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Introduction

Ocean acoustic tomography is a method for acoustic
remote sensing of the ocean interior that takes ad-
vantage of the facts that the propagation of sound
through the ocean is sensitive to quantities of
oceanographic interest, such as temperature and
water velocity, and that the ocean is nearly trans-
parent to low-frequency sound so that signals can be
transmitted over long distances. The procedure is
(i) to transmit acoustic signals through the ocean,
(ii) to make precise measurements of the properties
of the received signals, e.g., travel times, and (iii) to
use inverse methods to infer the state of the ocean
traversed by the sound Reld from the measured
properties. The characteristics of the ocean between
the sources and receivers are determined, rather
than the characteristics of the ocean at the instru-
ments as is the case for conventional thermometers
and current meters.

Ocean acoustic tomography has a number of at-
tractive attributes. It makes possible the rapid and
repeated measurement of ocean properties over
large areas, taking advantage of the speed with
which sound travels in water (&1500m s~1). It
permits the monitoring of regions in which it is
difRcult to install instruments to make direct
measurements, such as the Gulf Stream or the Strait
of Gibraltar, using sources and receivers on the
periphery of the region. Acoustic measurements are
inherently spatially integrating, suppressing the
small-scale variability that can contaminate point
measurements and providing direct measurements of
horizontal and vertical averages over large ranges.
Finally, the amount of data grows as the product
(S]R) of the number of acoustic sources S and
receivers R, rather than linearly as the sum of the
number of instruments (S#R) as is the case for
point measurements.

Ocean acoustic tomography was originally intro-
duced by Munk and Wunsch in 1979 to address the
difRcult problem of observing the evolving ocean
mesoscale. Mesoscale variability has spatial scales of
order 100 km and timescales of order one month.
The short timescales mean that ships move too
slowly for ship-based measurements to be practical.

The short spatial scales mean that moored sensors
must be too closely spaced to be practical. Munk
and Wunsch proposed that the travel times of
acoustic signals propagating between a relatively
small number of sources and receivers could be used
to map the evolving temperature Reld in the inter-
vening ocean. Their work led directly to the Rrst 3D
ocean acoustic tomography experiment, conducted
in 1981. In spite of the marginal acoustic sources
that were available at the time, the experiment
showed that it was possible to use acoustic methods
to map the evolving mesoscale Reld in a 300 km by
300 km region (Figure 1).

It was quickly realized, however, that the integral
measures provided by acoustic methods are power-
ful tools for addressing certain types of problems,
including the measurement of integral quantities
such as heat content, mass transport, and circula-
tion. Acoustic measurements of the integrated water
velocity around a closed contour, for example, pro-
vide the circulation, which is directly related to the
areal-average vorticity in the interior by Stokes’
theorem. Vorticity is difRcult to measure in other
ways. The suppression of small-scale variability in
the spatially integrating acoustic measurements also
makes them well suited to measure large-scale phe-
nomena, such as the barotropic and baroclinic tides.
Finally, the integral measurements provided by the
acoustic data can be used to test the skill of dynamic
models and to provide strong model constraints.

Acoustic scattering due to small-scale oceanic
variability (e.g., internal waves) causes the proper-
ties of the received acoustic signals to Suctuate.
Although these Suctuations limit the precision with
which the signal characteristics can be measured
and with which oceanic parameters such as temper-
ature and water velocity can be inferred, it was soon
realized that measurements of the statistics of the
Suctuations can be used to infer the statistical proper-
ties of the small-scale oceanic variability, such as inter-
nal-wave energy level, as a function of space and time.

Summarizing, tomographic methods can be used
to map the evolving ocean, to provide integral
measures of its properties, and to characterize the
statistical behavior of small-scale oceanic variability.

Ocean Acoustics: The Forward
Problem

The ‘forward’ problem in ocean acoustics is to com-
pute the properties of the received signal given the
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Figure 1 The 1981 tomography experiment. The first panel shows the geometry, with four source (S) and five receiver (R)
moorings on the periphery of a 300 km by 300 km region in the north-west Atlantic Ocean. Subsequent panels show the
sound-speed perturbations at 700 m depth derived from the acoustic data at 3-day intervals, with regions of high uncertainty shaded.
The initial and final panels are derived from two ship-borne conductivity-temperature-depth (CTD) surveys, each of which required
about 20 days to complete. The label on each panel is the year day in 1981. The contour interval is 1 m s~1 (0.23C). Adapted from
Cornuelle B, Wunsch C, Behringer D, et al. (1985) Tomographic maps of the ocean mesoscale. Part I: Pure acoustics. Journal of
Physical Oceanography 15: 133}152.

sound-speed C(x, y, z) and current v(x, y, z) Relds
between the source and receiver. Acoustic remote
sensing of the ocean interior requires Rrst a full
understanding of the forward problem, i.e., of
methods for Rnding solutions to the wave equation.
A variety of approaches are available to do this,
including geometric optics, normal mode, and
parabolic equation methods. The appropriate
method depends in part on the character of the
sound-speed and current Relds (e.g., range-indepen-
dent or range-dependent) and in part on the choice
of the observables in the received signal to use in the
inverse problem.

The approach most commonly used in ocean
acoustic tomography has been to transmit broad-
band signals designed to measure the impulse re-
sponse of the ocean channel and to interpret the
peaks in the impulse response in terms of geometric
rays. Ray travel times are robust observables in
the presence of internal-wave-induced scattering
because of Fermat’s principle, which states that ray
travel times are not sensitive to Rrst-order changes
in the ray path. Other observables are possible,
however. The peaks in the impulse response are in
some cases more appropriately interpreted in terms
of normal-mode arrivals, for example, and the ob-

servables are then modal group delays. Another pos-
sibility is to perform full-Reld inversions that use the
time series of intensity and phase for the entire
received signal as observables. Unfortunately,
neither normal modes nor the intensities and phases
of the received signal are robust in the presence of
internal-wave-induced scattering, and so tend to be
useful only at short ranges and/or low frequencies
where internal-wave-induced scattering is less
important. A number of other possible observables
have been proposed as well. In what follows the use
of ray travel times as observables will be empha-
sized, in part because they have been the observable
most commonly used to date and in part because
they are robust to internal-wave-induced scattering.

Ocean Sound Channel

The speed with which sound travels in the ocean
increases with increasing temperature, salinity, and
pressure. As a result, over much of the temperate
world ocean there is a subsurface minimum in
sound speed at depths of roughly 1000 m. Sound
speed increases toward the surface above the min-
imum because of increasing temperature and toward
the bottom below the minimum because of increas-
ing pressure. Salinity does not play a major role
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Figure 2 (A) Sound-speed profile in the western North Atlantic and the corresponding ray paths for source and receiver near the
depth of the sound channel axis and about 300 km apart. The geometry is that of a reciprocal acoustic transmission experiment
conducted in 1983 with transceivers designated W(est) and N(orth). (B) Measured and predicted acoustic amplitudes as a function
of time for the 1983 experiment. The arrivals are labeled with their ray identifier. The earliest arrivals are from steep ray paths that
cycle through nearly the entire water column. The latest arrivals are from flat ray paths that remain near the sound-channel axis.
The differences between the measured and predicted arrival times are the data used in tomographic inversions. Adapted from Howe
BM, Worcester PF and Spindel RC (1987) Ocean acoustic tomography: mesoscale velocity. Journal of Geophysical Research 92:
3785}3805.

because its effect on sound speed is normally less
than that of either temperature or pressure. The
depth of the sound-speed minimum is called the
sound channel axis. The axis shoals towards high
latitudes where the surface waters are colder, actual-
ly reaching the surface during winter at sufRciently
high latitudes.

The sound speed gradients above and below the
sound channel axis refract acoustic rays toward the
axis in accord with Snell’s law. Near-horizontal rays
propagating outward from an omnidirectional
source on the axis will therefore tend to be trapped,
cycling Rrst above and then below the axis (Figure
2). Such rays are referred to as refracted}refracted
(RR) rays. Steeper rays will interact with the surface

and/or seaSoor. Rays can reSect from the sea sur-
face with relatively low loss. Rays that are refracted
at depth and reSected from the sea surface are
referred to as refracted-surface-reSected (RSR) rays.
Both RR and RSR rays can propagate to long
distances and are commonly used in ocean acoustic
tomography. Rays that interact with the seaSoor
tend to be strongly scattered, however. Rays with
multiple bottom interactions therefore tend not to
propagate to long ranges.

A receiver at a speciRed range from an omnidirec-
tional acoustic source will detect a discrete set of
ray arrivals (Figure 2), corresponding to the rays
that are at the depth of the receiver at the appropri-
ate range. These rays are called eigenrays and are
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designated $p, where $ indicates an upward/
downward launch direction and p is the total num-
ber of ray turning points (including reSections). The
ray geometry controls the vertical sampling proper-
ties of tomographic measurements. One can obtain
signiRcant vertical resolution even for the case of
source and receiver both on the sound channel axis,
because the eigenrays in general have a range of
turning depths.

Ray Travel Time

To Rrst order in DvD/C, the travel time qi of ray i is

qi"P!i

ds
C(r)#v(r) ' r@

[1]

where !i is the ray path for ray i along which
distance s is measured and r@ is the tangent to the
ray at position r. The sign of v ' r@ depends on the
direction of propagation, and the travel times
and ray paths in opposite directions differ because
of the effects of currents. (Sound travels faster
with a current than against a current.) The eigen-
rays !i are obtained using a numerical eigenray
code.

The Inverse Problem

The ‘inverse’ problem is to compute the sound-speed
C(r) and current v(r) Relds given the measured travel
times. In fact, a great deal is normally known about
C(r) in the ocean from climatological or other data.
The interesting problem is therefore to compute
the perturbations from an assumed reference state,
using the measured perturbations from the travel
times computed for the reference state.

Data

Travel times are in general a nonlinear function of
the sound-speed and current Relds, because the ray
path !i depends on C(r) and v(r). Linearize by
setting

C(r)"C(r,!)#*C(r) [2]

v(r)"v(r,!)#*v(r) [3]

where C(r,!), v(r,!) are the known reference
states. The argument (!) denotes the dependence
of the variables only on the reference state, indepen-
dent of the measurements. Normally,

D*C(r)D;C(r,!) [4]

D*v(r)D;C(r,!) [5]

In general, however,

D*v(r)D'Dv(r,!)D [6]

because the Suctuations in current at a Rxed loca-
tion in the ocean are typically large compared to the
time-mean current.

Setting v(r,!),0, *v(r),v(r), forming per-
turbation travel times, and linearizing to Rrst order
in *C/C and DvD/C gives

*qì "qì !qi(!)"

!P!i(~)

[*C(r)#v(r) ' r@(!)]
C2(r,!)

ds [7]

*q~i "q~i !qi(!)"

!P!i(~)

[*C(r)!v(r) ' r@(!)]
C2(r,!)

ds [8]

where !i(~)
, r@(!) are the ray path and tangent

vector for the reference state. The superscript plus
(minus) refers to propagation in the #(!) direc-
tion. The reference travel time is

qi(!)"P!i(~)

ds
C(r,!)

[9]

The sum of the travel time perturbations

*si"
1
2

(*qì #*q~i )"!P!i(~)

ds
C2(r,!)

*C(r) [10]

depends only on the sound-speed perturbation
*C(r). The difference

*di"
1
2

(*qì !*q~i )"!P!i(~)

ds
C2(r,!)

v(r) ' r@(!)

[11]

depends only on the water velocity v ' r@ along the
ray path. Forming sum and difference travel times
separates the effects of *C and v. This separation is
crucial for measuring v, because DvD is usually much
smaller than *C. It is not crucial for measuring *C,
however, and one-way, rather than sum, travel time
perturbations are often used for this purpose.

The data used in the inverse problem can there-
fore either be the one-way travel time perturbations,
e.g., *qì , or the sum and difference travel time
perturbations, *si and *di. The use of one-way
travel time measurements to estimate *C is
sometimes given the special name of acoustic
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thermometry, reSecting the fact that sound-speed
perturbations depend mostly on temperature.

Reference States and Perturbation Models

The perturbation Reld *C and therefore the data
depend on the choice of reference state, C(r,!).
Although there is some freedom in the choice, refer-
ence states that include the range and time depend-
ence of the sound-speed Reld available from ocean
climatologies, for example, usually yield reference
ray paths that are acceptably close to the true ones.
Accurate prior estimates of the ray paths help
ensure that the sampling properties of the rays are
included properly in the inverse procedure and
that the nonlinearities associated with ray-path
mismatches are minimized.

The continuous perturbation Relds *C and v are
parametrized with a Rnite number of discrete para-
meters using a model. Because the tomographic
inverse problem is always underdetermined, it is
important to use perturbation models that are
oceanographically meaningful and that provide an
efRcient representation of ocean variability. Separ-
able models using a linear combination of basis
functions describing the horizontal (x, y) and verti-
cal (z) structures,

*C(x, y, z)" +
k,l,m

aklmXk(x)Yl(y)Fm(z) [12]

have frequently been used for simplicity, although
more general models are of course possible. The
coefRcients aklm are the model parameters to be deter-
mined, and the Xk, Yl, Fm are the basis functions.

Inverse Methods: Vertical Slice

The inverse problem is most simply described for
the case of a single acoustic source}receiver pair.
Neglecting currents and assuming that the sound-
speed perturbation is a function of depth only,

*qi"!P!i(~)

*C(z)
C2(r,!)

ds#dqi , i"1,2, M

[13]

where there are M rays. (Note that although the
sound-speed perturbation has been assumed to be
independent of range, the reference state can be
a more general function of position.) The quantity
dqi has been introduced to represent the noise con-
tribution that is inevitably present. The noise term
arises not only from observational errors but also
from modeling errors associated with the repre-
sentation of *C using a Rnite number of parameters

and from nonlinearity errors associated with the use
of the ray paths for the reference state rather than
the true ray paths. (In the absence of currents the
problem can be restated somewhat more simply in
terms of sound slowness, S"C~1, if desired.)

Substituting

*C(z)"+
m

amFm(z) [14]

gives

*qi"+
m

amC!P!i(~)

Fm(z)
C2(r,!)

dsD#dqi ,

i"1,2, M [15]

"+
m

Eimam#dqi , i"1,2, M [16]

The elements E
im

depend only on prior informa-
tion. This equation can be written in compact
matrix notation as

y"Ex#n [17]

where

y"[*qi], E"MEimN,

x"[am], n"[dqi] [18]

The inverse problem consists (i) of Rnding a particu-
lar solution x( and (ii) of determining the uncertainty
and resolution of the particular solution. Writing
the estimate x( as a weighted linear sum of the
observations,

x("By"B(Ex#n) [19]

For zero-mean noise, SnT"0, the expected value is

Sx( T"BESxT [20]

The matrix BE is called the resolution matrix. It
gives the particular solution as a weighted average
of the true solution x, with weights given by the row
vectors of BE. If the resolution matrix is the identity
matrix I, then the particular solution is the true
solution. If the row vectors of BE are peaked on the
diagonal with low values elsewhere, the particular
solution is a smoothed version of the true solution.
The solution uncertainty is described by the
covariance matrix

P"S(x(!x)(x(!x)TT [21]

where superscript T denotes transpose.
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There is an immense literature on inverse
methods, and a variety of approaches are available
to construct the inverse operator B, including least
squares, singular-value decomposition (SVD), and
Gauss}Markov estimation. To provide an example
of one approach that has been widely used, the
Gauss}Markov estimate is discussed brieSy here.
(The Gauss}Markov estimate is sometimes known
as the ‘stochastic inverse’ or as ‘objective mapping’.)
The Gauss}Markov estimate is derived by minimiz-
ing the expected uncertainty between the true value
xj and the estimate xL j , i.e., by individually minimiz-
ing the diagonal elements of the uncertainty
covariance matrix P. The result is the Gauss}
Markov theorem,

B"UxyU~1
yy [22]

where

Uxy,SxyTT, Uyy,SyyTT [23]

are the model}data and data}data covariance
matrices, respectively. These covariances can be
rewritten using y"Ex#n. The model}data
covariance matrix becomes

Uxy"SxxTETT"UxxET [24]

where it has been assumed that the model x and
noise n are uncorrelated. The data}data covariance
matrix becomes

Uyy"S(Ex#n)(Ex#n)TT"EUxxET#Unn [25]

Finally, the inverse estimate, xL "By, can be
written in the familiar form

x("By"UxxET(EUxxET#Unn)~1y [26]

The Gauss}Markov estimator requires that the per-
turbation model discussed above include the a priori
speciRcation of the statistics of the model para-
meters, i.e., of the covariance matrix Uxx.

The solution uncertainty P includes contributions
due to data error and due to a lack of resolution. In
most realistic cases the lack of resolution dominates
the solution uncertainty estimate. A key, and un-
familiar, feature of the acoustic methods is that
the solution uncertainty matrix is not diagonal, i.e.,
the uncertainties in the model parameters are corre-
lated in a way that depends on the ray sampling
properties. These correlated uncertainties often
cancel in the computation of integral properties of
the solution, such as the vertically averaged heat
content.

Once a solution and its uncertainty have been
found, the solution must be evaluated for consist-
ency with the various assumptions made in its con-
struction before it can be accepted. The statistics of
the residuals (yL !y), where yL "ExL , need to be
examined for consistency with the assumed noise
statistics Unn, for example. Further, ray trajectories
should be recomputed for the Reld

C(r)"C(r,!)#*C(r) [27]

and the resulting ray travel times compared with the
original data to test for consistency. SigniRcant dif-
ferences imply that the reference state is inadequate
or the model is inadequately formulated. When non-
linearities are important, iterative or other methods
are needed to Rnd a solution consistent with the
original data.

The linear inverse methods used in ocean acoustic
tomography are well known and widely used in
a variety of Relds. The crucial problem in the ap-
plication to tomography is the construction of the
model used to describe oceanic variability, including
the choice of parametrization and the speciRcation of
the (co)variances of the model parameters and noise.

Sampling Properties of Acoustic Rays

Vertical slice: range-independent The vertical
sampling properties of acoustic rays are most easily
understood for the range-independent case, in which
sound speed is a function of depth z only. In that
case, eqn [13] can be converted to an integral over
depth

*qi"!P
z8 `(~)

z8 ~(~)

dz

C2(z,!)J1!(C(z,!)/CI )2
*C(z)

#dqi , i"1,2, M [28]

using Snell’s law, C(z)/cos(h)"CI , where h is the ray
angle relative to the horizontal and CI is the sound
speed at the ray turning points z8 B. The function

1

C2(z,!) J1!(C(z,!)/CI )2
[29]

gives the weighting with which *C(z) contributes to
*qi. There are (integrable) singularities in the weight-
ing function at both the upper and lower turning
point depths, where C(z8 B,!)"CI . The ray travel
times are therefore most sensitive to sound-speed
perturbations at the ray turning points (Figure 3).

The value of the weighting function is the same
for depths zB above and below the sound-channel
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Figure 3 Travel-time perturbations computed at about
1000 km range in the North-east Pacific for a sound-speed
perturbation with an amplitude of !1 m s~1 at 100 m depth,
linearly decreasing to zero at 90 m and 110 m. The travel-time
perturbations are zero for rays with upper turning depths below
110 m, because they do not sample the perturbed region. The
perturbations are sharply peaked for rays with upper turning
depths between 90 m and 110 m. Rays that have upper turning
depths above 90 m have nonzero perturbations because they
traverse the perturbed region, but the perturbations are relative-
ly small because the ray weighting function falls off rapidly with
distance from the turning point. Adapted from Cornuelle BD,
Worcester PF, Hildebrand JA et al. (1993) Ocean acoustic
tomography at 1000-km range using wavefronts measured with
a large-aperture vertical array. Journal of Geophysical Research
98: 16365}16377.

axis at which

C(z`,!)"C(z~,!) [30]

There is a fundamental up}down ambiguity for
acoustic measurements in mid-latitudes. It is in prin-
ciple impossible to distinguish from the acoustic
data alone whether the observed travel-time per-
turbations are due to sound-speed perturbations
located above or below the sound channel axis. This
ambiguity has to be resolved from a priori informa-
tion or from other data. This up}down ambiguity is

not present in polar regions when the temperature
proRle is close to adiabatic, so that sound speed is
a minimum at the surface and increases monotoni-
cally with depth (pressure).

Vertical slice: range-dependent A ray trapped in
the sound channel, cycling between upper and lower
turning points at regular intervals, samples the
ocean periodically in space, so that its travel time is
sensitive to some spatial frequencies but is unaffec-
ted by others. The key to understanding the hori-
zontal sampling properties of acoustic travel times is
to consider the wavenumber domain, rather than
physical space, using a truncated Fourier series in
x as the model for the sound-speed perturbations,

*C(x, z)"+
k

+
m

akm expC
2ni
L

(kx)DFm(z),

k"0,$1,2,$N [31]

The Fourier series is periodic over a domain of
length L and is truncated at harmonic N. The
domain is normally chosen sufRciently large (say
twice the size of the source}receiver range) to avoid
artifacts within the area of interest that might be
caused by the periodicity.

The travel-time perturbations are then

*qi"+
k

+
m

akmG!P!i(~)

ds
C2(r,!)

]exp C
2ni
L

(kx)DFm(z)H#dqi [32]

where the integrals depend only on prior informa-
tion. The problem has again reduced to the form
y"Ex#n, with the solution vector x containing an
ordered set of the complex Fourier coefRcients a

km
.

The sensitivity of the travel-time inverse to vari-
ous wavenumbers can be quantiRed by plotting the
diagonal of the resolution matrix BE deRned in eqn
[20]. For the speciRc case of two moorings separ-
ated by 600 km, with a source and Rve widely-
separated receivers on each mooring, the resolution
matrix shows the sensitivity of tomographic
measurements to the features that match the ray
periodicity (i.e., have the same wavelength as the
ray double loops) (Figure 4). Further, because the
ray paths are somewhat distorted sinusoids in mid-
latitudes, the resolution matrix displays sensitivity
to harmonics of the basic ray double loop length.
Finally, as expected, the measurements are sensitive
to the mean. There are obvious spectral gaps for
wavenumbers between the mean and Rrst harmonics
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Figure 4 Diagonal elements of the resolution matrix (‘transfer
function’) for tomographic measurements over a 600-km path in
a range-dependent ocean. The plot is for the lowest baroclinic
mode. Adapted from Cornuelle BD and Howe BM (1987) High
spatial resolution in vertical slice ocean acoustic tomography.
Journal of Geophysical Research 92: 11680}11692.

of the ray paths, and again between the Rrst and
second harmonics. The harmonics extend over
bands of wavenumbers because the eigenrays
connecting the source and receiver have a range of
double-loop lengths.

Horizontal slice The sampling issues present when
the goal is to map the evolving ocean using integral
data are most easily understood by considering the
two-dimensional horizontal slice problem. In this
case sound speed is assumed to be constant in the
vertical, so that ray paths travel in straight lines in
the horizontal plane containing the sources and re-
ceivers. Neglecting currents,

*qi"!P!i(~)

*C(x, y)
C2(x, y,!)

ds#dqi , i"1,2, M

[33]

where there is one ray path per source}receiver pair
and there are a total of M ray paths connecting the
sources and receivers.

As was the case for the range-dependent vert-
ical slice problem, the key to understanding the
horizontal sampling properties of acoustic travel
times is to consider the wavenumber domain, rather
than physical space, using a truncated Fourier series
in x and y as the model for the sound-speed per-
turbations,

*C(x, y)"+
k

+
l

akl expC
2ni
L

(kx#ly)D ,

k, l"0,$1,2,$N [34]

The Fourier series is doubly periodic over the square
domain of size L and is truncated at harmonic N.

The travel-time perturbations are then

*qi"+
k

+
l

aklG!P!i(~)

ds
C2(x, y,!)

expC
2ni
L

(kx#ly)DH
#dqi [35]

where the integrals depend only on prior informa-
tion. The problem has again reduced to the form
y"Ex#n, with the solution vector x containing an
ordered set of the complex Fourier coefRcients a

kl
.

To explore the horizontal sampling properties of
integral data, consider a simple scenario in which
two ships start in the left and right bottom corners
of a 1000-km square and steam northward in paral-
lel, transmitting from west to east through an iso-
tropic mesoscale Reld constructed to have a 1/e
decay scale of 120 km (Figure 5). Inversion of the
resulting travel-time data leads to an estimate that
consists only of east}west contours, as all the ray
paths measure only zonal averages. To interpret this
result in wavenumber space, note that

P
L

0
dx*C(x, y)"0 for kO0 [36]

East}west transmissions therefore give information
only on the parameters a0l

, which are nearly perfect-
ly determined for the assumptions made in this
simple scenario. Similarly, for north}south transmis-
sions between two ships traveling from east to west,
only the parameters a

k0 are determined. Combining
east}west and north}south transmissions determines
both a0l

and a
k0, but nonetheless fails to give useful

maps because the majority of the wavenumbers are
still undetermined. Adding scans at 453 determines
wavenumbers for which k"l, giving improved, but
still imperfect, maps.

The conclusion is that generating accurate maps
from integral data requires sampling geometries
with ray paths at many different angles to provide
adequate resolution in wavenumber space. This re-
quirement must be independently satisRed in any
region with dimensions comparable to the ocean
correlation scale. These results are a direct conse-
quence of the projection-slice theorem.

Time-dependent Inverse Methods

The discussion of inverse methods to this point has
implicitly assumed that data from a single instant in
time are used to estimate the state of the ocean at
that instant. Observations from different times can
be combined to generate improved estimates of the
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spectrum, to be mapped using tomographic data. (A) WPE transmissions between two northward-traveling ships (left panel).
Inversion of the travel time perturbations produces east}west contours in *C (middle) with only a faint relation to the ‘true ocean.’
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evolving ocean, however, using a time-dependent
ocean model to connect the oceanic states at those
times. One seeks to minimize the misRt between the
estimate xL (t) and the true state x(t) over some Rnite
time span, instead of at a single instant.

The practice of combining data with time-evolv-
ing ocean circulation models, referred to as ‘assimi-
lation’ or ‘state estimation’, simultaneously tests and
constrains the models. A variety of approaches are
available to solve this problem, including, for
example, Kalman Rltering and the use of adjoint
methods. Although the problem of combining inte-
gral tomographic data with time-evolving models
does not differ in any fundamental way from the
problem of using other data types, tomographic
data do differ from most other oceanographic data
because their sampling and information content
tend to be localized in spectral space rather than in
physical space, as discussed above. It is therefore
important to use methods that directly assimilate
the tomographic measurements and preserve the in-
tegral information they contain. Approximate data
assimilation methods optimized for measurements
localized in physical space are generally inappropri-
ate because they do not preserve the nonlocal to-
mographic information.

Selected Tomographic Results

Tomographic methods have been used to study
a wide range of ocean processes, at diverse loca-
tions. Measurements have been made at scales
ranging from a few tens of kilometers (e.g., to
measure the transport through the Strait of Gibral-
tar) to thousands of kilometers (e.g., to measure the
heat content in the north-east PaciRc Ocean). This
review concludes by presenting results from a few
selected experiments to provide some indication of
the breadth of possible applications and to illustrate
the strengths and weaknesses of tomographic
measurements.

Oceanic Convection

Oceanic convection to great depths occurs at only
a few locations in the world (see Deep Convection).
Nonetheless, it is believed to be the process by
which the properties of the surface ocean and deep
ocean are connected, with important consequences
for the global thermohaline circulation and climate.
The deep convective process is temporally intermit-
tent and spatially compact, consisting of convective
plumes with scales of about 1 km clustered in
chimneys with scales of tens of kilometers. Observ-
ing the evolution of the deep convective process and
quantifying the amount of deep water formed pres-

ents a difRcult sampling problem. Tomographic
measurements have been key components in
programs to study deep convection in the Greenland
Sea (1988}1989) and the Mediterranean Sea
(1991}1992), as well as in an ongoing program in
the Labrador Sea (1996 to present). In all of these
regions the tomographic data provide the spatial
coverage and temporal resolution necessary for ob-
serving the convective process.

In the Greenland Sea, for example, six acoustic
transceivers were deployed from summer 1988 to
summer 1989 in an array approximately 210 km in
diameter (Figure 6), as part of the intensive Reld
phase of the International Greenland Sea Project.
The acoustic data were combined with moored ther-
mistor data and hydrographic data to estimate the
evolution of the three-dimensional temperature Reld
T(x, y, z) in the Greenland Sea during winter. (Dur-
ing the convective period, the hydrographic data
were found to be contaminated by small-scale varia-
bility and were not useful for determining the
chimney and gyre-scale structure.) A convective
chimney reaching depths of about 1500 m was ob-
served to the south west of the gyre center during
March 1989. The chimney had a spatial scale
of about 50 km and a timescale of about 10 days
(Figure 7). The location of the chimney seemed to be
sensitively linked to the distribution of the relatively
warm, salty Arctic Intermediate Water found at in-
termediate depths. Potential temperature proRles ex-
tracted from the three-dimensional inverse estimates
were averaged over the chimney region to show the
time-evolution of the chimney (Figure 6). A one-
dimensional vertical heat balance adequately de-
scribed changes in total heat content in the chimney
region from autumn 1988 until the time of chimney
break-up, when horizontal advection became impor-
tant and warmer waters moved into the region. The
average annual deep-water production rate in the
Greenland Sea for 1988}1989 was estimated from
the average temperature change over the region oc-
cupied by the tomographic array to be about
0.1]106m3 s~1.

Barotropic and Baroclinic Tides

Sum and difference travel times from long-
range reciprocal transmissions provide precise
measurements of the sound-speed (temperature)
changes associated with baroclinic (internal) tidal
displacements and of barotropic tidal currents,
respectively.

The availability of global sea-surface elevation
data from satellite altimeter measurements has
made possible the development of improved global
tidal models. Tomographic measurements of tidal
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Figure 6 (A) Geometry of the tomographic transceiver array deployed in the Greenland Sea during 1988}1989. Mooring 2 failed
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currents made in both the central North PaciRc
and western North Atlantic Oceans have shown that
the harmonic constants for current derived from
a recent global tidal model (TPXO.2) are accurate
to a fraction of a millimeter per second in amplitude
and a few degrees in phase in open ocean regions
(Figure 8). Small, spatially coherent differences be-
tween the modeled and measured harmonic con-
stants are found in the western North Atlantic near
complicated topography that is unresolved in the
model. These differences are almost certainly due to
errors in the TPXO.2 currents. The integrating na-
ture of the tomographic measurements suppresses
short-scale internal waves and internal tides, provid-
ing tidal current measurements that are substantially
more accurate than those derived from current-
meter data.

Tomographic measurements of sound-speed Suc-
tuations at tidal frequencies from the same experi-
ments revealed large-scale internal tides that are
phase-locked to the barotropic tides. Prior to these
measurements it had commonly been assumed that
midocean internal tides are not phase-locked to

the barotropic tides (except for locally forced
internal tides) and have correlation length scales
of order only 100}200km. The measurements in
the North PaciRc were consistent with a large-
scale, phase-locked internal tide that had been
generated at the Hawaiian Ridge and then
propagated to the tomographic array over 2000km
to the north (Figure 9). These observations were
subsequently conRrmed from satellite altimeter data.
The measurements in the western North Atlantic
revealed a diurnal internal wave resonantly trapped
between the shelf just north of Puerto Rico and the
turning latitude for the diurnal K1 internal tide,
1100 km distant at 30.03N (Figure 10). In both
cases the peak-to-peak temperature variations asso-
ciated with the maximum displacement of the Rrst
baroclinic modes were only about 0.043C. Once
again, the acoustic observations of the baroclinic
tide average in range and depth, suppressing inter-
nal-wave noise and providing enhanced estimates of
the deterministic part of the internal-tide signal
compared to measurements made at a point, such as
by moored thermistors.
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Figure 7 Mixed layer depth in the central Greenland Sea on
19 March 1989, as defined by the minimum depth of the
!1.23C isotherm. The ocean is colder than !1.23C above this
depth as a result of surface cooling and is warmer below. The
main chimney reaches a maximum depth of about 1500 m in an
area about 50 km in diameter centered on 74.753N, 3.53W,
south west of the gyre center. A secondary chimney with a max-
imum depth of about 1000 m is evident to the north east of the
gyre center, separated from the primary chimney by a ridge of
warmer water. Contours of mixed layer depth are shown below.
Adapted from Morawitz WML, Sutton PJ, Worcester PF et al.
(1996) Three-dimensional observations of a deep convective
chimney in the Greenland Sea during winter 1988/1989. Journal
of Physical Oceanography 26: 2316}2343.

Heat Content

Acoustic methods have been used to measure the
heat content of the ocean and its variability on basin
scales, taking advantage of the integrating nature of
acoustic transmissions to rapidly and repeatedly make
range- and depth-averaged temperature measure-
ments at ranges out to about 5000 km.

In the Mediterranean Sea, for example, a network
of seven tomographic instruments was deployed for
nine months during 1994 in the THETIS-2 experi-
ment, including cross-basin transmissions from
Europe to Africa (Figure 11). Although it is normal-
ly difRcult to obtain heat content measurements
comparable to those provided by the acoustic data,
in this case one of the transmission paths was inten-
tionally aligned with the route of a commercial ship,
from which expendable bathythermograph (XBT)

measurements were made at two-week intervals.
The acoustic average of potential temperature be-
tween 0 and 2000 m depth over the 600-km path
and the corresponding XBT average between 0 and
800 m depth agreed within the expected uncertainty
of 0.033C (Figure 11). Further, the evolution of the
three-dimensional heat content of the western Medi-
terranean estimated from the acoustic data was
found to be consistent with the integral of the
surface heat Sux provided by European Centre
for Medium-range Weather Forecasts (ECMWF),
after correction for the heat Sux through the Straits
of Gibraltar and Sicily (Figure 11). The acoustic
data were subsequently combined with satellite
altimeter data and an ocean general circulation
model to generate a consistent description of the
basin-scale temperature and Sow Relds in the west-
ern Mediterranean and their evolution over time.
Acoustic and altimetric data are complementary
for this purpose, with the acoustic data provid-
ing information on the ocean interior with moderate
vertical resolution and the altimetric data provid-
ing detailed horizontal coverage of the ocean
surface.

Similar measurements have been made in the Arc-
tic Ocean in the Transarctic Acoustic Propagation
(TAP) experiment during 1994 and in the Arctic
Climate Observations using Underwater Sound
(ACOUS) project beginning in 1999. During the
TAP experiment, ultralow-frequency (19.6 Hz)
acoustic transmissions propagated across the entire
Arctic basin from a source located north of Svalbard
to a receiving array located in the Beaufort Sea at
a range of about 2630 km. Modal travel time
measurements yielded the surprising result that
the Atlantic Intermediate Water layer was about
0.43C warmer than expected from historical data.
This result was subsequently conRrmed by direct
measurements made from icebreakers and submar-
ines. Acoustic data collected on a similar path dur-
ing April 1999 as part of the ACOUS project
indicated further warming of about 0.53C, which
was again conRrmed by direct measurements made
from submarines. Acoustic methods can provide the
long-term, continuous observations in ice-covered
regions that are difRcult to obtain using other
approaches.

Finally, measurements of basin-scale heat content
in the Northeast PaciRc were made intermittently
from 1983 through 1989 using transmissions from
an acoustic source located near Kaneohe, Hawaii,
and more recently from 1996 through 1999 during
the Acoustic Thermometry of Ocean Climate
(ATOC) project using sources located off central
California and north of Kauai, Hawaii. Data from
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the ATOC project have shown that ray travel times
may be used for acoustic thermometry at least out
to ranges of about 5000km. The estimated uncer-
tainty in range- and depth-averaged temperature
estimates made from the acoustic data at these
ranges is only about 0.013C. Comparisons between
sea-surface height measurements made with a satel-
lite altimeter and sea-surface height estimates de-
rived using the range-averaged temperatures
computed from the acoustic data indicate that ther-
mal expansion alone is inadequate to account for all
of the observed changes in sea level (Figure 12).
Analysis of the results obtained when the acoustic
and altimetric data were used to constrain an ocean
general circulation model indicates that the differ-
ences result largely from a barotropic redistribution
of mass, with variable salt anomalies a contributing,
but smaller, factor.

Appendix: Conversion from Sound
Speed to Temperature

Tomgraphic methods fundamentally provide in-
formation on the oceanic sound-speed and water-
velocity Relds. For most oceanographic purposes,
however, temperature T and salinity Sa are of more
interest than sound speed. Although sound speed
C is a function of both T and Sa (as well as pres-
sure), temperature perturbations are normally by
far the most important contributor to sound-speed
perturbations.

A simple nine-term equation for sound speed due
to Mackenzie is

C(T, Sa, D)"1448.96#4.591T!5.304]10~2T2

#2.374]10~4T3
#1.340(Sa!35)
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#1.630]10~2D#1.675]10~7D2

!1.025]10~2T(Sa!35)

!7.139]10~13TD3 [37]

where C is in ms~1, T is in degrees Celsius, Sa is
in parts per thousand (ppt), and D is the depth
(positive down) in meters. Differentiating,

LC
LT

"4.59!0.106T#7.12]10~4T2

!1.03]10~2(Sa!35) [38]

LC
LSa

"1.34!1.03]10~2T [39]

where a slight depth dependence has been dropped.
The derivative LT/LC"1/(LC/LT) varies signiR-
cantly with temperature (Figure 13).

To Rrst order, the fractional change in sound
speed is then

*C/C"a *T#b*Sa [40]

where

a"
1
C

LC
LT

+2.4]10~3(3C)~1 [41]

b"
1
C

LC
LSa

+0.8]10~3(ppt)~1 [42]

at 103C. For a locally linear temperature}salinity
relation,

Sa"Sa(T(!))#k *T [43]

where T(!) is the reference temperature proRle
corresponding to the reference sound-speed proRle
C(!) and *T"T!T(!). The fractional change
in sound speed is then

*C/C"a*T(1#kb/a) [44]

In midlatitudes a typical value for k might be
0.1(ppt)(3C)~1, giving kb/a+0.03. Thus the
sound-speed perturbation *C depends to Rrst order
only on the temperature perturbation *T.

The sound-speed perturbation proRle *C(z) de-
rived from the acoustic data can be easily converted
to the corresponding temperature perturbation
proRle

*T(z)"P
C(~)`*C

C(~)

LT
LC

dC, [45]
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Figure 12 (A) The ATOC acoustic array is superimposed on a map of the root-mean-square (rms) sea level anomaly from
altimetric measurements. Transmission paths from sources off central California and north of Kauai to a variety of receivers are
shown. (B) The range-averaged sea-surface height anomaly along several of the acoustic sections from satellite altimeter data
(solid black), inferred from the acoustic data (solid red), computed from climatological temperature fluctuations (dashed), and
derived from an ocean general circulation model (solid blue). Uncertainties are indicated for the acoustic estimates. Adapted from
ATOC Consortium (1998) Ocean climate change: comparison of acoustic tomography, satellite altimetry, and modeling. Science
281: 1327}1332.
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Figure 13 The derivative LT/LC as a function of temperature.
Adapted from Dushaw BD, Worcester PF, Cornuelle BD and
Howe BM (1993) Variability of heat content in the central North-
Pacific in summer 1987 determined from long-range acoustic
transmissions. Journal of Physical Oceanography 23:
2650}2666.

where the integral allows for the dependence of
LT/LC on temperature.

See also

Acoustics, Arctic. Acoustics in Marine Sediments.
Deep Convection. Internal Tides. Inverse Models.
Tides.
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Introduction

Topographic eddies in the ocean may have a range
of scales, and arise from Sow separation caused by
an abrupt change in topography. This abrupt
change may be of large scale, such as a major
headland, in which case the topographic eddy is
essentially a horizontal eddy of scale many tens of
kilometers in a shallow coastal ocean. Eddies also
occur at much smaller scales when ocean currents
Sow around small reefs, or over a rocky seabed.
In this case the topographic eddies are perhaps
only meters or centimeters in scale. A rule of
thumb is that topographic eddies are generated
at the same length scales as the generating topo-
graphy.

Perhaps the earliest recorded evidence of a
topographic eddy in the ocean comes from Greek
mythology, where there is mention of a whirlpool
occurring beyond the straits of Messina, between
Sicily and Italy. Jason and the Argonauts in their
vessel the Argo had to Rnd the path between the
Cliff known as Scylla, and the whirlpool having the
monster Charybdis. The whirlpool still exists and
occurs as the tides Sood and ebb through the
narrow straits. Another well-known tidal whirlpool,
intensiRed at times by contrary winds and often
responsible for the destruction of small craft, occurs
off the Lofoten Islands of Norway. The Norwegian
word maelstrom is associated with the whirlpool.

More recently, the Rshing and marine lore of the
Palau District of Micronesia, and the knowledge of
ocean currents held apparently for hundreds, if not
thousands, of years has been investigated. In fact, it
was found ‘The islanders had discovered stable vor-
tex pairs and used them in their Rshing and navi-
gation long before they were known to science.’
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