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Minerals: Their Constitution and Origin is an introduc-
tion to mineralogy for undergraduate and graduate
students in the fields of geology, materials science,
and environmental science. It has been designed as
a textbook for use on a semester course and covers
all aspects of mineralogy in a thoroughly modern
and integrated way.

The book is divided into five parts. Part I deals
with the general concepts of structures and bond-
ing within minerals, and introduces symmetry prin-
ciples as well as graphic representations such as
the stereographic projection. It discusses growth, de-
fects, and general issues of isomorphism and poly-
morphism. Part II centers on the physics of miner-
als, including determination of structural features
by X-ray diffraction, an introduction to optical prop-
erties, and the use of the petrographic microscope.
Part III explores the range of naturally forming
minerals and introduces hand specimen identifi-
cation. It gives an overview of the various modes
of mineral formation, and provides a background
in thermodynamics to facilitate an understanding
of mineral equilibria in geological environments
and phase transformations. Part IV provides a sys-
tematic treatment of mineral groups within the

context of mineral-forming environments. Part V
demonstrates the application of mineralogy to the
fields of metal deposits, gems, cement, and hu-
man health. It also explores how minerals form
in the universe, and how they have been active
components at each stage of the evolution of the
earth.

Throughout the text, emphasis is placed on link-
ing minerals to broader geological processes. Unlike
more traditional books on this topic, the authors
also convey the importance of minerals within our
everyday lives and their economic value. Complete
with beautiful color photographs, handy reference
tables and a glossary of terms, this textbook will be
an indispensable guide for the next generation of
mineralogy students.

Hans-Rudolf Wenk is Professor of Geology at the Uni-
versity of California at Berkeley and Andrei Bulakh is
Professor in the Department of Mineralogy at St Pe-
tersburg State University. Both have written many
research papers in the fields of mineralogy, crys-
tallography, geochemistry and tectonophysics, and
have used this extensive expertise to create a com-
prehensive and stimulating textbook.
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Preface

Minerals: Their Constitution and Origin is an intro-
duction to mineralogy for undergraduate stu-
dents and graduate students in all fields of
geology, materials science, and environmental
sciences, and for those with a general interest
in the subject. As a background, the reader is as-
sumed to be familiar with general principles of
physics and chemistry at the high school level.
In this text we introduce principles of crystallo-
graphic and structural features of minerals, as
well as the physical property characteristics used
to identify them. We also provide a survey of the
most important minerals (about 250 and details
for about 100) and their geological occurrence.
The basic types of mineral deposit, both those of
scientific and those of economic importance, are
discussed, often in conjunction with the system-
atic treatment of the mineral classes most closely
associated with particular deposits. The book con-
cludes with a series of chapters on applied min-
eralogy, including a survey of the main industrial
uses of minerals.

There are many excellent mineralogy text-
books, ranging from the early Niggli (1920) mono-
graph (which still contains much of the infor-
mation which is needed), to modern books such
as Putnis (1992), Blackburn and Dennen (1994),
Perkins (1998), Nesse (2000), Hibbard (2002) and
Klein (2002). Why do we add a new book to an
already seemingly saturated market?

To answer this question, we need to look
at how mineralogy courses have evolved. The
modern earth science curriculum, particularly
at American universities, is very different from
that taught 25 years ago. At that time mineral-
ogy was covered with two- to four-semester-long
courses. Today mineralogy has become at best a
one-semester course with two lectures per week
and laboratory sessions. This change in empha-
sis is due to evolving fields such as geomorphol-
ogy, hydrology, climatology, and geophysics that
increasingly have become part of the standard
earth science course load. Yet the importance of
mineralogy for a wide variety of disciplines has
increased. Fields ranging from igneous petrology

to soils science, from archaeology to cement en-
gineering, from materials science to structural
geology make use of mineralogy, and students
from these diverse disciplines need to be accom-
modated. Students do not have time to go into
great detail but they do need to become aware
of basic concepts. Our book provides an alterna-
tive to existing texts by focusing more tightly on
concepts, at the expense of completeness, and by
integrating geological processes and applications
more closely with the discussions of systematic
mineralogy.

Our goal is to be selective in including mate-
rial rather than all inclusive, yet trying to remain
quantitative, scientifically sound, and avoiding
superficiality. It is well known that many stu-
dents are frightened of mathematical expres-
sions. We are using a few equations here and
there, but they can be skipped, without losing
the thread, if students do not have the necessary
background. Since most geology programs re-
quire mathematics and physics courses, it seems
only reasonable to show students that some of
this is useful and can be applied to earth sci-
ences. It brings satisfaction to those who have
taken mathematics courses to see some quantita-
tive relationships, for example how trigonometry
can be used to calculate interfacial angles, basic
thermodynamics to understand a boundary in a
phase diagram, simple linear algebra to appreci-
ate why a second-rank tensor, such as the opti-
cal indicatrix, has the shape of an ellipsoid, or
how complex numbers can be used to add waves
more easily analytically than graphically to ob-
tain diffraction intensities.

One of the biggest challenges in teaching
mineralogy is that some of the most difficult,
theoretically demanding material, is presented
relatively early in the course. There are logical
reasons for focusing on crystal chemistry and
crystallographic topics earlier, rather than later.
Many students have already encountered some
of this background in earlier courses in chem-
istry and physics and there is a natural connec-
tion to these concepts of mineralogy. However, we
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do recognize that crystallography is a notoriously
difficult challenge for many students, requiring
them to become adept at three-dimensional visu-
alization, which is often initially difficult. Thus
our treatment of this subject judiciously empha-
sizes the most important concepts so that stu-
dents are not left to wade through pages of ex-
haustive facts that in many cases are better left
for later courses.

The presentation of the text deviates some-
what from the conventional organizational ap-
proach that separates geometry (crystallography),
crystal chemistry, systematic mineralogy, and
petrology. Instead, throughout the book we com-
bine theoretical subjects with experiments, and
discuss larger mineral-forming processes in the
context of specific mineral groups (e.g., the ori-
gin of granite with feldspars). Such an approach
comes naturally and is more likely to focus stu-
dent interest in the subject. The goal has been
to select material that should make it easier to
teach mineralogy and make learning about min-
erals more stimulating.

As mentioned above, our goal is to empha-
size concepts and to minimize nomenclature.
In order not to interrupt the flow of required
material, some case studies and details are in-
cluded in “technical boxes”, while “enrichment
boxes” contain supplementary historical mate-
rial or applications. The text includes appendices
covering identification of hand specimens and
optical properties. Some subjects are necessary
background for all aspects of mineralogy: basic
rules of crystal chemistry (Chapter 2), lattice,
and symmetry (Chapters 3 and 4). Many other
chapters are optional and can be skipped at the
discretion of the instructor.

The book is divided into five parts. Part I deals
with general concepts of structures, bonding, in-
troduces the lattice concept, symmetry and crys-
tal forms as well as geometrical representations
such as stereographic projection. It also discusses
growth, defects and general issues of isomor-
phism and polymorphism.

Part II centers on the physics of minerals. First
it shows how to determine by X-ray diffraction
the structural features introduced in Part I. Chap-
ter 8 on physical properties is optional but we in-
clude it because of the importance of this field for

modern geophysics. We introduce optical proper-
ties and the use of the petrographic microscope
early on because most mineralogy courses need
to have this background before mineral systems
are discussed in detail. Clearly parts of Chapter 10
on mineral identification with a microscope rely
on access to relevant laboratory equipment. If
there is no such access to microscopes, or if a
separate course in optical mineralogy is available,
Chapters 9 and 10 can be skipped. Chapter 12,
on advanced analytical techniques, introduces
equipment that may be encountered in modern
mineralogical research laboratories and provides
references for further study.

Part III explores the range of minerals and
introduces hand specimen identification. It also
discusses the wide range of mineral forma-
tion, and provides some background in thermo-
dynamics for understanding mineral equilibria
in geological environments and phase transfor-
mations. Later chapters include applications of
thermodynamics to sedimentary, hydrothermal,
metamorphic, and igneous processes to demon-
strate its relevancy.

Part IV is a systematic treatment of mineral
groups and about 200 of the most important min-
erals. Each chapter combines mineral character-
istics with a discussion of a mineral-forming en-
vironment.

Part V on applied mineralogy deals with top-
ics such as metal deposits, gems, cement, hu-
man health, and explores how minerals form in
the universe and were active components at each
stage of the evolution of the earth. This part is
largely independent of the rest of the book. If
there is no time in class, these chapters can be
used as reading assignments and form good start-
ing points for term projects. The chapters should
illustrate to students that mineralogy is not just
complicated formulas, strange names, Miller in-
dices, and point-groups, but has some practical
significance. This may raise some interest.

Appendices contain determinative tables and
important technical terms are defined in a glos-
sary.

The book is written in a modular fashion that
permits instructors to select or omit some parts,
depending on the level of the course, without
compromising the continuity.
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* The content of the whole book seems to us
the minimum one would expect a mineralogy
graduate student to know before entering a
qualifying examination. In that sense it can be
used as a review. Reference is made to more
detailed work to pursue in-depth studies.

A descriptive one-semester course may omit most

of Part II, except perhaps Chapter 11 (Color),

Chapters 17-18 (Thermodynamics, and Solid

Solutions), as well as most of the advanced

boxes. A selection of chapters from Part V can

be useful.

* A more analytical one-semester mineralogy course
at major universities would probably touch
only briefly on Chapter 8 (Physical properties),
may omit Chapters 9 and 10 (if no microscope
laboratory session is associated with the
course), Chapter 12 (Additional analytical
methods), and may not have time to include
much of Part V, except for reading
assignments.

The origin of this book goes back to 1993,
when a student from (then) Leningrad visited

Berkeley on an exchange program and brought a

little red book on mineralogy, written by her pro-
fessor, Andrei Bulakh, that caught Rudy Wenk’s
attention because it was exactly the kind of brief
introduction into mineralogy he was looking for.
Over the following years we established further
contact, in part through the exchange of another
student, Anton Chakmouradyan, who came to
play a considerable role in this project. After re-
ciprocal visits to St Petersburg and Berkeley, spon-
sored by the University of California Education
Abroad Program, the authors decided to attempt
to produce an English mineralogy book, in the
spirit of the Russian version, though not a trans-
lation. The different backgrounds of the authors
guarantee a broad view: Andrei Bulakh is a spe-
cialist on alkaline rocks and minerals and geo-
chemistry and has written several books that are
widely used in Russian universities. Rudy Wenk’s
research has emphasized metamorphic rocks, in-
cluding deformation, and investigations of mi-
crostructures in feldspars and carbonates. Both
have taught introductory mineralogy at major
universities for a long time. In this book we have
tried to unite our expertise.

H.-R. Wenk
A. Bulakh


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511811296.001
https://www.cambridge.org/core

Acknowledgments

This book has benefited from the help of many
colleagues. Some generously contributed illustra-
tions, others reviewed parts of the manuscript
and provided valuable input in discussions. Fore-
most our thanks go to students who, over many
years, taught us what for them is important
in mineralogy, made us appreciate the difficult
subjects, and guided us to topics of most interest.
Mineral photographs were contributed by expert
mineralogists and photographers many of whom
have established a reputation in mineral pho-
tography: Joszef Arnoth from Naturhistorisches
Museum Basel (Arnoth, 1986); Francesco Bedogné
and Remo Maurizio from Sondrio and Vicoso-
prano, respectively (e.g., Bedogné et al., 1995);
Gregory Ivanyuk from Apatiti; Andreas Massanek
from the Technical University of Freiberg (e.g.
Hofmann and Massanek, 1998); Olaf Medenbach
from University of Bochum (e.g., Medenbach
and Wilk, 1986; Medenbach and Medenbach,
2001), Jeffrey Scovil from Phoenix (e.g. Pough,
1996; Scovil, 1996); Erica and Harold Van Pelt
from Los Angeles (e.g., Keller, 1990; Sofianides
and Harlow, 1990); Max Weibel from ETH Zurich
(Weibel, 1973); and a collective of the Museum
of Geology at Beijing (Gao Zhen-xi, 1980). For
other figures we acknowledge Giusseppina
Balassone, Dmitriy Belakovskiy, Dirk Bosbach,
Sherry Cady, John Christensen, Tyrone Daulton,
Peggy Gennaro, Claus Hedegaard, Andreas
Freund, Ray Joesten, Deborah Kelley, Steven
Kesler, Edward Klatt, Maya Kopylova, Sergei

Krivovichev, Michael McQueen, Igor Pekov, Colin
Robinson, Masha Sitnikova, Tim Teague, Mark
Thompson, Roland Wessicken, Tim Wright,
Anatoly Zolotarev and many others as indicated
in the captions. We are appreciative for permis-
sions from publishers to use illustrations from
previous works with details listed under ‘Figure
credits’.

Thorough reviews were provided by Anton
Chakmouradyan (University of Manitoba), Linda
Davis (De Kalb), Keith Dodson (Carmel), Herlinde
Spahr (Orinda), and Julia Wenk (Berkeley) and
greatly improved the text. Comments on indi-
vidual chapters and discussions by Mark Bailey,
Charles Bickel, Douglas Bock, Alain Bulou,
Barbara Hiss, Mike Hochella, Valeriy Ivanikov,
Raymond Jeanloz, George Johnson, Fred Kocks,
Valdimir Krivovichev, David Lawler, Catherine
McCammon, Paulo Monteiro, Andrew Putnis,
Romano Rinaldi, Brandon Schwab, Jim Shigley,
Carlos Tomé, Eugeniy Treivus, Paulo Vasconcelos
and Elizabeth Wenk are much appreciated;
and last but not least our copy-editor, Sandi
Irvine. Hart McLeod, Tony Wilkins Illustration,
Cambridge University Press did a wonderful job
in producing this book and its demanding illus-
trations. Of course blame for all remaining defi-
ciencies, omissions and errors in content rests on
the authors. We dedicate the book to our wives,
Julia Wenk and Victoria Kondratieva for their
patience with us during this project, which often
had to take preference over family obligations.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511811296
https://www.cambridge.org/core

Figure credits

For more details see also captions and references.

The authors are grateful to the following publishers, in-
stitutions and individuals for permission to reproduce
material:

American Association for the Advancement of
Science

Figure 35.5: from Kellogg et al. (1999)

American Geophysical Union

Figure 8.15: Morris, G.B., Raitt, RW. and Shor, G.G. (1969).
Velocity anisotropy and delay time maps of the man-
tle near Hawaii. J. Geophys. Res., 74, 4300-4316. Fig. 12.

Figure 12.3: Manghnani, M.H. and Syono, Y. (eds.) (1987).
High Pressure Research in Mineral Physics. Geophys.
Monogr., 39, 486pp. American Geophysical Union,
Washington, DC. Fig. 2.

Figure 12.38: McCammon, C.A. (1995). Mdssbauer spec-
troscopy of minerals. In Mineral Physics and Crystal-
lography. A Handbook of Physical Constants. American
Geophysical Union, Washington, DC, 332-347. Fig.2.

Figure 35.1: Anderson, D.IL. and Hart, R.S. (1976). An
earth model based on free oscillations and body
waves. J. Geophys. Res., 81, 1461-1475.

Figure 35.6: Ito, E.M. and Takahashi, E. (1989). Postspinel
transformations in the system Mg,SiO4-Fe,SiO4 and
some geophysical implications. J. Geophys. Res., 94,
10637-10646. Fig. 5.

Figure 35.7: Shen, G., Mao, H-K., Hemley, R]., Duffy, T.S.
and Rivers, M.L. (1998). Melting and crystal structures
of iron at high pressures and temperatures. Geophys.
Res. Lett., 25, 373-376. Fig. 3.

Annual Reviews

Figure 30.9: with permission from the Annual Review of
Earth and Planetary Sciences, Volume 16 () 1988 by An-
nual Reviews <www.annualreviews.org>.

Blackwell Publishers

Figure 24.12: Evans, A.M. (1993). Ore Geology and Industrial
Minerals. An Introduction, 3rd edn. Blackwell, Oxford.
Fig. 4.13.

Cambridge University Press

Figure 12.32: Putnis, A. (1992). Introduction to Mineral Sci-
ences. Cambridge Univ. Press, Cambridge, Fig. 435.

Figure 34.5: Taylor, S.R. (2001). Solar System Evolution.
A New Perspective, 2nd edn. Cambridge Univ. Press,
460pp.

Deutsche Mineralogische Gesellschaft

Figure 28.26: Wenk, E. (1970). Zur Regionalmetamor-
phose und Ultrametamorphose im Lepontin. Fortschr.
Mineral., 47, 34-51.

Dover Publications

Figure 3.8b: Haeckel, E. (1904). Kunstformen der Natur. Bib-
liografische Institut, Leipzig, 204pp. English transla-
tion (1974): Art Forms in Nature, Dover Publ., New York.

Figure 5.11a,b: Bentley, WA. and Humphreys, WJ]. (1962).
Snow Crystals. Paperback edition Dover Publ., New
York, 226pp. Originally published by McGraw-Hill
(1931).

Elsevier

Figure 1.4a: Baikow, V.E. (1967). Manufacture and Refining
of Raw Cane Sugar. Elsevier, Amsterdam, 453pp. Fig.
17. 1. Copyright 1967 with permission from Elsevier.

Figure 5.26a: Verma, A.R. (1953). Crystal Growth and Dislo-
cations. Academic Press, New York, 182pp. Copyright
1953 with permission from Elsevier.

Figure 8.21: Dillon, FJ. (1963). Domains and domain
walls. In Magnetism, vol. 3, ed. G.T. Rado and H. Suhl,
Pp. 415-464. Academic Press, New York. Fig. 13. Copy-
right 1963 with permission from Elsevier.

Figure 13.7b: Barber, DJ. and Wenk, H-R. (1979). On
geological aspects of calcite microstructure. Tectono-
physics, 54, 45-60. Fig. 9. Copyright 1979 with permis-
sion from Elsevier.

Figure 30.6: Cann, J.R., Strens, M.R. and Rice, A. (1985).
A simple magma-driven thermal balance model for
the formation of volcanogenic massive sulfides. Earth
Planet. Sci. Lett., 76, 123-134. Fig. 4. Copyright 1985
with permission from Elsevier.

Figure 34.6: Daulton, T.L., Eisenhour, D.D., Bernatow-
icz, TJ., Lewis, R.S. and Buseck, P.R. (1996). Genesis
of presolar diamonds: comparative high-resolution
transmission electron microscope study of mete-
oritic and terrestrial nano-diamonds. Geochim. Cos-
mochim. Acta, 60, 4853-4872. Fig. 7. Copyright 1996
with permission from Elsevier.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511811296.002
https://www.cambridge.org/core

XX

FIGURE CREDITS

Figure 34.7: Wood, J.A. and Hashimoto, A. (1993). Min-
eral equilibrium in fractionated nebular systems.
Geochim. Cosmochim. Acta, 57, 2377-2388. Fig. 5. Copy-
right 1993 with permission from Elsevier.

International Union of Crystallography

Figure 3.7c: from MacGillavry (1976).
Figure 7.3a,b: from Ewald (1962).
Figure 27.7: from Yada (1971).

Iraq

Figure 3.7a: from Mallowan and Cruikshank (1933).

S.E. Kesler

Figures 21.8, 24.7, 30.3d, 30.8, 30.10, 30.11, 30.13, 30.14, 30.15:
from Kesler (1994).

Kluwer Academic Publishers

Figure 20.7: Mitchell, R.H. (1986), Kimberlites. Mineralogy,
Geochemistry and Petrology. Plenum Press, New York,
442pp. Fig. 3.1.

Maxwell Museum of Anthropology, University of
New Mexico

Figure 3.7b: Courtesy of the Maxwell Museum of An-
thropology, University of New Mexico. Photographer:
C. Baudoin.

McGraw-Hill

Figures 26.13 and Figure 28.24: Turner, FJ. (1981). Metamor-
phic Petrology. Mineralogical, Field and Tectonic Aspects,
2nd edn. McGraw-Hill, New York. Fig. 11.1 (Figure
26.13) and Fig. 4.8 (Figure 28.24).

Figures 35.4 and 35.8: Ringwood, A.E. (1975). Composition
and Petrology of the Earth’s Mantle. McGraw-Hill, New
York. Fig. 8.6 (Figure 35.4) and Fig. 16.9 (Figure 35.8).

Mineralogical Association of Canada

Figure 33.6: from Wicks et al. (1992).
Figure 33.8: from Semkin and Kramer (1976).

Mineralogical Society of America

Figures 6.16: from Meisheng et al. (1992).
Figure 12.9: from Hu et al. (1992).

Figure 12.27: from Bischoff et al. (1985) and Scheetz and
White (1977).

Figure 12.31: from McKeown and Post (2001).

Figure 12.34: from Phillips (2000).

Figure 12.36: from McCammon (2000).

Figure 14.1b: from Sriramadas (1957).

Figure 19.13: from Steiger and Hart (1967).

Figure 19.23: from Barron (1972).

Figure 23.7: from Devouard et al. (1998).

Figure 28.12: from Veblen and Buseck (1980).

Figure 28.25: from Greenwood (1967).

Figure 33.5: from Guthrie and Mossman (1993).

NASA

Figures 34.1, 34.8, 34.9.

Oxford University Press

Figure 33.4: Stanton, M.F,, Layard, M., Tegeris, A., Miller,
E., May, M., Morgan, E. and Smith, A. Relation of par-
ticle dimension to carcinogenicity in amphibole as-
bestoses and other fibrous materials. J. Natl. Cancer
Inst. (1981), 67, 965-975, by permission of Oxford Uni-
versity Press.

Prentice-Hall

Figures 32.4 and 32.6: from Mehta and Monteiro (1993).

Royal Geological Society of Cornwall

Figure 24.11: from Hosking (1951).

Schweizerische Mineralogische und Petrographische
Gesellschaft

Figure 26.10: from Wenk et al. (1974).
Figure 28.26: from Trommsdorff (1966).

Schweizer Strahler

Figures 16.9 and 16.10: Mullis, ]. (1991). Bergkristall.
Schweizer Strahler, 9, 127-161. Fig. 2 (Figure 16.9) and
Fig. 5.8 (Figure 16.10).

Society of Economic Geologists

Figure 16.3: from Fournier (1985).

Figure 24.10: from Sillitoe (1973).

Figure 30.7: from Carr et al. (1994).

Figure 33.9: from Kelly (1999).

Figure 33.10: from Smith and Huyck (1999).


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511811296.002
https://www.cambridge.org/core

FIGURE CREDITS |

XXi

Society of Glass Technology

Figure 16.5: Lee, RW. (1964). On the role of hydroxyl on
the diffusion of hydrogen in fused silica. Phys. Chem.
Glasses, 5, 35-43.

Springer-Verlag

Figure 16.13: Lally, ].S., Heuer, A.H. and Nord, G.L. (1976).
Precipitation in the ilmenite-hematite system. In Elec-
tron Microscopy in Mineralogy, ed. H-R. Wenk, pp.
214-219. Springer-Verlag, Berlin. Fig. 1a. Copyright
Springer-Verlag 1976.

Figure 12.10: Wenk, H.-R., Meisheng, H., Lindsey, T. and
Morris, W. (1991). Superstructures in ankerite and
calcite. Phys. Chem. Mineral., 17, 527-539. Fig. 3c. Copy-
right Springer-Verlag 1991.

Figure 12.29: Aines, R.D., Kirby, S.H. and Rossman, G.R.
(1984). Hydrogen speciation in synthetic quartz. Phys.
Chem. Mineral., 11, 204-212. Fig. 1. Copyright Springer-
Verlag 1984.

Figure 13.7b: Barber, DJ., Heard, H.C. and Wenk, H.-R.
(1981). Deformation of dolomite single crystals from
20-800C. Phys. Chem. Miner., 7, 271-286. Fig. 3b. Copy-
right Springer-Verlag 1981.

Figure 16.1: Hoefs, J. (1987). Stable Isotope Geochemistry, 3rd
edn. Springer-Verlag, Berlin, 241pp. Fig. 31. Copyright
Springer-Verlag 1987.

Figures 18.5 and 19.17: Chapness, P. and Lorimer, G. (1976).
Exsolution in silicates. In Electron Microscopy in Min-
eralogy, ed. H-R. Wenk, Springer-Verlag, Berlin, pp.
174-204. Fig. 9 (Figure 18.5) and Fig. 14 (Figure 19.17).
Copyright Springer-Verlag 1976.

Figure 19.15b: Wenk, H.-R. and Nakajima, Y. (1980). Struc-
ture, formation and decomposition of APBs in calcic
plagioclase. Phys. Chem. Miner., 6, 169-186. Copyright
Springer-Verlag 1980.

Figures 19.16 and 19.18: Smith, J.V. and Brown, W.L. (1988).
Feldspar Mineralogy. Springer-Verlag, Berlin. Fig. 1.4
(Figure 19.16) and Fig. 2.4 (Figure 19.18). Copyright
Springer-Verlag 1988.

Figure 27.21: Pédro, G. (1997). Clay minerals in weathered
rock materials and in soils. In Soils and Sediments. Min-
eralogy and Geochemistry, ed. H. Paquet and N. Clauer,
pp. 1-20. Springer-Verlag, Berlin. Fig. 3 . Copyright
Springer-Verlag 1997.

Figure 28.7: Wenk, H.-R. (ed.) (1976). Electron Microscopy in
Mineralogy. Springer-Verlag, Berlin, 564pp. p. 2. Copy-
right Springer-Verlag 1976.

Figure 28.14: Liebau, F. (1985). Structural Chemistry of Sili-
cates. Structure, Bonding, Classification. Springer-Verlag,
Berlin, 347pp. Fig. 10.3. Copyright Springer-Verlag
1985.

Figure 28.23: Winkler, H.G.F. (1979). Petrogenesis of Meta-
motrphic Rocks. 5th edn. Springer-Verlag, Berlin, 348pp.
Fig. 5.6. Copyright Springer-Verlag 1979.

Figures 29.6a and 29.6c: Gottardi, G. and Galli, E. (1985).
Natural Zeolites. Springer Verlag, Berlin, 409pp. Fig.
2.1E (Figure 29.6a) and Fig. 6.1 (Figure 29.6c). Copy-
right Springer-Verlag 1985.

Figure 30.3a: Matthes, S. (1987). Mineralogie, 2nd edn.
Springer-Verlag, Berlin, 444pp. Abb 162. Copyright
Springer-Verlag 1987.

Figures 34.10 and 34.11: Ringwood, A.E. (1979). Origin of the
Earth and Moon. Springer-Verlag Berlin, 292pp. Fig. 2.1
(Figure 34.10) and Fig. 12.1 (Figure 34.11). Copyright
Springer-Verlag 1979.

Taylor and Francis Group

Figure 13.7a: Westmacott, K.H., Barnes, R.S. and Small-
man, RE. (1962). The observation of dislocation
‘climb’ source. Phil. Mag., 7 (ser. 8), 1585-1613.
Fig. 2.

University of Chicago Press

Figure 19.25: Bowen, N.L. and Tuttle, O.F. (1950). The
system NaAlSi;Og-KAISizOg-H;O. J. Geol., 58, 498-511,
Fig. 3.

Figure 22.8: Goldsmith, J.R. and Heard, H.C. (1961). Sub-
solidus phase relations in the system CaCO3-MgCOs3.
J. Geol., 69, 45-74. Fig. 4.

US Army Corps of Engineers

Figure 5.12: Nakaya, U. (1954). Formation of snow crys-
tals. Snow, Ice and Permafrost Research Establishment, Re-
search Paper, no. 3, 12pp. Corps of Engineers, US Army,
Wilmette, I1.

Wepf & Co. AG Verlag

Figures 5.30 and 26.8b: Stalder et al. (1973). Tafel 17c (Fig-
ure 5.30) and Tafel 23a (Figure 26.8b). Republished
1998 as Mineralienlexikon der Schweiz. Wepf, Basel,
600pp.

John Wiley & Sons

Figures 2.21, 31.4 and 31.5: Klein, C. (2002). Mineral Science.
22nd edn. Wiley, New York, 642pp. Copyright (©) 2002
John Wiley & Sons. This material is used by permis-
sion of John Wiley & Sons, Inc.

Figure 12.21: Klein, C. and Hurlbut, C.S. (1993). Man-
ual of Mineralogy. 21st edn. Wiley, New York, 681pp.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511811296.002
https://www.cambridge.org/core

FIGURE CREDITS

XXii

Copyright (© 1993 John Wiley & Sons. This material
is used by permission of John Wiley & Sons, Inc.

Figure 12.28: Nakamoto, K. (1997). Infrared and Raman
Spectra of Inorganic and Coordination Compounds, Part A
Theory and Applications in Inorganic Chemistry, 5th edn.
Wiley, New York, 387pp. Copyright (©) 1997 John Wi-
ley & Sons. This material is used by permission of
John Wiley & Sons, Inc.

Figure 33.1: Landis, WJ]., Hodgens, KJ., Arena, ]J., Song,
MJ. and Ewen, B.F. (1996). Structural relations be-
tween collagen and mineral in bone as determined

by high voltage electron microscopic tomography.
Micr. Res. Techn., 33, 192-202. Copyright (©) 1996 John
Wiley & Sons. This material is used by permission of
John Wiley & Sons, Inc.

Yale University Press

Figure 22.16: Garrels, R M., Thompson, M.E. and Siever,
R. (1960). Stability of some carbonates at 25C and one
atmosphere total pressure. Am. J. Sci., 258, 402-418.
Fig. 5.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511811296.002
https://www.cambridge.org/core

Part |

‘ Structural features of minerals


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511811296
https://www.cambridge.org/core



https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9780511811296
https://www.cambridge.org/core

Chapter |

Subject and history of mineralogy

What is mineralogy?

The answer to the question posed above may
seem obvious: mineralogy is the study of min-
erals. From introductory geology classes you may
know that all rocks and ores consist of miner-
als. For instance, quartz, biotite, and feldspar are
the main minerals of granites; and hematite and
magnetite are the major minerals of iron ores. At
one point mineralogy was well defined as dealing
with those naturally occurring elementary build-
ing blocks of the earth that are chemically and
structurally homogeneous. This simple definition
of a mineral has changed over time. As the defi-
nition of “mineral” has become more vague, the
boundaries of “mineralogy” have opened and in-
creasingly overlap other sciences.

In this book we take a broad view of mineral-
ogy. Minerals are naturally occurring, macroscop-
ically homogeneous chemical compounds with
a regular crystal structure. Traditionally also in-
cluded are homogeneous compounds that do not
have a regular structure such as opal (a colloidal
solid), natural liquid mercury, and amorphous
mineral products formed by radioactive decay.
(Such products are known as metamict minerals.)
Rocks, ores, and mineral deposits, which are stud-
ied in petrology and geochemistry, will also be
discussed in order to emphasize the geological
processes that are of central interest to all who
study earth materials.

Other materials are more peripheral but nev-
ertheless have similar properties and obey the
same laws as the minerals mentioned above.
For example ice, a mineral according to our

definition, is mainly the object of glaciology
and soils science. Apatite (a major constituent
of bones and teeth), carbonates (which form the
skeletons of mollusks), and oxalates and urates
(of which human kidney stones are composed)
are studied in medicine and in a specific branch
of mineralogy called “biomineralogy”. Crystals
growing in concrete, known as cement miner-
als, are not natural products but they are of
enormous economic importance. Other artificial
compounds with a crystal structure occur as a
result of industrial transformations in natural
conditions. They may form because of chemi-
cal alteration of buried waste products or by
means of interaction between the soils and con-
taminated groundwater. Modern environmental
geology, hydrology, and soils science are con-
cerned with these mineral-like materials and
study them with methods similar to those em-
ployed in mineralogy.

Mineralogy is broadening its scope and now
overlaps other disciplines in a way that was
not envisioned a few years ago. For example,
newly discovered high-temperature superconduc-
tors have a structure related to the mineral per-
ovskite and often possess a morphology resem-
bling clays. We will include a discussion of some
of the new subjects of mineralogy in this text,
but our focus is on those natural, chemically
and structurally homogeneous substances that
form due to geological and biogeological pro-
cesses in the earth. In particular, we concentrate
on rock- and ore-forming minerals, which are
a small subset of the more than 4000 mineral
species that are currently known.
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History

Mineralogy and crystallography are old branches
of science. For example, crystals, with their reg-
ular morphology, are known to have fascinated
ancient Greek philosophers. Indeed, the name
crystal derives from the Greek kpvoTaANog (krys-
tallos, meaning ice) and was applied to quartz,
since the Ancient Greeks thought that this min-
eral was water that had crystallized at high
pressure deep inside the earth. Accordingly, the
German term Bergkristall (meaning “mountain
crystal”), a synonym for quartz, has survived to
this day. Note that the term crystal is also used
for glass with a brilliant reflection. Such glass
is not related to minerals and, in fact, is not
even crystalline. In this section we will discuss
a few highlights in the early history of mineral-
ogy. Those interested in more details will find a
great deal of information in Burke (1966), Groth
(1926) and Metzger (1918).

The Greek philosopher Theophrastus (300
BC), a pupil of Aristotle, wrote the first known
book on minerals, entitled On Stones (Caley and
Richards, 1956). Similar to the focus of this
text, Theophrastus’s book was greatly concerned
with the origin of minerals. It begins “Of those
substances formed in the ground, some are made
of water and some of earth. Metals obtained by
mining come from water; stones, including the
precious kinds, come from earth.” As we will see
later, this statement, although highly simplified,
does contain some truth. Some minerals precip-
itate from solutions, others crystallize from a
melt. The name mineral originates from Latin and
relates to materials that are excavated in mines
(mina is the Latin word for “mine”, and minare
is Latin for “to mine”). Pliny the Elder, who was
killed in the eruption of Vesuvius in August
79 AD, summarized the knowledge on minerals
at his time, describing over 30 minerals in his
Historia Naturalis (see Lenz, 1861), among them
galena, molybdenite, chalcopyrite, beryl, and
augite. The mineralogy of Pliny emphasized
minerals that were of economic interest, giving
descriptions and discussing their occurrence and
usage. For example, he writes about diamond:
“More expensive than all other gems and any

other human possessions are diamonds (adamas).
They are only known to kings, and even among
them only to a few. Indian diamonds resemble
quartz (krystallos). They are transparent, have a
regular form with smooth surfaces and are the
size of a hazelnut.”

It was nearly 1500 years later, with the
publication of De Re Metallica in 1556 by the
German mining engineer and physician Georg
Bauer (known as Agricola) from Freiberg, Saxony
(Figure 1.1a), that mineralogy emerged as a sci-
ence. Succeeding centuries brought important
advances, one of which was the discovery by Niels
Stensen (Nicolaus Steno) in 1669 (Figure 1.1b) that
angles between the regular faces of crystals are
always the same, in spite of differences in shape
or size. Probably inspired by the observation of
a regular cleavage in calcite by the Swedish min-
eralogist Torbern Bergmann (1773), in 1784 the
French scientist René J. Hatiy (Figure 1.1c) inter-
preted this law of constancy of interfacial angles.
He suggested that all crystals are composed of el-
ementary building blocks, which he called “inte-
gral molecules”. The building blocks later became
known as “unit cells”. A macroscopic crystal can
be thought of as a three-dimensional periodic
array of such unit cells. The regularity of faces
and interfacial angles is obvious, for example in
a cubic crystal of halite or in an octahedron of
magnetite.

During the eighteenth and nineteenth cen-
turies, most of the important minerals were
described. A.G. Werner, a mining geologist in
Freiberg, proposed a chemical classification of
minerals in 1774. This classification was later re-
fined by Swedish chemist ]J.J. Berzelius and is still
in use today. It became the basis for the first
comprehensive textbooks in mineralogy, such as
those by Hatiy (1801), Dana (1837), Breithaupt
(1849) and Groth (1904). Mathematicians, among
them J.F.C. Hessel (1830), A. Bravais (1850), E.S.
Fedorow (1885, 1892), and A. Schoenflies (1891)
investigated the possible symmetries of a mate-
rial with a regular morphology and periodic in-
ternal structure, as suggested by Haty, and de-
veloped a system to classify minerals according
to symmetry. At that time there was consider-
able debate among chemists and mineralogists
about whether the concept of internal structure
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(@) (b)

Three pioneers of modern mineralogy. (a) Georg
Bauer (Agricola). (b) Niels Stensen (Nicolaus Steno) and
(c) René ). Haiiy.

(or “lattice”) really applied or whether, instead,
crystals were continuous. Johann Joseph Prechtl
(1810) advanced the concept of stacking of

spherical particles and hypothesized that
“atoms” had no form in the liquid state but
took spherical form during solidification. The
sketches of William Hyde Wollaston (1813; Figure
1.2a) illustrate different arrangements of spheres
that are the basis of simple metal structures,
as we will see in Chapter 2. While Wollaston
thought that all atoms were of the same size,
William Barlow (1897) suggested that the size
may be characteristic of elements and that a
crystal structure of binary compounds could
be obtained as close-packing of such spheres.
He correctly predicted the structure of halite
(Figure 1.2b).

But all these theories about the atomic struc-
ture of crystals were highly speculative and the
issue was only resolved in 1912, when Max von
Laue and his co-workers in Munich irradiated
crystals with X-rays and observed diffraction,
proving that crystals have indeed a lattice struc-
ture and that X-rays are waves. At this point
mineralogy became an experimental science and
expanded considerably, as will be detailed in the
succeeding chapters. In 1914 William Lawrence
Bragg published the first crystal structure de-
termination that described the detailed atomic
arrangements. The first modern textbook of
mineralogy that incorporated the new advances
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(@

Early models of crystal structures. (a) Wollaston
(1813) assumed that crystals consisted of close-packed
spheres (different gray shades indicate different elements).

(b) Barlow (1897) refined the model by assuming different
sizes of atoms and correctly predicting the structure of halite.

in structural investigations was written by Paul
Niggli (1920). If you look through it, you will
discover many figures that are still reproduced
in textbooks today. X-ray diffraction was the fa-
vored analytical technique at that time, and,
much later, electron microscopes and spectrom-
eters were also used. High-temperature and high-
pressure techniques eventually became available
to produce minerals in the laboratory under any
conditions in the earth and beyond. A significant
part of this research on minerals was carried out
by physicists and chemists, and the boundaries
of mineralogy became more and more blurred.

Mineralogy is established both as an indepen-
dent science and as a support discipline for many
other branches of science (Figure 1.3). Table 1.1
lists some famous mineralogists who have made
outstanding contributions to science.

The relevance of mineralogy-crystallography,
in the context of scientific endeavor, is also high-
lighted by the unusual number of Nobel Prizes in
Physics, Chemistry, and Medicine that have been
awarded for achievements related to crystallog-
raphy and research methods used in mineralogy
(see Box 1.1).

(b)

Major directions of investigation

Mineralogy is concerned with the characteriza-
tion of properties and chemical composition of
minerals and the study of the conditions of their
formation. Since minerals are substances that
concentrate certain chemical elements (such as
metals) and disperse others, they are economi-
cally important and are studied to define min-
eral resources and exploration techniques. Any
mineralogist must be able to identify minerals
in order to search for them in the field and
to investigate mineral samples with the most
important laboratory techniques. Mineralogy is
also the science that relates naturally occurring
substances of crystalline structure to the more
basic sciences of crystallography, chemistry, ma-
terials science, and solid-state physics. Mineral-
ogy borrows from these disciplines information
about the atomic structure, bonding characteris-
tics, chemical stability, and growth processes of
various compounds, and adopts various analyt-
ical methods. In return, mineralogy often pro-
vides answers to puzzling features in complex
human-made products.

We can distinguish several major directions
in mineralogical studies. Sometimes they are
independent, but often they overlap and cannot
be separated. Some investigations may be classi-
fied as “basic mineralogy”, whereas others can be
considered as “applied mineralogy”; both types of
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Rock-forming Earth’s interior
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Geochemistry /
\ Planetology
Meteorites
Economic Moon, planet composition
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Metal ores «——> Mineralogy <« CryStaHOgraphy
Processing Crystal structures
Gems ™~ Physics
/ Mineral physics
\ Properties
Biology
Minerals in I Chemistry
organisms . Elemental composition
Health hazards Materials Analytical methods
Science
Ceramics
Metals
Concrete

Minerals are the core of mineralogy. But
mineralogy is of interest to many different disciplines.

investigation include experimentation and the-
ory. It is in part this diversity that makes miner-
alogy such a fascinating topic.

There are several major branches of basic
mineralogy:

¢ Crystal chemistry of minerals (composition,

structure, and bonding)

* Physical properties of minerals (e.g., density,

optical properties, color)

e Studies of mineral formation including:
General principles of crystal growth
Geological processes on the surface and in

the interior of the earth
Chemical reactions, and the influence of
temperature and pressure

* Relationships between mineral structure,

chemical composition, properties, crystal
habit, and the conditions under which
minerals form

The most important directions of applied mineral-
ogy are:

* Mineral identification, determination of
morphology, composition and properties

¢ Exploration mineralogy and ore deposits

¢ Industrial mineralogy (cement minerals and
zeolites are examples)

* Gemology

* Mineralogical aspects of material science and
solid-state physics (many ceramic products
have mineral equivalents)

¢ Biomineralogy

* Minerals as health hazards (e.g., asbestos)

This book is organized into five parts that
cover these various fields. Part I deals with
the elementary structure of crystals. An intrin-
sic feature of crystals is symmetry, and it will
be discussed in some detail. Part II introduces
macroscopic physical properties. Of the physical
properties, the optical properties are most im-
portant for petrologists, who study minerals in
rocks by means of thin sections with the pet-
rographic microscope. Part III deals with the di-
versity, classification, and nomenclature of min-
erals. It also explores the conditions and pro-
cesses of mineral formation, with a discussion of
thermodynamic principles that govern the chem-
ical reactions. Part IV contains a systematic sur-
vey of the most important minerals, including
their structure, diagnostic properties, geological
occurrence, and industrial use. We also high-
light in this section some of the major geological
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Table 1.1 | Some famous mineralogists (not including living mineralogists)

Name, date Country Contribution

Georg Bauer (Agricola) 1494—1555  Germany Detailed description of minerals

Niels Stensen (Nicolaus Steno) Denmark Law of interfacial angles
1638—1686

Torbern O. Bergman 1735—1784 Sweden Cleavage of calcite

René Just Haly 743—1822 France Concept of unit-parallelepipeds

Abraham G. Werner 1750-1817 Germany Origin and properties of minerals

Lorentz Pansner | 777—1851

Germany/Russia

Hardness and density of minerals

Johan J. Berzelius 1779—1848 Sweden Chemical mineralogy

Johann A. Breithaupt 1791-1873 Germany Density of minerals, parageneses
Eilhard Mitscherlich 1794—1863 Germany Isomorphism and polymorphism
Johann F.C. Hessel 1796—1872 Germany Point-group symmetry

Auguste Bravais 181 1-1863 France Lattice types

James Dwight Dana 1813—-1895 USA Systematic mineralogy

Nicolai Koksharoff 18181892 Russia Goniometry of crystals

Carl Rosenbusch 1836—1914 Germany Optical mineralogy

Gustav Tschermak 1836—1927 Austria Silicate structures

Paul von Groth 1843-1927 Germany Chemical crystallography
Ephgraph S. Fedorow [853—-1919 Russia Space-group symmetry

Artur Schoenflies 1853—1928 Germany Space-group symmetry

Viktor Goldschmidt 1853—1933 Germany Geometry of crystals

Penti Eskola 1883—1964 Finland lgneous minerals

Alexander Fersman 1883—1945 Russia Mineral-forming processes
Norman L. Bowen 1887-1956 USA Experimental petrology

Paul Niggli 18881953 Switzerland Mineral-forming geologic processes
Viktor M. Goldschmidt 1888—1947 Norway/Germany Crystal chemistry, geochemistry

William L. Bragg 1890—1971
Nicolai Belov 1891-1982
Paul Ramdohr 1890-1985
Cecil E. Tilley 1894—1973
Tom F. W. Barth 1899—1971
Francis J. Turner 1904—1985

Russia
Germany

Norway

Great Britain

Great Britain

New Zealand/USA

Crystal structure of minerals

Mineral structures

Ore minerals

lgneous and metamorphic minerals
Petrology

Metamorphic minerals and deformation

processes of mineral formation in sedimentary,
igneous, and metamorphic environments. Part V
introduces applied mineralogy - outlining the
major branches, from mineral resources to
cement minerals - and the major methods of
investigation. Included in this section are chap-
ters on gemology and the health aspects of min-
erals. The concluding two chapters provide an
overview and review of the distribution of min-
erals in the universe, the solar system, and the
earth. Four appendices follow the main part of
the book: the first two may be used for mineral

identification from hand specimens, the third
and fourth for identification with the petro-
graphic microscope.

Some preliminary advice

Mineralogy is not an easy field for a novice to en-
ter. Not only are you confronted with many new
concepts, there are also new names to absorb and
you need to develop your own judgment to distin-
guish the crucial from the optional. Memorizing
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Box I.1 | Nobel prizes in fields related to crystallography

Year Field Awardees Subject
1901 Physics W.C. Réntgen X-rays
1914 Physics M.TF. von Laue X-ray diffraction
1915 Physics W.H. Bragg
and W.L. Bragg X-ray structure analysis
1918 Physics C.G. Barkla Characteristic X-rays
1930 Physics C.V. Raman Raman spectroscopy
1937 Physics CJ. Davisson and G.P Electron diffraction
Thomson
1946 Physics PW. Bridgman High-pressure physics
1954 Chemistry L.C. Pauling Structures of complex
substances
1960 Chemistry WE. Libby Carbon- 14 dating
1962 Medicine FH.C. Crick, J.D. Watson
and M.H.F. Wilkins Crystal structure of DNA
1963 Physics E.P Wigner Symmetry principles
1964 Chemistry D.C. Hodgkin X-ray structure of biochemical
substances
1982 Physics K.G. Wilson Phase transitions
1982 Chemistry A. Klug Crystallographic electron
microscopy
1985 Chemistry H.A. Hauptman and J. Karle ~ Crystal structure analysis
1986 Physics E. Ruska Electron microscopy
G. Binnig and H. Rohrer Scanning tunneling microscope
1987 Physics J.G. Bednorz and KA. Miller  Superconductivity in ceramics
[991 Physics PG. de Gennes Liquid crystals
1994 Physics B.N. Brockhouse and C.G.  Neutron diffraction

Shull

mineral names is not the most inspiring aspect
of mineralogy, but it is useful to learn the most
important minerals and their general composi-
tion, just as it is useful in language studies to
learn the important words. In addition to reading
books on the subject you have to become practi-
cally acquainted by working with actual mineral
specimens. The lectures in a mineralogy course
need to be complemented with a laboratory
that uses hand specimens and introduces labo-
ratory techniques such as the petrographic mi-
croscope and X-ray diffraction. A good start is to
visit museum collections that display spectacular
and aesthetically beautiful mineral samples. If

you have the opportunity, begin collecting some
of your own samples in the field, buy some at
flea markets and bring them to class. For begin-
ners, get some specimens first from pegmatites,
skarns, and hydrothermal deposits because these
predominantly coarse and well-developed crystals
can be easily recognized.

In the process of these practical exercises, be-
gin to use a notebook in which you enter min-
eral descriptions. It is enough to allot just half
a page to a mineral or a page to a deposit. Re-
late minerals to their geological occurrence and
classify them into minerals observed in igneous
rocks (ultrabasic, basic, acid, alkaline volcanic
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(a) Crystal of sucrose (Cj2H2201) with regular
flat faces. Sugar is not a mineral because it was industrially
manufactured (from Baikow, 1967). (b) Crystal of halite
(NaCl) from Fulda, Germany (courtesy O. Medenbach).

The morphology displays cubic building blocks that suggest an

internal structure with cubic unit cells as suggested by Hally.

rocks), pegmatites (mica-bearing, quartz-bearing,
etc.), skarns (developing at a contact of igneous
rock with limestone or dolomite), deposits of
the weathering crusts (laterites, bauxites, and ox-
idized ores), chemical (from real and colloidal
solutions), biogenic, and diagenetic deposits
(alteration of sediments during compaction and
burial). Describe in detail which features of major
minerals you have observed with your own eyes.
Slowly integrate your knowledge so that each
mineral becomes an entity with a name, a chem-
ical fingerprint (for some remember the formula,
for complex ones remember at least a list of ma-
jor elements), distinguishing features, the geolog-
ical system in which they occur, and for many
an industrial application (ranging from metal
ore to food additive). As you familiarize your-
self with mineralogy, minerals will become much
more than dry names. They will emerge as mul-
tifaceted building blocks that help us to under-
stand the processes that govern the earth.

Definition of crystal and mineral

Before we enter the field let us try to define crys-
tal and mineral. This is a first attempt that will
become clearer as we gain more background:

* A crystalline substance is a homogeneous
chemical compound with a regular and
periodic arrangement of atoms. Examples are
halite, “salt” (NaCl) and quartz (SiO;). But
crystals are not restricted to minerals: they
comprise most solid matter such as sugar
(Figure 1.4a), cellulose, metals, bones, and
even DNA.

A mineral is a chemical compound that forms
by a geological process. Figure 1.4b shows a
crystal of halite where the cubic morphology
suggests an internal structure with cubic unit
cells. Most minerals are crystalline.

Test your knowledge

1. What is a mineral?

2. Name the principal and peripheral objects of

mineralogy?
3. Which branches of science and engineering
are most closely related to mineralogy?
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FURTHER READING

4. What are major directions of modern miner-
alogical research?

5. Find a mineral in your daily environment.

6. Find a reference to mineralogy or minerals in
recent newspapers.

Further reading

Batty, M. H. and Pring, A. (1997). Mineralogy
for Students, 3rd edn. Longman, London,
363pp.

Blackburn, W. H. and Dennen, W. H. (1994). Principles
of Mineralogy, 2nd edn. Brown Publ., Dubuque, IA,
413pp.

Hibbard, M. J. (2002). Mineralogy. A Geologist’s Point of
View. Wiley, New York, 562pp.

Klein, C. (2002). Manual of Mineral Science, 22nd edn.
Wiley, New York, 641pp.

Nesse, W. D. (2000). Introduction to Mineralogy. Oxford
Univ. Press, New York, 442pp.

Perkins, D. (1998). Mineralogy. Prentice-Hall, Upper
Saddle River, NJ, 484pp.

Sen, G. (2001). Earth Materials: Minerals and Rocks.
Prentice-Hall, Upper Saddle River, NJ, 542pp.
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Chapter 2

Elements, bonding, simple structures,

and ionic radii

Chemical elements

Many mineral properties are closely related to the
underlying chemical properties of constituent
atoms and molecules. Let us start, therefore, by
reviewing some fundamental chemistry. The ba-
sic building unit of a crystal is the atom. Atoms
are composed of a very small nucleus containing
positively charged protons and neutral neutrons.
Negatively charged electrons, distributed over a
much larger volume, surround this nucleus. In
the absence of an electric field, an isolated atom
has a spherical shape with a diameter of 1-2 A
(1 angstréom = 107'° meter or 0.1 nanome-
ters (nm)) (Figure 2.1a). Electrons are responsi-
ble mainly for the chemical behavior of atoms
and for bonding, which combines atoms to form
larger molecules and crystals. Depending on the
number of protons, atoms form different elements
with distinct chemical properties. At present 109
elements are known and new ones are being
discovered. The atomic number of an element
is the number of protons found in an atom of
that element. It is also equal to the number of
electrons when the atom is in a neutral state.
Elements are represented in the Periodic Table
(Figure 2.2) by placement into rows and columns
that arrange atoms with specific electronic con-
figurations. In this table the full names of ele-
ments, as well as their abbreviated symbols are
given.

In the simplified view of the atomic struc-
ture formulated by Niels Bohr, electrons are ar-
ranged in shells, labeled K, L, M, etc. (Figure 2.1b).
Only the K-shell is occupied for elements in the

first row of the Periodic Table, the K- and L-shells
are occupied for second-row elements, and the
K-, L-, and M-shells are occupied for third-row
elements. In a qualitative way, with increasing
diameter, shells occupy more space and can ac-
commodate more electrons: 2, 8, and 18 for K, L
and M, respectively. This simple shell model was
expanded by L.V. de Broglie, who demonstrated
that electrons did not only have particle proper-
ties, with positions that can be defined in space
and time, but that they also behaved like waves,
and were distributed in space in a much more
complicated way than on a single orbit. It was
Erwin Schrédinger who unified these views in
a new model of the atom, based on quantum
mechanics. The Schrddinger equation, proposed in
1926 and still in wide use today, relates the prob-
ability of finding an electron at a specific place
and a given time to the mass and potential en-
ergy of the particle. On the basis of this model
it was concluded that electrons in shells do not
follow a circular orbit, but are present with a
certain probability and are arranged in orbitals.
Up to two electrons can occupy an orbital, each
with opposite spin. The distribution of electrons
in orbitals has different geometries: s-orbitals are
spherical (Figure 2.3a), p-orbitals are directional
along three main orthogonal axes (Figure 2.3b),
and d-orbitals are of more complicated shapes
(Figure 2.3c). There is one s-orbital in each shell,
and there can also be up to three p-orbitals and
up to five d-orbitals, each occupied by up to
two electrons. The K-shell has only s-orbitals, the
L-shell s- and p-orbitals, the M-shell s-, p- and
d-orbitals, etc.
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(a) (b)

Generalized models of atomic structure. (a) Within
an atom a small nucleus consisting of protons and neutrons is
surrounded by an electron “cloud”. (The size of the nucleus
relative to the electron cloud is greatly exaggerated.) (b) A
more detailed view of the Bohr model of the atom reveals

that electrons are arranged in shells (K, L, M, etc.).

Shells and orbitals are filled in a regular fash-
ion to maintain the lowest energy. With increas-
ing atomic number in each shell first s-, then
p- and finally d-orbitals are filled. In the fourth
row of the Periodic Table (elements K through
Kr) first s-electrons of the fourth shell are filled
and only then are d-orbitals of the third shell
filled (elements Sc through Zn). Between Ga and
Kr, p-orbitals of the fourth shell are completed.

We illustrate the orbital-filling process for the
element silicon (Si), which has 14 electrons in the
neutral state. Two electrons are in the s-orbital
of the first (K) shell, and this orbital is denoted
as 1s2 (the superscript 2 indicating that there are
two electrons). The K-shell can only have s-orbitals
and is therefore full. The next two electrons are
in the s-orbital of the second (L) shell, 2s2, and
six electrons are in the p-orbitals of the second
shell, two along each axis (2p;, 2p;, 2p;). This
L-shell has only s- and p-orbitals and is also full.
The remaining four electrons are in the third
shell, with two in the s-orbital 3s2, and two in
the p-orbitals 3p, and 3p,. (In principle, the two

e Electron

electrons in the 3p-orbitals could both be accom-
modated in the 3p2-orbital, but this would re-
quire a higher energy than 3p, and 3p, do.) The
electron distribution of Si can be expressed com-
pactly as

1s2 22 2p} 2p} 2p? 352 3p. 3py

(K2 R 2 2 2 2 A B

N J & J
e N

K L M

Arrows below the orbitals indicate schematically
the electrons and their spins.

As we have mentioned, each orbital can ac-
commodate two electrons. If there are single elec-
trons in an orbital, these so-called valence electrons
are easily lost, for example in chemical reactions,
owing to low energy barriers. In the case of the
silicon atom described above, there are two such
valence electrons, 3p, and 3p,. The highest sta-
bility of an electron configuration is achieved if
an outer electron shell is completely filled, which
is the case for elements in the last column of
the Periodic Table; these are known as the noble
or the inert gases. These elements resist chemi-
cal reactions and bonding with other elements.
Elements of the first column (Group 1) have one
electron more than a filled outer shell, whereas
elements of the next-to-last column (Group 17)
are one electron short of having a filled outer



Periodic Table of the elements

Group
1 2 3 4 5 6 7 8 9
1
Hydrogen
H
1.008
3 4 14 ——F— Atomic number
Lithium | Beryllium Silicon ————— Name
Li Be Si ——+——— Symbol
6.941 9.012 28.086 — [ Atomic weight. Numbers in parentheses are
mass numbers of most stable or common isotope
11 12
Sodium | Magnesium
Na Mg
22.990 24.305
19 20 21 22 23 24 25 26 27
Potassium | Calcium | Scandium | Titanium | Vanadium | Chromium | Manganese Iron Cobalt
K Ca Sc Ti v Cr Mn Fe Co
39.098 40.078 44.956 47.867 50.942 51.996 54.938 55.845 58.933
37 38 39 40 41 42 43 44 45
Rubidium | Strontium | Yttrium | Zirconium | Niobium [Molybdenum|Technetium| Ruthenium | Rhodium
Rb Sr Y Zr Nb Mo Tc Ru Rh
85.468 87.62 88.906 91.224 92.906 95.94 (98) 101.97 102.906
55 56 57 72 73 74 75 76 71
Caesium Barium |Lanthanum| Hafnium | Tantalum | Tungsten | Rhenium | Osmium Iridium
Cs Ba La Ha Ta \\ Re Os Ir
132.905 137.327 138.906 178.49 180.948 183.84 186.207 190.23 192.217
87 88 89 104 105 106 107 108 109
Francium | Radium | Actinium |Rutherfordium| Dubnium [Seaborgium| Bohrium | Hassium |Meitnerium
Fr Ra Ac Rf Db Sg Bh Hs Mt
(223) (226) (227 (261) (262) 263) (262) (265) (266)
58 59 60 61 62 63
. . Cerium  |Praseodymium|Neodymium|Promethium| Samarium | Europium
Lanthanide series Ce Pr Nd Pm Sm Eu
14.116 140.908 144.24 (145) 150.36 151.964
90 91 92 93 94 95
o i Thorium |Protactinium| Uranium | Neptunium | Plutonium | Americium
Actinide series Th Pa U Np Pu Am
232,038 231.036 238.029 (237) (244) (243)

abundant elements (by weight percentage) in the earth’s crust
are indicated by light shading. Elements that do not occur

naturally are highlighted by dark shading.

Periodic Table of chemical elements. The most
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10 11 12 13 14 15 16 17 18
2
Helium
He
4.003
5 6 7 8 9 10
Boron Carbon | Nitrogen | Oxygen | Fluorine Neon
B C N (0) F Ne
10.811 12.011 14.007 15.999 18.998 20.180
13 14 15 16 17 18
Aluminum | Silicon |Phosphorus| Sulphur | Chlorine Argon
Al Si P S Cl Ar
26.982 28.086 30.974 32.066 35.453 39.948
28 29 30 31 32 33 34 35 36
Nickel Copper Zinc Gallium |Germanium| Arsenic | Selenium | Bromine | Krypton
Ni Cu Zn Ga Ge As Se Br Kr
58.693 63.546 65.39 69.723 72.61 74.922 78.96 79.904 83.80
46 47 48 49 50 51 52 53 54
Palladium Silver | Cadmium Indium Tin Antimony | Tellurium Iodine Xenon
Pd Ag Cd In Sn Sb Te I Xe
106.42 107.868 112.411 114.818 118.710 121.760 127.60 126.904 131.29
78 79 80 81 82 83 84 85 86
Platinum Gold Mercury | Thallium Lead Bismuth | Polonium | Astatine Radon
Pt Au Hg Tl Pb Bi Po At Rn
195.078 196.967 200.59 204.383 207.2 208.980 (209) (210) (222)
64 65 66 67 68 69 70 71
Gadolinium| Terbium [Dysprosium| Holmium | Erbium | Thulium | Ytterbium | Lutetium
Gd Tb Dy Ho Er Tm Yb Lu
157.25 158.925 162.50 164.930 167.26 168.934 173.04 174.967
96 97 98 91 100 101 102 103
Curium | Berkelium |Californium |Einsteinium| Fermium |Mendelevium| Nobelium |Lawrencium
Cm Bk Cf Es Fm Md No Lr
(247) (247) (251) (252) (257) (258) (259) (262)

Fig. 2.2
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(a) (b) <

(©)

Within a shell, electrons are arranged in orbitals.
(a) The s-orbitals have a spherical geometry, (b) p-orbitals
are directional along the principal axes, and (c) d-orbitals
display more complicated distributions.

shell. The importance of these electron configu-
rations will become more apparent when we dis-
cuss bonding.

Of the 109 known elements, 92 occur natu-
rally on the earth, while the others have been
produced only in the laboratory (dark shading
in Figure 2.2). The distribution of elements is by
no means uniform, nor is there a simple rela-
tionship between the elemental distribution and
placement within the Periodic Table. Figure 2.4 il-
lustrates the abundance of the major elements in
the earth’s crust and in the earth as a whole. The
crustal abundances are clearly best defined by di-
rect observations. Whole earth abundances are
based on estimates inferred from meteoritic evi-
dence and from physical properties of the earth’s
interior. As we can see, oxygen, silicon, and alu-
minum are by far the most common elements in
the earth’s crust and the major components of
common rocks. The most common minerals are
therefore compounds of oxygen, silicon, and alu-
minum and, to a lesser extent, of magnesium,
iron, titanium, calcium, potassium, sodium and

vz

Px Pz

dxz_yz dZZ

phosphorus. Examples are quartz (SiO), feldspar
(CaAl,Si;0s), and olivine (Mg,SiOy). If we look at
the whole earth, magnesium is a major compo-
nent of the lower mantle and iron dominates in
the core, and the abundances of these elements
are significantly higher than in the crust. If we

Earth’s crust Whole earth
H(<1%) K, Na, H (<1%)
-~ Sodium (2.1%) Aluminum (1.1%)
100 Potassium (2.3%) Calcium (1.1%)
Calcium (2.4%) Sulfur (1.9%)
90 Magnesium (4%) Nickel (2.4%)
Tron (6%) Magnesium (13%)
80 L Aluminum (8%)
Silicon (15%)
70
60 Silicon (28%)
50 Oxygen (30%)
40
30
Oxygen (46%)
20 Iron (35%)
10
O —
(2) (b)

Abundance of elements by weight percentage
(weight%) (a) in the earth’s crust, (b) in the whole earth.




BONDING

17

were to look at the elemental abundances of the
whole solar system, hydrogen, helium, and car-
bon dominate. These light elements have largely
been lost during the condensation of the inner
planets, but ice (H,0) and methane (CH,) are still
the main components in the outer planets.

In this book, therefore, we will deal mainly
with compounds that are combinations of ele-
ments from the first three or four rows of the
Periodic Table (Figure 2.2). There are some im-
portant exceptions, such as gold (in native gold),
lead (in galena, PbS), molybdenum (in molybden-
ite, MoS), zirconium (in zircon, ZrSiO4) and bar-
ium (in barite, BaSO4) that will be included.

Bonding

In the solid state, atoms are closely surrounded
by neighboring atoms. The forces that bind atoms
together are electrical in nature. Their type and
intensity are largely responsible for the physical
and chemical properties of crystals. These electri-
cal forces between atoms are referred to as bonds.
Depending on the electronic structure of an atom
and its nearest neighbor, the types of bonding
forces can vary. In general, in the solid state
at low temperature, where thermal vibration is
only moderate, four types of bonding are distin-
guished, which we will discuss briefly. In metallic
bonding some outer electrons have been removed
from the atoms and move freely within the struc-
ture. The attractive force between the positively
charged atoms and the negatively charged elec-
tron cloud holds such structures together. The van
der Waals bond is a weak overall attraction be-
tween neutral atoms; it arises because the elec-
tron distribution in atoms is not uniform. Ionic
bonding relies on electrostatic attraction between
atoms of different charge, where electrons have
been removed (positive charge) or added (negative
charge). As we will discuss below, such charged
atoms are called ions. In covalent bonding, sin-
gle electrons are shared between two atoms in
a common orbital. In reality all bonding forces
are active in a crystal, but in different minerals
some forces can dominate. For example, in halite
(NaCl) bonding is largely ionic, whereas in dia-
mond (C) it is covalent. Bonding can be mixed,

Ionic bonding

Halite
)
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Sulfides — and — Sulfosalts
Covalent bonding Metallic bonding
Diamond Copper

Nickeline
Molybdenite
Stibnite

Triangular representation of ionic, covalent, and
metallic bonding with some mineral representatives.

and different types of bonding may exist between
different atoms in a mineral structure. For exam-
ple, the important Si-O bond involves covalent
and ionic forces. In the case of sulfur, some S-S
bonds are largely covalent, whereas others are of
the van der Waals type. A very schematic trian-
gular representation with examples of mineral
species for different types of bonding (excluding
van der Waals bonding) is shown in Figure 2.5.

Metallic bonding

The solid phases of three quarters of all elements
are metals, with mineral representatives includ-
ing gold, silver, copper, iron, and platinum. In
metals, some valence electrons are shared with
the whole structure, and move relatively freely.
The image of an electron gas between atoms with a
positive charge is often used. Bonding is achieved
between the positively charged atoms and the
electron gas. The mobile electrons are the rea-
son for the high electrical and thermal conduc-
tivity of metals. The electrical conductivity is
expressed in Ohm’s law. (The current I is pro-
portional to the applied voltage V and inversely
proportional to the resistance R:V =RI) The
ratio of electrical to thermal conductivity is iden-
tical for all metals because both conductivities
depend on the movements of the free electrons.
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Hexagonal close-packing of spheres. (a) Single layer
displaying a hexagonal pattern (open circles, A), with a second
layer B (shaded) positioned in the depressions of the first
layer. (b) Perspective view of the stacking of A and B layers
(the third layer lies exactly over the first layer with an AB—AB
stacking. (c) Representation of atoms as small circles and
outline of the unit cell for this structure.

The electrostatic attraction of atoms in a
metal causes each atom to surround itself by as
many neighboring atoms as is geometrically pos-
sible. Since atoms have a more or less spherical
shape, we obtain a regular geometrical arrange-
ment if we place them as closely packed as pos-
sible. Arranging spheres of equal size on a plane
provides a layer with a hexagonal pattern (open
circles in Figure 2.6a). This first layer we call A.
Going into the third dimension, the closest stack-
ing is achieved if we put atoms into depressions
in the first layer (shaded circles in Figure 2.6a).
We find that the shaded circles form a second

hexagonal layer B that is displaced relative to the
first layer. The next layer of atoms we put into
depressions of the B layer, directly over the first
layer. Since the third layer is exactly over the first
layer, we call it A again and Figure 2.6b shows
a three-dimensional view of this stacking ABA,
which can be repeated to infinity in a macro-
scopic crystal (ABABAB...). The arrangement of
atoms is known as a crystal structure, and, in this
particular case, the arrangement is close-packed
because there is a minimum of open space be-
tween atoms. The array of atoms displays a hexag-
onal pattern if viewed from above (Figure 2.6a),
a property we will later refer to as symmetry. This
arrangement is known as hexagonal close-packed
structure, often abbreviated as hcp. Metals such as
beryllium, titanium, zinc, and zirconium crystal-
lize in this structure type.

There is an alternative way of stacking close-
packed layers. Instead of placing the third layer
exactly over the first layer, we can position it over
the depressions in the first layer that were not
used for the second layer. Layer C in Figure 2.7a
shows this (shaded spheres). In this case, only
the fourth layer stacks over the first layer and the
sequence repeats. As Figure 2.7b illustrates, the
stacking ABCA looks like a pyramid and not only
the base but each of the three sides of the pyra-
mid is a close-packed layer. In Figure 2.7c a more
extensive sequence of this stacking is shown (AB-
CABC...) and the pyramid is tilted so that it fits
into a cube. The close-packed layers are perpen-
dicular to the body diagonals of the cube. A small
cube is shown at the lower right corner, with cen-
ters of atoms in the corners and centers of faces.
This structure type (with ABC) stacking is known
as cubic close-packed, or face-centered cubic (fcc). It
is a very important structure type and elements
such as aluminum, copper, and gold have such
an atomic arrangement.

In both stacking patterns each atom has 12
closest neighbors, six in the same plane, and
three above and three below (see e.g., Figure 2.6a).
We say that the coordination number (CN) is 12.
Both structures are equally economical in occu-
pying space and represent the densest packing
of spheres (74% of the volume is occupied). There
are other ways to stack close-packed layers, but
these two types of stacking represent by far the
two most important metal structures.
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IS MW B Cubic close-packing of spheres. (a) Plan view of a
stacking in which the third layer (C) lies over the alternate

depressions of the first layer; resulting in an ABCABC
stacking. (b) Perspective view of this stacking pyramid
(tetrahedron). Notice that, on all four faces of the pyramid,
atoms are close-packed. (c) The structure is extended and
then tilted to fit into a cube. A small cube (lower right
corner) identifies the unit cell, with centers of atoms on
corners and face centers.

Rather than using representations of crystal
structures as stacks or clusters of atoms as in
Figures 2.6b and 2.7c, crystallographers prefer a
more transparent system, similar to Hatiy’s con-
cept of elementary building blocks that repeat
in three dimensions, alluded to in Chapter 1.
These building blocks are called unit cells, and
we will discuss them systematically in Chapter 3,

introducing just the basics here. Unit cells are
polyhedra with three pairs of parallel faces that
repeat periodically in three dimensions. To visu-
alize these polyhedra more easily, we show atoms
at a smaller-than-actual size relative to their in-
teratomic distances, leaving space between them.
This allows us to better see the unit cell interior.
Doing so, it is quite easy to identify a unit polyhe-
dron in the ABAB stacking (Figure 2.6¢). The unit
cell of the hcp structure, which we can repeat
by translation to cover all atoms in the crystal,
is highlighted in Figure 2.8a. It consists of rhom-
boids at the base and at the top, with rectangles
as sides. Atoms are at the corners (A) and one
inside the polyhedron (B), above one of the trian-
gles in the A layer. In the case of the fcc structure,
a cubic unit cell is chosen as outlined in Figure
2.7c, lower right, and highlighted in Figure 2.8b.
In this representation we can immediately see
atoms at the corners and the centers of faces of
the cube.

Since interatomic distances are similar, there
is only a relatively small difference in lattice en-
ergy between the fcc and hcp structures for a
given metal. However, the mechanical properties
of metals crystallizing in the two structures are
very different. Hcp metals have only a single set
of close-packed layers, whereas fcc metals have
four equivalent sets (corresponding to the four
body diagonals). The close-packed layers act as
slip planes during deformation. Fcc metals such
as copper, aluminum, gold and silver with many
equivalent slip planes are ductile, whereas hcp
metals such as beryllium, zinc, titanium, and zir-
conium are much more brittle and difficult to de-
form. This difference in deformation properties is
significant for technological applications.

There is a third simple structure type in met-
als in which atoms are arranged in the corners
and the center of a cubic unit cell (Figure 2.8c). In
this body-centered cubic (bcc) structure, each atom
has eight closest neighbors and six only slightly
more remote neighbors (outside the unit cube
and indicated by lighter shading). This provides
also a fairly dense packing with 68% of the vol-
ume occupied, as compared to 74% each for the
fcc and hcep structures. Representatives of bcc
structures include «-iron (steel and a rare natu-
ral mineral, kamacite, that occurs mainly in iron
meteorites) and tungsten.
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(a) (b)

J7- AR W Simple structures in metals with the unit cell
indicated by dashed lines. (a) Unit cell for hexagonal

close-packed (hcp) stacking ABAB. (b) Cubic unit cell for
stacking ABCABC, with the close-packed layers
perpendicular to the body diagonal of the cube. The unit cell
is face-centered (fcc). (c) Body-centered cubic (bcc)
arrangement. In these representations the size of the atoms is
reduced, relative to their distance, to better visualize the
internal atomic arrangement. Atoms are shaded, solid lines
connect closest neighbors. In the case of bec (c),
second-closest neighbors are shown (light shading) and

connected by dotted lines.

van der Waals bonding

van der Waals bonding is produced by a weak
attraction between atoms. A slightly irregular
distribution of electrons in the outermost shell
causes charge fluctuations. This is due to the very
dynamic nature of the electron distribution, with
locally changing charge densities. It causes a ran-
dom and very brief formation of dipoles between
two atoms. Inert gases crystallize with van der
Waals bonding. In minerals, van der Waals bond-
ing is only important for specific bonds, such as
between layers in the silicate mineral talc, or car-
bon layers in graphite, and between rings of eight
sulfur atoms in native sulfur.

lonic bonding

An atom becomes ionized if it attains inert gas
configuration by loss or gain of one or more elec-
trons. Halite (NaCl) is a good mineral example
for ionic bonding. Sodium loses an electron to
form the neon configuration: Na (1s? 2s% 2p°
3sl) —e” — Na'*(1s2 2s2 2p®), and chlorine gains
an electron to have the argon configuration:

Cl (1s% 2s% 2p® 3s2 3p°) + e~ — Cl= (1s% 2s2
2p° 3s? 3p°). The ion with the positive charge is
called a cation, that with the negative charge an
anion. Ionic bonding is basically due to the electro-
static attraction between oppositely charged ions
and therefore subject to Coulomb’s law, which
describes the relationship between the attractive
or repulsive force F, point charges q; and ¢, and
their distance d (Figure 2.9a):

F ~ (q: x q2)/d* (2.1)

If we consider a very simple ionic structure
where ions are spherical and in contact and only
take nearest-neighbor interactions into account

(Figure 2.9b), this can be rephrased as
F o~ (ef xe;)/(r +r2) (2:2)

where e; and e, are the ionic charges of cation
and anion, and r; and r, are the radii of the

(a)

(b)

Coulomb’s law. (a) Point charges, and
(b) application to ions that are in contact.
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(a) (b)

(a) Structure of halite (NaCl) with alternating Na™
(black) and CI~ (white). (b) A cubic unit cell is outlined with
CI~ in the corners in a representation with reduced sizes of
atoms. The structure can be viewed as a combination of two
fcc structures that are translated. (c) Each Na* is surrounded
by six CI~ and we can display this relationship by drawing an
octahedron (shaded), known as a coordination polyhedron.

corresponding ions. We can use this simplified
formulation to understand some features of ionic
structures. The strength of the attraction F cor-
relates with the melting point. Thus, for sodium
halides with a 1% charge, the melting point
decreases with increasing interatomic distance
(r1 +12):

Compound Interatomic Melting
distance point
) O
NaF 231 988
NaCl 279 801
NaBr 294 740
Nal 3.18 660

On the other hand, for two crystals of the same
structure and similar interatomic distance, the
melting point increases with the ionic charge:

Compound  Charge Interatomic  Melting
distance point
(A Q)

NaF | 231 988

CaO 2 240 2570

(©

Among minerals, ionic bonding is prevalent
such as in halite, with alternating Na®™ and CI™
that are in contact (Figure 2.10a). Again it is
easier for visualization purposes to draw atoms as
small spheres with exaggerated interatomic spac-
ing. In so doing we recognize a cube-shaped unit
cell with Cl™ in the corners (Figure 2.10b). Each
Nat is surrounded by six Cl~ (Figure 2.10c, in-
dicated by dotted lines) and vice versa. We will
discuss this structure in more detail later in
this chapter. Ionic structures, at least of simple
binary compounds, typically display fairly high
symmetry.

Covalent bonding

Whereas ions lose or gain electrons to achieve
a more stable configuration, covalently bonded
atoms share electrons to fill partially occupied
orbitals. For example, two chlorine atoms com-
bine to form a Cl, molecule:

o e [ele] o e [e)Ne)
coa o, a ¢ o= a @ oa ¢
*o e [oXe] LN} [oNe)

The covalent bond is directional between two
atoms. The directionality is particularly empha-
sized for p-orbitals with px, p,, and p, aligned
more or less along orthogonal axes. A good ex-
ample is water (H,O). The electron configuration
of oxygen is

1s* 2s% 2p? 2p, 2p,

The two unpaired p-orbitals can bond with hy-
drogen atoms. Since p-orbitals are at right angles
to one another, O-H bonds should also be at right
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angles (Figure 2.11a). This is not strictly true,
however, because hydrogen and oxygen atoms
are slightly ionized and thus an electrostatic
repulsion between the slightly positive hydro-
gen atoms causes the angle to open to 104.5°
(Figure 2.11Db).

Perhaps the best mineral example for covalent
bonding is diamond. The electronic configuration
of an isolated carbon atom is

1s? 252 2p, 2p,

In diamond crystals this electron configuration
is complicated by the influences from neighbor-
ing atoms that cause electrons in 2s-orbitals and
p-orbitals to change places, resulting in four un-
paired orbitals with overlapping energies in what
is called hybridization:

1s* 2s 2p, 2p, 2P,

In order for such a hybridized carbon atom to be
stable, it must be bonded with four neighbors,
sharing their orbitals. This is illustrated with a
simple two-dimensional scheme (each arrow rep-
resents an electron):

—
-~

—~ AC
~—

C—=C—=C=—=—=C¢cC

In diamond this bonding is not achieved in
a planar configuration as in the sketch above,
but rather in three dimensions, where each
carbon atom is surrounded by four neighbors
(Figure 2.12, dotted lines) in the form of a tetrahe-
dron (Figure 2.12, shaded). Tetrahedra are linked
with each other over corners and form a three-
dimensional framework. The diamond struc-
ture has a cubic unit cell. In general, however,

Pz

Py

Px
90°

(@ (b)

Molecular bonding in H,O. (a) Ideal py, py, and
b, oxygen bonds at right angles to one another. (b) Angular

distortion to 104.5° due to electrostatic repulsion of the two

hydrogen atoms that are slightly ionized.

Cubic structure of diamond, which can also be
viewed as fcc, but with additional carbon atoms in alternate

eighth cubes. Bonds between neighboring carbon atoms are
shown by dotted lines. Each carbon atom is surrounded by
four neighboring carbon atoms, outlining a tetrahedron

(shaded). Tetrahedra are connected over corners.

covalent structures, owing to their directionality,
are of low symmetry, and there is no tendency to-
wards close-packing.

In these simple models, van der Waals bond-
ing is the weakest type of bonding, followed by
metallic and ionic. Covalent bonding is strongest.
For more detailed treatments on bonding, one
should consult textbooks on chemistry and solid-
state physics. For example, in metallic bonding
the wave nature of electrons and the fact that
electrons are not really free but are constrained
by quantum considerations are addressed by the
Bloch theory.

lonic radii

It is useful to introduce the concept of elec-
tron density as the probability of finding an
electron in a volume unit. The electron density
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Distance

Coulomb attraction between oppositely charged

ions (dashed line) and Born repulsion due to overlaps of
electron shells (dotted line) produce a combined curve (solid
line) with balanced forces at a stable equilibrium distance.

distribution of a separated ion or atom with in-
ert gas characteristics (i.e., corresponding to ele-
ments in the last column of the Periodic Table;
see Figure 2.2) has approximately spherical sym-
metry. Also, for many purposes, atoms in crys-
tals with metallic and ionic bonding can be ap-
proximated by spheres. It is difficult to assign an
absolute size to these spheres, since the overall
electron density decreases gradually with increas-
ing distance from the nucleus. However, between
ions in a crystal structure such as that of halite
(Figure 2.10a) there is a balance between attrac-
tive and repulsive forces. This is shown schemati-
cally in Figure 2.13. Coulomb attraction discussed
earlier is inversely proportional to the square
of the distance between the center of the ions
(dashed curve). This attraction is countered by a
strong repulsion as electron shells of anion and
cation begin to overlap, known as Born repulsion,
as well as repulsion between positively charged
nuclei (dotted curve). The net force is a difference
between the two (solid curve) and it is balanced
at a certain equilibrium separation. So a model
for ionic crystal structures that assumes ions are
hard spheres of fixed radius and in contact is ex-
tremely useful. In such a model the interatomic
distance d between a cation A" and an anion X~
is the sum of the radii r; and ry of the two ions.

The sum of two radii can be derived from the
atomic positions that are determined experimen-
tally by X-ray diffraction methods (Chapter 7). If
the absolute radius of only one ion is known,
then the radii of all ions can be readily calcu-
lated. On the basis of the optical determinations
of the radii of F~ (1.33 A) and O (1.40 A) by J.A.
Wasastjerna in 1923, and on the first structure de-
terminations from X-ray diffraction experiments
by W.L. Bragg (1914), V.M. Goldschmidt (1926) de-
rived ionic radii of many elements. Table 2.1 il-
lustrates his findings for some alkali halides crys-
tallizing in the halite structure (Figure 2.10). His
results agree closely with modern lattice param-
eter determinations.

The radii of neutral atoms, especially of met-
als, can also be determined from the shortest
distances between atoms in metallic structures.
Obviously, the model of hard spheres is better
for ionic, metallic, or van der Waals structures
than for covalent ones, where binding forces are
directed and the electron density distribution is
nonspherical.

On the basis of our present understanding of
atomic structure, the calculations of radii have
been refined, and more accurate atomic dimen-
sions are now available. The size of an ion is
determined primarily by its electronic configu-
ration and its ionic state. Several important rules

Table 2.1 | Measured interatomic distances
and derived ionic radii (in italics) for some
alkali halides. The radii of F~ (underlined)
are assumed to be known (Shannon and
Prewitt, 1969)

Halide AX r: +ry rX ry
A A) A
CsF 3.00 .70 1.33
RbF 2.85 |.49 1.33
KF 2.71 /.38 1.33
NaF 2.35 .02 1.33
LiF 2.07 0.74 1.33
RbCl 3.33 .49 .81
KCl 3.19 .38 [.81
NaCl 2.83 .02 |.81
LiCl 2.55 0.74 |.81
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about ionic radii are apparent from an examina-
tion of Figure 2.14 that shows atomic and ionic
radii as a function of the atomic number and can
be discussed in the context of the Periodic Table
(see Figure 2.2).

1. For a given element the ionic radius de-
creases with increasing positive charge and in-
creases with increasing negative charge. For ex-
ample, the atomic and ionic radii for lead, iron,
and silicon are summarized below.

Species? Radius Species Radius Species Radius

QY ) *)
Pb*= 215 Fe® 126 S~ 198
PO 174 Fe** 077 SO LI
Pb2t 118 Fel* 065 Si*t 040
Po* 078

9Superscript zero denotes the neutral state.

2. Radii of elements in the same vertical col-
umn (group) in the Periodic Table with identi-
cal ionic charge increase in size with increasing
atomic number (Z), for example

Li Na K Rb GCs

V4 3 [l 9 37 55
Charge 0 156 186 223 236 255
Charge 14+ 074 102 138 149 1.70

However, the increase in radius is not propor-
tional to Z.

3. The radius of ions with the same electronic
configuration, but an increasing positive charge,
decreases. For example, for ions with a 1s2? 2s2
2p® configuration

lons O?~ F~ Nat Mg?t APF Si*t
lonic radius (&) 1.40 1.33 1.02 0.72 0.53 040

The relative sizes of some ions with the same
electron configuration are also illustrated in
Figure 2.15.

4. Anions are generally larger than cations.
In particular, the most common anions (0%~ =
1.40 A, CI- = 1.81 A) are among the largest ions
in minerals. Therefore, in ionic compounds most

Ion charge
2- 1- 0 I+ 2+ 3+ 4+ 5+ 6+
Li Be B C N
He O o) o o °
0 F Na Mg Al Si P S
OO ~@Q 0 06 o o 5
S d K Ca Sc Ti V Cr
OO ~068 885
Cu 7Zn Ga Ge As Se
O o 0 o o o
s B Rb St Y 7+ Nb Mo
k OO O O 0 O
Ag Cd In Sn Sb Te
O O o o o o

Te 1

O0~086¢

TI Pb Bi

Aqu
OO O o o

Relative sizes of some ions with the same
electron configuration.

of the volume is occupied by anions, and their
arrangement determines primarily many of the
simple ionic structures.

There are several minor factors influencing
the size of the ion. For example, contributions
from covalent bonding may distort the spherical
symmetry of an ion. Also the number of neigh-
boring anions that surround a cation (coordina-
tion) affects the radius, as in the case for Ca?*:

Neighbors Radius
)
6 1.00
8 [.12
12 [.35

Radius ratio and coordination
polyhedra

How is the size of an ion related to the crys-
tal structure? If the model of touching spheres
holds, intuitively we would expect a large cation
to have more anions as adjacent neighbors than
a small cation has. The number of closest neigh-
bors of opposite charge around an ion (the
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Linear Triangle Tetrahedron

CN=2 CN=3

CN=4

(a) (b) (©)

Common coordination polyhedra in crystal
structures: (a) linear (CN = 2), (b) triangle (CN = 3), ()
tetrahedron (CN = 4); (d) octahedron (CN = 6); (e) cube
(CN = 8); (f) cuboctahedron (CN = 12).

coordination number, or CN) can range from 2 to
12 in ionic structures. The surrounding ions lie
on corners of a more-or-less regular polyhedron,
the so-called coordination polyhedron. Highly sym-
metrical polyhedra (tetrahedron with four cor-
ners and four faces, CN = 4; octahedron with 6
corners and 8 faces, CN = 6; cube with 8 corners
and 6 faces, CN = 8; an irregular polyhedron,
called cuboctahedron with 12 corners and 8 tri-
angular and 6 square faces, CN = 12) are most
common (Figure 2.16c—f). An octahedral coordi-
nation polyhedron in the structure of halite is
outlined in Figure 2.10c. In some cases the coor-
dination can be planar (a triangle, CN = 3, as in
Figure 2.16b or a square) or even linear (Figure
2.16a, CN = 2).

In a polyhedron, an ideal close-packing of
spheres in which the larger anions are in con-
tact and are touched by the cation can, for a
given CN, be achieved only for a specific ratio of
the ionic radii. We first consider two simple, two-
dimensional cases. In the first case a compound
AX with a fairly large cation A" is surrounded
by four anions X~ of equal size (Figure 2.17a,
left). We keep the size of the anions constant
and reduce the size of the cation. The anions
come closer to the cation centers and, therefore,

Octahedron Cuboctahedron

()

bonding in the «crystal structure becomes
stronger. This is since the energy to separate the
crystal into ionic species depends primarily on
Coulomb attraction between cations and anions,
which increases with decreasing distance (equa-
tion 2.1). At a certain cation radius the anions
touch each other (Figure 2.17a, middle). A further
decrease in cation radius does not cause the con-
figuration to shrink; instead, the cation “rattles”
around the polyhedron (Figure 2.17a, right) and
the electrostatic component of the lattice energy

& B &
oW @

Two-dimensional illustration of the influence of

radius ratio on packing in ionic structures. The anion radius
(white circles) remains the same, whereas the cation radius
(shaded circles) is reduced from left to right. (a) Square
coordination (ideal packing is obtained with a radius ratio of
0.41). (b) Triangular coordination (ideal packing is obtained
with a radius ratio of 0.15).
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Table 2.2 | Common coordination polyhedra (CN) with ionic radii and radius ratios

for cation-anion pairs of particular minerals

CNA-X Mineral example ra rx ralrx Ideal limit
A A

3 Triangle 0.155
C-0O Calcite, CaCO3 Small |.36 —
B—O Borax, Na; (B4Os5(0OH)4) - 8H,O0  0.02 .36 0.015

4 Tetrahedron 0.225
S—O Barite, BaSO4 0.12 .40 0.09
Si—O Quartz, SIO; 040 .40 0.28
Al—-O Orthoclase, KAISi3Og 041 .40 0.29
Zn=S Sphalerite, ZnS 0.60 .84 0.33

6 Octahedron 0414
Ti—O Rutile, TiO; 0.6l .40 044
Fe3t—O Hematite, Fe; O3 0.65 .40 046
Mg—O Diopside, CaMgSi, Og 0.72 .40 051
Na—Cl Halite, NaCl 1.02 |.81 0.56
Pb—S Galena, PbS [.18 |.84 0.64

8 Cube 0.732
Ca—F Fluorite, CaF, .12 .33 0.84
Cs—Cl CsCl (not a mineral) 1.70 1.81 0.94

|2 Cuboctahedron with |2 corners 1.000
K—O Muscovite, KALSi3AIO 1o(OH); 1.60 .40 l.14
Ca—0O Perovskite, CaTiOs [.35 .40 0.96

remains constant, which is illustrated schemati-
cally in Figure 2.18 (CN = 4). In the second case
the cation is surrounded by three anions in a

Square /
CN=4 / /
> .
en
) /
=
sa}
Triangle
CN=3
0 0.1 0.2 0.3 0.4 0.5
rA: )"X

IS- AN KN The electrostatic component of the lattice energy
(energy it takes to separate a crystal into the free ionic
species) decreases with closer proximity of ions. When
anions are in contact, a further decrease in cation radius does
not cause a further decrease in energy and a different
coordination is preferred. The energy values are negative,

with zero on top, and the scale is arbitrary.

triangular configuration (Figure 2.17b, left). As we
reduce the radius of the cation to the size when
anions were touching in the square configuration
(Figure 2.17b, middle), anions still do not touch.
Only at a much smaller radius do anions and
cations touch (Figure 2.17b, right). Therefore for
triangular coordination the lattice energy still de-
creases up to a much smaller value of cation ra-
dius (Figure 2.18, CN = 3) and for small cations
the triangular configuration is therefore advanta-
geous and allows for closer packing with reduced
lattice energy.

The ideal cation:anion radius ratio (ra:rx),
when both cations and anions are touching, can
be calculated from geometrical considerations
(Box 2.1).

The same method can be used to determine
the critical radius ratios for three-dimensional
coordination polyhedra. For 12-fold coordination,
corresponding to simple close-packing, the radius
ratiorp : ry is 1.0. Table 2.2 lists the most common
coordination polyhedra in minerals (3, 4, 6, 8,
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Box 2.1 | Ideal radius ratio for two-dimensional geometry

Square coordination (Figure 2.19a)

We consider a right triangle with two equal sides and the centers of two anions
and the cation as corners. The hypotenuse has a length of 2rx and the side adjacent
to the right angle of ra + rx. Applying Pythagoras' theorem we obtain

2ra +rx)? =4r2 (2.3)

Taking the square root this reduces to

I’A-i-l’x:\/zi’x (24)
and solving this equation for r, we obtain
I’AI(\/Z—l)I’X:O‘LH“’I’X (25)

Triangular coordination (Figure 2.19b)

We consider a right triangle with two corners in the centers of anions, and the third
corner halfway between two anions. The center of the cation lies on the longer
side (at % and % distance from both corners). It outlines a smaller right triangle
(shaded) with sides corresponding to rx, % (ra +rx) and (ra +rx) (hypotenuse).
Again we apply Pythagoras’ theorem to this smaller triangle.

2
(ra+rx)= [%(m +D<)j| +rg (2.6)

Rearranging and taking the square root we obtain

VB /2 +rx) =rx 2.7)

and solving for ra

ra = (2/+/3 = rx = 0.155rx (28)

For idealized two-dimensional structures, the 3-fold coordination is stable approx-

imately between a radius ratio rairx of 0.155 (ideal radius ratio for CN = 3) and
0.414 (ideal radius ratio for CN = 4).

and 12), ideal stability ranges, and some exam-
ples. There are cases of 5-, 7-, and 10-fold coordi-
nation in more complicated structures. The poly-
hedra in these cases are distorted, and it is more
difficult to determine ideal stability ranges. As
you can see there are some exceptions, particu-
larly close to the ideal limits. Exceptions gener-
ally indicate that bonding is not purely ionic or
ions are not ideally spherical.

In most mineral structures, the cations are
smaller than the anions and there are also often
more anions than cations (e.g., olivine (Mg»SiO,),

kyanite (Al,SiOs), pyrite (FeS;)). The anions there-
fore dominate the total volume and arrange
themselves in a close-packed structure to mini-
mize the energy, just as atoms do in hcp and fcc
metals (see Figures 2.6 and 2.7).

In a close-packed arrangement of spheres,
there are two types of polyhedral interstices
(spaces) between the spheres. Figure 2.20 illus-
trates two layers, a bottom layer with open
circles (A) and a top layer with closed circles
(B), both representing the same sort of anion,
for example O?~. Between these atoms we can
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2rx
rx+ra
(@)
1 2
3 3
rg+ra
X
K
rx ,{Ac'
(b)

Derivation of the ideal radius ratio for (a) square
and (b) triangular coordination. Compare with Figure 2.17.
On the left side is the geometry for ideal packing, on the right

side is the enlarged triangle that is used for the derivation of
the radius ratio; rx is the radius of the cation and rp that of

the anion. See Box 2.1.

place a tetrahedron T (a triangle as base and an
apex on top) and an octahedron O that lies on a
triangular face (the lower triangle in the A layer
is rotated against the top triangle in the B layer).
The right side of Figure 2.20 shows on top all the
tetrahedral interstices, some pointing up (darker
shading), and some pointed down (lighter shad-
ing). At the bottom is a row of octahedral in-
terstices. This illustrates that there are twice as
many tetrahedral interstices as there are spheres,
and the same number of octahedral interstices
as there are spheres. The tetrahedral interstice
(CN = 4) is smaller than the octahedral interstice
(CN = 6) and can accommodate small cations
such as silicon, beryllium, and zinc, whereas
larger cations (iron, magnesium, and calcium)
prefer octahedral interstices. In general, only a
fraction of the interstices are occupied. For ex-
ample, in the silicate olivine, oxygen ions have a
more or less hcp arrangement, silicon ions are in
a tetrahedral arrangement and magnesium and
iron are in octahedral interstices. Also in kyan-
ite, with a structure that in detail is very compli-
cated, oxygen ions form a close-packing arrange-

Tetrahedra pointing down

@ (©]
1 (Y (Y
T Tetrahedra pointing up
©)
(] (] (] (@]
O O O O O
Octahedra
O A layer
@ B layer

31 W 1IB Tetrahedral (T) and octahedral (O) interstices in
close-packed structures. Two layers of the structure are

shown. Open circles are at the bottom (A layer) and shaded
circles (B layer) are in the indentations above the A layer.
Shading outlines two polyhedra with atoms in the corners. O,
octahedron; T, tetrahedron. On the right side of the figure is a
row of upward and downward pointing tetrahedral interstices
(on top) and a row of octahedral interstices (bottom).

ment, silicon ions are in tetrahedral interstices,
and aluminum ions are in octahedral interstices.
In halite, chloride ions are in a cubic close-packed
arrangement, and sodium ions occupy octahedral
interstices (Figure 2.10c). We will get to know a
large number of crystals that fit this general pat-
tern of close-packing of anions and cations in
tetrahedral and octahedral interstices.
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Some general rules concerning ionic
structures

In the previous sections we have explored charac-
teristic features of ionic structures. Electrostatic
attraction between anions and cations, and the
size of the ions, determine many features of crys-
tal structures. The ionic bond relies on charge
balance, even on a local scale, and deviations
from local charge balance render a structure un-
stable. The influence of electrostatic attraction
and repulsion on crystal structures, and the ef-
fects of charge balancef/imbalance are summa-
rized in rules first formulated by Linus Pauling
in 1929. We review three of them below. When-
ever a rule for ionic structures is violated, it is an
indication that the structure is not truly ionic.

1. A coordination polyhedron of anions is
formed about each cation. The cation-anion dis-
tance is determined by the sum of the ionic radii.
The coordination number of the cation depends
on the radius ratio. This is an expression of the
rigid sphere concept with spheres in contact.

2. The electrostatic valency principle expresses
that the electrostatic charges should be balanced
between closest neighbors. This can be evaluated
quantitatively by introducing the concept of the
total strength of the valency bond p, defined as
the ratio of cation charge z to the coordination
number CN and representing the number of elec-
trons per bond:

p=2z/CN (2.9)

In a stable coordinated structure, the sum of the
bond strengths for all bonds that reach an anion
from all the neighboring cations is equal to the
absolute value of the charge y of the anion.

Zp = Z(z/CN) = |y| (2.10)

An example is halite (Figure 2.10c), where Na™
is surrounded by 6 ClI~ with a charge of 1 (p =
1/6). Each Cl~ has 6 Na*t as next neighbors and
summing over all these six bonds (6 x 1/6 = 1),
we obtain the charge of the anion.

3. The existence of edges, and particularly
of faces, common to two anion polyhedra in
a structure decreases its stability. This effect
is large for cations with high valence and

(a) (b)

(©)

o Cation
@ Anion

In a stable structure, tetrahedra share (a) a
corner, but not an edge (b), or a face (c) because this would
bring cations into close proximity (cation—cation distances,
relative to the corner-sharing arrangement, are indicated).
For octahedra (d—f) this restriction is less critical because
cation—cation distances are larger. (After Klein, 2002.)

small coordination numbers. If this rule is vio-
lated (e.g., tetrahedra in Figure 2.21a-c), cations
come into close proximity, which is an un-
stable situation due to Coulomb repulsion.
Compared to corner-sharing tetrahedra (100%,
Figure 2.21a), the cation distance for edge-sharing
tetrahedra is reduced to 58% (Figure 2.21b) and
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for face-sharing tetrahedra to 33% (Figure 2.21c).
For more highly coordinated polyhedra (e.g., oc-
tahedra in Figure 2.21d-f), this problem is less
critical. For edge-sharing octahedra (Figure 2.21e),
the cation distance is 71% as compared to that for
corner-sharing octahedra (Figure 2.21d), and edge
sharing often occurs.

In quartz (SiO3), with a tetrahedral structure,
tetrahedra only share corners. In rutile (TiO,),
with an octahedral structure, octahedra share
two edges.

Test your knowledge

1. Derive electron configurations for elements
such as K, Cl, Al with help of the Periodic Table
(see Figure 2.2).

2. Which types of bonding are prevalent in min-
erals? Give specific examples.

3. Give examples of cations bonded to oxygen in
octahedral coordination and tetrahedral coor-
dination. Name some mineral examples.

4. Take a set of ping-pong balls and construct sev-
eral close-packed layers. Put two layers on top
of each other and then identify octahedral and
tetrahedral interstices. Next, stack four lay-
ers to produce hexagonal close-packing. Take
three layers and produce cubic close-packing
and identify the fcc unit cell.

5. What is the ideal coordination number if
cations and anions have equal size and are
touching? Can you name an example of such
a cation-anion pair?

6. Why do SiO4 (quartz) tetrahedra in silicates
never share edges and faces?

Important concepts

Bonding: metallic, ionic, covalent

Close packing of spheres (hexagonal, cubic)

lonic radius

Radius ratio

Coordination number (CN)

Coordination polyhedra

Interstices in close-packed structures (octahedral,
tetrahedral)

Pauling rules
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Chapter 3

The concept of a lattice and description

of crystal structures

Discovery of the lattice

In Chapter 2 we saw how interatomic bonding
forces determine the internal structure of crys-
tals. For example, in the case of close-packing in a
metal, atoms repeat periodically in three dimen-
sions. A translation of an atom by an interatomic
distance superposes it on the next atom. In ionic
and covalent structures, the atomic arrangement
is more complicated and ion groups or molecules
repeat, rather than individual atoms. A regu-
lar internal crystal structure was proposed in
the eighteenth century, based on some unique
macroscopic properties of crystals. The concept
of a periodic crystal structure was developed
from observations of the plane faces that are ob-
served on freely growing crystals, the characteris-
tic angles between faces, and the regular cleavage
that is observed in many minerals. Only much
later, in the twentieth century, was it determined
that this regular and periodic internal structure
was due to the regular bonding forces between
atoms.

In 1669, Nicolas Steno discovered that the an-
gles between corresponding faces of quartz crys-
tals are always the same, irrespective of the ac-
tual size of the faces. At that time science moved
at a slow pace. Over 50 years later, in 1723,
Michael A. Cappeller observed that each mineral
species has a characteristic set of interfacial an-
gles (these angles can be measured with a pro-
tractor) and proposed a law of constant interfacial
angles for minerals in general (Figure 3.1). For ex-
ample, a magnetite crystal may occur as a perfect

octahedron (Figure 3.2a) or as distorted octahedra
(Figure 3.2b,c). In either case the angles between
faces are identical. In 1773 Torbern Bergmann
studied the regular cleavage of calcite. If a calcite
crystal is crushed, it breaks into small fragments
that take the shape of little rhombohedra. If one
of these little rhombohedra is crushed again, it
forms a set of even smaller rhombohedra of mi-
croscopic scale. Similar observations were made
for halite, except that the small fragments were
not rhombohedra but rather cubes. Bergmann
supposed that these small fragments might be
the building blocks of crystals. A few years later,
in 1784, René J. Hally came up with an ingenious
theory to explain both the growth morphology
and the regular cleavage of crystals. He proposed
that all crystals are built up from elementary par-
allelepipeds (Figure 3.3a), filling space without
gaps (a parallelepiped is a polyhedron consisting
of three pairs of parallel faces). This model ex-
plains, for example, the morphology of a dodec-
ahedron as faces bordering stacks of cubic par-
allelepipeds (Figure 3.3a) and we are very much
reminded of Hatiy’s concept from a modern SEM
image of the growth pattern in a europium-
tellurium alloy (Figure 3.3b). Hatiy claimed that
all external crystal faces are such planes border-
ing the stack of cubic parallelepipeds. This con-
cept remained a hypothesis for over 100 years but
today we know that it is basically correct. Paral-
lelepipeds are idealized units in the crystal struc-
ture which we called unit cells in Chapter 2. Each
cell may contain a single atom (Figure 3.4a), or a
group of different atoms and ions (Figure 3.4b).
The macroscopic crystal is then an assembly of
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Crystals with different morphology but equal
angles (from Cappeller; 1723), among them quartz and calcite.

(a) (b) (©

Regular (a) and distorted octahedra (b, c). All of
the corresponding faces are parallel, but their sizes vary.

the elementary cells, repeating periodically in
three dimensions.

In order to better understand the array of par-
allelepipeds, it is useful to abstract each cell and
its content by a point. The crystal can then be
idealized by a three-dimensional periodic array
of points (Figure 3.4c). The law of interfacial an-
gles now becomes obvious: crystal faces are dis-
crete planes containing points of this array, and
crystal edges are lines of points. Angles are there-
fore determined by the geometry of the array
and are not arbitrary. Ludwig August Seeber, in
1824, introduced the term lattice for this regu-
lar array of points. A lattice is periodic in three
dimensions and has the property that the envi-
ronment of each point is identical and in the
same orientation. If you could place yourself in
a lattice point and observe all of the neighbor-
ing points, the perspective would be the same no
matter which point you picked. The unit cell is
the parallelepiped formed by eight lattice points.

(@)

(b)

m (a) Hatiy’s (1801) notion that crystals such as cubic

halite (NaCl) are built up of elementary parallelepipeds. In
this original image, the parallelepipeds are cubic cells that can
produce a macroscopic dodecahedron. (b) A modern
scanning electron microscope image of growth in a
europium-tellurium alloy illustrates Hatiy’s concept, although
the growth pattern is less regular than in Hatiy’s idealized
figure (courtesy R. Wessicken). The width of the image is
0.15 mm.
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(@ (b)

(a) A cubic crystal with repeating atoms, (b) with
repeating groups of different atoms, and (c) with an idealized
periodic structure that represents the crystal by a simple

array of points.

To fully describe the internal structure of a
crystal, two pieces of information are needed.
First, one must characterize the geometry of
the unit cell and therefore the lattice. Second,
one must identify the content of the unit cell,
i.e., the type and position of the atoms or ions.
The atomic arrangement in the unit cell is called
the crystal structure. The macroscopic crystal is
then obtained by a periodic repetition of the unit
cell through translation.

Symmetry considerations

Early mineralogists such as Steno and Hatiy noted
an extraordinary feature of crystals, namely their
distinctive symmetry. While symmetry is a uni-
versal principle (see Box 3.1), it is most succinctly
expressed in the morphology and structure of
crystals, and, in fact, symmetry theory was devel-
oped largely by crystallographers. We refer to an
object as being symmetrical if it can be moved in
some way and yet appears exactly as before. For
example, in Figure 3.5a a hand is shown. A single
hand is asymmetrical and represents the symme-
try motif for the remaining parts of the figure.
In Figure 3.5b the hand is repeated by transla-
tion, forming an array of three identical (or con-
gruent) hands. We call this pattern with a set of
three hands symmetrical because if we translate
the first hand by a vector t, it superposes exactly
on the second hand. Translation, symbol t, is a

(©)

symmetry operation producing a simple shift of
the motif.

Figure 3.5c¢ shows a ring of six identical hands.
In this case applying 60° rotations around an axis
perpendicular to the ring (and the page) gener-
ates the set of six hands. The seventh rotation
superposes the next hand exactly on the first one.
Rotation is another symmetry operation, and a
rotation axis is the corresponding symmetry el-
ement. In Figure 3.5c we have a 6-fold rotation,
the rotation angle (¢) is 60°, and the symbol is a
hexagon. There are other rotation angles, as we
will soon learn.

Yet another way to repeat an object is shown
in Figure 3.5d. In this case the pair of hands is re-
lated by a mirror reflection. The symmetry oper-
ation is called mirror reflection, symbol m, and the
corresponding symmetry element a mirror plane.
Contrary to the pattern with translated or ro-
tated hands, mirror reflection does not produce
an identical repetition. Each element of the sym-
metric motif on the right-hand side is an equal
distance from the mirror plane on the left-hand
side, in this case producing a left hand from a
right hand. Such a repetition is called enantiomor-
phous, to distinguish it from a congruent repeti-
tion in the cases of translation and rotation.

Another important aspect of symmetrical pat-
terns is that the final pattern is formed by a con-
tinued repetition until the initial motif is itself
reproduced. For translation, this property is ob-
vious because the translation operation always
repeats the motif. In the case of reflection, this
return to the original motif is accomplished by
the initial reflection from left to right and then
back again from right to left. In the case of rota-
tion we must return to the original hand after
a finite number of incremental rotations. This
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(a) A hand as a symmetry motif. (b) A symmetrical
array of three hands repeated by translation. (c) Six hands
repeated by 60° rotations. (d) A pair of hands repeated by
mirror reflection. This produces a left hand from a right hand.

makes it necessary that the rotation angle ¢
be an integral submultiple of a complete rota-
tion, that is ¢ = 360°/n, where n =1, 2, 3, ... For
example, a 4-fold rotation (n = 4) has a rotation
angle ¢ = 90°.

Let us now return to the crystal structure of
halite, examining it in terms of its symmetry el-
ements (Figure 3.6). We easily find 4-fold rotation

axes perpendicular to the faces of the cube (H),
but there are also 3-fold rotation axes along
the body diagonals (A). In addition, there are 2-
fold rotation axes (§) along edge diagonals and a
whole set of mirror planes (dashed lines). Finally,

o CI-
e Na*

The crystal structure of halite (NaCl) with mirror
planes (represented by dashed lines) and rotation axes added.
Symbols for rotation axes are discussed in the text. The solid
lines outline the unit cell.

Box 3.1 | Symmetry in art and nature

While symmetry is most conspicuous and is clearly expressed in crystals, sym-

metry is omnipresent. Take, for example, the prehistoric polychrome plate from

Mesopotamia in Figure 3.7a, showing a 4-fold rotation axis and mirror planes. This

archetypal symmetrical pattern was used much later in pottery of early Christianity
and perfected in the art of the Islam. While cultures in the Western world on the
whole preferred mirror symmetry, Native Americans almost exclusively used ro-
tational symmetry elements, as displayed in a pre-Columbian Mimbres bowl! from
New Mexico (Figure 3.7b). The artist who is best known for the use of symmetry
in graphics is M.C. Escher, whose drawings include not only rotational and mir-
ror symmetries but also translational symmetries and periodic arrangements of

motifs having many similarities to crystal structures (Figure 3.7c). Greek temples

emphasize translation by the repetition of pillars; Romanesque churches have al-

most perfect mirror symmetry. Symmetry is not restricted to pottery, paintings or
architecture. Johann Sebastian Bach also used it extensively in his compositions.
Throughout Bach's Art of the Fugue, for example, we find translations and mirror
reflections that were intentionally applied to achieve artistic effects (Figure 3.7d).
In the natural world, symmetry is present not only in minerals but also in living

organisms. Examples include rotation axes in plants such as a 3-fold axis in a Trillium

lily (Figure 3.8a), or a 5-fold axis in a starfish (Figure 3.8b), and mirror planes in

vertebrates (Figure 3.8¢). Interestingly in the last two cases the symmetry is only
external (the heart being on the left side, and the right and left sides of the brain
differing in the case of vertebrates). Carl van Linné (Linnaeus) used symmetry as

a guiding principle for his classification of plants.
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ZT- AW A Symmetry in art (see Box 3.1). (a) Polychrome

plate from Arpachiyah with Maltese square, prehistoric
Mesopotamia, Halaf Period, 7000-5000 BC (from Mallowan
and Cruikshank, 1933). (b) Prehistoric Mimbres bowl from
southern New Mexico, with bighorn sheep displaying

two-fold rotational symmetry, 1000 AD (courtesy Maxwell
Museum of Anthropology, University of New Mexico,
Albuquerque, New Mexico; see also Brody, 1980). (Photo: C.
Baudoin.) (c) Complex rotational and translational
symmetries in the graphic art of M.C. Escher (from
MacGillavry, 1976). (d) Translational and mirror symmetries
in the Art of Fugue by Johann Sebastian Bach (Contrapunctus é6a
4 in Stylo Francese). The basic motif is identified.
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7 BKR: W Symmetry in nature (see Box 3.1). (a) Three-fold
rotational symmetry in leaves and flowers of a Trillium lily
(photograph E.H. Wenk). (b) Five-fold rotational symmetry in
starfish (from Haeckel, 1904). (c) Mirror symmetry in the
human body (drawing by Leonardo da Vinci).

there is translation, implicitly dictated by the al-
ternating sodium and chloride ions in the crystal
structure. The cause of this symmetrical array lies
in the balance of bonding forces. We will return
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to a more systematic discussion of symmetry in
crystals in the next chapter, but for now we will
apply some of these considerations to our discus-
sion of lattices.

The unit cell as the basic building
block of a crystal

At the beginning of the chapter, Haily’s concept
of a unit parallelepiped, called unit cell, was
introduced. There are a number of constraints
one must consider in choosing a unit cell. In
Chapter 2 we discussed some simple crystal struc-
tures such as halite (NaCl), which contains regu-
larly alternating chloride and sodium ions. Let
us make a list of general considerations for
unit cells and how these apply to the NaCl
example:

1. A unit cell must be large enough to contain an inte-
gral number of formula units. Thus, the unit cell
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of halite must contain at least one sodium and
one chloride ion.

2. Each corner of a unit cell must be identical, with an
identical environment. If this were not the case
we could not repeat the unit cell by transla-
tion to form a periodic crystal. If we place Cl1~
in one corner of the unit cell of halite, CI~
must occupy all corners.

3. A unit cell must express the symmetry of the atomic
relationship. In the case of the NaCl structure,
we have seen above that the symmetry is ex-
pressed in rotation axes and mirror planes (Fig-
ure 3.6). A unit cell in the shape of a cube, with
either ClI~ or Na* in the corners, best expresses
this symmetry.

Unit cells are classified based on their sym-
metry. The three 4-fold rotation axes at right an-
gles in the NaCl unit cell identify the unit cell
as cubic because the unit parallelepiped has the
shape of a cube (Figure 3.6). (Also characteris-
tic for the symmetry of a cube are four 3-fold
axes in the directions of the body diagonals.)
This is the highest possible symmetry. Such unit
cells have equal sides and right angles between
edges.

On the other end of the symmetry spectrum
are triclinic unit cells, where adjoining edges are
of different lengths and are at oblique angles to
one another (Figure 3.9a). There is a whole set of
intermediate symmetries, which is considered in
the next section.

In order to describe the shape of a unit cell,
we need either three vectors, a, b, and ¢, or six

(b)

(a) Unit cell with lattice parameters a, b, ¢, o, 8, ¥
and crystallographic axes x, y, z that define a right-handed
coordinate system. (b) Definition of a right-handed
coordinate system.

A

AN NI
NIV
NN

B o BB

Coverage of a surface with polygons. Note that
gaps (shaded areas) exist within pentagons, heptagons and

octagons.

numbers consisting of three cell lengths, a, b, c
(measured in dngstréoms or nanometers, where 1
A =10 nm) and three angles «, 8, y. The angle
a is between the edges containing cell lengths
b and ¢, B is between a and ¢, and y is be-
tween a and b. These six numbers are called lat-
tice parameters (Figure 3.9a). The edges of the unit
cell provide a convenient coordinate system to
describe the geometry of a crystal with axes x,
y, and z. The axes x,y,z are chosen such that
they form a right-handed coordinate system (Fig-
ure 3.9b). (Note that axes x,y,z are directions,
while a, b, ¢ are cell lengths. But mineralogists
are not entirely consistent with this nomencla-
ture and, as in this book, in some contexts the
x-axis is called the a-axis, etc.) The axes x, y, z de-
fine a coordinate system that is, in general, not
rectangular.

There is an infinite range of shapes and sizes
of unit cells due to particular values of lattice
parameters a, b, c, «, 8, y, but there are only a
very limited number of lattices with different
types of symmetry. The reason for this lack of
diversity is that the periodic structure of the lat-
tice is only compatible with a few possible rota-
tions. The two-dimensional coverage of a surface
with different polygons in Figure 3.10 illustrates
that a two-dimensional unit cell can only be a
parallelogram (with a 2-fold rotation axis perpen-
dicular to it), a rectangle (with a 2-fold axis and
mirror planes), a triangle (with a 3-fold axis), a
square (with a 4-fold axis), and a hexagon (with a
6-fold axis), because otherwise space could not be
filled uniformly and there would be gaps. In the
case of pentagons and heptagons, the coverage
is not periodic, i.e., it does not repeat the motif
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(a) A rotation axis perpendicular to a lattice plane

X, y. (b) Derivation of possible rotation angles for lattices. If
lattice points along line P; P_; are rotated, new points P,f PL,.

and P!’ P”; are produced.

by translation, while in the case of octagons, the
pattern is periodic but has gaps.

Without too much difficulty, the types of pos-
sible rotation axes in crystals can be derived geo-
metrically. Consider a lattice plane and, perpen-
dicular to it, an n-fold rotation axis (Figure 3.11a).
Symmetry requires that after a rotation of an-
gle ¢ =360°/n, all points of the rotated lattice
plane coincide with points on the original lat-
tice plane, and that after n rotations the lattice
plane is again in the starting position. Now con-
sider a line of points P_,P_; Py P; P,...in the
lattice plane with points spaced by a distance a
(Figure 3.11b) and apply the symmetry rotation
by an angle ¢ = 360°/n in the counterclockwise
direction, which repeats the line as P’ , P' ; P, P}
P, .... The line continues to repeat after each ro-
tational increment ¢. (These lines are not plotted
in Figure 3.11b.) Just before rotating back to the
initial line again (rotation step n — 1), we have a
line P”, P”, Py Py P;...that is at an angle of —¢
to the initial line. P} P”, are two lattice points
defining a lattice line that is parallel to the orig-
inal line. In order to satisfy the lattice condition,
the distance P; P”; has to be an integer multiple
of the unit cell distance a. In the right triangle
Py P; X we calculate

X

a
2

cos¢p = =N/2 (3.1)

Q

® o, Py

where N is an integer, and, since |[cos¢| < 1, we
find the following solutions for ¢:

N -2 =l 0 | 2
cosp =1 —=1h 0 'h |
¢ 180° 120° 90° 60° 0° = 360°

n-fold 2 3 4 6 |

This means that only 1-, 2-, 3-, 4-, and 6-fold ro-
tation axes can occur in crystals. A lattice does
not allow for axes with n =15, 7, 8, or higher. A
1-fold rotation axis means no symmetry, since
any object is brought to coincidence after a full
360° rotation.

This derivation for a two-dimensional lattice
plane holds for three-dimensional lattices as well.
Three-dimensional lattices are simply stacks of
identical lattice planes, parallel to each other,
with none or some displacement of correspond-
ing points when viewed from above the planes.
Consider, for example, the symmetrically dif-
ferent arrangements shown in Figure 3.12. In
Figure 3.12a we have a layer with oblique rows of
lattice points (closed circles). A single layer always
has a 2-fold axis perpendicular to it. But if we
add a second layer (open circles), this 2-fold rota-
tion disappears (Figure 3.12a), unless the second
layer is exactly above the first (Figure 3.12b), or
halfway between lattice points of the first layer
(Figure 3.12c). Similarly a layer with a square pat-
tern of lattice points maintains its 4-fold axis
only if the second layer is exactly above the first
(Figure 3.12d) or is displaced by half a translation
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m Derivation of 14 symmetrically different lattice

types, produced from a two-dimensional lattice layer (solid
circles) by adding a second layer (open circles). (a) has no
symmetry, (b, c) have a 2-fold rotation axis, (d, ) have a
4-fold rotation axis, (f) has a six-fold rotation axis, (g) has a
3-fold rotation axis (with three alternating layers), (h—k) have
2-fold rotation axes and mirror planes, and (I-n) have a cubic
symmetry. The first layer is solid circles, the second layer is
open circles, and, where different from the first, the third
layer is crosses.

(Figure 3.12e). For hexagonal layers, as in a close-
packed structure, the 6-fold axis is maintained
if the second layer is exactly above the first
(Figure 3.12f), but degenerates into a 3-fold axis if
a second layer is above the centers of alternating
triangles of the first layer (open circles), and a
third layer is above the centers of the remaining
triangles (crosses in Figure 3.12g).

Thus far we have generated seven symmet-
rically distinct lattice types with just a single
rotation axis perpendicular to a lattice layer:
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Box 3.2 | Some conventions for choosing a unit cell

® Symmetry is the primary criterion for choosing a unit cell. The highest possible
symmetry is preferable. This is illustrated for a two-dimensional case, where a
unit cell is a parallelogram. In the array of points in Figure 3.13a, we pick a cell
that conforms to the mirror plane of the pattern (shaded), rather than an oblique
cell. In this particular case the unit cell has a point in the center; in addition to
the points in the corners and is said to be centered. A unit cell with points only
in the corners is called primitive.

® Smaller cells are preferred over larger cells and thus, in two dimensions, a small
parallelogram with lattice points only in the corners is better than a larger par-
allelogram that has additional lattice points (Figure 3.13b), unless the symmetry
criterion requires such a choice (Figure 3.13a).

® A cell that is the least distorted and its angles closest to 90° is preferred, mainly
for reasons of easier visualization (Figure 3.13c).

® |n assigning vectors a, b, c to the cell edges, the axes x, y, z must form a right-
handed coordinate system (Figure 3.9b).

® Vector ¢ (z-axis) is along the axis that has the highest rotational symmetry (3-,
4-, and 6-fold axis). An exception is a lattice with a single 2-fold axis (called
monoclinic), in which case the 2-fold axis is along b (the y-axis).

® |n general, cell lengths are ordered such that b > a > c (although for minerals
many exceptions exist).

® Angles «, B, if not 90°, are obtuse (>90°) between the positive ends of axes

and as close as possible to 90° to have least distortion (Figure 3.13c).

1-, 2-, 3-, 4- and 6-fold. If we combine a 2-fold ro-
tation with a mirror plane (Figure 3.12h), we ob-
tain a rectangular array of points. This symmetry
is maintained if the next layer is exactly above
the first (Figure 3.12h), or diagonally displaced
(Figure 3.12i). The same symmetry also applies
to a pattern with a rhombus-shaped array with
the second layer above the first (Figure 3.12j), or
translated (Figure 3.12k). We have just added four
more lattices with a 2-fold axis and a parallel mir-
ror plane to our set of seven.

There is one more special type, which can
be derived from the square pattern: If we place
the second layer above the first, just as in
Figure 3.12d, but at the same distance between
layers as the distance x between lattice points
within a layer, a cubic array results that has three
4-fold axes, with one perpendicular to each face
of the cube (Figure 3.121). This symmetry, with
three 4-fold axes, is maintained if the second
layer is displaced to the center of each square

and at a height x/2 (Figure 3.12m). In fact, you
may recognize here the bcc structure introduced
in Chapter 2 (Figure 2.8c). If we take again a
square layer and position it diagonally displaced,
but at a height x/,/2 above the first layers, an-
other cubic lattice is generated (Figure 3.12n).
This time it is the fcc lattice (Figure 2.8b).

We have just derived, more intuitively than
rigorously, the 14 different lattice types that crys-
tals can take. Each type has a different trans-
lational, rotational, or mirror symmetry. These
14 fundamental lattices were first derived by the
French mineralogist Auguste Bravais (1850) and
are named after him as Bravais lattices.

The next task is to define an appropriate unit
cell in the lattices. We have already mentioned
above that the unit cell must display the symme-
try of the atomic relationship. There are some
other conventions for choosing unit cells and
lattice parameters (see Box 3.2). These conven-
tions may appear to be trivial details, but they
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Choices of unit cells for a two-dimensional
lattice. (a) A unit cell that displays the rectangular mirror
symmetry is preferred. (b) If this does not reduce the
symmetry, choose a unit cell with the smallest volume
(shaded). (c) Of the different choices, the one with least
distortion (angles closest to 90°) is generally preferred.

are important in quantitatively describing crystal
structures and their physical properties, and in
interpreting information about crystals obtained
from reference books.

Unit cells in the 14 Bravais lattices are shown
in Figure 3.14. The symmetry of each is differ-
ent, as is expressed in angles between the axes
and relative lengths of the axes (we will explain
this in more detail below). Note that seven of the
unit cells have lattice points only in the corners.
They constitute the seven primitive lattices desig-
nated by a symbol P. The other seven Bravais lat-
tices have the same unit cells as a corresponding
primitive cell, but in addition either have lattice
points in the center of the cell and are called
body-centered (symbol I, for “inside”), or else
they have a lattice point at the center of one pair
of faces or of all pairs of faces and are called face-
centered (symbols C for centering of a face cut by
the z-axis, and F for centering of all faces, respec-
tively). The special rhombohedral cell, which is a
variant of the stacking of hexagonal lattice layers
(Figure 3.12g), is assigned a symbol R.

There are restrictions about adding points to
primitive lattices, as is illustrated in Figure 3.15
for the two-dimensional case. In general, adding
points (open circles in Figure 3.15a) is not compat-
ible with a lattice, because the two sets of points
(open and solid circles) have a different arrange-
ment of closest neighbors. However, if points are
added in the center of a face (in two dimensions;
see Figure 3.15Db) it does not destroy the lattice

(©)

character. After adding points to a point array,
one must determine whether the symmetry has
changed and whether the new array is really dif-
ferent. In the case of the rectangular unit cell
(Figure 3.15b), the symmetry is maintained (two
mirror planes) and the pattern is different. In the
primitive cell, closest neighbors are at right an-
gles (Figure 3.15a); in the face-centered cell, they
are at oblique angles (Figure 3.15b). If points are
added in the center of a hexagonal unit cell (open
circles in Figure 3.15c), the hexagonal symmetry
is destroyed and there is no longer a 6-fold axis.
Adding a face center to a square unit cell pro-
duces a lattice, but this new lattice can be inter-
preted as a primitive square lattice with a smaller
unit cell and axes at 45° (Figure 3.15d). Such a
choice is preferred.

Let us now look closer at the geometry of the
unit cell: there are seven shapes that are dis-
tinctly different, and these cell shapes are the
basis for the most fundamental classification of
crystals into seven systems (Figure 3.14). The most
general shape of the unit cell is a parallelepiped
with all angles and edge lengths arbitrary. Since
all three axes are inclined, it is called the triclinic
system with no mirror planes or rotation axes.
In the monoclinic system only one axis is inclined
and the other two are at right angles. In the
orthorhombic system all axes are at right angles,
but the cell lengths are arbitrary and nonequal.
In the tetragonal system all axes are at right angles,
two of equal lengths (sometimes called a; and a,
to indicate their equivalence) and the third ar-
bitrary. The rhombohedral system has a unit cell
in the shape of a rhombohedron with equal cell
lengths but arbitrary angles. This parallelepiped
has a 3-fold axis in one body diagonal. The hexag-
onal system has two axes at 120° and the third per-
pendicular. Two sides are equal in length (often
called a; and ay). Finally, the most special unit



Triclinic

Monoclinic

Orthorhombic

Tetragonal

Rhombohedral
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Hexagonal

Cubic
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The 14 Bravais lattices with 7 primitive (P) and 7
centered lattices. I, inside lattice; C, face centered lattice out

by z-axis; F, all face-centered lattice.
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Table 3.1 | The seven crystal systems

System Lattice parameters Parallelepiped Rotation axes
Triclinic a#b#c a#EpBF#y £ Parallelohedron No symmetry
Monoclinic a#b#c a=y=90°p8#£90° Prism One 2-fold
Orthorhombic a#b#c¢c a=8=y =90° Rectangular prism  Three 2-fold
Tetragonal a=b#c a=pf=y=90° Square prism One 4-fold, two 2-fold
Rhombohedral a=b=c a=8=y #90° Rhombohedron One 3-fold, one 2-fold
Hexagonal a=b#c a=p=90°y =120° Rhombic prism One 6-fold, two 2-fold
Cubic a=b=c a=p=y=90° Cube Three 4-fold, four 3-fold
® o o ® o i Ny | .”f”' ® a5 lattice planes and lattice directions are es-
° Ve » ' e | e sential to describe crystals and we need to have
o o o ° o ---- . a simple system to describe them. It turns out
° ° ° ® ° ® ® that the unit cell is a very convenient coordi-
(a) (b) nate reference frame to represent lattice lines

©) (d
m Centering of lattices. (a) Adding arbitrary points

(open circles) to a rectangular lattice actually destroys the
lattice. (b) Points can be added in the center of a face of a
rectangular lattice without destroying the lattice character.

(c) Centering of a hexagonal lattice destroys the hexagonal
symmetry. (d) Centering the face of a square lattice is
equivalent to a primitive square lattice with a smaller unit cell.
Open circles denote additional lattice points that are not
allowed.

cell is a cube with all angles equal to 90° and
all cell edges of equal length (a;, a, and a3). This
is called the cubic system (also known as isomet-
ric). The lattice parameters and rotational axes
for the seven crystal systems are summarized in
Table 3.1.

Representation of lattice lines and
planes with rational indices

Macroscopic features such as faces and edges on
a crystal, as well as microscopic structures, such

and planes. In the following discussion we re-
place the stack of unit cells by their corners
and represent the internal crystal structure by
a point lattice. Thus each point of a lattice is,
by definition, identical, and, since the lattice ex-
tends to infinity in all dimensions, the choice
of an origin for the lattice coordinate system is
arbitrary.

In a lattice we can identify linear features
called directions or lines, and planar features
called planes. Figure 3.16a illustrates a lattice line
as a straight line passing through any two lat-
tice points, and lattice planes as planes passing
through any three lattice points. A lattice plane
contains an infinite number of coplanar lattice
lines. A crystal often displays a set of planar faces
(Figure 3.16b), defining a polyhedron. Faces cor-
respond to lattice planes, and the intersection of
two faces defines an edge, corresponding to a lat-
tice line. If several lattice planes share the same
edge, they are said to be cozonal and the com-
mon edge is called a zone axis (Figure 3.16¢). For
many crystallographic applications we are inter-
ested only in the orientation of a lattice plane, or
a lattice line, rather than in its particular posi-
tion. A stack of parallel planes or lines can then
be viewed as being equivalent, and we can there-
fore shift (or translate) planes and lines arbitrar-
ily, including through the origin. To do so, how-
ever, we must first develop a notational system
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(a) A lattice array and indicated on it a lattice line

and two intersecting lattice planes (shaded). (b) Two crystal
faces (shaded) define an edge. (c) A set of intersecting lattice
planes defines a zone axis.

that efficiently describes lattice lines and lattice
planes.

Lattice directions such as rin Figure 3.17a can
be identified relative to the crystal lattice with
axes x,y, and z. A first step is to translate the
line through the arbitrary origin (O). Then we
can describe the line with the vector equation,
r=ua+vb+ wc, where ris the vector from the
origin to the closest lattice point on the line; a,
b, c are unit vectors along the three crystal axes
and outline the unit cell. As an example, lattice
line [132] is shown in Figure 3.17a. The values
u,v,w are integers, called direction or zone axis in-
dices, that are identified by putting them inside
brackets [uvw]. Using zone axis indices the sym-
bol [100] would denote the x-axis, having only the
single vector component a (Figure 3.17b). Other
examples shown are [111], [012], and [011]. When

the direction, rather than the length, of a lattice
line is of interest, it is customary to reduce zone
indices by dividing them by a common denomi-
nator of the nonzero indices; for example, [022]
becomes [011], and [396] becomes [132]. Geomet-
rically this means that the index corresponds to
the first lattice point (from the origin) that the
direction intersects. A bar above an index indi-
cates that the corresponding vector component
is negative, for example [100] points in the nega-
tive x-direction (read: bar-one zero zero).

Similar indices can also be used to specify
lattice planes, although this process is a bit
more complicated. First, we center our macro-
scopic crystal in the x,y,z coordinate system
such that the center of the crystal is at the origin
(Figure 3.18a). Then we extend each face so that
it intersects all three axes, which is shown for
faces A and B in Figure 3.18a. We now translate
the lattice plane represented by each face until
the intersection of the plane along all three axes
corresponds to a lattice point. The axis intersec-
tion points of each lattice plane are then sim-
ply multiples of the unit cell lengths, i.e., ma,
nb, and oc. In Figure 3.18b, for example, lat-
tice plane A is defined by axis intercepts 2a,
2b, and 1c. The “axis intercept” integers m, n,
and o are called Weiss indices (Weiss, 1819) and
are used to describe the orientation of a lat-
tice plane with respect to the x, y, z axes. A bar
above an index number indicates that the lat-
tice plane intersects a crystal axis in the negative
direction.

W.H. Miller (1839) proposed using reciprocal
values of the axis intercepts mno, normalized to
be integers, hkl, to specify a plane. The conver-
sion to reciprocal values becomes particularly
relevant when lattice planes are replaced by their
normals, or poles, as is routinely done in many
constructions. These new but equivalent indices
are known as Miller indices, and the symbol (hkI)
(in parentheses) distinguishes lattice planes from
lattice directions [uvw| (in brackets). Miller in-
dices (hkl) are obtained by taking the reciprocal,
or inverting, the axis intercepts mno and then
multiplying each value by the lowest common
multiple of the three denominators. For example,
a plane with Miller indices (211) has axis inter-
cepts 3a, 1b, 1c. Similarly, a plane with indices
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Lattice lines and their specification by zone
indices. (a) The lattice direction [132] for the line
represented by vector r is shown in an orthorhombic crystal.
(b) Representations are shown for lattice directions [100],
[I11], [012], and [01 I] (heavy arrows).

(111) corresponds to one that intersects each axis
at the first lattice point on the axis, i.e., at 1a, 1b,
and 1c. A zero value in Miller indices indicates
that the plane does not intersect an axis; rather it
is parallel to it. For example (100) is a lattice plane
that is parallel to the y- and z-axes. As with zone
indices, a bar above a Miller index value indicates
that the plane intersects an axis on the negative
side.

Let us follow the procedure to determine
Miller indices of lattice planes A and B in
Figure 3.18b. For plane A we carry out the fol-
lowing steps:

* The Weiss indices, mno, of face A are 2:2:1.

* We then take the reciprocal of each ratio
value, obtaining 3, 3, 1.

¢ Next we find the lowest common multiple of
the denominators of the reciprocal values. In
this case, the lowest common multiple is 2.

e Multiplying by 2 to clear fractions, we obtain
1:1:2.

* The values of this ratio are then enclosed in
parentheses, with no commas separating
values (unless one of the values has two digits
and ambiguity may arise). Thus the Miller
indices for lattice plane A are (112).

Z
[012]
» L] L]
[111] ° ° °
\ [o11] R
° o °
1xe
O o A A d
1 Xa 1xb y
° °
1
[100]

(b)

AT BKNER Specification of a lattice plane by axis intercepts.
(a) A crystal with faces A and B is centered in the x, y, z
coordinate system. The faces are extended to intersect the
axes. (b) After translation, the axis intercepts of the faces are
at lattice points 2, 2, | for face Aand |, I, 2 for face B.
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Some frequently observed lattice planes and their
Miller indices (hkl) for orthorhombic crystals. The bottom
right diagram shows the lattice direction indices for the three
lattice axes (from Niggli, 1920).

For the steeper lattice plane B, we move in
the reverse order, converting the plane’s Miller
indices, which can then be used to plot the plane.
Plane B has Miller indices (221). How can we vi-
sualize its orientation?

* The first step is to convert Miller indices to
Weiss axis intercept indices. We take the
reciprocal values % % 1.

* We find the lowest common multiple of the
denominators of these reciprocal values. This
multiple is 2.

e Multiplying by 2 to clear fractions provides 1,
1, 2. These are the Weiss indices.

* We multiply the Weiss indices by the axis
lengths and find the axis intercepts to be 1a,
1b, and 2c. Plotting these, we can construct

face B (Figure 3.18D).

It is important to distinguish between Miller
indices for lattice planes (hkl) and direction in-
dices for lattice lines [uvw]. Only for orthogo-
nal unit cells is the plane (100) perpendicular to
the direction [100], and only for cubic crystals
is the general plane (hkl) perpendicular to the

[010]=b

lattice direction [u = h v =k w =1]. To visualize
lattice planes from their Miller indices, it is also
important to remember that an index 0 indicates
that the plane is parallel to the corresponding
axis and does not intersect it. Some examples of
common lattice planes and their general Miller
indices are shown in Figure 3.19, taken from the
classic book of Paul Niggli (1920).

Note that all of these indices are integers, no
matter what the symmetry of the crystal is or
what the actual lattice parameters are. This ele-
gant description, however, relies on the unit cell
as a reference system, and thus knowledge about
the lattice parameters is necessary if we need
to obtain angular relationships. To illustrate this
point, consider the following example:

Determine the angle between lattice planes (001)
and (112) for a tetragonal crystal with a = 5A,
b:5fi, and c = 8 A.

¢ First we convert the Miller indices (001) to Weiss
indices. The result is co co 1. The plane (001)
does not intersect the x- and y-axes, i.e., it is
parallel to the x- and y-axes and intersects the z-
axis at OC = 1c. For simplicity we also translate
it and draw it as the plane xy in Figure 3.20a
(OAB), intersecting z at 0 (since only
angular relationships are of concern, parallel
translations of planes are always allowed).
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(a) (b)

Derivation of the interfacial angle ¢ between
lattice planes (001) and (I 12) of a tetragonal crystal (in this
case measured on the inside of the crystal). (a) Three-
dimensional view of the planes. (b) Projection along the
z-axis, illustrating the trace of the lattice plan (112) on (001).
(c) A section containing the z-axis and displaying the true
angle ¢.

¢ Next we convert (112) to Weiss indices obtaining
221. In order to draw the plane we have to
obtain the axis intercepts, multiplying the
Weiss indices by the corresponding cell lengths.
The intercept along the x-axis is OA = 2a = 10A,
along the y-axis it is OB = 2b = 10A,
and along the z-axis it is OC = 1c = 8A.

* Now we can plot the lattice plane ABC in
the three-dimensional sketch shown in
Figure 3.20a. We also draw the trace of the
lattice plane (112) on (001), projected along the
z-axis, in Figure 3.20b.

* The true angle ¢ between the two planes
can be measured in the triangle OXC (Figure
3.200).

* We obtain OX as OA/./ 2 = 7.07 A (Figure 3.20b).

¢ In triangle OXC we then have tan ¢ = OC/OX =
8A[7.07A = 1.13, from which we get the
final answer, ¢ = 48°.

Similar calculations can be done for other
unit cells. Of course the geometry (and trigonom-
etry) becomes more complicated for unit cells

(001)

(112)
(©

with lower symmetry. Miller and direction
indices are applicable to all symmetries. However,
in the case of hexagonal crystals, often a
modified four-index system is used to account
for the fact that there are three equivalent
axes (aq,a and az) perpendicular to the z-axis
(Box 3.3).

Relations between lattice planes

and lattice lines:

A lattice line is the intersection of two lattice
planes. Therefore we should be able to derive the
corresponding direction indices [uvw| for this line
from the Miller indices of the two intersecting
planes (h1kql;) and (hyk»l,). The equations for two
planes through the origin are given by

h1X + k1y + l1Z =0 (323)

th + kzy + lzZ =0 (32b)

where x, y,z are the coordinates for all points
on these planes. For the intersecting line, both
equations must be satisfied, and here the ratio x:
y: z corresponds to the direction symbols u:v:w.
Since we only need the ratios, the two equations
with three unknowns can be solved:

(k1ly — kalq) : (Iihy — Iohq) @ (hiky — hky)
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Box 3.3 | Miller—Bravais indices in the hexagonal system

Hexagonal crystals are a somewhat special case. They have a unique c-axis,
but perpendicular to it are three equivalent axes a;, gy, and as (Figure 3.21).
There is no reason to give preference to one of them. Accordingly, a coordi-
nate system with four axes is often used, one along the 6-fold rotation axis (c)
and three axes perpendicular to it (a;, a,, and a3), separated by angles of 120°.
The as-axis is not independent of a; and g, and can, in principle, be omit-
ted as we have done in Figure 3.14. In fact, as the following discussion demon-
strates, it is rather awkward to use four indices for a three-dimensional space, yet
it is done conventionally for crystal forms, and mineralogists have to be aware
of it.

In the hexagonal system Miller indices are extended to Miller-Bravais indices
(hkil) to better highlight the hexagonal symmetry. Figure 3.2 1a is a two-dimensional
representation of a hexagonal lattice, showing only one lattice plane. The third
dimension (c) is irrelevant in this discussion. From this figure we derive that i =
—(h + k), for example the Miller plane (110) is equivalent to the Miller-Bravais
plane (1120), intersecting a; at —1, and the Miller plane (120) is equivalent to the
Miller-Bravais plane (1230).

Likewise, four index direction symbols [u’v’tw] can be used, where t =
—"+v") oru" +v' 4+t =0. While the conversion from three to four index
lattice plane symbols is easy (simply adding i = —(h +k)), the conversion is
more difficult for vector symbols. The description of a three-dimensional vec-
tor as a combination of three vectors, r = ua, + va, + wc, is unique, but
there is an infinite number of ways to describe a vector as a combination of
four vectors, three of which are coplanar, r = u’a; +via; + tas +we. How-
ever, only one combination satisfies the same rule applicable to Miller-Bravais
plane indices, namely t = —(u" 4 v’). .D.H. Donnay (1947) derives the conver-
sion. Take point P in the plane a, gy, a3 of Figure 3.21b that is defined by vec-
tors ma, + na, + Oas. The figure illustrates that we can increase or decrease
each vector by the same number t, since the sum of three vectors so intro-
duced is equal to zero. The point P can therefore be represented by coordi-
nates m —t, n —t, —t, in which t is any number, positive or negative. In par-
ticular t may be chosen equal to (m 4+ n)/3, such that the sum of the three
coordinatesu’ =m — (m+n)/3,v  =n—(m+n)/3and t = —(m +n)/3 be-
comes equal to zero. The direction symbol [uvOw] may therefore be written
as [u'v'tw] with t = —(u’ +v'). Examples [1010] and [2110] are shown on
Figure 3.2 1c.

To convert from the four-index notation to the three-index notation, do the
following:

In the case of a face symbol (hkil ), simply omit the third index and obtain
(hk!), for example (2130) becomes (210).

For a direction symbol [u’v/tw], subtract t from the first three indices and
obtain [u’ —t, v/ — t, w], for example [2110] becomes [300].



50

CONCEPT OF A LATTICE AND CRYSTAL STRUCTURES

(@)
as ,
/
/
/
/
/
/
/
/
/
/
/
77777777777777 / a2
\
\
\
may N - __
\ \ Y
N B, //t
\ \/
/ naj \\ P
\
ay
(b)
(© / [2110]

aj

Miller—Bravais indexing of a hexagonal crystal.
The c-axis is perpendicular to the page. (a) (hkil) indices for
lattice planes. (b) Representation of a point P with a vector
triplet. (c) [u’ v/ tw’] indices for direction vectors.

There is a simple recipe as an aid for remem-
bering this:

* Write out the Miller indices twice for both
planes; then cut off the first and last columns.

L

hy ky b

L 3 2 0

\\\

¢ Cross-multiply as indicated by the arrows;
going from top to bottom is positive, from
bottom to top (dashed) is negative. For our
specific example,

2

(2x2—-1x0) Ox1—-—2x3) Bx1—-1x2)
u=4 v=-—6 w=1

¢ Renormalize by dividing by the common
denominator if necessary.

Exactly the same cross-multiplication procedure
can be used to find the Miller indices of the lat-
tice plane given by two lattice lines [u;viw4] and
[uvawy] in that plane.

During crystal growth, unit cells are added
in all three dimensions, according to Hatiy’s pic-
ture (Figure 3.3a). Some surfaces are more sta-
ble and grow more slowly, and those faces be-
come large and determine the exterior mor-
phology. In other directions, crystals grow fast,
resulting in small faces, such as the tips of
a prism or a needle. As is illustrated in Fig-
ure 3.22, lattice planes with simple Miller in-
dices such as (100) and (110) contain a high
density of lattice points per surface element
and have large interplanar spacings. Such faces
are most commonly observed on crystal poly-
hedra. Victor Goldschmidt determined statisti-
cally that lattice planes ‘with indices (hik4l4)
and (hykpl;) are more common than those
with indices (hl +h2,k1 +k2,11 +12) This can
be illustrated for a collection of 21 common
cubic minerals. Faces (001) and (111) are ob-
served in all 21, whereas faces (225) are ob-
served only in four. In the diagram below,
lines from (hik(l;) and (hykyl;) terminate at
(hl +h2,k1 +k2,ll +12), with the number of
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(010)

Two-dimensional lattice, with lattice planes that
show different packing by lattice points. Lattice planes with
simple Miller indices such as (010) and (100) have the highest

point density and the largest interplanar spacing.

instances in which face (h1 + hy, k1 + ka2, 11 + 1)
was observed among the 21 cubic minerals shown
in bold.

(001) 21 (111) 21
\ /
(112) 21
(113)13/ >) 12
e
(114)8 (225)4 (33{)7\(334) 6

Crystal structure

In the previous section we illustrated the con-
venience of the unit cell framework to describe
lattice directions and lattice planes without re-
quiring information about absolute lengths and
angles. The same unit cell system can be applied

Specification of an atom’s position within the unit
cell by fractional coordinates x, y, z, illustrated for three
atoms A, B, and C. B and C are in special positions; A is in a
general position.

to describe the position of atoms within the unit
cell. Figure 3.23 shows three atoms, A and B and
C, in a unit cell and their specification with a
vector sum, r = xa + yb + zc. This representa-
tion is analogous to that of a lattice direction,
except that the atom is, in general, not a lattice
point and its coordinates x, y, z are therefore not
integers as with [uvw].

The atomic coordinates x,y,z are given in
fractions of a unit cell length and range be-
tween 0 and <1. If a coordinate is 1, it is
counted as belonging to the next unit cell and
reset to 0. Atomic coordinates can be compli-
cated fractions, as is the case for atom A in
Figure 3.23. In that case the atom is stated to
be in a general position and fractional coordi-
nates are labeled x, y, z. Coordinates can also be
zero, as in the case for atom B, which is ex-
actly in the corner of the unit cell (coordinates
0, 0, 0); or they can be simple fractions, as for
atom C, which is in the center of the yzface
and has coordinates 0, 1/, 14. Atomic positions
with simple coordinates (such as 0, 0, 0) or re-
lationships between coordinates due to symme-
try (such as 0, 1/, 14 or x, x, x), are called spe-
cial positions. Atoms in the unit cell may be re-
lated by symmetry and such symmetry-related
atoms are called equivalent positions. The most
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Unit cells, atomic positions, and atomic

coordinates for (a) copper (fcc), (b) halite, and (c) diamond.

All of these crystals have a cubic unit cell.

important symmetry relationship is, if for every
atom at coordinates x,y,z there is an equiva-
lent atom at coordinates —x, —y, —z. This repre-
sents an “inversion” in the origin. Crystal struc-
tures with such corresponding atoms are called
centrosymmetrical. A majority of minerals are cen-
trosymmetrical; an exception is quartz. Most
natural organic crystals, such as DNA and sugar,
are noncentric.

Conventionally, atoms are labeled according
to their elemental identity, for example O for
oxygen. If there is more than one atom present
of the same element and at different coordi-
nates, a number is assigned (such as O1 and
02). Atomic coordinates of all crystalline mate-
rials are available in reference books and data
bases.

In Figure 3.24 we review three crystal struc-
tures that were discussed in Chapter 2: copper
(fcc) (Figure 3.24a), halite (Figure 3.24b), and dia-
mond (Figure 3.24c). All have a cubic unit cell,
but unit cells are occupied by different atoms
in different positions, and corresponding atomic
coordinates are given below the unit cell images.
In the case of these structures, all coordinates
are simple fractions, but this is not always the
case.

Test your knowledge

1. Find all the symmetry planes and rotation
axes in a cube.

2. Derive the angle between a (100) and a (111)
face of a cubic mineral.

3. Which directions ([uvw] indices) are defined be-
tween faces (213) and (432)?

4. List the atomic coordinates of atoms in a
hexagonal close-packed structure. For the unit
cell see Figure 2.8a.

5. Make a copy of Figure 3.7c, which is a two-
dimensional periodic pattern. Add on it rota-
tion axes, glide planes (glide lines) and trans-
lations. Identify a suitable unit cell.

6. In a book with illustrations of classical art,
find symmetry elements in the artistic subject
matter.
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Important concepts

Unit cell parameters a, b, ¢, &, B, ¥
Symmetry

7 crystal systems

|4 Bravais lattices

Lattice directions and direction indices [uvw]
Lattice planes and Miller indices (hkl)
Miller-Bravais indices (hkil), i = —(h + k)
Atomic coordinates x, y, z
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Chapter 4

Macroscopic symmetries: crystal morphology

Introduction

In the previous chapters we have become famil-
iar with the extraordinary regularity of the in-
ternal structure of crystals. The local balancing
of bonding forces between atoms leads to a pe-
riodic repetition of elementary units. We have
seen that these unit cells and the corresponding
lattice arrays are diagnostic for specific minerals
and have classified them according to their sym-
metry. Symmetry emerged as a central feature
of minerals and crystals. In Chapter 3, we rec-
ognized seven crystal systems, ranging from the
highest cubic symmetry to the lowest triclinic
symmetry. In this chapter we will look at sym-
metry more formally, particularly in view of the
possible symmetries that are present in the ex-
ternal morphology of crystals.

A characteristic feature of crystals is “di-
rectionality”: specific directions in crystals are
inherently different, and these differences are
implicit in the lattice structure. Take, for ex-
ample, a cubic crystal of galena (Figure 4.1a,e):
if we view it along a crystal axis (e.g. [100]), we
observe a 4-fold symmetry (Figure 4.1b); if the
crystal is viewed along a body diagonal (e.g.
[111]), it displays 3-fold symmetry (Figure 4.1c);
if the cube is viewed along the bisectrix of two
faces (e.g. [110]), two different mirror planes are
observed (Figure 4.1d). If the growth velocity
were isotropic, or equal in all directions, crystals
would occur as spheres. Instead they display a
regular morphology with planar surfaces. The
largest faces are indicative of directions in which

the growth velocity is slowest. Other properties,
such as the propagation of acoustic waves,
thermal conductivity, or color, may also vary
in different directions (Chapter 8). A material
displaying directionality is called anisotropic.

Only rarely, however, does either the internal
structure or a macroscopic property of a crys-
tal differ in all possible directions. Take again
the cubic crystal of Figure 4.1. If the crystal
viewed along [111] is turned 120°, it is indistin-
guishable from the original setting. If parts of
a crystal are identical in different directions, we
say that they are related by symmetry. Symme-
try is fundamental to anisotropic crystals. In or-
der to understand and visualize symmetry and
anisotropy, we must first learn how to represent
directional properties, which we do in the next
section.

Spherical representations of
morphology

Crystals are three-dimensional. So far we have
represented crystal structures and lattices by per-
spective sketches, but on these plots it is difficult
to see detailed geometrical relationships. For ex-
ample, what is the angle between a [100] direc-
tion and a [111] direction in a cubic crystal? It
would be useful to have a way to capture the
quantitative geometrical relationships in crystals
and allow us to measure geometrical features. A
method that projects the crystal onto a sphere
has proven to be very useful in this regard.
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(@) A cube of galena (PbS) looks very different when
viewed in different directions. (b) In a view along [100] it
appears as a square in projection, (c) looking along [111] the
cube appears as a regular hexagon, and (d) looking along [110]
the projection is a rectangle. (e) This is illustrated in an actual
mineral sample with several crystals of galena from Tristate
District, USA (40 mm x 67 mm) (courtesy O. Medenbach).

The procedure is as follows: take a crystal
with well-developed planar faces and place it in
the center of a large sphere. In Figure 4.2a this
is shown for a cubic crystal, with large cube
faces of the type {100}, and smaller faces for
an octahedron of the type {111} and dodecahe-
dron of the type {110} (see Figure 4.17a). Then
construct normals (perpendicular lines) to each
face, going through the center of the sphere and

intersecting the surface of the sphere. Each point

of intersection is called a pole, and in Figure 4.2a

Miller indices are assigned. Thus we can repre-

sent crystal faces (or lattice planes) (hkl) by points
on a spherical surface.

In Figure 4.2b we have again a sphere and
on it an arbitrary point P representing a pole
to the shaded lattice plane (hkl). If we define a
coordinate system such as north and south poles
(N and S), as well as an east-point E on the

equator, then we can specify the point P by
two spherical angular coordinates: a polar an-

gle p (55°), measured from the north pole, and
an azimuth ¢ (210°), measured from some ar-

bitrary origin E (Figure 4.2b). This is directly

analogous to geographical coordinates on the
earth (Figure 4.2c), except that geographers
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(a)

(©) (d)

m Graphical representation of directions by means of
a sphere. (a) A cubic crystal with a variety of faces ({100},

{110} and {I11}) is placed inside a sphere, and normals to
its faces are constructed. Each normal intersects the sphere
in a point, called a pole. (b) A lattice plane (hkl) is translated
through the center of the sphere. It intersects the sphere
along a great circle (shown dashed). If we construct the
normal to the lattice plane, it intersects the sphere at point P.
The location of point P on the sphere is specified by spherical
coordinates, an azimuth ¢ and a polar angle p. The azimuth is
measured counterclockwise from the E-point, while the polar
angle is measured from the North Pole. (c) These
coordinates are similar to geographical coordinates used to
specify the location of a place on the earth. Geographical
longitude corresponds to the azimuth and is measured from
the Greenwich meridian; geographical latitude is measured
from the equator, rather than from the pole. (d)
Stereographic projection of all the upper hemisphere poles of
the cubic crystal in (a).

E =(010)

prefer to use the latitude (distance from the equa-
tor) rather than the polar angle (or colatitude) to
define a location. Geographical longitude corre-
sponds to the azimuth. In geography one uses the
North Pole (the northern end of the earth’s rota-
tional axis) and the meridian that passes through
Greenwich, England, as a reference coordinate
system. (The equator is then simply the great cir-
cle perpendicular to the earth’s rotational axis.)

Latitudes range from 90° north to 90° south of
the equator, and longitudes from 180° east to
180° west of Greenwich. New York, for exam-
ple, has a latitude 41° north (corresponding to a
polar angle of 49°) and a longitude of 74° west.
For crystals it is customary to use the z-axis [001]
as the North Pole, and the normal to the lat-
tice plane (010), which lies on the equator, for
all crystal systems, as the origin of the azimuth
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(Figure 4.2b). For crystals the azimuth ¢ is
measured counterclockwise from the normal to
(010) when viewing in the [001] direction. In
this system (used in this chapter) the spher-
ical coordinates for some lattice plane poles
of a cubic crystal are: ¢ = 0°, p = 0°
for (001), ¢ = 270°, p = 90° for (100), ¢ = 0°,
p = 45° for (011), and ¢ = 90°, p = 135° for (101)
(Figure 4.2a).

A face or lattice plane can be represented two
ways on a sphere: either we construct the normal
P, as described above, and obtain a point, or else
we translate the plane until it passes through the

center of the sphere and then map the intersec-
tion of the plane (or extension of a face) with
the surface. The intersection (or trace) is a great
circle, i.e., a circle on the sphere’s surface having
the same radius as the sphere, and is shown on
Figure 4.2b by a dashed line with the plane shad-
ed. Both methods uniquely describe the orienta-
tion of the plane relative to given coordinates.
Similarly lattice directions, or zone axes [uvw]
are first translated until they go through the cen-
ter of the crystal (and correspondingly the center
of the sphere). We intersect them with the sur-
face of the sphere and represent them as a point.

Equator

w1

(a) (b)

m Mechanics of stereographic projection. (a)

Geometrical relationships displayed in a perspective drawing,
illustrating the projection of a point P on the sphere onto a
point P| on the equatorial plane (shaded). S is South Pole and
N is North Pole, E is the E-point. Also shown is the
projection of a circle on the sphere onto the equatorial plane.
(b) Section of the meridian that contains the point P (at
coordinates ¢ = 330°, p = 60°), and the poles N and S,
illustrating the geometry of stereographic projection. The
point Py is viewed from the South Pole S, and P is obtained
as the intersection with the equatorial plane (OP| = R tan
(p/2)). R is the radius of the sphere. Also shown is the
projection of point P, on the southern (lower) hemisphere
that projects to a point P} outside the sphere. To avoid this
problem, P, is generally plotted as a point inside the sphere
by projecting from the North Pole N (point P} on the
equatorial plane). To distinguish upper and lower hemisphere
projections, lower hemisphere projections such as P} are
characterized with an open circle. (c) Plot of the equatorial
plane (shaded in (a)), and construction of the projection P/
(NP in (c) is OP/ in (b)).

()

The lattice direction [001] has coordinates ¢ = 0°,
p =0°.

Perspective views such as those shown in Fig-
ures 4.2a—c display patterns on a sphere. In effect,
we have projected the three-dimensional crystal
structure onto a spherical surface. However, in
order to achieve useful constructions, we need
to project this spherical surface on to a plane.
There are several standard methods for project-
ing a spherical surface on to a plane. We describe
here the two most important ones: stereographic
projection is used mainly in crystallography and
materials science; equal area projection is used in
structural geology. Both are closely related.

Stereographic projection

In stereographic projection, points on the sphere
with radius R are projected on to points on
the sphere’s equatorial plane. The principle of
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stereographic projection is simple: the sphere’s
surface is viewed from the South Pole (point S)
and point P; (at coordinates ¢ = 330°, p = 60°)
on the sphere is projected to point P; on the
equatorial plane where the line SP; intersects
the equatorial plane (Figure 4.3a). The perspec-
tive view of the sphere in Figure 4.3a illustrates
the projection of a circle on the sphere passing
through P; onto the equatorial plane. The exact
geometrical relationships can be seen by look-
ing at a section through the sphere that con-
tains the meridian on which the point P;, the
South Pole (point S) and the North Pole (point
N) lie (Figure 4.3b). If the radius of the sphere is
R, the distance d = OP] is R tan(p/2). Points on
the lower hemisphere (such as P;) project outside
the equator (P,), but such projections are gen-
erally avoided. Instead the lower hemisphere is
viewed from the North Pole, and the projection
points (such as P; in Figure 4.3b) are assigned dif-
ferent symbols (open circles) to distinguish them
from upper hemisphere projections. We now con-
struct a circle to represent the equatorial plane
(Figure 4.3c), representing the shaded circle in
Figure 4.3a. On it we mark the origin E (east
point) for counting the azimuth (i.e., the pole
of (010)). Then we measure the azimuth of Py,

for example ¢ = 330° counterclockwise from
E, and draw a line from N to P in Figure
4.3c. The projection P] is plotted at a distance
d=Rtan(p/2)=21 mm tan(30°)=12.2 mm from
the center (N). Some constructions with stereo-
graphic projection are illustrated in Box 4.1.

When we project a three-dimensional object
onto a two-dimensional plane, some information
is lost or distorted. For example, one characteris-
tic of stereographic projections is that all circles
on the sphere, including small circles, appear as
circles in projection. Therefore all lines in a Wulff
net are circles (Figure 4.4b). However, the geomet-
rical center of a projected circle, when drawn
with a compass, does not, in general, coincide
with the projection point of the “true” center es-
tablished on the sphere. As a further example of
projection distortions, we note that, while equal
angles between two directions have the same dis-
tance in projection, whether close to the North
Pole (center) or close to the equator (peripheral
circle), equal areas do not. For example, a 10°x
10° segment is much smaller near the North Pole
than near the equator (Figure 4.4b). This is a
handicap for many applications and, therefore,
another projection method was developed that
we will discuss in the next section.

Box 4.1 | Mechanics of stereographic projection

The plotting of projection points, as explained above, is simplified if we use a
template of a projected coordinate system, called a WuIff net, named after the
Russian crystallographer George V. Wuff (1863—1925). Using the Wulff net we do
not need a protractor or calculator to plot points. The Waullff net is a coordinate
system on a sphere with circles of equal longitude (great circles) and circles of
equal latitude (small circles) projected onto a plane by means of stereographic
projection. However, rather than projecting it with the North Pole in the center
(Figure 4.4a), the sphere is rotated so that the North Pole is on top (Figure 4.4b).
This net represents an auxiliary coordinate system to perform constructions, not
the actual coordinate system that is used for representing poles (with azimuth and
polarangles). Circles are usually drawn in 2° intervals; Figure 4.4 shows them in 10°
intervals. The azimuth on this net should be numbered on the outer (primitive)
circle, beginning at the bottom and advancing clockwise (Figure 4.4b shows these
numbers from O to 35 in 10° increments). Also mark the E-point. Since these nets
are used a great deal, it is customary to mount them on a piece of cardboard



SPHERICAL REPRESENTATIONS OF MORPHOLOGY

59

16 1718 19 5,

21

14 2
13 23
1 24
11 25
10 - 26
9 HH E
8 e 28
7 29
6 30
5 31
4 32
3 13
297 35 4
(@) (b)

SR (a) Coordinate system on a sphere with circles of
equal longitude (great circles, appearing as straight lines in this

view) and circles of equal latitude (small circles), projected in
stereographic projection (see Box 4.1). Angular intervals

Note that numbering on this auxiliary net starts at the bottom

and progresses clockwise, which produces a clockwise
representation with the azimuth starting at the E-point, when
plotted on tracing paper. (c) In practice, the Waulff net is

between circles are 10°. (b) The same coordinate system, but usually mounted on a piece of cardboard and a thumbtack T is

rotated so that the North Pole is at the top. This projection of  applied, so that a superimposed sheet of tracing paper can be
the coordinate system is called a Wulff net and used for rotated about the center.

constructions. Angular labels are applied to the outer circle.

(Figure 4.4c). Constructions are not actually done on the net but on a sheet of
tracing paper that is superposed on the net. By applying a thumbtack (T) from
the back, the tracing paper can be rotated around the center of the Wulff net
(Figure 4.4c). Alternatively you can pin down the paper with a sharp pencil point
and spin it around the center.

We introduce below the procedures of constructions using the Waulff net with
three examples.

I. Plot a pole P, with spherical coordinates ¢ = 330°, p = 60°

® Place a sheet of tracing paper over the Wulff net and mark the 0° azimuth

and the center.

® Rotate your tracing paper over the center of the fixed Waulff net (shown in
light gray lines in Figure 4.5a) until your zero mark on the tracing paper is
at 33 (i.e., 330°). (All construction marks on the tracing paper are shown in
black.)
Plot the projection of pole P, by measuring 60° on the radius from the
center towards the E-point (on the Wulff net) (Figure 4.5a). The pole is
perpendicular to a lattice plane (hkl) and we can draw the intersection of

that lattice plane (the so-called trace) with the sphere, assuming that the
plane goes through the center of the sphere. The plane is perpendicular to
the pole and the intersection is a great circle. We draw this great circle on the
tracing paper (labeled hkl), measuring 90° from P, on the horizontal diameter
(Figure 4.53). Try to visualize this plane, which is fairly steeply inclined to the
equatorial plane.
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® The labeling of the WauIff net appears contrary to our previous definition
that the azimuth is counted from the E-point counterclockwise. However,
this is only an auxiliary labeling, which you can verify by rotating the tracing
paper back, until the zero mark coincides with the zero mark on the Wulff
net (Figure 4.5b) and you realize that the azimuthal angle is indeed counted
330° counterclockwise from the E-point and the plot is identical with the
one of point P, done without the Wulff net (Figure 4.3c).

® If p is greater than 90° (e.g, pole P, ¢ = 70°, p = 125°), the pole will

correspond to a spherical point in the lower hemisphere, and when projected

onto the equatorial plane it would plot outside the peripheral circle (Figure

4.3b). If we use a WUIff net that does not extend beyond the peripheral

circle, we have two choices: we can plot the opposite end of the normal P5™
that re-enters at ¢ + 180°, p = 180° —p (i.e,, at coordinates ¢ = 250°, p
= 55°) (Figure 4.5¢). Alternatively we continue along the radius and re-enter
the peripheral circle on the lower hemisphere (35°) and plot P, indicating
with an open circle symbol that the pole is on the lower hemisphere. Some
caution is advised: many constructions on the Wulff net cannot be done by
simply combining poles on upper and lower hemispheres!

2. Determine the angle between two crystal faces P, and Ps. The coordinates of the
poles of these faces are ¢ = 330°, p = 60° for Py and ¢ = 60°, p = 80° for Ps.
(The internal angle between two faces is the supplement of the angle between the
poles.)
® P, and the trace of the face (h k!l ) are already plotted. We plot P; and the

trace (hsksl3) the same way from its ¢ and p values.

* \We now rotate the tracing paper above the Wulff net until both poles, P,
and Ps, lie on a great circle (Figure 4.5d). (The zero arrow on the tracing
paper lies over the 35 = 350° mark on the WuIff net.) We can read
the angular distance between the two points by counting the divisions on
the great circle. In this case the angle between the poles is 87°, therefore the
angle between the two faces is 93°.

3. We now return to the cubic crystal of Figure 4.2a with poles on faces (100), (110),
(I'1'l), etc, and want to plot them in stereographic projection. We also would like
to determine the angle between (001) and (1 1'1), and between (1'11) and (I T1)
® The plane (001) is parallel to x and y and, for crystals belonging to the cubic

system, the pole is parallel to z and has spherical coordinates ¢ = 0°, p =
0°; similarly (I'10) has spherical coordinates ¢ = 45°, p = 90°. These two
poles are easily plotted (Figure 4.5¢).

® Coordinates of (I'|1) are more difficult to establish. We could do this with
trigonometry (Figure 3.18) but it is easier to apply zonal relationships and
construct its position. On the crystal in Figure 4.2a we see that faces (001),
(I'11), and (110) are cozonal, i.e., they share the common direction [I10].
(Try to calculate the zone from pairs of faces according to the (hk/)—[uvw]
cross-multiplication rule in Chapter 3.) The poles therefore lie on the same
great circle (zone circle), perpendicular to [1T0]. Face (I11) is also cozonal
with (010) and (101), with a zone circle perpendicularto [101]. It is therefore
at the intersection of the two zone circles. Coordinates of [110] are ¢ =
225°, p =90° and of [101] are ¢ = 90°, p = 45°.
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We plot [110] and [T01] and construct for each point the great circle per-
pendicular to it, using the Waulff net and plotting its trace. The zone circle
perpendicular to [110] is vertical and the trace is therefore a straight line.
The zone circle perpendicular to [101] is inclined and we have to use the
Waulff net to plot its trace (Figure 4.5¢). The pole of (I | 1) is obtained as the
intersection of the two zone circles.

Next we rotate the tracing paper back into its starting position (Figure 4.5f)
and can read off the spherical coordinates of (I |1) as: ¢ = 325°, p = 53°.
Also, we can complete adding all other poles of the crystal in Figure 4.2a by
symmetry (Figure 4.2d). (1T1) is shown in Figure 4.5f.

Finally we need to determine the angles between poles (001) and (I11),
and (I11) and (IT1). This is done by rotating the tracing paper to bring
pairs on a great circle of the Wulff net. For example in Figure 4.5e we can
read the interfacial angle between (111) and (1T1) as 64°. (Note that in this
construction the interfacial angle is defined as the angle between the two
poles.) Similarly the angle between (001) and (I | I') poles is determined as
53¢,

We have established a relationship between lattice plane poles (hkl) and zones
[uvw]. In Figure 4.5e, the intersection of two zone circles (solid lines) z[ | 0]
and Z[101] determines the pole (I I 1). In Figure 4.5f we have drawn the traces
of planes (I'11) and (IT1) (dashed lines) and their intersection determines
the zone axis [101]. This construction, as well as the corresponding cross-
multiplication rule, applies to all crystal symmetries. However, for example
for triclinic symmetry, the pole to (001) and the direction [00I] do not
coincide!

Equal-area projection

The stereographic projection is commonly used
when angular relationships are important. For
other applications, however, the equal-area pro-
jection is preferred. This latter method works as
follows: using again the meridian section that
contains the direction P of interest, we find this
time the projection P’ by rotating P around the
North Pole N onto a horizontal plane through
the North Pole (Figure 4.6a). The distance NP is
identical with the distance NP’ and, by apply-
ing trigonometry to the right triangle SNP (Fig-
ure 4.6a), we find NP = 2R sin (p/2), where R is
the radius of the sphere. Point E on the equator
projects as E' with a distance r = NE' = ,/2R.
Contrary to stereographic projection, the radius
of the equatorial circle is not the same as the ra-
dius of the sphere and values for distances NP’
need to be renormalized accordingly. As with
the stereographic projection method, points on

the lower hemisphere project outside the equa-
tor. The South Pole would project as a circle at
a distance 2R. (In the stereographic projection
method, the South Pole would project into infin-
ity.) As was the case in the stereographic projec-
tion method, poles on the lower hemisphere are
generally projected by rotating around the South
Pole, instead of the North Pole, and marked with
different symbols (open circles), so that all poles
are inside the equatorial circle (peripheral circle).

An auxiliary net for equal-area constructions
is also available. It is called the equal-area or
Schmidt net named after the structural geologist
Walter Schmidt (Figure 4.6b) and can be used in
a manner analogous to that of the Wulff net (Fig-
ure 4.4b). All the constructions illustrated in Box
4.1 can be done the same way with a Schmidt net.
The only difference between the two methods is
the distance of a pole from the center. For equal-
area projection, corresponding poles are closer
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m Procedures for constructions in stereographic
projection with the help of a Wulff net (see Box 4.1). The

Wulff net is shown with light gray shades. Marks on the tracing
paper are in black. (a) Plotting of pole P at coordinates ¢ =
330° and p = 60° by rotating the tracing paper until the zero
mark coincides with 33 (330°) on the WAulff net and plotting
the point at a distance 60° from the center. Also shown is the
trace of the plane that appears as a great circle. (b) After
plotting pole and trace, the tracing paper is rotated back into
its original position to show the proper disposition. (c)
Plotting of pole P, on the lower hemisphere at coordinates
¢ =70° and p = 125°. We can either plot the opposite end
(P;PP) or project from the North Pole (P;) and assign a
different symbol (open circle). (d) Method of measuring an
angle between two poles, P| and P3, by placing both on a
great circle and counting the angles. Traces of the
corresponding faces are also shown. (e) Construction of
lattice plane poles (001), (110), (111), (1T1) and zone axes
[1T0] and [TOI] of a cubic crystal. Traces of zone circles
Z[170] and z[T01] are also shown. (f) The tracing paper with
the construction in (e) is rotated back into its original
position. Dashed lines are great circles representing traces of
lattice planes (I111) and (1T1) with an intersection that
determines the zone axis [101]. (Compare with Figure 4.2d,

where the pattern is completed by applying cubic symmetry.)

to the peripheral circle than for stereographic
projection.

Unlike stereographic projection, however, in
equal-area projection, apart from the peripheral
circle, neither great circles nor small circles on
the sphere appear as circles in projection and
cannot be drawn with a compass. An angle on
the Schmidt net is larger in the center than at
the periphery, but the areas of regions with iden-
tical angular dimensions are equal. For example
a 10° x 10° domain in the center and near the
E-point in Figure 4.6b are both of the same area.
This equal-area feature is important when point
densities need to be represented and statistically
evaluated.

Typical applications of equal-area projection
occur in structural geology, where strikes and
dips of foliation or bedding planes, as well as
bearings and plunges of fold axes, are plotted.
Equal-area projection is also used in representa-
tions of the preferred orientation of crystals in
rocks. Figure 4.7a illustrates the direction pat-
tern of c-axes of quartz crystals in a deformed
quartzite. Each crystal is represented by a pole
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7NN Equal-area projection. (a) Geometric relationships
for equal-area projection (analogous to those for
stereographic projection in Figure 4.3b). (b) The equal-area
or Schmidt net is a projection of an auxiliary coordinate
system, equivalent to the Waulff net for stereographic

projection (see Figure 4.4b).

and, in the case illustrated, the poles cluster in
the lineation direction 1. In Figure 4.7a a square
pattern has been superposed on the point distri-
bution. At each intersection is applied a count-
ing circle (shown below) of a normalized 1% area
of the peripheral circle, and the number of poles
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S-S A (a) A pole distribution (c-axes of quartz in a

deformed quartzite) in equal-area projection. The c-axes are
plotted relative to coordinates of the quartzite sample; | is
the lineation direction in the rock, the pole to the schistosity
is in the center of the circle. A rectangular grid is
superimposed and on each grid point the number of poles
within a 1% area of the total peripheral circle is counted. The
1% area counting circle is shown on the lower right. (b) Pole
densities are then contoured and a pole figure is produced.

that fall within it are counted. These counted val-
ues can then be contoured, and the contoured
pattern expresses pole densities per 1% area
(Figure 4.7b). Such a diagram with contoured pole
densities is called a pole figure.

It is important to be able to visualize the
three-dimensionality of a spherical projection
and intuitively to see points in projection as di-
rections in space. This visualization skill takes
some practice, and the easiest way to become
comfortable with such projections is by using the
analogy to geographical representations of the
earth (Figure 4.2¢). In these circular diagrams, al-
ways visualize a sphere extending over the circle.

Point-group symmetry

Stereographic projection and symmetry

In the previous section we discussed how to repre-
sent three-dimensional crystal directions and lat-
tice planes by two-dimensional projections and
applied these techniques to a cubic crystal. Note
that in making such a projection, we lose in-
formation concerning the size of faces and the

Counting % (\ g

length of edges of a crystal. As we have seen pre-
viously (see Figure 3.1), the size of faces can vary
greatly, yet interfacial angles are strictly constant
as stated in Steno’s law of constancy of interfacial an-
gles. Therefore, a spherical method is an ideal way
to assess the geometry of a crystal.

The crystal morphology can be displayed as
a perspective drawing (Figure 4.2a) such as that
of a fluorite crystal with a combination of cubic
(e.g., 100), octahedral (e.g., 111), and dodecahedral
(e.g., 110) faces. This method of display is ineffec-
tive, however, when it comes to an assessment of
angular relationships. Instead, stereographic pro-
jection can be used and we have illustrated this
in the previous section. For the complicated per-
spective drawing in Figure 4.2a we obtain a highly
symmetrical pattern in projection (Figure 4.2d).
With the help of a Wulff net, we can determine
all interfacial angles.

We can also plot symmetry elements on a
stereogram, including rotation axes and mirror
planes. For example, Figure 4.8a illustrates, by
means of a perspective drawing, the rotation
axes that are present in a cubic crystal. As was
done in Chapter 3, we use a square symbol to
denote a 4-fold axis, a triangle to indicate a
3-fold axis, and a lens-shaped symbol to identify
a 2-fold axis (see Figure 3.6). We transfer these
rotation axes into the stereogram (Figure 4.8b),
using the method outlined in Box 4.1. Dashed
lines are entered for reference.

On this very symmetrical diagram we next
add an arbitrary pole to a lattice plane (star) and
repeat this pole by applying the rotational sym-
metry operations. It is easy to see how the pole
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(a) (b)

AT BE R (a) Perspective drawing of a cubic crystal with
rotation axes indicated (compare with Figure 3.6). (b)

Projection of the rotation axes in stereographic projection
(same symbols are used as in (a)). Also indicated is a pole to a
lattice plane (star) and its 24 repetitions due to the rotational
symmetry. Dashed lines are for reference to better recognize
the cubic symmetry. Closed symbols are poles on upper
hemisphere; open symbols are on lower hemisphere. (c) The
resulting poles can be interpreted as faces of a polyhedron, in

this case a pentagon-trioctahedron.

(©

repeats itself four times, rotating around the as-
axis (Figures 4.8b and 4.9a). We follow a small cir-
cle (dotted line) and repeat the point after a 90°
rotational interval. Miller indices change during
this rotation and we obtain from (hkl) (1), (khl)
(2), (hkl) (3), and (khl) (4). Next we take each of
the four generated poles and rotate them around
the aj-axis (Figure 4.9b). From the previously
generated four poles (now labeled with larger
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(b

Consecutive rotations about the three 4-fold
rotation axes, generating from one pole (hkl) marked by star,
symmetrically equivalent poles. (a) Rotation about a3
produces four poles that all lie on a small circle (dashed line).
(b) Rotation about a; produces a total of 16 poles that are
distributed over small circles (dashed lines). Old poles are
indicated by larger symbols. (c) Rotation about a; produces
an additional 8 poles. Compare the final pattern with Figure
4.8b. Closed circles are on upper hemisphere; open circles
are on lower hemisphere.
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symbols) we obtain a total of 4 x 4 = 16 poles
(12 of which are new and have Miller indices as-
signed), with 8 located on the upper hemisphere
(closed circles) and 8 on the lower hemisphere
(open circles). Again, during this rotation, the
poles follow small circle paths (dashed lines),
which we can verify with the Wulff net (Fig-
ure 4.4b). Lastly we apply the a, rotation to all
16 poles (Figure 4.9c). Doing this, we note that
the new positions of many poles coincide with
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already generated poles. At the end we have
added 8 new poles (smaller symbols), for a total
of 24.

On this pole pattern (Figure 4.9c and sum-
marized in Figure 4.8b) we notice that 3-fold ro-
tations and 2-fold rotations are already implicit
and do not generate new poles, i.e., we did not
need them to generate the 24 poles. The 24 poles
represent a polyhedron that is typical of this
combination of rotation axes (Figure 4.8c). Crys-
tallographers call this particular polyhedron a
pentagon-trioctahedron, which resembles an oc-
tahedron, but with each triangular face of the
octahedron divided into three pentagons. Such
a polyhedron in which all faces are related by
symmetry is called a crystal form. Each face of a
form has a Miller index “hkl” with the numerical
values being permutations of h, k, and I, both
positive and negative, as shown in Figure 4.9. All
poles on the lower hemisphere have a negative
1. We give the collection of all (hkl)s produced by
symmetry the symbol {hkl}. Note that (hkl) is the
symbol for a particular face, whereas {hkl} is the
symbol for all faces of a form. Similarly, crystal
directions [uvw] are multiplied by symmetry, and
to express the whole set of symmetrically equiv-
alent directions we use the symbol (uvw). Thus
the symbol (100) for a cubic crystal implies [100],
[010], [001], [100], [010], and [001].

Symmetry operations revisited

We have already touched upon symmetry consid-
erations in Chapter 3, where we introduced three
symmetry operations: translation, rotation, and
mirror reflection. We now discuss these opera-
tions in more detail.

Translation is the most basic symmetry opera-
tion present in all crystals owing to their periodic
lattice structure (see Figure 3.5b). Yet translation
is not expressed directly in the symmetry of the
external forms because the translation distances
are very small (on the order of a few dngstréms)
and cannot be seen directly. We have noted ear-
lier, however, that translational symmetry (i.e.,
the lattice character of crystals) imposes limita-
tions on the types of rotation axes that are ex-
pressed in the external crystal forms. Thus we
will exclude translation from the discussion of
symmetries of crystal forms for now, but return
to it at the end of this chapter.

Rotations and mirror reflections are expressed
in crystal forms. A cubic crystal, for example,
has quite a large number of symmetry elements,
whereas a triclinic crystal has very few. There are
a limited number of possible combinations of ro-
tations and mirror reflections in crystals. In 1830,
Johann F.C. Hessell determined that there are
only 32 different such combinations, and these
combinations are now called symmetry classes or
point-groups. To each such combination a symbol
is assigned. Physicists commonly use the older
Schoenflies symbols that are more readily applied
in group theory, but crystallographers prefer the
newer International or Hermann-Mauguin sym-
bols, which are easier to visualize. Both symbol
systems are listed in Table 4.1. We will now ex-
plore possible point-group symmetries, without
going through a rigorous derivation. (Those in-
terested in a more systematic discussion should
consult Buerger, 1978, pp. 23-68.)

By means of rotation (Hermann-Mauguin sym-
bol n = 1, 2, 3, 4, 6) around an n-fold symme-
try axis, a crystal comes to coincidence after an
angular rotation of ¢ = 360°/n. After n such ro-
tations the crystal is again in the starting posi-
tion. Only 1-, 2-, 3-, 4-, and 6-fold rotation axes can
occur in crystals (as noted in Chapter 3, the lat-
tice structure of crystals does not allow for axes
with n = 5, 7, 8, or higher). The 1-fold rotation
is trivial, because every object is brought to co-
incidence after a 360° rotation. Rotation axes are
indicated by symbols on stereoplots, as we have
done in Figure 4.8b for a cubic crystal. In Figure
4.10a we take a simple case with a single 2-fold
rotation axis that generates two identical motifs
(e.g., the number 5). After applying the 2-fold ro-
tation two times we return to the starting point.

A mirror reflection (symbol m) produces a mir-
ror image, and the operation needs to be applied
twice to reproduce the original object. A mirror
plane is indicated by a solid line (great circle) in
a stereoplot (Figure 4.10b). Recall that a mirror
reflection does not produce an identical repeti-
tion of an object, but rather an enantiomorphic
repetition, creating a left-handed object from a
right-handed object (Figure 3.5d).

There is a fourth symmetry operation called
inversion (symbol i), and the corresponding sym-
metry element is called an inversion center, indi-
cated by a small open circle in the center of the
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Table 4.1 | Crystal systems and point-groups (symmetry classes)

System Point-group
Lattice Hermann—Mauguin (complete)
parameters direction of symmetry element Abridged  Schoenflies  Multiplicity”
Triclinic | | C |
a,b,c;a, By | 1 C 20
Monoclinic [0I0] =y
a,b,c; B m m C, 2
2 2 G 2
Z/m Z/m CZh 49
Orthorhombic [100] = x [010] =y [001] =z
a b c m m 2 mm?2 Cyy 4
2 2 2 222 D, 4
2/m 2/m 2/m mmm Do 87
Tetragonal [01]=2z (100) =x,y (I10)
a,c 4 4 Cy 4
4 4 S4 4
4/m 4/m C4h 8¢
4 2 m 42m D2d 8
4 m m 4mm Cay 8
4 2 2 422 D4 8
4/m 2/m 2/m 4/mmm Dy |67
Trigonal z X, y,u
a,c [0001] (2110) (1010)
3 3 GCs 3
3 3 Csi 6
3 m 3m Co 6
3 2 32 Ds 6
3 2/m 3m Dsq 12
Hexagonal 6 6 Ce 6
a,c 6 6=3/m Cs 6
6/m 6/m Céh |29
6 m 2 6m2 Dsh 12
6 m m émm Cev 2
6 2 2 622 D¢ 12
6/m 2/m 2/m 6/mmm  Dgp 249
Cubic (100); x, v,z (I11) (110)
a 2 3 23 T 12
2/m 3 m3 Th 24¢
4 3 m 43m Ty 24
4 3 2 432 @) 24
4/m 3 2/m m3m O 487

9Centric (Laue group).
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D
O

S-SR Stereograms illustrating the repetition by (a)

rotation, (b) mirror reflection, (c) inversion, and (d) a
combination of 2-fold rotation and inversion, which is
equivalent to a mirror plane normal to the 2-fold axis. (Top)
Repetition of a “5” symbol is used to illustrate a change in
handedness during mirror reflection and inversion. Marks on
lower hemisphere are in light gray, those on upper
hemisphere in black. (Bottom) Same as top, but the “5” motif
is now replaced by a point. Closed circles are on the upper
hemisphere; open circles are on the lower hemisphere.

stereoplot. In Figure 4.10c (top) a motif on the
upper hemisphere is transformed into a motif
on the lower hemisphere by an inversion in the
center of the sphere. As with mirror reflection,
the inversion operation produces a mirror image
and a change of handedness of the object. Many
crystal structures possess one or more inversion
centers, i.e., points in the unit cell from which all
atoms have equivalents at the opposite end. (For
example, in the structure of halite (Figure 3.24b),
one inversion center is in the corner of the unit
cell.) This internal inversion also applies to the
external morphology, with crystal faces inverted
on opposite ends of the inversion center.

In the bottom row of Figure 4.10 we have re-
placed the number 5 motif by a point, or pole,
and we will use this representation in the discus-
sion that follows. Be aware, however, that poles
do not tell us directly whether the symmetry
operation changes the handedness. Remember

‘ ‘N

(©) (d)

that translations and rotations keep the hand-
edness, while mirror reflections and inversions
change the handedness.

Symmetry operations can also be combined.
We have already seen in Figure 4.8a an example
of a cubic crystal with three 4-fold, four 3-fold,
and six 2-fold axes. Let us now look at a simple
combination of a 2-fold rotation and an inversion
(Figure 4.10d). In Figure 4.10d (top) we apply the
two operations in consecutive steps: first we ro-
tate the number 5 around the 2-fold axis (which
we have put into the equatorial plane) and ob-
tain a 5 on the lower hemisphere after a 180°
rotation. We then invert the number 5 and ob-
tain a final 5 with changed handedness on the
upper hemisphere. Particularly in the representa-
tion with poles, and leaving out the intermediate
step (Figure 4.10d, bottom), we recognize a mirror
plane perpendicular to the 2-fold axis. This is the
same as the pattern in Figure 4.10b, bottom, illus-
trating that a 2-fold rotation-inversion is equiva-
lent to a mirror plane perpendicular to the 2-fold
axis. Thus we do not need to consider both mir-
ror reflection and inversion in the derivation of
possible combinations of symmetry elements in
crystals.

We have combined (in Figure 4.10d) a 2-fold ro-
tation with an inversion; similarly we can com-
bine other rotation axes with an inversion and
obtain so-called rotoinversion axes (general sym-
bol 7). They are plotted with the same polygonal
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symbol as rotation axes in stereoplots, but with
an open circle in the center. Some rotoinversion
axes produce mirror planes perpendicular to the
rotation axis, as in the case of the 2-fold rotoin-
version, others do not. Rotation axes are called
proper if they are simple rotations and improper if
they are rotoinversions.

Thirty-two point-groups

The 32 point-groups are simply combinations of
these symmetry elements, and the different pos-
sibilities are best explored with stereoplots. First,
we consider point groups with a single rotation
axis, the so-called monaxial point-groups that are
illustrated in the first three rows of Figure 4.11,
except for the last column to which we will re-
turn later. If the rotation axis is proper, there
are five possible groups, with Hermann-Mauguin
symbols 1 (no symmetry), 2, 3, 4, and 6. Stereo-
plots for these five groups (top row of Figure 4.11)
display rotation axes and repetitions of a general
pole, i.e., a pole to a lattice plane (hkl) that is in
no special position relative to the symmetry ele-
ments, as with that illustrated in Figure 4.8. Next
we have the groups with a single improper axis n,
i.e., a combined rotation and inversion. There are
again five such groups (1, 2, 3, 4, 6). The Wulff net
can be used to construct the pattern for repeti-
tions of a general pole, illustrated in the second
row of Figure 4.11. Group 2 is generally shown
as m because, as we have seen, a mirror plane
is equivalent to a 2-fold improper rotation. Simi-
larly, group 6 is equivalent to 3/m, where the sym-
bol “/m” denotes that a mirror plane is perpen-
dicular to the rotation axis. Proper and improper
rotations may be combined (general symbol n/n).
These groups are displayed in the third row of
Figure 4.11. With combined proper-improper ro-
tations we apply first the proper rotation to a
pole and then the improper rotation to all poles
that have been generated. The results illustrate
that not all the patterns are new. For example
1/1 = 1 and 3/3 = 3. Verify this by performing
all the symmetry operations. In the remaining
cases, with even-fold rotation axes we produce a
pattern with a mirror plane m perpendicular to
the rotation axis, and the symbols are 2/m (for
2/2), 4/m (for 4/4) and 6/m (for 6/6). In total,
there are 13 monaxial point groups with a single
rotation axis.

A crystal may contain rotation axes in differ-
ent directions, defining the polyaxial point-groups.
Again, the lattice imposes restrictions on the di-
rections in which axes may be present. If there
is more than one axis, there have to be at least
three, because after a rotation about a first axis
n, that transforms a pole P; to P,, and a second
rotation n, that transforms P, into P3, there has
to be a third rotation n; that returns P; into
P; (shown in stereographic projection in Figure
4.12). The general symbol for a polyaxial point-
group is nq ny nz. The simplest case is 222 in the
orthorhombic system with three 2-fold axes at
right angles to each other (Figure 4.13a). Next is
322, generally abbreviated to 32, with a 3-fold axis
and two 2-fold axes perpendicular to it at an an-
gle of 60° to each other (Figure 4.13b). (The third
2-fold axis in the stereoplot of Figure 4.13b is pro-
duced by the 3-fold rotation axis.) Point-group 422
has two types of 2-fold axes at 90° to the 4-fold
axis and an angle of 45° between them (Figure
4.13c¢). (Again the 4-fold rotation produces addi-
tional symmetrical 2-fold axes.) In these tetrago-
nal crystals the two types of 2-fold axes are (100)
and (110). Point-group 622 has two types of 2-
fold axes at 90° to the 6-fold axis and an angle of
30° between them (Figure 4.13d). In these hexago-
nal crystals the two types of 2-fold axes are along
a = (2110) and (1010).

In the cubic system there are two types of
polyaxial groups with axes along (100), (111), and
(110) of the cube (Figure 4.13e,f). In the first type,
233 (or simply 23, and not to be confused with
the trigonal point-group 32), a 2-fold axes is along
(100) and corresponding 3-fold axes are (111) and
(111) (Figure 4.13e). Finally in 432, the highest cu-
bic symmetry, there are three 4-fold axes along
(100), four 3-fold axes along (111), and six 2-fold
axes along (110) (Figure 4.13f). This is the case
we have already explored earlier (see Figures 4.8
and 4.9). Thus there are six polyaxial groups with
only proper rotations (also shown in the fourth
row of Figure 4.11).

As with monaxial groups, polyaxial groups
can also have proper (P) and improper (I) rota-
tions; however, after applying three rotations,
identity must result. This means that if the first
rotation is proper and the second one is im-
proper, then the third one has to be improper
to generate from the now left-handed object
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In a crystal with three rotation axes, a rotation
around n; transforms point P| to P,. A second rotation

around n; transforms point P, to P3. There must be a third
rotation n3 that returns point P3 to Py.

the right-handed one that we started out with.
Thus, only combinations PPP, IIP, IPI and PII are
possible; in contrast, combinations such as III
and IPP would produce a mirror image after
three rotations. Without going into details, we
just state that there are nine such combinations:
mm2 (2m), 3mm (called 3m), 3m2 (called 32/m),
4mm, 42m, 6mm, 6m2, 233 (called 2/m3 or m3),
and 43m (rows five and six of Figure 4.11).
Finally, we can always add a center of sym-
metry to a polyaxial point-group, effectively

60° 45°
90°

Disposition of rotation axes in polyaxial
point-groups. On top are perspective sketches and below it

corresponding stereograms.

combining proper and improper rotations, i.e.,
ny/fiy ny/fl; nz/fz. This yields another four new
point groups: 2/m 2/m 2/m, 4/m 2|m 2[m, 6/m
2/m 2/m, and 4/m 3/3 2/m (called 4/m 3 2/m
or m3m).

With these 19 polyaxial point groups and
13 monaxial point groups we come up with a
total of 32 point-groups, representing all possible
combinations of rotations, inversions and mirror
reflections in crystals. Review the stereoplots in
Figure 4.11 and confirm how poles are repeated
by symmetry operations.

Hermann-Mauguin symbols, as introduced
above, are relatively easy to read, particularly in
an unabbreviated form. The general symbol is
ny /iy np/fy n3/fiz and stands for three n-fold axes
in different directions. All other rotation axes
that may be present in the crystal are symmetri-
cally equivalent to one of these three axes. There
may be a single axis (monaxial), or there may
be three axes (polyaxial). Table 4.1 indicates in
which crystallographic direction [uvw| the axes
are located in each point group. The symbol n/f
means that a proper axis is combined with an im-
proper axis and both are parallel. Since 2 is equiv-
alent to a mirror plane perpendicular to 2, the
symbol n/2 = n/m indicates that a mirror plane
is perpendicular to an n-fold axis, 222 signifies
that there are three different 2-fold axes in dif-
ferent directions (from Table 4.1 we identify the
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directions as [100], [010], and [001]). The symbol
2mm denotes that two mirror planes are parallel
to a 2-fold axis, etc.

The full symbol is often abbreviated; for exam-
ple, instead of 4/m 2/m 2/m one writes 4/mmm
because not all symmetry operations are neces-
sary to produce all repetitions. This means that
with the symmetry elements in the abbreviated
symbol we can generate all additional symme-
try elements. We have seen how a general pole
is multiplied through symmetry operations (e.g.,
in Figure 4.9). This multiplicity is also indicated
in Table 4.1 and ranges from 1 (in 1) to 48
in m3m. Of the 32 point-groups, 11 have only
proper rotations, without mirror planes or an in-
version center. As we will see in Chapter 8,
some physical properties, such as optical activ-
ity, are observed only in crystals from these enan-
tiomorphic point-groups. Also, there are 11 point-
groups with a center of symmetry (indicated
by superscript a in the multiplicity column).
In centrosymmetrical point groups there is for
every crystal face (hkl) or crystal direction [uvw|
an equivalent face (ikl) and an equivalent direc-
tion [uvw].

Crystallographic forms

The symmetry of a crystal is expressed in its
morphology. In Figure 4.11, symmetry operations
generated a set of poles. Each of these poles
is representative of a lattice plane or a crystal
face, and the collection of poles represents a
polyhedron or form. In some cases this “crystal-
lographic polyhedron” is not a usual geometrical
polyhedron for which the whole surface is
covered with faces. The form {hkl}, for example
{123}, in point-group 1 is a single plane. There
is no symmetry operation that generates an
equivalent face. In other cases the form is a
normal polyhedron, such as {123} in point-group
432, which is a pentagon-trioctahedron with
24 faces (Figure 4.8c). If the faces of a form do
not cover the whole surface, we call it an open
form, contrary to a regular closed form. For open
forms, several forms have to be combined to
cover the whole surface of a crystal. In the case
of point-group 1, a combination of {100}, {010},

{001}, {100}, {010}, {001}, each consisting of a
single face, would cover the surface.

Every point-group has a characteristic form,
and Figure 4.14 illustrates, in perspective draw-
ings, all the forms corresponding to the poles in
Figure 4.11. These forms are called general forms,
because they consist of faces with no special re-
lationship, either to crystallographic axes or to
the symmetry elements (rotation axes and mirror
planes). They have indices {hkl} with h,k, and I
representing arbitrary numbers without relation-
ship (e.g., {125}). Try to relate the forms and faces
in Figure 4.14 to the stereoplots in Figure 4.11.
Special forms, on the other hand, have special re-
lations to crystallographic axes and symmetry
elements and are therefore repeated less often
than the faces in the general form. Miller indices
are related (e.g., {111}) or special numbers (e.g.,
{100}).

We illustrate this for point-group 4/m 2/m
2/m (Figure 4.15). The general form {hkl} has
eight poles on the upper hemisphere and eight
poles on the lower hemisphere (Figure 4.15a). This
corresponds to a pyramid with eight faces on
top and eight on the bottom, and crystallogra-
phers call it a ditetragonal bipyramid. It is called a
bipyramid because it has a top and a bottom, and
it is called ditetragonal because the 4-fold sym-
metry is split into eight faces by mirror planes.
Symmetrically equivalent (hkl)s are labeled in Fig-
ure 4.15a. There are several special forms (Figure
4.15b). If the pole is at (001), it is not repeated by
the 4-fold rotation. The only symmetry operation
that generates an additional pole is the mirror
plane perpendicular to the 4-fold axis, produc-
ing (001). Thus the form {001} consists of only
two poles, corresponding to two parallel faces,
called a pinacoid. If the pole lies on a mirror plane
with Miller indices (h01) or (hhl), the correspond-
ing form is a tetragonal bipyramid with only four
faces on the top and on the bottom. If the pole
lies on the equator, it represents a face parallel to
the z-axis and the Miller index I is zero. The form
{hk0} is a prism with eight parallel faces (ditetrag-
onal prism), while the forms {100} and {110} are
prisms with four parallel faces (tetragonal prisms).

Miller indices of special forms either contain
zeroes or have two or more indices that are the
same; for example {100}, {hhl}, and {hOl}. The
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Ditetragonal
bipyramid

Tetragonal
bipyramid

(a)

(a) General form and (b) special forms in point
group 4/m 2/m 2/m. On top are perspective drawings of
forms, below it corresponding stereograms in which Miller

indices of poles are marked.

multiplicity of special forms is lower than that
of the general form, since poles that lie on a
rotation axis or on a mirror plane are not re-
peated by the symmetry operation. Each symme-
try class (except triclinic) can have a variety of
forms, depending upon the relationship between
the orientations of lattice planes and symmetry
elements. While the general form is unique for
a point-group, a general form in one point-group
may be a special form in another. For example,
we have seen that a tetragonal bipyramid is a
special form in 4/m 2/m 2/m, but it is a general
form in 4/m.

Also, depending on the point-group, a form
with the same Miller indices may be a closed poly-

e

\/_
Tetragonal Ditetragonal
prism prism

770y (100) (7
(hk0) o (hk0)

Pinacoid

(OR1)
(OhT)

e
(hk0) (100) (hk0)

hedron, such as a bipyramid {hkl} in point-group
4/m (Figure 4.16a), or may be open on one side,
such as a pyramid {hkl} in point-group 4 (Figure
4.16b). The surface of a freely growing crystal may
consist of a single form, such as {110} in cubic
garnet (Figure 4.17a) and {210} in pyrite (Figure
4.17b), or may represent a combination of forms,

(a) Z (b) ;

T AR The form {hkl} can be (a) a tetragonal bipyramid

(closed form) in point-group 4/m, or (b) a tetragonal pyramid

(open form) in point-group 4.
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(011)

7 021
(017) ©z1)
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(a) (b)

'@ (5161)
(C)

(a) Cubic garnet ((Fe, Ca, Al) Siz O3) often
crystallizes with a single closed form such as a rhombic
dodecahedron {110}. (b) Pyrite (Fe Sy) frequently occurs as a
pentagon-dodecahedron {210}. (c) Quartz (SiO;) generally
displays a combination of open forms such as a hexagonal
prism {1010}, trigonal pyramids {1071} and {0171}, and
others.

such as {1010}, {1011}, {0111}, and {5161} in
trigonal quartz (Figure 4.17c). Special forms with
simple Miller indices are more commonly ob-
served than general forms because, as we have

already noted in Chapter 3, lattice planes with
simple Miller indices are more closely packed
with lattice points, have usually a lower surface
energy, and are more stable.

A great many forms are possible in the 32
classes. Some of them are unique to a particular
system or class, but the commonest forms
occur in several classes. Therefore, while recog-
nizing forms on a crystal is helpful in identifying
the crystal’s symmetry, it often is not sufficient.
For example, the cube {100} is a form that ex-
ists in all five cubic point-groups. At one time
students on mineralogy courses were frequently
required to memorize the names of all the crys-
tal forms, but such memorization is considered
to be less important today. Nevertheless everyone
should be familiar with the names of the com-
monest polyhedra and be able to decipher their
symmetry (Box 4.2).

The best-known polyhedra are the five reg-
ular polyhedra (also known as Platonic solids)
with indistinguishable faces, edges, and corners
(Table 4.2, Figure 4.18). The faces are simple
regular polygons, i.e., triangles, squares, and
pentagons. As is the case for all other poly-
hedra, Leonhard Euler’s theorem, which relates
the number of faces (f), corners (c), and edges
(e), applies: ¢ + f =e + 2. Note, however, that
only cubic {100}, octahedral {111} and tetrahe-
dral {111} forms are present in crystals. This
situation arises because dodecahedra and icosa-
hedra imply the presence of 5-fold rotation

Box 4.2 | Important crystal forms to remember

Cubic
Cube {100} Figure 4.18c
Octahedron {111} Figure 4.18b
Tetrahedron {1} Figure 4.18a
Rhombic dodecahedron {110} Figure 4.17a
Lower symmetry
Prism Figure 4.19ab
Pyramid Figure 4.19¢
Bipyramid Figure 4.19d
Rhombohedron Figure 4.19e
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Table 4.2 | The five regular polyhedra

Polyhedron Polygon Faces

Corners Edges Figure

Tetrahedron
Octahedron
Cube
Dodecahedron
lcosahedron

Triangle
Triangle
Square
Pentagon |
Triangle 20

N o oo A

6 Figure 4.18a
12 Figure 4.18b
12 Figure 4.18c
20 30 Figure 4.18d
Figure 4.18e

o O A~

(d) (e)

ST BENEN Regular (Platonic) polyhedra: (a) tetrahedron, (b)
octahedron, (c) cube (hexahedron), (d) dodecahedron, (e)

icosahedron. All are composed of regular polygons (see Table
4.2).

axes, which, as we have previously observed,
are not allowed. These polyhedra are incompat-
ible with a lattice structure and cannot be de-
scribed with rational Miller indices. Minerals
of the cubic system may display other polyhe-
dra with 12 faces. For example, garnet often
crystallizes as a so-called rhombic dodecahedron
{110} (Figure 4.17a) and pyrite as a pentagon-
dodecahedron {210} (Figure 4.17b). However,
contrary to the Platonic pentagon-dodecahedron,
the pyrite pentagon-dodecahedron is not regular:
a closer look reveals that one side of each pen-
tagon face is longer than the others.

Prisms are forms consisting of a group of co-
zonal faces (with poles lying on a great circle)
repeated to form an open-ended tube. Prisms can
be produced by a variety of symmetry operations,

including the combination 2/m (Figure 4.19a),
but the commonest types of prism (Figure 4.19b)
are generated by a repetition of a face that is
parallel to a rotation axis by a 3-fold, 4-fold, or
6-fold rotation (trigonal, tetragonal, and hexag-
onal prisms, respectively). Pyramids are a group
of faces inclined to a rotation axis. Figure 4.19c,
for example, illustrates a trigonal pyramid with a
3-fold rotation axis. If there is a mirror plane per-
pendicular to the rotation axis, a pyramid on top
is repeated at the bottom (bipyramid in Figure
4.19d). An interesting form is the rhombohedron
(Figure 4.19e), in which a trigonal pyramid on top
is repeated at the bottom not by a mirror plane,
but rather by an inversion. The rhombohedron

T o

(a) i (b)

(© (d) : i (e \:/\

AR EN Some important crystal forms: (a) monoclinic

prism, (b) hexagonal prism, (c) trigonal pyramid, (d) trigonal

bipyramid, (e) rhombohedron.
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is a typical form observed in calcite. The faces of
a rhombohedron are rhombuses. An important
open form is the base with Miller indices (001) or
(0001) in the hexagonal system. It consists of a
single plane also known as basal plane.

Some comments on space-groups

The 32 point-groups describe the symmetry of
the external crystal morphology as combinations
of rotations, mirror reflections, and inversions.
At the atomic level another symmetry opera-
tion, translation, is significant. Translation has
already been introduced as the basic principle
of the lattice: every atom repeats after a unit
cell translation along each of the three crys-
tallographic axes. The German mathematician
Artur Schoenflies (1891) and the Russian min-
eralogist Ephgraph S. von Fedorow (1885) deter-
mined independently that there can be only 230
different combinations of rotation, mirror reflec-
tion, inversion, and translation in crystals with a
lattice structure. These combinations are called
space-groups. The structure of any crystal belongs
to one of these 230 groups. Interestingly, the
derivation of possible structural symmetries oc-
curred 25 years before the discovery of X-ray
diffraction, which confirmed that crystals had in-
deed a lattice structure. We do not review space-
groups in any depth here and just introduce a few
characteristic features with an example. Anyone
interested in details of space-groups and their
symmetry elements should consult the Interna-
tional Tables for Crystallography, Volume A (Hahn,
1987, 1988).

Translation may be combined with rota-
tion and mirror reflection. Take, for example,
the structure of the tetragonal mineral anatase
(TiO3z).in which six oxygen atoms in octahedral
coordination surround titanium. Some of the ti-
tanium atoms define the corners of the unit cell
(Figure 4.20a). For simplicity only the coordina-
tion octahedra are shown. We recognize two mir-
ror planes parallel to the z-axis, which are labeled
m in Figure 4.20b (a pair of symmetrically equiva-
lent octahedra is highlighted by darker shading).
Also obvious in the anatase structure is a 4 ro-
toinversion axis parallel to the z-axis that goes

through the center of the unit cell (Figure 4.20c).
Again a set of symmetrically equivalent octahe-
dra is indicated by shading. The 180° rotation
is easy to see, but there is also a 90° rotation,
combined with inversion in the center. However,
there is more symmetry in this structure than is
apparent at first glance.

Perpendicular to the z-axis, at z = 3/8c, is a
plane on which octahedra are mirrored and can
be brought to coincidence if translated half the
unit cell distance along a, resulting in a glide
component % a, where a is the lattice vector
in the x direction (Figure 4.20d). Such a mirror-
translation plane is called a glide plane, and is
given the symbol a rather than m, to indicate
a glide component of 1 a. Glide planes with di-
agonal glide components have symbols n and d,
depending on the glide component. There is no
n glide plane in anatase; a d glide plane exists,
perpendicular to [110] but is difficult to see and
is not shown in Figure 4.20. Figure 4.21 compares
atomic repetitions for a (010) mirror plane and a
¢ glide plane.

Parallel to the z-axis, but in the center of
the quarter square of side length % a, is an
axis that repeats octahedra by a rotation, com-
bined with a translation. This produces a screw-
like repetition as indicated for one octahedron in
the structure with darker shading (Figure 4.20e)
and the assembly of symmetrically equivalent
octahedra is shown separately in Figure 4.20f
to highlight the screw character. Such an axis
that combines rotation with translation is called
a screw axis. The symbol used to represent this
axis is 4; to distinguish it from the pure rota-
tion axis 4. The subscript 1 indicates a transla-
tion of one quarter of the unit cell dimension
in the direction of the rotation axis. A 4-fold
screw axis with a translation of half the unit
cell, not present in anatase, would have a sym-
bol 4,. After four of the tetragonal rotations-
translations, we are back at the start (i.e., at the
identical point of the next unit cell). Figure 4.22
compares atomic repetitions for a 4-fold rotation
axis 4 (Figure 4.22a), a 4-fold rotoinversion axis 4
(Figure 4.22b), and a 4-fold screw axis 4; (Figure
4.22¢).

In anatase there is yet another translational
symmetry element. For each atom at position
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HI- MWL Structure of anatase (TiO,), illustrating

translational symmetry elements. Only TiOg coordination
polyhedra are shown. (a) Coordination polyhedra and outline
of the unit cell. (b) Conventional mirror planes (m) parallel to

the z-axis. (c) Conventional 4-fold rotoinversion axis. (d)
Glide plane (a) perpendicular to the z-axis. (e) A 4-fold screw
axis (41). (f) Repetition of a single octahedron to highlight the
screw character. (g) Repetition of octahedra by a body
centering translation (/). Symmetrically equivalent pairs of
octahedra are indicated with darker shading (courtesy of S.

Krivovichev).

f/
<

() (®

X, Y,z there is an equivalent atom at x + %, Y+
%, z+ %, i.e., a translation of half the body di-
agonal, bringing the center of the unit cell to
coincidence with a corner. This is highlighted in
Figure 4.20g for the octahedron centered around
the origin. A symbol I is used to designate the
cell as body-centered. Anatase has thus a body-
centered rather than a primitive unit cell.

The space-group description of the crystal
structure has to take all these translational
symmetries into account and therefore the



SOME COMMENTS ON SPACE-GROUPS

8l

(@) ¢ (b)

m

o

Repetitions of atoms by mirror planes: (a)
conventional mirror plane (m), (b) glide plane ¢ with a glide

component ¢/2.

space-group symbol is more complex than the
point group symbol. The point group of anatase
is 4/m 2/m 2/m (abbreviated 4/mmm, Table 4.1).
The space-group symbol is [4;/a 2/m 2/d (or ab-
breviated 14, /amd). We read from it that the unit
cell is body-centered (I), the 4-fold axis is a screw
rather than a pure rotation axis (4,), the 2-fold
axes are simple rotation axes (2). Of the mirror
planes perpendicular to the rotation axes, planes
perpendicular to [001], the 4, axis, at z=3/8 are a
glide planes, with a glide component % a; planes

'R
V 4

4
3 ! 3 &91
4 0

(b)

Repetition of atoms by 4-fold rotations: (a) a
simple rotation axis 4, (b) a rotoinversion axis 4, and (c) a

screw axis 4.

perpendicular to [100] at x = 0 and % are nor-
mal m mirror planes; and planes perpendicular
to [110] are diagonal glide planes with a glide
component 1 (—a + b+ 0.

Rather than using stereoplots to represent the
symmetry elements of the crystal structure, a
representation that outlines the unit cell is stan-
dard. Such plots have been tabulated for all 230
space-groups in the International Tables for Crys-
tallography (Hahn, 1987, 1988). Figure 4.23 is an
example for space-group [4;/amd. Two diagrams
are used, both displaying a z-projection of the
tetragonal unit cell. The first one (Figure 4.23a)
shows the unit cell with a general atom at co-
ordinates x, y, z repeating due to symmetry (the
symbols +, —, 1+, 14 give the z-displacements).
As you can count, there are 32 equivalent po-
sitions in the unit cell for an atom at general
coordinates (in anatase, atoms are all at special
coordinates and this number is reduced). The
second diagram (Figure 4.23b) shows all symme-
try elements. Open circles are inversion centers
with the z-coordinates indicated. Regular arrows
and squares with lens symbols are rotation axes,
while single arrows and squares with wings are
screw axes. The d glide plane (dot-dashed) has a
% (—a + b) glide component parallel to the arrow
(in the projection plane) and % ¢ perpendicular

Unit translation

(©



82

MACROSCOPIC SYMMETRIES: CRYSTAL MORPHOLOGY

y
R R e L
lx +oorcf@_tajf ®ioé% P
W TOCE B
5_;:+;C§+£ OO 4_2@) gJ}_

(a)

Diagrams illustrating symmetry in space-group
14\ /amd from International Tables for Crystallography, in a
z-projection with the unit cell outlined. (a) Repetition of an
atom in a general position. (b) All the symmetry elements
that are present. Symbols for symmetry elements are
explained in the key. Numbers give z-coordinates of atoms

and symmetry elements.

to the projection plane, resulting in a total glide
of % (— a 4+ b + o). The number gives the z-levels
of the axes.

Test your knowledge

1. Which are the basic symmetry operations that
are expressed in the morphology of a euhedral
crystal?

2. Take a sheet of tracing paper and a stereonet.
Plot the poles to faces P; ¢ = 10°, p = 40°
and P; ¢ = 290°, p = 75°. Determine the an-
gle between the poles (corresponding to the
interfacial angle).

3. Prove, by construction on a stereonet, that a
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perpendicular 2-fold
mirror plane ¢ — rotation axes
perpendicular 2-fold
=== glide plane T screw axis
j parallel 4-fold rotation-
glide plane ® inversion axis
4-fold
* screw axis

mirror reflection is equivalent to a combina-
tion of 2-fold rotation and inversion.

. Point group mm2 has several symmetry ele-

ments. Plot the symmetry elements in stereo-
graphic projection, then choose a pole 1 (¢ =
20°, p = 30°) and generate all symmetri-
cally equivalent poles. Assuming that pole 1
has Miller indices (123), what are the Miller
indices of all the symmetrically equivalent
poles?

. The eight poles, which you have constructed in

the previous question, correspond to a polyhe-
dron. Sketch this polyhedron in a perspective
drawing and try to visualize it.

. Prisms, pyramids and bipyramids are the most

important noncubic crystal forms. Sketch
those polyhedra for a crystal with tetragonal
symmetry.

. Octahedron and tetrahedron both have the

symbol {111}. Explain the differences between
the two on the basis of symmetry.

. Look at the minerals in Plates 6 to 16 and list

those where you can identify specific crystal
forms, particularly cubes and octahedra.
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Important concepts

Spherical projections

Spherical coordinates: polar angle, azimuth
Stereographic projection

Equal area projection

Face — pole — form — zone circle

Symmetry

Point-group symmetry

Rotation

Mirror reflection

Inversion

Monaxial, polyaxial point groups

Point-group symbol (International, Schoenflies)
Space-group symmetry

Translation

Screw axis

Glide plane

Space-group symbol

Morphology

General forms, special forms
Closed, open forms
Symmetrical polyhedra
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Chapter 5

Crystal growth and aggregation

Nucleation of crystals

Crystals have extraordinary properties of inter-
nal structure and external morphology. In sev-
eral chapters, we have described these features in
detail, with emphasis on symmetry. In this chap-
ter we will take a broader look at how minerals
form and how they present themselves in rocks.
Unfortunately, most of the time, we do not ob-
serve ideal symmetrical polyhedra, as described
in Chapter 4.

Crystal nucleation and growth generally
begin when the concentrations of the elements
in a crystal reach a certain level of supersatu-
ration. This level can be reached by evaporation
of a solvent as, for example, water in desert
lakes and marine lagoons, with crystallization
of evaporite minerals such as halite, sylvite, and
gypsum. A temperature decrease may also initi-
ate crystallization: examples are ice from liquid
water and igneous minerals in cooling magmas.
Pressure changes can cause spontaneous crystal-
lization. For example, chalcedony, a fine-grained
variety of quartz, is known to have formed in
some tungsten deposits of northeastern Siberia
under the rapid release of pressure. Finally,
crystallization may be initiated by chemical
reactions. An example is metamorphic schist
that forms when mudstone, composed of clays,
recrystallizes at elevated temperatures and
pressures and new minerals form, such as mica,
feldspar, quartz, and garnet.

The crystallization of minerals in vol-
canic lavas frequently occurs homogeneously
throughout the lava volume. By contrast, crystal

nucleation may occur on substrates of various
kinds. A new mineral overgrows only particular
faces and edges of the substrate crystal, often
with a strict orientation relationship, based on
similarities in the crystal structure (e.g. quartz,
Figure 5.1a). Newly formed minerals may share a
lattice plane and, if the structures of the face in
substrate and nucleating crystal have some simi-
larities, the substrate face is used as a template.
Such minerals are said to be in an epitaxial re-
lationship. Epitaxy is of great industrial impor-
tance, for example in the manufacturing of thin
crystal films with favorable orientations. High-
temperature superconducting oxides are difficult
to grow as single crystals, but they readily precip-
itate on crystals of corundum (sapphire), because
of the similarity in structure.

In other cases orientated growth is not con-
trolled by the structure of the substrate but
rather by the orientation relative to the surface,
with selected growth in the fastest direction per-
pendicular to the surface. Such a relationship is
called topotaxy. For example, feldspars in fissure
veins are often oriented with the [010] direction
more or less normal to the contact surface (Figure
5.1b), and quartz crystals in fissures usually grow
with c-axes perpendicular to the free surface.

A special type of crystal nucleation is re-
lated to microorganisms. One example is the
crystallization of sulfur within thio-acid bacteria.
The submicroscopic crystals subsequently trans-
fer from the bacterial cells into solution and
join each other to form larger accretions; they
ultimately recrystallize to more coarse-grained
aggregates. Nucleation of carbonates in mol-
lusk shells and phosphates in vertebrate bones
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(b)

Oriented growth. (a) Epitaxial growth with match
of crystal structures. A new generation of quartz grows on
the positive prism faces of this quartz crystal from Tien Shan
(from Grigor’ev, 1965). (b) Prismatic feldspar crystals growing
in a fissure vein with the direction [010] perpendicular to the
surface.

are other examples of this form of mineraliza-
tion, known as biomineralization (see Chapters 23
and 33).

Nuclei may continue to grow if supersatura-
tion is maintained. Crystal growth leads to var-
ious crystal morphologies expressed by specific
combinations of crystal forms and states of ag-
gregation that reflect the kinetic conditions. If
crystals display perfect polyhedral surfaces with
regular and characteristic interfacial angles, they
are called euhedral, as opposed to crystals with
irregular surfaces, as in most rocks, which are
called anhedral. Euhedral growth occurs not only
if there is free space, such as in a solution or
a melt (the latter type of crystals is referred to
as phenocrysts), but also in metamorphic rocks,
where euhedral crystals with recognizable crys-
tal faces can grow by replacing pre-existing min-
erals. Garnets, staurolite, and amphiboles are ex-
amples, and such euhedral crystals in metamor-
phic rocks are called porphyroblasts.

Sometimes crystals grow as ideal homoge-
neous single crystals to a macroscopic size,
and the external morphology is characterized
by particular crystal forms. This is rather ex-
ceptional, and more frequently intergrowths of
crystals are observed. The morphology and state

of aggregation depends on nucleation rate, the
number of nucleation sites and on the growth
rate. All of these are complicated functions of
many parameters, including temperature, chem-
ical composition, trace amounts, and defects in
the crystal structure, and in most cases relation-
ships are not very well known.

Many different types of intergrowth of min-
erals occur in rocks, and are representative of
the conditions of formation. These so-called pet-
rographic textures are the subject of petrography
and are not addressed here. Instead we look at
a few examples of mineral morphology and the
underlying processes of formation.

Habit

The external appearance of a crystal, its com-
bination of crystal forms, and the relative
development of these forms are collectively
called the crystal habit. Even though the com-
plexities of crystal growth processes lead to
morphologies that are not perfect regular
polyhedra, there is nevertheless a characteristic
shape to many minerals and it is used in mineral
identification (see Chapter 15). There are several
terms to describe this appearance. Crystals can
be equiaxed or equant (similarly developed in all
three dimensions; Figures 5.2a-c). This can be
in the cubic system such as pyrite (Figure 5.2a),
or sphalerite (Figure 5.2b), but equiaxed crystals
also exist in other systems such as trigonal
hematite (Figure 5.2c¢). Crystals can be elongated
if one dimension dominates (Figures 5.2d-g), or
flattened if one dimension is suppressed (Figures
5.2h-j). Columnar, prismatic, acicular, fibrous and
hairlike are terms used to distinguish different
elongated crystal types, depending on how much
one-dimensional growth dominates. Tabular and
platy are terms used to describe flattened crystals.
In prismatic crystals one may recognize a 3-, 4-,
or 6-fold rotation axis parallel to the elongation.
Elongated and flattened crystals are rarely ob-
served in the cubic system but may occur in any
other system. In the cubic system, equant crystals
dominate. The same mineral may occur with an
equant, acicular or fibrous habit, depending upon
the conditions under which it grows. An example
is hematite that can be equant (Figure 5.2¢),
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Crystal habit: (a—c) Equant, (d—g) elongated, and
(h—j) flattened crystals. (a) Pyrite with dodecahedron and
cube; (b) sphalerite with tetrahedron dominating;

(c) equiaxed hematite; (d) barrel-shaped corundum;

(e) prismatic calcite; (f) acicular hematite; (g) acicular stibnite;
(h) tabular orthoclase; (i) platy muscovite; (j) platy hematite.

fibrous (Figure 5.2f), or platy (Figure 5.2j). Figure
5.3 shows a hexagonal mineral with several
forms (two prisms, several pyramids and a base)
and the corresponding morphology for fibrous,
prismatic, equiaxed and platy habit. Note the
variation in relative size of corresponding faces
as indicated by different shading patterns.
For acicular growth the basal form is barely
developed while it is large for platy habit.

i ———
R0

o/
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N

m Different habits in a hexagonal mineral with

prismatic, rhombohedral and basal forms. (a) Acicular,

(b) prismatic, (c) equiaxed, (d) platy. Different shadings are

applied to equivalent forms.

)

The qualitative terms that describe the habit
have been used in assigning names to many
minerals, often in a Greek translation. For exam-
ple, scapolite (an aluminosilicate) has obtained
its name due to its prismatic habit after the
Greek okamog (skapos, meaning pillar), acmite
(a variety of pyroxene) has been named accord-
ing to its acicular shape after the Greek &kpm
(acme, meaning spike), and sanidine (one of the
feldspars) reflects its tabular crystal habit (after
the Greek word for “plate”).

Sometimes it is possible to recognize indi-
vidual forms. Halite generally displays a cube
{100} (see Figure 1.3b), magnetite shows an oc-
tahedron {111}, and pyrite may occur as a cube
{100}, as a pentagon-dodecahedron {210}, or
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{1014}

{1014}

{0118} {0118}

{2134}

{0110}

(b) (©)

Euhedral crystals of calcite: (a) rhombohedron
{1074}, (b) combination of {2134} (scalenohedron) and
rhombohedron {10714}, (c) combination of prism {1010} and
rhombohedron {01T8}.

(b)

Sketch to illustrate the effect of relative growth

velocities on the dominance of faces. Faces with the slowest
growth velocities dominate the morphology. (a) Slower
growing faces p and s begin to dominate face m. (b) Faces p

and s are dominated by slower growing face m.

as a combination of the two. Calcite may dis-
play a rhombohedron {1014} (Figure 5.4a) or a
combination of the form {2134}, a so-called
scalenohedron, and the rhombohedron {1014}
(Figure 5.4b). Sometimes calcite develops a prism
{1010}, capped by a rhombohedron {0118}
(Figure 5.4c). Quartz is almost always prismatic,
with a prism {1010}, a large positive Thombohe-
dron {1011} and a smaller negative rhombohe-
dron {0111} (Figure 4.17c).

If growth velocities in a crystal remain con-
stant, then the original morphology is preserved.
However, growth velocities may change during
the growth history. For example, in Figure 5.5a
the growth on faces p and s has become slower
than on face m and the former two faces begin to
dominate. In Figure 5.5b, on the other hand, the
growth on m is slower than on p and s, and in
this case faces p and s disappear.

The faces of any crystallographic form ad-
sorb material from the surroundings in a specific

manner. Different faces incorporate isomorphic
substitutions with unequal effectiveness. In a
macroscopic crystal, this process leads to what
is known as zoning. In thin sections the struc-
tures look like sectors with different composi-
tion, a phenomenon called sector zoning. A well-
known example is bicolored tourmaline from
Brazil or Madagascar, with the color reflecting
the Mn:Fe ratio (Plate 5c). In the colored quartz
variety ametrine from Bolivia, sectors parallel
to the negative rhombohedron {0111} are iron-
richer yellow citrine, and sectors parallel to the
positive rhombohedron {1011} are iron-poorer
purple amethyst (Plate 5d). In tourmaline as well
as ametrine the composition varies by only trace
amounts but the visual effect is clear. An extreme
case of sector zoning is observed in tetragonal
sulfate crystals sublimated from the fumaroles
of the volcanoes of the Kamchatka Peninsula
(Russia). The {100} pyramids have a composition
KCugFeBi(SO4)504Cl, corresponding to the min-
eral atlasovite, while the {110} pyramids have a
composition KCu;Fe(SO4)s04Cl, corresponding to
the mineral nabokoite. Sector zoning highlights
the ambiguity of chemical composition, even of
a single crystal growing in thermodynamic equi-
librium.

Another consideration in sector zoning is that
the relative sizes of the sectors depend on the
relative growth velocities of the faces, as is illus-
trated schematically for fluorite (CaF;) in Figure
5.6. In Figure 5.6a, growth on the cubic (a) and
octahedral (b) faces remains constant, whereas in
Figure 5.6b face b grows more slowly and the

Sketch illustrating the dependence of sector size
upon relative growth velocities in fluorite (a denotes the
cubic face and b the octahedral). The sectors have different
concentrations of rare earth elements (from Grigor’ey, 1965).
(a) Constant growth velocities. (b) Velocity of b decreases.
(c) Velocity of b increases.
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corresponding sector increases in size. The oppo-
site is true for Figure 5.6c.

The situation is further complicated if physico-
chemical conditions change during crystalliza-
tion. In such cases, compositional zoning may occur
as temperature changes. For example, plagio-
clase crystallizing in a cooling magma becomes
increasingly sodium rich as the temperature
decreases.

An observer may sometimes recognize an ap-
parent habit characteristic of a certain mineral
but, on closer inspection, discover that the ac-
tual mineral is different from what was expected
based on the morphology. In such cases, a new
mineral of different structure or composition has
replaced the original without changing the ini-
tial shape. This inherited shape is misleading for
identification purposes and is called a pseudo-
morph from the Greek {ouvdng (pseudes, meaning
false) and pop6Om (morphe, meaning shape). Pyrite
(FeS,) crystals are frequently replaced by limonite
due to oxidation at surface conditions. Limonite
is a massive brown powder-like aggregate of vari-
ous Fe* hydroxides. Pseudomorphs can preserve
even small details of the initial crystal’s surface,
such as striations of pyrite (Figure 5.7). Plate
10a illustrates an azurite crystal (Cuz(COz3),(OH)y)
(blue) that is partially replaced by malachite
(Cuy(CO3)(OH),) (green). Pseudomorphs are like

Pseudomorphs of limonite after pyrite, preserving
striations (width 35 mm) (courtesy P. Gennaro).

AT RN Quartz from Westerwald (Germany), with
hexagonal morphology reminiscent of its original formation as
high-temperature hexagonal 3-quartz. It is now trigonal
(width 30 mm) (courtesy O. Medenbach).

fossil evidence of former chemical processes and
help us to infer mineral-forming processes and
the geological history.

Pseudomorphs may also develop during
polymorphic transformations, preserving a mor-
phology typical of different temperature and
pressure conditions. Pseudohexagonal crystals,
typical of hexagonal high-temperature (3-quartz
in a volcanic rock, are testimony for a high-
temperature origin above 573°C (Figure 5.8),
even though these crystals are presently trigonal
low-temperature a-quartz and one would expect
a trigonal morphology. For quartz there are
extraordinary cases of “hollow pseudomorphs”
with perfectly euhedral cavities from which the
original mineral has been completely dissolved.

Skeletal crystals grow from highly supersatu-
rated solutions, or melts, when diffusion of the
atoms that compose the crystal is limited. Loca-
tions with a high specific surface, i.e., edges and
corners that are surrounded by the liquid phase,
grow faster than faces (Figure 5.9a). The effect is
that edges are protruding and faces are set back
as in the halite crystal in Figure 5.9b. Skeletal
growth is also prevalent in undercooled viscous
volcanic melts and when volcanic glass crystal-
lizes (devitrification) and diffusion is very sluggish.

Dendrites are an extreme case of prevalent
apex and edge growth, but irregular material
diffusion causes additional nucleation of new
branches. The branching is subject to chance
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(a) Section through a skeletal halite (NaCl) crystal
immersed in a solution, illustrating that the tip of an edge has
more surrounding solution than a flat face, and can therefore
grow more rapidly. Such growth can also occur if impurities
decorate faces. (b) Skeletal growth in halite with protruding
edges and reset faces.

and can be described as a fractal phenomenon.
The unique crystals resemble a branching plant,
hence the name “dendrites”. Dendritic growth is
typical in native gold, copper (Plate 8b), and silver
and in pyrolusite (MnO;) and other manganese
oxides, precipitating on fractures (Figure 5.10).

Dendritic growth of manganese oxides (MnO,)
on bedding planes of Solnhofen limestone (Germany). Growth
initiates from fractures (width 55 mm) (courtesy E.H. Wenk).

The growth morphology of crystals varies
with physical conditions. This has been stud-
ied extensively for snow, where the habit ranges
from acicular needles to plates (Figure 5.11a) and
dendrites (Figure 5.11b), all with a characteristic
hexagonal shape. The variation in snow crystal
morphology is a function of both supersaturation
and temperature (Figure 5.12). Unlike snow, how-
ever, the relationship of morphology and physi-
cal conditions is poorly known for most mineral
systems. We will discuss some examples of such
typomorphism in Chapter 16.

Twinning

During regular crystal growth one lattice layer
after the next is added to a crystal face. The
new layer has the same structure and composi-
tion and is in the same orientation as the previ-
ous one (Figure 5.13a). However, there is a cer-
tain chance that a new layer is added in the
“wrong” orientation, still maintaining continu-
ity and coherence (Figure 5.13b). This change in
orientation increases the internal energy only
very slightly because only second-closest neigh-
bors across the interface are no longer in equi-
librium positions. The final result is a bicrys-
tal with identical structure and composition on
either side of the planar defect, but with differ-
ent orientations. Such an intergrowth is called
a twin and it is usually recognized by the fact
that there are re-entrant angles that usually do
not exist in single crystals. In a single crystal, not
counting dendritic or skeletal crystals, all inter-
facial angles are usually larger than 180°, when
measured on the outside of a crystal, as « in
Figure 5.13a. (The corresponding angle between
poles to the faces is 360° — «. The twin in Figure
5.13b shows a re-entrant angle g that is smaller
than 180°.)

In general, twins are defined as intergrowths
in which the two parts (twin and host) share a
lattice plane, as described above (twin plane), or a
lattice direction (twin axis). The relative orienta-
tion of the two parts of the crystal is well defined,
either as a mirror reflection across the twin plane
or as a rotation around the twin axis. Both the
twin plane and the twin axis can be described
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(a)

Photographs of (a) tabular and (b) dendritic
snowflakes (H2O) (from Bentley and Humphreys, 1962).
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Morphology of snow crystals as a function of
supersaturation and temperature. The line W gives the
saturation vapor pressure with respect to supercooled water
(after Nakaya, 1954).

(b)
a > 180°
' B <180°
e Twin
L] L] L] L] [ ] [ ] L ] plane

(b)

Orrigin of twinning as a growth defect. (a) Growth

of a single crystal with addition of lattice planes. o denotes
the exterior interfacial angle. (b) Formation of a twin if a
lattice plane is added in the “wrong” orientation, producing a
re-entrant angle .

with rational indices. However, neither can be a
symmetry element in the point-group of the crys-
tal, for otherwise the twin operation would not
create a new orientation.

Host and twin may join along a rational crys-
tal plane, and such twins are called contact twins.
In reflection twins, this plane can, but need not,
be the twin plane. The plane of intergrowth is
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(0001)

[0001]

(b)

Examples of actual twins in minerals (left side)
and the schematic interpretation of the morphology (right

side). (a) Contact twin of calcite, (b) penetration twin of
cinnabar ((a) and (b) courtesy O. Medenbach).

called the composition plane. A good example in
which the twin and composition planes are co-
incident is a simple twin on the basal plane of
calcite (CaCOj3), shown in an actual sample and
an idealized sketch in Figure 5.14a. Other exam-
ples of contact twins are the swallow-tail twin in
monoclinic gypsum, where (100) is both the twin
plane and the composition plane (Figure 5.15a).

The multiple so-called “Albite law” twins in pla-
gioclase feldspar, often occurring in a lamellar
pattern, are also of this type (Figure 5.15b). The
twin plane is (010).

Other twins are complex and often patchy in-
tergrowths of two crystals exist. In such penetra-
tion twins there is generally no obvious contact
plane between twin and host, just an irregular
surface, yet here, too, there is a crystallographi-
cally defined twin plane or twin axis relating the
two parts. A good example is trigonal cinnabar
with [0001] as twin axis (180° rotation), shown
in Figure 5.14b. Other examples of penetration
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Some typical twins in minerals: (a) (100) contact
twin in gypsum (“‘swallow-tail”), (b) lamellar [010] contact twins
in triclinic plagioclase feldspars (“Albite law”), (c) [I10] twin in
fluorite with cubic morphology, (d) [001] twin in dodecahedral
(210) pyrite (so-called “iron cross”), (e) cross-shaped (031)

twins in staurolite, (f) [001] penetration twin in orthoclase

(“Carlsbad law”). Twin and host with different shading. Twin
operation (mirror plane or rotation axis) marked with bold
letters.

twins are [110] twins in fluorite (Figure 5.15c),
[001] twins in pyrite that produce the “iron
cross” morphology for dodecahedral habit (Figure
5.15d), cross-shaped twins in staurolite with
{031} as twin plane (Figure 5.15e) and [001] twins
in orthoclase (“Carlsbad law”) (Figure 5.15f).

The relative orientation of host and twin is
best visualized with stereographic projection and
this will be illustrated for quartz in Box 5.1.

Twins frequently form during crystal growth.
They also can result from phase transformations
(see Chapter 6) or develop during deformation
(see Chapter 13). Some commonly observed twin
laws are summarized in Table 5.1. More examples
will be discussed with specific minerals in Part IV.

Aggregation

Crystals in rocks usually constitute diverse ag-
gregates composed of crystals of one, two, or

several minerals. Morphologically we can dis-
tinguish several different types of aggregates,
including granular, parallel-prismatic, druses,
concretions, odlites, and spherulites, among
others.

Granular aggregates are solid masses of min-
eral grains, intergrown at random. For example
a marble, formed by recrystallization of lime-
stone, displays a regular pattern of equiaxed cal-
cite grains with fairly straight boundaries and
a polygonal pattern on a planar section (Fig-
ure 5.17a). However, these boundaries are not
crystal faces but merely accidental grain con-
tacts. In such a recrystallized microstructure,
“triple junctions”, where three grains meet, are
most likely. By contrast, in open druses, groups
of crystals grow perpendicularly or subperpen-
dicularly to fractures or cavity linings (Figure
5.17Db).

The most important aspect of druse formation
is geometrical selection. Single, variably oriented
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Box 5.1 | Stereographic projection and twinning in quartz

Low-temperature ai-quartz (S50,) is trigonal and crystallizes in point-group 32.
This point-group has no center of symmetry and no mirror planes. Figure 5.16a
displays a stereoplot both of symmetry elements in quartz and of poles of the unit
rhombohedron {101 1}. If we produce an intergrowth in which the two crystals
are related by a 2-fold rotation on [0001], we obtain the pattern shown in Figure
5.16b. This intergrowth, called a Dauphiné twin, has effectively a 2 x 3 = 6-fold axis
overall, but not locally, i.e., it has overall the hexagonal symmetry of 3-quartz. The
two intergrown crystals are related by a rotation and therefore host and twin are
both either right or left handed. A sketch of a Dauphiné penetration twin is also
added in Figure 5.1 6e, with the twin indicated by shading. The composition surfaces
are generally irregular. In another intergrowth of quartz, the two crystals are related
by a mirror reflection on {1120} (Figure 5.16c). In such Brazil twins, projections
of poles of host and twin coincide and the overall pattern remains trigonal. But the
mirror reflection transforms the handedness. If the host is left handed, the twin is
right handed. In this case twinning has effectively added a center of symmetry. Also
here the twins are often intergrown with an irregular interface (Figure 5.16f).

crystals are the first ones overgrowing a surface
(Figure 5.18, I). As they grow further, these crys-
tals impinge on neighboring grains, which limits
their growth (Figure 5.18, II). Only those crystals
that have a growth vector oriented towards the
free space of a cavity continue to grow. This di-
rection, as a rule, is perpendicular to the fracture
surface (Figure 5.18, III), which is the essence of

the geometrical selection concept. Ultimately an
open druse becomes filled to form a solid aggre-
gate. Famous examples are quartz druses from
Brazil that fill cavities of basalts with a sphere-
like radiaxial structure (those mineral-rimmed
cavities in volcanic rocks are known as amyg-
dales), and quartz druses from the Alps that fill
fissure veins.

Table 5.1 | Commonly observed twin laws in minerals

Mineral Twin plane Twin axis Name of law Common origin
(m) )
Quartz [0001] Dauphiné Growth, deformation, transformation
Quartz {1120} Brazil Growth
Calcite [0001] Growth
Calcite (0001) Growth
Calcite {0118} Deformation
Aragonite {110} Growth
Gypsum (100) Swallow-tail Growth
Pyrite [001] Iron cross Growth
Cinnabar [0001] Growth
Magnetite {111} Spinel Growth
Perovskite {121} Growth, transformation
Staurolite {031} Growth
Sanidine [001] Carlsbad Growth
Microcline (010) Albite Transformation, growth, deformation
Microcline [010] Pericline Transformation, growth, deformation
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Twinning in quartz (see Box 5.1). (Top)
Stereographic projections of quartz, illustrating symmetry
elements and projection of the poles of the {101}

rhombohedron. The mirror planes are marked with heavy lines.

(Bottom) Sketches of corresponding crystals with faces

m = {1010),r = {1071}, z={01T1},s = {I121}and x =
{5161}. (a, d) Single crystal; (b, e) Dauphiné twin; (c, f) Brazil
twin. The twin is indicated by T in the stereograms and by
shading in the crystal sketches.

Concretions are common in porous sediments
and sedimentary rocks such as sands, limestone,
and clays, with quartz, calcite, pyrite, iron, alu-
minum, manganese oxides, and phosphorites re-
placing pre-existing material. The concretions
range in size from fractions of millimeters to tens
of centimeters. Smaller ones are reminiscent of
fish roe (hence the name odlite), whereas larger
ones look like peas (pisolites). They form in solu-
tions, and a concentric structure develops from
the nucleation sites (Figure 5.17¢,d). Odlites occur
in hot springs and in sea and lake bottom silts.
They are typical for some varieties of bauxites
(aluminum hydroxides) and ores of manganese
and iron. In contrast to druses, growth of concre-
tions begins at a central nucleus.

Growth of parallel-prismatic and fibrous aggre-
gates often occurs in fractures. Examples are
veinlets of silky gypsum, serpentine-asbestos

(@ (e)

Aggregations of crystals. (a) Section through a
granular aggregate of calcite in marble with equiaxed grains
and polygonal grain boundaries. (b) Druse with growth of
amethyst and c-axes pointing largely to the center. (c) Radial
growth of crystals in a concretion from a nucleation center.
(d) Odlites in a sediment. (e) Growth of fibrous quartz
(chalcedony) in a vein.
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IS MWK Sketch illustrating changes in morphology as
amethyst grows in a druse. Originally the crystal orientation
may be fairly random (I), at a later stage crystals impinge (Il),
but ultimately only those crystals with a growth direction
towards the free space dominate (lll) (after Grigor’ev, 1965).

(chrysotile), and columnar calcite (Figure 5.17e).
The formation of these aggregates is controlled
by the geometrical selection principle explained
for druses and produces parallel-prismatic and fi-
brous veinlets.

Fibrous microcrystalline quartz (agate and
chalcedony) frequently fills cavities; the fiber
direction is often [1120], rather than [0001],
as is typical for coarse quartz and amethyst.
Figure 5.19 gives an example of chalcedony with
a complicated crystallization history. First, crys-
tallites grow radially from the cavity walls to-
wards the center. Impurities delineate bands that
represent growth episodes. One theory suggests
that this radial growth is derived from a vapor
phase. In a second phase, fibrous quartz precip-
itates in horizontal layers, through crystalliza-
tion from a colloidal gel. Finally, coarse quartz
grows with c-axes perpendicular to the cell walls,

m Chalcedony with various growth structures. First,

fibrous microcrystalline quartz grows in shells perpendicularly

to the cavity walls, presumably precipitating from a vapor
phase. The next stage is marked by horizontal layers of
fibrous microcrystalline quartz, probably from a colloidal
solution. In the last stage, coarse crystalline quartz
precipitates from aqueous hydrothermal solutions. Sample
from Brazil (width 85 mm) (courtesy J. Arnoth).

probably owing to crystallization from a diluted
aqueous solution.

Spherulitic growth occurs in druses, where
growth occurs from the cavity wall inwards as
well if there is a lack of nucleation sites and
the nucleation rate is low. Spherulites may over-
grow other minerals and the linings of cavi-
ties. Kidney-shaped aggregates such as in goethite
(FeOOH) (Figure 5.20), malachite, and azurite
(Plate 10b) have a particularly characteristic
spherulitic structure.

Multicrystals, porphyroblasts, and
poikilocrystals

Sometimes the morphology of a mineral can be
quite complex, exhibiting characteristics of an in-
dividual crystal and an aggregation at the same
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Spherulitic-botryoidal morphology of goethite
(FeOOH) from Rossbach near Siegen (Germany) due to
fibrous growth from a nucleation center (width 7.5 mm)
(courtesy A. Massanek).

time. In this section we will discuss three exam-
ples: multicrystals, porphyroblasts, and poikilo-
crystals.

Multicrystals consist of slightly misoriented
individual grains. Good examples are so-called
quendels of quartz (Figure 5.21a) and roses of
hematite (Figure 5.21b). The misorientation of
these crystals can be caused in different ways.
First, it may occur if a growing crystal ad-
sorbs microparticles, or compositionally differ-
ent layers. Such foreign particles do not fit a
crystal’s structure, but their size is comparable
to the thickness of the added layer. If a new
layer is deposited on a foreign particle, it is
deflected and continues growing in a slightly
different orientation. In experiments it was

observed that the angle between lattice planes
of the original crystal and a subsidiary crystal
does not exceed 20-30’, but this splitting may re-
peat to form a fan of microcrystals with much
larger deflections. Such distortions become ap-
parent as curved faces (Figure 5.22a), or as saddle
structures (Figure 5.22b).

Macroscopic crystals may grow in solid, some-
what porous rock from intergranular solutions
circulating between grains. During growth, pre-
existing minerals may be completely or partially
replaced by newly growing porphyroblasts. In the
growth front, a film of capillary solution initiates
the resorbtion and crystallization processes. Ex-
ternally, porphyroblasts have the appearance of
normal euhedral crystals, but sometimes they in-
clude relicts of incompletely substituted country
rock, such as in a so-called snowball garnet from
a metamorphic schist that contains a spiral trail
of inclusions which display rotations during the
growth history (Figure 5.23).

Poikilocrystals are particular varieties of crys-
tals, growing in porous rocks that completely in-
corporate the old rock structure. Gypsum crystals
growing in Sahara sand above the groundwater
level contain 50% sand grains, including fine sedi-
mentary structures (Sahara roses; Figure 5.24). The
rhombohedral calcite crystals of Fontainebleau
(France) are also poikilocrystals, and their volume
consists of 75-80% of sand grains.

Various growth effects

Examined closely, even euhedral crystals often do
not display ideally planar surfaces, but instead
may contain striations, indentations, and conical
protuberances. Crystal growth is locally hetero-
geneous, and the picture outlined above, which
assumes that consecutive layers of lattice planes
are added, is highly simplified. In detail, dis-
locations (see Chapter 6) are a critical ingredi-
ent of crystal growth (Frank, 1949). Figure 5.25a
illustrates the lattice structure around a screw
dislocation with a step in the lattice plane. In
such steps it is most easy to add new unit cells,
and growth preferentially proceeds from screw
dislocations in a spiral fashion (Figure 5.25b).
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(@) (b)

Multicrystals with slightly misoriented crystals. (a)

Quendel growth of smoky quartz from the Central Alps. (b)
Hematite rose from central Swiss Alps. ((a) and (b) courtesy
M. Weibel.)

(b)

Small inclusions produce deflections of lattice
planes that lead to (a) curved surfaces and (b) saddle
morphology.

Growth spirals were first observed for paraffin,
crystallizing from a melt and silicon carbide (Fig-
ure 5.26a). Figure 5.26b shows spiral growth for
barite (BaSO4). There are many other minerals
where similar growth was documented, leading
to local protuberances around dislocations, and
deviations from a strictly planar surface.

Garnet crystal, growing as a porphyroblast in
metamorphic schist from Vermont. The garnet rotated as it
overgrew mineral grains in a deforming matrix and displays a
spiral trail of inclusions (photomicrograph with crossed
polarized light and compensator, width 30 mm, courtesy

J. Christensen, see also Christensen et al., 1989).
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A Sahara rose is an aggregate of gypsum crystals
with about 50% inclusions of sand. Ovargla, Algeria (width
90 mm) (courtesy O. Medenbach).

Dislocations aid in growth. They also are
preferred sites for dissolution, since dislocation
cores accumulate large strain energies. Etch pits
on crystal surfaces are expressions of dissolution.
They are generally symmetrical as in the case of
calcite (Figure 5.26¢), displaying the symmetry of
that particular face, and have been used to deter-
mine the point-group.

Tourmaline from Namibia exemplifies an ex-
treme case where symmetry is expressed in the
dissolution geometry. Tourmaline (point-group
3m) has no center of symmetry and the two ends
of the [0001] axis are structurally different. Crys-
tals generally grow with a prismatic morphology
parallel to [0001] (Figure 5.27a). A closer look at
the positive end of the crystal displays regular
growth faces (Figure 5.27b), while the negative
end shows extensive dissolution, also with trigo-
nal symmetry (Figure 5.27c).

Striations on faces are commonly observed in
tourmaline (Figure 5.27a). They form if a crys-
tal grows in a solution under changing chemi-
cal concentration, either decreasing or increas-
ing. In pyrite the distinctly striated cube face
is a combination of dominant {100} with sub-
sidiary pentagon-dodecahedral growth {210}. The
striations on the cube faces correspond to the
intersection of the cube faces with faces of
the pentagon-dodecahedron (Figure 5.28a and
Plate 11c) and those on faces of the pentagon-

dodecahedron correspond to intersections with
the cube. These striations in pyrite are evidence
that pyrite crystallizes in point group m3, which
does not have a 4-fold axis perpendicular to the
cube face. Similarly, striations on the prism face
{1010} of quartz result from a combination of
dominant prismatic and subsidiary rhombohe-
dral {1011} growth (Figure 5.28b and Plates 6¢,d).

Crystals may contain homogeneous (solid, lig-
uid, gas, glass-like) and heterogeneous inclusions.
The inclusions can be remains of solid phases in-
corporated in poikilocrystals, the grains of sub-
stances that formed simultaneously, or alteration
products forming later, such as sericitic mica
in plagioclase. If a growing crystal cannot dis-
solve pre-existing grains or push them away by its
crystallization pressure (which can exceed
10 MPa), the crystal incorporates the foreign par-
ticles. Sometimes the particles settle on the crys-
tal surface and get covered with a new layer of
the growing crystal, thus marking growth zones.

(a)

Lower level

Higher level

(b)

(a) The lattice is distorted around a screw
dislocation, producing steps on the surface. (b) During
growth, unit cells are added, leading to spirals in the growth
pattern.
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© 2 um

m (a) Growth spirals of the (0001) plane of

hexagonal silicon carbide (carborundum) observed with
phase contrast microscopy. Step height is 16.5 nm (from
Verma, 1953). (b, c) Atomic force microscopy (AFM) images
of (b) spiral growth of barite around a screw dislocation and
(c) symmetrical etch pits resulting from dissolution in calcite.
In the AFM image each layer corresponds to a lattice plane.
((b) and (c) courtesy D. Bosbach.)

0.5 um

Such a coating of mineral particles corresponds
to a particular growth stage. Commonly plagio-
clase, quartz and mica decorate growth zones of
orthoclase megacrysts in granite (Figure 5.29).
Of particular interest are fluid inclusions, be-
cause they provide information about the compo-
sition of the aqueous solution that was present
during mineral formation. Generally these inclu-
sions are small, ranging from 107! to 1072 cm
in size, although larger inclusions (bigger than
2 mm) are known. At atmospheric conditions
these inclusions may be liquid, liquid containing
a gas bubble, liquid with a solid phase, or purely
gas. Figure 5.30 illustrates an inclusion in quartz
from an Alpine fissure. The liquid is water, the
gas is carbon dioxide, and the solid is a cubic
crystal of halite. The inclusions can be charac-
terized by means of heating them and determin-
ing the temperature at which they homogenize,
which should correspond approximately to the
temperature at which the crystal formed.

Test your knowledge

1. What is a difference between accidental inter-
growths and twins?

2. Think of an example where the morphology
changes with external conditions.
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(b)

(©)

J]- M- WE W (a) Striations on cube faces of pyrite from the
Kassandra Peninsula in Macedonia due to a growth that
combines cube (major) and pentagon-dodecahedron (minor)
(courtesy J. Arnoth). (b) Striations on the prism faces of
quartz with Tessin habit from the Central Alps due to a
combination of prism (major) and rhombohedron (minor)
(courtesy M. Weibel).

Black tourmaline from Erongo, Namibia.

(a) Prismatic crystal with striations. (b) One end of the
crystal shows a morphology with faces and trigonal
symmetry. (c) The opposite end shows extensive dissolution
with no faces, but ridges that display the trigonal symmetry
(width of (a) 45 mm, (a)—(c), courtesy ). Arnoth).

. What is the difference between poikilocrystals

and porphyroblasts?

. How do druses grow? How do the concretions

differ from druses?

. Explain the origin of striations in pyrite.

Discuss them on the basis of growth and
symmetry.

. What are pseudomorphs? Think of some

examples.

. There are mainly three different causes for

twinning in crystals. Explore those mecha-
nisms and provide examples for each.

. Why does growth and dissolution primarily

proceed from dislocations?

. Look over photographs in Plates 6 to 16 and

identify different habits.
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Plagioclase, quartz, biotite and hornblende
inclusions decorate concentric growth zones in orthoclase
megacryst from Cathedral Peak granite (Sierra Nevada,
California). Photographed with crossed polarized light, the
orthoclase is almost in extinction (width 30 mm).

Some terms to describe morphology

Euhedral — anhedral
Phenocryst — porphyroblast
Sector zoning

Habit

Spherulitic, fibrous growth
Skeletal, dendritic growth
Pseudomorph

Twin plane, twin axis

Fluid inclusion in quartz from an Alpine fissure.

The inclusion is mainly water, with a bubble of CO; and a

cube-shaped crystal of halite (from Stalder et al., 1973).
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Chapter 6

Isomorphism, polymorphism, and

crystalline defects

Isomorphism and solid solutions

Early mineralogists such as Niels Stensen
(Nicolaus Steno) and René ]. Haiiy established
that minerals of different composition have a dif-
ferent morphology and that these morphological
differences can be used to distinguish minerals.
In 1821 the German chemist A. Eilhard Mitscher-
lich made the unexpected observation that com-
pounds of different chemical composition can
have a very similar morphology and called this
phenomenon isomorphism. Based on what we now
know about crystal chemistry (see Chapter 2), we
can interpret this result in terms of crystal struc-
tures - that is, in a crystal structure, atoms or
ions can be replaced by others of similar size
without changing the structure type.

Carbonates, in particular, provide good exam-
ples of minerals, with distinct chemical compo-
sitions, that nonetheless have almost identical
crystal forms and the same angles, as well as very
similar rhombohedral crystal structures:

Magnesite MgCO3  rygr =072 A
Siderite FeCOs Fer =077 A
Smithsonite ZnCOs roor =075 A
Rhodochrosite  MnCOs Fops = 082 A
Calcite CaCOs rees = 1.00 A

(low pressure)

If the radius r of the substituting cation is
larger than 1 A, then the structure changes to a
different type with an orthorhombic lattice:

Aragonite CaCOs reqsr = 100 A

(high pressure)
Strontianite  SrCOs reor = 1.16 A
Witherite BaCOs reas = 1.36 A

Notice that the radius of Ca®* is close to 1 A and
CaCO3; can exist in either the rhombohedral
structure as calcite or the orthorhombic struc-
ture as aragonite, depending on external condi-
tions. We will come back to this effect later in
this chapter.

A special type of isomorphism is when atoms
or cations replace one another in arbitrary
amounts. Such crystals are called solid solutions or
mixed crystals. A good example of a solid solution
is olivine, with similar ionic radii of magnesium
and iron. The pure chemical components, called
end members, are:

Forsterite Mg,SiI04

F625i04

Fuge = 072 A

Fayalite reor =077 A

Most natural olivines, for example in basalts
or peridotites, have intermediate compositions.
There are many solid solutions in minerals and
we will discuss them later. For now let us simply
mention pyroxenes (see Chapter 28) and feldspars
(see Chapter 19) as examples. In pyroxenes there
are solid solutions between magnesium and iron,
as in olivine:

Diopside CaMgSip Og

CaFeSizOé

I’MgH =072 A

Hedenbergite rrear =077 A
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and also between calcium and magnesium:

rca+ = [.00 A
I’MgH =072 A

Diopside
Enstatite

CaI\’IgSi206
MngizOg

Feldspar is a collective name for minerals that
contain various proportions of the following end

members:
Anorthite CaAhSihOg  repr = 1.00 A
Albite NaAlSisOg ragt = 1.02 A
Orthoclase KAISisOg ree = 138 A
Celsian BaAl,SihOg re+ = .36 A

There are complications when a divalent alkali
ion (e.g., Ca%") is replaced by a univalent earth
alkali ion (e.g., Na™), as in the solid solution
anorthite-albite, because this creates a charge
imbalance. In this case, a coupled substitution
of Si** for Al**, which are both of similar size
(rg++ = 0.26 A, r,p+ = 0.39 A, for coordination
number 4), has to occur to maintain electrostatic
neutrality.

Solid solutions between magnesium and iron
(as in olivine and diopside) occur at all tem-
peratures. Mixing of magnesium and calcium
(in pyroxenes), and potassium and sodium (in
feldspars), on the other hand, occur only at high
temperature, since there is a considerable size
difference between substituting ions. This will be
discussed in Chapter 18.

In a mixed crystal, substitution by atoms of
different sizes causes changes in lattice param-
eters, as is illustrated in Figure 6.1 for some
face-centered cubic (fcc) metals. The relationship
between solid solution composition and lattice
parameter q is fairly linear if there is no interac-
tion between substituting atoms. (This correspon-
dence is known as Vegard’s rule.) However, if there
is additional attraction or repulsion between like
and unlike atoms, one observes deviations from
the linear relationship that are most significant
for intermediate compositions.

Finally, we note that there also exist com-
pounds that have identical crystal structures
but that do not mix chemically. Examples of
such isostructural crystals are halite (NaCl), galena

4.00

Pt
3.90

_Pd
< 380
S

o

3.70

Cu
3.607

3 50 1 1 1 1 1
0 20 40 60 80

Atomic percentage

Solid solutions between some cubic metals and the
influence of the chemical composition on the lattice
parameter. Solid lines connect experimental data whereas
dashed lines are straight lines for reference.

(PbS), metacinnabar (HgS), and periclase (MgO).
The structures of these compounds are identical
owing to the very similar cation:anion radius
ratios that the compounds display.

Polymorphism and phase transitions

With the example of carbonates, we demon-
strated above that the structure of a chemical
compound does not change if we substitute dif-
ferent ions of similar size. However, structures
of the same chemical compound may be differ-
ent under different physical conditions. For ex-
ample, CaCO; crystallizes as calcite at low pres-
sure and as aragonite at high pressure. If a com-
pound exists with different crystal structures,
depending on external conditions, this is known
as polymorphism and was first discovered by
Mitscherlich (1820, 1821). Examples of polymor-
phic minerals are numerous. Polymorphism is a
very useful property for petrologists. In particu-
lar, it allows one to estimate the temperature and
pressure conditions during the crystallization
of rocks because the original minerals formed
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(b)

Schematic projection along the c-axis of the

structure of (a) trigonal low-temperature quartz (o) and
(b) hexagonal high-temperature quartz (8). Circles are
representative of SiOf tetrahedra that extend in the real
three-dimensional structure of quartz as spirals along the
c-axis (c.f. Figure 19.5).

during crystallization are often preserved. One
example is aragonite, which forms in high-
pressure subduction environments and still ex-
ists, for example, in rocks of the Coast Ranges of
California, USA.

Another example of polymorphism is SiO,. At
low temperature and low pressure this chemi-
cal compound crystallizes as quartz. A schematic
view of the crystal structure, projected along the
c-axis, displays an arrangement of triangles with
trigonal symmetry (Figure 6.2a). (Circles represent
silicon atoms that are tetrahedrally coordinated
by oxygens.) This variety of quartz is called low
temperature or a-quartz. Above a certain temper-
ature, the arrangement of tetrahedra becomes
more symmetrical and we recognize a 6-fold
symmetry axis (hexagonal) (Figure 6.2b). This poly-
morph of SiO; is called high temperature or (3-
quartz. At even higher temperature, SiO, exists
in yet a different structure, called cristobalite. All
these SiO, polymorphs have in common that four
oxygen atoms, outlining a tetrahedron, surround
silicon and these tetrahedra are linked over cor-
ners to a three-dimensional framework. However,
at very high pressure, SiO, changes its coordina-
tion number and silicon is in octahedral coordi-
nation as stishovite, found at meteor impact sites.

When a compound changes its structure, for
example by heating or under pressure, it un-
dergoes a phase transition. Phase transitions are
special isochemical cases of the more general
class of phase transformations. In a very gen-

eral way, when pressure is applied, a mineral
may transform to a structure with denser pack-
ing. If the temperature is raised, thermal vibra-
tions become more pronounced. Atoms may lose
their identity and the structure may become dis-
ordered. Changes may be very minor, such as be-
tween o- and B-quartz, where there is a slight dis-
tortion of the structure (Figure 6.2); or they may
be substantial, as in the transition of diamond
to graphite, which involves a change in bonding
type, and a total rearrangement. M.]. Buerger, in
1951, classified phase transitions into three types
(reconstructive, order-disorder, displacive) based
on the structural changes that occur (Table 6.1).
This is schematically illustrated in Figure 6.3 for
a hypothetical two-dimensional ionic structure
with square coordination polygons.

Reconstructive transitions (Figure 6.3a,b)

These transitions require the breaking of bonds
and a subsequent internal rearrangement, re-
sulting in a new structure that may be quite
different from the initial one. In Figure 6.3a
coordination polyhedra remain intact, but they
are differently arranged and linked. In the
original structure they are in four-membered
rings; in the transformed structure they are
in three- and six-membered rings. Since the
closest neighborhood, i.e., the environment of
cations by surrounding anions, remains in-
tact, Buerger classified those transitions as sec-
ondary coordination transitions. Mineral examples
are quartz-cristobalite (SiO;), calcite-aragonite
(CaCO3), sphalerite-wurtzite (ZnS), and rutile-
anatase (TiO;). Changes in primary coordination
involve breakage of closest neighbor bonds. In
Figure 6.3b the square coordination changes
to a triangular coordination, requiring break-
age of anion-cation bonds. A good example for
such transitions is quartz (coordination num-
ber (Si)=4) transforming at high pressure to
stishovite (coordination number (Si)=6). The
most severe reconstructive transitions occur
when there is a change in the type of bonding,
such as in the transition from hexagonal metal-
lic graphite to cubic covalent diamond. Depend-
ing on the structural differences, reconstructive
transitions may involve large changes in inter-
nal lattice energy and volume. Since bonds are
broken, the kinetics are generally sluggish, and
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Table 6.1 | Structural classification of phase transitions by M.J. Buerger

Reconstructive
(with diffusion)

Order—disorder
(with diffusion)

Displacive
(no diffusion)

Examples

C SiIO, SiIO, KAISi3Og SiO,

Graphite  Quartz Quartz Microcline a-(low) quartz

Diamond  Stishovite Cristobalite Sanidine B-(high) quartz
Structural change

Bonding Closest Second-closest

neighbors neighbors

Structure of parent and daughter different Close structural relationship
Kinetics
Reactions Slow Intermediate Rapid
Products Quenchable Reversible

phases can be preserved if they are rapidly
quenched. For example, the diamond phase of
carbon is preserved for billions of years in kim-
berlites, even though diamond is not stable at
the pressure and temperature conditions found
on the surface of the earth. In reconstructive
transitions, atoms have to move within the struc-
ture and this requires diffusion and thermal
activation.

Order—disorder transitions
These transitions apply to structures where two
different atomic species can occupy the same lat-
tice sites. At high temperature two atomic species
(black and white circles in Figure 6.3c) may be dis-
tributed randomly in the coordination polyhedra
(left side). Upon cooling the distribution becomes
regular, with black and white species alternat-
ing (right side). Such a distribution is said to be
“ordered”. Figure 6.4 illustrates, with the distri-
bution of black and white squares, that there
may be a whole range of ordering patterns. In
Figure 6.4b the distribution is random; in Figure
6.4a it is more ordered than random, with a ten-
dency for alternation of black and white squares,
and in Figure 6.4c it is less ordered than ran-
dom, with the development of clusters of equal
kind.

A simple example to illustrate ordering is the
Cu-Au system. At high temperature Cu and Au
atoms are distributed randomly over the sites of

an fcc lattice with an equal probability for Cu
and Au to be on any site (Figure 6.5a). At these
high temperature conditions Au-Cu forms a solid
solution and any amount of Cu can substitute
for Au, causing a change in the lattice parameter
a (Figure 6.1), which can be used to determine
the composition. At low temperature, the atoms
are ordered and the ordering pattern depends
on the composition. For a composition AuzCu,
Cu occupies the corners of the fcc lattice and
Au is at the face centers (Figure 6.5b). The struc-
ture is still cubic, but no longer face-centered
(the atoms on the centers of faces are different
from those at the corners of the unit cell). For
a composition AuCu, a layered tetragonal struc-
ture forms (Figure 6.5c). This structure has only
a single 4-fold symmetry axis, compared to three
axes in the cubic case. An ordered structure is al-
ways characterized by a reduction in symmetry.
In the case of the disordered structure, a transla-
tion 5 along x, 3 along y brings atoms to coinci-
dence. This is no longer the case in the ordered
structure.

Feldspars are good mineral examples for or-
dering. The high-temperature monoclinic potas-
sium feldspar sanidine (KAlSizOg), found in vol-
canic rocks, shows a disordered distribution
of aluminum and silicon over tetrahedra in
the structure, whereas in the low-temperature
triclinic feldspar microcline (KAISizOg) aluminum
and silicon are ordered. Since ordering requires
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m Different types of phase transformations illustrated
in two-dimensional structural sketches. Polygons represent

coordination polyhedra with a cation in the center.

(a) Reconstructive phase transitions in second coordination
that rearrange the polygons but leave them intact.

(b) Reconstructive phase transition in first coordination that
breaks nearest-neighbor bonds and transforms squares to
triangles. (c) Ordering transformation with a rearrangement
of two types of cation. (d) Displacive transformation,
resulting in a slight distortion of the square array.

diffusion, the transition is sluggish and sanidine
is preserved in rapidly cooled volcanic rocks. We
will return to this system in Chapter 19.

Displacive transitions

These transitions involve only a distortion of
the lattice, and do not require the breakage of
bonds. In Figure 6.3d, the regular arrangement
of squares changes to a distorted arrangement by

(b) (©

Intermediate states of ordering, illustrated with the
distribution of black and white squares of equal numbers to
illustrate (a) more ordered than random with a tendency for
alternation, (b) random, and (c) less ordered than random

with a tendency for clustering.

slightly rotating adjacent squares in opposite di-
rections. The individual square is not changed,
only the angles between neighboring squares.
The transition from o-(low-temperature) to [3-
(high-temperature) quartz (Figure 6.2) is typical
of a displacive transition. Relative to hexagonal
B-quartz, oxygen atoms are slightly displaced in
trigonal a-quartz (indicated by arrows in Fig-
ure 6.2a). The lattice energies of the parent
and daughter phases in displacive transitions
are very similar. Also, since no diffusion is re-
quired, displacive transitions are rapid and can-
not be quenched. In the case of quartz, the
high-temperature phase cannot be preserved. All
quartz at ambient conditions is a-quartz and all
quartz above 573 °C is B-quartz.

As our discussion above indicates, polymor-
phic phase transitions are usually discussed in
terms of temperature and pressure changes and
we will look at this in a more quantitative man-
ner in Chapter 17. In some cases, however, an ad-
ditional factor is the applied shear stress. For ex-
ample, application of an external stress causes
the orthorhombic form of MgSiO; (enstatite) to
transform to the monoclinic form, called clinoen-
statite. More globally, shear stresses generated
deep below the earth’s surface may help to ex-
plain some of the structural changes recorded
in subsurface rocks. It has been suggested that
the Mg,SiO, transition from an olivine to a
spinel structure in the upper mantle of the earth
may be stress-induced and related to deep-focus
earthquakes (Vaughan et al., 1982). Internal
stresses are also important for the technologi-
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Superstructures in the system Au—Cu.
(a) Disordered fcc lattice. (b) Cubic primitive lattice in

AuzCu. (c) Tetragonal lattice in Au—Cu.
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Defects can be classified by the way they interrupt
an ideal lattice. (a) With point defects a lattice point is missing
(vacancy, V) or an additional lattice point is present
(interstitial, I). (b) If an extra lattice plane is inserted in part of
the crystal, this plane produces a line defect or dislocation
(D). (The dislocation is noted by the upside-down T symbol.)
(c) Part of the lattice may be displaced across a plane,
producing a planar defect. In this case the defect is a stacking
fault (SF). Dislocation and stacking fault extend perpendicular
to the sketches.

cally important transformation in steel of a-Fe
(bce, ferrite) to metastable tetragonal mastensite;
such stress-induced transitions are called marten-
sitic.

Crystalline defects

In general the lattice of a crystal is ideal, with pe-
riodic repetitions of atoms in three dimensions.
But most crystals have a certain number of lat-
tice defects. Defects are particularly pronounced

_(J Cu, Au

disordered

(©)

in crystals that have undergone phase transi-
tions and it is appropriate to introduce them
briefly in this chapter. Point defects are single
“mistakes” in the regular and periodic position-
ing of atoms. They can take the form of a
missing atom or vacancy (V), or an interstitial
atom (I) introduced between normal lattice sites
(Figure 6.6a). As individuals, point defects are dif-
ficult to observe, but, when numerous, they af-
fect macroscopic properties (e.g., chemical com-
position and electrical resistivity). With line de-
fects or dislocations, the perfect lattice is disrupted
and displaced along a line labeled D that extends
perpendicular to the sketch (Figure 6.6b). Planar
defects are characterized by displacement over a
whole plane of atoms such as in this so-called
stacking fault (SF), again extending perpendicular
to the sketch (Figure 6.6c). Linear and planar de-
fects cause substantial local distortions of the
crystal structure. The strain produced by these
distortions can best be imaged with the trans-
mission electron microscope (TEM) because elec-
trons passing through the crystal are deflected
(see Chapter 12).

Point defects

The main influence of a point defect extends over
only a few atomic diameters. The defect may be
the result of a single atom (vacancy or intersti-
tial; Figure 6.7a) or, more rarely, a cluster of a
few. In ionic crystals, the formation of a vacancy
involves a local readjustment of charge to main-
tain neutrality in the crystal as a whole. If a posi-
tive ion vacancy is compensated for by a negative
ion vacancy such a pair is called a Schottky defect
(Figure 6.7b). Alternatively a positive vacancy may
be compensated by a positive interstitial nearby
(Frenkel defect, Figure 6.7c).
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(a) (b)

Point defects in crystals. (a) Vacancies (V) and
interstitial (1). (b) Schottky defects in ionic crystals with
vacant cations (black) and anions (white) to balance charge.
(c) Frenkel defects in ionic crystals with a cation vacancy
balancing for a cation interstitial (black).

Dislocations (line defects)

When single crystals are subjected to shearing
stresses, plastic deformation occurs on one or
more sets of defined lattice planes (hkl) known
as slip planes. The slip planes are sheared in
a specific lattice direction [uvw], which is the
slip direction. Large discrepancies between the ob-
served strengths of crystals and their theoretical
strengths calculated on the assumption that slip
occurred instantaneously across the slip planes,
led E. Orowan (1934), M. Polanyi (1934), and G.I.
Taylor (1934) and others to introduce the concept
of dislocations. Figure 6.8 shows a slip plane, over

3-8 XM A dislocation is produced when the upper part of a
crystal slips over the lower part in the direction b. The
geometry is different if the displacement (Burgers vector b) is

perpendicular (A) or parallel (B) to the dislocation line D.

(©

part of which slip has occurred. This slippage has
transported the upper part of the crystal over the
lower part by one unit cell in the direction of the
vector b, so that the lattice perfection is restored
across the slipped area except along the curved
dislocation line extending from point A to point B.
The displacement vector b is called the Burgers
vector. At A, where the dislocation line is perpen-
dicular to b, the lattice distortion is effectively
caused by an extra vertical plane on top. Such
a distortion is called an edge dislocation (Figure
6.9a). At B, where the dislocation line is parallel
to b, the lattice planes perpendicular to it are
distorted and form a continuous helix, so that
the distortion is a screw (Figure 6.9b). It is ap-
parent that the character of a dislocation and
of the strain field around it changes as its ori-
entation changes with respect to b. In general
a dislocation will have edge and screw compo-
nents. Slip of the whole upper part of the crystal
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(a)

|37 RN Enlarged image of the structure along (a) an edge
dislocation and (b) a screw dislocation.

in Figure 6.8 over the lower part occurs when
the dislocation glides across the slip plane. Ulti-
mately all the bonds across the slip plane have
been broken, but the process occurs only in the
vicinity of the dislocation so that relatively low
stresses are required to cause slip and changes in
crystal shape.

Taylor (1934) inferred the presence of dislo-
cations from indirect evidence. His model has
much later been confirmed by direct imaging of
dislocations with the TEM (see Chapter 12). Since
the electronic structure is distorted along the dis-
location core, this distortion leads to strong con-
trast when electrons pass through a crystal, and
dislocations appear as lines (Figure 6.10).

Dislocations are necessary for deformation.
Without dislocations materials would be ex-
tremely strong. They are introduced during crys-
tal growth at a density of about 10° dislocations|
cm?. Dislocations multiply during deformation
and can reach densities as high as 10 disloca-
tions/cm? (as will be discussed in Chapter 13).

Planar defects

Planar defects are important in the context of
phase transformations. As we have noted above
in our discussion of polymorphism and solid so-
lutions, many minerals undergo phase transfor-
mations during cooling. At high temperature,
they are often structurally disordered and chem-
ically homogeneous. Upon cooling, they may or-
der themselves to a structure with a lower sym-
metry (e.g., from hexagonal to trigonal quartz, or
from monoclinic sanidine to triclinic microcline).
Alternatively, a mineral that is homogeneous at

(b)

high temperature may separate into domains of
different composition at lower temperature by a
process called exsolution. The substitution may in-
volve all atoms in the structure, such as in Au-Cu,
or only a certain set such as Mg and Fe in (Mg,
Fe),Si04 (olivine).

1 um

AL TEM image of dislocations in experimentally
deformed dolomite (courtesy D.. Barber; see also Barber
etal., 1981).
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Distribution of atoms A and B in a macroscopic
crystal. At high temperature (top), atoms A and B are
disordered. At low temperature (bottom), exsolution occurs
if like atoms attract each other (bottom left), and ordering
takes place if unlike atoms attract each other (bottom right).
During exsolution and/or ordering, domains may form that
differ in composition and/or ordering pattern.

This is illustrated schematically for a solid
solution with atoms A and B in Figure 6.11. At
high temperature, A and B are distributed ran-
domly, i.e., on every site in the structure there
is an equal probability of having either A or B
(Figure 6.11, top). A unit cell is outlined by shad-
ing. When this system is cooled, two different
processes may take place by diffusion and rear-
rangement of atomic species.

If like atoms attract each other, there is a ten-
dency for a solid solution to undergo a phase
separation by exsolution, resulting in domains
of different composition of A and B (Figure 6.11,
bottom left). The boundary between the composi-
tionally different domains within a macroscopic
crystal is called an interphase interface and is often
planar to minimize the lattice misfit between the
domains. Since A and B are atoms of different
size, lattice parameters a, and ap in the domains
will also be different. Frequently planar inter-
faces repeat in a macroscopic crystal, giving rise
to an array of exsolution lamellae that are often
submicroscopic. We will return to a more quan-
titative discussion of exsolution in Chapter 18.
Elements such as magnesium and calcium, or
sodium and potassium, display “attraction” (not
in a electrostatic sense) between like atoms, i.e.,

separate magnesium-rich and calcium-rich do-
mains are formed within a crystal.

If unlike atoms attract, the result is an or-
dered arrangement of A and B, with the two
atomic species alternating (Figure 6.11, bottom
right). In this case, the unit cell (shaded) is larger
to account for the periodic repeat of A and B with
a lattice parameter as. Aluminum and silicon in
feldspars are examples of elements with a ten-
dency for ordering.

If exsolution occurs, the two phases may have
very similar lattice parameters. In such a case
the inclusion of A in B is strictly coherent (Figure
6.12a). If there is a slight difference and inclu-
sions are small, lattices may still be coherent but
with strain across the interface (Figure 6.12b). For
larger inclusions, dislocations accommodate the
strain (D in Figure 6.12c). An example is shown in
Figure 6.13, where hematite (Fe;03) inclusions in
ilmenite (FeTiOj3) are decorated with a regular ar-
ray of such “misfit” dislocations. If the structures
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- APW (a) During exsolution the two phases (black and
white circles) may have very similar lattice parameters, and

thus an inclusion of the black phase in the white phase is
coherent. (b) Generally lattice parameters are slightly

different, resulting in a lattice strain across the interface. (c) If
the inclusion is larger, this strain is accommodated by
periodic dislocations (D). (d) If the structures of the black and
white phases are very different the intergrowth becomes
incoherent (after Putnis, 1992).
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TEM image showing small lenticular inclusions of
hematite in ilmenite from Bancroft, Ontario, with misfit

dislocations decorating the boundary between hematite and
ilmenite regions. The larger dark lines are normal dislocations
in ilmenite (from Lally et al., 1976).

of A and B are very different, the intergrowth be-
comes incoherent (Figure 6.12d).

We now look at some aspects of ordering. As
we have seen, the rearrangement of atoms from
a disordered to an ordered state is often accom-
panied by a reduction in symmetry. This loss in
symmetry can be due either to compositional
ordering (such as in Au-Cu (see Figure 6.5), or
the Al-Si distribution in feldspars), or positional
ordering (such as the geometry of silicon tetrahe-
dra in a- and B-quartz; see Figure 6.2). Once or-
dering commences from two independent nucle-
ation sites in a disordered crystal (Figure 6.14a),
the ordered regions or domains continue to ex-
pand until they impinge on each other (Figure
6.14b). The domains will either coalesce into a
single domain (this occurs when the atomic se-
quences at the interfaces are perfectly “in step”),
or will be separated by a boundary. An ordered
crystal can consist of one domain or of many
domains. The number and size of the domains
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M NN VWhen different regions in a disordered crystal
start to order independently from nucleation sites and
ordered regions grow (a), these regions may form a single
crystal when they coalesce or (b) produce an antiphase

boundary (APB) with two regions “out-of-phase”.

are dependent upon the crystal’s cooling history.
Unlike exsolution domains, ordering domains all
have the same chemical composition (Figure 6.11,
bottom right).

Boundaries that separate ordered domains
can be classified according to the structural
change across the boundary. If the lattices in
the two domains can be brought to coincidence
by a translation, the boundaries between the
lattices are called antiphase boundaries or APBs
(Figure 6.15a; see also Figure 6.11 (bottom right)
and Figure 6.14b). If the lattices across a domain
are in a different orientation (e.g., related by
a mirror reflection), the separating boundary
is called a twin boundary (Figure 6.15b). The
types of defect that develop during a phase
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Depending on the symmetry changes during
ordering phase transformations, different planar defects
develop. (a) If the lattices in two adjacent domains can be
brought to coincidence by a translation, antiphase boundaries
(APBs) form. (b) If a rotation or mirror reflection brings
lattices to coincidence, twin boundaries (TB) form.
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A M AW Antiphase boundaries (APBs) and twin boundaries
in perovskite that are due to phase transformations.

(a) Low-magnification TEM image of curved APB crossing a
twin boundary. (b) High-resolution micrograph of an APB
where the translational offset of lattice planes across the
boundary is easily visible (from Meisheng et al., 1992).

transformation depend on the structural
changes, particularly the change in space-group
symmetry. For example, in the system AuzCu
translational symmetry is lost by going from
an fcc structure to a primitive cubic structure
and this results in APBs. On the other hand,
transformation of hexagonal B-quartz to trigonal
a-quartz involves a loss in rotational symmetry
and may produce twinning.

The mineral perovskite (CaTiO3z) is an ex-
ample where ordering transformations can pro-
duce both twin boundaries and APBs. Figure
6.16a shows a TEM image of a curved APB
crossing a twin boundary. The high-resolution
image of the same APB displays the transla-
tional lattice offset of lattice planes across the
boundary (Figure 6.16b). Planar defects may be
produced during phase transformations, but they
can also form during growth and even during
deformation.

Radiation defects

The defects discussed above have a well-defined
geometry. Also, the density of the defects is rel-
atively low, so that overall the lattice remains
intact. Radiation, however, can inflict more se-
rious damage to the crystal structure. Take, for
example, a small inclusion of zircon (ZrSiO4)

in a biotite (K(Mg, Fe); Siz(Al, Fe)O,0OH;) crystal.
Zircon generally contains traces of uranium and
thorium, which emit +y-radiation. Over geologi-
cal time, this radiation alters the crystal struc-
ture of biotite. One result of these alterations is
the development of haloes in biotite, with dif-
ferent colors that surround the zircon inclusion.
More generally, the lattice structures of uranium-
and thorium-containing minerals are often com-
pletely destroyed over time in a process known
as metamictization. This has become an important
issue in the context of storing nuclear waste.
There are proposals to incorporate radioactive el-
ements into stable synthetic minerals (synrock);
yet it is very difficult to find mineral species
that resist metamictization. Some candidates are
zircon and perovskite structures.

Test your knowledge

1. Give examples of atom pairs that form solid
solutions.

2. Name two mineral pairs that are isostructural
but not isomorphic.

3. Carbonates can be used to illustrate both iso-
morphism and polymorphism. Give two min-
eral examples for each.

4. Explain the displacive transformation between

o- and B-quartz.

How do antiphase boundaries form?

6. Illustrate the lattice deformation around an
edge dislocation.

o

Important concepts

Isomorphism and solid solution
Polymorphism

Displacive transformation
Reconstructive transformation
Point defects

Dislocations

Twins

Antiphase boundaries (APBs)
Radiation defects (metamictization)
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Chapter 7

Experimental studies of crystal structures.

X-ray diffraction

Basic concepts

The notion that crystals have a lattice-based struc-
ture and that the basic building block is the unit
cell was introduced in the eighteenth century. At
that time the analysis of crystals was based on
visual inspection, on detailed examination with
a hand lens or at best a light microscope. How-
ever, visible light, with wavelengths between 400
and 700 nm, is far too coarse a probe to inves-
tigate crystal structures where information is on
the scale of atoms and interatomic distances, i.e.,
1-5A (1A = 0.1 nm). In this chapter we discuss
experimental techniques that were developed in
the early twentieth century to study crystal lat-
tices, providing a tool for determining structural
parameters and largely confirming the concepts
about unit parallelepipeds, lattice structure, and
symmetry suggested more than 100 years earlier.
With the discovery of X-rays by C.W. Réntgen in
1895, the stage was set for analyzing crystals at
an elementary level, and this research produced
unprecedented information about the solid state.
Then in 1912 the famous diffraction experiment
of Max von Laue established that X-rays are waves
and that the suspected internal lattice structure
of crystals indeed existed (for a brief history, see
Box 7.1).

Rontgen found that when electrons were ac-
celerated in an electric field and collided with
a metal anode, a very high-energy radiation was
emitted. At the time, he was unable to explain
the origin of this radiation (hence the name
“X-rays”), and an explanation had to wait until
more was known about the structure of atoms.

It became clear that accelerated electrons with
sufficiently high energy could displace electrons
from within the inner electron shells (e.g., a K-
shell electron) of an atom (Figure 7.1a). This is
because the energy of the electrons within the
inner shells is close to, but slightly less than, the
energy of the accelerated electrons. An electron
from a higher shell immediately fills the elec-
tron hole, and the excess energy is released as
a photon. The energy, and hence the wavelength,
corresponds to the particular electronic transi-
tion of a given atom. These high-energy photons
have short wavelengths A (L = hc/eV, where h
is the Planck constant, ¢ the speed of light, e
the charge of the electron, and V the accelerat-
ing voltage) in the range 0.1-5 A, and are called
X-rays. A spectrum, obtained when a metal such
as copper or molybdenum is irradiated with
50 keV electrons, is shown in Figure 7.1b. It con-
sists of both a continuous part due to irregular
energy exchanges between electrons, and a set
of high-intensity peaks due to the specific energy
transitions. For example, L- to K-shell transitions
produce Ko X-rays, and M- to K-shell transitions
produce K@ Xrays. Note that Xrays produced
from a molybdenum target have higher energies
and shorter wavelengths than those produced
from a copper target. This is because molybde-
num has a higher atomic number. X-ray radia-
tion, like visible light, is part of the electromag-
netic spectrum, but the shorter wavelengths of
X-rays (0.1-5 A) make them ideal for crystal struc-
ture studies.

For most applications X-rays are produced by
an Xray tube, powered by an X-ray generator.
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Figure 7.2 shows a schematic diagram of a mod-
ern X-ray tube. It consists of an evacuated glass
tube in which electrons are released by heating a
tungsten filament (just as in a normal light bulb).
By applying a voltage, the electrons are then
accelerated in a field to 40-50 keV and collide

Owing to the energy transitions in the anode,
X-rays are produced and leave the tube through
beryllium windows that have relatively low ab-
sorption. In an X-ray tube most of the energy of
the electrons is not converted to X-rays but to
heat, and thus it is necessary to cool the anode

with an anode metal (molybdenum in Figure 7.2). metal, usually with water. In many applications,

Box 7.1 | Brief early history of X-ray crystallography

Wilhelm Conrad Réntgen discovered X-rays in Wiirzburg in 1895. He constructed
a cathode ray tube, enclosing it in a light-tight cardboard box, and observed a pe-
culiar phenomenon. When he sent a pulse of electrons (cathode rays) through this
tube, a screen made of barium platinocyanide crystals, placed at some distance
from the tube, would light up in bright fluorescence. Réntgen knew that the fluo-
rescence was not caused by the cathode rays, for the glass tube absorbed electrons.
Some other mysterious radiation of high energy had to be involved, and he named
this radiation “X-rays”. X-rays were found to have high penetration properties,
and for this reason the first practical application of X-rays was for radiography.

A turning point in crystallography came in 1912. An exceptional group of
scientists were then at the University of Munich. They included: Professor Paul
von Groth, a crystallographer; Professor Wilhelm Conrad Réntgen, who was now
Chair of Experimental Physics; and Professor A. Sommerfeld in the Department of
Theoretical Physics. There were also a number of assistants and students, among
them Dr Max von Laue and Peter Debye (both Sommerfeld's assistants), and
W. Friedrich and P Knipping (graduate students of Réntgen). Crystallographers
such as Groth claimed that crystals were built up of periodic arrangements of
molecules, and Sommerfeld believed that X-rays were wave-like radiation. Von Laue
was curious to find out what would happen if X-rays interacted with crystals. This
curiosity led to the famous experiment, performed by Friedrich and Knipping on a
crystal of copper sulfate, in which diffraction was observed (Figure 7.3a), proving
that crystals indeed had lattice character and that X-rays were waves (Friedrich
etal, 1912; von Laue, 1913).

Shortly after the discovery by von Laue, Friedrich and Knipping, the British
physicist William Henry Bragg at the University of Leeds and his son William
Lawrence Bragg, a graduate student at Cambridge University, collaborated to in-
terpret the intensities of X-ray diffraction and were able to relate them to the
crystal structure. X-ray diffraction patterns display the internal symmetry of crys-
tals (Figure 7.3b). The Braggs explained X-ray diffraction as selective reflection on
lattice planes (Bragg and Bragg, 1913) and used the diffraction data to determine
the unit cell and crystal structure, first of halite and then of other minerals in 1913
(Bragg, 1914). Interestingly, the Russian scientist G. Wulff, after whom the Waulff
net is named, derived independently an expression that is very similar to Bragg’s
law (Wulff, 1913). It reminds us of the independent discovery of space-groups by
A. Schoenflies and E.S. von Fedorow, and of the Periodic Table of elements by J.L.
Meyer and D. Mendeleev. Réntgen (1901), von Laue (1914), W.H. and W.L. Bragg
(1915) received Nobel Prizes for Physics for their achievements (see Box I.1).

Ewald (1962) reviewed the early history of X-ray diffraction on the occasion
of the fiftieth anniversary of von Laue's discovery.
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(a) Energy transitions of inner shell electrons (not
to scale). (b) Spectrum produced in an X-ray tube with a Mo
and a Cu anode. The characteristic peaks correspond to Ka

and K transitions.

radiation with a single wavelength is preferred,
for example Ka. There are methods to filter the
spectrum and produce nearly monochromatic
X-rays.

Brief discussion of waves

Before we discuss the diffraction of waves by
crystals, we need to review briefly the properties
and representations of waves. Figure 7.4a shows

a simple sinusoidal wave, propagating in the
x-direction, which can be expressed as

y=Asin x (7.1)

where A is the amplitude or maximum displace-
ment from the line of propagation. The distance
between two wave crests is the wavelength (A).
Figure 7.4a shows the wave in the starting
position (1, solid line) and after it has propagated
in the x-direction, by a distance A (2, dashed
line). This distance can be measured as path dif-
ference (PD) relative to an origin, in length units
(e.g., &ngstroms). Alternatively it can be measured
as phase difference (¢) in multiples of a wavelength,
or as angles (with 27 or 360° corresponding to a
full wavelength).

Copper
X-rays Tungsten filament Glass
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Beryllium window X-rays

Generation of X-rays in a modern X-ray tube. A
heated filament emits electrons that are accelerated and
produce X-rays when they hit an anode. The anode is cooled
with water.

Geometrically a propagating sinusoidal har-
monic wave can also be described by a point P,
rotating at constant angular velocity w (Figure
7.4b). The projections of P (P’ on x and P” on y)
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(a)

(a) The first X-ray diffraction photograph of a
copper sulfate crystal (Friedrich et al., 1912). (b) A diffraction
pattern of a centered sphalerite crystal with better
collimation, viewed along the 4-fold symmetry axis (von Laue,
1913, reproduced by Ewald, 1962). See Box 7.1.

execute a simple harmonic motion. From the rel-
ative displacements OP' = X = A cos ¢ and OP” =
Y = A sin ¢, we can calculate the maximum
displacement or amplitude with Pythagoras’
theorem, A = /(X2 +Y?2), corresponding to the
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radius of the circle, and the phase ¢ = tan™!

(Y/X). The wave is then specified by a vector f
and can be conveniently represented in a Gaus-
sian coordinate system with complex numbers,
using x as the real axis and y as the imaginary
axis (i).

f = A(cos ¢ + i sing) (7.2)

The length of this vector f is its amplitude A, and
its direction depends on its phase ¢. [If you are
unfamiliar with complex number algebra, don’t

N
N
) .

0° 90° 180° 270° 360°

(b)

(a) Representation of a propagating sine wave with
amplitude A, wavelength A, and phase ¢. (b) The wave can be
viewed geometrically as a harmonic oscillation with point P
rotating at constant angular velocity. The wave (a) is defined
by the vector f given by amplitude A and phase ¢, or by the

components X and Y in a Gaussian coordinate system.

<

be concerned. In this context the complex oper-
ator i is only used to keep track of X and Y sep-
arately, with i2 = —1]]

Next let us consider two waves of the same
amplitude A, the same wavelength A, and propa-
gating in the same direction, but the second wave
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Addition of two waves with phase differences
(a) ¢ =75°, (b) ¢ = 360°, and (c) ¢ = 180° produces a
resultant wave (dashed lines).

is displaced with respect to the first (Figure 7.5).
These waves may combine, as we will see in this
chapter for Xrays and in Chapter 9 for light
waves. The resultant wave can be obtained by ad-
dition of corresponding displacements. This has
been done graphically in Figure 7.5 for three
cases: one with an arbitrary phase difference
¢ = 75° (Figure 7.5a), one with a phase difference
corresponding to a full wavelength ¢ = 27 = 360°
(Figure 7.5b), and the third with a phase differ-
ence corresponding to a half wavelength ¢ = 7 =
180° (Figure 7.5c). The resultant wave R (dashed
line) has the same wavelength as the two waves,
but the amplitudes differ in the three cases, de-
pending on the phase difference. For ¢ = 75°,
Apew = 1.59 x A; for ¢ = 27 = 360°, Apew = 2
x A (this is an important case which we will call
constructive interference); and for ¢ = 2w = 180°,
Anew = O (destructive interference. In this case the
resultant wave has no amplitude).

Instead of doing this addition graphically, we
can use equation 7.2 and simply add the two wave

©
vectors (both with the amplitude A):

fi + £, = A{(cos ¢ + cos ¢z) + i(sin ¢y + sin ¢y}
= A(X +Yi)

Apew = A(V(X?>+Y?) and ¢new = tan"'(Y/X) (7.3)
¢ =75
fi + £, = A|(cos 0° 4 cos 75°) + i(sin 0° + sin 75°)|

= A(1.26 + 0.97i) = A(X + Yi)
Apew = (AV(X? +Y?%) = A/(1.26% 4 0.97?)
= 1.59A, and ¢pey = tan~! (Y/X) = 37.6°
(7.4)
¢ = 27 = 360°:
f; + £ = AJ(cos 0° + cos 360°) + i(sin 0° 4 sin 360°)]
= A2+ 0i) = A(X +Yi)
Apew = (AV(X2+Y2%) = AJ/(2% + 0%)

= 2A, and ¢yey = tan"(Y/X) = 0° (7.5)

¢ =m =180°:
fi + £ = AJ(cos 0° + cos 180°) + i(sin 0° + sin 180°)]
= A0+ 0i) = A(X +Yi)

Apew = (AV(X2+Y?%) = AJ/(0* + 0?)
= 0 and ¢pey, = tan~(Y/X) = 90° (7.6)
which provides the same results as those ob-

tained graphically, but is much easier to do. We
will use this method of adding waves later in this
chapter. For now we reiterate the most important
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conclusion: if two waves have a phase difference
corresponding to a multiple of a full wavelength,
and such waves are added, the resultant wave has
a maximum amplitude.

Laue and Bragg equations

Now we return to X-rays and crystals. In the fol-
lowing discussion we will assume that we have
monochromatic Xrays, i.e., Xrays with a sin-
gle wavelength. To explain diffraction, let us
assume that a wave front of Xrays reaches a
row of atoms. Each atom (or, more correctly,
each electron) acts as a scattering center for a
spherical wave of equal wavelength and, in di-
rect analogy to Huygens’ construction for visi-
ble light, new wave fronts form. In two dimen-
sions these spherical waves appear as circles with
wave fronts tangent to them (Figure 7.6). Each
circle represents the collection of points that
lie one full wavelength (measured between wave
crests) from the atoms. The most obvious tan-
gent to these circles is parallel to the incident
wave front. This is called the zero-order new wave
front. But there are other directions into which
waves are deflected. There is a first-order wave
front that is inclined to the old wave front. There
are also second- and higher-order wave fronts,
and they can be drawn as tangents to wave
crests from X-rays, with different arrival times
(Figure 7.6).

The deflection angle, which is the change
in the direction from the first-order to higher-
order wave fronts, increases with wavelength and

zero order {

Wave front

Huygens’ construction for wave fronts of different

orders, produced by interaction of a wave with a row of
lattice points.

Path difference (PD = CD — AB) produced
between two wavelets, | and 2, scattered at two points,
B and C with a spacing a.

decreases as we reduce the spacing between rows
of atoms. With some very simple geometry we
can calculate the angles under which we observe
diffraction (Figure 7.7). Consider two neighbor-
ing lattice points (B, C) with spacing a, and an
incoming X-ray wave of wavelength A that reaches
the row of points at an angle ¢ with respect to
the line containing the lattice points. The two
wavelets 1 and 2 will not travel the same distance
from the time they formed an old wave front to
the moment they are parallel again and define a
new wave front.

If the path difference (PD) is an integer mul-
tiple of a full wavelength, then the waves are in
phase after the change in direction and they rein-
force each other by addition (Figure 7.5b). From
Figure 7.7 we can easily derive the equation

PD, = CD — AB= (cos ba— COS ¢,‘;) a=ny x A (7.7)

This is called the Laue diffraction condition for a
one-dimensional crystal (or Laue equation) and speci-
fies the direction of the diffracted rays. The angle
¢q is between the row of lattice points and the
diffracted ray. The integer n,, either positive or
negative, defines the order of diffraction, i.e., the
number of full wavelengths by which waves from
adjacent lattice points differ when they reach
the new wave front. The maximum possible path
difference between two lattice points is 2a (¢; =
0°, ¢, =180°), and therefore n,; can vary only
within certain limits such that n; < |2a/A|; that
is, only a limited number of full wavelengths can
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(a) (b)

(a) Diffraction from a one-dimensional crystal

(spacing between atoms is a) is a set of concentric cones
around the line of atoms. (b) The diffraction pattern of the
cones can be recorded on a flat film mounted at right angles
to the incident X-ray and parallel to the lattice row,

producing a set of hyperbolas.

fit into the maximum path difference. Diffrac-
tion from a one-dimensional crystal thus consists
of a set of cones, one for each n,, with an opening
angle 2¢, (Figure 7.8a). If a plane photographic
film, sensitive to X-rays, is mounted parallel to
the row of lattice points of this one-dimensional
crystal and perpendicular to the incident X-ray,
the recorded diffraction pattern is the intersec-
tion of the cones with the film, i.e., a set of hy-
perbolas (Figure 7.8b).

In Figure 79a we illustrate an example
of second-order diffraction (n;=2) for a one-
dimensional lattice in a different way. For second-
order diffraction, waves scattered between adja-
cent lattice points have a path difference of 2, or
a phase difference of 47 =2 x 27 (see Figure 7.7).
We choose an origin (circled point) and plot the
one-dimensional lattice, which is a row of points
at equal distance. Then we label the phase dif-
ferences (in multiples of wavelengths) for each
lattice point with respect to the origin in the
figure, i.e., 0, 2, 4, etc.

For a two-dimensional crystal we must add
a second Laue condition to that given above
(equation 7.7a). By analogy it is:

PD, = (cos ¢y — Cos d)f,’)b =n, x A (7.7b)

where angles d),? and ¢, are between the row of
lattice points with spacing b in the y-direction
and incoming and diffracted ray, respectively.

In Figure 7.9b we add a second dimension
to Figure 7.9a and plot a two-dimensional lat-
tice. For diffraction we take the case where n; =
2 (second-order diffraction along x) and n, = 1
(first-order diffraction along y), and we label on
these axes (dashed lines) again for each lattice
point the phase differences with respect to the
arbitrary origin (circled point). The two crossing
directions x and y in Figure 7.9b can be extended
easily to a full two-dimensional lattice by keeping
in mind that, in a lattice, all points and thus all
distances between lattice points in a specific di-
rection are identical. The total phase difference
of any lattice point with respect to the origin is
27 (nq + ny), and we label the points accordingly.
An interesting feature of Figure 7.9b is the pres-
ence of lines in the lattice that all have the same
phase difference relative to each other. While all
points of the lattice scatter in phase to satisfy the
Laue equations, points on these lines have zero
phase difference. If we assign Miller indices to

(@ a
—
o0 -0 (@ 0 O @
-6 —4 -2 0 2 4 6

- RN Phase differences (in multiples of 277) at lattice
points, resulting from diffraction on a lattice when Laue

equations are satisfied. An arbitrary origin is marked with a
circled point. (a) One-dimensional case, second-order
diffraction: n| = 2. This means that a wave scattered at the
point labeled 2 is two wavelengths behind that scattered at
the origin. (b) Two-dimensional case, withny =2andny = I.
Note that all lattice points on (21) lines have an identical

phase.
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Lattice

(a) (b)

Equal path difference requires mirror reflection
on (hk) lines. Here, 6; and 64 are the angle of incidence and
the angle of reflection, respectively. (a) 6; < 604, path | < path
2. (b) 6; > 64, path | > path 2. (c) 6; = 64, path | = path 2.

the lattice lines with the same path difference of
Figure 7.9b (reciprocal axis intercepts!), we find
that hyiner = 2, kminer = 1, i.e., the symbol is (21).
Interestingly, these Miller indices have the same
values as the Laue diffraction order indices nq, n,,
and there is indeed a close relationship between
the two. There is also a difference: by definition,
Miller indices have no common divisor, while
there is no such restriction on Laue indices. The
two-dimensional model can be generalized easily
to three dimensions. Thus lattice planes (hkl) ex-
ist in which all points on such planes have zero
phase difference.

In Figure 7.10 we follow two waves (1 and 2)
diffracting on a lattice plane at different angles
(6; is the angle of the incident X-rays to the lat-
tice plane, 6, is the angle of the diffracted X-rays).
Initially they are in phase, and after diffraction
they establish a new wave front. As the figure il-
lustrates, the individual paths in the three cases
are different. The same path length for waves 1
and 2, and thus zero phase difference, is obtained
only for the special geometry when incoming and
diffracted waves are in mirror reflection geom-
etry on the lattice plane (Figure 7.10c). This re-
stricts the direction of incident and diffracted
beam relative to the lattice planes, with all
points having the same path difference in Figure
7.9b, and brings us to another interpretation of
X-ray diffraction — namely, as reflection on lat-
tice planes defined by Miller indices (hkl). The
terms diffraction and reflection are often used
interchangeably.

In Figure 7.10 we have considered a single
lattice plane and investigated diffraction condi-

plane

tions. Real crystals, however, consist of stacks of
lattice planes, and X-rays penetrate many hun-
dred. How are the phase relations between waves
reflected on two adjacent lattice planes separated
by distance d (Figure 7.11)?

Two waves, which are initially in phase, reach
a crystal. The first (1) diffracts (reflects) on the lat-
tice plane (hkl) on the surface, the second one (2)
on the parallel plane below at a distance d = AC.
The angle of incidence to the lattice plane is 6.
The second wave has a longer path (PD = BC +
CD), before the two waves establish a new wave
front AD. We can easily establish a relationship
(triangle ABC) sin § = BC/AC, and correspondingly
for diffraction, where the path difference has to
be a multiple of the wavelength to produce con-
structive interference,

PD=2dsinf =nx2x (7.8a)

where A is the wavelength, 6 is the angle of inci-
dence and reflection, and n is an integer. The rela-
tionship is known as the Bragg equation (or Bragg’s
law) and was formulated in 1913 by the father and
son team W.H. and W.L. Bragg. Diffraction can be
viewed as reflection on lattice planes with reflec-
tion angles 6 determined by the spacing of lattice
planes. While von Laue’s interpretation is closer
to the physical nature of the diffraction process,
Bragg’s picture is far easier to tie in with actual
experiments. If we orient a crystal such that a lat-
tice plane (hkl) is in reflection condition between
incident and diffracted X-rays and measure the
angle between the incident and diffracted rays
we get immediate information about the spacing
of corresponding lattice planes, dpy, in a crystal.

The Bragg equation is often written
Zdhkl sinf = A (78b)

and n, the order of diffraction, is incorporated
into the spacing d and the indices hkl. Thus,
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Derivation of the Bragg equation, explaining

diffraction as reflection on a stack of lattice planes with an
interplanar spacing d. All points on the plane (hkl) scatter in

phase.

instead of talking about second-order diffraction
on a lattice plane (111) with the distance d, say,
equal to 10 A, we talk about diffraction on (222)
with d equal to 5 A. The indices (222) correspond
to the Laue indices nq, 1y, nz.

Bragg’s law has two conditions:

1. The lattice planes (hkl) must be in a reflec-
tion orientation between the incident and
diffracted X-ray waves.

2. Diffraction occurs at a specific angle that is
determined by the d-spacing of the lattice
planes.

These conditions are seemingly very straightfor-
ward but are not easy to satisfy experimentally.
If we aim a monochromatic X-ray at a crystal
in some arbitrary orientation, the Bragg condi-
tions are not satisfied and no diffraction occurs.
A crystal has to be rotated to bring a particular
lattice plane hkl into a reflecting position, and
then the diffraction angle has to be adjusted to
fit with the spacing of the lattice plane dy;;. Mod-
ern computer-controlled X-ray goniometers can
help to alleviate some of these problems, and
they are used for special applications. However,
a significant experimental advancement came in
1916, when P. Debye and P. Scherrer had the in-
genious idea to use powders instead of single
crystals.

The powder method

A powder consists of many randomly oriented
small crystals or “crystallites”. There will always
be some crystallites with lattice planes in the
right orientation to diffract (i.e., satisfying the
first Bragg condition), and therefore rotation is
not necessary. A powder irradiated with mono-
chromatic X-rays of known wavelength will pro-
duce diffracted X-rays lying on cones with an
opening angle 46 (i.e., an angle 26 to the primary
X-ray beam). We can intersect these cones with a
photographic film, usually mounted in a cylin-
drical “Debye-Scherrer” camera, and image a set
of concentric rings (Figure 7.12a). After exposure,
the film is unrolled, developed and diffraction an-
gles can be measured as distances between dark
lines.

Today the most popular powder method uses
a powder diffractometer. The powder is sus-
pended on a flat disk, and the reflections are
scanned with an electronic detector (Figure 7.12b)
that digitally records the intensity as a function
of diffraction angle, as is shown for a sample
of cubic halite in Figure 7.13. Each peak cor-
responds to diffractions from different lattice
planes. The detector rotates with an angular ve-
locity of 260, whereas the sample rotates at a ve-
locity 6 to maintain the reflection condition for
the surface of the sample. It means that, at all
diffraction angles, those lattice planes (and only
those) that are parallel to the sample surface are
diffracting.

From powder photographs or diffractometer
scans we can obtain a list of § angles, which can
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IJ- BV A VA In the powder method diffractions from
crystallites lie on cones around the primary beam with an

opening angle 46. (a) The photographic Debye—Scherrer
camera records X-ray diffractions from a powder mounted in
a glass capillary on cylindrical film that is stretched out on the
right-hand side. (b) A diffractometer scans the 20 angle range
with an electronic detector to record diffractions from a flat

sample.

then be converted to d-spacings using Bragg’s law.
Spacings between lattice planes are a function of
the specific lattice parameters for a given crys-
tal and of the Miller indices hkl that define the
lattice plane. We will show this relationship for
an orthogonal crystal system. Figure 7.14 illus-
trates an orthorhombic coordinate system with
axes X, y,z, and on it two parallel planes (hkl).
One plane goes through the origin O. The par-
allel plane through A, B, C is the next adja-
cent one, spaced d = OP, measured along the
plane normal n. The lattice plane ABC is spec-
ified by axis intercepts OA = a/h, OB = b/k,
and OC = c/l. (Remember that Miller indices
are reciprocals of axis intercepts.) In the right
triangle OAP, cos ¢, = OP/OA = d x (h/a) and
correspondingly, cos ¢, = d x (k/b) and cos
¢, = d x (I/c). These cosines are direction cosines
specifying the direction of n in the orthogonal
coordinate system x, y, z. The sum of the squares

slit

/ Focusing
circle

of direction cosines is 1; therefore,

(d*h?)/a? + (d2k)/b? + (d¥12)/c* = 1 (7.92)

and

1/d* = h*/a* + k*/b* +1%/c? (7.9b)
In the triclinic case, with non-orthagonal axes,
the relationship is more complex. Without going
through the algebra we give the result:

(h/a)sina]® + [(k/b)sin B]* + (1 /) sin y ]
+ (2hk/ab)(cos « cos B — cos y)
1 —cos?a — cos? B — cos?y
+ 2 cosa cos B cos y

1/d* =

(2Kl /bc)(cos B cos y — cos «)
+ (2hl/ac)(cos « cos y — cos B)

7.9¢
1—cos?a — cos? 8 — cos?y (7.9¢)

+ 2 cosa cos B cosy

Thus, in both the orthorhombic and triclinic
cases, the d-spacing is a function of lattice param-
eters and Miller indices of the lattice plane. The
d-spacing is obtained directly from X-ray diffrac-
tion patterns (via the diffraction angle 6) and,
at least for cubic crystals where a =b = ¢ and
a=pB=y= 90° it is easy to determine the
lattice parameter from powder diffraction data
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(see Box 7.2). For lower symmetry, other meth-
ods are used to determine lattice parameters,
most commonly relying on diffraction experi-
ments with single crystals.

Crystal identification with the
powder method

As we have seen above, the d-spacings of lattice
planes and therefore the 20 angles of a diffrac
tion pattern are a function of the unit cell. As we
will see in the next section, the intensities of the
diffraction peaks depend on the arrangement of
atoms in the unit cell. Since the unit cell and crys-
tal structure are diagnostic of a crystal, a pow-
der pattern can therefore be used to identify un-
known crystalline substances. Powder patterns of
all known crystalline substances have been col-
lected, and the information on d-spacings and
intensities of diffractions is published in a large
catalog that contains data for over 105 000 mate-
rials, both organic and inorganic (the example of
halite is given in Figure 7.15, corresponding to
the powder pattern of Figure 7.13). Minerals
are a subset in this catalog. This JCPDS (Joint
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Box 7.2 | Determination of the lattice parameter of
a cubic crystal

In the cubic system (where a = b = c), equation 7.9b transforms to

l/d? = (h* + k> +1%)/a’ (7.10)
After squaring the Bragg equation (equation 7.8b), we can substitute for |/d? using
equation 7.10:

sin?@ = (h? 4+ k* + 1922 /(4a?) = (h* + k2 +1HK =nK 7.1

Thus, the squared sines of the diffraction angles are the product of A%/(4a?), which
is a constant K for a given experiment and a certain crystal, and h? 4 k? + 12,
an integer n that is the sum of three squared integers. The table below gives in
column | a list of 8 angles measured on a powder pattern for the cubic mineral
halite (see Figure 7.13). From 6 we then calculate sin? 6. Each sin” 6 is the product
of a constant K and an integer n.

Indexing of a powder pattern of halite (wavelength of X-rays: Cuko = 1.5418A)

Omeasured SN2 O Asin?6 n= (h2 + k% + /2) K h k |

13.68 0.0559 3 00188 | I |
00188

15.86 0.0747 4 2 0 O
0.0747

22.74 0.1494 8 2 2 0
0.0560

26.95 0.2054 Il 3 1 |
00188

28.26 0.2242 12 2 2 2
0.0747

33.14 0.2989 16 4 0 O
0.0553

36.52 0.3542 |9 3 3 |
0.0194

37.68 0.3736 20 4 2 0
0.0745

42.02 04481 24 4 2 2
0.0563

45.25 0.5044 27 5 | |

In the derivation of the smallest constant K, it is useful first to calculate all the
differences A between adjacent sin’6 values (third column in the table). The
constant K is either the smallest A or a simple fraction thereof, and it must be
chosen such that all diffractions can be expressed as a product nK. If this is not
possible, or if n is one of the numbers 7, |5,...that are not sums of three squared
integers, then it generally helps to use half the value of K.
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Having established K, we can then deconvolute n into h, k and [. For each

diffraction we find indices hkl that characterize the reflecting lattice plane. It should

be noted that reflections for certain lattice planes such as 003 and 122 may occur

at the same angle (n = 9) and are not resolved in the powder technique (they
are not present in the halite diffraction pattern). From K we determine the lattice

parameter a:
a’ = (A?/4K) = [(1.5418 A)?/(4 x 0.0188)]
a=562A

7.12)

This simple exercise, which any student can do with a pocket calculator, earned
the Braggs the Nobel Prize for Physics for determining the size of the unit cell,

proposed over |00 years earlier by RJ. Haty.

Committee for Powder Diffraction Standards) cat-
alog is updated every year. If we can match the
pattern of an unknown substance, in angular
locations of the diffractions and their relative in-
tensities, with a pattern contained in the catalog,
then the unknown is identified. To find the nee-
dle in this haystack, the procedure is to select

PDF # 05-0628

first the three most intense diffraction peaks
and go to a search catalog where substances are
listed according to the intensity of their strongest
diffractions. With some luck the correct match
can be established. It is often necessary to per-
mutate the order of intensities, because the
intensities depend to some extent on sample

d 2.82 1.99 1.63 3.26 NaCl *
/1, 100 55 15 13 Sodium Chloride (Halite)
[d(A)] /1, hkl
Rad. CuKoy A1.5405 Filter Ni | 3.258 13 111
/1, Diffractometer 2.821 100 200
Ref. Swanson and Fuyat, NBS Circular S39, Vol. 2, 41, 1953. 1.994 55 220
1.701 2 311
1.628 15 222
Sys. Cubic S.G. Fm3m 1.410 6 400
ap 5.6402 by ¢ (225) 1.294 ! 331
0> o a B vy 1.261 11 420
1.1515 7 422
n: 1.542 Color Colorless égggg é i}‘(l)
0.9533 1 531
An ACS reagent grade sample recrystallized twice from 0.9401 3 600
hvdrochloric acid 0.8917 4 620
ydrochloric acid. 0.8601 1 533
X-ray pattern at 26° C. 0.8503 3 622
Merck Index, 8th edn, p. 956. 0.8141 2 444
JCPDS index card for halite, showing values for
d-spacings, diffraction intensities for reflections hkl, and
additional crystallographic information.
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A crystal structure with two atomic species A and

B can be viewed as a superposition of two lattices. Each lattice
obeys Bragg’s law, but the two lattices do not scatter in phase.

preparation and specific technique. Preferred ori-
entation of platy minerals on diffractometer
mounts often distorts the true intensity pat-
tern. Today, searches can be accomplished with a
computer.

The Xray powder method has become the
standard technique for identifying crystalline
substances and is applied in every mineralogy
laboratory. It is fast, safe, and accurate.

X-rays and crystal structure

So far in our discussion we have concentrated on
the angular directions of diffracted X-rays. These
directions simply depend on the lattice geome-
try. From the angles 26 between incident and
diffracted X-rays we obtain information about the
unit cell. Ultimately we are not concerned so
much about the lattice as we are about the distri-
bution of atoms in a crystal, i.e., the crystal struc-
ture. For example, the minerals halite (NaCl),
pyrite (FeS), and fluorite (CaF) all have a similar
cubic unit cell (a ~ 5.5 A), yet an entirely differ-
ent crystal structure. Can we distinguish them,
based on their diffraction pattern? The answer is
“yes”, and without too much additional effort we
can show how diffraction intensities are related
to atomic positions, using a similar approach.
Take, for example, a structure consisting of
two atomic species, A and B (Figure 7.16), that can

be considered as a superposition of two lattices.
Each lattice obeys Bragg’s law, but the two
lattices generally do not scatter in phase and the
intensity of the scattered wave for a reflection hkl
depends on the phase shift between lattice A and
lattice B. To evaluate the phase shift we return
to the two-dimensional picture of Figure 7.9,
except that we add a second species (open circles
in Figure 7.17). The second lattice (open circles) is
displaced by fractional coordinates x,y against

®Aat0,0 O Batx,y

Phase differences resulting from diffraction on a
two-dimensional crystal with two atomic species indicated by
closed circles (A) and open circles (B). The wave scattered on
the atom B lattice (coordinates x, y) has a phase difference
27 (x + y) relative to that scattered on atom A lattice (at
origin) (cf. Figure 7.9).
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the first lattice (dots). For a simple lattice, with a
single atom in the corner of the unit cell, we
found that the phase shifts of a lattice point
relative to an origin are 27 (n; + 1,), where n; and
n, are integers. The phase shifts for the second
lattice (B, open circles) relative to the lattice
in the origin (A, closed circles) are 2m(n{x +
n2y). In general, X-ray scattering from these two
lattices is not in phase. If we sum the waves,
intensities will vary, depending on the relative
displacements x and y. The displacements x and
y correspond to atomic coordinates, relative to
the corners of the unit cell; n; and n, are orders
of diffraction, for which we can substitute the
Laue indices h and k and thus obtain for the
phase shift ¢ = 27 (hx + ky).

If we consider a three-dimensional crystal
structure composed of n sublattices of atoms at
fractional coordinates x;, y;, z; relative to the cor-
ner of the unit cell, then the phase shifts for a
diffraction hkl are for each atom, by analogy with
the two-dimensional case,

¢ = 2w (hx; + ky; + 1z;) (7.13)

In order to obtain the amplitude and phase of
the diffracted wave, we have to add the individual
waves that are scattered from all atoms in the
unit cell. In Box 7.3 we do this for the example
of halite, using the method we discussed earlier
(equation 7.2).

Additional atomic scattering
considerations

For quantitative intensity calculations, we have
to refine the model of the structure factor. One
complication arises from the fact that atoms have
a finite size, comparable to the wavelength of X-
rays. Therefore, since X-ray scattering occurs on
electrons, waves scattered on different electrons
of the same atom are slightly out of phase. For
example, the wavelet scattered on electron d in
Figure 7.18 is (x — y) out of phase relative to the
center of the atom. Only wavelets in the direc-
tion of the incident beam are exactly in phase.
The phase difference increases with diffraction
angle 26. Previously we have assumed that the
efficiency of atomic scattering, or the scattering
factor f, is simply a function of the number of elec-
trons, but it also depends on the diffraction an-
gle 26. Some typical scattering factor curves are
shown in Figure 7.19, which illustrates that only
for 26 = 0°, or for a “point atom”, in which all
electrons scatter in phase, does the scattering fac-
tor correspond to the atomic number. The 26 de-
pendence is much greater for the large 02~ (r =
1.40 A) than for the relatively small Si** (r =
0.42 A), both having 10 electrons. Owing to the
scattering factor, high-angle reflections are gen-
erally weaker than low-angle reflections.

Box 7.3
of halite

Diffraction intensities and the atomic structure

In Chapter 3 (see Figure 3.24b) we described the structure of halite with fractional

coordinates X, y, z. These coordinates are again shown in the table below for the

four Na* and four CI~ that occupy the unit cell. X-rays scatter on the electrons

surrounding the nucleus of an atom and the scattering strength or amplitude of

the wave scattered from an atom is, to a first approximation, proportional to the

number of electrons, or atomic number, i.e,, || for Na* and |7 for CI=. This

scattering amplitude is referred to as the scattering factor f;.

The summation of individual wavelets scattered by each atom can be done

graphically by adding all the waves with amplitudes f; and phases ¢ = 2z (hx; +

ky; + 1z), or we can do it algebraically by adding the vector components, gener-

alizing equation 7.2:

Fug =Y filcos2m (hx; + ky; + 1))
+sin2mithx; +ky, +1z)] = X +iY

7.14)
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The vector F of the resultant wave is called the structure factor. Below, we
calculate F for (100), (200), and (I | I') reflections of NaCl. Having obtained com-
ponents X and Y, we can then calculate amplitude A = / (X> + Y 2), and phase
¢ =tan™! (Y/X) of the diffracted wave.

Structure factor calculation for reflections (100), (200) and (I II') of NaCl

i Atomic X = f; cos 2w
coordinates  (hx; + ky; +1z)

Y = f; sin 2mw
(hxi +ky; +1z)

xi yi z (100) (200) (I11) (100) (200) (I11)

Na(l) 0 0 0 I I () 0 0
Na(2) 3 3 0 —lI I 0 0 0
Na(3) 10 4o—1 I 0 0 0
Na(4) o 1 1 Il I I 0 0 0
el{)) Lo 7 7 =17 0 0 0
cl2) 10 0 —17 17 =17 0 0 0
ag@) o & 0 17 17 =17 0 0 0
cl(4) 0 0 1 17 7 =17 0 0 0
> 0 112 24 o0 0 0
Amplitude: 0 112 24

Phase 0° 0° [80°

We observe that in this simple structure part Y is always zero. When we add
part X, we get the largest value for (200), an intermediate value for (I11) and
zero for (100). In (200), waves from all atoms scatter in phase (same sign), while
in (I'1'l) waves from Na and Cl are out of phase. The square of the amplitudes
is proportional to the observed intensities of the scattered waves. Indeed, on the
powder diffraction pattern of halite shown in Figure 7.13 we find that (200) is
much stronger than (I 1 1), and (100) is absent.

We noted that the amplitude for (100) is zero, and therefore we call this
reflection “extinct”. Some extinctions (i.e., lack of any diffraction intensity) are purely
accidental, caused by a particular arrangement of atoms. Others are systematic and
an expression of the crystal symmetry. These systematic extinctions are used to
determine translational symmetries and the space-group. The (100) extinction
in halite is due to the face-centered structure with a translation % % 0. For all
centrosymmetrical crystal structures, in which for each atom at x, y, z there is a
corresponding one at —x, —y, —z, the Y (imaginary, see equation 7.2) part of the
structure factor is zero (as in the case of halite).

Instead of X-rays, neutrons can be used for
diffraction experiments. Neutrons scatter on the
nucleus and since the nucleus is infinitely small,
there is no angle dependence of the neutron
scattering factor. While neutron diffraction has
many advantages over X-rays, it is rarely used.
To produce a neutron beam of sufficient flux,
one needs either a nuclear reactor or a linear

accelerator. Presently there are only four facili-
ties in the USA for neutron diffraction experi-
ments: Argonne, Los Alamos, and Oak Ridge
National Laboratories and the National Institute
for Standards. In Europe, neutron diffraction
is more popular, with large user facilities in
England (ISIS), France (ILL, Grenoble, and LLB,
Saclay), Germany (ZFR, Jilich) and Russia (JINR,
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“Point” atom

Scattering factor, f

(AR KN Due to the finite size of atoms, waves scattered in
different parts of the atom are not in phase. The path
difference x — y is a function of size and of the scattering

angle 20.

Dubna), as well as several smaller laboratories

(see Chapter 12). 0 ! ! ! \ w
For a refined description of atomic scatter- 0 02 04 06 08 10
ing, one must also consider that atoms are in a Diffraction angle, (sin 6)/4

constant thermal vibration and that atomic co-
ordinates are merely average values. Another angle (represented as sin 6/) for ions of different size but all
complication is that diffracted X-rays are partially | yith the same number of electrons as neon (10).

polarized, and thus appropriate corrections need
to be applied to account for the polarization ef-
fect. But, in principle, it is straightforward to
calculate the intensity of diffractions from the
atomic arrangement. It is much more difficult,
and beyond the scope of this book, to achieve
the inverse problem, i.e., to calculate atomic co-
ordinates from a set of observed intensities. Such
a problem is called crystal structure determination.

Variation of the scattering factor with diffraction

Important concepts

Waves (amplitude, phase)
Laue equation

Bragg's law

X-ray powder pattern
Phase identification

Diffraction intensities and atomic coordinates
Test your knowledge

1. How are KB X-rays produced? Further reading

2. Derive Bragg’s law.

3. What. is the Fl-spac1ng for (110) ofna cubic crys- Azaroff, L. V. (1968). Elements of X-ray Crystallography.
tal with lattice parameter a = 5 A? McGraw-Hill, New York, 610pp

4. Interpret the powder pattern shown in Figure  cypjty, B. D. and Stock, S. R. (2001). Elements of X-ray
713. Diffraction, 3rd edn. Prentice Hall, Upper Saddle

5. Calculate the structure factor for reflections River, NJ, 664pp.

(113) and (102) for copper (for structure, see Stout, G. H. and Jensen L. H. (1989). X-ray Structure
Figure 3.24a). Determination. Wiley, New York, 467pp.



Chapter 8

Physical properties™

Vectors and tensors: general issues

In this chapter we discuss some physical proper-
ties of crystals. The physical properties of min-
erals are as relevant as their chemical compo-
sition, but the former have been neglected in
introductory mineralogy texts. The reason for
this is their complexity because, in contrast to
chemical composition, many properties cannot
be described by simple numbers. Physical proper-
ties are intricately linked to the structure and
the symmetry of crystals. Many properties are
anisotropic, i.e., they are different if the crystal
is rotated (from the Greek aviocog (anisos) mean-
ing “not the same” and Tp€rewv (trepein) mean-
ing “turn”) and thus are directional. In this chap-
ter we are not attempting to give a comprehen-
sive coverage, but are trying to raise a few im-
portant issues to give you the flavor of basic
concepts and to prepare for entering more ad-
vanced treatments. With interest in the earth’s
interior, mineral physics is a rapidly growing field
of mineralogy. The subjects of thermal expan-
sion and elastic properties are essential in un-
derstanding the equation of state and stability
of minerals at high pressure and temperature.
Anisotropic properties such as elastic and mag-
netic properties are of great importance in seis-
mology in investigating the structure of the deep
earth and for the paleomagnetic reconstruction
of continental movements. But they are not only
of academic interest: prospecting for mineral

resources as well as for oil and gas is increasingly
based on physical rather than chemical methods.

Elasticity and magnetism are some of the
more difficult properties, and the brief survey
can show merely where you can continue your
studies, for example by reading J.F. Nye’s (1957)
book Physical Properties of Crystals. The relation-
ships are more transparent if some linear algebra
is applied, and for this reason we introduce a few
concepts concerning tensors. If you do not have
the background in mathematics that is required,
you can skip pp. 134-142 without missing the
general context. In that case, you will simply have
to accept the fact that optical properties of crys-
tals have the “shape” of an ellipsoid (see Chapters
9 and 10).

A physical property of a material can be de-
termined by suitable measurements and gives
a relationship between two physical quantities.
For example, the density relates a volume ele-
ment and the corresponding mass. A more com-
plicated property is the thermal conductivity,
which relates an imposed temperature gradient
to a resulting heat flux. The temperature gradi-
ent can be looked upon as a “stimulus” acting
upon the material and the rate of heat flux as a
“response” resulting from the interaction of the
material and the stimulus. For some selections
of stimulus S, a given response R is found to be
unique and a linear relationship can be written,
such as

R =PS (8.1)

* Optional reading to gain more insight into crystal anisotropy.
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with a functional role played by the property P.
In the case of density p we can write a corre-
sponding relationship between two quantities

m=pV (8.2)

where m is the mass and V the volume. It should
be noted that the role of stimulus and response
may be reversed as, for example, in the case of
stress and strain.

Many physical properties of minerals, such
as density, thermal conductivity, electrical con-
ductivity, thermal expansion and elasticity, can
have a straightforward mathematical descrip-
tion. Other properties do not uniquely relate
physical quantities. For example, the plastic prop-
erties of a crystal cannot be defined like the elas-
tic properties, in terms of a unique relationship
between stress and strain, but instead depend on
the history of a particular crystal. We will discuss
plastic deformation of crystals in Chapter 13. In
this chapter we investigate some physical proper-
ties of crystals with a unique stimulus-response
relationship.

These physical quantities can be divided into
two classes. There is one type, such as density or
specific heat, that is not connected in any way to
direction. Such quantities are called scalars and
are completely specified with a single number,
as in equation 8.2. Most quantities, though, can
be defined only with reference to directions. For
example, the temperature gradient acting on a
point in a crystal needs to be specified with both
its magnitude and its direction. This description
is commonly referred to as a vector and is usu-
ally represented by boldface italic type, such as
VT for the temperature-gradient vector*. We have
used a vector description for crystal structures in
earlier chapters.

Thermal conductivity is a good example to intro-
duce anisotropy of physical properties. Cut a slab
from a quartz crystal with trigonal symmetry
parallel to the c-axis and cover the surface with a
thin layer of wax. Then apply heat with a metal
pin at a point. The heat from the pin will propa-
gate and melt the wax, creating a ridge contour
of elliptical shape outlining an isotherm (Figure
8.1a). The ratio of the ellipse axes is roughly 1:2,

Wax ring

/

Heat source

(b)

Experiment to establish anisotropy of thermal
conductivity in a crystal and its relationship to crystal
symmetry. A polished surface on a slab of quartz is covered
with a thin layer of wax and a pointed heat source is applied
that melts the wax. (a) In a section parallel to the c-axis we
observe an ellipse, representing an isotherm. (b) In a section

perpendicular to the c-axis we observe a circle.

indicating that thermal conductivity parallel to
the c-axis is almost twice as high as the value
perpendicular to it. Thermal conductivity «j re-
lates an applied temperature gradient (a vector)
to a heat flux (also a vector). If we conduct the
same experiment on a slab cut perpendicular to
the c-axis we observe a circular isotherm (Figure
8.1b). In this section thermal conductivity is the
same in all directions. As we will see later, the
crystal symmetry imposes restrictions on phys-
ical properties. For example, in a cubic crys-
tal the thermal conductivity is the same in all
directions.

As an alternative to specifying a vector v by
magnitude and direction (e.g., by an arrow), a
vector can also be described with components of
a rectangular coordinate system x;, X, X3, just
as we have used zone indices and lattice parame-
ters to describe a lattice direction (Figure 8.2). The
components are simply projections of the vector
on the axes. If the components of VT are Ty, Ty,
T3, we can write

VT = [Ty, T,, T3], where T; = dT /dx; (8.3)

and the three components completely specify the
vector. If the medium is isotropic and all direc-
tions are equivalent, as for example in a liquid

* In a strict mathematical sense gradients are not vectors since they have a different transformation behavior.
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X3

-8 MW A vector v (arrow) can be represented by
components T, T, T3 that are the projections of the vector
on the three axes of a Cartesian coordinate system.

A/VT VT

(a) (b)

JT- 3. %W (2) In an isotropic medium, the stimulus vector
(e.g., temperature gradient VT) and the response vector
(e.g., heat flux q) are parallel. (c) In an anisotropic medium
the two vectors are in general not parallel. (The vectors have
opposite signs because heat flows against a positive
temperature gradient.)

or a glass, the stimulus and response vectors are
parallel and the magnitude of the heat flux vec-
tor q is proportional to the temperature gradient
VT (Figure 8.3a)

q=—«VT (8.4)

to account for the directional nature of heat flow.
A minus sign is used to indicate that heat flows in
the opposite direction to the temperature gradi-
ent. The constant « is a material property called
thermal conductivity. In component nomenclature
we obtain

q1 = —KT1, 4 = —KTz, 4z = —KT3, (85)

in which each component of q is proportional to
the corresponding component of VT.

For crystals, which have a lattice structure
and directionality, the situation is not so simple
and the vectors q and VT may not be parallel,
because of the interaction of the heat flow with
the crystal structure (Figure 8.3b). Thus relations
(8.5) have to be replaced by

q1 = —kn T1 — k12 To — k13 T3
A2 = —Kk21 Ty — k22 Ty — k23 T3
qz = —k31 Ty — k32 Ty — k33 T3 (8.6)

where «q1, k12, etc. (or k) are again constants.
Each component of q is now linearly related to all
three components of VT. Thus, in order to spec-
ify the thermal conductivity of an anisotropic
crystal, we must specify the nine constants ;
(also known as coefficients), which can be writ-
ten in a square array and enclosed in brackets.

K11 K12 K13
[Kij]= K21 K22 K23

K31 K32 K33

(8.7)

This expression denotes a tensor of the second rank
that relates two vector quantities (Figure 8.3Db).
As we will see, there are tensors of higher rank,
but all are linear functions of coordinates. For a
second-rank tensor «j the first suffix i gives the
row and the second suffix jthe column of the co-
efficient. The summations in equations 8.6 are of-
ten abbreviated and the equations are written as

The thermal conductivity tensor [«;] is a physical
quantity that, for a given set of arbitrary axes,
is represented by nine numbers. In general, if a
property p relates two vectors r = (rq, 1o, 13) (re-
sponse) and s = (s1, S2, S3) (stimulus), we can write

Ti = Pij Sj (i,j=1,2,3) (8.9)

where r; and s; are the components of the
vectors on the three axes.

Transformation of the coordinate
system

The choice of axes, i.e., the coordinate system, de-
termines the values of the components, whereas
the vectors r (response) and s (stimulus) are
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-2 X W Representation of a vector r in two coordinate
systems, x|, X2, X3 and x|, X}, X} that are related by direction
cosines shown for axis x}. (Vector components of r along the
old axes are ry, ry, r3 and along the new axes r{, r3, r3.)

independent of the arbitrarily introduced coor-
dinate system. This is shown in Figure 8.4 for a
vector r with components r4, rp, and r3 in the old
system and ry, r}, and rj in the new system. Some
coordinate systems are more natural than oth-
ers, particularly for crystals with symmetry, and
often it is desirable to express a tensorial magni-
tude in a different coordinate system, because it
may greatly simplify the coefficients. It requires
transforming from a system with axes x;, x,, and
x3 to one with axes x;, x5, and x;. We must first
define how the two sets of axes are related to each
other, which can be done by giving the direction
cosines a;;, specifying each new xj-axis in terms
of the old x;-axes (illustrated in Figure 8.4 for the
new axis x3). Again, we need nine numbers to do
this and can write a table

New (i) 01d (j)
X1 X2 X3
X1 an 12 13 (8.10a)
X5 an Az az3
Xé aszq aszy [455]
which is usually written as
X1 a1 G2 43 X1
Xé = dyr  Qzp  dp3 X2 (810b)

Xé dz1 43z ds3 X3

or abbreviated as

X, = ayj X; (i,j=1,2,3) (8.10¢)

(Since both sets of axes are orthogonal, the sum
of direction cosines squared is 1, e.g., a? +a%, +
a§1 =1, etc.) If 1, 1y, and r3 are components of
the vector r along the old axes, the components
r1, 1y, and r; along the new axes are

1’{ =an =+ [PSVAN) =+ dq3 rgietC.

or

T =a; 1; (new in terms of old) (8.11a)
For the reverse operation, we have

= a;r; (old in terms of new) (8.11b)

Extending the process to another vector s, we have

S{ = a;s; (new in terms of old) (8.11¢)
and for the reverse operation,
Si = a; §; (old in terms of new) (8.114d)

Similarly, we can transform the components
of the second-rank tensor p; that relates the two
vectors r and s (substituting for 1, according to
equation 8.9, and then for s; according to equa-
tion 8.11d):

T] = ATy = Qi Pa St = Qix Pua dji S (8.12a)
(eq.8.11a) (eq.8.9) (eq.8.11d)

(Relation over old tensor)

or 1 =p;s; (8.12b)

(Relation over new tensor)

Combining the two expressions in 8.12, we
obtain for the transformation of the tensor

components

pi; = Gix aj1 Pua (8.13a)

All suffixes, i, j,k, and I go from 1 to 3. If we
write out equation 8.13a fully, we obtain:

/
Dij = Gi1 Gj1 Puu + Qi Gjz P1z + Gin Gj3 P13
+ Ai20j1 P21 + Qiz Aj2 P22 + Giz Aj3 P23

+ ai30j1 P31 + Aizdj2 P32 + Ai3443 P33 (8.13b)

Much of the discussion so far has been quite
general. Let us return to property tensors such
as thermal conductivity (equation 8.7). If we
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reverse the sign of the temperature-gradient
vector (VT), then automatically the sign of the
heat flux vector reverses (q). Such tensors are
centro symmetrical, as are all second-rank ten-
sors. For thermodynamic reasons many tensors
(including all those discussed in this chapter)
have the property that coefficients «; = «j;, i.e.,
they are symmetrical across the diagonal, and we
can write:

K1z Kzz K23 (8.14)

K13 K23 K33

and only six coefficients are needed to specify
it (since k1 = k12 etc.). Such tensors are called
symmetrical.

We can further simplify the representation of
symmetrical second-rank tensors by transforming
it to “principal axes™

K1 0 0
0 kn O (8.15)
0 0 K3

where x4, k3, and «3 are the principal compo-
nents. In fact only three numbers are needed
to describe the magnitudes of a symmetrical
second-rank tensor. The three additional num-
bers (e.g., in equation 8.14) relate the tensor to
an arbitrary coordinate system.

In addition to an analytical expression for ten-
sors, a graphical representation is often useful,
and we will use such a representation for the
discussion of optical properties of minerals (in
Chapters 9 and 10). This graphical representation
is called a representation quadric (see Box 8.1).

Symmetry considerations

We have discussed transformations of arbitrary
axes (equation 8.13a). For crystals, the axes are
defined by symmetry, and we would like to know
how symmetry operations apply to physical prop-
erties. F.E. Neumann (1885) found that the sym-
metry of the property tensor depends on the
symmetry of the crystal to which it belongs. In
particular, the point-group of a property tensor
must include all the symmetry operations of the
point-group of the crystal, i.e., any symmetry op-
eration that leaves the crystal invariant must
leave the property tensor invariant.

In Chapter 4 we discussed symmetry opera-
tions and the different point-groups of crystals by
using graphical representations, such as stereo-
graphic projection and crystal morphology. Sym-
metry operations can also be dealt with in an
analytical way, similar to coordinate transforma-
tions, and, for those readers who had difficulties
in visualizing spherical projections, this analyti-
cal procedure may be easier.

Box 8.1

Graphical representation of tensor properties

In the section above we have described the physical properties of crystals with an

array of numbers. These numbers unequivocally define the material's response to a

stimulus vector: It would be useful for purposes of visualization to have a geometric
representation of a property tensor.
Consider the equation

Sijxi xj =1

(8.16a)

where §;; are coefficients. Performing the summation with respect to i and j in
equation 8.16a, we obtain

SHX\2+5|2X|X2+5|3X\X3+52|X2X\ +522X22

+ S x2x3+ S31x3X) + S x3%0 + S33 x5 = | (8.16b)
and, if S;; = §j;, this simplifies to
S XE+Snx2 + S33x2 4+ 251X X2+ 253X X3+ 253 x0x3 = | (8.160)
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Equation 8.16c is the general equation of a second-degree surface (a quadric), such
as an ellipsoid or a hyperboloid. The coefficients in equation 8.16a correspond to
the components of a second-rank tensor; and we conclude that the quadric can be
used to visualize and describe the variation of a crystal property, such as thermal
conductivity, with direction. An important property of an ellipsoid is that it has
three principal axes at right angles, x;, and when we refer the ellipsoid to those
axes equation 8.1 6c takes the much simpler form

SixE+Syx3 + S3x3 = | (8.16d)

where OA = 1/4/S|, OB = 1/4/S,, OC = |//S5 are the lengths of the semi-
axes. For most physical properties S;; is positive, definite and the values of the
axes are positive. The representation quadric is therefore an ellipsoid rather than
a hyperboloid. The length r of any radius vector of the representation quadric is
equal to the reciprocal of the square root of the magnitude S of the property in
that direction (Figure 8.5):

r=1/JS =1/J(5 cos’a+ S, cos’ B + S3 cos’ y) 8.17)

The shape of an ellipsoid is determined by the lengths of the three princi-
pal axes, and the orientation of the ellipsoid relative to arbitrary coordinates
is given by three angles; hence six numbers are necessary for this general
description.

An ellipsoid has an intrinsic orthorhombic symmetry with three mirror planes
at right angles and 2-fold rotation axes perpendicular to each mirror plane (point-
group 2/m 2/m 2/m). In special cases it may have a higher symmetry: if OA = OB
we obtain a rotational ellipsoid (noncrystallographic point-group co/m), and in the
extreme case where OA = OB = OC the ellipsoid degenerates into a sphere
(noncrystallographic point-group co/m co/m oo/m).

A point-group symmetry operation changes
the coordinates of a point xi, X3, X3 to X, X3,
X3, which we can represent with a system of
three linear transformation equations analogous

X
[F7- 3B W An ellipsoid is the representation quadric for a
second-rank tensor. OA, OB, and OC are the principal axes.

to equations 8.10 and 8.11. (It should be em-
phasized that we are now rotating a tensor and
expressing it in the same coordinate system, as
opposed to the previous discussion where we ex-
pressed the same tensor property in two different
coordinate systems.)

X; = S11X1 + S12X2 + S13X3
’
Xy = $21X1 =+ Sp2Xy + S23X3

Xy = S31%1 + S32Xp + S33X3 (8.18)

The symmetry operation can be represented by
the matrix

(8.19)
b \sa1 S32 Sz

For some specific symmetry operations, this ma-
trix becomes
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Mirror

Identity Inversion (010)

1 0 0 -1 0 0 1 00
01 0 0 -1 0 0O -1 0
0 0 1 0 0 -1 0 0 1
(8.20a) (8.20b) (8.20¢)
2-fold rotation 4-fold rotation
(180°) (90°)
[001] [001]

-1 0 0 01 0

0O -1 0 -1 0 O

0 0 1 0 0 1
(8.20d) (8.20¢)

It is immediately obvious that the identity ma-
trix equation 8.20a applied to x; produces iden-
tical values for x/ (equation 8.18). If we apply a
4-fold rotation four times to the vector defined
by components x;, X;, X3 we obtain, by multi-
plying expression 8.20e by the four equivalent
sets:

1st rotation 2nd rotation

X1 0 1 0 X2 0 1 0 —X1
X -1 0 O —X1 -1 0 O —X
X3 0 0 1 X3 0 0 1 X3
(8.21a) (8.21b)
3rd rotation 4th rotation

0 10 —Xy 0 1 0\ /x;

-1 0 0] x4 -1 0 0]]x

0 0 1 X3 0 0 1 X3

(8.21¢) (8.21d)

After the fourth rotation we are back at the
start. The vector (x4, X, X3), could represent a lat-
tice direction and thus apply to the zone indices
[uvw], or it could apply to Miller indices (hkl).
When it is applied to Miller indices, we find
equivalent sets for a 4-fold rotation: (hkl), (khl),
(hkl) and (khl), which is the same result we ob-
tain graphically (Figure 8.6).

We can apply the same method to a second-
rank tensor property by multiplying a symmetry
operator with the property tensor to obtain the

symmetry-transformed tensor. Instead of arbi-
trary coordinate transformations (a; in equation
8.13a), we substitute a symmetry transformation
si and s and transform the property tensor py
to a new tensor plfj:

Pij = Sik Sj1 Pu (8.22)

For a 2-fold rotation around the z = x3 axis
(symmetry operator given by equation 8.20d), by
applying equation 8.13b, we obtain

(k) 0]

-1 00 -1 00 P11 P12 P13
pi/j =@ 0-10((j)| 0-10 P12 P22 P23
0 01 0 01 P13 P23 P33
P P12 —DP13
= P12 P2 —DP23 (8.23)
—P1z —DP23  Ps3

If the symmetry leaves the crystal invariant, it
must also leave the property tensor invariant. As
a consequence, py and p;;, which are related by
symmetry, must be equal. This is the case only if
components py3 and p,3 are zero and the matrix

e (khl)
XpX1X3

x2

L4 -

(kill) ®(hkl)

R
1

X1

373NN Stereographic projection illustrating equivalent
coordinates x|, x2, x3 and Miller indices {hkl} produced by a
4-fold rotation; axes x| and x; are indicated.
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Table 8.1 | Crystal symmetry expressed in symmetrical second-rank tensors and
corresponding representation quadric

Crystal system Representation quadric Number of Tensor (in xyz system)
independent
coefficients
Cubic Sphere | S 0 O
0 S 0
0 0 S
Tetragonal Rotational ellipsoid 2 S 0 0
Hexagonal 0 S 0
Trigonal 0 0 S$3
Orthorhombic General ellipsoid (axes 3 S 0 0
parallel to crystal axes) 0 S O
0 0 S3
Monoclinic General ellipsoid (one axis 4 St 0 Si3
parallel to 2-fold y-axis 0 S» 0
[010]) Si3 0 S33
Triclinic General ellipsoid (no 6 S Sz Sis
specific relationship to S Sm S
crystal axes) Si30 523 533

has the form:

P P12 0
P12 Pz 0
0 0 P33

for a 2-fold axis parallel to z.

Let us look at a second example with a tetrag-
onal crystal and a 4-fold rotation axis on z (equa-
tion 8.20e). We again use equation 8.13b:

01 0 01 0 Pu Pz Pz
plfj =]1-1 0 O -1 0 0 P12 P22 D23
0 0 1 0 0 1 P13 D23 P33

P22 — P2 P23
= | P Pu  —Pi3
P32 —DPa1 P33

(8.24)

As far as the diagonal components are concerned,
this is satisfied only if p;; and p,, are equal. Fur-
thermore, for the off-diagonal elements, the cor-
respondence between symmetrically related com-
ponents is maintained only if they are zero. Thus

the tensor for this tetragonal crystal becomes
very simple, containing only two independent
components:

pu 0 0
0 pn 0
0 0 pss

for a 4-fold axis parallel to z.

The point-group of a property tensor must in-
clude all the symmetry operations of the point-
group of the crystal, i.e., any symmetry operation
of the crystal must leave the property tensor in-
variant. This was illustrated for both a 2-fold and
a 4fold rotation. Table 8.1 summarizes the re-
strictions of crystal symmetry on the second-rank
property tensor. In a cubic crystal a single coef-
ficient describes the property, and in a triclinic
crystal six coefficients are necessary to describe
a property. This is shown graphically in Figure
8.7, with x, y, z representing crystal axes and x/,
y', Z/ the axes of the property ellipsoid. In tri-
clinic crystals, the representation quadric of a
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- WM The crystal symmetry imposes restrictions on the
axes and orientation of the property ellipsoid: (a) triclinic, (b)
monoclinic, (c) orthorhombic, (d) tetragonal, and (e) cubic.
Crystal axes (X, ¥, z) and their symmetries are indicated, and
principal sections of the ellipsoid with axes x|, x}, x} are

outlined.

second-rank tensor property is an ellipsoid that
is oriented arbitrarily relative to the crystal axes
(Figure 8.7a). In a monoclinic crystal at least one
axis of the ellipsoid has to be parallel to the 2-
fold symmetry axis y of the crystal (Figure 8.7b).
In orthorhombic crystals all ellipsoid axes have
to be parallel to the crystallographic axes
(Figure 8.7c). In tetragonal, hexagonal, and trig-
onal crystals, the only ellipsoid that is compati-
ble with 3-, 4-, and 6-fold rotation axes is a rota-
tional ellipsoid with the unique axis oriented par-
allel to the crystallographic z-axis (Figure 8.7d).

Finally in cubic crystals the ellipsoid degenerates
to a sphere (Figure 8.7e). In a sphere a property
has the same value in all directions, and cubic
crystals are therefore isotropic for second-rank ten-
sor properties.

To summarize this discussion of the symme-
try of physical properties, we state that no matter
what the tensor rank is, all point-group symme-
try elements that are present in the crystal (ro-
tations, mirror planes, and inversions) must be
present in the property tensor.

Tensors of different ranks

In this introduction to tensors, the influence of
symmetry, and the representation quadric, we
have dealt with second-rank tensors, such as ther-
mal conductivity, which relate a vector stimulus
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Table 8.2 | Tensor properties, relating a stimulus and a response

Property (rank) Stimulus (rank)

Response (rank)

Density (0)

Heat capacity (O)
Pyroelectricity (1)
Electrical conductivity (2)
Permeability (2)
Dielectric tensor (2)
Magnetic susceptibility (2)
Thermal conductivity (2)
Thermal expansion (2)
Piezoelectricity (3)
Elastic compliance (4)
Elastic stiffness (4)

Mass (0)

Stress (2)
Strain(2)

Temperature (0)
Temperature (0)

Electric field (1)
Magnetic field (1)
Electric field (1)
Magnetic field (1)
Temperature gradient (1)
Temperature (0)

Electric field (1)

Volume (0)

Mass (0)

Electric field (1)

Electric current density (1)
Magnetic induction (1)
Electric displacement (1)
Intensity of magnetization (1)
Heat flux (1)

Strain (2)

Strain (2)

Strain (2)

Stress (2)

to a vector response. Unless they are restricted by
crystal symmetry, second-rank tensors are spec-
ified by nine numbers (32). (We have seen ear-
lier that for symmetrical second-rank tensors this
is reduced to six.) Vectors can also be viewed
as tensors, but of the first rank, and are de-
scribed by three numbers (3!), as shown in equa-
tion 8.3. Scalars (such as density) are sometimes
referred to as tensors of zero rank and are de-
scribed by a single number (3°%). There are also
tensors of higher order. For example, the elas-
tic compliance S;jiy is a fourth-rank tensor that
relates stress (stimulus) and strain (response). It
requires 81 (3*) components for its description.
As we will see, not all of these components are
independent.

The rank of a tensor physical property de-
pends on the quantity of stimulus and response
that it relates. The relationship between two
scalars (e.g., mass and volume) is a scalar property
(density). The relationship between two vectors
(e.g., thermal gradient and heat flow) is a second-
rank tensor (thermal conductivity). Two second-
rank tensors (e.g., stress and strain) are re-
lated by a fourth-rank tensor (elastic compliance).
Whereas the representation quadric for a sym-
metrical second-rank tensor is an ellipsoid, those
for higher-rank tensors are more complicated sur-
faces, some of which will be illustrated in later
sections. Table 8.2 gives examples of properties
that will be reviewed briefly in this chapter.

Density

Density (p) is a scalar material property, relating
mass m and volume V

m=pV (8.25)

and is usually measured in g/cm?®. It varies widely
in minerals (Table 8.3) and is therefore of im-
portant diagnostic value. It can be estimated as
“heftiness” by weighing a sample in your hand.
For quantitative determinations, it is necessary
to determine mass and volume. Whereas mass is
easy to measure with a scale, the volume of an ir-
regularly shaped object is more difficult to assess.
It can be ascertained by determining the volume
displacement of water.

A related property is the specific gravity G, de-
fined as the density divided by the density of wa-
ter at 4°C, the temperature at which water pos-
sesses its maximum density of 0.999 973 g/cm?.
Thus the specific gravity is numerically very close
to the density. The specific gravity can be mea-
sured with a Jolly balance (Figure 8.8) by compar-
ing the weight of a mineral in air, W,, with that
of the mineral suspended in water, W,,,

G = Wa/(Wa - Ww) (8-26)

If we know the unit cell volume (e.g., from
X-ray diffraction) and the occupancy of the unit
cell, then we can calculate the density directly.
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Table 8.3 | Density (g/cm?®) of some
minerals at ambient conditions (ordered
by magnitude)

Ice 0.92
Sylvite 1.99
Mordenite 2.1
Halite 2.16
Graphite 2.15
Gypsum 2.33
Orthoclase 2.56
Serpentine 2.60
Albite 2.6l
Quartz 2.65
Talc 2.70
Calcite 271
Anorthite 277
Muscovite 2.80
Dolomite 290
Enstatite 3.1
Fluorite 3.18
Garnet 3.1-4.2
Olivine 3.22-4.39
Diopside 33
Diamond 3.5
Corundum 4.0
Rutile 4.2-55
Barite 45
Zircon 4.68
Pyrite 5.02
Magnetite 5.18
Hematite 525
lron 7.3-79
Galena 7.58
Cinnabar 8.18
Copper 8.95
Gold 19.3

Take, for example, halite (NaCl) with a cubic unit
cell, a lattice parameter a =5.639 A (1 cm =
10® A), and four ions of Na* and Cl~ in each unit
cell (Figure 3.24b). The atomic mass (i.e., the mass
of one mol, or 6.023 x 10** atoms) of Na* is 23
g, and that of Cl~ is 35.5 g. Thus the mass of
one Na® is 3.82 x 1072 g, and that of one Cl~ is
5.89 x 10723 g. We can then calculate the density:

p=m/V=4x(3.82+589)
x 107g/(5.639 x 10~%cm)’ = 2.17g/cm’ (8.27)

011 = =
ARS s

| | H
(a) (b)

J7- 3R Schematic of a Jolly balance, used to measure
specific gravity by determining (a) the relative weight of a
sample in air (W,) and (b) the relative weight of the sample
immersed in water (W,,).

Since the volume of most materials increases
slightly with temperature, whereas the mass re-
mains constant, the density decreases slightly
with increasing temperature. Similarly, since the
volume decreases with pressure, the density in-
creases with pressure.

Thermal conductivity, thermal
expansion, and specific heat

We have already introduced thermal conductivity
in equation 84 as q = —« VT. It is relatively high
for metals and minerals with substantial contri-
butions of metallic bonding, such as graphite,
where heat is transferred largely through the
flow of free electrons. For ionic and covalent crys-
tals, thermal conductivity is much lower and of-
ten strongly anisotropic. In these crystals heat
is transferred through thermal vibrations. Over-
all, the thermal conductivity is greatest in direc-
tions of closer atomic packing. Graphite, with a
layer structure, has a thermal conductivity that
is four times higher within the layers with partial
metallic bonding than perpendicular to them. In
mica, with covalent bonding within layers and
weak ionic bonding between layers, the overall
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conductivity is much lower than in graphite.
However, the anisotropy is even more extreme,
with conductivity parallel to the (001) layer plane
six times higher than that perpendicular to it.
Examples of thermal conductivities are given
in Table 8.4. They depend on temperature and
pressure.

Thermal expansion «j; is also a second-rank
tensor, relating a temperature increment AT
(a scalar) with a strain ¢; (a second-rank tensor):

Eij = Olij AT (8.28)

If a sphere were drawn in the crystal it would
become, on change of temperature, an ellip-
soid with axes proportional to (1 4+« AT), (1 +
ay AT) and (1 + oz AT). Normally crystals ex-
pand in all directions with increasing temper-
ature, as is the case for quartz (Figure 8.9a).
But calcite is different and expands parallel
to the c-axis, yet contracts perpendicular to it
(Figure 8.9b). The abnormal behavior and high
anisotropy of thermal expansion for calcite is
the reason that, in calcite rocks such as mar-
ble, large local stresses are produced during ther-
mal cycling, leading to fracturing and deterio-
ration, reducing their suitability as a building
material. Thermal expansion of single crystals
is generally measured by determining lattice
parameter changes with temperature by Xray
diffraction.

Values for heat capacity (or specific heat), Cy,
are given in Table 8.4. The defining equation of
this scalar property is

AS =(C/T) AT (8.29)

where AS is the entropy change, AT a tempera-
ture change and T the absolute temperature (for
further discussion, see Chapter 17).

Elastic properties

So far we have discussed some scalars and second-
rank tensors. We now survey briefly a more
complex property, elasticity, which expresses a
unique relationship between two second-rank
tensors: stress (o) and elastic strain (¢). It is rep-
resented by a fourth-rank tensor.

9%

s d \
\ )

(a) (b)

-8B Due to anisotropic thermal expansion a spherical
crystal deforms into an ellipsoid upon heating. (a) In quartz
the high-temperature ellipsoid expands in all directions. (b) In
calcite the ellipsoid expands along the c-axis but contracts
perpendicular to it. The c-axis is vertical. The expansion is
exaggerated to highlight the effect (corresponding to

10000 K).

Stress, oy, is defined as a force dF; in a certain

direction acting on an area element dA;:
oij = dF;/dA, (8.30)

A more complete state of stress at a point must
take account not only of one direction but of
all directions, i.e., an infinite number of vectors
around a point P (Figure 8.10). In three dimen-
sions the surface of these vectors around point

]

02

03

(a) (b)

TSN A general state of stress at a point P can be
represented with a stress ellipsoid. (a) Vectors radiating from
point P in a plane describe an ellipse that defines the
magnitudes of stress in particular directions. (b)
Three-dimensional stress ellipsoid with principal axes o7, 0,
and o3.
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Table 8.4 | Thermal properties of some crystals (thermal conductivity, thermal expansion and
molar heat, ordered with increasing symmetry)

Mineral Crystal Temp. Thermal conductivity Thermal expansion Molar heat
system (K) k(J/m's K) a(1076 K= capacity, C,
(J/mol K)
lla b llc lla b llc
Gypsum Monoclinic 310 316 (Lo 363 (|lc)® 1.6 42 29 186.0
Olivine Orthorhombic 300  5.84 3.38 5.06 6.6 990 9.8 1179
(forsterite)
Enstatite Orthorhombic 300  3.27 272 4.3 l64 145 168 82.1
Calcite Trigonal 300 352 =a 418 —32 =a 133 83.5
Quartz Trigonal 300 65 =a 113 14 =a 9 44.6
Graphite Hexagonal 300 355 =a 89 —1.22 =a 267 8.536
Aluminum Cubic 300 208 =a =a 23 =a =a 24.35
Copper Cubic 273 410 =a =a 67 =a =a 2443
Diamond Cubic 273 138 =a =a 089 =a =a 6.109
Halite Cubic 300 58 =a = 40 =a =a 50.5
Garnet Cubic 300 3.8 =a =a 199 =a =a 3255
(pyrope)

Note: ||, parallel to; L, perpendicular to.
9Incomplete description.

From Clark, 1966; Kanamori et al., 1968; Horai, 1971; Beck et al, 1978; Ahrens, 1995; Chai et al,, 1996;

Grigoriev and Meilikhov, 1997.

P defines an ellipsoid, called the stress ellipsoid,
or the magnitude ellipsoid of the stress tensor
defined as:

2 2 2
% %
2 2 2 =

01 03 03

The three orthogonal principal directions, o1, 02,
and o3, are called principal stresses with magni-
tudes o1 > 0, > 03. The stress tensor relative to
the principal axes is

o1 0 0_
0 (o)) 0 (8313)
0 0 033
or, relative to arbitrary axes,
011 012 013
O12 023 023 (8.31b)
| 013 023 033 |

If a general stress were applied to a crystal of
spherical shape, the lattice would deform to an
ellipsoidal shape. The resulting ellipsoid is called

the deformation, or strain ellipsoid (or stretch ellipsoid
by the mechanical community) with axes 11, Az,
and A3 (Figure 8.11a). There may or may not be a
volume change accompanying this deformation.
Notice that some diameters are stretched (ellip-
soid surface outside the sphere whereas others
are compressed. Figure 8.11b illustrates, for two-
dimensional deformation (plane strain), shape
changes during increasing deformation, keeping
the volume constant.

As a general statement of elastic behavior,
Hooke’s law states that deformation, or strain,
imposed by a stress is proportional to that stress.
This can be extended into a linear relation-
ship between the six independent components of
stress (o) and the six independent components
of elastic strain (gj), both symmetrical tensors
(Cauchy’s law). In a crystal, no assumptions can
be made concerning isotropy in elastic response,
and we must thus write each component of stress
as a linear function of all components of strain,
and vice versa, to give two sets of six equations.
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(b)

(a) If a spherical crystal is subjected to a general
stress, the crystal deforms to an ellipsoidal shape. This
surface is known as the strain ellipsoid with axes A|, A, A3.
(b) Two-dimensional case, deforming a circle into ellipses of
equal area. Extension and compression directions are
indicated by arrows.

These equations can be written in matrix form
as

0ij = Cijkl €kl (8.32a)
or, alternatively, as
&ij = Sijkl Okl (8.32b)

The fourth-rank tensor cj is called the elastic
stiffness (or elastic constant), and the tensor s is
called the elastic compliance (or elastic modulus). A
fourth-rank tensor has in general 81 (3%) inde-
pendent components, but this is reduced to 36
owing to the symmetry of the stress tensor oj and
the strain tensor gy. Furthermore, for thermo-
dynamic reasons the elastic tensor is “symmetri-
cal” and this reduces the number of independent
components to 21. Further reductions are due to
crystal symmetry. The most generally anisotropic
solid, with triclinic symmetry, has 21 indepen-
dent elastic components; this reduces for crystals
with cubic symmetry to 3, and for an isotropic
medium (such as amorphous glass) to 2 (Table
8.5).

The fourth-rank elastic tensor is basically
four-dimensional, but it is often described in a

Table 8.5 | Number of independent
components of the elastic tensor for
different crystal symmetries

Triclinic (all point-groups) 21
Monoclinic (all point-groups) I3
Orthorhombic (all point-groups) 9

Tetragonal (4, 4, 4/m)

Tetragonal (4rmm, 4m2, 422, 4/m 2/m 2/m)
Trigonal (3, 3)

Trigonal (3m, 32, 32/m)

Hexagonal (all point-groups)

Cubic (all point-groups)

Isotropic (co/m oo/m oco/m)

N W U1 oy ] o

two-dimensional matrix notation suggested by
W. Voigt (1928) and most handbooks list elas-
tic constants of minerals in this notation (e.g.,
Simmons and Wang, 1971). Voigt represents the
symmetrical stress and strain tensors with a one-
dimensional array of the six independent compo-
nents:

o = {01 = 011, 02 = 093, 03 = 033,

04 = 023, 05 = 031, O = 012} (8.33a)
& = {61 = ¢&n, & = €3, &3 = €33,
&4 = 2623, &5 = 2831, £ = 2£12} (8.33Db)

The elastic constants are then represented by a
matrix of 6 x 6 constants Cj.

As with a second-rank tensor, the directional
properties of the fourth-rank elastic tensor can
also be visualized as a surface. For the stiffness
this surface is more complex than an ellip-
soid, and even for cubic crystals it is generally
anisotropic. For a given crystal the shape of the
surface has to conform to the crystal symmetry.
The anisotropy (ratio between largest and small-
est value) can be large, as in the case of gold
(Figure 8.12a), or much smaller, as for aluminum
(Figure 8.12b). Tungsten is almost isotropic. For
hexagonal crystals, the elastic properties have ax-
ial symmetry, as illustrated for zinc (Figure 8.12c).

Elastic constants play a central role in the
propagation of elastic waves and are of great con-
cern to seismologists. Two types of elastic wave
can be transmitted through an isotropic solid.
One is called a longitudinal or P wave and ex-
erts particle motions parallel to the direction of
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Gold

(a) (b)
A B A WA Surface of the elastic stiffness for (a) gold, (b)
aluminum, and (c) zinc (courtesy S. Grigull).

propagation (Figure 8.13a). The second is called
a transverse or S wave, and its particle motions
are perpendicular to the direction of propagation
(similar to light) (Figure 8.13b). Seismologists use
travel times of these waves as they pass through
the earth to decipher elastic properties of the
planet’s deep interior.

From the elastic constants we can calculate ve-
locities. Figure 8.14a illustrates, for olivine, that
there is a difference of over 25% between the
fastest (parallel to [100]) and slowest P-wave ve-
locity (parallel to [010]). The three-dimensional

Wavelength
P

- S A KW Propagation of elastic waves in a crystal. Particle
motions relative to the propagation direction (PD) are shown
by arrows. Wavelength is indicated. (a) Longitudinal (P)
waves. (b) Transverse (S) waves (after Shearer, 1999).

Aluminum

Zinc

©)

velocity surface is shown in Figure 8.14b. If
olivine crystals are aligned, as they often are
in deformed rocks, the propagation of elastic
waves in the aggregate is also anisotropic (e.g.,
Kocks et al., 2000). Seismologists have established
that the preferred orientation of olivine in peri-
dotites of the upper mantle of the earth, which
was produced during convection, causes the ob-
served anisotropy of seismic waves (Silver, 1996).
For example in the oceanic mantle underneath
Hawaii, there is an azimuthal variation in P-wave
velocities of over 10% (Figure 8.15).

Piezoelectricity and pyroelectricity

In crystals that lack an inversion center, there
is an absolute directionality, at least for some
axes. The lack of symmetry is a condition for
the occurrence of such properties as optical ac-
tivity (which will be discussed briefly in Chapter
9), piezoelectricity (from the Greek miélewv (piezein),
meaning press), and pyroelectricity (from the Greek
TUp (pur), meaning fire). Crystals with a center of
symmetry do not display these properties.

The piezoelectric effect can be described as
follows. If an electric field E is applied to cer-
tain noncentric crystals, the shape of the crystal
changes slightly, i.e., a strain ¢ is produced.

Ejk = dijk Ei (8.34)
E; is a vector component and &j a second-rank
tensor; therefore, the piezoelectricity is a third-
rank tensor. This effect also works in reverse: By
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[001]
8.63 km/s

[010]
7.70 km/s

[100] |
9.83 km/s

(a) (b)

; : X — Pierre Curie first observed piezoelectricity in
-3 AN Propagation of P waves in an olivine crystal. (a) . LU
Sketch of a crystal with P-wave velocities in the three 1889' The Sj[rliCture of quartz contains SplrallI.lg
principal directions. (b) Map of the P-wave velocity surface in chains of SiO," tetrahedra parallel to the c-axis.
the same orientation as (a) (values are squared to make In projection they appear as six-membered and
variations more obvious). three-membered rings of tetrahedra. The three-

membered rings are more relevant in this discus-
sion, and one such ring, with Si and O, is shown
schematically in Figure 8.16a, which also displays
the a-axes. In the undeformed crystal structure,
charges of 0%~ and Si*" are balanced. However, if
a slab of a quartz crystal cut parallel to the c-axis
is stressed parallel to an a-axis, the charges are
displaced and an electric field is induced with a
surplus of negative charges on one side and of

applying a stress to a crystal, we induce an elec-
tric field. The piezoelectric effect is not observed
in all crystal directions.

Piezoelectricity has its basis in the crystal
structure, as we will demonstrate in a simpli-
fied model for quartz, in which Jacques and

031 positive charges on the other (Figure 8.16b). And
oal’ - " vice versa, we can apply an oscillating electric

' field to a quartz crystal and produce mechanical
0.1 vibrations.

There is a wide range of technological appli-
cations for piezoelectricity. In transducers and

Velocity deviation (km/s)
=)

0.1 pressure sensors, an applied pressure produces

an electric field that is then amplified and mea-
-0.2 I . sured. Mechanical vibrations, such as those from
03} old phonograph needles, have been recorded

with quartz crystals and transformed into an
electric signal. The inverse effect has applications
for the precise timing of quartz watches and for
SERNEN Azimuthal variation of seismic longitudinal tuning radio signals. If an alternating voltage is
velocities for surface waves in the vicinity of Hawaii (from applied to an appropriately cut slice of quartz,
Morris et al, 1969). the crystal will alternately expand and contract.

L L J
0° 90° 180° 270° 360°
Angle ¢




150

PHYSICAL PROPERTIES

JT- B AW Piezoelectricity in quartz. (a) In an undeformed
quartz crystal charges of cations (Si**) and anions (O%~) are
balanced. (b) Compression parallel or perpendicular to an

a-axis produces a shift of charges and induces an electric field.

The vibration frequency depends on the geome-
try and crystal size and is in the range 10° s~
Quartz watches keep track of time by counting
the oscillations of the alternating current whose
frequency is fixed by the oscillating quartz. In
radios, only signals that match the quartz oscil-
lations are amplified, enabling fine-tuning.

The representation quadric of this third-rank
piezoelectric tensor has a rather odd shape, with
three lobes along the positive a-axes and a zero
value in most other directions, as illustrated
in Figure 8.17a,b.

Another unusual property is pyroelectricity,
which had already been observed by Theophras-
tus. When prismatic tourmaline crystals (point-
group 3m) are heated, opposite ends develop an
opposite electric charge. A. Kundt (1883) dusted a
heated tourmaline crystal with a mixture of sul-
fur and lead oxide powder. Owing to friction the
powder particles were charged, negative for yel-
low sulfur and positive for red lead oxide. Positive
sulfur collected on one end of the crystal and
lead on the opposite end, illustrating the effect
(Figure 8.18). Pyroelectricity, a vector property, is
only possible in crystals with unique polar axes
(Table 8.6).

While piezoelectricity, as well as pyroelectric-
ity, is possible in many crystals, including min-
erals, the effect may be too small to be observed
except in such minerals as tourmaline.

as

a a

ay c

(a)

a;

[ ]

(b)

-2 AWM The representation quadric of the piezoelectric
tensor of quartz consists of three lobes that extend parallel
to the positive a-axes.

Magnetic properties

If a magnetic field strength His applied to a crys-

tal, it produces a magnetic moment M, i.e.,
M=yxH (8.35)

Here x is known as the magnetic susceptibil-
ity and is a second-rank tensor. The movement

c

b

[A- B MKW Pyroelectricity in trigonal tourmaline. Negatively
charged sulfur particles attach at one end of a heated crystal,
whereas positively charged lead oxide particles attach to the
opposite end.
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Table 8.6 | Symmetry groups in which
pyroelectricity may be observed

Point-group Polar direction

| Every direction

2 [010]

m All directions in
the (010) plane

mm?2, 3, 3m, 4,

4mm, 6, b6mm [001]

of electrons produces magnetic fields in a crys-
tal, and in this respect the most important move-
ment is the electron spin. Each orbital may con-
tain two electrons of opposite spin, and each spin-
ning electron produces an electric field. However,
the magnetic fields of two electrons with oppo-
site spin in the same orbital cancel out. There-
fore, in crystals with all atoms (or ions) having
only paired electrons, such as Si** and O?~, there
is no internal magnetic field. Such crystals are
called diamagnetic. In diamagnetic crystals only
an external magnetic field may cause a weak in-
ternal field that opposes the external field. There-
fore the susceptibility of diamagnetic crystals is
X < 0. Quartz, halite, and calcite are examples of
this group.

Atoms or ions with unpaired electrons in-
clude the transition metals, whose 3d-orbitals
are only partially filled. Fe** and Mn?* have the
largest magnetic moments, with five unpaired 3d-
electrons. Fe?" has four unpaired electrons.

s 2s 2p 3s 3p 3d
e S R A R R S A S A A N I
e R R R R R U S A N N
N e 2 A A 2 2

The magnetic behavior of such crystals depends
on how the magnetic moments are oriented and
organized within the crystal structure. A good
example to illustrate this behavior is manganese
oxide (MnO). It has basically the same cubic struc-
ture as halite, with Mn and O alternating. How-
ever, if we look at the magnetic moments asso-
ciated with Mn, they are all aligned parallel to

the direction [110] but adjacent dipoles point in
opposite directions (only cations are shown in Fig-
ure 8.19a). The magnetic structure as displayed by
the dipoles no longer has cubic symmetry, and
furthermore the unit cell is doubled along all
axes owing to the alternating magnetic dipoles.
This “magnetic superstructure” cannot be mea-
sured with X-rays, since the latter are “blind” to
magnetic spin. However, it can be revealed by
neutron diffraction, since neutrons have a mag-
netic moment and the interaction of magnetic
dipoles produces magnetic scattering. There are
two types of magnetic behavior in crystals that
have atoms with unpaired electrons.

In paramagnetic crystals, as in diamagnetic
crystals, x is a constant of the material and does
not depend on the magnetic field. Contrary to
diamagnetic crystals, paramagnetic crystals have
x > 0, i.e., there is a weak attraction in an ex-
ternal magnetic field. For example, in fayalite
(iron-olivine, Fe,;SiOy), iron ions have a magnetic
moment but moments are randomly aligned.
When placed in a magnetic field, moments of
Fe?* will tend to align in parallel to the field, but
as soon as the field is removed, thermal motion
randomizes the dipoles. The magnetic suscepti-
bility varies with crystal structure and composi-
tion and, on the whole, increases with increas-
ing numbers of unpaired electrons. This mag-
netic property is made use of to separate a grain
aggregate of different minerals with an electro-
magnet, both in the laboratory and in mining
operations.

In ferromagnetic and ferrimagnetic crystals, mag-
netic dipoles are aligned as described above for
MnO. In ferromagnetic bcc iron the dipoles are
aligned in parallel, whereas in ferrimagnetic
MnO the dipoles alternate in opposite direc-
tions. Ideally, in ferrimagnetic materials, mag-
netic moments cancel. However, if there is some
disorder and a portion of ions does not have
an antiparallel partner, ferrimagnetic crystals
display ferromagnetic properties, though much
more weakly. A mineral that is intermediate be-
tween the two groups is magnetite (Fe>*Fej"0,),
with a spinel structure. Half of the Fe3* (ferric
iron) occupy tetrahedral interstices (8 A atoms),
and the rest of the Fe** and all Fe*" (ferrous
iron) occupy octahedral interstices (16 B atoms) in
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<o Mn2*

(a)

AT BN EN (a) Magnetic structure of manganese oxide (MnO)
with alternating dipoles, aligned along [I 10] that reduce the

symmetry and enlarge the effective unit cell from the basic
NaCl structure (cf. Figure 2.9). (b) Magnetic structure of
magnetite with 8 tetrahedral A atoms (closed circles) and
16 octahedral B atoms (open circles). Dipoles of A atoms
and B atoms are aligned in opposite [I 1] directions.

Oxygen atoms are not shown. (Cf. Figure 25.4b.)

the oxygen lattice, which is cubic close-packing.
All iron ions have magnetic moments, and
dipoles are aligned parallel to [111] (Figure
8.19b). Tetrahedral dipoles (A) point in one di-
rection and octahedral dipoles (B) in the oppo-
site direction. Since there are more B dipoles
than A dipoles there is a net ferromagnetic
behavior in the whole crystal. When a field
is applied to ferromagnetic and ferrimagnetic
crystals, the magnetic dipoles become aligned,
and when the field is removed the alignment
remains.

In a natural magnetic crystal, generally not
all dipoles are aligned over the whole macro-
scopic crystal, but rather alignment is restricted
to domains that may be of opposite direction
and separated by boundaries. The magnetic
domains can be imaged with magnetic force
microscopy, a variant of atomic force microscopy

(b)

(AFM), and Figure 8.20b displays domains in
microcrystalline magnetite that occur as small
inclusions in pyroxene (Figure 8.20a). In the case
of magnetite (Figure 8.20b) the domain bound-
aries are determined by the microstructure. In
other magnetic materials they depend simply on
dipole alignment (Bloch walls) and are mobile.
When a magnetic field is applied, domain walls
move and change their morphology to minimize
the energy. This is illustrated in Figure 8.21 for a
synthetic oxide and here imaged with a polariz-
ing light microscope. In ferromagnetic bcc iron
the magnetic moments in domains may be var-
iously oriented parallel to (100), (110), or (111).
No particular direction is preferred, and thus
the structure is overall magnetically disordered
and its resultant magnetic moment is zero. How-
ever, in a strong magnetic field, those domains
with dipoles parallel to the field will grow and
the crystal becomes magnetic. The magnetic sus-
ceptibility of ferromagnetic crystals is extremely
high. It is not simply a material property, but
also depends greatly on the applied magnetic
field.

If a ferromagnetic or ferrimagnetic crystal is
heated, the strength of magnetization gradually
decreases. At a temperature known as the Curie
temperature, all the coupling between magnetic
dipoles is lost due to intense thermal vibrations
and the crystal becomes paramagnetic. In the
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371N (a) AFM image of magnetite inclusion in
clinopyroxene from Messum (Namibia). (b) Magnetic force
image of the same sample illustrating multiple domains in the
100 nm range. Black and white domains have opposite
polarity. Scale bar represents | um ((a) and (b) courtesy

J. Feinberg.)
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Domain structures observed in a thin plate of
hexagonal BaFe|; Oy for different values of the applied field
normal to the plane of the plate. (a) 0 oe, (b) 2250 oe and
(c) 3080 oe (I oe = 103/ A/M) (from Dillon, 1963).

case of metallic iron this temperature is 770 °C;
for magnetite it is 578 °C.

Magnetite and related oxides with the same
spinel crystal structure are called ferrites. The
general composition is AFe,O4 with A ions

(b)

including Mn, Co, Ni, Cu, and Fe?*. Ferrites
are characterized by a high electrical resistance
(102-10° Qcm) but a ferromagnetic behavior,
which makes them suitable for cores of high-
frequency coils, with many applications in the
radio industry. In rocks these minerals serve
another important function. The magnetic struc-
ture of a rock, acquired by magnetite grains when
an igneous rock cools below the Curie tempera-
ture, is called remnant magnetism and may be
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Table 8.7 | Magnetic minerals and their properties

Mineral Crystal system

Magnetic susceptibility

Curie temperature

(volume suceptibilities SI x 107>) {®)
lla |1b llc
Paramagnetic
Aragonite Orthorhombic —1.44 —1.42 —1.63
Quartz Trigonal — .51 —1.52
Calcite Trigonal —1.24 —1.38
Halite Cubic —1.36
Diamagnetic
Rutile Tetragonal 0.5 1.2
Ferromagnetic
Magnetite Cubic 3005 578
Hematite Trigonal 131 675

Note: ||, parallel to.

preserved for millions of years. Remnant mag-
netism records the orientation of a rock rela-
tive to the existing earth’s magnetic field at the
time of cooling and can document rotations in
the course of the geological history, for example
those due to plate motions. It also documents
magnetic reversals, and the preserved history of
such reversals has been instrumental in establish-
ing the concept of plate tectonics. Table 8.7 gives
some examples of magnetic minerals and their
properties.

Test your knowledge

1. What are the basic symmetry elements
of a second-rank tensor such as thermal
conductivity? Draw a thermal conductivity
tensor and indicate the symmetry elements
on it.

2. The symmetry of a crystal has an effect on the
symmetry of the second-rank tensor. Draw the
thermal conductivity tensor of a tetragonal
crystal and indicate the symmetry elements
on it.

3. How many coefficients are needed to spec-
ify the thermal conductivity tensor of an or-
thorhombic crystal?

4. Cubic crystals are

isotropic for second-

rank tensors. Why are elastic properties
anisotropic?

. How do seismologists interpret the fact that
elastic waves travel at different speeds in dif-
ferent directions through the upper mantle?

. Density is a scalar property with a wide range.
Sort the following minerals according to in-
creasing density: galena, quartz, pyrite, calcite,
silver, and halite.

7. Ferromagnetic properties, for example of mag-

netite, depend not only on crystal structure
and chemical composition, but also on the mi-
crostructure. Explain the concept of magnetic
domains.

. Explain why rock magnetism is important in
tectonics.

Important concepts

Vectors and tensors
Representation ellipsoid
Anisotropy of properties and crystal symmetry
Properties
Thermal conductivity
Density
Elastic properties
Piezoelectricity
Pyroelectricity
Magnetic properties
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Chapter 9

Optical properties

Some physical background

Optical properties are a striking expression of the
anisotropic internal structure of minerals. The
best way to convince yourself that this is true is
to examine a thin section of a rock (a 20-30 pm
thick slice, see Chapter 10) in a petrographic mi-
croscope with polarized light and compare the ef-
fects with those from a plain glass slide. The glass
slide appears dull black, whereas the rock, com-
posed of crystals, displays an intricate color pat-
tern that changes as the thin section is rotated
(see e.g., Plates 2 and 3). The change in optical
properties with orientation highlights anisotropy
of crystals. Indeed, the interaction of light with
crystals is directional, and this lends itself to a so-
phisticated microscopical analysis that is widely
used by mineralogists and petrologists. The opti-
cal properties of minerals are characteristic and
serve for mineral identification. The subject of
optical mineralogy is extensive and is dealt with
in many excellent books (for a partial listing,
see “Further reading” at the end of this chap-
ter). Here we provide merely a brief overview of
the most important principles of crystal optics
to help in understanding some of the optical fea-
tures of minerals. This discussion is followed in
Chapter 10 by an introduction on how to analyze
minerals with a petrographic microscope.

Like X-rays (see Chapter 7), visible light is elec-
tromagnetic radiation resulting from the interac-
tion of an oscillating electric field E and an oscil-
lating magnetic field H (Figure 9.1). The sources
of E are electric charges, present as electrons and
protons in matter. The electric field diverges from

all charges and becomes the source of a magnetic
field that compensates for the flowing current
(Figure 9.1, left side). Magnetic and electric fields
constantly create one another and spread at a ve-
locity ¢, the speed at which light propagates in a
vacuum (300000 km/s). We have seen in Chapter
7 that electromagnetic waves have a sinusoidal
shape (y = Asin ot). These waves are character-
ized by amplitude A and wavelength A, with the
electric field E at right angles to the correspond-
ing magnetic field H and displaced by a quarter
of a wavelength (Figure 9.1, right side) (see also
Figure 7.4 for a definition of wave properties).

Visible light constitutes a small segment of
the large spectrum of electromagnetic radiation
that ranges from short, high-energy y-rays (107°
nm) to long radio waves (102-10'7 nm = 1-10° km)
(Figure 9.2). Only wavelengths of 400-800 nm
cause a photochemical reaction in the retina
of the human eye, which is registered by the
brain according to intensity and wavelength.
Monochromatic light consists of one single
wavelength, for example the sodium D line
produced by a sodium vapor lamp. If all wave-
lengths of the visible spectrum are present with
equal intensity, a situation that is approached in
sunlight, the human brain interprets this visible
radiation as white. If some wavelengths are
missing, we observe the complementary color.
For example, the sky appears blue because some
of the longer wavelengths (red and yellow) are
preferentially scattered.

Like all electromagnetic radiation, light has
the dual properties of a particle (called a pho-
ton) and of a wave. It propagates in a straight
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(a)

(a) An electric field E creates a magnetic field H,
and this energy transfer propagates at c, the speed of light.
(b) The electromagnetic field propagates as oscillating waves
with the magnetic field at right angles to the electric field. A,
wavelength.

direction at a velocity c. The energy of a photon
having mass m is related to the corresponding
wavelength A by the quantum relation

E =hv =hc/A = mc? (9.1)

where v is the frequency, and h the Planck con-
stant. Depending on the optical effect being con-
sidered, we will emphasize either the particle or
the wave character of light in what follows.

Refractive index and the
petrographic microscope

When we insert a thin slab of a crystal into a
beam of light, the primary electric field of the
light interacts with the local electric field caused
by electrons and protons in the crystal. Photons
propagate at the speed of light but are deflected
in the crystal and thus travel on different paths.
A path of a photon passing through a vacuum
(Figure 9.3a) is compared with a photon path go-
ing through a crystal (Figure 9.3b). An observer of
the resultant light ray will notice a time delay for
those rays that passed through matter. This is not
due to any change in the fundamental velocity ¢
but rather to increased path length produced by
internal scattering on electrons within the crys-
tal. The net effect is an apparently slower prop-
agation of light in matter compared to its speed
of propagation in a vacuum. The velocity ratio
of vacuum (c) and medium (v), n = c/v, is called

(b)

the refractive index of the material. It is a measure
of the interaction between light and electrons,
which increases with the number of electrons
per unit volume and thus, in general, with the
density. Table 9.1 gives some typical values of
refractive indices. Notice that for some mate-
rials the refractive index is a single number,
but for most crystals it varies with direction,
as indicated by the range of values. We also
find that the refractive index is a function of
wavelength and of external conditions such as
temperature.

Since most condensed matter has a refractive
index considerably larger than 1.0 (vacuum by
definition), light changes direction as it enters
from air, with a refractive index close to that of
vacuum, into a mineral with a much higher re-
fractive index. Snell’s law, which is applied exten-
sively in mineral optics, describes this behavior
(Box 9.1).

Microscopes, used to enlarge objects, are a
combination of lenses, each of them forming an
image. In a compound microscope, two lens sys-
tems are combined with the human eye (Figure
9.10a). The object lying close to, but outside, the
focal point of the first (objective) lens FP, is trans-
formed into a reversed and enlarged real image
1. This image is inside the focal point FJ® of a
second (ocular) lens, which has only sufficient
power to form a virtual enlarged second image
2. The virtual image is then transformed into
a real image, 3, on the retina by the eye. The
magnification M of the object is defined as the
ratio of the apparent angular size of the object
when viewed with the microscope to the angular
size without the microscope. The magnification
increases with increasing tube length (distance
between ocular and objective lens) and with de-
creasing focal lengths of the lenses. Resolution
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Box 9.1 ‘ Snell’s Law, refractometers and lenses

Law of refraction

Experimentally, it is observed that when light passes from a less dense into a
denser medium it does not propagate in a straight line through the interface, but
rather it changes direction, or is refracted. For example, consider the three light
rays shown in Figure 9.4. At time t = O all three waves are in “phase” and define
a wave front traveling at velocity v, through the first medium with refractive

n

ny

SN The law of refraction (see Box 9.1). A wavefront AC,
traveling at velocity v in a medium with refractive index n
reaches a plane surface interface between two media and is
deflected into a new wavefront BD, traveling at a slower
velocity v in a medium with refractive index ny. Here @ and g
are the angles of incidence and refraction, respectively; t, time.

indexn . The wave front propagates uniformly until, att = |, the first ray reaches the
surface of the second medium with refractive index n, at C. Using the construction
of Christian Huygens (1629—1695), we can visualize around each point on the
interface between the two media an elementary spherical wavelet developing at
a different velocity v,. By the time wave 3 has reached the surface at B, a new
wave front, BD has developed at t = 2 as a tangential plane to the elementary
spherical wavelets. Since AB = BC x sin «, and CD = BC x sin 8 (¢ being the
angle between the normal to the incident wave front and the interface surface
normal, and B the angle between the normal to the refracted wave front and the
interface surface normal), the ratio of corresponding paths in the two media is a
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constant and we can write
AB/CD =sina/sin =v /vy =ny/n (9.2)

This relationship is known as Snell's law. The incident angle « is larger than the
refraction angle B if light passes from a less dense into a denser medium, such as
from air into glass.

4
Air
m ny _sin 0°
/1 ™ sin0° /]
Sample with
rough top
n surface ‘ ‘ ‘
(a) (b)
Air
Cover glass
Canada
balsam

/——/ W~/ " Sample with
rough top surface
Polished surface

(©)

Snell's law for (a) normal incidence with no
refraction and (b) irregular scattering of light on rough surfaces
(see Box 9.1). (c) The irregular scattering can be minimized by
embedding minerals in a cement or oil with a similar refractive
index, such as Canada balsam, and then covering the sample
with a glass slide with a perfectly flat surface.

A special case of Snell's law is normal incidence (Figure 9.5a). In this case no
change in direction occurs, even if the refractive indices of the two media are
vastly different. This fact is crucial for the observation of crystals in a microscope.
Rough surfaces disperse light in all directions (Figure 9.5b). To minimize refraction
and dispersion, mechanically ground thin sections of a rock, used in mineralogical
analysis, are embedded in Canada balsam, a natural resin, and covered with a glass
slide, both of which have refractive indices more similar to that of the crystal than
to that of air (Figure 9.5¢). Since glass has a flat surface there is no dispersion by
refraction at the air-glass interface under normal incidence, and dispersions at the
glass—Canada balsam—mineral interfaces are minimal.
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Total reflection, Abbe refractometer

Another special case of Snell's law occurs when light passes from a medium
with a higher refractive index (n) into one with a lower refractive index (n,) and
at some critical incident angle a. the refraction angle 8 becomes 90° or larger
((sinaee/sin90%) = ny/ny) (Figure 9.6a). In this case no light enters the second
medium but is instead completely reflected. The limiting angle of total reflection,
a., is a convenient way to measure the refractive index of liquids and polished
surfaces. Such measurements are carried out in the Abbe refractometer (Figure
9.6b). It consists of a half-cylindrical piece of glass with a known refractive index
N, on which is mounted a crystal or a drop of liquid with an unknown refractive

L)
rTz =sin a,
np <ny ™ ! Refracted

>

a. | a

nj

Incident Reflected

(a)

(®)

index n. In this instrument the reflected light is observed with a telescope. In
general, some light will be refracted and some reflected (rays | and 2), but if the
incident angle o reaches the critical value o all light will be reflected (ray 3) and
the observed light intensity will suddenly increase. The field of view at this angle is
symmetrically divided into a brighter (rays 3-5) and a darker (rays |-3) area. From
a. we obtain the refraction index: n = Nsin o (since B = 90°, and thussin 8 = |,
when o = a).

Prisms and lenses

Another application of refraction is the prism, with which the path of light can be
changed. In a prism with two flat faces, inclined by an angle y, Snell's law applies
twice, to the entering and to the leaving light rays, causing a deflection of the light

(- AW (a) Snell’s law for total

reflection. If the incident angle « is
at a critical value «, or larger, no
light enters the crystal with
refractive index n,. (b) The principle
of total reflection is applied in the
Abbe refractometer, used to
measure refractive indices of oils
and crystal surfaces. A crystal or
drop of liquid with refractive index n
is mounted on a glass half-cylinder
with refractive index N. For rays |
and 2, some light is refracted and
some is reflected. Ray 3 is at the
critical angle . and for this, as well
as all rays with larger incident angles
(rays 4 and 5), all light is reflected,
resulting in a bright reflection signal
for rays 3-5, compared to a darker

signal for rays 1-3. (See Box 9.1.)
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by an angle § (Figure 9.7a). The prism angle y = B, + «, and the deflection angle
8= () —B))+ (B — ) = + B, — y. If white light is transmitted through a
glass prism, it divides light into a rainbow spectrum (Figure 9.7b), illustrating that the
refractive index is not constant but depends on wavelength. This effect is known
as dispersion.

The principle of the prism is applied in the construction of lenses, which can
be regarded as a set of prisms with a special geometry such that parallel incident
light rays are deflected so that they all pass through a point F (Figure 9.7¢). In a
continuous lens (Figure 9.8a) all light that is initially parallel to the optical axis (the
central normal to the median plane of the lens) is refracted to cross the optical
axis at point F; (ray I). Similarly, all light rays that are parallel to the optical axis
after passing through the lens have passed a point F, before entering the lens (ray
2). These points (F; and F,) are called focal points and are at distances f; and f5,

J- BB (2) Geometry of a prism
with double refraction. Here y is
the prism angle, and § is the angle of
deflection.

(b) Dispersion of white light into a
rainbow spectrum, because the
refractive index increases with
decreasing wavelength. (c) A lens
can be viewed as a composite of
prisms with a geometry such that
parallel light rays are deflected to
pass through a point F located at a
distance f from the median plane of
the lens. (See Box 9.1.)
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respectively, from the median plane of the lens. The focal length f is a measure of
the strength of the lens. With a short focus lens it is possible to converge light very
effectively. We can use this construction to obtain the image | from an object O,
whose respective heights are illustrated by the vertical arrows in Figure 9.8a. Ray
I, going through the tip of the O arrow, is parallel to the optical axis. It therefore
passes through F; after refraction. Ray 2, which also goes through the tip of the O
arrow, passes through F, and is thus parallel to the optical axis after refraction. The
intersection of the two rays defines the tip of the image I.. A third ray, 3, passing
through the center of the lens, is not refracted. The image |. can be recorded
on a photographic film mounted at I or viewed on an inserted sheet of paper,
documenting that it is real.

If an object is too close to the lens, i.e., within the focal point F,, the strength of
the lens is insufficient to converge light rays enough to produce an image (Figure
9.8b). The lens will, however, reduce the divergence between ray | and ray 2 and
we can construct a virtual image I, by intersection of the back extensions of the
rays. This upright image cannot be recorded on a screen, but it can be transformed
into a real image, for example by application of a second lens that, in combination
with the first, increases the convergence. A lens often applied to record virtual
images is the human eye.

This ideal geometry is only approximated in real lenses. There are two signif-
icant limitations. First, because of spherical aberration, the ideal lens geometry is
generally satisfied only for light rays that are close to the center of the lens (Figure
9.9a). By inserting an aperture and selecting only the inner rays, overall light is re-
duced, but resolution of the image is increased. Chromatic aberration is due to the
fact that different wavelengths have different refractive indices, with slightly different
focal points for different colors (Figure 9.9b). Both aberrations can be minimized
by constructing composite lenses in which the selection of glasses with different
refractive indices compensates for these effects.

and brightness are provided by the objective lens; image. It is used for alignment and reference.

the ocular lens contributes only magnification.
Thus it is customary to work with high objective
lens magnification (2.5, 10, 25, 50x) and lower oc-
ular magnification (2, 4, 10x) to achieve optimal
conditions.

A modern petrographic microscope (Figure
9.10b and c) has more analytical features than
those described above.The sample is mounted on
a rotating stage. Light is emitted from a tungsten
filament lamp, collected and condensed on the
transparent object by a condenser lens system to
achieve either a parallel incidence of light on the
object or, for special applications, a convergent
incidence. The objective lens produces an enlarged
intermediate real image that is further enlarged
by the ocular lens into a virtual intermediate
image (dashed lines). A cross-hair with a scale is
generally superposed on the intermediate real

The virtual intermediate image is then trans-
formed into a final real image by the eye. A first
aperture is placed below the condenser lens to
decrease spherical aberration and increase depth
of focus, but this has the effect of reducing over-
all brightness. A second aperture in the object
image plane restricts the area of the specimen
viewed. The microscope axis is the central direc-
tion passing through the center of all lenses. (In
modern microscopes this is not always a straight
line!)

In petrographic microscopes two polarizing
filters, the polarizer and the analyzer, are inserted.
There is also a place to add what is known as a
compensator. Finally an auxiliary lens, called the
Bertrand lens, is used for some applications. The
function of these additional features will be dis-
cussed later.
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3-8 B W Principles of a lens with an object O, an image |,
and focal points F| and F;. (a) A real image |, is observed if
the object lies outside the focal point. (b) A virtual image I,
results if the object lies between the focal point and lens. (See
Box 9.1.)

Polarization and birefringence

Polarization

In 1669 the Danish scientist Erasmus Bartholinus
made a very puzzling observation. If a beam of
light (and today it is easiest to use a laser for
this experiment) is aimed at a calcite cleavage
face (1014) at normal incidence and penetrates a
slab of some thickness, the signal splits into two
components (Figure 9.11a). One component obeys
Snell’s law (i.e., there is no deflection because of
normal incidence), but the other one does not.
The experiment suggests that there are two re-
fractive indices in crystals, causing birefringence.
Using a polarizing filter that only allows light to
pass that vibrates in a certain direction, we can
determine that the two light waves leaving the
crystal are polarized and vibrate perpendicular
to each other. If we observe an image, such as
a label underneath a calcite crystal, we see two
images (Figure 9.11b). These results indicate that
the interaction of light and crystals is far more
complicated than previously assumed.

In order to understand polarization, we have
to consider light as a wave. In general the
oscillation of the electric field has a random
orientation normal to the propagation direction
(illustrated by waves in three planes at different
angles in Figure 9.12a). If the oscillation is con-
fined to a single plane, we call such light polarized

(Figure 9.12b). We will call the direction in which
the light oscillates the vibration direction.

There are several ways to produce polarized
light. In older microscopes, use is made of bire-
fringence in calcite with the so-called Nicol
prism. Today most commonly used are certain
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47BN Aberrations in lenses that limit the resolution. (a)
Spherical aberration is introduced because rays passing
through the edges of a lens have a focal point different from
those passing through the more central part of the lens. It can
be reduced by inserting an aperture that lets pass only rays
close to the optic axis of the lens. (b) Chromatic aberration is
due to different lens deflections because of wavelength
differences. (See Box 9.1.)
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Compound microscope with image formation and three lens
systems: an objective lens, an ocular lens, and the human eye.
(b) Principal components of a petrographic microscope. See
text for discussion of labels. (c) A modern petrographic
microscope (courtesy Nikon USA).

organic synthetic crystals, such as Polaroid
crystals, which show strong preferential absorption.
If unpolarized light is transmitted through such
a crystal, only waves vibrating in one direction
are permitted to pass. This direction-dependent
absorption is due to different bonding forces
in different crystal directions. There are other
crystals, and among them many minerals, that
show direction-dependent absorption, but this
absorption is less complete and removes only cer-
tain wavelengths from the spectrum, resulting in
color changes as the crystal is rotated in polar-
ized light. This effect, called pleochroism, is subtle
but easy to observe and is a very effective identi-
fication tool (see p. 179).

In a petrographic microscope a Polaroid fil-
ter is inserted in the light path, just above the
light source, and all observations are made with

polarized light. The vibration direction of the po-
larizer is generally chosen to be east-west.

Birefringence

On the basis of the calcite experiment it is clear
that the refraction theory discussed above is in-
complete and needs to be re-evaluated. Consider
a wave front of monochromatic light, wavelength
A, that becomes polarized after passing through
a polarizing filter and enters a crystal slab at
normal incidence. In Figure 9.13a, this wave is
shown in a three-dimensional representation. In
the crystal the polarized wave P splits into two
waves, each traveling with a different velocity v
(and, correspondingly, with a different refractive
index n). The two waves on plane 1 and plane 2
are polarized perpendicular to one another. In
Figure 9.13b the two waves are shown separately
in the planes in which they are polarized, which
illustrates a change in wavelength inside the crys-
tal (A; and A,, and correspondingly refractive in-
dices n;, and n;). Figure 9.13c is a view perpendic-
ular to the propagation direction PD. This view
illustrates that the amplitude of the waves in-
side the crystal are obtained by projecting the
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(1014)
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m Birefringence in calcite. (a) When an unpolarized

light ray enters a crystal at normal incidence to a cleavage
plane (1074), it splits into an ordinary (w) and an
extraordinary (€) ray, which are polarized at right angles

(perpendicular to the plane of the figure for w, and parallel
for €). (b) Double refraction produces two images of a label
underneath a cleavage fragment of the Iceland spar variety of
calcite (from Chihuahua, Mexico).

original light vector P on the two vibration direc-
tions labeled X and Z. X is the vibration direc-
tion with the faster wave and smaller refractive
index, whereas Z is the vibration direction with
the slower wave and larger refractive index.

In order to preserve energy, an equal num-
ber of wave packets must enter and leave a given
cross-section of the crystal; thus the wave fre-
quencies v have to stay constant. Since the ve-
locity changes (v; and v3) and v = v/X, the wave-
length must change accordingly and we have two
effective wavelengths (A; and A;) in the crystal
(Figure 9.13b). While the waves travel through
the crystal they no longer match up. When the
waves leave the crystal, their wavelengths will re-
turn to that of the original wave front, but these
two still perpendicularly oscillating waves are no
longer in phase, as is best seen in Figure 9.13b.
The phase difference ¢ (expressed in multiples
of wavelengths) of the propagating wave packet,
after passage through the crystal, depends on the
crystal thickness d and the relative wavelengths

N GHIHUAHUA 4

- OHESARUA,

A1 and A, in the crystal:

d):d(l/)\q —1/)\.2)=dl)(1/\/1 —1/V2) (933)

It is customary to use the actual path differ-
ence A (measured in dngstroms or nanometers),
which is calculated by multiplying the phase
difference ¢ (equation 9.3a) by the initial wave-
length A and expressing velocities within the

\
L

(a)

Unpolarized

PD

(b)

Polarized

(a) In unpolarized light the electric field oscillates
in all directions perpendicular to the propagation direction
PD (oscillations in three planes are shown). (b) In polarized
light, vibration is restricted to a single plane.
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m This composite figure illustrates interference

effects of polarized light after it passes through a slab of
crystal of thickness d. A light wave polarized in the polarizer
P, entering a crystal (shaded), splits into two components that
vibrate at right angles to one another and propagate with
different velocities (and wavelengths), attaining a path
difference PD = A. The two waves are then brought to
interference after passing through the analyzer filter A.

(a) Three-dimensional representation. (b) View of the planes
in which the two waves vibrate. (c) View in the propagation
direction, indicating, with arrows, vibration directions X and
Z. PD is the propagation direction.

crystal relative to that in a vacuum ¢ = Av (equa-
tion 9.1), and then using refractive indices:

A =div(1/vy —1/va) = d(c/v1 — ¢ /v2) = d(ny — 1)
(9.3b)

The quantity (n; — ny) is called the birefringence
and is, like the refractive index n, a direction-
dependent material property; the path difference
A = d(ny — ny) is also called the optical retardation.
The wave with the larger refractive index, which
we will call in the future n),, propagates with a
slower velocity than the wave with the smaller
refractive index n;, (n), > n;). In the vibration di-
rection X, the wave has a refractive index n,, and
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in the vibration direction Z a refractive index 1/,
(Figure 9.13c).

The two waves are separate, vibrating in
different planes, and there is no interaction
between them. However, wave interference can
be obtained if they are forced to vibrate in the
same plane. This is done in the petrographic mi-
croscope by inserting a second polarizing filter
above the crystal (see Figure 9.10b) that lets only
those components of waves pass through that are
parallel to the filter direction (Figure 9.13, right
side). Since we use this polarizer to analyze in-
terference effects, it is customarily called an an-
alyzer. Polarizer (P) and analyzer (A) can have
parallel vibrations (plane polarizers), but more of-
ten their vibration directions are perpendicular
to one another (crossed polarizers). In Figure 9.13
the case is shown for crossed polarizers.

Coherence is another condition necessary for
interference. Light waves generally arrive in short
strings, extending over several wavelengths. In-
teraction between such strings (or light pulses)
produces only incoherent scattering. However, in
the case discussed here, coherence is satisfied, be-
cause both component waves originated from the
same wave packet and were originally in phase.

As was shown in Figure 7.5 for X-rays, there
are two limiting cases for interference of waves: if
two interfering waves are in phase (minima and
maxima of the sinusoidal curves line up), then
the resultant wave is strongly enforced (see also
Figure 9.14a). If the waves are out of phase (the
minima of one wave line up with the maxima
of the other), addition of the two waves causes
extinction (Figure 9.14b).

Before investigating the effects of crystal
thickness on interference, let us first examine
the effects of crystal orientation. Assume that
a crystal slab is placed in the light path and
that the polarizer (P) and analyzer (A) are paral-
lel (parallel polarizers; Figure 9.15a-c is a view in
the propagation direction, corresponding to Fig-
ure 9.13c). While examining Figure 9.15, keep in
mind Figure 9.13a for the three-dimensional per-
spective. In the polarizer P, light vibrates in the
horizontal direction (shown by a solid arrow, rep-
resenting the light vector). In the crystal slab, the
original light vector splits into two components,
X and Z, which we construct by projecting the
original light vector on the two perpendicular
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Fig. 9.14
(solid and dashed sinusoidal waves) to produce a resultant
wave (dotted line). (a) Case for parallel polarizers where

Interference of two monochromatic light waves

optimal interference conditions occur if the path difference is
zero since both component waves vibrate in the same
direction. (b) Case for crossed polarizers where extinction
occurs for zero path difference because the two component

waves vibrate in opposite directions.

vibration directions that are determined by the
crystal structure (dashed vectors) (Figure 9.15a).
Finally, when light passes through the horizon-
tal analyzer A, only the vector components that
are parallel to the analyzer pass (which we ob-
tain as projections of X and Z onto the horizon-
tal A direction, obtaining the dot-dashed vectors,
labeled A; and Aj). Note that both of these re-
sultant vectors are pointing in the same direc-
tion and would add, if the two waves were in
phase (Figure 9.14a). As we rotate the crystal, the
lengths of the projected vector components of X
and Z change (Figure 9.15a—c). Special cases arise
when either X or Z are parallel to the polarizer
and analyzer (Figure 9.15c). In these cases there is
no contribution from one vibration (X in the case
shown) and a maximum contribution from the
second (Z in the figure). There is no influence of
birefringence and light passes through, irrespec-
tive of crystal thickness and wavelength. For all
other rotations (Figure 9.15a,b) the interference
equation 9.3 applies. If the path difference pro-
duced in the crystal by birefringence is zero, or
a multiple of the wavelength A = (m\), where m
is an integer, then there is positive interference
(Figure 9.14a).
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m Explanation of extinction as a crystal is rotated on

the stage of a microscope. View is in the microscope axis
(propagation direction), arrows are vibration vectors of light
(perpendicular to the propagation direction). Parts (a)—(c)
assume that the polarizer P and analyzer A are parallel. Parts
(d)—(f) assume that the polarizer and analyzer are at right
angles (crossed polars). A polarized light vector P (solid arrow)
splits into two perpendicular vibrations, X and Z, in the crystal

(dashed arrows) that differ depending on the rotation of the
crystal (a—c and d—f). The vectors | and 2 resolved in the
analyzer A (labeled A| and Aj) are shown as dot—dashed
arrows. This figure is analogous to Figure 9.13c. In (a) and (d)
vibration directions are in an arbitrary orientation relative to
the polarizer, in (b) and (e) they are at 45° and in (c) and (f)
they are parallel.

The effect of crystal orientation on the re-
sultant light vector becomes particularly clear if
the polarizer and analyzer are at right angles
(crossed polarizers, also referred to as “crossed po-
lars”, Figure 9.15d-f). The projection of the hor-
izontal polarized light vector P is the same as
before, but now we need to project vibration di-
rections X and Z onto the vertical analyzer A
(dot—dashed vectors). Note that in the case of
crossed polarizers the two component vectors 1
and 2 are always opposite in sign, and vibrate
in opposite directions. If there is no birefrin-
gence, or no crystal thickness, the two waves are
out of phase (Figure 9.14b) and no light passes.

We can verify this simply by removing the crys-
tal from the microscope, essentially producing
zero thickness and therefore zero path difference
(equation 9.3b), and observing darkness for
crossed polarizers. For a crystal with a path differ-
ence there is interference in the analyzer plane,
but the crossing of polarizer and analzyer have
effectively added for crossed polarizers a path dif-
ference of half a wavelength, relative to the case
of parallel polarizers (Figure 9.14a versus b). In
the case of crossed polarizers interference is op-
timal at A = (mi) 4+ A/2, where m is an integer.
If the crystal is oriented such that a vibra-
tion direction (X or Z) is parallel to the polarizer
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Parallel polarizers

Crossed polarizers

Blue

(a) (c)

31
I/ Red

(b) (d)

Interference effects with monochromatic light on
a crystal wedge, observed with parallel (a, b) and crossed (c,
d) polarizers. There are dark (destructive interference,
shaded) and light (constructive interference, black) bands that
have the color of the light used, i.e., blue (a, c) and red (b, d).
The bands are spaced more closely for blue light than for red
light.

(Figure 9.15f), the light vector is fully resolved on
one vibration direction, i.e., the projection coin-
cides with the vector (Z in this case). But there
is no projection component from the other vi-
bration direction (X), and the projection of Z on
the analyzer direction is zero. This results in ex-
tinction, whether or not an optical retardation
develops. As we rotate a crystal on the micro-
scope stage a full turn, it goes into extinction
four times, whenever a vibration direction is par-
allel or perpendicular to the polarizer. In the 45°
position (Figure 9.15e), a maximum amount of
light passes, provided there is a path difference,
and this position is used for evaluating interfer-
ence effects.

We now return to equation 9.3b and summa-
rize our findings. For plane-polarized light we have
maximum constructive interference for zero path
difference or an integer multiple of the wave-
length. For crossed polarizers we have maximum
constructive interference for A/2 path difference
or a multiple of wavelengths plus half a wave-
length.

Next we are going to explore the effect
of crystal thickness. Consider what happens if

monochromatic light passes through a wedge-
shaped crystal between parallel polarizers and
the crystal is oriented such that the vibration di-
rections are at 45° to polarizer and analyzer. We
observe a pattern of alternating colored and dark
bands, each corresponding to a path difference of
one wavelength and thus a thickness difference
d = A/(ny — ny) (Figure 9.16a,b). The first colored
band (black in the figure) is at zero thickness,
the second one at A, then 2A etc. For short wave-
lengths (e.g., blue, Figure 9.16a) the bands are
more closely spaced than for larger wavelengths
(e.g., red, Figure 9.16b). For crossed polarizers the
pattern is similar, except that it has shifted by
half a wavelength and in this case the band at
zero thickness is dark and the first colored band
is at ;A (Figure 9.16¢,d).

For most routine analyses with a petrographic
microscope, crossed polarizers are used rather
than parallel polarizers and in the following dis-
cussion we will emphasize this case. We have
looked at interference effects with monochro-
matic light and studied the influence of crys-
tal orientation, thickness d, birefringence (n; —
np) and wavelength A. For white light the sit-
uation is more complex. In this case there
are waves of all wavelengths, and for each of
them equation 9.3b applies. Extinction condi-
tions for several different wavelengths (colors) on
a quartz wedge with a birefringence (n; — ny) =
0.0090 to 0.0096, depending on wavelength, are
illustrated for crossed polarizers in Figure 9.17.
The monochromatic experiments in Figure 9.16
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Orrigin of interference colors with white light and

crossed polarizers as a superposition of spectra from
different wavelengths exhibited by a quartz wedge and
assuming a birefringence (n, — n;,) = 0.009. Observe the
shifts in extinction bands for different colors (wavelengths).
For white light the sum of all color spectra applies. These
so-called interference colors are indicated on top.

represent two special cases, for a wavelength of
480 nm for blue and 710 nm for red. For white
light, the color that is observed by the eye for
each thickness is the mixture of the relative
contributions of all wavelengths which we obtain

200

250

by summation of all the color patterns in Figure
9.17 (center). For instance, for a small thickness
d = 20 pm, and a path difference 20 x 0.009 pm
= 180 nm, all wavelengths contribute to the spec-
trum (white bands line up) and the resulting
color is white. For a thickness d = 50 wm, and
a retardation A = 50 x 0.009 pm = 450 nm, the
wavelengths from violet to blue are extinct, em-
phasizing yellow, orange, and red. The result-
ing color is red (this color is called “first-order
red”). The circumstances are similar for twice this
thickness (100 pm) except that the contribution
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from blue is stronger, resulting in red with a pur-
ple tint (“second-order red”). For a retardation of
700 nm red and orange are extinct, but second-
order blue is present, resulting in a blue inter-
ference color. For even larger thicknesses with
many extinctions and maximum intensities, the
resultant light has many color contributions and
resembles white again.

The color pattern produced by the linear ef-
fects of thickness and birefringence is shown
in Plate 1a. There is a distinct interference color
for each path difference (optical retardation)
A = d(n;, - n). Interference color charts, such as
the one in Figure 9.18 and Plate 1a, are usually
represented as a plot of thickness versus retar-
dation and the birefringence is a straight line
in this space. Some mineral examples are illus-
trated. If the thickness is known, we can use the
interference color to determine the birefringence
that can be applied in mineral identification with
the petrographic microscope, as we will see in
Chapter 10. Note that the color chart has been
divided into different orders; each contains some
shades of yellow, red, etc. With some practice you
will be able to distinguish colors on sight. Low-
order colors are very distinct, higher orders are
more “washed out”, with pastel shades.

The term “interference color” is somewhat
misleading. Wave groups of different wave-
lengths in white light are not coherent and show
no regular interference. The interference color is
a mixture of waves with different wavelengths
whose intensity has been modified by interfer-
ence effects.

The optical indicatrix

In the discussion above, we established that
light passing through a crystal vibrates in two
different directions in most crystals and there
are two refractive indices for each vibration direc-
tion. However, this behavior is different in differ-
ent crystal directions. How can we visualize the
variations of refraction indices with direction? To
answer this question, we first perform a hypothet-
ical experiment: we place a light source within
a crystal and turn it on for an instant to explore
how far light pulses have advanced. We find that

the distances the light pulses have traveled de-
scribe the surface of an ellipsoid centered on the
light source (Figure 9.19a).

For those of you who have followed the discus-
sion in Chapter 8, this pattern is due to the in-
trinsic physical properties of crystals. Interaction
of light with a crystal is described by the relation-
ship between two vector properties: a stimulus of
electric field E, and a response as an electric dis-
placement D:

where ¢;; is the so-called dielectric constant,
which is closely related to the refractive in-
dex and is a secondrank tensor. The refrac-
tive index ellipsoid is simply the representation
quadric of ¢!, the inverse of the dielectric ten-
sor. All parameters specifying the ellipsoid can
be derived from . Three numbers are needed
to describe the lengths of the axes, and three
numbers are needed to describe the orienta-
tion of the ellipsoid relative to crystallographic
axes.

The experiment with the light pulse can-
not be realistically performed because we cannot
measure such short time intervals. (In con-
trast, for example, to the much slower thermal
conductivity, also a second-rank tensor. In that
case we can map heat propagation as ellipsoidal
isotherms as we did in Figure 8.1.) A different ex-
periment is to focus a beam of polarized light
on a crystal, determine for each direction the
two vibration directions perpendicular to it, and
map the refractive indices n, and n), (n, < n)) of
the vibration directions X’ and Z’ (Figure 9.19b).
(Axes are primed to indicate that they are axes
of an ellipsoid section, not necessarily principal
axes of the ellipsoid.) The resultant surface again
describes an ellipsoid, but it is different from the
“light pulse ellipsoid”. This vibration direction el-
lipsoid is called the optical indicatrix and is enor-
mously useful for evaluating anisotropic optical
properties.

If we wish to study the behavior of light in
a crystal, we intersect the indicatrix ellipsoid
with a plane normal to the propagation direction
PD of the beam of polarized light (Figure 9.19b).
Most intersections of a plane with an ellipsoid
are ellipses (the others are circles). The ellipse
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This is a schematic black and white interference
color chart (also known as a Michel-Lévy chart) as it is
supplied with petrographic microscopes and also shown in
Plate la. The optic retardation, and thus the color, is a linear
function of birefringence and thickness. If the thickness is
known, as in a standard petrographic 30 wm thin section, the
color correlates directly with birefringence. Some mineral
examples are indicated for corresponding birefringence.

sented in Figure 9.19c. The orientations of the
ellipse axes determine the vibration directions
X’ and Z’, the lengths of the axes represent the
corresponding refractive indices n;, (fast) and n),
(slow), and the difference in lengths corresponds
to the birefringence (n/, - n,), observed in the

Y
propagation direction.

section corresponding to Figure 9.19b is repre-
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- A PN Optical properties of crystals. (a) Light pulse
ellipsoid illustrating the anisotropy of light propagation in a

crystal with three surfaces displaying the light propagation at
different time intervals. (b) The indicatrix ellipsoid is used to
determine refractive indices and vibration directions X (n/,)
and Z (n;,) as a function of the propagation direction PD. An
ellipse section is constructed perpendicular to PD. (c) The
ellipse section has two axes representing the vibration
directions; the lengths of the axes correspond to the refractive
indices n/, and n;. (d) General triaxial indicatrix ellipsoid with

three orthogonal axes ny, ng, and n,,. Also shown are the two

optic axes A and B, as well as circular sections perpendicular
to these axes (shaded). The optic axial plane AP going through
the optic axes and containing ny, and n,, is indicated. (e) Axial
plane section through a general indicatrix ellipsoid, with the
two major axes X (ny) and Z (n,), perpendicular to the
intermediate axis Y (ng). It shows the optic axes A and B, and
the angle between them, which is called the axial angle or 2V
(specifically, 2V,, if it is measured over ny and 2V, if it is
measured over n,. Bxa and Bxo are acute and obtuse
bisectrix, respectively.

The indicatrix ellipsoid is a relatively simple
geometrical surface. It has three principal axes
at right angles to one another (labeled X, Y, and
Z, corresponding to refractive indices n,, ng, and
n,, where n, < ng <n,) and displays symmetry
with a mirror plane perpendicular to each axis
(Figure 9.19d). If the intersection of a plane with
the ellipsoid contains the main axes, we call

these principal sections, and in this case the prop-
agation direction is along a main axis. All other
sections are general sections and the ellipse has
axis lengths n;, and n),, where n, <n, <nj, <m,.
An important principal section is that perpen-
dicular to Y(ng). The ellipse axes in this section
correspond to n, and n, and therefore the sec-
tion exhibits maximum birefringence (n, - n,). A
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JT- W Five sections through the indicatrix ellipsoid that
contain ng. Sections | and 5 are principal sections; section 3
is a circular section.

crystal that is in this orientation will have the
highest retardation and thus display the high-
est possible order of interference colors. All other
sections have lower-order colors.

Now consider sections that contain Y (corre-
sponding to ng) as one axis (Figure 9.20). On top
is a perspective drawing showing the orientation
of the ellipsoid sections. Below it, the individual
ellipses are shown. In the first section (1) n,, and
ng are axes of the ellipse. As we tilt around ng
towards n,, the long axis gets shorter and the
ellipse has n), and ng as axes (2). Tilting further
we come to a point where 1, has the same length
as ng (3). An ellipse with two equal axes degen-
erates into a circle and we call this a circular
section. In this case the two waves propagating
perpendicular to it have the same velocity and
do not attain a path difference. This means that
in this direction light will be extinct if observed
through crossed polarizers, no matter what the
rotation angle of the crystal or its thickness is.
We continue to tilt around ng but now the second
axis is shorter than ng and thus is n,. Finally we
arrive at another principal section with n, and
ng as axes (5).

|
3

In general, there are two such circular sec-
tions in an ellipsoid, symmetrically between n,
and n,, and containing ng. They are shown with
shading in Figure 9.19d and as dashed traces
in Figure 9.19e. The directions perpendicular
to these circular sections are called optic axes
(labeled A and B), and the plane containing A
and B is called the axial plane (AP). In Figure 9.19¢
the axial plane section containing the two optic
axes is shown. In this section we find A, B, X (1)
and Z (n,). It is perpendicular to ng. The angle
between the optic axes is called the axial angle,
or 2V; in particular, the axial angle is 2V, if it is
measured over n, and 2V, if it is measured over
n, (Figure 9.19e).

On the basis of the geometry of an ellip-
soid, the axial angle 2V, = (180° —2V,) can be
calculated from the values of the refractive in-
dices along the main axes:

tanV, = J[(l/naz—l/nﬁz)/(l/nﬁz - 1/ny2>] (9.5)

Like all physical properties the optical indica-
trix has to conform to the crystal symmetry, i.e.,
symmetry elements of the crystal have also to
be present in the indicatrix (see Figure 8.7). This
condition imposes restrictions. Let us start with
the highest possible symmetry, cubic. The only
ellipsoid that agrees with cubic symmetry of three
equivalent 4-fold axes is a sphere (Figure 9.21a). If
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Optical indicatrix for different symmetries. (a)

”

Sphere in cubic crystals. (b) Rotational “uniaxia
tetragonal, hexagonal, and trigonal crystals. The optical axis is
parallel to c. (c) General “biaxial” ellipsoid with axes X, Y, Z

ellipsoid in

in triclinic, monoclinic and orthorhombic crystals. The
orthorhombic case is shown where indicatrix axes coincide
with crystal axes a, b, c. (Cf. also Figure 8.7.)

the indicatrix is a sphere, the refractive index is
the same in all directions and can be described
with a single number, n. Cubic crystals have no
direction dependence and are therefore optically
isotropic. In cubic crystals all indicatrix sections
are circular, and there is no birefringence; if ob-
served with crossed polarizers, cubic crystals al-
ways appear black. (We have seen in Chapter 8
that isotropy does not necessarily extend to other
properties. Indeed elastic properties of cubic crys-
tals are not isotropic.)

The optical properties of all other crystals are
anisotropic. However, there are other symmetry re-
strictions. In trigonal, tetragonal, or hexagonal crys-
tals with a single 3-, 4- or 6-fold symmetry axis,
only a rotational ellipsoid conforms to this sym-
metry (Figure 9.21b). In such an ellipsoid two axes
are equal in length (either n, =ng or n, = ng).
There is a single circular section perpendicular
to the unique ellipsoid axis. This axis is there-
fore parallel to the crystallographic z-axis [001].
Because of the unique optic axis, such indicatri-
ces are called uniaxial. The unique axis is gen-
erally referred to as ng (extraordinary direction),
and the radius of the circular section is referred
to as n,, (ordinary direction). Each ellipse section

(©)

contains the ordinary direction n, as one axis.
There are two cases to distinguish: if the unique
axis ne corresponds to 1,, i.e., the long axis, the
uniaxial indicatrix is called positive (Figure 9.22a,
“cigar shape”); if the unique axis is n,, i.e., the
short axis, it is called negative (Figure 9.22b, “pan-
cake shape”). In Chapter 10 we will learn meth-
ods to distinguish between these two cases. Uni-
axial crystals can be viewed as special cases of
biaxial crystals in which the optic axes coincide
(2V =0°).

Orthorhombic crystals have a triaxial ellipsoid
as an indicatrix and are therefore biaxial, just
as we saw in Figure 9.19. However, symmetry
constrains the orientation of the indicatrix el-
lipsoid in the crystal. The main indicatrix axes,
X (ng), Y(ng), and Z(n,), which are perpendicu-
lar to mirror planes in the indicatrix, have to
be parallel to the crystallographic axes x, y, and
z, which are perpendicular to mirror planes in
the crystal (Figures 9.21c and 8.7c). There is no
symmetry constraint to determine which optical
direction is parallel to which crystal axis and in
the figure we have chosen one possibility. Mirror
planes and 2-fold rotation axes of the optical indi-
catrix coincide with the mirror planes and 2-fold
rotation axes of orthorhombic crystals.

In monoclinic crystals with a 2-fold rotation
axis, one of the main indicatrix axes has to be
parallel to the unique crystallographic y-axis (see
Figure 8.7b), i.e., it must have a principal sec-
tion perpendicular to it. In triclinic crystals there
are no symmetry constraints and the indicatrix
can have any shape and any orientation relative
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Table 9.2 | Summary of conventions for describing the indicatrix

Axial angle and indicatrix geometry

Uniaxial + Biaxial + Neutral Biaxial — Uniaxial —
0° < 2V, < 90° < 2V, < 180°
180° > 2V, > 90° > 2V, > 0°
Biaxial crystals
Refractive indices Ng < ng, < ng < nj, < n
Wave speeds Fast Slow
Vibration directions X X' Y Z' Z
Uniaxial crystals
Ne (ordinary)
ne (extraordinary) Ne = Nq Uniaxial negative
ng = N, Uniaxial positive
Optic axis
Optic axis
ng

(b)

(a) Indicatrix of a uniaxial positive crystal with
ne > ng and an elongated “cigar shape”. (b) Indicatrix of a
uniaxial negative crystal with ng < n, and a “pancake

shape”.

to crystal axes (see Figure 8.7a). As we will see
in Chapter 10, the orientation of the indicatrix
of triclinic plagioclase depends on the chemical
composition of this mineral with a solid solution,
and this orientation can be used for determina-
tive purposes. Of course the indicatrix ellipsoid
itself always has “orthorhombic symmetry”, with
three mirror planes at right angles.

In the discussion of optically uniaxial crystals,
we have defined a positive and negative uniaxial
indicatrix, depending on the overall shape of the

ellipsoid (Figure 9.22). The same convention can
be generalized for biaxial crystals but we cannot
simply compare long and short axes n, and n,.
In this case we compare the long and short axes
with the intermediate axis ng. If ng is closer to n,
than it is to n,, then the ellipsoid is stretched and
we call it positive. If ng is closer to n, than it is
to n, then the ellipsoid is squashed and we call
it negative. This is best defined using the axial
angle, which depends on the relationship of the
magnitudes of n,, ng, and n, (equation 9.5). We
return to Figure 9.19e: if 2V,,, measured over Z
(n,), is between 0° and 90°, then we call the indi-
catrix biaxial positive. If 2V, is between 90° and
180° (i.e., 2V, is between 0° and 90°), then the
indicatrix is biaxial negative. The principal axis,
either X or Z, which bisects the acute axial angle
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2V is called the acute bisectrix (Bxa), as opposed to
the obtuse bisectrix (Bxo).

In the mineralogical literature, different sym-
bols are used to label refractive indices, vibra-
tion directions, and indicatrix axis directions. We
are using ny, ng and n, for the main refractive
indices, and X, Y and Z for the corresponding
principal indicatrix axis directions. Any arbitrary
section of the indicatrix, except for a circular sec-
tion, is still an ellipse with two axes, correspond-
ing to the two vibration directions. The longer
one, with a higher refractive index n), and slower
wave propagation we call the Z’ vibration direc-
tion, the shorter one with a lower refractive index
n,, and a faster wave propagation we call the X’
vibration direction. Table 9.2 summarizes some
of the relationships and conventions to describe
optical properties of minerals.

Dispersion

To achieve total precision in optical analysis
would require that one work with monochro-
matic light because the refractive index of any
light ray varies slightly with wavelength. As we
have seen earlier, this change of refractive index
with wavelength causes dispersion of white light

1.56
1.55
1.54
1.53

152+

Refractive index

151+

1.50 -

in a prism (see Figure 9.7b). However, for most ap-
plications dispersion effects are minor and thus
white light is employed. Figure 9.23 shows disper-
sion curves for a borosilicate glass and for a liquid
(ethyl salicylate), the latter at two temperatures.
From this figure you can see that the refractive
index typically decreases with wavelength, and
more so for liquids than for solids. The refrac-
tive index also decreases with increasing temper-
ature.

In biaxial crystals normally all three refractive
indices show a similar dispersion behavior and
the dispersion curves are parallel (Figure 9.24a).
This means that the birefringence (n, — n,) and
also the axial angle 2V remain fairly con-
stant. Some minerals, such as sillimanite, display
anomalous dispersion, and the dispersion curves for
different refractive indices have different slopes
(Figure 9.24b). In the case of sillimanite, with a bi-
axial positive indicatrix (i.e., ng closer to n, than
to n, ), the birefringence (n, — n,) decreases with
increasing wavelength; also ng moves closer to 1,
and therefore 2V for red (30°) is larger than 2V
for violet (21°), which is marked in determinative
tables as (r > v). In the case of brookite (Figure
9.24c), for short wavelengths ng is parallel to [100]
and close to n,, i.e., the crystal is biaxial positive;
n,, is parallel to [010], and n, parallel to [001]. As

1
550
Wavelength (nm)

Dispersion curves of borosilicate glass and ethyl
salicylate liquid at two temperatures, illustrating the change of
refractive index with wavelength. Spectral color lines C, D, E,
and F are indicated. They are used in the calculation of the
dispersion coefficient and the dispersive power.

the wavelength increases, the ng and n, curves
cross. At this point, where ng = n,, the indicatrix
degenerates into a rotational ellipsoid (2V, = 0°)
and, correspondingly, the mineral appears uniax-
ial (in spite of the orthorhombic symmetry). For
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S-S WLW Dispersion in biaxial crystals. (a) Normal

dispersion with dispersion curves being roughly parallel. (b)
Dispersion curves for sillimanite with different slopes for the
three principal refractive indices. This results in a change of
axial angle with wavelength, in this case red > violet. (c)
Anomalous dispersion in orthorhombic brookite with two
dispersion curves crossing. For the wavelength at the crossing

point the mineral appears uniaxial.

larger wavelengths, the crystal becomes biaxial
again, but ng is now parallel to [001]. The axial
plane has switched the orientation. We will come
back to this example in Chapter 10.

To describe dispersion of a material quantita-
tively, it is necessary to specify the index of re-
fraction at several wavelengths. By convention,
indices are usually reported for light of wave-
length 486.1 nm (F), 589.3 nm (D), and 656.3 nm

Table 9.3 | Coefficients of dispersion
(ng — n¢) for several materials (Winchell,
1929)

Sphalerite 0.08
Diamond 0.062
Sphene 0.02-0.04
Epidote 0.012-0.025
Zircon 0.022
Garnet 0.015-0.021
Calcite 0.013-0014
Olivine 0.013
Feldspars 0.009
Quartz 0.008

(C) corresponding to the Fraunhofer emission
lines (Figure 9.23). If nothing is specified, 589.3
nm (np) is assumed, which is the light produced
by a sodium vapor lamp and is in the middle
of the visible spectrum. The coefficient of disper-
sion is defined as (ng — n¢) and the dispersive power
as (ng — nc¢)/(np — 1). Table 9.3 reports some coeffi-
cient of dispersion values for different minerals.
Note that diamond has an unusually high disper-
sion, causing color spectra when light is refracted
on the surfaces of cut gems.

Pleochroism

As noted above, absorption of light may be
dependent on both direction and wavelength.
In some crystals all wavelengths of light are
absorbed, except for certain directions. This fea-
ture is used in the construction of polarizing fil-
ters, for example with an organic material called
Polaroid. In many minerals, absorption in certain
directions is not complete and occurs for only
certain wavelengths. For example, if a thin slice
of a crystal of hornblende is rotated on the mi-
croscope stage with plane-polarized light (with-
out the analyzer), colors change from green to
brown (Plate 2i) and the color of glaucophane
changes from blue to yellow and colorless (Plate
3a). Minerals of the amphibole group and many
types of mica show strong pleochroism. Spectac-
ular pleochroism (yellow-pink-red) is observed
in the manganese-epidote mineral piedmontite
(Table 9.4). For more examples see Appendix 3.
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Table 9.4 | Selected minerals with distinct pleochroism

Ng ng ny

Corundum ne: pale yellow Ne: blue/purple

Humite Yellow Colorless Colorless

Piedmontite Yellow Pink Red

Tourmaline ne: pale Ne: Yellow, brown or blue
Biotite Yellow to green Brown Brown

Chlorite (Mg) Yellow Green Green

Hypersthene Pink Light yellow Light green

Hornblende Light green Dark green Brown

Glaucophane Colorless/yellow Light blue Dark blue

Test your knowledge

1. Why is it advantageous to have a crystal em-
bedded in a medium with a refractive index
close to that of the crystal?

2. What is the origin of the word “birefrin-
gence™? (Describe a classical experiment.)

3. If crossed polarizers are applied and you ob-
serve a crystal of optically isotropic garnet,
why is there extinction?

4. The concept of path difference and extinc-
tion is best understood with a practical exam-
ple. Take a crystal of birefringence 0.002 and
monochromatic light (500 nm). Using crossed
polars, which is the first thickness for which
you get extinction (not counting the trivial
case of zero thickness)?

5. Take a uniaxial positive and negative indica-
trix. What are the different indicatrix sections
that you may observe? Sketch them and assign
labels (Table 9.2).

6. What is the relationship between 2V, and
2V,? It is best to draw a sketch of the axial
plane.

7. Dispersion is the dependence of the refractive
index on wavelength. Why does it affect the
axial angle?

8. Name some minerals with very pronounced
pleochroism.

Important concepts

Refractive index n, Snell's law
Petrographic microscope

Polarization

Birefringence (n, — ng)

Interference colors

Indicatrix: uniaxial, biaxial, axial angle 2V
Pleochroism

Dispersion
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Chapter 10

Identification of minerals with the
petrographic microscope™

Sample preparation

The use of a polarizing microscope to analyze the
optical properties of crystals is a standard tech-
nique in mineralogy and petrography. Not only
is the petrographic microscope used for identifi-
cation of mineral species, but it can also help to
determine structural and chemical variations in
minerals - for example, in solid solutions. Every
student of earth sciences should become familiar
with this technique and have at least some ex-
perience with a petrographic microscope. There
are two approaches to such optical studies. One
approach is utilized for transparent crystals that
are analyzed with transmitted light. The second
is used for opaque crystals. In this approach, a
modified polarizing microscope is used and light
is reflected from a highly polished surface and
then analyzed using similar methods as for trans-
mitted light. In the following discussion we will
confine ourselves to the first method, which is
known as transmitted light microscopy. In order to
follow the concepts and applications introduced
in this chapter, you need to have access to a
petrographic microscope and some thin sections.
They are available in most geology departments.
You can also, as a substitute, consult a recently
distributed CD that simulates a microscope
(Christiansen, 2001).

Most minerals as they occur in rock samples
are, at best, translucent. For example, if we put
a chip of granite or basalt under the microscope,

no light is transmitted. Thus, in order to trans-
mit light, one of two methods must be applied.
In the first method, small fragments of finely
ground crystals are scattered on a glass plate,
immersed in oil, and covered by a thin sheet
of glass (grain mount) (Figure 10.1a). The second
approach is to prepare a petrographic thin section
from the rock, ideally of a thickness of 20-30
pm (Figure 10.1b). This is generally done by cut-
ting a slab 2cm x 3cm x 0.5cm from the rock
sample that contains the region of interest. One
side of the slab is polished with a fine abrasive
(silicon carbide, alumina, or diamond powders)
and mounted on a glass slide with a transparent,
optically isotropic cement (e.g., baked Canada
balsam, called “Lakeside”, which is soluble in
benzene and xylene; “Crystal bond”, which is sol-
uble in acetone; or an insoluble epoxy resin). The
other side of the slab is then cut and ground to
the desired thickness. The ground side is covered
with softer Canada balsam and a thin cover glass.
The cover glass ensures normal incidence, and
a flat surface prevents irregular scattering (see
Figure 9.5c¢). By applying this method, most min-
erals, except opaque ore minerals such as pyrite
and magnetite, become transparent and can be
analyzed with the microscope.

The various lenses and types of image for-
mation in a microscope have been discussed in
Chapter 9. It is essential to have a microscope
stage enabling the rotation of the sample a full
360° around the microscope axis.

* Optional reading. This chapter requires access to a petrographic microscope.
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Specimens used for optical analysis of minerals.
(a) Grain mount with immersion oil. (b) Petrographic thin
section.

Microscope alignment

Before use, a microscope needs to be aligned.
There is a routine procedure that needs to be
followed, and should be repeated periodically, es-
pecially if other people have used the same mi-
croscope (see Figure 9.10c).

e For binocular microscopes, there are two
ocular lenses in the eyepiece. One ocular lens
has a cross-hair and often a scale. Remove that
lens, hold it towards a light source (e.g., a
window), and focus the cross-hair for your eye.
Insert the lens again, and then focus with
that lens only on an object on the microscope
stage (e.g., a dust particle on a glass slide) by
raising or lowering the stage. If you now use
your other eye, you will generally find that
the object is no longer in focus. Focus it for
that eye by adjusting the second ocular lens
(without the cross-hair). From now on both
eyes should see the object in focus and, in
addition, the cross-hair should be in focus.

The center of the stage has to be exactly in
the optic axis. Either tilting or translating the
objective lens until the object under the
cross-hair (e.g., a dust particle) does not move
during stage rotation will achieve the needed
centering. In general, the object will follow a
circle. Move the center of the circle to the
cross-hair. This alignment takes several
iterations and must be performed separately
for each objective lens.

Next the condenser assembly (underneath the
stage) needs to be adjusted to have the
incoming light reaching the specimen parallel
to the axis. To do this, close the condenser
aperture until the light beam is observed, and
then translate it to the center.

Finally, the polarizer system has to be aligned.
Insert the analyzer, without a sample present,
and then rotate the polarizer until it is
darkest.

Usually the polarizer is oriented east-west
(E-W) and the analyzer north-south (N-S), but
this configuration needs to be verified. One
can make use of a crystal with strong
pleochroism and a distinct morphology such
as a trigonal crystal of tourmaline, which is
often elongated parallel to the c-axis and
appears blue if the c-axis is perpendicular to
the polarizer direction and yellow if it is
parallel to it. One can also take a foil of
Polaroid, on which the polarization direction
is usually marked.

Some general comments about the use of a

petrographic microscope:

Adjust the brightness of the light to be
comfortable for your eyes. Very bright

light causes headaches and burns out
filaments.

Adjust apertures for particular applications.
Closing the condenser aperture increases
contrast and resolution, particularly at high
magnification.

Choose the magnification that is most useful
for your investigation. In general, start with
low magnification to get an overview, and
then zero in on individual minerals with
higher magnification.

When focusing (particularly at high
magnification), first bring your thin section
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close to the objective lens, then increase the
distance until the object is in focus. This way
you avoid collisions of lens and sample.

Determination of the refractive
index

A petrographic microscope can be used to deter-
mine the refractive index of small crystal frag-
ments by the immersion method. In this proce-
dure, crushed grains, 0.05 to 0.2 mm in size, are
mounted on a glass slide, immersed in an oil,
and covered by a cover glass to ensure normal
incidence (Figure 10.1a). The edges of the crystal
fragments act as small prisms. If the refractive
index of the crystal is higher than that of the
oil, the light is dispersed inwards into the crys-
tal (Figure 10.2a), producing a zone of increased
brightness inside the contour of the crystal. By fo-
cusing on a higher level, from a plane 1 towards
a plane 3 (Figure 10.2a), we notice a ring of light,
called the Becke line, which moves concentrically
into the crystal. If the refractive index of the crys-
tal is lower than that of the oil, light is dispersed
outwards, and the Becke line moves beyond the
crystal into the oil (Figure 10.2b). If the refractive
index of the crystal is the same as that of the oil,
this line is not observed. In practice, oils with
different refractive indices are changed until no
Becke line is observed and both crystal and oil

ne > noil ne < Noil e~

R et 3 ‘Q\;
S e
ﬁ% O || O

t f
(b)

(a)
m Orrigin of the Becke line. (a) Edges of crystal

fragments act as small prisms that deflect light towards the
center if the refractive index of the crystal (n.) is higher than

that of the immersion oil (nsj), and a ring of light (the Becke
line, shown dashed) moves concentrically inside the crystal as
the focusing takes place at a higher level. (b) If the refractive
index of the crystal is lower than that of the immersion oil, a
ring of light moves outside the crystal into the immersion oil
with increasing defocus.

have the same refractive index. Sets of oils with
intervals of 0.01 in refractive indices are avail-
able and allow accurate determinations. Because
of dispersion, it is sometimes advantageous to
make these determinations with monochromatic
light, for example by using a filter. Oils are far
more sensitive to dispersion than most crystals.
In these experiments, use high magnification and
close the condenser aperture. When crystal and
oil are matched, the refractive index of the oil
can be determined with a refractometer (either
Abbe (Figure 9.6b) or Leitz-Jelley refractometers
are usually available in mineralogy laboratories).

The refractive index is a diagnostic tool and
is used as an identification method for minerals
(Appendix 4). Often relative values of refractive
indices are also useful. For example, in a rock
that contains quartz, one can determine the
Becke line effect (a) between quartz in a thin
section (n, = 1.5442, n, =1.5533), which is eas-
ily recognized, and an unknown mineral, or (b)
between an embedding medium (Canada balsam,
n =1.537) and a crystal at the edge of a thin
section. If the difference in refractive indices be-
tween crystal and oil (or its surrounding) is large,
the crystal is said to have a high relief. If it is larger
than the surrounding it is called positive relief, if
it is smaller, negative relief.

Use of interference colors

Determination of the true birefringence

If we insert a crystal slab (e.g., as a thin section)
into the microscope between crossed polarizers, we
can interpret optical effects with the help of the
optical indicatrix. In a given thin section of a
crystal, we observe a section of the indicatrix, i.e.,
an ellipse with axes X’ and Z’ and correspond-
ing refractive indices n;, and n),. We have already
described in Chapter 9 what happens if we ro-
tate this crystal on the stage (see Figure 9.15). The
original E-W vibrating light (polarizer) will split
into two components parallel to the vibration di-
rections X and Z (Figure 10.3). We obtain these
components as projections of the light vector P
onto the axes X and Z. In the crystal, a path dif-
ference (retardation) A = d(n), — n;) will develop
that depends on the birefringence (n), - n;,) and
the crystal thickness d. As we force the light
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Once more! Decomposition of a light vector into
two perpendicular components in the vibration directions X
(ng) and Z (n’)). As light passes through the crystal a path

difference A = d(n, — ny,) is attained. In the analyzer the
two waves are forced to vibrate in the same horizontal plane
and interference occurs. P, polarizer; A, analyzer.

through the analyzer A, only the components
X and Z of the light vectors that are parallel
to the analyzer direction can pass through the
analyzer, and we obtain these components, A;
and A, by projecting the light onto the analyzer
plane (vertical).

If X and Z are parallel to either the po-
larizer or analyzer, we observe extinction (see
Figure 9.15f). At 45° from the extinction position
(see Figure 9.15e), a maximum amount of light is
transmitted, and this light is used to evaluate in-
terference colors. Thus, in general, it is necessary
to rotate the crystal on the stage to bring it into
a position where a maximum of light is trans-
mitted. By comparing the color of the mineral
with the color chart (Plate 1a), we can determine
the retardation and, if the thickness is known
(25-30 pm for a standard thin section), the value
of the birefringence (n), — n,). However, what one
really needs to know is the maximum (true) bire-
Jfringence (n,, — ng), i.e., the difference between the
largest and smallest refractive index. The true
birefringence is a diagnostic material property
for a mineral and can be used for its identifi-
cation, but most crystals in thin section do not
display it.

In a thin section of a rock, most crystals are in
arbitrary orientations and each grain will show
different interference colors, corresponding to a
different birefringence (n), — n;), rather than the
maximum birefringence (n, —n,). For example,
if the section of a biaxial crystal is close to a
circular section of the indicatrix, we will observe
low-order colors, even though the mineral may
have a high birefringence (n, —n,). Among all
crystals of the same mineral in a thin section,
we determine (n, — n,) by matching the highest-
order colors with the interference color chart. This
is straightforward if a thin section contains only
one mineral species (e.g., quartz in a quartzite, or
calcite in a marble), but requires some practice
if different mineral species are present (such as
pyroxene and olivine in a basalt). This maximum
birefringence can then be used for determinative
purposes (e.g., see Appendix 4).

As an exercise we could use interference col-
ors to determine the thickness of a mineral for
which the birefringence is known. Plate 1d is
an image of a hexagonal quartz prism that lies
on one of the prism faces. It is observed with
crossed polarizers 45° from the extinction posi-
tion. The image displays color fringes from the
edge towards the center, corresponding to the in-
terference color chart (Plate 1a). The increase is
due to a change in thickness and in the center
the color is third-order pink and green and we
estimate (from the color chart) a retardation of
1700 nm. This section parallel to the c-axis is a
principal indicatrix section and displays the true
birefringence, which for quartz is 0.009. Extrapo-
lating this line in Figure 9.18 to a retardation of
1700 nm we obtain a thickness of 435 pm.

Compensators (accessory plates)

It is often useful to relate the indicatrix orienta-
tion to morphological features of the crystal. For
example, we may want to know for a prismatic
crystal of hexagonal apatite which refractive in-
dex is associated with the long axis (c-axis). This
determination could, in principle, be done with
plane polarized light, by measuring refractive in-
dices parallel and perpendicular to the long axis
based on the Becke line method, but this process
is cumbersome. A more efficient way is to use
interference.
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MR Principle of a compensator, illustrated for a
hexagonal prismatic crystal. (a, b) A hexagonal prismatic

crystal can be either (a) uniaxial positive if n,, is aligned
parallel to ng = ¢, or (b) uniaxial negative if n is aligned
parallel to ng = c. (c, d) The crystal is rotated 45°. In this
orientation the brightest interference colors are observed
with crossed polarizers — for example, first-order blue (e, f;
Cr for crystal). In this diagonal position a compensator
crystal (Co) is superposed. In the case of (c), long ellipse axes
(vibration directions) of crystal and compensator are parallel
and cause addition (e; Co for compensator, Cr + Co for
compensator plus crystal), producing second-order green. In
(d) long ellipse axes of crystal and compensator are at right
angles and cause subtraction (f), resulting in white/yellow
interference colors.

Petrographic microscopes are equipped with
accessory compensator crystals, for which interfer-
ence colors and orientation are known. By com-
paring the known optical orientation of the com-
pensator with the unknown optical orientation
of the crystal we can determine the latter.
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We will introduce and explain the procedure
for a hexagonal prismatic crystal with the c-axis
[0001] in the plane of the stage (similar to the
quartz crystal illustrated in Plate 1d). The pris-
matic elongation direction corresponds to the
extraordinary indicatrix direction ng, the ellip-
soidal indicatrix section is indicated. If n, is n,
(slow direction), then the crystal is uniaxial posi-
tive (Figure 10.4a); if n, = n, (fast direction), then
it is uniaxial negative (Figure 10.4b). First we ro-
tate a prismatic crystal on the microscope stage,
using crossed polarizers, until it is extinct, which
is the case when the c-axis is either parallel or
perpendicular to the polarizer (Figure 10.4a,b).
Next we rotate the stage 45° to bring the c-axis
into the NE-SW sectors (Figure 10.4c,d) and bright
colors will be observed.

The next step is to superpose the compen-
sator crystal. Compensators are inserted at a 45°
angle into the light path (NW-SE). The most
commonly used compensator (also known as
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accessory plate) has a retardation corresponding
to first-order red in the interference color chart
and n;, (fast, X') and n/, (slow, Z’) are marked
(Figure 10.4c,d). (This compensator is often re-
ferred to as gypsum plate, with a 530 nm retar-
dation, or 1A. The so-called mica plate has a re-
tardation of 150 nm, or %)\. A more sophisticated
compensator is a quartz wedge with variable
thickness, as shown in Figure 9.16.) Superpos-
ing the compensator on our unknown crystal, we
can determine n, and n), in the crystal, depend-
ing on whether the path difference of first-order
red from the compensator is added to or sub-
tracted from the interference colors of the crystal
(Figure 10.4e.f). In the case of Figure 10.4c vibra-
tion ellipses of the compensator and the crys-
tal have the same orientation. Retardations are
therefore added and we observe higher-order col-
ors (addition) (Figure 10.4e). In this case n, is
parallel to the c-axis and we have verified that
the crystal is uniaxial positive. In the case of
Figure 10.4d, vibration ellipses of compensator
and crystal are in opposite orientations. The re-
tardation produced in the crystal is reversed as
light goes through the compensator, resulting
in lower-order colors (subtraction) (Figure 10.4f).

SN

\(110, Z
()

Sketches of crystals of (a) aragonite, (b) barite,

and (c) hornblende. The morphology and major cleavages are
shown. Also indicated are the crystallographic axes (a, b, ¢)
and the orientation of the optical indicatrix (vibration
directions X, Y, Z) and the axial plane (AP).

Since n, is parallel to the c-axis the crystal in
Figure 10.4d is uniaxial negative.

Compensators thus enable us to determine
the optical orientation, which is a particularly
important property to know if we can relate it to
crystal morphology. This will be discussed in the
next section.

Extinction angle
Often minerals bear morphological markers that
can be observed in thin sections. In euhedral
crystals this marker may be the axis of elonga-
tion (as discussed above), or a platy surface as in
the case of micas. Internal markers are cleavage
traces, twin planes, or exsolution lamellae. They
appear as hairline fractures. In order to have the
crystal in some reference orientation, one usu-
ally chooses a crystal orientation in which either
two cleavage systems or a twin and a cleavage
are viewed edge on. For example, aragonite has
a good (010) cleavage (Figure 10.5a). If we observe
the crystal along either the a- or the c-axis, this
cleavage system is viewed edge on.

Barite has two cleavage systems (001) and
{210} (Figure 10.5b). Assume a fragment lies on
the (001) cleavage and is viewed along the c-axis
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A MR W Cleavage and extinction conditions observed in
thin sections. (a) Thin section of barite viewed along [010]. In

this orientation (210) and (210) cleavage traces appear as
parallel lines and (001) cleavage traces are perpendicular to the
{210} lines. However, the (001) cleavage is viewed edge-on and
lines are sharp, whereas {210} is inclined and a cleavage fracture
appears as a broad band shown in the microscope views below.
The long indicatrix ellipse axis Z is parallel to the (001) cleavage
traces, resulting in parallel extinction. (b) Amphiboles are

characterized by a {110} cleavage. If viewed along [001] both
cleavage traces are edge-on and at a characteristic 124° angle.
Ellipse axes are symmetrical between the cleavage traces,
resulting in symmetrical extinction. (c) If the amphibole crystal
is viewed along [010] all cleavage traces are parallel but, in this
orientation, the indicatrix ellipse is inclined. The extinction
angle A between Z’ and [001] (cleavage trace) can be
measured and is ind