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Symbols and Abbreviations

For symbols of chemical elements, see Sec. 6; for abbreviations applying to metric weights

and measures and SI units, Sec. 1; SI unit prefixes are listed on p. 1-19.

Pairs of parentheses, brackets, etc., are frequently used in this work to indicate corre-

sponding values. For example, the statement that “the cost per kW of a 30,000-kW plant is
$86; of a 15,000-kW plant, $98; and of an 8,000-kW plant, $112,” is condensed as follows:
The cost per kW of a 30,000 (15,000) [8,000]-kW plant is $86 (98) [112].

In the citation of references readers should always attempt to consult the latest edition of
referenced publications.

AorA
A

AA
AAA
AAMA
AAR
AAS
ABAI
abs

a.c.

a-c, ac
ACI
ACM
ACRMA
ACS
ACSR
ACV
A.D.
AEC
a-f, af
AFBMA
AFS
AGA
AGMA
ahp
AIChE
AIEE
AIME
AIP
AISC
AISE
AISI
Al. Assn.
a.m.
a-m, am

Am. Mach.

AMA
AMCA
amu
AN
AN-FO
ANC

Angstrom unit = 1071 m; 3.937 X 107! in
mass number = N + Z; ampere
arithmetical average

Am. Automobile Assoc.

American Automobile Manufacturers’ Assoc.
Assoc. of Am. Railroads

Am. Astronautical Soc.

Am. Boiler & Affiliated Industries

absolute

aerodynamic center

alternating current

Am. Concrete Inst.

Assoc. for Computing Machinery

Air Conditioning and Refrigerating Manufacturers Assoc.

Am. Chemical Soc.

aluminum cable steel-reinforced

air cushion vehicle

anno Domini (in the year of our Lord)
Atomic Energy Commission (U.S.)

audio frequency

Anti-friction Bearings Manufacturers’ Assoc.
Am. Foundrymen’s Soc.

Am. Gas Assoc.

Am. Gear Manufacturers’ Assoc.

air horsepower

Am. Inst. of Chemical Engineers

Am. Inst. of Electrical Engineers (see IEEE)
Am. Inst. of Mining Engineers

Am. Inst. of Physics

American Institute of Steel Construction, Inc.
Am. Tron & Steel Engineers

Am. Iron and Steel Inst.

Aluminum Association

ante meridiem (before noon)

amplitude modulation

Am. Machinist (New York)

Acoustical Materials Assoc.

Air Moving & Conditioning Assoc., Inc.
atomic mass unit

ammonium nitrate (explosive); Army-Navy Specification
ammonium nitrate-fuel oil (explosive)
Army-Navy Civil Aeronautics Committee

ANS
ANSI
antilog
API
approx
APWA
AREA
ARI
ARS
ASCE
ASHRAE

ASLE
ASM
ASME
ASST
ASTM
ASTME
atm
Auto. Ind.
avdp
avg, ave
AWG
AWPA
AWS
AWWA
b

bar
B&S
bbl
B.C.
B.C.C.
Bé

B.G.
bgd
BHN
bhp
BLC
B.M.
bmep

B of M,
BuMines

Am. Nuclear Soc.

American National Standards Institute
antilogarithm of

Am. Petroleum Inst.

approximately

Am. Public Works Assoc.

Am. Railroad Eng. Assoc.

Air Conditioning and Refrigeration Inst.
Am. Rocket Soc.

Am. Soc. of Civil Engineers

Am. Soc. of Heating, Refrigerating, and Air Conditioning
Engineers

Am. Soc. of Lubricating Engineers
Am. Soc. of Metals

Am. Soc. of Mechanical Engineers
Am. Soc. of Steel Treating

Am. Soc. for Testing and Materials
Am. Soc. of Tool & Manufacturing Engineers
atmosphere

Automotive Industries (New York)
avoirdupois

average

Am. Wire Gage

Am. Wood Preservation Assoc.
American Welding Soc.

American Water Works Assoc.

barns

barometer

Brown & Sharp (gage); Beams and Stringers
barrels

before Christ

body centered cubic

Baumé (degrees)

Birmingham gage (hoop and sheet)
billions of gallons per day

Brinnell Hardness Number

brake horsepower

boundary layer control

board measure; bench mark

brake mean effective pressure

Bureau of Mines
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XX SYMBOLS AND ABBREVIATIONS

BOD

bp

Bq

bsfc

BSI

Btu
Btub, Btu/h
bu

Bull.
Buweaps
BWG

c.f.

cf.

cfh, ft¥/h
cfm, ft’/min
C.FR.
cfs, ft¥/s
cg

cgs
Chm. Eng.
chu

C.L

cir

cir mil
cm
CME
C.N.
coef
COESA
col
colog
const
cos
cos™!
cosh
cosh™!
cot
cot™!
coth
coth™!
covers
c.p.

cp

p

CP

CPH
cpm
cycles/min
cps, cycles/s
CSA

csce
csc™!
csch
csch™!
cu

cyl

biochemical oxygen demand
boiling point

bequerel

brake specific fuel consumption
British Standards Inst.

British thermal units

Btu per hr

bushels

Bulletin

Bureau of Weapons, U.S. Navy
Birmingham wire gage

velocity of light

degrees Celsius (centigrade)
coulomb

Civil Aeronautics Board
Compressed Air & Gas Inst.
calories

chemical, biological & radiological (filters)
Columbia Broadcasting System
cubic centimetres

critical compression ratio

center to center

candela

centrifugal force

confer (compare)

cubic feet per hour

cubic feet per minute
Cooperative Fuel Research
cubic feet per second

center of gravity
centimetre-gram-second
Chemical Eng’g (New York)
centrigrade heat unit

cast iron

circular

circular mils

centimetres

Chartered Mech. Engr. (IMechE)
cetane number

coefficient

U.S. Committee on Extension to the Standard Atmosphere
column

cologarithm of

constant

cosine of

angle whose cosine is, inverse cosine of
hyperbolic cosine of

inverse hyperbolic cosine of
cotangent of

angle whose cotangent is (see cos ™)
hyperbolic cotangent of

inverse hyperbolic cotangent of
coversed sine of

circular pitch; center of pressure
candle power

coef of performance

chemically pure

close packed hexagonal

cycles per minute

cycles per second

Canadian Standards Assoc.
cosecant of

angle whose cosecant is (see cos ™)
hyperbolic cosecant of

inverse hyperbolic cosecant of
cubic

cylinder

db, dB
d-c, dc
def
deg
diam. (dia)
DO
D,0
d.p.
DP
DPH
DST
d? tons
DX

e

EAP
EDR
EEI
eff
e.g.
ehp
EHV
EL Wld.
elec
elong
emf
Engg.
Engr.
ENT
EP
ERDA

Eq.
est
etc.
et seq.
eV
evap
exp
exsec
ext
°F

F
FAA
EC.
FCC

EC.C.
ff.

fhp
Fig.
FLT.
f-m, fm
F.O.B.
FP
FPC
fpm, ft/min
fps

ft/s
ES.
FSB
fsp

ft

fc

fL
ft-1b

gal

decibel

direct current

definition

degrees

diameter

dissolved oxygen

deuterium (heavy water)
double pole

Diametral pitch

diamond pyramid hardness
daylight saving time
breaking strength, d = chain wire diam. in.
direct expansion

base of Napierian logarithmic system (= 2.7182+)
equivalent air pressure
equivalent direct radiation
Edison Electric Inst.
efficiency

exempli gratia (for example)
effective horsepower

extra high voltage

Electrical World (New York)
electric

elongation

electromotive force
Engineering (London)

The Engineer (London)
emergency negative thrust
extreme pressure (lubricant)
Energy Research & Development Administration (successor
to AEC; see also NRC)
equation

estimated

et cetera (and so forth)

et sequens (and the following)
electron volts

evaporation

exponential function of
exterior secant of

external

degrees Fahrenheit

farad

Federal Aviation Agency
fixed carbon, %

Federal Communications Commission; Federal Constructive
Council

face-centered-cubic (alloys)
following (pages)

friction horsepower

figure

Federal income tax
frequency modulation

free on board (cars)

fore perpendicular

Federal Power Commission
feet per minute
foot-pound-second system
feet per second

Federal Specifications
Federal Specifications Board
fiber saturation point

feet

foot candles

foot lamberts

foot-pounds

acceleration due to gravity
grams

gallons



gc
GCA
g-cal
ed
G.E.
GEM
GFI
GM.
GMT
GNP
gped
gpd
gpm, gal/min
gps, gal/s
gpt

H

h

4
HEPA
h-f, hf
hhv
horiz
hp

h-p
HPAC
hp-hr
hr, h
HSS
H.T.
HTHW
Hz
TACS
TAeS
ibid.
ICAO
1cc
ICE
ICI
LC.T.
1D, ID
ie.
IEC
1IEEE

1IES

i-f, if
IGT
ihp
IMechE
imep
Imp

in., in
in-1b,
in-1b
INA
Ind. & Eng.
Chem.
int

i-p, ip
ipm, in/min
ipr

IPS
IRE
IRS
1SO
isoth
ISTM
TUPAC

gigacycles per second

ground-controlled approach
gram-calories

Gudermannian of

General Electric Co.

ground effect machine

gullet feed index

General Motors Co.

Greenwich Mean Time

gross national product

gallons per capita day

gallons per day, grams per denier
gallons per minute

gallons per second

grams per tex

henry

Planck’s constant = 6.624 X 10~%" org-sec
Planck’s constant, # = h/2w

high efficiency particulate matter

high frequency

high heat value

horizontal

horsepower

high-pressure

Heating, Piping, & Air Conditioning (Chicago)
horsepower-hour

hours

high speed steel

heat-treated

high temperature hot water

hertz = 1 cycle/s (cps)

International Annealed Copper Standard
Institute of Aerospace Sciences

ibidem (in the same place)

International Civil Aviation Organization
Interstate Commerce Commission

Inst. of Civil Engineers

International Commission on Illumination
International Critical Tables

inside diameter

id est (that is)

International Electrotechnical Commission
Inst. of Electrical & Electronics Engineers (successor
to AIEE, g.v.)

Iluminating Engineering Soc.
intermediate frequency

Inst. of Gas Technology

indicated horsepower

Inst. of Mechanical Engineers

indicated mean effective pressure
Imperial

inches

inch-pounds

Inst. of Naval Architects
Industrial & Eng’g Chemistry (Easton, PA)

internal

intermediate pressure

inches per minute

inches per revolution

iron pipe size

Inst. of Radio Engineers (see IEEE)

Internal Revenue Service

International Organization for Standardization
isothermal

International Soc. for Testing Materials
International Union of Pure & Applied Chemistry

J&P
Jour.

keps

loc. cit.
log
LOX
I-p, Ip
LPG
Ipw, Im/W
Ix
L.W.L.
Im

m

M

mA
Machy.
max
MBh
mc
m.c.
Mcf
mcps

Mech. Eng.

mep
METO
me V

MF

mhe

mi
MIL-STD
min

mip

MKS
MKSA
mL

ml, mL
mlhe

mm

SYMBOLS AND ABBREVIATIONS

joule

joists and planks

Journal

jet propulsion fuel

isentropic exponent; conductivity
degrees Kelvin (Celsius abs)
Knudsen number

kilo Btu (1000 Btu)

kilocycles

kilocycles per second
kilograms

kilogram-calories
kilogram-metres

1000 Ib or 1 kilo-pound
thousands of pounds
kilometres

kilomegacycles per second
kilomegacycles per second
thousands of pounds per sq in
one kip per sq in, 1000 psi (Ib/in?)
knots

kilovolt-amperes

kilowatts

kilowatt-hours

lamberts

litres

Laplace operational symbol
pounds

length between perpendiculars
low heat value

limit

linear

Napierian logarithm of

loco citato (place already cited)
common logarithm of

liquid oxygen explosive

low pressure

liquified petroleum gas

lumens per watt

lux

load water line

lumen

metres

thousand; Mach number; moisture, %
milliamperes

Machinery (New York)
maximum

thousands of Btu per hr
megacycles per second
moisture content

thousand cubic feet
megacycles per second
Mechanical Eng’g (ASME)
mean effective pressure
maximum, except during take-off
million electron volts
maintenance factor

mean horizontal candles

mile

U.S. Military Standard
minutes; minimum

mean indicated pressure
metre-kilogram-second system
metre-kilogram-second-ampere system
millilamberts

millilitre = 1.000027 cm?
mean lower hemispherical candles
millimetres
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xxii SYMBOLS AND ABBREVIATIONS

mm-free
mmf

mol

mp

MPC
mph, mi/h
MRT

ms

msc

MSS

NAA
NACA
NACM
NASA
nat.
NBC
NBFU
NBS
NCN
NDHA
NEC®

NEMA
NFPA
NIST
NLGI

nm

No. (Nos.)
NPSH
NRC

NTP
0.D., OD
O.H.
O.N.
op. cit.
OSHA
OSW
OTS
oz

p- (pp)
Pa
PC.
PE
PEG
PE.L.
PETN
pf

PFI
PIV
p.m.
PM
PN.
ppb
PPI
ppm
press

mineral matter free

magnetomotive force

mole

melting point

maximum permissible concentration

miles per hour

mean radiant temperature

manuscript; milliseconds

mean spherical candles

Manufacturers Standardization Soc. of the Valve & Fittings
Industry

micron, micro

megawatts

megawatt day

mean water temperature

polytropic exponent

number (in mathematical tables)

number of neutrons; newton

specific speed

not available

National Assoc. of Accountants

National Advisory Committee on Aeronautics (see NASA)
National Assoc. of Chain Manufacturers
National Aeronautics and Space Administration
natural

National Broadcasting Company

National Board of Fire Underwriters

National Bureau of Standards (see NIST)
nitrocarbonitrate (explosive)

National District Hearing Assoc.

National Electric Code® (National Electrical Code® and NEC®
are registered trademarks of the National Fire Protection
Association, Inc., Quincy, MA.)

National Electrical Manufacturers Assoc.
National Fire Protection Assoc.

National Institute of Standards and Technology
National Lubricating Grease Institute

nautical miles

number(s)

net positive suction head

Nuclear Regulator Commission (successor to AEC; see also
ERDA)

normal temperature and pressure

outside diameter (pipes)

open-hearth (steel)

octane number

opere citato (work already cited)

Occupational Safety & Health Administration
Oftfice of Saline Water

Office of Technical Services, U.S. Dept. of Commerce
ounces

page (pages)

pascal

propulsive coefficient

polyethylene

polyethylene glycol

proportional elastic limit

an explosive

power factor

Pipe Fabrication Inst.

peak inverse voltage

post meridiem (after noon)

preventive maintenance

performance number

parts per billion

plan position indicator

parts per million

pressure

Proc.
PSD

psi, 1b/in?
psia

psig

pt

PVC

Q

qt

rev
r-f, rf
RMA

rms

rpm, r/min
ps, 1/s
RSHF

ry.

sfm, sfpm
shp
SI

sin
sin
sinh

sinh™!
SME

SNAME
SP

sp
specif
sp gr
sp ht
Spp
SPS
sq

ST
SSF
SSuU
std

Proceedings

power spectral density, g%/cps

1b per sq in

Ib per sq in. abs

1b per sq in. gage

point; pint

polyvinyl chloride

10" Btu

quarts

quod vide (which see)

roentgens

gas constant

deg Rankine (Fahrenheit abs); Reynolds number
radius; radiation absorbed dose; radian
see rem

resistor-capacitor

Radio Corporation of America
research and development
cyclonite, a military explosive
Roentgen equivalent man (formerly RBE)
revolutions

radio frequency

Rubber Manufacturers Assoc.
square root of mean square
revolutions per minute
revolutions per second

room sensible heat factor
railway

entropy

seconds

sulfur, %; siemens

Soc. of Automotive Engineers
saturated

steel Boiler Inst.

standard cu ft per min

silicon controlled rectifier
secant of

angle whose secant is (see cos™)
Section

hyperbolic secant of

inverse hyperbolic secant of
segment

steam emulsion number
Structural Engineering Institute
specific fuel consumption, Ib per hphr
surface feet per minute

shaft horsepower

International System of Units (Le Systéme International

d’Unites)

sine of

angle whose sine is (see cos™)

hyperbolic sine of

inverse hyperbolic sine of

Society of Manufacturing Engineers (successor
to ASTME)

Soc. of Naval Architects and Marine Engineers
static pressure

specific

specification

specific gravity

specific heat

species unspecified (botanical)

standard pipe size

square

steradian

sec Saybolt Furol

seconds Saybolt Universal (same as SUS)
standard



NN Saybolt Universal seconds (same as SSU)

SWG Standard (British) wire gage

T tesla

TAC Technical Advisory Committee on Weather Design
Conditions (ASHRAE)

tan tangent of

tan~! angle whose tangent is (see cos™ ')

tanh hyperbolic tangent of

tanh™! inverse hyperbolic tangent of

TDH total dynamic head

TEL tetraethyl lead

temp temperature

THI temperature-humidity (discomfort) index

thp thrust horsepower

TNT trinitrotoluol (explosive)

torr = 1 mm Hg = 1.332 millibars (1/760) atm
= (1.013250/760) dynes per cm?

TP total pressure

tph tons per hour

tpi turns per in

TR transmitter-receiver

Trans. Transactions

T.S. tensile strength; tensile stress

tsi tons per sq in

ttd terminal temperature difference

UHF ultra high frequency

UKAEA  United Kingdom Atomic Energy Authority

UL Underwriters’ Laboratory

ult ultimate

UMS universal maintenance standards

USAF U.S. Air Force

USCG U.S. Coast Guard

(SN U.S. Commercial Standard; U.S. Customary System
USDA U.S. Dept. of Agriculture

USFPL U.S. Forest Products Laboratory

USGS U.S. Geologic Survey

USHEW  U.S. Dept. of Health, Education & Welfare

USN U.S. Navy

(SN U.S. pharmacopoeia

MATHEMATICAL SIGNS AND SYMBOLS

+ plus (sign of addition)

+ positive

- minus (sign of subtraction)

- Negative

*=(F) plus or minus (minus or plus)

X times, by (multiplication sign)
multiplied by

+ sign of division

/ divided by
: ratio sign, divided by, is to
equals, as (proportion)

< less than

> greater than

< much less than

> much greater than
equals

= identical with

~ similar to

Q2

approximately equals
approximately equals, congruent
equal to or less than

equal to or greater than

VoA

USPHS
UsSs
USSG
UTC

VCF
VCI
VDI
vel
vers

VHF
VI
viz.
V.M.
vol
VP
Vs.

Wb
W&M
w.g.
WHO
W.IL
W.PA.
wt

yd
YP.

yr
YS.

Zeit.

ue
a,s

pum

duldx

J

SYMBOLS AND ABBREVIATIONS

U.S. Public Health Service
United States Standard

U.S. Standard Gage
Coordinated Universal Time
volt

visual comfort factor

visual comfort index

Verein Deutscher Ingenieure
velocity

versed sine of

vertical

very high frequency
viscosity index

videlicet (namely)

volatile matter, %

volume

velocity pressure

versus

watt

weber

Washburn & Moen wire gage
water gage

World Health Organization
wrought iron

Western Pine Assoc.

weight

yards

yield point

year(s)

yield strength; yield stress
atomic number, figure of merit
Zeitschrift

mass defect

microcurie

Boltzmann constant

micro (= 107°), as in us
micrometre (micron) = 107°m (1073 mm)
ohm

not equal to
approaches
varies as
infinity
square root of
cube root of
therefore
parallel to

parentheses, brackets and braces; quantities enclosed by them

to be taken together in multiplying, dividing, etc.
length of line from A to B

pi (= 3.14159%)

degrees

minutes

seconds

angle

differential of x

(delta) difference

increment of x

partial derivative of u with respect to x
integral of
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xxiv SYMBOLS AND ABBREVIATIONS

f ! integral of, between limits a and b 4 factorial 4 = 4 X35 2 X1

b [RY absolute value of x

$ line integral around a closed path X first derivative of x with respect to time

> (sigma) summation of X second derivative of x with respect to time

f(), F(x) functions of x AXB vector product; magnitude of A times magnitude of B times
expx = e [e = 2.71828 (base of natural, or Napierian, logarithms)] sine of the angle from A to B; AB sin AB

\Y del or nabla, vector differential operator A-B scalar product; magnitude of A times magnitude of B times
V2 Laplacian operator cosine of the angle from A to B; AB cos AB

£ Laplace operational symbol
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Preface to the Eleventh Edition

The evolutionary trends underlying modern engineering practice are grounded not only on the
tried and true principles and techniques of the past, but also on more recent and current
advances. Thus, in the preparation of the eleventh edition of “Marks’,” the Editors have con-
sidered the broad enterprise falling under the rubric of “Mechanical Engineering” and have
added to and/or amended the contents to include subject areas that will be of maximum utility
to the practicing engineer. That said, the Editors note that the publication of this eleventh edi-
tion has been accomplished through the combined and coordinated efforts of contributors,
readers, and the Editors.

First, we recognize, with pleasure, the input from our many contributors—past, continuing,
and those newly engaged. Their contributions have been prepared with care, and are author-
itative, informative, and concise.

Second, our readers, who are practitioners in their own wise, have found that the global
treatment of the subjects presented in the “Marks’” permits of great utility and serves as a
convenient ready reference. The reading public has had access to “Marks’” since 1916, when
Lionel S. Marks edited the first edition. This eleventh edition follows 90 years later. During
the intervening years, “Marks’” and “Handbook for Mechanical Engineers” have become syn-
onymous to a wide readership which includes mechanical engineers, engineers in the associ-
ated disciplines, and others. Our readership derives from a wide spectrum of interests, and it
appears many find the “Marks’” useful as they pursue their professional endeavors.

The Editors consider it a given that every successive edition must balance the requests to
broaden the range or depth of subject matter printed, the incorporation of new material which
will be useful to the widest possible audience, and the requirement to keep the size of the
Handbook reasonable and manageable. We are aware that the current engineering practitioner
learns quickly that the revolutionary developments of the recent past soon become standard
practice. By the same token, it is prudent to realize that as a consequence of rapid develop-
ments, some cutting-edge technologies prove to have a short shelf life and soon are regarded
as obsolescent—if not obsolete.

The Editors are fortunate to have had, from time to time, input from readers and reviewers,
who have proffered cogent commentary and suggestions; a number are included in this edi-
tion. Indeed, the synergy between Editors, contributors, and readers has been instrumental in
the continuing usefulness of successive editions of “Marks’ Standard Handbook for
Mechanical Engineers.”

The reader will note that a considerable portion of the tabular data and running text con-
tinue to be presented in dual units; i.e., USCS and SI. The date for a projected full transition
to SI units is not yet firm, and the “Marks’” reflects that. We look to the future in that regard.

Society is in an era of information technology, as manifest by the practicing engineer’s
working tools. For example: the ubiquitous personal computer, its derivative use of software
programs of a vast variety and number, printers, computer-aided design and drawing, univer-
sal access to the Internet, and so on. It is recognized, too, that the great leaps forward which
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Xvi PREFACE TO THE ELEVENTH EDITION

are thereby enhanced still require the engineer to exercise sound and rational judgment as to
the reliability of the solutions provided.

Last, the Handbook is ultimately the responsibility of the Editors. The utmost care has been
exercised to avoid errors, but if any inadvertently are included, the Publisher and Editors will
appreciate being so informed. Corrections will be incorporated into subsequent printings.

Ardsley, NY EUGENE A. AVALLONE
Newark, DE THEODORE BAUMEISTER 111
Franklin Lakes, NJ ALI M. SADEGH
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1-2 MATHEMATICAL TABLES

Table 1.1.1

The table gives also the angle subtended at the center, and the ratio of 4 to D.

Segments of Circles, Given h/c
Given: h = height; ¢ = chord. To find the diameter of the circle, the length of arc, or the area of the segment, form the ratio //c, and find from the table the value of
(diam/c), (arc/c); then, by a simple multiplication,

diam = ¢ X (diam/c)
= ¢ X (arc/c)
area = h X ¢ X (area/h X ¢)

h Dia A A h
2 == Diff = Diff = Diff Central Diff , Diff
c c c h X ¢ angle, v Diam
00 1.000 6667 0.00° 0000
: 0 0 458 4
I 25.010 1249 1.000 1 6667 0 458 PEi 0004 5
2 12.520 bt 1.001 | 6669 : 9.16 P 0016 .
3 8.363 oo 1.002 ) 6671 : 13.73 ppld 0036 i
4 6.290 o 1004 ; 6675 . 18.30 poll 0064 o
05 5.050 . 1.007 6680 2.84° 0099
823 3 6 453 43
6 4227 . 1010 6686 2737 0142
7 3.641 *2?2 1.013 ; 6693 : 31.88 o8 0192 pt
8 3.205 Jhos 1017 N 6701 5 36.36 e 0250 o
9 2.868 oo 1.021 . 6710 o 40.82 s 0314 o
o 258 217 s 6 P 1 i 439 0162 7
2 2.203 e 1.038 2 6743 2 53.98 st 0545 o
3 2.053 i 1.044 S 6756 a 5830 phes 0633 o
4 1.926 oo 1.051 ; 6770 . 62.57 Pt 0727 o
r 1523 94 o067 8 e to o 418 0929 103
7 1.641 ik 1.075 0 6818 . 75.11 o 1036 m
8 1,569 e 1.084 " 6836 B 7920 pres 1147 e
9 1506 » 1.094 0 6855 b 83.23 o 1263 e
20 1450 1.103 6875 87.21° 1379
I 1,400 > 1114 }(1) 6896 2 91.13 333 1499 }%‘3)
2 1356 o 1.124 5 6918 > 95.00 o 1622 n
3 1317 e 1.136 " 6941 o 08.81 B 1746 -
4 1282 > 1147 o 6965 ) 102.56 A 1873 o
25 1250 1.159 6989 106.26° 2000
6 1222 gg 1171 2 7014 gg 109.90 ggg 2128 }23
7 1.196 > 1.184 s 7041 > 113.48 Bl 2258 o
8 1173 . 1.197 a 7068 . 117.00 b 2387 o
9 1152 T 1211 u 7096 > 120.45 o 2517 S
30 1.133 1225 7125 123.86° 2647
1 1116 }; 1239 1‘5‘ 7154 %? 12720 g;g 2777 };g
2 1.101 3 1.254 2 7185 o 13048 Bt 2906 e
3 1.088 o 1269 2 7216 i 133.70 e 3034 o
4 1.075 1284 7248 136.86 3162
i 16 3 311 127
35 1.064 1300 7280 139.97° 3289
6 1.054 12 1316 12 7314 gj 143.02 283 3414 3451
7 1.046 . 1332 o 7348 o 146.01 o 3538 o
8 1,038 5 1349 J 7383 b 148.94 o 3661 -
9 1.031 ! 1366 g 7419 b 151.82 o 3783 o
40 1.025 1383 7455 154.64° 3902
1 1.020 g 1.401 }S 7492 g; 157.41 Z? 4021 } }g
2 1.015 > 1.419 B 7530 B 160.12 o 4137 e
3 1011 ; 1437 B 7568 » 162.78 oo 4252 o
4 1.008 > 1.455 s 7607 o 165.39 o 4364 m
45 1.006 1.474 7647 167.95° 4475
6 1.003 ] 1,493 }g 7687 2 170.46 gi; 4584 }82
7 1.002 | 1512 o 7728 b 172.91 " 4691 s
8 1.001 | 1531 It 7769 s 175.32 o 4796 o
9 1000 0 1551 - 7811 P 177.69 o 4899 o
50 1.000 1571 7854 180.00° 5000

* Interpolation may be inaccurate at these points.
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Table 1.1.2 Segments of Circles, Given h/D
Given: h = height; D = diameter of circle. To find the chord, the length of arc, or the area of the segment, form the ratio /D, and find from the table the value of
(chord/D), (arc/D), or (area/D?); then by a simple multiplication,

chord = D X (chord/D)

arc = D X (arc/D)

area = D> X (area/D?)
This table gives also the angle subtended at the center, the ratio of the arc of the segment of the whole circumference, and the ratio of the area of the segment to the
area of the whole circle.

A A h A A
I o Diff e Diff Central Diff Chord Diff 2 pifr e Diff
D D D angle, v D Circum Circle
00 0.000 2003 0000 . 0.00 2206 0000 1090 0000 v3s 0000 .
1 2003 T 0013 b5 2296 e 1990 Y10 0638 oo 0017 "
2 2838 . 0037 3252 . 2800 : 0903 : 0048
“644 n 738 5612 £205 39
3 3482 . 0069 39.90 . 3412 . 1108 . 0087
4 4027 545 0105 36 46.15 625 3919 #3507 1282 “174 0134 4
4483 : " : 553 : +440 : +154 : 53
05 4510 0147 51.68° . 4359 1436 0187
6 4949 439 0192 s 56.72 304 4750 1391 1575 1139 0245 58
4406 50 465 353 #130 63
7 5355 g 0242 B 6137 - 5103 o 1705 o 0308 P
8 5735 o 0294 i 65.72 s 5426 on 1826 o 0375 o
9 6094 o 0350 B 69.83 o) 5724 o 11940 o8 0446 7
10 6435 16 0409 o 73.74 374 6000 s 2048 04 0520 "
1 6761 e 0470 o 77.48 s 6258 o 2152 0 0598 s
2 7075 o 0534 o 81.07 a 6499 e 2252 o0 0680 o
3 7377 o 0600 P 84.54 L 6726 o 2348 o 0764 o
4 7670 ol 0668 o 87.89 el 6940 oo 2441 o 0851 o
15 7954 0739 91.15° 7141 . 2532 0941
6 8230 o 0811 n 9431 e 7332 ool 2620 9 1033 o
7 8500 o 0885 Iy 97.40 o 513 o 2706 o 1127 o
8 8763 o 0961 7 10042 s 7684 o 2789 o 1224 o
9 0021 o 1039 7 10337 o 7846 - 2871 o 1323 o
20 09273 " 1118 ol 106.26 - 8000 46 2952 o 1424 103
1 09521 1199 109.10 8146 3031 1527
243 82 279 139 77 104
2 0.9764 o 1281 o 111.89 ” 8285 o 3108 iy 1631 e
3 1.0004 o 1365 o 114.63 . 8417 e 3184 78 1738 o
4 10239 - 1449 o 11734 o 8542 - 3259 r 1846 o
25 1.0472 1535 120.00° 8660 3333 1955
6 1.0701 229 1623 88 122.63 263 8773 113 3406 3 2066 1
227 88 260 106 7 112
7 10928 o 1711 o 125.23 200 8879 e 3478 I 2178 o
8 11152 o 1800 5 127.79 o 8980 o 3550 » 2292 e
9 11374 = 1890 o 13033 - 9075 o 3620 » 2407 o
30 1.1593 1982 132.84° 9165 3690 2523
1 11810 %}; 2074 gg 135.33 gig 9250 gg 3759 gg 2640 i :;
2 12025 o 2167 o 137.80 o 9330 5 3828 P 2759 o
3 12239 o 2260 o 14025 o 9404 » 3896 o 2878 o
4 12451 o 2355 o 142.67 o 9474 7 3963 o 2998 2
35 12661 2450 145.08° 9539 4030 3119
6 12870 ggg 2546 gg 14748 iig 9600 gé 4097 gz 3041 g%
7 13078 o 2642 o 149.86 o 9656 * 4163 60 3364 s
8 13284 o 2739 o 15223 o 9708 pe 4229 po 3487 )
9 13490 e 2836 o 15458 o 9755 p 4294 o 3611 o)
40 13694 2934 156.93° 9798 4359 3735
1 13898 204 3032 98 15926 233 0837 3 4424 65 3860 125
203 08 233 34 65 126
2 1.4101 - 3130 o 161.59 . 9871 i 4489 o 3986 1
3 1.4303 - 3229 % 163.90 - 9902 o 4553 o 4112 oy
4 1.4505 e 3328 ot 166.22 o 9928 2 4617 o 4238 19
45 14706 3428 168.52° 9950 4681 4364
6 1.4907 %8} 3527 1(9)3 170.82 528 9968 }i 4745 23 4491 g;
7 15108 o 3627 e 173.12 o 9982 " 4809 o 4618 27
8 15308 o 3727 o 175.41 0 9992 0 4873 o 4745 o
9 15508 o 3827 . 17771 o 9998 6 4936 o 4873 o
50 15708 3927 180.00° 1.0000 5000 5000

* Interpolation may be inaccurate at these points.
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Table 1.1.3 Regular Polygons

n = number of sides

v = 360°/n = angle subtended at the center by one side

a = length of one side = R (25in;) =r <Ztan§

R = radius of circumscribed circle = a (%csc%) =r (sec%)

r = radius of inscribed circle = R (cos %) =a (Vzcot%)

Area = a? ('/mco%) = R*(Vansinv) = r? (ntan%
Area Area Area R R a a 7 r
n v 2 2 2 - - 5 - " -
a R r a r R r R a
3 120° 0.4330 1.299 5.196 0.5774 2.000 1.732 3.464 0.5000 0.2887
4 90° 1.000 2.000 4.000 0.7071 1.414 1.414 2.000 0.7071 0.5000
5 72° 1.721 2.378 3.633 0.8507 1.236 1.176 1.453 0.8090 0.6882
6 60° 2.598 2.598 3.464 1.0000 1.155 1.000 1.155 0.8660 0.8660
7 51°.43 3.634 2.736 3.371 1.152 1.110 0.8678 0.9631 0.9010 1.038
8 45° 4.828 2.828 3.314 1.307 1.082 0.7654 0.8284 0.9239 1.207
9 40° 6.182 2.893 3.276 1.462 1.064 0.6840 0.7279 0.9397 1.374
10 36° 7.694 2.939 3.249 1.618 1.052 0.6180 0.6498 0.9511 1.539
12 30° 11.20 3.000 3.215 1.932 1.035 0.5176 0.5359 0.9659 1.866
15 24° 17.64 3.051 3.188 2.405 1.022 0.4158 0.4251 0.9781 2.352
16 22°.50 20.11 3.062 3.183 2.563 1.020 0.3902 0.3978 0.9808 2.514
20 18° 31.57 3.090 3.168 3.196 1.013 0.3129 0.3168 0.9877 3.157
24 15° 45.58 3.106 3.160 3.831 1.009 0.2611 0.2633 0.9914 3.798
32 11°.25 81.23 3.121 3.152 5.101 1.005 0.1960 0.1970 0.9952 5.077
48 7°.50 183.1 3.133 3.146 7.645 1.002 0.1308 0.1311 0.9979 7.629
64 5°.625 3257 3.137 3.144 10.19 1.001 0.0981 0.0983 0.9968 10.18
Table 1.1.4 Binomial Coefficients
my,=1 () =n (n),= n(ln>< 21) (n); = n(nl Xlz)(i 3 2 etc. in general (n), = n(n 11)>£n2 ><2; X [n % ir I)J. Other notations: nC, = (:) (n),
n (n), (n), (n), (n), (n), (n)s (n), (n); (n)g (n), (n)y, ()5
1 1 ) O 0 o e oot oo O
2 1 2 1| e | e e | |
3 1 3 3 T [ O O v
4 1 4 6 4 1| e | e e L e
5 1 5 10 10 5 1| e | e
6 1 6 15 20 15 6 5 O o O oot R
7 1 7 21 35 35 21 7 1| e e |
8 1 8 28 56 70 56 28 8 ) B
9 1 9 36 84 126 126 84 36 9 1| e | e | e
10 1 10 45 120 210 252 210 120 45 10 | S T MR IR
11 1 11 55 165 330 462 462 330 165 55 11 1 ] e
12 1 12 66 220 495 792 924 792 495 220 66 12 ) R R
13 1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
14 1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14
15 1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105

Note: For n = 14, (n),, = 1; forn = 15, (n),, = 15, and (n) 5 = 1.
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Table 1.1.5 Compound Interest. Amount of a Given Principal
The amount A at the end of n years of a given principal P placed at compound interest today is A = P X x or A = P X y, according as the interest (at the rate of r
percent per annum) is compounded annually, or continuously; the factor x or y being taken from the following tables.

Values of x (interest compounded annually: A = P X x)

Years r=2 3 4 5 6 7 8 10 12
1 1.0200 1.0300 1.0400 1.0500 1.0600 1.0700 1.0800 1.1000 1.1200
2 1.0404 1.0609 1.0816 1.1025 1.1236 1.1449 1.1664 1.2100 1.2544
3 1.0612 1.0927 1.1249 1.1576 1.1910 1.2250 1.2597 1.3310 1.4049
4 1.0824 1.1255 1.1699 1.2155 1.2625 1.3108 1.3605 1.4641 1.5735
5 1.1041 1.1593 1.2167 1.2763 1.3382 1.4026 1.4693 1.6105 1.7623
6 1.1262 1.1941 1.2653 1.3401 1.4185 1.5007 1.5869 1.7716 1.9738
7 1.1487 1.2299 1.3159 1.4071 1.5036 1.6058 1.7138 1.9487 2.2107
8 1.1717 1.2668 1.3686 1.4775 1.5938 1.7182 1.8509 2.1436 2.4760
9 1.1951 1.3048 1.4233 1.5513 1.6895 1.8385 1.9990 2.3579 2.7731
10 1.2190 1.3439 1.4802 1.6289 1.7908 1.9672 2.1589 2.5937 3.1058
11 1.2434 1.3842 1.5395 1.7103 1.8983 2.1049 2.3316 2.8531 3.4785
12 1.2682 1.4258 1.6010 1.7959 2.0122 2.2522 2.5182 3.1384 3.8960
13 1.2936 1.4685 1.6651 1.8856 2.1329 2.4098 2.7196 3.4523 4.3635
14 1.3195 1.5126 1.7317 1.9799 2.2609 2.5785 2.9372 3.7975 4.8871
15 1.3459 1.5580 1.8009 2.0789 2.3966 2.7590 3.1722 4.1772 5.4736
16 1.3728 1.6047 1.8730 2.1829 2.5404 2.9522 3.4259 4.5950 6.1304
17 1.4002 1.6528 1.9479 2.2920 2.6928 3.1588 3.7000 5.0545 6.8660
18 1.4282 1.7024 2.0258 2.4066 2.8543 3.3799 3.9960 5.5599 7.6900
19 1.4568 1.7535 2.1068 2.5270 3.0256 3.6165 4.3157 6.1159 8.6128
20 1.4859 1.8061 2.1911 2.6533 3.2071 3.8697 4.6610 6.7275 9.6463
25 1.6406 2.0938 2.6658 3.3864 4.2919 5.4274 6.8485 10.835 17.000
30 1.8114 24273 3.2434 4.3219 5.7435 7.6123 10.063 17.449 29.960
40 2.2080 3.2620 4.8010 7.0400 10.286 14.974 21.725 45.259 93.051
50 2.6916 4.3839 7.1067 11.467 18.420 29.457 46.902 117.39 289.00
60 3.2810 5.8916 10.520 18.679 32.988 57.946 101.26 304.48 897.60
Nortk: This table is computed from the formula x = [1 + (+/100)]".
Values of y (interest compounded continuously: A = P X y)
Years r=2 3 4 5 6 7 8 10 12
1 1.0202 1.0305 1.0408 1.0513 1.0618 1.0725 1.0833 1.1052 1.1275
2 1.0408 1.0618 1.0833 1.1052 1.1275 1.1503 1.1735 1.2214 1.2712
3 1.0618 1.0942 1.1275 1.1618 1.1972 1.2337 1.2712 1.3499 1.4333
4 1.0833 1.1275 1.1735 1.2214 1.2712 1.3231 1.3771 1.4918 1.6161
5 1.1052 1.1618 1.2214 1.2840 1.3499 1.4191 1.4918 1.6487 1.8221
6 1.1275 1.1972 1.2712 1.3499 1.4333 1.5220 1.6161 1.8221 2.0544
7 1.1503 1.2337 1.3231 1.4191 1.5220 1.6323 1.7507 2.0138 2.3164
8 1.1735 1.2712 1.3771 1.4918 1.6161 1.7507 1.8965 2.2255 2.6117
9 1.1972 1.3100 1.4333 1.5683 1.7160 1.8776 2.0544 2.4596 2.9447
10 1.2214 1.3499 1.4918 1.6487 1.8221 2.0138 2.2255 2.7183 3.3201
11 1.2461 1.3910 1.5527 1.7333 1.9348 2.1598 24109 3.0042 3.7434
12 1.2712 1.4333 1.6161 1.8221 2.0544 2.3164 2.6117 3.3201 4.2207
13 1.2969 1.4770 1.6820 1.9155 2.1815 2.4843 2.8292 3.6693 4.7588
14 1.3231 1.5220 1.7507 2.0138 2.3164 2.6645 3.0649 4.0552 5.3656
15 1.3499 1.5683 1.8221 2.1170 2.4596 2.8577 3.3201 4.4817 6.0496
16 1.3771 1.6161 1.8965 2.2255 2.6117 3.0649 3.5966 4.9530 6.8210
17 1.4049 1.6653 1.9739 2.3396 2.7732 3.2871 3.8962 5.4739 7.6906
18 1.4333 1.7160 2.0544 2.4596 2.9447 3.5254 4.2207 6.0496 8.6711
19 1.4623 1.7683 2.1383 2.5857 3.1268 3.7810 4.5722 6.6859 9.7767
20 1.4918 1.8221 2.2255 2.7183 3.3201 4.0552 4.9530 7.3891 11.023
25 1.6487 2.1170 2.7183 3.4903 4.4817 5.7546 7.3891 12.182 20.086
30 1.8221 2.4596 3.3201 4.4817 6.0496 8.1662 11.023 20.086 36.598
40 2.2255 3.3201 4.9530 7.3891 11.023 16.445 24.533 54.598 121.51
50 2.7183 4.4817 7.3891 12.182 20.086 33.115 54.598 148.41 403.43
60 3.3201 6.0496 11.023 20.086 36.598 66.686 121.51 403.43 1339.4

FORMULA: y = /100X,
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Table 1.1.6 Principal Which Will Amount to a Given Sum

The principal P, which, if placed at compound interest today, will amount to a given sum A at the end of n years P = A X x’ or P =
A Xy, according as the interest (at the rate of r percent per annum) is compounded annually, or continuously; the factor x” or y’
being taken from the following tables.

Values of x’ (interest compounded annually: P = A X x')

Years r=2 3 4 5 6 7 8 10 12
1 98039 97087 96154 95238 94340 93458 .92593 90909 .89286
2 96117 .94260 .92456 90703 .89000 .87344 .85734 .82645 79719
3 94232 91514 .88900 .86384 .83962 .81630 79383 75131 71178
4 .92385 .88849 .85480 .82270 79209 76290 73503 .68301 .63552
5 .90573 .86261 .82193 78353 14726 71299 .68058 .62092 56743
6 .88797 .83748 79031 74622 70496 .66634 .63017 .56447 .50663
7 .87056 .81309 75992 71068 66506 .62275 .58349 51316 45235
8 .85349 78941 73069 67684 62741 .58201 .54027 46651 40388
9 .83676 76642 70259 .64461 .59190 .54393 .50025 42410 .36061
10 .82035 74409 67556 .61391 55839 .50835 46319 38554 32197
11 .80426 72242 .64958 .58468 52679 47509 42888 .35049 28748
12 78849 70138 .62460 55684 49697 44401 39711 31863 25668
13 77303 .68095 .60057 53032 46884 41496 36770 .28966 22917
14 75788 66112 57748 .50507 44230 38782 .34046 26333 20462
15 74301 .64186 .55526 48102 41727 .36245 31524 .23939 .18270
16 72845 .62317 .53391 45811 .39365 .33873 29189 21763 16312
17 71416 .60502 51337 43630 37136 31657 .27027 .19784 14564
18 70016 58739 49363 41552 35034 .29586 25025 17986 13004
19 .68643 57029 47464 .39573 .33051 27651 23171 16351 11611
20 67297 55368 45639 37689 31180 25842 21455 .14864 10367
25 .60953 47761 37512 .29530 .23300 .18425 .14602 .09230 .05882
30 55207 41199 .30832 23138 17411 13137 .09938 05731 .03338
40 45289 30656 .20829 .14205 .09722 .06678 .04603 .02209 .01075
50 37153 22811 14071 .08720 05429 .03395 .02132 .00852 .00346
60 30478 16973 .09506 05354 .03031 01726 .00988 .00328 .00111
FormuLA: X" = [1 + (#/100)] " = 1/x.
Values of y' (interest compounded continuously: P = A X y')
Years r= 3 4 5 6 7 8 10 12
1 .98020 .97045 96079 95123 94176 93239 92312 .90484 .88692
2 96079 94176 92312 .90484 .88692 86936 .85214 .81873 78663
3 94176 91393 .88692 86071 .83527 .81058 .78663 74082 69768
4 92312 .88692 85214 81873 78663 75578 72615 .67032 61878
5 90484 .86071 .81873 77880 74082 70469 67032 .60653 .54881
6 .88692 .83527 78663 74082 69768 65705 61878 .54881 48675
7 .86936 .81058 75578 70469 .65705 61263 57121 49659 43171
8 85214 78663 72615 .67032 61878 57121 52729 44933 38289
9 .83527 76338 .69768 .63763 .58275 53259 48675 40657 33960
10 .81873 74082 67032 60653 .54881 49659 44933 36788 30119
11 .80252 71892 .64404 57695 51685 46301 41478 .33287 26714
12 78663 .69768 61878 .54881 48675 43171 .38289 30119 23693
13 77105 .67706 .59452 .52205 45841 40252 .35345. 27253 21014
14 75578 .65705 57121 49659 43171 37531 32628 .24660 18637
15 74082 .63763 .54881 47237 40657 34994 30119 22313 16530
16 72615 .61878 52729 44933 38289 32628 27804 20190 14661
17 1177 .60050 .50662 42741 36059 30422 25666 .18268 13003
18 69768 .58275 48675 40657 33960 28365 .23693 .16530 11533
19 .68386 56553 46767 38674 31982 26448 21871 .14957 10228
20 .67032 .54881 44933 36788 30119 .24660 .20190 13534 09072
25 .60653 47237 36788 .28650 22313 17377 13534 .08208 04979
30 .54881 40657 30119 22313 16530 12246 .09072 .04979 02732
40 44933 30119 20190 13534 09072 .06081 .04076 01832 00823
50 36788 22313 13534 .08208 04979 .03020 .01832 .00674 00248
60 30119 .16530 .09072 .04979 02732 .01500 .00823 .00248 00075

FORMULA: y' = ¢~ (7100 = 17y,
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Table 1.1.7 Amount of an Annuity
The amount S accumulated at the end of n years by a given annual payment Y set aside at the end of each year is S = Y X v, where the factor v is to be taken from the
following table (interest at r percent per annum, compounded annually).

Values of v
Years r=2 3 4 5 6 7 8 10 12
1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
2 2.0200 2.0300 2.0400 2.0500 2.0600 2.0700 2.0800 2.1000 2.1200
3 3.0604 3.0909 3.1216 3.1525 3.1836 3.2149 3.2464 3.3100 3.3744
4 4.1216 4.1836 4.2465 4.3101 4.3746 4.4399 4.5001 4.6410 4.7793
5 5.2040 5.3091 5.4163 5.5256 5.6371 5.7507 5.8666 6.1051 6.3528
6 6.3081 6.4684 6.6330 6.8019 6.9753 7.1533 7.3359 7.7156 8.1152
7 7.4343 7.6625 7.8983 8.1420 8.3938 8.6540 8.9228 9.4872 10.089
8 8.5830 8.8923 9.2142 9.5491 9.8975 10.260 10.637 11.436 12.300
9 9.7546 10.159 10.583 11.027 11.491 11.978 12.488 13.579 14.776
10 10.950 11.464 12.006 12.578 13.181 13.816 14.487 15.937 17.549
11 12.169 12.808 13.486 14.207 14.972 15.784 16.645 18.531 20.655
12 13412 14.192 15.026 15.917 16.870 17.888 18.977 21.384 24.133
13 14.680 15.618 16.627 17.713 18.882 20.141 21.495 24.523 28.029
14 15.974 17.086 18.292 19.599 21.015 22.550 24.215 27.975 32.393
15 17.293 18.599 20.024 21.579 23.276 25.129 27.152 31.772 37.280
16 18.639 20.157 21.825 23.657 25.673 27.888 30.324 35.950 42.753
17 20.012 21.762 23.698 25.840 28.213 30.840 33.750 40.545 48.884
18 21.412 23.414 25.645 28.132 30.906 33.999 37.450 45.599 55.750
19 22.841 25.117 27.671 30.539 33.760 37.379 41.446 51.159 63.440
20 24.297 26.870 29.778 33.066 36.786 40.995 45.762 57.275 72.052
25 32.030 36.459 41.646 47.727 54.865 63.249 73.106 98.347 133.33
30 40.568 47.575 56.085 66.439 79.058 94.461 113.28 164.49 241.33
40 60.402 75.401 95.026 120.80 154.76 199.64 259.06 442.59 767.09
50 84.579 112.80 152.67 209.35 290.34 406.53 573.77 1163.9 2400.0
60 114.05 163.05 237.99 353.58 533.13 813.52 1253.2 3034.8 7471.6

ForMULA: v {[1 + (//100)]" — 1} + (#/100) = (x — 1) + (1/100).

Table 1.1.8 Annuity Which Will Amount to a Given Sum (Sinking Fund)
The annual payment Y which, if set aside at the end of each year, will amount with accumulated interest to a given sum S at the end of n years is Y = § X V', where
the factor V' is given below (interest at r percent per annum, compounded annually).

Values of v/
Years r=2 3 4 5 6 7 8 10 12
1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
2 49505 49261 49020 48780 48544 48309 48077 47619 47170
3 32675 32353 32035 31721 31411 31105 .30803 30211 29635
4 24262 .23903 23549 23201 22859 22523 22192 21547 .20923
5 19216 .18835 .18463 .18097 17740 17389 17046 16380 15741
6 .15853 15460 15076 .14702 .14336 .13980 13632 12961 12323
7 13451 13051 12661 12282 11914 11555 11207 .10541 .09912
8 11651 11246 .10853 10472 10104 .09747 .09401 .08744 .08130
9 10252 .09843 .09449 .09069 .08702 .08349 .08008 07364 .06768
10 .09133 .08723 .08329 .07950 .07587 .07238 .06903 .06275 05698
11 .08218 .07808 .07415 .07039 .06679 .06336 .06008 .05396 .04842
12 .07456 07046 .06655 .06283 .05928 .05590 .05270 .04676 04144
13 .06812 06403 .06014 .05646 .05296 .04965 .04652 .04078 03568
14 .06260 .05853 .05467 .05102 .04758 .04434 .04130 .03575 .03087
15 .05783 .05377 .04994 .04634 .04296 .03979 .03683 .03147 02682
16 .05365 .04961 .04582 .04227 .03895 .03586 .03298 02782 .02339
17 .04997 .04595 .04220 .03870 .03544 .03243 .02963 .02466 02046
18 .04670 04271 .03899 .03555 .03236 .02941 .02670 .02193 .01794
19 .04378 .03981 .03614 .03275 .02962 .02675 .02413 .01955 .01576
20 .04116 03722 .03358 .03024 02718 .02439 .02185 .01746 .01388
25 .03122 02743 .02401 .02095 .01823 .01581 .01368 .01017 .00750
30 .02465 02102 .01783 .01505 01265 .01059 .00883 .00608 .00414
40 .01656 01326 .01052 .00828 .00646 .00501 .00386 .00226 .00130
50 .01182 .00887 .00655 .00478 .00344 .00246 .00174 .00086 .00042
60 .00877 .00613 .00420 .00283 .00188 .00123 .00080 .00033 .00013

FORMULA: V' = (#/100) + {[1 + (/100)]" — 1} = 1/v.



1-8 MATHEMATICAL TABLES

Table 1.1.9 Present Worth of an Annuity

The capital C which, if placed at interest today, will provide for a given annual payment Y for a term of n years before it is exhausted is C = Y X w, where the factor
w is given below (interest at r percent per annum, compounded annually).

Values of w
Years r=2 3 4 5 6 7 8 10 12
1 .98039 97087 96154 95238 .94340 93458 92593 90909 .89286
2 1.9416 1.9135 1.8861 1.8594 1.8334 1.8080 1.7833 1.7355 1.6901
3 2.8839 2.8286 2.7751 2.7232 2.6730 2.6243 2.5771 2.4869 2.4018
4 3.8077 3.7171 3.6299 3.5460 3.4651 3.3872 3.3121 3.1699 3.0373
5 4.7135 4.5797 4.4518 4.3295 4.2124 4.1002 3.9927 3.7908 3.6048
6 5.6014 5.4172 5.2421 5.0757 49173 4.7665 4.6229 4.3553 4.1114
7 6.4720 6.2303 6.0021 5.7864 5.5824 5.3893 5.2064 4.83684 4.5638
8 7.3255 7.0197 6.7327 6.4632 6.2098 5.9713 5.7466 5.3349 4.9676
9 8.1622 7.7861 7.4353 7.1078 6.8017 6.5152 6.2469 5.7590 5.3282
10 8.9826 8.5302 8.1109 7.7217 7.3601 7.0236 6.7101 6.1446 5.6502
11 9.7868 9.2526 8.7605 8.3064 7.8869 7.4987 7.1390 6.4951 5.9377
12 10.575 9.9540 9.3851 8.8633 8.3838 7.9427 7.5361 6.8137 6.1944
13 11.348 10.635 9.9856 9.3936 8.8527 8.3577 7.9038 7.1034 6.4235
14 12.106 11.296 10.563 9.8986 9.2950 8.7455 8.2442 7.3667 6.6282
15 12.849 11.938 11.118 10.380 9.7122 9.1079 8.5595 7.6061 6.8109
16 13.578 12.561 11.652 10.838 10.106 9.4466 8.8514 7.8237 6.9740
17 14.292 13.166 12.166 11.274 10.477 9.7632 9.1216 8.0216 7.1196
18 14.992 13.754 12.659 11.690 10.828 10.059 9.3719 8.2014 7.2497
19 15.678 14.324 13.134 12.085 11.158 10.336 9.6036 8.3649 7.3658
20 16.351 14.877 13.590 12.462 11.470 10.594 9.8181 8.5136 7.4694
25 19.523 17.413 15.622 14.094 12.783 11.654 10.675 9.0770 7.8431
30 22.396 19.600 17.292 15.372 13.765 12.409 11.258 9.4269 8.0552
40 27.355 23.115 19.793 17.159 15.046 13.332 11.925 9.7791 8.2438
50 31.424 25.730 21.482 18.256 15.762 13.801 12.233 9.9148 8.3045
60 34.761 27.676 22.623 18.929 16.161 14.039 12.377 9.9672 8.3240

ForMULA: w = {1 — [1 + (/100)]"} + [/100] = v/x.

Table 1.1.10 Annuity Provided for by a Given Capital
The annual payment Y provided for a term of n years by a given capital C placed at interest today
the fund supposed to be exhausted at the end of the term).

is Y = C X w' (interest at r percent per annum, compounded annually;

Values of w'
Years r=2 3 4 5 6 7 8 10 12
1 1.0200 1.0300 1.0400 1.0500 1.0600 1.0700 1.0800 1.1000 1.1200
2 51505 52261 .53020 53780 54544 55309 56077 57619 59170
3 34675 35353 .36035 36721 37411 .38105 .38803 40211 41635
4 26262 26903 27549 .28201 .28859 29523 30192 31547 32923
5 21216 21835 22463 23097 23740 .24389 25046 .26380 27741
6 .17853 18460 .19076 19702 20336 .20980 21632 22961 .24323
7 15451 16051 .16661 17282 17914 .18555 .19207 .20541 21912
8 13651 14246 .14853 15472 16104 16747 17401 18744 20130
9 12252 12843 13449 14069 14702 15349 .16008 17364 .18768
10 11133 11723 12329 12950 13587 14238 .14903 16275 17698
11 10218 .10808 11415 12039 12679 13336 .14008 15396 16842
12 .09456 10046 10655 11283 11928 12590 13270 14676 16144
13 .08812 09403 .10014 10646 11296 11965 12652 .14078 15568
14 .08260 .08853 .09467 10102 10758 11434 12130 13575 15087
15 .07783 .08377 .08994 .09634 .10296 .10979 11683 13147 .14682
16 .07365 .07961 .08582 .09227 .09895 10586 11298 12782 .14339
17 .06997 07595 .08220 .08870 .09544 10243 .10963 12466 .14046
13 .06670 07271 .07899 .08555 .09236 .09941 .10670 12193 13794
19 .06378 06981 07614 .08275 .08962 09675 10413 11955 13576
20 06116 06722 .07358 .08024 .08718 .09439 .10185 11746 13388
25 05122 05743 .06401 .07095 .07823 .08581 .09368 11017 12750
30 .04465 05102 .05783 .06505 .07265 .08059 .08883 .10608 12414
40 .03656 .04326 .05052 .05828 .06646 .07501 .08386 10226 12130
50 .03182 .03887 .04655 05478 .06344 07246 .08174 .10086 12042
60 .02877 03613 .04420 .05283 .06188 07123 .08080 10033 12013

FORMULA: w' = [1/100] + {1 — [ + (/100)] "} = 1w = v' + (/100).



Table 1.1.11 Ordinates of the Normal Density Function
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_ -2
) ==
X 00 01 .02 03 04 .05 .06 .07 .08 .09
0 3989 .3989 .3989 3988 3986 .3984 .3982 .3980 3977 3973
1 3970 .3965 .3961 3956 3951 3945 3939 .3932 3925 3918
2 3910 .3902 3894 3885 3876 3867 3857 3847 3836 3825
3 3814 .3802 .3790 3778 3765 3752 3739 3725 3712 .3697
4 3683 3668 .3653 3637 3621 3605 3589 3572 3555 3538
5 3521 .3503 .3485 3467 3448 3429 3410 .3391 3372 3352
6 3332 3312 3292 3271 3251 .3230 .3209 3187 3166 3144
7 3123 3101 3079 3056 3034 3011 .2989 .2966 2943 .2920
8 2897 2874 .2850 2827 2803 .2780 2756 2732 2709 2685
9 2661 2637 2613 2589 2565 2541 2516 2492 2468 2444
1.0 2420 2396 2371 2347 2323 2299 2275 2251 2227 2203
1.1 2179 2155 2131 2107 2083 .2059 .2036 2012 1989 1965
12 1942 1919 .1895 1872 1849 1826 1804 1781 1758 1736
1.3 1714 1691 1669 1647 1626 1604 1582 1561 1539 1518
1.4 1497 1476 .1456 1435 1415 1394 1374 1354 1334 1315
1.5 1295 1276 1257 1238 1219 1200 1182 1163 1154 1127
1.6 1109 1092 1074 1057 1040 .1023 1006 .0989 .0973 .0957
1.7 0940 0925 .0909 0893 0878 .0863 0848 .0833 .0818 .0804
1.8 0790 0775 .0761 0748 0734 0721 .0707 .0694 .0681 .0669
1.9 0656 0644 .0632 0620 0608 .0596 0584 .0573 0562 .0551
2.0 0540 0529 .0519 0508 0498 .0488 0478 .0468 .0459 .0449
2.1 0440 0431 .0422 0413 0404 .0396 .0387 .0379 .0371 .0363
22 0355 0347 .0339 0332 0325 .0317 .0310 .0303 .0297 .0290
2.3 0283 0277 .0270 0264 0258 0252 .0246 .0241 .0235 .0229
2.4 0224 0219 .0213 0208 0203 0198 0194 0189 0184 0180
2.5 0175 0171 .0167 0163 0158 0154 0151 .0147 0143 0139
2.6 0136 0132 .0129 0126 0122 0119 0116 0113 .0110 .0107
2.7 0104 0101 .0099 0096 0093 .0091 .0088 .0086 .0084 .0081
2.8 0079 0077 .0075 0073 0071 .0069 .0067 .0065 .0063 .0061
2.9 0060 0058 .0056 0055 0053 .0051 .0050 .0048 .0047 .0046
3.0 0044 0043 .0042 0040 0039 .0038 .0037 .0036 .0035 .0034
3.1 0033 0032 .0031 0030 0029 .0028 .0027 .0026 .0025 .0025
32 0024 0023 .0022 0022 0021 .0020 .0020 .0019 .0018 .0018
33 0017 0017 .0016 0016 0015 .0015 .0014 .0014 .0013 .0013
34 0012 0012 .0012 0011 0011 .0010 .0010 .0010 .0009 .0009
35 0009 0008 .0008 0008 0008 .0007 .0007 .0007 .0007 .0006
3.6 0006 0006 .0006 0005 0005 .0005 .0005 .0005 .0005 .0004
3.7 0004 0004 .0004 0004 0004 .0004 .0003 .0003 .0003 .0003
3.8 0003 0003 .0003 0003 0003 .0002 .0002 .0002 .0002 .0002
39 0002 0002 .0002 0002 0002 .0002 .0002 .0002 .0001 .0001

NOTE: x is the value in left-hand column + the value in top row.
f(x) is the value in the body of the table. Example: x = 2.14; f(x) = 0.0404.
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Table 1.1.12 Cumulative Normal Distribution

F(x) = JX ! e "2 dt
RV
X 00 01 02 .03 04 05 06 07 .08 .09
0 5000 5040 5080 5120 5160 5199 5239 5279 5319 5359
1 5398 5438 5478 5517 5557 5596 5636 5675 5714 5735
2 5793 5832 5871 5910 .5948 5987 6026 6064 .6103 .6141
3 6179 6217 6255 6293 .6331 6368 6406 6443 .6480 6517
4 6554 6591 16628 6664 .6700 6736 6772 6808 6844 6879
5 6915 6950 .6985 7019 7054 7088 7123 7157 7190 7224
6 7257 7291 7324 7357 7389 7422 7454 7486 1517 7549
7 7580 7611 7642 7673 1703 7734 7764 7793 7823 7852
8 7881 7910 7939 7967 7995 8023 8051 8078 8106 8133
9 8159 8186 8212 8238 .8264 8289 8315 8340 8365 8389
1.0 8413 8438 8461 8485 .8508 8531 8554 8577 .8599 8621
1.1 8643 8665 8686 8708 8729 8749 8770 8790 .8810 .8830
1.2 8849 8869 8888 .8906 8925 8943 8962 8980 8997 9015
1.3 9032 9049 9066 9082 9099 9115 9131 9147 9162 9177
1.4 9192 9207 9222 9236 9251 9265 9279 9292 9306 9319
1.5 9332 9345 9357 9370 9382 9394 9406 9418 9429 9441
1.6 9452 9463 9474 9484 9495 9505 9515 9525 9535 9545
1.7 9554 9564 9573 9582 9591 9599 9608 9616 9625 9633
1.8 9641 9649 9656 9664 9671 9678 9686 9693 9699 9706
1.9 9713 9719 9726 9732 9738 9744 9750 9756 9761 9767
2.0 9772 9778 9783 9788 9793 9798 9803 9808 9812 9817
2.1 9812 9826 9830 9834 9838 9842 9846 9850 9854 9857
22 9861 9864 9868 9871 9875 9878 9881 9884 9887 9890
2.3 9893 9896 9898 9901 9904 9906 9909 9911 9913 9916
24 9918 9920 9922 9925 9927 9929 9931 9932 9934 9936
2.5 9938 9940 9941 9943 9945 9946 9948 9949 9951 9952
2.6 9953 9955 9956 9957 9959 9960 9961 9962 9963 9964
2.7 9965 9966 9967 9968 9969 9970 9971 9972 9973 9974
2.8 9974 9975 9976 9977 9977 9978 9979 9979 9980 9981
29 9981 9982 9982 9983 9984 9984 9985 9985 9986 9986
3.0 9986 9987 9987 9988 9988 9989 9989 9989 9990 9990
3.1 9990 9991 9991 9991 9992 9992 9992 9992 9993 19993
32 9993 9993 9994 9994 9994 9994 9994 9995 9995 9995
33 9995 9995 9995 9996 9996 9996 9996 9996 9996 9997
34 9997 9997 9997 9997 9997 9997 9997 9997 9997 19998

NOTE: x = (a — w)/o where a is the observed value, u is the mean, and o is the standard deviation.

x is the value in the left-hand column + the value in the top row.

F(x) is the probability that a point will be less than or equal to x.

F(x) is the value in the body of the table. Example: The probability that an observation will be less than or equal to 1.04 is .8508.
NoTE: F(—x) = 1 — F(x).
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Table 1.1.13 Cumulative Chi-Square Distribution
1 x(n=22p—x2 gy
F(1) = Jﬁi
2" (n — 2)12]!
F
n .005 .010 .025 .050 .100 250 500 150 900 950 975 990 995
1 .000039 .00016 .00098 .0039 0158 101 455 1.32 2.70 3.84 5.02 6.62 7.86
2 .0100 .0201 .0506 .103 211 575 1.39 2.77 4.61 5.99 7.38 9.21 10.6
3 0717 155 216 352 584 1.21 2.37 4.11 6.25 7.81 9.35 11.3 12.8
4 207 297 484 11 1.06 1.92 3.36 5.39 7.78 9.49 11.1 13.3 14.9
5 412 554 .831 1.15 1.61 2.67 4.35 6.63 9.24 11.1 12.8 15.1 16.7
6 .676 872 1.24 1.64 2.20 3.45 5.35 7.84 10.6 12.6 14.4 16.8 18.5
7 989 1.24 1.69 2.17 2.83 4.25 6.35 9.04 12.0 14.1 16.0 18.5 20.3
8 1.34 1.65 2.18 2.73 3.49 5.07 7.34 10.2 134 15.5 17.5 20.1 22.0
9 1.73 2.09 2.70 3.33 4.17 5.90 8.34 11.4 14.7 16.9 19.0 21.7 23.6
10 2.16 2.56 3.25 3.94 4.87 6.74 9.34 12.5 16.0 18.3 20.5 232 252
11 2.60 3.05 3.82 4.57 5.58 7.58 10.3 13.7 17.3 19.7 21.9 24.7 26.8
12 3.07 3.57 4.40 5.23 6.30 8.44 11.3 14.8 18.5 21.0 233 26.2 28.3
13 3.57 4.11 5.01 5.89 7.04 9.30 12.3 16.0 19.8 22.4 24.7 27.7 29.8
14 4.07 4.66 5.63 6.57 7.79 10.2 133 17.1 21.1 23.7 26.1 29.1 31.3
15 4.60 5.23 6.26 7.26 8.55 11.0 143 18.2 223 25.0 27.5 30.6 32.8
16 5.14 5.81 6.91 7.96 9.31 11.9 153 19.4 23.5 26.3 28.8 32.0 343
17 570 6.41 7.56 8.67 10.1 12.8 16.3 20.5 24.8 27.6 30.2 33.4 35.7
18 6.26 7.01 8.23 9.39 10.9 13.7 17.3 21.6 26.0 289 31.5 34.8 372
19 6.84 7.63 891 10.1 11.7 14.6 18.3 22.7 27.2 30.1 329 36.2 38.6
20 743 8.26 9.59 10.9 12.4 15.5 19.3 23.8 28.4 31.4 34.2 37.6 40.0
21 8.03 8.90 10.3 11.6 13.2 16.3 20.3 24.9 29.6 32.7 355 38.9 41.4
22 8.64 9.54 11.0 12.3 14.0 17.2 21.3 26.0 30.8 339 36.8 40.3 42.8
23 9.26 10.2 11.7 13.1 14.8 18.1 223 27.1 32.0 352 38.1 41.6 442
24 9.89 10.9 12.4 13.8 15.7 19.0 23.3 28.2 33.2 36.4 39.4 43.0 45.6
25 10.5 11.5 13.1 14.6 16.5 19.9 243 29.3 344 37.7 40.6 443 46.9
26 11.2 12.2 13.8 154 17.3 20.8 253 30.4 35.6 38.9 41.9 45.6 48.3
27 118 12.9 14.6 16.2 18.1 21.7 26.3 31.5 36.7 40.1 432 47.0 49.6
28 125 13.6 15.3 16.9 18.9 22.7 27.3 32.6 37.9 413 44.5 4383 51.0
29 131 14.3 16.0 17.7 19.8 23.6 28.3 33.7 39.1 42.6 45.7 49.6 523
30 138 15.0 16.8 18.5 20.6 24.5 29.3 34.8 40.3 43.8 47.0 50.9 53.7

NoTE: 1 is the number of degrees of freedom.

Values for ¢ are in the body of the table. Example: The probability that, with 16 degrees of freedom, a point will be =23.5 is .900.
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Table 1.1.14 Cumulative “Student’s” Distribution

n—1
' 2
Fl = J n—2 2 (n+])/2dx
o (7) ! \/7rn<1 + L)
2 n
F
n 75 90 95 975 99 995 9995

1 1.000 3.078 6.314 12.70 31.82 63.66 636.3

2 816 1.886 2.920 4.303 6.965 9.925 31.60

3 765 1.638 2.353 3.182 4.541 5.841 12.92

4 741 1.533 2.132 2.776 3.747 4.604 8.610

5 727 1.476 2.015 2.571 3.365 4.032 6.859

6 718 1.440 1.943 2.447 3.143 3.707 5.959

7 11 1.415 1.895 2.365 2.998 3.499 5.408

8 706 1.397 1.860 2.306 2.896 3.355 5.041

9 703 1.383 1.833 2.262 2.821 3.250 4.781
10 700 1.372 1.812 2.228 2.764 3.169 4.587
11 .697 1.363 1.796 2.201 2.718 3.106 4.437
12 .695 1.356 1.782 2.179 2.681 3.055 4318
13 .694 1.350 1.771 2.160 2.650 3.012 4221
14 692 1.345 1.761 2.145 2.624 2977 4.140
15 691 1.341 1.753 2.131 2.602 2.947 4.073
16 .690 1.337 1.746 2.120 2.583 2.921 4.015
17 .689 1.333 1.740 2.110 2.567 2.898 3.965
18 .688 1.330 1.734 2.101 2.552 2.878 3.922
19 .688 1.328 1.729 2.093 2.539 2.861 3.883
20 .687 1.325 1.725 2.086 2.528 2.845 3.850
21 .686 1.323 1.721 2.080 2518 2.831 3.819
22 .686 1.321 1.717 2.074 2.508 2.819 3.792
23 .685 1.319 1.714 2.069 2.500 2.807 3.768
24 .685 1.318 1.711 2.064 2.492 2.797 3.745
25 .684 1.316 1.708 2.060 2.485 2.787 3.725
26 .684 1.315 1.706 2.056 2.479 2.779 3.707
27 .684 1.314 1.703 2.052 2.473 2.771 3.690
28 .683 1.313 1.701 2.048 2.467 2.763 3.674
29 .683 1.311 1.699 2.045 2.462 2.756 3.659
30 .683 1.310 1.697 2.042 2.457 2.750 3.646
40 .681 1.303 1.684 2.021 2.423 2.704 3.551
60 679 1.296 1.671 2.000 2.390 2.660 3.460
120 677 1.289 1.658 1.980 2.385 2.617 3.373

NoTE: 1 is the number of degrees of freedom.

Values for 7 are in the body of the table. Example: The probability that, with 16 degrees of freedom, a point will be =2.921 is
995,

NoTE: F(—f) = 1 — F(1).
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Table 1.1.15 Cumulative F Distribution
m degrees of freedom in numerator; n in denominator
JF[(m o — 2020 PP DR () o2 g
G(F) =
(F) N [(m = 2)121'[(n — 2)/2]!
Upper 5% points (F ;)
Degrees of freedom for numerator
1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 %
1 161 200 216 225 230 234 237 239 241 242 244 246 248 249 250 251 252 253 254
2 18.5 19.0 19.2 19.2 19.3 19.3 19.4 19.4 19.4 19.4 19.4 19.4 19.4 19.5 19.5 19.5 19.5 19.5 19.5
3 10.1 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.74 8.70 8.66 8.64 8.62 8.59 8.57 8.55 8.53
4 771 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 591 5.86 5.80 577 575 572 5.69 5.66 5.63
5 6.61 579 541 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.68 4.62 4.56 4.53 4.50 4.46 443 4.40 4.37
6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 4.00 3.94 3.87 3.84 3.81 3.77 3.74 3.70 3.67
7 5.59 4.74 435 4.12 3.97 3.87 3.79 3.73 3.68 3.64 3.57 3.51 3.44 3.41 3.38 3.34 3.30 327 323
8 532 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35 3.28 3.22 3.15 3.12 3.08 3.04 3.01 297 2.93
9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14 3.07 3.01 2.94 2.90 2.86 2.83 2.79 2.75 2.71
5 10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.98 291 2.85 2.77 2.74 2.70 2.66 2.62 2.58 2.54
,E 11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 2.85 279 272 2.65 2.61 2.57 2.53 2.49 2.45 2.40
g 12 4.75 3.89 3.49 3.26 3.11 3.00 291 2.85 2.80 2.75 2.69 2.62 2.54 2.51 247 243 2.38 2.34 2.30
§ 13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 2.77 271 2.67 2.60 2.53 2.46 2.42 2.38 2.34 2.30 225 221
= 14 4.60 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65 2.60 2.53 2.46 239 235 2.31 227 222 2.18 2.13
'*é 15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59 2.54 248 2.40 233 229 225 2.20 2.16 2.11 2.07
'§ 16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 2.49 242 2.35 228 224 2.19 2.15 2.11 2.06 2.01
& 17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49 245 2.38 231 223 2.19 2.15 2.10 2.06 2.01 1.96
5 18 441 3.55 3.16 2.93 2.71 2.66 2.58 2.51 2.46 241 2.34 227 2.19 2.15 2.11 2.06 2.02 1.97 1.92
4 19 438 3.52 3.13 2.90 2.74 2.63 2.54 248 242 2.38 231 223 2.16 2.11 2.07 2.03 1.98 1.93 1.88
:*30 20 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39 2.35 2.28 2.20 2.12 2.08 2.04 1.99 1.95 1.90 1.84
o
A 21 432 3.47 3.07 2.84 2.68 2.57 2.49 242 2.37 232 225 2.18 2.10 2.05 2.01 1.96 1.92 1.87 1.81
22 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34 2.30 2.23 2.15 2.07 2.03 1.98 1.94 1.89 1.84 1.78
23 4.28 3.42 3.03 2.80 2.64 2.53 2.44 2.37 232 227 220 2.13 2.05 2.01 1.96 1.91 1.86 1.81 1.76
24 4.26 3.40 3.01 2.78 2.62 2.51 242 2.36 2.30 225 2.18 2.11 2.03 1.98 1.94 1.89 1.84 1.79 1.73
25 4.24 3.39 2.99 2.76 2.60 2.49 2.40 2.34 228 224 2.16 2.09 2.01 1.96 1.92 1.87 1.82 1.77 1.71
30 4.17 3.32 2.92 2.69 2.53 242 2.33 227 221 2.16 2.09 2.01 1.93 1.89 1.84 1.79 1.74 1.68 1.62
40 4.08 3.23 2.84 2.61 2.45 2.34 225 2.18 2.12 2.08 2.00 1.92 1.84 1.79 1.74 1.69 1.64 1.58 1.51
60 4.00 3.15 2.76 2.53 2.37 225 2.17 2.10 2.04 1.99 1.92 1.84 1.75 1.70 1.65 1.59 1.53 1.47 1.39
120 3.92 3.07 2.68 2.45 229 2.18 2.09 2.02 1.96 1.91 1.83 1.75 1.66 1.61 1.55 1.50 1.43 1.35 1.25
o 3.84 3.00 2.60 2.37 221 2.10 2.01 1.94 1.88 1.83 1.75 1.67 1.57 1.52 1.46 1.39 1.32 1.22 1.00
Upper 1% points (F ,,)
Degrees of freedom for numerator
1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 o
1 4052 5000 5403 5625 5764 5859 5928 5982 6023 6056 6106 6157 6209 6235 6261 6287 6313 6339 6366
2 98.5 99.0 99.2 99.2 99.3 99.3 99.4 99.4 99.4 99.4 99.4 99.4 99.4 99.5 99.5 99.5 99.5 99.5 99.5
3 34.1 30.8 295 28.7 282 27.9 27.7 275 273 272 27.1 26.9 26.7 26.6 26.5 26.4 263 26.2 26.1
4 21.2 18.0 16.7 16.0 15.5 15.2 15.0 14.8 14.7 14.5 14.4 14.2 14.0 13.9 13.8 13.7 13.7 13.6 13.5
5 16.3 13.3 12.1 11.4 11.0 10.7 10.5 10.3 10.2 10.1 9.89 9.72 9.55 9.47 9.38 9.29 9.20 9.11 9.02
6 13.7 10.9 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.72 7.56 7.40 7.31 723 7.14 7.06 6.97 6.88
7 12.2 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72 6.62 6.47 6.31 6.16 6.07 5.99 591 5.82 574 5.65
8 11.3 8.65 7.59 7.01 6.63 6.37 6.18 6.03 591 5.81 5.67 5.52 5.36 528 520 5.12 5.03 4.95 4.86
9 10.6 8.02 6.99 6.42 6.06 5.80 5.61 5.47 535 5.26 5.11 4.96 4.81 4.73 4.65 4.57 4.48 4.40 431
= 10 10.0 7.56 6.55 5.99 5.64 5.39 5.20 5.06 4.94 4.85 4.71 4.56 4.41 433 425 4.17 4.08 4.40 391
_E 11 9.65 721 6.22 5.67 5.32 5.07 4.89 4.74 4.63 4.54 4.40 425 4.10 4.02 3.94 3.86 3.78 3.69 3.60
g 12 9.33 6.93 5.95 5.41 5.06 4.82 4.64 4.50 4.39 4.30 4.16 4.01 3.86 3.78 3.70 3.62 3.54 345 3.36
S 13 9.07 6.70 5.74 5.21 4.86 4.62 4.44 4.30 4.19 4.10 3.96 3.82 3.66 3.59 3.51 3.43 3.34 3.25 3.17
= 14 8.86 6.51 5.56 5.04 4.70 4.46 4.28 4.14 4.03 3.94 3.80 3.66 3.51 3.43 3.35 3.27 3.18 3.09 3.00
“é‘ 15 8.68 6.36 542 4.89 4.56 4.32 4.14 4.00 3.89 3.80 3.67 3.52 3.37 3.29 321 3.13 3.05 2.96 2.87
% 16 8.53 6.23 529 4.77 4.44 4.20 4.03 3.89 3.78 3.69 3.55 3.41 3.26 3.18 3.10 3.02 2.93 2.84 275
& 17 8.40 6.11 5.19 4.67 4.34 4.10 3.93 3.79 3.68 3.59 3.46 3.31 3.16 3.08 3.00 292 2.83 2.75 2.65
bS] 18 8.29 6.01 5.09 4.58 4.25 4.01 3.84 3.71 3.60 351 3.37 3.23 3.08 3.00 292 2.84 2.75 2.66 2.57
5 19 8.19 593 5.01 4.50 4.17 3.94 3.77 3.63 3.52 3.43 3.30 3.15 3.00 2.92 2.84 2.76 2.67 2.58 249
“fu 20 8.10 5.85 4.94 443 4.10 3.87 3.70 3.56 3.46 3.37 3.23 3.09 2.94 2.86 2.78 2.69 2.61 2.52 242
j3
A 21 8.02 578 4.87 4.37 4.04 3.81 3.64 3.51 3.40 331 3.17 3.03 2.88 2.80 272 2.64 2.55 2.46 2.36
22 7.95 572 4.82 4.31 3.99 3.76 3.59 3.45 3.35 3.26 3.12 298 2.83 2.75 2.67 2.58 2.50 2.40 231
23 7.88 5.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30 3.21 3.07 293 2.78 2.70 2.62 2.54 2.45 235 2.26
24 7.82 5.61 4.72 422 3.90 3.67 3.50 3.36 3.26 3.17 3.03 2.89 2.74 2.66 2.58 2.49 2.40 2.31 221
25 7.7 5.57 4.68 4.18 3.86 3.63 3.46 3.32 3.22 3.13 2.99 2.85 2.70 2.62 253 245 2.36 227 2.17
30 7.56 5.39 4.51 4.02 3.70 3.47 3.30 3.17 3.07 2.98 2.84 2.70 2.55 2.47 2.39 2.30 221 2.11 2.01
40 731 5.18 4.31 3.83 3.51 3.29 3.12 2.99 2.89 2.80 2.66 2.52 237 229 220 2.11 2.02 1.92 1.80
60 7.08 4.98 4.13 3.65 3.34 3.12 2.95 2.82 272 2.63 2.50 235 220 2.12 2.03 1.94 1.84 1.73 1.60
120 6.85 4.79 3.95 3.48 3.17 2.96 2.79 2.66 2.56 2.47 2.34 2.19 2.03 1.95 1.86 1.76 1.66 1.53 1.38
o 6.63 4.61 378 3.32 3.02 2.80 2.64 2.51 241 232 2.18 2.04 1.88 1.79 1.70 1.59 1.47 1.32 1.00

NoTE: m is the number of degrees of freedom in the numerator of F; n is the number of degrees of freedom in the denominator of F.
Values for F are in the body of the table.
G is the probability that a point, with m and n degrees of freedom will be =F.

Example: With 2 and 5 degrees of freedom, the probability that a point will be =13.3 is .99.

SOURCE: “Chemical Engineers’ Handbook,” 5th edition, by R. H. Perry and C. H. Chilton, McGraw-Hill, 1973. Used with permission.
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Table 1.1.16 Standard Distribution of Residuals

a = any positive quantity
y = the number of residuals which are numerically < a

r = the probable error of a single observation

n = number of observations

a s Diff a4 e Diff
r n r n
0.0 000 25 908
1 054 2‘3‘ 6 921 }(3)
2 107 e 7 931 o
3 160 3 8 041 0
4 213 o 9 950 i
0.5 264 3.0 957
6 314 ig 1 963 g
7 363 P 2 969 S
8 41 P 3 974 i
9 456 - 4 978 :
1.0 500 3.5 982
1 542 jﬁ 6 985 ;
2 582 - 7 987 :
3 619 o 8 990 ;
4 655 B 9 991 )
1.5 688 3 40 993 .
6 719 2
7 748 > 5.0 999
8 775 o
9 800 3
20 823
1 843 fg
2 862 o
3 879 e
4 895 5
Table 1.1.17 Factors for Computing Probable Error
Bessel Peters Bessel Peters
n n
0.6745 0.6745 0.8453 0.8453 0.6745 0.6745 0.8453 0.8453
Vin—1) Va(n — 1) Vi(n — 1) nVn — 1 Vin—1) n(n — 1) Va(n — 1) nVn — 1
2 6745 4769 5978 4227 30 1252 0229 0287 0052
3 4769 2754 3451 1993 31 1231 0221 0277 0050
4 3804 1947 2440 1220 3 1211 0214 0268 0047
5 3372 1508 1890 0845 gj i }22 '858? 8%2(2) ‘8822
6 3016 1231 1543 0630 : ' : 0043
7 2754 1041 1304 0493 35 1157 0196 0245 0041
8 2549 0901 1130 0399 36 1140 0190 0238 0040
9 2385 0795 0996 0332 37 1124 0185 0232 0038
10 2248 o711 0891 0282 §§ 'i(l)gz 8}52 ggg gg;g
11 2133 0643 0806 0243 ' ' : '
12 2034 0587 0736 0212 40 1080 0171 0214 0034
13 1947 0540 0677 0188 45 1017 0152 0190 0028
14 1871 0500 0627 0167 50 0964 0136 0171 0024
15 1803 0465 0583 0151 55 0918 0124 0155 0021
16 1742 0435 0546 0136 60 0878 0113 0142 0018
17 1686 0409 0513 0124 P podh olos o ole
18 1636 0386 0483 o114 0843 : : '
19 1590 0365 0457 0105 70 0812 0097 0122 0015
o 1sar 0346 s 097 75 0784 0091 0113 0013
21 1508 0329 0412 0090 80 0759 0085 0106 0012
» 1472 0314 0393 0084 85 0736 0080 0100 0011
3431 }igg 8222 'gzgg 88;2 90 0715 0075 0094 0010
: : : 95 0696 0071 0089 0009
25 1377 0275 0345 0069
2 1349 0265 0332 0065 100 0678 0068 0085 0008
27 1323 0255 0319 0061
28 1298 0245 0307 0058
29 1275 0237 0297 0055
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Table 1.1.18 Decimal Equivalents

Common fractions
Exact
From minutes and seconds into From decimal parts of a degree into 8 16 32 64 decimal
decimal parts of a degree minutes and seconds (exact values) ths ths nds ths values
0 0°.0000 0" 0°.0000 0°.00 0 0°.50 30’ 1 .01 5625
1 .0167 1 .0003 1 0" 36" 1 30" 36" 1 2 .03 125
2 .0333 2 .0006 2 112" 2 31" 12" 3 .04 6875
3 .05 3 .0008 3 148" 3 31" 48" 1 2 4 .06 25
4 .0667 4 .0011 4 2" 24" 4 32" 24" 5 .07 8125
5’ .0833 5" .0014 0°.05 3 0°.55 33 3 6 .09 375
6 .10 6 .0017 6 336" 6 33" 36" 7 .10 9375
7 1167 7 .0019 7 412" 7 34" 12" 1 2 4 8 125
8 1333 8 .0022 8 4" 48" 8 34" 48" 9 .14 0625
9 15 9 .0025 9 5" 24" 9 35" 24" 5 10 15625
10 0°.1667 10" 0°.0028 0°.10 6 0°.60 36’ 11 17 1875
1 .1833 1 .0031 1 6' 36" 1 36' 36" 3 6 12 1875
2 .20 2 .0033 2 712" 2 37" 12" 13 .20 3125
3 2167 3 .0036 3 7' 48" 3 37" 48" 7 14 21 875
4 2333 4 .0039 4 824" 4 38’ 24" 15 .23 4375
15’ 25 15" .0042 0°.15 9 0°.65 39’ 2 4 8 16 25
6 2667 6 .0044 6 9" 36" 6 39' 36" 17 .26 5625
7 .2833 7 .0047 7 10" 12" 7 40" 12" 9 18 28 125
8 .30 8 .005 8 10" 48" 8 40" 48" 19 .29 6875
9 3167 9 .0053 9 11" 24" 9 41" 24" 5 10 20 3125
20’ 0°.3333 20" 0°.0056 0°.20 12’ 0°.70 42' 21 .32 8125
1 35 1 .0058 1 12" 36" 1 42" 36" 11 22 34375
2 3667 2 .0061 2 13" 12" 2 43" 12" 23 359375
3 .3833 3 .0064 3 13" 48" 3 43" 48" 3 6 12 24 375
4 40 4 .0067 4 14' 24" 4 44’ 24" 25 .39 0625
25' 4167 25" .0069 0°.25 15’ 0°.75 45 13 26 .40 625
6 4333 6 .0072 6 15 36" 6 45' 36" 27 42 1875
7 45 7 .0075 7 16' 12" 7 46" 12" 7 14 28 4375
8 4667 8 .0078 8 16" 48" 8 46" 48" 29 45 3125
9 4833 9 .0081 9 17" 24" 9 47" 24" 15 30 .46 875
30’ 0°.50 30" 0°.0083 0°.30 18’ 0°.80 48’ 31 .48 4375
1 5167 1 .0086 1 18' 36" 1 48" 36" 4 8 16 32 .50
2 5333 2 .0089 2 19" 12" 2 49" 12" 33 .51 5625
3 .55 3 .0092 3 19" 48" 3 49" 48" 17 34 53125
4 5667 4 .0094 4 20" 24" 4 50" 24" 35 .54 6875
35 .5833 35" 0097 0°.35 21 0°.85 51 9 18 36 .56 25
6 .60 6 .01 6 21' 36" 6 51" 36" 37 .57 8125
7 6167 7 .0103 7 22" 12" 7 52" 12" 19 38 .59 375
8 .6333 8 .0106 8 22' 48" 8 52" 48" 39 .60 9375
9 .65 9 .0108 9 23" 24" 9 53" 24" 5 10 20 40 625
40 0°.6667 40" 0°.0111 0°.40 24' 0°.90 54' 41 .64 0625
1 .6833 1 0114 1 24' 36" 1 54' 36" 21 42 .65 625
2 .70 2 .0117 2 25" 12" 2 55" 12" 43 .67 1875
3 7167 3 .0119 3 25" 48" 3 55" 48" 11 22 44 .68 75
4 7333 4 .0122 4 26' 24" 4 56' 24" 45 .70 3125
45’ 75 45" .0125 0°.45 27 0°.95 57 23 46 71 875
6 7667 6 .0128 6 27" 36" 6 57" 36" 47 .73 4375
7 7833 7 0131 7 28" 12" 7 58 12" 6 12 24 48 5
8 .80 8 .0133 8 28' 48" 8 58" 48" 49 76 5625
9 .8167 9 0136 9 29" 24" 9 59" 24" 25 50 78 125
50’ 0°.8333 50" 0°.0139 0°.50 30’ 1°.00 60’ 51 .79 6875
1 .85 1 .0142 13 26 52 8125
2 .8667 2 .0144 0°.000 0".0 53 .82 8125
3 .8833 3 .0147 1 3".6 27 54 .84 375
4 .90 4 .015 2 7"2 55 .85 9375
55' 9167 55" .0153 3 10".8 7 14 28 56 875
6 9333 6 .0156 4 14".4 57 .89 0625
7 .95 7 .0158 0°.005 18" 29 58 .90 625
8 9667 8 .0161 6 21".6 59 .92 1875
9 .9833 9 .0164 7 25"2 15 30 60 9375
60’ 1.00 60" 0°.0167 8 28".8 61 953125
9 32"4 31 62 .96 875
0°.010 36" 63 .98 4375




1.2 MEASURING UNITS

by John T. Baumeister

REFERENCES: “International Critical Tables,” McGraw-Hill. “Smithsonian Physical
Tables,” Smithsonian Institution. “Landolt-Bornstein: Zahlenwerte und Funktionen
aus Physik, Chemie, Astronomie, Geophysik und Technik,” Springer. “Handbook
of Chemistry and Physics,” Chemical Rubber Co. “Units and Systems of Weights
and Measures; Their Origin, Development, and Present Status,” NBS LC 1035
(1976). “Weights and Measures Standards of the United States, a Brief History,”
NBS Spec. Pub. 447 (1976). “Standard Time,” Code of Federal Regulations, Title
49. “Fluid Meters, Their Theory and Application,” 6th ed., chaps. 1-2, ASME,
1971. H.E. Huntley, “Dimensional Analysis,” Richard & Co., New York, 1951.
“U.S. Standard Atmosphere, 1962,” Government Printing Office. Public Law
89-387, “Uniform Time Act of 1966.” Public Law 94-168, “Metric Conversion
Act of 1975 ASTM E380-91a, “Use of the International Standards of Units (SI)
(the Modernized Metric System).” The International System of Units,” NIST
Spec. Pub. 330. “Guide for the Use of the International System of Units (SI),”
NIST Spec. Pub. 811. “Guidelines for Use of the Modernized Metric System,”
NBS LC 1120. “NBS Time and Frequency Dissemination Services,” NBS Spec.
Pub. 432. “Factors for High Precision Conversion,” NBS LC 1071. American
Society of Mechanical Engineers SI Series, ASME SI 1—9. Jespersen and Fitz-
Randolph, “From Sundials to Atomic Clocks: Understanding Time and Frequency,”
NBS, Monograph 155. ANSI/IEEE Std 268-1992, “American National Standard for
Metric Practice.”

U.S. CUSTOMARY SYSTEM (USCS)

The USCS, often called the “inch-pound system,” is the system of
units most commonly used for measures of weight and length (Table
1.2.1). The units are identical for practical purposes with the corre-
sponding English units, but the capacity measures differ from those
used in the British Commonwealth, the U.S. gallon being defined as
231 cu in and the bushel as 2,150.42 cu in, whereas the correspond-
ing British Imperial units are, respectively, 277.42 cu in and 2,219.36
cu in (1 Imp gal = 1.2 U.S. gal, approx; 1 Imp bu = 1.03 U.S. bu,
approx).

Table 1.2.1 U.S. Customary Units
Units of length
12 inches =1 foot
3 feet =1 yard
5Va yards = 16% feet = 1 rod, pole, or perch
40 poles = 220 yards = 1 furlong
8 furlongs = 1,760 yards _ .
= 5,280 feet } = 1 mile
3 miles = 1 league
4 inches = 1 hand
9 inches = 1 span
Nautical units
6,076.11549 feet = 1 international nautical mile
6 feet =1 fathom
120 fathoms = 1 cable length
1 nautical mile per hr = 1 knot
Surveyor’s or Gunter’s units
7.92 inches =1 link
100 links = 66 ft = 4 rods = 1 chain
80 chains = 1 mile

3314 inches

1 vara (Texas)

Units of area

144 square inches 1 square foot
9 square feet = 1 square yard
30Y4 square yards = 1 square rod, pole, or perch
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160 square rods
= 10 square chains
= 43,560 square feet
= 5,645 sq varas (Texas)

= 1 acre

640 acres = 1 square mile = { 1 “section” of U.S.

government-surveyed land

1 circular inch
= area of circle 1 inch in } = 0.7854 sq in
diameter
1 square inch = 1.2732 circular inches
1 circular mil = area of circle 0.001 in
in diam
1,000,000 cir mils = 1 circular inch

Units of volume

1,728 cubic inches = 1 cubic foot
231 cubic inches = 1 gallon
27 cubic feet =1 cubic yard

128 cubic feet
16% to 25 cu ft

1 cord of wood
1 perch of masonry

Liquid or fluid measurements

4 gills = 1 pint

2 pints = 1 quart

4 quarts = 1 gallon
7.4805 gallons =1 cubic foot

(There is no standard liquid barrel; by trade custom, 1 bbl of petroleum oil, unre-
fined = 42 gal. The capacity of the common steel barrel used for refined petro-
leum products and other liquids is 55 gal.)

Apothecaries’ liquid measurements

60 minims = 1 liquid dram or drachm
8 drams = 1 liquid ounce
16 ounces =1 pint

Water measurements

The miner’s inch is a unit of water volume flow no longer used by the Bureau of
Reclamation. It is used within particular water districts where its value is defined
by statute. Specifically, within many of the states of the West the miner’s inch is
150 cubic foot per second. In others it is equal to Y40 cubic foot per second, while
in the state of Colorado, 38.4 miner’s inch is equal to 1 cubic-foot per second. In
SI units, these correspond to .32 X 107° m¥/s, .409 X 107° m%/s, and .427 X
107° m¥s, respectively.

Dry measures

2 pints = 1 quart
8 quarts = 1 peck
4 pecks = 1 bushel

1 std bbl for fruits and vegetables = 7,056 cu in or 105 dry qt, struck measure

Shipping measures

1 Register ton =100 cu ft
1 U.S. shipping ton =40 cu ft

= 32.14 U.S. bu or 31.14 Imp bu
1 British shipping ton =42 cu ft

= 32.70 Imp bu or 33.75 U.S. bu

Board measurements
(Based on nominal not actual dimensions; see Table 12.2.8)
. _ J144 cuin = volume of board
I"board foot = {l ft sq and 1 in thick
The international log rule, based upon Y4 in kerf, is expressed by the formula
X = 0.904762(0.22 D*> — 0.71 D)

where X is the number of board feet in a 4-ft section of a log and D is the top diam
in in. In computing the number of board feet in a log, the taper is taken at %2 in per
4 ft linear, and separate computation is made for each 4-ft section.



Weights
(The grain is the same in all systems.)

Avoirdupois weights

16 drams = 437.5 grains = 1 ounce
16 ounces = 7,000 grains = 1 pound
100 pounds = 1 cental
2,000 pounds =1 short ton
2,240 pounds = 1 long ton
1 std lime bbl, small = 180 1b net
1 std lime bbl, large = 280 1b net
Also (in Great Britain):
14 pounds = 1 stone
2 stone = 28 pounds = 1 quarter
4 quarters = 112 pounds = | hundredweight (cwt)
20 hundredweight = 1 long ton
Troy weights
24 grains = | pennyweight (dwt)
20 pennyweights = 480 grains = 1 ounce
12 ounces = 5,760 grains = 1 pound

1 assay ton = 29,167 milligrams, or as many milligrams as there are troy ounces
in a ton of 2,000 1b avoirdupois. Consequently, the number of milligrams of
precious metal yielded by an assay ton of ore gives directly the number of troy
ounces that would be obtained from a ton of 2,000 Ib avoirdupois.

Apothecaries’ weights

20 grains = 1 scruple 3
3 scruples = 60 grains = 1 dram 3
8 drams = 1 ounce ¥

12 ounces = 5,760 grains 1 pound

Weight for precious stones
1 carat = 200 milligrams
(Used by almost all important nations)

Circular measures

60 seconds = 1 minute

60 minutes = 1 degree

90 degrees = 1 quadrant
360 degrees = circumference
57.2957795 degrees = 1 radian (or angle having

(= 57°17'44.806") arc of length equal to radius)

METRIC SYSTEM

In the United States the name “metric system” of length and mass
units is commonly taken to refer to a system that was developed in
France about 1800. The unit of length was equal to 1/10,000,000 of a
quarter meridian (north pole to equator) and named the metre. A
cube 1/10th metre on a side was the litre, the unit of volume. The
mass of water filling this cube was the kilogram, or standard of mass;
i.e., 1 litre of water = 1 kilogram of mass. Metal bars and weights
were constructed conforming to these prescriptions for the metre and
kilogram. One bar and one weight were selected to be the primary
representations. The kilogram and the metre are now defined indepen-
dently, and the litre, although for many years defined as the volume of
a kilogram of water at the temperature of its maximum density, 4°C,
and under a pressure of 76 cm of mercury, is now equal to 1 cubic
decimeter.

In 1866, the U.S. Congress formally recognized metric units as a
legal system, thereby making their use permissible in the United States.
In 1893, the Office of Weights and Measures (now the National Bureau
of Standards), by executive order, fixed the values of the U.S.
yard and pound in terms of the meter and kilogram, respectively, as
1 yard = 3,600/3,937 m; and 1 1b = 0.453 592 4277 kg. By agreement
in 1959 among the national standards laboratories of the English-speaking
nations, the relations in use now are: 1 yd = 0.9144 m, whence | in =
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25.4 mm exactly; and 1 1b = 0.453 592 37 kg, or 1 Ib = 453.59 g
(nearly).

THE INTERNATIONAL SYSTEM OF UNITS (SI)

In October 1960, the Eleventh General (International) Conference on
Weights and Measures redefined some of the original metric units and
expanded the system to include other physical and engineering units.
This expanded system is called, in French, Le Systéme International
d’Unités (abbreviated SI), and in English, The International System of
Units.

The Metric Conversion Act of 1975 codifies the voluntary conversion
of the U.S. to the SI system. It is expected that in time all units in the
United States will be in SI form. For this reason, additional tables of
units, prefixes, equivalents, and conversion factors are included below
(Tables 1.2.2 and 1.2.3).

SI consists of seven base units, two supplementary units, a series of
derived units consistent with the base and supplementary units, and a
series of approved prefixes for the formation of multiples and submul-
tiples of the various units (see Tables 1.2.2 and 1.2.3). Multiple and
submultiple prefixes in steps of 1,000 are recommended. (See ASTM
E380-91a for further details.)

Base and supplementary units are defined [NIST Spec. Pub. 330
(2001)] as:

Metre The metre is defined as the length of path traveled by light in
a vacuum during a time interval 1/299 792 458 of a second.

Kilogram The kilogram is the unit of mass; it is equal to the mass of
the international prototype of the kilogram.

Second The second is the duration of 9,192,631,770 periods of the
radiation corresponding to the transition between the two hyperfine
levels of the ground state of the cesium 133 atom.

Ampere The ampere is that constant current which, if maintained
in two straight parallel conductors of infinite length, of negligible
cross section, and placed 1 metre apart in vacuum, would produce bet-
ween these conductors a force equal to 2 X 1077 newton per metre of
length.

Kelvin  The kelvin, unit of thermodynamic temperature, is the frac-
tion 1/273.16 of the thermodynamic temperature of the triple point of
water.

Mole The mole is the amount of substance of a system which con-
tains as many elementary entities as there are atoms in 0.012 kilogram
of carbon 12. (When the mole is used, the elementary entities must be
specified and may be atoms, molecules, ions, electrons, other particles,
or specified groups of such particles.)

Candela The candela is the luminous intensity, in a given direction,
of a source that emits monochromatic radiation of frequency 540 X 10'?
hertz and that has a radiant intensity in that direction of Y683 watt per
steradian.

Radian The unit of measure of a plane angle with its vertex at
the center of a circle and subtended by an arc equal in length to the
radius.

Steradian The unit of measure of a solid angle with its vertex at the
center of a sphere and enclosing an area of the spherical surface equal to
that of a square with sides equal in length to the radius.

SI conversion factors are listed in Table 1.2.4 alphabetically (adapted
from ASTM E380-91a, “Standard Practice for Use of the International
System of Units (SI) (the Modernized Metric System).” Conversion
factors are written as a number greater than one and less than ten with
six or fewer decimal places. This number is followed by the letter E (for
exponent), a plus or minus symbol, and two digits which indicate the
power of 10 by which the number must be multiplied to obtain the
correct value. For example:

3.523 907 E — 02 is 3.523 907 X 1072 or 0.035 239 07

An asterisk (*) after the sixth decimal place indicates that the conver-
sion factor is exact and that all subsequent digits are zero. All other
conversion factors have been rounded off.



MEASURING UNITS

Table 1.2.2 Sl Units

Quantity Unit ST symbol Formula
Base units*
Length metre m
Mass kilogram kg
Time second S
Electric current ampere A
Thermodynamic temperature kelvin K
Amount of substance mole mol
Luminous intensity candela cd
Supplementary units*
Plane angle radian rad
Solid angle steradian Ny
Derived units*
Acceleration metre per second squared m/s?
Activity (of a radioactive source) disintegration per second (disintegration)/s
Angular acceleration radian per second squared rad/s’
Angular velocity radian per second rad/s
Area square metre m?
Density kilogram per cubic metre kg/m?
Electric capacitance farad F A sV
Electrical conductance siemens S AV
Electric field strength volt per metre V/m
Electric inductance henry H V- s/A
Electric potential difference volt v W/A
Electric resistance ohm Q V/A
Electromotive force volt A% W/A
Energy joule J N-m
Entropy joule per kelvin J/K
Force newton N kg - m/s?
Frequency hertz Hz 1/s
Illuminance lux 1x Im/m?
Luminance candela per square metre cd/m?
Luminous flux lumen Im cd - sr
Magnetic field strength ampere per metre A/m
Magnetic flux weber Wb Vs
Magnetic flux density tesla T Wb/m?
Magnetic potential difference ampere A
Power watt w /s
Pressure pascal Pa N/m?
Quantity of electricity coulomb C A-s
Quantity of heat joule J N-m
Radiant intensity watt per steradian W/sr
Specific heat capacity joule per kilogram-kelvin J/(kg - K)
Stress pascal Pa N/m?
Thermal conductivity watt per metre-kelvin W/(m - K)
Velocity metre per second m/s
Viscosity, dynamic pascal-second Pa-s
Viscosity, kinematic square metre per second m?/s
Voltage volt \% W/A
Volume cubic metre m?
Wave number reciprocal metre 1/m
Work joule J N-m
Units in use with the SIf
Time minute min I min = 60 s
hour h 1 h = 60 min = 3,600 s
day d 1d=124h=286400s
Plane angle degree ° 1° = 7/180 rad
minutes ! 1" = (Y%0)° = (w/10,800) rad
secondi " 1" = (Y60)' = (7/648,000) rad
Volume litre L IL=1dm’=10"m}
Mass metric ton t 1t=10kg
unified atomic mass unit§ u 1u= 166054 X 10"% kg
Energy electronvolt§ eV leV =160218 X 1071J

* ASTM E380-91a.

F These units are not part of SI, but their use is both so widespread and important that the International Committee for Weights and Measures in

1969 recognized their continued use with the SI (see NIST Spec. Pub. 330).
# Use discouraged, except for special fields such as cartography.

§ Values in SI units obtained experimentally. These units are to be used in specialized fields only.



Table 1.2.3 Sl Prefixes*

THE INTERNATIONAL SYSTEM OF UNITS (SI)

Multiplication factors Prefix ST symbol
1000 000 000 000 000 000 000 000 = 10%* yotta Y
1 .000 000 000 000 000 000 000 = 10! zetta Z
1.000 000 000 000 000 000 = 10'8 exa E
1.000 000 000 000 000 = 10'3 peta P
1000 000 000 000 = 10" tera T
1.000 000 000 = 10° giga G
1 000 000 = 10° mega M
1000 = 103 kilo k
100 = 10? hectot h
10 = 10' dekat da
0.1=10" decit d
0.01 = 1072 centit c
0.001 = 1073 milli m
0.000 001 = 107° micro m
0.000 000 001 = 107° nano n
0.000 000 000 001 = 1012 pico P
0.000 000 000 000 001 = 10~"3 femto f
0.000 000 000 000 000 001 = 10~'8 atto a
0.000 000 000 000 000 000 001 = 10~ zepto z
0.000 000 000 000 000 000 000 001 = 10~ yocto y
* ANSI/IEEE Std 268-1992.
F To be avoided where practical.
Table 1.2.4 Sl Conversion Factors
To convert from to Multiply by
abampere ampere (A) 1.000 000*E+01
abcoulomb coulomb (C) 1.000 000*E+01
abfarad farad (F) 1.000 000*E+09
abhenry henry (H) 1.000 000*E—09
abmho siemens (S) 1.000 000*E+09
abohm ohm () 1.000 000*E—09
abvolt volt (V) 1.000 000*E—08

acre-foot (U.S. survey)?

acre (U.S. survey)”

ampere, international U.S. (A,
ampere, U.S. legal 1948 (A
ampere-hour

angstrom

are

astronomical unit
atmosphere (normal)
atmosphere (technical = 1 kg/cm?)
bar

barn

barrel (for crude petroleum, 42 gal)
board foot

)b
INT-US
Us—a8)

British thermal unit (International Table)”

British thermal unit (mean)

British thermal unit (thermochemical)

British thermal unit (39°F)

British thermal unit (59°F)

British thermal unit (60°F)

Btu (thermochemical)/foot>-second

Btu (thermochemical)/foot>-minute

Btu (thermochemical)/foot>-hour

Btu (thermochemical)/inch?-second

Btu (thermochemical) - in/s - ft> - °F
(k, thermal conductivity)

Btu (International Table) - in/s - ft> - °F

(k, thermal conductivity)
Btu (thermochemical) - in/h - ft> - °F
(k, thermal conductivity)

Btu (International Table) - in/h - ft> - °F

(k, thermal conductivity)

Btu (International Table)/ft?

Btu (thermochemical)/ft?

Btu (International Table)/h - ft> - °F
(C, thermal conductance)

Btu (thermochemical)/h - ft? - °F
(C, thermal conductance)

Btu (International Table)/pound-mass

metre’ (m?)

metre? (m?)
ampere (A)

ampere (A)
coulomb (C)

metre (m)

metre? (m?)

metre (m)

pascal (Pa)

pascal (Pa)

pascal (Pa)

metre? (m?)

metre’ (m?)

metre® (m?)

joule (J)

joule (J)

joule (J)

joule (J)

joule (J)

joule (J)
watt/metre? (W/m?)
watt/metre? (W/m?)
watt/metre? (W/m?)
watt/metre? (W/m?)
watt/metre-kelvin (W/m - K)

watt/metre-kelvin (W/m - K)
watt/metre-kelvin (W/m - K)
watt/metre-kelvin (W/m - K)
joule/metre? (J/m?)
joule/metre? (J/m?)
watt/metre’-kelvin (W/m? - K)

watt/metre’-kelvin (W/m? - K)

joule/kilogram (J/kg)

1.233 489 E+03
4.046 873 E+03
9.99843 E—01
1.000 008 E+00
3.600 000*E+03
1.000 000*E—10
1.000 000*E+02
1.49598 E+11
1.01325 E+05
9.806 650*E+04
1.000 000*E+05
1.000 000*E—28
1.589 873 E—01
2.359 737 E-03
1.055 056 E+03
1.05587 E+03
1.054 350 E+03
1.059 67 E+03
1.054 80 E+03
1.054 68 E+03
1.134 893 E+04
1.891 489 E+02
3.152 481 E+00
1.634 246 E+06
5.188 732 E+02

5.192 204 E+02
1.441 314 E—01
1.442 279 E—-01
1.135 653 E+04
1.134 893 E+04
5.678 263 E+00
5.674 466 E+00

2.326 000*E+03
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Table 1.2.4 Sl Conversion Factors (Continued)

To convert from to Multiply by
Btu (thermochemical)/pound-mass joule/kilogram (J/kg) 2.324 444 E+03
Btu (International Table)/lbm - °F joule/kilogram-kelvin (J/kg - K) 4.186 800*E+03
(c, heat capacity)
Btu (thermochemical)/Ibm - °F (c, heat joule/kilogram-kelvin (J/kg - K) 4.184 000*E+03

capacity)
Btu (International Table)/s - ft> - °F
Btu (thermochemical)/s - ft> - °F

watt/metre®-kelvin (W/m? - K)
watt/metre’-kelvin (W/m? - K)

2.044 175 E+04
2.042 808 E+04

Btu (International Table)/hour watt (W) 2930711 E-01
Btu (thermochemical)/second watt (W) 1.054 350 E+03
Btu (thermochemical)/minute watt (W) 1.757 250 E+01
Btu (thermochemical)/hour watt (W) 2.928 751 E-01
bushel (U.S.) metre? (m?) 3.523 907 E—02
calorie (International Table) joule (J) 4.186 800*E+00
calorie (mean) joule (J) 4.190 02 E+00
calorie (thermochemical) joule (J) 4.184 000*E+00
calorie (15°C) joule (J) 4.18580 E+00
calorie (20°C) joule (J) 4.181 90 E+00
calorie (kilogram, International Table) joule (J) 4.186 800*E+03
calorie (kilogram, mean) joule (J) 419002 E+03
calorie (kilogram, thermochemical) joule (J) 4.184 000*E+03

calorie (thermochemical)/centimetre?-
minute

cal (thermochemical)/cm?

cal (thermochemical)/cm? - s

watt/metre? (W/m?)

joule/metre? (J/m?)
watt/metre? (W/m?)

6.973 333 E+02

4.184 000*E+04
4.184 000*E+04

4.184 000*E+02
4.186 800¥E+03

cal (thermochemical)/cm - s - °C
cal (International Table)/g

watt/metre-kelvin (W/m - K)
joule/kilogram (J/kg)

cal (International Table)/g - °C joule/kilogram-kelvin (J/kg - K) 4.186 800*E+03
cal (thermochemical)/g joule/kilogram (J/kg) 4.184 000*E+03
cal (thermochemical)/g - °C joule/kilogram-kelvin (J/kg - K) 4.184 000*E+03
calorie (thermochemical)/second watt (W) 4.184 000*E+00
calorie (thermochemical)/minute watt (W) 6.973 333 E-02
carat (metric) kilogram (kg) 2.000 000*E—04
centimetre of mercury (0°C) pascal (Pa) 1.33322 E+03
centimetre of water (4°C) pascal (Pa) 9.806 38 E+01
centipoise pascal-second (Pa - s) 1.000 000*E—03
centistokes metre*/second (m?/s) 1.000 000*E—06
chain (engineer or ramden) meter (m) 3.048* E+01
chain (surveyor or gunter) meter (m) 2.011 684 E+01
circular mil metre? (m?) 5.067 075 E—10
cord metre? (m?) 3.624 556 E+00
coulomb, international U.S. coulomb (C) 9.998 43 E—0I
(C[NTfUS)b
coulomb, U.S. legal 1948 (C;5_,o) coulomb (C) 1.000 008 E+00
cup metre® (m?) 2.365 882 E—04
curie becquerel (Bq) 3.700 000*E+10
day (mean solar) second (s) 8.640 000 E+04
day (sidereal) second (s) 8.616 409 E+04
degree (angle) radian (rad) 1.745 329 E—02
degree Celsius kelvin (K) e = Lo + 27315
degree centigrade kelvin (K) te = e + 273,15
degree Fahrenheit degree Celsius fe = (t; = 32)/1.8
degree Fahrenheit kelvin (K) t = (tp +459.67)/1.8
deg F - h - ft*/Btu (thermochemical) kelvin-metre?/watt (K - m*W) 1.762 280 E—01
(R, thermal resistance)
deg F - h - {t*Btu (International Table) kelvin-metre?/watt (K - m* W) 1.761 102 E—01
(R, thermal resistance)
degree Rankine kelvin (K) te = 1 /1.8
dram (avoirdupois) kilogram (kg) 1.771 845 E—-03
dram (troy or apothecary) kilogram (kg) 3.887 934 E-03
dram (U.S. fluid) kilogram (kg) 3.696 691 E—06
dyne newton (N) 1.000 000*E—05
dyne-centimetre newton-metre (N - m) 1.000 000*E—07
dyne-centimetre? pascal (Pa) 1.000 000*E—01
electron volt joule (J) 1.602 18 E—19
EMU of capacitance farad (F) 1.000 000*E+09
EMU of current ampere (A) 1.000 000*E+01
EMU of electric potential volt (V) 1.000 000*E—08
EMU of inductance henry (H) 1.000 000*E—09
EMU of resistance ohm () 1.000 000*E—09
ESU of capacitance farad (F) 1.112 650 E—12
ESU of current ampere (A) 33356 E—-10
ESU of electric potential volt (V) 29979 E+02

ESU of inductance henry (H) 8.987 552 E+11



Table 1.2.4 Sl Conversion Factors (Continued)

THE INTERNATIONAL SYSTEM OF UNITS (SI)

To convert from to Multiply by
ESU of resistance ohm () 8.987 552 E+11
erg joule (J) 1.000 000*E—07
erg/centimetre’-second watt/metre? (W/m?2) 1.000 000*E—03
erg/second watt (W) 1.000 000*E—07
farad, international U.S. (Fjy; ) farad (F) 9.99505 E-01

faraday (based on carbon 12)
faraday (chemical)

faraday (physical)

fathom (U.S. survey)”

fermi (femtometer)

fluid ounce (U.S.)

foot

foot (U.S. survey)“
foot*/minute

foot*/second

foot® (volume and section modulus)
foot?

foot* (moment of section)?
foot/hour

foot/minute

foot/second

foot*/second

foot of water (39.2°F)
footcandle

footcandle

footlambert

foot-pound-force
foot-pound-force/hour
foot-pound-force/minute
foot-pound-force/second
foot-poundal

ft*/h (thermal diffusivity)
foot/second?

free fall, standard

furlong

gal

gallon (Canadian liquid)
gallon (U.K. liquid)

gallon (U.S. dry)

gallon (U.S. liquid)

gallon (U.S. liquid)/day
gallon (U.S. liquid)/minute
gamma

gauss

gilbert

gill (UK.)

gill (U.S.)

grade

grade

grain (1/7,000 Ibm avoirdupois)
gram
gram/centimetre’
gram-force/centimetre?
hectare

henry, international U.S. (H
hogshead (U.S.)
horsepower (550 ft - 1bf/s)
horsepower (boiler)
horsepower (electric)
horsepower (metric)
horsepower (water)
horsepower (U.K.)
hour (mean solar)
hour (sidereal)
hundredweight (long)
hundredweight (short)
inch

inch?

inch? (volume and section modulus)
inch’/minute

inch* (moment of section)?
inch/second

inch of mercury (32°F)

INT— US)

coulomb (C)
coulomb (C)
coulomb (C)

metre (m)

metre (m)

metre?® (m?)

metre (m)

metre (m)
metre’/second (m?/s)
metre’/second (m?/s)
metre® (m?)

metre? (m?)

metre* (m*)
metre/second (m/s)
metre/second (m/s)
metre/second (m/s)
metre*/second (m?/s)
pascal (Pa)
lumen/metre? (Im/m?)
lux (1x)
candela/metre? (cd/m?)
joule (J)

watt (W)

watt (W)

watt (W)

joule (J)
metre*/second (m?/s)
metre/second? (m/s?)
metre/second? (m/s?)
metre (m)
metre/second? (m/s?)
metre? (m?)

metre? (m?)

metre’ (m?)

metre? (m?)
metre’/second (m?/s)
metre’/second (m?/s)
tesla (T)

tesla (T)
ampere-turn

metre® (m?)

metre?® (m?)

degree (angular)
radian (rad)
kilogram (kg)
kilogram (kg)

kilogram/metre® (kg/m?)

pascal (Pa)
metre? (m?)
henry (H)
metre? (m?)
watt (W)
watt (W)
watt (W)
watt (W)
watt (W)
watt (W)
second (s)
second (s)
kilogram (kg)
kilogram (kg)
metre (m)
metre? (m?)
metre’ (m?)
metre*/second (m?/s)
metre* (m*)
metre/second (m/s)
pascal (Pa)

9.648 531 E+04
9.649 57 E+04
9.65219 E+04
1.828 804 E+00
1.000 000*E—15
2.957 353 E—05
3.048 000*E—01
3.048 006 E—01
4.719 474 E—04
2.831 685 E—02
2.831 685 E—02
9.290 304*E—02
8.630 975 E—03
8.466 667 E—05
5.080 000*E—03
3.048 000*E—01
9.290 304*E—02
298898 E+03
1.076 391 E+01
1.076 391 E+01
3.426 259 E+00
1.355 818 E+00
3.766 161 E—04
2259697 E-02
1.355 818 E+00
4214011 E-02
2.580 640*E—05
3.048 000*E—01
9.806 650*E+00
2.011 68 *E+02
1.000 000*E—02
4.546 090 E—03
4.546 092 E—-03
4.404 884 E—03
3.785 412 E-03
4.381 264 E—08
6.309 020 E—05
1.000 000*E—09
1.000 000*E—04
7.957 747 E—01
1.420 653 E—04
1.182 941 E—04
9.000 000*E—01
1.570 796 E—02
6.479 891*E—05
1.000 000*E—03
1.000 000*E+03
9.806 650*E+01
1.000 000*E+04
1.000 495 E+00
2.384 809 E—01
7.456 999 E+02
9.809 50 E+03
7.460 000*E+02
735499 E+02
7.460 43 E+02
74570 E+02
3.600 000*E+03
3.590 170 E+03
5.080 235 E+01
4.535 924 E+01
2.540 000*E—02
6.451 600*E—04
1.638 706 E—05
2.731 177 E-07
4.162 314 E—-07
2.540 000*E—02
3.386 38 E+03
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Table 1.2.4 Sl Conversion Factors (Continued)

To convert from

to

Multiply by

inch of mercury (60°F)

inch of water (39.2°F)

inch of water (60°F)

inch/second?

joule, international U.S. (J

joule, U.S. legal 1948 (J,

kayser

kelvin

kilocalorie (thermochemical)/minute

kilocalorie (thermochemical)/second

kilogram-force (kgf)

kilogram-force-metre

kilogram-force-second?/metre (mass)

kilogram-force/centimetre?

kilogram-force/metre?

kilogram-force/millimetre?

kilogram-mass

kilometre/hour

kilopond

kilowatt hour

kilowatt hour, international U.S.
KWhy )

kilowatt hour, U.S. legal 1948
(kWhys_ o)

kip (1,000 Ibf)

kip/inch? (ksi)

knot (international)

lambert

langley

league, nautical (international and U.S.)

league (U.S. survey)*

league, nautical (U.K.)

light year (365.2425 days)

link (engineer or ramden)

link (surveyor or gunter)

litre®

lux

maxwell

mho

microinch

micron (micrometre)

mil

mile, nautical (international and U.S.)

mile, nautical (U.K.)

mile (international)

mile (U.S. survey)*

mile? (international)

mile? (U.S. survey)®

mile/hour (international)

mile/hour (international)

millimetre of mercury (0°C)

minute (angle)

minute (mean solar)

minute (sidereal)

month (mean calendar)

oersted

ohm, international U.S. ({)

ohm-centimetre

ounce-force (avoirdupois)

ounce-force-inch

ounce-mass (avoirdupois)

ounce-mass (troy or apothecary)

ounce-mass/yard?

ounce (avoirdupois)(mass)/inch?

ounce (U.K. fluid)

ounce (U.S. fluid)

parsec

peck (U.S.)

pennyweight

perm (0°C)

)b
INT-US:
US—48

[N’l'fUS)

perm (23 °C)

pascal (Pa)

pascal (Pa)

pascal (Pa)
metre/second? (m/s?)
joule (J)

joule (J)

1/metre (1/m)
degree Celsius
watt (W)

watt (W)

newton (N)
newton-metre (N - m)
kilogram (kg)
pascal (Pa)

pascal (Pa)

pascal (Pa)
kilogram (kg)
metre/second (m/s)
newton (N)

joule (J)

joule (J)

joule (J)

newton (N)

pascal (Pa)

metre/second (m/s)

candela/metre? (cd/m?)

joule/metre? (J/m?)

metre (m)

metre (m)

metre (m)

metre (m)

metre (m)

metre (m)

metre® (m?)

lumen/metre? (Im/m?)

weber (Wb)

siemens (S)

metre (m)

metre (m)

metre (m)

metre (m)

metre (m)

metre (m)

metre (m)

metre? (m?)

metre? (m?)

metre/second (m/s)

kilometre/hour

pascal (Pa)

radian (rad)

second (s)

second (s)

second (s)

ampere/metre (A/m)

ohm ()

ohm-metre ({) - m)

newton (N)

newton-metre (N - m)

kilogram (kg)

kilogram (kg)

kilogram/metre? (kg/m?)

kilogram/metre? (kg/m?)

metre? (m?)

metre® (m?)

metre (m)

metre? (m?)

kilogram (kg)

kilogram/pascal-second-
metre? (kg/Pa - s - m?)

kilogram/pascal-second-
metre? (kg/Pa - s - m?)

337685 E+03
249082 E+02
24884  E+02
2.540 000*E—02
1.000 182 E+00
1.000 017 E+00
1.000 000*E+02
fe =ty — 273.15
6.973 333 E+01
4.184 000%E~+03
9.806 650%E+00
9.806 650%E+00
9.806 650%E+00
9.806 650%E+04
9.806 650%E+00
9.806 650%E+06
1.000 000*E~+00
2777778 E-01
9.806 650%E+00
3.600 000%E-+06
3.600 655 E+06

3.600 061 E+06

4.448 222 E+03
6.894 757 E+06
5.144 444 E—01
3.183 099 E+03
4.184 000*E+04
5.556 000*E+03
4.828 041 E+03
5.559 552*E+03
9.460 54 E+15
3.048% E—-01
2.011 68* E—01
1.000 000*E—03
1.000 000*E+00
1.000 000*E—08
1.000 000*E+00
2.540 000*E—08
1.000 000*E—06
2.540 000*E—05
1.852 000*E+03
1.853 184*E+03
1.609 344*E+03
1.609 347 E+03
2.589 988 E+06
2.589 998 E+06
4.470 400*E—01
1.609 344*E+00
1.333 224 E+02
2.908 882 E—04
6.000 000 E+01
5.983 617 E+01
2.268 000 E+06
7.957 747 E+01
1.000 495 E+00
1.000 000*E—02
2.780 139 E—01
7.061 552 E—-03
2.834 952 E-02
3.110 348 E—02
3.390 575 E—-02
1.729 994 E+03
2.841 306 E—05
2.957 353 E—05
3.085 678 E+16
8.809 768 E—03
1.555 174 E-03
572135 E-11

574525 E-11



Table 1.2.4 Sl Conversion Factors (Continued)

THE INTERNATIONAL SYSTEM OF UNITS (SI)

To convert from

to

Multiply by

perm-inch (0°C)
perm-inch (23°C)

phot

pica (printer’s)

pint (U.S. dry)

pint (U.S. liquid)

point (printer’s)

poise (absolute viscosity)
poundal

poundal/foot®
poundal-second/foot?
pound-force (Ibf avoirdupois)
pound-force-inch
pound-force-foot
pound-force-foot/inch
pound-force-inch/inch
pound-force/inch
pound-force/foot
pound-force/foot>
pound-force/inch? (psi)
pound-force-second/foot?
pound-mass (Ibm avoirdupois)
pound-mass (troy or apothecary)
pound-mass-foot> (moment of inertia)
pound-mass-inch? (moment of inertia)
pound-mass/foot?
pound-mass/second
pound-mass/minute
pound-mass/foot®
pound-mass/inch?
pound-mass/gallon (U.K. liquid)
pound-mass/gallon (U.S. liquid)
pound-mass/foot-second

quart (U.S. dry)

quart (U.S. liquid)

rad (radiation dose absorbed)
rem (dose equivalent)

rhe

rod (U.S. survey)*

roentgen

second (angle)

second (sidereal)

section (U.S. survey)*

shake

slug

slug/foot®

slug/foot-second

statampere

statcoulomb

statfarad

stathenry

statmho

statohm

statvolt

stere

stilb

stokes (kinematic viscosity)
tablespoon

teaspoon

ton (assay)

ton (long, 2,240 1bm)

ton (metric)

ton (nuclear equivalent of TNT)
ton (register)

ton (short, 2,000 Ibm)

ton (short, mass)/hour

ton (long, mass)/yard?

tonne

torr (mm Hg, 0°C)

township (U.S. survey)*

unit pole

kilogram/pascal-second-
metre (kg/Pa - s - m)

kilogram/pascal-second-
metre (kg/Pa - s - m)

lumen/metre? (Im/m?)

metre (m)

metre’ (m?)

metre® (m?)

metre

pascal-second (Pa - s)

newton (N)

pascal (Pa)

pascal-second (Pa - s)

newton (N)

newton-metre (N - m)

newton-metre (N - m)

newton-metre/metre (N - m/m)
newton-metre/metre (N - m/m)

newton/metre (N/m)
newton/metre (N/m)
pascal (Pa)

pascal (Pa)
pascal-second (Pa - s)
kilogram (kg)

kilogram (kg)
kilogram-metre? (kg - m?)
kilogram-metre? (kg - m?)
kilogram/metre? (kg/m?)
kilogram/second (kg/s)
kilogram/second (kg/s)
kilogram/metre® (kg/m?)
kilogram/metre?® (kg/m?)
kilogram/metre? (kg/m?)
kilogram/metre® (kg/m?)
pascal-second (Pa - s)
metre’ (m?)

metre’ (m?)

gray (Gy)

sievert (Sv)

metre*/newton-second (m*N - s)

metre (m)
coulomb/kilogram (C/kg)
radian (rad)

second (s)

metre? (m?)

second (s)

kilogram (kg)
kilogram/metre? (kg/m?)
pascal-second (Pa - s)
ampere (A)

coulomb (C)

farad (F)

henry (H)

siemens (S)

ohm ()

volt (V)

metre’ (m?)
candela/metre? (cd/m?)
metre?/second (m?/s)
metre’ (m?)

metre’ (m?)

kilogram (kg)
kilogram (kg)
kilogram (kg)

joule (J)

metre’ (m?)

kilogram (kg)
kilogram/second (kg/s)
kilogram/metre? (kg/m?)
kilogram (kg)

pascal (Pa)

metre? (m?)

weber (Wb)

1.45322 E-12

145929 E—12

1.000 000*E+04
4.217 518 E-03
5.506 105 E—04
4.731 765 E—04
3.514 598 E—04
1.000 000¥*E—01
1.382 550 E—-01
1.488 164 E+00
1.488 164 E+00
4.448 222 E+00
1.129 848 E—01
1.355 818 E+00
5.337 866 E+01
4.448 222 E+00
1.751 268 E+02
1.459 390 E+01
4.788 026 E+01
6.894 757 E+03
4.788 026 E+01
4.535924 E-01
3.732 417 E-01
4.214 011 E-02
2.926 397 E—-04
4.882 428 E+00
4.535924 E-01
7.559 873 E—-03
1.601 846 E+01
2.767 990 E+04
9.977 637 E+01
1.198 264 E+02
1.488 164 E+00
1.101 221 E-03
9.463 529 E—04
1.000 000*E—02
1.000 000*E—02
1.000 000*E+01
5.029 210 E+00
2.580 000*E—04
4.848 137 E—06
9.972 696 E—01
2.589 998 E+06
1.000 000¥*E—08
1.459 390 E+01
5.153 788 E+02
4.788 026 E+01
3.335641 E-10
3.335 641 E-10
1.112 650 E—12
8.987 552 E+11
1.112 650 E—12
8.987 552 E+11
2.997 925 E+02
1.000 000*E+00
1.000 000*E+04
1.000 000*E—04
1.478 676 E—05
4.928 922 E—06
2.916 667 E—02
1.016 047 E+03
1.000 000*E+03
4.184 000*E+09
2.831 685 E+00
9.071 847 E+02
2.519 958 E—01
1.328 939 E+03
1.000 000*E+03
1.33322 E+02
9.323 994 E+07
1.256 637 E—07
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Table 1.2.4 SI Conversion Factors (Continued)

To convert from to Multiply by
volt, international U.S. (VINT*US)” volt (V) 1.000 338 E+00
volt, U.S. legal 1948 (V5_,q) volt (V) 1.000 008 E+00
watt, international U.S. (W]NT,US)” watt (W) 1.000 182 E+00
watt, U.S. legal 1948 (W s_,) watt (W) 1.000 017 E+00
watt/centimetre? watt/metre? (W/m?) 1.000 000*E+04
watt-hour joule (J) 3.600 000*E+03
watt-second joule (J) 1.000 000*E+00
yard metre (m) 9.144 000*E—01
yard? metre? (m?) 8.361 274 E—01
yard? metre’ (m?) 7.645 549 E—01
yard*/minute metre’/second (m?/s) 1.274 258 E—02
year (calendar) second (s) 3.153 600*E+07
year (sidereal) second (s) 3.155 815 E+07
year (tropical) second (s) 3.155 693 E+07

< Based on the U.S. survey foot (1 ft = 1,200/3,937 m).

" In 1948 a new international agreement was reached on absolute electrical units, which changed the value of the volt used in this
country by about 300 parts per million. Again in 1969 a new base of reference was internationally adopted making a further change
of 8.4 parts per million. These changes (and also changes in ampere, joule, watt, coulomb) require careful terminology and con-
version factors for exact use of old information. Terms used in this guide are:

Volt as used prior to January 1948—volt, international U.S. (V.
Volt as used between January 1948 and January 1969—volt, U
Volt as used since January 1969—volt (V)

Identical treatment is given the ampere, coulomb, watt, and joule.

II\T*US)
S legal 1948 (Vi)

¢ This value was adopted in 1956. Some of the older International Tables use the value 1.055 04 E+03. The exact conversion fac-

tor is 1.055 055 852 62*E+03.
4 Moment of inertia of a plane section about a specified axis.

¢ In 1964, the General Conference on Weights and Measures adopted the name “litre” as a special name for the cubic decimetre.
Prior to this decision the litre differed slightly (previous value, 1.000028 dm?), and in expression of precision, volume measure-

ment, this fact must be kept in mind.

SYSTEMS OF UNITS

The principal units of interest to mechanical engineers can be derived
from three base units which are considered to be dimensionally inde-
pendent of each other. The British “gravitational system,” in common
use in the United States, uses units of length, force, and time as base
units and is also called the “foot-pound-second system.” The metric sys-
tem, on the other hand, is based on the meter, kilogram, and second, units
of length, mass, and time, and is often designated as the “MKS system.”
During the nineteenth century a metric “gravitational system,” based
on a kilogram-force (also called a “kilopond”) came into general use.
With the development of the International System of Units (SI), based
as it is on the original metric system for mechanical units, and the
general requirements by members of the European Community that
only SI units be used, it is anticipated that the kilogram-force will fall
into disuse to be replaced by the newton, the SI unit of force. Table 1.2.5
gives the base units of four systems with the corresponding derived unit
given in parentheses.

In the definitions given below, the “standard kilogram body” refers
to the international kilogram prototype, a platinum-iridium cylinder
kept in the International Bureau of Weights and Measures in Sévres, just
outside Paris. The “standard pound body” is related to the kilogram by
a precise numerical factor: 1 Ib = 0.453 592 37 kg. This new “unified”
pound has replaced the somewhat smaller Imperial pound of the United
Kingdom and the slightly larger pound of the United States (see NBS
Spec. Pub. 447). The “standard locality” means sea level, 45° latitude,

Table 1.2.5 Systems of Units

or more strictly any locality in which the acceleration due to gravity has
the value 9.80 665 m/s> = 32.1740 ft/s>, which may be called the
standard acceleration (Table 1.2.6).

The pound force is the force required to support the standard pound
body against gravity, in vacuo, in the standard locality; or, it is the force
which, if applied to the standard pound body, supposed free to move,
would give that body the “standard acceleration.” The word pound is
used for the unit of both force and mass and consequently is ambiguous.
To avoid uncertainty, it is desirable to call the units “pound force” and
“pound mass,” respectively. The slug has been defined as that mass
which will accelerate at 1 ft/s> when acted upon by a one pound force. It
is therefore equal to 32.1740 pound-mass.

The kilogram force is the force required to support the standard kilo-
gram against gravity, in vacuo, in the standard locality; or, it is the force
which, if applied to the standard kilogram body, supposed free to move,
would give that body the “standard acceleration.” The word kilogram
is used for the unit of both force and mass and consequently is ambigu-
ous. It is for this reason that the General Conference on Weights and
Measures declared (in 1901) that the kilogram was the unit of mass, a
concept incorporated into SI when it was formally approved in 1960.

The dyne is the force which, if applied to the standard gram body,
would give that body an acceleration of 1 cm/s? ie., 1 dyne =
1/980.665 of a gram force.

The newton is that force which will impart to a 1-kilogram mass an
acceleration of 1 m/s2.

Dimensions of units British Metric
in terms of “gravitational “gravitational CGS SI
Quantity L/M/EIT system” system” system system
Length L 1 ft I'm 1 cm Im
Mass M (1 slug) lg 1 kg
Force F 11b 1 kg (1 dyne) (1 N)
Time T 1s Is Is 1s




Table 1.2.6 Acceleration of Gravity

TIME 1-25

Latitude, # Latitude, #
deg m/s? ft/s? g/g° deg m/s? ft/s? g/g°
0 9.780 32.088 0.9973 50 9.811 32.187 1.0004
10 9.782 32.093 0.9975 60 9.819 32.215 1.0013
20 9.786 32.108 0.9979 70 9.826 32.238 1.0020
30 9.793 32.130 0.9986 80 9.831 32.253 1.0024
40 9.802 32.158 0.9995 90 9.832 32.258 1.0026

Norte: Correction for altitude above sea level: —3 mm/s? for each 1,000 m; —0.003 ft/s? for each 1,000 ft.

Source: U.S. Coast and Geodetic Survey, 1912.

TEMPERATURE

The SI unit for thermodynamic temperature is the kelvin, K, which is the
fraction 1/273.16 of the thermodynamic temperature of the triple point
of water. Thus 273.16 K is the fixed (base) point on the kelvin scale.

Another unit used for the measurement of temperature is degrees
Celsius (formerly centigrade), °C. The relation between a thermody-
namic temperature 7" and a Celsius temperature ¢ is

t = T — 273.15 K (the ice point of water)

Thus the unit Celsius degree is equal to the unit kelvin, and a difference
of temperature would be the same on either scale.

In the USCS temperature is measured in degrees Fahrenheit, F. The
relation between the Celsius and the Fahrenheit scales is

toc = (top — 32)/1.8

(For temperature-conversion tables, see Sec. 4.)

TERRESTRIAL GRAVITY

Standard acceleration of gravity is g” = 9.80665 m per sec per sec,
or 32.1740 ft per sec per sec. This value g° is assumed to be the value
of g at sea level and latitude 45°.

MOHS SCALE OF HARDNESS

This scale is an arbitrary one which is used to describe the hardness of
several mineral substances on a scale of 1 through 10 (Table 1.2.7). The
given number indicates a higher relative hardness compared with that of
substances below it; and a lower relative hardness than those above it.
For example, an unknown substance is scratched by quartz, but it, in
turn, scratches feldspar. The unknown has a hardness of between 6 and
7 on the Mohs scale.

Table 1.2.7 Mohs Scale of Hardness

1. Talc 5. Apatite 8. Topaz
2. Gypsum 6. Feldspar 9. Sapphire
3. Calc-spar 7. Quartz 10. Diamond

4. Fluorspar

TIME

Kinds of Time Three kinds of time are recognized by astronomers:
sidereal, apparent solar, and mean solar time. The sidereal day is the
interval between two consecutive transits of some fixed celestial object
across any given meridian, or it is the interval required by the earth to
make one complete revolution on its axis. The interval is constant, but it
is inconvenient as a time unit because the noon of the sidereal day
occurs at all hours of the day and night. The apparent solar day is the
interval between two consecutive transits of the sun across any given
meridian. On account of the variable distance between the sun and
earth, the variable speed of the earth in its orbit, the effect of the moon,
etc., this interval is not constant and consequently cannot be kept by any
simple mechanisms, such as clocks or watches. To overcome the objec-
tion noted above, the mean solar day was devised. The mean solar day is

the length of the average apparent solar day. Like the sidereal day it is
constant, and like the apparent solar day its noon always occurs at
approximately the same time of day. By international agreement, be-
ginning Jan. 1, 1925, the astronomical day, like the civil day, is from
midnight to midnight. The hours of the astronomical day run from 0 to
24, and the hours of the civil day usually run from O to 12 A.M. and 0 to
12 p.M. In some countries the hours of the civil day also run from 0
to 24.

The Year Three different kinds of year are used: the sidereal, the
tropical, and the anomalistic. The sidereal year is the time taken by the
earth to complete one revolution around the sun from a given star to the
same star again. Its length is 365 days, 6 hours, 9 minutes, and 9 sec-
onds. The tropical year is the time included between two successive
passages of the vernal equinox by the sun, and since the equinox moves
westward 50.2 seconds of arc a year, the tropical year is shorter by 20
minutes 23 seconds in time than the sidereal year. As the seasons de-
pend upon the earth’s position with respect to the equinox, the tropical
year is the year of civil reckoning. The anomalistic year is the interval
between two successive passages of the perihelion, viz., the time of the
earth’s nearest approach to the sun. The anomalistic year is used only in
special calculations in astronomy.

The Second  Although the second is ordinarily defined as 1/86,400
of the mean solar day, this is not sufficiently precise for many scientific
purposes. Scientists have adopted more precise definitions for specific
purposes: in 1956, one in terms of the length of the tropical year 1900
and, more recently, in 1967, one in terms of a specific atomic frequency.

Frequency is the reciprocal of time for 1 cycle; the unit of frequency is
the hertz (Hz), defined as 1 cycle/s.

The Calendar The Gregorian calendar, now used in most of the civi-
lized world, was adopted in Catholic countries of Europe in 1582 and in
Great Britain and her colonies Jan. 1, 1752. The average length of the
Gregorian calendar year is 365 Y4 — Y400 days, or 365.2425 days. This is
equivalent to 365 days, 5 hours, 49 minutes, 12 seconds. The length of
the tropical year is 365.2422 days, or 365 days, 5 hours, 48 minutes, 46
seconds. Thus the Gregorian calendar year is longer than the tropical
year by 0.0003 day, or 26 seconds. This difference amounts to 1 day in
slightly more than 3,300 years and can properly be neglected.

Standard Time  Prior to 1883, each city of the United States had its
own time, which was determined by the time of passage of the sun
across the local meridian. A system of standard time had been used
since its first adoption by the railroads in 1883 but was first legalized on
Mar. 19, 1918, when Congress directed the Interstate Commerce Com-
mission to establish limits of the standard time zones. Congress took no
further steps until the Uniform Time Act of 1966 was enacted, followed
with an amendment in 1972. This legislation, referred to as “the Act,”
transferred the regulation and enforcement of the law to the Department
of Transportation.

By the legislation of 1918, with some modifications by the Act, the
contiguous United States is divided into four time zones, each of which,
theoretically, was to span 15 degrees of longitude. The first, the Eastern
zone, extends from the Atlantic westward to include most of Michigan
and Indiana, the eastern parts of Kentucky and Tennessee, Georgia, and
Florida, except the west half of the panhandle. Eastern standard time is
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based upon the mean solar time of the 75th meridian west of Greenwich,
and is 5 hours slower than Greenwich Mean Time (GMT). (See also dis-
cussion of UTC below.) The second or Central zone extends westward to
include most of North Dakota, about half of South Dakota and Ne-
braska, most of Kansas, Oklahoma, and all but the two most westerly
counties of Texas. Central standard time is based upon the mean solar
time of the 90th meridian west of Greenwich, and is 6 hours slower than
GMT. The third or Mountain zone extends westward to include Mon-
tana, most of Idaho, one county of Oregon, Utah, and Arizona. Mountain
standard time is based upon the mean solar time of the 105th meridian
west of Greenwich, and is 7 hours slower than GMT. The fourth or
Pacific zone includes all of the remaining 48 contiguous states. Pacific
standard time is based on the mean solar time of the 120th meridian
west of Greenwich, and is 8 hours slower than GMT. Exact locations
of boundaries may be obtained from the Department of Transporta-
tion.

In addition to the above four zones there are four others that apply to
the noncontiguous states and islands. The most easterly is the Atlantic
zone, which includes Puerto Rico and the Virgin Islands, where the time
is 4 hours slower than GMT. Eastern standard time is used in the
Panama Canal strip. To the west of the Pacific time zone there are the
Yukon, the Alaska-Hawaii, and Bering zones where the times are, respec-
tively, 9, 10, and 11 hours slower than GMT. The system of standard
time has been adopted in all civilized countries and is used by ships on
the high seas.

The Act directs that from the first Sunday in April to the last Sunday
in October, the time in each zone is to be advanced one hour for
advanced time or daylight saving time (DST). However, any state-by-
state enactment may exempt the entire state from using advanced time.
By this provision Arizona and Hawaii do not observe advanced time (as
of 1973). By the 1972 amendment to the Act, a state split by a time-
zone boundary may exempt from using advanced time all that part
which is in one zone without affecting the rest of the state. By this
amendment, 80 counties of Indiana in the Eastern zone are exempt from
using advanced time, while 6 counties in the northwest corner and 6
counties in the southwest, which are in Central zone, do observe
advanced time.

Pursuant to its assignment of carrying out the Act, the Department of
Transportation has stipulated that municipalities located on the bound-
ary between the Eastern and Central zones are in the Central zone; those
on the boundary between the Central and Mountain zones are in the
Mountain zone (except that Murdo, SD, is in the Central zone); those
on the boundary between Mountain and Pacific time zones are in the
Mountain zone. In such places, when the time is given, it should be
specified as Central, Mountain, etc.

Standard Time Signals The National Institute of Standards and
Technology broadcasts time signals from station WWYV, Ft. Collins, CO,
and from station WWVH, near Kekaha, Kaui, HI. The broadcasts by
WWYV are on radio carrier frequencies of 2.5, 5, 10, 15, and 20 MHz,
while those by WWVH are on radio carrier frequencies of 2.5, 5, 10,
and 15 MHz. Effective Jan. 1, 1975, time announcements by both
WWYV and WWVH are referred to as Coordinated Universal Time,
UTC, the international coordinated time scale used around the world for
most timekeeping purposes. UTC is generated by reference to
International Atomic Time (TAI), which is determined by the Bureau
International de 1I’'Heure on the basis of atomic clocks operating in var-
ious establishments in accordance with the definition of the second.
Since the difference between UTC and TAI is defined to be a whole
number of seconds, a “leap second” is periodically added to or sub-
tracted from UTC to take into account variations in the rotation of the
earth. Time (i.e., clock time) is given in terms of O to 24 hours a day,
starting with 0000 at midnight at Greenwich zero longitude. The begin-
ning of each 0.8-second-long audio tone marks the end of an announced
time interval. For example, at 2:15 p.M., UTC, the voice announcement
would be: “At the tone fourteen hours fifteen minutes Coordinated
Universal Time,” given during the last 7.5 seconds of each minute. The
tone markers from both stations are given simultaneously, but owing to
propagation interferences may not be received simultaneously.

Beginning 1 minute after the hour, a 600-Hz signal is broadcast for
about 45 s. At 2 min after the hour, the standard musical pitch of 440 Hz
is broadcast for about 45 s. For the remaining 57 min of the hour,
alternating tones of 600 and 500 Hz are broadcast for the first 45 s of
each minute (see NIST Spec. Pub. 432). The time signal can also be
received via long-distance telephone service from Ft. Collins. In addi-
tion to providing the musical pitch, these tone signals may be of use as
markers for automated recorders and other such devices.

DENSITY AND RELATIVE DENSITY

Density of a body is its mass per unit volume. With SI units densities
are in kilograms per cubic meter. However, giving densities in grams
per cubic centimeter has been common. With the USCS, densities are
given in pounds per mass cubic foot.

Table 1.2.8 Relative Densities at 60°/60°F Corresponding to
Degrees APl and Weights per U.S. Gallon at 60°F

141.5
Calculated from the formula, relative density = m)

Lb per Lb per
Degrees Relative U.S. Degrees Relative U.S.
API density gallon APIL density gallon
10 1.0000 8.328 56 0.7547 6.283
11 0.9930 8.270 57 0.7507 6.249
12 0.9861 8.212 58 0.7467 6.216
13 0.9792 8.155 59 0.7428 6.184
14 0.9725 8.099 60 0.7389 6.151
15 0.9659 8.044 61 0.7351 6.119
16 0.9593 7.989 62 0.7313 6.087
17 0.9529 7.935 63 0.7275 6.056
18 0.9465 7.882 64 0.7238 6.025
19 0.9402 7.830 65 0.7201 5.994
20 0.9340 7.778 66 0.7165 5.964
21 0.9279 7727 67 0.7128 5.934
22 0.9218 7.676 68 0.7093 5.904
23 0.9159 7.627 69 0.7057 5.874
24 0.9100 7.578 70 0.7022 5.845
25 0.9042 7.529 71 0.6988 5.817
26 0.8984 7.481 72 0.6953 5.788
27 0.8927 7.434 73 0.6919 5.759
28 0.8871 7.387 74 0.6886 5.731
29 0.8816 7.341 75 0.6852 5.703
30 0.8762 7.296 76 0.6819 5.676
31 0.8708 7.251 77 0.6787 5.649
32 0.8654 7.206 78 0.6754 5.622
33 0.8602 7.163 79 0.6722 5.595
34 0.8550 7.119 80 0.6690 5.568
35 0.8498 7.076 81 0.6659 5.542
36 0.8448 7.034 82 0.6628 5.516
37 0.8398 6.993 83 0.6597 5.491
38 0.8348 6.951 84 0.6566 5.465
39 0.8299 6.910 85 0.6536 5.440
40 0.8251 6.870 86 0.6506 5.415
41 0.8203 6.830 87 0.6476 5.390
42 0.8155 6.790 88 0.6446 5.365
43 0.8109 6.752 89 0.6417 5.341
44 0.8063 6.713 90 0.6388 5.316
45 0.8017 6.675 91 0.6360 5.293
46 0.7972 6.637 92 0.6331 5.269
47 0.7927 6.600 93 0.6303 5.246
48 0.7883 6.563 94 0.6275 5.222
49 0.7839 6.526 95 0.6247 5.199
50 0.7796 6.490 96 0.6220 5.176
51 0.7753 6.455 97 0.6193 5.154
52 0.7711 6.420 98 0.6166 5.131
53 0.7669 6.385 99 0.6139 5.109
54 0.7628 6.350 100 0.6112 5.086
55 0.7587 6.316

NortE: The weights in this table are weights in air at 60°F with humidity 50 percent and
pressure 760 mm.



Table 1.2.9 Relative Densities at 60°/60°F Corresponding to
Degrees Baumé for Liquids Lighter than Water and Weights
per U.S. Gallon at 60°F

Calculated from the formula, relative density LOQ F = R >
60 130 + deg Baumé
Lb Lb
Degrees Relative per Degrees Relative per
Baumé density gallon Baumé density gallon
10.0 1.0000 8.328 56.0 0.7527 6.266
11.0 0.9929 8.269 57.0 0.7487 6.233
12.0 0.9859 8.211 58.0 0.7447 6.199
13.0 0.9790 8.153 59.0 0.7407 6.166
14.0 0.9722 8.096 60.0 0.7368 6.134
15.0 0.9655 8.041 61.0 0.7330 6.102
16.0 0.9589 7.986 62.0 0.7292 6.070
17.0 0.9524 7.931 63.0 0.7254 6.038
18.0 0.9459 7.877 64.0 0.7216 6.007
19.0 0.9396 7.825 65.0 0.7179 5.976
20.0 0.9333 7.772 66.0 0.7143 5.946
21.0 0.9272 7.721 67.0 0.7107 5.916
22.0 0.9211 7.670 68.0 0.7071 5.886
23.0 0.9150 7.620 69.0 0.7035 5.856
24.0 0.9091 7.570 70.0 0.7000 5.827
25.0 0.9032 7.522 71.0 0.6965 5.798
26.0 0.8974 7.473 72.0 0.6931 5.769
27.0 0.8917 7.425 73.0 0.6897 5.741
28.0 0.8861 7.378 74.0 0.6863 5.712
29.0 0.8805 7.332 75.0 0.6829 5.685
30.0 0.8750 7.286 76.0 0.6796 5.657
31.0 0.8696 7.241 71.0 0.6763 5.629
32.0 0.8642 7.196 78.0 0.6731 5.602
33.0 0.8589 7.152 79.0 0.6699 5.576
34.0 0.8537 7.108 80.0 0.6667 5.549
35.0 0.8485 7.065 81.0 0.6635 5.522
36.0 0.8434 7.022 82.0 0.6604 5.497
37.0 0.8383 6.980 83.0 0.6573 5471
38.0 0.8333 6.939 84.0 0.6542 5.445
39.0 0.8284 6.898 85.0 0.6512 5.420
40.0 0.8235 6.857 86.0 0.6482 5.395
41.0 0.8187 6.817 87.0 0.6452 5.370
42.0 0.8140 6.777 88.0 0.6422 5.345
43.0 0.8092 6.738 89.0 0.6393 5.320
44.0 0.8046 6.699 90.0 0.6364 5.296
45.0 0.8000 6.661 91.0 0.6335 5.272
46.0 0.7955 6.623 92.0 0.6306 5.248
47.0 0.7910 6.586 93.0 0.6278 5.225
48.0 0.7865 6.548 94.0 0.6250 5.201
49.0 0.7821 6.511 95.0 0.6222 5.178
50.0 0.7778 6.476 96.0 0.6195 5.155
51.0 0.7735 6.440 97.0 0.6167 5.132
52.0 0.7692 6.404 98.0 0.6140 5.100
53.0 0.7650 6.369 99.0 0.6114 5.088
54.0 0.7609 6.334 100.0 0.6087 5.066
55.0 0.7568 6.300

Relative density is the ratio of the density of one substance to that of a
second (or reference) substance, both at some specified temperature.
Use of the earlier term specific gravity for this quantity is discouraged.
For solids and liquids water is almost universally used as the reference
substance. Physicists use a reference temperature of 4°C (= 39.2°F);
U.S. engineers commonly use 60°F. With the introduction of ST units, it
may be found desirable to use 59°F, since 59°F and 15°C are equiva-
lents.

For gases, relative density is generally the ratio of the density of the
gas to that of air, both at the same temperature, pressure, and dryness (as
regards water vapor). Because equal numbers of moles of gases occupy

CONVERSION AND EQUIVALENCY TABLES 1-27

equal volumes, the ratio of the molecular weight of the gas to that of air
may be used as the relative density of the gas. When this is done, the
molecular weight of air may be taken as 28.9644.

The relative density of liquids is usually measured by means of a
hydrometer. In addition to a scale reading in relative density as defined
above, other arbitrary scales for hydrometers are used in various trades
and industries. The most common of these are the API and Baumé. The
API (American Petroleum Institute) scale is approved by the American
Petroleum Institute, the ASTM, the U.S. Bureau of Mines, and the
National Bureau of Standards and is recommended for exclusive use in
the U.S. petroleum industry, superseding the Baumé scale for liquids
lighter than water. The relation between API degrees and relative density
(see Table 1.2.8) is expressed by the following equation:

141.5
rel dens 60°/60°F

The relative densities corresponding to the indications of the Baumé
hydrometer are given in Tables 1.2.9 and 1.2.10.

Degrees API = — 1315

Table 1.2.10 Relative Densities at 60°/60°F Corresponding
to Degrees Baumé for Liquids Heavier than Water

60° 145
Calculated from the formula, relative density —F = ———————
60 145 — deg Baumé
Degrees Relative Degrees Relative Degrees Relative
Baumé density Baumé density Baumé density
0 1.0000 24 1.1983 48 1.4948
1 1.0069 25 1.2083 49 1.5104
2 1.0140 26 1.2185 50 1.5263
3 1.0211 27 1.2288 51 1.5426
4 1.0284 28 1.2393 52 1.5591
5 1.0357 29 1.2500 53 1.5761
6 1.0432 30 1.2609 54 1.5934
7 1.0507 31 1.2719 55 1.6111
8 1.0584 32 1.2832 56 1.6292
9 1.0662 33 1.2946 57 1.6477
10 1.0741 34 1.3063 58 1.6667
11 1.0821 35 1.3182 59 1.6860
12 1.0902 36 1.3303 60 1.7059
13 1.0985 37 1.3426 61 1.7262
14 1.1069 38 1.3551 62 1.7470
15 1.1154 39 1.3679 63 1.7683
16 1.1240 40 1.3810 64 1.7901
17 1.1328 41 1.3942 65 1.8125
18 1.1417 42 1.4078 66 1.8354
19 1.1508 43 1.4216 67 1.8590
20 1.1600 44 1.4356 68 1.8831
21 1.1694 45 1.4500 69 1.9079
22 1.1789 46 1.4646 70 1.9333
23 1.1885 47 1.4796

CONVERSION AND EQUIVALENCY TABLES

Note for Use of Conversion Tables (Tables
1.2.11 through 1.2.34)

Subscripts after any figure, O:, 95, etc., mean that that figure is to be
repeated the indicated number of times.
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Table 1.2.11 Length Equivalents

Centimetres Inches Feet Yards Metres Chains Kilometres Miles
1 0.3937 0.03281 0.01094 0.01 0.0,4971 10°3 0.0,6214
2.540 1 0.08333 0.02778 0.0254 0. 001263 0.0,254 0. O 1578
30.48 12 1 0.3333 0.3048 0.01515 0.0,3048 0. O 1894
91.44 36 3 1 0.9144 0.04545 0.0,9144 0. O 5682
100 39.37 3.281 1.0936 1 0.04971 0.001 0. O 6214

2012 792 66 22 20.12 1 0.02012 0. 0125

100000 39370 3281 1093.6 1000 49.71 1 0.6214

160934 63360 5280 1760 1609 80 1.609 1

(As used by metrology laboratories for precise measurements, including measurements of surface texture)*

Light bands, T

Surface texture monochromatic Surface texture Precision Close-tolerance
Angstrom (U.S.), microinch helium light foreign, measurements, § measurements, Metric USCS
units A pin count ¥ pmm 0.0001 in 0.001 in (mils) unit, mm unit, in
1 0.003937 0.0003404 0.0001 0.0,3937 0.0,3937 0.0,1 0.0,3937
254 1 0.086 0.0254 0.01 0. 001 0.0,254 0. 0 1
2937.5 11.566 1 0.29375 0.11566 0.011566 0.0,29375 0.0, 11566
10,000 39.37 3.404 1 0.3937 0.03937 0.001 0. 0 3937
25,400 100 8.646 2.54 1 0.1 0.00254 0.0001
254,000 1000 86.46 25.4 10 1 0.0254 0.001
10,000,000 39,370 3404 1000 393.7 39.37 1 0.03937
254,000,000 1,000,000 86,460 25,400 10,000 1000 25.4 1

* Computed by J. A. Broadston.

§ One light band equals one-half correspondlng wavelength. Visible-light wavelengths range from red at 6,500 A to violet at 4,100 A.

# One helium light band = 0.000011661 in = 2937.5 A; one krypton 86 light band = 0.0000119 in = 3,022.5 A; one mercury 198 light band = 0.00001075 in = 2,730 A.
§ The designations “precision measurements,” etc., are not necessarily used in all metrology laboratories.



Table 1.2.12 Conversion of Lengths*
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Inches to Millimetres Feet Metres Yards Metres Miles to Kilometres
millimetres to inches to metres to feet to metres to yards kilometres to miles
1 25.40 0.03937 0.3048 3.281 0.9144 1.094 1.609 0.6214
2 50.80 0.07874 0.6096 6.562 1.829 2.187 3.219 1.243
3 76.20 0.1181 0.9144 9.843 2.743 3.281 4.828 1.864
4 101.60 0.1575 1.219 13.12 3.658 4374 6.437 2.485
5 127.00 0.1969 1.524 16.40 4.572 5.468 6.047 3.107
6 152.40 0.2362 1.829 19.69 5.486 6.562 9.656 3.728
7 177.80 0.2756 2.134 22.97 6.401 7.655 11.27 4.350
8 203.20 0.3150 2.438 26.25 7.315 8.749 12.87 4.971
9 228.60 0.3543 2.743 29.53 8.230 9.843 14.48 5.592
* EXAMPLE: 1 in = 25.40 mm.
Common fractions of an inch to millimetres (from Y64 to 1 in)
64ths Millimetres 64ths Millimetres 64th Millimetres 64ths Millimetres 64ths Millimetres 64ths Millimetres
1 0.397 13 5.159 25 9.922 37 14.684 49 19.447 57 22.622
2 0.794 14 5.556 26 10.319 38 15.081 50 19.844 58 23.019
3 1.191 15 5.953 27 10.716 39 15.478 51 20.241 59 23.416
4 1.588 16 6.350 28 11.112 40 15.875 52 20.638 60 23.812
5 1.984 17 6.747 29 11.509 41 16.272 53 21.034. 61 24.209
6 2.381 18 7.144 30 11.906 42 16.669 54 21.431 62 24.606
7 2.778 19 7.541 31 12.303 43 17.066 55 21.828 63 25.003
8 3.175 20 7.938 32 12.700 44 17.462 56 22.225 64 25.400
9 3.572 21 8.334 33 13.097 45 17.859
10 3.969 22 8.731 34 13.494 46 18.256
11 4.366 23 9.128 35 13.891 47 18.653
12 4.762 24 9.525 36 14.288 48 19.050
Decimals of an inch to millimetres (0.01 to 0.99 in)
0 1 2 3 4 5 6 7 8 9
.0 0.254 0.508 0.762 1.016 1.270 1.524 1.778 2.032 2.286
1 2.540 2.794 3.048 3.302 3.556 3.810 4.064 4318 4.572 4.826
2 5.080 5.334 5.588 5.842 6.096 6.350 6.604 6.858 7.112 7.366
3 7.620 7.874 8.128 8.382 8.636 8.890 9.144 9.398 9.652 9.906
4 10.160 10.414 10.668 10.922 11.176 11.430 11.684 11.938 12.192 12.446
5 12.700 12.954 13.208 13.462 13.716 13.970 14.224 14.478 14.732 14.986
.6 15.240 15.494 15.748 16.002 16.256 16.510 16.764 17.018 17.272 17.526
i 17.780 18.034 18.288 18.542 18.796 19.050 19.304 19.558 19.812 20.066
.8 20.320 20.574 20.828 21.082 21.336 21.590 21.844 22.098 22.352 22.606
9 22.860 23.114 23.368 23.622 23.876 24.130 24.384 24.638 24.892 25.146
Millimetres to decimals of an inch (from 1 to 99 mm)
0. 1. 2. 3. 4. 5. 6. 7. 8. 9.
0 0.0394 0.0787 0.1181 0.1575 0.1969 0.2362 0.2756 0.3150 0.3543
1 0.3937 0.4331 0.4724 0.5118 0.5512 0.5906 0.6299 0.6693 0.7087 0.7480
2 0.7874 0.8268 0.8661 0.9055 0.9449 0.9843 1.0236 1.0630 1.1024 1.1417
3 1.1811 1.2205 1.2598 1.2992 1.3386 1.3780 1.4173 1.4567 1.4961 1.5354
4 1.5748 1.6142 1.6535 1.6929 1.7323 1.7717 1.8110 1.8504 1.8898 1.9291
5 1.9685 2.0079 2.0472 2.0866 2.1260 2.1654 2.2047 2.2441 2.2835 2.3228
6 2.3622 24016 2.4409 2.4803 2.5197 2.5591 2.5984 2.6378 2.6772 2.7165
7 2.7559 2.7953 2.8346 2.8740 29134 2.9528 2.9921 3.0315 3.0709 3.1102
8 3.1496 3.1890 3.2283 3.2677 3.3071 3.3465 3.3858 3.4252 3.4646 3.5039
9 3.5433 3.5827 3.6220 3.6614 3.7008 3.7402 3.7795 3.8189 3.8583 3.8976
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Table 1.2.13 Area Equivalents
(1 hectare = 100 ares = 10,000 centiares or square metres)

Square Square Square Square Square Square Square miles
metres inches feet yards rods chains Roods Acres or sections
1 1550 10.76 1.196 0.0395 0.002471 0.0,9884 0.0,2471 0.0,3861
0.0,6452 1 0.006944 0.0,7716 0.0,2551 0.0,1594 0.0,6377 0.0,1594 0.0,2491
0.09290 144 1 0.1111 0.003673 0.0,2296 0.0,9183 0.0,2296 0.0,3587
0.8361 1296 9 1 0.03306 0.002066 0.0,8264 0.0002066 0.0,3228
25.29 39204 272.25 30.25 1 0.0625 0.02500 0.00625 0.0,9766
404.7 627264 4356 484 16 1 0.4 0.1 0.0001562
1012 1568160 10890 1210 40 25 1 0.25 0.0,3906
4047 6272640 43560 4840 160 10 4 1 0.001562
2589988 27878400 3097600 102400 6400 2560 640 1
Table 1.2.14 Conversion of Areas*
Sq in Sq cm Sq ft Sqm Sqyd Sqm Acres to Hectares Sq mi Sq km
to sq cm to sq in to sq m to sq ft tosqm to sq yd hectares to acres to sq km to sq mi
1 6.452 0.1550 0.0929 10.76 0.8361 1.196 0.4047 2.471 2.590 0.3861
2 12.90 0.3100 0.1858 21.53 1.672 2.392 0.8094 4.942 5.180 0.7722
3 19.35 0.4650 0.2787 32.29: 2.508 3.588 1.214 7.413 7.770 1.158
4 25.81 0.6200 0.3716 43.06 3.345 4.784 1.619 9.884 10.360 1.544
5 32.26 0.7750 0.4645 53.82 4.181 5.980 2.023 12.355 12.950 1.931
6 38.71 0.9300 0.5574 64.58 5.017 7.176 2.428 14.826 15.540 2.317
7 45.16 1.085 0.6503 75.35 5.853 8.372 2.833 17.297 18.130 2.703
8 51.61 1.240 0.7432 86.11 6.689 9.568 3.237 19.768 20.720 3.089
9 58.06 1.395 0.8361 96.88 7.525 10.764 3.642 22.239 23.310 3.475
* EXAMPLE: 1 in> = 6.452 cm?.
Table 1.2.15 Volume and Capacity Equivalents
U.S. quarts
Cubic Cubic Cubic U.S. Apothecary u.s. U.s. Cubic decimetres
inches feet yards fluid ounces Liquid Dry gallons bushels or litres
1 0.0,5787 0.0,2143 0.5541 0.01732 0.01488 0.0,4329 0.0,4650 0.01639
1728 1 0.03704 957.5 29.92 25.71 7.481 0.8036 28.32
46656 27 1 25853 807.9 694.3 202.2 21.70 764.6
1.805 0.001044 0.0,3868 1 0.03125 0.02686 0.007812 0.0,8392 0.02957
57.75 0.03342 0.001238 32 1 0.8594 0.25 0.02686 0.9464
67.20 0.03889 0.001440 37.24 1.164 1 0.2909 0.03125 1.101
231 0.1337 0.004951 128 4 3.437 1 0.1074 3.785
2150 1.244 0.04609 1192 37.24 32 9.309 1 35.24
61.02 0.03531 0.001308 33.81 1.057 0.9081 0.2642 0.02838 1
Table 1.2.16 Conversion of Volumes or Cubic Measure*
Cu in mL Cu ft Cum Cuyd Cum Gallons Cu ft
to mL to cuin tocum to cu ft to cum to cu yd to cu ft to gallons
1 16.39 0.06102 0.02832 35.31 0.7646 1.308 0.1337 7.481
2 32.77 0.1220 0.05663 70.63 1.529 2.616 0.2674 14.96
3 49.16 0.1831 0.08495 105.9 2.294 3.924 0.4010 22.44
4 65.55 0.2441 0.1133 141.3 3.058 5.232 0.5347 29.92
5 81.94 0.3051 0.1416 176.6 3.823 6.540 0.6684 37.40
6 98.32 0.3661 0.1699 211.9 4.587 7.848 0.8021 44.88
7 114.7 0.4272 0.1982 247.2 5.352 9.156 0.9358 52.36
8 131.1 0.4882 0.2265 2825 6.116 10.46 1.069 59.84
9 147.5 0.5492 0.2549 317.8 6.881 11.77 1.203 67.32

* EXAMPLE: 1 in® = 16.39 mL.
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Table 1.2.17 Conversion of Volumes or Capacities*
Fluid ounces mL to Liquid pints Litres to Liquid quarts Litres to Gallons Litres Bushels to Hectolitres
to mL fluid ounces to litres liquid pints to litres liquid quarts to litres to gallons hectolitres to bushels
1 29.57 0.03381 0.4732 2.113 0.9463 1.057 3.785 0.2642 0.3524 2.838
2 59.15 0.06763 0.9463 4.227 1.893 2.113 7.571 0.5284 0.7048 5.676
3 88.72 0.1014 1.420 6.340 2.839 3.170 11.36 0.7925 1.057 8.513
4 118.3 0.1353 1.893 8.454 3.785 4.227 15.14 1.057 1.410 11.35
5 147.9 0.1691 2.366 10.57 4.732 5.284 18.93 1.321 1.762 14.19
6 177.4 0.2092 2.839 12.68 5.678 6.340 22.71 1.585 2.114 17.03
7 207.0 0.2367 3.312 14.79 6.624 7.397 26.50 1.849 2.467 19.86
8 236.6 0.2705 3.785 16.91 7.571 8.454 30.28 2.113 2.819 22.70
9 266.2 0.3043 4.259 19.02 8.517 9.510 34.07 2.378 3.171 25.54
* EXAMPLE: | fluid oz = 29.57 mL.
Table 1.2.18 Mass Equivalents
Ounces Pounds Tons
Kilograms Grains Troy and apoth Avoirdupois Troy and apoth Avoirdupois Short Long Metric
1 15432 32.15 35.27 2.6792 2.205 0.0,1102 0.0,9842 0.001
0.0,6480 1 0.0,2083 0.0,2286 0.0,1736 0.0,1429 0.0,7143 0.0,6378 0.0,6480
0.03110 480 1 1.09714 0.08333 0.06857 0.0,3429 0.0,3061 0.0,3110
0.02835 437.5 0.9115 1 0.07595 0.0625 0.0,3125 0.0,2790 0.0,2835
0.3732 5760 12 13.17 1 0.8229 0.0,4114 0.0,3673 0.0,3732
0.4536 7000 14.58 16 1.215 1 0.0005 0.0,4464 0.0,4536
907.2 140, 29167 320, 2431 2000 1 0.8929 0.9072
1016 15680, 32667 35840 2722 2240 1.12 1 1.016
1000 15432356 32151 35274 2679 2205 1.102 0.9842 1
Table 1.2.19 Conversion of Masses*
Short Metric Long
tons tons tons Metric
Ounces Grams Pounds Kilograms (2000 1b) (1000 kg) (2240 1b) tons
Grains Grams (avdp) to (avdp) to to to to to
to to to ounces to pounds metric short metric long
grams grains grams (avdp) kilograms (avdp) tons tons tons tons
1 0.06480 15.43 28.35 0.03527 0.4536 2.205 0.907 1.102 1.016 0.984
2 0.1296 30.86 56.70 0.07055 0.9072 4.409 1.814 2.205 2.032 1.968
3 0.1944 46.30 85.05 0.1058 1.361 6.614 2.722 3.307 3.048 2.953
4 0.2592 61.73 113.40 0.1411 1.814 8.818 3.629 4.409 4.064 3.937
5 0.3240 77.16 141.75 0.1764 2.268 11.02 4.536 5.512 5.080 4921
6 0.3888 92.59 170.10 0.2116 2.722 13.23 5.443 6.614 6.096 5.905
7 0.4536 108.03 198.45 0.2469 3.175 15.43 6.350 7.716 7.112 6.889
8 0.5184 123.46 226.80 0.2822 3.629 17.64 7.257 8.818 8.128 7.874
9 0.5832 138.89 255.15 0.3175 4.082 19.84 8.165 9.921 9.144 8.858
* EXAMPLE: | grain = 0.06480 grams.
Table 1.2.20 Pressure Equivalents
Columns of mercury at Columns of water at
temperature 0°C and temperature 15°C and
3 g = 9.80665 m/s’ g = 9.80665 m/s?
Pascals Bars 10° Poundsf
N/m? N/m? per in? Atmospheres cm in cm in
1 1073 0.000145 0.00001 0.00075 0.000295 0.01021 0.00402
100000 1 14.504 0.9869 75.01 29.53 1020.7 401.8
6894.8 0.068948 1 0.06805 5.171 2.036 70.37 27.703
101326 1.0132 14.696 1 76.000 29.92 1034 407.1
1333 0.0133 0.1934 0.01316 1 0.3937 13.61 5.357
3386 0.03386 0.4912 0.03342 2.540 1 34.56 13.61
97.98 0.0009798 0.01421 0.000967 0.07349 0.02893 1 0.3937
248.9 0.002489 0.03609 0.002456 0.1867 0.07349 2.540 1
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Table 1.2.21 Conversion of Pressures*
Lb/in? to Bars to Lb/in? to Atmospheres Bars to Atmospheres
bars Ib/in? atmospheres to Ib/in? atmospheres to bars
1 0.06895 14.504 0.06805 14.696 0.98692 1.01325
2 0.13790 29.008 0.13609 29.392 1.9738 2.0265
3 0.20684 43.511 0.20414 44.098 2.9607 3.0397
4 0.27579 58.015 0.27218 58.784 3.9477 4.0530
5 0.34474 72.519 0.34823 73.480 4.9346 5.0663
6 0.41368 87.023 0.40826 88.176 5.9215 6.0795
7 0.48263 101.53 0.47632 102.87 6.9085 7.0927
8 0.55158 116.03 0.54436 117.57 7.8954 8.1060
9 0.62053 130.53 0.61241 132.26 8.8823 9.1192
* EXAMPLE: 1 1b/in> = 0.06895 bar.
Table 1.2.22 Velocity Equivalents
cm/s m/s m/min km/h ft/s ft/min mi/h Knots
1 0.01 0.6 0.036 0.03281 1.9685 0.02237 0.01944
100 1 60 3.6 3.281 196.85 2.237 1.944
1.667 0.01667 1 0.06 0.05468 3.281 0.03728 0.03240
27.78 0.2778 16.67 1 09113 54.68 0.6214 0.53996
30.48 0.3048 18.29 1.097 1 60 0.6818 0.59248
0.5080 0.005080 0.3048 0.01829 0.01667 1 0.01136 0.00987
44.70 0.4470 26.82 1.609 1.467 88 1 0.86898
51.44 0.5144 30.87 1.852 1.688 101.3 1.151 1
Table 1.2.23 Conversion of Linear and Angular Velocities*
cm/s ft/min cm/s mi/h ft/s mi/h rad/s r/min
to ft/min to cm/s to mi/h to cm/s to mi/h to ft/s to r/min to rad/s
1 1.97 0.508 0.0224 4470 0.682 1.47 9.55 0.1047
2 3.94 1.016 0.0447 89.41 1.364 2.93 19.10 0.2094
3 591 1.524 0.0671 134.1 2.045 4.40 28.65 0.3142
4 7.87 2.032 0.0895 178.8 2.727 5.87 38.20 0.4189
5 9.84 2.540 0.1118 223.5 3.409 7.33 47.75 0.5236
6 11.81 3.048 0.1342 268.2 4.091 8.80 57.30 0.6283
7 13.78 3.556 0.1566 312.9 4.773 10.27 66.84 0.7330
8 15.75 4.064 0.1790 357.6 5.455 11.73 76.39 0.8378
9 17.72 4.572 0.2013 402.3 6.136 13.20 85.94 0.9425
* EXAMPLE: 1 cm/s = 1.97 ft/min.
Table 1.2.24 Acceleration Equivalents
cm/s? m/s? m/(h - s) km/(h - s) ft/(h - s) ft/s? ft/min® mi/(h - s) knots/s
1 0.01 36.00 0.036 118.1 0.03281 118.1 0.02237 0.01944
100 1 3600 3.6 11811 3.281 11811 2.237 1.944
0.02778 0.0002778 1 0.001 3.281 0.0009113 3.281 0.0006214 0.0005400
27.78 0.2778 1000 1 3281 0.9113 3281 0.6214 0.5400
0.008467 0.00008467 0.3048 0.0003048 1 0.0002778 1 0.0001894 0.0001646
30.48 0.3048 1097 1.097 3600 1 3600 0.6818 0.4572
0.008467 0.00008467 0.3048 0.0003048 1 0.0002778 1 0.0001894 0.0001646
44.70 0.4470 1609 1.609 5280 1.467 5280 1 0.8690
51.44 0.5144 1852 1.852 6076 1.688 6076 1.151 1
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Table 1.2.25 Conversion of Accelerations*
cm/s? km/(h - s) km/(h - s) ft/s? ft/s? ft/min® mi/(h - s) mi/(h - s) knots/s knots/s
to to to to to to to to to to
ft/min? mi/(h - s) knots/s mi/(h - s) knots/s cm/s? km/(h - s) knots/s mi/(h - s) km/(h - s)
1 118.1 0.6214 0.5400 0.6818 0.4572 0.008467 1.609 0.8690 1.151 1.852
2 236.2 1.243 1.080 1.364 0.9144 0.01693 3.219 1.738 2.302 3.704
3 354.3 1.864 1.620 2.045 1.372 0.02540 4.828 2.607 3.452 5.556
4 472.4 2.485 2.160 2.727 1.829 0.03387 6.437 3.476 4.603 7.408
5 590.6 3.107 2.700 3.409 2.286 0.04233 8.046 4.345 5.754 9.260
6 708.7 3.728 3.240 4.091 2.743 0.05080 9.656 5.214 6.905 11.11
7 826.8 4.350 3.780 4.772 3.200 0.05927 11.27 6.083 8.056 12.96
8 944.9 4971 4.320 5.454 3.658 0.06774 12.87 6.952 9.206 14.82
9 1063 5.592 4.860 6.136 4.115 0.07620 14.48 7.821 10.36 16.67
* EXAMPLE: 1 cm/s? = 118.1 ft/min’.
Table 1.2.26 Energy or Work Equivalents
Metric British
Joules or Kilogramf- Kilowatt horsepower- Horsepower- Litre- thermal
Newton-metres metres Foot-poundsf hours hours hours atmospheres Kilocalories units
1 0.10197 0.7376 0.0,2778 0.0,3777 0.043725 0.009869 0.0,2388 0.0,9478
9.80665 1 7.233 0.0,2724 0.0,37037 0.0,3653 0.09678 0.002342 0.009295
1.356 0.1383 0.0,3766 0.0,51206 0.0,50505 0.01338 0.0,3238 0.001285
3.600 X 10° 3.671 X 10° 2.655 X 10° 1 1.3596 1.341 35528 859.9 3412
2.648 X 10° 270000 1.9529 X 10° 0.7355 1 0.9863 26131 632.4 2510
2.6845 X 10° 2.7375 X 10° 1.98 X 10° 0.7457 1.0139 1 26493 641.2 2544
101.33 10.333 74.74 0.0,2815 0.0,3827 0.0,3775 1 0.02420 0.09604
4186.8 426.9 3088 0.001163 0.001581 0.001560 41.32 1 3.968
1055 107.6 778.2 0.0,2931 0.0,3985 0.0,3930 10.41 0.25200 1
Table 1.2.27 Conversion of Energy, Work, Heat*
Ft - Ibf Joules Ft - 1Ibf Btu Kilogramf- Kilocalories Joules Calories
to to to to metres to to kilogramf- to to
joules ft - Ibf Btu ft - Ibf kilocalories metres calories joules
1 1.3558 0.7376 0.001285 778.2 0.002342 426.9 0.2388 4.187
2 2.7116 1.4751 0.002570 1,556 0.004685 853.9 0.4777 8.374
3 4.0674 22127 0.003855 2,334 0.007027 1,281 0.7165 12.56
4 5.4232 2.9503 0.005140 3,113 0.009369 1,708 0.9554 16.75
5 6.7790 3.6879 0.006425 3,891 0.01172 2,135 1.194 20.93
6 8.1348 4.4254 0.007710 4,669 0.01405 2,562 1.433 25.12
7 9.4906 5.1630 0.008995 5,447 0.01640 2,989 1.672 29.31
8 10.8464 5.9006 0.01028 6,225 0.01874 3,415 1.911 33.49
9 12.2022 6.6381 0.01156 7,003 0.02108 3,842 2.150 37.68
* EXAMPLE: 1 ft - Ibf = 1.3558 J.
Table 1.2.28 Power Equivalents
Metric Kgf - m Ft - 1bf Kilocalories Btu per
Horsepower Kilowatts horsepower pers pers pers
1 0.7457 1.014 76.04 550 0.1781 0.7068
1.341 1 1.360 102.0 737.6 0.2388 0.9478
0.9863 0.7355 1 75 542.5 0.1757 0.6971
0.01315 0.009807 0.01333 1 7.233 0.002342 0.009295
0.00182 0.001356 0.00184 0.1383 1 0.0,3238 0.001285
5.615 4.187 5.692 426.9 3088 1 3.968
1.415 1.055 1.434 107.6 778.2 0.2520 1
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Table 1.2.29 Conversion of Power*

Metric Kilowatts Horsepower Metric
Horsepower Kilowatts to horsepower to metric to metric horsepower
to kilowatts horsepower to kilowatts horsepower horsepower to horsepower
1 0.7457 1.341 0.7355 1.360 1.014 0.9863
2 1.491 2.682 1.471 2.719 2.028 1.973
3 2.237 4.023 2.206 4.079 3.042 2.959
4 2.983 5.364 2.942 5.438 4.055 3.945
5 3.729 6.705 3.677 6.798 5.069 4.932
6 4.474 8.046 4.412 8.158 6.083 5918
7 5.220 9.387 5.147 9.520 7.097 6.904
8 5.966 10.73 5.883 10.88 8.111 7.891
9 6.711 12.07 6.618 12.24 9.125 8.877
* EXAMPLE: 1 hp = 0.7457 kW.
Table 1.2.30 Density Equivalents* Table 1.2.31 Conversion of Density
Short tons Grams Grams Short
Grams Lb per Lb per (2,000 1b) Lb per per Lb per per mL tons per
per mL cuin cu ft per cu yd U.S. gal mL to cu ft to short cuyd
1b per to grams tons per to grams
1 0.03613 62.43 0.8428 8.345 cu ft per mL cuyd per mL
27.68 1 1728 23.33 231
0.01602 0.0,5787 1 0.0135 0.1337 1 62.43 0.01602 0.8428 1.187
1.187 0.04287 74.7 1 9.902 2 124.86 0.03204 1.6856 2.373
0.1198 0.004329 7.481 0.1010 1 3 187.28 0.04805 25083 3,560
* EXAMPLE: 1 g per mL = 62.43 b per cu ft. 4 249.71 0.06407 3.3711 4.746
5 312.14 0.08009 4.2139 5.933
6 374.57 0.09611 5.0567 7.119
7 437.00 0.11213 5.8995 8.306
8 499.43 0.12814 6.7423 9.492
9 561.85 0.14416 7.5850 10.679
10 624.28 0.16018 8.4278 11.866
Table 1.2.32 Thermal Conductivity
Calories per Watts per Calories per Btu - ft per Btu - in per
cm s - °C cm - °C cm - h-°C f® - h - °F ft> - day - °F
1 4.1868 3,600 241.9 69,670
0.2388 1 860 57.79 16,641
0.0002778 0.001163 1 0.0672 19.35
0.004134 0.01731 14.88 1 288
0.00001435 0.00006009 0.05167 0.00347 1
Table 1.2.33 Thermal Conductance
Calories per Watts per Calories per Btu per Btu per
cm? - s - °C cm? - °C cm? - h-°C f* - h-°F ft> - day - °F
1 4.1868 3,600 7,373 176,962
0.2388 1 860 1,761 42,267
0.0002778 0.001163 1 2.048 49.16
0.0001356 0.0005678 0.4882 1 24
0.000005651 0.00002366 0.02034 0.04167 1
Table 1.2.34 Heat Flow
Calories per Watts per Calories per Btu per Btu per
cm? - s cm? cm? - h ft* - h ft? - day
1 4.1868 3,600 13,272 318,531
0.2388 1 860 3,170 76,081
0.0002778 0.001163 1 3.687 88.48
0.00007535 0.0003154 0.2712 1 24
0.000003139 0.00001314 0.01130 0.04167 1
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2.1 MATHEMATICS
by C. Edward Sandifer
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SETS, NUMBERS, AND ARITHMETIC
Sets and Elements

The concept of a set appears throughout modern mathematics. A set is
a well-defined list or collection of objects and is generally denoted by
capital letters, A, B, C, . . . . The objects composing the set are called
elements and are denoted by lowercase letters, a, b, x, y, . . . . The
notation

xEA

is read “x is an element of A” and means that x is one of the objects
composing the set A.

There are two basic ways to describe a set. The first way is to list the
elements of the set.

A ={2,4,6,8,10}

This often is not practical for very large sets.
The second way is to describe properties which determine the ele-
ments of the set.

A = {even numbers from 2 to 10}

This method is sometimes awkward since a single set may sometimes
be described in several different ways.
In describing sets, the symbol : is read “such that.” The expression

B = {x:xisaneven integer, x > 1,x < 11}

is read “B equals the set of all x such that x is an even integer, x is
greater than 1, and x is less than 11.”

Two sets, A and B, are equal, written A = B, if they contain exactly
the same elements. The sets A and B above are equal. If two sets, X and
Y, are not equal, it is written X # Y.

Subsets A set C is a subset of a set A, written C C A, if each
element in C is also an element in A. It is also said that C is contained in
A. Any set is a subset of itself. That is, A C A always. A is said to be an
“improper subset of itself.” Otherwise, if C C A and C # A, then C'is a
proper subset of A.

Two theorems are important about subsets:

(Fundamental theorem of set equality)

IfXCvY and YCX, thenX =Y 2.1.1)
(Transitivity)
IfXCvY and YC?2Zz, thenX C Z 2.1.2)

Universe and Empty Set In an application of set theory, it often
happens that all sets being considered are subsets of some fixed set, say
integers or vectors. This fixed set is called the universe and is sometimes
denoted U.

It is possible that a set contains no elements at all. The set with no
elements is called the empty set or the null set and is denoted .

Set Operations New sets may be built from given sets in several
ways. The union of two sets, denoted A U B, is the set of all elements
belonging to A or to B, or to both.

AUB={x:xEA or x€B}

The union has the properties:

ACAUB and BCAUB (2.1.3)

The intersection is denoted A M B and consists of all elements, each of
which belongs to both A and B.

ANB={x:x€EA and x € B}
The intersection has the properties
ANBCA and ANBCB (2.1.4)

If AN B = J, then A and B are called disjoint.

In general, a union makes a larger set and an intersection makes a
smaller set.

The complement of a set A is the set of all elements in the universe set
which are not in A. This is written

TA={x:x €U, x¢&A}

The difference of two sets, denoted A — B, is the set of all elements
which belong to A but do not belong to B.

Algebra on Sets The operations of union, intersection, and comple-
ment obey certain laws known as Boolean algebra. Using these laws, it is
possible to convert an expression involving sets into other equivalent
expressions. The laws of Boolean algebra are given in Table 2.1.1.

Venn Diagrams To give a pictorial representation of a set, Venn
diagrams are often used. Regions in the plane are used to correspond to
sets, and areas are shaded to indicate unions, intersections, and com-
plements. Examples of Venn diagrams are given in Fig. 2.1.1. The laws
of Boolean algebra and their relation to Venn diagrams are particularly
important in programming and in the logic of computer searches.

Numbers

Numbers are the basic instruments of computation. It is by operations
on numbers that calculations are made. There are several different kinds
of numbers.

Natural numbers, or counting numbers, denoted N, are the whole
numbers greater than zero. Sometimes zero is included as a natural
number. Any two natural numbers may be added or multiplied to give
another natural number, but subtracting them may produce a negative

Table 2.1.1 Laws of Boolean Algebra
1. Idempotency
AUA=A ANA=A

2. Associativity
(AUB)UC=AUBUO)

3. Commutativity
AUB=BUA

4. Distributivity
AUBNC) =(AUBNAUC ANBUCO=ANBUMANO

ANBNC=ANBNC)

ANB=BNA

5. Identity
AU =A ANU=A
AUU=U ANG =0
6. Complement
AUTA=U ANTA=(
“(CA)=A
=9
O=U

7. DeMorgan’s laws

“(AUB)="AN"B “(ANB) ="AU"B
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Fig. 2.1.1 Venn diagrams.

number, which is not a natural number, and dividing them may produce
a fraction, which is not a natural number. When computers are used, it
is important to know what kind of number is being used so the correct
data type will be used as well.

Integers, or whole numbers, are denoted by Z. They include both pos-
itive and negative numbers and zero. Integers may be added, subtract-
ed, and multiplied, but division might not produce an integer.

Real numbers, denoted R, are essentially all values which it is possible
for a measurement to take, or all possible lengths for line segments. Rational
numbers are real numbers that are the quotient of two integers, for example,
11/78. Irrational numbers are not the quotient of two integers, for example,
7 and V2. Within the real numbers, it is always possible to add, sub-
tract, multiply, and divide (except division by zero).

Complex numbers, or imaginary numbers, denoted C, are an extension
of the real numbers that include the square root of —1, denoted i. Within
the real numbers, only positive numbers have square roots. Within the
complex numbers, all numbers have square roots.

Any complex number z can be written uniquely as z = x + iy, where
x and y are real. Then x is the real part of z, denoted Re(z), and y is the
imaginary part, denoted Im(z).

The complex conjugate, or simply conjugate of a complex number, z is
Z=x — iy

If z=x + iyand w = u + iv, then z and w may be manipulated as
follows:

z+w=x+u +ily +v
(x —u) +ily —v)
w =xu — yv + i(xv + yu)
xu + yv + i(yu — xv)

u? + 1?2

- w=

Sk

As sets, the following relation exists among these different kinds of
numbers:
NCZCRCC

Functions

A function f'is a rule that relates two sets A and B. Given an element x
of the set A, the function assigns a unique element y from the set B. This
is written

y = fx)

The set A is called the domain of the function, and the set B is called
the range. It is possible for A and B to be the same set.
Functions are usually described by giving the rule. For example,

f(x) =3x+ 4

is a rule for a function with range and domain both equal to R. Given a
value, say, 2, from the domain, f(2) = 3(2) + 4 = 10.

SETS, NUMBERS, AND ARITHMETIC 2-3

If two functions f and g have the same range and domain and if the
ranges are numbers, then f and g may be added, subtracted, multiplied,
or divided according to the rules of the range. If f(x) = 3x + 4 and
g(x) = sin(x) and both have range and domain equal to R, then

f+ g(x) =3x + 4 + sin (x)

and = (x) =

Dividing functions occasionally leads to complications when one of
the functions assumes a value of zero. In the example f/g above, this
occurs when x = 0. The quotient cannot be evaluated for x = 0 although
the quotient function is still meaningful. In this case, the function f/g is
said to have a pole at x = 0.

Polynomial functions are functions of the form

700 = Saa

where a, # 0. The domain and range of polynomial functions are
always either R or C. The number n is the degree of the polynomial.

Polynomials of degree O or 1 are called linear; of degree 2 they are
called parabolic or quadratic; and of degree 3 they are called cubic.

The values of f for which f(x) = 0 are called the roots of f. A polyno-
mial of degree n has at most n roots. There is exactly one exception to
this rule: If f(x) = 0 is the constant zero function, the degree of fis zero,
but f has infinitely many roots.

Roots of polynomials of degree 1 are found as follows: Suppose the
polynomial is f(x) = ax + b. Set f(x) = 0 and solve for x. Then
x = —b/a.

Roots of polynomials of degree 2 are often found using the quadratic
formula. If f(x) = ax?> + bx + c, then the two roots of f are given by the
quadratic formula:

_ —b+ Vb — 4ac
- 2a

Roots of a polynomial of degree 3 fall into two types.

Equations of the Third Degree with Term in x2 Absent

Solution: After dividing through by the coefficient of x°, any equa-
tion of this type can be written x* = Ax + B. Let p = A/3 and ¢ = B/2.
The general solution is as follows:

Case 1. g*> — p? positive. One root is real, viz.,

n=Va+ Vi —p + Vg- Vg —p

The other two roots are imaginary.

—b — Vb? — dac

X 2a

and X, =

Case2. ¢> — p* = zero. Three roots real, but two of them equal.

x1:2% x2=—% )@2-%

Case3. ¢* — p? negative. All three roots are real and distinct. Determine
an angle u between 0 and 180°, such that cos u = ¢/(p \/1;). Then

x, = 2Vpcos (u/3)
x, = 2V pcos (u/3 + 120°)
x, = 2Vp cos (u/3 + 240°)

Graphical Solution: Plot the curve y, = x3, and the straight line y, =
Ax + B. The abscissas of the points of intersection will be the roots of
the equation.

Equations of the Third Degree (General Case)

Solution: The general cubic equation, after dividing through by the
coefficient of the highest power, may be written x* + ax*> + bx +
¢ = 0. To get rid of the term in x?, let x = x; — a/3. The equation then
becomes x; = Ax, + B, where A = 3(a/3)*> — b, and B = —2(a/3)* +
b(al3) — c. Solve this equation for x,, by the method above, and then
find x itself from x = x; — (a/3).

Graphical Solution: Without getting rid of the term in x?, write the
equation in the form x* = —a[x + (b/2a)]* + [a(b/2a)* — c], and solve
by the graphical method.
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Computer Solutions: Equations of degree 3 or higher are frequently
solved by using computer algebra systems such as Mathematica or Maple.

Arithmetic

When numbers, functions, or vectors are manipulated, they always obey
certain properties, regardless of the types of the objects involved.
Elements may be added or subtracted only if they are in the same uni-
verse set. Elements in different universes may sometimes be multiplied
or divided, but the result may be in a different universe. Regardless of
the universe sets involved, the following properties hold true:

1. Associative laws. a + (b + ¢) = (a + b) + ¢, a(bc) = (ab)c

2. Identity laws. 0 + a = a, la = a

3. Inverse laws.a —a = 0, a/a = 1

4. Distributive law. a(b + ¢) = ab + ac

5. Commutative laws. a + b = b + a, ab = ba

Certain universes, for example, matrices, do not obey the commuta-
tive law for multiplication.

SIGNIFICANT FIGURES AND PRECISION

Number of Significant Figures In engineering computations, the
data are ordinarily the result of measurement and are correct only to a
limited number of significant figures. Each of the numbers 3.840 and
0.003840 is said to be given “correct to four figures”; the true value lies
in the first case between 0.0038395 and 0.0038405. The absolute error
is less than 0.001 in the first case, and less than 0.000001 in the second;
but the relative error is the same in both cases, namely, an error of less
than “one part in 3,840.”

If a number is written as 384,000, the reader is left in doubt whether
the number of correct significant figures is 3, 4, 5, or 6. This doubt can
be removed by writing the number as 3.84 X 10°, or 3.840 X 10°, or
3.8400 X 103, or 3.84000 < 10°.

In any numerical computation, the possible or desirable degree of
accuracy should be decided on and the computation should then be so
arranged that the required number of significant figures, and no more,
is secured. Carrying out the work to a larger number of places than is
justified by the data is to be avoided, (1) because the form of the results
leads to an erroneous impression of their accuracy and (2) because time
and labor are wasted in superfluous computation.

The unit value of the least significant figure in a number is its
precision. The number 123.456 has six significant figures and has preci-
sion 0.001.

Two ways to represent a real number are as fixed-point or as floating-
point, also known as “scientific notation.”

In scientific notation, a number is represented as a product of a
mantissa and a power of 10. The mantissa has its first significant figure
either immediately before or immediately after the decimal point,
depending on which convention is being used. The power of 10 used is
called the exponent. The number 123.456 may be represented as either

0.123456 X 103 or 1.23456 X 107

Fixed-point representations tend to be more convenient when the
quantities involved will be added or subtracted or when all measure-
ments are taken to the same precision. Floating-point representations
are more convenient for very large or very small numbers or when the
quantities involved will be multiplied or divided.

Many different numbers may share the same representation. For exam-
ple, 0.05 may be used to represent, with precision 0.01, any value between
0.045000 and 0.054999. The largest value a number represents, in this
case 0.0549999, is sometimes denoted x*, and the smallest is denoted x,,.

An awareness of precision and significant figures is necessary so that
answers correctly represent their accuracy.

Multiplication and Division A product or quotient should be writ-
ten with the smallest number of significant figures of any of the factors
involved. The product often has a different precision than the factors,
but the significant figures must not increase.

ExamPLES. (6.)(8.) = 48 should be written as 50 since the factors have one
significant figure. There is a loss of precision from 1 to 10.

0.6 X 0.8 = .048 should be written as 0.5 since the factors have one significant
figure. There is a gain of precision from 0.1 to 0.01.

Addition and Subtraction A sum or difference should be repre-
sented with the same precision as the least precise term involved. The
number of significant figures may change.

ExampLES. 3.14 + 0.001 = 3.141 should be represented as 3.14 since the
least precise term has precision 0.01.

3.14 + 0.1 = 3.24 should be represented as 3.2 since the least precise term has
precision 0.1.

Loss of Significant Figures Addition and subtraction may result in
serious loss of significant figures and resultant large relative errors if
the sums are near zero. For example,

3.15 — 3.14 = 0.01

shows a loss from three significant figures to just one. Where it is pos-
sible, calculations and measurements should be planned so that loss of
significant figures can be avoided.

Mixed Calculations When an expression involves both products
and sums, significant figures and precision should be noted for each
term or factor as it is calculated, so that correct significant figures and
precision for the result are known. The calculation should be performed
to as much precision as is available and should be rounded to the cor-
rect precision when the calculation is finished. This process is fre-
quently done incorrectly, particularly when calculators or computers
provide many decimal places in their result but provide no clue as to
how many of those figures are significant.

Significant Figures in Evaluating Functions If y = f(x), then the
correct number of significant figures in y depends on the number of sig-
nificant figures in x and on the behavior of the function fin the neigh-
borhood of x. In general, y should be represented so that all of f(x),
f(x*), and f(x) are between y* and y.

EXAMPLES.

sqr (2.0) sqr (1.95) = 1.39642
sqr (2.00) = 1.41421
sqr (2.05) = 1.43178

soy = 1.4

sin (0.5) = 0.00872
sin (1.0) = 0.01745
sin (1.5) = 0.02617
so sin (1°) = 0.0
sin (89.5) = 0.99996
sin (90.0) = 1.00000
sin (90.5) = 0.99996
5o sin (90°) = 1.0000

sin (1°)

sin (90°)

Note that in finding sin (90°), there was a gain in significant figures
from two to five and also a gain in precision. This tends to happen when
f'(x) is close to zero. On the other hand, precision and significant fig-
ures are often lost when f'(x) or f"(x) are large.

Rearrangement of Formulas Often a formula may be rewritten in
order to avoid a loss of significant figures.

In using the quadratic formula to find the roots of a polynomial, sig-
nificant figures may be lost if the ax> + bx + ¢ has a root near zero. The
quadratic formula may be rearranged as follows:

1. Use the quadratic formula to find the root that is not close to 0.
Call this root x;.

2. Then x, = c/ax,.

If f(x) = Vx + 1 — V/x, then loss of significant figures occurs if x
is large. This can be eliminated by “rationalizing the numerator” as follows:

(Vx + —\/;c)(\/x+1+\/;c)= 1
Vit 1+ Va Vit 1+ Vax

and this has no loss of significant figures.




There is an almost unlimited number of “tricks” for rearranging for-
mulas to avoid loss of significant figures, but many of these are very
similar to the tricks used in calculus to evaluate limits.

GEOMETRY, AREAS, AND VOLUMES
Geometrical Theorems

Right Triangles > + b* = 2. (See Fig. 2.1.2.) LA + £ B = 90°.
p* = mn. a®> = mc. b*> = nc.

Oblique Triangles Sum of angles = 180°. An exterior angle = sum
of the two opposite interior angles (Fig. 2.1.2).

Fig. 2.1.2 Right triangle.

The medians, joining each vertex with the middle point of the oppo-
site side, meet in the center of gravity G (Fig. 2.1.3), which trisects each
median.

N
SO N

S
l ~

Fig. 2.1.3 Triangle showing medians and center of gravity.

The altitudes meet in a point called the orthocenter, O.

The perpendiculars erected at the midpoints of the sides meet in a
point C, the center of the circumscribed circle. (In any triangle G, O,
and C lie in line, and G is two-thirds of the way from O to C.)

The bisectors of the angles meet in the center of the inscribed circle

(Fig. 2.1.4).

Fig. 2.1.4 Triangle showing bisectors of angles.

The largest side of a triangle is opposite the largest angle; it is less
than the sum of the other two sides.

Similar Figures  Any two similar figures, in a plane or in space, can
be placed in “perspective,” i.e., so that straight lines joining corre-
sponding points of the two figures will pass through a common point
(Fig. 2.1.5). That is, of two similar figures, one is merely an enlarge-
ment of the other. Assume that each length in one figure is k times the
corresponding length in the other; then each area in the first figure is &
times the corresponding area in the second, and each volume in the first
figure is k* times the corresponding volume in the second. If two lines
are cut by a set of parallel lines (or parallel planes), the corresponding
segments are proportional.

Fig. 2.1.5 Similar figures.
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The Circle An angle that is inscribed in a semicircle is a right angle
(Fig. 2.1.6).
A tangent is perpendicular to the radius drawn to the point of contact.

Fig. 2.1.6 Angle inscribed in a Fig. 2.1.7 Dihedral angle.

semicircle.

Dihedral Angles The dihedral angle between two planes is mea-
sured by a plane angle formed by two lines, one in each plane, perpen-
dicular to the edge (Fig. 2.1.7). (For solid angles, see Surfaces and
Volumes of Solids.)

In a tetrahedron, or triangular pyramid, the four medians, joining
each vertex with the center of gravity of the opposite face, meet in a
point, the center of gravity of the tetrahedron; this point is ¥ of the way
from any vertex to the center of gravity of the opposite face.

The Sphere (See also Surfaces and Volumes of Solids.) If AB is a
diameter, any plane perpendicular to AB cuts the sphere in a circle, of
which A and B are called the poles. A great circle on the sphere is
formed by a plane passing through the center.

Geometrical Constructions

To BisectaLine AB (Fig.2.1.8) (1) From A and B as centers, and with
equal radii, describe arcs intersecting at P and Q, and draw PQ, which
will bisect AB in M. (2) Lay off AC = BD = approximately half of AB,
and then bisect CD.

*P
| S .

1 N7
A M B | By /¢

!

|

*a l 0
Fig. 2.1.8 Bisectors of a line.

Fig. 2.1.9 Construction of a
line parallel to a given line.

To Draw a Parallel to a Given Line / through a Given Point A
(Fig. 2.1.9) With point A as center draw an arc just touching the line /;
with any point O of the line as center, draw an arc BC with the same
radius. Then a line through A touching this arc will be the required par-
allel. Or, use a straightedge and triangle. Or, use a sheet of celluloid with
a set of lines parallel to one edge and about %4 in apart ruled upon it.

To Draw a Perpendicular to a Given Line from a Given Point A
Outside the Line (Fig. 2.1.10) (1) With A as center, describe an arc
cutting the line at R and S, and bisect RS at M. Then M is the foot of the
perpendicular. (2) If A is nearly opposite one end of the line, take any
point B of the line and bisect AB in O; then with O as center, and OA or
OB as radius, draw an arc cutting the line in M. Or, (3) use a straight-
edge and triangle.

e
[ ~
| | o2
R }M s M\ X B
% (o) (b)

Fig.2.1.10 Construction of a line perpendicular to a given line from a point not
on the line.

To Erect a Perpendicular to a Given Line at a Given Point P (1) Lay
off PR = PS (Fig. 2.1.11), and with R and S as centers draw arcs
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intersecting at A. Then PA is the required perpendicular. (2) If P is near
the end of the line, take any convenient point O (Fig. 2.1.12) above the
line as center, and with radius OP draw an arc cutting the line at Q.
Produce QO to meet the arc at A; then PA is the required perpendicular.
(3) Lay off PB = 4 units of any scale (Fig. 2.1.13); from P and B as cen-
ters lay off PA = 3 and BA = 5; then APB is a right angle.

P
R P S ~__
Fig. 2.1.11 Construction of a
line perpendicular to a given line
from a point on the line.

Fig. 2.1.12 Construction of a
line perpendicular to a given line
from a point on the line.

To Divide a Line AB into n Equal Parts (Fig. 2.1.14) Through A
draw a line AX at any angle, and lay off n equal steps along this line.
Connect the last of these divisions with B, and draw parallels through
the other divisions. These parallels will divide the given line into n
equal parts. A similar method may be used to divide a line into parts
which shall be proportional to any given numbers.

To Bisect an Angle AOB (Fig. 2.1.15) Lay off OA = OB. From A
and B as centers, with any convenient radius, draw arcs meeting at M;
then OM is the required bisector.

Fig. 2.1.14 Division of a line
into equal parts.

Fig. 2.1.13 Construction of a
line perpendicular to a given
line from a point on the line.

To draw the bisector of an angle when the vertex of the angle is not
accessible. Parallel to the given lines a, b, and equidistant from them,
draw two lines a’, b’ which intersect; then bisect the angle between a’
and b'.

To Inscribe a Hexagon in a Circle (Fig. 2.1.16) Step around the cir-
cumference with a chord equal to the radius. Or, use a 60° triangle.

Fig. 2.1.15 Bisection of an Fig. 2.1.16 Hexagon inscribed
angle. in a circle.

To Circumscribe a Hexagon about a Circle (Fig. 2.1.17) Draw a
chord AB equal to the radius. Bisect the arc AB at T Draw the tangent at
T (parallel to AB), meeting OA and OB at P and Q. Then draw a circle
with radius OP or OQ and inscribe in it a hexagon, one side being PQ.

To Construct a Polygon of n Sides, One Side AB Being Given
(Fig. 2.1.18) With A as center and AB as radius, draw a semicircle, and
divide it into n parts, of which n — 2 parts (counting from B) are to be
used. Draw rays from A through these points of division, and complete
the construction as in the figure (in which n = 7). Note that the center
of the polygon must lie in the perpendicular bisector of each side.

To Draw a Tangent to a Circle from an external point A (Fig.
2.1.19) Bisect AC in M; with M as center and radius MC, draw arc cut-
ting circle in P; then P is the required point of tangency.

Fig. 2.1.17 Hexagon
circumscribed about a circle.

Fig. 2.1.18 Construction of a
polygon with a given side.

To Draw a Common Tangent to Two Given Circles (Fig. 2.1.20) Let
C and ¢ be centers and R and r the radii (R > r). From C as center, draw
two concentric circles with radii R + r and R — r; draw tangents to

M A

~__7

Fig. 2.1.19 Construction of a
tangent to a circle.

Fig. 2.1.20 Construction of a
tangent common to two circles.

these circles from c; then draw parallels to these lines at distance r.
These parallels will be the required common tangents.

To Draw a Circle through Three Given Points A, B, C, or to find the
center of a given circular arc (Fig. 2.1.21) Draw the perpendicular
bisectors of AB and BC; these will meet at the center, O.

AR
B

Fig. 2.1.21 Construction of a circle passing through three given points.

To Draw a Circle through Two Given Points A, B, and Touching a
Given Circle (Fig. 2.1.22) Draw any circle through A and B, cutting
the given circle at C and D. Let AB and CD meet at E, and let ET be tan-
gent from E to the circle just drawn. With E as center, and radius ET,
draw an arc cutting the given circle at P and Q. Either P or Q is the
required point of contact. (Two solutions.)

Bj
i

Fig. 2.1.22 Construction of a circle through two given points and touching a
given circle.

To Draw a Circle through One Given Point, A, and Touching Two
Given Circles (Fig. 2.1.23) Let S be a center of similitude for the two
given circles, i.e., the point of intersection of two external (or internal)



common tangents. Through S draw any line cutting one circle at two
points, the nearer of which shall be called P, and the other at two points,
the more remote of which shall be called Q. Through A, P, Q draw a cir-
cle cutting SA at B. Then draw a circle through A and B and touching
one of the given circles (see preceding construction). This circle will
touch the other given circle also. (Four solutions.)

Fig. 2.1.23 Construction of a circle through a given point and touching two
given circles.

To Draw an Annulus Which Shall Contain a Given Number of Equal
Contiguous Circles (Fig. 2.1.24) (An annulus is a ring-shaped area
enclosed between two concentric circles.) Let R + r and R — r be the
inner and outer radii of the annulus, r being the radius of each of the n
circles. Then the required relation between these quantities is given by
r = R sin (180°n), or r = (R + r) [sin (180°/n)]/[1 + sin (180%n)].

Q~

Fig. 2.1.24 Construction of an annulus containing a given number of contigu-
ous circles.

Lengths and Areas of Plane Figures

Right Triangle (Fig. 2.1.25) a®> + b?> = ¢% Area = Yhab = 14a? cot
A = Vab? tan A = Vac? sin 2A.

Equilateral Triangle (Fig. 2.1.26) Area = V44>V 3 = 0.43301a4>
A
< b a a
B a ¢ a

Fig. 2.1.25 Right triangle. Fig. 2.1.26 Equilateral triangle.

Any Triangle (Fig. 2.1.27)
s=Wla+b+o),t="ml +m2+ m3)

r= \/(x — a)(s — b)(s — ¢)/s = radius inscribed circle

R = Y2 alsinA = Y2 b/sinB = Y5 ¢/sin C = radius circumscribed
circle

Area = 2 base X altitude = Yaah = Y2ab sin C = rs = abc/4R =

{0y = x%y) + Ry — x3,) + (y — x vk
where (x;, ,), (x5 ¥,), (x5, y;) are coordinates of vertices.

A

B C

Fig. 2.1.27 Triangle.
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Rectangle (Fig. 2.1.28) Area = ab = 14D sin u, where u = angle
between diagonals D, D.

Rhombus (Fig. 2.1.29) Area = a’ sin C = ¥D,D,, where C =
angle between two adjacent sides; D, D, = diagonals.

a .-

Fig. 2.1.28 Rectangle. Fig. 2.1.29 Rhombus.

Parallelogram (Fig. 2.1.30) Area = bh = ab sin C = %2D,D, sin u,
where u = angle between diagonals D, and D,.

Trapezoid (Fig. 2.1.31) Area = Y2(a + b) h where bases a and b are
parallel.

Fig. 2.1.31 Trapezoid.

Fig. 2.1.30 Parallelogram.

Any Quadrilateral (Fig. 2.1.32) Area = 2D, D, sin u.

Fig. 2.1.32 Quadrilateral.

Regular Polygons 7 = number of sides; v = 360°/n = angle sub-
tended at center by one side; a = length of one side = 2R sin
(v/2) = 2r tan (v/2); R = radius of circumscribed circle = 0.5 a csc
v/2) = rsec (v/2); r = radius of inscribed circle = R cos (v/2) = 0.5
cot (v/2); area = 0.25 a’n cot (v/2) = 0.5 R’n sin (v) = r?n tan (v/2).
Areas of regular polygons are tabulated in Table 1.1.3.

Circle Area = 72 = ACr = Y4Cd = Vamd?* = 0.78539842, where
r = radius, d = diameter, C = circumference = 2 7r = 7d.

Annulus  (Fig. 2.1.33) Area = 7(R®> — r?) = w(D* — d*)/4 =
27R’'b, where R’ = mean radius = 2(R + r),and b =R — r.

Fig. 2.1.33 Annulus.

Sector (Fig. 2.1.34) Area = Vars = wr2A/360° = V412 rad A, where
rad A = radian measure of angle A, and s = length of arc = r rad A.

)

Fig. 2.1.34 Sector.
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Segment (Fig. 2.1.35) Area = Yar’(rad A — sin A) = Yi[r(s —
¢) + ch], where rad A radian measure of angle A. For small arcs,
s = Y5(8¢" — ¢), where ¢’ = chord of half of the arc (Huygens’ approx-
imation). Areas of segments are tabulated in Tables 1.1.1 and 1.1.2.

Fig. 2.1.35 Segment.

Ribbon bounded by two parallel curves (Fig. 2.1.36). If a straight
line AB moves so that it is always perpendicular to the path traced by its
middle point G, then the area of the ribbon or strip thus generated is
equal to the length of AB times the length of the path traced by G. (It is
assumed that the radius of curvature of G’s path is never less than 24B,
so that successive positions of generating line will not intersect.)

0o

Fig.2.1.36 Ribbon.

Ellipse (Fig. 2.1.37) Area of ellipse = mab. Area of shaded
segment = xy + ab sin™!' (x/a). Length of perimeter of ellipse =
m(a + b)K, where K = (1 + Vam? + Veam* + Vasem® + .. ), m =
(a — b)Y(a + b).

Form = 0.1 0.2 0.3 0.4 0.5

K=1.002 1010 1.023 1.040 1.064
Form = 0.6 0.7 0.8 0.9 1.0
K=1092 1.127 1.168 1216 1.273

/;
X Yy

Fig. 2.1.37 Ellipse.

Hyperbola (Fig. 2.1.38) In any hyperbola, shaded area A = ab In
[(x/a) + (¥/b)]. In an equilateral hyperbola (a = b), area A = a? sinh~!
(y/a) = a? cosh™! (x/a). Here x and y are coordinates of point P.

\ - P
/ b y

Fig. 2.1.38 Hyperbola.

<

For lengths and areas of other curves see Analytical Geometry.

Surfaces and Volumes of Solids

Regular Prism (Fig. 2.1.39) Volume = Ynrah = Bh. Lateral
area = nah = Ph. Here n = number of sides; B = area of base;
P = perimeter of base.

Right Circular Cylinder (Fig. 2.1.40) Volume 7r’h = Bh.
Lateral area = 2wrh = Ph. Here B = area of base; P = perimeter of

base.

Fig. 2.1.39 Regular prism. Fig. 2.1.40 Right circular

cylinder.

Truncated Right Circular Cylinder (Fig. 2.1.41) Volume =
7r’h = Bh. Lateral area = 27rh = Ph. Here h = mean height =
Va(h, + h,); B = area of base; P = perimeter of base.

Fig. 2.1.41 Truncated right circular cylinder.

Any Prism or Cylinder (Fig. 2.1.42) Volume = Bh = NI. Lateral

area = QI Here [ = length of an element or lateral edge; B = area of
base; N = area of normal section; O = perimeter of normal section.

O o
nw

T,
s

Fig. 2.1.42 Any prism or cylinder.

Special Ungula of a Right Cylinder (Fig. 2.1.43) Volume = %7H.
Lateral area = 2rH. r = radius. (Upper surface is a semiellipse.)

H
' B
r
Fig. 2.1.43 Special ungula of a right circular cylinder.
Any Ungula of a right circular cylinder (Figs. 2.1.44 and 2.1.45)

Volume = H(%a®> = cB)/(r * ¢) = Hla(* — Ya*) * r’c rad u)/
(r = ¢). Lateral area = HQra * cs)/r = ¢) = 2rH(a = ¢ rad u)/

T !
A (A
\/

Fig. 2.1.44 Ungula of a right
circular cylinder.

Fig. 2.1.45 Ungula of a right
circular cylinder.



(r = ¢). If base is greater (less) than a semicircle, use + (—) sign. r =
radius of base; B = area of base; s = arc of base; u = half the angle
subtended by arc s at center; rad u = radian measure of angle u.

Regular Pyramid (Fig. 2.1.46) Volume = !5 altitude X area of
base = Yehran. Lateral area = Y2 slant height X perimeter of base =
Yasan. Here r = radius of inscribed circle;: a = side (of regular poly-
gon); n = number of sides; s = Vr? + h% Vertex of pyramid directly
above center of base.

a

Fig. 2.1.46 Regular pyramid.

Right Circular Cone Volume = '47r2h. Lateral area = 7rrs. Here
r = radius of base; & = altitude; s = slant height = \Vr? + h%

Frustum of Regular Pyramid (Fig. 2.1.47) Volume = Yshran[l +
(a'/a) + (a’/a)?]. Lateral area = slant height X half sum of perimeters
of bases = slant height X perimeter of midsection = Yasn(r + r'). Here
r,r’ = radii of inscribed circles; s = V (r — ')? + h% a,a’ = sides of
lower and upper bases; n = number of sides.

Frustum of Right Circular Cone (Fig. 2.1.48) Volume =
Varr?h[1 + (F'/r) + (F/r] = Vamrh(r® + rr' + 1'% = Vamh[r + r')* +

Va(r — r')?]. Lateral area = ws(r + r');s = V(r — r')> + h%

Fig. 2.1.47 Frustum of a
regular pyramid.

Fig. 2.1.48 Frustum of a right
circular cone.

Any Pyramid or Cone Volume = Y3Bh. B = area of base; h =
perpendicular distance from vertex to plane in which base lies.

Any Pyramidal or Conical Frustum (Fig. 2.1.49) Volume =
Vsh(B + VBB’ + B') = YshB[1 + (P'/P) + (P'/P)?]. Here B, B' =
areas of lower and upper bases; P, P'= perimeters of lower and upper

bases.
/ // L4 ! l; Y] T/
/

h

/

Sphere Volume = V = ¥%mr3 = 4.188790r° = Yowrd® = % volume
of circumscribed cylinder. Area = A = 471> = four great circles =

Fig. 2.1.49 Pyramidal frustum and conical frustum.
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md? = lateral area of circumscribed cylinder. Here r = radius;
d = 2r = diameter = V6V/im = VAl

Hollow Sphere or spherical shell. Volume = % (R® — r?) =
Yerr (D3 — d3) = 4wR?t + Ysme3. Here R, r = outer and inner radii;
D.d = outer and inner diameters; ¢ = thickness = R — r; R, = mean
radius = A(R + r).

Any Spherical Segment. Zone (Fig. 2.1.50) Volume =
Yerh(3a® + 3a? + h?). Lateral area (zone) = 27rh. Here r = radius of
sphere. If the inscribed frustum of a cone is removed from the spherical
segment, the volume remaining is Ymhc?, where ¢ = slant height of

frustum = VA? + (a — a)>

Fig. 2.1.50 Any spherical segment.

Spherical Segment of One Base. Zone (spherical “cap” of Fig.
2.1.51) Volume = Yemh(3a®> + h*) = Y4mwh?® (3r — h). Lateral area (of

zone) = 2mrh = w(a® + h?).

NOTE. a? = h(2r — h), where r = radius of sphere.

Spherical Sector (Fig. 2.1.51) Volume = Y5r X area of cap =
Yamr*h. Total area = area of cap + area of cone = 27rh + wra.

NoTE. a?® = h(2r — h).

Spherical Wedge bounded by two plane semicircles and a lune (Fig.
2.1.52). Volume of wedge =+ volume of sphere = u/360°. Area of
lune + area of sphere = u/360°. u = dihedral angle of the wedge.

Fig. 2.1.51 Spherical sector. Fig. 2.1.52 Spherical wedge.

Solid Angles Any portion of a spherical surface subtends what is
called a solid angle at the center of the sphere. If the area of the given
portion of spherical surface is equal to the square of the radius, the sub-
tended solid angle is called a steradian, and this is commonly taken as
the unit. The entire solid angle about the center is equal to 44 steradians.
A so-called “solid right angle” is the solid angle subtended by a quad-
rantal (or trirectangular) spherical triangle, and a “spherical degree”
(now little used) is a solid angle equal to %o of a solid right angle. Hence
720 spherical degrees = 1 steregon, or 7 steradians = 180 spherical
degrees. If u = the angle which an element of a cone makes with its axis,
then the solid angle of the cone contains 27(1 — cos u) steradians.

Regular Polyhedra A = area of surface; V = volume; a = edge.

Name of
solid Bounded by Ala® Via®
Tetrahedron 4 triangles 1.7321 0.1179
Cube 6 squares 6.0000 1.0000
Octahedron 8 triangles 3.4641 04714
Dodecahedron 12 pentagons 20.6457 7.6631
Icosahedron 20 triangles 8.6603 2.1917
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Ellipsoid (Fig. 2.1.53) Volume = %mabc, where a, b, ¢ = semi-
axes.

Torus, or Anchor Ring (Fig. 2.1.54) Volume = 27%cr? Area =
4m2cr.

Fig. 2.1.53 Ellipsoid.

Fig. 2.1.54 Torus.

Volume of a Solid of Revolution (solid generated by rotating an
area bounded above by f(x) around the x axis)

V= WJ’b If (x)1%dx

Area of a Surface of Revolution
b
A= 27J yV1 + (dyldx)*dx

Length of Arc of a Plane Curve y = f(x) between values x = a and
b

x=bs= J V1 + (dyldx)*dx. If x = f(f) and y = g(1), fora < t <
b, then !

b
s = J \V (dx/dt)* + (dyldt)* dt

PERMUTATIONS AND COMBINATIONS

The product (1)(2)(3) . . . (n) is written n! and is read “n factorial.”
By convention, 0! = 1, and n! is not defined for negative integers.
For large values of n, n! may be approximated by Stirling’s formula:

n! = 2.50663n" "¢ "

n
The binomial coefficient C(n, k), also written <k>’ is defined as:

!
Cln, k) k!(nnf 0!

C(n, k) is read “n choose k” or as “binomial coefficient n-k.”
Binomial coefficients have the following properties:
1. C(n,0) = C(n,n) =1
2. Cn,1)=C(n,n—1)=n
3.C(n+ 1,k) = C(n, k) + Cn, k — 1)
4. Cn, k) = C(n,n — k)
Binomial coefficients are tabulated in Sec. 1.

Binomial Theorem

If n is a positive integer, then
n
(a + b)" = >, C(n, k)a*b"*
k=0
ExaMPLE. The third term of (2x + 3)7 is C(7, 4)(2x)"~*3* = [TV

(4131)](2x)%3* = (35)(8 ¥*)(81) = 22680x°.

Combinations C(n, k) gives the number of ways k distinct objects
can be chosen from a set of n elements. This is the number of k-element
subsets of a set of n elements.

ExampLE. The set of four elements (a, b, ¢, d) has C(4, 2) = 6 two-element
subsets, {a, b}, {a, c}, {a,d}, {D, c}, {b,d}, and {c, d}. (Note that {a, c} is the same
set as {c, a}.)

Permutations The number of ways k objects may be arranged from
a set of n elements is given by

n!

Pln, k) = (n — k)!

ExampLE. Two elements from the set (a, b, ¢, d) may be arranged in
P(4,2) = 12 ways: ab, ac, ad, ba, bc, bd, ca, cb, cd, da, db, and dc. Note that ac
is a different arrangement than ca.

Permutations and combinations are examined in detail in most texts
on probability and statistics and on discrete mathematics.

If an event can occur in s ways and can fail to occur in f ways, and if
all ways are equally likely, then the probability of the event’s occurring
is p = /(s + f), and the probability of failureis ¢ = f/As + f) =1 — p.

The set of all possible outcomes of an experiment is called the sample
space, denoted S. Let n be the number of outcomes in the sample set. A
subset A of the sample space is called an event. The number of outcomes
in A is 5. Therefore P(A) = s/n. The probability that A does not occur is
PCA)=qg=1—p.

Always 0 = p = 1 and P(S) = 1.

If two events cannot occur simultaneously, then AN B = J, and A
and B are said to be mutually exclusive. Then P(A U B) = P(A) + P(B).
Otherwise, P(A U B) = P(A) + P(B) — P(A N B).

Events A and B are independent if P(A N B) = P(A)P(B).

If E is an event and if P(E) > 0, then the probability that A occurs
once E has already occurred is called the “conditional probability of A
given E,” written P(AIE) and defined as

P(AIE) = P(A N E)/P(E)

A and E are independent if P(AIE) = P(A).

If the outcomes in a sample space X are all numbers, then X, together
with the probabilities of the outcomes, is called a random variable. If x;
is an outcome, then p; = P(x,).

The expected value of a random variable is

E(X) =3¢ p;
The variance of X is
V(X) = Zlx; — EX)Pp;
The standard deviation is

S = VIVXI

The Binomial, or Bernoulli, Distribution If an experiment is repeat-
ed n times and the probability of a success on any trial is p, then the
probability of k successes among those 7 trials is

f(n, k,p) = C(n, k)p*q"*

Geometric Distribution If an experiment is repeated until it finally
succeeds, let x be the number of failures observed before the first suc-
cess. Let p be the probability of success on any trial and letg = 1 — p.
Then

Px=4k =4" p
Uniform Distribution If the random variable x assumes the values 1,

2, ..., n, with equal probabilities, then the distribution is uniform,
and

Px=k =1

Hypergeometric Distribution—Sampling without Replacement If a
finite population of N elements contains x successes and if n items are
selected randomly without replacement, then the probability that k



successes will occur among those n samples is
C(k,x)C(N — k,n — x)
C(N, n)

For large values of N, the hypergeometric distribution approaches the
binomial distribution, so

h(x;N,n, k) =

h(x; N, n, k) 2‘«f<n, k, %)

Poisson Distribution If the average number of successes which
occur in a given fixed time interval is m, then let x be the number of suc-
cesses observed in that time interval. The probability that x = k is

e Mmmx

pk,m) = where e = 2.71828 . ..

Negative Binomial Distribution If repeated independent trials have
probability of success p, then let x be the trial number upon which suc-
cess number n occurs. Then the probability that x = k is

b*(k; n,p) = Ck — 1,n — 1)p'gc™"

The expected values and variances of these distributions are summa-
rized in the following table:

Distribution EX) V(X)
Uniform n+ 1)/2 n* — 1)/12
Binomial np npq
Hypergeometric nk/N [nk(N — n)(1 — k/N)]J/[N(N — 1)]
Poisson m m
Geometric a/p a/p?
Negative binomial nq/p nq/p*

LINEAR ALGEBRA

Using linear algebra, it is often possible to express in a single equation
a set of relations that would otherwise require several equations.
Similarly, it is possible to replace many calculations involving several
variables with a few calculations involving vectors and matrices. In
general, the equations to which the techniques of linear algebra apply
must be linear equations; they can involve no polynomial, exponential,
or trigonometric terms.

Vectors

A row vector v is a list of numbers written in a row, usually enclosed by
parentheses.

V=LV, )

A column vector u is a list of numbers written in a column:

The numbers u; and v, may be real or complex, or they may even be
variables or functions.

A vector is sometimes called an ordered n-tuple. In the case where n
= 2, it may be called an ordered pair.

The numbers v; are called components or coordi
The number n is called the dimension of v.

Two-dimensional vectors correspond with points in the plane, where
v, is the x coordinate and v, is the y coordinate of the point v. Two-
dimensional vectors also correspond with complex numbers, where z =
v+ v,

of the vector v.
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Three-dimensional vectors correspond to points in space, where v,
v,, and v; are the x, y, and z coordinates of the point, respectively.
Two- and three-dimensional vectors may be thought of as having a
direction and a magnitude. See the section “Analytical Geometry.”
Two vectors u and v are equal if:
1. u and v are the same type (either row or column).
2. u and v have the same dimension.
3. Corresponding components are equal; that is, u;, =
Note that the row vectors

u=(1,273) and

v for i =1,
2,

v=1(321)

are not equal since the components are not in the same order. Also,
u=(1,273) and v=|2

are not equal since u is a row vector and v is a column vector.

Vector Transpose If u is a row vector, then the transpose of u,
written u’, is the column vector with the same components in the same
order as u. Similarly, the transpose of a column vector is the row vector
with the same components in the same order. Note that (u”)” = u.

Vector Addition If u and v are vectors of the same type and the
same dimension, then the sum of u and v, written u + v, is the vector
obtained by adding corresponding components. In the case of row vec-
tors,

u+v=(u +v,ut+v,...,u tv,)

Scalar Multiplication If a is a number and u is a vector, then the
scalar product au is the vector obtained by multiplying each component
of uby a.

au = (au,, au,, . . ., au,)

’ n

A number by which a vector is multiplied is called a scalar.
The negative of vector u is written —u, and

—u=—lu

The zero vector is the vector with all its components equal to zero.

Arithmetic Properties of Vectors If u, v, and w are vectors of the
same type and dimensions, and if a and b are scalars, then vector addi-
tion and scalar multiplication obey the following seven rules, known as
the properties of a vector space:

l.Lu+tv)+tw=u+(v+w associative law

2.ut+tv=v-+u commutative law

3.ut0=u additive identity

4 u+(—u)=0 additive inverse

5. a(u +v) = au + av distributive law

6. (ab)u = a(bu) associative law of
multiplication

7. lu=u multiplicative identity

Inner Product or Dot Product If u and v are vectors of the same
type and dimension, then their inner product or dot product, written uv
or u - v, is the scalar

uv =y, +uy,+ oo+,

Vectors u and v are perpendicular or orthogonal if uv = 0.
Magnitude There are two equivalent ways to define the magnitude
of a vector u, written lul or llull.

lul = V(u-u)
or lal = V(@ +us+-+ud)

Cross Product or Outer Product If u and v are three-dimensional
vectors, then they have a cross product, also called outer product or vector
product.

U X V= (Uyvy = UgVy, Vil — V3l UV, — UpV))
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The cross product u X v is a three-dimensional vector that is perpen-
dicular to both u and v. The cross product is not commutative. In fact,

uxXv=-vxu

Cross product and inner product have two properties involving
trigonometric functions. If 6 is the angle between vectors u and v, then

uv = lullvlicosf® and lu X vl = lullvlsinf

Matrices

A matrix is a rectangular array of numbers. A matrix A with m rows and
n columns may be written

ay G Gz ... 4y,
ay) Gy dy3 oy
A=\ ay ap apz ... a,
() (&) A3 R Ay

The numbers a;; are called the entries of the matrix. The first subscript
i identifies the row of the entry, and the second subscript j identifies the
column.

Matrices are denoted either by capital letters, A, B, etc., or by writing
the general entry in parentheses, (a;; ).

The number of rows and the number of columns together define the
dimensions of the matrix. The matrix A is an m X n matrix, read “m
by n.”

A row vector may be considered to be a 1 X n matrix, and a column
vector may be considered as a n X 1 matrix.

The rows of a matrix are sometimes considered as row vectors, and
the columns may be considered as column vectors.

If a matrix has the same number of rows as columns, the matrix is
called a square matrix.

In a square matrix, the entries a;, where the row index is the same as
the column index, are called the diagonal entries.

If a matrix has all its entries equal to zero, it is called a zero matrix.

If a square matrix has all its entries equal to zero except its diagonal
entries, it is called a diagonal matrix.

The diagonal matrix with all its diagonal entries equal to 1 is called
the identity matrix, and is denoted /, or /,, if it is important to empha-

n

size the dimensions of the matrix. The 2 X 2 and 3 X 3 identity matri-

ces are:
1 00

1 0
Ly, = 01 Ly = o

00 1

(=]

The entries of a square matrix a; where i > j are said to be below the
diagonal. Similarly, those where i < j are said to be above the diagonal.

A square matrix with all entries below (resp. above) the diagonal
equal to zero is called upper-triangular (resp. lower-triangular).

Matrix Addition Matrices A and B may be added only if they have
the same dimensions. Then the sum C = A + B is defined by

c,.j:a,.j+h,.j

That is, corresponding entries of the matrices are added together, just
as with vectors. Similarly, matrices may be multiplied by scalars.
Matrix Multiplication Matrices A and B may be multiplied only if
the number of columns in A equals the number of rows of B. If A is an
m X n matrix and B is an n X p matrix, then the product C = AB is an
m X p matrix, defined as follows:
c, = a“blj + “-zbz,- + e

y L

+ a, b

in”nj
n

= Eaikbkj
k=1

The entry ¢; may also be defined as the dot product of row i of A with
the transpose of column j of B.

12 3 4
EXAMPLE. =
(563

IX3+2%x7 1x4+2x8) (17 20
SX3+6X7 5X4+6%x8) \57 68

Matrix multiplication is not commutative. Even if A and B are both
square, it is hardly ever true that AB = BA. Matrix multiplication does
have the following properties:

1. (AB)C = A(BC)

2. A(B+ C) =AB + AC

3.(B+CA=BA+ CA
If A is square, then also

4. AI=I1A=A multiplicative identity

If A is square, then powers of A, AA, and AAA are denoted A% and A3,
respectively.

The transpose of a matrix A, written A7, is obtained by writing the
rows of A as columns. If A is m X n, then ATis n X m.

associative law

distributive laws

EXAMPLE A ; :
" \4 56
3 6

The transpose has the following properties:
1. (AT)Y'=A
2. A+ BT =AT + BT
3. (AB)T = BTAT
Note that in property 3, the order of multiplication is reversed.
If AT = A, then A is called symmetric.

Linear Equations
A linear equation in two variables is of the form
ax, + ax, = b or ax +ay=>
depending on whether the variables are named x, and x, or x and y.
In n variables, such an equation has the form
ax, +ax, +---ax, =b

Such equations describe lines and planes. Often it is necessary to solve
several such equations simultaneously. A set of m linear equations in n
variables is called an m X n system of simultaneous linear equations.

Systems with Two Variables
1 x 2 Systems An equation of the form
ax + ay=>b

has infinitely many solutions which form a straight line in the xy plane.
That line has slope —a,/a, and y intercept b/a,.
2 x 2 Systems A 2 X 2 system has the form

ayx + any = b, a,x + a,y = b,

Solutions to such systems do not always exist.

Cast 1. The system has exactly one solution (Fig. 2.1.55a). The
lines corresponding to the equations intersect at a single point. This
occurs whenever the two lines have different slopes, so they are not

N\

(a) (c)

Fig. 2.1.55 Lines corresponding to linear equations. (a) One solution; (b) no
solutions; (¢) infinitely many solutions.



parallel. In this case,

., 9
721 722 SO a Gy — Gy apy #0

CASE 2. The system has no solutions (Fig. 2.1.55b). This occurs
whenever the two lines have the same slope and different y intercepts,
so they are parallel. In this case,

ay  dp
a1

T oay
CASE 3. The system has infinitely many solutions (Fig. 2.1.55¢).
This occurs whenever the two lines coincide. They have the same slope
and y intercept. In this case,
ay _ ap b

Gy Adn b,

The value a,, ay, — a,, a,, is called the determinant of the system. A
larger n X n system also has a determinant (see below). A system has
exactly one solution when its determinant is not zero.

3 x 2 Systems Any system with more equations than variables is
called overdetermined. The only case in which a 3 X 2 system has
exactly one solution is when one of the equations can be derived from
the other two.

One basic way to solve such a system is to treat any two equations as
a2 X 2 system and see if the solution to that subsystem of equations is
also a solution to the third equation.

Matrix Form for Systems of Equations The 2 X 2 system of linear
equations

ayx; T oapx, = by ayXy T apx, = by

may be written as a matrix equation as follows:

(£ 2)6)-0
a4y Gy X2 b,
or as Ax=Db

where A is the 2 X 2 matrix and x and b are two-dimensional column
vectors. Then, the determinant of A, written det A or |Al, is the same as
the determinant of the 2 X 2 system:
detA = a,,a,, — aya,
In general, any m X n system of simultaneous linear equations may
be written as

Ax = b

where A is an m X n matrix, X is an n-dimensional column vector, and
b is an m-dimensional column vector.

An n X n (square) system of simultaneous linear equations has exactly
one solution whenever its determinant is not zero. Then the system and
the matrix A are called nonsingular. If the determinant is zero, the sys-
tem is called singular.

Elementary Row Operations on a Matrix There are three opera-
tions on a matrix which change the matrix:

1. Multiply each entry in row i by a scalar k (not zero).

2. Interchange row i with row j.

3. Add row i to row j.

Similarly, there are three elementary column operations.

The elementary row operations have the following effects on |Al:

1. Multiplying a row (or column) by k multiplies IAl by k.

2. Interchanging two rows (or columns) multiplies Al by —1.

3. Adding one row (or column) to another does not change IAl.

Pivoting, or Reducing, a Column The process of changing the ij
entry of a matrix to 1 and changing the rest of column j to zero, by using
elementary row operations, is known as reducing column j or as pivoting
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on the ij entry. Combining pivoting, the properties of the elementary

row operations, and the fact:

provides a technique for finding the determinant of n X n matrices.

ExampLE. Find Al where

1 2 —4
A=[5 -3 -7
3 -2 3

First, pivot on the entry in row 1, column 1, in this case, the 1.
Multiplying row 1 by —5, then adding row 1 to row 2, we first multiply the
determinant by —5, then do not change it:

-5 —10 20 -5 —10 20
—5lAl=| 5 -3 -7\=1] 0 —13 13
3 -2 3 3 -2 3

Next, multiply row 1 by ¥ and add row 1 to row 3:

-3 -6 12 -3 -6 12
—3lAl=| 0 —13 13| =| 0 —13 13
3 -2 3 0 -8 15
Next, divide row 1 by —3:
1 2 —4
IAl=10 —13 13
0 -8 15

Next, pivot on the entry in row 2, column 2. Multiplying row 2 by —¥%,; and then
adding row 2 to row 3, we get:

3 1 2 —4 1 2 —4
—E\A\: 0 8§ -8 =10 8 -8
0 -8 15 00 7
Next, divide row 2 by —%;.
1 2 —4
Al =10 —13 13
0 0o 7

The determinant of a triangular matrix is the product of its diagonal elements, in
this case —91.

Inverses Whenever |IAl is not zero, that is, whenever A is nonsin-
gular, then there is another n X n matrix, denoted A~!, read “A inverse”
with the property

AAT'=ATA=1,,
Then the n X n system of equations
Ax =b
can be solved by multiplying both sides by A~!, so
x=1,x=A"Ax=A""b

nXxn

SO x=A"p

The matrix A~! may be found as follows:

1. Make a n X 2n matrix, with the first n columns the matrix A and
the last n columns the identity matrix 7.

2. Pivot on each of the diagonal entries of this matrix, one after
another, using the elementary row operations.

3. After pivoting n times, the matrix will have in the first n columns
the identity matrix, and the last n columns will be the matrix A~

ExAMPLE.  Solve the system
X+ 2x, — 4xy; = —4
S5x; —3x, = Tx; =6
3x, — 2x, + 3x; = 11
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We must invert the matrix

1 2 —4
A=[5 =3 =7
3 -2 3

This is the same matrix used in the determinant example above. Adjoin the iden-
tity matrix to make a 3 X 6 matrix

1 2 =4 1 0 O
5 -3 =7 0 1 0
3 -2 30 0 1

Perform the elementary row operations in exactly the same order as in the
determinant example.

STEP 1. Pivot on row 1, column 1.
1 2 -4 I 0 0
0O —-13 13 -5 1 0
0 -8 15 -3 0 1
STEP 2. Pivot on row 2, column 2.
1 0 -2 % %3 0
01 -1 % —Vi3 0
0 0 7 Vis =%3 1
STEP 3. Pivot on row 3, column 3.
1 0 0 %% —% 22
0 1 0 3% =% 13
0 0 1 Yo =% 1%,

Now, the inverse matrix appears on the right. To solve the equation,

x=A"b
Bor =Y 200 —4
S0, x =|3%1 1% 13 6
Yoo =861 130 11
(=4 X23+6X -2 + 11 X 26)91 2
=1 (-4 X36+6X—-15+11X13)91]|=|—1
(=4 X1 +6xX -8 + 11 X 13)91 1
The solution to the system is then
x =2 x, = -1 x; =1

Special Matrices If A is a matrix of complex numbers, then it is
possible to take the complex conjugate a;* of each entry, a;. This is
called the conjugate of A and is denoted A*.

. Ifa; = a;, then A is symmetric.

CIf a; = —a; then A is skew or antisymmetric.
. If AT = A~!, then A is orthogonal.

. If A = A", then A is involutory.

. If A = A% then A is hermitian.

. If A = —A¥*, then A is skew hermitian.

. IfA~! = A* then A is unitary.

Eigenvalues and Eigenvectors If A is a square matrix and x is a
variable, then the matrix B = A — xI is the characteristic matrix, or
eigenmatrix, of A. The determinant |A — x/| is a polynomial of degree n,
called the characteristic polynomial of A. The roots of this polynomial, x,,
Xy, ..., X,, are the eigenvalues of A.

Note that some sources define the characteristic matrix as x/ — A. If
n is odd, then this multiplies the characteristic equation by —1, but the
eigenvalues are not changed.

NN AW~

-2 5
21

-2 —x 5

ExampLE. A=
2 1 —x

Then the characteristic polynomial is
IBl = (=2 — x)(1 —x) — (2)(5)
=x>4+x—-2-10
=x2+x-12
=(x+4)(x—3)

The eigenvalues are —4 and +3.

A nonzero vector v satisfying
(A—x)v=0

is called an eigenvector of A associated with the eigenvalue x,.
Eigenvectors have the special property

Av = xv

Any multiple of an eigenvector is also an eigenvector.

A matrix is nonsingular when none of its eigenvalues are zero.

Rank and Nullity It is possible that the product of a nonzero matrix
A and a nonzero vector v is zero. This cannot happen if A is nonsingular.

The set of all vectors which become zero when multiplied by A is
called the kernel of A. The nullity of A is the dimension of the kernel. It
is a measure of how singular a matrix is.

If A is an m X n matrix, then the rank of A is defined as n — nullity.
Rank is at most m.

The technique of pivoting is useful in finding the rank of a matrix.
The procedure is as follows:

1. Pivot on each diagonal entry in the matrix, starting with a,.

2. If a row becomes all zero, exchange it with other rows to move it
to the bottom of the matrix.

3. If a diagonal entry is zero but the row is not all zero, exchange the
column containing the entry with a column to the right not containing a
zero in that row.

When the procedure can be carried no further, the nullity is the num-
ber of rows of zeros in the matrix.

ExaMpPLE.  Find the rank and nullity of the 3 X 2 matrix:

11
2 1
4 1
Pivoting on row 1, column 1, yields
1 0
0 -1
0o -3
Pivoting on row 2, column 2, yields
10
0 1
0 0
Nullity is therefore 1. Rank is 3 — 1 = 2.

If the rank of a matrix is n, so that
Rank + nullity = m

the matrix is said to be full rank.

TRIGONOMETRY
Formal Trigonometry

Angles or Rotations An angle is generated by the rotation of a ray,
as Ox, about a fixed point O in the plane. Every angle has an initial line
(OA) from which the rotation started (Fig. 2.1.56), and a terminal line
(OB) where it stopped; and the counterclockwise direction of rotation is
taken as positive. Since the rotating ray may revolve as often as desired,
angles of any magnitude, positive or negative, may be obtained. Two
angles are congruent if they may be superimposed so that their initial lines
coincide and their terminal lines coincide; i.e., two congruent angles are
either equal or differ by some multiple of 360°. Two angles are
complementary if their sum is 90°; supplementary if their sum is 180°.

Fig.2.1.56 Angle.



(The acute angles of a right-angled triangle are complementary.) If the
initial line is placed so that it runs horizontally to the right, as in Fig.
2.1.57, then the angle is said to be an angle in the 1st, 2nd, 3rd, or 4th
quadrant according as the terminal line lies across the region marked
I, I, IIL, or IV.

Fig. 2.1.57 Circle showing quadrants.

Units of Angular Measurement

1. Sexagesimal measure. (360 degrees = 1 revolution.) Denoted on
many calculators by DEG. 1 degree = 1° = Yo of a right angle. The
degree is usually divided into 60 equal parts called minutes ('), and each
minute into 60 equal parts called seconds (”); while the second is sub-
divided decimally. But for many purposes it is more convenient to
divide the degree itself into decimal parts, thus avoiding the use of min-
utes and seconds.

2. Centesimal measure. Used chiefly in France. Denoted on calcula-
tors by GRAD. (400 grades = 1 revolution.) 1 grade = Yioo of a right
angle. The grade is always divided decimally, the following terms being
sometimes used: 1 “centesimal minute” = Yoo of a grade; 1 “centesi-
mal second” = Yioo of a centesimal minute. In reading Continental
books it is important to notice carefully which system is employed.

3. Radian, or circular, measure. (7 radians = 180 degrees.) Denoted
by RAD. 1 radian = the angle subtended by an arc whose length is
equal to the length of the radius. The radian is constantly used in higher
mathematics and in mechanics, and is always divided decimally. Many
theorems in calculus assume that angles are being measured in radians,
not degrees, and are not true without that assumption.

1 radian = 57°.30 — =57°.2957795131
= 57°17'44".806247 = 180°/m
1°=0.01745 . . . radian = 0.01745 32925 radian
1’ = 0.00029 08882 radian
1” = 0.00000 48481 radian

Table 2.1.2 Signs of the Trigonometric Functions

If x is in quadrant 1 I I v

+ , _
- - +
_ 4 -

sin x and csc x are
cos x and sec x are
tan x and cot x are

+ 4+ +

Definitions of the Trigonometric Functions Let x be any angle
whose initial line is OA and terminal line OP (see Fig. 2.1.58). Drop a

Table 2.1.3 Ranges of the Trigonometric Functions
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perpendicular from P on OA or OA produced. In the right triangle OMP,
the three sides are MP = “side opposite” O (positive if running upward);
OM = “side adjacent” to O (positive if running to the right); OP =
“hypotenuse” or “radius” (may always be taken as positive); and the six
ratios between these sides are the principal trigonometric

Fig. 2.1.58 Unit circle showing elements used in trigonometric functions.

functions of the angle x; thus:

sine of x = sin x = opp/hyp = MP/OP
cosine of x = cos x = adj/hyp = OM/OP
tangent of x = tan x = opp/adj = MP/OM
cotangent of x = cotx = adj/opp = OM/MP
secant of x = sec x = hyp/adj = OP/OM
cosecant of x = csc x = hyp/opp = OP/MP

The last three are best remembered as the reciprocals of the first three:

cotx = 1/tan x secx = 1/cos x cscx = 1/sinx

Trigonometric functions, the exponential functions, and complex num-
bers are all related by the Euler formula: ¢ = cos x + i sin x, where
i = V —1. A special case of this ¢/ = —1. Note that here x must be
measured in radians.

Variations in the functions as x varies from 0 to 360° are shown in Table
2.1.3. The variations in the sine and cosine are best remembered by
noting the changes in the lines MP and OM (Fig. 2.1.59) in the “unit
circle” (i.e., a circle with radius = OP = 1), as P moves around the
circumference.

an
%
L

Fig. 2.1.59 Unit circle showing angles in the various quadrants.

Values at
x in DEG 0° to 90° 90° to 180° 180° to 270° 270° to 360° 30° 45° 60°
xin RAD (0 to 7/2) (7/2 to ) (r to 37/2) (3m/2 to 27) (7/6) (m/4) (m/3)
sin x +0to +1 +1to +0 —0to—1 —1to —0 1%3 1AV2 15V3
cse x +ooto +1 +1to + —ooto —1 —1to — 2 V2 %\V3
cos x +1to +0 —0to —1 —1to—0 +0to +1 15V3 1AV2 %3
sec x +1to +o —oto —1 —lto—o +oo to +1 V3 V2 2
tan x +0 to + —o to —0 +0 to +o —o to —0 15\V3 1 V3
cot x 4% to +0 —0to — +o to +0 —0to — V3 1 15V3
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To Find Any Function of a Given Angle (Reduction to the first
quadrant.) It is often required to find the functions of any angle x from
a table that includes only angles between 0 and 90°. If x is not already
between 0 and 360°, first “reduce to the first revolution” by simply
adding or subtracting the proper multiple of 360° [for any function of
(x) = the same function of (x = n X 360°)]. Next reduce to first quad-
rant per table below.

tan (x + y) = (tan x + tan y)/(1 — tan x tan y)
cot (x +y) = (cotx coty — 1)/(cot x + cot y)
sin (x — y) = sin x cos y — cos x sin y

cos (x — y) = cos xcosy + sin xsiny

tan (x — y) = (tan x — tan y)/(1 + tan x tan y)
cot (x —y) = (cotx coty + 1)/(coty — cot x)
sinx + sin y = 2 sin Y2(x + y) cos Y2(x — y)

90° and 180°

180° and 270° 270° and 360°

If x is between (/2 and ) (7 and 37/2) (37/2 and 27)
Subtract 90° from x (7/2) 180° from x () 270° from x (37/2)
Then sin x = +cos (x — 90°) = —sin (x — 180°) = —cos (x — 270°)
cse x = +sec (x — 90°) = —csc (x — 180°) = —sec (x — 270°)
Cos x = —sin (x — 90°) = —cos (x — 180°) = +sin (x — 270°)
sec x = —csc (x — 90°) = —sec (x — 180°) = +csc (x — 270°%)
tan x = —cot (x — 90°) = +tan (x — 180°) = —cot (x — 270°)
cot x = —tan (x — 90°) = +cot (x — 180°) = —tan (x — 270°)

The “reduced angle” (x — 90°, or x — 180°, or x — 270°) will in each
case be an angle between 0 and 90°, whose functions can then be found
in the table.

Note. The formulas for sine and cosine are best remembered by aid of the
unit circle.

To Find the Angle When One of Its Functions Is Given In general,
there will be two angles between 0 and 360° corresponding to any given
function. The rules showing how to find these angles are tabulated
below.

First find an acute Then the required angles x, and

Given angle x,, such that X, will be*

sinx =+ a sinx, = a X, and 180° — x,
cosx=+a cosx, =a X, and [360° — x]
tanx = + a tan x, = a Xy and [180° + x,]
cotx=+a cotx, =a X, and [180° + x,]
sinx = —a sinx, = a [180° + x,] and [360° — x,]
cosx = —a cosx, =a 180° — x, and [180° + x]
tanx = —a tanx, = a 180° — x, and [360° — x]
cotx = —a cotx, =a 180° — x, and [360° — x]

* The angles enclosed in brackets lie outside the range 0 to 180 deg and hence cannot occur
as angles in a triangle.

Relations Among the Functions of a Single Angle

sin?x + cos?x =1

¢ _ sinx
an X = eosx

1 COS X
cotx = =

‘tan x sin x
1
cos? x
1
sin? x

. tan x 1
sinx = V1 — cos’x = =

V1+tanlx V1 + cotx

5 1 cot x
cosx = V1 — sinx =

V1+tanlx V1 + cot?x
Functions of Negative Angles sin (—x) = —sin x; cos (—x) = co0s x;
tan (—x) = —tan x.
Functions of the Sum and Difference of Two Angles

1 + tan’x = sec’x =

1 + cot?’x = csc?x =

sin (x + y) = sinx cos y + cos x sin y
cos (x + y) = cos xcosy — sinxsiny

sinx — siny = 2 cos Ya(x + y) sin Ya(x — y)
cos x + cos y = 2 cos Ya(x + y) cos Ya(x — y)
cosx — cosy = —2sin Ya(x + y) sin Ya(x — y)

sin (x + ) sin (x + )
tanx + tany = oS X 08 cotx + coty = m
sin (x — ) sin (x — )
tanx — tany = m, cotx — coty = m

sin®x — sin®y = cos?>y — cos® x = sin (x + y) sin (x — y)
cos? x — sin’ y = cos?> y — sin®> x = cos (x + y) cos (x — y)
sin (45° + x) = cos (45° — x)
tan (45° + x) = cot (45° — x)
sin (45° — x) = cos (45° + x)
tan (45° — x) = cot (45° + x)

In the following transformations, a and b are supposed to be positive,

¢ = Va? + b? A = the positive acute angle for which tan A = a/b,
and B = the positive acute angle for which tan B = b/a:

acosx + bsinx = csin (A + x) = ccos (B — x)
acosx —bsinx =csin(A —x) =ccos (B + x)
Functions of Multiple Angles and Half Angles
sin 2x = 2 sin x cos x; sin x = 2 sin Y2x cos Vax
cos 2x = cos’x —sinx =1 —2sin>x = 2 cos’> x — 1
2 tan x

cot’x — 1
1 — tan®x

2 cot x

tan 2x cot 2x =

3 tan x — tan® x

sin 3x = 3 sin x — 4 sin’ x; tan 3x = 5
1 — 3 tan*x

cos 3x = 4 cos® x — 3 cos x

n=3

sin (nx) = nsinx cos" 'x — (n);sin® x cos" 3 x

+(n)s sin® x cos™ x — - - -
cos (nx) = cos”x — (n), sin®>x cos" 2 x + (n),sin* x cos" * x —- - -
., are the binomial coefficients.
sinVax = =V 1A(1 — cosx). 1 — cos x = 2 sin?Vax
cos Vox = £V VY,(1 + cosx). 1 + cosx = 2cos?, x

tan1/2x=+\/m= sin x _ 1 — cosx
“ N1+ cosx 1+ cosx sin x
1 + sin
tan [ = + 45° | = i\/i.x
2 1 — sinx

Here the + or — sign is to be used according to the sign of the left-
hand side of the equation.

where (n),, (n)s, . .




Approximations for sin x, cos x, and tan x For small values of x, x
measured in radians, the following approximations hold:

2

. X
sin x =~ x tan x = x cosx%l—;
The following actually hold:
. sin x
sinx < x < tan x cosx < — <1

As x approaches 0, lim [(sin x)/x] = 1.

Inverse Trigonometric Functions The notation sin™! x (read: arc-
sine of x, or inverse sine of x) means the principal angle whose sine is
x. Similarly for cos™! x, tan~! x, etc. (The principal angle means an
angle between —90 and +90° in case of sin~! and tan™!, and between
0 and 180° in the case of cos™!.)

Solution of Plane Triangles

The “parts” of a plane triangle are its three sides a, b, ¢, and its three
angles A, B, C (A being opposite a). Two triangles are congruent if all
their corresponding parts are equal. Two triangles are similar if their
corresponding angles are equal, thatis, A; = A,, B, = B,,and C, = C,.
Similar triangles may differ in scale, but they satisfy a,/a, = b/b, =
clc,.

Two different triangles may have two corresponding sides and the
angle opposite one of those sides equal (Fig. 2.1.60), and still not be
congruent. This is the angle-side-side theorem.

Otherwise, a triangle is uniquely determined by any three of its parts,
as long as those parts are not all angles. To “solve” a triangle means to
find the unknown parts from the known. The fundamental formulas are

a _ sinA

Law of sines: - =
aw OI sInes b sin B

Law of cosines: ¢> = a® + b?> — 2ab cos C

o el

Fig. 2.1.60 Triangles with an angle, an adjacent side, and an opposite side
given.

Right Triangles Use the definitions of the trigonometric functions,
selecting for each unknown part a relation which connects that unknown
with known quantities; then solve the resulting equations. Thus, in Fig.
2.1.61,if C = 90°, then A + B = 90°, ¢? = a*> + b,

sinA = alc cos A = blc
tan A = alb cot A = bla

If A is very small, use tan Y, A = V¢ — b)/(c + b).

Oblique Triangles There are four cases. It is highly desirable in all
these cases to draw a sketch of the triangle approximately to scale
before commencing the computation, so that any large numerical error
may be readily detected.

B A
A
b C B aQ c

Fig. 2.1.61 Right triangle. Fig. 2.1.62 Triangle with two
angles and the included side

given.

Cask 1. GIVEN TWO ANGLES (provided their sum is < 180°) AND ONE
SIDE (say a, Fig. 2.1.62). The third angle is known since A + B + C = 180°.
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To find the remaining sides, use

_ asinB _asinC

sin A sin A

Or, drop a perpendicular from either B or C on the opposite side, and
solve by right triangles.

Check: c¢cos B+ bcos C = a.

CASE 2. GIVEN TWO SIDES (say a and b) AND THE INCLUDED
ANGLE (C); AND SUPPOSE a > b (Fig. 2.1.63).

Method 1: Find ¢ from ¢ = a*> + b* — 2ab cos C; then find the
smaller angle, B, from sin B = (b/c) sin C; and finally, find A from A =
180° — (B + C).

Check: acos B+ bcosA = c.

Method 2: Find 2(A — B) from the law of tangents:

tan Y2(A — B) = [(a — b)/(a + b) cot aC

and Y2(A + B) from Y2(A + B) = 90° — C/2; hence A = (A +
B) + A(A — B) and B = V52(A + B) — Y2(A — B). Then find ¢ from
¢ = asin C/sin A or ¢ = b sin C/sin B.

Check: acos B+ bcosA =c.

Method 3: Drop a perpendicular from A to the opposite side, and
solve by right triangles.

Case 3. GIVEN THE THREE SIDES (provided the largest is less than
the sum of the other two) (Fig. 2.1.64).

Method 1: Find the largest angle A (which may be acute or obtuse)
from cos A = (b*> + ¢ — a®)/2bc and then find B and C (which will
always be acute) from sin B = b sin A/a and sin C = c¢ sin A/a.

Check: A + B + C = 180°.
A ﬁ

C B C B8

a a

Fig. 2.1.63 Triangle with two Fig. 2.1.64 Triangle with three
sides and the included angle sides given.
given.

Method 2: Find A, B, and C from tan 2A = r/(s — a), tan ¥2B =
/s — b), tan Y2C = /(s — ¢), where s = Y2(a + b + ¢), and r =
V(s — a)(s — b)(s — c)ls. Check: A + B + C = 180°.

Method 3: If only one angle, say A, is required, use

sin LA = V(s — b)(s — c)lbc
or cos LA = V(s — a)lbc

according as 2 A is nearer 0° or nearer 90°.

Case4. GIVEN TWO SIDES (say b and ¢) AND THE ANGLE OPPO-
SITE ONE OF THEM (B). This is the “ambiguous case” in which there
may be two solutions, or one, or none.

First, try to find C = ¢ sin B/b. If sin C > 1, there is no solution. If
sin C = 1, C = 90° and the triangle is a right triangle. If sin C < 1, this
determines two angles C, namely, an acute angle C,, and an obtuse
angle C, = 180° — C,. Then C, will yield a solution when and only
when C; + B < 180° (see Case 1); and similarly C, will yield a solu-
tion when and only when C, + B < 180° (see Case 1).

Other Properties of Triangles (See also Geometry, Areas, and
Volumes.)

Area = Ysab sin C = \/s(s —a)(s — b)(s — ¢) = rs where
s = YWa + b + ¢), and r = radius of inscribed circle =
\/(s —a)(s — b)(s — c)ls.

Radius of circumscribed circle = R, where

2R = a/sin A = b/sin B = c¢/sin C

_apaA LB C_abe
r—4'R51n2 sincy sin = 4Rs
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The length of the bisector of the angle C is

B 2\/abs(s - \/ab[(a + b)? — %
N a+b B a+b

Z

The median from C to the middle point of ¢ is m =
BV 2(a? + b2 — 2

Hyperbolic Functions

The hyperbolic sine, hyperbolic cosine, etc., of any number x, are func-
tions of x which are closely related to the exponential e*, and which
have formal properties very similar to those of the trigonometric func-
tions, sine, cosine, etc. Their definitions and fundamental properties are
as follows:

sinhx = Va(e¥ — e7™)
coshx = Va(e* + e7)
tanh x = sinh x/cosh x

cosh x + sinh x
cosh x — sinhx =

e)(
e*)f
cschx = 1/sinh x
sech x = 1/cosh x
coth x = 1/tanh x

cosh? x — sinh?>x = 1
1 — tanh® x = sech®x

1 — coth> x = —csch?x
sinh (—x) = —sinh x
cosh(—x) = cosh x
tanh (—x) = —tanh x

sinh (x * y) = sinh x coshy * cosh x sinh y
cosh (x = y) = cosh x coshy * sinh x sinh y
tanh (x = y) = (tanh x * tanh y)/(1 * tanh x tanh y)

sinh 2x = 2 sinh x cosh x
cosh 2x = cosh” x + sinh? x
tanh 2x = (2 tanh x)/(1 + tanh®x)
sinh Vax = VVa(coshx — 1)
cosh Yax = V' Va(coshx + 1)
tanh Y2x = (cosh x — 1)/(sinh x) = (sinh x)/(cosh x + 1)
The hyperbolic functions are related to the rectangular hyperbola,
x> — y? = a® (Fig. 2.1.66), in much the same way that the trigonometric

functions are related to the circle x> + y*> = @ (Fig. 2.1.65); the analogy,
however, concerns not angles but areas. Thus, in either figure, let A

Fig. 2.1.65 Circle.

Fig. 2.1.66 Hyperbola.

represent the shaded area, and let u = A/a? (a pure number). Then for
the coordinates of the point P we have, in Fig. 2.1.65,x = acosu,y = a
sin u; and in Fig. 2.1.66, x = a cosh u, y = a sinh u.

The inverse hyperbolic sine of y, denoted by sinh™! y, is the number
whose hyperbolic sine is y; that is, the notation x = sinh™!' y means
sinh x = y. Similarly for cosh™! y, tanh™! y, etc. These functions are

closely related to the logarithmic function, and are especially valuable
in the integral calculus.

sinh~!(y/a) = In (y + \/m) —1Ina
cosh™!(y/a) = In (y + m —Ina

y aty
12—
tanh a—‘/zlna_y
Yy y+ta
coth ‘Ezl/zlnﬁ

ANALYTICAL GEOMETRY
The Point and the Straight Line

Rectangular Coordinates (Fig. 2.1.67) Let P, = (x,,y,), P, = (x,, y,).
Then, distance

PP= V(- x)+ (v, — »)?

slope of P, P, = m = tan u = (y, — y)/Ax, — x;); coordinates of mid-
point are x = Ya(x, + x,), y = Y2(y, + y,); coordinates of point 1/nth of
the way from P, to P, are x = x;, + (I/n)(x, — x)), y = y, +

A/n)(y, = yp)-
Let m,, m, be the slopes of two lines; then, if the lines are parallel,

m, = m,; if the lines are perpendicular to each other, m;, = —1/m,.
y A y
k_~u
b
o X o 8 N
Fig. 2.1.67 Graph of straight Fig. 2.1.68 Graph of straight

line. line showing intercepts.

Equations of a Straight Line

1. Intercept form (Fig. 2.1.68). x/a + y/b = 1. (a, b = intercepts of
the line on the axes.)

2. Slope form (Fig. 2.1.69). y = mx + b. (m = tan u = slope; b =
intercept on the y axis.)

3. Normal form (Fig. 2.1.70). x cosv + ysin v = p. (p = perpen-
dicular from origin to line; v = angle from the x axis to p.)

& 175N

Fig. 2.1.69 Graph of straight Fig. 2.1.70  Graph of straight
line showing slope and vertical line showing perpendicular line

intercept. from origin.
. . y - b X .
4. Parallel-intercept form (Fig.2.1.71). P E(b = y intercept,
c —

¢ = intercept on the parallel x = k).

axd3

Fig. 2.1.71 Graph of straight line showing intercepts on parallel lines.

5. General form. Ax + By + C = 0. [Here a = —C/A, b = —C/B,
m = —A/B, cos v = A/R, sin v = B/R, p = —C/R, where R =
+\/A? + B2 (sign to be so chosen that p is positive).]

6. Line through (x,,y,) with slope m. y —y, = m(x — x,).
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7. Line through (x,, y,) and (x5, y,). y — y, = ﬁ (x — x).

8. Line parallel to x axis. y = a; toy axis: x = b.

Angles and Distances If u = angle from the line with slope m, to
the line with slope m,, then

m, — m,
tan = 1 + m,m,
If parallel, m;, = m,.
If perpendicular, mym, = —1.
If u = angle between the lines Ax + By + C = 0 and A'x + B’y +
C' =0, then
AA" + BB’

+V (A2 + B?)(A" + B"?)
If parallel, A/A" = B/B'.
If perpendicular, AA" + BB’ = 0.
The equation of a line through (x,, y,) and meeting a given line y =
mx + b at an angle u, is

cosu =

7v:m+tanu(7 )

YT T T T mtana T

The distance from (x,, y,) to the line Ax + By + C = 0is
Axy + By, + C

VA% + B?
where the vertical bars mean “the absolute value of.”

The distance from (x,, y,) to a line which passes through (x,, y,) and
makes an angle u with the x axis is

D = (x, — x))sinu — (y, — y,) cosu

Polar Coordinates (Fig. 2.1.72) Let (x, y) be the rectangular and
(r, 0) the polar coordinates of a given point P. Then x = rcos 6;y = r
sin 0; x> + y2 = %

Fig. 2.1.72 Polar coordinates.

Transformation of Coordinates If origin is moved to point (x,, y,),
the new axes being parallel to the old, x = x, + x", y =y, + .
If axes are turned through the angle u, without change of origin,

x=x"cosu —y sinu y=x"sinu+y cosu

The Circle
The equation of a circle with center (a, b) and radius r is

(= af + (= 0P =1

If center is at the origin, the equation becomes x> + y> = r2 If circle
goes through the origin and center is on the x axis at point (r, 0),
equation becomes x> + y?> = 2rx. The general equation of a circle is

x>+ 2+ Dx+Ey+F=0

It has center at (—D/2, —E/2), and radius = V (D/2)? + (ER2)> — F

(which may be real, null, or imaginary).

Equations of Circle in Parametric Form It is sometimes convenient
to express the coordinates x and y of the moving point P (Fig. 2.1.73) in
terms of an auxiliary variable, called a parameter. Thus, if the parameter be
taken as the angle u from the x axis to the radius vector OP, then the
equations of the circle in parametric form will be x = a cos u; y = a
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sin u. For every value of the parameter u, there corresponds a point
(x, y) on the circle. The ordinary equation x> + y?> = @? can be obtained
from the parametric equations by eliminating u. The equation of a cir-
cle with radius a and center at (h, k) in parametric form will be
x=h+acosuy=k+asin u

y
L
N

Fig. 2.1.73 Parameters of a circle.

The Parabola

The parabola is the locus of a point which moves so that its distance
from a fixed line (called the directrix) is always equal to its distance
from a fixed point F (called the focus). See Fig. 2.1.74. The point half-
way from focus to directrix is the vertex, O. The line through the focus,
perpendicular to the directrix, is the principal axis. The breadth of the
curve at the focus is called the latus rectum, or parameter, = 2p, where p is
the distance from focus to directrix.

P
fe— x P
H /
. \
L~ I\
nd Y\
u \
TV Q 1 AN
PARIF M N
,52 p
°
e
=

Fig. 2.1.74 Graph of parabola.

NOTE.  Any section of a right circular cone made by a plane parallel to a tan-
gent plane of the cone will be a parabola.

Equation of parabola, principal axis along the x axis, origin at vertex
(Fig. 2.1.74): y* = 2px.

Polar equation of parabola, referred to F as origin and Fx as axis (Fig.
2.1.75): r = p/(1 — cos 0).

Equation of parabola with principal axis parallel to y axis: y = ax? +
bx + c. This may be rewritten, using a technique called completing the
square:

Fig. 2.1.76 Vertical parabola
showing rays passing through
the focus.

Fig. 2.1.75 Polar plot of
parabola.
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Then: vertex is the point [—b/2a, ¢ — b*/4a]; latus rectum is p = 1/2a;
and focus is the point [—b/2a, ¢ — b*/4a + 1/4a].

A parabola has the special property that lines parallel to its principal
axis, when reflected off the inside “surface” of the parabola, will all
pass through the focus (Fig. 2.1.76). This property makes parabolas
useful in designing mirrors and antennas.

The Ellipse

The ellipse (as shown in Fig. 2.1.77), has two foci, F and F’, and two
directrices, DH and D'H'. If P is any point on the curve, PF + PF’ is
constant, = 2a; and PF/PH (or PF'/PH") is also constant, = e, where e
is the eccentricity (e < 1). Either of these properties may be taken as the
definition of the curve. The relations between e and the semiaxes a and
b are as shown in Fig. 2.1.78. Thus, b> = a*(1 — ¢?), ae = Va*> — b?,
e> = 1 — (b/a)’. The semilatus rectum = p = a(1 — ¢*) = b*/a. Note that
b is always less than a, except in the special case of the circle, in which
b=aande = 0.

p

H =] H'

Fig. 2.1.77 Ellipse. Fig. 2.1.78 Ellipse showing

semiaxes.

Any section of a right circular cone made by a plane which cuts all
the elements of one nappe of the cone will be an ellipse; if the plane is
perpendicular to the axis of the cone, the ellipse becomes a circle.

Equation of ellipse, center at origin:
2 yz

+ =1 or

b2 y = i%Vuz—xz

QN‘X

If P = (x, y) is any point of the curve, PF = a + ex, PF' = a — ex.

Equations of the ellipse in parametric form: x = a cos u, y = b
sin u, where u is the eccentric angle of the point P = (x, y). See
Fig. 2.1.81.

Polar equation, focus as origin, axes as in Fig. 2.1.79. r = p/(1 — e
cos ).

Equation of the tangent at (x,, y,): b%x,x + ayy = a*b%

The line y = mx + k will be a tangent if k = =V a’m? + b2

y P
Bt N\
Fig. 2.1.79 Ellipse in polar form.

Fig.2.1.80 Ellipse as a
flattened circle.

Ellipse as a Flattened Circle, Eccentric Angle If the ordinates in a
circle are diminished in a constant ratio, the resulting points will lie on
an ellipse (Fig. 2.1.80). If Q traces the circle with uniform velocity, the
corresponding point P will trace the ellipse, with varying velocity. The
angle u in the figure is called the eccentric angle of the point P.

A consequence of this property is that if a circle is drawn with its hor-
izontal scale different from its vertical scale, it will appear to be an
ellipse. This phenomenon is common in computer graphics.

The radius of curvature of an ellipse at any point P = (x, y) is

R = a’bh*(x*a* + y*/b*)>? = p/sin®v

where v is the angle which the tangent at P makes with PF or PF'.
At end of major axis, R = b%a = MA; at end of minor axis, R =
a*b = NB (see Fig. 2.1.81).

N

Fig. 2.1.81 Ellipse showing radius of curvature.

The Hyperbola

The hyperbola has two foci, F' and F’, at distances * ae from the center,
and two directrices, DH and D'H’, at distances * a/e from the center
(Fig. 2.1.82). If P is any point of the curve, IPF — PF'| is constant,
= 2a; and PF/PH (or PF'/PH’) is also constant, = e (called the eccen-
tricity), where e > 1. Either of these properties may be taken as the

W ML P
1 ///
F olf/F
>
0'_‘_0
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Fig. 2.1.82 Hyperbola.

definition of the curve. The curve has two branches which approach
more and more nearly two straight lines called the asymptotes. Each
asymptote makes with the principal axis an angle whose tangent is b/a.
The relations between e, a, and b are shown in Fig. 2.1.83: b* =
a*(e® — 1),ae = Va* + b% e* = 1 + (b/a)’. The semilatus rectum, or
ordinate at the focus, is p = a(e?* — 1) = b%a.
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Fig. 2.1.83 Hyperbola showing the asymptotes.

Any section of a right circular cone made by a plane which cuts both
nappes of the cone will be a hyperbola.
Equation of the hyperbola, center as origin:

- —=1 or y= *



If P = (x, y) is on the right-hand branch, PF = ex — a, PF' = ex + a.
If P is on the left-hand branch, PF = —ex + a, PF' = —ex — a.

Equations of Hyperbola in Parametric Form (1) x = acoshu,y =
b sinh u. Here u may be interpreted as A/ab, where A is the area shad-
ed in Fig. 2.1.84. (2) x = a sec v, y = b tan v, where v is an auxiliary
angle of no special geometric interest.

Fig. 2.1.84 Hyperbola showing parametric form.

Polar equation, referred to focus as origin, axes as in Fig. 2.1.85:
r=pl(l — ecosb)

Equation of tangent at (x,, y,): b*x,x — a’y,y = a*b*. The line y =
mx + k will be a tangent if k = =V a’m? — b2

Fig. 2.1.85 Hyperbola in polar form.

The triangle bounded by the asymptotes and a variable tangent is of
constant area, = ab.

Conjugate hyperbolas are two hyperbolas having the same asymptotes
with semiaxes interchanged (Fig. 2.1.86). The equations of the hyper-
bola conjugate to x¥/a*> — y¥/b* = 1 is x¥/a®> — y*/b> = —1.

V4

X
Equilateral Hyperbola (a = b) Equation referred to principal axes
(Fig. 2.1.87): ¥ — y2 = .

Fig. 2.1.86 Conjugate hyperbolas.

Note. p = a (Fig. 2.1.87). Equation referred to asymptotes as axes (Fig.
2.1.88): xy = a%2.

Asymptotes are perpendicular. Eccentricity = V2. Any diameter is
equal in length to its conjugate diameter.

The Catenary

The catenary is the curve in which a flexible chain or cord of uniform
density will hang when supported by the two ends. Let w = weight of
the chain per unit length; 7' = the tension at any point P; and T, T, =
the horizontal and vertical components of 7. The horizontal component
T, is the same at all points of the curve.
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Fig. 2.1.87 Equilateral hyperbola.

The length a = T),/w is called the parameter of the catenary, or the
distance from the lowest point O to the directrix DQ (Fig. 2.1.89). When
a is very large, the curve is very flat.

The rectangular equation, referred to the lowest point as origin, is
y = a [cosh (&/a) — 1]. In case of very flat arcs (a large), y = x*2a +
sy s =x + Vex¥a® + - - -, approx, so that in such a case the catenary
closely resembles a parabola.

Fig. 2.1.88 Hyperbola with asymptotes as axes.

Calculus properties of the catenary are often discussed in texts on the
calculus of variations (Weinstock, “Calculus of Variations,” Dover;
Ewing, “Calculus of Variations with Applications,” Dover).

Problems on the Catenary (Fig. 2.1.89) When any two of the four
quantities, x, y, s, 7/w are known, the remaining two, and also the para-
meter a, can be found, using the following:

a sinh z

a = xlz s
T = wa cosh z yix = (coshz — 1)/z

s/x = (sinh 2)/z wx/T = z cosh z

Fig. 2.1.89 Catenary.

Note. If wx/T < 0.6627, then there are two values of z, one less than 1.2, and
one greater. If wx/7T > 0.6627, then the problem has no solution.

Given the Length 2L of a Chain Supported at Two Points A and B
Not in the Same Level, to Find «  (See Fig. 2.1.90; b and ¢ are supposed
known.) Let (V' L? — b?)/c = s/x; use s/x = sinh z/z to find z. Then
a=c/z

Note. The coordinates of the midpoint M of AB (see Fig. 2.1.90) are

X, = atanh™! (b/L), y, = (L/tanh z) — a, so that the position of the lowest point
is determined.
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Fig. 2.1.90 Catenary with ends at unequal levels.

Other Useful Curves

The cycloid is traced by a point on the circumference of a circle which
rolls without slipping along a straight line. Equations of cycloid, in
parametric form (axes as in Fig. 2.1.91): x = a(rad u — sin u), y =
a(l — cos u), where a is the radius of the rolling circle, and rad u is the
radian measure of the angle u through which it has rolled. The radius of
curvature at any point P is PC = 4a sin (u/2) = 2\ 2ay.

y T
P,
X
[
O/I P
/
/
Fig. 2.1.91 Cycloid.

The trochoid is a more general curve, traced by any point on a radius
of the rolling circle, at distance b from the center (Fig. 2.1.92). It is a
prolate trochoid if b < a, and a curtate or looped trochoid if b > a. The
equations in either case are x = arad u — b sinu, y = a — b cos u.

Fig. 2.1.92 Trochoid.

The epicycloid (or hypocycloid) is a curve generated by a point on the
circumference of a circle of radius @ which rolls without slipping on the
outside (or inside) of a fixed circle of radius ¢ (Fig. 2.1.93 and

o A
Fig. 2.1.93 Epicycloid.

Fig. 2.1.94). For the equations, put » = «a in the equations of the epior
hypotrochoid, below.
Radius of curvature at any point P is
R_4a(cia)>< "
= x sin Yau
4a(c *+ a)

¢c*2a’

N
P
0 .

Fig. 2.1.94 Hypocycloid.

AtA,R=0;atD,R =

y

Special Cases If a = l4c, the hypocycloid becomes a straight line,
diameter of the fixed circle (Fig. 2.1.95). In this case the hypotrochoid
traced by any point rigidly connected with the rolling circle (not neces-
sarily on the circumference) will be an ellipse. If a = Vic, the curve

@

Fig. 2.1.95 Hypocycloid is straight line when the radius of inside circle is half
that of the outside circle.

generated will be the four-cusped hypocycloid, or astroid (Fig. 2.1.96),
whose equation is x*? + y*? = ¢?3. If a = ¢, the epicycloid is the
cardioid, whose equation in polar coordinates (axes as in Fig. 2.1.97) is
r = 2¢(1 + cos 6). Length of cardioid = 16c¢.

The epitrochoid (or hypotrochoid) is a curve traced by any point rigidly
attached to a circle of radius a, at distance b from the center, when this

% c

Fig. 2.1.96 Astroid.



circle rolls without slipping on the outside (or inside) of a fixed circle of
radius c. The equations are

x = (c*a) cos (%u) ibcos|:<l i%)ui|
y=(c*a Siﬂ(%u) *hsin[(l t%)u:|

Fig. 2.1.97 Cardioid.

where u = the angle which the moving radius makes with the line of
centers; take the upper sign for the epi- and the lower for the hypotro-
choid. The curve is called prolate or curtate according as b < a or
b > a. When b = a, the special case of the epi- or hypocycloid arises.

y
Q
c u P
o] A} x

Fig. 2.1.98 Involute of circle.

The involute of a circle is the curve traced by the end of a taut string
which is unwound from the circumference of a fixed circle, of radius c.
If QP is the free portion of the string at any instant (Fig. 2.1.98), QP
will be tangent to the circle at Q, and the length of QP = length of arc
QA; hence the construction of the curve. The equations of the curve in
parametric form (axes as in figure) are x = c(cos u + rad u sin u), y =
c(sin u — rad u cos u), where rad u is the radian measure of the angle
u which OQ makes with the x axis. Length of arc AP = Vac(rad u)%;
radius of curvature at P is QP. Polar equations, in terms of parameter

NS

Fig. 2.1.99 Spiral of Archimedes.
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v(= angle POQ), are r = ¢ sec v, rad § = tan v — rad v. Here, r = OP,
and rad 6 = radian measure of angle, AOP (Fig. 2.1.98).

The spiral of Archimedes (Fig. 2.1.99) is traced by a point P which,
starting from O, moves with uniform velocity along a ray OP, while the
ray itself revolves with uniform angular velocity about O. Polar equa-
tion: r = krad 0, or r = a(0°/360°). Here a = 2wk = the distance mea-
sured along a radius, from each coil to the next.

The radius of curvature at P is R = (k2 + r2)2/(2k* + 1?).

The logarithmic spiral (Fig. 2.1.100) is a curve which cuts the radii
from O at a constant angle v, whose cotangent is m. Polar equation: r =
ae™% Here a is the value of r when 6 = 0. For large negative values
of 6, the curve winds around O as an asymptotic point. If PT and PN are
the tangent and normal at P, the line TON being perpendicular to OP

(not shown in figure), then ON = rm, and PN = r\/1 + m? = r/sinv.
Radius of curvature at P is PN.

Fig. 2.1.100 Logarithmic spiral.

The tractrix, or Schiele’s antifriction curve (Fig. 2.1.101), is a curve
such that the portion PT of the tangent between the point of contact and
the x axis is constant = a. Its equation is

2
x=*a |:cosh"§f 1 - (%) :|

or, in parametric form, x = * a(t — tanh #), y = a/cosh t. The x axis is
an asymptote of the curve. Length of arc BP = a log, (a/y).

Fig. 2.1.101 Tractrix.

The tractrix describes the path taken by an object being pulled by a
string moving along the x axis, where the initial position of the object is
B and the opposite end of the string begins at O.

y
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Fig. 2.1.102 Lemniscate.
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The lemniscate (Fig. 2.1.102) is the locus of a point P the product of
whose distances from two fixed points F, F’ is constant, equal to Y2a>.

The distance FF' = a\/i Polar
'-4—2r———>1 equation is r = aVcos 20. Angle
between OP and the normal at P is 26.
The two branches of the curve cross
at right angles at O. Maximum y

occurs when 6 = 30° and r = a/\V/2,
and is equal to Via'\/2. Area of one
loop = a?/2.

The helix (Fig. 2.1.103) is the curve
of a screw thread on a cylinder of
radius = The curve crosses the ele-
ments of the cylinder at a constant
V angle, v. The pitch, A, is the distance

between two coils of the helix, mea-
; sured along an element of the cylin-
der; hence h = 27rr tan v. Length
of one coil = V (27r)> + h? = 27r/
cos v. If the cylinder is rolled out on a
plane, the development of the helix
will be a straight line, with slope equal
to tan v.

h
B —-NODOON®

)
ﬂ.
>

Fig. 2.1.103 Helix.

DIFFERENTIAL AND INTEGRAL CALCULUS
Derivatives and Differentials

Derivatives and Differentials A function of a single variable x may
be denoted by f(x), F(x), etc. The value of the function when x has the
value x,, is then denoted by f(x,), F(x,), etc. The derivative of a function
y = f(x) may be denoted by f'(x), or by dy/dx. The value of the deriva-
tive at a given point x = X, is the rate of change of the function at that
point; or, if the function is represented by a curve in the usual way (Fig.
2.1.104), the value of the derivative at any point shows the slope of the
curve (i.e., the slope of the tangent to the curve) at that point (positive if
the tangent points upward, and negative if it points downward, moving
to the right).

y=f(x) Q /
& A (DY
d
P Y
dx
[o] Yo Ax=dx X
X0 xo+Ax

Fig. 2.1.104 Curve showing tangent and derivatives.

The increment Ay (read: “delta y”) in y is the change produced in y
by increasing x from x, to x, + Ax; i.e., Ay = f(x, + Ax) — f(x,). The
differential, dy, of y is the value which Ay would have if the curve coin-
cided with its tangent. (The differential, dx, of x is the same as Ax when
x is the independent variable.) Note that the derivative depends only on
the value of x,, while Ay and dy depend not only on x, but on the value
of Ax as well. The ratio Ay/Ax represents the secant slope, and dy/dx the
slope of tangent (see Fig. 2.1.104). If Ax is made to approach zero, the
secant approaches the tangent as a limiting position, so that the deriva-
tive is

Ax) —
ro =2 Al}glo[g] _ 15{%}

Also, dy = f'(x) dx.
The symbol “lim” in connection with Ax — 0 means “the limit, as
Ax approaches 0, of . . . .” (A constant c is said to be the limit of a variable

u if, whenever any quantity m has been assigned, there is a stage in the
variation process beyond which lc — ul is always less than m; or, briefly,
c is the limit of u if the difference between ¢ and u can be made to
become and remain as small as we please.)

To find the derivative of a given function at a given point: (1) If the
function is given only by a curve, measure graphically the slope of the
tangent at the point in question; (2) if the function is given by a mathe-
matical expression, use the following rules for differentiation. These
rules give, directly, the differential, dy, in terms of dx; to find the deriv-
ative, dy/dx, divide through by dx.

Rules for Differentiation (Here u, v, w, . . . represent any functions
of a variable x, or may themselves be independent variables. a is a
constant which does not change in value in the same discussion;
e =12.71828.)

. d(a + u)=du

. d(au) = adu
dut+tv+w+--)=du+dv+dw+---
cdwv) =udv + vdu

AW —

5. d(uvw...)=(uvw...)<%+%+d7w+w->

u _vdu —udv
6. dy=—""75"

7. dw™) = mu""" du. Thus, d(u?) = 2u du; d(u?) = 3u? du; etc.

du
d\u =
8 2Vu

1 du
()2

10. d(e") = e" du
11. d(a") = (In a)a" du

du

12. dlnu:7

13- dlog,yu = logloe%” = (04343...) "

14. dsinu = cos u du

15. dcscu = —cot u csc u du
16. dcos u = —sin u du

17. d sec u = tan u sec u du
18. dtan u = sec’ u du

19. dcotu = —csc? u du
20, dsin~'u = e
’ V1 — u?
21 desc™ u = __ du
’ uVu? — 1
92 dcos™lu = _du
’ V1 —u?
93, dsec”'u = du
’ uNVu?—1
24, dtan-lu = —
1 + u?
25 deottu = —
1+ u?
26. d1nsin u = cot u du
27. dlntanu = .2du
sin 2u
28. dlIncosu = —tan u du
29. dIncotu = —%
sin 2u

30. d sinh u = cosh u du
31. d csch u = —csch u coth u du
32. d cosh u = sinh u du
33. dsech u = —sech u tanh u du



34. dtanh u = sech? u du
35. dcoth u = —csch? u du

36. d sinh~'u = T —
Vu? + 1
du
37. deschlu = ———x—
uNVu® + 1
38, dcosh™lu = _du
u? — 1
du
39 dsech™lu = ————
uV1 —u?
du
40. dtanh 'y = ——
anh™lu =
41. dcoth™'u = Lz
1 —u

42. d(w’) = (W DY ulnudv + vdu)
Derivatives of Higher Orders The derivative of the derivative is
called the second derivative; the derivative of this, the third derivative;
and so on. If y = f(x),

) = py = 2
') =Dy=—1
2 d’
"(x) = D2y =
1w =i =3
d’y
f"(x) = D}y = s etc.

Note. If the notation d?y/dx? is used, this must not be treated as a fraction,
like dy/dx, but as an inseparable symbol, made up of a symbol of operation d%/dx?,
and an operand y.

The geometric meaning of the second derivative is this: if the origi-
nal function y = f(x) is represented by a curve in the usual way, then at
any point where f”(x) is positive, the curve is concave upward, and at
any point where f"(x) is negative, the curve is concave downward
(Fig. 2.1.105). When f"(x) = 0, the curve usually has a point of in-
flection.

y=f{x)

f"{x)negq.

|
Fig. 2.1.105 Curve showing concavity.

Functions of two or more variables may be denoted by f(x, y, . . .),
F(x,y,...),etc. The derivative of such a function u = f(x, y, .. .) formed
on the assumption that x is the only variable (y, . . . being regarded for

the moment as constants) is called the partial derivative of u with
respect to x, and is denoted by f.(x, y) or Du, or du/dx, or dul/dx.
Similarly, the partial derivative of u with respect to y is f,(x, y) or D u,
or du/dy, or duldy. ‘ ‘

NoTE. In the third notation, d,.u denotes the differential of u formed on the
assumption that x is the only variable. If the fourth notation, du/dx, is used, this
must not be treated as a fraction like du/dx; the d/dx is a symbol of operation,
operating on u, and the “dx” must not be separated.

Partial derivatives of the second order are denoted by f,,, fxy, fvy,
or by Du, D (D u), D?u, or by 9%u/dx?, 9*uldx dy, 9*ul/dy?, the last sym-
bols being “inseparable.” Similarly for higher derivatives. Note that

f;;v = f;r
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If increments Ax, Ay (or dx, dy) are assigned to the independent vari-
ables x, y, the increment, Au, produced in u = f(x, y) is

Au = f(x + Ax,y + Ay) — f(x,y)

while the differential, du, i.e., the value which Au would have if the
partial derivatives of u with respect to x and y were constant, is given by

du = (f) - dx+ (f) - dy

Here the coefficients of dx and dy are the values of the partial deriva-
tives of u at the point in question.
If x and y are functions of a third variable 7, then the equation

du dx dy
i iV e

expresses the rate of change of u with respect to ¢, in terms of the sep-
arate rate of change of x and y with respect to z.

Implicit Functions If f(x, y) = 0, either of the variables x and y is
said to be an implicit function of the other. To find dy/dx, either (1)
solve for y in terms of x, and then find dy/dx directly; or (2) differenti-
ate the equation through as it stands, remembering that both x and y
are variables, and then divide by dx; or (3) use the formula dy/dx =
—(f./f,), where f, and f, are the partial derivatives of f(x, y) at the point
in question.

Maxima and Minima

A function of one variable, as y = f(x), is said to have a maximum at a
point x = X, if at that point the slope of the curve is zero and the
concavity downward (see Fig. 2.1.106); a sufficient condition for a
maximum is f'(x,) = 0 and f"(x,) negative. Similarly, f(x) has a mini-
mum if the slope is zero and the concavity upward; a sufficient condi-
tion for a minimum is f'(x,) = 0 and f"(x,) positive. If f"(x,) = 0 and
f"(x,) # 0, the point x, will be a point of inflection. If f’(x,) = 0
and f"(x,) = 0 and f""(x,) = 0, the point x, will be a maximum
if £ (x,) < 0, and a minimum if " (x,) > 0. It is usually sufficient,
however, in any practical case, to find the values of x which make
f'(x) = 0, and then decide, from a general knowledge of the curve or
the sign of f'(x) to the right and left of x,, which of these values (if any)
give maxima or minima, without investigating the higher derivatives.

y=f(x) Max.
Mox. Flex,
~ Flex. .
Min,

Fig. 2.1.106 Curve showing maxima and minima.

A function of two variables, as u = f(x, y), will have a maximum at a
point (x,, y,) if at that point f, = 0, f, = 0, and f,, <0, f,, < 0; and a
minimum if at that point f, = 0, f, = 0, and f,, > 0, f,, > 0; provided, in
each case, (f,)(f,,) — (f,,)* is positive. If f, = O and f, = 0, and f,, and f,
have opposite signs, the point (x,, y,) will be a “saddle point” of the
surface representing the function.

Indeterminate Forms

In the following paragraphs, f(x), g(x) denote functions which approach
0; F(x), G(x) functions which increase indefinitely; and U(x) a function
which approaches 1, when x approaches a definite quantity a. The prob-
lem in each case is to find the limit approached by certain combinations
of these functions when x approaches a. The symbol — is to be read
“approaches” or “tends to.”

CaSe 1. “0/0.” To find the limit of f(x)/g(x) when f(x) — O and
g(x) = 0, use the theorem that lim [f(x)/g(x)] = lim [f'(x)/g’'(x)],
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where f'(x) and g'(x) are the derivatives of f(x) and g(x). This second
limit may be easier to find than the first. If f'(x) — 0 and g'(x) — 0,
apply the same theorem a second time: lim [f’(x)/g'(x)] = lim [f"(x)/
¢"(x)], and so on.

CASE 2. “oo/0” If F(x) —» © and G(x) — o, then lim [F(x)/
G(x)] = lim [F'(x)/G'(x)], precisely as in Case 1.

CASE 3. “0 - % To find the limit of f(x) - F(x) when f(x) — 0 and
F(x) — oo, write lim [f(x) - F(x)] = im{f(x)/[1/F(x)]} or = lim {F(x)/
[1/f(x)]}, then proceed as in Case 1 or Case 2.

CASE 4. The limit of combinations “0% or [f(x)]*¥; “1” or
[Ux)]F™; “0% or [F(x)]*® may be found since their logarithms are
limits of the type evaluated in Case 3.

CASE 5. “o0 — o0 If F(x) — o and G(x) — o, write

1/G(x) — 1/F(x)

lim [F(x) — G(x)] = lim VIFG) - GOl

then proceed as in Case 1. Sometimes it is shorter to expand the func-
tions in series. It should be carefully noticed that expressions like 0/0,
/e, etc., do not represent mathematical quantities.

Curvature

The radius of curvature R of a plane curve at any point P (Fig. 2.1.107) is
the distance, measured along the normal, on the concave side of the
curve, to the center of curvature, C, this point being the limiting position of
the point of intersection of the normals at P and a neighboring point Q,
as Q is made to approach P along the curve. If the equation of the curve
isy = f(x),

Cds [ )PP

du y

where ds = Vdx? + dy? = the differential of arc, u = tan™' [f'(x)] =
the angle which the tangent at P makes with the x axis, and y’ = f’(x)
and y” = f"(x) are the first and second derivatives of f(x) at the point P.
Note that dx = ds cos u and dy = ds sin u. The curvature, K, at the point
P, is K = 1/R = du/ds; i.e., the curvature is the rate at which the angle u
is changing with respect to the length of arc s. If the slope of the curve
is small, K = " (x).

”

P

Fig. 2.1.107 Curve showing radius of curvature.

If the equation of the curve in polar coordinates is r = f(6), where
r = radius vector and 6 = polar angle, then

[r* + ()12
r2 —rr" 4+ 2(r')?
where ' = f'(0) and r" = f"(6).

The evolute of a curve is the locus of its centers of curvature. If one
curve is the evolute of another, the second is called the involute of the first.

R =

Indefinite Integrals

An integral of f(x) dx is any function whose differential is f(x) dx, and
is denoted by [f(x) dx. All the integrals of f(x) dx are included in the
expression [f(x) dx + C, where [f(x) dx is any particular integral, and
C is an arbitrary constant. The process of finding (when possible) an
integral of a given function consists in recognizing by inspection a
function which, when differentiated, will produce the given function; or
in transforming the given function into a form in which such recognition

is easy. The most common integrable forms are collected in the follow-
ing brief table; for a more extended list, see Peirce, “Table of Integrals,”
Ginn, or Dwight, “Table of Integrals and other Mathematical Data,”
Macmillan, or “CRC Mathematical Tables.”

GENERAL FORMULAS

1. Jadu=al[du=au+c

N

J(quv)dx: Juder Jvdx

3. J udv =uv — J vdu (integration by parts)

~

. J.f(X) dx = Jf[F(y)]F’ (y) dy, x = F(y)

(change of variables)

W

. [dy Jf(x, y)dx = de Jf(x, y) dy

FUNDAMENTAL INTEGRALS

]
6. | x dx7n+1+C,Whenni71

e'dx = e + C

sinxdx = —cosx + C

|
|
|
10. Jcosxdx = sinx + C
|
|
|

11. d); = Jcsczxdx = —cotx + C
sSm-x
dx N _
12. coslx sec’xdx = tan x + C
s2x
13 L:Sin"x+C:*COS")€+C
’ V1 —x?
14. J] ix s=tan 'x+ C= —cot'x+C
X
RATIONAL FUNCTIONS
15 J( Ty = 9T
ST T L Db

a1 1
u+bx_bln(a+hx)+c_b

16. In c(a + bx)

17. except whenn = 1

18. = +C

b(a + bx)

1 —x? 1

_ x—1
x2—1 /Zlnerl

dx 1 o b
— = Zx )+
a+ bt g <\/ ax) ¢
dx 1 Vab + bx

= In + C

2\/LE \/(E*bx

1 b
= tanh"<4 /*x) +C
\Vab “

20.

+ C= —coth™'x + C, when x > 1

21.

22. [a>0,b>0]

19.J dx :l/zlnlti+C:tanh"x+C,whenx<l




dx
23, | —————— =
Ja + 2bx + cx?

1 b+ oex lac = b* > 0]
tan~ +C
Vac — b? Vac — b?
1 Vb* —ac — b — cx
= In +C
2VbE—ac Vb —ac+ b+ cx [b% — ac > 0]
1 b + cx
= tanh’1 +C

1
= + hen b2 =
Ju+2bx+cx b + cx C, when b ac

(m + nx) dx 7,11( b+ o)
u+2bx+cx72cna r T

+

mc — nb J dx
¢ a + 2bx + cx?
Xx) dx
a + 2bx + cx?
degree, divide by the denominator before integrating

if f(x) is a polynomial of higher than the first

27 J dx _ 1
") (a+ 2bx + ex® 2(ac — b)(p— 1)

b+ cx
(a + 2bx + cx?yp~!
(2p = 3)c J dx
2(ac — b*)(p — 1) J (a + 2bx + cx?)p~!
[ (m + nx) dx _ n y
(a + 2bx + cx?)y - 2¢(p— 1)
1 mec — an dx
(a + 2bx + cx?)r~! ¢ (a + 2bx + cx?y
- e x" Ya + bx)t!
29. Jx (a + bx)"dx = n + b
- %Jxm’z(a + bx)"dx
x"(a + bx)" na

m—1 n—1
——— m+nJ’x (a + bx)" 'dx

IRRATIONAL FUNCTIONS

30. J\/a+bxdx:f\/a+bx)3+c
31, J \/a+bx+C
a+bx
m + nx) dx
30, J( -z (3mb — 2an + nbx)Va + bx + C
a+bx 32
33. J . )\/Tb substitute y = Va + bx, and use 21 and 22
(m + nx)Va
xVa + bx
34. [f( )dx substitute Va + bx =y
F(x a+bx)
35J 7sm‘ +Cffcos‘ +C
\/7
Va2 — ]x
36. J\/sz In (x + +x?) + C=sinh'> 4+ C
X
37[ =In(x+ Vx?—a’)+C=cosh'Z +C
Vx? — a?
38. J
\/a+2bx+cx

=71n(b+cx+ \/;\/a+2bx+cx2)+C,Wherec>O

c
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1 . b + cx
= ——sinh ! ————— + C, whenac — b2 >0
Ve Vac — b?
1 b + cx
= ——cosh™'————+ C, when b? — ac > 0
Ve Vb? — ac
S sin~! bt ex + C,whenc <0
V —c b? — ac
m + nx) dx
39. J¥=%\/a+2bx+cx2
Va + 2bx + cx?
+mc:nb[ dx
Va + 2bx + cx?
20 [ X" dx =x'”’1X_(m_1)aJx’"’2dx
"I Va + 2bx + cx? me me X
(2m — 1)b (xm-1 N 2
- me | x dxwhen X = Va + 2bx + cx

2
41. J\/a2+x2dx:%Va2+x2+a—ln(x+ Va> + x?) + C
:£m+fsmh' +C
PR T
a x+2sm a+tC

2
\/xz—az—%ln(x-k Vx2—a?) + C

2
:g\/xz - a? *%cosh"§+ C

Vx2 — a¥dx =

43.

4. dex =
J

W= =

44. [\/a + 2bx + cx?dx = b+ XNa + 2bx + ex?
" — 2
4 ac b J dx i c
2 Va + 2bx + cx?
TRANSCENDENTAL FUNCTIONS
45, Ja-‘dx =% 4c
Ina
46. Jx”e“"dx
n,ax nn—1 |
_ x'e {1_£ ¥—H~t LSS
a ax a2x2 ax"

47.

48.

49.

— 1 n+1
dy = —— ("' + C

50. xdx = —Vasin2x + Yax + C

= —Yasinx cosx + Yox + C

= Ysinx cosx + Yoax + C

52. | sinmxdx = m - T C
53. | cos mxdx s1r’1nmx + C
54 ) g — cos (m + n)x  cos (m — n)x s
.| sinmx cos nx dx = 2m ) FYp—
) . sin(m — n)x  sin (m + n)x
55. | sinmx sin nx dx = - + C
2(m — n) 2(m + n)
sin(m — n)x  sin (m + n)x
56. | cos mx cos nxdx = + +C

|
|
|
J
51. [coszxdx = Visin2x + Vv + C
J
|
|
|
|

2(m — n) 2(m + n)
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60.

COos x

57. Jtanxdx = —Incosx + C

58. Jcotxdx—lnsmx-&- C

59J E et +
sin x 2

dx T X
lntan(4 + 2)4—C

X
=tan> + C
1+cosx an2

X
—cot= + C

62. 1— cosx 2

64. =Intanx + C

sm X COS X

cos x sin” ! x

-1 .
sin” x dx = + 2 Jsm”’zxdx

63. [smxcos xdx =15 sin’>x + C

n n
sin x cos”™! -1
cos" x dx = X T SR 7 Jcos"’zxdx
t n—1
67. [tan”xdx— 2n71 - Jtan"’zxdx
7 1
68. [cot”xdx = —% - Jcot"’zxdx
69. J _ cos X n72J~d{2
sin” x (n— 1)sin"'x n—1]sin"2x
sin x n—2 dx
70 1 -2
cos” x (n*l)cos” x n—1]Jcos"?2x
) sin?+! x cos 9!
T1.% Jsm”x costxdy = S XCOS” X
ptaq
qg—1 . sin?~ ! x cos?t! x
J sin”x cos? 2 xdx = ————F
Ptaq rtgq
p— 1
sin?~2 x cos? x dx
r+q
i —ptl g+l
72.% Jsin Py cosiady = ——B X COST X
p—1
P—q—-2(.
+ 7Jsm”’”x cos? x dx
p—1
faptl —g+1
734 Jsin”x cos Ixdx = St X €08 X
qg—1
g—p—2(.
+ ﬁjsmpx cos ~9%2 x dx

74.J e _ 2

tan ~! a-b tan Yox | + C
a+ b cos x W — p? ’

a+b
when a? > b2,

1 b+ a cos x + sin xVb? — a®
= In + C,
a+ b cos x

when a? < b2,

—a
P tan 1/2x> + C, when a? < b?

cosxdx _x a dx
75'Ja+bcosx_h bJ'a+bcosx+C
sinxdx 1
76. Ja-ﬁ-bcosx_ bln(a+bcosx)+C

*1If n is an odd number, substitute cos x = z or sin x = z.
F If p or g is an odd number, substitute cos x = z or sin x = z.

i d
77, JA+Bcosx+Csmxd :AJ' y

a+ bcosx + ¢ sinx a+ pcosy
. cosydy

+ (Bcosu + Csinu) |—————

a + p cosy

siny dy

7(Bsinu7Cc0su)J > where b = p cosu,c = p

a+ pcosy
sinuandx —u =y

a sin bx — b cos bx

78. [e'” sin bx dx = e e + C

79. [e'” cos by dy = LEPX T 0 SINDX b’; * bzsin bx e + C
a*+ b

80. Jsin"xdx =xsinlx+ V1-x2+C

81. Jcos"xdx =xcoslx — VI —-x2+C

82. Jtan"xdx =xtan'x — In(1 +x?) + C

83. Jcot"xdx =xcot 'x+ ¥In(l +x?) + C

84. [sinhxdx = coshx + C

85. Jtanhxdx = 1In coshx + C

86. Jcoshxdx =sinhx + C

87. Jcothxdx = Insinhx + C

88. Jsechxdx =2tan (e + C

89. Jcschxdx = Intanh (x/2) + C

90. Jsinhzxdx = lhsinhx coshx — Vox + C

91. Jcoshzxdx = Vasinhxcoshx + Vox + C

92. Jsech%cdx =tanhx + C

93. [cschzxdx = —cothx + C

Hints on Using Integral Tables It happens with frustrating frequency
that no integral table lists the integral that needs to be evaluated. When this
happens, one may (a) seek a more complete integral table, (b) appeal to
mathematical software, such as Mathematica, Maple, MathCad or Derive,
(c) use numerical or approximate methods, such as Simpson’s rule (see
section “Numerical Methods™), or (d) attempt to transform the integral
into one which may be evaluated. Some hints on such transformation fol-
low. For a more complete list and more complete explanations, consult a
calculus text, such as Thomas, “Calculus and Analytic Geometry,”
Addison-Wesley, or Anton, “Calculus with Analytic Geometry,” Wiley.
One or more of the following “tricks” may be successful.

TRIGONOMETRIC SUBSTITUTIONS
1. If an integrand contains V (a®> — x?), substitute x = a sin u, and

V (a?> — x?) = acos u.
2. Substitute x = a tan u and V (x> + a?) = a sec u.
3. Substitute x = a sec u and V (x> — a?) = a tan u.

COMPLETING THE SQUARE

4. Rewrite ax®> + bx + ¢ = a[x + b/(2a)]*> + (4ac — b*)/(4a); then
substitute # = x + b/(2a) and B = (4ac — b?)/(4a).



PARTIAL FRACTIONS

5. For aratio of polynomials, where the denominator has been com-
pletely factored into linear factors p,(x) and quadratic factors g(x),
and where the degree of the numerator is less than the degree of the
denominator, then rewrite r(x)/[p,(x) . . . p,(x)g,x) . . . g, (0] =
Alpx) + -+ A/p,x + Bx + C)/g(x) + - - + (B,x +
Cm)/qm(x)'

INTEGRATION BY PARTS

6. Change the integral using the formula

Judv=uv— Jvdu

where u and dv are chosen so that (a) v is easy to find from dv, and (b)
v du is easier to find than u dv.

Kasube suggests (“A Technique for Integration by Parts,” Am.
Math. Month., vol. 90, no. 3, Mar. 1983): Choose u in the order of pref-
erence LIATE, that is, Logarithmic, Inverse trigonometric, Algebraic,
Trigonometric, Exponential.

ExampLE. Find Jxlnxdx. The logarithmic In x has higher priority than

does the algebraic x, so let # = In (x) and dv = x dx. Then du = (1/x) dx;
v =x%2, soJxlnxdx = uv — Jv du = (x*2)Inx — J' (x¥2)(1/x) dx = (x*¥2)

Inx — Jx/de = (x¥2)Inx — x¥4 + C.

Definite Integrals The definite integral of f(x) dx from x = a to

b

x = b, denoted by J f(x) dx, is the limit (as n increases indefinitely)
a

of a sum of n terms:

be(x) dx = ’}ero)c [f(x) Ax + f(x;) Ax + foxy) Ax + -+ +f(x,)A x]

built up as follows: Divide the interval from a to b into n equal parts,
and call each part Ax, = (b — a)/n; in each of these intervals take a
value of x (say, x|, x,, . . ., x,), find the value of the function f(x) at
each of these points, and multiply it by Ax, the width of the interval;
then take the limit of the sum of the terms thus formed, when the
number of terms increases indefinitely, while each individual term ap-
proaches zero.

b
Geometrically, [ f(x) dx is the area bounded by the curve y = f(x),

a
the x axis, and the ordinates x = a and x = b (Fig. 2.1.108); i.e., briefly,
the “area under the curve, from a to b.” The fundamental theorem for the
evaluation of a definite integral is the following:

[frean = [ [ se0 d] - [ [ se0 d]

i.e., the definite integral is equal to the difference between two values
of any one of the indefinite integrals of the function in question. In other
words, the limit of a sum can be found whenever the function can be
integrated.

y=flx)

I a b

Fig. 2.1.108 Graph showing areas to be summed during integration.
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Properties of Definite Integrals

I AR

MEAN-VALUE THEOREM FOR INTEGRALS

b b
J F(x)f(x) dx = F(X) J f(x) dx
provided f(x) does not change sign from x = a to x = b; here X is some
(unknown) value of x intermediate between a and b.
MeaN VaLue.  The mean value of f(x) with respect to x, between a
and b, is

_ 1 b
f=7b7aLf(x)dx

=a

x=b
THEOREM ON CHANGE OF VARIABLE. In evaluating [ f(x) dx, f(x) dx

may be replaced by its value in terms of a new variable ¢ and df, and x
= a and x = b by the corresponding values of #, provided that through-
out the interval the relation between x and ¢ is a one-to-one
correspondence (i.e., to each value of x there corresponds one and only
one value of #, and to each value of ¢ there corresponds one and only

x=b g(b)
one value of x). So J f(x)dx = J f(g(r) g' (1) dr.
=a )

X

DirrerenTIATION WITH RESPECT TO THE UPPER LimiT.  If b is variable, then

b
J f(x) dx is a function b, whose derivative is
a

d%ff(x) ax = f(b)

DIFFERENTIATION WITH RESPECT TO A PARAMETER

a%ff(x, ¢)dx = J:} af(axc,c) 0

Functions Defined by Definite Integrals The following definite
integrals have received special names:

1. Elliptic integral of the first kind = F(u, k) = J dx

o V1 — k%sin?x

when k2 < 1.

u
2. Elliptic integral of the second kind = E(u, k) = J V1 — k?sin’x
0
dx, when k* < 1.

3, 4. Complete elliptic integrals of the first and second kinds; put
u = /2 in (1) and (2).

5. The probability integral =

6. The gamma function = I'(n) = J x" e ¥ dx.
0

Approximate Methods of Integration. Mechanical Quadrature
(See also section “Numerical Methods.”)

1. Use Simpson’s rule (see also Scarborough, “Numerical Mathe-
matical Analyses,” Johns Hopkins Press).

2. Expand the function in a converging power series, and integrate
term by term.

3. Plot the area under the curve y = f(x) from x = a to x = b
on squared paper, and measure this area roughly by “counting squares.”

Double Integrals The notation [ [ f(x, y) dy dx means [[ [f(x,y) dy]
dx, the limits of integration in the inner, or first, integral being functions
of x (or constants).
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ExampLE. To find the weight of a plane area whose density, w, is variable,
say w = f(x, y). The weight of a typical element, dx dy, is f(x, y) dx dy. Keeping x
and dx constant and summing these elements from, say, y = F,(x) to y = F,(x), as
determined by the shape of the boundary (Fig. 2.1.109), the weight of a typical
strip perpendicular to the x axis is

y=F,(x)
dx I flx, ) dy

p=F,(x)

Finally, summing these strips from, say, x = a to x = b, the weight of the whole
area is
x=b y=F,(x)
dx
x=a =F,

ey dy} or, briefly, J Jf(x, V) dy dx
y=F(x)

y =~ Falx)

oo F(x)

X

=Y S

Sl

Fig. 2.1.109 Graph showing areas to be summed during double integration.

Triple Integrals The notation [J J f(x,y, z) dz dy dx means

[{IL e o) o

Such integrals are known as volume integrals.

ExampLE. To find the mass of a volume which has variable density, say,
w = f(x, y, 2). If the shape of the volume is described by a < x < b, Fi(x) <
y < F,(x), and G,(x, y) < z < G,(x, y), then the mass is given by

b [Fy(x) [G,(x.y)
J J J f(x,y,2) dzdy dx
G,

a “F\(x) 1Y)

SERIES AND SEQUENCES

Sequences

A sequence is an ordered list of numbers, x|, x,, . . ., X, . . .

An infinite sequence is an infinitely long list. A sequence is often
defined by a function f(n), n = 1, 2, . . . . The formula defining f(n) is
called the general term of the sequence.

The variable n is called the index of the sequence. Sometimes the
index is taken to start with n = 0 instead of n = 1.

A sequence converges to a limit L if the general term f(n) has limit L
as n goes to infinity. If a sequence does not have a unique limit, the
sequence is said to “diverge.” There are two fundamental ways a func-
tion can diverge: (1) It may become infinitely large, in which case the
sequence is said to be “unbounded,” or (2) it may tend to alternate
among two or more values, as in the sequence x,, = (—1)".

A sequence alternates if its odd-numbered terms are positive and its
even-numbered terms are negative, or vice versa.

Series

A series is a sequence of sums. The terms of the sums are another
sequence, X,, X,, . . . . Then the series is the sequence defined by
n

S, =X tx,+ 0+ x,

n

= Dx,. The sequence s, is also called the
i=1
sequence of partial sums of the series.

If the sequence of partial sums converges (resp. diverges), then the
series is said to converge (resp. diverge). If the limit of a series is S, then
the sequence defined by r, = S — s, is called the “error sequence” or
the “sequence of truncation errors.”

Convergence of Series THEOREM. Ifaseriess, =x, +x, + -« -+
x, converges, then it is necessary (but not sufficient) that the sequence

x, has limit zero. A series of partial sums of an alternating sequence is
called an alternating series.

TheorEM. An alternating series converges whenever the sequence
x, has limit zero.

A series is a geometric series if its terms are of the form ar”. The value
ris called the ratio of the series. Usually, for geometric series, the index
is taken to start with n = O instead of n = 1.

TueoreEM. A geometric series with x, = ar’, n = 0, 1, 2, . . .,
converges if and only if —1 < r <1, and then the limit of the series is
al(1 — r). The partial sums of a geometric series are s, = a(l — r")/
1 —=r.

The series defined by the sequence x, = 1/n,n = 1,2,...,
the harmonic series. The harmonic series diverges.

A series with each term x,, > 0 is called a “positive series.”

There are a number of tests to determine whether or not a positive
series s, converges.

1. Comparison test. If ¢, + ¢, + -
converges, and if 0 < x,, < ¢, then the series x, + x, + -
converges.

Ifd, +d, +
also diverges.

2. Integral test.

is called

s+ c,isa posmve series that
-+ x, also

- +d, divergesand x, > d,, thenx, + x, + - -+ +x

If f(¢) is a strictly decreasing function and f(n) = x,,

then the series s, and the integral | f(7) dt either both converge or both
1

diverge.

3. P test. The series defined by x, = 1/n” converges if p > 1 and
diverges if p = 1 or p < 1. If p = 1, then this is the harmonic series.

4. Ratio test. If the limit of the sequence x,,, ,/x, = r, then the series
diverges if r > 1, and it converges if 0 < r < 1. The test is inconclusive
ifr=1

5. Cauchy root test. If L is the limit of the nth root of the nth term,
lim x,‘z/", then the series converges if L < 1 and diverges if L > 1. If L = 1,
then the test is inconclusive.

A power series is an expression of the form a, + a;x + apx? + -+ - +

ax"+ - - -or X ax'.
i=0

The range of values of x for which a power series converges is the
interval of convergence of the power series.

General Formulas of Maclaurin and Taylor If f(x) and all its deriv-
atives are continuous in the neighborhood of the point x = 0 (or x = a),
then, for any value of x in this neighborhood, the function f(x) may be
expressed as a power series arranged according to ascending powers of
x (or of x — a), as follows:

! %xﬂ + (B)x"  (Maclaurin)
=10+ L@ 7D SO
A0

(x —a) '+ (Q,)(x —a)" (Taylor)

(n*l

Here (P,)x", or (Q,)(x — a)", is called the remainder term; the values
of the coefficients P, and Q, may be expressed as follows:

P, = [f(”)(sx)]/n! =[(1 — t)n—lf(n)(tx)]/(n -
0, = {f"la + s(x — a)l}/n!
={(1 - NG + 1(x — a)]}/(n — 1)

where s and 7 are certain unknown numbers between 0 and 1; the s form
is due to Lagrange, the 7 form to Cauchy. B
The error due to neglecting the remainder term is less than (P,)x", or

(0,)(x — a)', where P, or Q,, is the largest value taken on by P,, or



Q,, when s or f ranges from O to 1. If this error, which depends on both
n and x, approaches 0 as n increases (for any given value of x), then the
general expression with remainder becomes (for that value of x) a con-
vergent infinite series.

The sum of the first few terms of Maclaurin’s series gives a good
approximation to f(x) for values of x near x = 0; Taylor’s series gives a
similar approximation for values near x = a.

The MacLaurin series of some important functions are given below.

Power series may be differentiated term by term, so the derivative of
a power series a, + a\x + ay* + -+ -+ ax"isa; + 2a,x + - - +
nax"~'....The power series of the derivative has the same interval of
convergence, except that the endpoints may or may not be included in
the interval.

Series Expansions of Some
Important Functions

The range of values of x for which each of the series is convergent is
stated at the right of the series.
Geometrical Series

1
= > xn —1<x<1
I —x n=0
S (m+n—1)!
o =1+ 7( ) n -1 <x<1
(1 —x)m =) (m— Dn!

Exponential and Logarithmic Series

[0 <x < 4]

[a>0,—0 <x< +x]

[ <x<+1]

[—1 <x<+1]

[—1 <x < +1]

x+ 1y _ (1,1 1
1n(x—1>_2(x+3x3+5x5+7x7 >

[x<<—lor+1<ux]

[0 < x < ]

[0<a< +o, —a<x< +x]

Series for the Trigonometric Functions In the following formulas,
all angles must be expressed in radians. If D = the number of degrees
in the angle, and x = its radian measure, then x = 0.017453D.

5 7

3
= X AT XD
siInx = x 30 + 51 7 +

2 4 6 8

X X X X
ek TR TR TIAE TR

[0 <x < +x]

[0 <x < 4]
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3 5 7 9
2x> | 17x + 62x

tanx = X+ T+ 5+ 5 Fogs T

[—72 < x < +7/2]
cotx=%—§—i—;—%;—%_... [—7 < x < +7]
sin"y=y+%3+i—y05+%+~- [—l=y=+1]
tan“y=y—y§3+yg5—y77+ [1=y=+1]

cos'ly = Vyr — sin"ly; cot /'y = Vo — tan"!y.

Series for the Hyperbolic Functions (x a pure number)

sinh x x+?+%+% [0 <x < ]
X2 oxt  x

COth:1+§+Z+6l+ [0 <x < o]
3 5 7
ooy Sy

inhly =y — — - —1<y<+1

sinh™'y =y 3 20 2 [ y 1
3 5 7

tanh"y:y+y?+)5+y7+ [l <y<+1]

ORDINARY DIFFERENTIAL EQUATIONS

An ordinary differential equation is one which contains a single inde-
pendent variable, or argument, and a single dependent variable, or func-
tion, with its derivatives of various orders. A partial differential equation
is one which contains a function of several independent variables, and
its partial derivatives of various orders. The order of a differential equa-
tion is the order of the highest derivative which occurs in it. A solution
of a differential equation is any relation among the variables, involving
no derivatives, though possibly involving integrations which, when sub-
stituted in the given equation, will satisfy it. The general solution of an
ordinary differential equation of the nth order will contain n arbitrary
constants.

If specific values of the arbitrary constants are chosen, then a solu-
tion is called a particular solution. For most problems, all possible par-
ticular solutions to a differential equation may be found by choosing
values for the constants in a general solution. In some cases, however,
other solutions exist. These are called singular solutions.

ExaMPLE. The differential equation (yy')*> — a* — y* = 0 has general solu-
tion (x — ¢)> + y*> = @? where c is an arbitrary constant. Additionally, it has the
two singular solutions y = @ and y = —a. The singular solutions form two paral-
lel lines tangent to the family of circles given by the general solution.

The example illustrates a general property of singular solutions; at
each point on a singular solution, the singular solution is tangent to
some curve given in the general solution.

Methods of Solving Ordinary
Differential Equations

DIFFERENTIAL EQUATIONS OF THE FIRST ORDER

1. If possible, separate the variables; i.e., collect all the x’s and dx on
one side, and all the y’s and dy on the other side; then integrate both
sides, and add the constant of integration.

2. If the equation is homogeneous in x and y, the value of dy/dx in
terms of x and y will be of the form dy/dx = f(y/x). Substituting y = xt
will enable the variables to be separated.

dt
Solution: log, x = J’i + C.
¢ f@) =1
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3. The expression f(x, y) dx + F(x, y) dy is an exact differential if

aflx,y)  9F(x,y) (
dy x
F(x,y)dy =0is

Jf(x,y)dx + JIF(x,y) — [Pdx]dy = C

or JFGe,y)dy + JIf(x,y) = [Pdyldx = C

= P, say). In this case the solution of f(x, y) dx +

4. Linear differential equation of the first order: % + f(x)y =
F(x).

Solution: y = e [ [elF(x) dx + C], where P = [f(x) dx

d
5. Bernoulli’s equation: d—y + f(x)-y = F(x)-y". Substituting
x

yl = =y gives (dv/dx) + (1 — n)f(x) - v = (1 — n)F(x), which is lin-
ear in v and x.

6. Clairaut’s equation: y = xp + f(p), where p = dy/dx. The solution
consists of the family of lines given by y = Cx + f(C), where C is any
constant, together with the curve obtained by eliminating p between the
equations y = xp + f(p) and x + f'(p) = 0, where f'(p) is the deriva-
tive of f(p).

7. Riccati’s equation. p + ay® + Q(x)y + R(x) = 0, where p = dy/dx
can be reduced to a second-order linear differential equation (d*u/dx?) +
Q(x)(du/dx) + R(x) = 0 by the substitution y = du/dx.

8. Homogeneous equations. A function f(x, y) is homogeneous of
degree n if f(rx, ry) = r" f(x, y), for all values of r, x, and y. In practice,
this means that f(x, y) looks like a polynomial in the two variables x and
y, and each term of the polynomial has total degree m. A differential
equation is homogeneous if it has the form f(x, y) = 0, with f homoge-
neous. (xy + x?) dx + y*dy = 0 is homogeneous. Cos (xy) dx +
y*>dy = 0 is not.

If an equation is homogeneous, then either of the substitutions y = vx
or x = vy will transform the equation into a separable equation.

9. dy/dx = fl(ax + by + ¢)/(dx + ey + g)] is reduced to a homoge-
neous equation by substituting u = ax + by + ¢, v =dx + ey + g, if
ae — bd =0,and z = ax + by, w = dx + eyif ae — bd = 0.

DIFFERENTIAL EQUATIONS OF THE
SECOND ORDER

10. Dependent variable missing. 1f an equation does not involve the
variable y, and is of the form F(x, dy/dx, d*>y/dx*) = 0, then it can be
reduced to a first-order equation by substituting p = dy/dx and dp/dx =
d*y/dx>.

11. Independent variable missing. 1f the equation is of the form
F(y, dy/dx, d*y/dx*) = 0, and so is missing the variable x, then it can
be reduced to a first-order equation by substituting p = dy/dx and

pldp/dy) = d?y/dx>.
d*y "
12. ey = —n’y.
Solution: 'y = C, sin (nx + C,), or y = C;sin nx + C, cos nx.
d?
13. i +n?y.

Solution: y = C, sinh (nx + C,), ory = Cy e™ + Cje™™.
d?
14. e ).
dy

Soluti :X:J
oLution m

d?y
15,75 = S,

+ C,, where P = Jf(y) dy.

Solution: y= Jde + Cx + G, where P = Jf(x) dx,

or y=xP — fo(x) dx + Cx + C,.

dz zdz
= |—+C, and y=J’f+C
J fa ! fay 7
then eliminate z from these two equations.
) Ldy dy
17. The equation for damped vibrations: ) + 2b » + a%y = 0.

dx
Casel. Ifa>—b*>0,letm = Va*>— b2
Solution:
y = Cie ¥sin(mx + C) or y= e ™, sin (mx) + C,cos (mx)]
Case2. Ifa® — b? = 0, solution is y = ¢ *(C, + C,x).

CaSE3. Ifa®>—b2<0,letn = Vb2 — a2
Solution:
y = Cie™sinh (nx + C,) or y = Cyem v 4 Cpem b
d’y dy
=S+ 2— +ay=c.
18 2 2b L Tav=c

. c . .
Solution: 'y = — + y,, where y; = the solution of the corresponding
a

equation with second member zero [see type 17 above].
d’y dy
19. o + ZbE + a’y = csin (kx).
Solution: y = R sin (kx — S) + y,

where R = ¢/ (a* — k?? + 4b%?, tan S = 2bki(a> — k), and y, = the

solution of the corresponding equation with second member zero [see
type 17 above].

20 d2y+2bdy+ Zy =
e I a’y = f(x).

Solution: y = R sin (kx — S) + y,
where R = ¢/V (a®> — k?)* + 4b%>, tan S = 2bk/(a*> — k?), and y, =
the solution of the corresponding equation with second member zero
[see type 17 above].

If b < &,

1 [ J . .
Yo = em | e ’"*"f(x) dx — eng’ e mzxf(x) dx:|
AV e
where m; = —b + Vb2 — ag*and m, = —b —
If B2 < a? letm = Va* — b2, then

Yo = %e’bx[sin (mx)f P cos (mx) - f(x) dx

b? — a’.

— cos (mx) J’ eP sin (mx) - f(x) dx}

Ifb? = a%y, = e [xj ePf(x) dx — Jx- e’ f(x) dx:|

Types 17 to 20 are examples of linear differential equations with
constant coefficients. The solutions of such equations are often found
most simply by the use of Laplace transforms. (See Franklin, “Fourier
Methods,” pp. 198-229, McGraw-Hill or Kreyszig, “Advanced
Engineering Mathematics,” Wiley.)

Linear Equations
For the linear equation of the nth order

An(x) d"y/dx” + An—1(x) dnfly/dxnfl 4+ ...
+ A, (x)dyldx + Ay(x)y = E(x)

the general solutionis y = u + cyu; + c,u, + -+ - + c,u,. Here u, the
particular integral, is any solution of the given equation, and u,,
u,, . . ., u, form a fundamental system of solutions of the homogeneous
equation obtained by replacing E(x) by zero. A set of solutions is fun-

damental, or independent, if its Wronskian determinant W(x) is not



zero, where
u U e u,
Uy U n
Wx) =
(n—1) (n=1) ... (n—1)
uy u; iy

For any n functions, W(x) = 0 if some one ¥, is linearly dependent on
the others, as u, = kju, + ku, + - - - + k,_,u, , with the coefficients
k; constant. And for n solutions of a linear differential equation of the
nth order, if W(x) # 0, the solutions are linearly independent.

Constant Coefficients To solve the homogeneous equation of the
nth order A, d"y/dx" + A,_, d" ' y/dx""" + - - - + Ady/dx + Ayy = 0,
A, #0,where A, A .., A, are constants, find the roots of the auxiliary
equation

n—1> -

AP+ A_p it AP+ A =0

For each simple real root r, there is a term ce™ in the solution. The terms
of the solution are to be added together. When r occurs twice among the
n roots of the auxiliary equation, the corresponding term is e™(c, +
¢,x). When r occurs three times, the corresponding term is e™(c, +
cx + ¢;x?), and so forth. When there is a pair of conjugate complex
roots a + bi and a — bi, the real form of the terms in the solution is
e™(c, cos bx + d, sin bx). When the same pair occurs twice, the corre-
sponding term is e*[(c, + ¢, x) cos bx + (d, + d, x) sin bx], and so forth.

Consider next the general nonhomogeneous linear differential equa-
tion of order n, with constant coefficients, or

A d'yldx" + A, d"'Wyldx" ' + - 4+ Adyldx + Ay = E(x)

We may solve this by adding any particular integral to the comple-
mentary function, or general solution, of the homogeneous equation
obtained by replacing E(x) by zero. The complementary function may
be found from the rules just given. And the particular integral may be
found by the methods of the following paragraphs.

Undetermined Coefficients In the last equation, let the right mem-
ber E(x) be a sum of terms each of which is of the type k, k cos bx, k sin
bx, ke™, kx, or more generally, kx"e®, kx"e™ cos bx, or kx"e™ sin bx.
Here m is zero or a positive integer, and a and b are any real numbers.
Then the form of the particular integral / may be predicted by the fol-
lowing rules.

CASE 1. E(x) is a single term 7. Let D be written for d/dx, so that the
given equation is P(D)y = E(x), where P(D) =AD" + A, D"~ ' + - -
-+ AD + Ajy. With the term 7 associate the simplest polynomial
Q(D) such that Q(D)T = 0. For the particular types k, etc., Q(D) will be
D, D> + b*, D> + b*, D — a, D% and for the general types kx" e*, etc.,
QD) will be (D — a)"*!, (D* — 2aD + a* + b>"!, (D> — 2aD +
a> + b*y"*!. Thus Q(D) will always be some power of a first- or
second-degree factor, Q(D) = F*, F = D — a,or F = D*-2aD + a&* + I*.

Use the method described under Constant Coefficients to find the
terms in the solution of P(D)y = 0 and also the terms in the solution of
Q(D)P(D)y = 0. Then assume the particular integral / is a linear combi-
nation with unknown coefficients of those terms in the solution of
Q(D)P(D)y = 0 which are not in the solution of P(D)y = 0. Thus
if Q(D) = F? and F is not a factor of P(D), assume I = (Ax?"' +
Bx?2 4+ -+ + L)e™ when F = D — q, and assume [ = (Ax?"' +
Bx972 + -+ - + L)e™ cos bx + (Mx9' + Nx92 + -+ - + R)e™
sin bx when F = D> — 2aD + a*> + b* When F is a factor of P(D) and
the highest power of F which is a divisor of P(D) is F¥, try the I above
multiplied by x*.

CASE 2.  E(x) is a sum of terms. With each term in E(x), associate a
polynomial Q(D) = F7 as before. Arrange in one group all the terms
that have the same F. The particular integral of the given equation will
be the sum of solutions of equations each of which has one group on
the right. For any one such equation, the form of the particular integral
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is given as for Case 1, with ¢ the highest power of F associated with any
term of the group on the right.

After the form has been found in Case 1 or 2, the unknown coeffi-
cients follow when we substitute back in the given differential equation,
equate coefficients of like terms, and solve the resulting system of
simultaneous equations.

Variation of Parameters. Whenever a fundamental system of solu-
tions u,, u,, . . . , u, for the homogeneous equation is known, a particular
integral of
A, (x)d"yldx" + A,_,(x)d" 'yldx""" + - - -

+ A,(x)dyldx + Ay(x)y = E(x)

may be found in the form y = Xvu,. In this and the next few summa-
tions, k runs from 1 to n. The v, are functions of x, found by integrat-
ing their derivatives v;, and these derivatives are the solutions of the
n simultaneous equations 3vju, = 0,3vju, = 0,3vju”, = 0, -+ -,
Sviuf=? = 0,A,(x)Zvjul" = E(x). To find the v, from v, =
[vjdx + ¢, any choice of constants will lead to a particular integral.

The special choice v, = J v} dx leads to the particular integral having
0

vy, ¥, . ..., y® Deach equal to zero when x = 0.
The Cauchy-Euler Equidimensional Equation This has the form
kx"d"yldx" + k,_x"'d"yldx" T+ -
+ kyx dyldx + kyy = F(x)
The substitution x = ¢', which makes
xdyldx = dyldt
xkd¥yldx* = (didt — k + 1) -~ (dldt — 2)(dldt — 1) dy/dt
transforms this into a linear differential equation with constant coeffi-
cients. Its solution y = g(¢) leads to y = g(In x) as the solution of the

given Cauchy-Euler equation.
Bessel’s Equation The general Bessel equation of order # is:

xy" +xy + (x2=n?)y =0

This equation has general solution
y = AJ,(x) + BJ_,(x)

when 7 is not an integer. Here, J,(x) and J_,(x) are Bessel functions (see
section on Special Functions).
In case n = 0, Bessel’s equation has solution
o (, l)k H IJCZk
y = AJO(X) + B |:JO(X) In(x) — gl W
where H, is the kth partial sum of the harmonic series, 1 + /2 + 15 +
s+ 1k
In case n = 1, the solution is

y=AJ(x) + B {Jl(x) In(x) + 1/x

= (= DMH, + Hy_ a2
*[E, 21 (k — 1)! J}

In case n > 1, n is an integer, solution is

© (_1)k+l(n — l)!x2kﬂx
y=AJ(x)+B {Jn(x) In (x) + |:k§::0 e r—" :|

N l/z[i (7])k+l(Hk + Hk+l)x2k+nJ}

k=0 22k+nk!(k + ﬂ)'

Solutions to Bessel’s equation may be given in several other forms,
often exploiting the relation between H, and In (k) or the so-called Euler
constant.

General Method of Power Series Given a general differential
equation F(x, y, ¥', . . .) = 0, the solution may be expanded as a
Maclaurin series, so y = 37_ja,x", where a, = f"(0)/n!. The power
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series for y may be differentiated formally, so that y’ = 37_ nax""! =
Se o(n+ Da,,x", and y" =37 n(n — Dapx"? =37 (n + 1)
(n + 2)a, ,x".

Substituting these series into the equation F(x, y, y', . . .) = 0 often
gives useful recursive relationships, giving the value of a, in terms of
previous values. If approximate solutions are useful, then it may be suf-
ficient to take the first few terms of the Maclaurin series as a solution to
the equation.

E3

ExampLE. Consider y” — y" + xy = 0. The procedure gives 7_(n + 1)
(n + 2)a,,x" — 2 ,(n + Da,, x" + x 3 ax" =3 (n + 1)
(n + 2)a,,x" = 30 + Da,y,x" + 37 a0, x" = (20, — a)x® + 37
[(n + D(n + 2)a,,, — (n + Da,,, + a, ]x" = 0. Thus 2a, — a, = 0 and, for
n>0 (n+ Hn + 2a,, — (n+1)a,, + a,, = 0. Thus, a, and a,
may be determined arbitrarily, but thereafter, the values of g, are determined
recursively.

PARTIAL DIFFERENTIAL EQUATIONS

Partial differential equations (PDEs) arise when there are two or more
independent variables. Two notations are common for the partial deriv-
atives involved in PDEs, the “del” or fraction notation, where the first
partial derivative of f with respect to x would be written df/dx, and the
subscript notation, where it would be written f,.

In the same way that ordinary differential equations often involve
arbitrary constants, solutions to PDEs often involve arbitrary functions.

EXAMPLE.  f,, = 0 has as its general solution g(x) + A(y). The function g does
not depend on y, so g, = 0. Similarly, f, = 0.

PDEs usually involve boundary or initial conditions dictated by the
application. These are analogous to initial conditions in ordinary differ-
ential equations.

In solving PDEs, it is seldom feasible to find a general solution and
then specialize that general solution to satisfy the boundary conditions,
as is done with ordinary differential equations. Instead, the boundary
conditions usually play a key role in the solution of a problem. A
notable exception to this is the case of linear, homogeneous PDEs since
they have the property that if f; and f, are solutions, then f; + £, is also
a solution. The wave equation is one such equation, and this property is
the key to the solution described in the section “Fourier Series.”

Often it is difficult to find exact solutions to PDEs, so it is necessary
to resort to approximations or numerical solutions. (See also
“Numerical Methods” below.)

Classification of PDEs

Linear A PDE is linear if it involves only first derivatives, and then
only to the first power. The general form of a linear PDE, in two inde-
pendent variables, x and y, and the dependent variable z, is P(x, y, z)
fi + O, y, 2)f, = R(x, y, 2), and it will have a solution of the form
z = f(x, y)if its solution is a function, or Fi (x, y, z) = 0 if the solution
is not a function.

Elliptic Laplace’s equation f,, + f,, = 0 and Poisson’s equation f,, +
/iy = 8(x, y) are the prototypical elliptic equations. They have analogs
in more than two variables. They do not explicitly involve the variable
time and generally describe steady-state or equilibrium conditions,
gravitational potential, where boundary conditions are distributions of
mass, electrical potential, where boundary conditions are electrical
charges, or equilibrium temperatures, and where boundary conditions
are points where the temperature is held constant.

Parabolic 7, = T,, + T, represents the dynamic condition of dif-
fusion or heat conduction, where 7(x, y, ) usually represents the tem-
perature at time ¢ at the point (x, y). Note that when the system reaches
steady state, the temperature is no longer changing, so 7, = 0, and this
becomes Laplace’s equation.

Hyperbolic Wave propagation is described by equations of the type
u, = cXu, + u,), where c is the velocity of waves in the medium.

VECTOR CALCULUS

Vector Fields A vector field is a function that assigns a vector to
each point in a region. If the region is two-dimensional, then the vectors
assigned are two-dimensional, and the vector field is a two-dimensional
vector field, denoted F(x, y). In the same way, a three-dimensional vec-
tor field is denoted F(x, y, 2).

A three-dimensional vector field can always be written:

F(x,y,2) = fi(x, 3, i + fo(x, 3, 2j + f5(x, v, 2k

where i, j, and k are the basis vectors (1, 0, 0), (0, 1, 0), and (0, O, 1),
respectively. The functions f, f,, and f; are called coordinate functions
of F.

Gradient If f{x, y) is a function of two variables, then the gradient
is the associated vector field grad (f) = fi + f,j. Similarly, the gradi-
ent of a function of three variables is fii + fj + fk. At any point, the
direction of the gradient vector points in the direction in which the func-
tion is increasing most rapidly, and the magnitude is the rate of increase
in that direction.

Parameterized Curves If C is a curve from a point A to a point B,
either in two dimensions or in three dimensions, then a parameterization
of C is a vector-valued function r(t) = r ()i + ry(t)j + ry(t)k, which
satisfies r(a) = A, r(b) = B, and r(¢) is on the curve C, fora =t = b.
It is also necessary that the function r(¢) be continuous and one-to-one.
A given curve C has many different parameterizations.

The derivative of a parameterization r(¢) is a vector-valued function
r'(r) = ri(0i + ry(j + ri()k. The derivative is the velocity func-
tion of the parameterization. It is always tangent to the curve C, and the
magnitude is the speed of the parameterization.

Line Integrals If F is a vector field, C is a curve, and r(7) is a parame-
terization of C, then the line integral, or work integral, of F along C is

b
W= JF cdr = J F(r(z) - r'(¢)dt
C a

This is sometimes called the work integral because if F is a force
field, then W is the amount of work necessary to move an object along
the curve C from A to B.

Divergence and Curl The divergence of a vector field F is div F =
fie T foy T fa. If F represents the flow of a fluid, then the divergence at
a point represents the rate at which the fluid is expanding at that point.
Vector fields with div F = 0 are called incompressible.

The curl of F is

cul F = (f5, = f)i + (fi, = )i + (S — /i)

If F is a two-dimensional vector field, then the first two terms of the
curl are zero, so the curl is just

curl F = (f5, — f1,)k

If F represents the flow of a fluid, then the curl represents the rota-
tion of the fluid at a given point. Vector fields with curl F = 0 are called
irrotational.

Two important facts relate div, grad, and curl:

1. div (curl F) =0

2. curl (grad f) = 0

Conservative Vector Fields A vector field F = fji + f, j + fik is
conservative if all of the following are satisfied:

fly = fo fl: = f}x and f21 = f3y

If F is a two-dimensional vector field, then the second and third con-
ditions are always satisfied, and so only the first condition must be
checked. Conservative vector fields have three important properties:

1. J F - dr has the same value regardless of what curve C is chosen that
c

connects the points A and B. This property is called path independence.
2. F is the gradient of some function f(x, y, z).
3. Curl F = 0.



In the special case that F is a conservative vector field, if F = grad

(f), then
J F-dr = f(B) - f(4)
c

THEOREMS ABOUT LINE AND
SURFACE INTEGRALS

Two important theorems relate line integrals with double integrals. If R
is a region in the plane and if C is the curve tracing the boundary of R
in the positive (counterclockwise) direction, and if F is a continuous
vector field with continuous first partial derivatives, line integrals on C
are related to double integrals on R by Green’s theorem and the diver-
gence theorem.

Green’s Theorem

J'F-dr: JJ curl (F) - dS
c R

The right-hand double integral may also be written as J’ J Icurl (F)I dA.
R
Green’s theorem describes the total rotation of a vector field in two
different ways, on the left in terms of the boundary of the region and on
the right in terms of the rotation at each point within the region.
Divergence Theorem

JF-dN: H div (F) dA
C R

where N is the so-called normal vector field to the curve C. The diver-
gence theorem describes the expansion of a region in two distinct ways,
on the left in terms of the flux across the boundary of the region and on
the right in terms of the expansion at each point within the region.

Both Green’s theorem and the divergence theorem have correspond-
ing theorems involving surface integrals and volume integrals in three
dimensions.

LAPLACE AND FOURIER TRANSFORMS

Laplace Transforms The Laplace transform is used to convert
equations involving a time variable 7 into equations involving a frequency

Table 2.1.4 Laplace Transforms

§i0) F(s) = L(f(1) Name of function

l. a als

2.1 1/s

{O t<ae ™S . N .
3. u,() = Heavyside or step function
1 t>a

4.6,(1) = u,(0) e Dirac or impulse function
5. e 1/(s — a)

6. (1/r)e"" 1/(rs + 1)

7. ke k(s + a)

8. sin ar al(s* + a?)

9. cos at s/(s2 + a?)
10. e " sin bt bl[(s + a)* + b?

at bt
1. e e 1
a—b a-—»b (s —a)(s — b)
12. ¢ 1/s%
13. 1 2/s3
14. t* nl/s"*!
15. 14 T'(a + 1)/st! Gamma function (see “Special
Functions™)

16. sinh at al(s®> — a?)
17. cosh at s/(s2 — a?)
18. tme™ n!/(s — a)yt!

19. t cos at (52 — ad)/(s* + a?)?
20. tsin at 2as/(s* + a?)?

2a%/(s* + a?)?
(sin at)/t

21. sinat — at cos at
22. arctan als
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Table 2.1.5 Properties of Laplace Transforms

f@® F(s) = L(f(1) Name of rule

1. f(t) J we*“f(t) dt Definition
2. () + g0 Fls) + G(s) Addition
3. kf(t) kF(s) Scalar multiples
4. f'(1) sF(s) — f£(0%) Derivative laws
5. (1) $2F(s) — sf(0%)

- f(0")
6. f"(1) $'F(s) — s7f(07)

— §f"(0%) — f"(0%)
7. Jf(t) dt (1/s)F(s) Integral law

+ (1/s) Jf(t)dtlw
8. f(bn) (1/b)F(s/b) Change of scale
9. e“f(1) F(s — a) First shifting
10. f=g(1) F(s)G(s) Convolution
11 u,(0f(t — a) F(s)e Second shifting
12. —tf(2) F'(s) Derivative in s

variable s. There are essentially three reasons for doing this: (1) higher-
order differential equations may be converted to purely algebraic equa-
tions, which are more easily solved; (2) boundary conditions are easily
handled; and (3) the method is well-suited to the theory associated with
the Nyquist stability criteria.

In Laplace-transformation mathematics the following symbols and
equations are used (Tables 2.1.4 and 2.1.5):

f(t) = a function of time
= a complex variable of the form (o + jw)
F(s) = an equation expressed in the transform variable s, resulting from
operating on a function of time with the Laplace integral
& = an operational symbol indicating that the quantity which it pre-
fixes is to be transformed into the frequency domain
S(07) = the limit from the positive direction of f(r) as ¢ approaches zero
J(07) = the limit from the negative direction of f(f) as t approaches zero

Therefore, F(s) = £[f(f)]. The Laplace integral is defined as

©“

¥ = Jxe’”dt. Therefore, L[ f(1)] = r e SIf (1) dt

0 0

Direct Transforms

EXAMPLE.
f(t) = sin pr
FIf(1)] = L(sinBr) = J sin Bt e~ dt
0
g e .
but sin Bt = % where j2 = —1

& (sin Bt) = Lr (&P — e iB)e! dy

— L( ’lA )e(—.,+,-ﬁ»
2j\s —JB o

-1 P
(=s—jB)t
(s T jB) ¢

0

0

Table 2.1.4 lists the transforms of common time-variable expressions.
Some special functions are frequently encountered when using Laplace
methods.
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The Heavyside, or step, function u,(f) sometimes written u(t — a), is
zero for all t < a and 1 for all > a. Its value at 1 = a is defined dif-
ferently in different applications, as 0, Y2, or 1, or it is simply left unde-
fined. In Laplace applications, the value of a function at a single point
does not matter. The Heavyside function describes a force which is
“off”” until time ¢ = a and then instantly goes “on.”

The Dirac delta function, or impulse function, §,(f), sometimes written
&(t — a), is the derivative of the Heavyside function. Its value is always
zero, except at r = a, where its value is “positive infinity.” It is some-
times described as a “point mass function.” The delta function describes
an impulse or an instantaneous transfer of momentum.

The derivative of the Dirac delta function is called the dipole function.
It is less frequently encountered.

The convolution f  g(f) of two functions f(f) and g(7) is defined as

Frgln) = f " Flug(t — w) du
0

Laplace transforms are often used to solve differential equations aris-
ing from so-called linear systems. Many vibrating systems and electri-
cal circuits are linear systems. If an input function f(¢) describes the
forces exerted upon a system and a response or output function f(¢)
describes the motion of the system, then the transfer function 7(s) =
F,(s)/F(s). Linear systems have the special property that the transfer
function is independent of the input function, within the elastic limits of
the system. Therefore,

F,(s)  G,(s)
F(s)  GJs)

This gives a technique for describing the response of a system to a com-
plicated input function if its response to a simple input function is
known.

EXAMPLE. Solve y” + 2y’ — 3y = 8¢’ subject to initial conditions y(0) = 2
and y'(0) = 0. Let y = f(r) and Y = F{(s). Take Laplace transforms of both sides
and substitute for y(0) and y'(0), and get

s2Y — 25 + 2(sY — 2) = 3Y = %

Solve for Y, apply partial fractions, and get
_ 27+ 25+ 4
(s +3)(s — 1)
1 s+ 1
s+ 3 (s — 1)?
_ 1 . 1 4 2
(s+3) (=1 (s—1)7?

Using the tables of transforms to find what function has Y as its transform, we get
y=e + e + 2t

EXAMPLE. A vibrating system responds to an input function fi(f) = sin t with
a response f, () = sin 2¢. Find the system response to the input g,(r) = sin 2¢.
Apply the invariance of the transfer function, and get

F,G,

G”(S) = ;: i

4(s2+ 1)
T2+ 42

_ 2@ 12 16
2422 16| (s2 + 22

Applying formulas 8 and 21 from Table 2.1.4 of Laplace transforms,

&, (1) = 2sin2t — ¥ sin 2t + Y2t cos 2t

Inversion When an equation has been transformed, an explicit solu-
tion for the unknown may be directly determined through algebraic
manipulation. In automatic-control design, the equation is usually the dif-
ferential equation describing the system, and the unknown is either the

output quantity or the error. The solution gained from the transformed
equation is expressed in terms of the complex variable s. For many
design or analysis purposes, the solution in s is sufficient, but in some
cases it is necessary to retransform the solution in terms of time. The
process of passing from the complex-variable (frequency domain)
expression to that of time (time domain) is called an inverse transfor-
mation. It is represented symbolically as

LI (s) = fl2)

For any f(r) there is only one direct transform, F(s). For any given F(s)
there is only one inverse transform f{(z). Therefore, tables are generally
used for determining inverse transforms. Very complete tables of
inverse transforms may be found in Gardner and Barnes, “Transients in
Linear Systems.” As an example of the inverse procedure consider an
equation of the form

x(1)
K = ax(t) + |—5-dt
B
It is desired to obtain an expression for x(¢) resulting from an instanta-
neous change in the quantity K. Transforming the last equation yields

X() (0
§=X(S)Dé +SL[;+%
If f~1(0)s = 0
then X(s) = %
e 1 Kla
M) = LX) = £ ls + laB

From Table 2.1.4, x(1) = ge”/"‘ﬁ

Fourier Coefficients Fourier coefficients are used to analyze peri-
odic functions in terms of sines and cosines. If f(x) is a function with
period 2L, then the Fourier coefficients are defined as

1 [E nws _

a = LLLf(s)cos 7 ds n=012,...
1 [E . nms B

b 7L£Lf(s)sm 7 s n=12...

Equivalently, the bounds of integration may be taken as O to 2L instead
of —L to L. Many treatments take L = or L = 1.
Then the Fourier theorem states that

_d4 < nwx . [ nmx
flx) = 2 +Zlancos< I >+bnsm< 3 >

The series on the right is called the “Fourier series of the function
f(x).” The convergence of the Fourier series is usually rapid, so that the
function f(x) is usually well-approximated by the sum of the first few
sums of the series.

Examples of the Fourier Series If y = f(x) is the curve in Figs.
2.1.110 to 2.1.112, then in Fig. 2.1.110,

_h_4n( omx 1 3mx 1 Smx
y=5 7.,.2(0050 +9cos c +2scos c T >

Fig. 2.1.110 Saw-tooth curve.



In Fig. 2.1.111,

y = 4 <sin77x + %sinﬂ + %sinm + - >

7 o

“H
I
s

Fig. 2.1.111

Step-function curve or square wave.

In Fig. 2.1.112,

y =7 | sin—z = osin=z= + Zsin== — -

2h [ . wx 1. 2mx 1 . 3mx
2 3 ¢

Fig. 2.1.112 Linear-sweep curve.

If the Fourier coefficients of a function f(x) are known, then the coef-
ficients of the derivative f’(x) can be found, when they exist, as follows:

;=
al, = nb

’= —
n bn = Tha

n

where a/, and b/, are the Fourier coefficients of f'(x).
The complex Fourier coefficients are defined by:

¢, = Y2(a, — ib,)
¢, = Yha,
Ya(a, + ib,)

Then the complex form of the Fourier theorem is

w©

f(x) — 2 Cneinfrx/L

n=-—ow

Cy

Wave Equation Fourier series are often used in the solution of the
wave equation a’u, = u, where 0 < x < L, t > 0, and initial conditions
are u(x, 0) = f(x) and u,(x, 0) = g(x). This describes the position of a
vibrating string of length L, fixed at both ends, with initial position f(x)
and initial velocity g(x). The constant a is the velocity at which waves
are propagated along the string, and is given by a> = T/p, where T is the
tension in the string and p is the mass per unit length of the string.

If fix) is extended to the interval —L < x < L by setting f(—x) =
— f(x), then f may be considered periodic of period 2L. Its Fourier coef-
ficients are

L

a,=0 b= J fsin™rax n=12,...
o L

The solution to the wave equation is

< nwx nt
1) = b sin—— cos——
ux, 9 E] n S L

Fourier transform A nonperiodic function f(x) requires two functions
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to describe its Fourier transform:

Alw) = Jx f(x) coswxdx

B(w) = Jx f(x) sinwxdx

—o0

Then the Fourier integral equation is
flx) = J A(w) cos wx + B(w) sin wx dw
0

The complex Fourier transform of f{x) is defined as

F(w) = r f(x)e™ dx

Then the complex Fourier integral equation is
1 [~ i
f(x) = 5= | F(w)e ™ dx
2 o

Heat Equation The Fourier transform may be used to solve the one-
dimensional heat equation u,(x, 1) = u(x, t), for + > 0, given initial
condition u(x, 0) = f(x). Let F(s) be the complex Fourier transform of
f(x), and let U(s, t) be the complex Fourier transform of u(x, 7). Then the
transform of u,(x, t) is dU(s, t)/dt.

Transforming u,(x, £) = u.(s, 1) yields dU/dt + s*U = 0 and
U(s, 0) = f(s). Solving this using the Laplace transform gives U(s, t) =
F(s)es".

Applying the complex Fourier integral equation, which gives u(x, )
in terms of U(s, 1), gives

u(x, t) = iJ' U(s, e ™ ds
0

L
27|,

Applying the Euler formula, ¢ = cos x + i sin x,

J F()eBDes ds dy
0

u(x, ) = ﬁj j “F(y) cos (s(y — x)e ds dy
—Jo

SPECIAL FUNCTIONS

Gamma Function The gamma function is a generalization of the
factorial function. It arises in Laplace transforms of polynomials, in
continuous probability, applications involving fractals and fractional
derivatives, and in the solution to certain differential equations. It is
defined by the improper integral:

I'(x) = th’f"e“dt
0

)

The integral converges for x > 0 and diverges otherwise. The func-
tion is extended to all negative values, except negative integers, by the
relation

I'x+ 1) =xI'(x)
The gamma function is related to the factorial function by
T'n+1)=n

for all positive integers n.
An important value of the gamma function is

r.5) = 7'~

Other values of the gamma function are found in CRC Standard
Mathematical Tables and similar tables.

Beta Function The beta function is a function of two variables and
is a generalization of the binomial coefficients. It is closely related to
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the gamma function. It is defined by the integral:
1
B(x,y) = J N1 = o) tdr for x, y >0
0

The beta function can also be represented as a trigonometric integral,
by substituting ¢ = sin” 6, as

/2
B(x,y) = ZJ (sin )*~(cos 0)>~'dO
0

The beta function is related to the gamma function by the relation

T'T(y)

B(x,y) = Tk + )

This relation shows that B(x, y) = B(y, x).

Bernoulli Functions The Bernoulli functions are a sequence of
periodic functions of period 1 used in approximation theory. Note that
for any number x, [x] represents the largest integer less than or equal to x.
[3.14] = 3 and [—1.2] = —2. The Bernoulli functions B, (x) are defined
recursively as follows:

1. Byx) =1

2.Bix)=x—[x] -

3. B, ., is defined so that B',,,(x) = B,(x) and so that B, . , is peri-
odic of period 1.

B, is a special case of the linear-sweep curve (Fig. 2.1.112).

Bessel Functions of the First Kind Bessel functions of the first
kind arise in the solution of Bessel’s equation of order v:

x5+ xy (2 —=v)y =0

When this is solved using series methods, the recursive relations define
the Bessel functions of the first kind of order v:

B % (7])1\ £ v+2k
h) = ,(:EO k(v + k + 1)<2>

Chebyshev Polynomials The Chebyshev polynomials arise in the
solution of PDEs of the form

(I =xy" —xy' + 2y =0
and in approximation theory. They are defined as follows:

K = 1
T(x) = x

L(x) = 2x? — 1
T(x) = 4x3 — 3x

For n > 3, they are defined recursively by the relation
T1(x) = 2T,(x) + T,1(x) = 0

Chebyshev polynomials are said to be orthogonal because they have
the property
1 7:1(x)7:n (x)
[

](] — =0 forn # m

NUMERICAL METHODS

Introduction Classical numerical analysis is based on polynomial
approximation of the infinite operations of integration, differentiation,
and interpolation. The objective of such analyses is to replace difficult
or impossible exact computations with easier approximate computa-
tions. The challenge is to make the approximate computations short
enough and accurate enough to be useful.

Modern numerical analysis includes Fourier methods, including the
fast Fourier transform (FFT) and many problems involving the way
computers perform calculations. Modern aspects of the theory are
changing very rapidly.

Errors Actual value = calculated value + error. There are several
sources of errors in a calculation: mistakes, round-off errors, truncation
errors, and accumulation errors.

Round-off errors arise from the use of a number not sufficiently
accurate to represent the actual value of the number, for example, using
3.14159 to represent the irrational number 7, or using 0.56 to represent
Y16 or 0.5625.

Truncation errors arise when a finite number of steps are used to
approximate an infinite number of steps, for example, the first n terms
of a series are used instead of the infinite series.

Accumulation errors occur when an error in one step is carried for-
ward into another step. For example, if x = 0.994 has been previously
rounded to 0.99, then 1 — x will be calculated as 0.01, while its true
value is 0.006. An error of less than 1 percent is accumulated into an
error of over 50 percent in just one step. Accumulation errors are par-
ticularly characteristic of methods involving recursion or iteration,
where the same step is performed many times, with the results of one
iteration used as the input for the next.

Simultaneous Linear Equations The matrix equation Ax = b can
be solved directly by finding A~!, or it can be solved iteratively, by the
method of iteration in total steps:

1. If necessary, rearrange the rows of the equation so that there are
no zeros on the diagonal of A.

2. Take as initial approximations for the values of x;:

b b,
0 =1 o= . X0 =
! ay 2 Ay " Ay
3. For successive approximations, take
k+1) — _ (S k
X = (b = ayxp a,xla;

Repeat step 3 until successive approximations for the values of x;
reach the specified tolerance.

A property of iteration by total steps is that it is self-correcting: that
is, it can recover both from mistakes and from accumulation errors.

Zeros of Functions An iterative procedure for solving an equation
f(x) = 0 is the Newton-Raphson method. The algorithm is as follows:

1. Choose a first estimate of a root x,,.

2. Let x, . = x; — f(x)/f'(x}). Repeat step 2 until the estimate x,
converges to a root r.

3. If there are other roots of f(x), then let g(x) = f(x)/A(x — r) and seek
roots of g(x).

False Position If two values x, and x, are known, such that f(x,)
and f(x,) are opposite signs, then an iterative procedure for finding a
root between x, and x, is the method of false position.

1. Letm = [f(x;) — fOx)l/(x; — xp).

2. Letx, = x; — f(x))/m.

3. Find f(x,).

4. If f(x,) and f(x,) have the same sign, then let x; = x,. Otherwise,

let x, = x,.
5. If x, is not a good enough estimate of the root, then return to
step 1.

Functional Equatities To solve an equation of the form f(x) = g(x),
use the methods above to find roots of the equation f(x) — g(x) = 0.

Maxima One method for finding the maximum of a function f(x) on
an interval [a, b] is to find the roots of the derivative f”(x). The maxi-
mum of f(x) occurs at a root or at an endpoint a or b.

Fibonacci Search An iterative procedure for searching for maxima
works if f(x) is unimodular on [a, b]. That is, f has only one maximum,
and no other local maxima, between a and b. This procedure takes
advantage of the so-called golden ratio, r = 0.618034 = (\6 - 1)/2,
which arises from the Fibonacci sequence.

1. If a is a sufficiently good estimate of the maximum, then stop.
Otherwise, proceed to step 2.

2. Letx; =ra+ (1 — )b, and letx, = (1 — r)a + rb. Note x; < x,.
Find f(x,) and f(x,).
a. If f(x,) = f(x,), then let a = x, and b = x,, and go to step 1.
b. If f(x,) < f(x,), then let a = x|, and go to step 1.
c. If f(x;) > f(x,), then let b = x,, and return to step 1.



In cases b and ¢, computation is saved since the new value of one of
x, and x, will have been used in the previous step. It has been proved
that the Fibonacci search is the fastest possible of the general “cutting”
type of searches.

Steepest Ascent If z = f(x, y) is to be maximized, then the method
of steepest ascent takes advantage of the fact that the gradient, grad (f)
always points in the direction that fis increasing the fastest.

1. Let (x,, y,) be an initial guess of the maximum of f.

2. Let e be an initial step size, usually taken to be small.

3. Let (X4 1, Yo ) = (. yp) T e grad f(x,, y)/Igrad f(x,, y )l

4. If f(x,, |, ¥, + ) s not greater than f(x,, y,), then replace e with /2
(cut the step size in half) and reperform step 3.

5. If (x,, y,) is a sufficiently accurate estimate of the maximum, then
stop. Otherwise, repeat step 3.

Minimization The theory of minimization exactly parallels the the-
ory of maximization, since minimizing z = f(x) occurs at the same
value of x as maximizing w = — f(x).

Numerical Differentiation In general, numerical differentiation
should be avoided where possible, since differentiation tends to be very
sensitive to small errors in the value of the function f(x). There are
several approximations to f'(x), involving a “step size” h usually taken
to be small:

PR ke
G = h)
fl) =
S+ 20) + fOc+ B) = fx = B) = flx = 20)
£ = o

Other formulas are possible.

If a derivative is to be calculated from an equally spaced sequence of
measured data, y,, y,, . . ., y,, then the above formulas may be
adapted by taking y; = f(x,). Then & = x,, |, — x;is the distance between
measurements.

Since there are usually noise or measurement errors in measured
data, it is often necessary to smooth the data, expecting that errors will
be averaged out. Elementary smoothing is by simple averaging, where
a value y, is replaced by an average before the derivative is calculated.
Examples include:

- Yier T Vi T Yin
yi 3
Yier T Y T it vty
yi<_ 5

More information may be found in the literature under the topics lin-
ear filters, digital signal processing, and smoothing techniques.

Numerical Integration

Numerical integration requires a great deal of calculation and is usually
done with the aid of a computer. All the methods described here, and
many others, are widely available in packaged computer software.
There is often a temptation to use whatever software is available with-
out first checking that it really is appropriate. For this reason, it is
important that the user be familiar with the methods being used and that
he or she ensure that the error terms are tolerably small.

Trapezoid Rule If an interval ¢ = x = b is divided into subinter-
vals Xy, Xy, . . ., X,, then the definite integral

Jb f(x) dx
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may be approximated by
! ) X1 =X
2 0 + )
i=1

If the values x; are equally spaced at distance / and if f; is written for
f(x,), then the above formula reduces to

Us + 2 + 2ot 42y + f12

The error in the trapezoid rule is given by

|E | =
" 12n?

where 7 is some value a = t = b.

Simpson’s Rule The most widely used rule for numerical integra-
tion approximates the curve with parabolas. The interval a < x < b
must be divided into n/2 subintervals, each of length 24, where n is an
even number. Using the notation above, the integral is approximated by

Uy + 4fy + 26 + 4fit - +4fy + 10

The error term for Simpson’s rule is given by |E,| < nh’| £ (1)1/180,
where a <t < b.
Simpson’s rule is generally more accurate than the trapezoid rule.

Ordinary Differential Equations

Modified Euler Method Consider a first-order differential equation
dy/dx = f(x, y) and initial condition y = y, and x = x,,. Take x; equally
spaced, with x;, , — x; = h. Then the method is:

1. Setn = 0.

2.y, = fx, y,) andy” = £,(x,,y,) + y.f,(x,,y,), where f andf,
denote partial derivatives.

30 Vi = Fins Yusr)-

Predictor steps:

4. Forn > 0,y#* | =y, + 2hy,.

5o vper = Fan v
Corrector steps:

6. yi + 1=y, + [y, + ylh2.

7oyt = f g i)

8. If required accuracy is not yet obtained for y, , and y,_,, then
substitute y* for y*, in all its forms, and repeat the corrector steps.
Otherwise, set n = n + 1 and return to step 2.

Other predictor-corrector methods are described in the literature.

Runge-Kutta Methods These make up a family of widely used
methods for ordinary differential equations. Given dy/dx = f(x, y) and
h = interval size, third-order method (error proportional to i*):

ky = hf(x,)

k(b

_ h %
kl - hf(xn + 2’yn + 2)
ky = hf(x, + h,y, + 2k — k)

ky + 4k, + k,
Ynt1 = n + 6

Higher-order Runge-Kutta methods are described in the literature. In
general, higher-order methods yield smaller error terms.

Partial Differential Equations

Approximate solutions to partial differential equations require even
more computational effort than ordinary differential equations. A typi-
cal problem involves finding the value of a function of two or more vari-
ables on the interior of a region, given the values of the function on the
boundary of that region and also given a partial differential equation
that the function must satisfy.
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A typical solution strategy involves representing the continuous
problem by its values on a finite set of points, called nodes, within the
region, and representing the differential equation by difference equa-
tions on the value of the function at the nodes. The boundary value con-
ditions are represented by assigning values to those nodes at or near the
boundary of the region.

Z1,1
10 F20
214

Fig. 2.1.113 Rectangular net.

The pattern of nodes within the region is called a net. A rectangular
net is shown in Fig. 2.1.113. There is also an extensive theory of trian-
gular nets. Some techniques use an irregular pattern of nodes, with the
nodes more concentrated in more critical parts of the region. Such tech-
niques are called finite element methods.

If the distance between nodes in a net is given by a, then the various
partial derivatives at a value z,, = f(x,, y,) may be given by

dz 1
ox E(ZI,O - Z—1,0)

dJz 1
@ = Z(Zm - Zo,—l)

7z 1

Pt ;(ZI.O = 2z + 219

9’z 1

axdy =~ Taz(zl,l — gtz — Z-1)
9%z _

ay? i(zm - 220,0 + Zo,—l)

Other formulas are possible, and there are also formulas for higher
order partial derivatives.

Applying the appropriate difference formulas to each node in a net
gives an equation for each node. If there are n nodes, then n linear equa-
tions involving n unknowns arise. Though n is likely to be rather large,
the system of linear equations is sparse, that is, most of the entries in
the n X n matrix that describes the system are zero. Special methods
exist for solving sparse systems of simultaneous linear equations rela-
tively efficiently.

ExampLE.  Solve the generalized Laplace equation

>f  *f

V="
! x> ay?

=gxy)

where g(x, y) is a given function of x and y. At each point (x i y/-) on the interior
of the region, we approximate the partial derivatives as ’

Pz 1 P’z 1
ﬁ =~ ; (Zi+1,/ = 2z; + Zi—l./) and 9y = ;(ZE.HI = 2z; + Zi,/—l)'
This gives a difference equation
1 —
; (zl+l./ t 2yt e T 41;,/') = glx, )‘,)

that must be satisfied at each point (x;, y,).

Relaxation methods are a family of techniques for finding approximate
solutions to such systems of equations. They involve finding the points
(x;, y;) for which the difference equations are farthest from being true,
and adjusting or relaxing the value of z; ; so that the equation is satis-
fied at that point.

2.2 COMPUTERS
by Thomas J. Cockerill
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COMPUTER PROGRAMMING
Machine Types

Computers are machines used for automatically processing information
represented by mechanical, electrical, or optical means. They may be

classified as analog or digital according to the techniques used to rep-
resent and process the information. Analog computers represent infor-
mation as physically measurable, continuous quantities and process the
information by components that have been interconnected to form an
analogous model of the problem to be solved. Digital computers, on the
other hand, represent information as discrete physical states which have
been encoded into symbolic formats, and process the information by
sequences of operational steps which have been preplanned to solve the
given problem.

When compared to analog computers, digital computers have the
advantages of greater versatility in solving scientific, engineering, and
commercial problems that involve numerical and nonnumerical infor-
mation; of an accuracy dictated by significant digits rather than that
which can be measured; and of exact reproducibility of results that stay
unvitiated by small, random fluctuations in the physical signals. In the
past, multiple-purpose analog computers offered advantages of speed
and cost in solving a sophisticated class of complex problems dealing
with networks of differential equations, but these advantages have dis-
appeared with the advances in solid-state computers. Other than the



occasional use of analog techniques for embedding computations as
part of a larger system, digital techniques now account almost exclu-
sively for the technology used in computers.

Digital information may be represented as a series of incremental,
numerical steps which may be manipulated to position control devices
using stepping motors. Digital information may also be encoded into
symbolic formats representing digits, alphabetic characters, arithmetic
numbers, words, linguistic constructs, points, and pictures which may
be processed by a variety of mechanized operators. Machines organized
in this manner can handle a more general class of both numerical and
nonnumerical problems and so form by far the most common type of
digital machines. In fact, the term computer has become synonymous
with this type of machine.

Digital Machines

Digital machines consist of two kinds of circuits: memory cells, which
effectively act to delay signals until needed, and logical units, which per-
form basic Boolean operations such as AND, OR, NOT, XOR, NAND,
and NOR. Memory circuits can be simply defined as units where infor-
mation can be stored and retrieved on demand. Configurations assem-
bled from the Boolean operators provide the macro operators and
functions available to the machine user through encoded instructions.

Both data and the instructions for processing the data can be stored
in memory. Each unit of memory has an address at which the contents
can be retrieved, or “read.” The read operation makes the contents at an
address available to other parts of the computer without destroying the
contents in memory. The contents at an address may be changed by a
write operation which inserts new information after first nullifying the
previous contents. Some types of memory, called read-only memory
(ROM), can be read from but not written to. They can only be changed
at the factory.

Abstractly, the address and the contents at the address serve roles
analogous to a variable and the value of the variable. For example, the
equation z = x + y specifies that the value of x added to the value of y
will produce the value of z. In a similar way, the machine instruction
whose format might be:

add, address 1, address 2, address 3

will, when executed, add the contents at address 1 to the contents at
address 2 and store the result at address 3. As in the equation where the
variables remain unaltered while the values of the variables may be
changed, the addresses in the instruction remain unaltered while the
contents at the address may change.

Computers differ from other kinds of mechanical and electrical
machines in that computers perform work on information rather than on
forces and displacements. A common form of information is numbers.
Numbers can be encoded into a mechanized form and processed by the
four rules of arithmetic ( + , —, X, <+). But numbers are only one kind
of information that can be manipulated by the computer. Given an encod-
ed alphabet, words and languages can be formed and the computer can be
used to perform such processes as information storage and retrieval,
translation, and editing. Given an encoded representation of points and
lines, the computer can be used to perform such functions as drawing,
recognizing, editing, and displaying graphs, patterns, and pictures.

Because computers have become easily accessible, engineers and sci-
entists from every discipline have reformatted their professional activi-
ties to mechanize those aspects which can supplant human thought and
decision. In this way, mechanical processes can be viewed as augment-
ing human physical skills and strength, and information processes can be
viewed as augmenting human mental skills and intelligence.

COMPUTER DATA STRUCTURES
Binary Notation

Digital computers represent information by strings of digits which
assume one of two values: 0 or 1. These units of information are called
bits, a word contracted from the term binary digits. A string of bits may
represent either numerical or nonnumerical information.
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In order to achieve efficiency in handling the information, the
computer groups the bits together into units containing a fixed number
of bits which can be referenced as discrete units. By encoding and for-
matting these units of information, the computer can act to process
them. Units of 8 bits, called bytes, are common. A byte can be used to
encode the basic symbolic characters which provide the computer with
input-output information such as the alphabet, decimal digits, punctua-
tion marks, and special characters.

Bit groups may be organized into larger units of 4 bytes (32 bits)
called words, or even larger units of 8 bytes called double words; and
sometimes into smaller units of 2 bytes called half words. Besides
encoding numerical information and other linguistic constructs, these
units are used to encode a repertoire of machine instructions. Older
machines and special-purpose machines may have other word sizes.

Computers process numerical information represented as binary num-
bers. The binary numbering system uses a positional notation similar to
the decimal system. For example, the decimal number 596.37 represents
the value 5 X 10> + 9 X 10" + 6 X 10° + 3 X 107" + 7 X 1072, The
value assigned to any of the 10 possible digits in the decimal system
depends on its position relative to the decimal point (a weight of 10 to
zero or positive exponent is assigned to the digits appearing to the left of
the decimal point, and a weight of 10 to a negative exponent is applied
to digits to the right of the decimal point). In a similar manner, a binary
number uses a radix of 2 and two possible digits: O and 1. The radix point
in the positional notation separates the whole from the fractional part of
the number, just as in the decimal system. The binary number 1011.011
represents a value 1 X 23 +0 X 22+ 1 X2l + 1 X 20+ 0 x 27! +
1 X272+ 1 X273,

The operators available in the computer for setting up the solution of
a problem are encoded into the instructions of the machine. The instruc-
tion repertoire always includes the usual arithmetic operators to handle
numerical calculations. These instructions operate on data encoded in
the binary system. However, this is not a serious operational problem,
since the user specifies the numbers in the decimal system or by
mnemonics, and the computer converts these formats into its own inter-
nal binary representation.

On occasions when one must express a number directly in the bina-
ry system, the number of digits needed to represent a numerical value
becomes a handicap. In these situations, a radix of 8 or 16 (called the
octal or hexadecimal system, respectively) constitutes a more convenient
system. Starting with the digit to the left or with the digit to the right
of the radix point, groups of 3 or 4 binary digits can be easily converted
to equivalent octal or hexadecimal digits, respectively. Appending
nonsignificant Os as needed to the rightmost and leftmost part of the
number to complete the set of 3 or 4 binary digits may be necessary.
Table 2.2.1 lists the conversions of binary digits to their equivalent octal
and hexadecimal representations. In the hexadecimal system, the letters
A through F augment the set of decimal digits to represent the digits
for 10 through 15. The following examples illustrate the conversion

Table 2.2.1 Binary-Hexadecimal
and Binary-Octal Conversion

Binary Hexadecimal Binary Octal
0000 0 000 0
0001 1 001 1
0010 2 010 2
0011 3 011 3
0100 4 100 4
0101 5 101 5
0110 6 110 6
0111 7 111 7
1000 8

1001 9

1010 A

1011 B

1100 C

1101 D

1110 E

1111 F
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Table 2.2.2 Schemes for Encoding
Decimal Digits

Decimal
digit BCD Excess-3 4221 code
0 0000 0011 0000
1 0001 0100 0001
2 0010 0101 0010
3 0011 0110 0011
4 0100 0111 0110
5 0101 1000 1001
6 0110 1001 1100
7 0111 1010 1101
8 1000 1011 1110
9 1001 1100 1111

between binary numbers and octal or hexadecimal numbers using the
table.

binary number 011 011 110 101 . 001 111 100
octal number 3 3 6 5 . 1 7 4
binary number 0110 1111 0101 . 0011 1110
hexadecimal number 6 F 5 . 3 E

Formats for Numerical Data

Three different formats are used to represent numerical information inter-
nal to the computer: fixed-point, encoded decimal, and floating-point.

A word or half word in fixed-point format is given as a string of Os
and 1s representing a binary number. The program infers the position of
the radix point (immediately to the right of the word representing
integers, and immediately to the left of the word representing fractions).
Algebraic numbers have several alternate forms: 1’s complement, 2’s
complement, and signed-magnitude. Most often 1’s and 2’s comple-
ment forms are adopted because they lead to a simplification in the
hardware needed to perform the arithmetic operations. The sign of a 1’s
complement number can be changed by replacing the Os with 1s and the
1s with Os. To change the sign of a 2’s complement number, reverse the
digits as with a 1’s-complement number and then add a 1 to the result-
ing binary number. Signed-magnitude numbers use the common repre-
sentation of an explicit + or — sign by encoding the sign in the leftmost
bit as a 0 or 1, respectively.

Many computers provide an encoded-decimal representation as a
convenience for applications needing a decimal system. Table 2.2.2
gives three out of over 8000 possible schemes used to encode decimal
digits in which 4 bits represent each decade value. Many other codes are
possible using more bits per decade, but four bits per decimal digit are
common because two decimal digits can then be encoded in one byte.
The particular scheme selected depends on the properties needed by the
devices in the application.

The floating-point format is a mechanized version of the scientific
notation (=M X 10*E, where =M and *E represent the signed man-
tissa and signed exponent of the number). This format makes possible
the use of a machine word to encode a large range of numbers. The
signed mantissa and signed exponent occupy a portion of the word. The
exponent is implied as a power of 2 or 16 rather than of 10, and the radix
point is implied to the left of the mantissa. After each operation, the
machine adjusts the exponent so that a nonzero digit appears in the most
significant digit of the mantissa. That is, the mantissa is normalized so
that its value lies in the range of 1/b = M < 1 where b is the implied
base of the number system (e.g.: 1/2 = M < 1 for a radix of 2, and
1/16 = M < 1 for a radix of 16). Since the zero in this notation has
many logical representations, the format uses a standard recognizable
form for zero, with a zero mantissa and a zero exponent, in order to
avoid any ambiguity.

When calculations need greater precision, floating-point numbers use
a two-word representation. The first word contains the exponent and
mantissa as in the one-word floating point. Precision is increased by
appending the extra word to the mantissa. The terms single precision
and double precision make the distinction between the one- and
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Fig. 2.2.1 ASCII code set.

two-word representations for floating-point numbers, although
extended precision would be a more accurate term for the two-word form
since the added word more than doubles the number of significant digits.

The equivalent decimal precision of a floating-point number depends
on the number n of bits used for the unsigned mantissa and on the
implied base b (binary, octal, or hexadecimal). This can be simply
expressed in equivalent decimal digits p as: 0.0301 (n — log,b) < p <
0.0301 n. For example, a 32-bit number using 7 bits for the signed
exponent of an implied base of 16, 1 bit for the sign of the mantissa, and
24 bits for the value of the mantissa gives a precision of 6.02 to 7.22
equivalent decimal digits. The fractional parts indicate that some 7-digit
and some 8-digit numbers cannot be represented with a mantissa of 24
bits. On the other hand, a double-precision number formed by adding
another word of 32 bits to the 24-bit mantissa gives a precision of 15.65
to 16.85 equivalent decimal digits.

The range r of possible values in floating-point notation depends on
the number of bits used to represent the exponent and the implied radix.
For example, for a signed exponent of 7 bits and an implied base of 16,
then 16™% = r = 16%.

Formats of Nonnumerical Data

Logical elements, also called Boolean elements, have two possible val-
ues which simply represent O or 1, true or false, yes or no, OFF or ON,
etc. These values may be conveniently encoded by a single bit.

A large variety of codes are used to represent the alphabet, digits,
punctuation marks, and other special symbols. The most popular ones
are the 7-bit ASCII code and the 8-bit EBCDIC code. ASCII and
EBCDIC find their genesis in punch-tape and punch-card technologies,
respectively, where each character was encoded as a combination of
punched holes in a column. Both have now evolved into accepted stan-
dards represented by a combination of Os and 1s in a byte.

Figure 2.2.1 shows the ASCII code. (ASCII stands for American
Standard Code for Information Interchange.) The possible 128 bit pat-
terns divide the code into 96 graphic characters (although the codes
0100000 and 1111111 do not represent any printable graphic symbol)
and 32 control characters which represent nonprintable characters used
in communications, in controlling peripheral machines, or in expanding
the code set with other characters or fonts. The graphic codes and the
control codes are organized so that subsets of usable codes with fewer
bits can be formed and still maintain the pattern.

Data Structure Types

The above types of numerical and nonnumerical data formats are rec-
ognized and manipulated by the hardware operations of the computer.
Other more complex data structures may be programmed into the



computer by building upon these primitive data types. The programma-
ble data structures might include arrays, defined as ordered lists of ele-
ments of identical type; sets, defined as unordered lists of elements of
identical type; records, defined as ordered lists of elements that need not
be of the same type; files, defined as sequential collections of identical
records; and databases, defined as organized collections of different
records or file types.

COMPUTER ORGANIZATION
Principal Components

The principal components of a computer system consist of a central
processing unit (referred to as the CPU or platform), its working mem-
ory, user interface, file storage, and a collection of add-ons and periph-
eral devices. A computer system can be viewed as a library of collected
data and packages of assembled sequences of instructions that can be
executed in the prescribed order by the CPU to solve specific problems
or perform utility functions for the users. These sequences are variously
called programs, subprograms, routines, subroutines, procedures, func-
tions, etc. Collectively they are called software and are directly acces-
sible to the CPU through the working memory. The file devices act
analogously to a bookshelf—they store information until it is needed.
Only after a program and its data have been transferred from the file
devices or from peripheral devices to the working memory can the indi-
vidual instructions and data be addressed and executed to perform their
intended functions.

The CPU functions to monitor the flow of data and instructions into
and out of memory during program execution, control the order of
instruction execution, decode the operation, locate the operand(s) needed,
and perform the operation specified. Two characteristics of the memory
and storage components dictate the roles they play in the computer
system. They are access time, defined as the elapsed time between the
instant a read or write operation has been initiated and the instant the
operation is completed, and size, defined by the number of bytes in a
module. The faster the access time, the more costly per bit of memory
or storage, and the smaller the module. The principal types of memory
and storage components from the fastest to the slowest are registers
which operate as an integral part of the CPU, cache and main memory
which form the working memory, and mass and archival storage which
serve for storing files.

The interrelationships among the components in a computer system
and their primary performance parameters will be given in context in
the following discussion. However, hundreds of manufacturers of com-
puters and computer products have a stake in advancing the technology
and adding new functionality to maintain their competitive edge. In
such an environment, no performance figures stay current. With this
caveat, performance figures given should not be taken as absolutes but
only as an indication of how each component contributes to the perfor-
mance of the total system.

Throughout the discussion (and in the computer world generally),
prefixes indicating large numbers are given by the symbols k for kilo
(10%), M for mega (10°), G for giga (10°), and T for tera (10'%). For
memory units, however, these symbols have a slightly altered meaning.
Memories are organized in binary units whereby powers of two form
the basis for all addressing schemes. According, k refers to a memory
size of 1024 (2'%) units. Similarly M refers to 1024 (1,048,576), G
refers to 10243, and T refers to 1024*. For example, 1-Mbyte memory
indicates a size of 1,048,576 bytes.

Memory

The main memory, also known as random access memory (RAM), is
organized into fixed size bit cells (words, bytes, half words, or double
words) which can be located by address and whose contents contain the
instructions and data currently being executed. The CPU acts to address
the individual memory cells during program execution and transfers
their contents to and from its internal registers.

Optionally, the working memory may contain an auxiliary memory,
called cache, which is faster than the main memory. Cache operates on
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the premise that data and instructions that will shortly be needed are
located near those currently being used. If the information is not found
in the cache, then it is transferred from the main memory. The effective
average access times offered by the combined configuration of RAM
and cache results in a more powerful (faster) computer.

Central Processing Unit

The CPU makes available a repertoire of instructions which the user uses
to set up the problem solutions. Although the specific format for instruc-
tions varies among machines, the following illustrates the pattern:

name: operator, operand(s)

The name designates an address whose contents contain the operator and
one or more operands. The operator encodes an operation permitted by
the hardware of the CPU. The operand(s) refer to the entities used in the
operation which may be either data or another instruction specified by
address. Some instructions have implied operand(s) and use the bits
which would have been used for operand(s) to modify the operator.

To begin execution of a program, the CPU first loads the instructions
serially by address into the memory either from a peripheral device, or
more frequently, from storage. The internal structure of the CPU con-
tains a number of memory registers whose number, while relatively few,
depend on the machine’s organization. The CPU acts to transfer the
instructions one at a time from memory into a designated register where
the individual bits can be interpreted and executed by the hardware. The
actions of the following steps in the CPU, known as the fetch-execute
cycle, control the order of instruction execution.

Step 1: Manually or automatically under program control load the
address of the starting instruction into a register called the program
register (PR).

Step 2: Fetch and copy the contents at the address in PR into a
register called the program content register (PCR).

Step 3: Prepare to fetch the next instruction by augmenting PR to the
next address in normal sequence.

Step 4: Interpret the instruction in PCR, retrieve the operands, exe-
cute the encoded operation, and then return to step 2. Note that the
executed instruction may change the address in PR to start a different
instruction sequence.

The speed of machines can be compared by calculating the average exe-
cution time of an instruction. Table 2.2.3 illustrates a typical instruction
mix used in calculating the average. The instruction mix gives the relative
frequency each instruction appears in a compiled list of typical programs
and so depends on the types of problems one expects the machine to solve
(e.g., scientific, commercial, or combination). The equation

t=Dwt,
i

expresses the average instruction execution time ¢ as a function of the exe-
cution time ¢, for instruction 7 having a relative frequency w;, in the instruc-
tion mix. The reciprocal of t measures the processor’s performance as the
average number of instructions per second (ips) it can execute.

Table 2.2.3 Instruction Mix

i Instruction type Weight w;

1 Add: Floating point 0.07

2 Fixed point 0.16

3 Multiple: Floating point 0.06

4 Load/store register 0.12

5 Shift: One character 0.11

6 Branch: Conditional 0.21

7 Unconditional 0.17

8 Move 3 words in memory 0.10
Total 1.00

For machines designed to support scientific and engineering calcula-
tions, the floating-point arithmetic operations dominate the time needed
to execute an average instruction mix. The speed for such machines is
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given by the average number of floating-point operations which can be
executed per second (flops). This measure, however, can be misleading
in comparing different machine models. For example, when the
machine has been configured with a cluster of processors cooperating
through a shared memory, the rate of the configuration (measured in
flops) represents the simple sum of the individual processors’ flops
rates. This does not reflect the amount of parallelism that can be real-
ized within a given problem.

To compare the performance of different machine models, users
often assemble and execute a suite of programs which characterize their
particular problem load. This idea has been refined so that in 1992 two
suites of benchmark programs representing typical scientific, mathe-
matical, and engineering applications were standardized: Specint92 for
integer operations, and Specfp92 for floating-point operations. Since
these benchmark programs were established, many more standardized
benchmarks have been created to model critical workloads and applica-
tions, and the set is constantly being revised and expanded. Performance
ratings for computers are often reported on the basis of results from run-
ning a selected subset of the available benchmark programs.

Computer performance depends on a number of interrelated factors
used in their design and fabrication, among them compactness, bus size,
clock frequency, instruction set size, and number of coprocessors.

The speed that energy can be transmitted through a wire, bounded
theoretically at 3 X 10'° cm/s, limits the ultimate speed at which the
electronic circuits can operate. The further apart the electronic elements
are from each other, the slower the operations. Advances in integrated
circuits have produced compact microprocessors operating in the
nanosecond range.

The microprocessor’s bus size (the width of its data path, or the num-
ber of bits that can be sent simultaneously in parallel) affect its perfor-
mance in two ways: by the number of memory cells that can be directly
addressed, and by the number of bits each memory reference can fetch
and process at a time. For example, a 16-bit microprocessor can refer-
ence 2'° 16-bit memory cells and process 16 bits at a time. In order to
handle the individual bits, the number of transistors that must be packed
into the microprocessor goes up geometrically with the width of the
data path. The earliest microprocessors were 8-bit devices, meaning
that every memory reference retrieved 8 bits. To retrieve more bits, say
16, 32, or 64 bits, the 8-bit microprocessor had to make multiple refer-
ences. Microprocessors have become more powerful as the packing
technology has improved.

While normally the circuits operate asynchronously, a computer
clock times the sequencing of the instructions. Clock speed is given in
hertz (Hz, one cycle per second). Each instruction takes an integral
number of cycles to complete, with one cycle being the minimum. If an
instruction completes its operations in the middle of a cycle, the start of
the next instruction must wait for the beginning of the next cycle.

Two schemes are used to implement the computer instruction set in
the microprocessors. The more traditional complex instruction set com-
puter (CISC) microprocessors implement by hard-wiring some 300
instruction types. Strange to say, the faster alternate-approach reduced
instruction set computer (RISC) implements only about 10 to 30 per-
cent of the instruction types by hard wiring, and implements the remain-
ing more-complex instructions by programming them at the factory into
read-only memory. Since the fewer hard-wired instructions are more
frequently used and can operate faster in the simpler, more-compact
RISC environment, the average instruction time is reduced.

To achieve even greater effectiveness and speed calls for more com-
plex coordination in the execution of instructions and data. In one
scheme, microprocessors in a cluster share a common memory to form
the machine organization (a multiprocessor or parallel processor). The
total work which may come from a single program or independent pro-
grams is parceled out to the individual machines which operate inde-
pendently but are coordinated to work in parallel with the other
machines in the cluster. Faster speeds can be achieved when the indi-
vidual processors can work on different parts of the problem or can be
assigned to those parts of the problem solution for which they have been
especially designed (e.g., input-output operations or computational

operations). Two other schemes, pipelining and array processing, divide
an instruction into the separate tasks that must be performed to com-
plete its execution. A pipelining machine executes the tasks concurrent-
ly on consecutive pieces of data. An array processor executes the tasks
of the different instructions in a sequence simultaneously and coordi-
nates their completion (which might mean abandoning a partially com-
pleted instruction if it had been initiated prematurely). These schemes
are usually associated with the larger and faster machines.

User Interface

The user interface is provided to enable the computer user to initiate or
terminate tasks, to interrogate the computer to determine the status of
tasks during execution, to give and receive instructions, and to other-
wise monitor the operation of the system.

The user interface is continuously evolving, but commonly consists
of a relatively slow speed keyboard input, a display, and a pointing
device. Important display characteristics for usability are the size of the
screen and the resolution. The display has its own memory, which
refreshes and controls the display. Examples of display devices that
have seen common usage are cathode-ray tube (CRT) displays, flat-
panel displays, and thin-film displays. For convenience and manual
speed, a pointing device such as a mouse, trackball, or touchpad can be
used to control the movement of the cursor on the display. The pointing
device can also be used to locate and select options available on the display.

File Devices

File devices serve to store libraries of directly accessible programs and
data in electronically or optically readable formats. The file devices
record the information in large blocks rather than by individual addresses.
To be used, the blocks must first be transferred into the working mem-
ory. Depending on how selected blocks are located, file devices are
categorized as sequential or direct-access. On sequential devices the
computer locates the information by searching the file from th