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Foreword

The twenty-fifth AMS Summer Research Institute was devoted to automorphic
forms, representations and L-functions. It was held at Oregon State University,
Corvallis, from July 11 to August 5, 1977, and was financed by a grant from the
National Science Foundation. The Organizing Committee consisted of A. Borel,
W. Casselman (cochairmen:), P. Deligne, H. Jacquet, R. P. Langlands, and J. Tate.
The papers in this volume consist of the Notes of the Institute, mostly in revised
form, and of a few papers written later.

A main goal of the Institute was the discussion of the L-functions attached to
automorphic forms on, or automorphic representations of, reductive groups, the
local and global problems pertaining to them, and of their relations with the L-
functions of algebraic number theory and algebraic geometry, such as Artin L-
functions and Hasse-Weil zeta functions. This broad topic, which goes back to E.
Hecke, C. L. Siegel and others, has undergone in the last few years and is undergo-
ing even now a considerable development, in part through the systematic use of
infinite dimensional representations, in the framework of adelic groups. This devel-
opment draws on techniques from several areas, some of rather difficult access.
Therefore, besides seminars and lectures on recent and current work and open
problems, the Institute also featured lectures (and even series of lectures) of a more
introductory character, including background material on reductive groups, their
representations, number theory, as well as an extensive treatment of some relatively
simple cases.

The papers in this volume are divided into four main sections, reflecting to some
extent the nature of the prerequisites. I is devoted to the structure of reductive
groups and infinite dimensional representations of reductive groups over local
fields. Five of the papers supply some basic background material, while the others
are concerned with recent developments. II is concerned with automorphic forms
and automorphic representations, with emphasis on the analytic theory. The first
four papers discuss some basic facts and definitions pertaining to those, and the
passage from one to the other. Two papers are devoted to Eisenstein series and the
trace formula, first for GL, and there in more general cases. In fact, the trace
formula and orbital integrals turned out to be recurrent themes for the whole
Institute and are featured in several papers in the other sections as well. The main
theme of the last four papers is the restriction of the oscillator representation of the
metaplectic group to dual reductive pairs of subgroups, first in general and then in
more special cases.

IIT begins with the background material on number theory, chiefly on Weil
groups and their L-functions. It then turns to the L-functions attached to automor-
phic representations, various ways to construct them, their (conjectured or proven)
properties and local and global problems pertaining to them. The remaining papers
are mostly devoted to the base change problem for GL, and its applications to the
proof of holomorphy of certain nonabelian Artin series.

Finally, IV relates automorphic representations and arithmetical algebraic
geometry. Over function fields. it gives an introduction to the work of Drinfeld for

X



X FOREWORD

GL,, which constructs systems of /-adic representations whose L-series is a given
automorphic L-function. Over number fields, it is mainly concerned with problems
on Shimura varieties: canonical models, the point of their reductions modulo prime
ideals, and Hasse-Weil zeta functions.

This Institute emphasized representations so that, at least formally, the primary
object of concern was an automorphic representation rather than an automorphic
form. However, there is no substantial difference between the two, and this should
not hide the fact that the theory is a direct outgrowth of the classical theory of
automorphic forms. In order to give a comprehensive treatment of our subject
matter and yet not produce too heavy a schedule, it was decided to omit a number
of topics on automorphic forms which do not fit well at present into the chosen
framework. For example, the Institute was planned to have little overlap with the
Conference on Modular Functions of One Variable held in Bonn (1976). The reader
is referred to the Proceedings of the latter (Springer Lecture Notes 601, 627) and to
those of its predecessor (Springer Lecture Notes 320, 350, 476) for some of those
topics and a more classical point of view. Also, some topics of considerable interest
in themselves such as reductive groups, their infinite dimensional representations,
or moduli varieties, were discussed chiefly in function of the needs of the main
themes of the Institute.

These Proceedings appear in two parts, the first one contains sections I and II,
and the second one sections ITl and IV.

A. BOREL
W. CASSELMAN



Proceedings of Symposia in Pure Mathematics
Vol. 33 (1979), part 1, pp. 3-27

REDUCTIVE GROUPS

T. A. SPRINGER

This contribution contains a review of the theory of reductive groups. Some
knowledge of the theory of linear algebraic groups is assumed, to the extent
covered in §§1-5 of Borel’s report [2] in the 1965 Boulder conference.

§81 and 2 contain a discussion of notion of the “root datum” of a reductive
group. This is quite important for the theory of L-groups. Since the relevant
results are not too easily accessible in the literature (they are dealt with, in a more
general context, in the latter part of the Grothendieck-Demazure seminar [17]), it is
shown how one can deduce these results from the theory of semisimple groups
(which is well covered in the literature). In §§3 and 4 we review facts about the
relative theory of reductive groups. There is more overlap with [2, §6], which
deals with the same material.

§5 contains a discussion of a useful class of Lie groups (the “‘selfadjoint™ ones).
We indicate how the familiar properties of these groups can be established, assum-
ing the algebraic theory of reductive groups.

I am grateful to A. Borel for valuable suggestions and to J. J. Duistermaat for
comments on the material of §5.

1. Root data and root systems. The notion of root datum (introduced in [17,
Exposé XXI] under the name of “donnée radicielle”) is a slight generalization of
the notion of root system, which is quite useful for the theory of reductive groups.
Below is a brief discussion of root data. For more details see [loc. cit.]. For the
theory of root systems we refer to [7].

1.1. Root data. A root datum is a quadruple ¥ = (X, @, XV, ®V) where: X and XV
are free abelian groups of finite type, in duality by a pairing X x XV — Z denoted
by {, >, ® and @V are finite subsets of X and XV and there is a bijection o — oV of
® onto @V. If o € @ define endomorphisms s, and s,, of X, XV, respectively, by

$(x) = x — {x, a¥) a, So) = u — La, uy aV.

Then the following two axioms are imposed:

(RD1) For all x € ® we have {a, aV) = 2;

(RD2) For all « € ® we have s,(D) = @, s, (DY) = OV,
[t follows from (RD1) that s2 = id, s,(@«) = —« (and similarly for s,,). It is clear
from the definition of a root datum that if ¥ = (X, @, XV, @V) is one, then ¥V =
(XV, @Y, X, @) is also one, the dual of ¥.

Let ¥ be as above. Let Q be the subgroup of X generated by @ and denote by X

AMS (MOS) subject classifications (1970). Primary 20G15, 22E1S.
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4 T. A. SPRINGER

the subgroup of X orthogonalto @*. Put V = Q ® Q, Vy = Xy, ® Q. Define sim-
ilarly subgroups @V, Xy of XV and vector spaces V'V, Vy'.
We say that & is semisimple if X, = {0} and toral if @ is empty.

1.2. LeMMA. Q N Xy = {0} and Q + X, has finite index in X.

This is contained in [17]. We sketch a proof. Define a homomorphism
p: X - XVby
p(x) = 2 <x aVdaV

acP
Since {x, p(x)> = Xeo <X, aV>? we have X = Ker p.
Next observe that if a € @ we have p(a) = ¥ {a, p(a)>aV, as follows by summa-
tion over 3 € @ from the identity

o, B¥0%" = {at, BY2BY + {a; Sav (BY))Sav (BY).

This shows that p ® id is a surjection V' — V'V, whence dim ¥V < dim V. By sym-
metry we then have dim V = dim V'V, whence Q () Ker p = {0}. The assertion
now follows readily.

1.3. Root systems. It follows from the proof of 1.2 that ¥V can be identified with
the dual of the vector space V. We write again { , ) for the pairing. Also identify
® with® ® 1 = V and assume that @ # @. We then see that @ is a root system in
V in the sense of [7]. Recall that this means that the following conditions are
satisfied:

(RS1) @ is finite and generates V, moreover 0 ¢ @;

(RS2) for all o € @ there is ¥ € VV such that {a, aV) = 2 and that s, (defined as
before) stabilizes O;

(RS3) for all @ € ® we have aV(®) = Z.

The s, then generate a finite group of linear transformations of V, the Weyl group
W(®) of ©.

If¥ = (X, 9, XV, ®V) is a root datum which is not toral, we call the root system
©® < V the root system of ¥'. The Weyl group W(®) is identified with the group of
automorphisms of X generated by the s, of 1.1 and with the group of automorph-
isms of XV generated by the s,y.

The following observation is sometimes useful.

1.4. LEMMA. Axiom (RD2) is equivalent to:
(RD2')(a) For all a € ® we have s,(D) = ;
(b) the s, (a € O) generate a finite group.

It suffices to prove that (RD2’) implies the second assertion of (RD2). Let a,
Be®. Then s,55, and s, are involutions in the group generated by the s,. We
have by an easy computation,

Ssu(@Sa5p5a(X) = x + (KX, 15(BY)) — <X, 54(8)"))s(B),

where ‘s, is the transpose of s,. Since {s5,(8), S.(8Y)> — {5(B), s.(B)Y> =
B, BY) — {54(B), s.(B)V> =0, we see that the above automorphism of X is
unipotent. Since it lies in a finite group it must be the identity. Hence s,(8)V =
ts,(BY), and the assertion follows by observing that s,, = ’s,,.
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1.5. Properties of root systems. Let ® = V be a root system. Proofs of the pro-
perties reviewed below can be found in [7].

(@) f ae®and Aaedthen A = +1, +£4, +2. The root system @ is called
reduced if for all ¢ € @ the only multiples of « in @ are +a. To every root system,
there belong two reduced root systems, obtained by removing for every « € @ the
longer (or shorter) multiples of a.

(b) @ is the direct sum of root systems @' =« V' and @" <« V' if V=V"@ V"
and @ = @' J @". A root system is irreducible if it is not the direct sum of two
subsystems.

Every root system is a direct sum of irreducible ones.

(c) The only reduced irreducible root systems are the usual ones: 4, (n = 1),
Bn (I’l = 2), Cn (n = 3), Dn (n = 4), EG’ E7, EB’ F41 GZ'

(d) For each dimension # there exists one irreducible nonreduced root system,
denoted by BC, (see below).

ExampLEs. (i) B,. Take V = Q» with standard basis {e, ---, e,}. Then V'V =
Qn, with dual basis {ey, ..., ey}. We have B, = {+e;+e; (i <j) and +e;
(1 24, j=m} If a=*tete; then a¥ = teftef; if a = te thenaV =
+2e,. The Weyl group W(B,) consists of the linear transformations which
permute the coordinates and change their signs in all possible ways.

The aVe V'V form an irreducible root system of type C,. We have W(C,) =~
W(B,).

(i) With the same notations we have BC, = {te;+e; (i <j), te; and +2¢;
(1 £14,j < n)}. Then W(BC,) = W(B,).

1.6. Weyl chambers. Let @ < V be a root system. We now view it as a subset of
Vg = V ®q R. A hyperplane H of Vj is singular if it is orthogonal to an aV. A
Weyl chamber C in Vg is a connected component of the complement of the union
of the singular hyperplanes. To a Weyl chamber one associates an ordering of the
roots: ¢ > 0« (x,av) > Oforallxe C.

a € @ is simple (for this ordering) if it is not the sum of two positive roots. The
set of simple roots 4 is called a basis of ®. We have the following properties.

(a) The Weyl group W(®) acts simply transitively on the set of Weyl chambers.

(b) The s, (« € 4) generate W(®). More precisely, (W, (5,).<) is @ Coxeter system
(see [7)).

(c) Every root is an integral linear combination of simple roots, with coefficients
all of the same sign.

(d) Say that A is connected if it cannot be written as a disjoint union 4 =
4 U 4" where(d" + 4N 4=@.

Then we have: @ is irreducible <> 4 is connected.

A connected 4 leads to a connected Dynkin graph. These are described in [7].

[.7. We collect a few facts about root data to be needed later. First, there is the
notion of direct sum of root data. This is clear and we skip the definition.

Next we have to say something about morphisms of root data. The following
suffices. For more general cases see [7]; see also 2.11(ii) and 2.12.

Let¥ = (X, 0, XV,0V)and ¥’ = (X', @', (X')V, (@')V) be two root data. A
homomorphism f: X’ — X is called an isogeny of ¥ into U’ if:

(a) f'is injective and Im f has finite index in X,
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(b) finduces a bijection of @' onto @ and its transpose !/ induces a bijection of @*
onto (@')V.

Notice that then #f is also an injection XV — (X’)V with finite cokernel. Also,
coker fand coker(!f) are in duality.

ExampLE. Given ¢, we shall construct a ¥ and an isogeny of X into X', which
we shall call the canonical isogeny associated to ¥'.

If L is a subgroup of X we denote by L the largest subgroup containing L such
that L/L is finite. Then L = L if and only if L is a direct summand.

Let Xpand Q beasin I.1. By 1.2 we can view @ as a subset of X/X,. It follows that
Uy = (X/ Xy, @, 0V, ®V) is a semisimple root datum. Likewise, ¥ = (X/0, &, Xy, @)
is a toral root datum. Put ¥ = U] @ ¥;. Then the canonical isogeny f: X —
(X/Xo) ® (X/Q) is the canonical homomorphism of X into the right-hand side.

1.8. Let @ be a root system in the Q-vector space V. The aV (¢ € @) in the dual V"
of V also form a root system @V (the dual or inverse root system). There are finitely
many semisimple root data (X, @, XV, ®V) where X < V, XV < VV. In fact, let Q
and QY be the lattices in V and VVgenerated by @ and @V, respectively, and
define P = {xe V|(x,a¥)e Zforallae @}. PV = VVis defined similarly. Then
Q < P and P/Q is a finite group, in duality with PV/QV. An X as above is then
contained between P and Q and for each such X there is a unique XV between
PV and QV such that (X, @, XV, ®V) is a root datum.

1.9. Let ¥ = (X, @, XV, ®V) be aroot datum. Assume that its root system ® = V
is reduced. Let 4 be a basis of @. Then IV = {aV|a € d} is a basis of the dual root
system @V < V'V,

We call based root datum a sextuple ¥y = (X, @, o, XV, @V, V), where
X, 0, XV, ®V) is a root datum with reduced root system @ and where I is a basis
of @. However, since J and .V determine @ and @\ uniquely, it also makes sense
to view a based root system as a quadruple ¥’y = (X, J, XV, 1V). This we shall do.

2. Reductive groups (absolute theory).

2.1. Let G be a connected reductive linear algebraic group. In this section we
consider the absolute case, where fields of definition do not come in. So we can view
G as a subgroup of some GL(n, ), 2 an algebraically closed field (see [2]). Let S be
a subtorus of G. We define the root system @(G, S) of G with respect to S to be the
set of nontrivial characters of S which appear when one diagonalizes the represen-
tation of S in the Lie algebra g of G, S operating via the adjoint representation.

2.2. The root datum of G. Fix a maximal torus T of G. We shall associate to the
pair (G, T) a root datum (G, T) = (X, @, XV, @V) (also denoted by ((G)).

X is the group of rational characters X*(7") of T. This is a free abelian group of
finite rank. X'Vis the group X ..(T) of 1-parameter multiplicative subgroups of 7, i.e.,
the group of homomorphisms (of algebraic groups) GL; — 7. Then X'V can be put
in duality with X by a pairing ( , ) defined as follows: if x € X*(T), u e X.(T),
then x(u(t)) = t*» (t € Q%).

We take @ = (G, T), the root system of G with respect to 7. To complete the
definition we have to describe @V. If o € @, let T, be the identity component of the
kernel of . This is a subtorus of codimension 1. The centralizer Z, of T, in G is a
connected reductive group with maximal torus T, whose derived group G, is semi-
simple of rank 1, i.e., is isomorphic to either SL(2) or PSL(2). There is a unique
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homomorphism aV: GL, - G, such that T = (Im aV)T,, {a, aV) = 2. These aV
make up @V.

The axiom (RD1) is built into the definition of «V. We use 1.4 to establish (RD2).
Let n, € G, — T, normalize T,. Then nZ e T, and, s, being as in 1.1, we have, for
xeX,teT,

X(ngtngt) = %@,

In fact, working in G, one shows that there is # € XV such that the left-hand side
equals 7*~*»=_One then shows that (a, u) = 2and that (x, u) = 0if {x, V) = 0.
It follows that (RD2’) holds. So @(G) is a root datum. The root system @ is reduced
(for all these facts see [3] or [14]).

2.3. To each a € @ there is associated a unique -homomorphism of algebraic
groups x,: G, —» G, such that

tx, (W)t = x (towu) (teT,uc).
Put U, = Im(x,) and let X, € g be a nonzero tangent vector to U,. Then

g = Lie(T) @ ) 0QX,.
acP
Let B be a Borel subgroup containing 7. There is a unique ordering of @ (as in 1.6)
such that B is generated by 7" and the U, with ¢ > 0, and any B o T is so ob-
tained. It follows that we can associate to the triple (G, B, T) a based root system
do(G, B, T) = (X*(T), 4, X(T), 4V) (or ¢ho(G)), where 4 is the basis of @ deter-
mined by the ordering associated to B.

2.4. Isogenies. An isogeny ¢: G — G’ of algebraic groups is a surjective rational
homomorphism with finite kernel.

ExaMmPLES. (i) The canonical homomorphism SL(2) — PSL(2) (PSL(2) is to be
viewed as the group of linear transformations of the space of 2 x 2-matrices of the
form x — gxg~1, where g € SL(2)). If char Q = 2 this is an isomorphism of abstract
groups, but not of algebraic groups.

(i) Let G be defined over the finite field F,. The Frobenius isogeny G — G raises
all coordinates to the gqth power. It is again an isomorphism of groups, but not of
algebraic groups.

Let G and G’ be connected reductive and let 7 be a maximal torus of G. 4 central
isogeny ¢: G — G’ is an isogeny which (with the notations of 2.3) induces an iso-
morphism in the sense of algebraic groups of U, onto its image, for all a € @.
Equivalently, d¢(X,) # 0 for all ¢ € @ (where d¢ is the induced Lie algebra ho-
momorphism). The image T’ = ¢(7T) is a maximal torus of G'. We shall say that
¢ is a central isogeny of (G, T) onto (G, T").

Let f(#) be the homomorphism X*(T") — X*(T) defined by ¢.

2.5. PROPOSITION. (i) If ¢ is a central isogeny then f(¢) is an isogeny of (G', T")
into (G, T);

(ii) if ¢ and ¢’ are central isogenies of (G, T) onto (G', T") such that f(¢) = f(¢")
then there is t € T with ¢’ = ¢ o Int(z).

That f(¢) has property (a) of 1.7 is equivalent to the fact that ¢ induces a sur-
jection T — T’ with finite kernel. There is a bijection & — &’ of root systems such
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that ¢(U,) = U, or that dp(X,) = X, (choosing X, properly). We then have
Ad(¢(1)) X, = a(t)X,, whence f(¢)(a) = a. Then f(¢)(a’) = (a'), as follows for
example from the equality s, = s, established in the proof of 1.8. This proves (i).

Let 4 be a basis of @. One knows that the U, with @ € 4together with T generate
G. So an isogeny ¢ is completely determined by its restriction to T and to the
U, (a € 4). Since f(¢) determines T — T”, the only freedom one has when f(¢) is
given, is in the choice of the isomorphisms U, = U, (a € 4). The assertion of (ii)
then readily follows.

2.6. Let ¢ be a central isogeny of (G, T') onto (G', T"). Then Ker ¢ lies in T. It is
a finite group isomorphic to Hom(X/Im f(¢), Q*). Let p be the characteristic ex-
ponent of Q. Then this kernel is isomorphic to the p-regular part of X/Im f(¢). It
follows that there is a factorization of ¢: G 5 G/Ker ¢ % G', where r is the
canonical homomorphism and where p is an isomorphism if p = 1 and p is a purely
inseparable isogeny if p > 1 (i.e., such that p is an isomorphism of groups). Let t
be the Lie algebra of T; we have Ker(dg) = t. Now t can be identified with
XV ®z Q. It follows that Ker(dg) is isomorphic to the kernel of f(¢)V ® id:
XV ®zQ - (X')Y ®z 2, which is isomorphic to (X")V/p(X")V + Imf(@)V) ®F,Q.
Hence Ker(dg) = 0 if and only if Coker(f(¢)) (which is dual to Coker(//(¢)))
has order prime to p.

If p > 1 then Ker(dg) is a central restricted subalgebra of g, which is stable
under Ad(G). Let G/Ker(dg) be the quotient of G by Kerd¢ (see [3, p. 376].) It
follows that we can factor ¢, G 5 G/Ker (dg) - G’, where ¢ is the canonical
(central) isogeny of [loc. cit.]. These remarks imply that we can factorize ¢ as
follows:

(1) G =G0 0 Gl Tl GZ 2 ... Gs—l Ts—1 Gs = Gl,

where ¢ = w;_yo - omy. Put g, = w,_yo---om; (i Z 1). Then G, = G/Ker ¢, G;14
= G,/Ker(dg;) (1 = i £ s — 1) and the #; are canonical isogenies.
Also, if

G 2t~ ¢

I

G -6

is a commutative diagram of isogenies, we can arrange the factorizations of ¢ and
& such that there is a diagram with commuting squares

G=G0—’G1 > oo ‘Gs—l GS=GI
® | | | |
G =Gy—> G, = Gy G, =G

Notice that the vertical arrows are uniquely determined once the first one is
given.

2.7. LeMMA. Let ¢ and ¢, be central isogenies of (G, T) onto (G’, T') and (Gy, Ty),
respectively. Assume that Im f(¢) = Im f(¢,). Then(G’, T') and (G1, T) are isomor-
phic.
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Let G" = G’ x G be the image of the homomorphism g — (¢(g), ¢1(g)). Let
¢: G —» G" be the induced homomorphism. Then ¢ is a central isogeny of con-
nected reductive groups and so are the projections z;: G" —» G’, n5: G" - G;. A
straightforward check (working in tori) shows that Ker z; = {e}, Ker dr; = {0}
(i = 1. 2). Hence 7; and =, are isomorphisms, whence the lemma.

2.8. LEMMA. Let U"' be a root datum and let f be an isogeny of U into (G, T). Then
there exist a pair (G', T') and a central isogeny ¢ of (G, T) onto (G', T") such that
U =¢G, T, f(9) = 1.

From the knowledge of f we can recover successively the groups G; figuring in
(1). This allows one to define G’. We omit the details.

2.9. THEOREM. (i) For any root datum U with reduced root system there exist a
connected reductive group G and a maximal torus T in G such that U = (G, T). The
pair (G, T) is unique up to isomorphism;

(i) let T = (G, T, U = H(G', T'). If fis anisogeny of W' into ¥ there exists a
central isogeny ¢ of (G, T) onto (G', T') with f(¢) = f. Two such ¢ differ by an
automorphism Int(t) (t€ T) of G.

Let f be the canonical isogeny ¥ — ¥ of 1.7. Using 2.8 we see that it suffices to
prove the existence statement of (i) for the two cases that ¥ is semisimple or toral.
The second case (¢ = ¢) is easily dealt with: take for G the torus T = Hom(X, Q%).
In the semisimple case the statement follows from the existence theorem of the
theory of semisimple groups which can be dealt with using the theory of Chevalley
groups. (See [18] or [6, part A]. The uniqueness statement of (i) is part of (ii). To
prove (ii) one first reduces to the case that f is an isomorphism (using 2.7 and
2.8).) In the case that G is semisimple the statement of (ii) is Chevalley’s fun-
damental isomorphism theorem, proved, e.g., in [10, Exposé 24], or in [14, Chapter
XI]. The case of a torus G is easy. In the general case, there are central isogenies
G; x S— G,G; x S’ > G', where Gy and G are the derived groups of G and G',
and where S and S’ are tori, such that the corresponding isogenies of root data
are just the canonical ones of 1.7 (see also 2.15).

Now fdefines an isogeny f] of ¢(G; x S")into (G x S)and we may assume that
there exists a central isogeny ¢,: G; x S - G; x S’ with f(¢) = fi.

We can then complete the diagram like (2), with G; x S, G; x S’, G, G’ instead
of G, G, G', G, respectively, and with ¢, as first arrow. The right-hand arrow, which
is uniquely determined by ¢, is then the required isomorphism. The last point of
(ii) follows from 2.5 (ii).

2.10. REMARKS. (i) In the semisimple case the existence statement of 2.9(i) is due
to Chevalley [Séminaire Bourbaki, Exposé 219, 1960-1961]. He constructs a group
scheme G, over Z such that G = G, x ; k. This construction is also discussed in
[6, part A].

A generalization of 2.9, where the field & is replaced by a base scheme, is con-
tained in [17, Exposé XXIV].

(i) The result on the existence of central isogenies of reductive groups contained
in 2.9(ii) is a special case of one on arbitrary isogenies, which we shall briefly indi-
cate. Let ¢: G — G’ be anisogeny of connected reductive groups with ¢(T) = T".
Let f be the induced homomorphism X*(T') € X*(T). Let x,, x, (a €D, ' € D)
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be asin 2.3. One shows that there is a bijection o — a’ of @ onto @’ and a function
q:® — {p"lne N} (p the characteristic exponent) such that the x, and x,. can
be so normalized that ¢(x,(¢)) = x,.(12¢@). It follows that

@) =q@a, flaV) = qa)a’) .

If ¢ is a central isogeny then all g(a) are 1. If ¢ is the Frobenius isogeny of 2.4 then
fis multiplication by g and all g(«) are g.

Such an fis called a p-morphism in [17, Exposé XXI]. The analogue in question
of 2.9(ii) is obtained by assuming f to be a p-morphism and admitting in the
conclusion an arbitrary isogeny ¢. The proof can be given along similar lines,
reducing to the case of an isomorphism. For semisimple G the result is due to
Chevalley [10, Expose 23].

EXAMPLE OF A p-MORPHISM. p = 2, G is semisimple of type B, and, with the
notations of the example in 1.5, we have f(e;) = e, + e, fles) = ¢; — ey

A classification of the possible p-morphisms can be found, e.g., in [17, Exposé
XXI, p.71].

2.11. Let ¢: G —» G’ be a homomorphism of connected reductive algebraic
groups. Let 7 and 7’ be maximal tori in G, G’ with ¢(T) = T'. Assume that Im ¢ is
a normal subgroup of G’. We shall briefly describe the relation between the root
data (G, T) = (X, @, XV, ®V)and (G, T') = (X", 0,(X")V,(@)V). Let [ X' > X
be the dual of ¢: T — T'. In general, fis neither injective nor surjective.

Put®, =0 N Imf, ;=0 — @,. Then @ = @; J @, is a decomposition into
orthogonal subsets (i.e., (D;, DY) = {D,, OY> = 0).

Likewise, if @5 = @' (] Ker f, ®; = @' — @3, then @' = @; U @, is a decompo-
sition into orthogonal subsets. There is a bijection a — a’ of @, onto @; and a
function ¢ : @; — {p”|n € N}, such that for a € @; we have

fla) = q(@e, V) = q(a) (@)

Moreover f(a) = 0 if « € @, and f(a) = 0 if a € ;.

2.12. It follows readily from 2.9(i) that if & is a based root datum with reduced
root system there exists a triple (G, B, T) as in 2.3 with ¢y(G, B, T) = ¥, whichis
unique up to isomorphism. There is no canonical isomorphism of one such triple
onto another one. In fact, based root systems have nontrivial automorphisms.

In this connection the following results should be mentioned. Let ¢o(G, B, T) =
¢o(G). For each a € 4 fix an element u, # e in the group U,. The following is then
an easy consequence of 2.5(ii).

2.13. PROPOSITION. Aut ¢o(G) is isomorphic to the group Aut(G, B, T, {u}a: 1)
of automorphisms of G which stabilize B, T and the set of u,,.

2.14. COROLLARY. There is a split exact sequence
{1} — Int(G) — Aut(G) — Aut ¢o(G) — {1}.

In fact, an isomorphism as in 2.13 defines a splitting. Any two such splittings
differ by an automorphism Int(z) (¢ € T).

2.15. Let G be a connected reductive group, with a maximal torus 7. Put ¢(G, T)
=X, 0, XV, 9V).
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We have a decomposition G = G’ - S, where G’ is the derived group of G (which
is semisimple) and where S is a torus, viz. the identity component of the center C
of G. Wehave T = T’-S, where T’ is a maximal torus of G'.

We use the notations of 1.1 and 1.7.

The following facts can be checked without difficulty.

(@) ¢(G', T') = (X/Xo, D, 0V, ®V) (we view @ as a subset of X/X,, as we may by
1.2).

(b) The character group Hom,g.. (C, Q%) is X/Q, and we have X*(S) = X/0,
XV (S) = Xy.

(c) The isogeny G’ x S — G defines the canonical isogeny of (G, T) (see 1.7).
This fact was already used in the proof of 2.5(ii).

It follows that G is semisimple if and only if (G, T) is semisimple. In that case
we say that G is adjoint if X = Q and simply connected if X = P (notation of 1.8).
From 2.5(ii), using what was said in 1.8, we see that a semisimple group G is adjoint
(resp. simply connected) if and only if a central isogeny ¢: G — G’ (resp. ¢: G' —
G) is an isomorphism.

In the case of a general reductive G we have the following facts.

(d) The derived group G’ is adjoint <> X = Q@ @ Xy < XV = PV @ Xy.

(e) G’ is simply connected <> P = X + (X, ® Q) < 0V = QV.

(f) The center of G is connected < Q = 0 < PV c XV + (Xy ® Q).

3. Reductive groups (relative theory). Here we let a ground field ¥ = Q come into
play. We denote by k the algebraic closure of k in Q and by k; its separable closure.

A linear algebraic group G which is defined over k will be called a k-group. We
then denote by G(k) the group of its k-rational points (and not by G,, as in [2]). If
A is a k-algebra, we denote by G(A4) the group Hom,(k[G], A) (see [2]).

3.1. Forms of algebraic groups [16, 111, §1]. Let G and G’ be k-groups. G’ is said
to be a k-form of G if G and G’ are isomorphic over Q.

ExXAMPLE. &k = R. Then U(n) is an R-form of GL(n).

To describe k-forms one proceeds as follows. The k-group G is completely de-
termined by the group G(k,) of ks rational points. This means the following: if
G — GL(n) is an isomorphism of G onto a closed subgroup of GL(n), everything
being defined over &, then the subgroup G(k,) of GL(, k,) determines G, up to k-iso-
morphism. The fact that G is defined over k is reflected in an action of the Galois
group [, = Gal(k,/k) on G(k,). The k-forms G’ of G can be described as follows
(up to k-isomorphism). We have G’'(k,) = G(k,) and there is a continuous func-
tion c: s — ¢, of [, to the group of k-automorphisms of G (the Galois group being
provided with the Krull topology and the second group with the discrete topol-
ogy), satisfying

(*) Csy = C5 ° s(ct) (S5 te Pk)5

such that the action of [, on G’(k,) (denoted by (s, g) — s = g) is obtained by
“twisting” the original action with ¢: (s * g) = ¢,(s-g). G’ is k-isomorphic to G
if and only if there exists an automorphism ¢ such that ¢, = ¢71-sc.

We say that G’ is an inner form of G if all ¢, are inner automorphisms.

If Cis a group on which [, acts, the continuous functions s — ¢, of [, to C which
satisfy () are called 1-cocycles of [, with values in C. The equivalence classes of
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these cocycles for the relation: (¢,) ~ (c;) if and only if there is ¢ € C such that
c. = c! ¢ - (sc), form the 1-cohomology set Hl(k, C). It has a privileged ele-
ment 1, coming from the constant function ¢, = e.

3.2. Reductive k-groups. Now let G be a connected reductive k-group. It is said to
be quasi-split if it contains a Borel subgroup which is defined over k (this is a very
restrictive property). G is split (over k) if it has a maximal torus which is defined
over k and k-split. In this case G is quasi-split.

ExaMPLE. G = SO(F) (see [2, pp. 15-16]). This is quasi-split but not split if and
only if the dimension » of the underlying vector space is even and the index equals
in — 1.

From the splitting of 2.14 one concludes that G is an inner form of a quasi-split
group.

Now let B be a Borel subgroup of G and T = B a maximal torus, both defined
over k. Let ¢o(G) = (X, 4, XV, 4V) be the based root datum defined by (G, B, T).
If s € I, there is g, € G(k,) such that

int(g,)(sB) = B, int(g)(sT) =T.

Then int(g,)os defines an automorphism of T depending only on s (since the coset
Tg, is uniquely determined). This automorphism determines an automorphism
uc(s) of X, permuting the elements of A (since int(g,) o s fixes B). Itis easy to check
that y; defines a homomorphism yg: I, — Aut ¢o(G). Let G’ be a k-form of G.
Then yuc = pg if and only if G and G’ are inner forms of each other.

3.3. Restriction of the base field [22, 1.3]. Let | = k, be a finite separable exten-
sion of k. Let G be an /-group. Then there exists a k-group H = R,,,G charac-
terized by the following property [2, 1.4]: for any k-algebra 4 we have H(A) =
G(4A ®, ). In particular, H(k) = G(I). Let J be the set of k-isomorphisms / — k.
We then have H(k,) = G(k,)°. The action of I, = Gal(k,/k) on H(k,) is as follows.

If ¢ € G(k,)? is a function on X with values in G(k;), and s € [, then, for g € J,

(s - @)o) = ¢(s - 0).

R,,,G is obtained from G by restriction of the ground field from [/ to k. If G is
connected or reductive then sois R,,, G.

Now let G be connected and reductive. Fix B and T (defined over k) as in 3.2
and let ¢)y(G) be the based root datum defined by (G, B, T'). Then H = R,,,G con-
tains the Borel subgroup B; = B® and the maximal torus 7, = T*. The based
root datum ¢yo(R,,,G) (relative to B; and T)is then ¢o(G)%. The action of I, on the
lattice X? is like before: if s € [, ¢ € X* then (s-@)(0) = ¢(s-0).

3.4. Anisotropic reductive groups. A connected reductive k-group G is called
anisotropic (over k) if it has no nontrivial k-split k-subtorus.

ExaMmpLES. (i) Let F be a nondegenerate quadratic form on a k-vector space
(char k # 2). Let G = SO(F) be the special orthogonal group of F (the identity
component of the orthogonal group O(F)). It is anisotropic over k if and only if F
does not represent 0 over k (the proofiis given in [2, p. 13]).

(ii) If k is a locally compact (nondiscrete) field then G is anisotropic over k if and
only if G(k) is compact.

(iii) If k is any field then G is anisotropic if and only if G(k) has no unipotent
elements # e and the group of its k-rational characters Hom,(G, GL,) is trivial.
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3.5. Properties of reductive k-groups. We next review the properties of reductive
groups. The reference for these is [5].

Let G be a connected reductive k-group. Let S be a maximal k-split torus of G,
i.e., a k-subtorus of G which is k-split and maximal for these properties. Any two
such tori are conjugate over k, i.e., by an element of G(k). Their dimension is called
the k-rank of G.

The root system &(G, S) of G with respect to S (see 2.1) is called the relative root
system of G (notation ,@ or ,&(G)). This is indeed a root system in the sense of
[7], lying in the subspace V of X*(S) ® Q spanned by ,®. Its Weyl group is the
relative Weyl group of G (notation ,W or ,W(G)). Let N(S) and Z(S) denote nor-
malizer and centralizer of S in G; these are k-subgroups. Then N(S)/Z(S) operates
on @ and in V. In fact it can be identified with ,J¥. Any coset of N(S)/Z(S) can be
represented by an element in N(S) (k).

Z(S) is a connected reductive k-group. Its derived group Z(S)’ is a semisimple
k-group which is anisotropic. To a certain extent G can be recovered from Z(S)’
and the relative root system ,® (for details see [19]). There is a decomposition of the
Lie algebra g of G:

g=g0+ 2 8«
as P

where for o € X*(S) we have defined g, = {X € g|Ad(s)X = 52X, se S}. Then
go is the Lie algebra of Z(S). If « € ,@ there is a unique unipotent k-subgroup U,
of G normalized by S, such that its Lie algebra is g,.

In the absolute case (k = Q) S is a maximal torus, @ is the ordinary root system
and the U, are as in 2.3. If G is split over k then S is a maximal torus of G and ,®
coincides with the absolute root system @.

In the general case ,® need not be reduced, nor is dim g, = dim U, always 1.

3.6. Parabolic subgroups. Recall that a parabolic subgroup P of an algebraic
group G is a closed subgroup such that G/P is a projective variety. Equivalently, P
is parabolic if P contains a Borel subgroup of G. '

Now let G be as in 3.5. Then the minimal parabolic k-subgroups of G are con-
jugate over k. If P is one, there is a maximal k-split torus of G such that P is the
semidirect product of k-groups P = Z(S) - R,(P) (R,(P) denotes the unipotent
radical). There is an ordering of ,@ such that P is generated by Z(S) and the U,
of 3.5 with « > 0. The minimal parabolic k-subgroups containing a given S cor-
respond to the Weyl chambers of ,@. They are permuted simply transitively by the
relative Weyl group.

Fix an ordering of ,® and let ,4 be the basis of ,@ defined by it. For any subset
§ < . denote by P, the subgroup of G generated by Z(S) and the U where
a € 0 is a linear combination of the roots of ,.I in which alt roots not in § occur
with a coefficient = 0. Then P,; = G, Py = Pand Py > P.

The P, are the standard parabolic subgroups of G containing P. Any parabolic
k-subgroup Q of G is k-conjugate to a unique Py. If Sy is the identity component of
ﬂaao(Ker #) then S; is a k-split torus of G and we have Py = Z(Sj) - R,(Pp),
a semidirect product of k-groups. The unipotent radical R,(Py) is generated by the
U, where ¢ is a positive root which is not a linear combination of elements of 6.

Let Q be any parabolic k-subgroup of G, with unipotent radical ¥ (which is
defined over k). A Levi subgroup of Q is a k-subgroup L such that Q is the semi-
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direct product of k-groups Q = L. V. It follows from the above that such L exist.
Two Levi subgroups of Q are k-conjugate. If 4 is a maximal k-split torus in the cen-
tre of L, then L = Z(A). If A is any k-split subtorus of G then there is a parabolic
k-subgroup Q of G with Levi subgroup L. Two such Q are not necessarily k-
conjugate (as they are when A4 is a maximal k-split torus). Two parabolic k-sub-
groups Q; and Q, are associated if they have Levi subgroups which are k-conjugate.
This defines an equivalence relation on the set of parabolic k-subgroups.

If O, and Q, are two parabolic k-subgroups, then (Q; N Q2) - R(Q)) is also a
parabolic k-subgroup, contained in Q;. It is equal to Q; if and only if there is a Levi
subgroup of Q; containing a Levi subgroup of Q,. Q; and Q, are called opposite if
Q) N QisaLevisubgroup of Q; and Q,.

3.7. Bruhat decomposition of G(k). Let P and S be as in 3.5 and put U = R,(P).
If we W denote by n, a representation in N(S)(k). The Bruhat decomposition
of G(k) asserts that G(k) is the disjoint union of the double cosets U(k)n,P(k)
(we W).

One can phrase this in a more precise way. If w € ,W there exist two k-sub-
groups U,, U, of U such that U = U,, x U, (product of k-varieties) and that
the map U,, x P - Un,P sending (x, y) onto xn,y is an isomorphism. We then
have

(G/P)(k) = G(k)/P(k) = Uwﬂ(U M)
Wk
where 7 is the projection G — G/P.

If &k = ( this gives a cellular decomposition of the projective variety G/P.

If 6 € ,4 let W, be the subgroup of ,W generated by the reflections defined by
the o € ,4.1f 0, 0’ € .4 there is a bijection of double cosets

Py(k)\G(K)/ Py (k) =~ W(O\WIW(E').

Let 3'be the set of generators of , W defined by ,4. The above assertions (except for
the algebro-geometric ones) then all follow from the fact that (G(k), P(k), Z(S)(k), 2)
is a Tits system in the sense of [7].

3.8. The Tits building. Let G be the connected reductive k-group. We define a
simplicial complex %, the (simplicial) Tits building of (G, k), as follows.

The vertices of % are the maximal nontrivial parabolic k-subgroups of G. A set
(Py,:++, P,) of distinct vertices determines a simplex of &£ if and only if P =
P, ---N P, is parabolic. In that case, the P; are uniquely determined by P. It fol-
lows that the simplices of % correspond to the nontrivial parabolic k-subgroups
~ of G. Let g5 be the simplex defined by P. Then g is a face of gp. if and only if
P’ = P. The maximal simplices correspond to minimal k-parabolics. These sim-
plices are called chambers. A codimension 1 face of a chamber is a wall. Two
chambers are adjacent if they are distinct and have a wall in common. One shows
that any two chambers ¢, ¢’ can be joined by a gallery, i.e., a set of chambers ¢ =
09, 01, *+» 75 = 0, such that ¢; and ¢, are adjacent (0 < i < s).

It is clear that G(k) operates on 4.

One can show (using a concrete geometric realization of the abstract simplicial
complex %) that 4 has the homotopy type of a bouquet of spheres.

For more details about buildings see [20].
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3.9. ExaMmPLES. (i) The preceding results apply when & = , the absolute case.
In particular, we then have the properties of parabolics of 3.6 and the Bruhat
decomposition of 3.7.

(il) G = GL(n) (k arbitrary). This is indeed a reductive k-group. Its Lie algebra
gisthe Lie algebra of alln x n-matrices.

Let S be the subgroup of diagonal matrices. This is a maximal k-split torus which
is also a maximal torus of G (in the absolute sense). Let ¢, € X = X*(S) map
s € S onto its ith diagonal element. The ¢; form a basis of X. The root system
® = @(G, S), which coincides with the relative root system ,®, consists of the
e; — e; € X with i # j. One checks that the root datum of G is given by X = Z»,
XV =2r,0 = {e; — €;};.;, 0/ = {e/ — e };—;, where (¢;) is the basis of X dual
to (e,).

The subgroup B of all upper triangular matrices is a minimal parabolic k-
subgroup. It is a Borel subgroup. Its unipotent radical U is the group of all upper
triangular matrices with ones in the diagonal. The basis .1 of ¢ defined by B is
(e; — €it1)i=i=n—1. The Weyl group W (which coincides with the relative Weyl
group ,W) is isomorphic to the symmetric group &,, viewed as the group of per-
mutations of the basis (e;).

The parabolic subgroups P o B are the groups of block matrices

An Ay -+ Ay

0 Agy -

0 0 Ag
where 4;; is an n; x n;-matrix with n; + --- + n, = n, the 4,; being nonsingular. Its
unipotent radical consists of these matrices where 4,;; = 1 (1 £ i <s). The sub-

group of P of matrices with 4;; = 0 for j > i is a Levi subgroup of P. The center
of L consists of those elements of S at which the elements of A different from one of
the e, — e, (1 =1 £ s) are trivial. Hence with the notations of 3.6, we have
P = P,, where § € 4is the complement of the set of these roots.

A more geometric description of parabolic subgroups is as follows.

Let V = Q. Aflagin Visasequence 0 = V, < V; =-.-c V, = V of distinct
subspaces of V. A k-flag is one where all V; are defined over k, i.e., have a basis
consisting of vectors in k”.

G operates on the set of all flags. The parabolic subgroups of G are then the
isotropy groups of flags. One sees that there is a bijection of the set of all parabol-
ic subgroups of G onto the set of all flags, under which k-subgroups correspond
to k-flags.

. If P is a parabolic subgroup, then the points of G/P can be viewed as the flags
of the same type as P (i.e., such that the subspaces of the flags have a constant
dimension).

The Tits building of (G, k) can then also be described in terms of flags: The sim-
plices correspond to the nontrivial k-flags (i.e., those with s > 1). If 5 is the simplex
defined by the flag £, then g, is a face of ¢, if and only if /” refines f(in the obvious
sense). The chambers correspond to the maximal flags (s = n, dim ¥; = i) and the
vertices of Z are described by the nontrivial k-subspaces of V. We see that the com-
binatorial structure of # pictures the incidences in the projective space P, (k).
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The smallest nontrivial special case is # = 3, k = F,. Here & is a graph with 14
vertices and 21 edges (drawn in [20, p. 210]).

(iii) Let char k& # 2. Let V be a vector space over k (in the sense of algebraic
geometry). Let F be a nondegenerate quadratic form on ¥ which is defined over k.
With respect to a suitable basis of V(k) we have

Fxy, oo, x0) = XX, + XX, + o+ 4 XX g1 + Fo(Xgt1, =5 Xueg)

where F; is anisotropic over k (i.e., does not represent zero nontrivially). The index
q of Fis the dimension of the maximal isotopic subspaces of V(k).

Let G = SO(F) be the special orthogonal group of F. It is a connected semi-
simple k-group. A maximal k-split torus S in G is given by the matrices of the form

diag(ty, -+, t, 1, ooy L7, e, £0).

Then Z(S) is the direct product of S and the anisotropic A-group SO(Fy).

For a description of a minimal parabolic k-subgroup and the determination of
the relative root system ,0@ we refer to [2, p. 16]. The latter is of type B, if 2 # n
and of type D, otherwise. If ¢ < [n/2] there are always subgroups U, of dimen-
sion > 1 (notations of 3.5).

A geometric description of parabolic k-subgroups similar to the one for GL(n)
can be given. They are in this case the isotropy groups of isotropic k-flags in V, i.e.,
flags all of whose subspaces are isotropic with respect to F.

4. Special fields. Let G be a k-group. In this section we discuss some special fea-
tures for particular k.

4.1. Rand C.1f G is a C-group then G(C) has a canonical structure of complex Lie
groups. The latter is connected if and only if G is Zariski-connected (this can be
deduced from Bruhat's lemma, compare 4.2).

Now let k = R. Then G(R) is canonically a Lie group.

4.2. LeMMA. (i) G(R) is compact if and only if the identity component G° is a reduc-
tive anisotropic R-group;
(i1) G(R) has finitely many connected components.

(i) is easily established. As to (ii), it suffices to prove this if G is connected reduc-
tive. In that case one reduces the statement, via Bruhat’s lemma, to the case that
G is either compact or a torus. In these cases the assertion is clear.

G(R) need not be connected if G is Zariski-connected, as one sees in simple cases
(e.g., G = GL(n)).

If G is a C-group then the real Lie group Rgg(G)(R) (see 3.3) is that defined by
the complex Lie group G(C).

4.3. Finite fields. Let k = F, and let k be an algebraic closure. F denotes the
Frobenius automorphism x — x¢ of k/k. The basic result here is Lang’s theorem
[6, p. 171].

4.4. THEOREM. If G is a connected k-group then g — g~1(Fg) is a surjective map of
G(k) onto itself.

Using that G is an inner form of a quasi-split k-group (see 3.1) one deduces that
a connected reductive k-group is quasi-split. A complete classification of simple
k-groups can then be given.
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Before continuing with local and global fields, we must say a little about group
schemes over rings.

4.5. Groups over rings. If G is a k-group, the product and inversion are described
(see [2, p. 4]) by morphisms of algebraic varieties u: G x G — G, p: G — G, which
in turn are given by homomorphisms of k-algebras p*: k[G] — k[G] ®, k[G] and
0*: k[G] — k[G]. These have a number of properties (Which we will not write down)
expressing the group axioms. We thus obtain a description of the notion of linear
algebraic group in terms of the coordinate algebra.

The fact that k is a field does not play any role in this description.

Replacing k by a commutative ring o, we get a notion of “linear algebraic group
G over p”, which is habitually called “‘affine group scheme G over o, which we
abbreviate to o-group. It can be viewed as a functor, cf. [2, p. 4]. We write G(o) for
the group of v-points of G (i.e., the value of the functor at o).

Let o[G] be its algebra. If o’ is an p-algebra we have, by base extension, an o'-
group G x, 0, with algebra o[G] ®, 0’

Let m be a maximal ideal of o and put k(i) = o/m; this is an p-algebra.

DEerINITION. The o-group G has good reduction at m if G x , k(m)is a k(m)-group.
G is smooth if it has good reduction at all maximal ideals m.

EXAMPLE OF BAD REDUCTION. 0 = Z, G is the group of matrices

(b <)

2b a

with a2 — 2b%2 = 1. Then Z[G] = Z[X, Y]/(X? —2Y2—1) and Z[G]® F, ~
F,[X, Y1/(X?), which cannot be the coordinate ring of a linear algebraic group
over F,, since it contains nilpotent elements.

Now let G be a k-group and let o be a subring of k. We shall say that G is de-
finable over o if there exists a smooth o-group G such that G ~ Gy x, k. By abuse
of notation, we sometimes write, if o’ is an p-algebra, G(o’) for Gy(o’). One can also
define when an algebraic variety over k is definable over p; it is clear how to do
this.

ExAMPLE. By a theorem of Chevalley a complex connected semisimple group is
definable over Z [6, A, §4].

4.6. Local fields. Let k be a local field. We denote by o its ring of integers and by
n the maximal ideal of o. The residue field o/m is denoted by F.

A profound study of reductive groups over local field has been made by Bruhat
and Tits. So far, only part of this has been published [9]. For a résumé see [8].
In Tits’ contribution [21] in these PROCEEDINGS more details are given about the
Bruhat-Tits theory. In particular, he discusses the building of a reductive k-
group and the theory of maximal compact subgroups. Here we mention only a few
results.

4.7. LEMMA. Let G be a connected reductive k-group. Then there is an unramified
extension | of k such that G is quasi-split over |.

This can be deduced from the fact that a maximal unramified extension of k is a
field of dimension =< 1 (see [16, p. II-11]).

The group G(k) of k-rational points is a locally compact topological group
(even a Lie group over k). It is a compact group if and only if the identity com-
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ponent GY is a reductive anisotropic k-group. It is shown in the Bruhat-Tits theory
that if G is connected and simply connected simple k-group, there is a finite-dimen-
sional division algebra D with center k such that G(k) ~ SL(1, D).

If G is connected and reductive and is definable over o (which is always the case
if G is k-split, see [8, p.31]), then G(o) is a compact subgroup of G(k). There is a re-
duction map G(v) — G(F), which is surjective.

4.8. Global fields. Now let k be a global field. If v is a valuation of &, let k, be the
corresponding completion of k. If v is nonarchimedean, o, denotes the ring of
integers of k,. If S is a nonempty finite set of valuations of &, containing all the
archimedean ones, denote by og the ring of elements of k which are integral out-
side S. It is a Dedekind ring.

Let G be a connected reductive k-group.

4.9. LEMMA. (i) There is an S such that G is definable over og;

(1) G x , k, is quasi-split for almost all v.

(i) is easily established. Let C be the group of inner automorphisms of G; it is a
semisimple k-group. We identify it with its group of ks rational points. There is
7 € Hl(k, C) such that G, twisted by a cocycle ¢ from 7 (see 3.1), is quasi-split. This is
another way of saying that G is an inner form of a quasi-split group. Now ¢ defines
a principal homogeneous space C. of C over k, i.e., an algebraic variety over k, on
which C acts simply transitively, the action being defined over k (see [16, p. I-58]).
We have y = 1 if and only if C, has a k-rational point. To prove (ii) it now suf-
fices to show that the image of y in Hl(k,, C x , k,) is trivial for almost all v, or that
C, has a k,-rational point for almost all v.

Let v be nonarchimedean such that C x, k, and C, x, k, are definable over
0, 58y C X, k, = Cyp % ky, C; Xk, = C.g X, k,. Assume furthermore that
the reduced group Cy x,, F,, over the residue field F,, is a connected F,-group.
These conditions are satisfied for almost all v. By 4.4, it follows that C. 4 x, F,
has an F,-rational point. A version of Hensel’s lemma then gives that C,  has an
o,-rational point, which shows that C has a k,-rational point. This implies (ii), as
we have seen.

4.10. Adelization. Let A be the adele ring of k. It is a k-algebra, so the group of
A-points G(A4) of G is defined. Let G & GL,, be an embedding over k. Then g —
(g, g71) maps G(A) bijectively onto a closed subset of 47! @ A”**!. Endowed
with the induced topology, G(4) is a locally compact group, the adele group of G.
It has G(k) as a discrete subgroup. The topology on G(4) is independent of the
choice of the embedding G & GL(n). An alternative way to define G(A) is as fol-
lows. Let Sy have the property of 4.9(i). For each finite set of valuations S o S,
the group

G(as) = T1 6o x 1 GGk

is a locally compact group. If S = S’ then G(45) = G(A4s). G(A) can also be de-
fined as the limit group G(A4) = inj limg- 5, G(4;) (this is independent of the choice
of SQ)

For each v, we have an injection G(k,) — G(A).

ExAMPLES. (a) G = GL(1). Then G(4) is the group of idéles (the units of A4).

(b) k = @, G = SL(n). One checks that
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G(4) = SL(n, R) - (];[ SL(», z},)>. G,

from which one sees that there is a surjective continuous map G(A4)/G(Q) —
SL(n, R)/SL(n, Z). More precisely, if one defines, for a positive integer N, the con-
sequence subgroup I'(N) of SL(n, Z)by I'(N) = {y e SL(n, Z) |y = 1(mod N)},
then

G(4)/G(Q) = proj lim SL(n, R)/T'(N).

(c) Let G be a Q-group and let G & GL(n) be an embedding (over Q). Fix a lattice
L in Q7 and let /" be the subgroup of G(Q) of elements stabilizing L.

There exists a connection, similar to that of the previous examples, between
G(A)/G(Q) and G(R)/I (see [1]).

The main results about G(4)/G(k) are as follows (G a connected reductive
k-group). Let X be the group of k-rational characters of G. For each y € X define
a character |y|: G(4) - R* by|x|((g.,)) = I, |x(g.)l, Where ||, is an absolute
value, normalized so as to satisfy the product formula. Let G(A)° be the intersection
of kernels of the |y|, for y € X.

The product formula shows that G(k) = G(4)°.

4.11. THEOREM. (i) G(A)°/G(k) has finite invariant volume;
(ii) (G semisimple) G(A)°/G(k) is compact if and only if G is anisotropic over k.

This is a consequence of reduction theory, due to Borel and Harish-Chandra for
number fields and to Harder for function fields (see [1] and [11]). Notice, that by
restriction of the ground field, it suffices to prove this for k = Q or k = F(T).

5. A class of Lie groups. In this section we discuss a class of Lie groups close to
the groups of real points of reductive R-groups. This is the class of groups occurring
in Wallach’s paper in these PROCEEDINGS (see also [12]). We shall indicate briefly
how the properties of these groups can be deduced from the algebraic properties
of reductive groups, discussed above.

We shall say that an algebraic group G defined over a field of characteristic zero
is reductive if its identity component G° (in the Zariski topology) is so.

5.1. Let G be a Lie group, with Lie algebra g. Its identity component is denoted
by G°. We denote by 9G the intersection of the kernels of all continuous homomor-
phisms G — R¥. Then G is a closed normal subgroup and G/°G is a vector group.

A split component of G is a vector subgroup V of G such that G = °G - V,
G NV = {e}.

We assume henceforth that G possesses the following properties:

(1) There is a reductive R-group G and a morphismy: G — G(R) with finite kernel
whose image is an open subgroup of G(R).

It follows that v induces an isomorphism of g onto the set of real points of Lie
G. We shall often identify g and v(g). It also follows that y(G)? = G(R)? and that
GO has finite index in G (since this is so for G(R), see 4.2(ii), and ker v is finite).

(2) The image of G in the automorphism group of go = g ®¢ C lies in the image
of the identity component G° of G.

The main reason to allow for finite coverings of linear groups is to include the
metaplectic group and all connected semisimple groups with finite center. The
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main use of (2) is to insure that G acts trivially on the center of the universal en-
veloping algebra of g.

5.2. Let 0, be the automorphism of GL(n, R) which sends g to ‘g~1. Let 8 (resp.
Sy) be the set of real symmetric (resp. and positive nondegenerate) n x n-matrices.
Then exp: x —»exp x = 1 + x + x2/2! + --- is an isomorphism of § onto S.
Given s € S, there is a unique analytic subgroup of GL(#, R), isomorphic to R,
contained in Sy, and passing through s. It is contained in any (y-stable Lie
subgroup of GL(n, R) with finitely many connected components which contains s.

5.3. LEMMA. Let G = GL(n, C) be an R-subgroup stable under 0.

(i) Let s € Sy () G(R). Then there exists a Oy-stable R-split torus S of G such that
s € S(R)Y;

(ii) let X € 8 | Lie(G). There is a Oy-stable R-split subtorus of G whose Lie
algebra contains X;

(iii) G is reductive.

The element s generates an infinite subgroup of G, whose Zariski closure is a
torus with the required properties. (ii) follows from (i), applied to exp x. Let U be
the unipotent radical of G, let se G(R). Then s and (0ys)s~1 are unipotent. By (i) the
last element is also semisimple, which implies s=1. Hence U={1}. This proves (iii).

5.4. By definition, a Cartan involution of GL(#, R) is an automorphism conju-
gate to 0y by an inner automorphism. Let G and G be asin 5.1. Let G = GL(n, C)
be an embedding over R. Then »(G) is stable under some Cartan involution ¢ of
GL(n, R). In other words, we may assume, after conjugation, that v(G) is stable
under f, (in which case it is said to be selfadjoint) [1], [15]. Let f (resp. 8) be the
fixed point (resp. —1 eigenspace) of () in g, and K the inverse image in G of the
fixed point set of § in »(G).

5.5. PROPOSITION. The automorphism 0 of g extends uniquely to an automorphism
of G whose fixed point set is K. The map u: (k, x) — k - exp x is an isomorphism of
analytic manifolds of K x 8 onto G.

The automorphisms of G thus defined are the Cartan involutions of G. They
form one conjugacy class with respect to inner automorphisms by elements of G°.
The decomposition G = K - S (S = exp 8) is a Cartan decomposition of G.

After conjugation, we may assume that (¢ = §,. If G = GL(n, R), then K =
O(n), S = Sy and our assertion follows from the polar decomposition of real
matrices. Assume now that v is the identity. Write ge G as a product g = k - s
where k € O(n), s€S,. Then 52 = (0, g)!-ge G, and the unique l-parameter
subgroup in S, through s? (see 5.2)is contained in G. In this group, there is a uni-
que element with square s2, which must then be equal to s. Thus s € G, hence also
k € G. This implies that g is surjective. Injectivity follows from the uniqueness of
the polar decomposition. The decomposition g =  + 8 implies that the tangent
map at any point is bijective; hence 4 is an analytic isomorphism. Thus G is the
direct product of K and a euclidean space.

This proves the proposition when v is the identity. Let G be the simply connected
group with Lie algebra g, K the analytic subgroup of G with Lie algebra f and
7: G — GO the natural projection. Since the fundamental group of K is that of G,
the group K is the universal covering of K; hence ker 7 < K. The automorphism 6
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of g extends to one of G, which fixes K pointwise, hence acts trivially on ker 7,
and goes down to an automorphism of G°. The result for y(G) implies that G =
K - S = K - GO Since ker y acts trivially on g, hence on G%, 6: G — GY extends
obviously to an automorphism of G which fixes K pointwise. The remaining asser-
tions are then obvious.

5.6. COROLLARY. (1) K is a maximal compact subgroup of G,
(ii) K meets every connected component of G.

G is the topological product of K by a connected space S, whence (ii). The first
assertion follows from the fact that every s # 1 in S generates an infinite discrete
subgroup.

Fix a Cartan involution 6§ of GL(n, R) stabilizing v(G). We also denote by 0
the Cartan involution of G defined in 5.5.

5.7. Let C be the center of G. It has again the properties (1), (2) and it is §-stable.
The group corresponding to G is the center of G. The subset corresponding to
S is now a vector group V. It is, in fact, the maximal §-stable vector subgroup
contained in C. Let G; be the derived group of G.

5.8. LEMMA. (i) °G = KG; and V is a split component of G;
(ii) °G has the properties (1), (2) and is (-stable.

KGj is a §-stable closed normal subgroup of G, contained in °G. The Lie algebra
g is the direct sum of those of KG; and of V, which implies (i). As to (ii), for the
algebraic group of (1) we take the Zariski closure of v(°G) in G. Its identity com-
ponent differs from GO only in its center. This implies (2), and the final assertion
is clear.

5.9. Parabolic subgroups. A parabolic subalgebra p of g is a subalgebra such that
pe is the Lie algebra of a parabolic R-subgroup of G°. A parabolic subgroup P of
G is the normalizer in G of a parabolic subalgebra (which then is the Lie algebra of
P). The parabolic subgroups of G correspond to the parabolic R-subgroups of G°.

Let P be a parabolic R-subgroup of G° Let N be its unipotent radical. Put
L=PQ 0P

5.10. LEMMA. (i) L is a Levi subgroup of P;
(ii) the Lie algebra of G is the direct sum of those of N, 6N and L.

5.3(iii) shows that L is reductive. LN is a parabolic R-subgroup of G contained
in P (see 3.6) with unipotent radical N, hence equal to P. This proves (i). Then
(ii) follows by using that P and § P are opposite parabolics.

5.11. Let S be the maximal R-split torus in the center of L. Put 4 = v~1(S(R))",
N =y~ 1(N(R))°. These are subgroups of G. Since 4 is a §-stable vector group, we
have fa = a1 for all a € A. Let P be the parabolic subgroup of G defined by P and
put L = P () §P, M = OL. Then L is the centralizer of 4 in G. Also, L and M are
f#-stable.

5.12. PROPOSITION. (i) L satisfies (1), (2) of 5.1. A is a split component of L and of P;
(ii) (m, a, n) — man defines an analytic diffeomorphism of M x A x N onto P.

Let H be the centralizer of S'in G. Then v(L) = H. Moreover, the identity com-
ponent HY is reductive and is equal to H (] G (the last point because centralizers
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of tori in Zariski-connected algebraic groups are connected, see [3, p. 271)). It fol-
lows that (1) and (2) hold for L. The last point of (i) is easy. From P = LN we
conclude that P = LN = MAN. Now (ii) readily follows.

The decomposition of 5.12(ii) is called the Langlands decomposition of P. There
is a similar decomposition of the Lie algebraof P:p = m + a + .

A parabolic pair in G is a pair (G, A) where P is a parabolic subgroup of G and
A is as above.

5.13. Minimal parabolic subgroups. Now assume that P is a minimal parabolic
subgroup. Then P is a minimal parabolic R-subgroup of G°. In that case the derived
group of L is an anisotropic semisimple R-group. It follows that M is compact.
We then must have M < K (recall that M is §-stable), so M = K [} P. Let © be
the root system of (G, S) (see 3.5). If a € ® put g, = {X e g| Ad(a)X = a*X,
a € A}. Then we also have

8. = {Xeg|[H, X] = da(H)X, H € a}

(a being the Lie algebra of A4). Also, there is an ordering of @ such that n =
22650 Gar 1 = Y40 g (1 and Ou are the Lie algebras of N and §N).

5.14. LEMMA. (i) We have direct sum decompositions
g=a+m+u+6n g=t+a+u
(ii) a is @ maximal commutative subalgebra of 8.

The first decomposition follows by using 5.10(ii). It then follows that f is the
direct sum of m and the space of all X + #X (Xen). Hence t N n = {0}, f + n =
m + n + On. This gives the second decomposition, We also get that 8 is the direct
sum of a and the space of all X — 60X (X € n). Since a commutes with no nonzero
element of n + fn, the assertion of (ii) follows.

From the above we see that @ is also the root system of the symmetric pair
(G, K) (see [13, Chapter VII])).

5.15. PROPOSITION (IWASAWA DECOMPOSITION). (k, a, n) — kan is an analytic
diffeomorphism of K x A x N onto G.

Let ¢ be the map of the statement.

(a) im ¢ is closed. AN is a closed subgroup of G and G/AN is compact (because
G/P and M are compact). Let 7 be the projection G — G/AN. Since K is compact,
im(z o ¢) is closed. Hence so is im ¢ = z~! im(x ° ¢).

(b) im ¢ meets all components of G, since k does (see 4.6(ii)).

(c) The tangent map d¢ is bijective at any point (k, a, #). This follows from the
direct sum decompositiong =t + a + 1.

(a), (b) and (c) imply that im ¢ is open and closed and meets all components.
Hence ¢ is surjective. To finish the proof, it suffices to show that ¢ is injective. It is
enough to prove that kan = a; implies a = a;, k = n = e. Now if this is so we
have 6n = a?nar?. The image under v of the last element is unipotent. It then
follows that a? = af, a = a;, whence fne N ] N = {e}.

5.16. COROLLARY. For any parabolic subgroup P of G we have G = KP.
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Let W be the Weyl group of the root system @. This is the relative Weyl group
of (GY, S) (see 3.5), i.e.,

W = NGO(R) (S)/Zgo(n)(s).
5.17. LEMMA. M meets all components of G.

It suffices to prove this for the case that v(G) = G%R). In that case it follows
from Bruhat’s lemma that the connected components of GO(R) all meet N =
Negow)(S). Let a € @ be a simple root (for the order defined by P), U(,, the uni-
potent subgroup whose Lie algebra is (g,)¢ + (g2.)c (Where the second term is
zero if 20 ¢ @), and U_,, = 0(U,). It is known that U, ,(R) - U_(R)- U»(R)
contains an element of N representing the reflection in W defined by a. It follows
that N © Zgg (5)GP, which implies the assertion.

It follows from the lemma that W = Ng(A)/Z(A).

5.18. LEMMA. W =~ (K () Ng(A))/M.

Let g = kan € Ng(A). Then also (0n)~1a%n € Ng(A). Let wy € Ngog)(S) represent
the element of maximal length of W. Then 0n~1 = wnny!, for some n, e N. We
then have nynyla®n € wylNg(A). The uniqueness statement of Bruhat's lemma then
implies that n;, = e, whence n = e. This implies the assertion.

From 5.18 we see that W is the Weyl group of the symmetric spaces G/K ([13,
p. 244)).

5.19. PROPOSITION (CARTAN DECOMPOSITION). We have G = KAK.

This follows from 5.5 and the following lemma. Here S is as in 5.3 (observe that
K normalizes S).

5.20. LEMMA. S = )i kA

It suffices to prove this for v(G), i.e., when vy = id. Let s € S. Then s lies in a §-
stable R-split torus 8} = G°. Since § is a maximal R-split torus in G° (because P
is a minimal parabolic R-subgroup of G°, see 3.5) we have that §; is conjugate to
a subtorus of § by an element of GO(R). By 5.17 we may take this element to be in
GO(R), hence in G. So there is g e G with a; = g7lsge 4. Writing g = kan we
obtain

nla?.0n-a =an?t-a?-0n

Using again the uniqueness statement of Bruhat’s lemma, as in the proof of 5.18,
we see that @, commutes with n. It follows that s is conjugate to an element of 4 via
K, which is what had to be proved.

5.21. We finally give a brief elementary discussion of the geometric properties of
the symmetric space G/K. We identify it with S (cf. 5.5). Itis a homogeneous space
for G, the action being given by (x, §) — x-5 = xs(0x)71. If x € 8 define | X2 =
Tr(X?). This defines a K-invariant Euclidean distance on 8. The exponential map
exp defines a diffeomorphism of 8 onto S. Its inverse is denoted by log.

Define a Euclidean metric d(,) on A by d(a, b) = ||log a — log b||. This deter-
mines a structure of Euclidean affine space on 4.

We may and shall assume that y=id.
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5.22. LEMMA. Let s, t € S.

(i) There is x € G such that x - sand x - t lie in A;

(ii) if x' is another element with the property of (i) then there is n € G normalizing
A such that xnx’ fixes s and t.

(i) follows from 5.20. To prove (ii) it is sufficient to assume x" = e. Then s, ¢ € 4.
Put x-s = a, x-t = b. It now follows that a~1/2xs1/2 and b—1/2xt1/2]je in K, from
which one concludes that sz~! and ab™! are conjugate in G. The uniqueness part of
Bruhat’s lemma then implies that these elements are conjugate by an element of
the Weyl group W, from which (ii) follows.

5.23. LeMMA. If x € G, x - A = A then x normalizes A in G.

Apply 5.22(ii), taking x' = e, s a regular element of 4, ¢’ = e. It follows that we
may assume x € K and xs(0x)"! = xsx~! = s. Since s is regular, x centralizes 4.
The assertion follows.

5.24. The translates x-A4 of 4 in S are called apartments in S. It follows from
5.23 that for any apartment o/ there is a unique structure of Euclidean affine space
on .« such that any bijection 4 — o7 of the form a +— x-a is an isomorphism of
such spaces.

5.22(i) shows that for any two elements s, ¢ € S there is an apartment ./ con-
taining them. It follows from 5.22(ii) that, if s # ¢, the line in ./ containing s and ¢,
together with its structure of 1-dimensional affine space, is independent of the choice
of «7. We call such lines geodesics in S.

It now also makes sense to speak of the geodesic segment [st], and of the midpoint
of [st].

It also follows that there is a unique G-invariant function d on S x S whose re-
striction to A x A is the function of 5.21.

5.25. PROPOSITION. (i) d is a distance on S;
Gi) if s, t,ue S, d(s, t) = d(s, u) + d(u, t) then u lies on the segment [st];
(iii) a closed sphere {x € X | d(x, a) < r} is compact in X.

It suffices to prove this for the case G = GL(n, R).
A proof of (i) and (ii) is given in the appendix to this section. The proof of (iii)
is easy.

5.26. PROPOSITION. For each s € S there is a unique involutorial analytic diffeo-
morphism o, of S with the following properties:

(@) o, is an isometry (for d),

(b) s is the only fixed point of o,

(c) o, stabilizes all geodesics through s.
We have g,.; = X 00,0 x L.

We may take x = e. The geodesic through e and exp X consists of the exp(£X)
(& € R). Observing that d(e, exp(£X)) is proportional to |£| it follows that the only
possibility for g, is the map ¢ — ¢~1. That this satisfies our requirements is clear.
The final statement follows from the rest.

5.27. LEMMA. Let s, s’ be distinct points of S, let m be the midpoint [ss']. Let t be
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a point of S not lying on the geodesic through s and s'. Then d(t, m) < 1d(t, s) +
1d(t, s").
2 B

Let 0 = 0, then g5 = s’. We have
2d(t, m) = d(t, o(t)) < d(t, s) + d(o(2), s) = d(¢, s) + d(t, s").

If the extreme terms are equal we have, by 5.25(ii) that s lies on [¢, ¢(¢)]. Then so
does s" = g5, and s, 5, t lie on a geodesic, which is contrary to the assumption. The
inequality follows.

If Cis a subset of X we denote by I(C) the subgroup of the group of isometries of
S whose elements stabilize C.

5.28. LEMMA. If C is compact the group I(C) has a fixed point in S.

Let r = inf,cysup,ecd(x, y). Then F = {xe S|sup,cc d(x, y) =r} is the
intersection of the decreasing family of sets F,, = {x € S| sup,ccd(x,y) < r + 1/n}
(n =1, 2, ---). Since these are nonempty and compact (by 5.25 (iii)) it follows that
C is nonempty.

Suppose a, be F, a # b and let m be the midpoint of [ab]. We then have by
5.27, foreach y € C, d(m, y) < %d(a, y) + 1d(b, y) = r, which is impossible. Hence
F consists of only one point. It is clearly fixed by I(C).

5.29. THEOREM. Let M be a compact subgroup of G. Then M fixes a point of S.
This follows by applying 5.28 to an orbit of M in S.

5.30. COROLLARY. M is conjugate to a subgroup of K.
5.31. COROLLARY. All maximal compact subgroups of G are conjugate.

5.32. ReMARKS. (1) In our discussion of the symmetric space S we wanted to
stress, more than is usually done, the analogy with the Bruhat-Tits building 2 of
a p-adic reductive group. We mention a few features of this analogy.

(a) It is clear from our discussion that S can be obtained, like %, by gluing
together apartments (see [21, 2.1]).

(b) We have introduced metric and geodesics in S in the same way as is done in
the case of & (see [9, 2.5] and [21, 2.3)). In the case of #Z an important role is played
in the discussion of the metric, by the retractions onto an apartment [loc. cit., 2.2].
Such retractions can also be introduced in S (an example is the map p used in the
appendix).

(c) The fixed point Theorem 5.29 has a counterpart for % [8, 3.2.4].

(d) I owe the proof of 5.29, using the strong convexity property 5.27, to J. J.
Duistermaat. 5.29 can also be proved via the argument used in [8] (see also
[21, 2.3]) to prove its counterpart for 4. This requires the inequality (m is the mid-
point of [x, y])

d(x, 2)2 + d(y, z)? 2 2d(m, 2)? + 3d(x, y)?,

which can also be established in our situation (e.g. by using that the exponential
map 38— S increases distances).



26 T. A. SPRINGER

Appendix. Proof of 5.25 for G = GL(n, R). A4 is now the group of all diagonal
matrices with positive entries. It suffices to show:

ifa,be A,s€ S, then d(a,b) < d(a, s) + d(s, b) equality holding if and only if s
lies on the segment [ab].

As is well known, s e S being given there is a unique o(s) € 4 and a unique
upper triangular unipotent matrix u(s) such that s = ‘u(s)o(s)u(s). If a € A, we
have p(asa) = p(a)?o(s). We shall prove the following.

LeMMa. d(o(s), €) < d(s, e), equality holding if and only if s € A.

From the lemma it also follows that, for all a € 4, d(o(s), a) < d(s, a). Hence
d(a, b) < d(a, p(s)) + d(o(s), b) < d(a, s) + d(s, b), proving the triangular in-
equality. The case of equality is easily dealt with.

It remains to prove the lemma. Let @; = a, = -+ = a, be the eigenvalues of s
and b; = b, = --- Z b, those of p(s). The lemma asserts that

3 (logh)? = 3. (logay)2.
=1 =1

Results of this kind are known, they can be found, e.g., in H. Weyl, Ges. Abh. Bd.
IV, p. 390. We use Weyl’s method. Let g = p(s)!/2 u(s), sos = ‘g - g. There is a
vector v € R* with gv = b1/2 v. Then (,) denoting the standard inner product in R»,

bl("a V) = (V, SV) § al(v’ V),

whence b; < a;. Applying a similar argument, working in the exterior powers of
R, we see that bib, --- b, < ayap - a,(1 £ p £ n — 1), and, of course, b;b; -+ b,
= a,a, --- a,. We may, and shall, assume that aja, --- a, = 1.

Let ¥V € R” be the subspace of vectors with coordinate sum 0.

Let a; = e; — ey (1 £i<n—1, () is the canonical basis), and define
w; €V by (w;, €;) = 0;; (1 =i, j<n—1). Then o, is the projection onto V
of e + --- + e;. Let x = (log a;, log a,, ---, log a,), y = (log b,, log by, -,
logb,). We then know that

xa)z0, (6ba)20, x—»w)z20 ((A=Lign-1),

and we have to prove that (y,y) £ (x, x). Now (x,x) — (1, ) =(x —y,x — y) +
2(y, x — y). Since y is a linear combination, with positive coefficients, of the w;
and x — y is a similar combination of the «;, we have that (y, x — y) = 0. The
inequality which we have to prove now becomes obvious.

It is clear that we can only have (x, x) = (y, y) if x = y. In that case we have
Tr(s) = Tr(o(s)). But it is immediate that if u(s) # e, we must have

Tr(tu(s)o(s)u(s)) > Tr o(s).
So Tr(s) = Tr p(s) implies p(s) = s. This finishes the proof of the lemma.
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0. Preliminaries.

0.1. Introduction. This is a survey of some aspects of the structure theory of reduc-
tive groups over local fields. Since it is mainly intended for ‘““utilizers”, the main
emphasis will be on statements and examples. The proofs will mostly be omitted,
except for short local arguments which may give a better insight in the way the
theory operates. When proofs are available in the literature (which is not always the
case!), references will be given; references to [8] are often conditional, as explained
in §1.5.

We shall not try to give the historical background of the results exposed here. Let
us merely recall that the theory was initiated by N. Iwahori and H. Matsumoto
[15], who were considering split semisimple groups, that quasi-split and classical
groups were later on studied by H. Hijikata [13], and that, in the generality given
here, most results are due to F. Bruhat and the author [6], [7], [8], [9]. For further
information, one may consult the introduction of [8].

0.2. Notations. The following notations will be used throughout the paper: K
denotes a field endowed with a nontrivial discrete valuation w, the value group
w(K*) (= R) is also called I, v represents the ring of integers, p = 7o with zep
its prime ideal and K = o/p the residue field. We always assume K complete and K
perfect. We consider an algebraic group G defined over K whose neutral com-
ponent G° is reductive, and call S a maximal K-split torus of G, N (resp. Z) the
normalizer (resp. the centralizer) of S in G, *W the finite group N(K)/Z(K) (as
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usual, 7(K) stands for the group of rational points of ? over K), X* = X*(S) =
Homg(S, Mult) (resp. X, = X,(S) = Homg(Mult, S)) the group of characters
(resp. cocharacters) of S, V the real vector space X, ® R, @ = &(G, S) = X*
the set of roots of G relative to S, *W the Weyl group of the root system @ which
we identify with a normal subgroup of *W (equal to *W if G = G°) and U,, for
a € @, the unipotent subgroup of G° normalized by S and corresponding to the root
a (i.e., the group called U, in [3, 5.2)).

1. The apartment of a maximal split torus and the affine root system.

1.1. The split case. As a motivation for what follows, we first consider the case
where G° is split, that is, where S is a maximal torus of G. Then, the groups U, are
K-isomorphic to the additive group. Indeed, the choice of a “Chevalley basis™ in
the Lie algebra of G determines a system of K-isomorphisms y,: Add — U, (an
‘“épinglage”) satisfying the commutation relations of Chevalley [10, p. 27]. Since
K is a local field, its additive group is filtered and so are the groups U, (K), “par
transport de structure”. The terms of those filtrations are conveniently indexed by
affine functions on V:forae @and y € I, a + 7 is such a function and we set

(1) Xa+r = Xa(w-—l[r’ OO])

If we transform the Chevalley basis by Ad s for an element s € S(K), the system
(o) is replaced by (y,) = (x, ° a(s)) and, setting X,., = y, (07! [, ©]), we have

)] Xz;+r = Agtrtwas):

Thus, the terms of the filtrations of the groups U,(K) are unchanged but their
indexation has undergone a translation. The same conclusion holds for an arbitrary
change of Chevalley basis (one just has to replace s by a rational element of the
image of S in the adjoint group).

We may express that conclusion in a more invariant way as follows. There exist
an affine space 4 under V, a system @,; of affine functions on 4 and a mapping
a — X, of @, onto a set of subgroups of G(K) with the following property: to every
Chevalley basis, there corresponds a point 0 € A such that @,; consists of all
functions

3 a:xe—alx —0) + 7 (xed;aec®,rel)

and that, if (y,) denotes the ““épinglage’ associated with the given basis, the group
X, corresponding to the function (3) is given by (1). The group S(K) operates by
translations on 4 in such a way that, for s € S(K), we have

4) STIX S = X

From (2) it follows that the translation v(s) € ¥ of 4 induced by s (i.e., defined by
s(x) = x + v(s) for x € 4) is given by

®) a(v(s)) = — w(a(s)) foreveryae®.

More generally, the normalizer N(K) of S(K) in G(K) operates on 4 by affine trans-
formations in such a way that (4) holds for any s € N(K).

1.2. The apartment A(G, S, K). Our purpose is to generalize the above results to
an arbitrary group G in the following form: to G, S, K, we want to associate an
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affine space A = A(G, S, K) under V on which N(K) operates. a system @, =
0.4G, S, K) of affine functions on A and a mapping o — X, of @, onto a set of
subgroups of G(K), such that the relation 1.1(4) holds for s € N(K), that the vector
parts v(a) of the functions o € O, are the elements of ®, and that, for ae @, the
groups X, with v(a) = a form a filtration of U,(K).

We first proceed with the construction of the space 4; the set @, and the X,’s
will be defined in §§1.6 and 1.4. The relations (5) show us the way. The group
X*(Z) of K-rational characters of Z can be identified with a subgroup of finite index
of X*. Letv: Z(K) — V be the homomorphism defined by

) 1((2) = — w(y(z)) forze Z(K)and ye X*(2Z),

and let Z, denote the kernel of y. Then, 4 = Z(K)/Z, is a free abelian group of rank
dim S = dim V. The quotient W = N(K)/Z, is an extension of the finite group * W
by A. Therefore, there is an affine space 4 (= A(G, S, K)) under ¥ and an extension
of v to a homomorphism, which we shall also denote by v, of N in the group of
affine transformations of 4. If G is semisimple, the system (4, v) is canonical, that
is, unique up to unique isomorphism. Otherwise, it is only unique up to isomor-
phism, but one can, following G. Rousseau [19], “‘canonify” it as follows: calling
2G° the derived group of G° and S; the maximal split torus of the center of
G°, one takes for A the direct product of 4(2G°, G° (N S, K) (which is cano-
nical) and X 4(S;) ® R .The affine space A is called the apartment of S (relative
to G and K). The group N(K) operates on A through W.

1.3. Remark. Since V = Hom(X*, R) = Hom(X*(Z), R), the groups
Hom(X*, I') and Hom(X*(Z), I') are lattices in ¥ and one has

) Hom(X*, I') = »(Z(K)) = A = Hom(X*(Z), I").

If G is connected and split, both inclusions are equalities, but in general they can be
proper. Suppose for instance that G = R;, x Mult, where L is a separable extension
of K of degree n, and let /7 be the value group of L. The group X *(Z) is generated
by the norm homomorphism N;,x, hence has index » in X*. On the other end, A
is readily seen to be equal to n- Hom(X*(Z), I'}). In particular, the first (resp. the
second) inclusion (1) is an equality if and only if the extension L/K is unramified
(resp. totally ramified). A semisimple example is provided by G = SU; with split-
ting field L; exactly the same conclusions as above hold with n = 2 (indeed, in that
case Z = R;,x Mult). One can prove that the first inclusion (1) is an equality when-
ever G splits over an unramified extension of K.

1.4. Filtration of the groups U(K). Let ac @ and ue U (K) — {1}. It is known
(cf. [3, §5]) that the intersection U_,uU_, | N consists of a single element m(u)
whose image in ?W is the reflection r, associated with @, from which follows that
r(u) = v(m(u)) is an affine reflection whose vector part is r,. Let a(a, ) denote the
affine function on 4 whose vector part is @ and whose vanishing hyperplane is the
fixed point set of r(u) and let @’ be the set of all affine functions whose vector
part belongs to @. Fora € ¢, we set X, = {ue U (K) |u = 1or a(a, u) 2 a}.
The following results are fundamental.

1.4.1. For every « as above, X, is a group.

1.42. If a, B € @', the commutator group (X,, Xp) is contained in the group gen-
erated by all Xy, .4 for p,qe N* and pa. + qBe @'
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Clearly, the X,’s with W(&) = a form a filtration of U,(K). We denote by X the
union of all X, foree R, ¢ > 0 (of course, X, = X, for ¢ sufficiently small).
From 1.4.2, it follows that X,. is a normal subgroup of X,, and we set X, =
X,/X .+ Thus, the X,’s, for v(a) = a, are the quotients of the filtration of U, (K)
in question. It is obvious that for n € N(K), one has n™1X, n = X,.,(,)-

1.5. About proofs, references and generalizations. Let us identify A4 with V via the
choice of an “origin” 0, and, for every a € @ and u € U, (K), set ¢, (4) = a(a, u) —a
(e R). The assertions 1.4.1 and 1.4.2 essentially mean that the system of functions
(9o)a < o is a valuation of the root datum (Z(K); (U,(K)), <o), as defined in [8, 6.2].
That fact itself is roughly equivalent with (actually somewhat stronger than) the ex-
istence of a certain BN-pair in the group generated by all U,(K) (cf. [8, 6.5 and
6.2.3(e)]), and with the existence of the affine building of G over K (cf. §2 below
and [8, §7]). Those results have been announced in [6], [7] and [8, 6.2.3(c)]), but
complete proofs by the same authors have not yet appeared (though the case of
classical groups is completely handled in [8, §10], and quasi-split groups are es-
sentially taken care of by [8, 9.2.3]). In the meantime, proofs of closely related
results have been published by H. Hijikata [14] and by G. Rousseau [19].

In the sequel, quite a few statements will be followed by references to [8]; this
will usually mean that the quoted section of [8] contains a proof of the statement
in question once 1.4.1 and 1.4.2 are admitted.

For the sake of simplicity we have assumed that w is discrete and K perfect. In
fact, much of what we shall say until §3.3 remains valid (with suitable reformula-
tions) without those assumptions, provided that 1.4.1 and 1.4.2 hold, and this has
been shown to be always the case except possibly if char K = 2 for some groups G
whose semisimple part has factors of exceptional type and relative rank < 2 (cf.
[8, §10], [25] and [19]).

1.6. The affine root system @,. For every affine function ¢ on 4 whose vector part
a = ¥(a) belongs to @, one has an obvious inclusion X,, & X, (if 2a ¢ @, we set
X,. = {1}) and the quotient X,/X5, has a natural structure of vector space over K
(cf. 3.5.1) whose dimension is finite and will be denoted by d(x). In particular, if
char K = p, X, is a p-group. An affine function « such that a = v(a) € @ is called
an affine root of G (relative to S and K) if d(a) # 0, that is, if X, is not contained in
Xote  Ug(K) (= X, if 2a ¢ ) for any strictly positive constant e. We denote by
0.4(G, S, K) = @, the affine root system of G, i.e., the set of all its affine roots.
Note that if 2a ¢ @, one has a(a, u) € @, for every u e U,(K) — {1}; in particular,
if@isreduced, @, = {a(a, u) |ac ®,uec U(K) — {1}}.

1.7. Half-apartments, chambers, affine Weyl group. For every affine function «
such that @ = v(a) € @, we denote by 4, the set ¢~1([0, o)), by 94, its boundary
a~1(0) and by r, the affine reflection whose vector part is the reflection r, (cf. 1.4)
and whose fixed hyperplane is 94,. The sets 4, (resp. 94,) for a € @, are called the
half-apartments (resp. the walls) of A, and the chambers are defined as the connected
components of the complement in 4 of the union of all walls. The facets of the
chambers are also called the facets of A4; thus, the chambers are the facets of
maximum dimension. If G is quasi-simple the facets (and in particular the cham-
bers) are simplices, if G is semisimple they are polysimplices (i.e., direct products of
simplices) and in general they are direct products of a polysimplex and a real affine
space.
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The group W generated by all r, with o € @, is called the Weyl! group of the affine
root system @,. (If G is not semisimple, this is a slight abuse of language since W
depends not only on @, but also on the subspace of V generated by X, (2G° N S),
where 2G° denotes the derived group of G°.) If G is semisimple, W is the affine
Weyl group of a reduced root system (cf. [S, VI. 2.1]) whose elements are propor-
tional to those of @, but which is not necessarily proportional to @, even if @ is re-
duced (cf. the examples in §§1.15, 1.16).

Clearly, @, is stable by the group W = v(N(K)) (cf. §1.2). It follows that the
half-apartments, the walls and the chambers are permuted by W, and that W is a
normal subgroup of W.

1.8. Bases, local Dynkin diagram, characteristic dimensions. The Weyl group W
is simply transitive on the set of all chambers (i.e., it permutes the chambers transi-
tively and the stabilizer of a chamber in W is reduced to the identity). Let C be a
chamber and let L, ---, L, be the walls bounding C. For i € {0, ---, I}, let a; be the
unique affine root such that L; = 94,, and }a; ¢ @.. The set {a; | i =0, ---, [}
is called the basis of @,¢ associated to C.

Let a; be the vector part of o, and let us introduce in the dual of V a positive de-
finite scalar product ( , ) invariant by the (ordinary) Weyl group *W. To @,
one associates a (local) Dynkin diagram 4 = 4 (@) obtained as follows:

The elements ¢; of a basis are represented by dots v;, called the vertices of the
diagram;

if 2¢; € @, the vertex v; is marked with a cross;

two distinct vertices v;, v, are joined by an empty, a simple, a double, a
triple or a fat segment (edge of the diagram) according as the integer A,; =
4(a;, a,)?/(a;,a;)(a;, a;) equals 0, 1, 2, 3 or 4 (in the latter case, g, is a positive multiple
of —a,);

if ; = 2 or 3 (which implies that (a;, a;) # (a;, a))) orif 4;; = 4and a; # —a,,
the edge joining v; and v; is oriented by an arrow pointing toward the vertex re-
presenting the “shortest” of the two roots a; and a;.

Since the chambers are permuted simply transitively by W,

1.8.1. the Dynkin diagram does not depend, up to canonical isomorphism, on the
choice of the chamber C.

It is easily seen that the system (4, @) is determined up to isomorphism by the
Dynkin diagram 4 and the dimension of 4 (i.e., the relative rank of G). The Coxeter
diagram underlying the Dynkin diagram—i.e., deduced from it by disregarding the
crosses and arrows—is the Coxeter diagram of W, hence the Coxeter diagram of an
affine reflection group (cf. [5, V.3.4, and VI.4.3], where our “‘diagrams” are called
‘““graphes”).

Conversely, consider any Coxeter diagram which is the diagram of an affine
reflection group, orient all double and triple edges and possibly some fat ones, and
mark some vertices (possibly none) with a cross. Then, the diagram thus obtained
is the local Dynkin diagram A of some group G over some field K if and only if, for
every vertex v marked with a cross, all edges having v as an extremity are double or
fat and none of them is oriented away from v.

The necessity of the condition is obvious. As for the sufficiency, the classification
of §4 even shows that for any given /locally compact local field K, every diagram
satisfying the above condition is the local Dynkin diagram of some semisimple
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group G over K: indeed, it is an easy matter to list all irreducible diagrams in ques-
tion, and one verifies readily that they all appear in the tables of §4. Note that the
above statement, or alternatively the tables of §4, provide the classification of all
affine root systems, for a suitable “abstract” definition of such systems, which the
interested reader will have no difficulty to formulate (cf. also [8, 1.4], where the
affine root systems are called ““échelonnages”, and, for the reduced case, [17]).

If the vertex v of 4 represents the affine root a, we set d(v) = d(a) + dQ2a)
(= d(a) if 2a ¢ ®.1), where the function 4 is defined as in §1.6. The integer d(v)
of course depends not only on 4 and v but on the group G itself. In the tables of
84, the value of d(v) is indicated for every v whenever it is notequalto 1. If G is
split or if the residue field K is algebraically closed, all d(v) are equal to 1.

1.9. Root system attached to a point of A and special points. For x € A, we denote
by @, the subset of @ consisting of the vector parts of all affine roots vanishing in
x, and by W, the group generated by all reflections r, for o € @, and a(x) = 0
(cf. §1.7). To x, we also associate as follows a set 7, of vertices of the local Dynkin
diagram 4: there is an element w of the Weyl group W which carries x in the closure
of the “fundamental chamber” C and one sets I, = {v; |wx ¢ L;}, with the notations
of §1.8; that I, is independent of the choice of w follows from well-known pro-
perties of Coxeter groups: cf., e.g., [S, V. 3.3, Proposition 1]. The objects @,, W,,
I, depend only on the facet F containing x and will also be denoted by @r, W, Ir.

The set @, is a (not necessarily closed) subroot system of ® whose Weyl group is
the vector part of W, and whose (ordinary) Dynkin diagram is obtained by delet-
ing from 4 the vertices belonging to /, and all edges containing such a vertex. The
set I, has a nonempty intersection with every connected component of 4 and, con-
versely, every set of vertices with that property is the set , for some x.

The point x is called special for @ if every element of the root system @ is pro-
portional to some element of @,, that is, if ® and @, have the same Weyl group.
When it is so, W is the semidirect product of W, by the group of all translations
contained in W; similarly, if G is connected, W is the semidirect product of W, by
v(Z(K)) = Z(K)/Z,(cf. 1.2).

The fact for a point x to be special can be recognized from the set of vertices I,
as follows. A vertex of the Coxeter diagram of an irreducible affine reflection group
is called special if by deleting from the diagram that vertex and all adjoining edges,
one obtains the Coxeter diagram of the corresponding finite (spherical) reflection
group. (Equivalently: such a diagram being the Coxeter diagram underlying the
extended Dynkin diagram—‘graphe de Dynkin complété” in the terminology of
[S]—of a reduced root system, the special vertices are the vertex representing the
minimum root and all its transforms by the automorphisms of the diagram.)
Clearly, such vertices exist. Now, x € A4 is special if and only if 7, consists of one
special vertex out of each connected component of 4. In particular, special points
always exist. In the tables of §4, the special vertices are marked with an s or an As
(““hyperspecial points”: see below).

1.10. Behaviour under field extension and hyperspecial points. Let K; be a Galois
extension of K with Galois group Gal(K;/K) = 6, and let S| be a maximal K;-
split torus of G containing S and defined over K. Such a torus exists for instance
in the following cases:

if G is quasi-split over K (obvious!);
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if K is the maximal unramified extension of K [6(c), 3, Corollaire 1];

if the residue field KX is finite and K;/K is unramified.

(The latter condition is necessary as is shown by the following example due to
Serre: suppose that @ has even order and no subgroup of index 2, and that G is the
norm one group of a division quaternion algebra; then G splits over K; but none
of its maximal tori does.) Let 4; = A(G, S}, K;) be the apartment of S; and let
O1as = Duf(G, Sy, K7) be the corresponding affine root system. The Galois group
O operates on A, (‘“‘canonified” as in §1.2) “par transport de structure”, and 4
can be identified with the fixed point set 45.

That identification is not quite obvious. To characterize it, we have to describe
an operation of N(K) on A§ (cf. 1.2). First observe that 4§ clearly is an affine space
under V. Let now n € N(K), let N, be the normalizer of S; in G and let v, be the
canonical homomorphism of N;(K,) into the group of affine transformations of A4;.
Since the conjugate #S) is a maximal K -split torus of Z, there exists z € Z(K;) with
n' = nz-1 e Ni(Kj). Upon multiplying z by a suitable element of (Z (] N;) (K;), one
may choose it so that v,(n’) stabilizes 49. Let now y(z) be the element of V defined
by the relation 1.2(1) where w must be replaced by the valuation of K;. Then n =
n'z operates on A¢ through v;(n') o v(z). That this action is independent of the
choices made and indeed defines an operation of N(K) on A9 is best seen by using
the “building” of G over K; defined in §2: that building contains A9 and is
operated upon by G(K)), hence by N(K), and one verifies that N(K) stabilizes A¢
and operates on it as described above. Note that, more generally, the results of
§2.6 show that if S] is any maximal K,-split torus of G containing S, 4 can be
naturally identified with an affine subspace of A(G, S;, K;); much of what we shall
say here extends to that situation.

1.10.1. If Ky/K is unramified, @ consists of all nonconstant restrictions o4, with
@€ ¢1af.

That is no longer true in general when K;/K is ramified. An obvious example is
provided by the case where G is split over K. Then, S; = S, 4; = 4, and if we
identify 4 with ¥ as in §1.1, we have @y = {a + 7] ae®, ye '} and Qi =
{a + rlae®, y e I}, where I', denotes the value group of Kj.

From 1.10.1, it follows readily that

1.10.2. If K\/K is unramified, every point of A which is special for @ is also
special for Q.

The above example shows that that assertion becomes false without the assump-
tion on K;/K. A point x € A4 is called hyperspecial if there exist K;, S; as above such
that K,/K is unramified, that G splits over K; and that x is special for @1,;. Then, it
is easily seen, using 1.10.2, that the same holds for any Galois unramified splitting
field K, of G and any choice of S, (assuming that such a torus exists). More in-
trinsic characterizations of the hyperspecial points will be given in 3.8.

If G is quasi-split and splits over an unramified extension of K, hyperspecial points
do exist. Indeed, take for K; the minimum splitting field of G and (obligatorily)
S1 = Z, let a, -+, a, be a basis of the root system @(G, S;) invariant by © and
choose a;, -+, a; € P14 50 that v(a;) = a; and that {a, ---, a;} is stable by O (the
possibility of such a choice readily follows from the description of A4 and @, given
in §1.1). Then, the equations a; = --- = o, = 0 define an affine subspace of 4,
invariant by O (in fact a single point if G is semisimple), and every point invariant
by 6 in that subspace belongs to 4 and is clearly hyperspecial.
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Suppose G is quasi-simple. We say that a vertex v of the local Dynkin diagram is
hyperspecial (with respect to G) if the points x € 4 such that I, = {v} are hyper-
special (a property which depends only on v obviously). In the tables of §4, hyper-
special vertices are marked with an As.

Let now K be the maximal unramified extension of K. The group G is said to be
residually quasi-split over K if there is a chamber of A4, stable by Gal(K;/K), and
hence meeting A. We say that G is residually split if A is fixed by Gal(K;/K), that is,
if G has the same rank over K and over K, i.e., if S; = S. For an explanation of
the terminology and another definition, cf. 3.5.2.

1.10.3. If the residue field K is finite, G is residually quasi-split. If K is algebraically
closed, G is residually split.

By a well-known result of R. Steinberg, if K is algebraically closed, G is quasi-
split. From that, it follows that:

1.10.4. Every residually split group is quasi-split.

If K is finite and, more generally, if G is residually quasi-split, G has a “natural
splitting field””. Indeed, there is a smallest unramified extension K’ of K on which G
is residually split, namely the smallest splitting field of S; (which does not depend
on the choice of that torus), and the group G, being quasi-split over K’, has a
smallest splitting field K” over K'. The field K" can also be characterized among all
splitting fields of G over K as the unique one for which the pair consisting of the
degree [K”: K] and the ramification index e(K"/K) is minimal for the lexicographic
ordering.

1.11. Absolute and relative local Dynkin diagram; the index. In this section, K,
denotes the maximal unramified extension of K, and A4,, S;, @:.f have the same
meaning as in §1.10. As in the classical, “global” situation (cf. [22] and the
references given there), one associates to G, K, S; (in fact, to G, K alone: cf. §2.4)
a local index consisting of

the Dynkin diagram 4; of @, (absolute local Dynkin diagram),

the action of & = Gal (K;/K) on 4, ‘“‘par transport de structure”, and

a O-invariant set of vertices of 4, called the distinguished vertices.

The latter are characterized as follows: to define @,.;, one uses a chamber C; of
A, whose closure contains a chamber of 4 (such a Cy exists by 1.10.1), and then, the
distinguished vertices are those representing the elements of the basis of @y, asso-
ciated to Cy (§1.8) whose restriction to A4 is not constant.

Residually quasi-split and residually split groups can be characterized as follows
in terms of the index. The group G is residually quasi-split if and only if the orbits
of @ in the set of all nondistinguished vertices are unions of full connected com-
ponents of -I;, and G is residually split if and only if © operates trivially on 4,
all vertices of ., are distinguished and the smallest splitting field of the connected
center of G is totally ramified.

The index of G determines its relative local Dynkin diagram 4 = 4(G, S, K)
and the integers d(v) (cf. §1.8) uniquely. We shall indicate an easy algorithm which
allows us, in most cases, to deduce the latter from the former. First of all, there is a
canonical bijective correspondence v — O(v) between the vertices of 4 and the or-
bits of O in the set of distinguished vertices of 4;. For every vertex v (resp. every
pair {v, v'} of vertices) of 4, let 4,,, (resp. 4, ,,-) denote the subdiagram of 4,
obtained by removing from it all vertices not belonging to O(v) (resp. O(v) U
O(v")) and all edges containing such vertices, and let 4, , (resp. 4 ,-) be the
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subdiagram of 4, , (resp. 4, ,,+) consisting of its connected components which con-
tain at least one distinguished vertex. Then, 4, ,, together with the action of 6 =
Gal(K,/K) on it and the set of distinguished orbits it contains, is the index (in the
sense of [3] and [22]) of a semisimple group of relative rank one over K, the integer
d(v) is half the total number of absolute roots of that group and vis marked with a
cross in 4 if and only if the relative root system of the group in question has type
BC, (if K is finite—or more generally if all vertices of 4, , are distinguished—that
means that 4, , is a disjoint union of diagrams of type A45,).

As for the edge of @ joining v and v/, its type is determined by 4, ,,., O(v) and
O(v"). If no connected component of 4, ,,» meets both O(v) and O(v'), then v and
V' are joined by an “‘empty edge”. Otherwise, @ permutes transitively the connected
components of 4, ,,- and the result can be described in terms of any one of them,
say 45 .- If the latter has only two vertices v; € O(v) and v; € O(V'), then v and v’ are
joined in 4 in the same way as v; and v; in 47 ,,. Thus, we may assume that 47 ,,,
has at least three vertices. Suppose first that 47 ,, is not a full connected component
of 4. Then, there is an “admissible index” (i.e., an index appearing in the tables of
[22]) of relative rank 2 whose underlying Dynkin diagram is 4 ,,, and whose dis-
tinguished orbits are O(v) N 4 ,» and O(V') N 4 ,,-; indeed, it follows from the
assertions 3.5.2 below that to {v,v'} is canonically associated a quasi-simple group
defined over a certain extension of K and having such an index. The relative Dynkin
diagram corresponding to that index, which can be computed by simple explicit
formulae given in [22, 2.5], provides the nature of the edge joining v and V' in 4.
The following table gives the result in the case where all vertices of 47 ,,. are dis-
tinguished (e.g., in the case where the residue field K is finite); in the first row,
which represents 4 ,,-, the sets O(v) | 4 ,,-and O(V') () 4; ,, are circled:

45 o 'o<©<@:@@<@
— o —

corresponding edge in 4 ‘

X

There remains to consider the case where 45 ,,. is a full connected component of
4,, which means that v, v' are the two vertices of the local Dynkin diagram of a
quasi-simple factor of relative rank 1 of G (cf. §1.12). Here we shall restrict our-
selves to the case where all vertices are distinguished and simply refer the reader to
the tables of §4 which give 4 in all the cases that can occur.

1.12. Reduction to the absolutely quasi-simple case; restriction of scalars. We
shall now indicate how the local Dynkin diagram—with the attached integers d(v)—
and the index of an arbitrary group G can be deduced from those of related ab-
solutely simple groups.

First of all, those data are the same for G and for the adjoint group of G°. Thus,
we may assume that G is connected and adjoint, hence is a direct product of K-
simple groups. Then, the Dynkin diagram—with the d(v) attached—and the index
of G are the disjoint unions of the Dynkin diagrams and the indices of its simple
factors.
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There remains to consider the case where G is K-simple, which means [3, 6.21]
that G = R;,x H, where L is a separable extension of K, H is an absolutely simple
group defined over L and R;,, denotes, as usual, the restriction of scalars. We
shall, more generally, assume that G = R, ,x H for an arbitrary reductive group
H; this allows us to decompose the extension L/K into its unramified and its totally
ramified parts and to handle the two cases separately.

If L/K is totally ramified, the index, the local Dynkin diagram and the integers
d(v) are the same for G, K as for H, L.

If L/K is unramified, the index of G, K consists of [L: K] copies of the index of
H, L permuted transitively by Gal(K;/K) whose operation on the whole diagram
is “induced up” from the operation of Gal(K;/L) on one copy, the relative local
Dynkin diagram of G, K is the same as that of H, L, and the integers d(v) are
[L: K] times as big.

1.13. The case of simply connected groups. In §1.7, we have seen that the Weyl
group W of @, is a normal subgroup of W = N(K)/Z(K). When G is semisimple
and simply connected, one has W = W. In this and in other instances, nonsimply
connected groups behave with respect to the “local theory” in a way similar to non-
connected groups with respect to the classical theory.

1.14. Example. General linear groups. Let D be a finite dimensional central divi-
sion algebra over K. The unique extension of the valuation @ to D will also be
denoted by w. Suppose that G = GL, p, the algebraic group defined by G(L) =
GL,(D ® L) for any K-algebra L, and take for S the “group of invertible diagonal
matrices with central entries”, that is, the split torus whose group of rational
points S(K) consists of all diagonal matrices Diag(s;, ---, s,) with s; € K*. The
homomorphisms e;: Mult — S defined by

ei(t) = Diag(l, BRE) 1, t—la 19 BRE) 1)1

with the coefficient z~1 in the ith place (i = 1, ---, n) form a basis of X 4 and hence of
V = X, ® R.If(a,),<;<, is the dual basis in the dual of V, the relative roots of G
are the characters a,; = a; — a; (i # j), the group U, (K) consists of the matrices

 ud) =1+ ((g) withg, =5i6/d (deD),
and N(K) is the group of all invertible monomial matrices
n(o;dy, -+ d,) = ((g:)) withgy; = 0/7 d,,

where ¢ is a permutation of {1, ---, n} and d;e D* (= D — {0}). For d € D*, one
has, with the notations of 1.4,

)] m(u;(d)) = w;(—dDu;(du;(—d™Y) = n(o; dy, -+, d,),
where ¢ is the transposition of iand j, d; = d,d; = —d 'and d, = 1 for k # i, j.
We may identify the apartment 4 with ¥ in such a way that
))(n(O'; dla Tty dn)) <Z V,'€,'> = Zv;'ei Wlth v;(t') =V + CU(d,)
=1 =1

ETFO avoid confusion, we adhere to the notations of [8, §10] which, unfortunately, impose
this somewhat unnatural choice of the basis (e;) (and, consequently, of (a;)). This remark also
applies to §§1.15 and 1.16.
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From (1) and the definition of a(a, ), it now follows that ala;;, u;/(d)) = a;; + w(d).
Thus

()] Qo = {a;; + 7|0, je{l, -, n}i#jrel}

and the filtration of U, (K) by the groups X, with v(a) = a;; (cf. §1.4) is the
image of the natural filtration of D by the isomorphism d — u;;(d). In particular,
for any a € @, the integer d(a) of §1.6 is equal to the dimension of the residual
algebra of D over K. The description of the walls and half-apartments is readily
deduced from (2). The chambers are prisms with simplicial bases, one of them, call
it C, being defined by the inequalities a; < a; < -+ < a, < q; + w(w;), where
m; denotes a uniformizing element of D. The corresponding basis consists of the
affine roots a;;4; (( = 1, ---, n —1) and a,; + w(x;), and we see that the local
Dynkin diagram is a cycle of length » (affine diagram of type A4,_;). The special
points are all the points of the one-dimensional facets of the chambers, that is, all
the points 3] v,e; where v; — v; is an integral multiple of w(z,) for all i; they are
hyperspecial if and only if D = K.

1.15. Example. Quasi-split special unitary groups in odd dimension. Let L be a
separable quadratic extension of K. The valuation of L extending w will also be
called w, and we denote by 7z, a uniformizing element of L, by I'; the value group
w(L*) = Z - w(x,) and by 7 the nontrivial K-automorphism of L. Let n be a strictly
positive integer and set I = {+1, ---, £n}. In L?+1 we consider the hermitian form

(1) h: ((x—m Tty xn), (y—m o 9yn)) Land ;Ix::y—i + xay()'

Suppose that G is the algebraic group SU(k) and let the torus S be defined by
S(K)={Diag (d_,, -, d,)|d; € K and d_,d;=dy=1 for all i}. The homomorphisms
e;: Mult » S (i = 1,---, n) defined by eft) = Diag(d_,,---, d,) with d_, = ¢,
d; =t1,d; =1forj # +i form a basis of X,. If we denote by (a,);<,=, the
dual basis and if we set a_; = —a; and a;; = a; + a;, we have ¢ = {a,;|i,j€el,
J# xi} U {a; 2a;1iel}. For ¢, de L such that c'c + d + d* =0 and i, jel
with j # +1i, we define the following elements of G(K):

u;(c) = 1+ ((g,)) withg_;; = ¢, g_; ; = —cand all other g,, = 0,

ufc,d) =1+ ((g,) withg_;o = —c*, g_;; = d, go; = ¢ and all other g,, = 0.

Then, U, (K) = {u;(c) | ce L}, U,(K) = {ufc,d) | c,de L, c'c + d + d* = 0}
and U, (K) = {u{0, d)|de L, d + d* = 0}. The group N(K) consists of all
matrices of determinant one of the form n(s; d_,, -+, d,) = ((g;})) with g;; =
0,9 d;, where ¢ is a permutation of I U {0} = {—n, ---, n} which fixes 0 and pre-
serves the partition of 7 in pairs (—i, i), and the d,’s are elements of L such that
di;d; = 1foralli.

For ¢ € L, one has, with the notations of 1.14,

m(uij(c)) = U (—cDu()u_;,_(—c?)

2
( ) = n(a; d—m Tty dn)

where ¢ is the permutation (i, —j) (j, —i),d_; = ¢\, d_; = — (), d; = —c, d;

= ¢® and all other d, are equal to 1. Similarly, for ¢, d as above with ¢ # 0 (and
hence d # 0),

(3) m(u,-(c, d)) = u—i(_Cd—I’ (dr)—l)u,_(c, d)u_,'(—C(df)—], (dr)—l)
= n(a; d—-m ) dn)
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where ¢ is the transposition (i, —i), d_; = (d*)7}, dy = — d*d~1, d; = d and all
other d, are equal to 1.

We may identify the apartment A4 with ¥ in such a way that, for v, ---, v,e R
and settingv_; = — v;, one has

@ V(o3 oy, 4) (35 vies) = 3 vier with vy = v, + w(d).
=1 =1

From (2), (3), (4) and the definition of a(a, u), it follows that

for ¢ # 0, a(a;j, u;(c)) = a;; + w(c),

for ¢, d as above and ¢ # 0, a(a;, 4; (c, d)) = a; + $ w(d),

for de L* with d + d* = 0, a(2a;, u,(0, d)) = 2a; + w(d).

Setting " = {w(d)lde L*, d + d* = 0}, we see that for ye ' (resp. yel")
a;; + 7 (resp. 2a; + 7) is an affine root for all i, j. Furthermore, the filtration of
U, (K) (resp. Uy, (K)) by the subgroups X, is the image of the natural filtration of
L (resp. its intersection with the subgroup {d|de L, d + d* = 0}) by the isomor-
phism ¢ — u(c) (resp. d — uf0, d)). In particular, the corresponding values of
the integer d(a) of §1.6 are d(2a; + 7) = 1 and d(a;; + 7) = 1 or 2 according as
L/K is ramified or not.

To determine under which condition a; + % 7 € @, we first note that, with the
notations of §1.4, X, .. »= {uc, d)lcc + d + d* =0, w(d) = 7}. By definition,
a; + 37e€®y if and only if X, ., » & X, 1101+ Uy, for every strictly positive e.
That means that there exists ¢ € L such that

®) 7 = sup {w(d) | ctc + d+ d* = O}.

More precisely, an easy computation shows that, with the notations of §1.6, the
group X,,‘.J,T,Z/Xz‘,‘.ﬂ is isomorphic to the residue field of L or is trivial according
as whether or not 7 is given by (5) for some c; thus, we see that, in the first case
(i.e., when a; + 4 7€ ®y), d(a; + 1) = 2 or 1 according as L/K is unramified or
ramified. If we set 6 = sup {w(d) |de L,d + d* + 1 = 0}, a real number which is
strictly negative if L/K is ramified and char K = 2, and = 0 otherwise, the right-
hand side of (5) can be written w(c’c) + 6 = 2w(c) + J, and we conclude that

D = {a;; + r|i,jeI,j¢ ti,rel} U {2a; + r|ieI,reI”}
Ufa; + 3r|iel, ye2l + d}.

Let us show that
(6) if L/K is ramified, 6 ¢ [".

Indeed, assume the contrary and let x, ye Lbesuchthatx +x* + 1 =y +y* =0
and w(x) = w(y) = ¢. Upon multiplying y by a suitable unit of K, we may assume
that xy~1 + 1 = 0(mod x;), but then (x + y) + (x + »)* + 1 = 0 and w(x + y)
> ¢, which contradicts the maximality of §.

In view of (6), one of the following holds:

@) L/K is unramified and /"= ', = [,
®) L/K is ramified, ' = 2/, and [ = 2", + § + o(xy).

In both cases, I U (277 + 0) = [I'y; therefore, the walls are the vanishing sets of
the affine functions a;; + 7 and 2a; + 7, with y € I, and the inequalities 0 < @, <



42 J. TITS

a; < -+ < a, < % w(m) define a chamber. The corresponding basis is {a;, a_;,
oy A_ppr 28, + (7))} if 0 is an even multiple of w(x;) and {a_, + } w(x)),
Q_pi1,m > A-1,2, 2a;} otherwise. It follows from (7), (8) that in the first case, 2a,
is an affine root if and only if L/K is unramified, and in the second case (where
L/K is necessarily ramified) 2a_, + w(x) is never an affine root. As a result, we see
that, whatever the value of §, the local Dynkin diagram, together with the attached
integers d(v) (cf. §1.8) are

(9) :X=¢r—4 ----- —y ix—l—l ifn=1
3 22 2 2 31

or

(10) ety It ifn =1
1 11 1 1 1 1 1

according as L/K is unramified or ramified.

A point v = 3%, ve; € A is special if and only if either v; e I} for all i or
v; — %o(m,) € I for all i. It is hyperspecial if and only if L/K is unramified and
v; € I for all i, which means that I, consists of the vertex at the right end of the
diagram (9).

1.16. Example. Quasi-split but nonsplit orthogonal groups. Let L be a separable
quadratic extension of K and let n be an integer = 2. In the space K» @ L @ K7,
viewed as a (2n + 2)-dimensional vector space over K, we consider the quadratic
form

q: (X_py s x,) > D X% + Np X (xo€ L; x; e K for i # 0)
=1

(where Np,g: L — K denotes the norm), and we suppose that G is the orthogonal
group O(q). The elements of G(R), for any K-algebra R, are conveniently repre-
sented by (2n + 1) x (2n + 1) matrices ((g;;))-n=:, j<»n Where g;;€ R if both i
and j are not zero, gy, € LR if j # 0, g,oe Homg(L, R)if i # 0, and gy €
Homg(L, L) ®k R. For S, we take the group of diagonal matrices Diag(d_,, -, d,)
withd_.d; =1 for 1 <i < n and dy = id. The characters a;: Diag(d_,, -, d,)
—d_;for1 i < nform abasis of X*(S) and if weseta_; = —a;, a;; = a; + a;
and I = {41, ---, +n}, we have

O = {a;|i, jel, j # +i} U {a;|iel},

a root system of type B,,.

Here, we shall simply describe the affine root system @, and the local Dynkin
diagram without giving the details of the calculations, which can be found, in a
more general setting (covering also the groups handled in the previous section) in
[8, 10.1]. Calling again /') the value group of L, one has, for a suitable identification
of Aand V,

¢af= {ag]+T|l7JEI’]¢ i_l:- TGP} U {at'_*_rliEI’TePl}‘

If the extension L/K is unramified, the inequalities 0 < q; < --- < @, <
w(w) — a,, define a chamber, the corresponding basis of @y is {a}, a_y 4, -,
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A_pitm G—nt1,—n + ()} and the local Dynkin diagram, together with the at-
tached integers d(v), is

1
Q)] e <¢.=-=. ifn=2>.
2 1 1 1 1N\ 1 2 1

The special vertices are the two endpoints on the ramified side of the diagram (the
two endpoints of the diagram if n = 2); both correspond to hyperspecial points of
A. If L/K is ramified, the inequalities 0 < a; < -+ < a, < }w(x) define a chamber,
the corresponding basis is

{al’ A_1,2 """ Oyl Q—n + %w(ﬂ)}

and the local Dynkin diagram is

11 1 1 171
The special vertices are the two endpoints of the diagram and they do not cor-
respond to hyperspecial points. Note that in the unramified case, the Weyl group

W is an affine reflection group of type B,, whereas in the ramified case, it is of type
C,.

2. The building.

2.1. Definitions. The building # = %(G, K) of G over K can be constructed by
“gluing together” the apartments of the various maximal K-split tori of G. More
precisely, a definition of 4 is provided by the following statement where by “G(K)-
set”, we mean a set with a left action of G(K) on it.

Let A = A(G, K) be given as in §1.2. Then, there exists one and, up to unique
isomorphism, only one G(K)-set & containing A and having the following properties:
B = \Jgecw) 84, the group N(K) stabilizes A and operates on it through v (cf. §1.2)
and for every affine root a, the group X, of §1.4 fixes the half-apartment A, =
a~1([0, o0 )) pointwise.

(N.B. The “canonicity” of the building 4 is the same as that of 4: cf. §1.2.)

The proof roughly goes as follows. We assume that G is semisimple (which is no
essential restriction). Modulo 1.4.1 and 1.4.2—as explained in §1.5—the existence
of # is proved in [8, 7.4]. It is then clear that there is a “universal” G(K)-set Z with
the given properties, which is obtained by taking the quotient of the direct product
G(K) x A by a certain equivalence relation. The canonical mapping of 4 in the
building .# defined in [8, 7.4.2] is obviously surjective, and it is also injective be-
cause, asisreadily verified, the stabilizer of a point of 4 contains the stabilizer of its
image in .#. Thus, .# maps onto any G(K)-set & with the required properties and,
using [8, 7.3.4], one shows that the stabilizers of the points of 4 cannot be bigger
in 4 than they are in # without “eating more of N(X)” than they are allowed to by
the prescribed action of N(K) on A4.

The sets g4 with g € G(K) are called the apartments of the building. The apart-
ment gA can be identified with “the” apartment of the maximal split torus &S.
That gives a one-to-one correspondence between the apartments of % and the
maximal K-split tori of G: indeed, g4 is the only apartment stable by ¢S(X) (the
proof of [8, 2.8.11] shows that) and ¢ N(K), which determines ¢S, is the stabilizer of
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gA in G(K). “In most cases™, g4 can also be characterized as the fixed-point set in
2 of the group of units ¢S° = {s € £S(K)|w(y(s)) = 0 for all characters y € X*(¢S)},
but that is not always true (for more precise statements, cf. §3.6).

In this context, it is worthwhile to note also that the half-apartment A4, (for
a € @) is never the fixed-point set of the group X : indeed, if 4 is metrized in the
way described below (§2.3), there is a constant ¢ such that for every point x € 4, at
distance d of the wall 94, the whole ball with center x and radius cd is pointwise
fixed by X, (cf. [8, 7.4.33]).

If S, is the maximal split torus of the center of G° and if Gy, ---, G,, are the almost
simple factors of G°, the building # is canonically isomorphic with the direct product
of the buildings #(S;, K) (which is an affine space) and 4(G;, K) (i = 1, ---, m). If
G is K-anisotropic (i.e., if S = {1}), 4 consists of a single point. If G = R, x H,
where L is a separable extension of K and H is a reductive group over L, the build-
ings #(G, K) and #(H, L) are canonically isomorphic.

2.2. Affine structures, facets, retractions, topology and other canonical structures
on 4. Since the stabilizer N(K) of A in G(K) preserves its affine structure and its
partition in facets, each apartment g4 of # (with g e G(K)) is endowed with a
natural structure of real affine space and a partition in facets. Those structures
agree on intersections. Indeed,

2.2.1. If A" and A" are two apartments, there is an element of G(K) which maps A’
onto A" and fixes the intersection A' (| A" pointwise; furthermore, A' (| A" is a
closed convex union of facets in A’ (hence also in A”) [8, 7.4.8].

From that, we deduce a partition of :# in facets, among which those which are
open in apartments are called chambers. In particular, if G° is quasi-simple (resp.
semisimple), Z is a simplicial (resp. polysimplicial) complex.

Given two facets of 4, there is an apartment containing them both [8, 7.4.18].
In particular, given two points x, y € 4, there is an apartment which contains them
and it follows from 2.2.1 that, for ¢t € [0, 1] = R, the point (1 —f)x + ¢y, which s
well defined in any such apartment, is independent of it. The set {(1 —#)x + 1y]
t € [0, 11} is called the geodesic segment joining x and y in 4.

Let A’ be an apartment and let C = A’ be a chamber. For every apartment con-
taining C, there is a unique isomorphism of affine spaces of that apartment onto A4’
which fixes C pointwise. In view of 2.2.1, all those isomorphisms can be glued
together in a mapping p,..c: B — A’ called the retraction of 44 onto A" with center
C. Clearly, geodesic segments are mapped by p,... onto broken lines (connected
unions of finitely many geodesic segments).

The building 2 is commonly endowed with a topology invariant by G(K) which
is most naturally defined via the metric considered below (2.3), but which can also
be more canonically defined as the weakest topology such that all p,.c are con-
tinuous. If the residue field K is finite, that topology makes 4 into a locally compact
space and coincides with the “CW-topology™ (that is, the quotient topology of
the natural topology of the disjoint union of all apartments). Otherwise, it is strictly
weaker than the latter. In all cases, the topological space 44 is contractible; indeed,
for every point x € &, the mappings ¢,: # — & defined by p(y) = tx + (1-1#)y
form a homotopy from the identity to the retraction of & onto {x} [8, 7.4.20].

A subset of 4 is called bounded if its image by some retraction p,..c is bounded,
in which case its image by every such retraction is bounded, as is easily seen. As
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usual, a subset H of G(K) is called bounded if for every K-regular function f on G,
the set w(f(H)) is bounded from below. The action of G(K) on & is bounded and
“proper” in the following sense: in the mapping (g, b)—(gb, b) of G(K) x % in
4 x B, bounded subsets of G(K) x #—i.e., subsets of products of bounded sets—
are mapped onto bounded sets, and the inverse images of bounded subsets of &
x & are bounded. If X is finite, “bounded” becomes synonymous with “relatively
compact”; in particular, the action of G(K) on & is proper in the usual sense.

2.3. Metric and simplicial decomposition. In various questions, buildings play
for p-adic reductive groups the same role as the symmetric spaces in the study of
noncompact real simple Lie groups (cf. [24, §5] and the references given there).
This section shows some aspects of the analogy; cf. also [18, 5.32]. Note that,
unlike those introduced in §2.2, the structures considered here are not canonical, at
least when G is not semisimple.

Let us choose in V a scalar product invariant under the Weyl group *W. If G is
quasi-simple, such a scalar product is unique up to a scalar factor, and there are
various ‘“natural’” ways of normalizing it (Killing form, prescription of the length
of short coroots, etc.). Canonical choices are also possible—componentwise—if G
is semisimple, but not in general. From the scalar product in question, one deduces
a Euclidean distance on 4, hence, through the action of G(K), on any apartment.
From 2.2.1, it follows that two points x, y of & have the same distance d(x, y) in
all apartments containing them, and the properties of the retractions p ... described
in §2.2 readily imply that the building & endowed with the distance function 4:
B x B — Ry is acomplete metric space [8, 2.5]. The associated topology coincides
with that defined in §2.2. Again using the retractions p4..c one shows [8, 3.2.1]
that d satisfies the following inequality, where x, y, z, me & and d(x, m) =
d(y,m) = }d(x,y):

d(x, 2)2 + d(y, 2)? Z 2d(m, 2)* + }d(x, y)*

In Riemannian geometry, that inequality characterizes the spaces with nega-
tive sectional curvatures (hence is valid in noncompact irreducible symmetric
spaces!); as in the Riemannian case, it can be used here to prove the following
fixed-point theorem:

2.3.1. A bounded group of isometries of & has a fixed point [8, 3.2.4]. Interesting
applications are provided by Galois groups (‘“‘Galois descent” of the building)
and by bounded subgroups of G(K) (cf. §3.2).

In some applications (cf., e.g., [2]), it is useful to dispose of a simplicial decom-
position of & invariant under G(K). To obtain it, it suffices to choose a simplicial
decomposition of 4 invariant under N(K) and finer than the partition in facets—it
is easily seen that such a decomposition always exists—and to carry it over to all
apartments by means of the G(K)-action. If G is semisimple, one can more directly
use the canonical barycentric subdivision of the partition of B in polysimplical
facets. If G is quasi-simple, that partition itself meets the requirements.

2.4. Dynkin diagram; special and hyperspecial points. Let C be a chamber of .
Starting from any apartment containing C, we can, following §1.8, define a local
Dynkin diagram (G, C) which, in view of 2.2.1, does not depend, up to unique
isomorphisms, on the choice of the apartment. If C’is another chamber, 1.8.1,
applied to any apartment containing C and C’, provides an isomorphism ¢¢.¢:



46 J. TITS

A(G,C) — 4A(G, C’) which, again by 2.2.1, is independent of the apartment in ques-
tion. All those isomorphisms are coherent: if C, C’, C" are three chambers, one
has gerc = @erer © Perc- Thus, we can talk about the local Dynkin diagram A(G) =
A(G, K) of G over K, adiagram which is well-defined up to unique isomorphisms.
The same is true of the absolute local Dynkin diagram (§1.11), which is nothing else
but the diagram 4(G, K)) of G over the unramified closure K of K, and of the local
index (§1.11).

The definitions of §§1.9 and 1.10 can be immediately transposed to arbitrary
points x and arbitrary facets F of the building #: one chooses an apartment con-
taining x or F, uses the definition under consideration and deduces from 2.2.1 that
the result is independent of the apartment chosen. Thus, to every point x (resp.
facet F) of 4 is canonically associated a set I, (resp. I) of vertices of 4(G) and a
root system @, (resp. @), the latter being only defined up to noncanonical iso-
morphisms. We can also talk about special and hyperspecial points of %. The
criterion in terms of I, for a point x to be special (last paragraph of §1.9) remains
of course valid. A necessary condition for the existence of hyperspecial points is
that G split over an unramified extension of K; that condition is also sufficient if G
is quasi-split.

To every vertex v of the diagram 4(G) is attached an integer d(v): the definition
given in §1.8 made reference to an apartment A but the result is independent of its
choice, always by 2.2.1. If the residue field K is finite, isomorphic with F,, the
number d(v) can be interpreted as follows: a facet F of codimension one and “type
v, that is, such that I is the complement of v in the set of all vertices of 4(G), is
contained in the closure of exactly g + 1 chambers (cf. §3.5).

2.5. Action of (Aut G)(K) on # and 4; conjugacy classes of special and hyper-
special points. The group (Aut G)(K) of all K-automorphisms of G and, in par-
ticular, the group G,4(K) of rational points of the adjoint group G4 of G°, act on
% and on the local Dynkin diagram 4 = 4(G) ‘“‘par transport de structure”.
Through the canonical homomorphism int: G - Aut G, that gives an action of
G(K) on & and on 4. The action of G(K) on & provided by the definition of 4 as a
G(K)-set coincides with this one if G is semisimple but not in general; however, the
induced actions on 4 are always the same. We call & = 5(G, K) the image of G(K)
in Aut 4.

If G is semisimple and simply connected, it operates trivially on 4, i.e., § = {1}
(another illustration of the “philosophy”’ of §1.13).

Suppose G connected. Then, Z'is also the image of Z(K) in Aut 4, and it can be
computed as follows. We denote by G a simply connected covering of the derived
group of G, by S the maximal split torus of G whose image in G is contained in S,
by Z the centralizer of S in G, by S, the maximal subtorus of S which is central in
G and by Z, the image of Z(K) in Z(K). Then, S(K), Z, and Z, = {z € Z(K)|
w(x(2)) = 0 for all y e X*(Z)} (cf. §1.2) are normal subgroups of Z(K) and their
product Si(K) - Z; - Z, is the kernel of the action of Z(K) on 4; thus 5 =
Z(K)/(S((K) - Z, - Z,). If Gis quasi-split—in particular if X is algebraically closed—
Z and Z are tori and the computation of 5 is particularly easy. Note that, in most
interesting cases, the subgroup £ of Aut 4is uniquely determined by the underlying
“abstract” group.

Two facets F and F’ of & are in the same orbit of G(K)—for any one of the two
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actions of G(K) on # described above—if and only if I and I, (cf. §2.4) are in the
same orbit of £. In particular, if G is semisimple and simply connected, the orbits of
G(K) in the set of special points of 9 are in canonical one-to-one correspondence with
the sets of vertices of A consisting of one special vertex out of each connected com-
ponent. :

Suppose G semisimple. If Gis K-split, the group G,4(K) permutes transitively
the special points of &#: that is an immediate consequence of Proposition 2 in
[5,VI.2.2]. A case analysis shows that, for any semisimple G, G,(K) permutes
transitively the special points except possibly if the Coxeter diagram underlying
A has a connected component of the form

Suppose now that G is quasi-simple and that the Coxeter diagram in question
is one of those above. Then, obvious necessary conditions for G,4(K) (and even
(Aut G)(K)) to permute transitively the special points are the existence of an auto-
morphism of 4 permuting its two special vertices, and the equality of the numbers
d(v) attached to them. One verifies that if the residue field K is finite, those conditions
are also sufficient.

For arbitrary G, if # has hyperspecial points, the facets consisting of such points—
hence the points themselves if G is semisimple—are permuted transitively by G,4(K).

2.6. Behaviour under field extensions.

The buildings behave functorially with respect to Galois extensions.

More precisely, for every Galois extension K; of K, we can consider the building
A(G, K;), on which the Galois group Gal(K;/K) acts naturally (in the nonsemi-
simple case, one has to ‘“‘canonify’’ the apartments—and hence %#—as described in
§1.2), and there is a unique system of injections

(x,x, B(G, Ky) = B(G, Ky) (K1,K; Galois extensions of K with K; = Kj)

with the following properties:

the image of ¢x,x, is pointwise fixed by Gal(Ky/K);

the restriction of ¢y, to any apartment of %4(G, K;) is an affine mapping into
an apartment of (G, K5);

¢k,x, 18 G(K;)-covariant;

if Ky « K; = K, one has has ¢k ¢, = ¢x.x, © (iox,

The last property allows us to identify coherently every #(G, K;) with its image
by every ¢x,x,-

2.6.1. If K,/K is unramified (or even tamely ramified: cf. [19]), & is the fixed point
set of Gal(K,/K) in B(G, K,) and the apartment A = A(G, S, K) is the intersection
of # with the apartment A(G, Sy, K) of any maximal Ki-split K-torus S of G contain-
ing S. Still assuming that K,/K is unramified, one deduces from 1.10.2 that a point
x of B which is special in (G, K) is also special in B ; if furthermore G is split over
K, the point x is hyperspecial.

If K/K is wildly ramified, the fixed point set of Gal(K;/K) in #(G, K;) may be
strictly bigger than 4: it then looks like the building # “covered with barbs”.
Suppose for example that G is split and is not a torus, that K = @, and that Kj is
totally ramified over K and different from K (which implies that K;/K is wildly
ramified). The apartment 4 = A(G, S, K) of 4 is also an apartment of %(G, K;).
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Let F be a facet of codimension one of A4 with respect to K; which is not a facet
with respect to K (cf. the example following 1.10.1). By the last assertions of §§1.8
and 2.4, there is exactly one chamber of #(G, K;) not contained in 4 and whose
closure contains F; it must of course be fixed by Gal(K;/K) and cannot be con-
tained in £ since F is not a facet of 4.

For a proof of the above results and a more detailed analysis of the situation,
cf. [19].

2.7. Example. Groups of relative rank 1. The building of a semisimple group of
relative rank 1 is a contractible simplicial complex of dimension 1, i.e., a tree. All
its vertices are special points. If K = F, and if d, d’ are the integers d(v) attached to
the two vertices of the Dynkin diagram, each edge of the tree has one vertex of
order ¢¢ + 1 and one vertex of order ¢4 + 1 (cf. §2.4). Consider for instance the
special orthogonal group of a nonsplit quadratic form in 5 variables over Q,: here,
d = 1, d’ = 2, and the building looks as suggested by the picture below. In that
case, the vertices of order 5 are hyperspecial and the others are not.

2.8. Example. SL; and GL3. Suppose that G = SLs. The building 4 = 4(G, K)
is a 2-dimensional simplicial complex whose maximal simplices are equilateral
triangles, for the metric introduced in §2.3. The apartments are Euclidean planes

triangulated in the familiar way:

To picture the building itself, one must imagine it “‘ramifying” along every edge,
each edge belonging to ¢ + 1 triangles if ¢ = card K. The link of each vertex in%
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is the “spherical building” of SLy(K), that is, the “flag complex” of a projective
plane over K, a picture of which can be found in [24] or [26] for the special case
where K = F,. All vertices of & are hyperspecial.

The building Z(GL;, K) is the direct product of % and an affine line.

2.9. Example. General linear groups. We adopt the hypotheses and the notations
of §1.14. In particular, D denotes a finite dimensional central division algebra over
Kand G = GL,,  (thus G(K) = GL,(D)). Then, the building # = %(G, K) can be
interpreted as the set 4" of all “additive norms” in D», that is, of all functions
¢: D" > R U {+ o0} such that

o(x + y) z inf{p(x), p(»)}  (x,ye D",
p(xd) = p(x) + w(d) (xe D», de D).

More precisely, if we identify the apartment A with ¥ as in §1.14, the mapping
A — A which maps 3%, v,e; onto the norm

(xla B xn) Land inf{w(xi) - V,-Ii = 13 Ty n}

extends—of course uniquely—to an isomorphism of G(K)-sets & — A~, where
G(K) operates on A4~ by (gp)(x) = ¢(g71x). A norm ¢ is special—i.e., corresponds
to a special point of B—if and only if there is a basis (b,),<;<, of the vector space
D and a real number f'such that

go(ii b,~d,~> =f+inf{o@)i =1, 1 (d eD);

¢ is hyperspecial if and only if it is special and D = K.

A similar interpretation of %(SL, p, K) can be found in [8, p. 238]. The space
A" has been first considered by O. Goldman and N. Iwahori [12].

2.10. Example. Special unitary groups. Let L, w, w;, I, = and ¢ have the same
meaning as in §1.15. In particular, L is a separable quadratic extension of K and
6 =sup{w(d)|deL, d + d° = 1}. Let E be a finite dimensional vector space
over L endowed with a nondegenerate hermitian form 4 relative to 7, and suppose
that G = SU(h). Then, the building # of G over K, which is also, by the way, the
building of U(%), can be interpreted as the set .47, of all additive norms ¢: E —
R U {+ oo} satisfying the inequalities

w(h(x, x)) = 2p(x)—0 (xeE),
w(h(x, ) Z p(x) + ¢(»)  (x,yeE),

and maximal with that property (cf. [8, p. 239] for a more general result).

Suppose further that £ = L2#+1 and that Ais asin 1.15(1). Then, the identification
of # and 4", can be described more explicitly as follows: with the notations of
§1.15, the mapping 4 — 47, which maps )%, v,e; onto the norm

(x—m B xn) nd inf{w(xi)_ Vis CU(x—,') + v, w(xo) —5” § i é n}

extends uniquely to an isomorphism of G(K)-sets & — A47,. A norm ¢ € A7, is spe-
cial—i.e., corresponds to a special point of #—if and only if there is a basis
(b,)<,=, of E with respect to which 4 has the form 1.15(1) and a constant fe 4/
such that, for x; € L,
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1) o3 b)) = inflan) —f; alx) +f, o) 3|15 15 n}

(one can then choose the basis (b;) so that f = 0 or }w(z;)). The norm ¢ is hyper-
special if L/K is unramified and if there is a basis (b,) of E such that (1) holds for

f=0.

3. Stabilizers and centralizers. From now on, G is assumed to be connected.

3.1. Notations; a BN-pair. For every algebraic extension K; of K with finite
ramification index and every subset Q2 of the building #(G, K;), we denote by
G(K;)? the group of all elements of G(K;) fixing 2 pointwise. If Q is reduced to a
point x, we also write G(K;)* for G(K)“. Note that if Fis a facet of #4(G, K;) and if
x is a point of F ““in general position”, one has G(K;)F = G(K;)*. The stabilizers
G(K)* of special (resp. hyperspecial) points x € & are called special (resp. hyper-
special) subgroups of G(K).

We recall that if G is semisimple and simply connected, the group W =
N(K)/Z(K) coincides with the Weyl group W of the affine root system @,;. As be-
fore, we set Z = %(G, K).

3.1.1. Suppose that W = W. Then G(K)F = G(K)* for every facet F of % and
every x € F. Furthermore, if C is a chamber of A = A(G, S), the pair (G(K)¢, N(K))
is a BN-pair (or Tits system: cf. [5], [23]) in G(K) with Weyl group W. In that case,
the groups G(K)* for x € 4 are called the parahoric subgroups of G(K) (cf. [8]),
but we shall avoid using that terminology here in order not to prejudge of its
most suitable extension to the nonsimply connected case. An alternative con-
struction of the building 4 starting from the above BN-pair (which can be defined
independently of the building, as we shall see) and using the parahoric subgroups
defined by means of that BN-pair is given in [8, §2].

Let 2 be a nonempty subset of the apartment 4 whose projection on the building
of the semisimple part of G (cf. last paragraph of 2.1) is bounded. For any root
a e, let a(a, 2) denote the smallest affine root whose vector part is ¢ and which is
positive on (. Let @’ be the set of all nondivisible roots—i.e., all roots a € @ such
that la ¢ @—and let @'t (resp. @) be the set of all nondivisible roots which
are positive (resp. negative) with respect to a basis of @, arbitrarily chosen. Set
N(K)? = N(K) | G(K)? and let Z, and X, be defined as in §§1.2 and 1.4. Then
one has the following group-theoretical description of G(K)? (cf. [8,6 .4.9, 6.4.48,
7.4.4)):

If X*(Q) denotes the group generated by all X, 5 with ac®'*, the product
mapping ] sepr+ Xaw@ oy = XHQ) is bijective for every ordering of the factors of
the product and one has G(K)? = X=(Q) - X*(Q) - N(K)?. If Q contains an open
subset of A, the product mapping [ ,cpr Xo(0 0y X Z. — G(K)? is bijective for every
ordering of the factors of the product.

3.2. Maximal bounded subgroup. For every nonempty subset Q of &4, G(K)? is a
bounded subgroup of G(K) (cf. §2.2). If the residue field K is finite, G(K)? is even
compact and, in what follows, “maximal bounded” can be replaced by ‘“‘maximal
compact”.

From 2.3.1, one easily deduces that:
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every bounded subgroup of G(K) is contained in a maximal one and every maximal
bounded subgroup is the stabilizer G(K)* of a point x of 8.

It is now clear that if x belongs to a facet of minimal dimension of #, G(K)* is a
maximal bounded subgroup of G(K), in particular, special subgroups are maximal
bounded subgroups. From 3.1.1, it follows that the above two statements give a
complete description of the maximal bounded subgroups in the simply connected
case:

if G is semisimple and simply connected, the maximal bounded subgroups of G(K) are
precisely the stabilizers of the vertices of the building #; they form []7—; (I; + 1) con-
Jjugacy classes, where I, ---, I, denote the relative ranks of the quasi-simple factors of G.

For an analysis of the nonsimply connected case, cf. [8, 3.3.5].

3.3. Various decompositions. Let C be a chamber of 4 = A(G, S). We identify 4
with the vector space ¥ in such a way that 0 becomes a special point contained in
the closure of C; in particular, G(K)O is a special subgroup of G(K). Set D = R¥ - C
(a “vector chamber”) and B = G(K)°; if K is finite or, more generally, if G is re-
sidually quasi-split, and if G is simply connected, B is an Iwahori subgroup of G(K)
(cf. §3.7). Let U™ be the group generated by all U, for which a|.—and hence a|p,—
is positive and let Y be the “intersection of ¥ and W, that is, the group of all
translations of 4 contained in W; thus, Y is the image of Z(K) by the homomor-
phism v of §1.2. Set Y, = Y (| D (closure of D) and Z(K), = y~1(Y,), a subsemi-
group of Z(K).

3.3.1. Bruhat decomposition. One has G(K) = BN(K)B and the mapping BnB —
v(n) (n € N(K)) is a bijection of the set {BgB | g € G(K)} onto W.

If n e N(K) and y(n) = w, we also write BnB = BwB, as usual. If K = F,, the
cardinality ¢,, of BwB/B (used for instance in [1]) is given by the following formula
in terms of the integers d(v) of §1.8: set w = r;---r,wy, where (rq, ---, ) is a reduced
word in the Coxeter group W and wy(C) = C, and let v; be the vertex of 4 repre-
senting r;; then g,, = g4 with d = X}/, d(v;). In particular, we have another inter-
pretation of d(v): ¢g?® = q, ., where r(v) denotes the fundamental reflection cor-
responding to the vertex v of 4.

More generally, for any K, the quotient BwB/B has a natural structure of “per-
fect variety” over K, in the sense of Serre [Publ. Math. L. H.E.S. 7 (1960), 1.4], and,
as such, it is isomorphic to a K-vector space of dimension X%_; d(v,), with the above
notations.

3.3.2. Iwasawa decomposition. One has G(K) = G(K)°Z(K)U*(K) and the map-
ping G(K)zU*(K) ~ »(z) (z € Z(K)) is a bijection of {G(K)’gUH(K)| g € G(K)}
onto Y.

3.3.3. Cartan decomposition. One has G(K) = G(K)°Z(K)G(K)° and the map-
ping G(K)*2G(K)° — v(z) (z € Z(K)4) is a bijection of {G(K)’%¢G(K)|g € G(K)}
onto Y.

In particular, we see that if X is finite, the convolution algebra of all functions
G(K) — C with compact support which are bi-invariant under G(K)? (Hecke al-
gebra) has a canonical basis indexed by Y .. That algebra is commutative.

For the proofs and some generalizations of the above results, cf. [8, §4].

3.4. Some group schemes. The results of this section and the next are special
cases of results which will be established in [9].
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It is well known that the maximal bounded subgroups of SL,(K) are the group
SL,(o) and its conjugates under GL,(K). It is natural to ask whether, more gener-
ally, the maximal bounded subgroups of G(K) can always be interpreted as the
groups of units of some naturally defined o-structures on G. A positive answer is
provided by the statement 3.4.1 below. In this section, we denote by G the derived
group of G and by pr,, the canonical projection %4(G, K;) —» %A(G, K;) (cf. the
last paragraph of 2.1) for any K.

3.4.1. If Q is a nonempty subset of an apartment of B whose projection pry(Q) is
bounded, there is a smooth affine group scheme %, over o, unique up to unique isomor-
phism, with the following properties:

the generic fiber G g of 9 is G;

for every unramified Galois extension K, of K with ring of integers oy, the group
Zo(og,) is equal to G(K1)? (cf. 3.1), where Q is identified with its canonical image in
the building (G, K,) (cf. 2.6).

Clearly, ¢, depends only on the closed convex hull of pr(Q).

The following two statements are easy consequences of the definitions.

3.4.2. If G is split, the group schemes %, associated to the special points x of #
are the Chevalley group schemes with generic fiber G.

3.4.3. Let K, be an unramified Galois extension of K with ring of integers vy,, let
Q < % be as above and let Q, be the canonical image of Qin #, = %(G, K,) (2.6).
Then %, is the group scheme over vk, deduced from &g, by change of base. Con-
versely, let @ be a smooth group scheme over o with generic fiber G and suppose that,
by change of base from v to vk, ¥ becomes a group scheme %, with (), < %,
as in 3.4.1; then pr(Q,) is stable by Gal(K,/K), and if it is pointwise fixed by
Gal(K;/K), hence can be identified with a subset of %B(G, K) (cf. 2.6.1) whose
inverse image by pr,, in B we denote by (Q, one has ¢ = %,,.

If Q' is any nonempty subset of the closure of Q, the inclusion homomorphisms
G(K))? - G(K;))?, for K, as in 3.4.1, define a morphism of group schemes ¢, —
%, which we denote by p,.,. We represent by G, and poo the algebraic group
defined over K and the K-homomorphism obtained from %, and p,., by reduction
mod p.

3.4.4. The reduction homomorphism %y(0) = G(K)° — G,(K) is surjective.

3.5. Reduction mod p. Let Q be as in 3.4. Our next purpose is to investigate the
group G,. We assume, without loss of generality, that O < A(G, S). Then, the well-
defined split torus scheme whose generic fiber is S is a closed subscheme of %,
and its reduction mod p, called S, is a maximal K-split torus of G,. The character
group of S is canonically isomorphic with the character group X* of S and will be
identified with it; similarly, we identify the cocharacter group of S with X,. The
neutral component G° of G possesses a unique Levi subgroup containing S, which
we denote by G¢; it is defined over K. We suppose {2 convex.

Let F be a facet meeting 2 and of maximal dimension with that property. Since
F satisfies all the conditions imposed on ©, the reductive group G is defined and it
also contains S. One shows that the identity map of S onto itself extends uniquely to
an isomorphism G§d — G'&d; if F < (), that is nothing else but the restriction of
por to G4, In the sequel, we shall be mainly concerned with the group G

The notion of coroot associated with a root a is usually defined for split groups
(cf. [11, XX, 2.8], [20, §1]). In view of the next statement, we extend it as follows to
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arbitrary reductive groups: if 2a is not a root, we simply take the coroot associated
with a in the split subgroup of maximal rank defined in [3, §7]; if 2a is a root, we
define the coroot associated with a as being twice the coroot associated with 2a
(X, being written additively).

3.5.1. The root system of G4 with respect to S is the system ®r (cf. 1.9); in partic-
ular, its Dynkin diagram is obtained from the local Dynkin diagram A(G, K) by
deleting the vertices belonging to I (cf. 1.9) and all edges containing such vertices.
The coroot associated with a root a € O is the same for G4 as for G. If U, denotes the
unipotent subgroup of G'gd corresponding to a, the group U,(K) is nothing else but the
group X, of §1.4, where « is the affine root vanishing on F and whose vector part is a.

Applying that to the unramified closure of K, one gets the following immediate
consequence.

3.5.2. The index of G%&d over K, in the sense of [3] and [22], is obtained from the
local index of G by deleting from 4, all vertices belonging to the orbits O(v) with
v € I (the notations are those of §1.11) and all edges containing such vertices. In
particular, if G is residually quasi-split (resp. residually split), G is quasi-split
(resp. split). When F is a chamber, then G is residually quasi-split (resp. residually
split) if and only if G&4 is a torus (resp. a split torus).

If G is simply connected, the group G, is connected. In general, the group of com-
ponents of G, is easily computed when one knows the group 5, = 5(G, K;) (cf.
§2.5), where K; is the maximal unramified extension of K. Here, we shall give the
result only in the case of a facet.

3.5.3. The group of components of Gy is canonically isomorphic with the intersec-
tion of the stabilizers of the orbits O(v) with v € I in the group 5,. A component is
defined over K if and only if the corresponding element of 5, is centralized by
Gal(K,/K). If K is finite, every component of Gr which is defined over K has a K-
rational point (by Lang’s theorem).

The groups G give an insight into the geometry of the building through the
following statement:

3.5.4. The link of F in B is canonically isomorphic with the spherical building of
Gd over K, i.e. the “building of K-parabolic subgroups” of G54 (cf. [23, 5.2)).

The groups G%d also provide an alternative definition of the integers d(v) of
§1.8. Suppose F is of codimension one and let v be the complement of I in the
set of all vertices of 4. Then, G*« has semisimple K-rank 1 and d(v) is the dimension
of its maximal unipotent subgroups, or, equivalently, the dimension of the variety
G%/Pr, where Py is a minimal K-parabolic subgroup of G, the neutral component of
Gr. This, together with 3.5.4, implies the interpretation of d(v) given in 2.4. If G
is residually split, G3/P is a projective line, hence d(v) = 1; in particular, we re-
cover the last statement of §1.8.

While 3.5.2 gives an easy algorithm to determine the type of G4, 3.5.1, applied
to the unramified closure of K, actually provides the absolute isomorphism class of
that group. Here is an immediate application of that. Suppose that G is quasi-
simple, simply connected and residually split and that F is a special point. Then,
G%d is a simply connected quasi-simple group except if the local Dynkin diagram
is the following one:

) I =
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and if I is the vertex marked with a . Indeed, it is readily verified that in all other
cases, ¢ contains all nonmultipliable relative roots of G, and the assertion follows
from [4, 2.23 and 4.3]. In the exceptional case above, G is a special orthogonal
group, hence not simply connected. Using the fact that in a simply connected group
the derived group of the centralizer of a torus is also simply connected, one easily
deduces from the preceding result the following more general one. Let us say that
a special vertex of the absolute local Dynkin diagram 4, is good if it is not the vertex
* of a connected component of type (1) of that diagram. Then if G is semisimple and
simply connected and if | ),;,0(v) contains a good special vertex out of each
connected component of 4,, the derived group of G4 is simply connected.

3.6. Fixed points of groups of units of tori. Let M be a subgroup of the group of
units S, = {s € S(K) | w(y(s)) = 0forall y € X*} of S. We wish to find under which
condition the apartment A = A(G, S) is the full fixed point set Z¥ of M in 4.
From the properties of the building recalled in §2.2, one deduces that 4 = #M
if and only if, for every facet F of 4 of codimension one, the only chambers con-
taining F in their closure and fixed by M are the two chambers of 4 with those pro-
perties. By 3.5.4, that means that the image M of M in S(K) has only two fixed
points in the spherical building of G over K. If a is any one of the two nondivi-
sible roots in @, that condition amounts to a(M) # {1}. Thus, we conclude
that:

3.6.1. A necessary and sufficient condition for A to be the full fixed point set of M
inBisthat a(M) ¢ 1+p forevery relative root a € 9.

In particular,

if K has at least four elements (resp. if K = F,) A is always (resp. never) the full
fixed point set of S, in B.

The preceding discussion also gives information on the fixed point set of the
group of units S;, of a nonsplit torus S; which becomes maximal split over an
unramified Galois extension K; of K: one applies 3.6.1 to the action of S;, on
% (G, K7) and one goes down to & by Galois descent, using 2.6.1. In that way, one
gets the following result for instance:

If Sy is an anisotropic torus which becomes maximal split over an unramified Galois
extension of K, then S\(K) has a unigue fixed point in the building 2.

By contrast, it is easily shown that if S; is a maximal torus of G = SL, whose
splitting field is ramified, then S;(K) necessarily fixes a chamber of % and possibily
more than one?; for a similar torus S} in PGL,, S;(K) may have a single fixed point
in 4 and may have more than one.

3.7. Iwahori subgroups; volume of maximal compact subgroups. In this section, we
suppose G residually quasi-split; remember that that is no assumption if the
residue field K is finite (1.10.3).

To every chamber C of the building 4, we associate as follows a subgroup Iw(C)
of G(K), called the Iwahori subgroup corresponding to C: if G& denotes the neutral
component of the algebraic group G, (cf. 3.4), Iw(C) is the inverse image in
%-(0) = G(K)C of the group G&(K) under the reduction homomorphism (o) —
G(K). Clearly, all Iwahori subgroups of G(K) are conjugate. From 3.5.2, it follows
that G is a solvable group, hence is the semidirect product of a torus 7 by a uni-

* This answers a question of G. Lusztig.
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potent group U. By general results on smooth group schemes, it follows that Iw(C)
is the semidirect product of 7(K) by a pronilpotent group Iw,(C) ; if K has finite
characteristic p, Iw,(C) is a pro-p-group, and if X is finite, 7(K) is of course a finite
group, of order prime to p.

If x is a point of the closure of C, the image of G by the homomorphism Pxc:
Gc — G, is a Borel subgroup B of G,, and the kernel of g, is a connected uni-
potent group. It follows that p,c maps G¢(K) onto B(K) and consequently, by
3.4.4, that Iw(C) is the inverse image of B(K) in G(K)* = %,(0) under the reduc-
tion homomorphism. Thus, the Iwahori subgroups of G(K) can also be defined as
the inverse images in the stabilizers G(K)*, for x € 4, of the K-Borel subgroups of
the reductions G,.

Now, suppose that K is finite. Then, G(K) is a unimodular locally compact group
of which the Iwahori subgroups are compact open subgroups. Therefore, there is
a unique Haar measure y for which the Iwahori subgroups have volume 1. From
the above, it follows that, for any x € 4, the volume of G(K)* with respect to 4 is
the index [G(K): B(K)] where B is any K-Borel subgroup of G,. If x is “in general
position” in the facet F of # containing it, one has G, = G and the assertions
3.5.2 and 3.5.3 provide an effective way of computing that volume knowing the
local index of G (together with the correspondence v — O(v) of 1.11), the set I,
of vertices of 4 and the group &) = 5(G, K;) (cf. 2.5), where K] is the unramified
closure of K.

3.8. Hyperspecial points and subgroups. From 3.5.1 and 3.5.3, one easily deduces
the following characterization of the hyperspecial points of % defined in §1.10:

3.8.1. 4 point x of & is hyperspecial if and only if the neutral component of the
group G is reductive, in which case G, itself is connected and hence reductive.

One can also show that the schemes &, corresponding to the hyperspecial points
x are the only smooth group schemes over o with generic fiber G and reductive
reduction. Thus, the hyperspecial subgroups of G(K) can be characterized as the
groups of units of such group schemes.

3.8.2. Suppose that K is finite and that G(K) possesses hyperspecial subgroups (a
condition satisfied, for instance, if G is quasi-split and has an unramified splitting
Jield: cf. 1.10); then, the hyperspecial subgroups of G(K) are among all compact
subgroups of G(K), those whose volume is maximum.

The proof, using §§3.5 and 3.7, is not difficult.

3.9. The global case. Let L be a global field. For every finite extension L’ of L and
every place v of L', we denote by o, (resp. v,) the ring of integers of L’ (resp. of the
completion L;). Let H be a reductive linear group defined over L. We suppose H
embedded in the general linear group GL, and, for every L’ and v as above, we set
H(v,) = H(L;) N GL,(0,). Another way of viewing that group consists in con-
sidering the v, -group scheme structure #,, “on H” defined by the standard lattice
0} in L”—in more precise terms, #,, is the schematic closure of H in the standard
general linear group scheme ¥.%, , —; then H(o,) = #,,(v,). For any ring R con-
taining v, we denote by # g the group scheme over R deduced from s, by change
of base.

3.9.1. At almost all finite places v of L, 5, is the group scheme 3, associated with
a hyperspecial point x of the building %(H, L,); hence H(v,) is a hyperspecial sub-
group of H(L,).
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Indeed, let L’ be a Galois extension of L over which the group H splits, and let
#,,- be a Chevalley group scheme over v, with generic fiber #;,. Since the group
schemes #,,. and J#,,. have the same generic fiber, they “coincide™ at almost all
places of L’. Since almost all places of L’ are unramified over their restrictions to
L, the assertion now follows from 3.4.2, 3.4.3 and 2.6.1.

3.10. Example. General linear groups. Suppose that G = GL,. The Iwahori sub-
groups of GL (K) are the subgroups conjugated to

B = {((g,)|g: € v*, gijevfori < jand g; ep fori = j}.

Let (b;);<;<, be the canonical basis of K7. For 1 < r < n, let /, be the lattice in
K7 generated by {b;/z|i < r} U {b;i > r} and let P, be the stabilizer of A, in
GL,(K). Thus, P, is the group of all matrices whose determinant is a unit and
which have the following form

ron—r

r < N >

n—r\go| o /
where the notation means that the upper left corner is an r x r matrix with coef-
ficients in o, the upper right corner an r x (n — r) matrix with coefficients in
7~ 1o, etc. The group B is the centralizer in GL,(K) of the chamber C described in
§1.14. The subgroups P, are special and every special subgroup is conjugate to
any one of them. The P,’s are the stabilizers of the points of % contained in a

one-dimensional facet of C; with the notations of §2.9, the points fixed by P,
correspond to the norms of the form

(x1, -+, x,) = inf({w(x) + o(r) — c|i < r} U {o(x) —c|i > r})

for some constant ¢ € R. If v is any such point, the scheme %, is the Chevalley
scheme ““on”” GL, defined by the lattice /,. One can describe the scheme %, whose
group of units is B, by embedding GL, in GL,. by means of the sum of »n times the
standard representation, and considering in K the lattice 4; @ --- ®A,,.

Note that B is the stabilizer of any point of C. The corresponding statement for
G = PGL, is not true. For instance, the image in PGL,(K) of the group generated
by B and by the linear transformation

Q) by by o by bim!

is the stabilizer of the “center of gravity” y of the chamber of 2 (PGL,,K) project-
ing C. That group is also a maximal bounded subgroup of PGL,(K). The scheme
@, can be described by means of a lattice in the Lie algebra of G = PGL, on which
G acts by the adjoint representation. If F denotes the cyclic group of order »
generated by the reduction mod p of the image of (1) in PGL,, the group G, is the
semidirect product of F by a connected group; in particular, its group of com-
ponents is cyclic of order #.

3.11. Example. Quasi-split special unitary group in odd dimension. We take over all
hypotheses and notations from 1.15 and denote by v, the ring of integers of L.
Let A€ L be such that A + A* + 1 = 0 and that (1) = J (we recall that § is de-
fined as sup{w(d) |de L, d + d* + 1 = 0}). We suppose the uniformizing element
7y chosen in such a way that (Az;) + (Az;)* = 0: if L/K is unramified the pos-
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sibility of such a choice is obvious and if L/K is ramified it follows from 1.15(6).
Let (b,)_,<;<. be the canonical basis of L2l For 0 £ r < n, we consider the-
basis (b{”)_, <, <, defined by b{” = b,/x, fori < —r, b =b; for —r <i <0
and b{" = Ab;fori > 0, and we denote by A, the o, -lattice generated by that basis.
Note that if 6§ = w(A) = 0, which is always the case except if L/K is ramified and
char K =2, A, is also generated by the basis {b,/z; |i < —r} U {b;li = —r}.
The stabilizer P, of A, in G(K) is also the stabilizer of the point v, of V=4 c &
(with the conventions of 1.15) determined by
a,(v,)=%5 1fz§r,
=10 + o(xy)) ifi>r

The points v, are the vertices of the chamber defined by the inequalities 16 < a; <

- < a, < 10 + Lw(w;); they correspond, by v — I, to the vertices of the dia-
grams (9) and (10) of 1.15 in the natural order, from left to right. The scheme %,
is the p;-structure on G defined by the lattice A,.

We shall now briefly investigate the algebraic group G, obtained from G,, by
reduction mod p. We choose r once and for all and use primed letters to designate
the coordinates with respect to the basis (b/?). With those coordinates, the her-
mitian form A is given by

h((x), () = x5V + Z{ (Axyl; + x5 y)

A & P
+ — Z (xiry—i - x—ti yl)

Ty i=r+l
We set £ = A,/zA,. That is a 2(2n + 1)-dimensional vector space over K and one
shows that the natural morphism G, —» GL(E) is a monomorphism; in other words
G,, can be viewed as a subgroup of GL(E). From this point on, we must treat
separately the unramified and the ramified case.

First case. L/K is unramified. Then, E is also a vector space over the residue field

L of L. By reduction mod 7;, the antihermitian form 7z,4/A° becomes the antiher-
mitian form A;: ((%}), (7)) = Xk, (X0, — %, 7)) in E, with obvious nota-
tion. Let E, be the kernel of that form, defined by the equations x; = 0 for |i| > r,
and let A, o be the inverse image of Ej in A,. We now consider the restriction of 4
to A,y x A, owhich, by reduction mod p, becomes the hermitian form

_ r
hZ: ((xi)—réiér’ (yi)—r-i-iér) = XOT.)—)O + —Zl (lr xi}—)—i + /1)?-,‘)7{)

in Ey. Finally, G, can be described as the stabilizer of the pair (%, %) in the group
Rz (SLZ(E)), that is, the special linear group of the L-vector space E “considered
as an algebraic group over K by restriction of scalars. Let E; be the subspace of
E defined by the equations x; = 0 for —r < i < r, and let , denote the restriction
of the antihermitian form 4, to E; x E;. Then, G, clearly contains the group
SU(hy) x SU(hy), which is nothing else but its Levi subgroup Gz (cf. 3.5). Observe
that, in conformity with 3.5.1, the diagram obtained from the diagram (9) of 1.15
by deleting its (+ + 1)st vertex and the adjoining edges is a diagram of type BC, x
C,_,, which is indeed the type of the relative root system of SU(k;) x SU(hy).
Second case. L/K is ramified. Then, the scalar multiplication by 7, in 4,, reduced
mod 7, provides an endomorphism y: E — E, obviously centralized by G,,, and
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whose kernel is equal to its image v(E). The quotient £ = E/u(E) is canonically
isomorphic with the quotient A,/z;4, and will be identified with it. From the fact
that v is centralized by G, , it follows that the projection £ — E induces a homo-
morphism of K-algebraic groups G, — GL(E) whose kernel is unipotent. Here, we
shall only describe the image G, of that homomorphism, leaving as an exercise the
determination of the full structure of G,,r.

By reduction mod z;, the antihermitian form z;4/A* becomes the alternating
form hy: (%), (7)) = Xty (% 7.; — %, 7)) in E. Let E, be the kernel of that
form, defined by the equations x; = O for |i|] > r, and let A, o be the inverse image
of Ey in /A,. We now consider the function g: A, o — K defined by g(x) = A(x, x).
By reduction, it becomes the quadratic form g: E; — K given by

r
q((x;')-réiér) = x(l)z - Z )—Cl—zx;

Finally, the group G, _is the group of all elements of SL(E) stabilizing hy and induc-
ing on E; an element of the (reduced) group SO(g). Let E; be the subspace of E
defined by the equations x; = 0 for —r < i < r and let &, denote the restriction of
hy to E, x E;. Then Sp(h;) x SO(g) is a Levi subgroup of G,, , which is the iso-
morphic image in that group of the Levi subgroup Gied of G, . Asin the unramified
case, we can test the statement 3.5.1, this time by using the diagram (10) of 1.15
which provides, for Gi¢4, a root system of type B, x C,_,.

Note that, also in the unramified case, we could have, instead of the restriction of
h to A, x A, considered its “contraction” ¢q: A, — K defined by g(x) =
h(x, x), thus making the treatment of the two cases still more similar. On the other
hand, we have introduced A in order to reduce the case distinction to a minimum;
in the unramified case, as well as if char K # 2, we could have replaced 1 by 1 every-
where, thus simplifying the equations somewhat.

3.12. Example. Quasi-split but nonsplit special orthogonal group. Now, we take
over the hypotheses and notations of §1.16 except that we take for G the special
orthogonal group SO(g). We shall not, as in §3.11, treat that example in any
systematic way. Our only aim here isto give anexample of a vertex v of the building
such that G, is not connected. We suppose that L/K is unramified. Let /A be the
lattice 0” @ wo, @ 0” in K» @ L @ K~ where o, is the ring of integers of L. The
stabilizer P of A in G(K) is also the stabilizer of the point v € ¥ = A defined by
a(v») = tw(z) for 1 £ i £ n, which is a vertex of the chamber described in §1.16.
In the diagram (1) of §1.16, I, is the vertex at the extreme left. As in §3.11, one
can describe G, as a subgroup of GL(E), where E is the K-vector space A/zA. By
reduction, the form g, restricted to A, becomes the quadratic form 7 : (X;)_,</<, —
%, %_;% in E, with obvious notations (%, belongs to the residue field of L if
i = 0 and to K otherwise). Let £, be the two-dimensional kernel of g defined by
the equations x; = 0 for i # 0, and let  be the quadratic form in E = E/EO image
of g. Clearly, G, preserves the form g. Therefore, the projection E — E induces a
K-homomorphism G, — O(§). One verifies that that homomorphism is surjective
(in particular, G, is not connected) and that it maps G isomorphically onto
SO(9). If ¢ denotes the nontrivial K-automorphism of L, the linear transformation
(X)) —nzizn &> (Xpy X_yi1s ***» X1, X§, X1, ***» Xn—1» X_,), Which belongs to P, provides
by reduction an element of G,(K) which is mapped into O(3) but not into SO(g).
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4. Classification.

4.1. Introduction. To finish with, we give the classification of simple groups
in the case where the residue field X is finite, which will be assumed from now on.
We recall that, in the characteristic zero case, that classification has been given first
by M. Kneser [16]. The tables 4.2 and 4.3, together with the comments in §4.5,
provide a list of all central isogeny classes of absolutely quasi-simple groups over
K. For each type of group, they give the following information, where K; denotes
the unramified closure of K:

a name of the shape ¢X where the symbol X represents the absolute local Dynkin
diagram 4; (1.11) with the notations of [8, 1.4.6]—except that our C-BC cor-
responds to the C-BCM of [8]—and where a is the order of the automorphism
group of 4, induced by Gal(K,/K); for residually split groups, @ = 1 and the
superscript a is omitted from the notation; note that the index on the right of X is
the relative rank over K, hence equal to the number of vertices of 4; minus one;
primes, double primes, etc. are used to distinguish types of groups which would
otherwise have the same name;

the symbol representing the affine root system (or échelonnage) in the notations
of [8]; in the residually split case, that symbol coincides with the name of the type
and is not given separately; note that the right part of the symbol gives the type of
the relative root system ® and, in particular, that the index on the right of it is the
relative rank over K, hence equal to the number of vertices of the relative local
Dynkin diagram 4 minus one;

the local index (§1.11), the relative local Dynkin diagram 4 (§1.8) and the
integers d(v) attached to its vertices (§1.8); the action of Gal(K;/K) on 4,—
through a cyclic group of order a (see above)—is essentially characterized by its
orbits in the set of vertices of 4;, orbits which are exhibited as follows: the elements
of the orbit O(v) corresponding to a vertex v of 4 (1.11) are placed close together on
the same vertical line as v (in the few cases, such as 2D,, 2Dj , etc., where two
vertices of 4 are on the same vertical, the correspondence v — O(v) should be clear
from the way the diagrams are drawn); since K is finite G is residually quasi-split
(1.10.3), hence all vertices of 4, are distinguished except for the unique anisotropic
type 44,_; (§1.11), and there is no need for a special notation like the circling of
orbits, as in [22]; hyperspecial vertices (§1.10) are marked with an As and the other
special vertices (§1.9) with an s;

the index of the form, in the “usual’ sense of [3] and [22]; for simplicity, we do
not represent that index by a picture but rather by the corresponding symbol in the
notation of [22]; we recall that that symbol carries, among other, the following in-
formation: the absolute type of the group, the absolute rank, the relative rank
(already provided by the symbol representing @) and the order of the auto-
morphism group of the ordinary Dynkin diagram induced by the Galois group of
the separable closure of K.

In the case of the inner forms of 4, the diagrams are, for technical reasons, re-
placed by explanations in words.
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4.2. Residually split groups.

Name Local Dynkin diagram Index [22]
A,(nz=2) A cycle of length n + 1 all vertices of which 1485,
are hyperspecial
|mm—]
A, hs ks 141
hs
B" (n g 3) =—---- F—< Bn.n
hs
s
B-C,(nz3) =t—---- ZAévlz)—l,n
s
C.,(nz2) I w— cy,
hs hs
C-B,(nz2) ;=1=t~—| ----- r——t::::sl 2DV, ,
C-BC,(n22) S — 2450,
s s
C-BC, L 2441
s s
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Name Local Dynkin diagram Index [22]
hs hs
....... _< DY)
(n = 4) hs hs
hs
Eg hs 1EQ 6
hs
£ —t——t I t g Ef ;
hs hs
Es ————t————t I + EQs
hs
——t—t—
Fiy hs Fi.
— =t
Fi 5 22,
Gz hs G2
G} — 3D4,5 01 8Dy 5
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4.3. Nonresidually split groups.

Affine root
system Local index and relative
Name (notations of local Dynkin diagram. Index [22]
8, 1.4.6])
The absolute local Dynkin diagram 4, is a cycle
of length md on which Gal(K,/K) acts through a
L B Ay cyclic group of order d generated by a rotation | 1 A'(;j)_l I
of the cycle. The relative diagram is a cycle of '
(m =3, length m all vertices of which are special but not
dz 2) hyperspecial and carry the number d.
4, is as above, with m = 2
Az A Ais d d 145D
(d g 2) S N
4, is as above, with m = 1, or, if d = 2, consists
A4 %] of a fat segment whose vertices are permuted by 1A§'1)1,0
Gal(K,/K)and 4 = @
@dz2
Z"4érn—l Cm c ----- :> ZAZ(rln)—l, m
(m=z2) 2 2 2
hs C s
“on C-BCh - R 2AS0 1 ms
(m 2 3) X Fe—p———t------ _.___’=>='2 3 3x
N
24! C-BCY 3 3 248
X j——— X
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Affine root
system Local index and relative
Name f;olti:.lg]!;s of local Dynkin diagram. Index [22]
vy | ooy |G A
mz=2 2
=2 ECEE NI
: s
24, C-BC]Y 3 AL
X ——
s hs

B, C-B, >o—| ----- —t== B,,n1

(nz3) 2

;=-(=0—| ----- »——0=)=s1

2B-C, C-BCH, -=- - 2AL) 1
(n=3) 2z —jm e =} S
N s
e e ey

2Com—1 ¢BCY, |G - Ci2 1, m
(m=3) ] N 3 . 2 2 _ % 2 42
s s

2Cq C-BC}V : c®

3,1
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Affine root
system Local index and relative
Name |(notations of local Dynkin diagram. Index [22)
[8, 1.4.6))
ZCZm Cm '<j J"--_--P < CZ(rzrz, m
2
(mz2) S S R T
) s
ZCZ Al 2 C2(,2)1
Pm—
5 s
C = 22
2C-B,,,_ C-BC},_ > DD
C-Ban-y 13 2 2 2 2 2
(m _2— 3) X ‘s":ﬁ—‘ """ 4—ﬁ=s1
2C-B, C-BC! C:: 2D
oy
s s
2C-B,), c-pem | =< T DRy
(mz2) - 22 1.2
) s
2C-B, C-BCH 2 2D

1]
ta
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Affine root
system . .
: Local index and relative
Name (notations of local Dynkin diagram. Index [22]
[8, 1.4.6))
2p, B, e < 2D,
(n=4) 2 hs
- —K
hs
2D, C-B, , >¢———|—---- »——¢< 1D, ,
(n 24 2 - -
s ' T s
2Dy, B-C, DR,
2
(m = 3) 2 2 2 2 < )
2
s
D5, 11 B-BC,, | - 2Dy
(m = 3) 2
3 2 2 2 < 5
X P
s
2
2D} B-BC,? i 2D
3 2s
X l< s
2
3D, G, 3 3Dy,
——=|

*This “‘échelonnage” is missing in the table of [8, p. 29].
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Affine root
system Local index and relative
Name [(notations of bt Index [22
a (8, 1.4.6]) local Dynkin diagram. (22]
Dy, C-BCL, < — iDE,
(m=z3) k;z 3.2 2:4
s
4D, C-BCH 4 D
P
s s
4D2m+1 C'BC,In_l C::__: ------ .__‘< 1Dé2+1, m—1
m=3 3 2 2 4
(m23) WU S S SN
s
4Dy C-BC! Cz D&
3 4 ’
X Iremnm—
§ s
2E, Fy :2 ) 2E§ 4
hs o '
3E6 G% <3_:_;‘; 1 Eé,ez
i s
’E; Fi 2 2 12 E3,
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4.4. Interpretation. We shall now repeat the classification in classical terms. The
following enumeration gives a representative of every central isogeny class of
absolutely quasi-simple groups over K and, in each case, the name of the cor-
responding type, with the notations of the first column of the Tables 4.2 and 4.3.

Special linear group SL, of a d2-dimensional central division K-algebra
(md = 2). The typeis94,,,_;.

Special unitary group SU(h) of a hermitian form 4 in r variables (r = 3) with Witt
index r’ over a quadratic extension L of K. If L/K is ramified, we assume r # 4
because the case r = 4 is more adequately represented by an ordinary special
orthogonal group in 6 variables or a quaternionic special orthogonal group in 3
variables according as r’ = 2 or 1. If the form 4 is split, the type is 24,_; if L/K
is unramified and C-BC,, (r = 2n + 1) or B-C,, (r = 2n) otherwise. If 4 is not split,
one has r = 2r’ + 2 and the type is 24,_, or 2B-C,.,; according as L/K is un-
ramified or ramified.

Special orthogonal group SO(q) of a quadratic form g in r variables (r = 6) with
Witt index r’ over K. If r is even, we denote by L the center of the even Clifford
algebra of g which is isomorphic to K @ K (form g of discriminant one or Arf
invariant zero) or is a quadratic extension of K. If L/K is unramified (in particular
if L =K@ K), we assume r # 6 because the case r = 6 is more adequately re-
presented by a special unitary group in 4 variables. If r = 2r’ (resp. 2r' + 1), the
type is D,. (resp. B,.). If r = 2r' + 2, L is a quadratic extension of K and the type
is2D,.; or C-B,. according as L/K is unramified or ramified. Finally, if r = 2r' + 3
(resp. 2r '+ 4), the type is 2B, (resp. 2D, ,5).

The symplectic group in 2n = 4 variables is of type C,,.

Special unitary group of a quaternion hermitian form in r variables (r = 2) re-
lative to the standard involution. The Witt index is always maximal and the type is
2C,.

Special orthogonal group SO(q) of a quaternionic g-quadratic form in r variables
(r z 3) relative to an involution ¢ of the quaternion algebra whose space of sym-
metric elements is 3-dimensional (cf. [21], [23]; if char K # 2, ¢g-quadratic amounts
to g-hermitian and the group is also the special unitary group of an antihermitian
form relative to the standard involution). Let r’ be the Witt index of the form and
L the center of its “even” Clifford algebra Cl(g) (cf. [21]). If L/K is unramified (in
particular if L =~ K @ K), we assume r # 3 because the case r = 3 is more ade-
quately represented by a special unitary group in 4 variables; if furthermore r =
2r’, we also assume r # 4 because the case r = 2r' = 4 is more adequately re-
presented, through the triality principle, by an ordinary special orthogonal group
in 8 variables with Witt index 2. One always has 2r' <r < 2r' + 3. If r = 2r/,
‘one has L =~ K @ K and the group is of type 2D). If r = 2r' + 1 (resp. 2r’ + 2),
L is a quadratic extension of K and the type is 2D} (resp. ¢D,) or 2C-B,_; according
as L/K is unramified or ramified. If r = 2r’ + 3, one has L =~ K @ K and the type
is 4D,.

Quasi-split triality D,. Let L denote the splitting field, which is a cyclic extension
of degree 3 or a Galois extension of degree 6 with Galois group &s. If L/K is unra-
mified (hence cyclic of degree 3), the type is 3D,; otherwise, it is G}.

Split exceptional groups. The type has the same name G,, F;, E;, E; or Eg as the
absolute type of the group.
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Quasi-split groups of type Eg. The type is 2Eg or F} according as the quadratic
splitting field L is unramified or ramified.

Nongquasi-split groups of type Eg and E,. They are the forms of Eg and E; con-
structed by means of a central division algebra of dimension 9 and 4 respectively;
their types are 3Eg and 2E;.

4.5. Invariants. All types of groups listed in the Tables 4.2, 4.3 exist over an arbi-
trary field K with finite residue field. The central isogeny class corresponding to a
given name is always unique except in the following cases.

The isogeny classes of type 44,,,_; for d = 5 are classified by the pairs of op-
posite central division algebras of dimension d2 over K; their number is therefore
1¢(d), where ¢ is the Euler function.

The isogeny classes of the types B-C,, 2B-C,, C-B,, C-B,, C-BC,, and F} are
classified by the ramified quadratic extensions of K, namely the extension always
called L in §4.4.

The groups of type G} are classified by the Galois extensions L of K which are
either cyclic of degree 3 or noncyclic of degree 6.

4.6. The classification kit. The following experimental facts provide a handy way
of reconstructing the classification. First note that, except for ?4,_,, each type in
the Tables 4.2 and 4.3 is completely characterized by the local Dynkin diagram and
the integers d(v) attached. Now, consider a connected Coxeter diagram of affine
type and rank (number of vertices) at least three, attach an integer to all vertices,
mark some of them (possibly none) with a cross and orient each double or triple
link with an arrow. Then a necessary and sufficient condition for the existence of a
semisimple group G having the resulting diagram as its relative local Dynkin
diagram with the given integers as d(v) is that all subdiagrams formed by the pairs
of vertices belong to one of the following types, representing the ordinary Dynkin
diagrams of quasi-split groups of relative rank two:

d d
d d == d _d
X X 2d d
d d == 3d d
— ><3d d =5

The group G can furthermore be chosen to be absolutely quasi-simple if and only if
the integers d(v) are relatively prime or if the underlying Coxeter diagram is a cycle.
As for the types of relative rank one, whose underlying Coxeter diagram is +,
they can be obtained as “limit cases” of types of higher ranks, but we shall not
elaborate on that.
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REPRESENTATIONS OF REDUCTIVE
LIE GROUPS

NOLAN R. WALLACH

The purpose of this article is to give an introduction to the representation theory
of real, reductive Lie groups (see §1 for the precise class of groups to be studied).
Our main goal is the Langlands, Harish-Chandra classification of irreducible re-
presentations of such groups. §87 and 8 are devoted to a study of intertwining
operators for GL(2, R) and GL(2, C) and to a detailed exposition of how the
classification specializes to GL(2, R) and to GL(2, C).

The representation theory of reductive Lie groups is a vast subject. A complete
survey of the subject would be a very ambitious task. It would also involve a size-
able monograph rather than an article of modest size. It is for this reason that we
limit ourselves to a single path through the subject leading to the classification.
Many important aspects of the theory are hardly discussed (e.g., the detailed theory
of the discrete series [5], [6], [19], intertwining operators [13], [14], the Plancherel
theorem [8], [9], [10]). However, we feel that the material covered will give the
reader an idea of the flavor of the subject. Much of the material that is not covered
in this article will appear in other articles in this volume. There are several surveys
of the subject of representations of semisimple Lie groups that are available
(notably [20]). The reader interested in a deeper pursuit of the subject should con-
sult the monographs of G. Warner [22].

1. The class of groups to be studied.

1.1. Let & be an algebraic group over C defined over R. We denote by ®(R) the
real points of & and by &° the identity component of &.

1.2. The type of group we will be studying will be a Lie group, G, having the
following properties:

(1) There is an algebraic group & defined over R and a Lie group homomorphism
7: G = G(R) so that y(G) is open in §(R) and y: G — 7(G) is a finite covering.

(2) &° is reductive.

(3) Ad(7(G)) = Ad(®°). Here Ad denotes the adjoint representation of 8° on the
Lie algebra of &°.

1.3. Our basic examples are GL(#, R) and GL(n, C) (looked upon as the real
points of an algebraic group defined over R). One of the main reasons for in-
troducing a broader class of groups than linear groups is to include the “meta-
plectic” group, a two-fold covering of Sp(n, R).

" AMS (MOS) subject classifications (1970). Primary 22E45.
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1.4. Let G be as in 1.2. Let X(G) denote the group of all continuous homomor-
phisms of G into R* = R — (0). Set °G = {ge G | [x(g)| = 1, x € X(G)}.

1.5. If H is a Lie group, we will denote by Y the Lie algebra of H. Ad will denote
the adjoint representation of H on . §j; will denote the complexification of §.

1.6. Let G satisfy the conditions in 1.2. Then it is not hard to show that there is a
nondegenerate, Ad(G)-invariant, symmetric bilinear form, B, on g and an involu-
tive automorphism, 6, of G such that:

(1) Bis f-invariant and (X, Y) = — B(X, 0Y) is positive definite.

(2) There is a maximal compact subgroup, K, of G so that K° < {ge G |0(g) =
g} is an open subgroup.

For such G we fix B, 6, K. Let ¢ denote the center of g. Set °c = {X ec| X = X}.
Then exp (°c) = K ) exp(c).Set 3 = {X ec| 0X = —X}. Let Z = exp(3). ThenZ
is called the split component of G.

1.7. It is not hard to show that the map Z x °G — G, (z, g) — zg is a Lie group
isomorphism.

1.8. We now look at our examples. If G = GL(n, F), F=Ror C,set B(X, Y) =
Re (tr XY). Set X = — X* (here X* denotes the conjugate transpose of the matrix
X).°G = {geGl||detg|=1}, Z = {alla > 0}. K = O(n) if F = R and K = U(n)
if F=C.

2. Admissible representations.

2.1. WefixGasin 1.2, Band Kasin 1.6.

2.2. Let H be a separable Hilbert space. Let GL(H) denote the group of all
invertible, bounded operators on H. A representation (z, H) of G on H is a homo-
morphism z: G - GL(H) so that

(1) The map G x H —» H, g, v — n(g)v is continuous.

(7, H) is said to be unitary if z(g) is unitary for g € G.

2.3. Let || --- || denote the operator norm on End(H). The principle of uniform
boundedness implies that if @ = G is a compact subset then ||z(g)|| £ Clw) < o©
for g € w. This implies that if (, ) is the Hilbert space structure on H and we set
v, wy = [i (z(k)v, m(k)w) dk (here dk denotes Haar measure with total mass 1 on
K) then {, ) gives the same topology on H as (, ) and 7|y is unitary relative to
{, >. We therefore assume that 7| is unitary.

2.4. Fix a Haar measure dg on G (G is unimodular). If fe C(G) (C~ with com-
pact support) we can define z(f): H - H by

M) <z, w) = fe flg) <a(g)v, w) dg and |z(f)l = Cw)lfl, if
supp f < w(see2.3, || f|l; the L1 norm of f).

If fe C=(K) set m(f) equal to (z|£)(f).

2.5. Let &£(K) denote the set of equivalence classes of irreducible, unitary re-
presentations of K. If y € &(K) fix (7,, V;) e 7. Then dimV, < oo. Set a, (k) =
(dim V)tr z,(k™1), k € K.

Then zg(a,) is a projection operator on H. Set zx(e,)H = H,. Then H =
@,H, Hilbert space direct sum.

2.6. A representation (z, H) of G is said to be admissible if dim H, < oo for
r € &(K).

2.7. A representation (z, H) is said to be irreducible if the only closed z(G)-
invariant subspaces of H are (0) and H.
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2.8. THEOREM (HARISH-CHANDRA [2]). (1) If (=, H) is an irreducible unitary re-
presentation of G then (z, H) is admissible.

(2) If (z, H) is an admissible representation of G and if F = &(K) is a finite subset
thenifve @,cr H, the map g — 7(g)v is real analytic.

2.9. Let (=, H) be an admissible representation of G. Set H,, equal to the algebraic
sum of the H,, y € &(K). If ve H, set H() = X,cx Cr(k)v. Then Hy = {ve H|
dimH(v) < oo}. ‘

2.10.If v € Hy then Theorem 2.8 implies:

(DIfX eg, w(X)v = (d/dt)zx(exp tX)v],=o exists.

@ Ifk e K, X e gthen n(k)n(X)w = w(Ad(k)X)x(k)v.

2.11. 2.10 (2) implies that if X e g, v e H,. Then z(k)z(X)v € n(g)- H(v). Thus
dim H(z(X)v) < co. This implies z(X)v € H, for v e Hj, X € g. Just as in the case
dim H < oo we find

(DIfX, Yegthenz[X, Y] = z(X)z(Y) — z(Y)z(X) = [z(X), z(Y)] on H,,.

2.12. 2.10, 2.11 lead naturally to the notion of a (g, K)-module. A (g, K)-module
is a complex vector space V such that

(1) Vis a g-module. That is, there is a linear map g® V' =V, X ® v —» Xv
suchthat[X, Y] -v=X -Yv - Y - X1, X, Yeg

(2) V is a K-module. That is there is a map K x V — V linear in the V-variable
suchthatl - v = vand k; - (kpv) = (kik) - v, ki, kp e K.

(3) If ve ¥V then dim};,.x Ck - v < oo and if W < V is a finite dimensional
K-invariant subspace of V then:

(a) K acts completely reducibly on W.

(b) Themap K x W — W, k,w — k - wis continuous (hence real analytic).

@ If Xetandve Vthen

Xv = (d/dr) exp tX - V|i=.

B)IfkeK,Xeg, veVthenk - X - v = (AdkK)X) - (k-v).

2.13. If V, W are K-modules (resp. g-modules) then we denote by Homg(W, V)
(resp. Homy(W, ¥)) the space of linear maps 4: W — V such that Ak-w = k- 4w,
keK,we W(resp. AXw = XAw, X eg, we W).If V, W are (g, K)-modules we set
Hom, (W, V) = Hom(W, V) | Homg(W, V).

2.14. A (g, K)-module V is said to be admissible if for any y € &(K),
dim Homg(V,, V) < oo. We set V(1) = X actomgw,v) AV, = V. V(7) is called
the y-isotypic subspace of V.

2.15. If (z, H) is an admissible representation of G and if we set V, = H, with
action X - v = z(X)v, ve V, X e g. Then 2.10(1), (2), 2.11(1) imply that ¥ is an
admissible (g, K)-module.

2.16. A (g, K)-module, V, is said to be irreducible if the only g- and K-invariant
subspaces are ¥ and (0).

2.17. THEOREM (HARISH-CHANDRA [2]). If (%, H) is an admissible representation of
G then (z, H) is irreducible if and only if V, is an irreducible (g, K)-moudle.

2.18. If (%;, Hy), i = 1, 2, are representations of G then an intertwining operator
from (z,, H;) to (zy, H,) is a continuous linear map A4: H; — H,sothat 4 - 7,(g) =
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7o(g) o A. w1, m, are said to be equivalent if there is a bijective intertwining operator
from 7, to m,. If 7, 7w, are unitary representatives of G then x,, 7, are said to be
unitarily equivalent if there is a bijective unitary intertwining operator from =
to my.

2.19. THEOREM (HARISH-CHANDRA [4]). If (n;, H;) are unitary, admissible re-
presentations of G then =, w, are unitarily equivalent if and only if V, and V,,
are isomorphic (that is, there is a bijective element of Homg x(V7,, V,))-

2.20. A (g, K)-module, V, is said to be unitary if there is a positive definite inner
product ¢, > on ¥ so that:

(1) <kv, kw) = (v, w), ke K,

) <Xy, wy = —{v, Xw), X eg.

2.21. THEOREM (HARISH-CHANDRA [2], [3]). Let V be an admissible (g, K)-module.
A necessary and sufficient condition for V = V, with & an admissible, unitary re-
presentation of G is that V be unitary.

2.22. The results of this section imply that the determination of the set &(G) of
equivalence classes of irreducible unitary representations of G is the same as
finding the set &(g, K) of isomorphism classes of irreducible, unitary, admissible
(g, K)-modules. This can be done in two steps. The first is to determine the set
ll(g, K) of isomorphism classes of irreducible, admissible (g, K)-modules. The
second is to determine which elements of [I(g, K) have a unitary representative. The
first step has been carried out in Langlands’ classification (an alternate classification
has been given by Vogan which should have important and far-reaching conse-
quences). The second step is far from complete. There should be some discussion
of the literature on this problem in the lectures of Knapp and Zuckerman [14].

3. Infinitesimal characters.
3.1. Let g be a Lie algebra over a field. Let T(g) be the tensor algebra over g.
Let I(g) be the right and left ideal in T(g) generated by the elements

X®Y-Y®X—I[X, Y]

Set U(g) = T(g)/I(g). Letj: g — U(g) be defined by j(X) = X + I(g).

3.2. (U(g), j) or U(g) is called the universal enveloping algebra of g. We note that
JIX, Y] = j(X)j(Y) — J(Y)j(X) = [j(X), j(Y)]. U(g) is called the universal envelop-
ing algebra of g because of the following universal mapping property:

If ¢: g — E, E an associative algebra with unit such that ¢[X, Y] = [p(X), p(Y)],
then there exists a unique algebra homomorphism ¢ of U(g) into E so that

@ o) = 1,

®) (J(X)) = (X).

3.3. In particular, every g-module is naturally a U(g)-module.

3.4. THEOREM (CF. [11]). Let Xy, ---, X, be a basis of g. Then the monomials
X7t -+ Xj» form a basis of U(g).

3.5. Theorem 3.4 is usually referred to as the Poincaré-Birkhoff-Witt (P-B-W)
theorem. In particular it implies that j: g — U(g) is injective. We therefore suppress



REPRESENTATIONS OF REDUCTIVE LIE GROUPS 75

the j and look upon g as a subalgebra of U(g) under the commutator of the associa-
tive multiplication.

3.6. Let G be as in 1.2. Let g be its Lie algebra (as per our conventions). Let g¢
be the complexification of g. Let 2(gc) = £ be the center of U(ge).

3.7. We note that if g € G then Ad(g): gc — g¢ extends to an automorphism of
U(ge). 1.2 (3) implies that if z € 2° and g € G then Ad(g)z = z.

3.8. Recall that a Cartan subalgebra 1) of g¢ is a subalgebra of g¢ such that

(1) § is abelian.

(2) If h e § then ad(h) diagonalized on ge.

(3) 5 is maximal subject to (1), (2).

3.9. Cartan subalgebras always exist. (E.g., if G = GL(n, R) then g = M,(R)
with [X, Y] = XY — YX and g, = M,(C). We can take §) to be the diagonal
matrices in g¢.)

3.10. Let | be a Cartan subalgebra of g¢. If « € h* set (g¢), = {X e gcll4, X] =
a(H)X, H €b}. Set 4 = {aeh*la #0, (gc), # 0}. Then 4 is called the root
system of (g¢, §)). We have X3 c4(gc), + b = ge-

3.11. Let B also denote the complex linear extension of B to g, (see 1.6). Then
B |4y is nondegenerate. Let (, ) denote the dual bilinear form to B [, on bh*.
If w e dset s,h = h — 2(a(h)/{a, ad)H, where H, € is defined by B(H,, h) =
a(h), he . Let W(4) be the group generated by the s,, a € 4, in GL(Y). W(J4) is
called the Weyl group of 4. We let W(d)actonh* bys - A = Aos7L

3.12. If s € W(4) then it is well known (cf. [11]) that there is g € ®° so that s =
Ad(g)ly.

3.13. A system of positive roots for 41is a subset, 4%, of 4 satisfying

(D)4 = 4+ U {—ala € 4} disjoint union.

) Ifa,Bedtanda + fe dthena + Se 4.

We note that if @, 8 € 4 then {a, ) € R. Let Y = 3 RH,. Then Bly,q, is
positive definite. Let hr = {h € hgla(h) # 0, a € 4}. Then Y # @. 4 is finite.
For h € Y, set 4t(h) = {a € dla(h) > 0}.

3.14. Let 4* be a system of positive roots for 4. Set n™ = ¥, (gc).. Set
b = § + n'. Then b is called a Borel subalgebra of g¢. Set 1~ = X ,c 4+(ge)—a-

3.15. By P-B-W, U(ge) = U(H) @ (n"U(ge) + U(ge)n™). It is easily checked that
Z < U(h) @ nU(ge) and & = U(h) @ U(ge)n'. Using these observations we see
that if p: 27 — U(§) is the projection into the U(§)-factor in the above direct sum
decomposition then p: & — U(}) is an algebra homomorphism.

3.16. Let u: U(h) — U(H) be defined by u(1) = 1, u(h) = h — o(h) - 1, u(hyhy) =
wChy)ulhe). Sety = pop.

3.17. THEOREM (HARISH-CHANDRA, CF. [1]). (1) The map v: & — U(H) is injective
with image equal to UQ)¥ @ = {he UH)|s - h = h, s € W(4)}.

(2) 7 is independent of the choice of 4. Set 7 = 1, .

(3) If x: & — Cis a homomorphism such that y(1) = 1 then there is A € §* so that
x(2) = A(7(2)), z€ Z. Here A: U(h) — C is the extension to U() of the linear map
h — A(h) of finto C.

(4) Set for Aeb*, y,(2) = A(p(2)), z€ Z. Then y, = y, if and only if A' = sA
Jfor some s € W(J).
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3.18. The hard part of Theorem 3.17 is (1). (3) follows from the fact that U(f)
is integral over U(§)" 9. (4) is just a restatement of (1).

3.19. Let ¥ be an admissible (g, K)-module. Then V = @,csx) V(7). f z€e &
then z - V(r) = V(7), r € &(K). Since dim V(7) < oo we see that |, can be put
in upper triangular form.

3.20. Set for a homomorphism y: 2 — C,

V, = {veV|(z—x(z))% = 0 for ze &, d depending only on v}.

The discussion in 3.19 implies that V is the (g, K)-module direct sum of the Vy’s.

3.21. If Vis irreducible and V, # O, then V, = V. Let W = {veV|z-v =
x(2)v, ze Z}. Since ¥, = Vit is clear that W # 0. But W is clearly a (g, K)-sub-
module of V. Hence W = V. y is called the infinitesimal character of the (g, K)-
module V.

3.22. THEOREM (CHEVALLEY, HARISH-CHANDRA, CF. [22]). Let w be the order of
W(4). Then there exist elements uy, ---, u,, of U(§) so that U(%) = Ju,U(§)% 9.

3.23. THEOREM (HARISH-CHANDRA, CF. [22]). If V is a (g, K)-module, finitely
generated as a U(g)-module, and if V =V, for some y, then V is admissible. Further-
more, if V is nonzero, then V has a nonzero irreducible quotient.

4. The principal series.

4.1. Let G be asin 1.2. Let P = G be a subgroup of G. Then P is said to be a
parabolic subgroup of G if

(1) P is its own normalizer in G.

(2) pc contains a Borel subalgebra of g. (see 3.14).

4.2. Let a; be a maximal abelian subalgebra of g contained in £ = {X €]
B(X, t) =0}. If h e ay then ad h diagonalizes on g (indeed if 4 € q then th = h).
Let, for Aeaf, g = {Xeglad h - X = A(WX, h € ap}. Set A ={Aeaflg? #(0),
A # 0}. Fix hy € ag so that A(hg) # 0, A€ A. Set A+ = {2 € AlA(hy) > 0}. Set
Ny = Xizesrg Set My equal to the centralizer of Ay = exp ap in G. Then Py =
M,Nj is a parabolic subgroup of G. If P is a parabolic subgroup of G then there
isge G so that gPyg~! = P.

4.3. The Iwasawa decomposition of G says that G = KP, if P, is as above. Thus
if P is a parabolic subgroup of G then P o kPyk~! for some k € K. Hence G = KP.

4.4. Fix (Py, Ap) as in 4.2. Then (P, 4p) is known as a minimal parabolic pair.
°My = My (] K (see 1.5). Ay is a split component of M| chosen as in 1.6.

4.5. Let P be a parabolic subgroup of G. Let N be the unipotent radical of P.
Let M = P OP. Then P = MN. M = °M - A with 4 a split component of M
chosen as in 1.6. (P, A) is said to be a parabolic pair or p-pair. (P, 4) is said to be
standard if 4 = 4, and P o P,. Each p-pair is conjugate in G to a unique standard
p-pair.

4.6. If (P, A) is a p-pair, P = MN, then M satisfies the conditions of 1.2. Suppose
that (P, A) is standard. Then M ( K plays the role of K for G. The notion of
admissible will be relative to M ] K.

4.7. Let (P, A) be a standard p-pair. P = MN = °MAN. Let (g, H,) be a finitely
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generated admissible representation of M. Let g, denote the modular function of
MN. Then 0p(°man) = a?r = %P if g = exp H and 2px(H) = tr(ad H|,),
Hea.

4.8. We form a representation (z(P, g), H?-?) of G as follows:

(1) Set HP. equal to the space of all measurable functions f: K — H, such that
flkm) = o(m)~Yf(k), me K \ M, ke Kand |f|? = [¢|f(K)]|?dk < co.

(2) If fe HP? extend f to G by f(kp) = 0,(p)"1/2 a(p)"Lf(k),forpe P, ke K.
Set (z(g)f) (x) = flg7'x) (z = (P, 0)).

4.9. THEOREM. (%(P, 0), HP-9) = I(P, ¢) is an admissible representation of G.

4.10. Theorem 4.9 can be derived from Theorem 3.23.

4.11. Set V(P, o) equal to the corresponding admissible (g, K)-module (i.e.,
V(P, o) = V., © = n(P, 0)). Let ¥, denote the (m, K () M)-module corresponding
to ¢.

4.12. If fe V(P, o), f is real analytic by Theorem 2.8(2). We define j(f) = f(1),

fe V(P, o). Then it is easy to see

(1) j: V(P, 0) > V, is a surjective (m, K (| M)-module homomorphism.

(2) Kerj o n - V(P, o).

This implies that ¥, is a quotient of the (m, K [} M)-module V(P, ¢)/nV(P, o).

4.13. The following result can be proved using Theorems 3.22, 3.23, the sub-
quotient theorem (Harish-Chandra [3], Lepowsky [16], Rader [18]) combined with
a technique of Casselman using the asymptotic expansion of matrix entries of
admissible representations (cf. Mili¢i¢ [17]). For a proof that does not use asymp-
totic expansions, see [21].

4.14. THEOREM. Let V be an admissible (g, K)-module. Let (P, A) be a standard
p-pair, P = MN. Then

(1) V #nb.

(2) If V is finitely generated then V[nV is a finitely generated (m, M (\ K)-module.

4.15. The particular case of 4.14, (P, A) = (Py, Ap) has an interesting conse-
quence, °My = M, (| K. Hence a finitely generated, admissible (m, K | M)-
module is finite dimensional.

4.16. Let V be a nonzero admissible, finitely generated (g, K)-module. Then
1 £ dimV/nyV < oo by the observation of 4.15. Let W be a nonzero irreducible
quotient of V/ngV as an (m, K (| My)-module. Then ay acts by v € (a)c. We can
therefore look upon W as a representation (¢, H,) of M,. Set & = §p/%0. Let u:
V' — W be the composition of natural maps. Define, for v e V, C(v)(k) = u(k™1-v).
Thenclearly, C: V — HPo»¢ = Hand C(k - v) = k - C(v).

4.17. LEMMA. Set & = mp, . Then C((Xv)) = n(X)C(v) forve V, X eg.

ProoF. We note C(k - X - v) = C(Ad(k)X - k - v). Hence zn(k)C(X -v) =
C(Ad(k)X - kv). Thus it is enough to show that

1) CX - v) (1) = (=(X)C() (1), for X e g, ve V. (1) is not hard in light of

(2) g =t @ ay @ 1y, and the discussion in 4.12.

4.18. THEOREM (THE SUBREPRESENTATION THEOREM OF CASSELMAN). If V is an
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irreducible admissible (g, K)-module then V is isomorphic with a (g, K)-submodule of
V(Py, o) for an appropriate irreducible representation of M.

PRrOOF. Let C be asin 4.16. Then C # 0 and hence C is injective.

4.19. COROLLARY. Let V be an irreducible, admissible (g, K)-module. Then V
is isomorphic with V , where (z, H) is an irreducible, admissible representation of G.

4.20. Let (P, A) be a standard p-pair, P = MN. Let V be an admissible, irredu-
cible (g, K)-module. Then V/nV is a finitely generated, nonzero, admissible (m,
K 1 M)-module. Hence V/uV has an irreducible, nonzero quotient. Corollary
4.19 implies that this quotient is of the form V', for (¢, H,) an irreducible admissible
representation of M. Arguing as in 4.16 and Lemma 4.17 we have:

4.21. THEOREM. Let V be an irreducible, admissible (g, K)-module. Let (P, A)
be a standard p-pair P = MN. Then

(1) V/uV has a nonzero irreducible (m, K (| M)-module quotient.

Q) If W is an irreducible (m, K (| M)-module quotient of V[uV then W =V,
and V is isomorphic with a (g, K)-submodule of V(P, 652 o).

5. Exponents.

5.1. We retain the notation of §4.

5.2. Let(P, A), P = MN be a standard p-pair. Then M (| Py, = *Pis a minimal
parabolic subgroup of M. Then *Py= *MyAo*Ny, *My = “MyA,. (*Py, Ag) will
be used for M in the same way as (P, 4p) is used for G. We note that Ny = *NyN.

5.3. If ¥ is an admissible, finitely generated (g, K)-module then it is easy to see
that

(1) VingV = (V[uV)[*ny(V/nV).

5.4. Let V be as in 5.3. Let (P, A) be a standard p-pair. Set E(P, V;) = {v — pplv
a weight of a on ¥/nV}. 5.3(1) implies that E(P, V) = {ul, |u € E(Py, V)}.

5.5. If (P, A) is a p-pair let J(P, A) be the set of weights of a on n. Then J(P, 4)
is called the set of roots of (P, A). An element A € J(P, A) is said to be simple if
A cannot be written in the form A; + -+ + A, ¥ = 2, with , € J(P, 4),i =1, -+,
r. Set °J(P, A) equal to the set of simple roots of (P, 4).

5.6. Set °3y(Pg, ) = {ay, -+, a;}. Let Hy, ---, H; € aq be defined by ai(H,) = 0;;
and H; 1 3 (3 the Lie algebra of Z, the split component of G chosen as in 1.6).
Set Dy = YRH;. Then qy = 3 @ D,, orthogonal direct sum.

5.7. Let B, € D§ be defined by <{B;, a;> = 8;;. If F <= {1, ---, I} set D§(F) =
{veD§lv = — Digr X:f; + Dicryias x; >0, y; Z O}

5.8. LeMMA (LANGLANDS [15)]). D§ is the disjoint union of the D§(F).

59. Ify e DE(F) sety° = — YepX;f;if v = — Xiaerx8; + Xicpyioi If @, €
Diwesayoa > fifa - = XNza,z,eR 2,20,i=1,-,1L

5.10. LeMMA (LANGLANDS [15]). If A, v € D§ and A > v then 2° > »°.

5.11. Let &,(G) denote the set of equivalence classes of irreducible, admissible
(g, K)-modules V, such that if v € E(V, Py) then Re(v|p,) € DF(D).
5.12.If F < {1, ---, 1} then we can construct a standard p-pair (Pr, 4) as follows:
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Set ap = {H e apla,(H) = 0, i€ F}. Set 3p = {1 € Z(Py, Ag)|Al,, # 0}. Set np =
Yrez(Mg)z. Set M equal to the centralizer in G of Ar = exp ap. Then MpNp =
P and (Pp, Ap) is a standard p-pair. It is well known (cf. [22]) that every standard
p-pair is of the form (Pr, 4p).

5.13. LEMMA. Let V be an irreducible, admissible (g, K)-module. Then there exist
F < {1, ---, 1}, and an irreducible, admissible representation (g, H,) of My, so that if
v € E(g, *Py) then Re (v|p,) € D§(F) and V is isomorphic with a (g, K)-submodule of
V(P F> 0)‘

Note. In particular, V, € &(Mp).

PrROOF. Let L(V, Py) = {Re v |p, | v € E(V, Py)}. Let ue L(V, Py) be a minimal
element. Then y € D§(F) for a unique F < {1, ---, [}. Let (P, A) be the correspond-
ing standard p-pair. Since V/ngV = (V/nV)[*ny(V/nV) we see that there is ye
E(V[nV, *Py) so that Re 7|p, = u. This implies that there is a quotient W of V/nV
so that y e E(W, *Py). If 5’ € E(W, *Py) then %'|, = yl,. Thus if g = — X;epx;8;
+ XierYitti, X; > 0,i€F, y; = 0then Re 7'|p, = — X;epx:8; + Xjerzia; With
z; € R.If we show that z; = 0 we will have completed the proof of the lemma. Sup-
pose only z;,---,z;, <0. Then Re y'[p) £ — DierXify + Zicr—ty, -, ipZil-
Set ¢/ = Re7|py 0" = — DierX:B;i + Dicr—iy, -+, ipZioti- Then y' < 1" and hence
°u <X °u". But °y” = °u. Hence °y’ < °u. But 4 was assumed to be minimal.
Hence °y = °y/. This implies the result.

5.14. Let &,(G) be the set of equivalence classes of irreducible, admissible
(g, K)-modules ¥ such thatif v € E(V, Py) then Re v(H;) > Ofori = 1, ---, L.

5.15. LEMMA. Let V be an irreducible (g, K)-module such that the equivalence class
of Vis in &,(G) but is not in &,G). Then there are a standard p-pair, (P, A), and
an irreducible admissible representation (o, H,) of M so that

(1) if a € A then o(a) = y(a)] and if H € a (| Dy then |y(exp H)| = 1,

Q) V, e &4 M), and V is isomorphic with a subrepresentation of V(P, o).

5.16. The proof of this lemma is essentially the same as the proof of Lemma
5.13.

6. The discrete series and the Langlands classification.

6.1. We maintain the notation of §5. Let (z, H) be an irreducible unitary re-
presentation of G. If v, w € H then [{z(g)v, w)| = ¢,,.(g) satisfies

(1) o.u(82) = Pou(g)forgeG,ze Z
This is because 7(z) = x(z)I, x a unitary character of Z.

(z, H) is said to be square-integrable if ¢, , € L¥G/Z) for all v, w € H.

6.2. Let &5(G) denote the set of isomorphism classes of the V, (z, H) an irre-
ducible square-integrable representation of G.

6.3. THEOREM (HARISH-CHANDRA [6], CASSELMAN, CF. MiLiéic [17]). (1)
&AG) = 84G).

(2) If V is a representative of an element of &,G) then there is a 1-dimensional
(g, K)-module W so that the class of V @ W € &5(G).
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6.4. Theorem 6.3 is proved using the relationship between the elements of
E(V, Py) and the leading exponents of V in the sense of Harish-Chandra (cf.
Warner [22, Chapter 9]). This relationship is due to Harish-Chandra and Cassel-
man (see also Mili¢ié [17]).

6.5. COROLLARY. If V is a representative of an element of &,G) then there is a
1-dimensional (g, K)-module W so that V ® W is unitary.

6.6 This result follows from the fact that V(P, ¢) is unitary if ¢ is unitary and
5.15.

6.7. THEOREM (LANGLANDS [15]). Let F = {1, ---, I} (see 5.6, 5.7). Let (o, H,)
be an irreducible admissible representation of My so that if v € E(V,, *(Pr),) then
Re v|p, € D§(F). Then V(Pp, o) has a unique nonzero, irreducible, submodule denoted
J(Pr, 0). Furthermore if F' < {l,---, I} and ¢’ satisfies the above properties for
Mg, then J(Pg, o) is isomorphic with J(Pg., ¢") if and only if F' = F and ¢ is
equivalent with ¢'.

6.8. The first part of Theorem 6.7 is proved by using the relationship between
intertwining operators and certain limit formulae. The second statement is proved
using the limit formulae alluded to above and an argument similar to the proof of
Lemma 5.13.

6.9. Theorem 6.7 combined with Harish-Chandra’s classification of the elements
of &4(G) (see [6]), Lemma 5.13 and Lemma 5.15 give the complete classification of
irreducible (g, K)-modules.

7. The principal series for GL(2, R) and GL(2, C).

7.1. Let G = GL(2, F), F = R or C. We take 0, B, K, etc. as in 1.8. We take P,
to be the group of upper triangular matrices in G and P, to be the group of lower
triangular matrices in G. M, is then the group of all diagonal matrices in G.

7.2. We denote by [h;, h;] the diagonal matrix with diagonal entries A4, h,.
We also use the notation

n(x) = [(1) ﬂ and a(x) = BC 0}

7.3. We note that 3}(Py, 4g) ={A} and that 3] (Py, 4g) ={—2} with A([x;, x5])
= X1 — Xg.

7.4. Up to normalization of Haar measure on N, (resp. Ny), dn(x) = dx (resp.
dn(x) = dx) where dx denotes Lebesgue measure on F.

7.5. If F = C (resp. R) we define for k;, k; € Z (resp. ky, ky € {0, 1}), z1, 22 € C,
by by 2y, o(P1she]) = Hikfe |hy|a—#1 |yl 2752, Then &, 4, . ., is the most general ir-
reducible admissible representation of M,. We extend &, ,, . ., to Pq (resp. Py) by
making it take the value 1 on n(x) (resp. 7(x)).

7_.6. LEMMA. If ky, ky, 2y, 2, are as in 7.5 and if Re(z;y — z) <0, if f €
V(PO’ ekl, ko, 21, zz) then
(Alls, e 21, 2 )0 = [, ) dn = A()

converges absolutely and uniformly for k € K and defines a (g, K)-module homo-
morphism of V(Py, o) into V(Py, 6) (6 = &4, by, 21, 2)-
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PrROOF.  (A(f))(k) = ([y05,m) " %0(a(n))"'f (k(kn)) dn where & kD) =
05(P), ke K, p € Py and if ge G then g = k(g)a(g)n with k(g) e K, a(g) € 4,
and n e N,.

Now, | f(k(kn))] < | fllo (|l --- l is the L_-norm). Thus to prove the absolute
and uniform convergence we must only show that

o o 08,() 7172 |a(a(n))| L dn < oo.

Writing n as n(x) a direct computation gives

I a(n(x)) = [(1 + xB)71/2,(1 + x3)1/2].

Set d = dimgF. Then (II) implies that the integrand in (I) is given by
(III) (1 + |x|2)—d/2+Re(z1—zz)/2

which is integrable on F if Re(z; — z) < 0.

The fact that Af eV (Py, o) is proved by a simple change of variables. The uniform
convergence of the integral implies that 4 is a (g, K)-module homomorphism.

7.7. We now focus our attention on the case F = R. In this case K = 0(2).
We use the notation ¢, for elements of {0, 1}.

7.8. Set = diag(l, — 1) € K and set

cos @ sin 6
k() = [— sin @ cos 0}’ 0¢€R.
SO0Q2) = {k(®)l0 e R}, K = SO2) U 5SOQ2). nk(@)y~ = k(—0).

7.9. We now describe £(K). Let W be an irreducible finite dimensional K-
module. Then there is wy € W so that k(0) - wy = ¢"wy, 0 € R and e Z, fixed.
k(gypwy = e "opwy. Thus if I # 0, w is completely determined by /. Since we can
replace wy by yw, we can take / > 0. Let W, [ = 1, 2, ---, denote the K-module we
just described. If I = 0, set Wy = {we W|k(0)w = w, 0 € R}. Then 5 - Wy = W,,.
Hence since 72 = 1 we see W = W, dimW =1 and w=w, we W or gw
= —w, we W. We use the notation W3 for the trivial representation of K and
Wi for the case » - —1.

7.10. We leave it to the reader to check that Ad|x on g is a direct sum of two
copies of W§ and one copy of W,.

7.11. We note that

MWW, =Wy @ W,_,forl k>0

QW ®Wsg=W,e=0o0rl.

@) W@ Wy = W§ withe” = ¢ + ¢ mod 2.

7.12. Let y, denote the equivalence class of W,, I > 0. Let y§ denote the equi-
valence class of W§, e =0, 1.

7.13. Using the formulas of 7.5 we see that if ¥ is an admissible (g, K)-module
then

M g- V) = Vi + V) + V@ if 1 > 0.

@ g V(r) € V(rp) + V(r), e = 0,1.

7.14. Since (Py, Ay) is a minimal p-pair we can take M, = M, N K =
{[77], 772]"'7: =t 19 i= la 2} Let V = V(&el,ez,zl,zzy PO) gel,ez,zl,zzloMo = esl,ez with
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&, o([m> 72)) = 7iin®. Frobenius reciprocity implies that dim¥(y) is the num-
ber of times &, ., occurs in 7oy,

7.15. We leave it to the reader to check thatif r,ey, I=1, 2, tfe 1,
e =0,]1, then

1) Bloas, = Eoo-

(2) zblorsy = 11

(3) tilonry, = Eo.0 @ &1, 1f I is even, [ > 0.

(4) TII°M0 = &1’0 ® &0’1 if /is odd.

7.16. Let V = V(£ ¢y 20, Po)- Then 7.15 implies dim V(y) < 1 for 7 € &(K)
and .
(I) If g, + & is even then V' = V(r§) @ @0V (r20)-
(I) If ; + ey is odd then V = @ V(rat1)-

7.17. LEMMA. Set, for zinC, k in Z
a(2) = 1202/ ((z + D2)II(QA + z + k)2)I'((1 + z — k)/2)

where I' is the gamma function (cf. [23]).

Set g = &, 42,2 Then if V.= V(Py, o) then as a K-module V is isomorphic with
V(Py, 0). If Re(z; — z5)< O set A = Aley, €9, 21, 22). Let us denote by 7, either 1§
or 18. If fe V(7)) then Af = af(z; — z)f.

PRrOOF. 7.16 implies that 4 is a scalar on each V(y). Using the formula at the
beginning of the proof of Lemma 7.6 and an easy computation, it follows that, on
V(rs), A is given by the following scalar:

) 'r_o (@ + ixX)[(1 + x2)/2)#(1 + xB)Lra—=2)72 gy,

In (1) use the change of variables e = (1 + ix)/(1 + x¥)1/2, —z/2 < t < 7/2.
Then the integral becomes

2 2;:2 cos(kt)(cos(t))~+a—=) df,

The lemma now follows from Whittaker and Watson [23, p. 263, Exercise 39]
and the duplication formula for the gamma function [23, p. 240].

7.18. We now concentrate our attention on the case F = C. For the remainder
of this section G will denote GL(2, C) and K will denote U(2).

7.19. As is well known, the map S! x SU(2) —» U(2) (S! the circle group) given
by z, k — zk is a two-fold covering of U(2).

If (z, V) is an irreducible unitary representation of K and if z is in S then z(z[)
= ztI for some k depending only on 7. Hence the restriction of ¢ to SU(2) is
irreducible.

The irreducible, unitary representations of SU(2) are determined up to equi-
valence by their dimension. If (z, V) is the d + 1 dimensional representation of
SU(2) then it is well known that 7(el) = ¢?I, ¢ = + 1. Hence k + d is even.

7.20. We have completely described &(K). £(K) is the set of all y,, , withme Z,
neZ and n = 0 and m + n even. Here 7,,, denotes the class of all irreducible
(z, W) with dim W = n + 1 and ¢ (zI) = z»] for ze SL.
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7.21. Let & 4, = &y ko, 2, lons, It 18 an easy consequence of the classification of
representations of SU(2) that

n
Tmonlom, = @0 & (ntm—27) /2, (m—nt2)) / 2-
=

7.22. Using 7.21 and Frobenius reciprocity we find that if V' = V(Py, &, 1,21, 0)
then

V= j@o V(T kit vy +24) 5
furthermore each V(y) is irreducible as a representation of K.

7.23. LEMMA. Set, for 0 < r < n, r, n integers and for z in C
b, ,(z) = 2z(z + n)1 H1 (z=n+2( - D)z +n-2).
j=

IfV = V(Py, & iy 2,2 and if Re(zy — 25) < Othen
A(ky, ks, z1, Zz)IV(r,,ﬁ,,z, ythgiz) = Dim—trizs (22 — 2L

7.24. This lemma is proved using an argument similar to the proof of Lemma
7.17. The proof is more complicated and even less enlightening. It is therefore
omitted.

7.25. Lemmas 7.17 and 7.23 imply that the A(ky, ko, z;, z2) originally defined for
Re(z; — z;) < 0 have a meromorphic continuation to C x C. The reader is ad-
vised to consult the lectures of Knapp and Zuckerman for more information on
these intertwining operators.

8. The representations of GL(2, R) and GL(2, C).
8.1. We retain the notation of §7. We first look at the case of G = GL(2, R).

8.2. LEMMA. V = V(Py, &, oy, 2, 2,) IS reducible if and only if

Dk=2z —2,eZ —{0}.

(2) e + &5 + 1 =0mod 2.
If V(Py, &.,, ¢y, 2, ) 15 reducible then

@fzi—z2=-k—-1,kz0,6 + & =kmod 2, then J(Py, &, ., ...,) =7
is finite dimensional and indeed dim J = k + 1 and V|J is irreducible.

®If zy—z2=k+1, k=0, ¢ +e=k mod 2, then V contains
Ve, o120, )/ Gy ey, 20, 2) @S its unique nontrivial submodule and J(¢,,, ., ., .) as its
unique nontrivial quotient module.

ProOF. Let W < V be a nonzero submodule. Then W = @ W(y)

(1) If W(r;) # 0 with lim,_., j, = co then W contains V(y,4s) for all k
= 0. Hence dim V/W < co.

Indeed, suppose j; = 2 and j;4; > j; + 2. Then j;;; — j; = 2m, m = 2. Hence
VIW)(7 ji+2)s +++s (VIW)(7 ji+2m—2) are nonzero. But (V/W)(y;) = 0, (V/ W) j+2m)
= 0. Now 7.13 implies g - @74(V/W)(7 ;420 < D (VIW)1;,424)- Hence

M (VIW)r j;+24) s a finite dimensional (g, K)-submodule of V/W. The finite
dimensional representations of G restricted to K are of one of the following forms:

(@) Wi @ D)=;Wy or
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(b) Dosi< i Wart.

This gives a contradiction proving (1).

(1) easily implies that if ¥ is reducible then ¥ has a nonzero finite dimensional
submodule or a nonzero finite dimensional quotient module.

(2) If Wis a finite dimensional (g, K)-module, then W/n,W is isomorphic as an
My-module with §¥2¢, ., , ., With z; —z; = —k -1,k 20, ke Z and ¢ + &
= k mod 2.

This is just the theorem of the lowest weight for G.

Combining (1), (2) and the fact that the dual (g, K)-module to V(Py, &, ., ., ,) is
V(Po, &y 1, 2, 2,) 81VES the lemma.

8.3. LeMMA. Set V = V(Py, &, c;,z,2)- Suppose that z; — z; = —k — 1, ke
Z,kz0ande + e, =k mod 2. Set J = J(&,, ., 2, Po)- Then the class of V|J
is in &4G).

PRrROOF. E(V]J, Py) = A, A)~1 (23 — z;)A by 8.2 and 4.21.

8.4. Using the results of §8§4, 5, 6 we have a complete classification of irreducible,
admissible, (g, K)-modules (see also Jacquet-Langlands [12]).

(I) The finite dimensional (g, K)-modules J(&,, ., ., .» Po) With z; — z, =
—k—-1,k=0,keZand ¢ + e, = k mod 2.

(I) The V(&,, ¢, 2,20 Po) With z; —2, ¢ Z — {0} or if z; —z, = k € Z then
€1 + & # k + 1 mod 2. Furthermore V(¢,, ., .,z Po) = V(€ep ey, 23,20 Po)-

(Ill) ¢(G): Forzy — z; = —k —land k=0, ke Zande; + &, = k mod 2,
Del. enk itz V(&el, &2, 21, 22 PO)/J(eel, €2. 21, 22 Py).

8.5. We now give a classification of the irreducible, unitary (g, K)-modules. We
first need a lemma.

8.6. LEMMA. If Re(z; — z3) < O then J(Py, &, ., ., .,) is unitary if and only if the
Jollowing conditions are satisfied:

(1) z; + z, is pure imaginary,

(2) Zy — 23 € R,

(3) A(ey, &3, 21, 23) is positive semidefinite.

ProoF. We observe thatif Re(z; —z;) < 0then A(ey, &3, 21, 22)V(Pos &y ey, 0)
= J(Py, &, &, 21, ) (use Lemma 8.2 and Lemma 7.17). The conjugate dual admissible
(g, K)-module to V(Py, &, ., 2, ) 18 V(Po, &.,, ¢, —2,, —z,) (this is a computation). Thus
J(Po, &\, ¢, 2, 2,) 18 €quivalent with its conjugate dual if and only if z; = —2, and
zo = —Z. This implies the necessity of conditions (1) and (2). To complete the
proof we observe that A(ey, &, 21, z;) composed with the sesquilinear pairing of
the Vs gives a sesquilinear pairing of the corresponding J with itself.

8.7. Lemmas 8.6 and 8.4 combined with Lemma 7.17 immediately give a com-
plete classification of the elements of &(G). We give the list:

(1) The unitary principal series. V(Py, &,, ., ., »,) With z, z; € iR.

(2) The discrete series. D, ., ; ,Withke Z,k =2 0,¢; + ¢, = kmod 2 and z € iR.

(3) The complementary series. V(&,, o 2.2) With z; 4+ z3 € iR, &y + &2 = 0
mod2andz; —z,eR, -1 <z — 2, <O.

(4) The unitary characters of G.

8.8. We now look at the case when G = GL(2, C). We use the notation of 7.20.
We note that:
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Tom @ Turym = 0§j§mi€xt_)(m,m’) Twinw,mim—2; a0 Adlg = 702 + 70,2-
8.9. Using the formulae in 8.8 the following result is provided in precisely the
same way as Lemma 8.2.

8.10. LEMMA. Let Re(zy — z5) < 0. Then V(Py, &, 4, .., -,) i reducible if and only
if

M)z —2z,=-k-2,k=20, keZ,

(@ |ky —ko| < k.
If V is reducible then the corresponding J is finite dimensional.

8.11. Lemma 8.10 combined with the results of §6 give the classification of the

irreducible, admissible (g, K)-modules:
(D ¢46) = @.

(IT) The finite dimensional representations: J(Py, &, 1, ..z) With z; — z5 =
—k —2,k=z0,keZand |k; —k;| < k.

(II) The V(&4 12,2 Po) With Re(zy —z) < 0 and z; — zp # —k — 2,
keZ,k=20o0rz —z,= —k —2and |k; —k;| > k.

(IV) The V(Py, &ppupepz) With Re(z; — z5) = 0 and V(Py, &4 4,0,2) =
V(PO’ ‘Skz, k1, 22, zl) if Re 21 — 23 = 0.

8.12. Using the analogue of Lemma 4.6 for GL(2, C) (the proof is exactly the
same) and Lemma 7.23 it is not hard to give the following classification of the
irreducible, admissible, unitary (g, K)-modules:

(I) The unitary characters of G.
(ID) The unitary principal series: V(Po, &y, 1, 2. 2)> Z; € iR, j = 1, 2.

(II) The complementary series: V(Py, & 4, 2. 2)> 21 + Z2€ IR, 2 — z; € R,
0>z —z;,> —2and ky — ky = 0.
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REPRESENTATIONS OF GL,(R) AND GL,(C)

A. W. KNAPP

1. SL,(R). We shall give lists of the irreducible finite-dimensional representa-
tions, the irreducible unitary representations, and the nonunitary principal series.
Then we discuss reducibility questions, asymptotic expansions, and the Langlands
classification. Let g = (¢ %) be a typical element of G = SLy(R).

Irreducible finite-dimensional representations. %,, n = 0, an integer.

Space = { f polynomial on R of degree n},
FA8)f(x) = (bx + d)*f((ax + o)/(bx + d)).

Finite-dimensional representations of G are fully reducible.

Unitary representations. The irreducible unitary representations were classified
by Bargmann [1]. We give realizations in function spaces on the line or upper half-
plane. Realizations on the circle or disc are possible also.

(1) Discrete series 9; and 9;, n = 2.

Space for 9} = {fanalytic forImz > 0| | f]2 = Ijlf(z)lzy""z dxdy < oo},
Imz>0

" _ gl Gz +c >
P4 = (bz + dy (L),

The space for 2, is not 0 because (z + i)™ is in it. The representation @; is
obtained by using complex conjugates. All these representations are irreducible,
unitary, and square-integrable. The square-integrability (of a matrix coefficient)
will be shown below.

(2) Principal series - and 22—+, ve R.

Space for 22*.iv = L2(R),

2E0(g)f(x) = |bx + d[717f((ax + o)/(bx + d)) if +,

= sgn(bx + d)|bx + d|71=7f((ax + ¢)/(bx + d)) if —.

These representations are all unitary, and all but 2.0 are irreducible. Equivalences
Phiv > gt~ and P =~ P~ are implemented by analytic continuations of
intertwining operators that we give below. 2%.% is really the induced representation
Ind§; n(0c ® e ® 1) with G acting by right translation and with the functions

restricted to N = (1 9). Here MAN is the upper triangular group, ¢ is trivial or
signum on M ={ + I}, and the character of 4 is

<et 0) vt
0 et) ¢

AMS (MOS) subject classifications (1970). Primary 22—02; Secondary 22E45.
© 1979, American Mathematical Society
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(3) Complementary series 5,0 < s < 1.

Space for ¢ ={f: R~ | |f]2 = |~ = @0 dxdy o},

—o  |x — |t

G =bx + d=f(EEE),
These are irreducible unitary. They arise from certain nonunitary principal series
(see below) by redefining the inner product.

(4) Others. There is the trivial representation, and there are two “limits of dis-
crete series,” 27 and 97. The group action with 97 and 927 is like that in discrete
series, but the norm is different. We have the relation #-9 ~ 91 @ 27.

Nonunitary principal series. #*%, [eC.

Space = L2 (R, (1 + x2)Retdx)

254g)f(x) = |bx + d|"1f((ax + ¢)/(bx + d)) if +,
sga(bx + d)lbx + d |74 ((ax + o)f(bx + d)) if —.

Reducibility. We can see some reducibility in 22+ on a formal level by specializ-
ing the parameter { and by passing from z in the upper half-plane to x on the real
axis. We obtain the following continuous inclusions:

F, S PH—@th  if peven,
c P @t ifpodd, n = 0;

D@ Dy = Pl if n even,
c p-nl ifnodd,nz 1.

There is no other reducibility. The quotient by an & is the sum of two 2’s, and
vice versa.
Asymptotics. Let k, be the rotation

(ot sin ).

The maximal compact subgroup K = {k,} is abelian, and its irreducible represen-
tations are one-dimensional, k; — e™ with m an integer. We have

G = KA*K with A+ = {a, =<g 2 ),z > 0}

and Haar measure is of the form dg = c sinh 2¢ dk, dky dt if g = kya,k,. Let U(g)
be an admissible representation of G, and let ¢, and ¢, transform under K accord-
ing to ky — ™9 and ky — ¢, Then

(U(2) 91, p2) = (Ulkoarko)p1, pz) = exp(i(m6’ + my0)) (Ula)ps, p2)-

Thus to test whether a matrix coefficient is in some L? class on G, it is enough to
test (U(a))¢p1, ¢2) and use the measure sinh 2¢dt, ¢ = 0.
EXAMPLE. 9 (k,)(z + i)™ = e™(z + i)™ Then
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(@f(a)z + i)™ (z + i)™)

= II ent[x + i(y + 1)]™[e2x — i(e®y + 1)]7y" 2 dx dy.
Im z>0

By residues the right side is
=C,,j:e‘”‘(y + 1+ e—Zt)l—Znyn—Z dy’

and this in turn, after the change of variables y = y'(1 + e7%), is = c,(cosh ).
Then

_" ol dg = e, j’ :(cosh £y~ sinh 2t dr,

which is finite for n > 1. Thus this matrix coefficient is square-integrable on G.
A theorem in functional analysis due to Godement [3] implies that all matrix coef-
ficients are square-integrable on G.

In the example, we could see the matrix coefficient was square-integrable by
computation. There is a general technique, due to Harish-Chandra, for getting at
the behavior of matrix coefficients by means of differential equations. Let

1 0 01 00

h=(o -1} e=(0 0} 7=(10)
be a basis for the Lie algebra of G. The Casimir operator = 1h? + ef + fe is
a member of the universal enveloping algebra. For SLy(R), 2 generates the center
of the universal enveloping algebra. (For larger groups, it must be replaced in this
discussion by the whole center of the universal enveloping algebra.) It acts as a
scalar on each representation in our lists, hence on each matrix coefficient. Take
a matrix coefficient whose two K-dependences are according to known characters
of K, and regard the matrix coefficient as an unknown function. Then the equation
Q(coefficient) = c(coefficient) leads to a second order ordinary differential equa-
tion on 4%, with ¢ as independent variable. The classical substitution is s = cosh ¢,
and the resulting differential equation has three singularities, all regular; we are
interested in the behavior at s = oo. (If the “known characters” of K are trivial,
this is Legendre’s equation.) This substitution does not generalize well, and Harish-
Chandra’s treatment of this equation amounts to making the substitution z = =2
instead. The resulting differential equation has four singularities, all regular, and
we expand about z = 0, using standard regular-singular-point theory. The result
is that

(=] o0
coefficient(q,) = e~ 1401} ¢ 72 + e—(l‘O’Zod,,e‘Z"‘
n=0 n=

except when { is an integer, in which case there may be factors of ¢ that arise from
factors log z in the solution. If one of the leading terms vanishes, the whole cor-
responding infinite sum vanishes.

The eigenvalue of @ determines {, and in particular the matrix coefficients of
=L lead to the expansion with { present. From this expansion, we can read off
Lt-integrability conditions, since we are to integrate for ¢ = 0 the pth power against
sinh 2¢ dt, which is comparable with e?’dt. We see that 2*.» has coefficients in
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L2t¢(G) for every e> 0, but not in L%(G). Discrete series 9 with n = 2 have one
sum absent, in order to have coefficients in L?(G). Representations with coefficients
in L?*¢ for every e> 0 are said to be tempered. The tempered representations are
P+ and 9% with n = 1. Notice how in general the two leading terms give some
information about where imbeddings occur as subrepresentations in the nounitary
principal series; Wallach dealt with this point in his lectures.

Langlands classification. For general G, Langlands parametrizes the irreducible
admissible representations by triples (P, w, v), where P = MAN is a standard
parabolic, 7 is (the class of)) an irreducible tempered representation of M, and v is
a complex-valued linear functional on the Lie algebra of 4 with real part in the
open positive Weyl chamber. The Langlands representation Jp(ﬂ,', v) is the unique
irreducible quotient of Indg(z ® ¢ ® 1). In our case, P = (¥ %) is minimal para-
bolic, or P = G.

Case P minimal. There are two (one-dimensional) representations of M = {+1I},
and the functional v enters as the complex number { with Re { > 0; the character
of A is a, = exp(v log a,) = exp({t). The Langlands list then includes the unique
irreducible quotient of 2*.¢ for each { with Re { > 0.

Case P = G. Here v is irrelevant, and M = G. We simply get the irreducible
tempered representations of G. The Langlands classification itself does not address
the question of what these are, though one of the theorems implies for our G that
they are subrepresentations of discrete series or unitary principal series.

Intertwining operators. The Langlands classification theorem describes the uni-
que irreducible quotient more precisely than we have done. Kunze and Stein [4]
showed in 1960 that the operator

/= .‘. — xf-(—y))’ﬁy‘ for 215,

N J‘ -1 CEl)) (6) L P
I — yl1=¢

intertwines #¢ with 2L, Note that the integral is convergent only if Re { > 0.
Later [5] they found a formula in the induced picture, namely f — [y f(Aw~lg) dn,
where N = (19) and w = (_9}). This is the composition of two operators,
f— S5 f(Aig) dn and a relatively trivial translation operator by w~!. Define
AP : P:7 :v)f(x) = [5f(#x) di. Under the Langlands conditions on v, this in-
tegral is convergent if fis K-finite. The theorem is that

Jpo(m, v) = Ind§(z ® e» ® 1)/ker A(P: P: 7:v) = Image A(P: P: 7:v).

2. QOther groups.

GL,(R). To pass from SLy(R) to the group SL%(R) of matrices of determinant
+ 1, we first induce the representations of SL,(R). The £2’s and & s split into two
equivalent pieces, and the 2’s yield irreducibles on SLF(R) that restrict back to
2T ® 9~ on SLy(R). This construction gives us the representations of SLF(R).
Then to pass to GLy(R), we paste on a character of the group R+

SL,(C). This group has finite-dimensional representations given by two integer
parameters; the representations can be realized in spaces of polynomials in z and
z on C. The group has no discrete series. We have
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w5 ) e a=(52)

so that the nonunitary principal series is parametrized by an integer »n (for M) and
a complex number { (for 4); by restriction of functions to N = (}9), we can
realize these representations in spaces of functions on C. See [2] for more detail.
The unitary principal series is all irreducible and provides the only tempered irre-
ducibles, and parameters (n, iv) and (—n, —iv) lead to equivalent representations.
The Langlands classification points to the Langlands quotients of the nonunitary
principal series with Re { > 0 and to the irreducible tempered representations.

GLy(C). To an irreducible representation of SLy(C), we paste on a character of
C*(}9) that agrees with the representation on (7§ _9). In this way we obtain all
irreducible representations of GLy(C).
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NORMALIZING FACTORS, TEMPERED
REPRESENTATIONS, AND L-GROUPS

A. W. KNAPP* AND GREGG ZUCKERMAN*

Several lecturers have alluded to the intertwining operators associated with
principal series representations, particularly for SL(2, R). These operators and
their normalizations play a role in the trace formula, in reducibility questions for
principal series, and in the construction of an inner product that exhibits certain
representations as unitary. We shall review the development of these operators
and their normalizations in the context of a linear real reductive group G (as
defined in Wallach’s lectures) whose identity component has compact center.

We shall be especially interested in the application to reducibility questions for
unitary principal series and other continuous series of representations coming from
parabolic subgroups, since the answers to these questions lead to a classification of
irreducible tempered representations and thereby complement the Langlands
classification [12]. The answers concerning reducibility are reviewed in §2 in terms
of three easy-to-calculate finite groups, denoted W, W’, and R.

In lectures during 1975-76, the authors mentioned how, in some special cases,
the groups W, W', R, initially defined in terms of roots, could be defined in terms
of co-roots. Building on this presentation, Langlands [14] was able to redefine these
groups in general in terms of the L-group. We present his definitions, along with
an example, in §3. In §4 we summarize earlier work [8], [9] that leads from the
R-group to the classification of irreducible tempered representations.

1. Intertwining operators and normalizing factors. In the group G, fix a maximal
compact subgroup K and Cartan involution . To each parabolic subgroup P, we
associate the Langlands decomposition P = MAN with MA f-stable and with
M a linear real reductive group whose identity component has compact center. To
the pair (&, v), where £ is an irreducible unitary representation of M and vy is a com-
plex-valued linear functional on the Lie algebra a of A, we associate the repre-
sentation Up(§, v, x), with x in G, given by

(L. : Up(§,v) = ind§4n(é ®@ e ® 1).

We adopt the convention that G acts on the left in the induced representation. A
member f of the representation space satisfies

f(xman) = exp( — (v + pp) log a) &m)~L f(x),
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where pp is the usual half-sum of restricted roots associated with P. If P = Py is
minimal parabolic, these representations comprise the nonunitary principal series.
In formula (1.1), we have assumed that £ is an irreducible unitary representation
of M, but we shall allow also that £ is a nonunitary principal series representation
of M, provided we are not working with formulas involving adjoints of operators.

For SL(2, R), one can restrict the functions in the representation space for the
nonunitary principal series to the lower triangular group N = N = {(1 ))} and
realize the representations in spaces of functions on R. The representations be-
come

P2 Uf @) = | - bx + | (=) if +,

= sgn(—bx +d)| - bx + d| e s(EEE ) i -

ifg = (¢5). Kunze and Stein [10] showed that the operator

(1.22) - =Dl ;|1y-)cdy for #+1,
(1.2b) N J.:O (sgn y)|€;(|)§ : y) dy for 22,

intertwines 2% with 2-¢ when it is convergent, namely for Re { > 0. Later [11] they
found a formula in the induced picture, namely

f- jﬁf(gwﬁ) dn, where w = (_(1) (l)>

This is the composition of two operators, f — {5 f(gn) di and a relatively trivial
translation operator by w. The first operator intertwines the representation induced
from P = MAN with the one induced from P = MAN and the same data on MA.

In the general case, let P, = MAN,; and P, = MAN, be two parabolics with
the same M A, and define

(1.3) A(Py: Py &:v) f(x) = j' oo )
Formally
(1.4) Up(&, v, ©A(Py: Py:&:v) = A(Py: P1:§:0)Up (v, 8).

In general, the integral (1.3) will not converge but will be defined by analytic
continuation. To accomplish this analytic continuation, we need the representa-
tions to occur in a single space, as y varies. This space is obtained by restricting the
functions to K. Say & operates in the space H¢. We consider functions f: K — H¢
satisfying f(km) = &m)~1 f(k) for k€ K, me M ) K. Under the action by g, we
replace f(k) by f(g~1k) and restrict back to K. Thus we are led to define

(1.5)  Up§, v, 8 f(k) = exp( — (op + v) H(g7'k)) £(ulg k) f(r(g k),

where x decomposes within G = KMAN as k(x)u(x)e” #n.
The analytic continuation of (1.3) is accomplished in three stages. In the first
stage the essence of the argument can be seen by continuing (1.2a) if fis smooth
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and compactly supported. Since f has compact support, we can integrate over a
finite interval. Expand f(x — y) about y = 0 in a finite Taylor series with remaind-
er. Each of the main terms can then be integrated explicitly and continues mero-
morphically to the whole plane. The error term is integrable for Re{ > — n — 1
if n is the order of the Taylor series. Hence the integral continues meromorphically
to the whole plane.

In Schiffmann [15] and in [6], it is shown that this style of argument yields a
meromorphic continuation of (1.3) if P; and P, are minimal parabolic and 4 is
one-dimensional. In the second stage, for minimal parabcelics with dim 4 > 1,
Schiffmann shows how to decompose N; [ N into a product of subgroups and to
write (1.3) as an iterated integral; the analytic continuation is essentially then
reduced to the case dim 4 = 1.

The third and final stage of the analytic continuation was obtained independent-
ly by Wallach [17] and in [7]. We can use Casselman’s subrepresentation theorem
to imbed & as an (m, K (] M) module in a nonunitary principal series representa-
tion of M. It follows from the double induction theorem that (1.1) is a subrepre-
sentation of a nonunitary principal series and (1.3) is a restriction of an intertwin-
ing operator for the nonunitary principal series. Then (1.3) has an analytic continua-
tion for K-finite £, and (1.4) holds if g is replaced by a member of K or of the Lie
algebra g of G. Moreover, with Haar measures normalized suitably, we obtain

(1.6) A(Py: Pr: E:v)* = A(Py: Py & — D)
for & unitary, if the adjoint is defined K-space by K-space, and
A(Py: Py &:v) = R(w™l) A(wPow=1: wPiw™l: wE: wy) R(w),

where R(w) denotes right translation by an element w in K representing a member
of the Weyl group W(a).

These operators tend to have poles at many interesting values of y. We introduce
scalar normalizing factors—in part to eliminate some of these poles, in part to
make the operators unitary for v imaginary, and in part to make the operators
behave nicely under composition. The normalizing factors are not unique, and
different choices are useful for different purposes.

Again the construction is in several stages. We impose the condition that & have
a real infinitesimal character. Matters are based on the following lemma [6, p. 544],
proved using Weierstrass canonical products.

LemMA 1.1. If 7(2) is @ meromorphic function in the plane such that
(i) 7(2) is real on the real axis,
(i) 7(2) = O on the imaginary axis,
(iii) 9(2) = yp(—z) for all z,
then there exists a meromorphic function y(z) in the plane such that 7(z) =
7(—2)7(2) and y(2) is real for real z.

The first stage of the construction deals with P = MAN a minimal parabolic
and G of real rank one (dim 4 = 1). In this case A(P:P:&:v) A(P:P:&:v) is a self-
intertwining operator for Up(&, v). It is a result due to Bruhat [3] that, for v nonzero
imaginary, the unitary representation Up(¢, v) is irreducible. It follows readily that

(1.7) AP:P:E:V)AP: P: &) = p(P: P: &E:0)I
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withy = zpp meromorphic and scalar valued for z in C. One checks that
(i) p(P:P:&:v)isreal for y real.
(ii) »p(P:P:&:v) = 0fory imaginary.
(iii) p(P:P:£&:v) = p(P:P:&: —y)forally.
(iv) »(P:P:¢&:v)depends only on the class of & and if ¢ is an automorphism of
G leaving K and P stable, p(P: P:£v:v) = p(P:P:&:v). Then we can apply the
lemma to obtain y(P: P:&:v) and to define normalized operators by

S(P:P:&:y) = ¢(P:P:&Ev) L A(P: P:£:y).
The normalized operators satisfy
AP:P:Ey) g(P:P:Ev) =1
and
(P P:&:v)* = of(P:P:&:—D).
These two relations together imply o is unitary for y imaginary.
The second stage is to handle a minimal parabolic for general G. Use Schiff-
mann’s decomposition of a general intertwining operator into operators that are

essentially rank one operators, and use the product of the normalizing factors as
normalizing factor for the given operator. Then one proves the relation

(1.8) A (P3:Py:&1y) = of(P3:Py:&:v) f(Py: Pri&y).

The third stage is to handle a general parabolic P = MAN withdim 4 = 1. We
again use the trick of imbedding & as a subrepresentation of a nonunitary principal
series representation of M. If we combine this trick with formula (1.8) for minimal
parabolics, we are led to the conclusion that (1.7) holds for our P with dim 4 = 1
and that » has the same properties as before. Again we apply the lemma to obtain
a normalizing factor 7, and we set o = y~14.

The final stage is for a general parabolic with G general and is handled in the
same way as with a minimal parabolic and G general. If the y’s are chosen com-
patibly, the result is as follows [7, p. 2460].

THEOREM 1.2. The normalized intertwining operators satisfy
(1) A(P3:P1:&:v) = A (P3:Py:E:v) A(Py:Py:Ey).
(ii) A (Py:P;:&:v)* = 4(Py: Py:&:—D), K-space by K-space.
(iii) o/ (Py: Py:&:v) is unitary for v imaginary.
(iv) If w in K represents a member of the Weyl group W(a), then
A (Py: Py:§:v) = R(w™Y) of(wPow™1: wPyw™1:wE: wy)R(w).
For w in K representing a member of W(a), let
(W, &,v) = RwW)L(W1Pw: P:£:y).

From (i) and (iv) we obtain the cocycle relation

1.9) A p(Wiwe, §,v) = o p(Wy, wol, wpv) sl p(Wo, &, V).
From (ii) we find that
(1'10) 'MP(W’ f, v)* = MP(W_I, WE, - WD)

and hence that «7p(w,§,v) is unitary for v imaginary. The intertwining relation is
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(11 1) UP(WS: wy, g)'MP(wr 8’ 1‘)) = MP(W’ 5, V)UP($9 V9g)

forgin Koring.

For application to adelic situations, a more specific normalization is needed.
At almost all places the representation has a K-fixed vector, and the infinite tensor
product of local normalized intertwining operators will be defined only if the local
operator fixes the K-fixed vector. This condition determines the normalizing fac-
tor. For example, with P; and P, minimal parabolic and ¢ = 1, we are led to
normalize (1.3) by taking

r(Pyi Prigv) = [ exp( = Gop + ) H(m) dn,
NNz
which can be computed in terms of Harish-Chandra’s e-functions. Schiffmann
pursued this idea further at an early stage in his work leading to [15]. Langlands was
led to conjecture [13, p. 282] in general that a valid normalization is obtained by
using the quotient of two L-functions:

(1.12) 1(P2: Pr:§iv) = L0, fpyipy o P)IL(L fpyipy o ).

Here ¢ is the homomorphism of the Weil group of R into the L-group L(MA4) of
MA corresponding to £ ® e”, and jp, p, is the contragredient of the representation
of L(M A) on the Lie algebra of LN; (| LN,. Arthur [1] proved that (1.12) is a valid
normalization if the Haar measures are normalized suitably.

2. The R-group, a first formulation. Fix a discrete series representation & of M,
and consider the corresponding continuous series representation Up(&, v) with v
imaginary. In [7], it is stated how the problem of determining the algebra #(&, v)
of operators that commute with Up(&, v) can be reduced to algebraic problems
involving certain finite groups.

Fix y. Let W be the subgroup of elements s in W(a) that fix v and the class of &.
If w is a representative in K of an s in W, then one can define £&(w) in such a way
that ¢ extends to a representation of the smallest group containing M and w; the
definition of &(w) is unique up to a scalar factor equal to a root of unity. Then
&(w) oZp(w, &, v) is independent of the representative w, and we can write

@n &(s) o7 p(s,€,)

for it. One sees from (1.11) that the unitary operator (2.1) intertwines Up(&, v) with
itself. The essence of the next theorem is due to Harish-Chandra [4].

THEOREM 2.1. The operators (2.1), for s in W, span the commuting algebra (&, v).
Despite formula (1.9), it does not follow that the map
(2'2) seW - E(S)MP(Ss &) 1))

is a homomorphism into unitary operators; the &(s) factors need to be chosen com-
patibly, and there may a priori be an obstruction to making such a choice. How-
ever, the map (2.1) is at least a homomorphism into the projective unitary group.
Let W’ be its kernel.

THEOREM 2.2. The group W' is the Weyl group of a root system A’ contained in the
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set of roots of (g, a); consequently W = W'R is a semidirect product if R is defined
as the subgroup of W leaving stable the positive roots in 4'. The image of the map (2.2)
consists of linearly independent operators; consequently the dimension of €(&, v)
equals the order of R.

It turns out that the elements of R are characterized in W as those elements for
which the normalizing factor of (2.1) is holomorphic at v. Thus ¥’ and R are inti-
mately connected with the functions 7(P,: Py : &:v) defined by

A(Py: Py:&:v)A(Py: Py:€iy) = p(Pp: P&l

In turn, these functions can be connected by analytic methods with the Plancherel
measures of subgroups of G; these measures have been determined by Harish-
Chandra. Consequently we can describe 4’ very concretely, as follows.

Adjoin to a a compact Cartan subalgebra of the Lie algebra m of .#, and denote
a typical root by 3. Let A be the Harish-Chandra parameter for the discrete series £.
Let o be an a-root and suppose 2« is not an a-root. If a has even multiplicity and
2¢ is not an a-root, define

te.a¥) = ﬁllalad + v, B
If @ has odd multiplicity, define

toars®) = p2a®) =(, T Qo+, 6))fea)

Bla=ca, c>0
where f¢ () = tan (z<v, @ /| a |2) or cot (<, &) / | 2) according as
E(ra) = — (= 1% @/al2] or 4 (— ])Xem@/lal2]

Here « is a real root and there is a corresponding homomorphism of SL(2, R) into
G, and 7, denotes the image of —I.
Now we can characterize 4’ as

4" = {rootsa of a| s, isin Wand pg ,(v) = 0},
where &, denotes the reflection corresponding to . As before,

R = {pe W|pa > 0 forevery @ > 0in 4'}.
Then we have the following result [5], [8].

THEOREM 2.3. (a) R is a finite direct sum of 2-element groups Z,.

(b) For s in R the operators &(s) can be selected so that the mapping (2.2) is a
homomorphism into unitary operators; consequently the algebra €(&, v) is commuta-
tive.

(c) There exists a set of positive orthogonal real roots # = {ay, ..., a,} such
that (i) the only roots in the span of # are the + «;; (ii) eachr in R is of the form

Saj e Sy and (iii) each «; occurs in the decomposition of some r in R.

3. The R-group, a second formulation. An admissible representation of G is
tempered if its K-finite matrix coefficients are in L2¢(G) for every ¢ > 0.1t is known
that every irreducible tempered representation is a summand in some representa-
tion of the type considered in §2, induced from discrete series on M and a unitary
character on 4. The R group can be used to decompose these induced representa-
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tions and give a classification of the irreducible tempered representations. We re-
turn to this point in §4.

For now, we want to consider W, W', and R from a different point of view. We
begin with some motivation in the case that G is split and our parabolic is minimal.
Then M is finite abelian and is generated by the elements 7, that are the images of
(3-9) in the SL(2, R)’s that correspond to each root. Here £ is a character of M,
and we assume v = 0. Let the root system be 4. It is a simple matter to see that
4" = {aed| &y, = 1}. The elements 7, transform under Weyl group elements
differently from what one might expect. The correct rule is

— 2
SﬁTaS/sl = Fou = Tanzqa,a)/ml .

As a result, 4’ need not be closed under addition within the set of all roots. It is in
the co-root system that there is closure under addition. The co-root of a isaV =
2a/{e, &), and A’V is closed under addition within 4¥. We introduce a kind of dual
group G-, not the L-group just yet. G~ is a connected real group with a compact
Cartan subgroup and root system 4V, arranged so that the roots of 4"V are compact
and the others are noncompact; it is to have a centerless complexification Gg, a
Lie algebra g~,and a Cartan decomposition g~ =t~ @ ip~. Elements of W’ lead
to elements in the Weyl group of £~, with representatives in G~. Elements of W lead
to elements in the Weyl group of gg that leave the compact roots stable, hence
normalize 3 and £~ @ ip~, hence normalize £~ and p™ and therefore g™. It follows
that R injects onto the quotient Norm.;(g)/G™. This style of argument can be
pushed to yield a proof that R = ) Z, in this case.

Langlands [14] built on these ideas and gave a formulation in general of W, W',
and R in terms of the L-group. We use the notation of Borel [2] approximately and
will follow the L-group constructions given by Langlands [12] when we need them.

First let us see what the above example has to do with the L-group. Of course,
L@ is just Gg, up to coverings. The character £ is specified by giving &(,), and 7,
behaves like the (character associated to the) co-root aV. To know &V on €& for each
aV is to know £ as an element of the dual torus LT, There is a corresponding homo-
morphism ¢ of the Weil group into LG given by ¢(z) = 1 for ze C* and ¢(7) =
& x g€ LT, here ¢ is the trivial outer automorphism of LG9, trivial since G is
split. The elements of the Weyl group that centralize the image {1, & x ¢} of ¢ are
those of W; this statement motivates Theorem 3.1 below. The roots whose root
vectors are centralized by the image of ¢ are those in 4'; this statement motivates
Theorem 3.3 below. The observation above that Ris isomorphic to Normg;(g)/G™
could have been stated in terms of K~ and then motivates Theorem 3.4 below.

We pass to the general case. Fix a minimal parabolic Py = My4yN, in G, and let T
be a Cartan subgroup of G containing Ay. LetZG? x {1, ¢} be the L-group of G, with
its maximal torus L7°0 and Borel subgroup LB0. The “‘standard relevant parabolics”
LP, in the sense of [2], correspond to the standard parabolics P 2 P; of G. Let
L(MA) be the Levi component of LP. According to [12], the classes of L-indistin-
guishable irreducible admissible representations of G correspond to conjugacy
classes (suitably defined) of certain kinds of homomorphisms ¢ of the Weil group
into G. A representation is tempered if and only if the image of ¢ is bounded. It
comes from the series of §2 for P if, after conjugation, ¢ has image in the Levi
component (M A) of LP but not in any smaller such Levi component. We may and
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shall assume that p(C*) = £T0 and ¢(7) is in the normalizer of £70. We shall give
an example of these notions at the end of this section, illustrating the three theorems
below.

Fix a summand in a representation Up(§, v). The corresponding ¢ goes with a
whole L-class of representations in G. Since the image of ¢ is in L(MA), the L-class
consists of those representations obtained by inducing from a single L-class for M 4.
The latter class corresponds with the map ¢M4 obtained by regarding ¢ as having
image in L(MA), and it is characterized by the data v, the central character of &,
and the infinitesimal character of &. But the definitions of W, W', and R depend
only on y, the central character of &, and the infinitesimal character of £&. Thus the
question arises how to define W, W’, and R in terms of ¢ directly.

[Digression. A simple consequence of the discussion above and a lemma due to
D. Shelstad is that the cardinalities of R and the L-classes corresponding to ¢ and
M4 are related by the formula

| L-class for ¢ | = | R| | L-class for pM4|.

In fact, the representations in the L-class for ¢ are all the irreducible constituents
of all representations Up(¢’, v) with & ® v in the L-class for ¢M4. The R-group for
all these Up(&’, v) is the same as &' varies. Moreover, Shelstad’s lemma says that
Up(&1, v) and Up(&,, v) are disjoint if & ® v and & ® v are L-equivalent but not
equivalent. The formula follows.]

Let S = Cent(Image ¢), the centralizer being taken in LGP, and let S be the
identity component of S and 3 its Lie algebra.

The Weyl group W(a) imbeds in the Weyl group of (1G9, LT0). Namely any ele-
ment of W(a) has a representative that normalizes the Cartan subalgebra of m and
preserves positive roots of m; in this way an element of W{(a) leads to a unique
member of the Weyl group of (£!G?, LT0). With this identification in mind, we have
the following result.

THEOREM 3.1 (LANGLANDS). W = (Norm(£70) ) S)/(ET° (N S), the normalizer
being taken in LGO.
We denote the lattices that are given as part of the L-group data by L and LV:
L = Hom (7, €*) = Hom (C*, LT9),
LV = Hom ({79, C*) =~ Hom (C*, Ty).
These are in duality as follows: If A is in L = Hom(C*, LT?) and AV is in LV =
Hom(£T9, C*), then AV © A is a power of z in C*, and {4, V) denotes this power.
The homomorphism ¢ on C*, with values in LT, can be written symbolically as
3.1 P(z) = z#2> = 29(z2),
where yandyarein L ® Cand ¢ — yisin L. Formula (3.1) means that
}V(go(z)) —_ z(y—v, V) (Zz)(y, AV

forall AVin LV.

The condition that the image of ¢ lies in no proper parabolic within P means
that ¢(7) @V = — aV exactly for the roots of L(MA) and that {u,aV) s 0 for all
roots of (M A). (See Lemma 3.3 and the paragraph before Lemma 3.1 in [12].)
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Let Lt be the Lie algebra of T and decompose Lt into the + 1 and — 1 eigenspaces
for p(z) as It = Lt+ @ Lt~

LEMMA 3.2 (LANGLANDS). The Lie algebra Lt, which lies in 8, is a Cartan sub-
algebra of 3.

Proor. If X is in 8, then the condition that X¢) = X means that X is the sum of
a member of Zt* and a sum Y of root vectors. Moreover, ¥ must centralize p(C*).
If Y= )X,, then

DY =Y = Yo@ = 3 z6na (zz)0a0 ¥,
Hence each oV with Y, # 0 satisfies (u, aV) = <y, aV) = 0. Thus
8 < Lt + b CX,,.

Lty VY=, aVY=0
We are to prove that Lt* is maximal abelian in 8. It is enough to see that no X,
with (g, aV) = (v, aV) = 0 centralizes Lt i.e., that no such oV vanishes on Lt+,
However, {(u, aV) = 0 implies aV is not a root of L(M4), as we noted above, and
then ¢(z) &v # — aV. Thus aV does not vanish on Lt+,

THEOREM 3.3 (LANGLANDS). The group W' is canonically isomorphic with the Weyl
group of (8, Lth).

THEOREM 3.4 (LANGLANDS). Suppose G is semisimple and simply-connected. Then
the group F = (LT ) S)/ (ET° N S9) injects into S/S°, and the quotient is isomor-
phic to the R group. Moreover, F = {1} if G is a split group and P is a minimal
parabolic.

ExAMPLE. Let G be SU(2, 1), which we conjugate for convenience by

2-172  ( 2-1/2
g=( 0 1 0),

—92-1/2  2-1/2

et 0
T= e 20 .
et—if

The Borel subgroup B we use is the upper triangular group. The group G is quasi-
split but not split, and the L-group LG is

LG = LG® x Z, = PGL(3,C) » {10},

so as to be able to take

where ¢ is a particular realization of the nontrivial outer automorphism of
PGL(3, C). Specifically LT is the diagonal group, LT is LT° x {1, ¢}, and LB?
is the upper triangular group. We are led to the standard simple co-roots and use
standard root vectors in PGL(3, C); the root vectors for the simple co-roots are

010 000
X1=<000) and X2=(001),

000 000
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and we require X¢ = X,, X¢ = X;. Explicitly the action of ¢ on G0 is x* =

wo(xt*) 1wy, where
0 01
Wy = (0 -1 0),
1 00

and ¢2 = 1. On the Lie algebra Lt, we have diag(c;, ¢z, ¢3)? = (—¢3, —¢2, —y).

We assume that the homomorphism ¢ maps C* into £7° and maps z into w x ¢,
where w is in Norm(£7?). Up to conjugation of ¢, there are two possibilities for
w as a member of Norm(£70)/LT0, namely the cosets of 1 and wy. In either case,
¢(7) yields an involution of Lt, with + 1 and — 1 eigenspaces 't = Lt* @ Lt~ If
[W] = [wp), then Lt* = 0 and we are led to discrete series. We shall be interested in
the contrary case [w] = [1]. Say w = xV with xV in ZT90. The action of ¢(z) on
diagonal matrices LT is in this case the same as the action of ¢.

We write members of L = Hom(7g, C*) by abbreviating

A(diag(z, z7lw™1, w)) = zew?
as
= a[z] + b[w].

Here {[z], [w]} is a basis of L. Let {§,, d,} denote the dual basis of LV =
Hom(ZT°, C*). If

3.2) AV(diag(ay, a,, az) mod center) = (a;/a,)° (a3/az)?,
then
A = c¢d, + do,.

The action of ¢(z) on L7 yields an action on LV and then one on L, by duality,
namely

(alz] + b[w])P® = — blz] — alw].

Let ¢(z) be as in (3.1), for z in C*. Since z = rzz~1 is in the Weil group, we
obtain ¢(2) = ¢(z)*”, and then (3.1) implies y = p#®@.(Here the action of ¢(z) on
L ® C occurs only in the L part.)

Write

@ = cifz] + cg[w] with ¢, ¢; in C;
v = ut® = —¢fz] — ci[wl.

The condition that 4 — v be in L says that ¢; + c; is in Z. From p. 27 of [12], we
see that the character of 7 that is to provide data for a principal series representa-
tion is in this case

e 5 gm H+ol)2 — oln H),
If H = diag(t + {0, —2i0, t—i@), we are led to the character
diag(eieio, e—zio, el—iﬂ) — ef(cl—cz) e i@(t‘rl—(—‘z).

If Re(e; — ¢) > 0, we are led to nontempered representations. We shall spe-
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cialize to the principal series with ¢, — ¢; = 0, which corresponds to e on the
M part and trivial on the 4 part, by taking p = n[z]/2 + n[w]/2. These principal
series representations are reducible (splitting into two parts) if and only if n is even
and # 0. To see what ¢(z) is, we realize LT0 as

LT0 = diag(a;,ay, as) mod center.

Apply (3.2) to the element ¢(z) with ¢ = 1, d = 0, and then with ¢ = 0,d = 1.
Then

(ar]a)(z) = 0,9(z) = z¥3(zz)® 02
=z (z2)H = 71| |
and
(asfax)(z) = z#/|z|.

Hence

zn[| z | 0 0 \1/3
plz) = ( 0 (z|z)2 0 ) mod center,
0 0 2|z

in the sense that if the cube roots are extracted compatibly, their ambiguity dis-
appears when we pass to PGL(3, C).

To compute the image of ¢ completely, there is one more step—to determine
¢o(z) = xV x 0. We must have ¢(z)?2 = ¢(—1), and we conclude (xV)(xV)? =
¢(—1). We can take

xV =1 if nis even,
= diag(i, 1, —i) ifnisodd.

Now we can compute the groups S and S° that are the subjects of the theorems
of this section. There are three distinct cases for the image of ¢, corresponding to
n = 0, n odd, and n nonzero even. The pattern of the computation is to compute
Sy = Cent ¢(C>), which is connected, being the centralizer of a torus, and then to
compute the centralizer of ¢(r) in S;. The idea is to work as much as possible on
the Lie algebra level. For n = 0 and »n odd, we use a trick to obtain S; S is con-
tained in the normalizer in £G9 of 8, and 8 is found to be 81(2, C). Since 81(2, C) has
no outer automorphisms, S must conjugate S° by inner automorphisms. Then it
is easy to see that S = SO. The results are as follows.

ab O

n=0: §=<c0 b), S =89
0c —a
a0 b

nodd: §=<00 0), S = SO,
c0 —a

a0 O
neven #0: §=<O 0 0), S = 8% x {1, wy}.
00 —a



104 A. W. KNAPP AND GREGG ZUCKERMAN

These results are compatible with the theorems of this section and the facts that
n=0orodd: W' =2, R-=({1},
neven # 0: W' ={1}, R= 2,

4. Irreducible tempered representations. We continue to investigate the repre-
sentations Up(, v) discussed in §2. Here £ is a discrete series representation of M
and y is imaginary on %. We need a parametrization for the discrete series, and we
use Harish-Chandra’s. Let T~ be a compact Cartan subgroup of M, let t— be its
Lie algebra, and let Z,, be the center of M. Each discrete series representation of
M is determined by a nonsingular linear form A on it~ and a character y on Z,,.
The form A satisfies the integrality condition that A — p (with p equal to half the
sum of the positive roots of M in some order) lifts to a character e on T, and
A and y satisfy the compatibility condition that e*» and y agree on their common
domain. We write & = £(4, C, y), where C is the unique Weyl chamber of it~ with
respect to which 2 is dominant. Two such £’s are equivalent if and only if y = 5’
and there is some w in the Weyl group W(T—, M) = Normy(7~)/Cent(7T~) with
wA = A andwC = C’.

Representations that are “limits of discrete series” are discussed in [18]. We
can parametrize them in the same fashion, writing & = &(4, C, y), except that A
is allowed to be singular and there is more than one choice of C that makes A
dominant. These representations are irreducible or zero, and the criterion for
equivalence of nonzero ones is the same as for discrete series.

A basic representation is an induced representation Up(&(4, C, ), v), with
&(4, C, y) a limit of discrete series on M. If A is nonsingular, so that £ is in the dis-
crete series, then we say that the basic representation is induced from discrete
series. A basic representation Up(€(2, C, ), v), has nondegenerate data if for each
root ¢ of (m,t7), {A,a) = 0 implies that s, is not in W(T~: M). A representation
induced from discrete series automatically has nondegenerate data.

Nondegeneracy accomplishes several things. For one thing, it eliminates the 0
representation from consideration. For a second thing, it assigns a definite par-
abolic to the data for a basic representation. For example, in SL*(2, R), there is a
single limit of discrete series representation, and it imbeds as a full principal
series. The nondegeneracy assumption requires that this representation be viewed
in the principal series. In general, it requires that a basic representation be attached
to as small a parabolic as possible. A third thing that nondegeneracy accomplishes
is to allow the whole discussion of W, W', 4’, and R in §2 to extend to basic re-
presentations with nondegenerate data. The theorem from [8], [9] is as follows.

THEOREM 4.1. (a) A basic representation with nondegenerate data is necessarily
tempered, and it is irreducible if and only if its R-group is trivial.

(b) Two irreducible basic representations Up(§Q, C, y), v) and Up.(§(X', C', ¥'), V')
with nondegenerate data are equivalent if and only if there is an element w in G
carrying MtoM', Ato A, ttot',and (4, C, y,v) to (X', C', i, V").

(c) Every irreducible tempered representation is basic and can be written with
nondegenerate data.

The R-group can be used to point to those basic representations with non-
degenerate data that are needed to exhibit the reducibility of a representation
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induced from discrete series. The constituents of a given representation induced
from discrete series, or even of all induced from an L-class of discrete series, are
L-indistinguishable. A precise description of how this reducibility may be read off
from the data, from the R-group, and from the set of orthogonal roots in Theorem
2.3(c) is given in [8].
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ORBITAL INTEGRALS FOR GL/(R)*

D. SHELSTAD

We report briefly on the characterization of orbital integrals of smooth (C=)
functions of compact support on GLy(R), following [3]. A similar argument ap-
plies to GLy(C) [3]. We begin by recalling some well-known properties of these
integrals in a form convenient for the characterization, indicating the proof after-
wards; a more elegant formulation is given in [3].

We fix an invariant 4-form wg on G = GLy(R). If T is a Cartan subgroup of G
we take wy to be the form Crdyridys/riyes where 7y, r2 are the eigenvalues of 7
under some order (prescribed by a diagonalization of 7') and C; is a constant as
follows:

Cr = 1 if Tis split, and C; = i otherwise. If fe C°(G) and 7 € T, the set of
regular elements of G lying in 7, we set

o7 = fergh %

where dg, dt are the Haar measures defined by w¢, wr respectively. Then @7 is a
well-defined C* function on T, invariant under the Weyl group and vanishing
off some set relatively compact in 7. Let Z be the group of scalar matrices in G,
thus Z = T — T,,. The behavior of @7 near z € Z is described as follows: there
exist a neighborhood N, of z in T (invariant under the Weyl group) and C= func-
tions A% (z, ) and A} (z, ), each defined on N, and invariant under the Weyl
group, such that

) OX(r) = N} (z, 7) + ANz 1) | D(P)7172

for y € N, (| T, Here D(y) = (y1 — 72)% 7172 Where, as before, 7, and r; are the
eigenvalues of 7. The functions A% (z, ) and Az, ) depend on T although we
omit this in notation. Note that the equation (1) determines uniquely the restric-
tionto Z | N, of Az, ), and of all its derivatives. Thus we may set A¥(z) =
Az', z) for any z' such that ze N,, with a similar definition for derivatives.
Further

(a) if T'is split then we may take A , ) =0
and if X, denotes the image under the Harish-Chandra isomorphism of the oper-
ator X in the center of the universal enveloping algebra of glx(C) then

(b) for each z € Z, X;A}z) is independent of T.
To determine the restriction to Z (| N, of the derivatives of A4(z, )it is suffi-

*This work has been partially supported by the National Science Foundation under Grant
MCS76-08218.
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cientto compute X7A4%(z) for each X; X;A}(z), which we will not need explicitly, is
the appropriately defined integral of Xf over the conjugacy class of (5 1) and
if T is not split then X74% (z) = c;Xf(z), where ¢ is a constant depending only on

our choice of Haar measure on G.
We recall the proof. It is sufficient to consider the Cartan subgroups A4, the

diagonal group, and
B= {(_g 2): a4 b2 # 0}.
We find it more convenient to write an element of B, as
a0 - (A8 A0, 3n 0000,
Proceeding formally, we may choose w¢ so that

@ [Pz 0p) = 5 | 12

Ve [ oty an

where

N= {(6 x)} dn = dx,  fybx) = j  flexic™) dk,

Y

and
3) DE(r(2, 0)) = %Io (Hi(etf, e70) + Hy(—e'0, —e9)) (et — e7¥) dt
where
o = {99
W(u, v) = f| Ak expl k1) dk.
Ko —v 0

We obtain (2) from the Iwasawa decomposition of SL,(R) and (3) from the Cartan
decomposition. The function on the right-hand side of (3) can be analyzed as in
[1). It is easy then to see that this function can be expanded as on the right-hand
side of (1). The proof is now straightforward. To compute X;/A%(z) note that
[D|/2 9%, = X(|D|1/2@%). This is essentially Harish-Chandra’s formula Ff; =
XrFF [2]; |D] 172 @4 is the function F£ and (¢! —e~%) @8 (7(4, 0)) = FE(7 (4, 0)).

We come then to the characterization. Suppose that for each Cartan subgroup T
we are given a function @7, defined and C~ on T,,, invariant under the Weyl
group and vanishing off some set relatively compact in T. Suppose that @7 and @7’
satisfy the obvious consistency requirements when 7"and 7" are conjugate. Finally,
suppose that for each T'and z € Z there exist a neighborhood N, of z in T invariant
under the Weyl group and C~ functions A%z, ) and Az, ) on N,, also in-
variant under the Weyl group, such that

- ANz, 7)
4) OT(y) = A%z, 1) + D7

for y € N, | T,,; the functions A°(z, ) are assumed to have the following two
properties:
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(@ A°( , ) = 0if Tissplitand

(b) for each X in the center of the universal enveloping algebra of gl,(C) the re-
striction to Z (| N, of X;AY(z, )isindependent of T.

Then Lemma 4.1 of [3] asserts that there exists fe C:%(G) such that ¢7 = ¢T
for each T. We sketch the argument.

LetG, = G — Zand Y = {(x}, x2) € R?; x, # 0}. Definen: G, > Y by z(g) =
(trace g, det g); = is submersive and each fiber is a conjugacy class in G. Let
S = {(2x;, x?); x; # 0}. Then we define a function ¢ on ¥ — S by ¢(n(y)) =
ID(DV/2DT(r), 7 € T, allowing T to vary among the Cartan subgroups of G. If
¢ vanishes near S, that is, if each @7 vanishes in a neighborhood of Z, then it is
easy to find fe C*(G) such that @7 = @T for all T (via the coverings T, x
G/T — Tg,). Suppose now that ¢ extends to a smooth function on Y. Since ¢
has compact support we may apply a partition of unity argument on ¥ and assume
that ¢ has support in some neighborhood (to be specified) of a point in S.

Fix ae S and g € #71(a). We can find a neighborhood N; of g in G, with a
coordinate system y;, ---, ¥4 such that y; = x; o 7, ¥ = X3 o w; We may as well
assume that (y;) maps N to a cube in R%. Set N; = z(N;) and assume that ¢ e
C(N,). We lift the form |x,|=3/2dx,dx, to N;. Using this and the invariant form wg
we construct a G-invariant measure on each fiber of 7. It is easy to find fe CX(N;)
such that [,-1.,y /' = ¢(x), x € Np. On the other hand, suppose that ye Ny N T
and that x = z(y). Then we find that [,-1¢y b = |D(y)|1/2 O(y), h e C2(N,). This
is a straightforward computation with coordinates. Hence ¢(x) = |D(y)['/%0% ()
and our argument is complete in the case that ¢) is smooth.

We observe next that ¢ extends smoothly to ¥ when the functions A%z, ) at-
tached to the Cartan subgroup B satisfy

. dn
dm (DG, 0)[172 A(£A 72, 0)) = O

for each n or, more simply, XpA%z’, z) = 0 for each X, z’ and z. As before we
suppress z’' and write just XzA1%z). To compute XpA%z) in general we resort to
rapidly decreasing functions and their orbital integrals.

On G, or any real reductive group, we may introduce the space of rapidly decreas-
ing (Schwartz) functions, as defined by Harish-Chandra [2]; [2], together with
earlier papers listed there, contains an extensive analysis of the “F;” (normalized
orbital integral) transform on this space. If now f is rapidly decreasing on G then
@7 has the properties listed earlier, except that in place of the statement about the
support of @% we have that |D|1/297 is “rapidly decreasing on T, [2]. For the
characterization we take {@T} as before, but allow [D|/20T to be just rapidly
decreasing on T,,,. The argument is straightforward (since there are many rapidly
decreasing functions with computable orbital integrals [2]), but lengthy. Here is
our procedure. Consider the rapidly decreasing function [D|1/294 on 4. Using
wave-packets [2] we find f; such that FA = |D[1/204; then ¢4 = @4. Consider
sin 6 ®B(y(4, 0) ) — FE(r(2, 6)). From (1) we see that this function is C~ on B
(and rapidly decreasing as a function of 1). Then using essentially matrix coefficients
of the discrete series representations of {x € G: |det x| = 1} we find f; such that
FE =sin @8 — FF and FA = 0.If f = f; + f; then % = @T for all T (... for a
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general group this argument characterizes only stable orbital integrals). We refer
to [4] for details.

Returning to our original family {¢7}, where @7 vanishes off some set relatively
compact in 7, we can find a rapidly decreasing function f such that ¢7 = ¢7.
Then X5A%z) = ccXf(2), z € Z. Multiplying f, if necessary, by a suitable function
of det, we may assume that {xe R*; x = det g, f(g) # 0} isrelatively compact in
R*. This allows us to find in C°(G) a function f; which coincides with f on a neigh-
borhood of Z. Then Xf(z) = Xfi(z) for all z and X, and the function ¢ attached
to {@T — ¢%} is smooth on Y. We now argue as earlier and the proof of the
characterization is complete.

Finally, fix a quasi-character y on Z. Suppose that f'e C=(G) satisfies f(zg) =
x(2)f(g) for ze Z, ge G and has support compact modulo Z. Then @7 is well
defined and has the properties listed earlier, with the necessary modifications con-
cerning support and transformation under Z. To characterize {¢%} we can argue as
follows. Let {®T} have those properties. We can easily find 7, C~ on T, invariant
under the Weyl group, vanishing off a set relatively compact in 7, satisfying (4)
and such that @7(y) = [; y(z)®§(zy) dz, y € T,,. For example, we may take
@f as @T multiplied by a suitable function of |det|. We pick f; € C*(G) such that
@%, = ¢ for each 7. Then f defined by f(g) = [,x(z"))fo(zg) dz, g € G, satisfies
@% = @T for each T and is of the desired form.
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REPRESENTATIONS OF p-ADIC GROUPS:
A SURVEY

P. CARTIER

Introduction. The aim of this article is to (partially) survey the present state of
knowledge about the representations (mostly infinite-dimensional) of reductive
algebraic groups over a local field. This includes the familar p-adic groups like
GLn(Qp)’ szn(Qp)a

This theory evolved slowly and lately. The first steps were taken around 1960
by Mautner and his students who concerned themselves with a detailed study of the
particular group GLy(Q,). The first general results were obtained by Bruhat [8]
who imitated the ‘real’ methods of his thesis [7] and by Satake who determined
the spherical functions [38]. But the next developments had to await the deep
results of Bruhat and Tits [10], [11], [12] and [13] about the structure of p-adic
reductive groups.

In their reference work in which they were basically concerned with the group
GL,, Jacquet and Langlands [34] introduced the important notion of an admissible
representation. They thus opened the way towards a purely algebraic theory of
these representations. The basic results about induced representations were soon
after obtained by Jacquet [32], who considered the case of GL, only, but used per-
fectly general methods. These results have been generalized by Casselman and
Harish-Chandra.

The main goal of this article will be the description and study of the principal
series and the spherical functions. There shall be almost no mention of two impor-
tant lines of research which are still actively pursued today:

(a) Plancherel theorem and detailed harmonic analysis on p-adic Lie groups.
Here Harish-Chandra is the uncontested leader. We refer the reader to Harish-
Chandra’s own description of his results [26], [27] and also to my Bourbaki lecture
[14] for more recent results due to Harish-Chandra and Roger Howe.

(b) Explicit construction of absolutely cuspidal representations (the so-called
‘discrete series’). Here important progress has been made by Shintani [40], Gérar-
din [21] and Howe (forthcoming papers in the Pacific J. Math.). One can expect
to meet here difficult and deep arithmetical questions which are barely uncovered.

Let us give a brief description of the contents of these notes. In §I, we describe
the various classes of representations in a very general framework. Following
Harish-Chandra [25], we give the definitions for totally disconnected locally com-
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pact groups. Number theory and automorphic functions provide us with a host of
such groups and their representations. Special attention is paid to various forms of
Frobenius reciprocity and various notions of induced representations. Our exposition
is based on an apparently novel method using tensor products (over rings without
unit element, alas!).

In §II, we build up the machinery which enables us, after Jacquet, to reduce the
classification of the irreducible admissible representations for a p-adic group G to
the two following problems:

(a) Construct the absolutely cuspidal irreducible representations for G and the
Levi components of its parabolic subgroups as well.

(b) Study the representations induced from parabolic subgroups to the whole group.

Our presentation of Jacquet’s fundamental construction (the two ‘Jacquet’s
functors’) is based on our previous description of the induced representations and
is slightly more symmetrical than usual. After specializing the previous results to
the classical case of GL,, we turn to the relation between unitary representations
and admissible representations. Here the basic results are due to Harish-Chandra
[28] (generalizing earlier results of R. Howe [29] for GL,) and Bernshtein [1]. They
show that any reductive algebraic group over a local field is of type I in the sense of
von Neumann-Murray classification. The foundations are thus laid down for
Plancherel theorem.

8§III is devoted to the unramified principal series. These representations are par-
ametrized by the so-called unramified characters of the Levi component of a min-
imal parabolic subgroup. Let us mention that those characters provide the crux of
the applications to Langlands theory of L-groups (see Borel lectures in these
PROCEEDINGS). In general, the representations I(y) in this series are irreducible.
They have always a nonzero vector invariant under a special maximal compact
subgroup. The main result concerns the explicit construction of an equivalence
between I(y) and I(wy) where w is an element of the (relative) Weyl group. In the
case of real Lie groups, this question led to the introduction of singular integral
operators (Stein, Knapp). The deep analytical problems involved in the construc-
tion of these operators are bypassed by a very ingenious trick of Casselman, making
full use of Jacquet’s construction ¥V => V. An important role is played by the so-
called Iwahori subgroups and their geometrical interpretation via buildings.

In §IV, we culminate with the theory of spherical functions. Using the results
expounded in §I1I, one recovers Macdonald’s formula [36], [37] for these spherical
functions. This theory has been highly developed in the case of real Lie groups.
From the point of view of representation theory, the spherical principal series is
quite special, but plays a prominent role in the applications to L-functions & la
Langlands.

The whole approach leading to spherical functions through §§III and IV has been
developed by Casselman in a still unpublished paper [18]. I borrowed extensively
from this paper as well as from a preliminary paper [17] by the same author de-
veloping the foundations of representation theory in the p-adic case. The reader
will have to consult these papers for the details of proofs and for numerous gen-
eralizations. It is hoped that they shall appear soon.

I have to thank several friends. Anna Helversen-Pasotto tape-recorded my
lectures and made out of her tapes a transcript of the spoken words. This ungra-
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tifying task proved very helpful to me when transforming the sketchy notes dis-
tributed during the conference into the present report.

Serge Lang and John Tate allowed me to use freely their notes about spherical
transforms. My treatment in §IV has been influenced by them. Also John Tate
corrected my misinterpretations about Frobenius reciprocity (see §1.7).

Notations and conventions. 1. Let A be a ring with unit element 1. Let 4* be the
set of elements a in A for which there exists b in 4 with ab = 1. Endowed with ring
multiplication, A* is a group, the “multiplicative group” of A.

2. Let M be a module over a ring 4 without unit element. One says that M is
nondegenerate if every element in M can be written in the form a;-m;+ --- +a,-m,
with ay, --+, @, in 4 and my, ---, m, in M.1

One says a sequence of elements my, ---, m, in M generates M if every element in
M is of the forma; - my + -+ + a, - m, + ny - my + -+ + n,-m, with ay, --+, a, in
A and integers ny, ---, n, (of either sign). If M is nondegenerate, we can omit the
terms n; - my, *--, H,- m,. The module M is finitely generated if there exists a finite
sequence generating M.

3. By a local field we mean a nonarchimedean local field with finite residue field.
Such a field F comes equipped with a subring Op, whose elements are called the
integers in F. There exists in O a unique nonzero prime ideal pp. Moreover there is
in Op a prime element @y such that pp = Op- @p. Every element x in F* can be
uniquely written as @% - u with some integer » and some u in DF = Dp\pp. We
set ordg(x) = n in this case. By convention, ordz(0) is put equal to + co. The index
g = (Op: pp) is finite and a power of a prime number p. We set |x|p = g—°rdFr® for
xin F* and [0|y = 0. The index ‘F’ may be omitted in O, pp, OF, @p, ordp(x) and
| x| when no confusion can arise.

There are two possibilities:

(a) If Fis of characteristic O, then F is a finite algebraic extension of the p-adic
field @, and O consists of the elements integrally dependent on the ring Z, of
p-adic integers.

(b) If Fis of characteristic p, then F is the quotient field of the ring O = F[[¢]]
of formal power series in one indeterminant ¢ with coefficients in the Galois field
F, (also denoted as GF(g) by various authors).

4. We use the standard notations:

Z for the ring of integers,

Q for the field of rational numbers,

R for the field of real numbers,

C for the field of complex numbers.

5. Let G be a topological group, whose unit element shall be denoted by 1. By
a character of G we mean any continuous homomorphism y: G — C*. We say y is
unitary in case y(g) is a complex number of modulus 1 for every g in G, that is 2

1@ = x(® = x(g™).

'We make the convention that any unitary module over a ring with unit element is nondegene-
rate.

2Some authors call ‘quasi-character’ what we call ‘character’ and ‘character’ what we call ‘uni-
tary character’.
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Assume that G is locally compact. We use the symbol C(G) to denote the space
of continuous compactly supported complex-valued functions on G. If y is a (left
invariant) Haar measure on G, we denote usually by [of(g)dg the integral of a
function fin C(G) w.r.t. u. The modular function A4; is characterized by the in-
tegration rule

[ fe1dg = acg0[_r(sg0)dg for 7 in C. (G,

The group G is called unimodular in case 4d; = 1.

One has sometimes to integrate over homogeneous spaces G/H. Suppose that
fis a continuous function on G and there exists a function f; in C(G/H) such that
f(g) = fi(gH) for any g in G. Choose an invariant measure y on G/H. The integral
of f; w.r.t. u shall often be denoted by [, ;/(g) d3.

If G is a Lie group (real or p-adic) we use the corresponding German letter g to
denote its Lie algebra.

6. Let X be any set. The identity map in X shall be denoted by 1. If 4 is any
subset of X, the characteristic function I ,: X — {0, 1} is defined by

T x) =1 forxinA,
=0 forxin X\4,

where we denote by X\A4 the set-theoretic difference.
If X is finite, its cardinality shall be denoted by | X|.
7. We use the abbreviations ‘iff’ for ‘if and only if” and ‘w.r.t.” for ‘with respect

9

to'.

I. Totally disconnected groups and their representations.

1.1. Groups .of td-type. Let G be a topological group. We say G is of td-type if
every neighborhood of its unit element 1 contains a compact open subgroup. Such
a group is a locally compact Hausdorff space. Moreover it is totally disconnected
(hence td), that is there is no connected subset of G with more than one element.

Let G be a group of td-type. If X; and X, are nonempty compact open sets in G,
there exists a compact open subgroup K of G such that X; and X, are unions of
finitely many cosets x;,; K, -+, x; ,, Kfor X;and x5 ; K, ---, x5 ,,, K for X,. We set

Q)] (X1: Xp) = my/ny.

For instance, if X; and X, are compact open subgroups and X, is contained in X7,
then (X;: X5) is the index of X3 in X;. The chain rule holds, namely

2 (X131 X3) = (X1: Xp) - (Xpt Xy).
Let x be a left invariant Haar measure on G. The following formula is obvious:
(©) (X2 Xp) = p(X1)/p(Xa)-

Hence if p(X) is rational for some compact open set X # ¢, the same is true for
every such set. In this case one calls the Haar measure 4 rational.
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1.2. Examples of groups of td-type. (a) Let G be of td-type. Then every open
subgroup, every closed subgroup of G is of td-type. A factor group of G by a closed
invariant subgroup is of td-type.

(b) If Gy, -+, G, are groups of td-type, so is their direct product G; x -+ x G,
endowed with the product topology.

(c) Let (G;);c; be any infinite family of groups of td-type, and let K; = G; be a
compact open subgroup for each 7 in 1. In the direct product [];c; G;, let G be the
subgroup consisting of the families (g,),c; such that the set {i € /|g; ¢ K} is finite.
Then K = [],c; K; is a subgroup of G. We endow K with the product topology. A
set Uin Gisopeniff gU (| K is open in K for every g in G. Then G with this topol-
ogy is a group of td-type and K is a compact open subgroup of G. The group G is
known as the restricted product of the groups G; w.r.t. the groups K.

(d) Let F be a local field. Then |x — y|r defines a distance in F, hence a topology.
Then F as an additive group is of td-type, with O as a compact open subgroup.
Moreover £ is open in F, hence, as a multiplicative group, it is of td-type with D%
as a compact open subgroup.

(e) Let » = 1 be an integer. The linear group GL,(F) is the open subspace
of the n2-dimensional space over F with coordinates x;;, Xy, -**, X,,,;, defined by
det(x;;) # 0. It is a group of td-type. A compact open subgroup is GL, (D), the
set of n-by-n matrices with entries in O, and determinant in O%.

(f) Let G be a subgroup of GL,(F) defined as the set of common zeroes of a set
of polynomials in the coordinates x;; with coefficients in F. For short, G is an
algebraic subgroup of GL,(F) (more precisely, the set of F-rational points of an
algebraic group defined over F). It is a closed subgroup of GL,(F), hence a group
of td-type on its own merits. A neighborhood basis of the unit matrix I, in G is
given by the subgroups

K,={g=(g,)inG||g;— ylr Sgmforl i j<n}

Let G’ be an algebraic subgroup of GL,,.(F) for some integer »’ > 1. Assume that
the group homomorphism p: G — G’ is rational, that is, there exist polynomials
Pw in F[Xqy, -+, X,,,] and an integer m = 1 such that

0(g) = (0w (811, *++» gun)/(det 8)") 12 12w

for g = (g;;) in G. Then p is continuous w.r.t. the topologies defined on G and G’
by their embedding in the linear groups GL,(F) and GL,.(F) respectively. In par-
ticular if p is a biregular isomorphism, i.e., p is a group isomorphism and p, p~! are
both rational, then p is a homeomorphism.

In more intrinsic terms, the algebraic structure on G is defined by the ring F[G]
of polynomial functions? and the topology defined above is the coarsest for which
the elements of F[G] are continuous mappings from G to F (F is given the topology
defined in (d)).

(g) By (b) and (f), the product of finitely many algebraic groups defined over the

*This ring consists of the functions g — u(g.;, -+, gxn)/(det g)™ for a polynomial u in
F[X,,, -, X,s]and an integer m = 0.
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same or distinct local fields is of td-type. Similarly, by (c) and (f), adelic groups
without archimedean components are of td-type.

(h) Let F be a local field and F,,, a separably algebraic closure of F. Let F,,, be
the maximal unramified extension of F contained in F,,, and ¢ the Frobenius au-
tomorphism of F,, over F. Let G = Gal(F,/F) be the Galois group of F,, over
F endowed with the Krull topology. It is a compact group of td-type. Let Wy < G
be the subgroup of automorphisms ¢ of F,, which induce some power ¢” of ¢ in
F,,.. In a unique way we can consider Wy, the Weil group of F, as a group of td-type
in which Gal(F,/F,,,) (with Krull topology) is a compact open subgroup of Wp.

1.3. Hecke algebra. Let G be a group of td-type. If K is any compact open sub-
group of G, we denote by #(G, K) the complex vector space consisting of the
complex-valued functions fon G which satisfy the following two conditions:

(a) f is bi-invariant under K, that is f(kgk') = f(g) for gin G and k, k' in K.

(b) f vanishes off a finite union of double cosets KgK.

Moreover, let us choose a (left invariant) Haar measure x on G. One defines a
bilinear multiplication in the complex vector space #(G, K) by the customary con-
volution formula

@ F1ef2) ©) = [ 1109 folx1g) dx.

This integral makes sense since, as a function of x, the integrand is locally constant
and compactly supported. For this multiplication (G, K) becomes an associative
algebra over the complex field C.

Let us choose a set of representatives {g,} for the double cosets of G modulo
K, i.e., G is the disjoint union of the sets Kg,K. For any index a, let #, be defined
by

ug) = WK)1 if ge Kg,K,
=0 otherwise.

&)

In particular we may assume that gy = 1 for some index 0 and the corresponding
function u, shall be denoted by ex. Hence

©) ex(g) = uK) ifgek,
=0 otherwise.

The family {u,} is a basis of the vector space #(G, K). Moreover, ey is the unit
element of this algebra and the multiplication table is given by u, * ug = 33, c 5,1,
where the coefficients c,s, are computed as follows. The group K, = K g,Kg;*
is compact and open, hence of finite index in K. There exist therefore elements
X1, *++, X, of K such that K is the disjoint union of the sets x,K,, ‘-, x,,K,. Then
Kg,K is the disjoint union of the sets x,g,K, -+, x,,g,K. Define similarly K and the
elements y;, ---, y,. Then c,4, is the number of pairs (i, j) such that g;'x,g,7,8s
belong to K (see Shimura [39]).

When K’ isacompact opensubgroup of K, then s#(G, K) is a subring of (G, K')
but with a different unit element if K # K'. Define #(G) = | Jx (G, K) where K
runs through a neighborhood basis of 1 consisting of compact open subgroups.
Then J#(G) is the space of locally constant and compactly supported functions on G.
For the convolution product defined by (4), #(G) is an associative algebra. It has
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no unit element unless G is discrete, and it is commutative iff G is commutative.

The algebra #(G) is called the Hecke algebra of G and #(G, K) is called the
Hecke algebra of G w.r.t. K4

For later purposes, we need a generalization of #(G). Namely, let Z be a closed
subgroup of the center of G and y a character of Z. We denote by 5#,(G) the set of
complex-valued functions which satisfy the following conditions:

(a) f'is locally constant;

(b) one has f(zg) = x(z)"1f(g)forzinZandginG;

(c) fis compactly supported modulo Z.
More explicitly, assertion (c) means that f vanishes off a set of the form Q - Z where
Qis compactin G.

Choose a Haar measure v on G/Z. The convolution product is defined in #,(G)
by

™ Fiw /D@ = [ 1012 6 ) ds

(notice that the integrand takes the same value for x and xz if z belongs to Z). This
product is bilinear and associative. There is no unit element in the algebra #,(G)
unless Z is open in G. When Z = {1}, this construction brings us back to s#(G).

1.4. Smooth representations. By a representation of G, we mean as customary a
pair (z, V) where V is a complex vector space and = a homomorphism from G
into the group of invertible linear maps in V. If H is a subgroup of G, we denote by
V H the space of vectors v in ¥ such that z(k)-v = v for any % in H, that is, vectors
whose stabilizer in G contains H.

DEFINITION 1.1. A representation (z, V') of G is smooth iff the stabilizer of every
vector in V is open, equivalently if V = | g VK where K runs over the compact open
subgroups of G. '

Let (z, V) be a smooth representation of G and V* the space of all linear forms
on V. The coefficient zc,, ,» of = (for vin ¥ and v* in V'*) is defined by

(8) Ty, v‘(g) = < V*a 7":(g)v>

It is a locally constant function on G.
For fin #(G) there exists a linear operator z(f) acting on ¥ and such that

© O 7)) = [ S (0) de.

It is computed as follows: given v in V there exist a compact open subgroup K of
G, constants cy,-++, ¢, elements gy,-++, g,, of G such that ve VK and f = 37, 1, «.
Then z(f)-visequal to w(K)- 17, c;m(gy) - v.

Using standard calculations one checks that f— z(f) is an algebra homomor-
phism from »(G) into Endy(¥); hence we may consider ¥ as an #(G)-module.
For every compact open subgroup K of G, the operator z(ex) is a projection of V'
onto V'K; hence every vector v in V satisfies v = n(eg)- v for a suitable K. As a corol-
lary, V' is a nondegenerate 2#(G)-module.

The following facts are easily proved:

‘For G = GL,(Q,) and K = GL, (Z,), this algebra is just the classical algebra of Hecke opera-
tors attached to p.
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(a) A subspace V| of V is stable under the operators (g) for g in G iff it is invariant
under the operators r(f) for fin #(G).

Otherwise stated, the subrepresentations (z;, ¥;) of (z, V) correspond to the
submodules of the #(G)-module V. In particular, the representation (z, V) is
(algebraically) irreducible iff V is a simple 5#(G)-module.

The representation (z, V) is said to be finitely generated if there exist finitely many
vectors vy, -, v,, such that the transforms z(g) - v, forgin Gand 1 £ i < m generate
the complex vector space V. By (a), this amounts to the assertion that (vy,-, v,,)
generates the J#(G)-module V.

(b) Let (z, V) and (z', V') be smooth representations of G, and let u:V — V' be a
linear map. Then u satisfies n'(g)u = un(g) for every g in G iff it satisfies n'(f)u =
un(f) for every fin #(G).

A map u:V — V' such that z'(g)u = un(g) for every g in G is called an inter-
twining map or a G-homomorphism. By (b), it is nothing else but a homomorphism
of #°(G)-modules.

(¢) Let (z, V) be any irreducible smooth representation of G. Assume that the
topology of G has a countable® basis.5 Then every intertwining map u : V - Visa
scalar.

This version of Schur’s lemma is proved as follows. Since G has a countable basis,
the index (G: K) is countable for every compact open subgroup K of G; hence
#(G, K) has a countable dimension over C. Moreover, there exists a countable
basis of neighborhoods of 1; hence #(G) = | Jx#(G, K) has a countable dimen-
sion. For any v # 0 in ¥V, the map f — zn(f)-v from #(G) to V is surjective; hence
the dimension of ¥ is countable. Let A be the algebra of intertwining maps from V
into V. For any v # 0in V, the map u — u(v) of 4 into V is injective because (, V)
is irreducible; hence the dimension of A4 is countable. But 4 is a division algebra
over the algebraically closed field C. If 4 # C, there exists a subfield of 4 isomor-
phic over C to the field of rational fractions C(x). In this field, the uncountably
many elements (x — )7, for A running over C, are linearly independent. Con-
tradiction! [This proofis due to Jacquet [33].] '

For instance, let z belong to the center Z(G) of G. Then z(z) commutes to z(g)
for every g in G. Hence there exists a character w, of Z(G) such that z(z) = w,(z) - 1y
for every z in Z(G). One refers to w, as the central character of 7.

(d) Any nondegenerate #(G)-module is associated to a unique smooth representa-
tion of G.

To summarize, the category of nondegenerate #(G)-modules is identical to the ca-
tegory of smooth representations of G and intertwining maps.

To conclude this section, we define the contragredient representation to a
smooth representation (z, V) of G. Let K be a compact open subgroup of G. Denote
by V*(K) the space of linear forms v* on ¥ such that (v*, z(ex)-v) = {v*, v) for
every vin V. The space V = | JxV*(K) is called the smooth dual to V. In V there ex-
ists a smooth representation 7 of G characterized by the relation

(10) (7(g)-¥, vy ={ ¥, n(g™)-v)

5 A finite set is countable!
¢ This condition is satisfied for the algebraic groups over a local field.
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for gin G, vin ¥ and ¥ in V. The representation (#, V) is called the representation
contragredient to (z, V).

1.5. Admissible representations and their characters. We come now to a more
restricted class of representations.

DEFINITION 1.2. A representation (z, V) of G is called admissible if it is smooth and
the space VX of vectors invariant under K is finite-dimensional for every compact open
subgroup K of G.

Fix a smooth representation (z, ¥) of G and a compact open subgroup K of G.
Let &(K) be the set of (equivalence classes of) continuous irreducible finite-dimen-
sional representations of K; every neighborhood of 1 in K contains a subgroup L
of K which is compact, open and invariant in K. It follows that every representation
in &(K) factors through the finite group K/L for such a subgroup L.

Let v be a vector in V. Since 7 is smooth, there exists a subgroup L as above fixing
v. Let ky,--+, k,, be coset representatives for K modulo L. The subspace spanned by
(ki) -v,---,m(k,,) - vis stable under K and affords a representation of the finite group
K/L. 1t is therefore the direct sum of subspaces affordingirreducible representations
of K/L, hence of K. In other words, the restriction of = to K is a semisimple re-
presentation. For any b in &£(K), let V', be the subspace of V' generated by the
minimal K-invariant subspaces of V affording a representation of K of class b.
The space V, is called the isotypic component of class b of z; if ¢ is the one-dimen-
sional representation of K given by e(k) = 1 for k in K, then V, = VX. More gener-
ally for any character y of K, the space V, consists of the vectors v in V' such that
w(k)-v = y(k)-vforevery kin K.

We state now the elementary properties of admissible representations.

@) If (=, V) is a smooth representation of G and K is a compact open subgroup of
G, then V is the direct sum @ yes)Vy. Moreover (z, V) is admissible iff 'V, is
finite-dimensional for every b in £&(K).

Let now b in &(K) and let § be the representation of K contragredient to b.
Since the space E of b is finite-dimensional, the space of b is the dual E* of E.

(b) Assume (z, V) is admissible. The restriction of the pairing between V and V
to V5 x V, defines a nondegenerate K-invariant bilinear form on Vg x V.

Since V, is finite-dimensional, so is V5 and each of the spaces ¥, and V5 can be
identified to the dual of the other. So we get from (b) the following result:

(<) If (z, V) is admissible, then (%, V) is admissible and the pairing between V and
V enables one to identify (z, V') with the representation contragredient to (%, V).

We come now to the characters.

(d) Let (z, V) be a smooth representation of G. Then r is admissible iff the operator
n(f) is of finite rank for every fin #(G).

By definition a distribution (in the sense of Bruhat [9]) on G is a linear form on
the space #°(G) of “test functions”. According to property (d) above, we can
associate to any admissible representation (z, V) of G a distribution 6, on G by

an 0:(f) = Tr(a(f)) for fin #(G).

One refers to O, as the character of «.

(e) Let (my, Vio)eer be a family of admissible and irreducible representations of
G. Assume that m, is inequivalent to wg for a # (. Then the characters 6, are
linearly independent, hence mutually distinct.
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For the calculation of ©, we may proceed as follows. Assume to simplify matters
that G has a countable basis of open sets, hence a countable basis (K,,),,=; for the
neighborhoods of 1 consisting of a decreasing sequence of compact open sub-
groups. Let V,, be the space of vectors in ¥ invariant under z(X,,). Since 7 is ad-
missible, each V,, is finite-dimensional, and V; < V, < --- €« V,,  --- with
V = JuVn Let g be in G. For every m, the operator z(ex, )-n(g) x(ex,) maps
V., into itself. Since V,, is finite-dimensional, this operator has a trace, to be denoted
by @,.,.(g). Notice that as a function of g, 6,,,,(g) is bi-invariant under K, hence
locally constant. Let f be in #(G). There exists an integer m, = 1 such that f
belongs to #(G, K,,,) and then one gets

(12 6:() = | 6:n(@(0) g

for every integer m = my. This fact can also be stated as
(13) 6, =1lim 6,,,, (weak limit in the space dual to #(G)).
For each m, let B,, be a basis of V,, over C; assume that B, « B, < --- = B,, =

B, < ---. Then B = |J,B,, is a basis of V over C. Put B = {v,},c;; hence
B,, = {Va}aes, for some finite subset I, of 1. Define the matrix (,4(g)) by

14 w(g)-vp = a;{ Tap(8)Va-
Then 6, ,, can be calculated as

(15) Or.n(8) =aEZ[im7ra,a(g)-
Hence we get the series expansion

(16) 6= % mua

which converges in the weak sense.

ReMARK. The definitions of the convolution product by (4) and of z(f) by (9)
depend on a Haar measure g on G. To free them from this dependence, we can
proceed as follows. Let C=(G) be the space of locally constant complex-valued
functions on G. By C2(G) we denote the space of linear forms 7 on C=(G) which
satisfy the following two properties:

(1) There exists a compact open subgroup K of G such that T is bi-invariant under
K.Namely, for fin C*(G)and ki, k, in K, then T(f) = T(f") where f'(g) = f(k,gks).

(2) T is compactly supported, namely there exists a compact open subset Q of G
such that T(f) = O for every fin C~(G) which vanishes identically on Q.

By a generalized function on G we mean a linear form on C%(G); they make up
a vector space C~>(G) over C. We can embed in a natural way C=(G) as a subspace
of C~=(G).

The convolution product on C%(G) is defined as follows: for T; (/ = 1, 2) in C%(G)
choose 2, as in (2) above and let @ = Q; U Q. For fin C=(G) there exist functions
S1s 5 S S 1> -+*> [ in C=(G) such that
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a7 f(g182) = _zilf;(gl)-f:«gz) for g, g, in 0.

Then (T * T)(f) is defined by

(1) (Ty* T = 5 T0D-TufD.

For T'in C2(G), the operator z (T') in V is defined in such a way that
(19) v (T vy = T(z, ) forvin V, v¥in V*

(notice that z, ,. belongs to C=(G)). If « is admissible, its character is the genera-
lized function defined by 6,(T) = Tr(z(T)) for T in C2(G).

If we choose a left invariant Haar measure g on G, we get an isomorphism of
#(G) onto CF(G) which associates to u € #(G) the linear form f — [ f(g)u(g) dg
on C=(G). By duality, one gets an isomorphism of C~=(G) with the space of dis-
tributions. This brings us back to our previous constructions.

1.6. Absolutely cuspidal representations. In this section, we denote by Z a
closed subgroup of the center of G. We fix a character y of Z and a Haar measure
on G/Z and assume that G is unimodular. A y-representation of G is a representa-
tion (z, V) of G such that z(z) = y(z) -1y for every z in Z. If = is smooth and ir-
reducible, this means that the restriction to Z of the central character w, is equal
to y (at least, when G has a countable basis of open sets).

Let 7 be a smooth y-representation of G. For fin #,(G), the linear operator
z(f) in Vis defined in such a way that

20) o w(y = f o ale) vy fie) dg

holds for vin ¥ and v* in V'*.

It is then easily proved that the category of smooth y-representations of G is
isomorphic to the category of nondegenerate s#,(G)-modules. Moreover the ir-
reducible smooth representations correspond to the simple #,(G)-modules.

DEFINITION 1.3. Let y be a character of Z. A y-representation (z, V) of G is called
absolutely cuspidal (or supercuspidal, or parabolic according to some authors) if
it is admissible and each coefficient 7, ; (vin V, ¥ in V) is compactly supported modulo
Z (hence belongs to s#;-1(G)). )

A representation is called absolutely cuspidal (w.r.t. Z) if it is an absolutely
cuspidal y-representation for some character y of Z.

One of the main properties of absolutely cuspidal representations is embodied
in the so-called Schur orthogonality relations.

THEOREM 1.1. Let (z, V') be any irreducible absolutely cuspidal y-representation of
G. Assume that the character |y| of Z can be extended to a character of G. Then
there exists a constant d(z) > 0 such that the following identity

e [ < (e ) Gy wle ) v2> dg = d(m) Gy, v iy

holds for vy, vy in V and ¥y, %, in V.
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The assumption about y is satisfied if y is unitary or else if G is a connected
reductive algebraic group over a local field.

The number d(z) is called the formal degree of w. It depends on the choice of the
Haar measure on G/Z. Indeed, multiplying the Haar measure by a constant ¢ > 0
amounts to replacing d(z) by d(z)/c. More invariantly, to x is associated a Haar
measure v, on G/Z such that

22) j ., <P w(&)- 11> iy, m(g™)- 12> deg = (P, 1)y )

holds for v;, v, in ¥ and ¥, #, in V. We denote by d,g the integration w.r.t. v,.
If K is a compact open subgroup of G/Z, the number v,(K) is well defined and may
be called the formal degree of = w.r.t. K. For instance assume that z is induced from
a finite-dimensional representation A of K. Then v,(K) is the degree of A.

Theorem 1.1 has a number of interesting corollaries. Generally speaking, let (7, V)
be any admissible irreducible y-representation of G. For any linear map u:V — V,
the following conditions are equivalent:

(a) There exists a function f'in #,(G) such that u = z(f) holds.

(b) There exists a compact open subgroup K of G such that u = z(k)-u- (k")
holds for k, k" in K.

(c) There exist vectors vy, -+, v,, in ¥ and linear forms 7, -+, 7,, in V such
that
m -~
23) ut) = 3 o vy,

holds for any v in V. The set #(x) of all such operators is a subalgebra of the al-
gebra of all linear operators in V.

Assume now that 7 is absolutely cuspidal. Denote by £ () the two-sided 1dea]
in #,(G) consisting of the functions f such that z(f) = 0. The vector subspace
A (%) of #,(G) generated by the functions of the form g — <¥, z(g~1)-v) is then
a two-sided ideal in 5#,(G) and #,(G) is the direct sum of o/(x) and o '(x). Hence
we get an isomorphism f— z(f) of the algebra .«/(z) with the algebra #(rx). The
inverse isomorphism is given by u — ¢, , where

24 Pru(8) = d(z)-Tr (u-m(g™))

for g in G and u in #(x). Notice also that we have an isomorphism
0:V® V - #(z) given by

(25) (v ® ¥)-v =<9, v')-y

for v, v/ in ¥ and ¥ in V. The three spaces V ® V, #(x) and </ () carry natural
representations of G x G and the previous isomorphisms are equivariant w.r.t. these
actions of G x G.

Let 6, be the character of 7. The projection A, of #,(G) onto «/(x) with kernel
A'(m) is given by A(f) = ¢r.z¢p; hence more explicitly?

7 We abuse notation by treating 6 as a function!
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26) A1)e) = dem) [ O.xg () dx

for g in G and fin #,(G). To simplify assume that Z = {1}. Then we can rewrite
formula (26) as a convolution (of a distribution and a compactly supported func-
tion!)

@7 A(f) = d(z) (65 *f),

where OY is the distribution on G deduced from 6, by the symmetry g — g71 of G.
From the decomposition /#,(G) = #'(z) ® «/(z) one deduces easily the fol-
lowing theorem, due to Casselman [16]:

THEOREM 1.2. Let (z, V) be an irreducible absolutely cuspidal y-representation of
G. Then V is projective in the category of nondegenerate #,(G)-modules.

There are two important corollaries.

COROLLARY 1.1. Any absolutely cuspidal y-representation of G is a direct sum of
irreducible absolutely cuspidal y-representations, each counted with finite multi-
plicity.

The following is a converse of Schur’s lemma and follows immediately from
Corollary 1.1.

COROLLARY 1.2. Let (z, V) be any absolutely cuspidal y-representation of G.
Assume every intertwining map u: V — V'is a scalar. Then 7 is irreducible.

So far we considered one absolutely cuspidal representation at a time. We give
now the second half of Schur’s orthogonality relations.

THEOREM 1.3. Assume (m, V) and (z’, V') are inequivalent absolutely cuspidal
x-representations of G. Then the following relation holds

28) [, < a(e)vy (¥mle vy dg = 0
whatever be vin V, v in V', vin Vand V' in V'.

Let /A be a complete set of mutually inequivalent irreducible absolutely cuspidal
y-representations of G. From Theorem 1.3, it follows immediately that the sum of
the two-sided ideals o/(z) (for z running over A) is direct in fo(G). This sum is
called the cuspidal part of #,(G) to be denoted by #,(G)°".

1.7. Change of groups and Frobenius reciprocity. Let G and G’ be two groups of
td-type and ¢ a continuous homomorphism from G into G'. Denote by ¥ (¥¢/)
the category of smooth representations of G (G').

The restriction functor ¢* from S, to & takes the smooth representation
(z’, V') of G' to the smooth representation (z, ¥) of G, where V' = V' and
7(g) = n'(p(g)) for gin G .8

To define the extension functor ¢, from ¥ to ¥, we take the view that ¥
consists of the nondegenerate s#(G)-modules and similarly for &;.. We consider
#(G") both as a left #(G')-module in the obvious way and as a right s#(G)-module

S If ¢ is the injection of G into a larger group G’, we write Res§” instead of ¢*.
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as follows: for f” in #(G’) and f in #°(G), we define the convolution f” %, f as the
function in #(G’) whose values are given by

(29) (f"*p /) = IG 1&g p(@)™) f(8) de(p(8)7) dg.

We define now ¢, via tensor products. Indeed for any V in #; we put
0V = #(G'") ® 4 V and define the action of #(G’) on ¢, V' by the rule

(30) fir(fz@v) =(fixf) @

forf1, f2in 2#(G')and vin V.
Let ¥ be in & and V' in .. Using the universal property of tensor products,
we produce a canonical map

(€2))] 6: Homg(V, ¢*V’') - Home.(p4V, V')

as follows: for u: V — ¢*V’, the linear map (u) takes f' @ vinto f”-u(v) (f in
H(G"), vin V).

Frobenius reciprocity is the assertion that @ is an isomorphism. Unfortunately,
as John Tate pointed out to me, this is not true in general due to the lack of unit
elements in our rings. We have to introduce another functor ¢'. First of all let us
define the notion of a generalized vector in a representation space (z, V) for G.
One defines in 2#(G) the translation operators by

(32) L, f(g) = flg7! g1)s R,f(g) = ds(g)- f(g18)

for g, g, in G and fin #(G). The space V'~ of generalized vectors consists of the
linear maps u : #(G) — V such that uL, = z(g)u for every g in G. We identify
any vector v in ¥ to the generalized vector f — z(f)-v. The representation = of G
into V is extended to ¥~ by 7~=(g)(u) = uR,-.. It is easy to show that V’ consists
of the ‘smooth’ vectors in ¥—=, that is the generalized vectors u for which there
exists a compact open subgroup K of G such that z—(k)(u) = u for every kin K.

We apply this construction to a smooth representation (z', V") of G'. We get a
representation (7', ¥'~=) of G’, hence a representation of G on the same space by
the operators 7'~=(p(g)). One defines ¢!V’ as the set of smooth vectors for G in
the space V'—=. It is clear that ¢* V'’ is a subspace of 'V’ and the carrier of a sub-
representation for G.

Let (z, V) be a smooth representation of G. One establishes easily the following
facts:

(a) The map O extends to an isomorphism

(33) 6': Homg(V, ¢'V') —» Homg eV, V).

Hence the functor ¢' from &, to P is a right adjoint to ¢,.

By general functorial results it follows that ¢, is a right exact functor and ¢'
a left exact functor.

(b) In order that © be an isomorphism for every V in & and every V' in L, it
is necessary and sufficient that o*V' = ¢' V' for every V' in #¢..

In order to get a counterexample to Frobenius reciprocity, it is enough to find a
smooth representation(z’, V') of G’ such that V'~ # V' and to consider the group
G = {1} since ¢' ¥’ = V'~ in this case. Consider the left translations acting on
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#(G"). The identity map is a generalized vector in s#(G’)~= and is not of the form
[ fxfo for a fixed fj in s#(G’) unless G’ is discrete. Hence s#(G’) # s#(G’)™ in
this case.

(c) Let ¢’ be a continuous homomorphism from G’ into another group G” of td-type.
Then the functors ¢y o @, and (¢’ o )y from F¢ to & are naturally isomorphic.

This follows from the associativity of tensor products.

Assume now that ¢ is open, that is ¢(U) is open in G’ for every open set U in G.
Then, for any module V' in ., a generalized vector in V'~ is smooth for G iff
itis smooth for G’, that is belongs to V. Hence one has ¢' V' = ¢*FV’ and by prop-
erty (b) above, Frobenius reciprocity holds.

Let (=, V) be any smooth representation of G. We can describe more explicitly
¢« V as follows. Let H be the kernel of ¢ and let ¥(H) be the subspace of V' gener-
ated by the vectors z(h)-v — v for A in H and v in V. Moreover, by Frobenius
reciprocity, there is a G-homomorphism ¢: ¥V — ¢*p, ¥ such that O(¢) is the identity
map in ¢, V. Finally, let {g;},c4 be a set of representatives for the cosets g’-p(G)
in G’ (notice that ¢(G) is open in G').

(d) With the previous notations, the kernel of the linear map ¢ from V into ¢,V
is equal to V(H) and ¢,V is the direct sum @ ,c 4 w(g.)- ¢ (V) where ' is the represen-
tation of G' in ¢, V' deduced from its #(G")-module structure.

(e) Assume that the kernel H of ¢ is the union of its open compact subgroups (for
instance H is a unipotent algebraic group over a local field, or ¢ is injective). Then
the functor ¢, is exact.

For every compact open subgroup K of G, the operator z(ex) (see §1.3, formula
(6)) is a projection of ¥ onto the set VX of vectors invariant under K, with kernel
V(K). Hence V' = VK @ V(K). Under the assumptions made in (¢) one has

V(H) = ) V(K) = | ker z(eg)
K K
where K runs over the compact open subgroups of H. Hence, for every G-invariant
subspace W of V, one gets W(H) = W () V(H), hence the exactness of ¢,.

There are two special instances of the previous results. Assume first that G is
an open subgroup of G’ and ¢ is the injection of G into G’. Then we can identify
V to its image by ¢ in ¢,V and then ¢,V = @, 4 z'(g) - V-

Assume now that ¢(G) = G’. Then ¢ defines an isomorphism of topological
groups from G/H onto G’. Moreover, ¢ defines an isomorphism of the linear space
Vy = V/V(H) onto ¢, V.

1.8. Induced representations. In this section, we denote by G a group of td-type
and by H a closed subgroup of G.

Let (z, V) be a smooth representation of H. We denote by ¥, the space of func-
tions f : G — V satisfying the following assumptions:

(a) One has f(hg) = =w(h)- f(g) for hin Hand g in G.

(b) There exists a compact open subgroup K of G such that f(gk) = f(g) for g in
Gandk in K.

The group G acts on ¥, by right translations, namely

(34) (0(8)-f)(g1) = f(g18) forg, g inG, fin ¥,

The representation (8, ¥",) of G is smooth. It is called the representation induced
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from 7 and usually denoted by Ind§ z. One has a kind of dual Frobenius reciprocity,
namely an isomorphism

(35) O6* : Homy(Res§ A, 1) —— Homg(4, Ind§ )

for every smooth representation (4, W) of G. The proof is trivial.

The functions in ¥, are locally constant, but assumption (b) is usually stronger
than just local constancy. Denote by ¥7¢ the subspace of ¥, consisting of the func-
tions which vanish off a subset of the form HQ where Q2 < G is compact. For g
in G, the translation operator 6,(g) induces an operator 6:(g) in ¥°¢. The repre-
sentation (f2, ¥7¢) is called the c-induced representation from z and is usually
denoted by c-Ind§ z. If G/H is compact, there is no need to distinguish between
v . and ¥¢, and ¢-Ind§ = = Ind§ 7.

The adjoint of a composite functor being the composite of the adjoints in reverse
order, one deduces from Frobenius reciprocity the possibility of inducing by stage.
Namely, if L is a closed subgroup of H, there is a canonical isomorphism

(36) Ind§ Ind¥ 2 —"— Ind§ A

for any smooth representation (4, W) of L. A similar property holds for the
c-induced representations.

Let ¢ be the injection of H into G. We want to compare our functor ¢, to the
induced representations. Define a character § of H by

(35) o(h) = Ay(h)/de(h) for hin H.

If y is any character of H and (z, V) a smooth representation of H, the twisted
representation (x @ y, V) acts on the same space as z via the operators

36) (r ® y)(h) = y(h) =(h) for hin H.

THEOREM 1.4. Let H be a closed subgroup of G and ¢ the injection of H into G.
For every smooth representation (z, V) of H, ¢,V is isomorphic to the c-induced
representation c-Indg(z ® 071).

COROLLARY 1.3. The functor c-Ind$; from & to & is exact.

We know that ¢, is right exact (see above, p. 124). It is clear that c-Ind§ is a
left exact functor, hence the corollary.
An explicit isomorphism P,: ¢,V — ¥"¢gs-1 is given as follows:

37 Pf ®v)(g) = jH fet o)™ w(h)-v dh

for fin #(G), vin V and g in G.

1I. The structure of representations of p-adic reductive groups.

2.1. Properties of algebraic groups. We summarize here a few properties of al-
gebraic groups. For a more complete exposition we refer the reader to the lectures
by Springer [41] in these PROCEEDINGS. As usual, Fis a local field.

Let n = 1 be an integer and let G be an algebraic subgroup of GL,(F). We say:
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G isunipotent if it consists of unipotent matrices (all eigenvalues in some algebraic
closure of Fequal to 1);

G is a torus if it is connected, commutative and any element of G can be put in
diagonal form in some extension of F;

G is a split torus if it is a torus and the eigenvalues of every element of G belong
to F;

G isreductive if there exists no invariant connected unipotent algebraic subgroup
of G with more than one element;

G is semisimple if it is reductive and its center is finite.

A connected reductive algebraic group G is called split if there exists in G a
maximal torus which is split. Then every maximal split torus in G is a maximal
torus.

From now on, we assume G is reductive and connected. Any split torus in G is
contained in some maximal split torus of G. Any two maximal split tori in G are
conjugate by an element of G, their common dimension is called the split rank of
G. There exists in the center of G a largest split torus Z.

We do not repeat the definitions of a parabolic subgroup of G, a Borel subgroup
and a quasi-split group (see [41]). A parabolic pair (P, A) consists of a parabolic
subgroup P of G and a split torus 4 subjected to the following assumption:

If N is the unipotent radical of P (its largest unipotent invariant algebraic sub-
group), there exists a connected reductive algebraic subgroup M of G such that
P = M- N (semidirect product)® and A4 is the largest split torus contained in the
center of M.

Any parabolic subgroup P can be embedded into a parabolic pair. Given P, the
split torus A4 is unique up to conjugation by an element of N. Given (P, A4), the
group M is the centralizer of 4 in G.

One says the parabolic pair (P, A) dominates the parabolic pair (P’, A’) in case
P o P'and 4 < A’ hold. There exists then a parabolic subgroup P; of M such that
P’ = P;-N and (P;, A') is a parabolic pair in M. This result is used very often in
proofs by induction on the dimension of G.

2.2. Jacquet’s functors. Let be given G, P, A, M and N as above. Define two
homomorphisms

7

were ¢ is the injection of P into G and p(mn) = m for m in M and n in N. The group
P is thus a kind of link between the groups G and M, and will be used to define
functors relating the categories of G-modules and M-modules.

The first Jacquet’s functor is Jg py = put*: F¢ > Sy Let (z, V) be a smooth
representation of G. Since ¢* is simply the restriction Res§, the space of the repre-
sentation J ¢ y 7 is Viy = V/V(N) where V() is generated as a vector space by the
elements (n)-v—v fornin N and v in V. The representation of M on ¥V is obtained
from the restriction of 7 to M, which leaves V(N) invariant since M normalizes N.

° The equation P = M- N is called the Levi decomposition of P.
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THEOREM 2.1. Suppose (z, V) is an admissible finitely generated representation of
G. Then Jg, (7, V) = (mn, V) is an admissible finitely generated representation of
M.

This theorem is a deep result essentially due to Jacquet [32] (see also [17]).

COROLLARY 2.1. Assume G is quasi-split and P is a Borel subgroup of G. Then
Vy is finite-dimensional.

If G is quasi-split and P a Borel subgroup, M is a maximal torus in G, hence is
commutative. It is then easy to check that any admissible finitely generated repre-
sentation of M is finite-dimensional, hence the corollary.

The second Jacquet's functor is Jy ¢ = Ind§ p*: ¥y - F¢. More explicitly,
this functor takes a smooth representation (4, W) of M into (z;, ¥";) where ¥";
is the space of functions /' : G » W such that

€)) f(mng) = A(m)- f(g) for gin G, min M and n in N.
The group G acts via right translations, namely

@ (z:(8)-f)(81) = f(8:8)

for g, g, in G and fin ¥7;.
The following result follows easily from the compactness of G/P.

THEOREM 2.2. Assume that (A, W) is an admissible finitely generated representation
of M. Then (z;, ¥";) is an admissible finitely generated representation of G.

This construction is especially interesting when G is quasi-split and P is a Borel
subgroup of G. We may take for (A, W) a one-dimensional representation corre-
sponding to a character of the maximal torus M. The corresponding representa-
tions of G comprise the principal series (see also §III).

The Jacquet’s functors are exact by the results quoted in §§1.7 and 1.8. They are
adjoint to each other, giving rise to a canonical isomorphism

HomM(JG,M V, W) - HomG(V, JM,G W)

for any smooth representation (4, W) of M and any smooth representation (z, V)
of G.

2.3. The main theorems. Let G, P, A, M and N be as before. The parabolic pair
(P, A) dominates a parabolic pair (P’, 4’) where P’is a minimal parabolic subgroup
of G; hence A’ is a maximal split torus in G. Let @ be the root system of G w.r.t.
A’ and 4 be the basis of @ associated to P’. There exists a subset @ of 4 such that
A is the largest torus contained in the intersection of the kernels of the elements of
O (we view the roots o in @ as homomorphisms from 4’ to F*). For any real num-
ber ¢ > 0, let A~(¢) consist of the elements @ in A such that |a(a)| » <e for every
root o in 4\O. Moreover, let P be the parabolic subgroup of G opposite to P. The
roots associated to P are the roots —q where « runs over the roots associated to
P. Let N be the unipotent radical of P.

Let now (z, V) be any admissible finitely generated representation of G. Let
(%, V) be the representation contragredient to (7, V). Using first Jacquet’s functor
we get representations (zy, Vy) and (zy, Vi) of M.
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The following theorem is due to Casselman [17]. It plays a crucial role in the
representation theory of reductive p-adic groups.

THEOREM 2.3. There exists a unique M-invariant nondegenerate pairing {-, >y
between Vy and Vy with the following property:

Given vin V and ¥ in V, with canonical images u in Vy and ii in Vy respectively,
there exists a real number ¢ > 0 such that

4 ¥, w(@)- vy = <@, my(@)-wdy
holds for every a in A=(¢).

As a matter of fact, the previous pairing identifies (7, V) to the representation
of M contragredient to (zy, Vy).

The following criterion is due to Jacquet [32] and results easily from Theorem
2.3.

THEOREM 2.4. Let (z, V) be any irreducible admissible representation of G. The
Sfollowing assertions are equivalent:

(1) (=, V) is absolutely cuspidal.

(2) For every parabolic subgroup P # G of G, with unipotent radical N, we have
Vy = 0.

Note that ‘absolutely cuspidal’ is with reference to the maximal split torus Z in
the center Z(G) of G.10

An alternate formulation of Theorem 2.4 is as follows. Choose a character y of Z
and recall that »#,(G)° is the subspace of #,(G) generated by the coefficients of the
irreducible absolutely cuspidal y-representations of G. Then the following condi-
tions are equivalent:

(a) f belongs to #(G)°;

(b) f belongs to +#,(G) and

®) [, fem dn =0

holds for g in G and every subgroup N as in Theorem 2.4.
The next result is again due to Jacquet [32]. It is easily proved by induction on the
split rank of G/Z.

THEOREM 2.5. Let (z, V') be any irreducible admissible representation of G. There
exist a parabolic pair (P, A) with associated Levi decomposition P = M- N and an
irreducible absolutely cuspidal representation (A, W) of M such that & is isomorphic
to a subrepresentation of Ind§ A, (where 1, is the extension of A to P = M- N given by
Aa(mn) = A(m).

In principle, the classification problem for irreducible admissible representations
of G is split into two problems:

(a) Find all irreducible absolutely cuspidal representations for G and for the
groups M which occur as centralizer of A for some parabolic pair (P, 4) in G.

10 It is well known that Z(G)/Z is a compact group. It makes no essential difference to take Z or
Z(G) as central subgroup. The choice of Z is quite convenient however.
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(b) Study the decomposition of the induced representations Indg 2, as above,
in particular look for irreducibility criteria.

Needless to say, a general answer to these problems is not yet in sight. The con-
struction of some absolutely cuspidal representations has been given by Shintani
[40] for GL,(F) and in more general cases by Gérardin in his thesis [21]. The idea is
to induce from some compact open subgroups.

As to problem (b), let us mention the notion of associated parabolic subgroups.
Two parabolic pairs (P, A) and (P’, A') are associated iff 4 and A’ are conjugate
by some element in G. Let 7 (P, A) be the set of irreducible admissible representa-
tions of G which occur in a composition series of some induced representation
Ind§ A; where 4 is an irreducible absolutely cuspidal representation of M and M is
the centralizer of 4in G. If (P, A) and (P’, A') are associated, then (P, 4) =
T(P',A".

2.4. An example. Take for instance the group G = GL,(F). For any (ordered)
partition n = n; + --- + n, of n, let P, .. , consist of the matrices in block
form g = (Gy)i=k, 1=, Where Gy, is an n, x ny-matrix and G,; = 0 if &k > [ Let
A, ... be the set of matrices which in block form are such that G,, =0 for k # /
and Gy, is a scalar matrix a-1,,. For M,, .. , take the matrices in diagonal block
form, i.e., Gy = O for k # [and let finally N, .. , be the subgroup of P, ..,
defined by the conditions Gy; = I,, -+, G,, = I,. Then(P,, .. ,, 4,, .. ») is @ para-
bolic pair, with associated Levi decomposition P, .., =M, . , N, . ,.Upto
conjugation, the pairs (P, ..., , 4y, ., ) comprise all parabolic pairs in GL,(F).
The pairs corresponding to partitions #n = ny + -+ + n, and n = my + -+ + m;
are associated iff r = s and ny, :--, n, is a permutation of m;, ---, m,. Notice that
the group M, .., is isomorphic to GL, (F) x --- x GL, (F).

The well-known operation a - 3 on characters of the various finite groups GL,(q),
introduced by Green [24], may now be generalized to the case of a local field.
Namely, let n = n’ + n”, let (z', V') be an admissible representation of GL,.(F)
and (z”, V") an admissible representation of GL,.(F). Define a representation A;
of P, . acting on the space V' ® V" by

Gn G2\ _ "
1 (% 2) = 26w © 7(Gw)

By induction from P, ,»to GL,(F) one gets a representation z’ o z” of GL,(F). This
product is commutative and associative. In particular, given characters ay, -, @,
of F* one gets a representation ay o --- o a, of GL,(F); these representations com-
prise the principal series. Given a partition n = n; + --- + n,, the intermediate series
associated to the parabolic group P, .., consists of the representations of the
form 7 o -+ o w, where r; is an irreducible absolutely cuspidal representation of
GL,(F) for j =1, ---, r. Finally the discrete series is the family of irreducible
absolutely cuspidal representations of GL,(F).

From the general results summarized in §2.3, one infers that any irreducible
admissible representation of GL,(F) is contained in some representation of the form
myo--om,Wheren = n + --- + n, and =z, belongs to the discrete series of GL, (F).
The question of the irreducibility of the representations z; o --- o 7, has now been
completely settled by Bernshtein and Zhelevinski [3].
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2.5. Square-integrable representations. For the results expounded in this section,
see Harish-Chandra and van Dijk [28, especially part I].

Let again Z be the maximal split torus contained in the center of G. Fix a unitary
character y of Z. We let &,(G, y) denote the (equivalence classes of) irreducible
unitary representations (z, V) of G which satisfy the following two conditions:

(6) 7(gz) = y(z2) n(g) forzeZ gegG,
(7) jc/z |(u|z(g)-v)|z dg < + oo.

Here (u|v) denotes the scalar product in the Hilbert space V.}1 Due to assumption
(6), one gets

|(u|m(gz)-v) |2 = |(u|m(g)-v)|2;

hence we can integrate over G/Z in formula (7). The integral (7) is equal to
d(7)|u||2||v||? where the constant d(z) > 0, the formal degree of 7, is independent
from u and v. These representations are called as usual square-integrable.

Fix now a compact open subgroup K of G and a class b of irreducible continuous
representations of K. Every representation of class b acts on a space of finite dimen-
sion, to be denoted by deg d. Moreover, for any unitary representation (z, V) of
G, denote by (7: b) the multiplicity of d in the restriction of z to K.

The following theorem is easy to prove (see [28, p. 6]).

THEOREM 2.6. Given K, b and y as above, one gets
®) >, d(m)(z:b) £ deg b/meas(K/(Z N K))
T€E2(G, X)
and in particular

deg b

©) @:0) = ey meas(KI(Z () K))

Jor every square-integrable irreducible representation it of G.

Let (z, V) be in &2(G, x). If b is the unit representation of K, the integer (z: )
is the dimension of the space VX of vectors in ¥V invariant under z(K). Let
V. = (JxV¥ where K runs over the compact open subgroups of G. It is easy to
check that V_ is dense in V and stable under z(G). By the previous theorem we get
an admissible y-representation (z.,, V..) of G. Moreover for any function f'in #(G),
the operator 7(f) = [¢/(g)n(g) dg in the Hilbert space ¥ has a finite-dimensional
range (contained in VX if f belongs to (G, K)), hence a trace 0,(f) = Tr(z(f)).
To sum up, every square-integrable irreducible representation has a character 6., a
distribution on G.

2.6. The fundamental estimate. Fix a parabolic pair (P, A) where P is a minimal
parabolic subgroup of G; hence 4 is a maximal split torus in G. Let N be the uni-
potent radical of P and N the unipotent radical of the parabolic subgroup 2 op-

! The scalar product (| v) is assumed to be linear in the second argument v.
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posite to P. Hence there exists a basis 4 of the root system of Gw.r.t. 4 such that N
(resp. N) is associated with the roots « with positive (resp. negative) coefficients
when expressed in terms of 4.

Let A~ be the set of elements a in 4 such that |a(a)|r < 1 for every root ¢ in 4.
According to Bruhat and Tits [13], there exist a compact subgroup L of 4 and a
finitely generated semigroup S in A such that A~ =ZLS. Moreover there exist
finitely many elements gy, -+, g,, in G and a compact open subgroup Kj of G such
that G = | Jiz/=m Ko SZg:K, (‘Cartan decomposition’).

Let K be a compact open subgroup of G. We make the following assumptions:

(a) K is invariant in K;

(b) one has K = (K (\ P)-(K (\ N) and

a (KN Nac KON, aKNPalcK)P

for every ain S (hence the inner automorphism g — aga™! of G expands K | N
and contracts K () P).

It is known that every neighborhood of the unit element in G contains such a
subgroup K.

The following estimate is due to Bernshtein [1].

THEOREM 2.7. The compact open subgroup K of G is as above. Then there exists
a constant N = N(G, K) > O such that every simple module over #(G, K) either is
infinite-dimensional (over C) or else has a dimension bounded by N.

Let y be a unitary character of Z and s#,(G, K)° be the subalgebra of #,(G)°
consisting of the functions invariant under right and left translation by an element
of K. If (z, V) is an irreducible absolutely cuspidal y-representation of G, then VX
is a simple module over #(G, K); hence dim VX < N by Theorem 2.7. By a well-
known argument due to Godement [23], one infers from this bound the following
corollary:

COROLLARY 2.2. There is an integer p = 2 such that the higher commutator

(10) [fla ""fﬁ] = Z Sgn(o)f,(l) "'fa‘(p)

JESp
vanishes for arbitrary elements f1, ---, fp in #,(G, K)°.

2.7. Properties of unitary representations. In his lectures [28], Harish-Chandra
was unable to prove Corollary 2.2, and had to assume it!2 in order to establish the
following result:

THEOREM 2.8. Let K be a compact open subgroup of G and b be a class of irredu-
cible continuous representations of K. There exists a constant N = N(G, K, b) > 0
such that (z: b) < N for every irreducible unitary representation (z, V) of G.

In the proof, one may assume that K is as in Bernshtein’s Theorem 2.7 and that
b is the unit class of representations of K.12

As before (see end of §2.5), one deduces from Theorem 2.8 the following corol-
laries:

2 Harish-Chandra assumes apparently the stronger ‘Conjecture I' (p. 16 of [28]). But the proof
(p. 18, end of first paragraph) uses only Corollary 2.2 above.



REPRESENTATIONS OF p-ADIC GROUPS 133

COROLLARY 2.3. Let (7, V) be any irreducible unitary representation of G. Let V_,
be the space of vectors in V stable by n(K) for some compact open subgroup K of G.
Then V., is dense in V and stable under G, hence affords a smooth representation «.,
of G. The representation (z.., V.,) is admissible.

COROLLARY 2.4. Let (n, V') be any irreducible unitary representation of G. For any
Sunction f in #(G) the operator n(f) = [cf(g)n(g) dg in V has a finite-dimensional
range, hence a trace O,(f).

The distribution @, is called the character of r.

By aneasy limiting process one deduces from Corollary 2.4 that z(f) is a compact
(= completely continuous) operator in the Hilbert space V for every integrable
function f on G. Hence the group G belongs to the category CCR of Kaplansky. In
particular (see Dixmier [19]) every factor unitary representation of G is a multiple
of an irreducible representation, there exists a Plancherel formula, ... .

2.8. Some other results. Much more is now known about the characters of the
irreducible unitary representations of G. The character 6, is for instance repre-
sented by a locally integrable function on G, which is locally constant on the set of
regular elements (see Harish-Chandra [26] and my Bourbaki report [14]).

Moreover it is now known that Conjecture II in Harish-Chandra’s lectures holds
true. More precisely, if the Haar measure on G/Z is suitably normalized, the formal
degree of any irreducible absolutely cuspidal representation of G is an integer. As a
corollary (see [28, part III]), the algebra s#,(G, K)° is finite-dimensional and its
dimension is bounded by a constant depending on G and K, but not on y. Also for
any character y of Z, any compact open subgroup K of G and any class  of irredu-
cible continuous representations of K, there exist only finitely many irreducible
absolutely cuspidal representations = of G such that w, = y and (z: d) # 0.

Let (z, V) be a smooth representation of G. We say (z, V) is preunitary if there
exists a hermitian form @ on ¥ such that @(v, v) > Oforv # Oin Vand

an D(z(g)-v, m(g)-v') = O V)

for v, v'in ¥V and g in G. We can then complete ¥ to a Hilbert space ¥ and extend by
continuity z(g) to a unitary operator #(g) in ¥. Then (%, V) is a unitary representa-
tion of G. If (z, V) is admissible, V is exactly the set of smooth vectors in ¥, that is
V = (Jx V& where K runs over the compact open subgroups in G.

It follows from Theorem 2.8 and these remarks that the classification of the ir-
reducible unitary representations of G amounts to the search of the preunitary repre-
sentations among the irreducible admissible representations of G.

III. Unramified principal series of representations.

3.1. Preliminaries about tori. For this section only, we denote by k a (com-
mutative) infinite field. Let G,, be the multiplicative group in one variable, considered
as an algebraic group defined over k. To a connected algebraic group H defined
over k, we associate two finitely generated free Z-modules, namely

X*(H) = Homk—gr(H9 Gm)’ X*(H) = HomZ(X*(H)9 Z)

In these formulas, Hom,_,, (resp. Hom;) means the group of homomorphisms of
algebraic groups defined over k (resp. of Z-modules). We denote by <¢p, 4> (for
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¢in X, (H)and A in X*(H)) the pairing between X, (H) and X*(H). We canas well
use this pairing to identify X *(H)to Homg (X .(H), Z).

Let now S be a split torus defined over k. A sequence (4;, :-+, A,) is a basis of the
free Z-module X*(S) iff the mapping s — (2,(s), -+-, 4,(s)) is an isomorphism from
S onto the product (G,,)" = G,, X --- X G, (nfactors). Moreover we may identify
X (S) to Hom,, (G, S) in such a way that the following relation holds

M Apl)) = 197

for ¢ in X, (S), Ain X*(S) and ¢ in k.

By construction, the elements of X*(S) are polynomial functions on S and it is
easily shown that they form a basis of the k-algebra 4 of such functions. Otherwise
stated, S is the spectrum of the group algebra 4 = k[X*(S)] of the group X*(S)
with coefficients in k. For any commutative k-algebra L, the L-points of S corres-
pond therefore to the k-algebra homomorphisms from A4 into L, hence an isomor-
phism S(L) ~ Hom(X*(S), L*). From the duality between X*(S) and X,(S) we
get another isomorphism S(L) =~ X.(S) ®z L*.

3.2. Unramified characters. Let H be a connected algebraic group defined over
our local field F. There exists a homomorphism ordy : H — X,(H) characterized
by

2 Cordg(h), 2> = ordp(A(h))

for hin H and 1 in X*(H). In the right-hand side of this formula, ordz (A(h)) is the
valuation of the element A(4) of F*. We denote by °H the kernel and by A (H) the
image of the homomorphism ordy. By construction, one gets an exact sequence

(S) 1 — °H—— H 2%, J(H) —1.

We can also describe °H as the set of elements 4 in H such that A(k) € D% for any
rational homomorphism A from H into F*. Therefore °H is an open subgroup of H.

A character y of H is called unramified if it is trivial on °H. Otherwise stated, an
unramified character is of the form u - ordy; where u is a homomorphism from A(H)
into C*. Introduce the complex algebraic torus T = Spec C[A(H)]. By definition,
one has A(H) = X*(T) and T(C) = Hom(A(H), C*). Thus, there exists a well-
defined isomorphism ¢ — y, between the group T(C) of complex points of the torus
T and the group of unramified characters of H. If H is a torus, one has

3) x:(0(@r) = o(t)

fortin T(C), pin X*(H) = X ,(T) and any prime element @y of the field F.

Let again G be a connected reductive algebraic group defined over the local field
F. We fix a maximal split torus A in G and denote by M its centralizer in G. We let
N(A) be the normalizer of 4 in G and W = N(A)/M be the corresponding Weyl
group. We choose also a parabolic group P such that (P, A) is a parabolic pair.
Hence P is a minimal parabolic subgroup of G and P = M- N where N is the uni-
potent radical of P.

We denote by @ the set of roots of G w.r.t. 4 and by A the group A(M). Hence @
is a subset of X*(4) and P defines a basis 4 of @. Let 4~ be the set of roots opposite
to the roots in 4. The basis 4= of @ corresponds to a parabolic subgroup
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P~= M-N-of G. Let n be the Lie algebra of N. For any m in M, the adjoint re-
presentation defines an automorphism Ad,(m) of n. We set

4 d(m) = |det Ad(m)|r for min M.

The group °A (resp. °M) is the largest compact subgroup of 4 (resp. M) and °A4
isequal to °’M () A. Thus the inclusion of 4 into M gives rise to an injective homo-
morphism of 4/°4 into M/°M. We do not know in general if this map is surjective
(see however Borel [S, 9.5]). More precisely, the inclusion of 4 into M givesrise to a
commutative diagram with exact lines

1 °A A4 X (4) — 1
(D) |

1 —°M — M2, 4

Indeed, since A is a split torus, ord , is surjective. The inclusion of 4 into M enables
us to identify X,(4) to a subgroup of finite index in X.(M), hence the relation
Xu(4) = A = Xu(M).

We denote by X the group of unramified characters of M. We may (and shall)
introduce as before a complex torus 7 such that X*(7T)) = A and an isomorphism
t — y, of T(C) onto X. This isomorphism enables us to consider X as a complex
Lie group.

The subgroup N(A4) of G acts on M, °M, A, °A via inner automorphisms. Using
diagram (D) above, we may let the Weyl group W = N(A)/ M operate on X (M) so
as to leaveinvariant the subgroups X ,(4) and A of X, (M). The group W acts there-
fore on X and T by automorphisms of complex Lie groups. For instance, if y is any
unramified character of M and w any element of the Weyl group W, the trans-
formed character wy is given by

%) (wy)(m) = x(x;'mx,) formin M,

where x,, is any representative of w in N(A4). The unramified character y of M is
called regular if wy # y for every element w # 1 of W.

For the applications to automorphic functions, one has to examine the case
where G is unramified over F, that is the following hypotheses are fulfilled:

(a) G is quasi-split over F.

(b) There exists an unramified extension F' of F, of finite degree d, such that G
splits over F'.

Let o denote the Frobenius transformation of F’ over F. In this situation, the
L-group associated to G is defined. It is a complex connected reductive algebraic
group LG° endowed (at least) with a complex torus 7, an automorphism g’ — g'c
suchthat 7’7 = T’ and ahomomorphism ¢’ — y;. of T’ onto X. We say two elements
g7 and g; of LG® are g-conjugate if there exists & in LG° such that g5 = A~ giho.

The following theorem has been proved by Gantmacher [20] and Langlands [35].

THEOREM 3.1. (a) Any semisimple element in LG® is g-conjugate to an element of
T.
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(b) Two elements t; and t; of T' are g-conjugate iff the unramified characters
and y., of M are conjugate under the action of the Weyl group W.

Otherwise stated, the orbits of W in the group X of unramified characters of M
are in a bijective correspondence to the g-conjugacy classes of semisimple elements
in LG°.

For more details, we refer the reader to Borel’s lectures [5, §6, 9.5] in these Pro-
CEEDINGS.

3.3. The unramified principal series. This series shall presently be defined via in-
duction from P with the slight adjustment of §1/2.

DEFINITION 3.1. Let y in X be any unramified character of M. We define the re-
presentation (v,, I(y)) of G as follows:

(2) The space I(y) consists of the locally constant functions f: G — C such that

©6) f(mng) = 6(m)1/2 y(m)f(g) forminM,ninN,ginG.
(b) The group G acts by right translations on 1(y), namely
@ (&) f)&) = f(g'g) forfinl(y), g, g inG.

It is important to give an alternate description of I(y) as a factor space of #(G).
Indeed one defines a surjective linear map P, : #(G) — I(y) by

®) P (@) = [ | 82y 2om £ rng) dm ain.

(See formula (37) in §1.8.) The groups M and N are unimodular, hence the Haar
measures dm on M and dn on N are left and right invariant. The map P, intertwines
the right translations on s#(G) with the representation v, acting on the space I(y).

From the general results described in §II, one gets immediately the following
theorem.

THEOREM 3.2. (a) For every y in X, the representation (v,, I(y)) of G is admissible.

(b) The representation I(y™") is isomorphic to the contragredient (I(y))~ of I(x).

() If y, is a unitary unramified character of M, the representation (v,, 1(y)) of G is
preunitary.

One of the reasons for inserting the factor §1/2 in the definition of I(y) is to get
assertions (b) and (c) above. We state them more precisely: there exists a linear
form J on I(91/2) invariant under the right translations by the elements of G and
characterized by

® (P f) = ~‘.Gf(g) dg  for fin #/(G)

(see Bourbaki [6, p. 41] for similar calculations). For f'in I(y) and f” in I(y™1), the
function ff” belongs to I(§1/2) and the pairing is given by
(10 LD = I

Similarly, for y unitary and f, f; in I()) the function f; f; belongs to /(5'/2) and
the unitary scalar product in I(y) is given by

(1 (filfo) = I/ fo)-
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We now state one of the main results about irreducibility and equivalence (see
also Theorem 3.10 below).

THEOREM 3.3. Let y be any unramified character of M.

(a) If y is unitary and regular, the representation (v,, I(y)) is irreducible.

(b) Let w be in W. The representations (v,, 1(y)) and (v,,, I(wy)) have the same
character, hence are equivalent if they are irreducible.

(c) The #(G)-module I(y) is of finite length.

In general, if ¥ is a module of finite length over any ring, with a Jordan-
Holder series 0 = Vy < V) <--c V,_; = V, = V, the semisimple module V', =
@, Vi/V;_1 is called the semisimplified form of V. According to Jordan-Hélder
theorem, it is uniquely defined by ¥ up to isomorphism.

Let I(y) (s, be the semisimplified form of I(y). It exists by Theorem 3.3(c) above.
It is clear that I(y) and I(y), have the same character. Hence for any w in W, the
representations I(y), and I(wy)(, are semisimple and have the same character.
By the linear independence of characters, they are therefore isomorphic.

3.4. Structure of Jacquet’s module I(y)y. For any unramified character y of M,
let C, denote the one-dimensional complex space C! on which M acts via y, viz. by
(m, z) — x(m)-z. Frobenius reciprocity takes here a simple form, namely (see §2.2):

THEOREM 3.4. Let (w, V) be any smooth representation of G. For any unramified
character y of M, one gets an isomorphism Homg(V, 1(3)) = Homu(Vy, Cysr).

The proof is obvious. Indeed the relation

(12) o) (g) = {p,n(g)-v) (forginG,vin V)

expresses an isomorphism @ < ¢ of Homg(V, I(x)) with the space of linear forms
¢ on ¥V such that

(13) g, w(mn) - vy = G172 (m)y(m) {p, v>

forvin V, min M and nin N. Recall that Vy = V/V(N) where V(N) is generated by
the vectors z(n)-v—vfornin N and vin V. Any solution ¢ of (13) vanishes on V(¥),
hence factors through V.

The previous theorem exemplifies the relevance of Jacquet’s module I(y)y in the
study of the intertwining operators between representations of the unramified
principal series. We know by Theorems 2.1, 3.2 and 3.3(c) that I(y)y is a finite-
dimensional complex vector space.

The following basic result is due to Casselman [17].

THEOREM 3.5. For any unramified character y of M, the semisimplified form of
the M-module I(y)y is @ ,ew Cuyp-.o1r2. Moreover, the group ° M acts trivially on

I(0)n-

COROLLARY 3.1. The dimension of I(y)y over C is equal to the order |W| of the
Weyl group W.

COROLLARY 3.2. Assume y regular. Then I(y)y as an M-module is isomorphic to
@wEW C(wx).‘;l/z.
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For the proof of Corollary 3.2, notice that M acts on I(y)y through the commu-
tative group M/°M isomorphic to A. By Schur’s lemma, the semisimplified
form of I(y)y is therefore of the form @i.; Cy, for some sequence of unramified
characters y;, ---, y, of M; by a well-known lemma, each representation Cy, occurs
as a subrepresentation of I(y)y. Hence for win W, C,, s~ occurs as a subrepre-
sentation of I(y)y by Theorem 3.5. Corollary 3.2 follows at once from this remark
as well as the following corollary (use Frobenius reciprocity in the form of Theorem
3.4):

CoROLLARY 3.3. Let y be any unramified character of M and w be any element of
the Weyl group W. There exists a nonzero intertwining operator T,: I(y) — I(wy).
If y is regular this operator T, is unique up to a scalar.

A similar argument shows that if (z, V) is an irreducible subquotient of I(y),
then there exists w € W such that (z, V) is isomorphic to a subrepresentation of
I(w-y) (see 6.3.9 in [17]).

We shall describe more explicitly the operators T, in §3.7.

We sketch now a proof of Theorem 3.5, a streamlined version of Casselman’s
proof of more general results in [17]. Basically, it is Mackey’s double coset tech-
nique extended from finite groups to p-adic groups. The case of real Lie groups
has been considered by Bruhat in his thesis [7], it is much more elaborate.

(A) We remind the reader of Bruhat’s decomposition G = ( J,, PwP, where PwP
means PgP for any g in N(A) representing the element win W = N(A)/M. For win
W, the set PwP is irreducible and locally closed in the Zariski topology, hence has a
well-defined dimension. Set d(w) = dim(PwP) — dim(P). For any integer r = 0,
let F, be the union of the double cosets PwP such that d(w) < r. The Zariski
closure of any double coset PwP is a union of double cosets Pw'P of smaller
dimension, hence F, is Zariski closed, hence closed in the p-adic topology. We let
I, be the subspace of I(y) consisting of the functions vanishing identically on F,.
We have then a decreasing filtration

(14) ) =Lh>h ool oI, >

of I(y) by P-stable subspaces.
(B) The next step is to prove that any function on F, | which satisfies the relation

(15) f(mng) = 01/ 2(m)y(m)f(g) formin M,nin N, gin F,;

is the restriction of some function belonging to I(y). Indeed, one proves easily (using
local cross-sections of G fibered over P\G) that such a function is of the form

@ = | oy omptong) dm dn

for a suitable locally constant and compactly supported function ¢ on F,,;.
Extend ¢ to a function ¢’ in 5#(G). Then P’ belongs to I(y) and restricts to f in
F, r+1-

(C) From this it follows that I,/1,,; is the space of functions f on F,,; which
satisfy the following conditions:

(a) f is locally constant;

(b) f vanishes on F,;
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(c) relation (15).
Moreover, F,.; is the union of F, and the various double cosets PwP such that
d(w) = r, which are open in F,,;; hence one gets an isomorphism
(16) Ir/Ir-f-l = @ Jw

dw)=r
Here J, is the space of functions f on PwP such that
f(mng) = §1/%m)y(m)f(g) formin M, nin N, gin PwP,

and which vanish outside a set of the form PQ where  is compact. Since Jacquet’s
functor ¥ = Vy is exact, one infers from (16) that the s (M)-modules I(y)y and
@ ew(Jw) v have isomorphic semisimplified forms.

(D) It remains to identify the representation of M on the space (J,)y. Here we
are paid off the dividends of our approach to induced representations via tensor
products.

Choose a representative x,, of w in N(4) and put P(w) = P () x,'Px,; hence
P(w) = M- N(w) with a suitable subgroup N(w) of N. It is then easy to show that, as
a P-module, J, carries the representation c-Indf,, o, where the character o,
of P(w) is defined by

17 o,(mn) = w1(1/2y) (m) for m in M, n in N(w).

Consider the group homomorphisms P(w)-% P _8, M where « is the injection
and 8 (mn) = mform in M and n in N. By Theorem 1.4, one gets c-Ind%,, 0, =
as(o,-0,) where the character d,, of P(w) is defined by

(18) 0u(P) = dpw(P)/dp(p) for pin P(w).

Since g* is Jacquet’s functor ¥ = Vy and B4 oy = (B ° @), one gets that (J,))y is
the carrier of the representation (8 - a)«(c,-9,). Since 8o« is the projection of
P(w) onto M with kernel N(w) and the characters ¢, and g, are trivial on N(w) one
gets an isomorphism (J,)y ~ C; where A=0,0,/M. It remains to prove the
formula (see formula (24.) below) 6,1/ M = 01/%(w~15)"1/2 to be able to conclude

(19) (Jw)N >~ C(w—lx).gl/z.

(E) From (C) and (D) above, we know that I(y)y and @ ew C (uy.s12 have
isomorphic semisimplified forms. It remains to show that °M acts trivially on I(y)y.
But °M is a compact subgroup of M. Hence its action on I(y)y and its semisimpli-
fied form are equivalent. Since any unramified character of M (including ¢) is trivial
on °M, this group acts trivially on the semisimplified form of I(y)y, hence on
10N

This concludes our proof of Theorem 3.5.

3.5. Buildings and Iwahori subgroups. Our aim in this section is mainly to fix
notations. For more details, we refer the reader to the lectures by Tits in these
PROCEEDINGS [42] or to the book by Bruhat and Tits [13].

Let & be the building associated to G and let o7 be the apartment in & associated
to the split torus 4. We choose once for all a special vertex x, in &/. Among the
conical chambers in &/ with apex at x, there is a unique one, ¢ say, enjoying the
following property: for every n in N, the intersection ¢ (| n% contains a translate
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of . There is then a unique chamber C contained in ¢ having x, for one of its
vertices (see Figure 1). The stabilizer of x; in G shall be denoted by K;; it is called by
Bruhat and Tits a special, good, maximal compact subgroup of G. The interior points
of C all have the same stabilizer B in G, called the Iwahori subgroup of G attached to

. L /
“TSr

FIGURE 1

Any element g in N(A) takes the apartment .o to itself, it fixes every point of o/
iff it belongs to °M. We may therefore identify the group W; = N(A)/°M, called
the modified Weyl group, to a group of affine linear transformationsin 7. The group
W, can be represented in two different ways as a semidirect product:

(a) Let Q be the subgroup of W, consisting of the w’s taking the chamber C to
itself. The walls in o/ are certain hyperplanes and to each of them is associated a
certain reflection. These reflections generate the invariant subgroup W, of W;.
Since W, acts simply transitively on the set of chambers contained in 7, the
group W is the semidirect product Q - W .

(b) Any element w of W has a representative w(w) in K (| N(4) and °M =
K N M. We may therefore identify the Weyl group W = N(A)/M to the stabilizer
(K N N(A)/(K N M) of xyin W;. The intersection of W, with the group of transla-
tions in &/ is M/°M which we identify to /4 by means of the exact sequence (D),
p. 135. Then W is the semidirect product W- /A where Ais an invariant subgroup.

The fundamental structure theorems may now be formulated as follows.

IWASAWA DECOMPOSITION. G = PK and, more precisely, G is the disjoint union of
the sets Paw(w)B for w running over the Weyl group W.

BRUHAT-TITS DECOMPOSITION. G is the disjoint union of the sets Bw, B for w, running
over the modified Weyl group W,.

CARTAN DECOMPOSITION. Let A~ be the subset of A consisting of the elements of A
taking the conical chamber €~ of o/ opposite to € into itself. Then G is the disjoint
union of the sets K-ord;}(2)- K for A running over A.

IWAHORI DECOMPOSITION. B = (B (| N7)-(B (1 M)-(B(\ N) (unique factoriza-
tion). Moreover one has B(\ M = °M and

m(B N N)yml< B\ N, mY (BN N)mc B[ N
for any m in M such that ordy(m) e A~.

As before, we denote by @ the system of roots of G w.r.t. 4. We identify the ele-
ments of @ to affine linear functions on .« in such a way that a(xy + 4) = {4, @)
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for & in @ and A in /. The conical chamber ¥ is then defined as the set of points x
in &7 such that a(x) > 0 for every root « in the basis 4 of @ associated to the para-
bolic group P.

We denote by @, the set of affine linear functions a on .7, vanishing at x; and
such that the hyperplane a~1(r) is a wall in .« iff the real number r is an integer. An
affine root is a function on 7 of the form a + k where a belongs to @, and k is an
integer; their set is denoted by @,. For any affine root a, the reflection in the wall
a~1(0) is denoted by S,. The reflections S, for a running over @, (resp. @,;;) generate
the group W (resp. W,y). For a in @, there exists a unique vector ¢, in A such that

(20) So(x) = x — a(x)-t, forany x in 7.

We denote by a, any element in M such that ¢, = ordy(a,). The set @, is
obtained by adjoining to @, the set of functions «/2 for @ in @, such that
(Bw(S,)B: B) # d(a,)"1/2.

The sets @, @, and @, are root systems in the customary sense (see for instance
[37, p. 14 sqq.]). When the group G is split, the sets @, @, and @, are identical. In
the nonsplit case, all we can assert is that, for any « in @, there exists a unique root
M) in @, proportional to a, and that any element of the reduced root system @,
is of the form A(x) for a suitable o in @.

Let w; be any element of W;. Since w, is a coset modulo the subgroup °M of B
the set Bw, B is a double coset modulo B. We put

2D q(wy) = (Bw,B: B).
Since K = BWB, one gets
(22) (K: B) = ;Wq(w).

Let 4, be the set of affine roots in .« which are positive on the chamber C and
whose null set is a wall of C. The group W, is generated by Q and the reflections
S, for a in 4;. The value of g(w;) is given by

23) qgwy) = q(Sz) - 9(Sa,)

where w; = wS,, --'S,, is a decomposition of minimal length m (w in 0,
Ay, vy Oy A0 dy).

To each root 3 in @, is associated a real number gz > 0. This association is
characterized by the following set of properties

(24,) 4pp = qs for fin @, and win W,
(24,) q(w) = H s,
B0~ 1-6<0
(24) o(m) = [l gz for min M.
8>0

In the previous formulas 3 is a variable element in @, and the notation 8 > 0
means that 3 takes only positive values on ¥. We make the convention that
qqs0 = 1 for a in @ if a/2 does not belong to ®;. Two corollaries of the previous
relations are worth mentioning

(24d) q(Sa) = Goqars2>



142 P. CARTIER

(24, 0(a,) = 92° qupss

for any & > 0 in @,. When G is split, g4 is equal to the order g of the residue field
Op/pp for any root fin @ = @y = @,.

The structure of the Hecke algebra #(G, B) has been described by Iwahori and
Matsumoto [30], [31].

THEOREM 3.6. For wy in W1, let C(wy) be the characteristic function of the double
coset Bw,B.

(@) The family {C(wy)},,ew, is a basis of the complex vector space (G, B) (Bruhat-
Tits decomposition!).

(b) Let wy be any element of W and let wS,,+S,, (w in Q, ay, -+, &, in 4y) be
a decomposition of wy of minimal length m. Then

(25) Cwy) = C(@)C(Sy) - C(S,,)-
(c) For each a in 4,, one has
(26) (C(S) —1)-(C(Sy) + q(Sa) =0,

where q(S,) has been defined by formula (21) above.
(d) If « and B are distinct elements in 4,, there exists an integer myp = 2 such that
C(S.)C(Sp)C(Sa)- = C(Sp)C(Sa)C(Sp)---

(27
meg factors Mg factors

Moreover the relations (26) and (27) are a complete set of relations among the C(S,)’s.

3.6. Action of the Iwahori subgroups on the representations. Here is the main result,
due to Casselman [18] and Borel [4].

THEOREM 3.7. Let (n, V) be any admissible representation of G. The natural
projection of 'V onto Vy defines an isomorphism of VB onto (Vy)M.

One proves first that 2 maps onto (V)™ using Iwahori decomposition of B
and the methods used in the proof of Theorem 2.3. There are some simplifications
due to the fact that P is a minimal parabolic subgroup of G.

To prove that VB maps injectively in (Vy)°M, one first proves that, for any given
vector v in V(N) (| VB, there exists a real number ¢ > 0 such that z(C(a))-v="0
for every a in A satisfying |a(a)|p £ ¢ whenever the root « € @ is positive on P.
But this relation implies v = 0 by Theorem 3.6, since one has g(S,) > 0 there.

CoROLLARY 3.4. Given any unramified character y of M, one has a direct sum
decomposition 1(y) = I(y)? @ I(x)(N).

This follows from Theorem 3.7 since °M acts trivially on I(y)y. A direct proof
can also be obtained using the methods used in the proof of Theorem 3.5.

Using the decomposition of G into the pairwise disjoint open subsets Pw(w)B
(win W), one gets easily a basis for I(y)8. Indeed, w(w) normalizes Mand B | M =
°M lies in the kernel of yg1/2. Hence the following function is well defined on G

Dy, (8) = 6V Hm)y(m) if g = mnw(w)b,

(28) =0 if g ¢ Pw(w)B.
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The family {®,,,},cw is the sought-for basis.
The next result is due to Casselman [18] (see also Borel [4]).

THEOREM 3.8. Let (%, V) be any admissible irreducible representation of G. The
following assertions are equivalent:

(a) There are in V nonzero vectors invariant under B (that is VB £ 0).

(b) There exists some unramified character y of M such that (z, V) is isomorphic
to a subrepresentation of (v,, I(y)).

By Theorem 3.7, assertion (a) means that (Vy)*™ # 0. By Frobenius reciprocity
(Theorem 3.4), assertion (b) means that there exists in the space dual to V' a non-
zero vector invariant under °M which is an eigenvector for the group M. Since °M
is compact, acts continuously on ¥ and M/°M is commutative, the equivalence
follows immediately.

COROLLARY 3.5. Let y be any unramified character of M. The space 1(x)? generates
I(y) as a G-module.

We prove Corollary 3.5 by reductio ad absurdum. Assume that /(y)? does not
generate I(y). Since I(y) is finitely generated, there exist an irreducible admissible
representation (z, V) of G and a G-homomorphism u: I(y) — V which is nonzero
and contains I(y)? in its kernel. Since B is compact, one gets V'3 = u(I(y)8) = 0.
By duality, one gets an injective G-homomorphism #: ¥ — (I(y))~. Since (I(x))~
is isomorphic to I(31) by Theorem 3.2, it follows from Theorem 3.8 that V'? # 0.
But the finite-dimensional spaces V8 and VB are dual to each other and this is
clearly impossible.

3.7. Intertwining operators. In this section, we assume the unramified character
¥ to be regular, that is the characters wy, for w running over W, are all distinct.

Corollary 3.2 may be reformulated as follows: given w in W, there exists a linear
form L, # 0 on I(y), such that

(29) L,pymn)- ) = 61/ Am)wy(m)L,(f)

for m in M, nin N and fin I(y), unique up to multiplication by a constant. We
normalize L, by

(30) L = flooym) dn

N(w)\N

for a function f whose support does not meet F, (r = d(w™1)). The Haar measure
is chosen in such a way that N(w)\N(w)-(N [} B) be of measure 1.
To L, we associate an intertwining operator T,,: I(y) — I(wy) defined by

31) T,f(g) = L,(v,(g)-f) forfinI(y)and gin G.

It is easily checked that L, hence T,, depends only on w, not on the representative
w(w) for w.

Since G = PK (Iwasawa decomposition) and the character 02 y of M is trivial
on M | K = °M, there exists in I(y) a unique function @y , invariant under K
and normalized by @k (1) = 1. Explicitly, one has

(32) Dk, (mnk) = 0/%m)y(m) formin M, nin N and k in K.
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If the Haar measures on M and N are normalized by {yx dm = [ypx dn = 1,
one may also define @ , as P,(Ix) where P, is defined as on p. 136 and I is
the characteristic function of K. The space I(y)X consists of the constant multiples
of K.z

The next theorem again is due to Casselman [18].

THEOREM 3.9. The operator T, takes I(y)¥ into I(wy)X. More precisely, one has

(33) Tw(q)K,x) = cw(x)'q)K,wx’

where the constant c,(y) is defined by

(34 eu) = Il ey

35 = (1= g¥? g2 x(a))(1 + a4 y(as))
(35 ca(x) I y@.)

The product in (34) is extended over the affine roots o in ©y which are positive over
&, but such that wa is negative over €.

When G is split, formula (35) takes the simpler form

I — g7 y(a)
(36) ) = | [ K
* 1 - X(aa)

The bulk of the proof of Theorem 3.9 rests with the case where w is the reflection
associated to a simple root § in @,. In this case, there exists exactly one positive
root « in @, taken by w into a negative root, namely o = . The general case follows
then since 7,,,,, is equal to T, T,, when the lengths of w; and w; add to the length
of wyw,.

COROLLARY 3.6. The intertwining map T, is an isomorphism from I(y) onto I(wy)
iff ¢, (y) and c,,—(wy) are nonzero. :

Indeed T,,-1T,, is multiplication by c,(y)c,,-1(wy) by Theorem 3.9.
One may strengthen the irreducibility criterion (Theorem 3.3).

THEOREM 3.10. Assume y is any unramified regular character of M. Then the re-
presentation (v,, I(y)) of G is irreducible iff c,(y) # 0, ca(woy) # O for every positive
root « in Oy positive over €, where wy is the unique element in W which takes € into
€.

IV. Spherical functions.

4.1. Some integration formulas. We keep the notation of the previous part.

If I is any of the groups G, M, N, K, then ["is unimodular. We normalize the
(left and right invariant) Haar measure on I"by [k dy = 1. The group P= M-N
is not unimodular. One checks immediately that the formulas

M) [, rwraw = [ e dman

@) I S dp = IM L f(nm) dm dn

define a left invariant Haar measure d;p and a right invariant Haar measure
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d.p on P. Since °’M = M (| K is the largest compact subgroup of M, one gets
(PN K)=M(N K)(N N K), hence the normalization

© [, dp={  dp=1
PNK PNK
The Haar measures are related to the Iwasawa decomposition by the formulas
@ [ f@de= [ [ riomyacap,
G KJP
) [ r@de={ [ reeacap
G K JP

for fin C/(G). Let us prove for instance formula (4). One defines a linear map
h — u, from C(K x P)into C,(G) by the rule

©) u,(pk-1) = j h(kpy, ppy) dipy.
PNK

The linear form & — [ u,(g) dg on CK x P) is then a left invariant Haar measure
on K x P; hence by our normalizations, one gets

™ [ m@de=( [ nk paedp.

It suffices to substitute f(pk~!) for h(k, p) in formulas (6) and (7) to get formula (4)!
From the definition of ¢ (see p. 135), one gets

®) j Sy dn = o(m) j S dn

for any function fin C(N). As a corollary, we get the alternate expressions for the
Haar measures on P

©) [ @ aw = [ awirifom dnan,
(10 [ sy = o6 sem)dmdn
Otherwise stated, the modular function of P is given by

(11) Adp(mn) = d(m)™! for min M, nin N.

The group N is unipotent and M acts on N via inner automorphisms. It is then
easy to construct a sequence of subgroups of N,say N = Ny o N; > --- o N,_; o
N, = 1, which are invariant under M and such that N,_;/N; is isomorphic (for
Jj =1, -, r)to avector space over F on which M acts linearly. Putting

(12) A(m) = |det(Ad(m) — 1,)|F
for m in M, one gets by induction on r the integration formula
(13) j f) dn = A(m) .f St ) din

for fin C(N) and any m in M such that 4(m) # O (see [28, Lemma 22]).
Let us define now the so-called orbital integrals. Let m be any element of M
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such that 4(m) # 0, let Z(m) be the centralizer of m in G and G,, the conjugacy
class of m in G. Then 4 =« M and Z(m) () M has finite index in Z(m); since M/A
is a compact group, the same is true of Z(m)/A. Moreover, the conjugacy class
G,, is closed in G; hence the mapping gZ(m) — gmg~! is a homeomorphism from
G/Z(m) onto G,,. Therefore, the mapping g4 — gmg~! from G/A into G is proper
and we may set after Harish-Chandra

(14) Fytm) = 40n) | flgmg™) dg

for any function fin C,(G). The Haar measure on A is normalized in such a way
that [, 4 din = 1.

LeMMA 4.1. Let f be any function in #(G, K) and m an element of M such that
A(m) # 0. Then F(m) is equal to [y f(nm) dn.

From formulas (2) and (5), one gets

(15) j _u(g) dg = j' ; j' ;) dmy dn

for any function u in C,(G) which is invariant under left translation by the elements
in K. Putting u(g) = f(gmg™"), one gets the following representation for F/(m)

16) Fym) = | o) i,

an h(my) = A(m) j Syt i) din,

Fix m; and set my = mymm;l. From the definition (12) of 4, one gets
A(m) = A(my). We get therefore

my) = A(my) j' Syt mgtymg) din by (1)
- .f Somg) dn by (13).

Notice that the group M/°M = M/(M () K) is commutative. Hence we get
my € mK and since the function f is invariant under right translation by the
elements of K, one gets f(nm,) = f(nm) for any n in N. It follows that A(m;) is
equal to [y f(nm) dn for any m; in M. The contention of Lemma 4.1 follows from
formula (16) since M/A is of measure 1.

4.2. Satake isomorphism. The construction we are going to expound now is due
to Satake [38]. It is the p-adic counterpart of a well-known construction of Harish-
Chandra in the set-up of real Lie groups.

For any A in /, let ch() be the characteristic function of the subset ord;}(2) of
M. Since [ynx dm = 1, one gets

(18) ch(d) = ch(X) = ch(A + X)

for A, 2’ in A. Moreover the elements ch(2) (for A in A) form a basis of the complex
algebra #(M, °M), which may be therefore identified to the group algebra C[A].
We define now a linear map S: (G, K) - s#(M, °M) by the formula

(19) Sf(m) = o(m)t/2 ij(mn) dn = o(m)~1/2 51\/ f(nm) dn
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for fin (G, K) and m in M. The two integrals are equal by formula (8). It is im-

mediate that the function Sf on M belongs to C,(M). That it is bi-invariant under

°M follows from the fact that f is bi-invariant under K and that °M = M N K.
The following fundamental theorem is due to Satake [38].

THEOREM 4.1. The Satake transformation S is an algebra isomorphism from
#(G, K) onto the subalgebra C{AW of C[A] consisting of the invariants of the Weyl
group W.

Here are the main steps in the proof.
(A) S is a homomorphism of algebras. By construction, S is the composition of
three linear maps

H#(G, K) 5 #(P) L (M) L 2 (M).

Here o is simply the restriction of functions from G to P. It is compatible
with convolution by an easy corollary of (4). The map §is given by (Bu)(m) =
[ u(mn) dn and one checks easily that it is compatible with convolution. The map
ris given by (yf)(m) = f(m)o(m)'/2; since ¢ is a character of M, it is compatible
with convolution.

(B) The image of S is contained in C[A]". Since W = (N(4) (| K)/°M, this pro-
perty is equivalent to

(20) Sf(xmx~1) = Sf(m)

for min M and x in N(4) N K.

The function m — det(Ad,(m) — 1,) from M to Fis polynomial and nonzero.
The elements of M which do not annihilate this function are therefore dense in M;
they are called the regular elements. Hence by continuity it suffices to prove (20)
for m regular.

From Lemma 4.1, one gets

@) Sfmy = Dm) ([ flgmg™ dg

for m regular in M. Here D(m) is equal to A(m)d(m)~1/2; hence
D(m)? = |det(Ad,(m) — 1,)|}-|det Ad(m)|7"
= |det(Ad,(m) — 1,)|¢-|det(Ad(m™) —1,)|r
= |det(Ad,(m) — 1,)|p-|det(Ad,-(m) — 1,-)|p

The last equality follows for instance from the fact that the weights in 1 ®» F
(F an algebraic closure of F) are the inverses of the weights in n~ ® F of any
maximal torus of M. Sinceg = n @ m @ n~, one gets

(22) D(m) = |det(Adg/m (m) — ]g/m)H‘?{z
and therefore
(23) D(xmx™1) = D(m) for min M, x in N(A).

On the other hand, the compact group N(4) (] K acts by inner automorphisms
on G and A. It leaves therefore invariant the Haar measures on G and A4, hence
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the G-invariant measure on G/A. Let m in M be regular, x in N(4) N K and
fin #(G, K). One has f(xgx~!) = f(g) for any g in G; hence

j.G/A flg(xmxNg) dg = IG/A S((x7 gx)m(x~1 gx)71) dg

= _[ f(gmg™1) dg.
G/ A

The invariance property (20) follows from the representation (21), the invariance
property (23) and the just-established invariance.

(C) The linear map S: #(G, K) — C[A]V is bijective. We let as before A~ denote
the subset of /A consisting of the translations in .7 which take ¢~ into itself. For A
in A, let ¢; be the characteristic function of the double coset K - ord;#(2) - K;
by Cartan decomposition, the family {@;};-,- is a basis of #(G, K). Moreover,
any element of A is conjugate under W to a unique element in /~. We get there-
fore a basis {ch’(A)},c4- of C[A4]" by putting

] B
24 ch'(Q) = ch(w-Q),
@24 ( [W(2)| WEZPV ¢
where W(J) is the stabilizer of A in W. Define the matrix {c(2, 2')} by
(25) Spi = D3 c¢A, A - ch’(Q)

7
where A, 2’ run over A~.

To calculate ¢(4, A"), choose representatives m and m’ respectively of A, A’ in M.
Then we get (y is the Haar measure on G)

(26) c(A, ') = Spp(m) = o(m)~1/2 W(Km'K | NmK).
It is clear that KmK (| NmK > mK; hence
(27 c(d, X') = d(m)y~172,

Moreover Km'K (| NmK is empty unless A’ — A is a linear combination with non-
negative real coefficients of the positive roots. Using a suitable lexicographic order-
ing =, we conclude that ¢(4, ') = 0, unless 0 = A’ = A. Since ¢(, 1) # 0 by (27),
this remark shows that the elements S¢;., for A’ in A, form a basis of C[A]", hence
our contention (C).

COROLLARY 4.1. The algebra #(G, K) is commutative and finitely generated over
o

The algebra C[A] is commutative and generated by ch(4,), ---, ch(4,,), ch(A(1),
-, ¢h(2;) if {4;. -+, A,,} is a basis of A over Z. Since the group W is finite, it follows
from well-known results in commutative algebral3 that C[A]" is finitely generated
as an algebra over C, and that C[A] is finitely generated as a module over C[A]".

We determine now the algebra homomorphisms from (G, K) to C. Let y be
any unramified character of M. Since [o) dm = 1, the map f+ [y f(m)y(m) dm
is a unitary homomorphism from (M, °M) to C, and we get in this way all
such homomorphisms. Define a linear map w,: #(G, K) - C by

13 See for vi-rgaince N. Bourbaki, Commutative algebra, Chapter V, p. 323, Addison-Wesley,
1972.
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(28) wlf) = [, SF)-5om) dm

COROLLARY 4.2. Any unitary homomorphism from #(G, K) into C is of the form
w, for some unramified character y of M. Moreover, one has w, = wy iff there exists
an element w in W such that y' = w-y.

This corollary follows from Theorem 4.1 and the classical properties of invariants
of finite groups acting on polynomial algebras (see previous footnote).

Otherwise stated, the set of unitary homomorphisms from s#(G, K) to C isin a
bijective correspondence with the set X/ W of orbits of W in the set X of unramified
characters of M. We refer the reader to §3.2 for a discussion of this set X/W. Notice
that since X is isomorphic to a complex torus T such that X*(T) = A, then X/W
is a complex algebraic affine variety and Satake isomorphism defines an isomor-
phism of (G, K) with the algebra of polynomial functions on X/ W.

4.3. Determination of the spherical functions. Since the characteristic functions of
the double cosets KgK form a basis of the complex vector space #(G, K), one de-
fines as follows an isomorphism of the dual to the space #(G, K) onto the space of
functions on G, bi-invariant under K:

@9) o) = [ f@r@)ds  forfin #(G, K.

(30) I'(g) = olxgk) / .[KgK dg, forginG.

I claim that the following conditions are equivalent:
(a) w is a homomorphism of algebras from #(G, K) to C.
(b) One has

G1) renr(en = | Ieke) de

Jor g1, g2 in G.
(c) For any function fin #(G, K), there exists a constant A(f) such that

(32) fxl'=Tsf=Nf)T.

The equivalence of (a) and (b) follows from the following calculation

w1259 = [ Meiga 11(e0 180 de deo

— [ rends, [ fuen dsa | resiken
and the fact that the function (g, g;) = [x/'(g1kgz) dk on G x G is invariant

under left and right translations by elements of K x K.
The equivalence of (a) and (c) follows from the following formula:

olfi+ £ = [N FieD)@) dg = [ fleX)(e) de

for f1, f2 in #(G, K) where f(g) = f(g~1). Hence A(f) = wo(f).
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DEFINITION 4.1. A (zonal) spherical function on G w.r.t. K is a function I' on G,
bi-invariant under K, such that I'(1) = 1 and enjoying the equivalent properties (a),
(b) and (c) above.

We may now translate our previous results in terms of spherical functions. Let y
be any unramified character of M. Recall that the function @, is defined by

(33) D, (mnk) = y(m)ol’¥m) formin M, nin N and k in K.
We put
(34) I'f) = j'  Oxy (kg) dk forgin G,

THEOREM 4.2. (a) The spherical functions on G w.r.t. K are the functions I,
(b) Let y and y' be unramified characters of M. The spherical functions I', and I';,
are equal iff there exists an element w in the Weyl group W such that y' = w-y.

It is clear that [, is bi-invariant under K, and /(1) = 1. Theorem 4.2 follows
from Corollary 4.2 and the formula

(35) wlf) = [ &) 1(®) dgfor fin #(G, K).

This in turn is proved as follows:

_‘.G I'(g)f(g) dg = jG Dk,(8)f(g) dg
- j' . j' ., _" . rcy (k) f (k) dlle i
= [, xmoemr/zam [ _fmn) dn

= [ xewssm) dm = ().

We used the integration relations (1) and (4).

4.4. The spherical principal series of representations.

DEFINITION 4.2. A representation of G is called spherical (w.r.t. K) if it is smooth,
irreducible and contains a nonzero vector invariant under K.

Let ["be a spherical function on G (w.r.t. K). We denote by V' the space of func-
tions f on G of the form f(g) = X%, c;.['(gg)) for ¢y, -+, ¢,inC and g, -+, g, in G.
From the functional equation of the spherical functions (formula (31)), one de-
duces

(36) |, fieke dk = I(g) - f(g") forfin ¥, andg,¢'inG.
We let G operate on V. by right translations, namely

(37 (zr(g)-f)(g) = f(g18) for fin Vyand g, g; in G.

I claim that the representation (zp, Vi) is spherical and that the elements of V)
invariant under 7(K) are the constant multiples of I'. Indeed, it is clear that for any
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function fin V. thereexists a compact open subgroup K of G such that fis invariant
under right translation by the elements of K; hence the representation (zp, ¥7) is
smooth. Let f # 0 in ¥, and choose an element g’ in G such that f(g’) # 0. The
functional equation (36) may be rewritten as

(38) I'=f(gH™ _‘-K wr(kg)-f dk = f(g") mp(Ixy)f.

Any vector subspace of ¥ containing f and invariant under 7z (G) contains there-
fore I, hence is identical to V.. Finally, if a function fin ¥ is invariant under z(K),
one gets f = f(1)- I'by substituting g’ = 1 in the functional equation (36).

THEOREM 4.3. Let (z, V) be any spherical representation of G. There exists a
unique spherical function [" such that (z, V) is isomorphic to (zp, V).

As usual, let VK denote the subspace of ¥ consisting of the vectors invariant
under z(K). If fis any function in #(G, K), the operator z(f) takes ¥V Kinto itself;
hence VX is a module over (G, K). I claim that this module is simple: indeed, let
v # 0 and V' be two elements of VX. Since the #(G)-module V is simple, there
exists a function f'in #(G) such that v' = z(f)-v. The function fyx = I * f =[x be-
longs to (G, K) and v' = z(fx)- v, substantiating our claim.

The algebra #°(G, K) over the field C is commutative and of countable dimen-
sion. By the reasoning used to prove Schur’s lemma (see p. 118) (or by Hilbert’s Zero
Theorem), one concludes that any simple module over #(G, K) is of dimension 1
over C. Hence VX is of dimension 1 over C and there exists a unitary homomor-
phism w: #(G, K) — C such that

39) z(f)-v =w(f)v for any fin #(G, K) and any v in VX,

Let (7, V) be the representation of G contragredient to (z, V). The space VX of
vectors in ¥ invariant under #(K) is dual to VX, hence of dimension 1. Choose a
vector v in VK and a vector ¥ in VX such that (%, v> = 1 and define the function I’
on G by

(40) I'(e) = ¥, n(g)-v) forgingG.

From (39) and (40) one deduces o(f) = [¢/'(g)- f(g) dg for any fin #(G, K). It is
obvious that /(1) = 1 and that ["is bi-invariant under K. Hence ["is a spherical
function.

The map which associates to any vector v' in V the coefficient z,, ; defines an iso-
morphism of (z, V) with (z, V). Moreover, for any spherical function /” on G,
the representation (z, V') is isomorphic to (z,,, V) iff the following relation holds

(41) m(Ix)n(g)n(lx) = I"(g)-n(lx) for gin G.

This holds for I = I"only. Q.E.D.

The definition of spherical functions as well as the results obtained so far in this
section depend only on the fact that K is a compact open subgroup of G and that
the Hecke algebra (G, K) is commutative. We use now the classification of sphe-
rical functions on G afforded by Theorem4.2. Let y be any unramified character of
M ; when the spherical function ["is set equal to [, we write (z,, V,) instead of
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(mp, Vr). The family of representations {(x,, V,)}x-x is called the spherical principal
series of representations of G.

We summarize now the main properties of the spherical principal series; they are
immediate corollaries of the results obtained so far.

(a) Any representation (z,, V) is irreducible, admissible, and the only functions in
V', invariant under z,(K) are the constant multiples of I

(b) Let y and y' be unramified characters of M. The representations (x,, V) and
(g, V) are isomorphic iff there exists an element w in the Weyl group W such that
xX=wy

(c) Assume that the representation (v,, I(y)) in the unramified principal series is
irreducible. For any function f in I(y) define the function f* by f*(g) = [k f(kg) dk.
Then the map f w f* is an isomorphism of the representation (v, I(y)) with the repre-
sentation (z,, V).

(d) In general, let 0 = Vyc Vi c - < V,_y < V, = I(y) be a Jordan-Holder
series of the #(G)-module I(y). There exists a unique index j such that 1 £ j < r
and that the representation of G in V,/V;_, is spherical. Then this representation is
isomorphic to (z,, V).

The last two statements come from the fact that @ , is, up to constant multiples,
the unique function in /(y) invariant under »,(K) and from the relation (34) which
can be expressed as [, = @Y% .

REeEMARKS. (1) It is easy to show without recourse to Satake’s Theorem 4.1 that
the representation (v,, I(y)) is spherical provided it is irreducible. Since then the
representations (v,, I(y)) and (V4 I(w-y)) are equivalent for any w in W, this
provides another proof of step (B) in Satake’s theorem (see criterion 3.10, p. 144).

(2) We refer the reader to Macdonald [37, p. 63] for a characterization of the
bounded spherical functions, that is the spectrum of the Banach algebra of inte-
grable functions on G which are bi-invariant under K. It does not seem to be known
which spherical functions are positive-definite, or stated in other terms, which
spherical representations are preunitary.

4.5. The explicit formula for the spherical functions. The following result is due to
Macdonald [36], [37].

THEOREM 4.4. Suppose that the unramified character y of M is regular. For any m
in M—, the value of the spherical function I, is given as follows:

42 Iy(m) = Q7 1a(m)172 3 e(w-y) w- y(m)
weW
where
(43) Q=% qw,
weW

(44) c(d = Ho(l — 4o’ 4 Aa) ) (1 + g Man) (1 — Aa,)72) !

a>
for any regular unramified character 2 of M (product extended over the roots « in @,
which are positive on the conical chamber ¥).

We sketch the proof given by Casselman [18], which rests on the properties of the
intertwining operators. We use the notations of §3.7.
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For each w in W, the linear form L, on I(y) transforms by M according to the
character §1/%(w- y) and is trivial on I(y)(V). Since y is regular, these characters of
M are distinct; hence the linear forms L, are linearly independent. The vector
space I(y)? is supplementary to I(y)(V) in I(y) and its dimension is equal to |W¥|.
Hence there exists in (y)? a basis {f,,,,},cw characterized by

L(fuw, )=1 ifw =w,
3) wx=0 ifw # w.

As a corollary of Theorem 3.9 one gets @, = X, ew cu())fu.,- On the other
hand, one has ['y(m) = x Pk, , (km) dk. Since f,,, is invariant under v,(B) and B
is a subgroup of K, one gets from these remarks the relation

(46) rm = % ) | gu0 de

wherelt g, = u(BmB) '%(Ip,p) - f,,,- By the methods used in Theorem 2.3, one
proves, in general, that, for any admissible representation (z, V) of G and any m in
M, the operator z(Ip,,5) — p(BmB)r(m) maps V into V(N). From (45), one infers

@7 gu = 02 w-y(m) fo,,.

From (46) and (47), one deduces that, on M~, the spherical function I, agrees
with a linear combination of the characters§1/2(w- y) of M. Taking into account the
invariance property I',., = I, it suffices to calculate one of these coefficients, for
instance the coefficient of §1/%(w,- ) where wy is the (unique) element of W which
takes the conical chamber € into its opposite ¥~ (or any positive root in @, to a
negative root). In this case, one proves without difficulty that £, , is equal to the
function @, , defined by formula (28) in §3.6. The sought-for coefficient is obtained
by multiplying c,(wo-y) by

IK S,y (k) dk = jK Doy, (k) dk = 1(BwB).

It remains to show that the measure of BwyB, that is the index (BwyB: K), is equal
to Q7L This follows easily from the formulas (21) to (24) in §3.5. Q.E.D.

Note added in proof. As I was told by the editors, my conventions about alge-
braic groups differ slightly from those of other authors in these PROCEEDINGS.
The local field F being infinite, the set G(F) of F-points of any of the algebraic
groups G used in the previous paper is Zariski-dense in G and I allowed myself
to identify G to G(F).

' The Haar measure ¢ on G is normalized by z (K) = 1.
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CUSPIDAL UNRAMIFIED SERIES
FOR
CENTRAL SIMPLE ALGEBRAS OVER LOCAL FIELDS

PAUL GERARDIN

1. Statement of the theorem.

1.1. Let A be a central simple algebra over a nonarchimedean local field F. Call
E an unramified splitting field for 4, and /" the Galois group of E over F. A quasi-
character of E* is called regular if all its conjugates by the action of /"are distinct.

For any quasi-character y of F*, let y,,rand yg,r be respectively the quasi-
characters of 4* and E* defined by: y4,r = y°Na/r and yg,p = xoNg,p, With
N4, the reduced norm of 4 over F, and Ng,  the norm of E over F.

For any nontrivial character ¢ of F, the characters ¢,,p = ¢yoT,,p of A and
¢g/r = ¢oTg,rof E are nontrivial: here, T, is the reduced trace of 4 over F,
and T, the trace of E over F.

Let n be the rank of A4, that is the degree of E over F.

1.2. We have the following theorem:

THEOREM. With the above notations, for any regular quasi-character § of E*, there
is a well-defined irreducible admissible representation 0 4, of A* such that:

(a) the representations 0, and 0 4, associated to two regular quasi-characters
6 and § are equivalent if and only if 6 and § are conjugate under T

(b) the restriction of 0,4, to the center F* of A* is given.by the quasi-character
xe F* > (_ 1)(n—l)valx O(X),

(c) for any quasi-character y of F*, the twisted representation 0,,p @ ya,r is
equivalent to (0xe/r)asr;

(d) the contragredient representation of 0 4,y is equivalent to (071) 4, r;

(e) the L-function of 04,5 is 1;

(F) the efactor of 04,5 is €0 asp, §) = (= 1)* V9 (0, g, ).
Moreover, when A is not a division algebra, the representation 0 ,,  is cuspidal.

Here, cuspidal means that the coefficients of the representation are compactly
supported modulo the center.

1.3. Recall how the L-function and e-factor are defined [6]. The reduced trace
T4, r defines a nondegenerate bilinear form on A4 by its value on the product of two
elements in 4; hence, for any nontrivial additive character ¢y on F, the mapping

" AMS (MOS) subject classifications (1970). Primary 22E50, 20G25.
© 1979, American Mathematical Society
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a,be A Jy,p(ab) = ¢(TA/F(ab))s

identifies 4 with its Pontryagin dual group; the corresponding self-dual measure
on A will be written d,,4, and the Fourier transform on the Schwartz-Bruhat space

FA) by £y
560 = || 00 arelx9) dagy.

Let o7(A4) be the set of classes of irreducible admissible representations of the
multiplicative group 4* of 4.

Godement and Jacquet have proved in [6] that the integrals |4« f(x)z(x) dx,
fe #(A), dx any Haar measure on 4, where z is a representation of 4* with class
in «/(A4), can be defined as meromorphic functions of s € C from the integrals
[ ax f(x)e(x) x5, dx where c is a coefficient of z, and the convergence holds for
Re(s) large. They proved too that there is an eulerian factor L(z) and a factor
e(z, ¢) which is an exponential in s, such that

fax fy(@m(a) ™ |alzfF P2 dy g a
LizV ® | lasr)

where 7V is the contragredient representation of z, m is the rank over F of the group
A%, and | |,,r comes from the normalized absolute value on F by composition
with the reduced norm N, . For a cuspidal 7 in «7(4), L(z) = 1.

1.4. We give here the proof of the theorem when A is the split algebra of all
endomorphisms on an n-dimensional vector space over F; for the division algebras,
the proof is similar but simpler; the general case is a mixture of these two.

For the construction of the representation, we use basically the same method as
in [4]; it may be generalized to any reductive group over a p-adic field [3]. For
GL(n, F), constructions of cuspidal representations associated to tamely ramified
extensions of degree n of F have been made by T. Shintani in some special cases
[10], and by R. Howe in general [7], both assuming that the residual characteristic
of Fis odd. What is new here, is that there is no assumption on the residual charac-
teristic, that the construction of the representation is canonical, and that we com-
pute the e-factors. For normalizers of Iwahori subgroups in multiplicative groups
of central simple algebras, R. Howe gave in [8] a general construction. It would be
interesting to know the relations of our representations with those obtained by
G. Lusztig using /-adic cohomology [9].

Jax f(@n(a)lalzf5 2 dy g a

= (_ 1)n_m 6(7[, ¢) L(ﬂ:) ’

2. Unramified induced representations of the Weil group. The one-dimensional
admissible representations of the Weil group W, of E* are exactly the quasi-charac-
ters of £*. From the exact sequence

I—HEX—’WE/F—’P‘_’I

a quasi-character § of E* defines an n-dimensional representation of Wy, by in-
duction; but W, 5 is a quotient of Wy, so this gives an n-dimensional representa-
tion of Wy, denoted Indf 6. Moreover, this representation is irreducible if and only
if all the transforms of § by ["are distinct, that is for § being regular. In general,
let I be the stabilizer of § in I, and E, be the corresponding subfield of E; there
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are ny = [E: Eq] quasi-characters 6’ of E§ such that § = 0/g, , and each of them is
regular with respect to F; so the representation Ind% @ is the direct sum of the n,
representations Indf, ¢’, each one being irreducible. This gives part (a) of the fol-
lowing proposition. For part (e), we use the property of inductivity of the L-func-
tion; for part (f), there is only a degree zero inductivity for the e-factor, and the
factor A(E/F, ¢) is computed from the identity e(Ind£0, ¢b) = A(E/F, ¢)e(0, ¢, r) bY
taking for @ the trivial character, so that Indf1 is the regular representation of [,
that is the sum of the » unramified characters x +— {*2* where { are the n different
nth roots of 1; so:

];[ e(@, ¢) = AEIF, §) e(1, g/ p);

but (@™, ¢) = (€g'72)¢ and (1, ¢p,r) = " 492, if g is the order of the
residue field F of F. This gives the formula A(E/F, ¢) = (—1)(Dordg,

PROPOSITION 1. The representations of Wy induced by the quasi-characters of E*
satisfy the following properties:

(a) the representations IndEf and IndE§ induced by two quasi-characters 6 and 6
are equivalent if and only if 6 and § are conjugate under I';

(b) the one-dimensional representation det IndEf is given by the quasi-character:
xe FX (_ 1)(n—1)valx 0()6);

(c) for any quasi-character y of F*, the representation Ind£f twisted by y is equi-
valent to Indf(0yz,r);

(d) the contragredient representation of Indgf is equivalent to Ind%(6!);

(e) the L-function L(Ind0) is the L-function L(0);

(f) the e-factor e(Indgf, ) is (— 1) D¢ ¢(0, g, p).

3. Construction of the representation.

3.1. For any quasi-character 6 of E*, we have the n characters /07, y € I, with I’
the Galois group Gal(E/F). They are trivial on F*. Let a(f, y) = a(y) be the con-
ductor of §/67; it is a nonnegative integer, and the following relations hold:

a(y) = a(y™) for any 7 € I}

a(yy’) = Max(a(y), a(y")), for any 7, ¢’ € I, equality for a(y) # a(y"),

a(y) z 1 for any y # 1, if and only if § is regular.

For each integer r = 0, let I, be the subgroup of /" formed by the elements ¢
with a(y) < r, and E, be its fixed points in E; call 4, the algebra Endg, E;we have
the inclusions:

ECAOCAICAZC"'ArC"'A-

Observe that 4, = A, forr =z s = Max p_a(y).

The algebra 4, can be seen too as the algebra over E of the group 7, ; this leads
to Ag-linear projections for r = s: Ty 4. A, — A, and decompositions in direct
sum of A;-submodules: 4, = 4, + 45 = X, 74, where A = Xps, A, =
Ker Ty /4, due to the partition of I}, in [ and its complement, written /'S, more-
over,

Ty a(xax1) = x(Ty, 4, a)x7, forxeAf,acd,r=s,

the group A4} acts by conjugation on A4, and leaves invariant each term of this
decomposition.
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The natural filtration on £ by its ideals p% induces filtrations on each of the
algebras A4,: the lattice 4,(p™) is the set of a e A, such that ap% € ¢, the ring of
integers in F; it is too the set of functions from [, to p%. As the extension F is
unramified over F, these filtrations are compatible with the maps T4 ,4,.

The residue field of E, is written E,, and 4, = 4,(05)/A4,(pg) is the algebra
Endg, E. The finite group 4 acts by conjugacy on each E,-algebra 4,(p™)/4,(p"*1)
= A,(p»/p*1), and leaves invariant each of the subspaces y4,(p/p»*Y), y € I/T,
forr = s.

3.2. Assume now that @ is a regular quasi-character of E*, i.e., that A, is E. For
each r = 0, define a subgroup K, of 4 as follows; we denote by r’(resp. #") the
largest (resp. the smallest) integer such that 2/’ < r < 2r”; then Ky = F*, K is
the isotropy subgroup in Ay of the lattice ¢ in E, and for r > 1, K, = 1 +
A,_1(p") + A77(p"). For each r = 1, the set K" = 1 + pg + A%y”") is an in-
variant subgroup of K,, normalized by each of the groups K, s < r, moreover, by
conjugation K; acts on K,, and sends K, in K} for r > s = 2. The factor groups
K,/K; are the following:

Ki/Ki = A,

K,/K;F for r > 1 is the group (1 + p5)/(1 + px) =~ p&/pE, unless r is odd and
A, #A,_; where it is the central extension:

0 — pg/pE — K, /K — A7 (" p7) — 0,
defined by the 2-cocycle
a,be A7 [v") = Ta,e(ab) € p5~ [pE.

3.3. For each r = 1, choose a character 6, of E* with conductor equal to
Max,<r,a(y), such that /6, is fixed by the group [’,: this means that there is a
quasi-character ¥ of EX with § = 0,y . For r = 1, the character ; defines a
character of £~ regular with respect to E;. For r > 1, the restriction of §, to 1 +
pg ! is fixed by I,_,, so there is a character ¢ of E,_, such that

0,(1 + x) = ¢fs,_(x) forxe p?/pg;
moreover, the mapping defined by
a,be A7 [p") — ¢8e, (Ta,gab) forr',r” asin 3.2,
is a self-duality; this gives the following result:

LeMMA 1. For each r > 1, there is a unique class of irreducible representations
£, of K, trivial on K} and such that the restriction to E* \ K, is isotypic, given by 0, ;
define then a representation , of K, by r,(x) = x4, (X)£,(x), x € K,; then, the
class of &, depends only on 0, and is fixed by the action of any K, s < r.

For r even or with 4, = A,_;, this is clear. In the remaining cases, we use ' and
r" from r as above; we introduce the subgroup H(r) of K,/K; defined by the central
extension by pg/pg of A7 (p”’/p””) given by the same cocycle; it is a Heisen-
berg group, and if K(r) is its pull-back in K,, then 1 + pz normalizes K(r) and we
have K, = (1 + pg)K(r). The first part of the lemma comes from a well-known
property of Heisenberg groups; for the second, we observe that the restriction of
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k, to K(r) factors through any group H(r), 1 < s < r, central extension by
1%, /%, of A77X(p”'/p™") obtained from H(r) by the map T, on its center:

0 — pg /vp, — H(r) — A77(p"[p") — 0
defined by the 2-cocycle
a,be A7 [p™) = Tayp,Ta,aab) € v /ve, < PE./0E,;

it suffices now to observe that the action of A by conjugation on A, fixes the
form ue A, = Ty 5Ty 0.

3.4. More precisely, for r > s > 1, the action of K on K, gives a trivial action on
H(r). For s = 1, the group H\(r) is a central product of the group’s Hi(y) inverse
images of the subspaces yA;(p”'/p™") + 771 A1(p”'/v""), the group H\(y)is a cen-
tral extension of this subspace by pg/p%,, the 2-cocycle being given by

a,berA\(p”/v") = Tayg(ab) for yI7 = ¢,
a, berAd,\(v’[v”) + r 1A [p") = Tayp(@'b” +a'b")

witha=d +a", b=0b +b", a, b € v,y /v"), a", b" € y714,(y"' /"), in
general; the action of K on K, gives an action of Kj/Ki"= A on each of these
subgroups Hi(y); for yI7 = y~1I1, the above 2-cocycle is a unitary form on the
E-vector space 7 4,(p”'/p™") with respect to the field E of fixed points of 7 in £}, and
A; preserves this form; from [5, Corollary 4.8.2], there is a canonical extension to
Ar Hl(?’) of any irreducible representation «, of Hy(r) which is given on the cen-
ter by 0o ;foraye I with 713 # y71I1, the group Af leaves stable each of
the A4;- submodules of the quotient of H;(y); hence any irreducible representation
&, of this group which is given on pz;Y/pg, by ¢z, has a canonical extension to
the group 4, x H(y) ([5, Proposition 1.4], in fact, the character of the restriction
to A is positive). The product of the representations «; defines a representation
«, of K, as in the lemma, and the product of the extensions defines an extension
£, of £, to the group K;K,. Now, the representation £, of this group obtained from
£, by twisting with ¢ as in the lemma is, up to equivalence, independent of the
choice of ¢”.

For r = 1, there is a unique class of irreducible representations £; of K; which
is trivial on Kj" and such that its tensor product with the pull-back of the Steinberg
representation of 4y is the representation induced by the one-dimensional repre-
santation tx — 0,(¢), € 0%, x € K{, of the subgroup 03K : it is the representation
Rg (01) of [2, Theorem 8.3], up to a sign (— 1)1, n; = [E : E}], and it is a cuspidal
representation. Define then &, as the twist of £; by yV:

£1(x) = x 8 (x1(x), xe Kj;

its class does not depend on the choice of V.
Finally, the representation £, of K, = F* is the restriction of § to F*.

PROPOSITION 2. A regular quasi-character 6 of E* defines canonically a class of ir-
reducible representations of Ky by the formula

ke(xoxy =+ X, +++) = Ko(X0) ® £1(x1) @ -+ ® £ (x)E(x,) ® -
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Jor x, in K,, where &, is defined as above, &, is its canonical extension to K, for r odd
> 1 with A, # A,_, and i, is the trivial representation for the other r > 1.

4. Commuting algebra.

4.1. Let 7y be the representation of 4* induced by the representation £, of K, in
functions on 4* with compact support modulo the center F*. The commuting al-
gebra is identified with the set of applications from A4* to the space of x, which
transform on both sides under the action of Kj according to the representation ;.

4.2. For a quasi-character § of E* such that any character 0/67, for yeI", y # 1,
has conductor 1, the representation £, is obtained by twisting from a cuspidal ir-
reducible representation ' of A*; if T is a maximal diagonalizable subgroup of 4*
such that 4 = K;TKj, then a function ¢ in the commuting algebra is determined by
its values on T'; for a 7 € T not in K, there exists a unipotent radical U of a proper
parabolic subgroup of 4* such that #(U N K)t~! is contained in the kernel of
Ky — A*; we have then, for u e U () K: ¢(tu) = £y(t)p(u) = @(tut=1t) = $(t);
hence, from the cusp property of &', ¢(¢) = 0. This shows that the commuting al-
gebra is reduced to the scalars, and xy is irreducible; its coefficients being com-
pactly supported modulo the center, the representation 7, is cuspidal too.

4.3. Let now r be such that r = Max, a(y) > 1. Let ¢ be a nonzero function in
the commuting algebra of the representation ,; choose a in A* with @(a) # 0. Sup-
pose we know that a € Kja, K for some a, in A} ;as the values of ¢ are determined
by its values on a set of representatives modulo K, on both sides, we replace a by a,.
From the definition of £y, its restriction to the subgroup 1 + A4,(y™") of K, (" is the
smallest integer with 2" = r), is a scalar operator, defined by the restriction of
£,, that is

1+xel + 4,07~ x9E0 + )01 + Ty/px).
As ¢(a) is nonzero, we have, for x € 4,(y") (] a~14,(y"") a, the identity:
0,(1 + Tyex) = 0,(1 + T4, g(axa™)).

Choose a character ¢ of E such that a(¢) = 6,(1 + ¢)for t € py; then the character
of A, defined by x — ay g(axaVa,,(x)™' is trivial on the intersection
a'4,(p"a N A,(p") so it can be written as yp(axa~1)~! &(x) with two characters &
and y of A, trivial on 4,(p”"), so that

@a,5(0)E(X) = ay, glaxaVn(axa™l) for any x € A4,.

4.4. Fix a character ¢ of E, with order —r; the restriction to p! of the character
« is trivial on p%, and its stabilizer in [, is [,_;; so, there is an element 7 in the
multiplicative pull-back of E* in E* such that E,(r) = E,_; and a(t) = ¢e/E(tt)
for ¢ in pj L.

LEMMA 2. With these notations, then

(2) any character of A, equal to a4 g, on Ay"") has a conjugate by an element of
K, which is equal to x — ¢4 5 (vx) on A,_(p") + A7

(b) if an element of Ay conjugates two characters of A, equal to x — a4,z (tx)
on A, (y") + A%, then this element belongs to A% ;.

The proof uses the identification of A, with its group of characters obtained from
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the application a, b € 4, — a, g (ab), where the action o 4, is the conjugation.
Part (a) is easy, and for part (b), we have to show that an element b € 4 such that
bz + X)b =17+ X' withX, Yin 4,_,(¢'), ¥ + r" = r,isin factin 47 ;:as X
and Y centralize 7, taking the successive powers g»” of both sides, we get at the
limit m infinite, the equality btb™! = ¢, so b centralizes the center E,_; of 4,_,,
hence is itself in 4% ;.

We apply this lemma to the above situation: the characters of 4,, a,/z, & and
a gk, 7, are conjugate by suitable elements from K, to characters equal to x
¢a,e(tx) on A,_(p") + A;7!; as they were conjugate by ae A}, part (b) of
Lemma 2 shows that a belongs to K, 4 | K,.

4.5. As for r large, A, = A, we have shown that the relation ¢(a) # 0 implies
ac KATK. If A = E, then a is in Ky, so ¢(a) = £s(a)¢ (1), and ¢ (1) is an intertwin-
ing operator on the representation xy; the irreducibitity of £, implies that this
operator is scalar, and the representation is irreducible, and cuspidal for its coef-
ficients are compactly supported modulo the center.

Suppose now that A4; is not E. Let a be an element of 4y which is not in Kj, i.e. not
in K} F*.Then, there is a unipotent radical U of a proper parabolic subgroup of A5
such that a(U ) K;)a7lisin K, and even in the kernel of any &, for any r = 1,
for the determinant is trivial on any unipotent element. For each y € I'with a(y) =
r,an odd number > 1, the group U | K; acts on theE}-vector space 74;(3"/p") +
r~14,(v’/p"); its fixed points form a subspace which can be lifted as a commuta-
tive subgroup W, of H(y) (notations as in 3.4), and there is a subgroup W, of
unipotent elements in K, with projection W, on H(r).

For r even, or without y such that a (y) = r, define W, = 1;forr = I, put W; =
U N K;; for the other r’s, W, is the product of W, for y with a(y) = r, taken in a
chosen order, and without repetition. Then, for any r, aW,a™! is in K} and made of
unipotent elements so is in the kernel of ky. For x = wy ---w, -+, w, € W,, we have:

¢(a) = ¢(ax) = ¢(a)ﬁl(wl) ® ® "Er(wl)ﬁr(wr) ®

From the next lemma, it results that the operators j'W, £,(w,) dw, are fixed by
£,(wy), so that the average

| R00) ® - ® (W), (9,) ® -+ diwy - dw, -
Wl‘“ W"

is equal to

j. E(w)dw; ® - @ .[ k,w)dw, ® -
Wi W,

which is O from the cusp property of «;.
The lemma is the following, with the same notations as in [5]:

LeMMA 3. (a) Let V be a finite dimensional vector space over finite field, and y be an
irreducible representation of the Heisenberg group H(V') nontrivial on the center; let
U be the unipotent radical of a proper parabolic subgroup of G(V), and W the space
of its fixed pointsin V. x V*; then W has a lift in H(V) as a subgroup, and the
operator 3y (W) is fixed by the action of U through the Weil representation WV ;

(b) let F be a K/k-unitary vector space over a finite filed, and v be an irreducible
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representation of the associated Heisenberg group H(F, i) which is nontrivial on the
center; let U be the unipotent radical of a proper parabolic subgroup of U (the unitary
group U(F, i)), and W the corresponding totally isotropic subspace in F; then W has
alift in H(V) as a subgroup, and the operator 3,y y(w) is fixed under the action of U
through the Weil representation W F

The proof is easy for (a), and for (b) it suffices to use a realisation of 3 as func-
tions on W with values in the space of the representation associated to the Heisen-
berg group H(W /W, ).

Finally, we have proved the following result:

PROPOSITION 3. Let § be a regular quasi-character of E*. Then the representation
7o induced by kg is a cuspidal irreducible admissible representation of A*.

5. Intertwining operators.

5.1. Let now § and § be two regular quasi-characters of £*; we denote with one
(resp. two) dot(s) every object attached to § (resp. §): # = zy, K = K;, & = &5,

.- ; when the object is the same for § and §, we take off the dots. The intertwining
operators between the two representations 7 and 7 are identified with the applica-
tions ¢ from A* to the vector space of linear maps between the space of £ and the
space of £ satisfying the relation: ¢(xay) = i(x)¢(a)i(y), xe K,y e K.

5.2. When there is a y such that f = @r, then for any r, the groups I, and I, are
the same; we can take 3 = 5 and g, = 6r; moreover, for r > 1, the represen-
tation £7 and its extension £/ have the required properties for the corresponding
representations for £, so are equivalent to £, and £, respectively. The representa-
tations £; and £, of K| are trivial on Ki~ and their pull-back with a Steinberg repre-
sentation of 4f is equivalent to the representation induced from ¢% K7 by the one-
dimensional representation txw— 6,(z) = 07(z) for te 0z, xe Ki, so they too are
equivalent; finally, on F*, § is f so &, is £5; this shows that the representations & and
#r of K = K = K are equivalent, so too are the representations # and #7; but the
operator 7(r) sends the representation 7z on 77, so i and 7 are equivalent. We have
proved that two regular quasi-characters of E* which are conjugate under [” give
equivalent representations of 4.

5.3. Suppose now that there exists a nonzero intertwining map ¢ between 7 and
it; choose a € A* such that ¢(a) ## 0. Consider the following property for a non-
negative integer r:

P(r): for any t = r, I} = [, and there is 7 € I' such that ae K AX r K.
We observe that P(0) implies K = K, and that ¢(7) intertwines £ and £7 so that
6 = 6 on F*;on1 + pg, the restriction of £, is the scalar operator defined by the
restriction of @ to 1 + pg, so § and 67 coincide on 1 + pg; this gives the equi-
valence between each of the representations £, and £7 of K, for » > 1, and of the ex-
tensions £, and &7 to K, ; the isomorphism ¢)(y) intertwines the restrictions of £, and
£, to Ki; as the character of £, restricted to K; does not vanish, this implies that
£1 and £] are equivalent, having the same character as ¥ = 5V on 1 + pg, this
implies that the correspondmg representations of Ay are equivalent, so §; and 67
are conjugate by /' 6, = 1, 7y € I7; as [ acts trivially on F* and on the restric-
tion of f to 1 + pg, we obtain that f§ = §ri: the quasi-characters § and § are con-
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jugate under /. We note that P(r) is satisfied for r large; moreover P(r) is P(s) if
s £ ris any integer larger than all the conductors d(y) and d(y) for y e I',.

5.4. LEMMA 4. With these notations, we have the implication, for r = 1: P(r) =
P(r —1).

We may assume that r = Max, d(y) = s = Max,, d(r). Suppose first that r is
not 1. As ¢(a) is determmed by the double class KaK, we may take a in AX[, from
the property P(r). Let r”, resp. s”, be the smallest integer such that 2r” = r, resp.
25" =z 5. We keep the notations as in 3.3. These integers r”, s” are larger than 1;
the nonvanishing of ¢(a) implies that, on the lattice L = A4,(p*") N a~14,(p"")a, the
two scalar operators £(x) and £(axa™!) are equal:

0,0 + Tae %) x$e,(1 + x) = 6,(1 + Tapaxa)y(e (1 + x);

themapxe L — 30 (1 + %) 59, (1 + x)7 is a character, trivial on 4,(p*)

al'd,(p)a > L - L, so this character factors through T,z as a character { of
E,, trivial on p% . Let now ¢ be a character of E such that @) = CE,E,(t)ﬂ 1 +1)
for t € py, and let & be a character of E such that (¢) = 6,(1 + ¢) for t € pp.
The two characters d 4,z and x — & 4 selaxa1)of A, coincide on L, so there are two
characters £ and & of 4, such that £ is trivial on A,(p") and & trivial on A4,(p*")
satisfying the identity:

& 4,76(%) ) = dA,,E(axa‘l)é (axa!) forall xe 4,.

Applying now part(b) of Lemma 2, the nght—hand side can be written
bae((F + X)baxa~1b71), for some be K,, with Xe 4,,(p”'), and # in the
multiplicative pull-back of EX, in E, primitive over E,. The left-hand side is
a5, (T + X)x) for some T in p5* and X in A4,(p"). We have the relation:

a b1 + X)ba = T + X as the sequence of g*m powers of the left-hand side
has a limit, a~15™! xba, we must have r = s; so, by part (b) of Lemma 2 again, there
isac € K, such that

Ga5,(T + X)x) = $pa (G + X )Cxc_l)

with X in 4,_,(p") and # in the multlphcatwe pull back of E, EX, in E, primitive
over E,. The equality a-16-1( + X)ba = c¢1(# + X)c gives by taking the succes-
sive powers g"”, therelation a=1571 ¢ ba = ¢~ % ¢; this proves that ¢ and 7 generate
the same subfield of E, hence that £, ; = E,_;, and that the conjugation by bac™1
is an automorphism of E,_;; as it is F-linear, it is given by a y € I'; finally bac~1y~!
fixing a primitive element of E,_; over E, belongs to A,_;. This proves the lemma for
r>1.

Suppose now r = 1; we know that /’, = /7 for any r; we may suppose that
Il # 1. Let a; € A} be such that ae KajyK. As in §4.5 if a, ¢ K, F*, there is a
subgroup W c K such that a;y Wy~la;? is contained in the kernel of £, and with
fw £(w) dw = 0. But this implies that ¢(a;7) = 0, s0 a; is in K and a in KI'K: this
is P(0), for we know already that the groups /', are the same.

We have proved the following result.

PROPOSITION 4. Two regular quasi-characters of E* define the same class of ir-
reducible representations of A* if and only if they are conjugate under the group I'.
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6. Computation of the c-factors.

6.1. The L-functions of the representations r, defined by regular quasi-charac-
ters § of E* are identically 1 [6, Proposition 5.11]. If we apply then the formula of
1.3 giving the e-factor of 74 to the subspace of type x4, we get the identity:

fKof¢(X)/ro(X)‘lIXIZ/‘%‘”’Z dyy x = e(m, ¢)j F)rp(x) | x| 7502 d g gx;
9

for the irreducibility of z,; representation induced by £, means too that &, occurs
with multiplicity one in the restriction of 7, to Kj.

Taking in this formula for f the characteristic function of the subgroup
1 4+ A(pe) with a any integer larger than the conductor of 0, the representation &, is
trivial on this group, and the formula gives

e(mg, ) = .‘- . Gas (Ore(x) 1| x| 25 P72 dy g x, scalar operator,
0

the meaning of the integral being by principal value for |x| 4, rlarge, and by analytic
continuation for |x|,, » small.

6.2. Let 0 be a regular character of £* with conductor 1. Then the representation
kg of Ky comes from a representation £ of Kz/K+ = A*, so we have:

o ) = 2, (j o ParsCat) dag u)”a(x)-l xR

The measure d ives to A(0) the volume g 442 and K+ = 1 + A(p), so the
A¢ 8 q ¥

inner integral is 0 unless x belongs to p~°d¢7'4(0) where it is the measure

g (Ferddi2) of K+, Our expression is now:

6(7179, ¢) =q" ord ¢/2q—N Z ¢A/F (n.—l—ord¢a)0(7r—l—ord¢a)—l,
AX

with N = n(n — 1)/2 and aa prime element in E. The cusp property of 7, implies
that this sum is in fact on the semisimple elements of 4% where the character of
£ is known (3.5); the computations have been made by Springer [11}, and give

8(77:9, ¢) =g ord¢/2(__ l)n—l Z ¢E/F(n-—1—ord¢t)0(n.~l—ord¢t)-1
EX

= ([ e 000 dpgt = (=1L e(0, ).

6.3. Suppose now that @ is a regular quasi-character of £* with even conduc-
tor 2m: the integral over Kj giving &(p, /) can be split with respect to the subgroup
K =1+ A(pm):

e(mg, ) = 25 <I has (xy)ee(¥)! dA,¢}’>ﬁo(x)'1|x|f;’/*;~1)/2;
Kg/K’ K’
choose an element 0 in E such that
0 + 1) = ¢E/p(0¢t), te pg;

then, from the definition of £y, we see that the restriction of £y to K’ is given by the
scalar
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y = 1 +uel + A(pm) Land 0(1 + TA/Eu) = ¢A/F(0¢u).

The inner integral above is the product by ¢(x) of the integral over A(p™) of the
character ¢4, ((x — 04)u) for the measure d g4, so is O unless x — @, belongs to
pordd—m 4(0) where it is the measure g~7*tordd) of K’. This condition means
xe by, K', hence:

(7, ¢) = q—nz(m+ord¢/2)|0 ¢| n/+Fl)/2 ¢E/F(0 ¢)0(0 ¢)—1
106045 5,000 = [ desr 000 dg gt

= &(my, Yr/F)-

6.4. Take now for § a regular quasi-character of E* with conductor m, an odd
integer greater than 1; call m’ and m” the integers such that m” = m’ + 1 and
2m’ < m < 2m". Choose an element 04 in E such that §(1 + ) = ¢g, (6,t) for
t € pg’; the restriction of § to the subgroup 1 + p% defines a second degree
character of pz’ such that 6(1 + )0(1 + ¢') = 0(1 + ¢ + t")dg, p(0ytt"). The
application ¢ € pg — ¢(042)0 (1 + t)7lis trivial on pg’, and the e-factor of the
quasi-character § on E* is

o0, 95/7) = [ be/r 00O dp 1

= 04K dr/H0)0(04) ! jp""/v"" e/ r(0s)0(1 + 1)71,

where j 4 for a finite set 4 means (Card A)1/2 3] ,.
The integral giving e(zy, ¢) is split now with respect to the subgroup K" = 1 +
A@™):

m @) = 3 ([ darr Com) dag y)n 2|57
Ko/K"\J K"

call K’ the subgroup 1 + A4(p™); the inner integral is O unless x belongs to 94K’, so

the formula can be written:

~

e, &) = 00405 [ dasrCOmlc .

04K’ /K"

But K'/K" is isomorphic to A(p™ [p™") = p¥ [pE" + A°(p™ [p™"), with the kernel 4°
of T,,r, so the expression splits in two terms and gives, using the formula for
6(05 ¢E/F):

) = 0.0 |kl + 07 00 0,

Call r the maximum of all the conductors a(y) of /07 for y # 1. We examine the
situation in two cases, according to the respective places of m and r, the conductor
of 6.

(a) Suppose first m > r. But =0y as in 3.3. The restriction of x, to K’ is
a scalar, given by
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l+xeK =14+ Ap™) v~ 0,0 + T4 ex)y{r(l + x).

For x in A°(p™) itis only = (1 + x) = x”(1 + 03 (x)), where g5(x) is the trace
of the action of x on A2E, as an F-vector space. But now the application x —
% (1 + 02 (x)) is a nondegenerate second degree character on the (n — 1)-dimen-
sional vector space A°(p™/p™") over E, so its sum [ g.qmsmy 37 (1 + 02(x)) is
(— 1)~1; this gives

e(mg, @) = (=171 e(0, P/ r)0(0)r5(0,) 75

from the definition of the representation £y, we know that the operator 6(0y)x4(64)
depends only on the class of 6, modulo 1 + pg; but the condition m > r means that
this class is fixed by [, so there is a representative in F*; but on F*, £ is 6, so
£4(0y) = 0(04). We have proved the formula: e(zg, ) = (—1)""1e(0, g/ p)-

(b) Suppose now that m = r; put ¥’ = m’, r" = m". The group K’ is contained
in K;7,K, (notations as in 3.2). From the decomposition 4° = 4;_; + A7 defined
by T4a,_,, we get, for xe A°(p"), ye A (p"), ze A7), x =y + z:

k(1 + %) =I1® x§ Ve, _, A+ »k,(1 + 2).

As in(a)themapy — x$ Vg (1 +y) = x“ V(1 + o57%(y)) is a nondegenerate
second degree character on the vector space 42_;(p”'/p™") over E,_; and we have:

~

(r—1) 1+py)yl= —(=1)#—1
| oo 1 (1) (-1)

where n,_; is the dimension of 4, ; over E,_,, that is the order of I,_;. The element
0, of E is fixed modulo 1 + pg by I’,_;, so the operator (04)x4(6,)! is simply
I ® £,(64)71, by definition of the representation £y (Proposition 2). This means that
&(my, ) differs from €(6,¢ ¢, ) only by the scalar defined by the operator:

~

5 w1 + 217, (0p) 1.
Ar=1lpr'fpr*

In the semidirect product H(r) x E*, the image of 04(1 + z)is conjugate to the
image of 6,: this comes from the fact that if y € I fixes 6, modulo 1 + pgthen
7 € I',_1, 50 2+ 0420, —z is an automorphism of the E-vector space A7Y(p”"[p").
To compute the above scalar, we compute its trace, which is the trace of £,(6,)?,
equal to (—1)* -1 ([4, Theorem 1, p.16], or [5]). This shows that in case (b), we
have the formula: e(zy, ¢) = (—1)""1e(8, d/p)-

6.5. The discussion in the preceding section gave the following result:

PROPOSITION 4. Let 0 be a regular character of E* and wy be the representation
constructed in §3. Then, if a(0) is the conductor of 0, we have: &(my, ¢)=
(= 1) De@g(d, g, p).

This formula can be written
E(n'g, ¢) = (_ 1)(n—1)ord¢(__ 1)(n—1) (ord+a(6)) 8(0, ¢E/F)-

Define a quasi-character § from @ by the formula § = (—1)*Dvl g (we observe
that the character (—1)®*Vv! on E* is the unique unramified extension to E* of
the character of F* defined by the determinant of the regular representation of [,
det Indf 1). Now, we can define the representation 04, p:



CUSPIDAL UNRAMIFIED SERIES 169

DEerINITION. The representation 0, associated to the regular quasi-character
of E* is &z, where 75 has been defined in §3.

Then, from Propositions 1, 2, 3, we get the theorem for the split algebra 4 =
EndpE.

7. Remark. Keep the notations as above. For a nonregular quasi-character 6 of
E*, the field E|, is strictly contained in E, and there are ny = [E: Ey] quasi-characters
0" of E§ such that § = 0z/g,, and they are regular with respect to F. From the
theorem, they define irreducible admissible representations 6., of the multiplica-
tive group of the algebra A’ = EndgpE,. The direct product of »n, copies of 4'* is
F-isomorphic to an Levi subgroup of an F-parabolic subgroup P of A%, and by Theo-
rem 3 of [1], the representation 0,,r of A* induced by the representation of P
defined by the product of the representations 6., for all choices of ¢’, is irredu-
cible; by Theorem 3.4 of [6], this representation 6 ,,  has its L-function and e-factor
given as products of the L-functions and e-factors of the representations 0 /p.
From the properties of inductivity and the theorem, we have the formulas, with
n’ the rank n/ny of A’:

L(0A/F) = HL(a;l’/F) = HL(Q%EO/F) = L(O'E/Eo) = L(0),
eOasr, ) = e /p, ¢) = TI(—= 1@ Dordé o(0", i /)
= (= 1)@ Dodd oG 6, P/ 5) ME|Eq, $pyr)
= (= Lyt —Dord g+ Go-Dord g g(f), . )
= (= 1) Dordd o(f, i, p).

The other properties of functoriality given in the theorem for a regular quasi-
character @ are still true here.
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SOME REMARKS ON THE SUPERCUSPIDAL
REPRESENTATIONS OF p-ADIC
SEMISIMPLE GROUPS

G. LUSZTIG

1. Let G be a semisimple group over a local nonarchimedean field X with ring of
integers @ and finite residue field k. We define G = G(K), G = G(K) where K is a
maximal unramified extension of K (with ring of integers @ and residue field %,
an algebraic closure of k).

Let T = G be a maximal torus, defined and anisotropic over K. We shall assume
that T satisfies the following condition. There exists a Borel subgroup B of G
containing T and defined over K. (This condition is certainly satisfied if T is split
over K.) Let T be the set of homomorphisms of T = T(K) into Q¥ (/ a prime #
char k) which factor through a finite quotient of 7. One expects that to any § € T
satisfying some regularity condition, there corresponds an irreducible admissible
supercuspidal representation of G (over @,). Such a correspondence has been
established by Gérardin (for T split over K, with certain restrictions, see [2]) using
methods of Shintani, Howe and Corwin. (For SL, the correspondence was estab-
lished by Gelfand, Graev, Shalika and others.)

I would like to suggest another possible approach to the question of constructing
this correspondence. This would use /-adic cohomology (or homology) of a certain
infinite dimensional variety X over k. (The fact that /-adic cohomology might be
used to construct representations of G is made plausible by the work of Drinfeld
and by that of Deligne and myself, in the case of finite fields [1]. Note that, even in
Gérardin’s approach, one has to appeal, in the case where the conductor is very
small, to the representation theory of a reductive group over a finite field, which is,
itself, based on /-adic cohomology.)

Let U be the unipotent radical of B and let U = U(K). Consider the Frobenius
map F: G — G defined by the Frobenius element ¢ € Gal(K/K), so that G = GF.

Let X = {geG|g 1 F(g)e U}/U | F'U. (The action of U F1U on G is
by right multiplication.) Now G x T acts on X by (go, t): g — gogt™! (g0 € G,
teT, gel).

I believe that, by regarding X as an infinite dimensional variety over k, one can
define l-adic homology groups H,(X) on which G x T acts in such a way that H,(X)
= @y H{(X)y (Wwhere H,(X), is the subspace of H,(X)on which T acts according
to 8). Moreover, for 6 fixed, H,(X), should be zero for large i, while if # is not fixed
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by any nontrivial element in the small Weyl group of T, Hy(X), should be nonzero
for exactly one index i = i (depending on #) and the resulting representation of
G on H,(X), should be an irreducible admissible supercuspidal representation. This
should establish the required correspondence between characters of T and repre-
sentations of G.

2. Consider, for example, the case where G = SL,(K) and let F: G — G be the
homomorphism defined by

0 1 0 0 1 0 Yy
o 1. 0 1.
2.1 F(4) = S| 4
0 . 1 0 - 1
T 0 b1 -0

where 7 is a uniformizing element of ¢ and, for any matrix 4 over K, A% is obtained
by applying ¢ to each entry of 4. The fixed point set GF is the group of elements of
reduced norm one in a central division algebra of dimension n2 over K. Let T be
the group of diagonal matrices in SL,(K); it is invariant under F. Let U = SL,(K)
(resp. U-) be the subgroup consisting of all upper (lower) triangular matrices with
1’s on the diagonal. If 4 is a matrix in SL,(K) satisfying A-1F(4) € U, we can find
a unique Be U | F-1U such that (4B)"'F(4B)e U ( FU-. Thus,

{4eSL(K)| 4 1F(4)e U}/T n F(0)
can be identified with
X = {4eSL(K)|A"'F(4)e U FU-}

on which GF acts by left multiplication and TF acts by right multiplication. X is
just the set of all n x »n matrices of the form

a S =D

may al e
(2.2) \"'a'¢—(n—l)
: B —=2) T _g—n—1)

Ty oo rat a?

with g; € K and determinant equal to 1. For such a matrix, we have automatically
;€0 (1 £i = n)and g ¢70.

It follows that X may be regarded as the projective limit proj lim, X, of the
algebraic varieties X, over k, where X}, (2 = 1) is the set of all » x n matrices of the
form (2.2) with a; € (0] z*0)*, a; € 0/ z"*'0 (2 £ i < n), with determinant equal
to 1. (We regard za; (2 < i < n) as elements of 70/ x*@; the determinant of such
a matrix has an obvious meaning as an element of @/ z*@.)

Let G, be the set of all n x n matrices (a;;) with a;; ez &/ 70 (Vi > j), a;; €
O/z¥10 (Vi < j), a; € (0] z+@)* (Vi), with determinant equal to 1, as an element
of @/ z+@. Define F: G, — G, by the formula (2.1). G, is an algebraic group over &
and F: G, — G, is the Frobenius map for a k-rational structure on G,. Let T}, be
the group of diagonal matrices in G, and let U, (resp. U;") be the group of upper
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(lower) triangular matrices in G, with 1’s on the diagonal. We may identify X, with
the variety

{4 €G,|41F(4)e U, N FU;}.

Gf acts on X, by left multiplication and 7T acts on X, by right multiplication.
(Note that GF = proj lim,Gf, TF = proj lim,TF). The following lemma is
crucial.

LeEMMA. The action of K, = ker(T, —» T)—;) (h = 2), on X, preserves each fibre
of the natural map X,;, - X,,_,, and each fibre of X,/K, — X,—, is isomorphic to the
affine space of dimension (n — 1) over k.

Let us define H,(Y) for any smooth algebraic variety Y over k of pure dimension
d, to be H*~% (Y, Q(d)), where /is a fixed prime # char k. The previous lemma
shows that, for » = 2, H(X_,) is canonically isomorphic to H,(X,)%* (fixed points
of K, on H{X})). In particular, we have a well-defined embedding HA(X,_,) —
H{(X,). Using these embeddings, we form the direct limit inj lim,H/(X,). We
define H,(X) to be this direct limit. H,(X) decomposes naturally in a direct sum
@H/(X),, where 0 runs through the set (TF)V. It is clear that, for fixed 6, H{X)y
is of finite dimension and is zero for large i. On the other hand, it is in a natural
way a GF-module (GF acting via a finite quotient). Let Ry = X,(— 1)iH(X),.

THEOREM. For each 0 e(TF)V, + Ry is an irreducible GF-module. If 0 # @', then
+ Ry, + R; are distinct.

It suffices to prove that, if ¥ = GJ\(X, x X,) (with G acting diagonally on
X, x X,) we have

2(=1idim H(X)y o =1 if 6 =0,
=0 if 0 #0.
(Here Tf x T} acts on X by right multiplication and H{(ZX) -1 denotes the
(0, 0’ )-eigenspace of T§ x T¥.)

To compute the (equivariant) Euler characteristic of X' we use the principle that
the Euler characteristic of a space can be computed from the zeros of a nice vector
field.

The map (g, &) - (x, x', y), x = g71F(g), x' = g'"'F(g’), y = g~'g’ defines an
isomorphism

2 =~ {(x,x,y)e(U, N FU}) x (U, N FUR) x G| xF(y) = yx'}

(compare [1, 6.6]). Now, any y € G, can be written uniquely in the form

y=yy¥i¥s  yeU; | FU, ye T(Uy N F7IUY),

yieUy, N F Uy, y;€ U, N F7IU,.
We now make the substitution xF(y;) = % € U,, so the equation of I becomes
FF()FODE(yy) = myayive X'

Any element z e U, can be written uniquely in the form z = y3x'F(y3)~! with
yoe U, N F71U,, x" € U, () FUjy, so the equation of ¥ becomes
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XF(y)F(y) € y1y2 1 Uy = 133 U,
Thus, we may identify
2 = {(%y,»29) €U, N FUy) x (Uy N FIU,) x T(U; N F71U;)
x (Uy N FIUR) |yt 72 2F(33) F(y)) € Uy}

The action of Tf x T¥ is given by

rn”

(& t): (X, y1, y2, Y1) = (%t~ tyy t71, ty, /71 £7y] '70),

This action extends to an action of a larger group H, consisting of all pairs (¢, ¢')
of n x n-diagonal matrices with diagonal entries in (¢/z*®)* such that det ¢t = det ¢’
and t71F(¢) = t'71F(t') € centralizer of T,(U;, N F~1Uj); the action of H is
given by

@, 1) (%, y1, y2, Y1) = (F(OXRF()™Y, F@OyiF(0)™L, typt'—1, ¢y’ D).

A diagonal matrix of the form

0 ,  ae(0/z"0)*,
1
a

certainly centralizes T,(U; (| F~1Uy). Thus, any pair (¢, ¢) with ¢ of the form
S0
&¢
0 ¢

(with & e (0/z*)* a root of 1 of order prime to char k) is in H. The set of all such
pairs (¢, ¢) is a one dimensional subtorus 7 of H (over k). This torus acts on ¥
commuting with TF x Tf. Its fixed point set on ¥ is the finite set given by % =
y1 = )| = e, ys € TF, hence it is isomorphic to TF with Tf x TT acting by left
and right multiplication. It follows that

2(= 1y dim H{(Z)5,g-1 = 23(— 1) dim H(Z7)5 g1
=dim Hy(Tf)g -1 =1 if0 =0,
=0 iff #0,
as required.

3. Let ¥ be a 2-dimensional vector space over K and let ¥ = V ®, K. Let F:
V — V be defined by F = 1 ® ¢. Assume that we are given a nonzero element
weA2V. The set X = {xe V|x A Fx = @} is invariant under the obvious
action of SLy(¥) and under the action of the group T = {ie K*|A-2¢ = 1} which
acts by scalar multiplication. (This set X can be identified with the set X defined
in §1 for G = SL, and T a maximal torus associated to the unramified quadratic
extension of K.) Objects similar to this X appear in the work of Drinfeld. We now
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show what is the meaning of the homology groups H,(X) in the present case. It
can be easily checked that if x € X, the #-module spanned by x and Fx is invariant
under F, hence it comes from a lattice L in V.

Thus X is a disjoint union X = [[ X, over all lattices L = V with determinant
0*w, where

X, ={xeL®,0|x A Fx = o}.

Each X, can be regarded in a natural way as proj lim,X; , where X; , is the
h-dimensional variety over k defined by

X4 = {xe L ®,(0z-0)|x A Fx = w}.

The fibres of X;,, — X, ;1 have a property similar to that in the Lemma in §2.
This allows us to define Hy(X;) = inj lim,H(X; ,) as in §2. We also define H(X)
= @ H{XL).

Similar arguments should apply in the general case.

4.LetG, T, B, Ube as in §1. Assume that G comes from a Chevalley group over
Z by extension of scalars so that G(0), G(0) are well defined. Let G, = G(0/z"0).
Assume that T(K) < G(0). Let T,, U, be the images of T(K), U(K) (| G(0) under
G — G,. F:G(K) - G(K) induces F: G, —» G,. This gives a k-rational struc-
ture on the k-algebraic group G,. Define

X, = {geGy|g7! F(g) e U,}/ T, N F1T,.

The finite group Gf x TF acts on X, as before, by left and right multiplication.
For each character §: Tf — Q7! we form

Ry = 25 (= 1Y H(X,)y.
THEOREM. If 0 is sufficiently regular, the virtual GF-module + Ry is irreducible.
It is independent of the choice of B.

In the case & = 1, this follows from [1].
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DECOMPOSITION OF REPRESENTATIONS
INTO TENSOR PRODUCTS

D. FLATH

1. In this paper some generalizations of the classical theorem which classifies the
irreducible representations of the direct product of two finite groups in terms of
those of the factors will be discussed. The first generalization consists in expanding
the class of groups considered.

THEOREM 1. Let Gy, Gy be locally compact totally disconnected groups and let
G = Gl X Gz.

(1.1) If =, is an admissible irreducible representation of G, i = 1,2, thenw; ® 75
is an admissible irreducible representation of G.

(1.2) If = is an admissible irreducible representation of G, then there exist admis-
sible irreducible representations ©; of G; such that &= ~ w; ® m,. The classes of the
7; are determined by that of 7.

We recall some notation. For a locally compact totally disconnected group G,
the Hecke algebra H(G) of G is the convolution algebra of locally constant complex
valued functions on G with compact support. For a compact open subgroup K of
G, let ey be the function (meas K)~!-chy, where chy is the characteristic function
of K and meas is the Haar measure on G which has been used to define convolution
in H(G). Then ey is an idempotent of H(G). The subalgebra e H(G)eyx of H(G)
will be denoted H(G, K). A smooth G-module W is in a natural way an H(G)-
module, and for every compact open subgroup K = G the space WK = ey W is an
H(G, K)-module.

Before proving Theorem 1 we state an Irreducibility Criterion. A smooth G-
module W is irreducible if and only if WK is an irreducible H(G, K)-module for all
compact open subgroups K of G.

Proor. This follows from the fact that if U is an H(G, K)-submodule of WX,
then (H(G)- U)X = U. O

Remark that in applying the irreducibility criterion it is sufficient to check that
WK is an irreducible H(G, K)-module for a set of K which forms a neighborhood
base of the identity in G.

COROLLARY. Let K be a compact open subgroup of G such that H(G, K) is com-
mutative, and let W be an admissible irreducible G-module. Then dim WK < 1.

AMS (MOS) subject classifications (1970). Primary 22ESS.
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ProOOF OF THEOREM 1. It is straightforward that

(i) H(G, x Gp) = H(Gy) ® H(Gy),

(ll) H(Gl X Gz, Kl X Kz) >~ H(Gl, Kl) ® H(Gz, Kz) and

(i) (W1 ® Wp)Kke ~ W @ Wi
for every pair of compact open subgroups K; of G; and every pair of smooth
G;-modules W,.

Assertion (1.1) follows from (iii) and the irreducibility criterion.

Conversely, let W be an admissible irreducible G-module. Let K = K; x Kj,
where K; is a compact open subgroup of G;, i = 1,2, be such that WX s 0. The
space WX is finite dimensional, so by the corollary on p. 94 of [2] there exist irre-
ducible H(G,, K;)-modules Wki and an H(G, K) isomorphism ayx from WX to
WK ® Wz Similar remarks apply to every open subgroup K’ = Kj x K; of
K. There exist H(G;, K;)-maps b, = b(K, K'): WKi - WX such that the follow-
ing diagram is commutative.

WK . W@ W
incl. l b1&®b2
wk o, W{(l ® Wk

Moreover, the maps b,(K, K’) can be chosen for every pair of compact open sub-
groups K, K’ of this type in such a way as to form an inductive system. Then W ~
W, ® W,, where W; = ind limg, Wki, and W, is an admissible irreducible repre-
sentation of G,, i = 1, 2.

The class of W; is determined by that of W, for the restriction of W to G; is
W-isotypic. [

An analysis of the proof of Theorem 1 reveals that the groups G and G; enter
only through their Hecke algebras. This leads one to define an idempotented
algebra (4, E) to be an algebra 4 with a directed family of idempotents E such that
A= U,_,Eg edAe. An admissible module W for (4, E) is an A-module W which is
nondegenerate in the sense that AW = W and is such that dim eW is finite for all
e € E. The tensor product of two idempotented algebras is naturally idempotented.
The proof of Theorem 1 is readily adapted to establish a similar theorem about
the admissible irreducible modules of the tensor product of two idempotented
algebras.

2. The study of the representations of adelic groups, which are infinite re-
stricted products of groups, requires the notion of restricted tensor product of
vector spaces which was introduced in [4].

Let {W,|ve V} be a family of vector spaces. Let ¥, be a finite subset of V. For
each v € V'\V, let x, be a nonzero vector in W,. For each finite subset S of ¥ con-
taining Vy, let Vg = Q,es W,; and if S = &', let fg: Wg — W, be defined by
Ries Wo = Rues Wy Qpesns X,» Then W = @, W,, the restricted tensor product
of the W, with respect to the x,, is defined by W = ind limg W. The space W
is spanned by elements written in the form w = @) w,, where w, = x, for almost
allve V.

The ordinary constructions with finite tensor products extend easily to restricted
tensor products.
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(1) Given linear maps B,: W, - W, such that B,x, = x, for almost all ve V,
then one can define B = QB,: W — W by B(@w,) = QBwW,.

(2) Given a family of algebras {4, | ve V} and given nonzero idempotents e, € 4,
for almost all v, then 4 = ),,4, is an algebra in the obvious way.

(3) If W, is an A,-module for each v € ¥ such that e, - x, = x, for almost all v,
then ®, W, is an 4-module. The isomorphism class of W depends on {x,}. How-
ever, if {x,} is another collection of nonzero vectors such that x, and x; lic on the
same line in W, for almost all v, then the 4-modules &), W, and &),; W, are iso-
morphic.

ExampPLE 1. The polynomial ring in an infinite number of variables
C[X;, Xa,...]is isomorphic to Q),, C[X], where e is the identity element of C[X}].

ExAMPLE 2. Let G = [[,G,be the restricted product of locally compact totally
disconnected groups G,, restricted with respect to the compact open subgroups
K,. Then G itself is locally compact and totally disconnected, and H(G) is isomor-
phic to ®., H(G,).

For each ve V let W, be an admissible G,-module. Assume that dimW%» = 1
for almost all v. Choosing for almost all v a nonzero vector x, € WX, we may form
the G-module W = ), W,. The isomorphism class of W is in fact independent of
the choice of x, e WX» and will be called the tensor product of the representations
W,. One sees that W is admissible, and that it is irreducible if and only if each W,
is. The admissible irreducible representations of G isomorphic to ones constructed
in this way are said to be factorizable.

THEOREM 2. Suppose that H(G,, K,) is commutative for almost all v. Then every
admissible irreducible representation W of G is factorizable, W ~ QW,. The iso-
morphism classes of the factors W, are determined by that of W. For almost all v,
dim Wk = 1.

ProOF. One first factorizes the finite dimensional spaces WX’ for compact open
subgroups K’ = [] K, of G, then continues as in the proof of Theorem 1. [

3. Let G be a connected reductive algebraic group over a global field F. Let 4
be the adele ring of F, and let ¥ be the set of places of F. The adelic group G(A)
is isomorphic to a restricted product [] x,G(F,), where the subgroups K, are defined
for all finite v and are certain maximal compact subgroups of G(F,). For almost all
finite v € ¥, G(F,) is a quasi-split group over F,, and K, is a special maximal com-
pact subgroup. For these places v, H(G(F,), K,) is commutative. See [5]. So the
function field case of the following theorem, whose meaning has yet to be explained
in the number field case, is a special case of Theorem 2.

THEOREM 3. Every admissible irreducible representation of G(A) is factorizable.
The factors are unique up to equivalence.

Let F be a number field. Then the class of admissible representations of G(A4)
has yet to be defined. For each archimedean place v € V, let K, be a maximal com-
pact subgroup of G(F,), and let g, be the real Lie algebra of G(F,). Let K, =
Mareh » Ky K = Tan» K,y and G, = [1.,0,G(F,). Let g, be the real Lie algebra of
G... Let A, be the ring of finite adeles of F.
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DEFINITION. An admissible G(A)-module W is a vector space W which is both a
(g K..)-module and a smooth G(4y)-module such that

(1) the action of G(4;) commutes with the action of g,, and K_,, and

(2) for each isomorphism class y of continuous irreducible representations of X,
the y-isotypic component of ¥ has finite dimension.

In Theorem 3, the factors at the archimedean places v are to be admissible
(g»» K,)-modules. The proof when F is a number field is the same as that when it
is a function field once an idempotented algebra is found for each archimedean
place v whose admissible modules are the same as admissible (g,, X,)-modules.

Let G be a Lie group, and let K be a compact subgroup. Let g and f be the real
Lie algebras of G and K. Let U(gc) and U(f;) be the universal enveloping algebras
of the complexified Lie algebras. Define the Hecke algebra H(g, K) of (g, K) to be
the algebra of left and right K-finite distributions on G with support in K. It con-
tains the algebra Ay of K-finite measures on K viewed as distributions on G. The
map (X, p) » X ufrom U(ge) x Ag to the space of distributions on G induces a
vector space isomorphism of U(ge) ®p ¢y Ax With H(g, K). With the set E of
central idempotents of Ay, H(g, K) is an idempotented algebra.

Let (z, W) be a (g, K)-module. By means of the formula X ® x - w = a(X)z()w
for X € U(ge), u € Ak, and w € W, the space W becomes a nondegenerate H(g, K)-
module. Moreover, it is not difficult to verify that this construction establishes an
isomorphism between the categories of admissible (g, K)-modules and of admissible
(H(g, K), E)-modules.

4. In practice, a more analytic theory than that described above is needed as well.

Let {H,|ve V} be a family of Hilbert spaces. For almost all ve V, let x, be a
unit vector in H,. The Hilbert restricted product H = @x” H,is a Hilbert space
which can be conveniently described by giving an orthonormal basis. Let P, be an
orthonormal basis for H, for each v € ¥ which extends {x,} for almost all v. The
set of symbols @h,, such that 4, e P, for all v and 4, = x, for almost all v is an
orthonormal basis for H. Constructions analogous to those described above with
reference to the ordinary restricted tensor product are available in the Hilbert space
context.

For the following theorem see [3] and [1].

THEOREM 4. Let G(A) be as in Theorem 3. Let © be a continuous irreducible unitary
Hilbert space representation of G(A). Then

(1) There exist continuous irreducible unitary Hilbert space representations w, of
G(F,), almost all of which are unramified, such that 7 ~ @7:,,. The factors =, are
unique up to isomorphism.

(2) For each isomorphism class y of continuous irreducible representations of K,
the y-isotypic component of © has finite dimension.

(3) The space of K-finite vectors of = is in a natural way an admissible irreducible
G(A)-module n¥. Let n& ~ Qnk be the factorization of n¥ given by Theorem 3.
Then X is isomorphic as an admissible G(F,)-module to the space of K ,-finite vectors

of @,
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CLASSICAL AND ADELIC AUTOMORPHIC
FORMS. AN INTRODUCTION

I. PIATETSKI-SHAPIRO*

1. Classical Hecke theory. Let H be the upper half-plane {z e C|Im z > 0}, I
a congruence subgroup of SL(2, Z), i.e., I' o I'y for some integer N = 0 (where

Iy = {(‘C’ 3) e SL(2, Z) such that (‘c’ 3) - <(1) ?) (mod N)}).

The group SL(2, R) acts on H by z — (az + b)/(cz + d). We say that a function
fi H — Cis amodular form of weight k (with respect to I") iff

(a) fis holomorphic on H.

(b) f ((az + b)/(cz + d))(cz + d)™* = f(2), for all (¢2}) e I, and k some strictly
positive integer k.

(c) fis holomorphic also at the cusps of H with respect to /.

For example, at co, this means that ' has the Fourier expansion

f(Z) — Z a, e2m’n2z_
nz0

We say that fiis a cusp form if in the Fourier expansion at each cusp, g, = 0.
Let Q(f) be the C-linear span of the set

(G a)e +a
Here G = GL*(2, Q) = {ge GL(2, Q) | det(g) > 0}. Note that GL*(2, R) acts

on H. There is an obvious representation of G on Q(f).
Hecke defined the L-function attached to the modular form f by the formula:

(“ 3) e GL*(2, Q)} .

c

L(fis) = Qb [ fyevridy = 3 a

(the Dirichlet series corresponding to f). Hecke [1] proved the following theorem:

THEOREM. (1) L(f, s) is a “nice” entire function when f'is a cusp form (“‘nice’” means
that L(f, s) has a functional equation).

(2) L(f, s) has an Euler product if Q(f) is algebraically irreducible, i.e., has no
invariant linear subspaces under the action of G.

The second statement is the more interesting; it is equivalent to Hecke’s actual
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186 I. PIATETSKI-SHAPIRO

statement. He proved that L(f, s) has an Euler product if fis an eigenfunction of the
“Hecke operators”. This is equivalent to Q(f) being irreducible. Already (2) sug-
gests that it might be better to study modular forms from the point of view of
representation theory.

This leads us to the main purpose of this paper, which is to motivate the transi-
tion to the adelic setting and the systematic use of representation theory in the study
of modular forms.

First let us explain the notion of Euler product. L(s) = L(f, s) has an Euler
product means that

Lis)y = II Ly,

2 a prime
where
Lys) = (1 —app)t(1 = B,p)7Y, ap BpeC.

In Hecke’s theorem we have a functional equation of the sort: L(s) = e(s)L(1 — ),
where L(s) (resp. &(s)) can be written as an infinite product J]L,(s) (resp. [Te,(s)).
Now Tate’s theory of L-functions associated to Grossencharakters and Artin
L-functions suggests the problem of finding objects such that the local factors
L,(s) and ¢,(s) are e- and L-functions for these objects. It was the beautiful idea of
Jacquet-Langlands [2] to take as such objects irreducible representations of
GL(2.Q0,). More precisely, let us look at Q(f). Any element ~ € Q(f) is fixed by
a congruence subgroup I'< G. Now we define a topology on G by taking a
basis of neighborhoods of the identity to be the set of congruence subgroups
of G, and let G be the completion of G in this topology. Then G = {ge
[T finite primes GL(2, Q)p)ldet g, = r > 0, re @}, where [] means restricted direct
product, acts on Q(f), via the action of G, and it can be shown that this repre-
sentation # is an infinite tensor product (interpreted in a suitable sense) 7 =
Rsnite primes TTp» Where 7, is a representation of GL(2, @,).

In the author’s interpretation, it is the idea of Jacquet-Langlands to attach
an L-function to the irreducible representation z = Q(f), rather than to f, and then
to interpret L,(s) and ¢,(s) as the L- and e-factors for the representations x, of
GLQ2, Q).

Finally, let us give the following additional motivation for introducing the adelic
framework into the study of modular forms. We wish to study modular forms with
respect to different congruence subgroups simultaneously, and every such form is
stabilized by some congruence subgroup. To each inclusion relation /' = [ cor-
responds a projection H/I' - H/I';. A small computation shows that the projective
limit of this system,

proj lim H/I' = K_\SL(2, A)/SL(2, 0).
I" a congruence subgroup
Hence the study of modular forms has been transformed into the study of a cer-
tain space of functions on this double coset space.

2. Automorphic forms for adelic groups. Assume G is a connected reductive
algebraic group over a global field k. For such a G we can define the group G,
(cf. Springer’s paper for the construction), and G, = G, as a discrete subgroup.
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We need some basic facts from reduction theory. First let G = (\{ker[y|, y a
rational character of G}. Then G,\GY is compact iff there are no additive unipotent
elements. (This is due to Borel-Harish-Chandra-Mostow-Tamagawa-Harder.)

Let G, = NAK be the global Iwasawa decomposition (which follows directly
from the local Iwasawa decompositions), where K is a standard maximal compact
subgroup of G,, A4 the set of adelic points of a maximal split torus, and N is a
maximal unipotent subgroup.

ExAMPLE. G = GL(2, k). Then

K, =0() if p is real,
U2 if p is complex,
GL(2, @,) for a finite place;

v={o D 4= {5 W)

Note that 4 > C = Z(G,), and that we can write 4 = CA° for some subgroup
A%s.t. C ) AVis finite.

We say that a set S = A9 is semibounded iff for any relatively compact subset
Ny < N, the set | ;s sNps~!is relatively compact.

EXAMPLE. G = GL(2). Then 4% = {(§9)}, S = {(§0) € A |a,l, = c, for all places
p,and ¢, = 1for almost all p}. Then S is semibounded.

We now give the important definition of a Siegel set ©.1

& = NySK, when N, is an open compact subset of N, S is semibounded, and
K as above. Then the main result of reduction theory says:

THEOREM. There exists a Siegel set © s.t. G, = G,SC. Hence there exists a funda-
mental domain for G, contained in SC.

We now come to the definition of a cusp form (the definition of an automorphic
form is given elsewhere in these PROCEEDINGS): A function f: G,\G4 — C is said
to be a cusp form iff

(1) fisan eigenfunction with respect to C: f(cg) = w(c)f(g).

(2) fis smooth (i.e., fis C= at archimedean places and locally constant at the
finite places).

(3) feepea | f(8)I12 dg < oo (here we suppose that o is unitary).

(4) [z,2./(28) dz = 0, where Z is the unipotent radical of any parabolic sub-
group P.

ExampLE. For GL, it is sufficient to consider the standard unipotent group
(3%).

For GL one has the following conjugacy classes of unipotent radicals:

1 % 10 = 1 %%
<010>, <01*>, <01*>.
001 001 001

In general, for GL,, one associates to each partition n; + ... + n,, = n, a con-
jugacy class of unipotent radicals

For simplicity we give the definition only for split groups. There is a similar definition in general.
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We shall write L(w) for the space of cusp forms with respect to w.
The first main result is the following.

THEOREM (GELFAND, PIATETSKI-SHAPIRO, HARDER). L3(w) is a countable sum of
irreducible admissible representations of G 4, each occurring with finite multiplicity.

We now describe a naive form of Langlands’ philosophy. Let 7 be a representa-
tion of G4 occurring in Lj(w). Then one can attach to z a function L(z, s) which is a
product []L(z,, 5), and furthermore L(x, s) is “‘nice” (i.e., it is meromorphic, with a
finite set of poles, and satisfies a functional equation), and the e-factor e(z, s) =
[Te(zy, 5).

A precise exposition of Langlands’ philosophy will be given by Borel in his
article [5].

3. The case of GL,. Now we shall explain what follows from Langlands’ conjec-
ture for GL,.

Let 7 be an irreducible cuspidal automorphic representation of GL3(4). Then
T = @all primes 7p> and for almost all primes 7z, = Indp(y; @ wp), Where y, u, are
unramified characters of k5. Such 1, y, are described by 14(p), p2( p), where p is the
generator of the prime ideal p. Let n be an integer n = 1. We can define local factors
of the form

Ly, 8) = (1 — @] p|)71(1 — 8 pee| Bl ... — g BN

Here we are writing u;, pp for w(p), we(p).

Conjecture. For =, n as above we can attach to every prime p a local factor
LA(z,, 5), agreeing with the definition above at the unramified primes, such that the
function L*(z, s) = [[L*(x,, s) exists, and is “nice”.

For n = 1 this conjecture is proved in the book by Jacquet-Langlands. For n =
2, it has been proved by Gelbart-Jacquet and Shimura. For n = 3, 4 it can be
proved that L#(x, s) exists and has a meromorphic continuation. Beyond these
cases, the situation is unresolved.

Notes of this talk were made by Lawrence Morris (I. H. E. S.) and Ben Seifert
(U. C. Berkeley).
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AUTOMORPHIC FORMS AND
AUTOMORPHIC REPRESENTATIONS

A. BOREL AND H. JACQUET

Originally, the theory of automorphic forms was concerned only with holomor-
phic automorphic forms on the upper half-plane or certain bounded symmetric
domains. In the fifties, it was noticed (first by Gelfand and Fomin) that these au-
tomorphic forms could be viewed as smooth vectors in certain representations of
the ambient group G, on spaces of functions on G invariant under the given
discrete group /. This led to the more general notion of automorphic forms on real
semisimple groups, with respect to arithmetic subgroups, on adelic groups, and
finally to the direct consideration of the underlying representations. The main
purpose of this paper is to discuss the notions of automorphic forms on real or
adelic reductive groups, of automorphic representations of adelic groups, and the
relations between the two. We leave out completely the passage from automorphic
forms on bounded symmetric domains to automorphic forms on groups, which has
been discussed in several places (see, e.g., [2], or also[5], [6], [15] for modular forms).

1. Automorphic forms on a real reductive group.

1.1. Let G be a connected reductive group over @, Z the greatest @-split torus
of the center of G and K a maximal compact subgroup of G(R). Let g be the Lie
algebra of G(R), U(g) its universal enveloping algebra over C and Z(g) the center
of U(g). We let # or #(G(R), K) be the convolution algebra of distributions on
G(R) with support in K [4] and A the algebra of finite measures on K. We recall
that s# is isomorphic to U(g) ®y ¢ Ax. An idempotent in s is, by definition, one
of Ag,i.e., a finite sum of measures of the form d(s)7!-y,-dk, where ¢ is an
irreducible finite dimensional representation of K, d(o) its degree, y, its character,
and dk the normalized Haar measure on K. The algebra s is called the Hecke
algebra of G(R) and K.

1.2. Anorm | || on G(R)is a function of the form | g|| = (tr o(g)*-o(g)) /2, where
o: G(R) - GL(E) is a finite dimensional complex representation with finite kernel
and image closed in the space End(E) of endomorphisms of E and * denotes the
adjoint with respect to a Hilbert space structure on E invariant under X. It is easily
seen that if 7z is another such representation, then there exist a constant C > 0 and
a positive integer » such that
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190 A. BOREL AND H. JACQUET

0 Jxo = C- [

n  for all x e G(R).

A function f on G(R) is said to be slowly increasing if there exist a norm | || on
G(R), a constant C and a positive integer  such that

) |f(x) | = C-|x|", forall x e G(R).

In view of (1) this condition does not depend on the norm (but # does).

REMARK. If ¢: G — GL(E) has finite kernel, but does not have a closed image in
End E, then we can either add one coordinate and det ¢(g)~! as a new entry, or
consider the sum of ¢ and ¢*: g — ¢(g~1)*. The associated square norms are then
|det o(g)71 | 2 + tr(a(g)* o(g)) and tr(a(g)* a(g)) + tr(a(gVa(g™1)*).

1.3. Let I be an arithmetic subgroup of G(Q). A smooth complex valued func-
tion fon G(R) is an automorphic form for (I, K), or simply for [, if it satisfies the
following conditions:

@) f(r-x) = f(x) (xe GR); r e T).

(b) There exists an idempotent & € #(cf. 1.1) such that f'+ & = f.

(c) There exists an ideal J of finite codimension of Z(g) which annihilates f:
f+X=0 (XelJ).

(d) fis slowly increasing (1.2).

An automorphic form satisfying those conditions is said to be of type (&, J).
We let o7 ([}, &, J, K) be the space of all automorphic forms for (I, K) of type
& J).

1.4. EXAMPLE. Let G = GL,y, I' = GLyx(Z), K = O(2, R), ¢ = 1, J the ideal of
Z(g) generated by (C — 1), where C is the Casimir operator and 1€ C. Then fis
an eigenfunction of the Casimir operator which is left invariant under 7', right inva-
riant under K, and invariant under the center Z of G(R). The quotient G(R)/Z-K
may be identified with the Poincaré upper half-plane H. The function f may then
be viewed as a [-invariant eigenfunction of the Laplace-Beltrami operator on X.
It is a “wave-form,” in the sense of Maass. See [2], [5], [6] for a similar interpreta-
tion of modular forms.

1.5. REMARKS. (1) Condition 1.3(b) is equivalent to: fis K-finite on the right, i.e.,
the right translates of f by elements of K span a finite dimensional space of func-
tions. These functions clearly satisfy 1.3(a), (c), (d) if f does.

(2) Let r : K - GL(V) be a finite dimensional unitary representation of K. One
can similarly define the notion of a V-valued automorphic form: a smooth func-
tion p: G — V satisfying (a), (c), (d), where | | now refers to the norm in ¥, and

(b)) fGe-k) =r(k)-f(x)  (xe GR); keK).

For semisimple groups, this is Harish-Chandra’s definition (cf. [2], [11]). For
v e V, the functions x — (p(x), v) are then scalar automorphic forms. Conversely,
a finite dimensional space E of scalar automorphic forms stable under K yields an
E-valued automorphic form.

(3) A similar definition can be given if G(R) is replaced by a finite covering H
of an open subgroup of G(R) and /" by a discrete subgroup of H whose image in
G(R) is arithmetic. For instance, modular forms of rational weight can be viewed
as automorphic forms on finite coverings of SL,(R).
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1.6. Growth condition. (1) Let A be the identity component of a maximal @-split
torus S of G, and @ the system of Q-roots of G with respect to S. Fix an ordering
on @ and let 4 be the set of simple roots. Given ¢ > 0 let

6)) A, ={ae A:|a(@)| = 1, (ac B)}.

Let f be a function satisfying 1.3(a), (b), (c). Then the growth condition (d) is
equivalent to:

(d’) Given a compact set R = G(R), and ¢ > 0, there exist a constant C > 0 and
a positive integer m such that

) |/(x-a)| < C- Ia(a)l’", forallae A4,,ae 4, xe R.

This follows from reduction theory [11, §2]. More precisely, let G’ be the derived

group of G. Then 4 is the direct product of Z(R)° and 4’ = A | G'(R). For a

function satisfying 1.3(a), (b), the growth condition (d’) is equivalent to (d) for

a € Ay; but says nothing for a € Z(R)°. However condition (c) implies that f depends

polynomially on z € Z(R), and this takes care of the growth condition on Z(R).
(2) Assume f satisfies 1.3(a), (b), (c) and

©) fz-%) = @ f(x)  (z€ Z(R), x € G(R))

where y is a character of Z(R)/(Z(R) N I'). Then|f|is a function on Z(R) - I'\G(R).
If | f]e Lo(Z(R)I'\G(R)) for some p = 1, then f'is slowly increasing, hence is an auto-
morphic form. In view of the fact that Z(R)/'\G(R) has finite invariant volume, it
suffices to prove this for p = 1. In that case, it follows from the corollary to Lemma
9in[11], and from the existence of a K-invariant function a € C*(G(R)) such that
f=f+a (a well-known property of K-finite and Z(g)-finite elements in a dif-
ferentiable representation of G(R), which follows from 2.1 below).

1.7. THEOREM [11, THEOREM 1]. The space </(I', &, J, K) is finite dimensional.

This theorem is due to Harish-Chandra. Actually the proof given in [11] is for
semisimple groups, but the extension to reductive groups si easy. In fact, it is im-
plicitly done in the induction argument of [11] to prove the theorem. For another
proof, see [13, Lemma 3.5]. At any rate, it is customary to fix a quasi-character
x of Z(R)/(I' N Z(R)) and consider the space «/(I', &, J, K ), of elements in
(I, &, J, K) which satisfy 1.6(3). For those, the reduction to the semisimple case
is immediate. Note that since the identity component Z(R)° of Z(R) (sometimes
called the split component of G(R)) has finite index in Z(R) and Z(R)° N I" = {1},
it is substantially equivalent to require 1.6(3) for an arbitrary quasi-character
of Z(R)°.

The space (1}, &, J, K) is acted upon by the center C(G(R)) of G(R), by left or
right translations. Since it is finite dimensional, we see that any automorphic form
is C(G(R))-finite.

1.8. Cusp forms. A continuous (resp. measurable) function on G(R) is cuspidal if

M f(n-x)dn =0,

-“(I1 NN@®)H\N(R)

for all (resp. almost all) x in G(R), where N is the unipotent radical of any proper
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parabolic @-subgroup of G. It suffices in fact to require this for any proper maxi-
mal parabolic Q-subgroup [11, Lemma 3].

A cusp form is a cuspidal automorphic form. We let °«7([’, &, J, K) be the space
of cusp forms in /() &, J, K).

Let f be a smooth function on G(R) satisfying the conditions (a), (b), (c) of 1.3.
Assume that f'is cuspidal and that there exists a character y of Z(R) such that 1.6(3)
is satisfied. Then the following conditions are equivalent:

(i) fis slowly increasing, i.e., fis a cusp form;
(ii) fis bounded;

(iii) |f] is square-integrable modulo Z(R)- [’

(cf. [11, §4]). In fact, one has much more:|f|decreases very fast to zero at infinity
on Z(R)I'\G(R), so that if g is any automorphic form satisfying 1.6(3), then|f - g|
is integrable on Z(R) - I'\G(R) (loc. cit.).

The space °«(7, &, J, K), of the functions in °<Z([}, &, J, K) satisfying 1.6(3)
may then be viewed as a closed subspace of bounded functions in the space
L¥I'\G(R)), of functions on /"\G(R) satisfying 1.6(3), whose absolute value is
square-integrable on Z(R)I'\G(R). Since Z(R)I'\G(R) has finite measure, this
space is finite dimensional by a well-known lemma of Godement [11, Lemma
17]. This proves 1.7 for &/([}, §, J, K), when Z(R)I"\G(R) is compact, and is the
first step of the proof of 1.7 in general.

1.9. Let a € G(Q). Then ¢['= g-["-a7! is an arithmetic subgroup of G(Q),
and the left translation /, by a induces an isomorphism of /(I &, J, K) onto
(el &, J, K). Let Y be afamily of arithmetic subgroups of G(Q), closed under
finite intersection, whose intersection is reduced to {1}. The union (2, &, J, K)
of the spaces /() &, J, K) (I"e ) may be identified to the inductive limit of those
spaces:

(1) ‘d(zy S’ Ja K) = lnd limeZ' 'd([" &’ J’ K)’
where the inductive limit is taken with respect to the inclusions
@ Jrr (6T K) » LU 6 0,K) (I e T7)

associated to the projections /""\G(R) — I"'\G(R).

Assume 2 to be stable under conjugation by G(@). Then G(Q) operates on
(2, &, J, K) by left translations. Let us topologize G(Q) by taking the elements of
% as a basis of open neighborhoods of 1. Then this representation is admissible
(every element is fixed under an open subgroup, and the fixed point set of every
open subgroup is finite dimensional). By continuity, it extends to a continuous ad-
missible representation of the completion G(Q)y of G(Q) for the topology just de-
fined. For suitable 5, the passage to «7(2, &, J, K) amounts essentially to considering
all adelic automorphic forms whose type at infinity is prescribed by &, J, K; the
group G(Q); may be identified to the closure of G(Q) in G(4,) and its action comes
from one of G(A4y). See 4.7.

1.10. Finally, we may let & and J vary and consider the space «7(Z2, J, K) spanned
by the (2, &, J, K) and the space «/(2, K) spanned by the «/(Z, J, K). They are
G(Q)s-modules and (g, K)-modules, and these actions commute. Again, this has a
natural adelic interpretation (4.8).

1.11. Hecke operators. Let s#(G(Q), I') be the Hecke algebra, over C, of G(Q)
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mod [ It is the space of complex valued functions on G(Q) which are bi-invariant
under /" and have support in a finite union of double cosets mod /. The product
may be defined directly in terms of double cosets (see, e.g., [17]) or of convolution
(see below). This algebra operates on ([, £, J, K). The effect of 'al” (a € G(Q)) is
given by f — Yse rparr I f+ More generally, let #(G(Q), 2) be the Hecke algebra
spanned by the characteristic functions of the double cosets /"al™ (I, I € 2,
a € G(Q)) [17, Chapter 3]. It may be identified with the Hecke algebra s#(G(Q)y)
of locally constant compactly supported functions on G(Q)s. This identification
carries #(G(Q), I') onto #(G(Q);, I'), where I is the closure of I"in G(Q); [12].
The product here is ordinary convolution (which amounts to finite sums in this
case). Since &Z(2, &, J, K) is an admissible module for G(Q);, the action of G(Q)x
extends in the standard way to one of #°(G(Q);). The space (I, &, J, K) is the
fixed point set of I, and the previous operation of s#(G(Q), I') on this space may
be viewed as that of #(G(Q);, I'). For an adelic interpretation, see 4.8.

2. Automorphic forms and representations of G(R). The notion of automorphic
form has a simple interpretation in terms of representations (which in fact sug-
gested its present form). To give it, we need the following known lemma (cf. [18]
for the terminology).

2.1. LeMMA. Let (&, V) be a differentiable representation of G(R). Let v € V be K-
finite and Z(g)-finite. Then the smallest (g, K)-submodule of V containing v is admis-
sible.

Indeed, s - v is a finite sum of spaces #° - w, where #° is the Hecke algebra of
the identity component G(R)° of G(R) and K°=K | G(R)°, and w is K °-finite and
Z(g)-finite. It suffices therefore to show that »#°° - v is an admissible (g, K °)-module.
By assumption, there exist an ideal R of finite codimension of the enveloping
algebra U(f) of the Lie algebra  of K and an ideal J of finite codimension of Z(g)
which annihilate v and moreover U(£)/R is a semisimple t-module. Then #° - v
may be identified with U(g)/U(g) - R - J. By a theorem of Harish-Chandra (see [19,
2.2.1.1]), U(g)/U(g) - R is t-semisimple and its f-isotypic submodules are finitely
generated Z(g)-modules. Hence their quotients by J are finite dimensional.

2.2. We apply this to C=(I"'\G(R)), acted upon by G(R) via right translations.
Therefore, if f is automorphic form, then f* # is an admissible #- or (g, K)-
module. This module consists of automorphic forms. In fact, 1.3(a) is clear, and
1.3(b) follows from 2.1; its elements are annihilated by the same ideal of Z(g) as v,
whence (d). Finally, there exists o € C<(G) such that f* ¢ = f so that f'* X satis-
fies 1.2(c) (with the same exponent as f) for all X' e U(g) [11, Lemma 14]. Thus the
spaces

are (g, K)-modules and unions of admissible (g, K)-modules.

If fis a cusp form, then f* s consists of cusp forms. Thus the subspace
°Z(I', K) of cusp forms is also an s#-module. If y is a quasi-character of Z, then
the space *«/(l, K), of eigenfunctions for Z with character y is a direct sum of
irreducible admissible (g, K)-modules, with finite multiplicities. In fact, after a twist
by [xI~!, we may assume y to be unitary, and we are reduced to the Gelfand-
Piatetski-Shapiro theorem ([7], see also [11, Theorem 2], [13, pp. 41-42]) once
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we identify °/([, K), to the space of K-finite and Z(g)-finite elements in the space
°LYI'\G(R)), of cuspidal functions in L2(/"\G(R)), (see 1.8 for the latter).

3. Some notation. We fix some notation and conventions for the rest of this paper.

3.1. Fis a global field, O the ring of integers of F, V or Vi (resp. V., resp. V)
the set of places (resp. archimedean places, resp. nonarchimedean places) of F, F,
the completion of Fat ve V, O, the ring of integers of F, if ve V. As usual, 4 or
Ap (resp. ;) is the ring of adéles (resp. finite adéles) of F.

3.2. G is a connected reductive group over F, Z the greatest F-split torus of the
center of G, #, the Hecke algebra of G, = G(F,) (ve V) [4]. Thus s#, is of the type
considered in §1 if v e V_, and is the convolution algebra of locally constant com-
pactly supported functions on G(F,) if ve V', We set

¢y H o =U@V¢%"w Hy =0§f9fw H=H.Q Ky,

where the second tensor product is the restricted tensor product with respect to a
suitable family of idempotents [4]. Thus # is the global Hecke algebra of G(A)
[4]. If Fis a function field, then V, is empty and 5# = #.

If L is a compact open subgroup of G(4,), we denote by & the associated idem-
potent, i.e., the characteristic function of L divided by the volume of L (relative to
the Haar measure underlying the definition of J# ;). Thus f* £, = f'if and only if f
is right invariant under L.

The right translation by x € G(4) on G(4), or on functions on G(A4), is denoted
r, or r(x).

3.3. A continuous (resp. measurable) function on G(A) is cuspidal if

I Sf(nx) dn = 0,
N(F)\N(4)

for all (resp. almost all) x € G(4), where N is the unipotent radical of any proper
parabolic F-subgroup P of G. It suffices to chcek this condition when P runs
through a set of representatives of the conjugacy classes of proper maximal par-
abolic F-subgroups.

4. Groups over number fields.
4.1. In this section, F is a number field. An element & € 2# is said to be simple
if it is of the form

¢)) E=¢(.Q¢&, &€y é, idempotent in .

Welet G, = [],cy., G, and g, be the Lie algebra of G, viewed as a real Lie group.
We recall that G, may be viewed canonically as the group of real points H(R) of
a connected reductive group H, namely the group H = Ry, G obtained from G by
restriction of scalars from F to Q. This identification is understood when we apply
the results and definitions of §§1,2to G._...

The group G(4) is the direct product of G,, by G(A4;). A complex valued function
on G(A) is smooth if it is continuous and, if viewed as a function of two arguments
xe G, ye G(4y),itis C~in x (resp. locally constant in ) for fixed y (resp. x).

4.2. Automorphic forms. Fix a maximal compact subgroup K, of G,,. A smooth
function f on G(4) is a K_-automorphic form on G(4) if it satisfies the following
conditions:
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@) f(r-x) = () (7 € G(F), x € G(A)).

(b) There is a simple element & € # such that /' & = f.

(c) There is an ideal J of finite codimension of Z(g,.) which annihilates f.

(d) For each y € G(4/), the function x — f(x-y) on G is slowly increasing.

We shall sometimes say that fis then of type (&, J, K,.). We let «/(§, J, K. be the
space of automorphic forms of type (&, J, K.,).

There exists a compact open subgroup L of G(4,) such that &, * &, = &;. Then
& T, K) e (€, €, J, K.). We could therefore assume &; = &, for some L
without any real loss of generality.

4.3. We want now to relate these automorphic forms to automorphic forms on
G,,. For this we may (and do) assume & = &, ® &, for some compact open sub-
group L of G(A4). There exists a finite set C = G(4) such that G(4) = G(F)-C-G..-
L [1]. We assume that C is a set of representatives of such cosets and is contained
in G(A;). Then the sets G(F)-c-G.,- L form a partition of G(A) into open sets. For
ce(C, let

1) I=GF)N (G, x c-L-c™1).

It is an arithmetic subgroup of G...

Given a function f on G(4) and c € C, let £, be the function x — f(c-x) on G...
Suppose fis right invariant under L. Then it is immediately checked that f'is left
invariant under G(F) if and only if £, is left invariant under I, for every ¢ € C. More
precisely, the map f — (f,).c yields a bijection between the spaces of functions on
G(F)\G(A)/L and on [[ (I"\G..). It then follows from the definitions that it also
induces an isomorphism

(2) M(&m ® ‘SL’ ‘,, Kco) —:”CE@C ‘Q{([,c’ sw’ J9 Koo),

so that the results mentioned in §1 transcribe immediately to properties of adelic
automorphic forms. In particular, 1.6, 1.7 imply:

(i) The space (&, J, K.,) is finite dimensional.

(ii) A smooth function f on G(4) satisfying 4.2(a), (b), (c), and

3 fz-x) = y(2)-f(x)  (z€ Z(4), x e G(4)),

for some character y of Z(A)/Z(F), such that | f| e L*(Z(A)G(F)\G(4)) for some
p = 1, is slowly increasing.

(iii) For a smooth function satisfying 4.2(a), (b), (c), the growth condition 4.2(d)
is equivalent to 1.6(d’), where R is now a compact subset of G(4).

(iv) Any automorphic form is C(G(A4))-finite, where C(G(4)) is the center of
G(A).

We note also that one can also define directly slowly increasing functions on
G(A), as in 1.2, using adelic norms: given an F-morphism G — GL, with finite
kernel define, for x € G(A),

(4) ”JCH = 32‘9 n}jax(lo-(g)ijlw Io'(g_l)ijlv)

(or simply max |a(g;;)l, if a(G) is closed as a subset of the space of n x n matrices).
For continuous functions satisfying 4.2(a), (b), this is equivalent to 4.2(d).
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4.4. A cusp form is a cuspidal automorphic form. We let °o/(&, J, K_.) be the space
of cusp forms of type (&, J, K.,).

The group N is unipotent, hence satisfies strong approximation, i.e., we have for
any compact open subgroup Q of N(A4,)

(2)  N(4) = N(F)-N-Q; hence N(F)\N(4) = (N(F) N (N x Q)\N,,

[1]. Let now f be a continuous function on G(A) which is left invariant under G(F)
and right invariant under L. From (2) it follows by elementary computations that
fis cuspidal if and only if the f.’s (notation of 4.3) are cuspidal on G,,. Hence, the
isomorphism of 4.3(2) induces an isomorphism

(3) Od(ew ® EL, J’ Koo) ;’CE@CO"Q{(E, Eoo) Js Koo)9

so that the results of 1.8 extend to adelic cusp forms. In particular, assume that f°
satisfies 4.2(a), (b), (c), and also 4.3(3) for a character y of Z(4)/Z(F). Then the
following conditions are equivalent:

(i) f'is slowly increasing, i.e., fis a cusp form;

(ii) f is bounded;

(iii) | f| is square-integrable modulo Z(A4) - G(F).

REMARK. In 4.3, 4.4, we have reduced statements on adelic automorphic forms
to the corresponding ones for automorphic forms on G(R), chiefly for the conven-
ience of references. However, it is also possible to prove them directly in the adelic
framework, and then deduce the results at infinity as corollaries via 4.3(2), 4.4(3).
In particular, as in 1.8, one proves using (ii) above and Godement’s lemma that
°A(&, J, K.) is finite dimensional.

4.5. PROPOSITION. Let f be a smooth function on G(A) satisfying 4.2(a), (b), (d).
Then the following conditions are equivalent:

(1) f is an automorphic form.

(2) For each infinite place v, the space f * 3, is an admissible # -module.

(3) For each place v € V, the space [ * #, is an admissible # ,module.

(4) The space f x A is an admissible #-module.

Proor. The implications (4) = (3) = (2) = (1) are obvious; (1) = (4) follows
from 4.3(i).

4.6. Automorphic representations. An irreducible representation of s# is automor-
phic (resp. cuspidal) if it is isomorphic to a subquotient of a representation of #
in the space of automorphic (resp. cusp) forms on G(A4). It follows from 4.5 that
such a representation is always admissible. It will also be called an automorphic
representation of G or G(A), although, strictly speaking, it is not a G(4)-module.
However, it is always a G(A4;)-module. More generally, a topological G(4)-module
E will be said to be automorphic if the subspace of admissible vectors in E is an
automorphic representation of s#. In particular, if y is a character of Z(A)/Z(F),
any G-invariant irreducible closed subspace of

LAG(F)\G(4)),
= {fe LYG(F) - ZA\G(A)|, flz-X) = 3(2)-f(x), z& Z(4), x € G(4))}

is automorphic in this sense, in view of [4, Theorem 4]. By a theorem of Gelfand and
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Piatetski-Shapiro [7] (see also [8]), the subspace °L%G(F)\G(4)), of cuspidal func-
tions of L(G(F)\G(4A)), is a discrete sum with finite multiplicities of closed irreduci-
ble invariant subspaces. Those give then, up to isomorphisms, all cuspidal auto-
morphic representations in which Z(A4) has character y. The admissible vectors in
those subspaces are all the cusp forms satisfying 4.3(3).

4.7. Let L o L' be compact open subgroups of G(d4;). Then &, * &, = &;
hence #(§.. ® &5 J, K,,) = (€, ® &L, J, K.)). The space o/(€.., J, K..) spanned
by all automorphic forms of types (§. ® &;, J, K..), with &, arbitrary in s#,
may then be identified to the inductive limit

(1) ‘Q[(&ooa J, Koo) = ind hLm "Q[(Em ® €L’ J, Koo)a

where L runs through the compact open subgroups of G(4;), the inductive limit
being taken with respect to the above inclusions. The group G(4;) operates on #;
by inner automorphisms. Let us denote by *¢ the transform of & € #, by Int x.
We have in particular

)] &) = Eap (x € G(4y), & as in 4.1);
if fis a continuous (or measurable) function on G(4), then
3 (r )*E=r(f+*8 (xeG(4)), &exy).

Therefore, G(4y) operates on (£, J, K,,) by right translations. It follows from
4.3(i) that this representation is admissible.

In view of 4.3(3), «/(&.,, J, K,,) is the adelic analogue of the space &/(J, .., J, K.)
of 1.9, where 2 is the family of arithmetic subgroups of G(F) of the form [} =
G(F) N (G, x L), where L is a compact open subgroup of G(4;). These are the
congruence arithmetic subgroups of G(F), i.e., those subgroups which, for an embed-
ding G o GL, over F, contain a congruence subgroup of G | GL,(Op). This
analogy can be made more precise when G satisfies strong approximation, which is
the case in particular when G is semisimple, simply connected, almost simple over
F, and G, is noncompact [16]. In that case, as recalled in 4.4(2), we have G(4) =
G(F)-G.,- L for any compact open subgroup of G(4,), so that we may take C = {1}
in 4.3. Then 4.3(2) provides an isomorphism

(4) ‘M(Eoo ® SLv J, Koo) o d(]-'L, Eoo’ J) Koo)’
for any L, whence
(5) ‘M(&D@, J’ KDO) ':—_’ ‘d(z? &OO’ J’ KOD)’

where 2 is the set of congruence arithmetic subgroups of G(F). Moreover, the
projection of G(F) in G(4y) is dense in G(4;) and G(A4;) may be identified to the
completion G(F)y of G(F) with respect to the topology defined by the subgroups
I;. It is easily seen that the isomorphism (5) commutes with G(Q), where, on the
left-hand side x € G(Q) acts as in 1.9, via left translations, and, on the right-hand
side, x acts as an element of G(A,) by right translations. It follows that the isomor-
phism (5) commutes with the actions of G(F); = G(A4,) defined here and in 1.9.
Also, the isomorphism G(F); = G(4,) induces one of the Hecke algebra #°(G(F);)
(see 1.10) onto s#; and, again, (5) is compatible with the actions defined here and
in 1.10. Note also that [ is dense in L, by strong approximation, so that this
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isomorphism of Hecke algebras induces one of #(G(F)y, '), which is equal to
H(G(F), I), onto #(G(A,), L). [Strictly speaking, this applies at first for F = Q,
but we can reduce the general case to that one, if we replace G by Rp/,G (4.1).]

In the general case, the isomorphisms 4.3(2) for various &, are compatible with
the action of G(F) defined here and in 1.9 respectively, and this extends by continu-
ity to the closure in G(4/) of the projection of G(F).

4.8. Let &/(J, K.,) be the span of the spaces «/(&.,, J, K,,) and «/(K_,) the span of
the «/(J, K.). These spaces are s#-modules, and union of admissible s#-submo-
dules. When 4.6(5) holds, they are isomorphic to the spaces «/(2, J, K,,) and
(2, K.,) of automorphic forms on G(R) defined in 1.10. Otherwise, the relation-
ship is more complex, and would have to be expressed by means of the isomor-
phisms 4.3(2).

5. Groups over function fields. In this section, Fis a function field of one variable
over a finite field. A function on G(4) is said to be smooth if it is locally constant.

5.1. Let y be a quasi-character of Z(4)/Z(F) and K an open subgroup of G(A4).
We let °#"(y, K) be the space of complex valued functions on G(A4) which are right
invariant under K, left invariant under G(F), satisfy

(M fx) =22 f(x) (2 Z(4), xe G(4)),

and are cuspidal (3.3). [These functions are cusp forms, in a sense to be defined
below (5.7), but the latter notion is slightly more general.] We need the following:

5.2. PROPOSITION (G. HARDER). Let K and y be given. Then there exists a compact
subset C of G(A) such that every element of ¥ (y, K) has support in Z(A)-G(F)-C.
In particular, °¥"(y, K) is finite dimensional.

This follows from Corollary 1.2.3 in [10] when G is split over F and semisimple
(the latter restriction because (1) is not the condition imposed in [10] with respect
to the center). However, since G(A) can be covered by finitely many Siegel sets, the
argument is general (see [9, p. 142] for GL,).

5.3. COROLLARY. Let X be a finite set of quasi-characters of Z(A)|Z(F) and m a
positive integer. Then the space °¥ (X, m, K) of cuspidal functions which are right
invariant under K and satisfy the condition
4 T1¢@ - y@)yr=0
is finite dimensional.

PROOF. The space °¥"(X, m, K) is the direct sum of the spaces ¥ ({)}, m, K);
hence we may assume that X consists of one quasi-character y. By 5.3, °#°(X, 1, K)
is finite dimensional. We then proceed by induction and assume that °¥°(X, s, K)
is finite dimensional for some s = 1.

The group Z(A)/Z(F)-K', where K’ = Z(A) () K, is finitely generated. Let
(z,) 1=/=, be a generating set. Set 4 ;; o = ¥ (X, s + 1, K)and, fort =1, ..., q:

Ay = {f € Auro|(r(z) — x@))-f =0( = 1,..., D}
Then
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Asi1,0 2 Agi11 2 oo D A1 2 - 2 Aspg = V(X 5, K).

Fix 1 (0 = t < g). Then f — (r(a.y1) — x(a11)) -f maps Ay, into A,y,,4; and its
kernel is contained in A;;,,41. It follows, by descending induction on ¢, that 4., ¢
is finite dimensional.

5.4. REMARK. If H is a commutative group, let C[H] be its group algebra over C.
Every complex representation (z, W) of H extends canonically to one of C[H].
Anelement w e W is H-finite if and only if it is annihilated by some ideal I of finite
codimension of C[H]. If I is such an ideal, there exist a finite set X of quasi-charac-
ters of H and a positive integer m such that

(€)) xH (z(h) — y(B)m-w = 0, for all e H and all w annihilated by I.
ex

If H is finitely generated, then, conversely, all elements w € W satisfying (1) for
all he H are H-finite, and annihilated by some ideal of finite codimension of
C[H]. Therefore, 5.3 implies that the space °¥"(I, K) of cuspidal functions on
G(F)\G(A4)/K which are annihilated by some ideal I of finite codimension of
C[Z(A)/Z(F)] is finite dimensional. In fact, since Z(4)/Z(F)- (K () Z(A)) is finitely
generated, these two statements are equivalent.

5.5. Let E be a local field, R a connected reductive group over E, 25 the Hecke
algebra of R(E). A left ideal J of s is said to be admissible if the natural repre-
sentation of J# on J#x/J is admissible.

LeMMA. Let J be an admissible ideal of #y and K a compact open subgroup of
R(E). Let P be a parabolic E-subgroup of H, N the unipotent radical of P and M
a Levi E-subgroup of P. There is an admissible ideal J y; in the Hecke algebra 3y
of M(E) with the following property: if © is a smooth representation of R(E) on a
space W, and w € W is K-fixed, annihilated by J, then the image W of w in the space
Wy (cf. [3]) is annihilated by J 4.

PrOOF. Let ¢ € #» be the characteristic function of K, v, its image in s#5/J
and 7y the image of vy in (##z/J ) y. The representation of R(E) on s#5/J is admissible
by assumption; therefore the representation of M(E) on (#5/J)y is admissible [3],
and the annihilator Jy, of 7 in ), is admissible. We claim that it has the required
properties. In fact, if # and w are as in the lemma, then there is a unique R(E)-
morphism #°p — W taking ¢, to w. It maps & € #; onto a scalar multiple of
(&) -w. Therefore, it factors through an R(E)-morphism s#/J — W, mapping v,
onto w, whence an M (E)-morphism (#°5/J)y — W)y mapping 7, onto w. It follows
that w is annihilated by J ;.

5.6. THEOREM. Let K be a compact open subgroup of G(A). Let ve V and J an
admissible ideal of #,. Then the space ¥ (G, v, J, K) of complex valued functions f
on G(A) which are left invariant under G(F), right invariant under K and annihilated
by J is finite dimensional.

ProoOF. Since the representation of G, on s#,/J is admissible (and finitely gen-
erated), there exists an ideal I, of finite codimension of C[Z(F,)] which annihilates
.
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Let fe v(G, v, J, K). Then h— f «h h— i being the canonical involution of
#,) gives a G,-morphism #,/J — f* #,. Therefore ¥ (G, v, J, K) is annihilated by
I,. Let Z' = Z(A) N K and regard Z(F,) as a subgroup of Z(A). Then Z(F)-Z(F,) -
Z' has finite index in Z(A). As a consequence, there exists an ideal I of finite codi-
mension of Z(A4)/Z(F) which annihilates ¥*(G, v, J, K). The space °¥" of cuspidal
elements in ¥°(G, v, J, K) is then contained in °¥"(I, K) (notation of 5.4), hence is
finite dimensional.

We now prove the theorem by induction on the F-rank rkzG’ of the derived
group G’ of G. If tkyG’ = 0, then ¥7(G, v, J, K) = °¥", and our assertion is already
proved. So assume rkzG’ = 1 and the theorem proved for groups of strictly smaller
semisimple F-rank. Let now P= M - N vary through a set 2 of representatives of the
conjugacy classes of proper parabolic F-subgroups of G, where M is a Levi F-sub-
group and N the unipotent radical of P. For each such P, let Cp be a set of repre-
sentatives of P(4)\G(A)/K. It is finite. The intersection of the kernels of the maps
foP.c, WherefP,c(m) = ,"N(F)\N(A) f(n-m-c) dn (C € CP’ Pe '@) (fe V(G9 Y, J’ K))
is then °¥”, hence is finite dimensional. It suffices therefore to show that, for given
Pe 2, ce Cp, the functions fp, vary in a fixed finite dimensional space. After
having replaced J and K by conjugates, we may assume that ¢ = 1. We write fp
for fp,1- Let now Uy (resp. Uy) be the space of functions on G(F)\G(A) (resp.
M(F)\M(A)) which are right invariant under some compact open subgroup (de-
pending on the function). The representation r of G(A) by right translations on Uy
is smooth. If x € N(A) thenfp = (r.f)p; hence up: f— fp factors through (Ug)y(r,)-
It follows then from 5.5 that the elements fp (f€ (G, v, J, K)) are all annihilated
by some admissible ideal J’ of the Hecke algebra of M(F,). Since these elements are
right invariant under K’ = K (1 M(4), it follows that yp maps (G, v, J, K) into
v (M, v, J', K’). Since this last space is finite dimensional by our induction assump-
tion, the proof is now complete.

5.7. COROLLARY. Let f be a function on G(A) which is left invariant under G(F)
and right invariant under some compact open subgroup of G(A). Then the following
conditions are equivalent:

(1) There is a place v of F such that the representation of G, on the G(F ,)-invariant
subspace generated by r(G,)-f is admissible.

(2) For each placevof F, the representation of G, on the space generated by r(G,) - f
is admissible.

(3) The representation of G(A) on the space spanned by r(G(A)) - f is admissible.

Proor. Clearly (3) = (2) = (1). Assume (1). Let v be as in (1). Then f is annihi-
lated by an admissible ideal J of s#,. Let U = f * s#. We have to prove that UX is
finite dimensional for any compact open subgroup K of G(A). There is no harm in
replacing K by a smaller group, so we may assume that K fixes f. We may also
assume that K = K, x K», where K, is compact open in G, and K is compact
open in the subgroup G* of elements in G(A) with v-component equal to 1. We also
have # = #, ® s where # is the Hecke algebra of Gv. Let &, (resp. &?) be the
idempotents associated to K, (resp. K?) (3.3). Then &, ® & = & is the idempotent
associated to K. Any element g in U is a finite linear combination of elements of the
form f* a * B (« € 5#7, B € 5#,). If such an element is fixed under X, then g* & =
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g; hence we may assume that each summand is fixed under X, and that ¢ * & = q,
B * &, = G. Since fis fixed under X, it follows that f* « is fixed under K. The ele-
ments f* ¢ then belong to the space ¥~ (G, v, J, K), which is finite dimensional by
the theorem. For each such element /% « * § is contained in the space of K,-fixed
vectors in the admissible s#,-module f* o * 3, = f* #, * a, whence our asser-
tion.

5.8. DEFINITIONS. An automorphic form on G(A) is a function which is left in-
variant under G(F), right invariant under some compact open subgroup, and satis-
fies the equivalent conditions of 5.7. A cusp form is a cuspidal automorphic form.
Any automorphic form is Z(4)-finite (as follows from 5.7(3)).
quotient of the G(4)-module .« of all automorphic forms on G(F)\G(4A). It follows
from 5.7 that it is always admissible.

More generally, a topologically irreducible continuous representation of G(4) in
a topological vector space is automorphic if the submodule of smooth vectors is
automorphic.

As in 4.6, it follows from [4, Theorem 4] that if y is a character of Z(4)/Z(F),
then any G-invariant closed irreducible subspace of LY G(F)\G(4)), is automorphic.

5.9. PROPOSITION. Let f be a function on G(F)\G(A). Then the following conditions
are equivalent:

(1) fis a cusp form.

(2) f is Z(A)-finite, cuspidal (3.3), and right invariant under some compact open
subgroup of G(A).

Proor. That (1) = (2) is clear. Assume (2). Then f'is annihilated by an ideal I of
finite codimension of C[Z(4)/Z(F)]. Let U be the space of functions spanned by
r(G(A)) - f.Everyelementof U is cuspidal, annihilated by 7and right invariant under
some compact open subgroup. If L is any compact open subgroup, then U~ is con-
tained in the space °¥°(Z, L) (notation of 5.4), hence is finite dimensional. Therefore
U is an admissible G(A4)-module and (1) holds.

5.10. It also follows in the same way that the space °</(I) (resp. °/(X, m))
of all cusp forms which are annihilated by an ideal I of finite codimension of
C[Z(A)/Z(F)] (resp. which satisfy 5.3(1)) is an admissible G(4)-module. Moreover,
if X consists of one element y, and if m = 1, in which case we put (X, m) = °«,,
then this space is a direct sum of irreducible admissible G(A4)-modules, with finite
multiplicities. To see this we may, after twisting with |y|~1, assume that y is unitary.
Then, since °«7, consists of elements with compact support modulo Z(4),

o= 168 dx
Z(A)G(F\G(4)

defines a nondegenerate positive invariant hermitian form on °</,. Our assertion

follows from this and admissibility. This is the counterpart over function fields of

the Gelfand-Piatetski-Shapiro theorem (4.6).

We note that, by [14], every automorphic representation transforming according
to y is a constituent of a representation induced from a cuspidal automorphic
representation of a Levi subgroup of some parabolic F-subgroup, for any global
field F.
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ON THE NOTION OF AN AUTOMORPHIC
REPRESENTATION. A SUPPLEMENT
TO THE PRECEDING PAPER

R. P. LANGLANDS

The irreducible representations of a reductive group over a local field can be
obtained from the square-integrable representations of Levi factors of parabolic
subgroups by induction and formation of subquotients [2], [4]. Over a global field
F the same process leads from the cuspidal representations, which are analogues
of square-integrable representations, to all automorphic representations.

Suppose P is a parabolic subgroup of G with Levi factor M and ¢ = ®o, a
cuspidal representation of M(A). Then Ind ¢ = ), Ind ¢, is a representation of
G(A) which may not be irreducible, and may not even have a finite composition
series. As usual an irreducible subquotient of this representation is said to be a
constituent of it.

For almost all v, Ind ¢, has exactly one constituent 7, containing the trivial
representation of G(0,). If Ind g, acts on X, then z, can be obtained by taking the
smallest G(F,)-invariant subspace V, of X, containing nonzero vectors fixed by
G(0,) together with the largest G(F,)-invariant subspace U, of ¥, containing no
such vectors and then letting G(F,) act on V,/U,,.

LeMMA 1. The constituents of Ind ¢ are the representations # = Qn, where =,
is a constituent of Ind ¢, and &, = =, for almost all v.

That any such representation is a constituent is clear. Conversely let the con-
stituent 7 act on V/U with0 = U c V € X = RJX,. Recall that to construct the
tensor product one chooses a finite set of places Sj and for each v not in S a vector
x, which is not zero and is fixed by G(0,). We can find a finite set of places S,
containing Sy, and a vector x5 in X5 = ®),cs X, which are such that x = xg ®
(®pes x;) liesin ¥V but not in U.

Let V5 be the smallest subspace of X containing xg and invariant under Gy =
1,5 G(F,). There is clearly a surjective map

Vs ® (Rses Vo) — VIU,

and if vy ¢ S the kernel contains Vs ® U,) ® (®,esuwy Vo). We obtain a surjec-
tion Vs ® (Qyes Vo/U,) = V/U with a kernel of the form Us ® (®,es Vo/U,),
Us lying in Vs The representation of Gg on Vg/Uy is irreducible and, since
Ind g, has a finite composition series, of the form &),<s 7,, 7, being a constituent
of Indg,. Thus # = ®=, with, = 7, whenv¢ S.
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The purpose of this supplement is to establish the following proposition.

PROPOSITION 2. A4 representation 7 of G(A) is an automorphic representation if and
only if 70 is a constituent of Ind g for some P and some ¢.

The proof that every constituent of Ind ¢ is an automorphic representation will
invoke the theory of Eisenstein series, which has been fully developed only when
the global field F has characteristic zero [3]. One can expect however that the
analogous theory for global fields of positive characteristic will appear shortly,
and so there is little point in making the restriction to characteristic zero explicit in
the proposition. Besides, the proof that every automorphic representation is a
constituent of some Ind ¢ does not involve the theory of Eisenstein series in any
serious way.

We begin by remarking some simple lemmas.

LEMMA 3. Let Z be the centre of G. Then an automorphic form is Z( A)-finite.
This is verified in [1].

LemMA 4. Suppose K is a maximal compact subgroup of G(A) and ¢ an automorphic
Sform with respect to K. Let P be a parabolic subgroup of G. Choose g € G(A) and
let K' be a maximal compact subgroup of M(A) containing the projection of gKg™!
P(A) on M(A). Then

pr(m; 8) = I N(F)\N(4) plnmg) dn

is an automorphic form on M(A) with respect to K'.

It is clear that the growth conditions are hereditary and that ¢g( - ; g) is smooth
and K'-finite. That it transforms under admissible representations of the local
Hecke algebras of M is a consequence of theorems in [2] and [4].

We say that ¢ is orthogonal to cusp forms if j’gcd"( 0 9(8)(g) dg = 0 whenever
¢ is a cusp form and @ is a compact set in G(4). If P is a parabolic subgroup we
write ¢¢ L P if pp(- ; g) is orthogonal to cusp forms on M(4) for all g. We recall a
simple lemma [3].

LEMMA 5. If ¢ L P for all P then ¢ is zero.

We now set about proving that any automorphic representation 7 is a con-
stituent of some Ind ¢. We may realize 7 on V/U, where U, V are subspaces of the
space o7 of automorphic forms and V is generated by a single automorphic form
¢. Totally order the conjugacy classes of parabolic subgroups in such a way that
{P} < {P'} implies rank P < rank P’andrank P < rank P’ implies {P} < {P'}.
Given ¢ let {P,} be the minimum {P} for which {P} < {P'} implies ¢ L P’.
Amongst all the ¢ serving to generate 7 choose one for which {P} = {P,} is
minimal. If ¢ € o let ¢p(g) = ¢p(1, g) and consider the map ¢ — ¢p on V. If U
and V had the same image we could realize = as a constituent of the kernel of the
map. But this is incompatible with our choice of ¢, and hence if Up and ¥ are the
images of U and V we can realize 7 in the quotient Vp/Up.

Let o7 be the space of smooth functions ¢y on N(A)P(F)\G(4) satisfying

(a) ¢ is K-finite.
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(b) For each g the function m — ¢(m, g) = ¢(mg) is automorphic and cuspidal.

Then Vp = ofp. Since there is no point in dragging the subscript P about, we
change notation, letting 7 be realized on V/U with U = V < /%. We suppose that
V'is generated by a single function ¢.

LEMMA 6. Let A be the centre of M. We may so choose ¢ and V that there is a
character y of A(A) satisfying p(ag) = y(a)p(g) for all g € G(A) and all a € A(A).

Since P(A)\G(A)/K is finite, Lemma 3 implies that any ¢ in &/} is A(4)-finite.
Choose V and the ¢ generating it to be such that the dimension of the span Y of
{l(a)pla € A(A)} is minimal. Here /(a) is left translation by a. If this dimension is
one the lemma is valid. Otherwise there is an a € A(4) and « € C such that 0 <
dim(l(a) — @)Y < dim Y.

There are two possibilities. Either (/(a) — a)U = (l(a) — a)V or (l(a) — a)U #
(l(a) — a)V. In the second case we may replace ¢ by (/(a) — a)¢, contradicting our
choice. In the first we can realize = as a subquotient of the kernel of /(a) — ain V.

What we do then is choose a lattice B in A(A) such that BA(F) is closed and
BA(F)\A(A) is compact. Amongst all those ¢ and ¥V for which Y has the minimal
possible dimension we choose one ¢ for which the subgroup of B, defined as
{be Bll(b)p = By, B € C}, has maximal rank. What we conclude from the previous
paragraph is that this rank must be that of B. Since ¢ is invariant under 4A(F) and
BA(F)\A(A) is compact, we conclude that ¥ must now have dimension one. The
lemma follows.

Choosing such a ¢ and ¥ we let v be that positive character of M(4) which satis-
fies

W) = [y@|,  acAd),

and introduce the Hilbert space L; = Ly(M(F)\M(A), ) of all measurable functions
¢ on M(Q)\M(4) satisfying:

(i) For all m € M(A) and all a € A(A4), J(ag) = y(a)d(g).

(i) Jacom@ww V_Z(m)lsb(m)lz dm < oo.

L3 is a direct sum of irreducible invariant subspaces, and if ¢ € V then m —
¢(m, g) lies in L; for all g € G(4). Choose some irreducible component H of L; on
which the projection of ¢( -, g) is not zero for some g € G(A).

For each ¢ in V define ¢'(-, g) to be the projection of ¢(-, g) on H. It is easily
seen that, for all m; € M(A), ¢'(mmy, g) = ¢'(m, mg). Thus we may define ¢'(g) by
d'(g) = ¢'(1,8). If V' = {{'|¢ € V}, then we realize z as a quotient of V’. However
if 02 is the modular function for M(A4) on N(4) and ¢ the representation of M(A)
on H then V' is contained in the space of Ind 6! ¢.

To prove the converse, and thereby complete the proof of the proposition, we
exploit the analytic continuation of the Eisenstein series associated to cusp forms.
Suppose 7 is a representation of the global Hecke algebra 2#, defined with respect
to some maximal compact subgroup K of G(A4). Choose an irreducible representa-
tion # of K which is contained in 7. If E, is the idempotent defined by K let 5, =
E #E, and let 7, be the irreducible representation of 2, on the g-isotypical sub-
space of 7. To show that 7 is an automorphic representation, it is sufficient to show
that z, is a constituent of the representation of #°, on the space of automorphic
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forms of type £. To lighten the burden on the notation, we henceforth denote 7,
by = and s#, by .

Suppose P and the cuspidal representation ¢ of M(A) are given. Let L be the
lattice of rational characters of M defined over F and let L, = L ® C. Each ele-
ment  of L defines a character &, of M(4). Let I, be the -isotypical subspace of
Ind §,0 and let I = I,. We want to show that if z is a constituent of the representa-
tion on I then z is a constituent of the representation of 2# on the space of au-
tomorphic forms of type &.

If {g;} is a set of coset representations for P(4)\G(A4)/K then we may identify
I, with I by means of the map ¢ — ¢, with

%;(nmgi k) = &y(m) ¢(nmgik)'

In other words we have a trivialization of the bundle {I,} over L, and we may
speak of a holomorphic section or of a section vanishing at x = 0 to a certain
order. These notions do not depend on the choice of the g;, although the trivialisa-
tion does.

There is a neighbourhood U of yx = 0 and a finite set of hyperplanes passing
through U so that for 4 in the complement of these hyperplanes in U the Eisenstein
series E(p) is defined for ¢ in /,. To make things simpler we may even multiply £
by a product of linear functions and assume that it is defined on all of U. Since it
is only the modified function that we shall use, we may denote it by E, although it
is no longer the true Eisenstein series. It takes values on the space of automorphic
forms and thus E(p) is a function g — E(g, ¢) on G(A). It satisfies

E(p,(h)p) = r(hE(p)

if he o# and p, is Ind £,0. In addition, if ¢, is a holomorphic section of {f,} in a
neighbourhood of 0 then E(g, ¢,) is holomorphic in 4 for each g, and the deriva-
tives of E(p,), taken pointwise, continue to be in /.

Let I, be the space of germs of degree r at 1 = 0 of holomorphic sections of 1.
Then ¢, — p,(h)p, defines an action of s# on I,. If s < r the natural map 7, — I
is an s##-homomorphism. Denote its kernel by 3. Certainly J; = I. Choosing a basis
for the linear forms on L, we may consider power series with values in the g-
isotypical subspace of &7, X3, <, u®¢,. # acts by right translation in this space and
the representation so obtained is, of course, a direct sum of that on the x-isotypical
automorphic forms. Moreover ¢, — E(p,) defines an s#-homomorphism A from
I to this space. To complete the proof of the proposition all one needs is the
Jordan-Holder theorem and the following lemma.

LemMA 7. For r sufficiently large the kernel of A is contained in IC.

Since we are dealing with Eisenstein series associated to a fixed P and ¢ we may
replace E by the sum of its constant terms for the parabolic associated to P, modify-
ing A accordingly. All of these constant terms vanish identically if and only if £
itself does. If Oy, ..., Q,, is a set of representatives for the classes of parabolics as-
sociated to P let E,(p) be the constant term along Q,. We may suppose that M is
a Levi factor of each Q;. Define v(m) for m € M(A) by &,(m) = e*>>, Thus y(m)
lies in the dual of L. If ¢ € I,,, the function E(p) has the form



AN AUTOMORPHIC REPRESENTATION 207

Emg e p) = 33 ﬁgbl Do)y (M) b, ).

Here ¢4 lies in a finite-dimensional space independent of zand g;;v5, 1 S 8 < b
is a holomorphic function of x; and {p,} is a basis for the polynomials of some
degree. This representation may not be unique. The next lemma implies that we
may shrink the open set U and then find a finite set 4y, ..., A, in G(A4) such that
E(p,) is 0 for e U, ¢, €1, if and only if the numbers E;(h;, ¢,), 1 £i < m,
1 <j<nareall.

LemMA 8. Let U be a neighbourhood of 0 in C', v, ..., v, holomorphic functions on
U, and p,, ..., p, a basis for the polynomials of some given degree. Then there is a
neighbourhood V of O contained in U and a finite set yy, ..., y, in C' such that if e V
then

®) X piy) e = 0
forall y ifand only if it is O for y = yq, ..., V.

To prove this lemma one has only to observe that the analytic subset of U defined
by the equations (x), y € C%, is defined in a neighbourhood of 0 by a finite number of
them.

We may therefore regard E as a function on U with values in the space of linear
transformations from the space 7, which is finite-dimensional, to the space Cm».
One knows from the theory of Eisenstein series that E, is injective for 4 in an open
subset of U. Then to complete the proof of the proposition, we need only verify the
following lemma.

LeMMA 9. Suppose E is a holomorphic function in U, a neighbourhood of 0 on C',
with values in Hom(I, J), where I and J are finite-dimensional spaces, and suppose
that E, is injective on an open subset of U. Then there is an integer r such that if ¢,
is analytic near 1 = 0 and the Taylor series of E ¢, vanishes to order r then ¢y = 0.

Projecting to a quotient of J, we may assume that dim / = dim J and even that
I =J. Let the first nonzero term of the power-series expansion of det E, have
degree 5. Then we will show that r can be taken to be s + 1. It is enough to verify
this for / = 1, for we can restrict to a line on which the leading term of E, still has
degree s. But then multiplying £ fore and aft by nonsingular matrices we may sup-
pose it is diagonal with entries z#,0 < @ < s. Then the assertion is obvious.

In conclusion I would like to thank P. Deligne, who drew my attention to a blun-
der in the first version of the paper.
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MULTIPLICITY ONE THEOREMS

I. PIATETSKI-SHAPIRO*

1. Let G = GL, over a global field k. We shall discuss the following two results.

(1) MuLTtipLICITY ONE THEOREM. Let w be an irreducible smooth admissible re-
presentation of G(A). Then the multiplicity of  in the space of cusp forms is equal to
one or zero.

(2) Recall that any irreducible admissible smooth representation 7 can be written
m = ®,7, Where each 7, is an irreducible admissible smooth representation of
the local group G,.

STRONG MULTIPLICITY ONE THEOREM. Let 7w = Q),71,, and my = ®),72,, be
two irreducible representations; suppose T,,, = T, for every p ¢ S, where S is a
finite set, which in case n > 2 is assumed to contain only finite places. Then ;,, =
7y, p for all p. (Hence w; = m3.)

We begin by sketching the proof of the first Theorem (1). The basic tool is the
Whittaker model. We introduce this first in the case k a local field, and (z, V) an
irreducible smooth representation. In the case of k archimedean, we mean by
“smooth representation’ the representation of G on the space ¥ of C=-vectors in
some Hilbert space H on which G acts unitarily; for k& nonarchimedean, this
notion was introduced in Cartier’s lectures. Let ¢y be an additive character of k. Let

1 *
X=( 1 )
0 1

be the standard maximal unipotent subgroup of G. Then a Whittaker model
W(z, ¢) for (z, V) is the image of ¥ under an element of Homg(V, Ind§(¢)) where
Px) = d(x; + -+ + x,9) If

I x *
x= X2 l
Xn—1 ‘
0 1

More explicitly, it is given by a set of smooth functions {W,: G —» C,ve V} for
which
@) W, (xg) = J(x)W,(g), forall xe X, g G.

AMS (MOS) subject classifications (1970). Primary 22E55; Secondary 10D20.
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(1) Wean(g) = W,(gh), forall g, he G.
We have the following important result due to Gelfand-Kazhdan for the case k
nonarchimedean, and Shalika for general local fields ([1], [2]).

UNIQUENESS THEOREM. For each irreducible admissible smooth representation
(z, V), there exists at most one W(zx, ) (for fixed ¢).

For k archimedean we assume that (z, V) is a unitarizable representation and
V= {xe H|(2x,2x) < w0 V 2 € enveloping algebra}. Here H means the comple-
tion of ¥ with respect to the inner product (x, x). We assume also that W,(1) is a
continuous linear functional on V with respect to the topology defined by semi-
norms (2x, 9x), 9 € enveloping algebra.

Returning to the global case, we point out that the preceding discussion easily
implies uniqueness of global Whittaker models (defined in the obvious way).

2. Global Fourier analysis. Let (7, V') be admissible irreducible cuspidal as before,
¢ € V. Then we can define

Wie) = [ o Ce)go) d.

Global Fourier analysis says that this “Fourier transform” defines a cusp-form
uniquely. In the classical setting this is due to Hecke; for n = 2 it is proved in
Jacquet-Langlands [3]; for n» > 2 it is due independently to Piatetski-Shapiro [4]
and Shalika [2]). The proof is motivated by a corresponding result over a finite
field due to S. I. Gelfand [5]

It is now easy to see that these results imply Theorem (1), since

dim Homg(V, W(x, ¢)) = 1 = dim Homg(V, L3).

We now turn to the proof of the strong multiplicity one theorem. First we dis-
cuss the case n = 2; we need the following

SMALL LEMMA. (1) Assume k local, (m1, V1), (w2, V5) two irreducible admissible
representations with Whittaker models. Then there exist v, € V1, v, € V, such that

0 0
Wm(g 1) - W,,Z<(’)‘ 1) (W, & Wz, ).
(2) If k = R or C we assume that (z;, Hy) and (zy, Hy) are irreducible infinite-
dimensional unitary representations. Denote by Vy (V5) the set of all smooth vectors
in Hy (Hy). Then there exist v; € V1, v, € Vy such that

x 0 x 0
Wolg 1) = Wels 1) W W )

Proor. For k£ a local nonarchimedean field it is known that V' contains all
Schwartz-Bruhat functions with compact support in k*. Hence we have what we
want.

Now let k£ = R or C. The Kirillov theorem (see [8, p. 221]) says that each ir-
reducible infinite-dimensional unitary representation of GL(2, k) remains irreduci-
ble after restriction on the subgroup {(¢{)} = P and hence as a representation of
P is isomorphic to the standard representation of P. Hence, if ¢(x) is a C=-function
with compact support then there exist v; € V7, v, € V5 such that
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Wl 9) = ¢,

REMARK. Assume that for a unitary representation with a Whittaker model the
inner product can be written as an integral similar to the case for n = 2. Using
this result we can prove the “small lemma” for any n as we did for n = 2. This
implies the strong multiplicity one theorem for any n.

Next we give the formula for recovering ¢ from its Whittaker model due to Jac-
quet-Langlands, for GL(2, A):

*) oe) = S (5 De)

Now suppose z;, 7, satisfy the hypotheses of the theorem. To prove the assertion,
it is enough to produce a nonzero ¢ € V| [ ¥V, since then the irreducibility of
(z;, V;) implies equality. Further, since B,\B, is dense in G,\G,, it is enough to pro-
duce two functions (nonzero) ¢; € V; which are equal on B, (as usual B is the
group of upper triangular matrices).

From the properties of Whittaker models and (), it is enough to produce Whit-
taker functions W1, W, such that Wi((9) = Wa((Y), x € A*. One can suppose
such W; are of the form [] , W2 and then it suffices to construct the appropriate W;
at a finite number of places (by assumption). But then one can use the small lemma.
This type of argument was found independently here by Shalika and in Moscow.

Forn z 3, we need a similar small lemma (Gelfand-Kazhdan): Suppose & local,
nonarchimedean, (z;, V), i = 1, 2, irreducible admissible representations with
Whittaker models. There exist v; € V; such that

W,,l<g ‘}) - W,,Z<g ‘}) all he GL(n — 1).

One can then employ induction using arguments similar to the case n = 2, in
order to prove the general case. It should be possible to prove this lemma also for k&
archimedean; then the restriction we made that S contains no infinite places could
be removed.

Now suppose G is quasi-split and satisfies the zransitivity condition:

T(A) acts transitively on 1, a simple root X¥(4). Here T is a maximal k-torus in a
Borel group, X* = X, — {I} where X, is the root group associated to the simple
root a.

Define an automorphic cuspidal irreducible representation (z, V) to be hyper-
cuspidal (degenerate cuspidal) if

Wile) = I XnX

k

e dx = 0

for all p € V. Holomorphic cusp forms lifted from symmetric spaces which contain
no copies of H = {Im z > 0} are of this type.
A cuspidal automorphic form will be called generic if it is orthogonal to all hyper-
cuspidal automorphic forms (under the usual scalar product [ce,c, 9¢ dg).
Counterexamples to the Ramanujan conjecture given during this conference by
Howe and the author are hypercuspidal forms [6]. The author does not wish to kill
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all belief in the Ramanujan conjecture; he conjectures it to be true for the generic
cuspidal automorphic irreducible representation.

Now I shall sketch the proof of the multiplicity one theorem for generic cuspidal
automorphic forms. First, the uniqueness theorem for local Whittaker models is
true [2]. But of course now the Whittaker function does not define an arbitrary cusp
form uniquely. Now it follows immediately from the definition that a generic cusp
form is uniquely defined by its Whittaker function. This implies multiplicity ‘one
just as before. It can be proved that for each quasi-split reductive group there exist
generic cusp forms. It also can be proved that for such groups there exists a
unipotent subgroup U such that [y, ¢(ug) du can be expressed in terms of the
Whittaker function. Since for any group except GL(#n) there exist hypercuspidal
forms, we cannot of course expect to be able to recover ¢ itself from its Whittaker
function. Details concerning this will be given in a forthcoming publication of
Novodvorskii and the author. (Notes prepared by B. Seifert and L. Morris.)

REFERENCES

1. 1. M. Gelfand and D. 1. Kazhdan, Representation of the group GL(n, K), where K is a local
field, Lie Groups and their Representations (Proc. Summer School of the Bolya-Janos Math. Soc.,
Budapest, 1971) Halsted, New York, 1975.

2. J. A. Shalika, The multiplicity one theorem for GL(n), Ann. of Math. (2) 100 (1974).

3. H. Jacquet and R. P. Langlands, Automorphic forms on GL(2), Lecture Notes in Math., vol.
114, Springer-Verlag, New York, 1970.

4. 1. 1. Piatetski-Shapiro, Euler subgroups, Lie Groups and their Representations (Proc. Summer
School of the Bolya-Janos Math. Soc., Budapest, 1971) Halsted, New York, 1975.

5. S. L. Gelfand, Representations of the general linear group over a finite field, (Proc. Summer
School of the Bolya-Janos Math. Soc., Budapest, 1971) Halsted, New York, 1975.

6. R. Howe and 1. Piatetski-Shapiro, A counterexample to the ‘“‘generalized Ramanujan con-
Jjecture” for (quasi-) split groups, these PROCEEDINGS, part 1, pp. 315-322.

7. R. P. Langlands, On the notion of an automorphic representation, these PROCEEDINGS, part 1,
pp. 203-207.

8. I. M. Gelfand, M. I. Graev and 1. Piatetski-Shapiro, Representation theory and automorphic
Sfunctions, W. B. Saunders Company, 1969.

UNIVERSITY OF TEL Aviv



Proceedings of Symposia in Pure Mathematics
Vol. 33 (1979), part 1, pp. 213-251

FORMS OF GL(2) FROM THE ANALYTIC POINT
OF VIEW

STEPHEN GELBART* AND HERVE JACQUET

Introduction. Suppose G is a reductive group defined over an A-field F, p.,, is
the representation of G(A) in the space of cusp forms, and ¢ is a well-behaved
function on G(A). Then ¢ defines a trace-class operator p,,,(¢), and the goal of
the trace formula is to give an explicit formula for this trace. In most cases, one
takes ¢ = [[,p, and wants to compute tr p.,.(¢)in terms of local invariant distri-
butions. Although it is desirable to have only invariant distributions, this is not
necessary for all applications. In any case, contrary to common belief, the goal is
not to express the trace in terms of characters of irreducible representations. Indeed
the distribution ¢(e) always appears, and one is quite content to leave it as is.

In the anisotropic case, g, is actually an induced representation. In this case a
general technique—valid for all induced representations and all cocompact groups—
gives the trace of p,(¢) in terms of local orbital integrals. In general, p.; is a
subrepresentation of an induced one p.

Our purpose here is to describe the analytic theory of the trace formula for
forms of GL(2). Since the trace of p,,,(¢) is always computed as the integral of
the kernel which defines it, we need an explicit formula for this kernel. For GL(2)
this turns out to be the kernel of p(¢) minus the sum and integral of the product of
two Eisenstein series. But since only the difference of these kernels is integrable—
not one or the other—we need to use a truncation process. For this we closely
follow J. Arthur’s exposition ([Ar 1] and [Ar 2]). Any improvement in clarity over
earlier references (such as [DL], [JL], or [Ge]) should be credited to him.

A large part of these notes—§§3 through 5—is devoted to the analytic continua-
tion of Eisenstein series. In particular, nearly complete proofs are given for the
analytic continuation, functional equation, and location of poles of the constant
term of the Eisenstein series. This analysis enters precisely because we have to
subtract off the continuous spectrum of p(¢p) before we can compute its trace.

§1 is included to show how easy things are when there is no continuous spec-
trum. §8 is included to give some idea of the power and range of applicability of
the trace formula; here discussions with D. Flath on his thesis [FI] were invaluable.

1. Division algebras. First we derive a statement of the trace formula for a division

AMS (MOS) subject classifications (1970). Primary 22E55; Secondary 10D99.
*Alfred P. Sloan Fellow.
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algebra whose rank is the square of a prime. Then we give a simple, but in a sense
typical, application.

A. Some generalities. Let F denote a number field and H a division algebra of
degree p? over H. The multiplicative group G of H may be regarded as an F-group
whose center Z is isomorphic to F*. Set G = G/Z. If w is a character of
F#\ A4~ denote by L%w, G) the space of (classes of) functions f on G(A4)such that

(1.1 f(rzg) = w(2f(g), 1€ G(F), ze Z(A)
and
(1.2) jc‘:(F)\G(A) |f(g)|2 dg < oo

Let p, denote the natural representation of G(A4) in L¥w, G) given by right trans-

lation.
Suppose now that ¢ is a function on G(A) satisfying

(1.3) p(zg) = w W (2)p(g)

for z in Z(A). Suppose also that ¢ is C* and of compact support mod Z(4). More
precisely, let ¢;, 1 < i < p? be a basis of H over F. Then, for almost all v, the
module generated over the ring of integers R, of F, is a maximal order O,. In
particular, K, = OF is a maximal compact subgroup of HZ for almost all v. We
assume that ¢(g) = [1¢,(g,) where, for each v, ¢, is a C~-function of compact sup-
port satisfying the analogue of (1.3); moreover, for almost all v,

¢v(gv) = a)ijl(zl}) lfgv = kvzw ku € Kw Z, € Zw
= 0 otherwise.

Then the operator

. = d,

a4 o) = [ ol@ule) de

is an integral operator in L2(G(F)\G(4)) with kernel

(1.5) Kx, )= 2 ox1ry).
reG(F)

When x and y lie in fixed compact sets the sum in (1.5) is actually finite. Therefore
K(x, y) is continuous.

THEOREM (1.6). The operator p,(¢) is of trace class.

PRrOOF. Since G(F)\G(4) is compact, and K(x, y) is continuous, p,(p) is at least
of Hilbert-Schmidt class. But ¢ can be written as X ¢¥f; with £, ¢, satisfying the
same conditions as ¢ (except at infinity where f; may only be of class C” with m
large; cf. [DL, p. 199]). Thus p,(¢) is a sum of products of Hilbert-Schmidt opera-
tors, and hence is of trace class.

COROLLARY (1.7). The representation p,, decomposes as a (discrete) direct sum of
irreducible representations each occurring with finite multiplicity.

ProOF. According to (1.6) the operator p,(¢p) is compact for well-behaved ¢.
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Thus the corollary follows from a basic result of functional analysis (cf. [GGPS]
or [La 1].

If we denote by m(z) the multiplicity (possibly zero) with which the irreducible
representation 7 of G(A) occurs in p, then we have

(1.8) tr p,(¢) = X m(z) tr z(p).

Note that each component of p, perforce admits w as central character, i.e.,
7(z) = w(2)], z € Z(A). Thus the sum in (1.8) need only be extended over repre-
sentations of G(A) with central character @w. On the other hand, we can also
compute the trace of p,(p) in terms of the kernel X, viz.,

(1.9) tr pu(p) = j  K(x, %) dx.
GG (4)
B. The trace formula. From now on assume that p is a prime. Then any element
of G(F) — Z(F) is regular. On the other hand, if y = e (in G(F)) then p(x! 7x)=
¢(e). Thus we may rewrite the right-hand side of (1.9) as

(1.10) j K(x, %) dx = vol(GENGA)p(@) + | 2 o(x-17x) dx.
7‘¢e

But every element & of G(F) — Z(F) generates an extension L of F of degree p in
H. Moreover, if £ is conjugate to & in G(F), then the extension L’ generated by &
is F-isomorphic to L, and there is an F-isomorphism of L’ onto L taking &’ to &.
Thus, if we let X be a set of representatives for the isomorphism classes of ex-
tensions of degree p of F which imbed in H, any element y # e of G(F)can be
expressed in the form

(%) =71y

where & is in L#/F* — {e}for some L in X and 7 belongs to a set of representatives
for

(FAL)\G(F) ~ LA\G(F).

Note that the extension L € X is uniquely determined by 7y and, if g; is the num-
ber of F-automorphisms of L, y admits g, decompositions like (). Thus

K(x, x) = ¢(e) +LZ}I( (gu)! :/_T YoxIpiepx),  EeLs/Fr — {e}, ne LAG(F)
<€ 7
and

j'K(x, %) dx = vol(GFNG(A)p(e) + X (£) zejf o(x-1 £x) dx.

L*Z(A\G(4)

In the last integral, the integrand depends only on the class of x mod L*(A).
Thus we also have

j K(x. %) dx = vol(GNG(A)p(e) + X (8ol (F(ALAL(A)
(1.11)

I _ o p(x7Ex) dx = tr p,(p).
ge (LA—Fx)/Fx J Lx(A\G(4)
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In this formula the measures on G(A) and F*(4)\L*(4) are chosen arbitrarily and
L+(A)\G(A) is given the quotient measure.

Suppose now that the measure on L#(A4)\G(A4) is a product measure; given &,
for almost all v, & is in K, and ¢,(x;! &x,) = O unless x, € K,L%. Thus we have

Igo(x'IEX) dx = ];[ §L:\G ¢v(x;1 exv) dxv

almost all factors being equal to vol(L*\L:K,).

Thus we have expressed tr p,(¢) in terms of the local invariant distributions
9o~ pu(e) and @, = [1nc, 9,06, £x,) dx,

C. An application. Let H' denote another division algebra of degree p? and sup-
pose H' and H both fail to split at the same set of places S. For v ¢ S there is an
isomorphism H, — H, which is uniquely determined up to inner automorphism.
For almost all v, we may suppose that this isomorphism takes O, to a similarly
defined maximal order O, (and hence K, = O? to K, = (0,)*). The resulting iso-
morphisms G, — G, then give rise to an isomorphism of the restricted product
groups GS = [],z5 G, and G'S = [[ &5 G, which is again determined up to inner
automorphism.

Let V denote the space of functions on L% w, G) which are invariant under
Gs = [1,=5 G,. Since GS and G5 commute, V'is invariant for the action of GS. Thus
we have a representation ¢ of GS on V and (similarly)a representation ¢’ of G'S on
V. Via the isomorphism G5 — G'S we may transport ¢’ to a representation of GS
which we again denote by ¢'. (Its class does not depend on the choice of isomor-
phism.)

THEOREM (1.12). Suppose w, = 1 for all v e S. Then the representations ¢ and ¢’
are equivalent.

PRrOOF. Let @ = [] 5 0,be any function on GS satisfying conditions analogous to
those satisfied by ¢ in §1.A. To prove our theorem it will suffice to show that

(1.13) tr () = tr o'(9).

Indeed a basic result in harmonic analysis asserts that ¢ is a subrepresentation of
¢’ if and only if

(1.14) tr o(f)o(f)* = tr o'(N)o'(f)*

for sufficiently many “nice” f. Cf. Lemma 16.1.1 of [JL]; it will suffice to apply
(1.13) with § = 6, * 6f and 03(g) = 0,(g7V).

To prove (1.13), extend 4 to a function ¢ on G(A4) by setting p(g) = 1,5 0(8,)
and extend § similarly to ¢’ by identifying G'S with GS. Now take the volume of
G, (resp. G.) to be one for each v € S and the measure on G(4) (resp. G'(A)) to be
a product measure. Furthermore, assume that the isomorphism G, — G, takes the
Haar measure of G, to the Haar measure of G,. Then we find that

(1.15) tr p,(p) = tr g(0) (resp. tr p (') = tr '(6)).
Thus (1.13) holds if and only if
(1.16) tr pu(p) = tr p,(p").
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To prove (1.16) we apply the trace formula (1.11) as follows.
Assume that the measure on F#(A4)\L*(A4) is a product measure so that
j’ ootrrendx = (I [, 0.t &) dx,) T volZAG).
L (ANG (4) ; €8

vES o L)\G,

A similar identity holds for G’, and the extensions of F which imbed in H or H’
are the same. Thus (1.11) implies that

(1.17) tr p, () — tr p,(p") = (c — )8 (e).
Here ¢ = vol(G(F)\G(A4)) and ¢’ is defined similarly. To prove the theorem it re-
mains to show ¢ = ¢'.

Suppose ¢ > ¢'. If § = 0,* 0F with 0} (g) = 0,(g™1), then the right side of (1.17) is
strictly positive. So by (1.15)—and the result described by (1.14)— ¢’ must be a
subrepresentation of ¢, and the quotient representation z = ¢g/¢’ must satisfy the
identity

tr(w(0)) = (0)*) = (¢ — )| 61 ]2
for all nice 6.

This implies that the regular representation of GS is quasi-equivalent to 7 and
hence that the regular representation of GS decomposes discretely. Since the same
is then also true of the regular representation of each G, v ¢ S, we obtain an obvi-
ous contradiction. The assumption ¢ < ¢’ yields a similar contradiction and the
theorem is proved.

REMARK (1.18). Suitably modified, the proof above shows that G and G’ have the
same Tamagawa number. The restriction on w is not really necessary.

2, Cusp forms on GL(2). Henceforth G will denote the group GL(2). The center Z

of Gis . {(8 2)}

Again Z ~ F~ and we set G = G/Z. We also introduce the subgroups

r={G b A= G v={60)

If ¢ is a function on G(F)\G(A4) we say that ¢ is cuspidal if

j ong)dn =0,  geG(A).

N(F)\N(4)

As in §1, we introduce a space L%w, G) and a representation p,. We denote by
Liw, G) the subspace of cuspidal elements in L%(w, G).

THEOREM (2.1). Let p,, o denote the restriction of p, to the invariant subspace
Li(w, G). Let ¢ denote a C=-function which satisfies (1.3) and is of compact support
mod Z(A). Then the operator p,,o(p) is Hilbert-Schmidt.

SKETCH OF PROOF. For each ¢ > 0, recall that a Siegel domain & in G(4) is a set

of points of the form
(1 x> tab 0>k
E=0 1IN0 a
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where x is in a compact subset of A4, ¢ is an idele whose finite components are trivial
and whose infinite components equal some fixed number ¥ > ¢ > 0, a is arbitrary
in A*, b lies in a compact subset of 4%, and k is in the standard maximal compact
subgroup K of G(A). If # is sufficiently large then G(4) = G(F)%. For a proof of
this fact see [Go 3].

By abuse of language, if # is a Siegel domain in G(d4), we call its image in
N(F)\G(A) a Siegel domain in N(F)\G(A). If # is such a domain, we denote by
L%w, ¥) the space of functions on % such that f(zg) = w(z)f(g) and
[Nzl f(@)2 dg < +oo. Clearly L¥w, G) can be identified with a closed
subspace V of L¥w, %) if ¢ is large enough. In this case there is a bounded operator
with bounded inverse 4 from L% w, G) onto V.

If fis in L% w, G) and ¢ is as in Theorem (2.1), then

@ = HC)0)dy

NG (A)
with
H(x,y) = 2 p(x71&y).
ECN(F)

However, if fis actually cuspidal, we also have

@2 b ) = [ )10 dy
with |
@3 Aty = 3 o6t = [ oG dn

Indeed f cuspidal implies

Voo, ot mydndy = 0.
NG (4) N(4)

To prove the theorem we need to estimate H(x, ).

If x is in a fixed Siegel domain & (of N(F)\G(4)) it is easy to see that H(x, y) = 0
unless y is in another such domain ’. Then using the fact that the term subtracted
in (2.3) is precisely the Fourier transform of p(x!(} %)y) at O we see that

;5 |H(x, y)|2dx dy < + o0,

(N(F)Z(A\%) (N (F)Z(A)\%")

i.e., H defines a Hilbert-Schmidt operator B from L%w, ¥') to L¥w, ¥). For a
detailed discussion of this type of argument see [Go 1] or [La 1].

Now enlarge ¢’ (if necessary) so that G(4) = G(F)%'. Then p,, o(¢) can be written
as the composition of the injection Li(w, G) - L¥w, ¥'), the operator B, the
projection of L%w, ) onto V, and the operator 4~1. This proves g, o(¢) itself is
Hilbert-Schmidt.

COROLLARY (2.4). p,.o(¢p) is of trace class.
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Proor. The conclusion of (2.1) is valid if ¢ is highly (as opposed to infinitely)
differentiable at infinity. Thus one argues as in §1.A (cf. [DL, p.199]).

COROLLARY (2.5). The representation p, decomposes discretely with finite
multiplicities.

3. P-series. Suppose fis a function on G(4) satisfying

(3.1 f(nrzg) = w(2) f(g)
with n € N(A), y € P(F), and z € Z(A). Then we call the series
(3.2) FG = 2 fGg

P(FN\G(F)

a P-series. To study the convergence of such a series we need a well-known lemma.
Let H(g) be the function on G(A4) defined by

o= (3 )6 O

LeMMA (3.3) (cr. [JL, P.197)). Fix a Siegel domain & and a positive number c'.
Then the set of y in G(F) such that H(yg) 2 ¢’ for some g € & is finite modulo P(F).

H(g) =

a
b

From this lemma we see that if the support of fis contained in a set {(g: H(g) = ¢’}
—in particular if it is compact mod N(A)Z(4A)P(F)—then the series (3.2)
is finite. Moreover, in the latter case, the function F has compact support
mod G(F)Z(A).

Our goal in this section is to analyze the orthocomplement of L3(w, G) in terms of
these P-series. '

A. The scalar product of two P-series. First we compute the scalar product of a
P-series with a function ¢ satisfying (1.1):

@GP =, . oe)Fe)d
= ) B Ta)ds
G(F)\G(4) P(F)\G(F)
- 5 Z e (re) ds = j PR Z(\G(A) Yo/ (@) g
- j PN Z\GA) % j N\ (4) D) (o) b,
ie.,
G4 . F) = j PN ZA)'\CA) () (&) dg
where ¢y is the constant term of ¢ :
(3:5) L j NEWW $(ng) dn.

From (3.4) it follows that if ¢ is cuspidal then (¢, F) = O for any P-series F.
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Conversely, if ¢ € L%w, G) is orthogonal to all P-series (with f of compact support
mod N(A)P(F)Z(A)), then ¢y = 0 and ¢ is cuspidal. Thus the P-series (with f of
compact support mod ...) span a dense subspace of the orthocomplement of
L(w, G).

Now we compute the scalar product of two P-series. According to (3.4) we need
first to compute the constant term of F. But by Bruhat’s decomposition for GL(2),

F(g) = f(8) + Lyener fwyg) withw = (9 ). Thus
Fu(® = | f(ng) dn + j dn 3 fwyng).

N(F)\N(4)
Normalizing the Haar measure on N(A) by the condition vol(N(F)\N(4)) = 1
we see that

N (F)\N(4)

(3.6) Fu(e) = fg) + /(&)
where

&) r@ =, fome)dn

Thus

(39) i, F) = (£ 7ie) dg + [ 13- fle) de

where both integrals extend over the space P(F)N(A)Z(A)\G(4A).

To further analyze formula (3.8) we need to carefully investigate the map f'— 1.
Note that f” still satisfies (3.1). Note also that all the computations above are merely
formal unless certain assumptions on f; and f; are made to insure convergence. For
instance, if both f; and f; have compact support (mod ...) then these computations
are valid. Under these same conditions, however, the support of f] need no longer
(in general) be compact.

Another formal relation which is easy to prove is this:

(39) [riorse de = [ r@)7ie) de.
Indeed the left- (resp. right-) hand side of (3.9) may be written as
j P(F)Z(A)\G(A)ﬁ(wg)fZ(g) dg

(resp. [pmzwnc f1(8)f2(wg) dg) and these integrals are equal since w normalizes
P(F)Z(A).

B. Induced representations and intertwining operators. To investigate the map
f— f’(and the scalar product (3.8)) we need to perform a Mellin transform on the
group Z(A)A(F)\A(A). Right now it will suffice to deal with a subgroup of this
group. Thus we let F.5 denote the group of ideles whose finite components all equal
1 and whose infinite components all equal some positive number « (independent of
the infinite place). By F(4) we denote the ideles of norm 1 and by A4° (resp. A4%)
the group of diagonal matrices with entries in F9(4) (resp. F&). For convenience
we assume that w is trivial on F3. We also normalize Haar measures as follows.
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The Haar measure on FJ is obtained by transporting the usual measure on R%
through the map ¢ — |¢|. Thus

1 x+100 e e _
oL [ ol a0
Recall that the measure on N(4) is chosen so that vol(N(F)\N(4)) = 1. On 4~ we
select any Haar measure and give F*\4* the quotient measure. Then we use
the isomorphism FA\4* = F x F*\F(A) to get a Haar measure on F*\F0(A)
(which in general will not have volume 1). We also use the isomorphism (§ ¢) — a

to get a measure on Z(A)\4(4). Finally we select measures on G(4) and K such
that

610 [, @ = [, §,Jyf|(0 DG Velertel e

Note that vol (K) is not necessarily 1.
Now for each complex number s we introduce a Hilbert space H(s) of (classes of)
functions ¢ on G(A) such that

@.11) ¢[(“g” ﬂ;‘v)g} = 0@ |~

v

s+1/2

o(8)

fora, fe F*,aec A%, u, ve F%, and x € A. Such functions are completely determined
by their restriction to the set of matrices of the form

(3.12) g= (g ?)k, ae F(4), ke K.

For ¢ to belong to H(s) we require that

2l (a0 :l
(3.13) [ S 19| (G D) da d < +co.

The restriction of ¢ to matrices of the form (3.12) satisfies

G149 o[ (6 D] = #l(6 1o Tk

each time o € F* and (§ 9) € 4(4) N K. Moreover, the group G(A) operates on
H(s) by right translation and the resulting representation is denoted x,. This re-
presentation is continuous but not always unitary. It is, however, unitary when s
is purely imaginary.

We may think of the collection H(s) as a holomorphic fibre bundle of base C.
The sections over an open set U of C are the functions ¢(g, s) on G(A4) x U
satisfying

i s+1/2
(% 2o s] = @@ L olg.

Of course this bundle is trivial since every ¢ in H(s) is uniquely determined by its
restriction to the set of matrices of the form (3.12). Thus we may think of H(s)
as the Hilbert space of functions (independent of s) satisfying (3.13) and (3.14).
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Put another way, we may set H = H(0). Then every element ¢ of H defines a sec-
tion of our bundle over C, namely (g, s) — ¢(g)H(g).

With this understanding let f be a function satisfying (3.1), say of compact sup-
port mod N(A)Z(A)P(F). Then define the Mellin transform of f by

75) = [, 7§ Deleran

Since the integrand has compact support, f clearly defines a section of our fibre
bundle. The Haar measure is chosen so that

f(g) = j f (g, 5)ds

with x any real number.
Now it is easy to see that the first term of the inner product formula (3.8) is

j 5 PN v fz[(‘" ) 1\4“ dst da dk

T E A8 e Al e o

g T (i - 9) .

27wl

H

i

Here f(s) denotes the value of the function fi(g, s) at s and the scalar product
(f1(5), fo(—3)) is taken by identifying all fibres with H. Alternatively, observe
that if ¢, is in H(s) and ¢, is in H(— 3) then ¢, transforms on the left according
to the modular function of the group N(A)Z(A)ALA(F). Thus if we set

_ =[{a 0
(3.15) (1. ) = j FAFO(4) .‘. k! <Pz[(0 1)@ da di

we obtain a nondegenerate sesquilinear pairing between H(s) and H(— §) such that

(3.16) (7(&)p1> T_5(&)p2) = (P1, P2)-

This is the pairing which appears in our formula. (For more details see [Go 2,
pp. 1.24-1.26].)
Similarly we find that the second term of (3.8) is

a7 (Fi(=9), F5) s
Here we must integrate on a line where f;(—s) is given by a convergent integral,

i.e., we must have x > }. It remains then to compute f'(—s) in terms of f(s).
For Re(s) > 1 we find that

7=s) = [£](§ Qe lelr2as
= e f1]g D)o )] ex
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= Jieeresaee [l (o Do e e
= Jlepmrre e f1](G D)ol T)e] e
= [7[o s 5w

(Recall that @ was assumed to be trivial on F; therefore

o =710 Ve

for t € F1.) If we define an operator M(s) from H(s) to H(—s) by

(317) M) = [ gleng]dn
when Re(s) > %, we conclude that
(3.18) f(=s) = M(5)f(s).

Summing up, we find that the scalar product of two P-series Fy, F, (with fi, f5 of
compact support) is given by the formula

(Fi F) = 50 [ (716, fol =) ds
(3.19)

1 p ;oo
+ g | M09, 729 s
The integrals are taken over any vertical line with Re(s) > 3 and the pairings we

have written are on H(s) x H(—5)and H(—s) x H($) (or simply H x H). It is
worth noting that

(3.20) (M(8)p1, p2) = (01, M(5)p2)

for ¢; in H(s) and ¢, in H(35). (This is analogous to the identity (3.9) and proved
just the same way.) If we think of M(s) as an operator from H to H then (3.20)
simply asserts that

(3.21) M(s)* = M(5).

Note finally that if fis replaced by 4 — f(hg) then F (resp. f(s))is replaced by its
right translate, i.e., by p,(g)F (resp. 7,(g) f(5)). On the other hand, it is also clear
that

(3.22) M(s)z(g) = n_(g)M(s).
These facts play a key role in the next section.

4. Analytic continuation of A (s). Our goal is to use the inner product formula
(3.19) to construct an intertwining operator between a subrepresentation of g, and
a continuous sum of the representations z, with s purely imaginary. To this end we
need to analytically continue the operator M(s). Indeed the integration in (3.19) is
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over a line Re(s) = x with x > 1. So if we want to rewrite this formula using
purely imaginary s we need to know something about the poles of M(s).

A. Prelimminary rearks. Now it will be more convenient to replace z, and M(s)
with the operators we get by performing a Mellin transform on the whole group
F+\ A4~ rather than just FJ.. Let y = (y, v) denote a pair of quasi-characters of
FA\ 4% with gy = w. Let H(y) be the space of functions on G(4) such that

@D (6 )] = s | 5" oo
and
42) [ lol0 dk < +oo.

Once more we can think of the collection H(y) as a fibre-bundle over the space of
pairs 7. These pairs make up a complex manifold of dimension 1 with infinitely
many connected components and our fibre-bundle is trivial over any such com-
ponent because the character (§9) — u(a)v(b) of A(4) N K is fixed there. In par-
ticular, H(») may be regarded as the subspace of functions in LK) such that

0| (§ 3)| = s@v®e

when (§ 3) € K. In any case, we denote by x, the natural representation of G(4) on
H(»). The fiber H(s) decomposes as the sum of the fibres H(y), with » = (g, v),
and ygov~1(a) = |a[* for a € F}; the representation z; decomposes correspondingly
as the sum of the “principal series representations z,”’; see [Ge, p. 67].

As far as pairings are concerned, we have a natural one between H(z)and H(7™1)
defined by

(91> @2) = ijl(k)¢z(k) dk.

As before, (,(8)¢1, p2) = (p1, T-1(g71)p2). Moreover, if we set 7 = (v, w), then
formula (3.17) defines an operator M(y) from H(y) to H(7) satisfying

4.3) M@z, (8) = m(g)M(x)
and
4.4 (M1, p2) = (91, MG V2).

Here ¢, is in H(y) and ¢, is in H(7™!); cf. formulas (3.20) and (3.22). In particular,
if we identitfy H(y) with H(771) and H(7) with H(5 1) (keeping in mind that 7 and
77! belong to the same connected component) then (4.4) reads

4.5 M(p)* = ME™).

Note that (3.21) is essentially a direct sum of identities like (4.5).

To continue analytically M(y)we are going to decompose it as a tensor product
of local intertwining operators and thereby (essentially) reduce the problem to a
local one.

B. Local intertwining operators. Let v be a place of F and F, the corresponding
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local field. If 9, = (u,, v,) is a pair of quasi-characters of F# such that y,v, = w,
we can form the space H(y,) analogous to H(), the representation z,, and the
operator M(y,): H(y,) — H(7,) defined by

46 (M) @) = [ oo Te e

Since the group G, operates by right matrix multiplication on F, x F,, and the
stabilizer of the line F,(0, 1)is the group P,, we may define global sections of the
bundle H(z,) by the formula

@7 ole.7) = 4EEEED [ 010, Do 1] .
Here L(s, u,v;") is the usual Euler factor attached to the character y,v;?, a,(x) =
|x|,, and @ is a Schwartz-Bruhat function on F, x F,. Recall that if y is a quasi-
character of F%, and fis Schwartz-Bruhat on F,, the integral jF; S@) [ty dt =
Z(f, ., s)converges for Re(s) > 0 (> 0if yis unitary) and the ratio Z(f, y, s)/L(s, x)
extends to an entire function of s.(This is Tate’stheory of the local zeta-function.)
Thus the formula (4.7) actually makes sense for all 7 and indeed defines a section
of our fibre-bundle.

Now we want to apply the operator M(,) defined by (4.6) to an element of
H(y,) given by the section (4.7). After a change of variables we get

o0y *(det g) PN
“38) ol - DESEERE J' . j (. 91 D)0 ot .

Next recall the functional equation for the quotient Z(f, y, s)/L(s, x):

Z(f, r 1-9) _ Z(f1:9)
m o d) s

Here f denotes the usual Fourier transform taken with respect to the fixed additive
character ¢,, and e(s, y, ¢b,) is an exponential function which also depends on ¢),.
If we define the Fourier transform of @ to be

@(x, y) = Ij(b(u, v) &, (yu — xv) du dv

we see that (4.8) can be written as the product of

LO, pv, )
*9) L, ) 0, 2, 6
and
(4.10) % jq‘)[(o, D&l D) 1] det(v,a?(det g)).

Note that we pass from (4.7) to (4.10) by the substitutions 7 — 7, ® — ®, and
multiplication by w,(—1).

Next we write 7, = (u,, v,), 4, = y103% v, = o, %%, where y; and y, are
characters. For Re s > 0, we can write M(z,) as the product of the scalar (4.9) with
an operator R(p,) which (for each 7,) takes the element (4.7) of H(y,) to the
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element (4.10) of H(7,). But for Re(s) > — 4, every element of H(y,) can be re-
presented by an integral of the form (4.7) ((JL, pp. 97-98]). An easy argument then
shows that R(y,) extends to a holomorphic operator valued function of 7, in the
domain Re(s) > — % which again takes (4.7) to (4.10). Moreover, from the obvious
relations (%)~ = 7, (@")" = @, and w¥% —1) = 1, we find that

Since (4.9) is clearly meromorphic, this also gives the analytic continuation of the
operator M(z,) in the domain Re(s) > — 1. Although we do not need to, we note
that R(»,) (and hence M(y,)) extends to a meromorphic function of all , (or s € C).

It is important to note that the operator R(y,) is “normalized” in the following
sense. If 7, is unramified then H(y,) (resp. H(7,)) contains a unique function ¢,
(resp. p,) which is invariant under K, and equal to one on K,. Then, provided ¢,
has order zero,

(412) R(%)% = Q-

Moreover, R(y,) is unitary whenever 7, is unitary. Indeed if 7, = 7,7, the opera-
tors M(n,): H(p,) — H(7,), w,(—1DM(7,): H(F,) — H(y,) are adjoint to one
another. Therefore, since the scalar (4.9) changes to its imaginary conjugate times
w,(—1) when 7, is replaced by 7,, we conclude from (4.11) that R(y,)* = R(p,) .

REMARK (4.13) (ON THE RANGE OF R(z,)). If uv;! = a, then u, = y,a¥? and
v, = X, "2 with y2 = w,. In this case the space H(y,) consists of functions ¢
satisfying

¢[(3 },C)g} = yu(ab) ’—Z— ' #(2),

and the kernel of M(,) (or R(y,)) has codimension one. The space H(7,) consists
of functions ¢ satisfying

w[(ﬁ Z)g] = 1.(ab)p(8);

so the range of M(z,) (or R(z,)) must be the one-dimensional space spanned by the
function g — y,(det g). Moreover, for the sesquilinear pairing between H(y) and

H(7),
(4.14) (R(p1, 92) = (s 3 ° det g) (g, y o det g),

where ¢’ is a known constant.

C. Global theory. Our task is to piece together the local intertwining operators
M(y,) in order to analytically continue M(s). First we define an operator R(y) as
the “infinite tensor product” of the local operators R(z,). If ¢ in H(y) has the form
[1¢,, with ¢, invariant under K, and equal to one on K, for almost all v, then
R(p) ¢ = 11, R(y,) ¢,. Because each R(y,) is normalized (cf. (4.12)), R(»)¢ is indeed
well-defined in H(7). Moreover, we can write M(z) as

_ L©, w1

This gives the analytic continuation of M(z) since the scalar factor in (4.15) has a
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known meromorphic behavior and the operator R(y) is a meromorphic function
of y.

To get the functional equation of M(y) we use the functional equation of the
L-function L(s, uv~1). This allows us to write the scalar in (4.15) as

L(, yy)
(4.16) TS

Therefore M(z) satisfies the functional equation

4.17) M@EHM@p) = 1d.

(Cf. (4.11).) By (4.5) we also have

(4.18) M(p)* = M(p™") ifp =y

Thus M(z) is unitary when 7 is unitary. Recall that R(z) also satisfies (4.17) and
(4.18).

We sum up the analytic behavior of M(y) as follows. Write | xv~!| = af with ¢
real. Then M(7) is meromorphic in the half-plane ¢ Z 0 and its only poles there are
simple ones which occur for y = yal/%, v = ya~1/2, y2 = w. The residues are
scalar multiples of the operator R(y) and the ranges are the one-dimensional
spaces spanned by the functions g — y(det g). Going back to M(s) we get (from
4.14)):

THEOREM (4.19). As a function of s the operator M(s) is meromorphic in the whole
complex plane and satisfies the functional equation

(4.20) M(—s)M(s) = 1d.

Its only pole in the half-plane Re(s) = O is at s = % and the residue there is such
that

(Re sy, M(3)[1(3), (D) = cx;w (f1(3)s y, = det) (f2(3), x ° det)

where c is a known constant.

The last assertion follows from (4.14).

D. Analysis of the continuous spectrum. Suppose Fy, F,are two P-series belonging
to f1, fo. We know that F; and F, lie in the orthocomplement of L3(w, G) and their
scalar product is given by the formula (3.19). If we use the residue theorem,
Theorem (4.19), and some simple estimates, we can shift the integration in (3.19)
to the imaginary axis and write

(Fy, Fp) = 21—,[ I:{(f‘ \(@y), Folin)) + (M()fs@y), Fo —iv))} dy
“.2n -
e 2 (i) y > det) (F2(3), o det).

Here the sum is extended over all characters y of F*\4* such that y? = o and the
scalar product is the pairing between H(3) and H(—%). (Note that since w is
assumed to be trivial on Fi, so is y if y2 = w; thus y - det indeed belongs to H(—%).)
But (cf. (3.15))
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(i3 x odet) = | £i9) 7 et g) dg

P(F)N(A)Z(A\G(4)

| Fi(g) 7(det ) dg
G(F)Z(A\G(4)

since F| is the P-series attached to f;. Therefore the second term in (4.21) can also
be written as
(4.22) ¢ )3 (Fy, y odet) (Fy, y odet),

A=w

the scalar product now being taken in L%(w, G).
Now note that (4.20) and (3.21) together imply that, for y € R, M(iy)*M(iy) =
Id. In particular, M(s) is unitary on the imaginary axis and, if we set

(4.23) a(iy) = H/Gy) + M(=i)f(=iy)},
then

“4.29 M(—iy)a(—iy) = a(iy),

and the first term in (4.21) can be written as

425) L7 @, aw) @

This is significant for the decomposition of p, because if we replace f; by & —
fi(hg) then F, is replaced by p,(g)Fy, y = f(iy) by y = z(g)f(iy), and y — a(iy)
by y = m(h)a(iy).

To sum up, let % denote the Hilbert space of square-integrable functions g on
iR with values in H (i.e., square-integrable sections of our bundle over iR) satisfying
(4.24). Equip . with the inner product (4.25) and let z denote the representation
of G(A4) on ¥ given by n(g)a(iy) = wg)a(iy). Because of (4.24), we may also
regard % as the space of square-integrable functions a(y) from R, to H, the scalar
product being given by

(@ a) = 27 (@), ax0)) a.

Thus 7 is a continuous sum of the representations 7z;,.

For each y such that y? = o we let &, denote the space of the one-dimensional
representation g — y(det g). Then, since (Fy, F) is the sum of (4.22) and (4.25), it
follows that there is an isometric map (with dense domain) from (L3)! to ¥ @
(®,%,). This map (given by F + (a(iy), f(3))) extends by continuity to a map
T from (L§)* to a dense subspace of #® (D, .Z,) and, by the remarks above, it
is also an intertwining operator.

To conclude, we see that L%(w, G) decomposes as a direct sum

L(Z)(w’ G) @ Lgont(wa G) @ sz(ah G)

where L, is the space spanned by the functions y(det g), i.e., L is the space @.%,,
and LZ , is isomorphic to .# via the intertwining operator S: L2 (w, G) —» £.

Moreover, (4.22) is the scalar product of the orthogonal projections of F; and F,
on L2, Therefore ¢ = [vol(G(F)\G(A))]"! and we have computed this volume.
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5. Eisenstein series and the truncation process. Let P, denote the orthogonal
projection onto L(w, G). Since we need an explicit formula for the kernel of the
Hilbert-Schmidt operator P.0,(¢)P..s, We need an explicit description of the
operator S of §4. This description is given in terms of Eisenstein series.

A. Eisenstein series. If ¢ is a section of the fibre-bundle H(s) we set

(5.1) E(p(s),8) = 21 ¢(rg, s)
reP(FNG(F)
This series converges only for Re(s) > 1 and in general has to be defined by
analytic continuation.
Recall that if fsatisfies (3.1) and has compact support mod N(A)Z(A)P(F) then
f(g) = @ri)! [5i= f(g, s) ds. Interchanging summation and integration we see
that the P-series F defined by f'is given by

(5.2) Fg) =

1 %+ioco .

27i .‘ i P ), 8) ds

provided x > %. Thus the functions of a dense subspace of (L3)* are “‘continuous

sums of Eisenstein series”’. However, as before, to obtain a useful formula we must

analytically continue E and shift the integration in (5.2) to the imaginary axis.
Since E is a P-series, its constant term is easily computed (cf. (3.6) and (3.7)):

En(p(s), g) = o(g, 5) + jgo[wng, s dn
or

(5.3) En(p(s), 8) = p(s)(8) + [M(s)p(s))(g)-

In both equations, Re(s) > 1.

To analytically continue E we shall primarily deal with sections obtained from
identifying H(s) with H. In other words, if # € H = H(0), we define a section k(s)
by the formula

(5.4) h(g, 5) = h(g)H(g)".

The corresponding Eisenstein series will be denoted E(h(s), g).

B. Properties of the truncation operator. We shall use the truncation operator to
obtain the analytic continuation of E. If ¢ > 1 we let y. denote the characteristic
function of [¢, + o). For any function ¢ on G(F)\G(4) set

(5.5 Ap@) = (@)= 21 onr8)x(H(78)).
P(F)\G(F)

The second term here is a P-series attached to a function with support in the set
{g: H(g) > c}. Thusif g is in a Siegel domain the series has only finitely many terms
(cf. Lemma (3.3)).

If ¢ is a cuspidal function, i.e., py = 0, then clearly A<p = ¢. In general, we
need to appeal to the following lemma:

LEMMA (5.6) (cr. [DL, p. 197)). If there is a g in G(A) such that H(g) > 1 and
H(rg) > 1 then y belongs to P(F).
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This lemma shows that, for a given g, the series in (5.5) has at most one term for
¢ > 1. In particular,

Aep(g) = o(g) — pn(g)y(H(g)) if H(g) > 1,¢ > 1,

= ¢p(g) — on(g) if H(g) > ¢ > 1.

Now let @ be a Siegel domain and ( the set of g in € such that H(g) < c¢. Then
Q is compact (mod Z(4)) and, if ¢ > 1, A is given on ¥ — Q by the second for-
mula in (5.7). Thus A<p(g) is bounded on ¥ — Q under very mild assumptions on
¢. For instance, this is the case if ¢ is the convolution of a “slowly increasing” or
square-integrable function on G(F)\G(4) with a C>=-function of compact support.
Actually (5.7) will then be “rapidly decreasing”.

On the other hand, if Q is any compact set, then

5.7

(5.8 Ap(g) = p(g) for ge Qand c large.

Indeed suppose g € Q2 and Ap(g) # ¢(g) with ¢ > 1. Then there is a finite non-
empty set of elements y of P(F)\G(F) such that H(yg) > ¢ > 1(cf. Lemma (3.3)
again; this finite set depends on (2 but not on ¢). Since the resulting element yg must
belong to a compact set mod P(F)N(A)Z(A), and since H is continuous, we must
have H(rg) < ¢o. But if ¢ > ¢y we get a contradiction. Therefore (5.8) must hold.
In other words, /4‘¢ — ¢ uniformly on compact sets as ¢ - + 0.

We also want to point out that /¢ is a continuous hermitian operator on L2(w, G):

(5.9 (91, p2) = (@1, A°92).

Indeed the left-hand side is (¢;, ¢2) minus the scalar product of a P-series with ;.
In particular, by (3.4) the left-hand side equals

L 0g) — (H dg.
(p1> 92) L(F)N(A)Z(A)\G(A)sol,N(g)x( (8) pan(g) dg

Similarly the right-hand side is (1, p2) — [1, v(8)P2, ¥(8)7(H(g)) dg; since ¥,
is real the desired equality follows.
We also have, forc > 1,

(5.10) ((1 = A9y, M2p2) = O,

i.e., /° is an orthogonal projection in L¥w, G). Indeed (1 — /)¢, is also a P-series.
So the left-hand side of (5.10) is

P1.n(8)x(H(g)) (I

But y.(H(g)) = O unless H(g) > ¢ > 1, in which case the inner integral is (by (5.7))

Acpa(ng) dn) dn.

jN(A)P(F)Z(A) \G(4) N (F)O\N (4)

- dn = 0
j. NN (4) (pa(ng) — p2.n(ng)) dn

and (5.10) follows. (In fact (5.10) is sometimes true even when ¢, does not belong to
L(w, G).)

C. Analytic continuation of Eisenstein series. Using the truncation operator (5.5)
we can write our Eisenstein series as
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(5.11)  E(h(s), &) = A°E(h(s), g) + P(F%ZCI; - Ey(h(s), 78)x(H(7g)).

The second term on the right side is the P-series attached to a function with support
in the set {g: H(g) = c}. Thus, as noted before, for g in a Siegel domain the second
term has only finitely many terms. In particular, it represents a meromorphic func-
tion of s whose singularities are at most those of M(s) (cf. (5.3)).

On the other hand, the first term on the right side of (5.11) is initially defined only
for Re(s) > 4. However, since it is square-integrable (cf. (5.7) and the remarks
immediately following it), it will suffice to continue it analytically as a L%w, G)-
valued function. Thus we need to examine the inner product

(5.12) (AE(hy(51)), A°E(hy(52))).

By (5.10) (which is true in this case) the inner product (5.12) is just (E(hy(s1)),
AeE(hy(5,))), which, since A<E is a difference of P-series, we compute (using (3.4))
to be

[ oo mcnaiy EwCn(sD. &)ne. ) = Enln(s). €).(H@)} de.

Now recall that E), is given by (5.3) with ¢(g, s) = (g, s) and

H(S )k s] = lebnvzal(§ O]

for t € F$, a € FO(A4), and k € K. So by Iwasawa’s decomposition, we compute
(eE(hy, (51)), A°E(ha(S2)))

-13) = (. hy)errts — (M(sy)y, M) o329}

Sy + Sz
+ {(h, MGh)es: — (M(sp)hy, hp)~ sy 1

Sl—Sz.

Here Re(s;) > Re(sy) > 1.

Note that the right side of (5.13) is a meromorphic function of (s;, s;) which seems
to have a singularity on the line s; + s, = 0. However, by (3.21) and (4.20), the
expression in the first bracket vanishes precisely along this line. Similarly the ex-
pression in the second bracket vanishes when s; — s, = 0. Thus we conclude that
(5.13) is meromorphic in s, s, with singularities at most those of M(s;) and M(s,).
In particular, fors = s; = —s5 # 0,

(AE(h(5)), AE(hy(—5))) = 2(hy, hy)log ¢ + (M(—s)M'(s)hy, hy)
(5.14)

+ {(y M(= o)t — (M(5)hy, hy)e s}

Now suppose that for #; = h, = h, the right-hand side of (5.13) is analytic in the
polydisc |s; — 5o < R, |52 — 59| < R, while E(h(s)) is holomorphic in some small
disc centered at so. Then the double Taylor series of the left-hand side converges in
this polydisc. Since
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= (e, £ o)

Jos

o5 E(H(s)

~ gy EH(s0), AE(H()|

S1=52=$

it is easy to conclude that the Taylor series of A<E(h(s)) converges in the disc |s—s;|
< R,i.e., A°E(h(s))is analytic in this disc. Thus we conclude A<E(h(s)) (and hence
E(h(s), g)) is meromorphic in Re(s) = 0 with singularities at most those of M(s).
Note that in (5.13) and (5.14) we needed to identify H(s) with H to define the scalar
products and the derivative M’(s) of M(s).

Summing up, we know that if ¢(s) is any meromorphic section of our bundle
H(s) then E(¢(s), g) is defined as a meromorphic function of s (at least for Re(s)
= 0). Moreover,

(5.15) E(M(s)p(s), g) = E(p(s), g)-

Indeed since ¢(s) belongs to H(s) and M(s)p(s) belongs to H(—s), the function
g = En(M(s)p(s), g) is equal to

M(s)p(s) + M(—s)M(s)p(s) = o(s) + M(s)p(s) = En(p(s), g).

Thus Ey(M(s)p(s), g) = En(¢(s), g), 1.e., the difference between the two sides of
(5.15) is a cuspidal function. Therefore, since any P-series (or its analytic continua-
tion) is orthogonal to all cuspidal functions, this difference vanishes as claimed.

In general, say for a group whose derived group has F-rank one, the same facts
can be proved. The only difference is that the operator M(s) may have a finite
number of poles and these poles are not necessarily known. Nevertheless, the op-
erator M(s) still similarly controls the analytic behavior of the Eisenstein series
(cf. [Ar 1] and [La 1)).

D. The kernel of p,(p) in L% ;. Suppose Fi(g) is a P-series attached to f; (of com-
pact support mod Z(A)N(A)P(F)). Our immediate goal is to prove that, for all
heH,

. 1 . =
(5.16) (h, SE\(iy)) = E(h(iy), g)F\(g) dg
G(F)Z(A\G(4)
for almost every y. Here E(h(iy), g) is defined by analytic continuation and SF;(iy)
= ay(iy) as in (4.23).
Note first that if F; is the P-series attached to f; we get from (5.2) that

1 x+io n _
GG (a) { 27i ." x—,-wE (f1(s), 8) ds} Fy(g) dg

FuF) = |

_ 1 x+io0 “ —
T 2xi .[ ds IC(F)\G(A)E(fl(S)’ 8)Fe) dg

x—foo

for Re(s) = x > %. Shifting the integration to the imaginary axis we then get
61D @ B = o 7 ay [ B, )P de + ¢ T (B (1 Fo).

But (5.15) says that the integral in (5.17) is unchanged if we replace fiGiy) by
M(iy) f1(iy) and then change y to —y. Thus, with a,(iy) as in (4.23), formula (5.17)
reads
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B = o |7 ay [ B@(), o)Fue) de
+ cx;:w (Fl’ X)(X’ FZ)-

On the other hand, computing the inner product as in (4.21), we also have

(Fy, F) = 1; 5:0 (a1(iy), ax(iy)) dy + ¢ sz: (F1, x ) Fa)-

Thus we conclude that
(5.18) j " (aliy), SF@) dy =+ j i { j'

for all @ in %. This formula is then also true for any square-integrable function
a(y) with values in H since both sides remain unchanged when a(iy) is replaced
by 4(a(iy) + M(—iy)a(—iy)). Thus we may take a(iy) = c(»)h(iy) with c a scalar
function and 4 a “constant section” to conclude from (5.18) that (5.16) indeed
holds.

Now extend the map S: LZ (w, G) - Lt0 S: L¥w, G) - ¥ by setting it equal
to 0 on L§ and L%(w, G). Then S*S is the orthogonal projection of L%w, G) onto
L2, Since S is an intertwining operator, S*Sp,(9)S*S = S*r(p)S for any C=
function ¢ of compact support.

Therefore, if F; and F, are in L%w, G) then

(S*Sp(p)S*SF, F,) = (S*n(p)SFy, Fp) = (n(p)SFi, SF2)

= 71, I:o (7, (p)SFy(iy), SFy(iy)) dy.

o E@), 8) F(2) deg) dy
G(FN\G(4)

(5.19)

Before applying the identity (5.16) we make the following observation. Although
(5.16) was proved only for Fj in the orthocomplement of L¥(w, G) it is actually true
for all Fy in L%w, G). Indeed if Fis in L w, G) then SF = 0 by definition. On the
other hand, since every Eisenstein series is orthogonal to any cuspidal function (in
the domain of convergence at first but for all s by analytic continuation), the right
side of (5.16) is also identically zero.

If {®,} is an orthonormal basis for H we can finally apply (5.16) to (5.19) to get

(S*Spw(go)S*SFl, Fz) 7{_‘ 50—:0 Z (ﬂiy((P)SFl(iy)> ¢a)((pa’ SFZ(ly)) dy

= -41—75- 5:0 dy 2 _fF 1) E (z2(9)0(1y), &) dg

[P E@.(09). ) o
with g, & in G(F)\G(A). Interchanging the integrations and summations then yields

(S*Spw(go)S*SFl’ FZ)

5.20 o _
CI ([ rorn de an(5 L[ B9, 1 B0, 8) )

So if we let P, denote the projection S*S onto LZ,, we find that the kernel of
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Pt 0o(9)Peone 1s precisely the expression in brackets in (5.20). Alternately, since
w3()Dy = L (n2(9)Dq, Pg) Pp, We also have

(2D Kanllh®) = 4o 57 (o105, 0) E@,li9) D E@4li). ) ds.

On the other hand, if P, is the projection onto L%, then the operator P, 0,(p)P,,
is defined by the kernel

Kylh 8) = [l GENGAN X 20z [, plern(dets) de.

The operator p,(¢) of course is still defined by the kernel K(A, g) = D zm o(h 1 7g).
Thus we conclude that

(Pasp 0Py FY) = [ Kevh )F(8) de,

where Kcusp(h5 g) = K(h, g) = Keont(h,s g) - Ksp(h’ 8)-

6. The trace formula. Suppose ¢ is a C=-function on G(4) which has compact
support mod Z(A) and satisfies (1.3) and the conditions immediately following it.
Then we have observed that P, 0,(¢)Peysp is of Hilbert-Schmidt class and also of
trace class. In fact the technique we used can also be used to show that the kernel
K..p is square-integrable, continuous, and integrable over the diagonal (cf. [DL]).
Moreover,

6.1 (P @)Pess) = |

What we are going to do now is give an explicit formula for the right-hand side of
(6.1). Note that for fin L w, G)*, f K.o(x, ) f(») dy = 0. Thus for each x, the
function y — K(x, y) is orthogonal to L§(w, G)* and hence in L@, G). In other
words, it is a cuspidal function of y.

If we denote by /1§ the truncation operator with respect to the second variable then

(62) KCuSp(x9 .V) = A§Kcusp(x’ y) = AEK(X, y) - AéKcont(x: y) - AéKsp(x, y)

But one can show that each term in (6.2) is integrable over the diagonal. Thus

~ ~ Kcusp(x’ x) dx.
G(FI\G(4)

(63)  tr(Pasgbu@Pe) = [A5KCt, %) dx = [ A5Keonx, %) dx = [ 15Ky, %) di.

We shall content ourselves with computing each of these integrals.
Note that since the left-hand side of (6.3) does not depend on ¢, we can let ¢ tend
to + co and—when computing—ignore all terms which tend to zero.
A. Contribution from the kernel A3K. When x = y, A5K(x, y) is by definition
A3K(x, x) = )5 p(x71rx)
reG(F)
(6.4)

J' dn Y p(xrngx)y(H(EX)).
EeP(F)\G(F) J N(F)\N(4) reG(F)

Let us recall the following lemma:

LeMMA (6.5) (CF. [Ge, P. 201]). If 2 is a compact set in Z(A)\G(A) then there exists
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a number dy with the property that if y in G(F)and n in N(A) are such that x ' ynx e
for some x in G(A) with H(x) > d, then y € P(F).

We shall apply this to the support Q of ¢. After changing y to £&~1y we may write
the second term in (6.4) as

(6.6) dn EZ(;:@) P17 néx) y. (H(€x)).

£€P(F)\G(F) jN(F)\N(A)

Here we need only sum over those y for which there is x, &, # such that g = £x and
g lrng is in Q. Thus if ¢ is sufficiently large (¢ being given) it follows from Lemma
(6.5) that ¥ must belong to P(F), i.e., if ¢ is large enough, we need only sum over
those 7 which lie in the image of P(F) in G(F). But for such y we can write

6.7) r = withy = (g ?) and v € N(F).

Thus in (6.6) we can combine the integral over N(F)\N(A) with a sum over N(F)
and rewrite (6.4) as

(6.8) E%(IF)so(X“rx) - 2 20 o(x71E7Y unéx)y (H(éx)) dn

§EP(FI\G(F) J N(4) ¢

with g as in (6.7).
Now we break up the sums in (6.8) and write

A5K(x, x) =
(6.9) p(e)
(6.10) +2o(x7lrx)  (y F-elliptic)
(6.11) + et = B[ pOeoe gy (H(E) dn
(7 nilpotent regular)
= - —1a—1f@0
6.12) * §¢(x ) 561’(%56@ .[ N @ ¢§1 ¢<x ¢ 1<0 1>n.§x>xc(H(§x)) dn

(r F-hyperbolic regular).

Here y F-elliptic means 7 is not G(F)-conjugate to anything in P(F); y nilpotent
regular means 7 is conjugate to a nontrivial element of N(F) and y F-hyperbolic
regular means 7 is conjugate to some (§ 9) with & # 1in F*. One can see that each
of the terms (6.9)—(6.12) is integrable over G(F)\G(A); our task is to evaluate the
resulting integrals.

The integral of (6.9) is clearly

(6.13) vol(G(FNG(A))p(e).

As for (6.10), it has compact support mod G(F). Indeed if p(x~! yx) # 0 thenx1yx
belongs to 2 = support(p). So since 7 is elliptic, Lemma (6.5) implies H(x) < d,.
The integral of (6.10) over G(F)\G(A) is
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6.14 j 1) d Iliptic
(6.14) RN ; p(xtyx)dx  (r elliptic)

and this can be transformed further just as in the division algebra case.
In (6.11) we can write 7 in the form 7 = &71G 7)€ with £ e P(F)\G(F), 5 # 0.
Thus (6.11) takes the form

eeP;m:\c(F){,,éz)w[x_lE_l((l) 717)53‘] - j.N ” P(x~1EInéx) y. (H(¢x)) dn}

which we now have to integrate over G(F)\G(A). This is the same as the integral
over P(F)Z(A)\G(A) of

(6.15) 2 (0[x‘1<(1) ?)x] - 5.4 go[x—1<(1) lf)x]xc(H(x)) du.

7#0

To evaluate this integral we shall use Poisson’s summation formula.
Set

(6.16) F(x) = 5 Kgo[k“(é ’f)k] dk

so that F(x) is a Schwartz-Bruhat function on 4. Using Iwasawa’s decomposition
we get that the integral of (6.15) over P(F)Z(A)\G(4) is

©.17) [ {2 Fen-FOydal e} |af d=a.

7#0

Using Poisson’s summation formula we find this is

5 IaI;l(Z Fw’”)‘“‘ da + Y, F(a'p) d=a + F(0)

7#0 lel <1 p#0

: 1 — y(lal™) da — F@O f d=a.
jlalgl( 1d|a|™) d-a © |a1§1|a| 4
This shows that the integral converges. The term involving F (0) depends on ¢ and

equals (log c) F(0)vol(F*\FO(A4)).
For Re(s) > 1 we also have

[ F@laldwa={ ¥ Fap|al da
A* Fx\A* n#0

- jlalgl(z F(a77)> |al* d=a + I!alél(ﬁ ﬁ(a_lﬂ)> |a|! d=a

7#0 770
+FO| _l|afmda— FO) | |aldea
lel= lel=1

Here each term is analytic at s = 1 except the term involving F(0) which equals
(F(0) vol(F*\F°A))/s — 1. Thus we conclude that (6.17) equals

f.p.< j F@lal dxa) + (log &) F(0)vol(F<\FO(4))

where the symbol f.p. means f.p.(...) = value at 1 of {[ . F(a)|al* d*a — principal
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part at 1}. Changingato a~!in the “f.p. integral” we get (finally) that the integral

of (6.11) is
_1/a! 0\/1 1\/a O -1 g
- ol (07 o 1) Dlal araar

(6.18)
+ (log ¢)vol(F+\Fo(4)) j' . j ) go<k‘1 <(1) ’f)k} dx dk.

Now we deal with the term (6.12). In this term we can write 7 in the form
r = &G ) Ewith&in A(F)\G(F), ain F*, e # 1. But when & varies through a system
of representatives for A(F)\G(F) we obtain each y twice since

a0y ;_(1O\_/al0\ . ~
{6 D) =(0a)= (5" 1) me

Thus the first term in (6.12) is
1 1g—qfa O
5 X X @[x 1§ 1<g 1)536]
EEAF\G(F) a#l

y L2 Bgxe(§ D)ex]

B 7GEP(F)\G(F) vEN (F) a#l
The integral of all of (6.12) is therefore the integral over G(F)\G(4) of

Lon o mfeen(d Opex]
EEP(F)\G(F) veN(F) a#1

B eem%scar) j N §1“’["—15'l<3 ?)"Gx]%c(H (éx)).

Making the change of variables on N(A4) given by

G YA e

we see that the integral of (6.12) over G(F)\G(4) equals the integral over
P(F)Z(A)\G(A) of

1 a0
5 —1,,-1
2 a#l vEI\;(:F) ¢|:x v <0 1>vx:l
- (a0
5 N4 ‘§1 w[x " <0 1>”x:lXc(H(X)) dn.

To compute this last integral we have to first integrate over N(F)\N(A) and then
over N(A)A(F)Z(A)\G(A). The integration over N(F)\N(A) gives

1 1y O
7¢§1 N(4) & go[x n l<g ]>nx]dn

- 11 & 0> ]
." N ) ¢§1 go[x " <0 1% jre(H(x)) dn
and the subsequent integral over N(A)A(F)Z(A)\G(A) is the same as the integral of
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6.19) 2 1§ Qe[ - 2me)

a#l

over A(F)Z(A)\G(A).

Note now that the first factor in (6.19) does not change when x is replaced by
wx but the second factor does. In any case, w normalizes A(F). Thus we see that the
integral of (6.12) is also the integral over A(F)Z(A)\G(A) of

3 0 (§ Ve |1 - ) - (HOne)).

Using Iwasawa’s decomposition we get that this integral is

30 S Bele (S k]
U oo (1= xlla) = ela| - HOwm) d=a) dic d.

But ¢ > 1 and H(wn) < 1. Therefore in (6.20) the integrand in the inner integral
vanishes unl_ess ¢ 'H(wn) < |a] < c in which case it equals 1. Thus the integral of
(6.12) over G(F)\G(A) is

(log A)vol(FA\FO(4)) j S > <p[k 1< >nk] dk dn
6.21)

(6.20)

-y f [ 5 ¢[k e 1>nk:|log H(wnk) dn dk.

N(4) a#1
Summing up (6.13), (6.14), (8.16), and (6.21), we get

PROPOSITION (6.22).

[ A5k x, ) ax
= VolGENG(A)p@ + [, T i) d
62 [ o0 1]
(6.24) + Gog avol(F\Fa) [ [ D, [k \(§ ?)nk]dn dk
(6.25) — vol(FAF) SW) glw[h ta=i(§ Q)b [rog Hwnk) i i

REMARK. The term (6.24) depends on ¢ but trp,(p) does not. Thus we can
expect (6.24) to cancel with another term later on.
B. Contribution from the continuous spectrum. Recall that

AKera(® 1) = 25{ 5 1 |7 ()05 0@, )E@4(00), 1) .

It is not hard to see that this also equals



FORMS OF GL(2) FROM THE ANALYTIC POINT OF VIEW 239

4z LI 5005 0B, ) AE @), 1) .
So taking it for granted that we can interchange orders of integration, we find

[ 48K o, %) dix

w D) @00 [ B0, DIEO ), 5) dx

G(FI\G(4)

Note that the inner integral here has already been computed in §5 (cf. (5.14) with
hy(5) =0,(s), ha(s) = Dg(s)). Plugging in (5.14) then gives

IAchont(x5 x) dx
626 = GELT " (r0)05 0 @ 0 &y
627 - %ﬂ aZl}3 .r_ow (M(=iy)M'(iy)Dq, Pp)(7:,(0)Dps Do) Ay

oo 27y i —27
628+ =5 @00000 {0, M)0) 7~ (M0, 005 |

After exchanging Y and [ the term (6.26) can also be written (log c/27)-
[ tr m;(p) dy. But x,, is an induced representation whose trace is easily
computed to be

k050§, 5.5 ) i)

So after using the Fourier inversion formula we find that (6.26) precisely equals
(6.24), i.e., it cancels (6.24) just as expected.
Now rewrite (6.27) as

(6.29) - 2= |7 wa- i@z e) @
As for (6.28), it can be written as

ax S0 M09 S~ (05 M—=i)0) Sy

or

2y — o2y

w3 f (M= D)0, 05) 2y
(6.30) N
4 D a0 M@0 — (oler0y M-8} S

But the last term here is the Fourier transform of an integrable function (namely
2 (7 (@)D, M(iy)Dp) ...) at log ¢/z (cf. Lemma 9.14 of [Ge]). Thus it tends to zero
asc¢ — + 0. To evaluate the first term we need the following lemma:
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LeMMa (6.31). If F is continuous on R, and F, F are integrable, then

lim elnixy _ p—2mixy

x—-00

PROOF. Set G(x) = [*,, ((e2™*y — e ~2miz3[y))F(y) dy. Then G(0) = 0, and

F(y)dy = 27iF(0).

G'(x) = 2zi I(ez”‘*y + e~2mm) F(y) dy
= 27i(F(x) + F(—x)).

Therefore

G(x) = 2ni jo (F(t)+ F(— 1) dt

=i | F@at for x > 0.

Soasx — + o0, G(x) tends to 27iF(0).
Applying Lemma (6.31) to (6.30) we conclude that (6.28) tends to

(6.32) 3 }; (MO)zo(p)Pp> Dp) = # tr M(O)zo(9p)

as ¢ —» + oo.
C. Trace formula. We leave it to the reader to check that

I/Iﬁ K (x, x) dx — stp(x, x) dx

= WO G(F)GAN % fplzto dr

as ¢ — 4+ oo. Therefore, by combining (6.3), Proposition (6.22), (6.26), (6.27),
and (6.32) we obtain

THEOREM (6.33).
I Peusp(p) + tr p(p) = VOl(G(FN\G(A)gp(e)

oo o P 70 0
630 wtnf e o 1)
(6.35) — ) Vol(F<\Fo(4)) f . j e go[k—xn—l(g ?)nk]log H[wnik] dn dk
(6.36) + 4'%- jio tr(M(= iy)M'(iy)m;,(p)) dy
(6.37) — 1 tr(M(O)zo(p)).

Here the f.p. term is computed as the value at s = | of
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{jgo]:k 1(1 a) :' a|* d*a dk — principal part at s = 1}.

Recall also that we have identified all fibres H(s) with H in order to define M'(s) =
dM|ds.

7. A second form of the trace formula. Our next goal is to express the right-hand
side of (6.33) in terms of local distributions, most of them invariant. This involves
replacing the Mellin transform on F;; by a Mellin transform on F*\F*(A), the fiber
bundle H(s) by the bundle H(y), and the operator M(s) by the operator M(x).

To express the right-hand side of (6.33) as a sum only of invariant distributions
entails applying a form of Poisson summation to some nonsmooth functions. This
analysis is carried out in §7 of [La 2] but is not needed for the application we have
in mind.

A. Normalization of Haar measures. We normalize the Haar measure on A4~ as
follows. Select (in any way) a nontrivial additive character ¢ = ¢y, of F\A.
For each place v let dx, be the self-dual Haar measure on F, with respect to ¢,.
Then the Haar measure we take on F% is d*x, = L(1, 1,)dx,/|x,|. Note that on 4
the Haar measure dx = Q)dx, is self-dual. On 4~ the (normalized) Tamagawa
measure is

1

(71) dix = ——— ® dxxv
A

where

(7.2) Ay = lirrll (s — DL(s, 1p).

The map x — |x| allows us to identify FO(A)\4* with R%. The Tamagawa measure
1 on FO(A)is such that the quotient measure d~x/u (on FO(A4)\ A= or R%)is dt/t and—
as shown in Tate’s thesis—

(7.3) VOl(FA\FY(4)) =

To define the Tamagawa measure on G(A) we select in any way an invariant
differential form w of degree 3 defined over F. In particular, we may take w to be
the form whose pull-back through the map

@~ (5 1) 7)G 1)

is the form (da/a) dx dy. Then for f = [] f, on G(4A),

[ e dg = [ reolate)] =TI [ tealwo)

=T Do )0, 9]y v

On the other hand, the Haar measure on K is normalized by the condition

(1.5) [ rerdg = f f[( Mo >k} dra dx dk.

(7.4)
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Similarly the Haar measure on K, is defined by

16) [rende. = [7[(% )0 T)k |dea, . a.

Then a simple computation shows that

S N
L2, 1,)e(0, 1,, ¢,)
Since dk = A_; ®, dk, we also have

7.7 vol(K,) =

A
L(zy lF)E(O, IFs ¢F) ’

Now we replace the Mellin transform on F (introduced in §3) by a Mellin
transform on A4*, namely

7o = [ (G Ve b@lal2da

A*

(7.8) vol(K) =

Then formula (3.19) should be replaced by
1 x-+ioo . .
(FrF) = 5 D[ (alxa), e ) ds
(7.9) | e ) )
g 2T G, 007 fi@), ful et ds

Here y runs through the set of characters of Fx(A4) trivial on F*F3%; cf. [Ge, p. 167].

B. The “f.p.” integral. In order to compute (6.34) we have to remove from
[ plk=1(¢ 9k] |al* d*a dk the principal part at s = 1 and then set s = 1. So first
we write this integral as the product L(s, 1;)60(s) where

(7.10) 0(s) = ﬁ j go[k’1<(l) ‘f)k}]ak d*a dk.

At 5 = 1 the function 6(s) is holomorphic. On the other hand, L(s, 1) =
Aa/(s — 1) + A9 + ---. Therefore the f.p. integral is 1_;0'(1) + A,0(1). But d*a=
(A1 ® dra,and dk = A_; ® dk,. So for Re(s) > 1,

o) = 11 L(s‘_l) _[ go,,[kv”l((l) ‘17”>kv] |a,|s da, dk,

and since almost all factors here are equal to one,

00 =TT qry Jo (6 D)o 1)(6 e lau] da, e,

v

| _1<1 1) }
I”_[ L(ly 11)) j‘Z,,Nv\(;ngv’;g” 0 1 gv dgv'

Le., 6(1) is the product of the orbital integral for (}1) with a convergence factor
(which is “missing” in the original f.p. integral).
Similarly, taking the derivative of §(s) ats = 1, we get
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o1y = :L: 0191 j ZNA\G, <p,,[g,, (0 1>g,,} ag,

d /1 a, .
_s=1 jwu[k"1<0 ‘]1 )k":‘laul d au/L(S, lu).

xds

(7.11)

Here the sum is extended over all places u, but only finitely many have a nonzero

contribution.
C. Computation of (6.35). Recall that vol(FA\F%(A)) = 1, dk = A, ® dk,,
dn = Q) dn,, and H(g) = [1,H,(g,) where

Al 3] =50

Thus (6.35) is equal to
2y 5 11 fol k(G Qnk, |dn, d,

u a#l v#u

o kem(§ Dk 1oeHwm an,
or
(7.12) : fsou[ ( )gy] dgvfsou[ ( 0)&] 1(8) dg.

2 ua#l v¥Eu 1 0 0 1

where

w (5 )0 Dk |=tog Hibwml,  g,e 4)G..

Since u, vanishes on K, the sum above has only finitely many nonzero terms.
D. Computation of (6.36) and (6.37). To begin with, (6.36) can be written as

SN I ORI O

where y = (ya®, y lwa™), =, is the representation of G(4) on H(z), and the sum
is over all characters y of F*\4* whose restriction to Fg is trivial The derivative is
defined by M'(p)¢p = (d/ds)M(p)p if p = (yos, y 'wa™) and ¢ | is independent of
s. (To define the derivative we have once again trivialized the fibre-bundle.) Since
M(p) = m(p) ®, R(y,) (Where m(y) is the scalar described by (4.15)) we get (by
taking the logarithmic derivative) that
M (M=) = m' (I + Z RImIR(7,) ® I,

But if 4 = &), 4, where 4, is an operator on H(y,) then tr(4) = [T, tr(4,). Thus
(6.36) is equal to

4 D M) &
(7.13)
+ T3l IT e (VR0 R ), ) .
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Recall that if ¢ = 1 on K, then R(y,)p = ¢ for all 7,. Thus R'(y,)¢ = 0, and the
sum above once again has only finitely many nonzero terms.
As for (6.37), we write it as

- % X; tr(M(y, )7 ¢, 0(9))-

E. Summing up. We have that tr p . (¢) + tr p,(¢) is equal to the sum of
vol(G(F)\G(4))p(o),

©) p(g7lrg) dg

7 elliptic .“G (F\G(4)

and a complementary term. As in the case of division algebras, (*) can be expressed
in terms of local elliptic orbital integrals of the form

~lyo) dg lliptic.
IG7(FU>\Gv<p,,(gu r8) dg,, 7 ellipti

The complementary term can be expressed explicitly in terms of the following local
distributions:

(7.14) .f ZN)G, %[g”—1<(1) Dg”] 9.

(7.15) L - gov[g (0 1>gv} dg,,

(7.16) tr 7, (9,),

(7.17) 4 Fl'L‘(s}—nj%[k;l((l) ?")k,,}la,,k dea, dk,,
(7.18) .fsov[gv <0 1)&]%(&) dg, (a@#1)

and

(7.19) tr(R,(7,) 1R ,(9,)70,(,))-

The distributions (7.14) and (7.15) are orbital integrals. The distributions (7.16)
are invariant and can also be computed in terms of orbital integrals (cf. [DL] for
example). The distributions (7.17)—(7.19), however, are not invariant.

F. A special case. The distributions (7.14)—(7.16) enjoy the following property.
Suppose

(7.20) j A,,\G,,%<g (0 (1)> )dxa =0

for all a # 1, i.e,, the orbital integrals of ¢, vanish for all regular hyperbolic
elements. Then each of the distributions (7.14)—(7.16) vanishes. Indeed there
is nothing to prove for (7.15), and (7.16) is an integral of orbital integrals of this
type. As for (7.14) we note that

(4 D = o 5 )
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i.e., the nilpotent orbital integral is a limit of hyperbolic orbital integrals.

It follows that if (7.20) is satisfied for a certain place u; then the sums in (7.11),
(7.12), and(7.13) reduce to the term involving # = u;. On the other hand, tr nﬂ(go)
vanishes. Thus we have:

THEOREM (7.21). Suppose condition (7.20) is satisfied for two places u; # u,.
Then (7.11)—(7.13) vanish and we have

I peusp(9) + 1T pi(9) = VOWG(F\G(D)ple) + X p(g71rg) dg.
relliptic J G(F)\G(4)

The reader will note that this formula closely resembles formula (1.11).

8. Applications to quaternion algebras. As before, G is the group GL(2) regarded
as an F-group and Z ~ GL(1) is its center. Let D be a quaternion algebra of center
F and S the (finite) set of places of F where D does not split. Regard the multi-
plicative group of D as an algebraic F-group G’ and let Z’ denote its center. Then
for all v ¢ S the local groups G, and G, are isomorphic. More precisely, as in §1,
the isomorphism D, ~ M(2, F,) induces an isomorphism G, ~ G, defined up to
inner automorphism. If ¢;, 1 £ i £ 4, is an F basis of D then for almost all v we
can assume that ] R,e; maps to M(2, R,). Also K, = GL(2, R,) maps to the com-
pact subgroup K, of G, and the isomorphisms G, ~ G, give rise to an isomorph-
ism of the restricted products G5 = [[,5 G,, G'S = [],zs G..

A. Statement of results. For the moment, let F be a local field and D a division
algebra of center F'so that G'(F) = D=; let v denote the reduced norm on D. Denote
by &£(G(F)) the set of classes of irreducible admissible representations of G(F) and
by &(G(F)) the subset of those which are square-integrable (modulo the center).
Define &(G'(F)) = &5(G'(F)) similarly.

THEOREM (8.1). There is a unique bijection z' — & from &(G'(F)) to &(G(F))
such that the characters 0,. and 0, of ©' and © satisfy the relation

(8.2) 0(t') = —0(1)

each time t and t’ are regular semisimple elements of G'(F) and G(F) related by the
identities tr(t') = tr(2), v(¢t') = det(r).

This condition implies that the central quasi-characters of z and z’ are the same.
Note that G’ is an inner twisting of G and @(G) = @(G’) (cf. [Bo]). Thus if F = R,
the correspondence '« 7 is the one specified by Langlands; in the non-
archimedean case one can at least construct the map using “Weil’s represent-
ation”(as in [JL]).

Now let F be a number field and D a division algebra with center F. Let &/(G")
be the set of (classes of) automorphic representations of G'(A4) and .«7,(G’) the
subset of those which are not one dimensional. Similarly let «&7y(G) be the set of
cuspidal representations of G(A4).

THEOREM (8.3) (GLOBAL). If 7’ is in /4(G") let w be the representation of G(A)
such that, forv € S, &, < =, as in (8.1), and for v ¢ S, n, ~ w, via the isomorphism
G, ~ G,. Then © is in sZ/y(G). Moreover, the map ' — = is a bijection between
o (G") and the set of 7 in o4 ((Q) such that r, € &(G,) for all ve S.
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We shall give two proofs of this result, both somewhat different from the one in
[JL}. First we shall take Theorem (8.1) for granted and indicate how it together with
the trace formula implies Theorem (8.3). Then we shall sketch an alternate proof
that essentially implies (rather than depends on) Theorem (8.1). Both proofs use
orbital integral techniques (cf. [Sa], [Sh], and [La 2J).

B. Matching orbital integrals (and consequences). Let w and ' be differential
forms invariant and of maximal degree on G and G’ respectively. We assume that
w and o’ are related to one another as in [JL, pp. 475 and 503]. Then for each
V¢S, o, = tw,and o, = |w,l.

For ve S let us say that fe C(G,, w,?)and ¢ € CX(G,, w,') have matching
orbital integrals if

(8.4) [ stomirs detgydg = | o(eMiix(e). u(e) de

for “any function” h on F x F=. In particular, if z, and z, are related as in
Theorem (8.1), then

(8.5) tr 7,(f) = —tr 7, ().
On the other hand,
(8.6) tr z,(f) = tr 7,(p)

ifr, = yodetand z, = yov.
Condition (8.4) can also be expressed in terms of orbital integrals as follows:
(i) The hyperbolic (regular) orbital integrals of f vanish, i.e.,

®.7) Lv\cv f(g—1<g ‘1)>g) dg =0 fora# 1.

(ii) Let L =« M(2, F,) and L’ = D be isomorphic quadratic extensions; then

gy dg = . o(s7 1) dg

v

IAG,

if there is an isomorphsim L, — L, taking ¢ in L* — F*tot' € L'* — F~ (Here we
select in any way a Haar measure on F*\L? and transport it to F*\L;* via the isomor-
phism L, — L;; the quotient spaces are then given the quotient measures.) A
consequence of the last few identities is

(8.8) fle) = ¢(e).

(This follows, for instance, from the Plancherel formula.) Note too that if z, is a
representation of G, which is neither square-integrable nor finite dimensional then

(8.9) tr 7,(f) = O.

The following lemma results from the characterization of orbital integrals in
§4 of [La 2].

LemMA (8.10). Given ¢ in C(G,, w™) there are (many) f in CX(G,, w™*) with
matching orbital integrals.

REMARK (8.11). Fix a representation 7z, of G, and let z, be the corresponding
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representation of G, given by (8.1). There is easily seen to be a ¢ in C(G,, w;?)
such that tr z,(p) # 0, but tr ¢’(p) = 0 if ¢’ is any irreducible representation of
G, (with central quasi-character w,) not equivalent to z,. Thus if f has matching
orbital integrals, tr z,(f) # 0, but tr ¢(f) = 0 whenever ¢ is not equivalent to
7, (or finite dimensional).

Now suppose f is a function on G(4) such that f(zg) = w™l(2) f(g). Moreover,
suppose as before that f(g) = [I, f,(g,) where f, € C3(G,, w,*) and f, for almost
all v is the function defined by

f8) = w,'(z) ifg, = zk,k,€K,z,€Z,
= 0 otherwise.

Suppose ¢ is a function on G'(4) satisfying similar conditions, ¢, ~ f, via the
isomorphism G, ~ G, for v ¢ S, and ¢, and f, have matching orbital integrals for
vesS.

PROPOSITION (8.12). With ¢ and f as above,

(8.13) tr pu(p) = tr p,,o(f) + tr o, (f)-
ProOOF. By (1.11) the left-hand side is

vol(Z(A)G'(F)\G'(4))p(e)
@14 +% % vol(4LAL4) _ >

1 d
L'ex’ EFAL/%§#1 j L’%(A)\G’ (4) go[g Eg] €

the sum extending over a set X’ of representatives for the classes of quadratic
extension L’ of Fembedded in D. Moreover

~1 — —1
L,, e P81 dE =11 IL;‘\G; pler g, g,
Here we have selected for each v a Haar measure on F7\L% such that (units F#\L%)
= 1 for almost all v; to 4%\L*(4) we have given the product measure.
On the GL(2) side, note that S has at least two places v;, v, and for these places
Ju» Ju, have vanishing hyperbolic orbital integrals. Thus by (7.21), the right-hand
side of (8.13) is

VOl(Z(A)G(F)\G(A)) f (e)

+ %ZLJ VOl A LALKA) 3

(8.15)
§eFAL%E#]L -‘. L*(\G (4)

f(geg) dg

where L runs through a set of representatives for the classes of quadratic extensions
of Fin M(2, F). The measures are selected as above, and

[reieende =111 . s de.

Note that if ve S and L, is split then the corresponding local integral is 0 by (8.7)
(). Thus we need only sum over the set X of L which do not split at any v € S, that
is, which embed in D. But for every L € X there is an L’ in X’ and an isomorphism
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L - L'. So if we assume that the Haar measures of F#\L? and F#L;* correspond
to one another we have

L;‘\Gvf"(g_l&g) g, = I LX\G, pAeTE) 2,

for all v. Indeed for v € S this is clear, and for v ¢ S it follows from the fact that we

may modify the isomorphism G, — G, so as to make it compatible with L? — L.
We conclude from (8.7) and our choice of ¢,, f, for v ¢ S that in(8.14) and (8.15)

the series on L and L’ are equal. Since we have used the Tamagawa measures on

G and G’ we also know that

Vol(Z(A)G'(F)\G'(4)) = vol(Z(4)G(F)\G(A)).

Therefore, taking (8.8) into account, (8.12) follows.

C. Proofs of the main result. Let p, , be the representation of G'(4) in the
orthocomplement of the space spanned by the functions y o v with ¥ = . From
(8.6) and our choice of f,, ¢, for v ¢ S we get

f(g)y(det g) dg = _f P(g)x(v(g)) ds.

.f Z(A\G(4) Z(A\G' (4)

Thus (8.12) implies that

(8.16) tr 0,,0(f) = tr p,, o()-

FirsT PROOF OF THEOREM (8.2). For each place ve S fix an irreducible repre-
sentation ¢, of G, and let ¢, be the corresponding representation of G,. Choose
¢, € C2(G,, w;?) such that tr o,(p,) = 1, and tr z,(p,) = 0 for r, inequivalent to
.. Thus identity (8.16) reads

Ln(x') tr 7'(p) = X n(x) tr ()

where the sum on the right-hand (resp. left-hand) side is over all irreducible repre-
sentations 7w of G(A) (resp. =’ of G’(4)) such that =, ~ ¢, (tesp. =, =~ =,) for all
v in S, and n(x) (resp. n(z")) is the multiplicity of z in p,, o (resp. p,, o). Moreover,
if 7 and #’ satisfy these conditions, then, because S has even cardinality, we get
1l = HvES TL';((D,,) = HvES nz(f;)) Thus

2n) [ tr z(p,) = X n(x) I tr 2 (f)
VES veES

(z, ~ g,forve S, z, ~ g,forveS),

and Theorem (8.2) follows from fundamental principles of functional analysis
(applied to the isomorphic groups GS and G’S). Moreover, if 7’ corresponds to z,
then n(z") = n(x). So since we already know from [JL] that n(z) is at most 1, we
have also proved multiplicity one for z’.

SECOND PROOF. We rewrite (8.16) as

®.17 ZIals) = STl e,

where 7 = @, (resp. ' = Qr,) runs through all irreducible subrepresentations
of p,, o (resp. p,, o). What we shall do now is manipulate (8.17) until it equates the
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right side to the trace of just one representation. (Since we are summing over sub-
representations rather than classes, two representations on the right side of (8.17)
may, a priori, be equivalent.)

LeEMMA (8.18). Fix an arbitrary place w outside S and an irreducible unitary re-
presentationt,, of G,. If f = [l f,and ¢ = [1¢, are as in (8.12) then

Y Muz(H= 2 [Miuzlp)

=@, VFW 7t'=®7t; vFEw
. ~ ’ [ A
(77" < pw'O’ Ty = Tw) (77: < pw,09 Ty = Tw)'

PROOF. Set

a,, = Z H tr ﬂv(f;)) - Z B tr 7[;«00)

vFW
(7: S 00,05 Ty = Tw) (75, < 40:0,05 75;) = Tw)'

It suffices to prove a,, = 0. But (8.17) can be rewritten as

Dtrz(f) U trz(f,) = 23 tr 7(p.) 1;[ tr 7,(p,)

I'Cp‘:,’o
or, since G, ~ G, and f, ~ ¢,, as

0= 2 a,tre,(f).

Twin& (Gy)

Moreover, f,, is completely arbitrary in C*(G,, w,l). Therefore a, must be zero
by the generalized “linear independence of characters for GL(2)” (cf. [LL]).

LemMMA (8.19). For every w ¢ S fix t, (which is unramified for almost all w). Then
if f, and ¢, have matching orbital integrals for v € S,

Se ) = 5 [Ltrzite)

(71' < 00,00 Ty = Ty W ¢ S) (77’ < P;»,07 Ty = Ty W ¢ S)

(8.20)

ProOF. Apply the argument above to the restricted direct product G5 = [] ,es G-

ProposITION (8.21). Given n' = @mx, in p, o there exists a unique = = @,
in p,,o Such that &, ~ w, forallv¢ S. Moreover it, € £«G,) for all vin S.

Proor. Uniqueness follows from the strong multiplicity one theorem for GL(2).
What remains to be shown is that there is at least one such r, and that =, belong to
&9(G,) forall vin S.

Suppose no such 7 exists. Then applying (8.19) with 7, = =,, for all w¢ S we
conclude

(8.22) > Hstr ofp,) =0 (o' = p,0 0, = 7, forweS).
e

But (8.22) is a sum of characters of the group Gs = [],es G,. Thus by the linear
independence of characters for G we get a contradiction.

Now suppose 7,, ¢ &2(G,) for some v, in S. The fact that z is cuspidal excludes
the possibility that z, is finite dimensional. So by (8.9) we have z,(f,,) = 0, and
again by (8.22) we get a contradiction.
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COROLLARY (8.23). The left-hand side of (8.20) reduces to exactly one term when
7, = T, and Qx, is in p,, o

PROPOSITION (8.24). Given n = @x, in 0, Such that &, € &xG,) for all ve S
there exists a unique ' = @, in p,, o such that &, = =, for all v ¢ S. Moreover, for
each v € S, there is ¢, = +1 such that 0,(t') = ¢,0,(t) each time t' € G, and t € G,
satisfy the conditions of (8.1).

Later we shall see that ¢, in fact equals 1.

Proor. For v € § let X, denote a set of representatives for the equivalence classes
of quadratic extensions L, of F, contained in M(2, F,). As in [JL, §15], we can
introduce a measure y, on | ) FA\L} (L, € X,) and we consider the Hilbert space
#, = #,(w, p,)of all functions A on that union which satisfy h(zl) = w,(2)A(l),
for z € Fz, and [|h(x) |2 du,(x) < + oo; the functions 6;, A€ £2(G,, w,), then deter-
mine an orthonormal basis of #,,.

Similarly we can introduce a Hilbert space 2, for the group G,. But since any
quadratic extension of F, embeds into D,, we may identify s, and 2#,.

Recall 7 = ®),7, < p,.o is such that 7, € £4(G,) for all ve S. So for eachve S
there is o, € £(G,, w,) such that (when we regard 6, and 0,, as elements of ;#,)
{0y, 0,,> = a, # 0. Since both 0, and 6, are unit vectors, it follows that |a,| < 1.

Now, fix ¢, to be , when v € S. Then for any 7, € §(G,, w,),

trafp,) =1 ifn, ~ o,
=0 otherwise.

In particular, if f, € C2(G,, w;1) and ¢, have matching orbital integrals, then (using
the notations of [JL, §15])

wrlf) = | f(@0.0e) ds

-y 1l »
B %: 2 .‘. Z)L} 0(b)0-() _Lv "G, 0.,(871bg) dg

= <0av, 0av> = 4,
This means (8.20) with 7, = x, for v ¢ S reduces to the identity

lla”=21 (7' < py0 7y = 0,forve S, z, ~ z,for v¢ S).

From this we conclude that the right-hand side has only 1 term (once again proving
multiplicity one for G’). We also conclude that |a,| = 1. So since a simple argument
involving z, and 7%, implies @, must be real, we conclude finally thata, = +1, i.e.,
{0, 0,> = =+1.Butthisimplies that 7, = g, is completely determined by 7, and
that 0, = + 0., = 0,, (regarded as elements of ). Thus the proposition follows.

It remains to complete the local correspondence asserted by Theorem (8.1) and
to show that ¢/, actually equals —@,'. For this we need to embed an arbitrary local
representation 7, of G, in an automorphic representation z’ and exploit the fact
that the cardinality of .S is even. For details, see the original arguments in [FI].
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EISENSTEIN SERIES AND THE TRACE FORMULA

JAMES ARTHUR

PART I. EISENSTEIN SERIES

The spectral theory of Eisenstein series was begun by Selberg. It was completed
by Langlands in a manuscript which was for a long time unpublished but which
recently has appeared [1]. The main references are

1. Langlands, On the functional equations satisfied by Eisenstein series, Springer-
Verlag, Berlin, 1976.

2.- - - -, Eisenstein series, Algebraic Groups and Discontinuous Subgroups,
Summer Research Institute (Univ. Colorado, 1965), Proc. Sympos. Pure Math.,
vol. 9, Amer. Math. Soc., Providence, R. 1. 1966.

3. Harish-Chandra, Automorphic forms on semi-simple Lie groups, Springer-
Verlag, Berlin, 1968.

In the first part of these notes we shall try to describe the main ideas in the theory.

Let G be a reductive algebraic matrix group over Q. Then G(A) is the restricted
direct product over all valuations v of the groups G(Q,). If v is finite, define X,
to be G(v,) if this latter group is a special maximal compact subgroup of G(Q,).
This takes care of almost all v. For the remaining finite v, we let K, be any fixed
special maximal compact subgroup of G(Q,). We also fix a minimal parabolic sub-
group Py, defined over @, and a Levi component M|, of Py. Let 4y be the maximal
split torus in the center of M. Let K be a fixed maximal compact subgroup of
G(R) whose Lie algebra is orthogonal to the Lie algebra of 4y(R) under the Killing
form. Then K = [],K, is a maximal compact subgroup of G(4).

For most of these notes we shall deal only with standard parabolic subgroups;
that is, parabolic subgroups P, defined over @, which contain P,. Fix such a P.
Let Np be the unipotent radical of P, and let Mp be the unique Levi component of
P which contains M. Then the split component, A4p, of the center of M is con-
tained in A4o. If X(Mp), is the group of characters of Mp defined over Q, define
ap = Hom((Xp)g, R). Then if m = [],m, lies in M(4), we define a vector H,(m)
in ap by

exp({Hy(m), x>) = |x(m)| = le(mv)lu-
Let Mp(A)! be the kernel of the homomorphism H,,. Then Mp(A) is the direct

" AMS (MOS) subject classifications (1970). Primary 22ESS: Secondary 22E50.
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product of Mp(A)! and A(R)?, the connected component of 1 in A(R). Since G(A)
equals Np(A)Mp(A)K, we can write any x € G(A) as nmk, ne Np(A), me Mp(A),
k € K. We define Hp(x) to be the vector Hy(m) in ap.

Let Q be the restricted Weyl group of (G, 4;). 2 acts on the dual space of q;. We
identify ao with its dual by fixing a positive definite Q-invariant bilinear form { , )
on qg. This allows us to embed each apin ay. Let 2p be the set of roots of (P, A).
These are the elements in X(4), obtained by decomposing the Lie algebra of Np
under the adjoint action of 4p. They can be regarded as vectors in ap. Let @p be the
set of simple roots of (P, 4). G itself is a parabolic subgroup. We write Z and 3 for
A and ag respectively. Then @p is a basis of the orthogonal complement of 3 in ap.

Suppose that Q is another (standard) parabolic subgroup, with Q@ = P. Then
QF = Q [\ Mp isa parabolic subgroup of Mp. Its unipotent radical is N§ = Ng )
Mp. We write af) for the orthogonal complement of ap in ag. In general, we shall
index the various objects associated with QP by the subscript Q and the super-
script P. For example, @F stands for the set of simple roots of (QF, Ag). It is the pro-
jection onto af of @5 \0%,. We shall write @5 for the basis of the Euclidean space a§
which is dual to @5. If P; is a parabolic subgroup, we shall often use i instead of P;
for a subscript or superscript. If the letter P alone is used, we shall often omit
it altogether as a subscript. Finally, we shall always denote the Lie algebras of
groups over Q by lower case Gothic letters.

If P and P, are parabolic subgroups, let ((a, a;) be the set of distinct isomor-
phisms from a onto a; obtained by restricting elements in Q to a. P and P; are said
to be associated if Q(a, a;) is not empty. Suppose that £ is an associated class, and
that Pe 2.

at =af = {Hea:{a, H)>0,a € Pp}
is called the chamber of P in a.
LEMMA 1. (Jp,co\Usca,ap s7at) is a disjoint union which is dense ina. (]

Before discussing Eisenstein series, we shall define a certain induced representa-
tion. Fix P. Let #°% be the space of functions

®: N(A)- M(Q)- A(R\G(4) > C

such that

(i) for any x € G(A) the function m — @(mx), m e M(A), is Z p; g -finite, where
Z u ) 1s the center of the universal enveloping algebra of m(C),

(i) the span of the set of functions @,: x — @(xk), x € G(A), indexed by k € K,
is finite dimensional.

) . _
(1”) HQ)” IKSA(R)OM(Q)\M(A)I®(mk)| dmdk < oo

Let #p be the Hilbert space obtained by completing 5#%. If A is in ac, the com-
plexification of a, ® € #p, and x, y € G(A), put

(T4, 9)D)(x) = D(xy) exp(<A + pp, Hp(xy)>) exp( — <A + pp, Hp(x))).
Here pp is the vector in a such that
|det(Ad m)yc| = exp(2pp, Hym)y).  me M(A).
Io(A) = I§(A) is a representation of G(A) induced from a representation of
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P(A), which in turn is the pull-back of a certain representation, 134(A) in our nota-
tion, of M(A). We have

IP(A, .V)* = IP(_ A—a y_-l)’ S G(A),
and
IP(A$f)* = IP(_ A—’f*)9 fe C?(G(A)),
where f*(y) = f(y™). In particular, Ip(A) is unitary if A is purely imaginary.
REMARK. It is not difficult to show that 7}(0) is the subrepresentation of the
regular representation of M(A4) on LZ(A(R)°- M(Q)\M(A)) which decomposes
discretely. We can write I3(0) = @, o, where ¢¢ = ¥),0¢ is an irreducible repre-

sentation of M(A). If v is any prime and g, is an irreducible unitary representation
of M(Q,), define

0y, Am) = a,(m)exp({A, Hy(m)), A€ ag, me M(Q,).
If g, 4 is lifted to P(Q,) and then induced to G(Q,), the result is a representation
Ir(o, 4) of G(Q,), acting on a Hilbert space s#5(s,). In this notation,

Ix(/) = @R, Ip(as, 2).

Thus Ip(A) can be completely understood in terms of induced representations and
the discrete spectrum of M.

If P and P, are fixed, and s € 2(a, a,), let w, be a fixed representative of s in the
intersection of K (| G(Q) with the normalizer of Ay. For ® € #%, A€ qc and
x € G(A), consider

j.Nl (&) NwsN (A w; \Ny (A)Q(w;InX) exp((A *er HP(WS_IVDC)>) dn exp( B <SA +on Hl(x)>)

(We adopt the convention that if H is any closed connected subgroup of Ny, dh
is the Haar measure on H(A) which makes the volume of H(Q)\H(A) one. This
defines a unique quotient measure dn on Ni(4) | w,N(Aw;\N,(4).)

LemMA 2. Suppose that {a, Re A — pp) > 0 for each « in 3p such that sa belongs
to — 2p,. Then the above integral converges absolutely. [

The integral, for / as in the lemma, defines a linear operator from #° to #%,,
which we denote by M(s, /). Intertwining integrals play an important role in the
harmonic analysis of groups over local fields, so it is not surprising that M(s, A)
arises naturally in the global theory.

LEMMA 3. M(s, A)* = M(s~1, —sA). Moreover, if f € C*(G(A))X, the K-conjugate
invariant functions in C2(G(4)),

M(s, DIpA, f) = Ip(sA, f) M(s, 4). O
We now define Eisenstein series:

LeEMMA 4. If © € #°8, x € G(A) and A € ac, with Re A€ pp + at, the series

E(x, 0, A) = 3, @(6x)exp ({A + pp, Hp(0x)))
3=P@G @

converges absolutely. [
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The principal results on Eisenstein series are contained in the following:

MAIN THEOREM. (a) Suppose that O € #%. E(x, ©, A) and M(s, A) ® can be analy-
tically continued as meromorphic functions to a¢. Onia, E(x, ®, A) is regular, and
M(s, A) is unitary. For f € CX(G(A))X and te Q(ay, ap), the following functional
equations hold.:

(i) E(x, 1A, £) D, A) = Jein SO)ECxy, 0, A) dy,

(ii) E(x, M(s, A) @, sA) = E(x, ®, /),

(iii) M(ts, A) @ = M(t, sA)M(s, A)D.

(b) Let 2 be an associated class of parabolic subgroups. Let I:g, be the set of collec-
tions F = {Fp : P € P} of measurable functions Fp: ia — # p such that

@) If s € Xa, ay),

Fp (sA) = M(s, A)Fp(A),

ii dim A
(ii) Falk =PZ n(,4)—1<%> LP | Ex)|2dA < oo,

<P

where n(A) is the number of chambers in a. Then the map which sends F to the function

dim A
5 n(A)—1<L.> j E(x, Fo(A), A) dA,
Pep 277.'1 ia
defined for F in a dense subspace of f,g,, extends to a unitary map from L, onto a
closed G(A)-invariant subspace L%L(G(Q)\G(A)) of L(G(Q)\G(A)). Moreover, we
have an orthogonal decomposition

LHGQ\G(4) = D LE(G(\G(4). O

The theorem states that the regular representation of G(4) on L%(G(Q)\G(A))
is the direct sum over a set of representatives { P} of associated classes of parabolic
subgroups, of the direct integrals [+ 7p(1) dA.

The theorem looks relatively straightforward, but the proof is decidedly round
about. The natural inclination might be to start with a general @ in #% and try to
prove directly the analytic continuation of M(s, A)® and E(x, @, A). This doesnot
seem possible. One does not get any idea how the proof will go, for general @,
until p. 231 of [1], the second last page of Langlands’ original manuscript. Rather
Langlands’ strategy was to prove all the relevant statements of the theorem for @
in a certain subspace #} .., of #°%. He was then able to finesse the theorem from
this special case.

Let 5#p ,sp be the space of measurable functions @ on N(4)M(Q)A(R)\G(4)
such that

() 2]2 = [xfm@amonscn B|(mk)|?2 dm dkc < oo,

(ii) for any Q 2 P, and x € G(A), _fNQ(q)\NQ(A) O(nx) dn = 0.

It is a right G(A)-invariant Hilbert space.

LEMMA 5. If f € CN(G(A)) for some large N, the map O—® x f, ® € Hg, cyspy 1S
a Hilbert-Schmidt operator on #g, c,sp. [

This lemma, combined with the spectral theorem for compact operators, leads
to
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COROLLARY. ¢, s, decomposes into a direct sum of irreducible representations
of G(A), each occurring with finite multiplicity. [

H G, cusp 18 called the spage of cusp forms on G(A). It follows from the corollary,
applied to M, that any function in #p, ., is a limit of functions in #%. Therefore
Hp, cusp 15 @ subspace of #p. It is closed and invariant under Ip(A).

Let &#(G) be the collection of triplets y = (&, ¥~, W), where W is an irreducible
representation of K, & is an associated class of parabolic subgroups, and ¥~ is a
collection of subspaces

{Vpc o} uspr the space of cusp forms on M(A)}pey,

such that

(i) if Pe 2, Vp is the eigenspace of #} .., associated to a complex valued
homomorphism of &y, (), and

(i) if P, P’ € 2, and s € (a, a;), Vp, is the space of functions obtained by con-
jugating functions in Vp by w;.

If Pe 2, define #p,, to be the space of functions @ in HP, cusp SUCh that for each
x € G(A),
(i) the function k — @(xk), k € K, is a matrix coefficient of W, and
(i) the function m — @(mx), me M(A), belongs to Vp. #p,, is a finite dimen-
sional space which is invariant under Ip(4, f) for any f'e C(G(A))X. H#p, cysp is the
orthogonal direct sum over all y = (2, ¥°, W), for which P e &, of the spaces
'#P) .

Fiﬁ( x = (2,7, W)and fix P € 2. Suppose that we have an analytic function

A= 0N =DA, x), Aeag xe NAMQ)A(R)\G(4),
of Paley-Wiener type, from ac to the finite dimensional space 5#p,,. Then

809 = (527

dim A
2;:1') f _exp({A + pr ()0, x) dA

is a function on N(A)M(Q)\G(A4) which is independent of the point Ay € a. It is
compactly supported in the A(R)%-component of x.

LeEMMA 6. For © as above, the function

dx) = X $0x)

JEP(@\G(4)

converges absolutely and belongs to L%(G(Q)\G(A)). Let L% G(Q)\G(A)) be the
closed subspace generated by all such q? Then there is an orthogonal decomposition

LA(G(Q)\GA)) = xes@(c) LYGO\G(4). O
Suppose that Ay € pp + at. Then

~ 1 \dim A
= (= A + pp, Hp(0x))) (4, 6x) dA
909 = (ggi) [ B o P + ors H030)) 04, 63)

- (_1_)‘“'“ 4 j‘ g, B, DD, )

2zl
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Suppose that @,(A;, x) is another function, associated to P;. We want an inner pro-
duct formula for

B(x)y(x) dx
j G@\G(4) $)$1(x)
in terms of @ and @;. The inner product is

$(x)$1(0x) dx

j G(@\G(4) deP1(@\G@Q)

= $(x)¢1(x) dx

Pi(@\G(4)

=<L.>dimAIj‘ j. j‘ S E(namk, ©(A), A)
2xi Red=Agd KJ 4,(R)OM1 @M J 4,0

-exp( — 2{py1, Hi(x))) ¢1(amk) da dm dk.

LEMMA 7. Suppose that P and P are of the same rank. If ® € #'p,, and Re A€ pp +
at, then

E(nx, ®, A) dn
= 2 )(M(S, MO)(x) exp({sA + py, Hi(x))).

s€0(a, ay

INl(Q)\Nl(A)

(Of course, the right-hand side is 0 if (a, a) is empty; that is, if P and P; are not
associated.)

PrOOF. Let {Q} be the set of s € Q such that s~la > 0 for every « € @f. Then {Q}
is a set of representatives in { of the left cosets of 2 modulo the Weyl group of M.
By the Bruhat decomposition,

j E(nx, ©, A) dn
N1(@\N1(4)

I O(w, vux)
1€ J N{@\N1(4) (vew ' P@)miNNo(@\No(@))

-exp({4 + pp, Hp(wwnx))) dn,

w,Niwrl (1 M is the unipotent radical of a standard parabolic subgroup of M.
If the group is not M itself the term corresponding to s above is 0, since @ is cuspi-
dal. The group is M itself if and only if s = /7! maps a onto a;. In this case
wylPw, (1 No\Nj is isomorphic to w;INw, (| N;\N;. Therefore the above formula
equals

22 vol(w,N(@)w;* (| N(@)\w,N(A)w;"\N(4))

s€Q(a, a7)

. —1 —1 d .
.‘.w,N(A)w;InN(A)\N(A) O(w; ! nx) exp({A + pp, Hp(w;nx)))dn

The volume is one by our choice of measure. The lemma therefore follows. [
Combining the lemma with the Fourier inversion formula, one obtains

COROLLARY. Suppose that P and P, are associated, and that ¢ and ¢, are as in the
discussion preceding Lemma 1. Then
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F0d1(x) dx

j G(@\G(4)

- (L_)‘““‘ 4 j > (M(s, DO, Oy~ s)) dA,

277'-1 Agtia s=Q(a, ap)
where Ay is any point in pp + a*. O

The proofs of Lemmas 1-6 are based on rather routine and familiar estimates.
This is the point at which the serious portion of the proof of the Main Theorem
should begin. There are two stages. The first stage is to complete the analytic con-
tinuation and functional equations for @ a vector in #°} ., This is nicely described
in [2], so we shall skip it altogether. The second stage, done in Chapter 7 of [1],
is the spectral decomposition of L%(G(Q)\G(A)). From this all the remaining asser-
tions of the Main Theorem follow. We shall try to give an intuitive description of
the argument.

Fix y = (#,, ¥, W). The argument in Chapter 7 of [1] is based on an intricate
induction on the dimension of (4/Z), for Pe ?,. For e #p,,, Pe P,, we are
assuming that E(x, @, A)® and M(s, A)P are meromorphlc on ac. In the process of
proving this, one shows that the singularities of these two functions are hyperplanes
of the formv = {Ae€a¢: <a, 4> = p, pe C, a € Jp}, and that only finitely many
vrmeet at + ia = {A3a¢:{a, Re ) > 0, a € Op}.

Let L%, X(G(Q)\G(A)) be the closed subspace of LA G(Q)\G(A)) generated by
functions ¢(x) where ¢ comes from a function @(/), as above, which vanishes on
the finite set of singular hyperplanes which meet at + ia. If ¢;(x) comes from
®1(4y), for Py € 2,, we can apply Cauchy’s theorem to the formula for

5()hy(x) dx.
5 C@\G(4) $()P1(x) dx
The result is
1 dim A
(2_> j X (M(s, HO(A), Oi(s4)) dA,
Tl a se0(a, ap)
since —sA = s/ on ia. Changing variables in the integral and sum, we obtain

<L.)dimAn(A)—1 Z

27i P2y t€Q(ag,0) s€2(a, ap)
j' (M(s, t DAY, D(t4)) dA
iap
1 >dim A _
<27” ( ;z: rEO(Z-z,al) teQ(az @)

(M, o), 0,0.) da

- (L)‘“’“ * p(ay1 LEL [ (M A 0), M. Ay 10,0) A

27i

= 3 (5[ ), Fph)

P2y

where
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M Fur)= 33 MG A7 00,
re az, aj

and Fp, is defined similarly. Define f.g,l,x to be the subspace of the space f,p,l
(defined in the statement of the Main Theorem) consisting of those collections
{Fp,: P,€ 2,} such that Fp, takes values in #°p, ;. We have just exhibited an
isometric 1somorphlsm from a dense subspace of Lg, , to a dense subspace of
L%, (G(@)\G(4)). Suppose that {Fp,} is a collection of functions in Lg, . each of
which is smooth and compactly supported. Let A(x) be the correspondmg function
in L% (G(@)\G(4)) defined by the above isomorphism. We would like to prove
that /(x) equals

Kx) = 3 n(dg) < ) j E(x, FpA), A) dA.

PPy
If ggl(x) is as above, the same argument as that of the corollary to Lemma 7 shows
that
, —A— dim A
HOOB(x) dx = 3 n(ds)” (1)

5 G@\G (4
. 5 3 (M(r, AFpfA), Dy(rA)) dA.

iay r&Q(ay, ay)
Since the projection of @,(x) onto L3, (G(@)\G(A)) corresponds to the collection
{F,, p,} defined by (1), this equals

)5 ) " o () Fip)

- IG(Q)\G ) h(x)py(x) dx.

We have shown that A(x) = A'(x). This completes the first stage of Langlands’
induction.

To begin the second stage, Langlands lets Q be the projection of LZ(G(Q)\G(A))
onto the orthogonal complement of LZ, x( G(0Q)\G(A)). Then for any ¢(x) and ¢1(x)
corresponding to @(A) and @,(A,), (Q¢ &1) equals

(L)‘i‘"‘ "( I > (M(s, HO(A), Oy~ sA)) dA

2mi Agtia s€Q(a,ay)
~ [ 5 s, 1001y, 04 ) ).

Choose a path in a* from /Ay to 0 which meets any singular hyperplane v of
{M(s, A): s € Q(a, a))} in at most one point Z(x). Any such v is of the form X(v) +
t¢, where tV is a real vector subspace of a of codimension one, and X(x) is a vector
in a orthogonal to rV. The point Z(t) belongs to X(tr) + ¢V. By the residue theorem

(04, ¢1) equals
1 dim A—1 —
(~——) 2 j' Y Res(M(s, NO(A), Or(~ s7)) dA.

27i Z(®+ivv s€0(a, ap)

The obvious tactic at this point is to repeat the first stage of the induction with /A,
replaced by Z(x), 0 replaced by X(r), and E(x, @, 1) by Res E(x, ®, A).
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Suppose that vV = {He a: {a, H) = 0} for a simple root « € ®p. Then ¢V =

ag, for R a parabolic subgroup of G containing P. If ¢ € s#p,,, define
ER(x, 0, N) = Y5 ®(6x)exp({A + pp, H(6x))).
P@\R@)
This is essentially a cuspidal Eisenstein series on the group Mg(A). It converges for
suitable A € a; and can be meromorphically continued. It is clear that
E(x,0,A) = >, EROx, 0, /1)
R@\G@

whenever the right-hand side converges. Suppose that Aex, and 4 = X(xr) + AV,
AV ey, Re AV € pr + af. Then for any small positive ¢,

2
Res,E(x, §, ) = CE(x, 0, 4 + et X () dO
27i

ER 5 5 ¢ A + 27:10X d@
R(O)\G(Q)<27Z'l .“ (6x ce (v)) )

= 2. OV(0x)exp({AY + pr, HR(6x))),

R@@\G@

where

OV(y) = _" ER(y, @, (1 + €)X (x)e=) df,

2xi
the residue at X(x) of an Eisenstein series in one variable. One shows that the func-
tion m — @V(my), m € Mp(Q)\Mg(A), is in the discrete spectrum. Thus

Res.E(x, @, A) = E(x, 9V, AY),

the Eisenstein series over R(Q)\G(Q) associated to a vector @V in QAR cusp- Its
analytic continuation is immediate. Let #,, be the finite dimensional subspace of
H#r consisting of all those vectors @V. By examining Res,M(s, A), one obtains the
operators

M(s, AY): #g,, — Ha,, AVeage,

for s € Nag, ag). Their analytic continuation then comes without much difficulty.

Let &' be the class of parabolic subgroups associated to R. In carrying out
the second stage of the 1nduct10n one defines subspaces L% ,(G(Q)\G(A)) =

LEG(Q)\G(A)) and L2, = L%, and as above, obtains an 1somorphlsm between
them. In the process, one proves the functional equations in (a) of the Main The-
orem for vectors @V € #p,,.

The pattern is clear. For R now any standard parabolic subgroup and & any
associated class, one eventually obtains a definition of spaces #%,,, Ifg,,x and
L% 4(G(2)\G(A)). By definition, #%,, is {0} unless R contains an element of 22,, and
the other two spaces are {0} unless an element of 2 contains an element of 2, . If
2 is the associated class of R, there corresponds a stage of the induction in which
one proves part (a) of the Main Theorem for vectors @V in #%,, and part (b) for
the spaces L, , and L2 ,(G(Q)\G(4)). Finally, one shows that

L{G\G(4) = @ L5, (G2)\G(A)).
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Notice that if R and £ are fixed,
Hp = G;)*#R,x’ l:sv = G'x)f@,x’
and

L5(G(Q)\G(4)) = (;BLé,x(G(Q\G(A))-
The last decomposition together with the Main Theorem yields
(©)) LAG(@)\G(4)) = g(-,BxL%, (G(@\G(A)).

This completes our description of the proof of the Main Theorem. It is perhaps
a little too glib. For one thing, we have not explained why it suffices to consider
only those r above such that tV = {A e a: <{a, A) = 0}. Moreover, we neglected
to mention a number of serious complications that arise in higher stages of the
induction. Some of them are described in Appendix IIT of [1]. We shall only remark
that most of the complications exist because eventually one has to study points
X(r) and Z(x) which lie outside the chamber a*, where the behavior of the functions
M(s, A) is a total mystery.

PART II. THE TRACE FORMULA

In this section we shall describe a trace formula for G. We have not yet been able
to prove as explicit a formula as we would like for general G. We shall give a more
explicit formula for GLj in the next section. In the past most results have been for
groups of rank one. The main references are

4. H. Jacquet and R. Langlands, Automorphic forms on GL(2), Springer-Verlag,
Berlin, 1970.

5. M. Duflo and J. Labesse, Sur la formule des traces de Selberg, Ann. Sci.
Ecole Norm. Sup. (4) 4 (1971), 193-284.

6. J. Arthur, The Selberg trace formula for groups of F-rank one, Ann. of Math.
(2) 100 (1974), 326-385.

We shall also quote from

7. J. Arthur, The characters of discrete series as orbital integrals, Invent. Math.
32 (1976), 205-261.

Let R be the regular representation of G(4) on L2(Z(R)°-G(Q)\G(A)). If & i3,
recall that R, is the twisted representation on L%(Z(R)°-G(Q)\G(4)) given by
Ri(x) = R(x) exp(&, Hp(x))). We are really interested in the regular representation
of G(A) on L2(G(Q)\G(A)); but this representation is a direct integral over & € i3
of the representations R, so it is good enough to study these latter ones. The
decomposition (2), quoted in Part I, is equivalent to

LAZ(R)- GQ\G(d) = D L5 »(Z(R)- G(2)\G(A).

Suppose that fe C(G(A))X. Then this last decomposition is invariant under the
operator Re(f). Re(f) is an integral operator with kernel

K(x,y) = E%Eq)fe(xﬂry),
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where
Sy = [ flaw) exp(<e, Ho(ew)dz,  ue ZRG(A)

The following result is essentially due to Duflo and Labesse.
LEMMA 1. For every N = O we can express f as a finite sum of functions of the form
fr=f% fie CNGA)E. O
Let #£(G) be the set of y = (2, ¥", W) in &(G) such that 2 # {G}. Let Rg, ¢(f)
be the restriction of Re(f) to @p@Pyevrc) Ly, x (Z(R)°G(Q)\G(A)). Then
Reusp e (f) = Re(f) — Re.e(f)

is the restriction of R,(f) to the space of cusp forms. It is a finite sum of composi-
tions R, (/1) Reysp, (f?) of Hilbert-Schmidt operators and so is of trace class. For
each P and y let p,, be a fixed orthonormal basis of the finite dimensional space
#p,,- Finally, recall that a¢ = af is the orthogonal complement of 3 = a; in a.
If Ais in ia®, we shall write /1 for the vector A4 + £inia.

LeEMMA 2. Rg(f) is an integral operator with kernel

Ko = 3 Ta (5 )

1s¥eG) P

j ,-ua{ 2 Ex, I 4e 1O, A)W)}dA.

PERBp, y

The lemma would follow from the spectral decomposition described in the last
section if we could show that the integral over / and sum over y converged and was
locally bounded. We can assume that f = f1 % f2 If

KP,x(f; X, y) = (De; E(x9 IP(A> f) ®’ A)E(y’ ®, A),

a finite sum, then one easily verifies that

|Kp, (fs %, 9) | < Kp, (1 5 (FY)*, %, X)V2 Kp, (f* * /2, 3, )12

By applying Schwartz’ inequality to the sum over y, P and the integral over A, we
reduce to the case that f = f1 % (f1)* and x = y. But then R ¢(f) is the restriction
of the positive semidefinite operator R¢(f) to an invariant subspace. The integrand
in the expression for Kz(x, x) is nonnegative, and the integral itself is bounded by
K(x, x). This proves the lemma. []

The proof of the lemma can be modified to show that Kz(x, y) is continuous in
each variable. The same is therefore true of

Kcusp(x, y) = K(xa y) - KE(xa y)
One proves without difficulty
LEMMA 3. The trace of R, «(f) equals

j 2®@%6@\6( Keusp(X, X) dx. [
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Of course neither K nor K is integrable over the diagonal. It turns out, however,
that there is a natural way to modify the kernels so that they are integrable. Given
P, let 7p (resp. 7p) be the characteristic function of {He ay: a(H) >0, a € @p
(resp. u(H) > 0, e §p)}. (Recall that @ is the basis of a¢ which is dual to @5.)
Then 7p < %p. Suppose that T € q.

LEMMA 4. For any P, Y scpnc@ TP(H(6x)—T) is a locally bounded function of
x € G(A). In particular the sum is finite. [

We will now take T € af. We shall assume that the distance from 7 to each of the
walls of af is arbitrarily large. We shall modify K(x, x) by regarding it as the term
corresponding to P = G in a sum of functions indexed by P. If x remains within a
large compact subset of Z(R)°G(Q)\G(4), depending on T, the functions corre-
sponding to P # G will vanish. They are defined in terms of

KP(x, ) = j Y felringy) dn,

NW@ M@
the kernel of Rf(f), where RP is the regular representation of G(4) on
L2 (Z(R)°N(A)M(Q)\G(A)). Define the modified function to be

KT(x) = 3 (= Ddm@2 Y KP(5x, 9x)2p(H(5x) — T).
P JCP(@\G(@Q)

For each x this is a finite sum. The function obtained turns out to be integrable
over Z(R)°G(Q)\G(A). We shall give a fairly detailed sketch of the proof of this
fact because it is typical of the proofs of later results, which we shall only state.

We begin by partitioning Z(R)?-G(Q)\G(A) into disjoint sets, indexed by P,
which depend on 7. Fix a Siegel set r in Z(R)%\G(A4) such that Z(R)*\G(4) = G(Q)r.
Consider the set of x € r such that u(Hy(x) — T) < O for every ue Bo. It is a
compact subset of t. The projection, G(T), of this set onto Z(R)°G(Q)\G(A4) remains
compact. For any P we can repeat this process on M, to obtain a compact subset of
A(R)°M(Q)\M(A), which of course depends on 7. Let FP(m, T) be its characteristic
function. Extend it to a function on G(4) by

FP(nmk, T) = FP(m, T), ne N(A),me M(A), ke K.

This gives a function on N(A)M(Q)A(R)\G(A). If Q = P, define ¢§ (resp. £§) to
be the characteristic function of

{Heay: a(H) > 0, a € O (resp. p(H) > 0, ue $E)}.

The following lemma gives our partition of N(4)M(Q)A(R)*\G(A). It is essentially
a restatement of standard results from reduction theory.

LEMMA 5. Given P,

Fo(ox, T)rH(H(x) — T)
(Q:PocQcP) 0€Q(Q\P(Q)

equals 1 for almost all x € G(4). O

We can now study the function k7(x). It equals
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(—1ydim@2 3 RO, T)cE(H(Sx) — T)
{Q, P:Po=QcP) IEQ@\G(@)

-#p(H(0x) — T)KP(0x, 0x).

Now for any H € qy we can surely write

to(H)tp(H) = 2 (= Dim(AvADZ(H)eo(H)
{Py, P2: PCP1CP3}
= 2 ol(H),
{P1:P1>P}
where
ob(H) = of(H) = 35 (=1)imAacg(H)zy(H).
{P3:P;oPy}

To study ob, consider the case that G = GL3. Then ay/3 is two dimensional,
spanned by simple roots «; and a;. Let O = Py, and let P, be the maximal para-
bolic subgroup such that a; = {H € ay: a;(H) = 0}. Then ¢} is the difference of
the characteristic functions of the following sets:

Q\\ “@\\\\\

P, =P, P,=G

The next lemma generalizes what is clear from the diagrams.

LeEMMA 6. Suppose that H is a vector in the orthogonal complement of 3 in aq. If
ob(H) # 0,and H = H, + H* H, €a}, H* € ay, then a(Hy) > 0 for each o € O}
and |H*|| < c||Hy| for a constant ¢ depending only on G. In other words H* belongs
to a compact set, while H, belongs to the positive chamber in a}. [

We write kT(x) as

FO(ox, TYob(H(Ox) — T) 3, (=1)dmAWDKP(5x, ox).
QcP; 1sQ@\G(@ (P:QcPcPy)
The integral over Z(R)°G(Q)\G(A) of the absolute value of kT(x) is bounded
by the sum over Q = P; of the integral over Q(Q)Z(R)*\G(A4) of the product of
Fo(x, T)ob (H(x) — T)and

6] | 2 (—U‘“‘““’Z)I Y% fex! npx) dn|.

|(P:QCPCP1) N(4) peM@
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We can assume that for a given x the first function does not vanish. Then by the last
lemma, the projection of Hy(x) onto af is large. Conjugation by x~! tends to stretch
any element yx € M(Q) which does not lie in Q(Q). Since f is compactly supported,
we can choose T so large that the only x which contribute nonzero summands

in (1) belong to Q7(Q) = Q@) N M(Q) = Mg(Q)NE(Q). Thus, (1) equals

(= 1)dim(a/2) J' Sfe(x1pvnx) dnl,

HuEMQ(@) {P:QcP<Py) N() veNh @

which is bounded by

(_l)dim(A/Z)j Se(x 1 pvnx) dn’.

Recall that ng is the Lie algebra of Ny. Let ( , ) denote the canonical bilinear
form on ng. If X € ng, let e(X) be the matrix in N; obtained by adding X to the
identity. Then e is an isomorphism (of varieties over Q) from 1, onto Ny. Let ¢ be
a nontrivial character on 4/Q. Applying the Poisson summation formula to n,
we see that (1) is bounded by

DD s B[ fGoue(Xx) g, D) dX .
P ng(4)

# tenf(@

HEMQ(@) ’(P:QcPcPl) N(4) VEN-S(Q)

If n}(Q)’ is the set of elements in n}(Q), which do not belong to any n5(Q) with
Q < P & Py, this expression equals

2 j no(4) Se(x 71 pe(X)x) (KX, 0D) dXi .

# Leny@)’

Therefore the integral of |k7(x)| is bounded by the sum over Q = P, and e
M(Q) of the integral over (n*, n,, a, m, k) in

Ny(@)\N1(4) x NYQI\NKA) x Z(R)\Ag(R)® x Ag(RY°Mo(Q)\Mo(4) x K
of
F9m, T) ob(H(a) — T) exp(—2{pq, H(a)))

N I e JeET I () e myamk) (X, 0) X

The integral over n* goes out. The integrals over k and m can be taken over com-
pact sets. It follows from the last lemma that the set of points {a~! n,a}, indexed by
those n, and a for which the integrand is not zero, is relatively compact. Therefore
there is a compact set C in Z(R)% G(A) such that the integral of |kT(x)| is bounded
by the sum over Q = Py, u e Mg(Q) and the integral over x € C of

-‘.Z(n)O\Aq(mo exp(—2{pe, H(a))) 0§(H(a) — T)

DN ‘LQ(A)fe(X“l/,ca—le(X)ax)¢(<X, o) dXI da

Ceng @
od(H(a) — T)ZC: ! j-“ow Sfe(x71 pe(X)x)

(X, Ad@DD) dX‘ da.

B j Z(R)NAQ(R)0
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Since f is compactly supported, the sum over y is finite. If Q = Py, ¢} equals 0,
unless of course Q = P; = G, whenitequals 1. If 0 & Py,

Y - j i OO, ) X, Yenda),

is the Fourier transform of a Schwartz-Bruhat function on n}(4), and is con-
tinuous in x. If H(a) = H, + H*, H, € a}, H* € a;/3, H* must remain in a com-
pact set. Since H, lies in the positive chamber of aj, far from the walls, Ad(a)
stretches any element { in ny(Q)’. In fact as H, goes to infinity in any direction,
Ad(a){ goes to infinity. Here it is crucial that { not belong toanyn5(Q),Q =« P &
P,. It follows thatif 0 & P, the corresponding term is finite and goes to 0 exponen-
tially in T. Thus the dominant term is the only one left, that corresponding to Q =
P, = G.Itis an integral over the compact set G(T)). We have sketched the proof of

THEOREM 1. We can choose ¢ > 0 such that for any T € of, sufficiently far from the
walls,

j kT(x) dx = I K(x, x)dx + O(e —9T"). [
Z(R)OG(Q\G(4) o

We would expect the integral of k7(x) to break up into a sum of terms corre-
sponding to conjugacy classes in G(Q). It seems, however, that a certain equivalence
relation in G(Q), weaker than conjugacy, is more appropriate. If z € G(Q), let g,
be its semisimple component relative to the Jordan decomposition. Call two ele-
ments 4 and g’ in G(Q) equivalent if y; and y; are G(Q)-conjugate. Let & be the set
of equivalence classes in G(Q). If v € &, define

KPx,y) = j feoc\ny) dn,
pEM(@)No o N (4)

and

ki(x) = 2 (=D)dm@D 57 K{(0x, 0x)2p (H(0%) — T).
F 5sP@\C@

Then
KT(x) = 25 k%(x).

0E¥
If e G and H is a closed subgroup of G, let H, denote the centralizer of y in H.
LEMMA 7. Fix P. Then for p e M(Q) and ¢ € C 2(N(4)),

(T wl) = 25 (). O
veN (@)

CENys (@\N (@) vEN @

This lemma is easily proved. It implies that for ne®, P(Q)() o=
(M(Q) N o) N(Q). If this fact is combined with the proof of Theorem 1 we obtain
a stronger version.

THEOREM 1*. There are positive constants C and e such that

_‘. |kT(x) — FS(x, T)KS(x, x) | dx < Ce™T.
0€¥ J Z(R)'G(Q@)\G(4)
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The integral of k7(x) cannot be computed yet. What we must do is replace A7(x)
by a different function. Define

JE(x, y) = Fex 11 unly) dh.

#=M@ Mo LeNu,(@\N @ j Ny (4)
It is obtained from KZF(x, y) by replacing a part of the integral over N(4) by the
corresponding sum over Q-rational points. Define

Jix) = 2 (= DinwD 5 J(0x, 6x)tp(H(0x) — T).
P 0cP(\G(@

The proof of the following is similar to that of Theorem 1*.

THEOREM 2. There are positive constants C and ¢ such that

5 |jZ(x) — Fé(x, T)KS(x, x)| dx < Ce™. [
0c% o Z®IG@\G )

Suppose that T is a point in 7 + qf. By integrating the difference of k7 (x) and
kT1(x) one proves inductively that the integral of kZ(x) is a polynomial in 7. The
same goes for the integral of j7(x). Since the integrals of k7 (x) and j7(x) differ by an
expression which approaches 0 as T approaches oo, they must be equal. Summariz-
ing what we have said so far, we have

THEOREM 3.

kT(x) dx = 23 J7(fe),

-‘Z(R) 0G (@\G (4)
where JT(fe) = [z@wc@wcwiTx) dx. O

Suppose that the class o consists entirely of semisimple elements, so that o is an
actual conjugacy class. The centralizer of any element in o is anisotropic modulo
its center. The split component of the center is G(Q)-conjugate to the split com-
ponent of a standard parabolic subgroup. Thus, we can find g, € 0 and a standard
parabolic P, such that the identity component of G, is contained in M, and is
anisotropic modulo 4,. We shall say that the class o is unramified if G, itself is
contained in M,. Assume that this is the case. We shall show how to express JZ(fz)
as a weighted orbital integral of f¢.

Given any P, suppose that € o [ M(Q). Then by the same argument, we can
choose an element s in U p, Q(a,, a;) and an element » € M(Q) such that sa,
contains a, and u = pwuw;y L. Let Q(a,; P) be the set of elements s in
(Jr,Q(a,, ay) such that if a; = sa,, a; contains a, and s« is positive for every root
« in @F . Then if we demand that the element s above lie in (a,; P), it is uniquely
determined. Thus JF(dx, dx) equals

2 Sfe(x7 1071y Ywo w1 L0 x)
s€Q(ag; P) ”EMWS#DW:I(Q)\M(Q) eN@

= N N Fe(x 1071w oW 1L6).

s€0(a5iP)  CEMugw (@)\P(@)

Therefore jI(x) equals
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(- 1ydimtary 3 » Se(x 07w uwitox)2p(H(0x) — T).
P

$0(giP) 0SMyu w! @\G @

LN
Since the centralizer of w,u,w;! in G is contained in M, this equals

Se(x71071udx) 35 (= 1)dim@2) 37 2p(H(wox) — T).
P

3561y (@)\G(@ s<0{ag;P’
Then JZ(f;) equals
2 0 A -1
@ VIARIGL@GLA) [ s D
where
T = { — 1)dim(4/2) 2p( H(w, - T }
" 7) j Z®ON\A, R ;( ) seaé;m Ep(HOwax) ) da

The expression in the brackets is compactly supported in a. In fact it follows from
the results of [7, §§2, 3] that v(x, T') equals the volume in q,/3 of the convex hull of
the projection onto a,/3 of {s717 — s~ H(w,x); s ( Jp a, ay)}. It was Lang-
lands who surmised that the volume of a convex hull would play a role in the trace
formula.

By studying how far JI(f;) differs from an invariant distribution, I hope to
express JI(fe), for general o, as a limit of the distributions for which o is as above,
at least modulo an invariant distribution that lives on the unipotent set of G(A).
However, this has not yet been done.

The study of Kg(x, x) parallels what we have just done. The place of {ve %} is
now taken by {y € #(G)}. Given P, and y € &5(G), define
)dim(AQ/Z)

1
KE —_ P, —1
Z(x7 J’) QZC::Pn (AQ) < 27l

: I,.ug{ 2 EP(x, I(A, )0, A)ﬁm} A,

<R,

where nf(A4g) is the number of chambers in ag/a. Then if P # G,

KP(x,y) = 3. K(x, ).

x=ZEe(G)

The convergence of the sum over y and the above integral over A is established by
the argument of Lemma 2. Define

K(x) = Y (= D)Em@2 Y KEGx, 6x)2p(H(Ex) — T).
P 0P (Q\G(Q)
Then
Kcusp(x’ X) = Z@kz(x) - Z k;(.X')

XeZEe(G)

We would like to be able to integrate the function k%(x). But as before, we will
have to replace it with a new function jf(x) before this can be done.
To define the new function, we need to introduce a truncation operator. In form
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it resembles the way we modified the kernel K(x, x), but it applies to any continuous
function ¢ on Z(R)?- G(Q)\G(A). Define a new function on Z(R)?- G(Q)\G(4) by
(AT)(x) = )5 (—1)ima/D 2. tp(H(ox) —T)
P>oPy

P (@\G (@)

: 5 $(ndx) dn.
N(Q@\N(4)

AT has some agreeable properties. It leaves any cusp form invariant. It is a self-

adjoint operator. These facts are clear. It is less clear, but true, that AToAT = AT.

If y € #£(G), define

JT A1 1 dim (A/Z)
106 9) = Ln o)

AT B e )0, ) ATEC 0, ) | dn.
1aC \gcgp, 4

If we apply A7 to the second variable in Kg(x, y) we obtain X ey, )/ 5(x,y). Define

JEx) = J{(x, x).

THEOREM 4. The function Y yegp))j%(x)| is integrable over Z(R)°G(Q)\G(A).
For any ¥, the integral of j{(x) equals

2 n(A)-1<L>dfm<A/z>

P 27i

: j' j ATE(x, I e, £)0, A)ATE(x, B, 4) dx dA.
i€ OEBp, 5 o Z(R)IG(Q\G(A)

The first statement of the theorem comes from a property of A7. Namely, if ¢
is a smooth function on Z(R)?- G(Q)\G(A) any of whose derivatives (with respect
to the universal enveloping algebra of g(C)) are slowly increasing in a certain sense,
then A7¢ is rapidly decreasing. The proof of this property is similar to the proof of
Theorem 2. The Poisson formula can no longer be used, but one uses [3, Lemma
10] instead. Given the fact that AToAT = AT, the other half of the theorem is a
statement about the interchange of the integrals over x and A. By the proof of
Lemma 2 we can essentially assume the integrand is nonnegative. The result fol-
lows. O

THEOREM 5. There are positive constants C and ¢ such that

j |kT(x) = jT(x)| dx < Ce=dT!,
1eZEG) J Z(RG@\G(4)

It turns out that this theorem can be proved by studying the function k7(x) —
ATK(x, y), at x = y. This is essentially the sum over all y of the above integrand
(without the absolute value bars). The point is that the new function is easier to
study because it has a manageable expression in terms of . [

Combining Theorems 4 and 5, we see that [;@c@)cu) Dress@ kE(X)| dx is
finite. In particular, each k%(x) is integrable. With a little more effort it can be
shown that the integrals of k%(x) and j(x) are actually equal. We shall denote the
common value by J7(f¢). It is a polynomial in 7. We have shown that
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tr Rcusp, E(f) = Z J{(fe) - Z J%;(ff)
0EF 1e&E(G)
for any suitably large T € af. The right-hand side is a polynomial in T while the
left-hand side is independent of 7. Letting J,(f;) and J,(f;) be the constant terms of
the polynomials J%(f;) and J%(f;) we have

THEOREM 6. For any fe CZ(G(A))X,
tr Rcusp, f(f) = Z Jn(ff) - Z Jx(fé) D
0E¥ 1eZLE(G)

Suppose that y = (2, 7", W) and that P e 2. Then if e #p,,, ATE(x, 9, A)
equals the function denoted E"(x, @, A) by Langlands in [2, §9]. This is, in fact,
what led us to the definition of A” in the first place. If ¢’ is another vector in #p,,,
Langlands has proved the elegant formula

_\' E"(x, ©', AVE"(x, B, A) dx
Z(R)O-G(Q@\G(4)
Z Z Z e(tA’+sZ,T> (M(t A')(D’ M( A)(D)
= = 5 > S,
P, (@) s=0@apy [lacp,{tA" + s/, a)

(see [2, §9]. Actually the formula quoted by Langlands is slightly more complicated,
but it can be reduced to what we have stated.) In this formula, we can set A’ = A
and @' = Ip(A, f)®. We can then sum over all @ in %p,, and integrate over A € iaC.
The result is not a polynomial in 7. To obtain J4(f¢) we would have to consider all
P, not just those in the associated class £2. The best hope seems to be to calculate
residues in /4 and A’ separately in the above formula. For GL; the result turns out
to be relatively simple.

PART III. THE CASE OF GL;

In this last section we shall give the results of further calculations. They can be
stated for general G but at this point they can be proved only for G = GLj. Our
aim is to express the trace of R ., ((f) in terms of the invariant distributions defined
in

8. J. Arthur, On the invariant distributions associated to weighted orbital integrals,
preprint.

A trace formula for K-bi-invariant functions has also been proved in

9. A. B. Venkov, On Selberg’s trace formula for SLs(Z), Soviet Math. Dokl.
17 (1976), 683-687.

First we remark that the distributions J7(f;) and JZ(f;) are independent of our
minimal parabolic subgroup so there is no further need to fix P,. If 4 is any Q-
split torus in G, let 2(4) denote the set of parabolic subgroups with split component
A. They are in bijective correspondence with the chambers in 4. In fact, if Pyis a
minimal parabolic subgroup contained in an element P of #(A4), then

2A) = U wi'Pw.
A s=0Q(a, ap)
If P'e #(A), and P’ = w;! P,w,, define

(Mpp(MD)x) = (M(s, HO)wsx), D e H(P).
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Then Mp, p (A) is a map from s#(P) to #(P’), which is independent of P,. Infact,
if Re A€ pp + af,

(Mo )0)x) = | Ox)exp(<A + pp, HAn)))

N(A)NN’(A\N’ (4)
- exp( — A+ ppr, Hp/(x)) dn.

We have changed our notation to agree with that of [8].

A is said to be a special subgroup of G if #(A) is not empty. Suppose that 4 and
A, are special subgroups, with 4 > 4;. We write Q1(a, a),,, for the set of elements
s € (a, a) whose space of fixed vectors in a is a;. Suppose that P; € #(4,) and
Q € 2M1(A), the set of parabolic subgroups of M; with split component 4. Then
there is a unique group in 2(A4), which we denote by P;(Q), such that P,(Q) = P,

and Pi(Q) N M, = Q.

LemMA 1. Suppose that A and A, are as above and that P = P(Q) for some
Py e P(A;) and Q € PMA). Then if A € iay, the limit as A approaches 0 of

2 )MP1(Q)IP(A)_1MP1(Q)|P(A + l)( IT <, a))“

Pie2(4; asPp;

M

exists as an operator on 5 p. We denote it by M(P, A,, /).

This lemma follows from [8]. [J
Fix a maximal special subgroup A4, of G. From Langlands’ inner product
formula, quoted at the end of Part II, one can prove

LemMMA 2. For any y € S (G), J,(f;) equals the sum over all special subgroups A,
and A of G, with Ay = A = Ay, and over s € QM\(a, a),,, of

of o B (M(P, 43, 4)M(s,0) A )0, 0) dA.
iay OEBp, y
Here c; is the product of
1 \dim(Ay2)
(gmr) " W0 (A -[det(l — Ad(5))ue|
with the volume of a} modulo the lattice generated by ®%, and P is any element in
P(A,) which contains some group in P(A). [

Recall the decomposition Ip(/1) = @K, Ip(0% 4). If @, is a smooth vector in
#p(0:) and Re A € pp + af, define

Mpiplo, 00N = [ 0 exp(CA + ppy Hplx)))

-exp (= <A + ppr, Hp(x))) dn,

for x € G(@,). This is the usual unnormalized intertwining operator for a group
over a local field. Then

Mp, () = @ @MP'|P(0§, 2-

LemMA 3. If g, is an irreducible unitary representation of M(Q,), we can define
meromorphic functions rpnp(o, 1), P, P'e P(A), A€ ac so that the operators
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Rpip(0,, 1) = Mpp(0y, 1) - PP (0, )71 can be analytically continued in A, with
the following functional equations holding :

Rpnp(04,4) = Rpnp(0,, )Rp pl0,,7), P, P', P" € 2(4),
and
Rp/pl0y, A)* = Rpp0,-7)-
Moreover if g, is of class 1 and @, is the K -invariant function,
Rpp(0,, )0, = @, O

Suppose that ¢ = ¥),0, is an irreducible unitary representation of M(A4). If
0 = ®,9, is a smooth vector in #p(0) = ®,#5(c,), define

Rp/p(0)D = v®RP’|P(0 0D,

For almost all v, the right-hand vector is the characteristic function of K,. Define
M1 to be the kernel of the set of rational characters of M defined over Q. Then M
is defined over @, and M(A4) = M(A)A(A). Let f be a function in CX(G(A))X, as
in Part II.

LEMMA 4. There is a function ¢ 4(f) in C=(M(A))KNM@D sych that
(m, a)>P4(f, ma),  me M A), ac A(A),

is compactly supported in m and a Schwartz function in a, so that the following pro-
perty holds. If 0 = )0, is any irreducible unitary representation of M(A),

tro(@s(f) =tlim 5 ( II <& @)

-0 P'EP(A)\ acop
tr(Rp p(0) 1Rp p()IE(0, f))-
(The limit on the right exists and is independent of the fixed group P € #(4).) [

Suppose that o is an equivalence class in G(Q). Then M(Q) ) v is a finite union
(possibly empty), o U --- U o¥, of equivalence classes relative to the group
M(Q). If Fu is a function defined on the equivalence classes relative to the group
M(Q), let us write

n
FD = nM(AO)n(AO)_l Z Fny-
i=1

Now we shall define an invariant distribution I, for each o € ¢. The definition is
inductive; we assume that the invariant distributions I, have been defined for
each special subgroup 4, with Z & 4 <= A,. We then define
Lfo =Jfo — 2 IN@af)e)
{A:Z' Ap}

LemMmaA 5. 1, is invariant.

This is essentially Theorem 5.3 of [8]. Note that this lemma is necessary for our
inductive definition, since ¢@4(f) is only defined up to conjugation by anelementin
M(4). O

Suppose that 0 = &),0, is a unitary automorphic representation of M(A). Then
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rpnp(0) = I;I rpp(0,), P, P' e 2(4),

is essentially a quotient of two Euler products and is defined by analytic continua-
tion. If A € iq, let rp. p(A) be the operator on s p which acts on the subspace deter-
mined by Ix(¢¢) by the scalar rp. p(c%). If A o A, define the operator r(P, Ay, A) on
#p by the limit in Lemma 1, with Mp o) p(A) 1 Mp o) (A + A) replaced by
rp,@1P(A) 7 rp @) p(A + A). It commutes with the action of G(4). Finally, for
x € ¥&(G), define i,(f;) by the formula for J,(f;) in Lemma 2, with M(P, 4;, A¢)
replaced by r(P, 4;, A¢). Then i, is an invariant distribution.

THEOREM 1. For any fe C2(G(A))X,
tr Rcusp, E(f) = Z ]o(fE) - Z lx(ff) D
=% 1€SLE(G)

ReMARK. It follows from formula (2) of Part II that if o consists entirely of semi-
simple elements, I, is one of the invariant distributions studied in [8]. Moreover
since G = GLg, it is possible to show that for any o, I, is a sum of limits of the
invariant distributions in [8]. Suppose that f = [],f, and that for zwo places v,

j faix) dx =0, te T(Q) e
T(@)\G(Q,)

for all maximal tori T in G such that Z(Q,)\T(Q,) is not compact. It follows from
the last theorem of [8] that if there exists an element y in a given o which is Q-
elliptic mod Z,

1(fe) = vol(ZRP-GU@\GA) [ filaipn) d,

Gr(A\G(4)

and that I(f;) = 0if no such 7 exists. Moreover, it is easy to see thateach i,(f;) =
0. From this it follows that if {y} is a set of representatives of G(Q)-conjugacy
classes of elements in G(Q) which are elliptic mod Z,

1 R o) = D vol(ZRY-GO\GAN | £y d,

G, (\G(4)
for f as above.
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0-SERIES AND INVARIANT THEORY

R. HOWE

0. Introduction. Historically §-series have been one of the major methods of con-
structing automorphic forms. In [Wi 1] Weil reported the discovery that a certain
unitary representation, also important in quantum mechanics, underlay the
theory of §-series, especially as developed by Siegel [Si 1], [Si 2]. This note is a sum-
mary of work which extends Weil’s representation theoretic formulation of the
theory of §-series. So far, this formulation provides a systematic framework in
which to place recent work by several authors as well as several important older
computations (see [G] for examples). A key feature of this approach is its strong
ties with Classical Invariant Theory, as exposed in [Wy]. Indeed, it would seem that
the theory of §-series is in a sense a transcendental version of Classical Invariant
Theory.

Convention. Throughout F will denote a field, never of characteristic 2. More
precise specifications on F will vary from paragraph to paragraph, and will be
stated at the beginning of each.

1. The Heisenberg group and the Stone-von Neumann Theorem; local case. Let
F be a local field. Let W be a symplectic vector space over F, with form { , ).
Define H(W),the Heisenberg group attached to F by: H(W) = W @ F as set, and
has group law (w, s)(w', s') = (W + W', s + 5" + 3 {w, w).

Let X be a nontrivial character of F.

STONE-VON NEUMANN THEOREM. There is only one equivalence class of irreducible
unitary representations of H with central character y.

We denote this representation by p,. The corresponding representation on the
smooth vectors [C 2], [Wa] will be written p%.

Although this representation is unique up to equivalence, it has, as already
noted by Cartier [C 1], many different concrete realizations which can be organized
into smooth families. This circumstance seems to be at the heart of the theory of
the oscillator representation.

2. The oscillator representation, local case. F continues to be a local field.

Let Sp be the isometry group of ¢, ». The action g((w,s)) = (g(w),s) for g € Sp,
and (w, s) € H(W) embeds Sp into the automorphism group of H(V).

According to [M] there is a unique nontrivial two-fold cover Sp of Sp (except
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if F= C, when we will understand Sp = Sp). Let § - g denote the covering
map.

THEOREM (SHALE-WEIL). There is a representation w, (unique up to unitary equi-
valence) of Sp on the space of p, such that

21 w(&)o,(Ww, (&) = p,(gh)
for geSpandhe H.

To w,, there is a corresponding smooth representation 3. The smooth vectors
of p, and of w, are equal (in any common realization) so p3° and wy act on the
same space.

We call w,, or the corresponding multiplier representation of Sp, the oscillator
representation.

3. Adélization. Let F now denote a global or 4-field. Let v be a typical place of
F and F, the completion of F at v. Let A4 be the adéles of F. If W = W is a sym-
plectic vector space over F then we can form H(W;) and also its adélization
H(W,). As usual H(Wy)is embedded as a discrete subgroup of H(W,), with com-
pact quotient. We will suppress W, and just write H(Wy) = Hp, and H(Wy) =
H,, etc.

Let {e;, f;} be a symplectic basis for W. Let I', be the closure in H, of the sub-
group generated by the elements {(e;, 0), (f;, 0)} of Hy. Then H, is the restricted
direct product of the H, with respect to the I,

Let y be a nontrivial character of 4 with F = ker y. Let {y,} be the local factors
of y. At almost all places, there will be a unique vector ¢, invariant under p, (/7).
Thus we may form a representation p, of H(W),) as the restricted tensor product
of the p,. Since each representation p3’ is admissible [C 2] and each ¢, is a smooth
vector, the smooth subrepresentation p;° of p, is admissible and is the restricted
tensor product of the 3> [F].

Let J, = Sp, be the normalizer of I',. Then Sp, is the restricted direct product
of the Sp, with respect to the J,. We may fit local actions together to obtain an
action of Sp, on H . As locally, there is a two-fold cover Sp, and a representation
w, of Sp, such that the global analogue of (2.1) holds. There is a correspondmg
smooth representation wy. Although Sp, is not the restricted product of the Sp,,
there is a commutative diagram

];Ispv — gpA
G.1) l
IﬂTSpp — Sp,

The products in (3.1) are restricted products with respect to the J,. (For almost all
v (in fact for v not dividing 2), there is a unique lifting of J, to Sp,. We use this
lifting to consider J, a subgroup of Sp, when convenient.) For almost all v the vec-
tor ¢, will be the unique vector fixed by w3(J,), and the pull-back of % to IT,Sp,
is the restricted tensor product of the w3 with respect to the ¢,.

THEOREM (WEIL). There is a unique homomorphism 3: Spp — Sp, such that the
triangle
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gPA
/

Spr Spa

commutes, where the horizontal and vertical arrows are the canonical injection and
projection respectively.

Thus we may speak unambiguously of w,(g), for g belonging to Spj.
4, The O-distribution. F continues as in §3.

THEOREM 4.1. There is a linear functional © on (the space Y of) py which is
invariant by Hy. That is, O(03(h)(»)) = O(y) for he Hp and y € Y. The functional
6 is unique up to multiples.

This result is essentially a strong form of the Poisson Summation Formula.
Results of the same type are in [C 1]. Existence of @ is implicit in Weil [Wi 1], and
exploited classically. Existence of @ is more or less responsible for the lifting 3 of
§3.

Since Spr normalizes Hy, we see by formula (2.1) and the uniqueness of @ that
,(Spr) preserves 6 up to multiples. Since Spy is its own commutator subgroup, 0
will in fact be invariant by Sp. Therefore, if u is a vector in the space of pg, the
function on Sp 4 defined by 0(u)(g) = 0(w,(8)u), g€ Sp, actually factors to the coset
space X =Spy\Sp,. It may also be computed that (u)(g) is of “moderate growth”
at oo on X, so that actually 0(x) is an automorphic form on Sp,. We call §(x) the
theta-series attached to u.

If dim W = 2 and uis chosen appropriately, then 6(u) will be the classical -series
of Jacobi. With somewhat more general «, but still a restricted class, one will obtain
“§-constants with characteristic’ [I]. Thus the §-distribution gives rise to automor-
phic forms which generalize well-known §-series. However, the functions () are
still very special automorphic forms. But if G = Spj is a reductive algebraic sub-
group, then we may restrict 0(x) to G, (where this is the inverse image in Sp, of
G, < Sp,) and thereby obtain automorphic forms on G ,. If G is a relatively small
subgroup, this will produce fairly general automorphic forms on G,. For general
G it will be difficult to be very precise about the nature of 0(u) | G ,, but if G belongs
to a reductive dual pair as defined below then the structure of the §(u)| G, should
be specifiable in considerable detail. It is in this circumstance that the relevance
of §-series to the theory of automorphic forms lies.

5. Reductive dual pairs. Here F is arbitrary (except still not of characteristic 2).

Let (G, G') be a pair of subgroups of Sp. We say (G, G) form a reductive dual
pair if

(1) G and G’ act absolutely reductively on W; and

(ii) G is the centralizer of G’ in Sp and vice versa.

Reductive dual pairs may be classified as follows. If (G, G’) is a reductive dual
pair in Sp, and if W = W, @ W, is an orthogonal direct sum decomposition where
W, and W, are invariant by G - G’, then we say (G, G') is reducible. The restrictions
(G;, G)) of (G, G") to the W; define reductive dual pairs in the Sp(W;). We say that
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(G, G’) is the direct sum of the (G;, G;). If (G, G) is not reducible, it is irreducible.
Any pair is a direct sum in an essentially unique way of irreducible pairs. The
irreducible pairs may be described as follows.

Type 11. There are maximal isotropic subspaces X, ¥ € W with X ® Y = W.
and X and Y invariant by G - G'. In this case there exist:

(a) a division algebra D over F (not necessarily central);

(b) a right D-module X7 and a left D-module X;; such that

(¢) X ~ X; ®p X, in such fashion that (G, G') are identified to (GL(Xy),
GLy(X2)).

Type 1. The joint action of G - G’ is irreducible on V. Then there exist

(a) a division algebra D,

(b) with involution b, and

(c) D-modules V; and V>,

(d) with forms ( , ); and ( , ),, one H-Hermitian and the other h-skew-Her-
mitian; such that

() W~ V1 ® ¥V, in such a way that (G, G') are identified to the isometry
groupsof (, )yand(, ), and

O, > =trp,p((, )1 ®(, )3). Here trp,r is reduced trace. The algebra D
is not necessarily central over F. Although the tensor product of forms over D
does not make sense, when you take traces you get a good F-bilinear form.

REMARKS. (a) Essentially the same classification can be found in Weil [Wi 2] and
elsewhere. It essentially goes back to Albert. It may also be deduced from the
results in [Sal.

(b) Over a local field F a division algebra with involution is either a quadratic
extension or a quaternion algebra over some extension field of F.

(c) Consider a pair (G, G') over a number field F. Suppose (G, G’) is irreducible of
type I, that b is a positive involution on D, that ¥V, ~ D with B-Hermitian form
(x, ), = xy". Then V| >~ W has a b-skew-Hermitian form ( , );. The data D, &,
Vy and ( , ), are 4 of the 7 things Shimura [Sh] uses to specify his PEL-types. The
rest of Shimura’s data arises further on in the development of the theory of reduc-
tive dual pairs. Thus Shimura’s PEL-types arise naturally in the context of reduc-
tive dual pairs. It would be an interesting study to see how much of the work of
Shimura and others on these objects can be understood in terms of the oscillator
representation.

6. Local duality. F is now again a local field.
Let H = Sp be a closed subgroup. Define

Z(H) = {o: ¢ is an irreducible smooth representation of H,
and there exists a nontrivial H-intertwining map a: w3y — o}.

As before, if G = Sp, then G is the inverse image of G in Sp. If (G, G') < Spisa
reductive dual pair, then G and G’ commute in Sp, and so an irreducible admissible
representation of G - G’ will pull back to an irreducible admissible representation
of G x G’. Such a representation has the form ¢ ® ¢’ where ¢ and ¢’ are irreducible
admissible representations of G and G’ respectively. Thus (G - G’) defines (is the
graph of) a correspondence between representations of G and representations of G'.
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Conjecture (local duality). If (G, G') is a reductive dual pair in Sp, then Z(G - G")
is the graph of a bijection between #(G) and 2(G").

REMARKS. (2) If duality holds for irreducible pairs, it holds for all pairs.

(b) By invariant theoretic methods, this conjecture can be shown to “almost” be
true. See §11.

(c) For various pairs (G, G’) such that G or G’ is anisotropic, the duality con-
jecture has been considered by many authors (see [G] for some examples).

It can be established for such pairs by the method of (b). For F = R, the in-
finitesimal methods of Classical Invariant Theory apply directly to prove duality
when G or G’ is anisotropic. See [H 2].

(d) Duality holds also if G or G’ is GL{(D) or Oy, orif G = G’ = Tisatorus. The
theory in these cases amounts more or less to the local theory for L-functions at-
tached to grossencharaktere.

(e) For the pair (GL,(F), GL,(F)) the duality conjecture amounts essentially to
the conjecture made by Weil [Wi 3] about the left and right actions of GL, on M,,.
Weil formulated his conjecture in order to provide a distribution-theoreticrationale
for the theory of zeta-functions of local algebras.

7. The spherical case; correspondences between Hecke algebras. F will be a non-
Archimedean local field of odd residual characteristic.

In general the local duality conjecture may be very difficult; however for appli-
cations to the theory of automorphic forms weaker results may suffice. We will
discuss one such partial result that is particularly relevant for the global theory.

Let © be the integers of F. Let U be a vector space over F, with a form ( , ),
either skew, or symmetric, or Hermitian (with respect to some automorphism of
Fof order 2). If S = U is a set, then we put

S§* = {ue U: (u,s)e 0 for all s in S}.

A lattice in U is a compact open ¢-module. If L is a lattice, so is L*. We say L is
self-dual if L = L*. We say ( , ) is unramified if self-dual lattices for ( , ) exist. If
G is the isometry group of an unramified form, then a standard maximal compact
subgroup is the isotropy group of a self-dual lattice for ( , ). In GL,(D), with D a
division algebra not necessarily central over F, a standard maximal compact is
the isotropy group of any lattice which is invariant under the integers of D.

By an unramified classical group over F we mean

(i) GL,(D), with D unramified over F, or

(ii) the isometry group of an unramified form over F’ where F’ is an unramified
extension of F.

Returning to our symplectic vector space W, we say an irreducible pair (G, G') =
Sp is unramified if both G and G’ are unramified. A general pair is unramified if
each of its irreducible summands is.

The group Sp is always unramified, and the group J defined in §3 (there sub-
scripted J,) is a standard maximal compact subgroup of Sp. As in §3, we can
write J = J x {1, —1} unambiguously. If (G, G’) is an unramified reductive
dual pair in Sp, and (K, K’) are standard maximal compacts in (G, G’), then up to
conjugacy we can assume K and K’ are contained in J. Thus we may write K =
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K x {1, —1} unambiguously, and likewise for K’. So we may consider K and K’
to be well-defined subgroups of Sp.
For an unramified pair (G, G') with standard maximal compacts K, K’, put

(G, K) = {0 € 2(G): 0 admits a K-fixed vector}

and similarly for G’, and for G - G'.

We assume the character y defining w, is unramified, in the sense that O <
ker y 2 7710, where z is a prime of F.

Let C(G//K) be the (Hecke) algebra of K-bi-invariant functions on G. Define
C>(G'//K’) similarly. Let I(K, K') be the vectors fixed by wy(K) and by w3 (K').
Then obviously w7 (C(G//K)) leaves I(K, K’) invariant so that we may consider
the restrictions w3 (C(G//K)) | I(K, K').

THEOREM 7.1. (a) Z(G - G', K- K') is the graph of a bijection between %(G, K)
and #(G', K').

(b)Ifo @ o' e (G - G') and 5 is in R(G, K), then ¢’ is in B(G', K').

(©) The restrictions w7 (CZ(G//K))|I(K, K') and wF(CX(G'//K")) | I(K, K') are
the same algebra of operators.

8. Global duality. F is now again a global field. Associated paraphernalia are as
defined in §3.

If G = Sp is an algebraic group over F then we can consider G, < Sp,. In an-
alogy with the local case, we can define

#(G,) = {0:0 is an irreducible admissible representation of G,
and there exists a nontrivial G, intertwining operator a: w§ — o}.

Each ¢ in #(G,) will be a tensor product of local representations in the same
sense that w§ is, and it is easy to see that 2(G ) itself will be the restricted product
of the #(G,) with respect to the compact subsets 2(G,, K,) where K, = G ) J,,.

Conjecture (global duality, part 1). If (G, G') = Sp is a reductive dual pair, then
A(G , - G, is the graph of a bijection between 2(G ) and 2(G,).

We note that this conjecture would follow directly from the local duality conjec-
ture together with the theorem of §7.

Let G = Sp as above. By the theorem of §3, we can consider G to be a subgroup
of G ,. Let «/(G ) denote the slowly growing smooth functions on G\G,. Let ¢ be an
irreducible admissible representation of G,. We will call ¢ automorphic if there
exists a G, embedding 8: ¢ —» (G ,). (This notion of automorphic representa-
tion is slightly more restrictive than the usual one [P].)

A natural complement to the conjecture just above is

Conjecture (global duality, part II). In the above bijection between #(G,) and
#(G,), an automorphic representation of G, is matched with an automorphic re-
presentation of G/, and vice versa.

This conjecture is in fact more than just a convenient addition to the first con-
Jjecture. Like the local duality conjecture, the theorem of §7, and indeed, the whole
of the theory, it has a basis in invariant theory.

9. Transcendental classical invariant theory (non-Archimedean case). Here F will
be a non-Archimedean local field of odd residual characteristic and integers O.
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We will sketch here how the conjectures and results of §§6, 7, 8 are related to in-
variant-theoretic considerations. For economy of space, we will only consider a
non-Archimedean field. Unfortunately, this case is more than one short step re-
moved from the algebraic classical invariant theory of [Wy], and the strong rela-
tions may not be immediately clear. For a recasting of classical invariant theory in
terms of reductive dual pairs, including a proof of the local duality for pairs (G, G')
over R where G or G’ is compact, see [H 2].

The first necessity for invariant theory is a supply of “natural” invariants. To
provide these we return to the symplectic vector space W and the Heisenberg
group H = H(W). Let y be a nontrivial character of the center of H. For any sub-
group A = H, we define 4* to be the centralizer of 4 in H modulo the kernel of y.
If A = A* we say A polarizes y. If A polarizes y, then F (here considered as the
center of H) is contained in 4, and 4 = (4 | W) @ F. The set A (| W will be a
subgroup of W, hence a Z, -module. If A N W is an O-module, O being the inte-
gers in F, we will say A is an F-polarization or a polarization over F. Let (2 denote
the set of all polarizations and Q the subset of F-polarizations. The action of Sp
on H permutes the polarizations. If dim W = n, then Qr consists of n + 1 orbits
for Sp.

If A = H polarizes y, then there is a unique extension y, of y to 4 such that
AN W< ker g

THEOREM 9.1. Let the representation p3° be realized on a vector space Y. For each
polarization A of y there is a linear form A4 on Y such that

(CRY) Aa(07(@)y) = xa@Asy) foraed,yeY.

The functional 4, is specified up to multiples by equation (9.1). The resulting
map 2: Q — P(Y*) embeds 2 as a compact subset in P(Y*). The map 2 is
equivariant for the natural actions of Sp on  and on P(Y*).

Since P(Y*) has a natural topology, the map 2 implicitly topologizes Q. In this
topology Q is a closed subset of 2 and each Sp orbit in Q has its natural topology.
We can label the Sp-orbits in Qp by {Q%}%, in such a way that Q% is open and
dense in ()7, Q%. Thus Q% is the unique closed orbit. It consists of polarizing 4
such that 4 (| W is a maximal isotropic subspace of W. Also Q% is the unique open
orbit. It consists of 4 such that 4 | W is a lattice (an open compact O-module) in
w.

The way Q2 is used to produce invariants is as follows. If G < Sp, and 4 € Q,
and 4 is invariant by G, then 1, must be invariant up to multiples by w$"(G). Thus
there is a quasi-character ¢, on G such that

9.2) WS (@) Ag = Pa(g) A4 for gel.

Thus the existence of G-fixed points in Q leads to the existence of at least quasi-
invariant linear forms on Y, and these forms will often be invariant. The analogy
with construction of automorphic forms (f-series) by means of the @-distribution as
formulated in §4 is clear. This analogy will be developed further in §12. This is also
essentially the basis of the First Fundamental Theorems of classical invariant
theory, though the parallel is perhaps not so immediately seen.

Let (G, G') = Sp be a reductive dual pair. If 4 € Q% is G-invariant, let ¢, be the
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quasi-character of G attached to 4 as in (9.2). For any g’ in G’, we see that g'(4)
will again be G-invariant, and that ¢, and ¢, 4 will be equal. Thus if we let
Q%(G, ¢) be the set of points 4 in QF which are G-invariant and such that ¢ = ¢,
then Q#(G, ¢) is a union of G’ orbits.

Since 2(Q%(G, ¢)) is a compact “‘subvariety” of P(Y*), the restriction of the hy-
perplane section bundle defines a line bundle

L(G,¢)=L

2(Q%(G, ¢)

Let Sec*(L) denote the space of smooth sections of L. The evaluation of points of
the inverse image in Y* of 2(Q%(G, ¢)) defines a linear map e: ¥ — Sec*(L(G, ¢)).
The evaluation map e is clearly G’ equivariant. We have the dual to e, e*:
Sec*"(L) — Y*. Clearly the image of e* will consist of eigenfunctionals for w3"(G),
with eigencharacter (.

THEOREM 9.2. If Q%(G, ) is nonempty, then it consists of a single G' orbit. Further
L(G, ¢) is then a G’ homogeneous line bundle over Q%(G, ). Finally, if p is any linear
Sunctional on Y such that oy (§)p = (§)u for g€ G, then u = e*(v) for some dis-
tribution y in Sec™*(L).

10. The spherical case. F and other objects are as in §9.

The subgroups of H comprising Q% are compact modulo the center; because of
this, Theorems 9.1 and 9.2 have analogues for Q% which are somewhat more direct.
We formulate them.

THEOREM 10.1. For every A € Q%, there is a vector y 4 in Y, unique up to multiples,
such that p(a)ys = ya(@)y4 for ac A. The map A — y, is equivariant for the
relevant actions of Sp on Q% and P(Y).

Let (G, G') be an unramified reductive dual pair in Sp and let (K, K’) be a pair of
standard maximal compacts of K and K’, both contained in the standard maximal
compact J of Sp. As explained in §7, we can consider J, hence K and K’, to be em-
bedded in Sp. Let L < W be the self-dual lattice fixed by J. Assume that y is
unramified in the sense of §7. Then 4 = L ® F = H polarizes y. Since J normal-
izes A, the vector y, will be w3’ (J)-invariant up to multiples. Since (except when the
residue class field of Fis 3 and dim W = 2, a case which can be dealt with sepa-
rately, but which we will exclude) J is perfect, we see y, will actually be invariant
under w3 by J, and a fortiori by K and K’.

THEOREM 10.2. For f'e C2(G'|K’), define y(f) = wF(f)(y4). Then 7 is a surjection
Srom CX(G'[K') to I(K), the space of K-fixed vectors in Y.

Since every irreducible admissible representation of G’ with a K’ fixed vector is
a quotient of C°(G'/K’) in a unique way, and since C2(G'/K')K = C=(G'//K’)
is a commutative algebra with 1 (hence a cyclic module for itself) Theorem 7.1
follows from Theorem 9.4.
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11. Doubling variables and local duality. Fand other objects continue as in §§9
and 10.

We will now describe how Theorem 9.2 can be used to attack the local duality
conjecture. For an irreducible admissible representation ¢ of G, let Y, be the quo-
tient of Y by the kernel of all G-intertwining maps from Y to (the space of) ¢. Then
¥ (G) evidently factors to a multiple of ¢ on Y, and it is not hard to see that the
kernel of the quotient map from Y to Y, is G’-invariant, so Y, is actuallya G x G'-
module. As such, it must have the form ¢ ® ¢ where 7 is some smooth module for
G'. The condition that (G - G") is an injection from %(G) to #(G’) (terminology as
in §6) amounts to saying that whenever Y, # {0}, the representation 7 should have
a unique nontrivial irreducible admissible G’-module ¢’ as quotient.

We will consider the question of uniqueness of ¢, which is more crucial than
existence. We will suppose that o*, the (smooth) contragredient of ¢ is a quotient of
¥, where § = y~1is the character of F inverse to y. This will be automatically so
if ¢ is unitary or even quasi-unitary. Let YV be the space of wg and let Y be the
maximal quotient of YV on which G acts by a multiple of g*. Then Y)Yisa G x G'-
module of the form ¢* ® 7V where 7V is another G’-module. Therefore Y, ® Y)Y
isa (G ® G) x (¢"® G')-module of the form (¢ ® ¢*) ® (r ® V). Let G, be the
diagonal subgroup in G x G. Then the restriction of ¢ ® o* to G, contains the
trivial representation uniquely as a quotient. Therefore if (Y ® YV),; is the maxi-
mal quotient of ¥ ® YV on which G, acts trivially, we see that r ® 7V will be a
G’ x G’ quotient of (Y ® YV),. Therefore if we can analyze (Y ® YV), as G’ x G'-
module, and in particular if we can show that the only irreducible quotients it ad-
mits are of the form ¢’ ® ¢'*, where ¢’ is an irreducible admissible representation
of G’, then we shall have established a reasonable approximation to the local duality
conjecture. Indeed, passing back through the above analysis, one can easily extract
3 or so technical conjectures which together would be equivalent to the local duality
conjecture.

The point of the above reduction is that (¥ ® YV); can be described by means of
Theorem 9.2. Specifically, let 7~ be the symplectic vector space whose underlying
space is W, but whose symplectic.form is — ¢ , ), the negative of the form on
W. By way of contrast, we will then also write W+ for W.Put 2W = W+ @ W-
as symplectic vector space. We call 2 the double of W. We can form HQ2W)
according to the recipe of §1. We may define injections i; and i, of H(W) into HQW)
by the formulas
(11.1) (v, £) = (v, 0)1), forwe W, teF.

ip(w, ) = ((0, —w), —1)
Thus iy x ip: H(W) x H(W) - HQW) is a surjective homomorphism with the
diagonal of the centers as kernel. Let y be a character of F and let 2p, be the cor-
responding representation of H(2W). Then it is easy to see that

(11.2) 20,0 (i X i) =~ p, @ px
(outer tensor product).

Let Sp(2W) be the symplectic group of 2, and Sp(W) the group of W. We have
two embeddings of Sp(#¥) into Sp(2 W), compatible with the maps of (11.1):
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13 @0 = (g0mwd) ), and (w1, wy) € 2.

i) (w1, wp) = (w1, g(ws))
These maps lift uniquely to maps between Sp’s. Let 2 w, be the representation of
Sp(2W) defined by (2.1). Just as for (11.2), it is easy to see that

(11.4) 200 o(iy X ) = 0, ® wy

(outer tensor product).

Let (G, G') be a reductive dual pair in Sp(W). Then it can be shown there is a
group 2G’ such that (i; x i(Gy), 2G’) form a dual reductive pair in Sp(2W). The
group 2G’ is to G’ as Sp(2W) is to Sp(W). In particular i;(G’) x iy (G') € 2G'.

From this doubling construction, we see that the space (Y ® YV), defined above
is described as a 2G’-module by Theorem 9.2. By restriction we can investigate its
structure asa G’ x G'-module. Doing so we find that the duality conjecture is cer-
tainly true if G or G’ is compact, and in general is “almost” true. It remains in the
general case to remove the “almost”. For more details in the case of finite fields.
see [H 1].

12. Global invariants. In this section, F is a global field, and has associated struc-
tures as in §3.
Given an F-module M = W,, put

*={xeW,{x,m)eF, allme M}.

If M = M*, we will call M a global polarization of W. To each global polarization
M we can associate the closed subgroup M @ F = H (W). The following analogue
of Theorems 9.1 and 10.1 extends Theorem 4.1. Let the space of global polariza-
tions be denoted Q.

THEOREM 12.1. Let the representation p, of H 4 be realized on a space Y. For every
M e Q,, there is a linear functional 0, on Y, unique up to multiples, such that

0 (x) 0y = 0y forxeM @ Fc H,

The resulting mapping 2: Q, — PY* is an Sp, equivariant embedding of Q, with
compact image.

Evidently W, = W, is a global polarization and 2(W;) = @ is the §-distribution
of §4. The isotropy group of W in Spa is Spp, so the Sp, orbit of @ is ~ Sp,/Sp.
a global version of the Siegel upper half-plane. Also the Sp, orbit of O is the unique
open orbit in 2(Q,) and is dense, so that Q, is a compactification of Sp,/Spy. The
embedding 2 is a global analogue of the projective embeddings of the Siegel modu-
lar varieties studied by Igusa [I], and they can be derived from it. F. Herman is
studying this problem. It seems it may also be fruitful to study the canonical models
of Shimura [Sh] from this viewpoint.

As in §9, the hyperplane section bundle over PY* induces a line bundle L over
2(R2,), and there is an evaluation map from Y to sections of L. These sections are
just the O-series of §4 and antiquity. (Since @ is actually invariant by Spy,, the bundle
L is Sp ,-equivariantly trivial over the orbit of ©, and an Sp,-invariant cross-section
of L results by taking the Sp, orbit of @. The restriction of sections of L to this
cross-section is the §-series.) The fact that the #-series extend to sections over all of
2(Q,) guarantees their good behavior ““at oo™ on Sp ,/Spg-
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Let (G, G') be a reductive dual pair in Spy. The f-distribution is Spy-invariant,
hence G-invariant. Thus the whole G orbit of @ in 2(Q,) consists of G-invariant
functionals. In analogy with Theorem 9.1, which itself is in analogy with classical
invariant theory, we might expect that we would get all G-invariant functionals this
way. We formulate a weak version of this precisely.

Conjecture (weak global invariants). Let Y1 < Y be the kernel of all Gg-invariant
functionals on Y; and let Y, be the intersection of the kernels of wy'(g")@ for all
g inG,. Then Y, = Y.

If Gy\G is compact, then this conjecture implies that every automorphic repre-
sentation in #(G,) is obtainable by taking §-series on G, - Gy and integrating
against some function on Gp\G,. In particular, the weak global invariants conjec-
ture plus the first global duality conjecture would imply that if ¢ € 2(G ) is au-
tomorphic then so is ¢’ € #(G,), proving one direction of the second global dual-
ity conjecture. Still when Gy is anisotropic, another point of view towards the global
invariants conjecture is that it provides a local-global principle: if ¢ is an au-
tomorphic representation whose local components are everywhere quotients of the
local oscillator representation, then ¢ is obtained by §-series. In conclusion, it seems
fair to say that the major facts one would like to know about correspondences be-
tween 0-series are intimately related to invariant-theoretic considerations.
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EXAMPLES OF DUAL REDUCTIVE PAIRS

STEPHEN GELBART*

This note is meant to complement Howe’s paper [Ho 1] by giving concrete down-
to-earth examples of dual reductive pairs and the automorphic forms and group
representations which arise from them; I am grateful to Howe for explaining his
theory of the oscillator representation to me.
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1. Historical remarks. In 1964 Weil singled out a natural representation of the
symplectic group (the Segal-Shale-Weil-metaplectic oscillator representation) in
order to give a group theoretical foundation for the classical theta function

oo

0(z) = ), exp(2zinZz).

n=—oo

For SL(2, F) this representation acts in L2(F) according to the formulas

7,0 %) 00 = 2 390

and
Tx<—(1) (l))d)(x) = r@(x).

Here y is a fixed character of F and 7 is an eighth root of unity which depends on
x- For Sp(2m, R) the oscillator representation acts in L%(R”) through similar
operators.

In 1966 Shalika and Tanaka tensored 7, with T to produce a representation of
SL(2, F) in L2(F?2) which commutes with the natural action of O(2) and decomposes

AMS (MOS) subject classifications (1970). Primary 10C30, 10D15, 22E50, 22E55.
*Alfred P. Sloan Fellow.

© 1979, American Mathematical Society

287



288 STEPHEN GELBART

according to the latter group’s representation theory. In this way Shalika and
Tanaka constructed discrete series representations of SL(2, F) and reformulated
earlier results of Hecke and Maass on the construction of theta series with gros-
sencharacter. For Sp(2m, R) an analogous 2m-fold tensor product of oscillator re-
presentations acts in L2(R2»*m) through the operators

w(§ 1) 000 = explai tr XNXODX),

(.1
0§ (1) OCX) = 1 det Al (X A).

and

(1.2) wx(—(l)m I(,”) (X)) = i P(X).

This representation decomposes into discrete series representations of Sp(2m, R)
indexed by certain irreducible representations of O(2m, R) (namely those which
occur in the natural representation of O(2m, R) in L%(R?"*m) given by left matrix
multiplication); cf. [Ge 1] and [Sa].

Howe’s recently developed theory of the oscillator representation reformulates
and refines Weil’s theory so as to “explain” the above results and point the way
towards new ones. A key notion of the theory—the concept of a dual reductive pair
—formalizes that natural duality (already experimentally observed) between the
symplectic and orthogonal groups. To describe this phenomenon more concretely
the notion of a Schrodigner model is crucial.

2. Schrodinger models. We adopt the notation and definitions of [Ho 1]. Thus
F is a local field not of characteristic 2, V is a symplectic space defined over F,
H(V)is the Heisenberg group attached to V, y is a fixed nontrivial character of F,
p, is the irreducible unitary representation of H attached to y, and Sp(V’) is the
isometry group of the symplectic form {, > on F. Recall that H(V) is a central
extension of V by F.

Let Sp denote the nontrivial 2-fold cover of Sp(¥) (whose existence and unique-
ness is assured by [Mo]). The oscillator representation w, is the unitary representa-
tion of Sp in the space of p, such that

@1 0 (8o (hw, (&) = p,(g(h)

for all g € Sp and % € H. This representation is unique up to unitary equivalence,
and it is “genuine” in the sense that it does not factor through Sp(¥). The cor-
responding multiplier representation of Sp(¥) is again denoted by w,.

To describe a Schrodinger model for w, (and p,) we need the notion of a com-
plete polarization of V. This is a pair of subspaces (X, Y) of V satisfying the follow-
ing properties:

(i) X and Y are isotropic for {, ), i.e., {, > istrivial on X and Y; and

iHxevy="r.

With respect to this polarization, the space of p, is LX) and the action of H(V)
is given by
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0,((x, 0))f(x") = f(x' — x), x, x' €X,
(2.2) o, (3, 0)f(x") = y(y, ¥ D)f(X), yeV,x' ek,
0,(0, D) f(x') = x(1) f(x), teF, x eX.

The corresponding Schrédinger model for w, is more difficult to describe. Thus we
first restrict our attention to some distinguished subgroups of Sp(V).

Let P(Y) (resp. P(X)) denote the subgroup of Sp(¥) which preserves Y (resp. X),
and let N(Y) denote the subgroup which acts trivially on Y. If M = M(X,Y) =
P(X) N P(Y), then P(Y) is a semidirect product of M and N(Y). Using(2.1) and
(2.2) we find that

(2.3) w,Mf(x) = (=% <{x,nx)) f(x), xeX,neN(Y),
and
2.4) o, m) f(x) = p(m)f(m1x,) xeX,meM.

In the Schrédinger model for w, then, N acts by multiplication by a quadratic
character, and M simply acts linearly (the factor p(m) being roughly the square
root of the modulus of m acting on X; cf. (1.1)).

Rather than attempt a general description of w, outside P(Y), we refer the reader
to the many examples of this paper; recall that matrices of the form [}¢] and
[93] generate SL(2, F).

3. The pair (Sp(Vy), O(Uyp)). The general notion of a dual reductive pair is de-
scribed in [Ho 1]. The basic example we treat in this paper simply formalizes the
special features of the Sp(2m, R) example just discussed.

Let (Vy, {, Do) denote any symplectic vector space, and (Uy, ( , )) any orthogonal
one. Put V = ¥V, ® Uy, and define a form {, ) on V' by

v u, vV @ u'y = v, Vo {u, u" )

for v, v e ¥y, and u, u' € Uy. Then (¥, <, ) is a symplectic space, and (Sp(V}).
O(Uy)) is a natural dual reductive pair in Sp(¥). In particular, the groups Sp(¥Vy)
and O(U) are each other’s centralizers in Sp(¥). ((Sp(2m, R), O(2m, R)) is
such a pair in Sp(¥), with ¥V = R*» @ R = V; ® U,.

If (X,, Yy) is a complete polarization of Fy, let X = Xy ® Upand ¥ = Yy ® U,.
Then (X, Y) is a complete polarization of V. Moreover—according to §2—the
Schrodinger model for w, in LX) is such that O(Uy) acts linearly. On the other
hand, if (X;. Yp) is a complete polarization of O(Uy)—which is possible only when
U, is split—then the spaces X = Vy ® X; and Y = V, ® Y, provide a polariza-
tion of V' with respect to which w,(V)) (not O(Uy)) acts linearly. In either case, the
problem is to describe the decomposition of w), restricted to Sp(¥p) - O(Uy).

Over R one has the following generalization of the results alluded to in §1; cf.
[Ho 2]. Let Spyand O, denote the inverse images of Sp(¥;) and O(Uy) in Sp(¥V). Then
wx(gpo) and wx(ﬁo) generate each other’s commutants (in the sense of von Neu-
mann algebras) in the algebra of bounded operators in the space of w,. Further-
more, there is a discrete direct sum decomposition

0 l8p5, Z 7 ® 0;
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where 7; is an irreducible representation of Sp, of holomorphic type, and ¢; is an
irreducible finite-dimensional representation of Opy; the representations g, and 7;
determine each other, and the resulting bijection

3.1 0, T;

may be computed using classical invariant theory.

These results, already valid for the pairs

(i) (Sp(2m, R), O(n, R)) in Sp(2nm, R), with n, m positive, also extend to cover
the pairs

(ii) (U,, Uy,,) in Sp2n(p + ¢), R), and the pairs

(iii) (Sp(p, 0), 0*(2n)) in Sp(4np, R).

Thus—in addition to generalizing [Ge 1]—these results also contain earlier works of
[GK] (which treats (i) with n = 2m, (ii) with n = 2p and p = ¢, and (iii) with
p = 2n) and [KV] (which treats (i) and (ii) with no restrictions).

We shall call the correspondence which results from the “duality” of the pair
(Sp, O) the duality correspondence.

Now consider an arbitrary local field F and an arbitrary subgroup H of Sp. Let
R(H) denote the set of irreducible smooth representations of H for which there is
a nontrivial H-intertwining map from the smooth vectors of w,. Then if (G, G)
is a dual reductive pair in Sp, R(G- G)' should be the graph of a bijection (or
duality correspondence) between R(G) and R(G'); cf. (3.1) and [Ho 1]. Though
unproved in general, this conjecture has been established when G or G’ is com-
pact. The examples later on give more motivtiaon for the theory.

4. Adelization. Now let F denote an A-field not of characteristic 2, v an arbitrary
place of F, O,thering of integers of F,, 4 the adele ring of F, and y = [];, a non-
trivial character of F\A4. If V is a symplectic space defined over F, then for each v
the groups and representations H, = H(V/F,), Sp, = Sp(V/F,), Sp,, 0Ox,» and wy,
are defined as in §2.

As explained in [Ho 1], one can make sense out of the restricted direct product
&wy, and use it to define a multiplier representation w, of Sp, = Sp(V,). If Spa
denotes the 2-fold cover of Sp, determined by the product of the cocycles defining
Sp, then w, also defines an ordinary representation of Sp.

A fundamental property of the global representation w, is that it splits over the
rational points Sp(F) = Sp(V/F); cf. [Wel. If (X, Y) is a complete polarization of
V and 6 is the distribution on the Schwartz-Bruhat space #(X(4)) defined by
(D) = Xecxm D), then 0 is Sp(F)-invariant. In particular, the functions

04(8) = 0(w,(8)P)
2, (w0, ()0)&)
e XTh

are automorphic functions on Sp, (slowly increasing continuous functions which
are left-Sp(F)-invariant).

The basic goal of the global theory of the oscillator representation is to describe
the automorphic forms and representations which arise from the §-distribution
through functions of the form (4.1). As in the local theory, a great deal of structure
is introduced by considering dual reductive pairs in Sp,. If (G, G) is such a pair,
it follows from the local theory that there should be a duality correspondence

(.1
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between representations of G and G’ which intertwine with w,. Moreover, this
bijection should pair automorphic representations of G with automorphic repre-
sentations of G'. For a precise description of what to expect in general, see [Ho 1].
Rather than pursue the general theory, we refer the reader to the examples of §6.

5. Local examples. Throughout this section, F is a local field not of character-
istic 2, y is a fixed character of F, ¥ is the space F? equipped with the skew form
x1Y2 — X1, Uy is the orthogonal space F* with quadratic form ¢g,and V = V, ® Uj,.
Then Sp(Vy) = SL(2, F), O(Up) = O(g), and the problem is to describe w,
restricted to SL(2, F) - O(Uy). Recall that we may choose a polarization in ¥V so
that w, acts in L%(F*) according to the formulas

5.1 wlp DI = xbaC0) 1000,
and
(52) w9 O = 1@, DS 0.

The orthogonal group acts linearly in L2(F7) through its natural left action in F7.
A. The anisotropic case. Assume that F is nonarchimedean and ¢ is anisotropic.
Then n £ 4, O(g) is compact, and

(5.3 o, lsLe mo@ = L w0) ® 0.

Here the sum is over ¢ in R(O(g)) and the multiplicity of each z(¢) ® ¢ is one (cf.
[RS 1]). It remains to describe R(O(q)), R(SL(2, F)), and the resulting duality
correspondence.

Case (i):n = 1. In this case, g(x) = ax? with ae F*, O(g) = {£1}, and the
corresponding representations of SL(2, F) act on the space of even or odd func-
tions in L2(F). More precisely, if ¢ is the trivial representation of O(g), then z(s)
(defined by formulas (5.1), (5.2) restricted to the space of even functions) is the
unique subrepresentation of an appropriate nonunity principal series representa-
tion of SL(2, F) at s = —1/2; if ¢ is the nontrivial representation of O(g), then
7(o) (defined by (5.1), (5.2) acting in the space of odd functions) is a supercuspidal
representation of SL(2, F) which is “exceptional” in the sense explained later in
§6; for more details, see [Ge 2], [G-PS], and [Ho 3]. Note that ax? and bx? lead to
equivalent oscillator representations if and only if ab=! € (F#)2. In case F = R,
the pieces of w, are square-integrable with extreme vectors of weight 1/2 and 3/2.

Case (ii): n = 2. Let U denote a quadratic extension K of F equipped with the
inner product derived from its norm form ¢g. Then O(q) is the semidirect product
of the norm 1 group K! in K with the Galois group of K over F. In this case each ¢
in R(O(g)) can be described in terms of a character of K! and most of the repre-
sentations of R(SL(2, F)) are supercuspidal. For further details, see [ST], [Cas],
[G], or [RS 1]; in [ST] the correspondence is 2-to-1 because K! (the special or-
thogonal group) is used in place of O(Up). This example is historically important
because Shalika and Tanaka were the first to use the oscillator representation to
construct an interesting class of irreducible representations.

Case (iii): n = 3 [RS 1]. Let H denote the unique division quaternion algebra
over F, HO the subspace of pure quaternions, and ¢, the restriction of the reduced
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norm form on H to H®. Then every anisotropic ternary form g over F is equivalent
to one of the forms agqs with a in F*/(F*)2, and every irreducible representation ¢ of
O(q) belongs to R(O(q)) (SO(g) is isomorphic to (H%). In [RS 1] it is also shown
that the corresponding representations z(s) of SL(2, F) are square-integrable, and
in fact exhaust the class of all such ‘“genuine” representations (at least when the
residual characteristic of F is odd).

Case (iv): n = 4. Let U, denote the division quaternion algebra H defined over F
and equipped with the inner product derived from the reduced norm form ¢g. Then
though O(g)is not the same as H*, each ¢ in R(O(g)) corresponds naturally to an
irreducible representation of H*, all such representations of H* thus arise, and each
n(o,) in R(SL(2, F)) is square-integrable. Actually, z(c,) extends in a unique way
to arepresentation z'(¢,) of GL(2, F,) such that '

70§ o) = 0@

and the resulting duality correspondence g, <> 7'(g,) is onto the set of classes of
square-integrable irreducible representations of GL(2, F,); for further details,
see [JL].

Note that Case (iv) is analogous to Case (iii) in that the z(¢)’s of the local duality
correspondence are characterized by their square-integrability. Only in Case (ii)
is a neat characterization of R(O(g)) lacking.

B. The noncompact (real) case. Assume that F = R and y(u) = e?7*, Let O(q)
= O(k, I) denote the isometry group of the standard quadratic form of signature
(k, 1) on R*, with n = k + I. In [ST] Strichartz has essentially given a decomposi-
tion of the natural action of O(q) in L¥R"), i.e., of w, restricted to O(q). Using
results of [Re] on the tensor product of representations of SL(2, R), Howe has
proved the following version of his local duality conjecture:

[9)

. zfﬂé@USds

SL(2,R)-O(q)

where ds is a Borel measure on the unitary dual of SL(2, R), ¢, and ¢, are irre-
ducible unitary representations of O(k, [) and SL(2, R) respectively, and ¢, and ¢
determine each other almost everywhere with respect to s. The resulting corres-
pondence ¢, — w(o;) = o, is particularly interesting for the discrete series repre-
sentations in R(SL(2, R)) and R(O(q)). For complete details, see [Ho 4] and [RS 2];
the case (k, ) = (2.1) is described in [Ge 2].

C. Noncompact p-adic case. An interesting example arises when we replace the
quadratic extension of example 5.A(ii) by the hyperbolic plane F? equipped with
inner product ((x, y), (x’, ")) = xx’ — yy'. In this case O(Uy) splits. Thus we can
find a polarization of V left fixed by S,(Vy) = SL(2, F) (take Xy = {(x, x):x € F}
and Y, = {(x, — x): x € F}). The corresponding Schrodinger model for w, then
makes SL(2, F) act linearly in L%(F?). More precisely, w,(8)f(%) = f(g7'(?)). So
since functions on F2 — {0} can be identified with functions on G invariant by
N — {(} 9}, the oscillator representation in this case leads to a direct integral of
principal series representations of SL(2, F). The orthogonal group, however, no
longer acts linearly. Indeed the operator corresponding to reflection (the element
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taking (x, y) to (y, x)) is the Fourier transform (in L2(F?2)) taken with respect to the
skew form in F2.

The significance of these facts for the representation theory of SL(2, F) has
already been discussed in Cartier’s lectures (see also [G]).

6. Global examples.

A. The anisotropic case. Case (i): O(1). By tensoring the pieces of the oscillator
representation in L%(F,) we obtain some very interesting automorphic representa-
tions of SL(2) and (by inducing) GL(2). The idea that nontrivial pieces of the
oscillator representation could define interesting cusp forms was first communi-
cated to me by Howe (cf. [Ho 3]). We shall be content to merely sketch the sub-
sequent development and refer the reader to [G-PS] for details.

If o = ®o, is an automorphic representation of O(1) then g, is the trivial repre-
sentation for all v except in a finite set S whose cardinality is even. If y = [y,
is a character of 4/F, let w,, denote the oscillator representation of SL(2, F,) in
L2(F,) corresponding to y,. Fix a character A = [] A, of 4%/F* such that 3,(—1) = 1
(resp. —1) if v¢ S (resp. v e ) and let w,, denote the even (resp. odd) piece of
wy,. Then extend wy, to

G} = {ge GL(2, F,): det(g) € (F})*}
by defining wy, (§ %) to be the operator
O(x) = A@)|al V2 P(a ! x),

and induce wy, up to GL(2, F,) to obtain the representation w, of the double cover
G, of GL(2, F,). This representation w, is an irreducible unitary “genuine” repre-
sentation of G, which is independent of y, for all v and class 1 for almost all v.

The representation z(1) = &) w, is an automorphic genuine representation of
GL(2, 4) which is cuspidal precisely when S # . In general, when S is empty,
these z(1) generate the discrete noncuspidal spectrum of GL(2, 4) (cf. [GS));
in particular, when F = Q, n(1) generalizes the classical theta-function 6(z) =
Y . exp(2min?z). On the other hand, when S # @, =(1) generalizes such clas-
sical cusp forms as Dedekind’s »-function. In this case, (4) is exceptional in the
sense that the Fourier expansion of any function in its representation space con-
tains “only one orbit of characters”, generalizing the fact that the expansion of
the p-function has “only square terms”: 9(24z) = 372,(3/n) exp(2zin?z).

Since the Fourier expansion of a cusp form 7 on GL(2, 4) is carried out with
respect to a group which is isomorphic to the product of F with the double cover
F= of F#, we can say 7 is exceptional if—given y on F—the Whittaker model for 7
with respect to (y, @) exists for only one character g of F#. Thus the notion of
exceptionality makes sense locally too; see [G-PS] for details. Our conjecture is
that the oscillator representation produces all possible exceptional representations,
both locally and globally. In other words, for O(1) the image of the duality corre-
spondence ¢ — 7z(¢) should be all the exceptional genuine representations of G.

The classical analogue of the global part of the conjecture just described is that
every cusp form of weight k/2 whose Fourier expansion involves only square terms
must be of weight 1/2 or 3/2 and (a linear combination of translates of functions)
of the form
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f:g[:(n) n® exp(2zin?z), y=0orl.
n=1

At this conference we learned that M.-F. Vigneras has proved this assertion in
[V]

Case (ii): O(2). Let K denote a quadratic extension of the field F, y a character
of F\4,and ¢ = Qo ,a character of K1(F)\K1(A). Piecing together the resulting
local representations z(g,) of SL(2, F,) (described in §5.A(ii)) produces automor-
phic cuspidal representations of SL(2, 4) (provided ¢ is nontrivial). These automor-
phic forms are related to the theta series with grossencharacter constructed earlier
by E. Hecke [H] and H. Maass [M]; for more details, see [ST] and [Ge 3, Chapter
7].

Case (iil): O(4). Let D denote a division quaternion algebra over F and S}, the
set of places where D ramifies. Suppose ¢ = o, belongs to R(D*(4)). If ve S
then D? is isomorphic to the unique division quaternion algebra defined over F,
and 7'(o,) is defined as in §5. On the other hand, when v ¢ Sj,, D% is isomorphic to
GL(2, F,), and the natural duality correspondence is the identity map.

Now suppose ¢ is actually automorphic, i.e., there is an embedding of ¢ into the
space of automorphic forms on G'(4) = D*(A). Then according to [JL] the repre-
sentation 7z'(¢g) = ®,z'(g,) of GL(2, A) will also be automorphic. Conversely, if
7w = @m, belongs to R(GL(2, 4)), i.e., n, = n'(s,) for some g, in R(D%) (equi-
valently r, is square-integrable for each v € S)), then 7 will be automorphic only if
o = Qo, is automorphic; cf. Theorems 14.4 and 16.1 of [JL]. These results con-
firm the main global conjecture of Howe’s theory in the special context of division
quaternion algebras. Whereas the proof in [JL] uses the trace formula, Howe ap-
parently has an independent proof by different, more elementary, methods.

B. O(2, 1). Let Uy denote the three-dimensional space of trace zero 2 x 2 ma-
trices over F equipped with the inner product derived from the determinant func-
tion. Set ¥y = (F2, {, ») and V = V¥V ® U,. Then for each place v of F, the pair
(SL(2, F,), O(Uy)) is a dual reductive pair in Sp(¥).

For F, = R, the duality correspondence ¢, « =(s,) pairs discrete series repre-
sentations of PGL(2, R) = SO(2, R) of weight k — 1 with discrete series repre-
sentations of SL(2, R) of weight k/2. For F = Q it is conjectured in [Ge 2] that the
resulting global correspondence should generalize Shimura’s correspondence
[Shm] between classical forms of weight k/2 and k& — 1. Evidence for this is pro-
vided by Howe’s recent description of the local duality correspondence for class
1 representations (in [Ho 1]), and by Shintani and Niwa’s work on the global cor-
respondence using integrals of theta-functions ([Sht] and [N]). For further work on
this problem, see also [G-PS].

If F, is nonarchimedean, and g, is a discrete series representation of PGL(2, F,)
of the form z'(¢,), with ¢, an appropriate finite-dimensional representation of the
orthogonal group of an anisotropic ternary form, then 7(s,) should coincide with
the representation z(g,) of SL(2, F,) described in §5A, Case (iii).

C.0(2,2)(F= Q). Let K = Q(+/4), 4 > 0 the discriminant, and let z denote
the Galois automorphism of K/Q. Let

Uy = {X =(;; _i‘%) ix €Kk, x3,x4eQ} ~ Q¢
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and define ¢ : Uy — Q by g(X) = — 2 det(X). Then g has signature (2,2), and the
corresponding global duality correspondence should pair together modular forms
of integral weight with Hilbert modular forms (since SL(2, R) x SL(2, R) has a
natural representation in SO(2, 2)). Work on this correspondence (in the classical
language of forms in the upper half-plane) has been carried out by Oda [O], Asai
[A], Kudla [K], Rallis and Schiffmann [RS 3], Zagier [Z], and, in a somewhat dif-
ferent light (and earlier) by Doi-Naganuma [DN].

Note added in proof. We have now proved the global “exceptionality conjecture”
described at the bottom of page 293. The local conjecture has been proved by
James Meister and will appear in his forthcoming Cornell Ph.D. thesis.
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ON A RELATION BETWEEN SL, CUSP
FORMS AND AUTOMORPHIC FORMS
ON ORTHOGONAL GROUPS

S. RALLIS

This lecture is devoted to showing how, starting from the ideas of A. Weil in [22],
~one can construct a correspondence or lifting between SL, cusp forms and auto-
morphic forms on orthogonal groups.

1. Siegel formula and the lifting of modular forms. Let R* be k& dimensional
Euclidean space with standard basis e, ..., e,. Let[ , ] be the bilinear form on
Rt given by [X, Y] = 25, x;y; where X = Yk, xie;,, Y = 2k, ye.. Let O be the
quadratic form on R* given by

a k
OX,Y) =) xy; — 2, x;y; witha < k.
=1 i=a+1
Then for every X € R* we have Q(X, X) = | X |2 — || X_||%, with | X,||2 = &, x?
and | X_||2 = 3%, x2 Thus Q has signature (a, b)) witha + b = kand b = 1.
Alattice L = R*is Q integral (Q-even, resp.) if Q(L, L) = Z, the integers (Q(L, L)
€ 2-Z, resp.). The Q dual lattice to Lis L,(Q) = {¢£ € R*|Q(§, L) < Z}. Then
L.(Q)/L is a finite Abelian group. We let n; be the exponent of this group, i.e.
the smallest positive integer n; so that n,-&e L for all £e L (Q). If &, ..., &, is
any Z basis of L, let Do, = det{Q(&;, &;)}. This number, the discriminant of Q
relative to L, is independent of the choice of basis of L.
Then define the function:

(1_1) gb(X, z, g) = " V12X, X)+ v—1ylgX, gX]} (Im z)b/Z,

with z = x + 4/ —1 y e H the upper half-plane (i.e. y > 0) and g € O(Q), the
orthogonal group of Q. Let » € L,(Q) and consider the § series

(1-2) 65 (2, 8) = X, (& + 9, 2,9).

L

Then let » run over a set of representatives of L,(Q)/L. We define the column
matrix

(1-3) Uiz, 8) = (05,2 &)rer.@ i
Then Siegel proves the following functional equation: (L, Q-even)

AMS (MOS) subject classifications (1970). Primary 10D20, 22E45; Secondary 43A80.
© 1979, American Mathematical Society
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(-4 Vi(I-z,87) = (s 7)erz + dp) e 72Uz, g)

(for I'e SLy(Z),7 € O(Q);, = {g € O(Q)|g(L) = L}), where c(I}7) is a [L(Q)/LP
unitary matrix depending only on /" and 7. In general we know that the map
(I, v) ~ c(I', v) defines a projective unitary representation of the group SLy(Z) x
0(Q);.

The main difficulty in studying ¥(z, g) is that this function is not automorphic as
it is not an eigenfunction for the center of the enveloping algebra of SL; x O(Q).
However this can be remedied by integrating 6} ,(z, g) against the constant function
on O(Q)/0(Q),. More precisely, the main point of the analytic part of Siegel’s
Sformula is to introduce a suitably normalized O(Q) invariant measure dy, on the
" homogeneous space

OQ)/{r € 0(Q)|1p = ymod L} = O(Q)/0(Q)z.,
so that we have the identity (valid for X = 5 and L, Q-even [20])

(1—5) j. 7](z g) iy (g) = En(z)a
0@/0@1,,
where
(1-6) B2 =
(Im z)b/2 b ¢y 0-((M, 1)) (eyz + dp) o=@ /2| cyz + dM|—”
MESL, (Z) \SL2(2)

with SLy(Z)., ={I'e SLy(Z)|c, = 0}, and ¢, o~((M, 1)) represents an element of
the first column of the matrix ¢((M, 1)) (1, identity element of O(Q)). Then we
know that E,(z) is an eigenfunction of the center of the enveloping algebra of
SL,; in concrete terms this means that E,, satisfies the equation:

1-7 dpoEy) = 0,
with

Alz/2=yz<a_2 + a—2> R (L
ox? 9y? 2 oy 2 F)

In terms of representation theory, Siegel’s formula expresses the fact that the
identity representation of O(Q) corresponds (in a sense to be made precise below)
to the representation of §L2 determined by the nonanalytic Eisenstein series (£,),.
We then note that it is easy to extend this correspondence to other automorphic
representations of O(Q). Namely we can do this in two ways. First we can vary the
kernel function. We let P be a homogeneous polynomial on R?(= R span of
{el, ..., e,") of degree t satisfying 9(Q)(P) = 0, where 9(Q) is the differential
operator Q(9/0xy, ..., 8/0x,). Then we form

$x(X, z, g) = (Im 2)""2 P(g-(Im 2)!/2X)) (X, z, g)

and as above define ¥%(z, g). Thus ¥, satisfies a functional equation similar
to (1-4). The second step is then to 1ntegrate @ ., against a cusp form (3 on
0(Q)/0(Q)., This is possible because @¢, ,isa slowly increasing” function on
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H x 0(Q)/O(Q)y,- Let (B, , (2, 8) | B(8)Do@ 0., » denote the Hilbert space inner
product of @¢, and § (relative to dy,). We deduce that if wy) * 8 = A8, where
wo @ is the Casimir element of O(Q), then z ~» (@ %..n (2,8)18(g)> is an eigenfunc-
tion of an operator similar to 4,,,. However the cuspidal behavior of the function
z <64, ,( ,8|B(g)) is yet another question. In [19] (for the case O(2, 1)) it is
shown that if 8 is a “holomorphic” cusp form on PGLy(R) (= 02, 1) at least
locally), then z ~ <@ fn (5 &)1 B(g)> is a holomorphic cusp form of semi-integral
weight in the sense of [18] for suitable Hecke congruence of SLy(Z) (depending on
the lattice L). We note that in [9] (for the case O(l, 1), an anisotropic lattice L
and B a unitary character on O(Q)/0(Q).,,) z ~ <6y, ,( ,g)|pB(g)) corresponds
to a (nonanalytic) cusp form which is determined by a principal series representa-
tion of SL,(R) (see also [8]).

On the other hand one can try to invert the above correspondence in the follow-
ing formal manner. We let 4(z) be a cusp form on SL, (again in the sense of [17] for a
suitable Hecke congruence subgroup I’ of SLy(Z)), and we form the Petersson
inner product of A( ) with &%, , ( , ),

(1-8) GO = [ 6k, )@ (ma2drdy

(with y, the weight of h). Then it is simple to deduce that g ~ (@ A 1RO )
is an eigenfunction for the center of the enveloping algebra of O(Q). Again
the cuspidal behavior of this function is another question. Niwa in [10] shows (for
the case O(2, 1)) how such a correspondence explains the construction of Shimura
in [18] of cusp forms of integral weight from cusp forms of semi-integral weight.

In any case the main object of study is the kernel function @¢, » We adopt the
following point of view. One can analyze the “cuspidal components” of @¢, , (that
is, the “projections” of 6%, , on the various spaces of cusp forms discussed above)
by studying in detail the spectral decomposition of the Weil representation. Then
knowing precisely the “cuspidal components” gives a correspondence or lifting
between modular forms on the two groups in question.

2. Discrete spectrum of the Weil representation. Let /A, Fourier transform, be
defined as follows: if fe L! [ L2, then

f(T) = .“Rk f( X) e2nV-1UX, Y1 gy,

Then let zo be the Weil representation of SL, x O(Q) in L2(R¥), where §Lz is
the two-fold cover of SLy(R). In particular, if

(([g 2_1], 1), g)e §i, x 0(Q) witha > 0,
then

(AT Peme———

e (8 -1))

Also if



300 S. RALLIS

then 7o(wp) p(Z) = 6op(— Mo(Z)) with My € Aut(R*), so that Q(X, Y) =
[X, My(Y)] for all X, Y e Rt and dq a certain eighth root of unity. Then 7 is
determined by the above formulae.

We let K be the maximal compact subgroup of SL, given by

{k(@, g) = ( [_(;?;z zgg} e)l —r=S0<me= -I_-l}.
A= {a(r) = < [6 (r)‘l]’ l>, r> 0}
- {n(x) =( [(1) ﬂ )|xe R}.

Then if a, 1, and t are the infinitesimal generators of 4, N, and K, then ws1, =
— 12 + a% + (n + Ad(wp)n)?2.

We let K (= O(a) x O(b)) be the maximal compact subgroup of O(Q).If 7 is a
differentiable representatlon of SL, x O(Q) on a Banach space B, then let Bz, x
be the space of K x K finite vectors in B.

Let F, be the space of C= vectors of zg in L% R*). An easy use of the Sobolev
regularity theorem shows that if ¢ € Fg, then for any y belonging to u(SLz x 0(Q)),
the enveloping algebra of SL, x 0(Q), we(»)p is a C= function on Q. and Q_,
where O, = {X e R*|Q(X) > 0} and 2_ = {X e R*|Q(X) < 0}.

Then by a simple exercise in invariant theory, one can verify that the centers of
the enveloping algebras of SL, and O(Q) collapse on each other in the representa-
tion zo. That is, g(3(SL2)) = 7o(3(0(Q))), where 3( ) = the center of the envel-
oping algebra of ( ). In particular we have that mo(ws,) + wo(wo@) =
(3k? — k)-I,where ws;, and wp g, are the Casimir elements of SL, and  0(Q), respec-
tively. Then it follows that the spectral analysis of the algebra 77:9(5(SL2 x 0(Q)))
in L2(R*) reduces to the spectral analysis of a single operator zg(wsr,)-

For the rest of this paper we assume thatk = 3anda = b = 1.

We let Fo(d) = {p € Folmo(wsy,) ¢ = Ap} and let Spec(zg) = {Ae C|FyR) #
{0}}. Then we know that if 7 is any unitary irreducible representation of SL, x
O(Q) which occurs “discretely” in L%(R¥), then z is a subrepresentation of Fg(1)
for some A. More generally we have

THEOREM 2.1 ([12], [14]). (a) Spec(ng) = {s? — 2s|s = tkmod 1 and s > 1}.

(b) Let F§(A) = {pe Fo(A) |9, = 0} and Fg(2) = {p € Fo(A) | p\y, = O}. Then
F3(R), F5 () are SLZ x O(Q) topologically irreducible modules; there is a direct sum
Fy(R) = F3(A) ® F5(2). Moreover F3(A) and Fy(R) are inequivalent SL, x
O(Q) irreducible representations.

_(©) Fg(s? — 2s) is SL, x O(Q) equivalent to the tensor product L¥Whit), o,
® o, where LA(Whit)g._o; is the eigenspace of wsy, (with eigenvalue s* — 2s) in the
space of C= vectors of the unitarily induced representation of SL, (from the unitary

character
([o7h1)=e)

Also let

and
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and s/ is the eigenspace (with eigenvalue s? — 2s — k% + k) of W, the Laplace-
Beltrami operator on the space of C* vectors of the standard representation of O(Q)
in LIy, duy), where I'y; = {X € R*|Q(X, X) = 1} and du, an O(Q) invariant
measure on I'y,. Here Wi is determined by the separation of variables of

k—120 1

02
Q)= at2+ t ot 2 &

withX = t-& &ell,.

REMARK 2.1. Fg(s? — 2s) is SL, x O(Q) equivalent to the tensor product
L2AWhit)d ,, ® 77, where LAWhit)d ,, is the representation of SL, on
L2(Whit),,_,, twisted by the unique outer automorphism A of SL,, and o/ is the
eigenspace (with eigenvalue s?2 — 25 — }k? + k) of W, the Laplace-Beltrami
operator on the space of C* vectors on the standard representation of O(Q) in
Lz(['_l, d‘u__l).

The first point in analyzing the discrete spectrum of zq is simply to observe that
a K eigenfunction ¢ (also K finite) in Fy(A) has a separation of variables property
on Q,, ie. o(X) = pi(?)ox (&) with pf, p5 C= functions on Q, (Q_ respectively)
satisfying certain differential equations (with X = ¢-¢, &€ Iy, t € R,). The second .
point is to realize that the map ¢ - [G — nQ(G D(p)(§) with Ge SL,] defines
an SL, infinitesimal intertwining map of the K finite functions in Fg(1) to the
“square-integrable” functions (L2(Whit)* space, the positive and negative Whit-
taker models) of the unitarily induced representation of SL, from the unitary
character n(x) ~» e7v~1#senQ&®  Then it is possible to analyze the spectrum
of wgr, in LAWhit)* and determine for which values A one has L Whit); # 0. We
see that the discrete spectrum of SL, in Ly(Whit)* is disjoint from the discrete
spectrum of SL, in Ly(Whit)~. Hence we conclude that FZ(2) and Fg(R) are SL, x
O(Q) stable and inequivalent submodules of Fy(2) (see (b) above). In concrete
terms this means that the functions f'in the eigenspaces F, +(/1) and F5(A) have the
remarkable feature that both f and its Fourier transform f are supported exclu-
sively on one side of the light cone.

The next step is to analyze the p# part of the function ¢. We note that pF is simply
an L2 eigenfunction of the Laplace-Beltrami operator W= on L2 (hyperboloid).
Using the relation between 7wo(wo ) and we(wsr,) above and any of the various
methods of “hyperboloid” analysis [21], [3], and [12], the remaining questions of
irreducibility in Theorem 2.1 reduce to similar questions about the discrete spec-
trum of O(Q) in L2 (hyperboloid).

One of the more interesting consequences of the discussion above is the deter-
mination of the regularity and growth properties of K x K finite functions ¢ of
Fy(s? — 2s). In particular any such K x K finite function extends uniquely to a con-
tinuous function on R* — {0}. The problem is the behavior of such functions at the
origin 0. However if s > 1k, then, in fact, such functions are continuous at 0.
These results are deduced by studying the explicit form of the function ¢. In a
similar fashion we deduce the following growth property of ¢, a K x K finite func-
tion in FJ(s? — 2s):

1 \s+h2-2
@) |7a(G.) UpND)| Srilg i exp(— $2130(Z,2)) 2 \|>
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(with Z € Q,), where Q(Z) = | Z, |2 — | Z_||2, || ||, the Frobenius norm of the linear
operator g € O(Q), and r¢ the 4-part of the Iwasawa decomposition of G, i.e. G =
K(G)A(VG)N(XG).

3. SL, cusp forms. The key property of the Weil representation g as set forth in
[22] is the following one: given a lattice L = R* so that Q(L, L) < Z, there exists
an “arithmetical discrete” subgroup /(Q., L) of SL, x O(Q) such that for any
Schwartz function ¢ on R*

-1 654G, &) = e;L (G, ) UP) (€ + 1) (e Ly/L)

is a C= function on SL, x O(Q), transforming on the right according to a finite
dimensional unitary representation of I'(Q, L). (Note (1-4) is a special case of this.)
The main analytic content of this statement is that the family of Poisson distribu-
tions G, = X¢cy O¢yy defines a continuous intertwining map (relative to SL, x
0(Q)) of S(R*), the Schwartz space, to the C= sections of a certain vector bundle
over SL, x O(Q)/I'(Q, L).

However the above methods do not directly apply to the K x K finite functions
on F§(s2 — 2s), since such functions are not Schwartz functions. But the growth
and continuity properties discussed above for such ¢ coupled with the classical
Poisson summation formula give the following theorem.

THEOREM 3.1 [13]. Let s > k. Then for any ¢, a K x K finite function in
F3(s% — 2s)

(3-2) 054G, g) = eZ£ 7o((G, 8))71 (p) (§)
is an absolutely convergent series. Then for any (I', ) € I'“(Q) x O(Q), with

ru@ ={([25] ¢)|abedezai—be=1,
¢ = 0 mod 2Ny, b = 0 mod 2},
we have the functional equation:
(3-3) 64(GI, gr) = oI, )OKG, g),

with o(I', 1), a unitary character on I'(Q) x_O(Q)y, taking values in Sy = {ze C|

= 1}. Moreover 0} is a C= function on SL,; x O(Q) satisfying D * 04(G, g) =
6L,y (G, g) for any D in the universal enveloping algebra of SL, x O(Q)
(x denotes differentiation on the left).

In partlcular it follows from Theorem 3.1 that 6% is an c1genfunct10n of the
center 5(SL2 x 0(Q)) of the universal enveloping algebra of SL, x O(Q).That is,
wsr, *O%(G, g) = (s — 25) O5(G, g). On the other hand, from the growth estimates
(2-1) we have

r&12 ifre =1,
(3-4) I@L(G g)| < M"g—l ”s+k/2— {ri e~ if ,.g z 1

(with M and c positive constants independent of (G, g)). This allows us to show

COROLLARY TO THEOREM 3.1 (WITH THE SAME HYPOTHESES AS IN THEOREM 3.1).
OL(G, g) is a cusp form in the SL, variable.
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EXAMPLE 3-1. An example of a K x K finite function in FJ(s? — 2s):
oX)=0 onf._,
(3-9) = Q(X)s gm0 “ X, ”—(S+$1+sz+k/2—2) oX, &)
O(X, &) with Xe Q,,

where &, (¢_ resp.) is a nonzero complex isotropic vector in C¢ (C* resp.). Here
isotropic is relative to | ,[|2 on Ce(|| _|2 on C? resp.), and s; and s, are positive
integers satisfying s; — s, = s —% (a — b). Then we put 6} into classical coordi-
nates relative to the upper half-plane H by setting

(3-6) 6iz.8) = 05((| 5 7] 1).6)amay2,
withz = 4/ —1/x2 — y/xe H. Then
G-7) 64z 8) = ﬁ;@ln“‘ emv1m - pn(g),
where
g = X O(M, g71E,)Q(M, g1 E.)%2 || (gM) |~ CHovrsrthz=D,

(MELIQ(M, M)=n}
Then @é (z, g) is a holomorphic cusp form in z of weight s with multiplier v for the
arithmetic group dy, = {G € SLy(Z) | ¢z = 0 mod 2N, b = 0 mod 2}, that is

(3-8) @g(fé’zij—z, g) = v(G) (cz + d)s 64z, 8),

where
b
and
_ 2¢c (D
- # <Cc QL)
VQ(G) (Edc)< dG > < dG )
with ¢; # 0 (where

1 mod 4,
3 mod 4),

Em =1 ifm

= 4/—=1 ifm

and where ( — ) is the Legendre symbol.

The expression of @g above is precisely the Fourier expansion of @g in the z
variable at {co}; thus n*ps(g), the nth Fourier coefficient, is an automorphic
form on O (Q) relative to the group O (Q);.

4. Constant term of @5 in O(Q) variable. The main problem is to determine the
Fourier coefficients of 64(G, g) in the O(Q) variable. In general a formal answer
can be given, which resembles the Fourier coefficients of Poincaré series, i.e. an
infinite sum involving Bessel functions and certain trigonometric sums (similar to
Kloosterman sums). Such an expression is unsatisfactory from the arithmetic point
of view.
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However, the zeroth Fourier coefficients of 6% ( , ), the constant term along the
different unipotent radicals of rational O(Q) parabolics, can be determined in a
rather elementary fashion.

If Q is the set of rational numbers, then let O(Q)q., = {re O(Q)| 7(Q-L) =
Q-L}, where Q-L = the Q span of {r-&|reQ,&eL}; O-Lis a Q vector space
of @-dimension k.

We know that every maximal parabolic subgroup of O(Q) is O (Q) conjugate to a
group of the form pg, where pr = {g € O(Q)|g(F) = F} with F a nonzero Q iso-
tropic subspace of R%,i.e. Q(X, X’) = O for all X, X’ € F. Then there exists (by Witt’s
Theorem) another Q isotropic subspace F’ so that dim F = dim F’, F F’ = (0),
and Q is nondegenerate on the direct sum F + F’. The Levi decomposition of py is
given as follows: pp = GI(F) x O(Q, (F + F')})- Ng, where GI(F) is the group
of all R-linear transformations of F, O(Q, (F + F')!) is the orthogonal group of
Q restricted to (F + F’)*, and N, the unipotent radical of p. Here GI(F) embeds
into O(Q) via the map g(u; + uy + u3z) = g(uy) + (897! (up) + ugz withu; € F,up €
F',and use (F + F')*.

We say that py is compatible with the lattice L if there exist F’ and Z lattices Ly,
Lg, and Ly py1in F, F', and (F 4+ F')*, respectively, so that L is commensurate
to Lr @ Ly @ Lpypy1 in R% In particular this means that pp | O(Q), is an
arithmetic subgroup of py (relative to the Q structure Q- L on R¥).

In order to study the cuspidal behavior of 6% (G, g), we must examine integrals
of the following form:
41 J‘ 604G, gvy) do(v)

Np/NpNrO@) pr=1

with g e O(Q), 7 € O(Q), and ds, some N, invariant measure on
Np/Ng | 7O(Q)r™ . Here we assume that p is compatible with L. In such a case
Ng/Np ) 7O(Q)Ly~! is compact. We know that O4(G, g) is a cusp form on O(Q)
relative to the group O(Q), if the family of above integrals vanish for all g e
0(Q). all y e 0(Q)q.;, and all pp compatible with L (see[5]).

On the other hand let ¢ € F§(s2 — 25)z«x and define (for s > 1k)

4-2) OE(W) = j L9 + U) au,

with We (F + F')!, dU some Euclidean measure on F. Wc know that the affine
plane W + F (with We (F + F’)!)is the N orbit of the nonzero vector W in R
So, in particular, ®f can be interpreted as the integral of ¢ over the N orbit of
W (the orbit here carries an Ny invariant measure which can be identified to
dU above). Then we have

LemMA 4.1 [13]. Let s > k. Then the map ¢ ~ ®F is an infinitesimal SL, x
O(Q, (F + F')') intertwining map of Fg(s? — 25)gxx onto FG.(s? — 28)gxx,, where
Kp =K OQ, (F+ F)') and Qg is Q restricted to (F + F')-. (Infinitesimal
means relative to the associated representations of the universal enveloping alge-
bra.)

REMARK 4.1. If Qp is positive definite, then FJ, (s2 — 2s) is defined in a similar
way as Fg.(...) (when Q is indefinite).
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The most important case of Lemma 4.1 occurs when Fg:(s2 — 2s) = {0}. Such
is the case when Qp. has signature (m, 1). Then Fg,(s2 — 2s5) = {0}. Thus

COROLLARY TO LEMMA 4.1. Let (G, g) € SL; x O(Q). Then OF, (G -1 = 0 in
the following cases:

(a) pe Fy(s? — 28)gyx and dim F = b — 1,

(b) p € F(s? — 25)zxx and dim F = b,

(©) pe FJ(s® — 25)gxx and dim F = b (withb = a — lorb = a),

(d) p e Fg(s? — 28)gxx and dim F = b — 1 (withb = aora = 2).

We emphasize here that in the statement of the Corollary to Lemma 4.1,
g € 0(Q), although in Lemma 4.1 the map ¢ — @f is intertwining only for
O(Q, (F + F')'). Thereason is that @F(W)=0 for all We (F+ F')! and all
€ F§(s? — 25)g«x implies that

D10 (W) = OFiy-140 (PW) (ppy 1) = 0.

(We use the polar decomposition of g = k- p with k € K, p € pp, and (pW) o5y *,
the projection of pWon (F + F')L.)
Thus we can determine the cuspidal behavior of 65 completely.

THEOREM 4.2 [13]. Let pp be a maximal parabolic of O(Q) compatible with L.
Let p € F§(s? — 25)gxx withs > k. Let v € O(Q)q... Let S, (L) be the lattice in
(F + F')* obtained by projecting y(L) (| (F + (F + F')-) onto (F + F')* (relative
to the Q splitting of R* = F + F' + (F + F')*). Then for any (G, g) € SL, x 0(Q)

@) 604G, gvy) do(V) = 1 3 Do v ©)
Np/NpNr0@rr~1 ¢S, p(L)

where ¢, is a positive constant depending only on pg.

A schematic way to convey the inductive nature of (4-3) is the following com-
mutative diagram:

7o((G, )71) ()0 G, 01 = Tas((G, 8)™) (Phguirtry)

0 series @ series
relative to relative to
Sr.r(L)
( ) L, S, L)
6,(G, g) ~07:r B (G, g))
constant term nQky Do

along
Np/NFN70@rr!

Hereg = k;-g,-nwithk, e K, g, € O(Q,(F + F')'),and n € N.

From (4-4) we see that the constant term of O4(G, g) along Ng/Np (| yO(Q)r!
is a § series of a function on a space of smaller dimension.

The main idea in the proof of Theorem 4.2 is to substitute (3-2) for 6% in (4-1)
and reorder the summation and integration to obtain a sum of “Ng-horocyclic”
projection maps of ¢ over equivalence classes of Np (] yO(Q).y7! in L. Here a
horocyclic projection map is the integral of ¢ over an N orbit (carrying an Np
invariant measure) in R*. An example of a horocyclic projection map is given by
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(4-2). Essentially there are two types of N orbits in R%. The first type of N orbit
corresponds to a ““‘curved conic section”, called a regular horocycle. The projection
map of ¢ corresponding to a regular horocycle is zero. (This statement is called the
First Cusp Vanishing Theorem in [13).) This follows essentially from the fact that
@ is continuous on R* and that ¢ vanishes on the light cone. The second type of N
orbit is the affine type discussed above. The contribution of the horocyclic projec-
tion maps of ¢ corresponding to the affine type Ny orbit is then determined by
Lemma 4.1.
Then using Corollary to Lemma 4.1 and Theorem 4.2, we have

COROLLARY TO THEOREM 4.2. Let ¢ € Fg(s? — 25)zxx with s > k. Then if pg is
compatible with L and diim F = b — 1 or b, the constant term of OL(G, g) in the
direction of Np/Np | 70(Q)r7! (y € O(Q)q.L) vanishes. In particular if b = 2
and ¢ € Fy(s? — 25)gxx, then OL(G, g) is a cusp form on O(Q) relative to O(Q),.

REMARK 4.2. Let ¢ € FJ(s®> — 25)gxx With s > 1k. Let p, be compatible with
L. If dim F = b — 1 (when either @ = 2 or a = b) or dim F = b (when either
b =a— 1 or b = a), then the constant term of LG, g) in the direction of
Np/Np ) 70(Q)r7! (1 € O(Q)q.r) vanishes. In particular if a =2, b =1 or 2,
and ¢ € F3(s? — 25)zxx, then O5(G, g) is a cusp form on O(Q) relative to O(Q),.

The case b = 2 is thus the main case of interest. In particular we know that
0(Q)/K;, where K; = O(a) x SO(2), is then a Hermitian symmetric space. Let
Z = f + p be the Cartan decomposition of the Lie algebra of O(Q). Then com-
plexifying & to . = &% ®5 C, we have the direct sum %, = fo ® pt @ p~,
where pt and p~ span the holomorphic and antiholomorphic tangent vectors at the
“origin” in O(Q)/K;. We recall the construction of a family of holomorphic dis-
crete series representations of O(Q). We let y, : K7 — S’ be the unitary character
on K; which is trivial on O(a) and maps

_ cos § sin 0
S0(@2) = {[— sin @ cos@] —z<0s= ”}

to e~V Then we form the holomorphically induced representation space

#(0Q)/K1, 1) = {9:0(0) > C| p & C=(0(Q). pleh) = p(E)1lk)

forall ge O(Q), ke Ky, o x W = 0 forall We p*and

[ le@p e < 0 |
O0(Q/Ky

with % W convolution on the right and dr some O(Q) invariant measure on
O(Q)/K;. Then we have

THEOREM 4.3 ([13], [15]). The representation of O(Q) in /5 (see Remark 2.1) is
equivalent to the “holomorphic’ induced representation of O(Q) in #(0(Q)/K1, Xs,) -
where sy = |s| + 1k — 2 (( )., denotes C= vectors).

5. The Shimura-Niwa correspondence. Having determined the cuspidal proper-
ties of ©% in both variables (p € FF(s2 — 25)gxx with s > 1k), we now go back to
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the question of using 6% as a kernel function to set up a correspondence between
modular forms on the groups involved. In particular we let ¢ be as in Example 3-1,
and consider @g(z, g) (see (3-7)). Then we let f be a holomorphic cusp form of
weight s (s > 3k) on H satisfying f(y-z) = vo(y)(c,z + d,)° f(z) with y € dy,.
As in §1 we consider the Petersson inner product of f with 6Z:

- @ Lol »= | D5 @ | Imz|2 dx db.

The definition given in (5-1) does not, at first sight, coincide with (1-8), the Peter-
sson inner product (@5,*( ,&) | f( ), where 6%, is the 0 series constructed from the
Schwartz function P(X)e"1X:X), (In keeping with the notation of §1, we note that
if 7 € L, then we drop the subscript 7 from @ ,) In particular we must determine
the relationship of @L,( , ) to 6% 7(5) deﬁned above But we know that the map
¢ — 04, )isan SL, x 0(0) mﬁmtesnmal intertwining map from certain SLy x
0(Q) stable subspaces of L2(R*) to the space of C= functions on SL, x O(Q).
Thus perhaps the appropriate problem to analyze is the following: for a given
K x K finite function ¢ and the projection ¢, of ¢ onto the discrete spectrum of
SL, x O(Q) in L%(R*), what is the relation between the 0 series 6y and 6. This we
now do partially in

LEMMA 5.1 [16]. Let F be a K finite Schwartz function in L2(R¥) and suppose that
Tm(k(0, ))F) = eV 150 etF for all —m < 0 < mande = +1. Let s’ > }k+1.
Let P} be the projection of Fg onto the subspace F§(s'? — 2s'). Then

(5-2) BH 9| () = <@f, ram GOSN

REMARK 5.1. If 5" < —(3k + 1), then a similar statement is valid where P} is
replaced by Pj, the projection of F, onto Fg(s'2 + 2s').

Thus the two correspondences (1-8) and (5-1) are essentially the same.

The next main problem is to characterize the image of the map f - (B8L( , g)|
f()) as fvaries in the space [dy,,s, volo = {f: H — C| fholomorphic, f(y-z)
= v(y) (¢,;z + d,)* f(z) for all y € dy,, z€ H,and f vanishes at the cusp points of
dy, on @ U {co}}, the holomorphic cusp forms of weight s and multiplier vq. The
first trivial observation is that if we let

f(@) =G\ 2) = >$ vo(7) =i,

TE(ANL).»\ANL< &Gz + dr

the Eisenstein-Poincaré series, then

B, &G, ) = c1-pil(g),

with ¢; a nonzero constant independent of g and n. However since s > 1k, we know
that the functions G, span [dy,, s, vglo, and hence the space {(@5( OO | fe
[dn,. 5, volo} is exactly the complex linear span of the p5tasn = 1.

From Corollary to Theorem 4.2 we know the cases when all ¢3! (n = 1) are cusp
forms on O(Q) relative to O(Q),. And the most general Fourier coefficient of ¢
is difficult to describe arithmetically, since ¢3! is essentially very much like a Poin-
caré series. However using the results of §4, it is possible to determine for which
feldy,, s, volo, <B5( , ) |f( )) will be a cusp form on O(Q) relative to O(Q);.
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We let F; be a maximal Q isotropic subspace so that py is compatible with L.
Then we consider a flag of Q isotropic subspaces F; = F, < ---  F; so that each
DPr, is compatible with L and F;,,/F; has dimension 1. Then we know that O(Q)q..,
the set of rational points in O(Q), has the following decomposition: O(Q)q.; =
O(Q)1"Er, (PF;)e.L, Where Zp, is some finite subset of O(Q)q., (see [2, p. 104]).
Then we have the following criterion for (@L( g) | f( ) to be a cusp form.

THEOREM 5.2. Let s > k. Let ¢ be given by (3-5). Let fe [dy,, 5, vglo. Let Yr, be
the unique Kp, = K () O(Q, (F; + F))*) invariant subspace of Fg, (s* — 2s) given
by the complex linear span of {®F: 4, | k € K}. Then (@L( 2) | f())is acusp form
on O(Q) relative to the group O(Q),, if and only if

(5-3) (Brin @ (L g) [f()>=0
forall 3;;€ Bl all g€ Yp, and all gy € O(Q, (F; + F))*)asi =1,

We note that Y, is a finite dimensional space, 5, is a finite set, and that as g
varies in O(Q, (F; + F;)'), the functions 6511' Fi() (z, g) span a finite dimensional
subspace of [4y,, s, vglo. In particular, if Q has signature (k — 1, 1), then we need
only the validity of (5-3) for g;, the identity element of O(Q, (F + F’)1) (in this
case O(Q, (F + F')}) = Kp). This fact probably explains the orthogonality condi-
tion of [1] required to get a lifting from SL, cusp forms to cusp forms on O(3, 1).
We note that the condition for (@L( .8 1 f()) tobeacusp form on O(Q) is de-
termined essentially by the fact that f belongs to the kernel of a finite family of cor-
respondences (i.e. f~ (@f,;h‘f- D (g) | f())) coming from lower dimensional
quadratic forms and lattices.

6. “Zagier polarization identity”. We recall that if b = 2, then O(Q)/K; is a
Hermitian symmetric space. In fact we can realize O(Q)/K; as a tube domain. Let
R*~2 be the span of e;, es, ---, €,_5, €, (see §1). Thus Q restricted to R*2 is of
Lorentz type, i.e. Q has signature (k — 3, 1) on R¥=2. Then let &, = {W e R:?|
Q(W, W) < 0 and Q(W, e,) < 0} (the future or forward light cone). The tube
domain of &, isT(&,) ={X+ 4 —1Y|X, Ye R:2with Ye &} = R2 +
v —1&,. Then let O(Q)* be the subgroup of O(Q) which is the connected
component of the full group of analytic automorphisms of T(&,). If F; denotes the
Q isotropic line {t-(e; — e,_1)/+/2) | t € R}, then p} = pr N O(Q)* acts on
T(¢,) as follows: if ¢ = my - A(r) - ny € p,, with my e O(Q, (F) + Fp*), A(r) €
Sr,, and n; € Ng, thenq(Z) = r{m(Z + Y)} wheren, is determined uniquely by
an element Y e R2 = (F, + F))'.

We recall that there exists a unique holomorphic automorphy factor 9 on T(&,)
so that 9(m, A(r)m, Z) = 1/r, where myA(r)n, € p}, as given above.

Then, in light of Theorem 4.3, we let ¢ € o/ (with b = 2 and s > }k) be the
unique (up to scalar multiple) “lowest weight” vector of O(Q) relative to K;. Then
¢ can be given explicitly as follows:

p(X) =0 on(,,
= Q(X, X)s—l em(X) Q(X, &_'_)—sz onQ_,

withé, = e, + v/—le,and s, =5 + 3k — 2.
We are going to consider a kernel function (constructed from ¢) which is slightly

(6-1)



CUSP FORMS AND AUTOMORPHIC FORMS 309

twisted from (5-1). We assume that the Q integral lattice L has a Q orthogonal
direct sum decomposition in the form ¥ @ (Ztv @ Z%) with ¥ < R 2(= the R
span of {e;, es,"'-,e,_3, €,}), satisfying the condition that Q(¥) < 2-Z and
ng Qu, p) e 2-Zfor all p e Z4(Q), the O dual to .#. Moreover v and ¥ span a
hyperbolic plane with Q(v, v) = Q(¥, ¥) = 0 and Q(v, ) = 1. Also assume ¢ is an
integer so that n,, |  and 4 | ¢. Thus the exponent #;, of L equals z.

Then we let y be a Dirichlet character mod ¢ and consider the formal sum

@éj X(G’ g) Z X(}') rv(G, g)

7 mod

Then following Example (3-1) we define

(6-2) 6% (2, 8) = 6k << [O - } >, g> (Im z)~15172
= éZ_lﬂr,x(g)l rls1 erv-lre,

withz = — y/x — 4/ —1 x2 e H, the lower half-plane, and

Bry(8) = 2 2 x() QM + u-v,g71-£,)™
wmodt {(MeLIQ(M+uv, M+uv)=r)

Then using the holomorphic automorphy factor 2, we let

Br@) = (908 V= 1)l Brog™) WithZ = g +/~1(v26) € T(63).
Then we immediately have
B =% { % 1)
(6-3) umod? \(MELIQ(M+uv, M+uv)=r}
{-10(M. y)e@ 2) + 01.2) + 0, v29) + o).

Moreover j,, ,x is aholomorphic function on 7'(¢ ) satisfying ﬁ, 7 2) = [2(r, 2))-
- B,.,(2) for all Z e T(#,) and all 7€ 0@, = {r€ 0(Q)f|r(v) = vmod L}.
On the other hand we note that @L » is @ holomorphic modular cusp form in the
z variable (z € H),i.e.

0512, 8) = j(r, 2)**' 25,151 (dy) 2(d;) 65z, &)

forall ye Iyr) = { |22 ]e SLZ)|c = 0 mod ¢,
7 cd
where
jE 2= ( )@% (cez + dp)t/?
and

= (3 (5 (-4

a Dirichlet character mod .

Then we define (as in (5-1)) the Petersson inner product <6%, ( , g), A/ ),
where h/(z) = (f(2)) with fe Sy,,(Io(t), 8) = {¢: H — C|(i) ¢ holomorphic on H;
(i) @¢(r-2) = j(r, 2% A(d,)p(z) for all y e Iy(t) and ze H; (ii)) ¢ vanishes at
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cusps of [(t) on @ U {0}} and B(m) = (25,5 @ x) (m) (—1/m)?s.
We then define

6-4)  FAZ|o, L, v, g, To(1) = <B% fz. gD | h(2)) [2(g,+/ —1 ep]

(with g(4/—1 /2 ¢) =Ze T(&;) and s =5+ tk — 2 > k — 2). Then
Fir-Zlg, L, v, 3, To(t)) = {2(r, 2)}2 F(Z |, L, v, x, To(t)) for all Ze T(¢,)
and all 7 € O(Q)i, ,.

The main problem is to give an adequate characterization of the image of this
map. The difficult problem is to determine the Fourier coefficients of §,, - Asshown
in [23], [11], and [13] such Fourier coefficients are highly transcendental, involving
an infinite sum of Bessel functions and certain trigonometric sums, which behave
like Kloosterman sums.

We know that Np, (= R*?) acts by translation on 7(&,). Thus there exists a
lattice #p in RF2 = (F; + Fy)*sothatif § € ¥, then

F(Z + E|(p, L,v,x, Io(t)) = Fi(Z ] @, L, v, y, [(t)) forall Ze T(&,).
A simple computation shows that #r = 4/2-{ée ¥ |Q(§,£) = 0 mod 21, Q(Z, &)
= 0 mod ¢}. Hence we have an expansion of F;(Z|¢, L, v, y, I(?)) of the form:
(6-5) Fi(Z|p, L, v, x, To(t)) = 3 a(pf) e V10w,

1 (Lp)@N6+

where (Zr)x (Q) = {ue (F1 + F))*|Q(y, £F) S Z}, the Q dual to ¥, and

66 awf) =, FX+ V=1 ¥]p.Liv g [o0)) exv90s-%0 dy,
1

The problem is then to determine a(y, f) in terms of the Fourier coefficients of f
at {o0}. We note immediately from the Corollary to Theorem 4.2 that a(y, f) = 0
if X (fp,)*(Q) nés.

We begin with a heuristic discussion. First we know that the space Sp,(7(2), 8)
admits a reproducing kernel function K : H x H — C, a holomorphic (antiholo-
morphic) function in the first (second) variable which satisfies

K(ri(z0), 72(22)) = J(r1 20% J(ras 22)% B(d,) (d,,) K(z1, 22)
for all z;, z; € H and 7y, 15 € T5(2).

Moreover K satisfies the formula (f(z), K(z, w)> = f(w) ({ , ) the Petersson inner
product) for all f€ Sy(Iy(¢), 8). Then we know for s sufficiently large, there is a
convergent expansion of K(z, w) = ), 1 e 2V G (z) where G, is an
Eisenstein-Poincaré series belonging to Sa,(75(¢), 8). On the other hand, we know
that K(z, w) = K(w, z). Thus we have another expansion of
Kz, w) = X, 1) Gyw) ebe v
n=l

The second expansion can be interpreted as the Fourier expansion of K(z, w) in z
at {0} (i.e. z~ K(z, w) is an element of Sy(/y(¢), 8), where the nth Fourier
coefficient n°~1G,(w) is a modular form of antiholomorphic type.

We, however, note the analogy of this second expansion with the Fourier ex-
pansion of BL(z, g) in z given in (3-6), where each Fourier coefficient is a modular




CUSP FORMS AND AUTOMORPHIC FORMS 311

form on O(Q). Thus it is reasonable to ask if there is a “polarization identity” of
6% of the form: Oz, g) = Y1 P Npi)*(€)G,(z), where (p3)* : O(Q) - C
is a function which satisfies (p3)*(gy) = (ps)(g) for all ge O(Q) and all y e
0(Q). N pr,- Also we should require that ¢} is related to (p;)* by an averaging
over 0(Q)/0(Q). N Pry i (&) = Tyco@uo@ungy, PD*E).

Zagier in [23] proved such a “polarization identity” in the case whena = b = 2.
However such a formula can be proved generally (by Oda in [11] for the cases k =
6, and in [16] a very general version of the formula is shown to be valid without
restriction to the case b = 2).

THEOREM 6.1 (ZAGIER IDENTITY). Let s > 2k. Let ELyz, Z) =

6L Az, g7V [2(g, v — lep)] (see (6—2)) with Z = g +/ —1(+/2e,) € T(&). Then
we have the formula:

(6-7) Egle2)= ) )|"|$“ﬁ,‘!‘,x(Z)Gn(z, X

neZin=—1
where G, is the Eisenstein-Poincaré series on H, the lower half-plane, given by
1 s
6-8 Gz, y)= <—> s& eVl @)
( ) X) TEfo(f)Zgo\f'o(t) CTZ + dT Qv Z(T)

with

_ ¢/ 2¢, \¢/ D
sk )=(e )( T>( Q(L)) )
6,1 dy dr d, X\ar
(note here that

OL (72, 8) = s AP)(cyz + d,) Ok (z,8) for v € Ty(1))
and

€9 gD =50 B {062+ vt -,

(E€21Q¢, &)=n);jeZ

REMARK 6.1. The function G , is obtained from §,,, by restriction of the sum-
mation in (6-3) to precisely those lattice points of the form {§ + #v|&e & with
Q(&, &) = n, and j e Z}. This latter set (singular horocyclic lattice points) is stable
under O(Q)., N Pr,-

Then using Theorem 6.1, it is possible to determine a(y, f) (see (6-6)). The main
idea is to apply the Lipschitz identity to the inner sum of the right-hand side of
(6-9), i.e.

1 2 (27[1/_1)32 r=+o0 . .
Z:<w+m> I O ) rZ:=1r2192¢1 with we H.

meZ

Then we deduce

COROLLARY TO THEOREM 6.1. Let s > 2k. Let fe Sy (I'y(t), o) with o, a Dirichlet
character mod t. Then let f(z) = X ,»1 a;(n) e?"~~1"% pe the Fourier expansion of
fat {o}.

Assume pe (Lp)(Q) N &4 and p ¢ L[(4/2-t). Then a(p, f) = 0.

On the other hand, let e (Lp)(Q) N &4 with pu = (m[(4/2-1))-& with &, a
primitive element of the lattice & (m, a positive integer). Then
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a(ﬂ,f) = Ci G(Xm 1)

-3 o e (2|06 0))

v Ivim}

(6-10)

with y, the Dirichlet character given by
Xo(%) = a(x)(—1/x)% 25, (x)
and G(y,, t), the Gauss sum given by
Gl 1) = 3 y,(v) e 2Vt

vmod ¢

(here c} is a nonzero constant depending only on s).

Then following the well-known methods in automorphic form theory,
it is possible to associate a Dirichlet series to the automorphic function
F;( lo, L, v, x5 To(t)). The cases k = 3, 4 have been studied extensively in [10]
and [6], so in the ensuing discussion we assume that k = 5. In particular we let

6-11) RES) = X a@f) ] 0@,
Qe((LFD+@NE) e(Q)
where {(£Lr)«(Q) N &} denotes the set of equivalence classes of O(Q, Fy + Fy)* N
0(Q); in (£r)«(Q) N &+ and &(Q) = the order of the finite subgroup of
0(Q, Fi + F)* () 0(Q), which fixes Q.
Then from (6-10) we deduce immediately

PROPOSITION 6.2 [16] (WITH THE SAME HYPOTHESES AS IN THEOREM 6.1 AND k =
5). Let 8 € C so that Re(8) is sufficiently large. Then we have the identity:

R, f) = diG(yy, D% 22L(3,, 28 + 1 — s3)
(¢-12) S a(—n) M@y, 2, )],

(neZin=—1}
where M(Q,, &%, n) is the Siegel mass number of the form Q, (= Q restricted to
F, + F;) relative to the lattice ¥ on the quadric of level n (i.e. M(Q,, &, n) =
A (&)L, where &y, -+, £,y run through a set of representatives of O(Q, F, + Fy)*
N O(Q), orbits in ¥ (N {X e R*2|Q(X, X) = n}) and dy a nonzero constant dependent
only on sy (recall here that s, = s + tk — 1). Also L(9,8) is the classical L function
associated to the Dirichlet character 0.

Thus we have expressed R(3, f) as the product of elementary functions (i.e. a?),
an L function, and the Rankin convolution of 2 Dirichlet series (i.e. the
Dirichlet series D(8, f) = 2,1 as(n)n* and Siegel’s zeta function _(Q,, #,8) =
Zinezins—1 M(Q1, Z, n)|n|%).

The analytic nature of the function R(3, f) can then be determined easily from
Proposition 6.1. If we let R*(3, f) = {z~2 '8 — 3k + 2) I'8) R(3, f)}, then
R*(8, f) can be analytically continued to the whole 3 plane (I, the gamma function).

REMARK 6-2. Using (6-12), it is possible to deduce a type of Euler product expan-
sion of R(3, f). It suffices to study the possible Euler product properties of the Ran-
kin convolution of D(8, f) and {_(Q;, ., 8). However if k is even and both D(3, f)
and {_(Q,, &, 8) admit the usual Euler product of the GL, theory, then the Rankin
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convolution of these series can be expressed as an Euler product with numerator
of degree 2 and denominator of degree 4 for almost all primes p. (For suitable
choice of Q; and &, { (Q,, %, 8) is a finite sum of Euler products of the GL,
theory, see [7].) On the other hand, if £ is odd then D(3, /) and {_(Q,, %, 8) do not
have the usual GL; type Euler product. However in [18] a modified theory of Euler
products is set forth for SL, automorphic forms of semi-integral weight. In partic-
ular if f'e Sp(7o(¢), B) is a Hecke eigenfunction in the sense of [18], then the partial
Dirichlet series X3, a;(|d|n?)n* (d, the discriminant of an imaginary quadratic
extension of Q) can be expressed as an Euler product with numerator of degree 1
and denominator of degree 2 for almost all primes p. And it is possible for suitable
% to find a similar Euler product for },.; M(Q;, %, dn?)n~ Then by purely
algebraic methods, one can show that the Rankin convolution }},., as(| d[n?)
-M(Qy, &, dn®)n—* is an Euler product with numerator of degree 3 and denominator
of degree 4 for almost all primes p (see [16] for the case k = 5 where O(3, 2) is
locally isomorphic to Sp,(R)).

Notes. For a complete bibliography on “hyperboloid analysis”’, we refer the
reader to [21]. Also for an adelic treatment of the Weil representation and auto-
morphic forms, see [4].

We use the terminology that a function ¢ vanishes at a cusp 7(o0) = a if
(@17)(@) = (cz + d)~ ¢(7(2)) has an expansion of the form

D C, eV HER/NE  yith ¢p = 0 when k = 0
nz0

(here & is the ramification of the multiplier at  and N is the smallest positive integer
so that

1N _
T[O 1}7’ le [y,

I the arithmetic group in question) (see [18]).
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A COUNTEREXAMPLE TO THE “GENERALIZED
RAMANUJAN CONJECTURE”
FOR (QUASI-) SPLIT GROUPS

R. HOWE AND I. I. PIATETSKI-SHAPIRO

1. Introduction. In [Sat], Satake explains how the Ramanujan and Ramanujan-
Peterson conjectures concerning the coefficients of cuspidal modular forms can be
formulated group theoretically. Briefly, the interpretation is that the local consti-
tuents (see [F]) of the automorphic representation associated to a classical cusp
form should be tempered in the sense of Harish-Chandra [KZ]. (See also [GGP].)
Temperedness is a technical condition on the asymptotic behavior of matrix co-
efficients that has proved crucial in Harish-Chandra’s work on the Plancherel
formula. Since it makes sense for any reductive group, the question as to whether
the cuspidal automorphic representations of any global algebraic group might not
be tempered came to be known as the generalized Ramanujan conjecture. Examples
of automorphic cusp forms whose component at co was nontempered have been
constructed by several authors (see [Ga], [HW], [M], and the remarks in [B]).
However these examples were for anisotropic groups, and the question remained
open for quasi-split groups. Here we will construct examples of cusp forms for
Sps which are nontempered almost everywhere.l

Our construction uses the oscillator representation. Regarding Sp, as one mem-
ber of the dual reductive pair (Spy, O,) (see [H]) yields an injection of the auto-
morphic forms on O, into the automorphic forms on Sp,. This construction is
parallel to those given by Hecke, Maass, and Shalika-Tanaka for cusp forms on
Sp, = Sl, corresponding to grossencharaktere of quadratic fields. Indeed these are
automorphic forms on S, corresponding to the dual pair (Sp;, O;). We remark that
although every automorphic representation of O, gives rise to a representation of
Sps, not all such representations of O, are involved in the correspondence with Sp,.
It turns out that it is precisely the O, representations which were missing in the cor-
respondence with Sp, that give rise to cuspidal representations of Spy. Locally, at a
place where the binary quadratic form is anisotropic, there is precisely one repre-
sentation of O, which is missing from the pairing with Sp,, namely the nontrivial
character which is trivial on SO,. Thus the nonconnectedness of O, plays an im-

AMS (MOS) subject classifications (1970). Primary 22ES5S.
'Our first examples were for U,,,; however the Sp, example is easier to present, and in some
sense is better, since Sp, is not merely quasi-split but split.
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portant role in this construction. The local (Spy, O,) correspondence was analyzed
by C. Asmuth in his thesis [A].

The cusp forms that we construct are peculiar in some respects. In particular,
they fail to have Whittaker models [P 1]. Thus the possibility remains open that the
generalized Ramanujan conjecture is true for cuspidal automorphic representations
with Whittaker models. Probably the best known example of a cuspidal represen-
tation without Whittaker model is the representation 6, of Sp, over a finite field,
discovered by Srinivasan [Sr]. The cusp forms constructed here are closely related
to f1¢. Indeed, let k be a non-Archimedean local field with integers ¢ and residue
class field F. Then 6, is a representation of Spy(F) and may be pulled back to a re-
presentation of Sp,(0) via the canonical surjection

Spa(0) — Spy(F).

It is not hard to see by means of the Cartan decomposition that the induced re-
presentation

ind 010 = 1nd§g:§8 010 -

will be irreducible and supercuspidal. It is essentially this ind 6, which will be the
local constituent at certain finite places of the automorphic representations we
construct. We note that 6, is one of the simplest cuspidal representations of the
type Lusztig [L] calls unipotent. The examples for U,,; also involve a cuspidal
unipotent representation of that group. This suggests that the failure of the
generalized Ramanujan conjecture is related to the existence of these cuspidal
unipotent representations. Lusztig has classified these representations for the
classical groups over finite fields and has shown that although they are rare, they
exist for groups of arbitrarily high rank.

The question of computing L-functions attached to the automorphic forms we
construct is of some interest. Using the definition of L-functions for GSp, in
[P 2], [NPS] we made some preliminary computations. The feeling is that the
L-function for the local cuspidal representation which comes from the oscillator
representation has a pole. This is consistent with the expectation that after an ap-
propriate lifting our cuspidal nontempered automorphic representation corres-
ponds to a noncuspidal automorphic form. In this way perhaps our example can be
shown to fit consistently in the pattern of Langlands’ philosophy. Detailed compu-
tations will be given elsewhere.

2. The construction. Let £ be a global field (an 4-field in the terminology of Weil
[W 2]). We take char k # 2. Let Spy(k) be the set of matrices, with entries in k,
of the form

(cn)

CcD

where 4, B, C, and D are 2 x 2 matrices satisfying

2.1) AD — CtD =1, A'C = C'A, B'D = D'B,

where Iis the 2 x 2 identity matrix and A’ is the usual transpose of A.
Let K be a quadratic extension of k. The norm form from K to k is a quadratic
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form, labeled §, on K regarded as a 2-dimensional vector space over k. Denote the
isometry group of this form by O,(k). Let ¢ denote the nontrivial element of the
Galois group Gal of K over k. Then r is in Oy(k), and B8(x, x) = xz(x) for x in K.
Set

2.2) U= {xeK:f(x,x) = 1}.

Evidently U is a subgroup of K*, the multiplicative group of K, and so acts on K
by multiplication. This action identifies U with SO,, and we have an exact sequence

2.3) 1 U—s 0, Gal 1.

Let A4 be the adéle ring of k. Let v be a typical place of &, and k, the completion of
k at v. Then Spy(A) is the group of matrices with entries in A satisfying (2.1),
K, = K ®, k, is the completion of K at v, and 8, is the form induced by 3 on K,
and so forth.

Following Weil [W 1] and Saito [So] we know there is a unitary representation
w of Spy(d) on LY(A2®, K) ~ L%A4?2 ® K, ) ~ LK3). From these authors’
work we can glean that this representation will have the following properties.

(i) w preserves the Schwartz-Bruhat space &(K3). Denote by w* the restriction of
w to &.

(ii) Just as S(K3) is the (restricted) tensor product of the local Schwartz-Bruhat
spaces &(K?), so also w= is the restricted tensor product of representations &%
of Spy(k,) acting on #(K?), and the wy® are restrictions of unitary representations
w, on L3(K?),

(iii) The action of the subgroup of Sp, of elements of the form

A0

(6 41
is essentially induced by the linear action on 42, modified to provide unitarity.
Precisely, choose a basis e;, e, for K over k. Then for f € #(4% ® , K,), we have

on @0 4)NO®aT RO

= s(4)|det 4|71 f(A71(n) ® e + A7H(v2) ® e3).

In (2.4),| |is the standard ‘“module” (cf. [W 2]) or absolute value on 4, v;, v,
are in 42, and s(A) is a character on GLy(A) of order 2. We note that (2.4) breaks
up in an obvious way into local actions.

(iv) The action p of Oy(A4) on £ (K3) induced by the linear action of O,(A4) on
K, commutes with w(Spsy(4)). Note this action of O,(4) also breaks up into a pro-
duct of actions of local Oy(K,)’s.

(v) For fe #(K3) define

@.5) o) = X fx).

Then 6 is a distribution on &#(K?), and 0 is invariant by w=(Spy(k)). That is, for
g in Spy(k) and fe F(K3), we have

(2.6) 6(w(g)() =6(/)-
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It is obvious that @ is also invariant by p(O,(k)). Therefore, if we define, for fin
&L(K3), a function 6 on Spy(A) x Oy(A) by the formula

27 04(8, h) = 6(w(g)o(h) f)
then @ factors to a function on the quotient space
Spa(k) x Ox(k)\Spy(4) x Oy(4).

Furthermore, 6, will have moderate growth at co, so that § is an automorphic form
on Spy(4) x 0yx(A).

Our strategy now is the usual one in the theory of @-series. The coset space
02(k)\O2(A4) is compact. We will see shortly that for an appropriate choice of
/. the restriction of §; to O,(4) is an arbitrary Schwartz-Bruhat function on
O,(k)\Oy(A). Thus in particular, we can arrange that 0, will transform under some
given irreducible representation ¢ of Ox(4). From a study of the local representa-
tions w,, we can then conclude that if g, is chosen properly at certain places v, then
6 will transform under Spy(k,) according to a certain supercuspidal representa-
tion.2 It follows that [Sp4(A) will be a cusp form. Further examination will show
that at almost all places v, the cusp form @, will transform according to a certain
irreducible nontempered representation g, of Spy(k,), determined by o,. There-
fore, any irreducible component in the space of cusp forms on Spy(4) generated
by 6, will transform at almost all places by these same ¢, and our goal will be
achieved. We proceed to details.

PROPOSITION 1. The map f —0,|05(A) is surjective from & (K3) to & (O(k)\Oy(A)).
PrOOF. Let (x;, x;) be a point in K2 such that x; and x, span K over k. The map

e: g — (gx;, gx2)

of 0,(4) into K2 is a smooth injection. It also has closed image. This can be seen in
various ways, but perhaps most easily by noting that the image of O,(k) consists of
rational points and is therefore discrete, and O,(k)\04(4) is compact. Since the
image of e is closed, the pull-back

e*: CZ(K3) — C=(0y(4))
is surjective onto C(0y(A4)). Let fe C2(K3) vanish at all points of K2 not in the
image of e. Then by Witt’s Theorem [J] it is easy to compute that
(2.8) 0/8) = 2 e*(f)(hg).
hEG ()

<=0,

Since it is well known that all fin C=(Oy(k)\04(A)) are of the form given on the
right-hand side of (2.8), the proposition follows.

REMARK. The same result with the same proof holds for an arbitrary irreducible
type I dual reductive pair (G, G’) (see [H]) when the space with form attached to G
has an isotropic subspace of dimension at least equal to the dimension of the
formed space attached to G'.

*Actually it can be shown that 0, will transform under Sp,(4) according to an irreducible repre-
sentation ¢’ determined by g, but this finer result is unnecessary for the present purpose and would
unduly lengthen the paper.
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If K, is a field, i.e., if K does not split at v, then 3, will be anisotropic and O,(k,)
will be compact. Therefore #(K?2) will break up into a discrete direct sum of spaces
transforming under O,(k,) according to its (one or two dimensional) irreducible
representations. Asmuth has established the following facts [A]. (See also [H].)

PROPOSITION 2. If K does not split over k at v, then there is an orthogonal direct
sum decomposition

FKY) =~ 2 S (K3, 0)

over all irreducible representations of Oq(k,). Each space (K2, o) is irreducible
under the joint action of Oy(k,) and Spy(k,) (which acts by the restriction of w, to
P (K2, 0)) and thus has the form o ® o' as O x Spy module. The mapping o — ¢’
defines an injection of the representations of O,(k,) into the (irreducible admissible
unitarizable) representations of Spy(k,). If o is the nontrivial 1-dimensional repre-
sentation of Oy which is trivial on SO, (the signum representation) then ¢’ is super-
cuspidal.

If ¢ is any representation of O, other than the signum, the corresponding ¢’ is
not even tempered [KZ]. We will show this is true when ¢’ is the trivial representa-
tion, which will suffice for the present purpose. The point is that there are functions
f.f € #(K?) which are invariant under O,(k,) and which are positive and do not
vanish at zero. We compute the matrix coefficient

roo 0
00 O
fiw, 1 )
2.9) 00r1 0
) 000 ¢

= £ |l | S, 2 T, 17735) iy s
Since f has compact support, we see that for » and ¢ sufficiently large, (2.9) becomes
+ |rt|71 (0, 0) _fK S ey, xz) dxy doxs.

Since the §-function of Sp, is |r422|,, we see the matrix coefficients (2.9) decay too
slowly at oo for ¢’ to be tempered.

If K, is not a field, then §, is a hyperbolic plane whose isotropic lines are the two
places of K lying above v. The joint action of O, and Sp, on &(K?2) can be analyzed
in a manner directly analogous to Proposition 2, but the work is slightly longer
since the decomposition is continuous rather than discrete. Since we cannot refer
to the literature, we prove only what we need. We consider only non-Archimedean
places. Let C and C’ be the subgroups of integer matrices in O,(k,) and Spy(k,).
Let &(K2)° be the C’-fixed vectors in & (K?).

PROPOSITION 3. There is a linear isomorphism
a: C2(0y(k,)|C) — F(K3).
The map o is an Oy(k,) intertwining map.

ProoF. By performing a partial Fourier transform (see [RS] for the analogy in
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the (O,, Sl,) pair) we find wy is equivalent to the representation of Spy(k,) on
&(k?) induced by the natural linear action of Spy(k,) on k2. In this realization of
wy, the action p* of SOy(k,) becomes the (scalar) dilations of k% normalized for
unitarity. To get O,, you add Fourier transform on k2 with respect to the symplec-

of which Spy(k,) is the isometry group.

It is easy to check that the orbits of C’ in k2 are the sets z#(0% — 702), together
with 0. From this one sees that (k) has a basis composed of the functions ¢,,
where ¢, is the characteristic function of z*04. All the ¢, are invariant by dilations
of K} by elements of ©%. Assuming the Fourier transform ” on k? to be normal-
ized properly, as we may, it will be seen that

(2.10) i = |zl ¢

In particular ¢, is invariant under ¢ and under /, that is, under C. Define a map
a: C2(0y(k,)/C) — L (k)

by
a(f) = pf)go) for fe C=(Oyk,)/C).

Since the dilations by powers of z are a set of coset representatives for
004k ,))/p,(C), it is easy to see that « is a linear isomorphism. It is also trans-
parently an O,(k,) intertwining map, so the proposition follows.

We will say an irreducible admissible representation of Spy(k,) is C’-spherical if
it contains a C’-fixed vector. Similar terminology applies to O,(k,).

PROPOSITION 4. Suppose ¢’ is an (irreducible admissible) C'-spherical representa-
tion of Spy(k,). Let Y, be the kernel of all Spy(k,) intertwining operators from
SL(K?) to the space of o'. Then the joint action of O,(k,) x Spyk,) on Q, =
P(KD)|Y, is irreducible, and of the formo ® o', where ¢ is an irreducible C-spherical
representation of Oqk,). The correspondence o — ¢’ is an injection from the set of all
C-spherical representations of O(k,) into the set of C’-spherical representations of
Spu(k,).

ProoF. Since C’ is compact, the natural projection map ¥ (K2 — Q¢ is sur-
jective. The space Q% will be invariant by O,(k,), and since there is precisely one
C’ fixed vector in ¢’ [C], Q, will be irreducible under O, x Sp, if and only if Q. is
irreducible under O,. According to Proposition 3, there is a surjective O, inter-
twining map

a': C2(0,/C) — 0F.
Therefore the irreducible O, representations in QS will correspond to the C-fixed

vectors in QY. So to show irreducibility of Q, under O, x Sp,, it will suffice to
show that Q¢'*C is one-dimensional. To this end, consider the action of the Hecke

algebras [C] C=(0,//C) and C>(Sp,//C’) on L (k2)C*C, as described in Proposi-
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tion 3. (We will pass freely between &(k3) and &(K2).) If the ¢, are as in (2.10),
then it is easy to see that the set of functions g%¢, + g2 ¢_, where g = |z|; form
a basis for #(k4)°*¢". Let T be the Hecke operator on O, defined by

Ti(f)x) = g2 f(wx) + g% (z7'x) for fe F(k)*<C.

Then T, generates the Hecke algebra C2°(0,//C). Let T; and T, be the Hecke
operators on Spy, each of total mass 1 and supported on the C’ double cosets with
respective coset representatives

z00 O z00 O
010 O 0z0 O
00710 24 150410
000 1 000 g1

These operators generate C2(Spy//C’).

Direct computation yields the equations
Ti(¢o) = g7 241 + ¢%¢y,
, 1
@11) Tigo) = —— 5 (@ — D g1 + (¢* — 29 + 1) g0 + gg — 1) ¢),

q(¢* = 1)

1

Ca=m)) (@2 = Dy + (¢* — 2% + Do + ¢4(g2 — 1) ¢y).
From Proposition 3, we know that £ (k)% is isomorphic as C2(0,//C) module
to the regular action of C°(0,//C) on itself. In particular ¢, is a cyclic vector for
(k)< under the action of T7. Since T and the 7'; commute with each other we
have, for any fin & (k)c*¢,

q(q* — DT = (¢* — 29 + D f + q%q — 1) Th(f),
q¥q* — DTAf) = (¢* — 2¢> + 1) f + q¥q% — 1) Ty(f).

Now return to Q5*¢". It will be the quotient of &(K2)°*C". Therefore if ¢ is the
image of ¢ in Q%*¢, then @, is a cyclic vector for T acting on QS*¢". On the other
hand, since Q, is a sum of copies of ¢’ as Sp, module, we see ¢, will be an eigen-
vector for T; and T,. Hence by (2.11), we see ¢, will be an eigenvector for T}, so
Q6*¢" is one-dimensional as desired. Hence Q,  ~ ¢ ® ¢’. Furthermore (2.12)
shows that the eigenvalue of 7 acting on @, determines those of T and T, and
vice versa. Since these eigenvalues determine in turn ¢ and ¢’ [C], we see also that
o — ¢' is injective, so the proposition is proved.

We note that, from the realization of w}® on #(k?), it is obvious that no C’-
spherical quotient of w{° can be tempered, because all such quotients will admit a
distribution which is invariant by the isotropy group in Sp, of a point in k%, and
existence of such a distribution precludes temperedness.

We may now proceed as indicated above. Select fin #(K%) such that §; trans-
forms under Oy(A) according to an irreducible representation whose local com-
ponent is the signum representation at at least one place where K does not split
over k. Such representations obviously exist. Then under Spy(A4), we know from
Propositions 2 and 4 that 6, will transform according to an irreducible representa-

Ty(¢o) =

(2.12)
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tion g, determined by ¢,, of Spy(k,) for all places v where K does not split over k,
or where K does split and §; is fixed by C,. Together, these account for almost all
places. Since ¢, transforms by a supercuspidal representation at at least one place,
it will be a cusp form. Therefore the (L2-closure of) the Sp,(A) translates of 4, will
decompose into a direct sum of cuspidal automorphic representations. At all the
places mentioned above, the local components of these automorphic representa-
tions will have to be the g, determined by the ¢,. Therefore these automorphic
representations will be nontempered at almost all places. This completes the con-
struction.

To conclude, we note that if k¥ = Q and K is an imaginary quadratic extension,
then some of the forms we construct will be ordinary Siegel modular forms of

weight 1.
Also, since automorphic forms on O, obviously fail to satisfy strong multiplicity
one, the corresponding forms on Sp, will also contradict strong multiplicity one.
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