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CHAPTCH 2

The Design of
Efficient Algorithms
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CHASTER 3

Parfect Graphs

1. Trna Star of the Fhow

In thiz scesion wio imdrcdoes the mwin charocter of the bonk  rhe nerfece
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THE PERFECT BRAPH
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537 2. ['zrect LrEdAs

o Eay Uhe suadlite qomber G2 Lhe enoe ol Lhe Binees] slolbe sel ol €5,
ker e eligue coces posmbor of G e Tewes ool of conplee s L-
orardis mreslod b cever L welies of O
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Uk iy AT — Gy Lol d = FY
urAl
(o) alF =Gy (orulld FL

Such 4 gorh 18 called porfece. 11 55 chear by dunlity (hat & graph F G dalse
(P 3 :rand aply [N iE complament & salisdes (P, A mmgh sirenger tesalL wae
comemoted by Bespe [1961]. cultbrated by Folkerson [1969, 1971, 1971],
ind fmaly prevan by Loviss T1975a] namely, that (P ramd (P ane syuie-
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By cd S0z Al Rralld =
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13931, anad Mash-Williame [1957], Baumgaciozr, Maliz aod Rembardo
[1970:], Trovtes [1971], and Wazon [1975],



7 Ferfect Creph Thookem B2

? 1hm Parkact 13 r.nph Thamrarm
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b, pressTues o 2 ol the propettics T4

[t &0 ke o atwdirectee 2raph with verize = The paph -« ia ohcained
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xOWes leave ot tothe reader 1o prove L elemer tary propeiy

(Mex]l — 3 — [N —Jh-x for disfiner wetiees ©ard
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20T ¢ amd w2y are Adjacent 10 We ans thar I i chinined fram by aca-
Pl R T RPN,
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Thew G — o also slielon (P ] iesp (P, T diis s T i duclio: Devpeon -
o Lnphes (i 2od (i),
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o4 3. Parfast Graphs
Cose T2x i doatained v a muzivaem fakie wr X o G e, |3 = oG 10
thizcoae & & [ s asablesel of & ox o
alfa Th— A5 11,
Sinze & v [in']) wovers G = X, we have tha:
R € AT+ | — @80+ ol e ) < K[ X)L
Thms, mf - = K ¥

Cume 20 M rosiensen Stube =8 of OF covtloas .. Lo tlus case,

alrea) =alil

Lance cech clqoe of F ntarsscts & cewianoe sialdz sed ews ol coce, Lhes is
toue i paatepay T KL But & bs ol o e aler o auy coaaiomn stabele sel,
Thw:sfore, D — K, — dx° iowemsecls eich maximus eable st of & exicdy
L, SU

e b= A7) — |
Thie imptice that
MOy pl= 0y p) — 2 — | —afdiey]— 1
Taking a vhyue cover of e, of cordioalioy (5« &1 — 1 aleoe with 1w
wtva slivws 0o {27, wy oldan, avewe of Foos Tlevoe,
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Leowoms 3240w kerson | 1471, Looedse | L2010 Dud 40 s ot mbdiroerod
wraph each of phose proper mducsd subgraphs sarsicz (T ) Gnd ket B be
oblawwed o U ooy oultrplication of yerves, W0 watiafiea (M), hen &
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(o Let & saludy (1" ane shovss 3o Beoa geanh haviag the analics
posabl= mum er ot verboes which o be abiamed trom 6 by o Fialicaton
o werbeces buk wilwch fauls toosatisby Py fsedl Thos

wi Kl o2 |X ), (1]

where X dencdes this weclen sel of A, vzl (P docs hold fod 23ch pro per m-
Jxd subypruapl of H,

A im o prood of the preceiliz:p lzommi, we toay aesanwe Liad zacl) weetes of
¢ woe multiplied by o7 leaet 1 und ol epse veren »owse oulliplied by
e La = [&af ... 1] b2 the wertive: of A comeeponding oo Tha
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vorox o' nlaye a distinguished rele o the proc? By tha mindmoliny of AL
IT,] 15 satinied oy B, o, which gl

1X]- 1=1X oS rddy oFy 0 [y (P}l
= i ME)
s|lx|—1 [ 11

Figs, cqoality hobds thenmghom, and oo can doTn
Pl —wldl),
g — Wfg 0 — a1,
anc
Py =X - L 2

Eimea H, _. is otmainad from @ - p by mcltipheation of veriiee, Lemma
L1 mapiee that M, _, satichen (B0, Thur, He_,, cum b2 eovured by a sl ofg
soapkes subgrapks of H, eay K. Kz o, oo ™ moay cesomz thas the K
nee paiewize disjolnt ond that | K0 ~ | &;] ~ -~ | Kl Obviously,

T
K

 w|X Ll= A k=pg (A0 [hy(hl

_|
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T} T hA

[ =pg-a+ 1 l=mpd = X| [ty 1.27), (3}
20 by b micdoalily o £
WAH R = |57 by dP5]] (h

ot g — i) = wfIF), 5o

=)y 2 [ Xp by 7]
~g—k—L [y
Laa & be & stable s2y of B of gurdinality o - @ 1 2 Cortooly #7 £ 57, for
athewive 5 wowid conmiim two vartices 070 Ciqoe (2 The defniton of HY.
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Thewmen 33 Tle Feplocd C5ech e dlovds [19720 0 TFor oy
wirlirco bl gpaph G — (F, Eh U Tolloame g stz e 202 02 civaliul;

T o] — i) orsi. 4 = K,
A% wffiy) — kiTAg} (horz.. 4 < FL
b RPN R FTN Y B2 N flora. 4= K1

Fraglf  We nay acsome chot the Crenteom £ 1r0e Mol groabs with Teaser
vartikees than =

L1 d e (PP ) Soppwsc o7 can Moo Ny b0 ot ] onbors Sinae Thero are it
“nsm i | weiees ol A gieen calor it follas that -0 Jelf ) = A

(P —=iP,) Lec & —0F, E) sadis?v (F 30 tweu Dy woadons, o wode powpe
itduced sobpraph vi 4 satisfiee (PP s seTicient e show b
LACH= i

Hwe hadl a bzt & ol £0vwk fhat vldrp ol ~ ol 1 e o o then paird
Srmatige n~ d =t i 1= el — 3 atoer colos, and & wonkd have e (]
= pliv)

E-Ill'l:'-nﬂr‘. LT PRECE _'ﬂ'i:l-:‘:l'itllr.' H{.‘:..':] [er CUCCY TR B R U e . I T
s thz onlkectios ~Fall slekle g ol G and & rep inme-id thas & o KR =
Forcach a, = ¥, 21 kg conncz 1he cambee of cligoes K] ol el tostair «.

SUH = (X, FY ke ~higined fream o by mairiphAng cach o by &y, Om e enc
—umik, by Terrme =3,

rA HvE > | X0

tIn e ofhes hanc, usop soe aimpds conling aigodesnts wes el s3sly
shoer the-

IXj=T M
& Tk
— ¥ &S] = ] 57, L5
Sar
el e, ]
WH =—tarx 3k i
Ter 55T
—max[jE [T K{.ﬂl] LY
T =Ty

2F—=1, ol
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which kagithor snplky that
AHRHY = o0l 29— 10 = 1X],
a conlradern ®
Mal w2 Hy what w2 "aee alresdy peoved ) we bacee the B0 owisp
implicatinha
i satushes 1% e £F Antafiea £1' )
- 7 satisfies (P o)+ (7 catiefies (). 1

Corolary 34, A praph & i peclect if and anly £ i:3 corplement oF i3
erfact,

Corollety 3.5, A greph 4 iy pecfiect f and only avery wraph & chiained
Irom & by mulsiplicecn of verlicet je perfect.

Historical motv.  Toe aquivekeses of JF 1 and [P0 wus almar, mrocel By
Fo ko, Ae weand the wews cf the snoccsa - 70wl whe waa 0ol owure
nf Fulkc-som's weork ub bt lirse Fom a posteund senl by Beree F o lkesson
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