe PE (11)
C = N 12

or = W ( )

Equation (10) then becomes

N —BE;
=Nt (13)
Se—BEi
The denominator in (13)
Z =Xe PHi (14)
Is known as the partition function. It can be shown that the quantity
1
- 15
B T 15)
where k is the Boltzmann constant and 7 is the absolute temperature.
N
- 16
€= (16)

4.3.4 Blackbody Radiation

4.61

4.62

4.63

Electric power = power radiated
W=0T*A
A=2mrl =21 x 107 x 1.0 = 6.283 x 10’ m?

w4 1,000 14
T=|—| = =1,294K
A 5.67 x 10~ x 6.283 x 103

The Solar constant S is the heat energy received by 1 m? of earth’s surface per
second. If R is the radius of the sun and r the earth-sun distance, then the total
intensity of radiation emitted from the sun will be o7 W m~2 and from the
sun’s surface o T*.4m R?. The radiation received per second per m? of earth’s
surface will be

4, AT R?
S=0T".
47 r?
Solving,
2 1.5 % 10%\°
oT =8 —1400( 220 ) —643x107Wm™2
R? 7 x 10°
6.43 x 107\ "/* 6.43 x 107 \'/*
T ) = (22X} —5.800K
o 5.67 x 10-3

Using the analogy between radiation (photon gas) and gas molecules, the pho-
tons move in a cavity at random in all directions, rebounding elastically from
the walls of the cavity. The pressure exerted by an ideal photon gas is
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2
=—p <V’ >
p=3p
where p is the mass density. In the case of photon gas, the speed of all photons

is identical being equal to c. Furthermore, from Einstein’s relation

u = pc?

where u is the energy density. Replacing < v? > by ¢?
1 u

Prad = 51002 =3

4.64 Let T and Tj be the Kelvin temperatures of the body and the surroundings.
Then, by Stefan—Boltzmann law, the rate of loss of heat per unit area of the
body is

do
E =O'(T4—T(;t)

=o(T — To))(T + To(T? + T3)
If (T — Ty) be small, (T ~ T), and

do
— =0o(T — Ty) x 4T3
dr o( 0) 0
Since Ty is constant,
a x (T — Ty); (Newton’s law of cooling).
4.65 The energy density u and pressure p of radiation are related by
u
P=3

Furthermore, u = 40 T*/c

Eliminating u,

ro (3" _ (33 x10° x4 x 108 x 1.013 x 10°
o N 4 x5.67 %1078

1/4
) =2x10'K

4.66 (a) Power, P = 0 AT* = 47 R*>c T*
= 47(7 x 10%)*(5.67 x 107%)(5,700)*
=3.68 x 10%W

3.68 x 10%
(3 x 108)?
(b) Time taken for the mass of sun (M) to decrease by 1% is

Mass lost per second, m = P/c* = =4.1 x 10°kg/s

M 1 2 x 103 1 18
t=—X — = X =4.88 x 10°°s
100 m 100 4.1 x 10°
_ 4.88 x 10'®

= m =1.55x 1011 years
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4.67 Power radiated, P = 0 AT* = 4w R?*c T*

P, R} Ty  (4R)* Ty
P RTY RO T
P, . sz/dt . mos(dT /dt),

Furthermore, — = =
P, dQ[/dI mls(dT/dt)l

where s is the specific heat
Butmy oc R3 and m; o R}

_(dT/dt), P, R} 256

= 256

22l oy
(dT/dt)1 Py Rg 43
4.68 (a) Ay.T = b
b 2.897 x 1073
7= 22X 897K
A 1 x 10-6
p_T_,
P T

New temperature, 7> = T; x 2!/4 = 2,897 x 1.189 = 3,445K

(b) The wavelength at which the radiation has maximum intensity

2.897 x 1073
= 22 X T .84 107%m = 0.84 um
3445
4.69 The mean value € is determined from;
€= 2:;30=0n € i;ﬂne — _i]n S e—ﬂne
e} —pBne
X22e dg e
= —iln(l +ePepe et
dp
d 1
=——In——
dg 1 —eB<
where we have used the formula for the sum of terms of an infinite geometric
series.
—Be
_ €e €
€= [—oFc — ope 1 (B=1/kT)
8mhc 1 ,
470 (@) udr = 5 kT ldA (Planck’s formula) €Y

For long wavelengths (low frequencies) and high temperatures the ratio
;}(—‘; « 1 so that we can expand the exponential in (1) and retain only the
first two terms

8mhe _ 8nkT
ML+ he/AkT +..) =11 a4

M)Ld)\ = dx

writing A = ¢; dA = —5dv

v2
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8?2
U, =

kT (Rayleigh-Jeans law)

(b) If hv/kT > 1i.e hc/AkT > 1 then we can ignore 1 in the denominator
in comparison with the exponential term in Planck’s formula
w dr = cre”*Td)  (Wien’s distribution law)
where the constants, ¢y = 87hc and ¢, = he

8mhe 1

uda = 5 SheIkT ldA (Planck’s formula)

The wavelength A,, corresponding to the maximum of the distribution curve
is obtained from the condition

dlzl)L
- =0
(%),

Differentiating and writing hc/kT A,, = B, gives

e_ﬁ—{-é—l:O

This is a transcental equation and has the solution
B =4.9651, so that
he
= 49651k
Thus, the constant
6.626068 x 1073 x 2.99792 x 108
T 49651 x 1.38065 x 1023

AT = b = constant.

=2.8978 x 1073 m-K

a value which is in excellent agreement with the experiment.

By definition
u:/uvdv=aT4 (1)
Inserting Planck’s formula in (1)

. 8wh [ Vv 8TkT* [ x3dx
u=al’ = —— =

3 Jo ekt — 1 B Jy er —1
where x = hv/kT
8mk*

a

o0
ZW/ B +eF 4. e+
neT 0

2

o0 —
Now, [, x3e dx = r%, and Zf‘;lr% =5

. 487k 7t _ 8 mk*
TOR3¢3 790 15 h3¢3
ac 2 okt

4 15 h3c2




4.3 Solutions

2 (3.14159)3(1.38065)* x 1092
T 15(6.626068 x 10734)3(2.99792 x 108)2
=567 x 10°¥W-m2-K*

a value which is in excellent agreement with the experiment.

4.73 Number of modes per m? in the frequency interval dv is

8w v2dy
But,
A 4 1
b= f;d,):_d_; ZM = 5,000 A°
A A2

dr =5,010 — 4,990 = 20 AP
8mdr 87 x 20 x 10710

SN T T G x 10y

=8.038 x 10" /m’

8mhcAdi
AS(ehe/*kT — 1)
Mean wavelength A = 0.55 um = 5.5 x 10~"m.
dr=(0.7—04) pm =3 x 107 'm
A=nr’=72.5%x107%? =1.96 x 10°m?
he (6.63 x 1073*)(3 x 10%) B
AKT (5.5 x 10-7)(1.38 x 10-23)(4,000)

Using the above values in (2) we find

P = AE;dx = 0.84 x 107°W = 0.84 uW.

474 (a) P = AE;d\ =

he  6.63 x 107 x 3 x 108
(b) hv = Tc _ XS : 1; o —3616x 107"
D X -

Number of photons emitted per second

P
n=-—=0.84 x107%/3.616 x 107" = 2.32 x 10'%/s

hv
8mhc 1
Puti =c/v

and dj, = — (%) dv

in the RHS of (1) and simplify

dy — 8mhv’ d
e =St — )

289
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The negative sign in (3) is omitted because as A increases v decreases.

Power radiated from the sun = o x (surface area) x TS4

P, = o4n R’T?
Power received by the earth,
b4 R?

PE:W 0

The factor 7 R? represents the effective (projected) area of the earth on
which the sun’s radiation is incident at a distance r from the sun. The factor
47rr? is the surface area of a sphere scooped with the centre on the sun. Thus
7 R?/47r? is the fraction of the radiation intercepted by the earth’s surface
area.

Now power radiated by earth,

Pp = 47 RLT}

For radiation equilibrium, power radiated by the earth=power received by
the earth.

RZ
AmRATY = o RAT 2L
o4n Ry T = c4n R, T, 12
RN\ 7x 108 177
Ty =T, (=) =5,800]—o— —
2r 2 x 1.5 x 101!
= 280K = 7°C

Note that the calculations are approximate in that the earth and sun are not
black bodies and that the contribution of heat from the interior of the earth has
not been taken into account.

Power radiated by the sun, Py = 047 R*T?}
Power received by 1 m? of earth’s surface,
o4n R2T?

4 r?
(5.7 x 1078)(7 x 10%)2(5,800)*
- (1.5 x 1011)2
= 1,400 W/m?

P =d4nricT?
= 47(0.3)*(5.67 x 107%)(107)*
=64 x10°W



Chapter 5
Solid State Physics

5.1 Basic Concepts and Formulae

Crystal Structure

There are seven crystal systems Cubic, Tetragonal, Orhtorhombic, monoclinic, tri-
clinic, Rhombohedral, Hexagonal. They are distinguished by the axial lengths and
axial angles. The lengths are taken as a, b and c. In the cubic system a = b = ¢ and
the angle between any two axes is a right angle.

Bragg’s equation

2d'sinf = n 5.1)

where d is the distance between parallel diffraction planes, 0 is the angle between
the incident beam and the diffraction plane and n is the order of diffraction. The
distance d can be related to the lattice parameters of the crystal cell. In the simple
cubic cell the distance between (100) planes is “a”, the lattice parameter. The dis-
tance between parallel (110) planes passing through lattice points is a/+/2; for (111),
it is a/+/3. In general distance between parallel planes of indices (hkl) in terms of
the parameter “a” for the cubic system is

2
> a

== — 5.2
h? + k2412 ©-2)

Electrical properties of crystals

The principal attractive force between ions of opposite sign is an electrostatic force.
The repulsive force arises from the interaction of the electron clouds surrounding an
atom. This force arises because of the exclusion principle and is not electrostatic in
nature. Empirically this is represented by b/r", where b and n are constants, and r
is the anion-cation distance.

291
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The total energy of the lattice is the sum of the attractive and repulsive energies

e b
U=-NA—+ — (5.3)
r r
where N is the number of molecules and A is known as the Madelung constant.
For equilibrium

dU
— =0 5.4
dr >4
The force is
dU
=0 5.5
dr (5-5)
The current density
J=i/A (5.6)

where A is the cross-section of the conductor.
The drift speed

vy = j/ne (5.7)

where n is the number of conduction electrons per unit volume. The resistivity is
given by

R=pL/A (5.8

The conductivity is given by
o= 1/p (5.9)
vg=eEt/m (5.10)

where E is the electric field and 7 is the mean time between collisions.

o= me/nezr (5.1D)
T = m.o/ne’ (5.12)
The mean free path A= <> (5.13)

Hall effect

If a thin strip of material carrying a constant current is placed in a magnetic field
B perpendicular to the strip a potential difference appears across the strip. This is
known as Hall effect.

E = jB/qn (5.14)
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Metals, insulators and semiconductors

Materials are distinguished by the extent to which the valence and conduction bands
are filled by electrons. The bands in solids may be filled, partially or empty. A good
conductor has a conduction band that is approximately half filled or the conduction
band overlaps the next higher band. In this case it is very easy for the valence elec-
tron to be raised to a higher energy level under the application of electric field and
provide electrical conduction.

In an insulator the valency band is completely filled and the energy gap (E,) with
the conduction gap is large (~ 5eV).

In the case of semiconductors the valence band is completely filled, like an insu-
lator. However, the conduction band is empty, so that at room temperature some
of the electrons acquire sufficient energy to be found in the conduction band. Fur-
thermore, the electrons leave behind unfilled “holes” into which other electrons in
the valence band can move in the electrical conduction regime. The excitation of
electron into these holes has the net effect of positive charge carriers aiding the
electrical conduction. Such semiconductors are known as intrinsic semiconductors.
However, with the introduction of certain impurities into a material in a controlled
way, a procedure known as doping conduction is dramatically increased. Such doped
semiconductors are known as extrinsic semiconductors, on which are based numer-
ous semiconductor devices. If the majority charge carriers are electrons, the material
is called an n-type semiconductor and if the holes are the majority charge carrier the
material is called a p-type semiconductor.

The Fermi energy EF lies in the middle of the energy gap.

The mobility of charge carriers is defined as

u=uvg/E (5.15)

The conductivity ¢ has two contributions, one from the electrons and the other
from the holes.

O =npefl, +npeply (5.16)
n=o/epn (5.17)
T =pumje (5.18)

Superconductivity

Some materials when cooled below a certain temperature, called critical temperature
(T:), have zero resistance. The material is said to be a superconductor. T;, varies from
one superconductor to another.

When a superconductor is placed in a magnetic field, T, decreases with the
increasing B. When B is increased beyond a critical magnetic field B, the super-
conductivity will not take place no matter how low the temperature.

T.(B) = Teo(1-B/B.)"/? (5.19)

where T is the critical temperature with zero magnetic field, and B is the applied
field.
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According to the BCS theory superconductivity is due to a weak binding of two
electrons of equal and opposite momenta and spin to form the so-called a Cooper
pair which behaves as a single particle, a Boson.

An energy E,, called the superconducting energy gap, is required to break the
Cooper pair. At T =0,

E, =3.53 kT, (5.20)

where k is the Boltzmann constant.

5.2 Problems

5.2.1 Crystal Structure

5.1 Show that 7 /6 of the available volume is occupied by hard spheres in contact
in a simple cubic arrangement.

5.2 Show that /377/8 of the available volume is occupied by hard spheres in con-
tact in a body-centered cubic arrangement.

5.3 Calculate the separations of the sets of planes which produce strong x-ray
diffractions beams at angles 4° and 8° in the first order, given that the x-ray
wavelength is 0.1 nm.

5.4 At what angle will a diffracted beam emerge from the (111) planes of a face
centered cubic crystal of unit cell length 0.4 nm? Assume diffraction occurs in
the first order and that the x-ray wavelength is 0.3 nm.

5.5 An x-ray beam of wavelength 0.16 nm is incident on a set of planes of a certain
crystal. The first Bragg reflection is observed for an incidence angle of 36°.
What is the plane separation? Will there be any higher order reflections?

5.6 In the historical experiment of Davisson and Germer electrons of 54 eV at nor-
mal incidence on a crystal showed a peak at reflection angle 6, = 40°. At what
energy neutrons would also show a peak at 6, = 40° for the same order.

5.7 Write down the atomic radii r in terms of the lattice constant a, for (a) Simple
cubic structure (b) FCC structure (¢) BCC structure (d) Diamond structure.

5.2.2 Crystal Properties

5.8 Show that the Madelung constant for a one-dimensional array of ions of alter-
nating sign with equal distance between successive ions is equal to 2 In 2.

5.9 Write down the first five terms for the Madelung constant corresponding to the
NaCl crystal.
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5.10 The energy of interaction of two atoms a distance r apart can be written as:
a b
Ery=——+—=
ror
where a and b are constants.

(a) Show that for the particles to be in equilibrium, r = r, = (7 b/a)'/*

(b) In stable equilibrium, show that the energy of attraction is seven times
that of the repulsion in contrast to the forces of attraction and repulsion
being equal.

5.11 In Problem 5.10, if the two atoms are pulled apart, show that they will separate
most easily when r = (28 b/a)'/®.
5.12 Let the interaction energy between two atoms be given by:
E(r) A + B
2 8
If the atoms form a stable molecule with an inter-nuclear distance of 0.4 nm
and a dissociation energy of 3 eV, calculate A and B.

5.13 Lead is a fcc with lattice constant 4.94 A. Lead melts when the average ampli-
tude of its atomic vibrations is 0.46 A. Assuming that for lead the Young’s
modulus is 1.6 x 10'°N/m?, find the melting point of lead.

35.2.3 Metals

5.14 Take the Fermi energy of silver to be 5.52eV.

(a) Find the corresponding velocity of conduction electron.

(b) If the resistivity of silver at room temperature is 1.62 x 10~% Qm estimate
the average time between collisions.

(c) Determine the mean free path. Assume the number of conduction electrons
as 5.86 x 102 m~=3,

5.15 Find the drift velocity of electron subjected to an electric field of 20 Vm ™!,
given that the inter-collision time is 10~ s.

5.16 Aluminum is trivalent with atomic weight 27 and density 2.7 g/cm?, while the
mean collision time between electrons is 4 x 10~'*s. Calculate the current
flowing through an aluminum wire 20 m long and 2 mm? cross-sectional area
when a potential of 3V is applied to its ends.

5.17 Given that the conductivity of sodium is 2.17 x 10’ Q~'m~!, calculate:

(a) The inter-collision time at 300 K, and
(b) The drift velocity in a field of 200 Vm~.

5.18 Given that the inter-collision time in copper is 2.3 x 1075, calculate its
thermal conductivity at 300 K. Assume the Wiedemann-Franz constant is
Cwr =231 x 107* W QK2
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The resistivity of a certain material is 1.72 x 10~3Qm whilst the Hall coeffi-
cient is —0.55 x 1071 m3C ™" Deduce:

(a) The electrical conductivity (o)
(b) Mobility (1)

(¢) The inter-collision time (7)
(d) Electron density (n)

In a Hall effect experiment on zinc, a potential of 4.5 LV is developed across
a foil of thickness 0.02 mm when a current of 1.5 A is passed in a direction
perpendicular to a magnetic field of 2.0 7'. Calculate:

(a) The Hall coefficient for zinc
(b) The electron density

The density of states function for electrons in a metal is given by:
Z(E)AE = 13.6 x 10 E'/?dE

Calculate the Fermi level at a temperature few degrees above absolute zero
for copper which has 8.5 x 10?® electrons per cubic metre.

Using the results of Problem 5.21, calculate the velocity of electrons at the
Fermi level in copper.

For silver (A = 108), the resistivity is 1.5 x 1073Qm at 0°C density is
10.5 x 10° kg/m* and Fermi energy Er = 5.5eV. Assuming that each atom
contributes one electron for conduction, find the ratio of the mean free path A
to the interatomic spacing d.

Calculate the average amplitude of the vibrations of aluminum atoms at 500 K,
given that the force constant K = 20 N/m.

The Fermi energy in gold is 5.54 eV (a) calculate the average energy of the free
electrons in gold at 0 °K. (b) Find the corresponding speed of free electrons (c)
What temperature is necessary for the average kinetic energy of gas molecules
to posses this value?

The density of copper is 8.94 g/cm® and its atomic weight is 63.5 per mole,
the effective mass of electron being 1.01. Calculate the Fermi energy in copper
assuming that each atom gives one electron.

Find the probability of occupancy of a state of energy (a) 0.05eV above
the Fermi energy (b) 0.05eV below the Fermi energy (c) equal to the Fermi
energy. Assume a temperature of 300 K.

What is the probability at 400K that a state at the bottom of the conduction
band is occupied in silicon. Given that E, = 1.1eV

The Debye temperature 6 for iron is known to be 360 K. Calculate vp,, the
maximum frequency.
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5.30

5.31

5.32

5.33

5.34

5.35

Einstein’s model of solids gives the expression for the specific heat
QE 2 eQE/T
C,=3Nok| = | ——=
’ ( T ) (% /T —1)2

where 0 = hvg/k.

The factor 6 is called the characteristic temperature. Show that (a) at high
temperatures Dulong Petit law is reproduced. (b) But at very low temperatures
the 73 law is not given.

Debye’s model of solids gives the expression for specific heat

1 [* g%t
C, =9Nok— | ———d¢

x3 Jo (€5 — 1)
where & = hv/kT, x = hvy/kT and 6p = hvy/k is the Debye’s charac-
teristic temperature. Show that (a) at high temperatures Debye’s model gives
Dulong Petit law (b) at low temperatures it gives C, o< T* in agreement with
the experiment.

For a free electron gas in a metal, the number of states per unit volume with
energies from E to E 4 dE is given by

2
n(E)E = h—f(zm)WEl/?dE
Show that the total energy = 3NF ax /5.

Assuming that the conduction electrons in a cube of a metal on edge 1cm
behave as a free quantized gas, calculate the number of states that are available
in the energy interval 4.00—4.01 eV, per unit volume.

Calculate the Fermi energy for silver given that the number of conduction
electrons per unit volume is 5.86 x 10* m=3.

Calculate for silver the energy at which the probability that a conduction
electron state will be occupied is 90%. Assume Er = 5.52¢V for silver and
temperature 7 = 800 K.

5.2.4 Semiconductors

5.36

5.37

An LED is constructed from a Pn junction based on a certain semi-conducting
material with energy gap of 1.55eV. What is the wavelength of the emit-
ted light?

Suppose that the Fermi level in a semiconductor lies more than a few kT below
the bottom of the conduction band and more than a few kT above the top of
the valence band, then show that the product of the number of free electrons
and the number of free holes per cm? is given by
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neny = 2.33 x 1031 73 Ee/ kT

where E, is the gap width

The effective mass m™ of an electron or hole in a band is defined by

1 1 d°E

m*  h2  dk?
where k is the wave number (k = 2m/A). For a free electron show that
m* =m.

After adding an impurity atom that donates an extra electron to the conduction
band of silicon (i, = 0.13m?/Vs), the conductivity of the doped silicon is
measured as 1.08 (2m™!). Determine the doped ratio (density of silicon is
2,420kg/m?>).

Estimate the ratio of the electron densities in the conduction bands of silicon
(Eg = 1.14eV) and germanium (£, = 0.7¢eV) at 400 K.

Show that at the room temperature (300 K) the electron densities in the con-
duction bands of the insulator carbon (E, = 5.33eV) and the semiconductor
like germanium (E,; = 0.7¢V) is extremely small.

A current of 8 x 10~!" A flows through a silicon p — # junction at temperature
27 °C. Calculate the current for a forward bias of 0.5 V.

Calculate the depletion layer width for a pn junction with zero bias in ger-
manium, given that the impurity concentrations are N, = 1 x 10> m~3 and
Ng =2 x 10*> m~3, respectively at T = 300K, €,= 16 and contact potential
difference Vy = 0.8 V.

Consider the Shockley equation for the diode

I = Iyexpl(eV/ET) — 1]

Show that the slope resistance r. of the / — V curve at a particular d.c bias
is given to a good approximation, at room temperature (7 = 300K) by the
expression r, = % Q (forward bias) where I is in milliampere, and that for
the reverse bias r, tends to infinity.

Given that a piece of n-type silicon contains 8 x 10?! m~3 phosphorus impu-
rity atoms, calculate the carrier concentrations at room temperature. It may be
assumed that the intrinsic electron concentration in silicon at room tempera-
ture is 1.6 x 10" m=3.

5.2.5 Superconductor

5.46

It is required to break up a Cooper pair in lead which has the energy gap of
2.73 eV. What is the maximum wavelength of photon which will accomplish
the job?
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Given that the maximum wavelength of photon to break up Cooper pair in tin
is 1.08 x 1073 m, calculate the energy gap.

A Josephson junction consists of two super conductors separated by a very
thin insulating layer. When a DC voltage is applied across the junction an
AC current is produced, a phenomenon called Josephson effect. Calculate the
frequency of the AC current produced when a DC voltage of 1.5 .V is applied.

Use the BCS theory to calculate the energy gap for indium whose critical
temperature 7, = 3.4 K.

For lead superconductivity ensues at 7.19 K, when there is a zero applied mag-
netic field. When the magnetic field of 0.074 T is applied at temperature 2.0 K
superconductivity will stop. Find the magnetic field that should be applied so
that superconductivity will not occur at any temperature?

An ac current of frequency 1 GHz is observed through a Josephson junction.
Calculate the applied dc voltage.

If a superconducting Quantum Interference Device which consists of a 3 mm
ring can measure 1/5,000 of a fluxon, calculate the magnetic field that can be
detected (1 fluxon, ¢y = h/2e = 2.0678 x 10~'> T m?, is the smallest unit
of flux).

Solutions

1 Crystal Structure

The cross-section of the portions of four spheres each of radius r touching each

other and lying in a cell of edge a is shown in Fig. 5.1. The volume of each
4

sphere lying within the cell is § x 377* or Zr3. Volume of four spheres lying

within the cell is 3. Volume of the cell is a> or (2r)*. Therefore, the available
4nr /3
G OF %.

volume occupied by hard spheres in the simple cubic structure is

Fig. 5.1 Hard spheres in the
simple structure a
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Volume of the unit cell = a>. Since there are two atoms per unit cell, 8 x 1/8
for the corner atoms and 1 x 1 for the centre atom,

4 5
Volume = 2 x 57”

Since the body diagonal atoms touch one another,
4r = a3

Volume of atoms in terms of a is

4 4
2 x grrr3 =2x 571[(1\@/4]3
= 3ma’/8

Or the fraction of the volume occupied by the body-centred cubic structure is

V37/8.

2d sinf = ni
Lol
"7 2¢in0 ~ 2sin4°

= O haso
2= Ssinge oo

= 0.717 nm

2a . 2x04 .
Ry B e A TN PR DU

sinf = %3 = 0.6495

0 =40.5°

na 0

2d sinf = n
1.A 0.16

T 2sinf  2sin30°
Forn =2,
2% 0.16

T 2x0.136
a value which is not possible. Thus higher order reflections are not possible.

= 0.136 nm

sin & =1.176

The de Broglie wavelength for electrons is calculated from

A [150 /150_166A
“VYv Vs

Bragg’s equation will be satisfied for neutrons of the same wavelength.

0.286
r=—=A
VE
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where E isin eV,

0.286\° 0.286\ >
E=—2) =(==2) =0.0297eV.
A 1.66

57 ) r =a/2
(b)yr =2a/4
(©)r=+3a/4
(d)~/3a/8

5.3.2 Crystal Properties

5.8 Consider an infinite line of ions of alternating sign, as in Fig. 5.2. Let a nega-
tive ion be a reference ion and let a be the distance between adjacent ions. By
definition the Madelung Constant « is given by:

Fig. 5.2 Infinite line of ions Representative ion
of alternating sign

@@@CL@@

<a—>

@ _ &) (1)

a J T

where r; is the distance of the jth ion from the reference ion and a is the
nearest neighbor distance. Thus:

o 5 1 1 1 1
a= [;‘z+5‘@+'“]
1 1 1
Or, oz=2|:1—§+§—z+'~:|
(2)
The factor 2 occurs because there are two ions, one to the right and one to
the left, at equal distances r;. We sum the series by the expansion:

2 .X3 x4

X
In(1 =x— =4+ - 4. 3
n(l+x)=x 2+3 4+ (3)

Putting x = 1, the RHS in (3) is identified as In 2. Thus oc= 2 In 2.
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5.9 The lattice of the NaCl structure which is face-centered is represented in

Fig. 5.3 The lattice of the
NaCl structure

a
510 E, = —— 4+ —
r

Fig. 5.3. The shortest inter ionic distance is represented by r. A given sodium
ion is surrounded by 6Cl™ ions at a distance r, 12Na™ ions at a distance
rﬁ, 8Cl1™ ions at a distance r«/g, 6Na™ ions at a distance r\/Z, 24CI™
ions at a distance r\/g, etc. The coulomb energy of of this ion in the field of
all other ions is therefore

N
‘ VIioV2 3 VA5

,
where e is the charge per ion. Series of this sort which consists of pure numbers
depends on the crystal structure and is known as the Madelung constant.

b
7

dE
(a) For equilibrium, E, must be minimum, so that i 0

,
a 7b
Z_Z_o

r2 rS
Or, r =r, = (7b/a)"/®

(b) Energy of attraction, Ex =
Energy of repulsion, Fr = —

EAl a, a b

—_— = =) = = s — =

|ER| b° b a
dv

Force, F = ——
dr

. a
Attractive force Fa = — (r =1,)
r

“7b =T a  a
8 2 7 2
Thus the two forces are equal in magnitude.

7

Repulsive force Fr =
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dv a Tb
5.11 Force, F = —— = — — —
dr r2 8

The particles will separate most easily when the force between them is a min-
dF
imum, that is when e 0. This gives:
r
dFF  2a 56b

dr r3 ro 0

5.12 The inter-nuclear distance is found from d_ =0

r
2A 8B 4B
A gL e
r3 r) ° A

ey

The dissociation energy D is formed from —D = E(r,)

A n B A n A 3A h h aq)
—-D=—-"—+4+— =—-" 4 — = —=" where we have use .
r2 8 r2 o 4r? 4r2
_ 4Dr}
T3

4
3 X 3x1.6x 107" x (0.4 x 107°)> = 1.02 x 107
Ao 1.02x1077

B =715 M x (0.4 x 107)°
=1.04 x 107!
2T \?
5.13 <A>= (—)
K

The force constant K = Yao = 1.6 x 100 x 494 x 1071 = 7.9N/m?
K 7.9 x(0.46 x 10710)2

T=—(A)?=
2k< ) 2 x1.38 x10-23

= 606K = 333°C

5.3.3 Metals

o (2B _[2x552x 16 x 107" 2
>4 @ve={— - 9.11 x 1021
=1.39 x 10°m/s

m 9.11 x 10731
nep  (5.86 x 1028)(1.6 x 10-19)2(1.62 x 10-8)
=37 x 105

byt =
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(©) A = vpr = (1.39 x 10%)(3.7 x 10~'%)
=5.14x 10 8%m

5.15 (vp) = %ar
(1.6 X 10719)20)(10~1)

9.11 x 10731
=3.51cm/s
Note that the drift velocities are much smaller than the average thermal

velocities which are of the order of 10° m/s. [(vr) = BkT/m,)"/?]

= 0.0351 m/s

5.16 Current,
= (1)
i=—
R
pl
R=" 2
1 (2)
where the resistivity,
m
ne-t
Nod 4
n= = x 3 x 107(4) “4)

where 7 is the number of electrons per m?, N, being Avagardro’s number, A
the atomic weight and d the density, the factor 3 is for the trivalency.

2.7
n=6.02x 10 x 7 3 x 10* = 1.806 x 10%

9.11 x 10731 499 % 10~
— = 4. X
= 1806 x 1077 x (1.6 x 10-19)2 x 4 x 1014
4.92 x 107 x 20
= =0.0492 2
2 x 10-6
i = =61A
0.0492
507 (@) T = =2
ne
Assuming that one conduction electron will be available for each sodium
atom,
N, 6.02 x 10% x 0.97
=P X X em = 2,539 x 10% m™
A 23
9.11 x 1073! x 2.17 x 107
= =3.04x 107"
T 72530 x 102 x (1.6 x 10-19)2 s
e
(b) (vp) = T
1.6 x 10719)(200)(3.04 x 10~
_ (L6107 H@O0YE.04 x 1077) _ o7

9.11 x 10-31
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2

518 o= ¢°
m

6.02 x 107 x 8.88 x 10° -

n= =838 x10°m™
63.57

838 x 10% x (1.6 x 1019 x 2.3 x 1014

5 = 38> 107 x (1.6 )" x23 X = 5422 % 10" Q 'm™!
911 x 1021

K = o CwpT = (5.422 x 107)(2.31 x 10~®)(300) = 376 Wm 'K

1 1
1 S S
M@ e == 108

(b) 1t = Ryo = (0.55 x 10719)(5.8 x 107) = 0.0032 m*V~!s
um  (0.0032)(9.11 x 10731)
(C) T =— =
e 1.6 x 10—
o 5.8 x 10’

@Dn == 16 10-9)0.0032)

o0 e Vil G5 10792 x 10
20(@) Ry = 75 = 152 =
]

=58x10Q 'm™!
—1

=1.82 x 1074

=113 x 10 m™3

0.3 x 1070 m3c"

=2.08 x 10 m™3

1
b = — =
B = e = 03 x 10-10)(1.6 x 10-1)

5.21 Integrating n(E)dE from zero to Eg:
Ep
13.6 x 1027/191/2 dE =8.5 x 10%
0
E)* =9.375
Or Ep = 4.445eV

2F 2 x 4.445 x 1.6 x 10~19 6
522 v=,/— = =1.25%x 10°m/s
m 9.11 x 10-3!

2Er\? 2x55 \'"?
523 uF=( F) = (X—> (3 x 10%) = 1.39 x 10°m/s

me? 0.511 x 106
Since each atom contributes one electron, the density of electrons is equal to
that of atoms.
~6.02x 107 x 10.5 x 10°
"= 108

=5.85x 10%e/m’

Each atom occupies approximately a volume d>. Therefore

1 1/3
d= <W> =2.576 x 10_l°m
. X
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meVp
Now, p =
oW, 0 e2ni
RY 9.11 x 10-31)(1.39 x 106
or =T YF _ O-11 x )(1:39 x 107) —9.02x10%m

~peln (15 x 1078)(1.6 x 10719)2(5.85 x 10%)
A 9.02x107°

—=—— =350
d 258 x 10710

2T \"? (2 x 138 x 1072 x 500\ " T
524 <A>=—"—) = =2.63x107"m=0.26A
K 20

3 3 x5.54
525 (a) <E>= gEF === 3.32eV

2E \'? of 2x332 \'? .

b)v=c _M2 =3 x 10 —0511 105 = 1.08 x 10°m/s
C . X

3 3
() EkT = gEF =3.32eV=332x 1.6 x 107]
2 332x1.6x1071°

T=2=x =2.56 x 10°K
3 1.38 x 1023
n: [ 3N \*?
Ep=— | ——
5.26 BF = o <8nV>

where m* is the effective mass.

Nop  6.02 x 10% x 8.94
- 63.5

Density of Cu atoms =

= 8.475 x 10*atoms/cm’
= 8.475 x 10*%atoms/m?>
= 8.475 x 10%e/m?
(.- each atom gives one electron)
625 x 10734)2 2/3
=2 x(16.061§< 9.1? x )10*31 (8% X 8475 x 1028)
= 11.157 x 107°J = 6.97eV

F

1

5.27 The probability is given by Fermi-Dirac distribution p(E) = SE BT 11
() K=138x10"7J=8.625x10"eVK"'
E — Eg 0.05
= =1.932
kT (8.625 x 1073)(300)
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1

1
(¢) p(E)= PO 0.5

5.28 Assuming that the Fermi energy is to be at the middle of the gap between the

conduction and valence bands, £ — Er = |4 E,
1

PE) = it = SET Tl

1.1
The factor E,/2kT = = 15942
2 x 8.625 x 107 x 400

p(E) ~ ¢ 13942 = 8.4 x 107°

5.29 The Debye temperature 0 is

hv,,
0 =
k
k 1.38 x 10723 x 360 12
V= —0 = =75x 10"Hz
h 6.625 x 1034

5.30 (a) At high temperatures T >> 6, in the denominator (¢®/7 — 1) ~ Gé /T2,
and in the numerator ¢’/7 — 1, so that C, — 3Nyk = 3R, the Dulong -
Petit’s value
(b) When the temperature is very low T << 6, and in the bracket of the
denominator, 1 is negligible in comparison with the exponential term.
Therefore, C, — 3R(6g/T)*e%/T. Thus the specific heat goes to zero
as T — 0. However, the experimentally observed specific heats at low
temperatures decrease more gradually than the exponential decrease sug-
gested by Einstein’s formula.

OR [~ &%f
5.31 —_—
=5 [ @ o

This equation may be integrated by parts,

X 5465
/0(65—1)2 /E ( )dg
] dg
- Seé—1+/e5—1dgdg

1 g3
4
- — +4 -2
sef—l et —1

dé

Thus (1) becomes

c.=or |2 "8 al 2
N I:x3/0 e‘f—ls_ex—li| @
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(a) At high temperatures, p >> T, or x << 1, and the exponential can be
expanded to give

4
C, =9R (5 — 1) = 3R (Dulong Petit’s law)
(b) At very low temperatures T << 6p x >> 1, (2) can be approximated to
4 [ £ 12 T\’
C, =9R— s _ 124 (-)
Op

x3Jy ef—1 5
where the value of the integral is a4 /15. Thus, C, « T3

5.32 If there are N free electrons in the metal there will be N /2 occupied quantum
states at the absolute zero of temperature in accordance with the Fermi Dirac
statistics. In Fermi-Dirac statistics at absolute zero, kinetic energy is not zero
as would be required if the Boltzmann statistics were assumed.

As N(E)dE gives the number of states per unit volume, in a crystal of volume
V, the number of electrons in the range from E to E + dE is

2
2V . h—Z(sz/zEl/sz )

The total energy of these electrons would be

Eioua = / - 42—3‘/(2m)3/2E3/2dE _ dv@m) V}f’"ﬁ . % B3 o

But,

Epw = 12 (3_N)2/3 5
&m \ 'V

Combining (2) and (3),

Eiota = %N Enax @

or per electron 3E,,x /5. The quantity Ey.x = EF, the Fermi energy

5.33 The density of states n(E) (the number of states per unit volume of the solid
in the unit energy interval) is given by

_ (8v2m)(9.11 x 10731)3/2
- (6.63 x 10-34)3
=8.478 x 10°m™3J"! = 1.356 x 102m eV ™!

(4 x 1.6 x 10719172

Number of states N that lie in the range £ = 4.00eV to E = 4.01eV, for
volume, V = &3



5.3 Solutions

N = n(E)AEd®
= 1.356 x 10 x 0.01 x (107%)°
= 1.356 x 10%
n? (3n\*?
sas b= 2 ()

m T

_(6.63 x 107 (3% 5.86 x 108\
T (8)(9.11 x 10-31)
=8.827 x 1071 =5517eV

T

1

Substituting kT = 5.52 x 107 x 800 = 0.04416eV
Solving for AE, we get AE = E — Ep = —2.2 x 0.04416 = —0.097
Therefore, E = 5.52 — 0.10 = 5.42eV

5.3.4 Semiconductors

1241
536 A = —— =800nm
1.55

5.37 The number of electrons and holes per unit volume are given by

KT\
ne =2 <2nmﬁ> e EF—E)/KT

32
and ny, =2 <2nm—) e EF/KT

Multiplying (1) and (2), one can write
mek \’ 3 _E
Y 3 ,—Eo/kT
nenp =4 (2nh2c2> T e
=234 x 10*' 77 F+/H cm™°

where we have substituted the values of the constants.

538 p=kh
E = p?/2m = k*h*/2m
1 1 d?E
m* R dk?

Using (2) in Eq. (3)
1 1 & (k2h2> 2h2 1

- 2m

m* 2 dk?

mt=m

T 2mk: m
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5.39

5.40

541

542

543

5 Solid State Physics

The number of silicon atoms/m?
_ Nod B 6.02 x 10%0 x 2,420
A 28

Let x be the fraction of impurity atom (donor). The general expression for the
conductivity is

=0.52 x 10%

n

0 = nnefin + npeily
where n, and n;, are the densities of the negative and positive charge carriers.
Because n, > np,
0 = npefly = XNpefiy
o 1.08 9.985
npefln T052x 109 x 1.6 x 10-° x 0.13 1010

X =

or 1 part in 10°.

Note that in normal silicon the conductivity is of the order of 1074(Q—m)~ .
A small fraction of doping (10~°) has dramatically increased the value by four
orders of magnitude.

ne = (4.83 x 1021)T3/2¢=Ee/2T ¢ /3

MGe _ ,(Esi—Ece)/2kT

nsj
. -2y 4
iy = 1381077 X400 sy
; 1.6 x 10-19
HGe _ £(1114-0.7)/(2x0.0345) _ 5¢¢
ns;i
1.38 x 10723 x 300
kT = =22 X = 0.0259¢eV

" 1.6 x 10~1°
e _ e~ (Bae—E)2KT _ ,—(533-07)/0.052 _ ,—=89 , 5 5 1039

NGe

I = Iylexp(eV/kT) — 1]
where [ is the forward bias saturation current.

/= 810! 0.5 x 1.6 x 1019
= o X €X
PAT38 % 102 x 300

W 2606,(V Vo) 1+1 12
e VT YN, TN

where ¢, is the relative permittivity, V}, is the bias voltage applied to the junc-
tion (here V,, = 0), N, and Ny are carrier concentrations in n-type and p-type
respectively.

_[2%885x 10712 x 16 x 0.8 1 N 1 172 029
- =0. m
1.6 x 101 1x 102 " 2 x 102 W

> - 1] =19.7x107°A = 19.7mA
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544 I = Iylexp(eV/kT) — 1] (D)
— = — = —¢x
e dv kT P
But exp (eV/kT) > 1. Therefore
1 _ el
Te kT
kT 138 x 1072 x 300 25.875x 1073
orre = — = =
el 1.6 x 10191 1

If I is in milliamp.
26
Te R i (forward bias) 3)

For the reversed bias we note from (2)

L9l exp (eV/kT) =0

_=— = — c c =

e av kT 0P

For V < —4kT /e, r. — o0. (reverse bias) “4)

5.45 For a semiconductor in equilibrium the product of n(= Ng) and p(= N,) is
equal to niz, the square of the intrinsic concentration.

2

nxp=n;
LS (L) PP T
n 8 x 102!

5.3.5 Superconductor

1241 1,241
546 A= nm = = 4.546 x 10° nm
E(eV) 2.73 x 1073
1241 1,241 .
547 E, = = =1.15x 1073 eV
A(nm)  1.08 x 10°
2eV  2(1.602 x 1071)(1.5 x 1079)
548 f=—"— = = 7.253x 108 Hz = 0.7253 GH
F= 6.626 x 10— S z
(1.38 x 10723 .
B\ /2
550 Te(B)=Tc | 1——
B,
0.074\ '/
20=7.19(1-
C

Solving for B., we get B. = 0.079T.
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551 f=2eV/h— V =hf/2e
V = (6.625 x 1073)(10%)/2 x (1.6 x 1071)
=2.07x107°V
=2.07 WV

¢ 1 3\2
552 AB=2 = (—— 1
A <5,000) ¢o/7 (3> 1075

Substituting ¢o = 2.0678 x 107! Tm?, we get
AB=293x1071T



Chapter 6
Special Theory of Relativity

6.1 Basic Concepts and Formulae

Inertial frame

Laws of mechanics take the same form (invariant) in all inertial frames. An iner-
tial frame of reference is the one which moves with constant relative velocity in
which Newton’s laws of motion are valid. The principle that all inertial frames are
equivalent for the description of nature is called the principle of relativity.

Galilean Transformations

Reference frame S’ moves along x-axis with velocity v relative to S. Spatial coor-
dinates x, y, z are measured in S and x’, y’, 7’ in S’ and time ¢ and ¢’ in S and §’
respectively. For simplicity, x and x’ axes coincide. At the beginning (+ = 0), S and
S’ coincide. After time ¢, S” would have moved through a distance v¢. The Galilean
transformations are given by the set of relations.

x =x—vt 6.1
y =y (6.2)
7=z (6.3)
V=t (6.4)
In Galilean relativity time is absolute.
Fig. 6.1 Reference frames S Y \d
and S’
g s v
—>
o w o
/ / x, %/
z 2/

313
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Transformation of velocities
Differentiating (6.1) with respect to time and noting that " = ¢ and v is constant

dx’ d
() (6.5)
dr dr
U=U-v
or
V=U +v (6.6)

Invariance of Newton’s second law of motion

In §, force is given by

F = — - —0=F 6.7)

Galilean Relativity fails for Electromagnetism as evidenced by the negative result
of Michelson—Morley experiment to measure earth’s velocity in the hypothetical
medium of ether.

Einstein took the view that the principle of Relative is correct but time is not
absolute but only relative.

Postulates of special Theory of relativity

(1) The laws of physics apply equally well in all inertial frames of reference, that
is no preferred system exists (the principle of relativity)

(2) The speed of light in free space has the same value c¢(= 3 x 108 ms!) in all
inertial frames (the principle of constancy of light)

Lorentz Transformations

x'=yx—vr) (6.8)
Y=y (6.9)
7=z (6.10)
z’=y(t—‘;—f) 6.11)
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Inverse transformations

x =y +vt)
y=y
z=17

with
1

1
S0y JA—v/d)

and

Transformation matrix

315

6.12)
(6.13)
(6.14)

(6.15)

(6.16)

6.17)

The Lorentz transformations (6.8), (6.9), (6.10), and (6.11) can be condensed in the

matrix form

X =AX
X1 xy’
/
X X
where X = | 2 and X' =|"7
X3 X3
X4 )C4/

are the column vectors with components

X] =X,Xp=Y,X3 =2,X4 =T =Ict

2 2 A S B S S AN Ry
X\ =X,X=Yy,Xx3=2,x,=1T =ict

withi =,/ — 1, and A is an orthogonal matrix

14 0 0 By
0 1 0 0
A=1 0 0 10
—iBy 0 0 y

(6.18)

(6.19)

(6.20)
(6.21)

(6.22)
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Inverse transformations

The inverse transformations (6.12), (6.13), (6.14), and (6.15) are immediately writ-
ten with the aid of inverse matrix

A=A
y 0 0 —iBy
o1 0 10 0
AT = 0 0 1 0 (6.23)
iy 0 O %
Four vectors
Ifs = Zﬂxﬁ =invariant, u = 1,2, 3,4 (6.24)

under Lorentz transformation, then s is said to be a four vector, s can be
positive or negative or zero. Examples of Four vectors are

X = (x1, x2, x3, ict) (6.25)
cP =(cP,cPy,cP,iE) (6.26)

In (6.25) the first three space components of X define the ordinary three-
dimensional position vector x and the fourth, a time component ict. The four-
momentum in (6.26) has the first three components of ordinary momentum and
E is the total energy of the particle. The four-vectors have the properties which are
similar to those of ordinary vectors. Thus, the scalar product of two four-vectors,
A.B =AB + AyBy + A3B3 + A4B,

Consequences of Lorentz transformations

Time Dilation
At =y At (6.27)

Rule: Every clock appears to go at its fastest rate when it is at rest relative to
the observer. If it moves relative to the observer with velocity v, its rates appears
slowed down by the factor /1 — v2/c2. No distinction need be made between the
stationary and moving frame. Each observer will think that the other observer’s
clock has slowed down. What matters is the only the relative motion.

The Lorentz contraction

V=11 (6.28)
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Rule: Every rigid body appears to be longest when at rest relative to the observer.
When it is moving relative to the observer it appears contracted in the direction of
its relative motion by the factor /1 — v2/c2, while its dimensions perpendicular to

the direction of motion are unaffected.

Addition of velocities

= Bi + B2
1+ Bi>
Mass, energy and momentum
mo
m=mgyy =

N

where m is the effective mass and m is the rest mass.
The rest mass energy

EO = m0C2

The total energy of a free particle is

E=T+ m0c2 =mc® = moyc2

where T is the kinetic energy.
The momentum p is given by

P =mv = mpyBc
E? = 2p? + m2c*
cp = BE

c2p? = T? 42T myc?

Lorentz transformations of momentum and energy

cpx = y(cpx — BE)

prr = pr

cpz = cp:
E'=y(E — Bepy)

(6.29)

(6.30)

6.31)

(6.32)

(6.33)
(6.34)
(6.35)
(6.36)

(6.37)
(6.38)
(6.39)
(6.40)
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Inverse transformations

cpx =y(ep, + BE") (6.41)

cpy =cp), (6.42)

cp: =cp, (6.43)

E =y(E — Bepl) (6.44)

E? — ?p? = E? — ¢*p? = m} = Invariant (6.45)
¥ =vro(1 — BBocos ) (6.46)

v =yy'(1+ BB*cosh) (6.47)

where zeros refer to the particle’s velocity, Lorentz factor and the angle in the
S-system while primes refer to the corresponding quantities in the S’ system.

Transformation of angles

inf
tang = — % (6.48)
y (cos@ — %)
sin 6’
tan = ———— (6.49)
Ye(cos0" — B/B")
Optical Doppler effect
V' = yv(l — Bcosh) (6.50)
v=yv'(1+ Bcosh" (6.51)

where v is the frequency in the S-system and V' is the frequency in the S’-system,
0 and 6’ are the corresponding angles, § is the source velocity and y is the corre-
sponding Lorentz factor.

Threshold for particle production

Consider the reaction
my+my —> my+my+M (6.52)

1
T (threshold) = ﬁ[(”” +my 4+ M) — (my + m»)?]
2

(Sum of final masses)? — (sum of initial masses)>
T (threshold) = - (6.53)
2 x mass of target particle
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6.2 Problems

6.2.1 Lorentz Transformations

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10

In the inertial system S, an event is observed to take place at point A on the
x-axis and 107°S later another event takes place at point B, 900 m further
down. Find the magnitude and direction of the velocity of §” with respect to S
in which these two events appear simultaneous.

Show that the Lorentz-transformations connecting the S’ and S systems may
be expressed as

x1’ = x; cosha—ct sinh o

x2/ = X2

X3/ = X3

t' =tcosha — (xytsinha)/c

where tanha = v/c. Also show that the Lorentz transformations correspond
to a rotation through an angle i« in four-dimensional space.

A pion moving along x-axis with 8 = 0.8 in the lab system decays by emitting
a muon with 8/ = 0.268 along the incident direction (x’-axis) in the rest
system of pion. Find the velocity of the muon (magnitude and direction) in the
lab system.

In Problem 6.3, the muon is emitted along the y’-axis. Find the velocity of
muon in the lab frame

In Problem 6.3, the muon is emitted along the positive y-axis (i.e. perpendic-
ular to the incidental direction of pion in the lab frame). Find the speed of
muon in the lab frame and the direction of emission in the rest frame of pion.
Assume B, = 0.2

Show that Maxwell’s equations for the propagation of electromagnetic waves
are Lorentz invariant.

A neutral K meson decays in flight via K® — 77 ~. If the negative pion is
produced at rest, calculate the kinetic energy of the positive pion.
[Mass of K° is 498 MeV/c2; that of 7= is 140 MeV/c?]

A pion travelling with speed v = |v| in the laboratory decays viaw — @ + v.
If the neutrino emerges at right angles to v, find an expression for the angle 6
at which the muon emerges.

Determine the speed of the Lorentz transformation in the x-direction for which
the velocity in the frame S of a particle is u = (¢/+/2, ¢/+/2) and the velocity
in frame S’ is seen as

w = (—c/2,¢c//2).

A particle decays into two particles of mass m and m, with a release of energy
Q. Calculate relativistically the energy carried by the decay products in the
rest frame of the decaying particle.
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6.11 A m-meson with a kinetic energy of 140 MeV decays in flight into p-meson
and a neutrino. Calculate the maximum energy which (a) the p-meson (b) the
neutrino may have in the Laboratory system (Mass of -meson = 140 MeV /c?,
mass of u-meson = 106 MeV /c, mass of neutrino = 0)

[University of Bristol 1968]

6.12 A positron of energy E, , and momentum p, and an electron, energy E_,
momentum p_ are produced in a pair creation process
(a) What is the velocity of their CMS?
(b) What is the energy of either particle in the CMS?

6.13 A particle of mass m collides elastically with another identical particle at rest.
Show that for a relativistic collision
tanftangp =2/(y + 1)
where 6, ¢ are the angles of the out-going particles with respect to the direc-
tion of the incident particle and y is the Lorentz factor before the collision.
Also, show that 8 4+ ¢ < /2 where the equal sign is valid in the classical
limit

6.14 A K* meson at rest decays into a 7+ meson and 7° meson. The 7 meson
decays into a ;& meson and a neutrino. What is the maximum energy of the
final © meson? What is its minimum energy?
(mg = 493.5MeV/c?, my+ = 139.5MeV/c?, myo = 135MeV/c?,
m, = 106 MeV/c*, m, = 0)

6.15 An unstable particle decays in its flight into three charged pions (mass
140MeV/02). The tracks recorded are shown in Fig. 6.2, the event being
coplanar. The kinetic energies and the emission angles are
T) = 190MeV, T, = 321 MeV, T3 = 58 MeV
0 =22.4°,0, = 12.25°
Estimate the mass of the primary particle and identify it. In what direction was
it moving?

Fig. 6.2 Decay of a kaon into
three poins

6.2.2 Length, Time, Velocity

6.16 If a rod travels with a speed v = 0.8 ¢ along its length, how much does it
shrink?
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6.17

6.18

6.19

6.20

6.21

6.22

6.23

6.24

6.25

6.26

6.27

6.28

If arod is to appear shrunk by half along its direction of motion, at what speed
should it travel?

Assuming that the rest radius of earth is 6,400 km and its orbital speed about
the sun is 30 km ™', how much does earth’s diameter appear to be shortened to
an observer on the sun, due to earth’s orbital motion?

The mean life-time of muons at rest is found to be about 2.2 x 10~%s, while
the mean life time in a burst of cosmic rays is found to be 1.5 x 107 s. What
is the speed of these cosmic ray muons?

A beam of muons travels with a speed of v = 0.6 ¢. Their mean life-time
as observed in the laboratory is found to be 2.9 x 107%s. What is the mean
life-time of muons when they decay at rest?

(a) If the mean proper life-time of muons is 2.2 x 107%s, what average dis-
tance would they travel in vacuum before decaying in the reference frame
in which its velocity is measured as 0.6 ¢?

(b) Compare this distance with the distance the muon sees while travelling.

With what constant velocity must a person travel from the centre to the edge
of our galaxy so that the trip may last 40 years (proper time)? Assume that the
radius of the galaxy is 3 x 10* light years?

A pion is produced in a high energy collision of a primary cosmic ray particle
in the earth’s atmosphere 1 km above the sea level. It proceeds vertically down
at a speed of 0.99 ¢ and decays in its rest frame 2.5 x 1078 s after its production.
At what altitude above the sea level is it observed from the ground to decay?

One cosmic particle approaches the earth along its axis with a velocity of
0.9 ¢ toward the North Pole and another one with a velocity of 0.5 ¢ toward
the South Pole. Find the relative speed of approach of one particle with respect
to another.

A 100 MeV electron moves along the axis of an evacuated tube of length 4 m
fixed to the laboratory frame. What length of the tube would be measured by
the observer moving with the electron?

A man has a mass of 100kg on the earth. When he is in the space-craft, an
observer from the earth registers his mass as 101 kg. Determine the speed of
the space-craft.

At the time a space ship moving with speed v = 0.5 ¢ passes a space station
located near Mars, a radio signal is sent from the station to earth. This signal
is received on earth 1,125 s later.

How long does the spaceship take to reach the earth according to the observers
on earth?

In Problem 6.27, what is the duration according to the crew of the spaceship?
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6.29

6.30

6.31

6.32

6.33

6.34

6.35

6.36

6.37

6 Special Theory of Relativity

A spaceship is moving away from earth with speed v = 0.6 c. When the ship
is at a distance d = 5 x 10% km from earth. A radio signal is sent to the ship
by the observers on earth.

How long does the signal take to reach the ship as measured by the scientist
on earth?

In Problem 6.29, how long does the signal take to reach the ship as measured
by the crew of the spaceship?

If the mean track length of 100 MeV 7 mesons is 4.88 m up to the point of
decay, calculate their mean lifetime.
[University of Durham 1962]

A beam of 7+ mesons of energy 1 GeV has an intensity of 10° particles per sec
at the beginning of a 10 m flight path. Calculate the intensity of the neutrino
flux at the end of the flight path (mass of 7 meson = 139 MeV /c?, lifetime =
2.56 x 1078 s)

[University of Durham 1961]

A 7" meson at rest decays into a 4 meson and a neutrino in 2.5 x 107%s.
Assuming that the 77+ meson has kinetic energy equal to its rest energy. What
distance would the meson travel before decaying as seen by an observer at rest?

Beams of high-energy muon neutrinos can be obtained by generating intense
beams of 71 mesons and allowing them to decay while in flight. What frac-
tion of the 7 mesons in a beam of momentum 200 GeV/c will decay while
travelling a distance of 300 m?
At the end of the decay path (an evacuated tunnel) the beam is a mixture of
7 T-mesons, muons and neutrinos. What distinguishes these particles in their
interactions with matter, and how is a neutrino beam free of contamination by
-mesons and muons obtained? [z *-meson mean-life: 2.6 x 108 s]
[Osmania University]

A beam of 140 MeV Kkinetic energy 7+ mesons through three counters A, B,
C spaced 10 m apart. If 1,000 pions pass through counter A and 470 in B. (a)
how many pions are expected to be recorded in C? (b) Find the mean life time
of pions (Take mass of pion as 140 MeV /c?)

A moving object heads toward a stationary one with a velocity «c. At what
velocity Sc would an observer have to move so that in his frame of reference
the objects would have equal and opposite velocities?

A beam of identical unstable particles flying at a speed Sc is sent through
two counters separated by a distance L. It is observed that N, particles are
recorded at the first counter and N, at the second counter, the reduction being
solely due to the decay of the particles in flight.
(i) Show that the lifetime of the particles at rest is given by

L

T =
In (%) (\/}’27_10
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where the Lorentz factor y is defined as usual

(ii) Hence determine the lifetime of muons at rest, knowing that when trav-
elling at a speed c+/8/3 through the apparatus described above (with L =
200m) N; and N, were measured to be 10,000 and 8,983, respectively.
[adapted from University of London, Royal Holloway and Bedford New
College]

6.38 A particle X at rest is a sphere of rest-mass m and radius r and has a proper
lifetime 7. If the particle is moving with speed ¢ with respect to the lab

2
frame (c is the speed of light):

(a) Determine the total energy of the particle in the lab frame
(b) The average distance the particle travels in the lab before decaying
(c) Sketch the shape and dimensions of the particle when viewed perpendicular
to its motion in the lab frame, include an arrow to indicate its direction of
motion on your sketch.
[adapted from the University of London Royal Holloway and Bedford New
College 2006]

6.39 The Lorentz velocity transformation is v/ = 1—‘:# where V' and v are the
velocities of an object parallel to u as measured in two inertial frames with
relative velocity u. Show that a photon moving at ¢, the speed of light will

have the same speed in all frames of reference.

6.2.3 Mass, Momentum, Energy

6.40 The mean life-time of muons at rest is 2.2 x 10~®s. The observed mean life-
time of muons as measured in the laboratory is 6.6 x 107%s. Find

(a) The effective mass of a muon at this speed when its rest mass is 207 m.
(b) its kinetic energy (c) its momentum

6.41 Calculate the energy that can be obtained from complete annihilation of 1 g of
mass.

6.42 What is the speed of a proton whose kinetic energy equals its rest energy?
Does the result depend on the mass of proton?

6.43 What is the speed of a particle when accelerated to 1.0GeV when the
particle is (a) proton (b) electron

6.44 (a) Calculate the energy needed to break up the 'C nucleus into its con-
stituents. The rest masses in amu are:
12C 12.000000; p 1.007825; n 1.008665; o 4.002603
(b) If '2C nucleus is to break up into 3 alphas. Calculate the energy that is
released.
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6.45

6.46
6.47

6.48

6.49

6.50

6.51
6.52

6.53

6.54

6.55

6.56

6.57
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(c) If the alphas are to further break into neutrons and protons, then show that
the overall energy needed is identical with the results in (a)

The kinetic energy and the momentum of a particle deduced from mea-
surements on its track in nuclear photographic emulsions are 250 MeV and
368 MeV/c, respectively. Determine the mass of the particle in terms of elec-
tron mass and identify it.

[University of Durham]

What is the rest mass energy of an electron (m. = 9.1 x 1073! kg)?

What potential difference is required to accelerate an electron from rest to
velocity 0.6 ¢?

At what velocity does the relativistic kinetic energy differ from the classical
energy by
(a) 1% (b) 10%?

Prove that if v/c < 1, the kinetic energy of a particle will be much less
than its rest energy. Further show that the relativistic expression reduces to the
classical one for small velocities.

Find the effective mass of a photon for
(a) A = 5,000A (visible region) (b) A = 1A (X-ray region)

Show that 1 amu = 931.5MeV/c?

Estimate the energy that is released in the explosion of a fission bomb con-
taining 5.0 kg of fissionable material

A proton moving with a velocity Bc collides with a stationary electron of mass
m and knocks it off at an angle 6 with the incident direction. Show that the
energy imparted to the electron is approximately

T =2mc*B?cos’ 0 /(1 — B2 cos?H)

A positive pion (m, = 273 m,) decays into a muon (m, = 207m,) and
a neutrino (m, = 0) at rest. Calculate the energy carried by the muon and
neutrino, given that m.c> = 0.511 MeV

A body of rest mass m travelling initially at a speed of 8 = 0.6 makes a com-
pletely inelastic collision with an identical body initially at rest. Find (a) the
speed of the resulting body (b) its rest mass in terms of m.

A neutral particle is observed to decay into a kaon and a pion. They are pro-
duced in the opposite direction, each of them with momentum 861 MeV/c.
Calculate the mass of the neutral particle and identify it. (Mass of kaon is
494 MeV /c?, Mass of pion is 140 MeV/c?).

A pion at rest decays viar — u + v. Find the speed of the muon in terms of
the masses involved.
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6.58

6.59

6.60

6.61

6.62

6.63

6.64

6.65

6.66

6.67

A particle A decays at rest via A — B + C. Find the total energy of B in
terms of the masses of A, B and C.

Calculate the maximum energy of the positron emitted in kaon decay at rest
Kt = et +a%4y,.

Consider a symmetric elastic collision between a particle of mass m and
kinetic energy T and a particle of the same mass at rest. Relativistically, show
that the cosine of the angle between the two particles after the collision is
T/(T 4+ 4mc?)

An electron has kinetic energy equal to its rest energy. Show that the energy
of a photon which has the same momentum as this electron is given by
E, = /3E, where Ey = mcc?

Consider the decay of muon at rest. If the energy released is divided equally
among the final leptons, then show that the angle between paths of any two
leptons is approximately 120° (neglect the mass of leptons compared to the
mass of muon mass).

If a proton of 10° eV collides with a stationary electron and knock it off at
3° with respect to the incident direction, what is the energy acquired by the
electron?

[Osmania University 1963]

Calculate (a) the mass of the pion in terms of the mass of the electron, given
that the kinetic energy of the muon from the pion decay at rest is 4.12 MeV
and (b) the maximum energy of electron (in MeV) from the decay of muon
at rest (mass of muon is 206.9 m.). The mass of the electron is equivalent to
0.511 MeV)

[University of Durham 1961]

Antiprotons are captured at rest in deuterium giving rise to the reaction.
p~+d—-n+n°

Find the total energy of the 70, The rest energies for p~, d, n, 70 are 938.2,
1875.5, 939.5 and 135.0 MeV respectively.

As aresult of a nuclear interaction a K** particle is created which decays to a
K meson and a v~ meson with rest masses equal to 966 m. and 273 m.. respec-
tively. From the curvature of the resulting tracks in a magnetic field, it is con-
cluded that the momentum of the secondary K and 7w mesons are 394 MeV/c
and 254 MeV/c respectively, their initial directions of motion being inclined
to one another at 154°. Calculate the rest mass of the K* particle

[Bristol 1964, 1966]

A proton of kinetic energy 940 MeV makes an elastic collision with a station-
ary proton in such a way that after collision, the protons are travelling at equal
angles on either side of the incident proton. Calculate the angle between the
directions of motion of the protons.

[Liverpool 1963]



326

6.68

6.69

6.70

6.71

6.72

6.73

6.74

6.75

6 Special Theory of Relativity

A proton of momentum p large compared with its rest mass M, collides with
a proton inside a target nucleus with Fermi momentum py. Find the available
kinetic energy in the collision, as compared with that for a free-nucleon target,
when p and py are (a) parallel (b) anti parallel (c) orthogonal.

An antiproton of momentum 5 GeV/c suffers a scattering. The angles of the
recoil proton and scattered antiproton are found to be 82° and 2°30" with
respect to the incident direction. Show that the event is consistent with an
elastic scattering of an antiproton with a free proton.

Show that if E is the ultra-relativistic laboratory energy of electrons incident
on a nucleus of mass M, the nucleus will acquire kinetic energy

Ex = (E?/Mc*)(1 — cos0)/(1 + E(1 — cosf)/Mc?)

where 6 is the scattering angle.

A particle of mass M > m, scatters elastically from an electron. If the inci-
dent particle’s momentum is p and the scattered electron’s relativistic energy
is E and ¢ is the angle the electron makes with the incident particle, show that
M = P[{LE + m.]/[E — mc]}cos® ¢ — 1]]'/

A neutrino of energy 2 GeV collides with an electron. Calculate the maximum
momentum transfer to the electron.

A particle of mass m; collides elastically target particle of mass m, at rela-
tivistic energy. Show that the maximum angle at which m is scattered in the
lab system is dependent only on the masses of particles provided m; > m,

Show that if energy v(> m.c*) and momentum ¢ are transferred to a free sta-
tionary electron the four-momentum transfer squared is given by ¢> = —2m.v

A photon of energy E travelling in the 4+x direction collides elastically with
an electron of mass m moving in the opposite direction. After the collision,
the photon travels back along the —x direction with the same energy E.

(a) Use the conservation of energy and momentum to demonstrate that the
initial and final electron momenta are equal and opposite and of magni-
tude E/c.

(b) Hence show that the electron speed is given by

v/e =(1+m2/EP)

[adapted from the University of Manchester 2008]

6.2.4 Invariance Principle

6.76

6.77

Use the invariance of scalar product of two four-vectors under Lorentz trans-
formation to obtain the expression for Compton scattering wavelength shift.

Show that for a high energy electron scattering at an angle 6, the value of
the squared four-momentum transfer is given approximately by Q> = 2E?
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(1 — cos6)/c?, where E is the total initial electron’s energy in the lab system.
State when this approximation is justified.

A neutral unstable particle decays into 7 and 7~, each of which has a
momentum 530MeV/c. The angle between the two pions is 90°. Calculate
the mass of the unstable particle.

If a particle of mass M decays in flight into m; and another mj; m; has
momentum p; and total energy E;, where as m, has momentum p, and total
energy E,. p; and p, make an angle 6. Show that

E\E; — pyp>cosf = invariant = $[M? — m*> — m?]

The Mandelstam variables s, ¢, and u are defined for the reaction A + B —
C+ D, by

s =(Pa+ Pp)*/c®, 1 = (Pa — Po)*/c? u = (Pa — Pp)*/c?

where Py, Pg, Pc, Pp are the relevant energy-momentum four vectors. Show
that

s+t+u=) m;*(j=A,B,C,D)

In Problem 6.80 show for the elastic scattering t = —2p*(1 —cos 6)/c? where
p = |p|.p is the center of mass momentum of particle and 6 is its scattering
angle in the CMS.

A neutral pion undergoes radioactive decay into two y-rays. Obtain the
expression for the laboratory angle between the direction of the y-rays,
and find the minimum value for the angle when the pion energy is 10 GeV
(m; = 0.14 GeV)

[University of Bristol 1965]

A bubble chamber event was identified in the reaction

p Hp—ont+r 4+

The total energy available was 2.29 GeV while the kinetic energy of the resid-
ual particles was 1.22 GeV. What is the rest energy of »° in MeV?

A particle of rest mass m; and velocity v; collides with a particle of mass
my at rest after which the two particles coalesce. Show that the mass M
and velocity v of the composite particle are related by M?> = m > + m,* +
2mimy//1 — v%/c?

Show that for the decay in flight of a A-hyperon into a proton and a pion with
Laboratory momenta P, and P, respectively, the Q value can be calculated
from
0= (m,,2 +mg? 4 2E,E; —2P,P; cos )2 — (m, +my)
where 6 is the angle between P, and P, in the Laboratory system and E is
the total relativistic energy

[University of Dublin 1967]

Two particles are moving with relativistic velocities in directions at right
angles, they have momenta p; and p, and total energies E; and E,. If they
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are the sole products of disintegration of a heavier object, what was the rest
mass, velocity and direction of motion?
[University of Bristol 1965]

A V-type of event is observed in a bubble chamber. The curvature measure-
ments on the two tracks show that their momenta are p, = 1.670 GeV/c and
p— = 0.408 GeV/c. The angle contained between the two tracks is § = 15°. It
is obviously due to the decay of a neutral unstable particle. It is suspected that
it is due to the decay (a) K® — 7+ + 7~ or (b) A — p + 7~ . Identify the
neutral particle.

Derive the formula in Problem 6.103 using the invariance of (ZE)?> — | Zp|?

Calculate the maximum four momentum transfer to proton in the decay of
neutron at rest.

6.2.5 Transformation of Angles and Doppler Effect

6.90

6.91
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Find the Doppler shift in wavelength of H line at 6,563 A emitted by a star

receding with a relative velocity of 3 x 10® ms™!.

Certain radiation of a distant nebula appears to have a wavelength 656 nm
instead of 434 nm as observed in the laboratory. (a) if the nebula is mov-
ing in the line of sight of the observer, what is its speed? (b) Is the nebula
approaching or receding?

Show that for slow speeds, the Doppler shift can be approximated as
AL/X =v/c
where AA is the change in wavelength.

A physicist was arrested for going over the railway level crossing on a motor-
cycle when the lights were red. When he was produced before the magistrate
the physicist declared that he was not guilty as red lights (A = 670 nm)
appeared green (A = 525 nm) due to Doppler Effect. At what speed he was
travelling for the explanation to be valid? Do you think such a speed is
feasible?

A spaceship is receding from earth at a speed of 0.21c. A light from the
spaceship appears as yellow (A = 589.3 nm) to an observer on earth. What
would be its color as seen by the passenger of the spaceship?

Find the wavelength shift in the Doppler effect for the sodium line 589 nm
emitted by a source moving in a circle with a constant speed 0.05 ¢ observed
by a person fixed at the center of the circle.

A neutrino of energy Ej and negligible mass collides with a stationary elec-
tron. Find an expression for the laboratory angle of emission of the electron
in terms of its recoil energy E and calculate its value when Ey = 2 GeV and
E =0.5GeV
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Assume the decay K° — 7+ ~. Calculate the mass of the primary particle
if the momentum of each of the secondary particles is 3 x 10%eV and the
angle between the tracks is 70°

[University of Durham 1960]

Neutral pions of fixed energy decay in flight into two y-rays. Show that the
velocity of pion is given by

ﬂ = (Emax — Emin)/(Emux + Enin)

where E is the y-ray energy in the laboratory

In Problem 6.98 show that the rest mass energy of 7° is given by mc? =
2(EmaxEmin)l/2

In Problem 6.98 show that the energy distribution of y-rays in the laboratory
is uniform under the assumption that y-rays are emitted isotropically in the
rest system of 7°

In Problem 6.98 show that the angular distribution of y -rays in the laboratory
is given by
1(0) = 1/47y>(1 — B cosH)?

In Problem 6.98 show that the locus of the tip of the momentum vector is an
ellipse

In Problem 6.98 show that in a given decay the angle ¢ between two y-rays
is given by
sin(/2) = mc® /2(E, Ez)'?

In Problem 6.98 show that the minimum angle between the two y-rays is
given by
Dmin = 2mcz/E7,

In Problem 6.98 find an expression for the disparity D (the ratio of energies)
of the y-rays and show that D > 3 in half the decays and D > 7 in one
quarter of them

In the interaction 7= + p — K*(890) + Y;*(1, 800) at pion momentum
10GeV/c , K* is produced at an angle 6 in the lab system. Calculate the
maximum value 6,,, given m, = 0.140 GeV/c* and m,, = 0.940 GeV /c*

A particle of mass m travelling with a velocity v = Bc collides elastically
with the particle m, at rest. The scattering angles of m; in the LS and CMS
are 6 and 6*. Show that

@ ye = (y +v)/(1 +2yv + )12

(b) y* = (v + 1/9)/A + 2y /v +1/v?)

(c) tan O = sin 6* /y.(cos 0* + B./B*)

(d) tan0* = sin6/y.(cos O — B./B*)

where B, is the CMS velocity, f*c is the velocity of m; in CMS,
Ye=U =By =0 =2 v =my/m
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A linear accelerator produces a beam of excited carbon atoms of kinetic
energy 120 MeV. Light emitted on de-excitation is viewed at right angles
to the beam and has a wavelength 1". If X is the wavelength emitted by a
stationary atom, what is the value of (A" — A)/A? (Take the rest energies of
both protons and neutrons to be 10° eV)

[University of Manchester 1970]

A certain spectral line of a star has natural frequency of 5 x 10'7 ¢/s. If the
star is approaching the earth at 300 km/s, what would be the fractional change
of frequency?

A neutral pion (mass 135MeV /c?) travelling with speed 8 = v/c = 0.8
decays into two photons at right angle to the line of flight. Find the angle
between the two photons as observed in the lab system.

An observer O sights light coming to him by an object X at 45° to its path as
in the diagram. If the corresponding angle of emission of light in the frame
of reference of the object is 60°, calculate the velocity of the object.

Fig. 6.3 Aberration of light X >

6.112

450

(o]

In an inertial frame S a rod of proper length L is at rest and at an angle 6
with respect to the x-axis with relativistic speed relative to S

(a) Show that the product tan 6. L, is independent of which frame it is evalu-
ated in:
tanf.L, =tan@’.L,’
where L, and L,  are the projections of the rod length onto the x-axis in
frames S and S’, respectively.

(b) In frame S the rod is at an angle & = 30° knowing that an observer in
frame S’ measures the rod to be at an angle 0’ = 45° with respect to the
x-axis, determine the speed at which the rod is moving with respect to the
observer.

[adapted from University of London 2004 Royal Holloway]

6.2.6 Threshold of Particle Production

6.113

Show that the threshold energy for the production of a proton—antiproton pair
in the collision of a proton with hydrogen target (P+P — P+P+P+P7)
is 6 Mc?, where M is the mass of a proton or antiproton.
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A positron—electron pair production can occur in the interaction of a gamma
ray with electron, viay + ¢~ — e~ + et + ™. Determine the threshold.

Find the threshold energy for the pion production in the reaction N + N —
N + N + 7, given
Myc? = 940MeV and m,c? = 140 MeV

Show that a Fermi energy of 25 MeV lowers the threshold incident kinetic
energy for antiproton production by proton incident on nucleus to 4.3 GeV.

Find the threshold energy of the reaction

y+p— KT +A

The laboratory proton is at rest. The following rest energies may be assumed,
for proton 940 MeV for K* 890 MeV, for A 1,110 MeV

Find the threshold energy for the production of two pions by a pion incident

on a hydrogen target. Assume the rest masses of the pion and proton are 273

me and 1,837 m., where the rest energy of the electron m.c> = 0.51 MeV
[University of Manchester 1959]

Calculate the threshold energy of the following reaction 7~ + p — K%+ A
The masses for 7~ and p, K% and A are, 140, 938, 498, 1,115 MeV respec-
tively

Show that the threshold kinetic energy in the Laboratory for the production
of n pions in the collision of protons with a hydrogen target is given by

T =2nmy(1 + nmy /4m,)

where m, and m,, are respectively the pion and proton masses.

A gamma ray interacts with a stationary proton and produces a neutral pion
according to the scheme

y+p—p+n°

Calculate the threshold energy given M, = 940 MeV and M, = 135 MeV

Calculate the threshold energy of the reaction
7T 4+p—>E +K"4+K°
The masses for 7, p, 27, KT, KO are respectively 140, 938, 1,321, 494,
498, MeV
[University of Durham 1970]

Attempts have been made to produce a hypothetical new particle, the W+,
using the reaction v + p — p + u~ + W where stationary protons are
bombarded with neutrinos. If a neutrino energy of 5 GeV is not high enough
for this reaction to proceed, estimate a lower limit for the mass of the W+
(mass of proton 938 MeV/c?, mass of muon 106 MeV/c?, neutrino has zero
rest mass)

[University of Manchester 1972]
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For the reaction p + p — p + A + K™ calculate the threshold energy and
the invariant mass of the system at threshold energy. The rest energies of the
p, A and K™ are respectively 938, 1,115 and 494 MeV

[University of London 1969]

The 2~ has been produced in the reaction
K +p—> K+ K" +Q"
What is the minimum momentum of the K~ in the Laboratory for this reac-
tion to proceed assuming that the target proton is at rest in the laboratory?

Assume that a Q7 is produced in the above reaction with this momentum
of K~ . What is the probability that 2~ will travel 3 cm in the Lab before
decaying? You may ignore any likelihood of the 27 interacting. The rest
energies of K+, K, KO, P, Q are 494, 494, 498, 938, 1,675 MeV, respec-
tively. Lifetime of @~ = 1.3 x 1070,

[University of Bristol 1967]

Assuming that the nucleons in the nucleus behave as particles moving inde-
pendently and contained within a hard-walled box of volume (4/3)7 R where
R is the nuclear radius, calculate the maximum Fermi momentum for a pro-
ton in 2,9Cu® the nuclear radius being 5.17 fm.

A proton beam of kinetic energy 100 MeV (momentum 570.4 MeV/c) is
incident on a target ,0Cu®® . Would you expect any pions to be produced by
the reaction p + p — d + m from protons within the nucleus (neglect the
binding energy of nucleons in the copper, i.e assume a head-on collision with
a freely moving proton having maximum Fermi momentum and calculate the
total energy in the CMS of the p 4 p collision). The binding energy of the
deuteron is 2.2 MeV

[University of Bristol 1969]

6.3 Solutions

6.3.1 Lorentz Transformations

6.1

t =yt +vx,'/c?)

=yt +vx)/c?)

h—t =yl —t)+yv —x')/c
=04 pv(x) —x1)/c?

107% = yB x 900/c

yB =107% x 3 x 108/900 = 1/3

B = 0.316. The velocity of S’ is 0.316 ¢ with respect to S along the positive
direction.
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6.2 The transformation matrix is

6.3

co~o
O = O O
RN oo™

Set y = cosh « and B = tanh «, so that y = sinh «, the transformation
matrix becomes

cosh @ 0 O isinh o
0 10 0
0 01 0

—isinh @ 0 0 cosh «

Since we can write { sinh ¢ = sinia and cosh @ = cosi«, the matrix
A corresponds to a rotation through an angle i« in four-dimensional space,
Further the transformation equations can be obtained from

x} cosha 0 0 isinh « X1
x} _ 0 10 0 X
x4 - 0 01 0 X3
ict’ —isinh « 0 0 cosh « ict

and the inverse transformation equations from

X1 cosh ¢ 00 —isinh « X}
x| 0 10 0 x}
x3 | 0 01 0 x5
ict isinh « 00 cosh « ict'

B* =0.268 and B, = 0.8
Ve =1/(1 = BHV2 = 1/(1 — 0.8%)1/2 = 1/0.6 = 1.667
v =1/(1— B2 = 1/(1 —0.268%)"/2 = 1.038

Y =vey* (1 + BB cos6*), p=(y>— D'y

tan & = sin6*/y.(cos 0* + B./B*)

0* =0
y = (1.667 x 1.038)(1 + 0.8 x 0.268) = 1.4248
B =0.712

tan® = 0 (Because 6* = 0)
Therefore, 6 = 0



334

6.4

6.5

6.6

6 Special Theory of Relativity

6% = 90°

y =yt = 1.667 x 1.038 = 1.73

B =(1.732 - 1)'/2/1.73 = 0.816

tan6 = sin 0" /(y.B./B*) = 1/(1.667x0.8/0.268) = 0.2

6 =113°

6 = 90°

Y =vyey(l — B.Bcost) =y.y
Y=YV

Ye = 1/[1 — (0.2)21'/2 = 1.02

y* =1/[1 —(0.268)*]'/? = 1.038

y = 1.038/1.02 = 1.0176

B=(>—DY2/y =(1.0176*> — 1)'/2/1.0176 = 0.185
tan0* = sin6/y.(cos® — B./B*)

= —B*/B.v. (Because 6 = 90°)

Be =B =02

tanf* = —0.268/1.02 x 0.2 = 1.3137

0* = 127°

The scalar wave equation for the propagation of electromagnetic waves deriv-

able from Maxwell’s equations is:

(0%/0x* + 9% /0y> + 82/0z> — (1/cHd*/arD)p(x, ¥, 2, £) = 0 )
for the S system. We are required to show that in S’ system, the equation has
the form:

82 32 82 1 82 7 I ! /
ax/2+8y/2+az/2_ 6_2 W o', y,7,t)=0

The Lorentz transformations are:

x'=y(x — Bet) )
=y 3)
7=z )
"=y —px'c) (5)

Assume that we have propagation along x-axis so that the wave func-
tion will depend only on x and . Now the function (x’,y,z/,t) = 0

is obtained from ¢(x, y,z,7) = 0 by a substitution of variables. We have
o(x,t) = (', t"). Then,

dop = (8¢/0x) dx + (d¢/3t) dt = (3¢p/dx") dx’ + (3¢ /0t")dt’ 6)
Differentiating (2) and (5),

dx’ = y(dx — Bcdr) @)

dt' = y(dt — Bc dr) ®)

Substituting (7) and (8) in (6) and equating the coefficients of dx and d:
(0¢/0x) dx + (3¢/dt) dt = (ydp/dx" — yBcdp/ot’) dx +
(yde/dt" — yBcdp/dx’) dt
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dp/dx = y(dp/dx" — Bcdg/ot’) )
dp/dt = y(dg /ot — ﬂcaso/ax/) (10)
227*2’ —y 32 + (2B 2‘;’t (1)
Lo _vie, Mﬂ%m — Qypo) ;f‘gt (12)

Dividing (12) through ¢? and subtracting the resulting equation from (11)
5 - (4) 5

ax? 2) o2

92 1 92
= (2 =y (—2) e B Yaa
X C

91’2
_ % 1 3%
C9x? ) ot
since y*> — y?p* =y*(1 - ) =1
Similarly, the Klein—Gordon equation
(V2 = (1/c¢*)9%/3t* + m*c?/h*) = 0 is Lorentz invariant.

The only way 7~ is emitted at rest in the lab system is when it is emitted at
0;" = 180° in the CMS (rest frame of K °) with with the same speed as K° in
the lab system. In that case 7~ will be emitted at 6%, = 0° in the CMS.

The energy released Q = 498 — 2 x 140 = 218 MeV

As the product particles are identical, each pion carries half of the enrgy,
109 MeV

y*=14T*/m, =14109/140 = 1.778

From the above discussion

Ve = V*’ .Bc = /3*

y =7 ve(l+ BB = y2(1 + )

=y2A+ 2 =Dy =277 -1

=2x 1.778* — 1 = 5.3266

T =(y — Dm, =(5.3266 — 1) x 140

= 605.7MeV

6.8 tanB,* = sind,/y.(cos O, — B./B,*) = —1/v.B. M

(Because 6, = 90° and B = 1). Here S, is the velocity of the pion.

It follows that

sinf,* = 1/y. and cos6 = —pB, 2)
In the CMS (the system in which the pion is at rest)

0,* = m — 6,*, because the muon and neutrino must fly in the opposite direc-
tion to conserve momentum.

tan6,* = tan(wr — 6,") = —tan 6, = —1/y.p.
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or

tan 911* =1/Bcve 3)
tan6, = sin6,*/y.(cos 0, + Be/Bu*) = 1)y Bo(1 + 1/B%,) 4)
(Since 6,* = m — 6,*) and we have used (2)

But B*, = (ms> —m,>)/(mz> +m,>) (5)

Substituting (5) in (4) and simplifying

tan O/L = (mrrz - mz/l,)/zyzcﬁcmzn

The z-component of velocity is zero; hence the particle must be moving in the
xy =plane. Further, the y-component of velocity is unchanged. This implies
that the Lorentz transformation is to be made along x-axis

cPy = y(cP; + BE) ey
mBeyo = y(c® mply' +mpy'c?) @)
Be=1/2'72 p =22 Bl = —1/22,y =22y =1/ = )2 (3)
Using (4) in (1) and simplifying we get 8 = 2 x 2'/2/3

Energy conservation gives

N+Th=0 (1)
Momentum conservation gives

P+ P =0

or p|2 = p22

le + 2T1 mp; = T22 + 2T2 nmy (2)
Solving (1) and (2)

Ty = Q(Q + 2my)/2(my +mz + Q); To = Q(Q + 2my)/2(my +ma + Q)

Vo =1+T;/m; =1+ 140/140 =2
Br = (x> = D2/ = (22 = D'?/2 = 0.866
By Problem 6.54 , T,* = 4.0 MeV therefore
v =1+T,"/m, =1+ (4/106) = 1.038
B.* = (1.03777% — H'/2/1.0377 = 0.267
Yu=rv. (1+ .37113/4* cos 6%)
yu(max) = yr v, (1 + B B,*) = 2 x 1.038(1 4 0.866 x 0.267) = 2.556
(Because 6* = 0)
T,,(max) = (y,(max) — I)m, = 165MeV
Using the formula for optical Doppler effect
T,(max) = ¥, T,*(1 + B) = 2 x 29.5(1 + 0.866) = 110 MeV

Be = |p++ p-I/(Ex + E-)

Using the invariance principle

(total energy)2 — (total momentum)® = invariant

(Es + E_) —|ps+ p_P = (E" + E*) — |pi* + po* P

But E|* = E,* since the particles have equal masses. Also by definition of
center of mass, |p;* + p2*| =0

Therefore, E\** = E;** = H[E, + E_)* — (p4> + p-> +2 pyp_cos0)]
where 6 is the angle between et — e~ pair
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Eff=E"=/4UE;* —p >+ E > —p >+ 2ELE_— pip_cosb)]
E* = Ey = (1/H[m* +m> +2(ELE_ — p,p_cosH)]

= (1/2)(m*> + ELE_ — p,p_cosf)

or E;* = E;* =[1/2(m®> + ELE_ — p, p_cosf)]'/?

tan6 = sin0*/y.(cos 0" + B./p1") = (1/y.)tan 6" /2 (D
(Because 8. = B1¥)

Also

tang = (1/y.)tan6*/2 2)
Where 60* and ¢* are the corresponding angles in the CM system

Multiply (1) and (2)

tan @ tan g = (1/y.%). tan*/2. tan ¢* /2

But ¢* = — 6* and for m; = mo, y. = (y + 1)/2)!/?

tanftangp =2/(y + 1)

In the classical limit, y — 1 and tanftang = 1

But since tan(f + ¢) = (tan6 + tan¢)/(1 — tan 6 tan @)

tan(¢ 4+ 0) — oo

i1e.04+¢=m/2

For y > 1,tanf tan¢ < 1. For tan(0 + ¢) to be finite (6 + ¢) < 7 /2

Hence, fory > 1,0 +¢ < /2

The total energy carried by 7 in the rest frame of Kt can be calculated from
Er+v = (mg? 4+ my? —my?)/2my = 265 MeV (0
Ye = Vpe =265/139.5=19
and lgc = ,Bn* = (Vﬁ - 1)1/2/V:+

In the rest frame of pion, the total energy of muon is obtained again by (1)
E, 2 = (m,+2 +my? —0)/2my+ = 110 MeV
v =110/106 = 1.0377
B = (V:z - I)I/Z/V;L* = 0.267
The Lorentz factor y,, for the muon in the LS is obtained from y,, = y.y,;(1+
B Bc cos 6;) where 6 is the emission angle of the muon in the rest frame of
pion. Put 0; = 0 to obtain y,,(max) and 6’; = 180° to obtain y,(min). The
maximum and minimum kinetic energies are 150 and 55.5 MeV.

First we find the momenta of three pions by using the formula
P = (Ef —m?)'/2 etc, where the total energy, E; = T1 +m, m = 140 MeV is
the pion mass. We need to find the total momentum of the three particles. Take
the direction of the middle particle as x-axis. Calculate these components as
below:

Ty(MeV) = 190, E| = 330(MeV), P, = 299 MeV/c,

p1(x) =276.4MeV/c, p1(y) = —114 MeV/c

T, =321, E; = 461, P, =439, p)(x) =439, p»(y) =0

T5 =58, E3 = 198, P3 = 140, p3(x) = 137, p3(y) = 227

> E =989 MeV, ) p(x) =852.4MeV/c

> P(y)=—84MeV/c
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Fig. 6.4 Decay of a charged 12.25
unstable particle into three Ps
pions Py
Lo p
22.4 2
[

Therefore, P = [ p(x)* + O p(y)*1'/? = 856.4 MeV /c
The mass of the particle is given by

1/2
m=[(EE - |so]’
= [(989)> — (856.4)*]'/2
= 494.7 MeV
Itis a K meson

We can find the direction of K meson by calculating the resultant momenta
of the three pions and its orientation with respect to one of the pions.

By the vector addition of p, and p3 we find the resultant P,3 = 576.6 MeV/c
inclined at angle @ = 2.84° above p; as in the Fig. 6.4. The angle inclined
between Py3 and p; is ¢ = 2.84 + 22.4 = 25.24°.

When py3 is combined with vector p we find that the resultant is inclined at
an angle of 16.7° above p;.

6.3.2 Length, Time, Velocity

6.16 L =yLo=(1—B)2Ly = (1 —0.8%)/2L,
=0.6L,
AL =Ly— L =04L,

y=2—B=u>-D"2/y =2>-1)"?/2=0.866
v=Bc=0.866 x 3 x 108 =2.448 x 10% ms™!

6.18 B=v/c=30kms /3 x 10° kms~' =10~*
1y == =(1-1/2xp)
AL =Lo—L = Lo—Lo/y = Lo— Lo(1—B*"? = $LoB* = 1/2x6,400 x
1078 km =3.2cm
Thus the earth appears to be shrunk by 3.2 cm.

6.19 T =y1
1.5x 107 =22 x 107%y
y = 6.818

B=w*—DY2/y =0.9892
v = 0.9890¢
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6.20

6.21

6.22

6.23

6.24
6.25

6.26

6.27

6.28

6.29

=1y =1t(-p)"
=29x107° x (1 — 0.6%)'/2
=232x10"°s

(a) Time, T = 19/(1 — B)/? =2.2 x 107%/(1 — 0.6*)'/?
=275x10"%s
Distance d = v7 = 0.6 x 3 x 10% x 2.75 x 107® = 495 m
O dy =v1)=0.6 x3 x10% x2.2 x 107® =396 m.

d = vt = vyty =3 x 10%
yB =3 x 10*/40 = 750
B/(1 = BH'* =750

B =0.99999956

d =vyty = Bycty =0.99 x 3 x 108 x 2.5 x 1078 /(1 — 0.99%)!/2

=373 m.

It is therefore observed at an altitude of 1,000 — 373 = 627 m above the sea
level.

B=(B1+ B2)/(1+ B1B2) =(0.9+0.9)/(1 +0.9 x 0.9) = 0.994475

E =T 4+ moc? =100+ 0.51 = 100.51 MeV
y = E/moc* = 100.51/0.51 = 197
L=Ly/y=4/197=0.02m =2cm

m=y mg
y =m/my = 101/100 = 1.01
B=@>-1D"/y =014

If the space station is located at a distance d from the earth then d is fixed by
the time taken by the radio signal to reach the earth is

d=ct

As observed from the earth, at #; = 0 the spaceship was at a distance d
approaching with speed 0.5 c. It will arrive at time
th=d/Bc=ct/Bc=1,125/0.5=2,250s

The time t, recorded in the spaceship related to #; is shortened by y, the
Lorentz factor.

b=ty =t(1 —BH? =11 -0.5%"2=0.866¢

= 0.866 x 2,250 = 1,948

Let system S be attached to the ground and §’ to the spaceship.
Let #; be the time when the radio signal reaches the ship. In that time the
signal traveled a distance
d; = cty
At time #; = 0, the ship was at a distance d.
At time #; it is now at a distance
dr) =d + vy =d+,3ct1
Now d1 = d2
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6.30

6.31

6.32

6.33

6.34

6.35

(a)

6 Special Theory of Relativity

Soct; =d + ﬂCtl

Solving for ¢4,

nh=d/c(l-p)

For $ =0.6,y =1.25
fh=5x10%x103/3 x 108 x 0.4 = 4167 s

From Lorentz transformations we get
At =y At =ydi/c =1.25 x5 x 10® x 103/3 x 10®
=2,083s

v =d/vy =d/ypc=d/c(y’ = D' (1
v = E/m=1+(T/m)=1+(100/140) = 1.714

D=488m, ¢ =3 x 108 ms™!

Using these values in (1), we get T = 1.17 x 10785

] = IO e*{/t — 10 efyd/cﬂr

y =1/0.14=17.143, d = 10m, ¢ = 3 x 108 ms~!
B=(—1/7.143%)12 = 0.99, t =2.56 x 1078 s

Iy = 10°

Using the above values, we find I = 83
y—1DOM=M

Ory =2

B=0 =Dy =2 -1"2)2=1V32

The dilated time T =y Ty =2 x 2.5 x 1078 =5 x 1078
The distance traveled before decaying is

d=vl=BcT =+/3/2x3%x10x5x%x 108 =13m

Timet =d/v =300/3 x 10 =1.0 x 107®s
As v & ¢ at ultrarelativistic velocity

The proper lifetime is dilated
T=1y =1 E/m=2.6x 1078 x (200 x 10° + 140)/140
=371 x1073s

Fraction f of pions decaying is given by the radioactive law
f=1—exp(=T/7)
=1 —exp(—0.0269)
= 0.027

The pions and muons are subsequently stopped in thick walls of steel and
concrete, pions through their nuclear interactions and muons through absorp-
tion by ionization. The neutrinos being stable, neutral and weakly interacting
will survive.

Assuming that the pions decay exponentially (the law of radioactivity), then
after time ¢ they travel a distance d, with velocity v = B¢ so that t = d/Bc
and their mean lifetime is lengthened by the Lorentz factor y.

The intensity at counter B will be

Ip = I exp (—d/yBct) (D
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(b)

6.36

6.37
@)

(i)

and at the counter C

I, = I,exp (—2d/yBcT) 2)
12 4 2
1. =2L = @70y =221
15 1000
Take logarithm on both sides of (1) and simplify.

d

" YBeln(Iy/ 1) @
y =14 T/me® =1+ 140/140 = 2.0

B=@*— D"y =0.866

d=10m;c =3 x 108 m/s

In(14/15) = In(1000/470) = 0.755

Substituting the above values in (3),

7 =2.55x%x 1078

The accepted value is 2.6 x 1078

The stationary object will appear to move with velocity —Bc¢ toward the
observer. The object moving with velocity ac toward the stationary object
would appear to have velocity
(xc — Bc)/(1 — ap), as seen by the observer. If these two velocities are to be
equal then (xc — Bc)/(1 — aB) = Bc

Cross multiplying and simplifying we get the quadratic equation whose
solution is B = [1 — (1 — a?)'/?]/a

t = L 1
= Be ey
L
Ny = Nyexp[—t/yt] = Njexp |:— :| 2)
yBet

Therefore (2) becomes

exp[ k| = M/,

Take logarithm on both sides
L N

yBet =In (N_;)

Butyf =.y?—1

Therefore 1 = —— L ——
ln(%)«/}/z—lc
y =1/ = B2 =1/(1—8/9)"/ =3
200

In (12900) /37 =T x 3 x 108
=22x 10",
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638 @ B=v/c="

y=(—p 12 =(1-3/4712 =2
Total energy of the particle
E=yMc*>=2Mc?

(b) Distance traveled on an average
d=yBcty =2 x gcrzﬁcr

(c) The sphere will shrink in the direction of motion but will not in the trans-
verse direction. Consequently, its shape would appear as that of a spheroid
as shown in Fig. 6.5

Fig. 6.5
Direction of
motion
!/ V—Uu
6.39 v/ = 2t
putv =c¢
\)/ _ c—u . c—u_ __

— l-uc/c? T l1-ufc T

6.3.3 Mass, Momentum, Energy

6.40 (a) m = moy

v =1/ =66 x 106/2.2 x 10°° = 3
m =3 x 207 =621 m,

) T = (y — Dmec = 3 — 1)207 x 0.51)
=211 MeV

(c) Total energy E = mc? = 621m.c* = 621 x 0.511 = 3.173MeV
p=BE/c
B=(2— D2y =3 — 1)/2/3 = 0.9428
p = (0.9428)(317.3)/c
— 299 MeV/c

641 E=moc> = (1 x 1073kg)(3 x 108> =9 x 1037
642 T =(y—1m=m
y=2
B =?*—DY2/y =0.866
The result is independent of the mass of the particle.
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643 (@)y = 1+ T/m =1+ 1,000/940 = 2.064
B =2 — D2y = [(2.064)* — 1]1/2/2.064 = 0.87
(b)y = 1+1,000/0.511 = 1,958
B = 1[1,9582 — 1]"/2/1, 958 = 0.999973

6.44 (a) There are 6 protons and 6 neutrons in '2C nucleus.

Amc? = [(1.007825 x 6 + 1.008665 x 6 — 12.000] x 931.5
=92.16 MeV

(b) Amc? = [3 x 4.002603 — 12.000] x 931.5
=17.27MeV

(¢) Amc* = [2 x (m, + mp) —mg] x 931.5
= [2 x (1.008665 + 1.007825) — 4.002603] x 931.5
= 28.296 MeV
Total energy required = 3 x 28.296 + 7.27 = 92.16 MeV
which is identical with that in (a)

6.45 2p> =T? +2Tmc?
m = (c*p? — T?)/2T = (368% — 250%)/2 x 250 = 145.85 MeV
Orm = 145.85/0.511 = 285.4 m.
The particle is identified as the pion whose actual mass is 273 m,

6.46 Ey=moc? = (9.1 x 10731 kg)(3 x 108 ms™!)?

=8.19 x 1071*J
=(8.19 x 1074 (1 MeV/1.6 x 10713 ])
=0.51 MeV

647 ¥y =1/(1—pH2 =1/1-0.6*)"?=1.25
Energy acquired by electron
T =(y — Dmec? = (1.25 - 1) x 0.51 = 0.1275MeV
1 eV energy is acquired when an electron (or any singly charged particle) is
accelerated from rest through a P.D of 1 V. Hence the required P.D is 0.1275
Mega volt or 127.5kV.

6.48 (a) K (relativistic) = (y — 1ymy 2 "
K (classical) = (1/2mov* = (1/2mpc?f> = (1/2moc(v> = /v ()
AK _ K(relativistic) — K (Classical) _ y — 1

K K (relativistic) 2y ®)

where we have used (1) and (2)
Putting AK/K = 1/100, we find y = 50/49. Using
B=@’=1/y )
we obtain 8 = 0.199
Orv=0.19c¢

(b) Putting AK/K = 10/100 = 1/10 in (3), we find y = 5/4, Using (4) we
obtain § = 0.6

Orv=0.6¢
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6.49 T = (y — Dmyc?
=[1/(1 = ' = 1moc® = [(1 = B*)7'/> = 1Imoc?
=[1+4p°+2 B +... = 1lmoc?
=[1+3 B +..1Gmop>c?)
where we have expanded the radical binomially
Forv/c < 1 or B < 1, obviously T < mc?
For small velocities T = moB%c?/2 + small terms = mov?/2

6.50 (a) The photon energy E, = 1,240/500nm = 2.48eV
=248 x (1.6 x 10719)J
=3.968 x 107197
Effective mass, m = E, /c* = 3.968 x 1071?/(3 x 10%)> = 4.4 x 10730 kg
(b) E = 1,240/0.1 nm = 12,400eV = 1.984 x 10715J
m=1.984 x 1075/(3 x 10%)’ kg = 2.2 x 10~ kg.

6.51 lamu = 1.66 x 1072 kg
(1.66 x 10727 kg)(c?)
C2
= 1.66 x 107%7 x 2.998 x 10%)*J/c?
=1.492 x 10719]/¢?
= 1.492 x 10719 /MeV.MeV /c?
=1.492 x 10719/1.602 x 107*  MeV/c? = 931.3MeV/c?

6.52 Number of Uranium atoms in 1.0 g is
N = Ny/A = 6.02 x 10%3/235 = 2.56 x 10?!
Number in 5kg = 2.56 x 10*! x 5,000 = 1.28 x 10%
In each fission ~ 200 MeV energy is released.
Therefore, total energy released
=1.28 x 10% x 200 = 2.56 x 10>’ MeV
= (2.56 x 107 MeV/I)(1.6 x 10~137])

=4x10"J

6.53 The analysis is similar to that for Compton scattering except for some approx-
imations.
Energy conservation gives
E=E+T (1)
From momentum triangle (Fig 6.6)
p* = p*+ p’ —2ppecost )
Using ¢’ p? = E? — M*¢* 3)
c*p.t = T* 4+ 2Tmc? 4)
p=yMpBc 3)
y=101-p)" ©)

Combining (1) — (6) and simplifying and using the fact that mc*> <« E. we
easily obtain the desired result.
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Fig. 6.6 (a) Scattering of a
proton with a stationary
electron (b) Momentum
triangle

6.54

6.55

(b) P

The energy released in the decay of pion is

0 =myc? — (m/,,dc2 + myc?)

= (273 — 207 — O)m,c?

=66 x 0.511 = 33.73 MeV

Energy conservation gives

T, + T, =33.73 (D
In order to conserve momentum, muon neutrino must move in opposite direc-
tion

Pv = Pu )

Multiplying (2) by ¢ and squaring

ctp?, =T% =K, +2K,m,c’ 3)

Solving (1) and (3) and using

myc? = 207m,c* = 207 x 0.511 = 105.77 MeV

K, =4.08MeV, K, = 29.65MeV

Observe that the lighter particle carries greater energy.

Let the mass of the final single body be M which moves with a velocity Bc.
Momentum conservation gives
m x 0.6¢/(1 —0.6)'/2 = MBc/(1 — )/

Or3m/4 = MB/(1 — B%) (1)
Since the total energy is conserved

mc? /(1 —0.6)Y2 +mc?> = Mc? /(1 — gH)!/? )
(a) Using 2)in (1), 8 =1/3
(b) Using B = 1/3in (2), M = 2.12m
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6.56

6.57

6.58

6.59

6.60

6 Special Theory of Relativity

Tx = [(Mp — Mg)* — M%,1/2Mp = [(1865 — 494)> — 140%]/2 x 1865
= 498.67 MeV

Px = (Tx?> 4+ 2M Tx)"/? = 861 MeV /c

Ex? = px?+mg? = (0.861)% + (0.494)2 = 0.9853 GeV?

Ex = 0.9926GeV /c

E.% = pa? 4+ my? = (0.861)% + (0.140)> = 0.7609 Ge V>

E, = 0.8736 GeV

M, = Ex + E, = 1.8662GeV/c?

It is a D° meson.

The mass of neutrino is zero. Applying conservation laws of energy and
momentum

E,+E, =m,,c2 (1)
Pu = Pv (2)

Multiplying (2) by ¢ and squaring

? p/L =c? pv

OrE,f—m 2t =E*?

OrE, —Evz_m24 3)
Solve (l) and (3)

=m2, +m M)/Zmﬂmu
:3;1. - (1 - 1/)/2)1/2 (mn - muz)/(mu +mu )

Eg + Ec = mac? (energy conservation) (1)
Pp = P (momentum conservation) 2)
OrczPB2 = c2Pc2 3)
Using the relativistic equations E2 = ¢?p? 4+ m?*c*, (3) becomes
EBZ—mB c=F 2—m02C4 (4)
Eliminating E¢ between (1) and (4), and simplifying

Ep = (ma”+mp> —mc*)c*/2my (5)

Kt et +m°+v,

The maximum energy of positron will correspond to a situation in which the
neutrino is at rest. In that case the total energy carried by electron will be

E (max) = (m% +mz—m72r0)/2m1< = (4942 +0.524+135%) /2 x 494 = 228.5MeV
-, T,(max) = 228 MeV

Let the incident particle carry momentum pjy. As the scattering is symmetrical,
each particle carries kinetic energy 7' /2 and momentum P after scattering, and
makes an angle 6/2 with the incident direction.

Momentum conservation along the incident direction gives

po = pcosf/2+ pcosf/2 =2pcost/2 (D
Or (T? 4+ 2Tmc*)'? = 2AT? /4 + 2T /2mc*)/? cos 62 )
Squaring (2), and using the identity, cos?6/2 = (1 + cos6)/2

We get the result cos 6 = T /(T + 4mc?)
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Fig. 6.7 Symmetrical elastic T/2
collision between identical

P
particles T 012

6.61 (y — Dmc? = mc?
y =2
B=(1-1/y)"=/3/2
pe =mypPc
cpe = mctyB =mc? x 2 x /3/2 = mc* x /3MeV
Py = Pe = V3EoMeV/c
6.62 For the three particles the energies (total) are equal.
E, = E, = E; 3)
(masses are neglected)
The magnitude of momenta are also equal
Pr=p2=Dp3
The momenta represented by the three vectors AC, CB and BA form the closed
A ABC.
180° — 6 = 60°
Therefore, 6 = 120°
Thus the paths of any two leptons are equally inclined to 120°
Fig. 6.8 Decay of a muon at El
rest into three leptons whose
masses are neglected
E; 0
EZ
6.63 By Problem 6.53, T = 2mc?B*cos?6/[1 — B cos? 0] (1)

T =10°eV = 1,000 MeV

y=14+T/M =1+ 1,000/940 = 2.0638
B=101—-0/y>)]"? =[1-(1/2.0638)*]"/? = 0.875
Using mc? =0.511 MeV, B =0.875and 6 = 3°in (1),
We find T = 3.3 MeV
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6.64

6.65

6.66

6.67

6.68

6.69

6 Special Theory of Relativity

@nt —ut+v,
T = Q(Q +2m,)/2(m, +m, + Q) = (m; — mu)2/2mn
(Q=mgz —m, —m, =my —m, and m, = 0)
m, = 206.9m, = 206.9 x 0.511 = 105.7 MeV
Therefore,
T, = 4.12 = (m; — 105.7)*/2m,,
Solving for m
my = 141.39MeV/c? = 141.39/0.511m,
= 276.7m,
Oy ut = et +7, +v,
Tax for electron is obtained when v, and v,, fly together in opposite direc-
tion. Thus, the three-body problem is reduced to a two-body one.
m,c? =206.9 x 0.511 = 105.72MeV
0 =105.72 — 0.51 = 105.21 MeV

T,(max) = Q%/2(m, + Q) = (105.72)?/2(0.51 + 105.72) = 52.6 MeV

0 =938.2+1,875.5 —(939.5 + 135.0) — 2.2 = 1,737 MeV

T = 0(0 +2my,)/2(0 + myz + my)

= 1,737(1,737 + 2 x 939.5)/2(1, 737 4+ 135+ 939.5) = 1, 117 MeV
Total energy E, = 1, 117 4+ 135 = 1, 252 MeV

M?* =m> +my> +2(E\E, — PP, cos ) (D)
my = 966 m, = 966 x 0.511 MeV = 493.6 MeV )
my = 273 me = 273 x 0.511 MeV = 139.5 MeV (3)
p1 =394MeV, p, =254MeV 4)
Ei = (p2 +m)? =[(394)* 4+ (93.6)*1"/% = 631.6 (5)
Ey = (p2> + my»)'? = [(254)* + (139.5)°]"/> = 289.5 (6)
cosf = cos 154° = —0.898 7

Using (2) to (7) in (1), M = 899.4 MeV

Using the results of Problem 6.60, the angle between the outgoing particles
after the collision is given by

cos@ =T/(T +4M)

Here T = 940MeV = M

Therefore, cosf = 0.2 — 0 = 78.46°

Using the invariance, E? — | )" p|> = E*?

E*?2 =(E+ Ep)? — (p* + pr + 2ppscosB)

= (E + Ep)* — (E* = M* + E} — M? + 2ppicos 6
=2M? 4+ 2(EE; — p.py)

(a) For parallel momenta, 6 = 0, p.pr = +pps

(b) For anti-parallel momenta 6 = &, p.pr = —pps
(c) For orthogonal momenta 6 = 7/2, p.pr =0

By problem 6.13 it is sufficient to show that tanftang = 2/(y + 1)
p=yBm=(>=D"m
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6.70

Therefore, y = [1+ (p/m)*1"/? = [1 + (5/0.938)*]'/? = 5.41
tan 6 tan ¢ = tan 82° tan2°30" = 7.115 x 0.04366 = 0.3106
2/(y +1)=2/(5.414+1)=0.3120

Hence the event is consistent with elastic scattering.

Let p, p., px be the momentum of the incident electron, scattered electron
and recoil nucleus, respectively. From the momentum triangle, Fig. 6.9.

pn* = p + p* —2ppecost = Ex* +2Ex M )
where we have put ¢ = 1

From energy conservation

Ex+E.=E (2)
As

E. ~ pe (3
E~P @)
(2) Can be written as

Exn+p.=E %)

Combiining (1), (3), (4) and (5), we get
En = E?(1 — cos0)/M[1 4+ E/M(1 — cos 8)]
Restoring %, we get the desired result.

Fig. 6.9 Momentum triangle E, P

6.71

6.72

v
Ee pe Ex Py

Use the result of Problem 6.53,

T = 2mc?B%cos® ¢/(1 — B2 cos” @) (1)
Putc=1, T=E—m )
P =MBy = MB/(1 - p*)'?

whence g2 = P2/(P? + M?) (3)

Use (2) and (3) in (1) and simplify to get the desired result.

The formula for the recoil energy of electron in Compton scattering is
T = (E*/mc*)(1 — cos0)/[1 + a(l — cos )]

Here neutrinos are assumed to be massless, so that the same formula which
is based on relativistic kinematics can be used.

The maximum recoil energy will occur when the neutrino is scattered
back, that is & = 180°. Substituting E = 2 GeV for the incident neutrino
energy, mc> = 0.511MeV = 0.511 x 1073GeV, and « = E/mc?> =
2/0.511 x 1073 = 3,914, we find the maximum energy transferred to electron
is 1.9997 GeV. The maximum momentum transfer
Pmax = (T2 + 2 mec?. Tnax)/? = 2.0437 GeV/c

max
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6.73 Expressing 0 in terms of 0*
tan® = sin0*/y.(cos0* + B./B)

Differentiating with respect to 6* and setting d tan6/90* = 0, gives
cos0* = —B%/B.
And sin6* = (87 — p**)'*/B.

Using (2) and (3) in (1), and the equations
13*2)/*2 — )/*2 -1
:3627/62 = )/cz -1

as well as

mB*y* = myB.y. (momentum conservation in the CMS)
and simplifying, we get

tan ax = [ma?/(my* — my)]'?

ey

@)
3

“
&)

(6)

6.74 Let P; be the electron four-momentum before the collision and P, the final
four-momentum. If Q is the four-momrntum transfer then the conservation of

energy and momentum requires that

Q=P,-P;

and 0> = 0.0 = P,” + P> — 2P1P;

But P = (p, E/c)

P2c? = E* —p.pc® = m ¢t
For stationary electron, the initial four-momrntum is

P; = (0, mec)

and final four-momentum

Py = (p2, mec +v/c)

Therefore

P1.Py; = mec(mec +v/c)

Substituting (7) in (2) and using (4)

Q2 =2m.2c* — 2mec(mec +v/c)

= —2 mev

6.75 (a) As the collision is elastic the total initial energy = total final energy.

E+E =E+E/
Butp' = p

L E=E

It follows that E, = E.

Consequently p. = pe
Momentum conservation gives

P—Pe=—P/+Pe/

ey
©))
3
“
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(N

ey
@)
3
“
&)

(6)



6.3

Solutions 351

Because of (2) and (5)
pe=p=EJc
(b) B =v/c=1—1/y)"? =1 —m?/E>)*
= (1 —=m?/(p* + m*)'* = (p.*[(p> + m*)'/?
=+ @m2/E))'?
where P, = E and ¢ = 1.

6.3.4 Invariance Principle

6.76 Referring to Fig. 7.8, let P, and P, be the four-momentum vectors of photon

6.77

before and after the scattering, respectively, P, and P.’ the four vectors of
electron before and after scattering respectively. Form the scalar product of
the four-vector of the photon and the four-vector of photon 4 electron. Since
this scalar product is invariant.

P,.P,+P)=P, (P, + P.) (1)

Further, total four-momentum is conserved.

P, +P.= P, + P/ )
Now, P, = [hv, 0, O, ihv] 3)
P. =10, 0, 0, imc] )

P, =[hV'cosH, hv'sin6, 0, ihv]

where m is the rest mass of the electron.

Using (1) to (4)

[hv,0,0,ihv].[hv, 0,0, i(hv + mc*)]

= [hv' cos @, hv'sin6, 0, ihv].[hv, 0,0, i(hv + mc?)]

Therefore, h2v? — hv(hv + mc?) = h*vv’ cos 0 — hv'(hv 4+ mc?)
Simplifying

h'v(1 = cos8) = mc*(v — V')

Orh/mc(1 —cos@) =c(1/vV —1/v) =) — A

Or AL =X — A= (h/mec)(1 — cosb)

This is the well known formula for Compton shift in wavelength (formula
7.37).

Let the initial and final four momenta of the electron be P; = (E;/c, p;) and
Py = (Ey, py), respectively. The squared four-momentum transfer is defined by

2EiEy
0> = (P — P’ = —2m’c® + —— —2P; - Py

However, E; = Ef = E and |pi|C= Ipel = E/c; so neglecting the electron
mass
0% =2E*(1 —cos0)/c?
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15 2 2
E(M —mi” —my°) = Ey E; — p1 pycos 6

6 =90°

Py =530MeV/c

Ey = (P} +m,>)V? =548
2 x 54872 +2 x 140> = M?
M = 800MeV/c

Itis a p meson.

Fig. 6.10
% Po

6.79

6.80

6.81

6.82

180-9

Using the invariance of squared four-momentum before and after the decay
E? — P? = Ef — |pe’

M? = (E| + Ey)* — (p1” + p2” +2p1 pacosf)

=(E\* = i) + (B> — p2) + 2(E1 E2 — py pacos 6)

=m> +m2®> +2(E, E; — pi pacos 0)

1
OrE| E; — p; pacos 6 = E(M2 — m12 — m22) = Invariant

s+t+u=(1/A(Ps+ Ps)’ + (Pa— Pc)* + (Py — Pp)’]
= (1/ABPs* + Pg* + Pc* + Pp” + 2Pa(Pg — Pc — Pp)] (1)
From four-momentum conservation, P, + Pg = Pc + Pp 2)

(1) becomes (s + ¢ + u)c® = Bma® +mp? +me? +mp?) —2P4>°
USil’lg Py =myc, Pg = mpc, Pc = mcc and Pp = mpc

(s +t+u)c2 = (mA2 +mpg? 4+ mc? +mD2)c2

Ors+t4+u= Z ml2
i=A,B,C,D

t =(Py— Pc)*/c* = (1/c*)(Pa* + Pc* — 2P4Pc)
= (1/eHma*c* + mc*c* — 2EsEc/c? —P4.Pc)]

For elastic scattering A = C. Thus E4 = Ec¢ and |P4| = |Pc| = p
So that P4.P¢ = p?cos 6.

2t =2mp2c® — 2(Es%)c? — p?cosb)
But £4% = c2p2 +mact
Therefore, t = —2p*(1 — cos6)/c?

sing/2 = myc*/2(E E»)'/? (see Prob. 6.103 and 6.104)
Minimum angle is @pin = 2/y
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6.83

6.84

6.85

But y = 10/0.14
Therefore, ¢, = 0.028 rad or 1.6°

353

Rest mass energy of @® = Total available energy — (total kinetic energy +

mass energy of 7+ and 77 7)

My ¢ =229 —(1.2240.14 + 0.14) = 0.79 GeV

Energy conservation gives

myyr+my =My

Momentum conservation gives
mypr=My§p

Squaring (1)

mi® 12+ mo® + 2y mymy = M?y?

Squaring (2)

m oy’ Bl =M y? B

Using 1 = (1 = 1/p»)?and g = (1 = 1/y*)'/?
(4) becomes

m*(n? =D=M y* — 1)

Subtracting (5) from (3)

m|2 +m22 +2mymy/(1 — vz/c2)1/2 = M?

Ey=E,+ E; (energy conservation)

Q =mo—(my+my)

Py* = P>+ P,* +2P, P, cosf

Or Ey*> —mo* = E,* —mp* + Ex* —my;* + 2P, Py cosf

Using (1) in (4) and simplifying

2E,E; — 2P, Py cosO +m,> +my* =mo* = (Q +m, +my)*
Or Q = (mp* +my* +2E, Ex — 2P, Py cos0)"/? — (m,, + my)

ey

@
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Fig. 6.11 (a) Decay (a)
A — P + 7~ in flight. (b)
Momentum triangle

(b) Py

p180-0 7P,

6.86 MyBy = p;sinf + p,cosf (momentum conservation along x-axis) (1)

p1cosf = pysinf (momentum conservation along y-axis) 2)

Myy = E1 + E, (Energy conservation) 3)
Solving (1), (2) and (3)

M() = (m12 + m% + 2E1 E2)1/2

B = (pi* + P2 J(E1 + En)

0 = tan"'(p1/p2)

Fig. 6.12 Decay my,P.,E;
My — my +my

X-axis

m,,Py,E,
6.87 Under the assumption (a)
M? =2Eny + Eq_ — Pry Py cosO) +my > +my > 1)
Exp = (px” +maD)'? )
Er = (P> +m,_ )" 3)
Myy =my_ =0.14GeV/c?, 0 = 15° 4)
pe =167, p_ =0.408GeV/c )

Using (2), (3), and (4) in (1) and solving for M, we find M = 0.239 GeV//c?,
a value quite different from the standard value, m;y = 0.498 GeV/ c?
Under the assumption (b)
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M?* = 2(E, Ex_ — P, Py_cos) +my > +my_? (6)
E,=(P.* +m,H)'"? 7
m, = 0.938 GeV/c* ®)

Using (3), (4), (5), (7) and (8) in (6) and solving for M, we find M =
1.109 GeV /c? which is in good agreement with the mass m, = 1.115GeV/c
Thus, the neutral particle is A.

6.88 Let the momenta of photons in the LS be p; ad p, ad energies E| and E;. The
invariant mass W of the initial state is given by

w2 = E2 _ pz — m?
In the final state

E*— p’ = (E\+ E2)’ — |(p1 + p)I
=2E| Ex(1 —cosp) =4E,| E; sin2(¢/2) (because E; = p; and
E> = pr and p1.p2 = E; E>cos @)

Invariance of EZ — p? gives
Sin (¢/2) = mc*/2(E, Ey)'/?

689 n—>p+e +Vv
The proton will carry maximum energy when the neutrino with negligible
mass is at rest.

(Gn —4p)* = (En — Ep) = P)?

=(m, — E,,)2 — (Ep2 — mpz); (because neutron is at rest)
= m,> —i—mp2 —2my, E,

ButP,=P, — P,>=P?

OrE,> —m,* = E*—m,} = (m, — E,)* —m,*

= m,> — 2m, E,+ Ep2 — m,?

. 2 2 2
Somyt+myt —2m, E, =m,

Thus (g, — g,)* = m
Org, —q, = m,gc2 =0.511MeV/c

6.3.5 Transformation of Angles and Doppler Effect

690 » =+ +p)/1—B)
B=v/c=3x10°3 x 10® = 0.01
Az =6,563A
A =6,629A
AL =x1—2 =6,629—6,563 = 66A
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6.91

6.92

6.93

6.94

6.95

6.96

6 Special Theory of Relativity

@A/ =[(1+B)/1 — P1V? = 656/434 = 1.5115
v=pBc=117 x 10* ms™!
(b) the nebula is receding
MAN =104/ =B =040 —p)~'?
~(A+B/2+. )1 +B/2—..)
=14 B+ ... (neglecting higher order terms)
ALN = /N)—1=B=v/c

AN =11+ B/~ P'? = 670/525
B =0.239
v=Bc=0239x3x10%=7.17 x 10" ms™!
=7.17 x 10*kms™"
This speed exceeds the escape velocity. Hence the explanation is not valid.
A=Al = B/ + B)]/? =589.3[(1 —0.21)/(1 + 0.21)]'/? = 476.2nm
The color is blue

The source velocity is perpendicular to the line of sight. 6 = 90°,
VvV =vy

A=y

y =1/ = HY? =1/1 - 0.05%)"* = 1.00125

Ar=21—2 =1(y —1)=589(1.00125 — 1)

=0.736nm = 7.36 A

Let the electron recoil at angle ¢ with momentum p, and neutrino get scat-
tered with energy E’ and momentum p’.
Energy conservation gives

Eo+m=E+E’ €))

From the momentum triangle

p? = po*+ p* —2po pcos ¢ )
We can write p’ = E’, p = E, py = Ey, so that (2) becomes
E? = E)> + E* —2EyEcos ¢ (3)

Fig. 6.13 Collision of an energetic neutrino with a stationary electron
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From (1) we have

E? = (Eq— E +m)’ “)
Comparing (3) and (4) and simplifying
cosp=1—m(Ey— E —m)/EoE ~ 1 —m(Ey— E)/EyE 5)
where we have neglected m in comparison with £y — E.

For small angle, (5) becomes ¢ = [2m(Ey — E)/EyE]'? (6)

For Ey =2GeV, E = 0.5GeV, m = 0.51 x 1073 GeV
¢ = 0.039 radians = 2.24°

6.97 Let the mass of the primary particle be M, and that of secondary particles m
and m,. Let the total energy of the secondary particles in the LS be E; and
E>, and momenta p; and p,. Using the invariance of (total energy)>— (total
momentum)?

M? = (E1 + E2)* — (p1* + p2> + 2p1 pacos )

= E\> — pi2 + Ey* — p2? + 2(E? — pi®cos 0)

=m 2 +my? +2(E;> — pi2cos 0) (Since E, = E,, py = p2)
=2m> 4+ 2(m.> + pi2 — p1%cos 6)

= 4m,> +4p,*sin’*6/2

= 4(140)> + 4(300) sin* 35°

= 196,836

M = 444 MeV /c?

6.98 Consider one of the two y-rays. From Lorentz transformation
CPpx = Vc(CPx* + .BCE*)
where the energy and momentum refer to one of the two y-rays and the
subscript C refers to 7°. Starred quantities refer to the rest system of 7°.
cpcos = y(cp*cosO* + BE™)
where we have dropped off the subscript C. But for y-rays cp* = E* and
c¢p = E, and because the two y-rays share equal energy in the CMS, E* =
mcz/Z, where m is the rest mass of 7°.

Therefore cp cos 6 = (ymc2/2)(,3 + cos0™) (1)
Also, E = y(E* + Bepy) = y(E* + Bep* cos0%)
or
cp = E = (ymc?/2)(1 + B cos %) ()
When 6* =0

1
Emax = EE”O(I + ﬁ) (3)
When 6* = &

1
Emin = _En"(l - ,3) (4)

2
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From (3) and (4),(Emax - Emin)/(Emax + Emin) = ﬁ (Sa)

From the measurement of Ey,x and E,, the velocity of 79 can be deter-
mined.

6.99 In the solution of Problem 6.98 multiply (3) and (4) and write E = ymc?
mncz = 2(EmaxEmin)l/2 (Sb)

From the measurement of E,x and E;,, mass of 7° can be determined.
It Emax = 75MeV and En, = 60MeV, then mc? = 2 x (75 x 60)'/% =
134.16 MeV
Hence the mass of 79 is 134.16/0.51 = 262.5m.
6.100 dN/dE = (AN /dQ*).dQ*/dE = (1/47).2sin6*d0* /dE
= (1/2)dcos6*/dE (6)
where we have put dQ* = 27 sin6* d 6* for the element of solid angle and
dN/dQ2* = 1/4m under the assumption of isotropy.
Differentiating (2) with respect to cos 6*

dE /dcos6* = yBmc? /2

or dcos0*/2dE = 1/yBmc? (7
Combining (6) and (7), the normalized distribution is
dN/dE = 1/yBmc* = constant ()

This implies that the energy spectrum is rectangular or uniform. It extends
from a minimum to maximum, Fig. 6.14.
From (3) and (4),

Emax — Emin = BE, = yﬂmcz 9
Note that the area of the rectangle is height x length

(AN/AE) X (Emax = Emin) = (1/yBmc?) x ypmc* = 1
That is, the distribution is normalized as it should.

The higher the 77° energy the larger is the spread in the y-ray energy spec-
trum. For mono-energetic source of 70, we will have a rectangular distribu-
tion of y-ray energy as in Fig. 6.14. But if the y-rays are observed from s,
of varying energy, as in cosmic ray events the rectangular distributions may
be superimposed so that the resultant distributions may look like the solid
curve, shown in Fig. 6.15.

N(E)

Fig. 6.14 y-ray energy |

spectrum from 77° decay at
fixed energy

. E—>
min max
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6.101

Note that if the 7°s were to decay at rest (y = 1) then the rectangle would
have reduced to a spike at E = 67.5 MeV, half of rest energy of 7°.

The y-rays of intensity /(6*) which are emitted in the solid angle d * in
the CMS will appear in the solid angle d2* in the LS with intensity 7(6).
Therefore

1(0)d Q = [(0*)d QF

or
1(0) = I1(6%)sin6*d6* / sin 6dO (10)
Fig. 6.15 y-ray energy Y= 1
spectrum from 7z decay in i
cosmic ray events /}\ Y= 2
T r=3
y=4

we ||| [\

67.5 E/MeV _—>
From the Lorentz transformation
E*=yE(l — BcosbH)
=yE*y(1 4 cos0*)(1 — cos H)
Where we have used (2)
1/y*(1 — BcosO) = 1 + Bcosh*
Differentiating
— Bsinfdo/y*(1 — BcosH)? = —BsinH*do*
Therefore sin#*d6*/sin6d6 = 1/y*(1 — B cos0)> (11)
Also I(0*) = 1/4m (12)

because of assumption of isotropy of photons in the rest frame of 7°
Combining (10), (11) and (12)
10) = 1/47y*(1 — B cos6)? (13)
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This shows that small emission angles of photons in the lab system are
favored.

6.102 In Fig. 6.16, AB and AD represent the momentum vectors of the two photons
in the LS. BC is drawn parallel to AD so that ABC forms the momentum
triangle, that is

AB +BC =AC

Fig. 6.16 Locus of the tip of hv
the momentum vector of
y-rays from 7% decay is an
ellipse

From energy conservation

hvi+hvy, =y mc?/2(1 + B cos 6%) + (y mc*/2)(1 + B cos(w — 6%))

=y mc? = const

where we have used the fact that the angles of emission of the two photons
in the rest frame of 7 , are supplementary.

Since momentum is given by p = h/c, it follows that AB 4+ BC = constant,
which means that the locus of the tip of the momentum vector is an ellipse.

E =mc?/2y(1 — Bcosh) (14)
Compare this with the standard equation for ellipse

r=a(l —e&*)/(1 —ecosb)

We find e = 8

a(l — %) =mc*/2y
Ora =y mc*)2

The larger the velocity of 7%, the greater will be the eccentricity, &.
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6.103 The angle between the two y-rays in the LS can be found fom the formula

6.104

6.105

m? ¢t =m? ¢+ ma? ¢t +2(E) Es — ¢*pi pacos )

Putting m; =m, =0,cp; = Ej, cps = E;
m* ¢* = 2E| Ex(1 — cos @) = 4E; E;sin’(¢/2)
sin (¢/2) = mc? J2(E, E)'/?

For small angle ¢,

¢ =mc*/(Ey Ey)'/?

Set E; = y mc* — E;

¢ =mc*/[E\(yme* — EN)'Y?

For minimum angle d ¢ /dE; = 0. This gives E; = y mc?/2.

Using this value of E in (17), we obtain

Gmin = 2/y

Measurement of ¢, affords the determination of E,; via y.
@Pmin = chz/En

E,+ E, = E (energy conservation)

p1 +p2=p (momentum conservation)

Taking the scalar product

(P1 + p2).(p1 +P2) =p-p

or
P12+ p2? +2p) pacosd = p?

Using ¢ = 1, Eq. (3) becomes

Elz + Ez2 +2E; E;cos6 = E* —m?
Let E»/E, = D,

the disparity factor. Then (1) becomes
E(D+1)=E

Combining (4), (5) and (6)

2DE*(1 — cosf) = m?

Orsin@/2 = [m/2E][/D + 1//D]
For small 0,

6 = [m/ENlYD + 1/D]

5)

(16)

a7

(18)

ey
@)

3

“
®)

(6)
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The minimum angle is found by setting d6/dD = 0
This givesus D = 1, thatis E; = E, = E/2.

Omin = 2mc*/E
The Lorentz transformation of angles gives us the relation
E=[my/2][1+pB cos 6%)

We need to consider one of the photons in the forward hemisphere. The
fraction of photons emitted in the CMS (rest frame of °) within the angle 8*
is (1 — cos 6*). This fraction is 1/2 for 6* = 60°, that is cos 0* = 1/2. When
one photon goes at #* = 60°, the other photon will go at #* = 120° with the
direction of flight of 7°. Hence cos §* = —1/2 for the second photon. The
disparity factor

D=E)/E =(0+pB/2)/(01—-p/2)=Q2+pB)/2—B).

For relativistic pions 8 = 1 Hence D > 1.
A quarter of pions will be emitted within an angle 0* = 41.4° , that is
cos 6* = 0.75. In this case

D ={1+38/4)/0—-3B8/4)
And the previous argument gives us D > 7

First find E* the total energy available in the CMS
E* = (Eq +m,)* — P2~ (Py +m,)* — P;> (Because E, > m,)

E* =4.436GeV
Total energy carried by K* in the CMS

Ef = (E™ +m** —m0)/2E* = 1.942GeV

vk = Ex*/mg* =1.942/0.89 = 2.18

Bx* =0.8888

Ye=(y +)/(L+2yv+1H)'?

y =10/0.14 =714

v =my/m; =0.940/0.140 = 6.71

Y. = 2.466, . = 0.9141

tan 6 = sin0* /(cos 0* + B./B*) (D
Differentiate with respect to 6* and set

dtan6/960* = 0.This gives cos6* = —B%/B.

cos6* = —0.8888/0.9141 = —0.9723

0* = 166.5°

Using the values of 6*, y,, and the ratio 8./8* in (1) we find 6,, = 59.3°
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6.107

6.108

(a), (b) In the CMS, m, will move with the velocity g, in a direction opposite
to that of m ;. By definition, the total momentum in the CMS before and after
the collision is zero. In natural units ¢ = 1.

myy* B =ms ye Be ey
Squaring (1) and expressing the velocities in terms of Lorentz factors
m2(y? =1 =ml(y? — 1) 2
Using the invariance

(ZE)’ — |ZPP = (ZE*) — |ZP*) = (ZE*)’ 3)
(because Y P* = 0, in the CMS)

(myy +m)* —m*(y® = 1) = (m1 y* +m 7.)° “
Combining (2) and (4) and calling v = m,/m;

Ye=(y +v)/(1 +2yv 4+ )" ®)
v =+ /42y /v +1/v3)? ©6)
For the special case, m| = my, as in the P—P collision

ve=v" =1y + 121" )
In addition if y > 1

ve ™ (v /D)2 ®)
(c), (d)

The Lorentz transformations are

Pcos® = y.(p*cos0* + E*) 9)
Psind = p*sin6* (10)
Dividing (10) by (9)

tanf = p*sin0*/y.(p* cos0* + B.E*) = sin0* /y.(cos 0™ + B./B*) (11)
(because p*/E* = %)
From the inverse transformation

P*cos6™ = y.(Pcosf — B.E) (12)
and (10) we get
tan 0* = sin6/y.(cos O — B./B) (13)

At the right angle to the direction of source velocity the Doppler shift in
wavelength is calculated from

Vi=yvorX =A/y

where y is the Lorentz factor of the carbon atoms and T is the kinetic energy
of carbon and M¢? is the approximate rest mass energy, the quantity
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(A — 1)/ becomes (1 — y)/y
Buty =1+ T/Mc* =1+ 120/12 x 10 = 1.01
Hence (A — 1)/A» = —0.01/1.01 = —0.0099
6.109 The observed frequency v due to Doppler effect is given by
v=yv'(1+ Bcosh)

Where V' is the natural frequency
When the star is moving toward the observer 6’ = 0

B =v/c = (300km/s)/3 x 10° km/s = 107>
y=1/0-H"2~14+0/2p>=1+5x 10"

Neglecting small terms, v = (1 + 1073)v’
Fractional change in frequency

(v =)/ =1073

6.110 Use the formula for Lorentz transformation of angles from CMS to LS

tan6 = sin0*/y.(cos 0* + B./B*).

ey

For one of the photons, in the rest system of 7°.0* = 90°.8* = 1. From
the given value B, = 0.8 we find y, = 1.6666. Inserting these values in (1)
tanfd = 0.75 or & = 36.87° in the LS. From symmetry the second photon
will also be emitted at the same angle on the other side of the line of flight and
be coplanar. Hence the angle between the two photons will be 20 = 73.75°

6.111 Use the formula for the transformation of angles.
tanf = sin0*/y.(cos 0* + B./B%)

Use 0 = 45°,0* = 60°, B* = 1, y. = 1/(1 — B.2)'/? in the above formula,
and simplify to obtain a quadratic equation in .. On solving this equation

we find the velocity of the object
v=B.c=0.535¢

6.112 (a) The y-component of the rod is unchanged that is L, = L,/

or Lsind = L'sin6’
Also L, = Lcosf
L' = L'cosb

Eliminating L and L,

!

L..tanf = L, .tan0

® L, =L,y
where y is the Lorentz factor. Using (4) in (5)

ey
(@)
3

“
&)
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y = L,/L, =tan6/tan6 = tan45°/ tan 30° = v/3

B=0u>-D")y= @ —0.816

The speed at which the rod is moving is v = fc = 0.816 ¢

6.3.6 Threshold of Particle Production

6.113

6.114

6.115

6.116

6.117

For the production reaction
my +my — m3 + my
The threshold energy for m| when m is at rest is

Ty = [(m3 + ms)* — (my + my)*1/2m;
In the given reaction we can put

m3+my=4M,my =mr, =M
T, = 6M or Ty = 6Mc?

Here my = 0, my = m, (m3 + my4) = 3m

T, = 4mc?

If m, is the projectile mass, m, target mass, and ms3 + my4 + ms, the mass of
product particles. The threshold is given by formula

Ty = [(m3 + my + ms)* — (my + my)*1/2m;
= [(940 + 940 + 140)> — (940 + 940)?1/2 x 940
= 290.4 MeV

The threshold energy is thus slightly greater than twice the rest-mass
energy of pion (140 MeV). Non-relativistically, the result would be 280 MeV,
that is double the rest mass energy of Pion. The extra energy of 10 MeV is to
be regarded as relativistic correction

Use the invariance of E?> — P2 = E*> — P*2 = E*2 — 0 = E*?
E*? = (4m)* = (T +m +m + 0.025)> — (P, — 0.218)*
Putting m = 0.938, P; = (T? +2Tm)"/? and

solving for 7', we find that T' (threshold) = 4.3 GeV

Titveshold = [(m3 + ma)* — (my + m2)*1/2m,

= [(0.89 + 1.11)> — (0 4 0.94)*1/2 x 0.94
=3.12GeV
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6.118

6.119

6.120

6.121

6.122

6.123

6.124

6 Special Theory of Relativity

Tlhreshold = [(mp + mp + mp)2 - (mp + mp)z]/zmp by Eq~ (653)
m, =1,837m, = 1,837 x 0.00.00051 GeV = 0.937 GeV
M =273 x 0.00051 GeV = 0.137 GeV

Using the above values we find Tipreshola = 0.167 GeV

Tinreshold = (my + m/\)2 - (mp + mp)z/zmp
my = 0.498GeV, my = 1.115GeV, m, = 0.140GeV, m, = 0.938 GeV

Using these values, we find Tiyeshoia = 0.767 GeV = 767 MeV

Note that when pions are used as bombarding particles the threshold for
strange particle production is lowered then in N—N collisions. However, first
a beam of pions must be produced in N-N collisions.

Consider the reaction P+ P — P + P +nn
Tinreshold = [(mp +m, + nmn)z - (mp + mp)z]/zmp

Simplifying we get the desired result

Tinreshold = [(mp + erO)2 - (mp + 0)2]/2mp
Using m, = 940MeV and m o = 135MeV, we
find Tinreshold = 145 MeV

Note that the threshold energy for pion production in collision with gamma
rays is only half of that for N-N collisions. But the cross-section is down by
two orders of magnitude as the interaction is electromagnetic.

Tiweshold = [(Mz— + my +myo)* — (M +m,)*1/2m,
= [(1,321 + 494 + 498)> — (140 + 938)]/2 x 938
= 2,233 MeV

Note that for E production, the threshold is much higher than that for )~
production as it has to be produced in association with two other strange
particles (see Chaps.9 and 10).

Using the invariance, E2 — |} p|?> = E*2 — | p*|?
At threshold: (E + M,)* — E,> = (M, + M,, + M,)> — 0
(5 +0.938)*> — 5% = (0.938 + 0.106 + M,,)*
M, =2.16GeV

Since the reaction does not proceed, M, > 2.16 GeV
T = [(mp +ma +m)* = 2m,)*1/2m,,
= [(0.938 + 1.115 + 0.494)> — (2 x 0.938)*]/2 x 0.938
= 1.58GeV
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6.125 Ty = [(mao + my +ma_)* — (my— +mp)*1/2my_
= [(0.498 + 0.494 + 1.675)2 —(0.494 + 0.938)2]/2 x 0.938 = 2.7GeV

Minimum momentum px_ = (T2 4+ 2Tm)'/? = 2.7> + 2 x 2.7 %
0.494)!/2 = 3.15GeV/c

P = 3.15GeV/c
Ex = 2.7+ 0.494 = 3.194 GeV
vk = Ex/mi = 3.194/0.494 = 6.46
Ye = (v +ma/m)/[1 +2yma/mi + (ma/m1)*1"/?
my/my = 938/494 = 1.9
Ye = (6.46 4+ 1.9)/(1 +2 x 6.46 x 1.9+ 1.9/ = 1.61
Yo =y. = 161:Ba = (v3 — D"*/ya =0.79
Proper time tp = d/v =d/Bc

Observed time t = yty = yd/Bc = 1.61 x 0.03/0.79 x 3 x 10® =
2x 10710
Probability that 2~ will travel 3 cm before decay.

= exp(—1/7)
=exp(—2 x 10719/1.3 x 10719)
=0.21

6.126 Te(max), = (9/3272)* 34 (h*c? |2m,c*ri)(Z | A)*>
R = r()Al/3
ro=R/AY? =517/(63)"° = 1.3fm
Tr(max), = (9/327%)** x 47%(197 MeV — fm)*(29/63)* /2
x 938 x (1.3)> = 26.886 MeV
Pe(max) = (T? +2Tm)'? = [(26.886)> + 2 x 26.886 x 938]"/?
=226.2MeV/c

E* — (p1+ p2)2 = E*? (maximum energy will be available when p; and
P> are antiparallel)

E* =[(938 + 160 + 938 + 27)* — (570.4 — 226.2)*]"/

= 2034 MeV

mg +my; =9384+939 —2.2 4 139.5 =2,014 MeV

As the energy available in the CMS is in excess of the required energy, we
do expect the pions to be produced.






Chapter 7
Nuclear Physics — I

7.1 Basic Concepts and Formulae

Solid angle

In two dimensions the angle in radians is defined as the ratio of the arc of the circle
and the radius, that is & = s/r. In three dimensions, the element of solid angle d<2
is defined as the elementary area A at a distance d from a point, perpendicular to
the line joining the point and the area, divided by the square of the distance, that is
d Q@ = AA/d?. For aring of radii  and r + dr, located on the surface of a sphere of
radius R, the element of solid angle in polar coordinates is subtended at the centre
O is given by (Fig. 7.1)

dQ2 =2 sin 6dO (7.1)

We assume an azimuthal symmetry, that is scattering is independent of the
azimuthal angle 8.

Fig. 7.1 Concept of solid
angle

369
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The solid angle for 6; = 0 and 6, = 6 is
)
Q:/dQ:/ 27 sin 0dO = 2w (1 —cos 0)
0

The maximum solid angle 2 = 47 (for 6 = )

Kinematics of scattering

Relations between velocities, angles etc. in the Lab system (LS) and centre
of mass system (CMS)

In the centre of mass system the total momentum of particles is zero. Let a particle of
mass m| moving with velocity #; in the LS be scattered by the target particle of mass
initially at rest and be scattered at angle 6 with velocity v;. The target particle recoils
with velocity v, at angle ¢ the angles being measured with the incident direction
(Fig. 7.2). The corresponding angles in the CMS will be denoted by 6* and ¢*.

Before
Scattering
C.M System
Lab system m, m,
m *
2 — *
m, ° i ==V m, +m, Vv, =V,
A vy = — mw v, _ my,
m +m, m, +m,
(a) (b)
After Scattering
C.M.System
Lab System m
Vi
Incident direction 6
¢
m,

() d) (e)
Fig. 7.2 Scattering angle and recoil angle in the LS and CMS
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tan O = sin 6% /(cos 0* + m/my) (7.2)
Ifmy>m;; 0<6 <7
my=mp; 0<0 <m/2
my, <my; 0 <60 < Bpax

where O = sin’l(mz/ml) (7.3)
CM velocity combined with v;* or v,* gives v; or vy, respectively

¢ = ¢*/2 (regardless of the ratio my/m>) (7.4)
Pmax = 77/2 (75)

Total kinetic energy available in the CMS
T =(1/2) po? (7.6)
where 1 is the reduced mass given by
n=mpmy/(my + mj) (7D
Energy associated with the CMS is

(1/2)(my + ma)v? (7.8)

Scattering cross-section

Let I, be the beam intensity of the projectiles, that is the number of incident particles
crossing unit area per second, and I be the intensity of the scattered particles going
into a solid angle d<2 per second, and n the number of target particles intercepting
the beam, then

I =1Ino, ¢)d (7.9)

If we assume here an azimuthal symmetry, then we can omit the azimuth angle
and simply write o (0).

The constant of proportionality o (), also written as do (0)/dS2, is known as the
differential cross-section. It is a measure of the probability of scattering in a given
direction (6, B) per unit solid angle from the given target nucleus. The integral over
the solid angle is known as total scattering cross-section (Fig. 7.3).

o =/ o0, p)dQ (7.10)
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Fig. 7.3 Concept of dQ
differential cross-section
I,nd0 %
| an
— ¢}
Incident Beam \
Target Scattered
Particles

The unit of o is a Barn (B). 1 Barn = 1072* cm?, ImB = 107’ cm”? and 1 pB =
10739 ¢cm?. The unit of o(@, @) is Barn/Steradian, where steradian (sr) is the unit of
solid angle.

Relation between the differential cross-sections in the LS and CMS

1+y2+2 0%)3
o) = LTV T2y eosoD: (7.11)
[1 + y cos0*|

where y = m/m;

Note that the total cross-section is the same for both LS and CMS because the
occurrence of the total number of collisions is independent of the description of the
process.

Geometric cross-section

oy =1 R? (7.12)

This is the projected area of a sphere of radius R.
Rutherford Scattering

o (0) = [1.295(zZ/ T)?/ sin*(6/2)] mb/sr (7.13)
o(0',0" = (w/4)Ro*[cot> (0’ /2) — cot* (8" /2)] (7.14)

represents the cross-section for particles to be scattered between angles 6" and 6”

Ry (fm) = 1.44zZ /T ,(MeV) (7.15)
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Fig. 7.4 Rutherford
scattering

Tb

Ry is also the minimum distance of approach in head-on collision for positively
charged particles of energy below Coulomb barrier (Fig. 7.4).

Impact parameter (b) and scattering angle (6)

tan (0/2) = Ro/2b (7.16)

Minimum distance of approach

0

Ro 42\ '"?
) [1 + (1 + F) } = (Ro/2)[1 + cosec (6/2)] (7.17)

Multiple scattering angle
The root mean square angle of multiple scattering
V<0 >=k./t ze/pv (7.18)
where k is the scattering constant
k = [87 N Z% & In(bgs /brmin)]"/?

t=thickness, N=number of atoms/cm?, Ze and ze are the charge of nuclei of medium
and projectile, pv is momentum times the velocity of the incident particle. For pho-
tographic emulsions, In(byax/bmin) is of the order of 10.

Cross-section and mean free path

If n is the number of atoms/cm?>, then the macroscopic cross-section

Y=no (cm™) (7.19)

And mean free path
A=1/% (7.20)
Also, n = Ny p/A (7.21)

where Ny =Avagadro’s number, p =density, A the atomic weight.
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Ionization

Bethe’s quantum mechanical formula
—dE/dx = (47 22 ¢* n/mv®)[In 2mv? /1) — In(1 — B*) — ] (7.22)
where n =number of electrons/cm?, I =ionization potential, v = S c is the particle

velocity and ze is its charge, m is the mass of electron
Note that —dE /dx is independent of the mass of the incident particle (Fig. 7.5).

Fig. 7.5 Ionization Electron capture
(—dE/dx) versus particle 1/v2?
energy Minimum
_ dE ionization  pensity effect
dx
Lorentz contraction
T T
mc2  10mc? E=>
Range-Energy-relation
E=kz**M'"™" R" (7.23)

where k and n are empirical constants which depend on the nature of the absorber,
M is the mass of the particle in terms of proton mass.

If two particles of mass M; and M, and atomic number z; and z, enter the
absorber with the same velocity then the ratio of their ranges

Ri/Ry = (Mi/M>)(22*/21%) (7.24)
Range in air — Geiger’s rule

R = const. v*
R =032E%>  (alphas in air) (7.25)
Valid for 4-10 MeV « particles. R is in cm and E in MeV

The Bragg—Kleeman rule

If Ry, p; and A, are the range, density and atomic weight in medium 1, the corre-
sponding quantities R,, p; and A; in medium 2, then

Ro/Ry = (p1/ p2) (A2/AD)'? (7.26)
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Straggling

When a mono-energetic beam of charged particles traverses a fixed absorber thick-
ness, Ar, there will be fluctuations in the energy of the emerging beam about a
mean value due to finite number of collisions with the atoms of the medium along
the path. This phenomenon is known as Energy straggling, Fig. 7.6.

Fig. 7.6 Energy straggling At Exit

— At Entrance

Number of particles

E——m—

The variance of the energy distribution of the emerging particles is given by
ol=dnn?e. Ar (7.27)

where 7 is the number of electrons/cm?, ze is the charge of beam particles. When a
mono-energetic beam of particles is arrested in the absorber, there will be fluctuation
in the ranges of the paths of the particles about a mean value. If oy is the standard
deviation of the range distribution and R the mean range, then the ratio o/ R for the
particle of mass number A is related to that for «-particle by

(0/R)a/(0 [R)y = (4/A)'/? (7.28)

Delta rays

In the collision of a charged particle with the atoms one or more electrons are
ejected. The more energetic ones of these are called Delta rays are responsible for
the secondary ionization, that is the production of further ions due to collisions with
other atoms of the absorber.

The kinetic energy of the delta ray is given by

W = 2mv? cos® ¢ (7.29)
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Motion of a charged particle in a magnetic field

Centripetal force = Magnetic force

mv?/p = quB (7.30)
Momentum P(GeV/c) = 0.3 Bp (7.31)
p is in meters and B is in Tesla

IT=10kG

Cerenkov radiation

Electromagnetic radiation is emitted when a charged particle on passing through
a medium with a velocity v = fc¢ which exceeds the phase velocity of light ¢/n,
where n is the index of refraction, the radiation is instantaneous and possesses a
sharply pronounced spatial symmetry.

The radiation is soft and is mostly emitted in the blue part of the spectrum. The
radiation is emitted on a conical surface BDA, as in Fig. 7.7

cos@ =1/Bn (7.32)

Fig. 7.7 Cerenkov radiation

Wave front

(c/n)t

Particle

The threshold velocity
B (thresh) = 1/n (7.33)

The number of photons radiated in the interval dE = h dv by a particle of charge
ze in track length dx is given by

d&* N, /dx dE = (e z*/he) [1 — (1/B% n?)] (7.34)
Threshold Cerenkov counters can be used to discriminate between two relativis-
tic particles of the same momentum p and different masses m; and m,, if the heavier

particle () is just below the threshold. In that case

sin? 0 ~ (my? —m %)/ p? (7.35)
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Bremsstrahlung

When a relativistic particle of mass m, charge ze moves close to a target nucleus
of charge Ze, it undergoes acceleration which is proportional to zZ/m, and emits
radiation known as bremsstrahlung. Thus the radiation losses for electrons under
identical conditions, are 3 x 10° times greater than for protons. Since energy loss is
a one-shot process, the law of energy degradation is exponential. If Ej is the initial
energy then at distance x

<E>= E() exp(—x/Xo) (736)

Radiation length X is defined as that absorber thickness which reduces the particle
energy by a factor e.

Passage of radiation through matter

When electromagnetic radiation passes through matter the type of interaction depends
on (1) photon energy (2) Z of the material (3) particle or field with which the photon
interacts. The important processes in Nuclear physics are

. Compton scattering

. Photoelectric effect

. Electron—positron pair production
. Nuclear resonance fluorescence

AW =

The compton effect

The process of elastic scattering of photon by a free electron with reduced frequency
(or increased wavelength) is known as Compton scattering, Fig. 7.8

Fig. 7.8 Compton scattering TP, Recoil electron
r Tar
E,=hv, P;=hvyc

Incident Photon .
Scattered photon™

E=hv, P=hv/c
Shift in wavelength
ArX=i—2o=(h/mc)(1 —cos 6) (7.37)
The Compton wavelength

Ae =h/mc =243 x 107 m (7.38a)
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Maximum shift in wavelength

(A )\)max =2 )‘-c (738b)

Shift in frequency
v =1vy/(1 +a(l —cos 0)) (7.39a)
where @ = h vy /mc? (7.39b)

Av=vy—v=0avy(l —cos 0)/(1 +a(l —cosh))

Energy of recoil electron

T=hvy—hv=ahvy(l —cos 0)/(1+«(l—-cosh)) (7.40)

Angular relation

cotp = (1 +)tan (6 /2) (7.41)

Compton attenuation coefficients
I =1Iyexp(—pcx) (7.42)

If x is in cm then p. is in cm™'; if x is in g/cm? which is obtained by multiplying
x cm by p (the density), then s is in cm? /g

Photoelectric effect

If the incident photon is absorbed by an electron in the atom or metal, and the
electron is ejected then the process is known as photoelectric effect. The kinetic
energy of the photoelectron

T=hv—-—W (Einstein’s equation) (7.43)
where W is the ionization energy of the ejected electron

1
eVo=5m V2 o=hv—W (7.43a)

Threshold energy i vy = W (7.44)
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At low Photon energy

opn o< Z° /(hv)'/? (7.45)
Mph = N Oph (746)
I = Iy exp (—fph X) (7.47)

Low photon energy can be measured from the observation of absorption edges.
E(eV) = 13.6(Z — 0)*/n? (7.48)

where n = 1 for the K-series and n = 2 for the L-series etc, o is the screening
constant and Z is the atomic number of the absorber.
The photoelectric absorption also follows the exponential law.

Pair production

At incident photon energies greater than 2mc? (1.02 MeV), the electron—positron
pair production becomes important.

hv=T_+ T, +2mc? (7.49)
pp o Z° (7.50)
Hiotal = Me + MUph + Up (7.51)

Importance of the three processes is shown in Fig. 7.9

Photo
electric
effect Pair production
dominant / Compton \ 4ominant
Zz effect
dominant

Fig. 7.9 Importance of the
three processes at increasing
photon energy

10 10 100
E(MeV) ——>
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Nuclear resonance fluorescence
If Ey is the transition energy in an atom of mass M, the resonance energy E, = hv
is given by

E, = Ey— E*, /2Mc? (7.52)
The recoil energy

Er = E*, [2Mc? (7.53)

The width of the energy level I is the full width at half maximum, Fig. 7.10. T" is
calculated from the mean life time by the uncertainty principle

Fc=h (7.54)

iRec0|I energy

1.0

Fig. 7.10 Nuclear resonance
fluorescence

Compensation for the recoil energy loss

Source velocity v = Ey/Mc (7.55)
Mosbauer Effect is the recoilless emission and absorption of nuclear radiation
AE.JE. =v/c. (7.56)

Radioactivity

Radioactivity is the spontaneous disintegration of an atomic nucleus. In natural
radioactivity, the decay may occur via alpha, beta or gamma emission. In artificial
radioactivity, neutron or proton may also be emitted.
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Units

1 Curie (ci) = 3.7 x 10'° disintegrations/s
1 Rutherford = 10° disintegrations/s
1 Becquerel (Bq) = 1 disintegration/s

Radiation dose

1 Rad = 100 ergs/g absorbed

Radioactive law

dN/dt = =N

N = Nyge !

Ty, = 0.6937

Activity = [dN/dt| = na

Successive decays

A= B—>C

dNB/dl = AsNy — ApNpg
0

»AN®
Np = [exp(—Aat) — exp(—Ap1)]
A — Ag

Transient equilibrium (A4 < Ap)
Np/Na = ha/(hp — Aa)
Secular equilibrium (A4 << Ap)
Ng/Na = Aa/rp
Alpha-decay (Gamow’s formula)
A= (v/R) exp(—2m zZ/1378)
Geiger-Nuttal law
logh=Klogx+C
Beta-decay

_ G*|My’Ej

=———29%(E 2
603 (heyeh (F0 > M)
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(7.57)

(7.58)
(7.59)
(7.60)

(7.61)

(7.62)

(7.63)

(7.64)

(7.65)

(7.66)

(7.67)
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Selection rules

Fermirule: A/ =0, [; =0 — Iy =0 allowed, Awr =0 (7.68)
GTrule: AI =0,%1,1; =0 — I; = 0 forbidden, Amr =0 (7.69)

7.2 Problems

7.2.1 Kinematics of Scattering

7.1

7.2

7.3

7.4

7.5

7.6

A particle of mass M is elastically scattered from a stationary proton of
mass m. The proton is projected at an angle ¢ = 22.1° while the incident
particle is scattered through an angle & = 5.6° with the incident direction.
Calculate M in atomic mass units. (This event was recorded in photographic
emulsions in the Wills Lab. Bristol).

A particle of mass M is elastically scattered through an angle 6 from a target
particle of mass m initially at rest (M > m). (a) Show that the largest possible
scattering angle 6y« in the Lab. System is given by sinfy.,x = m/M, the
corresponding angle in the CMS being cos 0}, = —m/M. (b) Further show
that the maximum recoil angle for m is given by sin gma = [((M —m)/2M]'/2.
(c) Calculate the angle 6iax + @max for elastic collisions between the incident

deuterons and target protons.

A deuteron of velocity u collides with another deuteron initially at rest. The
collision results in the production of a proton and a triton (*H), the former
moving at an angle 45° with the direction of incidence. Assuming that this
re-arrangement collision may be approximated to an elastic collision (quasi-
scattering), calculate the speed and direction of triton in the Lab and CM
system.

An a-particle from a radioactive source collides with a stationary proton and
continues with a deflection of 10°. Find the direction in which the proton
moves (a-mass = 4.004 amu; Proton mass = 1.008 amu).

[University of Durham]

When a-particles of kinetic energy 20 MeV pass through a gas, they are found
to be elastically scattered at angles up to 30° but not beyond. Explain this, and
identify the gas. In what way if any, does the limiting angle vary with energy?

[University of Bristol]

A perfectly smooth sphere of mass m; moving with velocity v collides elas-
tically with a similar but initially stationary sphere of mass m, (m; > mj)
and is deflected through an angle 6. Describe how this collision would
appear in the center of mass frame of reference and show that the relation
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1.7

7.8

7.9

7.10

7.11

between 6, and the angle of deflection 6y, in the center of mass frame is

tan 6, = sin Oy /[m/my + cos O]

Show also that 6 can not be greater than about 15° if m;/m, = 4.
[University of London]

Show that the maximum velocity that can be imparted to a proton at rest by
non-relativistic alpha particle is 1.6 times the velocity of the incident alpha
particle.

Show that the differential cross section o (@) for scattering of protons by pro-
tons in the Lab system is related to o (6*) corresponding to the CMS by the
formula o (0) = 4 cos(0*/2) o (6%).

If Ey is the neutron energy and o the total cross-section for low energy n—p
scattering assumed to be isotropic in the CMS, then show that in the LS, the
proton energy distribution is given by dop,/dE, = 0/Ey = constant.

Particles of mass m are elastically scattered off target nuclei of mass M ini-
tially at rest. Assuming that the scattering in The CMS is isotropic show that
the angular distribution of M in the LS has cos ¢ dependence.

A beam of particles of negligible size is elastically scattered from an infinitely
heavy hard sphere of radius R. Assuming that the angle of reflection is equal
to the angle of incidence in any encounter, show that ¢ (@) is constant, that is
scattering is isotropic and that the total cross-section is equal to the geometric
cross-section, T R2. (Osmania University)

7.2.2 Rutherford Scattering

7.12

7.13

7.14

7.15

7.16

Show that for the Rutherford scattering the differential cross section for the
recoil nucleus in the Lab system is given by o (p) = (zZe?/2T)?/ cos’ ¢

A beam of a-particles of kinetic energy 5 MeV passes through a thin foil of
4Be’. The number of alphas scattered between 60° and 90° and between 90°
and 120° is measured. What would be the ratio of these numbers?

If the probability of a-particles of energy 10 MeV to be scattered through an
angle greater than @ on passing through a thin foil is 103, what is it for 5 MeV
protons passing through the same foil?

[University of Bristol]

What «-particle energy would be necessary in order to explore the field of
force within a radius of 10™!2 cm of the center of nucleus of atomic number
60, assuming classical mechanics to be adequate?

[University of London]

In an elastic collision with a heavy nucleus when the impact parameter b is
just equal to the collision radius Ry /2, what is the value of the scattering angle
0* in the CMS?
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7.17

7.18

7.19

7.20

7.21

7.22

7.23

7.24

7.25
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In the elastic scattering of deuterons of 11.8 MeV from 52 Pb?% | the differen-
tial cross-section is observed to deviate from Rutherford’s classical prediction
at 52°. Use the simplest classical model to calculate the closest distance of
approach d to which this angle of scattering corresponds. You are given that
for an angle of scattering 6, d is given by (dy/2) [1 + cosec(6/2)], where dj
is the value of d in a head-on collision.

[University of Manchester]

[TPl)

Given that the angle of scattering is 2 tan~' (a/2b), where “a” is the least
possible distance of approach, and b is the impact parameter. Calculate what
fraction of a beam of 0.5 MeV deuterons will be scattered through more than
90° by a foil of thickness 107> cm of a metal of density 5g cm™ atomic
weight 100 and atomic number 50.

[University of Liverpool]

An electron of energy 1.0keV approaches a bare nucleus (Z = 50) with an
impact parameter corresponding to an orbital momentum hA. Calculate the dis-
tance from the nucleus at which this has a minimum (take & = 10 j-s, e =
1.6 x 1071 C and m = 10~3"kg)

[University of Manchester]

A beam of protons of 5 MeV kinetic energy traverses a gold foil, one particle
in 5 x 10° is scattered so as to hit a surface 0.5 cm? in area at a distance 10 cm
from the foil and in a direction making an angle of 60° with the initial direction
of the beam. What is the thickness of the foil?

[Saha Institute]

A narrow beam of alpha particles falls normally on a silver foil behind which
a counter is set to register the scattered particles. On substitution of platinum
foil of the same mass thickness for the silver foil, the number of alpha parti-
cles registered per unit time increases 1.52 times. Find the atomic number of
platinum, assuming the atomic number of silver and the atomic masses of both
platinum and silver to be known.

Derive an expression for the differential cross-section for energy transfer in
elastic collision between a heavy charged particle and an electron.
[University of London]

If o, is the geometrical cross-section (7R?) for neutrons interaction with a
nucleus of charge Z and radius R, then show that for positively charged
particles(+ze) the cross-section will decrease by a factor (1 — Ry/R), where
Ry = 2Ze? /41 ey Ep, and Ej is the neutron energy.

Alphas of 4.5 MeV bombarded an aluminum foil and undergo Rutherford scat-
tering. Calculate the minimum distance of approach if the scattered alphas are
observed at 60° with the beam direction.

If the radius of silver nucleus (Z = 47), is 7 x 10~!3 m, what is the minimum
energy that the particle should have to just reach it? Give your answer in MeV.
[University of Manchester]
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7.27

7.28

7.29

7.30

7.31

7.32

The following counting rates (in arbitrary units) were obtained when o parti-
cles were scattered through 180° from a thin gold (Z = 79) target. Deduce a
value for the radius of a gold nucleus from these results.

Energy ofa 8 12 18 22 26 27 30 34
particle
(MeV)
Counting rate 91,000 40,300 18,000 12,000 8,400 100 12 1.1

[University of Manchester]

If a silver foil is bombarded by 5.0 MeV alpha particles, calculate the deflec-
tion of the alpha particles when the impact parameter is equal to the distance
of closest approach.

Calculate the minimum distance of approach of an alpha particle of energy
0.5MeV from stationary ’Li nucleus in a head-on collision. Take the nuclear
recoil into account.

A narrow beam of alpha particles with kinetic energy 7 = 500keV falls nor-
mally on a golden foil incorporating 1.0 x 10'° nuclei cm™3. Calculate the
fraction of alpha particles scattered through the angles 6 < 6y = 30°

A narrow beam of protons with kinetic energy 7 = 1.5MeV falls normally
on a brass foil whose mass thickness pt = 2.0mg cm~2. The weight ratio
of copper and zinc in the foil is equal to 7:3. Find the fraction of the protons
scattered through the angles exceeding 6 = 45°. For copper, Z = 29 and
A = 63.55 and for zinc Z = 30 and A = 65.38

The effective cross-section of a gold nucleus corresponding to the scattering
of monoergic alpha particles at angles exceeding 90° is equal to Ao = 0.6 kb.
Find (a) the energy of alpha particles (b) the differential cross-section o (9) at
0 = 90°

Derive Darwin’s formula for scattering (modified Rutherford’s formula which
takes into account the recoil of the nucleus).

7.2.3 Ionization, Range and Straggling

7.33

7.34

7.35

Show that the order of magnitude of the ratio of the rate of loss of kinetic
energy by radiation for a 10-MeV deuteron and a 10-MeV electron passing
through lead is 10~7.

Suppose at the sea level the central core of an extensive shower consists
of a narrow vertical beam of muons of energy 60 GeV which penetrate the
interior of the earth. Assuming that the ionization loss in rock is constant at
2MeV g~! cm?, and the rock density is 3.0 g cm~3, find the depth of the rock
through which the muons can penetrate.

Show that deuteron of energy E has twice the range of proton of energy E /2.
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If the mean range of 10 MeV protons in lead is 0.316 mm, calculate the mean
range of 20 MeV deuterons and 40 MeVa-particles.
[University of Manchester]

Show that the range of a-particles and protons of energy 1-10 MeV in alu-
minium is 1/1,600 of the range in air at 15 °C, 760 mm of Hg.

Show that except for small ranges, the straggling of a beam of *He particles is
greater than that of a beam of “He particles of equal range.
[University of Cambridge]

The range of a 15MeV proton is 1,100 pum in nuclear emulsions. A second
particle whose initial ionization is the same as the initial ionization of proton
has a range of 165 pm. What is the mass of the particle? (The rate at which a
singly ionized particle loses energy E, by ionization along its range is given
by dE/dR = K /(Bc)*> MeV wm where fBc is the velocity of the particle, and
K is a constant depending only on emulsion; the mass of proton is 1,837 mass
of electron)

[University of Durham]

a-particles and deuterons are accelerated in a cyclotron under identical con-
ditions. The extracted beam of particles is passed through an absorber. Show
that the range of deuteron will be approximately twice that of a-particles.

The «-particle from Th C’ have an initial energy of 8.8 MeV and a range in
standard air of 8.6 cm. Find their energy loss per cm in standard air at a point
4 cm distance from a thin source.

[University of Liverpool]

Compare the stopping power of a 4 MeV proton and a 8§ MeV deuteron in the
same medium.

(a) Show that the specific ionization of 480 MeV «-particle is approximately
equal to that of 30 MeV proton
(b) Show that the rate of change of ionization with distance is different for the
two particles and indicate how this might be used to identify one particle,
assuming the identity of the other is known.
[University of Bristol]

Calculate the thickness of aluminum in g cm~2 that is equivalent in stop-
ping power of 2cm of air. Given the relative stopping power for aluminum
S = 1,700 and its density = 2.7 g cm™3.

Calculate the minimum energy of an «-particle that can be counted with a
GM counter if the counter window is made of stainless steel (A ~ 56) with
2.5mg cm~? thickness. Take the density of air as 1.226 g cm ™, and atomic
weight as 14.6.

Calculate the range in aluminum of a 5 MeV «-particle if the relative stopping
power of aluminum is 1,700.
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7.47

7.48

7.49

7.50

7.51

7.52

The range of 5 MeV «’s in air at NTP is 3.8 cm. Calculate the range of 10 MeV
o’s using the Geiger—Nuttal law.

Mean range of «-particles in air under standard conditions is given by the
formula R(cm) = 0.98 x 1077 vy*, where vy (cm s™') is the initial velocity
of an a-particle of 5.0 MeV, find (a) its mean range (b) the average number of
ion pairs formed by the a-particle over the whole path as well as over its first
half, given that the ion pair formation energy of an ion pair is 34 eV.

Protons and deuterons are accelerated to the same energy and passed through
a thin sheet of material. Compare their energy losses.

Protons and deuterons lose the same amount of energy in passing through a
thin sheet of material. How are their energies related?

Determine the average radiative energy loss of electrons of p = 2.7GeV/c
crossing one radiation length of lead.

A beam of electrons of energy 500 MeV traverses normally a foil of lead
1/10th of a radiation length thick. Show that the angular distribution of
bremsstrahlung photons of energy 400 MeV is determined more by multiple
scattering of the electrons than by the angular distribution in the basic radiation
process.

7.2.4 Compton Scattering

7.53

7.54

7.55

7.56

In the Compton scattering, the photon of energy Ey = hvy and momentum
Py = hvy/c is scattered from a free electron of rest mass m. Show that
(a) the scattered photon will have energy E = Ey/[1 + a(1 — cos0)], where
6 is the angle through which the photon is scattered and & = & vo/mc?
(b) the kinetic energy acquired by the electron is
T =o Ey(1 —cos0)/[1+ a(l —cosB)]
(c) tan (A/2) = (1 + @) tan ¢, where ¢ is the recoil angle of the electron.

Calculate the maximum fractional frequency shift for an incident photon of
wavelength A = 1 A scattering off a proton initially at rest (Compton scatter-
ing analogue with proton instead of electron)

[adopted from the University College, Dublin, Ireland 1967]

A 30keV x-ray photon strikes the electron initially at rest and the photon is
scattered through an angle of 30°, what is the recoil velocity of electron?
[University of New Castle 1966]

A collimated beam of 1.5 MeV gamma rays strikes a thin tantalum foil. Elec-
trons of 0.7 MeV energy are observed to emerge from the foil. Are these due
to the photoelectric effect, Compton scattering or pair production? Assume
that any electrons produced in the initial interaction with the material of the
tantalum foil do not undergo a second interaction.

[University of Manchester 1972]
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X-rays are Compton scattered at an angle of 60°. If the wavelength of the
scattered radiation is 0.312 A, find the wavelength of the incident radiation.

Compare the energy loss of a photon in the following situations.
(a) One single Compton scattering through 180°

(b) Two successive scatterings through 90° each

(c) Three successive scatterings through 60° each

For Aluminum, and a photon energy of 0.06 MeV, the atomic absorption cross-
section due to the Compton effect is 8.1 x 107>*cm? and due to the photo-
effect is 4.0 x 10724 cm?. Calculate how much the intensity of a given beam
is reduced by 3.7 g cm~? of aluminum and state the ratio of the intensities
absorbed due to the Compton effect and due to the photo effect.

[University of Bristol 1963]

Calculate the maximum change in the wavelength of Compton scattered
radiation.

A photon is Compton scattered off a stationary electron through an angle of
45° and its final energy is half its initial energy. Calculate the value of the
initial energy in MeV

What is the range of energies of gamma rays from the annihilation radiation
which are Compton scattered?

7.2.5 Photoelectric Effect

7.63

7.64

7.65

7.66

The wavelength of the photoelectric threshold for silver is 3,250 x 101" m.
Determine the velocity of electron ejected from a silver surface by ultraviolet
light of wavelength 2,536 x10~'9m

[University of Durham 1960]

The gamma ray photon from '*’Cs when incident upon a piece of uranium
ejects photo-electrons from its K-shell. The momentum measured with a mag-
netic beta ray spectrometer, yields a value of Br = 3.08 x 1073 Wb/m. The
binding energy of a K-electron in Uranium is 115.59 keV. Determine

(a) the kinetic energy of the photoelectrons

(b) the energy of the gamma ray photons

[University of Durham 1962]

Ultraviolet light of wavelength 2,537 A from a mercury arc falls upon a silver
photocathode. If the photoelectric threshold wavelength for silver is 3,250 A,
calculate the least potential difference which must be applied between the
anode and the photo-cathode to prevent electrons from the photo-cathode.
[University of Durham]

Show that photoelectric effect can not take place with a free electron.
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7.74

Estimate the thickness of lead (density 11.3 g cm™?) required to absorb 90%
of gamma rays of energy 1 MeV. The absorption cross-section or gammas of
1MeV in lead (A = 207) is 20 barns/atom.

An X-ray absorption survey of a specimen of silver shows a sharp absorption
edge at the expected Ay, value for silver of 0.0485 nm and a smaller edge at
0.0424 nm due to an impurity. If the atomic number of silver is 47, identify
the impurity as being 44Ru, 4sRh, 46Pd, v45Cd, V49In or 5oSn.

A metal surface is illuminated with light of different wavelengths and the cor-
responding stopping potentials of the photoelectrons V, are found to be as
follows.

L (A) 3,660 4,050 4360 4,920 5460 5,790
V() 148 1.15 093 062 036 0.24

Determine Planck’s constant, the threshold wavelength and the work function.
[University of Durham 1970]

A 4cm diameter and 1 cm thick Nal is used to detect the 660 keV gammas
emitted by a 100 wCi point source of '*’Cs placed on its axis at a distance
of 1 m from its surface. Calculate separately the number of photoelectrons
and Compton electrons released in the crystal given that the linear absorp-
tion coefficients for photo and Compton processes are 0.03 and 0.24 per cm,
respectively. What is the number of 660keV gammas that pass through the
crystal without interacting? (1 Curie = 3.7 x 10'° disintegration per second)

[Osmania University 1974]

A photon incident upon a hydrogen atom ejects an electron with a kinetic
energy of 10.7 eV. If the ejected electron was in the first excited state, calculate
the energy of the photon. What kinetic energy would have been imparted to an
electron in the ground state?

Ultraviolet light of wavelengths, 800 A and 700 A, when allowed to fall on
hydrogen atoms in their ground state, are found to liberate electrons with
kinetic energy 1.8 and 4.0 eV, respectively. Find the value of Planck’s constant.

[Indian Institute of Technology 1983]

What is the maximum wavelength (in nm) of light required to produce any
current via the photoelectric effect if the anode is made of copper, which has
a work function of 4.7eV?

[University of London 2006]

Photons of energy 4.25 eV strike the surface of a metal A. The ejected photo-
electrons have maximum kinetic energy T, eV and de Broglie wavelength A 4.
The maximum kinetic energy of photoelectrons liberated from another metal
by photons of energy 4.70eV is Tg = (T4 — 1.50) eV.
If the de Broglie wavelength of the photoelectrons is Ag = 2X4, then calcu-
late the kinetic energies T and Ty, and the work functions W and Wpg.
[Indian Institute of Technology]
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7.2.6 Pair Production

7.75 Calculate the maximum wavelength of y-rays which in passing through matter,
can lead to the creation of electrons.
[University of Bristol 1967]

7.76 A positron and an electron with negligible kinetic energy meet and annihilate
one another, producing two y-rays of equal energy. What is the wavelength of
these y-rays?

[University of Dublin 1969]

7.77 Show that electron—positron pair cannot be created by an isolated photon.

7.2.7 Cerenkov Radiation

7.78 Pions and muons each of 150 MeV/c momentum pass through a transparent
material. Find the range of the index of refraction of this material over which
the muons alone give Cerenkov light. Assume m, ¢* = 140MeV; m, ¢* =

106 MeV.

7.79 A beam of protons moves through a material whose refractive index is 1.8.
Cerenkov light is emitted at an angle of 11° to the beam. Find the kinetic
energy of the proton in MeV.

[University of Manchester]

7.80 The rate of loss of energy by production of Cerenkov radiation is given by
the relation —dW/dl = (z%¢*/c?) [ (1 — ﬁ) wdw erg cm™! where Bc is
the velocity, ze is the charge, u is the refractive index of the medium and
w/2m is the frequency of radiation. Make an order of magnitude estimate of
the number of photons emitted in the visible region, per cm of track, by a
particle having B = 0.9 passing through water. The fine structure constant
o =e*/hc =1/137

[University of Durham]

7.2.8 Nuclear Resonance

7.81 The 129 keV gamma ray transition in '°!Ir was used in a Mdsbauer experiment
in which a line shift equivalent to the full width at half maximum (I") was
observed for a source speed of 1 cm s~!. Estimate the value of I" and the mean
lifetime of the excited state in ''Ir.

7.82 An excited atom of total mass M at rest with respect to a certain inertial system
emits a photon, thus going over into a lower state with an energy smaller by

Aw. Calculate the frequency of the photon emitted.
[University of Durham 1961]
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7.83

7.84

Calculate the spread in energy of the 661 keV internal conversion line of '37Cs
due to the thermal motion of the source. Assume that all atoms move with the
root mean square velocity for a temperature of 15 °C.

[Osmania University]

Pound and Rebeka at Harward performed an experiment to verify the Red shift
predicted by general theory of Relativity. The experiment consisted of the use
of 14keV y-ray 3'Fe source placed on the top of a tower 22.6 m high and the
absorber at the bottom. The red shift was detected by the Mosbauer technique.
What velocity of the absorber foil was required to compensate the red shift,
and in which direction?

7.2.9 Radioactivity (General)

7.85

7.86

7.87

7.88

The disintegration rate of a radioactive source was measured at intervals of
four minutes. The rate was found to be (in arbitrary units) 18.59, 13.27,
10.68, 9.34, 8.55, 8.03, 7.63, 7.30, 6.99, 6.71, and 6.44. Assuming that the
source contained only one or two types of radio nucleus, calculate the half
lives involved.

[University of Durham]

100 millicuries of radon which emits 5.5 MeV «-particles are contained in
a glass capillary tube 5 cm long with internal and external diameters 2 and
6 mm respectively. Neglecting end effects and assuming that the inside of the
tube is uniformly irradicated by the particles which are stopped at the surface,
calculate the temperature difference between the walls of a tube when steady
thermal conditions have been reached.
Thermal conductivity of glass = 0.025 Cal cm™2s~! C~!
Curie = 3.7 x 10'° disintegrations per second
J =4.18 joule Cal™!

[University of Durham]

Radium being a member of the uranium series occurs in uranium ores. If the
half lives of uranium and radium are respectively 4.5 x 10° and 1,620 years,
calculate the relative proportions of these elements in a uranium ore, which
has attained equilibrium and from which none of the radioactive products
have escaped.

[University of Durham]

A sealed box was found which stated to have contained an alloy composed of
equal parts by weight of two metals A and B. These metals are radioactive,
with half lives of 12 years and 18 years, respectively and when the container
was opened it was found to contain 0.53 kg of A and 2.20kg of B. Deduce
the age of the alloy.

[University of New Castle]
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Determine the amount of QOPO necessary to provide a source of «-particles
of 10 millicuries strength. Half life of Polonium = 138 D.

A radioactive substance of half life 100 days which emits S-particles of aver-
age energy 5 x 1077 ergs is used to drive a thermoelectric cell. Assuming the
cell to have an efficiency 10%, calculate the amount (in gram-molecules) of
radioactive substance required to generate 5 W of electricity.

The radioactive isotope, 14C does not occur naturally but it is found at con-
stant rate by the action of cosmic rays on the atmosphere. It is taken up by
plants and animals and deposited in the body structure along with natural
carbon, but this process stops at death. The charcoal from the fire pit of an
ancient camp has an activity due to ;*C of 12.9 disintegrations per minute,
per gram of carbon. If the percentage of }*C compared with normal Carbon
in living trees is 1.35 x 107'9%, the decay constant is 3.92 x 1071°s~! and
the atomic weight = 12.0, what is the age of the campsite?

[University of Liverpool]

Consider the decay scheme RaE LY RaF LY RaG (stable). A freshly purified
sample of RaE weighs 5 x 1071° g at time ¢ = 0. If the sample is undisturbed,
calculate the time at which the greatest number of atoms of RaF will be

present and find this number. Derive any necessary formula [Half life of RaE
(%OBi) = 5.0 days; Half life of RaF (giOPo) = 138 days]

It is found that a solution containing 1 g of the a— emitter radium (*’°Ra)
never accumulates more than 6.4 x 107%g of its daughter element radon
which has a half life of 3.825 days. Explain how the half life of radium may
be deduced from this information and calculate its value.

[University of London]

Find the mean-life of >>Co radionuclide if its activity is known to decrease
4.0% per hour. The decay product is non-radioactive.

What proportion of 2>U was present in a rock formed 3,000 x 10° years ago,
given that the present proportion of 2*>U to 28U is 140?
[University of Liverpool]

A source consisting of 1 g of ***Pu is spread thinly over one plate of an
ionization chamber. Alpha-particle pulses are observed at the rate of 80 per
second, and spontaneous fission pulses at the rate of 3 per hour. Calculate the
half life of 2*>Pu and the partial decay constants for the two modes of decay.

[Osmania University]

98r decays to Y by B decay with a half-life of 28 years. *°Y decays by B
decay to °Zr with a half-life of 64h. A pure sample of *°Sr is allowed to
decay. What is the composition after (a) 1 h (b) after 10 years?

[University of Manchester]
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7.98

7.99
7.100

7.101

Natural Uranium, as found on earth, consists of two isotopes in the ratio
of g%SU/gggU = 0.7%. Assuming that these two isotopes existed in equal
amounts at the time the earth was formed; calculate the age of the earth.
[Mean life times: 23%U = 6.52 x 10° years, 33°U = 1.02 x 10’ years]
[University of Cambridge, Tripos 2004]

Calculate the activity (in Ci) of 2.0 jug of ***ThX. ThX (T}, = 3.64 D)

Calculate the energy in calories absorbed by a 20 kg boy who has received a
whole body dose of 40 rad.

A small volume of solution, which contained a radioactive isotope of sodium
had an activity of 16,000 disintegrations per minute/cm® when it was injected
into the blood stream of a patient. After 30 h, the activity of 1.0cm? of the
blood was found to be 0.8 disintegrations per minute. If the half-life of the
sodium isotope is taken as 15h, estimate the volume of the blood in the
patient.

7.2.10 Alpha-Decay

7.102

7.103

7.104

7.105

If two o-emitting nuclei, with the same mass number, one with Z = 84 and
the other with Z = 82 had the same decay constant, and if the first emitted
a-particles of energy 5.3 MeV, estimate the energy of «-particles emitted by
the second.

[Osmania University]

Calculate the energy to be imparted to an a-particle to force it into the
nucleus of 233U (rg = 1.2 fm)

Radium, Polonium and RaC are all members of the same radioactive series.
Given that the range in air at S.T.P of the a-particles from Radium (half-life
time 1,622 Year) the range is 3.36 cm where as from polonium (half life time
138 D) the range is 3.85 cm. Calculate the half-life of RaC’ for which the
a-particle range at S.T.P is 6.97 cm assuming the Geiger Nuttal rule.
[Osmania University]

The « particles emitted in the decays of ggRa?*® and 99 Th??® have energies

4.9MeV and 6.5 MeV, respectively. Ignoring the difference in their nuclear
radii, find the ratio of their half life times.
[Osmania University]

7.2.11 Beta-Decay

7.106

Classify the following transitions (the spin parity, J¥, of the nuclear states are
given in brackets):-

140 _)14 N* + €+ +v (0+ - 0+)

He — °Li4+ e~ +v (0T — 1)
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Why is the transition
"FE S5 1704+ e +v (52t = 5/2%)
called a super-allowed transition?

Beta particles were counted from Mg nuclide. At time #; = 2.0, the count-
ing rate was N; and at ©, = 6.0s, the counting rate was N, = 2.66 Nj.
Estimate the mean lifetime of the given nuclide.

Determine the half-life of 8 emitter °He whose end point energy is 3.5 MeV
and |M;|> = 6. Take G/(hc)® = 1.166 x 107> GeV 2

The maximum energy E.x of the electrons emitted in the decay of the iso-
tope '“C is 0.156 MeV. If the number of electrons with energy between E
and E + dE is assumed to have the approximate form
N(EYE & VE (Epax — EY*dE
find the rate of evolution of heat by a source of '*C emitting 3.7 x 10 elec-
trons per sec.

[University of Cambridge]

In the Kurie plot of the decay of the neutron, the end point energy of the elec-
tron is 0.79 MeV. What is the threshold energy required by an antineutrino
for the inverse reaction.
D+p—>n+et

[University of Durham]

36Kr®® decays to 37Rb®® with the emission of S-rays with a maximum energy
of 2.4 MeV. The track of a particular electron from the nuclear process has a
curvature in a field of 10* gauss of 6.1 cm. Determine

i. the energy of this electron in eV and that of the associated neutrino.
ii. the maximum possible kinetic energy of the recoiling nucleus
[University of Bristol]

If the B-ray spectrum is represented by 7n(E)dE o /E (Ema — E)* dE Show
that the most intense energy occurs at E = Ey, /5

7.3 Solutions

7.3.1 Kinematics of Scattering

7.1

We shall find an expression for the ratio of the masses M/m in terms of the
angles 6 and ¢. To this end we start with the equation for the transformation
of angle from CMS to LS.

tan 0 = sin 0% /(cos 0* + M /m) (1)
0" =m —¢*=m —2¢
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7.2

7.3

(because m and M are oppositely directed in the CMS, and the recoil angle of
the proton in the CMS is always twice the angle in the LS)

Therefore sin 6* = sin(w — 2¢) = sin 2¢

and cos 6* = cos(Tt — 2¢) = —cos 2¢

Equation (1) then becomes

tan 6 = sin 6/cos 0 = sin 2¢/(M/m — cos 2¢)

Cross multiplying the second equation and re-arranging

(M/m) sin 6 = sin 0 cos 2¢ + cos 6 sin 2¢ = sin(0 + 2¢)

M /m = sin(6 + 2¢)/ sin 6

Using # = 5.6° and ¢ = 22.1°, we find M = 7.8 m ~ 7.8 amu.

(a) We can work out this problem in the LS, but we prefer the CMS for
convenience. Writing the equation for transformation of angles
tan 6 = sin 6% /(cos 0% + M /m) (1)

The condition for the maximum angle of scattering, 6, isd tan 6/d6 =0.
This gives us

COS Omax = —m/M 2)
sin 0% = (M* —m*»)"?/M 3)
When (2) and (3) are used in (1) we find cot O = (M? — m?)!/?2/m,
whence

Sin Omax = m/M @)

(b) SIN Prax = SIN(Q™ 0k /2) = sin[(T — 0% nax) /2] = c0s(0* max/2)
= [(1 + cos 0% max)/21"* = [(1 — m/M)/2]'* = [(M — m)/2M]'?
(5)

(¢) Usingm = 1 and M = 2 in (4) and (5)
we find emax + @Pmax = 30° + 30° = 60°

We prefer to work in the CMS.
Let m be the proton mass.
Energy available in the CMS in the d-d collision is E* = 1/ p u? = 15 mu?
The centre of mass velocity v, = u/2

The energy E* is partitioned between the product particles, proton and tri-
ton as follows.
E,* = 3E*/4 and Ey* = E* /4. The corresponding velocities in the CMS will
be, vp* = V3u/2 and v* = u/2+/3, respectively. Using the formula for the
transformation of angles from CM to LS (see formula 7.2)

sin 6*
tnf = —————— (D

And using 6 = 6, = 45°, v. = u/2 and v* = v,* = V/3u/2 and solving
for 6%, we find 6, = 0* = 69°.
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As triton will be emitted in the opposite direction in the CMS

6 =111°

Using formula (1) again, with the substitution.

6 = 111°, v, = u/2 and v* = u/2«/§, we can solve for 0, and obtain
6; = 34° in the LS.

Finally, we can use the inverse transformation

tan 6% = cosS;nfz))c/v

And substitute 0" = 111°, 0 = 34° and v, = u/2 to find v = 0.48 u.

7.4 Use the result of Problem 7.1,
M/m = sin(6 + 2¢)/ sin 0
M = 4.004, m = 1.008, 6 = 10°.
Substituting these values in the above equation and solving for ¢, we find
¢ = 16.8° which is the recoil angle of proton

7.5 Alphas of 20 MeV energy means that we are dealing with non-relativistic par-
ticles. From the results of Problem 7.2, the maximum scattering angle 6y,,x for
mj > my, is given by

sin 6y, = my/m
sin 30° = 0.5 = my/4 ormy =2

The gas is deuterium. The limiting angle 6,,,x is independent of the incident
energy.

7.6 The description of the scattering event in the CM system is shown in Fig. 7.11.
From the velocity triangle
VL sin 6, = vy Sin Oy
VL, COS B, = vp cos By + ve
Dividing the two equations and simplifying

sin Gy sin Gy
tan 6, = =
cos O + ve/vm cos Oy +my/my

vm, vmy
( ve = ——andv, = —)
(my + my) (my + my)

The maximum scattering angle 6y, is given by

sin 9M =m2/m1 = 1/4 =0.25
Om = 15°

Fig. 7.11 Velocity triangle v eL
for elastic scattering —2 1
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7.7 Let the alpha particle of mass m moving with velocity vy and momentum
po collide with proton of mass m. After the collision the maximum velocity
v, and momentum p, will be acquired by proton when it is emitted in the
incident direction. Since the alpha particle is heavier than proton, it must also
proceed in the same direction as the proton with velocity v; and momentum
p1- Assuming that the collision is elastic,

P02/2m1 = p12/2m1 + p22/2m2 (energy conservation) €))
Py=pi+ p (momentum conservation) 2)
Noting m; = 4m,, p; can be eliminated between (1) and (2) to yield
P2 = O.4p0

or mo vy = 0.4m; vy = 0.4 x dmyvg

Uy = 1.61)0

7.8 Use the transformation equation for the differential cross-sections in the CMS
and LS.

o () =14 y>+42ycos 62 (0*)/|1 4+ y cos 6%
where y = m;/my = m/m = 1. Then the equation simplifies to
o (0) =4 cos(8*/2) o (0%)

7.9 We can write by chain rule
dop/dE, = (dop/d 2%).(dQ*/dE,) (1)

Let the proton be scattered through an angle 6* in the CMS with the direc-
tion of incidence of neutron (left to right). The CMS velocity will be vy/2.
ve = vg my/(my + my) = vy/2 as the masses of neutron and proton are
approximately equal. The proton has velocity v. in the CMS both before and
after scattering. The velocity of the scattered proton is combined with the CMS
velocity to give the velocity vy in the LS as shown in Fig. 7.12. From the
velocity triangle we have
V2 = v + vk + 202 cos 0% = 2v2(1 + cos 6%)
= vy>(1 + cos6%)/2
Therefore, E, = Eo(1 + cos 6%)/2
Differentiating
dE, = —Ej sin 6" d9*/2 = —Eo dQ* /4
The negative sign means that as 6* increases E|, decreases
Thus,

Direction of Incidence
n

8
‘
VE
Fig. 7.12 n—p scattering 0

in CMS Ve
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7.10

7.11

Fig. 7.13 Scattering of
particles of negligible size
from an infinitely heavy hard
sphere of radius R

7 Nuclear Physics — 1

dQ*/dE, = 47/ Eq ?)
And do,/dQ* = o /47 (3)

as the scattering is isotropic in the CMS.
Using (2) and (3) in (1) we get dop/dE, = o/ Ey

As the scattering is isotropic in the CMS the differential cross-section of the
recoiling nuclei is constant and is given by o (¢p*) = o/4mw = constant.

Now the differential cross-sections in the LS and CMS are related by

o (¢) = (sin ¢*dp™/sin @ d ). o (¢™)

But ¢* =2 ¢ and dp* =2 dgp

o (¢) = (sin2¢.2dg /sin ¢ dp)(o/47) = Z cos ¢

Thus, o (¢) has cos ¢ dependence. It is of interest to note that

[o(@dQ= foﬂ/z o cos 9.2 sin pdo/m =0

as it should. The upper limit for the integration is confined to 90° as the target
nucleus can not recoil in the backward sphere in the LS.

In Fig. 7.13, b denotes the impact parameter. Consider particles I, going
through a ring perpendicular to the central axis, its area being 275 db. On
hitting the sphere, the same number of particles are scattered through a solid
angle dQ2 = 2 sin6 df

Direction of
incidence

Therefore, Iy o () .27 sinf d6 = —Iy 2w b db
Oro (0)=—bdb/sin 6d6 N

The angles of incidence and reflection are measured with respect to the
normal at the point of scattering. From the geometry of the figure,

O=m—(+r)=m—2 2)

sin @ = sin(;w — 2i) = sin 2i =2 sin i cos i 3)

Since r =i and d6 = —2di

b=Rsinianddb =R cos i di

We find 0(9) = R*/4 “4)
The right hand side of (4) is independent of the scattering angle 6; that is

the scattering is isotropic or equally in all directions.
The total cross-section
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o:/a(@)dQ:/ (R*/4). 27 sinf d6 = 7 R?
0

This is called geometric cross-section.

7.3.2 Rutherford Scattering

7.12

7.13

7.14

7.15

7.16

7.17

7.18

Rutherford law for scattered particles in the CMS is

0% = do @/ 2" 1 (ZZe2>2 1

o =do ==\ —a
6\ 7 )t (3)

Now sin (6% /2) = sin((m — ¢*)/2) = cos(¢*/2) = cos¢

dQ* =27 sin 0*dO* =2 7 sin(w — ¢*)dp*

=21 sin 2¢.2d¢ =8m sin ¢ cos ¢ dp =4 cos ¢ dQ(¢)

Therefore d o (¢)/dQ2(¢) = (2Ze>/T)*.1/ cos® ¢

The Rutherford scattering cross-section for scattering between angle 6, and
0, is given by o' (6, 6) = (7 Ro*/4) [cot?(61/2) — cot*(6/2)]
where Ry = 2Ze*/4m ey T = 1.44zZ)T

Therefore, (;’(g%‘i°-192%°3) = (cot? 30° — cot? 45°) /(cot? 45° — cot?> 60°) = 3/1

Since the atomic number and foil thickness and angles are the same, the prob-
ability for scattering will be inversely proportional to the square of energy
and directly proportional to this square of the charge of the particle. Hence the
probability for scattering of 5 MeV «-particles will be 12—(:2 X f—z x1073 =103

The minimum requirement is that the particle should be able to penetrate the
nucleus of radius R. Thus
T =1.44zZ/R(fm) = 1.44 x 2 x 60/10 ~ 17.3 MeV

tan(6*/2) = r(collision)/2b
for b = % r (collision), tan (0*/2) = 1 = tan45°
Therefore, 6* = 90°

Givend = £(1 + cosec (6/2))

Here d = Fmin d() = R()

Therefore, Ry = 1.44zZ/T =1.44 x 1 x 82/11.8 = 10fm
Rmin = (10/2)(1 4 cosec 26°) = 16.4 fm

Given 6 = 2tan™"! (a/2b)

Therefore, tan (6/2) = Ry/2b @))]
Ry=1.44zZ/T = 1.44 x 1 x50/0.5 = 144 fm
From (1)

b = (Ry/2) cot (9/2) = (144 cot 45°)/2 = 72 fm

Where we have used 6 = 90°

0(90°, 180°) = mb* = m(72)* = 16,278 fm*> = 1.628 x 10722 cm?
Macroscopic cross-section

S =0 Nyp/A=1.628 x 1072 x 6.02 x 10 x 5/100 = 4.9cm™!
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7.19

7.20

7.21

7.22
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Therefore, Mean free path A = 1/X = 0.2cm
Fraction of scattered particles = Probability of scattering through more than
90%is t/A =107°/0.2 =5 x 1075,

1
oo = 1+ (+2) ]
Ro=144zZ)T =144 x 1 x 50/(1 x 1073) = 7.2 x 10* fm
bp=L=nh
b=h/p=hc/cp =197.3MeV fm/1 x 107> MeV = 1.973 x 10° fm
b/Ry =1.973 x 10° /(7.2 x 10*) = 2.74

1

Fmin = 22 x 10* [1 +(144x 2.742)2]
=2.365 x 10° fm

The mean free path A = 1/¥ = 1/N.do (N
where N is the number of atoms per cm?

N = Nyp/A = 6.02 x 10 x 19.3/197 = 5.9 x 10* )
do = (1.44zZ/4T)*d Q/ sin* (6/2) 3)

Putz=1,Z =179, 6 =60°, dQ = area/(distance)’> = 0.5/10> = 0.005
Using these values in (3), d 0 = 2.588 fm?

=2.588 x 1072 cm? 4)
Using (2) and (4) in (1) we find A = 655 cm,

The probability of scattering at 60°,

P =t/x 5)

where ¢ is the foil thickness
t = pi=(655x1/5x10% cm = 1.31 um.

The counting rate is dependent on the factor
(zZ/T)* (No/A)(pt/ sin*(6/2)

In the problem z, T, (p t) and 6 are unchanged. Hence, counting rate with
platinum/counting rate with silver

= (Zp' [ Ap)/(Zag" [ Ang) = 1.52

Substituting the known values: Za, = 47, Aa, = 108.87 and Ay = 195, the
above equation can be solved to yield Z, = 77.55 or 78.

Let the particle of mass m, charge z, velocity v and kinetic energy 7T collide
elastically with an electron of mass m, = m. The electron velocity before
and after the collision is v,* = v, in the CMS. The velocity v,* is combined
vectorially with the CMS velocity v, to yield the LS velocity v, at angle ¢
with the incident direction
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Fig. 7.14 Collision of a
heavy charged particle with
an electron

7.23

7.24

Incident
direction

From the velocity triangle which is isosceles as in Fig. 7.14,
vy = 2v, cos ¢ = 2m; v cos@/(my + my) X 2v cos ¢
(Because my, = m << my)
The energy acquired by the electron
W = (m/2) v cos ¢)* = 2mv? cos ¢ (D
If the recoil angle of the electron is ¢* in the CMS then ¢ = ¢*/2 and

*

¢* = m-6*, where 6" is the scattering angle of the incident particle in the
CMS. And so

cos? ¢ = sin’(0%/2)/2 )
W = 2mv?* sin’(0*/2) (3)
dW = mv® sin 6* d6* )
But Rutherford’s formula for scattering in the CMS is

o(0") =do/dQ* = 22e* /4u*v? sin® 0% /2 5)
where we have put Z = —1 for electron. Since the electron mass is negligible

compared to that of the incident particle, u & m. Further, the element of solid
angle dQ* = 27 sinf*d 6*.
Formula (5) becomes

do = (27 sin 6% d0* 2% e*)/(4m*v* sin* (6% /2)) (6)
Using (3) and (4) in (6)
do/dW = 27%¢*/mv*W? (differential energy spectrum)

This gives us the cross-section for finding the delta rays(emitted electrons)
of energy W per unit energy interval.

When the charged particle just grazes the nucleus

Fmin = R = 12Ro[1 + (1 +4b°/R*)'/*] (0
Solving for b, we obtain
b*> = R>-RRy 2)

Denoting the cross-section by o = b,
o/oy = b*/m R* = 1-Ry/R

The closest distance of approach r is given by
min = (Ro/2)(1 + cosec (0/2)) = (Ro/2)(1 +2) = 3Ro/2
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7.25

7.26

7.27

7.28

7.29
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Now Ry =1.442Z/T =144 x 2 x 13/4.5=8.32
Hence rpin = 1.5 x 8.32 = 12.48 fm

The minimum distance of approach ry,;, is obtained in the head-on colli-
sion when the initial o particle energy is entirely converted into the potential
energy.

T = zZez/4 T €0 min

Putting ry,in = R, the nuclear radius, numerically
T(MeV) = 1.44zZ/R(fm) = 1.44 x 2 x 47/7 = 19.34 MeV

For the same charges of interacting particles, target thickness and beam inten-
sity and fixed scattering angle, the Rutherford scattering depends inversely as
the square of particle energy. So long as the incident particle is outside the
target nucleus, the Rutherford scattering is expected to be valid. But when
the incident particle touches the nucleus, pure Rutherford scattering would be
invalidated. We can assume that the observed counting rate Ny is the expected
counting rate for the lowest energy (8§ MeV). For higher energy T the counting
rate is expected to be Ng = Ng(8/7T)?. In the table below are displayed the
calculated counting rates as well as the observed ones.

T(MeV) 8 12 18 22 26 27 30 34
N(Cal) 91,000 40,400 17,970 12,030 8,600 8,000 6,471 5,038
N(Obs) 91,000 40,300 18,000 12,000 8,400 100 12 1.1

Comparison between the calculated and observed counting rates indicates
that Rutherford scattering begins to break down at 26 MeV. Since scattering
angle is & = 180°, we are concerned with head-on collisions. Hence
Ry=R=144zZ/T =1.44 x 2 x79/26 = 8.75 fm.

Hence the radius of gold nucleus is 8.75 fm.

When distance of closest approach b = R
tan(0/2) = Ry/2b = 0.5 = tan 26.56°
Therefore, 6/2 = 26.56° or = 53.1°

We work out in the CMS because ’Li being a light nucleus will recoil in the
encounter. Equating the potential energy at the closest distance of approach
Ry to the initial kinetic energy,

1.44zZ /Ry = 1 v2/2 = mmy vz/(ml 4+ mp) = myT [(my 4+ my)

where u is the reduced mass. Solving for Ry

Ro=(1.44zZ)T)(1 +m;/my) = (1.44x2x3/0.5)(1 +4/7) = 27.15 fm

Given nt = 1.0 x 10" nuclei/cm?
The fraction AN/N = 1— (71 Ry? cot2(0/2).nt) /4 =1—(w/4)(1.44zZ ) T)?
cot’(@/2).nt = 1 — w(1.44 x 2 x 79/0.5)? cot>(30/2) x (1.0 x 10" x
10-26)/4 = 0.82

The factor 10~2¢ has been introduced to convert fm into cm?.
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7.30 The fraction of particles scattered in brass at angles exceeding 6 is given
by AN/N = (/4)(1.44*/T?)(0.7Z,*/ Ay + 0.3Z,%/ A3) ptNocot? 6/2 x
1072 where Z; = 29 for copper and Z, = 30 for Zinc, A; = 63.55 and
A, = 65.38 are the atomic masses, respectively, and Ny = 6.02 x 10?3 is the
avagadro’s number, 7 = 1.5MeV, pt =2 x 103 gcm™ and § = 45°. The
factor 1072 is introduced to convert fm? into cm?. Using these values in the
above equation AN/N = 6.78 x 10~*

7.31 (a) Ao = 0(90°, 180°) = (/4)(1.4427Z/T)*
Using Ao = 0.6kb = 60fm?, z =2, Z = 79 and solving for T, we get
T =3.36MeV
(b) o(8) = (1/16)(1.442Z ) T)*1/ sin*(8/2)
Put & = 90° and T = 3.36MeV to find ¢(90) = 1,146fm>/sr =

11.46b/sr.
7.32 First we work out in the CMS and then transform o (6*) in the CMS to o (0)
in the LS.
Rutherford’s formula in CMS is
o (6%) = (1/4)(zZe* /puv*)* .1/ sin*(6/2) (1

where the reduced mass

p=mM/(m+M)=m/(1+y) @
where m and M are the masses of the incident and target masses, respectively,
andy =m/M.

Further

sin*(0*/2) = (1/4)(sin* 0%)/(1 + cos 6*)? 3)
and

tan 6 = sin 0*/(y + cos 6%) %)
Squaring (4) and expressing it as a quadratic equation and solving it

cos 6 =y sin® 6 +cos O(1 — y?sin®9)"/? 5)
Now o(0) = (1+y* +2y cos 0*)/%/|1 + y cos 6% (6)

Combining (1), (2), (3), (5) and (6) and after some algebraic manipulations
we get

©) <z2e2>2 1 [cos® + (1 — y2sin® ) /22
o =
2T sin* (1 — y2sin®6)1/2

If y < 1, the positive sign only should be used before the square root. If
y > 1, the expression should be calculated for positive and negative signs and

2
the results added to obtain o(0). Fory = 1, () = (iﬁz) cos 0

T sin*
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7.3.3 Ionization, Range and Straggling

7.33

7.34

7.35

7.36

7.37

7.38

The rate of loss of energy due to radiation is inversely proportional to the
square of particle mass and directly proportional to the square of charge of
the incident particle as well as the atomic number of the target nucleus and
directly proportional to the kinetic energy.

—(dE /dX)pq X 22Z°T/m?

As the medium is identical and both e and d are singly charged with the
same kinetic energy the ratio of the radiation loss for deuteron and electron
will be(m./mg)* ~ (1/3,670)> = 7.4 x 1078 or ~ 1077
2
3

Tonization loss of muons in the rock = 2MeV g~ cm
=2MeVg'em? x p=2MeV g 'cm? x 3.0g cm™
= 6MeV/cm.

The depth of the rock which will reduce 60 GeV to zero = 60 x 10° /6 cm =
10*cm = 100 m.
Ed = mgq Ud2/2
E, =m, vp2/2
Eq/E, = E/(E/2) =2 =mq vdz/mp vP2 = 2vdz/vp2
Therefore, vg = vy

Deuteron and proton having the same initial speed will have their ranges in
the ratio of their masses. Therefore the deuteron has twice the range of proton.

R=(M/>)(E/M)

The E/M ratio for the three given particles is identical because E,/M, =
10/1, Eq/My = 20/2 and E,/M, = 40/4. Hence

Ra = (RyMyzp,?)/(z3Mp) = (0.316 x 2 x 12)/(1 x 1?) = 0.632mm

Ry = (RyMy2,2)/(26* Mp) = (0.316 x 4 x 12)/(1 x 2*) = 0.316 mm

Apply the Bragg—Kleeman formula

Ra1/ Raie = (Pair/ pa)~/ At/ v/ Anic

Substitute the values: py; = 1.226 x 103 gcm ™, pp =2.7gcem ™3
Aa =27 and Agy = 14.5, we find Rai/Rair = 1/1, 614

The straggling of charged particles is given by the ratio og /R, where R is the
mean range of a beam of particles in a given medium and oy is the standard
deviation of the ranges.

Now R = f(vo, I)/z?> where vy is the initial velocity of beam of particles, I is
the ionization of the atoms of the absorber. Further, or = /M F (vo, 1)/ z2.So

or/R = ¢(vo, 1)/ /M
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7.39

7.40

7.41

As the straggling is inversely proportional to the square root of particle
mass, the straggling for *He will be greater than that for “He of equal range.

dE/dR = k/(Bc)?
dR = [(Bc)*/k1d(Mv*/2) = k'M f(v)dv

where k’ is another constant
Integrating from zero to vy

R:/dR:k/M/f(v)dvzk’MF(vo)

If two single charge particles of masses M, and M», be selected so that their
initial velocities are identical then their residual ranges
Ri/Ry = M/ M,
My = Ry M;/R, =165 x 1,837 m¢/1, 100 = 275.5 m,
It is a pion. Its accepted mass is 273 m,

Balancing the centripetal force with the magnetic force at the point of
extraction

mv*/r = zevB ()

which gives us

v=zeBr/m

The ratio of velocities for a-particle and deuteron is
Va/Ve = (2a-Mq)/(Ma.2e) = (1 X 2)/2 x 1) =1
since my ~ 2my

As the initial velocities are identical the ratio
Ra/Ry = (maze?)/(mezd®) = 2%/2 =2

Therefore, Ry = 2R,

Use Geiger’s rule

R =K E? (D
8.6 = K (8.8)%/?
K =0.33

At a distance of 4 cm from the source, residual range is 4.6 cm. At this point
the energy can be found out by applying (1) again

4.6=033x E;,"
Or E; =5.79MeV

Differentiating (1)

dR/dE = (3/2)K E'/?

dE;/dR =2/3K E\'* =2/(3 x 0.33 x /5.79)
= 0.84 MeV/cm
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7.42 The proton velocity v, = (2Ep/mp)'/2 = /2x4/m,
The deuteron velocity vg = (2Eq/mq)'/? = 2% 8/mg = (2 x 4/m,)'/?
(because mg ~ 2myp)
Thus, the proton and deuteron have the same velocity, and both of them are
singly charged. Hence their stopping power is identical.

7.43 (a) dE/dR o z2/v? or x Mz*/E

(dEy/dR)/(AE,/dR) = My 2o Ey/M, 2" Eq = (My/ Mp) (24> /2p%)
(Ep/Eq) =4 x 4 x30/480 = 1

(b) The change in ionization over a given distance will be different for differ-
ent particles in a medium. Calibration curves can be drawn for particles
of different masses. The proton curve can be assumed to be the standard
curve. This method is particularly useful for those particles which are not
arrested within the emulsion stack or bubble chamber.

7.44 If S is the relative stopping power then
R(Al) = R(air)/S =2/1,700cm
The thickness of aluminum is obtained by multiplying the range in air by
the density
Therefore, R(Al) = (2.7 x 2/1,700)gcm™2 = 3.18 x 103 g cm ™2

7.45 Apply the Bragg—Kleeman rule

Rastpsx/Aa/pa«/As (1)

Now Ry(cm) = R(g cm™2)/ps = 2.5 x 1073/,

Hence (1) becomes

Ry(cm) = 2.5 x 1072,/14.5/1.226 x 1073 x /56 = 1.04
Apply Geiger’s rule

E = (R/0.32)** = (1.04/0.32)*/3 = 2.19 MeV

a’s of energy greater than 2.2 MeV will be registered.

7.46 R(Al) = R(air)/S = R(air)/1,700
We find R(air) by Geigers’s rule
R(air) = 0.32 E3/2 = 0.32 x 53/2 = 11.18cm
Therefore R(Al) = 11.18/1, 700 = 0.00658 cm = 66 pm

7.47 Geiger’s rule is
R = 0.32(E)*/?
where R is in cm and E in MeV
3.8 = 0.32(5)%/?
R = 0.32(10)%/2
Therefore, R = 3.8 x (10/5)*? = 10.75cm

748 (a) vo = T/m)"? = (2T /mc)'? = (2 x 5/3728)!/2 = 0.0518 ¢
R =0.98 x 10727 x (3 x 10'° x 0.0518)3 = 3.678 cm
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(b) Over the whole path total number of ion pairs
= Total energy lost/Ionization energy of each pair = 5.0 x 10°/34
=1.47 x 10°
For R; = 1.839 cm, we can find the velocity at the middle of the path by the
given formula
R; =1.839=10.98 x 107 v;3
or v; = 1.233 x 10°. The corresponding energy at the mid-path is
E; = mv?/2 = mc® v1%/2¢® = (1/2) x 3728 x (1.233 x 10°/3 x 10'%)? =
3.148 MeV
Energy lost in the first half of the path
E =5.000 —3.148 = 1.852 MeV.
Number of ion pairs produced over the first half of the path =
1.852 x 109/34 = 5.45 x 10*

va =2E/my,, vj =2E/mg =2E/2m, = v}/2
=dE/dx « z*/v?

dE/d 2
CWE/dN)y Vi o for both p and d)

" dE/dx)g  v2
(_dE/dx)proton = (_dE/dx)deuteron

As their charges are identical, their velocity must be the same. Therefore,
the ratio of their kinetic energies must be equal to the ratio of their masses.

Ey/Eq = Mp/Mg=1/2

After crossing a radiation length of lead electrons emerge with an aver-
age energy of 2.7/e = 2.7/2771 = 1.0GeV. Thus, the average energy
loss = 1.7 GeV.

The root mean square multiple scattering angle is approximately given by
e |
62> = ﬂp(ﬁgwm/g
For a traversal of a distance L. For P = 400MeV/c and L = Lg/10, this
angle is 15.8 mr. An electron emitting a photon will be emitted at an angle of
mecz/Ey with the direction of flight. This angle is 0.511/400 or 1.28 mr.
Thus, the angular distribution of Bremsstrahlung photons is determined
mainly by the multiple scattering of electrons.

7.3.4 Compton Scattering

7.53 (a) Let E = hv be the energy of the scattered photon and #v/c be its momen-

tum (Fig. 7.15).
Energy conservation gives

hVQZhU+T (1)

where T is the electron’s kinetic energy.
Balancing momentum along and perpendicular to the direction of
incidence
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Fig. 7.15
hv, hv/c
hvy/c =hv cos 0/c+ P. cos ¢ 2)
0= —hv sin 8/c+ P, sin ¢ 3)
where P, is the electron momentum
Re-arranging (2) and (3) and squaring
hvy  hvcos6\?
P2 cos? ¢ = (ﬂ - e ) 4)
c c
i 2
P.2 sin? ¢ = (—v sin 9) (%)
c
Add (4) and (5) and using the relativistic equation
P2 =T?4+2Tmc* = h*(vy* + v> — 2uv cos ) (6)
Eliminating T between (1) and (2) and simplifying we get
E = Ey/[1 + a(l —cos 0)] @)

b T = Ey— E = Ey— Eyp/[1 + a(l —cosO)] = [aEo(l — cosh)]/
[1+4+ a(l —cosB)] (8)
(c) From (2) and (3), we get
Cot¢p = (vp —vcos6)/vsinf
With the aid of (7), and re-arranging we find tan(6/2) = (1 + «)

tan ¢ 9
7.54 Fractional shift in frequency is
1
Av/vy = T

2hvy sinz(%)

hvg = E, = 1,241/ ym = 1,241/0.1 = 12,410eV = 0.01241 MeV
Put 6 = 180° and MC? = 938.3 MeV to obtain

1
(AV/V)max = ——g5575— = 2.645 x 107

1+ 2x0.01241

7.55 The energy of scattered photon will be
hv="hv/[1+ a(l —cosb)]
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For hvy = 30keV, a = hvy/mc?> = 30/511 = 0.0587 and § = 30°
We find hv = 29.766 keV
Therefore the kinetic energy of the electron

T =30.0 —29.766 = 0.234 keV
The velocity v = (2T/m)1/2 = Q2T /mc*)'? = ¢(2x0.234/511)'/?> = 0.03 ¢

7.56 As the K-shell ionization energy for tantalum is under 80keV, the ejected
electrons due to photoelectric effect are expected to have kinetic energy little
less than 1.5 MeV. Hence photoelectric effect is ruled out as the source of the
observed electrons.

For the e e~ pair production the threshold energy is 1.02MeV. The com-
bined kinetic energy of the pair would be (1.5 — 1.02) or 0.48 MeV, a value
which falls short of the observed energy of 0.7 MeV for the electron. Thus the
observed electrons can not be due to this process.

In the Compton scattering the electrons can be imparted kinetic energy
ranging from zero to Tyx = hvy/(1 + 1/2x), depending on the angle
of emission of the electron. Substituting the values, hvy = 1.5MeV and
o = hvy/mc? = 1.5/0.51 = 2.94, we find T = 1.28 MeV. Thus the
Compton scattering is the origin of the observed electrons.

7.57 For Compton scattering, if Ao and A are the wavelength of the incident photon
and scattered photon,

h

Al = A — Ao = —(1 —cosf) = 0.02425(1 — cos 60°) A
mc

=0.01212 A

Therefore, 1o = A — 0.01212 = 0.312 — 0.012 = 0.3A

7.58 (a) The energy of the scattered photon through an angle 6 is
E, = Eo/[(1 +a(l —cosB)] (D
where o = Eo/mc2
For§ = 180°, E|; = Eo/(1 + 2a)
Lossofenergy AE=Ey— E|=2a Ey/(1 +2 ) 2)
(b) The energy of photon after first scattering through 90° by the application
of (1)is E{ = Eo/(1 + )
The energy of this photon after the second scattering will be
; Ei _ E() . ,_Ei_ E() 2 o
)= = o = = mc” =
A+ao)1+a) 142« me? 14« 1+«
The total energy loss AE' = Eg — Eo/(1 + 2a) = 2aEy/(1 + 2a) (3)
(c) The energy of photon after the first scattering through 60° will be

E\" =2Ey/Q2+a)

The photon energy after second scattering through 60° will be
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B — 2E] _ 4E, _ Ep
P24 Q@+ @2 +e)  (+a)
Photon energy after the third scattering through 60° will be

oo 2B 2 Ep _ 2K,
T 24¢  (I+a)+3a)/(1+a) 243«

.. Total energy loss
AE"=E)—2E)/2+3a)=CBaE)/2+3 ) “)

Comparison of (2), (3) and (4) shows that the energy loss is equal for
Case (a) and (b), and each is greater than in case (c)

Me = 0cpNo/A

e x = 0e(No/A) (p x) = 8.1 x 1072 x 6 x 10% x 3.7/27 = 6.66

Mph =4 x 1072* x 6 x 107 x 3.7/27 = 3.288

ux = (fe + ppn)x = 6.66 + 3.288 = 9.948

The intensity will be reduced by

I/l =e " =¢ 29 =478 x 1073

Ratio of intensities absorbed due to the Compton effect and due to the photo-

effect = (1 — exp(—pe x))/(1 — exp(—ppn X)) = (1 — =) /(1 — e732%) =
1.037

The change in wavelength in Compton scattering is given by
AL =L (1= cosh)
where 6 is the scattering angle. A\ will be maximum for & = 180° in
which case
AAr(max) = 2h/mc = 4hc/mc?
= 47 x 197.3 MeV-fermi/0.511 MeV = 0.0485 A

The energy E of the Compton scattered photon by the incident photon of
energy Ej is

E=Ey/[(1+a( —cosh)]

where o = Eq/mc? and 6 is the scattering angle.

E/Ey=1/2=1/[(1 +a(l — cos 45°)]

whence o = 3.415

Or E = (3.415((0.511) = 1.745MeV

Energy of the scattered gamma rays

E=Ey/[1+a( —cosb)] (1)

Where o = E/mc?

In et — ¢~ annihilation, each gamma ray has energy Eg = 0.511 MeV
a=0.511/0.511=1

Therefore (1) becomes

E =0.511/(2 —cos6)

Emax 1s obtained by putting 6 = 0 and E;, by putting & = 180°. Thus
Emax = 0.511 MeV

Ein = 0.17MeV
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7.3.5 Photoelectric Effect

7.63

7.64

7.65

7.66

According to Einsteins’s equation, kinetic energy of the photoelectron
T=hv—hy (1)
where v is the frequency of the incident photon and vy is the threshold
frequency.

A =2,536 x 107'm = 253.6nm

Corresponding energy E = hv = 1,241/253.6eV = 4.894eV
Ao = 3,250 x 10719m = 325 nm

E =hvy=1,241/325 = 3.818

T =4.894 —3.818 =1.076eV

T =15 mv? = mc? v*/2¢? = 0.511 x 10° x v?/2 ¢2 = 1.076
whence v =2.05 x 103 ¢ =6.15 x 10° m s~!

The momentum p = 300 Br MeV /c

=300 x 3.083 x 1073

=0.925MeV/c

E? = (T +m)* = p> + m?

T = (p2 +m2)1/2 —m

Put p = 0.925 and m = 0.511

T = 0.546 MeV

(a) The kinetic energy of the photoelectrons is 0.546 MeV

(b) The energy of the gamma ray photons is 0.546 4+ 0.116 = 0.662 MeV

T=hv—hy
hv=1,241/253.7 =4.89eV
hvy=1,241/325 =3.81eV
T=eV =489-381=1.08
The required potential is 1.08 V

Suppose the photoelectric effect does take place with a free electron due to the
absorption of a photon of energy 7. The photoelectron must be ejected with
energy in the incident direction. Energy and momentum conservation give

T=hv (1
P=hv/c (2
Equation (1) can be written as the relativistic relation connecting momentum
and kinetic energy

T2 =¢? p2 =T?+2Tmc? 3)

Using (1) and (2) in (3), we get
2hv.mc*> =0

Neither / nor mc? is zero. We thus end up with an absurd situation. This
only means that both energy and momentum can not be conserved for photo-
electric effect with a free electron.
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Number of gamma rays absorbed in the thickness x cm of lead

N = No(1 —e™™7)

where Nj is the initial number and p is the absorption coefficient expressed in
cm™ !,

Now u =0 Nop/A

where N is the Avagadro’s number, p is the density of lead and A is its atomic
weight.

w=20x 1072 x 6.02 x 10 x 11.3/207 = 0.657 cm™!

n/ng=90/100 = 1 — ¢ 0657

x =3.5cm

The K-shell absorption wavelength in Ag
A = 0.0424 nm
The corresponding energy
Ex(Ag) = 1,241/0.0485 = 25,567 eV
We use the formula
Ex(Z)=13.6(Z — 0)?
For silver 25.567 x 10° = 13.6(47 — o)?
whence 0 = 3.64
For the impurity X of atomic number Z = 50
Ex(Z) = 13.6(50 — 3.64)%
=29,229eV
=29.23keV
Now the wavelength of 0.0424 nm corresponds to E = 29.24 keV which is
in agreement with the calculated value. Thus the impurity is 50Sn

eV =he/p—W

A plot of V against 1/A must be a straight line. The slope of the line gives
hc/e, hence h can be determined. The intercept multiplied by hc give W, the
work function. The threshold frequency is given by vo = W/ h (Fig. 7.16).

1.0 -

0.5

0.0 \ \ \
0.0 1.0 2.0 3.0

1x108
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Y Ax100m  (1/x) x 10°
148 3,660 2,732
115 4,050 2,469
0.93 4,360 2,293
062 4,920 2,032
036 5460 1,831
024 5,790 1,727

Slope = 1.24/10% = hc/e
h=124x10"%xe/c = (1.24x107°x1.6x 10712 /(3% 10%) = 6.6 x 1073 J-s
Intercept = 1.5 x 107 *m™!
W = he x intercept = 6.6 x 1073* x 3 x 10% x 1.5 x 10°
=3x107"J=3x10""7/1.6 x 107%eV = 1.9eV
hv() =W
vo=W/h=3x10"19/6.6 x 1073 = 4.545 x 10
Ao = 6.6 x 107" m

The solid angle subtended at the source
Q = area of the face of the crystal/square of the distamce from the source
=n R*/d?
Assuming that the gamma rays are emitted isotropically, the fraction of
gamma rays entering the crystal
F = Q/47 = R*/4d* = 2%/4 x 100> = 10~*
The number of photons entering the crystal per second from the source of
strength S is
N =SF =100 x 107% x 3.7 x 10'% x 107#
= 370/s
Number of photons absorbed in the crystal of 1 cm thickness due to photo-
electric effect will be
Npn = N(1 — exp(—piph x) = 370(1 — 70031 =11
and the number absorbed due to Compton scattering will be
Ne = N(1 — exp(—pue x) = 370(1 — e 9241y =79
Assuming that each photon that interacts in the crystal produces a photo
electron, Ny, and N, also denote the number of photoelectrons in the respec-
tive processes.
Number of photons that do not interact in Isec in the crystal is 370 — (11 +
79) = 280

In the first excited state the ionization energy is 13.6/2% = 3.4eV
T=hv—-—W

hv=T+W=10.7+34=14.1eV

In the ground state, W = 13.6eV

T=14.1-13.6=0.5eV

T = hv — W (Einstein’s equation)
Tl = hc/)\.l 4
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T2 = hC/)\.z - W

T — Ty = he(1/hy — 1/A1)

(4.0 = 1.8) x 1.6 x 107°7 = he (7555550 — gmom)
Solving for h, we get h = 6.57 x 1073*Js

The accepted value is & = 6.625 x 10734 J-s

hvg =W =4.7eV
Ao = 1,241/4.7 = 264 nm.

Ty =4.25— Wy (1
Tg =4.7— Wp 2
Ta  PY )
LA 3)
Ts P} A3
Tg =Ty — 1.5 4)

Solving the above equations,
To =2eVand Tg = 0.5eV
Wa =2.25eV and Wg =4.2¢eV

7.3.6 Pair Production

7.75

7.76

.77

The minimum photon energy required for the e~e™ pair production is 2mc,
where m is the mass of electron. Therefore
hv=2mec*=2x0511=1.022MeV

The corresponding wavelength

A =(1,241/1.022 x 10°eV)nm = 1.214 x 107> m.

In the annihilation process energy released is equal to the sum of rest mass
energy of positron and electron which is 2mc?. Because of momentum and
energy conservation, the two photons must carry equal energy. Therefore each
gamma ray carries energy

E, = mc* = 0.511 MeV

The wavelength of each photon

A =1,241/(0.511 x 10%nm = 2.428 x 1073nm = 2.428 x 1072 m

Let us suppose that the e™ e~ pair is produced by an isolated photon of energy
E = h v and momentum 4 v/c. Let the electron and positron be emitted with
momentum p_ and p,, their total energy being E_ and E . Energy conserva-
tion gives

hvw=E;+E_ @))
The momentum conservation implies that the three momenta vectors, py, p,
and p_ must form the sides of a closed triangle, as in Fig. 7.17. Now in any
triangle, any side is equal or smaller than the sum of the other sides. Thus
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hv,
—

Py=hv,/c

Fig. 7.17

hv/c < piy+p_ )
Or (h v)* < (cpy +cp-)?
By virtue of (1)
(Es+E_ )Y <?p’+p > +27pyp-
OrE >+ E*42E,E_<E.>—m’c* +E_?> —m?c* +2(E.* — m?cY)
(E_2 — m?ch)'72
E,E_ < [(E;* —m? MYE_? —m*cH)'? —me?

Now the left hand side of the inequality is greater than the value of the rad-
ical on the right hand side. It must be still greater than the right hand side. We
thus get into an absurdity, which has resulted from the assumption that both

momentum and energy are simultaneously conserved in this process. Thus an
electron—positron pair cannot be produced by an isolated photon.

7.3.7 Cerenkov Radiation

7.78 P, =150MeV/c

7.79

E, = (pzu +m?,)? = (150° + 106*)"/? = 183.67 MeV
Bu. = P./E, =150/183.67 = 0.817
n, =1/p, =1.224
P, =150MeV/c
E, = (P +m?;)"? = (150 + 140%)!/? = 205.18
Br = P, /E; = 150/205.18 = 0.731
ny =1/, = 1.368
Therefore the range of the index of refraction of the material over which the
muons above give Cerenkov light is 1.224 — 1.368.

cosd =1/ n

B=1/pucosd =1/(1.8 x cos11°) = 0.566
y=>0-p)"12=1213

Kinetic energy of proton 7 = (y — 1)m, ¢?
=(1.213 — 1) x 938.3

=200 MeV
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For electron z = —1. The given integral is easily evaluated assuming that this
refractive index w is independent of frequency. Integrating between the limits
Vi and V2.

—dW/dl = (4 7% /)1 = 1/ )02 = 1?)/2] ()
Calling the average photon frequency as
v =15+ ) (2)

the average number of photons emitted per second is given by
N=1/hv=4n"e/he)(1 —1/B°p*)(v2 — v)

= Qx /137)(1 = 1/ B*u)(1/ ha = 1/ 21) 3)
where Ay = ¢/v; and A, = c¢/v, are the vacuum wavelengths and p is the
average index of refraction over the wavelength interval 1, = 4,000 A to
A1 = 8,000 A. Substituting 8 1 = 0.9 x 1.33 = 1.197,

A =8x107cmand X, = 4 x 107> cm, in (3) we find the number of photons
emitted per cm, N = 173.

7.3.8 Nuclear Resonance

7.81

7.82

7.83

The condition for resonance fluorescence is

AE,/E, =v/c

PutAE, =T

I'=vE,/c=(cm/s/3 x 10'%cm/s) x (129keV) = 4.3 x 10~ %eV

The mean lifetime

t=h/AE, =h/T=105x 1073/1.6x107” x43x107% =1.5x 107105

Energy conservation gives

hv=AW — Ex (1)
Momentum conservation gives

Pr=hv/c )
Therefore Ex = Pg?/2M = (h v)*/2Mc? 3)

Eliminating Er between (1) and (3), we get a quadratic equation in Av.
(hv)?2Mc* +hv— AW =0

Which has the solution

hv=—Mc+ Mc*(1 +2AW/Mc*)'/?

Expanding the radical binomially and retaining up to second power of AW,
and simplifying

hv=AW( — AW/Mc?)

v =(AW/h)(1 — AW/Mc*)

The root mean square velocity of '3’Cs atoms

J <vi>=v=GkT/m)"/?

Substituting k = 1.38 x 1072 JK~! = 0.8625 x 10~'"MeV K!

T =288K, mc* = 137 x 931.5 = 1.276 x 10°, we find v/c = 7.64 x 1077
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Optical Doppler effect is given by
hv=nhvy(l + Bcosb*)

The maximum and minimum energy of photons will be & vo(1 + B) and
h vo(1 — B) or 661 keV £ 0.5eV

7.84 The gravitational red shift is due to the change in the energy of a photon as
it moves from one region of space to another differing gravitational poten-
tial. The photon carries an inertial as well as the gravitational mass given by
h v/c*. In its passage from a point where the gravitational potential is ¢,
to another point where the potential is ¢, there will be expenditure of work
given by h v/c? times the potential difference (¢, — ¢;). This would result
in an equivalent decrease in the energy content of the photon and hence its
frequency.

AE = E(p> — p1)/c?
A level difference of H near the earth’s surface would result in the fractional
shift of frequency
Av/v =gH/c
Now, A v/v =v/c = gH /c?
orv=gH/c=98x22.6/3x10%=738x10"m/s =7.38 x 10~*mm/s
Thus resonance fluorescence would occur for downward velocity of the
absorber of magnitude 7.38 mm/s.

7.3.9 Radioactivity (General)

7.85
T 0 4 8 12 16 20 24 28 32 36 40

dN/dt 18.59 13.27 10.68 9.34 855 8.03 7.63 730 6.99 6.71 6.44
In(dN /dr) 2.923 2.585 2.368 2.234 2.146 2.083 2.032 1.988 1.944 1.904 1.863

The log-linear plot of dN /d¢ versus time (¢) is not a straight line because
the source contains two types of radioactive material of different half-lives
described by the sum of two exponentials. If the two half-lives are widely dif-
ferent then it is possible to estimate the half-lives by the following
procedure.

Toward the end of the curve (Fig. 7.18), say for time 20-28 h, most of the
atoms of the shorter-lived substance with half-life 7; would have decayed
and the curve straightens up, corresponding to the single decay of longer
half-life of 7. If this straight line is extrapolated back up to the y-axis, then
the half-life 7, can be estimated in the usual way as from the slope of the
curve for a single source on the log-linear plot. In this example,

0.693 At (0.693)(40) 63 mi
T i (), —in (W)~ (2,083 - 1.863) i
For the shorter-lived substance, the contribution d N;/dt of the source 2
can be subtracted from the observed values in the initial portion of the curve
over suitable time interval and the procedure repeated. In this way we find
T: = 10 min.
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7.86 The flow of heat in a material placed between the walls of a coaxial cylinder
is given by
do 27 L
o= — (' - 1) (D
)
r
Number of decays of radon atoms per second
dN/dt =100 x 1072 x 3.7 x 10'° = 3.7 x 10 disintegration/second
Energy deposited by a’s = 3.7 x 10° x 5.5MeV/s
=2.035 x 10"°MeV/s = 3.256 x 1077 T = 0.779 x 1073 Cal/s
Using the values, k = 0.025Cal cm™2s~'C~!, L = 5cm, r; = 2mm and
r, = 6 mm in (1), and solving for (7} — T>) we find (T} — T>) = 1.09°C
7.87 In the series decay A—B—C, if A, < Ap the transient equilibrium occurs
when
Ng/Na = Aa/(Ap — Aa)
Here A = Uranium and B = Radium
Aa = 1/taA =0.693/4.5 x 10° year™!, Ag = 1/73 = 0.693/1,620 year™!
N(Rad)/N(U) ~ 1,620/4.5 x 10° = 1/2.78 x 10°
7.88 Use the law of radioactivity
Na = Na"exp(—2a 1) (H
N = NB0 exp(—Ap 1) 2)
Dividing (2) by (1)

Np/Np = exp(Aa — Ap)t (Because NAO = NBO)
Take log, on both sides
1

N,
(Aa — Ag)In (N—i)

=
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Given Ng/Np = 2.2/0.53 = 4.15

Aa = 0.693/T1 /2 (A) = 0.693/12 = 0.05775 year!

A = 0.693/T; ), (B) = 0.693/18 = 0.0385 year!
We find age of alloy r = 73.93 years.

Let W grams of 2!°Po be required.
[N /dt| = N (1)

Required activity |[dN /d¢| = 10x1073x3.7x10'0 = 3.7 x 108 disintegration/
second

N = 6.02 x 10 W/210 = 2.867 x 10! W )
A =0.693/T/, =0.693/138 x 86,400 = 5.812 x 1078 3)
Use (2) and (3) in (1) and solve for W to obtain W = 2.22 x 107® =222 ug

Decay constant, A = 0.693/100 x 86,400 = 8 x 1073 s~!

Let M be the gram molar weight of the substance.

Then number of atoms N = Ny M = 6.02 x 10 M

|[dN/dt| = N A= Ny Mx =6.02x 10 x 8 x 1078 M = 4.816 x 10'°M/s
Power P = 4.816 x 10'M x 5 x 10~!* = 2408 M Watts

But 10% of this power is available, that is 240.8 M Watts. Equating this to
the required power

2408 M =5

Or M = 0.02 g-molecules

The present day activity

|dn/dt| = noh e (1
no = 6.02 x 102 x 1.35 x 107'°/12 x 100 = 6.77 x 10'°

A =3.92x10"105"!

dn/dt = 12.9/60 = 0.215s~!

Using these values in (1) and solving for ¢, we get t = 1.228 x 10'%s or

390 years
AE AR

RaE — RaF — RaG
The rate of decay of RaE is given by

dNE/dl = —AeNg (1)

where Ng is the number of atoms of RaE and Ag its decay constant.
The net change of RaF is given by

dNF/dt = )‘«ENE — )\FNF (2)

The first term on the right side represents the rate of increase of RaF (Note
the positive sign) and the second term, the rate of decrease (Note the negative
sign). Here Ng and N are the number of atoms of E and F respectively at
time ¢.
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Now at time ¢

NE = NEO exp(—AE t) (3)
Solution of (2) is
Nr = A exp(—Ag t) + B exp(—Apt) 4)

where A and B are constants which can be determined by the use of the
initial conditions. At 7 = 0, the initial number of F is zero, that is Ng° = 0.
Using this condition in (4) gives B = —A and (4) becomes

Nr = Alexp(—Ag t) — exp(—Ap 1)] (@)

Further, dNg/dt = —Ag A exp(—Ag 1) + ApA exp(—Ap 1)
Atr=0

dNFO/dl = Ag NEO = —Ag A+ AgA

or A :)\,E NAO/()\B _)‘-A) (6)
Using (6) in (5)
AN
Ne =+ E i [exp(—Agt) — exp(—Apt)] (7
F — AE

The time at which the greatest number of RaF atoms is obtained by differ-
entiating Ng with respect to ¢ in (7) and setting dNg/dt = 0

1 Ap
In{— 8)
AF—AE \AE
A = 0.693/5 = 0.1386 day ', Ap = 0.693/138 = 0.0052 day ™'

Number of bismuth atoms = 6.02 x 10?* x 5 x 10719/210 = 1.43 x 10'?
Using these values in (6) and (5) we find

T = 24.6 days

Nge(max) = 1.37 x 100

We find #,.x =

In the series decay, A — B — C, if Ap << Ap, thatis to >> tg, secular
equilibrium is reached and NB/NA = )\A/)"B = T]/Q(B)/ T]/Q(A)

Here A=Radium and B=Radon

Ti2(Radium) = N(radium).7} ,(Radon)/N (radon)

1 3.825
<6.4 x 106) ( 365 > years

Activity |dN;/dt| = AN,
|[dN,/dt| = X N, = A Ny exp(—At)
Fractional decrease of activity
= [AN; — AN; exp(—Af)]/AN; = 1 —exp(—At) = 4/100
Or exp(—At) = 24/25

1 25
A=-=In|—

t (24
Putr = 1h, A =0.0408
T=1/A=245h
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Let the proportion of >¥U and 2¥U at r = 0 be x : (1 — x). Present day
radioactive atoms for the two components after time ¢ will be

Nazs = x Ny exp(—Az3st) (1)
Nazg = (1 — x)No exp(—Aa3st) )
Dividing (1) by (2)

xe—(ass—has)t

Np3s/Noyg = 1/140 = (3)

1—x

)»235 = 0.693/T1/2, T1/2 = 8.8 x 108 years

)‘238 = 0.693/T1/2, T1/2 =45x 109 years

t =3 x 10° years

Substituting these values in (3) and solving for x we get x = 1/22
Therefore, the ratio of 2U and U atoms 3 x 10° years ago was

1/22:21/22 or 1:21

|dN/dt| = N
N =1.0x 107° x 6.02 x 10%3/242 = 2.487 x 10'
|dN/df| = N

80 + 3/3,600 = 2.487 x 10" x 0.693/ T

Solving for T} 5, we find Ty, = 2.15 x 103sor6.8 x 10° years
For a-decay: 80 = N, = 2.487 x 10° A,

Ao = 1.01 x 1076 year™!

For fission 3/3,600 = 2.487 x 10;

Ar = 1.05 x 107! year™!

Ny = Nsro exp(—Agt) (D
NO
St4Vsr
y — [exp()\sr[) - CXP(—)&yf)] (2)
hy — e
Dividing the two equations
& — Pan [1 —exp(Ae — Ay)t] 3)
Nsr )\y - )\sr

Lo = 0.693/(28 x 365 x 24) = 2.825 x 107 °h~!

Ay = 0.693/64 = 0.0108 h~!

(a) For t = 1h and using the values for the decay constants Ny./Ny = 3.56 x
10°

(b) For t = 10 years, Ni;/Ny = 3823

If N is the number of atoms of each component at ¢ = 0, then at time ¢ the

number of atoms of the two components will be

Na3s = Ny exp(—Aass 1) (D
Na3g = Ny exp(—Aasg 1) )
Dividing the two equations

Np3s/Nazg = (0.7/100) = exp —(A3s5 — Axzg) 3)
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USiIlg )\233 = 1/1’238 = 1/652 X 109, )\.235 = 1/‘[235 = 1/102 X 109
And solving (3) we get the age of the earth as 5.26 x 10° years

Number of Th atoms in 2 g is

N =Ny W/A =6.02 x 105 x 2 x 1079/224 = 5.375 x 10"

A =0.693/(3.64 x 86,400) = 2.2 x 10°°

Activity A = [dN/d A| = N & = (5.375 x 10)(2.2 x 107%) = 1.183 x
10'9/s

= (1.188 x 10'9/3.7 x 10'%) ci = 0.319ci

1 rad = 100 ergs g~

Energy received = (40)(100)(20 x 10%) /1077
=8J

=8/4.18 = 1.91Cal

Let V cm?® be the volume of blood, Initial activity is 16,000/ V per minute
per cm®. 0.8 = 190% exp(—0.693 x 30/15)

4123

v
-V =5000cm?

7.3.10 Alpha-Decay

7.102

7.103

7.104

a =10 exp(—2m zZlez/h V1)

Ay = 10! exp(—2 w27, €*/hvy)

Given )Ll = )»2

Z\/VE| = Z,/JE>

E, = E, Z,°/Z,*> = 5.3(80/82)* = 5.04 MeV
Thus energy from the second nuclei is 5.04 MeV.

The energy required to force an «-particle(classically) into a nucleus of
charge Ze is equal to the potential energy at the barrier height and is given by
E = 2Z¢*/4 7 & R.

This is barely possible when o particle and the Uranium nucleus will just
touch each other and the kinetic energy of the bombarding particle is entirely
converted into potential energy.

R=Ri+Ry=r(A)/" + A,
=1.2(4"3 +238'3) = 9.34 fm
E =1.44zZ/R = 1.44 x 2 x 92/9.34 = 28.37 MeV

Geiger—Nuttal law is

log A =k log x 4+ ¢

where k and c are constants, A is the decay constant and x is the range
10g(0.693/T) = klogx + ¢

k log x +1log T =log 0.693 —c = ¢ (1)
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7.105

where ¢ is another constant.

k log 3.36 + log(1622 x 365) = ¢ 2)
k log 3.85 +1log 138 = ¢, 3)
Solving (2) and (3), k = 61.46 and ¢; = 36.5. Using the values of k and ¢,

in (1) 61.4610g 6.97 +1log T = 36.5
Solving for T, we find T = 4.79 x 107! days = 4.14 x 107!!'s

For a-decay we use the equation

Ar=1/1t =10 exp(—2 7 zZ/137 B) (D)
Tip(1)/Ti12Q2) = 11/12 = expRm 22, /137 B1)/ exp(2mw 2Z,/137 B2)  (2)
For ggRa*?® decay put Z; = 86 for the daughter nucleus, z = 2 for a-particle
and B; = QE/Mc*)'/? = (2 x 4.9/3728)!/ = 0.05127

For 9gTh??® decay, put Z, = 88 for daughter nucleus and z = 2 for a-particle
and 8, = (2 x 6.5/3728)!/? = 0.05905

Using the values in (2), we find
‘L'1/‘L’2 =5.19 x 107

7.3.11 Beta-Decay

7.106

7.107

The selection rules for allowed transitions in B-decay are:

Al=0

[=0—> ;=0 allowed Fermi Rule
Ax =0

Al =0,=xl

I =0— [; =0 forbidden G.T. Rule
Axr =0

where [ is the nuclear spin and 7 is the parity. In view of the above selection
rules the first transition is Fermi transition, the second one Gamow-Teller
transition. The third one occurs between two mirror nuclei !’F and 7O in
which the proton number and neutron number are interchanged. The con-
figuration of nucleus is very much similar in such nuclei, consequently the
wave functions are nearly identical. This leads to a large value for the overlap
integral. The log ft value for such transitions is small being in the range of
3-3.7. These are characterized by

AI = 0,£1 and A = 0. The given transition '’F —!7 O is an example of
superallowed transition.

If the number of Mg nuclides is Ny at ¢ = 0, then at time t the number
decayed will be

N = No[1 — exp(—=24 1)] ()
At =1, N = No[l — exp(—2 )] )
Att =1y, Ny = No[l —exp(—A 1)] 3)
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7.108

7.109

7.110
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Dividing (3) by (2)

Ny/Ny = [1 — exp(—=Atr)]/[1 — exp(—A t1)]

Ny/N; =2.66 = [1 — exp(—6 M)]/[1 — exp(—21)]
=(1—-x)/1—-x)=1+x+x> 4)

where x = exp(—2X)

Solving the quadratic equation for x, we find x = 0.885 = exp(—2A)
whence the mean life time T = 1/A = 15.93s

According to Fermi’s theory of B-decay, for Ey>> m.c?, the decay constant

_ G’|My’E;} )
6073 (he)Sh
So that with the value G/F’c® = 1.166 x 1075 GeV~2, (1) becomes A =
1.11E3|Maf\25_1 _ L1Ix(3.5°%6
10° = 10°
= 0.34665~!

Therefore, 71, = 0.693/0.3466 = 2.0 s. The experimental value is 0.8 s.

The mean energy of electrons
E max E max
< E>= / En(E)dE// n(E)dE
0 0

Given n(E)E = ¢ VE(Emax — E)? dE
where ¢ = constant
¢ fy "™ E VE(Emy — EYAE  Epy,
¢ f ™ VE(Epax — EY dE 3
If all the electrons emitted are absorbed then the kinetic energy of the
electrons is converted into heat.

Heat evolved/sec = (mean energy)(no. of electrons emitted/second)
= (0.156) x (3.7 x 107)/3MeV/s = 1.92 x 10°MeV/s

< E >=

Let the threshold energy be E,. In that case the particles in the CMS will be
at rest. Now, in the neutron decay
n—>p+e +9+4+0.79MeV
M, — (M, + M) =0.79
as D has zero rest mass
M, + Me = M, + 2me +0.79 = M, + 1.81

(the masses of electron and positron are identical, each equal to 0.511 MeV)
We use the invariance of

(T E) — |ZP)? = (Z E*)? — zero

where (*) refers to the CMS and total momentum of particles in CMS is zero
(Ey + My)® = (My + M = (M, + 1.81)

Or E, = 1.81 MeV.
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7.111 i. Momentum = 300 Br = (300)(0.1)(0.061) = 1.83MeV/c
Use the relativistic equation to find total energy, E = (p*> + m?)!/? =
(1.832 4+ 0.511%)1/2 = 1.90 MeV
Kinetic energy of electron
T=E—m=190-051=139MeV = 1.39 x 10%eV
Neglecting the energy of the recoiling nucleus the neutrino energy
E,=24-139=1.01MeV
ii. Maximum kinetic energy will be carried by the nucleus when the nucleus
recoils opposite to B-particle and the neutrino is at rest. Momentum
conservation gives

PP =2MNTn = P2 =T2+2T.m (D
Energy conservation gives
TN+ T, =24 (2)

Eliminating T¢, we find Ty = SkeV.
7112 n(E) = CE(Emax — E)?
where C = constant.

Differentiate n(E) with respect to E and set dn/dE = 0. We find that the
maximum occurs at £ = Ep.«/5.






Chapter 8
Nuclear Physics — I1

8.1 Basic Concepts and Formulae

Nuclear models
Fermi gas model

Total kinetic energy of all protons

E—3ZE( ); Ez( )—K2 Zy 8.1)
z=73 z(max); Zmax_2M .

Total energy of all neutrons.

Ex = 2N En(max); Exmax) = - (VY 8.2)
= = max), max) = —— —_— .
N= 50 =N N oM\ A
h (91 3
where K = — | — (8.3)
ro 4

Shell model Magic Numbers: 2, 8, 20, 28, 50, 82, 126. Table 8.1 shows the shell
number (A) occupation number (N;) and the Number of neutrons and protons in
various shells (X N;) under the spin — orbit coupling scheme.

Table 8.1
A N; 2N
5 Ny =44 126
4 Ny =32 82
3 Npy=22 50
3 2(A+1)=38 28
2 Ny =12 20
1 Ny =6 8
0 Np=2 2

427
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The shell model energy levels are:

2

[155] |:1p%, lp%] [1d%, 2s%,ld%] [1@] [2}7%, 1fs. 2p1. lgg]

[lg%, 2ds. 2d3, 35y, 111%]... (8.4)
Liquid drop model (8.5)
M(atom) = Z My + (A —2)M, — A (8.6)
A = mass defect
M- A ) )
P = = packing fraction. (8.7)
1
1l amu = T of atomic mass of '>C atom (8.8)
f B.E (8.9)
= .
1amu = 931.5 Mev (8.10)
lamu = 1.66 x 107" kg (8.11)

The f-A curve is shown in Fig. 8.1. A more detailed diagram is shown in
Problem 8.40

Fig. 8.1 BE/A Versus A

g
& __ 107
23 g4
L=
£Z 67
28 44
sg*
o 0]
é T T T T T
0 50 100 150 200
A—>
Stability against decay
B~ —decay: M(Z, A) < M(Z+1,A) (8.12)
BT —decay: M(Z + 1, A) < M(Z, A) +2M, (8.13)
e capture: M(Z+1,A) < M(Z, A) (8.14)
a—decay : M(Z,A) < M(Z -2, A—4)+ My (8.15)
Assuming that y-ray precedes the decay, the energy released
Qp- = M(Z, A) = M(Z + 1, A)] & = Ty + T, (8.16)
Qp+ =[M(Z+1,A)— M(Z, A)] > =2M, * + Ty + T, (8.17)

Qrc = [M(Z+1,A) -~ M(Z, A1 =T, +T, (8.18)
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Charge symmetry of nuclear forces: p — p = n — n force

Charge Independence of nuclear forces: p — p = p — n = n — n force

Isospin: A fictitious quantum number (T) which is used in the formalism of charge
independence The charge

:T3+

0 B
- 5 (8.19)

where % is the charge of the particle in terms of electron charge, T3 is the third
component of 7', and B is the baryon number.

Thus, n and p of similar mass form an isospin doublet of nucleon. For proton,
;= +% and for neutron 73 = — % For strong interaction of other particles refer to
Chap. 10. Although there is no connection between isospin and ordinary spin, the
algebra is the same. For a system of particles, the notation for isospin will be I.

Nuclear spin (J)

I3
2°2°
0,1,2

Odd A nuclei : J = e (8.20)

5
S
(8.21)

Even A nuclei: J =

)

Nuclear parity: By convention n and p are assigned even(+) intrinsic parity. In
addition parity comes from the orbital angular momentum (/) and is given by (—1)".

Thus, for deuteron which is mainly in the s-state, this part of parity is +1. Parity
is multiplicative quantum number, so that for deuteron, P = +1.

Hyperfine structure of spectral lines

Fine structure of spectral lines is explained by the electron spin, while the hyperfine
structure is accounted for by the nuclear spin.

Nuclear magnetic moment ()

o= gJ( ¢h ) (8.22)

2m ¢

where J is the nuclear spin and g is the nuclear g factor.
In Rabi’s experiment the resonance technique is used. In a constant magnetic
field B, the magnetic moment precesses with Larmor’s frequency v given by
uB

= 8.23
v=" (8.23)

If an alternating magnetic field of frequency f is superimposed there will be a
dip in the resonance curve when

v=f. (8.24)
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Electric quadrupole moment

For nuclei with J = 0 or %, electric dipole moment is zero. For spherical nuclei
quadrupole moment is also zero. Only in non-spherical nuclei the quadrupole

moment (Q) exists.

The concept of quadrupole comes from the classical electrostatic potential theory

(Fig. 8.2).
1 ay,
D(r,0) = =02 ,— Py(cos )
r r
The quantity 2a, /e is known as the quadrupole.

%= / v (37 —rHy dr

Fig. 8.2 Electric quadrupole
moment for nuclei of various
shapes

Spherical Prolate
(Q=0) (@>0)
Nuclear reactions
x(a, b)y a+x—>b+y

Q=(my+my_m, — mg)c® = Ep + E, - E,

(8.25)

(8.26)

C D

Oblate
(Q<0)

(8.27)

2
0 =E(1+my/my)— E,(1 —mg/my) — m—(mambEaEb)% cos 6 (8.28)

y

Exoergic reactions: Q = +ve
Endoergic reactions: Q = —ve;

E, (threshold) = | — Q|(1 + m,/m,)

Elastic Scattering: Q = zero

(8.29)
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Table 8.2 Comparison of compound nucleus reactions and direct reactions

Compound nuclear

Feature reactions Direct reactions
Times involved 1071410716 5 ~10720-1072' s
Dominance of Low energy High energy
reaction
Nature of reaction Surface Nuclear interior
phenomenon
Cross - section ~Barn ~Millibarn
Angular distribution  Isotropic in the Peaked in the forward
CMS hemisphere
Location of peaks Energy dependent Orbital angular
momentum
dependent

Fig. 8.3 Kinematics
of a collision

Inverse reactions and the reciprocity theorem

ob—a) _QL+DCL+D  p;

= .= 8.30
ola—b) QL+DQ2L+1) " p} (8.30)
At the same CM energy.
ol = 2+ D)1 =P (8.31)
N k2 1 :
1_ T 2
o, = k—2(21 + DA — [m]) (8.32)

The Breit — Wigner formulae — Reactions via compound nucleus formation.

x> T2,

o5 = —— " 8 (8.33)

(E — Ep)* + (T'/)2)

x2 Tgls.

o = —~ R7S-8 (8.34)

(E — Ex) + (I/2)2

¥ T,T.

0 =0y +0, = — § (8.35)

(E — Ep)* +(I'/2)?
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Fig. 8.4 Resonance and

potential sacttering and

absorption cross-sections as a o
function of neutron energy

absorption

scattering

21+ 1)
(21, + D@L+ 1)
Fafa = fl; Fb‘L'b =h

where g =

T 2
Ocl = ﬁ ‘Ares + Apol‘

iy,
(En — Eg) + 3il
and Apy = exp(2ikR) — 1

with A =

Optical model
V=-U-iW
U= th]
h
W = —vk
2

where v = /2E/m

is the velocity of the incident nucleon.

k = 2mE)'?/k;
ki = [2m(E + U)'?/h
1 _ Ao 30

A vol - 47rr3

Direct reactions (Reactions without compound nucleus formation)

1. Inelastic scattering
2. Charge exchange reactions
3. Nucleon transfer reactions

(8.36)
(8.37)
(8.38)

(8.39)

(8.40)

(8.41)
(8.42)

(8.43)
(8.44)

(8.45)
(8.46)

(8.47)
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4. Breakup reactions
5. Knock-out reactions

Pre-equilibrium reactions

Fig. 8.5 Energy spectrum of
particles emitted in various
types of reactions

Elastic scattering

Inelastic scattering
Transfer reactions etc

|

N(E)

Energy E of emitted nucleon E max

Compound nucleus |Direct reactions
reactions

The pre-equilibrium reactions take place before the formation of the compound
nucleus.

Heavy Ion reactions

Fig. 8.6 Collision between Elastic(Rutherford scattering:
heavy ions Coulomb excitation)

Distant collision

Incomplete fusion and deep

Grazing Inelastic collision

Close collision Fusion

Types of interactions

(a) The coulomb region with rn,;, > Ry, where Ry is the distance for which the
nuclear interactions are ineffective.

(b) The deep inelastic and the incomplete fusion region with ry,;, = Ry + R».

(c) The fusion region with 0 < ry;, < R; + R».
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If E.p, is the center of mass energy of the two interacting ions then the minimum
distance of approach is given by

b
Fmin = — (8.48)
1— V (rmin)

cm

8.2 Problems

8.2.1 Atomic Masses and Radii

8.1 Singly-charged lithium ions, liberated from a heated anode are accelerated by a
difference of 400 V between anode and cathode. They then pass through a hole
in the cathode into a uniform magnetic field perpendicular to their direction of
motion. The magnetic flux density is 8 x 1072 Wb/m? and the radii of the paths
of the ions are 8.83 and 9.54 cm, respectively. Calculate the mass numbers of
the lithium isotopes.

[Osmania University]

8.2 A narrow beam of singly charged '°B and '' B ions of energy 5 keV pass through
a slit of width 1 mm into a uniform magnetic field of 1,500 gauss and after a
deviation of 180° the ions are recorded on a photographic plate
(a) What is the spatial separation of the images.

(b) What is the mass resolution of the system?
[University of Manchester 1963]

8.3 Singly charged chlorine ions are accelerated through a fixed potential differ-
ence and then caused to travel in circular paths by means of a uniform field of
magnetic induction of 1,000 gauss. What increase in induction is necessary to
cause the mass 37 ion to follow the path previously taken by the mass 35ion?

[University of London 1960]

8.4 %ZSi and gAl are mirror nuclei. The former is a positron emitter with E,, =
3.48 MeV. Determine rg.

8.5 Use the uncertainty relation to estimate the kinetic energy of the nucleon, the
nuclear radius is about 5 x 107!3 cm and the mass of a proton is about 2 x
1074 g,

[University of Bristol 1969]

8.6 40 is a positron emitter decaying to an excited state of '“N. The N
y - rays have an energy of 2.313 MeV and the maximum energy of the positron
is 1.835MeV. The mass of '*N is 14.003074 amu and that of electron is
0.000548 amu. Find the mass of '*O in amu.
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8.2.2 Electric Potential and Energy

8.7 Derive an expression for the electrostatic energy of a spherical nucleus of radius
R assuming that the charge ¢ = Ze is uniformly distributed homogeneously in
the nuclear volume.

8.8 A charge g is uniformly distributed in a sphere of radius R. Obtain an expres-
sion for the potential V(r) at a point distant r from the centre (r < R).

8.2.3 Nuclear Spin and Magnetic Moment

8.9 Suppose a proton is assumed to be a classical particle rotating with angular
velocity of 2.6 x 10?3 rad/s about its axis. If it posseses a rotational energy of
537.5MeV, then show that it has angular momentum equal to /.

8.10 (a) A Ds/, term in the optical spectrum of ?gK has a hyperfine structure with
four components. Find the spin of the nucleus.
(b) In (a) what interval ratios in the hyperfine quadruplet are expected?

8.11 Given that the proton has a magnetic moment of 2.79 magnetons and a spin
quantum number of one half, what magnetic field strength would be required
to produce proton resonance at a frequency of 60 MHz in a nuclear magnetic
resonance spectrometer?

8.12 In a nuclear magnetic experiment for the nucleus ,sMn>> of dipole moment
3.46 uy, the magnetic field employed is 0.8 T. Find the resonance frequency.
You may assume J = 7/2, uy = 3.15 x 107 MeV T™!

8.2.4 Electric Quadrupole Moment

8.13 Show that for a homogeneous ellipsoid of semi axes a, b the quadrupole
moment is given by Q = 2Ze(a® — b?)

8.14 Estimate the ratios of the major to minor axes of 13'Ta and !*Sb. The
quadrupole moments are +6 x 1072* cm? for Ta and —1.2 x 10~**cm? for

Sb (Take R = 1.5 A!/3 fm)
[Saha Institute 1964]

8.15 Show that the electric quadrupole moment of a nucleus vanishes for

(a) Spherically symmetric charge distribution
(b) Nuclear spin / =0or I =1/2

8.16 Show that for a rotational ellipsoid of small eccentricity and uniform charge
density the quadrupole moment is given by O = %ZRAR . Assuming that the
quadrupole moment of ;ifl Ta is 4.2 barns, estimate its size.
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8.2.5 Nuclear Stability

8.17

8.18

8.19

8.20

8.21

8.22

8.23

In general only the heavier nuclei tend to show alpha decay. For large A it is
found that B/A = 9.402 — 7.7 x 1073 A.
Given that the binding energy of alpha particles is 28.3 MeV, show that
alpha decay is energetically possible for A > 151.
[University of Wales, Aberystwyth, 2003]

For the nucleus '°O the neutron and proton separation energies are 15.7 and
12.2 MeV, respectively. Estimate the radius of this nucleus assuming that the
particles are removed from its surface and that the difference in separation
energies is due to the Coulomb potential energy of the proton.

[University of Wales, Aberystwyth 2004]

By considering the general conditions of nucleus stability show that the
nucleus 32°Th will decay and decide whether the decay will take place by
o or B emission.

The atomic mass excesses of the relevant nuclei are:

Element ‘2‘He §§5 Ra §§9 Ac 3(2)9 Th 3%9 Pa

Mass excess amu x 107° 2,603 23,528 32,800 31,652 32,022

The masses of $§Ni, $3Cu and §3Zn are as tabulated below. It follows that $3Cu
is radioactive. Detail the various possible decay modes to the ground state
of the daughter nucleus and give the maximum energy of each component,
ignoring the recoil energy. Compute the recoil energy in one of the cases and
verify that it was justifiable to ignore it.

Nuclide Atomic mass

SNi 63.927959
S Cu 63.929759
%7n 63.929145

[University of Bristol 1969]

28Al decays to 28Sivia B~ emission with T = 2.865MeV. 38Si is in
the excited state which in turn decays to the ground state via y-emission.
Find the y-ray energy. Take the masses Al = 27.981908 amu, 28Si =
27.976929 amu.

#Na decays to 72Ne via B with Ty = 0.542MeV followed by y-decay
with energy 1.277 MeV. If the mass of 2>Ne is 21.991385 amu, determine the
mass of ’Na in amu.

ZBe undergoes electron capture and decays to ;Li. Investigate if it can decay
by the competitive decay mode of B emission. Take masses jBe = 7.016929
amu, ZLi = 7.016004 amu.
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8.2.6 Fermi Gas Model

3
8.24 In the Fermi gas model the internal energy is given by U = gAEF, where

A is the mass number and Ef is the Fermi energy. For a nucleus of volume
V with N = Z = A/2. A = KVEg*/? where K is a constant. Using the

U
thermodynamic relation, p = — <W> , show that the pressure is given by

2
p = —pnEF, where p, is the nucleon density.

8.25 Assuming that in a nucleus N = Z = A/2, calculate the Fermi momentum,
Fermi energy EF, and the well depth.

8.2.7 Shell Model

8.26 A certain odd-parity shell model state can accommodate up to a maximum of
12 nucleons. What are its j and [ values?

8.27 The shell model energy levels are in the following way
[Ls121(1p3s2, Lp12ll1ds 2, 25172, 1d3 2111 f7/2112 P32, 1 f5/2, 2P1/2, 189)2]
[1g72, 2ds)2, 232, 3512, 1h112] . ..
Assuming that the shells are filled in the order written, what spins and pari-
ties should be expected for the ground state of the following nuclei?
iLi, %0, [0, K, 33Sc.
8.28 Find the gap between the 1p;,, and 1ds/, neutron shells for nuclei with mass

number A & 16 from the total binding energy of the O (111.9556 MeV),
160 (127.6193 MeV) and 70 (131.7627 MeV) atoms.

8.29 Compute the expected shell-model quadruple moment of 2*° Bi(9/2")

8.30 From the shell model predictions find the ground state spin and parity of the
following nuclides:
%He; %gNe; %;Al; ‘z‘iSc;

8.31 Making use of the shell model, write down the ground state configuration of
protons and neutrons for éZC and the next three isotopes of increasing A. Give
the spin and parity assignment for the ground state of é3C and compare this
with the equivalent assignments for the ground state of °C.

7
8.32 How does the shell model predict — for the ground state spin parity of 3Ca.

What does the model predict about the spin and parities of the ground states
of 39Si and }*N?
[University of Cambridge, Tripos 2004]
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8.2.8 Liquid Drop Model

8.33

8.34
8.35

8.36

8.37

8.38

Deduce that with a, = 0.72MeV and a; = 23 MeV the ratio z,,/ A is approx-
imately 0.5 for light nuclei and 0.4 for heavy nuclei.
[Royal Holloway, University of London 1998]

Determine the most stable isobar with mass number A = 64.

The masses (amu) of the mirror nuclei gAl and fZSi are 26.981539 and
26.986704 respectively. Determine the Coulomb’s coefficient in the semi
emperical mass formula.

If the binding energies of the mirror nuclei ‘z‘}Sc and ‘2‘(1)Ca are 343.143V and
350.420 MeV respectively, estimate the radii of the two nuclei by using the
semi empirical mass formula [e?/4mey = 1.44MeV fm]

The empirical mass formula (neglecting a term representing the odd — even
effect) is M(A, Z) = Z(my + me) + (A — Z)m, — aA + BAY3 4+ y(A —
27)?/A + eZ*>A~'/3 where a, B, y and ¢ are constants. By finding the min-
imum in M (A, Z) for constant A obtain the expression Zuyi, = 0.5A(1 +
0.25A%3¢/y)~" for the value of Z which corresponds to the most stable
nucleus for a set of isobars of mass number A.

[Royal Holloway, University of London 1998]

The binding energy of a nucleus with atomic number Z and mass number A
can be expressed by Weisacker’s semi — empirical formula

a.z* (N-2)? a,
A T T e

where a, = 15.56 MeV, a, = 17.23MeV,

B = ayA — a,A*3 —

a. = 0.697MeV, a, = 23.285MeV, a, = —12,0, 12MeV

for even-even, odd-even (or even-odd) or odd-odd nucleus respectively.
Estimate the energy needed to remove one neutron from nucleus 38Ca.

8.39 (a) Consider the alpha particle decay ggOTh —>§§6 Ra + o and use the follow-

ing expression to calculate the values of the binding energy B for the two
heavy nuclei involved in this process.

2
B =a,A —a,A"? —a, Z(jm Do A -
where values for the constants a,, ay, a., a, and a, are respectively 15.5,
16.8,0.72, 23.0 and —34.5 MeV. Given that the total binding energy of the
alpha particle is 28.3 MeV, find the energy Q released in the decay.

(b) This energy appears as the kinetic energy of the products of the decay.
If the original thorium nucleus was at rest, use conservation of momen-
tum and conservation of energy to find the kinetic energy of the daughter
nucleus ?*°Ra.

a, A=



8.2 Problems 439

8.40 The following plot (Fig. 8.7) shows the average binding energy per nucleon
for stable nuclei as a function of mass number.
Explain how the mass of a nucleus can be calculated from this plot and esti-
mate the mass of 23°U.

Briefly describe the main features of the plot in the context of nuclear
models such as the liquid Drop Model, the Fermi Gas Model and the Nuclear
Shell Model.

In terms of the Liquid Drop Model, explain why nuclear fission and fusion
are possible and estimate the energy released when a nucleus of %gSU under-
goes fission into the fragments §Br and !3°La with the release of three prompt
neutrons.

[University of Cambridge, Tripos 2004]

Fig. 8.7 B/A versus A plot
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8.41 Investigate using liquid drop model, the B stability of the isobars 3’1 and

é?Xe given that

1278b — B~ +137 Te + 1.60 MeV

27Cr — BT 4127 Xe + 1.06 MeV
[University of London 1969]

8.42 The empirical mass formula is
AM = 0.99198 A — 0.000841Z + 0.01968 A*/* + 0.0007668 Z> A~!/3
+0.09966(Z — A/2)*A"! — 6§
in atomic mass units, where § = +0.01204 A~"/< or 0.
Determine whether or not the nuclide %;Mg is stable to B decay.
[University of Newcastle 1966]

1/2

8.2.9 Optical Model

8.43 Show that the imaginary part of the complex potential V = —(U +i W) in the
optical model has the effect of removing particle flux from the elastic channel.
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For neutrons with kinetic energy 100 MeV incident on nuclei with mass num-
ber A = 120, the real and imaginary parts of the complex potential are approx-
imately —25 and —10MeV, respectively. On the basis of these data, estimate

(i) the deBroglie wavelength of the neutron inside the nucleus
(i1) the probability that the neutron is absorbed in passing through the nucleus

8.2.10 Nuclear Reactions (General)

8.45

8.46

8.47

8.48

8.49

8.50

3N is a positron emitter with an end point energy of 1.2 MeV. Determine the
threshold of the reaction p +'3 C —!3 N + n, if the neutron — hydrogen atom
mass difference is 0.78 MeV.

[Osmania University 1964]

The reaction, p —l—; Li —>Z Be + n, is known to be endothermic by 1.62 MeV.
Find the total energy released when "Be decays by K capture and calculate the
energy carried off by the neutrino and recoil nucleus, respectively.

(Myc* = 938.23MeV, Myc* = 939.52MeV, Mcc* = 0.51 MeV)
[University of Bristol 1960]

If a target nucleus has mass number 24 and a level at 1.37MeV excita-
tion, what is the minimum proton energy required to observe scattering from
this level.

[Osmania University 1966]

The nuclear reaction which results from the incidence of sufficiently energetic
a-particles on nitrogen nuclei is $He +1* N — X +! H. What is the decay
product X? What is the minimum «-particle kinetic energy (in the laboratory
frame) required to initiate the above reaction?
(Atomic masses in amu: 'H = 1.0081; “He = 4.0039; “N = 14.0075; X =
17.0045)

[University of Manchester]

The Q values for the reactions H(d, n) *He and H(d, p) *H are 3.27 MeV and
4.03 MeV, respectively. Show that the difference between the binding energy
of the 3H nucleus and that of the *He nucleus is 0.76 MeV and verify that this
is approximately the magnitude of Coulomb energy due to the two protons of
the 3He nucleus. (Distance between the protons in the nucleus 3'/3 x 1.3 fm).

[University of London 1968]

Thermal neutrons are captured by éOB to form ;1 B which decays by «-particle
emission to Li. Write down the reaction equation and calculate

(a) The Q-Value of the decay in MeV
(b) The Kinetic energy of the «-particles in MeV.
(Atomic masses: {’B = 10.01611 amu; jn = 1.008987 amu; ;Li
= 7.01822 amu; ‘Z‘He = 4.003879 amu; 1 amu = 931 MeV)
[University of Bristol 1967]
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8.51

8.52

8.53

8.54

8.55

8.56

8.57

8.58

Consider the reaction 2’ Al(p, n)*’Si. The positrons from the decay of 2’Si are
observed and their spectrum is found to have an end — point energy of 3.5 MeV.
Derive the Q value of the (p, n) reaction, and find the threshold proton energy
for the reaction given that the neutron — proton mass difference is 0.8 MeV.
[University of Manchester 1963]

The Q value of the *H(p, n)’He reaction is —0.764 MeV. Calculate (a) the
threshold energy for appearance of neutrons in the forward direction (b) the
threshold for the appearance of neutron in the 90° direction.

[University of Liverpool 1960]

When 3°Si is bombarded with a deuteron, 3'Si is formed in its ground state
with the emission of a proton. Determine the energy released in this reaction
from the following information:-

3MSi =3 p+ B+ 1.51 MeV
0Si+d—3p+n+510MeV

n— p+p-+v4+078MeV
[University of London 1960]

The nucleus '>C has an excited state at 4.43MeV. You wish to investigate
whether this state can be produced in inelastic scattering of protons through
90° by a carbon target. If you have access to a beam of protons of kinetic
energy 15 MeV, what is the kinetic energy of the scattered protons for which
you must look?

[University of Bristol 1966]

A thin hydrogenous target is bombarded with 5 MeV neutrons, and a detec-
tor is arranged to collect those protons emitted in the same direction as the
neutron beam. The neutron beam is replaced by a beam of y-rays; calculate
the photon energy needed to produce protons of the same energy as with the
neutron beam.

[Osmania University]

Protons of energy 5 MeV scattering from ;OB at an angle of 45° show a peak

in the energy spectrum of the scattered protons at an energy of 3.0 MeV

(a) To what excitation energy of ;OB does this correspond?

(b) What is the expected energy of the scattered protons if the scattering is
elastic?

Calculate the energy of protons detected at 90° when 2.1 MeV deutrons are
incident on 2’ Al to produce 28 Al with an energy difference Q = 5.5 MeV.
[Royal Holloway University of London 1998]

The reaction >H +' H —3 He + y 4+ 5.3MeV occurs with the deuterons and
proton at rest. Estimate the energy of the helium nucleus.

If the reaction occurs in a region of the sun where the temperature is about
1.7 x 10" K, estimate how close the deuteron and proton must approach for
fusion to occur.

[Osmania University]
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The Q- value of the reaction '°O(d, n)'’F is —1.631 MeV, while that of the
reaction '°O(d, p)”O is +1.918 MeV. Which is the unstable member of the
pair 7O —""F, and what is the maximum energy of B-particles it emits? (n—'H
mass difference is 0.782 MeV)

[University of Manchester 1958]

An aluminum target is bombarded by «-particles of energy 7.68 MeV, and the
resultant proton groups at 90° were found to possess energies 8.63, 6.41, 5.15
and 3.98 meV. Draw an energy level diagram of the residual nucleus, using the
above information.

[Osmania University 1963]

If the Q-value for the H(p, n)*He reaction is —0.7637 MeV and tritium (*H)
emits negative B-particles of end point energy 18.5 KeV, calculate the differ-
ence in mass between the neutron and the hydrogen atom.

[Andhra University]

The reaction *H(d, n)*He has Q value of 17.6 MeV. What is the range of neu-
tron energies that may be obtained from this reaction for an incident deuteron
beam of 300 KeV?

[Osmania University 1970]

A target of '8!Ta is bombarded with 5 MeV protons to form 82W in an excited
state. Calculate the energy of the excited state (ignore the coulomb barrier and
assume the target nuclei at rest). If '8W in the same excited state were pro-
duced by bombarding a hydrogen target with energetic Ta nuclei, what energy
would be needed? The atomic masses in amu are: 'H; = 1.007825; 13'Ta =
180.948007; 18*W = 181.948301

[University of Durham 1963]

In the reaction **Ca+'00 —*° Sc +'> N, the Q-value is —7.83 MeV. What is
the minimum kinetic energy of bombarding '°O ions to initiate the reaction?
At this energy, estimate the orbital angular momentum in units of % of the ions
for grazing collision. Take R = 1.1 A'/3 fm.

8.2.11 Cross-sections

8.65

8.66

Calculate the thickness of Indium foil which will absorb 1% of neutrons inci-
dent at the resonance energy for Indium (1.44 eV) where o = 28, 000 barns.
At. Wt of Indium = 114.7 amu, density of Indium = 7.3 g/cm®.

[Andhra University]

0Co is produced from natural cobalt in a reactor with a thermal neutron flux
density of 5 x 1027 cm™2 s~!. Determine the maximum specific activity.
Given o, = 20b.
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8.67

8.68

8.69

Natural Cobalt is irradiated in a reactor with a thermal neutron flux density of
3 x 10" n cm™2 s~!. How long an irradiation will be required to reach 20%
of the maximum activity? Given T},, = 5.3 years

In a scattering experiment an aluminum foil of thickness 10 wm is placed in
a beam of intensity 8 x 10'? particles per second. The differential scattering
cross-section is known to be of the form

do
dQ
where A, B are constants, 6 is scattering angle and €2 is the solid angle.

With a detector of area 0.01 m? placed at a distance of 6 m from the foil, it is
found that the mean counting rate is 50 s~! when 6 is 30° and 40s~! when 6
is 60°. Find the values of A and B. The mass number of aluminum is 27 and
its density is 2.7 g/cm?.

— A+ B cos® 6

A thin target of **Ca with 1.3 x 10" nuclei per cm? is bombarded with a 10 nA
beam of « particles. A detector, subtending a solid angle of 2x 1073 steradians,
records 15 protons per second. If the angular distribution is measured to be
isotropic, determine the total cross section for the “Ca(a, p) reaction.
[University of Cambridge, Tripos 2004]

8.2.12 Nuclear Reactions via Compound Nucleus

8.70

8.71

8.72

Cadmium has a resonance for neutrons of energy 0.178 eV and the peak value
of the total cross-section is about 7,000 b. Estimate the contribution of scatter-
ing to this resonance.

[Osmania University 1964]

A nucleus has a neutron resonance at 65 eV and no other resonances nearby.
For this resonance, I', = 4.2eV,I'y, = 1.3eV and Iy, = 2.7¢V, and all
other partial widths are negligible. Find the cross-section for (n, y) and (n, «)
reactions at 70 eV.

[Osmania University]

Neutrons incident on a heavy nucleus with spin Jy = 0 show a resonance at an
incident energy Er = 250 eV in the total cross-section with a peak magnitude
of 1,300 barns, the observed width of the peak being I' = 20eV. Find the
elastic partial width of the resonance.

[University of Bristol 1970]

8.2.13 Direct Reactions

8.73

The reaction d +'*N — « +'2C has been used to test the principle of detailed
balance which relates the cross-section o, for a reactiona +x — b + y, to
the cross-section for the inverse reaction and has the form
(2Sa + 1) @Sy + 1) Pow = (28, + 1) 28, + 1) P oyq



444

8.74

8 Nuclear Physics — 11

The reaction above will take place for low energy incident deuterons in a
s-wave state leaving the >C nucleus in the ground state.

Given that the deuteron has spin 1 and positive parity while the alpha par-
ticle has zero spin and positive parity, estimate the spin of '*N in the ground
state.

Can the alpha particle come off with orbital angular momentum / = 1?

If the incident kinetic energy of the deuteron is 20 MeV in the laboratory
frame, calculate the laboratory kinetic energy at which «’s should scatter from
12C to test the principle of detailed balance. What is the expected ratio between
the cross-sections for the direct and inverse reactions? Atomic masses of
4N, H and “He are 14.003074, 2.014102, 4.002603 amu respectively. 1 amu
=931.44MeV.

[University of Bristol 1969]

A beam of 460 MeV deuterons impinges on a target of bismuth. Given the

binding energy of the deuteron is 2.2 MeV, compute the mean energy, spread

in energy and the angle of the cone in which the neutrons are emitted.
[Osmania University 1975]

8.2.14 Fission and Nuclear Reactors

8.75

8.76

8.77

8.78

1.0 g of 2’Na of density 0.97 is placed in a reactor at a region where the ther-
mal flux is 10'! /cm?/s. Set up the equation for the production of >*Na and
determine the saturation activity that can be produced. The half-life of >*Na is
15 h, and the activation cross-section of 2Na is 536 millibarns.

[Osmania University 1964]

Suppose 100mg of gold (13’ Au) foil are exposed to a thermal neutron flux
of 10" neutrons/cm?/s in a reactor. Calculate the activity and the number
of atoms of '*®Au in the sample at equilibrium [Thermal neutron activation
cross-section for 7 Au is 98 barns and half-life for '’ Au is 2.7 h]

[Osmania University]

Estimate the energy released in fission of 33U nucleus, given a. = 0.59 MeV

and a;, = 14.0 MeV.
[Osmania University 1962]

A small container of Ra-Be is embedded in the middle of a sphere of paraffin
wax of a few cm radius so as to form a source of (predominantly) thermal
neutrons. This source is placed at the centre of a very large block of graphite.
Derive an expression for the density of thermal neutrons at a large distance r
from the source in terms of the source strength Q, the diffusion coefficient D
and diffusion length L.

A small BF; counter is placed in the graphite at a distance of 3 m from
the above source contains 10?° atoms of '“B. The cross-section of '°B for
the thermal neutron capture follows a 1/v law and has a magnitude of 3,000
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8.79

8.80

8.81

8.82

barns for a neutron velocity v = 2,200m/s. If the counting rate is 250/min,
calculate the value of Q. Given L = 50cm; D =5 x 10° cmz/s.
[University of Bristol 1959]

Calculate the thermal utilization factor for a heterogeneous lattice made up of
cylindrical uranium rods of diameter 3 cm and pitch 18 cm in graphite
Take the flux ratio ¢, /¢y as 1.6
Densities : Uranium = 18.7 x 10> kg m~2, Graphite = 1.62 x 10°kg m~>
Absorption cross-sections o,y = 7.68b; oy, = 4.5 X 1073b.

[University of Durham 1961]

Calculate approximately, using one-group theory results, the critical size of a
bare spherical reactor, given k,, = 1.54 and Migration area M? = 250 cm?.

Assuming the energy released per fission of 2°U is 200 MeV, calculate the
amount of U consumed per day in Canada India reactor “Cirus” operating
at 40 MW of power.

Assuming that the energy released per fission of 33°U is 200 MeV, calculate the
number of fission processes that should occur per second in a nuclear reactor
to operate at a power level of 20,000 kW. What is the corresponding rate of
consumption of 33°U.

[University of London 1959]

8.83 (a) Assume that in each fission of 23U, 200 MeV is released. Assuming that

8.84

5% of the energy is wasted in neutrinos, calculate the amount of >U
burned which would be necessary to supply at 30% efficiency, the whole
annual electricity consumption in Britain 50 x 10° kWh
(b) A thermal reactor contains 100 tons of natural uranium (density 19) and
operates at a power of 100 MW (heat). Assuming that the thermal cross-
section of *>U is 550 barns and that the uranium contains 0.7 % of *>U.
Calculate the neutron flux near the centre of the reactor by neglecting neu-
tron losses from the outside, and assuming flux constant through out the
lattice.
[University of Liverpool 1959]

If the elastic scattering of neutrons by hydrogen nuclei is isotropic in the centre
of mass system, show that

In(E/E>) =1

where E; and E, are respectively the kinetic energies of a neutron before and
after the collision.
[University of London 1969]

8.85 (a) Estimate the average number of collisions required to reduce fast fission

neutrons of initial energy 2 MeV to thermal energy (0.025 eV) in graphite
moderator.

(b) Calculate the corresponding slowing-down time given that X,=0.385 cm™"
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Show that a homogeneous, natural uranium-graphite moderated assembly can
not become critical. Use the following data:
400 moles of graphite per mole of uranium

Natural uranium Graphite

0,(U) =7.68b 0,(M) = 0.0032b
o,(U)=28.3b o;(M) =4.8b
e=1.0;n=134 & =0.158

[Osmania University 1964]

A point source of thermal neutrons is placed at the centre of a large sphere of
beryllium.

Deduce the spatial distribution of neutron density in the sphere. Estimate
what its radius must be if less than 1% of the neutrons are to escape through
the surface. Find also the neutron density near the surface in this case in terms
of the source strength.

At. Wt of beryllium = 9
Density of beryllium = 1.85 g/cc
Avagadro number = 6 x 10>} atoms/g atom
Thermal neutron scattering cross-section on beryllium = 5.6 barns
Thermal neutron capture cross-section on beryllium = 10 mb (at velocity
v =2,200m/s)
[University of Bristol 1961]

Calculate the steady state neutron flux distribution about a plane source emit-
ting Q neutrons/s/cm? in an infinite homogeneous diffusion medium. Assume
that neutrons are not produced in any region of interest.

Calculate the thermal diffusion time for graphite. Use the data:

0.(C) = 0.003 b, p. = 1.62g cm™>. Average thermal neutron speed
=2,200m/s.

Estimate the generation time for neutrons in a critical reactor employing 2>>U
and graphite. Use the following data:

»=0.0006cm™'; B> =0.0003; L?> =870cm? :; < v >= 2200 ms.
a

The spatial distribution of thermal neutrons from a plane neutron source kept
at a face of a semi-infinite medium of graphite was determined and found to
fit e7%9* Jaw where x is the distance along the normal to the plane of the
source. If the only impurity in the graphite is boron, calculate the number of
atoms of boron per cm? in the graphite if the mean free path for scattering
and absorption in graphite are 2.7 and 2,700 cm, respectively. The absorption
cross-section of boron is 755 barns.

[Osmania University 1964]
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8.92 Assuming that the elastic scattering of low energy neutrons is isotropic,
show that the mean energy of the neutron after each collision will be

Ef=(A>+ DE/(A+1)

where A is the mass number of the target nucleus. Determine the number of
collisions needed to thermalize fission neutrons (2 MeV) in graphite (A = 12).

8.2.15 Fusion

8.93 Determine the range of neutrino energies in the solar fusion reaction, p+p —
d + et 4 v. Assume the initial protons have negligible kinetic energy and that
the binding energy of the deuteron is 2.22MeV, m, = 938.3 MeV/c? and
my = 1875.7MeV/c? and m, = 0.51 MeV /c>.

8.94 If the kinetic energy of the deuterons in the fusion reaction D 4+ D —3,He +
n + 3.2MeV can be neglected, what is the kinetic energy of the neutron?

8.95 (a) It is estimated that the deutrons have to come within 100 fm of each other
for fusion to proceed. Calculate the energy that the deuterons must possess
to overcome the electrostatic repulsion.

(b) If the energy is supplied by the thermal energy of the deutrons, what is the
temperature of the deuteron?
[€?/4mey = 1.44MeV fm, Boltzmann constant k = 1.38 x 1073 J K]
(c) In (b) the actual required temperature is lower than the estimated value.
Explain the mechanism by which the fusion reaction may proceed.

8.96 In a fusion reactor, the D-T reaction with Q value of 17.62 MeV is employed.

Assuming that the deuteron density is 7 x 10'® m~3 and the experimental value

-1 .
<opr-v >=102m3s" and that equal number of deuterons and tritons

exist in the plasma at energy 10keV, calculate the confinement time if the
Lawson criterion is just satisfied.

8.3 Solutions

8.3.1 Atomic Masses and Radii

8.1 An ion of charge g will pick up kinetic energy, 7 = ¢V in dropping through a
P.D of V volts. In a magnetic induction B perpendicular to its path, the ion of
momentum p will describe a circular path of radius r given by
p =qBr=~2MT = /2MqV

qB2r2

c L D

2V
For the first ion, ¢ = 1.6 x 107'°C, B =0.08, r = 0.0883mand V =
400 V. Substituting these values in (1) we get

M; =9.98 x 107" kg

M =
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9.98 x 102 kg

1.66 x 1027 kg/amu
Therefore the mass number is 6.
For the second ion, the only change is the radius of the orbit which is
0.0954 m. The mass of the second ion is

o\ 2 0.0954\ 2
my = my X (-) —6.012 x = 7.0176 amu
r

The mass of this ion is then = 6.012amu

0.0883
Therefore the mass number is 7.

8.2 The radius of curvature of an ion in the magnetic induction B, perpendicular to
the orbit, with kinetic energy ¢V will be

2MV\ '/
-C5)
qB?
After a deviation of 180° the two ions will be separated by d, the difference
between the diameters of the circular path.

8V \'/?
(a)d=2<m—rm>=< ) (M —Jﬁz) )

qB?

Substitute V = 5,000V, ¢ = 1.6 x 107°C, B = 0.15T, M; = 11 x
1.66 x 1072’ Kg and M, = 10 x 1.66 x 107" Kg to find the separation
d =0.02l mor 2.1 cm.

(b) From (1), we get

AM _5 Ar
M T r
The mass resolution is

5= M o r r 22cm
AM  2Ar d  2.lcm
where r is the mean radius of the ions, r|; and ryg, determined from (1) as

22.52cm and 21.47 cm.

8.3 p=+2Tm = gBr
Here T, g and r are fixed.

.Bz_ niy _37
By \m) 35

Increase in induction

AB=B,—B =B (2] 2Bi _2x0d s 107 Tor 576G
— _ — - — — = 0. X ).
2T =235 35 35 ©

8.4 71Si =2 Al+ BT 4+ v + Thnax
Ms; — My = 2me + Tax = 2 x 0.511 + 3.48 = 4.5MeV

The transition is between two mirror nuclei of charge Z + 1 and Z. The
difference in Coulomb energy is
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ap, =3 L ¢ [Z(Z+1)— Z(Z — 1)]
7 574mwey R
6Ze* &2 Z
= . = 1.2 x 1.44— MeV-fm
5R 4JT€() R

Equating AE. to Ms; — Max = 3.48 +2 x 0.51 = 4.5 MeV, and Z = 13,
we find R from which 7, = R/A' can be determined, where A = 27. Thus
ro = 1.66 fm.

A P,.Ax = h (uncertainty principle)

he _ 197.3MeV — fm

orcAP, = — = 39.6 MeV
Ax 5fm

A pP (39.6)

> = = 0.83MeV
2M T 2% 940

The kinetic energy T =

The mass-energy equation for positron decay is
Eg(max) + E,

931.5
1.835+2.313

931.5

MI*0)— M(™N) = 2m. +

=2 x 0.000548 +

= 0.005549
or M('*0) = 14.003074 + 0.005549 = 14.008623 amu

8.3.2 Electric Potential and Energy

8.7 The charge density p = 3ze/4m R3. Consider a spherical shell of radii » and

r+dr.
The volume of the shell is 47 1> dr. The charge in the shell ¢’ = (47r2dr)p.
The electrostatic energy due to the charge ¢’ and the charge (¢”) of the sphere
of radius r, which is %nr3 p, is calculated by imagining ¢” to be deposited at
the centre. The charge outside the sphere of radius » does not contribute to this
energy (Fig. 8.8). Thus
’on 2 3
dU = aq” _ (4rr-drp)(dmnr’p/3) _ 4—np2r4dr
4 egr 4megr &0

The total electrostatic energy is obtained by integrating the above expression

in the limits O to R,

dr
)

N/

Fig. 8.8 Spherical shell of
radius R
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R
4 2 4 2R5 3 2,2
U:/dU: ald /r4dr‘: P = ce
380 1 .580 207T80R

where we have substituted the value of p.

Choose a point at distance r (< R) from the centre of the nucleus. Let ¢’ be the
charge within the sphere of radius r.

FA3
Then ¢’ = ¢ <—>

R
/
The electric field will be E = 1 __T
4regr?  4mwegR3
The potential V(r) = — [Edr=— [ 47‘[68](:R3 +C
gr’
-3 3 (D
TTEQ R-

where C is a constant.
At r = R, the point is just on the surface and the potential will be given by
Coulomb’s law.

q

V(R) = 2

(R) 4meoR @
3
Using (2) in (1), the value of C is determined as C = — and (1) becomes
24megR
2
q r

V() = 3——

) 8mweoR ( R2)
8.3.3 Nuclear Spin and Magnetic Moment
8.9 The rotational kinetic energy is given by
Eg = ! [w? (D
R = ) @
where Ey is the rotational energy, / the rotational inertia and w is the angular
velocity
The angular momentum is given by
J=lw 2)
Combining (1) and (2)
1

ER =—-Jow

2
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2FE 2x537.5%x1.6x10713
Therefore J = ZER x x X =661 x107*Js=h
w 2.6 x 1023

8.10 (a) If J be the electronic angular momentum and / the nuclear spin, the mul-
tiplicity is given by (2J + 1) or (21 4 1), whichever is smaller.

5
Now, 2J +1 =2 x = + 1 = 6. But only four terms are found. Therefore,
the multiplicity is given by 27 4+ 1 = 4, whence I = 3/2.

(b) The magnetic field produced by the electron interacts with the nuclear
magnetic moment resulting in the energy shift in hyperfine structure.

AE~2L.J=FF+1)—-I1U+1)—J(J+1)
where, F = I + J takes on integral values from 4 to 1.
F=4AE =20-25/2

F=3,AFE=12-25/2

F=2AE=6-25)2

F=1AE=2-25)2

The intervals are 8, 6 and 4 in the ratio 4:3:2

8.11 The resonance frequency v is given by
nB
V= —
Ih

where u is the magnetic moment, B the magnetic induction, / the nuclear spin
in units of /. A nuclear magneton puy = 5.05 x 10727 JT~1.

vIh 60 x 10° x (1/2) x 6.625 x 1073

" 2.79 x 5.05 x 10-27
uB 346 x3.15x 107 x 1.6 x 1071 x 0.8
8.12 f= ﬁ = 7
(—) X 6.63 x 10734
2
=6.012 x 10°Hz
= 6.012MHz

8.3.4 Electric Quadrupole Moment

8.13 Quadrupole Moment
Assume that the charge is uniformly distributed over an ellipsoid of revolution,
with the axis of symmetry along the z/-axis, the semi-major axis of length a,
and the other two semi-axes of length b. The charge density p is

Ze Ze

volume 4?” ab?
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Fig. 8.9 Ellipsoid of 4
revolution

The equation of the ellipsoid is

x/2 y/2 Z/2
()= () (5)-

In cylindrical coordinates (7', s’, ¢’) the equation is

S/Z Z/Z
<ﬁ) + (;) =1, where s = x? + y?

Q — /)0(3Z/2 _ r/2)d_r/

_ Ze
T
3Z by/1—(z/%/a)
62/ f (22/2 s/z)s/ds// d<p
4ab 0

2
= gZe(a2 —b?)

8.14 The quadrupole Q = %nZRZ

a—>b

TR

Tantalum:

R = 1.5 x (181)"/? = 8.48fm
50 5 x 6 x 100 fm?

= > = 5 = 0143
4ZR* 4 x 73 x (8.48)2 fm

The ratio of major to minor axes is
% =14+n=1143

Antimony: R = 1.5 x (123)!/3 = 7.458 fm
_5(—1.2 x 100fm?)
T 451 x (7.458)2 fm?
=1-0.053 =0.947

= —0.053

Sl S
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8.15 (a) The electrical quadrupole moment is the expectation value of the operator

0= e — 8 (1)

k=1

where §;; is the kronecker delta.
The Q,, — component,

Q.=Y Bz —r) )

k=1
is zero for a spherically charge distribution. This feature also becomes obvi-

ous from the formula

2
0= gZe(a2 — bz) for a homogenous ellipsoid of semi axes a, b
(Problem 8.54).

For a sphere a = b and therefore Q = 0.

(b) The quadrupole moment which is a tensor has the property that it is sym-
metric, that is Q; = Qj; and that its trace (the sum of the diagonal ele-
ments), Q. + Oy, + Q.. = 0. Using these two proiperties, Q;; can be
expressed in terms of the spin vector I which specifies the quantized state
of the nucleus.

2
Q;=C (Ii I+ 11 — g125,;,«> 3)

where C is a constant. Substituting I’ =1+ 1)in(3)

0= §c1(21 -1 “

whichis zerofor / =0or I =1/2
8.16 From the results of Problem 8.15
0= -1z

We can write

Q=22<a+b>(a—b)

2

b
Calling R = (%) and AR = a — b, we get

4
0= gZRAR
Q = 4.2barn = 4.2 x 1072 cm? = 420 fm?

2
=3 x T1(a® — b%)
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Therefore (a*> — b*) = 14.79 fm? (D)
4

Now, A = gnab P (2)

The nuclear charge density, p = 0.17 fm™> 3)

Using the value of p and A = 181 in (2), we get
ab* = 254.3 fm’ “4)
Solving (2) and (4) we finda = 7.1fm, b = 6.0fm

8.3.5 Nuclear Stability

8.17

8.18

8.19

Given B/A =9.402 — 7.7 x 1073 A
For the parent nucleus

B(A,Z) = 9.402A — 7.7 x 1073 A?

For the product nucleus

B(A—4,Z—2)=9.402(A —4) — 7.7 x 1073(A — 4)
B(ox) =28.3

Condition that alpha decay is just energetically possible is
B(A,Z)=B(A—-4,Z -2)+ B(x)

Or9.402A — 7.7 x 1073 A% = 9.402(A — 4) — 7.7 x 1073(A — 4)> +-28.3
Simplifying and solving for A, we find that A = 153. Thus, alpha decay is
energetically possible for A > 153.

2

3 e
S, —8,=157—-122=35="2 72— (Z -1)7?
P 5X47'[80R[ ( )l

Substitute e? /4, = 1.44MeV fm and Z = 8 to find R = 3.7 fm.

An atom of mass M; will decay into the product of mass M, and « particle of
mass my, if M; > M, 4+ m,. Now the mass excess A = M — A.

For 2®Th, M, = 229+ 0.031652 = 229.031652 amu. For o decay, the prod-
uct atom would be *2°Ra, and M, = 225 + 0.023528 = 225.023528.

For « - particle, m, = 4 + 0.002603 = 4.002603

M, + my = 229.026131

Since, M| > M, + m,, **Th will decay via & emission.
For 8~ decay, M, = 229 + 0.032022 = 229.032022

As M| < M;, decay via B~ emission is not possible. By the same argument
the decay of *Th to 2’ Ac is not possible via 7 emission as M| < M,+2m..
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8.20 Three types of decays are possible
9Cu =% Zn+ B + 7
85Cu — SeNi + BT + v,

64 — _, 04N
20Cu+e — %Ni+ v,

455

ey

@

3

The energy released for the three processes are as follows:

01 = Mey — My = (63.929759 — 63.929145) x 931.5 = 0.572 MeV
0 = Mey — my; — 2me = (63.929759 — 63.927959) x 931.5 — 2 x 0.511

= 0.655MeV

Q3 = mey — myi = (63.929759 — 63.927959) x 931.5 = 1.677 MeV

We calculate the recoil energy in the process (3) and show that it is

negligible.

Tni + T, = Q = 1.677 (energy conservation)
P Ni — P v
or Ph =2M \iTni = P> = T2

Solve (4) and (5) to obtain Ty; = 6eV

821 Q= (Ma — Ms;) x 931.5
=Enx+ E,
= (27.981908 — 27.976929) x 931.5
= 4.638 MeV
=Enx + E,
Therefore, E, = Q — Epax = 4.638 — 2.865
= 1.773MeV

Fig. 8.10 B~ decay of %gAl
followed by y decay

“)
®)
B
Al
B.
12;; Sl* Excited state
1.77 MeV
lzf Si Ground state
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8.22 The mass-energy equation for the positron decay gives

Toax + T,
MNa = MNe —|— 2me + —mga);ls 4
21.991385 +2 x 0.511 + 0-542 + 1.277
= . X U. -~ -
931.5

= 23.015338 amu

8.23 For electron capture Be + e~ =7 Li+v,,

8 Nuclear Physics — 11

0 = (mpe — my;) x 931.5 = (7.016929 — 7.016004) x 931.5 = 0.8616 MeV

which is positive

For positron emission the Q-value must be atleast 1.02 meV which is not

available. Therefore, positron emission is not possible.

8.3.6 Fermi Gas Model

3

8.24 U = ZAE;
U3 0k
P==%v =5%%v

From Fermi gas model

A = KVE;/?
Differentiating (3) with respect to V
3 0EF 32
-VVEg—+E/" =0
2V ERGy T
dER 2 Eg
whence — = — =~ —
aVv 3V
Using (4) in (2)
2 AE 2 E
p= sy CFT SPN F

where py = A/ V, is the nucleon density.

8.25 The Fermi momentum for N = Z = A/2, is
pr(n) = pr(p) = (h/ro)(9m/8)'/3

ey
2

3

4)

cpp = (he/ro)9m/8)'/? = (197.3 MeV.fm/1.3 fm)(97/8)!/? = 231 MeV

pr =231MeV/c

Er = pr*/2M = (231)?/(2 x 940) = 28 MeV
If B is the binding energy of a nucleon
V=Er+ B =28+48 =36MeV
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8.3.7 Shell Model

8.26

8.27

8.28

8.29

8.30

A state with quantum number j can accommodate a maximum number of
N; = 2(2j + 1) nucleons. Now j = [ & % and for N; = 12, j = 5/2 and
[ = 3 or 2. However, because the parity is odd and P = (=1, it follows
that [ = 3.

In the shell model the nuclear spin is predicted as due to excess or deficit of
a particle (proton or neutron) when the shell is filled. Its parity is determined
by the [ value of the angular momentum, and is given by (—1). For s- state,
| =0,p-state,/ = 1, d-state [ = 2, f-state [ = 3 etc.

For the ground state of the nuclei:

ZLi: Spin is due to the third proton in P3, state.
Therefore J* = (3/2)~ (GRER))

+%0: This is a doubly magic nucleus, and J™ = 0*
470: Spin is due to the 9th neutron in ds)» state.
Therefore J™ = (5/2)* (- 1=2)

?gK: Spin is due to the proton hole in the d3, state.
Therefore J™ = (3/2)* (- 1=2)

37Sc: spin is due to the 21st proton in the f7)» state.
Therefore J™ = (7/2)~ (- 1=3)

The 5O nucleus in the 1p;, shell is an '°O nucleus deficit in one neutron,
its energy being B(15)-B(16), while 170 in the 1 f5> shell is an 150 nucleus
with a surplus neutron, its energy being B(16)-B(17). Thus the gap between
the shells is

E(1fs;2) — E(1 p12) = B(16) — B(17) — [B(15) — B(16)]
=2 B(16) — B(17) — B(15)
=2 x 127.6193 — 131.7627 — 111.9556
= 11.52MeV

2j—1
0=-— J <r?>
2j+2
For ™Bi,j = 9/2,< r? >= IR = 1A% = 1(1.2)%209?

5
=30.42fm?> = 0.3 b
0=-022bh

The spin and parity are determined as in Problem 8.27. The ground state spin
and parity for the following nuclides are:
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%He : J® =(1/2)" The state due to neutron hole is Ls12

%gNe : J® = (0)" The protons and neutrons complete the sub-shell.
gAl : JT =(5/2)t The state of an extra neutron is 1ds»

41Sc: JT =(7/2) The state of an extra proton is 1 f7/>

For the nuclei }°C, }’C, }*C and }’C the ground state configuration of protons
is (1s1/2, 1 p3/2) For neutrons it is
(Ls1y2, 1p3p), (Is121p3ja, 1p1y2), (1s1 2, 1p3ja, 1p1y2) and
(1S1/2, 1p3/2, lpl/z, 1D5/2) respectively

The spin and parity assignment for é3C is (1/2)~ and that for éSC, it is
(1/2)*.
Twenty neutrons and twenty protons fill up the third shell. The extra neutron
goes into the 1f7/, state. The spin and parity are determined by this extra
neutron. Therefore the spin is 7/2. The parity is determined by the / - value
which is 3 for the f-state. Hence the parity is (=D = (=1 = —1.
The model predicts J™ = (0)* for 39Si and J™ = (1)* for }*N nuclides.

8.3.8 Liquid Drop Model

8.33

8.34

8.35

Using the mass formula one can deduce the atomic number of the most stable
isobar. It is given by

_ A
"2+ (ac/2a0) AP
Zmin 1

A 2+0.0156A23
For light nuclei, say A = 10, the second term in the denominators is small,
and zmin/A = 0.48. For heavy nuclei, say A = 200, Zin/A = 0.4
The most stable isobar is given by

A 64

Z = =
"7 237 0.015A23 24 0.015 x 64273

=28.57 or29

Am = (26.986704 — 26.981539) x 931.5 = 4.76 MeV.

The difference in binding energy is due to mass difference of neutron and
proton. (1.29 MeV) plus Am, that is 6.05. The difference in the masses of mir-
ror nuclei is assumed to be due to difference in proton number. Then equating
the Coulomb energy difference to the mass difference

(Z(Z+1)—Z(Z—1)] 2a.Z
A3 NE
A'PAB 3 x6.05
= = =07
27 2x13

AB = a.

dc
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8.36 The difference in the binding energies of the two mirror nuclei is assumed to
be the difference in the electrostatic energy, the mass number being the same.

3[Z(Z+ 1) — Z(Z — 1)]e?
5 dmwegR
e?/Amey = 1.44MeV fm, and Z = 20

The left hand side is 350.420 — 343.143 = 7.227MeV, R is calculated as
4.75 fm.

B(Ca) — B(Se) =

8.37 The empirical mass formula is
M(A, Z) = Z(my+me)HA—Z)my—a A+BA P +y(A-2Z) | A+eZ* A7/

where o, 8, y and ¢ are constants. Holding A as constant, differentiate M(A, Z)
with respect to Z and set % = 0.

oM =my+me —my —4y(A —22Z)/A +2eZA3 =0

5z =M tme = dy fAT e =

The terms mp+me —m, = my, the mass of hydrogen atom which is neglected.
Rearranging the remaining terms, we obtain

A
Zmin = T A <z
2+ (g/2y)A%/3
which is identical with the given expression.
0.697 x 20% 12
40 _ _ 23 _ VI X AUT e
8.38 B (39 Ca) = 15.56 x 40 — 17.23 x 40 1017 0+ 10172 @))
0.697 x 20> 23.285
39 _ 2/3 _
B (3 Ca) = 15.56 x 39 — 17.23 x 39°/° — o5 3 0 @
Subtracting (2) from (1) gives us the binding energy of neutron B(n) =
15.38 MeV.
This is the energy needed to separate one neutron from the nucleus.
90 x 89 502 34.5
8.39 (a) B(Th) = 15.5x230—16.8x230%*3—~0.72x ——— —23.0X —+———
(@) BT 8 x 30173 X330 T 2307
= 1743.70 MeV R
88 x 87 48 34.5
B(Ra) = 15.5x226—16.8x226%3—0.72x ———— —23.0X ——+———
(Ra) * x 226173 226 22677
= 1740.88 MeV
B(a) =28.3
Q = B(Ra) + B(x) — B(Th)
= 25.48 MeV
(b) E(Ra) = ;%5 = 0.44MeV

8.40 For A = 235 the diagram (Fig. 8.7) indicates the binding energy per nucleon,
B
— = 7.6MeV. Therefore, the total binding energy of 2*>U nucleus B =
7.6 A =17.6x235=1,786 MeV.
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Hence the rest mass energy of the nucleus

M(A, Z)c* = Zmyc* + (A — Z)myc* — B
=92 x 938.3 + 143 x 939.5 — 1,786
=218, 929 MeV

218,92
8,929 = 235.028 amu
931.5

The plot is based on the semi-empirical mass formula obtained in the Liquid
Drop Model. In this formula the lowering of binding energy at low mass num-
bers due to surface tension effects as well as at high Z (and hence large A) due
to coulomb energy, are predicted by this model. The jumps in the curves at low
mass numbers (A = 2-20) are attributed to the shell effects explained by the
shell Model. The asymmetry term occurring in the mass formula is explained
by the Fermi Gas Model. From the plot the binding energy per nucleon for 8’Br
is found to be 8.7 MeV and that for '*3La it is 8.2 MeV. The energy released
in the fission is

Q = [B(Br) + B(La)] — B(U)
= 8.7 x 87+ 8.2 x 145 — 1786
= 160 MeV

Therefore the mass is

The liquid drop model gives the value of Z for the most stable isobar of mass
number A by

B A
T 240.01542/3

For A = 127, Z, = 53.38, the nearest being Z = 53. Hence 131 is stable.
But 57Xe is unstable against 87 decay or e~ capture.

Mg -2 Al = —0.000841 (12-13) + 0.0007668 x 27~/3(122-132)

27\ 27\
+0.09966 | (12— =) — (13- ==
2 2

= 40.225331 amu

Zy

As the right hand side is positive 7JMg is heavier than %gAl, and therefore it is
unstable against §~ decay.

8.3.9 Optical Model

8.43

Introduce the complex potential V = —(U +iW) in the Schrodinger’s equation

2 2m .
vw+§(E+U+zW)1/f=0 (1)
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8.44

Multiply (1) by ¥*

* 72 2m . *
lﬂvlﬂ—kﬁ(E—i-UﬂW)w v =0 2)
Form the complex conjugate equation of (1) and multiply by ¥

2.0 % 2m . *
Y VoY +ﬁ(E+U—zW)1p v =0 3)
Subtract (2) from (3)
—4imW

VIV = VY = gy )

Now the quantum mechanical expression for the current density is

. h

j= 3@V -y Vi) )
im

so that (4) becomes

2
div j = —ﬁWIIf*l/f (6)

Since Y * is the probability density and W = 14hvK where K is the
absorption coefficient, Eq. (6) is equivalent to the classical continuity equation
ap
ot

where v is the particle velocity and the mean free path A = 1/K. When steady
state has reached the first term on the LHS of (7) vanishes. Provided W > 0,
the imaginary part of the complex potential has the effect of absorbing flux
from the incident channel.

1) cp=+2m(E —-U)
h 2 he _ 2w x 197.3
P J2m(E —U) ~/2Zx939.6 x (100 T 25)

v
+divj = —p 7

A= =2.56fm

1 1

ﬁ:\/2_E=\/2x 100 046
mc? 939.6 '
2W 2% 10

~ heB T 197.3 x 0.46
2R =2r,A" =2 x 1.3(120)> = 12.82
2KR =2.82

=0.22fm™!

Probability that the neutron will be absorbed in passing diametrically
through the nucleus = (1 — e %) = (1 — ¢72%2) = 0.94
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8.3.10 Nuclear Reactions (General)

8.45

8.46

8.47

The given decay is

BN - BC+ B +v+1.2MeV (1)
My — Mc — 2m, = 1.2MeV 2)
where masses are atomic and ¢ = 1

For the reaction

p+ B - BN +n

Q=M,+Mc—My—M,

where the masses are nuclear.

Add and subtract 7m. to get Q in atomic masses
Q=My+Mc—My—-M,=—[(M, —My)+ (My — Mc)]

0 =-[0784+12+2m.] = —3MeV

where we have used (2) and the mass difference M,, — My = 0.78 MeV and
m, = 0.51 MeV

m, 1
Epreshold = |Q| I+— ) =3x|14—=])=323MeV
me 13

Cc

Given reaction is

p+'Li—"Be+n—1.62MeV (1)
ML1+MP _MBe_ Mn = —1.62MeV (2)
where the masses are nuclear.

It follows that

Mpge — Mp; = 1.62 4+ 938.23 — 939.52 = 0.33 MeV

Add and subtract 4m. to get the Q mass difference of Be and Li

Mge — My; — m, = 0.33

or Mg — Mi; = 0.33 + m, = 0.84 MeV

where m, = 0.51 MeV. Thus the total energy released in the electron capture
e~ +'Be =’ Li+ vis 0.84 MeV

This energy is shared between the neutrino and the recoil nucleus. Energy
and momentum conservation give

Ex+ E, = 0.84MeV ey
P? = E2 = P} =2 MyEx )

Using My = 7amu = 6520.5MeV, (1) and (2) can be solved to obtain Ex =
7.5keV and E, = 0.84 MeV.

The Q-value is —1.37 MeV. Minimum energy required is

a 1
E =10 (14+™)=137(14+—) = 1.427MeV
m 24

X
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8.48 Given reaction is
‘He +1*N -4 X +!H
As the atomic number (Z) and mass number (A) are conserved
24+7=Z+1,0orZ =28
4+14=A+1orA=17

Therefore the product X is y 0.
Q =[(4.0039 4 14.0075)—(17.0045 4 1.0081)] x 931.5
Q0 =—-1.118MeV

Thus it is an endoergic reaction for which the minimum « - particle kinetic
energy required to initiate the above reaction is

Mie 4
=1.118 x [ 1+ — | = 1.437MeV
My 14

Ehreshold = |Q| (1 +

8.49 Given reactions are
’H+?H — n+° He + 3.27MeV
H4+>H — p+>H+4.03MeV
It follows that
My + Mye +3.27 = My + Myp + 4.03
My — My = (M, — M,,) +3.27 — 4.03
=1.29+3.27 — 4.03 = 0.53 MeV
Binding energies are given by
B(H?) = m,, + 2m, — M(H?)
B(He®) = 2m, + m, — M(He?)
. B(H?) — B(He?) = my —m, — [M(H?) — M(He?)]
=1.29 —0.53 = 0.76 MeV

The Coulomb energy of two protons
_ Lddx1x1

E. =
’ 34 %13

= 0.769 MeV

8.50 Given reaction can be written down as

n+PB B> a+jLi+Q

(@ Q = (M, + Mg — M, — My;) x 931 MeV
= (1.008987 + 10.01611 — 4.003879-7.01822) x 931.5MeV
=2.79MeV

(b) The energy released is partitioned as follows
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oM, 2.79 x 7.018
E, = = = 1.78MeV
My + My;  4.004 +7.018

ELi=0Q—E, =279 —1.78 = 1.0 MeV

851 p+* Al—-n+2"Si+Q (D)
78i 2 Al+ BT +v )
Msi - MA] - Emax + 2me

where masses are atomic. In terms of nuclear masses
MSi — MAI = Emax + Zme =3.540.51 =4.01 MeV

In (1), O = mp +ma; — my — mg;
where masses are nuclear

0=-— (mn — mp) — (ms; —mp) = —0.8 —4.01 = —4.81 MeV

mp 1
Ethreshod = 10| 1+ — | =481 x [ 1 + )= 5.0MeV

ma|
8.52 (a) The threshold energy for appearance of neutron in the forward direction is

E,(threshold) = | Q| (1 n ﬂ)
mys
1
=0.764 x (1 + 5) = 1.019 MeV

(b) The threshold for the appearance of neutrons in the 90° direction is

E,(threshold) = _|Qlmue
Mye — My
=0.764 x (3%1) = 1.146 MeV
8.53 d+Si —3' Si+p 1)
Q = M4 + Mgio — Mgin — M, (2)
Given
Mg + Mg = My + My + 5.1 (3)
Mg = My + M. + 1.51 @
Subtract (4) from (3)
Mg + Mg — Mspn = My — Me + 3.59 5
Further
M, = My + M. +0+0.78 (6)
Add (5) and (6)

Mo + My — Mg — My = Q = 3.59 + 0.78 = 4.37 MeV
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8.54 Inelastic scattering is like an endoergic reaction except that the identity of
particles is unchanged.

nmy mgy
Q:Eb<1+—>—Ea<1——) 0 =90°
my my

Substitute Q = —4.4, m, =1, my =1, my, =12, E, = 15MeV to obtain
E, = 8.63MeV

8.55 In the head-on collision the proton will receive full energy of the incident
neutron, that is 5 MeV and neutron will stop. If the neutron was replaced by
the gamma ray then the proton will be emitted in the forward direction as
before but the gamma ray will be scattered backward at 180°. The kinetic
energy imparted to the proton can be found out by the use of the formula
employed for Compton scattering except now « would mean

hv, E,
a= = .
Mpc*  Mc?
aEy(1 —cosB)
T 14 ol —cosb)

20E, 2E,

14+2a 2+ MP/E,

Trax = = 5MeV

where we have put & = 180°. Putting M = 938 MeV, the above equation is
easily solved to yield E, = hv = 51 MeV.

mp my 2
856 (a) Q = Ep <1 + —> - E, (1 - —) — —mampE,E} cosf
my my y
Here m, =mj, =1, m, = 10, E, =5, E, = 3 and 6 = 45°. Substituting
these values, we find Q = —1.75MeV. Thus, the excitation energy of '°B
is 1.75 MeV.

(b) For elastic scattering Q = 0. Substituting the necessary values in the above
equation which is quadratic in </E}, we find E, = 2.171 so that E, =
4.715MeV.

Thus the expected energy of elastically scattered protons will be 4.715 MeV.

8.57 For the reaction X(a, b)Y,

. 2
0=E, <1 + ﬂ) —E, (1 _n ) — = JmamyE,E,Cost
my my

my

Here b =p,a=d,Y = 2801, 0 = 90°

1 2
5.5=Ep(1+%>—2.1<1—%>

E, =7.19MeV
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Ewne) + E, =5.3MeV  (energy conservation) (1)
Pre = /2Mmue) Eley = Py = Ey/c  (momentum conservation) 2)

OI' EY = ,/ 2M(He)czE(He) (3)

Use M(He)c2 = 3,728 MeV and solve (1) and (3) to find
Eqe) = 3.775 x 107> MeV
= 3.78keV

3 3
Heat energy = EkT =3 X 1.38 x 1072% x 1.7 x 107

=3.5x 1071 =2.19 x 107> MeV
Equating this to the electrostatic energy
(144 x 1 x 1)/r =2.19 x 1073

we get r = 640 fm

d+"%0 —-n+""F—-1.631

d+%0 - p+'70+1.918

It follows that

m, +mg — 1.631 = m, + mpo + 1.918

ormg —mg = 3.549 — (m, —m,)
=3.549 — (m,, — my + m,)
= 3.549 — (0.782 + 0.511)
= 2.256 MeV

Therefore '’F is heavier than '70. Actually '’F decays to 170 by g+ emission.
YE S04+ +v

0 = Eg(max) + 2m, = Epay + 1.022

Enax = Q —1.022 = 2.256 — 1.022 = 1.234 MeV

In the reaction X(a, b)Y at 90°,
0=y (1+5) ~ £, (1-3)
=E, (14 5)—768(1—35)
For E, =8.63MeV, Qg =2.262
E,=641MeV, Q;=-0.032
E,=515MeV, (0, =-1334
E,=398MeV, Q3= -2.543
The energy levels are determined by
Ey = Q¢ — Qo = 0 (ground state)
Ei=Qp— 0, =2.29%
E>; = Qp— 0, = 3.596
E; = Q¢ — Q03 = 4.805

The energy levels of *°Si are shown in Fig. 8.11.
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4.805 MeV
3.596
2.294

Fig. 8.11 Energy levels — 0

8.61

8.62

8.63

For the nuclear reaction

H+p —> He +n — 0.7637 MeV (1)
*H—3He=n—p—0.7637 )
.. Mass difference

My — my = M — Myes — Me + 0.7637 3)

where the masses are atomic.
Add and subtract m, in the right hand side so that

my —myg = My — Myes — Me + 0.7637 MeV “4)

The masses are now atomic.
Now consider the decay

SH >3 He+ B~ + v+ 18.5keV (5)
On the atomic scale

myp — myes = 18.5keV = 0.0185 MeV (6)
use (6) in (4) to find

my —my = (0.0185 + 0.7637) MeV

= 0.7822 MeV.

For the reaction X(a, b)Y,

. 2
0=E, <1 + %) —E, (1 - ) — = JmamyE,Epcosf
Y

my my

For the reaction "H(d, n)*He, we identifya = d, x => H, b =n, Y = He.
Substitute £, = 0.3 MeV. Maximum neutron energy is obtained by putting
6 = 0° and minimum energy for # = 180° in the above equation.

E,(max) = 15.41 MeV and E,(min) = 13.08 MeV.

Thus, the range of neutron energy will be 13.08 — 15.41 MeV, the energy at
other angle of emission will be in between.

Energy available in the CMS

E
—wr = 2T )

mr, + my

where E|, is the Lab proton kinetic energy. Using the values of the masses of
E, and m, and E,,, we find the excited level W* = 4.972 MeV. The energy of
the excited state will be my, + W* = 169, 490 MeV.
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When the target and the projectile are interchanged, the same excitation
energy W* produced with T, is given by

* myp
W' =Ep——— (2)
mp + mry
Comparing ( 1) and (2)
Et, = 897.7MeV
mp
Ep =|0] (1 g Do ) =7.83(1+ 32) = 1044 MeV
2 x 10.44
The velocity, f = — \/ \/ X —3.74 x 1072
mc? 16 x 931
1
The impact parameter, b = R; + R, = 1.1 (16 B 448 /3> = 6.153fm
J = M,vb=nh
Myvb  Myc*Bb 16 x 931 x 3.74 x 1072 1
po Movb _ Moc'Bb 16X 931 x 374 X 1077 x 6153 _ 17 57 117

h hc 197.3

8.3.11 Cross-sections

8.65

8.66

8.67

If 1% of neutrons are absorbed then 99% are transmitted. The transmitted
number I are related to the incident number by
I = Iyexp(—1x) (1)
where  is the absorption coefficient and x is the thickness of the foil.
u=X=0N=0Nyp/A
where o is the microscopic cross-section, N is the Avagardro’s number, p the
density and A the atomic weight.

28000 x 1072 x 6.02 x 102 x 7.3 |

"= 114.7 om

=1,073cm™!
1)1y = 99/100 = exp(—1,073x)
x =9.37 x 10"%cm or 9.37 um

Specific activity, that is activity per gram

[dQ/dt| = QmaxA = ¢ Zuet = pouNo/A

=5x 10" x 20 x 1072 x 6.02 x 10?*/60

= 102 disintegrations per second per gram.

[dQ/dt| = Qh = ¢Tuer(1 — e™)

Given |dQ/dt|/|dQ,/dt| = 20/100 = 1 — ¢ 0-693V/5:3
or exp(0.693¢/5.3) = 1.25

Take log, to find r = 1.7 years.
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8.68

8.69

do 1 )

— = = A+ Bcos” 0

dQ  [HNdQ

Ip =8 x 102/m? — s

N = number of target atoms intercepting the beam

_ Nopt  6.02x 102 x 2.7 x 107

=6.02 x 10"

A 27
0.01 i

230° S0 -24

A + Bcos*30° = =3.73x 10
8 x 108 x 6.02 x 1019 x 2.78 x 10—4
40
A + Bcos*45° = =299 x 107

© 8 x 108 x 6.02 x 1019 x 2.78 x 10~4
Solving the above equations we find

A =157b/Sr
B =2.88b/Sr

Total number of particles scattered/sec
o (total) =

(beam intensity) (number of target particles within the beam)

As the scattering is assumed to be isotropic total number of particles scattered
= (Observed number) (477 /dQ2) = 15 x 4w/2 x 1073 = 9.42 x 10%/s

Beam intensity, that is number of beam particles passing through unit area
per second

beam current 10 x 107°A 0, 2
= = =6.25 x 10" /cm~” s
charge on each proton 1.6 x 10~19C

Therefore o (total) 942 x 10° 1159 x 1072 cm?
Srerore ota = = . X m

" 625 x 1010 x 1.3 x 1019 ¢
— 116mb

8.3.12 Nuclear Reactions via Compound Nucleus

8.70 Breit—Wigner formulae are

XTI \I.g
e M
(E - ER)2 + T
x2T2.
= ”—Sgrz (2)
(E — Er)+
Dividing (2) by (1)
r
G _ s 3)

oy r
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Ignoring the statistical factor g, at resonance

A% T
o, = 7,000 x 107 cm? = ?FS @

0.286  0.286

ButA = ——
E £/0.178
From (3) and (4) we get

I,/T =47.815x 107° ®)

=0.6784 = 0.678 x 1078 cm

Inserting (5) and the value of oy in (3), we find

o, = 3.35b

=T+, +Ty =42+13+27=82eV

S r,r,

o(n,y)= E~m

0386
V70

Er =60eV, E=70eV, I') =13eVand ', =4.2eV
Ignoring the g - factor, we find o (n, y) = 1215b.

=3418 x 107%cm

Iy 2.7
on,a)=0(n,y).— = 1215 x — =2523b
r, 1.3

Breit—-Wigner’s formula is
mx*lIg

_ 1
(E— Ep*+ 5 W

Ototal =
For spin zero target nucleus, the statistical factor g = 1. At resonance
energy (1) reduces to

nl Ototal

ro="7 @)

0.286 0.286
Ar=——A="o=0018A=18x10""cm
JVE V250

Substituting, oy = 1300x 107> cm?, T' =20eVand A = 1.8x 1079 cm
in (2), we find I'y = 2.5¢eV.

8.3.13 Direct Reactions

8.73

Q = [(mq + my) — (my +mc)] x 931.44 MeV
— [(2.014102 + 14.003074) — (14.002603 + 12.0)] x 931.44
= 13.57MeV
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For the forward reaction, energy available in the CMS is

x S Tymx
E* = Q+T{+Ti=0+ —2
mN + myq
20 x 14
=13.57 + =31.07
14 +2

The energy of 31.07 MeV is shared between o and '>C. Using the energy
and momentum conservation, we find P} = 416.8 MeV/c.

The inverse reaction will be endoergic, and so an energy of 31.07+13.57 =
44.64 MeV must be provided. This corresponds to the Lab kinetic energy for
o given by

1244
T, =44.64 x —-— = 59.52MeV

In the CMS the energy of 31.07 MeV is shared between *H and '*N. The
momentum of deuteron would be 441.9 MeV/c.

o _ (28, +1D@2Sc + 1) P
ouwc 254+ D@2Sx+ 1) P2

__lxl /#4419V 191
T 3x 2Sy+ 1) 3194 ) 288 + 1
since S, = S. = 0 and Sg = 1. The spin of '*N can be determined from

the experimental value of the cross-sections. For Sy = 1, the ratio of cross-
sections is expected to be 0.64.

The intrinsic parities of all the four particles is positive. If the «’s are cap-
tured in the s-state for which the parity will be positive as it is given by (—1)/,
the ’s can not be produced in the [ = 1 state for which the parity would be
negative, resulting in the violation of parity.

8.74 According to Butler’s theory, the neutron energy
1
E, = EEd = 0.5 x 460 = 230 MeV

The spread in energy

AE, = 1.5 BgEq = 1.542.2 x 460 = 47.7MeV

And the angular spread is

By 2.2 .
AO =1.6 /] — = 1.6,/ — = 0.11radians
Eq4 460

8.3.14 Fission and Nuclear Reactors

8.75 If Q is the number of atoms of >*Na per gram at any time #, the net rate of
production of **Na is

o B
5 = 9%~ 0
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where the first term on the right hand side denotes the absorption rate of neu-
trons in 2*Na, and if it is assumed that each neutron thus absorbed produces a
24Na atom, then this also represents the production rate of >*Na. The second
term represents the decay rate, so that dQ/d¢ denotes the rate of change of
atoms of **Na.

The saturation activity is obtained by setting dQ/d¢t = 0. Then

N,
20, = ¢, = o, j‘p

10" x 536 x 10777 x 6.02 x 10% x 0.97

=136 x 107 57!
23
At equilibrium number of '*® Au atoms is
0. = ¢ NoWT'1 2
YT 0.06934

_ 10'2 x 98 x 1072* x 6.02 x 10%® x 0.1 x 2.7 x 3, 600

B 0.693 x 197

=42x 10"

05 x 0.693 4.2 x 10" x 0.693

= =3x10"s7"
Tip 2.7 x 3,600

Activity = QA =

Consider a binary fission, that is a heavy nucleus of mass number A and atomic
number Z breaking into two equal fragments each characterized by 5 and 5 Z
In this problem the only terms in the mass formula which are relevant are the
Coulomb term and the surface tension term.

z
M(A, Z) = —— +a,A°"

Energy released is equal to the difference in energy of the parent nucleus
and that of the two fragments

=M(Z,A)—-2M z 4
Q_ (7 )_ (Ev?)

72 AN (Z/)2)
— 2/3 _ =
B (aSA Jra°A1/3> 2 {as (2) +aC(A/2)1/3

_ A2/3(1 21/3) + z’ 1— L
=as e 13 2273
Inserting A =238, Z =92, a. = 0.59 and a; = 14 we find Q = 160 MeV.

The diffusion equation for the steady state in the absence of sources at the
point of interest is

V2 —K*p=0 (D)
where K% = 3%, /A
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Writing the Laplacian for spherical geometry (1) becomes

Lo 2dp
€9, 2% _k—o 2
dr2+rdr ¢ )

Equation (2) is easily solved, the solution being

Clel(r Czefl(r
+
r r

¢ = 3)

As K is positive, the first term on the right hand side tends to co as r — oo.
Therefore, C; = 0 if the flux is required to be finite everywhere including at
0.

C2 e—Kr

r

¢

“

We can calculate the constant C, by considering the current J through a
small sphere of radius r with its centre at the source.
The net current
)\tr a¢ )"lr —K
J=———=—C(Kr+1 d 5
3 o - 3Kt e ©)
where we have used (4)
The net number of neutrons leaving the sphere per second is

4
Arr’] = gn)»erz(Kr—i- e Kr (6)

But as r — 0, the total number of neutrons leaving the sphere per second
must be equal to the source strength Q. Thus from (6)

4
Q = §7T)\'trc2
3
or C, = Q (7)
47T Ay
The complete solution is
3Q€7Kr
= 8
¢ 47'[ r)\.[r ( )
Therefore the neutron density
¢ 3Q67Kr Qefr/L
nry=—= = )
v 47T Ay vr 47 Dr
where Y = D, is the diffusion coefficient and K = 1/L, L being the

diffusion length.
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The counting rate,
R = Novn(r) (10)

As the absorption obeys the 1/v law, the product o.v = constant. We then have

250
gazlwox&m0xur”xzzx1¢mm

Or n(r) = 6.313 x 107 /cm?
Substituting the values: D = 5 x 10°, » =300, L =50 and R = 250/60 in
(9), we find

0 =4.8x10"/s.

8.79 The absorption rate in the fuel is
Y Vu
where V is the volume, and the absorption rate in the moderator is
Yam®Pm Vim
The fraction of thermal neutrons absorbed by the Uranium fuel as compared

to the total number of thermal neutron absorptions in the assembly is known
as the thermal utilization factor f and is given by

f _ Eau¢u Vll _ 1
Eau¢u VL] + Ec1I1’1¢IIl VHI 1 + Eamd)m Vm
Eau¢u VU

Fig. 8.12 shows a unit cell of a heterogeneous assembly in which the ura-
nium rods of radius r, are placed at regular intervals (pitch). The equivalent
cell radius r is also indicated.

Fig. 8.12 Unit cell of a N 4
heterogeneous assembly
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8.80

2

Area of the unit cell A = 7r}

Now,

Zam N]Tl Uam pm/Am Uam
— X — = —— X

Eau Nl.] Gau pU/ALI Uau
1.62/12 4.5 x 1073

= x =1.01 x 1073
18.7/238 7.68

V 182 — (1.5)?
Vo 187 —n5) e
Vu w(1.5)?

Im _ 16

®u

1
Hence, f = =0.933

14+ (1.01 x 1073) x 44.8 x 1.6

The equation for a critical reactor is
Vi + B =0 M

Where ¢ is the neutron flux and B? is the buckling.
For spherical geometry, Eq. (1) becomes

d’¢ 2d¢

L I T LB =0 2
dr? + r dr B @)
which has the solution
A
¢ = —sin(zwr/R) 3)
r
where A is the constant of integration and R is the radius of the bare reactor
do A sin (7”’) n TA ( r ) @
— = ——sin(— —cos (T —
dr r2 R Rr R
d’¢ 24 . ( r) TA (n’r) Am? | ( r) )
— = —sin|{r—=)— —cos(— ) — ——sin(r—
dr? r3 R Rr? R R2r R

Therefore (2) becomes

An? . mr BZA | r
3 sin (—) + sin (HE) =0

R r
Therefore, B2 = %ﬁ
Or the critical radius,
b4
R=— 6
2 (6)
koo — 1 1.54 -1
B? = =® = =2.16 x 103 cm™?
M? 250
B = 0.04647

R=——=67cm
0.04647
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The actual radius will be shorter by d = 0.71 A, where d = extrapolated
distance.

Let n fissions take place per second.
Energy released per second = 2007 MeV = (2007) (1.6 x 10713)7J
200 x 1.6 x 10731 = 40 x 10°
Or n=125x10"%/s
6.02 x 103

Number of atoms in 1.0 g of >°U = a5 = 2.562 x 10*!

1.25 x 10'8 »
e —483x 107%g
2.562 x 102!

Mass consumed in 1 day = (4.88 x 107%)(86, 400) = 42.16 g

Mass of uranium consumed per second =

Let n be the number of fissions occurring per second in the nuclear reactor.
Energy released = 200n MeV s~

= (2001)(1.6 x 10713)J-s~!
= power =2 x 10’ W
Therefore, n = 6.25 x 107 s~!
In 1g there are No/A = 6.02 x 10%*/235 = 2.56 x 10%! atoms of >°U.
Therefore consumption rate of 23U will be
6.25 x 107

S =244 x 10 gs!

2.56 x 107! e

(a) Let n fissions occur per second. Then energy available will be 200 n MeV
or 2007 x 1.6 x 10713]. Allowing for 5% wastage and 30% efficiency, net
power used is P = 2001 x 1.6 x 10713 x 0.95 x 0.3 =9.12 x 10~ "%n W.

50 x 10° x 10* x 3,600
Required energy in s that is power = x x x =

3.15 x 107
5.714 x 10°
Equating the two powers
9.12 x 107"?n = 5.714 x 10°
n=6.26x10%/s
6.02 x 107
Number of atoms in 1 g of 2°U = % =2.56 x 10%!
M d az 020107 o
ass consumed per second = ——— — = 0.
P 2.56 x 10 ¢
Mass consumed in 1 year = 0.244 x 3.15 x 107 g = 7.7 x 10® g = 7.7 tons
M 108 5
(b) Volume, V = — = = 5263 m
p 19000
Power density (Power per unit volume)
100 x 109

P/V = =1.9 x 10°W/m?

526.3
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Number of 23U atoms / cm’,

Nop 07 6x10%x19 07 "
N=oo 00 _O0x X 0 3353 %10
A 100 238 100 .

X, = 0,N =550 x 107 x 3.353 x 10*° = 0.1844 cm™'

If ¢ is the neutron flux and 200 MeV is released per fission, then energy
released in 1cm?/s will be 2009 X, MeV or 200 x 0.1844 x 1.6 x 10713¢ =
5.9 x 107'2¢p = 7.648 Therefore ¢ = 1.3 x 10'?/cm? — s

8.84 Let the Lab kinetic energy of neutron be E; and E, before and after the scat-

Fig. 8.13 Kinematics of
scattering

tering. The neutron and proton mass is approximately identical.

The neutron velocity in the CMS, is v} = v;/2 as the masses of projectile
and target are nearly identical. As the scattering is elastic, the velocity of the
neutron v; = vj in magnitude. Let the neutron be scattered at angle 6 in
the CMS. The velocity vj is combined with v, to yield v, in the Lab. From
Fig. 8.13,

v3 = v} 4+ v? + 205V, cos O (1

v} = v}l + cos6*)/2
(. ve =5 =v1/2)
or

E, .
E, = 7(1 + cos8%) 2)

Let the neutrons scattered between the angles 6* and 6* 4+ d6* in the CMS
appear with energy between E;, and E; + dE in the LS.
Differentiating (2), holding E; as constant.

E, .
dE, = Td cos 3)

The mean value

E, )
S In| — )27 sino* do*
E; E,
In—)= . 4
E, J 27 sin6* do*
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Writing sin 6*d8* = —d(cos 6*), and using (3), (4) becomes

E
E, ' (E)\ dE, B>\ dE,
et = (222 o [ (22) 22
E2 E2 E1 El El
0

E,

E E E
_2m 222
Ey  E  E;

0

At the upper limit the value is 1. At the lower limit, the second term gives
0. The first term also contributes zero because x Inx in the limit x — 0 gives
zero. Thus,

E,
In—)=1.
E,
8.85 (a) The number of collisions required is
1. Ey
n=—In—
§ E,
The average logarithmic energy decrement
(A-17% A-1
In
2A A+1
For graphite (A = 12), £ =0.158

_ L (2X100N
"= 0158 "\ 0025 )T

(b) Slowing down time

v2m oy

E=1+

—1/2
t="""[E E '
§5,
‘/szZ/Ef
= = (. Ei >> Ey)
[ DIN

Inserting the values, mc®> = 940 x 10°eV, E; = 0.025eV, & = 0.158

and ¥, = 0.385cm™! for graphite, we find the slowing down time t =
1.5 x 1075,

8.86 If N, is the number of Uranium atom per cm® and N is the number of 23¥U
atoms per cm?, then Ny = %Nu. Further, Ny, /N, = 400.
Therefore, Ny, /Ny = 400 x 140/139 = 402.9
Thermal utilization factor (f);

fo .(U) B Nuoa(U)
C X(U) + Zam)  Nuou(U) + Nyoa(m)
1 = 1 = (0.857

= Noxoa () 302.9%0.0032
1 + Nyo,(U) 1 + 7.68
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We can now calculate p, the resonance escape probability.
YUY+ X N
/Ny = M = o,(U) + —0,(M)
NO Nu

=8.3+402.9 x4.8 =1942b

We can use the empirical relation for the effective resonance integral (ERI)
Eyp
dE 0.415 0.145
(O—a)efff = 3.85(Xs/No)""> =3.85(1942)" =89 b
E

We have ignored the contribution of Uranium to the scattering as its inclu-
1

N
sion hardly changes the result. Thus Xo/Ny >~ X;/Ny = N o,(M) =
0
402.9 x 4.8 = 1934

ok 89
- —(ERD / == | = —— | =0.747
P eXp[ ( )/ No ] exP( 1934 x 0.158)

The reproduction factor

koo = Enfp = (1.0)(1.34)(0.857)(0.747) = 0.858

Thus, ko, < 1, and so the reactor cannot go critical.

8.87 The spatial distribution was derived for Problem 8.78.

pin=-2 " M
r) =
47T)\.[r r
If 1% of the neutrons are to escape then
#(r) 1 3 e/t
A 2

0 100 4w,
I

RN
e=(%52)
3

1 A 9

Ay = — = = = 1.443

ST N, T oNop | 5.6 x 1024 x 6.02 x 105 x 1.85 cm
A ! A o 808

= — = = = cm
TS, ouNop 10 x 1077 x 6.02 x 1023 x 1.85
hs 1.443
M= —— = 5— = 1.564cm
- 3A 1—
3x9

3

Inserting the values of A and L in (2) and solving for r, we get r = 9.6 cm.
Thus the radius ought to be greater than 9.6 cm.

1.564 x 808\ '/
L=(—"""""") —=20.52cm
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At the surface the neutron density corresponding to r = 9.6 cm and mean
neutron velocity 2.2 x 103 cm s™!

¢ 3 Q e79.6/L

)= = e 96

=293 x107°Qcm™

Consider the diffusion equation

M _ s lrvry _gs (1)
p—— J— — a

ot 3

where n is the neutron density, S is the rate of production of neutrons/

A V2

cm?/s, ¢Xa is the absorption rate/ cm? /s and represents the leakage

of neutrons. ¥a is the macroscopic cross-section, ¢ is the neutron flux and A
is the transport mean free path.
. .. on

Since it is a steady state, m = 0. Further S = 0 because neutrons are not

produced in the region of interest. As we are interested only in the x-direction
the Laplacian reduces to d‘i—zz. Thus (1) becomes

Ay A2
3 dx?

or

d2¢

where
. 3Xa 3

K? = = 4
Atr Aah @

—¢Xa=0 2)

A, being the absorption mean free path.The solution of (3) is
¢ = Cref + Cre™® (5)

where C| and C, are constants of integration. The condition that the flux
should be finite at any point including at infinity means that C; = 0. Therefore,
(5) becomes

¢ = Cre™™ ©6)

We can now determine C,. Consider a unit area located in the YZ plane
at a distance x from the plane source as in Fig. 8.14. On an average half
of the neutrons will be travelling along the positive x-direction. As x — 0,
the net current flowing in the positive x-direction would be equal to %Q; the
diffusion of neutrons through unit area at x = 0 would have a cancelling
effect because from symmetry equal number of neutrons would diffuse in the
opposite direction.
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Fig. 8.14 Plane

8.89

8.90

8.91

source
‘\/’
<—]

‘/\ Unit area

x

Diffusion from infinite
plane source

The net current,

J = _)“_"% = AK )‘“ e kx
3 ox 3
At
Asx — 0, J_2=Azl<—t
2 3
3
whence A, = 0
2K Ay
The complete solution is
30 ¢
— x 7
?= kn’ @
Thermal diffusion time is given by
]
v v,
No,o 0.003 x 1072* x 6.02 x 10% x 1.62
Now X, = 0,——
A 12
=244 x 10 em™
1
=0.19s

T 22x10° x 2.44 x 103

The generation time for neutrons in a critical reactor is calculated from the
formula
1

Yo <v>(14+L2B?)
1
= 0.0006 x 2.2 x 105(1 + 870 x 0.0003)
=6x107%s

t =

Let N be the number of boron atoms/cm?. Ignore the scattering of neutrons
in boron.
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1

¥, (graphite) = (O~ 2,700
a k)

Xy = Xa(C) + Zu(B) = X4(C) + 0u(B)N

=— =37x10*cm™!

8 Nuclear Physics — 11

=37x107* 4755 x 107N (D
A 2.7
Ap=—> = — =2.859cm 2
-3 I-5%
The attenuation dependence of e ~%%3* implies that the diffusion length
1
L =——=3333 3
0.03 o ©)
Ada Ay
But L> = = 4
! 3 33, ¥

Combining (1), (2), (3), and (4) and solving for N, we find

N = 5.83 x 10"7 boron atoms/cm?

Refer to solution of Problem 8.84 with the change of notation.

v =02 + v +2v,* ve cos 0F

2
=Gt 1)2(A2+ 1 +2Acos6%)

where we have used the relations
vi* =AVy/(A+ 1)and v. = vo/(A + 1)
We can then write

E,  A*+2Acos6* +1

Ey (A+ 1)
+1
E\/E = —
< E\/Ey > AT1P
@+
(A + 1)2
Therefore, < E; >= E; A40

ATy

Let the neutron energy be E, after n collisions

E, E, E» E; E, <E1>

Ey Ey E| Ey " E,, Ey

Therefore 0:025¢V _ [ A2+1 ]” = (Ls)"

2x10°eV — | (A+1)? 169

1
(A2 +2A cos0* + l)Ed(cos*)

where we have put A = 12 for graphite. Taking logarithm on both sides and
solving for n, we obtain n = 119. Compare this value with n = 115 obtained

from the average logarithmic decrement (Problem 8.85).
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8.3.15 Fusion

8.93 The minimum energy of neutrino is zero when d and e* are emitted in oppo-
site direction and the neutrino carries zero energy. The maximum energy of
neutrino corresponds to a situation in which e™ is at rest and d moves in a
direction opposite to neutrino.

Q0 =2x938.3—-1875.7—-0.51 =0.39MeV

Ta+ T, =0 =0.39 (energy conservation) (1)
Ped2 =P> (momentum conservation) 2)
2mgTy =T,7 3)

Equations (1) and (3) can be solved to give 7, (max) = 0.38996 MeV. Thus
neutrino energy will range from zero to 0.39 MeV.

_ Omy. _ 32x3 _

8.95 (a) E = a2 = Ladxlxl — (0 018MeV = 18keV
(b) Equating the kinetic energy to heat energy
E = 3kT
18 x 1.6 x 10716] = % x 1.38 x 1075T
T=139 x 108K
(c) The temperature can be lowered because with smaller energy Coulomb bar-
rier penetration becomes possible.

8.96 The Lawson criterion is just satisfied if

, _ cnergy output _ ny <ogv>1t0 ng<ogv>1t0 |
~ energy input 6ngkT N 6kT N

Substitute ng = 7 x 108¥m=3, kT = 10keV = 10*eV
< ogrv>10"2m3s, 0 =17.62 x 10%eV to find 7. = 4.865






Chapter 9
Particle Physics — I

9.1 Basic Concepts and Formulae

Interactions and decay
Probability for scattering
P =t/r 9.1)

where ¢ is the thickness and A is the mean free path.
Attenuation of beam intensity due to interaction

I =I1e ™ 9.2)
The absorption coefficient . is in metre ™! if x is in metre.

wis in cm?/g if x is in g/cm?.

x in g/cm? = (x in cm)(density in g/cm?)
L = X (macroscopic cross - section)

Y =0Nyp/A

(9.3)

where o = microscopic cross-section, N, = Avogadro’s number, p = density and
A = Atomic or molecular weight.

Attenuation of beam intensity due to decay

I=1Ie"" = e /"™ (9.4)

where v = fBc is the particle velocity, y is the Lorentz factor, s is the distance
travelled and 7, is the proper life time, that is the life time in the rest frame of the
particle.
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Energy in the center of mass system (CMS)

In the collision of particle of mass m, of total energy E in the lab system with m;
initially at rest, total energy E* available in the CMS is given by

1
E* = (m? +m3 +2myE,) 9.5)

Division of energy in the decay A — B + C, at rest.

Total energy carried by B,
_my +my —mg

Ep = (9.6)

2mA

Circular accelerators

In static magnetic field, a charged particle is not accelerated but is only bent into
a circular path if the field is perpendicular to the plane of the path. Otherwise the
particle goes into a helical path.

The radius of curvature r is related to the momentum p by

P =0.3Br 9.7
where p is in Gev/c, r in meters, and the field B in Tesla. (1 Tesla = 10* gauss).
Itn =y — 1 then R = S (n? 4 2n) /2 9.8)
qB
Betatron
Energy gained
AP
AT =e— (9.9)
At

where Ag/At is the rate of change of flux.

Cyclotron

woy = % (Resonance condition)
where wy = 27 fj
Energy at the extraction point

B 2
7 = (4B (9.10)
2m
Synchrocyclotron
B
=2 9.11)
mo
qB
w="— 9.12)



9.1 Basic Concepts and Formulae

Synchrotron

The synchrotron radiation loss per turn
AT e? E \*
AE=——-"|—
3R 4mey \ mc?

Linear Accelerator

Total length

I ANE
=5 () =

where n is the number of drift tubes.

Colliders
Luminosity
NN
[ " 2 f
A
The number of interactions per second
N=Lo

where o is the interaction cross-section of a given type

Nj or N, = the number of particles/bunch in each beam

A = area of cross-section of intersecting beams
n = number of bunches/beam
f = frequency of revolution

Detectors
Proportional counter

Gas multiplication factor

cv
M= —
Ne

where N is number of ion pairs released.
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9.14)

(9.15)

(9.16)

9.17)

9.18)
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G.M counter

Vv

E= /o) (9.19)

where E is the electric field, V is the applied voltage, r is the distance from the
anode, b and a are the diameters of the cathode and anode.

Dead time of a counter(t)

no
n= (9.20)
1 —not
where n = true counts, ny = observed counts.
Double source method
Ni+ N, —Npp+ B
L2 B 9.21)

T 2N - BYN, — B)

where N| and N, are the counting rates from individual sources, N, is the counting
rate from the combined sources and B is the background counting rate.

Cerenkov counter

1
cos O = ﬂ_n (9.22)

where 6 is the opening angle, n = index of refraction

1
Threshold velocity 8 = — (9.23)
n

9.2 Problems

9.2.1 System of Units

9.1 Show that 1kg = 5.6 x 10?° GeV/c?

9.2 In the natural system of units (4 = ¢ = 1) show that
(a) 1m = 5.068 x 10" GeV~!
(b) 1GeV~—2 = 0.389 mb
(c) 1s=1.5x 10*GeV™!

9.3 In the natural system of units show that
(a) The Compton wavelength for an electron is A, = 1/m.
(b) The Bohr radius of a hydrogen atom is 1/ m
(c) The velocity of an electron in the ground state of hydrogen atom is ac
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Also, calculate the numerical values for the above expressions where o =
1/137 is the fine structure constant. The electron mass is m, = 0.511 MeV.

One of the bound states of positronium has a lifetime given in natural units by
7 = 2/ma’ where m is the mass of the electron and « is the fine structure con-
stant. Using dimensional arguments introduce the factors A and ¢ and determine
T in seconds.

The V-A theory gives the formula for the width (I',) of the muon decay in
natural units.
T, =h/t = G&* m,> /19273

Convert the above formula in practical units and calculate the mean life time
of muon

[(Gg/(hic)® = 1.116 x 107> GeV 2, m, ¢* = 105.659 MeV]

9.2.2 Production

9.6

9.7

9.8

9.9

An ultra high energy electron (8 & 1) emits a photon. (a) Derive an expression
to express the emission angle 6 in the lab system in terms of 6%, the angle
of emission in the rest frame of the electron. Also, (b) Show that half of the
photons are emitted within a cone of half angle

0=~1/y.

Show that in a fixed target experiments, the energy available in the CMS goes
as square root of the particle energy (relativistic) in the Lab system.

A positron with laboratory energy 50 GeV interacts with the atomic electrons
in a lead target to produce ut ™ pairs. If the cross-section for this process is
given by o = 4mwa® h*c?/3(Ecm)?, calculate the positron’s interaction length.
The density of lead is p = 1.14 x 10*kg m~>

It is desired to investigate the interaction of e and e~ in flight, yielding a
nucleon-antinucleon pair according to the equation of et + e~ — p + p~.
(a) To what energy must the positrons be accelerated for the reaction to be
energetically possible in collisions with stationary electrons. (b) How do the
energy requirements change if the electrons are moving, for example in the
form of a high energy beam? (c) What is the minimum energy requirement?

(me ¢ = 0.51MeV, M, ¢* = 938MeV)
[University of Bristol 1967]

9.2.3 Interaction

9.10 A proton with kinetic energy 200 MeV is incident on a liquid hydrogen target.

Calculate the centre-of-mass energy of its collision with a nucleus of hydro-
gen. What kinds of particles could be produced in this collision?
[University of Wales, Aberystwyth 2003]
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9.11

9.12

9.13

9.14

9.15

9.16

9.17
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Estimate the thickness of iron through which a beam of neutrinos with energy
200 GeV must travel if 1 in 10° of them is to interact. Assume that at high
energies the neutrino-nucleon total cross-section is 10~*? E, m?, where E, is
the neutrino energy is in GeV. The density of iron is 7,900kg m—>. [Mass of
nucleon = 1.67 x 107?7 kg.]

(a) The cross-section for scattering of muons with air at atmospheric pressure
is 0.1 barns, and the natural lifetime of muons 2.2 x 10 °s. Explain what
is meant by the terms elastic scattering and lifetime. Which of these fac-
tors limits the distance over which a beam of muons can travel in air in a
laboratory, if the muon velocity is 10® ms~!?

(Assume number density of air at STP = 2.69 x 102 m~3)

(b) Given your answer to (a), why is it possible to detect showers of muons at
ground level caused by the impact of primary cosmic ray particles with air
at around 12 km altitude? Given that the mean energy of muons detected
at ground level is &~ 4 GeV, calculate the distance (in air) over which the
number of such muons in a beam would reduce by a factor of e. What kind
of interactions contribute to the scattering cross-section for these particles?
[1 barn = 1072 m2; mass of muon = 105 MeV/ ¢2: number density of air
at STP = 2.69 x 10% m~3]

Obtain an approximate value for the interaction length (in cm) of a fast proton
in lead from the following data: 7y = 1.3 x 10~!'3 cm, Atomic weight of lead =
207, Density of lead = 11.3 g cm™3, Avogadro’s number = 6 x 10% molecules
mole ™!

[University of Durham 1962]

A liquid hydrogen target of volume 125cm? and density 0.071 gcm™ is
bombarded with a mono-energetic beam of negative pions with a flux 2 x
10’ m~2s7! and the reaction 7~ + p — 7 + n observed by detecting the
photons from the decay of the 7°. Calculate the number of photons emitted
from the target per second if the cross-section is 40 mb.

A beam of 7+ mesons contaminated with " mesons is passed through an
iron absorber. Given that the interaction cross-section of 7+ mesons with
iron is 600 mb/nucleus, calculate the thickness of iron necessary to attenuate
the = beam by a factor of 500. Explain why muons will be reduced to a
much less extent. (The density of iron is 7,900 kg m™2, the atomic mass being
55.85 amu)

A neutrino of high energy (Ey >> m) undergoes an elastic scattering with
stationary electron of mass m. The electron recoils at an angle ¢ with energy
T. Show that for small angle, ¢ = (2m/T)'/?

Why the following reactions can not proceed as strong interactions

@n +p—> K +3"
(b) d +d —* He + 7°?
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9.18

9.19

From the data given calculate the mass of the hyper-fragment , He’
Mass of A hyperon is 1115.58 MeV /c?, Mass of He* is 3727.32 MeV /c?
Binding energy B, for He® is 3.08 MeV

[University of Dublin 1968]

Show that for a high energy electron scattering at an angle 6, the value of Q>
is given approximately by

0% = 2E;E{(1 — cos 60)

where E; and E; are the initial and final values of the electron energy and
Q? is the four-momentum transfer squared. State when this approximation is

justified.

9.2.4 Decay

9.20

9.21

9.22

9.23

9.24

9.25

Consider the decay process K™ — 7+ 7% with the K+ at rest. Find

(a) the total energy of the 7° meson
(b) its relativistic kinetic energy

The rest mass energy is 494 MeV for K+, 140MeV for 7+, 135 MeV for 0.

A collimated beam of w-mesons of 100 MeV energy passes through a liquid
hydrogen bubble chamber. The intensity of the beam is found to decrease with
distance s along its path as exp(-as) witha = 9.1 x 107> m~!. Hence calculate
the life time of the 7-meson (Rest energy of the w-meson 139 MeV)
[University of Durham 1960]

One of the decay modes of K+ mesons is K™ — 77 + 7+ + 7. What is the
maximum Kinetic energy that any of the pions can have, if the Kt decays at
rest? Given mg = 966.7m. and m, = 273.2 m,

Show that the energy of the neutrino in the pion rest frame, E/, can be written
in natural units as

2 2
E, = (mﬂ — mﬂ) /2my
where m, and m, are the masses of the charged pion and the muon, respec-
tively. (You may assume here that the neutrino mass is negligible)

[University of Cambridge, Tripos 2004]

Find the maximum energy of neutron in the decay of X hyperon at rest via the
scheme, ¥* — n+ put +v,. The masses of £+, n, u* and v, are 1,189 MeV,
939 MeV, 106 MeV and zero, respectively.

A charged kaon, with an energy of 500 MeV decays into a muon and a neu-
trino. Sketch the decay configuration which leads to the neutrino having the
maximum possible momentum, and calculate the magnitude of this value
(mass of charged kaon is 494 MeV /c?, mass of muon is 106 MeV /c?)
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9.26

9.27

9.28

9.29

9.30

9.31

9.32
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Heavy mesons, M = 950m. produced in nuclear interactions initiated by a
more energetic beam of 7-meson, have an energy of 50 MeV. Their tracks up
to the point of decay have a mean length of 1.7 m. Calculate their mean life
time.

[University of Durham 1960]

A pion beam from an accelerator target has momentum 10 GeV/c. What frac-
tion of the particles will not have decayed into muons in a pathlength of
100 m?
Out of the pions decays one muon of a 8§ GeV/c and a neutrino are produced
at the beginning of the flight path. Assuming that the decay particles follow
the same path, calculate the difference in arrival times at the end of the path.
(Pion mass = 139.6 MeV, muon mass = 105.7 MeV. Mean life time of pion
=26x10"%s, c=3x108ms™1)

[University of Durham 1972]

Pions in a beam of energy 5 GeV decay in flight. What are the maximum and
minimum energies of the muons from these decays? (m, = 139.5MeV/c?;
m, = 105.7MeV/c?)

Assuming that a drop in intensity by a factor less than 10 is tolerable, show
thata 1 GeV/c K+ meson beam can be transported over 10 m without a serious
loss of intensity due to decay, while a A -hyperon beam of the same momen-
tum after the same distance will not have useful intensity (Take masses of K
meson and A-hyperon to be 0.5 and 1 GeV/c?, respectively and their lifetimes
1078 and 2.5 x 107!° s respectively.

[University of Durham 1970]

If a particle has rest mass my and momentum p, show that the distance traveled
in one lifetime is d = pT,/mo where Tj is the life time in the frame of
reference in which the particle is at rest.

[University of Dublin 1968]

A beam of muon neutrinos is produced from the decay of charged pions of
E; = 20GeV. Show that the relationship between the neutrino energy in the
laboratory frame, E,, and its angle relative to the pion beam 6, for small 6, is

E;

= @y el

v

where E; is the energy of the pion and y = E; /m, >> 1
[University of Cambridge, Tripos 2004]

It is intended to use a charged mono-energetic hyperon beam to perform scat-
tering experiments off liquid hydrogen. Assuming that the beam transport sys-
tem must have a minimum length of 20 m, calculate the minimum momentum
of a ¥ beam such that 1% of the hyperons accepted by the transport system
arrive at the hydrogen target (r = 0.8 x 1075, my = 1.19GeV/c?). What
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9.33

measurements would you make to identify the elastic scattering in a (X~ p)
collision?
[University of Manchester]

The energy spectrum for the electrons emitted in muon decay is given by

do ZG%(mMcz)zEg ( 4E, )

dE. ~  (n)3(hc)  3m,c?

where the electron mass is neglected. Calculate the most probable energy for
the electron. Show on a diagram the orientation of momenta of the decay
product particles and their helicitis when E. &~ m,c?/2. Furthermore, show
the helicity of the muon. Integrate the energy spectrum to find the total
decay width of the muon. Hence compute the muon mean lifetime in seconds
[Gr/(hc)® = 1.166 x 107° GeV 2]

9.34 (a) Explain the following statements. The mean lifetime of the 7+ meson is

9.35

2.6 x 1078 s while that of 7° is 0.8 x 10~ 165,

(b) The 7" and 7~ mesons are of equal mass, but the £+ and X~ baryon

masses differ by 8 MeV/c?

(c) The mean life of the X° baryon is many orders of magnitude smaller than

those of the A and E° baryons.

In a bubble chamber two tracks originate from a common point, one caused
by a proton of 440 MeV/c and the other one by 7~ meson of momentum
126 MeV/c. The angle between the tracks is 64°. Determine the mass of the
unknown particle and identify it.

9.2.5 Ionization Chamber, GM Counter and Proportional Counters

9.36

9.37

9.38

The dead time of a counter system is to be determined by taking measurements
on two radioactive sources individually and collectively. If the pulse counts
over a time interval ¢ are, respectively, N;, N, and Nj,, what is the value of
the dead time?

Anionization chamber is connected to an electrometer of capacitance 0.5 pp F
and voltage sensitivity of 4 divisions per volt. A beam of «-particles causes a
deflection of 0.8 divisions. Calculate the number of ion pairs required and
the energy of the source of the a-particles (1 ion pair requires energy of
35eV, e = 1.6 x 107'° Coulomb)

[Osmania University]

An ionization chamber is used with an electrometer capable of measuring 7 x
107" A to assay a source of 0.49 MeV beta particles. Assuming saturation
conditions and that all the particles are stopped within the chamber, calculate
the rate at which the beta particles must enter the chamber to just produce a
measurable response. Given the ionization potential for the gas atoms is 35 eV.
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9.40

9.41

9.42

9.43

9.44

9.45

9.46
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Estimate the gas multiplication required to count a 2 MeV proton which gives
up all its energy to the chamber gas in a proportional counter. Assume that the
amplifier input capacitance in parallel with the counter is 1.5 x 10~° F and that
its input sensitivity is 1 mV. Energy required to produce one ion pair is 35eV.

Calculate the pulse height obtained from a proportional counter when a 14 keV
electron gives up all its energy to the gas. The gas multiplication factor of the
proportional counter is 600, capacitance of the circuit is 1.0 x 107> F and
energy required to produce an ion pair is 35 eV

The plateau of a G.M. Counter working at 800 V has a slope of 2.0% count
rate per 100 V. By how much can the working voltage be allowed to vary if the
count rate is to be limited to 0.1%?

An organic-quenched G.M. tube has the following characteristics.
Working voltage 1,000V, Diameter of anode 0.2 mm, Diameter of cathode
2.0 cm. Maximum life time 10° counts.
What is the maximum radial field and how long will it last if used for 30 h
per week of 3,000 counts per minute?
[University of New Castle]

A G.M. tube with a cathode and anode of 2 cm and 0.10 mm radii respectively
is filled with Argon gas to 10 cm Hg pressure. If the tube has 1.0kV applied
across it, estimate the distance from the anode, at which electron gains just
enough energy in one mean free path to ionize Argon. Ionization potential of
Argon is 15.7eV and mean free path in Argon is 2 x 10~*cm at 76 cm Hg
pressure.

A S containing solution had a specific activity of 1m Curie per ml. A 25 ml

sample of this solution mass was assayed.

(a) in a Geiger-Muller counter, when it registered 2,000 cpm with a back-
ground count of 750 in 5 min; and

(b) in a liquid scintillation counter, where it registered 9,300 cpm with a back-
ground count of 300 in 5 min.

Calculate the efficiency as applied to the measurement of radioactivity and
discuss the factors responsible for the difference in efficiency of these two
types of counters.

[University of Dublin]

The dead time of a G.M. counter is 100 ps. Find the true counting rate if the
measured rate is 10,000 counts per min.
[Osmania University]

A pocket dosimeter has a capacitance of 5.0 PF and is fully charged by a
potential of 100 V. What value of leakage resistance can be tolerated if the
meter is not to lose more than 1% of full charge in 1 day?

A G.M tube with a cathode 4.0 cm in diameter and a wire diameter of 0.01 cm
is filled with argon in which the mean-free-path is 8 x 10~* cm. Given that the
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9.48

ionizing potential for Argon is 15.7V, calculate the maximum voltage which
must be applied to produce the avalanche.

An electrometer with a capacitance 0.4PF and 5.0PF chamber are both
charged to a potential of 600 V. Calculate the potential of the combined system
after 8 x 10° ions have been collected in the chamber.

9.2.6 Scintillation Counter

9.49

9.50

9.51

9.52

9.53

9.54

Pions and protons, both with momentum 4 GeV/c, travel between two scintil-
lation counters distance L m apart. What is the minimum value of L necessary
to differentiate between the particles if the time of flight can be measured with
an accuracy of 100 ps?

In the historical discovery of antiproton, negatively charged particles of pro-
tonic mass had to be isolated from a heavy background of K, 7~ and ™.
The negatively charged particles which originated from the bombardment of a
target with 5.3 GeV protons, were subject to momentum analysis in a magnetic
field which permitted only those particles with momentum p = 1.19GeV/c
to pass through a telescope system comprising two scintillation counters in
coincidence with a separation of d =12 metres between the detectors. Identify
the particles whose time of flight in the telescope arrangement was determined
ast = 51 £ 1 ns. What would have been the time of flight of 7 mesons?

A scintillation spectrometer consists of an anthracene crystal and a 10-stage
photomultiplier tube. The crystal yields about 15 photons for each 1keV of
energy dissipated. The photo-cathode of the photomultiplier tube generates
one photo-electron for every 10 photons striking it, and each dynode produces
3 secondary electrons. Estimate the pulse height observed at the output of
the spectrometer if a 1 MeV electron deposits its energy in the crystal. The
capacitance of the output circuit is 1.2 x 107!°F,

A sodium iodide crystal is used with a ten-stage photomultiplier to observe
protons of energy 5 MeV. The phosphor gives one photon per 100 eV of energy
loss. If the optical collection efficiency is 60% and the conversion efficiency of
the photo-cathode is 5%, calculate the average size and the standard deviation
of the output voltage pulses when the mean gain per stage of the multiplier is
3 and the collector capacity is 12 PF.

[University of Manchester]

A 400-channel pulse-height analyzer has a dead time t = (17 + 0.5 K) ps
when it registers counts in channel K. How large may the pulse frequencies
become if in channel 100 the dead time correction is not to exceed 10%?
Repeat the calculations for the channel 400.

An anthracene crystal and a 12-stage photomultiplier tube are to be used as
a scintillation spectrometer for S-rays. The phototube output circuit has a
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9.56

9.57
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combined capacitance of 45 PF. If an 8-mV output pulse is desired whenever a
55-keV beta particle is incident on the crystal, calculate the electron multipli-
cation required per stage. Assume perfect light collection and a photo-cathode
efficiency of 5% (assume 550 photons per beta particle)

Figure 9.1 shows the gamma-ray spectrum of >’Na in Nal scintillator. Indicate
with explanation the origin of the parts labeled as A, B, C, D and E, Given that
22Na is a positron emitter and emits a y-ray of 1.275 MeV.

Assuming that the shape of the photpeak in the scintillation counter is described
by the normal distribution, show that the half width at half-maximum is
HWHM = 1.177¢

The peak response to the 661keV gamma rays from '3’Cs occurs in energy
channel 298 and 316. Calculate the standard deviation of the energy, and the
coefficient of variation of the energy determination, assuming the pulse ana-
lyzer to be linear.

9.2.7 Cerenkov Counter

9.58

9.59

9.60

Explain what is meant by Cerenkov radiation. How may a Cerenkov detector
distinguish between a kaon and a pion with the same energy? A pion of energy
20 GeV passes through a chamber containing CO, at STP. Calculate the angle
to the electron’s path with which the Cerenkov radiation is emitted. (Use the
result that the velocity of a relativistic particle v = ¢(1 — y~2)!/2. [Mass of
pion = 140 MeV, M, = 938 MeV; refractive index of CO, at STP = 1.0004]

An electron incident on a glass block of refractive index 1.5 emits Cerenkov
radiation at an angle 45° to its direction of motion. At what speed is the elec-
tron travelling?

[University of Cambridge, Tripos 2004]

Consider Cerenkov radiation emitted at angle 6 relative to the direction of a
charged particle in a medium of refractive index n. Show that its rest mass
energy mc? is related to its momentum by mc? = pc(n® cos®> 6 — 1)'/?
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9.61

9.62

9.63

9.64

In an experiment using a Cerenkov counter, one measures the kinetic energy of
a given particle species as E(kin) = 420 MeV and observes that the Cerenkov
angle in flint glass of refractive index (u = 1.88) is & = arc cos(0.55). What
particles are being detected (calculate their mass in m, units)

Calculate the number of Cerenkov photons produced by a particle travelling
at B = 0.95 in water (n = 1.33) in the response range (3500-5500 A) per unit
path length.

Estimate the minimum length of a gas Cerenkov counter that could be used
in threshold mode to distinguish between charged pions and charged kaons
with momentum 15 GeV/c. Assume that a minimum of 175 photons need to
be radiated to ensure a high probability of detection. Assume also that the radi-
ation covers the whole visible spectrum between 400 and 700 nm and neglect
the variation with wavelength of the refractive index of the gas (n = 1.0004)

What type of material would you choose for a threshold Cerenkov counter
which is to be sensitive to 900 MeV/c pions but not to 900 MeV/c protons.

9.2.8 Solid State Detector

9.65

A depletion-layer detector has an electrical capacitance determined by the
thickness of the insulating dielectric. Estimate the capacitance of a silicon
detector with the following characteristics: area 1.5 cm?, dielectric constant
10, depletion layer 40 wm. What potential will be developed across the capac-
itance by the absorption of a 5.0 MeV alpha particle which produces one ion
pair for each 3.5 eV dissipated?

9.2.9 Emulsions

9.66

The range of protons in C, emulsion is given in the following table (Range in
microns, energy in MeV). Draw a graph of the Range — Energy-Relation for
Deuterons and *He particles.

R 0 50 100 150 200 250 300 350 400 450 500

E 0 232 359 461 548 627 7.01 7.69 832 891 947

9.2.10 Motion of Charged Particles in Magnetic Field

9.67

For a relativistic particle of charge e moving in a circular orbit of radius 7 in
a magnetic field B perpendicular to the orbital plane, show that p = 0.3 Br,
where the momentum p is in GeV/c and B in Tesla and r in metres.
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A 10GeV proton is directed toward the centre of the earth when it is at dis-
tance of 10° earth radius away. Through what mean transverse magnetic field
(assumed uniform) must it move if it is to just miss the earth?

A proton of kinetic energy 20 keV enters a region where there is uniform elec-
tric field of 500 V/cm, acting perpendicularly to the velocity of the proton.
What is the magnitude of a superimposed magnetic field that will result in no
deflection of the proton?

[University of Manchester]

A particle of known charge but unknown rest mass is accelerated from rest by
an electric field E into a cloud chamber. After it has traveled a distance d, it
leaves the electric field and enters a magnetic field B directed at right angles
to E. From the radius of curvature of its path, determine the rest mass of the
particle and the time it had taken to traverse the distance d.

[University of Durham]

A proton accelerated to 500 keV enters a uniform transverse magnetic field of
0.51T. The field extends over a region of space d = 10cm thickness. Find
the angle o through which the proton deviates from the initial direction of its
motion.

An electron is projected up, at an angle of 30° with respect to the x-axis, with a
speed of 8 x 10° m/s. Where does the electron recross the x-axis in a constant
electric field of 50 N/C, directed vertically upwards?

A proton moving with a velocity 3 x 10> ms~! enters a magnetic field of 0.3 T,
at an angle of 30° with the field. What will the radius of curvature of its path
be (e/m for proton ~ 108 C kg™!)?

What energy must a proton have to circle the earth at the magnetic equator?
Assume a 1 G magnetic field.

The average flux of primary cosmic rays over earth’s surface is approxi-
mately 1cm™2s™! and their average kinetic energy is 3 GeV. Calculate the
power delivered to the earth from cosmic rays in giga watts. (Earth’s radius

= 6,400 km)

Kaons with momentum 25 GeV/c and deflected through a collimator slit at a
distance of 10 m from a bending magnet 1.5 m long which produces a field of
1.2 T. What should be minimum width of the slit so that it accepts particles of
momenta within 1% of the central value?

9.2.11 Betatron

9.77

The orbit of electrons in a betatron has a radius of 1m. If the magnetic field
in which the electrons move is changing at the rate of 50 W m~2s~!, calculate
the energy acquired by an electron in one rotation. Express your answer in
electron volts.

[University of New Castle 1965]
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9.78 In a betatron of diameter 72 in operating at 50 c/s the maximum magnetic field

is 1.2 Wb/m?. Calculate
(a) the number of revolutions made each quarter cycle

(b) the maximum energy of the electrons

(c) the average energy gained per revolution
[University of New Castle 1965]

9.2.12 Cyclotron

9.79 A cyclotron is designed to accelerate protons to an energy of 6 MeV. Deduce
the expression for the kinetic energy in terms of radius, magnetic field etc and
calculate the maximum radius attained.

[University of Bristol 1967]

9.80 If the acceleration potential (peak voltage, 50,000) has a frequency of 1.2 x
107 ¢/s, find the field strength for cyclotron resonance when deuterons and
alpha particles, respectively are accelerated. For how long are the parti-
cles accelerated if the radius of orbit at ejection is 30.0 cm? Deuteron rest
mass = 2.01 amu. a-particle rest mass = 4.00 amu

[University of New Castle 1965]

9.81 The original (uniform magnetic field) type of fixed frequency cyclotron was
limited in energy because of the relativistic increase of mass of the accelerated
particle with energy. What percentage increment to the magnetic flux density
at extreme radius would be necessary to preserve the resonance condition for
protons of energy 20 MeV?

[University of Durham 1972]

9.82 A cyclotron is powered by a 50,000V, 5Mc/s radio frequency source. If its

diameter is 1.524 m. what magnetic field satisfies the resonance conditions for

(a) protons (b) deuterons (c) alpha-particles? Also what energies will these
particles attain?

[University of Durham 1961]

9.83 In a synchrocyclotron, the magnetic flux density decreases from 15,000 G at
the centre of the magnet to 14,300 G at the limiting radius of 206 cm. Calculate
the range of frequency modulation required for deuteron acceleration and the
maximum kinetic energy of the deuteron. (The rest mass of the deuteron is
3.34 x 107 g)

[University of London 1959]

9.84 Calculate the magnetic field, B and the Dee radius of a cyclotron which will
accelerate protons to a maximum energy of 5MeV if a radio frequency of
8 MHz is available.

9.85 When a cyclotron shifts from deuterons to alpha particles it is necessary to
drop the magnetic field slightly. If the atomic masses of *H and “He are
2.014102 amu and 4.002603 amu, what is the percentage decrease in field
strength that is required?

[Osmania University]
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A synchro-cyclotron has a pole diameter of 4m and a magnetic field of

1.5W m~2 (15,000 G). What is the maximum energy that can be transmitted

to electrons which are struck by protons extracted from this accelerator?
[University of Bristol 1968]

If the frequency of the dee voltage at the beginning of an accelerating sequence
is 20 Mc/s, what must be the final frequency if the protons in the pulse have
an energy of 469 MeV?

[University of Durham 1963]

9.2.13 Synchrotron

9.88

9.89

9.90

9.91

9.92

9.93

9.94

At what radius do 30 GeV protons circulate in a synchrotron if the guide field
is | Wm™

Calculate the orbit radius for a synchrotron designed to accelerate protons to
3 GeV assuming a guide field of 14 kG
[University of Durham 1962]

What percentage depth of modulation must be applied to the dee voltage of
a synchrotron in order to accelerate protons to 313 MeV assuming that the
magnetic field has a 5% radial decrease in magnitude.

[University of Durham 1962]

An electron synchrotron with a radius of 1 m accelerates electrons to 300 MeV.
Calculate the energy lost by a single electron per revolution when it has
reached maximum energy.

[Andhra University 1966]

Show that the radius R of the final orbit of a particle of charge ¢ and rest mass
mq moving perpendicular to a uniform field of magnetic induction B with a
kinetic energy n times its own rest mass energy is given by

R =mycn?®+ Zn)l/z/qB

Protons of kinetic energy 50 MeV are injected into a synchrotron when the
magnetic field is 147 G. They are accelerated by an alternating electric field
as the magnetic field rises. Calculate the energy at the moment when the mag-
netic field reaches 12,000 G (rest energy of proton = 938 MeV)

[University of Bristol 1962]

A synchrotron (an accelerator with an annular magnetic field) accelerates pro-
tons (mass number A = 1) to a kinetic energy of 1,000 MeV. What kinetic
energy could be reached by deuteron (A = 2) or He (A = 3, Z = 2)
when accelerated in this machine? Take the proton mass to be equivalent to
1,000 MeV.

[University of Durham 1970]
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9.95

9.96

9.97

9.98

A synchrocyclotron accelerates protons to 500 MeV. B = 18kG, V = 10kV
and ¢, = 30°. To find

(a) the radius of the orbit at extraction
(b) Energy of ions for acceptance

(c) the initial electric frequency limits
(d) the range of frequency modulation

Explain how a synchrotron accelerates particles. What is the main energy loss
mechanism in these devices? How much more power is needed to maintain a
beam of 500 GeV electrons in a synchrotron of radius 1 km than to maintain a
beam of protons of the same energy? Is this feasible?

[University of Aberyswyth 2003]

Protons are accelerated in a synchrotron in the orbit of 10 m. At one moment in
the cycle of acceleration, protons are making one revolution per microsecond.
Calculate the value at this moment of the kinetic energy of each proton in MeV.

[University of Bristol 1961]

Electrons are accelerated to an energy of 10 MeV in a linear accelerator, and
then injected into a synchrotron of radius 15 m, from which they are acceler-
ated with an energy of 5 GeV. The energy gain per revolution is 1keV

(a) Calculate the initial frequency of the RF source. Will it be necessary to
change this frequency?

(b) How many turns will the electron make?

(c) Calculate the time between injection and extraction of the electrons

(d) What distance do the electrons travel within the synchrotron?

9.2.14 Linear Accelerator

9.99

9.100

9.101

Protons of 2MeV energy enter a linear accelerator which has 97 drift tubes
connected alternately to a 200 MHz oscillator. The final energy of the pro-
tons is S0 MeV (a) What are the lengths of the second cylinder and the last
cylinder (b) How many additional tubes would be needed to produce 80 MeV
protons in this accelerator?

The Stanford linear accelerator produces 50 pulses per second of about 5 x
10" electrons with a final energy of 2 GeV. Calculate (a) the average beam
current (b) the power output.

A section of linear accelerator has five drift tubes and is driven by a 50 Mc
oscillator. Assuming that the protons are injected into the first drift tube at
100kV and gain 100kV in every gap crossing

(a) What is the output energy after the fifth drift tube?

(b) What is the total length of the whole section? (Ignore the gap length)

[AEC 1966 Trombay]
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What is the length L of the longest drift tube in a linac which operating at a
frequency of f = 25 MHz is capable of accelerating '>C ions to a maximum
energy of £ = 80 MeV?

9.2.15 Colliders

9.103

9.104

Two beams of particles consisting of n bunches with Ny and N, particles
in each circulate in a collider and make head-on-collisions. A, the cross-
sectional area of the beam and f is the frequency with which the particles
circulate, obtain an expression for the luminosity L.

In an electron-positron collider the particles circulate in short cylindrical
bunches of radius 1.2 mm. The number of particles per bunch is 6 x 10! and
the bunches collide at a frequency of 2 MHz. The cross-section for ut pu~
creation at 8 GeV total energy is, 1.4 x 10733 cm?; how many u*t ™ pairs
are created per second?

9.105 (a) Show that in a head-on-collision of a beam of relativistic particles of

9.106

9.107

9.108

energy E| with one of energy E», the square of the energy in the CMS is 4
E, E, and that for a crossing angle 6 between the beam this is reduced by
a factor (14cos 0)/2, (neglect the masses of beam particles in comparison
with the energy)

(b) Show that the available kinetic energy in the head-on-collision with two
25 GeV protons is equal to that in the collision of a 1,300 GeV proton with
a fixed hydrogen target. (Courtesy D.H. Perkins, Cambridge University
Press)

Head-on collisions are observed between protons each moving with velocity
(relative to the fixed observer) corresponding to 10'° eV. If one of the protons
were to be at rest relative to the observer, what would the energy of the other
need to be so as to produce the same collision energy as before. The rest
energy of the proton is 10° eV.

[University of Manchester 1958]

It is required to cause protons to collide with an energy measured in their
centre of mass frame, of 4 Myc? in excess of their rest energy 2 Myc?. This
can be achieved by firing protons at one another with two accelerators each of
which imparts a kinetic energy of 2 Myc?. Alternatively, protons can be fired
from an accelerator at protons at rest. How much energy must this single
machine be capable of imparting to a proton? What is the significance of this
result for experiments in high energy nuclear physics?

[University of New Castle 1966]

The HERA accelerator in Hamburg provided head-on collisions between
30 GeV electrons and 820 GeV protons. Calculate the centre of mass energy
that was produced in each collision.

[Manchester 2008]
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9.109 Atacollider, a 20 GeV electron beam collides with a 300 GeV proton beam at
a crossing angle of 10°. Evaluate the total centre of mass energy and calculate
what beam energy would be required in a fixed-target electron machine to
achieve the same total centre-of-mass energy.

9.3 Solutions

9.3.1 System of Units

91 E=Mc*=1x3x10%?=9x 10'°]
=9 x 10'%J/(1.6 x 1071°J/GeV) = 5.63 x 10* GeV

9.2 (a) hc = 197.3MeV-fm

In natural units, h =c =1
Therefore 1 = 197.3 MeV-fm = 0.1973 GeV-10~*m
Therefore 10~"* m = 1/0.1973 GeV ™!
or Im = 10'/0.1973 = 5.068 x 10" GeV~!

(b) From (a) we have
1 m? = (5.068)2 x 10° GeV ™2 = 25.6846 x 10°° GeV 2
Therefore 1 GeV~—2 = 1073°/25.6846 m? = 0.389 mb

(c) h=1.055 x 1073*J-s
1 =1.055x 1073 J-5/1.6 x 1071 /GeV
Therefore 1s = (1.6 x 10719/1.055 x 1073*) GeV~! = 1.5 x 10** GeV ™!

9.3 (a) In practical units A, = h/m. c

Puth=c=1
In natural units A, = 1/me

(b) In practical units Bohr’s radius of hydrogen atom is
ay = g9 h?*/m me?* = gg hhc/mm ce?
In natural units ay = 1/am.

(c) In the ground state velocity
v = h/mag = ho
where we have used the results of (b)
Put A = 1 to find v = « in natural units.
Numerical values:
re = h/mec = (he/mec?) MeV.fm/MeV = 197.3/0.511 fm = 385 fm
=0.00385 x 107'"m
=0.00385 A
ay = 4meg h?/e* m = (4 wey/e?) (h c)?/mc?
= [1/(1.44MeV-fm)] x (197.3 MeV-fm)?/0.511 MeV
=53,000fm = 0.53 x 107'"m
v=oac=(3x10%/137) ms™!
=2.19 x 10°ms™~!
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9.4 In natural units 7 = 2/ma?. Introduce the factors 4 and ¢
Let T = 2A° ¢¥/m o
Find the dimensions: [2] = [Energy x Time], [c] = [velocity]
[1] = [1/m][ML> T~'[LT~'P
[T] = M [LPXY[T] Y
Equating the coefficients on both sides of the equation,
—x—y=12x4+y=0,x—-1=0
wegetx =1, y=-2
Therefore t = 2hc 2/ ma’® = 2 h/mc’a’
T =2 x (0.659 x 1072! MeV-s) x (137)°/0.511 MeV
=1.245x 10705

95 I, = G2 m,’ /19273 M

Now, the dimensional formula for G is
[Energy] 2 [h c]® and [T",,] = [Energy]
Introduce % and ¢ in (1) and take dimensions on both sides.

T, =G mp’ b* ¢ /19273 )

[M L2 T—Z] — [M L2 T—2]—4 [M]S [M L2 T—l]x+6 [L T—l]y-‘rﬁ
or [M LZ T—Z] — [M]7+x [L]10+2x+y [T]—4—x—y

Equating powers of M, L and T, we find

x=—6andy =4

and (2) becomes

Ty = Gg* m,> h™° ¢*/19273

I, =h/t = Gg* (m,,c*)’ /192 (he)°n?

=(1.116 x 107> GeV~2)2(105.659 x 1073)° /19273
7=239x%x10"%s

9.3.2 Production

9.6 (a) The relation for lab angle 6 and the C.M.S. angle 6* is given by
tan 6 = sin 0% /y.(cos 6* + B./B%) (1)
where B. = v./c is the CMS velocity and y, is the corresponding Lorentz
factor (see summary of Chap. 6). For photon f* = 1 and . = 1 as the
electron is ultra relativistic. Dropping off the subscript c, (1) becomes
tan 0 = sin 0*/y(cos 6* + 1) = tan (8*/2)/y 2)
(b) Assuming that the photons are emitted isotropically, half of the photons will
be contained in the forward hemisphere in the CMS, that is within 6* = 90°.
Substituting 8* = 90° in (2)
tan 0 =1/y
As the incident electron is ultrarelativistic the photons in the lab would come
off at small angles so that tan & &~ 6 = 1/y. Thus half of the photons will be
emitted within a cone of half angle 6 ~ 1/y.
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If a particle m; moving with total energy E; collides with the target of mass
my, then the total energy in the CMS will be

E* = (ml2 +my? +2m, E1)1/2

If Ey >> mj or my, then E* « /E,

Ecy = E* =~ (ZmELab)l/z =2 x0511x 1073 x 50)1/2

= 0.226 GeV = 226 MeV

o = 4ma’h? c?/3(Ecy)?

= (47/137%) x (197.3MeV-fm)?/(3 x 226%) = 1.7 x 10~* fm?

=1.7 x 1073 cm?

Macroscopic cross-section per atom

Y =0Nop/A =17x1073x6.02x 10 x 11.4/207 = 0.5636 x 10~ cm ™!
Ye = Z. Taom = 82 x 0.5636 x 1077 = 4.62 x 10~ %cm™!

Interaction mean free path A = 1/X, = 1/4.62 x 107® = 2.16 x 10° cm
=2.16km

(a) Minimum energy required in the C.M.S. is
E*=M+ M =2 x0.938 = 1.876 GeV
If E is the positron energy required in the LS, then
E = E*2/2m. = (1.876)*/2 x 0.511 x 1073 = 3,444 GeV
(b) Energy requirements are drastically reduced
(c) Each beam of energy m, —m. ~ 938 MeV, need to be oppositely directed.

3 Interaction

9.10 In the collision of a particle of mass m, of total energy E| with m at rest, the

9.11

centre-of-mass energy is

E* = (’7112 +ma? 4+ 2my E1)1/2

ey
Here, m; = 938 MeV, m, = 938 MeV, E; =938 +200 = 1,138 MeV
Using these values in (1), we find E* = 1973 MeV

Useful energy for particle production
=E*"—(m; +my) =1,973 — (938 4+ 938) = 97 MeV

Pion can not be produced as the threshold energy is 290 MeV. Muons and
electron — positron pairs are not produced in strong interactions. The reso-
nance A(1, 236 MeV) also can not be produced.

o =10"2E =10"* x 200 =2 x 107 m?
Number of nucleons/m>, n = p/m, =7,900/1.67 x 107?" = 4.7 x 10%
Y=n0=47x10"%x2x107% =94 x 107"%m™!
The mean free path A = 1/ = 1/9.4 x 1071 = 1.06 x 10° m.

If t is the thickness of iron then the probability for interaction
P=t/A=1/1.06 x 10° =1/10°

Required thickness of iron, ¢ &~ 1.0 m.
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9.12 (a) In elastic scattering, total kinetic energy is conserved. Life-time means

9.13

9.14

9.15

mean-life-time i.e., the time in which the population of unstable particles
is reduced by a factor e. The important interactions that the muons undergo
are elastic scattering and the reaction, u~ + p — n +v,.

Let the muons travel a distance d metres. Then their intensity will be
reduced due to decay by a factor

1/1y = exp(—d/vy 1) (D
y =1/ =02/ =1/[1 = (10°/3 x 10%?]"?

= 1.0033

I/Iy = exp—(d/(1.0033 x 10° x 2.2 x 107%))

= exp —(0.4534d) 2)

The intensity reduction due to interaction will be

1/1) = exp(—dX) (3)
S=0on=01x10"2x2.69 x 10 =2.69 x 107+
1)1y = exp(—2.69 x 10~%)d “)

Comparing (2) and (4), reduction due to decay will be by far greater than
by interaction for any value of d.

(b) Repetition of calculation for 7 = 4GeV, y = 38.7, B ~ l,and d =
12,000 m, gives I1/Iy = e~ %% = 0.625, so that a large number of muons
survive at the ground level. The distance at which muons of energy 4 GeV
will be reduced by e is given by d = vy 1y = 3x 108 x38.7x2.2x 1076 =
2.55 x 10*m = 25.5km.

The geometrical cross-section is
0y =7 R? = nt(rg A'?)? = 7t ry? A3
=7(1.3 x 10713)? (208)*3 = 1.86 x 107> cm?
Number of lead atoms/cm®, n = Ny p/A = 6 x 102 x 11.3/207 =
3.275 x 10%
Macroscopic cross-section
Y =no = (3.275 x 10%) (1.86 x 1072*) = 0.06 cm™!
The interaction length, A = 1/X = 1/0.06 = 16.7cm

Number of interactions per second in volume V
I =%V
=0 NygpV Ih/A
= (40 x 107%7 cm?)(6.02 x 10% x 0.071/2) x 125 x 2 x 103
= 213.7 neutral pions/s are produced.
Each pion decays into two photons. Therefore number of photons produced
per second = 427

1/l = exp(—Xx)
Y =no = Npo/A
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=6.02 x 10% x 7.9 x 600 x 10727/55.95 = 0.051 cm™!
I/Iy = 1/500 = exp(—0.051 x)
Take log, on both sides of the equation and solve for x.
We find x = 122cm = 1.22m.

Thus a thickness of 1.22m iron will reduce the pion beam by a factor of
500. This does not include the reduction due to the decay of pions. Muons have
much less interaction cross-section so that much greater thickness is required.

9.16 From the momentum triangle (Fig. 9.2)
P2 = po® + pe? — 2 po pe cos ¢ (momentum conservation)
E,=Ey—T (energy conservation)
Since m, =0, p, = E,
Therefore
P =E’=(Ey—T)Y = Ey>+T*+2mT —2E(T? +2mT)"?cos ¢
Simplifying,
Eo(T? +2mT)"?cos ¢ = T(Ey —m) ~ T E, (because Eg >> m)
Squaring and simplifying
tang ~ ¢ = 2m/T)"/?

Fig. 9.2

9.17 (a) In this reaction initially the total strangeness quantum number

9.18

9.19

S; = 8z + 8 = 0+ 0 = 0, while for the final state

Ss=Sk+Sx=—-14+(-1)=-2

AS = —2. Therefore, the rule AS = 0 for strong interactions is violated.
(b) The total isospin for the initial state / = 0+ 0 = 0, while for the final state

I=0+1=1.

Al = 1. Therefore, the rule Al = 0 for strong interactions is violated.

M(CHe,) = M(A) + M (He*) — B(A)
=1,115.58 4+ 3,727.32 — 3.08 = 4,839.82 MeV /c?

Let P, and P; be the initial and final four-momentum transfer.
Pi = (p;, iE)

Pt = (py, 1Ey)

Q=P —Pr=@p; —pp +i(Ei — Ey)

Q% = p® + pi® —2pipr— E — EF + 2 E Ex

= —m? —m? +2FE; Ef — 2piprOS 0

If Ei >> m and E; >> m, then p; & Ej, and pr & E.
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0> =2E; Ef(1 —cos 0)
Thus, the approximation is valid when the particle mass is much smaller
than the energies.

9.3.4 Decay

9.20 (a) If a particle A at rest decays into B and C then the total energy of B will be
Eg = (mA2 +mp? — mcz) /2ma
Inserting the values ma = 494MeV, mg = 135MeV and m¢c =
140 MeV, we find E(7°) = 245.6 MeV.
(b) Kinetic energy of 7% is E o — myo = 245.6 — 135 = 110.6 MeV

9.21 If I is the original intensity and / the observed intensity, then
I = 10 efs/vr — 10 e
y=1+T/m=1+4100/139 = 1.719
B=w*— DYy =1.719> — HY?/1.719 = 0.813
a=1/vt —1t=1/va=1/Bca=1/(0.813x3x 108 x 9.1 x 1072)
T=45x108s
Proper life time 1) = 7/y = 4.5 x 1078/1.719 = 2.62 x 1078 s

9.22 my c? =966.7 x 0.511 = 494 MeV
m, c? =273.2 x 0.511 = 139.5 MeV
Energy released in the decay
Q =mg —3m; =494.0 — 3 x 139.5 = 75MeV
Maximum kinetic energy of one pion will occur when the other two pions
go together in the opposite direction, that is energy is shared between one
and2 7’s
Non-relativistically
T, (max) = Q X 2m,/2m; +my) =75 x 2/3 = 50MeV
Relativistically
T, (max) = E; —m, = [(ml(2 + mnz - (zmﬂ)z) /2mK] — My
Inserting the values of my and m,, we find 7, (max) = 48.4 MeV. The dif-
ference in the two results is 3.3%.

9.23 Inthe decay A — B + C,
Ep = (ma®+mp*>—mc?) [2my
Here B =v, A =, C = . It follows that
E| = (m} —m3,) /2m, (because m, = 0)

9.24 The maximum energy of neutron is obtained when the neutrino has zero
energy, neutron and muon being emitted in the opposite direction.
The energy released in the decay is
Q=myz—(my+m, +m,)=1,189 — (939 + 106 + 0) = 144 MeV
Non-relativistically,
T, = Om,/(m, +m,) = 144 x 106/(106 4 939) = 14.6 MeV
Relativistically,
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Ey = (ms? 4+ my? —m,?) [2ms = (1,189% + 939 — 106%)/2 x 1,189 =

960.6 MeV
Therefore T,, = E, — m, = 960.6 — 939 = 21.6 MeV

Maximum neutrino momentum in the L-system is obtained when the neutrino

is emitted in the forward direction, that is at 8* = 0 in the rest system of

K-meson (Fig. 9.3).

The energy of the neutrino in the rest frame of K-meson is
E* = (mK2 — mﬂz) /2my = 235.6 MeV

P,* = 235.6 MeV /c (because m, = 0)

Py, =y pv* (1+ BxBy™ cos 6%)

B =1,0*=0; p,* =235.6MeV/c

yk = 1+ Tx/mx = 1 +500/494 = 2.012

Bx = 0.868

pv = (2.012)(235.6)(1 + 0.868) = 885.5MeV/c

Fig. 9.3 Decay configuration e o —
K ,
500 MeV
9.26 Rest mass energy of the heavy meson, M = 965 x 0.511 = 493 MeV

9.27

9.28

y=1+T/M =1+450/493 = 1.101
B=*—DY2/y =(1.101> — 1H/2/1.101 = 0.418

Observed mean lifetime t is related to proper lifetime by
T=7Y
T=d/Bc=17/0.418 x3 x 108 = 1.355 x 10785 = 1.101 1
Therefore 7p = 1.23 x 10785

Fraction of pions that will not decay
I/1y = exp(—t/79) = exp(—d/p c y T0)

y = E/m=(p>+m*)'?/m =[(p*/m*) + 11'* = [(10/0.1396)* +1]'/> =

71.64
p~1

Therefore I/Iy=exp(—100/1x3x108x71.64x2.6x10~%) = exp(—0.179) =

0.836

Vi = (p2/m?) + D2 = ((8/0.1057%) + 1)!/2 = 75.69
Bu~1

1, =dy/Bec = 100 x 75.69/1 x 3 x 10% = 25.23 x 10~
v =d/c=100/3 x 108 =0.333 x 107

Therefore At =1, —t, = (25.23 — 0.33) x 1075

=249 s

In the rest system of pion the muon is emitted with kinetic energy
T,* = 4MeV (see Problem 6.54)

Its energy in the LS will be maximum when 6* = 0 and minimum when

0* = 180 in the CMS. Applying the relativistic transformation equation
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E[L = Eu* y?'((l + ﬁu*ﬂn cos 6%)
E,* =105.7+4.0 = 109.7MeV; y,* = 1.0378; B,* = 0.2676
v =5/0.1395 =35.84; B, =~ 1
E, (max) = 4.98GeV; E, (min) = 2.88 GeV
The decay equation is
I =1y exp(—t/yt) =1y exp(—=d/p c yT) (1
For K™ meson beam
Bx = 1/[1+mx?/px?]
Substituting mkx = 0.5GeV/c? and px = 1 GeV/c
Bk = 0.894; yx =2.23; x = 10°%s; d = 10m
Using these values in Eq. (1)
1/1y = exp(—1.672) = 0.188
which is tolerable.
For A-hyperon beam
Ba =1/[1+ma*/pa®]"" =07
va =196, 1o =25x107%s; d = 10m
Using the above values in (1) we find
1/1y = exp(—97) ~ zero
which is not at all useful.

172

1/2

d = vt €))
t=yTo (2
p=myvy 3)
Combining (1), (2) and (3)

d=pTy/mo

Inverse Lorentz transformations gives
E,* = yE,(1 = Bcos6) = Eyly — (y* = D'/ cos6]
= Ely —v(1 = 1/2y*)(1 - 6?/2)]
E)* ~ (E,/2y)(1 +y?6%) (1)
where we have neglected terms §2/2y for y >> 1 and considered small 6.
But E,* = (m,*> —m,?) /2m, and E, =y my )
Using (2) in (1) we get the desired result.

I/Iy = 1/100 = exp(—d/Bc yT)
Putd = 20m, ¢ = 3 x 108m/s and = 0.8 x 10715 and take log, on
both sides to solve for By. We find By = 181. Therefore, the momentum of
hyperon,
cp =mpBy = 1.19 x 181 = 215GeV
Thus, the minimum momentum required is P = 215 GeV/c

The elastic scattering of ¥~ hyperons with protons can be recorded in the
hydrogen bubble chamber from the kinematical fits of events.
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It may be noted that the beams of sigma hyperons are available only in
recent times. This has been possible because of time dilation for high momenta
particles. Even beams of omega minus have been used.

do  2G2(m,c?)’ E2 | 4E
dE,  (m)(he) < 3mM02)

This is the differential energy distribution of electrons from the decay of muon.
The distribution has a maximum, which is easily found out by differentiating
the right hand side of the above expression with respect to E. and setting it
equal to zero. We easily find the maximum of distribution to occur at E, =
my, c/2.

Now, if we regard the electron mass to be negligible then the maximum
value of the electron energy will occur when it is emitted in a direction oppo-
site to the two neutrinos, its maximum energy being also m,, c?/2. A rough
plot of the electron energy spectrum is shown in Fig. 9.4.

9.33
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Electron energy,Mev =

Fig. 9.4

The orientation of momenta and helicities of the particles in the decay are
shown in Fig. 9.5.

o, o,
Fig. 9.5 Pion rest-frame —p T t—
sketch indicating sense of B S

spin polarization in pion % H
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The integration of the expression
2

mpc

EZ(1—4E./3m, ¢*)dE.
0

gives (m,, ¢?)*/48 so that the full expression for full width is
I = Gg2(me?)’ /(he)® 19273

which is identical with the one stated in Problem 9.5. The mean life time is
obtained from t = //T as in the solution of 9.5.

9.34 (a) The charged pions 7+ decay by weak interactions ¥ — u + v, and so
their mean lifetime is relatively longer, while the neutral pion 7° decays
via 1% — 2y, electromagnetically and therefore their mean life time is
shorter.

(b) The 7" and 7~ are particle and antiparticle pair and they are expected to
have the same mass by the CPT theorem. On the other hand ¥* and X~
hyperons are not particle-antiparticle. Actually X'~ is the antiparticle of
»+. %+ and ¥~ are the members of the isospin triplet (£+, X° %7)and
because of difference in their charges can slightly differ in their mass sim-
ilar to the masses of neutron and proton for the isospin doublet of nucleon.

(c) A-hyperon decays via A — p + 7~ or n + 7°, the interaction is weak.
Similarly the hyperon E° decays via E° — A + 7%, which is also a weak
decay. In both the cases the lifetimes are relatively long on the nuclear
scale. On the other hand the decay of X°-hyperon via X° — A + y is
electromagnetic. The explanation is the same as in (a)

9.35 Apply the formula
M? = my* +my* + 2EyEx — PyPy cos 6) (D)
Use the values:
mp = 0.939GeV, m, =0.139GeV, P, =0.44GeV
P, = 0.126GeV, E, = 1.036GeV, E, = 0.188GeV, 6 = 64° and find
M = 1.114GeV /c?. The particle is A hyperon

9.3.5 Ionization Chamber, GM Counter and Proportional Counters

9.36 The problem is based on the double source method for the determination of the
dead time of a G.M. counter. Two radioactive sources of comparable strength
are chosen. In all four counts are taken. First, the background rate B per second
is found out when neither source is present. One of the sources is placed in
a suitable position so that a high counting rate N; is registered. While this
counter is in the same position, the second source is placed by its side to get
the counting rate N,. Finally, the first source is removed so that the second
counter above gives a count of N,. If nj, n, and nj, are the true counting rates
then we expect

(m+B)+(my+B)=n;p+ B
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9.37

9.38

9.39

9.40

or
ny+ny=np—8 (1)

Now, for each particle that is counted, on an average there will be a dead
time T during which particles are not counted. Then if N is the counting rate
(number of counts/second) then the time lost will be Nt, so that the true
counting rate

n=N/(1—-Nrt)

Thus ny = N; /(1 — N1) etc.
We can then write (1) as

Ni/(A =Ny 1)+ N2/(1 = Ny 1) = Nio/(1 = Nip 1) — B/(1 — Br) @)

Now, in practice N; and N, will be of the order of 100 per second, Ny, is of
200 per second, B ~ 1 per second and t ~ 10~ second, so that Ny t << 1,
etc. We can then expand the denominators binomially and write to a good
approximation

Ni(1 + Ni7) + No(1 + Nat) = Nio(1 + Nipt) — B(1 + B1)
Ni+N,—Np+B=t1 [N122 — N12 — sz] xT [(N1 + N2)2 — N12 — N22]
Ort =(N;y+ N, — N1+ B)/2N; N,

The voltage sensitivity is 4 divisions per volt.

So 0.8 divisions correspond to 0.2 V.

The charge deposited, Q = CV = 0.5 x 10712 x 0.2 = 103 Coulomb
If n ion pairs are released then ne = Q

Therefore n = Q/e = 10713/1.6 x 107! = 6.25 x 10’ ion pairs.
Energy of alpha particles = (number of ion pairs) x (Ionization energy)
= (6.25 x 10°)(35) = 21.87 x 10°eV = 21.87 MeV.

Let n beta particles enter the ionization chamber per second and stopped.
Number of ion pairs released when ionization energy is / is given by
n=N/I =049 x 10°/35 = 1.4 x 10*

The ionization current, i = Nne

Therefore, N = i/ne =7 x 107"1/1.4 x 10* x 1.6 x 1071 = 3.125 x 10*
beta particles/second

If M is the gas multiplication factor and N is the number of ion pairs released,
V the voltage developed, C the capacitance and e the electronic charge then
the charge Q deposited will be

Q0 = CV = MNe

OrM = CV/Ne=15x10" x 1073/(2 x 10°/35) x 1.6 x 1071° = 164

Number of primary ions produced by a 14keV electron, N = 14,000/35 =
400

Charge collected Q = MNe

where M is the gas multiplication and e = 1.6 x 10~ Coulomb the elemen-
tary charge. If C is the capacitance of the circuit the pulse height will be

V = Q/C = MNe/C = 600 x 400 x 1.6 x 10719/10 x 107'2 = 3.84 x
1073V =3.84mV.
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2%  0.1%
00V~ 5V

Slope =

The voltage should not vary more than £5 V from the operating voltage of
800 V.

For the cylindrical geometry of the G.M. tube the electric field is given by
E=V/rinb/a)
where V is the applied voltage, r is the distance of a point from the anode, b
and a are the diameters of the cathode and the anode wire.

The field will be maximum close to the anode.
r=01mm=10"*m
Emax = 1,000/107* In(20/0.2) = 2.17 x 10°V/m

The lifetime of G.M. tube in years is given by dividing total number of
possible counts by counts per year.
t= 109/(52 x 30 x 60 x 3, 000) = 3.56 years.
In practice, the G.M. tube will not work properly long before the above esti-
mate.

As the mean free path is inversely proportional to the pressure, the mean free
path at 10 cm pressure will be 2 x 107 x (76/10) or 1.52 x 1073 cm.

At a distance r = mean free path = 1.52 x 10~ cm. from the anode,
the electric field should be such that the electron acquires sufficient energy to
ionize Argon for which the ionization energy is 15.7 eV. The required value of
E is
E =15.7/1.52 x 1073 = 1.03 x 10* V/cm
r=V/E In(b/a) = 1000/1.03 x 10* In(20/0.1) = 0.0183 cm = 0.183 mm

The source gives 3.7 x 107 x 25 = 9.25 x 10® disintegrations/second
G.M. Counting rate of beta rays plus gamma rays
= (2,000/60) — (750/300) = 30.83/s
Therefore, efficiency = 30.83/(9.25 x 10%) = 3.33 x 108
Scintillation counter counting rate of beta particles = (9,300/60) — (300/300)
= 154/s
Therefore, efficiency = 154/(9.25 x 10%) = 16.65 x 1078

For both the counters the efficiency is low because of small solid angle of
acceptance. Both the counters would register beta particles as well as gamma
rays. But the efficiency for counting gamma rays in G.M. counter will be quite
low, being of the order of 1%. This is because gamma rays cause ionization
only indirectly by hitting the walls of the GM counter and ejecting electrons.
The efficiency is relatively higher in the scintillation counter. For this reason,
in the given situation the efficiency for scintillation counter is approximately
five times greater.

The true counting rate n is related to the observed counting rate n( by
n=no/(l —ngp7)
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9.46

9.47

9.48

where 7 is the dead time. T = 100 s = 107%s.
ng = 10*/ min = 166.7/s
n = (10*/ min)/(1 — 166.7 x 10~*) = 10,169/ min

V= Ve !/RC

¢! = Vo /V =100/99

R =1/C1n(100/99) = 86,400/(5 x 10~1%)(0.01) = 1.73 x 10'8 ohm.

V = Er In(d,/d>) (M
Putr = d,/2 = 0.01/2 = 0.005 cm

E=157/%=157/8 x 107*V/cm = 19,625V /cm

di/d, = 4/0.01 = 400

V = (19,625)(0.005)In 400 = 588 V.

Q=CV
Initial chamber charge:
QOch =5 x 10712 x 600 = 3.0 x 10~ Coulomb
Initial electrometer charge:
0q = 0.4 x 10712 x 600 = 0.24 x 10~° Coulomb
Chamber charge lost:
8 x 10° x 1.6 x 1071 = 1.28 x 10~° Coulomb
Final chamber charge:
Qa/(3.0—1.28)x 1077 =1.72 x 107~
Final electrometer charge:

[, =0.24 x 107" Coulomb
Final system charge
Q=(1.72+0.24) x 107 = 1.96 x 10~ Coulomb
Total capacitance C = (5.0 + 0.4) x 1072F = (5.4 x 107'?)
Final potential= 1.96 x 1077/5.4 x 1072 =363 V.

9.3.6 Scintillation Counter

9.49

9.50

The velocity of a particle
B =p/E=p/(p>+m)'?
The time taken to cross a distance L is

= L/Be = (L/o)[(p> +m?)/p*)'? = (L/O(1 + (m?/p*)]'
t=L/Bc=(L/o)(p~+m7)/p /e m*/p
The difference in time taken for proton and pion is

172 12

At =1, —t, = (L/c) |[1 + (mp2/p)]? = [1+ (ma2/p?)]Y }
Substituting, At = 100 x 107125, ¢ =3 x 108ms™!
m, = 0.94 GeV/c?, my = 0.14GeV/c? and p = 4GeV/c, and solving for
L, we find the minimum value of L = 1.14m

d( m2>l/2
t = - 1+—2
¢ p

Putt =51 x 107%s,¢c =3 x 108 m/s, d = 12m and p = 1.19 GeV/c and
solve for m to find m,_ = 0.94 GeV/c? for the anti proton mass.
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Er = (P2 +m;2)" = (1.192 +0.14%)!/2 = 1.198 GeV
Br = P/E, = 1.19/1.198 = 0.9933

tr = d/Br ¢ = 12/(0.9933 x 3 x 10%) = 40.26 x 105
=40.26ns

Number of photons emitted due to absorption of 1 MeV electron is
15 x 10°/10° = 15,000.
Number of photo — electrons emitted = 15,000/10 = 1,500
The electron multiplication factor M = 3!° because the photomultiplier
tube has 10 dynodes and each dynode produces 3 secondary electrons. The
charge collected at the output is
g = 1,500 x 310 % 1.6 x 1071 = 1.417 x 10~ Coulomb
The pulse height will be
V=¢g/C=1417x10"""/12x 10719 =0.118V

The number of electrons liberated by the phosphor when 5MeV proton is
stopped
n=>5x10°/100 =5 x 10*

Allowing for light collection efficiency (17) and conversion efficiency (&) of
the photocathode, number of electrons released from the cathode
N =nne =5 x 10* x (60/100)(5/100) = 1,500

After going through 10 stages the number of electrons reaching the anode
becomes with a gain (G) of 3/stage
N G =1,500 x 3! = 8.85 x 107

The charge collected at the anode
g = NGe =8.85 x 107 x 1.6 x 107'? = 14.16 x 10~'2 Coulomb

The voltage developed
V=¢g/C=1416x10""2/12 x 1072 = 1.18 V.

T =174+0.5k)ps

For channel 100, T = 17 4+ 0.5 x 100 = 67 s
True counting rate N = Ny/(1 — 67 x 107°f)
No/N =90/100 = 1 — 67 x 107°f

Or f =1,490s~!

Similarly for channel 400, f = 460 s~!

Let the gain/stage be G, so that the net gain due to electron multiplication will
be G'? (because there are 12 stages).

Number of photons producing electrons from the cathode for each beta particle
absorbed, with 5% photo-cathode efficiency = 550 x 5/100 = 27.5

Number of electrons reaching the anode = 27.5 x G'?

Charge collected, ¢ = 27.5 x G2 x 1.6 x 1071°

The voltage developed, V = ¢/C =27 x G2 x 1.6 x 10719/45 x 10712 =
8 x 1073

Solving for G, we get the gain/stage, G = 2.567
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9.55 Label A is due to photopeak of 1.275MeV y-rays. Some of the primary pho-
tons will be absorbed within the crystal after undergoing Compton scattering.
Such events merely enhance the photopeak. In other cases, the Compton-
scattered photon will escape from the crystal, the light output will now be
proportional to the energy of the recoil electron which will be absorbed in a
large crystal. There will be a energy continuum of the recoil electrons with
energy ranging from zero to maximum. The label B represents the Compton
shoulder. The strong peak labeled C marks the photopeak at 0.511 MeV due
to electron-positron annihilation leading to absorption of one of the photons.
The annihilation may take place from the positron emitted by the source or
by the pair production caused by the primary photon. Now the total kinetic
energy available by the electron-positron pair will be (hv — 1.02) MeV. When
all of the energy is dissipated, the positron will be annihilated. If both the
annihilation photons escape from the crystal, a peak (called Escape peak) will
occur at an energy (hv—1.02) MeV = 1.275—1.02 = 0.255 MeV, represented
by label D. If one of the photons escapes, another peak will occur at an energy
(hv—0.511)MeV = 1.275—-0.511 = 0.764 MeV (not shown in the Fig. 9.6).
If both the photons are absorbed, full output will be realized and this will be
added up to the photo peak.

Fig. 9.6 0.511 Annihilation

1 Escape

1.275 Gamma

Compton

Shoulder 1.786 Sum

If the annihilation peak at 0.511 MeV and the photo peak due to primary
photon occur simultaneously within the resolving time of the instrument then
their energies are added and the events are recorded as a single event, known
as sum peak at energy 1.275 + 0.511 = 1.786 MeV (label E), usually with
small amplitude.

9.56 The normal distribution is

p(x) = (o\/ﬂ)_l expl—(F — x)/20] (1)
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9.57

Fig. 9.7 Photo peak 661 keV
y-rays

9 Particle Physics — I
At x,
~1
p(®) = (ov/27) @)
Let the HWHM points be located at
X —x =ko 3)
—1
Then p(ko) = (cx/er) exp(—k2/2) 4)
By definition,
k 1 k?
PR 2 e (-5 5)
p(x) 2 2

where we have used (2) and (4). Taking log, on both sides of (5)
k?/2 =1n 2 = 0.69315

S k=1.1774

Therefore HWHM = 1.1770

Channel 298 corresponds to 661 keV energy (Fig. 9.7)

FWHM (full width at half maximum)= 316 — 281 = 35 channels
HWHM (half width at half maximum)= 35/2 = 17.5 channels
HWHM corresponds to (661 keV)(17.5)/298 = 38.8 keV

Now HWHM = 1.177 o

Therefore 0 = HWHM/1.177

= 38.8/1.177 = 33keV

The coefficient of the energy determination = (33)(100)/661 = 5%

10000

7500 —]

5000 —

Counting rate

2500 —

[
281298 316
Channel number

9.3.7 Cerenkov Counter

9.58

When a charged particle moves through a medium with velocity greater than
the light velocity in the medium then light is emitted known as Cerenkov radi-
ation, after the discoverer. The radiation is emitted around the surface of a
cone with its axis along the particle’s path and with a half-angle given by
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9.59

9.60

9.61

9.62

cos 0 =1/Bn (D

where n is the refractive index and Bc is the particle velocity. The threshold

corresponds to & = 0° and is given by

B=1/n )
Kaon and pion of the same energy would have different velocities, the pion

velocity being higher than the kaon velocity. If the medium be chosen such

that Bx < 1/n but 8; > 1/n, then the pion will be counted by the Cerenkov

counter but not the kaon: In practice there can be several modifications of

this principle as by providing coincidence/anticoincidence with a scintillation

counter, and by restricting the emitted light to a prescribed angular interval.

Ve =14+ (T/my;)=1+(20/0.14) = 143.857

B = [(1 = (1/7:2)]""* = 0.9999758

cos 6 = 1/B8, n =0.999624

0 =1.57°

cos 0 =1/Bn

B=1/n cos 8 =1/(1.5 x cos 45°) = 0.943
v=8c=0.943 x 3 x 10}

=2.828 x 108 ms~!

B=1/n cos 6 @))]
Also 8 = cp/E 2)
where E is the total energy.

Combining (1) and (2)

E = cpn cos 6 3)

The relativistic equation is
E2=¢2 p? +m? ¢t @)
Eliminating E between (3) and (4), we get mc? = pc (n? cos? 9 — 1)!/2

6 = 0.55 radians = 0.55 x 57.3° = 31.515°
B=1/n cos 6 =1/1.88 x 0.55 = 0.967
y =1/(1 — BHV2 =3.925
y=1+{T/m)—>m=T/(y — 1)

m = 420/(3.925 — 1) = 107 MeV/c?

= (107/0.511) me = 209 m,

It is a muon

The number of photons N(X) dA radiated per unit path in a wavelength interval
dA can be shown to be

N dr =2ma (1 —1/82n%) (1/x1 — 1/4)

where @ = 1/137, is the fine structure constant.

Inserting 8 = 0.95, n = 1.33, A; = 3500x 1078 cmand A, = 5500x 108 cm
in the above expression, we find N(A) dA = 178 per cm.
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Number of photons emitted per unit length
N =2ma(l — 1/B% n*)(1/A — 1/12) (1)

Pions: B, = p/(p> + m»)V/? = 15/(15% + 0.14%)!/2 = 0.999956

Kaons: B, = 15/(15% + 0.494%)!/2 = (0.999458

If the signal is to be given by pions but not kaons, the condition on the refrac-
tive index is

:871 > l/n > ﬁk

0.999956 > 1/n > 0.999458

For a value of n = 1.0004, 1/n = 0.9996, the above condition is satisfied.
Inserting

a = 1/137, Bz =0.999956, n = 1.0004,

A =4x10"m,and A, =7 x 107"m in (1), we find N = 35 photons/m.
Therefore to obtain 175 photons a length of 5.0 m is required.

Pions: E = (p* + m?)!/? = (900% 4 140%)/2 = 911 MeV

Br = p/E; =900/911 = 0.9879

For threshold, n, = 1/8 = 1/0.9879 = 1.012

Protons: E = (900% 4 938%)!/2 = 1,300 MeV

Bp =900/1300 = 0.6923

For threshold n, = 1.444

The material chosen must have the refraction index 1.012 < n < 1.444

For n = 1.012, Cerenkov light will come off at 0° with the path. If a higher
index of refraction is chosen, light will come off at wider angle. The n must
be less than 1.444, otherwise protons will be counted.

9.3.8 Solid State Detector

9.65

If A is the area, d the thickness of depletion layer and K the dielectric constant

then the capacitance is

C=eAK/d =88x 10712 x 1.5 x 107* x 10/40 x 107 =3.3 x 10~'°F
The charge liberated

g =5x10%x1.6x 107"/3.5 =2.286 x 10~'3 Coulomb
Potential developed

V=¢g/C=2286x10""13/33x10719=0.69 x 1073V

=0.69 mV

9.3.9 Emulsions

9.66 The Range-Energy-Relation must be such that it ensures that the ionization

—dE/dR is a function of z2 f(R/M). One such relation is E = K z?" M'™ R"
where E is in MeV and R in microns, K and n are empirical constants which
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depend on the composition of emulsions, z is the charge of the ion and M its
mass in terms of proton mass. The data on R and E for protons have been
used to determine n and R. We find n = 0.6 and K = 0.2276. Using these
values of n and K, the energy for various values of R have been determined
for deuterons and *He as tabulated below and the corresponding graphs are
drawn, Fig. 9.8.

Fig. 9.8 Range Energy Relation
200
—a—3He

150
=100

g —a—D
m 50

Y ' = —a—P

RO
R(pm)

R(pm) 0 50 100 150 200 250 300 350 400 450 500

DEMeV) 0 306 631 342 456 570 686 80.1 914 102.6 113.7
*He 0 462 70.0 893 1062 121.4 1354 148.5 1609 172.7 184.0

9.3.10 Motion of Charged Particles in Magnetic Field

9.67 For a circular orbit of a charged particle of charge q and momentum p moving
in a magnetic field of B Tesla perpendicular to the orbit, the radius r in metres
is related by the formula
P = qBr — cp = gqBrcl
ep = (1.6 x 10793 x 10%) BrJ
=48x 107" Br]J
= (4.8 x 107!1/1.6 x 1071%) Br GeV
P =0.3BrGeV/c

9.68 Let the proton be at a distance d from S, the earth’s centre. Under the influence
of magnetic field it will describe an arc of a circle of radius r.
From Fig. 9.9, it is clear that
(R+rP=d*>+r?
Or2Rr=d?— R?>~ d* (Because R << d)
Therefore r = d*>/2R = (1,000 R)?/2R
=5x10°R
The momentum, p = 0.3 Br
P = (E?> —m?)!/? = (10.94%> — 0.94*)!/2
=10.9GeV/c
B = p/0.3r =10.9/0.3 x 5 x 10° x 6.4 x 10°
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Fig. 9.9
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=1.13x 10°1T
=1.13x 107G

Electric force = gF

Magnetic force = quB

If these two forces cross, that is

qF = quB

then the condition for null deflection is

v=E/B

Now v = QT/m)'? = cQT/mc*»)'? = ¢(2 x 20/940 x 1,000)'/?> =
0.00652 ¢

E =500V/cm =5 x 10*V/m

Therefore B = E/v =5 x 10*/0.00652 x 3 x 108 = 0.0256 T = 256 G

p>=2m T =2m qV =2mqEd (1)
Also p = ¢Br 2)
Combining (1) and (2)

m = ¢qB*r?/2Ed (3)
Further d = at?/2 = ¢F t*/2m 4)
Using (3) in (4) and solving for ¢,

t=Br/E

Drop a perpendicular DA at D and extend the path DP to meet the extension

of the initial path HC in E. From the geometry of the figure (Fig. 9.10) angle
CAD = 6. Drop a perpendicular DG on CA. In the triangle AGD, sin 6 =
GD/AD = d/R, where R is the radius of curvature.
V2mK
qB
V2 x1.67x 10727 x5 x 105 x 1.6 x 1019
B 1.6 x 10719 x 0.51

~ 0.2m.
sind =d/R=0.1/02=0.5
0 = 30°
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Fig. 9.10

972 { — 2u sin o _ 2u sin o

o Ee

Where the acceleration « = Ee/m
2 x 8 x 10°sin30° x 9.1 x 1073!
B 50 x 1.6 x 10-19
=91 x107%s=91ns
9.73 The component of the velocity, L to the field is v sin 6. Equating the cen-
tripetal force to the magnetic force
mvi =qu, BR
R=mv,/qB =vsin6/(q/m)B
3 x 10° sin 30°

108 x 0.3
=05x102%m
=0.5cm

9.74 p =0.3BR = (0.3)(107*)(6.4 x 10°) = 192GeV /c
T ~192GeV

9.75 Cosmic ray flux = 1ecm™2s7! = 10*m=2s~!
Earth’s surface area, A = 4 7 R? = 47 (64 x 10°)?
=5.144 x 10" m?

Cosmic rays incident on earth’s surface
= 5.144 x 10" x 10*

=5.144 x 10¥ m~2s7!

Cosmic rays energy delivered to earth
=5.144 x 10'® x 3GeV s™!

=1.5432 x 10 GeV s~!

=1.5432 x 10" x 1.6 x 10710J 57!
=247 x 10°W

=2.47GW.
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9.76 p=03BR (1)
where p is in GeV/c, B in Tesla and R in metres.
Now6 ~ L/R=0.3 BL/p 2)

where L is the length of the magnet, 6 is the angle of deflection, R is the radius
of curvature of the circular arc of the path in the magnetic field, and [ is the
length of the straight path from the slits (Fig. 9.11).
A0 =s/1 =03 BLA p/p?
Ap/p =1/100
S=03x12x1.5x10x (1/100)(1/25)

=216 x 107 m =2.16mm

Fig. 9.11 L
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9.3.11 Betatron

9.77 AT =eAp/At =1.6 x 1071 x 507
=50eV

9.78 (a) If N is the number of revolutions then
QrRN)4f)=c
The factor 4 arises due to the fact that the duty cycle is over a quarter of a
period.
N =c/8n Rf =3 x 108/8m x 0.9 x 50 = 2.65 x 10°
(b) Radius, R = 0.9m
Tmax = BRec =12 x 0.9 x 1.6 x 10719 x 3 x 108
=5.184 x 107!'1J
=5.184 x 10711/1.6 x 10713 = 324 MeV
(c) The average energy gained per revolution
AT = Tpax/N = 324MeV/2.65 x 10
=122.2 x 107> MeV
= 1.222keV

9.3.12 Cyclotron

9.79 The resonance condition is
w=qB/m
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9.80

9.81

Further p = ¢BR

T = p?/2m = q’B>R*/2m

Maximum radius

R(max) = (zmeax)l/z/qB

=2 x1.67x1077 x 6 x 1.6 x 10713)1/2/(1.6 x 10~'° B)
=0.354/B m

The resonance condition is

w=2r f =qB/m

B =2m fm/q

For deuterons, Bg =27 x 1.2 x 107 x 2.01 x 1.66 x 10727/1.6 x 10~
=1.5715T

For alpha particles, B, =2 x 1.2x 10" x4.00x 1.66x 10727 /2x 1.6 x 10~
=1.5637T

Deuterons: At ejection kinetic energy

E; = (¢BR)*/2m = (1.6 x 1071 x 1.5715 x 0.3)? /(2 x 2.01 x 1.66 x 10727)J
=0.085 x 107'1J

=5.3MeV

If N is the number of orbits, 7 total time, and 7j the time period then the
mean energy increment per orbit is £/N and the average time for each orbit
(supposed to be constant)

Ty =27 /wy = 1/fo

N=t/Ty= th

Therefore Ex/N = E¢/lf, = 2eV (the factor 2 is introduced because there
are two gaps)

t=E;/(2eV)fo=53x10°/(2x5x 10%) x 1.2 x 107 =4.42 x 107®s
=4.42us

a-particles: At ejection Ey = (qBR)?/2m

=2 x 1.6 x 107" x 1.5637 x 0.3)?/(2 x 4.0 x 1.66 x 107%7)

=0.1697 x 10J

= 10.6 MeV

Total time r = E¢/(2 x 2eV) fy

=10.6 x 10°/(4 x 5 x 10* x 1.2 x 107)

=442 x10%s =4.42us

Cyclotron resonance condition is

w=qB/m
Because of relativistic increase of mass the resonance condition would be
o' = qB'/my

If o = w, then B = By
Fractional increase of magnetic flux density required is
(BP—B)/)B=AB/B=y —1
For protons of 20MeV. y = (T'/m) 4+ 1 = (20/940) + 1 = 1.0213
Therefore percentage increase of B is (y — 1) x 100
=(1.0213 — 1) x 100 = 2.13



526

9 Particle Physics — I

9.82 (a) Resonance condition for protons is

9.83

9.84

9.85

9.86

B =27 fm/q = 271 x 5 x 10°)(1.6726 x 10727)/(1.6 x 10~19)

=0.3284T
T = (1/2)(Bqr)*/m = (0.3284)%(1.6 x 1071 x 0.762)2/(2 x 1.6726 x
10—27)

=479 x 10713J = 3MeV

(b) For deuteron, the charge is the same as that of proton but mass is approx-
imately double, the required magnetic field will be that for (a). So B =
0.655T.
The kinetic energy oc B>/m, so that it will be (22/2) x 3 or 6 MeV

(c) For alpha particle the mass is approximately four times and charge is dou-
ble compared to proton, so that the required magnetic field is twice that for
proton, that is B = 0.655 T, and kinetic energy will be (2 x 2)?/4, that is,
four times the proton energy or 12 MeV.

The resonance frequency at the beginning
fo=Boq/2mm=15x1.6x10""/27 x3.34x 1072") = 11.44 x 10% c/s
= 11.44 Mc/s

The resonance frequency at the limiting radius is
f=qB2rm =143 x 1.6 x107"/2 7 x 3.34 x 1077
=10.91 x 10°¢/s = 10.91 Mc/s

Range of frequency modulation is 11.44—10.91 Mc/s.
Tmax = q>B%r?/2m = (1.6 x 10719)2(1.43)*(2.06)? /2 x 3.34 x 10~/
=3.3256 x 107!
=3.3256 x 107!1/1.6 x 10713 MeV = 207.8 MeV

B=wm/qg =21 x 8 x 10)(1.66 x 10-27)/(1.6 x 1019
=0.52T

r=QT/mw?)'/? = cQT /mc2w?)'/?

— 3 % 1052 x 5/938 x 472 x 82 x 102)1/2

=0.616m

The cyclotron resonance condition is w = ¢B/m

For deuterons, wqg = 1 x Byg/mygq

For alpha particles, w, = 2 X By/mg

If the resonance frequency is to remain unaltered wg = wy
By/By =2 x (2.014102/4.002603) = 1.006396
Fractional decrease of magnetic field

(By — Bg)/Bg = —0.006355

Percentage decrease = 0.6355%

The energy of protons extracted from the accelerator is calculated from the
equations

E2=p*+m?

p=03BR=03x15%x2=09GeV/c

=900 MeV/c.
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9.87

E = (p* +mH)'? = (900 + 9382)!/2

= 1,300 MeV
y = 1,300/938 = 1.386
B = 0.692

Maximum energy transferred to electron is
E(max) = 2mpB%y? =2 x 0.511 x 0.692% x 1.3867
= 0.94 MeV

Initially wy = gB/m

w=qB/my =wy/y
y=14+T/m=1+469/938 = 1.5
f = fo/y =20/1.5 =13.33Mc/s

9.3.13 Synchrotron

9.88

9.89

9.90

9.91

9.92

P=03BR
P = (T2 42 Tm)"/? = 30> + 2 x 30 x 0.938)!/2
= 30.924 GeV/c

R = p/0.3B =30.924/0.3 x 1 = 103.08m
p=03BR

P =(T?>+2Tm)"? =[3%> + (2 x 3 x 0.938]"/2 = 3.825GeV/c
R=p/03B=3825/(03x14)=9.1m

Initially wy = Bpe/m

Finally = 0.95 By e/(m + T)

w/wy =0.95m/(m +T)

wy—w T+005m 313 +0.05x 938
w  T+m 3134938
Therefore Depth of modulation is 28.8 %

=0.288

Radiation loss per revolution

AE = (47 e*/3R)(E/mc?)*.1/4 mey

= (1.44 x 47 /3R)(E/mc?)* MeV-fm
Substituting E = 300MeV, mc?> = 0.511 MeV
R =1.0x 10" fm

AE =716 x 107°MeV = 716eV

p=qBR

R =p/qB =moyB c/qB=mgc(y*—1"*/qB
Buty = (T/moc*) +1=n+1
Syi=1=n>+2n

- R = (mgc/qB)n? +2n)'?

527
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9.93

9.94
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Using the result of Problem 9.92
R= %(n2 +2n)

12

50\ [/2x50
_ _Mmee (2 +<—X — 2248 1)
0.0147¢ | \ 940 940 q

As the radius of synchrotron does not change, we can use the same relation at

higher energy

R= <ﬂ> (N2 +2N)' /2 @)
1.2¢q

Combining (1) and (2) and solving for n, we find N = 26

T = Nmg c* =26 x 0.938 = 24.39 GeV

Using the results of Problem 9.92
q/mo = (c/BR)(n* +2n)"/? ey
Proton: g/my =1/1 =1
n=7T/m,=1,000/1,000 =1
Using the above values in (1)

¢/BR=1/J3 )

Deuteron: g/mo = 1/2

Therefore 1/ = (n* + 2n)'/?//3
Solving for n, we find n = 0.3229
Kinetic energy of deuteron = nmy

= 0.3229 x 2,000 MeV

= 646 MeV

He: q/mo =2/3

Therefore 2/3 = (1/4/3)(n? + 2n)!/?
Solving for n, we find n = 0.527
Therefore Kinetic energy of *He = nmyes
= 0.527 x 3,000 MeV

= 1,583 MeV.

9.95 (a) p = 0.3 BR (GeV/c if B is in Tesla and R in metres)

P =(T? 42T mc®)"? = (0.5 +2 x 0.5 x 0.938)"/2 = 1.09GeV /c
B=18kG=1.8T
R=p/03 B =1.09/(0.3 x 1.8) =2.02m.
(b) Energy of ions for acceptance
T, = £(2eV.mc* /1) (s — 7/2) sin g + cos ¢]'/? (0
Substitute in (1), 10keV = 0.01 MeV
mc? = 938 MeV; ¢, = 30° = 0.5236 radians
T, = £2.5MeV
(c) The initial frequency

f = Bqc*/2x (mc* + Ty) )
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9.96

9.97

B =18T; g =16 x 1079C; ¢ =3 x 108 m/s; me* = 938 x 1.6 x
10737
T, =425MeV =425x 1.6 x 10713 ]
Substituting the above values in (2) we find
f1=2743; f, =27.51Mc
(d) The required electrical frequency for 500 MeV protons is

f = Bqc*2n(mc* +T) 3)

Put (mc*>+T) = (938+500) x 1.6 x 1073 ], B=1.8T, ¢ =3x10%m/s
and ¢ = 1.6 x 10719 C, in (3) to obtain f = 17.94 Mc.
Thus the range of frequency modulation is 27.51 — 17.94 Mc

The particles are constrained to move in a vacuum pipe bent into a torus that
threads a series of electromagnets, providing a field normal to the orbit. The
particles are accelerated once or more per revolution by radio frequency cav-
ities. Both the magnetic field and the R.F. frequency must increase and the
synchronized with the particle velocity as it increases.
The major energy loss is caused by the emission of synchrotron radiation.
The synchrotron radiation loss per turn is
AE = (47 /3R)(e* /4 eo)(E /mc?)*
For electron

47 (1.44MeV.fm) \ /500 x 103"
AE = (=

3 (103 x 10'5 fm) 0.511
= 5,526 x 10’ MeV
— 5,526 GeV

an energy loss which is an order of magnitude greater than the electron energy
to which the electrons are to be accelerated, which is impossible. On the other
hand for protons the energy loss per turn will be smaller by a factor (1, 836)*
or 1.1 x 10"
Thus for protons AE = 5,526/1.1 x 1013 =5 x 10719 GeV
= 0.5eV which is quite small.

As the synchrotron radiation losses for electrons in circular machines are
much beyond tolerable limits, linear accelerators are employed which are
capable of accelerating electrons up to 30—40 GeV.

Orbital frequency f = 1/107% = 10° ¢/s

P =03Br

f=q¢B/2n m

o p=03x2rm fr/qg=03x2mx1.67x107%7 x10°x10/(1.6 x 10~1%)
= 0.1966 GeV /c

T? +2mT = p?

Using m = 0.938 GeV/c? and solving for T, we find T = 0.02GeV or
20MeV
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9.98 (a) Atinjection y = 14 -0 =20.57

0511
B = 0.9988

. 5.000 _
gt exltractlon y=1l+557 = 9,786

Bc  (0.9988) x 3 x 10°

Initial frequency f; = = ¢ = 3.1809 Mc
2y 2w x 15
. 1 x3x108
Final frequency f, = —— = 3.1847Mc
2 x 15

As the initial and final frequencies are nearly the same there is hardly
any need to change the R.F. frequency.
(b) Total energy gain= Ef — E; = 5,000 — 10 = 4,990 MeV
Energy gain per turn = 1 keV

.. Number of turns, n = % =4.99 x 10°

(c) The period of revolution

To=1/f=1/318 x 106 =3.14 x 1077 s

Time between injection and extraction is

T =nTy=499 x 10° x 3.14 x 1077 = 1.567 s
(d) The total distance traveled by the electron is

d =2mrn =2 x 15 x 4.99 x 10°

=47 x10%m = 4.7 x 10’ km.

9.3.14 Linear Accelerator

9.99 (a) As there are 97 drift tubes, there will be 96 gaps. The energy gain per
gapis AE = (50-2)/96 = 0.5MeV/gap
After crossing the first gap, the protons are still non-relativistic and
their velocity will be in the second drift tube will be

v, = QT /m)'? = ¢ [2 x (24 0.5)/938]"/2 = 0.073 ¢

The length of the second tube

Iy =v2/2f =(0.073 x 3 x 10'9/2 x 2 x 10%)cm
=5.48cm

In the last tube v is calculated relativistically.

y=1+T/m=1+50/938 = 1.053

B=u>-D"Y/y =0313

I =Bc/2f =0313 x 3 x 10'9/2 x 2 x 10 = 23.48cm

(b) To produce 80 MeV protons, number of additional tubes required is (80 —
50)/0.5 = 60

9.100 (a) Beam currenti = ¢/t =50 x 5 x 10" x 1.6 x 1071°
=4 x 10~%amp
=4pA
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9.101

9.102

(b) Power output W =3V
The current is obtained from (a) and the voltage V' corresponding to final
voltage of 2 GeV would be 2 x 10°.
Therefore W =4 x 107 x 2 x 10°
= 8,000W

There are five drift tubes in the section but only four gaps. Initial energy is
100 keV. Therefore, the final energy will be

(a) E =100keV 4+ n eV
=100+ 4 x 100 = 500 keV
(b) L = (1/2/)2eV/m)'2 31 /n
“19, 705 1/2
= 0T (2X11..66>;>1<010-2>7<10 ) I+V2+ 3474
=0.269m = 26.9cm

The longest drift tube will be in the end of the linear accelerator where max-
imum ion energy has been achieved.

L=v/2f

We can do non-relativistic calculations for v as the ion energy is not large
v=QT/M)"? =cQT/Mc*)"? =c(2 x 80/12 x 938)!/2 = 0.119 ¢

L =0.119 x 3 x 108/2 x 25 x 10° = 0.714 m.

9.3.15 Colliders

9.103

9.104

In the colliding beam experiments, for two colliding beams the reaction rate
is written in terms of the “luminosity” L. The number of interactions per
second is

N = Lo

where o is the interaction cross-section in question.

If N; or N, = number of particles/bunch in each beam

A = area of cross-section of intersecting beams

N = number of bunches/beam

and f = frequency of revolution

then luminosity is simply given by

L=nN 1 N2 f/ A

Number of beam electrons/cm?/s, Ny = nf /mwr?
=6 x 10" x 2 x 10°/7(0.12)*> = 2.65 x 10"
Number of beam positrons/s, N, = 6 x 10!
Expected production rate of u* ™ pairs/second
= N| Nyo(ete™ — utp)

= (2.65 x 10')(6 x 10')(1.4 x 10733)
=0.022
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9.105 (a) E** = (E, + E2)* — (p1 — p2)?

9.106

9.107

=E\>+2E| Ex+ Ex*— pi®> +2p; pr— pa?
= (E* = p1*) + (E2* = p2) + 2(Ey Ex+ pi1 p2)
=m*> +my> +2(E; E> + p1 p2)
If E; >> m; and E; >> my, m;> and m>” can be neglected and p; ~
E\, pp~ E;
Therefore E*2 ~ 4E, E,
If the beams cross at an angle 6 then
E*? = (E\ 4+ E2)* — (p1*> + p2® — 2 p1 pa cos6)
~2E; E;(1 +cosf) =4 E| E; (1 4cosh)/2
Thus the available energy in the CMS is reduced by a factor of (1 +
cos 6)/2 compared to head-on-collision.
(b) In the CMS E* =25+ 25 = 50GeV
With the fixed proton target
E*=@m*>+m?>+2Tim)'"/? =50GeV
Substituting m = 0.94 GeV, we find T} = 1329 GeV

When the protons travel toward each other with equal energy, and therefore
with the same speed, their net momentum is zero. In that case the Lab system
is reduced to the C-M system, and the observer is watching the events sitting
in the C.M. system. The total energy is then,
E*=10"eV +10"YeV + 10°eV + 10° eV = 22 x 10° or 22 GeV

Let E be the energy of a proton in the lab system moving toward the target
proton originally at rest, then if the total energy available in the CMS has to
be the same as E* = 22 GeV,

(m> +my* +2E My)"? = E* =22Gev
PP+1P4+2E, x D2 =22
Or E| = 241 GeV

Therefore required kinetic energy = 241 — 1 = 240 GeV

Total energy available in the CMS is

E* = (m12 + MQZ +2E; I’I’lz)l/2

where E is the total energy of projectile of mass m; and m, is the mass of
the target.

E* =4My+2 My = 6M,
m =m2=M0

12
6Mo = (Mo* + My> +2 E| Mp) /

whence E; = 17 M,
OI‘T] = E1 —M() = 16M()

The significance of this result is that in the colliders a lot more energy is
available than in fixed target experiments.
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9.108

9.109

The CMS energy is calculated from the invariance of E? — p?
=E; — py+ E. — p; + 2 (EyEe + pppe)
~ my? 4+ me? + 4E,E,

Since m, << Ep and me << E,

E* ~ \J34E,E, = V4 x 820 x 30 = 314GeV

Note that the HERA accelerator is different from other colliders in that the
energy of the colliding particles (protons and electrons) is quite asymmet-
rical. It has been possible to achieve high momentum transfer in the CMS
(20,000 GeV?), necessary for the studies of proton structure.

Total CMS energy, E* & [2 E| E, (1 4 cos6)/2]'/?
Substituting £; = 20GeV, E, =300GeV, and 6 = 10°
we find £* = 109 GeV
If the same energy (E* = 109 GeV) is to be achieved in a fixed target
experiment, then the electron energy in the lab-system would be
QEM+ M?*+m?)V/2=E*
Neglecting M? and m?>
E = (E*)?/2M = (109)?/(2 x 0.94) ~ 6, 300 GeV






Chapter 10
Particle Physics — 11

10.1 Basic Concepts and Formulae

Classification of particles

Table 10.1 gives the mass, mean lifetimes (t) and common decay modes of ele-
mentary particles excluding resonances. Their classification into hadrons, photon
and leptons is also indicated. Further subdivision of hadrons into mesons (pions and
kaons) and baryons (nucleons and hyperons) is also shown. Electron (e¢™), muon
(™), Tauon (z7), and the three neutrinos v,, v,, and v, constitute the class of
leptons. A hadron stands for a strongly interacting particle distinguished from lepton
which has only weak or electromagnetic interactions. Photon is the massless carrier
of the electromagnetic field.

In the fourth family, graviton a massless particle of spin 2, the quantum of gravi-
tation is not yet discovered.

Mesons and photon are Bosons (a particle of integral spin, Oh, 1A, 2h, ...).

Bosons obey Bose-Einstein statistics, the wave function describing two identical
bosons is symmetric under particle exchange. The baryons and leptons are Fermions
(a particle with half integral spin, %h %h ...). Fermions obey Fermi-Dirac statis-
tics, for which the wave function of two identical particle is anti symmetric (changes
sign under particle exchange).
Antiparticle: Every particle has in association an antiparticle, with exactly the same
mass and lifetime but opposite values of electric charge, magnetic moment, baryon
number, lepton number, and flavor. Thus positron (e™) is the anti particle of electron
(e™), antiproton (p~) that of proton (p), v, that of v, etc. Photon is the antiparticle
of itself, so also 7°.

Fundamental interactions

1. Strong (nuclear) interaction
2. Electromagnetic interaction
3. Weak (nuclear) interaction
4. Gravitational interaction.

535
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Table 10.1
Mass Common
Particle (MeV/c®) t(s) decay mode
. 77, " 139 25%x 1078 v
Pionsy o 135 1.8x 10710 yy
K-, K+ 494 1.2x107%  uv
K° 498 a*n0
- é Mixture of Ky, K,
g :2 K, 0.89 x 10710 gt+z—
g 7070
= K, 518 x 1078 797070
atn—a0
Z T v
é’ T jLev
= n 550 1018 y+y
at+n 4+ 7°
p 938.2 > 10 stable
N“de““s{ n 939.5 103 pe v
2 A 1,115 2.6 x 1071 pr=, nx®
] " =t 1,189 0.8x 1071 pr0 nxt
3 g 0 1,192 10-20 Ay
= g - 1,197 1.6x 10710 nx-
E* =0 1,314 3 x 10710 Ax®
=z 1,321 1.8x 10710 Ax—
Q- 1,675 1.3x1071°  Ex
AK~
Photon Y 0 [e9) Stable
. 1,784 3.4 x 10713 Electrons
and neutrinos
§ n- 105 2x107° evy
‘é e~ 0.51 [ee) Stable
- Ve 0 [ee) Stable
Yy <05 Stable
vy <164 ) Stable
Graviton ? 0 - Stable

Here we will be concerned with only the first three types. Table 10.2 summarizes
the characteristics of the interactions.

Coupling constant: Particles interact through strong electromagnetic or weak charges.
The square of the charge is known as the coupling constant. It enters the interaction
matrix which determines the cross-sections and decay rates. Strictly speaking, the
coupling constants are not constant but vary very gradually with the particle energy.
They are called running constants.

QED (quantum electrodynamics) is the quantum field theory of the electro mag-
netic interaction whose predictions have been verified to a precision of one part in a
billion.

QCD (quantum chromo dynamics) is the field theory of the strong color interaction
between quarks.
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Table 10.2 Characteristics of the fundamental interactions
Strong Electromagnetic =~ Weak Gravitational
Carrier of field Gluon 1~ Photon 1~ W=, 7%1-,1t  Gravitation ? 2+
spin-parity(JP?) of
quantum
2
e 2
, o= G (Mc?)? GyM
Coupling constant as <1 4717 he — A7t he
- (hf) =5x 10740
137
Mass 0 0 80, 90 GeV 0
Relative strength 1 1072 <1073 10738
Time scale 10723 107 — 10705 >1071s
Range <107Bm 00 10~ ¥m 00
Source Colour charge  Electric charge Weak charge Mass

Standard model: As of today, the physics embodied in electrodynamics, chromo
dynamics and electro-weak interaction is termed as the standard model of elemen-
tary particles.

Resonances or resonant states are the analogs of excited states of atoms. They are the
excited states of familiar hadrons. Some of them are so short lived (~10~2 —10~2*s)
that their direct detection is not possible. They ultimately decay into more familiar
particles, like nucleons, mesons, leptons and photons. Because of their short lives
their energy (mass) spread is enormous, due to uncertainty principle.

Baryon number (B) is the generalization of mass number. For nucleons and hyperons
B = +1, for anti baryons, B = —1, for pions, kaons and other particles B = 0.B is
an additive quantum and is conserved in all the three types of interactions.

Isospin (T or I) is a quantum number applicable to hadrons and is conserved in
strong interactions. It results from the near equality of u and d-quarks. This is
reflected in the near equality of masses of charged multiplets such as (n, p), (7, 7°,
77), (KT, K°) etc, as well as for the atomic nuclei once the coulomb interaction
is removed. It is thus named because its mathematical description is entirely analo-
gous to ordinary spin or angular momentum in quantum mechanics. The tables for
Clebsch — Gordon coefficients for the addition of angular momenta (displayed in the
summary of Chap. 3) can be directly used for the isospins. T is the additive quantum
number. The charge multiplicity is given by 27" 4+ 1. The antiparticle has the same T
as the particle but opposite T3. T3 is analogous to L, for angular momentum. Total
isospin (/) is conserved in strong interactions but breaks down in em and weak
interactions. The third component (/3) of a system of hadrons is conserved in strong

and em interactions but is violated in weak interactions (A I; = :l:l/2>.
The generalized pauli principle

(=Dt = (10.1)

where [ is the orbital angular momentum, s the spin and I the isospin.
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Strangeness and strange particles: Heavy unstable particles such as kaons and
hyperons which are produced copiously but decay slowly are named as strange
particles. A new quantum number S, strangeness is introduced to distinguish them
from other particles. Gellmann’s formula
Q_p 4228 (10.2)
e 2
where B is the baryon number. K* and K are assigned S = +1, while K~ and KO
have S = —1. The ¥ hyperons and A hyperons have S = —1, E~ and E° have
S = -2, Q has S = —3. The ordinary particles, n, p, 7", 70, 7~ have S = 0.
The anti particles have opposite strangeness. Strangeness S is an additive quantum
number. Table 10.3 summarises the strangeness S for various hadron multiplets.

Table 10.3 7 and S assignments

/S -3 -2 —1 0 1 2 3
0 Q- A A o
p
2 K- n K+ B
s ORI C 7 K° g
n
>+ at bl
1 30 0 b
- - bl

Strangeness S is conserved in strong and electromagnetic interactions, that is

AS = 0, but breaks down in weak interactions, such as decays, the rule being
AS = +£1.
Leptons: The electron, the muon and the tauon and their respective neutrinos as well
as their antiparticles constitute the family of leptons. Leptons are assigned lepton
number, L = +1 and antileptons, L = —1. The numbers L., L, and L, are
separately conserved in all the three types of interactions. The lepton numbers are
shown in Table 10.4.

Table 10.4 Lepton numbers
Qle L,=1 L,=1

()

0/e L,=—1 L,=-1 L.=-1

Lo (@) ()

Helicity or handedness: The helicity H is defined as the ratio J,/J where J, is
the component of spin along the momentum vector of the particle and J is the
total spin. Massless particles have spin components J, = +J only. Thus H = +1
or —1. Neutrinos have H = —1 (left-handed) and anti-neutrinos have H = +1
(right-handed). Massive particles are not in pure helicity eigen states and contain
both LH and RH components.




10.1 Basic Concepts and Formulae 539

Parity (p or m): The concept of parity was mentioned in Chap. 3. The absolute
intrinsic parity cannot be determined. Parity of a particle can be stated only rela-
tive to another particle. By convention baryons are assigned positive parity. All the
antifermions have parity opposite to the fermions. On the other hand, bosons have
the same parity for particle and antiparticle. Pions and Kaons have odd parity.

Parity is a multiplicative number, so that the parity of a composite system is equal
to the parities of the parts. Thus, for a system comprising of particles A and B,

P(AB) = p(A). p(B) . p(orbital motion) (10.3)

where p(orbital motion) = (—1)" is the parity associated with the relative motion of
the particles, [ being the orbital angular momentum quantum number (0, 1, 2, .. .).

Overall parity is conserved in strong and em interactions but is violated in weak
interactions.
Charge — conjugation: (C-parity) is the process of replacing a particle by an antipar-
ticle or a system of particles by the anti particle (s).

In general, a system whose charge is not zero cannot be an eigen function of C.
However if 0 = B = S = 0, the effect of C is to produce eigen value £1.

C is conserved in strong and em interactions but not in weak interactions. For
7%, C = +1. For photon C = —1 and for n-photons

C=(~1y (10.4)

G-parity: The operation G consists of rotation of 180° about the y-axis or z-axis in
isospin space followed by charge conjugation.

G-parity for the pion is —1 and for baryon it is zero. It is a multiplicative quantum
number. For a system of n pions

G=(—1y (10.5)

G - parity is conserved in strong interaction and is a good quantum number for
non-strange mesons. Fora N — N system,

G = (—1)+sH (10.6)

Time reversal means changing the sign of time. Strong interactions are invariant
under time reversal as evidenced by the absence of electric dipole moment of neu-
tron and verification of the predicted ratio of forward and backward reactions at the
same energy in the CMS.

IfA+B— C+ D,

oas—co _ (2sa+ DQ2sp + 1P
ocpsas  (2sc + D2sp + D P}

then (10.7)

where s is the spin of the particles, and p* is the momentum, the particle beams
being unpolarised.
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The TCP theorem: A lagrangian which is invariant under proper Lorentz transfor-
mation is invariant with respect to the combined operation CPT, taken in any order.
The predictions of the TCP theorem which have been verified are

(i) the existence of an anti particle for every particle.
(ii) The equality of masses, lifetimes, and magnetic moments of particles and anti

particles.
Table 10.5 Conservation laws for the three types of interactions
Quantity Strong Electromagnetic Weak
1. Q (Charge) Yes Yes Yes
2. B (Baryon no.) Yes Yes Yes
3. J (Angular momentum) Yes Yes Yes
4. Mass + Energy Yes Yes Yes
5. Linear momentum Yes Yes Yes
6. I (Isospin) Yes No No
7. I3 (Third component of I) Yes Yes No Al = +1/2
8. S (Strangeness) Yes Yes No AS = #£1
9. p (parity) Yes Yes No
10. C (Charge conjugation) Yes Yes No
11. G (G-parity) Yes No No
12. L (Lepton number) Yes Yes Yes

Quarks are the structureless fermions from which all the strongly interacting parti-
cles (hadrons) are built. The quarks occur with fractional baryon number, B = %
and charges +%e or —%e. Baryons are built with three quarks (u, d, s) and mesons

with a quark-antiquark pair. Their characteristics are shown in Table 10.6.

Table 10.6 Characteristics of quarks

Quark Symbol Mass(GeV/ 02) Qfe I S C B* T
Down d ~0.3 —% ) 0 0 0 0
Up u ~03 +§ 15 0 0 0 0
Strange s 0.5 —% 0 —1 0 0 0
Charmed c 1.6 +§ 0 0 +1 0 0
Bottom b 4.5 f% 0 0 0 -1 0
Top t 175 +§ 0 0 0 0 +1
For all the quarks spin-parity J? = 141", The quark structure of some of the

hadrons is as follows.

p=uud;n =udd;nt =ud; 7~ = ad; X+ = uus; k° = ds;

B B B _ u
B =dss: Q" = sss;: Kt =us: Dt =cd; 70 =
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Gellman’s equation is generalized as:
Qle=Ts+ 1B+ S+C+B*+T) (10.8)

where B denotes Baryon number, C the charm, B* the beauty or bottom and T
the top.

Quarks are not observed as free particles as they are confined in hadrons.

In order to save pauli’s principle, a new quantum number called “colour” is
assigned to quarks. This has nothing to do with ordinary colour. The quarks appear
in three colours, red, blue, and green. The antiquarks have anticolour. The observed
hadrons are colourless. Color plays a role in strong interactions similar to charge in
electromagnetic interaction.

The strong color field between quarks is mediated by massless gluons analogous
to electro-magnetic field mediated by photons. While a photon does not carry elec-
tric charge, gluon itself carries color charge. There are eight types of gluons.

Charmonium (cc) is the state formed from the charmed anti-charmed quark pair.

D mesons (D°, D*) contain a charmed quark or antiquark. They are pseudoscalar
like pions (JP = 07) and decay weakly predominantly into non-charmed strange
mesons.

Flavor is a generic name to describe different types of quark and lepton.
Generation: The six flavors of quarks and of leptons are grouped into three gener-
ations or families. The quarks (d, u), (s, ¢) and (b, t) are of first, second and third
generations; the corresponding leptons being (e~, v.), (u™, v,) and (t 7, v;)

Cabibbo — Kobayashi — Maskowa (CKM) matrix

Vud Vus Vuh
Vij = Vcd Vcs Vcb
Via Vis Vb

The probability for a transition from a quark ¢ to a quark ¢’ is proportional to
|qu, 2, the square of the magnitude of the matrix element. The diagonal elements
of this matrix, V4, V.s, Vi which correspond to transitions within a family are
short of unity by only a few percent. Hence, transitions u — d, ¢ — s,andt — b
are Cabibbo favoured.

The elements Vs, V.4, V., and Vi, are small but not zero. Hence transitions,
s —u, c—>d, b—> uandt — s are Cabibbo suppressed.

The elements V,;, and V;,; are nearly zero. Hence transitions b — u and ¢t — d

are Cabibbo forbidden.
The boson propagator: The rate of a particular reaction mediated by boson exchange
is proportional to the square of the amplitude f(g?) multiplied by a phase factor
and determines the cross-section or the decay of an unstable particle. Here ¢ is the
square of the four-momentum transfer.

1
2 ————
f@y e s (10.9)
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where m is the mass of the exchanged boson. The quantity (¢> 4+ m?)~! is known
as the propagator term. For low momentum transfers the propagator is insensitive to
g, but in high energy collisions for large momentum transfer, f(g¢*) decreases with
increasing q.

Spurion is a hypothetical particle which is introduced into the initial state to convert
the weak decay into a strong interaction.

Weak interaction- characteristics

Weak decays have long lifetimes (>107'3s) and small interaction cross-sections,
typically ~107* ¢m?. Charged leptons experience both weak and em interaction
while neutrinos only weak interaction. Strangeness and parity are not conserved.

Depending on the extent to which leptons are involved, the weak decays are
divided into three classes.

(1) Leptonic decays in which the decay products are leptons only, as in the decay
u-—>e +v.,+v,
(2) Semi leptonic decays which involve both hadrons and leptons. Examples are

@n—>p+e +v,for AS=0
(b) KT = 7%+ et + v, for |AS| = 1

(3) Non-leptonic decays which do not involve leptons. Parity or strangeness are not
conserved, the selection rules being AS = £1 and Al = :I:% as in the decay,
A—p+n~

In weak decays the flavors of the quark changes in contrast with strong or electro-
magnetic decays where the flavour is conserved. For example the decay of neutron,
n — p+ e + v, is represented by udd — udu + e~ + v, in which a d-quark is
converted into a u-quark, d — u + e~ + V..

Charge current weak interaction is mediated by massive bosons W*. The W*
exchange results in the change of the lepton charge as in the anti neutrino absorption

v_e+p—>n+e+.

Neutral current weak interaction is mediated by the massive boson Z°. The exchange
of Z° does not cause the change of lepton asin v, +e~ — v, +e".

Electro — Weak interaction

The electro magnetic interaction and weak interaction are two aspects of a single
interaction called electro-weak interaction. The corresponding charges are related
by 0y, the Weinberg angle
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e = gsind,, (10.10)
sin?6,, = 0.2319 (10.11)
M, /M, = 0.88 (10.12)

Feynman diagrams are short-hand for writing down individual terms in the calcula-
tion of transition matrix elements in various processes pictorially. As an example,
consider the diagram in Fig. 10.1. The solid lines are the fermion lines. The con-
vention used here is that time runs from left to right. The top solid lines represent
electron and bottom lines |~ . The diagram represents the scattering of a muon with
electron, u~+e~ — u~ +e~ by electromagnetic interaction. The dots correspond-
ing to vertices are points where interactions occur. The wriggly line is the photon
line. At the vertex, the electron emits a photon which is absorbed by the muon or
viceversa. This corresponds to the lowest order of perturbation theory and is known
as the first order Feynman diagram or leading Feynman diagram.

Fig. 10.1 Muon-electron
scattering

The arrows on the solid lines towards the vertices indicate the direction of
Fermions in time, the antifermions are indicated by reversed arrows, moving back-
ward in time. The photon being an antiparticle of itself does not need any arrow on
the photon line. The lines which begin and end within the diagrams are the internal
lines correspond to virtual particles that is those which are not observed. The lines
which enter or leave the diagram are the external lines which represent the observed
or real particles. The external lines show the physical process of an event, while the
internal lines indicate its mechanism. The direction of fermions is such that charge
is conserved on each vertex. Also, the four-momentum is conserved at each vertex.
The virtual particles which are exchanged (photon in Fig. 10.1) are not present in
the initial or final state. They exist briefly during the interaction. In this short time
T energy can be violated compatible with the uncertainty principle, 7. AE = h.
Consequently, a virtual particle is not required to satisfy the relativistic relation,
E? = p? + m?. A virtual particle can be endowed with any mass which is different
from that of a free particle. In Fig. 10.1, the exchanged photon couples to the charge
of one electron at the top vertex and the second one at the bottom vertex. For each
vertex the transition amplitude carries a factor which is proportional to e that is /o
(square-root of fine structure constant). The transition matrix will be proportional
to /a/a or a. The exchanged particle also introduces a propagation term in the
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matrix element, the general form being (¢> 4+ m?>)~!, where m is the mass of the
exchanged particle and q is the four-momentum transfer.

In general, the same end result is obtained from a number of Feynman diagrams.
The transition matrix element includes the superposition of amplitudes of all such
diagrams.

For the weak interaction the exchanged particle is a massive boson, W* or Z°,
indicated by a wavy or broken line. For the strong interaction, the exchanged particle
is a gluon indicated by a spring.

10.2 Problems

10.2.1 Conservation Laws

10.1 Are the following particle interactions allowed by the conservation
rules? If so, state which force is involved and draw a Feynman diagram for
the process.

[University of Aberystwyth 2003]
(i) u=—> e +v+7v,
i) A — wt +n~
(i) ve+n—> p+e”
) 7% >t + 1~
V) et +e - put+u

10.2 Indicate, with an explanation, whether the following interactions proceed
through the strong, electromagnetic or weak interactions, or whether they
do not occur.

) 77— u” +v,
) 7> pu + v,
(i) X - A +y
@iv) p—>n+et +v,
V) 4+p—->na'+x°
vi) 77+ p—> KO+ %0
(vii) et +e” - ut+u”

10.3 Consider the decay of K° meson of momentum P, into 7+ and 7~ of

momenta p, and p_ in the opposite direction such that p, = 2p_. Deter-

mine py.
[Mass of K is 498 MeV /c?; mass of 7% is 140 MeV /c?]

10.4 Indicate, with an explanation, whether the following interactions proceed
through the strong, electromagnetic or weak interactions, or whether they
do not occur.

) E= -2 +x°
) 7= e +v,+ v,
(i) o+ — put +y
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V) pT+pu- - 1t +1°
v) p—et+n°
i) 1" = y+y
(vil) 17+ p—> KT+ X7
(vili) 7~ +p—> K~ + Xt
10.5 The p° meson is known to have an intrinsic spin of %, and pions zero spin.

Show that the requirements of symmetry on the total wave function of the

final state permit the decay
p° — 77~ but not p° — 77"

10.6 The baryon 2~ has a mass 1,672 MeV /c? and strangeness s = —3. Which
of the following decay modes are possible?
@ Q — B +7%mz =1,321MeV/c?, S = =2, my = 135MeV/c?)
b) Q" = X0 4 7 (mso =1,192MeV/c?, S = —1, m,- = 139MeV/c?)

. (my=1115MeV/. S = —1
@9 > A+K (mK=494MeV/c2,S=—1

(d) Q" = n+ K~ + K%(mzs; = 498 MeV/c?, S = —1)

10.7 The following transitions have Q-values and mean lifetimes as indicated

Q-value
Transition (MeV) Lifetimes(s)
@ ATt p4at 120 102
b)) 7°—=2y 135 10"

© pt—>et+v.+v, 105 2.2 %x107°
d ut+2C—-"2B+v, 93 2x 1070

State which interactions are responsible in each case and estimate the relative
coupling strengths.

10.8 Indicate how the following quantities will transform under the P (space
inversion) and 7 (time reversal) operation:

(a) Position coordinate r

(b) Momentum vector P

(c) Spin or angular momentum vector o =r x P
(d) Electric field E=-VV
(e) Magnetic field B=ixr
(f) Electric dipole moment o.E

(g) Magnetic dipole moment o.B

10.9 The deuteron is a bound state of neutron and proton and has spin 1 and posi-
tive parity. Prove that it can exist only in the 3S; and *D; states.
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10.10 Show that (a) p — n + 7 is forbidden as a decay through strong interaction.
(b) @ — n + m is forbidden as an electro-magnetic or strong decay.

10.11 (a) The p° and K° mesons both decay predominantly to 7+ + 7 ~. Explain
why the mean lifetime of the p° is 107>} s, while that of K° is 0.89 x
107105,
(b) The A® and the A both decay to proton and 77~ meson. Explain why the
A® meson lifetime is ~10723 s while that of A is 2.6 x 10710,

10.12 State and give reasons for the following decay modes of the p-meson
(JP = 17,1 = 1) which are allowed by the strong or electromagnetic inter-
action

10.13 Conventionally nucleon is given positive parity. What does one say about
deuteron’s parity and the intrinsic parities of u and d-quarks?

10.14 Which of the following hyperon decays are allowed in lowest order weak
interactions?
@) B> X +et+0,
b E = p4+na +n°
©Q > E8%4e +7,
@R —>E +nt+7a~

10.15 Explain how the parity of K™ meson has been determined.

10.16 (a) Briefly define the following terms giving two examples of each:

(i) Hadron
(i1) Lepton
(iii) Baryon
(iv) Meson
(b) A 7° meson at rest decays into two photons of equal energy. What is the
wavelength (in m) of the photons? [The mass of the 7° is 135 MeV /c?]
[University of London]

10.2.2 Strong Interactions

10.17 (a) The AT Resonance has a full width of I' = 120 MeV. How far on aver-
age would such a particle of energy 200 GeV travel before decaying?
(b) Given that the width for W-boson decay is less than 6.5 MeV, estimate the
limit for the corresponding lifetime.

10.18 Analyze the pion — proton scattering data in terms of isospin amplitudes a; >
and a3, for the reactions:
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10.19

10.20

10.21

10.22

10.23
10.24

10.25

at+p—->nat+p (1)
T +p=m +p 2)
n’+p=rr0+n 3)

Show that if a1 < azppthenoy 0y 103 =9 :1: 2andif ajpp > azp,
theno| :09:05=0:2:1

Use the results of 1-N scattering at the same energy,
2
ot(ntp - ntp) = ‘03/2’

- - 1 2
cmp—om p)=§|a3/2+2a1/2’

_ 2 2
0'0(77,’ p—>7r°n)=§|a3/2—a1/2|
to deduce the inequality Vo ++vo~ —+v209 >0

Calculate the branching ratio for the decay of the resonance A™ (1232) which
has two decay modes

AT — pr®

— nx "

A resonance X1 (1520) decays by the strong interaction to the final states nmt™
and pm® with branching ratios of approximately 36 and 18% respectively.
What is its isospin?

Given that the p-meson has a width of 158 MeV/C? in its mass, how would
you classify the interaction for its decay?

In which isospin states can (a) 7t =7 (b) t°7"n° exist?
The particles X and Y can be produced by strong interaction
K +p—> K "+X
K +p— ' +v
Identify the particles X (1,321 MeV) and Y (1,192 MeV) and deduce their

quark content. If their decay schemes are X — A+ 7~ and Y — A + y,
give a rough estimate of their lifetime.

The scattering of pions by proton shows evidence of a resonance at a centre
of mass system momentum of 230 MeV/c. At this momentum, the cross-
section for scattering of positive pions reaches a peak cross-section of 190 mb
while that of negative pions is only 70 mb. What can you deduce about the
properties of the resonance (a) from the ratio of the two cross-sections (b)
from the magnitude of the larger?

[University of Bristol]



548

10.26

10.27

10.28

10.29

10.30

10.31

10 Particle Physics — 11

Consider the formation of the resonance A (1,236) due to the incidence of
7t and 7~ on p. Assuming that at the resonance energy the / = 1/2 contri-
bution to the 77 ~ + p interaction is negligible show that at the resonance peak

a(n++p—>A)_
o(n—+p—>A)_

Consider the reactions at the same energy
at+p—> Tt 4K
TT4+p—> X +K*
7 +p—> 34+ K°
Assuming that the isospin amplitude a;» < a3, show that the cross

sections for the reactions will be in the ratio 9:1:2

Calculate the ratio of the cross sections for the reaction 7 ~p — 7~ p and
7~ p — 71 on the assumption that the two I spin amplitudes are equal in
magnitude but differ in phase by 30°.

Negative pions almost at rest are absorbed by deuterium atoms and undergo
the following reaction

7" 4+d—>n+n

which is established by the direct observation of the neutrons which have
a unique energy for this process. Assuming that the parity of neutron and
deuteron is positive, show how the existence of the above reaction affords
the determination of parity of negative pion.

The cross-section for K~ + p shows a resonance at Px =~ 400MeV /c. This
resonance appears in the reactions

K +p—>%X+4+m
> A+m4+7

But not in the reaction
K +p—>A+7n°
What conclusion can you draw on the isospin value of the resonance?

K~ mesons are incident with equal frequency on protons and neutrons and
the following reactions are observed:

K +p—>St+n~
— 20 470
- X 4+a"
K 4+n— % +7x°
-2 47
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10.32

10.33

10.34

10.35

10.36

10.37
10.38

10.39

10.40

10.41
10.42

10.43

Show that the number of charged ¥’s will be equal to twice the number of
neutral 3’s.

In the rest system of the B*-meson, the products of the strong interaction
decay, Bt — @®+ 7t are found to be formed in an s-state. Deduce the spin,
parity and isospin of the B-meson. What difference would it make to your
conclusion if the decay took place by the week interaction (spin and parity
are respectively 0~ for the charge triplet pion and 1~ for the ).
[University of Durham]

The A (1,232) is a resonance with / = 3/2. What is the predicted branch-
ing ratio for (A — pr7)/(A® — n7°)? What would be the ratio for a
resonance with I = 1/27?

Show the position of pseudo scalar mesons 7+, 7™, 70 KO, F, KT, K~
and n on the S — I3 diagram.

Show the position of vector mesons p~, ,00, T 0, o, K9 k*t k*~ and k0
on S.I; diagram.

Show the position of Baryons p,n, E7, 2% A, TH, T, and X° particles
with spin-parity (%)Jr on the Y — I3 diagram.
Describe the (3 / 2)* baryon decuplet on Y — I diagram.
(a) Explain why at the same energy the total cross-sections
o(m  +p)=o(@’ +n), whileo(K™ + p) Ao (KT +n)
(b) How can the neutral K -mesons, K° and KO be distinguished?

A hyper nucleus is formed when a neutron is replaced by a A-hyperon. In
the reactions of K~ in a helium bubble chamber, the mirror hyper nuclei
4 He and 4 H are produced

K~ +*He — 4He + 7~
— 1H+7°
Determine the ratio of the cross sections.

In the reaction K~ +* He — 4 H + 7°, the isotropy of the decay products
has established J (4 H) = 0. Show that this implies a negative parity for the
K ~- meson, regardless of the angular momentum state from which the K ~-
meson is captured.

Show that the reaction 7~ +d — n + n 4+ 7° cannot occur for pions at rest.

At 600 MeV the cross sections for the reactions p + p — d + 7+ and
p+n—d+nareoct =3.15mband 6° = 1.5 mb. Show that the ratio of
the cross sections is in agreement with the iso-spin predictions.

[Osmania University]

Explain which of the following combination of particles can or cannot exist
in [ = 1 state
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(a) 7o
(b) wt™
(c) mrm~
(d) An®
(e) X070
& m n?

10.2.3 Quarks

10.44 Describe the phenomena when a quark is struck by a high energy electron
with a high enough momentum transfer.

10.45 The B~ meson is the lightest particle consisting of a b quark and u antiquark.
Which type of interaction causes its decay. Describe with explanation its
decay chain.

10.46 The 3y decay of positronium (the bound state of e™e™) has a width that in
QED is predicted to be I'(3y) = 2(n? — 9)a’m.c?/97, where o is the fine
structure constant.

(a) If the hadronic decay of the c ¢ bound state J/v (3,100) proceeds via an
analogous mechanism, but involving three gluons, use the experimental
hadronic width (fragmentation into hadrons occurring with probability
unity) I'(3g) = 80keV to estimate the effective strong interaction cou-
pling constant o.

(b) Determine o from the radiative width I'(ggy) = 0.16keV of the bb
bound state y(9,460)

10.47 Calculate the ratio R of the cross section for e*e~ — QQ — hadrons to that
for the reaction ete™ — ™ as a function of increasing CMS energy up
to 400 GeV. Assume the quark masses in GeV/c® up or down 0.31, strange
0.5, charm 1.6, bottom 4.6 and top 175.

10.48 Show that the quark model predicts the following cross-section relation
o(X"n)=o(pp)+o(K p)—o(x p)

10.49 Using the additive quark model the total interaction cross-section is assumed
to result from the sum of the cross-sections of various pairs. Assuming that
o(qq) = o(qq) prove the relation o (A p) = o(pp) + o (K n) —o(xt p)

10.50 The coulomb self- energy of a hadron with charge +e or —e is about 1 MeV.
The quark content and rest energies (in MeV)of some hadrons are
n(udd)940, p(uud)938, £~ (dds)1197, Z(uds)1192, = (uus)1189,
K%(d5)498, Kt (u5)494

The u and d quarks make different contribution to the rest energy. Estimate
this difference.
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10.51 (a) What are the quark constituents of the states A=, A%, AT AT+?
(b) Assuming the quarks are in states of zero angular momentum, what fun-
damental difficulty appears to be associated with the A states, which have
I = 3/2 and how is it resolved?
(c) How do you explain the occurrence of excited states of the nucleons with
the higher values of J. What parities would the higher states have?

10.52 Use the quark model to determine the quark composition of (a) £*, ¥, n
and p (b) K, K™, =™, =~ mesons.

10.53 (a) What are the three particles described by taking the three identical quarks?
(b) What are the quantum numbers of the b quark?

10.54 Draw the quark flow diagrams for the decays (a) ¢ — KTK~ (b) 0 —
a+m 70 (c) Show that the decay ¢ — m+7 ¥ is suppressed.

10.55 At a beam energy of 60 GeV, o(7r " p) = o(n~ p) = 25mb while o(pp) =
o (pn) = 38 mb. Show that the ratio of cross sections o(w N)/o (NN) can be
explained by simple quark model.

10.56 The production of a leptonic pair in a pion—nucleon collision is explained by
the Drell-Yan mechanism which consists of the annihilation of the anti-quark
from the pion with a quark from the nucleon, producing a virtual photon that
transforms to a muon pair. Show that the cross section in 7-'>C collisions
away from heavy meson resonances is predicted as

o(r~CQ))o(ntC)=4:1
[Courtesy D.H. Perkins, Introduction to High Energy Physics, University of
Cambridge Press]

10.57 Below the production threshold of charm particles, the cross-section for the
reaction ee™ — pu” is 20 nb. Estimate the cross-section for hadron pro-
duction

10.58 In the quark model, a meson is described as a bound quark-antiquark state.
It is usual to represent the potential energy between g and ¢ by V(r) =
—é + Br where A and B are positive constants. At r > few fermis, A is
negligible. Use the method of variation, with the trial function {(r) = e~"/“

1
lé
to show that the ground state energy is given by Ey = 2.96 (Bzhz) 3, where

m q

mq is the quark mass.

10.2.4 Electromagnetic Interactions

10.59 The reaction ete™ — utu™ is studied using colliding beams each of energy
10 GeV and at these energies the reaction is predominantly electromagnetic.
Draw the lowest order Feynman diagram. The differential cross-section is
given by
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do a’h2c?

aQ T 4EZ,

(1 4+ cos? 6)

where Ecy is the total centre of mass energy and 6 is the scattering angle
with respect to the beam direction. Calculate the total cross-section at this
energy.

10.60 (a) The X° hyperon decays to A + y with a mean lifetime of 7.4 x 1072,
Estimate its width.
(b) Explain why the absence of the decay K™ — 7™ + y can be considered
an argument in favor of spin zero for K™ meson.

10.61 Positronium is the bound state of positron and electron. It is found either in
the singlet s-state (para-positronium) or in a triplet s-state (ortho-positronium).
Show how the C-invariance restricts the number of photons into which the
positronium can annihilate for these two types of systems

10.62 Which of the following processes are allowed in electro-magnetic interac-

tions, and which are allowed in weak interactions via the exchange of a single
W= or Z°?

@) Kt — 7%+ et 4+,
b)) = > A+v+7

10.2.5 Weak Interactions

10.63 Estimate the rate of decay for D*(1,869) — e*+ anything, D°(1,864) —
et +anything. Given the branching fractions B = 19%, and 8% respectively,
e = 10.6 x 10735, 10 = 4.2 x 10735

10.64 1t is observed that the cross section for neutrino-electron scattering falls by
20% as the momentum transfer increases from very small values to 30 GeV/c.
Deduce the mass of the exchanged boson.

10.65 Estimate the number of W+ — e* v, events produced in 10° pp~ interactions
[The cross-sections o (pp~ — W) = 1.8nb and o(pp~ — anything) =

70 mb]
(University of Cambridge, Tripos 2004)

10.66 Use Cabibbo theory to explain the difference in the decays D* — Koutv,
and D* — 7%u*v,. Given that the DT consists of a ¢ quark and d antiquark.

10.67 Show that the ratio of decay rates

' - n+e +7,) ~

R =
(- A+e +7,)

7
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10.68

10.69

10.70

10.71

10.72

10.73

10.74

10.75

Use lepton universality and lepton-quark symmetry to estimate the branching
fraction for the decay t~ — e~ 47V, +v,. Ignore final states that are cabibbo-
suppressed relative to the lepton modes.

The following decays are all ascribed to the weak interaction, resulting in
three final state particles. For each process, the available energy Q in the
decay is given as well as the mean lifetime.

Q(MeV) 7(s)
@ ut — et +v, + v, 106 2.19 x 10°°
byn—>p+e +7v, 0.78 900
©tt—=et+v, +7; 1776 3.4 x 10713
drat - a%+et +, 4.1 2.56
(€) 40 =14 N* 4 e+ + v, 1.81 198

Apply Sergent’s law of radioactivity to show that the Q-values and mean
lifetimes are compatible with the same weak coupling.

Which of the following reactions are allowed and which forbidden as under
weak interactions?

@v,+p—>ut+n

®)vet+p—>e +at+p

© Kt - 7%+ ut +v,

DAt +e +7,

Introduce a fictitious particle called Spurion to calculate the ratio of decay
rates - — A +7 /B > A +7°

Consider the following decays of ¥ hyperons

>t>n+nat

X —>n+m”

>t p+a°

Using the Al = 1/ rule, show that the triangle relation for the amplitudes is
a, +./2a0 = a_

A hyperon can decay predominantly through the non-leptonic modes A —
p+m" and A — n + 7° Introduce a fictitious particle called spurion of
isospin !/ to convert the decay into a reaction and determine the branching
ratios for these modes.

Assuming that the entire energy resulting from the p—p chain reaction escapes
from the sun’s surface, calculate the flux of neutrinos received on earth. Take
the earth-sun distance as 1.5 x 10 km. Assume that the total energy output of
the sun is Lo = 3.83 x 10?°Js~!, and that each «-particle produced implies
the generation of 26.72 MeV

The observation of neutrinos emitted by the supernova SN 1987A 170,000
years ago provided a rough estimate of neutrino’s mass. Assume that the
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10.76

10.77

10.78

10.79

10.80
10.81

10.82
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neutrino energy was spread between 5 and 15MeV over a period of 4s.
Estimate the upper limit for the mass of neutrino.

A particle X decays at rest weakly as follows
X — a4 ut 4,

Determine the following properties of X
(a) Charge

(b) baryon number

(c) Lepton number

(d) Isospin

(e) Strangeness

(f) spin

(g) boson or fermion

(h) lower limit on its mass in MeV /c?
(i) Identity of X

The a-decay of an excited 2 state in '°0 to the ground 0F state of '>C is
found to have a width 7, = 1.0 x 107! e V. Explain why this decay indicates
a parity-violating potential.

Given the mean life time of ©* meson is 2.197 ws and its branching fraction
for ut — et + v, + 7, is 100%, estimate the mean lifetime of v if the
branching fraction B for the decay t+ — et + v, + 77 is 17.7%. The masses
of muon and z-lepton are 105.658 and 1,784 MeV.

State with reasoning which of the following particles may undergo two-pion
decay?

(@ (/7" =170

(b) °(JP" =07

(© foUrt =219

Why is the decay n — 4w not observed?

Van Royen-Weisskopf proposed a formula for the partial width of the lep-
tonic decays of the vector mesons. For the vector mesons p°(765), @°(785)
and ®°(1,020) which have similar masses, the partial width ' o« Q% where
0? = |Zai Q,'|2 is the squared sum of the charges of the quarks in the
meson. Show that

I'(p”) : (@) : (@) =9:1:2

[Courtesy D.H. Perkins, Introduction to High Energy Physics, University of
Cambridge Press]

Classify the following semi-leptonic decays of the D*(1,869) = c¢d meson
as Cabibbo-allowed, Cabibbo-suppressed or forbidden in lowest order weak
interactions.

(a) D" - Kt +n~ +et 4+,
b) DY >t +a~ +et + 1,
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10.83 Classify the following semileptonic decays of the D*(1,869) = cd meson
as Cabibbo-allowed, Cabibbo-suppressed or forbidden in lowest order weak
interactions.

@ DT - K +x7+e" +ve
(b) DT >t 4+at +e +7,

10.84 Which of the following decays are allowed in lowest order weak interac-
tions?
QK —-nat+n +e +7,
(b) B > X~ +et 4+,
C)Q > B +at+na”

10.85 Which of the following decays are allowed and which are forbidden ?
(@) KO — 7=ety,
(b) K-> nte v,
() KO- nte v,
(d) KO — m=e"v,

10.86 A muon neutrino is generated at time # = 0 at a particle accelerator. Show
that at a later time t the probability that it is still a muon neutrino is, in natural
units and in the neutrino rest frame

(Ey — E)t
2

[Courtesy D.H. Perkins, Introduction to High Energy Physics, University of
Cambridge Press]

P,(t) = 1 — sin® 20 sin’ [

10.87 (a) In Problem 10.86, write down an expression for the probability P.(¢) that
at the same time 7, the neutrino has oscillated into an electron neutrino.
(b) Derive the expression for the time at which the probabilities P,(¢) and
P,(t) are first equal. Assuming that m,, = 2eV and m,, = 3eV and
0 = 34%; find time t when beam energy is 1 GeV

10.88 Show how the following data prove the universality of the weak coupling
constant. 7, = 2.197 x 107%s, 7, = 2.91 x 10~ !* s, the branching fraction
of the tauon, B(t* — e*v,7;) = 0.178, m, = 105.658 MeV/c*, m, =

G*m>

19273

Fermi constant G oc g2, where g is the weak charge also known as the

coupling amplitude.

1,777 MeV. Note that I'(n — ev,v,) = in natural units and the

10.89 Consider the semi leptonic weak decays (a) 2~ — n+e~ + 7, (b) Tt —
n + e’ + v, Explain why the reaction (a) is observed but (b) is not.

10.90 The D* meson (cd) decays via the weak interaction to KO whv,
Alternatively the D* can decay to n°u"v,. What are the predictions of
Cabibbo’s theory for the relative rates of the two decays?
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10.91 The neutral kaons K° and K are the charge conjugate of each other and are
distinguished by their strangeness. However, they decay similarly and mixing
can occur by a virtual process like K < 7+ 4+ 7~ < KO. Starting with a
pure beam of K’s at = 0 obtain the intensity of K”’s and K*’s at time ¢,
in terms of the mean lifetimes 7,(0.9 x 10719 s) and 7,(0.5 x 10~ s) for the
components K1, and K, long lived and short lived respectively.

10.92 Suppose one starts with a pure beam of K”’s which traverses in vacuum
for a time of the order of 100 K mean lives so that all the K- component
has decayed and one is left with Ky, only. If now the Ky traverses a carbon
screen some of the Ky states are regenerated. Explain this phenomenon of
regeneration.

10.2.6 Electro-Weak Interactions

10.93 The observation of the process V,e~ — v, e, signifies the presence of a
neutral current interaction. Similarly, why does the process v,e~™ — Ve,
not indicate the presence of such an interaction?

10.94 From the data on the partial and full decay width of Z° boson show that the
number of neutrino generations is 3 only.

I",(total) = 2.534 GeV, F(Z0 — hadrons) = 1.797 GeV,
['(z°—1%17) = 0.084 GeV.Theoretical value for I'(z’— v, 77) = 0.166 GeV.

10.95 (a) What are the experimental signatures and with what detectors would one
measure (a) W — evand W — pv (b) Z° — ete” and Z° — ptu~
(b) The weak force is due to W, Z exchange, mass = 100 GeV. Give the
range in meters.
[University of London 2000]

10.96 Using the results of electro-weak theory of Salam and Weinberg, calculate
the masses of W and Z bosons. Take the fine-structure constant o« = 1/128
and Fermi’s constant Gg/F?¢® = 1.166 x 107> GeV~2 and Weinberg angle
Ow = 28.17°

10.2.7 Feynman Diagrams

10.97 Explain which force is responsible for the following particle interactions
and draw a Feynman diagram for each:
[University of Wales, Aberystwyth 2004]
it —>ut+v,+77
(i) K +p—> Q +K"+K° (K~ =su; K" = us; K* = ds; @ = sss)
Gii) D" - KT 4+7n~ (DY =uc; K" =us; n~ = dn)



10.2  Problems 557

10.98 Sketch the Feynman diagrams and replace the symbols / with the correct
leptons or anti-leptons in the following:
[University of Cambridge, Tripos 2004]
QO !l+n—e +p
) v > pu +L+1
(iii) B® - D™+ put +1
[The quark content of B® is bd and D~ is ¢d]
10.99 Draw the lowest order Feynman diagram for the following decays
(@) A — pm~
(b) 7 —> AK™

10.100 (a) Draw the lowest order Feynman diagram for eTe™ — v, v,
(b) Draw the lowest order Feynman diagram for D — K~ 7+ and estimate
the ratio of the transition rates.
[Quark contents (masses in MeV/cz):A+ = wud(1,232), Q™ = sss(1, 672),
B0 = uss(1, 315), p = uud(938), n = udd(940), n° = J% [utt + dd] (135),
7t = ud(140), D° = cu(1, 865), K~ = iis(494)]
[Adapted from University of Cambridge, Tripos 2004]

10.101 Draw the lowest order Feynman diagram for the following processes:
(a) e~ — e~ elastic scattering (Moller scattering)
(b) ete™ — ete™ (Bhabha scattering)

10.102 Draw the lowest order Feynman diagram at the quark level for the following
decays
@A—>pt+e +7,
(b) D~ > KO+ 7~

10.103 Draw the Feynman diagrams at the quark level for the reactions:
@mn +p—>K +A
(b) et +e~ — B9+ B°, where B is a meson containing a b-quark.

10.104 Draw the lowest order Feynman diagram for the decay K~ — p~ +v,+y
and hence deduce the form of the overall effective coupling.

10.105 Explain with the aid of Feynman diagrams, why the decay D° — K~ +n+
can occur as a charged-current weak interaction at lowest order, but the
decay D* — K° + 7+ cannot.

10.106 Why is the mean lifetime of the charged pion much longer than that of the
neutral pion? Draw Feynman diagram to illustrate your answer.

10.107 Draw Feynman diagrams for
(a) Bremsstrahlung
(b) pair production.

10.108 Draw Feynman diagrams for
(a) photo electric effect
(b) Compton scattering
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10.109 Draw Feynman diagrams for the processes
(@) efe” > qq
® v, +N—v, +X.

10.110 Draw Feynman diagrams for the decays
@B > A+n~
b) KT > ntatn~

10.111 (a) Draw the Feynman diagram for the semi leptonic decay of D* — K° 4
I+1.
(b) Draw Feynman diagram for the tauon decay 1~ — 7~ + v,

10.112 Draw Feynman diagrams for (a) Two-photon annihilation (b) Three-photon
annihilation of positronium.

10.113 Draw the Feynman diagram for the decay A — p + 7~

10.3 Solutions

10.3.1 Conservation Laws

10.1 (i) Weak decay

Fig. 10.2(a) € _
Ve
I,/
W,/
- /,
Ll' L
VH
U 2ev,v,
(i) Forbidden because Baryon number is violated
(iii) Charge current weak interaction
Fig. 10.2(b) V, ; ¢
w!
d : u
nqd drp
u u
Vetn—>pe”

(iv) Forbidden because energy is not conserved
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(v)
Fig. 10.2(c) A EM
interaction

Fig. 10.2(d) Weak
interaction

559

e* w
Y
e u_
e .
7)
e n

10.2 (i) Weak interaction because neutrino is involved
(ii) Does not occur because lepton number is violated
(iii) Electromagnetic interaction as gamma ray is involved and AS = 0
(iv) Allowed as a weak decay if proton is bound but forbidden when proton
is free because proton is lighter than the sum of masses of the product

particles.

(v) Does not occur as a strong or electromagnetic interaction because

AS #0

(vi) Strong interaction because AS = 0 and other quantum numbers are

conserved.

(vii) Weak interaction, because a lepton- antilepton pair is involved.

10.3 If Py is the momentum of Kaon, p; and p, the momenta of the pions, then

momentum conservation requires
Po=p1—Pp2=2p2—p2=p2
Energy conservation requires

E,+E = Ej

or

VP2 Dt m2 = [ p 4

But P2 = po and p1 = 2[72 = 2p0

ey
@

Using (2) in (1) and solving the resultant equation

bo = )

mxg

3)
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Substituting mg = 498 Mf:V/c2 and m,; = 140 MeV/ c?, we get
po = 142.8 MeV/c?

10.4 (i) Does not occur because energy is not conserved
(ii) Weak interaction because neutrinos are involved
(iii) Does not occur because lepton number is not conserved
(iv) Weak interaction because leptons are involved
(v) Does not occur because of non-conservation of baryon number and
lepton number
(vi) Electromagnetic interaction because y-rays are involved, charge and
c-parity are conserved.
(vii) Occurs as strong interaction because strangeness is conserved
(viii) Does not occur because strangeness is not conserved.

10.5 p° has J” = 1~. The conservation of angular momentum requires that the
two s are in [ = 1 state of orbital angular momentum. This state is anti-
symmetric and is therefore forbidden for identical bosons which require the
state to be symmetric with respect to the exchange of two bosons.

10.6 (a) This decay mode is allowed and is observed. AS = 1 as required for the

weak decays of strange particles.

(b) The decay is forbidden as AS =2

(c) The decay is allowed as AS = 1. Further, the rest mass energy of Q7 is
greater than the sum of the energies of decay products. Also Q/e and B
are conserved.

(d) The decay is forbidden although AS = 1 and Q/e and B are conserved.
But E is violated.

10.7 (a) Strong interaction
(b) Electromagnetic interaction
(c) Weak interaction
(d) Weak interaction
Relative strength:1 : 1072 : 1077 : 1077

10.8 (a) r — —r under P- operationas x - —x, y - —yandz — —zbutr — r
under T- operation.

(b) P reverses its sign under both P and T operation, P — —P. Both r and p
are known as polar vectors.

(c) o or L are axial vectors. ¢ = r x p. Since both r and p change their
sign under P-operation, L. does not. However under T-operation r does
not change sign but p does and so ¢ changes its sign.

(d) E = —9V/0r for the above argument changes sign under P-operation as r
changes its sign and does not under T-operation as r does not.

(e) The magnetic field like angular momentum is an axial vector B =i x r.
Under p-operation B — B because i — —i and r — —r but under
T-operation because r — r andi — —isothat B — —B
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(f) 0.E — —o0.E under both P and T-operations.
(g) Similarly 0.B — —o.B under both p-operation and under T-operation.

10.9 The deuteron which is the nucleus of deuterium (heavy hydrogen) consists of
one proton and one neutron. Since the parity of neutron and proton are +1,
that of deuteron is also +1. Spin of deuteron is 1, and I = 0 mostly, with
4% admixture of / = 2 so that the parity determined by (—1)) = +1 for
| = 0 or 2. The deuteron is in a state of total angular momentum J = 1.
Thus J? = 1%. Using the spectroscopic notation *'L;, deuteron’s state is
described by 38, and 3D;.

10.10 (a) For p, n and 7, the 1€ values are 17, 0 and 1~ respectively. There-
fore G-parity is violated. Therefore, the decay of p is forbidden by strong
interaction.

(b) For w, n and m, the parities are —1. The overall parity of n and 7 will
be (—1)(—1) = +1, as they are emitted in the s-state of relative angular
momentum. Therefore, both strong and em interactions will be forbidden.
The strong interaction will be forbidden also because of non conservation
of isospin.

10.11 (a) In the decay p% — wtx~, all the quantum numbers (Q/e, B, I, G, )
are conserved as required by a strong interaction. Therefore its lifetime
(~1072s) is characteristic of a strong interaction. On the other hand the
decay K — m+ m~, violates strangeness. It is therefore a weak decay,
characterized by relatively long lifetime of the order of 10~10s.

® A= p+7~

- n+7x°
The A% has T = 3/2 and T3 = —!/. In both the decays T3 is conserved
(for the first one p + ™ system has 75 = 414 — 1 = —1/, and for the
second one n + ¥ system has 73 = —1 + 0 = —15). Therefore, the
decay proceeds through strong interaction with a characteristic life time
of ~1072%s.

In the case of A,
A= p+n~
—>n+710

A has Tz = 0, and therefore 73 is violated. The decay being weak has the
characteristic life time of 10~10s.

10.12 (a) For p°(770MeV), JP = 1~ and IS = 1% while for = (139 MeV),
JP = 0" and IS = 1. In the decay p° — m* 7, all the quantum
numbers (Q/e, B, I, G, m) are conserved. Note that the decay involves
a large Q-value (491 MeV) so that the pions will come off with relative
angular momentum of / = 1, contributing (—1) to overall parity. Thus,
the overall parity is conserved (each pion has intrinsic parity —1).

(b) Decay is forbidden because of Bose symmetry.
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10.14

10.15
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(c) Decay via strong or electromagnetic interaction is forbidden because of

violation of cp invariance. For p°, ¢p = —1. But ¢y = czo = +1 because
both decay to two gamma rays.

(d) The decay is allowed via electromagnetic interaction.

Parity of deuteron gy = 7, . (=D As 7, = m, = +1 for s or d state
[ =0or?2.

Ty = +1

The intrinsic parity of quarks is assumed to be positive because the intrinsic
parity of a nucleon (4) comes from the parities of three quarks and / = 0.

Decay (a) is forbidden by the AS = AQ rule for the semi — leptonic decays
and (b) is forbidden by the AS = 0, *1 rule for the hadronic weak decays.
(c) and (d) are allowed and both have been experimentally observed.

Since strange particles are always produced in pairs, as in the reaction 7~ +
p — A+KP, the intrinsic parity of a strange particle can only be determined
relative to that of another. Thus, for example, one can determine the kaon
parity relative to that of A, which by convention is assigned a positive parity.
Consider the reaction

K~ +He* — AHe4+n_

e d AH4+7T0

These reactions are known to occur in a helium bubble chamber. Now, the
A is bound in an s-state relative to the nuclear core He® or H* which have
positive parity. Furthermore, all the participants in the reaction are spinless.
Linitil = Lfina- The orbital angular momentum does not contribute to the
parity because of s-state. The only relevant parities in the above reaction are
PK= PA.Pﬂf =—PA,asP,,7 =—1

The validity of the argument obviously hinges on the hyper-nuclei having
zero spin. If the spin were 1, for example, angular momentum conservation
would require / = 1 in the final state, thus reversing the conclusion. The
spin of A H* has also been experimentally determined to be indeed zero. It is
concluded that the relative parity of K™ is negative.

10.16(a) (i) Hadron is an elementary particle which participates in strong interac-

tions, examples being neutron and pion.

(i1) Lepton participates in weak interaction and if charged in em interac-
tion as well, examples being electron and muon. Lepton number is
universally conserved.

(iii)) Baryon comprises nucleons and hyperons which participate in strong
interaction, examples being proton and X-hyperon. Baryons are
fermions and baryon number is universally conserved.

(iv) Mesons are the carrier of strong forces, examples being pion and kaon.
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(b) Each photon will carry 67.5 MeV
1241

= G i = 18.385 x 10 °nm = 1.84 x 10™"“m

10.3.2 Strong Interactions

h ke 1973 x 1075(MeV —m)

017 @) T = 5 = 5 = “120Mev)(3 x 10°mys) — - 107
y=1+ % =163
B=1
d=Bcytr=1x3x10°x163 x55x 10*m
=27x107%m
= 0.0003 nm

a distance which is much less than the resolution obtainable by the avail-
able techniques. The best resolution obtained in photographic emulsions
isonly 1 pm.

(b) Uncertainty Principle:

Ft>nh
- h he 197.3MeV — fm 197.3 x 10~13
T —_—= — = =
T Tc¢ 6.5MeV)x3x 108(m/s) 19.5 x 108
T>10"s
1018 T P> +p (1)
m+p—>m +p (2
T4+ p— 7%+n 3)

The cross-section is proportional to the square of the matrix element M;;
connecting the initial and final states
Mic= (s |H| Vi)
where H is the isospin operator, and

2

o X iM,‘ f|
As pion has T = 1 and proton 7 = 1/2, the reactions can proceed either
through I = 1/2 or I = 3/2 channels. Designating the corresponding oper-

ators by H; and Hj and the matrix elements for the reactions by M| and M3,
we can write

w={oe (3) o (1)
o= (o (3) o (2)

As I-spin is conserved there is no operator connecting different isospin
states. Reaction (1) involves a pure state of I = 3/2, I3 = +3/2.

H;
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Therefore, oy = C |M3|2

where C = constant

For reaction (2) we have the mixture of / = 1/2 and I = 3/2 states.
Refering to the table for 3/2 x 1/2 C.G. coefficients we can write

i) = |wf)=\@ ¢<§’—%)>‘ % ‘P(%’_%»

1 2
Therefore, oy = C (s |H + Hy| y,) = C ‘—M3 + M,

2

3 3

For the reaction (3) we have

=5 -2 Bl 3)
=Bl B G2)
Therefore, o3 = c‘ \/g M; — \/g Ml(

The ratio of cross-sections are

o 1 2.2 2
o1 :07:03 = |Ms| i§|M3+2M1| 1§|M3—M1|

Ifal/z << as, M] << M3, 0] .02 .03 =9:1:2
Andifaj;p >> azp, My >> M3, 01:02:03=0:2:1

10.19 From the known m — N scattering cross-sections in terms of the amplitudes
azy; and ay; obtained in Problem 10.18 we can construct a diagram for the
amplitudes in the complex plane, Fig. 10.3

Fig. 10.3 Diagram of
amplitudes

Vot = |as|

1
No~ =§|a3+2611|

55 21
o 3Ias ai|

where for brevity we have written a; for a,, and a3 for az ),
From the triangle the required inequality follows from the fact that the sum
of two sides is equal to or greater than the third side.
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10.20 The nucleon has T = 1/2 and pion T = 1. The At has T = 3/2 and

10.21

T5; = +1/2. Using the C.G.C. for 1 x 1/2 (Table of Chap. 3), we have
31_\/§|10>11+\/T|11)1 1
2'2/ V3 7272 37702 2

31 2 0 1
N”;§’§>=\E|P”>+\[§‘””+>

) F(A+—>n0+p)_(\/2%)2/(\/m)2:2

(At > mt4n)

Note that for the charge states A, the strong decay is through only one
channel (AT" — p+7x1),soalsofor A=, vizA~™ — n+m".

Xt >n+nxt
— p+n°
Xt can have either T = 3/2 or 1/2. For T = 3/2 the predicted ratio
X+t — nat)/I(Xt — pr®) = 1/2 (as in Problem 10.20) which is
in disagreement with the experimental ratio of 36/18 or 2.
If we assume the value T = 1/2 for X the state ’%, %) must be orthogonal
to the state |3, 1). Therefore

11 1 2
va g 3} =5t S

upto an overall phase factor.

The branching ratio

o DXt — nat)/(XT — pr®) = 2/1, which is in agreement with
experimental ratio of 36/18 or 2/1.

X+

—15 _
1022 t = h _ hc _ 197.3 MeV—fm _ 197.3x107"° (MeV—m) — 4 x 10724S

— T Tc = T58MeV)x3x10°(m/s) 474 (MeV)x 108 (m/s)
a lifetime which is characteristic of a strong interaction. Therefore, the p-

meson decays via strong interaction.

10.23 We first write down the isospin for a pair of pions and then combine the

resultant with the third pion. (a) Each pion has T = 1, so that the 7™, 7~
combination has I = 2, 1, 0. When 7° is combined, possible values are I =
3,2,1,0 (b) Two s give I = 2. When the third 7° is added total 7 = 3
orl.

10.24 From the conservation laws for strong interactions the quantum numbers for

Xare B = +1, Q/e = —1, § = —2. It is Xi hyperon (27) and decays
weakly with lifetime T~10""3s. Its quark structure is dss; the quantum
numbers for ¥ are B = +1, Q/e = 0, § = —1. It is a sigma hyperon
(X% which decays electromagnetically with lifetime of the order of 10~ s.
Its quark structure is uds.
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10.25 (a) From Problem 10.18, we have the result

|aza|* o 190 mb

| 2
{% ’a3/2 + 2(11/2’} o 70 mb
Dividing one by the other, and solving we find a;/, = 0.0256 a3,,. Thus
the amplitude a, is negligible. The resonance is therefore characterized
by I =3/2.
(b) The fact that 7 p scattering cross-section has a fairly high value at
p = 230MeV /c implies that as amplitude is dominant.

10.26 From the analysis of 1t-N scattering (Problem 10. 18) the ratio

ot +p—>A)
o(n—+p—>A)_{1

If we put a;» = 0, we get the ratio as 3.

10.27 The analysis is identical with that for wp reactions (problem 10.18). The
3’s are isospin triplet (7 = 1) with the third components 73 = +1,0, —1
for ¥, X0, ¥~ similar to 71, 7% x~. Further, the KT and K° form
a doublet (T = 1/2) with T3 = +1/2 and —1/2, analogous to p and n.
Therefore the result on the ratio of cross-section will be identical with that
for pion — nucleon reactions as in Problem 10.18

o@xtT+p—>Tt+KN:o(rn"+p—> T +KT):
o~ +p— X'+ K%
2 2 2
= lasp|" : g |asp +2a10]" : § |asp — ar o

If a1/ << az,, then the ratio becomes 9:1:2.

10.28 Pions have 7' = 1 and nucleons 7 = 1/, so that the resultant isospin both in
the initial state and the final state can be / = 1/ or 3/2. Looking up the table
for Clebsch — Gordon Coefficients of 1 x 1/2 (Table 3.3) we can write

oS- 3h-El-
- -t

Therefore, (7~ p |[H| 7w~ p) = a3 + 3a
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10.29

The ratio of cross sections is

o las + 2a,|*

-0 2

“ ‘ﬁ(as _al)’

Put a3 = a1e'® with @ = £+30°

o 1 |ei® +2[° C1(e?+2) (e +2)  1(544cosg)

= = — = =15.
o, 2 |ei¢ _ 1|2 2(ef?—1) (e —1) 2(2—2cos¢) 58

Deuteron has spin 1 and is in the s-state (! = 0) mostly, with an admixture
of [ = 2. The total angular momentum J = 1 so that J? = 17. Thus
deuteron’s state is described by *S; and 3D,. Next we consider the parity
arising from the angular momentum of the 7 ~—d system. The time for a 7w~
to reach the K — orbit in the deuterium mesic atom is estimated as ~10~10s.
Furthermore, direct capture of 7 ~ from 2p level is negligible compared to the
transition from 2p to 1s level. It is therefore concluded that all 7 ~’s will be
captured from the s-state of the deuterium atom before they decay. Therefore,
the parity arising from the angular momentum is (—1)' = (—=1)° = +1. If
P 1s the parity of t~ then the parity of the initial state will be

m(initial) = pg.pr-.1 = p-

In the final state the neutrons obey Fermi — Dirac statistics and must be
in the anti symmetric state. The two neutrons can have total spin S = zero
(singlet, antisymmetric) or S = 1 (triplet, symmetric). Now the total wave
function which is the product of space and spin parts must be antisymmetric.

V= @(space)x (spin)

Now the symmetry of the spin function is (—1)**! and that for the spatial
part it is (—1)*. Hence the overall symmetry of the wavefunction \» under
the interchange of both space and spin will be (—1)L+5+1,

The initial state of ®~ — d system is characterized by L = 0 and § = 1
(. the deuteron spin = 1 and the pion spin is zero) and L = 0. Hence the
total angular momentum of the initial state is 1. By conservation of angular
momentum, final state must also have J = 1. The requirement J = 1 implies
L=0,S=1lorL=1, S=1orL=1, S=0orl,orL =2, §=1.The
possible final states are enumerated 3S; (symmetrical); *P; (antisymmetrical);

3D (symmetrical); 'P;(symmetrical). Of these combinations L = S = 1
alone gives L 4 S even.
Thus the only correct state is *P; with parity (—1) = —1, which also

requires negative parity for the initial state as parity is conserved in strong
interactions. It follows that p,- = —1.

It may be pointed out that the assumed parity of +1 for neutron and
deuteron is immaterial because the parities of baryon particles get cancelled
in any reaction due to conservation of baryon number.
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10.30 In the initial state T(K) = !4 and T(p) = !/, so that I = 0 or 1. In the

10.31

10.32

first two reactions I = 2, 1 or 0; so that these reactions can proceed through
I = 1 or0. In the third reaction T (A) = 0 and T'(r°) = 1 so that / = 1 only.
Since the resonance does not go through, the conclusion is that the resonance
has T = 0.

K +p—>Xt4+n~ (1)
K +p—>32"47x° )
K +p—> S +x" 3)
K +n—> % +x° 4)
K +n—3+7" (5)

The initial K~ + p system of two particles of T = 1/ has I3 = 0 and
consists equally of / = 0 and I = 1 state. The final ¥ 4 7 state will be

1
W) = NG (ao |# (0, 0)) + a1 ¢ (1, 0)))

For I} = I, = 1, referring to the C.G. Coefficients (Table 3.3) we can write

16(0,0) = E(W )= 2% + 27 )
¢ (1,0) = %2 (|277%) = [=F77)
|w>—%[(7"—“—; | ‘)—f| )2(30- f>|2‘ )]2

The reactions of K~ with n go through / = 1 only. Since I3 = —1 and the
final 277 state is a; [ (1, 1)) = % [|[Z77°%) — |2077)]
a2
(57): (3027) = &

If K™ is incident with equal frequency on p and n, then

S prtoi(f_ @ 2+1 PRI L R
2\A 2 7 f 2 73 Y

| S,

2
Eoza_o ﬁ
6 2

It follows that ¥~ + X+ =230
Bt > o’ + 7t

JP 1-— 0

1 0 1
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10.33

10.34

Assuming that the decay proceeds via strong interaction, the parity
Pg = P, Py = (=1)(=1)(=1)" = +1
Jo=140=1 (because ! = 0)
I=0+1=1
For the B meson, J” =17 and I =1
In case of weak decay, the spin would still be 1 but it would not be mean-
ingful to talk about / or P.

The nucleon has T = 1/2 and pion T = 1. The A has T = 3/2 and
T3 = —1/2. Using Clebsch — Gordon coefficients (C.G.C) for 1 x 1/2
(Table 3.3 of Chap. 3), we have

sl k3

The ratio of the amplitudes for the decays A — 7~ p and A® — 7
is given by the ratio of the corresponding C.G.C. and the ratio of the cross
sections by the squares of the C.G.C. Thus, the branching ratio would be

() /(5) -2

Ko K*
T oo X Meson(0)
T =«
04 * . . Octet
S L]
1y W
“ ¥
. =172 0+1/2+1
Fig. 10.4 S — I plot for
13

pseudoscalar meson octet

10.35

Fig. 10.5 S — I plot for
vector meson nonet

Meson (1")Nonet

-1-1/20+1/2+1
L, —
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10.36
Fig. 10.6 Y — I; plot for n p
baryon octet ]\ +1 e o Baryon (1/2%)
0 T X% Z Octet
Y L
A°
-1

[1] o
[1] @
o

1-172 0 +1/2+1
13

10.37

Fig. 10.7 Y — 15 plot for

baryon decuplet +17 NI

IO‘ E." 2'0‘ £+, Baryon Decuplet (3/2+)

o rr oI
30212 12 1302
13

10.38 (a) The reaction channels for the pion reactions 7~ + p — 7w~ + p and
7~ +p — 7°%+4n are charge symmetric to the reactions, 7 +n — 7+ +n
and 7 +n — 7%+ p. We can therefore expect the reaction cross sections
with pions to be nearly identical. On the other hand, the reactions with
kaons are not charge symmetric because K and K~ do not constitute an
iso spin doublet but are particle-antiparticle. Typical reactions with K*
are Kt +n— Kt +nand Kt +n - K°+p
However for K~ many more channels are open.

K +p—K +p
- KO +n
N
- 304+ 70
- X 4+t
So, there is no reason for 6(K™ + p) tO_be equal to (K™ + n).
(b) Because of the CPT theorem, K° and K9 which are particle and anti-

particle, cannot be distinguished by their decay modes, but can be identi-
fied through their distinct strong interaction process. Thus
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10.39

10.40

10.41

10.42

K'°4+p— Kt +n allowed

K'+p—>Xt4n°

0 _ forbidden because of strangeness non-conservation
K'+n— K +p

K'4p—xt+4+n0

= 5 allowed
K'+n— K +p

K%+ p— Kt +n forbidden

‘He is singlet and so T = 0, while K~ has T = 15. Therefore, the initial
state is a pure / = 1/, with I3 = —1/. In the final state 4 He and 4 H form a
doublet, with T = lh. As pion has T = 1, the final state will be a mixture
of I = 3/2 and 1/2. Looking up the Clebsch — Gordon Coefficients 1 x 1/2
(given in Table 3.3 of Chap. 3), we find the

final state ~ % |7r0HA> — \/g |n_HeA>
2

o(x*He) _ (v2/3) _2

O

As both K~ and 7° have zero spin, [ is conserved. Thus the orbital angular
momentum / must be the same for the initial and final states. Since this is a
strong interaction, conservation of parity requires that

(D' P =(=1) Py = (=1)(=1)
Therefore, P, = —1

The deuteron spin Jq4 = 1 and the capture of pion is assumed to occur from
the s-state. Particles in the final state must have J = 1. As the Q- value is
small (0.5MeV), the final nn® must be an s-state. It follows that the two
neutrons must be in a triplet spin state (symmetric) which is forbidden by
Pauli’s principle.

Referring to the two nucleons by 1 and 2, + for proton and — for neutron,
and using the notation |7, I3) for the isotopic state and the Clebsch—Gordon
Coefficients for 14x 1/ we can write the p—p state:

Ip)Ip) = [14) 124) = |1, 1)

The p—n state

Ip) In) = |14) [2—) = —=[|1,0) 410, 0)]

-

2
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While the p—p system is a pure / = 1 state the p-n system is a linear super-
position with equal statistical weight of / = 1 and I = 0 states. Therefore if
isospin is conserved only the / = 1 state can contribute since the final state
isapure I = 1 state. The expected ratio of cross-sections at a given energy is

ot 1

The observed ratio 3.15/1.5 = 2.1 is consistent with the expected ratio of
2.0.

10.43 Pions obey Bose statistics and the system of pions must be symmetric upon
interchange of space and isospin coordinates of any two pions. For each pion
T = 1 and for a system of two pions, total isospin, I = 2, 1, 0. The corre-
sponding states are

12, £2), 12, £1),12,0) (Symmetric)
[1,£1), |1, 0) (Anti symmetric)
10, 0) (Symmetric)

Now r(total) = \ (space)\ (isospin)

Thus for the symmetric states like |2, 1) or |0, 0), { (space) must be
symmetric because of Bose symmetry. But for two pions the interchange of
the spatial coordinates introduces a factor (—1)' so that only even [ states
are allowed. Thus, (7°, 7%, (x*, #1), (=, 77)in (a), (b) and (f) will
be found in the states L = 0, 2, ... However, the states |1, 1), |1, 0) are
antisymmetric and this requires, L = odd, thatis L = 1, 3, ... (c) being
antisymmetric can have odd values for L, thatis L = 1,3,... (d) and (e)
can exist in / = 1 regardless of the L values because of two particles in
these two cases are fermion and boson, so that the previous considerations
are inconsequential.

10.3.3 Quarks

10.44 High energy collisions can cause the quarks within hadrons, or newly created
quark—antiquark pairs, to fly apart from each other with very high energies.
As the distance from the origin increases the colour force also increases,
and it is energetically more favourable for the quarks to be fragmented,
that is transformed into a jet of hadrons, mostly pions. Gluons may also
radiate a separate jet. However, the quarks can not be dislodged as free
particles.
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10.45
Fig. 10.8 Chain decay of b

B-meson I
C

The decays are weak at each stage as the quantum numbers b, ¢ and S
change by one unit and is evidenced by narrow decay widths characteristic
of weak interactions. The route for the chain decays is in accordance with the
Cabibbo scheme as explained in the Sect. 10.1.

10.46 The QED formula is

272 — 9)a®mec?
rGy) = o (1)

(a) By analogy the QCD formula for charmonium (cc bound state) would be
Qn? - 9)05X6mcc2
9

where oy is the coupling constant for strong interaction and m.c
1.55GeV is the constituent mass of the c-quark. Substituting I" (3g) =
8 x 1079 GeV in (2), we find o, = 0.307

(b) For the radiative decay of the bb bound state the analogous formula
would be

I'3g) = 2)

2

=~

_ 2mw? — 9)a;‘a2mbc2

[(ggy) = O

Substituting I'(ggy) = 1.6 x 1077 GeV, « = 1/137, myc*> = 4.72GeV,
we find oy = 0.319

10.47 The ratio of the cross sections

_ 3 i/e)?
_3o(ete — 00) Xi:(q /)
T o(etem > utpo) 1

ey

where ¢; /e is the charge of the quark in terms of the charge of the electron.
The charges and masses for the quarks are tabulated below

q/e M (GeV/c?)

u-quark +2/3 0.31
d-quark —1/3 0.31
s-quark —1/3 0.5
c-quark +2/3 1.6
b-quark —1/3 4.6
t-quark +2/3 175
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10.49
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The sum of the squares of the quark charges refer to those quark pairs
which can possibly contribute to the reactions at a given CMS energy (/).
The factor 3 in (1) arises due to 3 colors. At the low s-values, below the ¢ ¢
threshold, only u, d, s quarks are involved, the expected ratio being

R(Vs <3GeV) =3 x [(2/3)* +(1/3)* +(1/3)°] =2

RB2 < /s <92GeV) =3 x[(2/3)* + (1/3)* +(1/3* + (2/3)*1 = 10/3

R(9.2 < /s <350GeV) =3 x [(2/3)* + (1/3)* + (1/3)* + (2/3)’
+(1/37%1=11/3

R(Vs > 350GeV) =3 x [(2/3)* 4+ (1/3)* 4+ (1/3)* 4+ (2/3)* + (1/3)*
+2/3%=5

In the quark model ¥~ = dds, P = uud, n = udd, K~ =su, n~ =du
o(X7n)=9(qq)

o(pp) =90(qq)

o(K™p) =30(qq) + 30(qq)

o(x™ p)=30(qq) +30(qq)

It follows that

o(X"n)=o0(pp)+o(K p)—o(m p)

In the quark model, A = uds, p = uud, n = udd, K~ = su,n" = ud
o(Ap) = o(uds)(uud)
=o(wu+uu+ud+du+du+dd+su+su+sd)=9(qq)
Similarly o(pp) =90(qq)
o(K™n) =30(qq) +30(qq)
o(x*p) =30(qq) + 30(qq)
Therefore o(Ap) =o(pp) +o(K n)—o(ntp)
where we have assumed that o (gq) = o(qq)
Substract 1 MeV from the rest energies of the charged particles and take the
difference in the masses.
n(940) — p(938 — 1) = 3MeV
=udd —uud =d —u
(1,197 — 1) — £°(1,192) = 4 MeV
=dds —uds =d —u
»0(1192) — =+(1189 — 1) = 4MeV
=uds —uus =d —u
K°(498) — K*(494 — 1) = 5MeV
=ds—us=d—u

Thus the mean difference in the masses of d-quark and u-quark is 4 MeV.
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10.51

10.52

10.53

10.54

10.55

10.56

10.57

(@) A~ :ddd, A°: ddu, At :uud, AT wuu

(b) The fundamental difficulty is that Pauli’s principle is violated. For exam-
ple consider the spin of A~. All the three d-quarks have to be aligned with
the same j, = —1/2. The same difficulty arises for A*". The difficulty
is removed by endowing a new intrinsic quantum number (colour) to the
quarks. Thus, the three d-quarks in A~ or the three u-quarks in A differ
in colour, green, blue, and red.

(c) The higher values of J are accounted for by endowing higher orbital angu-
lar momentum values to the quarks. The parity is determined by the value
of (—1)!, where [ is the orbital angular momentum quantum number.

(a) % : wus, ¥ : dds, n:udd, p: uud

0 Kt:us, K~ :ds, n7 :ud, n~ :ud

(@) AT AT, Q7

(b) The quantum numbers of the b-quark are spin = !/ h, charge Q/e =
—1/3, mass ~4.5GeV/c?, and Beauty = —1.

Figure 10.9a, b are the quark flow diagrams for the decays ® — K+tK~
and @ — 777, respectively. Figure 10.9 ¢ shows that the decay ® —
n+ %7~ is suppressed because of unconnected quark lines.

o(mN) =o(qq)(qqq) = 6 0(qq)

o(NN) = 0(qq9)(qqq) = 9 0 (qq)

where we have assumed o (qq) = o(qq)
c.o(@N)/o(NN)=6/9=2/3

which is in agreement with the ratio 25/38.

The cross section for this electromagnetic process is proportional to the
square of the quark charge. In the annihilation of 77 ~(= ud) with '>C nucleus
(= 18u + 18d), 18u are involved, the cross section being proportional to
1802, or 18(4/9) or 8. In the annihilation of 7 *(= ud) with '2C nucleus,
18d are involved, the cross section being proportional to 18Q§ or 18(1/9)
or 2.

Therefore the cross section ratio o(r ~C)/o(r TC) = 8/2 or 4:1

According to the quark model, the ratio

o (eTe” — hadrons) 33X 07

o(ete” = putu~) 1

where Q; is the charge of the quark and the factor 3 arises due to the three
colours in which the quarks can appear. Now the charges of the three quarks,
u, d,and s are +2/3, —1/3,and —1/3

Therefore EQZ-Z = (%)2 + (—%)2 + (—%)2 = %

and R=3x2/3=2

Hence o (¢"e™ — hadrons) =3 x 2 x o (ete™ - u*pu™) =2x20nb =
40nb
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o> k+k

(a)
u U
u v d
w 70
a : éd
u

o

w2THHOHT
(b)

Fig. 10.9

Actually the value of R will be slightly greater than 2 because of an
increased value of oy, the running coupling constant.

o0 R [ d? 2d
fefr/a {—L |: + ] -I—Br} e Az ridr

£ 24
10.58 E = (y |H|y) [y | ) = uldr rdr

o0

[ e=¥/admr2dr
0

where u = m, /2 is the reduced mass

P13
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The ground state energy is obtained by minimizing E, ‘;—f =0;
o3 e 13

——+B=0—a=(-— 2)
ua® = 2 3uB

Substituting (2) in (1) and putting u = m, / 2

B2i2 1/3,
E=Ey=245 < )
my

10.3.4 Electromagnetic Interactions

10.59
d d
o=[2dQ= [ 2 27 sin6 do

dQ 22 .2 ldg2
2nachc

="—— [ (1+cos*#)dcosb

a8,
_2r 1 (197.3MeV — fm)? [ , cos39]‘
1

= — X X

4 71372 (2 x 10*MeV)? 3
=2.17 x 10~%fm?
= 0.217nB

The Feynman diagram is given in Fig. 10.10

Fig. 10.10 ete™ — y
N o

h  hc 197.3MeV — fm
1060 @ I'= 2 = 0= 5 10253 x 10° x 105mys)

=8.89 x 1073 MeV = 8.89 keV

Note that because of the inverse dependence of decay width on lifetime,
weak decays with relatively long lives (> 1073 s) have widths of the order
of a small fraction of eV, while em decays (t~107°-10720 5) have widths
of the oder a kV, and strong decays (t~10"2* — 10~%*s) have widths of
several MeV.

(b) Photon has spin 1 and pion zero and K+ meson is known to have zero
spin. Pion will be emitted with / = 0 as its energy is small. Therefore the
occurrence of the radiative decay would constitute the violation of angular
momentum conservation.




578 10 Particle Physics — 11

10.61 Neither et nor ¢~ is an eigen state of C. However, the system et ¢~ in a
definite (/, s) state is an eigen state of C. According to the generalized Pauli
Principle under the total exchange of particles consisting of changing Q, r
and s labels, the total function ¥ must change its sign.

Space exchange gives a factor (—1)! as this involves parity operation.
Spin exchange gives a factor (—1)5*!.

Charge exchange gives a factor C.

The condition becomes

(=D'(=D'C=—lor C = (=1)*S

where S is the total spin.

We shall now show how C-invariance restricts the number of photons into
which the positrinium annihilates. Let n be the number of photons in the final
state. Conservation of C-parity gives

(_1)Z+S — (_1)11
Two cases arise
(i) Singlet s state ' So; [ = S = 0 (para — positronium)

eTe” — 2y allowed with lifetime 1.25 x 107 s.

— 3y forbidden

(i1) Triplet s state 381; 1 =0, S =1 (ortho — positronium)

eTe™ — 3y allowed with lifetime 1.5 x 107 s.

— 2y forbidden

Note that annihilation into a single photon is not possible as it would violate
the conservation of linear momentum.

10.62 (a) It is forbidden as electromagnetic interaction because AS # 0 and also
forbidden as weak interaction because there is no strangeness changing
current

(b) Itis allowed as an electromagnetic process because AS = 0 (both >0 and
A have § = —1. § does not apply to e™, and ™)

10.3.5 Weak Interactions

10.63 The decay rate W is given by the inverse of lifetime multiplied by the branch-
ing fraction B, thatis W = B/t

0.19
WD) = ———~  —18x10"s"!
(P = 106 x 10-1 s
0.08
w(D%) = =1.9x 10's7!

42 x10-13
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[4* +m?]’
At low energies g — 0

o 80 [ m 7
oo 100 | 302+ m?

m = 87 GeV/c?

= Wt
Number of W+ — ey, = o(pp .) x 10°
o(pp~ — anything)

1.8 x 109
= X o X 107 =26
X

The decay Dt (= cd) — F(: sd) + wt+ v, involves the transformation
of a c-quark to an s-quark which is Cabibbo favored. In the case of the decay
- uu —dd
DY (=cd) —» 7'(= ———
V2
the transformation of a c-quark to a u-quark is Cabibbo suppressed. This
explains why the former process is more likely than the latter.

Y+ ut v,

The difference in the decay rates is due to two reasons (i) the Q - values in
the decays are different. For ¥~ — n+ e~ +v,, Q; = 257 MeV, while for
X7 - A+e +v, Oy =81MeV, so that by Sargent’s law, the decay rate
(w) will be proportional to Q. (ii) The first decay involves |AS| = 1, so that
o will be proportional to sin” 6, where 6, is the Cabibbo angle. The second
one involves |AS| = 1, so that w is proportional to cos? 6. In all

¥ T4 in 6 5 257\°
go OE ot d0) sl (0o (BTY gy
w(X~ = A+e +7,) cos2b. \ 0 81

where we have used 6, = 13°. The experimental value for R is 17.8

The leptonic decays of 7~ are
T —>e +v. 4+, @))]
T Tt @)

which from lepton — quark symmetry have equal probability. In addition, the
possible hadronic decays are of the form 1~ — v, + X

where X can be du or sc so that X may have negative charge. However the
latter possibility is ruled out because m, < mg + m.. We are then left with
only one possibility for X so that the hadronic decay will be

T = v, +du 3)
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Reaction (3) has relative weightage of 3 because of three colours. Thus
the branching fraction of (1) is predicted to be 1/5 or 0.2, a value which is in

agreement with the experimental value of 0.18.

According to Sargent’s law, I' o« Q3

Decay Q(MeV) 1t(s) Q’t (MeV?> — )
@ pt—et+v.+7, 105.15 2.197 x 1076 2.82 x 10*
b) n—>p+e +v, 0.782 900 2.63 x 102
© T —=e"+v, +7v; 1784 3.4 x 10713 6.14 x 103
(d 7t =74+t 4+, 4.08 2.56 2.89 x 103
() "O— “N*4et+v, 181 198 3.85 x 10°

The numbers in the last column vary only over one order of magnitude
which is small compared to the lifetimes which span over 15 orders of mag-
nitude, thereby conforming to the Sargents’ law (T o 1/7° ) and therefore
favoring the same coupling constant for the weak decays.

(a) Forbidden because lepton number is not conserved, left side has L, = —1
while right side has L, = +1

(b) Forbidden because charge is not conserved.

(c) Allowed because B, L,, Q etc are conserved. Also the selection rule,
AQ = AS = %1 is obeyed.

(d) Allowed for reason stated in (c).

Introduce the spurion, (Sp) a hypothetical particle of spin !/ and isospin 1/2
and convert the weak decay into a strong interaction
Sp+E - A+n~
1 1h 1h 0 1
L —1/2 —-1/2 0 —1

The reaction must occur in pure / = 1 state. Looking up the Clebsch —
Gordon coefficients for 14X 1/, in Table 3.3,

|A, 7)) =ar|l, —1)

For the second decay, we associate again a spurion and consider the reaction
Sp+ & — A +1x°

1 1h 1k 0 1

I —1/2+4+1/2 0 0
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10.72

10.73

The initial state is a mixture of / = 0 and / = 1 states. The final state can
existonly in / = 1.

1
|A,7'[0 > = E[aﬂl,o > +apl0,0 >]

ME™T > A+7m7) _ 1 _
MEO > A4+7% (/22
Let us introduce a fictitious particle called spurion of I = 1/2, Iz = —1/2,

and neutrally charged and add it on the left hand side so that the weak decay
is converted into a strong interaction in which [ is conserved. The reactions
with 1 can proceed in I = 1/2 and 3/2 channels while that with £~ through
pure I = 3/2 channel. We can then write down the amplitudes for the initial
state by referring to the C.G. coefficients for 1 x 1/2:

>t 45— 1(1 +\/§a
V3@ Ty 3
YT +s5s—> a3

where a; and a3z are the I = 1/2 and I = 3/2 contributions. Similarly, for
the final state the amplitudes are

u\ﬁ +\F
nimw —da —d
37Ty 37

nmT — as
0 2 1
prt = za3 — [ a1
3 3
_ s+ 12,22
ar =(¥7 | nmw —35134-3611
Therefore, a- = (X7 | nm ™) = a3

w= (5" | pr) = Lt - La?

giving a4 + V2ay=a_

Converting the decay into a reaction
S+A—>p+na-

—n+x°
where s is the fictitious particle of isospin 7 = 14 and 75 = —1/. Because
A has T = 0 and T5 = 0, the initial state will be a pure I = !/ state with
I; = —1/2. In the final state the nucleon has 7 = !/ and pion has T = 1,
so that / = 3/2 or 15. I and I5 conservation require that the final state must
be characterized by I = 14 and I3 = —1/. Looking up the table for C.G.

Coefficients for 1 x 1/2 (given in Table 3.3) we can write down
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2, T,
N, 172, -1/2) = =\ [pr )+ 5 )
2

s, 202 () (1Y

26, 1 383X 102 )
Lo =383x%x10"J)s = ——— = MeVs
1.6 x 10-13
=239 x 10 MeV s~!
, 2.39 x 10% 37 1
Number of «’s produced, N, = W =8.94 x 10°" s

As the number of neutrinos produced is double the number of o’s,

N, = 2N, = 1.788 x 10%s~!

Number of neutrinos received per square metre on earth’s surface, that is flux
Ny 1.788 x 10%

- - = - =6.33x10"m s
4mrs (4 (1.5 x 101)

Using the formula E = mc?y, the speed of antineutrinos of mass m

m2ct 1/2
v:c[l— ]
E2

The time taken to travel to earth
1
_d_d[, _m 2 Ly e
T v ¢ E? T oc 2 E?

The difference in travel time for two neutrinos of energies E; and E, where
E, > E| >> m,

d 2 1 1
At=—(m) | & — =
2 () [Ef Eg]
Substituting A7 = 4s, E; = 5MeV and E; = 15MeV, ¢ =17 x 10* x

3.15 x 107 seconds, and solving for mc? we find mc? = 6.48 x 107 MeV =
6.5eV

(@) Q/le=+1 ~AQ=0

(b)y B=0 “AB=0

) ,=0 Al =0

@71 =1 ATy = =£1/2

(e) s = %1 T AS = +1

(f) spin = 0or 1 - spin of 7°, u and v are 0, 1/ and 1/, respectively

(g) Boson -.» on right hand side there are two fermions (x, v) and

one boson ()
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10.77

10.78

10.79

10.80

10.81

(h) Mass m,, > (my +m,, +m,) /¢ = (135 + 106 4 0) /c? = 241 MeV /c>
(i) X is identified as K*-meson.

The initial state '°0O* has odd parity, while the parity of '>C is even and so
also that of «. If « is emitted with / = 0 the parity of the final state is even.
Clearly the decay goes through a weak interaction because parity is violated
and the observed width is consistent with a weak decay. On the other hand
the width of the electro-magnetic decay '°0* —1© O 4y, is 3 x 103 eV.

5
ro= B, () = i x2.197x1070x (1555%)° = 0.28x 1025 a value

which is in excellent agreement with the experimental value of 0.3 x 1071% s

Pions have T = 1. A system of two pions can exist in the isospin state / = 0,
1, and 2 state. Therefore, isospin is conserved in all the three cases.

Now pions obey Bose statistics and so Wy, is symmetrical. As J = 0
for pions, the spatial part of pions system must be symmetrical. The intrinsic
parity of each pion being negative, does not contribute to the parity of the
state. The parity of the state is mainly determined by the L-value; p = (—1)’.
Therefore, allowed states correspond to L = 0, 2, 4, ... It follows that par-
ticles with J?» = 0%, 27 ... can decay to two pions, so that only possible
decay is f° — 7w 4 7~ the other two particles »” and 1° actually decay
into three pions.

The mass of 7 — meson is 549 Mev/c® while the mass of four pions is
558 MeV/c? if all the four pions are charged and 540 MeV /c? if uncharged.
In the first state the decay cannot occur because of energy conservation and
in the second case the decay will be heavily suppressed because of a small
phase space on account of small Q-value. Apart from this the only possible
pionic decay is the 3-body mode, the strong decay into two pions or four
pions being forbidden by parity conservation.

The leptonic decays are assumed to proceed via exchange of a single virtual
photon, Fig. 10.11

Fig. 10.11 Leptonic decay of

l+
vector meson V{Q X
0 2

Apart from numerical factors the partial width I'(V — [T [7) is propor-
tional to the squared sum of the charges of the quarks in the meson, that is
oY la; O; |2, where a; the amplitudes from all the quarks in the meson
are superposed. The approach is similar to the Rutherford scattering where
the cross-sections are assumed to be proportional to the sum of squares of
the charges of quarks. The quark wave functions and the quantity |Z a; Q; |2
are tabulated below
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Meson Quark wave function |Xa; Q,~|2

— 2
o wm—ddVT G- )] =
o (it + dd)/2 [% - ;)]2 _ 1
o (5 =3

The expected leptonic widths are in the ratio
I’ : T : T’ =9:1:2

in agreement with the observed ratios.

For the decay of charmed particles, the selection rules are (i) AC = AS =
AQ = =1, for Cabibbo allowed and (ii) AC = AQ = *+1, AS = 0, for
Cabibbo suppressed decays

(A Q applies to hadrons only). Using these rules (a) is Cabibbo allowed and
(b) is Cabibbo suppressed

For the charmed particles, the selection rule for the Cabibbo allowed decay
is AC = AS = AQ = =£1 and for the Cabibbo suppressed decays the
selection rule is AC = AQ = £1, AS = 0. Using these rules we infer that
the decays are (a) Cabibbo allowed (b) forbidden

For semileptonic decays the rule is AS = AQ = %1,. In (a) both Q and S
increase by one unit. Hence it is allowed and experimentally observed. (b) is
also a semileptonic decay in which Q decreases by one unit, but S increases
(from —2 to —1) by one unit. Therefore, the decay is forbidden. (c) is a
non-leptonic weak decay in which AS = +1 and the energy is conserved. It
is allowed and experimentally observed.

All the decays are semi-leptonic. For Cabibbo allowed decay,

AQ = AS = =+1.

In(a) AQ = —1and AS = —1 (.© S changes from +1 to 0) Therefore it is
allowed.

In (b) AQ = +1 while AS = —1. Therefore, forbidden.

In(c) AQ=+1and AS = +1(.- S = —1 — S = 0), therefore allowed.
In(d) AQ = —1 and AS = +1, therefore forbidden.

If lepton number is not absolutely conserved and neutrinos have finite masses,
then mixing may occur between different types of neutrinos (v,, v, v;)In
what follows consider only two types of neutrinos v, and v,. The neutrino
states v, and v, which couple to the muon and electron, respectively could
be linear combinations
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v, = v cosf + vy sinf ()
and v, = —v; sinf + v, cos (2)

which form a set of ortho normal states. v, and v, are the sort of states which
are produced in charged pion decay (w — p + v,,) and neutron decay (n —
p + e +7.); v and v, are the mass eigen states, corresponding to the
neutrino masses m and m,. In the matrix form

v\ [ cos@ sinf V|
(vg>_<—sin90059><vz) @)

The difference in the masses leads to difference in the characteristic fre-
quencies with which the neutrinos are propagated. Here 6 is known as the
mixing angle which is analogous to the Cabibbo angle 6.. Using natural units
(h=c=1)attimer # 0,

vi(t) = vi(0)e; !
() = 12(0)e; P> 4)

where the exponentials are the usual oscillating time factors associated with
any quantum mechanical stationary state. Since the momentum is conserved
the states v;(¢) and v,(#) must have the same momentum p. If the mass
m; << El(l = 1, 2)

2

Ei=(p+m)?=py i )
2p

Suppose at ¢ = 0, we start with muon type of neutrinos so that, v,(0) = 1
and v.(0) = 0 then by (3),

12(0) = v,(0)sin® (6)
v1(0) = v, (0)cos b
and v, (1) = cos Qv (t) + sinOv,(t) (7)

Thus at time ¢ # 0, the muon—neutrino beam is no longer pure but devel-
ops an electron neutrino component. Similarly, an electron—neutrino beam
would develop a muon—neutrino beam component.

Using (4) and (6) in (7)
t . .

L0} = cos?f.e ' 4 sin? 9.e B
v, (0)
and the intensity

1(t 1 |? . .

(1) _ v, (1) — cos*0 4 sin* 6 + sin? 0 cos? 0 [iE=EV 4 gmitEr=EiN]
1,(0) v, (0)

E, — E

P(v, — v.) = 1 — sin® 26 sin® [%t} (8)

where we have used (cos* 6 + sin* 8) = (cos? 6 + sin” ) — 2 cos? 6 sin> 6
in simplifying the above equation.
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(2) Po(t) = 1 — P,(1) = sin” 26 sin’ [—@2;’5‘);]
(b) P, (1) = P.(t)

1 — sin? 26 sin’ [(Ez)z;El)t] = sin” 26 sin’ |:—(E2 ; El)ti|

E,— E
2 sin” 20 sin? [(22—1)1‘] =1

Restoring to practical units the above equation becomes

A 2.4
2 sin’® 26 sin? me =1
2Eh
where Am? = m»? —m? and 6 = 34°
If m; and m, are ineV/ ¢2, and E in MeV and L the distance from the source,
then the last equation becomes

1.27Am2.L> 1

E

Inserting 6 = 340 Am? = 52 —3%2 = 16 and E =1,000MeV, we find
L =426m, givingt = L/C = 1.42 x 107,

G* m

B
(he)® 19273 W

G?* ~ g2 /M\% , where M,, is the mass of W-boson.

From the 7 lepton lifetime and formula (1) for the dependence of parent
particle mass, we can test the universality of the couplings g,, and g, to the
W —boson

4 5
(g—r) =B (t" - etvy) (@> (r_u)
8u mq T

Inserting B = 0.178, m, = 105.658 MeV /c*, m, = 1777.0MeV/c?, 7, =
2.197 x 10 % and 7, = 2.91 x 10~ s, we find

2 sin® 20 sin? (

+

T(M+ — eV, V) =

8T _0.987

8n

Comment: From the branching fractions for t — e%v,7; and 17 —
wrv, U7 the ratio g,/g. = 1.001. A similar result is obtained from the

branching ratio of 7 — ev and w — e, proving thereby different flavours
of leptons have identical couplings to the W* bosons.

The principle of universality is equally valid for the Z° coupling. Thus,
the branching fractions are predicted as

2 s ete iputu it =1:1:1
in agreement with the experimental ratios. Formula (1) affords the most accu-
rate determination of G, the Fermi constant because the mass and lifetime of

muon are precisely known by experiment.
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™M
+
—t—
[N
N
\\
AN
\\
N

u
drn
ItDn+ettv, d

®)
Fig. 10.12

10.89 The reaction (a) can go via the mechanism of the diagram shown in Fig. 10.12a.
However, no diagram with single W exchange can be drawn for the reaction
(b) which at the quark level implies the transformation

uus — udd + et + v,

as in Fig. 10.12b and would require two separate quark transitions which
involve the emission and absorption of two W bosons — a mechanism which
is of higher order and therefore negligibly small.

The above conclusion can also be reached by invoking for the selection
rule for semi leptonic decays. Reaction (a) obeys the rule AS = AQ = +1
and is therefore allowed, while in reaction (b) we have AS = +1,but AQ =
—1, and therefore forbidden.

10.90 The difference in the two decay rates is due to two factors (i) The decay
Dt — K%uTv, involves |As| = 1 and hence proportional to sin’ 6, where
0. = 12.9° is the Cabibbo angle, while D* — 7% v, involves |[As| = 0
and is proportional to sin’ 6, (ii) The Q-values are different for these decays.
For the first one Q; = 1870 — (498 4+ 106) = 1,266 MeV and for the second
one O, = 1,870 — (135 4+ 106) = 1629MeV. Thus using Sargent’s rule

) 5 5

0. 1266

R~ S0 Q1N 21090 (1200) ~ 015
cos20. \ 0> 1629
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10.91 Leta K° beam be formed through a strong interaction like 7~ +p — K°4A.

Neither |K 0) nor ‘F) is an eigen state of | cp). However, linear combinations
can be formed.

k)= 5 (1K1 + [<7)

p Ko = % (‘F) n |K°)) = IK,)

cp =+1

k= 75 (1) - [<9)

1

epIK) = — (|K°) = [K%)) = = 1K)

S

2
cp=—1

while K° and KO are distinguished by their mode of production, K and
Ky are distinguished by the mode of decay. Typical decays are K, —
7970, ntn—, KL — ntanal, wupv.

At t = 0, the wave function of the system will have the form
1
V2

As time develops K and K amplitudes decay with their characteristic life-
times. The intensity of K or K; components can be obtained by squaring
the appropriate coefficient in W(¢). The amplitudes therefore contain a factor
e~ "Et/% which describes the time dependence of an energy eigen function in
quantum mechanics.

In the rest frame of the K° we can write the factor e ase
where m is the mass. The complete wavefunction for the system can therefore
be written as

¥(0) = |K°) = — (IK,) + |KL))

—iEt/h —imc*t/h
9

imgc S a im P
1/f(t>=% [|Ks>e“(z'fs+’%7)+|n>e (e )}

[ -zz/h[ -t i Amc2t/h
= —=e "M K ) e+ |Kp) et ]
\/E )

where Am = my —my and we have neglected the factor e’ /2t which varies
slowly (7p, = 707;). Reexpressing |K;) and |K;) in terms of |K°) and ‘K0>
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10.92

- 37+
|KL) = 7

(Ix%) - [%7))
W(t) = %e—imsczt/h [ —t)21, ( K ‘K0>) piAm/h (‘K()) _ ‘F»]
_ %efimsc t/h [’KO) (eft/er T eiAmczt/h)

4 ‘ﬁ) (eft/2ts _ eiAmczt/h)]
The intensity of the component is obtained by taking the absolute square of
the coefficient of ‘F)

1K) =

Similarly,

[e,,/fs + 14+ 2e7"?% cos (Amczt/h)]

=

I ‘(F» = % [e7/™ +1 —2e7"/*" cos (Amc?t /h)]

Refering to Problem 10.91, the Ky state can be written as

1 .

|K)=—(K° —)KO)) )
v = (K%

When K| enters the absorber, strong interactions would occur with K 0s =

+1) and ‘K °> (S = —1) components of the beam of the original K° beam

intensity, 50% has disappeared by Ks-decay. The remaining K;. component
consists of 50% KO. Upon traversing the material the existence of K KO with
S = —1 is revealed by the production of hyperons in a typical reaction,
KO+p—>A+nt

While K components can undergo elastic and charge-exchange scattering
only, the KO component can in addition participate in absorption processes
resulting in the hyperon production. The emergent beam from the slab will
then have the K° amplitude f |K°) and K° amplitude f ‘ﬁ) with f <
f < 1. The composition of the emergent beam from the slab is given by
modifying (1).

(17 [Re) = 2D () [

“;f” (1% +>Ko>>

(f+ f)IKL) + +3 (f — f)1Ks)

2

_|_

l\)l'i
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Since f # f, we conclude that some of the Ks-state has regenerated. The
regeneration of the short lived K;-component in a long-lived K beam was
experimentally confirmed from observation of two-pion decay mode (1956).

10.3.6 Electro-weak Interactions

10.93
Fig. 10.13(a) Vu v

e e
(a) vre 20—y +e”

A charged current weak interaction is mediated by the exchange of W*
boson, as for the decay ©~ — e~ 4+ v, + v,. Neutral current interaction
is mediated by the exchange of Z°, as in the scattering, v+ p— v+ p.
For v, + e~ — v, + e”, the Feynman diagram for weak neutral current
shown in Fig. 10.13a is unambiguous.

ve Ve
Ve <
) \/
Il
l’l ZO I’
K /W
1 l’
/\ :
€ € e Ve
-0 - ©
(b) Vgt —Z° >V t€ (C) Vet€ W —vgte™

Fig. 10.13(b), (¢)
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10.94

However, for v,+e~ — v,+e~, there are two diagrams shown in Fig. 10.13b
and Fig. 10.13c.

Thus the reaction can be described by neutral or charged current and there-
fore does not constitute an unequivocal evidence for neutral current.

If N, is the number of neutrino types in the sequence v,, v,, v, and assum-
ing that there are only three charged leptons e, p and t, the balance equation
for the decay rate can be written as

I, (total) = I'(Z° — hadrons) + 3T(Z° — IT17) + N,['(Z° — v;7})
The factor 3 is for the three charged leptons. Substituting the given data

2.534 = 1.797 4+ 3 x 0.084 4 0.166N,,
and solving, we get N, = 2.92 or 3.

10.95 (a) W* and Z° bosons are produced in the annihilation of p~ — p at high

Fig. 10.14 Annihilation

process

energies (Fig. 10.14). The elementary production and decay processes are
u+d— Wt —et +v, ut+,
u+d—- W —e +v,u +v,
u-+u
d+d
Detector: It consists of calorimeter detectors, the central tracking cham-
ber to detect individual secondary particles, surrounded by an electro-
magnetic calorimeter to detect electron — photon showers, a much larger
calorimeter to detect and measure hadron jets and an outside muon detec-
tor.
Signature for W — ev event:

} — 70 s ete, utu”

(i)An isolated single electron track with high transverse momentum ( Pr)
in the central track detector.

(i1)The electron track points to a shower in the electromagnetic calorime-
ter with appreciable energy deposition in the nearby hadronic calorime-
ter in the neighborhood

(iii)There should be missing P overall when summation is made over all
the secondaries. The missing Pr is attributed to the unseen neutrino
from the W-decay.

Signature of Z° — e*e™ events:

Two isolated tracks with large Pr values and invariant mass M +,- >
50GeV, pointing to localized track clusters in the electromagnetic
calorimeter.

For muonic decays, W* — uv, Z° — uu are observed by imposing
high Pr requirements on the Pr values for muons which are able to pene-
trate hadron calorimeter and observed in the external muon chambers.

—

SIEYEY
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he 197MeV — fm

)R~ = 2 5 103 fm
mc2 100 x 103 MeV
4 Fic)?
1096 My? = 2 /580
8 sin” Oy Gr
(47) V2 1

- N 6,670
8sin228.170 128  1.166 x 10-5

Myc? = 81.67 GeV

the experimental value being 81 GeV

Mw /My = cos O — Mz = M/ cos by
My = 81.67/ cos 28.17°

= 92.64 GeV

the experimental value being 94 GeV.

10.3.7 Feynman Diagrams

10.97 (i) Weak interaction

Fig. 10.15(i) ™ decay v \Y
h > ut 4, + 7,

(ii) Strong interaction

Fig. 10.15(ii) Q™ production R 5_\/2}0_
in K~ interaction u>

K~+p—Q +K*+K°

i
¢’} o
k+p2Q+kt+k?
(iii)
Fig. 10.15(iii) Decay of D¥ d}\"'

DO Kt 47~ é/u
W;,"/
_0 - e
{e——<
N ;} K+
u

1098 () I =v,
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Diagram is the same as in Problem 10.2(iii)
(i) v > pm+I+1

Fig. 10.16(a) Decay of 7~ v ﬁ
T vt uT Fvy, T

(i) 1 = v,

Fig. 10.16(b) Decay of B® 1)

meson vV
\i/ H
/

we’
B0 { \
\E
B’>D+u'+v, d
(b)

Q|

10.99 (a) A® — pm~
The decay A° — p + 7~ proceeds via strong interaction in which a

gluon is involved. A® = udd; p = udu;n~ = du
u
drp
0 u u
A d —
d

()

A

3

Fig. 10.17 (a)
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(b) Q7 - AK™

Fig. 10.17 (b)

Q-
(b) S~
K_
10.100 (a) eTe™ — v, 7,
Fig. 10.18 (a) et ,
Vﬂ
&
(@
) D - K =t
T +
ux
o
we
D"{ < S
d
~ d
DO>K-+rt 7 } K

Fig. 10.18 (b) (b)
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10.101 (a)

Fig. 10.19(a) Moller } e e
scattering € \\/
€
e+
e
c

(b)
Fig. 10.19(b) Bhabha et
scattering

e

(b)

10.102 (@) A — p+e +7,

Fig. 10.20(a) (@
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(b)

Fig. 10.20(b)

10.103 (a)

Fig. 10.21(a)

(b)

Fig. 10.21(b)

10.104 The Feynman diagram is

Fig. 10.22

10 Particle Physics — 11

d\g-
%

a

W,’,f
c . sl vo
K
d A
D >K%
(b)
_ d d KO
' {aME}
! R
Pld d
T+p>A+k0
(a)
e+
-
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The two vertices 1 and 2 where the W boson couples pertain to weak
interactions and have strengths \/a,,. Vertex 3 is electromagnetic and has
strength /ater. The overall strength of the diagram is /@y. o/@y. +/@em OF

Oy \/aem
10.105 The decay of D° — K~ + m* is accomplished by the exchange of W+

boson as illustrated by the Feynman diagram Fig. 10.23.

Fig. 10.23 nt
éu}"\

"

Al
ad} K

The quark composition (D’ =cu, K- =su,nt = ug) is also indicated.

The favoured route for the decay is viac — s. Hence the decay occurs via
lowest order charge current weak interaction. However, for D* — K% 4+
7t the c-quark is required to decay to d-quark via W emission and the
subsequent decay of W+ to . This would mean that the d quark in the
D decay to an 5 quark in the K° which is not possible as they both have
the same charge. Furthermore the transition ¢ — d is not favoured in the
Cabibbo scheme.

DO> K-+t

10.106 Consider the Feynman diagrams for the decays 7+ — ™ + v, and 70—
y+vy

T
u+

LA AT 10>y+y

Y

(a) (b)
Fig. 10.24
For charged pion there are two vertices of strength , /vy, and a propagator

1 1

0%+ M2c2 ~ M2c?

In the limit Q << M,c momentum transfer squared Q2 carried by W
boson is quite small. Therefore, the decay rate will be proportional to

(B

M2 M

£~
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For the neutral pion there are two vertices of strength /o but the propa-
gator term is absent because photon has zero rest mass. Thus the decay rate
will be proportional to o2, . But oy, = e according to the electro-weak
w(r*—>p) ~ L
o(70—>2y) My,
which is quite small and so charged pion lifetime (~107%s) is much larger
than that of neutral pion (~10~7s).

unified theory. Therefore, the ratio of the decay rates

10.107 (a)
Y
e
Y
.
.
~
e
Nucleus
Nucleus
@

Fig. 10.25(a) Dominant Feynman diagrams for the Bremsstrahlung process e~ + (Z, A) — e~ +
y +(Z, A)

(b) The pair production process y + (Z, A) — ¢~ + e +(Z, A)

Y\& Y%LE

Nucleus Nucleus

(b)
Fig. 10.25(b)
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10.108 (a)
Fig. 10.26(a) Photo electric
effect

(b)

Fig. 10.26(b) Lowest order
Feynman diagrams for the
Compton scattering

10.109
Fig. 10.27(a)

Fig. 10.27(b)

N

(b)

(b)

ws>0SQO T

599

e &
(a)
.
%
0,
_ /-00&
q =
q &
&0

(@)

Neutral current reaction



600 10 Particle Physics — 11

10.110
d
7
W,
s ’
=21s
d
u
stA
d
EOA+T
Fig. 10.28(a) (@
Fig. 10.28(b) "
4»_/_ mt
u <
W,
+ ’
K . u

@

= O—j

e
) ?—I+

(b)

The decay K+ — mtmtz~. In all hadrons, gluon interactions keep the
gluon bound. In this example a dd pair is created.

10.111 (a) There are five basic mechanisms for the D" decay

Fig. 10.29(a) 1
DY - K +1+1 o)
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where the combinations (1,2) are (e™, v,) or (1™, v,) or (d, u), the last
one three times for three colors. The combinations (7, v;) and (5, c) are
ruled out as energy is violated.

(b) Hadronic decay of 7~
T > T,

W
T > <
v
b T
Fig. 10.29(b) ®)
10.112 (a)
Fig. 10.30(a) ¢

¢ Y et
e'e -2y
(a)
Two-photon annihilation; two ordered diagrams

(b) ]
€ \ y

Fig. 10.30(b)

et Y

¢'e” —3 v; Three-photon annihilation

(b)
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10.113

Fig. 10.31
A — pm~
A =uds; p=udu, 7~ = id
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Chapter 1 Mathematical Physics

1.2.1 Vector Calculus

Ifo=1/r,Vo=r/r? 1.1
Unit vector to the given surface at a point 1.2
Divergence of 1/r? is zero 1.3
If A and B are irrotational, A x B is solenoidal 1.4
(a) For central field F, Curl F = 0 (b) For a solenoidal field 1.5

function F(r),
fc A .dr between two points along the curve r, where A is defined 1.6
996 A.dr around closed curve ¢ defined by two equations where A is 1.7

defined

(a) Given field F is conservative (b) To find scalar potential 1.8
(c) Work done in moving a unit mass between two points

To verify Green’s theorem in the given plane, the bonded region 1.9
being defined by two equations

fs A.ds, where S is sphere of radius R and A is defined. 1.10
| A.dr around a circle in xy-plane where A is defined 1.11
(a) Curl of gradient is zero (b) divergence of curl is zero 1.12
Gradient and Laplacian of given function ¢ 1.13
(a) A unit vector normal to given surface at the given point

(b) Directional derivative at the given point in the given direction 1.14
The divergence of inverse square force is zero 1.15
Angle between two surfaces at given point 1.16

1.2.2 Fourier Series and Fourier Transforms

Fourier series expansion for saw-tooth wave 1.17
Fourier series expansion for square wave 1.18
To express /4 as a series 1.19
Fourier transform of a square wave 1.20
To use Fourier integral to prove the given definite integral 1.21
Fourier transform of a Gaussian function is another Gaussian 1.22
function

603
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1.2.3 Gamma and Beta Function

@T(Z+1)=2I'(Z) (b) I'(n + 1) = n! for positive integer 1.23
B(m,n) = T'm)I'(n)/T'(m + n) 1.24
To evaluate a definite integral using  functions 1.25
(@) I'm)I'(1 —n) = w/sin(nn); 0 <n < 1 1.26
(b) |T(in)|> = n/n sinh(nm)
1.2.4 Matrix Algebra

Characteristic roots of Hermitian matrix are real 1.27
Characteristic equation and eigen values of the given matrix 1.28
Effect of a set of matrices on position vector 1.29
Eigen values of the given matrix 1.30
Diagnalization of a matrix and its trace 1.31
Eigen values, eigen vector, modal matrix C and its inverse C -1 1.32

product C~'AC

1.2.5 Maxima and Minima
Solution of a cubic equation by Newton’s method 1.33
(a) Turning points of f(x) (b) Whether f(x) is odd or even or neither 1.34

1.2.6 Series

Interval of convergence of series 1.35
Expansion of log x by Taylor’s series 1.36
Expansion of cos x into infinite power series 1.37
Expansion of sin(a + x) by Taylor’s series 1.38
Sum of series 1 +2x +3x> +4x3 4+ ..., |x| <1 1.39
1.2.7 Integration
(a) [ sin® x cos® x dx (b) [ sin® x cos? x dx 1.40
f(2x* =3x —2)"dx 1.41

2

(a) Sketch of curve > = a?sin 26 (b) area within the curve between 1.42

0 =0and b = 1/2

(P 4 x? 4+ 2)(x* +2)2dx 1.43
Jo” 4a’(x* + 4a*)~dx 1.44
(a) f tan® x sec* x dx (b) f tan® x sec? x dx 1.45
flox + 402 —4x +8) 'dr =In2 + 7 1.46
Area included between curve y> = x> and line x = 4 1.47
Surface of revolution of hypocycloid about x-axis 1.48
SO (4 y)dydx 1.49
Area enclosed between curves y = 1/x and y = —1/x and lines 1.50
x=1landx =2

J(x* —18x +34)"dx 1.51
fol x?tan~! x dx 1.52
(a) Area bounded by curves y = x> +2 and y = x — 1 and lines
x=—landx =2

(b) Volume of solid of revolution obtained by rotating area enclosed 1.53
by linesx =0,y =0, x =2 and 2x + y = 5 through 27 rad about
y-axis
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1.2.8

1.2.9

(a) Area enclosed by curve y = x sinx and x-axis
(b) Volume generated when curve rotates about x-axis

Ordinary Differential Equations

dy/dx = (x? 4+ y?)/3xy?

dy/dx3 —3d%y/dx?+4y =0

d*y/dx* — 4d®y/dx? + 10d*y/dx? — 12dy/dx + 5y =0
d?y/dx?® + m?y = cos ax

d?y/dx? — 5dy/dx + 6y = x

Equation of motion for damped oscillator

Modes of oscillation of coupled springs

SHM of a rolling cylinder with a spring attached to it
d?y/dx? — 8dy/dx = —16y

x2dy/dx 4+ y(x + Dx = 9x?

d?y/dx? +dy/dx — 2y = 2 cosh (2x)

xdy/dx —y = x?

(@) y —2y/x =1/x*(b) y" +5y +4y =0

(@) dy/dx +y = e (b) d>y/dx?> + 4y = 2cos (2x)
dy/dx + 3y/(x 4+ 2) = x + 2 with boundary conditions
(a) d®y/dx? — 4dy/dx + 4y = 8x?> — 4x — 4, with boundary
conditions

(b) d®y/dx?> + 4y = sinx

dy/dx® — d*y/dx? +dy/dx —y =0

Laplace Transforms

Solution of radioactive chain decay

(@) £(e*) = 1/(s — a) (b) £(cosax) = s/(s* + a*)
(c) £(sinax) = a/(s> + a?)

1.2.10 Special Functions

For Hermite polynomials (a) H, = 2nH,_,

(b) Hy1 = ZEHn —2nH,_

For Bessel function (a)%[x" J,(x)] = x"J,_1(x)
(®) g[S = =21 ()

@) Juo1 () = Js1 () = 250 Ju(x)

(0) Ju—1(x) + Jup1(x) = 2(n/x)Jp(x)

(@) J1a(x) = \/gsm (1) J_1p(x) = \/%cosx

For Legendre polynomials f_ll Pn(X)pm(x)dx = ifm=n
and=0ifm #n

For large n and small 6, p,(cos 0) =~ Jy(nb)

@+ Dprp = QL+ Dxpr—Ipi—

(b) P(x) +2xp/(x) = p/' 1(x) + pi'—1(x)

For Laguerre’s polynomials L,(0) = n!

_2
2n+1°

1.2.11 Complex Variables

deZ/(Z —2) where C is (a) Circle |Z]| = 1 (b) Circle |Z +i| =3

$.(4Z* =3Z + 1)(Z — 1)7*dZ, C encloses Z = 1

605

1.54

1.55
1.56
1.57
1.58
1.59
1.60
1.61
1.62
1.63
1.64
1.65
1.66
1.67
1.68
1.69

1.70
1.71

1.72,73
1.74

1.75

1.76

1.77

1.78
1.79

1.80

1.81
1.82

1.83
1.84
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1.2.12

1.2.13

1.2.14

Appendix: Problem Index

Location of singularities of

@z} -2Z2+D)(Z-3)Z-i)"(Z+1-20)"

Residues of (Z — 1)"'(Z +2) 2 atpoles Z =1 and Z = —2
Laurent series about singularity for eX(Z — 2)~2

Jooat + D dx

Calculus of Variation

Curve which has shortest length between two points
Brachistochrome (curve of quickest descent)

Equation to the surface of revolution of a soap film stretched
between two parallel circular wires.

Sphere is the solid of revolution which for a given surface area
has maximum volume

Statistical Distributions

Poisson(p,) (a) Normalization of p, (b) <x>=m (¢c) 0 = /m
(d) pm—1 = pm () px—1 = (x/m)py & px1 = mpy/(x + 1)
Binomial (B, ) (a) Normalization of B, (b) <x> = Np (c)

o =+/Npq

S.D. with net counts due to source, given total count rate and
background rate

(a) When p is fixed B(x) — Normal as N — o0

(b) When Np is fixed B(x) - P(x) as N — o0

If b is background counting rate and g background plus source,

for minimum statistical error #, /1, = \/g

Radioactivity equation, decay constant and half-life from data on

activity measured after each hour

Interval distribution and exponential law of radioactivity
Carbon dating experiment

Best fit for a parabolic curve

Relative precision of capacitance, given errors in the radii of
concentric cylinder

Mean and most probable value of x for the probability
distribution f(x) = x exp(—x/A)

Numerical Integration
fllo x2dx by Trapezoidal rule
flm x2dx by Simpson’s rule

Chapter 2 Quantum Mechanics-1

221

de Broglie Waves

Photon energy and wavelength

Wavelength of electrons accelerated by P.D
Wavelength of neutron

For electron A = (150/ V)72

1.85
1.86

1.87
1.88

1.89
1.90
1.91

1.92

1.93

1.94

1.95

1.96
1.97

1.98

1.99

1.100
1.101
1.102

1.103

1.104
1.105

2.1
2.2
23
24
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Thermal Neutrons wavelength 2.5
K.E of neutrons bound in nucleus 2.6

2.2.2 Hydrogen Atom

E, from Bohr model.Quantum numbers in Carbon atom. 2.7
Ground state energy of Carbon atom if electrons are replaced 2.8
by pions

Atomic units 29
Condition for potential energy to be negative. Internal

Energy of molecule formed in atomic collision 2.10
Bohr’s condition of quantization from de Broglie relation

and to find ionization energy 2.11
Radii of mesic atom and the resulting photons 2.12
Mu-mesic atom in which meson in lowest orbit just

touches nuclear surface 2.13
Wavelengths of Lyman series of Positronium 2.14
E, for positronium, radii and transition energies 2.15
For force f(r) = —kr,tofind P.E, V2,72, E,, A 2.16
(Ey — Eq—1) & 25 forn — oo 2.17
Transitions in which given wavelength occurs and the series to 2.18
which it belongs

Forn — oo, f, = v,, v, =(E, — E,_1)/h 2.19

Identification of a hydrogen-like ion from observations of Balmer  2.20
and Lyman series

The series to which a spectral line belongs having wave number 2.21
equal to the difference between two known lines of Balmer series

2.2.3 X-rays

Screening parameter of the K-shell electrons 2.22

K, wavelength given ionization energy of H-atom 2.23

K-absorption edges of constituents of Cobalt alloy 2.24

Amin 10 X-ray tube 2.25

Planck’s constant from A, in X-ray tube 2.26, 27

Ao 1n copper from that of iron 2.28

To find applied voltage from difference (A, — A.) 2.29

Allowed transitions for L, line under selection rule 2.30

Al==+1,Aj=0,=+£l

Identification of target from study of A, and A, with 2.31

increasing voltage

Number of elements with K, lines between 241 and 180 pm 2.32

Moseley’s law 2.33,34
2.2.4 Spin and p and Quantum Numbers-Stern—-Gerlah’s Experiment

Key features of Stern—Gerlah’s experiment 2.35

Allowed values of j 2.36

Magnetic dipole moment of electron in H-atom 2.37

Beam separation in Stern—Gerlah’s experiment 42, 43 2.38,
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Electron configuration and px for H and Na 2.39
Magnetic moment, Stern—Gerlah’s experiment 2.40
Transition element, rare-earth element, electronic structure 241
Bohr magneton 2.44
2.2.5 Spectroscopy
Allowed values of / and m 2.45
Forbidden transitions in dipole transitions 2.46
Hyperfine quantum number for ° Be™ 2.47
Doppler line width temperature broadening 2.48
Zeeman effect in weak field in alkali atom 2.49
Calcium triplet-Fine structure 2.50
Zeeman effect in Sun spot 2.51
Normal Zeeman effect 2.52
Sketch for Zeeman splitting 2.53
Energy levels of mercury spectrum 2.54
Life times of 2p — 1s and 25 — s transitions 2.55
Population of states in Helium-Neon laser 2.56
2.2.6 Molecules
Modes of motion of a diatomic molecule 2.57
Rotational spectral lines in H-D molecule 2.58
Alternate intensities of rotational spectrum 2.59
Excited state of CO molecule 2.60
Boltzman distribution of rotational states 2.61
Vibrational states of NO molecule 2.62
Rotational states of CO molecule 2.63
H, molecule as a rigid molecule 2.64
Mass number of unknown carbon isotope 2.65
Force constant of H, molecule 2.66
2.2.7 Commutator
To show e/P%/fixe=iPe/h = x 4+ o, Hermicity of operators 2.67
If A is Hermicity to show that e’/ is unitary operator
To distinguish between e** and e~*** and sin ax and cos ax 2.68
To show (a) exp(iox6) = cos6 + iox sin6
) (£)" = —d/dx 2.69
To show (a) [x, pi] = ihetc (b) [x2, pc] = 2ihx 2.70
Linearity of hermitian operator 2.71
Hermicity of momentum operator 2.72
Necessary condition for commuting operators 2.73
(a) Hermitian adjoint operator (b) Commutators 2.74
[A, 21, 1A, AL A, p]
(a) Eigen value (b) Eigen state (c) Observable 2.75
(@) [x, Hl = ihip/p ) [[x, H], x]1 = h* /1 2.76
[A%2, B] = A[A, B]+[A, B]A 2.77

(0.A)0.B)=A-B+io-(AxB) 2.78
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(a) o, is real (b) Eigen value and Eigen vectors (c) projector
operators

@) oxz =1 (i) [oy, 0y] = 2io,

Condition for two operators to commute

2.2.8 Uncertainty Principle
Ground state energy of a linear oscillator
Uncertainty for energy and momentum
Uncertainty for position and momentum
KE of electron in H-atom
Two uncertainty principles, KE of neutron in nucleus.

Chapter 3 Quantum Mechanics 2

3.2.1 Wave Function
Infinitely deep potential well-photon energy
Variance of Gaussian function
Normalization constant
Flux of particles
Klein—Gordon equation-probability density
Normalized wave functions for square well
Thomas-Reich-Kuhn sum rule
Laporte rule
Eigen values of a hermitian operator
Rectangular distribution of ¥y, Normalization constant, Constant
probability, <x>, o2, momentum probability distribution
Probability for exponential

3.2.2 Schrodinger Equation
Solution of radial equation for n = 2
Ehrenfest’s theorem
Separation of equation into r, 6 and ¢ parts
Derivation of quantum number m
Derivation of quantum number /

3.2.3 Potential Wells and Barriers
Particle trapped in potential well of infinite depth. Wave functions
and Eigen values
VoR? = constant for deuteron
Expectation value of potential energy of deuteron
Average distance of separation and interaction of n and P in
deuteron
V, for deuteron
Root mean square separation of n & p in deuteron
Photon wavelength for transition of electron trapped in a potential
well

609
2.79

2.80
2.81

2.82
2.83
2.84
2.85
2.86

3.1
32
33
34
3.5
3.6
3.7
3.8
39
3.10, 11

3.12

3.13
3.14
3.15
3.16
3.17

3.18, 48

3.19
3.20
3.21

3.22,29
3.23
3.24
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Class I and II solutions of Eigen values for particle in a potential
well of finite depth.

Fraction of time that neutron and proton in deuteron are outside
range of nuclear forces

Results of energy levels for infinite well follow from finite well
Impossibility of excited states of deuteron

Transmission of particles through potential barrier

Expected energy value for particle in a harmonic potential well
Infinitely deep potential well, momentum distribution

Quantum mechanical tunneling of alpha particle

One dimensional potential well, condition for one bound state and

two bound states

To express normalization constant A in terms of «, 8 and a in
Problem 3.25

Mean position and variance for particle in an infinitely deep well
Energy eigen values for given Hamiltonian

Eigen value for 3-D rectangular well

Degeneracy of energy levels in (3.39)

Potential step

A 1-D potential well has ¥(x) = A cos (22) for —L/2 <x < L/2

and zero elsewhere. To find probability and Eigen value

“Top hat” potential; transmission coefficient. Numerical problem
Energy eigen functions and eigen values for 2D potential well
Number of states with energy less than E in 3-D infinite
potential well

Force exerted on the walls of a hollow sphere by a particle
Transmission amplitude of a beam of particles through

a rectangular well

Real and virtual particles. Klein—-Gordon equation

and Yukawa’s potential

3.2.4 Simple Harmonic Oscillator (SHO)

Hermite equation for SHO

Probability in classical forbidden region

Energy of a 3-D SHO

Zero point energy and uncertainty principle

For n — oo, Q.M. SHO— classical SHO

Probability distribution for classical SHO

E and V(x) for potential well, ¢/ ~ exp(—x2/2a?)

SHO and uncertainty principle

Vibrational or rotational transitions from a set of wave numbers
Degeneracy of energy levels of isotropic oscillator
Oscillations of probability density of SHO state

Given the eigen functions of SHO, to find the expectation
value of energy

Eigen functions and eigen values for the lowest two states

3.25
3.26

3.27
3.28
3.30, 31
3.32
3.33
3.34
3.35

3.36

3.37
3.38
3.39
3.40
341,42
343

3.44
3.45
3.46

3.47
3.49

3.50

3.51
3.52
3.53
3.54
3.55
3.56
3.57
3.58
3.59
3.60
3.61
3.62

3.63
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3.2.5 Hydrogen Atom

Expectation value of U and E 3.64
Maximum electron density and mean radius 3.65
To show that 3d functions are orthogonal to each other 3.67
Degree of degeneracy forn = 1,2, 3,4 3.68
Parity of 1s, 2p, 3d states 3.69
To show that 3d functions are spherically symmetric 3.70
Probability for electron to lie within a sphere of radius R 3.71,76
Maximum and minimum electrons density in 2s orbit 3.72
In the phosphorous mesic atom photon wavelength in the transition

3d — 2p is calculated and lifetime in the 3d state estimated 3.73
Momentum probability distribution of electron 3.74
Most probable momentum and mean value of electron 3.75

3.2.6 Angular Momentum

[Ly,Ly]=ihL, 3.77
Eigen value of §;.5, 3.78
0,.0, = —3 for singlet state and = 1 for triplet state 3.79
L, = —ih% 3.80
Expressions for L, and L, in spherical polar coordinates 3.81
[L?, L,] =0etc 3.82
Expression for L?/(ih)? in spherical polar coordinates 3.83
Angular momentum matrices for j = 1/2 and j> 3.84
Angular momentum matrices for j = 1 and ;> 3.85
Clebsch-Gordon coefficients for j; = 1 and j, = 1/2 3.86

For given wavefunction to show the probability is zero for [ = 0 3.87
and/ = 1, and is unity for [ = 2

To show that a set of wavefunctions belong to L, and to obtain 3.88
eigen values

For given stationary state wavefunction to find L, and L? 3.89
Given a wavefunction for H-atom to find L, and parity 3.90
To apply L and L_ to 2p eigen functions of H-atom 3.91
Nuclear spin from rotational spectra of diatomic molecules 3.92
To re-express given angular wave function as combination of 3.93
spherical harmonics

Given a wavefunction of a hydrogen-like atom, to find L, 3.94

Given the wavefunction for a state, to get values of L, and to find  3.95
the corresponding probabilities
To prove commutation rules involving Jy, J,, J; and J 3.96

3.2.7 Approximate Methods

To calculate correction to the potential of hydrogen atom 3.97
Stationary energy levels of a charged particle oscillating with a 3.98
given frequency in an electric field

To work out the perturbed levels 3.99

To find the ionization energy of helium atom by variation method ~ 3.100
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Stark effect of H-atom 3.101
Application of variation method to SHO 3.102
Application of first order perturbation to 2-D potential 3.103
3.3.8 Scattering (Phase-Shift Analysis)
To derive partial-wave expansion 3.104
a-He scattering, classical and quantum mechanical 3.105
o(E) from 3, 3.106
Energy at which p-wave is important in n-p scattering 3.107
To find 8¢ from known o 3.108
Hard sphere scattering 3.109
0 and ooy for scattering from a black sphere 3.110
Ramsauer effect 3.111
Explanation for low energy n-p cross-sections 3.112

3.2.9 Scattering (Born Approximation)
Form factor of proton and characteristic radius 3.113
Simplification of elastic scattering amplitude under the assumption 3.114
of spherically symmetric potential

Optical theorem 3.115
Reduction of Mott scattering due to finite size effects 3.116
Given the scattering amplitude, to obtain the form factor 3.117
Scattering from a shielded Coulomb potential for point 3.118
charged nucleus

Form factor for scattering from extended nucleus of constant 3.119
charge density

Root mean square radius from scattering data 3.120
Form factor for Gaussian charge distribution and mean square radius 3.121
Scattering amplitude for spherically symmetric potential 3.122
To obtain form of scattering amplitude for Yukawa’s potential 3.123

Chapter 4 Thermodynamics and Statistical Physics

4.2.1 Kinetic Theory of Gases
Maxwellian law

Velocity distribution 4.1
Energy distribution 4.2
Mean speed 4.3
Vrms 4.4
Most probable speed 4.5
Vp 1<U>I<Uppg> 4.5
Urms for Hp 4.6
Urms given p & p 4.7
<l/v> 4.8

N(a)da,a =v/v, 4.9
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Av /v for O, 4.10
vrms Of Hp at T, given vy at 7T 4.11
<Urelative™ 4.12
vrms(NZ) = Vescape 4.13
Fraction of molecules with MFP X\ and 2\ 4.14
Viscosity 4.15
MFP and collision frequency 4.16
Degrees of freedom 4.17
T from <E> 4.18
y from degrees of freedom 4.19
K.,n, C, &y 4.20
4.2.2 Thermodynamic Relations
4.21,
4.22,
4.23
Clausius-Clapeyron equation 4.24
Latent heat of vaporization of water 4.25
Stefan-Boltzmann law 4.26
C,—Cy =R 4.217,
C,—Cy =R(+42a/RTV) 4.28,
C,—Cy =TEa®V 4.29
Tds equations 4.30,
4.31,
4.32
Joule Thompson effect 4.33,
4.34,
4.35
Es/ET 4.36
Ratio of adiabatic to Isobaric pressure coefficient 4.37
Ratio of adiabatic to Isochoric pressure coefficient 4.38
Internal energy of ideal gas 4.39
Application of Clapeyron equation 4.40,
441,
4.42
Blackbody radiation 4.43
Dulong Petit law 4.44
4.2.3 Statistical Distributions
Rotational states of H, 4.45
Normal modes of frequency 4.46
Sterling’s approximation 4.47
Rotational states 4.48,
49, 50

Hydrogen atoms in chromosphere with n = 1, 2, 3 and 4 4.51
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Fermi level

Distribution of distinguishable and indistinguishable particles

Vibrational states
Accessible states
Standard deviation
Boltzmann formula

4.2.4 Blackbody Radiation
Temperature of wire
Sun’s temperature
Radiation pressure

Stefan’s law — Newton’s law

Loss of sun’s mass

Temperature fall of spheres

Wien’s law
Planck’s law

Temperature of earth
Solar constant

Chapter 5 Solid State Physics

5.2.1 Crystal Structure

Volume in cubic structure

Volume in body-centered
Separation of planes

Diffraction angle for (111) plane

Higher order reflection

Davisson and Germer experiment
Atomic radii, FCC, BCC, diamond

5.2.2 Crystal Properties
Madelung constant
Equilibrium of atoms

Melting point of lead

5.2.3 Metals
Fermi energy/level

Appendix: Problem Index

4.52,
53,54
4.55
4.56, 59
4.57
4.58
4.60

4.61
4.62, 65
4.63
4.64
4.66
4.67
4.68
4.69,
70, 71,
72,73,
74,75
4.76
4.77

5.1
52
53
54
55
5.6
5.7

58,9
5.10, 11,
12

5.13

5.14, 21,

22,25, 26,
27,28, 32,
33,34,35
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Drift velocity
Flow of current

Wiedemann-Franz constant

Hall effect
rJd

Average amplitude of vibration

Debye’s model
Einstein’s model

5.2.4 Semiconductors

pn junction

n. and ny,

Effective mass of e
Doping

Conduction bands
Forward bias
Depletion layer width
Shockley equation
Carrier concentration

5.2.5 Superconductor

Cooper pair
Josephson junction
BCS theory

Quantum Interference device

Chapter 6 Special theory of relativity

6.2.1 Lorentz Transformations

Simultaneity of two events

Lorentz transformation corresponds to rotation ia

Velocity of muon in lab system

Maxwell’s equations for em are invariant

KE of 7+ from decay K° — 77~ in flight

Emission angle of muon in lab from w — v, neutrinio being
emitted at 90° to pion velocity

Reference frame velocity when the particle velocity components in

S and §’ are specified

In the two body decay energy carried by the particles of known

masses and Q-value

Maximum lab energy of muon and neutrino from decay of pion of
known energy in flight

CMS velocity of e™ — e~ pair

Angular relation in relativistic elastic scattering between identical

particles

615

5.15, 17
5.16
5.18
5.19,20
5.23
5.24
5.29,31
5.30

5.36
5.37
5.38
5.39
5.40, 41
542
543
5.44
5.45

5.46, 47
548,51
5.49,50
5.52

6.1
6.2
6.3,4,5
6.6
6.7
6.8

6.9
6.10
6.11

6.12
6.13
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Maximum and minimum muon energy from the decay sequence 6.14
K—>m—pu
Mass of a particle decaying into three pions of known energies 6.15

and emission angles

6.2.2 Length, Time, Velocity

Contraction of a rod traveling with known velocity 6.16
Speed of a rod shrunk by known length 6.17
Shrinking of earth’s diameter 6.18
Speed of muons from lifetime measurement 6.19
Lifetime of muons of known velocity from observed 6.20
lifetime

Average distance of muons before decaying in lab system and 6.21

muon system

Velocity with which a person must travel from the centre to the edge 6.22
of our galaxy so that the trip may last 40 years

A pion produced in earth’s atmosphere 1 km above sea level travels 6.23
vertically down with speed of 0.99 ¢ and decays. To locate the

decay point

Relative velocity of two particles approaching each other with 6.24
velocity 0.5 ¢ each

Observed length of an evacuated tube when the observer travels 6.25
with the speed of that of 100 MeV electron

Speed of a spacecraft when the mass of a 100 kg man in the 6.26

spacecraft is registered as 101 kg from earth

When a spaceship moving with speed of 0.5 ¢ passes near Marsa  6.27, 28
radio signal is sent from Mars which is received on earth 1,125 s

later. Time taken by spaceship to reach earth according to observers

on earth and spaceship crew

A spaceship is moving away from earth with speed 0.6 c. Aradio  6.29, 30
signal is sent from the earth when the ship is 5 x 10% km from earth.

To find the time for the signal to reach the ship according to earth’s
observers and ship’s crew

Mean lifetime of pion of known energy from track length up to 6.31
decay point

Intensity of neutrino flux at the end of flight path of pions. Given E, 6.32
Iy, L and 7,

Distance traveled by pion of KE = m.,c? 6.33
Technique for obtaining a neutrino beam free from contamination  6.34
of pions and muons

Mean lifetime of pions of known energy and initial intensity from  6.35
counting rates in three counters

Velocity with which an observer must move such that the velocities 6.36
of two objects appear to have equal and opposite velocities

Lifetime measurement from observations of counting rate of a beam 6.37
of particles of given velocity recorded in two counters in tandem
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A sphere of mass m and radius r has speed v/3¢/2. To find E, <x> 6.38
before decay and shape as seen in lab frame
Photon has velocity c in all frames of reference 6.39

6.2.3 Mass, Momentum, Energy
Effective mass, KE and momentum of muons, given observed and  6.40
proper lifetimes

Energy from annihilation of 1g of mass 6.41
Speed of proton whose KE = mc? 6.42
Speed of P and e when accelerated to 1GeV 6.43
Energy needed to break up '>C into (a) 6p + 61 (b) 3« (c) 3« into p 6.44
and n

Mass of a particle from 7' and p measurements 6.45
Rest mass energy of electron 6.46
P.D. required for electron to accelerate from rest to 0.6 ¢ 6.47
Velocity at which T differs classical value by (a) 1% (b) 10% 6.48
Forv < ¢, T <« mc?, T (relativistic)— T (classical) 6.49
Effective mass of photon for (a) visible light (b) X-rays 6.50
1 amu = 931.5 MeV/c? 6.51
Energy from explosion of 5.0 kg fissionable material 6.52

Energy imparted to electron emitted at angle 6 in collision of proton 6.53
of velocity Bc with electron at rest

Energy carried by muon and neutrino in the decay of pion at rest 6.54
In the complete inelastic collision of a body with identical body at  6.55
rest to find the speed of resulting body and its rest mass

Mass of a body decaying into kaon and pion with equal and 6.56
opposite momenta

Speed of muon in 7 — pv at rest, in terms of masses involved 6.57
Ezin A — B + C atrest in terms of masses of A, B and C 6.58
Tiax of electron in muon decay 6.59

In a symmetric elastic collision between a particle with an identical 6.60
particle at rest, angle between outgoing particles

An electron has T = mc?. A photon with P, = P, has 6.61
E, = V3mc?

In the decay of muon at rest if the energy released is divided equally 6.62
among the final leptons whose mass is neglected angle between the

paths of any two leptons is 120°

Energy imparted to an electron which is emitted at 3° in the 6.63
collision of energetic proton

(a) my from 7, in pion decay at rest (b) 7, (max) in muon decay 6.64
Epinp +d—n+n° 6.65

Mass of K* particle deduced from momenta of kaon and pion into  6.66
which it decays and angle between the tracks

A proton of KE 940 MeV makes an elastic symmetric collision with 6.67
a stationary proton. To calculate the angle between the outgoing

protons
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Available energy for the incident proton of known momentum

on a target proton of Fermi momentum when it is (a) parallel

(b) antiparallel (c) orthogonal

Elastic scattering of an antiproton with a stationary proton

Formula for the KE acquired by recoiling target nucleus when
elastically scattered by ultra-relativistic electron

Formula for particle mass (M >>m,) of momentum p when
elastically scattered by electron

Prax transferred to electron in high energy neutrino-electron
collision

In the relativistic elastic collision of mass m with my(m > m3)0max
for m, depends only on particle masses.

Formula for 4-momentum transfer squared in collision with electron
Momenta and velocity of electron in photon—electron collision

6.2.4 Invariance Principle

Compton scattering wavelength shift using 4-vectors

Squared four-momentum transfer in high energy electron scattering
at given angle

Mass of a particle which decays into two pions with equal
momentum at right angles to each other

Formula for mass of a particle decaying into two particles of known
mass, p, E and 6

Relations for Mandelstam variables

Angle between two y-rays from 7% decay and 6, at Eo = 10 GeV
Restenergy of o’ in p~+p — 7t + 71~ + °

Mass M of a composite particle formed in the collision of m of
velocity v with m, at rest

Q-value of A-hyperon from the energy and angular measurements
of decay products

Mass, velocity and direction of a particle decaying into two particles
of momenta p; and p, at right angles and energy E; and E;
Analysis of a V-type of event observed in a bubble chamber
Derivation of formula for the angle between two y-rays in 7° decay
from invariance principle

Maximum 4-momentum transfer in neutron decay

6.2.5 Transformation of Angles and Doppler Effect

Doppler wavelength shift of a receding star

Doppler wavelength shift of a nebula

For slow speed approximate formula for Doppler shift

Speed of a motorcycle at which red light would appear green

Color of light seen by a spaceship passenger when it appears orange
from earth

Doppler shift of sodium light moving in a circle

Emission angle of electron with energy E in scattering of neutrino
of energy E( with electron

6.68

6.69

6.70

6.71

6.72

6.73

6.74
6.75

6.76
6.77

6.78
6.79
6.80, 81
6.82
6.83
6.84
6.85
6.86

6.87
6.88

6.89

6.90
6.91
6.92
6.93
6.94

6.95
6.96
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Mass of kaon from its decay characteristics

619

6.97

Neutral pions of fixed energy decay into two y-rays, velocity and 6.98, 99,

rest mass energy of pion, energy and angular distribution of
y-rays angle between two y-rays and minimum angle

In problem 6.98, locus of the tip of momentum vector and the

disparity for the ratio of y-ray energy

Maximum lab angle of K* produced in pion-proton collision

Relativistic transformations of velocity and angle

Relative Doppler shift of wavelength of light from excited
carbon atoms

Fractional change of frequency of a spectral line of a star

Angle between the two photons in the lab from 7° decay when

emitted at right angles in the pion system
Velocity of a moving object from aberration of light

The product of the longitudinal component of the length of a rod

and the tangent of its orientation

6.2.6 Threshold of Particle Production
Threshold energy for p~p pair production in p—p collision

Threshold energy for e~e™ pair production in y — e~ collision

Threshold energy for pion collision in N—N collision

The threshold for antiproton production with Fermi energy
Threshold energy fory + p — K™ + A

Threshold energy for two pion production in pion-hydrogen
collision

Threshold energy for7~ + p — K%+ A

Threshold energy for nm production in p—p collision
Threshold energy for y + p — p + 7°

Threshold energy forr =+ p — B~ + KT + K°

Lower limit for the mass of W™ boson in neutrino-proton
interaction

Threshold energy and invariant mass of the system in
p+p— p+ A+ KT at threshold energy

Minimum K~ momentum for Q= production in
K~+P—>K'+K"+Q"

Feasibility of P + P — d + m, in Cu target, with Fermi
momentum

Chapter 7 Nuclear Physics I

7.2.1 Kinematics of Scattering
Elastic scattering
Maximum scattering angle
Quasi elastic scattering
Scattering in CMS
Umax imparted

100, 101,
103, 104
6.102, 105

6.106
6.107
6.108

6.109
6.110

6.111
6.112

6.113
6.114
6.115
6.116
6.117
6.118

6.119
6.120
6.121
6.122
6.123

6.124
6.125

6.126

7.1,4
72,5
7.3
7.6
1.7
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o(0) versus o (60*) 7.8
do,/dE, 7.9
o(p) 7.10
Scattering from sphere 7.11
7.2.2 Rutherford Scattering

a(p) 7.12
N(60° —90%) /N (90° — 120°) 7.13
Scattering probability 7.14,20
Field of force 7.15

0* for b = Ry/2 7.16
Breakdown of Rutherford scattering 7.17, 26
N > 90°)/N 7.18
Scattering with L = 1 7.19

Z from Rutherford scattering 7.21
do/dW for electron 7.22

o =0g(1 — Ro/R) 7.23
rmin fOr o scattering 7.24,28
E nin to reach nucleus 7.25

6 forb = Ry 7.27
Scattering for 8 < 30° 7.29
Scattering from brass 7.30
Scattering from gold 7.31
Darwin’s formula 7.32

7.2.3 Ionization, Range and Straggling

Radiation loss of D and e 7.33
Muon penetration 7.34
Range-energy for D and P 7.35
Range of P, D and « 7.36
Range of @ and P in Al and air 7.37
Straggling of *He and *He 7.38
Mass estimation from ranges 7.39
Range of D and « 7.40
dE/dx of 7.41
Stopping power of P and D 7.42
Specific ionization of « and P 7.43
Stopping power in air and Al 7.44
Bragg—Kleeman rule 7.45
Geiger’s rule 7.46
Geiger—Nuttal law 7.47
Production of ion pairs 7.48
Energy loss of P and D 7.49, 50
Radiation energy loss of e 7.51

Multiple scattering and angular distribution in radiation processes 7.52
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7.2.4 Compton Scattering
Kinematics of Compton scattering
(Av)max
Recoil velocity of electron
Ph.elec, Comp, Pair
o
AE for various situations
Attenuation of £,

(AM)max
hvg given hv & 6

Range of E, from annihilation radiation

7.2.5 Photoelectric Effect
Ue
T and hv, given Br and BE
Vo, given kg and h

Photo effect not possible with free electron

Attenuation of y rays
Absorption edges

h, noand W

Mph and He

Photo effect from hydrogen
h (Planck’s constant)
Photoelectric current

T and X,

7.2.6 Pair Production
E, (threshold)
E, from eTe™ annihilation
y — ete™, not possible in vacuum

7.2.7 Cerenkov Radiation
Range of n
KE of proton
No. of photons emitted

7.2.8 Nuclear Resonance
Mosbauer experiment
AW when M* — M
Thermal broadening
Red shift

7.2.9 Radioactivity (General)
T1 and T2
Heating effect
Radioactive equilibrium

621

7.53
7.54
7.55
7.56
7.57
7.58
7.59
7.60
7.61
7.62

7.63
7.64
7.65
7.66
7.67
7.68
7.69
7.70
7.71
7.72
7.73
7.74

7.75
7.76
.77

7.78
7.79
7.80

7.81
7.82
7.83
7.84

7.85
7.86
7.87, 92,
93,95
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Age of radioactive alloy
Source strength
Electricity generation
Carbon dating

Half life time of Co
Partial half lives of >**Pu
Chain decay

Age of earth

Activity in Curies

Rad

Diagnostic

7.2.10 Alpha-Decay

Gamow'’s formula

Minimum « energy to force it into nucleus
Gieger—Nuttal rule

7.2.11 Beta-Decay

Beta-decay transitions

Mean lifetime

Evolution of heat

Kurie plot

Energy of e, v & recoiling nucleus
Beta ray spectrum

Chapter 8 Nuclear Physics 11

8.2.1 Atomic Masses and Radii

Mass spectroscopy
Mirror nuclei
Uncertainty relation
Mass of '*O

8.2.2 Electric Potential and Energy

Electrostatic energy of nucleus
Potential (r<R)

8.2.3 Nuclear Spin and Magnetic Moment

Rotating proton
Hyperfine structure
Magnetic resonance
NMR

Appendix: Problem Index

7.88
7.89
7.90
791
7.94
7.96
7.97
7.98
7.99
7.100
7.101

7.102,
105
7.103
7.104

7.106
7.107, 108
7.109
7.110
7.111
7.112

8.1,2,3
8.4
8.5
8.6

8.7
8.8

8.9

8.10
8.11
8.12
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8.2.4 Electric Quadrupole Moment (eqm)

Calculation of eqm
Major to minor axes ratio
Condition for vanishing of eqm

8.2.5 Nuclear Stability
Condition for a decay
Radius from separation energies
Decay via o or § emission
Competitive decays of **Cu

y-ray energy in 22Al — 28Si4+ B~ + vy
22Na mass in ?Na -2 Ne + pt +y
Whether "Be — ’Li + B+ + v possible

8.2.6 Fermi Gas Model
To show p = 2p,E;/5
Pf’ Ef and V

8.2.7 Shell Model
J and [ values
Spin and parities

Gap between neutron shells
Quadrupole moment

8.2.8 Liquid Drop Model
Zmin/A for light and heavy nuclei
Most stable isobar
Coulomb coefficient
Radii of nuclei
Separation energy
Binding energy of nuclei

Binding energy/mass number curve

Beta stability of isobars
Beta stability of ’Mg

8.2.9 Optical Model
Imaginary part of potential
X\ and absorption of neutrons

8.2.10 Nuclear Reactions (General)
Reaction threshold
Energy of products in K capture
Inelastic scattering
Difference in B.E. of *H and >He
Q value and KE of «
Q value of Al (p, n) ¥’Si
Ethreshold for 3H (Py n) 3He

623

8.13, 16
8.14
8.15

8.17
8.18
8.19
8.20
8.21
8.22
8.23

8.24
8.25

8.26
8.27, 30,
31,32
8.28
8.29

8.33
8.34,37
8.35
8.36
8.38
8.39
8.40
8.41
8.42

8.43
8.44

8.45, 48
8.46
8.47
8.49
8.50
8.51
8.52
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Q-value in *°Si (d, p) *'Si

Q-value for inelastic scattering

E, for producing 5 MeV protons in Compton like scattering
Elastic and inelastic scattering of protons from '°B
E, at 90° from 7Al (d, p) Al

Fusion reaction

Which is unstable 7O or '7F?

Energy level diagram

Neutron and hydrogen atom mass difference
Range of neutron energy in *H (d, n) “He

Forward and backward reactions

Enreshold for endoergic reaction

8.2.11 Cross-Sections

Neutron absorption in indium foil
0Co production in reactor

o (0) parameters

o, for ¥Ca (a, p)

8.2.12 Nuclear Reactions via Compound Nucleus

Contribution of scattering to resonance at 0.178 eV
on,y)&o,a)givenl’,, I',, Iy and Eg
Iy given Eg,T'and Jy =0

8.2.13 Direct Reactions

Spin value from detailed balance
<E>, AE & 6 in D-stripping

8.2.14 Fission and Nuclear Reactors

Production and activity of >*Na
Production and activity of *® Au
Energy released in fission of 28U
Spatial distribution of neutrons

Thermal utilization factor

Critical size of bare reactor

235U consumption

Fission processes/second

Annual electricity consumption in Britian
Neutron flux near reactor centre

To show <In(E;/E,)>= 1 for neutron scattering
Neutron moderation

Criticality of homogeneous reactor

Thermal diffusion time

Generation time

Number of collisions required for thermalization of fission
neutrons

8.53
8.54
8.55
8.56
8.57
8.58
8.59
8.60
8.61
8.62
8.63
8.64

8.65
8.66, 67
8.68
8.69

8.70
8.71
8.72

8.73
8.74

8.75
8.76
8.77
8.78, 87,
88,91
8.79
8.80
8.81
8.82
8.83
8.83
8.84
8.85
8.86
8.89
8.90
8.92
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8.2.15 Fusion

Range of neutrino energiesin p+p — D +e" +v 8.93
Neutron energy in d(d, n) *He 8.94
For d—d reaction, required temperature modified due to tunneling ~ 8.95
reaction

Lawson criterion 8.96

Chapter 9 Particle Physics I

9.2.1 System of Units

Conversion : kg — GeV/c? 9.1
m — GeV~!, GeV~2 — mb, second — GeV ! 9.2
Compton wavelength, Bohr radius, v, in H-atom 9.3
Natural units — practical units 9.4
Mean life time of muon 9.5

9.2.2 Production

Emission angles of photons in LS and CMS 9.6
For fixed target experiments Ecy o< +/Elap 9.7
Interaction length for o(ete™ — utu™) in Pb 9.8
Elhreshold for €+€7 g pp* 9.9

9.2.3 Interaction

Possible production of particles in p—p collisions 9.10
Neutrino interactions 9.11
Muon interactions 9.12
Proton interactions 9.13
Number of photons in 7~ p — 7%, 70 — 2y 9.14
Attenuation of pions & muons in iron 9.15
Non-occurrence of reactions 9.17
Hyper-fragment mass 9.18
4-momentum transfer 9.19
9.2.4 Decay
Pion energy in decay K™ — n*7¥ at rest 9.20
Pion lifetime from attenuation of beam intensity 9.21
Tmax of pion in decay K+ — ntntm™ 9.22
To express E|, in terms of m, and m,, 9.23
T,(max) in decay £* — nutv, 9.24
To sketch decay configuration and value for E,(max) in K — uv 9.25
Lifetime of kaon from track measurements 9.26
Difference in travel time of muon and neutrino 9.27
Tmax & Tin of s from pion decays in flight 9.28
Drop in intensity in transport of kaons and A beams 9.29

Relation of d, p, T and m 9.30
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In decay 7 — v, relation for E, in terms of y, E;, m,, m, and 6 9.31

Transport of sigma hyperon beam

Total decay width of muon from electron energy spectrum,
E.(max) and muon helicity

Disparity in lifetimes of 7+ and 7°, equality of masses of 7+ and
7~ but difference in masses of

>t and X7, lifetime of X° much smaller than A and E°
Identification of a neutral unstable particle from momenta and
angular measurements of decay products

9.2.5 Ionization Chamber, GM Counter and Proportional Counters

Dead time of counting system

Energy of o source and ion pairs in ionization chamber
Rate of entry of beta particles in ionization chamber

Gas multiplication in proportional counter

Pulse height in proportional counter

Plateau of G.M. counter

Maximum radial field of a G.M. tube and its lifetime
Distance from anode at which electron gains enough energy to
ionize

Argon in one MFP.

Difference in efficiency of G.M. and scintillation counters
Leakage resistance in a dosimeter

Maximum voltage for avalanche

Potential of an electrometer

9.2.6 Scintillation Counter

Time of flight method

Discovery of antiproton

Pulse height

Average size and standard deviation

Dead time of multichannel pulse height analyser

Electron multiplication per stage

Gamma ray spectrum of ’Na

Half-width at half-maximum of photopeak

Standard deviation of energy and coefficient of variation of energy

9.2.7 Cerenkov Counter

Identification of kaons and pions of same energy
Speed of electron

mc? in terms of p and 6

Number of Cerenkov photons produced

Length of gas counter

Threshold Cerenkov counter

9.2.8 Solid State Detector

Potential from alpha particle absorption

9.32
9.33

9.34
9.35

9.36, 45
9.37
9.38
9.39
9.40
9.41
9.42

9.43
9.44
9.46
9.47
9.48

9.49
9.50
9.51
9.52
9.53
9.54
9.55
9.56
9.57

9.58, 61
9.59
9.60
9.62
9.63
9.64

9.65
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9.2.9 Emulsions
Range-energy graph for >H and *He

9.2.10 Motion of Charged Particles in Magnetic Field
p = 0.3Br
An energetic proton heading toward earth’s centre just
misses it
Null deflection in crossed E and B
Mass of particle from E and r
Deflection of a particle in magnetic field
An electron recrossing x-axis in electric field
Radius of curvature of helical path
A proton circling around magnetic equator
Power delivered to earth by cosmic rays
Mass spectroscopy of kaons

9.2.11 Betatron
Electron energy
Number of revolutions, E .« and <E >

9.2.12 Cyclotron
KE in terms of r and B
Field strength and acceleration time
A B for cyclotron resonance
Resonance condition for P, D, o
Range of frequency modulation in synchrocyclotron
Calculation of B and r for given Ep,x and f

Drop of B for cyclotron resonance when alphas are accelerated

instead of deuterons
Tmax imparted to electron from proton collision

To calculate final frequency from given initial frequency and Ep,x

for protons

9.2.13 Synchrotron
R of protons for given B and E
Percentage depth of modulation
Energy loss in electron synchrotron
Derivation of R = moc(n® + 2n)"/?/gB, n = T/mc?
Proton energy when B rises to known value
Acceleration of D and *He when protons are replaced

Given B, V, ¢s and Ty,a«x for protons, to find r, ¢ to calculate Af

(initial), frequency modulation range
Feasibility of 500 GeV electron synchrotron
KE of proton in known orbit making 1 revolution/p.s

For an electron synchrotron to find initial RF, total time and

distance traveled

627

9.66

9.67
9.68

9.69
9.70
9.71
9.72
9.73
9.74
9.75
9.76

9.77
9.78

9.79
9.80
9.81
9.82
9.83
9.84
9.85

9.86
9.87

9.88, 89
9.90
9.91
9.92
9.93
9.94
9.95

9.96
9.97
9.98



628

Appendix: Problem Index

9.2.14 Linear Accelerator

Length and number of drift tubes

Average beam current and power output in SLA

Output energy after the fifth drift tube and total length
Length of longest tube operating at known frequency and
maximum energy

9.2.15 Colliders

Luminosity calculation

wt ™ pair production

E2, =4E\E;

Comparision of available energy in fixed target machines and
colliders

Calculation of CMS energy for HERA accelerator
(electron—proton collider)

CMS energy in a collider with a crossing angle

Chapter 10 Particle Physics 2

10.2.1 Conservation Laws

Interactions allowed and force involved

Strong, em or weak interactions

Kaon momentum from known values of pion momenta
p° — w7~ allowed but not p° — 7°7°

Allowed decays of omega minus

Interactions and relative coupling strength

Transform of various physical quantities under P and T operation

Deuteron exists in °S; and *D states

p —> 1+ 7wand ® — 1 + 7 are forbidden

Disparity in lifetimes of p° & K° and A® & A

Decay modes of p° by strong & em reactions

Parity of u & d-quarks

Hyperon decays by weak interactions

Parity of K~ meson

Definition of hadron, Lepton, baryon, Meson, wavelength of
photon in decay of m°

10.2.2 Strong Interactions

Distance of travel of A™*; lifetime of W-boson

Analysis of pion-proton scattering via isospin amplitudes
Inequality in cross-sections for pion-proton scattering
Branching ratios for AT — pr® & At — nnt

Isospin of X*(1520)

Decay of p-meson

Isospin states of three pions

9.99

9.100
9.101
9.102

9.103
9.104
9.105
9.106, 107

9.108

9.109

10.1
10.2, 4
10.3
10.5
10.6
10.7
10.8
10.9
10.10
10.11
10.12
10.13
10.14
10.15, 40
10.16

10.17
10.18
10.19
10.20
10.21
10.22
10.23
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Identification of particles and quark content produced in K™p 10.24

interactions

Resonance produced in 7 p interactions 10.25, 26
Ratio of cross-section for rp — XK 10.27
Ratio of cross-sectionforn~p - n~p & n~p — nn 10.28
Parity of negative pion 10.29
Isospin of resonance in K ~p interactions 10.30

Number of charged and neutral sigma hyperons in K "pand  10.31
K "n interactions

Spin, parity and isospin of B-meson 10.32
Branching ratio of the decay modes of A® (1232) 10.33
Pseudoscalar mesons octet 10.34
Vector mesons nonet 10.35
Baryon octet 10.36
Baryon decuplet 10.37
o(@ p)=o(xTn)buto (K™ p)# o(K'n)
Distinction between K and K° mesons 10.38
Ratio of o for K *He — *He, & K *He — *H, 10.39
7~d — nnm® cannot occur at rest 10.41
Isospin predictions for o (pp — dn ™) & o(pn — dn") 10.42
Pairs of particles with 7 = 1 10.43
10.2.3 Quarks
Phenomena when a quark is struck by energetic electron 10.44
Decay of B~ meson 10.45
Effective strong interaction coupling constant o 10.46
o(ete” — hadrons/o(ete™ — utu™) 10.47
Cross-section relations using quark model 10.48, 49
Mass difference of u- and d-quark 10.50
Quark constituents of A-states and fundamental difficulty.
Higher excited states of nucleons 10.51
Quark composition of hyperons, nucleons, kaons and pions 10.52
Particles with three identical quarks.Properties of b quark 10.53
Quark flow diagrams for the decays of ¢ and " 10.54
o(nN)/o(NN) explained by quark model 10.55
Ratio o (7~ C)/o (7w C) explained by quark model 10.56
Estimation of o (e*e~ — hadrons) from o(ete™ — uTu~)  10.57
Ground state energy of meson by variation method 10.58
10.2.4 Electromagnetic Interaction
Feynman diagram and o forete™ — utu~ 10.59
Width for %° decay. Spin zero for K+ 10.60
C-invariance and positronium decay 10.61
Three body decays of K+ and X° 10.62

10.2.5 Weak Interaction
Decay rates of D* and D° 10.63
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Mass of exchanged boson from variation of o(ve™ — ve™) 10.64
Number of Wt — e™v, events in pp~ annihilation 10.65
Cabibbo’s theory to explain D — K°utv, and 10.66
Dt — 7%utv,

Ratio I'(X™ — nev,)/T(X~ — Ae v,) 10.67
Branching fraction for t~ — év,v,, from lepton universality 10.68
Sergent’s law of beta decay 10.69
Allowed and forbidden weak decays 10.70
Use of spurion for hyperon decays 10.71, 73
Al = 1/2 rule for ¥ hyperon decays 10.72
Flux of neutrinos received on earth 10.74
Neutrino mass from observations of supernova 10.75
Properties of particle X from its decay 10.76
Parity violation in alpha decay of '°O 10.77
Tauon lifetime from muon lifetime 10.78
Feasibility of two-pion decay of w°, °, f° 10.79
Non-existence of n — 4m decay 10.80
Ratios I'(p?) : I'(@°) : T'(¢") from Van Royen—Weisskopf 10.81
formula

Classification of DT decay as Cabibbo 10.82, 83
allowed/suppressed/forbidden interaction

Allowed decays for K-, E°, Q~ 10.84
Allowed and forbidden decays of K° and x’ 10.85
Oscillation of muon neutrino 10.86, 87
Universality of weak coupling constant 10.88
Non-existence of decay ¥ — ne™v, 10.89
Relative decay rates of D — ?O,tﬁv# & Dt — 7uty, 10.90
Starting with pure beam of K*’s at# = 0 to find I(K°) & I(EO) 10.91

at time ¢

Regeneration phenomenon of K 10.92

10.2.6 Electroweak Interactions

Criterion for the existence of neutral current interaction 10.93
Number of neutrino generations 10.94
Experimental signatures for W and Z° bosons 10.95
Masses of W and Z bosons from Salam—Weinberg theory 10.96
10.2.7 Feynman Diagrams
ot = utu Y K-+ p— QKK D’ — Ktn- 10.97
l+n—e +p, v~ — ull,B"— D utl 10.98
A’ = pr=, Q™ — AK~ 10.99
ete” > vV, D’ - K~nt 10.100
Moller scattering, Bhabha scattering 10.101
A — pe v, D™ — Kz~ 10.102
7 p — KOA, ete” — B B° 10.103

Effective coupling in K~ — u~ v,y 10.104
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D’ — K~ m*, charge current interaction but not D* — K7+
(%) > 1(n”) via Feynman diagram

Bremsstrahlung, pair production

Photoelectric effect, Compton scattering

ete” > qq, v+ N—>v, +X

E- > An KT > atata™

DY — K%, 1™ — v,

ete™ = 2y, eTe” — 3y

A — pm~

10.105
10.106
10.107
10.108
10.109
10.110
10.111
10.112
10.113
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A

Alpha decay, 393

Angular momentum, 149
Approximate methods, 152
Atomic masses, 434
Atomic radii, 434

B

Beta decay, 393

Beta function, 23
Betatron, 498

Blackbody radiation, 256
Born approximation, 154

C

Calculus of variation, 31
Cerenkov counter, 496
Cerenkov radiation, 390
Colliders, 502
Commutators, 100
Complex variables, 30
Compound nucleus, 443
Compton scattering, 387
Conservation laws, 544
Cross-sections, 442
Crystal properties, 294
Crystal structure, 294
Cyclotron, 499

D

de Broglie waves, 92
Differential equations, 26
Direct reactions, 443
Doppler effect, 328

E

Electric energy, 435

Electric potential, 435

Electric quadrupole moment, 435

Electromagnetic interactions, 577
Electro-weak interactions, 590
Emulsions, 497

F

Fermi gas model, 437
Feynman diagrams, 592
Fission, 444

Fourier series, 22
Fourier transform, 22
Fusion, 447

G
Gamma function, 23
G.M. Counter, 493

H
Hydrogen atom, 92, 147

I

Integration, 25

Tonization, 385
chamber, 493

K
Kinematics, 382
Kinetic theory, 258

L
Laplace transforms, 29
Linear accelerator, 501
Liquid drop model, 438
Lorentz transformations, 319
angles, 328
length, time, velocity, 320

M

Magnetic field, motion of charged particles,
497

633



634 Index

Magnetic moment, 96 Rutherford scattering, 383
Matrix algebra, 24
Maxima, 24 S
Metals, 295 Scintillation counter, 495
Minima, 24 Semiconductors, 297
Molecules, 99 Series, 25

Shell model, 437
N Simple harmonic oscillator, 146
Nuclear magnetic moment, 435 Solid state detector, 497
Nuclear reactions, 440 Special functions, 29
Nuclear reactors, 444 Spectroscopy, 97
Nuclear resonance, 390 Spin, 96
Nuclear spin, 435 Statistical distributions, 32, 255
Nuclear stability, 436 Stern—Gerlah experiment, 96
Numerical integration, 33 Straggling, 385

Strong interactions, 546
(0] Superconductor, 298
Optical model, 439 Synchrotron, 500

System of units, 488
P
Pair production, 390 T
Particle interaction, 491 Thermodynamic relations, 253
Particle production, 489 Threshold of particle production, 330
Phase-shift analysis, 153
Photoelectric effect, 411 U
Potential barriers, 140 Uncertainty principle, 101
Potential wells, 140
Proportional counters, 493 \%

Vector calculus, 21
Q
Quadrupole moment, 435 W
Quarks, 550 Wave function, 137

Weak interactions, 578
R
Radioactivity, 391 X

Range, 385 X-rays, 95
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