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- Preface

There has been a great deal of active research recently in the fields of
symplectic geometry and the theory of Fourier integral operators. In symplectic
geometry there has been much progress in understanding the geometry of
dynamical systems, and the process of “quantization” as applied not only to the

- theory of dynamical systems, but also as a key tool in the analysis of group
representations. Fourier integral operators have made possible a much more
systematic analysis of the singularities of solutions of linear partial differential
equations than existed heretofore, together with a good deal of geometric
information associated with the spectra of such operators. These two subjects are
modern manifestations of themes that have occupied a central position in
mathematical thought for the past three hundred years—the relations between
the wave and the corpuscular theories of light. The purpose of this book is to
develop these themes, and present some of the recent advances, usmg the
language of differential geometry as a unifying influence.

We cannot pretend to do justice to the history of our subject, either in the short
space of this preface, or in the body of the book. Yet some very brief mention of
the early history is in order. The contributions of Newton and Huygens 'to the
theory of light are known to all students. (Huygens’ “envelope construction”—
wherein the superposition of singularities distributed along a family of surfaces
accumulates as singularity along the envelope—makes its appearance in the
modern setting as a formula for the behaviour of wave front sets under functorial
operations; cf. Chapter VI, equation (3.6).) In Fresnel’s prize memoir of 1818, he
combined Huygens’ envelope construction with Young’s “principle of interfer-
ence” to explain not only the rectilinear propagation of light but also diffraction
effects. Thus Fresnel applied Huygens’ method to the superposition of oscilla-
tions instead of disturbances and was able to calculate the diffraction caused by
straight edges, small aperatures and screens. In Chapter VI we study the
geometry of the superposition of “disturbances” while in Chapter VII we study
the geometry -of the superposition of (high frequency) oscillations. In 1828

v
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Hamilton published his fundamental paper on geometrical optics, introducing his
“characteristics”, as a key tool in the study of optical instruments. It wasn’t until
substantially later that Hamilton realized that his method applied equally well to
the study of mechanics. Hamilton’s method was developed by Jacobi and has
been a cornerstone of theoretical mechanics ever since. In Chapter IV we discuss
the modern version of the Hamilton-Jacobi theory—the geometry of symplectic
manifolds. It is interesting to note that although Hamilton was aware of the work
of Fresnel, he chose to ignore it completely in his fundamental papers on
geometrical optics. Nevertheless, he made a theoretical prediction in the wave
theory—the possibility of “conical refraction”—which was experimentally veri-
fied soon thereafter. Unfortunately, we shall have nothing to say in this book on
the issue of conical refraction (the problem of multiple characteristics in
hyperbolic differential equations) but hope that some of the methods that we
develop will prove useful in this connection. In 1833, Airy published a paper
dealing with the behavior of light near a caustic. (A caustic is a set where
geometrical optics predicts an infinite intensity of light. An object placed at a
caustic will become quite hot, and hence the name.) In this paper, he introduced
the functions now known as Airy functions. In Chapter VII, we show how the
theory of singularities of mappings can be applied to understand and extend
Airy’s results. In 1887, Kelvin introduced the method of stationary phase—a
technique for the asymptotic evaluation of certain types of definite integrals—in
order to explain the V shaped wake that trails behind a ship as it moves across
the water. The method of stationary phase, in a form expounded by Hormander,
will be our principal analytical tool.

We now turn to a chapter by chapter description of the contents of the book.

Chapter 1. Introduction. The Method of Stationary Phase

The solution of the reduced wave equation Ay + kzp = 0 with initial data
prescribed on a hypersurface S C R%is given by an integral of the form

1k|x —y|

fl a(y)dS (*)

In order to see how (*) behaves in the range of large frequencies we first
consider more general integrals of the form

f o) a(z) dz.

The method of stationary phase, for evaluating such integrals for k large, is
discussed in detail following Hormander’s idea of making use of Morse’s lemma.
It is then applied to (*) to explain the phenomenon of shift in phase, when light
rays pass through caustics. In the Appendix to this Chapter, we present a proof
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of Morse’s lemma and its extensions to the existence of polynomial normal forms
for functions satisfying the Milnor condition. The technique of proof, due to
Moser and Palais, will recur several times in various contexts where normal forms
of different kinds of geometric objects are required. This chapter is rather short
and is intended mainly to motivate the type of asymptotic developments we
consider in Chapters II and VII.

Chapter II. Differential Operators and Asymptotic Solutions

We discuss the Luneburg-Lax-Ludwig technique for constructing asymptotic
solutions for differential equations P(x, D, ) involving a large parameter 7. This
technique involves solving the characteristic or eikonal equation and then
inductively solving a series of transport equations. We show how these can be
solved using methods of symplectic geometry and in doing so also show how the
characteristic and transport equation, viewed symplecticly, make sense in the
vicinity of caustics even though the asymptotic expansions blow up at caustics.
This enables us, in §6, to analytically “continue” our asymptotic expansions
through caustics making the appropriate phase adjustments. In §7, we apply these
results to the time independent Schrodinger equation and derive the Bohr-
Sommerfeld quantization conditions of Keller and Maslov. We also derive an
asymptotic formula for the fundamental solution of the time dependent Schro-
dinger equation and show that it can be interpreted, as Feynmann does, as the
evaluation of a Feynmann integral by means of stationary phasel.

Chapter III. Geometrical Optics

We indicate how the techniques of the preceding chapter can be applied to
optics. The point of view we emphasize here is that geometrical optics is just the
study of the bicharacteristics of Maxwell’s equation. In particular we develop the
elementary laws of refraction and reflection from this point of view, and discuss
focusing and magnification. We spend more time than the reader may think is
warranted discussing Gaussian optics. However, this section is partly intended to
motivate our study of the linear symplectic group a little later on. We also want
to emphasize that the abstract mathematical considerations of Chapters II and
IV are quite closely connected to concrete physical applications. However the
treatment is not meant to be complete. There are two excellent and highly
readable texts on the subject: Born and Wolf, “Principles of Physical Optics” and
Luneburg, “Mathematical Theory of Optics”, and the reader is referred to them
for a detailed treatment. We finally discuss Maxwell’s equations themselves.

The first three chapters can be viewed as principally motivational. The main
formal development starts with Chapter IV.

! The techniques we describe in this chapter have been further developed by the mathematicians
of the NYU school to obtain deep results in physical optics, acoustics and scattering theory. We
regret very much that the limitations of this book prevent us from touching on their remarkable work.
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Chapter 1IV. Symplectic Geometry

We have already made sporadic use of symplectic methods. Our intention here
is to provide a much more systematic treatment than in the earlier chapters. We
begin by giving Weinstein’s proof of Darboux’s theorem (and the Kostant-
Weinstein generalization which says that near a Lagrangian submanifold A a
given symplectic manifold looks locally like 7*A.) In §2 we discuss linear
symplectic geometry, the Langrangian Grassmannian and its universal cover-
ing space, and define the Maslov index following the ideas of Leray and Souriau.
In §3 we discuss Hormander’s cross ratio construction of the Maslov class. This
material is based on §3.3 of Hoérmander’s Acta paper on Fourier integral
operators, with some simplifications suggested to us by Kostant. In §§4 and 5 we
develop the main facts we will need in Chapters VI and VII about Lagrangian
manifolds. In preparation for Chapters VI and VII we have put considerable
stress on their “functorial” properties. In §6 we discuss periodic orbits of
Hamiltonian systems and make an application to the Kepler problem (following
Moser). In §7 we discuss symplectic manifolds on which a group G acts
transitively. Finally, in §8 we discuss relations between symplectic geometry and
the calculus of variations.

Chapter V. Geometric Quantization

In this chapter we discuss the current state of knowledge concerning the
geometry of quantization as introduced (independently) by Kostant and Souriau.
The main function of this chapter, as far as the rest of the book is concerned, is
the introduction of metalinear structures, half-forms, and metaplectic structures.
These notions will be of crucial importance for us in Chapters VI and VII where
we develop the symbol calculus in the metalinear category. The first two sections
deal with the concept, due to Kostant and Souriau, of prequantization. This has
the effect of selecting, among symplectic manifolds, those satisfying certain
integrality conditions. (In the case of relativistic particles this has the effect of-
constraining the “spin” to take on half integral values. In the case of the
hydrogen atom this constrains the negative energy levels to their appropriate
discrete values.) In §3 we introduce the notion of polarization, a concept
introduced independently by Kostant and Souriau in the real case, while
Auslander and Kostant introduced the notion of a complex polarization. The rest
of the chapter represents joint research by Blattner, Kostant, and Sternberg,
dealing with half-forms and a pairing between sections associated to different
polarizations, together with some physical examples due to Simms. The concept
of a metaplectic structure is introduced together with the pairing, mentioned
above which can be viewed as a generalization of the Fourier transform. The
metaplectic representation of Segal-Shale-Weil is constructed by geometric
methods using the pairing, and is applied to the construction of “symplectic
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spinors”. In a sense, this chapter is the most incomplete in the book. It is clear
that the quantization scheme proposed here is not broad enough to include all
interesting cases. A preliminary computation, outlined at the end of the chapter,
indicates that the requirement that two polarizations be unitarily related—an
essential ingredient in the scheme—is only slightly less restrictive than they be
“Heisenberg related”, i.e. that the pairing be geometrically equivalent to the
classical Fourier transform. Thus more sophisticated procedures must be deve-
loped, presumably along the lines of closer and closer approximations to the
Feynmann path integral method. Even within the current framework many basic
questions remain unanswered: What are the appropriate conditions guaranteeing
the convergence of the integrals involved in the pairing? What is the correct
formulation of the pairing in the case of complex polarizations, and its relation
with such objects as the Bergmann kernel? Is there a discrete analogue of the
notion of polarization, with an appropriate pairing so as to tie in with the theory
of theta functions? Must one look at generalized sections, associated polariza-
tions, or higher cohomologies in order to construct the quantized group represen-
tations? To what extent are the recent examples, of Vergne and Rothschild-Wolf,
where the group representation is not independent of the polarization, a
consequence of geometrical pathology of the polarization in question? What is
the relation between polarizations and pairings as introduced here geometrically
to formally similar objects arising in the p-adic theory, especially in Weil’s
fundamental papers? In short, it is quite clear that the subject matter of this
chapter is only in its preliminary stages of development, and it is to be hoped that
the present chapter will be completely out of date within a few years.

Chapter V1. Geometric Aspects of Distributions

This is perhaps the central chapter of the book from the mathematical point of
view. In it we develop the theory of generalized functions (or sections of a vector
bundle) in terms of their behavior under smooth maps. A density on a manifold
X is an object which locally looks like a function, but transforms, under change
of coordinates, in such a way that integration makes sense. If p is a density and
v is a smooth function of compact support on a manifold X, we define u(v) by
Jy vp, so that densities define linear functionals on C§°(X). By a generalized
density we then mean any continuous linear functional on Cg°(X). ’

Let X and Y be manifolds and f: X — Y a proper mapping. If p is a
generalized density on X the “push-forward” f, u is defined by the formula

Luw) = Wf*0), v e Ccey)

It turns out that in certain instances one can define the “pull-back” f*p of a
generalized function on Y. (For example this is always the case if f is a fiber
mapping.) The purpose of this chapter is to develop systematically the theory of
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distributions in such a way as to permit maximum interplay between these two
functors.

In §1 we indicate the basic properties of these two functors, and use them to
define a special class of distributions called §-distributions and derive a fixed
point formula. In §2 we give a few applications of the ideas discussed in §1; in
particular we prove a few theorems about characters of induced representations
(in the theory of group representations) and sketch a proof of the Atiyah-Bott
fixed point formula. In §3 we define the wave front set of a distribution. It turns
out that from our functorial point of view it is convenient to do this using the
Radon transform rather than the Fourier transform as Hormander does. (This is
because the Radon transform can be defined as a composition of a “push-
forward” and a “pull-back”.) Therefore, we have included in this section a
discussion of the basic properties of the Radon transform. The idea of using the
Radon transform was pointed out to us by Dave Schaeffer in a lecture in which
he expounded some fundamental papers by Ludwig who had developed the
theory of singularities from this point of view. Ludwig’s papers have served as a
guide to us in constructing much of the theory of this chapter. In addition we
discuss a few other Radon-like transforms which are defined by push-pull
operations and show that the only “elliptic” examples have properties very
similar to the classical Radon transforms on rank one homogeneous spaces.

In §4 we discuss a larger class of distributions than those of §1. This class is
obtained by starting with the §-function on the real line and applying the
operations of pull-back, push-forward, differentiation and multiplication by
smooth functions. What one gets is approximately the class of distributions
discussed by Hormander in his basic paper on Fourier integral operators (though
his way of defining these distributions is quite different from ours.) In §5 we
develop a symbol calculus for these distributions, again making heavy use of the
two functorialities. Our symbols differ a little from those of Hérmander in that
instead of using the Maslov line bundle, as Hormander does, to handle phase
adjustments we use the metaplectic structure discussed in Chapter V. In
particular, our symbols are “half-forms” instead of half-densities. We get a
slightly less general theory than that of Hormander. (The manifolds we consider
have to satisfy w, (X )2 = 0, w, (X ) being the first Stiefel-Whitney class.) Howev-
er, we feel this disadvantage is outweighed by the advantage that the symbols are
less complicated. We indicate how our theory needs to be modified to cover the
more general situation. In §6 we discuss the calculus of Fourier integral operators
and derive some applications to partial differential equations.

In §7 we describe how our distributions behave under composition with
differential operators and show that on the symbol level o(Pu) is given by
applying the transport equation to o(u) just as we did in Chapter II in a
somewhat more elementary setting. As an application we describe the progressing
and the regressing fundamental solutions of the wave equation
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for the Laplace-Beltrami operator A on a compact manifold. In §8 we use the
results of §7 to obtain some theorems in spectral theory. In particular we obtain
Hoérmander’s asymptotic formula for the spectral function of a positive self-
adjoint elliptic operator on a compact manifold, and a result of Chazarain-
Duistermaat-Guillemin on the singularities of the Fourier transform of the
spectral function. This result asserts, roughly speaking, that the knowledge of the
eigenvalues of the Laplacian gives the lengths of the closed geodesics. To use the
phraseology of Mark Kac, one can “hear” the lengths of the closed geodesics.2
(This result is connected with a physical observation of Hermholtz in his study
of stringed instruments. Helmholtz was puzzled by the following problem: Why
is it that a bowed string, which is a “forced vibration”, should yield (approxi-
mately) the same note as a plucked string, which is a “free vibration”. The
frequency of a forced vibration should be the same as the frequency of the
forcing term (the bow). There must be some mechanism whereby the string
triggers the bow to execute a forcing action at exactly the free frequency of the
string.) Helmholtz examined the motion of strings using his ‘vibrating micro-
scope’ (today we would use a stroboscope) and discovered the following result:
The plucked string vibrates between the extreme positions as indicated:

where the central line represents the rest position of the string. On the other hand,
the instantaneous positions of the bowed string are of the form

2 The earliest reference that we were able to find in the scientific literature to this inverse problem
is in a report to the British Association by Sir Arthur Schuster in 1882 on spectroscopy. Until that
time, the primary function of the analysis of the spectra of atoms and molecules was to identify the
chemicals in question. (Indeed the most striking results were those of Kirchoff in determining the
chemistry of the sun’s atmosphere by analysing the absorbtion lines of the solar spectrum.) In fact,
the study of spectra was known as “spectrum analysis”. In this report, Schuster suggested that the
primary function of the study of spectra in the future would be to analyze the structure of atoms and
molecules, and coined the name “spectroscopy” for this new science. He writes:

“but we must not too soon expect the discovery of any grand and very general law, for the
constitution of what we call a molecule is no doubt a very complicated one, and the difficulty
of the problem is so great that were it not for the primary importance of the result which we
may finally hope to obtain, all but the most sanguine might well be discouraged to engage in
an inquiry which, even after many years of work, may turn out to have been fruitless. We
know a great deal more about the forces which produce the vibrations of sound than about
those which produce the vibrations of light. To find out the different tunes sent out by a
vibrating system is a problem which may or may not be solvable in certain special cases, but
it would baffle the most skillful mathematician to solve the inverse problem and to find out
the shape of a bell by means of the sounds which it is capable of sending out. And this is the
problem which ultimately spectroscopy hopes to solve in the case of light. In the meantime we
must welcome with delight even the smallest step in the desired direction.”
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where the kink in the string moves around the circuit with the velocity of sound
along the string, and it is this motion of the kink which triggers the bow to adhere
and detach from the string. Thus, in a bowed string, we hear the period of the
kink, i.e. the length of the “closed geodesic”. In an appendix to this Chapter we
describe Gelfand’s celebrated results on the Plancherel formula for the complex
semi-simple Lie groups in terms of the method of stationary: phase.

Chapter VII. Compound Asymptotics

We go back to the type of problems discussed in Chapter II. We have more
machinery at our disposal now, so we can formulate the results of Chapter II
more systematically. We define objects on manifolds which we call asymptotics.
They are functions (densities, half-densities, etc.) which depend on a large
parameter 7. Any two such objects are identified if they have the same asymptotic
growth as 7 — co. Following Leray we define the Fourier transform of an
asymptotic on R", and use it to analyze the singularities of the asymptotic. More
generally given an asymptotic [y] on a manifold X we define a subset F[y] of T* X
which we call its “frequency set” (in analogy with the wave front set of
Hoérmander) and which gives us rather precise information about where high
frequency oscillations of [y] are located. Asymptotics have some obvious
functorial properties which we discuss in §3.

In §4 we develop a symbol calculus for asymptotics. Here these are two parallel
theories—one associated to “exact” Lagrangian manifolds (for which (1/2m)a is
exact) and one associated to “integral” Lagrangian manifolds for which (1/27)a
€ H'(A,Z), i. e. 1/(27)a has integral cycles. The first of these is associated to
asymptotics depending on a continuous parameter and the second to asymptotics
associated to a discrete parameter. (These subtleties did not enter in Chapter VI
because there we dealt with-homogeneous Lagrangian manifold and « vanishes
when restricted to a homogeneous Lagrangian manifold.) We then discuss the
subprincipal symbol and the transport equation for asymptotics and indicate how
integral asymptotics should be used, in conjuction with half forms, to obtain
quantization conditions. In particular, our point of view is quite different from
that espoused in Chapter II.

Even in dimension zero-the asymptotic property of an arbitrary asymptotic can
be quite complicated. The only general result known is Bernstein’s theorem
which describes asymptotic properties of integrals of the form

f a(z)ei"’(z ) dz

for functions a with isolated singularities. This is discussed in §5.
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In §§6-9 we discuss asymptotic properties of certain kinds of generic asymp-
totics, such as those occurring in optics in the vicinity of a simple caustic. The
simple caustic case is discussed in §6, and used to obtain results of Ludwig on
uniform asymptotic expansions. To obtain analogous results for more complicat-
ed types of caustics we need canonical form theorems for the associated phase
functions. These canonical forms are discussed in §§7 and 8. Finally in §9 we
indicate some generalizations of the results of §6. The results of §§6-9 are joint
research of Guillemin and Schaeffer, the results being obtained in 1972. Since
then, two articles have appeared covering similar grounds, one by Duistermaat
and one by Arnol’d. We feel that the point of view developed here, and the
results obtained are sufficiently different from the above-mentioned articles to
warrent publication in their original form.

For the reader who prefers to deal directly with the mathematical theory,
unencumbered by historical allusions or physical applications we recommend
that he begin with Chapter VI, and refer back to those sections of Chapters IV
and V as they become necessary.

As we indicated in the above chapter by chapter analysis, much of the present
book represents joint work with others. Many of the results of Chapter IV were
obtained jointly with Kostant; Chapter V represents joint work of Blattner,
Kostant, and Sternberg. The second half of Chapter VII is joint work of
Guillemin and Schaeffer and many comments by Schaeffer were extremely
helpful in the development of Chapter VII. As many of the results are presented
here for the first time, we are grateful to Bob Blattner, Bert Kostant and Dave
Schaeffer for allowing the material to be published as part of this book.

The book itself is based on an intensive joint Harvard-MIT course in the fall
of 1973, together with seminars over the past few years. We wish to thank John
Guckenheimer and Marty Golubitsky for their contribution to the course and
seminar, and to Molly Scheffé for taking careful notes on which a lot of the
current manuscript is based. Above all, we wish to thank Mary McQuillin for her
assistance in seeing this book through its many editorial stages.

Both authors were supported in part by the National Science Foundation and
the second author by the John Simon Guggenheim Memorial Foundation to
whom we wish to express our thanks.



Notation

In general, we follow the notation used in the text Advanced Calculus by
Loomis and Sternberg, Addison-Wesley Publishing Co., Reading, Mass. 1968,
with some slight changes. The letters X, Y, Z, W, M will be used for differentia-
ble manifolds; usually M will denote a general differentiable manifold, and X a
manifold carrying some additional structures. Points on these manifolds will be
denoted by lower case letters such as x, y, z, etc. Local coordinates will be written
as (xl, e ,x").f' If M is a manifold and T*M is its cotangent bundle, then the local
coordinates on T* M associated with the local coordinates (x', ..., x")on M will
be (x‘,...,x",gl,;..,g,,) and, sometimes (ql,...,q”,pl,...,p”). The funda-
mental one form on the cotangent bundle will be written as a, so that, in terms
of these local coordinates, a = § ' + -+ £,dx" or a=p a'ql + -
+ p,dq". We will use bold face greek letters, usually £, 0, or  to denote either
tangent vectors or vector fields. The tangent space to a manifold M at a point x
will be denoted by TM,, and so a typical element of this tangent space will be
§e€ T™M, . If f M > N is a smooth map between differentiable manifolds, its
differential at the point x will be denoted by df,, so that df,: TM, — TNy,,. The
“pull back” of a differential form 8 on N by f will be denoted by f*8. Thus, for
example, if @ is a linear differential form on N, and 0y S T*]\{v is its value at
y € N, then for £ € TM, we have

CE.(F*0),) = <Al 0,0,

where { , ) gives the pairing between vectors and covectors. We will use the symbol Dy
to denote the Lie derivative with respect to the vector field & Thus, if Q2 isa k-form,
D Q is its Lie derivative with respect to &; if 1 is another vector field, Dyn = [£,7] is
the Lie bracket; if u is a function, we frequently write &u for Dgu.

In an oriented Riemannian or psuedoriemmanian manifold of dimension n, we
have the “star operator”, denoted by *, mapping k forms into n — k forms. Thus,
for example, if S is an oriented surface in Euclidean three space, R*>and uis a
smooth function on R3, we write f = du for the expression f f (u/0n) dS that
occurs in many of the older analysis texts. s

XV
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Chapter 1. Introduction. The Method of Stationary Phase

One of the early conclusive experiments verifying the wave nature of light was
the double mirror experiment of Fresnel. In this experiment, two plane mirrors
are placed so as to form an angle of slightly less than 180 degrees between them.
If light is incident from a source S, then interference fringes are observed in the
region common to the two beams reflected by the mirrors. The two beams can
be assumed as coming from S, and S,, the images of S in the two mirrors. These
sources can be thought of as synchronous and homogeneous since they are
derived from the same source S. If a screen is placed in the region common to
the two beams, then the points equidistant from S, and S, are highly illuminated,
and dark and light regions then alternate giving the interference pattern.

It was discovered by Gouy (Comp. Rend. 110 (1890), p. 1251) that if one of the
plane mirrors is replaced by a concave mirror, and the screen placed beyond the
focus, then the center is dark rather than light and, in fact, the entire interference
pattern is reversed. Thus it appears that the light goes through a phase shift of =
when passing through a focus. A focus can be thought of as the coincidence of
two focal lines. Thus, as Gouy points out, we can formulate the above result as
saying that light goes through a phase shift of 7/2 when passing through a focal
line. This phenomenon was explained by Poincaré in his lectures of 1891-1892 on
the theory of light, cf. [2]. His method was to apply an asymptotic evaluation of
certain integrals arising in the solution of the wave equation. This asymptotic
evaluation was invented earlier by Kelvin and is known as the method of
stationary phase. We now describe this discussion. Instead of dealing with
mirrors, we shall first assume that we have a surface emitting radiation of high
frequency. Also, to simplify the discussion, we will treat the scalar wave equation
rather than the vector equations of Maxwell. The discussion extends easily to the
vector case.

Let us consider spherically symmetric solutions of the wave equation

2 2 2 2
<~a—2~A)u=0 whereA=a—2+3—2+—a—2
ot dx dy° 9z
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is the usual Laplacian in Euclidean three dimensional space. In terms of polar
coordinates we have

19 ,0u 1 3 fu 1 0%u
Au = — =~ + —5—— =5 sin 0, —
r? or” or r?sin 0 30 a9 r2sin20 8¢2

so that if u is spherically symmetric, u = u(r, {), the wave equation becomes

9 J0u 1[04 %] 1 9
__—[2§+r5r—2—:|—r82(ru)

Thus v = ru satisfies the one dimensional wave equation
2 2
( 0 9 )u = 0.
a? or?
The general solution of this equation is given by

v(r,t) = fr+0)+glr—19

and so the general solution of the symmetric wave equation is given by

u(r t) f(r + t) g(r - t).

r

Here the first term represents an incoming wave and the second term represents
an outgoing wave. In particular, if we take f = 0 and g(s) = ¢** then

eik(r—t)

wk(t,r) = P

represents an outgoing (sinusoidal) wave of frequency k. Indeed, up to normal-
izing constants, it is easy to check that

ikr
Ek(r) = —

is the fundamental solution to the reduced wave operator A + k2 ie
(A + k*)E, = C8

for a suitable constant C, in fact C = —47.
Thus, let y be a point in R>. The function

c(y)wk(t,|x—y|), X 7&)’,

then describes a steady emission of radiation from y of frequency k. Here the
complex number ¢(y) gives the amplitude and phase of the emitted radiation.
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Now suppose that radiation is steadily being emitted from all points y on a
surface S, with density c(y)dy where we assume that the ¢(y) all have the same
phase; we thus may as well assume that c(y) is real. Then for any x & S, the
radiation at x will be of the form

e—ikl Ik (x)

where the [, (x) is an integral over S;

x
y
S
explicitly,
oiklx=yl
Ik(x) = ./:S' mc(y) dA.

We wish to evaluate this integral asymptotically for large values of k. We thus
are interested in an integral of the form

[ a(y)e*e ay

for large values of k. The evaluation of integrals of this type is known as the
method of stationary phase. Observe that the major contribution will come from
a neighborhood of the points where dp = 0. In fact we can break up a into a sum
of pieces of small support by using a partition of unity. Suppose that d¢ # 0 on
supp a. Then we claim that integration by parts shows that the above integral is
O(k™™) for any N, if a is a C* function of y. To see this let £ be the vector field

_5 9 3
g 2 ayl ayl
so that
ik 99\ « 2 ik
£ = ik[z (;) :Ie' ® = jk|g|"e™®
y
where |£]> # 0. Let
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Then
1 oke — ke

so that
fae”“’dy = fa[neik¢]dy = f(n'a)eik¢dy

et A ko gy — L [ peike
kfg(lgiz)e dy kfbe dy,

for some C* function b of compact support. By repeating this operation we see
that the integral is O(k V). Let us now assume that each critical point of ¢ is
non-degenerate. This means that the Hessian d? ¢, 1.e., the matrix

(527)

ayiayj

is non-singular at each critical point. Let p be a critical point of ¢. By a lemma
of Morse, we can introduce coordinates z|, ..., z, about p so that

d=o(p)+[-22 =2+ h + 222

= ¢(p) + 0(2)/2

where € is the index of the quadratic form d2¢p. (See Appendix I to this chapter
for a proof of Morse’s lemma.)
If

(52)

is the Jacobian matrix of the change of coordinates then, if supp a lies in the
desired coordinate neighborhood,
f ae'® gy = (k4P f 2e'*0()/2

det iv_ dz.
9z

Notice that if Q is the matrix of Q(z) then at p we have

_ (ay>’( 32[ )(ay)
0= 9z ayiayj dz
so that

%o

det ——
9y’ ay’

(p)‘—%

9
det 2 |(r) =
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We are thus reduced to considering an integral of the form
f f (z)eikQ(Z)/ 2 dz

for large k. Here z = (z;,...,z,). We claim that this integral has the asymptotic
expansion

o n/2 ]
(7) em(n—Ze)/4f(p) + O(k—n/Z—l)‘

We prove this as follows: We can write f(z) = f(0) + X z,f(z) where the f are
smooth, but, of course, not necessarily of compact support. If we could establish
that f ke()/2 g(2)dz were well defined for suitable functions not having compact
support, we could write

kQ(z 1 9 ikQ(z
fekQ( )/2Zj_f}(2)dz _ tﬁ(f—a_z;(ekQ( )/Z)fjdz

and this last integral is again of the type we are considering. Thus the highest
order term in any asymptotic expansion will come from the constant term, and
we are left with the task of evaluating the integral { ¢*Q@)/2 4, This is a product
of one dimensional integrals, and we must evaluate the integral f e~ gy,
Before evaluating this integral let us go to the problem of making sense of such
integrals.

We are thus interested in making sense of integrals of the form
feikQ(z)/ 2h(z)dz. We can reduce the question of convergence of the multiple
integral to that of the iterated integral, and hence to a problem in one real
variable. Let () be a C? function of the real variable s which is bounded and
with bounded first two derivatives. Consider the integral

f_ P N2y .

We claim that this integral is uniformly convergent for Re A > 0, |A| > 1.
Indeed, for 0 < R < S we have

N _ S1
-\2/2 =1 51\
fR e h(t)dt = —X fR ; (e Yh(r) dt

= _}\—le—)\tz/Z(h(t)/t)}s + %f: e M2 (n(e) J1y dt
R

S
= —X2eM2NRG) 1) — (Vo) (W) /)] .

X2 [Nt/
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The integral on the right is absolutely convergent and the end terms tend to zero
as R — co. Furthermore if M is a bound for A and its first two derivatives then
the above expressions can be estimated purely in terms of M. Thus if 4 depends
on some auxiliary parameters and is uniformly bounded together with its first two
derivatives in terms of these parameters then the integral

foo e_)"z/zhdt
—0o0

converges uniformly with respect to these parameters. (In particular, for Re A
= 0 the integral f e M)/ 2¢ (z)dz is well defined.) Furthermore, we see that
S e M 2h(t) dt is a holomorphic function of A for Re A > 0 and continuous for
Re A > 0, A # 0. In particular we can take A = 1. Now ffw e gy = 27
and a change of variables for A real together with analytic continuation for A
complex shows that

12
foo oML gy <2>\_77) ,
—00

for Re A > 0, where the square root is computed by continuation from the
positive real axis. Letting A — ik gives

/2
f pTiku?/2 dy = (2777) ox7i/4

This completes the argument and establishes the formula. Assuming that ¢ has
only finitely many critical points in supp @, we can therefore assert that

2 i
[ a(»)e™¥ ay = (2—”)"/ S rismHO)A **Va(y) 01,
k ylde(y)=0 |det H(y)|

(S.P.)

where H(y) is the Hessian of ¢ at y.

Here sgn H denotes the signature of the quadratic form H. (For Q the
signature is the number of +’s less the number of —’s, i.e., n — 2/.)

This formula is the method of stationary phase. We shall give a more invariant
formulation of this result later on. We wish to apply this formula to our present
circumstance. Observe that if ¢ # 0 then dp = 0 if and only if d¢2 = 0 and

d*(3¢%) = ¢d*¢

at each critical point. Since it is easier to deal with |y — xlz than with |y — x|
we can use the above remark to simplify the calculations. It is pretty clear that
for any fixed x the function ¢*(y) = 1|y — x|? has a critical point if and only if
the line joining x to y is orthogonal to the y surface. The Hessian of ¢ at any
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critical point y is related to the first and second fundamental forms of the surface.
Let us do the computation in somewhat greater generality, as this involves only
slightly more effort (cf. Milnor{3]).

Let M be an f-dimensional submanifold of R”. Thus each point of M has a
neighborhood with coordinates u = (u',...,u") and a map y = y(u)
= (' (w), ...,y™(u)) into R™, where the Jacobian matrix (3y/du) has rank . For
simplicity we will regard M as a subset of R” (although all that we have to say
works for immersed submanifolds as well as embedded ones).

We can thus consider the normal bundle, N(M ), as consisting of those pairs
(y,w) where y € M and w € R™ is orthogonal to the tangent space to M at y.
Thus w L TM,. Notice that from this point of view we are regarding N(M) as
lying in R” + R™. It is easy to check that N(M) is an m-dimensional immersed
submanifold. Indeed let U be a coordinate patch on M with coordinates
u, ..., u, The vectors

y W
du " o,

are all tangent to M at each point of U. Extend to a basis of R” at some p € U

by adding vectors v, |, ..., y,. Thus

2 U4
(D)o 5P s
is a basis of R™ at p and hence

ay ay

5u—l,...,a—ue,ve+l,...,v

m

is a basis of R™ at all points of U near enough to p. By shrinking we may also
call this neighborhood U. Orthonormalize this basis to get

L), ..., t(u), ny ), ..., 0, (u).

Then n,, (), ..., n,(u) span the normals to M at y(u). Thus U x R”™"" gives a
parametrization of the normal bundle over U where

Wy ooty Sppys e o5 8) = (), 84 R (W) + -+ + 5,,n,(1)).
Define the map E: N(M) —» R™ by
E(y,w) =y + w.
Notice that

T(N(M)),,) = TM, + NM, C R™ + R™.
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Therefore its differential,
dE(y,O) . T(N(M))(y,O) g Rm,
given by
dE(y,O)(U’ W) =v+w,

is surjective. Thus, by the inverse function theorem, E is a diffeomorphism of a
neighborhood of (y,0) into R™. Of course, E will not, in general, be a
diffeomorphism of N(M ) — R"™. Indeed a critical value of E is called a focal point
of M.

Thus x € R™ is not a focal point if, for all (y,w) such that E(y,w) = x, the
rank of dE is m. Now the differential of E with respect to w always has rank
m — . Thus x is a critical value if and only if there is some (y,w) with
E(y,w) = x and such that the differential of E with respect to y has rank less
than ¢.

Now consider the function ¢* given as above by

2 2
V() =3y = x|" = 3(ny = 2x) + 31x[".
Then

d‘nbx = (dy’y - x)

so that dy* =0 if and only if y — x is normal to T M,, and then x
= E(y,y — x). The figure below suggests the following:

(i) d>y”* is singular if and only if x is a focal point.

(ii) Let L be the line through y and x. If there is no focal point between y and
x then ¢* has a minimum at y, and, indeed, dzx,bx is positive definite.

(iii) If there is a focal point of the form E(y,v), v € L, where (y,v) € N(M)
is a singular point, and v lies between 0 and x — y then ¢* is not a minimum, and
the index of 42y~ is related to the number of such focal points. (In the figure, ¢xl
and ¢x3 have a minimum at y while ybxl has a maximum.)

Indeed, we shall prove the Hessian d*y*(y) is nondegenerate if and only if
x = E(y,v) and rank dE(,,) = m, i.e., x is not a focal point of a neighborhood of
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y. Furthermore, the index of dz\p", i.e., the number of negative eigenvalues of this
quadratic form, is given by

ind(d?y*) = 3 corank dE(, -
0<t<1
This result is a special case of the Morse index theorem.
Loosely speaking, the formula says that the index of dy* is the number of focal
points between y and x, counted with multiplicity.
Let us introduce local coordinates as above, and let F: U X R”/ - R™ be the
map E expressed in terms of these coordinates; thus

F(u,s) = y(u) + s - n(u) = y(u) + sp 0y (@) + -+ - + 5,0, (1).

Thus
oF oy m on, )
A TASPNEE AN A B
aF
a—sr_nr, r=4/+1,...,m

Now the point (y,v) € N(M) whose coordinates are (u,s) will be a regular
point for E if and only if the m vectors

oF OF

u;” 3,

are linearly independent. The m vectors (dy/du;), n, are always linearly independ-
ent by construction. Taking the scalar product with the (3 F/du;), (3 F/3s,) we get

the matrix
dy Iy on, dy <8n,
(au-’au)+2‘r(@7’a—w) 25\ g,

i
0 I 1---1

which is non-singular if and only if the upper left hand block is non-singular.
With no loss of generality we may assume that we have chosen n,, ; = n to point
in the direction of v so that v = sn with s > 0. Thus the corank of dE(x,v) is the
same as the corank of the matrix

B ), (0 b
<(8ui’8uj> “(au,.’auj)>'

A ) [on dy 3%y
0= (o) = (i) * (v )

Now
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Thus the (i, j)th entry of the matrix can be written as

dy ) _ 82)’ 0 (dy . o
<3_“i’a“j) (au,-auj’v 3u; \ V) osmee v = x -y

a2¢x
= O du;’

This shows that corank dE()c ») = nullity d*y*. In particular, if (y,v) is a regular

point of E then d*y*(y) is non-degenerate, establishing the first part of the

proposition. Let
dy dy
& = (au au )

The quadratic form on R’ whose matrix is (g;) is called the first fundamental form.
It is just the Euclidean scalar product on TM, considered as a bilinear form on
R’ when we identify R’ with T™,. It is posmve definite.

The bilinear form whose matrlx is

(1)) = (auau 7). ne N,

is called the second fundamental form in the direction n.
We let I and 11, denote the first and second fundamental forms at y.
We have shown that

(™)

u' ou’

Let us compute the index of the right hand side. By a linear change of

coordinates in the u’s, we may assume that (g,.j) = (8;); this amounts to

introducing an orthogonal basis for the first fundamental form. Then, (r;j)

= (5;(n)) is a symmetric matrix with eigenvalues p, ..., p, and pairwise

orthogonal eigenvectors. By a further orthogonal change of the u variables we
can diagonalize the matrix (r;(n)). Thus we get

=g, — I ;(n)  where v = sn.

=8, — s 8; = (1 — sp,)d;;.
Thus the index of 4 24/" is the number of p, such that sp, > 1. This is the same as

> (number of p, with stp, = 1) = 3 corank (I — #(r,))

0<r<1 0<1<s
= ¥ corank dE , ,
0<1<s e

which proves the second part of the proposition.
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The eigenvectors of (5;(n)) are called the principal directions of curvature of M

in the direction n. The numbers K; = ui_l are called the principal radii of
curvature.
If we set 9*(y) = |x — y| so that y* = j[(p"]2 then the Hessians satisfy

1
Hp = —Hy.
*=5 ¥
In our case M is two dimensional so that

1 y=x _ ly = x|
2
et Hol"?  |det Hyl"?  |(1 =]y — xlw) (1 =]y — xluy))

1/2 /2"
For each x and y let d denote the distance from x to y. If x — y is normal to M
let #denote the number focal points between y and x.

Substituting into our original integral gives

I = 27’7 2 e(l—#)ﬂi/Zeikd a(y) 1/2+ O(k'z).
NE(y0)=x (1 =y d)(1 — pyd)

So far we have been considering the rather artificial situation where each point
on a surface radiates uniformly in all directions. We will now show that similar
considerations apply to physically interesting solutions of the wave equation,
with the real surface replaced by an imaginary surface and use made of Stokes’
theorem. We begin by recalling Green’s formula: Let # and v be two functions
on R3 ; then

du * dv— v *du) = ud x dv — vd * du

so, by Stokes’ theorem

ffquv~uAudV= ff(u*dv—u*du),
b D

if D is any bounded region with smooth boundary. If u satisfies Au + k2u =0
and v satisfies Av + k2v = & p then the left hand side becomes u(P), if P € D and
0if P & D. Thus we have the formula of Helmholtz

1 e e u(P) if P € D,
4_778{)[[7*‘1“_”*‘1(7)]_ 0 if P& D,

if u is a solution of (A2 + kz)u = 0 and r denotes the distance from P.

In many applications we are interested in the situation where D, instead of
being bounded, represents the exterior to some surface S. Let us first apply the
formula to the bounded region Dy, consisting of the intersection of D with a ball
of radius R centered at P.
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If R is taken large enough we get

1 (P) ifP €D,
@£f+zl,—,!f={g :)ifPEGED.
R

where 2, is the sphere of radius R. Now

ikr ikr
d(e—) =< [ik - l]arr
r ¥ r

and * dr = R%*dw on = g Where dw is the element of solid angle on Z. Thus the
second integral becomes

; ou
R ([ &*R [r(— - iku) + u] dw.
ff or =R

Thus the integral over the sphere will go to zero as R — oo if

ff luldw = o(1) and ffl?)_t - iku|dw = o(R7Y).

where the integrals are evaluated for r = R. These conditions are known as the
Sommerfeld radiation conditions. Their significance is that they represent the
condition that u consists of expanding waves radiating outward and no incoming
wavesl. Let us assume that this condition is satisfied. Then the value of u outside
some surface S is given by

u(P)=%£f[ékr*du~u*d(ékr)]. (H)

! For a precise mathematical explanation of the Sommerfeld radiation conditions see the book by
Lax and Phillips [4, pp. 120-128.] The gist of what they prove is the following: Let f = { f},f,} be
Cauchy data for the wave equation; we thus seek a solution of the wave equation

9w
W_ —Aw =0
with w(x,0) = f; and (0w/97)(x,0) = f, We say f is eventually ourgoing if there is some constant ¢
such that w = 0 for |x] < ¢ — c. If we seek a solution of fixed frequency, then the appropriate
Cauchy data are {w, ikw}). Suppose that w is a solution of the reduced wave equation outside some
bounded domain. Then {w,ikw} is eventually outgoing if and only if the Sommerfeld radiation
conditions are satisfied.
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In this way, the solution exterior to S is described in terms of “radiation emitted
from S”.2 It was Huygens who originally had the idea that propagated disturb-
ances in the wave theory could be represented as the superposition of “secondary
disturbances” along an intermediate surface such as S; but he did not have an
adequate explanation of why there was no “backward wave”, i. e. why the
propagation was only in the outward direction. The idea that the backward waves
would cancel one another out because of phase differences was due to Fresnel.
Fresnel believed that if all the sources were inside S, the “secondary radiation”
(i.e. the integrand in Helmholtz’s formula) from each separate surface element
would produce a null effect at each interior point due to interference. The above
argument, due essentially to Helmholtz, was the first rigorous mathematical
treatment of the problem, and shows that the internal cancellation is due to the
total effect of the boundary. Nevertheless, as we shall see below, an application
of stationary phase shows that (under suitable hypotheses) Fresnel was right, up
to terms of order 1/k . We now apply stationary phase to Helmholtz’s formula.
The function u, which occurs on the right hand side of the formula will itself be
oscillatory, and we must make some assumptions about its form before we can
proceed. We shall assume that, near S, u = ae™*® where a and @ are smooth, and
that ||grad ¢|| = 1. This would be the case, for example, if u represented radi-
ation from a single point, Q, lying inside S, where ¢(y) = ||y — Q||. Also, we
shall see in the next chapter how to construct “approximate solutions” to the
reduced wave equation which are of this form with @ and ¢ arbitrarily prescibed
along S (with ¢ subject to the constraint that grad ¢ not be tangent to S). These
“approximate solutions” satisfy the wave equation up to an error of order k=N
for any large N; and we can apply our calculations to these approximate
solutions. Indeed, we shall carry out the stationary phase calculations here only
to order 1/k.

We shall assume that we are sufficiently far from S so that l/r2 is negligible in
comparison with k, and that a and da are also negligible in comparison with k.
Substituting into (H), we find that the top order term (relative to powers of k) is

%ff (a/r)e* @) (x dp — + dr).
N

Now the points of stationary phase are those points, y, on S where

2 So far, we have dealt with “monochromatic radiation”, u, corresponding to the time dependent
function v where v(x,y,z,7) = u(x,y,z)e”*. For a fixed point, P, let vp denote the function
vp(x,y,2,8) = v(x,y,z,t — r), where r is the distance from P to (x,y,z). Then substitution into
Helmbholtz’s formula shows that

o(P.t) = o [f wp » A1) = (Vr)@v/3tp) = dr — (1fr) = dvp).
N

This is Kirchhoff’s formula. Since it is linear in v, and does not explicitly involve the frequency, it is
true for any superposition of monochromatic waves of varying frequencies, and hence for an arbitrary
solution of the wave equation. In this form, the relation with Huygens’ principle is very apparent, cf.
[5].
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grad o(y) + grad r(y) is normal to S. There are two possible situations:

grad o(y) y\ :
Y grad ¢(y) = — grad r(y)
rad ) *do(y) = — * dr(y)
S P =y + rgrad ¢(y)
(2)
case (a)
grad o(y)
grad ¢(y) = 2(grad o(y), n)n — grad r(y) g
* d(y) = * dr() gradr(y)
P =y — r(2(grad ¢(»),n)n — grad g(y)) §
()

case (b)

Let us suppose for the moment that y is a non-degenerate critical point of type
(b). The top order term in the stationary phase formula will vanish, and the total
contribution coming from y in Helmholtz’s formula will be of order 1/k. (Notice
that if S were convex and grad ¢ pointed outward, then for any P inside S, all
the critical points would be of type (b). This, in a sense, justifies Fresnel’s view
that there is “local cancellation” of the backward wave.) For nondegenerate
critical points of type (a) since * dp(y) = — * dr(y), we may, in computing the
highest order contribution to the stationary phase formula, replace the above
integral by

%ff (a/r)e™ @) d « r.

This shows, that (up to order 1/k) the induced “secondary radiation” along S
behaves as if it
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(i) has an amplitude equal to 1/A times the amplitude of the primary wave
where A = 27/k is the wave length, and

(i) its phase is one quarter of a period ahead of the primary wave. (This is a
way of interpreting the factor i.)

Fresnel made these two assumptions directly in his formulation of Huygens’
principle, and this led many to regard his theory as being ad hoc. As we have
seen, they are a consequence of the method of stationary phase and Helmholtz’s
formula.

We still must discuss the question of when the critical points are non-
degenerate. We shall treat points of type (a); the points of type (b) can be treated
in an identical manner. Actually, the discussion is almost the same as in our
trea’u}nent of emitted radiation: Let us define the “exponential map” E: S X R*
— R’ by

E(y,r) = y + r grad ¢(y).

Then the critical points on S associated with a point P consist precisely of those
y such that E(y,r) = P, where r = ||y — P||. If grad ¢(y) is not tangent to S,
then E is a diffeomorphism near (y,0). Under this assumption we proceed as on
page 9. (We can consider the situation on page 9 as the special case where grad
@ is everywhere normal to S.) One shows that y is a degenerate critical point for
P = E(y,r)if and only if (y,r) is a point at which the map E is singular. In this
case we call P a focal point of the map E at y. As before, if P is not a focal point,
then the index of the Hessian of ¢ + r at y is the number of focal points on the
ray segment from y to P (counted with multiplicity). We leave the details to the
reader.

Finally, we should observe that if grad ¢ is close to the normal to a surface S,
then the focal points of the map E associated to ¢ will be close to the
corresponding focal points of the surface. In this way we get an explanation of
the Gouy double mirror experiment mentioned at the beginning of the Chapter.
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Appendix I. Morse’s Lemma and Some Generalizations

Let f be a smooth function defined near the origin in a vector space V. Here
we shall take V to be some finite dimensional vector space, but our assertions
work just as well in an Banach space. Suppose that f(0) = 0, that df(0) = 0,
and that %dz £(0) is a nonsingular quadratic form Q. Morse’s lemma asserts that
we can make a change of coordinates near the origin so that f is quadratic in the
new variables. More precisely, it asserts that there is some neighborhood, U, of 0
and some diffeomorphism ¢: U — V such that

(fo @) = Qx, ).

The proof that we present is due to Palais [4] based on an earlier idea of Moser.
We shall encounter other uses of the same techniques of proof later on.
Let us set

f1x) = 0(x,x) + t(f(x) — Q(x,x))

so that

t
fr=f=gamdj =L 5o

We shall seek a one parameter family of diffeomorphisms ¢’, such that
frogh=f° (L.1)

Then clearly q)l does the job. Let £ be the vector field tangent to ¢’ so that

d t
£'(9'(0) = 5 ().
Differentiating (I.1) gives

(f'+ &1 9" =0

If we could find a time dependent vector field £ such that f* + £'f' = 0 then we
could integrate it to get a one parameter family of diffeomorphisms satisfying
(I.1). We are thus looking for a vector field satisfying

fl_f0+£’ft=0
or

df'(¢') = £ — s, (12)
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Now for any x near 0 and for any v € V we have

t 1 d t
dfl(v) = ) %dfu(u)ds

since dfy = 0. Thus

aflv) = j;)l %djg;(v)ds = fol d*f! (x,v)ds = BL(x,v)

where B!, is the quadratic form defined by

1
Bl(uv) = [ d*fi(wv)ds
so that
B’ = B+ «(B! - B?)

where BS = 20 does not depend on x. Now at x = 0 we have By = 20 is
nonsingular for all 0 < ¢ < 1. Therefore B! is nonsingular for all x in some
neighborhood of 0 and all 0 < ¢ < 1. We can now rewrite (1.2) as

Bi(x,&) =/~ f". (13)
Now (f° = £1)(0) = 0 and (df°® — d@f')(0) = 0. Thus, setting g = f° — f', we
have

fO—fl = J;l d%g(sx)ds = j(;l dg,, (x)ds

Lo,
=j;) j;) d°g,. (sx,x)drds = C, (x,x)

where C, is the quadratic form

1 1
C,(u,v) =f0 'f; dzgm(su,u)drds.

We now choose ¢’ to be the unique solution to

BL(w£) = C,y(u.x)

for all u € V. The ¢’ so obtained is clearly smooth and £°(0) = O for all 7. By
restricting, if necessary, to a smaller neighborhood of the origin, we can integrate
the £’ to obtain the desired ¢'. Notice that our procedure is such that if f depends
smoothly on some parameters the ¢ will depend smoothly on these same
parameters.

We can use the same proof to obtain the following very useful extension of
Morse’s lemma; cf. Golubitsky and Guillemin [5].
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LEMMA. Let f and g be smooth functions vanishing together with their first derivatives
at 0 € R". Suppose that

o 9
g‘fJ’Ehua){a){

where the h;; = hj; are smooth functions defined near O and where

2 h,,ax ax 0)=0i,k=1,...,n
Then there is a locally defined diffeomorphism ¢ of R" such that ¢(0) = 0 and

o' f =g

If f, g, and h depend smoothly on parameters so does @.
PRrROOF. As before, let us set

of
1= S g

and look for a vector field ¢ = (w},...,w) such that £'(0) = 0 and f' + £'f"
= 0. Now

of!  of dhy of 0’ ¥
t = o [ 2 S b |y

9f

3f
= 3, +t2bk/

where b, is the expression in brackets. By hypothesis, bkj(O) = 0. Thus letting B
denote the matrlx (bk ) we see that I + (B is invertible for small values of x. Let
= (I+ tB) where C = (c;). Then

2 C‘lax

so that

i of of of'
J'= 2 gy g = 2 hﬂraxk i3x,
Thus if we set

le = - eE h“a—xec"f
i



MORSE’S LEMMA AND SOME GENERALIZATIONS 19

and ¢ = (w/,...,w") we see that £(0) = 0 and f' + ¢'f* = 0. As £’ depends
explicitly on 4 and f we obtain the smooth dependence on parameters proving
the lemma.

It is easy to check that if we take f to be a non-singular quadratic form we
recover the standard Morse lemma. Let us describe some other applications. Let
m denote the maximal ideal of the ring of germs of C* functions vanishing at
the origin. It is generated by the coordinate functions x;, ..., x,. A (germ of a)
function f has a non-degenerate. critical point at 0 if and only if the ideal

(sfg) =m

K of
0x,’ """’ 0x,
denotes the ideal generated by the first partial derivatives of f. More generally,

we say that a function f having a critical point at 0 satisfies the Milnor condition
of order s if

Here

s f f
m- C <a—xl,...,ax,'>.
We then have the following result:

(MATHER, TOUGERON) Let f satisfy the Milnor condition to order s and
suppose that g = f + u where u € m**1 . Then there is a local diffeomorphism ¢
with p*g = f.

PRrOOF. Since

we can write

of of
u = 2 htjﬁ: a—xj‘
with /,(0) = 0, and the lemma applies.
Notice that this shows, in particular, that any f satisfying the Milnor condition
is equivalent to a polynomial. A holomorphic version of the lemma will yield a
celebrated result of Arnold to the effect that a holomorphic function with an
isolated critical point is holomorphically equivalent to a polynomial.
We have further use of the lemma in Chapter IV.



Chapter 1I. Differential Operators and Asymptotic Solutions

§1. Differential operators.

In the preceding chapter we analyzed the solutions of the reduced wave
equation in the high frequency limit. QOur procedure was to find an exact solution
to the equation, and then to use the method of stationary phase to give an
approximation to the solution. For a general linear differential equation we do
not expect to be able to solve the equation in closed form. Nevertheless, we may
expect to be able to find a “high frequency approximation” to the solution
directly, without actually solving the equation. The development of this idea will
occupy us for some time.

We begin the discussion by recalling the notion of a linear differential op-
erator. Let F and F be vector bundles over the differentiable manifold M. A
smooth vector bundle map from E to F is, by definition, a smooth section of
Hom(E, F). If T is such a vector bundle map and s is a smooth section of E, then
Ts is a smooth section of F. Thus T induces a map, L, from C*(E) — C*(F)
(where C®(E) is the space of smooth sections of E). Notice that L satisfies

L(fu) = fLu

for any function f. Conversely, any map L: C*(E) — C®(F) which commutes
with multiplication by functions in the above sense defines a section of
Hom(E, F). Indeed, if u(x) = O then we can write u = ¥ fv; where f(x) = 0,
and therefore (Lu)(x) = ¥ f(x)(Lv;)(x) = 0. Thus the value of Lw at x depends
only on w(x). The map w(x) — (Lw)(x) is an element of Hom(E, F),, and thus
L determines a section of Hom(E, F). It is easy to check that this section is
smooth.

We shall use f to denote the map of C®(E)—> C*(E) (and C%(F)
— C®(F)) given by multiplication by f. Then the above condition on L can be

21
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written as
[L,f]=L°f—f°L=O'

We shall call such operators, L, differential operators of degree zero, for reasons
which will soon be apparent. We shall denote the space of such operators by
Dy (E, F).

A differential operator of degree (at most) one is a linear operator

L: C®(E) - C%(F)
such that
[L,f] € Dy(E, F).

Notice that [L, f] determines a section of Hom(E, F). Let us denote this section
by ¢ L(f). Since L is linear, we know that [L,c] = O for any constant ¢. Thus
oL(f+ ¢) = aL(f). Notice also that
[Lfgl=Lefg—fgoL
=(Lof-foL)eg+fo(Log—geolL)
= [L.flg + fIL. g,

and since [L,f] € 9y (E, F) this last expression equals g[L,f] + f[L, g]. Thus, if
fand g both vanish at x then o L(fg)(x) = 0. This shows that if df vanishes at x
then 6 L(f)(x) = 0. Thus o L(f)(x) depends only on df(x). Therefore, we get a
well defined map, o(L): T* M, — Hom (E, F), . Thismap is known as the symbol
of the differential operator. Let u;, ..., u, and v, ...y, be local sections
providing bases of E and F near x and let x,, ... x; be coordinates near x. Then

K
LS ) = S Ao+ S By,

If we write A" for the matrix (4j;) and B for the matrix (B;) then we can
shorten the above to read

, 0s
LS—EAB_)Cr+BS

and it is clear that the matrix representation of o(L)(df) is given by

oL)df) = 3 Aé%{—

In terms of local coordinates and trivializations it is clear that
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Lu=2Ai§—;+Bu
1

where the 4; and B are sections of Hom(E, F) and

(0@) = £4(5L)

We can proceed inductively to define differential operators of degree k: A
linear map L: C®(E) —» C*®(F) is called a differential operator of degree (at
most) k + 1 if

[L.f] € D(E, F)

where 9, (E, F) denotes the space of differential operators of degree k. We clearly
have 90, (E,F) C 9, ,,(E, F) and we set

D(E,F) = LkJGDk(E,F).
We can.compose M € 9(F,G) and L € 9, (E, F) to obtain

Mo L e (EG),

if E, F, and G are three vector bundles over X.
Let L € 9(E, F) and let f and g be C*™ functions. Then

([L.f1.g] = [[L,gl.f1 + [L,[f.g]l = [[L.g].f]
since [ f,g] = 0. Thus, if L € D (E,F) and if f, ... f, are C* functions then

(LA h]

is an operator of degree zero depending symmetrically on the f’s. If we consider
it as a function of f, we can apply the result for a first order differential operator
to conclude that it depends only on df,. By symmetry, it depends only on
df|, ..., df,.- We have thus defined a symmetric linear function on

T*®---®T*

with values in Hom(E, F). The corresponding homogeneous polynomial on T* is
called the symbol of L and denoted by o(L); thus

o(L)(df) = %[[L,f], .. .,f] (k brackets)

or, if we denote [L,f] by (adf)L we can write

o(L)(df) = py(ad /)L

We now apply a standard argument from the elementary theory of Lie algebras:
Let s be a (real or complex) variable and consider the expression ¢ ¥ Le¥ as a
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function of s. Differentiating with respect to s gives

d{ _ _ -

H}(e SfLesf) = e H(Lf - fL)eY = e YL, fleY.

Now [L,f] is again a differential operator and we can repeat the process. Thus

4
(&)@ e = (@) Des.

If L is of degree k and ¢ > k then the right hand side vanishes. Thus e Le¥ is
a polynomial in s and we can apply Taylor’s formula to obtain

—steSf 2 (adf)} . (ll)
0

From this formula we can read off the explicit expression for o(L)(df ) in terms
of local coordinates: Suppose we have chosen local trivializations of E and F and
have chosen local coordinates so that L has the expression

a aa aoq+~-+a,,

9
L= A ~— wh =(ap,...,a), ~g= _ .
lalzsk g x where o = (o «,) d0x (@x)™ -+ .(axn)a"

Here we have E, ~VXU and F,~WXU where U is some neighborhood
and the 4, are functions from U to Hom(¥, W). The only contribution from
e Y Le¥ that can involve s* comes from the terms a with |a| = k, using all the
differentiations to hit the exponential. Thus

_ a A of \*
o(L)(df) = Ialzik A, (df)" where (df)" = (é—x—l) (8—x—> ’

or
o(L)(¢) = |12=k A . (12)

Let us compute (ad f )k_1 L/(k — 1)!. There will be one contribution coming from
the term of degree k — 1 in L and one from the term of degree k. We claim that
the entire expression is

(adf)* 'L do(L) 0%a(L)
‘a(k—_‘l)’!—=(2 (df)ax 2Ea£agj(f)ax

A.dr)P).

The third term is obviously the contribution from the component of order k — 1
in the local description of L. We shall give two proofs of (1.3). The first is by

(1.3)
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induction on k, the formula being clearly true for k = 1 (in which case the
middle term on the right vanishes). Assume the formula is correct for operators
of degree k, and we wish to prove it for operators of degree £ + 1. By linearity
we may assume that our operator is of the form

A—x 7 where |a| = k,

and since the A is irrelevant we may as well deal with (3/9x,)(3%/9x*). We are
thus looking for the coefficient of s* in

o a
Gt T
r

= [ 9 of ]e—Sf o eV

ax“

Now, by induction,

e—sf_éax_aesf — (df)ask + (2 (df)a -8 8

! a—§,—§; 82f k=1
+§§ ai(aj_sij)(df) "m;j)s + ..

where the remaining terms are of lower order in s. Here §; = ©,...,1,0,...)
where the 1 is in the ith position and zeros elsewhere. Substituting into the
preceding equation and extracting the coefficient of sk gives

@) g5+ 3 @) + S (a5

1

1 a—8,—8,+8, 3%f
+33 afe, - 0L

= 3 (ot )

X

+13 (@ + 8,),((a + 8,); — 8,)df " safafx

proving the result.

Our second proof will use the Fourier transform and yield a formula for all the
terms in (1.1). When using the Fourier transform it is convenient to use a slightly
different local expression for a differential operator. Let us set

o (1 3\" 19 \*™
b “(7@) "'<7ax,,)
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so that
Daeig-x — gaeig-x

If fis any C* function of compact support or any function in the Schwartz space
o, its Fourier transform, f, is defined by

J&) = [ f(x)dx

so that

fO) = @0 [ 45f¢)de and Df = 2m) " [ £ (E) s

We can now write the most general linear differential operator locally as

k
P(xD)= 3 a,(x)D* = 3 B(x,D)
lal <k Jj=1

where the P are homogeneous polynomials in D,

P(x,D)= 3 a D,

la=j

so that

P(x,D)f = @m) " [ €**P(x,£) f(¢) dt.
and
P(x,D)f = (2m)™" [ €% P(x,£) f(¢) at.
Let us write
aY

Y =
PY = 5P

so, for example, PY = 0 for |y| > k. For any smooth function ¢ set
hy(6:2) = 9() = 9(x) ~ 2 (& — ) 2 (x)
o(62) = 9(2) — p(x z— X axjx.
We claim that
—iT T 1 i, z
™" P(x, D)™ u = 3 PY(x 7dg)[DY ™)), (1.4)
Y

where D) means that the operator D is applied in the z variables. Before proving
(1.4) observe that the coefficient of (ir)’ on the left of (1.4) is exactly the jth
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coefficient in (1.1). Notice also that 4, vanishes quadratically at z = x. Thus the
terms involving y with |y| = 1 which involve differentiating the exponential will
vanish when we set z = x. Thus the coefficient of 7% in (1.4) is E (x, dp) while the
coefficient of 757! is

B _ (x,dpu + | > RY(x,dp)D"u+ X %I,’(y(x, do) DY p(x)u.
/=1 lyl=2 ¥

(The last term obtains because hq)(x, z) and ¢(z) differ by constant and linear
terms and hence have the same second derivatives.) If we take into account the
factor of i we notice that this gives (1.3).

The proof of (1.4) is basically Taylor’s formula: Write

v(x) = ™ y(x)
so that
P(x,D)(e™u) = P(x, D) = 2m) " [ €**P(x,£)s(¢) ds
where 3(¢) = f 77 y(y) dy. Thus
eI P(x, D) (e"Pu) = 2m) " [[ M (£ Yu( ) dy dg
— )" ff S ETRD) () p(y £)6 M0y ) dy it

Let us make the change of variables 7 = £ — 7dp(x). Then this last expression
becomes

(2w)_"fei"'(x_y)P(x,n + Td(p)e"h(x’y) u(y)dydn

and applying Taylor’s formula to P about the point 7dp(x) yields (1.4).
§2. Asymptotic sections.

In order to discuss the notion of an asymptotic solution to a partial differential
equation we must first recall some basic facts from the theory of asymptotic series
and reformulate some of the standard definitions in a geometrical setting. Let f
and g be two real valued functions on R*. We say that f and g are asymptotically
equal (at infinity) if, for every N > 0, we have

Jim M(f() - 8(1) = 0. @1

This clearly defines an equivalence relation and we shall call an equivalence class
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such as [f] an asymptotic number. We say that an asymptotic number [f] has an
asymptotic expansion, f ~ X a,7 ", if there exist real numbers a, such that for
any integer N > 0 we have

TN( f(r) - EN a,,T‘"> - 0. (22)

Here the n are all required to be integers. It is clear that the coefficients a, are
completely determined by [f]. Of course, not every [f] has an asymptotic
expansion. On the other hand, given any sequence {a,} we can always find a
smooth function f such that f ~ ¥ a,7™". This is an old theorem of E. Borel
whose proof is as follows: Choose some C* function p such that p(r) = 0 for
1< 1,0<p<landp(r) = 1forr > 2. Thenletf(r) = X anp(2‘"_|""|q-)fr"",
for 7 > 1. Notice that

la,|

—n—lay| —h _n
|a, p(2 nr " < Jrlan]

since the left hand side vanishes for 7 < 2"*l*| This shows that the series
converges for all 7 and also that (2.2) holds.

Notice that (2.1) makes sense if f and g, instead of being real valued functions,
take these values in any topological vector space V. We then talk of an
asymptotic vector instead of an asymptotic number. Similarly we say that [f] has
an asymptotic expansion if (2.2) holds where the a’s are now vectors in V. For
example we might take ¥ = C;°(E) where E is a vector bundle over some
manifold M, and where Cg°(E) is given its standard topology (in which a
sequence of sections converge if they have a fixed common support and converge
uniformly together with various derivatives of any finite order relative to some
(and hence any) choice of local trivializations and coordinates.)

Let V and W be topological vector spaces and L: V' — W a continuous linear
map. Then L clearly induces a linear map from asymptotic vectors of V' to
asymptotic vectors of W. For example, if V is the space of smooth densities of
compact support on a manifold M then we have a linear map f: ¥ — R given by
integration. Thus, if [p] is an asymptotic density then ([p] = [fp] is an
asymptotic number. If L: C°(E) — C°(F) is a differential operator and [s] is
an asymptotic section of E then L[s] = [Ls] is an asymptotic section of F and we
say that s is an asymptotic solution of the corresponding homogeneous equation
if L[s]=0. If L: ¥V - W is a continuous map and [f] has an asymptotic
expansion f~ XY a,7 " then L[f] has the asymptotic expansion Lf
~ ¥ (La,)r "

If U, V, and W are three topological vector spaces and B: UX V — Wis a
continuous bilinear map then we can obviously apply the previous considerations
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so that B([u],[v]) = [B(u,v)] is a well defined asymptotic element of W if [u] and
[v] are asymptotic elements of U and V. If u ~ X a,7 "andv ~ X b,77" then
B(u,v) ~ ¥ c,7 " where

e, = 2 B(ai’bj)'
i+j=n

In particular, let L(V, W) denote the space of continuous linear maps from ¥V to
W endowed with the strong topology so that the evaluation map L(V, W)X V
— W is continuous. Then an asymptotic element [4] of L(V, W) can be called
an asymptotic operator from V to W, and [A4][v] = [w] is well defined if [v] is an
asymptotic element of V.

Let E and F be smooth vector bundles over M. By an asymptotic differential
operator from E to F we shall mean an asymptotic operator from Cj°(E) to
Cy’ (F) which has the expansion

Ly
("
where the L, are differential operators from E to F. An equation of the form

[L][u] = [v], where [u] and [v] are asymptotic sections of E and F is then called
an asymptotic differential equation. For example, the reduced wave equation,

L~2X

A2+ H)u = 0,

can be considered as an asymptotic differential equation if we write it as

(1 + le2)u = 0.
T

Notice that in our mathematical discussion we will consider r as a parameter
used in describing an equivalence relation. In actual practice (for example in the
wave equation) one is interested in a large but fixed value of 7.

In our definition of an asymptotic differential operator we shall want to restrict
the L, somewhat further. We shall require that

deg L, < k (2.3)
and
for any [ we have deg L, < k — I except for finitely many k. 2.4

Condition (2.3) is just for bookkeeping convenience. Condition (2.4) is a little
more essential in that it allows for a recursive procedure for attempting to find
an asymptotic solution to the equation [L]{u] = 0, which we describe in the next
section.
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Let

1\lel glal
_— o —3 —_— _—
Then the local expression for an asymptotic differential operator can be written

as
2 a,(x,7) D7 (2.5)
where

a,(x,m) ~ 2> Aaj(x)v'_j.

Condition (2.4) says that in (2.5) only finitely many 4, j are unequal to zero for
any fixed j.

§3. The Liineburg-Lax-Ludwig technique.

It turns out that instead of trying to look for the most general asymptotic
section to solve an asymptotic partial differential equation, there is a subclass of
asymptotic sections with rather nice geometrical properties. It will take a bit of
machinery to describe the class properly; however these asymptotic sections will,
in a sense, be generalizations of the simple asymptotics that we now introduce.
We say that [u] is a simple asymptotic section of the vector bundle E if there exist
a function ¢ and sections u, such that

U~ S (:ﬁ G.1)

The function ¢ is then called the phase function of [u]. Suppose [L] is an
asymptotic differential operator from E to F and suppose that we wish to find a
simple asymptotic solution. That is we look for a [u] given by (3.1) which satisfies
[L][u] = 0. Now [L][«] is obviously a simple asymptotic section of F with the
same phase ¢,

[Ll[u] = €™ 3

U’l
@ir)"
and we may attempt to find the u, s recursively so that y, = 0. For this purpose

let us define o([L]) by

o([L]) = % o(L,) where L, is considered as an operator of order k. (3.2)

Thus, in (3.2), if deg L, < k then o(L,) = 0. In view of (2.4) the sum on the
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right of (3.2) is finite. It is then clear that

vy = o([L])(dp)uy

and thus #, must satisfy the algebraic equation

o([L]) (dp)uy = O. (3.3)

Now o([L])(dp) is a vector bundle map from E to F and for a general ¢ there is
no reason to expect it to have a nontrivial kernel. If, for any m € M, we want to
be able to find solutions of (3.3) which do not vanish near m then we must
demand that

ker o([L))(dp) = 0  for any x. (3.9

Notice that this is a first order (nonlinear) partial differential equation for ¢. This
equation is called the characteristic equation of [L]. For example, in the case
of the reduced wave equation (where [L] is a scalar operator) the equation is

2(6—‘P)2—1=o.

ax'
Thus the first step in the process is to choose a ¢ which is a solution of the
characteristic equation. We shall describe the procedure for finding solutions to
such equations in the next section. It will turn out that we can only expect to find
local solutions ¢ on account of geometrical considerations. Suppose we have
found a solution ¢ to (3.4). Our next step is to choose u, to be a section of
ker o([L]).
To proceed further observe that, just as in §1, we have

—iT iT (ad q:))j Lk (iT)j
PIL1e™ ~ A, S M
¢ Ll ; ; ()

where the coefficient of (ir) ' involves only a finite sum because of (2.4).
Collecting the coefficients of (ir) ' we can write this as

— i I A (L’ (P)
e 'p[L]e P~ 2 e(lT (35)
where A,([L], p) is the differential operator of order / given by
(ad 9" 'L
A((L), ) = ; —(k—T)!k’ (3.6)

the sum being finite as we have observed. Here

AL}, 9) = o((L])(dp)
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and, by (1.3), the local expression for A4, is

do((L])(dg) @

Al([L]:dfP) = 2 8&' axi

+ zeroth order terms . (3.7)
Now
[L)(™ S uy(ir) V) = & 2 AL Pl (ir) U
so that the equation [L][«] = 0 becomes
Ao([L], uy = 0,
Ay(L), )y + A (L], p)ug = 0,

AO([L]s (P)uz + A] ([L]v (p)u] + A2([L]’ (p)u[) = 0’

and so on.

We have exhausted the first of these equations. In order to analyze the second
of these equations we make an additional assumption about o([L])(dp), namely
that ker o([L])(dp) is a vector subbundle of E. (In particular, we want the rank
of o([L])(dp) not to vary.) Let K, denote this kernel and let C, denote its
cokernel, which is now also a vector bundle. Thus we have the exact sequence

0K, £ A9, g oo, ¢ g

where ty and p, are the obvious injection and projection. Let us apply the

projection p, to the second of the above equations. We get

o A4, (L], )y = 0.

This is a first order linear partial differential equation for u, called the transport
equation. More precisely, let us define the first order linear differential operator
Ry: ch - C‘p by

Ry = py o A (L1 o) o 1. (38)
Then u, must satisfy the algebraic constraint
ug is a section of K,
and the homogeneous first order partial differential equation
R,uy = 0.

If u, meets these requirements, then A, ([L], p)u, lies in the image of Ay([L], p)
and thus we can find a section #; of E such that

Ao([L]’ ‘P)ﬁl + A]([LL‘P)uo = 0.
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Notice that 7 is determined up to adding an arbitrary section, %, of K,. Let us
set u; = %, + 1) and examine the next equation:

Ag((L], @uy + A (L] @y + A5 (L), @)uy = 0.

Applying p,, we see that
Rq) ’;1 + P.;,(A1([L], q))ﬁ] + Az([L], ‘P)uo) = 0.

This is an inhomogeneous linear first order partial differential equation for
called the second order transport equation. It is now clear how to proceed
inductively. At each stage we solve a first order partial differential equation of
the form

R(plik+("')=0

where the (- ) involves the u’s of lower order and #,. This allows us to solve
algebraically for #, ., which is determined up to a section #, ., of K, and T
is then determined by the next order transport equation. This then gives a
procedure for finding an asymptotic solution. Furthermore, as we shall see in the
next few sections, under reasonable hypotheses concerning [L] the solution of the
characteristic equation and the transport equations can be reduced to the
solution of ordinary differential equations.

Before passing to a discussion of the characteristic equation we would like to
point out that the above procedure can be applied to the problem of the
prof)agation of discontinuities of solutions of partial differential equations. We
shall only give a sketchy treatment now, since we will discuss the relation
between asymptotics and discontinuous solutions later on. We will also assume
that the reader is familiar with the elementary notions about distributions, and
in particular, the concept of a generalized solution to a partial differential
equation. As these notions will be presented in detail further on, the reader may
prefer to skip to the end of this section for the time being.

Let L: E — F be a first order linear differential operator and let u be a
generalized section of E having a jump discontinuity. More precisely, we assume
that

u = H(pu, + H(—gu_

where u, and u_ are smooth sections of E, where ¢ is a smooth function such
that dp # 0 when ¢ = 0 and where H is the Heaviside jump function: H(x) = 0
for x < 0 and H(x) = 1 for x > 0. Thus u jumps from u_ to u,_ across the
surface ¢ = 0. Then

Lu = o(L)(dH (9))u, + o(L)(dH(—¢))u_ + H(p)Lu, + H(=¢)Lu_

= 8(g)o(L) (), — u_) + H(g)Lu, + H(~¢)Lu_.
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If Lu = 0 then we must have Lu, = 0 for ¢ > 0 and Lu_ = 0 for ¢ < 0 and,
in addition

o(L)(dyp) - (up —u_) =0 at @ =0.
From this equation we can derive two sorts of conclusions. First of all the
equation limits the kinds of jumps that are possible: We must have

u, —u_ € ker o(L)(dp) at o =0.
Secondly, we see that the surface of discontinuity, ¢ = 0, is limited by the
condition

ker o(L)(dp) # {0}  at p=0.

Notice that this is not quite a partial differential equation for ¢ since ker o(L)(dp)
# {0} is required to hold only for ¢ = 0.
There is an important case where this does reduce to a characteristic equation.
Suppose that X = M X R; that E is trivial in the R direction, and that
0

L=Ag+K

where K: E — F is a differential operator whose symbol does not depend on ¢,
and A4 does not depend on ¢. Furthermore, suppose that ¢ = ¢ — ¢ where y does
not depend on ¢. Then

o(L)(dp) = o(K)(dy) — 4
and the equation
ker(a(K)(dy) — 4) # {0} (3.9)

does not involve ¢. Thus if it holds whenever ¢ = ¢ it must hold identically. Thus
if the jumps propagate in time along the surfaces r = y then ¢ must satisfy (3.9)
which is called the eikonal equation. For example, if F = E and 4 = id then
(3.9) can be written as

det(o(K)(dw) — id) = 0.

§4. The method of characteristics.

In this section we review the theory of the integration of first order partial
differential equations such as (3.4). Let Ch([L]) denote the set of covectors v for
which o([L])(y) has a non-trivial kernel. Thus Ch([L]) is a subset of the cotangent
bundle

Ch(L]) C T*M
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and is called the characteristic variety of [L]. We can thus rewrite (3.4) as

(dp)(m) € Ch(L) for all m.

If we think of do as a map from M to T*M then this equation says that the image
of dp lies entirely in Ch[L]. The most general first order partial differential
equation can be thought of in this way. We are given some subset, Y, of 7*M
and we seek a function ¢ such that dp(M ) C V. Now the map dop: M — T*M is
a section of T*M, but it is not the most general type of section. We can break
the analysis of our partial differential equation up into two parts:

(A) We seek a section s: M — T*M such that s(M) C V.

(B) The section s should be of the form s(m) = do(m), for all m where ¢ is
some function.

Now condition (B) has a number of equivalent reformulations. Recall (Loom-
is-Sternberg [4, Chapter 13]) that the cotangent bundle has a natural linear
differential form, a, defined as follows: Let #: T*M — M be the natural
projection and let n, € T,(T*M) where 7y = m. Then

(ny,a,) = dm,n,,v).

In particular, if s is a section of T*M, so that 7 o s = id, then, for§ € T, (M),

s (5*a), ) = Ldm o ds(§,,), s(m)) = (§,,,s(m))

or, for short,

In particular s = dep if and only if

We might relax this condition in two ways. First of all we could use the weaker
differential condition ds*a = 0 or s*da = 0. If we let @ = da then this equation
reads s*w = 0. Locally, of course, this is the same as s*a = do. Secondly we
could drop the requirement that s be a map from M to T*M. Let Y be a manifold
and s: Y — T*M. We say that s is isotropic if s*w = 0. If dim ¥ = dim M and
s is an immersion (i.e., ds is injective at all points) then we say that Y (together
with s) is an (immersed) Lagrangian submanifold of T*M.

Observe that a Lagrangian submanifold is maximally isotropic. In other words
if z=s(y) and § € T(T*M), is such that (£, A m,,w,) = 0 for all u,
€ dsy TY, then §, € dsy TY, Indeed, since w, is non-singular it cannot vanish on
any n + 1 dimensional subspaces (where n = dim M), and by assumption, it
vanishes on dsy TY,
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Notice that if ¢ A > T*M is an immersed Lagrangian submanifold and if
7 o ¢ is a diffeomorphism then ¢ o (7 L)_] = s is a section of T*M satisfying
s*o = 0. We can thus analyze the problem of solving first order partial
differential equations as follows: We are given a subset V C T*M. (Usually
will be a submanifold near points of interest to us.) We seek a Lagrangian
submanifold «: A — T™ M such that:

@) uA) €%

(ii) 7 o ¢ is a diffeomorphism;

(i) *a = dep.

The Hamilton-Jacobi method of characteristics, which we shall soon describe,
will give a procedure for solving (i). It will also be possible to solve (ii) locally.
The failure to be able to solve (ii) globally is due to a phenomenon generalizing
the notion of focal points and is thus intrinsic to the geometry of the problem.
As to (iii), again one always has local solutions, since di*a = 0 implies t*a = do,
locally. However the global problem again will not, in general, have a solution.
Indeed, as we shall see in §7, a modified version of this global problem is
intimately related to the celebrated Bohr-Sommerfeld quantization conditions.

Before proceeding, let us give some examples of Lagrangian submanifolds of
X =T*M.

(a) As we have already remarked, if ¢ is any C® function then A = dp(M ) is
Lagrangian since (dp)*a = dep.

(b) Let W C M be a submanifold. Then N(W) C T*M is a Lagrangian
submanifold. In fact not only is *da = 0 but actually *a = 0. For if z
€ N(W) then {§ ,z) = 0 for §{, € TW, where x = mz. Since dm, € TW, for
n, € TN(W), we see that (n,,a,) = {dm,,z) = 0.

More generally, let A be a homogeneous Lagrangian submanifold, i.e., stable
under multiplication by positive real numbers. Let u, denote the one parameter
group of maps of T*M into itself given by multiplication by ¢, and let n be the
corresponding vector field. Since 7 o p, = 7 we see that

pra = ta

and therefore

Dya = %.‘L*to‘\z=0 = a.
But
D,a = nlda + d(nla).
Since dnm = 0 the last term vanishes and we have
nlo = a.

Now to say that A is stable under p, means that n is tangent to the image of A,
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so that «*n is a well defined vector field on A and *a = *nli*w = 0. We have
thus proved that

if A is a homogeneous Lagrangian manifold then *a = 0.

For example, let W be a submanifold of R™. In Chapter I we have identified
N(W) with the set of all (y,v) € R" + R™ with y € Wand v-dy = 0. On
R™ + R™ the form « is given by () = V- dx and so a|N(W) = 0.

Still in R™, consider the image of N(W) under the exponential map E. We can
view the exponential map as follows. Let N, (W) denote the unit normal bundle
consisting of (y,v) with v orthogonal to W at y and |v|| = 1. Let G: N;(W) xR
- R”™ & R™ be given by G(y,v,f) = (y + tv,v). Then G is an immersion.
Furthermore

Gra=v-dly+tw)=v-dy+dt+tv-av.
But v - dy = 0 by definition and v - dv = O since v - v = 1. Thus
G*a = dt

showing that G: N;(W) X R — R” ® R™ is Lagrangian. Notice that the expo-
nential map can be thought of as the composition 7 o G where 7 projects T*R"
onto R™. The focal points are exactly the critical points of 7 o G.

For the rest of this section it will be somewhat convenient to operate in the
slightly broader context of symplectic manifolds. A manifold X is called a
symplectic manifold if X comes equipped with a nonsingular closed two form, w.
Thus we are given a two form w on X such that do = 0 and the map from vectors
to covectors given by £, — £ _Jw is an isomorphism at each x € X. For example,
the form w = da on T*M makes T*M into a symplectic manifold. (This is most
easily checked by using the expression for « in terms of local coordinates: If
q', ..., q" are coordinates on M and p', ..., p" the corresponding coordinates
on T*M then a = p'dg' + -+ + p"dq" so that

w=dp' ANdg'+ - +dp" A dg"

is clearly closed and nonsingular). Symplectic manifolds will be studied in detail
in Chapter IV. The notions of an isotropic submanifold and of a Lagrangian
submanifold clearly continue to make sense in the context of symplectic
manifolds.

We now generalize the construction of the preceding example. Let X be a
symplectic manifold. For any smooth function f define the vector field £ by
§f_lw = —df. Now let H be a smooth function such that dH # 0 when H = 0.
(In the preceding example X = T*R™ and H(x,v) = v-v — 1.) Let ¢, be the
flow generated by §,;, and let V denote the submanifold defined by H = 0.
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PrROPOSITION 4.1. Let Y C Y be a submanifold which is isotropic and which is
transversal to &y (i.e., &y is nowhere tangent to Y). Then

¢ YXR—->X

given by o(y,1) = ¢,(y) is an isotropic immersion of Y X R into V.
PROOF. Since £;; H = 0 we conclude that £, is tangent to ‘Vand so ¢,V C Vand
thus (¥ X R) C V. Now

o, (m, + €53 ) = dom, + €@ = dp(n, + £ ()

Since ¢, is a diffeomorphism, this last expression cannot vanish unless n,
+ c¢y(y) = 0. By assumption this cannot happen unless n, = 0 and ¢ = 0.
Thus ¢ is an immersion. Finally we must show that

A ne*t0) =0

for all tangent vectors, { and 7, to Y X R. It clearly suffices to consider the two
cases:

(i) ¢ and n are both tangent to Y and

(i) ¢ = 9/0r and 0 is tangent to Y.
In case (i) we have, for {, n € T(Y XR),,,

A" w) = (dog, nE N dp, mw) = dpS A dpm,w)

=& Aoy =S Anre) =0

since Y is isotropic. In case (ii) the computation becomes

Ep(p) A dpm,w) = &y A n9hw) = g A 1w
= (0, * ¢y lw)) = (,dH) =0

because H = 0 on Vand Y C ¥ proving the proposition.

An induction on the preceding argument will give the basic integration
theorem yielding Lagrangian submanifolds satisfying prescribed conditions. First
let us introduce some notation.

On any symplectic manifold we can introduce an anticommutative operation
on smooth functions known as the Poisson bracket: For smooth functions f and
g set

{fg} =¢s

Since £,g = (£.dg) = (€&, J0) = (& A &, w) we see that { f.g} = —{&.f).
It is also clear that

{figh) = {fg}h +{fhg
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Furthermore, if we take the Lie derivative with respect to §f of the equation
£ng = dg
we get
(£, 6,110 + § 1Dy w0 = —d(§g) = —d{f g}
But Dgfw = §;1dw + d(£;1w) = 00
(€8] = £(1)-

Let V' be a submanifold of a symplectic manifold X and let z be a point of V.
We say that Vis integrable at z if, for any pair of functions f and g which vanish
on Vwe have { f,g}(z) = 0. In other words, if §(V) denotes the ideal of all smooth
functions vanishing on Vthen f € 9(V) and g € $(V) implies { f,g}(z) = 0. We
say that “Vis integrable if it is integrable at all its points. Thus to say that Vis
integrable means that {J(V),$(V)} C (V). To understand the significance of
integrability we notice the following:

Suppose that there exists a Lagrangian manifold A such that z € A C V. Then
Vis integrable at z.

Indeed, if f € §(V) then df| = 0 so certainly df|, = 0. Thus £/ lw vanishes
on any vector tangent to A. Since TA is maximal isotropic (at all points) this
implies that £, is tangent to A. But then if g € §(V) we get {f,g} = (§;,dg)
= 0, at all points of A, in particular at z.

Suppose that ¥ 'is an integrable submanifold of X. If f € 9(V) then <§f, dg),
= Oforallg € 9(V), and for all z € V. Since such dg span the annihilator space
of TV, we conclude that

if Vis integrable then &; is tangent to V for all f € $(V).

Since [gf,.gg] = §{ 1.g) Ve conclude that the set of vector fields of the form
§f where f € §(V) is a Lie algebra. If V has codimension k then the set of such
gf span a k dimensional subspace of TV, at each z. We can thus assert:

THEOREM 4.1. Let V be an integrable submanifold of codimension k in a symplectic
manifold X of dimension 2n. Let Ay C V be an (n — k)-dimensional isotropic
submanifold which is transversal to all the £f, f € V). Then there exists a
Lagrangian manifold, A, with Ay C A C V. Furthermore A is essentially unique.

PROOF. As we have already remarked, any Lagrangian submanifold of “Vmust be
tangent to all the §;. In terms of the language of foliations, the £; determine a
foliation on Vand we must take A to be the union of the leaves of the foliation
passing through A,. The fact that A is Lagrangian then follows from a repeated
application of Proposition 4.1. In more detail, suppose that we can find f;, ..., f;
such that §f|, ...,gfk are linearly independent on V. (We can always do this
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locally. The passage from the local argument to the global will be left to the
reader.) Then let A; be the submanifold swept out by A, under the flow generated
by £fl. By Proposition 4.1 this is isotropic. Let A, be the submanifold swept out
by A, under the flow generated by § 7, ete. The A = A, that is finally obtained is
thus Lagrangian.

Theorem 4.1 gives us a procedure for finding Lagrangian submanifolds of V]
starting with isotropic submanifolds. Let us now briefly discuss the problem of
projecting down to M. Suppose that V is locally described by equations
fi =0, ..., fp = 0. Furthermore, suppose that the vector fields

=4 &4,

have the property that dm.§,,, ..., dm &, are linearly independent vectors of
TM,_ where x = 7z. If we could then choose the initial isotropic manifold, A, so
that

{dwz(TAO)z’dwzglz’ e ’dﬂz ‘sz} =TM,

X

then, by our construction of A we see that dm,TA, = T, M, ie, mo 1 is a
diffeomorphism near z.

Let us describe this procedure in terms of local coordinates. Let x,, ..., x, be
local coordinates on M, and let ¢; = x; o 7 and p; be the corresponding local
coordinates on T*M. If fis any function then

dp; dq; 9q; dp;”

Suppose that V'is given by the equations f; = 0, ..., f, = 0 and suppose that
these equations have been solved for p;, ..., p,. In other words, suppose that

fl =D _gl(q[,--~’qn’Pk+1:'--an)’ e
ﬁc = Pp — gk(‘I],-‘-,qn,PkH»---aP,,)-

Then
R KR L KR
S 9q, 5 0p ), 0q; T 0q; Op;
It is clear that dm, &, ..., dm &, are linearly independent. Now let z (qlo, e

q,? s p?, e pn) be a pomt of V. Let A, be the submanifold described by

0 0 0
Pi= 8@ s G Grrs e G Pigrs - P

i=1,...,k where g, ,,...,q, are close to q,?H, ...,q,?. Thus Ag is an
(n — k) dimensional submanifold of ¥ which is clearly transversal to &, &,
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and which satisfies the desired conditions with respect to projection onto M. To
see that A is isotropic observe that w = 3 dp; A dg; and, upon restricting to A,
we havedq, = --- = dq, = Oand dp;,, = --- = dp, = 0. Thus *& = 0.

§5. Bicharacteristics.

We now wish to apply the techniques of the preceding section to the
characteristic equation and to the transport equations. Our main result is that, at
least locally, these equations reduce to the solution of ordinary differential
equations involving differentiation along a line element field on the characteristic
variety , providing that [L] has (real) “simple characteristics”, a concept to be
discussed. (Roughly speaking, it is the condition that the characteristic variety be
a nice submanifold of codimension one in a rather strong sense.)

Let us recall the setting of §3. To each point z € T* M we are given a linear
map o(z): E,, = E,, where o(z) = o([L],z) is the symbol of [L] evaluated at z .
We can consider the vector bundles E and F as being defined on X = T* M via
. (Strictly speaking we should use a different symbol such as n* E for the pull-
back bundle.) We are thus in the following situation: X (= T* M) is a symplectic
manifold and o: E — F is a vector bundle morphism. At each z € X we have
the exact sequence

o(2)
0->K,»>E, > FE—~>C,—>0
where K, = ker o(z) and C, = coker o(z). The characteristic variety, <V, consists
of those z for which K, # {0}. A solution of the characteristic equation is then a
Lagrangian submanifold of ° (which, in addition, projects diffeomorphically
onto M). We claim that at each z there is a well defined linear map

®,:K,® T > C,

called the bicharacteristic symbol associated with o. It is defined using the notion
of intrinsic derivative, a concept that makes sense on any manifold X, and which
we now define. After a somewhat lengthy detour to discuss the notion of intrinsic
derivative we shall return to the definition of %,. Let 6: £ — F be a vector bundle
map over X, and let z € X . Choose trivializations £ ~ E, X Uand F ~ F, X U
valid near z. In terms of this trivialization, o determines a map 4: E, — F, at
each x € U. For each e € E, choose a function s: U — E, with s(z) = e. Now
As is a function with values in the vector space F,. We can compute its
differential at z. Let p, be the projection of F, onto C,. If { is any tangent vector
at z define

L(e ® §) = p,((§.d(45))).
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We claim that if e € K, then the right hand side does not depend on the choice
of s or the choice of trivializations and hence defines a map

IZ:KZ®7;_)CZ

called the intrinsic derivative:
(i) Independence of the choice of s. Choose any other s’ Then s — s = X s;¢;
where 5;(z) = 0. Then A(s — s’) = 3 s,Ae, so that

d(A(s = 5)), = X (ds;),(4e;),

so that

p, (& dA(s — 5')) = p, (T (&, ds;pAe;) = p, A(Z (£,ds;)e;) = 0.

(ii) Independence of choice of trivialization. Changing the trivialization means
replacing 4 by BAC, where C is a function defined near z with values in
Hom(E,, E,) and B with values in Hom(E, ), with C(z) = id and B(z) = id .
By (i) we may assume that s = e is constant. Then

d(BACs), = (dB),A,e + dd,e + A,(dC),e.

The first term vanishes since e € ker o, = ker 4,. The third term lies in F, and
will vanish when projected onto C,. Thus p,d(BACe), = p,dA,e. This defines
the notion of intrinsic derivative.

For example, if E and F are line bundles, then a choice of non-zero section of
E and of F (which amounts to a trivialization) allows o to be represented as
multiplication by a function f. Changing the sections replaces f by fg with g # 0.
Now at points where f(z) = 0, the kernel and cokernel are one dimensional, and
the intrinsic derivative is given by df , that is, for each £ we have I (e, £)
= (& df ye in terms of the trivializations. (Here £, = K, and F, = C,.) Notice
that if df, # 0, then Vis a submanifold near z whose normal bundle is generated
by df.

We can generalize this example: Suppose that dim £ = dim F and that
dim K, = 1 and I, # 0. We claim that then Vis a submanifold of codimension one
near z and that dim K = 1 for x € Vnear z. Then clearly dim C, = 1 and
I. € Hom(K, ® T,, C,) which is isomorphic to 7;* ® Hom(K,, C,). Thus since
I, # 0 and dim Hom(K,,C,) = | we see that I, determines a line in 7,*, and
we claim that this line is just the normal bundle to V.

To prove the above assertions, let us choose a complement L, to K, and extend
it near z to be a sub-bundle, L C E. Then ¢ is non-singular when restricted to L
and determines a sub-bundle, Q = oL, of F. The map o induces a map,
o: E/L — F/Q where E/L and F/Q are now line bundles. At z we clearly have
K, ~ E,/L,and C, ~ E/Q, and, with this identification, o and ¢ " have the same
intrinsic derivative at z. Thus the intrinsic derivative of ¢ * does not vanish at z,
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so we can apply the preceding discussion to ¢ ' and conclude that the set where
o'(x) = 0 is a submanifold near z. But notice that if ¢’(x) = 0, then o¢’(x) and
hence o(x) is not surjective. But, since dim E = dim F, this means that K, # {0}
i.e., that x € V. Thus Vis a submanifold near z and the remaining assertions
follow easily by a similar argument.

If dim £ = dim F and dim K, = 1 with I, 0 we say that ¢ is simple at z.
We say that the asymptotic differential operator [L] has real simple characteris-
tics if o([L]) is simple at all z. For a differential operator (where ¢ is homoge-
neous) we relax this condition to require that o be simple at z # 0.

Notice that if Vis a submanifold near z and if K’ is a sub-bundle of E such
K’ C K, for x € V(near z) then I(k ® £) = O for £ tangent to Vand k € K.
Indeed, we may choose s so that As = 0 on V.

As we have said the notion of intrinsic derivative makes sense on an arbitrary
manifold. Let us now suppose that the manifold X is symplectic. The two form
w allows us to identify TX with T*X: If £ € TX, is a tangent vector then —&.lw
is a covector at z, and this map is an isomorphism since w is nonsingular. Thus
L: K, ® T, > C, determines a map ®,: K, ® ,* — C,, which is the desired
bicharacteristic symbol. Suppose that E and F are line bundles, and ®, # 0. Then
R, determines a section of Hom(K ® T*,C) ~ T ® Hom(K, C) along V. Since
Hom(X, C) is a line bundle, this determines a one dimensional sub-bundle of T
along V, i.e., a line element field. If, locally, ¢ is represented as multiplication by
some function f, then Vis given locally by the equation f = 0, the normal bundle
to Vis generated by df and the corresponding line field on Vis generated by gf.
As ¥ has codimension one, it is automatically integrable and £ is exactly the
vector field used in the constructions in §4. Of course £ itself is not invariantly
defined, but the line field it generates is, and this line field is called the
bicharacteristic field. Exactly the same considerations apply in the case of simple
characteristics. In the more general case, where codim V' > 1 integrability must
be added as a hypothesis. The question of the relationship between the
integrability of V' and properties of the operator L is an interesting one; see
Guillemin, Quillen and Sternberg [5].

Suppose we have solved the characteristic equation. Thus we have a Lagran-
gian manifold A C Y which projects diffeomorphically onto M, so that, locally,
A = dp(M). Notice that the (assumption and) definition in §3 asserts that

(Ko)m = Kagim)>
ie., that K|, is a vector bundle and is in fact the pull-back to A, via 7, of the

bundle K and similarly for C,. Now (3.8) defined a first order differential
operator, R. Let o(R,) be its symbol. Thus

. %
o(R,): K, ® T*M - C,.
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We claim that, forany y € T M and k € K goimy»
o(R)(k ® ¥) = Ryo(my (K ® dr™y), 5.0)

where we have identified K, with (K|, )ag(m)> @nd similarly for the C’s.

To see this, let us trivialize the bundles E and F in a neighborhood U of m,
which trivializes them over w_l(U ), and let x be coordinates on U with x, ¢ the
induced coordinates on 7 ! U. Let k be an element of K, (where z = dp(m))
considered as a constant function. If

a9 9 a ad
n—aa‘i'ba—g—zaiﬁ‘i'bia‘gi

is a tangent vector at z then

do do
L(k®n) = p(ag;k + ba—ﬁk)

Also —~nJw = —bdx + ad{ and so

R, (k ® (bdx — adt)) = p(ag—‘;k + bg—gk).
of

If wesety = dfthen 7™y = adx and the above formula becomes

R (k®7*y) = p(g—z %k)

Comparing this with the local expression,

N L
N PP :
for R, proves (5.1).

Notice that the differential operator R, depends, for its definition, on the
function ¢, and hence on the fact that A projects diffeomorphically onto M. On
the other other hand @ is defined at all points of ‘Vand thus the symbol of R, is
well defined at all points of A. The zeroth order term in R, does depend on the
existence of . We shall see how to deal with this problem in the next section.

In the case of simple real characteristics K and C are line bundles and }
defines the bicharacteristic field on V. What we have just proved is that the
transport equations all reduce to solving ordinary linear differential equations. Thus
we have locally solved the problem of finding asymptotic solutions in the case of
simple real characteristics. The solution is only local because of the fact that the
solution of the characteristic equation is only valid up to the point where A no
longer projects diffeomorphically onto M.
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Let us now describe these results in local coordinates for the case of differential
operators. Let us assume that £ and F are trivial vector bundles, and that
coordinates 1, x, ..., x,, have been introduced on M. We will assume that the
differential operator L takes the form

du X du

Lu=—+ -4

ot - ia_X’-+Bu’

where the A4, = A,(z, x). (Notice that this really amounts only to the assumption
that the coefficient of 3/9¢ in L be non-singular, i.e., that o(L)(dr) be non-
singular, in other words that dr be nowhere characteristic.) If 7, £ 1, ..., £ are
the dual coordinates then

o(L) =11 -3 ¢4,

and the characteristic variety is given by
det(r] — 3 £'4,) = 0.

The differential operator L is said to be strictly hyperbolic if, for each £
= (¢!, ...,¢") # 0, the matrix 3, ¢'A4 ; has n distinct real eigenvalues, 7, (, x,£),
..» T,(t,x,§). Then

deto(L) = (r — n(t,x,8)) - (r — 7,(t, x,£)),

and the (non-zero portion of) the characteristic variety splits up into n sheets,
given by 7 = T
All non-zero characteristics of o(L) are simple. Indeed, for § = 0, we can write

E=FE®- - 0E, (5.2)

where E; = E(1, x,£) is the subspace spanned by the jth eigenvalue of 3 £iAi.
Then at z = (t,x,'g,é) we have ker o(L) = coker o(L) = E;. If we choose a
non-zero section s = ¢; of E; then o(L)e; = (1 — 7:(t,x,£))e;,

I =d(r - D(t,x,g)) # 0.

(Here we have chosen a basis, ej(z), of K, and C, and hence I, becomes identified
with a linear differential form.) The jth bicharacteristic line element field is then
spanned by the vector field

o 0 %
og' 0x;

[Sa]

3 953
d 0x; gi'

(5]
~
Y

Notice that n, is always transversal to the hypersurface ¢ = const. Thus, if A},
is an m-dimensional isotropic submanifold contained in the jth sheet of the
characteristic variety, then the flow generated by n; will sweep out a Lagrangian
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manifold Aj lying in the jth sheet of the characteristic variety. In particular, a
function (x) will determine an initial isotropic submanifold A; ; by

t=0 ¢ = g%, T = g(x,O,g).
For small values of ¢ the Lagrangian manifold A; will project diffeomorphically
onto M (for any compact set of x). This then determines a solution ¢;(#, x) to the
characteristic equation with the initial conditions ;(0,x) = ¢(x).

For future applications it will be important for us to be able to assert that
under suitable conditions we can choose ¢; to be linear in ¢, i.e., that

@;(t,x) = @(x) — ct (5.3)

for some suitable constant c. (We have already encountered solutions of this type
when we studied the propagation of singularities.) Let us write ¢ for ;. To say
that ¢ has the desired form (up to an unessential additive constant) means that

%y _ o
athi =0 forall/; and —at—z = 0. (54)

Now the image of the vector field /3¢ under the map dy: M — T* M is

(R, Py 9

3 e 0 2 ax o

This is the unique vector field tangent to A which projects onto 9/9¢ if A projects
diffeomor hically onto M. If (5.4) is to hold this last vector field is just 3/9d¢. Thus
(5.3) is equivalent to the requirement that if we consider 9/9¢ as a vector field on
T* M then

g; is tangent to A. (5.5)

Notice that condition (5.5) makes sense even when A does not project diffeomor-
phically onto M. Now the vector field m; is tangent to A = Aj by construction.
Suppose that 7, does not depend on ¢. Then,

9 i, 3 91 9 3 d
a2 (G aa) = [va] -0l -3)

Thus 3/9¢ will be tangent to A if n; — 0/9¢ is tangent to A at ¢+ = 0, and this will
happen if
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is tangent to A,. This, of course, is a constraint on our choice of initial manifold
Ay . For example, if 97,/3¢ = 0 and 97/9x # O then { # O while dn{ = 0. This
would preclude the possibility of choosing A, with { tangent to A, and such that
7| Ao is an immersion. Notice that 7 is a homogeneous function of §£. Therefore by
Euler’s theorem

or, . aT;
= 2 gt and gp=0=rn(x8) =0

I

Let us assume that this does not occur, i.e., that 7(x,£) # 0 for ¢ # 0. Then
dn{ # 0 and we may apply the method of characteristics to find a Ay lying in
t = 0,7, = const. Notice, by the way, that this fixes the constant in (5.3) as

_

Cc = -ﬁ =T = '1}

We have thus proved: If 1;.(x,£ ) # 0 for ¢ # 0, and is independent of t then the

Jth characteristic equation has a solution of the form @,(t,x) = p(x) — 71,
Suppose we are given an asymptotic initial section

b, .
u~> T—Ze""’("), dp # 0.

We can then find n solutions, ¢, (,x), ..., ¢,(#,x) of the characteristic equation
corresponding to the different sheets of the characteristic variety, all with
?;(0,x) = ¢(x). We can write u(x) = u;(x) + -+ + u,(x) corresponding to the
direct sum decomposition of E and then apply the procedure described above to
each component, solving ordinary differential equations with the initial condi-
tions being provided by b, (x) = b, (x) + -+ + by (x). This gives an asymptotic
solution to the initial value problem. Of course, it is limited to small values of ¢ .

We now briefly sketch how our construction of asymptotic solutions to the
initial value problem for hyperbolic equations can be used to establish the
existence and uniqueness of actual solutions (for small values of ) . When we
have developed more machinery an existence and uniqueness theorem for all ¢
will follow from some rather general results. Let

) = (5) [a@esas

be the initial value, where u is the Fourier transform of u. We can write this as

u(x) = ¢, foo 7”_1(1;"_] Q(Tn)eim'xd5>d7.

0



48 DIFFERENTIAL OPERATORS AND ASYMPTOTIC SOLUTIONS

Now for any constant vector v, we can find an asymptotic solution to the initial
value problem with initial condition ve™*. In other words, we can find some
function w(z, x; v,m, 7) such that

Lw = O(r") forany N and w(0,x;v,1m,7) = ve'™*.

It is clear from our construction that we may arrange that w depends smoothly
on v and 7. (Although our procedure defines w for large 7 we can obviously
arrange that w be defined for all 7 > 0 so that the second condition above holds.)
Choose a basis v}, ..., v, and write

u(m) = 3 a(my,.

Consider
= _ * —1 def
a(6x) = ¢ 3 [ [ almwlex v 7n" " dSdr S V(o
It is then clear that

#0,x) = u(x) and L# = Ku

where
K(u = ¢, 2 ff a,(m)z,(t, x,m, T)dSdr

with z; = O(r~") for all N. Thus K is a smoothing operator, i.e., the Fourier
inversion formula shows that K(f) is given by a smooth integral kernel. In
particular K(¢) is a compact operator. We have thus solved the equation up to a
smoothing operator. If we write

0

L=8_t

— A(1)
then our construction above gives us an operator, V, such that
LV =V —AV =K or V' = AV + K, V@) = I
We are interested in finding a solution to
U = AU, U@) = 1.

Suppose that we actually had found a U(r) and were given K(¢), and wished to
determine V. We would do this by variation of constants, i.e., we set V' = UB so
that

V'=UB+ UB = AV + UF
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so that
t
B=U"'X, BO)=1 or B=1I +f0 U~ (s)K(s)ds

and

V() = UG [1 + fo ' U_l(s)K(s)ds].

Now we are given V and wish to determine U. It is clear by differentiating that
(for ¢ small enough so that the operator in brackets is invertible) if we have a U(¢)
satisfying the above equation then U’ = AU and U(0) = I. But we can write the
above equation as

Ul = [1+ [ U_l(s)K(s)ds:I ).

The explicit form of ¥ shows that it is invertible for small ¢. This last equation
can clearly be solved by iteration, providing us with a solution to our initial value
problem. The uniqueness can be proved by applying an existence theorem to the
adjoint operator. As we are not primarily concerned with these type of questions
we leave the details to the reader, and refer the reader to the very readable
original papers of Lax [2] and Ludwig [3].

Let us now make some remarks about some extensions of the method of high
frequency approximation as observed by Ludwig. The fact that we are looking
for solutions of the form

ei‘rtp

U~ u—
k(in)*
can be reformulated as follows: Consider the sequence of functions, {yk} on R! s
ei-rs
() = —.
, (ir)*

Then
Y1 = Y% and u~3 “k‘P*Yk

where (P* Ye = Yk (9)-

Now suppose that we replace the functions €™/ (iq-)k by an arbitrary sequence
of functions (or possibly distributions on R! satisfying Yi+1 = Yi)- We can then
attempt to apply the preceding method. For this we need to

(a) attach some meaning to the symbol ~ when we write ¥ ~ 3 u, ¢*y,,

(b) be sure that u = 0 implies that the individual coefficients of the ¢*y,
vanish separately.
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Here are some examples of the method:

(1) The sum is finite (i.e., only finitely many u, are different from zero). Here
~ means =. Of course we expect to be able to find solutions of this kind for only
special equations. However, interesting examples do arise; for instance spherical-
ly symmetric solutions of the wave equation in an odd number of space
dimensions can be written in this form.

@y = s*/k! and ~ means =. If the equations have analytic coefficients this
gives a method (originally due to Hadamard) for finding analytic solutions to
hyperbolic equations. For a convergence proof see Ludwig [3].

(3) Let x, = 0 for x < 0 and x, = x for x > 0. Then (as distributions) we
have

( x£+l )/ _ é
k+nr) K

and hence y, = x’i/k! is a suitable candidate. Suppose that for two generalized
sections u and v we let u ~ v mean that u — v is smooth. Then u ~ X u, ¢* Y In
this case implies that the singularity of u occurs along ¢ = 0. We essentially
discussed the top order term relating to this situation at the end of §3. As before
the simplest procedure is to look at ¢ of the form ¢ — ¢ in the product (time
independent) case. We leave the development to the reader as a very instructive
exercise. In particular, it is interesting to observe the fact that a singularity
propagates along bicharacteristics and cannot disappear.

§6. The transport equation.

In this section we shall examine in more detail the transport equation

where the transport operator R, is given by (3.8) and (3.7). We have seen in the
preceding section that the symbol of the first order differential operator Ry
actually arises as an invariantly defined object on the characteristic variety.
Suppose that A is a Lagrangian solution variety of our original asymptotic
differential operator, and that =|, fails to be a diffeomorphism at a point z with
7z = x. Suppose, in fact, that z is on the boundary of some region U of A which
does project diffeomorphically onto an open set, 7U = 0 of M. Then U can be
represented as graph do, so that Ry is defined on 0. As we approach x the zero-
th order term in R, becomes singular. It is the purpose of this section to
reinterpret R, as a well defined differential operator on A in such a way that it
makes sense even through the points where = is singular. Before discussing the
general case we begin with an instructive example. Let us discuss a version of the
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“Tricomi equation.” Consider the differential operator D defined by
1 9? 92
D=5s—+x-1)— 6.1
o R )aXO] (6.1)

This equation can be regarded as a wave equation for | x| < 1, where the “index
of refraction” approaches zero as |x| — 1. It can thus be regarded as a crude one
dimensional model of “light being totally refracted by two parallel mirages.”
Then the symbol is given by

= §[8% + (- D&
and the corresponding Hamiltonian vector field is given by
= (o~ Degga + £ — (62)
09x,  “dx 0 65 :

In the present situation M is two dimensional and so we may choose as our A,
the line

(XO,X, ‘E(),g) = (l, 0, 1, l)

The characteristic curves are thus given as the solutions of the ordinary
differential equations and initial conditions

d
%’ =0, §&(0)=1, % = —xtZ, £0) = 1,
dx dxg

2
7 ¢ x(0) = 0, a = (x* = 1), x0(0) =/,
and are, explicitly,

£OEI, £ = cos ¢,

x=sint, xq= —3(t+sintcost)+ /.

The manifold A is thus the cylinder

+gt=1, =1,

lying over the strip [x| < 1 in the (x,x) plane. Notice that the projection, m,
becomes singular over the lines x = *1.

As we are dealing with a trivial line bundle, the expression for the transport
operator is given by (1.3). There are no first order terms in the operator, and the
cross terms in the second derivative of o(L) (i.e., in the second term on the right
of (1.3)) vanish. Furthermore, dp = &ydx, + £dx = dxg + (\/1 — x?)dx for
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|x| < 1. Thus (1.3) becomes, for £ > 0,
ou oy X
2 _ 1229 o _ £
(x l)ax0+§8x 2(,/1 ) >u0

or, if we think of u,(x,,x) as a function of all four variables depending only on
the first two,

Lup = %(\/I——X_T{)“o

where £, is the Hamiltonian vector field given by (6.2). This is an ordinary
differential equation for u along each trajectory which can be written as

d(log uy) _sin¢
dt T 2cos t’

A similar equation holds for £ < 0. Solving the equation yields
log uy = —4 log|cos 1| + f

where the constant, f, may depend on the trajectory, i.e., on /.

__f S
“l) = Vlcos ¢ - {‘/l — X2’

where (we shall see) f is periodic of period 27. To explain the interpretation of
this last expression let us introduce the angular coordinate § = arcsin x so that
(4,0) can be used as coordinates on the cylinder A. Then

1

48] = ——— lax]
V1-x
and, formally,
0" = 5 lax ",

\4/1—x

Notice that the transport equation and its solution both blow up at x = *1.
However, let us regard the expression
f7)
uo(xo,x) = g
y 1 — x?

as the coefficient of the formal expression u,(x,, x) Idxodx|V2. If we introduce
coordinates ¢, @ on the cylinder A then we can regard our solution as the “half
density” on the cylinder

f(0)|dtag)”.
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Since the same trajectory crosses the /-axis at / and / + 27, we see that f must
be periodic of period 27. The important lessons to be learned from this example
are that (i) the transport equation in x becomes singular at caustics, and (ii) if we
reinterpret the transport equation as an equation for “half densities” on A it is
no longer singular.

Thus our problem is how to extend the method of §3 past a caustic, at least as
far as the first term in the expansion is concerned. As we shall see, with suitable
reinterpretation, the transport equation makes perfectly good sense on all of A.
We will then have to deal with the problem of how to pass from information
“upstairs” on A back down to M.

Let us now examine the transport equation in general for scalar operators. To
simplify the notation let us write o for o(L), and x for the symbol of the term next
order down in the local expansion of L so that

o= X A,8" and x= X A4,¢°

|| =k le|=k—1

where

J \«
L= 3 4/(=—) .
Ial <k a( dx )
The transport equation R¢u = 0 becomes (for each solution ¢ of the character-

istic equation)

do du ?%s %0
2 i a0) D 3£70¢) ax'0x)

+ X(x, dp(x)) |u = 0.

Here u is considered as a function of x alone. If we think of u as being defined
on T*M (and constant in the ¢ direction) then we can write the transport
equation as

3’6 3%
3¢'aL’ dx'9x’

D u+ [% s + x]u =0 (6.3)
on A = graph d¢. To explain the meaning of (6.3) let us consider first the local
situation where A and M are both oriented and A is a diffeomorphism.

We recall some basic facts about densities. A density p of order s is a rule
which assigns a number, p(y',...,n"), to each n-tuplet of vectors o', ..., n" at
each point of A so that

plAn', ..., An") = |det Ap(n", ..., n")

for any linear transformation 4. If F: A — M is a diffeomorphism and p is a
density on M, then F*p is defined by

(F*o)',....,n") = p(dFn', ... .dFy").
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Notice that

(F*p)(An', ..., An") = p(dF(4n"), ..., dF(4n"))

p(dF o A o dF~'dFn',...,dF o A o dF 'dFnm)
= |det A|*F*p(n',...,9").
Thus F*p is again a density. If £ is a smooth vector field and p a smooth density
of order s then the Lie derivative D;p is defined by
d *
Dyp = E(exP t§) Pl=o0-

The space of densities evaluated at a single point is clearly one dimensional and
it makes sense to say that a density does not vanish at a given point. If p does
not vanish at any point then

Dgp =fp
for some function f and we shall call f the logarithmic derivative of p and write
f= Dg(IOg p)-

If p, is a density of order 5; and p, is a density of order s, then p, p, is a density
of order s; + s, where

(erp) @', ..o = (' ().

Since F*(o;p,) = F*(p,) F*(p,) we have

Dg(m py) = (Dgpy )y + oy Dgpy

and if p; and p, are both nowhere zero we have

D;(log(p, p)) = Dglog p; + Dylog p,.

We now propose to perform the following local computation. In terms of the
coordinates x', ..., x" we let |dx|* denote the density of order s on M which
assigns the value one to the n-tuplet (3/3x', ...,3/9x") at each point of M. Then
uldx|? is a density of order } on X. Let ¢« : A — T*(M) denote immersion of A
as a submanifold of T%(M) so that 7 o ¢ is just the restriction of = to A. Then
7 o ¢is a diffeomorphism and

p = (mo )" (uldx|"?)

is a density of order § on A. We wish to compute Dg(log p) where £ is the
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restriction of £, to A. Now
D;log p = %Dglog p? = %Dglog[(w o O)*u?|dx|]
= Dy(log(m ° ) u) + %Dglog((w o 0)* |dx|).

Now £, is a vector field defined on all of 7* (M) and #* log u (which we simply
write as log u) is a function defined on all of T* (M ). Therefore the first term in
the above expression is just D, (log u)| A- To compute the second term we must
take into account the orientations of A and M.

If = o ¢ preserves orientation then (identifying n-forms with densities)

(mo ) |dx] = (mo ) (@dx! A -+ A dx")

= Fr¥dx' A -0 A dx").

Again, 7*(dx! A --- A dx") is a well defined n-form on T*(M) and therefore
we can write

Dgo(c*w*(dxl A e Adx™)) = L*Dga(dxl A oo A dx™),

where, on the right, £ is regarded as a vector field on T*(M ) and we have written
dx! A oo A dx"for 7 (dx' A -+ A dx"). Then

D, (dx' A -+ /\dx")=§dxl Ao A Dpdxt A ee A dx”
=D dd Aiidag Ao A dx”

2
T LA AN
j X

; agla 1
+Sdxt Ao A oo dE A -+ A dx"
7 3 0x/ 7 '

Upon restriction to A we must substitute d§; = d(dp/dx') and we get

L*(Dgo(dx1 Ao Adx™))

%0 g %o ) 1
= 4 — )dx' A -+ A dx".
(; 9,08 oxox, 2 axiog )" *

Thus

Dy log(m o )* uldxll/2

1 %o 82q> 1 %o
=D, logu+ = —— + = —
£ 08U T3 2 3§;0; 3x'ax/ 2 b 9¢'9x!

ki
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under the assumption that the orientations of A and M are consistent. If we
compare this with equation (6.3) we see that the transport equation can be
written as

%6
3 ax'

1
Dy logp = —x +5 > (6.4)
If the orientation of A and M are reversed, the same argument goes through.
In this case

Dy log(7 ° ) (u|dx|1/2) = Dy log u + %D&log 7 % |dx|
= " D, log u + 3 D; log(—"i*|dx])

since the logarithmic derivative is clearly insensitive to multiplication by a
constant.

This suggests the following change of viewpoint concerning the original
dlﬂerentlal equation. Let us think of u as being the coefficient of the half density
u(x) |dx| and consider D as an operator on half densities. Then

b = (o )* (uax|"?)

is a half density on A. Thus the transport equation is to be regarded as an
equation for a half density on A. Furthermore, we shall now see that the right
hand side of (6.4) is an invariantly defined function on 7*(M), provided that L
is regarded as an operator on half densities. (We are indebted to Keith Hannabus
for help in the followmg discussion.)

Indeed let |A”] (M ) denote the space of smooth half densities on M, and let
]A”| (M denote the space of smooth half densities of compact support. Notice
that |A”I (M ) has the structure of a pre-hilbert space: If p,, p, are two half
densities of compact support then p, p, is a density of compact support and hence
can be integrated. We can therefore define

(py,p2) =fP|T)z

(where p(§,....£&,) = p(§,....£,). Then any differential operator D has a
formal adjoint, D*, which is the unique differential operator satisfying

(Dpy.p,) = (p), D* py).
Notice that if D is a differential operator of order m (with real coefficients) then
o(D) = (=1)"o(D¥)
so that

= 3(D - (=)"D*) (6.5)
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is a differential operator of order m — 1. Thus its symbol is a globally defined
function on T™*(M). We claim that in terms of local coordinates

o(B) = x - (6.6)

8£ a v
To see this observe that B is linear in D and that ¢(B) can only involve the top
two terms in D. We notice that if o(D) = 0 then D — (—=1)"D* = 2x + ---. To
complete the proof we need only check the result for the case that D has the local
expression

D = a(x)ﬁ, |a| = m.

We may also assume that p; = f ]dx|1/ % and py = gldxll/ 2 Then

glel B ol glal .
(Doyo02) = [ () et )& i = (-0 [ 13 @
and it is clear from direct computation that

1 3%
oB) = =3 Geran”

With this interpretation, (6.6) is indeed a well defined function on 7% M called
the subprincipal symbol of the original differential operator.

The definition of the subprincipal symbol as a function on all of T M does
depend on the fact that we are viewing the differential operator as an operator
on half densities. In other words, we assume that there is some differential
operator on half densities which becomes identified with our original dlﬁ'erentlal
operator when we choose the particular trivialization /glven by |dx|
IA]Y2M be the bundle of half densities. If D:|A|V2M — |A]Y M is a
differential operator, then o(D) is a well defined function on 7* M. Indeed, since
Hom(E ) is canonically trivial for any line bundle, E, in particular for

|/\| M (con51dered as a bundle over T* M), o(D), which is a section of
Hom(l A ]1/2M |/\| 2M), is well defined as a function on T* M. We have just
seen that the subprincipal symbol is then also a well-defined function on T* M,
and have given an interpretation to the transport equation.

Let us now examine the situation where L is a differential operator from
E ® IA1Y2 to E,® A7 where EIl and E2 are lme bundles. Then L* is a
differential operator from E) ® IAY2 1o E’f® I/\I and so the expression
(6.6) does not make sense. Nevertheless, we can give an invariant interpretation
to the transport operator. To see this, suppose that s and s” are two non-vanishing
sections of E; with s’ = fs, and suppose that t" = gt where ¢ and ¢’ are non-
vanishing sections of E,.
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Let L be a differential operator from E; ® |[A|"" to E, ® [A]"". If ris a
section of E; then r = us = u's’ where u = u’f and we can write z = wt = w't’
where w = w'g, if z is a sectlon of E,. The choice of s and ¢ determines a
differential operator D : I/\I - |A2| by L(s ® p) = ¢ ® D(p), and the choice
of s, ' gives the operator D’. The two operators are clearly related by

D’=g_loDof.

Thus,
o = g—lof so that ¢ = g‘lfi, when 6 = 0,
and
_ _y 00 of
’ 1 1
= +g 1 =
X =g xf 3 9

Thus if ¢ and ¢’ are the subprincipal parts of D and D',

_100 of 1 820f 19g7' 30, 1 LA

’ —1
= + . = —
=8 XTE LA T8 Geax? 2 ax 0t? 253t o

=g lef +3e7(Ef) — Lf(gg)™

Now if 7 is a vector field and Q is a 1 density and 4 is a function, we have the
formula

Dy, @ = hD,Q + 3(D, h)2. (6.7)
Therefore, on § densities along A,
-1 -1 -1
Dy =g fD;+3fDg ™ +1g Dyf
and therefore
Dy + ¢ = g-lng + g_lcf+ g_ngf
=g oD+ c]ef
This is precisely the transition law required for the definition of a (ﬁrst order)
partial differential operator on A from E; ® l/\| 2A to E,® l/\l

§7. The Maslov cycle and the Bohr-Sommerfeld quantization conditions.

Let us put together the results of the past few sections to discuss the first term
in the asymptotic solution (3.1) of an asymptotic partial differential operator, as
described in §3. For simplicity we will assume the asymptotic differential
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operator in question is from |A|"“M to |A|”“M, as discussed in the preceding
section. We assume that we have solved the characteristic equation, i.e., that we
have picked out a Lagrangian submanifold, A, of the characteristic variety. We
assume also that we have solved the transport equation on A, so that we have a
half density, v, defined on A. Our question is how to pass from v back down to a
half density on M.

Let ©: A — T*M be the immersion of A as a submanifold and let us assume
that 7 o ¢ is proper. If x is a regular value of 7 o ¢ then

(o)) () = { ¥, o2

where each y; has a neighborhood, W, which maps dlﬂ’eomorphlcally onto a
nelghborhood U, of x. Let us assume that k # 0, i.e., that (7 o 1) 'x # @. For
each j, W= graph do; where P is defined on U and is determined up to additive
constant. We can use the diffeomorphism = o Yy to identify U, with a half
density, u, on U, In accordance with the procedure of §3, this should give a
contribution u; e”‘”f If we let U = N U, then we should expect that on U we get
the sum

u €+ e+ oy e (7.1)

The trouble is that this expression is ambiguous due to the arbitrariness of the
choice of phases for the ¢,. If there would be only one term in the sum, then this
arbitrariness would simply lead to a (relatively harmless) overall phase factor.
However, since a sum is involved, the choice of the relative phases will have an
enormous effect.

In order to deal with this problem it is simpler to examine what is happening
up on A. At each regular point, A, of 7 o « on A we have the function ¢ o (7 ° )
defined up to the arbitrary phase factor, where graph dg is a local parametriza-
tion of A near A. If we fix the phase at A then the phase is fixed in any simply
connected neighborhood of A on which # o ¢ remains regular. Indeed, by
definition, d[p o 7 © J] = *a, where « is the fundamental form on 7* M. The
problem is how to change the phase as we go across the singular set.

The procedure we shall use to handle this problem is to apply the method of
stationary phase. We shall give a parametrization of the Lagrangian manifold A
which is valid in the neighborhood of a point of the singular set, and we shall
write down an asymptotic half density «’, which is also valid near the image of
the singular set (and in particular does not have singularities at the caustic). This
half density coincides with an expression of the type (7.1) at regular values, up to
terms of order 7', and hence fixes the relative phases. It will turn out that this
procedure will not depend on the particular choice of #’. We will sketch the
procedure here. A detailed justification of some of the steps depends on some
considerations of symplectic geometry which we shall present in Chapter IV.
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The method is as follows: Let x = (x!,...,x") be coordinates on M. We
introduce some auxiliary variables # and a function ¢ = ¢(x,#). We assume that
the set C, = {(x,0)|dyp = 0} is a submanifold and that the differentials
d(dp/ 801) are linearly independent along C. At C,, the differential d, ¢ is well
defined and we assume that the map

pi(x0) - d o(x,9)

maps C, into A. The fact that the differentials d(dg/ d4) are linearly independent
implies that this map is an immersion. Indeed in local coordinates the map is the
restriction of the map

9\ _ (1 n 9 g
(x,())w(x,ax)——(x,...,x,axl,...,ax,,

to C,. Thus any tangent vector with a 3/9x component which is non-zero can
not be sent into zero. On the other hand the image of n = 3 ¢;3/94 is

a’p 9
2 Gy 3,

and if n is tangent to C, we have

dgp > %
0= < d—r ) = C;———.
96~ 24 967 36"
Since the d(d¢/d87) are assumed to be independent this implies that ¢ =0.
The existence of such ¢ follows from considerations of symplectic geometry
which we shall discuss in Chapter IV. (There we shall see that we can always
choose the § to be some of the £'s and arrange that C, = A)

The choice of ¢, together with the density |[dxd#)| induces a positive density on
Cw' It is the unique density, o, such that

wlGue(32)))

where £, ..., §, are tangent to C, and n,, ..., 0, are independent of T(C(p).
Now let the function a be defined on C, by

o(¢,....&) = |ldxdb|(&,....& 2, ....n,) (72)

aol/2 _ [.L* v,

where v is our half density on A. Here a is a smooth function on Cor Extend it to
be a C® function of (x,0) compactly supported in §. Now consider the half
density

[(T/277)k/2feif‘p("’g)a(x,())dﬂ] Idxll/2 (7.3)

where k is the number of # variables. This half-density is clearly continuous in x.
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We will show that at regular values of « o ¢ this half-density differs from a
solution of the type (7.1) by terms of order 7~ !. This will then determine the
choice of phases in (7.1). The proof of this fact is a straightforward application
of the method of stationary phase.

We shall give a more invariant interpretation of this procedure in Chapter VII.
For the moment let us simply apply the method of stationary phase to the
integral in (7.3) at a regular value x. Let (x,8) be a point of C, lying above the
regular value x. Then no 3/36' is tangent to C, at (x,0) and so we can take the

.in (7.2) to be 3/30". Then (7.2) shows that

7™ |dx]|
9? P

det 2@
NEYETY

where 7 : C;, — M. By abuse of notation we shall write |dx| instead of 7 |dx|,
and then (7.2) shows that

|dx]| _ |dx|
‘d t( 3o ) |det Hy(x,9)|
36" 96/

where H is the fiber Hessian of ¢. Now v = (7 o e) u. Suppose that u
Aldx|"2. Then the definition of a shows that

a(x,8) = A(x)|det Hy(x,8)]"?

for (x,0) € C(p. We have extended a to be defined on a whole neighborhood of
C, Near (x,0) we can solve for # as a function of x on Cp say 0 = G(x). Let

F(x) = g(x, G(x)).
Then
dF(x) = (d,9)(x,G(x)) + (dg9)(x,G(x)) ° dG = (d, )(x,G(x)) € A

since (x, G(x)) € C, so that dyg = 0 at (x, G(x)). Thus, F is a suitable phase
function for A. This applies to each sheet of C, lying over x. If we now apply the
method of stationary phase we see that

K2 |
(%) fempa(x, 0)do = > Aj(x)et[7Fj+o,-n/4] + oY) oo

= 3 4,(x)e™* - &5+ 0(™")

where 0, = sign Hg(x,é)j).
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We draw two conclusions from (7.4). In the first place, we see that A4 ; should
be replaced by 4 ' €% Thus the correct coefficients for the oscillatory terms '™
in (7.1) are not quite the projections of the solution v of the half density transport
equation, but differ from it by constant phase factors, differing from one another
by powers of i. It will turn out that we can account for the correct coefficients by
regarding the transport equation as an equation on A for “half-forms” with
values in a certain locally constant line bundle instead of for half-densities. The
necessary machinery for these notions will be developed in Chapter V.

Suppose we make a number of simplifying assumptions about the nature of the
singular set of A. Assume that the map 7 o ¢ has rank n — 1 on a submanifold,
Z, of codimension one in A and has rank less that (n — 1) on a subset of
dimension at most n — 3. We shall see in Chapter VII that this is the situation
for a “generic” Lagrangian manifold in 7% M. Thus, any smooth curve which
intersects the singular set can be deformed so as to avoid the subset of
codimension 3, along with any homotopy of curves, and can be assumed to
intersect Z transversally. A simple computation shows that o; changes by +2 as
we cross Z. This means that Z has a preferred relative orientation in A (a curve
crosses Z in the “positive” direction if g; increases). The submanifold Z with this
orientation is called the Maslov cycle. We shall discuss it in detail (together with
the above mentioned computation) in Chapter IV.

Notice that we have now given a generalization of the optical phenomenon
described in Chapter I, namely that light undergoes a phase shift of m/2 as we
pass through a caustic.

The above procedure gives us a method for fixing the phases P for all regular
x lying under a connected open set U C A if U = w(C,) for a suitable phase
function ¢ = ¢(x,0). Indeed, we have set F(x) = ¢ o u_?O\j), where 7(A;) = x.
Now we claim that the function ¢ o p~! satisfies

dpop") = ay, (1.5)

where a = > £idxi is the action form. If we establish (7.5), then we will have
shown that the function ¢ o p._l is, up to an additive constant, determined on U
independently of the choice of ¢. This fixes the relative phases of the E, i.e., fixes
the E up to a single additive constant. To establish (7.5), let n be any vector
tangent to A at z = u(x, #). Then, by definition,

m,ay = {dm,z) = {dm, u(x,0)).

On the other hand 7 o p(x,#) = x so that, if £ = du™'n,

(. d(p o p™ ")) = (&dp) = (£,d ) since dyp = 0 at (x,0)
= <d77£’ f"‘(x90)> = <d7m,u(x,0)>.
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We have so far discussed the problem of solving the transport equation locally.
There remains the question of piecing together the local solutions to get a global
solution. As we shall prove in Chapter IV, we can always cover A by contractible
open sets U, such that each U is defined by a ¢. We can also arrange that
U N U are contractible. Now ¢; at each regular A € U, gives rise to a
contribution to our global half density of

o0+l sign BN, (1),

where H, is the Hessian of g; with respect to 6 at p~'(A). If the contributions due
to ¢; and @, are to match up, then 7¢; + (m/4) sgn H, must equal ¢,
+ (77/4) sgn H;(mod 27Z) on the regular points of U N Uk Set gy = ¢ — ¢
and hy = = l(sgn H; — sgn Hy). It follows from (7.5) that g is constant on the
regular points of U N U, and hence extends to a constant on all of U; N U It
turns out that hj € Z. Since h ik is plainly a cocycle, we obtam a class
oM € H'(A,Z), the Maslov class of A. (The construction of 9 was first
suggested by Keller [6] and defined by Maslov [7].) It is the Cech definition giving
the dual to the geometrical cycle described above.

In other words, if we make the genericity assumptions described above, then
the value of the class 9 on the class of any smooth curve C intersecting Z
transversely is given by the number of intersections of C with Z, each counted
with multiplicity.

On the other hand the cocycle 8k defines a class B in H'(A, S), where S is the
sheaf of germs of locally constant C* functions on A. Since dg;|, = afy on U, B
is just the image of the deRham class [a|, ] under the canonical isomorphism of
deRham cohomology with Cech cohomology. (Note that d(af,) = 0 since A is
Lagrangian.) We write 8 = [al, ]. Letting y be the canonical map of H (A, Z)
into H'(A, R), we obtain

{;B +lon e yH'(A, Z) (7.6)

as a necessary and sufficient condition for finding a global half-density on 91
corresponding to v. This condition on 7 and A is independent of v and is known
as the Bohr-Sommerfeld quantization condition. (The above argument was first
suggested by Brillouin in the case of the Schrodinger equation in order to explain
the old quantum theory in terms of quantum mechanics.) We shall give a rather
different interpretation of the Bohr-Sommerfeld quantization condition, using the
notion of half-form and “discrete” asymptotics in Chapter VII.

In terms of the geometric interpretation of the classes 8 and 9N, what we are
requiring is that the total change in phase around any closed curve is an integer
multiple of 27. Here we get one contribution from « and the other from each
intersection with Z. That this total change be an integer is obviously necessary
and sufficient in order that we be able to give a global meaning to ¢™v at regular
points of A.
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To summarize: If A satisfies the Bohr-Sommerfeld quantization conditions
then we have a way of associating an asymptotic half density, v, on M to an
asymptotic half density, p, on A, where u is determined up to term of order L
If p satisfies the transport equation for the operator L then Lu = O(fr—2 ).

The map assigning (the equivalence class of) u to p is the Maslov canonical

“operator”. It is unitary up to O(r™ '), i.e.,

2 2 —
[ el = [ l*+ o6
A M
if p (and hence u) has compact support, for instance if A is compact.

Notice that if p vanishes near the Maslov cycle, so that we have, globally,

ITQ;
u=2eq)jpj,

the sum being over the various sheets of A, then
ui = Y, ei’("’f'_"”‘)pjpk and fe"("’f_"”‘)pjpk = O(r V) forany Nifj # k

by stationary phase. Thus ]ul2 ~f |p|2 to all orders. The general argument, due
to Duistermaat [8], is just a more delicate application of stationary phase and is
quite straightforward.

We can now relate the Bohr-Sommerfeld conditions to the spectrum of L
following a beautiful argument also due to Duistermaat. Suppose that L is a self-
adjoint operator. Then given a p with ||p|| = ¢ > 0 satisfying the transport
equation on A, and given a 7 satisfying the Bohr-Sommerfeld conditions we have
produced a u such that

lull,z = ¢+ O(x™") and ||Lul < Cr2|ul for some C.

This implies that there is some constant C such that the spectrum of L intersects
the interval (—Cr~2,Cr %), for otherwise ||Lu|| > Cr %||u|l. Applied to the
Schrodinger operator

—mA+ (V- E)
this says that some spectrum intersects an interval of diameter h?* about E, if the
Bohr-Sommerfeld conditions can be satisfied for a given value of E.

Let us examine the meaning of the Bohr-Sommerfeld quantization condition
in the classical case of the reduced (i.e, time independent) one dimensional
Schrodinger equation

d

2
S A (E -V =0

where 4! plays the role of our asymptotic parameter. Here the symbol is
P

o= —£2+(E~ V(1) and & = 2%, V’(x)a%.
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The characteristic variety ¢ = 0 is thus given by

2+ V(x)=E

3
ol ™
lk_{r

In the figure we are assuming that the function V looks something like

\ E /
~— | —7

[ r

The characteristic variety in this case is one dimensional and thus coincides with
a Lagrangian manifold. The Maslov cycle, Z, in this case clearly coincides with
the intersection of the curve o = 0 with the x-axis and the value of the Maslov
class on the fundamental cycle (consisting of going around the curve once in the
counterclockwise direction) is +2. Thus (7.6) becomes

1 1
mfa+§=n.
Ag

Now a = £dx and fAE a = ffp d€ N\ dx is just the area, A(E), enclosed by the
curve Ag. Thus the Bohr-Sommerfeld conditions in this case reduce to

A(E) = 27h(n + 1), n=201,....

We can also explicitly write down the solution to the transport equation in this
case. We are looking for a half density on Ag which is invariant under the vector
field £,. It is easy to write down a one form (defined off Z) which is invariant
under £, namely *dx/¢. In fact

2 (%) =t 1%) 80 ()
=d(2>—£~§=‘;—;’

and *do = 0 since o is constant on Ag. Thus, since § = \/E — V on Ag, we see
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that the half density is given by

|dx|l/2

VE-TV'
The function ¢ is determined by (dqp/dx)2 +V=EFEandsop==*f\E—-V.

The solution away from the singular values (which in this case are called “turning
points” instead of “caustics”) are thus given by

ﬁ [exp(%f\/E——de) + exp(—é[f\/mdx -1/ ])]
This is the standard JWKB approximate solution to the Schrédinger equation.

Let us return to more general considerations. Suppose that the Bohr-Sommer-
feld quantization conditions are satisfied for A and a given set of . (For example
if = 0 and 9 = 0 then all 7 will do. Otherwise this imposes a restriction on
7.) For the rest of the section we will assume that the 7 range through the set for
which the Bohr-Sommerfeld conditions are satisfied. Then the procedure de-
scribed above gives us a method for passing from half densities on A to half
densities at regular points on M. We can formulate this method as follows:
Choose a regular point on A and let y, ..., y, be the preimages of x. Then
(assuming that A is connected) since dp = a, the explicit determination of the
phases in (7.1) is given by

; u; exp [i (T [a+ #aa+ T(p(zo)>:| 17)

Y

where v, is any curve joining z, to y; which intersects Z transversally and #; is the
intersection number of y; with Z and where @(z,) is an arbitrary constant.

Notice that the fact that the expression (7.7) is independent of the choice of
the v, is exactly the assertion of the Bohr-Sommerfeld quantization conditions.

There might be circumstances in which there is a preferred choice of (class of)
curves ; so that (7.7) makes sense even though the Bohr-Sommerfeld condition
is not satisfied. For example, suppose that A is obtained by sweeping out a
submanifold Aj under the flow generated by a vector field, § where we assume
that each integral curve intersects A, at exactly one point. Suppose also that A,
is exact. Then (up to an arbitrary constant) there is a well defined choice of phase
function on A, and we can take the v, in (7.7) to be the trajectories of £ joining
Y to A, For example, consider the (time dependent) Schrodinger equation

h 9 h o 9?
AR I SR (O

on R" X R. Here 1/h plays the role of the parameter 7. If £, denotes the dual
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variable to  and §; to x; then the symbol of the operator is

1 n
50"52%2— Vix) =0
1
and the associated vector field is
0 av 9 ]
§=§+23—)ﬁa—gi—2§ia—&
while

<£,a> = %0 -2 giZ

so that on the characteristic variety, ¢ = 0, we have

(ay=V(x)-13=-L

where L is the classical Lagrangian. Since all the terms in the Schrédinger
operator are self-adjoint the subprincipal symbol vanishes and so the transport
equation becomes

for the half density p.

Let A C T*(R" X R) be the Lagrangian manifold swept out by A, X {0}
under the flow, f, generated by § where A, = graph dp, is a Lagrangian
submanifold of 7*R". Let the map £, : R” — R" be defined by

F(x) = mf(do(x)).
Now if v is an initial half density on A, then f* v, is a half density on f A, and

* 1/2
v = |/l ® Jar]”
is clearly invariant under the flow, i.e., satisfies the transport eqation. If
vy = 7 uy, then the corresponding half density, u, on R" X R is given at a point
z by

oF |72 2
u(z) [2 det a_x" (xi)uo(x,-):l ® |ar|'?,
the sum ranging over the inverse image of z (where we assume that z is a regular
value of F). Thus if u, = aldxll/ ? then the full first order term in the asymptotic
solution of the Schrodinger equation is given by

oF, |TV2 ) )
e;_l( det 2-1(x)|  ale)exp [0 [ L+ H +17'g)]
x €F7(x) ]
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where y; is the classical path and H; the intersection number of the corresponding
curve on A with the Maslov cycle, and where ¢; are initial phases.

We can use the above expression, together with the method of stationary
phase, to derive an asymptotic expression for the fundamental solution of
Schrodinger’s equation. Let us write

Ox — xy) = a(x)fei"'(x—x")d'q

where a(x) is a function of compact support in a neighborhood of x, and takes
on the value one at x;. Setting § = hn we can write this as

(x — xp) = %fexp i[%(x - xo)] d¢.

Suppose that there are only a finite number of classical trajectories joining x, to
a given point y at time ¢, and that y is not a conjugate point of x, i.e., that y is
a regular value for the projection of the manifold of all trajectories emanating
from x, The same will be true for all trajectories joining x to y if x is close
enough to x,. We thus may assume that this holds for all x in supp a. We now
consider the initial value problem for each frequency, i.e., the Schrodinger
equation with the initial condition

aé);) exp i%(x - Xg)-

The corresponding initial isotropic manifold is graph d(¢ - (x — x,)) which is the
set of points (x,¢) (with ¢ fixed and x varying over R"). Then we obtain the
corresponding A, and our assumption implies that there are only finitely many
trajectories v, lying in A and joining a point in supp a to y. Let (x;(§).¢ ) be the
initial point of y;;. Then the asymptotic solution for the initial phase £ - (x — x;)
is given by

> a(x;

Integrating this expression over £ gives

Yw| eo(i] [

23

g () - xo)] +Z #j).

12
]

G(tx) = 3 o [ atx

. exp(%[fa + & (x(8) - xo)] +%i #j>d£.

To evaluate this integral by the method of stationary phase we must first find
the critical points of the phase function

¢(.s>=fy a+ £ (x(8) = xp)

7§
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as a function of £ To do so we will need some general facts about symplectic
geometry: Let M be a manifold, and A a Lagrangian submanifold of T* M. Let a
be the action form. For each s € R let vy, be a smooth curve on A and suppose v,
depends smoothly on s. Let a(s) and b(s) be the initial and terminal points of v,. Then

1f — o ) o
dsJ),, * = N\ ds N\ )

Proor. There is a tubular neighborhood U of y, in A on which « is exact; i.e.,
a = df on U. Thus

[« = F(B6) = S(als)).

Differentiating with respect to s we get the assertion above, proving the formula.
We will meet this formula several times again. For example in Chapter III we
shall see that this formula gives the Abbe sine condition in microscopy.

Now let us compute

S a
a'gi Yk .

Note that the curves Y all lie on a fixed Lagrangian manifold in 7*(R" X R),
namely the set of all trajectories that at time ¢ lie above the point (y,f). Let 5, and
§; be the tangent vectors to the initial and terminal curves of Yig obtained by
varying £; and leaving the other coordinates of £ fixed. By (7.8),

d
a_g,.fm a =m0 = {§a.

The end point of ;; projects onto the fixed point (y,¢) in the base for all £, so
(dm)m; = 0 and hence {n;,a) = 0. On the other hand,

dax;(¢
g = 8,

SO

axj
(o> = € 57

at (x(¢), £). Therefore, we get

3 )y, a=—§- % an a—£i¢(§) = (x(§) — xg);-
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This proves that the critical points of the phase function in the integral expression
for G are precisely those & for which x(§) = x,, i.e., for which the integral curve
¥j¢ joins xg to y.

If we apply stationary phase and use the fact that a(x,) = 1 we get the
following asymptotic formula for G:

i) ~ 3 —L (2
Gy, t,xy) ~ >, —= | =%

0 n (2‘7rh)n/2 a¢
where x,(7), 0 < 7 < ¢, is a classical trajectory going from x, to y. This is
Maslov’s asymptotic approximation to the fundamental solution of the Schrodin-
ger equation.

Maslov gives an alternative “proof” of the formula using Feynman integrals:
This starts with Feynman’s representation of the fundamental solution of the
Schrodinger operator:

G(y,t,xp) =fexp( f L(x,x,v)dq-)dp

where x(7) is path joining x, to y and p is “Feynman measure” on path space; see
[9].

Let us apply stationary phase to the above (ignoring the fact that the integral
is not over a finite dimensional region). The critical points of the phase function
are just those paths for which the first variation § f L = 0, which by the principal
of least action are just the classical trajectories, that is, the x,(r) above. The
signature of 82 f L at each of these trajectories is formally computed to be the
value #j along the trajectory. Therefore we obtain an asymptotic formula for the
right hand side of the Feynman integral as

G(x,y,0) ~ > Kexp( f L(x,, %,,s)ds + ig #J)

Here K, is the quotient of two infinite quantities, namely (277h)°°/ 2 and det 82L],
but apparently these cancel each other out and give the finite answer computed
above. It would be interesting to study this formula further.

irt ! Ll
(xo,ga)exp(ﬁfo L(x,,%,,s)ds + 7 #j)
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Chapter III. Geometrical Optics

In this chapter we illustrate some of the applications of the methods of the
preceding chapter to optics. We shall present only a sketch of the subject,
referring the reader to excellent existing texts such as Born and Wolf [1],
Carathéodory [2], Luneburg [3], Sommerfeld [4], and Synge [5].

§1. The laws of refraction and reflection.

If we accept Maxwell’s equations as describing the propagation of electromag-
netic waves, then geometrical optics can be regarded as the study of the
associated characteristic equation, the “light rays” being the corresponding
bicharacteristic curves—that is the projection onto the base of the bicharacteris-
tics. Thus geometrical optics deals with the “zeroth order approximation” in the
asymptotic expansion, when we let the large parameter, 7, represent the frequen-
cy—or, as an alternative interpretation, as the equation describing the propaga-
tion of discontinuities of the electromagnetic field.

Let x, y, z denote rectilinear coordinates on R>. Then the characteristic
equation for Maxwell’s equations in an isotropic medium takes the form

2 2 eu
¢x+¢y+¢f—c—2q)f =0 (1.1)

where ¢ is the velocity of light (a constant, ¢ = 3 - 10'® cm/sec approximately)
and ¢ = &(x,y,z) is the dielectric constant and p = u(x,y,z) is the magnetic
permeability, both functions of the medium. See §6 for a brief discussion of
Maxwell’s equations and a derivation of (1.1). We seek a solution of the form

o=y —ct
where ¢ = Y(x, y, z) and obtain the equation

Yy =n (12)

71
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where n = /eu is called the refractive index. Equation (1.2) is called the eikonal
equatiqn.

Let p, g, and r denote the coordinates dual to x, y, z so that (x,y,z,p,q,r) are
coordinates on T*R>. We can rewrite (1.2) as

H(d‘l/) = % where H = #(1}2 + q2 + rz)‘
n
The bicharacteristic vector field §;; is then given by
€y = (2 + g+,
H — n2 V4 Ix q ay raz

PP (md oy D
n dx dp dyodq 9dzor)

(13)

Now H is the Hamiltonian corresponding to the Lagrangian
L =122 +)2 + 22),

and represents the kinetic energy associated to the Riemann metric

n\/dx2 + dy2 + dz? = nds.

Thus the differential equations given by the vector field (1.3) are exactly the
differential equations for the geodesics of the corresponding Riemann metric, i.e.,
the Euler-Lagrange equations (in Hamiltoniam form; cf Loomis-Sternberg [6] p.
535). Now the geodesics are precisely the curves which extremize the arc length
relative to this metric. This arc length is called the optical length of the path. Thus
we obtain Fermat’s principle that the light rays can be characterized as those
curves which extremize the optical length, [ nds.

If we consider the characteristic equation as describing the propagation of
discontinuities, then the surfaces

y—ct=0

are the surfaces of discontinuity. Relative to the Euclidean metric it is clear that
the larger |d x,b|2 = (x,bf + 4zy2 + 4/22) is, the closer the surfaces ¥ = const are
together. Thus, in view of (1.2), in regions of higher refractive index the discontin-
uities propagate more slowly. The function ¢ gives a section, dy, of the cotangent
bundle. If we use the Euclidean metric we can identify covectors with vectors and
consider dy as a vector field. A particle moving according to this vector field will
have velocity |dy|. With this interpretation, a particle will move faster in a region
of higher refractive index.

Let us now derive the elementary laws of refraction and reflection. Suppose
that the index of refraction takes on the values ny and n; in each of two regions,
0 and 1, except for a narrow band near the surface S bounding the two regions,
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where n changes smoothly from n; to n,. In each of the regions we shall write
dy = nu

where u is the unit vector field in the direction of dy. Again we are using the
Euclidean metric and identifying vector fields with covector fields.

A solution ¢ of (1.2) corresponds to a Lagrangian manifold A lying in the
characteristic variety, H = }. Any curve in A projects onto a curve in R3. If
a = pdx + gdy + rdz is the fundamental one form on T*R® the integral of a
around a path bounding any region in A is zero, by Stokes’ theorem. Let us
consider a solution ¥ which extends across the boundary of the regions and
integrate @y around the closed path indicated in the figure, the major portion
being curves parallel to the surface S, but lying in regions where n is constant.

S

The values of & along the curves parallel to S are n; 4, and —ngu, whereas the
contribution from the short transversal curves is negligible. The total integral
must vanish. We consider the limiting case where the n changes abruptly across
S. We conclude that n; ; — nyu, has zero scalar product with any tangent vector
to the surface. Thus n, 4; — njyu, is normal to the surface. Let e be a unit normal
vector to S. We obtain

e N (nyuy — nyuy) = 0.

bo

We conclude that e, %, and u, lie in the same plane. Let §; and 6, be the angles
between u, and u, with e. We conclude
Snell’s law: The incident and refracted ray lie in the same plane with the normal

and

nysin 6, = nysin 8. (1.4)
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Actually, Snell (1591-1626) did not have at his disposal any independent
measurement of n; or n; but rather was able to show by experiment that

sin 4,
sin 8,

= const. (1.5)

We refer the reader to Mach [7, Chapters III and V] for an extremely
enlightening discussion of the early history of the laws of refraction and
reflection. Snell’s law was an improvement on the law proposed by Kepler who,
in turn, by many ingenious experiments improved on the earliest known
quantitative statement of a law of refraction by Ptolemy (2nd century C. E.)
which was

% = const. (1.6)

0

Notice that for small angles of incidence, where sin 8 ~ 6, (1.5) reduces to (1.6).

This approximation, replacing sin 4 or tan @ by @ for small angles, will occur
again and again in the ensuing discussion.

For example, suppose that the region 1 is (in part) bounded by a portion of a

sphere of radius R. Then from the triangles we have

sin(m—60;) R+ u d sinf)  v—-R
sima R SngT R
while Snell’s law yields
sinf, _ ng
sinf, n;’

Also, from the triangle PAP’ we see that

a+[(7r—0)+]+B=7 or B=260,—0,—a.
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If a is small, then 6 , 8, and B will also be small. If we replace the sine of each
angle by the angle itself in each of the preceding equations we can eliminate the
angles to obtain (after a little algebraic manipulation)

S (1.7)

Notice that in this expression v does not depend on the angle a. In other words
all rays of small angle leaving P converge to P ’. In other words P ' is the “image”
of P. Of course, this is only true in the approximation described above. If we take

u = oo then
_ n R
o T\ =g

is called the focal length of the system and represents the distance behind the
surface S of the image of a very distant point. For example, in the eye the region
behind the cornea is filled with a liquid called the aqueous humdr and the region
behind the lens is filled with a liquid called the vitreous humor. Both of these
have an index of refraction about equal to that of water, namely 1.336. Thus,
ignoring the lens, we would obtain y, = 3.98 R. The fact that the cornea has
larger curvature (hence smaller R) than the rest of the eyeball allow the focal
length to be about the diameter of the eye so that the image point lies on the
retina. Thus most of the focusing of the eye is done without the help of the lens.
The lens provides corrections and, by adjusting its radii of curvature, accomoda-
tion—that is, the focusing of points not at infinity on the retina. The laws for

c cornea

aq  aqueous humor
L lens

Vi  Vitreous humor
R retina

O  optic nerve

determining the image points for lenses made up of spherical surfaces can be
obtained by repeated application of (1.7). We refer the reader to any elementary
text. We shall also return to this point later on.

Now to reflection. Again suppose there is a small boundary layer around the
surface S across which n changes for n; to n; . This time, however let us suppose
that there is a solution Lagrangian manifold which folds back on itself near S,
(just as occured in some of the examples of the preceding chapter.) Thus we have
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a solution A and consider a closed curve on A whose main components consist

S

of arcs whose projection to R? are curves parallel to S. Since A is Lagrangian,
the integral of a around this curve is zero. Now A splits into two branches away
from S, the one corresponding to the “incident rays” and given by dy; = nyy;
and the second given by d4y, = nyu,. As before we conclude that

e N (u—u,)=0.

Thus we conclude that

the incident and reflected rays lie in the same plane (1.8)
with the normal, and make equal angles with it. '

This law was known to Hero of Alexandria (circa 100 C. E.).

(Notice that in the limit, both for reflection and for refraction we obtain
discontinuous Lagrangian manifolds).

One can apply the same arguments as above to the case of a spherical mirror
to obtain

(1.9)

2
-

K| -
< | —
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Here, and in what follows, when we reduce to one dimensional results for
spherical surfaces we adopt the convention that light will be drawn as incident
from the left, use the same orientation in the object space and image space and
assign a signature to a radius of curvature, positive or negative according to the
relative location of the center. Thus, for example, if we take u = oo in (1.9) we
get the two cases of a spherical mirror.

J

Z/ N\ \\
B R/2>,
{ — _/_\* —_—
-z
R e
- 7
2
concave mirror convex mirror

Notice that even in the case of reflection in a spherical mirror where 6 = 6,
the focusing is only approximately correct, because of the replacement of sin a
by a, etc. in dealing with the equations coming from the triangles. A more
accurate picture of what happens for reflection from a concave spherical mirror
is drawn below. The envelope of the rays being the caustic.If we had a parabolic

" ‘1
7
A7 _.
Java Paanu
o — FANNNE
NN
[N ES N
Lo Z
N/ E— ez N
. Z
AN —— -
|/ ARNY - B 7
SR = S
X/ A E— X7
\V/ N1 L]
N1
f— X/
S SR — N
spherical mirror parabolic mirror

mirror, and the light was incident from infinity parallel to the axis, then we would
obtain perfect focusing. The deviation of the spherical mirror from perfect
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focusing is called spherical aberation. We will discuss this and other aberations
later on.

We close this section by describing Luneberg’s algorithm for the tracing of rays
through a system of plane reflecting or refracting surfaces. Let v, = dy(s;)
= n,;u; be the ray vectors in the ith region. Let ¢; be the unit normal pointing into
the (i + 1)st region. Let 6, be the ith angle of incidence and set

p; = n;cos b, =v-e.

Then (1.4) and (1.7) become

Vi = v + L(p)e; (1.10)
where
—2p. for reflection,
L(p;) = '
o \/nt. —n>+p?—p, for refraction.

Thus the final (emerging) ray is given by

k-1
vg = vyt 20 L(p;)e; - (1.11)
=

The ¢; are given, and we wish to find a simple recursive formula for the p;. Take
the scalar product of (1.10) with e;. This gives

0 =vy- €+ Lp)(e; - €).
If for example all the surfaces are reflecting, this becomes
j=1
P = (U() ) ej) -2 421 (e,- ' ej)p,-
i=
which is a system of linear recursion formulae.
§2. Focusing and magnification.
Suppose we are given a curve, y, on a Riemann manifold M. Then y’ is a curve

on TM, assigning to each ¢ the tangent vector v'. Identifying TM with T* M via
the Riemann metric gives a curve, ¥, on T*M. Now ¥ : I — T* M where [ is an
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interval in R, and

(gt ayr = (ai(;) o) = (am - a3(5; ) 00
= (#(2)50) = (y@.50) = IYOIF-

Suppose that y is parametrized by arc length. Then ||y'(¢)|| = 1, and we conclude
that

arc length of y = f a. 2.1)

Y

If we start with a curve on T* M, it does not necessarily arise from a curve on
M. However half of the Hamiltonian differential equations (the equations
dx/dt = dH/0¢) imply that their solution curve arises from a curve in M. In
particular, every trajectory of g” arises from a curve on M. (Here H is the
associated energy, H(¢) = 1||£[[". In our optical application it is the H given in
§1.) A curve y on M is parametrized by arc length if and only if %Ih‘/(t)ll2 =1
ie., if and only if ¥ lies in the characteristic variety H = 1. Now a bicharacter-
istic is exactly a solution curve for §,, lying in H = 1. We thus conclude:

Let C: I — T be a bicharacteristic and y = 7 o C the corresponding

2.2
curve in M. Then (optical) length of y = f a. 22)

C

Let us now consider the problem of focusing. Suppose we start with a point P
and consider the sphere Ap of all unit covectors over P. (This is the intersection
of T;' with the characteristic variety.) The manifold A po is clearly isotropic (since
Ay, = 0) and transversal to £, It therefore sweeps out a Lagrangian manifold,
Ap, consisting of all rays emanating from P. At 7 'P, the map 7 has the
maximum possible singularity, of order » — 1 (i.e., of order 2 if we think of RY);
when restricted to Ap, all the points of the sphere Ap, project onto P. We say
that P has a perfect focus, P’, if all the rays leaving P meet again at P’. In other
words we say that P has a perfect focus at P’ if

*
AP m 7‘1‘)/ - AP’,O-

Since Ap is an immersed submanifold we should specify the above definition a
little more precisely. We say that P has a perfect focus if there is a sphere A" C A,
such that (A" = Ap o where 1 : Ap — T* M is the immersion. We shall say that
P has a strong focus at P if an open subset of rays from P meet at P’, thus that
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there be a submanifold A’ of dimension n — 1 in Ap with (A" C AP',O- We now
come to an important observation:

PROPOSITION 2.1. Let v, be a smooth one parameter family of rays joining P to P’.
Then all the rays have the same optical length.

Indeed we can write y, = 7C, where C,: I, > Ap with 0 < ¢ < g, say, where

C

a

Cilso (1) Cs,(0)
CO

I, is the interval sy(£) < s < s5;(¢) and the arc length of vy, is given by f. a. We
may apply Stokes’ theorem to the closed curve made up of Cy, C,(s,(¢)), C, and
C,(so(?)) (these last two traversed in the reverse direction). Now 7 o C,(so(?))
= P and 7 o C,(5,(f)) = P’ so that « vanishes along the two “end” curves and
we conclude, since da = 0 on A, that

G Ca

and thus the arc length of y, is the same as the arc length of y,. The same
argument leads to the following formula: let C,: I, = A be a smooth family of
curves on a Lagrangian manifold , A, where 1, is the interval s,(1) < s < s (2).
Let

ny be the tangent to the curve C,(s, (7))
and at ¢z = 0.
n, be the tangent to C,(sy(7))

Then
d
= [ @ = amy, s, () = <dmng, C (s 2.3)
G

(This formula, as we shall see a little later on in this section, is the basis of the
sine condition of Abbe. It was already proved, in a slightly different context, in
§7 of Chapter II.)

In particular, in the case of perfect focusing, all the rays from P to P’
(corresponding to the same A’) have the same optical length. There are some
interesting theoretical considerations concerning perfect focusing which will be
of interest to us in later chapters. These considerations were first studied by
Maxwell [1, pp. 143-150]. An absolute instrument is an optical system (i.e., for our
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purposes any Riemannian manifold) for which there are open sets U and U’ such
that each point P € U has a perfect focus, P’ € U’. We may assume also
without loss of generality that the map from U — U’ sending P to P’ is
continuous. (We let the reader provide the details or add this as an extra
hypothesis.) Maxwell’s theorem asserts:

THEOREM 2.1. In an absolute instrument the map from U to U’ is an isometry, i.e.,
preserves optical length.

(Thus, for example, if the refractive index of U’ is the same as that of U no

magnification is possible in an absolute instrument.)
Proor. Notice that since every arc in U can be approximated by a geodesic
polygon (i.e., by a curve made up of broken rays) it suffices to prove that a
geodesic arc is carried into a geodesic arc of the same length. The proof that we
present of this fact is due to Lenz [8]. It assumes that every point of U is perfectly
focused (i.e., rays in all directions converge—a “360 degree lens”). The theorem
is also true for the case of strong focusing and was proved in this more general
case by Caratheodory [2]. We refer the reader to Caratheodory [2] for the proof
in this more general case.

Let P and Q be two nearby points of U. Then (cf. Loomis-Sternberg [6, p.541])
there is a unique shortest geodesic joining P to Q. Extend this geodesic until it
passes through P’ and Q'. The geodesic from Q to P along the same arc but in
the reverse sense must also pass, when extended, through Q" and P’. If P and Q

a P

0 P
(a) (b)

are close enough together so that P’ and Q' are joined by a unique geodesic, we
conclude that the geodesic from Q to P must coincide with the geodesic from P
to Q, i.e., that we have a closed geodesic. We thus have two configurations. We
claim that the second alternative is impossible. Indeed by Proposition 2.1 the
geodesic PP’ has the same length as PQQ’'P’. But, QQ’ also has the same length
as QPP’Q and this is clearly impossible. In case (a) we have that the length of
PQP’ is the same as PQ'P’ or (with a, @', b and ¢ denoting the lengths as
indicated in the figure)

a+b=ad+c
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and, similarly QP’Q’ has the same length as QPQ’ so
a+c=a +b
These two equations yield
a=4d,

which was what we wanted to prove.

Notice that this also proves that a + b = b + a’ or (if U is connected) the
length of the geodesic joining P to P’ does not depend on P.

There is one obvious example of an absolute instrument and that is the sphere.
All geodesics leaving a point on the sphere converge at the antipodal point. Since
stereographic projection maps the sphere (with one point removed) onto Euclid-
ian space conformally, we can consider the (induced) spherical metric on R,
This system is called Maxwell’s “fish eye”; cf. Born and Wolf [1, pp. 147-149]. It
is an absolute instrument (if we do not worry about the rays going off to infinity).

It is a conjecture of Blashke that this is the only example of an absolute
instrument with U being the whole manifold. More precisely, let us call a
Riemannian manifold M a wiedersehn manifold (terminology transmitted to us
by Professor S.S. Chern) if M is connected and all geodesics leaving any point,
P, of M meet again at the first conjugate point, P’, of P. Blashke’s conjecture is
that the only wiedersehn manifolds are isometric to spheres.

Blashke’s conjecture has been proved by L. Green [9] for the case of two
dimensions. It is unproved as of this writing for higher dimensions.

Let us then give up on focusing all points in a three dimensional region, and
see what conditions are necessary for focusing points lying on a plane. Consider
the following situation. For all points P, Q, etc., lying in a plane =, the rays
normal to the plane and the rays making an angle 8 or less with the normal
intersect again at P’, Q', etc., lying on a plane, £’. We assume the normal ray
through P intersects 2’ normally and the group of rays making an angle 8 with

-
-

-

0 LB T P

pe T T Q'

z =’

the normal to £ make an angle 8’ with 2. For example, we might consider £ as
the objective plane and =’ as the image plane of a microscope, with P centered
in the objective.
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For each unit vector u, let A, denote the Lagrangian manifold consisting of
those rays which leave X tangent to u. For u close enough to the normal these
rays intersect X’ in the direction #’ (where #’ may depend on the initial point as
well as on u). If the refractive index at X is n then the covector of A, sitting over
P is nu, while the covector sitting over P’ is n'u’ where n’ is the refractive index
at P’. Now let P, be a curve of points on = with B = P and with tangent £ at P
and let B’ be the corresponding family of curves on £’ with tangent £ at P’. On
A, the rays v, joining B to P} correspond to curves C,. The y, and C, depend also
on u, of course. Let L, denote the optical length of y,. Then, by (2.1) and (2.3),

%L, = (& ) — & nu).

On the other hand, by Proposition 2.1, L, does not depend on u. If we take u to be
normal both terms on the right vanish. Thus this gives the Abbe sine condition

n'/ sin ' = n/ sin B, 2.9)
where / = ||£|| and #* = ||¢’||. This gives a formula for the magnification
m = /.
n n'
b ;
; B B8
u v Il

For example, consider the system given by two media with a spherical
bounding surface as in the preceding section. For small angles we can replace sin
by tan so that sin 8 ~ h/u and sin 8/ ~ h/v. In this approximation, (2.4) becomes

m = 0/} = (v/u)(n/n'). (2.5)

§3. Hamilton’s method.

In this section we describe the method developed by Hamilton for dealing with
problems in geometrical optics. It is interesting to observe that Hamilton
developed his celebrated method precisely for the purpose of dealing with
problems in optics. It was not until substantially later that he applied the same
methods to mechanics, methods which were then extended by Jacobi and
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incorporated into the basic formulation of classical mechanics, finally leading to
a key concept in quantum mechanics. It is also interesting to notice that
Hamilton published his fundamental paper in 1828, a full ten years after Fresnel’s
conclusive experiments had shown that the wave theory of light was correct and
thus invalidating geometrical optics as the precise physical theory. Our treatment
will follow that given by Luneburg.

We will be primarily interested in the following situation. Light leaves a plane,
passes through an optical system and again impinges on a plane. We will assume
that the optical system lies in some cylinder about say, the z axis. We will assume
that all the light rays of interest project diffeomorphically onto the z axis and thus
can be described by functions x(z) and y(z). (We are thus excluding reflections
from our system. It is not that difficult to deal with them but it complicates the
presentation.) The initial and final plane will be given by values z, and z,
(measured from an appropriate origin). The space of initial positions or direc-
tions is four dimensional (parametrized by x,, o, %o, Vo Where %, = (dx/dz)(z),
etc.) as is the space of final positions and directions (parametrized by x;, y; X;,
»;).- We obtain a transformation from the initial to the final conditions given by
the light rays. This transformation, E, . depends on zy and z,. We shall see that
(after applying Legendre transformations, which amounts to the introduction of
an appropriate symplectic structure) the transformations 1”;0, 2 is Hamiltonian,
i.e., respects the symplectic structure. Thus, the theory of geometrical optics
becomes the study of Hamiltonian (or “canonical”) transformations. First order
optics (wherein we make the approximations sin x ~ x, etc.) consists in studying
the corresponding tangential transformations (the Jacobian matrices) and hence
becomes the study of the (linear) symplectic group. Gaussian optics deals with
that case of first order optics where the system is assumed to be rotationally
symmetric about the z-axis. The dependence on z; and z, is crucial for us, as we
wish to know which planes are (approximately) in focus with each other, etc. We
now proceed with the details.

Any curve y given by x(z), y(z) has optical length

where
L(x,y, %,9,2) = nlx,y,2\/1 + %> + y*.
We make the Legendre transformation
xn(x,y, z)

V1 + 2+ 92

q — ae/ay — yn(x,y,z)

V1+ 22+ 52

p = 0L/3x =
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and use x, y, p, q as our coordinates. Notice that np = a/c and nqg = b/c where
a, b, and c are the direction cosines of the ray and so p and ¢ have simple
geometric interpretations. From the general theory we know that light rays are
the solutions of the Hamiltonian equations

dc _9H v _oH
dz  dp’ dz 9q’
dp _ _dH  dq _ _3H
dz dox’ dz 9y’
where
. . -n
H=pi+g—L=—F——m—=—\/n"-p' - ¢
VI+ X"+ y
since
2
2 2 2 n
n—-pt—qt=——.
L P R

(The reader can verify directly that the differential equations listed above are
indeed the Euler-Lagrange equations for optical length.) We also know from the
general theory that the optical length is given by

L(y) f pdx + qdy — Hdz
C

3.1)
= fa—Hdz, a = pdx + qdy,
C

where C(z2) = (x(z),(z), p(z), ¢(z)) with

PE) = o (x(2).1(2). ¥(2).9(2))

etc. Formula (3.1) can also be verified directly in the present case. We think of
the space parametrized by x, y, p, g as T* R2. We can then reformulate the above
differential equations as saying that there is a (time dependent) Hamiltonian
vector field £,; where

where
w=dp Ndx+dg N dy = da.

If we integrate this vector field from z; to z; we obtain a transformation, }';0 2
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which we shall write as

(xoX0P0 4905 20) = (X1, y1P1> 915 7))

and conclude that

ie., that E , is Hamiltonian. We can also describe the situation as follows. Let

us introduce the vector field

on T*R? X R. Then

nlda —dH N dz) =0 and (n,dzy =

and it is easy to see that this characterizes n uniquely. The light rays are (the
projections onto x, y, z space of) the solution curves of the vector field n. Each
curve intersects each of the hyperplanes z = z;and z = z; in a unique point and
thus determines the transformation £, |

Let y, be a one parameter family of light rays, so that y,(s) goes from
xo(8), y(9), zo(2) to x,(¢), ¥, (1), z,(1), and let C, be the corresponding one param-
eter family of curves in T* R% X R. Let

$o be the tangent to C,(- - -,z,(1))
and
§ be the tangent to C,( - - -,z (1)).

Then, applying Stokes’ theorem as in the proof of (2.3), we obtain
d d
EL(‘Y,) = Eéf o — Hdz

= (§, o — Hdz) = (§,a — Hdz) — [ C,1(da — dnh A d)

= &, a — Hdz) — {§,, « — Hdz)

since C, ld(a — Hdz) = 0 as C, is an extremal. We can reformulate these last
results as follows: Consider two copies of T*R? with forms wy and w,. We are
given a submanifold A of T* R? X T*R x R x R whose intersection, Az 2 with
T*R?* X T*R? X {z,) X {z,} is the graph of E, .. On T*R? x T*R? we put the
symplectic structure given by the form

(3.2)

W —wy =dp N dx;+dg N dy,—dpy N dxy— dgy N dy,
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sothat A, is a Lagrangian manifold. Each point of A corresponds to a unique
light ray. Therefore the length of the ray becomes a function, L, on A. We can
thus reformulate (3.2) as

= pdx; + qudy, — H(x,y,,p,, 95 2)dz) — podxg — qodyy  (3.3)
+ H(xos)’o,Po, 40§Zo)dzo-

This equation is the fundamental equation of Hamiltonian optics. It is applied as
follows: We have a projection 7 : T*R? — R? which induces a projection

mXm: T*RPXRX T*R2X R - RZx R X R X R,

where we have written 7, X 7 instead of m, X id X m X id.

Suppose that 7y X m when restricted to an open neighborhood in A is a
diffeomorphism. (Thus we assume that there is a unique ray joining (x,, yq, zo) to
(x;,7,2;)-) Then we can define

V="Lo(mXm),. (3.4)

Then it follows from (3.3) that

w_ w_ _

axo = —Doy» ayo = =4

1% 14

a—xl = Pl’ a—y—l = ql . (35)

If we know V = V(xy,y9,29, % ¥,2,) then we can determine the directions of
the light rays at (x,,y,,z,) and (x;,,,z;). Hamilton called the function V the
characteristic function, or the point characteristic of the system.

We can identify 7% (R?) with R? + R** and thus have a projection p : T* (R?)
— R*, p(x,,0,9) = (p,q). Suppose that py X py: T* RZX R X T*R?x R
maps (an open subset of) A diffeomorphically onto a region of R?* X R x R*
X R. (Thus we assume that there is a unique ray meeting the z, and z; planes at
given angles.) Define the function T by

-1
T = (L-(px +q»)+ (pyxg+ doro)) ° (g X P - (3.6)
Then

T = T(Po»‘]o,Zo;P],‘h»z])
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and it follows from (3.3) that

T _ 9T _ _

o (3.7)
AT _ ar _ ’
aqo_‘yo, aql = V-

The function T is called the angle characteristic. It allows us to determine the
initial or final positions from a knowledge of the initial or final directions of the
rays, once we have the explicit form of T.

Finally, if 7, X p, restricts to a diffeomorphism on A we can define

-1
W= (L - (P1 x + qul)) ° (770 X P1)|A (3~8)
where
W = Wi(xy, 59,295 P1> 915 2)
and
w__
axO - TP E - T4o
(3.9)
w _ w_
op " 3g T T

The function W is called the mixed characteristic. If we know W then we can
determine the final position and the initial angle from a knowledge of the initial
position and final angle.

Suppose that (XosyO,Po’ o> 29> X15)15P1> 9> Z]) and (xl SY15P1> 415,215 X95V2,P75
g,,2,) are in A. Then clearly so is (xq,¥0,P0, 90,205 X2,Y2:P2,42,2,) and it
follows directly from the definition that

L(Xo,)’o,Po, 110;20§x2,)’2,172a412,22) = L(X()?y()’p()aq()’z(];x[9y]’pl’qlazl)
+ L(x] ’y]?pl’q17zl;xz’yzypZ’qz’zz)-

Therefore it follows that

V(xo,)’o,zo;xz,)b,zz) = V(xo,)’o,zo; x]’yl,zl)
(3.10)

+ V(xlyylazl;x29y2)zz)

and

T(Po,KIo,ZO;Pz»‘h,zz) = T(Po,qoyz();Pl,ql’Z]) (3 “)

+T(P1’q]azl §P2,42,?2),

whenever both sides of this equation make sense.
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We will frequently apply these functions in a situation where z, and z, both lie
in regions where n is constant. Now, from (3.3),

oL _ ., _ /232 2
gz_O—H— Py — 9o

and

L _ _ [ _2_ 1
9z, H = \/n"=pi =4
and thus if n is independent of z for z near zy and z; then

G = Gy + zy\/n* — pt — g% — z,\/n* - pt — g} (3.12)

for G =V, Wor T.(In the case of V or W we substitute the p, q from (3.5) or (3.7).)
Here Gy is independent of z, and z, .

§4. First order optics.

Let us apply the methods of the preceding section to the study of first order
optics. We will derive the basic results under the assumption that we can apply
the angle characteristic, i.e., that p, X p; is a diffeomorphism on A. (This will
exclude a system in which a bundle of parallel rays enters and leaves the system,
for example a telescope.) The general case can then be obtained by a limiting
argument.

We assume that the ray x(z) = 0 = y(z) is in our system so that (0,0,0,0, z,;
0,0,0,0,z;) € A for all z; and z,. Thus by (3.7) we know that the first derivatives
of T vanish at (0,0, 243 0,0,z ). We assume that » is constant in the regions of
interest. Then by (3.11) we know that

) 7 2 2
T = C+ Ty(pp. 903 91-21) + 2 \Vm — pf — & — 20\/ng — P§ — 45

where C is a constant and 7; starts with quadratic terms. If we are interested in
the linear approximation to the maps F;O'zl determined by T we must only retain
those terms which are quadratic in the p’s and ¢’s. This is the approximation of
first order optics.

The terms involving z will come from the approximation

22 2 lz 5
n\/n"—p°—gq =nz-—§;(p +q°)+ .
Thus, dropping the irrelevant constant, we get, for our “linearized” 7,

76 = QA(PO,Q()) + Qc(qul) + BF(QO,PO;Pl’ql)
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where Q,, O are quadratic forms while By is bilinear:

1
0,(py,499) = §(A11p§ + 2415p090 + Azz‘lg)

1 Ay Ay |(Po
= 5(py,9q )[ ( )
22000 4,y Ay |\q

1 Ch Gy l(m
Q(p,q)=—(p,q)[ ( )
C\Fr1>9] 2 1> 91 C21 C22 ‘11

and

1 B, Fl; P
Bi(py> 90,91, 0) = -(po,qo)|: ( )
2 £y By |

Then (3.7) becomes
(x0>=[ Ay Ay +(Z_o)[1 OD(po)_ [y Ry (pl)
Yo Ay Ay ny/10 1 90 By By [\q /)
_Cl) _ _l:Fn le](l’o) + [I:Cn Clzjl _ (Z_1)|:1 O:I](Pl)
1 By Fyp |\ Cu Cn m/1L0 1 1\q

There are the equations of first order optics. In Gaussian optics we assume that
the system is invariant under rotation about the z-axis. Any quadratic form that
is invariant under rotation is some multiple of the length squared, i.e., Q (P, 4p)
= 1q4( p(z) + qg) and similarly for Q.. Also, any invariant bilinear form is some
multiple of the scalar product so Bg(py,49,2;,9) = f(pop; + 9p4;)- Thus, in
the above equation all the matrices become scalar multiples of the identity. The

equations for x and y decouple and are the same, so we need only treat the
equations in x, say, which become

29
X = a+;16 Po‘fPl,

4.1)

2

—x; = —fpy + (C - n_>171
1
Solving for x; and p; in terms of x; and pq gives
N R YR I U ) Y U RS
xl_f((c ”1)x0 [<a+”o)<c m /7 ]po)

(4.2)

=Yoo 2)n)
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The condition that the planes z; and z; be in focus is that all rays leaving x, end

at xj, i.e., that x; not depend on p,. Setting the coefficient of p, equal to zero in
the above equation for x, yields the condition

(a+ng)<c—;—i) = s2. @.3)

When (4.3) is satisfied, (4.2) becomes

n (4.4)

where m = (c — z;/n;)/f is the magnification of our system. Notice that we are
free to adjust our choice of origin for z, and for z; (which would entail
corresponding changes in a and ¢). Suppose we have chosen our origins such that
zy = 0 and z; = 0 are conjugate. (This fixes the origin of z; relative to the origin
of zy; we still have freedom in the choice of the origin of z,.) This means that
(4.3) holds with z; = 0 = z; so that

ac = f2*. 4.3y
Let

denote the magnification for this pair of planes. Then for any other pair of
conjugate planes (i.e., those satisfying (4.3)) we can rewrite (4.3) as

(mLOJf;—z)(fmo-%) =f? (4.5)

myt — — 20— _ (4.6)

or

while (4.4) becomes

x, = mx,
where
et
S N T B
my S
giving
n
mmy = a/m 4.7)
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The unit planes are those conjugate planes for which the magnification is one. For
these (4.6) and (4.7) simplify to

m_ny _ 1

4,
5z T (4.8)
and
_4anm
m = Zon (4.9)

Recall that we have already obtained these equations for a single refracting
spherical surface (1.4) and (2.5) by more elementary means. We now see that
these equations are consequences of the rotational symmetry and the first order
approximation. Of course for the case of the spherical refracting surface we also
obtained one more piece of information, namely the formula for f:

f = R/(n — ngy). (4.10)

The focal points of the system are obtained as z, = F, when z; = o and
z; = Fy when z; = oo or

Fo = _nof’ K= nlf’
if we measure from the unit plane. We can then rewrite (4.5) (with m; = 1) as
(20 - K - )= —nonlfz,
or setting
Zy=20— kK, Zy=z-FK.

This takes the form given by Newton:

ZyZ, = —ngm f*. (4.11)
From the expression x, = mx; and
_ oS S
nof + z Zy
we see that
X = nz%f and Z, = _nngz.

Thus the transformation from x, y,, z, space to x;, y,, z; space is a projective
transformation.

Getting to equations (4.1) we see that for a pair of conjugate planes they can
be written as

Xy = %Po - fp —x = —fpy + mfp,. (4.12)
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In particular:

If p, = 0 then —x¢/p; = f. (4.13)
If x, = 0 then m = py/p,. (4.14)
(4.13) (4.14)

In prinmple, we have completely solved the problem of first order optics. If we
are given, for example, a sequence of centered spherical refracting surfaces then
a repeated application of (4.8), (4.9) and (4.10) will yield the relevant data (f, m
and the location of the unit planes) for the system as a whole. It is amusing to
observe (following Luneburg) that the procedure can be cast as the problem of
solving a system of linear difference equations whose form is similar to
Hamiltonian differential equations. We introduce some slightly different notation
from the one we used before. Let the k refracting surfaces intersect the z-axis at
the position z,, z4, ..., z5, and have radii of curvature R,, Ry, ..., Ry. Let
13, 5, ..., ty,_, be the distances between these surfaces and ny, ny, ..., ny 4,
the indices of refraction of the regions separated by the surfaces. Let z = z, be
the initial plane and z,, ., = z’ be the final plane. A ray passing through the

system will take on the values x = Xg, X5, ..., Xop, Xpp 4o = X’ at these planes
and its direction in the region between the planes is determined by the values
D1y P3s -+ Py - We let 4 be the (variable) distance between z, and z; and
x
-p/ : X2k{ P
2k+1
xo ¢ " \
o 2 Lak—1
z =1z, Zy 22k Zoxsr =2
Ps3
%
nl n2 x4

X1 — X = 8;p; where §, = =, i =1,3,5,...,

i+1

n. - n;_
Piv1 — Py = Dix;  where D; = J‘T'—‘, i=246,..., 2%k
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Indeed

Xiy) ~ Xioy _ sing

i
= = — = n.p.
L cosf ¢ iPi

where a and ¢ are the direction covariances giving the first of the equations (4.15).

Xi+1

To obtain the second we apply (1.4) to the ith surface: Let u; and v, be the
distances from the ith plane of the points of intersection of the (i — 1)st and

(i + D)st ray with the z axis.

Then x;/u; = —p,_,/n;_, so that

ni1 _ ~Pin

U; X Y X;

while (1.4) says that

This gives the second of the equations (4.15). We let the reader verify that (4.15)
constitute the “Euler equations” of finding an extremum for the “Lagrangian”

1 1 2 1 2
I = ii'=1;... ’s‘i(xiﬂ - x) - 2 2 Dix;
or, after making the “Legendre transformation”,

Xivl ~ Xini

Pi= 5

i
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of extremizing the analogue of a — Hdt which is

1 I
2 (x,'+1 - xi—l)Pi ~3 hX sipiz ) hX Dixiz'

Equations (4.15) have two linearly independent solutions which can be specified
by given the initial conditions. The axial ray, x4, p? is specified by the initial
conditions

xg =0, pf=1
while the field ray xF, pF is specified by the initial conditions

x({‘ = 1, PlF = 0.

field ray

{bﬂ
&

By definition, the planes z; and z,, ,, are conjugate if xfk +2 = 0. It then follows
from (4.13) and (4.14) (or directly from (4.15)) that the magnification and the
focal length of the system are given by

m=xy.;=Vps_y and f=-1/pj_;.

Starting with any solution x, p of (4.15) we can determine §; and D,. If we also
assign n; then this determines #; and R;. Thus the knowledge of a ray and the n;
specifies the optical system. The ray values x;, p;,, together with the n; are
frequently useful parameters in actual optical design.

§5. The Seidel aberrations.

In this section we use Hamilton’s method to describe the next term in the
expansion of E . for a system of rotational symmetry. We will assume that the
planes z; and z; are conjugate with respect to the linear approximation. The
deviations

Ax; = x; — mxy,

Ayy = y; — my,y
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are called the aberrations of the system. To study these aberrations it is
convenient to use the mixed characteristic, W. Thus, the equations (4.9),

ow oW

X = —a, = —a,

1 p, N 34,
express x;, y; in terms of x,, o, p; and gy, i.e., the final positions in terms of the
initial position and the final directions. A geometric interpretation of this
procedure is the following: Imagine an optical instrument with a diaphragm
placed at the first focal point, F,, of the system. Any ray which passes through

the focal point will emerge parallel to the axis, ie., with p; = ¢, = 0. Thus
expanding x; and y, in terms of p; and g, amounts to observing the effect of
opening the diaphragm.

Now W = W(xo, Yos 203 pl,ql,zl). On account of the rotational symmetry of
the system W can only depend on xg, 4; py, g; via the functions

u=x2+y2, u=p2+q2 and w = 2(xyp; + Y94 ),
0 0 1 1 0P 01
ie., :

W = Wu,v,w;zy,2).

From this we see that there are no third order terms in the expansion of W about
xy =0,y =0, p, = 0, g = 0 and thus the aberrations Ax; and Ay, start with
third order terms, coming from the quadratic terms in W when considered as a
function of u, v, and w. These third order terms are known as the Seidel
aberrations, and it is our purpose in this section to describe them. We thus
assume that we can ignore the higher terms in W so

W= W+ W + W,
W, = Wy(u,v,w);
thus (2.7) gives

oW, oW, oW, W,
s =2 mn) o= a)

(5.1)
aw, oW, oW, oW,
Ap0=——2< VRO 8wp1>’ Aq0=—2( 8u2y0+ ow q‘)'
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The most general quadratic form in three variables depends on six parameters.
With a view to later interpretation let us set

1 (C D) w2 1 1
W, = [4F +4A 2= 8 +2Duv+2Euw+6va]

Then (5.1) becomes

Axy = [Eu+3Bv + §(C — Dw|x + [4v + Du + iBw]p,
(5.2)
Ay, = [Eu +iBv+ 3(C - D)w]yO + [Au + Du + %Bw]ql.

To investigate the meaning of these equations let us consider incoming rays with

o =0
and introduce polar coordinates
P = p COsQ,
9 =00 sin g,
so that
2 2

u=x5, v=p" and w = 2x,p cosg

and (5.2) becomes

Ax, = Ap® cosq + %Bp2(3 cos’p + sinzq))x0 + Clp coscpx)g + Exg, (53)
5.3
Ay, = Ap® sing + %sz(sinqo cos @) xy + D(p sin q))xg,

so that 4, B, C and D, and E are the coefficients of terms involving increasing
powers of x,. For x, = 0 only the first term appears. It represents the fact that
the pomt is not perfectly focused, but is imaged on a disk of radius Ap where
2 = p1 + q1 is determined, as we remarked above, by the opening of the
dlaphragm This is spherical aberration.
Suppose we have corrected for spherical aberration (or are w1111ng to ignore it),
and let us consider the contribution of the second term. For fixed p and x the
curve

Agx = %Bp2x0(3 cos’p + sin’p) = %Bp2x0(2 + cos 29),
Apyy = %BPZXO sing cosp = %szxo sin2¢
describes the circle of

center = $Bp?x, and radius = }Bp’x, (5.4)
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twice as @ goes from 0 to 27. Now if we put a ring diaphragm (i.e., one which
stops all rays except those passing through a circular ring) at the focal plane, then
rotational symmetry guarantees that the corresponding rays all have 1’12 + 412
constant, and thus they image on one of the above circles. The circles have the
appearance of the figure below: The effect is that rays emanating from x form a

plane-like image reminiscent of a comet, hence this aberration is known as coma.
Suppose the system is corrected for spherical aberration and coma so that
A = B = 0, and let us consider the effects of C and D:

2 .
Acpyi = Dxgp sine.

Thus rays passing through the ring diaphragm form an ellipse on the image plane.
In order to understand this effect see what happens if we try to improve the focus
by moving the plane z = z; by an amount s. Thus we wish to consider @, _ .
We assume that »; is constant. Then the ray given by (x,,0; p;, ¢,) will intersect
the plane z = z; + s at x,(s), y,(s) where

s
x(s) = x; + s}nil1 = mx, + (Cx(z) + ;l;)p cos @,

- Qo_ 24 5
nis) =y + snl = (on + n )p sin @,
thus describing an ellipse about mx; with axes

s K
Cx% + — and Dxé + —.
n n
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We can make the first axis vanish by choosing

n .
s = —n Cxg = ——%Cx? up to higher order terms
)4 1 0 m2 1

and the second axis vanish by choosing

5, = —nle(Z) = —n—lszl2 + ..
m

Thus s will not coincide with Sq for xq # 0 unless C = D, i.e., the rays

emanating from (x,,0) do not focus, but we have two focal lines instead of a

focal point. This effect is known as astigmatism. The fact that the focusing does

not occur on a plane but rather along the surfaces of rotation swept out by the

curves s, or s, is known as curvature of the field. The difference s, — s,

- (n /m*)(D — C )xl2 is called the astigmatism, and the average

is called the curvature of field.
Suppose that A, B, C and D all vanish. Then

Apx, = Exg,

In this case (to this order of approximation) all the points x, y, are focused
perfectly. But the map from (xg,y,) to (x;,») is not linear. Indeed we have
(%9, 0) going into mx; + Exg and so, by symmetry,

X, = mxy + Exo(xg + y(z)),

2 2

This effect is known as distortion. If E and m have the same sign, then a point is
moved further away from the origin depending on its distance, thus the image of
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a centered square appears as:

This is known as pincushion distortion. If E and m have opposite signs then the
image of a centered square is:

This is known as barrel distortion.
We have thus described all five Seidel aberations. One might go further and

study fifth or higher order aberrations. In addition there is chromatic aberration
which arises from the fact that the refractive index n depends, in general, on the
wave length, and so light of different frequency is focused differently.

For the actual determination of the Seidel aberrations in terms of the data of
the optical system (the Seidel formulas) we refer the reader to Born and Wolf [1,
Chapter V] or Luneburg [3, Chapter V]. They also describe methods of
eliminating these various aberrations by appropriate use of stops and lens
combinations.

All of the above was based on the zeroth order approximation given by
geometrical optics. One also must take into account interference and diffraction
effects which arise from the next order approximations to the Maxwell equations.

Let us now sketch the method of Debye and Luneburg for dealing with the
problem of diffraction theory of an optical instrument. The basic philosophy is
to impose a “physical condition” which, roughly speaking, says that we are
interested in that solution of Maxwell’s equations, of a given frequency, which
behaves, at infinity, as if the only source of light impinging on the image comes
from the instrument, all the rest representing “outgoing radiation”. In a sense, the
condition imposed is a generalization of the Sommerfeld radiation condition. We
consider the solution of geometrical optics in the image space extending out to
the ideal infinity in all directions from data on some fixed phase surface ¢ =
const. by solving the transport equation in R? with constant n; (the ideal
extension of the image space). This gives a definite function u;, and we seek that
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solution of Maxwell’s equations which satisfies limg_, , R(u — ;) = 0. To solve
this problem one applies the methods of Chapter I and passes to the limit over
more and more distant surfaces. For the detailed hypotheses and conclusions we
refer the reader to Sommerfeld [4, pp. 318—320], Luneburg [3, pp. 304-353] or
Kline-Kay [10, Chapter XI]. As of yet the nature of the hypothesis has not been
clearly elucidated or generally formulated as the Sommerfeld radiation condition
in Lax and Phillips [11]. What is of interest to us is the form of the final answer,
which asserts that the diffraction pattern for light from source point x,, y,, z, is
given by an integral of the form

ék;fueik[w+xp+yq+zr]dpdq

where W is the mixed characteristic of the system, and where u is to be
interpreted as a (vector valued) half density. Now W determines a Lagrangian
manifold, parametrized by the coordinates p, ¢, where in fact A is the Lagrangian
manifold of geometrical optics and, in a certain sense (see Chapter 1V, §5), every
Lagrangian submanifold of 7% M has such a parametrization. It is also not
difficult to show that the method of stationary phase implies that the above
integral determines a half density on A, and two integrals which determine the
same have density different by terms of order 1/k. We can then make use of the
following procedure. Choose a half density on A which is a solution of the
transport equation. Then choose any parametrization ® of A (as sketched in
Chapter II and described in detail in Chapter IV) and any integral of the form
% ue®®

determining the prescribed half density on A. Then the highest order terms in the
asymptotic expansion are determined purely by the geometry of A and the half
density on A. This is Maslov’s prescription. In its highest order term it does not
depend on the choice of extensions and is thus independent of “radiation
condition” type requirements. Near regular points we pointed this out already in
Chapter 11 by a straightfoward application of stationary phase. Near caustics the
behavior of the integral will be studied by applying methods from the theory of
singularities; in Chapter VII.

§6. The asymptotic solution of Maxwell’s equations.

To describe Maxwell’s equations we introduce coordinates x', x2, x> and ¢ on
R* which are orthogonal with respect to the Lorentz metric, so that

(ax',dx’) = &,
(dx',dr) = 0,
(cdt,cdt) = —1.
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We have the four dimensional star operater *: A‘(R*) > A*%(R*) defined by

W A wy = ( wl,wz)(dx1 A dxt A dx® A cdr)

for w, € N and w, € N and where ( , ) is the induced metric on Nk
Thus, for example,

xdx! = —dx? A dx® A cdt,
xdxt =dx' A dxP® A cat,
s dx® = —dx' A dx A cdt,

xcdt = dx' A dx* A dx3,

and
* (dx' A dx?) = —dx> A cdt,
x (@' A cdf) = dx* A dx®,  etc
while
kW=~ (—l)k(4_k)w forw € AF.

Let us also introduce the three dimensional star operator ® AS(R%) - AN7¥(R?)
by

(® w,w)dx! A dx A dx = A
for o, € NE(R?) and wy, € NK(R3) so that
® dx' = dx® A dx® etc.
and
®® = id.

We let d denote the usual exterior derivative on R* and d, the exterior derivative
with respect to the x variables only. The fundamental objects of Maxwell’s theory
are the following.

p—  The charge density, a time dependent function on R3. The three form
®p = pdx' A dx* A dx3 is the three form on R? whose integral over any
given three dimensional region gives the total charge contained in that
region. (We assume that a unit, say the coulomb, has been chosen for
charge. Otherwise, p should be considered as a section of a line bundle.)
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J—  The current density, a time dependent vector field on R? such that ® J is
the two form whose integral over any surface fixed in space measures the
rate of flow of charge through the surface.

D—  The dielectric displacement, a time dependent vector field on R? such that

d,® D = dmpdx' A dx* A dx’.

E— The electric field, a time dependent vector field on R3, the force field
exerted on an extremely small test charge, divided by the charge.

B— The magnetic induction, a time dependent vector field on R3, the force
field exerted on an extremely small magnetic pole, divided by the pole
strength.

H— The magnetic excitation (Sommerfeld’s notation), a time dependent vector
field on R>.

Let = be a surface in R bounded by a curve, y. We identify forms and vector
fields in R via the Euclidean metric. Then fy E is called the electric loop tension
while fy H is called the magnetic loop tension. Faraday’s law of induction says
that

while Ampere’s law says that

L(%@%?+4%®J)=LH.

In differential form these become

1d
-7 ®B=-4.E (6.1)
10D 4=

It follows from (6.1) that (d/df)d, ® B = 0. This is strengthened by the law
d.®B =0 (6.3)
and we repeat that one of the defining properties of D is
d, ® D = dmpdx' A dx® A dx’. (6.4)
If we set, as forms on R?,

B=EAcdt+ ®B,
d=—H AN cdt +®D,
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and
Q=@J A di— pdx' A dx? A dx®,
then (6.1) and (6.3) become
ap =10 (6.5)
while (6.2) and (6.4) become

ds + 47 = 0. (6.6)

There are many advantages to writing the Maxwell equations in the form (6.5)
and (6.6). One is that in vacuo (where, in the appropriate units, e = p = 1 and
where = 0) the equations reduce to d8 = 0 and d * B8 = 0 which are invariant
under any conformal transformation of the Lorentz metric (and thus in particular
under the inhomogeneous Lorentz group). Indeed, we claim that *: A2(R*)
— AL(R*) is a conformal invariant: Let Sy, be scalar multiplication by A on R*.
Then the induced linear transformation, S, on Neis multiplication by X. Thus,
as * maps N* - N"K we see that Sy * Sy I'is multiplication by N . If k = n/2
we see that % is invariant under change of scale. Thus, if f is a conformal
transformation we see that d x fx 8 = f+xd + 8 =0, if d * § = 0. Secondly,
the laws themselves take a simpler and more general form.

We can also read off from (6.5.)—(6.6) the existence of the “vector potential”
for simply connected regions, in fact d8 = 0 implies 8 = d4 for some A
e N(R*) and (6.6) says that d * d4 + 472 = 0. In vacuo, this equation
becomes d * d4 = 0. The vector potential A4 is not determined, of course, by
dA = B. It is common practice to impose on A the additional constraint
d » A = 0. It is interesting to observe that the pair of equations

d+*A =0, d*xdAd =0
can “almost” be derived from a simple variational principle. (This remark is not
needed for what follows and can be skipped if the reader is uninterested.) Indeed,
consider the (four dimensional) Lagrangian

L(4) = 3 {dA, dA) + i";<A,A>.

(This amounts to assigning a “mass”, m, to the electromagnetic field.) It is easy
to check that the Euler-Lagrange equations become

d+dAd —mA =0

where d * is the adjoint of d, given up to sign by * d * . Then
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dx*A =%d*d*(dA)=0
o)
d+4 =0 and d*dA = mA.
Letting m — 0 gives the desired equations
d+A =0 and d+dA = 0.

Despite the advantages of the relativistic formulation, we shall return to the non-
relativistic notation to continue the discussion of the Maxwell equation in a
material medium.

In a material medium which is isotropic, there are relations between the
various vector fields: We have

J =0E,  Ohm’s law, 6.7)
D = €E, ' (6.8)
B = uH, 6.9)

where o is called the specific conductivity, € is the dielectric constant, and p. is the
magnetic permeability. If % = (x', x?, x>, 1) is a phase function then the symbols
of the equations (6.1)—(6.4) become

19y 6.10
c5 ®B+d Y NE (6.10)
1oy _ 6.11
S5, ®D—d A H, (6.11)
dy N @B, (6.12)
dy A @D. (6.13)

If we substitute (6.8) and (6.9) into (6.10)—(6.13) we obtain

(SRS

%®H+¢¢A&

&

o lm

®E—dy A H,

[o5)

t
pd Y A ® H,

edy N@®E
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as the symbol of the operator applied to E and H. If F and H are in the kernel
of the symbol then it follows from d,y A\ ® H = 0 that d, i is orthogonal to H,
and similarly that d, y is orthogonal to E. (Thus E and H are transverse, e.g., if
Y = ct — @ then E and H are perpendicular to the direction of propagation given

by dp.)
Since d,y is perpendicular to H it follows that
2
dy N®dy AN H)=|dJ| ®H.
(Indeed since both sides are quadratic in 4, and linear in H, it suffices to show
that i A ®(i Aj) = — ®j for any oriented orthogonal basis i,j, k. But

®@(iNj)=kandi Nk=—®})
Applying ® to the second of the four lines above gives

< 8¢E ® @y A H)
and wedging with d . gives
ea¢d Y AE+|dy*®H=0.

c ot

Multiply the first line by (¢/c)(dy;/9r) and substituting gives

[5(%) -] o=

and we similarly obtain

4 (%‘f) 4 ]eor =0

Thus ¢ must satify the characteristic equation

L)L) () ()]0 e

We can apply the method discussed at the end of §3 of Chapter II to discuss
the singularities of the electromagnetic field. Suppose that E and H have jump
discontinuities along ¥ = 0 and that p and J have (possible) 8 function
discontinuities on ¢ = 0 given by p|dy|8(y) and J|d¢|8(}). Let AE denote the
jump in E along ¢ = 0, etc. Then (3.8) of Chapter II and (6.1)—(6.4) give
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¢¢AAE+%%%®AB=O, (6.15)

@¢AAH—1§£®AD=immM®ﬁ (6.16)
c ot c

dy N ®AB =0, 6.17)

dy N ®AD = 4n|dy| ® p (6.18)

along y = 0. There are a number of important consequences of (6.15)—(6.18) of
which we shall mention two. If we take ¢ to be a function of x!, x2, x* alone then
(6.15)—(6.18) give the boundary conditions of the electromagnetic field at a
surface of discontinuity of the medium. The terms involving 9y,/d¢ disappear.
Equation (6.15) says that the jump in E must be entirely normal, i.e., the
tangential components of E must be continuous across ¢ = 0 while (6.17) says
that the normal component of B must be continuous. Equations (6.16) and (6.18)
give the jump in the tangential components of H and normal components of D
in terms of the surface distributions of current and charge.

Let us consider the case where ¢ = ¢ — ¢t (with / = 0 and p = 0). We will
use (6.8) and (6.9) and set ¢ = AE and h = AH. Then

d.o Ne—pnu®h =0,

dop Ah+e®e =0,
* (6.19)
do N ®e =0,

d.o N ®h=0.

These are the analogues of (3.3) of Chapter II. If e, h are actual discontinuities
of the electromagnetic field they must satisfy the transport equation in addition
to (6.19); we refer the reader to Luneberg [3] or Kline and Kay [10] for details.
As before, the eikonal equation |Id<p||2 = n? follows from (6.19).
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Chapter IV. Symplectic Geometry

§1. The Darboux-Weinstein theorem.

In this chapter we shall collect various facts about the geometry of symplectic
manifolds and of their Lagrangian submanifolds which will be of use to us later.
Recall that a symplectic manifold is a manifold X together with a non-degenerate
closed two form, w. The first basic fact about symplectic manifolds is that,
locally, all symplectic manifolds of the same finite dimension, n, look the same.
A beautiful proof of this theorem, together with a strong generalization of it, has
been recently given by Weinstein [8]. The method of proof is quite similar to the
proof we gave for Morse’s lemma and is one that we shall have occasion to use
again several times.

Let X be a manifold and Y an embedded submanifold. If ¢ is a differential
form on X, we shall let o), denote the restriction of o to (AN TX )|Y. (Thus oy can
be evaluated on vectors which are not necessarily tangent to Y.)

THEOREM 1.1 (Darboux-Weinstein). Let Y be a submanifold of X and let wy and w,
be two non-singular closed two forms on X such that Woly = @y|y- Then there exists
a neighborhood, U, of Y and a diffeomorphism f: U — X such that

(D) f(y) =y forally € Y,

(i) f* & = g

If we take Y to be a point, the theorem asserts that if the two forms agree on
the tangent space at a point, then, up to a diffeomorphism, f, they agree in a
neighborhood of the point. For finite dimensional vector spaces, all non-
degenerate anti-symmetric forms are equivalent up to linear transformation (see,
for example, [2, Chapter 1]). Extend this linear transformation to some neighbor-
hood, (by some exponential map, say, i.e., by using the linear coordinates in some

109
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neighborhood). Thus, the theorem implies that given any pair w, and w; defining
a symplectic structure on X then near any point p there is a diffeomorphism g
with g(p) = p and g*wl = . This is the content of the Darboux theorem.

For the proof of Theorem 1.1 we need a basic formula of differential calculus
which we now recall. Let W and Z be differentiable manifolds and let
@,: W — Z be a smooth one parameter family of maps of W into Z. In other
words the map ¢: W x I — Z given by ¢,(w) = ¢(w, 1) is smooth. Then we let £,
denote the tangent field along y,, i.e., £,: W —> TZ is defined by letting £,(w) be the
tangent vector to the curve ¢(w, *) at ¢. If o is a differential ¥ + 1 form on Z, then
¢; (¢,_10) is a well defined differential k form on W given by

(P‘* (ngo)(nl’ e nk) = (f,(W)JO)(d‘P,"h Yt ’d(pz T'k)

(Notice that since £, is not a vector field on Z the expression £, lo does not define
a differential form on Z.)

Let o, be smooth one parameter family of forms on Z. Then q);" o, is a smooth
family of forms on W and the basic formula of the differential calculus of forms
asserts that

d do,
29 0 = ® = + 9] (£ 1do,) + de} (¢ o,). (1.1)

For the sake of completeness we shall present a proof of this formula at the end
of this section,

Let ¥ C X be an embedded submanifold and suppose that there exists a
smooth retraction, ¢,, of X onto Y. Thus we assume that ¢, is a smooth family of
maps of X — X such that

@ X > Y, @ =id
and

oy =y forally € Y and all «.

(Notice that if X were a vector bundle and Y were the zero section then
multiplication by ¢ would provide such a retraction. Also if X were a convex open
neighborhood of the zero section. By choosing a Riemann metric and using the
exponential map on the normal bundle of Y, we can thus arrange that some
neighborhood of Y has a differentiable retraction onto Y.) Then, for any form ¢
on X we have (in some neighborhood of Y)

1 1 1
e fo G = [ (F (g ado))r + d fo (@7 (£ Jo)) ds

= Jdo + dlo
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where we have set

1
1= [ ot ma
for any form B on X. In other words I: N(X) - A7!(X) and

0 — ¢y 0 = dlo + Ido.

PROOF OF THE DARBOUX-WEINSTEIN THEOREM. Set

w, = (1 = Dwy + tw; = wy +to where o = w, — w.

Notice that
0|y =0

so that, in particular,

Hence, by (1.2),
o =df where 8 = Io.
Notice that
By = 0.
Now

Wy = Wy T 9y

111

(12)

and so W,y is non-degenerate for all 0 < ¢ < 1. We can therefore find some
neighborhood of Y on which w, is non-degenerate for all 0 < ¢ < 1. We can

therefore find a vector field 5, such that

1, dw, = —B.

(1.3)

We can integrate the vector field 5, to obtain a one parameter family of maps, f,
whose tangent vector is m,. Notice that flIY = id. By restricting to a smaller
neighborhood of Y we may assume that f, is also defined for all 0 < ¢ < 1.
(Strictly speaking, in proving this fact, we may want 7,, etc. to be defined for

some range of ¢ > 1.) Then f, = id and, by (1.1) and the fact that

d

—w, = 0,
!

we see that
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1 1
e — g =j; d%(]i* w,)dr =j(; f*(o + d(n,1w,))dt =0

since dw, = 0. Thus f, provides the desired diffeomorphism, proving the theorem.

Let A be an embedded Lagrangian submanifold of a symplectic manifold X.
As an example, let X = T* M and let A be the zero section of T*M. It is an
observation due to Kostant, that, locally, this is the only example.

ProPOSITION 1.1 (Kostant). Let A be an embedded Lagrangian submanifold of a
symplectic manifold X, whose sympectic form is w. Let A also be regarded as the zero
section of T* A and let ' be the symplectic form on T* A. Then there exists a
neighborhood, U, of A in X and a diffeomorphism h of U into T* A such that
h|A =id and B* o' = w.

The proof of the proposition will use Theorem 1.1 and an algebraic fact
concerning Lagrangian subspaces of a symplectic vector space which we shall
prove in the next section. The algebraic fact is as follows: Let V be a symplectic
vector space, and let Z be a Lagrangian subspace of V. Then the set of all
Lagrangian subspaces, W, such that W N Z = {0} is an affine space. For the
precise statement, see Proposition 2.3 below. For us this fact has the following
consequence.

We can find a smooth bundle, E, of Lagrangian subspaces of TX| A Such that
E, N TA, = {0} for all X € A.

In fact the bundle of all Lagrangian subspaces of TX\ which have zero
intersection with TA is an affine bundle by the above algebraic fact, and hence
has a smooth section. (Just choose sections locally and patch together by
averaging, using a partition of unity, i.e., give s; locally and let s = 3 ¢;5; where
(¢;) is a suitable partition of unity. Averaging makes sense in an affine space.)
Now once we have fixed E, this determines an isomorphism, for each A € A, of
TX, with TA, ® T* A,, since E, is naturally dual to TA,. Now if we regard A as
the zero section of 7% A then the tangent space to T* A at A splits into a direct
sum of the tangent to the fiber and the tangent to the zero section. Now the fiber
is a vector space, so we may identify the tangent to the fiber with 7 A,. In this
way we have an identification

T(T*A), = TA, ® T*A,.

We have thus an isomorphism of 7X, with T(T™ A), which clearly preserves the
symplectic structure and varies smoothly with A. In other words we have a map
of vector bundles TX, — T(T* A)l A Which is an isomorphism of symplectic
structures. We now choose some diffeomorphism, g, of some neighborhood of A
in X into T* A such that g = id and dg is the isomorphism constructed above
on TX| - (This is always possible by using some exponential map. Notice that we
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do not yet require g to have any properties relative to the symplectic structure.)
Then let w; = g”*«'. By construction

@A T WA

and therefore by Theorem 1.1 there exists an f mapping some neighborhood of
A in X into X with f"‘w1 = w. Thus f*g*w = w and h = g o f is the desired
diffeomorphism.

Let us now give a proof of (1.1). We first prove the formula in the special case
where W = Z = M X I and ¢, is the map ,: M X I — M X I given by

Y (x,5) = (x,5 +0).
The most general differential form on M X I can be written as

ds Na+b

where a and b are forms on M which may depend on ¢ and s. (In terms of local
coordinates, s, xl, ..., x", these forms are sums of terms which look like

cdx" A oo A dx

where c is a function of 7, s and x.) To show the dependence on x and s we shall
rewrite the above expression as

o, = ds N a(x,s, t)dx + b(x,s, t)dx.
With this notation it is clear that
\[/t* o, =ds N a(x,s + t,)dx + b(x,s + t,t)dx
and therefore

d yb,* o,
dt

da ab
=ds N a(x,s + t,0)dx + a(x,s + 1, 0)dx

+ds A %?—(x,s + t,)dx + %—It)(x,s + 1, )dx,

so that

d‘l’t* 9, *(dot

S \ar

da ab
o ; ) =ds A ﬁ(x’s + t,Ddx + m(s,s + ¢, f)dx. (a)

It is also clear that in this case the tangent to y,(x,s) is 9/ds evaluated at
(x,s + 1).
In this case 3/9ds is a vector field and

0
3510 = adx
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sO
[ 0
Y, (5} JG,) = a(x, s + t, )dx
and therefore
as

d\]/,*(i_lo,) = %—(x, s+, 0)ds N dx +d a(x,s +t, t)dx (b)

(where d, denotes the exterior derivative of the form a(x,s + ¢, Ndx on the
manifold M, holding s fixed). Similarly,

do, = —ds N d adx + ?—lzds A dx + d bdx

ds
$0
%Jdo, = —d adx + g—idx
and
¢;"%Jdo, = —d,a(x,s + 1, )dx + %(x, s + 1, t)dx. (c)

Adding (a), (b), (c) proves (1.2) for 4,.
Now let ¢: W X I — Z be given by

e(w,s) = g (w).

Then the image under @ of the lines parallel to 7 through w in W X I is just the
curves @ (w) in Z. In other words

an(33),, = &0

If we let «: W — W X I be given by
(w) = (w,0)
then we can write the map ¢, as
PoY ot
Thus
(pf 6, = L*\[/,"‘ «p* s,

and, since ¢ and ¢ do not vary with ¢,
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d d
a‘p;’: 0, = ‘*E‘I’:‘(q}*ot)'

At the point w, ¢ of W X I, we have
—aa—J(p* o, = (do)* {(d(pga— Jo,) } = (d(p)*£, o,
s s
and thus
(g5 0000 ) = 4 0t (6 d0) = (0
Substituting into the formula for

dy;
ar ¢

*
9;

yields (1.1).

§2. Symplectic vector spaces.

In this section we list various facts concerning the geometry of symplectic
vector spaces. Let V be a vector space and (, ) an antisymmetric bilinear form on
V. If the form (,) is non-singular, then V, together with (, ), is called a symplectic
vector space. If (,) is singular, then we set

Vi=wlw,w)=0 allweV}
= {vl(w,v)=0 allweV}

and it is clear that we get an induced bilinear form on ¥/F* and that ¥/V* is a
symplectic vector space.

Let V be a symplectic vector space. The symplectic group Sp(V') consists of all
non-singular linear transformations, B, such that

(Bu, Bv) = (u,v)

for all u, v € V. The conformal symplectic group CSp(W) consists of those non-
singular linear transformations satisfying

(Bu, Bv) = pg(u,v) Yu,v € V,

where pp is some scalar depending on B. The corresponding Lie algebras are the
symplectic algebra, sp(V'), consisting of those 4 € Hom (V, V') satisfying

(Au,v) + u,Av) =0 Vu,veV
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and the conformal symplectic algebra, csp(V), consisting of those A4 which
satisfy

(Au,v) + (u, Av) = p (u,v) Yu,v € V. 2.1

If A € esp(V) then A — {p, I € sp(V'), and so esp(V) = sp(V') + Z, where
the center, Z, consists of all multiples of the identity transformation.

If V is a real symplectic vector space then its complexification, vC=vec
is easily seen to be a complex symplectic vector space with the obvious bilinear
form:

(x + iy,u +iv) = (x,u) — (y,v) + i{(x,v) + (y,u)}.

Let A € sp(V'), where V is a finite dimensional symplectic vector space. Then
for any scalar A we have

(JA4 = AN, v) = —(u,[4 + AJv) Yu,v € V

and therefore

(4 = \fuv) = (D @4 + AFv) Va0 e V.

Let ¥, denote the generalized eigenspace of A corresponding to the eigenvalue
A. Thus ¥, consists of those u € V such that

[4-Afu=0

for sufficiently large k. Thus u € If\ if and only if u € (4 +A'V)t. In
particular dim ¥} = dim([4 + )\]kV) = dim V. Also, if 0 # u is an eigen-
vector:

A-Nu=0

then u € (4 + A)V)™, and the set of eigenvectors with eigenvalue A is paired,
under (,), with the eigenvectors corresponding to the eigenvalues —A. If A is
complex and V is real, we can apply the same results to 4 acting on ve. 1t
A € csp(V') we can apply the above to 4 — 3u, I € sp(V'). We thus obtain:

PROPOSITION 2.1. Let A € csp(V'). Then the eigenvalues of A are symmetric about
iy That is, if X is an eigenvalue of A then so is py — \ and

dim(K6) = dim(¥,C_,).

In fact 'V, and ¥, _, are non-singularly paired under (,). Also the eigenspaces
corresponding to \ and p, — N are non-singularly paired under ().

A subspace X C V is called Lagrangian if it is maximally isotropic. Thus
(4,,uy) = 0if u; € X and X is maximal with respect to this property.
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Let X be a fixed Lagrangian subspace and let Y be a second Lagrangian
subspace such that X N Y = {0}. Then X and Y are non-singularly paired by
(,). Let P denote the projection of ¥ onto Y with kernel X so that

0->X->V-5BvY->o0
Then P € csp(V') and pp = 1. Indeed, we must show that
(Pu,v) + (u, Pv) = (u,v).

As X and Y span V we need only consider three cases: u,v € X;u € X,v € Y,
and u,v € Y. If u,v € X then Pu = Pv = 0 and the right hand side vanishes
since X is isotropic. If # € X and v € Y the equation becomes (u,v) = (u,v)
while if # and v both lie in Y both sides are zero. Conversely, let P € csp(V')
satisfy pp = 1 and Py =0 Then according to Proposition 2.1, P must have an
eigenspace Y corresponding to the eigenvalue A = 1 whose dimension is equal to
dim X. Obviously X N Y = {0} and, if u,v € Y we have (u,v) = (Pu,v)
+ (u, Pv) = 2(u,v) so (u,v) = 0; thus Y is Lagrangian. Thus, the set of Lagran-
gian subspaces Y with Y N X = {0} is in one to one correspondence with the set
of P € csp(V') such that p, = 1 and Py =0.

Given any element, P, of csp(V') we obtain a symmetric bilinear form Q, on
V by setting

QP(x’y) = (Px’y) - %P«p(x,)’)- (22)
Indeed

Qp(1,x) = (Py,x) — jup( 1, x) = —(x, Py) + pp(x,7)
= (Px,y) = 3pp(x,y) = Qp(x,y).

Conversely, given Q and p, the equation defines P € csp(V).

If Px = 0for x € X then Qp(x,x) = 0for x € X, while Qp(x,y) = —1(x,y)
is a non-singular pairing between X and Yif X N Y = {0} and p, = 1. Thus Qp
has rank n. Conversely, let Qp be any symmetric quadratic form such that

Qp(x,v) = —1(x,v) Vx e X,v eV

Then we get a P € csp(V') with pp = 1 and (Px,y) =0 for x € X and y
arbitrary so that Px = 0 for x €& X. We have thus established

PROPOSITION 2.2. Let X be a fixed Lagrangian subspace. Then the following sets are
in one to one correspondence:

(i) The set of all Lagrangian subspaces Y such that Y N X = {0}.

(ii) The set of all P € csp(V') such that pp = 1 and Py = 0.

(iii) The set of all symmetric quadratic forms, Q, on V, such that



118 SYMPLECTIC GEOMETRY

Q(x,v) = —i(x,v) VxEX,vEV. (2.3)

Here Y = ker(P — I) while P and Q are related by (2.2). We shall denote the
space (i) by £.

The third description shows that the space in question has the structure of an
affine space whose associated vector space is S2(V/X ). Indeed, let Q, and Q, be
two symmetric forms on ¥ which satisfy (2.3). Then Q; — Q, = H is a symmetric
form on ¥V such that H(x,v) = 0 for x € X and all v. Thus H defines a
symmetric bilinear form on V/X. Conversely, S2(V/X ) can be considered as the
space of symmetric bilinear forms H on V such that H(x,v) = 0 for x € X.
Then Q + H satisfies (2.3) if Q does. Thus we have proved:

PrOPOSITION 2.3. Let X be a fixed Lagrangian subspace. Then the space of all
Lagrangian subspaces transversal to X is an affine space whose associated linear
space is S*(V/X). In particular, if we fix a transversal Lagrangian subspace Y then
£y becomes identified with S%(Y), since we may identify V/X with Y. If W is some
other element of £ then the quadratic form associated with W on Y is given by

H()’]yyz) = (Pwy1aJ’2) 24
where By, is the projection of V onto W along X.

The element B, described in Proposition 2.3 is the projection described by the
exact sequence

0-Xx->Vv- 2w

The quadratic form, Qy, associated to Y by Proposition 2.2 vanishes on Y so
that the H defined by (2.4) does indeed satisfy

H= (QW - QY)|Y'
Notice that
H is non-singular if and only if Y N W = {0}. (2.5)

Indeed ify € W N Y then By = By = yand thus Qy,(y,v) = Qy(y,v) for
all v € V and hence H(y,v) = 0. On the other hand, since X N Y = {0} we
know that P: Y — W is a isomorphism. If W N Y = {0} then W and Y are non-
singularly paired under (,). Thus (2.4) defines a non-singular pairing.

Since S2(Y) has plenty of non-singular elements we conclude that there
always is a Lagrangian subspace W transversal to two given Lagrangian
subspaces X and Y, at least if X and Y are transversal to each other. Of course,
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if X and Y are not transversal to each other it should be even “easier” to pick a
W transversal to both. Indeed consider the subspace X + Y and the restriction
of (,) to it. The only elements of ¥ which are orthogonal to X and to Y must be
inX N Ysothat(X + Y)/X N Yisa symplectic vector space. We can therefore
find a subspace W, C X + Y whose dimension equals that of X/(X N Y) such
that W is totally isotropic and Wy N X = W, N Y = {0}. If we choose a basis,

q,...,q,0f XN Yandabasisp,,,...,p, of Wy then the q,, ..., 4q,,p,,,
..., P, span a Lagrangian subspace. We can choose a dual basis p,, ..., p,,
4y41> -++»> 4, Then the space W spanned by p,, ..., p, clearly has the desired

properties. We have thus proved:

PROPOSITION 2.4. Given any pair X and Y of Lagrangian subspaces it is always
possible to find a third Lagrangian subspace transversal to both.

Let us return to the situation described by the pair of transversal Lagrangian
subspaces X and W. If Y is a second Lagrangian subspace transversal to X then

B — B, € sp(V)

since both B and B, € csp(V') and pp, = kp, = 1. Furthermore, we claim that

(B-B) =o. (2.6)
Indeed, for x € X we have B, x = B,x = 0; while forw € W we have
(B = Byw=FRw—weX
Since X and W span V this proves (2.6). Thus
exp(B, — By) = 1+ (B — By) € Sp(V) (2.7)

is the transformation which is the identity on X and maps W into Y. In (2.7) we
have used the exponential map in the symplectic group. For reasons that will
become clear later on, we will want to consider covering groups of the symplectic
group (in particular the double covering). The exponential map again is well
defined (but not given by the right hand side of (2.7)). We record these results as

PROPOSITION 2.5. Let X be a Lagrangian subspace. If W and Y are two Lagrangian
subspaces transversal to X then B, — By, € sp(V') and (B, — PW)2 = 0 where F,
denotes projection onto Z along X (with Z = Y or W). The map | + B, — By, is the
identity on X, it carries W into Y, and lies in Sp(V'). If G is any covering group of
Sp(V') then Exp (B — By) lies in G and covers 1 + B, — B, where Exp is the
exponential map: sp(V) — G for the group G. In this way we have associated an
element of G to each pair of Lagrangian subspaces transversal to X.
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Let us now examine the structure of the space of all Lagrangian subspaces of
a real symplectic space, V. We will denote the set of all Lagrangian subspaces by
L(V).If V = 2, then any one dimensional subspace is Lagrangian. Thus L(V') is
just the one dimensional projective space, which is, topologically, a circle. In
particular, H'(L(V)) = Z.

Notice that if we pick one Lagrangian subspace, X, then L(V) — {X} = £,
consists of the projective line with a point omitted: If we consider X as the “point
at infinity” £, becomes the affine line.

Fixing another Y determines the origin of the affine line, and hence a linear
structure. To actually visualize L(V') as a circle, we put a Riemann metric and
an orientation on V. This makes V into a one dimensional complex vector space.
Then each line will determine two points on the unit circle. If we let U(1), the
one dimensional unitary group, decribing the unit circle, and O(1) = {+1,—1} be
the subgroup of U(1) consisting of the orthogonal group of the line (i.e., the real
unitary group) then

L(R?) ~ U(1)/0(1).

The identification, of course, depends on the choice of Riemann metric.
We can perform the same construction in general: Suppose that V' is a complex
vector space with a Hermitian scalar product ¢, ). Let

v,w)r = Re (v, w)

and

v,w); = Im (v, w).

Then V is a 2n dimensional real space and (v, w), is clearly an anti-symmetric
form which is non-singular, hence a symplectic form. If Z is a Lagrangian
subspace of V then we claim that Z is orthogonal to iZ with respect to {, )g.
Indeed, for v and w € Z we have
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Re(v,iw) = —Reliv,w) = —(v,w); = 0.

If U is any unitary transformation, then, by definition, it preserves {,) and
hence {, ); and so defines a symplectic transformation. Thus U acts on L(V'). We
claim that it acts transitively on L(V). Indeed, let X and X’ be Lagrangian
subspaces and let {e,,...,e,} and {e}, ..., €} be orthonormal bases of X and X’
with respect to <, )g. Since {e;,¢;); = 0 we conclude that {¢,,...,e,} is an
orthonormal basis for the Hermitian structure as well, and the same for
{e’l, e ,e;,}. Hence there is a unitary transformation with U(e,-) = ¢}, for all i,
and therefore UX = X'. The set of unitary transformations keeping X fixed will
be those unitaries with Ue; = X a;;¢; where the a; are real; thus U € O(n). Thus

L(V) = U(n)/O(n). (2.8)

We have derived this result starting from a Hermitian structure on V. Let us now
show how to put a Hermitian structure on any symplectic vector space V (whose
imaginary part gives the symplectic form) and, indeed, parametrize all such
Hermitian structures.

Fix a Lagrangian subspace X. Suppose we are given a transversal Lagrangian
subspace Y and a positive definite scalar product ¢, )z on X. Then {,)g
determines an isomorphism of X — X* and Y can be identified with X* via the
symplectic form. Thus we are given a map

X—-Y.

Call this map multiplication by i. Then i(ix) = —x determines multiplication by
i on all of ¥, making V into a complex vector space. Also set

<u’ U> = <u1 U>Ra u, v € X7
(u,y) = i(u,y), u€X,yE€EY,
<)’vz> = <iy9iz>R’ Vs Z € Yy

and extending by linearity defines a Hermitian form, ¢, ), with

<’>I = (’)

Conversely, starting with a Hermitian form <,) on V then we have already
observed that iX is a Lagrangian subspace transversal to X and {, ), restricted
to X is positive definite. We have thus proved:

PROPOSITION 2.6. Let V be a finite dimensional real symplectic space with form (,).
Let H be the space of Hermitian forms {,) (and complex structures) with

(o1 = (). Then

H=g, XK
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where X is a Lagrangian subspace of X and E, denotes the space of positive definite
quadratic forms on X. In particular, since £, and B, are both diffeomorphic to cells,
we conclude that H is a cell.

Let det be the determinant function mapping U(n) — S'. It maps O(n) — {1}
which we shall denote by S°. We then get a well defined function det?:
U(n)/O(n) — S'. Let S[U(n)/O(n)] = (detz)—l(l). Now if det U = *1 we can
find an O € O(n) such that det UO = 1. Thus SU(n) acts transitively on
S[U(n)/0(n)] and the isotropy group is SO(n). Thus we have a fibration of

U(n)/0(n) 2>
where the fiber over each point is diffeomorphic to SU(n)/SO(n). Now SU(n) is
simply connected and SO(n) is connected. Therefore SU(n)/SO(n) is also simply
connected. (Indeed, any curve starting and ending at SO(n) in SU(n)/SO(n) is
homotopic to the image of a curve starting and ending at 1 in SU(n), since SO(n)
is connected. But any closed curve in SU(n) is homotopic to the trivial curve, and
thus so is its image.) Thus,

w(L(V)) = Z (2.9)
and, in particular,

HYL(V),Z) = Z. (2.10)

We shall present an independent proof of these facts in the next section. Now
dz/2miz is a form on S' which generates H'(S!). Hence

* daz
5

defines a form on L(V'), generating H' (L(V)). Now det? is defined on U (n)/O(n)
and hence becomes a map on L(V) only after we have identified L(V) with
U(n)/O(n) by a choice of Hermitian metric (and Lagrangian subspace). Howev-
er, by Proposition 2.6, all such choices can be smoothly deformed into one
another and hence the cohomology class is independent of the choice. This class
is called the Maslov class.

We now give an explicit description of the universal covering space, £(V), of
the space of all Lagrangian subspaces, L(V), of a symplectic vector space, V. We
shall show, following Leray, that there exists an invariant, m(u,u’), for any two
transversal elements, # and «’ of L(V'). (Here u and « are called transversal if
au and 7u’ are transversal Lagrangian subspaces, where 7 denotes the projection
of L(V) onto L(V').) We shall relate the invariants of three transversal elements,
u, ' and u” to the signature of the quadratic form associated to the three
Lagrangian subspaces, wu, 7u’ and 7#u”, and use the invariant, m, to give an

(det?)
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alternative description of the Maslov class. For the purposes of obtaining these
results, we continue in our choice of some Hermitian metric on ¥ (and a choice
of an orthonormal basis) which allows us to identify ¥ with C". Any Lagrangian
subspace, X, is of the form X = AR" for some 4 € U(n) and

1 1

AR" = BR" ifandonlyif A4 = BB ,

where 4 denotes the matrix whose entries are the complex conjugates of the
entries of 4. We can thus define a map v: L(V) = U(n) by

uWX)=A4"" it X = AR". @11
Notice that if B € U(n) then
w(BX) = Bu(X)B " (2.12)
If z € C"thenz = Arforr € R"if and only if z = AA 'z Thus
z € X ifandonly if z = v(X)Z. (2.13)

If X N'Y # {0} the pair of equations z = v(X)Z and z = v(Y)z has a nontrivial solu-
tion, so v(X) — v(Y) is not invertible. Conversely: by applying a suitable element of
U(n) we may assume that X = R” and Y = AR". Ifu = A4~ "u then it = A4~ 'u so
we can find av € R* withv = A4 Y% sov € X NY. Thus,

X and Y are transversal if and only if u(X) — v(Y) is invertible.  (2.14)

Let U(n) denote the space of all pairs

(4,9), A € U(n), ¢ € R satisfying det4 = . (2.15)

The multiplication (4, ) - (4’,¢’) = (44’,¢ + ¢') makes U(n) into a group and
the map U(n) — U(n) sending (4, ¢) into 4 makes U(n) into a covering group of
U(n). The map

SU(n) XR — U(n) sending (B, ) into (Be'¥, ny)

is easily seen to be an isomorphism. Since SU(n) is simply connected, it follows
that U(n) is the universal covering group of U(n). This shows that the fundamen-
tal group of U(n) is Z. This also implies that the fundamental group of Sp(V) is
Z; we shall sketch a proof of this fact here, referring the reader ahead to Chapter
V, §5, for the proof of some of the group theoretical facts that we will use. We
first observe the following fact about the algebra sp(V): Let J denote multiplica-
tion by i (in the complex structure we have introduced on V).

We have the vector space direct sum decomposition sp(V) = u(n) & @ where,
u(n) = {4 € sp(V)|JAJ ™" = 4} and 9 = (B € sp(V)|JBJ ' = —B).  Every
element of @ is of the form B = SC, where C denotes complex conjugation and S is
a symmetric complex n X n matrix, i.e. Bz = Sz forallz € V ~ C".
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PROOF. Since J2 = —1, the operator, ® on sp(V') consisting of conjugation by J,
i.e. the operator @(4) = JAJ ~! satisfies ®* = 1. Thus the direct sum in question
is the decomposition of sp(¥) into +1 and —1 eigenspaces for ©. The fact that
u(n) consists of the +1 eigenspace is just the characterization of U(n) as the
subgroup of the symplectic group preserving the complex (and hence the
Hermitian) structure. The complex conjugation, C, clearly satisfies JCJ ™! = —C.
Since S is complex linear, JSJ 1 — § and hence JBJ ™' = —Bif B = SC. Let
us show that all such B belong to sp(V'). We must show that

Im ({Bu,v) + {u, Bv)) = 0.

Now {(Bu,v) = {(S@,v) and {u, Bv) = {(u, STY = (S*u,v) = (Su,v) since S is
symmetric. But {Su,v) is the complex conjugate of {S%v) so that the above
equality holds. Now the dimension, over the real numbers, of the space of
complex symmetric matrices is n(n + 1), while dimu(n) = n? and dimsp(V)
= n(2n + 1). Thus, by dimension count, we see that all elements of & have the
desired form.

It now follows (cf. §5 of Chapter V) that we have the polar decomposition:
every element of Sp(V') can be uniquely written as the product

a=u-expB u€ Un),BE?,

where exp: sp(V') — Sp(V) is the exponential map. Since 9 is contractible, this
shows that Sp(V') and U(n) have the same fundamental group. In fact, if Sp(¥)
denotes the universal covering group of Sp(¥') the polar decomposition theorem
for Sp(V') implies that every element of Sp(¥') can be written in the form

Gd=i- -ExpB i€ Un),Be?

where Exp: sp(V) = Sp(V') is the exponential map for Sp(¥V). We shall identify
the element

g = (I,2m) € Un)

with the generator of the fundamental group of Sp(V).
Let £(V') denote the set of all pairs (X,8), X € L(V), 8 € R satisfying

detu(X) = €. (2.16)
The group Z acts on L(V') by
k(X,0) = (X,0 + 27k) k € Z,
and

Lv)/z = L),
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making £(V) into a covering space of L(V'). The group U(n) acts transitively on
L(V) by

(4,9) - (X,0) = (4X,8 + 29). @.17)

In view of (2.12) this is well defined. The subgroup which leaves the element
(R",0) € L(V) fixed consists of all (4,0) where

A=A and detd =1
i.e. A € SO(n). Thus,
L(V) = U(n)/SO(n).

Since U(n) is simply connected and SO(n) is connected, this implies that £(V) is
simply connected. Thus

L(V) is the universal covering space of L(V').

Let ¥ be a path in £(¥) such that (0) = (X,6) and (1) = (X, + 27). Let y be
the corresponding curve on L(V), so that v is a closed path starting and ending
at X. It follows from (2.13) and (2.15) that

dz
L(detz)*m = 1. (2.18)

Let u = (X,0) and v’ = (X’,8') be two elements of L(V'). We say that « and «’
are transverse if X and X" are transverse Lagrangian subspaces. We now wish to
define the Maslov index, m(u,u’), associated to a pair, u and ' of transverse
elements of £(V'). For this purpose, we define the logarithm of an element 4 of
Gl (n, C) by the formula

0 -1 -1

Logd = [ {(s1—A)7" = (=D 1}as
— o0

where I is the unit matrix. This definition is valid for any: 4 € GL (n, C) which
does not have any eigenvalue on the negative real axis. It is easy to check that

exp(Logd) = A wherever LogA is defined,
etr(LogA) = det4,
and
LogA_l = — LogA.

If u=(X,0) and v = (X’,8') are transversal, then following Souriau [24], we
define
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mu,u’) = %T{o — 8 + itr Log (—(X (X)) (2.19)

By (2.14), v(X) — v(X") is invertible, thus —u(X )u(X ')—I does not have —1 as an
eigenvalue, and hence does not have any negative real eigenvalues since it is
unitary. Thus (2.19) is defined if « and « are transverse. Since e84 = det 4,
it follows that

2mim) — (_1)" = ™ where dim V = 2n.
Thus
m(u,uw') € Z ifniseven and miu,w’) € Z+1 ifnisodd.  (2.20)
Notice that
mk-uk’-w)=k—k +muuv) fork,k’ € Z (2.21)

so that all values permitted by (2.20) are in fact taken on.

The group Sp(V') is connected and acts on L(¥'), and hence this action is
covered by a unique action of Sp(V) on L(V). If u and «’ are transverse, then so
are du and au', for any 4 € Sp(V). The map d@ — m(au,au’) is well defined,
continuous, and takes values in a discrete set, and hence is constant. Thus

m(au,au’) = m(u,w’) for alla € Sp(V). (2.22)

In other words, m(u, u’) does not depend on the choice of complex structure, but
is an invariant of Sp(¥). It is clear from the definition that

m(u,u') + m(/',u) = 0. (2.23)

Let X, X’ and X” be three transversal Lagrangian subspaces. By Proposition
2.3, the spaces X, X” determine a quadratic form on X’ given by

H(y;,») = (Boy,yy) y» € X
where B, denotes projection onto X” along X. We define
i(X,X’,X") = }sigH. (2.24)

This is a symplectic invariant assigned to any triple of transverse Lagrangian
subspaces, that is

i(aX,aX',aX") = i(X, X", X") (2.25)

for any a € Sp(V). (Recall that there is no invariant for pairs of transverse
Lagrangian subspaces; the group Sp(}') acts transitively on the set of all pairs of
transverse Lagrangian subpsaces.)
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Letu = (X,0), w = (X',8) and u” = (X”,8") be points of L(V') sitting over
X, X’, and X”. We claim that the following formula

mu, ') + m(u',u”) + m@",u) = i(X, X", X"), (2.26)

due to Leray[23], holds.

To prove this formula we may apply any a € Sp(V) to the u, #, and u” on left
hand sides with the corresponding a € Sp(V') to the X, X', X” on the right. We
may thus assume that X = R” and that X’ = iR", and that X” = bR" where

b € Sp(V') has the form
I S
b= (0 1)

relative to the basis determined by ¥V ~ R” @ iR”", where S is a symmetric
matrix. It follows from (2.4) and (2.24) that

i(X,X',X") = }sigS.

Finally, by applying an element ¢ € Sp(n) of the form

A 0
c= (0 A"l) A € Gl(n)
we may assume that S is a diagonal matrix with +1’s and ~1’s on the diagonal,
ie.

S = diag (+1,...,+1,—-1,...,-1)

where there are k +’s and (n — k) —’s. Thus sig§ = 2k — n and
iX,X',X") =12k — n).

If §,, ..., d, denotes the standard basis of R”, then i§,, ..., i§, is a basis of X,
and the vectors (1 =+ i)8; form a basis of X", where the ch01ce of sign is + for the
first k& vectors and — for the last n — k. Since /2 - 4 = 1 i, we may, as
well, take e*7/ 48j as the basis vectors. Thus X” = AR" where A4 is the diagonal

unitary matrix
= diag (e”i/4, . ,e"i/4,e_"i/4, .. ,e_"i/4).
Therefore, by (2.11),
u(X") = diag (e"i/z, . ..,e”i/z,e_"i/z, . ..,e_”i/z),

where, as always, there are k +’s and (n — k) —’s. It is obvious that

v(X)=1 and u(X') = -1
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Then if u” = (X”,0”) we must have, by (2.16)
9" = 2nlg” + }(2k — n))
for some integer ¢”. Similarly,
0 =2mq and & = 27{q + n/2]
where g and ¢ are integers. Thus, by (2.19),
m(u,u') = q—q’ — n/2.
Also
Log (—uv(X " )u( ”)_1) = Logdiag (e_"i/z, ... ,e_"i/z, e ,e’"/z)
= diag (—7i/2,...,—mi/2,7i/2,...,7i/2)

since our choice of the Log function is the one which is given by analytic
continuation from the positive real axis in both the upper and lower half planes,
i.e. Loge™? = mi/2 and Loge™ ™% = —mi/2. Thus

itr Log (—v(X W(X")™") = 1a(2k — n)

and
m(u,u’) =q' + n/2.
Similarly,
itr Log (—v(X" (X)) = la(2k — n)
so that

m@",u) = q” — g + 12k — n).

Adding up the three expressions for m proves Leray’s formula, (2.26). Notice that
it follows from (2.26) that i(X, X', X”) is an antisymmetric function of its three
variables. It also follows that if we define the Hormander cross index of four
transverse Lagrangian subspaces X, Y, Z, and W by

X,Y,Z,W) =iX,Y,Z) — i(X,Y, W)
that
(X5 Y’ Z7 W) = _(Z’ W7X’ Y)

Neither of these facts is immediately obvious from the definition (2.24). We shall
discuss them further in the next section.
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We are now in a position to discuss the relation between the Maslov class as
defined earlier in this section, and the Maslov cycle as introduced in §7 of
Chapter II. Let Y be a fixed Lagrangian subspace. (Eventually, Y will play the
role of the “tangent to the vertical” in 7" M in a local coordinate system.) Let
X(f) be a curve of Lagrangian subspaces defined for 0 < ¢ < 1, and suppose that
X(0) and X (1) are both transversal to Y. Let ¥ be a point of (V) covering Y
and let u(z) be a curve in L(V) covering X (¢). It follows from (2.21) that the
integer

[ = m(Y,u(1)) — m(Y,u(0))

is independent of our choices of liftings. The function m(Y,u(-)) fails to be
defined at precisely those values of ¢ for which X(¢) is not transversal to Y.
Suppose that s is an isolated point where this happens. That is, suppose X (¢') is
transversal to Y for all ¢ < s and sufficiently close to s and also that X(¢”) is
transversal to Y for all ” > s and sufficiently close to s. We can use (2.26) to
evaluate the jump in m(Y,u(r)) as we cross the value s in terms of the difference
of signatures of quadratic forms defined downstairs on L(V'): In fact, let us
choose some other Lagrangian subspace, Z, which is transverse to Y and to X(¢)
forallt’ < t < t”. This is clearly possible if ' and ¢” are sufficiently close. Then,
by (2.26)

W(Z,Y,Xt") —i(Z,Y,X(1")) = m(Y,u(t")) — m(Y,u(t'))
— (m(Z,u(t")) — m(Z,u(t")))

for some choice of Z sitting over Z. But m(Z u(t)) is a continuous function on the
interval t' < t < ¢" with discrete values and hence m(Z, u(t")) = m(Z, u(¢")). Hence

(T, ut”)) — m(¥,u(t")) = i(Z,Y,X(t")) — i(Z, Y, X(t')). (2.27)

Now suppose that X(1) = X(0), i.e. that the curve is closed. It follows from
(2.21) that /- «(0) = u(1) and hence from (2.18) that

1= (detz)*{%. (2.28)

Suppose that A is a Lagrangian submanifold of V. We may identify the tangent
space, TA,, with a Lagrangian subspace of V, when we identify TV, with V,
under the usual identification of the tangent space of a vector space with the
vector space itself. Any curve, y, on A then gives rise to a curve of Lagrangian
subspaces defined by X (1) = TA (. If v is a closed curve then (2.128) defines an
integer associated to y; in fact, we have defined an element of H (A,Z) which
can be computed as an integral, (2.28) once a complex structure has been chosen,
or as sum of “crossing numbers” (2.27) in terms of a fixed Lagrangian subspace,
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Y. The actual class is independent of the choice of Y or of the complex structure.
We shall call this the Leray class of A.

Similarly, suppose that M is a differentiable manifold. For each z € T* M, the
tangent space T(T*M ), is a symplectic vector space and is equipped with a
preferred Lagrangian subspace, Y, where Y, is tangent to the vertical, i.e. Y, is the
subspace consisting of those vectors, {, which satisfy dm,{ = 0, where 7 denotes
the standard projection of T* M onto M. A choice of a Riemann metric on M
puts a positive definite scalar product on Y, giving an identification of
L(T(T* M)) with U(n)/O(n) so that (det*)* (dz/2miz) is a well-defined differen-
tial form on the bundle L(T* M), where L(T™* M) denotes the bundle over T* M
whose fiber over z consists of the set of all Lagrangian subspaces of T(T*M),.
If A is a Lagrangian submanifold of T* M, then, once again, any curve, y, on A
determines a curve on L(T* M) and we can use (2.28) to define an integer, i.e.
we have defined an element of H'(A,Z) which is the Maslov class of A. This
class does not depend on the choice of Riemann metric, since we can continuous-
ly deform any two Riemann metrics into one another. In terms of local
coordinates on M, we get a local identification of a neighborhood of T* M with
an open subset of a symplectic vector space, V, in which all the Y, are identified
with a fixed Lagrangian subspace, Y. We can then use (2.27) for the computation
of this class in terms of local crossing numbers. In the next section we shall
describe the definition of the Maslov class due to Hormander using Cech theory.

§3. The cross index and the Maslov class.”

Let us begin this section by giving a somewhat different presentation of the
computation of m (L(V')) and of the class introduced in the preceding section.
We will use induction on dim V rather than the introduction of a complex
structure, and we will find some applications for this alternative approach in what

follows.
Let R be an isotropic subspace of ¥. Then RY O R and since R = (R+)*, we
see that W = R'/R is again a symplectic vector space with

dim R*/R = dim R* — dim R
= dim ¥ — 2 dim R
since
dim R + dim Rt = dim V.

Let X be any Lagrangian subspace of V. Then X N RY/X N R is clearly an
isotropic subspace of W. We claim that it is Lagrangian, i.e., that

dim(X N RY/X n R) = 1dim W = 1 dim V — dim R.
To prove this, notice that

* This section should be omitted on first reading.
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dim X N RY = dim ¥ — dim(X N RY)*
= dim V — dim(X + R)
and
dim(X + R) + dim(X N R) = dim X + dim R
so that
dimX NRY/XNR=dimX N R —dimX N R
= dim V — [dim(X + R) + dim(X N R)]
= dim ¥V — [dim X + dim R]
= }dim V — dim R

as dim X = } dim V. We have thus proved:

PROPOSITION 3.1. Let R be an isotropic subspace of V. Then W = R/R is a
symplectic vector space and the map p defined by

oX)=XNRYYXNR
sends L(V) — L(W).

Unfortunately, the map p is not continuous. For example, let us examine the
map p for the case ¥ = R* with basis {¢,, e,,,,f,} where

(e]aez) = (f] sfz) =0 and (ei’f;') = 81;"
and where we take
R = {¢}, so that R = {e, e, f,)-
We will describe the map p locally, in the coordinate chart consisting of those
X € Eippy

For such X the projection onto {e,e,} is non-singular and X determines a
symmetric map of {e|,e,} into { f;,/,}. In particular, X is spanned by vectors

e +anfy +anh and e, + ayfy +anh

where g, = a,, and the matrix A = (q;;) determines, and is determined by X.
We shall therefore denote X by X,. Now X N R* consists of combinations of
the above vectors having 0 as the coefficient of f. Thus, there are two cases to
consider:
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(i) @, = a,; = 0. This amounts to the assumption that X, C R*. In this
case a;, = 0 and

p(Xy) = (lea] + ay[ 1))

where [e,] = e,/R. We write this for short as

P(XA) = (1,022)

(i) (a;;,a5,) # (0,0). Then dim X, N RY = 1and
If, in the above formulae we let
4= ( 0 s )
N s 0

_ (1, O) for s = 0,
(0,5) = (0, 1) projectively for s # 0,

we see that

P(XA)

so that p is not continuous.

From this example we see that we can expect trouble from p at those X
satisfying X N R # 0. In fact, this is indeed the case, and indeed the only
troublesome locus for p for general V and R. By choosing a basis of R, we may
proceed inductively on the dimension of R. Let us therefore analyse, in some
detail, the map p in the case where R = {e} is one dimensional. Thus dim ¥ = 2n
and letting W = RY/R, we get dim W = 2n — 2. Recall that dim L(V)
= dim(S2(R")) = n(n + 1)/2. We will let

Sg=X€e€LWV)|XDR}={X € LV)|X CR')

since X = X+,

PROPOSITION 3.2. The set Sg is a submanifold of codimension n in L(V'). The map
p restricted to S is a diffeomorphism of Sy onto L(W'). The map p, when restricted
to L(V') — S, is a smooth map making L(V') — Sy into a fiber bundle over L(W)
with fiber R".

Notice that if » > 2, then the proposition implies that the inclusion of
L(V) — Sg into L(V') induces an isomorphism on 7. Indeed any smooth curve
can be deformed so as to avoid S, and so can any smooth homotopy. Since
L(V') — Sg is asserted to be a fiber bundle over L(W) with homotopically trivial
fiber, we conclude that p induces an isomorphism of 7 (L(V)) with m (L(W)). We
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shall see by direct calculation that the same is true for the case that dim V = 4.
This will provide an alternative proof of the fact that m (L(V')) = Z. Also, the
generator in the plane will then determine the generator of = (L(V')). We will see
in the course of a subsequent calculation, that this generator coincides with the
one previously obtained from the Hermitian structure.

PROOF OF THE PROPOSITION. The fact that S has codimension 7 is pretty obvious.
It suffices to check that S N £y is a submanifold of codimension » for each
X € L(V). Now choose a complementary Y € £, giving a direct sum decom-
position ' = X & Y with corresponding projections 7y and 7. Now if Sp N £
# & we conclude that m e # 0, where R = {e}. Any Z € £, corresponds to a
symmetric map, 4, from Y to X, and Z € Sy if and only if Amye = mye. This
clearly represents n linear conditions on 4.

To see that pg_ is a bijection notice that if R C X C Rt then p(X) = X/R.
If X’ is a Lagrangian subspace of R*/R then its inverse image in R is a
Lagrangian subspace, the unique X with p(X) = X".

Let us now examine L(V) — Sg. For X € R* it is clear that the map
X—->XnN R is smooth, and X N R* does not contain R. The map X N R*
— XN RJ‘/X O R is thus also smooth, proving that p is smooth on L(V) — S Let
us examine the inverse image. Let Z| and Z) be two (n — 1) dimensional
isotropic spaces of R+ with Z{/R = Z}/R = Z . Then given z € Z” if we get
zy) € Z{and z; € Z) and s0 z; — z, € R. In this way it is clear that the inverse
image of Z” is an affine space whose associated linear space is Hom (Z”, R).
Now for a given n — 1 dimensional isotropic Z’ lying in R* we must determine
all possible Z’s in L(¥) with Z N R+ = Z’. Such a Z must lie in (Z’)‘L which
is n + 1 dimensional. We are thus looking for all lines in (Z’)J‘/Z', with the
exclusion of the line {e + Z'}. Since dim(Z 'Y+ /Z’ = 2 we are essentially adding
the affine line. Thus the entire inverse image of Z” in L(V) — Sz will be
diffeomorphic to R”.

We now wish to show how to associate an integer (4, B, C, D) to a quadruplet
of Lagrangian subspaces where

CNA={0}=CnNB
and

DNA={0)=DnN B

It is defined as follows: Let

R=A4N B.

Then p(4) and p(B) are transversal Lagrangian subspaces of R*/R. By Proposi-
tion 3.4, any third Lagrangian subspace of R*/R which is transversal to p(4) and
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p(B) corresponds to a quadratic form on p(B). Since C and D are both
transversal to 4 and B we conclude that p(C) and p(D) each determine non-
singular quadratic forms, Q- and Q,, on p(B). The quadratic form, Qc, on o(B)
is given by Q. (b) = (Ijic b, b) where ij,c is the projection of p(B) onto p(4) along
o(C). Let

(4, B,C,D) = }[sig Q- — sig @p] = ind Q@ — ind Q.
We shall write i(4, B,C) = § sig Q so that

(4,B,C,D) = i(4,B,C) — i(4, B, D).

It is clear that

(4,B,C,D) = —(4,B,D,C) (3.1)

and
(4,B,C,D) + (4,B,D,E) + (4,B,E,C) = 0. (3.2)

If A N B ={0} then for all nearby 4, B, C and D it is clear that the
transversality conditions will still be satisfied and, since the signatures of Q- and
Qp will not change, we conclude that (4, B, C, D) is locally constant. We wish to
prove that this remains true even if A N B # {0}, provided that C and D each
remain transversal to 4 and B. For this purpose, we will give an alternative
definition of (4, B, C, D). Recall that £ , is a cell. Since C and D both belong to
£ , there is a curve, y.p, joining C to D in £, and two such curves are homotopic.
Similarly there is a unique curve (up to homotopy), Yp¢, joining D to C in Cp.
This then defines a closed curve y-p in L(V) up to homotopy, i.e., an element
of m (L(V')). It is some multiple of the basic generator. Our claim is that this
multiple is exactly (4, B, C, D). In other words that

*dz

_ 2% dz_
(4,B,C,D) = f, ()" (3.3)

in terms of some choice of identification of L(V') with U(n)/O(n). Since the curve
Ycpc can be made to vary smoothly with 4, B, C and D so long as C and D
remain transversal to 4 and to B we see that the left hand side is indeed a
continuous (and hence constant) function of its arguments. The proof of (3.3)
that we present below is essentially due to Kostant.

Before presenting the proof let us look at the various possibilities for the curve
Ycpc When dim V' = 2. We begin with the geometric picture of i(4, B, C). For
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A = Bwehavei(4,B,C) = 0by definition. For 4 # B we have, forb € Band

Ijqcb € A, that the signature of Q. will be * 1 according as to whether the
vectors ch b, b form a positive or negative orientation of the plane.

a N

Pcb A Ppb

Now the various cases for (4, B, C, D):

answer 0

(b) 4 # B.

D, C lie in the same component of £, N €.

D Yep A
C Toc
Tpc

answer = —
answer = +1 1

(c) 4 # B.

D, C lie in different components of £, N £p.
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The formula is thus clear from the diagrams when dim ¥ = 2. (We shall give an
analytical proof soon.) To prove the formula in general let us observe that it
suffices to prove the formula for the case that 4 N B = {0}. Indeed, suppose
that

AN B=R

Since yp lies in £, and y., lies in £ we see that ypc lies in L(V) — Sg. Now
p: L(V) — Sg = L(R*/R) determines an isomorphism between m (L(V')) and
7 (L(R*/R)). Thus if the class of yp is k times the generator of = (L(V)) then
p(ycpce) will determine the same multiple, k, of the generator of m (L(R*/R)).
But p(4) and p(B) are transversal in R*/R. Hence we are reduced to the
transversal case.

Now both sides of (3.3) don’t change under deformations so long as transver-
sality is maintained. Our object will be to deform the spaces until the formula
becomes obvious.

First choose a Hermitian structure with B = i4, and choose an orthonormal
basis, ¢, ..., e, in A. This determines a dual basis f}, ..., f, in B. With respect
to the basis e, ..., e, the subspace C determines a non-singular symmetric
matrix C = (Cu) Now we can find an orthogonal matrix, O € SO(n), such that
0(C)0™ ! is diagonal. Since SO(n) is connected we can find a curve O(f) with
0(0) = id and O(1) = O. Then O(I)CO(t)_l deforms C into a diagonal matrix.
By further deformation we may assume that the entries of C are * 1, and
similarly for D. It is clear from (3.2) and from the fact that we can choose

YcE = Yep © Ypgs etc. (see the figure)

that it suffices to prove the formula when C and D differ in at most one position.
If C = D there is nothing to prove. Suppose that

+1 0 -1 0

+1 *1

C = ' and D =
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so that
ind D—ind C = 1.
Thus C is spanned by the vectors
e+ fi.8,-..,8, where g, = ¢, * f
or, if we like, by
ki

. T
cos z¢ + sin Zfl,gz, ces 8y

Similarly D is spanned by

_el +_fl,g2,...,gn
or by

3w

. 3w
cos 7€ + sin Tfl,gz, s &y

Now we define the curve Yep bY

Yep(8) = (cos fe; + sin 01,85 -,8), g <0< 7

Throughout this range of 8 the coefficient of J; does not vanish so that Ycp lies in
£ ,. Similarly define

. 3
Ypc(8) = (cos e, + sin 01,825 -+ ..8,), TW <0< 54—77
|
—ey +f, Yep
N3 e, +1
V2
Tpc

ey —f

V2

It is now clear that the projection of this curve onto the ¢, f, plane describes the
projective line once in the proper orientation. In terms of U(n)/O(n) it is clear
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that the curve y.p. is given by the equivalence class of the curve of unitary
matrices

' 0

0 c
and hence the function det? goes around the circle once in the counter clockwise
direction. This proves (3.3) and, incidentally, the consistency of the inductive

definition of the generator of H' with the definition coming from det?.

ProPOSITION 3.3. The symbol (A, B, C, D) satisfies
(4,B,C,D) = —(C,D, A, B). (3.4)

For the case dim ¥ = 2 we can get the result by examining the cases described
in the figures given above: If 4 = B then we can deform C into D remaining
transversal to both 4 and B so that both sides of (3.4) vanish. If C and D lie in
the same component of £, N £, then we can deform C into D and then 4 into
B so we are back in the preceding case. If C and D lie in different components
of £, N £y then it is clear from the figure that y., - is oriented in the opposite
direction from vy, ,.

Tpbc

TaB

TBa

For the general case we shall use the following observation: Let ¥ and ¥ be two
symplectic vector spaces. Then K + ¥ is again a symplectic vector space and if
X, € L(¥) and X, € L(¥) then X; + X, € L(} + ¥). Thus we have a map of

L(K) % L(K) = LK + 1).
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We can clearly choose the Hermitian structure on K + ¥ to be consistent with
this direct sum decomposition and thus the map corresponds to the block
diagonal embedding of U(n) X U(m) — U(m + n). Thus we obtain

U) X Ulm) 5 Uln + m) aed,

1
O(n) x O(m) ~ O(n + m) S
where
det,zn mef= det,zn dets
with the obvious notation. Thus
dl
f*(det?, ) ch)rg Z = df*log det?, /2mi = (det?, )"‘i + (det )* dz

Therefore in computing (4, B, C, D), if we could arrange that 4 = A + A, etc,,
we would conclude that

(A,B, C,D) = (Al’Bl’Cl’Dl) + (Az,Bz, C2,D2).

Now by the deformation argument presented in the proof of the preceding
proposition we know that we can arrange that 4 = {e,,...,¢,}, B = {f},.... [},
C=1{g,....8, D =1{h,...,h,} where g; = ¢; = fand h; = ¢; = f, for suita-
ble choices of +. Thus we are reduced to the two dimensional case, which has
already been established.

Now let E — N be a symplectic vector bundle. (Thus £ is a vector bundle such
that each fiber, E,, has a symplectic structure varying smoothly with n.) The main
application we have in mind will be the situation where N = A is a Lagrangian
submanifold of some cotangent bundle T*M and where E, = T,(T*M). Of
course, we then get a fiber bundle L(E) - N where L(E), consists of all
Lagrangian subspaces of E,. Suppose that we are given two sections, 4 and B,
of L(E). (For example, if N = A C T*M then we could take A4, = % (A) and
take B,.to be the tangent to the fiber of the projection T*M — M.) With this
data, {E; A and B}, Hormander has introduced an element of H!(N), which is
defined, in the Cech theory, as follows: We can always locally find sections, C,
D, etc. defined on open sets Uy, Up, etc. such that C, is transversal to both A4,
and B, for each x € U.. The U’s form an open cover of N and we define a Cech
I-cocycle

E(UC7 UD) = (A,B, C,D)y

where the right hand side is taken to mean the function x — (4,,B,,C,,D,)
defined on U, N U),. Since (4,B,C,D) is continuous and integer valued, it
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defines a Cech cochain z(4, B) on N. Since for each x € Ue N Up we have
(4,,B,,C,,D,) = i(4,,B,,C,) — i(4,,B,,D,)

we see that 8z(4, B) = 0. (This is just (3.2).) Notice that i(4, B, C) need not be
continuous so that z(4, B) is not a coboundary, in general. We will denote the
corresponding cohomology class by a or a(E; 4, B).

Let us compute the cohomology class « for the following situation. Let V¥ be a
symplectic vector space, and let N = L(V'). We define the symplectic vector
bundle £ — N by assigning a copy of V to each point of N. (In other words, E
is the pull back to N of the vector bundle ¥ — pt. under the constagt map.) Then
L(E) has a canonical (tautologous) section, B, namely B(n) = n where n is
considered,as a subspace of E, = V. Let 4 be a constant section of E (i.e., the
pull back of a “section” of L(V) — pt.) We then obtain an element a(A4, B)
€ H'(L(V)). We claim that

PrROPOSITION 3.4 (HORMANDER). The class aA, B) coincides with the fundamental
generating class of H' (L(V)) introduced above.

As before, it suffices to verify the proposition for the case dim ¥ = 2. (Indeed,
we need only check that the two classes coincide when evaluated over some non-
trivial cycle, since we know that H'(L(V')) = Z. We can then choose this cycle
as a curve n(¢) such that n(r) N A = Fis a fixed space of dimension n — 1 where
dim ¥V = 2n. Then all formulas are obtained by projecting onto a two dimen-
sional space.) Let us choose a fixed vector space 4. Then if we pick two lines, C
and D, transversal to 4, then C is transversal to 4 and B on Uy = L(V) — {C}
and D is transversal to 4 and B on U, = L(V') — {D}. (See the figure.)

0, 0,

Now U. N Uy has two components, one, O, containing A4, and the other, O,,
not containing 4. We clearly have

0 on O,
z2(C,D) = (4,B,C,D) = -1 on 0,.
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It is easy to check directly, that this defines the generating cohomology class. It
is instructive to compute this class via the passage from the Cech to the de Rham
theory. Recall that this is done as follows: We choose (smeoth) functions f-
defined on U (and f;, defined on Up) such that f- — f, = z(C,D) on Uz N U,
Then df. = dfy, on Uz N Up and so defines a one form, 3, on the whole space.
The integral of this one form over the cycle is the value of a on the cycle. In our
case, let us take

fcB) = }sig(4,B,C) and fp(B) = }sig (4, B, D).

Notice that f. isn’t quite smooth—it has a jump, from —} to +} as B goes
through the point 4. We could replace f- by any smooth function which agrees
with it in some neighborhood of A. It is simpler to allow differential forms with
distribution coefficients, in which case df, = 8,ds where §, is the §-function at
A and ds is the fundamental form on S'. Since f 8,ds = +1 we see that a(4, B)
is indeed the fundamental class.

If N = A C T*M is a Lagrangian manifold and if we take A(A\) = T;(A) and
B(\) = tangent space to the fiber, then the corresponding class is called the
Maslov class of A. For example, the same computation as we just gave shows that
if A is a simple closed curve in RZ=T* (Rl) then the Maslov class is exactly
twice the fundamental generator: If A has only isolated (non-degenerate)

tangencies with the vertical, then a §-function contribution occurs (with the
appropriate orientation) at each point of tangency, i.e., at each point where dr is
not injective, or, what amounts to the same thing, at each point where
AN B # {0}

We can give such a geometric interpretation of the Hormander class a(4, B) in
general. For this purpose we need the following fact, which we shall occasion to
use quite a bit later on.

PROPOSITION 3.5. Let Y be a Lagrangian subspace of V. Then the set
L(V,Y)={(W|dm(W N Y)=k)
is a submanifold of L(V') of codimension k(k + 1)/2.
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Proor. It suffices to verify the proposition locally, so that we may assume that ¥
and W are in £y. Then, by Proposition 2.3, all W € L(V') are parametrized by
S2(Y), and, it is clear from the proof of Proposition 4.3, that L, (V,Y) N £,
corresponds to symmetric matrices of corank k. Thus, we are reduced to proving

PROPOSITION 3.6. The set of symmetric matrices of corank k is a submanifold of
codimension k(k + 1)/2 in the space of all symmetric matrices.

Let
¢ 2
Ry So
be a symmetric matrix, where, with no loss of generality, we may assume that the

upper left hand (n — k) X (n — k) block is non-singular. Then all nearby
matrices have the form
(3%)
R S

with P non-singular. Now

(7 ) (R8)-(0 0 )

and this matrix has rank k if and only if the symmetric k X k matrix S — RP~'Q
vanishes. This imposes k(k + 1)/2 conditions, proving Proposition 3.6 and hence
also Proposition 3.5.

Let E be a symplectic vector bundle over N, with two sections, 4 and B, of
L(E). Then we obtain a subbundle, L, (E,A4) for each integer, k, whose
codimension in L(E) is k(k + 1)/2. We will say that (E; A, B) is in general
position, if B intersects each of these subbundles transversally. (Notice that by the
Thom transversality theorem, we can modify B by an arbitrarily small amount,
and hence not change a(4, B), so that (E; A, B) is in general position.) We let
S, (E,A,B) = B'l(Lk(E,A)), so that, if (E; 4, B) is in general position then
S(E, A, B) is a submanifold of N of codimension k(k + 1)/2. Notice that

Sk=SkU Sk+l U---u Sn.

In particular, if (E; 4, B) is in general position, then
5, = {x | 4(x) N B(x) # {0}}
= Sl ] §2
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where S, is a union of submanifolds of codim > 3. In particular, every (smooth)
curve can be deformed into a curve intersecting S; transversally, and also every
homotopy of curves. We now claim that S| is alsc oriented in N, i.e. has a + and
— side in V. In fact, let x be any point of S;. In some neighborhood, Ug, of x, we
can find a C transversal to both 4 and B. Then at all points of U, not on S, the
spaces 4 and B intersect transversally, and hence C defines a quadratic form, Q00

on B. We may assume that U is connected and that U, — Uz N S has two
components.

Then sig Q. is clearly constant on each component and the difference in sig Q-
between the two components is independent of the choice of C. Indeed, if D were
another section transverse to 4 and B, then

ilsig Q¢ — sig Qp] = (4,B,C, D)

off Sy, but (4, B, C, D) is well defined and continuous even across S;. Now we can
clearly choose a trivialization of E near x such that 4 = {¢,...,e,} and
C={f,....f,} where the ¢, and f; form dual bases. We may also arrange that
the basis is chosen so that B N 4 = {e,} on S, near x. Then

B = {el + (P]j‘l,ez + q72f2,...,en + (pnf’.'}

where @,, ..., @, are all non-zero near x and §) is given locally by ¢, = 0.
Transversality requires that dg; # 0, so that ¢, changes sign across S; and sig Q¢
clearly changes by exactly 2 as we cross ;. Now if y is any smooth oriented
closed curve which intersects S, transversally we can apply the argument used in
the proof of Proposition 3.4 to conclude

PropPOSITION 3.7. If (E; A, B) is in general position and y is a smooth closed curve
intersecting S, transversally, then the class a(A, B), when evaluated on v, is given by
the number of intersections of y with S,, each counted with sign * 1 according to
whether the crossing is in the positive or negative direction.

In the case of A C T*M the set S| consists of exactly the Maslov cycle
introduced in Chapter II, and the Maslov class is the cohomology class discussed
there. (We must still establish that by a slight perturbation we can bring every
Lagrangian manifold into general position, i.e. that the vertical section and the
tangential section be in general position.)
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We close this section with an alternative description, also due to Hormander,
of the class a(4, B) on a symplectic bundle, E. Consider the pullback, £, of E to
L(E) — N. We also obtain a bundle L(E) - L(E) and a natural section, S,
where S(x) = x where x € L(E), and we have identified £, with E,. A section
A of L(E) pulls back to a section 4 of L(E). Notice that if s: N = L(E) is a
section of L(E) then

s*A =4 and s*S =3,
Finally, we have
a(4,B) = of4,S) — a(B,S) € H'(L(E)).
Now if g: M, = N, is a continuous map and E, is the pullback of a symplectic
bundle E, over N, then a(g*4,g* B) = g* a(4, B); in other words the assign-
ment of a to (E; 4, B) is functorial. Therefore, taking B = s we get

s*a(4,B) = B*a(4,S)
since a(B, B) = 0. Now each section, A, of L(E) determines the class

a(4,S) o y

on L(E). This class has the property

(i) that its restriction to each fiber is exactly the generating class of the fiber.
This is the content of Proposition 3.4.

It further has the property that

(ii) A*a, = 0.
Now it is a consequence of a standard theorem in the topology of fiber bundles
(the Leray-Hirsch theorem, cf. for example Spanier [19, p. 258]) that any one
form, B, on L(E) must be of the form 8 = #* ¢ + ka,. Now if j satisfies (ii) then
A*B = (7o A)*c = ¢ = 0 and if it satisfies (i) clearly k = 1. Thus (i) and (ii)
characterize a .

Thus if B, is any form satisfying (i) and (ii) then

a{4,B) = B*B,.

For example, given 4, we can always choose a section everywhere transversal to
A and a Riemann metric on A. This determines a Hermitian structure on E,
which together with A allows us to identity L(E) with U(n)/O(n) for each N.

Thus
_ ety (L
o = (det’) (Z'm'z
is a well defined form on E which clearly satisfies (i) and (ii). Thus the form
B*s
will define the class a(4, B) on N.
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As above let E — N be a symplectic vector bundle and 4 and B sections of
L(E). Let {QL} be a contractible open cover of N. We recall again how a(4, B) is
defined. We choose sections

Cq: U — L(E) (3.5)
transversal to 4 and B. The Cech cocycle defining a(4, B) has the value
LA, V) = (4,B,Cq,C,)

on the pair of open sets (U, V). Let us set
(@, V) = el DEUT), (36)

We can regard (3.6) as defining transition functions for a line bundle on N; i.e.,
we can define a line bundle on N by requiring that it have local trivializations,
Sq, on AU and that these be related by Sq, = (U, v)S, on A N v. The line bundle
defined this way is called the Maslov bundle associated with (E, 4, B) and denoted
M = M4 - Itis a locally constant bundle: i.e., we define a section of I over a
subset Z of N to be constant if for each U intersecting Z it is a constant multiple
of Sy on @ N Z. Since the transition functions (3.6) are constant this definition
is independent of the choice of 9. Moreover, locally constant sections exist (e.g.
the Sy’s).

In [3] Hormander gives an alternative definition of 9% which avoids the use of
transition functions. This definition goes as follows. First given a fixed symplectic
vector space V and fixed Lagrangian subspaces 4 and B, we attach to this data
a one dimensional vector space 9, p(V); Let O be the open subset of L(V)
consisting of all C such that C N 4 = C N B = {0}. Then M, z(V) is the
space of all functions

£:0 C f(C) = THECD)f(D) (3.7)

for C, D € 0. Such a function is determined by its value at one point, so the
space M 4 p(V) is one dimensional.

Now let E— N be a symplectic vector bundle and 4 and B sections of
L(E) = N. We define a line bundle 9N — N by defining its fiber at p € N to be
the vector space M, B(E ). Let us show that 9 is identical with the bundle
defined by the transition functions (3.6). Over the open set U a section Sg, is
defined by choosing S(p) to be the function (3.7) taking the value 1 at the point
CQL( p) of L(E,), Cq, being the section (3.5). It is clear from (3.6) and (3.7) that

= 7(U, v)S s0 M 4 p is the bundle defined by (3.6) as claimed.

We will conclude this section with a brief description of the Lagrangian
Grassmannian L(V) when dimV = 4. We will determine, inter alia, its
diffeotype and prove directly that 7, (L(V')) = Z, thus justifying the inductive
derivation of this fact given at the beginning of this section.
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The space AZ(V) is equipped with a canonical bilinear map into /\“(V)
given by exterior multiplication:

NN V)= A V),  u®v~unv.

If V Is four dimensional, then dim A*(V) = 1, so we may identify A (V)
with R by fixing a volume form, Q € A*(V)*, on V. We then get a symmetric
bilinear form

NN (V) =R, qu,v)=Q[uAv].

Let {e, e, e3,e4} be a basis of V satisfying Q[e; Ae; Aez Aeg] = 1, and let
us define

Uy =e,Ne, U, =e,Nes, Uy =e; Aey,

and
v = e3 ey, Uy =eée4 N ey, VU3 =€y Nes.

Then {u, uy, u3,v,,v2,v3} form a basis of the six dimensional space /\Z(V)
and satisfy

q(ui,u;) = q(v;,v;) =0 and q(u;,v)) = dy;.
This shows that the form ¢ is nondegenerate and has signature (3, 3).

A two vector u € /\Z(V) is a null vector for ¢ if and only if u A u =0, i.e.
if and only if u is decomposable, i.e. if and only if

u=u ANua,

where u#; and u, are vectors in V. Let U denote the two dimensional subspace
of V spanned by u; and u,. It is clear that U depends only on u, and not on
the choice of u; and u,. It is also clear that if A is any nonzero real number,
then x4 and Au determine the same subspace, U. Conversely, given U, we
can choose a basis u;, u;, and hence a 4 = u; A u, determine up to scalar
multiple.

In other words, we have a bijective map of the Grassmannian, G,(V'),
of all two dimensional subspaces of V, onto the set of null lines in A*(V)
relative to the quadratic form g. If we use the basis {u, vy, uz,vs, u3,v3} of
/\Z(V), where the u’s and v’s were chosen above,to identify /\Z(V) with R,
then ¢ becomes the quadratic form x;x; + x3x4 + XsX¢. We can then view the
correspondence between U and {iu} as establishing a bijective map between
G, (V) and the projective quadric

XXy + X3X4 + X5xX6 =0

in RP’,
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Suppose that V' has a symplectic structure. The symplectic form can be

viewed as a linear map
¢ N2(V) - R
Conversely, any such linear map ¢ € A*(V)* defines a symplectic form on
V if and only if g*(¢,¢) # 0, where g* is the quadratic on /\Z(V)* dual to
the quadratic form g on /\Z(V). In fact, if we start with a symplectic form
¢ then we can choose the Q that we used to define g as Q = £AZ, in which
case we would have
q (£, 2)=1.
Let us make this choice of Q. Let W be the five dimensional subspace of
/\2(V) annihilated by £. Since g*(¢,¢) = 1, the restriction of g to W is
nondegenerate, and has signature (2,3). Let us denote this restriction by
gqw. If u is a decomposable element of /\Z(V) corresponding to the two
dimensional subspace U of V, then U is Lagrangian if and only if £( 4) =0,
i.e. if and only if 4 € W. Thus the projective embedding of G»(V') into
RP’ described above restricts to a projective imbedding of L(V'), the space
of Lagrangian planes in V, into RP* whose image is a projective quadric of
type (2, 3). In fact, by choice of an appropriate basis we can arrange that g
be given as
aw = -y —v3 + 3 +yi+ 3.
We have thus proved:

THEOREM 3.8. If V is a real four dimensional symplectic vector space, then
the space L(V') of Lagrangian two planes of V can be imbedded in RP* as the
projective quadraic

V=V +yi+yi+y;i=0. (3.8)

To see what this quadric looks like as a topological space, let us identify
RP* as the four sphere with antipodal points identified. That is, let S denote
the four sphere in R’ given by

MY+ vityi=2 (3.9)
Let us identify RP* as S%/Z,. Then (3.8) and (3.9) reduce to
yi+y3=1 and yi+yi+yi=1
This proves

THEOREM 3.9. L(V) is diffeomorphic to S* x S? with antipodal points, (x,y)
and (—x, —y), identified.
COROLLARY. 7 |(L(V)) =Z.

The action of Sp(V') on V induces a representation of Sp(V’) on AN (V)

which preserves ¢ and hence ¢q. Thus W is an invariant subspace, and hence
we get a representation of Sp(¥) on W which preserves gy. If we identify
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W with RS as above, so that g; becomes identified with —y? — 3 +y2 +yZ +y2,
then this representation can be viewed has a Lie group homomorphism of
Sp(V) onto O(2, 3). Itis clear that £/ is in the kernel of this homomorphism
as —I induces the identity transformation on A?(¥), and it is easy to check
that this is the entire kernel. Since dimSp(V) = 10 = dim O(2, 3), and Sp(V')
is connected it follows that the above described homomorphism is a double
covering,
Sp(V) =S0(2,3)o,

where SO(2, 3)y denotes the identity component of SO(2, 3). In other words
Sp(V) is the spin double cover of the identity component of O(2,3).

Now for any signature (p, ¢) the Lie algebra o(p+1, g+ 1) can be identified
as the Lie algebra of infinitesimal conformal transformations of R4, so the
Lie algebra 0(2, 3) can be identified as the infinitesimal conformal transfor-
mations of three dimensional Minkowski space R!:2. Furthermore, the space
R?”4 has a natural “conformal compactification” which can be viewed as the
projective quadric in RP?*9*! coming from a quadratic form of signature
(p+1,g+1) on RP*9%2 and O(p + 1,q + 1) acts as conformal transforma-
tions of this conformal compactification. We shall verify these facts presently
in the special case at hand. So we will prove

THEOREM 3.10. L(V') carries an intrinsically defined conformal structure of
type (2,3) and Sp(V) acts as the double cover of the connected component
of the group of all conformal transformations of L(V'). Indeed, for any La-
grangian subspace X let %y denote the set of Lagrangian subspaces transverse
to X so % is an affine space according to Proposition 2.3. Then Zx is
equipped with a flat Lorentz metric which is intrinsically determined up to a
conformality factor.

PrOOF. According to Proposition 2.3, % is, in an intrinsic way, an affine
space whose associated linear space is S2(V/X). If we choose a basis of
V/X, we may identify S?(V'/X) with the space of all symmetric two by two

matrices b
_(@ 3
{A—<b c)’ (a,b,c)eR} (3.10)
and this space has an intrinsically defined quadratic form
A~ det A =ac — b? (3.11)

which has signature (2, 1). (Or, to conform with the notation preceding the
theorem, we could use — det 4 which has signature (1,2).) The identification
of elements of S?(V/X) with matrices depends on the choice of basis. But
changing the basis has the effect of replacing 4 by BAB‘, and hence of re-
placing det A by (det B)? det 4, in other words of changing the metric (3.11)
by a conformal factor. Q.E.D.
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§4. Functorial properties of Lagrangian submanifolds.

Let X and Y be symplectic manifolds with forms wy and wy. Then X X Y
becomes a symplectic manifold with two form

% + o*
Wyxy = Py Wy T Py Wy

where py: X X Y — X is the projection onto X and py, the projection onto Y. Let
Ay C X be a Lagrangian submanifold, and let us set

H=AyXY.

Let uy: H — X X Y be the immersion of H into X X Y. Notice that since Ay is
Lagrangian we have

L’;,wny = L;;p;wy. 4.1)

Now suppose that Ay is a Lagrangian submanifold of X X Y, and suppose that
Ay .y intersects H transversally. Notice that since the codimension of H is
1dim X and dim Ay, = {(dim X + dim Y) we see that dim(H N Ay,y)
= 1dim Y. We claim that the projection py makes this intersection into an
immersed Lagrangian submanifold of Y. Let us first show that the map is an
immersion. Suppose that £ is a tangent vector to H N Ay, and that dpy,§ = 0.
Then £ Jpy wy = 0. By (4.1) this implies that

§ligoyxy = 0,
1.e., that
<§ N U,way> =0

for all n tangent to H. On the other hand, since £ is tangent to Ay, which is
Lagrangian, the above equation must hold for all n tangent to Ay, . Since
T(Ayyy) and T(H) span all of T(X X Y), then the above equation holds for
all m, which implies that £ = 0. By (4.1) we see that pywy = 0 on Ay, N H
since wy,y vanishes on Ay,y. We shall now give several examples of this
construction.

(i) Composition of canonical relations. Let U, W and Z be symplectic manifolds
with corresponding forms w;, wy, and w,. Let us consider W X U as a symplectic
manifold with the two form w;, — w;; (Where, for example, wy, is considered as a
form on W X U via projection). A Lagrangian submanifold, A}, of WX U is
called a canonical relation. For example, if f: U — W were a canonical transfor-
mation, then f *""W — wy = 0, so that wy, — w;; would vanish on graph f. Since
dim graph f = dim U = i(dim W X U) we see that graph f is a Lagrangian
submanifold. The concept of a canonical relation is thus a generalization of the
notion of a canonical map. Let Z X W have the symplectic form w, — wy, and
let A, C Z X W be a canonical relation. We would like, in favorable circum-
stances, to know that A, o A is a 