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PREFACE

While Looks aml jograls ol hiph gualite Taee prolilerde] i Giscrele and oomipag-
tanional geometry during recent vears, there iz been to date 1o single reterence
work fully acrezssinle o the noaspecialist asz well a3 o the speciclist, aonvering all
the major aspecta of both fieldz. The Hamfhoni of Dserete and Compufatiomel
{Feometry i wrenclsed o de exsenly that to make the most important vesclis and
wetlorlz in rhese arzas of geomerry readily accessible to rthose who nse them in
their evervday work, both in the academic work]l gz researcliess i meclenarticos
ci, connprater ecience  acd o the poofesionsl world  as practicioners o Belds as
diverse g operalions research, wolseular bioloey, aod robalices,

A slzuilicanl part of the prowlly vhal discrele mmabienesiles s 0 whole Las
experienced [ recenl vears bas consizled of a substaoiinl developansnl o disereie
ceoiuelbry, Lhis bas been Diseled pactly Ly che advent of powarlod compuaters el
L Ul vovend, caplomion of activily o e ralabively wougng Tield ol eoonmgalicnal
grometry. Thiz aynchesia wiwern dizerete and compitarianal pecimesrey, in whish
the metheds and insightz of cach ficld hawe atimnmlared new anderstanding of the
athor, e an the hwears of thiz Handlnck.

The phraze “diacrote gesmeney,” which at one tinre stood mainly for the arcas
of paclging, covering, wnd wiliog, s geadually grosan fooineloels oo meddition snel
areds Az combinatorial geometry, eorneex polrtopes, wnd arrangeinenrs of points,
Livees, plines, eireles, wnd other zeometrie objects o the plane a:el in Ligler dinee
siotis. Bimilarly, “computations]l geoonetre ™ wlhich referred not long wee fo simply
the desigr and woabvsis of geometric alzorithrz, has in recent vears broadensd its
S00pe, wal Doy Liesnws e sbudy of 2ecrpenrie probleie [rodu o eowgeladioaal podil
of wiew, wmelucing aled cornpulabiona] conses by, corpilalioonal wpsoloey, sl ques-
Lo Covolvilg e cornbilalorlzl complesily of arraiements alxd polvhedrs,  IL
o Clesr [roan bz Lhal whers s now a slenilicenl overlap bedween these e Delils,
gk i ool uhis overlap hos becoome oue of practice e well, s medlemalicion ard
caprnpsl e «elenLinis= b Tonr] Lhesnsedves waaeking oo Ll same geonmeteie prolilaims
snc have torged snecessfil rollalerariong as a resuln.

At the zame time. o prosing list of aveas in which the resultz of this warl ave
spplicale haz hween Aevelaping. Tt inchides arcaz Az widely divergent a2z enminece-
mg, erystallngraphe, cvmonrer-aided design, marufarmuriv g aperationa reacarch,
goograplic intormarion systems, robotics, crror-corrceting codes, tomograply, geo-
metric mwocleliae, colnputer praphies, colnbinasorial optiiolsetion, conputer visholl,
patter recogition, amd solid woelelings.

Yeith tlus 1o mnuad, it has becomre elesr tht a Loodbool epnconpassine the st
bupiartant results of ciserete anel coreputationsl peoetry would benelt not ouly
the workers L thiese teo Oelds, o norelated aress such as combloasorics, sraph
thaarse, pan negrie peotaabdliby, smd real alpebide peomenre, Ly alar the waers of
Lhis ]',J-j:-c]_x-' al I'l.‘?:-il.l]lh._ alh tneliegeial and aeadenios This Ha] ook iz (]E‘Hi'(: 1]
) il I,|1:-:|I, r:,-he-. "iﬁr'e },:(—e]iﬂve i1,. will 1P Jn ill(]ih[!ﬂ-l?ﬂhH.},:llrl{' 1+'-,'t-r']c'|||-(: I,.oo] ],l-,‘t-l, Ty ﬁ:rl'
resesarcliers T genmed iy o] weoineris sompyiigg sl e prolesimels who gee
geciel e Lools i heir worl

The Harllowk corvare a Ledaal ranze of wipies in olh dizerela sou] cormpana-
tional geomenry, a2 well az in oo numbor of applicd areaz. Theee inchde geomerrin
data struccnrcs, polytopes and polylcdrea, cotreex lull and trian gularicn algoritlmes,
packdrg and covering, Voronol Jdagrams, combinatorial geomerrie questions, com-

ECSN EE M L i R PR R



putatioaal convexity, shostest paths and petworks, conputasionsl real alsebraic
seometry, seomwetnle arsansenents aod their conplesty, seometric reconstruction
pralden, ramle nization a ol derarnlamization echivigues, rap shooting, paradled
cornpl Ladion 00 gearelre, orignded ioadrodde, conepodasiona] dopalope, macl amen,-
fenl prggeraanrning, uobion planning, =phere packing, conpaler graphioe, robolies,
creslallzrapdy, ol immony ouhers & Tinal chapres s clevoled Looa Tisd ol avadlzhle
soltware, Theslle e preesened oAb Toeme of 1 hecrermes, alpgorivhoe, aml vabiles,
with evory tochnical ferm carefully defined in a glossary thot mreendes the zection in
which the tomm iz first uscd, Tlhere ave mmmorous ceamples and fpares tollustrate
the idens dizcusacd, as =ell a2 & large mamber of ursolved problons.

The main body of she vohone iz dividod into s parta, The drse o, o
cornbinatarial and discrete genmeney and on podyrapes and polybedra, deal wich
tmdamensl goomctric objocts such as planar arvangenenes, lnstices, and convex
polytepes, 'Lhe pext sscbion, on alworithons and peomesric complesdicy, diseusses
these vasic seonetric objects from a compuatational point of view, L'he foustl and
Lfth cections, on data structures and compotazional fechnigues, diseuss varlous
cotnputationdl methods that cat acooss the spectnen of sewnetrie olbjects, sach
g2 roudomivation and de-randonisacion, aond pacallel alzorichens L seonetey, o
woll s efficicny doga Abrgctnees for senrching and for pesio Tocay one The aixgh
secbionn, whicl b= uhe Taneesd, o0 Uhe sl conlaive chapders an fongecon wpppl on-
Lo srcas Gf bolh diserele aad compadational peo oeurs, inelading Tow-dimens=icoal
linwearr pecgerainming, corlamalarial aplimication, mewian planing, mobesy s 2oin-
[t praphics, pavtorn recosnilion, pranh deasging, <pl s, manulfactaring, solid
medeling, rigiclty of framewnr ks, seene analysiz, error emrecting aodes, aned crys
tallograplys, Ir concludes with & fitreentl chaprer, an up to the mwinuse compilarion
of avallanle acftware relating to the various aress covered n the wolume, A com
prebensive index follows, which includes proper names as well as all of rhe terms
defined in the main body of che Lancdbook,

A word abwent references. Because T wonld have heen prohinitive ro provide
cornplete references to all of clie mnny thousauds of resulte ineluded o the and-
bowk, we beve tow larpe exieul resbricee]d vurselves Lo relerences Tor e1ller Ve 1mosl
moporkanl resalis, or Dor theee loo recent o linve beon Included in esclier surves
bouks or articles for Llw resl we Lave provided annotaed releromes Lo sasily soces-
sihle survews of e individoal suojects coversd o Lhe Hoodbook, which cheaeselves
comlain exlonsive Liblioeeaphics. Too iz way, Ll veader wha wisls Lo e an
der reailt to ite souroe will be alle o Jdo 2o

Om Behalf off the sisty-ore corfrilaiors and ourseles, we wonld ke oo oxpress
e aprrneiasion tooall theas whase conmenta wrors of groat vahie to the amthors of
the waricns chaptors: Tankaj B Amargal, Boriz Avences, Mooa Alom. Sangana Basg,
Blaargurat Dageer, Loniz Gillers, MMarsin Blieilinger, Jirgen Bolaowesgl, BF Cari
ness, Bervrard Cluosalle, Dannye Clien, Xengping Chen, Y0 Jen Chiang, B e 50
Clarks, Kennerly Clarksor, Robert Conoelly, Henry Crapo, Lsabel Crus, Blark s
Bere, Jdesis de Lowrg, Crivzeppe I Batrista, hliclael Drenota, Peter Bades, Jireen
Lielzloft, Mosun B Ellgies, s Blaria Feelitner, boasanis Fuodos, Granko Grilnbauen,
Drean Halperin, Eseter areittai, D0 Do, Dirg Hiisler, Ferer Jdobansson, Narimarn
Johwson, Aoy Joseloeys, G Kalal, Geula arolel, Kevin Klens, Whelelniars Fu-
perborg, Fodre dakal, Jr,, Ji00 Malousek, Teier 3edollen, Hals Mallzen, Henyl
Mo, Bliclel Tocchiola, Bieliard Tollack, T8 Raonbao, Jireen lichue-Gebary,
Allen Iy, Mogers, Marle-lrangolse 1oy, Beon Schalue, Dang Scoll, Jicgen Sellen,
Mficha Sharir, Tewer Shee, Blashn Mehailoe ol Skeizaooe, Neil 1A, Slowne, Richaed
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P. Staoley, (e Vol Loanuis Lolls, Laureen 'Ureacy, Alesonder Vardy, Gert Yoy
tes, Pamrels Wermeer, S Veoedlea, Kevin Weilsr, Asiv Tvid Weiss, Nell %hite,
Cliee-Toang Vap, sl Ciiinler ML Zieslar

T addition, we wonlad ke o comeeay our thansz 1o Uhe alitors of CTIC! Trres
lar Taving yhe vision Lo aormniseion this Faondbowk e part ol their Diserede Aadfe-
wreglaee gl T Appricabions seried o the CTIC sealll e vhaie Tielp with Al varion s
shaves ol Vhe project; amml o parbicalar w Wora Forygdka, wilhe wlicne we Tl il
o nleasnre to work trom the incopcion of the valume,

Finally, v want to cxpress our sinecre graritude to onr familics: dosy, Rachel,
e Maomid Goodman, and Margln Sahnon awd Nell and Russell ('Rourke, for
their prtienes and forbearance wkile we wore in rthe throes of this project,

dnenk B Coocdhman
Jupeph O liourle
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1 FINITE POINT CONFIGURATIONS

Janos Pach

INTRODUCTION

The stuedy of commlinatarizl propertics of finite point confiparations is a wast area of
regcarch in peomctry, whose ariging oo baclk an least to the ancient Grockes. Sines it
inchides virkually all pralloms starting with “consider o sot of w1 point= in apooe®
space limitations impose the necessity of making cholees. As noresult, we will
restrict our attention to Buclidean spacss wod sl Jiseuss problems tlae ae [Bod
parkiclarly tnportant,. The clapter is partitioned Do Dcldence problenns (Section
LLY, metrice problens (Secsiorn L2, and coloring problems (Section 153

1.1 INCIDENCE PROBLEMS

Len this secrion we =il e coneerned rmaialy wich the stroetare of ncideess berreen
w Anite polnt confgueation £ and g ses of Anitely maay lines (o, more generally, &
dinetmivnal Uals, spheres, ele.], Gowmetinss Wi sel coneisle of all lines cononeeing
the elernanla of 1T e pranatypse OF seh 8 nesticn was raize] by Selvesber e
Lhan ore hmdreed wesrs sz [0l Lroe Lhasy Tor sy conliogragion of linitely i
[ s i ™ [:«]Hru:‘:_\ it Al e ow B g, Lhere i= A line PR lh"u,‘m;«;h ewu::l\.]_}' T
[vii s TTe allirenalive snswer 1o L his QUL G waes sl Eiven },:_x-' {iall=i. ¢ laneral-
izatinmz for cireles and conie soetions 0 place of Tines sere cerallished By Marelkin
e Wilson-Wisoman, respoctivels

GLOSSARY

Ineddencer A poion of condizeration £ les onown eleinent of 3 given collection of
lines (& lNatz, splwres, ene,

Sirnple crosming: A volnt lneident with exactly two elements of o piven collection
of 1wz,

Ordineery fver A 1ne passiop Wirouel exacly beo elemenie of o given poinl
coriu i,

Ordimaey hgperplaone: A (0= 1-Clneaneionad Mal praesing A ropeh exnclly o
elemanle of o pednl conlzradion in Foelidean dempace.

Maotzkin hyperplonc: A hyperplane whose interacction with o giwr d-dhmom-
giomal poing condznration Hes—wizh the cxcoption of cxactly one point—in a
(d Zi-dimersional Ha.

Regulaor family of eurves: A family I of cutves in the oy plane defined in
torma of D real parameters satisfeng the following properrica, There i3 an
integer & such that (2] the dependence of the curves on o2, g, and she paramecters
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vomver polveon, Le, o couvex & gon whose Interior s disjoint o P We
have e{3Y — 2, e(d) — 4, e{3) — 4, and [lorton showed that e (&) 1 lulinite For
all X2 70 TU B s cnlsbancling: opstn peobdans Lo odecide whetler <iG] 6= finie,

. The mmmber of empry & gons: Len H;'_‘{Jt] im & k= d4 L) denote The mininnm

mamber of & tnples that indnee an empty convex polyrope of & vertives in A
get of mopoints in A apace, 1o d 4+ 1 oof which le on a byperplare. Clearly,
ft)(n) —n—Land )] — 0for & = 2. For & — d+ 1, we have

‘¥

—

L
— <% lit Hrflf-.rrn'l ,-'"?‘rd [
dl g R (i — 10

[Waldh). For d = 2, the hest catimares kmowen for B = Emy, o0 HE(R)in® are
Lo HE = LR, L2 = HE 2242 0 HE < 146,

0 HE= 173 HE—HZ— .. —0.

. The rumnher of & sets Let () denote the maximum wunber of & sets in

azet of v opoints in oo spuee, nood 4 L oof which Lie oo tlhe same oyperplane.
L wrher words, X () i the mazdmonm manber of ditferent waes i wlich &
pidints of an v element set cin o2 separared from tlwe otlers by oa byperpliones.
It i koo shat

O loe Xy < N = O {#a.-,x.-*'E,.-‘ Lpu™ k‘) .

where Jog™ & denotas the iterated lopaermhm of &0 For the number of habeing

rrhrabies, "vl"rj frl — O™

et ol = _-"-.-'E"“__,-3 fae) — win®l,

. The mumber of middpoitts: Lot 34 (k) denote she mintum mmbor of different

idpoings of the [2] e segments determined by nooainns in conves position
i e plane, O meigle goess had 3 = (10 o] :I:IILEI:I, Lo il was 2hown
i FEFTI] Al

i nin 4+ 11 —e 'y _ (-.rt) n? — 4 18
—|—= - < M) < - | —].
(ﬁ) [ 1 f2Mim sy ) -l

Midpoinr free subsers: As o parnial answer tooo question oroposed o [P,
it ows proved by Vo Bdlior et al chat o re(id denotes tlhe pest number aa
sl that every el of o podnts In e plate bas o midpaio-foee subsel of ke
ir. Llign

—l—En41

T n] o Al
S 1= )

OFEN PRO

BLEMS

Here we pive sic problerns oo the il lilode of Doderssiing questions Ll mernain

el
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Zo Adotskin Dirac conjecturs: Any set of 2 noncell near poluts W the plans de
terinines at ledst v/ ordinary lines (e = 13,

s

Conernlian] arclird prolde o (Fedidd e is (e e oo nnrmper ol
collingar E-Lupdes deternmined Teyeose panindes i 1hee plane, ne & |71 ol whizh
arge o Tive (& 2 307 Toparticular, show Whal il is ofn®1 Tor & — 10 The Tesl
lower bonnd lonoeen s 12{" 17508 2

o Madonan indeperdent subser problem (Erodds Determine nhe largest ourm
Ber ri(3e] sach thar any sof of »opoints i1 che plane, wo four on s line, has
ar eiri) elunant suoser witle oo ecollinese reiples. Flredi hes shosen that
O log v <0 edn) = olnd,

9. Hlu,':-pe pl'{uhh&eln I:'.._[.!-II'IiHI}II‘_I'. | ERTRAETTR A ST BBy HE, al v paninds in ™ ||-]:-'.|||§e: 1l
all cun oy Tine, [ R L A g pi-'-L-h; All el vl 12 —1 Er];-;&-: I s it Taranl,
H]-,':-[H?:—'.’

. Empry wrinngle prablem (Baring 3 Is it reue thar ovory sen of v opoicts in the
plane. na rhree on o line, desoemines at leasn #r) ooty rrinngles ther share
a Ade, where +(n) i3 o suicable fmerion tending o infininy?

6, Linlopced poarition proolem (Bopite): Does there exist an inbeser & with the
propecty Lhat for every plauar pok set £, Lere 15 = conoecline line such
Lt Lhee difernencs between Lhe ooober of elemienis of 7 oo s D side ad
rishil sicde does o eseesd £ Several ecannples show sl (ils sseertlon s nol
Lo weille fr= 7

1.2 METRIC PROBLEMS

The axetematic srudy of the izrrilution of the {:j distaees dotormined T n poirts
ras nitiated T Frode in 1A CGiven a point confignraton P = {jh T ,j-;;ﬂ},
ot gl denate the mamber of distivet distancos decermined by P, and Tor f17)
denate che mrnber aof vres that the unit distace gcctrs hoegweon Twn elomertae of
P That iz f{P% s the mimber of paive e (Bf) such chat [y py| = 1. What
is the enininan of g8 and what iz tle maxdoag of £ over all v elernent snb
sete of Buclidenn of spseee” LUhese questions bave raised deeo ouenber theosetic wd
connhinatorizl prooleens, aned heve eovtrionred richly foomany recent developments

i tliese Felds

GLO55ARY

It distance grepf; A oraph whose vertex ser 12 a given poinn corfigurarion
1in which two points are commected by an edze it and only if their distance iz
DTe.

Dasneter: L he neeariirm dislanee pebweaan Lo [Waihls IR

General posttion in the plane:  No three pontz of 2 are on a line, and no
fourr om & civele.

Separoded sef:  Lhe disualice beltwesn oy bwd slements is al beasl one,
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4, 'L'here is an inteser &> £ such that any Buite set I convex posivion o the
plarie Lips = poiut fronn which tlhere are no & poluts at the sore distooce,

Ay ey ol o pednls o Ghe plane, oed, all on s Tioe, condaims al east o 2
triples that determine discines angles (CUorradi, BErdds, Hajnal),

o

G, Ll diameler of any sel of nopolotes o the plane wich the properly tlwl the
sol, of all dimtauces determined by Lo s separaled (on Lhe Lned is au leasl
S Terhape il bs 0 beasl i — L, will equalite wheo vhe podode are eollinear.

1.3 COLORING PROBLEMS

If we partition g space bt g soall mouober of paete (Le., we color s poduts witl o
siwall nunber of colurs], al leasl one of Lliess parls must conlaln cerlain “unasyoid-
zlle” voinl eondsoralicos, In uhe sinplesl cese, vhe vorlipuralion consisis of @ pal
of polals al a slven diztance, 'he pootolype of such g gqusstion s the Hadwiser-
Melson protderr: Wlhal s e minboors owober of colors weeded or colorine e
[Pl =00 Lhad i b poinle al il alistance qeceive Che saine 2olor? T e aimwr is
Erawr Lo T Terwweon < ard 7.

FIGURE 1.31
Phe ehavnoetic ke ol She ylome ) .
o wd mesd T oand (1) of Joosl 4 (] {)

GLOSSARY

Chromatie number of a2 graph:  The mininom mmmber of aolars, 3760, need-
od to color all che vertices of 2 20 that no teo vortices of the samec color are
el jacemir.

Livtavhronotic nornber of o grophc The oinimon munber & osuely that Gor
Ay msgignenent of o lst of & ooolors ro svery verta of the graply, for el verrax
It iy posaible ro clieose 8 single color Bronn ifs Dstoso tlir no e svertices el jmeent
toy erchy onher receive the sarme color,
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Zo Pulvclizomatic wumber: Sseclilsiu and Woodall showeed that the polyehropatic

nubes of the plene i betmeen 4 und 6, It s koosen shas for any v & |2 —
1, 1_,.-’-,-'?_: Were is a ocloring of wepe £1,1,7,7, 1,00 [Seif]. Howaver, Lhe Tin-
chirannalio mpnbee ol 1he goil distanes graph of The plane, wlich = ac Teasl,
am Targe dn e polyshegrmadic mgmbee, b= inlinie.

. Dense stz vealising o unir Cisranee: Uhe focer [vesp. wpper] dansify of

an unhouneled =es in the plane iz the Lmint {vesp. linsup) of the rario of
the Lehespue measure of itz interzaction wirh a disk of radits » arouned the
orlpin to v, ws 1 — oo, If these two numbers colneide, thelr vorinon wloe
i ealled tlus derestdy of the set. Lot 9 denote the nnsimur density of o
plavar mel, oo poir of points of whidn s b unin dislaoes, Crofl shosed Lhal
295 -2 §¥ 41,3857,

. The graph of Targe distarces: Tet (%P1 denote the graph whoee vortex 2ot

= a fmite prdnT ser Powith wen wersices rorneered T an edoe if and only if
thair discance 15 one of rhe 7 lavgest distances derermined by 22 In rhe plane,
gU0e (BN <00 for every £ see Borsul®™s problem in the precediug sectlon, 1t
s alse known shat for vy dnite planer set, G0 Los o vertex with fewer
thisan W nelelibers (Lrdds Lovdse Vesstergowabil, Lhus, G408 Lis Fevrer than
#vi edwes, aud Its chromatic nunthes s at wost 3, Moweser, if no5 cf® for o
suituble comstout ¢ = 0, we Lave y(GOF)) 207,

EUCLIDEAN RAMSEY THEORY

Acror]iog b oo ol resyf, ol Sallady Fae oy Dol ad=dimensione] poiod, eor gy radion
2 and for any eclaring of A-space =ith finttely many colars, ac least one of the color
clazses wll contaln & homochetic copy of £, The cortesponding statament 1= falae
it, matead of a bomothet, = want to find o traeslote, or ovon o comgread oo,
of 17, Nevertheless, for some spocial sonfigpuracions, one can oesnkhlsh interesting
positive resalta, provided thint = color o sutficiently high dCmenzional 2pace with o
sulliciently suall pwmoer of colore, Lhe [adwiper MNelon type results discuesed io
the preceding subsection can sleo be reparded we ey epecial coeee of slie prokelenn,
b which P oeoneiste of oaly teo polurs, Uhe Held, kooww as “Duclideas Hacsey cthe

vy,

ws sturted by woseries of papers bee Ledds, Grabacy, dooteonery, Rotleschild,

dpencer, and Straus,

For details, see Chaptes 3 of thiz [andbook,

OPEN PROELEMS

T I:F:rl:]'ﬁh._ St T= A0 brge Whal Lhe chearmacie ngrmleer ol §° 1|:.r']: Ll sl oo

of tacluz v in o apace, iz eomal to d — 1, for every v > _ /27 I particular, does
thiz hold tor f — 3 and v — L7787

[ Eredde) Dioes Lhare exlst an inleger g such thal the chrotwanis nulober of an
Lol distade wrapd Do Ll plane whose sirbh bs ol least g does ool exoeed 37
I is o Whal £each an Inweper elels, Dot be ol least 5 WorTY).
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Tracivd] T Trach, ealitor, M Dreneds e Dereds and Compicdalfone Soeeeiva, Springser-Yerlap,
Borlin, 10,

Schiy O, Schroomm, Hluminaring sets of censtant widsh, Aofhemation, 35:140-199, 106,

:Hn:n'El-i] A Soifer. Siw cealizslile zer ps. Geamberatorics, TIT: 40145, 14464,

) ToA Fwekalr Chroseing omieers and Tw=d Tordds proldens i divorele geomel ry.
Wlanywripl, 194095,

R O Ul The slicrbeal disglauses amsg poiuls o gaaers . sosilin, Bepor] 93-24 Malh.
L., Hursgacian A:ademye ol Belvnees, Bodapesh, T3, Demenet, Ceome Pheeny dagl,
lur dprpred T,

REI L Wallr. o Lhe miniowim somber of polvooas in planar poial sela, Shiebio Sel et

Hrgpgrr., S0 To—16%, 1790,

Ko7y B2 Wormald, A 4 chrormadc graph wilh o special Jdeawing, J Adweairal Wath, Soc.
Suoi <A, 12, 1OTE
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2  PACKING AND COVERING
Gabor Fejes Toth

INTRODUCTION

The azic praldoms n the classical thears of pacldnge aqd eoscrvings, the doevelogs-
mient of which was strangly inHuemesd Tee the gecrctry of mamlerz and Ty creetal-
lography, a=c the descrmivation of the dimszest packing and the thinnest covering
witl congrient copies of 3 2Ziven body 8 Roghly spencing, the deasity of an ar
racietnent s the cario between he toral volumme of rthe inenoers of the wrengemnent
arn she swoluree of the whole 2pace. Lo Szerion 2.1 we deline this notion rigerously
s wive ar gecourts of tle ooesn density bouneds.

Iee Bection 2.2 we sonstder packings in, anel coverings of, bouneed dereins,
sSertion 208 Iz devoued Lo mulbiple arranzements dud Lhelr deconposabilibe, To Sec-
Lion o we naka s Jdalonr Lo spherical amd Tepeebalie spaces T Sacuion 2.5 we
ilizetee probsderre concerning Lhe anmleer of nedielloes s packingg whils in Sae-
Ligm L wer feanli e woilig milard, e pl'iju]‘,rlern.ﬂ e TalLice HFPHIER T Wa
closa in Section 9.7 with pl'-::-],ﬂe e NI T RTRTTS |mf,‘:]\'ir|!-f: | copesrinns will HEr| &l o
G CTIvEE L.

21 DENSITY BOUNDS FOR ARRANGEMENTS IN £¢

GLOSSARY

Cowver body: A conpact convex set with nonenipsy oterior, A corvex body
b the plane is celled s comees dead, 'Lhe collection of all copvex bodies in
J divoensiona] el dean spase EY s deaoted by K(ES, Uhe subfamily of KBS
sunsiseing of ventrally sviminetric bodies is denoted by 327 (E%1,

Operations ou KOES:  For woset A aad & eeel mober 3 owe sel 34 — o —
Aa, o £ A} Ad s called o hermothetic copy of 4. Lhe Minkowsll sum
A+ I ol the sels 4 anc B ooousiss of <l ool ¢« — b, o & A, 0= B 'Lhe sel
A A=A A iz ealled the differemos body of AL BT demotes the imit ball
pontored At the ariging and A 1 rBY iz called the parallel body of A at Sistance
rir 0L TEA L E' iz a comwos body with she avigin in its fnmeriar, then the
polar body A% of Ads {20 FY ixat =1 farallac A

The Hansdorff distance herwesn the sotz 4 and 8 iz defined by

A[A B =inflo AL B pEY B A a8

Lotfices  The = of oll Tepar linear commbinations of a paryioglar Lests of e,
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Lattice wrrungement: Lhe set of translutes of 8 eiven set i B by ull vectors
of = luttive,

Packing: N Fnily of sous wheoso irnenioes aae nodygo Ty Jdisjoin.

Coverdng: A family of sefs wlose uiion s the wlhole spacs,

Lhe vefwrne [Lebesgue messure] of 2 measurable sel A is dewoled b 7047 Ty
Vhe e ol Ve plane we u=e Ul Leenn ek o] Uhe nakation ai A7,

Density of an arrangoment rofobive o o set: Lot A beoan amrangeomont (a
Baanily of ets each baving lnite volune) sod L7 o set with Buite volume, Lhe
frner denstly do, (ALY, owber density dogc A 2N, and density JIA LN of
A relutive to L) are delined by

. . 1 - g
ivn |,~,=1_|.U§.l - — L W l__e'lj._

LY
1 I"i J .-1":/1.:.-1-;.'.:'

. 1 .
thoue (A DN — —— Z YA,
vib Ao A ARl

e

. . L .
Al AL — m Z A M Ly,
As4d

(M one at the sums on the vight side iz divergent, then the eorresponcing density
iz infinine. )

Lhe lower detedfy aud wpper deneify of au arrasement A oake given be 1he
Lmils el _{A) — hluul[‘d.n.-.l AAE S d 1A — I.l].[].‘-LL[.‘lr.f.-,m[.,-l ABYL I (A) —

dy A then we ml] 1;11::- cormian vahie the dﬂn.ﬂ:ty of A and denene it by 47 A4).
It i= cazily acen that these quantitics are independens of che chodee of She origin.

Thro packing density (4[5 and eovering density d(K) of o convex bady (ar
mere seperally of 8 pneseurable sefl K oare delined by

JIK] —sup-d (P | P bs oo packing of E¥ with congruant copiss of K|
ot
DR — b0 | £ 0= g eovering of 157 witl congzoent copies of £

Llie Ereoeebefioreed poeckiig denoify o7 (B, leddice packing derueiby dr (5],
freoalofiored covering deweify drlI0) and loddioe covering denesity 0 (R
el eline] aoalogmngaly, by Waking vhe saprermorm am] inling i Sar nrrnnge - is
crnsisuing: ol broelees of B oand over Tublice areongeroends o B oreaprecyiyely.
T s oleeicgs Ve in g e dnitions of G CRT am] @ 0T we can Lok rmadimngm
anc oo rnnn ieslead ol =qpeermpm and inliioepn.. T o Lhearame af Croemer,
Lhe s Tiolds Boe (he LeansTadic al and o the penceral prack o aned gomeering:
densities,

KNOWN VALUES OF PACKING AND COVERING DENSITIES

Apart Lrown ihe obvious exarnples of space Gllers, hers are oaly a lew specilic bodies
for wlich ule paclig or covering deimlies have been determinaed, The bodies o
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REGULARITY OF OPTIMAL ARRAMGEMENTS

The packings arn] covccrings alvai o the packing am] covering densities ol a =el,
are, of courze, not wnicuely determived, kit it iz 8 nacural question whether tlere
exat araong the oprimal arangemernna some thar satisty certain regularicy proper
ties. (M parricular inrerest are rhose bodies for which the densest packing and for
thinnest corering =izl comgment copies can be realizael bnr a lattice arram gement.
Az mentioned above, S — sr{ T for £ £ X175 A plausible interpretarian
of this recult 15 thet the assumption of maximom density creates from g chaotie
structare a resclar one, Unforbunatels, cercain resules odicate that such bodies are
ratler e ionl, _

Lel £ wnd £, be the olasses of Wose coveex disks K 2 KB fur whicl
SEY) —d (K and IR — e K, respeclivele, 'Ulen, Do e wopolesy Tiduced by
Ve Haumcdorl rmeric on K(ES), L sels Loanel £ vre nowliere deree [1'294, Lej93).
T s congesturoad vhay an znalogon s slolatnand, Tells alss i Tigher dinngn sion -

Ragors [Rogfel. 1. 15] conjecsnres that tor aufficiontly large & we have &/ B9 =
£ BT The fallesing raslr of AL Rerdek and W, Kuperbera (zee [FIVBAL]1 aup-
ports this conjectires For d = 3 there are ollipeoide Fin B for which 68 =
LT An over mare sirprising reanlt halda far covorings FIOOA): For J = 3 every
strictly comvex hody £ o B¥ has an aifioe ioage 57 such tlot 9000 < o (00,
Ier pwueticubir, there is a0 ellipsoid £ o L Bar wrliierh

!

WF) < 180 <

[Aarcsor 3w = m A Wp(F) 2 G0
W nate thar no ccunpls of o comvex body K3 knomm for whicl & (80 < i (4]
or [ A] e (K0)

Schmitt Sch®% conatructed a srar shaped prototile for o menakedral riling in
E* guch thar no tiling with its replicas iz periodic. 1t 3= not known whetler a convex
hods with rhis property exizts hewever, with a slight modification of Sclimitt’s
vorgtruetion. Copsey produced s corvess protecile slise admive only non-periodic
tilinws if o mirros-Doaee 1w allowed (see Bection 3.1), Ancther result of Schinits's
[l is tliat there are stur-shapec sefe o che olaoe whose densest packing cannot
be sealized [y a perlodic arcan=enent,

2.2

FINITE ARRANGEMENTS

PACKING IN AND COVERING OF A BODY WITH GIVEM SHAPE

What iz the siee of the amallest sgnare teay that our hold s given glasses? Thoe's
result wives woooand tlar s emeenprotically sharpe as e — 20 hoesseser, for praetieal

Crenerally, for given seta & and O and g positive Diraeer woone can ask for the
fjuAantitts

MR, L nd = irf A | m ovmgroent rapics of €7 ran T packod in AR

A
MAK O n) —saplh 0 cobvruenl eoples of O cen covel AR
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TABLE 2.2.1 Packing of zongruent circles in circles, squores, and equilateral trinngles.

i 1t .'1-1'},{ I, N e AUTIHOR
H2 4 I relemannary ]
3 ER R 1 B :_:;ﬂ-::rru,'rll...-lr:.-'l]
gl 2411213562 0 | felemeanrmary]
o 70 MUBIT.o | elementary]
o] ] felomcnrary |
N 3 ‘elementary |
B SENATRART L Pl
O JAL312585 .. Il
11 B EE T .Y R Firl
Il e ST . Sl lig-en
Tlrll sy uire o JAME13862. 0 ] clomentary]
! BANARIGARS L | lelemenmary
4 4 HlEmengary
) o S2Rd2TI2N .. seslerrieriba r:.-"]
) 33U8MLITT ... | Sraham, Melizs=n
T ACTHEINREIT L Sehaer
= Salidmiasla | Seliowr uond Mew
2] ] Hethaar
il GraT B33 0 | Peikert
Il TOZIAAAG .. | Teilaer
1t T.LLLYGT351 ... | Peikert
13 TAGSATESD | Peibert
14 Tad20Eels L | Woneoredl
15 TERALITHG . Fedkert.
I 3 Vengerin’L
17 Fa L N i Thilarel,
TH AR R ] =N ST Peilert.
14 007400539 .. | Peikert
XU s ATREILES | Dailer
2h 113 Vieal s et
3 1% Firclinesr woed Warngeeasdl
Tiowolor trioagle wl 2ide 1 i R TTEN CTHEZN felornnlary |
b JAGAMIGIE | (elemanrars]
A [LRREE |k aLL S Meligzen
B TA SN "l iz
ry TARINUNEIS o | Ohlar, Oiroemear
T R e | KLk S ligaen
bt WalZelonds | Mdoliseon
h A W15 Meligzen
11 QA MIELS L | Calley, Crveemar
Il 1 T3040 Suliizgen
12 T RZmIs Meliazen
Lite—1172 Th—aF—1) Cihlev. Grosmer

The praldom aof finding the demacst packing of 9 rongrienn cireles inoa ciecle
hax been conzidered also in the Ainkowslo plene In ferms of Doelidean geometey,
this is the swioe ws asldng for the smillest number gl &) sucl that v mutaally
chimjotet translates of the centeally spnmeteie cotves disle B (che unit circle in the
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FICURE 2.2.2 l: e - |“- .r i e }
Spuznge e arrargetrangz of cinclaa LY IR VERVER VIRV

THE COVERING FROELEMS OF BORSUK AMD HADWIGER-LEVI

T 1923, Borauk forrmilated she conjosture that any bwanded ot in BY can oo
parkitioned inso d |1 selacta of smaller diamoner. Baeagle werificed the conjectre
foor of — 2, ared the three dimensional ease s settled odependently by Bueleston,
Crrinhbanm, ane Meppes, The conjecrire s lenesn te be troe also for oy special
cizeas for smoot b conves bodies (Llsdwiger), for ceasrally syeometric setz { Riesling),
ez well as For sets Living sle symmmiesry growp of the regnlar simplex (Rogers). Cluaits
recently, Lowever, [Wahn a0 Walsi KEO] showed that Borsol’s conjecture ia filse
L the Ballowing very ':ztrj_rug, seuse Let 6 denote the sowllest nteser sucl that
By Boopialen] =21, in B o pe [rHrLilics ] il Er{{._i!_:l s et o snaller iarmaler.
Then did) = [L.23¥ for cvery aufficiently large walue of 4.

In rhe fifiles, Hadwigor and Lewt, independontly of cach other, aslod for the
srpalless ntewer (R suck thot the cownes body 8 can be cosered e 00K soealler
pusitively hemotliesie copies of &, adwiger vorjeetured that 208 = 29 for all
K £ K{]E’J:I woed that egqualivy lwolds ouly for parallelotopes, Levi veriled tle conjec-
ture for the plaos, but it iz open for d = 2, Lazsak pooved Hadwivers conjecture for
veneradly svmunetric conves bodies in E¥, and K. Derdels extendend Lussak's result
Loy ccnens palyopes wilh oy alling syl re

Bolljnnasin oleerecd Lhag Uhe Hadwipor-Toe covering probalerm for cooees bodies
T wapuivalenl we an iMymiozior peobleme Fee sy Ahal o T iy poind e ool Lhe
comves Tl A7 i dffoemdnected frove the direction o il Lhe rage ssging Teonn s in
the direclion i inersests Ghe fngerior off K. Lol &R b Jhe mindengm opmlwer of
directions from wlhich the houndary of i can be illuminared, Then A[ & ) — 447 for
every cotvex body, For Lineranure and furcher resulrs coeerning the Ladwiger Lead
problem, we vefer ra Derfld .

2.3

MULTIPLE ARRANGEMENTS

GLOSS5ARY

ke-fold pucfing: An arraneenent A soch thet esch polut of the space belonus
tox bl luterior of ot meost & oermbers of LA

E-fold coverdng:  An srraveement A such that encs poiur of the spoaoe belonus
tor at lesst & rembers of G

Devietties: 1 anulogy e Al packing and eoveriog densivies of 8 body B we
deline the quantities ¢ (K], dE (K], $4iK ) 95K, 95K, wud 6% (A us the
sUprel of 1he celmilies of all A-lokd pockings aod vhe i of the delmilivs of
all E-lold coverings witl coneruent copies, braaslaws, ol laulloe trabelates of
K respeciively.
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TABLE 2.3.2 Known values of 80 04) and «1% (D).

KL=ULI AU IOR
ﬁi[l’!f] _ ;,.— AT R
v
W ipE SURES I .
vl s CPECE
ey I
L ik = Ileppe:
W'
[ A&
ci-;_rF!‘] =__ SEitnest, Blandon
T
R K1
LR VRl L’E DHundon
iRl
- - bY
ﬁz[ff"] - :r_ IHhndan, 1eejeareak, Tinlla
E ]
. VIR .
Lﬁ?_fH':l = - : - Halle, ¥alue e
L T I TS TTE R B R E
. - ik
AR = il Ternedyar
- Oy 21
PR \:"'TI' .
AN 5 Few anc Kosnoaseabapaths
o
- =
i+ PP = _ Rlindom
’ 33
@, T ETIER 201067
TJ'E o - — : Dundon
g 215
Wit _ 22 [Hiundomn
L 1%
“ h M
I:’?.I:.H__: =_ - Sulpdi, Torgrwiin
le ;_
.;J-i.: B = - Subak, Temessam
) 278
ATIBE — TR, Hows, Tuewsvird
PR ddr
|'J-'$‘-;H2 L= I Teraes ari
. ’ A 10
T}i ':B"I : % FE'W
~a Tyl — 163

inLepear E_ .l;lf.r'_"i"_] wich Lhal QyHry |t Y el ing with Lranslales of ™ ooen b e

r_‘.{rrnpoﬁel] b e CovErT g, 1" atlampl L exlen: L re=i 1), ]_LI',- IV AP AL

FEE Tl L ull -:?Eehl,.r}l"_x-' selrrnglric alimks Tails. R, R T T) S R }I|I-[!lr'OHl.’_"I'IE!H

mAnty az the romber of zsidez of 7 tonds o nfinite. For circle caverings, hrmssoser,

Eani and Pach {zec FEO3L]) wore able to esrablizk a decomposition theorom: Ee-
\

cry Bid-tald covering with congment circles can be decomposed into teo coverings.
In %-spare, resnlts anclogers to the e theorems above doonet hold.

24  PROBLEMS IN NON-EUCLIDEAN SPACES

RBezcarch o packing and cowering in sphervical and hyperkelic spaces has been
roncontrared o arrangements of ballz. In contrast ro spherical geometry, whers the
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Ludte, counbinatoriol natire of the problers, ss well vs applicatioas, have Duspired
research, Lvestizutions W byperbolic seometry bave been bampered o the lad of
womeermadele cobion of denaity ralalive Lo 1he whale Ty perbolie spmee.

SPHERICAL SPACE

Let Ad (o, 1 be the masdomnm mamber of caps of apherical diameter @ forming a
pacldrg on the & dimensicmal spherical space S“r: that iz, on the bouredary of 2017
cui Jet viefed, ) e the miuinuwn nwnver of cops of spherical dinmeter ¢ covering a
Ap upper booad for A (e, 2, which is sharp for certain values of d and 2 and vields
Mg ks, estinale kovwo as o — 20, I Lhe so-culled Mreewr prograsreriireg ored
[sae |O893, pp. 207-2006]1, LU establishes o surprisiog comesVon belweeu 390, )
zis Lhe e pangsion of real Hul_{auumisis 1 e of certaln Jacobl polywonals, 1Lle
Jacopi palynomials, P{"‘""'ﬂ"[m]r F=00 000 ca s 18 = 0, formoa eomplets
gyarem af mthganal pelynomiale an [ 1,1] wish respecs o the wrighe fanetion
(0 2 |2 Sec=A=0(d 1)/2ard e

*
Fit =Y P

=l

bir o veal nolynomial such than £ = 0, f; =40 2 =
| =t = ons e Then

2ok and FOED N for

I 1
Mida < FOO e

Witk the use of approplate polvoivials Rabatjaomk i sl Levendlein (oee
[Ch3492 1 oblaiued e ssvinpuolic bolol:

ldsingeg . L—sing 1 —sing L —sing

L
= L M, 0] — a1l
i M) = 2ring 280w 2gine 280w oL
This implics the simapler bond
Midoel 01— cie A A i) (o — oo, o 0 gt — GAMATL, .,

Mo D211 Rar &1 .rﬁ":] Cillwes i Al e Biniling case when z — 00
1 he ﬂ:r"u:rw'lrlH o Diml ol soire :-G[E-HI:Z-I}I] walipes al o wne] o [ae which the Tinesr

[aPem T Longrn] worns gop Lo T @, (eea [[:;'H'.-EIH_}.

AT0R, s '|_.."x.-"ﬁ] L L |;'| L AP 1;5} —1f l‘f{.r{_\ Alrcoe 1 I.-r-'| 1T — 27

MB arcnoz 178 = 56 M7, = % =240 M{20, arccos 170 = 112

M2 areeas 171 = 1682 M (2L avceos LALL) = 1M M{21, arecos176) = 276

M2Lavaeas LA — 801 M (22, avceos LiB] — W52 M{22, arecos 178) — 46400
228,731 — 106360

For stoall walues of o and specific vwalies of = the linear programming sound
is superseded by the “simplex heund® of BérGezloy (see [FRO3L ], whick is the
seneralizarion of Rogerss hound (21,31 for ball packings in 8%,

Llie walue of 30 o) Lise beoy deterrained for all o aud o 2 o572 (see [C303),
¥ have

. 1 , 1 1 o1 ,
.:l.-]rl':r,f. wl—i 1 lor i =+ urasEir I = 5T + argsEn -, R
kA v

i+
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(1 Lstimmate the dewsity of aa arrsngement relatihve to o bounded domain;
(1% o subestitutes for the notions of densest pacsioe soed thinnesst covesing.

Coneorming the first proklom, we miontion the follosding resule of 1. Bordek {son
[FESR|], Conpsider a pacldne of Boitely wany, but at least two, cireles of eadios
r n the hyperbolie plane H*, *LIhen the densisy of she oreles relutive to the outer
parallel dorpain of rudios v of the o ol of their centers is at most 773 L2,

Az a corollary i followss that if a3 beast veo consreent elzdee are packed Do oo
vireulur domain in F¥, slen the depzity of the puckine relutive to the domain i«
“l 1Tk rl.-"\,.-"'ﬁ_ We ne vhay Lhe densiby ol aucl a Onile packing relatiza 4o 1he
comrvex bl of Gl cireles conn e nrbiveseily olose Lo 1 e ro oo

T s sokied paekdng 1 e Tnile Anbey o T ocan b rewrenngad o s we lenn,
LopnLbaer with vhie momn ol Pl o peackeinge il congzeacnd, b7 Soaalagontale, O T anbid
eorerdrng 10 no Mniwe subeel of O con e renrranpcd 20 a4 Lo Torme Logeuhor wivh
Lhe rosd o O v eovering ne gongracenl Lo & Obeeion=ly, i T s aolicl pnching with
congruert enpies of a body K has densire d0400, and & 2o0lid covering with congrment
nopies of 1 has densiry ) /7). This justifies the nse of 2olidity as a nammral snbsatiture
frr “densest packmz” and “thinnest covering™ in hyperhalic space.

The riling with Schlifli swmbaol {p, 3} (20 Chapters 3, 16, or 17 of thia Handd
ool ) has vegular p gonal faces such that as each wertex of the tiling three Faces
meet. Llere existz such a tling for each o= 2 for p = 3 o olw sphere, for p 2 7
oo the hvperbolic plane, while for o — 5 272 bave the well-kaoen Lecaomial siline
on the Buclidean plane, Pl ncircles of sucl o $lling Forin o solid pedkinge and the
circummelrcles form o solid covering, Ieowddition, tle neireles and the clrcwmneir-
clee of vertain srilwdral Arcimedesn tilings hove been conlirnmed o be solid (see
[FT< 030 ).

Aoobler sule-tivgde Toe Ahe valion ol Jermest peckinge ancd vl oo g s
connplens saluration aonl cornplese roduebion A padkaos Towill congrueny sophes
ol o Ly B 05 earngeletely saferaded 0 oo Toile s0bsol o P ocan b -oplacod e
moAmeler ondroleee al congoeer, eopics of B ouhas Logathor wich vhe rest of Pl Torm
A packdng, Analogoisaly, a covoering O with conmment copics of R s completely
redreed if o foire subset of © s be raplaced by osmaller aoamber of congrent
copies of & thar, topether =l the sest of O fenn 2 convering, While there wre
cn e bodies Tl do ot ac it a solid aacdsing or solid conveeriog, i oongeetred
that each busxly in E% or HF wlinirs a eotn plenely garirated packing and & cornplerely
recluced eoverivg. This has recently been established for sonves bodies in Iz [FEL].

2.5

NEIGHBORS

GLOSSARY

Newsghbors:  Twre mombers of a packing whose closures intorseet.

MNeaggton mumber A of aconvex body £ Uhe maxinmmm mnmber of weighbors
of K o all packines =ith coneroeunt coples of 5.

Hadwiger siarmber BT of o convex body K0 Lhe lashown nuenber of neizh-
bione of X Inoall vackiaes witl wraoslawes of K.
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4 asislibor packiae of density O with translates of any comvex disk, 'Vhers exists 2 3
nelghbor puclsiug of dewsity O with translates of o parellelosron, but Makal proved
[ree TRA3¢ 3 L )-.?{-"{, K1 367 sixd .h;:ﬂ, FOp e 172 Gor every B = ﬂ:[ﬁ'z:l LT,
eonwl s perallelograrm, and Lhal AMEiB, R = 877 el )-.; (% K1 A5 Tor evers
K = .KT{‘{TEE_] Lhat B ol a parallelozran. The g ol ecuality characier qan prinngles
wne allinaly regular hasapoim-, rempectively. Avcording wra resale of O vl (nee
MK O3] 1 .\-T.Ifﬂ} Pr— 11573 Tor s parallelog e T

A construerion of Weogner (zec [FLO2L shows that A 871 = 6 and LK, 5% <
240, while Kevrész [KerRd] proved that A7 B2 & I iz an oper problom whother
wn r-nedghbor or v -neighbor packine of finitely many congrucnt balls oxists for
=¥ oand n— 3

For 6 neighhbor packdnes with (non necessarily equal] eiveles, the fallowieg niee
thearem of Biviny, Fivedi, ond Pach (sce FE®e])) holds:

In & 6% peisboor puckine wich circles, sither all ciscles are consruent or azhi
trarily sinall cireles occur,

2.6

SELECTED PROBLEMS ON LATTICE ARRANGEMENTS

In tlir sectior we diseuss, from the wust Lserature o lattices, some speciel poot-
lens coucerning arrduperrents of convex Bodies o which the restriction to latzice
srrapsenents i autoinabioslly iomposed by the pature of the problem,

GLOSSARY

Potnt-trapping areangemont: A areangemoomt A sach chat evory comipanont
ot the coamplement of the unicon of <he membors of 4 is hoanded.

Connected arrmgemient:  An arvangement A auch rhat the anion of the mem
hers ot A is connecced,

Fitnpessoble arrengement: Ao crrangenent A such that every o dimensional
Uat fntersects the hterlor of & member of 4

CObviously, oopolut frupplog soraueeneut of conpruent copies of 3 body can oe
srbitrarily thin, Ou the otle: Laod, DBardny, Bordeeky, Malal, aod Pach showed
thed, 1he t]el'hil_'_u al a |:4';i||',—lr:-:.[5|-il|g Toni b HETHITEET D), ol ANy CHIEY }_uju]lx- i
-F:l[ - Hrasnter then or {-et||.>|] 14k 3 | T Eequsl]il,._'_u T ol ne] -Qlﬂlx-' in he
Sheckerbonn]™ arrangeneny of parallalouepe- [see [IEAGL)

Rlaiahar {-—:l.;‘q;‘ _FKQ-'“JJ] sl 1thay Gl reiiinwg e (]I?‘IIHi',,._‘:.-‘ ol me [l.-.":-irll,—Lr}l|-[:-ir|-r{
Tablics of unit balls in B ix peqinl L

42417142 + 18023171 1 — 0263,

) o Y e .
Lhe extreme lattice bz generatad by three vectors of lenpth 4 7+ 17, any twn of
- AT — = e .
wlicl miake an ansle of arecos % — HTEL
For a ooover body B0 ler of B denove Lle oo deosily of o conneeled
Lovtice wreanpecienl of ecorsruenl coples of K, Acoordioe Lo a Wworein of Grosmer
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[see |FR®L]Y,
J. .I'L-IH"I..2 1
A Y . for Ao AR
al = ey g
The lowrer boaanae] 3= attainaed whon & iz a simples or cross-polymope, and rhe apper
bound s antained for o ball,
For a givea convex bady 2 in B, ot i [ H0) elemnt o the infimum of the densities
of all i impareable labsice arranpements of coples of K. Obrviously, @ (80 =) (K.
Lol B — R KT cdenote the polar Body of the ifforenge beode of K. Dol

fra U uned Ay (}?] Ml (e [FEASHT founed the follosiagz suprising ooinection:
pam (U — 29 (VTR

Lirtle iz lnown about oy (8 for 0 = 5 < 4 L. The value of p-{8%) has been
determined recently [BWI4]. We howe

5 (8% = 07/82 = 03335

Au extrene latice s senerated by e veoroes 3011400, $10, 1, 1), and 2(1.0.1).

2.7

PACKING AND COVERING WITH SEQUENCES O
CONVEX BODIES

T shiz secrion wo consider she following peoblom: Civen o conwex st B oand a
soenee {05} of convex badies in B, = it passible to find rigid morions o augh
that [o4) eavers B, or forms a packing in K7 T there are auch motions o,
then we say that she soepienee [O4 1 pormita an ésametrie conering of A or an
sgennetrin gercfoiey o B respectively. I there sz nob only sieic morions but even
translations o so tlat {rd0, iz s covering of & or g packing in & then we aay
that {€4F permits e frunslative conering of &, or 3 transfetive pocking in i
respectiely

First we congider franslative pockings wnd coverings of cubes by sequences of
Licees, De oo o we logan s orLhogons] parallelotcpe whose sides are poradle] Lo
the coordinale ases We lel P9 denote a cube of side s i B¥,

Ciroarnar | s [{:riju.'"{.'_m] b prcresed Alva ks we pienes Jl._f___‘;; ol Tvegs whaes elize lenguhs
creal sl T pannile v Loratr=do, 0 ve CHRe P ol TI‘EI_‘.'B:I il

NV s )

wind hed i pennile g branslative packing in }"5[3} il

Z Ve = (e — 1) — :;_13(;3 — %=
Sliglitly stronper condizioms (see [Lasi?]) guarantee even the sxistence of o loe
clrorithras Bor the detennination of the translations . 'Lhis mesos that the Jdeser
s e ol T, i Lisrsend {rrll_‘:,' i 'IT+ am] 1l [:If'?"n.'if)llhl_'\." [Mwoe] awls 715{:}.5.
o racall |;HEE' [I.}lﬂﬂ?] 1Al o any goneegs Towls B T Tharg exiey Lusy boser,
s Oy owra] (g, with 1[-'_|;Q|:| e ﬂ{.!'_d‘[-'rllﬁ_] PRT V{Q-a;l = VIR, such e £
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Loy [t follows bnmediately tlat if §0% ) is a sequerce of convex bodies n B
wliose disneters ore ot moest - amed

e 1 .
ST zd-‘[ga—la"—la.

then {601 permiits an ismmetric ecvering of £90s7 and that if

e 1 f, . s—1.. i .
oK = 5 [ A (Ll VR uj :

= A

them is prvmits an isomenrie packing in 7900

The sequence {645 of convex hodics i bounded it the oo of the Jiamerors of
the hadies iz hoomded. A= tarther consoquences of the resilis akbone we rnontion e
followeng, 4L} s a bowucded sequence of convex bodies sucly that 57 V(0 — o,
thewl it permmibs wn Soedetrice covering of 152 with elenzity %:E" B, AL DSulletric
Pacldrg in E* with density r}!. Moreover, if all the sers €4 are heoxes, then {05]
permits a translative covering of B and a cranzlagive pacldng in B with donsity 1.

Tn 7, any hoanded sedquence [0} of conves diskas wish 3 a0 = = pormits
evem A translative packing and covering with denzity Loand 20 reapectively. To s
n oopen probdom whother for g o 2 any baonmded mluur-n-:n:- T3] of eomvex hodics
in B with V(051 = oo permits a translative covering. Tf the sormence {C4] is
wnbseaireted, shen the cordition 37 ¥ (0 — oo ne longer sullices tor {05} to perinit
EVE At dstewtes conering of the moace. For eounpds, iF 7, s the rectarele of
side lenuths § o I]ir, then 37 wi€l] — » but {051 does not perinit wn G@onetels
COpeBEiT ol ":',2. Thers i- 0 h'lrnp]e raa=cn lor Lhis, which 'L1|'i|1:-f.>= e Lo o ol ke sl
inpereting oo al Lhis HI|‘|,I:_‘|'.‘3_,I.’,"1,.:, r|:-|.r11e]_'_u skt ||];-|.||1< [:"u}b]l;‘:lrl.

A plard 50 raior balween Lo paralle] Typerplanes. Tarsla coo aclyre] Lhal,
i e b ol minimgoeowi U s e ooverad by acollection of planke in B, Jhan
Lhe s ol the widi e ol Lhe plankea et Tassd v, TarssUs conjaciyrg was lesl proswe)
Iw Tap, TRang s thearern nonsc] wtely Tingsl an Lhat the A UE T ol reelangles abgves
iloes not perwit an Sonetric coveriue of B2, not even of f% — e,

Lliere i ¢ pioe account of tle history of "Larski’s plads probles acd e sen-
eralizetiors in Gross . Lo his peger, Do deloed wliether his theorem can oe
grreediven ] =0 by Al wialb e of coeh plond a0 e casnre:] reladive Lo bhe width ol the
comvex oy el covered, i vhe lireedion ooemml we e planls, Tang s preasblem
o oven solved Tor centrally serrnenr o bodies by Tall Bl This cuse T a
pathicalarle apapealing ennlalion e werie ol normes specos:

T thes it badl 000 Thanaach spraece b5 ooreered b a connalde colleclion of planks,
Lhen thie doad wicdlhe @ the plande s ol Toasd, 2.

28  SOURCES AND RELATED MATERIAL
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Lhe wonegrapls [Ve)72] and [LopGl] are devoued solely to pucling and oovering;
elso Lhe Dooke [Chats] COLQOL, |EUHRY|L Defid], [GLE7], and TA95) conlaln re-
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TILINGS

Doris Schattschneider and Marjorie Senechal

INTRODUCTION

Tilingz of murfaccs and paclar oz af space have boon of ihecrest to artisans and nami-
facturors thronghout history: thew are o meana of arfistic cxpression and Tend ccon-
oy and surer ath o to madalar constructions. Today seiontiars and machematiciane
sty filings beciuse tley pose inferesting marhematical gnestions and prosics
it hematical enodels for soch diverse sanetures 2z tle molecular wskomy of @
frals, cell prackines of virmses, vodiemensional wleebraie codes, aod Soesrest e ghbor?
rezions for woset of discrere poinrs, Uhe basgic gquessions arer What bodizs can tils
space? In what ways do they tile? Dowsser, o thiz generality sceh gquestions e
intractabds, Lhe tilss aad tilings thal are suoudisd musl Be subject Lo 2onel sk,

Fover wilh consleainls Lhe snbgesl b= oommena geably Tarzas T this chaprer wa
reshricd onieaeleas, B Lhe maosl paed, bo L e of nnbooiden] spaces. T Lhe nexl,
seclion wa preeseoad mome _:-;E!HE'I'}I] res s L are Tonelarmantal o 4ha Hlﬂ,r_]a—jlf?l. HA ot
whioe, Seedion S0 ad reswes L.-Ilill:-;:-i with G L, Lilew, T Saclionn A0 we olisdss
the olaasical H||],|._]e-:j'1,. ol |1-|?riu:',u:]i{' L.i]il';-i}-:. wlich comdinnes o e enriche] with e
rogulrs. Mok, we briefly deserle the newer theory of nonpericdie and aperiodin
tilings, borh of whick are dizseisscd in more derail i Chapter 310 We conelide wich
aovery briet dezcriprion of some kinds of tilings not consideored hore,

3.1

GENERAL CONSIDERATIONS

In thiz section we define torms rthar will e used chronglonr the chapzer and srare
aomme hagie resules, Tacem togerber, these resultz stare that althongh there is no
sleorithr for decidine wlich bodies wre tiles, there are criteris for deciciong the
guestion L certuin coses. ve cun obtain sorne gquantitative Joformiation shout the
tiling iu particclarly weell veboved cazes,

Ualess otherwise stoted, s assawe that 5 b5 s v dhoeusions] space, elther
Buelldewn (E") or hyperbolic. We also usswne thas the tiles are bounded and the
Lilinges e Toea s Tindye (e he O lieary Lelowy o Thregrphionl this chaper, w0 e
it ol vhe spsace Toowlich we are working.

GLOS5ARY

Body: A boanded region (of 51 that 1= the closurn of it noremptyd intorior.

Tiling (of %) A decomposition of & into a countable number of v dimonaicnal
hodins whose infericrs are pahrwize disjoint, Ia thiz context, the badics are also
collod +oeellz and are the riles of the tiling (soe bolos), Synonyms: tesscllation,
pargquctry [when 5 — 2, honeyeomb ifor 3= 2
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L1 & tliat wre at least ws cluse to W oas to any other point o A (see Chepter 200,

FIGURE 212
A Vroremed by (acbicd dones ) aned it Leluiaaniy
duad [dazhed Bnesl

Delauney {or Delone) diling: A Buee o faee filing by comes eireinmmseribsbls
pulvtopes (12, tle vertices of each polytops e on g aphere].

feormpetryg: A distance preseevine solf inap of 2

Yynrneetry gioup (of o faling):  The ser of izometries of & that oap the tiling
b uselll

MAIN RESULTS

. The TIndecidahility Theorem. There is nn alzorithm for deciding whicther
cr i an arlitrary bady or ser ot hadies admirs a riling ot &,

2, The Extension Theorem (fur B Let & be any Loite set of bocies, such
homeonwerphic to o closed 4 ball, IF A ciles rewions shat coptaiy arbizrarcily
largs ri-balls, tlen A zdeits o tiling of E7. ["U'hese revions need nos be nested,
oor aeec any of the tlines of the regivns e exrendablel

3. The Mormality Lomma (for BP0 Tnoa nommal olirg the rava of the
ratnbees of tiles tlid et tlee bonndase of 8 splierical panch oo the oo ber of
tiles in the parels fencs to sero g2 tle rudios of the parels tends to inlinity. In
frach, & stronger staserment cin be e Bor g = & les #0020 be the nimnber of
tiles ia the spherical peteh Ple s Then, oo noremal tiling, for every # =0,

Iin tHr 4 w.8)— &Hroa _u

T — ;‘h:: r, F_“:I

4 Buler’s Theorem ftor tilings of B3 Les 4 be a worosl tiling of 1%,
and let £y, ¢, elr, #), wod virs) be the nunbers of tilles, edges, sud ver
tloes, respectively, W the circulas pateh Pieos) Llen iF one of the linits
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FIGLUIRE 3.3.4

P T fowves vens The thoee vk Glinge of B wre ol the ton o) e dbbosirution,

b
e [l e

R

RRUE S

f?g!’gﬁ'\ \
LT T LR

A AN
o
i

all

%

MAIN RESULTS

Zo Gribanm and Sheplard have showen chat i0a Dolee prowelile sel of polylopess
adnitz a faco-to-face rilng of B thar has translational apmmetry, thon the
rreotatile act alao admitz a period’e iling.
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FIGURE 3.4.3

Clerop s i eovedele ol v grdeemes Suserd b oocornonen rlarmdes Ses, Seedd amele o vl
cnsidid) s 4147 & i i s AT, The ofzd, $he veritees of the rhombus thot

15 aoosd/d) = 4147 Haganal of prism = 327, e pzacmaled, &2 verfioes of the rhambus tho

wa e cernnen face ol Mo e acbirs are M poeles of Gee 2-Todd ot s,
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Chaptor 12—and polvcubes] or nestmplices (polramends n EE}_\ ar thirgs by ree-
ngnizakble animare figures. o che soavch for noew ways to peocuce files andd rilings,
horh machematiciane (such as AL Macdahon) and amancars (anch az ML Es-
cher] have contributed to the subjecs. Hecontly the scavch tor now zhapes that
tile % has prodacet kuotted riles, roroidal riles, aned vedsted tiles. uporoerg and
Adams have shown that for any eiven snot X there is o monchedral tiliug of B (or
of Livpesbolic ¥ space, or of splerival 3 spoced wlose prototile b5 o solid torus that s
krotted as #. Also, Aduris bas shown that, given any polyledral sulbioaaifold A
with une boundury compouent 0 E", & monoledral tling of B cawn be constructed
whoste probotile has the vume topolozical type as M.

OLber dirsetion: of resgarch zeak 1o Broaden vhe delinition of prowoile oy
I new eonbaxts, e tiles inoa Ly ey e Tiganaghatic (rather 1han CI}II}’;FIIEI'L]
Trocagoe ol Liles e paeoalile mey or e Lopeologieal drmegzes 0l Liles a0 peolodile
sl Tor 2zminnle, wouling ol B2 e palvuopes oo which every Ve s combinagsrially
Fern e phie fo o Tised eonves repad vlops (Ui compivagorin] prolobiled i enid v be
moreatypie. I Lins boon slrs olat i E?, theve exist onatypic face to tacc tilings
by corver wogons for all = & in lE-J'? cvory conviex & polytope is the combdnararinl
prototile of o monatynic filing, Aany (bat noc all] classes of convex 3 polyhopes
it momatypic faeo o faee filings.

#1947 by CROC Dress LLZ






Ceald

Than3s
IMIET]
D5y
Thed7)
JIHMA3]
s Be|
Gritdd
]
5RAT]
Halis
LU
R
Johu]
Hendh]
Ta07)

a2 ])
MPag|

ehTE]

Hchid]
Selyek

Sched
el
Henks

Sentl

Senh

H.5K, Cogocars Resular hooesesmbs o bypersolic ssace, In Moc fdoresbionod
Oomrress of Mathemoalictens, volume ITT, Wordho, Qrenineen aod Forth-Holland, Aouo-
gterdam. 1454,

To Traneers A Tanaily ol STh-gpane iTlers mel pernnilling any csericdu: or o gquasiperiodie
i, T Proe Apertodee 94 World Scienbilie, gapeors, 1585,

Lo Drrveer, 13 Cirilnbeoum, and G0, Bhephard. Dguileansinive g, or how Lo liccover
ey nialbomlice. Afatle Adegr, G0 B9, TRAT

I, Dalbilin snd D, Schattachaeider, The local theorarn for ilines. Proc, Mields Matitide,
to appenr.

AL Thress, Presertatwmns of discrete gronps, acring on stmply connected moanisolds.
Adp. Magh,, 6319613, 1457,

Ao Ml Deas, DH. Hoson, and B Blolode, The clagsilicalion of Tec-transiuive 310
Lilinga, Acte Ohyesd, Sech, A, $ERG-R1T, 17993,

A Foaaine and G, Marin Polvtoorphic polveminos, el A, 3787240, 1584,
L. Grimbawrn. Uniferm tilings of 3 spoce. Gaombinatorics d:di-5h, 18994,

T Grfabanm and UL Bhephand. Theidence gxtnhels amd their apphcations. Proc S
v, P Mathe, RS 2040 Arer, Blalh. Soe, 1978,

H. Crlnzanm aned G0, Shephawl, Tiiags and Poltevns, W Ho Fromman, dew Yok,
LIaT.

T. Haho, edivcre, Guicrratioed Tableas for Crpalalforramdl, volitme A, Sgeroe Srotge Sesn
wedry, Dhordvecht, Bosua, sublished Dor the ITUCE by Teldel Pablishing Cho., 1023,

TT. Teendt aned O Fienede, Fldchewaoflozz Systene din Forveen Hoekewkes wnenogndio-
Fibdreapengdey Flaohdade. Tpringer, Terling 1963

P20 Mo, Pl g ion aned elnssidisd iz of Lile-k- Loz liee ags o e Buelidi
prlearacey Lhae sphere, and Clae b pocbaslio plone, oo, Redbiombe, 37265 306 103,

Iv. Johnoson, Triform Folpfopes. Camnbridgze University Press, 199,

R Teryom. The conetriactior of gelt sinmlar tilings. Prepring. 1945,

J. Tagariv wod FooSher, Toeller s cobm-bling conjectore s alae o highodimensions, Bl
Aeper, Mot o, Q7EN SR 1002

EoAL Moo, Newr Melernebiont Paetires, Oambricln: Univoensity Prom, 1932]

R. Moody snd G, Paters, The Mothemotics of Apericdic Ovder, Kluwe: [HATG series),
1445, 1o appear.

. Bchattachmeder. The plene symmetry grongs: their recsg-it on and notation. aner.
Aadk. Moahlp, 53139 4300 1972

Pt Avcapergehe prolobile @ epoee,. Freprnl, 1955

D Sehackachneicsr, Visises of Symmmeediry. Nolebookz, Periodic Drawings, and Seloled
ol af M0 Eecher, W, H, Freeman, Mew York, 1990,

E. Schndte. Times, In P.RL Graber and T Wills, edibors, Handbooli of Jonver Ce
onetry, volume B, INorth Helland, Arnsterdarn, 1HES, SE-4E2,

M. Seneebal. Which Letrmhed e DL spuee? Sdath, Sfag., 58227 43, 1TRL

B Seneebal. Color symmetes, Commgecd,. Mathe Apged, TSNS, TN

ki, Benechal, Crpstalline Spnenelifes An Diforneod MHothemobead Fbediclion, Adam
Hilger, Briauel, 1491,

M. Senechul. {hwasicrysinds anod Geomeiry, Clanbridee Univerzicy Press, 16,

B AT b SR Tress LLC



S| S, Alein aod 5, Seabd, Alpelen end Tifing, volume 355 of The Carte Mol Wonoge
hlciln Aszos of Amer, Procvidene, 1004,

Wiewt]  T.W. Wieting, The Mothemniical Theory of Chrarentre Plare Crroments, Mareel
Dieldeer, Mewr Yorlk, 1832,

#1947 by CROC Dress LLZ



A

HELLY-TYPE THEQREMS AND GEOMETRIC
TRANSVERSALS

Rephael YWenger

INTRODUCTION

A MBS ri L el imodn oq lire hl|]_|h!'|.-1(,]:" ool E"'I, aich us a P, ]iru;‘:__ [ﬂHru;‘:_, ar
h_@-|u;‘:r|1]=—|.r||:‘:! Lhal intersen,: ayary vt ol | I‘-,-.mil_-,- al s sale. Filiard He"y':—:
celelrarcd thenrem pives covditinms for the members af a family of conves aers 1o
have a point in commen, e, o point reansvorsal. I Seerion AL we highlight some
ot the more notable theoroms related fo Helly's cheorem and poias tranzversals.
Section 4.2 s devored o geomersie transversal rhoory

4.1

HELLY-TYFPE THEQREMS

In 19L%, Eduard Helly proved the follewing thoorenn:

THEOREM 4.1.1 Helly's Theorem

Lot A b firte foely of ot feot o + L cowaer sets i et ffewery o+ L e nthers
of A Reve eopodesd b covnvnore Den ere ds o poind covinere fooell e bers of AL

The theorere also lolds for ialiaite families of compuct comees sets.

Hellv's Ahaaram spmwned nummerods paneealizalicon: am] varianb-. These L e
etz =Tl T Lhe Gorrn: THavery e rnambars o a Parnily ol 0l e Ties progerly
P hen the acdee Banily Tas properys @0 W e B oequel: Q) thesreme ol L is e
wre =0 negimes relerrs] Lo ae Helly-fape thaosena To Helle - thaoram the lyjacts
BPE CONERR LM N TE“:_. properhie T oand © are Lhe properlies: of Taving s pedn i
corrinon, wrnd g eaqunls o |10 Wlomd soaeralicntions o Felly® hearan velas Dogr
frarmz replacing covves acta by other cljects in 1, stremgthoning propertice TP
e, replacing mo— o | 1 by some otha mambeor or condition, and replacing K
by the d dimnonsionnd sphore, 57,

The frat five pans of this section discuss varions geacralizations of Helly's
thearem. Llhe sizth and seventl part discuss zome theorenis ad algoritloms related
to [lelly's theorenn, "Lhe loet part coubalns some open problene, Uhe theorems
will all e eraved for Grite fanilies of convess sers, Ay wich Hellys theoremn, msny
of thenn eocbend to Dlinite funilies of voripact cowsey sets by stacdand topolowiead
ELELLEEEES,

GLOSSARY

v

1 - . . . . .
Connex: A 2ot oL BY s conves if 2, & a implics that Tire sopment 2y L a
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Conwer hutl: '1he comvex hill of 2 ses of points X EY is the smallest (iuclu
glonwese] convey seb contalnine 5

Hevnelogy cefls dMowric space o 15 2 howwlopys cell i v s peneoply zod luomo-
lozienlly veivial (aerclic] o all dioensieos,

Tromatote: el e T b a b cdae of sl 5T RS il — lo e 22 U lor sirne
veclor v e BY

Howmothet: 8ot a <R is o ipositive) homothet of set 5 S B ifa = {v & 2 C
B} for some eector o < BT ard sealar ¢ 0.

Flat: An affine subspace of dhmension &

Support:  Wvperplane & supports eoroees s2toa i o intersects & oand s coentaiaed
i one of the closed Lalfpaces bownded by & e ar § aupports oonves et a if a
inrersecta Fand F s contalned in some supporting beperplive of o

Dierneter: Lhe diamweter of o polot set o 13 the sapremun of the distarees be
tereenl pulme of pointe oo,

Wieltfz:  Lhe widih of o closed convex sol o i Lhe sinallenl dizlanee belween per-
allel supporling by perplanes of o,

Piereing svernder: The prercing ouinpser of a Tarily A ol eanees =ols in LT
Lhe iminirnnen nuermber ol preainta necde] e inleraesy very mcimlaee of 4.

MOTATION

corw{ X1 The conwex ol of paoin: ser X
Ferdr Themunhber of subdamilies A of size i 4+ 1 of a family A of point sers anch
that [, - 7 7 0

' The family of all sets of BY thar are rhe unions of Joor fewer comvex sots.

.i'ﬂ,‘f: Ihe family of all sers of BY than are the unionz of § o fower paiiwise disjoint
claosed] consme sora.

4.1.1

GENERALIZATIONS TO NONCONVEX SETS

Tn 1330, Helly Tim 2ol pavee che followiag topodagical goneralization of hiz theorom:

THEQREM 4.1.2

Let A be e fowte fameby of closed hamaelogy coils in B df thre itierancien of cuery
A 1 o feweer mombers of A 12 o homelngy cell, then He intersoction af ell fhe
manters of A s a hemnbogy ooll

iewee rhe interseetion of eoonve sets s covex serownd ponempry eonvex sets
are bomolgy cells, Theoren 417 implies Helly™ theorem.

ILelly s thieore can wlso be peneralizsed to objects that are the wnions of conves
sele,  Lel (:'i Le the Puniy of all esle of BY Lhat are the uwnlons of 5 or fower
COH DG il s, 'T'ht—‘- nerseclion ol rnernlars of f_""' i e, T H—h.-lFI]'; I f_‘:‘. Alan Ani]
Talai lqur] win] ||14]l.?-|aPru]l;ll1|,.]\, W lonsak 1".1-H1,.] [:-r-nl;u]
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THEOREM 4.1.3
For wvery o L heve emiely e svdeger 20 o < oo suely Wty £5 A s o0 Tredle
stbfenealy of (’;-"r oof size af leasd w0, o), soed ol e sl ersection of evevy subfaridy
of s wlso :;'JH:;" eoed sk thed every off, 8] wrewibers of A fave a poerd S conmon,
thes three 45 A podnt aoimaoles. to all the meemberes 5 A

ATl vorsan of Thewrern 105 05 knesen Tor aljoects hay arge Lhe nnio s of
parirwize st close] coirees seds. Tl K72 T Ve Bundly o all sels ol B Ahad aee
the uricns of j or fewer paireise dizjoint closed convesc etz

THEOREM 4.1.4
Let A be o findte subfumity of KT of wive ab leust JTd 4+ 1) such thaf the intersection
of every § neewabers of s wlso i 2 If every Jld 4 L) meerabers of A hove a point
s ccraron, fhen Hhere 9 a pedot corunon bo ol the memiery of A,

Lhe wolue flod 4+ 1) canaol be reduced, A recenn alegart prool of this theorem
eppenls oAb

4.1.2

INTERSECTIONS IN MORE THAN A FOINT

Lhe following peperalizations of Wellv®s theoremn apply fo farilios of comvex sete
but strengthen bosh the bvpothesis and the conclusion of the sheorein, teually o
caswning that tle sets Inteszect n more thow a sinele polot,

THEOREM 4.1.5

Lot A le g fivile femily of cordser sols i BT, Il every  —h+ L or foteer mesvhers of
A eondedis i k=Tl # convergon. fhei Bhere sy o b=t condaniied s all We rienthers
of L

THEOREM 4.1.6

Let A be o fintte family of conver sefe m B Let i0,d) — @+ L and ol o) —
wiast{d + 1, 2{a —fr— 111 for L < k<0 dl SF the intersestion of every ik, ) or fener
memhers of A fas dimension ot fenst &, fhen the intersection of all fhe members of
A isnozet of dimensmion b least 1.

Llie walues of ¥de, o) are sinht sud canuot be recuced.

THEOREM 4.1.7

Fet A ke v forite fomsly of et leust d + 1 onver sets o0 B ond ket b be some comes
set g T2 Fevery d + L ownembers of A1 condesn Dicbersectyure conduied b some
frenwlale of b, Shew sone freowdade of Oy constesresd dn fDolersechs; cordainsy il fhe
srecynbers of A

THEOREM 4.1.8

Lot A bo o finite fomaly of ot fncst & 1 closed conver snts m B Jf the dntersection
of coery ol L omembers af A kas aedfth ot feosf w, flen e intorsention of il fe
mnnhers of A has width of faesf .
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THEOREM 4.1.9

Lot A be o fhoile fenily of ob lewst 2 coreeer sels in B I e faterse Gore of coery
S reeanbers of A hus dieoeeder ol Jeasl I, e e arlersection of all e neenehers
uf AL R dioreder ob Tt J72 09

THEOREM 4.1.10

Lo A Deoce fivdde famrily oof of leosl 2 oo seds d BT T the dnderaec o of ey
2d mmmbers of A s pofune ot freat £ er fe antersection oy el the members af
A hos volume ot logst 2 77

The walne 2o in Theoremis 4009 wne 4o L10 s rigkn o cenoon be reduesd, The

s . ot . . - - -
viluess o 2702 wnc o 37 are not tighs aed ean be inereazed, Bardoy, Kotehalski,
arn Pach eorjecture thot the correer values are approstimatedy oo Vit gl o

for somme 1 o

4.1.3

REDUCING 441

RBoducing whe mumber of mtersoeting comnvo sors 10 fhe bypaothesiz of Belly's thoorem
gives:

THEOREM 4.1.11

; o . - il . L.
Let A e findte foroaly of conper setr oo B Foroany oo & d — L of everyon ov

; . . : P T
Fewer rneravers of A Reave a paint e epmnon, then every (d—in—1) fuf b B® o

aenne, tronsiofe fhof ardersects every member of G and ey (d—rn) o o [EL
corelainied e oo [d—v11-Mal hab fferwecls every weeiber of A

It s nlso true that iFevery (d—mALi-lat i B bas some cranslate shat insersects
every member of A or every (d—nel-lat 0 B is contaiued s (d—re+1)-lat that
Treraces cecry incinber af AL Chen meers e Creinbers ol A Tease oo pol o e eomnrmnn.

For a fnnily A of s emneez el el G040 e vhe nnober of sublamiTics A ol
Aol st i T sl Abal Ghe £ 1T memlwers of A7 baee a0 podnk in g mnon, § 4]
i= the reomber of Taoes of divnension § o (e geespe ol AT Helle's Jheorem shatos
Pl i S0 ol {611}! Lhen (here s apod e cotmmmen Lol Whe reoeimbages ol AL
Whal 1 fg[A) bs eorme value leess than | _,:_1 I8

THEOREM 4.1.12

Lot A be oo fhiite foradie of a0 |7 ceteecs scts i B For aneg o where (05 0 2
o 1w AT = R O fhen oo d | e T mearbers of A e o pehind
HT ST,

THEOREM 4.1.13

Let A be o Frate fenady of vo d — | conves sety o BY For oy poachere 012 p 2 |
W FalAY = (L= (L= g™ ) then some o] — L members of 4 kave a point
M TR,

Llie valies wivea in 'Uheoreraz 4.1, 12 and 1,113 are tipht and caunot be redoesd.
Lizht versions of tlwse thieorsns are also kuowy when fa0-1) 15 replaced by f,01)
for amy @ 2, Thecrenn 11108 s sonetiines celled o fractional Welly cheoren,

Llie bypothesis that every o + | menibers of 21 hawve 4 poiot o commor can
ele oo roplacs] by Lhe b poghesis Al oo of ceeey porwinbeers oF A soenee o haee
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o pULLE 16 cornlnod, where o 2o o o 4 10 For certain vwloes of pooud g, Tadwiper
zrie, Deoranner proved the follosins result o tlelr so called (e, 1 peobeleon:

THEQREM 4.1.14
Lot A e g focite Jomidy of b luast p comeus sols i B T oud of etery poanciebers
of A some g have g pofaf in common, where p g =3 | T andpld 1 g T
fhen gorde st of poog 1] peints ifarsacts ooy e ber af Al

The value ot ¢ g Lis tight and canmot be roduced.

Fer general walues of p and g Alon and Kleitman AKD2 proved:

THEOREM 4.1.15%
For cvery p =g i 4 L fhere enists o pesitiae bdeger e{p, g, d) 0 oo sueh thets F
A e faate faraty of of ledst poeoner sets B coveed ot af evevs g doeenebers of A
et of Boane o poend e coraninn, fher aanee set of r:li:p,rlr, o) ganirts prterseoie enery
wreesnber af A,

For the gpecial case of homothers, she rersection of every swo wwinbers of A1
slllices,

THEGREM 4.1.1%

For civry f thert erista o posfes anteaer ofd] < oo saek fhot: T A e o fimte
Jeamaly af kamothets of a coreer sct e BT and coory tioa mamders of A antersact,
thes sommen set of o{d] peanta antersects sy membee of A

- . i gl
Lighr heandz arve lowowm for cliveular dizks n B

THEOREM 4.1.17
Let A be e findte faraddy of cironlur disks in B AF enery B aoeinbers of A rtersect,
fhene sorne set of four poindy indersects every aee neher of A,

THEOREM 4.1.18
Lot A be w frsle femely of circolor weif disks s B2 3 soery Doo wanaders of 1
wrefermecd, Bhen soone sel of fhee potods flersecly every wmevnber of A

Dhrieer proseed Thegrenn 1107, sell ling aoguastioon Ly Gallai oo Ghe inininangem
neleer of peainls needad v imerseel all the nernbaes ol anye Gonily ol pairgi-e
innersaoying cirenlar disdks in BE Such peobilene are oflen eallad Callai-Ly e preok-
Lo,

Theorem AL 23 generalizes too oljorrs thar arve unicns of convex sots. Lot L";‘
b as abiwe,

THEOREM 4.1.19

For wveryp e, 005 o =0 Lol ewery Joa = N, fhere eanats a constant o o d) = 0
gued thaty f A s o fldte subfomily of ©F of iz 2ol — 1 arad f20 4D > el ),
e sorne o[ 1, dln memders of A fue oopoted e oo,

Similarly, Theorem 4.1.13 wenecalises to subfunilies of 0 AKS3 ;

THEOREM 4.1.20
Foreveryp > g d4 L oend etery § 0, Dhere eaisls o posalive srdeger ey, pyg, d) <
o wach thals IF A s o fBele sulfondly of OF of size of leasl poened ot of esery p
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meesbery of <l senee g ferce o pomt din common, then sorae s2t of el J p, g dl points
bderscety every wmenler of 4,

4.1.4 SPHERICAL HELLY-TYPE THEOREMS

Vartons gerneralizations of convexiny ©o a convexity structurs on the dsphere, #
give rive te varleas Lelly type theosers,

id
1

GLOS5ARY

Robinson-conver: A =0l o T 32 0 Tobinson-conves il o ovely gy e wlonn
goarn] gy oase ol antipeadal peinle, Lhe simall are of Che pread, cirele Jooing o aned
i T enrla o] inoo.

Stromgly conver: A sen o © F s stroaely comvex if a5 lohinson cotvex and
dioses et corbadinn ary antipodal poinrs.

Clonvoen coreer A setw C E® s u comvex cone certersd at the vy f oy S a

irnplies Ly 4 Lyw S Toe sy sealaes fp 0, o O

MOTATION

—eir The set of points armipodal to the poiers inoe s 87

dimnluwl:  L'he diveusion of o manifold o w:h boundany, (87 coavention, the di
irension al Ll arnpuy sl i 1.

RESULTS
THEOREM 4.1.21

Lot A e a foreite Jormiby of ob Teos! of + 2 slrongly ceveven seds i 3%, fF eveyy of — 2
sreerrebery ol o have o opoind o covmvaen, then fhere B oo opodsd coomnore ool he
wreeirebery of

THEOREM 4.1.22

" } . ; I N . ! ey 1
Lok A be e jrreede frnadfie of b Teas? 20420 Moldnsgn-commer seds an 270 I eoery 2042
msnders of A have o pewmf in comanen, then Fhore d8 nopowd common fo ol Hio
mnnbers of A

Thoorems +.1.27 ared 4122 peneralize oy

THEGOREM 4.1.23

Let A be a finite il of Hebinson conver sets in 5%, Let re eyual ining, _q dinfa)+
il —al e If every e —3 or fewer members 6f 1 huve a poind in corinen, then
there 13 o point comreon fo oll fhe anters of A

Lhe ealues =2 3d—2 wnc v —3 Do LTeoeeins L2 LSS, and L LA cal: we
recduced bre cne wmlel cerlain suitable clroulistanses, A submet of 22 05 Lobimeon-
convvax il aml oaly il il s Whe nlersection of 22 will sone ecuves cole centerad al
the wrigin, 1T Lheoremes L2022 aned L1233 can be lormoalated o ver s of eouvas
M 1,
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Weageuiny the bypotless of Theoren: 4,102 by replaciue 2042 by o+ 1 zlves
the Followinp theorem:

THEQREM 4.1.24
Lot A be g fivite femidy of of least of | 1 Robbron-coras sels i 8%, 0 = {1
Ifevery d 1 members of A have o poind wr comumon, fhen some 4 | nf2 10
mmhbers of A kave 4 Poind i coimanon.

A zpherical wariant of the topological Helly thearom {Theorvem <_L.2] generalizes
Theorem 4,121,

THEOREM 4.1.25%

Let A ke i frodte faradly of closed fonwdogyr eelfs 1o 3t Af the iierzection of every
b — 2 o fereer wmembees of Ao haraology celf, then e intersection af all fhe
meenehers of A s e feoedae vell

4.1.5 OTHER GEMERALIZATIONS
Hellw's thearomn peneralines o rmltipde familics of comeey area:
THEOREM 4.1.26
Lot Ay Ay, Aug b roncmmpty fndte famibies of conver sofs m BY . Sf i!-,' a7
B for ench chose of u; £ 2, then o4 0 # 9 for sonse .
Fetting A — An — - — Agy mives Lelly's originel theoremn.
Doluikoe gave o vaslaiiog of Lheorern 121,11 Lo mllliple Sanilies of couvax
SRR
THEOREM 4.1.27
Leb Al Az, e w2 Bod 12 feide fomikios of coner sole in B 20 g <
| V. Iy ame or femer anendery of cech ok Ap Rewe o poind i commnar, s
. . , . d s . ) . . —m 4y
fhere s ononme b are 100 led i B el hrderangly ey reember of A — 1”“+ Aj.
Thearem A1225 = oospecial casr of aormich moee seners] thenrem e Dol miloe:
that mves conditionz for an alpelwaic sintaes of cinrension s | 1T o intereect:
. B el
ety member of 4 = f=-|ﬁ AL
4.1.6 RELATED THEOREMS

Hellw's theoromn wmplies and for iz implicd ko 2ome notable theoromns.

THEOREM 4.1.28  (Cuwrafhdvdory’s Theo e
Lk point of comei X, X C E:f; % g eorser camnedion of o — L oer fereer poimts
nf X

THEOREM 4.1.29 Haodon’s Theorem

Eack sef of d 2 or rore peinfs i BY con be purtitienced Tnfo fwo diwjoint zety
yefupns, poviness Falle Borise 0 podnd dn correeear.
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THEOREM 4.1.30 AKirchberger's Theorem
For poind sets XY T BT cone X 0 oone (¥ £B of and ondy 8 coue[X7) 0
oo (¥ £ 8 for sevne X2 X aned VO wherw | X — T ld 42

A thesram mimilar b Cadbhéodor: = Ahao-ain glven comlitions Toe a il Lo
lie in Lhe Tngerior of Jhe corvees Tolll o o sl ol peoinle.

THEQREM 4.1.31  Steinitz’s Theovem
Fach point it the interior of comy{ X0, X C B, 4z 0 the interior of convl X0 for
o X2 X gud |X] 0 20

Thoorern 4.1.26 iz n gencralizanion of Helly's thoore to noadtinle tamilics of
oo setR. Carnrhéodory's rheoromn has o sitilas, relared gencraliznsion:

THEOREM 4.1.32

Let Xy, Xao oo XNy e swhaets of BY JF ¢ £ conv[ X for each X, then flers
edesh podinds o, & X, sweh Dol o & conv [{wy g b

Finally, lindon's theorern has the followiue peiwsral ization:

THEQREM 4.1.33  Taeerbern’s Tleorernm
Fireh sel of (e — 1 Id 4 11+ 1 or more povnds ia % con be porliioned inle ¢ subsels
adose eoemer udls Roen o pom ee coirmer.

Thie cheaeem s gt L aed che npmler Ce 1% 101017 cannal, e rolieed. Tor
e derails, zee Chaprer L1

4.1.7

RELATED ALGORITHMS

Hells s Lhworein provokes 1le fallowiny alaoridhunie probleny Givew o Laoily A of o
corlves sele, il a poind ecorwn booall Che sels o, i Chese i poeuch podnd., Lind J41
members o A thar have ne poins in sammmon. When A s a family af s helfspares,
thiz preblom i= simply a zperialized version of lincar programming. Sharir and Welzl
have generalizod Tivear pragramming te a moee aletracs feamewnnk thar they -call
gesrarabzed litecar prageromang. The prablem of finding o print crmmnm oo s crmvew
acte con e formnlared and zolved as A concealized I'near peogramricrg prablona. Tn
sddcition, orhor Helle-tepe theoreme hasc related algoritlmic quesrians rthae can on
formulated wod solved vs proeralised Lear prograounice problesns  Auelid . bor
more o lnear prograsening sod senecalived Doeur prograioning, see Chapters 38
wr 3

411.3

OFEN PROEBLEMS

PROBLEM 4.1.34

Frove or dizprove Hrad there eeists gonte constant ¢ seoh fhafs Jf the Dutersection of
every S wemnbers of a forndly A of af leest 24 conper sets i Bt fas diveneter ut
least 1, then fhe infersection of ell fhe wenbers af A has dienwcfer ot least od™17%
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PROELEM 4.1.35

Deve or disprowe Whod Were wwisds somne covesfimed o sl thals B Dhe snlersestion
of cvery e wmennderys of @ fmnity A of af feast Bd comener sebs i B Aoy volmne ol
leasd 1. Whaen e eelersoction of ol the mesnbers of 21 hay volenee of least d7%

PROBLEM 4.1.306

Tt A Be o fhoide fuensdy o Soeesloles of @ comes g0l T P o digprove thal
&F erery dn memnbers of A mderacct, then some sot of thrme pomfs mdersocts cuory
wanrer af A,

472

GEOMETRIC TRANSVERSALS

Bdiech pesmenrels vn geometeie rrensversals focises on neeessary wnd sulficlent condi

tiz for the existeace of line, plene, or hyperplane travsversils to o Fumnily A of
v e sets. This resenreh inehades conditions un bhe existeres of transversils to
spaecial Brniles of eoovses seta, xinch a5 translates or Loinothets, Most of fle resulis
apply either to line tracsversalz in B or oo breperplaeie tronsversils o B¢ The
Sorder” nowhich o lravevarsal iclersecte A plays sb ioporian role o elatZog el
prove g sueln Lheorens, Glven w lanily A of eoovex sets, o bhow many Jdilzrenl
orders can oA e lnlersecled by Lramsversals”

‘Lhe set of wransversals oo Darndly A ol conves sels LTormes a wopolozieal «pace
wilth the usual wpolozy amsociuled with alline sulspaces n BY, Le., vhe topolos.
inharited Trown Lhe Crmsmrinninn, Whay, b= Lhe combanznral shryzore <o ooin-
ety of this spacc? What are cficient alerarizlime for constreting this spaec?
ITnder what comditiomz Goaes a zet of 2-data forn the space of tranaveraals to some
tamnily of rorweer aone?

GLOSSARY

Traonasreraal:  An affine subspace £ B™ of dimeanston & = a & transversal to a
franily -1 of eopwes sete IF f ictersects every meciber of A,

Line transversal: A | truosessal tooa family of cosoves sets o e,

Hyperpluvee froveeoeraeds A (d— L-wranversal oo Gundly of convex sels n I

Separated: A Twmily A of eonves male e A-ssparaia] i o b — 2 mambers ol 4
]'I}I\-'E! E Ir—l,rn Hh'l,-'E'F’hH].

Ordering: A k-oedorng of a Gunily A = {o, e} 0 conves w0l B Tondly
of gricnmarions of (% 11 -tuples of A defined by a mapping v 4% [ 1,41}
corrCaponding o shh orientaticnz of spne family of points X = {;-:1 s .;:u:ﬂ} in

B The arientation of Tag,, v, ..o, 0, ) I8 the arichoation of the correspor ding
poita (o2 .o )L T

s

L &
L
sgp et ' - :
1
W 1 I:"'n‘ ot ‘rs;,
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FAGURE 441 —
A corlevermneple oo Telly-lype Seeovem for Bue Lo
suds Lo fumilies of conex sels m ¥ Five sotpex sels, Sour
Doae segnmventz and o pednd, wheve cvary four sz lowe o b
trevemeerand feet el Jove e vl

THEOREM 4.2.1  fladurigen’s Dunsoeranl Them

Lt A ba o finete gl of podrgsr sisjoumt conoer aots in 25 4 there onlets @ Snee
i i

prdering of A such Mt ercry e members of A ore dntersected by denocfed o

s the géver creder, then o hes o bne trenseersal,

Az wirh Lelle's tliewreim, Ladwiger™s rewnsversel tlieorens wind inosr of tle sim
oy theorens i Lhis section also appely bo Lalinive Danilies of Ccompuael conves sols.

Hadwizers wansversal Ueoram patarulices 1o Ly perplans woagsvarsols In B as
[l Topwe s

THEOREM 4.2.2

Let A beoa fivide fumidy of conmeciad sele an B0 F for seine &0 < & < d,
thore wimele o nonbeeind -ondorong of A osech ol coeew 512 aricmbers of A oare
spliraicbiel Topoone oriendad E=lot covgealoretly wdth el F-grdeeswy, e A hos o
kyperplane Frarsueranl,

A ovienned E-tHat f mects A 2 A conslstently with a given Baovdering of
A it ore ran choose a point 1y from the intersectior of carh =ot o A" and
Josucl thas the ovientation of every [h—10 feple D nne .- p 0 of poinks in
T omatcles the orieration of the corresponding (417 tuple, [um: Aygan iy, 1ot
the kb ordering, Mote that Theorer 422 eluninates the ssasumption of pairedse
disjoteteess i Theoreen 4201,

Haslwiagerts transversul cheorem can be seneralised even further i the larsupnee
clarienled rrsdrob] theory | AWHE]

THEGREM 4.2.3

Lok A Do oa finite foraely of corirectod sels in BY I8 for some k. 0 ko o, fherr
pasta e peycbie oviended soodeoid of reak BT on A sueh ol crery B2 pienbers
of A e emersectod by oan oviended k- flol consislendly wlif el orderibed nuafnedd,
e A s o Tegperploee Boangeorsad.

A oviented f-flat F mects A7 A conststenzly with a given acvelic orlentiod
warrcid on A i one can choose o polint gy from the intorsection of cach 2ot o o A
and foauch chat che evientarion of cvary (81 D-cuple, (w5 bie, . .- -, Yo of points in
F omatches the erisutation of the corresponding (410 suple, (ug,, 0000000050 of
the wriented metroid, Lheorsnn 4.2.2 Is o cestriction of Theoren 4,23 to realizsble
orieuted rmatroids,
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Wadwizer's theorein does not seneralive to line trapsversals in B, BFor each
rre = 2, where s o Aoite funily A of paireise disjolas convex sees in B and a lear
aeleriog ol A such Ahal any v — 2 mendben- of A are et Ly oaalieecuec Toeg in e
:/':i'l."e'll {’Jl'(]ﬁr', L'll.l.\; .,z't }lHH 11 ”Il'c" l_r'H.rI-ﬂ'Hr-%H.l.

4.2.2 GALLAI-TYPE PROBLEME

Under cerrain omlitions a family A may nor have a & sransversal bur there may
b sone siaall vet of A-Llats whose apie nsersects every mexber of A

Alon aad Kalai pave o wariaot of Llesorson 1,115 for heperplaae oragseer-
sale | ARG
THEOQREM 4.2.4
For every p =g 2 d 4 1 fhere savels o posalivs indeper cip, gy dd <0 a0 such el T
A i o finide fomily of b least poeonae sale i B wnd sub of every poeerbers of
A goree o hate o huperploce bunseersel, B Seere e ol god) Byperplorees whoge
e wdersoeds crery manher of AL

n B? alminer ceact mivimal valucs of oo g, 20 ave kagwe.
THEOREM 4.2.5
Let A e w Snie family of conves sets a0 BY I every fowr ernbers af A have
a firee fronsversol, then fhers ere fwo Tices whose wneon noersects ever v mernber
of <L
THEOREM 4.2.6
Leb A be o fEnile faomidy of commenr sels oo B2 I every Mhves vreinibers of A hove
a fe beonsve sl there Dhere e Sowr Boees wfose toreon mlersecds every inendor
of L

Ty s comjoctared, Lan ool pedrecns Ghatl (he ropnbper oo e i Vhe corelision of
Thewrorn 4300 can e roedgeed o Lheee, T canmol b relueed Do Dwe.

Therern A2 soenweralizcs Lo sibalaamilics of {:_:,-'l, e Frnilios whowse rncrmleers are
the urions of convex sers [AKDT:
THEOREM 4.2.7
For psery b2 og = d 4 ] amd eeerg §othere ewnedy o positive dddeger <)ooy, 4] < oo
sueh thats I 4 dv e frde subforaly of OF of size ot lrost poand ot of every p
menthery of A oseme ¢ have o fuper plune fronusversal, then there ave o[ pog. )
hyperplones whove widon Indersecdy every eber of A,

4.2.3 TRAMSLATES

blany special theorens apply to transversals of fuinil’es of translates. Muost note
wiarthy Ix the following Melly tvpe theoren conjectured by Grinbaom in L3 and
provveel b Lverbere Do LO8Y:

AU e VRL e L



THEOREM 4.2.8
Lot A b o fomsly o ol Teowd five potridse desfobel tronsloles of o covnveel covsoens
. o " . R
sed e B JF erery ftoe wnenders of 2 hooe o Boe buoscersol, D A os o Soe
Crum e ol
The mrmleer lve vamol g racdoeed.
Thider AT e wenker condilicon vhay every Three members ol A tave o Ting tranzver-
=al, the Tollowie e vhesren Tiolls:

THEOREM 4.2.9

. . .o . F
Let A be w fumaly of pearute disgeind frocfotes of o connpoct conser sef an 17
If ewery thres merabers of A hewe o be fravsset sal, Hhen sonee subforndiy A0 C A
cenctiazenroy ol bt OB mnenbers of A fas o e triznscersil

Llie varrber LS iz ot koo oo oe sl wud oo poseibly be reduced], 1enclal
gkl andd Lewis conjectured tliar the troe value ia the theorem should be fwo,

Versous of 'Lheorems 1238 aud 189 exise for families of pairewlse Jdizjoln o+
stubsby convess sebs wliere tlie constaase are repleoed by furetions of o

Tlie condition thet the menbers of A are pairwize dizjolur can alze be weal-

crgd [Tiu:’;]_r].
THEQREM 4.2.10

For cvery § = [V thern rouste o aumber 2070 swek thate I A w0 famsdy of ot Teast o)
translatns of o compact ronver ant an BE suck that the sntrrsertion of any 7 mambers
af Az mmpty codd sack that crern c(F) members sF A Feme A lne fransenesal, then
A hrs o have fransversall

Special Delly trpe theorems are knosm tor kpperplane transversals of families
of translates of convex polyropes:

THEOREM 4.2.11

Let A be o family of traonsfates of a conves politope i B it m vertices, Sf every
Ed 4+ 1) or fewer menbers of A have o hyperplone transversal then A has o
hyperplisns Samguersal

THEQREM 4.2.12

Lot A be o fomidy of transfates of @ contrally symmetrin corvee polytope o BT wih
woperticas. T orory |_’—:J (110 e foaeer grerders of A favn @ hpperplone trosrstereal,
thesy A Jos o fgperplona frafzeerzol.

£

The mmber | £ ][04 | L] 12 tight and canmor be reduced.

4.2.4

GALLAI-TYPE PROBLEMS ON TRANSLATES

Ecklioll estalalichied (allai-uvvpe resules (o line Leansversals of wranslaes E

THEQOREM 4.2.13

Lot A be a finite famdly of renslates of @ convar sot in 275, IF cuery thime members
of A hone @ bne transversal, then fhore ave feo parella! dnes whose wnton dntereects
rawery ancarder of A,
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In Lieher dirensions, Fokboff sl

THEQOREM 4.2.14

For vvevy ko2 A Dy eivls o roenber o8 sucl hoels IF A s o fheite Joredn of
fronaleles of @ et seb i B god ceery & pounnders of A huve o d-troersrersal,
then there are o0k parallel B-flats wiaza ufdor datersects enery membor of A

4.2.5

SPACE OF TRANSVERSALS

Civern o fanily A of conves sels n [FE’E_. Ll ’I;,‘:LAJ b the spuee of all E-Lransversals
of I Le weeimbers of A oare cloeed, Lhen e bowndary of ?]ff:ﬂ collalsle of
f-Uats that support voe vr moee menbers of 2L Lhis bowndary can: b pactibioasd
it malepooes of A-Lass that support e soins subloaily of 210 Eady of Llese
sl o T e D pradicioned ola comoseled compmments. The conlbanalorial
coamplety of ’I;_‘fl'\A‘l iz the mymber of 2uch connectod compenonta.

Fren in B the hrandarics of two comyey sors can interaset in an arbisrarily
lavme vamiper of poinca and have an arbivearily Targe momoer of comaman 2uppeating
lince. Thuz the space of ling sransvoraals oo twa cnnvex sota in B can have ashi-
trarily large combinarorial complexity, Lowever, if A corsists of padrerise disjoint
ol e wets o [BY ar, erore generilly, suinibly seponated conves seras in BE rlen the
e npaleeiter i3 bonand e

THEOREM 4.2.15
Let A be o (d—2) sepurated finealy of ncorepuet ond steictly eonceer sets in RS, The
corebpcotor sel complerity of ?:f_lf.}'t:l in (20 1,

For cortain types of convex 2ets, 77 (4] ean be bounded withour any assumip-
tiong abiour paireszc Cigjoinraces or acpara bilivy,

THEOREM 4.2.1%
Let A be i fuemaly of i (=17 bulls e E*. The madirastorind ety -fJ_I"T,f_ N
NS IETILIEI

It is not ks wheslier the bouads o Pleoreins 1413 sl 1.2, 06 wre sgvnp-
tocieally cielir,

THEOREM 4.2.17

Pk A e o fowridly of conuee pofidopes oe T walh o lelal ol ay foces The cealdoa-
=

fial compleasty of T (AL s g heen] ),

el b e weey slawely srowe ng inverscood Lhe Ackornann Tuneian.

THEOREM 4.2.18

Lot A br o famaly of n tine sepments in B2 Phe combinatorinl complesty of
T rAY e Qi 1)

Tlie azvmepratic boumdz in Tleorsins 207 amd 4218 wre veht,

IE A iz s finily of polymopes, the bonndary of ‘]',:;‘{AZ can Al be peurriticoned
miy subspaces of A-laws Llil supoore L same polyiope Toees,  Bach of Llese
submpress canl be Cucther varlilioned o conoecled compocenls, Lhe asyiopuoeldc
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bounds o 'Lhecrems 4,2,17 aud 4.2 18 albo apely o the namher of sucy connected
ooLnporents,

Tn 7% ihe pradre e disjoirngs- commlivion of Theoram 1275 can Le relacd
L prarrmil, pairs SF oonves asts Lo lave al oooey & cotmindn =ypgesrlicg hines. Tal,
Agbred T uha vnwsd oo Tengdle ol an (0,5 Theenpor-Sehines] sequenca. Than
Ml — 11.-_'5{:3:|U'C""-‘i_'-'—~ .

THEQREM 4.2.19
Lot A be o fomshy af n anmpact cormected ants a1 BT snch that any bee meomhers
af A Rare ot et A nerenan gupportag Baes. The esmbatoricl romploesty of
FEA ds LB

In &% boundz on T AT can ba given for families of s2ta thar have algehraically
sinple deseriprionz [A85R3].

THEOREM 4.2.20

et A be o fredily of 10 cosngorel congen sefs ol conslood descriplaon corlenily
T The combinaloricl coraplenity of TFLAD is Q0T for wn e w1

1
A

"

Linedly, ear bt sy opalolic boaods e kocwn for Le complesivy of Ve s paoe
ol T Laevetsals L conees (eollopes in B2

THEQOREM 4.2.21
Let A b fammaly of monver paliptapes 4n B itk a foral f ny faors. The combin-
forial cumplesity of TP1A) is f;:'lii't:‘; T For ey o AL

Tliere wre exarnples of Bamilies A of conves polvtopes where the complexity of

THA s il

426

GEOMETRIC PERMUTATIONS

A directed e intorsecrs a famlly A of paivwize disjoint convex aocs in o well-
defined order. Thus an undirented] line transverzal fo A indnacs a pair of lincar
orderings or “pornutations” on A consisting of the two avdors in which oriented
vorsions of the e intersecr LA Similarly an aviented f-traneversal foinforsoots a
ik 1 separvated tamile A — (i, oan ) of convex sote inacwell defined & ordering.
The orientation of (ig,. 25,000 A, ) 12 the aviewsesion in f of any corresponding aof
of puints [, 000 @) wliere & € g, 1 An wuoriented b otraceversal to
g Ch—1% separated Funily A of cones eets nduces a pair of & orderioee ou A,
votsissing of the two & orderinces In which ariented versious of the b teansversal
wirersect <. Loch such poir of e-orderines s called a gecrredric pernadaiion of A

If 415 (& — 1 separated, then two b-transversale thiat induee differents 2eometric
et i e A ool Tie o 1 Terenl conmected cornppments of 'I:,"i[huilx_l. Thi
comvor=o nlag Twlds Tor by prerplane trareverr—ali

THEQREM 4.2.32

- - |I -
Lot A be o id Dioscparated formaly of comgect cowees sefs an BE Do kuperplane
fransuersals walioe e same grometein porrdation ore A of and ol of g Be o
e anme consiected component of TELA)
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TABLE 4.2.1  Algorithms to construct 7,7 (A,

| THANSWERSAL SPACE | TIME COMPFLEXITY
}'1‘ fA) Oy log )
THEA) Eaitizariy )
]::I— ) ':.-‘1,.' {}-:'1.;:;.): g
'T_F._Af] (.:'-:'1.ﬁ+£l] I5vr U {

THEOREM 4.2.25

Lt A be o froeily af v eernpaaet connen sete weith constiood deseriptooic calplanity an
B such that eiy five wmenbors of A hove of seosl s commnon supperiry Gnes, A
FELTESETE bt U j'_l"’ De] oy Deocownstraebed dn O D) Loe 1) Hine, Bopoefiealor, 8
Aoes e fuveely of coneer bransloles or consves horoblie Sy wsdh consdiosd de sorfytion
vomplentiy o I87, then TRn) o fe construeeied s G{nlowed Hime,

THEOREM 4.2.2%

Lot A be a Srmdly of 0 corngpored comaeas sefe with conelod desoripbior cormplealy
P A sepresendalion of TR0AY con b coarslincted 0 O0a® ') bane for ang e > (1

THEOREM 4.2.27

Let A be i (=20 aeparuted fomaly of 20 corgaet e strietly somwer sefs with con
il "
shizeet ddesermpten corapleraty o BY A repreverdafeon of T2 1AY cor be covestrated

. r 2 . .
# AR ozt ) fime

THEOREM 4.2.28
Let A e o frrenafn af e badie in EY 4 SRS T T ) r}f’l"d"_l (A cin b2 eovstrieted
s ARl 2E ) g

A pobed in Section 1L alvorizlunic vroblems relaced to Hellv-type theorems
cutl be forondased and solved weing peneralized linear proerduuning, u particular,
Theorzin 12,8 Las the folloeiay alporithmic analozue;

THEOREM 4.2.29

' . . . . . ' . it
Lal oA Teoa forely of 5 powewsive digpoind feonslote s of o covmeac! correes sof ar B
A Fne Drovgperzal for AL one iz lz, cee by founed dn Q00 e

428

CONVEXITY ON THE AFFINE GRASSMANMNIAN

Coodimmn vl Tllack in _E:T'f-iﬁ] ealend the nelion of poiol med comeas=inyy 19 oon-
varni Ly 0f wmil o E=1late 1o E3 diving zavers] slier e anel sepaivalany Torn lalions
o Lhis cotryas iy sLenaloee, Toe e mapch Toeem Lavioo, w sal 8 of k=Nl o s goepeee il
F ot Al pranzsveraal space of some Daneile of conves poiog sele. Thaye axploes 1le
corn [ 1ioms Tor 5 4o b s he a2 brse s renl AT
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GLO55ARY

Cuorvwewn (sed of A-flade)s A wov F o B-llals b oconves 1 F & 1he soace of &
Lrawsversals Lo sume (poesibly Wwilinited funily of comees sels o B

Suervonsted: A ael B ool Ellale snreng ode s B=1al £00 Vhere s mornz f-lad g con-
taimig [ euch thal every GG=T1-Mal comlaining £amd Teiogs o g sbriouly s mates
twr: motnbers of F oalso Ding ™.

Connex hull (af a sct of k-flatz): The convex Tmll af a4 sot F of I-Hats in B
iz the 2ot of all Bdatz aproamced e F in B

THEGREM 4.2.30

A et Foaf & flofs in B iz the space of &k fronsversals bo some (poszinly Hofirite )

- . _ o . " - .
Fuendly of conver pedct sets do B° i and only §f coery & Aod survownded by F ois in

T

F

‘Lhere is uo Helly-Lepe theorem lor conves sews of k-Lavs in BY sines such o
liearem would be equivalent wa Helle-yype Jheorew for k-transversals in [, Sush
corlves mels ey Lave many coubeched conponents wml may evel lave arblurarils
cornplex homology, Under sulekle comdivoms in B, however. euch such counentad
cornp el in el oo e i :T"ﬁri".-ﬁ_.

THEOREM 4.2.31

Let F ke the spice of all Mg transperaals to g finede fomily of pedraiase disjomnt
IRt CRTEES 3ets 1n B, Each ronnected amponent of F ooas itseif e represeniten
s e space of fne Frensoersals fo some finnte family of patrmise aispomd eempact
omnes sete w B

Llhe theorsere does oot bold for e trapsversals o Dlinite Bonilies of ooneom
pact codvex sets,

4.2.9

OFEN PROEBLEMS

PROBLEM 4.2.32

Lot A he g finite famify of conevs sete w BS. Prove or disprone thet if cvery
fhree neinbers of A hove a fee Torsversel. fhen there are Hvee Lnes whese wnion
pderseety every weber of A

PROELEM 4.2.33

Lot A obe o Jurmidy of poerusive chsiened Surnesluies of o cenepoct coverenr vel one BYL
Davve or disprvoe fhal 8f every fhree vnenDery of A Jeve o Boe rowsversel, then
swriee sty A C A eondodieing ol fad Deo rieerrdbers of AL las o Sivee braressersal,

PROBLEM 4.2.34

Provve. o dlimpiroise Ml (heve esls somme coargloart vry sec ks T every e weeriders
of o farity A of aF lnast me podrunse disfoied wedf balls in BT e g line trenseer
aal, then A has o Mne fransvorsal, Do the some for fomilies of patrwiae disjemnd
franslafos,
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o] N Amwena, Helly-vype theovems ol goncridboel loesr progrosnming, Dis ceeds Cored.
Creom, 122211 281, 100,

Ameds| N Ameata. A sharv preof of an interesting Helly type shentem.  MHacrste Comgut.
e, TA320—27, L9

TR EN0E) P Agarwal, O, Schwarzlepf, and B Blamr, Owerlay of ower envelopes and ine appli
e, Mdaerate oo, Claenrn, 1301 L3 1093,

: ‘J‘.‘"L:,lﬁ: T. Andergen gl T Wenger, Orwenled mabrouls oml Teeserplane brareversals, A
Madde, TIBDIT=125, 150,

JIAKES] L Davser, B Crinbaam, awl Vo Klea, Helly's Lheorew and ie melative, Lo Vo Blee,
odilor, Cepvemity, voluwne 7ol Tros, Svmpos. Poes Mall, pages BO-181, Aaner. Malb,
Yo, Froseielencs, 13RS,

Frlktrd J. Eckhnff, Hellw, Eadon, and Carasléodory sype theorsms, In PR Gruber snd
Lo W, edilors, Mamudools of Qv Gromelzy, peges BR9=448 Moorlh-Llullarnd,
Amaterdam, 11296,

TIEgs L S and 1 Polae ko Piamladisss of o Cheors ol euneasily on aliine Coesman
rnandolds. Aafhematifn, 42305502, TWHs,

AR LR Govadian, B Paellaes, and o Wongers Oeomelobe Bawsversal Lheore, LooJo Pacl,
editor, Meaw Trendz in Dieorvie and Computnizonal eometsy. wolume 10 of dlaarstanz
Camiebiza,, pragen LB LES Bpringer-Yerag, lierliog 1995,

TR L Clsedeian, B Polbar b, amd B Wenger, O Lhie conneeled rempoments ol The speaces
of line cransverssla Lo o Tamily of eonves zeaz I L Bardry aond L Pach, odides, The
Ldasif Feies Tath Faafachrift, THacreis Comput (Feoir, 15:d040-478, 10685,

LCag] 1B Geodraan, I Pellack, aod B, Wenger Bowndiag e nwmber of goomelrie parmn

ravions indaced by § fransversals, 0 Cernbin, Theory Hare AL PRILET-157, 1906
Mar| J. Matouzek. A Hellw tvpa thecrerm for wrions of convex seta, Discrefe Comput, Gamm,,

Iid HE AT,

Rob) J-MC Rohert. Geomettic ordermgsz of mhersecting translates and ther apphcations.
Cemeeprecd, Clemie, Tz Awpd., 72300 720 1997,
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5

PSEUDOLINE ARRANGEMENTS

Jacob E. Goodman

INTRODUCTION

Paenwloliae arrangenents generalize in a natural way arangements of suraight Hnes,
dizscarditg the straighrness aapect, it preserving their basic topological and com
hinaterial properties.  Blementary and wniitive in nasure, at the same time, b
the Folkrran-lawrence topolovics] represeutation cheorean (gee Clapter €), thew
provale a concrete peometric model for oriented matroids of ank &

After pheir eeplicit description by Levi 1o the L930%, sud the subsegueut devel-
vprient of the theoss by Wineel o the 14Ms, sl major petus wes given o the
L9700 by Cribaare's mouosraply Aeangemends wod Spoeaede, 11 which a pumber
sl were collectod and o greal inany proldene and congeciures prse] alaogl,
arrmngernenls OF bl Tioea and peeadolines. The connes lan witloce enbed madeoils
isccaciod soveeal voars Tauer Ted Lo Dol worle The Llear B Ly oo wory wll
dewvedopral. with v comnliieecaoeial aned Lopelesticad momnle amd relabions Lo olhar
arvis, de o woll we an inercazigs mpnler ol applicaticns o cormpanUadional gearcd ey,

Sectwm BT b devous] we bl e ba=ic ppoprarbics of peedaling aeeargcnme s sl
Secticm o2 wo related atraesnres, stich as arrangements of straight lines, confimira
fionz [gru] peneralized conlisrations] of points, aned allmeable seqeness of permu
tranions. [ YW do not disewss rhe connecerion wirlo oriected manroids, however: than is
inclucle] in Cliprer 6 L Section B0 we disedss the strevclubilive problem aod in
Section 54 auminarise 2o of the (many) combioaroerial resalts keowr wbont ins
g peeidolioe wrranseinents, Seelica 5050 deals wiu resalis of o wopolosieal nalure,
Seclion 3.0 willy msues of coleluatorial and eosnputationa] complesity, and See-
tlom 5.7 wivhh severa]l applicaions, icluding sweanily arkan senels aud visibilie
craels,

Ullems olherwise noted, we worls i (he ren] peojective plene B

5.1

BASIC PROPERTIES

GLOS5ARY

Arrangoment af nes: A Tabold set of lines not all passiag theengh the =2
paiat (the Tactor iz callod o peredl o
Paondoline A simple closed curve whase removal docs non dHscorneer R

Arrangoment of peondolinos: A labcled aon of pecundolines not a poneil, ooy
pair mestivg oo enore than onee [henee exssetly onee aned crossing ).

fspimorphic arrangemcnts; Two arrangerents 2uch that the vaapping indueod
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to extend to srcansements of pesudolivperplanes, It Los, however, been extended
by Buoevink arcd Hersliberzer to the case of 2 Intersecting curves™ (where three
[oh e g iven ] [ SHI L aeal shnen b Uhann nad, b esland bo k-inlarseling enrves
gt k41 pesinle foe koo R

The Tevi Enlargernenl Temma b= oased o prove ecdeinion- 1o osenloling -
Fangzernientes 2 o nginber ol consesine mesules o arrangemeants: of sdraipghl lines,
Al ol spalemene perbiages bewger sneeon o Lhe seuy o ol comliza radionm of prenles:
Helly s theoram, Badon's thoomam, Cararhoodory’s theoromn, Kirchheregar’s thoorom,
the Habmn-Banach theorom, the Krcin-Milman thearemn, and Do bore’s general’za-
tion of Radon's theoremn [of, Chaprer ). We srate oo of thean

THEOREM 5.1.2  ifelfy v theorere fio- peendiline arangenents [GPE2

A AL are sibaets af an arcegeieeid A oof prendolioces, aned pods o point ot
ot ey paeudaline of A sk thot, forowey L0k, A condaine a psewdotne 1 fhe
oo bl of eizch of ;A J,Ak, then fhere i an erfersion A of A confairang
i psevdolane g o e p-coreee heldl of each of AL AL

THEOREM 5.1.3 fucrbcry’s theovem for prewdotine orrangemonts |Lols8
WA — [T ] w8 o psedolines greemtgeanent il a0 = S 20 wnd pows 0
povad nob e arey wecober ol Al Wer A o B porlaiorrad dnle swdormasronon s
Ara Ay vl exleedded oo arprrgeanenrt A cosrbeianrg o pecodaolaie By i
fhe p-comeey Tl of Ay for cvern i = 7,000

Some of three comvewify thearems, bt nat all, cecerd e higher dimonsairmal
arrangements: son [BLS1032) as well as Seerian 113 of chiz Handheale

Ir iz nor ditficnlt ro see thar che prevdolines in an arvangentent may be dramm ag
pulygoual Lines, with benels only at vertloes [2ra72] Helated o this is she followiug
representation, which sl be discuszedl further o Section 53,

THEOREM 5.1.4  [¢ous)]
Ehery crrwngernensd of preadokotes vs evnoerplic Lo o wiverty deerriin,

Thegrarn 570 bxogeaen] i prosie g the Talloeehig: T Tics theaesn, whicl exiemls
1o Lhe HeLLiHH ol !BIHEEIJ(]I:P” tes Lhe Dyncdarmenial t]uH.]'l',,_f,' Lheoran- babeeaan lines a6
[ s T Lhe prajactive plane.

THEQREM 5.1.5 [¢ioof(]

T A iz a paeudpiine arranqomont gnd & @ poins set in T, and 4f 7 is the ot of all
frae gtatanents of the form *p O & dgdncident £ T 0 A7 then there ds o prendadine
arragemend F and o post 2ot A goel that S sef of ol incidesions Rolding betwosn
ey of A e oerne s r;frff M areeniaety e o i nf .

5.2

RELATED STRUCTURES

GLOS5ARY

Crrender seguenee of perrnntedions: A doubly nfinite senuence of perors
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THEOREM 5.3.3  |BLs%a3]
Eery wple mrwngernnd of 9 psewdolie s o shee loboble, willy e coceplion of e
staple reone-Log s wevmrerieend,

The *pad] pibezonn,™ wliloesura podids oserad Lo pinadoen™ ghe inlersections
cl Al zices and correapinmling diagonals, preovides anomber exanple ol s nonseeaeh-
sble arraezment; aml Thegram 5208, with extra oo, oroviles, aller dualizing,
g dnlinive Fanily of ronsaralebiable sreangzimenms Shal were proved, by Bokoweld
e Srvmntels, o boe Sminoraminimal” This shows chat strorchabilny of shimple
areangoments caniot be suaranteod by the cxcluzion of a finive numbor of “forkid-
den” subarrargements, A stmilar example was found by Haimen and Kahn, Son
[BLE 193, Section £.7].

Az for arrangemients of mare than & pacudolnes, we have

THEOREM 5.3.4 [GEPW 7|
Let A B om mirongetneisd o nopsetdolines, 15 soone foce of A1 s bownaded By al leas!
= 1 psewdeliwes, Were A iy shelohoble

Finally, Shor showes in Shotl] that even IF o garetehable oseadoling aorapement
T Ay irnnen e, v rnmy T i bl boorealing 110 sermnoeey ooy sbrelohie e

THEQREM 5.3.5 [Shot]

There musts o atrfehable, sawple pseadoline areangemeet 2 o remdarotarial sior-
iy suck thaf an isoemerplen arningement of sfraaghl bnos et same somin-
neforaal giretey.

GENERALIZATIONS OF STRETCHABILITY

While naol evary peeucdolioe arrao senenl bk omorphie oo ao aerawsenent of slralglhl
lirs, every peendoling arrangeinent s d-strefeholde, Lo, realisalile Ly an arralwe-
mrnt of Fraphs aof paolynmmial tnetioes of 2uffirient]s high degrec L The tellowing
roault gives thie hest onmids kmemn o this Gegron

THEOREM 5.3.6  (Fomliern and Pollrek [RIS 03

Lt dy, B the srnallest nimber d suek Sat ensey single arrangemenr af 1 psendolines
iz a stretehale. Then, for approprugte o e = 0, we kope opym < od, < ruil”

Lo serverul recent papers, Pocchlola snd Veoter explore anotber kive, of realis
ehility of peseucloline arraigements, by wlar they call arrangenents of peedotrian
gles. A peewdotriengle s u simply connseted, ooutdeed subset o lkE"s_. e
by 3 conver arcs polrwise taugrent ar ther eudpoiots, such that 3 G contaiaed io
1the lr"l:—th]e larirue] },rlx- [N [y l.ieut][:-o'llll.,ﬂ. Tha cen T ol alires]a] Lanen, Tires 1o 1he
Loognedary o T ocun e Wlensilfied bee dogadily wich a peendol ne in P oo wi
(]il-il]f)illl.,. [h&!lu]{}l.ri}]ll&li?:— H}IHFE' E!xH.-f',"lll'_u I ST I,H.I1‘!-f.-:-er11,._\ irT— {Th... _,T,;,_} 5
aarrangemant of pairwise Qi ol pealooeiaeples Vhe ggryes T7 o0 T Torm an
wrraavgernenl o pagplolings which s “resliaed™ T the crrangerment T They [roeee

THEOREM 5.3.7 [Pvni]

(1} Every weaveeneend of steaigh! Dhas o8 dsovmerphic (o one voalszable by wn or-
rotgerensh of disfoid psetedolvienale b,
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THEOREM 5.4.3  [Llirss]

B av mrrengerneal of o Foes s nol o near-vencl, en

3
{2+ '1 g o — bo 4 M+ e —

RELATIONS AMONG NUMBERS DF VERTICES, EDGES, AND FACES

THEOREM 5.4.4 Ll
IF F0AY sm e mumber of faces of dioecann oo the cefl dzeennpositien of p?
st by own werengenent A, then ol Ay — FLAVE fl A — L

In addition to Bwler’s forvmuda, the following inequalives sre satsled for
srbitrary pseudolile arraceements (here, 1) A) s the nunbe: of pseadolines i the
srranzeinent A,

THEQREM 5.4.5 [Cirii73, SF&%

LI falds = Fal ) £ 26041 2, with equality on the Ioff for procssely the sun-
nle arrencgementds, md on the veght for Lrectsely the simplicial arvarge oencts;

(i sl Al = faldl = fmf"}= welh gkl one e Teft for preciscly e nenr-poncils,
erned cne Mo pighd Jor proci el e atmopele grnriapoaiennks;

(i) For an ==, ewer g f satisfyrap 2 4 fy = f’;J. it M weentions of f'._;}—:ﬂ
and (1) L, 15 the numbre of vrotaces of some arrangenent of 0 peendnlinee
i fiact, of sfeaight e i

Gl Mt Ay 2 f 4] [ﬂ':“;u] 1, wabh cyuedity o e Dol for prociscly (e
rear-pencids, aend e oo righed o preedsely s ghmie arrewenends;

(w) fotld) =t A — 8 4f 4 ds not o vear pencol,
Thers e wape i e Pl walues Tor fof A1 e shown e Theoren a1,

wliicl prrcrees a0 e ecldres prorc] e Ceilnbaniin acd seneralizod Ty Tardy, ol ning
Thearom -"{.-'|.ﬁ|:i1':|.

THEOREM 5.4.6  Mintineon |Marfd

There exists avc wremieniend A of o peedobines woth f50 41 — F of eodd andy oF for
senee sxtenerdo warh L2 0 £ =2, we ke (m— (k4 L — (1 —min (n—k, Y
F=in k&L ft] Moraourr, of A enisfs, i can be choson fo monsed of
atradght Moo,

THE NUMBER OF CELLS OF DIFFERENT SIZES

T B ey Lm0 b innluelioon vhay a siogple arrangammend, of ingra than 3 peegdo-
lines nged, hawe sl Teasy one ngobriangglae selle Thiz obsareation Yeads Lo mans
lgstinie abeaal ropnbeers of cellx ol Jiffera o, Ly pes o Loal sirepde are] ngnsimple
i-:.r'r'H.II:.:;'E‘”'I'I':‘TIlh._ AITIE '_-':llI 'r'n']'Ii('ll'I ]'IH ¥l IOL \'._3"1,. ll':ll:-":'| Hullﬁ'r'r'erlflli] :-:i-]'ui"illi-]lfl_i:'r”':r'.

The Teead, remu o vl i iy nleer G drian e = e Tallowd 2.
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For 280k — 11 =, this was buproved by Clarkson ef al o the following resuls;
the tivhtness follows o o resalt of Seewerédl sud Leotter, proved ocepeadently
ll_:l'l.' F.(]I?-]h]’_:-"ljllllt—'_'l' HTH] -liu'ﬁf'c'll.-"l

THEQREM 5.4.22 |CFECHG0)
The fotal qumber of sidas noary & distinet colls of an arrengement of n peendolings
g R AR wa This bownd bz jaspmptotically] tigkt in i warsd cose.

Thore are a mmbeor of rosults of this kind for arvargemeones of objects o fhe
plane and i1 higher dimensions: see Chanter 21, as well as CBECG 94).

bh.h

TOPOLOGICAL PRGPERTIES

GLOSS5ARY

Sprenad:  (Fiven the projective plane P witlin distinguizhed line L, & spread] of
preudolines i a family £ —{L, er | of peeudolines warving contiaously wich
s — L1 L ey dwo of which e al o single pola (ol luide disbance],

Topelogion! profective plone; P with o disting nislied farnily £ of peevdolines
(i “Mne™1 im0 wpalogien] projective plans 10 Tor el g, © P, cxncly ong

Lo g 2 prsset Whieowh poaned g withe Ty oovarving continnsly with pooad g

[Lhere wre other notions of both “spread” aud “projective plaae™ [Goivd], but
the wues deined hore have the dosest connection with peecdoline srraupements.

Tevrorpleiene of lopotogiond proeciive ploves: A honeomorplism Vsl maps
Flices” W “lines.”

Tlmgveranl fopologieal profective plavee: e comtaining an isornarphie oope
ol evary [redeling seeangemenl

Topalogical swecp: T 4 iz a2 peoudaline arvangoment in the atfinge plane and
oo Al oa tonddopical swecp of A Sstarting ar LY is o corvimionz family of
peendolines inchiding T, each compatible wich A, which forms a paatition of the
e,

Baste semialgebraie set: The oo of zoluticns fo o finite muimbor of cquations
ddur, gtrlet e ualities in BE™ (Llis ferin is sornetimes uged esen if the egualities
are mob necessarly strics.)

Yrable equivalenee: A relation on seimnislesbenie seta tlit preservas hosmotops
Lvpe. A precive delniiian sppeals o [HioW

EMBEDDING IN LARGER STRUCTURES

In Crii72, Crinbaum asked a muomkor of guestions aboun exmending peeudoline
arEn Eements o more clakoraie straonures, i pacticulae te spreads angd ropologicnl
pladtes, Lhe etrousest resclt faown abouws such escbendiollizy is the follvwine, whizh
enstends reeults of Goociaan, Pollaclk, Wenrer, and Zanliresou [GPWED.

1
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THEOREM 5.5.1 |GPwWos|
Tiwere emasd vvscoenrebolly snorgy podresse porgsornerphic wiversel Lopologicn? projec-
Live pluse .

T prarticular, this ingdies (he Bllowing abacermnts, boge her will dhe oo
gpinlivee sl emanta abaoily speesda all o which Tl been conjecugrad o [Ord 72|

(1 Beery peeudoline arraneement can be exlemded o oo Lopolodical peoeclive
plane,

(1) There exists 2 oimiverzal rapoloocal projoctive plane.

[iih 'L'here are nonisomerolic wpcdogical projeciive pleaes such Lal every wae-

rapee el inoessl s semorplic w some arraneemenl o Lle olber,

Llieoreo 36,1 also Ioplies tlw following resuls, estublished earlier by Sooeviok
enii. [erehberver (and inplicisly by Bdmronds, Fukoda, and Mandel—ees [BLSF93 ),

THEOQREM 5.5.2 Sweeping Theorem |SHGT

A preadeline wrracgemend A i D effie plowe wen beosweopd byoo peordeline,
slaviing ol may £C A

PROBLEM 5.5.3 Gri7e

Whick @ rengeruends ere present Mup fo wsornerphism ) i every fopologioe] projective
pluase?

MOVING FROM ONE ARRANGEMENT TO ANOTHER

It |Bin&6 . Ringel aslee] wehethor an arrangemenn A of snoaipht lines could alwies
be lrowad contiously Lo o glven wolorplio arrangeicenl A for o e ralleciion)
a0 What wll itenmedinle arrawserenis renaied Somorphic, Thls question, which
becaire kmvwn as the Sleoopy problen”™ for arrangemeants, wias evellbually solead
Ly Mlodv In [AMuds3|, aud {ndependently, since news of Rnd s renulus baal o yel
reachued the Weso De While o the nolsimpels case, then by Jazdi aned 3anl-Levitska
I Lhe slmple cose BLE 93], 208e™s resalus are, Loweever, Ly [or sbionser,

THEOQOREM 5.5.4 Muév's Tidecrscdsly Theoven:

IF NV ww avr biasde seoeafielrnie set defed over W3 there o confipuretion 8 of
pornrs e the plave sush that the spuce of Wl conhgurofions of Hhe same arder fupe
g & I stably eguioalzat fo Vo APV @ open b some BT Hen there v o siinple
corfiguratficn & with Hhus prope rty

Lrom this it follows clhat the space of line arransements isomorphic to 4 =lven
voe may bave she homotopy fvpe of awyr semislzeboale varlery, and o particular
mdy e disconnected, which wihves o [rery stroogls ) oesative answer fo tle Botopsr
ipuestion, Lor g furcher seoneralivadon of Uleoren 3.5,01, pee |[LicH],

T Tinee werangcoenl oF soallasl siee Toncwn For owhich vhe “sonopee congoeting
Fails atniists o 14 Tines 0 geneead position and was oamd by Soeorey [RBESH03).

Specwial casem whiere Jhe tsolope con jectinoodocs Tl inetiede:
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puiats, LUlw follosviay theorern, whiclh extends to Lipher dhuwensions, alless one to
encede the order tvpe of & L essentially one order of mapcitude less space.

THEQREM 5.6.4  GFogdrean and Pedleck, Cordowid |TRLEH
W& i o confuperation or gervalied cooglipuretion we e plare, e ovder fype of
& dp doierdned By fla A-madeln

COROLLARY 5.0.5

el : : . e .

Tie orocr frpe of an arvangeraent of pacndoines can be ercsded 0t apao Q7 log ).
A rwnlHention by Felsne: of che A morrix encocding for planae arrangements

nnparonees thiz, wrving an eaecoeling of wiring oiszeamns inospaos f:'[.'.ltl';:li

THEOREM 5.6.6 [Fel

Givers o wiring diagreen A = {Ey .00 Lo let 2 = 1 af the j#h crossiog wlong L
i awrh La for ko= 6, U oflierwise. Dher dhe menoping that associobes to each wiring
diegrarn A e Sy o~ dve— L) madrir (£ 4y infective,

‘Lhe oo of slralehalile peewdoling arranzemens s el sualler Chan the
totad monbser, which sugeests Lhe 10 should be possille Lo eieode uhese inore 2om-
pactly, The Tollowing resull (staved hese for the dual case of poinl conlivuraticos)
ghows, hinweewer, that tlhe *naive®™ enending, by cordinanes of an inmegral represen-
tacise, 12 dnrmmed to e inethciont.

THEOREM 5.6.7  (Fomdiern, Polleek, omd Slevwfels BTE 03]
For each confuperation & of points (2, 5,0 i the mfeyer arid .'vi'}'?_. it
b

the nendnurn being tuker over ofl configunations & of the sume order fype a3 5, ol
fet 7 v — ma i &) over all v point confgurations. Lhen for some op, o = 1,

PP QS TTTY T AT -7 IR POV I TR T

:2'3'-1 " - .I.J'I'I:.'r-:l - .32"".-.-:
It Iz concalvalble, howeser, Lhal & eeamonably siuall inleyrad representalive iy
il ve wsed Lo Caporosimale” an onder cepe, perhaps oo Lhe Iollowlo: serme.

PROBLEM 568 Goodman, Pollack, and Sternfels

Vst o serople order bype of rr posils ws oo benory {1;:'] —irtclor, i aneaseriag Dhe
diglmece belivecn fao oeder Gypees Ty e Bmmntig snelric, lel Sind be e sof of
srimgle planer erder bgpes o) 1 pagals Bord coar be revrcaeaded o o ooxo geids
Fied fhe weeoadleat rteger s — o] sech Dud coceg simple ordes fype of reopodnds o
Lammirgg disfance b mast F o frons sowe ander fype S,

REALIZABILITY
Along witlo Alee Ukiversalily TTweoreie of Section 5.8, Midy proved Lhal Uhe peolilem
of delennining wheller a given peeudolloe arrangeicent s sleeuchable s 5 Thard,
Irn Lol as hard s e probleiy of solving venara] sesteins of polviomial squalions
e wequalilies over B del, Chinpuer 29 of ihis Haod ook :
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THEOREM 5.6.9 |kingza, Musss)
Tie slyedofoclilafy problon fov prewdobne orvpgenends i pelereonnially erusoalenf
Lo bl Seisdendind Weory of e rerls"” decision pyeedderre,

Shor ShofT| presenas a0 e compach prool of tThe NT-hanl e recule, b
encocding u soecallal Srenoeone 3-53TT forrengda inoa Farnily ol sgicabile ina]iied
Tappete and Tlesarpies comfignrabims That e anl b pe srelel able il cod anly ol
Whe correrponmling lormlas = aanisiable (See alae [THed6]

The following result provides an npper homd for the realizability problem.

THEDREM 5.6.10 [BL:'R3

The ofvetehuhiloy problen for usewdafine ot negements coe beodecaded b sl
eapeneerf i deene e ol spece o the Turaeg nazehene el of conaplerity.

The soerde s of writheetn operottons needed ds Donnded abeaug Gy 207 0gm i

Llie 5P lisrdoess does uot mesn, hosaser, thot it 5 pointless to loox for aleo
ritbins so determine stretchability, paroicoloaely o special cases. Todeed, o wood dead
of work lis Leen done on this problenn by Bolooeski, o collaboration with (Guedes
de CHivelra, Fook, Webzer-Gebert, and Stusmfels, Foor main alporichoric metlieds
T boen desclopaed 1o Lesy Tor Uhe realisability (or nonreenlienddlied of an oricid
i eoicl, e in Vb rank 3 cnse, dhe sbretehaliliby Crespecively nomalrele o lil 1y

e pecvdaline ar-cngermenl

(i1 The inegwebity vedwetion snethods tl0s atberpra to Grel 4 ralatively sinall
svotern of inzqualities thar still earries all tle information aowat g given ori
enfec] it roid;

(1 The aoleability aeguence method:  his abiempls b Tod an el minadion
arcer with special praporsics for the coordinancs in a porential vealization of
an anrder tepe:

(i 'The foeod polyeorrdad nefhod: s atteinpts to lond o bracket polynoinial
il Chapeer 187 whose exisience will uply e genreslieabilivy of an order
Ly i

i{i% Prel’s robber-hand method:  an elemensary hewristic that has proven sur-
prizinely effect ve in findiag realizsatioms [Prefl .

Mot every realiwable orcer type has o solvebility sequencs, burt it turns out
that every nonrealisable cue does have o Goal polyeomial, aud an sleorichoe doe so
Loinbrali can e uaed b find one [BTLETEY

AT o Ghese mckhenla cedond v higher dimensione. Taor doeaila wbeagd Thee Tiesl,
Ve, aee [3E57.

CONSTRUCTING ARRANGEMENTS

Ap (w?) aleorithun is given in KOSEER, BESS93] w0 “construct” au arrangemment A of
lines (boeperplangs, W genaral, I vine Ol 1], Le, b eonstruct e e latuice, 'Lhis
eleveithiln s usel de w subroutile In = oober of olher algorithms i omeulalicoal
ceniuelry (mee |BdeRT 1 Leow (his one caln lod the Aok of A i Lime O,
whiclh s oplilual,
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SORTING INTERSECTIONS OF LINES OR PSEUDOLINES

Steter and Steeiry sonsider Lhe pralden ol g-sarting Tiog or peogdaline Tnorsoo-
tionz, i.e., derermining the order of the » coondinates of the inrersections of the
lines i am arranzernent or of the paevcolines in a wiring diagram. Thery prove:

THEOREM 5.6.11 [3554
(i) Dhere o w deaision tree of depfh O0R5) o e zort the verfties of o sieple
arvescgeniens sF o lnesr
(13 {3 lngn) comprrisons am aercesary fo w-gert the wortiens af o shmple er
renagetannt of noparpdalaes.

[ The secomn statement s s corollary of Theorem 6.1,

Lrven chongl rhiz s only w “pseado algorittunie™ distinetion, sinee iv holds in
the decision nree modzl of compucasion, neverthelsss thiz result bs one of tle few
kromer nstaness where tliere iz o clear computational difference between Lines ded
pueudolines.

5.7 APPLICATIONS

IMadir arraogeneite of oes amd peeadolines, se well oz polol conl2usalions, arise
Iy taury problers of cotupotaudmial seomelsy, Here we desoribe several such appli-
coliols Involving peeudolioe o particular,

GLOSSARY

Tangont visthility graph of noact of padrsdse disjoint convex objects: LUhe graph
formioed b ohe rangents wo paita of ab’octa, cuc off ar their poinka of rangenay
[provided tliese cesments Jdu wot meet sy otlier chjects’ and by the wres oto
which they divide the bousdaries of the objecte,

TOPOLOGICAL SWEEP

The ariginal idea bohind what has come ta Bee lomsm as fopelagically sueciptng an
arremgeenens was apolieel, b Bdelsbrunner mod Saibis, o nhe cuese of a0 arrinee
et ot srraigle Lees. Inoorder o eonstruct the drrangeiment, rathes than nsing o
lives tor mweeep 6, they gzed wopseudoline, oo selieved wosaving of & faetor of lorw
i tlie rime requiced, sehile ksepine the atorgee Deewr.

THEOREM 5.7.1 |Edex7|

Toe cell complis of on arrangeinent af v fses o e plone cun be comepaded in
0 Ao ared Q) spoee by sueening o perewdoline qovess i

Lhis pesull caa e appeled we o nuenber of proble s, ad resulis oo oprose-
triend of koown Bovabdes ou2ack: b area, Leisogle spaned by poille, vizibddivy
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craph of semnents, vod TIo higher Jdiusensions) enumerasing faces of a byperplany
srradseielrt s sesting for deseieracies o o polnt confisurasien.

The Wlea ol Lopoliica] reeep was Lhen peoeealias], be 5 o0est ko wined Herchi-
]}Er'!{i?r, Lt H'l.‘r'l.f!lfllilil'lé-': A [2"'!'._3"|.|l:-:1:lll‘|rll|7"II A 2 H.I'r'H.rI_P;(-”'I'IE!I'IL I:PII i]h’&.'{.{-[n!-{.ls'ﬂ:ﬂ'rt‘_'!b'; L}IF‘".-' |:-r{r-,'n|?
Lhe peersibility ol much a sy (Theorem 2527, aned Showe Vst By can L pretfoer-iea)
e vhe sarme Gone arn] space as in Thaesresin 5770 They aleos appdy Ghis el Lo
Nealig a shor Boedean Tomvwda Boe a peoleison wouh gres] adpes.

The topological seeep method waz also used by Chazelle and Edclshrammer
[CES] to roport all &scgment intersections in an arrangement of @ line scgments

n {oprimall Qnlogs &) thime, o bag boon gecralized o Ligher dimenzions.

PSEUDOD-TRIANGULATIONS

Foscclick aoa] Vepcder inteoduee] 1he concepn, ol a peeglo-liiang  lay on (soo Soe-
tiom 3.5 aboved inoorder oo compine the wigihlity graph of a collection of pairwise
digjainm comvre obstackes, Thon they shomeod that o colleetion of disjoiqt pecucatri-
rngles Jualizes toa paoudoline arvangement. and that cevain peoudaline arear me-
mienta canld Twe vealized in tliz war by colleetions of pamidaotriangles. Thia enaldes
themn ro peneralize cerrain dlearitlwnz for eor A arations of poinms fo corf[Ag srariors
of e general convex objects,
Their results ieeluce the Folloasding,

THEOREM 5.7.2 [Pvi4]

Grsven o collection of v disjoind conver oliects o the pline, o pssudo triangulation
code be corpuded in Olnlog ) tivne, the duid armoigemend in Q) taee aad soiee,
arsd e tengent waibaity grooh s O R e and Mieor space.

PSEUDO-VISIBILITY

I o zeries of receut pupers, OFRowke and Streluu Introduce wlhot sley vall the
fvertex edze visibility grapb™ of & polyeon, which encoces more uformation thao
the standard vertes vieibilive graply, ol aee It o etudy che visibility probler in the
polyaon, Lhey then seperalive this cowcept to peeadepolysons, whose versioes and
edzes come from zeperalised conlizurazins of ponts [see Sectlon 3.2, and slwes
that the recoustruction problem for vestescedes visibility soapbe can be solved
o ] peci ool o wee pennilis] Thes prave

THEQOREM 5.7.3  [0S04]
There 5 0 palimranl-tone adperfhem for e problem of decudeng wokefler o graph

& e perier-adan peoado-msbadity grepd af @ paradopolpgan.

COROLLARY 5.7.4 [0304]
The decizion problem for perter silellfy praphs of peeidopalppons 3 e M5

[Ihis lust pesult 1s ic eoptrast o tle Fact that the same problein wich strwishs
edge visibility is ouly kaoen to be in PYPACE)
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