CHAPTERS
Section 5-1
5-1. First, f(x,y) = 0. Let R denote the range of (X,Y).
Then, > f(x,y)=4+3+3+4+1=1
R

52 a)P(X<2.5,Y <3)=f(152)+f(1,1) = 1/8+1/4=3/8
b) P(X < 2.5) = f (1.5, 2) + f (1.5, 3) +f(1,1)= 1/8 + 1/4+1/4 = 5/8
¢) P(Y < 3) = f (1.5, 2)+f(1,1) = 1/8+1/4=3/8
d)P(X>1.8,Y>47)=(3,5)=1/8

5-3.  E(X) = 1(1/4)+ 1.5(3/8) + 2.5(1/4) + 3(1/8) = 1.8125
E(Y) = 1(1/4)+2(1/8) + 3(L/4) + 4(L/4) + 5(1/8) = 2.875

5-4 a) marginal distribution of X

X f(X)
1 1/4
1.5 3/8
2.5 1/4
3 1/8
f (L5,Y)
by . .(y)=—""22and f,(1.5) =3/8. Then,
Y|15 f, (L5) X
y fy‘l,s(y)
2 (1/8)/(3/8)=1/3
3 (U4)I(3/8)=2/3
0 £ (x)=—2%2 it 2) = 18 Then
e
X fx‘z(y)
15 (1/8)/(1/8)=1

d) E(Y|X=1.5) = 2(1/3)+3(2/3) =2 1/3
e) Since fvus(y)=fv(y), X and Y are not independent

5-5 Let R denote the range of (X,Y). Because
D (X, y)=c(2+3+4+3+4+5+4+5+6)=1, 36c=1,and c=1/36
R

56. a) P(X=1Y<4)="f, @)+ f, @12+ f,@1L3)=52+3+4)=1/4
b) P(X =1) is the same as part a. = 1/4
c) P(Y=2)=f,, 1.2)+ f,, (22)+ f,, (82) =5 (3+4+5)=1/3
d) P(X<2Y<2)=f,, (1) =5(2)=1/18
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5-7.
E(X) =1 foy WD) + fy 1,2) + o, (1L3)]+2[ f, (2) + F1 (2.2) + T, (23)]
+ 3[fXY B+, (32) + fyy (3:3)]
= (1x2)+(2x2)+(3xL)=13/6 = 2.167
V(X)=(1-%) 5 +2-9)" % +(B-%)" % =0639

E(Y)=2.167
V(Y)=0.639
5-8 a) marginal distribution of X
X fx (x) = fXY (x%.1) + fxv (X,2) + fxv (%,3)
1 1/4
2 1/3
3 5/12

f @)
b) f,(y)=—""7—"="
| f, (@)
y fy‘x(y)
1 (2/36)/(1/4)=2/9
2 (3/36)/(1/4)=1/3
3 (4/36)/(1/4)=4/9
X) =

fxv (%,2)
f, (2)

0) o ( and f, (2) = fry (12)+ fry (22)+ Ty (32) =2 =1/3

1 (3/36)/(1/3)=1/4
2 (4136)/(1/3)=1/3
3 (5/36)/(1/3)=5/12

d) E(Y|X=1) = 1(2/9)+2(1/3)+3(4/9) = 20/9
e) Since fxy(X,y) #fx(X)fy(y), X and Y are not independent.

59. f(x,y)=0and > f(x,y)=1
R
5-10. a) P(X <0.5,Y <15) = f,,(-1,-2) + f,, (-05-1)=1+1=3
b) P(X <0.5) = f, (~1-2) + f, (-0.5-1) =&

¢) P(Y <1.5) = f, (~1-2) + f, (0.5-1) + f, (0.51) =1
d) P(X >0.25,Y <4.5) = f,, (0.51)+ f,, (1L,2) =2
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5-11.
E(X)=-1(2)-05(2)+0.5(1) +1(}) =1
E(Y) = -2() -1() +1() +2() = 4

5-12 a) marginal distribution of X

X fx ()
-1 1/8
05 Y
0.5 ¥

1 1/8

b) fY\x(y) ZM

fy (1)
y fy‘x(y)
2 1/8/(1/8)=1
9 109~ 08D
v@)
X fX‘Y(X)

05 Yol(1/2)=1

d) E(X]Y=1)=0.5
e) no, X and Y are not independent

5-13. Because X and Y denote the number of printers in each category,
X>0,Y>0and X +Y =4

5-14. a) The range of (X,Y) is

3
y2¢
1 e o
0 T 3
X

The problem needs probabilities to total one. Modify so that the probability of moderate
distortion is 0.04.
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Xy  fy(Xy)

0,0 0.857375
0,1 0.1083
0,2 0.00456
0,3  0.000064
1,0  0.027075
1,1  0.00228
1,2 0.000048
2,0  0.000285
2,1 0.000012
3,0  0.000001
b)

X fu(X)

0 0.970299

1 0.029403

2 0.000297

3 0.000001

c) E(X)=0(0.970299)+1(0.029403)+2(0.000297)+3*(0.000001)=0.03
(or np=3*0.01)

fy L Y)
d) f,,(y)=-2 , f(1) = 0.029403
" £ @)
y  fva(x)
0 0.920824
1 0.077543
2 0.001632

e) E(Y|X=1)=0(.920824)+1(0.077543)+2(0.001632)=0.080807
g) No, X and Y are not independent because, for example, fy(0)=fvy1(0).

5-4



5-15 a) Therange of (X,Y)is X >0, Y >0 and X +Y <4. Xis the number of pages with
moderate graphic content and Y is the number of pages with high graphic output out of 4.

x=0 x=1 X=2 x=3 x=4
y=4 5.35x10% 0 0 0 0
y=3 0.00184 0.00092 0 0 0
y=2 0.02031 0.02066 0.00499 0 0
y=1 0.08727 0.13542 0.06656 0.01035 0
y=0 0.12436 0.26181 0.19635 0.06212  0.00699
b)
x=0 x=1 X=2 x=3 xX=4
f(x) 0.2338 0.4188 0.2679 0.0725 0.0070
c)
E(X)=
4
Z X, f (x;) = 0(0.2338) +1(0.4188) + 2(0.2679) + 3(0.7248) = 4(0.0070) = 1.2
0
fur 31Y)
d) f,.(y) =22 £(3)=0.0725
e f, (3)
y  fusly)
0 0.857
1 0.143
2 0
3 0
4 0

e) E(Y|X=3) = 0(0.857)+1(0.143) = 0.143
f) V(Y|X=3) = 0%(0.857)+1%(0.143)- 0.143%= 0.123
g) No, X and Y are not independent
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5-16 a) Therange of (X,Y)is X >0, Y >0 and X +Y <4. Xis the number of defective

items found with inspection device 1 and Y is the number of defective items found with
inspection device 2.

x=0 x=1 X=2 x=3 x=4
1.94x10*°  1.10x10%®  2.35x10%*  2.22x10*? 7.88x10
2.50x10%  1.47x10®  3.12x10 2.95x10°  1.05x107
1.29x10 "  7.31x10™ 1.56x10° 1.47x10° 5.22x10°
2.86x10™"! 1.62x10°® 3.45x10° 3.26x10* 0.0116
2.37x10° 1.35x10° 2.86x10* 0.0271 0.961

f(x,y) = Kij(o.ggs )*(0.007 )“XH[?J(O.%? )Y (0.003 )‘“ﬂ

TN
BWN RO

Forx=1234andy=1234

b)
x=0 x=1 X=2 x=3 x=4
f(x,y):Kij(O.g% ) * (0.007 )4x}for X =1,234
f(x) 2.40x10° 1.36x10° 2.899x10*  0.0274 0.972

c)since x is binomial E(X)= n(p) = 4*(0.993)=3.972

for (2,Y)
d) f,,(y) =221 = f(y), f(2) =0.0725
@

y ;‘Y|1(y)=f(y
0 8.1x10%
1 1.08x10"
2 5.37x10°
3 0.0119
4 0.988

e) E(Y|X=2) = E(Y)=n(p)= 4(0.997)=3.988
f) V(Y[X=2) = V(Y)=n(p)(1-p)=4(0.997)(0.003)=0.0120
g) Yes, X and Y are independent.

5-6



Section 5-2

5-17. &) P(X =2) = f, (211 + fo, (21,2) + fry (221) + f,,(2,2,2) =05
b) P(X =LY =2) = f,,(121) + f,,,(12,2) = 0.35
0)¢) P(Z <1.5) = fop, (LLY) + frpy (L2D) + o, (210) + o, (2,2.) = 0.5
d)
P(X=1o0orZ=2)=P(X=1)+P(Z=2-P(X=12=2)=05+05-0.3=0.7

e) E(X) = 1(0.5) + 2(0.5) = 1.5

518 o P(X —1|Y —1)— PX=1Y =) 0.05+0.10
- a = = = f—rt — U.
P(Y =1) 0.15+0.2+0.1+0.05
P(X=1Y=1,2=2) 0.1

b) P(X =1Y =1|Z =2) ==

- =0.2
P(Z =2) 0.1+0.2+0.15+0.05
P(X=1Y=1,Z=2) 010 _
P(Y=1Z=2) 0.10+0.15

o P(X=1|Y=1,Z=2)=

fXYZ (X1112)

S99, (9 =1
YZ \™

and f,, (12) = f,,, (112)+ fy, (21,2) =0.25

fx\\(z (x)

1 0.10/0.25=0.4
2 0.15/0.25=0.6

5-20  a) percentage of slabs classified as high = p, = 0.05
percentage of slabs classified as medium = p, = 0.85
percentage of slabs classified as low = p; =0.10

b) X is the number of voids independently classified as high X > 0
Y is the number of voids independently classified as mediumY > 0
Z is the number of with a low number of voids and Z > 0 and X+Y+Z = 20

C) p1 is the percentage of slabs classified as high.

d) E(X)=np; = 20(0.05) = 1
V(X)=np; (1-p1)= 20(0.05)(0.95) = 0.95
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5-21. a) P(X =1Y =17,Z =3) =0 Because the point (1,17,3) # 20 is not in the range of

(X,Y,2).
b)
P(X <1Y =17,Z=3)=P(X =0,Y =17,Z =3)+P(X =1Y =17,Z =3)
_ 2% ,05%0.8570.10° + 0= 0.07195
on 713!

Because the point (1,17,3) # 20 is not in the range of (X,Y,Z).
¢) Because X is binomial, P(X <1) = (%)0.05°0.95% + (2 )0.05'0.95"° = 0.7358
d.) Because X is binomial E(X) = np =20(0.05) =1

5-22  a) The probability is 0 because x+y+z>20

b) P(X =2]Y =17) = P(X =2Y =17) . Now, because x+y+z = 20,
P(Y =17)
P(X=2, Y=17) = P(X=2, Y=17, Z=1) = 201 ———0.05%0.85"0.10" = 0.0540
2071

P(X =2Y=17) 0.0540

P(X =2|Y =17) = = =0.2224
P(Y =17) 0.2428
c)
E(X |Y =17) =0 P(X=0Y =17)) (P(X =1Y =17)
P(Y =17) P(Y =17)
Lo P(X=2Y=17)) (P(X=3Y=17)
P(Y =17) P(Y =17)

E(X|Y =17) = O(o o7195j 1(0.1079j+2(0.05396j+ ,{0.008994)

0.2428 0.2428 0.2428 0.2428

=1

5-23. a) The range consists of nonnegative integers with x+y+z = 4.
b) Because the samples are selected without replacement, the trials are not independent
and the joint distribution is not multinomial.
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5-24

5-25.

P(X =x|Y =2)= —foY ((’(2’)2)

=210, ), BRI o, 51 anui -0

P(X =0andY =2) = GXEE) =0.1098

()5 X

=
(S,

SRS
- o

P(X =landY = 2) )=O.1758

Il
£
o B
(2]

P(X =2andY =2) = ( )(125)(1 ) = 0.0440
4

frv (x,2)
0.1098/0.3296=0.3331
0.1758/0.3296=0.5334
0.0440/0.3296=0.1335

N~ O X

P(X=x, Y=y, Z=2) is the number of subsets of size 4 that contain x printers with graphics
enhancements, y printers with extra memory, and z printers with both features divided by
the number of subsets of size 4. From the results on the CD material on counting
techniques, it can be shown that

P(X=x,Y=Vy,Z=2)= (TX_XT) for x+y+z = 4.

a) P(X =1Y =2,Z =1) = =0.1758

A
>-<
=Ko
S
- o
S—~—"

b) P(X =1Y =) =P(X =1Y =1,Z =2) = qi)(%) 0.2198

c) The marginal distribution of X is hypergeometric with N =15, n =4, K=4.
Therefore, E(X) =nK/N =16/15 and V(X) = 4(4/15)(11/15)[11/14] = 0.6146.
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5-26

5-27.

5-28

5-29

P(X=1Y=2|Z=D=P(X=1Y=2Z=1)/P(Z=1)
_ [/
LE) ]/L (%f’)]_o'4762

P(X =2]|Y =2)=P(X =2,Y =2)/P(Y = 2)

- [f]/[ks)] - 0,133

c) Because X+Y+Z =4,if Y =0and Z = 3, then X = 1. Because X must equal 1,
@ =1.

b)

Soo

fx\Yz

a) The probability distribution is multinomial because the result of each trial (a dropped
oven) results in either a major, minor or no defect with probability 0.6, 0.3 and 0.1
respectively. Also, the trials are independent

b) Let X, Y, and Z denote the number of ovens in the sample of four with major, minor,
and no defects, respectively.

|
P(X =2,Y =2,Z =0) = —*_0.670.3%0.1° = 0.1944
2201
4 0n ~0n 14
¢) P(X =0,Y =0,Z =4) =——0.6°0.3°0.1* = 0.0001
010141

a) fxy(xy) = Xfxyz(xy,z) Where R is the set of values for z such that x+y+z = 4. That is,
R

R consists of the single value z = 4-x-y and
4l
f (X y)= 0.6"0.3'0.1* Y for x+y < 4.
xv (X, ) XYI(d—x— y)! y

b) E(X)=np, =4(0.6)=2.4
c) E(Y)=np, =4(0.3)=1.2

P(X =2,Y =2) 0.1944

VPX=2IY =2= 7005 0266

=0.7347

4
P(YY=2)= (2)0'320'74 =0.2646  from the binomial marginal distribution of Y

b) Not possible, x+y+z=4, the probability is zero.
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) P(X|Y =2)=P(X =0]Y =2),P(X =1|Y =2),P(X =2]Y =2)

= = |
P(X=0]Y =2)= P(X=0Y =2) :( 4 0.600.320.12j 0.2646 = 0.0204
P(Y =2) 012121
= = I
P(X=1|Y=2)= P(X =LY =2) =[ 4 0.610.320.11j 0.2646 = 0.2449
P(Y =2) ylpiill
= = I
P(X=2|Y=2)= P(X=2Y =2) =( 4 0.620.320.1°j 0.2646 = 0.7347
P(Y =2) 212101

d) E(X|Y=2) = 0(0.0204)+1(0.2449)+2(0.7347) = 1.7143

5-30 Let X, Y, and Z denote the number of bits with high, moderate, and low distortion. Then,
the joint distribution of X, Y, and Z is multinomial with n =3 and

p, =0.0, p, =0.04, and p, =0.95.

a)
P(X=2Y=1)=P(X=2Y=1Z=0)
|
= io.0120.0410.95° =1.2x107°
2110!
|
by P(X =0,Y =0,Z =3) = i0.01°o.04°0.953 =0.8574
0103

5-31 a) X has a binomial distribution with n = 3 and p = 0.01. Then, E(X) = 3(0.01) =0.03 and
V(X) = 3(0.01)(0.99) = 0.0297.

b) First find P(X |Y =2)
PY=2)=P(X=,LY=2Z2=0)+P(X=0Y=2,Z=])

| |
= io.01(0.04)20.95° 2 0010 (0.04)?0.95' = 0.0046
112101 orm
= = |
P(X=0|Y =2)= PX=0Y=2) [ 3 ,190.0420.95' | /0.004608 = 0.98958
P(Y =2) o2t
= = |
P(X =1|Y =2) = P(X =1Y =2) =( 3 0.0110.0420.95°j 0.004608 = 0.01042
P(Y =2) 11211

E(X |Y =2) =0(0.98958) +1(0.01042) = 0.01042

V(X |Y =2) = E(X?)-(E(X))? =0.01042 - (0.01042) = 0.01031
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5-32 a) Let X, Y, and Z denote the risk of new competitors as no risk, moderate risk, and very
high risk. Then, the joint distribution of X, Y, and Z is multinomial with n =12 and

p, =0.13, p, =0.72, and p, =0.15. X, Y and Z >0 and x+y+z=12
b) P(X =1,Y =3,Z =1) =0, not possible since x+y+z=12

c)
12 12 12
P(Z2<2)= ( 0 j0.15°0.8512 J{ L j0.1510.8511 J{ 5 j0.1520.8510

=0.1422+0.3012+0.2924 = 0.7358

533 a) P(Z=2|Y =1X =10)=0

b)
P(X =10)=P(X =10,Y =2,Z =0)+P(X =10,Y =1,Z =1)+ P(X =10,Y =0,Z = 2)
| | |
_ 12 13907220150 + 12 0.1390.72'0.15" + =2 0.131°0.72°0.157
1012101 1ont! 101012!
=4.72x107° +1.97x10°° + 2.04x10"° = 6.89x10°®
P(Z <1| X =10) = P(Z=0Y =2X :10)+ P(Z=1Y =1 X =10)
P(X =10) P(X =10)
12! 10 7920 150 s, 12! 10 7910 1£1 8
= 0.13"0.7270.15° /6.89x10°° + 0.13%0.72'0.15" /6.89x10
1012101 1011111
=0.9698
c)
P(Y <1, Z <1| X =10) = P(2=LY =1 X =10)
P(X =10)
12' 10 1 1 -8
= 0.13'°0.72'0.15 /6.89x10
1011111
=0.2852
Q) E(Z | X =10) = (0(4.72x107%) +1(1.97x10°®) + 2(2.04x10°)) / 6.89x10°*

=0.345
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Section 5-3

3 .3
dy =c(4.5%| ) =Zc.
0 0

33 3
5-34  Determine c such that CnydXdy = CI y%
00 0

Therefore, ¢ = 4/81.

32 3
535 a) P(X <2,Y <3)=% j j xydxdy = £ (2) j ydy = £ (2)(2) = 0.4444
00 0

b) P(X <2.5) =P(X < 2.5, Y < 3) because the range of Y is from O to 3.
325

P(X <25,Y <3) = BJ jxydxdy 43, 125)j ydy = (3.125) 2 = 0.6944

2.53

¢) P(L<Y <25)= ”xydxdy (4 5)jydy 1y

1

=0.5833

5-35 d)
25

P(X >181<Y <25)=4% |
1

3 25
[ xydxdy = £ (2.88) [ ydy = £ (2.88) 251 -0,3733
1.8 1

81

O E(X) =& |

O ey W
>
N}
<
o
X
o
<
[
O ey WO
(e}
<<
o
<
Il
©|~
Nl"<

40 4
f) P(X <0,Y <4) :%”xydxdyzoj. ydy =0
00 0

3 3
5-36 a) fx(x)zjfXY(x,y)dyzx%jydy:%x(4.5):ﬁ for 0<x<3.
0

9

fXY (1-5: y) _8 y(l 5)
fu @5  §(5)

fY‘l.s(y): 9y for0<y<3.

) 23 2y3 |
E(Y|X=1.5) = Zyldy==|yidy="2- =2
¢) E(Y|X=15) !y(gyjy gly y 7l
22 2 4 4
d) P(Y <2| X =15) = f 4 (y) = !5 =3V’ =505

Fr2 () = o x2)_ u*(2) =2x for0<x<3.

fy (2) 5 (2)
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5-37.

3 x+2 3

CI I(x+ y)dydx:_[xy+y72
0

+2

dx

X
X X

2

0
3 2
(x+2) 2
j[x(x+2)+T—x —XT]dx
0

3

= CJ-(4X +2)dx = [2x% + ZX]Z = 24c
0

Therefore, ¢ = 1/24.

5-38 a) P(X <1,Y <2)equals the integral of f,, (X,Yy) over the following region.

y

Then,

1 12 1 1 , |2 l 3 ,
P(X <1Y <2)=—||(x+y)dydx = — | xy+L| dx =— | 2x+ 2 — =dx =
( ) 24!!( y)dy 24! Y+ X 24! 2

1

1 s
| x*+2x -4
24 0

} =0.10417

b) P(1 < X < 2) equals the integral of f,, (X,Yy) over the following region.

0 1 2 X
0

2 X+2
2

1 16
P(l< X <2):z‘!‘ !(x+y)dydx=zfxy+7

1

X+2
dx

X

2
_1
L.
1

17 1
:—j(4x+2)dx:— 2x% +2x
247 24
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c) P(Y > 1) is the integral of fy\ (X, Y) over the following region.

11 1L yz 1
P(Y >1)=1-P(Y <1) =1—2—14“(x+ y)dydx=1—z£(xy+7) X

1 2 !
1L x+1—§x2dx EUTEN LSS S
24 5 2 2 24\ 2 2 2 o

=1-0.02083 =0.9792

d) P(X<2,Y <2)isthe integral of fxy(x,y) over the following region.

y
2
0 > X
0
13x+2 13 2X+2
E(X)=—| | x(x+y)dydx = — | x?y + 2| dx
()= 0] X yaydx= 2oy o]
3 3 3
:ij(4x2+2x)dx:i 4i+x2 _1
24.0 24| 3 0 8
e)
13x+2 13 , [x+2
E(X)=—| | x(x+y)dydx =— | x’y + 2| dx
(X) 24“( y)dy 24£ V|
3 3 3
:ij(4x2+2x)dx:i 4i+x2 _b
24 24 0| 8
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5-39. a) f,(X) istheintegral of f,,(X,y) over the interval from x to x+2. That is,

X+2

f (x)zij(xw)dy— 4{xy+

X+2
:5+i forO<x<3.
12

X 6
1
Sy 1+
b) v, ()= foYX((ll')y’ = 241+i = 6y forl<y<3.
6 12

See the following graph,

y
2 Y|1 (y) defined over this line segment
1_
0 12 x
0
£ (1+y 17 e 1y Y
E(Y|X=1) = —Zldy== dy ==| —+"—| =2.111
¢) E(Y|X=1) !y( - jy 6!(yﬂ/)y 6[2+3j
3 3
dP(Y >2|X =1) = I(Hyjdy— j(1+y)dy— (yﬂ_j -0.5833
2

2

Fry (.2
e) fx‘z (x)= BAON ((2) L Here f, (y) is determined by integrating over x. There are

three regions of integration. For 0 <y <2 the integration is from0Otoy. For 2<y <3
the integration is fromy-2toy. For 3< y <5 the integration is fromy to 3. Because
the condition is y=2, only the first integration is needed.

‘ 1t g 11 .. y
=—1| (X X=—|%+X
() 24( HY)dX =y

}:y—z for O<y<2.

16

y
) fx|2 (x) defined over this line segment
1_.
0 1T X
0
—(x+2)
Therefore, f,(2)=1/4 and fx‘z(x)_ 241/4 = ng for0<x<?2
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3 x 2 X 4
5-40 c”xydydx cj x— dx = cj—d ?:%c Therefore, ¢ = 8/81
00

0

5-41.  a) P(X<1,Y<2)= 8

X 1.3
i J'xydydx_E X dx —8(1j 1
0

1y 2 81l8) 81
2 4 2 4
b) P(1<X<2) = EJ. xydydx :_J-X_d - (_jx_ ( j (2" -1 i
81y 1y 81)8| (81 8 27

3 Xz_l 83X3 X 8 X4 X2
dx=—|- ——dX=—r| ———
1 2 812 2 818 4
4 2 4 2
O I I s
8 4) |8 4| 81

2 X 2 .3 4
0 Px<2.¥<2) = [ [ xyaydx =5 [ X a2 2| 16
814y 8ly 2 81{ 8 81

-

8

|
!

e)

8 i 8 ¢t 8 ¢ x2 8 §x*
E(X)= x(xy)dydx = — | [ x?ydydx = — [ =—x?dx = — | =—dx
(X)= 81!! (y)dy 81!! o 81!2 81) 2

aalia)

f)

5-17




8 & 4x3
5-42 f(xX)=— | xydy =—— 0<x<3
a) f () 81! ydy =
8
—@Qy
f(L (
b) fypas(y) = :(1;’):82(1)3 =2y O<y<1
81

1
1
QE(Y X =1)=[2ydy=y?| =1
0

d)P(Y > 2| X =1) =0 this isn’t possible since the values of y are 0<y < x.
8 } 4y

e) f(y)=— | xydx =—, therefore

) F(y) mjy 5

0

8
_fma_a“”_m
fx|Y:2(X)— £(2) = @ —? O<x<?2
9

5-43.  Solve forc
0 X 0 0
c”e‘zx‘”dydx =Eje‘zx(1—e‘3x)dx =E.[e‘2X —edx =
00 3 0 3 0

E i_l :icl c=10
32 5) 10

544 a)

1 x 10 1 10 1
P(X <1Y <2) :lO”e’ZHdedx :?J‘e’2X (1—e*)dy :?Ie’zx —e>dy
00 0

0

b)

c)
T -2x-3 10 i -2X (-9 -3x
P(Y >3)=10] [e VWMZE{e (e —e*)dy
3 3

3
__0 e—Sx ~ e—9e—2x
30 5 2

[EEN

=3.059x10~"

3
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5-45.

5-46

5-47.

d)

2 X 2 -10 -4
P(X <2,Y <2) =10[ [e ¥ dydx =2 [e (1—e ) = 9[9 _e_j
00 35 3. 5 2

— 0.9695
7

e) E(X) =1O”xe’2x’3ydydx =
% 10

f) E(Y) =1oj j ye > *dydx =%
00

X -2z
a) F(x) :loje_zx_sydy - 1 (1_e-3><) - %(e_zx _e-5><) for 0 < x
0
f 1, -2-3y
b) fyix=(¥)= () 10e =3.157¢® 0<y<1
fx@ 10 > s
g(e -e7)

1
¢) E(Y|X=1)=3157 [ ye *'dy=0.2809
0

f X,Z -2x-6
d) leY:Z (X) — X,Y( ) _ 10e — — 2e—2x+4 for 2 < X,
fY(Z) oe

where f(y) =5e™ for0 <y

cTTe‘zxe‘3ydydx = %Ie‘zx(e“"x)dx :%Ie‘sxdx =%c c=15

0 x

a)
12 1
P(X <1Y <2) =15”e—2X-3ydydx =5je-“ (e —e~*)dx
0 x 0
b 5
=5 e‘sxdx—5e‘6je‘zxdx =1-g" +§e‘6 (e —1) = 0.9879
0

b) P(L< X <2) = 15

P m— N O —
X C—y 8

2
e dydx =5 e dydx =(e * — ') = 0.0067
1

c)
P(Y >3) = 15(]3'Te‘zx‘3ydydx +TTe‘2X‘3ydyde = 5ie‘9e‘zxdx + STe‘Sde
03 3 X 0 3

_ 3¢5 949 _ 0000308
2 2

5-19
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5-48

d)
22 2

P(X <2,Y <2) :15”e*2x*3ydydx = 5je*2X(e*3X —e%)dx =
0 x 0

0

e) E(X) = 15” xe ¥ dydx = 5J. xe > dx :5% =0.04
0 x 0
f)
07 23 -37 -5 57 -3
E(Y) =15”ye Ydydx :7j5ye ydy+5_|'3ye Ydy
0 x 0 0

3 5 8
_t—=—
10 6 15

a) f(x)= 15J‘e’2X’3ydy = % (e?*)=5e"> forx>0

b) f, () =5e" f,, (Ly)=15e">"
1523

- =3e>¥ for1<y
e

fyxa(Y) =

c) E(Y | X =1) :I 3ye*dy = —ye“y‘f +f e*¥dy=4/3
1

d) f3e“ydy =1-e°=0.9502 for0<y, f,(2)= %e-ﬁ

15 2*5
15

2

=2 for0<x<2

) fyvo (V)=

5-20

2 2
-5x ~ -2x _(1_a- § — -4 1) _
=5je5dx—5e6£e2dx—(1 e1°)+2e6(e4 1)=0.9939



5-49. The graph of the range of (X, Y) is
’ |

1 x+1 4 x+1

I I cdydx +j I cdydx =1

1x-1

= CI (x+1)dx + ZCI dx

0 1
=3c+6c=75c=1
Therefore, ¢ = 1/7.5=2/15

0.50.5

550 a) P(X <05 <05) = [ [Adydx =%
00

0.5x+1

0.5
b) P(X <0.5) = j j%dydx:%j(x+l)dx:%(§):%
00 0

C) 1 x+1 4 x+1
E(X)—”75dydx+jj75dydx
1x-1
=7ij +X)dx + & j(x)dx— 25y, 2(75) =1
0
d) X+1 4 x+1
E(Y)=-% J.ydydx+%'“-ydydx
0 1 x-1

4
(x+l) 1 x+1) (x l)
3t g [

1

- 5(0)-560)-3



551. a)
f(x)—j7i :(”1) for 0<x<l,
) 5

X+1

f(x)_ Ao XH==DY 2 s

75 7.5 7.5

b)

fow@y) 1/75

leX:l(y): )}Y (1) =2/75:
X .
fy|X:1(y):0.5 f0r0<y<2
5|2

2
Y o _ Y
OE(Y | X =)= [Ldy=21] =1
!2 4

0
0.5

0.5
OP(Y <05|X =1) = jo.sdy=0.5y| =0.25
0 0

5-52  Let X, Y, and Z denote the time until a problem on line 1, 2, and 3, respectively.
a)
P(X >40,Y >40,Z > 40) =[P(X > 40)]3
because the random variables are independent with the same distribution. Now,

0

P(X > 40) =j L g /0y = g

40

=e™ and the answer is

40

(] = =0.0408.
b) P(20 < X <40,20<Y <40,20 < Z <40) =[P(20 < X < 40)J° and

40
P(20 < X <40)=—- % =e® _e?*=0.2387.

20

The answer is 0.2387° = 0.0136.

c¢) The joint density is not needed because the process is represented by three independent
exponential distributions. Therefore, the probabilities may be multiplied.
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5-53  a) 1=3.2 =1/3.2

XY ®

BRSNS
32 32dydx :3.2.|'e 3-2(e 3-2de
5

5
= (e 32 ][e 32 j =0.0439

o X _ ¥V o _ X ( 10
P(X >10,Y >10)=(1/10.24)”e 32 3-2dydx:3.2je 32 (e 32 de
10

1010

_10 _10
= (e 82 ][e 32 J =0.0019

b) Let X denote the number of orders in a 5-minute interval. Then X is a Poisson random
variable with 4 =5/3.2 = 1.5625.

X

P(X >5,Y >5)=(1/10.24)[ [e
55

=0.256

-1.5625 2
p(X —2) - & (1;5625)

For both systems, P(X = 2)P(Y =2) =0.256° = 0.0655

c) The joint probability distribution is not necessary because the two processes are
independent and we can just multiply the probabilities.

5-54 a) fyxx(y), forx=2,4,6,8

5|
|
4 — |
*.
~ 3 \
N \
2
27
|
17
07
\ \ \ \ \
0 1 2 3 4
y
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b P(Y <2| X =2)= [ 2e"'dy =0.9817
) E(Y|X=2)= J-: 2ye ?Ydy =1/2 (using integration by parts)

d E(Y | X =X%)= Jj xye ¥dy =1/X (using integration by parts)

1 1 oy (X,
e) Use fx(x) = b a 10 fyx (X, y) = xe™, and the relationship  f, , (X, Y) :—XfYX((x;/)
b Fe (0 Y) xe™
Therefore, xe ™ :XI/T and f,, (x,y)= 0
—Xy _ -10y _ 5-10y
f) fy(y) = Eo XiO dx = ! 1Oyi0y2 € (using integration by parts)
Section 5-4
051 1 051
5-55. a) P(X <0.5)= I”(Sxyz)dzdydx = j(4xy)dydx = I(Zx)dx x* _O 25
000 00
b)
0.50.51
P(X <0.5,Y <0.5) = j ”(8xyz)dzdydx
000
0.50.5 05
= [ [ (4xy)dydx = j(o 5x)dx =% | =0.0625
00 0

¢) P(Z < 2) = 1, because the range of Z is from 0 to 1.
d)P(X<050rZ<2)=P(X<0.5)+P(Z<2)-P(X<0.5, Z<2).Now, P(Z<2)=1and
P(X<05,Z2<2) =P(X<0. 5) Therefore, the answer is 1.
111
e) E(X) = j”(sx yz)dzdydx = j(zx )dx =

000

5-56 a) P(X <0.5Y =0.5) is the integral of the conditional density fyy (X). Now,

1 (%,0.5)

Fxi0s(X) = f,(0.5)

1
and f,, (x,0.5) = I (8Bxyz)dz =4xyfor0<x<1land
0
11
0<y<1l Also, f,(y)= ”(8xyz)dzdx =2y forO<y<1

00

2X
Therefore, f,,5(X) = EE 2x for0<x<1.

0.5
Then, P(X <0.5)Y =0.5)= jzxdx=o.25.
0
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b) P(X <0.5,Y < O.5|Z = 0.8) is the integral of the conditional density of X and Y.

Now, f,(z)=2z for 0<z<1lasinparta.and

fxy‘z (X, y) = vz (X,Y,2) _ 8xy(0.8) _4xy foro<x<land 0<y<1.

f,(z) 2(0.8)

0.50.5 0.5
Then, P(X < 0.5,Y <0.5Z = 0.8) = ”(4xy)dydx = j(xlz)dx =1 -0.0625
00 0
1
5-57. a) f,,(y,2)= j(8xyz)dx =4yz forO<y<land0<z<l1.
0

frvz (X, y,2) _ 8x(0.5)(0.8)
f,(y,2)  4(0.5)(0.8)

0.5
b) Therefore, P(X < O.5|Y =0.5,2=0.8)= ijdx =0.25
0

=2X forO<x<1.

Then, f,,(X) =

4
5-58 a) ”‘J.O cdzdydx = the volume of a cylinder with a base of radius 2 and a height of 4 =

x2+y?<4

(72%)4 =167 . Therefore, ¢ = 1
6r

b) P(X?+Y? < 2) equals the volume of a cylinder of radius V2 and a height of 4 (

=8n) times c. Therefore, the answer is 8z =1/2.
167

¢) P(Z < 2) equals half the volume of the region where f,,, (X, Y, z) is positive times 1/c.
Therefore, the answer is 0.5.

d) E(X) = '2[ TZ jfdzdydx :%Jz‘ny

-2_J4-x2 0 -2 -V 4-x

J? 2
]dx =1 _f(8x\/4 — x?)dx . Using
Va—x? 22

3|2
substitution, U = 4 — x*, du = -2x dx, and E(X) = %I4\/Udu ==22(4-x*)?| =0.

-2

4
5-59. a) fx‘l(x):M and fXY(X,y):%J.dZ:i:iﬂ for x*+y’<4.

f, (@) ; o
Va-y? 4
Also, f, (y)=1 I Idzdx:%\M—y2 for-2<y<2.
—J4-y? 0
4/c — ; _ 1
Then, fx‘y(x):ﬁ ) evaluated aty = 1. That is, fx‘l(x)_w§ for
—J3<x<43.
1
Therefore, P(X <1]Y <) = | ﬁdx:1+\/§=0.7887
A 23
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fxyz (xy,0)

2 2
and f7(2) = 1d dx = [ 2v4 - x2dx
@ z@=1 | ydx= [ £

b) fxy‘l(x, y) = . .
—_ 2 —_

Because f,(z) is a density over the range 0 < z < 4 that does not depend on Z,
f, (z) =1/4 for

1/c 1
0<z<4. Then, f.. (X, —  for x*+y?<4.
)= = y

area in x> +y®<1

Then, P(x* +y* <1|Z =1) = =1/4.

T

5-60 fz\xy(z) = W and from part 5-59 a., f,,(X,y) = i for x> +y®<4.
XY '

L
Therefore, f, (z)=%%=1/4 for0<z<4.
ar

5-61  Determine c such that f(xyz) = cis a joint density probability over the region x>0, y>0
and z>0 with x+y+z<1
1-x
dx
0

f(xyz) = cj J'X _]ézdydx_j Ic(l X— y)dydx—J' [c(y xy——z)
=:[ [(1 X) —X(1—x) - d X)] :ic(@)dx:c(%x—gjtgj

= c%. Therefore, c = 6.

1

0

11-x1-x-y

5-62 a)P(X <0.5Y<05/Z<05)= 6_[ I Idzdydx = The conditions x>0.5, y>0.5,

z>0.5 and x+y+z<1 make a space that is a cube with a volume of 0.125. Therefore the
probability of P(X <0.5,Y <0.5,Z <0.5) =6(0.125) =0.75

b)
P(X <05 <0.5) = OfOfG(l— X —y)dydx = Of(ﬁy ~6xy ~3y? ) o
00

0

0.5
J.(——?,xjdx_(gx—gxzj =3/4
0 4 2 0
c)
0.51-x 1-X—y 0511-x 2 I-x
P(X <0.5)=6H jdzdydx_j j6(1 X — y)dydx_J.6(y xy——)
00 0 0

2

0.5
= '[G(X——x+£)dx = (x3 —3x? +3x10'5 =0.875
)02 T2 0
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5-63

5-64

d)

11-x1-x-y 2 1-x

E(X)= 6“- _[xdzdydx J‘J-6x(l X— y)dydx—j6x(y xy——)

1

0

=0.25

0

1 3 4 2
:J'6(X——x2 + Yax = 3X gy
)72 2 4 2

a)
1-x1-x-y y2 1-x
f(x) = GJ‘ J'dzdy j6(1 x—y)dy = c{y xy——]
0
XZ
:6(——x+—)=3(x—1)2for0<x<1
2 2
b)
1-x-y
f(xy)=6 [dz=601-x-Y)
0
forx>0,y>0andx+y<1
c)

f(xy=052=05 _6_, . _

f(x]y=0.52z2=0.5)= f(y=052=05) =5

d) The marginal f, (y) issimilarto f, (x) and f, (y) =3(1-y)? forO<y<1.

fx|y (X | 05) = f(X’OS) _ 6(05— X)

= =4(1-2x) forx<0.5
f,(0.5)  3(0.25)

Let X denote the production yield on a day. Then,
P(X >1400) = P(Z > % 1500) =P(Z >-1) =0.84134.

/10000

a) Let Y denote the number of days out of five such that the yield exceeds 1400. Then, by
independence, Y has a binomial distribution withn =5 and p = 0.8413. Therefore, the

answer is P(Y = 5) = (3)0.8413° (1 0.8413)° = 0.4215.

b) As in part (a), the answer is
P(YY>4)=P(Y =4)+P(Y =5)

= (5)0.8413*(1- 0.8413)* + 0.4215 = 0.8190
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5-65
a) Let X denote the weight of a brick. Then,
P(X >2.75)=P(Z >252)=P(Z > -1) = 0.84134.
Let Y denote the number of bricks in the sample of 20 that exceed 2.75 pounds. Then, by
independence, Y has a binomial distribution with n = 20 and p = 0.84134. Therefore, the
answer is P(Y = 20) = (2 0.84134%° =0.032.

b) Let A denote the event that the heaviest brick in the sample exceeds 3.75 pounds.
Then, P(A) =1 - P(A") and A'is the event that all bricks weigh less than 3.75 pounds. As
inparta., P(X<3.75) =P(Z < 3) and

P(A) =1-[P(Z <3)]*° =1-0.99865% =0.0267 .

5-66 a) Let X denote the grams of luminescent ink. Then,
P(X <1.14) = P(Z < *%12) = P(Z < -2) = 0.022750 .

0.3
Let Y denote the number of bulbs in the sample of 25 that have less than 1.14 grams.
Then, by independence, Y has a binomial distribution with n = 25 and p = 0.022750.
Therefore, the answer is

P(Y 21) =1- P(Y =0) = (% 0.02275° (0.97725)% =1-0.5625 = 0.4375.

b)

P(Y <5)=P(Y =0)+P(Y =1)+ P(Y =2) +(P(Y =3)+ P(Y = 4) + P(Y =5)

= (%)0.02275° (0.97725) + (% 0.02275* (0.97725)* + (2 )0.02275 (0.97725)
+(%10.02275%(0.97725) + (% 0.02275* (0.97725) ™ + (% )0.02275° (0.97725)
= 0.5625+0.3274+0.09146 + 0.01632 +0.002090 + 0.0002043 = 0.99997 = 1

¢) P(Y =0) =(%)0.02275°(0.97725)® =0.5625

d.) The lamps are normally and independently distributed, therefore, the probabilities can
be multiplied.

Section 5-5

5-67  E(X) = 1(3/8)+2(1/2)+4(1/8)=15/8 = 1.875
E(Y) = 3(1/8)+4(1/4)+5(1/2)+6(1/8)=37/8 = 4.625

E(XY) =[1x3x(1/8)] +[1x 4 x (1/4)] +[2x 5% (1/2)] +[4x 6 x (1/8)]
=75/8=9.375
o = E(XY)—E(X)E(Y) = 9.375— (1.875)(4.625) = 0.703125

V(X) = 1(3/8)+ 24(1/2) +4%(1/8)-(15/8)%= 0.8594
V(Y) = 3%(1/8)+ 4%(1/4)+ 5°(1/2) +6°(1/8)-(37/8)" = 0.7344

Ty 0.703125
Pxy = = =V
ox0y  4/(0.8594)(0.7344)
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5-68 E(X)=-1(1/8)+(-0.5)(1/4)+0.5(1/2)+1(1/8) =0.125
E(Y)=-2(1/8)+(-1)(1/4)+1(1/2)+2(1/8)=0.25
E(XY) =[-1x-2x (1/8)] +[-0.5x -1x (1/4)] +[0.5x1x (1/2)] +[1x 2x (1/8)] = 0.875

V(X) = 0.4219

V(Y) = 1.6875

o, =0.875-(0.125)(0.25) = 0.8438
oy 0.8438

Pxy = =

v~ [0.4219+/1.6875

5-69
3 3
D> > c(x+y)=36c, ¢=1/36

x=1y=1

13 13 14 14 (13) -1
()6 ()6 ()3 ny3(6J 36
16 16 23
E(X?))==— E(Y?)=—" V(X)=V(Y)==2
(X*) 3 (Y?) 3 (X)=V(Y) 26
-1
—_0.0435

__ 36
SNEENEE
36 \ 36
570  E(X)=0(0.01)+1(0.99) = 0.99
E(Y) = 0(0.02) +1(0.98) = 0.98

E(XY) = [0x 0x (0.002)] +[0x1x (0.0098)] + [Lx 0 (0.0198)] + [1x1x (0.9702)] = 0.9702

V(X) = 0.99-0.99%=0.0099
V(Y) = 0.98-0.982=0.0196
oy =0.9702—(0.99)(0.98) =0

Oxy __ O _
7o /0.0099+/0.0196

Pxy =

5-71 E(Xl) =np; = 20(1/3)=667
E(X5) = np,=20(1/3)=6.67
V(Xy) = npy(1-p;)=20(1/3)(2/3)=4.44
V(Xs) = npa(1-p)=20(1/3)(2/3)=4.44
E(X:X5) =n(n-1)psps =20(19)(L/3)(L/3)=42.22

~2.267
Oy =42.22-6.672 =—-2267 and pyy = ———o—— =051
. Px = J(a.a4)(a.42)

The sign is negative.
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5-72  From Exercise 5-40, ¢ = 8/81.
From Exercise 5-41, E(X) = 12/5, and E(Y) = 8/5

ey =2 [ [xyooaydx= 2 [ [xtyzayax=8 [ X xeax=8 [ ox
814) 814) 811 3 811 3
_(Ej 3
81 )\ 18
- :4_(Ej(§j:o.1e
5A5

E(X%)=6 E(Y?)=3
V(x)=0.24, V(Y)=0.44
0.16

P Jo24J04ad

5-73. Similarly to 5-49, ¢ =2/19
1 x+1 5 x+1
E(X)_—j deydx+—J J'xdydx 2.614
1 x—1
1 x+1 5 x+1

E(Y)_—I J'ydydx+1ij' Iydydx 2.649

1x-1

=0.4924

Now, E(XY)=— Jl. Xrxydydx +—j. XJtlxydydx 8.7763
l x-1

o, =8.7763—- (2.614)(2.649) =1.85181
E(X?)=8.7632 E(Y?)=9.11403
V(x)=1.930, V(Y)=2.0968

1.852

~ /1.93012.007

=0.9206
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5-74

5-75

5-76

1 x+1 4 x+1
E(X) =] [Zdydx+[ [ dydx
00 1x-1

1
7.5

1 4
= L0 +)dx+ Z[)dx=£(2) + £ (75) =2
0 1

E(X?)=222,222.2
V(X)=222222.2-(333.33)?=111,113.31
E(Y?)=1,055,556
V(Y)=361,117.11

E(XY) =6x10" [ [ xye*"~**dydx = 388,888.9
0 x

o,, = 388,888.9 - (333.33)(833.33) = 111,115.01
111115.01

- — 0.5547
“ V111113.314/361117.11

A E(X)=1 E(Y)=1
E(XY)= nye‘x‘ydxdy

= ]E xe‘xde ye Ydy
0

= E(X)E(Y)

Therefore, oxy =pxy =0.

Suppose the correlation between X and Y is p. for constants a, b, ¢, and d, what is the
correlation between the random variables U = aX+b and V = cY+d?

Now, E(U) =aE(X) + b and E(V) =cE(Y) +d.

Also, U-E(U) =a] X-E(X)]Jand V-E(V)=c[Y - E(Y)]. Then,

oy = E{[U -EU)]IV - E(V)]} = acE{[X —E(X)][Y —E(Y)]}=aco,,
Also, o = E[U —E(U)J =a’E[X —E(X)J =a’c; and & =c’o.. Then,

aco Py I aandcareof the samesign

p = =
. Jaloclc’ol |- py if aandcdifferinsign
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5-77  E(X)=-1(1/4)+1(1/4)=0
E(Y)=-11/4)+1(1/4)=0
E(XY)=[-1x0x (1/4)] +[-1x0x (1/4)] +[1x0x (1/4)] +[0x1x (1/4)]=0
V(X) = 1/2
V(Y)=1/2
ox =0-(0)(0)=0
=% - 0 ~0
Pxy = 5o M\/m

The correlation is zero, but X and Y are not independent, since, for example, if y =0, X
must be -1 or 1.

5-78 If X and Y are independent, then f,, (x,y) = f, (X) f, (y) and the range of
(X, Y) is rectangular. Therefore,

E(XY) =[xyt (9 f, (y)dxey = [ Xfy ()] ¥, (y)dy = E(XE(Y)

hence oxy=0

Section 5-6

5-79 a)

0.04

0.03

2(0)

0.01

0.00
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b)

c)

0.06
0.05
0.04
2(.8) 0
0.02
0.01
0.00

0.07 7
0.06
0.05
0.04 7
z(-.8) **1
0.02 7
0.01
0.00

4.'0'.0'.\‘&\\
AN
A

1" ' .. “ ‘\\\
Al
AN,

IO
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5-80 Because p=0 and X and Y are normally distributed, X and Y are independent.

Therefore,
P(2.95< X <3.05 7.60<Y <7.80)=P(2.95< X <3.05) P(7.60<Y <7.80) =

P(2852 < 7 < 3E3)P (L6110 ¢ 7 < 180-170) — 0,78877 = 0.6220

0.04 0.04 0.08 0.08

5-81 Because p=0 and X and Y are normally distributed, X and Y are independent.
Therefore, px= 0.1 mm, 6x=0.00031 mm, py=0.23 mm, cv=0.00017 mm
Probability X is within specification limits is
P(0.099535 < X < 0.100465) = P W <Z< W

0.00031 0.00031
=P(-15<Z <15 =P(Z <15 -P(Z <-15)=0.8664

Probability that Y is within specification limits is

P(0.22966 < X <0.23034) = P 0.22966-0.23 , 0.23034-0.23

0.00017 0.00017
=P(-2<Z<2)=P(Z<2)-P(Z <-2)=0.9545

Probability that a randomly selected lamp is within specification limits is

(0.8664)(0.9594) = 0.8270

5-82 a) By completing the square in the numerator of the exponent of the bivariate normal PDF, the joint

PDF can be written as
2 2
{ﬂ{(y—(wn"v(x—yx))} +<1—p2)(xiJ }
oy Ox Ox

1 e 2(1-p%)
f _ fxy (X1 y) _ Zﬂ-o-xay Vl_pz
Y|X=x T f - 2
x (X) {u}
1 %
N2ro,
5]
R I
Also, f,(x) = e 2 By definition,
2o,
1 2 -y )
—z[w—(uy +p“—y<x—ux))} +<1—p2)[$]
Oy Gx GOy
. 20-p?)
f _ fXY (Xv y) _ ZTCGXGV Vl_pz
RN B }
BT
J2no,
2
iz[(y—(uwp&(x—ux))}
Oy Ox
_ 1 o 2(1-p?)

‘/Zoy Vl_pz

Now fyjx= is in the form of a normal distribution.
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5-83

5-84

b) E(Y|X=X) = n, + pﬂ(x—px) . This answer can be seen from part 5-82a. Since the PDF is in
Ox

the form of a normal distribution, then the mean can be obtained from the exponent.

c) V(Y|X=x) = c§ (1—p?). This answer can be seen from part 5-82a. Since the PDF is in the form
of a normal distribution, then the variance can be obtained from the exponent.

T _T fXY (X, y)dXdy = T T me_é[(xoy:; +%} dXdy =

— —00—0o0|

© _{(X—#x )? } o _{w—m JZ}
1 2 O'XZ 1 2 O'YZ
.[ NEYTop € dXJ- 2720, € dy

and each of the last two integrals is recognized as the integral of a normal probability
density function from —o to co. That is, each integral equals one. Since
f (X, y)= f(x)f(y) then X and Y are independent.

Ox Ox Oy Oy

{[ X iy ]2 2p(X = )(Y =) [ Y=y ﬂ

1 2(1-p%)

Let fyy(X,y)=—F—F——¢
ZRGXGyﬂl— p2
Completing the square in the numerator of the exponent we get:

2
Mx-ux ] 2otV ) Yo ” ] Mv-m [EE= ﬂ +(l_pz)[x—ux]
Ix Ox 0y oy % Ix Ix
But,

- - 1 1
[MJ - p[w] - 7{(Y—m)—p&(x—ux)} - 0—[(Y—(AY+p“—Y(X—ﬂX»}
oy Y oy Y oy

Oy

2

Substituting into fxy(X,y), we get

2 2
{i{%(#ﬁpw(x—#x»} +<1—p2)[xlj }
Oy Ox Oy

Y

o e 1 —p?
LIty = e e dydx
270,060 ,1-p

2
[y—(ung(x—ux»}

7%[ X— 4y jz ) 1 203 (1-p°)
dx x J:OO \/Zo-y\/m e dy

The integrand in the second integral above is in the form of a normally distributed random
variable. By definition of the integral over this function, the second integral is equal to 1:

Ox

- 1 .
Py
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O'y 2
y=( sy +p—(X= 1))
— O-x
;[x—ﬂx jz 207 (1-p%)
20 oy © 1
dXxI

. \/Zay\/l—pz e dy
Yrenf

e
- Pro,

dxx1

- 1 .
i e

The remaining integral is also the integral of a normally distributed random variable and therefore,
it also integrates to 1, by definition. Therefore,

207 fxe () =L

5-85

—0.5| X=px)® _2pX—px ) Y=fty) , (Y=H#)?
1 1-p?| O2 OOy O?

hW= | s i

_05(X—1x )% o —o.5f[<y—m) p(xfum}z_[p(xfux)}z
_ 1 el—pz O3 I 1 Lpt|L Oy Ox Ox dy
V270 V270 1-p?
—0
2
2 —05| (Y=#y) p(X—px)
—O.S(XG’U;() ) lp{ pes Oy }
— 1 e X J. 1 e Y dy
V2720 27Oy 1-p?
—o0

The last integral is recognized as the integral of a normal probability density with mean
My +%X_"X) and variance O'Yz(l— p?) . Therefore, the last integral equals one and
the requested result is obtained.
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5-86

E(X)=u ,E(Y)=pn,,V(X)=0%, and V(Y) =0 . Also,

—0s | (X=px)? 2p(X—prx)y-my) (Y=py)?
1-p2| O% OxOy (o

)y - 1,)e iy

2700, (L p°)"?

EQX )Y — )= [ [

—00—00

Let u=>: ‘X‘X and v=X% Then,

05 [uz 2mv+v2]
1-p?
uve

2 (l p2)1/2

{[u pv] +(1-p? )vz}

22 0ve
= II 27l 1) o, o, dudv

—00—00

oy o, dudv

EOC— )Y~ #4,) H

The integral with respect to u is recognlzed as a constant times the mean of a normal
random variable with mean pv and variance 1-p2 . Therefore,

TV s TVE s
E(X_ﬂx)(Y_IUY):_[ N " pvoyopdv = poyo, N e " dv.

The last integral is recognized as the variance of a normal random variable with mean 0
and variance 1. Therefore, E(X-pux)(Y -uy) =poxoy and the correlation between X and

Yisp

Section 5-7

5-87

5-88

a) E(2X + 3Y) =2(0) + 3(10) = 30

b) V(2X + 3Y) = 4V(X) + 9V(Y) = 97

c) 2X + 3Y is normally distributed with mean 30 and variance 97. Therefore,
P(2X +3Y <30)=P(Z <%) =P(2<0)=05

d) P(2X +3Y <40) = P(Z <“=2) = P(Z <1.02) = 0.8461

Y = 10X and E(Y) =10E(X) = 50mm.
V(Y)=103V(X)=25mm?
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5-89 a) Let T denote the total thickness. Then, T =X + Y and E(T) =4 mm,
V(T) = 012 +01° =0.02mm?, and o7 = 0.1414 mm.

b)

43-4
P(T>43)=P|Z >
(T>43) ( 0.1414

=1-P(Z <2.12) =1-0.983 = 0.0170

j =P(Z >2.12)

5-90  a) X~N(0.1, 0.00031) and Y~N(0.23, 0.00017) Let T denote the total thickness.
Then, T=X+Y and E(T) =0.33 mm,

V(T) = 0.00031% +0.00017% =1.25x10"mm?, and o; =0.000354 mm.
0.2337-0.33
Z<
0.000354

P <0.2337):P[ ]:P(Z<—272)§O

b)

P (T > 0.2405 ):P[z , 0.2405 -0.33

0.000345

]:P(Z>—253 )=1-P(Z <253 )=1

5-91  Let D denote the width of the casing minus the width of the door. Then, D is normally
distributed.

a)E(D)=1/8 V(D)= ()’ +(&)* =%

256
b) P(D > 1) = P(Z > /) - P(Z > 0.89) = 0.187

N

05y _ _ _
)= P(Z <-089)=0.187

¢c) P(D<0)=P(Z<
592 D=A-B-C
a)E(D)=10-2-2=6mm
V(D) = 0.1* + 0.05” + 0.05° = 0.015mm?
op = 0.1225mm
59-6

b) P(D<5.9) =P(Z<
a )=H 0.1225

) = P(Z < -0.82) = 0.206.

5-93  a) Let X denote the average fill-volume of 100 cans. oy = 05/ =0.05.

b) E(X)=12.1and P(X <12) = P(Z <%} =P(Z <-2)=0.023

¢) P(X < 12) = 0.005 implies that P(Z < 13 ; ;‘ j =0.005.

Then ¥4 =258 and 1 =12.129.

0.05

12-12.1

o /100

d) P(X < 12) = 0.005 implies that P(Z < j =0.005.

Then f/‘—j% =-258and o =0.388.
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5//n

Then élejﬁl =-2.33and n=135.72=136.

e) P(X < 12) = 0.01 implies that P[Z < 102 _12'1j =0.01.

5-94  Let X denote the average thickness of 10 wafers. Then, E(X) =10 and V(X ) = 0.1.
ayPO< X <1 = P(Q‘T%) <Z< %) = P(-3.16 < Z < 3.16) = 0.998.

The aniwer is1—0.998 = 0.002
b) P(X >11) =0.01 and oy = }/ﬁ-

Therefore, P(X >11) = P(Z > %19)=0.01, 11510 = 2 33 and n = 5.43 which is
G Vi

rounded up to 6.

¢) P(X >11)=0.0005 and oy = %/
Therefore, P(X >11) = P(Z > 112) = 0.0005, 112 =3.29

VAT VAT

o =+/10/3.29=0.9612

5-95  X~N(160, 900)
a) Let Y = Xy + Xp + ... + Xo5, E(Y) = 25E(X) = 4000, V(Y) = 25%(900) = 22500
P(Y > 4300) =

P(Z > MJ =P(Z >2)=1-P(Z <2)=1-0.9773=0.0227

122500

b) ¢) P(Y >X) = 0.0001 implies that P[z , X=4000

122500

J =0.0001.

Then *58% =3.72 and x = 4558

Supplemental Exercises

5-96  The sum of lezy: f(x,y)=1, (%)+ (%)+ %)+ (%)+ (%):1

and f,, (Xx,y)>0
597 a) P(X <05,Y <1.5)= f,, (01)+ f,, (0,0)=1/8+1/4=3/8.

b) P(X <) = f,, (0,0)+ f,, (01)+ f,, (LO)+ f, (1L1)=3/4
c) P(Y <15)=f,,(0,0)+ f,, (0,) + f,, (1,0)+ f,, (1,1) =3/4
d) P(X >0.5,Y <1.5) = f,, (1,0) + f,,(1,1) =3/8
e) E(X) = 0(3/8) + 1(3/8) + 2(1/4) = 7/8.

V(X) = 0%(3/8) + 1%(3/8) + 2%(1/4) - 7/8*=39/64

E(Y) = 1(3/8) + 0(3/8) + 2(1/4) = 7/8.
. V(Y) = 1°(3/8) + 0%(3/8) + 22(1/4) - 7/8*=39/64
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5-98

5-99

5-100

a) f, (x)= > f,y (x,y) and f,(0)=3/8, f,(1)=3/8, f,(2)=1/4.

3/8

b) fY‘l(y)z f (L. Y) and fY‘l(0)=“—8:1/3, fm(l):

fx @)

¢) E(Y | X =1) = 3 yf, 0 (y) =0(L/3) +1(2/3) = 2/3

d) As is discussed after Example 5-19, because the range of (X, Y) is not rectangular, X

and Y are not independent.

e) E(XY) = 1.25, E(X) = E(Y)= 0.875 V(X) = V(Y) = 0.6094
COV/(X,Y)=E(XY)-E(X)E(Y)= 1.25-0.875°=0.4844

0.4844

- —0.7949
Pxr /0.6094+/0.6094
1
a) P(X =2,Y =4,Z =14) _ 2% 1020.20%0.70" = 0.0631
214141

b) P(X =0)=0.10°0.90* =0.1216
¢) E(X)=np, =20(0.10) =2
V(X)=np,(1-p,)=20(0.10)(0.9) =1.8
fyz (X, 2)
f, (2)
3 20!
- x1z1(20 — x — z2)!
20!

f,(z2)=———0.3*70.7"
2(2) z!1(20-1z)!

d) fx-, (X2 =19)

f, (x2) 0.1%0.2%°770.7*

fy (X 2) B (20-z)!  0.1%0.22*?

(20-2)!

frpm (X ]2 =19)

2 1
fxue (0) = 3 and fy,,(1) -3

2 1 1
&) E(X |Z =19) :o(§]+1[§]:§

f,(z) x1(20-x-2z)! 0.3
Therefore, X is a binomial random variable with n=20-z and p=1/3. When z=19,

T XI(20—x—2)!

[

1

3

I3

Let X, Y, and Z denote the number of bolts rated high, moderate, and low. Then, X, Y,

and Z have a multinomial distribution.
201

a) P(X =12,Y =6,Z = 2) = ———0.6"0.3°0.1* = 0.0560 .
12!612!

b) Because X, Y, and Z are multinomial, the marginal distribution of Z is binomial with

n=20and p=0.1.
c) E(Z) =np =20(0.1) = 2.

5-40
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f., (16, z 20!

T (16.2) and f,,(x,2)=

f, (16) x121(20—x—2z)!
X+2<20 and 0<x,0<z. Then,

20 0.6'°0.3“70.1

5-101. a) f,,4(2) = 0.6*0.37%0.1* for

Z|16 20! 16 4 zY(4-z)!' \0.4 0.4
16210.6°0.4
for 0 < z < 4. That is the distribution of Z given X = 16 is binomial with n = 4 and
p =0.25.

b) From part a., E(Z) = 4 (0.25) = 1.
c) Because the conditional distribution of Z given X = 16 does not equal the marginal
distribution of Z, X

and Z are not independent.

5-102 Let X, Y, and Z denote the number of calls answered in two rings or less, three or
four rings, and five rings or more, respectively.

|
a) P(X =8Y=1,Z=1)= 1—0'0.780.2510.051 =0.0649
Ll

b) Let W denote the number of calls answered in four rings or less. Then, W is a binomial

random variable with n=10and p =0.95.
Therefore, P(W = 10) = (:2)0.95°0.05° = 0.5987 .
c) E(W) =10(0.95) = 9.5.

|
5-103 a) fz\8(2)=M and fy, (x,2) 10 0.70%0.25"°*-0.05" for

f, (8) B x1z!(10 — x —z)!
X+2z<10 and 0<x,0<z.Then,

100 7080.25%°90.05*

m 1 2-z z
fz\s (2)= 100 7080.30° = T (%) (%)

812!
for 0<z<2. Thatis Z is binomial with n =2 and p = 0.05/0.30 = 1/6.
b) E(Z) given X = 8 is 2(1/6) = 1/3.
c) Because the conditional distribution of Z given X = 8 does not equal the marginal
distribution of Z, X and Z are not independent.

3
=18cC . Therefore, ¢ = 1/18.

2 3
dx = 2¢%-
0 0

5-104 ﬁcxzydydx = icx2 %
00 0
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1
5-105 a) P(X <1Y<1):H18x ydydx j dx=22 =1
0 0
2.52 2.5 .2 \ 25
b) P(X < 2.5) = me ydydx = [£x*%| dx =1 =0.5787
0 0 0
3 . |2 3
c) Pl<Y <25) ” x*ydydx = J.li 2Ll dx=21x| =3
01 0 1 0
d)
§ 15 3 15 NE
P(X >21<Y <15) = [ [Lx’ydydx=[1x*%| dx =%
2 1 2 1 2
=% - 02199
32 3 3
e) E(X):”%ﬁydydx I%X‘?’de:%§ =2
o 0
3 , 3
f) E(Y) = ”18 y2dydx = {% PSde= x| =4
2
5-106 a) fx(x)zjﬁxzydy:%x2 for0<x<3
0
1
fy\x( )= fXY(l’y) _ 1Y _Y forO<y<2.

@ 12

9

— fXY (X’l) _ 118 X2
0 1

X
Therefore, fx‘l(x) = 1;-3/2 = %XZ for0<x<3.

3
and fY(y):J%xzydx:% for0<y<2.
0

5-107 The region x? +y? <1 and 0 < z < 4 is a cylinder of radius 1 ( and base area 7 ) and
height 4. Therefore, the volume of the cylinder is 47t and fxyz(x,y.2) = i for x? +y? <1
and0<z<4.

a) The region X2 +Y?2 <05 is a cylinder of radius 05 and height 4. Therefore,
P(X?+Y?<05) =22 _-1/2.

b) The region x2+Y? <05 and 0 <z < 2 is a cylinder of radius +/05 and height 2.
Therefore,

P(X?+Y?<05Z<2) =25 =1/4
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c) fxv\l(X, y)= T (X ¥ and f,(z) = _”idydx -1/4

fZ (l) x2+y2<l
for 0 <z < 4. Then, fxv\l(x’ y) :11//_4; = % for x? + y2 <1.
4 1-x? 4
d fy (x):j I ﬁdydz=j§\/1—x2dz=§\/1—x2 for-1<x<1

0 _1-x2 0

4

5-108 a) fz\oo(z) = 1 (00.2) and f,, (X,y) :jﬁdz =1/7 for X* +y? <1.Then,
| fxv (0,0) 0
1/4rx

fz\o,o(z) :m =1/4 foro<z<4and Hzj00 = 2.

vz (X, Y,2) B 1/4x

=1/4 for0<z<4. Then, E(Z) given X=xand Y =y is
fuy (X, ) U

b) f;,,(2) =

I

dz =2.

ENIIN

11
5-109 f,,(X,y)=c forO<x<1land0<y<1. Then, I chxdy =1 and ¢ = 1. Because
0 0

fuy (X, Y) isconstant, P(/X —Y|<0.5) is the area of the shaded region below

11—
0.5

Thatis, P(X —Y|<0.5) =3/,

5-110 a) Let X4,X5,...,Xg denote the lifetimes of the six components, respectively. Because of

independence,
P(X1 > 5000, X, > 5000, ..., Xg > 5000) = P(X; > 5000)P(X» > 5000)...P(Xg > 5000)

If X is exponentially distributed with mean o, then 7 = & and
P(X > X) = J‘% et = —e "' =e*'?. Therefore, the answer is
X

X

e—5/8e—0.5e—0.5e—0.ZSe—O.25e—0.2 — e—2.325 — 00978 ]
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5-111

5-112

5-113

b) The probability that at least one component lifetime exceeds 25,000 hours is
the same as 1 minus the probability that none of the component lifetimes exceed
25,000 hours. Thus,

1-P(X,<25,000, X,<25,000, ..., X<25,000)=1-P(X;<25,000)...P(X<25,000)
=1-(1-e2®)(1-e2%)(1-e*%)(1-e %) (1-e ) (1-e%)=1-.2592=0.7408

Let X, Y, and Z denote the number of problems that result in functional, minor, and no
defects, respectively.

a) P(X=2,Y=5)=P(X=2Y=512Z=3) :%0.220.550.33 =0.085

b) Z is binomial with n =10 and p = 0.3.

c) E(Z2) =10(0.3) = 3.

a) Let X denote the mean weight of the 25 bricks in the sample. Then, E(X) = 3 and

o =0.05. Then, P(X <2.95) = P(Z < 225=3) =P (Z < -1) = 0.159.

b) P(X > X) = P(Z > X=3)=0.99. 50, X=3
05 0.05

02
X

=-2.33 and x=2.8835.

a)
1825 5.25

Because '[ J‘ cdydx =0.25¢c, ¢ = 4. The area of a panel is XY and P(XY > 90) is the
17.75 475

shaded area times 4 below,

5.25 W
4.75

17.25 18.25
1825 525 18.25 18.25
That is, j j 4dydx = 4 j5.25 — 90 (x =4(5.25x-90Inx| )=0.499
17.75 90/x 17.75 17.75
b) The perimeter of a panel is 2X+2Y and we want P(2X+2Y >46)
18.25 5.25 18.25
j 4dydx = 4 j 5.25 — (23— x)dx
17.75 23-x 17.75
18.25 X2 [18.25
=4 j (-17.75+ X)dx =4(-17.75X +—| )=0.5
17.75 17.75
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5-114

5-115

5-116

5-117

a) Let X denote the weight of a piece of candy and X~N(0.1, 0.01). Each package has 16
candies, then P is the total weight of the package with 16 pieces and E(P ) = 16(0.1)=1.6
ounces and V/(P) = 16%(0.01%)=0.0256 ounces’

b)P(P <1.6) =P(Z <5 =P(Z <0)=05.

c) Let Y equal the total weight of the package with 17 pieces, E(Y) = 17(0.1)=1.7 ounces
and V(Y) = 17%(0.01%)=0.0289 ounces’

P(Y <1.6) = P(Z < 3&L1) = P(Z < -0.59) = 0.2776.
30

Let X denote the average time to locate 10 parts. Then, E( )?) =45and oy = o

2) P(X >60)=P(Z > £ = P(Z >1.58) =0.057

b) Let Y denote the total time to locate 10 parts. Then, Y > 600 if and only if X > 60.
Therefore, the answer is the same as part a.

a) Let Y denote the weight of an assembly. Then, E(Y) =4+ 55+ 10 + 8 =27.5 and
V(Y)=0.4? +0.5* +0.22 +0.5° =0.7..
P(Y >295)=P(Z > %) = P(Z > 2.39) = 0.0084

b) Let X denote the mean weight of 8 independent assemblies. Then, E(X) = 27.5 and
V(X) =0.7/8 = 0.0875. Also, P(X >29)=P(Z > 222) = P(Z >5.07) =0.

0.0875

0.07
0.06
0.05

0.04

2(-.8) °*

0.02

0.01
0.00

5-45



5'118

r :l -1 2 i

= ﬁ{(x 1)°-1.6(x-1)(y-2)+(y-2)“}

XY (X, y) _e{ : }
1.27Z
f ] -1 ) i
(X y) = —e{m{(x 1)°-1.6(x-1)(y-2)+(y-2) }}

XY ’
2;Z ’\/E

1 [%(x—l)z—z(.sw—l)(y—2)+<y—2)2}}
e

f (X, y) — 2(1-0.8?)
XY 271 .82

E(X)=1, E(Y)=2 V(X)=1V(Y)=1and p=0.8

5-119 Let T denote the total thickness. Then, T = X; + X, and
a) E(T)=0.5+1=1.5 mm
a. V(T)=V(Xy) +V(Xy) + 2Cov(X1X5)=0.01+0.04+2(0.014)=0.078mm?
i. where Cov(XY)=poxoy=0.7(0.1)(0.2)=0.014

1-15
b) P(T <1)= P(Z < j: P(Z < -1.79) = 0.0367
J0.078

c) Let P denote the total thickness. Then, P = 2X; +3 X, and
a. E(P)=2(0.5)+3(1)=4 mm
V(P)=4V(Xy) +9V(X,) +
2(2)(3)Cov(X1X2)=4(0.01)+9(0.04)+2(2)(3)(0.014)=0.568mm2
where Cov(XY)=poxoy=0.7(0.1)(0.2)=0.014

5-120 Let T denote the total thickness. Then, T = X; + X, + X3 and
a) E(T) =0.5+1+1.5=3 mm
V(T)=V(X1) +V(XZ) +V(X3)+2COV(X1X2)+ 2COV(X2X3)+
2Cov(X1X3)=0.01+0.04+0.09+2(0.014)+2(0.03)+ 2(0.009)=0.246mm?
where Cov(XY)=poxcy

b) P(T <1.5) = P(Z < ﬁ] =P(Z <-6.10)=0
0.246
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5-121 Let X and Y denote the percentage returns for security one and two respectively.
If %2 of the total dollars is invested in each then .X+ %2Y is the percentage return.
E(Y2X+ %2Y) = 0.05 (or 5 if given in terms of percent)
V(¥2X+ 1Y) = 1/4 V(X)+1/4V(Y)+2(1/2)(1/2)Cov(X,Y)
where Cov(XY)=poxoy=-0.5(2)(4) = -4
V(¥oX+%2Y) = 1/4(4)+1/4(6)-2 = 3
Also, E(X) =5 and V(X) = 4. Therefore, the strategy that splits between the securities
has a lower standard deviation of percentage return than investing 2million in the first
security.

Mind-Expanding Exercises

5-122 By the independence,

P(X;e AL X, Ay X e A) = [ [ ] £ () F 06)Fy (x,)dxdx, .dx,

A A A

{j fxl(xl)dxl}{j fxz(xz)dxz}..[j fxp(xp)dxp}
A A, A

p

=P(X; € A)P(X; € A,).P(X, €A,)

5-123 E(Y) = Cyyy +Copty + ...+ C ol
Also,
V) = [ o+ €% oo CyX, = (€t + Costy + oot ot ) T, (%) i, (). (%, )bid,...x,

= J' [cl(xl — i) o+ Cy (X, — ,up)]z fy, (%) fy, (xz)...fxp (X, )dx,dx,...dx,,
Now, the cross-term
[ee 04 =m)06 = 1) f, (%) i, (). By, (%, b, .dx,
= 6, [ 06— ) £, ) ][ (%, = 42) ()b |= 0

from the definition of the mean. Therefore, each cross-term in the last integral for V(Y)
is zero and

V(Y) = {6200 — ) i, 06 €2 06, = 11,07 £, ()0, |
= V(X)) +..+CV(X,).
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a b a
5-124 _[ j f.y (X, y)dydx = j cdydx = cab . Therefore, ¢ = 1/ab. Then,
0 0 0

O e T

b
fy (X)z.[ cdy =< for0<x<a, and fy(y)=Z cdx:% for 0 <y <b. Therefore,
0

o y)=F, (X)f, (y) forall xand y and X and Y are independent.

5-125 The marginal density of X is
b

f, (X) = j g(x)h(u)du = g(x) j h(u)du = kg(x) where k = j h(u)du. Also,

0

f, (y) =Ih(y) where | :J- g(v)dv.Because f,,(X,y) is a probability density
0

function, T jb‘ g(x)h(y)dydx = ﬁ g(v)dv}ﬁ h(u)du} =1. Therefore, kl = 1 and

0 0 0

f o (Y)=f, (X)f, (y) forall xand y.

Section 5-8 on CD

1
S5-1 f, (y) == aty=3,5,7,9 from Theorem S5-1.
4

§5-2 Because X > 0, the transformation is one-to-one; that is Y = X% and X = \/V From Theorem S5-2,

f) =G =% o @ p)* " fory=01.4
Ifp=0.25, fY(y):(ﬁ)(O.ZS)*F(O.75)3*Ffory:o,1,4,9.

s53  a) f,(y)=f, (y 10)(2j_ y-10 for 10<y < 22

2 72
2,2 10y 1(p 102)2 g
b) E(Y Lo ] 1
) E(Y)= j y=—s %),
S5-4  Becausey =-2Inx, e = X.Then, f, (y)=f, (e;zy)—— z 2%8% for0<e? <ior

y 2 0, which is an exponential distribution (which equals a chi-square distribution with k = 2 degrees of
freedom).
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S5-5 a) LetQ =R. Then,

2 ; p
= i°r |:\/:
P and 4

g=r r=q
S % % B %(pq)fl/z _% p1/2q73/2 Y )_1/2
Tla & 0 1 =2(Pq
d A

foo (p.0) = fin (2,002 (pa) 2 = 2[[2 )3 (pa) 2 = 0
for Os\/gsl, 0<qg<1

Thatis,for 0< p<q, 0<q<1l.

1
fo(p) = [a'dg =—Inp for 0<p<1
p

1
b) E(P) = —I pInp dp.Letu=Inp and dv=pdp. Then, du = 1/p and
0

2

V= %_Therefore, E(P)=-(n p)pT2

1

1
o 4

4

1 1
PAR _ P
+J-?dp——

° %

_1 e‘fy
$5-6  a)If Y =X then X =4[y for x>0 and y>0.Thus, f, ()= f, (\/y)Ly ? =

20y
y > 0.

b)1f y=X"2 then X=y2 for x>0 and Yy >0.Thus, f,(y) = f, (y2)2y =2ye” fory>
0.

c) Ify=Inx, then x=eY for Xx>0.Thus, f, (y)=f, (e”)e’ —e¥e™ =e’ for

—0< Y <00,

for

wdu _

S5-7  a) Now, Iavze‘bvdv must equal one. Let u = bv, then 1= aj (4)%e b

%ju 2e7du. From
0 0 b 5

. _ o 2a :
the definition of the gamma function the last expression is b—SF(S) = b_3 . Therefore, d = —.

mv? 2w
b) If W= > ,thenvV=,— forv>0, w=>0.
m

dv b®2w o /o .
f, (W)= f, /22 )—= e Vm (2mw) Y2
W W) = ()8 =226 2mu)
b3m73/2 Wl/ze—b\/T?W
V2

for w>0.
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s5-8  If y=e* thenx=Inyfor1<x<2 and e' <y<e’ Thus, f,(y)= fx(|ny)1=£for

1<Iny < 2. Thatis, fY(y):iforeSySez.
y

s59  Now P(Y <a)=P(X >u(a)) = j f, (X)dX . By changing the variable of integration from x to y

u(a)

by using x = u(y), we obtain P(Y < a) = I fy (U(Y))u'(y)dy because as x tends to o, y = h(x) tends

a

to-o. Then, P(Y <a) = j . (u(y))(—u'(y))dy . Because h(x) is decreasing, u'(y) is negative.

Therefore, |u'(y) | =-u'(y) and Theorem S5-1 holds in this case also.

$510 Ify= (X—2)% thenx=2—4/Y for 0<S X <2 andx= 2+4/Yy for 2< X < 4. Thus,
()= @YY -2y 2 [+ 2+ ) [2y ™2
:2—J§+2+¢§
16/y 16,y

—(A)yY2 for 0<y<4

4

a

S5-11 a)leta = $;S, andy=S;.Then, §; =y,S, =— and
y
A A 0 1
Aa q 1
J= = l 8. 3/2|=—""Then,
A, &, 5 Y y
a g

far(@y)=fgs, (y,%)(%) = 2y(%)(§) =4, for 0O<y<iland 0<2<4. Thatis, for

y
O<y<iand0<ac<4y.
1
a a, a
b) f,(a)= J'4—dy=—zln(z) for 0<a<4.

al4
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Letr=v/iiands=i. Then, i =Sandv=rs

S5-12
a a
S A1 10 1
_lar &) _ _
e alTls o0
x B

fos (r,s)=f,, (s,rs)s=e""s for rs>0 and 1< S< 2. Thatis,

fos (r,S)=5€"" fori<s<2and r>0.
—rs

2
Then, f.(r)= J. se ™ds.Letu=sanddv=€ " ds. Then, du=dsandv =
r

1

Then,
_e—rs 2 _e—rs e—r _ze—Zr e—rs 2
fr(r)=-s +j ds= 5
r ‘ 11 r r r ‘ 1
_ e—r _2e—2r | e—r _e—Zr
rr?
e (r+)—e " (2r+Y)
= r2
forr>0.

Section 5-9 on CD

o tym+l t t tm
e 1e . @)ioe een)
$5-13 o) E(e' ):ZH=H§(€) T me'-1)  m@-e')

x=1

5 M (1) =%et (L—e™)1—e')" ang

O"\é't(t) _1 f1-em-e)t+ei(-meM-e)t+ell—eM) (D a-e') *(-¢)]
dM (t) — et 1_etm _ metm + (l_etm )et
dt m@d-e') 1-¢'

t
e
— — {]__etm _metm +me(m+1)t}
m(l-e’)

Using L Hospital’s rule,
”mdMa):”mgimn—mém—m%“+nmm+ndmm
-0 (dt t-0 m t—0 — 2(1_ et)et

~ Ilm et Ilm _ mzetm _ msetm + m(m +1)2e(m+l)t
50 m 0 —2(1—-e")e' —2e'(-¢')

_1 mm+)*-m*-m’ _m*+m _m+1
m 2 2m 2
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Therefore, E(X) =

2
d’M@)  d* & (1 1&d? (tx)?2
=——YeXr === — 1+t +———+ ...
dt? tZXZ:;mmXZ:;tzJFJerr
= iz (x? + term sin volvingpow ersoft)
x=1
Thus,
d’M(t) _1(m(m+1)(m+2)) (M+1)(2m+2)
w2 | T m =
dae® |, m 6 6
Then,
V(X)_2m2+3m+1_(m+1)2_4m2+6m+2—3m2—6m—3
6 4 12
m? -1

M@
i =A=E(X)

2
d dl\t/lz(t) :/1262te/1(e‘—1) +/»beteﬂ(e‘—l)

2
d Mz(t) =22+ 1
dt> |,

VIX)=A2 +1-A2 =2
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s5-15  a) EE%) = ietx(l— p)tp= 1ppi[et @-p)Y
x=1 “ Mx=l

e'(1- p) ( p J_ pe'

T1-(-peli-p) 1-@-p)ye
b) %: pet(l—(l— p)et)—z(l_ p)et N pet(]__(]__ p)et)—l
= p(- p)e” (- (- p)e')* + pe'(1— (1 pe")
avOl _1-p oy 1 gy
dt =0 P P
d’M(t)

R p(l—p)e” 201 (1- p)e') *@A- p)e' + pl— p)— (- p)e') * 2™

+pé(L-(1-p)e") *(A-p)e' +pé L-(1-p)e)
d°M(t) _20-p)? 20-p) 1-p . _2(-p)’+3pa-p)+p’

e |, P p p p*
2+2p°-4p+3p-3p*+p° 2-p
2- 1 1-
V=T =

S5-16 MY (t) — EetY — Eet(xﬁ'xz) — Eetxl EetX2
=@1- 2t)_k1/2 1- 2t)—kz/2 =(1- Zt)—(kl+k2)/2

Therefore, Y has a chi-square distribution with k1 + Kk, degrees of freedom.
s5-17 a) E(e%)= '[etx Axe 2 dx = 4J‘ we -2 dx
0 0

Using integration by parts with u = x and dv = e(“z)xdx and du = dx,
e(t—2)x -
v= we obtain

(t-2)x |* o L (t-2)x (t-2)x |* (t-2)x |*®
4 Xe _J-e dx | = 4 Xe _ e :
t-2 | Jt-2 t-2 |, (t-2?|

This integral only exists for t < 2. In that case, E(e™) = ((_2) fort<2

b) M () =-8(t—2)"° and M) _ -8(-2)° =1=E(X)
dt =0
2 2

c) d Mz(t) =24(t—2)"* and sz(t) = 24 = 3 . Therefore, V (X) = E—:|.2 = 1
dt a” |, 16 2 2 2
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B
B et el | e _gle
dx =

s518 a) E(e ):jﬁ—a :t(ﬂ—a)‘a_t(ﬁ—“)

dM(t) e¥-e" g’ —ae™
it  —(B-a)t?  t(f-a)
_(A-De¥ —(at -1
t*(f-a)
Using L’Hospital’s rule,
jim MO _ (& D" + ¥ — (ot —Doe' — e
=0 dt 2(f—a)

mdM(t) BB -De” + e + pre¥ —at(at -1 —a’e —a’e"

l
0 dt 26— a)

ImdM(t)zﬁz _az :('B+a)=E(X)
w0 dt 2fB-a) 2
dZM(t)_dzj L oy L dz(e‘b—e‘a)

dt?  dt?*)b-a  b-adt®  t
2 3 2 3
2 i+ (01 @7 (&) @)
_ 1 d 2 3 2 3 _
b-a dt? t
_ 1 odr(, T -att (' -al)t
b-a dt? 2 3
_b*-a® b*+ba+a’
3(b-a) 3
Thus
V(X)_b2+ba+a2_(b+a)2_b2—2ab+a2_(b—a)2
3 4 12 12
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$5-19  a) M(t) = jetx/ie_lxdx — ﬂj‘e(t—A)de
0 0

0

(t-A)x

e A1
t—ﬂo_t—,fl—;_(l ) fort

1

dM_(t):_ _ )2 ()=

o T =) ()=
M@ 1
dt | 2
d’M() 2
dt? ALY
d’™M@)| 2
dt? |, A
wo0-2-(3 -3

r

S5-20 a) M (t) = J.etX i (/'lx) r_:I-e_/b(dx — /I J'Xr—le(t—/l)xdx
0 0

1

M (1) X w{ u jr v du _ AT(r)

I'(r) I'(r)
Let u = (A-t)x. Then,
T T(r) J -t
the definition of the gamma function for t < A.
1 - _l
b M'(t) =—r(1-L) """ (1)

M l(t)|t:0 = % = E(X)
r(r+1)

M”(t): 12 (1_%)r—2
M), =
v 23] -
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ss21  a) E(e") =ﬁ EE*)=@1-1)"
i=1

b) From Exercise S5-20, Y has a gamma distribution with parameter A and n.

s522  a) M, (t) = e”ltmlz%*/‘zt*o’zz% _ e(ﬂﬁuz)u(ofmzz)%

b) Y has a normal distribution with mean pq + po and variances cf + c%

S5-23  Because a chi-square distribution is a special case of the gamma distribution with A = % and r = g , from

Exercise S5-20.
M (t) = (1-2t) ™2

_k g

M'(t)z—g(l—Zt) ) =k(L-2t)
M*(t)],_, =k = E(X)

M (1) = 2k (& +1)A—2t)

M (1), = 2k(s+D) =k? +2k
V(X)=k?+2k—k? = 2k

s524 a) M(t)=M(0)+M'(0)t+M '(O)% +..+M (r)(O)% + ... by Taylor’s expansion. Now,
M@ =1and M (0) = £ and the result is obtained.
A _ r(r+l) ¢2
b) From Exercise $5-20, M (t) =1+ %t + 7% +...

c) ,ul' = % and ,u'2 = % which agrees with Exercise S5-20.

Section 5-10 on CD

S5-25  Use Chebychev's inequality with ¢ = 4. Then, P(| X —10| >4) < % .

$5-26  E(X)=5and ox =2887.Then, P((X =5/ > 20, ) <.
The actual probability is P(|X —5| >20,)= P(|X —5| >5.77)=0.
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S5-27

S5-28

S5-29

S5-30

E(X) = 20 and V(X) = 400. Then, P(|X - 20| >20) <+ and P(|X — 20| >30) < 5 The actual
probabilities are

P(X 20> 20) =1~ P(|X - 20| < 40)

60

60
—1— j 0.05e°%Xdx =1—| —e°%*| | =0.0498
0

P(X —20] >30) =1-P(|X - 20| < 60)

80
—1— j 0.05e %% dx =1—| —e%*| |=0.0183
0

E(X)=4and oy =2

P(|X — 4| >4)<+ and P(|X - 4| > 6) < £ . The actual probabilities are

7
P(X -4>4)=1-P(X -4 <4)=1-> <2 =1-0.8636 = 0.1364

x=1

P(X —4/26)=1-P(X -4/ <6) :1—2916’22* = 0.000046

x!

x=1

v i — 001 _ -4
Let X denote the average of 500 diameters. Then, oy = N 4.47x107".
a) P(‘)T— ,u‘ 240.) <4 and P(‘)?— ,u‘ < 0.0018) > £>. Therefore, the bound is
0.0018.
If P(X — 1] < x) =2, then P(z2 <X < %) =0.9375. Then,
P(

<Z<

) =0.9375. and —*— =1.86. Therefore, x= 8.31x10~*.

—X X
4.47x10774 4.47x1074 4.47x1074

2 E(Y)= P(X — 4| > co)

b) Because Y <1, (X — z)* > (X — p)*Y
If |X —,u| >Co ,thenY=1and (X =)%Y >c?c’Y
If [X =y <co theny=0and (X — )Y =c’c?Y .

¢) Because (X — )> > c’c’Y , E[(X — 1)*] = c*c”E(Y).

d) From part a., E(Y) = P(|X - ,u| > Co). Frompartc., o~ > CZO'ZP(|X —,u| > Co) . Therefore,
C%Z P(|X —,u|ZCO').
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