Answers to Selected
Even-Numbered
Homework Problems

*Problems marked with an * are intended to be solved with the aid of a programmable calculator or computer.

Chapter 1 10°K;5.76 X 107*N + s/m?
1.4 (a) FL™% (b) FL™3; (c) FL 1.54  ratio =1
1.6 (b) 1.56 7.22°
1.8 dimensionless; yes 1.58  0.552 U/8 N/m? acting to left on plate
1.10  dimensionless; yes #1.60  (a)C, = 15357, C, = 4350 ft s~
1.12  yes (b) 5.72 X 1072 Ib/ft* (y = 0); 6.94 X 1077
1.14  (a) 4.32 mm/s; (b) 70.2 kg; (c) 13.4 N; Ib/ft* (y = 0.05 ft)
(d) 22.3 m/s% (e) 1.12N - s/m’ 1.62 0944 ft - 1b; 17.8 ft - Ib/s
1.16  (a) 6.47 X 10° m% (b) 7.83 X 10° J; “1.64  2.451b - s/ft?
(c) 3.86 X 10° m; (d) 5.90 X 10* W; 1.68  3.00 X 10° psi
(€) 289 K 170 104 psi
120 (a) 7.57 X 10> m?/s; (b) 4,540 liters/min; 172 1.52kg/m’
(c) 2.67 ft*/s 1.74  E, (water) / E, (air) = 1.52 X 10*
1.22 30.6 kg; 37.3 N 1.76 1.06
1.24  2.65 slugs/ft’; 1.37 1.78  4.74 psia
1.26  0.0186 ft*; no 1.80  70.1 kPa (abs); 10.2 psia
1.28  16.0 kN/m’ 1.63 X 10* kg/m?; 1.63 1.82 979Pa
#130  p = 1001 — 0.05333 T — 0.004095 T% 1.84  (a)24.5°
991.5 kg/m’ 1.86  0.0614 in.
1.32 58.0 kPa 1.88 water column
1.34 oxygen
1.36  6.44 X 107? slugs/ft*; 0.622 b
140 15X 103N -s/m%3.1 X 107°1b - s/ft? Chapter 2
142 31.0% 2.2 (a) 16.0 kPa; 9.31 kPa; (b) no
144 5X10°N-s/m% 104 X 1077 1b - s/ft 2.6 50.5 M Pa; 7320 psi
146  0.1161b - s/ft*; larger 2.8 No
1.48 15,000 (water); 752 (air) 210 p=Kh?»2 + yh
*1,50 C =143 X 10 %kg/(m - s - K'?), 212 36,000 1b
*1.52 D =1.767 X 10°°N - s/m?; B = 1.870 X 216  —7.7psi

ANS-1
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2.18 (a) 0.759 m; 0.759 m (without vapor
pressure); (b) 10.1 m; 10.3 m (without vapor
pressure); (c) 12.3 m; 13.0 m (without vapor
pressure)

2.20 (a) 1240 Ib/ft* (abs); (b) 1040 Ib/ft* (abs);
(c) 1270 1b/ft* (abs)

222 12.1kPa;0.195 kg/m’

2.24 4.67 psi

226 7,100 N/m’

2.28 78.4 1b

2.32 0.224 psi

234 h=(p,—p)/(v2= ")

2.36 0.040 m

2.38 94.9 kPa

2.40 1930 kg/ m’

242 4.06 ft

2.44 27.8°

2.46  0.304 ft (down)

2.48 665 1b

2.50 —4.51 kPa

2.52 1350 1b

2.54 33,900 Ib; 2.49 ft above base of triangle

2.56 2660 Ib

2.58 436 kN

2.62  (a) 1060 kN (rectangle); 1010 kN (semicircle);
(b) 1.37 X 10°N + m

2.64 1.88 ft

*2.66 426 kN; 2.46 m below fluid surface

2.68 0.146

2.70 Fy = 882 kN; Fy, = 983 kN; yes

2.72 7.77 X 10°1b acting 406 ft up from base of
dam

2.74 3360 psi

2.76 60.8 kN; 0.100 m below center of tank end
wall

2.78 203 kN

2.80 585 1b acting vertically downward along
vertical axis of bottle

2.82 1.22 ft; no change

2.84 54,600 1b

2.88 20.9 ft?

290  (a) 18.9 kPa; (b) 0.208 m’

2.92 dz/dy = 0.502

2.94 4.91 m/s?

2.96 158 Ib/ft

2.98 10.5 rad/s

2.100 6.04 rad/s

Chapter 3
32 (a) —194(1 + x) + 624 Ib/f%; (b) 41.2 psi
34 —30.0 kPa/m

3.6 —0.838 psi/ft; 0.0292 psi/ft

3.8 p + %pV* + pgyz — ¥pczt = constant

3.10 12.0 kPa; —20.1 kPa

3.12  (a) 497 Ib/ft’; (b) 0.681 Ib/ft’

3.14 34.2 ft/s; none

3.16 8.93 1b/ft’

3.18 43.0 psi

3.20 10.7 s

3.22 10.8 Ib/ft%; 124 Ib/ft?

324 (a) —5.121b/ft%; (b) 4.10 Ib/fi2

326 245 X 10°kN/m? 5.50 X 10" ®m’/s

3.28 1.40 mph

3.30 0 = 1.56 D*, where Q ~ m*/s,D ~ m

3.32 0.0156 m*/s

3.34 45.7 ft

336 D= D/[1 — (w’gD* z/80)]"*

338 254 X 107 *m’/s

3.40 30 deg

3.42 0.188 in.

3.44 19.63 psi

3.46 2.50 in.

3.48 1.31 ft

3.50 —8.11 psi

3.52 2.34

3.54 From 0.229 d,, to 1.00 d,,

3.58 154 m

3.60 1.98 ft

3.62 5.18 psi

3.64 0.303 ft*/s; 499 Ib/ft*; 312 Ib/ft*; — 187 1b/ft?

3.66 0.37 m

3.68 7.53 ft

3.70 7.38 m*/s

3.72 0.351 ft'/s

374 868 X 10°m’/s

376 R = 0.9987"

3.82 29.0 ft/s; 7.98 psi; 3.97 ft'/s

3.84 53.4 psi; 48.1 psi

386  —7.14 X 1075 psi

3.88 3000 ft’/s; 2000 ft*/s; 2120 ft*/s

3.90 0= CH?

3.92 0.630 ft; 4.48 ft

3.94 0.174 m*/s

3.96 6.51 m; 25.4 m; 6.51 m; —9.59 m
Chapter 4

4.4 (2,2)

4.6 whenx =+ y;x=y=0

4.10 xy=0C

4.12 x = —h(up/ve) In[1 — (y/h)]

4.14 2%, 2c2y3; x=y=0

4.18 —8 m/s* —2.0 m/s*; —0.08 m/s>



4.24 —x/t%: x/F
426  (a) 03¢ (b) —0.55;(c) 0.25 s
4.32 —18.9 °C/s; —16.8 °C/s
4.34 0; 100 N/m? - s
4.36 32.2 ft/s?
438  0.K/r’
4.44 (a) 10 ft/s%, 20 ft/s%; (b) 20 ft/s%; (c) 22.4 ft/s*
at 63.4° from streamline
4.46 3.13 X 1072 m/s% 2.00 X 1073 m/s?
4.48 —25,600 ft/s%; —25.0 ft/s>
4.50 3.75 m%/s
4.52 po¥obe
4.60 3000 kg/s; 3.00 m’/s
Chapter 5
5.2 (a) 45.8 ft/s; (b) 20.4 ft/s
54 314 m/s
5.6 19.5 ft
5.8 3.18 ft
5.10 2.23 ft/s
5.12 0.064 m
5.14 2.00 m®/s
516 (a) 0.711; (b) 0.791; (c) 0.837; (d) 0.866
5.18 0.0114 slug/s
5.20 (7/8) U€s
5.22 32.7 hr
524  (a) 15.6 gal/min; (b) 62.4 gal/min
5.30 352 1b to left
5.32 F, .= 1890 1b to left;
Fy, = 0;R, = 18901b
to left; R, =0
5.34 7.01 f3/s; 674 1b down
5.36 3.94 ft’/s
5.38 9.27 N to left
5.40 17.1 Ib/ft
5.44 2.1%
5.46 117 1b; 89.2 Ib
5.48 213 1b to left
550  0.108 ke
5.52 1.82 kPa
5.54 7.07 ft/s at 45°
5.56 0
5.58 motion to right (a), (b), (c); motion to left (d)
5.60 3.97 m
5.62 2.96 1b
566 () 181 Ib; (b) 146 Ib
568  (a)2.96ft - 1b; (b) 1.35 ft - 1b; (c) 920 rpm
574 (a)43° (b) 53.4 (ft - b)/s
576 (b) 3130 (ft - Ib)/slug
5.80 9800 (ft - Ib)/slug; 71%
5.82 84.2%
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5.84 166 (ft - 1b)/slug; 86%

5.86 778 ft

588  (a)56%; (b) 11.7 Ib

5.90 0.042 m*/s

5.92 458 X 103 m’/s

596  (a) 392 kPa; (b) 422 kPa

5.102  (a) 1.65 psi; (b) 203 (ft + 1b)/slug; (c) 77.2 b

5106 (a)4.29 m/s, 17.2°% (b) 558 (N - m)/s

5108 2.22 MW

5110 301 hp

5.112 303°R actual, 267°R ideal, 88%

5.114 (a) 1.20 m*/s; (b) 0.928 m*/s; (c) 0.705 m*/s

5116 2.02 hp

5118  (a) 4.08 hp; (b) 9.94 ft

5120 313 hp

5122 14,500 (ft - 1b)/s

5124 (a) 1.11; (b) 1.08; (c) 1.06; (d) 1.05; (¢) 1.04;
(f) 1.03

Chapter 6

6.2 a, (local) = 0; a, (conv) = 18(x* + xy?);
a, (local) = 0; a, (conv) = 18(x"y + y’);
V = —24j; |V| = 24 ft/s;a = 2881 + 288j;
la] = 407 ft/s?

6.4 () 0; (b) w = —(y/2 + )i + (5z/2)] —
(v/2)k; N

6.6 No; None (except both equal to zero)

68  (2)0;(b)w = —(U/2b)k; () L = —(U/b)k;
@y =1U/b

6.10 o = 4y7" — 6y*z

6.12  (a)x = y = 0; (b) 76.0°; no stagnation points

6.14 No

616 (a)v, = Vsin6,v, = Vcos6; (b)) =
—Vx+ C,p = —Vrcosf + C

6.18  (a) Yes; (b) Only for A = B; (c) y* =
(B/A)* + C

620 (a)v = —2y; (b) .41 ft/s

6.22  (b) —1 m’/s (per unit width)

626  (a) pa = po: (b) ps = Po

628 i = 5xy — (5/3)° + C

6.30 ¢=Alnr+ Brcosd + C;0 =m,r=A/B

6.32 60.5 psi

634 (a) Yes;(b) Yes,d =2(x +y) + C;(c) O

6.36 80.1 kPa

638 (a) ¢y = —Kr*/2 + C; (b) No

640  (a) ap/or = (1.60 X 10°) r* kPa/m;
(b) 184 kPa

6.42 Yes

6.44 C = 0.500 m

6.46 I = wAb (b* — &%)

6.48 0.0185 m/s at 36.4° from x-axis
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6.50 (a) ap/a0 = 0; (b) ap/dr = pT'*/4m* P
6.52 7.50 m?%/s
6.54 8.49 X 10~*m/s
6.60 (2) Pmax = Po + pU*/2 (at § = 0 and 7);
Pmin = Po — 3pU%/2 (at 6 = m/2);
(b) (2r/3a)(1 — a*/r*)sin 6 = 1
*6.62 y/a = 10
6.66 () Vaar = (m/m)[y/(€ + ¥*)]; () Puar =
po = (pm*/2m) /(€ + )
6.68  (b) m = 4mwAL
6.70 dp,/00 = 4pU? sin 6 cos 0; 6 falls in range
of =90°
6.72  (a) ov/dy = —2x; (b) a = 2x1; (c) ap/ax =
2u — 2px°
6.74  (a) 2.81 X 10~*m?/s; (b) 40 N/m? (acting in
direction of flow);
(c) 0.105 m/s
6.76 q = (pgh’ sin a)/3u
6.78 g = —2pgh*/3u
6.80 u=1[(U + U,)/bly — U,
682  y/b="5
6.84 0.355N - m
6.90 (a) Re = 640 < 2100; (b) 180 kPa; (c) 60.0
N/m?
692 (b) 1.20 Pa
694 v, =R w/r
6.98 0.165 ft
Chapter 7
7.4 (a) 103 m/s; (b) 444 m/s
7.6 oViL/g = ¢(h/€)
78 q/b" g = (H/b, u/pb"* Vg)
710 9/d? V?p = d(dy/d,, pVd/1)
712 Q/AY* Vg = d(e/ VA, S,)
714 (a) VD Vp/W = ¢(b/d, d/D); (b) V =
\2Wb/mpdD?
7.16 D/pV*?2 = dp(V/e, £,/))
7.18  Ap = 1/D*(for a given velocity)
7.20 ® = CDVy/m (C = constant); decrease
7.22 h/D = ¢(ao/yD?)
¥724  Ap/pV% = —1.10(A,/A,)? + 1.07 (A,/A,)
—0.0103; 6.26 Ib/ft*
7.26  (a) correct; (b) 7 = 1.36u
#7128 (a) H/b = & (h/b, €/b);
(b) H/b = 0.0833 (h/b) '
730 Q/\VH = ¢(b/H)
7.32 6.52 X 1072 ft/s
7.34 129 m/sW
736 o,/o =444 X 1073
7.38 1170 km/hr

7.40 187 mph

7.42 4.62 X 107° m?/s; no

7.44  (a) 400 km/hr; (b) 170 N

746  50.2 kPa (abs)

748  (a) VE/Q = (/€. 0*/€g, pQ/Ep);
no (b) 0.410 gpm; 2.46 in.

7.50 (a) 9/pV’D* = ¢(d/D); (b) 31.11b

7.52 11.6 ft*/s; 0.500 psi

7.54 (@Vv,/U,=V/UV,D,/v,, = VD/v,,
V2 /8w D = Vg D, (p = P/ P =
(p = p,)/p: (b) no

7.56 100 to 450 mph; no

7.58 0.0647 to 0.0971

7.60 0.440 ft; 2.80 ft/s

7.62  131m/s; 1.25 X 10°

7.64 0.129 psf

Chapter 8

84 2.27 ft

8.6 laminar

8.8 (a) —7.40 1b/ft*; (b) —69.8 Ib/ft’; (c) 55.0
1b/ft’

8.10 Downhill; 0.596 1b/ft?; 0.238 1b/ft>; 0

8.12 0.102 ft

8.16 0.00376 ft - 1b/s

8.18 2.01 ft/s

8.20 h = 0.509 m

8.22 18.5 m

8.24 0

8.26 (a) 0.707 R; (b) 0.750 R

8.28 0.266 psi, 1.13 psi, —0.601 psi

8.30 0.0300

8.34 1.02 X 107*ft

8.36 25.1 psi

8.38 0.211 psi/ft

8.44 yes

8.46 9.00

8.52 21.0

8.54 48.0 psi

8.56 (a) 50.2 m, 602 N/m?; (b) 9.09 m, 8.91 X 10*
N/m?; (c) 4.95 m, 6.58 X 10° N/m?

8.58 0.188 m

8.60 0.285 m

8.62 127 hp pump

8.64 24.4 hp

8.66 disagree

8.68 0.899 Ib/ft

8.70 22.5ft/s; 17.0 ft/s

8.72 0.710 ft'/s

8.74 84.0 ft

8.76  0.750 psi
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878  (a) 135 ft; (b) 137 ft 9.86 65.9 hp
8.80 9 9.88 22.5%
8.82 0.476 ft 9.90 1.30 U
8.84 78.1 psi 9.96 19.1
8.86 16.5 ft 9.98 0.480, 0.409, 0.451, 0.482
8.88 5.73 ft/s
8.90 0.442 ft Chapter 10
8.92 379 kW 10.2 (a) supercritical; (b) supercritical;
8.94 0.491 ft (c) subcritical
*8.96 0.0445 m 10.6 5.66 ft
*8.98 0.0746 cfs; 0.339 cfs 10.8 3.60 m/s
8.100 0.0180 m%/s 10.10 8.30 ft/s
8.102 0.0284 m’/s; 0.0143 m?/s; 0.0141 m?/s 10.14  4.14 ftor 1.42 ft
8.104 249 psi 10.16 0.528 ft; 0.728 ft
8.106 32.4 kPa 10.22 No
8.108 0.0221 m’/s 10.24 2 ft, 3.51 ft; 2 ft, 1.38 ft
8110 0.115ft/s 1028 344 m
8.112 577 ft 10.30 0.0468 1b/ft>
8.114  0.0936 ft*/s 10.32  (a) 1.80 Ib/ft%; (b) 0.0469; (c) 0.636
10.34 35.0m’/s
Chapter 9 10.36 greater
9.2 0.06 (pU?*/2); 2.40 10.38  7.42 min
9.4 1.91 10.40 0.000664
9.6 Yes 10.42 0.000269
910  4.70 mm; 14.8 mm; 47.0 mm 1044 Yes
9.12 0.00718 m/s; 0.00229 m/s 10.48 33.0 ft’/s
9.16 0.0130 m; 0.0716 N/m?; 0.0183 m; 0.0506 10.50 2.23 ft; 0.756
N/m? 10.52 Same
9.22 0.171 ft; 0.134 ft 10.54 0.856 h
924 5 =548 (w/U)" 10.56 244 yd®
926  &/x = 5.03/Re,” 10.58  0.861 m
9.28 2 10.60 10.7 m
9.30 2.83%; 0.354% 10.64 18.2 m?/s
9.34 0.0296 N 10.70 0.00757
9.36 0.0438 N * m 10.72 Decreases
940  No 10.74  —7.07 X 107°
9.42 1.06 m/s 10.76 13.7 ft/s
9.44 16.8 ft/s 10.78 0.00759 ft*/s
946 2.82 10.80  (a) 0.228 ft; (b) 8.10, 0.223; (c) 5.15 ft
9.48 7,080 N - m 10.82 1.51 m, 12,500 kW
9.50 2,200 1b 10.84 0.0577; 0.000240
9.52 43.2% 10.86 4.36 ft/s
9.54  greater 10.88  5.85ft/s
9.56 58.4 hp 10.90 53 deg
9.62 counterclockwise 10.92 0.470 m*/s
9.68 859 1b 10.94 Yes
9.70  4.31 MN; 4.17 MN 1096 O = Cy\V2g[(2bH"/3) + (8H?/15)]
9.72  (a) 0.91, 0.840; (b) rise
9.78 53.5 kW; 4.46 kW Chapter 11
9.80 247 X 10°kW 11.6 ~1890 J/(kg - K)

9.84 0.0187 U 11.8 351K
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11.10

11.12
11.16
11.20
11.22
11.24
11.30

11.32
11.34

11.36
11.44
11.46
11.48

11.54
11.56
11.58

11.60
11.62

11.64

(a) constant c,, i, — }Vz, = 49,000 (ft -
Ib)/slug; varying c,, hy — hy = 51 000 (ft
1b)/slug; (b) constant ¢ oy — 1 =49 X
10° (ft - 1b)/slug; Varying ﬁz —hy =
6.29 X 10° (ft - Ib)/slug; (c )constant Cp Iy

— hy = 1.47 X 107 (ft - 1b)/slug; varying c,,
By — iy = 2.19 X 107 (ft - 1b)/slug
944 ft/s
(a) 2000 mph; (b) 2930 ft/s; (c) 893 m/s
(a) 335 ft/s; 102 m/s; (b) 1280 ft/s; 390 m/s

) 732 m/s; (b) 2400 ft/s; (c) 1636 mph
0.625

) p*/po = 0.5283; T*/T, = 0.8333;

) p*/po = 0.5457; T*/T, = 0.8696;
(c) p*/p, = 0.4881; T*/T, = 0.7519;
(d) p*/po = 0.5266; T*/T, = 0.8299;

(e) p*/py, = 0.5439; T*/T, = 0.8658;
(f) p*/po = 0.5283; T*/T, = 0.8333;
(2) p*/po = 0.5283; T*/T, = 0.8333
(a) 0.0277 slug/s; (b) 0.03 slug/s

(a) 283 m/s; 0.89; (b) 231 m/s; 0.913;
(c) 1070 m/s; 0.884

(a) 0.012 £%; (b) 0.00994 ft%; (c) 0.0308 ft?
(a) 0.36 m%; 23 kPa (abs); 113 K; (b) 0.257
m?; 24.8 kPa (abs); 82.6 K
(a) 0.0483%; (b) 1.43%: (c)
(d) —0.0163%
11 psia
(a) 1.7 kg/s; (b) 1.52 kg/s
(a) 34.7 kPa (abs); 314 m/s; 0.8; (b) 18.4 kPa
(abs); 593 m/s; 0.39
(a) 2830 Ib/ft%; (b) 2550 1b/ft2

= 282K; p; = 95 kPa (abs); T, = 288K;
pm = 101 kPa (abs); V, = 104 m/s; T, =
674K; p, = 45 kPa (abs); T, = 786K;
P> = 84.9 kPa (abs); V, = 520 m/s
404 kPa (abs); 81.19 K; 31 m/s

—0.445%;

11.66 (a) 56 kPa; (b) 47.6 kPa

11.68 (a) Ma, = 0.475; T, , = 1690 °R; T\, = 1620
°R; po, = 360 psia; p, = 309 psia;
V, = 937 ft/s; (b) Ma, = 0.521; T, =
2390 °R; T, = 2190 °R Doy = 409 psia; p, =
330 psia; V 3500 ft/s

11.70 1240 ft/s; 1.25

11.72 (a) 0.94; 4 kPa; (b) 0.8; 17 kPa; (c) 0.47;
50 kPa

11.74 (@) p2/po; = 0.213; Ma, = 0.62;
(b) p2/po, = 0.16; Ma, = 0.89

11.76 T, =291 °R; p, = 191 psia; T, = 519
°R; poy = 14.7 psia; V| = 1660 ft/s; T, =
410 °R; p, = 3 psia; Ty, = 598 °R; p,, =
11 psia; V, = 1490 ft/s; T, = 533 °R; p, =
7.5 psia; Ty, = 598 °R; p,, = 10.2 psia;
V, = 184 ft/s; T, = 549 °R; p, = 5.31 psia;
Ty, = 657 °R; py, = 9.8 psia; V, = 1140
ft/s

Chapter 12

12.4 1.02 (ft - 1b)/Ibm

12.6 (b) fan; (c) 7160 ft*/s*

12.8 0.08 kW

12.10 (b) 918 ft - Ib; 0 rpm

12.12 1.84 hp

12.14 11.5m

12.18 No

12.22 365 gpm

12.24 255 gpm; no

12.26 0.0529 m*/s; 13% open

12.30 1000 gpm; 800 ft

12.32 Yes

12.34 centrifugal pump

12.36 mixed-flow pump

12.44 0.0826 ft; 19.8 hp; less

1246  (a) 16.6 m?/s%; 0.849; (b) 17.4 m*/s% 0.843

12.50 26,600 N; 37.6 m/s; 707 kg/s
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APPENDIX A

{ nit Conversion Tables

The following tables express the definitions of miscellaneous units of measure as exact nu-
merical multiples of coherent SI units and provide multiplying factors for converting num-
bers and miscellaneous units to corresponding new numbers and SI units.

Conversion factors are expressed using computer exponential notation, and an asterisk
follows each number which expresses an exact definition. For example, the entry
“2.54 E — 2*” expresses the fact that 1inch = 2.54 X 1072 meter, exactly by definition.
Numbers not followed by an asterisk are only approximate representations of definitions or
are the results of physical measurements. In these tables pound-force is designated as Ibf,
whereas in the text pound-force is designated as 1b.

B TABLE A.1
Listing by Physical Quantity

To convert from to Multiply by
Acceleration

foot/second? meter/second’ 3.048 E — 1%
free fall, standard meter/second” 9.806 65 E + 0*
gal (galileo) meter/second’ 1.00 E — 2%
inch/second? meter/second? 254 E — 2%
Area

acre meter’ 4.046 8564224 E + 3*
are meter’ 1.00 E + 2%

barn meter? 1.00 E — 28%
foot? meter’ 9.290304 E — 2%

'These Tables abridged from Mechtly, E. A., The International System of Units, 2nd Revision, NASA SP-7012, 1973.
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To convert from to Multiply by
hectare meter’ 1.00 E + 4%
inch? meter’ 6.4516 E — 4*
mile? (U.S. statute) meter? 2.589988 110336 E + 6%
section meter’ 2.589988 110336 E + 6*
township meter’ 93239572 E+7
yard? meter’ 83612736 E — I*
Density
gram/centimeter’ kilogram/meter’ 1.00 E + 3%
Ibm/inch? kilogram/meter’ 27679905 E + 4
Ibm/foot? kilogram/meter 1.601 8463 E + 1
slug/foot? kilogram/meter’ 515379 E+2
Energy
British thermal unit:
(IST after 1956) joule 1.055056 E + 3
British thermal unit (thermochemical) joule 1.054350 E+ 3
calorie (International Steam Table) joule 41868 E + 0
calorie (thermochemical) joule 4.184 E + 0*
calorie (kilogram, International Steam joule 4.1868 E + 3
Table)
calorie (kilogram, thermochemical) joule 4.184 E + 3*
electron volt joule 1.6021917 E — 19
erg joule 1.00 E — 7%
foot 1bf joule 1.3558179 E+ 0
foot poundal joule 42140110 E—2
joule (international of 1948) joule 1.000165 E + 0
kilocalorie (Internation Steam Table) joule 41868 E + 3
kilocalorie (thermochemical) joule 4.184 E + 3*
kilowatt hour joule 360 E + 6%
watt hour joule 360 E + 3%
Force
dyne newton 1.00 E — 5%
kilogram force (kgf) newton 9.806 65 E + 0*
kilopound force newton 9.806 65 E + 0%
kip newton 4448221 6152605 E + 3*
Ibf (pound force, avoirdupois) newton 4.448 2216152605 E + 0*
ounce force (avoirdupois) newton 27801385 E — 1
pound force, Ibf (avoirdupois) newton 4.448 2216152605 E + 0*
poundal newton 1.38254954376 E — 1*
Length
angstrom meter 1.00 E — 10*
astronomical unit (IAU) meter 1.496 00 E + 11
cubit meter 4572 E — 1*
fathom meter 1.8288 E + 0*
foot meter 3.048 E — 1%
furlong meter 201168 E + 2%
hand meter 1.016 E — 1%
inch meter 2.54 E — 2%
league (international nautical) meter 5.556 E + 3*
light year meter 946055 E + 15
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m TABLE A.1 (continued)

To convert from to Multiply by

meter wavelengths Kr 86 1.65076373 E + 6%
micron meter 1.00 E — 6%

mil meter 254 E — 5%

mile (U.S. statute) meter 1.609 344 E + 3*
nautical mile (U.S.) meter 1.852 E + 3%

rod meter 5.0292 E + 0*
yard meter 9.144 E — I*
Mass

carat (metric) kilogram 2.00 E — 4%

grain kilogram 6.479 891 E — 5%
gram kilogram 1.00 E — 3%

ounce mass (avoirdupois) kilogram 2.8349523125 E — 2%
pound mass, Ibm (avoirdupois) kilogram 45359237 E — I*
slug kilogram 145939029 E +1
ton (long) kilogram 1.016 046908 8 E + 3*
ton (metric) kilogram 1.00 E + 3%

ton (short, 2000 pound) kilogram 9.0718474 E + 2*
tonne kilogram 1.00 E + 3%
Power

Btu (thermochemical)/second watt 1.054 350264 488 E + 3
calorie (thermochemical)/second watt 4.184 E + 0%

foot Ibf/second watt 1.3558179 E+0
horsepower (550 foot Ibf/second) watt 74569987 E + 2
kilocalorie (thermochemical)/second watt 4.184 E + 3%

watt (international of 1948) watt 1.000 165 E + 0
Pressure

atmosphere newton/meter’ 1.01325 E + 5%
bar newton/meter’ 1.00 E + 5%

barye newton/meter’ 1.00 E — 1%
centimeter of mercury (0°C) newton/meter? 133322 E+3
centimeter of water (4°C) newton/meter” 9.80638 E +1
dyne/centimeter’ newton/meter’ 1.00 E — 1*

foot of water (39.2°F) newton/meter’ 298898 E +3
inch of mercury (32°F) newton/meter’ 3386389 E + 3
inch of mercury (60°F) newton/meter” 337685 E+3
inch of water (39.2°F) newton/meter” 249082 E +2
inch of water (60°F) newton/meter” 24884 E + 2
kgf/centimeter? newton/meter’ 9.806 65 E + 4%
kgf/meter? newton/meter” 9.80665 E + 0%
Ibf/foot? newton/meter” 47880258 E + 1
Ibf/inch? (psi) newton/meter’ 6.8947572 E +3
millibar newton/meter’ 1.00 E + 2%
millimeter of mercury (0°C) newton/meter” 1333224 E+2
pascal newton/meter” 1.00 E + 0%

psi (Ibf/inch?) newton/meter’ 6.8947572 E +3
torr (0°C) newton/meter” 1.33322 E+2
Speed

foot/second meter/second 3.048 E — I*
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To convert from to Multiply by
inch/second meter/second 254 E — 2%
kilometer/hour meter/second 27777778 E —1
knot (international) meter/second 5.144 444 444 E — 1
mile/hour (U.S. statute) meter/second 44704 E — 1*
Temperature

Celsius kelvin ty = tc + 273.15
Fahrenheit kelvin tx = (5/9)(t + 459.67)
Fahrenheit Celsius te = (5/9)(tp — 32)
Rankine kelvin tx = (5/9)tg

Time

day (mean solar) second (mean solar) 8.64 E + 4%

hour (mean solar) second (mean solar) 3.60 E + 3%
minute (mean solar) second (mean solar) 6.00 E + 1%

year (calendar) second (mean solar) 3.1536 E + 7%
Viscosity

centistoke meter?/second 1.00 E — 6*

stoke meter?/second 1.00 E — 4%
foot?/second meter?/second 9.290304 E — 2%
centipoise newton second/meter? 1.00 E — 3*
Ibm/foot second newton second/meter? 1.4881639 E + 0
Ibf second/foot? newton second/meter’ 47880258 E + 1
poise newton second/meter’ 1.00 E — 1%

poundal second/foot?
slug/foot second
rhe

Volume

acre foot

barrel (petroleum, 42 gallons)
board foot

bushel (U.S.)

cord

cup

dram (U.S. fluid)
fluid ounce (U.S.)
foot?

gallon (U.K. liquid)
gallon (U.S. liquid)
inch?

liter

ounce (U.S. fluid)
peck (U.S.)

pint (U.S. liquid)
quart (U.S. liquid)
stere

tablespoon
teaspoon

yard?

newton second/meter2
newton second/ meter2
meterz/newton second

meter’
meter’
meter’
meter’
meter®
meter®
meter’
meter’
meter’
meter’
meter’
meter’
meter’
meter’
meter®
meter’
meter®
meter®
meter’
meter’
meter’

14881639 E+ 0
47880258 E +1
1.00 E + 1%

1.233 48183754752 E + 3*
1.589873 E — 1
2359737216 E — 3%
3.523907 016 688 E — 2%
3.6245563 E+ 0

2.365 882365 E — 4%
3.696 691 1953125 E — 6*
295735295625 E — 5%
2.8316846592 E — 2%
4546087 E -3
3785411784 E — 3%
1.638 7064 E — 5%

1.00 E — 3%
295735295625 E — 5%
8.809 767 54172 E — 3%
473176473 E — 4%
94635295 E — 4

1.00 E + 0*

1.478 676 478 125 E — 5%
492892159375 E — 6%
7.645548 57984 E — 1*
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Glycerin

Castor oil

SAE 30W oil

SAE 10W-30 oil

SAE 10W oil

Kerosine

2 S ——\
Mercury

u, Dynamic viscosity, N *s/m?

Carbon tetrachloride

Heptane

Air Carbon dioxide Methane

5 Helium; \ ; é

1x10° £
8

6 Hydrogen

-20 0 20 40 60 80 100 120
Temperature, °C

B FIGURE B.1 Dynamic (absolute) viscosity of common fluids as a function of temper-
ature. To convert to BG units of Ib-s/ft> multiply N-s/m? by 2.089 x 102 (Curves from R. W.
Fox and A. T. McDonald, Introduction to Fluid Mechanics, 3rd Ed., Wiley, New York, 1985.
Used by permission.)
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1x1072
8

Helium

Hydrogen

Methane

v, Kinematic viscosity, m?/s

Heptane
4
Carbon -
5 tetrachlo,,,de
Mercury

1x 107

8

-20 0 20 40 60 80 100 120

Temperature, °C

B FIGURE B.2 Kinematic viscosity of common fluids (at atmospheric pressure) as a
function of temperature. To convert to BG units of ft?/s multiply m?/s by 10.76. (Curves from

R. W. Fox and A. T. McDonald, Introduction to Fluid Mechanics, 3rd Ed., Wiley, New York,
1985. Used by permission.)
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Specific Dynamic Kinematic Surface Vapor Speed of
Density, Weight", Viscosity, Viscosity, Tension®, Pressure, Sound?,
Temperature p y 73 v o )2 c
(°F) (slugs/ft®) (Ib/ft%) (Ib-s/ft?) (ft*/s) (Ib/ft) [Ib/in%(abs)] (ft/s)
32 1.940 62.42 3732 E-5 1924 E-5 518 E—3 8854 E -2 4603
40 1.940 62.43 3228 E-5 1.664 E —5 513 E—-3 1217 E—-1 4672
50 1.940 62.41 2730 E-5 1407 E-5 509 E-3 1.781 E -1 4748
60 1.938 62.37 2344 E-5 1210 E-5 503 E—-3 2563 E—1 4814
70 1.936 62.30 2037 E-5 1.052 E-5 497 E—-3 3.631 E—-1 4871
80 1.934 62.22 1791 E-5 9262 E—6 491 E-3 5.0609 E -1 4819
90 1.931 62.11 1.500 E -5 8233 E—6 486 E-3 6979 E -1 4960
100 1.927 62.00 1423 E-5 7383 E—6 479 E-—-3 9493 E -1 4995
120 1.918 61.71 1.164 E -5 6.067 E—6 467 E-—-3 1.692 E+ 0 5049
140 1.908 61.38 9.743 E -6 5106 E—6 453 E-—-3 2.888 E+0 5091
160 1.896 61.00 8315 E—6 4385 E—-6 440 E-3 4736 E+ 0 5101
180 1.883 60.58 7207 E—-6 3827 E—6 426 E-—3 7507 E+0 5195
200 1.869 60.12 6342 E—-6 3393 E—-6 412 E-3 1.152 E + 1 5089
212 1.860 59.83 5.886 E—6 3165 E—6 404 E-3 1469 E + 1 5062
“Based on data from Handbook of Chemistry and Physics, 69th Ed., CRC Press, 1988. Where necessary, values obtained by interpolation.
"Density and specific weight are related through the equation y = pg. For this table, g = 32.174 ft/s%.
“In contact with air.
9From R. D. Blevins, Applied Fluid Dynamics Handbook, Van Nostrand Reinhold Co., Inc., New York, 1984.
B TABLE B.2
Physical Properties of Water (SI Units)*
Specific Dynamic Kinematic Surface Vapor Speed of
Density, Weight", Viscosity, Viscosity, Tension®, Pressure, Sound?,
Temperature P Y M 14 o Py c
©0) (kg/m’)  (KN/m’) (N-s/m?) (m?/s) (N/m) [N/m’(abs)] (m/s)
0 999.9 9.806 1.787 E -3 1.787 E —6 756 E—2 6.105 E + 2 1403
5 1000.0 9.807 1.519 E-3 1.519 E—-6 749 E -2 8722 E+2 1427
10 999.7 9.804 1.307 E—-3 1.307 E—6 742 E -2 1228 E+3 1447
20 998.2 9.789 1.002 E-3 1.004 E -6 728 E—2 2338 E+3 1481
30 995.7 9.765 7975 E -4 8.009 E -7 712 E-—-2 4243 E+3 1507
40 992.2 9.731 6.529 E —4 6.580 E —7 696 E —2 7376 E + 3 1526
50 988.1 9.690 5468 E —4 5534 E—-7 6.79 E—2 1233 E+ 4 1541
60 983.2 9.642 4.665 E—4 4745 E -7 6.62 E—2 1992 E + 4 1552
70 977.8 9.589 4.042 E -4 4134 E -7 644 E—2 3.116 E+ 4 1555
80 971.8 9.530 3547 E—4 3650 E—7 626 E—2 4734 E+ 4 1555
90 965.3 9.467 3.147 E—4 3260 E—7 6.08 E—2 7010 E+ 4 1550
100 958.4 9.399 2818 E—4 2940 E -7 589 E-—-2 1.013 E+5 1543

“Based on data from Handbook of Chemistry and Physics, 69th Ed., CRC Press, 1988.
"Density and specific weight are related through the equation y = pg. For this table, g = 9.807 m/s>.

“In contact with air.

From R. D. Blevins, Applied Fluid Dynamics Handbook, Van Nostrand Reinhold Co., Inc., New York, 1984.
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m TABLE B.3
Physical Properties of Air at Standard Atmospheric Pressure (BG Units)*

Specific Speed
Specific Dynamic Kinematic Heat of

Density, Weight", Viscosity, Viscosity, Ratio, Sound,

Temperature P y 73 v k c

(°F) (slugs/ft*) (Ib/ft) (Ib-s/ft?) (ft%/s) (—) (ft/s)
—40 2939 E-3 9456 E —2 329 E—7 1.12 E—4 1.401 1004
-20 2805 E—3 9.026 E—2 334 E—7 1.19 E—4 1.401 1028
0 26383 E—3 8.633 E —2 338 E—7 126 E—4 1.401 1051
10 2626 E—3 8449 E —2 344 E -7 131 E—4 1.401 1062
20 2571 E—3 8273 E—2 350 E—7 136 E—4 1.401 1074
30 2519 E—3 8.104 E —2 358 E—7 142 E—4 1.401 1085
40 2469 E —3 7942 E —2 360 E—7 146 E —4 1.401 1096
50 2420 E—3 7786 E — 2 368 E—7 152 E—4 1.401 1106
60 2373 E—3 7.636 E —2 375 E—-7 158 E—4 1.401 1117
70 2329 E—-3 7492 E —2 382 E—-7 1.64 E—4 1.401 1128
80 2286 E-—3 7353 E—2 386 E—7 1.69 E—4 1.400 1138
90 2244 E -3 7219 E -2 390 E—7 1.74 E — 4 1.400 1149
100 2204 E-—3 7.090 E—2 394 E-—7 1.79 E—4 1.400 1159
120 2,128 E—3 6.846 E —2 402 E-—7 1839 E—4 1.400 1180
140 2057 E—3 6.617 E—2 413 E—7 201 E—4 1.399 1200
160 1990 E—3 6.404 E —2 422 E-—17 212 E—4 1.399 1220
180 1928 E—3 6204 E —2 434 E -7 225 E—4 1.399 1239
200 1.870 E—3 6.016 E—2 449 E -7 240 E—4 1.398 1258
300 1.624 E—3 5224 E -2 497 E-—7 306 E—4 1.394 1348
400 1435 E—3 4616 E—2 524 E-7 365 E—4 1.389 1431
500 1285 E—3 4135 E—-2 580 E—7 451 E—4 1.383 1509
750 1.020 E—3 3280 E—2 681 E—7 668 E—4 1.367 1685
1000 8.445 E —4 2717 E -2 785 E-—7 930 E—4 1.351 1839
1500 6291 E —4 2024 E-—2 950 E-—7 1.51 E-3 1.329 2114

“Based on data from R. D. Blevins, Applied Fluid Dynamics Handbook, Van Nostrand Reinhold Co., Inc., New York, 1984.

"Density and specific weight are related through the equation y = pg. For this table g = 32.174 ft/s>.
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m TABLE B.4
Physical Properties of Air at Standard Atmospheric Pressure (SI Units)*

Specific Speed

Specific Dynamic Kinematic Heat of
Density, Weight”, Viscosity, Viscosity, Ratio, Sound,

Temperature P 0% n v k c

(°C) (kg/m’) (N/m? (N-s/m?) (m?/s) (—) (m/s)
—40 1.514 14.85 1.57 E—-5 1.04 E-5 1.401 306.2
—20 1.395 13.68 1.63 E—-5 1.17 E-5 1.401 319.1
0 1.292 12.67 171 E-5 132 E-5 1.401 3314

5 1.269 12.45 173 E—-5 136 E—5 1.401 3344
10 1.247 12.23 176 E—5 141 E-5 1.401 337.4
15 1.225 12.01 1.80 E—5 147 E-5 1.401 340.4
20 1.204 11.81 182 E—5 151 E-5 1.401 343.3
25 1.184 11.61 185 E—5 156 E—35 1.401 346.3
30 1.165 11.43 1.86 E—5 1.60 E—35 1.400 349.1
40 1.127 11.05 1.87 E—5 1.66 E—5 1.400 354.7
50 1.109 10.88 195 E-5 176 E—5 1.400 360.3
60 1.060 10.40 197 E-5 1.86 E—5 1.399 365.7
70 1.029 10.09 203 E-5 197 E-5 1.399 371.2
80 0.9996 9.8303 207 E-5 207 E-5 1.399 376.6
90 0.9721 9.533 214 E-5 220 E-5 1.398 381.7
100 0.9461 9.278 217 E-5 229 E-5 1.397 386.9
200 0.7461 7.317 253 E-5 339 E-5 1.390 434.5
300 0.6159 6.040 298 E—-5 484 E-5 1.379 476.3
400 0.5243 5.142 332 E-5 634 E-—5 1.368 514.1
500 0.4565 4477 364 E—-5 797 E-5 1.357 548.8
1000 0.2772 2.719 504 E—-5 182 E—4 1.321 694.8

“Based on data from R. D. Blevins, Applied Fluid Dynamics Handbook, Van Nostrand Reinhold Co., Inc., New York, 1984.
"Density and specific weight are related through the equation y = pg. For this table g = 9.807 m/s’.
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m TABLE C.1
Properties of the U.S. Standard Atmosphere (BG Units)”
Dynamic
Acceleration Density, Viscosity,
Altitude Temperature of Gravity, Pressure, p p 7
(ft) C°F) g (ft/s?) [1b/in.%(abs)] (slugs/ft>) (Ib-s/ft?)
—5,000 76.84 32.189 17.554 2745 E -3 3836 E-—7
0 59.00 32.174 14.696 2377 E—-3 3737 E—-17
5,000 41.17 32.159 12.228 2048 E—3 3637 E—17
10,000 23.36 32.143 10.108 1.756 E —3 3534 E—-7
15,000 5.55 32.128 8.297 1496 E -3 3430 E—7
20,000 —12.26 32.112 6.759 1267 E -3 3324 E—-7
25,000 —30.05 32.097 5.461 1.066 E — 3 3217 E—-17
30,000 —47.83 32.082 4.373 8907 E—4 3.107 E—7
35,000 —65.61 32.066 3.468 7382 E—4 2995 E—-7
40,000 —69.70 32.051 2.730 5873 E—-4 2969 E -7
45,000 —69.70 32.036 2.149 4.623 E—4 2969 E -7
50,000 —69.70 32.020 1.692 3639 E—4 2969 E -7
60,000 —69.70 31.990 1.049 2256 E —4 2969 E—7
70,000 —67.42 31.959 0.651 1392 E—-4 2984 E -7
80,000 —61.98 31.929 0.406 8571 E—5 3018 E—7
90,000 —56.54 31.897 0.255 5610 E—5 3052 E—-7
100,000 —51.10 31.868 0.162 3318 E—-5 3.087 E—-7
150,000 19.40 31.717 0.020 3658 E—-6 3511 E—-7
200,000 —19.78 31.566 0.003 5328 E—7 3279 E-—-7
250,000 —88.77 31.415 0.000 6458 E — 8 2846 E—7

“Data abridged from U.S. Standard Atmosphere, 1976, U.S. Government Printing Office, Washington, D.C.
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m TABLE C.2
Properties of the U.S. Standard Atmosphere (SI Units)*
Dynamic
Acceleration Density, Viscosity,
Altitude Temperature of Gravity, Pressure, p p "
(m) °C) g (m/s) [N/m’(abs)] (kg/m") (N-s/m?)
—1,000 21.50 9.810 1.139 E+5 1347 E+0 1.821 E-—5
0 15.00 9.807 1.013 E+5 1225 E+0 1.789 E —5
1,000 8.50 9.804 8988 E +4 1.112 E+0 1.758 E—5
2,000 2.00 9.801 7950 E + 4 1.007 E+0 1.726 E —5
3,000 —4.49 9.797 7012 E+ 4 9.093 E—1 1.694 E -5
4,000 —10.98 9.794 6.166 E + 4 8194 E — 1 1.661 E—5
5,000 —17.47 9.791 5405 E + 4 7364 E — 1 1.628 E —5
6,000 —23.96 9.788 4722 E+ 4 6.601 E—1 1.595 E—5
7,000 —30.45 9.785 4111 E+ 4 5900 E—1 1.561 E-—5
8,000 —36.94 9.782 3565 E+4 5258 E—1 1.527 E—-5
9,000 —43.42 9.779 3.080 E +4 4671 E -1 1493 E -5
10,000 —49.90 9.776 2650 E + 4 4135 E—-1 1458 E—5
15,000 —56.50 9.761 1211 E+ 4 1948 E — 1 1422 E-5
20,000 —56.50 9.745 5529 E+3 8891 E —2 1422 E-5
25,000 —51.60 9.730 2549 E+3 4.008 E —2 1448 E—5
30,000 —46.64 9.715 1.197 E+3 1.841 E —2 1475 E-—5
40,000 —22.80 9.684 2871 E +2 3996 E -3 1.601 E-—5
50,000 —2.50 9.654 7978 E + 1 1.027 E-—3 1.704 E -5
60,000 —26.13 9.624 2.196 E + 1 3097 E—4 1.584 E -5
70,000 —53.57 9.594 5221 E+O0 8283 E—5 1438 E—5
80,000 —74.51 9.564 1.05s2 E+0 1.846 E—5 1.321 E—-5

“Data abridged from U.S. Standard Atmosphere, 1976, U.S. Government Printing Office, Washington, D.C.
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B FIGURE D.1 Isentropic flow of an ideal gas with k = 1.4. (Graph provided by Pro-
fessor Bruce A. Reichert of Kansas State University.)
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B FIGURE D.2 Fanno flow of an ideal gas with k = 1.4. (Graph provided by Professor
Bruce A. Reichert of Kansas State University.)
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B FIGURE D.3 Rayleigh flow of an ideal gas with k = 1.4. (Graph provided by Profes-
sor Bruce A. Reichert of Kansas State University.)
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B FIGURE D.4 Normal shock flow of an ideal gas with k = 1.4. (Graph provided by
Professor Bruce A. Reichert of Kansas State University.)



The break-up of a fluid jet into drops is a function of fluid properties
such as density, viscosity, and surface tension. [Reprinted with
permission from American Institute of Physics (Ref. 6) and the American
Association for the Advancement of Science (Ref. 7).]



[ntroduction

Fluid mechanics is
concerned with the
behavior of liquids
and gases at rest
and in motion.

Fluid mechanics is that discipline within the broad field of applied mechanics concerned with
the behavior of liquids and gases at rest or in motion. This field of mechanics obviously
encompasses a vast array of problems that may vary from the study of blood flow in the
capillaries (which are only a few microns in diameter) to the flow of crude oil across Alaska
through an 800-mile-long, 4-ft-diameter pipe. Fluid mechanics principles are needed to ex-
plain why airplanes are made streamlined with smooth surfaces for the most efficient flight,
whereas golf balls are made with rough surfaces (dimpled) to increase their efficiency. Nu-
merous interesting questions can be answered by using relatively simple fluid mechanics
ideas. For example:

B How can a rocket generate thrust without having any air to push against in outer space?

Why can’t you hear a supersonic airplane until it has gone past you?

B How can a river flow downstream with a significant velocity even though the slope of
the surface is so small that it could not be detected with an ordinary level?

B How can information obtained from model airplanes be used to design the real thing?

B Why does a stream of water from a faucet sometimes appear to have a smooth surface,
but sometimes a rough surface?

B How much greater gas mileage can be obtained by improved aerodynamic design of
cars and trucks?

The list of applications and questions goes on and on—but you get the point; fluid mechanics
is a very important, practical subject. It is very likely that during your career as an engineer
you will be involved in the analysis and design of systems that require a good understanding
of fluid mechanics. It is hoped that this introductory text will provide a sound foundation of
the fundamental aspects of fluid mechanics.
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1.1 Some Characteristics of Fluids

A fluid, such as
water or air, de-
Jforms continuously
when acted on by
shearing stresses of
any magnitude.

One of the first questions we need to explore is, What is a fluid? Or we might ask, What is
the difference between a solid and a fluid? We have a general, vague idea of the difference.
A solid is “hard” and not easily deformed, whereas a fluid is “soft” and is easily deformed
(we can readily move through air). Although quite descriptive, these casual observations of
the differences between solids and fluids are not very satisfactory from a scientific or
engineering point of view. A closer look at the molecular structure of materials reveals that
matter that we commonly think of as a solid (steel, concrete, etc.) has densely spaced molecules
with large intermolecular cohesive forces that allow the solid to maintain its shape, and to
not be easily deformed. However, for matter that we normally think of as a liquid (water, oil,
etc.), the molecules are spaced farther apart, the intermolecular forces are smaller than for
solids, and the molecules have more freedom of movement. Thus, liquids can be easily
deformed (but not easily compressed) and can be poured into containers or forced through a
tube. Gases (air, oxygen, etc.) have even greater molecular spacing and freedom of motion
with negligible cohesive intermolecular forces and as a consequence are easily deformed (and
compressed) and will completely fill the volume of any container in which they are placed.

Although the differences between solids and fluids can be explained qualitatively on
the basis of molecular structure, a more specific distinction is based on how they deform
under the action of an external load. Specifically, a fluid is defined as a substance that deforms
continuously when acted on by a shearing stress of any magnitude. A shearing stress (force
per unit area) is created whenever a tangential force acts on a surface. When common solids
such as steel or other metals are acted on by a shearing stress, they will initially deform
(usually a very small deformation), but they will not continuously deform (flow). However,
common fluids such as water, oil, and air satisfy the definition of a fluid—that is, they will
flow when acted on by a shearing stress. Some materials, such as slurries, tar, putty, toothpaste,
and so on, are not easily classified since they will behave as a solid if the applied shearing
stress is small, but if the stress exceeds some critical value, the substance will flow. The study
of such materials is called rheology and does not fall within the province of classical fluid
mechanics. Thus, all the fluids we will be concerned with in this text will conform to the
definition of a fluid given previously.

Although the molecular structure of fluids is important in distinguishing one fluid from
another, it is not possible to study the behavior of individual molecules when trying to describe
the behavior of fluids at rest or in motion. Rather, we characterize the behavior by considering
the average, or macroscopic, value of the quantity of interest, where the average is evaluated
over a small volume containing a large number of molecules. Thus, when we say that the
velocity at a certain point in a fluid is so much, we are really indicating the average velocity
of the molecules in a small volume surrounding the point. The volume is small compared
with the physical dimensions of the system of interest, but large compared with the average
distance between molecules. Is this a reasonable way to describe the behavior of a fluid? The
answer is generally yes, since the spacing between molecules is typically very small. For
gases at normal pressures and temperatures, the spacing is on the order of 10~¢ mm, and for
liquids it is on the order of 10~" mm. The number of molecules per cubic millimeter is on
the order of 10'® for gases and 10! for liquids. It is thus clear that the number of molecules
in a very tiny volume is huge and the idea of using average values taken over this volume is
certainly reasonable. We thus assume that all the fluid characteristics we are interested in
(pressure, velocity, etc.) vary continuously throughout the fluid—that is, we treat the fluid as
a continuum. This concept will certainly be valid for all the circumstances considered in this
text. One area of fluid mechanics for which the continuum concept breaks down is in the
study of rarefied gases such as would be encountered at very high altitudes. In this case the
spacing between air molecules can become large and the continuum concept is no longer
acceptable.
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1.2 Dimensions, Dimensional Homogeneity, and Units

Fluid characteris-
tics can be de-
scribed qualitatively
in terms of certain
basic quantities
such as length,
time, and mass.

Since in our study of fluid mechanics we will be dealing with a variety of fluid characteristics,
it is necessary to develop a system for describing these characteristics both qualitatively and
quantitatively. The qualitative aspect serves to identify the nature, or type, of the character-
istics (such as length, time, stress, and velocity), whereas the quantitative aspect provides a
numerical measure of the characteristics. The quantitative description requires both a number
and a standard by which various quantities can be compared. A standard for length might be
a meter or foot, for time an hour or second, and for mass a slug or kilogram. Such standards
are called units, and several systems of units are in common use as described in the following
section. The qualitative description is conveniently given in terms of certain primary quan-
tities, such as length, L, time, T, mass, M, and temperature, O. These primary quantities can
then be used to provide a qualitative description of any other secondary quantity: for example,
area = L7, velocity = LT, density = ML 3, and so on, where the symbol = is used to
indicate the dimensions of the secondary quantity in terms of the primary quantities. Thus,
to describe qualitatively a velocity, V, we would write

V=LT"!

and say that “the dimensions of a velocity equal length divided by time.” The primary
quantities are also referred to as basic dimensions.

For a wide variety of problems involving fluid mechanics, only the three basic dimen-
sions, L, T, and M are required. Alternatively, L, T, and F could be used, where F is the basic
dimensions of force. Since Newton’s law states that force is equal to mass times acceleration,
it follows that F = MLT > or M = FL™' T* Thus, secondary quantities expressed in terms
of M can be expressed in terms of F through the relationship above. For example, stress, o,
is a force per unit area, so that o = FL % but an equivalent dimensional equation is
o = ML™'T~2 Table 1.1 provides a list of dimensions for a number of common physical
quantities.

All theoretically derived equations are dimensionally homogeneous—that is, the di-
mensions of the left side of the equation must be the same as those on the right side, and all
additive separate terms must have the same dimensions. We accept as a fundamental premise
that all equations describing physical phenomena must be dimensionally homogeneous.
If this were not true, we would be attempting to equate or add unlike physical quantities,
which would not make sense. For example, the equation for the velocity, V, of a uniformly
accelerated body is

V="V,+a (1.1)

where V, is the initial velocity, a the acceleration, and ¢ the time interval. In terms of
dimensions the equation is

LT ' =LT'+ LT"!

and thus Eq. 1.1 is dimensionally homogeneous.
Some equations that are known to be valid contain constants having dimensions. The
equation for the distance, d, traveled by a freely falling body can be written as

d = 16.1¢> (1.2)

and a check of the dimensions reveals that the constant must have the dimensions of LT ~2
if the equation is to be dimensionally homogeneous. Actually, Eq. 1.2 is a special form of
the well-known equation from physics for freely falling bodies,

_ 8’

d
2

1.3)
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in which g is the acceleration of gravity. Equation 1.3 is dimensionally homogeneous and
valid in any system of units. For g = 32.2 ft/s” the equation reduces to Eq. 1.2 and thus

General homogen- Eq. 1.2 is valid only for the system of units using feet and seconds. Equations that are restricted
eous equations are to a particular system of units can be denoted as restricted homogeneous equations, as opposed
valid in any system to equations valid in any system of units, which are general homogeneous equations. The
of units. preceding discussion indicates one rather elementary, but important, use of the concept of

dimensions: the determination of one aspect of the generality of a given equation simply
based on a consideration of the dimensions of the various terms in the equation. The concept
of dimensions also forms the basis for the powerful tool of dimensional analysis, which is
considered in detail in Chapter 7.

m TABLE 1.1
Dimensions Associated with Common Physical Quantities

FLT MLT

System System
Acceleration LT LT
Angle FL°T® M°L°T®
Angular acceleration T2 T2
Angular velocity T 7!
Area L’ L?
Density FL™*T? ML™3
Energy FL ML*T™?
Force F MLT*
Frequency ! T!
Heat FL ML*T?
Length L L
Mass FL'T? M
Modulus of elasticity FL™? ML™'T™?
Moment of a force FL ML*T™?
Moment of inertia (area) L L
Moment of inertia (mass) FLT? ML?
Momentum FT MLT™!
Power FLT™! ML*T?
Pressure FL™? ML™'T?
Specific heat L’T207! L’T?07!
Specific weight FL™? ML™T?
Strain FLT® M°LT®
Stress FL? ML™'T™?
Surface tension FL™! MT?
Temperature (S} (S)
Time T T
Torque FL ML*T™?
Velocity LT™! LT™!
Viscosity (dynamic) FL™’T ML™'T™!
Viscosity (kinematic) L7 LT
Volume L L’

Work FL ML*T?
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A commonly used equation for determining the volume rate of flow, Q, of a liquid through
an orifice located in the side of a tank is

0 = 0.61 A\ 2gh

where A is the area of the orifice, g is the acceleration of gravity, and % is the height of the
liquid above the orifice. Investigate the dimensional homogeneity of this formula.

SoLution

The dimensions of the various terms in the equation are Q = volume/time = L3T_1,
A = area = L*, g = acceleration of gravity = LT %, h = height = L

These terms, when substituted into the equation, yield the dimensional form:
(LT = (0.61)(L)(V2)(LT*)X(L)"
or
(LT = [(0.61)V2)(L’T )

It is clear from this result that the equation is dimensionally homogeneous (both sides of the
formula have the same dimensions of L*T "), and the numbers (0.61 and V/2) are dimen-
sionless.

If we were going to use this relationship repeatedly we might be tempted to simplify
it by replacing g with its standard value of 32.2 ft/s> and rewriting the formula as

Q =490AVh (0))
A quick check of the dimensions reveals that
LT = (4.90)(L"?)

and, therefore, the equation expressed as Eq. 1 can only be dimensionally correct if the num-
ber 4.90 has the dimensions of L'?T~!. Whenever a number appearing in an equation or for-
mula has dimensions, it means that the specific value of the number will depend on the sys-
tem of units used. Thus, for the case being considered with feet and seconds used as units,
the number 4.90 has units of ft'/?/s. Equation 1 will only give the correct value for Q(in ft*/s)
when A is expressed in square feet and 4 in feet. Thus, Eq. 1 is a restricted homogeneous
equation, whereas the original equation is a general homogeneous equation that would be
valid for any consistent system of units. A quick check of the dimensions of the various terms
in an equation is a useful practice and will often be helpful in eliminating errors—that is, as
noted previously, all physically meaningful equations must be dimensionally homogeneous.
We have briefly alluded to units in this example, and this important topic will be considered
in more detail in the next section.

\.

1.2.1 Systems of Units

In addition to the qualitative description of the various quantities of interest, it is generally
necessary to have a quantitative measure of any given quantity. For example, if we measure
the width of this page in the book and say that it is 10 units wide, the statement has no
meaning until the unit of length is defined. If we indicate that the unit of length is a meter,
and define the meter as some standard length, a unit system for length has been established
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Two systems of
units that are
widely used in engi-
neering are the
British Gravita-
tional (BG) System
and the Interna-
tional System (SI).

(and a numerical value can be given to the page width). In addition to length, a unit must be
established for each of the remaining basic quantities (force, mass, time, and temperature).
There are several systems of units in use and we shall consider three systems that are
commonly used in engineering.

British Gravitational (BG) System. In the BG system the unit of length is the
foot (ft), the time unit is the second (s), the force unit is the pound (Ib), and the temperature
unit is the degree Fahrenheit (°F) or the absolute temperature unit is the degree Rankine (°R),
where

°R = °F + 459.67

The mass unit, called the slug, is defined from Newton’s second law (force = mass X
acceleration) as

11b = (1 slug)(1 ft/s?)

This relationship indicates that a 1-1b force acting on a mass of 1 slug will give the mass an
acceleration of 1 ft/s%.

The weight, W (which is the force due to gravity, g) of a mass, m, is given by the
equation

W = mg
and in BG units
W(lb) = m(slugs) g(ft/s?)

Since the earth’s standard gravity is taken as g = 32.174 ft/s* (commonly approximated as
32.2 ft/s%), it follows that a mass of 1 slug weighs 32.2 Ib under standard gravity.

International System (SI). 1n 1960 the Eleventh General Conference on Weights
and Measures, the international organization responsible for maintaining precise uniform
standards of measurements, formally adopted the International System of Units as the inter-
national standard. This system, commonly termed SI, has been widely adopted worldwide
and is widely used (although certainly not exclusively) in the United States. It is expected
that the long-term trend will be for all countries to accept SI as the accepted standard and it
is imperative that engineering students become familiar with this system. In SI the unit of
length is the meter (m), the time unit is the second (s), the mass unit is the kilogram (kg), and
the temperature unit is the kelvin (K). Note that there is no degree symbol used when
expressing a temperature in kelvin units. The Kelvin temperature scale is an absolute scale
and is related to the Celsius (centigrade) scale (°C) through the relationship

K =°C + 273.15

Although the Celsius scale is not in itself part of SI, it is common practice to specify
temperatures in degrees Celsius when using SI units.
The force unit, called the newton (N), is defined from Newton’s second law as

IN = (1kg)(1 m/s?)

Thus, a 1-N force acting on a 1-kg mass will give the mass an acceleration of 1m/s* Standard
gravity in SI is 9.807 m/s? (commonly approximated as 9.81 m/s?) so that a 1-kg mass weighs
9.81 N under standard gravity. Note that weight and mass are different, both qualitatively
and quantitatively! The unit of work in SI is the joule (J), which is the work done when the
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very important to
distinguish between
weight and mass.
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m TABLE 1.2
Prefixes for SI Units

Factor by Which Unit

Is Multiplied Prefix Symbol
10" tera T
10° giga G
10° mega M
10° kilo k
10° hecto h
10 deka da
107! deci d
1072 centi c
1073 milli m
10°° micro N
107° nano n
10712 pico P
1075 femto f
10718 atto a

point of application of a 1-N force is displaced through a 1-m distance in the
direction of a force. Thus,

1J=1N'm
The unit of power is the watt (W) defined as a joule per second. Thus,
I1W=1J/s=1N-m/s

Prefixes for forming multiples and fractions of SI units are given in Table 1.2. For
example, the notation kN would be read as “kilonewtons” and stands for 10°> N. Similarly,
mm would be read as “millimeters” and stands for 10~> m. The centimeter is not an accepted
unit of length in the SI system, so for most problems in fluid mechanics in which SI units
are used, lengths will be expressed in millimeters or meters.

English Engineering (EE) System. In the EE system units for force and mass
are defined independently; thus special care must be exercised when using this system in
conjunction with Newton’s second law. The basic unit of mass is the pound mass (Ibm), the
unit of force is the pound (Ib)." The unit of length is the foot (ft), the unit of time is the second
(s), and the absolute temperature scale is the degree Rankine (°R). To make the equation
expressing Newton’s second law dimensionally homogeneous we write it as

F="2 (1.4)

gC
where g, is a constant of proportionality which allows us to define units for both force and
mass. For the BG system only the force unit was prescribed and the mass unit defined in a

"t is also common practice to use the notation, Ibf, to indicate pound force.
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When solving prob-
lems it is important
to use a consistent
system of units,
e.g., don’t mix BG
and SI units.

consistent manner such that g. = 1. Similarly, for SI the mass unit was prescribed and the
force unit defined in a consistent manner such that g. = 1. For the EE system, a 1-1b force
is defined as that force which gives a 1 lbm a standard acceleration of gravity which is taken
as 32.174 ft/s*. Thus, for Eq. 1.4 to be both numerically and dimensionally correct

(1 1bm)(32.174 ft/s?)

1lb =
8c
so that
_ (11bm)(32.174 ft/s?)
8e = (11b)
With the EE system weight and mass are related through the equation

m
Y =28

8c

where g is the local acceleration of gravity. Under conditions of standard gravity (g = g.)
the weight in pounds and the mass in pound mass are numerically equal. Also, since a 1-lb
force gives a mass of 1 Ibm an acceleration of 32.174 ft/ s? and a mass of 1 slug an acceleration
of 1 ft/s% it follows that

1 slug = 32.174 Ibm

In this text we will primarily use the BG system and SI for units. The EE system is
used very sparingly, and only in those instances where convention dictates its use.
Approximately one-half the problems and examples are given in BG units and one-half in
SI units. We cannot overemphasize the importance of paying close attention to units when
solving problems. It is very easy to introduce huge errors into problem solutions through the
use of incorrect units. Get in the habit of using a consistent system of units throughout a
given solution. It really makes no difference which system you use as long as you are
consistent; for example, don’t mix slugs and newtons. If problem data are specified in SI
units, then use SI units throughout the solution. If the data are specified in BG units, then
use BG units throughout the solution. Tables 1.3 and 1.4 provide conversion factors for some
quantities that are commonly encountered in fluid mechanics. For convenient reference these
tables are also reproduced on the inside of the back cover. Note that in these tables (and
others) the numbers are expressed by using computer exponential notation. For example, the
number 5.154 E + 2 is equivalent to 5.154 X 107 in scientific notation, and the number
2.832 E — 2 is equivalent to 2.832 X 1072, More extensive tables of conversion factors for
a large variety of unit systems can be found in Appendix A.

m TABLE 1.3
Conversion Factors from BG and EE Units to SI Units

(See inside of back cover.)

m TABLE 1.4
Conversion Factors from SI Units to BG and EE Units

(See inside of back cover.)




EXAMP1L.I§

1.2 Dimensions, Dimensional Homogeneity, and Units M 11

A tank of water having a total mass of 36 kg rests on the floor of an elevator. Determine the
force (in newtons) that the tank exerts on the floor when the elevator is accelerating upward
at 7 ft/s>.

SoLution

A free-body diagram of the tank is shown in Fig. E1.2 where W is the weight of the tank
and water, and F is the reaction of the floor on the tank. Application of Newton’s second
law of motion to this body gives

EF = ma
or
Fr— W = ma (0]

where we have taken upward as the positive direction. Since W' = mg, Eq. 1 can be written
as

Fy=m(g + a) @

Before substituting any number into Eq. 2 we must decide on a system of units, and then be
sure all of the data are expressed in these units. Since we want F; in newtons we will use SI
units so that

F; =36 kg[9.81 m/s* + (7 ft/s*)(0.3048 m/ft)] = 430 kg - m/s>
Since 1 N = 1 kg - m/s? it follows that
F;=430N (downward on floor) (Ans)

The direction is downward since the force shown on the free-body diagram is the force of
the floor on the tank so that the force the tank exerts on the floor is equal in magnitude but
opposite in direction.

B FIGURE E1.2

As you work through a large variety of problems in this text, you will find that units
play an essential role in arriving at a numerical answer. Be careful! It is easy to mix units
and cause large errors. If in the above example the elevator acceleration had been left as
7 ft/s* with m and g expressed in SI units, we would have calculated the force as 605 N and
the answer would have been 41% too large!

\.
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1.3 Analysis of Fluid Behavior

The study of fluid mechanics involves the same fundamental laws you have encountered in
physics and other mechanics courses. These laws include Newton’s laws of motion, conser-
vation of mass, and the first and second laws of thermodynamics. Thus, there are strong
similarities between the general approach to fluid mechanics and to rigid-body and deformable-
body solid mechanics. This is indeed helpful since many of the concepts and techniques of
analysis used in fluid mechanics will be ones you have encountered before in other courses.

The broad subject of fluid mechanics can be generally subdivided into fluid statics, in
which the fluid is at rest, and fluid dynamics, in which the fluid is moving. In the following
chapters we will consider both of these areas in detail. Before we can proceed, however, it
will be necessary to define and discuss certain fluid properties that are intimately related to
fluid behavior. It is obvious that different fluids can have grossly different characteristics.
For example, gases are light and compressible, whereas liquids are heavy (by comparison)
and relatively incompressible. A syrup flows slowly from a container, but water flows rapidly
when poured from the same container. To quantify these differences certain fluid properties
are used. In the following several sections the properties that play an important role in the
analysis of fluid behavior are considered.

14 Measures of Fluid Mass and Weight

The density of a
fluid is defined as
its mass per unit
volume.

14.1 Density

The density of a fluid, designated by the Greek symbol p (rho), is defined as its mass per
unit volume. Density is typically used to characterize the mass of a fluid system. In the BG
system p has units of slugs/ft> and in SI the units are kg/m".

The value of density can vary widely between different fluids, but for liquids,
variations in pressure and temperature generally have only a small effect on the value of
p. The small change in the density of water with large variations in temperature is illustrated
in Fig. 1.1. Tables 1.5 and 1.6 list values of density for several common liquids. The density
of water at 60 °F is 1.94 slugs/ft> or 999 kg/m?>. The large difference between those two
values illustrates the importance of paying attention to units! Unlike liquids, the density
of a gas is strongly influenced by both pressure and temperature, and this difference will
be discussed in the next section.

1000

990
@ 4°C p = 1000 kg/m®
980

970

Density, p kg/m3

960

950

0 20 40 60 80 100
Temperature, °C

B FIGURE 1.1 Density of water as a function of temperature.



Specific weight is
weight per unit vol-
ume; specific grav-
ity is the ratio of
fluid density to the
density of water at
a certain tempera-
ture.
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m TABLE 1.5
Approximate Physical Properties of Some Common Liquids (BG Units)

(See inside of front cover.)

B TABLE 1.6
Approximate Physical Properties of Some Common Liquids (SI Units)

(See inside of front cover.)

The specific volume, v, is the volume per unit mass and is therefore the reciprocal of
the density—that is,

v =— (1.5)
p

This property is not commonly used in fluid mechanics but is used in thermodynamics.

14.2 Specific Weight

The specific weight of a fluid, designated by the Greek symbol y (gamma), is defined as its
weight per unit volume. Thus, specific weight is related to density through the equation

Y =P8 (1.6)

where g is the local acceleration of gravity. Just as density is used to characterize the mass
of a fluid system, the specific weight is used to characterize the weight of the system. In the
BG system, y has units of 1b/ft> and in SI the units are N/m?>. Under conditions of standard
gravity (g = 32.174 ft/s* = 9.807 m/s*), water at 60 °F has a specific weight of 62.4 1b/ft’
and 9.80 kN/m?>. Tables 1.5 and 1.6 list values of specific weight for several common liquids
(based on standard gravity). More complete tables for water can be found in Appendix B
(Tables B.1 and B.2).

143 Specific Gravity

The specific gravity of a fluid, designated as SG, is defined as the ratio of the density of the
fluid to the density of water at some specified temperature. Usually the specified temperature
is taken as 4 °C (39.2 °F), and at this temperature the density of water is 1.94 slugs/ft® or
1000 kg/m?>. In equation form, specific gravity is expressed as

sG=—"F .7

PH,0@4°C

and since it is the ratio of densities, the value of SG does not depend on the system of units
used. For example, the specific gravity of mercury at 20 °C is 13.55 and the density of mercury
can thus be readily calculated in either BG or SI units through the use of Eq. 1.7 as

pre = (13.55)(1.94 slugs/ft’) = 26.3 slugs/ft’
or
pg = (13.55)(1000 kg/m’) = 13.6 X 10’ kg/m’

It is clear that density, specific weight, and specifc gravity are all interrelated, and from
a knowledge of any one of the three the others can be calculated.
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1.5 Ideal Gas Law

In the ideal gas

law, absolute pres-
sures and tempera-
tures must be used.

Gases are highly compressible in comparison to liquids, with changes in gas density directly
related to changes in pressure and temperature through the equation

p = pRT (1.8)

where p is the absolute pressure, p the density, 7 the absolute temperature,” and R is a gas
constant. Equation 1.8 is commonly termed the ideal or perfect gas law, or the equation of
state for an ideal gas. It is known to closely approximate the behavior of real gases under
normal conditions when the gases are not approaching liquefaction.

Pressure in a fluid at rest is defined as the normal force per unit area exerted on a plane
surface (real or imaginary) immersed in a fluid and is created by the bombardment of the
surface with the fluid molecules. From the definition, pressure has the dimension of FL?,
and in BG units is expressed as Ib/ft* (psf) or Ib/in.? (psi) and in SI units as N/m? In SI,
1 N/m? defined as a pascal, abbreviated as Pa, and pressures are commonly specified in
pascals. The pressure in the ideal gas law must be expressed as an absolute pressure, which
means that it is measured relative to absolute zero pressure (a pressure that would only occur
in a perfect vacuum). Standard sea-level atmospheric pressure (by international agreement)
is 14.696 psi (abs) or 101.33 kPa (abs). For most calculations these pressures can be rounded
to 14.7 psi and 101 kPa, respectively. In engineering it is common practice to measure pressure
relative to the local atmospheric pressure, and when measured in this fashion it is called gage
pressure. Thus, the absolute pressure can be obtained from the gage pressure by adding the
value of the atmospheric pressure. For example, a pressure of 30 psi (gage) in a tire is equal
to 44.7 psi (abs) at standard atmospheric pressure. Pressure is a particularly important fluid
characteristic and it will be discussed more fully in the next chapter.

The gas constant, R, which appears in Eq. 1.8, depends on the particular gas and is
related to the molecular weight of the gas. Values of the gas constant for several common
gases are listed in Tables 1.7 and 1.8. Also in these tables the gas density and specific weight
are given for standard atmospheric pressure and gravity and for the temperature listed. More
complete tables for air at standard atmospheric pressure can be found in Appendix B (Tables
B.3 and B.4).

B TABLE 1.7

Approximate Physical Properties of Some Common Gases at Standard Atmospheric Pressure
(BG Units)

(See inside of front cover.)

B TABLE 1.8

Approximate Physical Properties of Some Common Gases at Standard Atmospheric Pressure
(SI Units)

(See inside of front cover.)

*We will use to represent temperature in thermodynamic relationships although T is also used to denote the basic dimension of
time.
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A compressed air tank has a volume of 0.84 ft>. When the tank is filled with air at a gage
pressure of 50 psi, determine the density of the air and the weight of air in the tank. Assume
the temperature is 70 °F and the atmospheric pressure is 14.7 psi (abs).

SoLution

The air density can be obtained from the ideal gas law (Eq. 1.8) expressed as

p

P~ rr

so that

(50 1b/in.* + 14.7 Ib/in.?)(144 in.?/ft?) 5
p= = 0.0102 slugs/ft’ (Ans)
(1716 ft - Ib/slug - °R)[(70 + 460)°R]

Note that both the pressure and temperature were changed to absolute values.
The weight, W', of the air is equal to

W = pg X (volume)
= (0.0102 slugs/f)(32.2 ft/s>)(0.84 £¢°)
so that since 11b = 1 slug - ft/s
W =0.276 1b (Ans)

\.

1.6 Viscosity

V1.1 Viscous fluids

Fluid motion can
cause shearing
stresses.

The properties of density and specific weight are measures of the “heaviness” of a fluid. It
is clear, however, that these properties are not sufficient to uniquely characterize how fluids
behave since two fluids (such as water and oil) can have approximately the same value of
density but behave quite differently when flowing. There is apparently some additional prop-
erty that is needed to describe the “fluidity” of the fluid.

To determine this additional property, consider a hypothetical experiment in which a
material is placed between two very wide parallel plates as shown in Fig. 1.2a. The bottom
plate is rigidly fixed, but the upper plate is free to move. If a solid, such as steel, were placed
between the two plates and loaded with the force P as shown, the top plate would be displaced
through some small distance, da (assuming the solid was mechanically attached to the plates).
The vertical line AB would be rotated through the small angle, 83, to the new position AB'.
We note that to resist the applied force, P, a shearing stress, 7, would be developed at the
plate-material interface, and for equilibrium to occur P = 7A where A is the effective upper

B FIGURE 1.2 (a)Defor-
mation of material placed between
Fixed plate two parallel plates. (b) Forces acting
(@) (b on upper plate.
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V1.2 No-slip
condition

Real fluids, even
though they may be
moving, always
“stick” to the solid
boundaries that
contain them.

plate area (Fig. 1.2b). It is well known that for elastic solids, such as steel, the small angular
displacement, 88 (called the shearing strain), is proportional to the shearing stress, 7, that is
developed in the material.

What happens if the solid is replaced with a fluid such as water? We would immediately
notice a major difference. When the force P is applied to the upper plate, it will move
continuously with a velocity, U (after the initial transient motion has died out) as illustrated
in Fig. 1.3. This behavior is consistent with the definition of a fluid—that is, if a shearing
stress is applied to a fluid it will deform continuously. A closer inspection of the fluid motion
between the two plates would reveal that the fluid in contact with the upper plate moves with
the plate velocity, U, and the fluid in contact with the bottom fixed plate has a zero velocity.
The fluid between the two plates moves with velocity u = u(y) that would be found to vary
linearly, u = Uy/b, as illustrated in Fig. 1.3. Thus, a velocity gradient, du/dy, is developed
in the fluid between the plates. In this particular case the velocity gradient is a constant since
du/dy = U/b, but in more complex flow situations this would not be true. The experimental
observation that the fluid “sticks” to the solid boundaries is a very important one in fluid
mechanics and is usually referred to as the no-slip condition. All fluids, both liquids and
gases, satisfy this condition.

In a small time increment, 67, an imaginary vertical line AB in the fluid would rotate
through an angle, 683, so that

I3
tan 68 =~ 683 = o4
b
Since éa = U ét it follows that
U 6t
B =—
B b

We note that in this case, 88 is a function not only of the force P (which governs U) but also
of time. Thus, it is not reasonable to attempt to relate the shearing stress, 7, to 8@ as is done
for solids. Rather, we consider the rate at which 83 is changing and define the rate of shearing
strain, 7y, as

© — fim 2P

L=
which in this instance is equal to

U _du

YT T @

A continuation of this experiment would reveal that as the shearing stress, 7, is increased
by increasing P (recall that 7 = P/A), the rate of shearing strain is increased in direct
proportion—that is,

U
LN ,
I ! >
B: I/B'
_u» : /
b 7/ |/
y —> I//
> paal
Al 9B B FIGURE 1.3 Behavior of a fluid

2 (Fixed plate  placed between two parallel plates.




V1.3 Capillary tube
viscometer

Dynamic viscosity
is the fluid property
that relates shear-
ing stress and fluid
motion.
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T oy
or

du

T —
dy
This result indicates that for common fluids such as water, oil, gasoline, and air the shearing
stress and rate of shearing strain (velocity gradient) can be related with a relationship of the
form

du

dy 1.9)

T=p
where the constant of proportionality is designated by the Greek symbol u (mu) and is called
the absolute viscosity, dynamic viscosity, or simply the viscosity of the fluid. In accordance
with Eq. 1.9, plots of 7 versus du/dy should be linear with the slope equal to the viscosity
as illustrated in Fig. 1.4. The actual value of the viscosity depends on the particular fluid,
and for a particular fluid the viscosity is also highly dependent on temperature as illustrated
in Fig. 1.4 with the two curves for water. Fluids for which the shearing stress is linearly
related to the rate of shearing strain (also referred to as rate of angular deformation) are
designated as Newtonian fluids 1. Newton (1642—1727). Fortunately most common fluids,
both liquids and gases, are Newtonian. A more general formulation of Eq. 1.9 which applies
to more complex flows of Newtonian fluids is given in Section 6.8.1.

Fluids for which the shearing stress is not linearly related to the rate of shearing strain
are designated as non-Newtonian fluids. Although there is a variety of types of non-Newtonian
fluids, the simplest and most common are shown in Fig. 1.5. The slope of the shearing stress
vs rate of shearing strain graph is denoted as the apparent viscosity, w,,. For Newtonian fluids
the apparent viscosity is the same as the viscosity and is independent of shear rate.

For shear thinning fluids the apparent viscosity decreases with increasing shear rate—
the harder the fluid is sheared, the less viscous it becomes. Many colloidal suspensions and
polymer solutions are shear thinning. For example, latex paint does not drip from the brush
because the shear rate is small and the apparent viscosity is large. However, it flows smoothly

Crude oil (60 °F)

Water (60 °F)

Shearing stress, ©

Water (100 °F)

Air (60 °F
& ) B FIGURE 1.4 Linear varia-

tion of shearing stress with rate of
shearing strain for common fluids.

. . du
Rate of shearing strain, e
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The various types
of non-Newtonian
[fluids are distin-
guished by how
their apparent vis-
cosity changes with
shear rate.

V1.4 Non-
Newtonian behavior

Bingham plastic

Shear thinning—s,

~— Newtonian

Shearing stress, 7

B FIGURE 1.5 Variation of shearing
stress with rate of shearing strain for several
types of fluids, including common non-Newtonian

Rate of shearing strain, Z—; fluids.

~—— Shear thickening

onto the wall because the thin layer of paint between the wall and the brush causes a large
shear rate (large du/dy) and a small apparent viscosity.

For shear thickening fluids the apparent viscosity increases with increasing shear rate—
the harder the fluid is sheared, the more viscous it becomes. Common examples of this type
of fluid include water-corn starch mixture and water-sand mixture (“quicksand”). Thus, the
difficulty in removing an object from quicksand increases dramatically as the speed of removal
increases.

The other type of behavior indicated in Fig. 1.5 is that of a Bingham plastic, which is
neither a fluid nor a solid. Such material can withstand a finite shear stress without motion
(therefore, it is not a fluid), but once the yield stress is exceeded it flows like a fluid (hence,
it is not a solid). Toothpaste and mayonnaise are common examples of Bingham plastic
materials.

From Eq. 1.9 it can be readily deduced that the dimensions of viscosity are FTL .
Thus, in BG units viscosity is given as Ib - s/ft?> and in SI units as N - s/m?. Values of viscosity
for several common liquids and gases are listed in Tables 1.5 through 1.8. A quick glance at
these tables reveals the wide variation in viscosity among fluids. Viscosity is only mildly
dependent on pressure and the effect of pressure is usually neglected. However, as previously
mentioned, and as illustrated in Fig. 1.6, viscosity is very sensitive to temperature. For
example, as the temperature of water changes from 60 to 100 °F the density decreases by
less than 1% but the viscosity decreases by about 40%. It is thus clear that particular attention
must be given to temperature when determining viscosity.

Figure 1.6 shows in more detail how the viscosity varies from fluid to fluid and how
for a given fluid it varies with temperature. It is to be noted from this figure that the viscosity
of liquids decreases with an increase in temperature, whereas for gases an increase in
temperature causes an increase in viscosity. This difference in the effect of temperature on
the viscosity of liquids and gases can again be traced back to the difference in molecular
structure. The liquid molecules are closely spaced, with strong cohesive forces between
molecules, and the resistance to relative motion between adjacent layers of fluid is related
to these intermolecular forces. As the temperature increases, these cohesive forces are reduced
with a corresponding reduction in resistance to motion. Since viscosity is an index of this
resistance, it follows that the viscosity is reduced by an increase in temperature. In gases,
however, the molecules are widely spaced and intermolecular forces negligible. In this case
resistance to relative motion arises due to the exchange of momentum of gas molecules
between adjacent layers. As molecules are transported by random motion from a region of



Viscosity is very
sensitive to temper-
ature.
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Dynamic viscosity, N * s/m?
IS

4 Water

Air

Hydrogen
1x 109 m FIGURE 1.6

6 Dynamic (absolute) viscosity
-20 0 20 40 60 80 100 120 4f some common fluids as a
Temperature, °C function of temperature.

low bulk velocity to mix with molecules in a region of higher bulk velocity (and vice versa),
there is an effective momentum exchange which resists the relative motion between the layers.
As the temperature of the gas increases, the random molecular activity increases with a
corresponding increase in viscosity.

The effect of temperature on viscosity can be closely approximated using two empirical
formulas. For gases the Sutherland equation can be expressed as

CT3"?
CT+S

I (1.10)
where C and S are empirical constants, and 7T is absolute temperature. Thus, if the viscosity
is known at two temperatures, C and S can be determined. Or, if more than two viscosities
are known, the data can be correlated with Eq. 1.10 by using some type of curve-fitting
scheme.

For liquids an empirical equation that has been used is

w = De®T (1.11)

where D and B are constants and 7 is absolute temperature. This equation is often referred
to as Andrade’s equation. As was the case for gases, the viscosity must be known at least
for two temperatures so the two constants can be determined. A more detailed discussion of
the effect of temperature on fluids can be found in Ref. 1.
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Kinematic viscosity
is defined as the
ratio of the absolute
viscosity to the fluid
density.

EXAMP:_.E

Quite often viscosity appears in fluid flow problems combined with the density in the
form

This ratio is called the kinematic viscosity and is denoted with the Greek symbol v (nu). The
dimensions of kinematic viscosity are L*/T, and the BG units are ft*/s and SI units are m?/s.
Values of kinematic viscosity for some common liquids and gases are given in Tables 1.5
through 1.8. More extensive tables giving both the dynamic and kinematic viscosities for
water and air can be found in Appendix B (Tables B.1 through B.4), and graphs showing
the variation in both dynamic and kinematic viscosity with temperature for a variety of fluids
are also provided in Appendix B (Figs. B.1 and B.2).

Although in this text we are primarily using BG and SI units, dynamic viscosity is
often expressed in the metric CGS (centimeter-gram-second) system with units of
dyne - s/cm?. This combination is called a poise, abbreviated P. In the CGS system, kinematic
viscosity has units of cm?/s, and this combination is called a stoke, abbreviated St.

A dimensionless combination of variables that is important in the study of viscous flow
through pipes is called the Reynolds number, Re, defined as pVD/u where p is the fluid den-
sity, V the mean fluid velocity, D the pipe diameter, and w the fluid viscosity. A Newtonian
fluid having a viscosity of 0.38 N -s/m” and a specific gravity of 0.91 flows through a
25-mm-diameter pipe with a velocity of 2.6 m/s. Determine the value of the Reynolds num-
ber using (a) ST units, and (b) BG units.

SoLution

(a) The fluid density is calculated from the specific gravity as
p = SG puoasc = 0.91 (1000 kg/m*) = 910 kg/m’
and from the definition of the Reynolds number
pVD (910 kg/m’)(2.6 m/s)(25 mm)(10™> m/mm)

o 0.38 N - s/m?
156 (kg - m/s*)/N

Re

However, since 1 N = 1 kg - m/s” it follows that the Reynolds number is unitless—that
is,
Re = 156 (Ans)

The value of any dimensionless quantity does not depend on the system of units used
if all variables that make up the quantity are expressed in a consistent set of units. To
check this we will calculate the Reynolds number using BG units.

(b) We first convert all the SI values of the variables appearing in the Reynolds number to
BG values by using the conversion factors from Table 1.4. Thus,

p = (910 kg/m?)(1.940 X 107°) = 1.77 slugs/ft’

V = (2.6 m/s)(3.281) = 8.53 ft/s

D = (0.025 m)(3.281) = 8.20 X 10> ft

w = (0.38 N -5/m?)(2.089 X 107%) = 7.94 X 1073 1b - s/ft®
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and the value of the Reynolds number is

(1.77 slugs/ft*)(8.53 ft/s)(8.20 X 1072 ft)
7.94 X 1073 1b - s/ft?
156 (slug - ft/s*)/1b = 156 (Ans)

since 11b = 1 slug - ft/s%. The values from part (a) and part (b) are the same, as ex-
pected. Dimensionless quantities play an important role in fluid mechanics and the sig-
nificance of the Reynolds number as well as other important dimensionless combina-
tions will be discussed in detail in Chapter 7. It should be noted that in the Reynolds
number it is actually the ratio u/p that is important, and this is the property that we
have defined as the kinematic viscosity.

The velocity distribution for the flow of a Newtonian fluid between two wide, parallel plates
(see Fig. E1.5) is given by the equation

2=

where V is the mean velocity. The fluid has a viscosity of 0.04 Ib - s/ft>. When V = 2 ft/s
and & = 0.2 in. determine: (a) the shearing stress acting on the bottom wall, and (b) the
shearing stress acting on a plane parallel to the walls and passing through the centerline
(midplane).

! |
oY u
|| )
. =
h
!
) ) MW FIGURE E1.5
SoLution
For this type of parallel flow the shearing stress is obtained from Eq. 1.9,
du
=u— 1
s @)

Thus, if the velocity distribution u = u(y) is known, the shearing stress can be determined
at all points by evaluating the velocity gradient, du/dy. For the distribution given
du 3Vy
= 2)
dy h

(a) Along the bottom wall y = —h so that (from Eq. 2)

du 3V
dy h
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and therefore the shearing stress is

<3v> ~(0.041b - s/f3)(3)(2 ft/s)
h) (02in)(1ft/12in.)

14.4 1b/ft* (in direction of flow) (Ans)

Thottom
wall

This stress creates a drag on the wall. Since the velocity distribution is symmetrical,
the shearing stress along the upper wall would have the same magnitude and direction.
(b) Along the midplane where y = 0 it follows from Eq. 2 that

_y
dy
and thus the shearing stress is
Tmidplane =0 (AIIS)

From Eq. 2 we see that the velocity gradient (and therefore the shearing stress)
varies linearly with y and in this particular example varies from O at the center of the
channel to 14.4 1b/ft> at the walls. For the more general case the actual variation will,
of course, depend on the nature of the velocity distribution.

1.7 Compressibility of Fluids

Liquids are usually
considered to be
imcompressible,
whereas gases are
generally consid-
ered compressible.

1.7.1 Bulk Modulus

An important question to answer when considering the behavior of a particular fluid is how
easily can the volume (and thus the density) of a given mass of the fluid be changed when
there is a change in pressure? That is, how compressible is the fluid? A property that is
commonly used to characterize compressibility is the bulk modulus, E,, defined as
dp
E,=—— 1.12
! dv /¥ (1.12)
where dp is the differential change in pressure needed to create a differential change in
volume, d¥, of a volume ¥. The negative sign is included since an increase in pressure will
cause a decrease in volume. Since a decrease in volume of a given mass, m = p¥, will result
in an increase in density, Eq. 1.12 can also be expressed as

_
" dp/p

The bulk modulus (also referred to as the bulk modulus of elasticity) has dimensions of
pressure, FL 2. In BG units values for E, are usually given as Ib/in.” (psi) and in SI units as
N/m? (Pa). Large values for the bulk modulus indicate that the fluid is relatively
incompressible—that is, it takes a large pressure change to create a small change in volume.
As expected, values of E, for common liquids are large (see Tables 1.5 and 1.6). For example,
at atmospheric pressure and a temperature of 60 °F it would require a pressure of 3120 psi
to compress a unit volume of water 1%. This result is representative of the compressibility
of liquids. Since such large pressures are required to effect a change in volume, we conclude
that liquids can be considered as incompressible for most practical engineering applications.

1.13)



The value of the
bulk modulus de-
pends on the type
of process involved.
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As liquids are compressed the bulk modulus increases, but the bulk modulus near atmospheric
pressure is usually the one of interest. The use of bulk modulus as a property describing
compressibility is most prevalent when dealing with liquids, although the bulk modulus can
also be determined for gases.

1.7.2 Compression and Expansion of Gases

When gases are compressed (or expanded) the relationship between pressure and density
depends on the nature of the process. If the compression or expansion takes place under
constant temperature conditions (isothermal process), then from Eq. 1.8

% = constant (1.14)

If the compression or expansion is frictionless and no heat is exchanged with the surroundings
(isentropic process), then

Ek = constant (1.15)
p
where k is the ratio of the specific heat at constant pressure, c,, to the specific heat at constant
volume, ¢, (i.e., k = c,/c,). The two specific heats are related to the gas constant, R, through
the equation R = ¢, — ¢,. As was the case for the ideal gas law, the pressure in both Egs.
1.14 and 1.15 must be expressed as an absolute pressure. Values of k for some common gases
are given in Tables 1.7 and 1.8, and for air over a range of temperatures, in Appendix B
(Tables B.3 and B.4).
With explicit equations relating pressure and density the bulk modulus for gases can
be determined by obtaining the derivative dp/dp from Eq. 1.14 or 1.15 and substituting the
results into Eq. 1.13. It follows that for an isothermal process

E,=p (1.16)
and for an isentropic process,
E, = kp 1.17)

Note that in both cases the bulk modulus varies directly with pressure. For air under standard
atmospheric conditions with p = 14.7 psi (abs) and k = 1.40, the isentropic bulk modulus is
20.6 psi. A comparison of this figure with that for water under the same conditions
(E, = 312,000 psi) shows that air is approximately 15,000 times as compressible as water.
It is thus clear that in dealing with gases greater attention will need to be given to the effect
of compressibility on fluid behavior. However, as will be discussed further in later sections,
gases can often be treated as incompressible fluids if the changes in pressure are small.

A cubic foot of helium at an absolute pressure of 14.7 psi is compressed isentropically to
1 ft3. What is the final pressure?

GoLution

For an isentropic compression,

pi_Pr

pf pf
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The velocity at
which small distur-
bances propagate in
a fluid is called the
speed of sound.

where the subscripts i and f refer to initial and final states, respectively. Since we are inter-
ested in the final pressure, P it follows that

-(2)
pf p; Di

As the volume is reduced by one half, the density must double, since the mass of the gas re-
mains constant. Thus,

pr= (2)"%°(14.7 psi) = 46.5 psi (abs) (Ans)
\_

1.7.3 Speed of Sound

Another important consequence of the compressibility of fluids is that disturbances introduced
at some point in the fluid propagate at a finite velocity. For example, if a fluid is flowing in
a pipe and a valve at the outlet is suddenly closed (thereby creating a localized disturbance),
the effect of the valve closure is not felt instantaneously upstream. It takes a finite time for
the increased pressure created by the valve closure to propagate to an upstream location.
Similarly, a loud speaker diaphragm causes a localized disturbance as it vibrates, and the
small change in pressure created by the motion of the diaphragm is propagated through the
air with a finite velocity. The velocity at which these small disturbances propagate is called
the acoustic velocity or the speed of sound, c. It will be shown in Chapter 11 that the speed
of sound is related to changes in pressure and density of the fluid medium through the equation

_ [
=\ (118)

or in terms of the bulk modulus defined by Eq. 1.13

E,
Cc = (1.19)
p
Since the disturbance is small, there is negligible heat transfer and the process is assumed to
be isentropic. Thus, the pressure-density relationship used in Eq. 1.18 is that for an isentropic
process.
For gases undergoing an isentropic process, E, = kp (Eq. 1.17) so that

[kp
CcC = -
p

and making use of the ideal gas law, it follows that
¢ = VkRT (1.20)

Thus, for ideal gases the speed of sound is proportional to the square root of the absolute
temperature. For example, for air at 60 °F with k = 1.40 and R = 1716 ft - Ib/slug - °R it
follows that ¢ = 1117 ft/s. The speed of sound in air at various temperatures can be found
in Appendix B (Tables B.3 and B.4). Equation 1.19 is also valid for liquids, and values of
E, can be used to determine the speed of sound in liquids. For water at
20 °C, E, = 2.19 GN/m? and p = 998.2 kg/m? so that ¢ = 1481 m/s or 4860 ft/s. Note that
the speed of sound in water is much higher than in air. If a fluid were truly incompressible
(E, = o0) the speed of sound would be infinite. The speed of sound in water for various
temperatures can be found in Appendix B (Tables B.1 and B.2).
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A jet aircraft flies at a speed of 550 mph at an altitude of 35,000 ft, where the temperature
is —66 °F. Determine the ratio of the speed of the aircraft, V, to that of the speed of sound,
¢, at the specified altitude. Assume k = 1.40.

SoLution

From Eq. 1.20 the speed of sound can be calculated as

¢ = VART = V(1.40)(1716 ft - Ib/slug - °R)(—66 + 460) °R
= 973 fi/s

Since the air speed is
(550 mi/hr)(5280 ft/mi)

V= — 807 ft,
(3600 s/hr) /s
the ratio is
V_ BOTHS _ 829 (Ans)
¢ ofs

This ratio is called the Mach number, Ma. If Ma < 1.0 the aircraft is flying at subsonic
speeds, whereas for Ma > 1.0 it is flying at supersonic speeds. The Mach number is an im-
portant dimensionless parameter used in the study of the flow of gases at high speeds and
will be further discussed in Chapters 7, 9, and 11.

\

1.8 Vapor Pressure

A liquid boils when
the pressure is re-
duced to the vapor
pressure.

It is a common observation that liquids such as water and gasoline will evaporate if they are
simply placed in a container open to the atmosphere. Evaporation takes place because some
liquid molecules at the surface have sufficient momentum to overcome the intermolecular
cohesive forces and escape into the atmosphere. If the container is closed with a small air
space left above the surface, and this space evacuated to form a vacuum, a pressure will
develop in the space as a result of the vapor that is formed by the escaping molecules. When
an equilibrium condition is reached so that the number of molecules leaving the surface is
equal to the number entering, the vapor is said to be saturated and the pressure that the vapor
exerts on the liquid surface is termed the vapor pressure.

Since the development of a vapor pressure is closely associated with molecular activity,
the value of vapor pressure for a particular liquid depends on temperature. Values of vapor
pressure for water at various temperatures can be found in Appendix B (Tables B.1 and B.2),
and the values of vapor pressure for several common liquids at room temperatures are given
in Tables 1.5 and 1.6.

Boiling, which is the formation of vapor bubbles within a fluid mass, is initiated when
the absolute pressure in the fluid reaches the vapor pressure. As commonly observed in the
kitchen, water at standard atmospheric pressure will boil when the temperature reaches
212 °F (100 °C)—that is, the vapor pressure of water at 212 °F is 14.7 psi (abs). However,
if we attempt to boil water at a higher elevation, say 10,000 ft above sea level, where the
atmospheric pressure is 10.1 psi (abs), we find that boiling will start when the temperature
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In flowing liquids it
is possible for the
pressure in local-
ized regions to
reach vapor pres-
sure thereby caus-
ing cavitation.

is about 193 °F. At this temperature the vapor pressure of water is 10.1 psi (abs). Thus, boiling
can be induced at a given pressure acting on the fluid by raising the temperature, or at a
given fluid temperature by lowering the pressure.

An important reason for our interest in vapor pressure and boiling lies in the common
observation that in flowing fluids it is possible to develop very low pressure due to the fluid
motion, and if the pressure is lowered to the vapor pressure, boiling will occur. For example,
this phenomenon may occur in flow through the irregular, narrowed passages of a valve or
pump. When vapor bubbles are formed in a flowing fluid they are swept along into regions
of higher pressure where they suddenly collapse with sufficient intensity to actually cause
structural damage. The formation and subsequent collapse of vapor bubbles in a flowing fluid,
called cavitation, is an important fluid flow phenomenon to be given further attention in
Chapters 3 and 7.

1.9 Surface Tension

V1.5 Floating razor
blade

At the interface between a liquid and a gas, or between two immiscible liquids, forces develop
in the liquid surface which cause the surface to behave as if it were a “skin” or “membrane”
stretched over the fluid mass. Although such a skin is not actually present, this conceptual
analogy allows us to explain several commonly observed phenomena. For example, a steel
needle will float on water if placed gently on the surface because the tension developed in
the hypothetical skin supports the needle. Small droplets of mercury will form into spheres
when placed on a smooth surface because the cohesive forces in the surface tend to hold all
the molecules together in a compact shape. Similarly, discrete water droplets will form when
placed on a newly waxed surface. (See the photograph at the beginning of Chapter 1.)

These various types of surface phenomena are due to the unbalanced cohesive forces
acting on the liquid molecules at the fluid surface. Molecules in the interior of the fluid mass
are surrounded by molecules that are attracted to each other equally. However, molecules
along the surface are subjected to a net force toward the interior. The apparent physical
consequence of this unbalanced force along the surface is to create the hypothetical skin or
membrane. A tensile force may be considered to be acting in the plane of the surface along
any line in the surface. The intensity of the molecular attraction per unit length along any
line in the surface is called the surface tension and is designated by the Greek symbol o
(sigma). For a given liquid the surface tension depends on temperature as well as the other
fluid it is in contact with at the interface. The dimensions of surface tension are FL~' with
BG units of Ib/ft and ST units of N/m. Values of surface tension for some common liquids
(in contact with air) are given in Tables 1.5 and 1.6 and in Appendix B (Tables B.1 and B.2)
for water at various temperatures. The value of the surface tension decreases as the temper-
ature increases.

The pressure inside a drop of fluid can be calculated using the free-body diagram in
Fig. 1.7. If the spherical drop is cut in half (as shown) the force developed around the edge

AprR? o B FIGURE 1.7 Forces acting on one-half of a liquid drop.



Capillary action in
small tubes, which
involves a liquid—
gas—solid interface,
is caused by surface
tension.
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due to surface tension is 27rRo. This force must be balanced by the pressure difference, Ap,
between the internal pressure, p;, and the external pressure, p,, acting over the circular area,
R Thus,

27Ro = Ap wR?
or

20
Ap=pi—pe=" 1.21)

R
It is apparent from this result that the pressure inside the drop is greater than the pressure
surrounding the drop. (Would the pressure on the inside of a bubble of water be the same as
that on the inside of a drop of water of the same diameter and at the same temperature?)

Among common phenomena associated with surface tension is the rise (or fall) of a
liquid in a capillary tube. If a small open tube is inserted into water, the water level in the
tube will rise above the water level outside the tube as is illustrated in Fig. 1.8a. In this
situation we have a liquid—gas—solid interface. For the case illustrated there is an attraction
(adhesion) between the wall of the tube and liquid molecules which is strong enough to
overcome the mutual attraction (cohesion) of the molecules and pull them up the wall. Hence,
the liquid is said to wet the solid surface.

The height, &, is governed by the value of the surface tension, o, the tube radius, R,
the specific weight of the liquid, vy, and the angle of contact, 6, between the fluid and tube.
From the free-body diagram of Fig. 1.8b we see that the vertical force due to the surface
tension is equal to 27Ro cosf and the weight is y7R*h and these two forces must balance
for equilibrium. Thus,

ywR*h = 2mRo cosf
so that the height is given by the relationship

h— 20 cosb

R (1.22)

The angle of contact is a function of both the liquid and the surface. For water in contact
with clean glass 8 = 0°. It is clear from Eq. 1.22 that the height is inversely proportional to
the tube radius, and therefore the rise of a liquid in a tube as a result of capillary action
becomes increasingly pronounced as the tube radius is decreased.

}’ﬂth

B FIGURE 1.8 Effect of capillary action in small tubes. (a) Rise of column for a liquid
that wets the tube. (b) Free-body diagram for calculating column height. (c¢) Depression of col-
umn for a nonwetting liquid.
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EXAMP:.E

Surface tension ef-
fects play a role in
many fluid mechan-
ics problems associ-
ated with liquid-
gas, liquid-liquid,
or liquid-gas—solid
interfaces.

Pressures are sometimes determined by measuring the height of a column of liquid in a ver-
tical tube. What diameter of clean glass tubing is required so that the rise of water at 20 °C
in a tube due to capillary action (as opposed to pressure in the tube) is less than 1.0 mm?

SoLurion
From Eq. 1.22
h— 20 cosf
YR
so that
_ 20 cosf
vh

For water at 20 °C (from Table B.2), ¢ = 0.0728 N/m and y = 9.789 kN/m’. Since 6 ~ 0°
it follows that for 2~ = 1.0 mm,
2(0.0728 N/m)(1)

R= = 0.0149
(9.789 X 10° N/m*)(1.0 mm)(10~* m/mm) m

and the minimum required tube diameter, D, is

D = 2R = 0.0298 m = 29.8 mm (Ans)

\.

If adhesion of molecules to the solid surface is weak compared to the cohesion between
molecules, the liquid will not wet the surface and the level in a tube placed in a nonwetting
liquid will actually be depressed as shown in Fig. 1.8c. Mercury is a good example of a
nonwetting liquid when it is in contact with a glass tube. For nonwetting liquids the angle
of contact is greater than 90°, and for mercury in contact with clean glass 6 = 130°.

Surface tension effects play a role in many fluid mechanics problems including the
movement of liquids through soil and other porous media, flow of thin films, formation of
drops and bubbles, and the breakup of liquid jets. Surface phenomena associated with liquid—
gas, liquid-liquid, liquid—gas—solid interfaces are exceedingly complex, and a more detailed
and rigorous discussion of them is beyond the scope of this text. Fortunately, in many fluid
mechanics problems, surface phenomena, as characterized by surface tension, are not impor-
tant, since inertial, gravitational, and viscous forces are much more dominant.

1.10 A Brief Look Back in History

Before proceeding with our study of fluid mechanics, we should pause for a moment to
consider the history of this important engineering science. As is true of all basic scientific
and engineering disciplines, their actual beginnings are only faintly visible through the haze
of early antiquity. But, we know that interest in fluid behavior dates back to the ancient
civilizations. Through necessity there was a practical concern about the manner in which
spears and arrows could be propelled through the air, in the development of water supply and
irrigation systems, and in the design of boats and ships. These developments were of course
based on trial and error procedures without any knowledge of mathematics or mechanics.
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However, it was the accumulation of such empirical knowledge that formed the basis for
further development during the emergence of the ancient Greek civilization and the
subsequent rise of the Roman Empire. Some of the earliest writings that pertain to modern
fluid mechanics are those of Archimedes (287-212 B.c.), a Greek mathematician and inventor
who first expressed the principles of hydrostatics and flotation. Elaborate water supply
systems were built by the Romans during the period from the fourth century B.C. through the
early Christian period, and Sextus Julius Frontinus (A.D. 40-103), a Roman engineer,
described these systems in detail. However, for the next 1000 years during the Middle Ages
(also referred to as the Dark Ages), there appears to have been little added to further
understanding of fluid behavior.

Beginning with the Renaissance period (about the fifteenth century) a rather continuous
series of contributions began that forms the basis of what we consider to be the science of
fluid mechanics. Leonardo da Vinci (1452—1519) described through sketches and writings
many different types of flow phenomena. The work of Galileo Galilei (1564—1642) marked
the beginning of experimental mechanics. Following the early Renaissance period and during
the seventeenth and eighteenth centuries, numerous significant contributions were made.
These include theoretical and mathematical advances associated with the famous names of
Newton, Bernoulli, Euler, and d’Alembert. Experimental aspects of fluid mechanics were
also advanced during this period, but unfortunately the two different approaches, theoretical
and experimental, developed along separate paths. Hydrodynamics was the term associated
with the theoretical or mathematical study of idealized, frictionless fluid behavior, with the
term hydraulics being used to describe the applied or experimental aspects of real fluid
behavior, particularly the behavior of water. Further contributions and refinements were made
to both theoretical hydrodynamics and experimental hydraulics during the nineteenth century,
with the general differential equations describing fluid motions that are used in modern fluid
mechanics being developed in this period. Experimental hydraulics became more of a science,
and many of the results of experiments performed during the nineteenth century are still used
today.

At the beginning of the twentieth century both the fields of theoretical hydrodynamics
and experimental hydraulics were highly developed, and attempts were being made to
unify the two. In 1904 a classic paper was presented by a German professor, Ludwig Prandtl
(1857-1953), who introduced the concept of a “fluid boundary layer,” which laid the
foundation for the unification of the theoretical and experimental aspects of fluid mechanics.
Prandtl’s idea was that for flow next to a solid boundary a thin fluid layer (boundary layer)
develops in which friction is very important, but outside this layer the fluid behaves very
much like a frictionless fluid. This relatively simple concept provided the necessary impetus
for the resolution of the conflict between the hydrodynamicists and the hydraulicists. Prandtl
is generally accepted as the founder of modern fluid mechanics.

Also, during the first decade of the twentieth century, powered flight was first success-
fully demonstrated with the subsequent vastly increased interest in aerodynamics. Because
the design of aircraft required a degree of understanding of fluid flow and an ability to make
accurate predictions of the effect of air flow on bodies, the field of aerodynamics provided
a great stimulus for the many rapid developments in fluid mechanics that have taken place
during the twentieth century.

As we proceed with our study of the fundamentals of fluid mechanics, we will continue
to note the contributions of many of the pioneers in the field. Table 1.9 provides a chrono-
logical listing of some of these contributors and reveals the long journey that makes up the
history of fluid mechanics. This list is certainly not comprehensive with regard to all of the
past contributors, but includes those who are mentioned in this text. As mention is made in
succeeding chapters of the various individuals listed in Table 1.9, a quick glance at this table
will reveal where they fit into the historical chain.
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The rich history of
fluid mechanics is
fascinating, and
many of the contri-
butions of the
pioneers in the field
are noted in the
succeeding
chapters.

B TABLE 1.9

Chronological Listing of Some Contributors to the Science of Fluid

Mechanics Noted in the Text?

ARCHIMEDES (287-212 B.C.)
Established elementary principles of buoyancy
and flotation.

SEXTUS JULIUS FRONTINUS (A.D. 4()—103)
Wrote treatise on Roman methods of water
distribution.

LEONARDO da VINCI (1452-1519)
Expressed elementary principle of continuity;
observed and sketched many basic flow
phenomena; suggested designs for hydraulic
machinery.

GALILEO GALILEI (1564-1642)
Indirectly stimulated experimental hydraulics;
revised Aristotelian concept of vacuum.

EVANGELISTA TORRICELLI (1608-1647)
Related barometric height to weight of
atmosphere, and form of liquid jet to trajectory
of free fall.

BLAISE PASCAL (1623-1662)
Finally clarified principles of barometer,
hydraulic press, and pressure transmissibility.

ISAAC NEWTON (1642-1727)

Explored various aspects of fluid resistance—
inertial, viscous, and wave; discovered jet
contraction.

HENRI de PITOT (1695-1771)

Constructed double-tube device to indicate water
velocity through differential head.

DANIEL BERNOULLI (1700-1782)
Experimented and wrote on many phases of
fluid motion, coining name “hydrodynamics”;
devised manometry technique and adapted
primitive energy principle to explain velocity-
head indication; proposed jet propulsion.

LEONHARD EULER (1707-1783)

First explained role of pressure in fluid flow;
formulated basic equations of motion and so-
called Bernoulli theorem; introduced concept of
cavitation and principle of centrifugal machinery.
JEAN le ROND d’ALEMBERT (1717-1783)
Originated notion of velocity and acceleration
components, differential expression of
continuity, and paradox of zero resistance to
steady nonuniform motion.

ANTOINE CHEZY (1718-1798)

Formulated similarity parameter for predicting
flow characteristics of one channel from
measurements on another.

GIOVANNI BATTISTA VENTURI (1746—1822)
Performed tests on various forms of
mouthpieces—in particular, conical contractions
and expansions.

LOUIS MARIE HENRI NAVIER (1785-1836)
Extended equations of motion to include
“molecular” forces.

AUGUSTIN LOUIS de CAUCHY (1789-1857)
Contributed to the general field of theoretical
hydrodynamics and to the study of wave motion.

GOTTHILF HEINRICH LUDWIG HAGEN
(1797-1884)

Conducted original studies of resistance in and
transition between laminar and turbulent flow.

JEAN LOUIS POISEUILLE (1799-1869)
Performed meticulous tests on resistance of flow
through capillary tubes.

HENRI PHILIBERT GASPARD DARCY
(1803-1858)

Performed extensive tests on filtration and pipe
resistance; initiated open-channel studies carried
out by Bazin.

JULIUS WEISBACH (1806-1871)

Incorporated hydraulics in treatise on
engineering mechanics, based on original
experiments; noteworthy for flow patterns,
nondimensional coefficients, weir, and resistance
equations.

WILLIAM FROUDE (1810-1879)

Developed many towing-tank techniques, in
particular the conversion of wave and boundary
layer resistance from model to prototype scale.

ROBERT MANNING (1816-1897)
Proposed several formulas for open-channel
resistance.

GEORGE GABRIEL STOKES (1819-1903)
Derived analytically various flow relationships
ranging from wave mechanics to viscous
resistance—particularly that for the settling of
spheres.

ERNST MACH (1838-1916)
One of the pioneers in the field of supersonic
aerodynamics.

OSBORNE REYNOLDS (1842-1912)

Described original experiments in many fields—
cavitation, river model similarity, pipe
resistance—and devised two parameters for
viscous flow; adapted equations of motion of a
viscous fluid to mean conditions of turbulent
flow.

JOHN WILLIAM STRUTT, LORD RAYLEIGH
(1842-1919)

Investigated hydrodynamics of bubble collapse,
wave motion, jet instability, laminar flow
analogies, and dynamic similarity.

VINCENZ STROUHAL (1850-1922)
Investigated the phenomenon of “singing wires.”

EDGAR BUCKINGHAM (1867-1940)
Stimulated interest in the United States in the
use of dimensional analysis.
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MORITZ WEBER (1871-1951)

Emphasized the use of the principles of
similitude in fluid flow studies and formulated a
capillarity similarity parameter.

LUDWIG PRANDTL (1875-1953)

Introduced concept of the boundary layer and is
generally considered to be the father of present-

THEODOR VON KARMAN (1881-1963)
One of the recognized leaders of twentieth
century fluid mechanics. Provided major
contributions to our understanding of surface
resistance, turbulence, and wake phenomena.
PAUL RICHARD HEINRICH BLASIUS
(1883-1970)

day fluid mechanics.
LEWIS FERRY MOODY (1880-1953)

Provided many innovations in the field of hydraulic
machinery. Proposed a method of correlating

One of Prandtl’s students who provided an
analytical solution to the boundary layer
equations. Also, demonstrated that pipe
resistance was related to the Reynolds number.

pipe resistance data which is widely used.

“Adapted from Ref. 2; used by permission of the Iowa Institute of Hydraulic Research, The University of Iowa.

It is, of course, impossible to summarize the rich history of fluid mechanics in a few
paragraphs. Only a brief glimpse is provided, and we hope it will stir your interest. References
2 to 5 are good starting points for further study, and in particular Ref. 2 provides an excellent,
broad, easily read history. Try it—you might even enjoy it!
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Problems

Note: Unless specific values of required fluid properties are
given in the statement of the problem, use the values found in
the tables on the inside of the front cover. Problems designated
with an (*) are intended to be solved with the aid of a pro-
grammable calculator or a computer. Problems designated with
a (1) are “open-ended” problems and require critical thinking
in that to work them one must make various assumptions and
provide the necessary data. There is not a unique answer to
these problems.

In the E-book, answers to the even-numbered problems can
be obtained by clicking on the problem number. In the E-book,
access to the videos that accompany problems can be obtained
by clicking on the “video” segment (i.e., Video 1.3) of the prob-
lem statement. The lab-type problems can be accessed by click-
ing on the “click here” segment of the problem statement.

1.1 Determine the dimensions, in both the FLT system and
the MLT system, for (a) the product of mass times velocity,
(b) the product of force times volume, and (c) kinetic energy
divided by area.

1.2 Verify the dimensions, in both the FLT and MLT
systems, of the following quantities which appear in Table 1.1:
(a) angular velocity, (b) energy, (¢) moment of inertia (area),
(d) power, and (e) pressure.

1.3 Verify the dimensions, in both the FLT system and the
MLT system, of the following quantities which appear in Table
1.1: (a) acceleration, (b) stress, (¢) moment of a force, (d) vol-
ume, and (e) work.

1.4 If P is a force and x a length, what are the dimensions
(in the FLT system) of (a) dP/dx, (b) d*P/dx*, and (¢) [P dx?

1.5 If p is a pressure, V a velocity, and p a fluid density,
what are the dimensions (in the MLT system) of (a) p/p, (b)
pVp, and (c) p/pV?*?

1.6 If Vis a velocity, € a length, and » a fluid property
having dimensions of L*7~!, which of the following
combinations are dimensionless: (a) Vev, (b) V€/v, (¢) Vv,
@) v/ev?

1.7 Dimensionless combinations of quantities (commonly
called dimensionless parameters) play an important role in fluid
mechanics. Make up five possible dimensionless parameters by
using combinations of some of the quantities listed in Table 1.1.

1.8 The force, P, that is exerted on a spherical particle
moving slowly through a liquid is given by the equation
P =37uDV

where w is a fluid property (viscosity) having dimensions of
FL™°T, D is the particle diameter, and V is the particle velocity.
What are the dimensions of the constant, 37? Would you
classify this equation as a general homogeneous equation?

1.9 According to information found in an old hydraulics
book, the energy loss per unit weight of fluid flowing through
a nozzle connected to a hose can be estimated by the formula

h = (0.04 to 0.09)(D/d)*V*/2g

where /£ is the energy loss per unit weight, D the hose diameter,
d the nozzle tip diameter, V the fluid velocity in the hose, and
g the acceleration of gravity. Do you think this equation is valid
in any system of units? Explain.

1.10 The pressure difference, Ap, across a partial blockage
in an artery (called a stenosis) is approximated by the equation

I‘LV AO 2 2
Ap = K, D + K"(A, 1)pV
where V is the blood velocity, w the blood viscosity (FL™*T),
p the blood density (ML™3), D the artery diameter, A, the area
of the unobstructed artery, and A; the area of the stenosis.
Determine the dimensions of the constants K, and K,. Would
this equation be valid in any system of units?

1.11 Assume that the speed of sound, c, in a fluid depends
on an elastic modulus, E,, with dimensions FL. "2, and the fluid
density, p, in the form ¢ = (E,)(p)". If this is to be a
dimensionally homogeneous equation, what are the values for
a and b? Is your result consistent with the standard formula for
the speed of sound? (See Eq. 1.19.)

1.12 A formula for estimating the volume rate of flow, Q,
over the spillway of a dam is

0 = C\V2gB(H+ V¥2)"

where C is a constant, g the acceleration of gravity, B the
spillway width, H the depth of water passing over the spillway,
and V the velocity of water just upstream of the dam. Would
this equation be valid in any system of units? Explain.

¥ 1.13 Cite an example of a restricted homogeneous
equation contained in a technical article found in an engineering
journal in your field of interest. Define all terms in the equation,
explain why it is a restricted equation, and provide a complete
journal citation (title, date, etc.).

1.14 Make use of Table 1.3 to express the following
quantities in ST units: (a) 10.2 in./min, (b) 4.81 slugs, (c¢) 3.02
Ib, (d) 73.1 ft/s% (e) 0.0234 1b - s/ft%.

1.15 Make use of Table 1.4 to express the following
quantities in BG units: (a) 14.2 km, (b) 8.14 N/m’, (c)
1.61 kg/m’, (d) 0.0320 N - m/s, (e) 5.67 mm/hr.

1.16 Make use of Appendix A to express the following
quantities in SI units: (a) 160 acre, (b) 742 Btu, (¢) 240 miles,
(d) 79.1 hp, (e) 60.3 °F.

1.17 Clouds can weigh thousands of pounds due to their
liquid water content. Often this content is measured in grams
per cubic meter (g/m*). Assume that a cumulus cloud occupies
a volume of one cubic kilometer, and its liquid water content
is 0.2 g/m’. (a) What is the volume of this cloud in cubic
miles? (b) How much does the water in the cloud weigh in
pounds?

1.18 For Table 1.3 verify the conversion relationships for:
(a) area, (b) density, (c) velocity, and (d) specific weight. Use
the basic conversion relationships: 1ft = 0.3048 m; 11b =
4.4482 N; and 1 slug = 14.594 kg.



1.19 For Table 1.4 verity the conversion relationships for:
(a) acceleration, (b) density, (c) pressure, and (d) volume flow-
rate. Use the basic conversion relationships: 1 m = 3.2808 ft;
I N = 0.22481 1b; and 1 kg = 0.068521 slug.

1.20 Water flows from a large drainage pipe at a rate of
1200 gal/min. What is this volume rate of flow in (a) m?/s, (b)
liters/min, and (c) ft}/s?

1.21 A tank of oil has a mass of 30 slugs. (a) Determine
its weight in pounds and in newtons at the earth’s surface. (b)
What would be its mass (in slugs) and its weight (in pounds) if
located on the moon’s surface where the gravitational attraction
is approximately one-sixth that at the earth’s surface?

1.22 A certain object weighs 300 N at the earth’s surface.
Determine the mass of the object (in kilograms) and its weight
(in newtons) when located on a planet with an acceleration of
gravity equal to 4.0 ft/s>.

1.23 An important dimensionless parameter in certain types
of fluid flow problems is the Froude number defined as V/ \/g7
where V is a velocity, g the acceleration of gravity, and € a
length. Determine the value of the Froude number for
V=10ft/s, g =322ft/s>, and € = 2ft. Recalculate the
Froude number using SI units for V, g, and €. Explain the
significance of the results of these calculations.

1.24 The specific weight of a certain liquid is 85.3 Ib/ft’.
Determine its density and specific gravity.

1.25 A hydrometer is used to measure the specific gravity
of liquids. (See Video V2.6.) For a certain liquid a hydrometer
reading indicates a specific gravity of 1.15. What is the liquid’s
density and specific weight? Express your answer in SI units.

1.26 An open, rigid-walled, cylindrical tank contains 4 ft*
of water at 40 °F. Over a 24-hour period of time the water
temperature varies from 40 °F to 90 °F. Make use of the data
in Appendix B to determine how much the volume of water will
change. For a tank diameter of 2 ft, would the corresponding
change in water depth be very noticeable? Explain.

7127 Estimate the number of pounds of mercury it
would take to fill your bath tub. List all assumptions and show
all calculations.

1.28 A liquid when poured into a graduated cylinder is
found to weigh 8 N when occupying a volume of 500 ml (milli-
liters). Determine its specific weight, density, and specific gravity.

1.29 The information on a can of pop indicates that the can
contains 355 mL. The mass of a full can of pop is 0.369 kg
while an empty can weighs 0.153 N. Determine the specific
weight, density, and specific gravity of the pop and compare
your results with the corresponding values for water at 20 °C.
Express your results in SI units.

*1.30 The variation in the density of water, p, with tem-
perature, 7, in the range 20 °C = T = 50 °C, is given in the
following table.

Density (kg/ m®) | 998.2 | 997.1 | 995.7 | 994.1 | 992.2 | 990.2 | 988.1

Temperature(°C)| 20 | 25 | 30 | 35 | 40 | 45 | 50

Use these data to determine an empirical equation of the form
p = ¢, + ;T + ¢;T? which can be used to predict the density
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over the range indicated. Compare the predicted values with the
data given. What is the density of water at 42.1° C?

T 1.31 Estimate the number of kilograms of water
consumed per day for household purposes in your city. List all
assumptions and show all calculations.

1.32 The density of oxygen contained in a tank is 2.0 kg/m’
when the temperature is 25° C. Determine the gage pressure of
the gas if the atmospheric pressure is 97 kPa.

1.33 Some experiments are being conducted in a laboratory
in which the air temperature is 27 °C, and the atmospheric
pressure is 14.3 psia. Determine the density of the air. Express
your answers in slugs/ft® and in kg/m®,

1.34 A closed tank having a volume of 2 ft’ is filled with
0.30 Ib of a gas. A pressure gage attached to the tank reads 12 psi
when the gas temperature is 80 °F. There is some question as
to whether the gas in the tank is oxygen or helium. Which do
you think it is? Explain how you arrived at your answer.

T 135 The presence of raindrops in the air during a heavy
rainstorm increases the average density of the air/water mixture.
Estimate by what percent the average air/water density is greater
than that of just still air. State all assumptions and show
calculations.

1.36 A tire having a volume of 3 ft* contains air at a gage
pressure of 26 psi and a temperature of 70 °F. Determine the
density of the air and the weight of the air contained in the tire.

1.37 A rigid tank contains air at a pressure of 90 psia and
a temperature of 60 °F. By how much will the pressure increase
as the temperature is increased to 110 °F?

*1.38 Develop a computer program for calculating the
density of an ideal gas when the gas pressure in pascals (abs),
the temperature in degrees Celsius, and the gas constant in
J/kg - K are specified.

*1.39 Repeat Problem 1.38 for the case in which the
pressure is given in psi (gage), the temperature in degrees
Fahrenheit, and the gas constant in ft1b/slug-°R.

1.40 Make use of the data in Appendix B to determine the
dynamic vicosity of mercury at 75 °F. Express your answer in
BG units.

1.41 One type of capillary-tube viscometer is shown in
Video V1.3 and in Fig. P1.41 at the top of the following page.
For this device the liquid to be tested is drawn into the tube to
a level above the top etched line. The time is then obtained for
the liquid to drain to the bottom etched line. The kinematic
viscosity, v, in m?/s is then obtained from the equation v = KRt
where K is a constant, R is the radius of the capillary tube in
mm, and ¢ is the drain time in seconds. When glycerin at 20 °C
is used as a calibration fluid in a particular viscometer the drain
time is 1,430 s. When a liquid having a density of 970 kg/m’
is tested in the same viscometer the drain time is 900 s. What
is the dynamic viscosity of this liquid?

1.42 The viscosity of a soft drink was determined by using
a capillary tube viscometer similar to that shown in Fig. P1.41
and Video V1.3. For this device the kinematic viscosity, v, is
directly proportional to the time, ¢, that it takes for a given
amount of liquid to flow through a small capillary tube. That
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is, v = Kt. The following data were obtained from regular pop
and diet pop. The corresponding measured specific gravities
are also given. Based on these data, by what percent is the
absolute viscosity, u, of regular pop greater than that of diet

pop?

Regular pop Diet pop
1(s) 377.8 300.3
SG 1.044 1.003

1.43 The time, ¢, it takes to pour a liquid from a container
depends on several factors, including the kinematic viscosity, v,
of the liquid. (See Video V1.1.) In some laboratory tests various
oils having the same density but different viscosities were
poured at a fixed tipping rate from small 150 ml beakers. The
time required to pour 100 ml of the oil was measured, and it
was found that an approximate equation for the pouring time in
seconds was t =1 + 9 X 10% + 8 X 10°»? with v in m%s.
(a) Is this a general homogeneous equation? Explain. (b) Compare
the time it would take to pour 100 ml of SAE 30 oil from a 150
ml beaker at 0 °C to the corresponding time at a temperature of
60 °C. Make use of Fig. B.2 in Appendix B for viscosity data.

1.44 The viscosity of a certain fluid is 5 X 10™* poise.
Determine its viscosity in both SI and BG units.

1.45 The kinematic viscosity of oxygen at 20 °C and a pres-
sure of 150 kPa (abs) is 0.104 stokes. Determine the dynamic
viscosity of oxygen at this temperature and pressure.

*1.46 Fluids for which the shearing stress, 7, is not linearly
related to the rate of shearing strain, vy, are designated as non-
Newtonian fluids. Such fluids are commonplace and can exhibit
unusual behavior as shown in Video V1.4. Some experimental
data obtained for a particular non-Newtonian fluid at 80 °F are
shown below.

T(lb/ftz) |
vy |

| 211
| 50

| 7.82
| 100

| 185
| 150

| 317
| 200 |

0
0

Plot these data and fit a second-order polynomial to the data using
a suitable graphing program. What is the apparent viscosity of
this fluid when the rate of shearing strain is 70 s~'? Is this
apparent viscosity larger or smaller than that for water at the
same temperature?

1.47 Water flows near a flat surface and some measure-
ments of the water velocity, u, parallel to the surface, at different
heights, y, above the surface are obtained. At the surface y = 0.
After an analysis of the data, the lab technician reports that the
velocity distribution in the range 0 <y < 0.1 ft is given by
the equation

u=081+ 92y + 4.1 X 10%}

with u in ft/s when y is in ft. (a) Do you think that this equation
would be valid in any system of units? Explain. (b) Do you
think this equation is correct? Explain. You may want to look
at Video 1.2 to help you arrive at your answer.

1.48 Calculate the Reynolds numbers for the flow of water
and for air through a 4-mm-diameter tube, if the mean velocity
is 3 m/s and the temperature is 30 °C in both cases (see Example
1.4). Assume the air is at standard atmospheric pressure.

1.49 For air at standard atmospheric pressure the values of
the constants that appear in the Sutherland equation (Eq. 1.10)
are C = 1.458 X 10 °kg/(m-s-K'?) and S = 110.4 K. Use
these values to predict the viscosity of air at 10 °C and 90 °C
and compare with values given in Table B.4 in Appendix B.

*1.50 Use the values of viscosity of air given in Table B.4
at temperatures of 0, 20, 40, 60, 80, and 100 °C to determine
the constants C and S which appear in the Sutherland equation
(Eq. 1.10). Compare your results with the values given in Prob-
lem 1.49. (Hint: Rewrite the equation in the form

T2 1 S
PO
% C C

and plot 7%?/u versus T. From the slope and intercept of this
curve, C and S can be obtained.)

1.51 The viscosity of a fluid plays a very important role in
determining how a fluid flows. (See Video V1.1.) The value of
the viscosity depends not only on the specific fluid but also on
the fluid temperature. Some experiments show that when a
liquid, under the action of a constant driving pressure, is forced
with a low velocity, V, through a small horizontal tube, the
velocity is given by the equation V = K/u. In this equation K
is a constant for a given tube and pressure, and u is the dynamic
viscosity. For a particular liquid of interest, the viscosity is given
by Andrade’s equation (Eq. 1.11) with D = 5 X 1077 b - s/ft*
and B = 4000 °R. By what percentage will the velocity increase
as the liquid temperature is increased from 40 °F to 100 °F?
Assume all other factors remain constant.

*1.52 Use the value of the viscosity of water given in Table
B.2 at temperatures of 0, 20, 40, 60, 80, and 100 °C to determine
the constants D and B which appear in Andrade’s equation (Eq.
1.11). Calculate the value of the viscosity at 50 °C and compare
with the value given in Table B.2. (Hint: Rewrite the equation
in the form

1
Inp= (B)?+lnD



and plot In u versus 1/7. From the slope and intercept of this
curve, B and D can be obtained. If a nonlinear curve-fitting
program is available the constants can be obtained directly from
Eq. 1.11 without rewriting the equation.)

1.53  Crude oil having a viscosity of 9.52 X 107*1b - s/ft?
is contained between parallel plates. The bottom plate is fixed
and the upper plate moves when a force P is applied (see Fig.
1.3). If the distance between the two plates is 0.1 in., what value
of P is required to translate the plate with a velocity of 3 ft/s?
The effective area of the upper plate is 200 in.?

1.54 As shown in Video V1.2, the “no slip” condition
means that a fluid “sticks” to a solid surface. This is true for
both fixed and moving surfaces. Let two layers of fluid be
dragged along by the motion of an upper plate as shown in Fig.
P1.54. The bottom plate is stationary. The top fluid puts a shear
stress on the upper plate, and the lower fluid puts a shear stress
on the botton plate. Determine the ratio of these two shear
stresses.

~—3m/s —]
Flud1l  0.02m ———>/ ;=04 N-s/m?
EE—
Fluid2  0.02m Hp=0.2 N+ s/m?
\
[«-2 m/s~{

B FIGURE P1.54

1.55 There are many fluids that exhibit non-Newtonian
behavior (see, for example, Video V1.4). For a given fluid the
distinction between Newtonian and non-Newtonian behavior is
usually based on measurements of shear stress and rate of
shearing strain. Assume that the viscosity of blood is to be
determined by measurements of shear stress, 7, and rate of
shearing strain, du/dy, obtained from a small blood sample
tested in a suitable viscometer. Based on the data given below
determine if the blood is a Newtonian or non-Newtonian fluid.
Explain how you arrived at your answer.

TN/ [0.04]0.060.12 [0.18]0.30 [ 0.52 | 112 2.10
dwdy - 122514501 11.25122.5145.0190.0 1225 | 450

1.56 A 40-1b, 0.8-ft-diameter, 1-ft-tall cylindrical tank
slides slowly down a ramp with a constant speed of 0.1 ft/s as
shown in Fig. P1.56. The uniform-thickness oil layer on the
ramp has a viscosity of 0.2 Ib - s/ft>. Determine the angle, 6,
of the ramp.

0.002 ft

0.1 ft/s
Oil

B FIGURE P1.56
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Problems

1.57 A piston having a diameter of 5.48 in. and a length of
9.50 in. slides downward with a velocity V through a vertical
pipe. The downward motion is resisted by an oil film between
the piston and the pipe wall. The film thickness is 0.002 in.,
and the cylinder weighs 0.5 Ib. Estimate V if the oil viscosity
is 0.016 Ib - s/ft>. Assume the velocity distribution in the gap is
linear.

1.58 A Newtonian fluid having a specific gravity of 0.92
and a kinematic viscosity of 4 X 10™*m?/s flows past a fixed
surface. Due to the no-slip condition, the velocity at the fixed
surface is zero (as shown in Video V1.2), and the velocity
profile near the surface is shown in Fig. P1.58. Determine the
magnitude and direction of the shearing stress developed on the
plate. Express your answer in terms of U and &, with U and 6
expressed in units of meters per second and meters, respectively.

%

|

\

\
\
\

7
//

B FIGURE P1.58

1.59 When a viscous fluid flows past a thin sharp-edged
plate, a thin layer adjacent to the plate surface develops in which
the velocity, u, changes rapidly from zero to the approach
velocity, U, in a small distance, 6. This layer is called a
boundary layer. The thickness of this layer increases with the
distance x along the plate as shown in Fig. P1.59. Assume that
u="Uy/8 and 8 = 3.5 Vvx/U where v is the kinematic
viscosity of the fluid. Determine an expression for the force
(drag) that would be developed on one side of the plate of length
[ and width b. Express your answer in terms of /, b, v, and p,
where p is the fluid density.

U

Boundary layer
-« u=U yiay

yoo 0 |______ —

/,/”” g \uzU%

- * x

Plate | |

width=b | ¢ \

B FIGURE P1.60

*1.60 Standard air flows past a flat surface and velocity
measurements near the surface indicate the following distribution:

y() | 0005 | 001 | 0.02 | 0.04 | 006 | 008
w(tys) | 074 | o1st | 303 | 637 | 1021 | 1443
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The coordinate y is measured normal to the surface and u is the
velocity parallel to the surface. (a) Assume the velocity
distribution is of the form

u==Cy+ Cy»

and use a standard curve-fitting technique to determine the
constants C; and C,. (b) Make use of the results of part (a) to
determine the magnitude of the shearing stress at the wall
(y = 0) and at y = 0.05 ft.

1.61 The viscosity of liquids can be measured through the
use of a rotating cylinder viscometer of the type illustrated in
Fig. P1.61. In this device the outer cylinder is fixed and the
inner cylinder is rotated with an angular velocity, w. The torque
I required to develop w is measured and the viscosity is
calculated from these two measurements. Develop an equation
relating u, w, 7, €, R,, and R;. Neglect end effects and assume
the velocity distribution in the gap is linear.

Fixed

~— outer

Liquid C g cylinder
_\ e 7

Rotating
inner ¢
cylinder

R, —
[::Rnﬁ

®m FIGURE P1.61

1.62 The space between two 6-in.-long concentric cylinders
is filled with glycerin (viscosity = 8.5 X 107 1b - s/ft?). The
inner cylinder has a radius of 3 in. and the gap width between
cylinders is 0.1 in. Determine the torque and the power required
to rotate the inner cylinder at 180 rev/min. The outer cylinder
is fixed. Assume the velocity distribution in the gap to be linear.

1.63 One type of rotating cylinder viscometer, called a
Stormer viscometer, uses a falling weight, W', to cause the
cylinder to rotate with an angular velocity, w, as illustrated in
Fig. P1.63. For this device the viscosity, w, of the liquid is related
to W and w through the equation W = Kuw, where K is a
constant that depends only on the geometry (including the liquid
depth) of the viscometer. The value of K is usually determined
by using a calibration liquid (a liquid of known viscosity).

(a) Some data for a particular Stormer viscometer, obtained
using glycerin at 20 °C as a calibration liquid, are given
below. Plot values of the weight as ordinates and val-
ues of the angular velocity as abscissae. Draw the best
curve through the plotted points and determine K for the
viscometer.

W(b) | 022 | 066 | 110 | 154 | 220
w(ev/s) | 053 | 159 | 279 | 383 | 549

(b) A liquid of unknown viscosity is placed in the same vis-
cometer used in part (a), and the data given below are
obtained. Determine the viscosity of this liquid.

Wb) | 004 | 011 | 022 | 033 | 044
wiev/s) | 072 | 189 | 373 | 544 | 742

— Fixed outer
cylinder

B FIGURE P1.63

*1.64 The following torque-angular velocity data were
obtained with a rotating cylinder viscometer of the type
described in Problem 1.61.

Torque (ft - 1b) | 13.1 | 26.0 |39.5 | 52.7 | 64.9 |78.6

Angular ‘ ‘ ‘ ‘ ‘
velocity (rad/s) | 1.0 201 301 401 501 60
For this viscometer R, = 2.50in., R;=2.45in, and

¢ = 5.00 in. Make use of these data and a standard curve-fitting
program to determine the viscosity of the liquid contained in
the viscometer.

1.65 A 12-in.-diameter circular plate is placed over a fixed
bottom plate with a 0.1-in. gap between the two plates filled
with glycerin as shown in Fig. P1.65. Determine the torque
required to rotate the circular plate slowly at 2 rpm. Assume
that the velocity distribution in the gap is linear and that the
shear stress on the edge of the rotating plate is negligible.

Torque
- /

B FIGURE P1.65

Rotating plate

0.1 in. gap

T 1.66 Vehicle shock absorbers damp out oscillations
caused by road roughness. Describe how a temperature change
may affect the operation of a shock absorber.

1.67 A rigid-walled cubical container is completely filled
with water at 40 °F and sealed. The water is then heated to
100 °F. Determine the pressure that develops in the container
when the water reaches this higher temperature. Assume that
the volume of the container remains constant and the value of



the bulk modulus of the water remains constant and equal to
300,000 psi.

1.68 In a test to determine the bulk modulus of a liquid it
was found that as the absolute pressure was changed from 15
to 3000 psi the volume decreased from 10.240 to 10.138 in.?
Determine the bulk modulus for this liquid.

1.69 Calculate the speed of sound in m/s for (a) gasoline,
(b) mercury, and (c) seawater.

1.70 Air is enclosed by a rigid cylinder containing a piston.
A pressure gage attached to the cylinder indicates an initial
reading of 25 psi. Determine the reading on the gage when the
piston has compressed the air to one-third its original volume.
Assume the compression process to be isothermal and the local
atmospheric pressure to be 14.7 psi.

1.71 Often the assumption is made that the flow of a certain
fluid can be considered as incompressible flow if the density of
the fluid changes by less than 2%. If air is flowing through a
tube such that the air pressure at one section is 9.0 psi and at
a downstream section it is 8.6 psi at the same temperature, do
you think that this flow could be considered an imcompressible
flow? Support your answer with the necessary calculations.
Assume standard atmospheric pressure.

1.72 Oxygen at 30 °C and 300 kPa absolute pressure ex-
pands isothermally to an absolute pressure of 120 kPa. Deter-
mine the final density of the gas.

1.73 Natural gas at 70 °F and standard atmospheric pres-
sure of 14.7 psi is compressed isentropically to a new absolute
pressure of 70 psi. Determine the final density and temperature
of the gas.

1.74 Compare the isentropic bulk modulus of air at 101 kPa
(abs) with that of water at the same pressure.

*1.75 Develop a computer program for calculating the final
gage pressure of gas when the initial gage pressure, initial and
final volumes, atmospheric pressure, and the type of process
(isothermal or isentropic) are specified. Use BG units. Check
your program against the results obtained for Problem 1.70.

1.76 An important dimensionless parameter concerned
with very high speed flow is the Mach number, defined as V/c,
where V is the speed of the object such as an airplane or
projectile, and c is the speed of sound in the fluid surrounding
the object. For a projectile traveling at 800 mph through air at
50 °F and standard atmospheric pressure, what is the value of
the Mach number?

1.77 Jet airliners typically fly at altitudes between
approximately O to 40,000 ft. Make use of the data in Appendix
C to show on a graph how the speed of sound varies over this
range.

1.78 When a fluid flows through a sharp bend, low
pressures may develop in localized regions of the bend. Estimate
the minimum absolute pressure (in psi) that can develop without
causing cavitation if the fluid is water at 160 °F.

1.79 Estimate the minimum absolute pressure (in pascals)
that can be developed at the inlet of a pump to avoid cavitation
if the fluid is carbon tetrachloride at 20 °C.
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Problems

1.80 When water at 90 °C flows through a converging
section of pipe, the pressure is reduced in the direction of flow.
Estimate the minimum absolute pressure that can develop
without causing cavitation. Express your answer in both BG
and SI units.

1.81 A partially filled closed tank contains ethyl alcohol at
68 °F. If the air above the alcohol is evacuated, what is the
minimum absolute pressure that develops in the evacuated
space?

1.82 Estimate the excess pressure inside a raindrop having
a diameter of 3 mm.

1.83 A 12-mm diameter jet of water discharges vertically
into the atmosphere. Due to surface tension the pressure inside
the jet will be slightly higher than the surrounding atmospheric
pressure. Determine this difference in pressure.

1.84 As shown in Video V1.5, surface tension forces can
be strong enough to allow a double-edge steel razor blade to
“float” on water, but a single-edge blade will sink. Assume that
the surface tension forces act at an angle 6 relative to the water
surface as shown in Fig. P1.84. (a) The mass of the double-
edge blade is 0.64 X 10~ kg, and the total length of its sides
is 206 mm. Determine the value of 6 required to maintain
equilibrium between the blade weight and the resultant surface
tension force. (b) The mass of the single-edge blade is
2.61 X 10~ kg, and the total length of its sides is 154 mm.
Explain why this blade sinks. Support your answer with the
necessary calculations.

Surface tension
force

B FIGURE P1.84

1.85 To measure the water depth in a large open tank with
opaque walls, an open vertical glass tube is attached to the side
of the tank. The height of the water column in the tube is then
used as a measure of the depth of water in the tank. (a) For
a true water depth in the tank of 3 ft, make use of Eq. 1.22 (with
0 = 0°) to determine the percent error due to capillarity as the
diameter of the glass tube is changed. Assume a water
temperature of 80 °F. Show your results on a graph of percent
error versus tube diameter, D, in the range 0.1 in. < D < 1.0 in.
(b) If you want the error to be less than 1%, what is the smallest
tube diameter allowed?

1.86 Under the right conditions, it is possible, due to surface
tension, to have metal objects float on water. (See Video V1.5.)
Consider placing a short length of a small diameter steel (sp.
wt. =490 Ib/ft’) rod on a surface of water. What is the
maximum diameter that the rod can have before it will sink?
Assume that the surface tension forces act vertically upward.
Note: A standard paper clip has a diameter of 0.036 in. Partially
unfold a paper clip and see if you can get it to float on water.
Do the results of this experiment support your analysis?

1.87 An open, clean glass tube, having a diameter of 3 mm,
is inserted vertically into a dish of mercury at 20 °C. How far
will the column of mercury in the tube be depressed?
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1.88 An open 2-mm-diameter tube is inserted into a pan of
ethyl alcohol and a similar 4-mm-diameter tube is inserted into
a pan of water. In which tube will the height of the rise of the
fluid column due to capillary action be the greatest? Assume
the angle of contact is the same for both tubes.

*1.89 The capillary rise in a tube depends on the cleanliness
of both the fluid and the tube. Typically, values of & are less
than those predicted by Eq. 1.22 using values of o and 6 for
clean fluids and tubes. Some measurements of the height, A, to
which a water column rises in a vertical open tube of diameter
d are given below. The water was tap water at a temperature of
60 °F and no particular effort was made to clean the glass tube.
Fit a curve to these data and estimate the value of the product
o cosf. If it is assumed that o has the value given in Table 1.5,

what is the value of 67 If it is assumed that 6 is equal to 0°,
what is the value of o?

d(in) | 03 025 | 020 | 015 | 010 | 005
R(in) | 0133 | 0.165 | 0.198 | 0273 | 0.421 | 0.796

1.90 This problem involves the use of a Stormer viscometer
to determine whether a fluid is a Newtonian or a non-Newtonian
fluid. To proceed with this problem, click here in the E-book.

1.91 This problem involves the use of a capillary tube
viscometer to determine the kinematic viscosity of water as a
function of temperature. To proceed with this problem, click
here in the E-book.




An image of hurricane Allen viewed via satellite: Although there is
considerable motion and structure to a hurricane, the pressure variation
in the vertical direction is approximated by the pressure-depth
relationship for a static fluid. (Visible and infrared image pair from a
NOAA satellite using a technique developed at NASA/GSPC.)
(Photograph courtesy of A. F. Hasler [Ref. 7].)



[Fluid Statics

In this chapter we will consider an important class of problems in which the fluid is either
at rest or moving in such a manner that there is no relative motion between adjacent parti-
cles. In both instances there will be no shearing stresses in the fluid, and the only forces that
develop on the surfaces of the particles will be due to the pressure. Thus, our principal con-
cern is to investigate pressure and its variation throughout a fluid and the effect of pressure
on submerged surfaces. The absence of shearing stresses greatly simplifies the analysis and,
as we will see, allows us to obtain relatively simple solutions to many important practical
problems.

2.1 Pressure at a Point

There are no shear-
ing stresses present
in a fluid at rest.

As we briefly discussed in Chapter 1, the term pressure is used to indicate the normal force
per unit area at a given point acting on a given plane within the fluid mass of interest. A
question that immediately arises is how the pressure at a point varies with the orientation of
the plane passing through the point. To answer this question, consider the free-body diagram,
illustrated in Fig. 2.1, that was obtained by removing a small triangular wedge of fluid from
some arbitrary location within a fluid mass. Since we are considering the situation in which
there are no shearing stresses, the only external forces acting on the wedge are due to the
pressure and the weight. For simplicity the forces in the x direction are not shown, and the
z axis is taken as the vertical axis so the weight acts in the negative z direction. Although we
are primarily interested in fluids at rest, to make the analysis as general as possible, we will
allow the fluid element to have accelerated motion. The assumption of zero shearing stresses
will still be valid so long as the fluid element moves as a rigid body; that is, there is no rel-
ative motion between adjacent elements.

41
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The pressure at a
point in a fluid at
rest is independent
of direction.

B FIGURE 2.1
Forces on an arbi-
trary wedge-shaped
element of fluid.

The equations of motion (Newton’s second law, F = ma) in the y and z directions are,
respectively,

) 0x 8y 0z
EF},=py8x81—p_y8x8ssm0=p7ay
0x 0y & ox 6y 6
ZFZ:pZ(SxSy_pS(SX(SSCOSB_‘y x2y < =p x2y Zaz

where p;, p,, and p, are the average pressures on the faces, y and p are the fluid specific
a, a,

multiplied by an appropriate area to obtain the force generated by the pressure. It follows

from the geometry that

8y = 8s cos 6 6z = bssin 6
so that the equations of motion can be rewritten as

dy
Py = Ps = pay

0z

p: = ps = (pa. + v) =

Since we are really interested in what is happening at a point, we take the limit as dx, &y,
and 8z approach zero (while maintaining the angle ), and it follows that

Py = Ds P: = Ps

or p; = p, = p,. The angle 6 was arbitrarily chosen so we can conclude that the pressure at
a point in a fluid at rest, or in motion, is independent of direction as long as there are no
shearing stresses present. This important result is known as Pascal’s law named in honor of
Blaise Pascal (1623-1662), a French mathematician who made important contributions in
the field of hydrostatics. In Chapter 6 it will be shown that for moving fluids in which there
is relative motion between particles (so that shearing stresses develop) the normal stress at a
point, which corresponds to pressure in fluids at rest, is not necessarily the same in all di-
rections. In such cases the pressure is defined as the average of any three mutually perpen-
dicular normal stresses at the point.
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2.2 Basic Equation for Pressure Field

The pressure may
vary across a fluid
particle.

Although we have answered the question of how the pressure at a point varies with direc-
tion, we are now faced with an equally important question—how does the pressure in a fluid
in which there are no shearing stresses vary from point to point? To answer this question
consider a small rectangular element of fluid removed from some arbitrary position within
the mass of fluid of interest as illustrated in Fig. 2.2. There are two types of forces acting
on this element: surface forces due to the pressure, and a body force equal to the weight of
the element. Other possible types of body forces, such as those due to magnetic fields, will
not be considered in this text.

If we let the pressure at the center of the element be designated as p, then the average
pressure on the various faces can be expressed in terms of p and its derivatives as shown in
Fig. 2.2. We are actually using a Taylor series expansion of the pressure at the element cen-
ter to approximate the pressures a short distance away and neglecting higher order terms that
will vanish as we let dx, 8y, and 6z approach zero. For simplicity the surface forces in the x
direction are not shown. The resultant surface force in the y direction is

ap & ap &
oF, = (p - ai;)& 0z — <p + ;;;)8)( 0z

or
9p
OF, = ——0x 8y oz
dy
Similarly, for the x and z directions the resultant surface forces are

X 4

ap ap
OF, = ——6x 0y 8z O0F, = ———6x 6y oz
ox 0z

(p+ 3—?%) Sxdy

z
I 5
I4
f dp &;
dp & — 1 oy
(P*f%) 6x8z > : : - (p+z9y 2)6)651
Vol 7= iy
|
e A Sx y8x 8y 6z
Sy
_dpdz
( 32 ) Ox By

B FIGURE 2.2
Surface and body
forces acting on

x small fluid element.
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The resultant sur-
face force acting on
a small fluid ele-
ment depends only
on the pressure
gradient if there are
no shearing stresses
present.

The resultant surface force acting on the element can be expressed in vector form as
8F, = OF,i + OF,j + 6F.k

or

oF, =

s

ps dps pa
—(pi + 23y pk)ax Sy 82 2.1)
0x dy 0z

where i, j and Kk are the unit vectors along the coordinate axes shown in Fig. 2.2. The group
of terms in parentheses in Eq. 2.1 represents in vector form the pressure gradient and can
be written as

W s 0.
P+ P54+ PR=vp
ax dy 0z

where

@i+&j+MA

k
0x ay 0z

V()=

and the symbol V is the gradient or “del” vector operator. Thus, the resultant surface force
per unit volume can be expressed as

SF,

——=-V
ox 8y 6z P

Since the z axis is vertical, the weight of the element is

—8Wk = —y 8x 8y 5z k

where the negative sign indicates that the force due to the weight is downward (in the neg-
ative z direction). Newton’s second law, applied to the fluid element, can be expressed as

> 6F = dma

where 3, 8F represents the resultant force acting on the element, a is the acceleration of the
element, and ém is the element mass, which can be written as p éx 8y 6z. It follows that

> 6F = oF, — §Wk = dma
or
—Vp éx 6y 67 — 'yﬁxSySZl; = pdbxdydza
and, therefore,
~Vp — vk = pa (2.2)

Equation 2.2 is the general equation of motion for a fluid in which there are no shearing
stresses. We will use this equation in Section 2.12 when we consider the pressure distribution
in a moving fluid. For the present, however, we will restrict our attention to the special case
of a fluid at rest.
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2.3 Pressure Variation in a Fluid at Rest

For liquids or gases
at rest the pressure
gradient in the ver-
tical direction at
any point in a fluid
depends only on the
specific weight of
the fluid at that
point.

For a fluid at rest a = 0 and Eq. 2.2 reduces to
Vp + yﬁ =0
or in component form

0, 0, 0
w_y W,

= — 2.3
ax ay 0z Y 2-3)

These equations show that the pressure does not depend on x or y. Thus, as we move from
point to point in a horizontal plane (any plane parallel to the x—y plane), the pressure does
not change. Since p depends only on z, the last of Eqgs. 2.3 can be written as the ordinary
differential equation

ap _

A v 2.4)

Equation 2.4 is the fundamental equation for fluids at rest and can be used to deter-
mine how pressure changes with elevation. This equation indicates that the pressure gradi-
ent in the vertical direction is negative; that is, the pressure decreases as we move upward
in a fluid at rest. There is no requirement that y be a constant. Thus, it is valid for fluids
with constant specific weight, such as liquids, as well as fluids whose specific weight may
vary with elevation, such as air or other gases. However, to proceed with the integration of
Eq. 2.4 it is necessary to stipulate how the specific weight varies with z.

231 Incompressible Fluid

Since the specific weight is equal to the product of fluid density and acceleration of gravity
(y = pg), changes in y are caused either by a change in p or g. For most engineering ap-
plications the variation in g is negligible, so our main concern is with the possible variation
in the fluid density. For liquids the variation in density is usually negligible, even over large
vertical distances, so that the assumption of constant specific weight when dealing with lig-
uids is a good one. For this instance, Eq. 2.4 can be directly integrated

P2 o)
J dp = —yJ dz
Pi 2

P> P11 = _'Y(Zz - Zl)

to yield

or

P~ =Yz~ ) (2.5)

where p, and p, are pressures at the vertical elevations z; and z,, as is illustrated in Fig. 2.3.
Equation 2.5 can be written in the compact form

P1— P2 = vh (2.6)

or

p1 = vh + p, 2.7)
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The pressure head
is the height of a
column of fluid that
would give the
specified pressure
difference.

Free surface
(pressure = p)

y B FIGURE 2.3 Notation for pres-
sure variation in a fluid at rest with a free
x surface.

where £ is the distance, z, — z;, which is the depth of fluid measured downward from the
location of p,. This type of pressure distribution is commonly called a hydrostatic distribu-
tion, and Eq. 2.7 shows that in an incompressible fluid at rest the pressure varies linearly
with depth. The pressure must increase with depth to “hold up” the fluid above it.

It can also be observed from Eq. 2.6 that the pressure difference between two points
can be specified by the distance / since

h= P~ P
Y
In this case £ is called the pressure head and is interpreted as the height of a column of fluid
of specific weight y required to give a pressure difference p; — p,. For example, a pressure
difference of 10 psi can be specified in terms of pressure head as 23.1 ft of water (y = 62.4
Ib/ft’), or 518 mm of Hg (y = 133 kN/m’).

When one works with liquids there is often a free surface, as is illustrated in Fig. 2.3,
and it is convenient to use this surface as a reference plane. The reference pressure p, would
correspond to the pressure acting on the free surface (which would frequently be atmospheric
pressure), and thus if we let p, = p, in Eq. 2.7 it follows that the pressure p at any depth &
below the free surface is given by the equation:

p=7vh+ po (2.8)

As is demonstrated by Eq. 2.7 or 2.8, the pressure in a homogeneous, incompressible
fluid at rest depends on the depth of the fluid relative to some reference plane, and it is not
influenced by the size or shape of the tank or container in which the fluid is held. Thus, in
Fig. 2.4 the pressure is the same at all points along the line AB even though the container
may have the very irregular shape shown in the figure. The actual value of the pressure along
AB depends only on the depth, &, the surface pressure, p,, and the specific weight, vy, of the
liquid in the container.

Liquid surface

g MW FIGURE 2.4 Fluid
equilibrium in a container of ar-
bitrary shape.
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Because of a leak in a buried gasoline storage tank, water has seeped in to the depth shown
in Fig. E2.1. If the specific gravity of the gasoline is SG = 0.68, determine the pressure at
the gasoline-water interface and at the bottom of the tank. Express the pressure in units of
Ib/ft?, Ib/in.?, and as a pressure head in feet of water.

Open
17 ft
Gasoline
(1) — e T
il Water - 31t
(2) —
T B FIGURE E2.1

SoLution

Since we are dealing with liquids at rest, the pressure distribution will be hydrostatic, and
therefore the pressure variation can be found from the equation:

p = vh + py

With p, corresponding to the pressure at the free surface of the gasoline, then the pressure
at the interface is

P = SG’)’Hzoh + po
= (0.68)(62.4 lb/ft3)(17 ft) + p,
=721 + p, (lb/ftz)

If we measure the pressure relative to atmospheric pressure (gage pressure), it follows that
po = 0, and therefore

by = 721 b/t (Ans)
AL in2 ane)
= 55 = J. m. ns

Pr = aain 22

P 721 b/t
Yo 624 1b/f¢

=11.6ft (Ans)

It is noted that a rectangular column of water 11.6 ft tall and 1 ft* in cross section weighs
721 Ib. A similar column with a 1-in.? cross section weighs 5.01 Ib.
We can now apply the same relationship to determine the pressure at the tank bottom;
that is,
P2 = Yn0 hHZO + i
= (62.4 1b/ft’)(3 ft) + 721 Ib/fi (Ans)

= 908 Ib/ft*
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The transmission of
pressure through-
out a stationary
fluid is the princi-
ple upon which
many hydraulic de-
vices are based.

908 1b/ft2 ;

= 2B 631 Ib/in2 Ans

Py = g in i /in (Ans)
908 Ib/ft2

P2 _ AL (Ans)

Yo 624 1b/ft

Observe that if we wish to express these pressures in terms of absolute pressure, we
would have to add the local atmospheric pressure (in appropriate units) to the previous re-
sults. A further discussion of gage and absolute pressure is given in Section 2.5.

\_

The required equality of pressures at equal elevations throughout a system is impor-
tant for the operation of hydraulic jacks, lifts, and presses, as well as hydraulic controls on
aircraft and other types of heavy machinery. The fundamental idea behind such devices and
systems is demonstrated in Fig. 2.5. A piston located at one end of a closed system filled
with a liquid, such as oil, can be used to change the pressure throughout the system, and thus
transmit an applied force F, to a second piston where the resulting force is F,. Since the
pressure p acting on the faces of both pistons is the same (the effect of elevation changes is
usually negligible for this type of hydraulic device), it follows that F, = (A,/A,)F,. The pis-
ton area A, can be made much larger than A, and therefore a large mechanical advantage
can be developed; that is, a small force applied at the smaller piston can be used to develop
a large force at the larger piston. The applied force could be created manually through some
type of mechanical device, such as a hydraulic jack, or through compressed air acting di-
rectly on the surface of the liquid, as is done in hydraulic lifts commonly found in service
stations.

Fy=pA, Fp=pA;

B FIGURE 2.5 Transmission of fluid
pressure.

23.2 Compressible Fluid

We normally think of gases such as air, oxygen, and nitrogen as being compressible fluids
since the density of the gas can change significantly with changes in pressure and tempera-
ture. Thus, although Eq. 2.4 applies at a point in a gas, it is necessary to consider the possi-
ble variation in y before the equation can be integrated. However, as was discussed in
Chapter 1, the specific weights of common gases are small when compared with those of
liquids. For example, the specific weight of air at sea level and 60 °F is 0.0763 Ib/ft’, whereas
the specific weight of water under the same conditions is 62.4 Ib/ft’. Since the specific weights
of gases are comparatively small, it follows from Eq. 2.4 that the pressure gradient in the
vertical direction is correspondingly small, and even over distances of several hundred feet
the pressure will remain essentially constant for a gas. This means we can neglect the effect
of elevation changes on the pressure in gases in tanks, pipes, and so forth in which the dis-
tances involved are small.



If the specific
weight of a fluid
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For those situations in which the variations in heights are large, on the order of thou-
sands of feet, attention must be given to the variation in the specific weight. As is described
in Chapter 1, the equation of state for an ideal (or perfect) gas is

p = pRT

where p is the absolute pressure, R is the gas constant, and T is the absolute temperature.
This relationship can be combined with Eq. 2.4 to give

a _ _sp
dz RT
and by separating variables
P2 d 2 d
J Ll —gJ & 2.9)
pn P P R, T

where g and R are assumed to be constant over the elevation change from z; to z,. Although
the acceleration of gravity, g, does vary with elevation, the variation is very small (see Tables
C.1 and C.2 in Appendix C), and g is usually assumed constant at some average value for
the range of elevation involved.

Before completing the integration, one must specify the nature of the variation of tem-
perature with elevation. For example, if we assume that the temperature has a constant value
T, over the range z, to z, (isothermal conditions), it then follows from Eq. 2.9 that

8(z — Zl)]

2.10
KT, (2.10)

P2 = Pi CXP{ -
This equation provides the desired pressure-clevation relationship for an isothermal layer.
For nonisothermal conditions a similar procedure can be followed if the temperature-elevation
relationship is known, as is discussed in the following section.

The Empire State Building in New York City, one of the tallest buildings in the world, rises
to a height of approximately 1250 ft. Estimate the ratio of the pressure at the top of the build-
ing to the pressure at its base, assuming the air to be at a common temperature of 59 °F.
Compare this result with that obtained by assuming the air to be incompressible with y =
0.0765 Ib/ft* at 14.7 psi(abs) (values for air at standard conditions).

SoLution

For the assumed isothermal conditions, and treating air as a compressible fluid, Eq. 2.10 can
be applied to yield

P> _ |: g(Zz Zl):|
—=exXp | —
P RT,
{_ (32.2 ft/s7)(1250 ft) } 0056 N
P (1716 ft - Ib/slug - °R)[(59 + 460)°R]J (Ans)

If the air is treated as an incompressible fluid we can apply Eq. 2.5. In this case

Pr=p1— Y~ )
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or

p_ =2
P D1

(0.0765 1b/ft*)(1250 fi)

=1- = 0.955 Ans
(14.7 1b/in.?)(144 in.2/f%) (Ans)

Note that there is little difference between the two results. Since the pressure difference be-
tween the bottom and top of the building is small, it follows that the variation in fluid den-
sity is small and, therefore, the compressible fluid and incompressible fluid analyses yield
essentially the same result.

We see that for both calculations the pressure decreases by less than 5% as we go from
ground level to the top of this tall building. It does not require a very large pressure differ-
ence to support a 1250-ft-tall column of fluid as light as air. This result supports the earlier
statement that the changes in pressures in air and other gases due to elevation changes are
very small, even for distances of hundreds of feet. Thus, the pressure differences between
the top and bottom of a horizontal pipe carrying a gas, or in a gas storage tank, are negligi-

ble since the distances involved are very small.
.

24 Standard Atmosphere

The standard at-
mosphere is an ide-
alized representa-
tion of mean
conditions in the
earth’s atmosphere.

An important application of Eq. 2.9 relates to the variation in pressure in the earth’s atmos-
phere. Ideally, we would like to have measurements of pressure versus altitude over the spe-
cific range for the specific conditions (temperature, reference pressure) for which the pres-
sure is to be determined. However, this type of information is usually not available. Thus, a
“standard atmosphere” has been determined that can be used in the design of aircraft, mis-
siles, and spacecraft, and in comparing their performance under standard conditions. The
concept of a standard atmosphere was first developed in the 1920s, and since that time many
national and international committees and organizations have pursued the development of
such a standard. The currently accepted standard atmosphere is based on a report published
in 1962 and updated in 1976 (see Refs. 1 and 2), defining the so-called U.S. standard at-
mosphere, which is an idealized representation of middle-latitude, year-round mean condi-
tions of the earth’s atmosphere. Several important properties for standard atmospheric con-
ditions at sea level are listed in Table 2.1, and Fig. 2.6 shows the temperature profile for the
U.S. standard atmosphere. As is shown in this figure the temperature decreases with altitude

B TABLE 2.1
Properties of U.S. Standard Atmosphere at Sea Level®

Property

SI Units

BG Units

Temperature, T
Pressure, p

Density, p
Specific weight, y
Viscosity,

288.15 K (15 °C)
101.33 kPa (abs)

1.225 kg/m®
12.014 N/m?
1.789 X 10> N - s/m?

518.67 °R (59.00 °F)

2116.2 Ib/fi (abs)
[14.696 Ib/in.2 (abs)]

0.002377 slugs/ft’
0.07647 1b/ft?
3.737 X 1077 1b - s/ft?

“Acceleration of gravity at sea level = 9.807 m/s*> = 32.174 ft/s2.
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in the region nearest the earth’s surface (froposphere), then becomes essentially constant in
the next layer (stratosphere), and subsequently starts to increase in the next layer.

Since the temperature variation is represented by a series of linear segments, it is pos-
sible to integrate Eq. 2.9 to obtain the corresponding pressure variation. For example, in the
troposphere, which extends to an altitude of about 11 km (~36,000 ft), the temperature vari-
ation is of the form

T=T,—- Bz 2.11)

where T, is the temperature at sea level (z = 0) and B is the lapse rate (the rate of change
of temperature with elevation). For the standard atmosphere in the troposphere, 8 = 0.00650
K/m or 0.00357 °R/ft.

Equation 2.11 used with Eq. 2.9 yields

B 3 & g /RB
p= pa(l T ) (2.12)

a

where p, is the absolute pressure at z = 0. With p,, T,, and g obtained from Table 2.1, and
with the gas constant R = 286.9 J/kg - K or 1716 ft - Ib/slug - °R, the pressure variation
throughout the troposphere can be determined from Eq. 2.12. This calculation shows that at
the outer edge of the troposphere, where the temperature is —56.5 °C, the absolute pressure
is about 23 kPa (3.3 psia). It is to be noted that modern jetliners cruise at approximately this
altitude. Pressures at other altitudes are shown in Fig. 2.6, and tabulated values for temper-
ature, acceleration of gravity, pressure, density, and viscosity for the U.S. standard atmos-
phere are given in Tables C.1 and C.2 in Appendix C.

2.5 Measurement of Pressure

Pressure is desig-
nated as either ab-
solute pressure or
gage pressure.

Since pressure is a very important characteristic of a fluid field, it is not surprising that nu-
merous devices and techniques are used in its measurement. As is noted briefly in Chapter 1,
the pressure at a point within a fluid mass will be designated as either an absolute pressure
or a gage pressure. Absolute pressure is measured relative to a perfect vacuum (absolute zero
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A barometer is used
to measure atmos-
pheric pressure.

Gage pressure @ 1

Local atmospheric

l pressure reference
é Gage pressure @ 2

(suction or vacuum)

Pressure

Absolute pressure
@l
Absolute pressure
@2

B FIGURE 2.7 Graphical
representation of gage and absolute
pressure.

Absolute zero reference

pressure), whereas gage pressure is measured relative to the local atmospheric pressure. Thus,
a gage pressure of zero corresponds to a pressure that is equal to the local atmospheric pres-
sure. Absolute pressures are always positive, but gage pressures can be either positive or neg-
ative depending on whether the pressure is above atmospheric pressure (a positive value) or
below atmospheric pressure (a negative value). A negative gage pressure is also referred to
as a suction or vacuum pressure. For example, 10 psi (abs) could be expressed as —4.7 psi
(gage), if the local atmospheric pressure is 14.7 psi, or alternatively 4.7 psi suction or 4.7 psi
vacuum. The concept of gage and absolute pressure is illustrated graphically in Fig. 2.7 for
two typical pressures located at points 1 and 2.

In addition to the reference used for the pressure measurement, the units used to ex-
press the value are obviously of importance. As is described in Section 1.5, pressure is a
force per unit area, and the units in the BG system are Ib/ft? or 1b/in.2, commonly abbrevi-
ated psf or psi, respectively. In the SI system the units are N/m?; this combination is called
the pascal and written as Pa (1 N/m? = 1 Pa). As noted earlier, pressure can also be ex-
pressed as the height of a column of liquid. Then, the units will refer to the height of the
column (in., ft, mm, m, etc.), and in addition, the liquid in the column must be specified
(H,0, Hg, etc.). For example, standard atmospheric pressure can be expressed as 760 mm Hg
(abs). In this text, pressures will be assumed to be gage pressures unless specifically desig-
nated absolute. For example, 10 psi or 100 kPa would be gage pressures, whereas 10 psia
or 100 kPa (abs) would refer to absolute pressures. It is to be noted that pressure differences
are independent of the reference, so that no special notation is required in this case.

The measurement of atmospheric pressure is usually accomplished with a mercury
barometer, which in its simplest form consists of a glass tube closed at one end with the
open end immersed in a container of mercury as shown in Fig. 2.8. The tube is initially filled
with mercury (inverted with its open end up) and then turned upside down (open end down)
with the open end in the container of mercury. The column of mercury will come to an equi-
librium position where its weight plus the force due to the vapor pressure (which develops
in the space above the column) balances the force due to the atmospheric pressure. Thus,

Pam = Y T+ Pyapor (2.13)

where vy is the specific weight of mercury. For most practical purposes the contribution of
the vapor pressure can be neglected since it is very small [for mercury, p,, = 0.000023
Ib/in.? (abs) at a temperature of 68 °F] so that p,,, = yh. It is conventional to specify at-
mospheric pressure in terms of the height, 4, in millimeters or inches of mercury. Note that
if water were used instead of mercury, the height of the column would have to be approxi-
mately 34 ft rather than 29.9 in. of mercury for an atmospheric pressure of 14.7 psia! The
concept of the mercury barometer is an old one, with the invention of this device attributed
to Evangelista Torricelli in about 1644.
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B FIGURE 2.8 Mercury barometer.

A mountain lake has an average temperature of 10 °C and a maximum depth of 40 m. For a
barometric pressure of 598 mm Hg, determine the absolute pressure (in pascals) at the deep-
est part of the lake.

SoLution

The pressure in the lake at any depth, £, is given by the equation

p=7vh+py

where p, is the pressure at the surface. Since we want the absolute pressure, p, will be the
local barometric pressure expressed in a consistent system of units; that is

Pharometric

YHg

= 598 mm = 0.598 m

and for yy, = 133 kN/m’
Po = (0.598 m)(133 kN/m’) = 79.5 kN/m?
From Table B.2, yy, o = 9.804 kN/m” at 10 °C and therefore
p = (9.804 kN/m*)(40 m) + 79.5 kN/m’
= 392 kN/m? + 79.5 kN/m? = 472 kPa (abs) (Ans)

This simple example illustrates the need for close attention to the units used in the calcula-
tion of pressure; that is, be sure to use a consistent unit system, and be careful not to add a

pressure head (m) to a pressure (Pa).
\.

2.6 Manometry

Manometers use
vertical or inclined
liquid columns to
measure pressure.

A standard technique for measuring pressure involves the use of liquid columns in vertical
or inclined tubes. Pressure measuring devices based on this technique are called manome-
ters. The mercury barometer is an example of one type of manometer, but there are many
other configurations possible, depending on the particular application. Three common types
of manometers include the piezometer tube, the U-tube manometer, and the inclined-tube
manometer.
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To determine pres-
sure from a
manometer, simply
use the fact that the
pressure in the lig-
uid columns will
vary hydrostatically.
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n

A4 . (1)
B FIGURE 2.9 Piezometer tube.

2.6.1 Piezometer Tube

The simplest type of manometer consists of a vertical tube, open at the top, and attached to
the container in which the pressure is desired, as illustrated in Fig. 2.9. Since manometers
involve columns of fluids at rest, the fundamental equation describing their use is Eq. 2.8

p =vh+ py

which gives the pressure at any elevation within a homogeneous fluid in terms of a refer-
ence pressure p, and the vertical distance & between p and p,. Remember that in a fluid at
rest pressure will increase as we move downward and will decrease as we move upward.
Application of this equation to the piezometer tube of Fig. 2.9 indicates that the pressure p,
can be determined by a measurement of %, through the relationship

Pa = Yily

where 7, is the specific weight of the liquid in the container. Note that since the tube is open
at the top, the pressure p, can be set equal to zero (we are now using gage pressure), with
the height /#; measured from the meniscus at the upper surface to point (1). Since point (1)
and point A within the container are at the same elevation, p, = p,.

Although the piezometer tube is a very simple and accurate pressure measuring device,
it has several disadvantages. It is only suitable if the pressure in the container is greater than
atmospheric pressure (otherwise air would be sucked into the system), and the pressure to be
measured must be relatively small so the required height of the column is reasonable. Also,
the fluid in the container in which the pressure is to be measured must be a liquid rather than
a gas.

2.6.2 U-Tube Manometer

To overcome the difficulties noted previously, another type of manometer which is widely
used consists of a tube formed into the shape of a U as is shown in Fig. 2.10. The fluid in
the manometer is called the gage fluid. To find the pressure p, in terms of the various col-
umn heights, we start at one end of the system and work our way around to the other end,
simply utilizing Eq. 2.8. Thus, for the U-tube manometer shown in Fig. 2.10, we will start
at point A and work around to the open end. The pressure at points A and (1) are the same,
and as we move from point (1) to (2) the pressure will increase by vy /,. The pressure at point
(2) is equal to the pressure at point (3), since the pressures at equal elevations in a continu-
ous mass of fluid at rest must be the same. Note that we could not simply “jump across”
from point (1) to a point at the same elevation in the right-hand tube since these would not
be points within the same continuous mass of fluid. With the pressure at point (3) specified
we now move to the open end where the pressure is zero. As we move vertically upward the
pressure decreases by an amount y,h,. In equation form these various steps can be expressed as

Pa T vily — v, =0
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B FIGURE 2.10 Simple U-tube manometer.

and, therefore, the pressure p, can be written in terms of the column heights as
Pa = v2hy — yily (2.14)

A major advantage of the U-tube manometer lies in the fact that the gage fluid can be dif-
ferent from the fluid in the container in which the pressure is to be determined. For exam-
ple, the fluid in A in Fig. 2.10 can be either a liquid or a gas. If A does contain a gas, the
contribution of the gas column, vy,A,, is almost always negligible so that p, = p, and in this
instance Eq. 2.14 becomes

Pa = Yoho

Thus, for a given pressure the height, &,, is governed by the specific weight, y,, of the gage
fluid used in the manometer. If the pressure p, is large, then a heavy gage fluid, such as mer-
cury, can be used and a reasonable column height (not too long) can still be maintained. Al-
ternatively, if the pressure p, is small, a lighter gage fluid, such as water, can be used so that
a relatively large column height (which is easily read) can be achieved.

A closed tank contains compressed air and oil (SG,; = 0.90) as is shown in Fig. E2.4. A
U-tube manometer using mercury (SGy, = 13.6) is connected to the tank as shown. For col-
umn heights #; = 361in., h, = 6 in., and h; = 9 in., determine the pressure reading (in psi)
of the gage.

Pressure
gage

Air

il

B FIGURE E2.4
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Manometers are of-
ten used to measure
the difference in
pressure between
two points.

SoLurion

Following the general procedure of starting at one end of the manometer system and work-
ing around to the other, we will start at the air—oil interface in the tank and proceed to the
open end where the pressure is zero. The pressure at level (1) is

P1 = Pair T You(ly + hy)

This pressure is equal to the pressure at level (2), since these two points are at the same el-
evation in a homogeneous fluid at rest. As we move from level (2) to the open end, the pres-
sure must decrease by yy,h;, and at the open end the pressure is zero. Thus, the manometer
equation can be expressed as

Pair T You(hy + hy) — yughy = 0

or

Pair T (SGoi)(Yu0)(hy + hy) — (SGyy)(Yno)hs = 0
For the values given

+6

Par = —(0.9)(62.4 Ib/ft’) (36

12

ft> + (13.6)(62.4 Ib/ft%) (192ft>

so that
Pair = 440 1b/ft?

Since the specific weight of the air above the oil is much smaller than the specific weight of
the oil, the gage should read the pressure we have calculated; that is,
440 1b/ft*

Dgage = m = 3.06 psi (Ans)

The U-tube manometer is also widely used to measure the difference in pressure be-
tween two containers or two points in a given system. Consider a manometer connected be-
tween containers A and B as is shown in Fig. 2.11. The difference in pressure between A and
B can be found by again starting at one end of the system and working around to the other
end. For example, at A the pressure is p,, which is equal to p,, and as we move to point (2)
the pressure increases by y,h,. The pressure at p, is equal to ps, and as we move upward to

(5) 5 By
T

73

B FIGURE 2.11 Differential U-tube
manometer.
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point (4) the pressure decreases by y,h,. Similarly, as we continue to move upward from point
(4) to (5) the pressure decreases by y3hs. Finally, ps = pj, since they are at equal elevations.
Thus,

Pa T vily — 2y — y3hs = pg

and the pressure difference is

Pa — P = Yol + y3hs — vily

When the time comes to substitute in numbers, be sure to use a consistent system of units!

Capillarity due to surface tension at the various fluid interfaces in the manometer is
usually not considered, since for a simple U-tube with a meniscus in each leg, the capillary
effects cancel (assuming the surface tensions and tube diameters are the same at each menis-
cus), or we can make the capillary rise negligible by using relatively large bore tubes (with
diameters of about 0.5 in. or larger). Two common gage fluids are water and mercury. Both
give a well-defined meniscus (a very important characteristic for a gage fluid) and have well-
known properties. Of course, the gage fluid must be immiscible with respect to the other flu-
ids in contact with it. For highly accurate measurements, special attention should be given
to temperature since the various specific weights of the fluids in the manometer will vary
with temperature.

As will be discussed in Chapter 3, the volume rate of flow, Q, through a pipe can be deter-
mined by means of a flow nozzle located in the pipe as illustrated in Fig. E2.5. The nozzle
creates a pressure drop, p, — pp, along the pipe which is related to the flow through the equa-
tion Q = KVp, — pp, where K is a constant depending on the pipe and nozzle size. The
pressure drop is frequently measured with a differential U-tube manometer of the type
illustrated. (a) Determine an equation for p, — pj in terms of the specific weight of the flow-
ing fluid, vy,, the specific weight of the gage fluid, y,, and the various heights indicated.
(b) For y, = 9.80 kN/m?, y, = 15.6 kN/m? h;, = 1.0 m, and h, = 0.5 m, what is the value
of the pressure drop, py — pg?

|
Flow }} ~ ({
-
Flow nozzle B FIGURE E2.5
GoLution

(a) Although the fluid in the pipe is moving, the fluids in the columns of the manometer
are at rest so that the pressure variation in the manometer tubes is hydrostatic. If we
start at point A and move vertically upward to level (1), the pressure will decrease by
vih; and will be equal to the pressure at (2) and at (3). We can now move from (3) to
(4) where the pressure has been further reduced by y,h,. The pressures at levels (4) and
(5) are equal, and as we move from (5) to B the pressure will increase by y(h; + h,).
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Inclined-tube
manometers can be
used to measure
small pressure dif-
ferences accurately.

Thus, in equation form

Pa — Yihi — yaho + vi(hy + hy) = pg

or

Pa — Pp — hz(’)’z - ’)’1) (Ans)

It is to be noted that the only column height of importance is the differential reading,
h,. The differential manometer could be placed 0.5 or 5.0 m above the pipe (h, = 0.5 m
or h; = 5.0 m) and the value of &, would remain the same. Relatively large values for
the differential reading %, can be obtained for small pressure differences, p, — pp, if
the difference between vy, and vy, is small.

(b) The specific value of the pressure drop for the data given is

pa — pp = (0.5m)(15.6 kN/m?® — 9.80 kN/m3)
= 290 kPa (Ans)

2.6.3 Inclined-Tube Manometer

To measure small pressure changes, a manometer of the type shown in Fig. 2.12 is frequently
used. One leg of the manometer is inclined at an angle 6, and the differential reading ¢, is
measured along the inclined tube. The difference in pressure p, — py can be expressed as

pat vily — v tysin0 — y3hy = py
or
Pa — Pp = Yatasin@ + y3hy — y by (2.15)

where it is to be noted the pressure difference between points (1) and (2) is due to the verri-
cal distance between the points, which can be expressed as €, sin 6. Thus, for relatively small
angles the differential reading along the inclined tube can be made large even for small pres-
sure differences. The inclined-tube manometer is often used to measure small differences in
gas pressures so that if pipes A and B contain a gas then

Pa — P = Y2ty sin 0

or

(2.16)

B FIGURE 2.12 Inclined-tube manometer.
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(a) (b)

B FIGURE 2.13 (a) Liquid-filled Bourdon pressure gages for various pressure ranges.
(b) Internal elements of Bourdon gages. The “C-shaped” Bourdon tube is shown on the left,
and the “coiled spring” Bourdon tube for high pressures of 1000 psi and above is shown on the
right. (Photographs courtesy of Weiss Instruments, Inc.)

where the contributions of the gas columns #; and i; have been neglected. Equation 2.16
shows that the differential reading €, (for a given pressure difference) of the inclined-tube
manometer can be increased over that obtained with a conventional U-tube manometer by
the factor 1/sin 6. Recall that sin 6 — 0 as 6 — 0.

2.7 Mechanical and Electronic Pressure Measuring Devices

A Bourdon tube
pressure gage uses
a hollow, elastic,
and curved tube to
measure pressure.

V2.2 Bourdon gage

Although manometers are widely used, they are not well suited for measuring very high pres-
sures, or pressures that are changing rapidly with time. In addition, they require the mea-
surement of one or more column heights, which, although not particularly difficult, can be
time consuming. To overcome some of these problems numerous other types of pressure-
measuring instruments have been developed. Most of these make use of the idea that when
a pressure acts on an elastic structure the structure will deform, and this deformation can be
related to the magnitude of the pressure. Probably the most familiar device of this kind is
the Bourdon pressure gage, which is shown in Fig. 2.13a. The essential mechanical element
in this gage is the hollow, elastic curved tube (Bourdon tube) which is connected to the pres-
sure source as shown in Fig. 2.13b. As the pressure within the tube increases the tube tends
to straighten, and although the deformation is small, it can be translated into the motion of
a pointer on a dial as illustrated. Since it is the difference in pressure between the outside of
the tube (atmospheric pressure) and the inside of the tube that causes the movement of the
tube, the indicated pressure is gage pressure. The Bourdon gage must be calibrated so that
the dial reading can directly indicate the pressure in suitable units such as psi, psf, or pas-
cals. A zero reading on the gage indicates that the measured pressure is equal to the local
atmospheric pressure. This type of gage can be used to measure a negative gage pressure
(vacuum) as well as positive pressures.

The aneroid barometer is another type of mechanical gage that is used for measuring
atmospheric pressure. Since atmospheric pressure is specified as an absolute pressure, the
conventional Bourdon gage is not suitable for this measurement. The common aneroid barom-
eter contains a hollow, closed, elastic element which is evacuated so that the pressure inside
the element is near absolute zero. As the external atmospheric pressure changes, the element
deflects, and this motion can be translated into the movement of an attached dial. As with
the Bourdon gage, the dial can be calibrated to give atmospheric pressure directly, with the
usual units being millimeters or inches of mercury.
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A pressure trans-
ducer converts pres-
sure into an electri-
cal output.

~~Bourdon C-tube

LVDT Output
Core AA
Mounting
block \
{ L —
|+
—/_
Pressure line N
|| B FIGURE 2.14
Pressure transducer which com-
1A bines a linear variable differential
transformer (LVDT) with a
Input Bourdon gage. (From Ref. 4, used
Spring by permission.)

For many applications in which pressure measurements are required, the pressure must
be measured with a device that converts the pressure into an electrical output. For example,
it may be desirable to continuously monitor a pressure that is changing with time. This type
of pressure measuring device is called a pressure transducer, and many different designs are
used. One possible type of transducer is one in which a Bourdon tube is connected to a lin-
ear variable differential transformer (LVDT), as is illustrated in Fig. 2.14. The core of the
LVDT is connected to the free end of the Bourdon so that as a pressure is applied the re-
sulting motion of the end of the tube moves the core through the coil and an output voltage
develops. This voltage is a linear function of the pressure and could be recorded on an os-
cillograph or digitized for storage or processing on a computer.

One disadvantage of a pressure transducer using a Bourdon tube as the elastic sensing
element is that it is limited to the measurement of pressures that are static or only changing
slowly (quasistatic). Because of the relatively large mass of the Bourdon tube, it cannot re-
spond to rapid changes in pressure. To overcome this difficulty a different type of transducer
is used in which the sensing element is a thin, elastic diaphragm which is in contact with the
fluid. As the pressure changes, the diaphragm deflects, and this deflection can be sensed and
converted into an electrical voltage. One way to accomplish this is to locate strain gages
either on the surface of the diaphragm not in contact with the fluid, or on an element attached
to the diaphragm. These gages can accurately sense the small strains induced in the diaphragm
and provide an output voltage proportional to pressure. This type of transducer is capable of
measuring accurately both small and large pressures, as well as both static and dynamic pres-
sures. For example, strain-gage pressure transducers of the type shown in Fig. 2.15 are used
to measure arterial blood pressure, which is a relatively small pressure that varies periodi-
cally with a fundamental frequency of about 1 Hz. The transducer is usually connected to
the blood vessel by means of a liquid-filled, small diameter tube called a pressure catheter.
Although the strain-gage type of transducers can be designed to have very good frequency
response (up to approximately 10 kHz), they become less sensitive at the higher frequencies
since the diaphragm must be made stiffer to achieve the higher frequency response. As an
alternative the diaphragm can be constructed of a piezoelectric crystal to be used as both the
elastic element and the sensor. When a pressure is applied to the crystal a voltage develops
because of the deformation of the crystal. This voltage is directly related to the applied pres-
sure. Depending on the design, this type of transducer can be used to measure both very low
and high pressures (up to approximately 100,000 psi) at high frequencies. Additional infor-
mation on pressure transducers can be found in Refs. 3, 4, and 5.
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B FIGURE 2.15
(a) Two different sized
strain-gage pressure
transducers (Spec-
tramed Models P10EZ
and P23XL) com-
monly used to mea-
sure physiological
pressures. Plastic
domes are filled with
fluid and connected to
blood vessels through
a needle or catheter.
(Photograph courtesy
of Spectramed, Inc.)
(b) Schematic diagram
of the P23XL trans-
ducer with the dome
removed. Deflection of
the diaphragm due to
pressure is measured
with a silicon beam on
(@) which strain gages
and an associated

Case bridge circuit have
m / been deposited.

Diaphragm

stop " X
Electrical connections

Armature ——| T ] 6

.

Link pin

Beam (strain gages deposited on beam)

(b)

2.8 Hydrostatic Force on a Plane Surface

V2.3 Hoover dam

When determining
the resultant force
on an area, the ef-
fect of atmospheric
pressure often
cancels.

When a surface is submerged in a fluid, forces develop on the surface due to the fluid. The
determination of these forces is important in the design of storage tanks, ships, dams, and
other hydraulic structures. For fluids at rest we know that the force must be perpendicular
to the surface since there are no shearing stresses present. We also know that the pressure
will vary linearly with depth if the fluid is incompressible. For a horizontal surface, such as
the bottom of a liquid-filled tank (Fig. 2.16), the magnitude of the resultant force is simply
Fr = pA, where p is the uniform pressure on the bottom and A is the area of the bottom. For
the open tank shown, p = yh. Note that if atmospheric pressure acts on both sides of the
bottom, as is illustrated, the resultant force on the bottom is simply due to the liquid in the
tank. Since the pressure is constant and uniformly distributed over the bottom, the resultant
force acts through the centroid of the area as shown in Fig. 2.16.

For the more general case in which a submerged plane surface is inclined, as is illus-
trated in Fig. 2.17, the determination of the resultant force acting on the surface is more in-
volved. For the present we will assume that the fluid surface is open to the atmosphere. Let
the plane in which the surface lies intersect the free surface at 0 and make an angle 6 with
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Free surface

Specific weight = y

h Fp
p
SREREEASEERERE B FIGURE 2.16 Pressure and resultant
/\ P =Dt /\  hydrostatic force developed on the bottom of an

open tank.

this surface as in Fig. 2.17. The x—y coordinate system is defined so that O is the origin and
The resultant force y is directed along the surface as shown. The area can have an arbitrary shape as shown. We
of a static fluid on a wish to determine the direction, location, and magnitude of the resultant force acting on one
plane surface ts.due side of this area due to the liquid in contact with the area. At any given depth, 4, the force
to the hy‘flr OSthtw. acting on dA (the differential area of Fig. 2.17) is dF = yh dA and is perpendicular to the
pressure distribufion g, ¢, 0. Thus, the magnitude of the resultant force can be found by summing these differ-
on the surface. . . .

ential forces over the entire surface. In equation form

Fr = j yhdA = j vy sin 0 dA
A A
where h = y sin 0. For constant y and 6

Fr = v sin OJ y dA 2.17)
A

Free surface
\VAR ~ 9

B FIGURE 2.17
Notation for hydrosta-
Location of tic force on an in-

7/
, resultant force clined plane surface of
. (center of pressure, CP)

arbitrary shape.




The magnitude of
the resultant fluid
force is equal to the
pressure acting at
the centroid of the
area multiplied by
the total area.
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The integral appearing in Eq. 2.17 is the first moment of the area with respect to the x axis,
SO we can write

JydA =y.A
A

where y. is the y coordinate of the centroid measured from the x axis which passes through
0. Equation 2.17 can thus be written as

Fr = yAy sin 0

or more simply as

Fr=vyh.A (2.18)

where h, is the vertical distance from the fluid surface to the centroid of the area. Note that
the magnitude of the force is independent of the angle 6 and depends only on the specific
weight of the fluid, the total area, and the depth of the centroid of the area below the sur-
face. In effect, Eq. 2.18 indicates that the magnitude of the resultant force is equal to the
pressure at the centroid of the area multiplied by the total area. Since all the differential forces
that were summed to obtain Fj are perpendicular to the surface, the resultant F; must also
be perpendicular to the surface.

Although our intuition might suggest that the resultant force should pass through the
centroid of the area, this is not actually the case. The y coordinate, yg, of the resultant force
can be determined by summation of moments around the x axis. That is, the moment of the
resultant force must equal the moment of the distributed pressure force, or

Fpyg = J ydF = J v sin 6 y* dA
A A

and, therefore, since F = yAy, sin 0

J y2 dA
JA

Yr = y. A

The integral in the numerator is the second moment of the area (moment of inertia), I, with

respect to an axis formed by the intersection of the plane containing the surface and the free
surface (x axis). Thus, we can write

I

X

yR_yCA

Use can now be made of the parallel axis theorem to express /,, as
IX = I,’CC + Ayg

where /.. is the second moment of the area with respect to an axis passing through its cen-
troid and parallel to the x axis. Thus,

=+, (2.19)

Equation 2.19 clearly shows that the resultant force does not pass through the centroid but
is always below it, since I../y.A > 0.
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The x coordinate, x, for the resultant force can be determined in a similar manner by
summing moments about the y axis. Thus,

Frxg = J v sin 0 xy dA
The resultant fluid A
force does not pass
through the cen-
troid of the area.

and, therefore,

xy dA

VA A

.xR:

where I,, is the product of inertia with respect to the x and y axes. Again, using the parallel
axis theorem,' we can write

L,
xyc
Xp = + x, (2.20)
yeA
A=ba
a
2
C® —X Ixz‘ = ﬁbtﬁ
| a
2 _1 3
y L= q54b
— b0 b
2 2 Ly =0
(a)
_ nR®
A=5
I, =0.1098R*
_ 4
o x ir 1,=0.3927R
yl 3r Lo
DR
(c) (d)
2
4R A=
3z
4R I,.=1I,=0.05488R"
3
I,.=-0.01647R"
(e)

B FIGURE 2.18 Geometric properties of some common shapes.

'Recall that the parallel axis theorem for the product of inertia of an area states that the product of inertia with respect to an or-
thogonal set of axes (x—y coordinate system) is equal to the product of inertia with respect to an orthogonal set of axes parallel to
the original set and passing through the centroid of the area, plus the product of the area and the x and y coordinates of the centroid
of the area. Thus, I,, = I,,. + Ax.y..

xye



The point through
which the resultant
fluid force acts is
called the center of
pressure.
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where I, is the product of inertia with respect to an orthogonal coordinate system passing
through the centroid of the area and formed by a translation of the x-y coordinate system. If
the submerged area is symmetrical with respect to an axis passing through the centroid and
parallel to either the x or y axes, the resultant force must lie along the line x = x,, since I,
is identically zero in this case. The point through which the resultant force acts is called the
center of pressure. It is to be noted from Eqgs. 2.19 and 2.20 that as y,. increases the center
of pressure moves closer to the centroid of the area. Since y, = h,/sin 6, the distance y, will
increase if the depth of submergence, 4., increases, or, for a given depth, the area is rotated
so that the angle, 6, decreases. Centroidal coordinates and moments of inertia for some com-
mon areas are given in Fig. 2.18.

The 4-m-diameter circular gate of Fig. E2.6a is located in the inclined wall of a large reser-
voir containing water (y = 9.80 kN/m?). The gate is mounted on a shaft along its horizon-
tal diameter. For a water depth of 10 m above the shaft determine: (a) the magnitude and lo-
cation of the resultant force exerted on the gate by the water, and (b) the moment that would
have to be applied to the shaft to open the gate.

Center of
pressure

B FIGURE E2.6

SoLution

(a) To find the magnitude of the force of the water we can apply Eq. 2.18,
Fr = vh. A

and since the vertical distance from the fluid surface to the centroid of the area is 10 m
it follows that

Fr = (9.80 X 10° N/m*)(10 m)(47 m?)
= 1230 X 10°N = 1.23 MN (Ans)
To locate the point (center of pressure) through which Fy acts, we use Egs. 2.19
and 2.20,
Ixyc Ixc
Xgp = + X, Yr = + ¥

A YA
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EXAMPS

For the coordinate system shown, x; = 0 since the area is symmetrical, and the center
of pressure must lie along the diameter A-A. To obtain yg, we have from Fig. 2.18

, -’
xc 4
and y, is shown in Fig. E2.6b. Thus,
(m/4)(2 m)* 10 m

YK 7 (10 m/sin 60°)(47 m?)  sin 60°
=0.0866m + 11.55m = 11.6 m
and the distance (along the gate) below the shaft to the center of pressure is
yg — y. = 0.0866 m (Ans)

We can conclude from this analysis that the force on the gate due to the water has a
magnitude of 1.23 MN and acts through a point along its diameter A-A at a distance of
0.0866 m (along the gate) below the shaft. The force is perpendicular to the gate sur-
face as shown.

(b) The moment required to open the gate can be obtained with the aid of the free-body
diagram of Fig. E2.6¢c. In this diagram W' is the weight of the gate and O, and O, are
the horizontal and vertical reactions of the shaft on the gate. We can now sum moments
about the shaft

>M. =0
and, therefore,
M = Fr(yg = Ye)
(1230 X 10° N)(0.0866 m)
1.07 X 10°N - m (Ans)

A large fish-holding tank contains seawater (y = 64.0 1b/ft?) to a depth of 10 ft as shown in
Fig. E2.7a. To repair some damage to one corner of the tank, a triangular section is replaced
with a new section as illustrated. Determine the magnitude and location of the force of the
seawater on this triangular area.

SoLurion

The various distances needed to solve this problem are shown in Fig. E2.7b. Since the sur-
face of interest lies in a vertical plane, y, = k. = 9 ft, and from Eq. 2.18 the magnitude of
the force is

FR = ’thA

= (64.0 Ib/f%)(9 ft)(9/2 fi%) = 2590 b (Ans)
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Median line

X /5A

1.51ft

1.5t
(©) B FIGURE E2.7

Note that this force is independent of the tank length. The result is the same if the tank is
0.25 ft, 25 ft, or 25 miles long. The y coordinate of the center of pressure (CP) is found from

Eq. 2.19,

and from Fig. 2.18

so that

Similarly, from Eq. 2.20

and from Fig. 2.18

Bf)G3f)° 81
x 36 36

4

_81/36 £t
TR T 9 10)(9/2 )

= 0.0556 ft + 9 ft = 9.06 ft (Ans)

9 ft

(3 ft)(3 ft)? 81

Ly = —2—(3ft) = —ft*

72 72
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so that

_SUREE 60078t (Ans)
Xp = =0. ns
K (9 1t)(9/2 £6%)

Thus, we conclude that the center of pressure is 0.0278 ft to the right of and 0.0556 ft
below the centroid of the area. If this point is plotted, we find that it lies on the median line
for the area as illustrated in Fig. E2.7¢. Since we can think of the total area as consisting of
a number of small rectangular strips of area 8A (and the fluid force on each of these small
areas acts through its center), it follows that the resultant of all these parallel forces must lie
along the median.

\_

2.9 Pressure Prism

The pressure prism
is a geometric rep-
resentation of the
hydrostatic force on
a plane surface.

An informative and useful graphical interpretation can be made for the force developed by
a fluid acting on a plane area. Consider the pressure distribution along a vertical wall of a
tank of width b, which contains a liquid having a specific weight . Since the pressure must
vary linearly with depth, we can represent the variation as is shown in Fig. 2.19a, where the
pressure is equal to zero at the upper surface and equal to yh at the bottom. It is apparent
from this diagram that the average pressure occurs at the depth //2, and therefore the resul-
tant force acting on the rectangular area A = bh is

FR :pavA = 7(2)14

which is the same result as obtained from Eq. 2.18. The pressure distribution shown in
Fig. 2.19a applies across the vertical surface so we can draw the three-dimensional repre-
sentation of the pressure distribution as shown in Fig. 2.19b. The base of this “volume” in
pressure-area space is the plane surface of interest, and its altitude at each point is the pres-
sure. This volume is called the pressure prism, and it is clear that the magnitude of the re-
sultant force acting on the surface is equal to the volume of the pressure prism. Thus, for the
prism of Fig. 2.19b the fluid force is

1 h
Fr = volume = 5 (yh)(bh) = 7<2>A

where bh is the area of the rectangular surface, A.

wis

B FIGURE 2.19
Pressure prism for
vertical rectangular
(a) (b) area.




The magnitude of
the resultant fluid
force is equal to the
volume of the pres-
sure prism and
passes through its
centroid.
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B FIGURE 2.20
Graphical representa-
tion of hydrostatic
forces on a vertical

(a) (b) rectangular surface.

The resultant force must pass through the centroid of the pressure prism. For the vol-
ume under consideration the centroid is located along the vertical axis of symmetry of the
surface, and at a distance of /3 above the base (since the centroid of a triangle is located at
h/3 above its base). This result can readily be shown to be consistent with that obtained from
Egs. 2.19 and 2.20.

This same graphical approach can be used for plane surfaces that do not extend up to
the fluid surface as illustrated in Fig. 2.20a. In this instance, the cross section of the pres-
sure prism is trapezoidal. However, the resultant force is still equal in magnitude to the vol-
ume of the pressure prism, and it passes through the centroid of the volume. Specific values
can be obtained by decomposing the pressure prism into two parts, ABDE and BCD, as shown
in Fig. 2.20b. Thus,

Fr=F +F,

where the components can readily be determined by inspection for rectangular surfaces. The
location of Fj can be determined by summing moments about some convenient axis, such
as one passing through A. In this instance

Frya = Fiy, + Fry,

and y; and y, can be determined by inspection.

For inclined plane surfaces the pressure prism can still be developed, and the cross sec-
tion of the prism will generally be trapezoidal as is shown in Fig. 2.21. Although it is usu-
ally convenient to measure distances along the inclined surface, the pressures developed de-
pend on the vertical distances as illustrated.

B FIGURE 2.21 Pressure variation
along an inclined plane area.
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The resultant fluid
force acting on a
submerged area is
affected by the
pressure at the free
surface.

EXAMP;.E

The use of pressure prisms for determining the force on submerged plane areas is con-
venient if the area is rectangular so the volume and centroid can be easily determined. How-
ever, for other nonrectangular shapes, integration would generally be needed to determine
the volume and centroid. In these circumstances it is more convenient to use the equations
developed in the previous section, in which the necessary integrations have been made and
the results presented in a convenient and compact form that is applicable to submerged plane
areas of any shape.

The effect of atmospheric pressure on a submerged area has not yet been considered,
and we may ask how this pressure will influence the resultant force. If we again consider the
pressure distribution on a plane vertical wall, as is shown in Fig. 2.22a, the pressure varies
from zero at the surface to yh at the bottom. Since we are setting the surface pressure equal
to zero, we are using atmospheric pressure as our datum, and thus the pressure used in the
determination of the fluid force is gage pressure. If we wish to include atmospheric pressure,
the pressure distribution will be as is shown in Fig. 2.22b. We note that in this case the force
on one side of the wall now consists of F as a result of the hydrostatic pressure distribu-
tion, plus the contribution of the atmospheric pressure, p,., A, where A is the area of the sur-
face. However, if we are going to include the effect of atmospheric pressure on one side of
the wall we must realize that this same pressure acts on the outside surface (assuming it is
exposed to the atmosphere), so that an equal and opposite force will be developed as illus-
trated in the figure. Thus, we conclude that the resultant fluid force on the surface is that due
only to the gage pressure contribution of the liquid in contact with the surface—the atmo-
spheric pressure does not contribute to this resultant. Of course, if the surface pressure of the
liquid is different from atmospheric pressure (such as might occur in a closed tank), the re-
sultant force acting on a submerged area, A, will be changed in magnitude from that caused
simply by hydrostatic pressure by an amount p, A, where p, is the gage pressure at the lig-
uid surface (the outside surface is assumed to be exposed to atmospheric pressure).

R Patm Patm
/
l
|
!
: Patm A _ Patm A
| > |
Fp >
? B FIGURE 2.22
— I ' Effect of atmospheric
pressure on the resul-
v tant force acting on a
(@) (b) plane vertical wall.

A pressurized tank contains oil (SG = 0.90) and has a square, 0.6-m by 0.6-m plate bolted
to its side, as is illustrated in Fig. E2.8a. When the pressure gage on the top of the tank reads
50 kPa, what is the magnitude and location of the resultant force on the attached plate? The
outside of the tank is at atmospheric pressure.

SoLurion

The pressure distribution acting on the inside surface of the plate is shown in Fig. E2.8b.
The pressure at a given point on the plate is due to the air pressure, p,, at the oil surface, and
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f—t—p,— /Oil surface

/ hy=2.6m

|
F, : — 0.6m
0.2m f : Iyo 0.3 m
Tihy ) Plate
(@ D)

B FIGURE E2.8

the pressure due to the oil, which varies linearly with depth as is shown in the figure. The
resultant force on the plate (having an area A) is due to the components, F; and F,, with

Fy = (p, + yh)A
=[50 X 10° N/m> + (0.90)(9.81 X 10° N/m?*)(2 m)](0.36 m?)
=244 X 10°N

h, — h
F, = y<2 5 1)A
0.6 m

= (0.90)(9.81 x 10° N/m3)(2>(0.36 m?)

and

=0.954 X 10°N
The magnitude of the resultant force, Fy, is therefore
Fr=F, + F,=254X10°N = 254kN (Ans)

The vertical location of F can be obtained by summing moments around an axis
through point O so that

Fryo = Fi(0.3 m) + F,(0.2m)
or
(25.4 X 10°N)y, = (24.4 X 10° N)(0.3 m) + (0.954 X 10° N)(0.2 m)
yo = 0.296 m (Ans)

Thus, the force acts at a distance of 0.296 m above the bottom of the plate along the verti-
cal axis of symmetry.

Note that the air pressure used in the calculation of the force was gage pressure. At-
mospheric pressure does not affect the resultant force (magnitude or location), since it acts
on both sides of the plate, thereby canceling its effect.

\_
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2.10

Hydrostatic Force on a Curved Surface

V2.4 Pop bottle

The development of
a free-body dia-
gram of a suitable
volume of fluid can
be used to deter-
mine the resultant
fluid force acting
on a curved
surface.

The equations developed in Section 2.8 for the magnitude and location of the resultant force
acting on a submerged surface only apply to plane surfaces. However, many surfaces of in-
terest (such as those associated with dams, pipes, and tanks) are nonplanar. Although the re-
sultant fluid force can be determined by integration, as was done for the plane surfaces, this
is generally a rather tedious process and no simple, general formulas can be developed. As
an alternative approach we will consider the equilibrium of the fluid volume enclosed by the
curved surface of interest and the horizontal and vertical projections of this surface.

For example, consider the curved section BC of the open tank of Fig. 2.23a. We wish
to find the resultant fluid force acting on this section, which has a unit length perpendicular
to the plane of the paper. We first isolate a volume of fluid that is bounded by the surface of
interest, in this instance section BC, the horizontal plane surface AB, and the vertical plane
surface AC. The free-body diagram for this volume is shown in Fig. 2.23b. The magnitude
and location of forces F; and F, can be determined from the relationships for planar surfaces.
The weight, W', is simply the specific weight of the fluid times the enclosed volume and acts
through the center of gravity (CG) of the mass of fluid contained within the volume. The
forces Fj; and Fy, represent the components of the force that the tank exerts on the fluid.

In order for this force system to be in equilibrium, the horizontal component F must
be equal in magnitude and collinear with F,, and the vertical component F, equal in mag-
nitude and collinear with the resultant of the vertical forces F; and W'. This follows since the
three forces acting on the fluid mass (F,, the resultant of F; and W', and the resultant force
that the tank exerts on the mass) must form a concurrent force system. That is, from the prin-
ciples of statics, it is known that when a body is held in equilibrium by three nonparallel
forces they must be concurrent (their lines of action intersect at a common point), and copla-
nar. Thus,

FH:F2
Fy=F, +W

and the magnitude of the resultant is obtained from the equation

Fr='V (FH)2 + (Fv)2

Fo=NF2 + (FY B

O

(c)

B FIGURE 2.23

Hydrostatic force on a curved surface.
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The resultant F passes through the point O, which can be located by summing moments
about an appropriate axis. The resultant force of the fluid acting on the curved surface BC
is equal and opposite in direction to that obtained from the free-body diagram of Fig. 2.23b.
The desired fluid force is shown in Fig. 2.23c.

The 6-ft-diameter drainage conduit of Fig. E2.9a is half full of water at rest. Determine the
magnitude and line of action of the resultant force that the water exerts on a 1-ft length of
the curved section BC of the conduit wall.

A B
lCG
Fy L Fy
1ft
C
Fy
(a) (b) (c)

B FIGURE E2.9

SoLution

We first isolate a volume of fluid bounded by the curved section BC, the horizontal surface

AB, and the vertical surface AC, as shown in Fig. E2.9b. The volume has a length of 1 ft.

The forces acting on the volume are the horizontal force, F|, which acts on the vertical sur-

face AC, the weight, W', of the fluid contained within the volume, and the horizontal and

vertical components of the force of the conduit wall on the fluid, Fy and Fy, respectively.
The magnitude of F is found from the equation

F, = vyh A = (624 1b/ft3) (% ft) (3 ft2) = 2811b
and this force acts 1 ft above C as shown. The weight, W, is
W =y vol = (624 1b/ft3) (9m/4 ftz)(l ft) = 441 1b

and acts through the center of gravity of the mass of fluid, which according to Fig. 2.18 is
located 1.27 ft to the right of AC as shown. Therefore, to satisfy equilibrium

Fy=F =2811b Fy=W =4411b
and the magnitude of the resultant force is
Fr = V(Fy) + (Fv)

= V(281 1b)2 + (441 1b)> = 523 1b (Ans)

The force the water exerts on the conduit wall is equal, but opposite in direction, to the forces
Fy and Fy shown in Fig. E2.9b. Thus, the resultant force on the conduit wall is shown in
Fig. E2.9¢. This force acts through the point O at the angle shown.
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An inspection of this result will show that the line of action of the resultant force passes
through the center of the conduit. In retrospect, this is not a surprising result since at each
point on the curved surface of the conduit the elemental force due to the pressure is normal
to the surface, and each line of action must pass through the center of the conduit. It there-
fore follows that the resultant of this concurrent force system must also pass through the cen-
ter of concurrence of the elemental forces that make up the system.

.

This same general approach can also be used for determining the force on curved
surfaces of pressurized, closed tanks. If these tanks contain a gas, the weight of the gas is
usually negligible in comparison with the forces developed by the pressure. Thus, the forces
(such as F, and F, in Fig. 2.23b) on horizontal and vertical projections of the curved surface
of interest can simply be expressed as the internal pressure times the appropriate projected
area.

2.11 Buoyancy, Flotation, and Stability

The resultant fluid
force acting on a
body that is com-
pletely submerged
or floating in a
fluid is called the
buoyant force.

V2.5 Cartesian
Diver

2.11.1 Archimedes’ Principle

When a stationary body is completely submerged in a fluid, or floating so that it is only par-
tially submerged, the resultant fluid force acting on the body is called the buoyant force. A
net upward vertical force results because pressure increases with depth and the pressure forces
acting from below are larger than the pressure forces acting from above. This force can be
determined through an approach similar to that used in the previous article for forces on
curved surfaces. Consider a body of arbitrary shape, having a volume ¥, that is immersed
in a fluid as illustrated in Fig. 2.24a. We enclose the body in a parallelepiped and draw a
free-body diagram of the parallelepiped with the body removed as shown in Fig. 2.24b. Note
that the forces F, F», F5, and F, are simply the forces exerted on the plane surfaces of the
parallelepiped (for simplicity the forces in the x direction are not shown), W' is the weight of
the shaded fluid volume (parallelepiped minus body), and Fj is the force the body is exert-
ing on the fluid. The forces on the vertical surfaces, such as F; and F,, are all equal and can-
cel, so the equilibrium equation of interest is in the z direction and can be expressed as

FB:FZ_FI_W (2.21)
If the specific weight of the fluid is constant, then
Fy = Fy = y(h, — h)A

where A is the horizontal area of the upper (or lower) surface of the parallelepiped, and Egq.
2.21 can be written as

Fg=vy(hy, = h)A — y[(h, — h)A — ¥]

Simplifying, we arrive at the desired expression for the buoyant force

Fp=y¥ (2.22)

where 7 is the specific weight of the fluid and ¥ is the volume of the body. The direction
of the buoyant force, which is the force of the fluid on the body, is opposite to that shown
on the free-body diagram. Therefore, the buoyant force has a magnitude equal to the weight



Archimedes’ princi-
ple states that the
buoyant force has a
magnitude equal to
the weight of the
fluid displaced by
the body and is
directed vertically
upward.

V2.6 Hydrometer
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Centroid
of displaced
volume

(@ Centroid
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B FIGURE 2.24
Buoyant force on sub-
merged and floating
bodies.

of the fluid displaced by the body and is directed vertically upward. This result is commonly
referred to as Archimedes’ principle in honor of Archimedes (287-212 B.c.), a Greek
mechanician and mathematician who first enunciated the basic ideas associated with
hydrostatics.

The location of the line of action of the buoyant force can be determined by summing
moments of the forces shown on the free-body diagram in Fig. 2.24b with respect to some
convenient axis. For example, summing moments about an axis perpendicular to the paper
through point D we have

Fgy. = Fyy, — Fiyy, — Wy,
and on substitution for the various forces
Vye =¥ — (VT - V))’z (2.23)

where ¥ is the total volume (h, — h;)A. The right-hand side of Eq. 2.23 is the first moment
of the displaced volume ¥ with respect to the x-z plane so that y, is equal to the y coordinate
of the centroid of the volume ¥. In a similar fashion it can be shown that the x coordinate
of the buoyant force coincides with the x coordinate of the centroid. Thus, we conclude that
the buoyant force passes through the centroid of the displaced volume as shown in Fig. 2.24c.
The point through which the buoyant force acts is called the center of buoyancy.

These same results apply to floating bodies which are only partially submerged, as il-
lustrated in Fig. 2.24d, if the specific weight of the fluid above the liquid surface is very
small compared with the liquid in which the body floats. Since the fluid above the surface
is usually air, for practical purposes this condition is satisfied.

In the derivations presented above, the fluid is assumed to have a constant specific
weight, y. If a body is immersed in a fluid in which vy varies with depth, such as in a lay-
ered fluid, the magnitude of the buoyant force remains equal to the weight of the displaced
fluid. However, the buoyant force does not pass through the centroid of the displaced vol-
ume, but rather, it passes through the center of gravity of the displaced volume.
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E xavpLE
2.10

Submerged or float-
ing bodies can be
either in a stable or
unstable position.

A spherical buoy has a diameter of 1.5 m, weighs 8.50 kN, and is anchored to the sea floor
with a cable as is shown in Fig. E2.10a. Although the buoy normally floats on the surface,
at certain times the water depth increases so that the buoy is completely immersed as illus-
trated. For this condition what is the tension of the cable?

Pressure envelope

Seawater

Cable

(a) (b) (c) B FIGURE E2.10

SoLution

We first draw a free-body diagram of the buoy as is shown in Fig. E2.10b, where Fy is the
buoyant force acting on the buoy, W' is the weight of the buoy, and T is the tension in the
cable. For equilibrium it follows that

T=F,— W
From Eq. 2.22
Fp=19y¥
and for seawater with y = 10.1 kN/m® and ¥ = 7d*/6 then
Fp = (10.1 X 10* N/m®)[(7/6)(1.5 m)*] = 1.785 X 10*N
The tension in the cable can now be calculated as
T =1.785 X 10*N — 0.850 X 10N = 9.35kN (Ans)

Note that we replaced the effect of the hydrostatic pressure force on the body by the
buoyant force, Fz. Another correct free-body diagram of the buoy is shown in Fig. E2.10c.
The net effect of the pressure forces on the surface of the buoy is equal to the upward force
of magnitude, Fj (the buoyant force). Do not include both the buoyant force and the hydro-
static pressure effects in your calculations—use one or the other.

\_

2.11.2 Stability

Another interesting and important problem associated with submerged or floating bodies is
concerned with the stability of the bodies. A body is said to be in a stable equilibrium posi-
tion if, when displaced, it returns to its equilibrium position. Conversely, it is in an unstable
equilibrium position if, when displaced (even slightly), it moves to a new equilibrium posi-
tion. Stability considerations are particularly important for submerged or floating bodies since
the centers of buoyancy and gravity do not necessarily coincide. A small rotation can result
in either a restoring or overturning couple. For example, for the completely submerged body
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o DAL

Restoring Overturning
Stable couple Unstable couple

B FIGURE 2.25 B FIGURE 2.26

Stability of a completely im- Stability of a completely im-

mersed body — center of gravity mersed body — center of gravity

below centroid. above centroid.
The stability of a shown in Fig. 2.25, which has a center of gravity below the center of buoyancy, a rotation
body can be deter- from its equilibrium position will create a restoring couple formed by the weight, W', and
mined by consider- the buoyant force, Fj3, which causes the body to rotate back to its original position. Thus, for
ing what happens this configuration the body is stable. It is to be noted that as long as the center of gravity

when it is displaced  falls below the center of buoyancy, this will always be true; that is, the body is in a stable

JSrom its equilibrium  ¢quilibrium position with respect to small rotations. However, as is illustrated in Fig. 2.26,

position. if the center of gravity is above the center of buoyancy, the resulting couple formed by the
weight and the buoyant force will cause the body to overturn and move to a new equilibrium
position. Thus, a completely submerged body with its center of gravity above its center of
buoyancy is in an unstable equilibrium position.

For floating bodies the stability problem is more complicated, since as the body ro-
tates the location of the center of buoyancy (which passes through the centroid of the dis-
placed volume) may change. As is shown in Fig. 2.27, a floating body such as a barge that
rides low in the water can be stable even though the center of gravity lies above the center
of buoyancy. This is true since as the body rotates the buoyant force, Fg, shifts to pass through
the centroid of the newly formed displaced volume and, as illustrated, combines with the
weight, W', to form a couple which will cause the body to return to its original equilibrium
position. However, for the relatively tall, slender body shown in Fig. 2.28, a small rotational
displacement can cause the buoyant force and the weight to form an overturning couple as

illustrated.
It is clear from these simple examples that the determination of the stability of sub-
V2.7 Stability of a merged or floating bodies can be difficult since the analysis depends in a complicated fashion
model barge on the particular geometry and weight distribution of the body. The problem can be further

complicated by the necessary inclusion of other types of external forces such as those in-
duced by wind gusts or currents. Stability considerations are obviously of great importance
in the design of ships, submarines, bathyscaphes, and so forth, and such considerations play
a significant role in the work of naval architects (see, for example, Ref. 6).

m B FIGURE 2.27

¢ = centroid of original ¢' = centroid of new Restoring e
displaced volume displaced volume couple _Stablllty of a float-
ing body — stable

Stable configuration.
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displaced volume displaced volume couple B FIGURE 2.28 Stability of a

Unstable floating body — unstable configuration.

2.12 Pressure Variation in a Fluid with Rigid-Body Motion

Even though a fluid
may be in motion,
if it moves as a
rigid body there will
be no shearing
Stresses present.

Although in this chapter we have been primarily concerned with fluids at rest, the general
equation of motion (Eq. 2.2)
-Vp — yﬁ = pa

was developed for both fluids at rest and fluids in motion, with the only stipulation being
that there were no shearing stresses present. Equation 2.2 in component form, based on rec-
tangular coordinates with the positive z axis being vertically upward, can be expressed as

a 9 )
P pa, P pa, P v + pa. (2.24)
x dy ’ 0z N

A general class of problems involving fluid motion in which there are no shearing
stresses occurs when a mass of fluid undergoes rigid-body motion. For example, if a con-
tainer of fluid accelerates along a straight path, the fluid will move as a rigid mass (after the
initial sloshing motion has died out) with each particle having the same acceleration. Since
there is no deformation, there will be no shearing stresses and, therefore, Eq. 2.2 applies.
Similarly, if a fluid is contained in a tank that rotates about a fixed axis, the fluid will sim-
ply rotate with the tank as a rigid body, and again Eq. 2.2 can be applied to obtain the pres-
sure distribution throughout the moving fluid. Specific results for these two cases (rigid-body
uniform motion and rigid-body rotation) are developed in the following two sections. Although
problems relating to fluids having rigid-body motion are not, strictly speaking, “fluid stat-
ics” problems, they are included in this chapter because, as we will see, the analysis and re-
sulting pressure relationships are similar to those for fluids at rest.

2.12.1 Linear Motion

We first consider an open container of a liquid that is translating along a straight path with
a constant acceleration a as illustrated in Fig. 2.29. Since a, = 0 it follows from the first of
Eqgs. 2.24 that the pressure gradient in the x direction is zero (dp/dx = 0). In the y and z di-
rections

ap
dy

dp
az

= —pa, (2.25)

= —p(e + ) 2.26)



The pressure distri-
bution in a fluid
mass that is accel-
erating along a
straight path is not
hydrostatic.
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Free surface
slope = dz/dy

P2 pressure
P3 lines

B FIGURE 2.29
Linear acceleration of
a liquid with a free
surface.

The change in pressure between two closely spaced points located aty, z, and y + dy, z + dz
can be expressed as

ap ap
dp=—dy+—d
P ay Y 0z ¢
or in terms of the results from Egs. 2.25 and 2.26
dp = —pa,dy — p(g + a,)dz (2.27)

Along a line of constant pressure, dp = 0, and therefore from Eq. 2.27 it follows that the
slope of this line is given by the relationship

dZ _ ay

= (2.28)
dy gta,
Along a free surface the pressure is constant, so that for the accelerating mass shown in
Fig. 2.29 the free surface will be inclined if a, # 0. In addition, all lines of constant pres-
sure will be parallel to the free surface as illustrated.

For the special circumstance in which a, = 0, a, # 0, which corresponds to the mass
of fluid accelerating in the vertical direction, Eq. 2.28 indicates that the fluid surface will be
horizontal. However, from Eq. 2.26 we see that the pressure distribution is not hydrostatic,
but is given by the equation

dp

- Pleta)
For fluids of constant density this equation shows that the pressure will vary linearly with
depth, but the variation is due to the combined effects of gravity and the externally induced
acceleration, p(g + a.), rather than simply the specific weight pg. Thus, for example, the
pressure along the bottom of a liquid-filled tank which is resting on the floor of an eleva-
tor that is accelerating upward will be increased over that which exists when the tank is at
rest (or moving with a constant velocity). It is to be noted that for a freely falling fluid
mass (a, = —g), the pressure gradients in all three coordinate directions are zero, which
means that if the pressure surrounding the mass is zero, the pressure throughout will be
zero. The pressure throughout a “blob” of orange juice floating in an orbiting space shut-
tle (a form of free fall) is zero. The only force holding the liquid together is surface ten-
sion (see Section 1.9).
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The cross section for the fuel tank of an experimental vehicle is shown in Fig. E2.11. The
XAMPLE rectangular tank is vented to the atmosphere, and a pressure transducer is located in its side

211 | illustrated. During testing of the vehicle, the tank is subjected to a constant linear accel-

y

s =—_ T
T izl 0.5 ft

________ _.:]4L

“Transducer

or

44‘70-75ft44 B FIGURE E2.11

eration, a,. (a) Determine an expression that relates a, and the pressure (in Ib/ft) at the trans-
ducer for a fuel with a SG = 0.65. (b) What is the maximum acceleration that can occur be-
fore the fuel level drops below the transducer?

SoLurion

d_ @

dy 8

2 ay

0751t g

21 = (0.75 ft) (Z’)

p =7vh

where / is the depth of fuel above the transducer, and therefore

p = (0.65)(62.4 Ib/t*)[0.5 ft — (0.75 ft)(a,/g)]

ay
=20.3 — 304 —
8

for z; = 0.5 ft. As written, p would be given in 1b/ft>.

(a) For a constant horizontal acceleration the fuel will move as a rigid body, and from
Eq. 2.28 the slope of the fuel surface can be expressed as

since a, = 0. Thus, for some arbitrary a,, the change in depth, z;, of liquid on the right
side of the tank can be found from the equation

Since there is no acceleration in the vertical, z, direction, the pressure along the wall
varies hydrostatically as shown by Eq. 2.26. Thus, the pressure at the transducer is given
by the relationship

(Ans)



A fluid contained in
a tank that is rotat-
ing with a constant
angular velocity
about an axis will
rotate as a rigid
body.
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(b) The limiting value for
the equation

(when the fuel level reaches the transducer) can be found from

a max
0.5 ft = (0.75 ft) {( ) ]
g
or
2g
(a_v)max = ?

and for standard acceleration of gravity
(@)max = 3 (32.2 ft/s?) = 21.5 ft/s (Ans)

Note that the pressure in horizontal layers is not constant in this example since
op/dy = —pa, # 0. Thus, for example, p; # p,.

2.12.2 Rigid-Body Rotation

After an initial “start-up” transient, a fluid contained in a tank that rotates with a constant
angular velocity w about an axis as is shown in Fig. 2.30 will rotate with the tank as a rigid
body. It is known from elementary particle dynamics that the acceleration of a fluid particle
located at a distance r from the axis of rotation is equal in magnitude to rw?, and the direction
of the acceleration is toward the axis of rotation as is illustrated in the figure. Since the paths
of the fluid particles are circular, it is convenient to use cylindrical polar coordinates r, 6,
and z, defined in the insert in Fig. 2.30. It will be shown in Chapter 6 that in terms of cylin-
drical coordinates the pressure gradient Vp can be expressed as

ap 1 dp ap
Vp=—8& +—8& + —¢& 2.29
P r e T ag T 9 & (2.29)
Thus, in terms of this coordinate system
a=—-ro*e, a,=0 a=0
and from Eq. 2.2
ap ) ap dp
— = prw — =0 — = - 2.30
ar P 20 oz ! (2:30)
Axis of
rotation
i z
W\i/
Z D -« a,= ro? 3

/e\Z
1/69
Hm FIGURE 2.30

! \ e Rigid-body rotation
| of a liquid in a tank.
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The free surface in
a rotating liquid is
curved rather than

[flat.

These results show that for this type of rigid-body rotation, the pressure is a function of two
variables r and z, and therefore the differential pressure is

ap ap
dp = —dr + —d
P or dz ‘

or
dp = pro* dr — y dz (2.31)

Along a surface of constant pressure, such as the free surface, dp = 0, so that from Eq. 2.31
(using vy = pg)

dz ro’

dr g
and, therefore, the equation for surfaces of constant pressure is

(1)21"2

+ constant (2.32)

I
Il

This equation reveals that these surfaces of constant pressure are parabolic as illustrated in
Fig. 2.31.
Integration of Eq. 2.31 yields

jdp=pwzjrdr—yjdz

2

or

pw’r

2

p= — ¥z + constant (2.33)

where the constant of integration can be expressed in terms of a specified pressure at some
arbitrary point ry, z,. This result shows that the pressure varies with the distance from the
axis of rotation, but at a fixed radius, the pressure varies hydrostatically in the vertical di-
rection as shown in Fig. 2.31.

P P

Constant P2 P2
pressure

lines
Py

N

B FIGURE 2.31 Pressure
distribution in a rotating liquid.

NI/
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It has been suggested that the angular velocity, w, of a rotating body or shaft can be mea-
sured by attaching an open cylinder of liquid, as shown in Fig. E2.12a, and measuring with
some type of depth gage the change in the fluid level, H — h, caused by the rotation of the
fluid. Determine the relationship between this change in fluid level and the angular velocity.

r

«—R —»‘

Depth Initial

gage depth
h

i z

0

Sy

(@) (b) B FIGURE E2.12

SoLution

The height, A, of the free surface above the tank bottom can be determined from Eq. 2.32,
and it follows that
2.2
h="""p,
28

The initial volume of fluid in the tank, ¥,, is equal to

¥, = wR’H

The volume of the fluid with the rotating tank can be found with the aid of the differential
element shown in Fig. E2.12b. This cylindrical shell is taken at some arbitrary radius, r, and
its volume is

d¥ = 2wrh dr

The total volume is, therefore

R/ w¥r? T R* )
V=27 r + hy |dr = + 7R,
0o \2g 4g

Since the volume of the fluid in the tank must remain constant (assuming that none spills
over the top), it follows that

2p4
aRH = T2 4 R,
or
2p2
R
H—hy=2 (Ans)
4g

This is the relationship we were looking for. It shows that the change in depth could indeed
be used to determine the rotational speed, although the relationship between the change in
depth and speed is not a linear one.

\.
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Problems

Note: Unless otherwise indicated use the values of fluid prop-
erties found in the tables on the inside of the front cover. Prob-
lems designated with an (*) are intended to be solved with the
aid of a programmable calculator or a computer. Problems des-
ignated with a () are “open-ended” problems and require crit-
ical thinking in that to work them one must make various as-
sumptions and provide the necessary data. There is not a unique
answer to these problems.

In the E-book, answers to the even-numbered problems
can be obtained by clicking on the problem number. In the
E-book, access to the videos that accompany problems can
be obtained by clicking on the “video” segment (i.e., Video
2.3) of the problem statement. The lab-type problems can be

accessed by clicking on the “click here” segment of the prob-
lem statement.

2.1 The water level in an open standpipe is 80 ft above the
ground. What is the static pressure at a fire hydrant that is con-
nected to the standpipe and located at ground level? Express
your answer in psi.

2.2 Blood pressure is usually given as a ratio of the maxi-
mum pressure (systolic pressure) to the minimum pressure (di-
astolic pressure). As shown in Video V2.1, such pressures are
commonly measured with a mercury manometer. A typical
value for this ratio for a human would be 120/70, where the
pressures are in mm Hg. (a) What would these pressures be in



pascals? (b) If your car tire was inflated to 120 mm Hg, would
it be sufficient for normal driving?

2.3 What pressure, expressed in pascals, will a skin diver
be subjected to at a depth of 40 m in seawater?

24 The two open tanks shown in Fig. P2.4 have the same
bottom area, A, but different shapes. When the depth, 4, of a
liquid in the two tanks is the same, the pressure on the bottom
of the two tanks will be the same in accordance with Eq. 2.7.
However, the weight of the liquid in each of the tanks is dif-
ferent. How do you account for this apparent paradox?

'f:—’—y—:—:—:—:—f—’:—i—:—:—:—z R
h
Y
Area=A Area=A

B FIGURE P2.4

2.5 Bourdon gages (see Video V2.2 and Fig. 2.13) are com-
monly used to measure pressure. When such a gage is attached
to the closed water tank of Fig. P2.5 the gage reads 5 psi. What
is the absolute air pressure in the tank? Assume standard at-
mospheric pressure of 14.7 psi.

Air

12 in.

Bourdon gage

Water

B FIGURE P2.5

m 85

Problems

2.6 Bathyscaphes are capable of submerging to great depths
in the ocean. What is the pressure at a depth of 5 km, assum-
ing that seawater has a constant specific weight of 10.1 kN/m*?
Express your answer in pascals and psi.

2.7 For the great depths that may be encountered in the
ocean the compressibility of seawater may become an impor-
tant consideration. (a) Assume that the bulk modulus for sea-
water is constant and derive a relationship between pressure and
depth which takes into account the change in fluid density with
depth. (b) Make use of part (a) to determine the pressure at a
depth of 6 km assuming seawater has a bulk modulus of
2.3 X 10° Pa and a density of 1030 kg/m? at the surface. Com-
pare this result with that obtained by assuming a constant den-
sity of 1030 kg/m?.

2.8 Blood pressure is commonly measured with a cuff
placed around the arm, with the cuff pressure (which is a mea-
sure of the arterial blood pressure) indicated with a mercury
manometer (see Video 2.1). A typical value for the maximum
value of blood pressure (systolic pressure) is 120 mm Hg. Why
wouldn’t it be simpler, and cheaper, to use water in the manome-
ter rather than mercury? Explain and support your answer with
the necessary calculations.

29 Two hemispherical shells are bolted together as shown
in Fig. P2.9. The resulting spherical container, which weighs
400 Ib, is filled with mercury and supported by a cable as shown.
The container is vented at the top. If eight bolts are symmetri-
cally located around the circumference, what is the vertical
force that each bolt must carry?

/Sphere diameter = 3 ft

B FIGURE P2.9

2.10 Develop an expression for the pressure variation in a
liquid in which the specific weight increases with depth, A, as
vy = Kh + v, where K is a constant and 7, is the specific
weight at the free surface.

*2.11 In a certain liquid at rest, measurements of the spe-
cific weight at various depths show the following variation:
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h (ft) v (b/ft)
0 70
10 76
20 84
30 91
40 97
50 102
60 107
70 110
80 112
90 114
100 115

*2.17 A Bourdon gage (see Fig. 2.13 and Video V2.2) is
often used to measure pressure. One way to calibrate this type
of gage is to use the arangement shown in Fig. P2.17a. The
container is filled with a liquid and a weight, W', placed on one
side with the gage on the other side. The weight acting on the
liquid through a 0.4-in.-diameter opening creates a pressure that
is transmitted to the gage. This arrangement, with a series of
weights, can be used to determine what a change in the dial
movement, 60, in Fig. P2.17b, corresponds to in terms of a
change in pressure. For a particular gage, some data are given
below. Based on a plot of these data, determine the relationship
between 6 and the pressure, p, where p is measured in psi?

Wwab) |0 ] 1.04 | 200|323 ] 405 | 524 | 631 |

The depth &7 = 0 corresponds to a free surface at atmospheric
pressure. Determine, through numerical integration of Eq. 2.4,
the corresponding variation in pressure and show the results on
a plot of pressure (in psf) versus depth (in feet).

2.12 The basic elements of a hydraulic press are shown in
Fig. P2.12. The plunger has an area of 1 in.2, and a force, Fi,
can be applied to the plunger through a lever mechanism hav-
ing a mechanical advantage of 8 to 1. If the large piston has an
area of 150 in.%, what load, F,, can be raised by a force of 30 Ib
applied to the lever? Neglect the hydrostatic pressure variation.

|
i

Plunger

T

Hydraulic fluid

B FIGURE P2.12

213 A 0.3-m-diameter pipe is connected to a 0.02-m-
diameter pipe and both are rigidly held in place. Both pipes are
horizontal with pistons at each end. If the space between the
pistons is filled with water, what force will have to be applied
to the larger piston to balance a force of 80 N applied to the
smaller piston? Neglect friction.

2.14 Because of elevation differences, the water pres-
sure in the second floor of your house is lower than it is in the
first floor. For tall buildings this pressure difference can become
unacceptable. Discuss possible ways to design the water distri-
bution system in very tall buildings so that the hydrostatic pres-
sure difference is within acceptable limits.

2.15 What would be the barometric pressure reading, in mm
Hg, at an elevation of 4 km in the U.S. standard atmosphere?
(Refer to Table C.2 in Appendix C.)

2.16 An absolute pressure of 7 psia corresponds to what
gage pressure for standard atmospheric pressure of 14.7 psia?

0(deg.)|0| 20 | 40 | 60 | 80 |100|120|

Bourdon Gage w

\(7 ,‘:0_4-in.-diameteT!—"l
|
] Liquid
(b) (a)

B FIGURE P2.17

2.18 For an atmospheric pressure of 101 kPa (abs) deter-
mine the heights of the fluid columns in barometers containing
one of the following liquids: (a) mercury, (b) water, and (c)
ethyl alcohol. Calculate the heights including the effect of va-
por pressure, and compare the results with those obtained ne-
glecting vapor pressure. Do these results support the widespread
use of mercury for barometers? Why?

2.19 Aneroid barometers can be used to measure changes
in altitude. If a barometer reads 30.1 in. Hg at one elevation,
what has been the change in altitude in meters when the barom-
eter reading is 28.3 in. Hg? Assume a standard atmosphere and
that Eq. 2.12 is applicable over the range of altitudes of inter-
est.

2.20 Pikes Peak near Denver, Colorado, has an elevation of
14,110 ft. (a) Determine the pressure at this elevation, based on
Eq. 2.12. (b) If the air is assumed to have a constant specific
weight of 0.07647 Ib/ft}, what would the pressure be at this al-
titude? (c) If the air is assumed to have a constant temperature
of 59 °F, what would the pressure be at this elevation? For all
three cases assume standard atmospheric conditions at sea level
(see Table 2.1).

221 Equation 2.12 provides the relationship between pres-
sure and elevation in the atmosphere for those regions in which
the temperature varies linearly with elevation. Derive this equa-
tion and verify the value of the pressure given in Table C.2 in
Appendix C for an elevation of 5 km.

2.22 As shown in Fig. 2.6 for the U.S. standard atmosphere,
the troposphere extends to an altitude of 11 km where the pres-



sure is 22.6 kPa (abs). In the next layer, called the stratosphere,
the temperature remains constant at —56.5 °C. Determine the
pressure and density in this layer at an altitude of 15 km. As-
sume g = 9.77 m/s” in your calculations. Compare your results
with those given in Table C.2 in Appendix C.

*2.23 Under normal conditions the temperature of the at-
mosphere decreases with increasing elevation. In some situa-
tions, however, a temperature inversion may exist so that the air
temperature increases with elevation. A series of temperature
probes on a mountain give the elevation—temperature data
shown in the table below. If the barometric pressure at the base
of the mountain is 12.1 psia, determine by means of numerical
integration the pressure at the top of the mountain.

Elevation (ft) Temperature (°F)

5000 50.1 (base)
5500 552

6000 60.3

6400 62.6

7100 67.0

7400 68.4

8200 70.0

8600 69.5

9200 68.0

9900 67.1 (top)

2.24 A U-tube manometer is connected to a closed tank
containing air and water as shown in Fig. P2.24. At the closed
end of the manometer the air pressure is 16 psia. Determine the
reading on the pressure gage for a differential reading of 4 ft
on the manometer. Express your answer in psi (gage). Assume
standard atmospheric pressure and neglect the weight of the air
columns in the manometer.

l¥'<— Closed valve

~— Air pressure = 16 psia

1

4‘ft Air
2 ft
Water l
Gage fluid :?P
(y =90 Ib/ft3) ressure
gage

B FIGURE P2.24

2.25 A closed cylindrical tank filled with water has a hemi-
spherical dome and is connected to an inverted piping system
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as shown in Fig. P2.25. The liquid in the top part of the piping
system has a specific gravity of 0.8, and the remaining parts of
the system are filled with water. If the pressure gage reading at
A is 60 kPa, determine: (a) the pressure in pipe B, and (b) the
pressure head, in millimeters of mercury, at the top of the dome
(point C).

Hemispherical dome

| sG=08

Water
B FIGURE P2.25

2.26 For the stationary fluid shown in Fig. P2.26, the pres-
sure at point B is 20 kPa greater than at point A. Determine the
specific weight of the manometer fluid.

Manometer fltib

_____ 1

SG=1.2 2m

[ ]
B
Density = 1500 kg/m>
B FIGURE P2.26

2.27 A U-tube mercury manometer is connected to a closed
pressurized tank as illustrated in Fig. P2.27. If the air pressure
is 2 psi, determine the differential reading, 4. The specific
weight of the air is negligible.
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Q-

Air

Water

PN%N%N{
= = =
= e e

Mercury (SG = 13.6) —+

B FIGURE P2.27

2.28 A suction cup is used to support a plate of weight W
as shown in Fig. P2.28. For the conditions shown, determine
w.

1.6 ft
SG=8

Suction cup

Plate
/

[ ]
jfe——— 2-ft-diameter ———|

B FIGURE P2.28

0.5-ft radius

2.29 A piston having a cross-sectional area of 3 ft* and neg-
ligible weight is located in a cylinder containing oil (SG = 0.9)
as shown in Fig. P2.29. The cylinder is connected to a pres-
surized tank containing water and oil. A force, P, holds the pis-
ton in place. (a) Determine the required value of the force, P.
(b) Determine the pressure head, expressed in feet of water, act-
ing on the tank bottom.

‘P '/Piston
T

3 ft

i

Cylinder

@

Air pressure = 5 psi

? .
2 ft 0il (SG =0.9)

f
2 ft 4-in.diamter
3ft Water

%

k Tank bottom

B FIGURE P2.29

T 230 Although it is difficult to compress water, the den-
sity of water at the bottom of the ocean is greater than that at
the surface because of the higher pressure at depth. Estimate
how much higher the ocean’s surface would be if the density
of seawater were instantly changed to a uniform density equal
to that at the surface.

231 The mercury manometer of Fig. P2.31 indicates a
differential reading of 0.30 m when the pressure in pipe A is
30-mm Hg vacuum. Determine the pressure in pipe B.

Mercury

B FIGURE P2.31

2.32 For the inclined-tube manometer of Fig. P2.32 the
pressure in pipe A is 0.6 psi. The fluid in both pipes A and B
is water, and the gage fluid in the manometer has a specific
gravity of 2.6. What is the pressure in pipe B corresponding to
the differential reading shown?

B FIGURE P2.32



2.33 Compartments A and B of the tank shown in Fig. P2.33
are closed and filled with air and a liquid with a specific grav-
ity equal to 0.6. Determine the manometer reading, A, if the
barometric pressure is 14.7 psia and the pressure gage reads 0.5
psi. The effect of the weight of the air is negligible.

@ 0.5 psi

Open
¥
Air T
h
el v
0.1ft
Water_| —
A
Liquid
A B (SG =0.6)

Mercury (SG = 13.6)
B FIGURE P2.33

2.34 Small differences in gas pressures are commonly mea-
sured with a micromanometer of the type illustrated in
Fig. P2.34. This device consists of two large reservoirs each
having a cross-sectional area A, which are filled with a liquid
having a specific weight y, and connected by a U-tube of cross-
sectional area A, containing a liquid of specific weight y,. When
a differential gas pressure, p; — p,, is applied, a differential
reading, &, develops. It is desired to have this reading suffi-
ciently large (so that it can be easily read) for small pressure
differentials. Determine the relationship between 4 and p; — p,
when the area ratio A,/A, is small, and show that the differen-
tial reading, h, can be magnified by making the difference in
specific weights, y, — y,, small. Assume that initially (with
p1 = p,) the fluid levels in the two reservoirs are equal.

P1 P2

Vgl "

N
l

Y2

B FIGURE P2.34

2.35 The cyclindrical tank with hemispherical ends shown
in Fig. P2.35 contains a volatile liquid and its vapor. The lig-
uid density is 800 kg/m?, and its vapor density is negligible.
The pressure in the vapor is 120 kPa (abs), and the atmospheric
pressure is 101 kPa (abs). Determine: (a) the gage pressure read-
ing on the pressure gage; and (b) the height, 4, of the mercury
manometer.

Problems W 89
Open
1m
1m —,f
L Liquid i
1m
Mercury

B FIGURE P2.35

2.36 Determine the elevation difference, Ah, between the
water levels in the two open tanks shown in Fig. P2.36.

SG =0.90
N

Water
B FIGURE P2.36

2.37 Water, oil, and salt water fill a tube as shown in
Fig. P2.37. Determine the pressure at point 1 (inside the closed
tube).

Oil density
=1.20 slugs/ft3 L. ~—1-in. diameter
[<— 2-in. diameter 3Tft
Ve Salt water,
] 1 (1) SG=1.20
2 ft
[ AVARNNN B I [ |
Water 4 ft

B FIGURE P2.37

2.38  An air-filled, hemispherical shell is attached to the
ocean floor at a depth of 10 m as shown in Fig. P2.38. A mer-
cury barometer located inside the shell reads 765 mm Hg, and
a mercury U-tube manometer designed to give the outside wa-
ter pressure indicates a differential reading of 735 mm Hg as
illustrated. Based on these data what is the atmospheric pres-
sure at the ocean surface?
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Ocean surface

Shell wall

735 mm
10m

Mercury

Shell

B FIGURE P2.38

*2.39 Both ends of the U-tube mercury manometer of
Fig. P2.39 are initially open to the atmosphere and under stan-
dard atmospheric pressure. When the valve at the top of the
right leg is open, the level of mercury below the valve is ;.
After the valve is closed, air pressure is applied to the left
leg. Determine the relationship between the differential read-
ing on the manometer and the applied gage pressure, p,. Show
on a plot how the differential reading varies with p, for
h; = 25,50, 75, and 100mm over the range 0 = p, = 300 kPa.
Assume that the temperature of the trapped air remains con-
stant.

Pg

Mercury

B FIGURE P2.39

2.40 A 0.02-m-diameter manometer tube is connected to a
6-m-diameter full tank as shown in Fig. P2.40. Determine the
density of the unknown liquid in the tank.

241 A 6-in.-diameter piston is located within a cylinder
which is connected to a 3-in.-diameter inclined-tube manometer
as shown in Fig. P2.41. The fluid in the cylinder and the manome-
ter is oil (specific weight = 59 Ib/ft’). When a weight W is
placed on the top of the cylinder, the fluid level in the manome-
ter tube rises from point (1) to (2). How heavy is the weight? As-
sume that the change in position of the piston is negligible.

SG=1.10

Specific weight
=25.0 kN/m3

B FIGURE P2.40

w

Piston

B FIGURE P2.41

242 The manometer fluid in the manometer of Fig. P2.42
has a specific gravity of 3.46. Pipes A and B both contain wa-
ter. If the pressure in pipe A is decreased by 1.3 psi and the
pressure in pipe B increases by 0.9 psi, determine the new dif-
ferential reading of the manometer.

A
aF T
2 ft
Water Water
1ft
1ft
4 I
Gage fluid
(SG = 3.46)

B FIGURE P2.42

2.43 Determine the ratio of areas, A,/A,, of the two
manometer legs of Fig. P2.43 if a change in pressure in pipe B
of 0.5 psi gives a corresponding change of 1 in. in the level of



the mercury in the right leg. The pressure in pipe A does not
change.

Qil
(SG=0.8)

Area =4, Area=A,

Mercury

B FIGURE P2.43

2.44 The inclined differential manometer of Fig. P2.44 con-
tains carbon tetrachloride. Initially the pressure differential be-
tween pipes A and B, which contain a brine (SG = 1.1), is zero
as illustrated in the figure. It is desired that the manometer give
a differential reading of 12 in. (measured along the inclined
tube) for a pressure differential of 0.1 psi. Determine the re-
quired angle of inclination, 6.

Carbon
tetrachloride

B FIGURE P2.44

245 Determine the new differential reading along the in-
clined leg of the mercury manometer of Fig. P2.45, if the pres-
sure in pipe A is decreased 10 kPa and the pressure in pipe B
remains unchanged. The fluid in A has a specific gravity of 0.9
and the fluid in B is water.

B FIGURE P2.45
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2.46 Determine the change in the elevation of the mercury
in the left leg of the manometer of Fig. P2.46 as a result of an
increase in pressure of 5 psi in pipe A while the pressure in pipe
B remains constant.

Water

Qil (SG = 0.9)

Mercury

diameter

B FIGURE P2.46

*2.47 Water initially fills the funnel and its connecting tube
as shown in Fig. P2.47. Oil (SG = 0.85) is poured into the fun-
nel until it reaches a level A > H/2 as indicated. Determine and
plot the value of the rise in the water level in the tube, ¢, as a
function of h for H/2 =h <H, with H= D = 2ft and
d=0.1ft.

Initial Final

B FIGURE P2.47

2.48 Concrete is poured into the forms as shown in Fig.
P2.48 to produce a set of steps. Determine the weight of the
sandbag needed to keep the bottomless forms from lifting off
the ground. The weight of the forms is 85 Ib, and the specific
weight of the concrete is 150 Ib/ft>.

Open top
8 in. risers ~—3 ﬂ“

Sand—»ii ii I
Open bottom
10 in. tread

B FIGURE P2.48

2.49 A square 3 m X 3 m gate is located in the 45° slop-
ing side of a dam. Some measurements indicate that the resul-
tant force of the water on the gate is 500 kN. (a) Determine the
pressure at the bottom of the gate. (b) Show on a sketch where
this force acts.
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2.50 An inverted 0.1-m-diameter circular cylinder is par-
tially filled with water and held in place as shown in Fig. P2.50.
A force of 20 N is needed to pull the flat plate from the cylin-
der. Determine the air pressure within the cylinder. The plate is
not fastened to the cylinder and has negligible mass.

i

Air

T

Water 0.2m
Plate \

F=20N
B FIGURE P2.50

2.51 A large, open tank contains water and is connected to
a 6-ft-diameter conduit as shown in Fig. P2.51. A circular plug
is used to seal the conduit. Determine the magnitude, direction,
and location of the force of the water on the plug.

17

9 ft

Water JPIug Open
3
GJt
I o

B FIGURE P2.51

2.52 A homogeneous, 4-ft-wide, 8-ft-long rectangular gate
weighing 800 Ib is held in place by a horizontal flexible cable
as shown in Fig. P2.52. Water acts against the gate which is
hinged at point A. Friction in the hinge is negligible. Determine
the tension in the cable.

Water

B FIGURE P2.51

2.53 Sometimes it is difficult to open an exterior door
of a building because the air distribution system maintains a
pressure difference between the inside and outside of the build-
ing. Estimate how big this pressure difference can be if it is
“not too difficult” for an average person to open the door.

2.54 An area in the form of an isosceles triangle with a base
width of 6 ft and an altitude of 8 ft lies in the plane forming
one wall of a tank which contains a liquid having a specific
weight of 79.8 Ib/ft’. The side slopes upward making an angle
of 60° with the horizontal. The base of the triangle is horizon-
tal and the vertex is above the base. Determine the resultant
force the fluid exerts on the area when the fluid depth is 20 ft
above the base of the triangular area. Show, with the aid of a
sketch, where the center of pressure is located.

2.55 Solve Problem 2.54 if the isosceles triangle is replaced
with a right triangle having the same base width and altitude.

2.56 A tanker truck carries water, and the cross section of
the truck’s tank is shown in Fig. P2.56. Determine the magni-
tude of the force of the water against the vertical front end of
the tank.

Open

o]

Water

2 ftmte—— 4 ft ——=2 1t
B FIGURE P2.56

2.57 Two square gates close two openings in a conduit con-
nected to an open tank of water as shown in Fig. P2.57. When
the water depth, A, reaches 5 m it is desired that both gates open
at the same time. Determine the weight of the homogeneous
horizontal gate and the horizontal force, R, acting on the verti-
cal gate that is required to keep the gates closed until this depth
is reached. The weight of the vertical gate is negligible, and
both gates are hinged at one end as shown. Friction in the hinges
is negligible.

-
1 A

Vertical gate,
4Am x 4m

\Hinge

Hinge Horizontal gate, 4m x 4m

Water

B FIGURE P2.57

2.58 The rigid gate, OAB, of Fig. P2.58 is hinged at O and
rests against a rigid support at B. What minimum horizontal
force, P, is required to hold the gate closed if its width is 3 m?
Neglect the weight of the gate and friction in the hinge. The
back of the gate is exposed to the atmosphere.



Open to atmospherel

B FIGURE P2.58

2.59 The massless, 4-ft-wide gate shown in Fig. P2.59 piv-
ots about the frictionless hinge O. It is held in place by the 2000
Ib counterweight, W. Determine the water depth, A.

Width = 4 ft

B FIGURE P2.59

*2.60 A 200-1b homogeneous gate of 10-ft width and 5-ft
length is hinged at point A and held in place by a 12-ft-long
brace as shown in Fig. P2.60. As the bottom of the brace is
moved to the right, the water level remains at the top of the
gate. The line of action of the force that the brace exerts on the
gate is along the brace. (a) Plot the magnitude of the force ex-
erted on the gate by the brace as a function of the angle of the
gate, 0, for 0 = 6 = 90°. (b) Repeat the calculations for the
case in which the weight of the gate is negligible. Comment on
the results as 6 — 0.

Moveable
stop

B FIGURE P2.60
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2.61 An open tank has a vertical partition and on one side
contains gasoline with a density p = 700 kg/m® at a depth of
4 m, as shown in Fig. P2.61. A rectangular gate that is 4 m high
and 2 m wide and hinged at one end is located in the partition.
Water is slowly added to the empty side of the tank. At what
depth, A, will the gate start to open?

/Partition

Gasoline

Hinge =~
B FIGURE P2.61

2.62 A gate having the shape shown in Fig. P2.62 is lo-
cated in the vertical side of an open tank containing water. The
gate is mounted on a horizontal shaft. (a) When the water level
is at the top of the gate, determine the magnitude of the fluid
force on the rectangular portion of the gate above the shaft and
the magnitude of the fluid force on the semicircular portion of
the gate below the shaft. (b) For this same fluid depth deter-
mine the moment of the force acting on the semicircular por-
tion of the gate with respect to an axis which coincides with
the shaft.

Water Jm
/Shaft ~ l
&
Side view
of gate

B FIGURE P2.62

2.63 A 6 ft X 6 ft square gate is free to pivot about the fric-
tionless hinge shown in Fig. P2.63. In general, a force, P, is
needed to keep the gate from rotating. Determine the depth, £,
for the situation when P = 0.

B FIGURE P2.63
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2.64 A thin 4-ft-wide, right-angle gate with negligible mass
is free to pivot about a frictionless hinge at point O, as shown
in Fig. P2.64. The horizontal portion of the gate covers a 1-ft-
diameter drain pipe which contains air at atmospheric pressure.
Determine the minimum water depth, 4, at which the gate will
pivot to allow water to flow into the pipe.

Width = 4 ft~_|

Right-angle gate L =

Hinge l

o

l«—1-ft-diameter pipe

'

<—3ft7»|

B FIGURE P2.64

2.65 The specific weight, vy, of the static liquid layer shown
in Fig. P2.65 increases linearly with depth. At the free surface
v = 701b/ft’, and at the bottom of the layer y = 95 Ib/ft’.
Make use of Eq. 2.4 to determine the pressure at the bottom of
the layer.

/y: 70 Ib/it3

2 ft
y=95 Ib/ft3
z=0

B FIGURE P2.65

*2.66 An open rectangular settling tank contains a liquid
suspension that at a given time has a specific weight that varies
approximately with depth according to the following data:

h (m) y(N/m?)

0 10.0
0.4 10.1
0.8 10.2
12 10.6
1.6 113
2.0 12.3
24 12.7
2.8 12.9
32 13.0
3.6 13.1

The depth 4 = 0 corresponds to the free surface. Determine, by
means of numerical integration, the magnitude and location of
the resultant force that the liquid suspension exerts on a verti-
cal wall of the tank that is 6 m wide. The depth of fluid in the
tank is 3.6 m.

2.67 The inclined face AD of the tank of Fig. P2.67 is a
plane surface containing a gate ABC, which is hinged along line
BC. The shape of the gate is shown in the plan view. If the tank
contains water, determine the magnitude of the force that the
water exerts on the gate.

'’

B FIGURE P2.67

2.68 Dams can vary from very large structures with curved
faces holding back water to great depths, as shown in Video
V2.3, to relatively small structures with plane faces as shown
in Fig. P2.68. Assume that the concrete dam shown in Fig. P2.68
weighs 23.6 kN /m? and rests on a solid foundation. Determine
the minimum coefficient of friction between the dam and the
foundation required to keep the dam from sliding at the water
depth shown. You do not need to consider possible uplift along
the base. Base your analysis on a unit length of the dam.

\ 6m \

B FIGURE P2.68

*2.69 Water backs up behind a concrete dam as shown in
Fig. P2.69. Leakage under the foundation gives a pressure dis-
tribution under the dam as indicated. If the water depth, A, is
too great, the dam will topple over about its toe (point A). For
the dimensions given, determine the maximum water depth for
the following widths of the dam: € = 20, 30, 40, 50, and 60 ft.
Base your analysis on a unit length of the dam. The specific
weight of the concrete is 150 1b/ft.



80 ft

hp=10ft
v

Pa=7Yhy
pg=7h
PifJ

B FIGURE P2.69

2.70 A 4-m-long curved gate is located in the side of a
reservoir containing water as shown in Fig. P2.70. Determine
the magnitude of the horizontal and vertical components of the
force of the water on the gate. Will this force pass through point
A? Explain.

) Gate

B FIGURE P2.70

2.71 The air pressure in the top of the two liter pop bottle
shown in Video V2.4 and Fig. P2.71 is 40 psi, and the pop depth
is 10 in. The bottom of the bottle has an irregular shape with a
diameter of 4.3 in. (a) If the bottle cap has a diameter of 1 in.
what is magnitude of the axial force required to hold the cap
in place? (b) Determine the force needed to secure the bottom
2 inches of the bottle to its cylindrical sides. For this calcula-
tion assume the effect of the weight of the pop is negligible. (c)
By how much does the weight of the pop increase the pressure
2 inches above the bottom? Assume the pop has the same spe-
cific weight as that of water.

1 in. diameter

Pair = 40 psi

12 in.

4.3 in. diameter

B FIGURE P2.71
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2.72 Hoover Dam (see Video 2.3) is the highest arch-
gravity type of dam in the United States. A cross section of the
dam is shown in Fig. P2.72(a). The walls of the canyon in
which the dam is located are sloped, and just upstream of the
dam the vertical plane shown in Figure P2.72(b) approximately
represents the cross section of the water acting on the dam.
Use this vertical cross section to estimate the resultant hori-
zontal force of the water on the dam, and show here this force

acts.

| 880 ft |

715 ft

«—290 ft—
(b)

B FIGURE P2.72

2.73 A plug in the bottom of a pressurized tank is conical
in shape as shown in Fig. P2.73. The air pressure is 50 kPa and
the liquid in the tank has a specific weight of 27 kN/m?. De-
termine the magnitude, direction, and line of action of the force
exerted on the curved surface of the cone within the tank due
to the 50-kPa pressure and the liquid.

B FIGURE P2.73

2.74 A 12-in.-diameter pipe contains a gas under a pres-
sure of 140 psi. If the pipe wall thickness is 3-in., what is the
average circumferential stress developed in the pipe wall?

2.75 The concrete (specific weight = 150 1b/ft*) seawall of
Fig. P2.75 has a curved surface and restrains seawater at a depth
of 24 ft. The trace of the surface is a parabola as illustrated.
Determine the moment of the fluid force (per unit length) with
respect to an axis through the toe (point A).
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Seawater

y=0.2x2
24 ft

Y o
S la

15—

B FIGURE P2.75

2.76 A cylindrical tank with its axis horizontal has a di-
ameter of 2.0 m and a length of 4.0 m. The ends of the tank
are vertical planes. A vertical, 0.1-m-diameter pipe is connected
to the top of the tank. The tank and the pipe are filled with ethyl
alcohol to a level of 1.5 m above the top of the tank. Determine
the resultant force of the alcohol on one end of the tank and
show where it acts.

2.77 If the tank ends in Problem 2.76 are hemispherical,
what is the magnitude of the resultant horizontal force of the
alcohol on one of the curved ends?

2.78 Imagine the tank of Problem 2.76 split by a horizon-
tal plane. Determine the magnitude of the resultant force of the
alcohol on the bottom half of the tank.

2.79 A closed tank is filled with water and has a 4-ft-
diameter hemispherical dome as shown in Fig. P2.79. A U-tube
manometer is connected to the tank. Determine the vertical
force of the water on the dome if the differential manometer
reading is 7 ft and the air pressure at the upper end of the
manometer is 12.6 psi.

Air

| — Gage
fluid
(8G =3.0)

B FIGURE P2.79

2.80 If the bottom of a pop bottle similar to that shown in
Fig. P2.71 and in Video V2.4 were changed so that it was hemi-
spherical, as in Fig. P2.80, what would be the magnitude, line
of action, and direction of the resultant force acting on the hemi-
spherical bottom? The air pressure in the top of the bottle is 40
psi, and the pop has approximately the same specific gravity as
that of water. Assume that the volume of pop remains at 2 liters.

Pair = 40 psi

4.3-in. diameter

B FIGURE P2.80

2.81 Three gates of negligible weight are used to hold back
water in a channel of width b as shown in Fig. P2.81. The force
of the gate against the block for gate (b) is R. Determine (in
terms of R) the force against the blocks for the other two gates.

(c)
B FIGURE P2.81

2.82 A 3 ft X 3 ft X 3 ft wooden cube (specific weight =
37 Ib/ff’) floats in a tank of water. How much of the cube ex-
tends above the water surface? If the tank were pressurized so
that the air pressure at the water surface was increased to 1.0
psi, how much of the cube would extend above the water sur-
face? Explain how you arrived at your answer.

2.83 The homogeneous timber AB of Fig. P2.83 is 0.15 m
by 0.35 m in cross section. Determine the specific weight of
the timber and the tension in the rope.

B FIGURE P2.83



2.84 When the Tucurui dam was constructed in northern
Brazil, the lake that was created covered a large forest of valu-
able hardwood trees. It was found that even after 15 years un-
derwater the trees were perfectly preserved and underwater log-
ging was started. During the logging process a tree is selected,
trimmed, and anchored with ropes to prevent it from shooting
to the surface like a missile when cut. Assume that a typical
large tree can be approximated as a truncated cone with a base
diameter of 8 ft, a top diameter of 2 ft, and a height of 100 ft.
Determine the resultant vertical force that the ropes must resist
when the completely submerged tree is cut. The specific grav-
ity of the wood is approximately 0.6.

2.85 Estimate the minimum water depth needed to float
a canoe carrying two people and their camping gear. List all as-
sumptions and show all calculations.

2.86 An inverted test tube partially filled with air floats in
a plastic water-filled soft drink bottle as shown in Video V2.5
and Fig. P2.86. The amount of air in the tube has been adjusted
so that it just floats. The bottle cap is securely fastened. A slight
squeezing of the plastic bottle will cause the test tube to sink
to the bottom of the bottle. Explain this phenomenon.

Air

Test tube —_|

Water— |

~—Plastic bottle

|

B FIGURE P2.86

2.87 The hydrometer shown in Video V2.6 and Fig. P2.87
has a mass of 0.045 kg and the cross-sectional area of its stem
is 200 mm?® Determine the distance between graduations (on
the stem) for specific gravities of 1.00 and 0.90.

Fluid
surface

Hydrometer —&

B FIGURE P2.87

2.88 An L-shaped rigid gate is hinged at one end and is lo-
cated between partitions in an open tank containing water as
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shown in Fig. P2.88. A block of concrete (y = 150 Ib/ft*) is to
be hung from the horizontal portion of the gate. Determine the
required volume of the block so that the reaction of the gate on
the partition at A is zero when the water depth is 2 ft above the
hinge. The gate is 2 ft wide with a negligible weight, and the
hinge is smooth.

1ft 1ft
e

Air
|
i

Hinge
2 ft |

L ' A

Concrete block

B FIGURE P2.88

Water

Gate

2.89 When a hydrometer (see Fig. P2.87 and Video V2.6)
having a stem diameter of 0.30 in. is placed in water, the stem
protrudes 3.15 in. above the water surface. If the water is re-
placed with a liquid having a specific gravity of 1.10, how much
of the stem would protrude above the liquid surface? The hy-
drometer weighs 0.042 Ib.

2.90 The thin-walled, 1-m-diameter tank of Fig. P2.90 is
closed at one end and has a mass of 90 kg. The open end of
the tank is lowered into the water and held in the position shown
by a steel block having a density of 7840 kg/m?®. Assume that
the air that is trapped in the tank is compressed at a constant
temperature. Determine: (a) the reading on the pressure gage at
the top of the tank, and (b) the volume of the steel block.

? j? ,Tank

;::;—:% Air

3.0m

Cable

Open end

Steel
block

B FIGURE P2.90

*2.91 An inverted hollow cone is pushed into the water as
is shown in Fig. P2.91. Determine the distance, €, that the wa-
ter rises in the cone as a function of the depth, d, of the lower
edge of the cone. Plot the results for 0 = d = H, when H is
equal to I m. Assume the temperature of the air within the cone
remains constant.
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B FIGURE P2.91

2.92 An open container of oil rests on the flatbed of a truck
that is traveling along a horizontal road at 55 mi/hr. As the truck
slows uniformly to a complete stop in 5 s, what will be the slope
of the oil surface during the period of constant deceleration?

2.93 A 5-gal, cylindrical open container with a bottom area
of 120 in.% is filled with glycerin and rests on the floor of an
elevator. (a) Determine the fluid pressure at the bottom of the
container when the elevator has an upward acceleration of
3 ft/s%. (b) What resultant force does the container exert on the
floor of the elevator during this acceleration? The weight of the
container is negligible. (Note: 1 gal = 231 in.%)

2.94 An open rectangular tank 1 m wide and 2 m long con-
tains gasoline to a depth of 1 m. If the height of the tank sides
is 1.5 m, what is the maximum horizontal acceleration (along
the long axis of the tank) that can develop before the gasoline
would begin to spill?

2.95 If the tank of Problem 2.94 slides down a frictionless
plane that is inclined at 30° with the horizontal, determine the
angle the free surface makes with the horizontal.

2.96 A closed cylindrical tank that is 8 ft in diameter and
24 ft long is completely filled with gasoline. The tank, with its
long axis horizontal, is pulled by a truck along a horizontal sur-
face. Determine the pressure difference between the ends (along
the long axis of the tank) when the truck undergoes an accel-
eration of 5 ft/s%.

2.97 The open U-tube of Fig. P2.97 is partially filled with
a liquid. When this device is accelerated with a horizontal ac-
celeration a, a differential reading & develops between the
manometer legs which are spaced a distance € apart. Determine
the relationship between a, €, and h.

a
h —
I

]

B FIGURE P2.97

2.98 An open 1-m-diameter tank contains water at a depth
of 0.7 m when at rest. As the tank is rotated about its vertical
axis the center of the fluid surface is depressed. At what angu-
lar velocity will the bottom of the tank first be exposed? No
water is spilled from the tank.

2.99 The U-tube of Fig. P2.99 is partially filled with water
and rotates around the axis a—a. Determine the angular veloc-
ity that will cause the water to start to vaporize at the bottom
of the tube (point A).

B FIGURE P2.99

2.100 The U-tube of Fig. P2.100 contains mercury and ro-
tates about the off-center axis a—a. At rest, the depth of mer-
cury in each leg is 150 mm as illustrated. Determine the angu-
lar velocity for which the difference in heights between the two
legs is 75 mm.

B FIGURE P2.100

2.101 A closed, 0.4-m-diameter cylindrical tank is com-
pletely filled with oil (SG = 0.9) and rotates about its vertical
longitudinal axis with an angular velocity of 40 rad/s. Deter-
mine the difference in pressure just under the vessel cover be-
tween a point on the circumference and a point on the axis.

2.102 This problem involves the force needed to open a
gate that covers an opening in the side of a water-filled tank.
To proceed with this problem, click here in the E-book.



2.103 This problem involves the use of a cleverly designed
apparatus to investigate the hydrostatic pressure force on a sub-
merged rectangle. To proceed with this problem, click here in
the E-book.

2.104 This problem involves determining the weight
needed to hold down an open-bottom box that has slanted sides
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when the box is filled with water. To proceed with this prob-
lem, click here in the E-book.

2.105 This problem involves the use of a pressurized air
pad to provide the vertical force to support a given load. To pro-
ceed with this problem, click here in the E-book.



Flow past a blunt body: On any object placed in a moving fluid there is
a stagnation point on the front of the object where the velocity is zero.
This location has a relatively large pressure and divides the flow field
into two portions—one flowing over the body, and one flowing under
the body. (Dye in water.) (Photograph by B. R. Munson.)



Elementary Fluid
Dynamics—The
Bernoulli Equation

As was discussed in the previous chapter, there are many situations involving fluids in which
the fluid can be considered as stationary. In general, however, the use of fluids involves mo-
tion of some type. In fact, a dictionary definition of the word “fluid” is “free to change in
form.” In this chapter we investigate some typical fluid motions (fluid dynamics) in an ele-
mentary way.

To understand the interesting phenomena associated with fluid motion, one must con-
sider the fundamental laws that govern the motion of fluid particles. Such considerations in-
clude the concepts of force and acceleration. We will discuss in some detail the use of New-
ton’s second law (F = ma) as it is applied to fluid particle motion that is “ideal” in some
sense. We will obtain the celebrated Bernoulli equation and apply it to various flows. Al-
though this equation is one of the oldest in fluid mechanics and the assumptions involved in
its derivation are numerous, it can be effectively used to predict and analyze a variety of flow
situations. However, if the equation is applied without proper respect for its restrictions, se-

The Bernoulli rious errors can arise. Indeed, the Bernoulli equation is appropriately called “the most used
equation may be and the most abused equation in fluid mechanics.”

the most used and A thorough understanding of the elementary approach to fluid dynamics involved in
abused equation in this chapter will be useful on its own. It also provides a good foundation for the material in
Sfluid mechanics. the following chapters where some of the present restrictions are removed and “more nearly

exact” results are presented.

3.1 Newton’s Second Law

As a fluid particle moves from one location to another, it usually experiences an acceleration
or deceleration. According to Newton’s second law of motion, the net force acting on the fluid
particle under consideration must equal its mass times its acceleration,

F = ma

101
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Inviscid fluid flow
in governed by
pressure and grav-

ity forces.

In this chapter we consider the motion of inviscid fluids. That is, the fluid is assumed to have
zero viscosity. If the viscosity is zero, then the thermal conductivity of the fluid is also zero
and there can be no heat transfer (except by radiation).

In practice there are no inviscid fluids, since every fluid supports shear stresses when
it is subjected to a rate of strain displacement. For many flow situations the viscous effects
are relatively small compared with other effects. As a first approximation for such cases it
is often possible to ignore viscous effects. For example, often the viscous forces developed
in flowing water may be several orders of magnitude smaller than forces due to other influ-
ences, such as gravity or pressure differences. For other water flow situations, however, the
viscous effects may be the dominant ones. Similarly, the viscous effects associated with the
flow of a gas are often negligible, although in some circumstances they are very important.

We assume that the fluid motion is governed by pressure and gravity forces only and
examine Newton’s second law as it applies to a fluid particle in the form:

(Net pressure force on a particle) + (net gravity force on particle) =
(particle mass) X (particle acceleration)

The results of the interaction between the pressure, gravity, and acceleration provide nu-
merous useful applications in fluid mechanics.

To apply Newton’s second law to a fluid (or any other object), we must define an ap-
propriate coordinate system in which to describe the motion. In general the motion will be
three-dimensional and unsteady so that three space coordinates and time are needed to de-
scribe it. There are numerous coordinate systems available, including the most often used
rectangular (x, y, z) and cylindrical (r, 6, z) systems. Usually the specific flow geometry dic-
tates which system would be most appropriate.

In this chapter we will be concerned with two-dimensional motion like that confined
to the x—z plane as is shown in Fig. 3.1a. Clearly we could choose to describe the flow in
terms of the components of acceleration and forces in the x and z coordinate directions. The
resulting equations are frequently referred to as a two-dimensional form of the Euler equa-
tions of motion in rectangular Cartesian coordinates. This approach will be discussed in
Chapter 6.

As is done in the study of dynamics (Ref. 1), the motion of each fluid particle is de-
scribed in terms of its velocity vector, V, which is defined as the time rate of change of the
position of the particle. The particle’s velocity is a vector quantity with a magnitude (the speed,
V = |V]) and direction. As the particle moves about, it follows a particular path, the shape
of which is governed by the velocity of the particle. The location of the particle along the
path is a function of where the particle started at the initial time and its velocity along the path.
If it is steady flow (i.e., nothing changes with time at a given location in the flow field), each
successive particle that passes through a given point [such as point (1) in Fig. 3.1a] will fol-
low the same path. For such cases the path is a fixed line in the x—z plane. Neighboring par-
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ticles that pass on either side of point (1) follow their own paths, which may be of a differ-
ent shape than the one passing through (1). The entire x—z plane is filled with such paths.
For steady flows each particle slides along its path, and its velocity vector is every-
where tangent to the path. The lines that are tangent to the velocity vectors throughout the
flow field are called streamlines. For many situations it is easiest to describe the flow in terms
of the “streamline” coordinates based on the streamlines as are illustrated in Fig. 3.1b. The
particle motion is described in terms of its distance, s = s(t), along the streamline from some
convenient origin and the local radius of curvature of the streamline, & = %R(s). The dis-
tance along the streamline is related to the particle’s speed by V = ds/dt, and the radius of
curvature is related to shape of the streamline. In addition to the coordinate along the stream-
line, s, the coordinate normal to the streamline, n, as is shown in Fig. 3.1b, will be of use.
To apply Newton’s second law to a particle flowing along its streamline, we must write
the particle acceleration in terms of the streamline coordinates. By definition, the accelera-
tion is the time rate of change of the velocity of the particle, a = d'V/dt. For two-dimensional
flow in the x—z plane, the acceleration has two components—one along the streamline, a,,
the streamwise acceleration, and one normal to the streamline, a,, the normal acceleration.
The streamwise acceleration results from the fact that the speed of the particle gener-
ally varies along the streamline, V = V(s). For example, in Fig. 3.1a the speed may be 100 ft/s
at point (1) and 50 ft/s at point (2). Thus, by use of the chain rule of differentiation, the s
component of the acceleration is given by a, = dV/dr = (dV/ds)(ds/dt) = (9V/ds)V. We have
used the fact that V = ds/dt. The normal component of acceleration, the centrifugal accel-
eration, is given in terms of the particle speed and the radius of curvature of its path. Thus,
a, = V*/R, where both V and & may vary along the streamline. These equations for the ac-
celeration should be familiar from the study of particle motion in physics (Ref. 2) or dy-
namics (Ref. 1). A more complete derivation and discussion of these topics can be found in
Chapter 4.
Thus, the components of acceleration in the s and n directions, a, and a,, are given by
v v

=V
as an %

35’ 3.1)

where R is the local radius of curvature of the streamline, and s is the distance measured
along the streamline from some arbitrary initial point. In general there is acceleration along
the streamline (because the particle speed changes along its path, 9V/ds # 0) and acceleration
normal to the streamline (because the particle does not flow in a straight line, R # ). To
produce this acceleration there must be a net, nonzero force on the fluid particle.

To determine the forces necessary to produce a given flow (or conversely, what flow
results from a given set of forces), we consider the free-body diagram of a small fluid par-
ticle as is shown in Fig. 3.2. The particle of interest is removed from its surroundings, and
the reactions of the surroundings on the particle are indicated by the appropriate forces

B FIGURE 3.2 Isolation of a small fluid particle in a flow field.
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present, F;, F,, and so forth. For the present case, the important forces are assumed to be
gravity and pressure. Other forces, such as viscous forces and surface tension effects, are as-
sumed negligible. The acceleration of gravity, g, is assumed to be constant and acts verti-
cally, in the negative z direction, at an angle 6 relative to the normal to the streamline.

3.2 F = ma along a Streamline

The component of
weight along a
streamline depends
on the streamline
angle.

Consider the small fluid particle of size 6s by én in the plane of the figure and 6y normal to
the figure as shown in the free-body diagram of Fig. 3.3. Unit vectors along and normal to
the streamline are denoted by § and fi, respectively. For steady flow, the component of
Newton’s second law along the streamline direction, s, can be written as

av av
EBFS =éma,=émV—=pé¥V— 3.2)
as as

where X 8F, represents the sum of the s components of all the forces acting on the particle,
which has mass ém = p 6¥, and V 9V/ds is the acceleration in the s direction. Here,
0¥ = 8s On Oy is the particle volume. Equation 3.2 is valid for both compressible and in-
compressible fluids. That is, the density need not be constant throughout the flow field.

The gravity force (weight) on the particle can be written as W = y § ¥, where y = pg
is the specific weight of the fluid (Ib/ft* or N/m?). Hence, the component of the weight force
in the direction of the streamline is

W, = —8Wsinf = —y S¥ sin

If the streamline is horizontal at the point of interest, then # = 0, and there is no component
of particle weight along the streamline to contribute to its acceleration in that direction.

As is indicated in Chapter 2, the pressure is not constant throughout a stationary fluid
(Vp # 0) because of the fluid weight. Likewise, in a flowing fluid the pressure is usually
not constant. In general, for steady flow, p = p(s, n). If the pressure at the center of the par-
ticle shown in Fig. 3.3 is denoted as p, then its average value on the two end faces that are
perpendicular to the streamline are p + 8p, and p — 6p,. Since the particle is “small,” we
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can use a one-term Taylor series expansion for the pressure field (as was done in Chapter 2
for the pressure forces in static fluids) to obtain

ap bs
op, = ——
Ps ™ s 2
Thus, if 6F s is the net pressure force on the particle in the streamline direction, it follows
that
OF,, = (p — 8p,)én 8y — (p + Op,) dn 8y = —2 &p, dn 8y

ps

3 g
= Pssonoy=—Lov
as as

Note that the actual level of the pressure, p, is not important. What produces a net pres-
sure force is the fact that the pressure is not constant throughout the fluid. The nonzero pres-
sure gradient, Vp = dp/ds § + dp/on i, is what provides a net pressure force on the parti-
cle. Viscous forces, represented by 7 &s 0y, are zero, since the fluid is inviscid.

Thus, the net force acting in the streamline direction on the particle shown in Fig. 3.3
is given by

0,
SV6F, = 8W, + oF,, = (—y sin 6 — f)av 3.3)
S

By combining Eqgs. 3.2 and 3.3, we obtain the following equation of motion along the stream-
line direction:

: ap
—7ysinf — o = pV— = pa, 34

We have divided out the common particle volume factor, 6 ¥, that appears in both the force
and the acceleration portions of the equation. This is a representation of the fact that it is the
fluid density (mass per unit volume), not the mass, per se, of the fluid particle that is important.

The physical interpretation of Eq. 3.4 is that a change in fluid particle speed is ac-
complished by the appropriate combination of pressure gradient and particle weight along
the streamline. For fluid static situations this balance between pressure and gravity forces is
such that no change in particle speed is produced—the right-hand side of Eq. 3.4 is zero,
and the particle remains stationary. In a flowing fluid the pressure and weight forces do not
necessarily balance—the force unbalance provides the appropriate acceleration and, hence,
particle motion.

Consider the inviscid, incompressible, steady flow along the horizontal streamline A—B in
front of the sphere of radius a, as shown in Fig. E3.1a. From a more advanced theory of flow
past a sphere, the fluid velocity along this streamline is

a3
V= V0<1 + 3)
I

Determine the pressure variation along the streamline from point A far in front of the sphere
(x4, = —oand V, = V) to point B on the sphere (xz; = —a and V; = 0).
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Since the flow is steady and inviscid, Eq. 3.4 is valid. In addition, since the streamline is
horizontal, sin # = sin 0° = 0 and the equation of motion along the streamline reduces to
p v

B Vs 1
as P as M

With the given velocity variation along the streamline, the acceleration term is

vy, (1 + ﬁ)(—w(’f) = —3V2<1 + “3>“3
as 0x 0 X x* 0 ) xt

where we have replaced s by x since the two coordinates are identical (within an additive
constant) along streamline A-B. It follows that V 9V/ds < 0 along the streamline. The fluid
slows down from V, far ahead of the sphere to zero velocity on the “nose” of the sphere
(x = —a).

Thus, according to Eq. 1, to produce the given motion the pressure gradient along the
streamline is

ap  3pa’Vi(l + @*/x)
o= 2 (2)

ox X

This variation is indicated in Fig. E3.1b. It is seen that the pressure increases in the direc-
tion of flow (dp/dx > 0) from point A to point B. The maximum pressure gradient
(0.610 pV}/a) occurs just slightly ahead of the sphere (x = —1.205a). It is the pressure gra-
dient that slows the fluid down from V, = V,, to V; = 0.

The pressure distribution along the streamline can be obtained by integrating Eq. 2
from p = 0 (gage) at x = —o to pressure p at location x. The result, plotted in Fig. E3.1c,

1S
3 6
p=-pVs Kj) + (a/zx)} (Ans)
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tained by integrat-
ing F = ma along a
streamline.

V3.1 Balancing ball

3.2 F = ma along a Streamline M 107

The pressure at B, a stagnation point since Vz = 0, is the highest pressure along the stream-
line (p = pV§/2). As shown in Chapter 9, this excess pressure on the front of the sphere
(i.., pp > 0) contributes to the net drag force on the sphere. Note that the pressure gradient
and pressure are directly proportional to the density of the fluid, a representation of the fact
that the fluid inertia is proportional to its mass.

Equation 3.4 can be rearranged and integrated as follows. First, we note from Fig. 3.3
that along the streamline sin = dz/ds. Also, we can write V dV/ds = %d(Vz)/ds. Finally,
along the streamline the value of n is constant (dn = 0) so that dp = (dp/ds)ds +
(dp/on) dn = (dp/ds) ds. Hence, along the streamline dp/ds = dp/ds. These ideas combined
with Eq. 3.4 give the following result valid along a streamline

dz dp 1 dV?)

Yas das 2P ds

This simplifies to
1
dp + 5 pd(V?) + ydz =0  (along a streamline) 3.5

which can be integrated to give

J d?p + %V2 +gz=0C (along a streamline) (3.6)
where C is a constant of integration to be determined by the conditions at some point on the
streamline.

In general it is not possible to integrate the pressure term because the density may not
be constant and, therefore, cannot be removed from under the integral sign. To carry out this
integration we must know specifically how the density varies with pressure. This is not al-
ways easily determined. For example, for a perfect gas the density, pressure, and tempera-
ture are related according to p = pRT, where R is the gas constant. To know how the den-
sity varies with pressure, we must also know the temperature variation. For now we will
assume that the density is constant (incompressible flow). The justification for this assump-
tion and the consequences of compressibility will be considered further in Section 3.8.1 and
more fully in Chapter 11.

With the additional assumption that the density remains constant (a very good as-
sumption for liquids and also for gases if the speed is “not too high”), Eq. 3.6 assumes the
following simple representation for steady, inviscid, incompressible flow.

p+ %sz + yz = constant along streamline 3.7

This is the celebrated Bernoulli equation—a very powerful tool in fluid mechanics. In 1738
Daniel Bernoulli (1700-1782) published his Hydrodynamics in which an equivalent of this
famous equation first appeared. To use it correctly we must constantly remember the basic
assumptions used in its derivation: (1) viscous effects are assumed negligible, (2) the flow is
assumed to be steady, (3) the flow is assumed to be incompressible, (4) the equation is ap-
plicable along a streamline. In the derivation of Eq. 3.7, we assume that the flow takes place
in a plane (the x—z plane). In general, this equation is valid for both planar and nonplanar
(three-dimensional) flows, provided it is applied along the streamline.
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EXAMP?I,_.I;

We will provide many examples to illustrate the correct use of the Bernoulli equation
and will show how a violation of the basic assumptions used in the derivation of this equa-
tion can lead to erroneous conclusions. The constant of integration in the Bernoulli equation
can be evaluated if sufficient information about the flow is known at one location along the
streamline.

Consider the flow of air around a bicyclist moving through still air with velocity V,, as is
shown in Fig. E3.2. Determine the difference in the pressure between points (1) and (2).

Vi=Vy
(1)

B FIGURE E3.2

SoLution

In a coordinate system fixed to the bike, it appears as though the air is flowing steadily to-
ward the bicyclist with speed V,,. If the assumptions of Bernoulli’s equation are valid (steady,
incompressible, inviscid flow), Eq. 3.7 can be applied as follows along the streamline that
passes through (1) and (2)

P+ 3pVi+ vz = py + 3pV3 + vz

We consider (1) to be in the free stream so that V; = V|, and (2) to be at the tip of the bicy-
clist’s nose and assume that z; = z, and V, = 0 (both of which, as is discussed in Section 3.4,
are reasonable assumptions). It follows that the pressure at (2) is greater than that at (1) by
an amount

P2 —p1=1pVi =10V} (Ans)
A similar result was obtained in Example 3.1 by integrating the pressure gradient, which
was known because the velocity distribution along the streamline, V(s), was known. The
Bernoulli equation is a general integration of F = ma. To determine p, — p,, knowledge of
the detailed velocity distribution is not needed—only the “boundary conditions” at (1) and
(2) are required. Of course, knowledge of the value of V along the streamline is needed to
determine the pressure at points between (1) and (2). Note that if we measure p, — p; we can
determine the speed, V|. As discussed in Section 3.5, this is the principle upon which many
velocity measuring devices are based.
If the bicyclist were accelerating or decelerating, the flow would be unsteady (i.e., V, #
constant) and the above analysis would be incorrect since Eq. 3.7 is restricted to steady flow.

\_

The difference in fluid velocity between two point in a flow field, V,; and V,, can often
be controlled by appropriate geometric constraints of the fluid. For example, a garden hose
nozzle is designed to give a much higher velocity at the exit of the nozzle than at its entrance
where it is attached to the hose. As is shown by the Bernoulli equation, the pressure within
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the hose must be larger than that at the exit (for constant elevation, an increase in velocity
requires a decrease in pressure if Eq. 3.7 is valid). It is this pressure drop that accelerates the
water through the nozzle. Similarly, an airfoil is designed so that the fluid velocity over its
upper surface is greater (on the average) than that along its lower surface. From the Bernoulli
equation, therefore, the average pressure on the lower surface is greater than that on the up-
per surface. A net upward force, the lift, results.

33 F = ma Normal to a Streamline

To apply F = ma
normal to stream-
lines, the normal
components of

force are needed.

In this section we will consider application of Newton’s second law in a direction normal to
the streamline. In many flows the streamlines are relatively straight, the flow is essentially
one-dimensional, and variations in parameters across streamlines (in the normal direction)
can often be neglected when compared to the variations along the streamline. However, in
numerous other situations valuable information can be obtained from considering F = ma
normal to the streamlines. For example, the devastating low-pressure region at the center of
a tornado can be explained by applying Newton’s second law across the nearly circular stream-
lines of the tornado.

We again consider the force balance on the fluid particle shown in Fig. 3.3. This time,
however, we consider components in the normal direction, i, and write Newton’s second law
in this direction as

dmV?: pdVV?
> 6F, = TR (3.8)

where X OF, represents the sum of n components of all the forces acting on the particle. We
assume the flow is steady with a normal acceleration a, = V2/R, where R is the local ra-
dius of curvature of the streamlines. This acceleration is produced by the change in direc-
tion of the particle’s velocity as it moves along a curved path.

We again assume that the only forces of importance are pressure and gravity. The com-
ponent of the weight (gravity force) in the normal direction is

oW, = —06W cos = —y 6¥ cos 0

If the streamline is vertical at the point of interest, 6 = 90°, and there is no component of
the particle weight normal to the direction of flow to contribute to its acceleration in that
direction.

If the pressure at the center of the particle is p, then its values on the top and bottom
of the particle are p + 6p, and p — &p,, where ép, = (dp/on)(8n/2). Thus, if 5F,, is the net
pressure force on the particle in the normal direction, it follows that

OF

pn

(p — p,)8s 8y — (p + 8p,)bs 8y = —2 8p, s by

P g
~L 55 6n 8y = —L o¥
on on

Hence, the net force acting in the normal direction on the particle shown in Fig 3.3 is given
by

)
SV6F, = 8W, + oF,, = (—y cos 0 — a”)sv (3.9)
n

By combining Egs. 3.8 and 3.9 and using the fact that along a line normal to the streamline
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Weight and/or pres-
sure can produce
curved streamlines.
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cos 0 = dz/dn (see Fig. 3.3), we obtain the following equation of motion along the normal
direction
dz ap pV?
e R 3.10
Yan " on R (3.10)
The physical interpretation of Eq. 3.10 is that a change in the direction of flow of a
fluid particle (i.e., a curved path, ® < ) is accomplished by the appropriate combination
of pressure gradient and particle weight normal to the streamline. A larger speed or density
or a smaller radius of curvature of the motion requires a larger force unbalance to produce
the motion. For example, if gravity is neglected (as is commonly done for gas flows) or if
the flow is in a horizontal (dz/dn = 0) plane, Eq. 3.10 becomes

w_ PV’
on R

This indicates that the pressure increases with distance away from the center of curvature
(dp/on is negative since pV?/R is positive—the positive n direction points toward the “in-
side” of the curved streamline). Thus, the pressure outside a tornado (typical atmospheric
pressure) is larger than it is near the center of the tornado (where an often dangerously low
partial vacuum may occur). This pressure difference is needed to balance the centrifugal ac-
celeration associated with the curved streamlines of the fluid motion. (See the photograph at
the beginning of Chapter 2.)

Shown in Figs. E3.3a, b are two flow fields with circular streamlines. The velocity distrib-
utions are

V(r) = C,r  for case (a)
and

C
V(r)= - for case (b)

where C, and C, are constant. Determine the pressure distributions, p = p(r), for each, given
that p = pyatr = r,.

(b) (c)
B FIGURE E3.3

SoLurion

We assume the flows are steady, inviscid, and incompressible with streamlines in the hori-
zontal plane (dz/dn = 0). Since the streamlines are circles, the coordinate n points in a di-
rection opposite to that of the radial coordinate, 9/dn = —d/dr, and the radius of curvature
is given by % = r. Hence, Eq. 3.10 becomes

p pV?
ar r



V3.2 Free vortex

The sum of pres-
sure, elevation, and
velocity effects is
constant across
streamlines.
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For case (a) this gives

ap

ar P
while for case (b) it gives

o _pC

ar r

For either case the pressure increases as r increases since dp/dr > 0. Integration of these
equations with respect to r, starting with a known pressure p = p, at r = r,, gives

1
p= EPC? (r* = r5) + po (Ans)

for case (a) and

p=;pC%(r15—r12>+po (Ans)
for case (b). These pressure distributions are sketched in Fig. E3.3¢c. The pressure distribu-
tions needed to balance the centrifugal accelerations in cases (a) and (b) are not the same be-
cause the velocity distributions are different. In fact for case (a) the pressure increases with-
out bound as r — o0, while for case (b) the pressure approaches a finite value as r — %. The
streamline patterns are the same for each case, however.

Physically, case (a) represents rigid body rotation (as obtained in a can of water on a
turntable after it has been “spun up”) and case (b) represents a free vortex (an approximation
of a tornado or the swirl of water in a drain, the “bathtub vortex™). (See the photograph at
the beginning of Chapter 4 for an approximation of this type of flow.)

\_

If we multiply Eq. 3.10 by dn, use the fact that dp/dn = dp/dn if s is constant, and integrate
across the streamline (in the n direction) we obtain

dp V2 .
J ? + J @dn + gz = constant across the streamline 3.11)
To complete the indicated integrations, we must know how the density varies with pres-
sure and how the fluid speed and radius of curvature vary with n. For incompressible flow
the density is constant and the integration involving the pressure term gives simply p/p. We
are still left, however, with the integration of the second term in Eq. 3.11. Without knowing
the n dependence in V = V(s, n) and R = R(s, n) this integration cannot be completed.

Thus, the final form of Newton’s second law applied across the streamlines for steady,
inviscid, incompressible flow is

V2
pt+p J adn + yz = constant across the streamline 3.12)

As with the Bernoulli equation, we must be careful that the assumptions involved in the de-
rivation of this equation are not violated when it is used.

34 Physical Interpretation

In the previous two sections, we developed the basic equations governing fluid motion un-
der a fairly stringent set of restrictions. In spite of the numerous assumptions imposed on
these flows, a variety of flows can be readily analyzed with them. A physical interpretation
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The Bernoulli
equation can be
written in terms of
heights called
heads.

of the equations will be of help in understanding the processes involved. To this end, we
rewrite Eqgs. 3.7 and 3.12 here and interpret them physically. Application of F = ma along
and normal to the streamline results in

p + 3pV? + yz = constant along the streamline 3.13)
and
V2
p+p J @dn + yz = constant across the streamline 3.149)

The following basic assumptions were made to obtain these equations: The flow is steady
and the fluid is inviscid and incompressible. In practice none of these assumptions is exactly
true.

A violation of one or more of the above assumptions is a common cause for obtaining
an incorrect match between the “real world” and solutions obtained by use of the Bernoulli
equation. Fortunately, many “real-world” situations are adequately modeled by the use of
Egs. 3.13 and 3.14 because the flow is nearly steady and incompressible and the fluid be-
haves as if it were nearly inviscid.

The Bernoulli equation was obtained by integration of the equation of motion along
the “natural” coordinate direction of the streamline. To produce an acceleration, there must
be an unbalance of the resultant forces, of which only pressure and gravity were considered
to be important. Thus, there are three processes involved in the flow—mass times accelera-
tion (the pV?/2 term), pressure (the p term), and weight (the yz term).

Integration of the equation of motion to give Eq. 3.13 actually corresponds to the work-
energy principle often used in the study of dynamics [see any standard dynamics text (Ref. 1)].
This principle results from a general integration of the equations of motion for an object in
a way very similar to that done for the fluid particle in Section 3.2. With certain assump-
tions, a statement of the work-energy principle may be written as follows:

The work done on a particle by all forces acting on the particle is equal to the change
of the kinetic energy of the particle.

The Bernoulli equation is a mathematical statement of this principle.

As the fluid particle moves, both gravity and pressure forces do work on the particle.
Recall that the work done by a force is equal to the product of the distance the particle trav-
els times the component of force in the direction of travel (i.e., work = F - d). The terms yz
and p in Eq. 3.13 are related to the work done by the weight and pressure forces, respec-
tively. The remaining term, pV'%/2, is obviously related to the kinetic energy of the particle.
In fact, an alternate method of deriving the Bernoulli equation is to use the first and second
laws of thermodynamics (the energy and entropy equations), rather than Newton’s second
law. With the appropriate restrictions, the general energy equation reduces to the Bernoulli
equation. This approach is discussed in Section 5.4.

An alternate but equivalent form of the Bernoulli equation is obtained by dividing each
term of Eq. 3.7 by the specific weight, vy, to obtain

p VvV :

— 4+ — + z = constant on a streamline

Y 2
Each of the terms in this equation has the units of energy per weight (LF/F = L) or length
(feet, meters) and represents a certain type of head.

The elevation term, z, is related to the potential energy of the particle and is called the
elevation head. The pressure term, p/v, is called the pressure head and represents the height
of a column of the fluid that is needed to produce the pressure p. The velocity term, V2/2g,



E XAMPLE

3.4 Physical Interpretation M 113

is the velocity head and represents the vertical distance needed for the fluid to fall freely
(neglecting friction) if it is to reach velocity V from rest. The Bernoulli equation states that
the sum of the pressure head, the velocity head, and the elevation head is constant along a
streamline.

Consider the flow of water from the syringe shown in Fig. E3.4. A force applied to the plunger
will produce a pressure greater than atmospheric at point (1) within the syringe. The water
flows from the needle, point (2), with relatively high velocity and coasts up to point (3) at the
top of its trajectory. Discuss the energy of the fluid at points (1), (2), and (3) by using the
Bernoulli equation.

B
" § Energy Type
/[5 b Kinetic Potential Pressure
& Point pV2/2 vz p
1 Small Zero Large
(2) 2 Large Small Zero
ﬁ 3 Zero Large Zero
IF B FIGURE E3.4

SoLution

If the assumptions (steady, inviscid, incompressible flow) of the Bernoulli equation are ap-
proximately valid, it then follows that the flow can be explained in terms of the partition of
the total energy of the water. According to Eq. 3.13 the sum of the three types of energy (ki-
netic, potential, and pressure) or heads (velocity, elevation, and pressure) must remain con-
stant. The following table indicates the relative magnitude of each of these energies at the
three points shown in the figure.

The motion results in (or is due to) a change in the magnitude of each type of energy
as the fluid flows from one location to another. An alternate way to consider this flow is as
follows. The pressure gradient between (1) and (2) produces an acceleration to eject the wa-
ter from the needle. Gravity acting on the particle between (2) and (3) produces a decelera-
tion to cause the water to come to a momentary stop at the top of its flight.

If friction (viscous) effects were important, there would be an energy loss between
(1) and (3) and for the given p, the water would not be able to reach the height indicated in
the figure. Such friction may arise in the needle (see Chapter 8 on pipe flow) or between
the water stream and the surrounding air (see Chapter 9 on external flow).

\.

A net force is required to accelerate any mass. For steady flow the acceleration can be
interpreted as arising from two distinct occurrences—a change in speed along the stream-
line and a change in direction if the streamline is not straight. Integration of the equation of
motion along the streamline accounts for the change in speed (kinetic energy change) and re-
sults in the Bernoulli equation. Integration of the equation of motion normal to the stream-
line accounts for the centrifugal acceleration (V*/%R) and results in Eq. 3.14.
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When a fluid particle travels along a curved path, a net force directed toward the cen-
ter of curvature is required. Under the assumptions valid for Eq. 3.14, this force may be either
gravity or pressure, or a combination of both. In many instances the streamlines are nearly
straight ( = o) so that centrifugal effects are negligible and the pressure variation across
the streamlines is merely hydrostatic (because of gravity alone), even though the fluid is in
motion.

Consider the inviscid, incompressible, steady flow shown in Fig. E3.5. From section A to B
the streamlines are straight, while from C to D they follow circular paths. Describe the pres-
sure variation between points (1) and (2) and points (3) and (4).

(4)

< ¢ Free surface  \ /
‘ (p=0) N (3) has
ol @ 4 v \ ﬁl N
| M \ /
| hy |
— b
| (1) i
A B B FIGURE E3.5
SoLurion

With the above assumptions and the fact that % = o for the portion from A to B, Eq. 3.14
becomes

p + ¥z = constant

The constant can be determined by evaluating the known variables at the two locations us-
ing p, = 0 (gage), z; = 0, and z, = h,_, to give

pr=p2t ¥~ 2) =prt+ vhy, (Ans)

Note that since the radius of curvature of the streamline is infinite, the pressure variation in
the vertical direction is the same as if the fluid were stationary.
However, if we apply Eq. 3.14 between points (3) and (4) we obtain (using dn = —dz)

24 2

pﬁpf @(—dZ) Ty =pst oy
Z

With p, = 0 and z, — z3 = hy_3 this becomes

2 72

P3=Yhis —p J @dz (Ans)

23

To evaluate the integral, we must know the variation of V and & with z. Even without this
detailed information we note that the integral has a positive value. Thus, the pressure at (3) is
less than the hydrostatic value, yhy ;, by an amount equal to p [* (V2/R) dz. This lower
pressure, caused by the curved streamline, is necessary to accelerate the fluid around the
curved path.

Note that we did not apply the Bernoulli equation (Eq. 3.13) across the streamlines
from (1) to (2) or (3) to (4). Rather we used Eq. 3.14. As is discussed in Section 3.8, applica-
tion of the Bernoulli equation across streamlines (rather than along them) may lead to seri-
ous errors.

\.
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3.5 Static, Stagnation, Dynamic, and Total Pressure

Each term in the
Bernoulli equation
can be interpreted
as a form of pres-
sure.

V3.3 Stagnation
point flow

A useful concept associated with the Bernoulli equation deals with the stagnation and dy-
namic pressures. These pressures arise from the conversion of kinetic energy in a flowing
fluid into a “pressure rise” as the fluid is brought to rest (as in Example 3.2). In this section
we explore various results of this process. Each term of the Bernoulli equation, Eq. 3.13, has
the dimensions of force per unit area—psi, 1b/ ft?, N/m?. The first term, p, is the actual ther-
modynamic pressure of the fluid as it flows. To measure its value, one could move along
with the fluid, thus being “static” relative to the moving fluid. Hence, it is normally termed
the static pressure. Another way to measure the static pressure would be to drill a hole in a
flat surface and fasten a piezometer tube as indicated by the location of point (3) in Fig. 3.4.
As we saw in Example 3.5, the pressure in the flowing fluid at (1) is p; = yh;_, + p;, the
same as if the fluid were static. From the manometer considerations of Chapter 2, we know
that p; = yh, ;. Thus, since h; | + h, 3 = h it follows that p, = yh.

B FIGURE 3.4 Measurement
of static and stagnation pressures.

The third term in Eq. 3.13, vz, is termed the hydrostatic pressure, in obvious regard to
the hydrostatic pressure variation discussed in Chapter 2. It is not actually a pressure but
does represent the change in pressure possible due to potential energy variations of the fluid
as a result of elevation changes.

The second term in the Bernoulli equation, sz/ 2, is termed the dynamic pressure. Its
interpretation can be seen in Fig. 3.4 by considering the pressure at the end of a small tube
inserted into the flow and pointing upstream. After the initial transient motion has died out,
the liquid will fill the tube to a height of H as shown. The fluid in the tube, including that
at its tip, (2), will be stationary. That is, V, = 0, or point (2) is a stagnation point.

If we apply the Bernoulli equation between points (1) and (2), using V, = 0 and as-
suming that z; = z,, we find that

pp=p T %PV%

Hence, the pressure at the stagnation point is greater than the static pressure, p,, by an amount
pV3/2, the dynamic pressure.

It can be shown that there is a stagnation point on any stationary body that is placed
into a flowing fluid. Some of the fluid flows “over” and some “under” the object. The di-
viding line (or surface for two-dimensional flows) is termed the stagnation streamline and
terminates at the stagnation point on the body. (See the photograph at the beginning of Chap-
ter 3.) For symmetrical objects (such as a sphere) the stagnation point is clearly at the tip or

front of the object as shown in Fig. 3.5a. For nonsymmetrical objects such as the airplane
shown in Fig. 3.5b, the location of the stagnation point is not always obvious.
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Stagnation point Stagnation streamline
@ ﬁ M FIGURE 3.5

Stag”at'on point Stagnation points on
(@) bodies in flowing fluids.

If elevation effects are neglected, the stagnation pressure, p + pV?/2, is the largest
pressure obtainable along a given streamline. It represents the conversion of all of the kinetic
energy into a pressure rise. The sum of the static pressure, hydrostatic pressure, and dynamic
pressure is termed the toral pressure, p;. The Bernoulli equation is a statement that the total
pressure remains constant along a streamline. That is,

p+ %sz + vz = py = constant along a streamline 3.15)

Again, we must be careful that the assumptions used in the derivation of this equation are
appropriate for the flow being considered.

Knowledge of the values of the static and stagnation pressures in a fluid implies that the
fluid speed can be calculated. This is the principle on which the Pitot-static tube is based
[H. de Pitot (1675-1771)]. As shown in Fig. 3.6, two concentric tubes are attached to
two pressure gages (or a differential gage) so that the values of p; and p, (or the difference
p3 — p4) can be determined. The center tube measures the stagnation pressure at its open tip.
If elevation changes are negligible,

py=p+pV?
where p and V are the pressure and velocity of the fluid upstream of point (2). The outer tube

is made with several small holes at an appropriate distance from the tip so that they measure
the static pressure. If the elevation difference between (1) and (4) is negligible, then

Ps=DP1 =P
By combining these two equations we see that
ps = ps = 3pV’
which can be rearranged to give

vV ="N2p;s = ps)/p (3.16)

The actual shape and size of Pitot-static tubes vary considerably. Some of the more common
types are shown in Fig. 3.7.

e (4)

P ) B FIGURE 3.6 The Pitot-static tube.
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American Blower company

— ] 00

14

>
>

National Physical laboratory (England)

— | 888

American Society of Heating & Ventilating Engineers

B FIGURE 3.7 Typical
- °ce | Pitot-static tube designs.

An airplane flies 100 mi/hr at an elevation of 10,000 ft in a standard atmosphere as shown
in Fig. E3.6. Determine the pressure at point (1) far ahead of the airplane, the pressure at the
stagnation point on the nose of the airplane, point (2), and the pressure difference indicated
by a Pitot-static probe attached to the fuselage.

Pitot-static tube B FIGURE E3.6

SoLution

From Table C.1 we find that the static pressure at the altitude given is
p1 = 1456 Ib/ft> (abs) = 10.11 psia (Ans)

Also, the density is p = 0.001756 slug/ft’.

If the flow is steady, inviscid, and incompressible and elevation changes are neglected,
Eq. 3.13 becomes
pVi
= 4+ —
P> =P 3
With V; = 100 mi/hr = 146.7 ft/s and V, = 0 (since the coordinate system is fixed to the
airplane) we obtain
1456 1b/f* + (0.001756 slugs/ft*)(146.7* ft*/s*)/2

(1456 + 18.9) Ib/fi> (abs)

P2

Hence, in terms of gage pressure

p, = 18.91b/ft> = 0.1313 psi (Ans)
Thus, the pressure difference indicated by the Pitot-static tube is
pVi :
Pr— P = N = 0.1313 psi (Ans)

Note that it is very easy to obtain incorrect results by using improper units. Do not add Ib/in.?

and Ib/ft*. Recall that (slug/ft*)(ft*/s?) = (slug - ft/s*)/(ft*) = Ib/ft*.
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Accurate measure-
ment of static pres-
sure requires great
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It was assumed that the flow is incompressible—the density remains constant from
(1) to (2). However, since p = p/RT, a change in pressure (or temperature) will cause a change
in density. For this relatively low speed, the ratio of the absolute pressures is nearly unity
[i.e., pi/p, = (10.11 psia)/(10.11 + 0.1313 psia) = 0.987], so that the density change is
negligible. However, at high speed it is necessary to use compressible flow concepts to ob-
tain accurate results. (See Section 3.8.1 and Chapter 11.)

\_

The Pitot-static tube provides a simple, relatively inexpensive way to measure fluid
speed. Its use depends on the ability to measure the static and stagnation pressures. Care is
needed to obtain these values accurately. For example, an accurate measurement of static
pressure requires that none of the fluid’s kinetic energy be converted into a pressure rise at
the point of measurement. This requires a smooth hole with no burrs or imperfections. As
indicated in Fig. 3.8, such imperfections can cause the measured pressure to be greater or
less than the actual static pressure.

|4 |4 |4
. o ’J°L‘ B FIGURE 3.8 Incorrect
1) (oY) M and correct design of static pres-
PL>p pPL<p pL=p sure taps.

Also, the pressure along the surface of an object varies from the stagnation pressure at
its stagnation point to values that may be less than the free stream static pressure. A typical
pressure variation for a Pitot-static tube is indicated in Fig. 3.9. Clearly it is important that
the pressure taps be properly located to ensure that the pressure measured is actually the sta-
tic pressure.

In practice it is often difficult to align the Pitot-static tube directly into the flow di-
rection. Any misalignment will produce a nonsymmetrical flow field that may introduce er-
rors. Typically, yaw angles up to 12 to 20° (depending on the particular probe design) give
results that are less than 1% in error from the perfectly aligned results. Generally it is more
difficult to measure static pressure than stagnation pressure.

One method of determining the flow direction and its speed (thus the velocity) is to use
a directional-finding Pitot tube as is illustrated in Fig. 3.10. Three pressure taps are drilled
into a small circular cylinder, fitted with small tubes, and connected to three pressure trans-
ducers. The cylinder is rotated until the pressures in the two side holes are equal, thus indi-
cating that the center hole points directly upstream. The center tap then measures the stag-

p
1% (2)
o
—
O(l) Tube
Stagnation Stagnation
pressure at ———

pressure on —
stem

(1)
0 @ L/ \ Static

pressure

tip

B FIGURE 3.9 Typical
pressure distribution along a
Pitot-static tube.

6 Stem
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[37\ ¥ Ifo =0
44— {— (2) pP1=p3=p
0
V/‘\V B

p

1) p=p+ipy? B FIGURE 3.10 Cross sec-
b 2o tion of a directional-finding Pitot-
static tube.

nation pressure. The two side holes are located at a specific angle (8 = 29.5°) so that they
measure the static pressure. The speed is then obtained from V = [2(p, — p,)/p]"~

The above discussion is valid for incompressible flows. At high speeds, compressibil-
ity becomes important (the density is not constant) and other phenomena occur. Some of these
ideas are discussed in Section 3.8, while others (such as shockwaves for supersonic Pitot-
tube applications) are discussed in Chapter 11.

The concepts of static, dynamic, stagnation, and total pressure are useful in a variety
of flow problems. These ideas are used more fully in the remainder of the book.

3.6 Examples of Use of the Bernoulli Equation

V3.5 Flow from a
tank

In this section we illustrate various additional applications of the Bernoulli equation. Be-
tween any two points, (1) and (2), on a streamline in steady, inviscid, incompressible flow the
Bernoulli equation can be applied in the form

P+ 3pVi + vz = py +3pV3 + vz, (3.17)

Obviously if five of the six variables are known, the remaining one can be determined. In
many instances it is necessary to introduce other equations, such as the conservation of mass.
Such considerations will be discussed briefly in this section and in more detail in Chapter 5.

3.6.1 Free Jets

One of the oldest equations in fluid mechanics deals with the flow of a liquid from a large
reservoir, as is shown in Fig. 3.11. A jet of liquid of diameter d flows from the nozzle with
velocity V as shown. (A nozzle is a device shaped to accelerate a fluid.) Application of Eq. 3.17
between points (1) and (2) on the streamline shown gives

yh = 3pV?

m FIGURE 3.11
Vertical flow from a tank.
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The exit pressure
for an incompress-
ible fluid jet is
equal to the sur-
rounding pressure.

We have used the facts that z; = &, z, = 0, the reservoir is large (V; = 0), open to the at-
mosphere (p, = 0 gage), and the fluid leaves as a “free jet” (p, = 0). Thus, we obtain

V=, /2%’ = \/2gh (3.18)

which is the modern version of a result obtained in 1643 by Torricelli (1608—1647), an Ital-
ian physicist.

The fact that the exit pressure equals the surrounding pressure (p, = 0) can be seen
by applying F = ma, as given by Eq. 3.14, across the streamlines between (2) and (4). If the
streamlines at the tip of the nozzle are straight (R = o), it follows that p, = p,. Since (4) is
on the surface of the jet, in contact with the atmosphere, we have p, = 0. Thus, p, = 0 also.
Since (2) is an arbitrary point in the exit plane of the nozzle, it follows that the pressure is
atmospheric across this plane. Physically, since there is no component of the weight force or
acceleration in the normal (horizontal) direction, the pressure is constant in that direction.

Once outside the nozzle, the stream continues to fall as a free jet with zero pressure
throughout (ps = 0) and as seen by applying Eq. 3.17 between points (1) and (5), the speed
increases according to

V= V2g(h+ H)

where H is the distance the fluid has fallen outside the nozzle.

Equation 3.18 could also be obtained by writing the Bernoulli equation between points
(3) and (4) using the fact that z; = 0, z3; = €. Also, V3 = 0 since it is far from the nozzle, and
from hydrostatics, p; = y(h — £).

Recall from physics or dynamics that any object dropped from rest through a distance
h in a vacuum will obtain the speed V = V2gh, the same as the liquid leaving the nozzle.
This is consistent with the fact that all of the particle’s potential energy is converted to ki-
netic energy, provided viscous (friction) effects are negligible. In terms of heads, the eleva-
tion head at point (1) is converted into the velocity head at point (2). Recall that for the case
shown in Fig. 3.11 the pressure is the same (atmospheric) at points (1) and (2).

For the horizontal nozzle of Fig. 3.12, the velocity of the fluid at the centerline, V,,
will be slightly greater than that at the top, V;, and slightly less than that at the bottom, Vj,
due to the differences in elevation. In general, d < h and we can safely use the centerline
velocity as a reasonable “average velocity.”

If the exit is not a smooth, well-contoured nozzle, but rather a flat plate as shown in
Fig. 3.13, the diameter of the jet, dj, will be less than the diameter of the hole, d,. This phe-
nomenon, called a vena contracta effect, is a result of the inability of the fluid to turn the
sharp 90° corner indicated by the dotted lines in the figure.

(1)

(2)

(f(:@)

B FIGURE 3.13 Vena
B FIGURE 3.12 Horizon- contracta effect for a sharp-edged
tal flow from a tank. orifice.

|
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Since the streamlines in the exit plane are curved (R < o), the pressure across them
is not constant. It would take an infinite pressure gradient across the streamlines to cause the
fluid to turn a “sharp” corner (R = 0). The highest pressure occurs along the centerline at
(2) and the lowest pressure, p; = p; = 0, is at the edge of the jet. Thus, the assumption of
uniform velocity with straight streamlines and constant pressure is not valid at the exit plane.
It is valid, however, in the plane of the vena contracta, section a—a. The uniform velocity as-
sumption is valid at this section provided d; < h, as is discussed for the flow from the nozzle
shown in Fig. 3.12.

The vena contracta effect is a function of the geometry of the outlet. Some typical con-
figurations are shown in Fig. 3.14 along with typical values of the experimentally obtained
contraction coefficient, C. = A;/A,;, where A; and A, are the areas of the jet at the vena con-
tracta and the area of the hole, respectively.

o . L

L=

4 C.=061 e Co=1.0

Ce=AJA, = dld,

-
e
e

B FIGURE 3.14 Typical flow patterns and contraction coeffi-
cients for various round exit configurations.

3.6.2 Confined Flows

In many cases the fluid is physically constrained within a device so that its pressure cannot
be prescribed a priori as was done for the free jet examples above. Such cases include nozzles
and pipes of variable diameter for which the fluid velocity changes because the flow area is
different from one section to another. For these situations it is necessary to use the concept
of conservation of mass (the continuity equation) along with the Bernoulli equation. The de-
rivation and use of this equation are discussed in detail in Chapters 4 and 5. For the needs
of this chapter we can use a simplified form of the continuity equation obtained from the
following intuitive arguments. Consider a fluid flowing through a fixed volume (such as a
tank) that has one inlet and one outlet as shown in Fig. 3.15. If the flow is steady so that
there is no additional accumulation of fluid within the volume, the rate at which the fluid
flows into the volume must equal the rate at which it flows out of the volume (otherwise,
mass would not be conserved).
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The continuity
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B FIGURE 3.15 Steady flow into and out of a tank.

The mass flowrate from an outlet, m (slugs/s or kg/s), is given by m = pQ, where Q
(ft}/s or m?/s) is the volume flowrate. If the outlet area is A and the fluid flows across this
area (normal to the area) with an average velocity V, then the volume of the fluid crossing
this area in a time interval ¢ is VA dt, equal to that in a volume of length V &t and cross-
sectional area A (see Fig. 3.15). Hence, the volume flowrate (volume per unit time) is Q0 = VA.
Thus, m = pVA. To conserve mass, the inflow rate must equal the outflow rate. If the inlet
is designated as (1) and the outlet as (2), it follows that m; = m,. Thus, conservation of mass
requires

piA Vi = p AV,

If the density remains constant, then p, = p,, and the above becomes the continuity equa-
tion for incompressible flow

A]V] = A2V2, or Ql = Q2 (3.19)

For example, if the outlet flow area is one-half the size of the inlet flow area, it follows that
the outlet velocity is twice that of the inlet velocity, since V, = A,V,/A, = 2V,. (See the pho-
tograph at the beginning of Chapter 5.) The use of the Bernoulli equation and the flowrate
equation (continuity equation) is demonstrated by Example 3.7.

A stream of water of diameter d = 0.1 m flows steadily from a tank of diameter D = 1.0 m
as shown in Fig. E3.7a. Determine the flowrate, O, needed from the inflow pipe if the wa-
ter depth remains constant, 2 = 2.0 m.

0
— ﬁ Ho

30)
D=10m 0/Q, 1.05
h=2.0m
@)
1 1.00
0 02 04 06 08
d=0.10m )
@ ®)

B FIGURE E3.7

SoLurion

For steady, inviscid, incompressible flow, the Bernoulli equation applied between points (1)
and (2) is
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Pt Vit oy =p+apVi+ vn @)
With the assumptions that p; = p, = 0,z, = h, and z, = 0, Eq. 1 becomes
Vit gh=3V3 )

Although the water level remains constant (4 = constant), there is an average velocity, V|,
across section (1) because of the flow from the tank. From Eq. 3.19 for steady incompress-
ible flow, conservation of mass requires Q; = Q,, where Q = AV. Thus, A,V, = A,V,, or

T, = Za,
4

4
d 2
Vi= (D> V, 3

Equations 1 and 3 can be combined to give

_ 2gh ~ /20981 m/s?)(2.0m)
2= \/1 — (/D) J = (O.dm/lm)_ 0OM/s

Hence,

Thus,
Q=AV, =AV, = %(0.1 m)*(6.26 m/s) = 0.0492 m*/s (Ans)
In this example we have not neglected the kinetic energy of the water in the tank
(V, # 0). If the tank diameter is large compared to the jet diameter (D > d), Eq. 3 indicates
that V, < V, and the assumption that V; = 0 would be reasonable. The error associated with
this assumption can be seen by calculating the ratio of the flowrate assuming V; # 0, de-
noted Q, to that assuming V, = 0, denoted Q,. This ratio, written as

0 _ Vs _ Nah/ll - (d/D)] 1

Q0 Vilp-. V2gh V1 - (d/D)*

is plotted in Fig. E3.7b. With 0 < d/D < 0.4 it follows that 1 < Q/Q, =< 1.01, and the er-
ror in assuming V; = 0 is less than 1%. Thus, it is often reasonable to assume V| = 0.

\.

The fact that a kinetic energy change is often accompanied by a change in pressure is
shown by Example 3.8.

Air flows steadily from a tank, through a hose of diameter D = 0.03 m and exits to the at-
mosphere from a nozzle of diameter d = 0.01 m as shown in Fig. E3.8. The pressure in the
tank remains constant at 3.0 kPa (gage) and the atmospheric conditions are standard tem-
perature and pressure. Determine the flowrate and the pressure in the hose.

D=0.03 ,
pr=3.0 kPa ; m d=001m
. o(2) i»

4 B FIGURE E3.8
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If the flow is assumed steady, inviscid, and incompressible, we can apply the Bernoulli equa-
tion along the streamline shown as
pi+apVi+ya =+ apVi+ v
=ps +20V3 + 723
With the assumption that z; = z, = z; (horizontal hose), V, = 0 (large tank), and p; = 0 (free

jet), this becomes
2,
vo= [
p

pr=p —1pV3 1)

and

The density of the air in the tank is obtained from the perfect gas law, using standard ab-
solute pressure and temperature, as

_n
P~ R,

[(3.0 + 101) kN/m?]

10° N/kN
286.9 N-m/kg-K)(15 + 273)K

1.26 kg/m’

X

Thus, we find that

2(3.0 X 10° N/m?)
Vy= = 69.0 m/s

1.26 kg/m’

or
0=AV, = %d2V3 = %(0.01 m)? (69.0 m/s)

= 0.00542 m*/s (Ans)

Note that the value of V; is determined strictly by the value of p, (and the assumptions in-
volved in the Bernoulli equation), independent of the “shape” of the nozzle. The pressure
head within the tank, p,/y = (3.0 kPa)/(9.81 m/s*)(1.26 kg/m?) = 243 m, is converted to
the velocity head at the exit, V3/2g = (69.0 m/s)*/(2 X 9.81 m/s*) = 243 m. Although we
used gage pressure in the Bernoulli equation (p; = 0), we had to use absolute pressure in
the perfect gas law when calculating the density.

The pressure within the hose can be obtained from Eq. 1 and the continuity equation
(Eq. 3.19)

AV, = A5V,

Hence,

A% 0.01 m?
Vy = AVs/A, = (D> vV, = (0 0 2) (69.0 m/s) = 7.67 m/s
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and from Eq. 1
P, = 3.0 X 10° N/m? — 5 (1.26 kg/m®)(7.67 m/s)?
= (3000 — 37.1)N/m? = 2963 N/m? (Ans)

In the absence of viscous effects the pressure throughout the hose is constant and equal
to p,. Physically, the decreases in pressure from p, to p, to p; accelerate the air and increase
its kinetic energy from zero in the tank to an intermediate value in the hose and finally to its
maximum value at the nozzle exit. Since the air velocity in the nozzle exit is nine times that
in the hose, most of the pressure drop occurs across the nozzle (p, = 3000 N/m?, p, = 2963
N/m? and p; = 0).

Since the pressure change from (1) to (3) is not too great [that is, in terms of absolute
pressure (p, — p3)/p; = 3.0/101 = 0.03], it follows from the perfect gas law that the den-
sity change is also not significant. Hence, the incompressibility assumption is reasonable for
this problem. If the tank pressure were considerably larger or if viscous effects were impor-
tant, the above results would be incorrect.

\.

In many situations the combined effects of kinetic energy, pressure, and gravity are
important. Example 3.9 illustrates this.

Water flows through a pipe reducer as is shown in Fig. E3.9. The static pressures at (1) and
(2) are measured by the inverted U-tube manometer containing oil of specific gravity, SG,
less than one. Determine the manometer reading, #.

T
h

T_

SG

D, B FIGURE E3.9

SoLution

With the assumptions of steady, inviscid, incompressible flow, the Bernoulli equation can be
written as

P+ 3pVi+ vz = py +5pVi+ vz,

The continuity equation (Eq. 3.19) provides a second relationship between V, and V, if we
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assume the velocity profiles are uniform at those two locations and the fluid incompressible:
0=AV, =AYV,

By combining these two equations we obtain

pi— P2 =¥ — 2) + 2pV3[1 — (4/A)] @
This pressure difference is measured by the manometer and can be determined by using the
pressure-depth ideas developed in Chapter 2. Thus,

pr= V(@) =yt —yh + SGyh + vt =p,
or
P =P =¥~ a) + (1= SG)yh )]

As discussed in Chapter 2, this pressure difference is neither merely yi nor y(h + z; — z,).
Equations 1 and 2 can be combined to give the desired result as follows:

(1 — 8G)yh = %pVZZ {1 - (j?ﬂ

or since V, = Q/A,
2 I - (AZ/A1)2

2(1 — SG) (Ans)

h = (Q/A;)

The difference in elevation, z; — z,, was not needed because the change in elevation

term in the Bernoulli equation exactly cancels the elevation term in the manometer equation.

However, the pressure difference, p; — p,, depends on the angle 6, because of the elevation,

Z; — 2, in Eq. 1. Thus, for a given flowrate, the pressure difference, p, — p,, as measured

by a pressure gage would vary with 6, but the manometer reading, s, would be independent
of 6.

.

In general, an increase in velocity is accompanied by a decrease in pressure. For ex-
ample, the velocity of the air flowing over the top surface of an airplane wing is, on the av-
erage, faster than that flowing under the bottom surface. Thus, the net pressure force is greater
on the bottom than on the top—the wing generates a lift.

If the differences in velocity are considerable, the differences in pressure can also be
considerable. For flows of gases, this may introduce compressibility effects as discussed in
Section 3.8 and Chapter 11. For flows of liquids, this may result in cavitation, a potentially
dangerous situation that results when the liquid pressure is reduced to the vapor pressure and
the liquid “boils.”

As discussed in Chapter 1, the vapor pressure, p,, is the pressure at which vapor bub-
bles form in a liquid. It is the pressure at which the liquid starts to boil. Obviously this pres-
sure depends on the type of liquid and its temperature. For example, water, which boils at
212 °F at standard atmospheric pressure, 14.7 psia, boils at 80 °F if the pressure is 0.507 psia.
That is, p, = 0.507 psia at 80 °F and p, = 14.7 psia at 212 °F. (See Tables B.1 and B.2.)

One way to produce cavitation in a flowing liquid is noted from the Bernoulli equa-
tion. If the fluid velocity is increased (for example, by a reduction in flow area as shown in
Fig. 3.16) the pressure will decrease. This pressure decrease (needed to accelerate the fluid
through the constriction) can be large enough so that the pressure in the liquid is reduced to
its vapor pressure. A simple example of cavitation can be demonstrated with an ordinary gar-
den hose. If the hose is “kinked,” a restriction in the flow area in some ways analogous to
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(Absolute
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|
pressure) I

e e L —

Large O Incipient cavitation M FIGURE 3.16 Pressure varia-
0 %  tion and cavitation in a variable area pipe.

that shown in Fig. 3.16 will result. The water velocity through this restriction will be rela-
tively large. With a sufficient amount of restriction the sound of the flowing water will
change—a definite “hissing” sound is produced. This sound is a result of cavitation.

In such situations boiling occurs (though the temperature need not be high), vapor bub-
bles form, and then they collapse as the fluid moves into a region of higher pressure (lower
velocity). This process can produce dynamic effects (imploding) that cause very large pres-
sure transients in the vicinity of the bubbles. Pressures as large as 100,000 psi (690 MPa) are
believed to occur. If the bubbles collapse close to a physical boundary they can, over a pe-
riod of time, cause damage to the surface in the cavitation area. Tip cavitation from a pro-
peller is shown in Fig. 3.17. In this case the high-speed rotation of the propeller produced a
corresponding low pressure on the propeller. Obviously, proper design and use of equipment
is needed to eliminate cavitation damage.

B FIGURE 3.17 Tip cavitation from a propeller. (Photograph
courtesy of Garfield Thomas Water Tunnel, Pennsylvania State
University.)
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Water at 60 °F is siphoned from a large tank through a constant diameter hose as shown in
Fig. E3.10. Determine the maximum height of the hill, H, over which the water can be si-
phoned without cavitation occurring. The end of the siphon is 5 ft below the bottom of the
tank. Atmospheric pressure is 14.7 psia.

B FIGURE E3.10

SoLurion

If the flow is steady, inviscid, and incompressible we can apply the Bernoulli equation along
the streamline from (1) to (2) to (3) as follows:

P+ 2pVi+ vz = py +3pV3 + vz = py + 3pV3 + vz, 6))

With the tank bottom as the datum, we have z; = 15 ft, z, = H,and z; = —5 ft. Also, V, = 0
(large tank), p; = 0 (open tank), p; = 0 (free jet), and from the continuity equation
A,V, = A3V;, or because the hose is constant diameter, V, = V;. Thus, the speed of the fluid
in the hose is determined from Eq. 1 to be

Vi = V2g(z — 23) = V2322 ft/s))[15 — (=5)] ft
=3591t/s = V,
Use of Eq. 1 between points (1) and (2) then gives the pressure p, at the top of the hill as

pr=pi+apVi+ vz =20V = vz = (@ — 2) — 1pV3 (2)

From Table B.1, the vapor pressure of water at 60 °F is 0.256 psia. Hence, for incipi-

ent cavitation the lowest pressure in the system will be p = 0.256 psia. Careful consider-
ation of Eq. 2 and Fig. E3.10 will show that this lowest pressure will occur at the top of the

hill. Since we have used gage pressure at point (1) (p; = 0), we must use gage pressure at
point (2) also. Thus, p, = 0.256 — 14.7 = —14.4 psi and Eq. 2 gives

(—144 lb/in.z)(144 in.z/ftz) = (624 1b/ft3)(15 — H)ft — %(1.94 slugs/ft3)(35.9 ft/s)2
or
H=282ft (Ans)

For larger values of H, vapor bubbles will form at point (2) and the siphon action may stop.
Note that we could have used absolute pressure throughout (p, = 0.256 psia and
pi = 14.7 psia) and obtained the same result. The lower the elevation of point (3), the larger
the flowrate and, therefore, the smaller the value of H allowed.
We could also have used the Bernoulli equation between (2) and (3), with V, = V3, to
obtain the same value of H. In this case it would not have been necessary to determine V,
by use of the Bernoulli equation between (1) and (3).
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The above results are independent of the diameter and length of the hose (provided vis-
cous effects are not important). Proper design of the hose (or pipe) is needed to ensure that
it will not collapse due to the large pressure difference (vacuum) between the inside and out-
side of the hose.

3.6.3 Flowrate Measurement

Many types of devices using principles involved in the Bernoulli equation have been devel-
oped to measure fluid velocities and flowrates. The Pitot-static tube discussed in Section 3.5
is an example. Other examples discussed below include devices to measure flowrates in pipes
and conduits and devices to measure flowrates in open channels. In this chapter we will con-
sider “ideal” flow meters—those devoid of viscous, compressibility, and other “real-world”
effects. Corrections for these effects are discussed in Chapters 8 and 10. Our goal here is to
understand the basic operating principles of these simple flow meters.

An effective way to measure the flowrate through a pipe is to place some type of re-
striction within the pipe as shown in Fig. 3.18 and to measure the pressure difference be-
tween the low-velocity, high-pressure upstream section (1), and the high-velocity, low-pressure
downstream section (2). Three commonly used types of flow meters are illustrated: the ori-
fice meter, the nozzle meter, and the Venturi meter. The operation of each is based on the
same physical principles—an increase in velocity causes a decrease in pressure. The differ-
ence between them is a matter of cost, accuracy, and how closely their actual operation obeys
the idealized flow assumptions.

We assume the flow is horizontal (z; = z,), steady, inviscid, and incompressible be-
tween points (1) and (2). The Bernoulli equation becomes

pi+3pVi=py + 3pV3
(The effect of nonhorizontal flow can be incorporated easily by including the change in el-

evation, z; — 2,, in the Bernoulli equation.)

(1) (2)

| |
B LA
m/\’\,/“

_—— 7 Nozzle

Orifice

H Venturi
| B FIGURE 3.18 Typical de-
10 (2 vices for measuring flowrate in pipes.
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If we assume the velocity profiles are uniform at sections (1) and (2), the continuity
equation (Eq. 3.19) can be written as

0=AV, =AV,

where A, is the small (A, < A,) flow area at section (2). Combination of these two equa-
tions results in the following theoretical flowrate

2(p1 — p2)
P[l - (Az/Al)z]

Thus, for a given flow geometry (A, and A,) the flowrate can be determined if the pressure
difference, p; — p,, is measured. The actual measured flowrate, Q, ., Will be smaller than
this theoretical result because of various differences between the “real world” and the as-
sumptions used in the derivation of Eq. 3.20. These differences (which are quite consistent
and may be as small as 1 to 2% or as large as 40%, depending on the geometry used) are
discussed in Chapter 8.

0 =4, (3.20)

Kerosene (SG = 0.85) flows through the Venturi meter shown in Fig. E3.11 with flowrates
between 0.005 and 0.050 m?/s. Determine the range in pressure difference, p; — p,, needed
to measure these flowrates.

0.005 m%/s < 0 <0.050 m¥s B FIGURE E3.11

SoLurion

If the flow is assumed to be steady, inviscid, and incompressible, the relationship between
flowrate and pressure is given by Eq. 3.20. This can be rearranged to give

_ QZP[1 - (Az/Al)z]
ZA%

P — P2

With a density of the flowing fluid of
p = SG pyo = 0.85(1000 kg/m?) = 850 kg/m’
the pressure difference for the smallest flowrate is

[1 — (0.06 m/0.10 m)*]
2 [(/4)(0.06 m)2]?

1 — P> = (0.005 m?/s)*(850 kg/m?)

1160 N/m? = 1.16 kPa
Likewise, the pressure difference for the largest flowrate is

[1 — (0.06/0.10)*]
2[(m/4)(0.06)*)?
= 1.16 10° N/m*> = 116 kPa

Pr— P2~ (0-05)2(850)
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Thus,
1.16 kPa = p;, — p, = 116 kPa (Ans)

These values represent the pressure differences for inviscid, steady, incompressible condi-
tions. The ideal results presented here are independent of the particular flow meter geome-
try—an orifice, nozzle, or Venturi meter (see Fig. 3.18).

It is seen from Eq. 3.20 that the flowrate varies as the square root of the pressure dif-
ference. Hence, as indicated by the numerical results, a tenfold increase in flowrate requires
a one-hundredfold increase in pressure difference. This nonlinear relationship can cause dif-
ficulties when measuring flowrates over a wide range of values. Such measurements would
require pressure transducers with a wide range of operation. An alternative is to use two flow

meters in parallel—one for the larger and one for the smaller flowrate ranges.

\_

Other flow meters based on the Bernoulli equation are used to measure flowrates in
open channels such as flumes and irrigation ditches. Two of these devices, the sluice gate
and the sharp-crested weir, are discussed below under the assumption of steady, inviscid, in-
compressible flow. These and other open-channel flow devices are discussed in more detail
in Chapter 10.

The sluice gate as shown in Fig. 3.19 is often used to regulate and measure the flowrate
in an open channel. The flowrate, Q, is a function of the water depth upstream, z,, the width
of the gate, b, and the gate opening, a. Application of the Bernoulli equation and continuity
equation between points (1) and (2) can provide a good approximation to the actual flowrate
obtained. We assume the velocity profiles are uniform sufficiently far upstream and down-
stream of the gate.

Thus, we apply the Bernoulli and continuity equations between points on the free sur-
faces at (1) and (2) to give

Pt %PV% Tty =p Tt %PV% + vz
and
0 =AV,=bVizy = AV, = bV,

With the fact that p; = p, = 0, these equations can be combined and rearranged to give the
flowrate as

2g(z1 — )
_ . [T B) 3.21)
Q=2 1 — (/21)
i
== Sluice gate
width = b

[ ERRRRRRRNRR!

(3)

(4) — :
B FIGURE 3.19 Sluice gate
T T geometry.
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In the limit of z; > z, this result simply becomes
0 = bV2gz

This limiting result represents the fact that if the depth ratio, z,/z,, is large, the kinetic en-
ergy of the fluid upstream of the gate is negligible and the fluid velocity after it has fallen a
distance (z; — z,) = z; is approximately V, = V2gz,.

The results of Eq. 3.21 could also be obtained by using the Bernoulli equation between
points (3) and (4) and the fact that p; = yz, and p, = vz, since the streamlines at these sec-
tions are straight. In this formulation, rather than the potential energies at (1) and (2), we have
the pressure contributions at (3) and (4).

The downstream depth, z,, not the gate opening, a, was used to obtain the result of Eq.
3.21. As was discussed relative to flow from an orifice (Fig. 3.14), the fluid cannot turn a
sharp 90° corner. A vena contracta results with a contraction coefficient, C, = z,/a, less
than 1. Typically C. is approximately 0.61 over the depth ratio range of 0 < a/z; < 0.2. For
larger values of a/z; the value of C, increases rapidly.

Water flows under the sluice gate shown in Fig. E3.12. Determine the approximate flowrate
per unit width of the channel.

B FIGURE E3.12

SoLurion

Under the assumptions of steady, inviscid, incompressible flow, we can apply Eq. 3.21 to ob-
tain Q/b, the flowrate per unit width, as

Qo _ . 2¢(z1 — 20)
N1 - (12/21)2

b
In this instance z; = 5.0 m and a = 0.80 m so the ratio a/z; = 0.16 < 0.20, and we can as-
sume that the contraction coefficient is approximately C. = 0.61. Thus, z, = C.a = 0.61
(0.80 m) = 0.488 m and we obtain the flowrate

2 P
2 _ (0488 m) \/2(9.81 m/)(5.0m — 0.488 m)
1 — (0.488 m/5.0 m)

b
= 4.61 m%/s (Ans)

If we consider z; > z, and neglect the kinetic energy of the upstream fluid, we would
have

% =1z V2gz = 0488 m \/2(9.81 m/s?)(5.0 m) = 4.83 m*/s
In this case the difference in Q with or without including V, is not too significant because
the depth ratio is fairly large (z,/z, = 5.0/0.488 = 10.2). Thus, it is often reasonable to ne-
glect the kinetic energy upstream from the gate compared to that downstream of it.

\.
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Pressure distribution
H

i B FIGURE 3.20 Rectan-
l gular, sharp-crested weir geome-
try.

Another device used to measure flow in an open channel is a weir. A typical rectan-
gular, sharp-crested weir is shown in Fig. 3.20. For such devices the flowrate of liquid over
the top of the weir plate is dependent on the weir height, P,,, the width of the channel, b,
and the head, H, of the water above the top of the weir. Application of the Bernoulli equa-
tion can provide a simple approximation of the flowrate expected for these situations, even
though the actual flow is quite complex.

Between points (1) and (2) the pressure and gravitational fields cause the fluid to ac-
celerate from velocity V| to velocity V,. At (1) the pressure is p; = yh, while at (2) the pres-
sure is essentially atmospheric, p, = 0. Across the curved streamlines directly above the top
of the weir plate (section a—a), the pressure changes from atmospheric on the top surface to
some maximum value within the fluid stream and then to atmospheric again at the bottom
surface. This distribution is indicated in Fig. 3.20. Such a pressure distribution, combined
with the streamline curvature and gravity, produces a rather nonuniform velocity profile across
this section. This velocity distribution can be obtained from experiments or a more advanced
theory.

For now, we will take a very simple approach and assume that the weir flow is simi-
lar in many respects to an orifice-type flow with a free streamline. In this instance we would
expect the average velocity across the top of the weir to be proportional to V2gH and the
flow area for this rectangular weir to be proportional to Hb. Hence, it follows that

Q = C,Hb V2gH = C,b \/2g H**

where C, is a constant to be determined.

Simple use of the Bernoulli equation has provided a method to analyze the relatively
complex flow over a weir. The correct functional dependence of Q on H has been obtained
(Q ~ H*?), but the value of the coefficient C, is unknown. Even a more advanced analysis
cannot predict its value accurately. As is discussed in Chapter 10, experiments are used to
determine the value of C,.

Water flows over a triangular weir, as is shown in Fig. E3.13. Based on a simple analysis us-
ing the Bernoulli equation, determine the dependence of the flowrate on the depth H. If the
flowrate is Q, when H = H,, estimate the flowrate when the depth is increased to H = 3H,,.

’“H tang

v | -

_INT T

B FIGURE E3.13
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With the assumption that the flow is steady, inviscid, and incompressible, it is reasonable to
assume from Eq. 3.18 that the average speed of the fluid over the triangular notch in the weir
plate is proportional to V2gH. Also, the flow area for a depth of H is H [H tan (6/2)]. The
combination of these two ideas gives

0 0
Q=AV=H’ tanE(Cz V2gH) = C, tanE \2g H? (Ans)

where C, is an unknown constant to be determined experimentally.
Thus, an increase in the depth by a factor of three (from H, to 3H,) results in an in-
crease of the flowrate by a factor of
Q3H0 C2 tan(0/2) V 2g (3H0)5/2

Ou, C, tan(6/2) V2g (H,)*>
=15.6 (Ans)

Note that for a triangular weir the flowrate is proportional to H>2, whereas for the rec-
tangular weir discussed above, it is proportional to H*?. The triangular weir can be accu-
rately used over a wide range of flowrates.

\_

3.7 The Energy Line and the Hydraulic Grade Line

The hydraulic
grade line and en-
ergy line are graph-
ical forms of the
Bernoulli equation.

As was discussed in Section 3.4, the Bernoulli equation is actually an energy equation rep-
resenting the partitioning of energy for an inviscid, incompressible, steady flow. The sum of
the various energies of the fluid remains constant as the fluid flows from one section to an-
other. A useful interpretation of the Bernoulli equation can be obtained through the use of
the concepts of the hydraulic grade line (HGL) and the energy line (EL). These ideas repre-
sent a geometrical interpretation of a flow and can often be effectively used to better grasp
the fundamental processes involved.

For steady, inviscid, incompressible flow the total energy remains constant along a
streamline. The concept of “head” was introduced by dividing each term in Eq. 3.7 by the
specific weight, y = pg, to give the Bernoulli equation in the following form

p V? .

— + — + z = constant on a streamline = H 3.22)

Y 2
Each of the terms in this equation has the units of length (feet or meters) and represents a
certain type of head. The Bernoulli equation states that the sum of the pressure head, the ve-
locity head, and the elevation head is constant along a streamline. This constant is called the
total head, H.

The energy line is a line that represents the total head available to the fluid. As shown
in Fig. 3.21, the elevation of the energy line can be obtained by measuring the stagnation
pressure with a Pitot tube. (A Pitot tube is the portion of a Pitot-static tube that measures the
stagnation pressure. See Section 3.5.) The stagnation point at the end of the Pitot tube pro-
vides a measurement of the total head (or energy) of the flow. The static pressure tap con-
nected to the piezometer tube shown, on the other hand, measures the sum of the pressure
head and the elevation head, p/y + z. This sum is often called the piezometric head. The
static pressure tap does not measure the velocity head.
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grade line lies one
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B FIGURE 3.21 Representation of the energy line and the
hydraulic grade line.

According to Eq. 3.22, the total head remains constant along the streamline (provided
the assumptions of the Bernoulli equation are valid). Thus, a Pitot tube at any other location
in the flow will measure the same total head, as is shown in the figure. The elevation head,
velocity head, and pressure head may vary along the streamline, however.

The locus of elevations provided by a series of Pitot tubes is termed the energy line,
EL. The locus provided by a series of piezometer taps is termed the hydraulic grade line,
HGL. Under the assumptions of the Bernoulli equation, the energy line is horizontal. If the
fluid velocity changes along the streamline, the hydraulic grade line will not be horizontal.
If viscous effects are important (as they often are in pipe flows), the total head does not re-
main constant due to a loss in energy as the fluid flows along its streamline. This means that
the energy line is no longer horizontal. Such viscous effects are discussed in Chapter 8.

The energy line and hydraulic grade line for flow from a large tank are shown in
Fig. 3.22. If the flow is steady, incompressible, and inviscid, the energy line is horizontal and
at the elevation of the liquid in the tank (since the fluid velocity in the tank and the pressure
on the surface are zero). The hydraulic grade line lies a distance of one velocity head, V*/2g,
below the energy line. Thus, a change in fluid velocity due to a change in the pipe diameter
results in a change in the elevation of the hydraulic grade line. At the pipe outlet the pres-
sure head is zero (gage) so the pipe elevation and the hydraulic grade line coincide.

The distance from the pipe to the hydraulic grade line indicates the pressure within the
pipe, as is shown in Fig. 3.23. If the pipe lies below the hydraulic grade line, the pressure

B FIGURE 3.22 The energy
line and hydraulic grade line for
flow from a tank.
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For flow below
(above) the hy-
draulic grade line,
the pressure is posi-
tive (negative).
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B FIGURE 3.23 Use
of the energy line and the hy-
draulic grade line.

within the pipe is positive (above atmospheric). If the pipe lies above the hydraulic grade
line, the pressure is negative (below atmospheric). Thus, a scale drawing of a pipeline and
the hydraulic grade line can be used to readily indicate regions of positive or negative pres-
sure within a pipe.

Water is siphoned from the tank shown in Fig. E3.14 through a hose of constant diameter.
A small hole is found in the hose at location (1) as indicated. When the siphon is used, will
water leak out of the hose, or will air leak into the hose, thereby possibly causing the siphon
to malfunction?

HGL with valve closed and
| = ~ EL with valve open or closed

— HGL with valve open

B FIGURE E3.14

SoLurion

Whether air will leak into or water will leak out of the hose depends on whether the pres-
sure within the hose at (1) is less than or greater than atmospheric. Which happens can be
easily determined by using the energy line and hydraulic grade line concepts as follows. With
the assumption of steady, incompressible, inviscid flow it follows that the total head is con-
stant—thus, the energy line is horizontal.

Since the hose diameter is constant, it follows from the continuity equation
(AV = constant) that the water velocity in the hose is constant throughout. Thus, the hy-
draulic grade line is a constant distance, V?/2g, below the energy line as shown in Fig. E3.14.
Since the pressure at the end of the hose is atmospheric, it follows that the hydraulic grade
line is at the same elevation as the end of the hose outlet. The fluid within the hose at any
point above the hydraulic grade line will be at less than atmospheric pressure.

Thus, air will leak into the hose through

the hole at point (1). (Ans)

In practice, viscous effects may be quite important, making this simple analysis (hor-
izontal energy line) incorrect. However, if the hose is “not too small diameter,” “not too long,”
the fluid “not too viscous,” and the flowrate “not too large,” the above result may be very
accurate. If any of these assumptions are relaxed, a more detailed analysis is required (see



3.8 Restrictions on Use of the Bernoulli Equation M 137

Chapter 8). If the end of the hose were closed so that the flowrate were zero, the hydraulic
grade line would coincide with the energy line (V?/2g = 0 throughout), the pressure at (1)
would be greater than atmospheric, and water would leak through the hole at (1).

The above discussion of the hydraulic grade line and the energy line is restricted to
ideal situations involving inviscid, incompressible flows. Another restriction is that there are
no “sources” or “sinks” of energy within the flow field. That is, there are no pumps or tur-
bines involved. Alterations in the energy line and hydraulic grade line concepts due to these
devices are discussed in Chapter 8.

3.8 Restrictions on Use of the Bernoulli Equation

The Bernoulli
equation can be
modified for com-
pressible flows.

Proper use of the Bernoulli equation requires close attention to the assumptions used in its
derivation. In this section we review some of these assumptions and consider the conse-
quences of incorrect use of the equation.

3.8.1 Compressibility Effects

One of the main assumptions is that the fluid is incompressible. Although this is reasonable
for most liquid flows, it can, in certain instances, introduce considerable errors for gases.

In the previous section, we saw that the stagnation pressure is greater than the static
pressure by an amount pV?/2, provided that the density remains constant. If this dynamic
pressure is not too large compared with the static pressure, the density change between two
points is not very large and the flow can be considered incompressible. However, since the
dynamic pressure varies as V7, the error associated with the assumption that a fluid is in-
compressible increases with the square of the velocity of the fluid. To account for com-
pressibility effects we must return to Eq. 3.6 and properly integrate the term [ dp/p when p
is not constant.

A simple, although specialized, case of compressible flow occurs when the tempera-
ture of a perfect gas remains constant along the streamline—isothermal flow. Thus, we con-
sider p = pRT, where T is constant. (In general, p, p, and T will vary.) For steady, inviscid,
isothermal flow, Eq. 3.6 becomes

dp 1_,
RT ? + EV + gz = constant

where we have used p = p/RT. The pressure term is easily integrated and the constant of
integration evaluated if z;, p,, and V| are known at some location on the streamline. The re-
sult is

V32 RT V32
L+ =M <p‘> =24y (3.23)
2g 8 12 2g

Equation 3.23 is the inviscid, isothermal analog of the incompressible Bernoulli equation. In
the limit of small pressure difference, p,/p, = 1 + (p, — p,)/p, = 1 + &, with e < 1 and
Eq. 3.23 reduces to the standard incompressible Bernoulli equation. This can be shown by
use of the approximation In(1 + &) = & for small . The use of Eq. 3.23 in practical appli-
cations is restricted by the inviscid flow assumption, since (as is discussed in Section 11.5)
most isothermal flows are accompanied by viscous effects.

A much more common compressible flow condition is that of isentropic (constant en-
tropy) flow of a perfect gas. Such flows are reversible adiabatic processes—“no friction or
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An equation similar
to the Bernoulli
equation can be ob-
tained for isen-
tropic flow of a per-
fect gas.

heat transfer”’—and are closely approximated in many physical situations. As discussed fully
in Chapter 11, for isentropic flow of a perfect gas the density and pressure are related by
p/pk = C, where k is the specific heat ratio and C is a constant. Hence, the [ dp/p integral
of Eq. 3.6 can be evaluated as follows. The density can be written in terms of the pressure
as p = p*C~"* so that Eq. 3.6 becomes

1
C\k Jpl/k dp + Evz + gz = constant

The pressure term can be integrated between points (1) and (2) on the streamline and the con-
stant C evaluated at either point (C'* = p\*/p, or C'* = pi/*/p,) to give the following:

p2
Cl/kj pfl/kdp — Cl/k (k k 1>[p(2kl)/k _ p(]kfl)/k]
pl -

-
k—1/\p2 P1
Thus, the final form of Eq. 3.6 for compressible, isentropic, steady flow of a perfect gas is

k P1 V% ( k >P2 V%
— =+ =t gy =— =+ =+ g 3.24
(k — 1>p1 , T&u K—1)p 2 822 (3.24)

The similarities between the results for compressible isentropic flow (Eq. 3.24) and incom-
pressible isentropic flow (the Bernoulli equation, Eq. 3.7) are apparent. The only differences
are the factors of [k/(k — 1)] that multiply the pressure terms and the fact that the densities
are different (p, # p,). In the limit of “low-speed flow” the two results are exactly the same
as is seen by the following.

We consider the stagnation point flow of Section 3.5 to illustrate the difference be-
tween the incompressible and compressible results. As is shown in Chapter 11, Eq. 3.24 can
be written in dimensionless form as

— k—1 kfk—1
% = [(1 + Ma%) - 1} (compressible) (3.25)
1

where (1) denotes the upstream conditions and (2) the stagnation conditions. We have as-
sumed z; = z,, V, = 0, and have denoted Ma, = V,/c, as the upstream Mach number—the
ratio of the fluid velocity to the speed of sound, ¢, = VkRT).

A comparison between this compressible result and the incompressible result is per-
haps most easily seen if we write the incompressible flow result in terms of the pressure ratio
and the Mach number. Thus, we divide each term in the Bernoulli equation, pV3/2 + p, = p,,
by p, and use the perfect gas law, p, = pRT), to obtain

p_ Vi
p] 2RT1

Since Ma, = V,/VkRT, this can be written as

- kMa?
Pr P 5 L (incompressible) (3.26)

P
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compressible results
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same.
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0.1
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B FIGURE 3.24 Pressure
0 ratio as a function of Mach number
0 0.2 0.4 0.6 0.8  for incompressible and compressible
Ma, (isentropic) flow.

Equations 3.25 and 3.26 are plotted in Fig. 3.24. In the low-speed limit of Ma, — 0, both of
the results are the same. This can be seen by denoting (k — 1)Ma}/2 = & and using the
binomial expansion, (1 + &)" =1+ n& + n(n — 1)&*/2 + ---, where n = k/(k — 1), to
write Eq. 3.25 as

P 2

- kMa? 1 2 —k
P () L

. 4 Maf + ) (compressible)

For Ma, < 1 this compressible flow result agrees with Eq. 3.26. The incompressible and
compressible equations agree to within about 2% up to a Mach number of approximately
Ma; = 0.3. For larger Mach numbers the disagreement between the two results increases.

Thus, a “rule of thumb” is that the flow of a perfect gas may be considered as incom-
pressible provided the Mach number is less than about 0.3. In standard air (7, = 59°F,
¢, = VkRT, = 1117 ft/s) this corresponds to a speed of V| = ¢,Ma, = 0.3(1117 ft/s) = 335
ft/s = 228 mi/hr. At higher speeds, compressibility may become important.

A Boeing 777 flies at Mach 0.82 at an altitude of 10 km in a standard atmosphere. Deter-
mine the stagnation pressure on the leading edge of its wing if the flow is incompressible;
and if the flow is compressible isentropic.

SoLution

From Tables 1.8 and C.2 we find that p; = 26.5 kPa(abs), T, = —49.9 °C, p = 0.414 kg/m3,
and k = 1.4. Thus, if we assume incompressible flow, Eq. 3.26 gives
P2 — P kMa% (082)2 .

—_— = =14 = 0.471
P1 2 2

or

Py — p1 = 0471 (26.5kPa) = 12.5 kPa (Ans)
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The Bernoulli
equation can be
modified for un-
steady flows.

On the other hand, if we assume isentropic flow, Eq. 3.25 gives

— 14 —1 14/(1.4-1)
R—h_ {{1 + (2)(0.82)2} - 1} = 0.555

P

or
Py — py = 0.555 (26.5 kPa) = 14.7 kPa (Ans)

We see that at Mach 0.82 compressibility effects are of importance. The pressure (and, to a
first approximation, the lift and drag on the airplane; see Chapter 9) is approximately
14.7/12.5 = 1.18 times greater according to the compressible flow calculations. This may
be very significant. As discussed in Chapter 11, for Mach numbers greater than 1 (super-
sonic flow) the differences between incompressible and compressible results are often not
only quantitative but also qualitative.

Note that if the airplane were flying at Mach 0.30 (rather than 0.82) the corresponding
values would be p, — p; = 1.670 kPa for incompressible flow and p, — p; = 1.707 kPa for
compressible flow. The difference between these two results is about 2 percent.

\_

3.8.2 Unsteady Effects

Another restriction of the Bernoulli equation (Eq. 3.7) is the assumption that the flow is
steady. For such flows, on a given streamline the velocity is a function of only s, the loca-
tion along the streamline. That is, along a streamline V = V(s). For unsteady flows the ve-
locity is also a function of time, so that along a streamline V = V(s, ). Thus when
taking the time derivative of the velocity to obtain the streamwise acceleration, we obtain
a;, = dV/at + V 9V/ds rather than just a, = V 9V/ds as is true for steady flow. For steady
flows the acceleration is due to the change in velocity resulting from a change in position of
the particle (the V 9V/ds term), whereas for unsteady flow there is an additional contribution
to the acceleration resulting from a change in velocity with time at a fixed location (the 9V/dt
term). These effects are discussed in detail in Chapter 4. The net effect is that the inclusion
of the unsteady term, dV/dt, does not allow the equation of motion to be easily integrated
(as was done to obtain the Bernoulli equation) unless additional assumptions are made.

The Bernoulli equation was obtained by integrating the component of Newton’s sec-
ond law (Eq. 3.5) along the streamline. When integrated, the acceleration contribution to this
equation, the 5 pd(V?) term, gave rise to the kinetic energy term in the Bernoulli equation. If
the steps leading to Eq. 3.5 are repeated with the inclusion of the unsteady effect (9V/dr # 0)
the following is obtained:

X% - .
pgds + dp + Epd(V )+ ydz=10 (along a streamline)

For incompressible flow this can be easily integrated between points (1) and (2) to give
I, . 1, )
P+ EpV1 + vz, =p Eds +p, + EpVZ + vz, (along a streamline) (3.27)
S

Equation 3.27 is an unsteady form of the Bernoulli equation valid for unsteady, incom-
pressible, inviscid flow. Except for the integral involving the local acceleration, dV/dz, it is
identical to the steady Bernoulli equation. In general, it is not easy to evaluate this integral
because the variation of dV/dr along the streamline is not known. In some situations the con-
cepts of “irrotational flow” and the “velocity potential” can be used to simplify this integral.
These topics are discussed in Chapter 6.
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An incompressible, inviscid liquid is placed in a vertical, constant-diameter U-tube as indi-
cated in Fig. E3.16. When released from the nonequilibrium position shown, the liquid col-
umn will oscillate at a specific frequency. Determine this frequency.

Open
tube

—
SRS

Equilibrium
position

B FIGURE E3.16

SoLution

The frequency of oscillation can be calculated by use of Eq. 3.27 as follows. Let points (1) and
(2) be at the air—water interfaces of the two columns of the tube and z = 0 correspond to the
equilibrium position of these interfaces. Hence, p; = p, = 0 and if z, = z, then z; = —z. In
general, z is a function of time, z = z(¢). For a constant diameter tube, at any instant in time
the fluid speed is constant throughout the tube, V;, = V, = V, and the integral representing
the unsteady effect in Eq. 3.27 can be written as

A% av (* av
" - =f{—
L ot ds dtJ ds dt

] S1

where ¢ is the total length of the liquid column as shown in the figure. Thus, Eq. 3.27 can
be written as

av
—7) = pt — +
Y(—=z)=p PRI

Since V = dz/dt and y = pg, this can be written as the second-order differential equation
describing simple harmonic motion

d*z 2g

—+—2z=0

a -
which has the solution z(r) = C; sin(V2g/{ t) + C, cos(V2g/€ t). The values of the con-
stants C, and C, depend on the initial state (velocity and position) of the liquid at 7 = 0. Thus,
the liquid oscillates in the tube with a frequency

w=\V2g/{ (Ans)

This frequency depends on the length of the column and the acceleration of gravity (in a
manner very similar to the oscillation of a pendulum). The period of this oscillation (the time
required to complete an oscillation) is 7, = 27V {/2g.

\.

In a few unsteady flow cases, the flow can be made steady by an appropriate selection
of the coordinate system. Example 3.17 illustrates this.
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Care must be used
in applying the

Bernoulli equation
across streamlines.

A submarine moves through the seawater (SG = 1.03) at a depth of 50 m with velocity
Vo = 5.0 m/s as shown in Fig. E3.17. Determine the pressure at the stagnation point (2).

* ® FIGURE E3.17

SoLurion

In a coordinate system fixed to the ground, the flow is unsteady. For example, the water ve-
locity at (1) is zero with the submarine in its initial position, but at the instant when the nose,
(2), reaches point (1) the velocity there becomes V, = —V,i. Thus, V,/dt # 0 and the flow
is unsteady. Application of the steady Bernoulli equation between (1) and (2) would give the
incorrect result that “p, = p, + pV3/2.” According to this result the static pressure is greater
than the stagnation pressure—an incorrect use of the Bernoulli equation.

We can either use an unsteady analysis for the flow (which is outside the scope of this
text) or redefine the coordinate system so that it is fixed on the submarine, giving steady flow
with respect to this system. The correct method would be

_pVi

p=— + yh = [(1.03)(1000) kg/m?] (5.0 m/s)*/2

+ (9.80 X 10° N/m*)(1.03)(50 m)
= (12,900 + 505,000) N/m? = 518 kPa (Ans)

similar to that discussed in Example 3.2.

If the submarine were accelerating, 9V, /dt # 0, the flow would be unsteady in either
of the above coordinate systems and we would be forced to use an unsteady form of the
Bernoulli equation.

\_

Some unsteady flows may be treated as “quasisteady” and solved approximately by us-
ing the steady Bernoulli equation. In these cases the unsteadiness is “not too great” (in some
sense), and the steady flow results can be applied at each instant in time as though the flow
were steady. The slow draining of a tank filled with liquid provides an example of this type
of flow.

3.8.3 Rotational Effects

Another of the restrictions of the Bernoulli equation is that it is applicable along the stream-
line. Application of the Bernoulli equation across streamlines (i.e., from a point on one stream-
line to a point on another streamline) can lead to considerable errors, depending on the
particular flow conditions involved. In general, the Bernoulli constant varies from streamline
to streamline. However, under certain restrictions this constant is the same throughout the
entire flow field. Example 3.18 illustrates this fact.
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Consider the uniform flow in the channel shown in Fig. E3.18a. Discuss the use of the
Bernoulli equation between points (1) and (2), points (3) and (4), and points (4) and (5). The
liquid in the vertical piezometer tube is stationary.

Fluid particles spin

Pl S
d / \\\
/
ps=0 (5) / \l
|\ )
H \ /
N /
717 NS — //
N Vo

\
3) T
h @ z=h ®
'
N IR
P1=DPo
VO
(@ B FIGURE E3.18
SoLution

If the flow is steady, inviscid, and incompressible, Eq. 3.7 written between points (1) and (2)
gives

pi +3pVi + vz = py + 3pV3 + yz, = constant = C),

Since V, =V, =V, and z; = z, = 0, it follows that p, = p, = p, and the Bernoulli con-
stant for this streamline, C),, is given by

Cp = %PV(Z) + po

Along the streamline from (3) to (4) we note that V3 = V, = Vj and z3 = z, = h. As
was shown in Example 3.5, application of F = ma across the streamline (Eq. 3.12) gives
p3; = p; — yh because the streamlines are straight and horizontal. The above facts combined
with the Bernoulli equation applied between (3) and (4) show that p; = p, and that the
Bernoulli constant along this streamline is the same as that along the streamline between
(1) and (2). That is, C34, = Cy,, OF

ps +3pV3 + yz3 = py + 5pVi + ¥z = Cy = Cyy

Similar reasoning shows that the Bernoulli constant is the same for any streamline in
Fig. E3.18. Hence,

p + 3pV? + vz = constant throughout the flow in the channel
Again from Example 3.5 we recall that
ps=ps t yH=vH
If we apply the Bernoulli equation across streamlines from (4) to (5), we obtain the incorrect
result “H = p,/y + V3/2g.” The correct result is H = p,/y.

From the above we see that we can apply the Bernoulli equation across streamlines
(1)—(2) and (3)—(4) (that is, C;, = Cj,) but not across streamlines from (4) to (5). The reason
for this is that while the flow in the channel is “irrotational,” it is “rotational” between the
flowing fluid in the channel and the stationary fluid in the piezometer tube. Because of the

uniform velocity profile across the channel, it is seen that the fluid particles do not rotate or
“spin” as they move. The flow is “irrotational.” However, as seen in Fig. E3.18b, there is a
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The Bernoulli
equation is not
valid for flows that
involve pumps or

very thin shear layer between (4) and (5) in which adjacent fluid particles interact and rotate
or “spin.” This produces a “rotational” flow. A more complete analysis would show that
the Bernoulli equation cannot be applied across streamlines if the flow is “rotational” (see
Chapter 0).

As is suggested by Example 3.18, if the flow is “irrotational” (that is, the fluid parti-
cles do not “spin” as they move), it is appropriate to use the Bernoulli equation across stream-
lines. However, if the flow is “rotational” (fluid particles “spin”), use of the Bernoulli equa-
tion is restricted to flow along a streamline. The distinction between irrotational and rotational
flow is often a very subtle and confusing one. These topics are discussed in more detail in
Chapter 6. A thorough discussion can be found in more advanced texts (Ref. 3).

3.8.4 Other Restrictions

Another restriction on the Bernoulli equation is that the flow is inviscid. As is discussed in
Section 3.4, the Bernoulli equation is actually a first integral of Newton’s second law along
a streamline. This general integration was possible because, in the absence of viscous effects,
the fluid system considered was a conservative system. The total energy of the system re-
mains constant. If viscous effects are important the system is nonconservative and energy
losses occur. A more detailed analysis is needed for these cases. Such material is presented
in Chapter 5.

The final basic restriction on use of the Bernoulli equation is that there are no me-
chanical devices (pumps or turbines) in the system between the two points along the stream-
line for which the equation is applied. These devices represent sources or sinks of energy.
Since the Bernoulli equation is actually one form of the energy equation, it must be altered

turbines. to include pumps or turbines, if these are present. The inclusion of pumps and turbines is
covered in Chapters 5 and 12.

In this chapter we have spent considerable time investigating fluid dynamic situations
governed by a relatively simple analysis for steady, inviscid, incompressible flows. Many
flows can be adequately analyzed by use of these ideas. However, because of the rather se-
vere restrictions imposed, many others cannot. An understanding of these basic ideas will
provide a firm foundation for the remainder of the topics in this book.

Key Words and Topics

In the E-book, click on any key word Flowrate measurement Pilot tube

or topic to go to that subject. Free jet Stagnation pressure
Bernoulli equation Head Static pressure
Cavitation Hydraulic grade line Streamline
Continuity equation Mass flowrate Venturi meter
Energy line Newton’s second law Volume flowrate

F = ma normal to streamline Nozzle meter Weir

F = ma along streamline

References

Orifice meter

1. Riley, W. F., and Sturges, L. D., Engineering Mechanics: 3. Panton, R. L., Incompressible Flow, Wiley, New York, 1984.
Dynamics, 2nd Ed., Wiley, New York, 1996.

2. Tipler, P. A., Physics, Worth, New York, 1982.



Review Problems

m 145

Problems

In the E-book, click here to go to a set of review problems com-
plete with answers and detailed solutions.

Problems

Note: Unless otherwise indicated use the values of fluid prop-
erties found in the tables on the inside of the front cover. Prob-
lems designated with an (*) are intended to be solved with the
aid of a programmable calculator or a computer. Problems des-
ignated with a () are “open-ended” problems and require crit-
ical thinking in that to work them one must make various as-
sumptions and provide the necessary data. There is not a unique
answer to these problems.

In the E-book, answers to the even-numbered problems can
be obtained by clicking on the problem number. In the E-
book, access to the videos that accompany problems can be
obtained by clicking on the “video” segment (i.e., Video 3.3)
of the problem statement. The lab-type problems can be ac-
cessed by clicking on the “click here” segment of the prob-
lem statement.

3.1 Water flows steadily through the variable area hori-
zontal pipe shown in Fig. P3.1. The centerline velocity is given
by V = 10(1 + x) i ft/s, where x is in feet. Viscous effects are
neglected. (a) Determine the pressure gradient, dp/dx, (as a
function of x) needed to produce this flow. (b) If the pressure
at section (1) is 50 psi, determine the pressure at (2) by (i) inte-
gration of the pressure gradient obtained in (a), (ii) application
of the Bernoulli equation.

Vi(x)
=k

(2)
(1)
b

B FIGURE P3.1

3.2 Repeat Problem 3.1 if the pipe is vertical with the flow
down.

33 An incompressible fluid with density p flows steadily
past the object shown in Video V3.3 and Fig. P3.3. The fluid
velocity along the horizontal dividing streamline
(=% = x = —a) is found to be V = V(1 + a/x), where a is
the radius of curvature of the front of the object and V is the
upstream velocity. (a) Determine the pressure gradient along
this streamline. (b) If the upstream pressure is p,, integrate the
pressure gradient to obtain the pressure p(x) for —© < x = —a.
(c) Show from the result of part (b) that the pressure at the stag-
nation point (x = —a) is py + pV3/2, as expected from the
Bernoulli equation.

Dividing
streamline

Vo

Y

Po Stagnation

point

B FIGURE P3.3

34 What pressure gradient along the streamline, dp/ds, is
required to accelerate water in a horizontal pipe at a rate of
30 m/s*?

3.5 At a given location the air speed is 20 m/s and the pres-
sure gradient along the streamline is 100 N/m?. Estimate the air
speed at a point 0.5 m farther along the streamline.

3.6 What pressure gradient along the streamline, dp/ds, is
required to accelerate water upward in a vertical pipe at a rate
of 30 ft/s?? What is the answer if the flow is downward?

3.7 Consider a compressible fluid for which the pressure
and density are related by p/p" = C,, where n and C, are con-
stants. Integrate the equation of motion along the streamline,
Eq. 3.6, to obtain the “Bernoulli equation” for this compress-
ible flow as [n/(n — 1)]p/p + V?/2 + gz = constant.

3.8 The Bernoulli equation is valid for steady, inviscid, in-
compressible flows with constant acceleration of gravity. Con-
sider flow on a planet where the acceleration of gravity varies
with height so that g = g, — cz, where g, and ¢ are constants.
Integrate “F = ma” along a streamline to obtain the equivalent
of the Bernoulli equation for this flow.

3.9 Consider a compressible liquid that has a constant bulk
modulus. Integrate “F = ma” along a streamline to obtain the
equivalent of the Bernoulli equation for this flow. Assume
steady, inviscid flow.

3.10 Water flows around the vertical two-dimensional bend
with circular streamlines and constant velocity as shown in
Fig. P3.10. If the pressure is 40 kPa at point (1), determine the
pressures at points (2) and (3). Assume that the velocity profile
is uniform as indicated.
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(1)
B FIGURE P3.10

V=10m/s

YYVYVYYYY

3.11 Air flows smoothly past your face as you ride your
bike, but bugs and particles of dust pelt your face and get into
your eyes. Explain why this is so.

*3.12 Water in a container and air in a tornado flow in hor-
izontal circular streamlines of radius » and speed V as shown
in Video V3.2 and Fig. P3.12. Determine the radial pressure
gradient, dp/dr, needed for the following situations: (a) The
fluid is water with » = 3 in. and V = 0.8 ft/s. (b) The fluid is
air with » = 300 ft and V = 200 mph.

y
V
X

B FIGURE P3.12

313 As shown in Fig. P3.13 and Video V3.2, the swirling
motion of a liquid can cause a depression in the free surface.
Assume that an inviscid liquid in a tank with an R = 1.0 ft ra-
dius is rotated sufficiently to produce a free surface that is
h = 2.0 ft below the liquid at the edge of the tank at a position
r = 0.5 ft from the center of the tank. Also assume that the lig-
uid velocity is given by V = K/r, where K is a constant. (a)
Show that & = K> [(1/r*) — (1/R*]/(2g). (b) Determine the
value of K for this problem.

h=20ft

m FIGURE P3.13

3.14 Water flows from the faucet on the first floor of the
building shown in Fig. P3.14 with a maximum velocity of 20
ft /s. For steady inviscid flow, determine the maximum water
velocity from the basement faucet and from the faucet on the
second floor (assume each floor is 12 ft tall).

'1—\‘
o

I
=,

V=20 ft/s fj

1

12 ft G'J_ i

|
T
B FIGURE P3.14

3.15 Water flows from a pop bottle that has holes in it as
shown in Video V3.5 and Fig. P3.15. Two streams coming from
holes located distances 4, and h, below the free surface inter-
sect at a distance L from the side of the bottle. If viscous ef-
fects are negligible and the flow is quasi-steady, show that
L = 2(hh,)"*. Compare this result with experimental data mea-
sured from the paused video for which the holes are 2 inches
apart.

1 —

B FIGURE P3.15

3.16 A 100 ft/s jet of air flows past a ball as shown in Video
V3.1 and Fig. P3.16. When the ball is not centered in the jet,
the air velocity is greater on the side of the ball near the jet cen-
ter [point (1)] than it is on the other side of the ball [point (2)].
Determine the pressure difference, p, — p;, across the ball if
V, = 140 ft/s and V, = 110 ft/s. Neglect gravity and viscous
effects.

T 317 Estimate the pressure needed at the pumper truck
in order to shoot water from the street level onto a fire on the
roof of a five-story building. List all assumptions and show all
calculations.



/ v, = 140 ftis
V, =110 ft/s

T T V=100 ft/s

B FIGURE P3.16

3.18 A fire hose nozzle has a diameter of 1§ in. According
to some fire codes, the nozzle must be capable of delivering at
least 250 gal/min. If the nozzle is attached to a 3-in.-diameter
hose, what pressure must be maintained just upstream of the
nozzle to deliver this flowrate?

3.19 Water flowing from the 0.75-in.-diameter outlet shown
in Video V8.6 and Fig. P3.19 rises 2.8 inches above the outlet.
Determine the flowrate.

|

2.8in.

L —— 0.75in.
- éﬂ

m FIGURE P3.19

3.20 Pop (with the same properties as water) flows from a
4-in. diameter pop container that contains three holes as shown in
Fig. P3.20 (see Video 3.5). The diameter of each fluid stream is
0.15 in., and the distance between holes is 2 in. If viscous effects
are negligible and quasi-steady conditions are assumed, determine
the time at which the pop stops draining from the top hole.
Assume the pop surface is 2 in. above the top hole when t = 0.
Compare your results with the time you measure from the video.

*3.21 Water flowing from a pipe or a tank is acted upon by
gravity and follows a curved trajectory as shown in Fig. P3.21
and Videos V3.5 and V4.3. A simple flow meter can be con-
structed as shown in Fig. P3.21. A point gage mounted a dis-
tance L from the end of the horizontal pipe is adjusted to indi-
cate that the top of the water stream is a distance x below the
outlet of the pipe. Show that the flowrate from this pipe of di-
ameter D is given by Q = wD*L g'?/(2%* x'/?).

3.22 A person holds her hand out of an open car window
while the car drives through still air at 65 mph. Under standard
atmospheric conditions, what is the maximum pressure on her
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/Sun‘ace atr=0

2in. |40.15in.
2in. |T
toin |

m FIGURE P3.20

B FIGURE P3.21

hand? What would be the maximum pressure if the “car” were
an Indy 500 racer traveling 220 mph?

3.23 A differential pressure gage attached to a Pitot-static
tube (see Video V3.4) is calibrated to give speed rather than the
difference between the stagnation and static pressures. The cal-
ibration is done so that the speed indicated on the gage is the
actual fluid speed if the fluid flowing past the Pitot-static tube
is air at standard sea level conditions. Assume the same device
is used in water and the gage indicates a speed of 200 knots.
Determine the water speed.

3.24 A 40-mph wind blowing past your house speeds up as
it flows up and over the roof. If elevation effects are negligible,
determine (a) the pressure at the point on the roof where the
speed is 60 mph if the pressure in the free stream blowing to-
ward your house is 14.7 psia. Would this effect tend to push the
roof down against the house, or would it tend to lift the roof?
(b) Determine the pressure on a window facing the wind if the
window is assumed to be a stagnation point.

3.25 Water flows steadily downward through the pipe
shown in Fig. P3.25. Viscous effects are negligible, and the pres-
sure gage indicates the pressure is zero at point (1). Determine
the flowrate and the pressure at point (2).

3.26 Small-diameter, high-pressure liquid jets can be used
to cut various materials as shown in Fig. P3.26. If viscous ef-
fects are negligible, estimate the pressure needed to produce a
0.10-mm-diameter water jet with a speed of 700 m/s. Deter-
mine the flowrate.
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- 0.1ft

~— free jet

B FIGURE P3.25

B FIGURE P3.26

3.27 Air is drawn into a wind tunnel used for testing auto-
mobiles as shown in Fig. P3.27. (a) Determine the manometer
reading, &, when the velocity in the test section is 60 mph. Note
that there is a 1-in. column of oil on the water in the manome-
ter. (b) Determine the difference between the stagnation pres-
sure on the front of the automobile and the pressure in the test
section.

3.28 A loon is a diving bird equally at home “flying” in the
air or water. What swimming velocity under water will produce
a dynamic pressure equal to that when it flies in the air at
40 mph?

3.29 A large open tank contains a layer of oil floating on
water as shown in Fig. P3.29. The flow is steady and inviscid.
(a) Determine the height, &, to which the water will rise. (b)
Determine the water velocity in the pipe. (¢) Determine the pres-
sure in the horizontal pipe.

Oil

SG=0.7 T
h
i 0.1 m diameter
2m Water i $
l Im 0.2 m diameter

i
m FIGURE P3.29

3.30 Water flows through the pipe contraction shown in

Fig. P3.30. For the given 0.2-m difference in manometer level,
determine the flowrate as a function of the diameter of the small
pipe, D.

B FIGURE P3.30

3.31 Water flows through the pipe contraction shown in
Fig. P3.31. For the given 0.2-m difference in the manometer
level, determine the flowrate as a function of the diameter of
the small pipe, D.

K /Wind tunnel
A
- 60mph -
— -~
ey ~
[ y~ Open Fan
I" 11in.
Water 0il (SG = 0.9)

B FIGURE P3.27

B FIGURE P3.31



3.32 Water flows through the pipe contraction shown in

Fig. P3.32. For the given 0.2-m difference in the manometer
level, determine the flowrate as a function of the diameter of
the small pipe, D.

B FIGURE P3.32

3.33 The speed of an airplane through the air is obtained
by use of a Pitot-static tube that measures the difference be-
tween the stagnation and static pressures. (See Video V3.4.)
Rather than indicating this pressure difference (psi or N/m?) di-
rectly, the indicator is calibrated in speed (mph or knots). This
calibration is done using the density of standard sea level air.
Thus, the air speed displayed (termed the indicated air speed)
is the actual air speed only at standard sea level conditions. If
the aircraft is flying at an altitude of 20,000 ft and the indicated
air speed is 220 knots, what is the actual air speed?

3.34 Streams of water from two tanks impinge upon each
other as shown in Fig. P3.34. If viscous effects are negligible
and point A is a stagnation point, determine the height 4.

B FIGURE P3.34

3.35 A 0.15-m-diameter pipe discharges into a 0.10-m-di-
ameter pipe. Determine the velocity head in each pipe if they
are carrying 0.12 m?/s of kerosene.

3.36 Water flows upward through a variable area pipe with
a constant flowrate, Q, as shown in Fig. P3.36. If viscous ef-
fects are negligible, determine the diameter, D(z), in terms of
D, if the pressure is to remain constant throughout the pipe.
That is, p(z) = p;.

3.37 Water flows steadily with negligible viscous effects
through the pipe shown in Fig. P3.37. Determine the diameter,

m 149

Problems

7
fo
m FIGURE P3.36

D, of the pipe at the outlet (a free jet) if the velocity there is
20 ft/s.

¥ Open

V=20 ft/s ¢

D

15 ft
10 ft

L ¢1.5 in. diameter
LT -

B FIGURE P3.37

3.38 The circular stream of water from a faucet is observed
to taper from a diameter of 20 mm to 10 mm in a distance of
50 cm. Determine the flowrate.

3.39 Water is siphoned from the tank shown in Fig. P3.39.
The water barometer indicates a reading of 30.2 ft. Determine
the maximum value of /& allowed without cavitation occurring.
Note that the pressure of the vapor in the closed end of the
barometer equals the vapor pressure.

/Closed end

3-in.
diameter

30.2 ft

5-in. diameter

B FIGURE P3.39
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3.40 An inviscid fluid flows steadily along the stagnation
streamline shown in Fig. P3.40 and Video V3.3, starting with
speed V, far upstream of the object. Upon leaving the stagna-
tion point, point (1), the fluid speed along the surface of the ob-
ject is assumed to be given by V = 2 V|, sin 6, where 6 is the
angle indicated. At what angular position, 6,, should a hole be
drilled to give a pressure difference of p, — p, = pV3/2? Grav-
ity is negligible.

B FIGURE P3.40

341 A cetain vacuum cleaner can create a vacuum of 2 kPa
just inside the hose. What is the velocity of the air inside the
hose?

3.42 Water from a faucet fills a 16-0oz glass (volume
= 28.9in.%) in 10 s. If the diameter of the jet leaving the faucet
is 0.60 in., what is the diameter of the jet when it strikes the
water surface in the glass which is positioned 14 in. below the
faucet?

343 A smooth plastic, 10-m-long garden hose with an in-
side diameter of 20 mm is used to drain a wading pool as is
shown in Fig. P3.43. If viscous effects are neglected, what is
the flowrate from the pool?

0.2m

B FIGURE P3.43

3.44 Carbon dioxide flows at a rate of 1.5 ft*/s from a 3-
in. pipe in which the pressure and temperature are 20 psi (gage)
and 120 °F into a 1.5-in. pipe. If viscous effects are neglected
and incompressible conditions are assumed, determine the pres-
sure in the smaller pipe.

345 Oil of specific gravity 0.83 flows in the pipe shown
in Fig. P3.45. If viscous effects are neglected, what is the
flowrate?

3.46 Water flows steadily from a large open tank and dis-
charges into the atmosphere through a 3-in.-diameter pipe as
shown in Fig. P3.46. Determine the diameter, d, in the narrowed
section of the pipe at A if the pressure gages at A and B indi-
cate the same pressure.

3.47 Determine the flowrate through the pipe in Fig. P3.47.

B FIGURE P3.45

3-in. diameter

diameter = d

B FIGURE P3.46

p,, = 900 kg/m®

%) Water A OOIBm
|

B FIGURE P3.47

¢

3.48 Water flows steadily with negligible viscous effects
through the pipe shown in Fig. P3.48. It is known that the 4-
in.-diameter section of thin-walled tubing will collapse if the
pressure within it becomes less than 10 psi below atmospheric
pressure. Determine the maximum value that 4 can have with-
out causing collapse of the tubing.

4-in.-diameter thin-walled tubing

B FIGURE P3.48



3.49 For the pipe enlargement shown in Fig. P3.49, the pres-
sures at sections (1) and (2) are 56.3 and 58.2 psi, respectively.
Determine the weight flowrate (Ib/s) of the gasoline in the pipe.

0

2.05in. — Gasoline  3.71 in.

(1)
(2)

B FIGURE P3.49

3.50 Water is pumped from a lake through an 8-in. pipe at
a rate of 10 ft/s. If viscous effects are negligible, what is the
pressure in the suction pipe (the pipe between the lake and the
pump) at an elevation 6 ft above the lake?

3.51 Air flows through a Venturi channel of rectangular
cross section as shown in Video V3.6 and Fig. P3.51. The con-
stant width of the channel is 0.06 m and the height at the exit
is 0.04 m. Compressibility and viscous effects are negligible.
(a) Determine the flowrate when water is drawn up 0.10 m in
a small tube attached to the static pressure tap at the throat
where the channel height is 0.02 m. (b) Determine the channel
height, h,, at section (2) where, for the same flowrate as in part
(a), the water is drawn up 0.05 m. (¢) Determine the pressure
needed at section (1) to produce this flow.

b = width = 0.06 m
Free jet

0.02m

0.04 m

Water
m FIGURE P3.51

3.52 An inviscid, incompressible liquid flows steadily from
the large pressurized tank shown in Fig. P.3.52. The velocity at
the exit is 40 ft/s. Determine the specific gravity of the liquid
in the tank.

t Liquid

1
5 f
T
ljft

‘/40 ft/s

B FIGURE P3.52
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3.53 Air (assumed frictionless and incompressible) flows
steadily through the device shown in Fig. P3.53. The exit ve-
locity is 100 ft/s, and the differential pressure across the noz-
zle is 6 Ib/ft>. (a) Determine the reading, H, for the water-filled
manometer attached to the Pitot tube. (b) Determine the diam-
eter, d, of the nozzle.

Ap = 6 Ib/ft?
V=100 ft/s

L /Water

diameter

| f 1
Nozzle

B FIGURE P3.53

3.54 The center pivot irrigation system shown in Fig. P3.54
is to provide uniform watering of the entire circular field. Wa-
ter flows through the common supply pipe and out through 10
evenly spaced nozzles. Water from each nozzle is to cover a
strip 30 feet wide as indicated. If viscous effects are negligi-
ble, determine the diameter of each nozzle, d;, i = 1 to 10, in
terms of the diameter, d,,, of the nozzle at the outer end of the

Supply pipe
m FIGURE P3.54

3.55 Air flows steadily through a converging—diverging
rectangular channel of constant width as shown in Fig. P3.55
and Video V3.6. The height of the channel at the exit and the
exit velocity are H, and V,, respectively. The channel is to be
shaped so that the distance, d, that water is drawn up into tubes
attached to static pressure taps along the channel wall is lin-
ear with distance along the channel. That is, d = (dy.,/L) x,
where L is the channel length and d,,, is the maximum water
depth (at the minimum channel height; x = L). Determine the
height, H(x), as a function of x and the other important para-
meters.

*3.56 Air flows through a horizontal pipe of variable di-
ameter, D = D(x), at a rate of 1.5 ft*/s. The static pressure dis-
tribution obtained from a set of 12 static pressure taps along the
pipe wall is as shown below. Plot the pipe shape, D(x), if the
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B FIGURE P3.55

diameter at x = 0 is 1, 2, or 3 in. Neglect viscous and com-
pressibility effects.

0.03-m diameter

0.05-m diameter

B FIGURE P3.58

0.5 in. Hg vacuum

0.6-in.
x (in.) p (in. H,0) x (in.) p (in. H,0) . diameter
0 1.00 —_—
1 0.72 7 0.44 o mmp
2 0.16 8 0.51 -
3 —0.96 9 0.65 m FIGURE P3.59
4 -0.31 10 0.78
5 0.27 11 0.90
6 0.39 12 1.00
3.57 The vent on the tank shown in Fig. P3.57 is closed (

and the tank pressurized to increase the flowrate. What pres-
sure, p;, is needed to produce twice the flowrate of that when
the vent is open?

10 ft

Water

B FIGURE P3.57

3.58 Water flows steadily through the large tanks shown in
Fig. P3.58. Determine the water depth, /.

3.59 Air at 80 °F and 14.7 psia flows into the tank shown
in Fig. P3.59. Determine the flowrate in ft*/s, Ib/s, and slugs/s.
Assume incompressible flow.

3.60 Water flows from a large tank as shown in Fig. P3.60.
Atmospheric pressure is 14.5 psia and the vapor pressure is 1.60
psia. If viscous effects are neglected, at what height, 4, will cav-
itation begin? To avoid cavitation, should the value of D, be in-
creased or decreased? To avoid cavitation, should the value of
D, be increased or decreased? Explain.

. Dy =4in.
S
é T ﬁ T D, =2in.

B FIGURE P3.60

3.61 Water flows into the sink shown in Fig. P3.61 and
Video V5.1 at a rate of 2 gal/min. If the drain is closed, the
water will eventually flow through the overflow drain holes
rather than over the edge of the sink. How many 0.4-in.-diam-
eter drain holes are needed to ensure that the water does not
overflow the sink? Neglect viscous effects.

3.62 What pressure, p,, is needed to produce a flowrate of
0.09 ft*/s from the tank shown in Fig. P3.62?

3.63 Laboratories containing dangerous materials are often
kept at a pressure slightly less than ambient pressure so that
contaminants can be filtered through an exhaust system rather
than leaked through cracks around doors, etc. If the pressure in
such a room is 0.1 in. of water below that of the surrounding
rooms, with what velocity will air enter the room through an
opening? Assume viscous effects are negligible.

3.64 Water is siphoned from the tank shown in Fig. P3.64.
Determine the flowrate from the tank and the pressures at points
(1), (2), and (3) if viscous effects are negligible.



0.4-in. diameter
holes

B FIGURE P3.61

Gasoline 2.0 ft
Salt water
SG=1.1 soft

2-in.-diameter
hose

B FIGURE P3.64

3.65 Redo Problem 3.64 if a 1-in.-diameter nozzle is placed
at the end of the tube.

3.66 Determine the manometer reading, &, for the flow
shown in Fig. P3.66.

3.67 The specific gravity of the manometer fluid shown in
Fig. P3.67 is 1.07. Determine the volume flowrate, Q, if the
flow is inviscid and incompressible and