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Preface

Overview of Advances in Coastal Modeling

It is now established that models are becoming indispensable not only for understanding and predict-
ing the dynamics at work in the coastal system, but also for effective decision making and efficient
solutions to complex problems in the coastal environment. Progressively more sophisticated models
are now illuminating the complex dynamics operating in the large-scale coastal system and its inter-
acting subsystems, thereby leading to major advances in our comprehension of the various coastal
characteristics (for example, morphology, water quality, and ecology), and the governing physical
processes such as waves, tides, currents, and sediment movement.

With the understanding that the proliferation of coastal models in the diverse literature increases
the difficulty of obtaining from one source an integrated account of recent advances and present state-
of-the-art knowledge in the various aspects of coastal modeling, it is becomes academically justified
to unify and enhance the accessibility of contemporary coastal modeling research. This book, there-
fore, has the primary purpose of consolidating a comprehensive range of current coastal models and
enlightening, timely review chapters to emphasize advances in significant areas of coastal model-
ing. The expected readership of senior students, academics, researchers, practicing professionals and
all those interested in the modeling of coastal and oceanic processes and characteristics will obtain
invaluable insights in scholarly research on coastal modeling.

To address the wide diversity of coastal models efforts have been made to present a book which
is neither a narrowly specialized nor an all encompassing presentation on advances in coastal mod-
eling. In choosing and organizing a representative selection of models from the broad spectrum of
coastal models, critical decisions were required on what to include and what to exclude. Apart from
considering the overall scope of the book, chapter selection was also aided by several criteria, in-
cluding contents of an extensive coastal modeling database established in the late 1980’s when I was
first contracted to edit a book on coastal modeling, knowledge of articles for a forthcoming issue on
coastal morphodynamic modeling which I am now editing, and an understanding of modeling skills
required to encourage active participation in the coastal modeling process.

While the preferential selection of chapters provides a broad perspective on coastal modeling it
should, nevertheless, be emphasized that the book is not intended to be an exhaustive account of ad-
vances in coastal modeling. The omission of certain topics does not imply that they are unimportant,
but space limitations prevented including as many as are needed to do justice to the multifaceted as-
pects of coastal modeling. One of the unique strengths of the book is that the selected chapters bring
together, from fourteen different countries, the special knowledge and expertise of coastal modelers
who are with universities, the military, consulting and research institutions. The twenty-one chapters
are representative of the scholarly advancement of contemporary research in coastal modeling. In ad-
dition to chapters modeling the dynamic natural processes of waves, currents, circulatory flows and
sediment transport there are also chapters that focus on the modeling of beaches, shorelines, tidal
basins, and shore platforms. The substantial scope of the book is further strengthened with chapters
concentrating on the effects of coastal structures on nearshore flows, coastal water quality, coastal
pollution, coastal ecological modeling, statistical data modeling, and coupling of coastal models with
geographical information systems.

In editing each chapter, efforts have been made to maintain clarity and coherency, without sacri-
ficing the personal writing styles of each of the contributors. Each chapter is self-contained and can
be read on an individual basis, but greater insights of the coastal system can be obtained when the
chapters are read in selected groupings. In the contextual framework of the book, the subject matter
is organized according to broad thematic groupings or specific topic areas. As shown in the overview
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presented below, there are chapters on waves and nearshore currents (Chapters 1 to 4), spectral
and probabilistic modeling of waves (Chapters 5 and 6), effects of coastal structures on waves and
nearshore flows (Chapter 7), sediment transport mechanics (Chapters 8 to 10), coastal morpholog-
ical characteristics (Chapters 11 to 14), water circulation (Chapter 15 and 16), water quality and
pollution of coastal waters (Chapter 17 and 18), coastal ecological modeling (Chapter 19), statisti-
cal modeling of beach and shoreline data (Chapter 20), and geographical information systems and
coastal modeling (Chapter 21).

The first group of chapters includes state-of-the-art models on the dynamics of waves and
nearshore current processes. Given the robust basis and widespread acceptance of the extended
Boussinesq equations for computing surface wave motion in coastal areas, the book begins with
a comprehensive discussion of Boussinesq models and applications to nearshore wave propagation,
surf zone processes and wave-induced currents. Chapter 1 reviews a number of recent developments,
and then evaluates the strengths and limitations of the present state of the modeling technique. In a
very informative presentation, the author makes it very clear that recent extensions to the theoretical
and empirical basis for modeling systems based on these equations now cover wave propagation from
deep to shallow water, and allow for the prediction of most surf zone phenomena, including wave
breaking, longshore currents, and swash behavior. In a continuation of advanced research on wave
modeling Chapter 2 presents a state-of-the-art account of nonlinear frequency domain models for
the nearshore and surf zones. The frequency domain transformations of extended Boussinesq models
are detailed with special emphasis given to the models’ linear properties (frequency, dispersion and
shoaling). Nonlinear mild-slope equation models are outlined, and it is highlighted that frequency
domain development is performed in the context of parabolic models. The author also elaborates on
stochastic models based on the phase-resolving frequency domain models, and provides suggestions
for future research. To further our understanding of coastal hydrodynamics Chapter 3 presents ad-
vanced numerical techniques to solve the two-dimensional shallow water equations. These equations
are solved numerically using a modern, conservative, high resolution, Godunov-type scheme on a
Cartesian Cut Cell grid. The accurate and robust results from the numerical modeling provide the
author with justification to emphasize that the state-of-the-art solver is capable of not only resolv-
ing complex flow phenomena such as bore waves and hydraulic jumps, but can also be utilized to
investigate numerous practical problems in coastal engineering.

To overcome existing limitations in the modeling of nearshore currents Chapter 4 describes an
advanced numerical model of nearshore currents in a quasi three-dimensional field. The equations
associated with the wave and current modules are solved with efficient numerical methods. After per-
forming rigorous tests the author is able to demonstrate clearly that the model has immense practical
applications because it can produce results which are in close agreement with measured data. Among
the operational uses of the model are the prediction of cross-shore current velocities, the computation
of longshore current velocity distributions, and the prediction of nearshore current velocities around
coastal structures.

The next two chapters focus on the spectral and probabilistic modeling of waves and their at-
tributes. Chapter 5 emphasizes the development, utilization and application of spectral wave models
for global and regional wave forecasts. The author presents an elaborate review of the present state-
of-the-art in spectral wave modeling in coastal environments. Ditferences between the SWAN and
the WAVEWATCH models are discussed, and the WAM-PRO model is highlighted. After present-
ing two examples demonstrating the use of a spectral wave model, the chapter concludes with a
thorough analytical discussion on prospects for expected developments in spectral wave modeling.
With the understanding that stochastic models provide a useful description of the spatial and tem-
poral variabilities of wave fields in the ocean and coastal waters, Chapter 6 focuses on advances in
probabilistic models of waves in the coastal zone. The author selects and presents extensive state-
of-the-art reviews on wave heights, wave periods, wave groups, time series models of sea states,
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long-term models and joint long-term models. In a critical assessment the author emphasizes that the
various models are used for either the analysis or the design and construction of coastal and offshore
structures.

Apart from understanding the dynamics and characteristics of waves and currents, it is also vital to
understand how waves and nearshore flows are affected by coastal structures. Chapter 7, therefore,
elaborates on advanced research in modeling the effects of permeable and reflective structures on
waves and nearshore flows. Recently developed models and their applications are reviewed, empha-
sizing the consequences of including the effects of porous flow in the general hydrodynamic model.
Models based on Boussinesq-type equations and the Navier-Stokes equation are advanced. In an an-
alytical conclusion the author discusses the state-of-the-art, and expected trends in the modeling of
wave and porous structure interaction.

The waves and currents discussed in the preceding chapters have a strong influence on sediment
movement so the next group of chapters (8, 9 and 10) is on sediment transport modeling. In Chap-
ter 8 the author communicates, in an informative, comprehensible style, his special knowledge on
evolution in sediment modeling. Analytical perspectives are presented on advanced capabilities in
numerical modeling of sediment dynamics, with emphasis placed on modeling of the boundary
layer within millimeters of the sea bed. Various empirical case studies are used to discuss model-
ing strengths and weaknesses. The author concludes by providing meaningful potential solutions to
sediment modeling problems in the coastal environment. The next chapter presents an innovative,
advanced modeling technique for large-scale simulations of flow and sediment transport processes
in coastal waters. In Chapter 9 the author employs parallel computation techniques to increase the
computational efficiency of a three-dimensional finite element sediment transport model. The paral-
lelized model is run on a multiple instruction, muitiple data Beowulf parallel computer system. The
simulated model results show good correlation with field measurements, thereby allowing the au-
thors to justify the computationally efficient model as being capable of simulating hydrodynamic and
sediment transport patterns in coastal waters. Chapter 10 emphasizes the importance of the material
presented in Chapter 1 because it combines a wave model based on the higher-order Boussinesg-type
equations with two sediment transport modules (based on a detailed and on an energetics approach)
to investigate the process of sediment transport and morphological evolution in the nearshore zone.
By incorporating in the model recent advances in wave and sediment dynamics the author executes
the robust model to produce results in the cross-shore direction, indicating not only erosion and for-
mation of a bar but also the recession of the shoreline. Moreover, the model results on longshore
transport rates are in excellent agreement with established findings.

The models presented in Chapters 11, 12, 13 and 14 concentrate on characteristics of coastal mor-
phology which, to a great extent, are influenced by the waves, currents, sediments and other processes
discussed in the preceding chapters. In Chapter 11 the author considers the dynamics of a coastal
zone using analogy to a generalized dynamic system. By initializing an original coastal morphody-
namic model with bathymetry, wave parameters, sediment characteristics, storm duration, and mean
water level, and then linking several coastal process modules the author presents the modeling of
short-term storm-induced deformations of nearshore morphology and long-term coastal evolution.
Model applications in two and three spatial dimensions permit the prediction of beach profiles with
time scales in the order of the duration of a storm event or an ensemble of storms and morphological
evolution during longer periods of several years to decades. After reviewing numerical beach change
modeling the authors of Chapter 12 provide a robust, state-of-the-art numerical model to simulate
the topographic evolution in the nearshore due to breaking waves and surf zone related processes.
The model calculates waves, mean water elevation, longshore currents, and cross-shore, longshore,
and swash zone sediment transport, and then computes beach changes from the sediment volume
conservation equation. Testing of the model with data from field measurements demonstrates that it
is computationally efficient, and very useful in engineering projects where time scales from individ-



viii

ual storms to seasonal variations are to be considered. Chapter 13 presents an advanced operational
model for understanding the morphodynamics and complexities of tidal basins and coastal inlets,
which on a world-wide basis, have immense social, economic and ecological importance. With the
recognition that there is inadequate knowledge to predict the evolution of tidal basins and their in-
teraction with the coast on time scales much longer than the process scale, the authors concentrate
on expanding an aggregated-scale model. The significant findings from the operational model sub-
stantiate the process-aggregated approach, which allows for the hindcasting and possibly forecasting
of the morphodynamic behavior of tidal basins to natural and anthropogenic impacts on engineering
time scales. To improve on previous shore platform models concerned mainly with submarine ero-
sion in tideless seas, the author of Chapter 14 presents an advanced model to study the evolution of
shore platforms and associated cliff recession on rocky coasts in wave dominated environments. The
model considers such factors as the tidal expenditure of wave energy, deep water wave conditions,
the rate of wave and surf attenuation in shallow water, offshore and submarine gradients, the height
of the breakers, the width of the surf zone, and the minimum or threshold wave force capable of
causing rock erosion. Extensive testing shows that the model can be used to simulate the erosion of
rock coasts in the inter-tidal zone.

The next two chapters are necessary because modeling of water circulation is important for under-
standing the physical, chemical, and biological processes operating in the near and offshore coastal
environment. Chapter 15 focuses on the dynamics of large-scale water circulation around a complex
bathymetry. The domain of the Great Barrier Reef is used to emphasize that a better understanding
of large-scale water circulation can be obtained by merging models with different spatial scales.
With the use of different two-dimensional and three-dimensional models the authors provide valu-
able insights on how processes operating at very different spatial and temporal scales interact. In an
analytical discussion it is recognized that feedback exists between scales, thereby making it neces-
sary to identify small-scale processes that are relevant at larger scales, and then parameterizing these
processes in larger scale models. Chapter 16 highlights the operational use of the Princeton Ocean
Model (POM) to simulate not only water circulation, but also the thermohaline structure. With the
POM, a time-dependent, primitive equation circulation model that includes a realistic bottom top-
ography, the authors judiciously analyze from a series of numerical experiments the qualitative and
quantitative effects of nonlinearity, wind forcing, and lateral boundary transport on the Japan/East
Sea. The results on temperature, salinity and velocity fields are consistent with observational stud-
ies thereby demonstrating that the numerical simulation can provide considerable insights into the
external factors affecting regional and coastal oceanography.

With the understanding that water quality and pollution of coastal waters and estuaries are issues
of great public concern, it becomes vital to utilize models on coastal pollution and water quality.
In Chapter 17 two analytical models are described for estimating the concentration of a dissolved
conservative constituent within a semi-enclosed tidal basin. Both models are based upon a “tidal
prism” or “zero-dimensional” approach, and use an analytical method to predict the temporal varia-
tions in pollutant concentration. From the substantial modeling results the author is able to highlight
the finding that the analytical approach offers a viable and computationally inexpensive alternative to
conventional multi-dimensional pollutant transport simulations, and also increases our understand-
ing of the flushing characteristics of tidal basins. In Chapter 18 the author uses several case studies
from the United States to accentuate advances made in the past twenty years in coastal water quality
modeling. By deciding not to focus on the advances in the fundamental techniques of water quality
modeling, the author places special emphasis on a detailed analysis of the progress in coastal water
quality modeling from the aspects of computing power, linkages among models, model frameworks,
and process descriptions. While significant advancements have been documented the author, nev-
ertheless, suggests the need for several improvements including developing dynamic linkages from
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coastal water quality models to various types of living resource models, such as bioenergetics and
population models.

The tremendous ecological significance of the coastal zone necessitates discussing the advances
in coastal ecological modeling. Chapter 19 concentrates on neural network applications in coastal
ecological modeling. Recognizing that neural network applications to ecological modeling are quite
recent, the author introduces neural networks as computational tools, and then provides relevant
information on their main features and technical particulars. Appropriate examples of neural network
models applied to coastal ecosystems are provided and analyzed. The chapter concludes with an
enlightening discussion of the state-of-the-art in neural network modeling, and provides perspectives
on their future development.

The use of statistical models in beach and shoreline monitoring programs is emphasized in Chap-
ter 20. The author demonstrates that insights on the long-term temporal and spatial dynamics of
the nearshore system can be obtained by fitting statistical models to collected data. Box-Jenkins
Transfer Function modeling procedures are utilized to identify models which best describe a time
series (1978-2001) of beach and shoreline data. Modeling results highlight the influence of temporal
stochastic processes on the long range behavior of beach and shoreline variations. In monitoring pro-
grams the transfer modeling approach is found to be useful to detect shifts in phase states of beaches
and shorelines that occur through time and space.

It is now widely recognized that geographical information systems (GIS) bring an important new
dimension to coastal modeling. Chapter 21 explores some of the recent developments, progress
made, and some of the problems encountered in integrating GIS with coastal models. While space
limitations prevented the discussion of methodological developments in GIS the authors, neverthe-
less, elucidate that advances in computer hardware, software, display and visualization capabilities,
and user interfaces are enabling more widespread use of coastal modeling tools, facilitating opportu-
nities for collaborative distributed networking and integrated spatial decision support system tools to
aid the coastal manager and practitioner in planning and decision making tasks. It is emphasized that
developments are continuing, and success is being achieved in integrating GIS with coastal models.

Dr. V. CHRIS LAKHAN
Professor, Earth Sciences
School of Physical Sciences
University of Windsor
November, 2002
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Chapter 1

Boussinesq Models and Applications to Nearshore Wave Propagation, Surf Zone
Processes and Wave-Induced Currents

James T. Kirby

Center for Applied Coastal Research, University of Delaware, Newark, DE 19716, USA
1. INTRODUCTION

Classical Boussinesq theory provides a set of evolution equations for surface water waves in the
combined limit of weak nonlinearity (characterized by § <« 1) and weak dispersion (¢ < 1) with
the ratio 8/ = O(1). The parameters represent a wave height to water depth ratio, and a water
depth to wavelength ratio, respectively. In an early review of the state of modeling efforts directed at
predicting wave-induced nearshore circulation, Basco (1983, p. 352-353) concluded that

“The Boussinesq theory offers the possibility to eventually raise the fundamental knowledge of
coastal hydrodynamics to a higher level. No time-averaging is involved. Nonlinear wave propa-
gation and resulting wave height variations are automatically produced as part of the calculation
procedure. The unsteady asymmetrical currents and instantaneous water surface variations as so-
lutions to the governing equations are only obtainable with the aid of large, high-speed computers.
Solution techniques and applications are in their infancy. Wave breaking and surf zone simulations
have yet to be implemented.”

At the time of this prediction, Boussinesq models were scarce, difficult and time consuming to
run, and relatively undeveloped for practical physical applications. Very few explicit calculations of
coastal wave propagation, and none of surf zone processes, had been made using models based on
the Boussinesq theory, and the long-term averaging of model results needed to obtain predictions of
mean currents had not been performed. The conclusion that the Boussinesq model approach could
provide an advantage over the more well-established procedure of using a radiation stress field to
drive a slowly varying mean current field (for a recent example see Ozkan-Haller and Kirby, 1999)
was met by occasional skepticism, as evidenced for example by the discussion of Basco’s paper by
Kirby and Dalrymple (1984).

In the years from 1983 to the present, events have firmly indicated that Basco was correct in his
original assessment. Modeling schemes based on Boussinesq equations coupled with innovative ex-
tensions to the theoretical framework have been shown to be accurate and revealing predictors of
a wide range of nearshore hydrodynamic behavior, including wave propagation and shoaling, wave
current interaction, wave breaking and the generation of nearshore circulation, wave-structure inter-
action and a range of additional topics. The availability of faster computers is bringing the modeling
technique into the realm of practical calculations, and model codes have been documented and are,
in some cases (for example, Kirby et al., 1998) freely available to the public.

This chapter provides an overview of several aspects of the recent development of the Boussi-
nesq modeling technique, aimed especially at providing a description or predictive capability in the
nearshore ocean. The review highlights the work of this author and collaborating colleagues at the
University of Delaware over the past decade, and is thus in some sense somewhat narrow in its ori-
entation. Attempts have been made to provide balanced indications of the work of other groups in
the field, but for omissions apologies are offered.



The chapter proceeds by providing an overview of the development of modern fully nonlinear
Boussinesq theory in Section 2, and provides several examples illustrating wave shoaling and propa-
gation properties as well as a test of the generation and advection of a vertical-core vortex structure.
Section 3 turns to practical extensions to the 0(u?) theory, which provides the foundation of most
operational Boussinesq models at this time. Extensions to curvilinear coordinates and the inclusion
of wave breaking, bottom friction and subgrid-scale mixing are described and illustrated. Section 4
discusses the problem of nearshore circulation, and describes example calculations addressing the
generation of longshore currents, longshore current instability and formation of shear waves, and
the generation and destabilization of rip currents. Section 5 discusses recent results including ver-
tical shear effects (or the presence of horizontal vorticity). Miscellaneous topics are discussed in
Section 6, including the use of Boussinesq models to assist in the depth inversion problem, and an
application to tsunami propagation and inundation.

2. BOUSSINESQ EQUATIONS FOR WAVE PROPAGATION

The onset of recent developments in the field of Boussinesq models was triggered by two events.
The first was the increasing availability of the computer resources needed to run the models. The
second was the development of variants of the theory which could be optimized to obtain better dis-
persion properties at larger kh values, thus allowing the model to treat a larger range of water depths.
Critical steps in this process were provided by Madsen et al. (1991), who established a procedure
for optimizing model performance through rearrangement of dispersive terms, and Nwogu (1993),
who demonstrated the flexibility obtained by using the horizontal velocity at a given elevation in the
water column as a dependent variable. Both procedures have been extensively utilized in the devel-
opment of subsequent theory. The review articles of Kirby (1997) and Madsen and Schéffer (1999)
and the book by Dingemans (1997) provide extensive reviews of these developments up to 1999, and
therefore the material here is concentrated on more recent developments. In addition, the subjects of
wave interaction with permeable structures, surf and swash zone sediment transport, and frequency
domain modeling are covered elsewhere in this book and are thus largely neglected here.

2.1. Hydrodynamic Fundamentals
Almost all Boussinesg-type models are derived from the framework of incompressible, inviscid
flow. (The exception will be the case of waves with horizontal vorticity or vertical shear, considered
in Section 5) To proceed, a scaling which is appropriate to the regime where wavelength exceeds
water depth is chosen.
-1
ag/gh
(x,) = (kox' koy'); 2 =2/ hoi 1 = |/ ghok3's n =1 Jag; ¢ = (—%O—h‘?o—o> ¢ 1
where primes denote dimensional variables, and where h¢ is a depth scale, ag is a wave amplitude
scale, and kg is an inverse horizontal length scale. The dependent variables are surface displacement
n and velocity potential ¢. Velocity components are then given by

u=,v)=Vo 2)
for horizontal velocities, where V = (9/9x, 8/3y), and

w=¢; 3)



for vertical velocity, where subscripts x, y, z or t will denote partial derivatives. The resulting scaled
problem is characterized by the dimensionless ratios

w = kohy; §=ap/hg 4)

The parameter p characterizes frequency dispersion, and the limit & — O represents the non-
dispersive limit. The designation weakly dispersive refers to the regime p < 1. The parameter §
characterizes nonlinearity, and the limit § — O represents the linear limit. The designation weakly
nonlinear refers to the regime § < 1. In the present context, we will use the terminology fully non-
linear to indicate that no truncation based on powers of § is employed in obtaining the corresponding
model equations. The resulting set of scaled equations is given by

1
Vi + = =0, —h<z<8y )
nw
1
Vh-V¢ + 2qb;:O, z=—h (6)
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8 2, 1 2
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Equation (8) is often replaced by a depth-integrated form of equation (5) which uses equations (6)
and (8) to resolve boundary terms, giving

&n
n+V-M=0; M:/ Ve¢dz 9
—h

The central feature of Boussinesq wave theories is that the solution to equations (5)—(6) is usually
given as a power series in z, after which the surface boundary conditions are employed to obtain
evolution equations. The choice of a reference elevation for the series expansion in z is initially
fairly arbitrary. Following Madsen and Schiffer (1998), an expansion about the still water level of
the form

oo
(x,y. =Y "¢ (x,y.0) (10)
n=0

gives, after substitution in equation (5),

oc ) Z2)1 2 (0) Z2n+l (1)
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where ¢© and ¢t represent ¢ and ¢; evaluated at z = 0 and are unknown prior to applying
boundary conditions. Agnon et al. (1999) demonstrate that equation (11) recovers the full linear
solution for a slowly varying plane wave over a mild bottom slope.

The standard procedure for developing Boussinesq models follows from using the bottom bound-
ary condition (equation (6)) to eliminate the ¢(l) unknown in favor of ¢(0) (or a suitably defined
replacement), after which the development proceeds using a truncated expansion for ¢. We concen-
trate on this procedure below. More recently, Agnon et al. (1999) and Madsen et al. (2003) have
pursued a path where the identity of horizontal and vertical velocities is maintained through much



of the derivation, adding a dependent variable but increasing flexibility in optimizing results. This
procedure will be discussed in Section 2.4.

2.2, The Weakly Dispersive Problem
The full linear problem taken from equations (5)—(8) describes propagating water waves with a
dispersion relation given by

w? = gk tanh kh (12)
or, equivalently,

2 tanhkh
=gh
C =T

(13)

where w denotes angular frequency, k denotes magnitude of a wave number vector k, and ¢ denotes
phase speed for a monochromatic wave component. In the limit ¢ < 1, the ratio in equation (13)
should approach 1, and hence % ~ gh. The resulting waves are nearly non-dispersive, with a leading
order correction of the form

¢ =gh(1+ O(kh)%) (14)

Obviously, an approximation of this form can impose severe restrictions when the problem of propa-
gating water waves in a general domain with a range of water depths is considered. In modern terms,
the principal goal of most derivations of Boussinesq models is to obtain an approximation to the ratio
in equation (13) which is fairly robust over a range of values of k#; i.e., extending outside of the limit
u— 0.

Following Nwogu (1993), we define a reference elevation z, located within the water column,
and re-express the series expansion for ¢ in terms of the value at z,. Using the bottom boundary
condition (equation (6)) and truncating the resulting series after O(Mz) gives

1
B (X, Y, 2,1) = o (x, ¥, 1) + 12 (20 — )V - (hVey) — 5M2(Zg — V2 + Ot (15)

Substituting equation (15) in linearized versions of equations (7) and (9) (with § = 0) and using
do ~ expi(kx — wt) gives the dispersion relation

1 — (a + 1/3)(kh)?

2 2
o =gk‘h 16
§ 1 — a(kh)? (1)
where
1 2o 2 o
L bl 17
a=5(5) +3 (17
The choice of « fixes the resulting dispersion relation and the corresponding value of zy. @ = —1/3

reproduces the classical Boussinesq theory based on depth-averaged velocity, while the choice o =
—2/5 reproduces the (2, 2) Padé approximant to equation (13). Nwogu further adjusted the second
result by choosing o to minimize a measure of phase speed error over a range of kh values, and
obtained « = —0.39. A comparison of the true linear dispersion relation (equation (13)) and the
approximate form (equation (16)) is shown in Fig. 1, and shows that reasonably accurate dispersion
can be obtained for a range of p values up to about 3. The next order of approximation is discussed
in Section 2.4.
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Figure 1. Ratio of model linear phase speed ¢ to exact linear phase speed c 4;,, given by equation (13). Standard
Boussinesq dispersion with « = —1/3 in equation (16) (dash-dot); optimized O(/LZ) dispersion based on the
(2,2) Padé approximant with minimization of phase speed errors to obtain & = —0.39 in (16), following Nwogu

(1993) (dotted); 0(u4) dispersion based on (4,4) Padé approximant in (31) (dash). (From Gobbi et al., 2000).

2.3, Weak vs. Full Nonlinearity in the O(uz) Boussinesq Formulation

Subsequent to the initial work on improved linear dispersion, the next topic to receive attention
was the problem of relaxing the restriction of weak nonlinearity in the problem formulation. The
need for this extension is clear when one realizes that the wave height to water depth ratio essentially
is of O(1) in the surf zone and just seaward of it. The most obvious line of approach staying within
the Boussinesq type of formulation is to drop the notion of pursuing an expansion in powers of
3, and instead use the weakly dispersive expression for ¢ or horizontal velocity u in the form of
a power series in u? to evaluate the complete surface boundary condition. We will subsequently
refer to models resulting from this procedure as fully nonlinear models, in the sense that all of the
available information on velocities is used to evaluate the full boundary conditions. Numerous early
examples of this approach appear in the literature and have been reviewed by Dingemans (1997),
Kirby (1997) and Madsen and Schiiffer (1999). We restrict our attention here to two examples; those
of Wei et al. (1995) and Liu (1994). Following the procedure of Nwogu (1993), each study derived a
set of model equations for potential flow written initially in terms of ¢, and n given by the volume
conservation equation (9) and the Bernoulli equation (7). Using expression (15) in equations (9) and
(7) gives

2
M=H liV@x +u? [V [zav - (hVq) + %"vcha]

_ 2 2
+%@vw~(w¢fm— %w”—”vzvmﬂ (18)



for volume flux (where H = h + 81 is the total water depth), and
[ 2 B T2 22
N+ Gar + 2V¢a Voo + 1" | (2o =MV - (hV¢ar) + 2(za M IV Por
+ 802 (Voo - [VzaV - (V) + (2o — MYV - (hV¢a))]}

1
+ou? {v¢a : [zamvzm + 5<z§, - (8n)2>V(V2¢a)]}

1 1
+ 8 [5 [V (AP + 80V - (hVe) Vi + E(an)z(v2¢a)2} =0 (19

for the Bernoulli equation. These results were found independently by Liu (1994) and Wei et al.
(1995).

An alternate model in terms of 1 and horizontal velocity u, at the reference level zq is preferred
for practical use, as it is extendable to include breaking, frictional and mixing effects. Substituting
for V¢ in equation (18) using

Voo =uy — ,U«Z[VZon ~(hag) + 26 VgV - ug] + 0(M4) (20)
gives

1 1
M=H [ua +u? {[Ezg - 8(,,2 — hén + (Sn)z)] V(V - tq)

1
+ |:Zoz + E(h - 57})] (V- (hua))}] + o 20
for volume flux. Taking the horizontal gradient of equation (19) leads to a horizontal momentum
equation which may be written schematically in the form
Uar + Uy - VIt + V) + 2 Vy + 547 Vy = O(u) (22)

In deriving their version of the model equation, Wei et al. (1995) erroneously made the substitution

gv(ua ‘Ug) = §(uy - Viug (23)

after using equation (20) in the Bernoulli equation. The substitution (equation (23)) implies the in-
corporation of a vorticity term @ x ug, but, as will be shown below, the 0(;42) contribution to @ is
missed in this substitution, as pointed out by Chen et al. (2000b) and Hsaio et al. (2002). Wei et al.
(1995) obtained the dispersive terms

1 1
Vi= EZ(%V(V W) + 2o VIV - (hugr)) =V [5(57))2V “Ugr + 67V - (hllar)] (24)

1
V2=Vaw=V [(Za = dn)ug - V(V - (hug)) + 5(22 — @) (ug - V)V - ua)]

1
+5V [V - (hoa) + 519 - ua?] (25)

where the W subscript in Vaw denotes the Wei et al. version. In contrast, Liu (1994) (see corrected
versions in Lynett et al., 2002) invoked the substitution

3
5VV¢a  Voa) =5(Vée - V)Véy (26)



within the original gradient of the Bernoulli equation, and obtained the expression Vj as in equa-
tion (24). After some rearrangement to get a form close to the Wei et al. form Vayw, which is a pure
gradient, Liu’s Vy may be written as

Va1, =Vow + Va, (27)
where

Var = (g - Vzg) [26 V(V - ug) + V(V - (hug))]
—Vzg(uy - VIV - (hug)) — 2o VZg(uy - VI(V - ugy) (28)

The physical interpretation of this extra term was discovered by Chen et al. (2000b). After some
manipulation, V3, may be written in the compact form

Vir =w1 X Uy (29)
where @] denotes the O(u?) contribution to vertical vorticity, given by

@1 =g [2ax [(V- (hug)) y + 20 (V- Ua) y] = zay [(V - (hug)) x + 20 (V - Ua) 1]
=Vze X V[V - (huy) + 24V - uy] (30)

Adding V3, to equation (25) corrects the original model of Wei et al. (1995). We will refer to the
combined set of terms simply as V; subsequently. Note that the correction term does not appear
in weakly-nonlinear formulations, where terms of O (8 ,uz), and hence all of V;, are neglected. The
term also vanishes in water of constant depth, where z is constant.

Wei and Kirby (1995) have described a numerical scheme for equations of this type which
has come into fairly wide usage. Time stepping is treated using a fourth-order Adams-Bashforth-
Moulton scheme, while spatial differencing is handled using a mixed-order scheme, employing
fourth-order accurate centered differences for first derivatives and second-order accurate derivatives
for third derivatives. The latter choice is made in order to move leading truncation errors to one or-
der higher than the ou?) dispersive terms, while maintaining the tridiagonal structure of spatial
derivatives within time-derivative terms. Wei and Kirby (1995) used a non-staggered grid scheme
with u, and 7 defined at the same locations. More recently, Shi et al. (2001a) have used a stag-
gered grid approach which has less apparent sensitivity to treatment of boundary conditions. The
staggered grid scheme has become our preferred approach. Methods for generating waves at inter-
nal sources have been described by Wei et al. (1999) and Chawla and Kirby (2000). Kirby et al.
(1998) document a version of the non-staggered code, known as FUNWAVE, which is available at
http://chinacat.coastal.udel.edu/~kirby/programs/funwave.

Properties of this model for wave propagation problems have been reviewed by Kirby (1997) and
Madsen and Schiffer (1999). The ability of the model to provide an accurate representation of the
evolution and transport of the vertical vorticity component was tested by Hommel et al. (2000), who
compared model results to laboratory data for the case of a vertical vortex core shed during the pas-
sage of a solitary wave past a vertical plane wall blocking half the width of a wave flume. These tests
were partially motivated by a previous study by Roddier and Ertekin (1999), who had considered the
diffraction of a solitary wave at the tip of a breakwater using a potential flow model analogous to
the Bernoulli equation formulation (equation (19)). Roddier and Ertekin indicated the formation of
a deep depression at the breakwater tip, which they explained to be a “bathtub vortex”. However, a
consideration of their geometry shows that a vortex core could not be forming at a position attached
to the tip of the wall, since the presence of the wall would interrupt the circulation of fluid around the



Figure 2. Shed vortex formed during passage of solitary wave past a vertical wall. (From Hommel et al., 2000.
Reproduced with permission of ASCE).

Figure 3. Calculated velocity field corresponding to vortex in Fig. 2. (From Hommel et al., 2000. Reproduced
with permission of ASCE).

depression. The depression is simply the manifestation of a singularity in the solution at the break-
water tip, caused by the approach to infinite acceleration as fluid turns the 180° corner. This result
shows conclusively that the truly irrotational models in the form of a Bernoulli equation will not
spontaneously generate a vortex due to flow separation or advect the vortex away from the genera-
tion region. Hommel et al. (2000) considered the somewhat different case of a breakwater oriented
parallel to the crest of the approaching solitary wave. Fig. 2 shows a photograph of a vortex core
shed during passage of a solitary wave from the left, with the core rotation in the clockwise direc-
tion. Fig. 3 shows the corresponding numerical result, with velocity vectors overlying a colormap of
the vorticity field. In general, agreement between modeled and measured velocity time series were
good for these cases. Results are omitted here, and the reader is referred to Hommel et al. (2000).

2.4. Extensions to Higher Order

The O(u?) model described above has provided a robust framework for predicting wave propaga-
tion in shallow to intermediate water depths, but still exhibits limitations in predicting water particle
kinematics. In particular, predictions of wave-induced horizontal velocity near the sea bed breaks
down for values of p far smaller than implied by the limitations on model dispersion accuracy. For
example, the horizontal velocity predicted by the model of Wei et al. (1995) falls to zero at i = /10
and becomes negative in sign (relative to the surface velocity) in deeper water, as illustrated in Fig. 4.
This type of result renders the O( %) models useless for prediction of near bed kinematics (as would
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Figure 4. Normalized vertical profile of linear horizontal velocity at four values of p. Exact linear solutions
(solid), 0(u2) approximate solution (dot), 0(u4) approximate solution (dash) (From Gobbi et al., 2000).

be needed in sediment transport calculations) at water depths far smaller than implied by the accu-
racy of the dispersion relation, unless an artificial means is employed to estimate near bed velocities
from surface values. As a result, the development of higher-order approximations in the Boussinesq
model has proceeded with the intent both of increasing the range of allowed water depths and with
improving the accuracy of kinematic predictions within the allowed range of depths. Two avenues of
approach are reviewed here.

2.4.1. Model of Gobbi et al. (2000)

One avenue of approach is to retain higher-order terms in the expansion for ¢, and then proceed
in constructing either the two-equation model in 1, ¢* or the three-equation model in 7, u*, where
superscript * indicates a particular choice of reference level or combination of reference levels used
to specify the value of the potential or horizontal velocity. This procedure poses difficulties right
away, as the method proposed by Nwogu (1993) does not provide access to higher-order versions of
the Padé form of the dispersion relation (Dingemans, 1997). For example, at 0(;L4) in the expansion
for ¢, the desired expansion of the usual dispersion relation is given by

tanhge 1+ (1/9u® + (1/945)p?
w 14 @4/9u? + (1/63)u*
The resulting phase speed estimate is shown in Fig. 1. Gobbi et al. (2000) approached this problem

by constructing a potential formulated as the weighted average of the potential at two Nwogu-type
reference levels

+ow'Y a1

¢ =Boy + (1 —B)oy (32)
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where ¢, and ¢, are defined as in the previous section and are evaluated at levels z, and z;. Relation-
ships between these parameters giving the appropriate dispersion relationship are given by (Gobbi et
al., 2000)

[ 88 1/2 8 1/2771/2 | “
2 = 9“{5670—,3)} +{567ﬂ(1—ﬂ)l B 33

_|1! 8 |2 " | 34
W= 5_{567(1—/3)} B G4

Values 0.018 < 8 < 0.467 give z4 and z;, levels lying within the water column and recover the form
(equation (31)). The resulting truncated potential is given by

¢ =¢+u2[(Ah—0) Fi@ + (Bh =) Fa@)] + 1 [(ah = ) )

+ (B1? = ¢2) Fa@) + (Ch* = 5°) F5@) + (Dh* = ¢*) Fo(@)] (35)
where ¢ = h + z, and where
1
A= [tz + (- B)h+2)] (36)
_ 1 2 2
B= 5B+ + (=Bl +2) ] 37)
_ 1 3 3
€= [Bt+20’ + 1= +2)] (38)
_ 1 4 4
D= [Bh+20* + 1= Bih+2)*] (39
and
Fi(¢)=GVh-V¢ (40)
- 1 -
F2($) = 5GV*$ @n
5y = N+ L. 2925
F3($)=Vh.V (Ath : v¢) +5Vh-V (Bh v ¢>) “2)

Fi3) = %vz (Ath : VqS) + %vz (thvzzis)

- %Vthh VG —Vh.V (Vh : V¢3) (43)
Fs(@) = —év%v% - %Vh v (V%) - évz (Vh : v&) (44)
Fo(@) = —ﬁvz (v29) (4$)

where G = (1 4+ u?|Vh2)~ L Seeking a model system in terms of a horizontal velocity, Gobbi and
Kirby (1999) introduced the definition

ﬁ(x5y’t)=.8[v¢]z z +(l_)3)[v¢]z=zb (46)

=la



where the relationship between u and @ is given by

Vé =it — > Vh[(A~ 1) Py +2(B — AYh £y, ]
= wVR (A= D (Fy1 + Fa3) + 2(B — AYh (Fip + Fay)
+3(C—B)R2Fys +4(D — C}h3F46]

where

Fy ()= GVh -1

Foy(il) = %Gv.ﬁ

Fy (@) = ~|VhI*[(A= 1) Vh i+ (B — A)hV -]

F42(ﬁ)z—%v-{Vh[(A—l)Vh-ﬁ—i—(B—A)hV»ﬁ]}
Fy3(i) = Vh -V (AhVh i )+lvn (Bh’-v-ﬁ)

] ] -
Faa(ii) = = V2 (ARVE - i1) + e (Bh3v-ﬁ)

fQI'— l\)l-—'

V2hVh i~ Vi -V (Vh-a)
. [ . R g .
F45(u)E—EV'I1V-U—§VII-V{V~H]7GV“(V.&»H)

. 1 -
Fao(D) = —ﬁv2 (Vi)

The volume flux M in equation (9) is then given by

L H , H?
M=Hi+u® | (Ah— o | QVAFn + V) + | Bh? — — | VFr

H
+ put [(Ah - —) (2VhFy 4+ VFy + 2VhFyy + VFy3)

H")
<Bh2 - —) (VEgp +3VhFys + VF)

+ [cK? H—z (4VhF, + VFE, a_H
it { 46-1' 4i)+ Dh - 5 VF46

where H = h + 87 denotes total water depth. The momentum equation may be written as

5. i )
U =-Vy-3V (1) + 1y (2,8) + T2 (0. 8)
where

U = i+42 [(A — )R QVhFyy + VFy) + (B — 1)h3VF22]
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(56)
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+ /,L4 [(A — 1)h(2VhF4 + VF4 +2VhF4q4 + VFy3)
(B = 1)h* (VFyy + 3VhFys + VFaa)

+ (C—1)h3 (@VhFsg+ VFas)+ (D — 1) h4VF46] (58)
ry = uv [Sann + (2h577 +82n2) FZZ[]

+ utv [5n (Far; + Fa3,) + (2h8n + 82712) (Fao, + Faay)

n (3h28n + 31822 +53n3) Fus,

n (4h38n +6n286202 + 4nsy® + 84n4) F46,] (59)
Iy =— u28v {ﬁ~ [(Ah — H)(VFy; +2VhFy) + (BR - H?) VF22]

+ % (F1 + 2HF22)2}

— u*V{i [(Ah — H)(VFy +2VhFy + VFs3 +2VhFay)

i (Bh2 - H2) (VFy + VFy4+3VhFys)
n (Ch3 - H3) (VFys +4VhFyg) + (Dh4 - H4) VF46]

% \(Ah — H)) (VFy +2VhFy) + (Bh2 - H2) VF42‘2

1
+ 5 [(F2y +2H Fy) (F4 +2H Fy
+  Fi3+2HFu +3HFys+ 4H3F46)]] (60)

Note that equation (57) retains the form of the Bernoulli term and thus is only applicable to ir-
rotational motion. Uses of the model by Gobbi and Kirby (1999) were limited to one horizontal
dimension, and thus no vertical vorticity is generated in any existing results.

The extension to O (,u4) of the vertical structure of ¢ in the Gobbi et al. model provides a dramatic
enhancement of the prediction of velocity components. For example, Fig. 4 shows a comparison of
vertical profiles of horizontal velocity for the linear, periodic wave case. The prediction is fairly
robust up to pu =5, with a spurious flow reversal first occurring at i = 5.54 at a dimensionless
elevation z = —0.628. Similar results are obtained for vertical velocities. Improvements are also
documented in prediction of second-harmonic amplitudes over the lower order theory. Systematic
improvements in leading order amplitude dispersion were, however, not noted.

Systematic improvements were also noted in solitary wave properties, including wave height,
water particle velocity at crest, and total energy as functions of normalized phase speed. Fig. 5 shows
plots of a crest speed parameter w; given by

ws =1 — (ue — Fy)? (61)

where u. and F, are horizontal particle velocity at the crest and wave phase speed both normalized by
/gh. As the particle velocity varies from zero in linear waves to F, at limiting wave height, w; varies
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Figure 5. w, vs. phase speed for solitary waves. Exact (solid line), Gobbi et al. (dash), Wei et al. (dash-dot),
Shields and Webster (dot). (From Gobbi et al., 2000).
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Figure 6. Sketch of wave flume in Delft experiments. All dimensions in (m). (From Gobbi and Kirby, 1999).

from zero to one. Fig. 5 shows exact results due to Tanaka (1986), three levels of a Green-Naghdi
theory due to Shields and Webster (1988), and results of the O( uz) theory of Wei et al. (1995) and the
o) theory of Gobbi et al. (2000). Results generally indicate that the present theory has accuracy
comparable to level 3 Green-Naghdi theory, which has not been applied in realistic computational
settings to date.

The most striking improvement in a practical sense is seen in a study of waves propagating from
relatively deep water, over the shallow crest of a bar, and back into deep water, as presented originally
in Beji and Battjes (1993). The test geometry and location of wave gauges is shown in Fig. 6. Gobbi
and Kirby considered two test cases for periodic wave propagation over the bar crest, using the theory
of Gobbi and Kirby and the O( u2) theory of Wei et al. (1995). Figs. 7 and 8 show results for Case
(c), where waves with an initial u = 1.69 propagate from deeper water, over the shoal, and back into
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deeper water. Fig. 7 shows results for the Gobbi and Kirby model, and indicates that the model is
capable of preserving the overall shape of transmitted waves downstream of the bar, which is the
most difficult region to obtain good results in. In contrast, Fig. 8 shows results obtained using the
Wei et al. model. In this case, there is clear damage to phase information in the transmitted wave,
despite the fact that shoaling from deeper water to the bar crest was modeled relatively accurately.
The accumulation of phase errors beyond the bar crest in the lower order model could be interpreted
as being due to dispersion errors in the relatively less accurate model. However, this is not an entirely
satisfactory explanation. In order to test this explanation, Gobbi and Kirby constructed a weakly
nonlinear (§ = 0(u2)) model system by truncating the Gobbi-Kirby model to 0(;L4, 8u2). Results
from this case show a similar tendency to accumulate phase errors downwave of the shallow bar crest.
Clearly, both full nonlinearity and enhanced dispersion effects play a crucial role in the accuracy of
solutions in this case.

2.4.2. Model of Agnon et al. (1999) and Successors

An alternate approach to extending model derivation to higher order and increased accuracy was
originally proposed by Agnon et al. (1999), with continuing development, for example, in Madsen
et al. (2003). In this approach, the reduction of the problem to a description in terms of a velocity
potential is dropped, and the identity of horizontal velocity u and vertical velocity w is retained
instead. Following Madsen and Schéffer (1998), the irrotational solutions for the velocities may be
written as

00 2n 2n+1
_ v f 2 2n 2n=2 /g . Z 2n+42 2n
u(x,z,t)= E_O( 1) ((2n)!“ V(v (V-ug)) + an T 1)!M V(V w0)> (62)
o oo 2" 2o
w(X,ZJ):'g(—l) —mﬂ \Y (V'UO)+(—2‘;5‘!P« V=g (63)

where, following equation (11),
u=ve®;  wy=9" (64)

are the velocities at z = 0. The two velocities are related through the bottom boundary condition
(equation (6)), giving a relation of the form

Le{wo) + L - {ug) + VA - (Le{ug) + Ls{wo}) =0 (65)
where

o, o B o o, o BT
Lc=’§)(—1) mv , LS:Z(:)(—I) mv (66)

A great deal of flexibility is left in choosing a procedure for improving the truncated series appearing
in equation (65) during the development of a finite order theory. In Agnon et al. (1999), the series
form of equation (65) is multiplied by a differential operator of the form

A=1+ah?V?+ah*vi+ ... (67)
and coefficients are then chosen to force terms to disappear in the resulting equation up to the required
order. For example, for constant depth and a truncation level N =4, the resulting equation is

4 1

1 1
1— —h2v2 4 —ptvt hY — ~B3V3 4 — K3V, 68
( 5 +63 Jwop + ( 3 +945 ) - ug (68)
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which is correct to 0(,u8) and reproduces (4,4) Padé dispersion as in Gobbi et al. Agnon et al.
extend this procedure to include mild-slope terms limited to O(Vh), possibly limiting the accuracy
of the resulting model when applied to abrupt nearshore bathymetry. Once the form of the relation
between ug and wq is obtained, Agnon et al. develop expressions for velocities at the free surface in
terms of the velocities at z = 0, and then employ the evolution equations in terms of V= V&, where
& = ¢p(x,z =n,1) as in Dommermuth and Yue (1987) and others. Madsen et al. (2003) further
generalize this procedure by choosing to develop series for the velocities at the arbitrary reference
level zy rather than the still water level z = (0. The additional freedom in the system of equations is
then utilized to improve the vertical profile of horizontal velocity rather than the dispersion relation,
which is already quite accurate.

The line of investigation initiated in these studies holds a great deal of promise. In particular, it
is much more likely that any access to an actual model system for cases of higher accuracy than
that in Gobbi et al. would come from this procedure rather than from direct expansion in terms
of the velocity potential. Additional publications detailing both theoretical aspects and numerical
treatments of the method will be forthcoming.

3. PRACTICAL EXTENSIONS TO THE O (u*) BOUSSINESQ MODEL

The O(u?) model written in terms of a velocity variable provides an easily extensible framework
for the development of a nearshore processes model. In order to achieve this goal, various addi-
tional physical processes are incorporated, often on an ad hoc basis. In this section, we consider the
extension of the model equation (22) to the form

Ugt +8(Ug - VIug + Vi + 1 Vy + 862V, — Ry — Re + Re= 0(u?) (69)

where R}, denotes wave breaking effects, Rg denotes bottom friction, and Rs denotes subgrid-scale
lateral mixing effects.

3.1. Improving Model Dispersion, Shoaling and Nonlinear Properties

As has been shown in a number of studies starting with Madsen et al. (1991), improvements in
Boussinesq model performance can be introduced by employing rearrangements that alter the defin-
itions of M, V; and V; terms in the model equations, or by redefining the reference configuration of
the dependent variables, leading to the same sort of rearrangement. The effectiveness of any modifi-
cation can be established by examining linear properties such as shoaling and dispersion, along with
nonlinear properties such as the amplitudes of harmonics or the magnitude of amplitude dispersion
in Stokes wave solutions. We consider two cases in particular.

In order to provide a degree of freedom for use in optimizing nonlinear model properties, Kennedy
et al. (2001) modified the formulation of Wei et al. (1995) by allowing the reference elevation zy to
depend on time and thus follow the rise and fall of the local water surface in some manner. The most
general case considered defined zy as

2o =Ch+Boy (70)

where the original theory of Wei et al. is recovered by taking 8§ =0 and ¢ = —1 4 /1/5, correspond-
ing to the (2,2) Pad€ case. A special case of this relationship occurs when 8 = ¢ + 1 = \/1/5, which
gives

g=—h+B8H (71)
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This case corresponds to choosing a reference level which remains at a fixed proportion of the in-
stantaneous total water depth, and would be equivalent to choosing a fixed oy reference level in a
o —coordinate model. The revision to the model equations is contained entirely within the V1 term
(equation (24)), which is revised to read

Vi= Bng(V ‘Ug) + 2o V(V - (h“a))] -V B(Sn)zv “Ugr + 87V - (huat)] (712)
t

Kennedy et al. (2001) examined the optimal choice of 8 by examining a Stokes wave solution of the
form

n=ajfcostkx — wt) + ay cos2(kx — wt) +a—] (73)

where ay is a normalized second harmonic amplitude and a_ represents the steady set-down. Forc-
ing the Taylor series expansions of the resulting second harmonic amplitude to match the Taylor
series for the second harmonic amplitude of a regular Stokes wave for the full dispersive theory
gives the choice 8 = 17+/5/200. Fig. 9 shows plots of the resulting second harmonic amplitudes and
set-down, normalized by the correct solutions, for a range of u = kh values. The second harmonic
amplitude from the optimized model behaves quite well in comparison to the result from the original
Wei et al. theory, and thus this revision to the original model is highly recommended.

Several studies have examined the enhancement of the 0(,uz) evolution equations in order to ob-
tain higher-order dispersion. Schiiffer and Madsen (1995) applied operators to rearrange dispersive
terms in the weakly nonlinear model equations of Nwogu (1993) and obtained four sets of operator
coefficients that would recover the more accurate (4,4) Padé dispersion relation in the model system,
without adding higher-order terms as in the model of Gobbi et al. Madsen and Schiffer (1998) ex-
tended this procedure to the fully nonlinear equations of Wei et al. (1995). Madsen and Schiffer also
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Figure 9. Self interaction superharmonics (a) and subharmonics (or set-down) (b) relative to the Stokes solution
for the fully-dispersive problem. Original Wei et al. theory (dash), constant o level theory (dot), optimized moving
z¢ theory (dash-dot). (From Kennedy et al., 2001).
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Figure 10. Integrated shoaling amplitudes for shore normal waves. (dash) Model optimized by coefficient choice
alone, (dash-dot) model optimized by operator rearrangement and coefficient choice (obscured behind level line),
(dot) linearized model of Nwogu (1993) or Wei et al. (1995), plus results from Madsen and Schiffer (1998).
(From Kennedy et al., 2002).

demonstrated a procedure for recovering a model expressed entirely in terms of O(u?) terms at the
highest, but starting with an O(u*) model and then choosing a form which was expressed only in
O(u?) terms by means of operator rearrangements and choice of coefficients. Kennedy et al. (2002)
have extended this procedure, starting with the O(u*) model of Gobbi and Kirby (1999) in order
to retain the very accurate vertical velocity profile given there. Kennedy et al. employed two proce-
dures, one based solely on choice of coefficients, and the second based on a combination of operator
rearrangement and choice of coefficients, to obtain model equations expressed in terms of O(u?)
terms at the highest. The resulting model retains the (4,4) Padé dispersion of the Gobbi and Kirby
model. Following Madsen and Schiffer, Kennedy et al. choose the remaining free parameters in order
to optimize an integrated shoaling coefficient, which represents a measure of error in local shoaling
effects integrated across the entire shoaling zone. Results for this measure are shown in Fig. 10 in
comparison to results derived from Nwogu’s model and from the study of Madsen and Schiffer. The
results for the more involved optimization are almost graphically indistinguishable from the exact
linear shoaling theory for the vertical resolution chosen in the plot.

3.2. Extensions to Non-Cartesian Coordinate Systems

It is often necessary to apply Boussinesq models in complex geometries. This problem has clas-
sically been approached by employing stair-step boundaries in existing Cartesian grid finite differ-
ence codes. Resulting models can be robust, but there is evidence (as discussed below) that such an
approach can lead to spurious wave scattering behavior along oblique wall sections. Several more
modern approaches have been employed to solve this problem.
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The first approach involves switching to a numerical solution method which is not tied to a regular
gridding scheme. Finite element techniques are often the principal choice in this approach, and the
technique has been extensively developed for application to Boussinesq models. Recent examples
include the work of Li et al. (1999), Walkley and Berzins (1999), Sgrensen and Sgrensen (2000) and
Woo and Liu (2001).

A second approach is based on employing either analytic or numerically determined coor-
dinate transformations in order to obtain a boundary fitted coordinate system, in which ma-
jor boundary segments lie along constant values of the fitted coordinates. Methods for obtain-
ing coordinate transformations numerically are well-developed in the computational fluid dy-
namics literature; for example, Shi et al. (2001a) employ the scheme of Brackbill and Saltz-
man (1982) and have developed a publically available Matlab code which may be obtained at
http://chinacat.coastal.udel.edu/~kirby/programs/. Several levels of transformation can be employed
in such an approach. At the simplest level, the transformation can be applied to the coordinate system
only, while the identity of the surface elevation 7, x velocity component « and y velocity component
v are retained but determined at grid points in the new coordinate system. Results obtained with this
approach are perhaps somewhat easier to interpret, but the resulting transformed governing equations
are quite cumbersome; see, for example, the discussion of model equations in Li and Zhan (2001).

A more involved approach involves defining a tensor transformation applied to the velocity com-
ponents as well as the coordinate system. Shi et al. (2001a; 2001b) employed such an approach,
and chose to formulate the resulting model in terms of contravariant velocity components, which are
defined to be the velocity components perpendicular to coordinate lines at each point in the mod-
eled domain. Warsi (1993) provides an extensive discussion of the geometric considerations. While
the overhead of learning the details of the metric tensor geometry can be considerable, the approach
leads to a much more compact representation of the governing equations than is obtained in a method
based on the primitive variables.

Shi et al. (2001a; 2001b) provide a number of examples illustrating computations in generalized
curvilinear coordinates. Figs. 11 and 12 illustrate the propagation of an initially plane wave into a
circular channel. The computation in a polar coordinate system corresponds closely to the analytic
solution in the linear limit, as shown by Shi et al. (2001a). In contrast, a similar calculation in a rea-
sonably finely-resolved Cartesian grid with stair-step boundaries produces a clear excess of scattered
wave components in comparison to the polar case.

Figure 11. An example of initially plane wave propagation into a circular channel of constant depth. Boundary
fitted coordinate system. (From Shi et al., 2001a).
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Figure 12. Example of 11 repeated on a Cartesian grid with stair-step boundaries. Note the appearance of spuri-
ous reflected components close to the incident wave entrance on the right. (From Shi et al., 2001a).

Shi et al. (2001b) have also applied the model! to the case of a coastal inlet and have compared
model results to measurements of surface elevation, skewness and asymmetry obtained from a labo-
ratory scale model. Detailed model-data comparisons for this case will appear in other publications.

3.3. Shoreline Conditions

The waterline on a beach subjected to wave action is highly variable, and thus the physical domain
in a nearshore Boussinesq model application changes in time. Although it is possible to utilize a
time-dependent, shoreline-following grid system in order to resolve the fluid domain only up to the
waterline (for example, Ozkan-Haller and Kirby, 1997), it is difficult to do so if the shoreline does not
remain single valued or becomes multiply connected. For this reason, it is more standard to employ
techniques whereby the entire region which is potentially wetted is treated as an active part of the
computational grid. One of the earliest methods along this line is the “slot” method of Tao (1984), in
which deep, narrow, flooded slots are added to each grid row, extending down at least to the lowest
elevation that will be experienced during shoreface rundown. Kennedy et al. (2000a) employed the
slot technique of Tao but modified it to better enforce mass conservation. Details can be found in the
aforementioned study. To date, utilization of slot methods remains something of an art form. Slots
which are too wide relative to the model grid spacing admit too much fluid before filling during
runup, and cause both a reduction in amplitude and a phase lag in modeled runup events. At the other
extreme, slots which are too narrow tend to induce a great deal of numerical noise, leading to the
need for intermittent or even fairly frequent filtering of swash zone solutions.

Alternatively, several moving boundary techniques where the occurrence of a shoreline is traced
on a fixed grid have been proposed. In one such method, Lynett et al. (2002) determine the position
of the shoreline on a beach face by linearly extrapolating the surface and velocities from the two
wetted grid points closest to shore. Derivatives at wetted grid points are then computed using the
regular finite difference stencil including extrapolated values, eliminating the need for conditional
application of off-centered difference stencils near the shore. The time stepping solution is then only
performed for the wetted grid points. Although this method does not impose any apparent constraints
on mass conservation at the shoreline, results for runup of regular and solitary waves are seen to be
quite accurate, indicating that the method holds promise for general application.

3.4. Wave Breaking
Simulation of wave breaking in Boussinesq models has been approached with a number of tech-
niques, ranging from fairly ad-hoc additions of eddy viscosity formulations up to reasonably detailed
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calculations of the generation and transport of vorticity or turbulent kinetic energy under the breaking
wave crest. Regardless of the formulation, each of the approaches can be thought of as a means for
adding the breaking wave force term Ry, to the momentum equation. At minimum, these terms must
be scaled similarly in order to reproduce the correct amount of energy dissipation. They must also be
localized in the region of the front face of the breaking wave, in order to provide the correct distri-
bution of dissipation in the frequency domain and preserve the proper relative phasing of harmonic
components in the wave. Beyond these requirements, the range of physical approaches taken has a
great deal of variety.

3.4.1. Eddy Viscosity Models

Zelt (1991) provided an early model for Boussinesq wave breaking, in the form of an eddy vis-
cosity model applied in a one-dimensional (1-D) horizontal model. Extended to two-dimensions, the
breaking wave force term Ry, can be written as

1 1

R}f = 'ﬁ ({Vb[Huot]x}x + E{Vb[Huoz]y + Vb[HUoz]x}y> (74)
1 1

R}; = ﬁ ({Vb[HUot]y}y + E{Vb[HUa]x + Vb[Huoz]y}x> (75)

Following Zelt, Kennedy et al. (2000a) give the breaking wave eddy viscosity as
vy = BSHny (76)

where 8y, is a mixing length coefficient which is calibrated to a value of 1.2. The coefficient B is
used to turn the breaking term off or on depending on a criterion based on the vertical velocity of the
surface. Again, following Zelt but using time derivatives in place of space derivatives, Kennedy et al.
used

1, ne = 2nf
Ui * *
B = —*—1, 7/; <77t§277; (77)
U
0, ne <nf

The parameter 7] determines the onset and cessation of breaking. Zelt chose this criterion to have
a constant value, but Kennedy et al. use a model for the parameter which involves a time history in
order to allow the slope of the breaking wave crest to relax after the onset of breaking, as in the roller
model described below. The relationship is

. =T
n = o (78)
e =) 0t <17

T*

Here, T* is the elapsed time since the onset of the local breaking event, and the initiation and relaxed
critical surface velocities are given by nt(l) =0.65./gh and n;F) =0.15/gh. In 2-D applications,
the relationship must be augmented with a tracking algorithm to follow events along rays (see Chen

et al., 2000a).
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Figure 13. Computed (dash line) and measured (solid line) free surface elevations and shoreline runup for a
bichromatic wave train shoaling on a plane beach. Data from Mase (1995). (From Kennedy et al., 2000a. Repro-
duced with permission of ASCE).

Fig. 13 shows an example of bichromatic waves shoaling over a plane beach, including breaking
and runup effects. Data is from the laboratory study of Mase (1995). The test verifies the basic fea-
tures of both the breaking process and the runup using the slot method. Additional two-dimensional
calculations for wave breaking and runup on a circular island may be found in Chen et al. (2000a).
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Nwogu and Demirbilek (2001) present a more sophisticated eddy viscosity model in which the
eddy viscosity is expressed in terms of turbulent kinetic energy k and a length scale I,

vp = vkl (79)

The turbulent kinetic energy is computed using a one-equation model which expresses the gener-
ation, horizontal advection, and dissipation of total depth-integrated k. Breaking is triggered when
horizontal fluid velocity at the surface exceeds the linear estimate of the wave phase speed. Tur-
bulence production falls immediately to zero when this criterion is not exceeded, so there is no
relaxation effect as described above or as in the roller model described below.

3.4.2. Roller Models

A simplified formulation with a more direct physical interpretation, was developed by Schiiffer et
al. (1993), using the surface roller concept of Svendsen (1984). The model is developed using a two-
layer velocity profile, where it is assumed that the velocity u below the elevation of the roller bottom
corresponds to the depth-averaged value from irrotational theory, while the roller volume itself is
moving at the phase speed ¢ of the wave. The effect of the roller is expressed as a modification
to the momentum balance for the organized wave motion. The resulting momentum equation for
depth-integrated volume flux Q may be written as (in one horizontal dimension)

02 B2 w0
Qi+ =) +gHme— 1= Qe+ —(2) +Rs (80)
H). 2 6 \h/) .

where R is the excess momentum flux in the roller, given by

2 -1
R=d<c—%> (1_%) (81)

where d is the local roller thickness. Calibration of the model and testing against data are described in
Madsen et al. (1997), and results are of comparable accuracy to the eddy viscosity models described
above.

3.4.3. Vorticity Transport Models

The most elaborate model of Boussinesq model wave breaking is the vorticity transport model
of Veeramony and Svendsen (2000). In this model, there is no a priori separation between roller
region and a zone of irrotational flow beneath. Instead, the entire vertical fluid column is treated as a
rotational flow, and the vorticity transport equation is solved with simplifying assumptions in order
to determine the entire velocity profile over depth. The resuiting model is similar to the model of
Schiiffer et al. (1993) in overall form, but the resulting wave breaking terms require more evaluation.

Since the flow is rotational over depth in this treatment, the basic formulation of the problem in
terms of a velocity potential is not valid. Veeramony and Svendsen restricted their attention to prop-
agation in one horizontal dimension and formulate the problem in terms of a scalar stream function
in the vertical plane,

I~L21/fxx +Y =6 (82)

where 1 is the stream function and £ is the magnitude of the out-of-plane vorticity vector. Boundary
conditions are given by

V(z=—h) =9 (z=-h)=0 (83)
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Within the weakly dispersive approximation, equation (82) may be solved to give

1 1
¥ =ug(z+h)— ‘2‘#2(1 +h)2(hxx’40 + 2hxuo,x) - gﬂz(z +h)3u(),xx

z prz 5 2 [% [ [?
+f / Edzdz — / f / / Exxdzdzdzdz (84)
—hJ—h —hJ—hJ—hJ—-h

where ug is the value of the irrotational velocity at the bottom and where terms in #g correspond to
the usual irrotational theory. In terms of scalar volume flux @, the resulting Boussinesq momentum
equation (without dispersion enhancement) takes on the form

0? 2 h? 2h3 (0 2
OQr+Hne+8{—=) —u _Qxx[-f-,u — = +8(AM)x + " (AP)xxt =0 (85)
H 6 \ &
X xxt

Breaking effects are expressed through the quantities AM and A P, given by

dn pdn pz
AP = / f / (uy —ur)dzdzdz (86)
P —h

AM = / 2 _w7%)dz (87)

where (%) denotes a depth average. u, is the rotational component of the horizontal velocity, given
by

ur =/ §dz — / / f Exxdzdzdz + O(uh) (88)

The vorticity & is formally unknown at this point, and Veeramony and Svendsen (2000) use the
leading order terms of the vorticity transport equation, neglecting advective effects to get

Vi h+2
i o=
h2 H

Boundary conditions for the vorticity are derived from hydraulic jump experiments described in
Svendsen et al. (2000). Veeramony and Svendsen solve equation (89) analytically for the case of
eddy viscosity held constant over depth. Fig. 14 illustrates the evolution of a vorticity field under a
breaking wave crest. Results for undertow profiles were also obtained and show general agreement
with laboratory measurements.

Further development of the theory of Veeramony and Svendsen would involve the use of a numer-
ical solution of equation (89) so that more realistic values of eddy viscosity could be used. However,
the extension of the model to two horizontal dimensions is hampered by the use of the stream function
formulation, and thus an alternative formulation allowing a three-dimensional flow field is required.
The key to this future development may lie in the formulation of Shen (2001), mentioned in Section 5
below.

& =kkoos k= (89)

3.5. Bottom Friction and Subgrid-Scale Mixing

Since the velocity field in a Boussinesq calculation resolves the instantaneous wave orbital mo-
tion, the choice of a bottom friction formulation is relatively straightforward, and is given in the
applications below by

Re = {I“ua fuy (90)
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Figure 14. (a) Contours of vorticity at # = 14.29 cm. (b) Vertical profiles of vorticity under the roller and behind
the crest at # = 14.29 cm. The ordinate y = h + z is zero at the bottom. (From Veeramony and Svendsen, 2000).

where the friction factor is on the order of 103 in most simulations (Chen et al., 1999; 2000a).
Note that the term is written in terms of the reference velocity rather than the bottom velocity, which
would tend to somewhat reduce the size of f.

Nearshore current systems are affected by several lateral mixing effects, including both turbulent
mixing and lateral shear dispersion resulting from the three-dimensional structure of real currents
and their interaction with the wave orbital velocity. Of these, the shear dispersion can be an order
of magnitude larger (Svendsen and Putrevu, 1994), and an attempt has been made to incorporate its
effect in most of our nearshore simulations. Chen et al. (1999) formulate the effect as a Smagorinsky
subgrid model with the form

1 1

R? = E <{Vs[Huot]x}x + E{Vs[Hua]y + Us[Hva]x}y> 9D
1 1

R} = o ({vs[Hvaly}y + S {vs Hualx + vs[Hua]y}x> 92)

where vg is an eddy viscosity arising from the mean flow field,

1 172
Vs = cmAx Ay [wx)2 + (V24 Wy + vx>2] (93)

and where U and V are suitable time averages of the velocity field. Chen et al. (1999) and subsequent
studies have used time averages over two wave periods for regular waves or over ten peak wave
periods for irregular waves, and typically use ¢, = 0.25. This aspect of the model application has
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not been extensively evaluated. Ongoing work is examining the evolution of shear instabilities in
model results as an indicator of the correct level of lateral mixing.

4. BOUSSINESQ MODELING OF NEARSHORE CIRCULATION

Once the effectiveness of breaking and runup models for Boussinesq codes was established, at-
tention turned to the question of whether the models could provide an accurate rendition of mean
currents in the surf zone. A classical analysis of wave-averaged surf zone dynamics shows that both
cross- and longshore mean currents arise due to the presence of gradients of radiation stresses, which
represent fluxes of wave-averaged momentum. An analysis of wave-averaged forms of the Boussi-
nesq equations readily shows that the relevant forcing mechanisms are present in the time-dependent
form of the evolution equations (Yoon and Liu, 1989), and hence mean currents should be generated
in models which account for wave energy dissipation through breaking, which in general would be
expressed as —pHuy - Ry + o(u?) following from equation (69). Such a demonstration was pro-
vided by Madsen et al. (1997). More recently, Peregrine (1998) examined the instantaneous vorticity
dynamics, with particular attention to the idea that vertical vorticity generation in the surf zone is
mainly provided by the mechanism
99 _g xR 94
% R (94)
where w is discussed in Section 2.3. Peregrine examines the generation of circulation in finite patches
of the surf zone and relates its generation to variations in breaking intensity along wave crests. An
example of this mechanism in action is provided in Section 4.3 for the case of a rip current stabilized
in place by the presence of a channel in a longshore-uniform bar.

4.1. Longshore Currents

Chen et al. (2000b) have considered the case of longshore current generation in field conditions,
using data from the DELILAH field experiment at Duck, North Carolina in October 1990. Fig. 15
shows the bathymetry at the experimental site for October 10, 1990. The bar field in this case is
nearly longshore uniform aside from a slight kink in bottom contours near the location of an array of
cross-shore current measurements, indicated by the dashed line. Cross-shore decay of breaking wave
heights and resulting longshore currents are indicated by circles in Figs. 16c and d, respectively. The
longshore current has a strong maximum in the trough between the shoreface and the longshore bar
crest, at a location where local forcing due to radiation stress gradients should be weak. Chen et
al. simulated this experiment using a version of FUNWAVE and the wave generation algorithm of
Wei et al. (1999) which was extended to cover periodic longshore conditions. A TMA directional
wave spectrum was used to provide input conditions (improved simulations using actual measured
directional spectra are presently under review for publication). Fig. 16 illustrates a snapshot of the
surface wave field over the simulated area in panel (a). Refraction of the wave pattern, which is
propagating from the lower right, is evident, as is crest splitting in several locations as waves pass
over the bar crest. Panel (b) illustrates the time-averaged mean currents in the area. Chen et al. show
that there is a time-steady net longshore pressure gradient over the stretch of beach in the vicinity
of the current measurements, and thus the strong longshore current in the trough is at least partially
hydraulically driven. Note that time averaged currents in the Boussinesq model do not reproduce a
sufficiently strong undertow, even though the velocity being averaged is located near mid depth. This
deficiency is also noted in results of Madsen et al. (1997), and occurs because there is no explicit
treatment of breaking wave roller volume in the volume conservation equation (9). This deficiency is
removed in the 1-D cross-shore model of Veeramony and Svendsen (2000), which recovers undertow
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Figure 15. The bathymetry at the Field Research Facility, Duck, NC, Oct. 10, 1992: (a) topography, (b) depth
contours. (From Chen et al., 2000b. Reproduced with permission of ASCE).

Figure 16. Model results: (a) snapshot of computed free surface elevation, light areas indicate wave crests;
(b) computed time-averaged longshore current. (From Chen et al., 2000b. Reproduced with permission of ASCE).
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values reasonably well, but the correction still remains to be made in most two-dimensional (2-D)
models. Overall, results for longshore currents agree well with data in both laboratory and field
settings, providing encouragement that the models are ready to use in realistic settings.

4.2. Shear Waves

Based on observations by Oltman-Shay et al. (1989), Bowen and Holman (1989) examined the
linear stability problem for longshore currents and showed that currents are likely to be unstable for
a range of realistic conditions. Ozkan-Haller and Kirby (1999) carried out numerical simulations of
the same experiment using a radiation stress formulation, and have illustrated the growth to finite
amplitude of the instabilities, or shear waves. They have shown that the presence of shear waves
contributes to the cross-shore mixing that leads to the determination of the longshore current profile,
and they have shown that the increase or decrease of imposed dispersive mixing (i.e., the mechanism
of Svendsen and Putrevu, 1994) leads to a corresponding decrease or increase in the energetics of
the shear wave climate, in such a way that the overall longshore current profile is insensitive to the
relative importance of the two mechanisms. This result has not been explained to date, or examined
fully in other modeling schemes.

Since shear waves are essentially unsteady motions, it is not immediately clear how to separate
them from the incident wave field in a time domain simulation. Chen et al. (1999) approached this
problem, in the context of rip currents, by applying a time average over several wave periods in
order to suppress the incident wave signature in the modeled velocity field. The resulting filtered
velocity field was then differentiated to provide a vertical vorticity field. During this study, Chen et al.
discovered that a vorticity field constructed directly from the instantaneous horizontal velocities was
similar to the wave-averaged field. In particular, the signature of incident waves in the instantaneous
vorticity field is very slight, even after interaction with the underlying vortical current field, and is
mainly limited to strong local bottom friction events associated with the passage of wave crests.
At the same time, the instantaneous vorticity plots showed more detail in the structure of vortical
features such as eddies, since these were not being subjected to an arbitrary low-pass filter.

Fig. 17 shows an overlay of a wave-averaged current field and resulting derived vorticity field
for the October 10, 1990 DELILAH case described above. For the field cases, the choice of an
averaging period is not obvious since the wave field is unsteady in time. Averages here are over
a period corresponding to 10 peak wave periods. Vorticity computed from the instantaneous flow
field is illustrated in the bottom panel, and shows an energetic flow field associated with growth
of instabilities and shedding of eddies to the region offshore of the surf zone (to the right in each
panel). Ongoing studies are examining whether these depictions of the flow field are consistent with
more detailed array measurements of currents in the field, primarily using data from the Sandyduck
experiment in 1997.

4.3. Rip Currents

Haller and Dalrymple (2001) performed a laboratory study of a rip current generated on a beach
with a fixed channel in an otherwise longshore-uniform bar. The rip was observed to be unstable,
leading to lateral motion of the rip both in the rip channel and offshore. An instability analysis
provided information on the time scales of fluctuations and the downstream evolution of mean current
profiles which agreed qualitatively with laboratory observations.

Chen et al. (1999) examined the experiment of Haller and Dalrymple using the FUNWAVE code.
The Boussinesq model was shown to reproduce most features of the laboratory experiment, although
it was impossible to perform model runs long enough to examine whether the longest time scales
observed in the fluctuating laboratory flow field (on the order of 100 seconds) were reproduced
in model simulations. Fig. 18 illustrates the state of the wave-averaged flow field soon after the
initiation of breaking over the bar crest in the simulation. The position of the longshore bar and the
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Figure 17. Time sequence of vorticity field, indicating presence of shear waves. Top panels display velocities
and vorticity averaged over ten peak wave periods. Bottom panels display instantaneous vorticity. (From Chen et
al., 2000b. Reproduced with permission of ASCE).

rip channel are outlined by dashed lines in each of the three panels. The middle and lower panel
show the presence of strong, localized vorticies fixed at the transition between bar crest and deep rip
channel. These are presumably driven at these locations by the mechanism described by Peregrine
(1998), and are responsible for the initiation of the rip current jet, which is driven primarily by the
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Figure 18. A snapshot of (a) the computed free surface elevation, (b) the underlying current field and associated
mean vorticity, and (c) the instantaneous vorticity field at 1 = 20s, shortly after initiation of wave breaking over
the longshore bar. Dashed lines indicate outline of longshore bar geometry in the laboratory. (From Chen et al.,
1999, copyright {1999] by the American Geophysical Union).

dipole forcing provided by the pair of counter-rotating eddies. As the current field evolves further,
these vortex pairs are ejected as coherent eddy pairs and advected offshore by the instantaneous
jet, after which subsequent eddy pairs form and are also ejected. A portion of such a sequence is
illustrated in Fig. 19. Fig. 20 shows a comparison of long-time averages of cross-shore velocities
along 4 longshore transects. The extreme unsteadiness of the rip current leads to a rapid decay of the
time-mean cross-shore velocity offshore of the rip channel. This result is deceptive as a measure of
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Figure 19. Snapshots of (a) the computed free surface elevation, (b) the underlying current field, and (c) vorticity
at (left) + = 100s and (right) r = 120s, illustrating unsteady behavior of rip current jet. (From Chen et al., 1999,
copyright [1999] by the American Geophysical Union).
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Figure 20. Comparison of computed (solid lines) and measured (circles) cross-shore mean velocity, resulting
from time averages of velocities in the unsteady rip current illustrated in Figs. 18 and 19. (From Chen et al., 1999,
copyright [1999] by the American Geophysical Union).

rip strength and must be tempered with the indication of the strength of the instantaneous flow, as
indicated in Fig. 19.

Overall, Boussinesq models have performed quite well in comparison to both laboratory and field
measurements, in situations where flow fields are strongly affected by instability mechanisms and
become extremely complex. Further work to examine the energetics of shear wave climates and the
mixing of tracers in the cross-shore direction needs to be carried out. In addition, the application
of Boussinesq models to the problem of sediment transport and evolution of coastal morphology is
underway, and will be a fertile area of work for the next several years.

5. WAVES ON VERTICALLY SHEARED CURRENTS

Water in coastal regions can be stratified due to the presence of net freshwater runoff, and it is
therefore not uncommon to see tidal currents which are sheared over the vertical. The presence of
vertical shear greatly complicates the development of appropriate propagation models, since the use
of a velocity potential is no longer valid except for the special case of horizontal vorticity components
which are uniform over depth (linear current shear).
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For the case of propagation in one horizontal dimension, a formulation in terms of a scalar stream
function can be employed as in the wave breaking model of Veeramony and Svendsen, described
above. This approach has been explored by Rego et al. (2001). Starting with the Poisson equa-
tion (82), Rego et al. developed a fully nonlinear Boussinesq type equation to o(u?) using a de-
pendent variable i, defined as the horizontal velocity at reference elevation zy. For the case of
linearized, periodic waves and an imposed current shear, the rather complex model equations yield a
dispersion relation given by (in dimensional form)

&1 = a(kh)*] = (gk — dyo)khll — (@ + %)(kh)zl +ak(y) + k)

—dkhyoll — a(kh)?] (95)
where the intrinsic frequency is given by
®=w—kus (96)

and where o is absolute frequency, «{ is the current velocity at z =0,
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The accuracy of the resulting dispersion relation was checked for several cases by comparing to
numerical solutions of the Rayleigh equation following the method of Fenton (1973). Fig. 21 shows
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Figure 21. Normalized phase velocity (model phase velocity ¢, divided by exact phase velocity ¢, calculated
from the Rayleigh equation) and associated current profiles: a) 1/7 power law, b) cubic polynomial. (From Rego
et al., 2001. Reproduced with permission of ASCE).
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results for the case of a 1/7 power law profile and a profile given by a cubic polynomial. The resuits
indicate that the model dispersion relation retains accuracy over a range of wave numbers comparable
to the (2,2) Padé dispersion relation for the no-current (or uniform over depth current) case.

As with the wave breaking model of Veeramony and Svendsen (2000), the use of the scalar stream
function in the present case makes a general extension to two horizontal dimensions difficult. A way
around this can be seen by noting that the derivative of equation (82) with respect to x gives

Wrwex + Wez = &x (99)

giving a problem formulated in terms of vertical velocity w. Starting from the general three-
dimensional Euler equations, it is straightforward to show that this relation is generalized by

w2V w,, =V & (100)

where £ is now a vector formed by the two horizontal components of the general three-dimensional
vorticity vector. Shen (2001) has explored the use of equation (100) as a starting point for deriving
Boussinesq model equations.

6. MISCELLANEOUS APPLICATIONS

6.1. Depth Inversion

The question of whether the spatial pattern of water depths in the surf zone can be deduced from
images of the water surface has been with us since the early days of military amphibious operations.
Recently, several successful video-based techniques have been described for waves in slowly varying
depth in open water (Dugan et al., 2001) or in the surf zone (Stockdon and Holman, 2000). Each
of these methods depends on having dense spatial information and long time series so that both
frequency and wave number content of the signal can be determined. The direct need for a model-
based simulation is then avoided by using the linear wave dispersion relation to relate frequency to
wave number in order to determine the unknown water depth. Methods of this type are not readily
applicable to data streams obtained during a rapid overflight of the target area, as in typical airborne
INSAR or LIDAR measurements, and thus the question of using a model to determine the relation
between spatial and temporal information arises. Kennedy et al. (2000b) considered the question of
whether the Boussinesq model could be used as a bridge between two images of dynamic variables
with small separation in time. Considering an artificial example where both uy and 7 are given at two
times over a dense spatial image, they developed a realizable method in which the model is initialized
with the first image and an assumed bathymetry, and then integrated forward in time to the time of
the second image. The mismatch between computed and measured dynamic variables at the time of
the second image is used as a basis for iterative correction of the bathymetry. Kennedy et al. showed
that the iteration converged rapidly and that separations on the order of 1/4 to 1/3 of a dominant wave
period were adequate. Subsequently, Misra et al. (2003) have considered a more realistic case where
one or more dynamic variables are missing.

6.2. Tsunami Propagation and Runup

An important and rapidly growing area of Boussinesq model application is in the modeling of the
generation, propagation and runup of tsunamis. This process has traditionally been approached using
models based on nonlinear shallow water equations (see, for example, Synolakis et al., 2002), but
there are obvious advantages to using Boussinesq models, particularly in the better representation
of vertical flow structure near source regions, a better prediction of wave crest geometry and crest
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Figure 22. Model estimates of maximum local water surface elevations during July 17, 1998 Papua New Guinea
tsunami event. Slump region is in vicinity of strong surface displacements offshore (upper right in picture). Shore-
line is indicated by black line. Results indicate inundation beyond the mean shoreline, with runup amplitudes in
excess of 10 m in the region East of Sissano Lagoon, the main embayment in the figure (after Watts et al., 2002).

disintegration during propagation over complex topography, and in the modeling of accumulated fre-
quency dispersion effects in ocean-basin scale propagation problems. Applications of this sort are in
their infancy, but will play a prominent role in the future. Lynett and Liu (2002) have presented an
initial study of the generation of tsunamis due to bottom slumping, concentrating on one-dimensional
and symmetric two-dimensional bottom motions. Watts et al. (2002) have described a modeling sys-
tem called GEOWAVE, which consists of a modified version of the FUNWAVE model coupled to a
three-dimensional nearfield tsunami source model. Fig. 22 shows an example calculation based on a
slump-type source for the Papua New Guinea tsunami of July 17, 1998. The figure indicates max-
imum surface elevation occurring at each location in the modeled domain, and indicates runup and
inundation of the shoreline facing the source region. Results of this study are preliminary, and de-
tailed quantitative comparisons to estimated runup elevations in the field will be described elsewhere.

7. CONCLUSIONS

The development of Boussinesq models for application to coastal hydrodynamics problems has
reached a level of maturity that would probably not have been expected a decade ago. The model
formulation has been extended to allow for wave propagation in almost all finite water depths, ren-
dering the notion of the models being only applicable in shallow water obsolete. A wide range of
associated physical phenomena have been incorporated in model formulations, making it possible to
apply Boussinesq model technology to the surf zone. The technology is also beginning to supplant
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the nonlinear shallow water equations (NLS) in a number of areas where the NLS has long been the
dominant player; in calculation of wave runup and overtopping on coastal structures and in calcu-
lation of tsunami propagation and inundation. In addition, the application of Boussinesq models to
problems of coastal sediment transport is just beginning (see Chapter 10). The long computational
times involved in present calculations still hinder this line of research, but increasing computer ca-
pacity and speed will make it possible, in time, to approach the problem of morphological planform
evolution with direct application of Boussinesq model codes.

It is apparent from several of the sections above that the existing versions of higher-accuracy
Boussinesq models are dauntingly complex in form, and it becomes relevant to address the ques-
tion of whether further development along these lines is warranted relative to direct utilization of
the Navier-Stokes equations. This concern is well placed. However, there is a great deal of room in
numerical efficiency between the practical O(uz) models described above and any competing for-
mulation of the Navier-Stokes or Euler equations in three-dimensions, and thus the models described
here are likely to be the basis for practical computations for a number of years. Indeed, the examples
of Navier-Stokes based wave propagation calculations which are presently available (for example,
Casulli, 1999 or Lin and Li, 2002) show results for the shoaling example of Beji and Battjes (1993)
which are less accurate than corresponding Boussinesq calculations, even using O(u?) models for
comparison. It is likely that the typical second-order accurate numerical schemes used in Navier-
Stokes solvers to date are a limiting factor in obtaining accurate results, indicating a need for further
development in this area.
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LIST OF SYMBOLS

ap —  wave amplitude scale

¢ —  wave phase speed

Cm — coefficient in expression for vorticity in Smagorinsky scheme

f —  bottom friction factor

g —  gravitational constant

k,k — scalar wave number, vector wave number

kg —  wave number (or inverse wavelength) scale

h(x) — still water depth

ho —  water depth scale

H(x,t)=h+38n — total instantaneous water depth

M(x, ) —  horizontal depth-integrated volume flux vector

Q —  horizontal volume flux in 1-D theory

Ry, Rs, Ry —  wave breaking, subgrid mixing and bottom friction terms in horizontal
momentum equations

t — time coordinate

u=(u,v) —  horizontal velocity vector
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Uy = (Ug, Vo)

horizontal velocity at reference elevation

= (@) weighted horizontal velocity in Gobbi’s theory

V1.V, 0(u?), dispersive terms in Boussinesq equations

w vertical velocity

x=(x,y) horizontal coordinate

Ax, Ay finite difference grid spacings

z vertical coordinate

ZasZbs 2 reference elevations

a dispersion enhancement parameter, see equation (17)

B weighting factor in theory of Gobbi

d=ap/hg nonlinearity parameter

n(x,1) water surface elevation

n=kohgp dispersion parameter

v viscosity coefficient

Vp eddy viscosity coefficient in Zelt-type breaker model

Vs eddy viscosity coefficient in Smagorinsky subgrid scheme
1) wave angular frequency

@, w1 total and O(uz) contribution to vertical vorticity vector
P(x,2,1) velocity potential

dja’d)b» ¢U(th)
o(x,1)

velocity potential at reference elevations
weighted velocity potential in Gobbi’s theory

o components of series solution for ¢

Yx,z,t) scalar stream function

£ scalar magnitude of horizontal vorticity

= (5, &y) projection of total vorticity vector in horizontal plane

e parameter in Kennedy’s moving reference elevation model
a 9 .

V= —,— horizontal gradient operator
dx dy
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Chapter 2
Frequency Domain Wave Models in the Nearshore and Surf Zones

James M. Kaihatu

Ocean Dynamics and Prediction Branch, Oceanography Division (Code 7322)
Naval Research Laboratory, Stennis Space Center, MS 39529-5004

1. INTRODUCTION

In deep water (kh >> 1, where k is the wave number and / the water depth), second-order wave
nonlinearity can be described as a small correction to the underlying linear wave. Perturbation ex-
pansions in wave steepness € = ka, where a is the wave amplitude, are used (Phillips, 1960), and at
second-order only non-resonant (bound) waves are possible among triads of wave frequencies. Thus
the interacting waves with the frequency-vector wave number combination (w, K1) and (w2, ko)
excite secondary waves at (w] + wp, k| + k), but these secondary wave amplitudes always remain
small relative to the primary amplitudes. At the next order, resonant interaction occurs between quar-
tets of waves, with the resultant slow energy exchange between the interacting waves.

In shallow water (kh << 1) waves become less dispersive and more collinear, and triads of waves
at second-order begin to more closely satisfy the resonant conditions for wave interaction. The per-
turbation solutions of finite depth do not apply in the nearshore, since significant energy transfer
occurs over much shorter distances (O (10) wavelengths) than in deep water. The Ursell number
Ur=a/ k2h3 (Ursell, 1953) is the typical measure for the validity of these perturbation solutions,
which are only applicable if U, << 1. Though the resonant conditions between triads are only ex-
actly satisfied in the collinear, non-dispersive limit, the nonlinearity inherent in shoaling waves in the
nearshore is strong enough for significant energy transfer to occur at near-resonance (Bryant, 1973).
Recourse is often made to the Boussinesq equations (Peregrine, 1967) for simulation of nonlinear
energy transfer in shallow water, as they are valid for U, = O(1), where weak nonlinearity and weak
dispersion are balanced.

1.1. The Frequency Domain

One model framework which has been used in simulating ocean wave propagation in the nearshore
has involved the application of Fourier transforms to the dynamical equations governing the propa-
gation. This transformation involves imposing the following constraint on the dependent variable of
these equations (usually the free surface )

N
nix, y, 1) = Z A, (e, y)e Tt e e, 0

n=1

where wj, is the nth frequency in the spectrum, N is the total number of frequency components in
the spectrum, 7,, is a complex Fourier amplitude and c.c. denotes complex conjugate. Assumption
of temporal periodicity is a natural application to ocean waves.

The frequency domain format allows explicit detail of nonlinear wave-wave interaction and wave
transformation properties. Nonlinearities in the equations appear as products of amplitudes at discrete
frequencies in the spectrum, which can then be investigated in detail. Since the resulting equations are
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in terms of evolving amplitudes rather than the free surface, spatial resolution requirements are usu-
ally less restrictive than in time domain models. Overall computational time, however, is a function
of the number of frequency components kept in the simulation, whereas (outside of ensuring suf-
ficient resolution for the shortest waves) this is not germane for time domain models. Additionally,
there is often a disconnect between properties of a time domain model and those of the corresponding
frequency domain models. A good example is seen in Rygg (1988), who used a time domain model
of the classical (shallow water) Boussinesq equations of Peregrine (1967) to simulate intermediate
depth cases of laboratory wave propagation experiments successfully. Similar experiments with cor-
responding frequency domain models (Liu et al., 1985, as used by Kaihatu and Kirby, 1995) have
proven less favorable.

2. CLASSICAL BOUSSINESQ MODELS IN THE FREQUENCY DOMAIN

The Boussinesq equations can be derived from either the Euler equations (Peregrine, 1967) or the
boundary value problem for water waves (Mei, 1983). In shallow water, it is reasonable to assume
that vertical velocities in the water column are much smaller than horizontal velocities. This imposes
the following scales on the independent variables

_ ). Sy \/ghot

L "y L

'y = )
where L is a characteristic wavelength, &, a characteristic water depth, and the primes denote di-
mensionless variables. These scales are then applied to the physical quantities

h h2
W) =— ), w=—2w 3
N T @
h
nlzﬂ; W= o= P 4)
a ho pga

where a is a characteristic amplitude, (u, v, w) are the water particle velocity components, p is
the pressure and p is the fluid density. When substituted into the Euler equations, the following
dimensionless parameters become evident

u? = (kh)?: 8= hi 5)

(4

which are measures of frequency dispersion and nonlinearity, respectively. The Boussinesq equations
can be derived by assuming

o)~ 0(8) < O(1) 6)

Using the scaled Euler equations, Peregrine (1967) derived the Boussinesq equations for a varying
bathymetry

n+ Ve (h+pu= 0t 6, 6% 0
S h - h? - 442 2
ut-l—u-Vu+gVn=EV[V-(hu,)]—zV[V-u]—FO(M ,8u”,8%) (8)

where 1 is the depth-averaged velocity vector. The quadratic nonlinear terms in the equation above
represent the lowest-order nonlinearity of O(8). Application of Fourier series to these terms requires
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special treatment (see Mei, 1983), and thus gives rise to the triadic cross-spectral energy transfer
which is the manifestation of nonlinearity in the frequency domain. Freilich and Guza (1984) de-
rived frequency domain models from the one-dimensional form of these equations. The first (the
“consistent” model) can be written

h in3k3n2 3ink ("] M
Anx+ o An— ——Ant = | D AiAn +2 ) A ALy ©
I=1 =1

where A, are complex amplitudes of the free surface and asterisks denote complex conjugate.
Freilich and Guza (1984) solved the equation in terms of coupled amplitude and phase equations
rather than the complex amplitudes seen in equation (9). The second model (the “dispersive” model)
was also derived from the standard Boussinesq equations, but does not contain the phase-shifting
dispersive term (third term in equation (9)). Instead, the weak dispersion is incorporated through the
use of the dispersion relation for the Boussinesq equations

2
W = g?k (10)
I+ 3(kh)?

One consequence of the use of this dispersion relation is that the wave number kj, is no longer a linear
function of w. Thus, the interacting amplitudes (A,, A, 4/, A:Fl), while resonant in frequency, are in
near resonance in wave number. Freilich and Guza (1984) then compared both models to field data,
using offshore wave spectra to initialize the model and ably demonstrating the utility of frequency
domain models to nearshore wave propagation problems. Their comparisons of wave spectra showed
that the dispersive shoaling model performed slightly better than the consistent model; however, both
models clearly deviated from the data in the higher frequency range, where k/ was no longer small,

Two-dimensional frequency domain models of both the Boussinesq equations (7) and (8) and the
Kadomtsev-Petviashvili (KP) equations (Kadomtsev and Petviashvili, 1970) were developed by Liu
et al. (1985) in the form of parabolic models, which are formulated based on the assumption that the
angle between the wave direction and the x-axis of the grid is small. Kirby (1990) developed angular
spectrum models based on the Boussinesq equations of Peregrine (1967). Periodicity in both time
and longshore direction was assumed, thus imposing resonant interaction among longshore wave
number modes as well as frequency modes.

3. EXTENDED BOUSSINESQ MODELS IN THE FREQUENCY DOMAIN

One fundamental problem with frequency domain models of the classical Boussinesq equations
is their lack of applicability in deeper water than that for which the shallow water theory is valid.
Recent efforts, beginning with Witting (1984), have focused on improving the deep water behavior
of Boussinesq models such that their linear properties (dispersion, shoaling, etc.) better mimic those
of fully-dispersive linear theory for a wide range of water depths. McCowan and Blackman (1989),
Madsen et al. (1991) and Nwogu (1993) represent some of the first attempts to improve time domain
Boussinesq models in this regard; the resulting models were generally dubbed “extended” Boussi-
nesq models because their linear properties were extendable to intermediate and deep water. Madsen
et al. (1991) added terms to the classical Boussinesq momentum equation, multiplied by a free pa-
rameter, which would be zero in shallow water but have significant effect in deeper water. This free
parameter was tuned via Padé approximations so that the dispersion relation of the equations would
compare favorably to that of linear theory for a wide range of depths. Madsen and Sgrensen (1992)
extended the Madsen et al. (1991) model to include varying bathymetry. Madsen and Sgrensen (1993)
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investigated frequency domain formulations of the model of Madsen et al. (1991) for wave evolution
over a flat bottom, and sloping-bottom extensions of this equation became the basis for further de-
velopment in the frequency domain (Eldeberky and Battjes, 1996; Kofoed-Hansen and Rasmussen,
1998; Becq-Girard et al., 1999). The equations of Madsen et al. (1991), and their various nonlin-
ear and dispersive enhancements, have been analyzed extensively by Schiffer and Madsen (1995),
Madsen and Schiffer (1998) and Madsen and Schiffer (1999).

In contrast, but to the same end, Nwogu (1993) used the velocity variable at an arbitrary location in
the water column (rather than the depth-averaged velocity as in the classical Boussinesq equations) as
a basis for deriving extended Boussinesq equations from the inviscid Euler equations. The resulting
equations contained higher-order terms in both the continuity and momentum equations, and are

2 h? h
M+ V- G+ gl + 9 - {(7 - ?) hY(V g + (zd + E)hvw : (hua)]]
=0, 5u%, 6% (1
ot + 8V + (o - V)l + 20 { 5-V(V - tar) + VIV - (hia)]} = 0?8322, 82) (12)

where uy, is the horizontal velocity at a location z¢ in the water column. The dispersion relation of
this set of equations is found by isolating the linear terms and substituting in a periodic, progressive
wave, leading to

W2 1= (e+d) (eny?
= I Tawn? ()

where o is a free parameter related to z4 by

2
o 2o
=|—+-- 14
* <2h2 o ) 19
This free parameter « is then best-fit to that of fully-dispersive linear theory for a wide range of
water depths. Nwogu (1993) determined that @ = —0.390 was the best-fit parameter value for the

range 0 < h/L, < 0.5, where L, is the deep water wavelength. This value of « corresponds to
20 = —0.522h.

3.1. Frequency Domain Transformation of the Equations of Nwogu (1993): Linear Properties

Usually the first step undertaken in a frequency domain transformation is to combine the con-
tinuity and momentum equations into one via the use of first-order substitutions. Noting the extra
dispersive terms in both the continuity equation (11) and momentum equation (12), Chen and Liu
(1995) commented on the difficulty in determining a frequency domain form of the equations such
that the linear dispersion relation (see equation (13)) would remain applicable to the resulting equa-
tion. Later, Kaihatu and Kirby (1998) determined a series of first-order substitutions which would
lead to a set of equations retaining the original dispersion relation.

To illustrate the difficulty, we reduce equations (11) and (12) to their linear, one-dimensional form
for a flat bottom

1
N+ hugy + <0[ + g) h3uo{xxx =0 (15)

Uar + gNx +ah214xxt =0 (16)
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We follow the procedure of Liu et al. (1985) to formulate the frequency domain model. The first step
involves combining the continuity (15) and momentum (16) equations. We make use of the following
first-order relations

N = —hugx (17)
Ugt = —gNx (18)

We then take the time derivative of equation (15), the x-derivative of equation (16), and combine the
resulting equations. We then use equation (18) to eliminate # in favor of 7. This results in

1

N — ghnxx +gh3'7xxxx -8 (01 + :j) h37]xxxx =0 (19)

To obtain the linear dispersion relation, we substitute
n= Ael (kx—wt) (20)

into equation (19) and obtain
2 2 1.2
" =ghk”|1— é—(kh) @n

which is essentially the linear dispersion relation to weakly-dispersive Boussinesq theory to within
a binomial expansion. The substitution sequence used to collapse the two equations did not retain
the dispersion relation of the original equation. Schiffer and Madsen (1995) addressed this issue by
applying differential operators of 0 u?) (multiplied by free parameters) to the equations of Nwogu
(1993) and then used a Padé [4, 4] expansion to determine the set of parameters which best fit the
linear dispersion and shoaling characteristics from linear theory, with the results of Nwogu (1993)
representing a subset of the parameters. In contrast, Kaihatu and Kirby (1998) used a different series
of substitutions to retain the dispersion properties of the original equation; this is examined here. If
we had taken the time derivative of equation (15), and then used equation (18) to replace uy with 7,
we would have obtained

1
Nt +hgxr — 8 (0( + g) h37]xxxx =0 (22)
We then multiply equation (16) by k& and substitute the time derivative of equation (17) to eliminate
uq . Substituting the result into equation (22) results in

1
Nie — hixx — ahznxx,, - gh3 <a + é‘) Nxxxx =0 (23)

It can be shown that the linear dispersion relation of equation (23) is equation (13), the original
dispersion relation of Nwogu (1993).

The complicated substitution sequence required to retain the linear dispersion relation also affects
the shoaling behavior of the frequency domain model. To examine this, we return to the derivation
of equation (23), but retain bottom slope terms. Performing the same series of substitutions and
neglecting 4, and (h X)z terms leads to

1
Nee — g(hnx)x + 20hhxnyee +ah2'7xxtt - gh2(5(x + Dhxnxxx — gh3 (a + §) Nxxxx =0 (24)
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Substituting equation (20) into equation (24) leads to

Ar+WA=0 (25)
where
Eky+ Fh
W = Ekx+ Fhx (26)
G
1
E =gh+ o’ h’a — 6gh° <a + 5) K2 27
F = gk + 200*kh — gh*(5a + 2)k° (28)
1
G=2 |:gkh + w?h2ak — 2gk3h3 <a + 3)] 29

Though the derivation appears to be fairly straightforward, it will be shown that the linear shoaling
term (equation (26)) compares very poorly to that of linear theory. Further analysis reveals that the
balance between the 1y, and g(hnyx)x terms governs the effectiveness of the wave shoaling relation.
Kaihatu and Kirby (1998) addressed this by adding the following term to the equation

B(nrr — ghnxx)x =0 (30)

which is true at lowest order. In this equation 8 is a free parameter to be optimized. This changes
equation (24) 1o

Nt — ghny)x + Qo + BYhhxnxrr + ah®nexis — gh2 (50 +2 4 BYhynyxx

1
— gh? <a+§) Nxxxx =0 3

Carrying the calculation forward to the point of obtaining a shoaling relation results in a slight mod-
ification to the expression F in equation (28)

F =gk + Qa + B)w’kh — gh*(5a + 2 + B)k> (32)

Kaihatu and Kirby (1998) determined the free parameters o (for dispersion) and 8 (for shoaling)
using a least squares optimization integrated as a function of &/L,. Two sets of parameters were
found. The first set optimized the shoaling while using the optimum ¢« determined by Chen and
Liu (1995). This set (« = —0.3855, 8 = —0.3540) was known as the “dispersion optimized” (DO)
set. The second parameter set was determined by finding the values of ¢ and 8 which minimized
the global error in («, 8) parameter space. This set (¢ = —0.4111, = —0.3188) was denoted the
“dispersion and shoaling optimized” (DSO) parameter set. It is noted that the DSO parameter value
of « = —0.4111 is very close to Witting’s (1984) optimum dispersion parameter value (found via
Padé approximants) of @ = —2/5.
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3.2. Frequency Domain Transformation of the Equations of Nwogu (1993): Nonlinear
Parabolic Model
If nonlinearity and two-dimensionality had been retained when deriving equation (31), the result
would have been (Kaihatu and Kirby, 1998)

N — gV - (hV)) — AV - [(ug - V)Ug] + Qo + B)AVA - Vi +ah?V2 . +V - (nug);
1
— gh*(Sa+2+ B)Vh - V(V3y) — gh’ <a+§> vZvip =0 (33)

Complete elimination of the velocity u, requires assumption of time periodicity for both n and uy.
To eliminate u, from the nonlinear terms, we can use the time-periodic form of equation (18)

N ig a
Uy = — V1), (34)
nw

leading to the time-periodic equation for 7,,. To facilitate convenient numerical treatment, we make
use of the parabolic approximation, first developed by Radder (1979) and Lozano and Liu (1980) for
the linear mild-slope equation. We first make an explicit assumption that the waves are propagating

forward
ﬁn =Au(x, Y)ei Jknx)dx (35)

The complex amplitudes A, (x, y) represent phase-like behavior in both x and y. The phase function
is integrated only in x; this places all phase-like behavior in y in the complex amplitude A,,, while
allowing explicit slow and fast variations in x. The consequence is that the angle between the incident
wave and the x direction of the grid remains small in order to maintain slowly-varying wave-like
behavior of A, in the y direction.

Because of the third and fourth derivatives of n present in equation (33), terms proportional to
knx Anx, Anxx,and other higher-order derivatives will be generated. We thus keep a higher degree of
modulation in the y direction than in the x direction (following the ordering of Liu et al., 1985), lead-
ing to a parabolic evolution equation for A,. However, because the phase function in equation (35)
is integrated only in x, but & is a function of both x and y, a redefinition is required
Ap = anei [ k() —kn (x.y)dx (36)
where k;, is a reference wave number that is the result of averaging along the y direction. With this
redefinition, the model equation reads

2i [ghkn + n’wlak,h® - 2gh°k; (oz + %)] anx
-2 [ghkn +n’w’akyh® —2gh°k) (a + %)] (kn — kn)an
+ i[gkn +n°e? 20 + B)knh — gh>ky (5o +2 + B)lhcan
+ i [gh + nwlah? - 6gh3k,2, ((x + %)] knxan
+ [g + n2w2(2a +B)h — ghzk,%(Sa +2+ ﬂ)] hyapy

1
+ [gh +nlwiah® — 2gh3k} <04 + g)] Anyy
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n—1 N—n
g i E E,,, _En i _n’ 7k _‘_n —_—
-5 3 Rajay_jel [ Ethni—kn)ds 4 5 N™ gurq, o [ Rnvi—ki=kadx ) ¢ 37
=1 I=1
where
2 2,2
gh 2. nikik,_;  ncw
= ———I[ktky_;(k; + Ky _— 38
l(n—l)w2[l"1(l+"l)]+l(n—l)+ 2h (38)
2 2.2
gh 5. nkik,y  new
S=—"——[kik,Li(k; — k +—+ 39
l(n+l)w2[ 1 n+l( 1 n+l) ] n+10) gh 39

This is the primary result from Kaihatu and Kirby (1998).

Kaihatu (1994) noted that the ambiguity which affected the substitution process in the linear terms
also appears in the formulation of the nonlinear terms, to the effect that several different nonlinear
coefficient sets are possible. Unlike the linear terms, however, there are no corresponding analytical
metrics for determining which set of coefficients have the most desirable properties, outside of com-
parisons to nonlinear permanent form solutions. The general complexity of the Boussinesq equations
of Nwogu (1993), particularly in retaining shoaling and dispersive properties during transformation
into the frequency domain, has motivated investigations into developing simpler forms of the equa-
tions. This is explored in the next section.

3.3. Frequency Domain Transformation of the Equations of Chen and Liun (1995)

Chen and Liu (1995) and Kaihatu and Kirby (1994) investigated using the extended Boussinesq
equations of Nwogu (1993) in the form of velocity potential (rather than velocity) and free surface
elevation. The resulting equations would be an analogue to the Boussinesq equations of Wu (1981),
which were a (¢, n) form of the classical Boussinesq equations of Peregrine (1967). The use of ve-
locity potential as a dependent variable simplifies the treatment of the extended Boussinesq equations
considerably, since ¢ is a scalar quantity.

Chen and Liu (1995) began with the boundary value problem for water waves, with surface bound-
ary conditions scaled for shallow water waves and expanded to O(3, w?). The derivation is similar
to that seen in Mei (1983), except that the velocity potential is taken at an unknown level in the
water column rather than averaged over depth. Kaihatu and Kirby (1994) expanded the equations to
0@, u2,8u2), thereby including dispersive effects in the nonlinear terms. The resulting equations
are

2
m+V-[(h+n)Véa]+ V- [hv [zav - (hVg) + %‘"V%&a]

W2 n3
+7vw~(W¢a)1—gvv2¢a +T=0 (40)
1 2 2 o
¢at+gn+§(v¢a) + ZuV'(hV¢at)+7V Pt +A=0 (41)

where ¢, is the velocity potential at z. The terms Y and A represent terms of O(§ u2), which are
zero in Chen and Liu (1995). In Kaihatu and Kirby (1994) they are

T=V-qVoe) + V- -(nV[2aV - (hVa)])
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2
+ 7V (%"quba) 42)

A==V - (hV¢ar) + Voo - [V V- (hV@e)] + 2o (Vo - V) (V - (hV¢y))

2 1 2 2 1
+ Vg {20 VZa Voo ) + 2V¢aza “V(Viga) + 2V < (hVq) 43)
Temporal periodicity was assumed for the velocity potential ¢, and the following equation developed

for the amplitudes of the velocity potential b, (Chen and Liu, 1995, although expressed somewhat
differently)

212 2p2
h 1 h
[h + w"g 22 <a + 5) h3k,2,:| buyy +2i [kn (h + “’"gfa) A0 (a + 3)} bux

2
+ [1 + 255 (1 450+ /1 +2a)k,2,h2:| hybny

4

2
[k,, (1 + “’%) — 3R+ 50 + V1 +2a)]]hxbn

212

h " -
—2 [k,, (h + “’"g “) —263h3 <a + §>] (n — k)b
212
h 1

+i |:h + “’"g * —6<oz + 5) h3k3:| knxbn

N—n
ZRblb [elf(k[+kn 1— k )dx +2 Z Sbl n+lel f(k"+[ k[ k )dx (44)
=1
where
R=1k2_, + 2nkiky_; + (n — k2 — ah? (lk, k1 +nk? + (n — D> ,) (45)
2 212 3
§ = n+ DRF = 2nkyksg = K2+ o (0 4+ DRy = kPR = Thiyy 7 ) (46)

From the second-order dynamic free surface boundary condition, the nonlinear relation between the
amplitudes of ¢, and those of the free surface n can be derived

2wpah?k k
iy Zy hybny - Wn n by — wnZga n hoby

)
anp = ?nahzbnw +

wncxh2

kb + %[1 — k2% — 20h ke (K — kn) 1

Z R b[b lel f(k[-i-k” I— k Ydx _2 Z Sb* n lelf(kn+[ k[ kn)dx (47)
=1
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where

R =ik, (48)
~1

S =k, (49)

The extension to O (8 uz) results in the nonlinear coefficients (Kaihatu and Kirby, 1994)

R=R—ah®((n =Dk} +@n = Dk s + (n+ Dk, +1K3_;)

=D+l -D+12\ 5,
— nh? kik
" In—1) 1¥n—t 0
5=+ ah? (Ikh,, + @+ Dk + (1 = Dk, — 0+ DEY)
n+D2=1n+D+12\ 5 5
h? K2k
n ( l(n+l) [ “n+l (51)
- AT PR =D +1n D+ | 5 5
R =R —ah®[k}_, + lkn_1]—h o K22, (52)
B P, S+ =1+ +21] 55
S=5—an [k,kn+,+k, k,,+1] —h ot D K2, (53)

The O(8u?) terms generally tend to induce a slower growth in the generated higher harmonics
in shoaling wave applications. Truncation of the extended Boussinesq model to O(u?) (with all
nonlinearity retained) was performed by Wei et al. (1995). We note that the ambiguities which arose
in the previous frequency domain treatment of the equations of Nwogu (1993) are not present here.

3.4. Model Evaluation

We noted earlier that a primary motivation for development of the extended Boussinesq models
was to impart linear properties which mimicked those of fully-dispersive linear theory for a wide
range of water depths, thus removing a substantial obstacle to general model application. In this
section we examine how well the resulting frequency domain models capture wave shoaling, having
insured (via the substitution process) that linear dispersion is well represented. Additionally, because
the resulting models are parabolic, we will also examine the wide-angle behavior of the equations.

3.4.1. Wave Shoaling

As mentioned previously, one of the consequences of frequency domain transformation of the
equations of Nwogu (1993) has been the lack of any guarantee that the characteristics of the original
equations survive the transformation process. Great care had to be exercised in the combination of
the equations such that the advantageous linear dispersion properties could be maintained. Additional
steps were required for handling shoaling. In contrast, the equations of Chen and Liu (1995) were
relatively simple to transform into the frequency domain, particularly with respect to retaining the
dispersion relation of the equations of Nwogu (1993).
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Madsen and Sgrensen (1992) noted that the most reliable measure of the effectiveness of the
shoaling mechanism was the shoaling gradient
Al _

[A] h

(54)

where y is the shoaling gradient. While deviation of the shoaling gradient from linear theory may
exaggerate that seen in the shoaling model itself, particularly in intermediate water depth (Chen and
Liu, 1995), it is a convenient measure since integration is not required. The resulting expressions
for y for the shoaling models compared herein can be found in the original publications. Kaihatu
and Kirby (1998), as mentioned previously, used two sets of parameters: the DO parameters (o =
—0.3855, B = —0.3540) and the DSO parameters (@ = —0.4111, 8 = —0.3188). To demonstrate the
effect of the B term, we also include the (o = —0.3855, 8 = 0) case; this is what would result if the
ambiguity in the substitution process detailed earlier had not been realized. The shoaling mechanisms
of Madsen and Sgrensen (1992) and Chen and Liu (1995) will be used with the optimized free
parameters determined by the authors in the original publications. We note that the model of Kaihatu
and Kirby (1994) shares the same shoaling characteristics as that of Chen and Liu (1995).

As a benchmark, the shoaling gradient from fully-dispersive linear theory is used (Madsen and
Sdrensen, 1992)

G’ (1+16/(1 = cosh2kn))
' 1+ G2

(55)

where

, 2kh
" sinh2kh

(56)

Fig. 1 shows a comparison between the different shoaling mechanisms and that of linear theory. Of
the five shoaling mechanisms, those of Madsen and Sgrensen (1992) and Kaihatu and Kirby (1998)
with DSO parameters compare the best, with a slight improvement yielded by the free parameteriza-
tion of the latter model. In contrast, the shoaling mechanisms of Chen and Liu (1995) and Kaihatu
and Kirby (1998) with 8 = 0 compare poorly, particularly the latter model. The model of Kaihatu
and Kirby (1998) may represent the limit of optimum shoaling performance possible with two free
parameters. Schiffer and Madsen (1995), using a Padé [4, 4] approximation and more free parame-
ters, developed an expression for y which exhibited virtually no deviation from linear theory for the
complete range of water depths.

3.4.2. Wide-Angle Behavior of the Parabolic Equations

One consequence of the parabolic approximation is the assumption that the angle between the
x-coordinate of the grid and the incident wave direction remains small. Methods for ameliorating
this problem have generally taken the form of retention of higher-order derivative terms with coeffi-
cients which can be determined by Padé approximations (Booij, 1981; Kirby, 1986a) or by rational
approximations (Kirby, 1986b), and have been shown to work well for parabolic approximations of
the mild-slope equation (Berkhoff, 1972; Smith and Sprinks, 1975). The suitability for parabolic ap-
proximations of the Boussinesq equations, however, have not been established except by comparisons
with data (for example, Kirby, 1990). In this section we analyze the effectiveness of the parabolic
approximation used in the development of the frequency domain extended Boussinesq models. We
note that the models of Chen and Liu (1995) and Kaihatu and Kirby (1994; 1998) reduce to the same
basic parabolic form in the linear limit.
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Figure 1. Comparison of shoaling mechanisms from various extended Boussinesq models to that of linear theory.

Numerical treatment of parabolic wave models generally involves the Crank-Nicholson discretiza-
tion scheme, which is second-order accurate in both horizontal directions. A tridiagonal matrix is
formed at each x location and is usually solved using a Thomas algorithm. The highest order deriv-
ative of A which would allow this treatment is Ayyy (Kirby, 1986a), which was not retained in our
previous development. Expanding the time-periodic form of equation (33) into its horizontal com-
ponents, neglecting nonlinear and bottom slope terms, substituting in equation (35) and retaining the
Ayyy term that results yields

1 1
2i [ghk + w?kh? — 2g(kh)? (a + 5)] Ax + [gh + w?h’a — 2gh3k? (a + 5)] Ayy

1
+ 4igh’k (a + 5) Aryy =0 (57

We note that many terms were truncated in the substitution process used to derive equation (57),
specifically third and fourth derivatives with respect to y. Additionally, similar derivatives with re-
spect to x are represented only in the differentiation of the phase function, generating terms propor-
tional to k*. To ascertain the effect this truncation has on the accuracy of wave propagation, we need
to transform the equation back into 7} by

A= feikx (58)

leading to

1 1
2i | ghk + w?kh?a — 2gk3 13 (o + = ) [ A, + 2k | ghk + w?kha —2gk°03 (a0 + = ) |
& 3) | 3
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1\]. , AW
+ [gh + o?h%a — 2gn3k? (a + 3)] flyy +4igh’k <a + 5) fxyy

1
2,13 A
+ 4k“gh (a+§) flyy =0 (59
Making a final substitution

f= aei(kxx+kyy) (60)

where ky and ky denote wave number vector components in the x and y directions, respectively, we
can obtain an expression for ky in terms of k and ky

2k — k) [ ghk + w2kh?a —2k30% (o + )|
O (e ) [ e )]

The neglect of the Ayyy term would have the effect of zeroing out the kk term in the denominator
of equation (61). The baseline for comparison is the circle

ky =k —kZ 62)

which was derived by substitution of equation (60) into the Helmholtz equation. Additionally, we
also compare to the small-angle parabolic approximations used in the mild-slope equation (Kirby,
1986b)

ky = 2(k? — kky) (63)

and the wide angle expression from the Padé approximation of Kirby (1986a)

(64)

Fig. 2 shows a comparison of the above expressions relating ky to ky. It appears that the parabolic
models of the extended Boussinesq equation have slightly worse characteristics at oblique angles
than the small-angle approximation of the mild-slope equation, with the Ayyy term imparting no
appreciable improvement. This could be due to the considerable amount of information contained
in the V2 Vzn terms (among others) discarded when the form (equation (35)) is substituted and the
parabolic approximation made. Optimizations similar to Kirby’s (1986a; 1986b) developments with
the mild-slope equation could be implemented here.

4. NONLINEAR MILD-SLOPE EQUATION MODELS

An alternative approach to developing nonlinear frequency domain models involves incorporating
nonlinear effects into models already equipped with fully-dispersive transformation characteristics.
The mild-slope equation (Berkhoff, 1972; Smith and Sprinks, 1975) simulates wave refraction, shoal-
ing and diffraction over mildly-varying bathymetry; its applicability has been greatly increased with
the advent of the parabolic approximation (Radder, 1979; Lozano and Liu, 1980) encountered in
earlier sections.
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Figure 2. Analysis of the parabolic approximations used for various models. Relation from elliptic model is
benchmark.

Bryant (1973, 1974) first studied the efficacy of developing fully-dispersive models with second-
order nonlinear characteristics. He developed a spatially-periodic solution to the truncated Laplace
boundary value problem (thereby retaining full frequency dispersion) and compared numerical eval-
uations of this solution to those from various forms of the Korteweg-deVries (KdV) equation. Fur-
thermore, Bryant (1974) also demonstrated that three harmonic amplitudes of his spatially-periodic
solution matched those of third-order Stokes waves, as did the nonlinear dispersion characteristics.

Keller (1988) derived coupled nonlinear equations derived from the shallow water equations, the
Boussinesq equations and the Euler equations, all truncated to two harmonics. He showed that, in the
shallow water limit, the equations reduced to identical forms.

Agnon et al. (1993) developed a unidirectional shoaling model based on a nonlinear extension
of fully-dispersive linear shoaling. The linear part of the resulting model contained fully-dispersive
shoaling, and triad interactions between wave components described the nonlinear evolution. This
was later extended to two-dimensional propagation by Kaihatu and Kirby (1995), Tang and Ouelette
(1997) (both parabolic models) and Agnon and Sheremet (1997) (hyperbolic model). The paper by
Kaihatu and Kirby (1995) also detailed the inclusion of a surf zone dissipation mechanism. Tang
and QOuelette (1997) extended the model of Kaihatu and Kirby (1995) by including diffraction and
bottom slope effects in the nonlinear terms of their model.

To explain some of the subtle points outlined later in this section, we briefly outline the develop-
ment of the nonlinear mild-slope equation described by Kaihatu and Kirby (1995). We start from the
boundary value problem for water waves, with free surface conditions expanded to second-order in
wave amplitude. We first assume that the solution can be expressed as a superposition

N
P, y.2.0=3 [@,x e " +ee. (65)

n=I
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where ¢,, is complex, and

o coshk, (h +z)
- 66
In coshk,h (66)

where the dispersion relation is that of linear theory
w;, = gky tanhk, h 67)

We then make use of Green’s Second Identity on the variables f ,, and <Z> - and then use resonant triad
interaction theory to create a time-periodic evolution equation for ¢,,. We then assume a propagating
wave

¢n — ——A o [ kndx (68)
,

n

We substitute equation (68) and its conjugate into the time-periodic equation for (f)n, and employ the
parabolic approximation to justify neglecting 32A, / dx? terms in the resulting equation. We then
make use of a phase function redefinition similar to that done for the extended Boussinesq models in
earlier sections. This results in

Zi(kccg)nan.x - z(kCCg)n (En —kn)an + i(kccg)nxan + [(ch)n (an)y]y

n—1

1

Z Ya[a lel /(kI-H(n 1— kn)dX +2 Z Zal a”Jr[el f(k,,+] k/ k”)dx (69)
=1 1=1
where
Y= P [a)”k[kn 1+ ke + k) wp_ 1k + @ik, g
n—1
2
w
— ?”(w,z+w/wn_, +w571) (70)
Z = P [Cl)nklkn+[ + (er—l k[)(a)n+[k1 + a)[kn+[)wn]
n+
2
w
- ?n(wlz — W] Wp4] +w3+1) (71)

Equation (69) comprises the model of Kaihatu and Kirby (1995).
Equation (68) is derived from the first-order dynamic free surface boundary condition

¢t +gn=0, z=0 (72)

and is a transformation from amplitudes of velocity potential to those of the free-surface elevation.
This transformation is first-order, and does not include the nonlinear terms inherent in the dynamic
free surface boundary condition. Eldeberky and Madsen (1999) determined that the neglect of these
second-order terms had the effect of underpredicting the nonlinear energy transfer, particularly with
respect to the superharmonic energy transfer. They used successive approximations to invert the
second-order dynamic free surface boundary condition and eliminate the velocity potential, resulting
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in an evolution equation that could be conveniently solved for the free surface amplitudes alone. The
linear terms are the same as those of earlier models, but the nonlinear coefficients are

' 8 + r+w§ 2 2
Y=Y- I wnkik,—; + (0] + wjwn_j +w;_)) (73)
W]Wp—| 8
g Ton 5 2
Z'=7 - ' wnkiky+) — L (0] — w4y + oy, ) 74)
WyWp4|
where

20k +kp— — kn)cgn

wn

r+= (75)

= 2(kn+1 _'kl - kn)cgn

wn

76)

Eldeberky and Madsen (1999) demonstrated that the above terms contributed substantially to the
superharmonic energy transfer. We note here that Tang and Ouelette (1997) also took the second-
order terms in this transformation into account, though in a manner different than Eldeberky and
Madsen (1999).

Kaihatu (2001) took a different approach and derived the required correction to make the result-
ing equations consistent. This correction was derived from the second-order dynamic free surface
boundary condition, and is applied whenever the free surface is required

-1 N—n
1 (5 TRt T K [y —T—E
an=an+ o 3 ¥ aja,_get [ Cithamimkads o N zgxg, ol ] Knsi—hi—ka)dx an
=1 =1

where a, is the total amplitude of the free surface to second-order, a,, is the solution to equation (69),
and

kik,_
Y =0} +ojon_ +op_ — gt L (78)
wWjWp |
kikn+1
7" = w? — oo —+—w2 — gttt 79
] | Wn+] ntl — 8 1 Ontl %

Kaihatu (2001) also investigated the effect of this correction by comparing permanent form solutions
of the one-dimensional version of equation (69), with and without the correction (equation (77)), to
third-order Stokes theory. While the correction did not noticeably enhance phase speed comparisons
to the theory, it did improve comparisons of the respective free surfaces. Additionally, Kaihatu (2001)
also extended the parabolic model to include wide-angle propagation terms, which notably improved
model performance when compared to laboratory measurements of waves propagating over a shoal
(Chawla et al., 1998). These wide-angle propagation terms are essentially those of Kirby (1986a) and
therefore share the same accuracy in oblique-angle propagation as equation (64).
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5. BREAKING WAVE MODELS

For general utility in solving nearshore wave propagation problems, consideration of wave break-
ing and surf zone decay is required. Due to the nature of the evolution equations, such breaking and
decay descriptions must necessarily be statistical. Two formulations are generally used for this ap-
plication; those of Battjes and Janssen (1978) and Thornton and Guza (1983), though several others
are extant (for example, Dally, 1990; Battjes and Groenendijk, 2000).

Battjes and Janssen (1978) assumed that the probability distribution of breaking waves could be
described as a Rayleigh distribution, where the percentage of breaking waves at a particular location
is related to the area under the truncated probability distribution. This percentage Qp was determined
by solution of the following implicit relation

1- Qb _ ( Hyms )2 (80)
nQp,  \ Hnax

where H,p; is the root-mean-square wave height and H, 4, the maximum wave height in the distri-
bution. Framing the energy dissipation from breaking waves as an energy balance

(EJg'h)x = e 81)

where E is wave energy, Battjes and Janssen (1978) determined an expression for the energy dissi-
pation €,

1
€p = 2 Op fngr%zax (82)

where f is the average frequency of the spectrum. The maximum wave height Hynqy is determined
by

0.88 7kh
H, = —tanh | — 83
max 3 a <0.88) (83)

where k is the average wave number. An expression for 7 based on the deep water wave steepness
was found by Battjes and Stive (1985).

Thornton and Guza (1983) extended the Battjes and Janssen (1978) model by accounting for the
transformation of the wave height probability distribution through the surf zone. They hypothesized
a distribution of breaking waves as being a weighted Rayleigh distribution with tunable parameters.
The energy dissipation for a single bore was then integrated through this probability distribution to
obtain

o _ VT B H,
PTaseE 7S

where B and ¥ are free parameters. Reasonable fit to field data was found with ¥ = 0.42 and
B =1.3 — 1.7 (Thornton and Guza, 1983). Mase and Kirby (1992) incorporated this dissipation
mechanism into their “hybrid KdV” shoaling model, which used full linear shoaling with shallow
water nonlinearity. This particular study also detailed a laboratory experiment in which a spectrum
of waves was allowed to shoal and break over a long sloping bottom. The unique feature of this
experiment is that the energy at the peak of the spectrum is in intermediate water depth at the wave
maker; this would serve as a severe test of shoaling models, and would invalidate those limited to

(84)
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weak dispersion (for example, models based on the classical Boussinesq equations). This dissipation
mechanism was also included in the linear spectral parabolic model of Chawla et al. (1998), as well
as the nonlinear shoaling mode! of Kaihatu and Kirby (1995).

Both Battjes and Janssen (1978) and Thornton and Guza (1983) developed their dissipation mech-
anisms purely as lumped parameter models, dependent only on integrated properties of the spectrum
with no other details. For use in phase-resolving frequency domain models such as those detailed in
this study, some assumptions concerning the distribution of the dissipation over the frequency range
must be made. The majority of nonlinear models of this type assume an equal weighting of dissipa-
tion across the entire frequency range (Eldeberky and Battjes, 1996; Eldeberky and Madsen, 1999);
this assumption is also used in linear spectral models (Chawla et al. 1998). Alternatively, Mase and
Kirby (1992), Kaihatu and Kirby (1995) and Kirby and Kaihatu (1996) used a distribution which as-
sumes a frequency-squared weighting of the dissipation term, thus accounting for nonlinear transfer
of energy from low to high frequencies due to triad interactions. Chen et al. (1997) demonstrated
(using the model of Chen and Liu 1995) that, while the frequency-squared weighting did not affect
the spectral shape significantly, it did offer greater accuracy in estimating skewness and asymmetry.
Both quantities are indications of wave shape; for example, negative asymmetry corresponds to a
forward-pitched shape of the wave field, redolent of surf zone waves.

The dissipation mechanisms are usually formulated in terms of energy E. Some manipulation is
required to implement these into complex-amplitude evolution equations. Mase and Kirby (1992)
implemented the Thornton and Guza (1983) dissipation by starting with the conservation of energy
flux equation with a damping term added

anx ~
Apx + ——Ap+aA, =0 (85)
2Cgn
where & is the dissipation coefficient. Multiplying this equation by the conjugate amplitude, adding
it to its conjugate equation, then summing over all components, we obtain

N

N
> (ConlAnl) =-23 @nCenldnl® (86)

n=1 n=1

Then, assuming shallow water and switching to an energy definition, we obtain

N
(EVeh) = pgv/eh | Y anlanl? &7
n=1

where p is mass density of water. Equating this to the dissipation function in equation (84) yields

N 3 5 N
3ﬁ B’ frear H o
- 2 _ peakfrms 2
2_1an|An| =ava =R §:l|A,,| (88)

We now require a frequency distribution for &y. Mase and Kirby (1992) investigated the trends
evidenced in a back-calculation of &, from the data, and determined that a strong f,,2 dependence for
the dissipation existed, analogous to a frequency domain transformation of the Burgher’s equation
with viscous damping. A reasonable representation of this frequency dependence can be achieved by
assuming the following form for &y,

2
Gn =5‘n0 + ( > &nl (89)

fpeak
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where

&nozﬁﬁ(x) (90)

2 N 2
fpeak Zn:l |An]
Yo filAnl?

This essentially splits the frequency dependence into a balance between one that is flat across the
frequency range (&,) and one that is weighted to the square of the frequency (&, ). This split is
controlled by the parameter F. Mase and Kirby (1992) found that F = 0.5 seemed to work best for
their experimental data, though Chen et al. (1997) noted that F = 0 worked best if the comparison at
the shallowest gauge of the experiment (h = .025 m) was neglected.

Eldeberky and Battjes (1996) and Eldeberky and Madsen (1999) both used the dissipation of Bat-
tjes and Janssen (1978), and assumed that the dissipation was weighted equally across all frequencies.
By realizing that amplitude changes are half those of changes in energy, they found that

&1 = (Bx) —dno) o1

N 1 €p
Oy = ——"——
2YN | ConlAnl?

where the denominator represents the total energy flux in the spectram. Eldeberky and Madsen (1999)
show comparisons of their model (with the inclusion of the second-order relation between ¢ and n
discussed earlier) with the data of Mase and Kirby (1992). While they showed improved comparisons
of skewness relative to the original model of Kaihatu and Kirby (1995), they were unable to repli-
cate the increase in negative asymmetry seen in the data. Kaihatu (2001), using the fn2 dissipation
weighting detailed in Mase and Kirby (1992) as well as the second-order transformation between ¢
and 1, demonstrated improved asymmetry predictions relative to those seen in Eldeberky and Madsen
(1999) by using F = 0 in equation (90).

92)

6. COMPARISONS TO DATA

6.1. Whalin (1971)

In this section we compare several of the described models to the experimental data of Whalin
(1971), who conducted a laboratory study to investigate the limits of linear refractive wave propa-
gation theory. He generated sinusoidal waves with periods of 1, 2 and 3 seconds and ran them over
bathymetry resembling a tilted cylinder. The plan view of the experimental layout is shown in Fig. 3.
Wave gauges located down the centerline of the tank measured the free surface elevation; these mea-
surements were then processed to yield wave harmonic amplitudes. The experimental conditions
ranged from deep (4% & 2) to shallow (/,L2 ~ 0.2) water at the wave maker. We will concentrate on
the 1 second period case. Comparisons to other cases in the experiment are detailed in the original
papers.

For this 7 = 1 s case (a, = 0.0195 m) N = 2 harmonics were used. This is in concert with the
work detailed in the original studies; the inclusion of additional harmonics did not make a signif-
icant difference. For each case, all wave energy was placed in the first harmonic, with the higher
harmonics initialized with zero energy. We compare the following models: the extended Boussi-
nesq model of Kaihatu and Kirby (1998) with DSO parameters (o = —0.4111, 8 = —0.3188); the
extended Boussinesq model (expressed in terms of ¢ and n) of Kaihatu and Kirby (1994); and
the nonlinear mild-slope equation model of Kaihatu and Kirby (1995) with the second-order cor-
rection of Kaihatu (2001). The exclusion of the second-order correction of Kaihatu (2001) did
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Figure 3. Plan view of experiment of Whalin (1971). Bathymetric contours labeled in meters.

not yield significant difference relative to inclusion. Additionally, comparisons between the DO
(o = —0.3855, 8 = —0.3540) and DSQO parameters for this experiment are shown in the original
paper of Kaihatu and Kirby (1998) and are not included here. Lastly, the model of Chen and Liu
(1995) was not used in these comparisons; they used a second-order bound wave solution to force
their model for the T = 1 s case, citing a large phase mismatch between the free and bound second
harmonic otherwise. However, we are more interested in testing the model in general wave propaga-
tion scenarios, where a priori consideration of the free or bound wave nature of the forcing would
not be desirable. Linear wave forcing of the model of Chen and Liu (1995) for this case reveals
significant oscillation of the second harmonic over the domain.

Comparisons of the model to the T =1 s, a, = 0.0195 m case are shown in Fig. 4. In this case the
model of Kaihatu and Kirby (1995) with the second-order correction (Kaihatu, 2001) seems to work
best for capturing evolution characteristics of both harmonics. The extended Boussinesq models of
Kaihatu and Kirby (1994; 1998) appear to underpredict the energy transfer to the second harmonic in
the focal region. The oscillations in the second harmonic as predicted by Kaihatu and Kirby (1994)
are of the same order as those shown in Chen and Liu (1995), and are less severe than would be
seen if the Chen and Liu (1995) model had been forced with a linear wave. This indicates that the
presence of O(8 ;1,2) terms appear to have a stabilizing effect on the model, as commented by Tang
and Ouelette (1997). We also note here that the model of Chen and Liu (1995) with bound wave
forcing agrees with the second harmonic data for this case better than the model of Kaihatu and
Kirby (1994) with linear wave forcing. Lastly, Tang and Ouelette (1997) show a better match to the
T =1 s case than seen here, possibly due to the inclusion of nonlinear diffraction terms.

6.2. Mase and Kirby (1992)

Mase and Kirby (1992) conducted a series of laboratory experiments in which irregular waves
(Pierson-Moskowitz spectrum) were generated and allowed to shoal and break over a slope. The
experimental set-up is shown in Fig. 5. The case studied here had a peak period T), =1 s, leading
to kh ~ 2 at the wave maker. Significant wave breaking occurred in this experiment beginning near
the gauge at A = 0.175 m. Time series of free surface elevations were collected at 20 Hz and divided
into 7 realizations of 2048 points each. Each realization was then put into a Fast Fourier Transform
(FFT); the resulting energy density spectra were both Bartlett-averaged across all seven realizations
and band-averaged across eight neighboring frequency bands. A gauge located 0.20 m offshore of
the toe of the slope provided the initial condition. Tests with N = 300 and N = 500 frequency
components were run through the models for each realization, leading to a maximum frequency of
3 Hz and 5 Hz respectively.

We compare two models to the experimental data: the nonlinear mild-slope equation model of Kai-
hatu and Kirby (1995), with corrections by Kaihatu (2001); and the extended Boussinesq frequency
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Figure 4. Comparison of nonlinear frequency domain models data of Whalin (1971). Solid line: model of Kai-
hatu and Kirby (1998) with DSO parameters. Dashed line: model of Kaihatu and Kirby (1995) with corrections
from Kaihatu (2001). Dash-dot line: model of Kaihatu and Kirby (1994). Top: first harmonic amplitudes. Bottom:
second harmonic amplitudes.

domain model of Kaihatu and Kirby (1998) with the DSO parameters. Both models were equipped
with the dissipation mechanism of Thornton and Guza (1983) and the frequency-distribution method-
ology detailed by Mase and Kirby (1992). Both F =0.5 and F = 0 were used, the latter correspond-
ing to a full frequency-squared weighting of dissipation.

Comparisons of spectra at various locations are shown in Fig. 6, with N =300 and F = 0. It is
apparent that, while both models tend to compare well to the data at the frequency peak and lower,
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Figure 6. Comparisons of spectra from models to data from Mase and Kirby (1992): N = 300 frequencies,
F = 0. Solid line: data. Dashed line: model of Kaihatu and Kirby (1995) with correction of Kaihatu (2001).
Dash-dot line: model of Kaihatu and Kirby (1998) with DSO parameters. Top left: # = 0.47 m. Top right:
h =0.2 m. Bottom left: # = 0.125 m. Bottom right: # =0.05 m.

the extended Boussinesq model of Kaihatu and Kirby (1998) significantly underpredicts the high
frequency evolution (f > 1.75 Hz). The case of N = 500 components reveal similar trends. No
significant differences occur between the F =0 and F = 0.5 cases.
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Figure 7. Comparisons of skewness and asymmetry from models to data from Mase and Kirby (1992): N =500
frequencies. Open circles: data. Solid and dashed lines: model of Kaihatu and Kirby (1995) with correction of
Kaihatu (2001) with F = 0.5 and F = 0, respectively. Dash-dot and dash-x lines: model of Kaihatu and Kirby
(1998) with DSO parameters and F = 0.5 and F = 0, respectively. Top: skewness. Bottom: Negative asymmetry.

Differences between the F = 0 and F = 0.5 cases begin to appear when comparmg skewness and
asymmetry. Fig. 7 shows a comparison of both models, each using F=05and F =0, to the skew-
ness and asymmetry values from the data for the case of N = 500. (It was shown by Kaihatu, 2001
that good comparisons to higher-order moments required N = 500 frequency components.) Both
skewness and asymmetry are better predicted by the model of Kaihatu and Kirby (1995), with cor-
rections by Kaihatu (2001), than with the extended Boussinesq model of Kaihatu and Kirby (1998).
Additionally, F = 0.5 results in a slightly better skewness prediction and a slightly worse asymmetry
prediction than F = 0, except for the gauge nearest to shore. At that location the modeled asymme-
try falls off dramatically if £ = 0 in either shoaling model. The reason for this sudden dropoff is
not clear. We note here that this behavior at the last gauge is not an indictment of the F = 0 value;
Kennedy et al. (2000) showed excellent agreement between the time domain Boussinesq model of
Wei et al. (1995) and the Mase and Kirby (1992) data. An eddy viscosity mechanism was used for
dissipation in the time domain model, the formulation of which is equivalent to F = 0 in the fre-
quency domain. Rather, the problem in the frequency domain may lie in the use of the bulk energy
dissipation mechanism used here; it is quite likely that a frequency domain formulation of the local
eddy viscosity mechanism in the Kennedy et al. (2000) model would address the problems seen at
the shallowest gauge.
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6.3. Discussion

Based on the data-model comparisons shown, it appears that frequency domain formulations of
the extended Boussinesq model of Nwogu (1993) may be inferior to those based on the nonlinear
mild-slope equation (Kaihatu and Kirby, 1995; Kaihatu, 2001). One possible reason for the relatively
poor performance of the frequency domain model of Kaihatu and Kirby (1998) may lie in the order
of truncation of the original equations of Nwogu (1993). These equations were truncated to retain
only O(9, uz) terms. As seen in the (¢, n) model of Kaihatu and Kirby (1994), it is possible to retain
0(81?) terms and still treat the equations using the frequency domain transformation; perhaps the
inclusion of these terms in the frequency domain model of Kaihatu and Kirby (1998) would improve
the results (though, in the author’s experience, the derivation process is exceedingly complicated and
ambiguous).

Interestingly, however, Wei and Kirby (1995) show very good agreement between their numer-
ical treatment of the model of Nwogu (1993) and the Mase and Kirby (1992) data. As mentioned
early in the chapter, there is often some discrepancy between the performance of the original time
domain model and its corresponding frequency domain formulation. Additionally, Kofoed-Hansen
and Rasmussen (1998) showed that the model of Madsen and Sgrensen (1993) (a frequency domain
shoaling model based on the extended Boussinesq model of Madsen et al., 1991) demonstrates fa-
vorable agreement with the Mase and Kirby (1992) data set, despite the order of truncation being the
same as that in Kaihatu and Kirby (1998). This is likely due to differences in the underlying time
domain equations and in the derivation procedure of the corresponding frequency domain models.

7. STOCHASTIC MODELS

While frequency domain models offer great utility in simulating shallow water processes, this is
done at some computational expense, particularly when they are initialized with smoothed spectra
(as would be the case for field studies, for example). Initial phases are required for these models,
so multiple temporal realizations are run with random initial phases and the results averaged until
acceptably smooth, which can require considerable computation time. This has motivated research
into stochastic models of triad interactions. In this section, we briefly describe a few approaches,
referring interested readers to the papers cited herein and the overview of Agnon and Sheremet
(2000) for further details.

Abreau et al. (1992) developed a statistical model for triad wave evolution, suitable as a source
function in a spectral balance model such as WAM (Komen et al., 1994) or SWAN (Booij et al., 1999).
The model was developed using the non-dispersive asymptote, with the concomitant assumption
that resonant interactions are only possible among collinear shallow water waves. This inherently
disallows vector-sum interactions among spectral components in the wave field, negating a significant
portion of the potential nonlinear behavior.

Eldeberky and Battjes (1995) developed a parameterized triad energy exchange mechanism which
depends on the evolution of the biphase, a higher-order statistical quantity of the wave train which
is zero at low nonlinearity (low Ursell number) and asymptotically approaches —7 /2 as the Ursell
number increases. The evolution of this quantity was determined from experimental measurements
as a function of Ursell number. Additionally, nonlinear interaction was further limited to self-self
interactions at the spectral peak. This allowed energy to move from the peak to its second harmonic,
but did not allow for any feedback transfer. This parameterized model is a selectable option in the
SWAN model (see Chapter 5).

Recently, much has been done on developing stochastic models from the phase-resolving dynami-
cal equations (for example, Boussinesq equations). The evolution equation and its conjugate are each
multiplied by their corresponding conjugates, then added together, resulting in an energy equation
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with triple products of amplitudes in the nonlinear summations. These triple products are related to
the bispectrum (a higher-order spectrum), for which an additional evolution equation is needed for
system closure. The bispectral evolution equation is derived by applying the triple product defini-
tion of the bispectrum to the original evolution equation, resulting in an equation for bispectra with
quadruple products of amplitudes in the nonlinear terms (the trispectrum). At this point a Gaussian
closure assumption is made, which has the effect of reducing the trispectrum to products of the spec-
trum, thus creating a finite system of equations. Herbers and Burton (1997) developed a directional
stochastic model from the Boussinesq equations of Peregrine (1967) using the same periodicity as-
sumptions as Kirby (1990) and the procedure described above. Agnon and Sheremet (1997) worked
from the nonlinear dispersive model of Agnon et al. (1993) to develop a stochastic model using the
same closure hypothesis as Herbers and Burton (1997), but in the form of a single equation model
for the spectral energy. Kofoed-Hansen and Rasmussen (1998) operated on the extended Boussinesq
equations of Madsen and Sg¢rensen (1993) and developed a corresponding stochastic model. They
showed that good model comparisons were possible so long as the Ursell number U, < 1.5, was in
accord with the observations of Agnon and Sheremet (1997). Eldeberky and Madsen (1999) revis-
ited Agnon and Sheremet (1997) and rederived a stochastic model, taking an additional second-order
effect (noted earlier) into account.

One potential limitation has been the specification of the closure required to truncate the system
to a finite number of solvable equations; the subset of trispectra used in the bispectral evolution
equation represent the lowest order contributions. However, Holloway (1980), in the context of triad
interactions among internal waves, hypothesized a different closure for the system. Rather than dis-
carding a significant portion of the trispectra, Holloway (1980) suggested that the trispectrum is also
proportional to the bispectrum; this, in addition to the products of energy terms, make up the con-
tributions from the trispectrum. Becq-Girard et al. (1999), working from the extended Boussinesq
model of Madsen and Sgrensen (1993), developed a stochastic model with Holloway’s (1980) clo-
sure hypothesis included. This inclusion essentially adds a linear term (multiplied by an empirical
proportionality coefficient) to the bispectral evolution equation, with the effect of broadening the
resonance condition, and adding higher-order contributions that may improve overall performance at
moderate Ursell numbers.

8. CONCLUSIONS

Nonlinear frequency domain models have undergone rapid development, apace with correspond-
ing advances in the time domain realm (particularly with respect to Boussinesq models). They have
also increased in utility with the incorporation of enhanced frequency dispersion effects, improved
shoaling and energy dissipation from wave breaking. We investigated several formulations for nonlin-
ear frequency domain models; ensuing data-model comparisons demonstrate that nonlinear models
based on the mild-slope equations appear to be more accurate than frequency domain transformations
of the extended Boussinesq equations explored herein.

Initial phases of the irregular wave train were available to drive the models for data-model com-
parisons to the laboratory data. In most general field situations, however, smoothed spectra from
pressure gauges, wave buoys or forecast model output would be the only source of data. Using
smoothed spectra as an initial condition requires multiple runs of the model with random phases, a
time consuming task. With the advent of the SWAN model, the consideration of triad interactions
(even in the parameterized form used by the model) has become more widespread, and the need for
a useful operational form of these interactions more apparent. This is particularly evident as more
model systems linking wave, hydrodynamic and sediment modules are developed. The stochastic
models described previously exhibit great potential for operational use; more development in this
area is warranted.
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energy
term in shoaling relation of Kaihatu and Kirby (1998)
breaking parameter controlling frequency dependence of dissipation from Mase
and Kirby (1992)

cyclic frequency

peak frequency

depth dependence from linear theory

average frequency

term in shoaling relation of Kaihatu and Kirby (1998)
depth dependence term

gravitational acceleration

maximum wave height

root-mean-square wave height

water depth

reference water depth

N

wave number

wave number vector

longshore-averaged wave number

cross-shore component of wave number vector

longshore component of wave number vector

total number of frequencies

frequency index

pressure

percentage of breaking waves

nonlinear coefficient term from Kaihatu and Kirby (1998)

nonlinear coefficient from Chen and Liu (1994)

nonlinear coefficient from Kaihatu and Kirby (1994)
nonlinear coefficient term from Kaihatu and Kirby (1998)

nonlinear coefficient from Chen and Liu (1994)

nonlinear coefficient from Kaihatu and Kirby (1994)
wave period

peak period

time

cross-shore velocity

cross-shore velocity at 7y

horizontal velocity vector at z,

time-periodic horizontal velocity vector at z4
depth-averaged horizontal velocity vector

Ursell number (5/u2)

longshore velocity

shoaling coefficient term

cross-shore coordinate

nonlinear coefficient of Kaihatu and Kirby (1995)
nonlinear coefficient from Eldeberky and Madsen (1999)
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Z’  — nonlinear coefficient from Eldeberky and Madsen (1999)
Z"” — nonlinear coefficient from Kaihatu (2001)
z —  vertical coordinate
v — horizontal gradient operator
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Chapter 3
Advanced Numerical Methods for Coastal Hydrodynamics

Clive G. Mingham

Centre for Mathematical Modelling and Flow Analysis, Manchester Metropolitan University,
Chester Street, Manchester, M1 5GD, United Kingdom

1. INTRODUCTION

As a result of increasing public interest in environmental issues more attention is now being paid
to the coastal environment and humankind’s impact upon it. Some of the many recent problems
relating to the coastal environment include beach erosion, silting of shipping channels, pollutant
dispersal, wakes from high-speed ferries, oil spill trajectories, the design of breakwaters, tsunamis,
tidal flushing of harbors and estuaries and the effects of sea level rise due to global warming. All these
problems have economic and social consequences in addition to the obvious environmental ones. The
root of understanding these problems is an accurate description of the underlying hydrodynamics,
and this may be investigated in two very different ways.

Historically, engineers have constructed physical scale models of a particular scenario within a
wave tank or flume. This approach is very expensive, time consuming and requires extensive ex-
pertise in order to capture the relevant features of the problem and to measure the resulting data
accurately. Furthermore, physical scale models contain intrinsic scaling errors and are difficult to
adapt to even slightly different situations. Examples of this approach can be found in Owen (1980,
1982), Goda (1985), Allsop et al. (1995; 1996), Besley et al. (1998), and Bruce et al. (2001).

An alternative approach is to use mathematical models. The equations describing water flow have
been known for a long time and now, with the development of modern high-speed digital computers,
it has become feasible to obtain approximate solutions to these equations and thus simulate realistic
flow scenarios. In many cases this computational approach is quicker and cheaper than the scale
model approach and, given a suitably well written computer package, may not require the same
degree of engineering expertise to obtain the required results. Furthermore, numerical simulation is
unaffected by scaling errors and is very flexible—the geometry, wave height and bathymetry can be
changed easily by simply modifying input files. Examples of this approach can be found in Abbot et
al. (1973), Falconer (1980), Fennema and Chaudhry (1990), Watson et al. (1996), Dodd (1998), and
Mingham and Causon (1998). This chapter presents some modern numerical techniques and results
for a range of coastal problems.

There are two main problems with numerical simulation. Firstly, the underlying physics must be
described in enough detail to capture the essential features of the flow. A complete description of
the flow, even it this were possible, would yield a system of equations which would be so complex
that they could not be solved in a reasonable time. In reality, a complete description is not possible
because terms such as turbulent shear stresses and bed stresses are not sufficiently well understood
and have to be approximated or modeled empirically. In practice, the engineer often only requires
fairly coarse detail, and is satisfied with the prediction of a small number of key parameters. This
allows the full equation set to be simplified enough to become computationally tractable and the
lesser requirement for engineering accuracy permits the approximation of terms within the model
without invalidating its results.
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The second problem with numerical simulation concerns the algorithms used to approximate the
solution of the flow model. The resulting set of equations must be solved using numerical schemes
capable of resolving the essential flow features accurately. Solvers that are constructed only on the
basis of the mathematics do not always respect the underlying physics. These solvers may fail to
conserve mass or momentum which can lead to large errors in the solution. Schemes containing
high levels of numerical diffusion also tend to be inaccurate as they obscure potentially interesting
features of the flow. Simplifying assumptions, like inviscid flow, may lead to the formation of bore
waves which traditional solvers have been unable to handle, and many solvers fail on problems
involving transcritical flow or abrupt changes in bathymetry (Leendertse, 1967; Falconer, 1992). The
solvers presented in this chapter respect the underlying physics and address all of these problems.

There is one further issue concerning the numerical simulation method that relates to the grid-
ding of the computational domain. Problems in coastal hydrodynamics often occur over compli-
cated geometries with highly irregular coastlines, the presence of islands and complex harbor and
breakwater configurations. Classical finite difference approaches based on Cartesian grids use crude
saw-tooth approximations to the boundaries of the domain which lead to unnecessary solution er-
rors (Abbot et al., 1973; Falconer, 1980). One approach to overcome this problem and produce a
boundary fitted grid is to employ curvilinear coordinates to transform the computational domain to
a rectangular domain (Borthwick and Barber, 1992; Pearson, 1996). This technique complicates the
original equation set and may lead to additional approximation errors. A better approach uses the
finite volume method (Mingham and Causon, 1998). In this method the flow equations are written
in integral form and discretized using fluxes projected normal to grid interfaces. The finite volume
method permits the use of grid cells of arbitrary shape and size which allows the computational do-
main to be boundary fitted accurately. Additionally, grid points can easily be concentrated in regions
of particular interest without enriching the whole grid and suffering subsequent loss of computational
speed. No coordinate transformations are required; all the analysis is performed with respect to the
usual Cartesian coordinates, and the flow equations remain unchanged. Although the finite volume
method is, in principle, superior to the previous two methods it contains a potential weakness from
a practical standpoint. The drawback is that many coastal problems contain complicated domains
which include interior solid regions such as islands, and this makes the generation of a boundary
conforming grid a difficult task requiring significant expertise (Hu et al., 1997). In order to overcome
this problem a Cartesian Cut Cell approach may be used (Causon et al., 2000). The method works by
overlaying a background Cartesian grid on to the computational domain and simply cutting out from
it any solid regions such as coastlines and islands. This gives rise to a computational grid containing
a majority of rectangular cells away from the solid boundaries and a small number of cut cells next
to the solid boundaries. Grid generation is automatic and boundary fitting. Moreover, the cut cell
technique permits automatic grid refinement in regions of particular interest (Pearson et al., 1997). It
also allows moving boundaries to be represented without the need for complicated and time consum-
ing regridding of the whole domain (Causon et al., 2001a) as it is only necessary to recompute the
intersections between the boundary and the background Cartesian grid as the body moves through it.

The following sections present some advanced numerical techniques for simulating coastal hy-
drodynamics which are contained within the AMAZON-CC computer code developed by the Centre
for Mathematical Modelling and Flow Analysis (CMMFA) at Manchester Metropolitan University.
AMAZON-CC is a state-of-the-art numerical package that uses the Cartesian Cut Cell gridding tech-
nique and incorporates a new method for source term discretization. A copy of the code may be
available by contacting the CMMFA (http://cmmfa.mmu.ac.uk/). AMAZON-CC is a robust, high
resolution computer code for solving the two-dimensional Shallow Water Equations. The solver is
an explicit time-marching algorithm of the Godunov type (Mingham and Causon, 1998; Mingham
and Causon, 1999). At the heart of the code is an explicit two-stage advective solver. In the first
stage, cell center data is extrapolated to cell interfaces using Monotone Upstream Schemes for Con-



75

servation Laws (MUSCL) reconstruction to eliminate non-physical oscillations (van Leer, 1974). The
solution is then updated to an intermediate time level. In the second stage, extrapolation is repeated
on the new data to provide a pair of flux values at each cell interface. The resulting Riemann problem
at each interface is solved by the HLL (Harten-Lax-van Leer) approach which is robust, accurate
and computationally efficient (Harten et al., 1983). The resulting fluxes are then used to update the
solution to the next time level. AMAZON-CC is capable of simulating transcritical flow over arbi-
trary geometries and can capture complex flow phenomena such as bore waves and hydraulic jumps.
The code has been extensively validated against a large number of test problems which include dam
breaks, surge waves in a channel with varying bed slope, oblique hydraulic jumps, jet forced circula-
tion in a basin, tidal circulation in a harbor, tidal bore wave propagation, wave runup and reflection at
a sloping beach and wave overtopping at sloping and vertical seawalls (Causon et al., 2000; Causon
et al., 2001b; Zhou et al., 2001). In these tests the results were found to be accurate and contain very
little numerical diffusion or dispersion.

2. NUMERICAL METHODS

A complete mathematical model of water flow is provided by the continuity equation which ex-
presses the physical law of conservation of mass together with the Navier-Stokes equations which
are an expression of the physical law of conservation of momentum. These equations include time
and the three space dimensions. Enormous computing power is needed to solve this system of partial
differential equations which means that such a model is impractical for all but the simplest of flow
problems. A simplification of these equations is obtained by time-averaging to give the Reynolds
equations. For many coastal problems the flow in the vertical direction is insignificant and so may
be averaged out to reduce the number of spatial dimensions to two (Whitam, 1973). This depth-
averaging of the Reynolds equations gives the Shallow Water Equations (SWE) which can provide
the coastal engineer with a useful flow model. Furthermore, for practical problems, the SWE can
be solved numerically in an acceptable time. It should be noted that the SWE are normally only
applicable when the vertical acceleration of the flow is small compared to gravity. A further SWE
limitation is that the ratio of wavelength to depth should be less than around 0.04 (Chadwick and
Morfett, 1993). That said, recent work on landslide generated bores (Richardson et al., 2001a) and
wave overtopping (Richardson et al., 2001b) has shown that the SWE do give reasonably accurate
results even outside their formal range of applicability. A comprehensive treatment of the SWE is
given in (Weiyan, 1992).

2.1. Shallow Water Equations
In differential form the 2-D Shallow Water Equations are

8U+8F+8G_Q+3FV+BGV W
ar  9x 3y ax 3y
where
¢ ¢q
U=|¢u |, H=Fi+Gj=| puq+¢?i/2 |,
¢V pvq+¢2j/2
0

Hy =Fvi+Gyvj=| (¢/p) oxxi+ (¢/p) 1'xyj ,Q=B+C+D+E,
(@/p) Tyxi+ (¢/p) oyy]
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¢ = g h is the geopotential, g is acceleration due to gravity, h is water depth, q =u i + v j is water
velocity, f is coriolis force, p is water density, Txw, Tyw are wind shear stresses, Tyf, Tyt are bed shear
stresses, oxx, Oyy, Txy, Tyx are normal and shear stresses respectively, and by, by are bed slopes in
the x and y directions (measured downwards). U is the matrix of conserved quantities, Q is the matrix
of source terms, and H and Hy, are the inviscid and viscous flux tensors respectively.

The following numerical scheme is based on the finite volume method that requires that equa-
tion (1) be re-cast in integral form. Integrating equation (1) over a planar region of area A with
boundary S and outward pointing unit normal vector i and applying Gauss’ divergence theorem to
the flux integrals gives the integral form of the SWE

%//UdA-}-fH-ﬁdS://QdA:%Hv-ﬁdS 2)
A N A S

In the following, for clarity of exposition, viscous flux terms are neglected and only the bed slopes
are included in the source term matrix (i.e., Q = E). It should also be noted that the advective terms
present the most difficulty from a numerical standpoint and the following scheme is designed with
this in mind.

2.2. Discretization

The physical region over which equation (2) is to be solved is partitioned by a computational grid
of cells. This grid may be structured or unstructured. For notational convenience it will be assumed
that the grid is structured which allows each grid cell to be located by an ordered pair of integers. In
this case each grid cell has four sides. Let the area of cell ij be Aj;. Let Uj; be the integral average of
U over cell ij located at the cell center (Fig. 1). Qj; is defined similarly.

Since equation (2) holds for an arbitrary region it can be approximated over each cell by the
semi-discrete equation

aUj —
a1 iij k§:l k k ij 3)

where m = 4 is the number of sides of cell ij, and ny is the outward pointing normal vector to side k
whose magnitude is the length of side k as shown in Fig. 2. ny are known as side vectors, and Hy - ny

Figure 1. Computational cells showing conserved variable matrix U at cell centers.
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ny

Figure 2. Cell ij showing side vectors, n, and interface fluxes, H.

is essentially the component of the flux in cell ij flowing outwards normal to side k. It should be noted
that for a code based on Cartesian Cut Cells the calculation of side vectors and dot products is trivial
away from solid boundaries since these cells are rectangular with sides parallel to the coordinate
axes. Special treatments for cut cells will be given in Section 3.

2.3. Solver

To solve equation (2), equation (3) is fully discretized by a two step Godunov type scheme which is
due to Hancock (van Leer, 1984). The scheme is explicit and second-order accurate in time. In smooth
regions the scheme is second-order accurate in space and first-order accurate around discontinuities.
Second-order time accuracy is provided by a two step process in which the solution is advanced to
a fictitious half-time level which provides data to advance through a whole time step. Second-order
accuracy in space is provided by piecewise linear extrapolation of data based on gradients calculated
from neighboring cells together with a slope limiter to prevent non-physical under- or overshoots of
the data at cell interfaces. The extrapolation process produces two flux values at each cell interface
which form a so-called Riemann problem. The scheme respects the underlying physics by employing
Riemann solutions at cell interfaces which permits the resolution of high spatial gradients and the
solution of transcritical flow problems.

In the following scheme, Ug is the value of Uj; at time nAr. Qinj is defined similarly. The time

step is Ar (to be determined). Hﬁ, ngf, Hiljj, H{J? are the fluxes at the right, left, up and down cell
interfaces in cell ij respectively (see Fig. 2). The subscript 1/2 refers to a cell interface so that, for
example, i, j +1/2 refers to the interface between cell ij and cell i, j+1. Hf 12 is the solution to the
Riemann problem at the indicated cell interface. The scheme is

Predictor

At/2

n+1/2
Aij

U1J

=Ujj— (H?}'ni+l/2,j+Hilj'nifl/2.j+H:jJ’“i.j+l/2+

H{]?'ni.j—lﬂ -Qp 4)
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Corrector

Un+l_Un At H* . .+ HF . L HF L.
i = ij“A—ij( i+1/2,5 Bi1/2, T o oMoty B Gy o2

H:j_l/z Iy j—1/2 — Qg+l/2) (5)
Since H = H(U), the interface fluxes in the predictor step are obtained by extrapolating Uj; to the
corresponding cell interfaces by calculating the (limited) gradient vector of Ujj. This process, known
as MUSCL reconstruction, is described in Section 2.4.
n+1/2
i )
and the gradients obtained in the predictor step. At each cell interface the extrapolation procesjs pro-
duces two values of H. The solution of the resulting Riemann problem is denoted by H*. There
is no closed form for H* and its evaluation by an iterative technique (Toro, 1992) becomes com-
putationally expensive since this needs to be done at every cell interface and at every time step. A
computationally efficient method for approximating H* is provided by the HLL algorithm which is
described in Section 2.5.

A straightforward discretization of the source terms, Q, leads to errors because of the conservative
nature of the overall scheme. Accurate discretization of the source terms is addressed by the Surface
Gradient Method which is described in Section 2.6.

Since the scheme is explicit the time step, Af, is limited by stability considerations. At each
iteration of the scheme At is given by

The extrapolation process is repeated in the corrector step using the half-time level data, U

Armvmin ©)
Li a|+ /85

where, for stability, the Courant number, v is less than 1.0, A;; is the cell area, g;; is the water velocity,

and ¢y; is the geopotential as stated previously.

2.4. MUSCL Reconstruction

In order to obtain the interface fluxes in equation (4) it is necessary to extrapolate U, the matrix
of conserved variables, to each cell interface based on its gradients within each cell. U is assumed to
be piecewise linear in each cell and gradients are estimated from neighboring cell center values. To
avoid non-physical extrapolated values (for example, negative water heights) these gradients must
be limited so that estimated interface values do not undershoot or overshoot their adjacent cell cen-
ter values. This is done using a MUSCL (Monotonic Upstream Schemes for Conservation Laws)
reconstruction scheme (van Leer, 1974). For clarity, attention is restricted to one dimension and the
homogeneous Shallow Water Equation is used (i.e., Q = 0). Cell i has center x; and length Ax;. The
required left and right interface values of U; are denoted by U%‘ and UF respectively, and are given
by

UR =U; +0.5Ax%; A; M
U{‘ =U; — 0.5 Ax; AU; (8)
where AU; is the limited gradient of Uj in cell i given by

Uiy = Ui Ui_Ui—l)
Xiel =X X —Xj_|

AU; =f< ©
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f(x, y) is a slope limiter function defined by

max[0, min(kx, y), min(x, ky)], x >0

min[0, max(kx, y), max(x, ky)], otherwise, a0

fx,y) = {
and, k = 1 and k = 2 give the well-known Minmod and Superbee limiters respectively. A more general
treatment for non-uniform grids in 2-D can be found in Mingham and Causon (1998).

2.5. HLL Approximate Riemann Solver

To obtain the H* values in equation (5) an approximate Riemann solver is used for computational
efficiency. There are many such solvers; a review can be found in Toro (1997). The HLL solver,
based on the work of Harten et al. (1983), is used here and it has been shown to be accurate, robust
and adaptable to dry beds which are a feature of wetting and drying problems.

In the HLL solver the Riemann solution at each cell interface is simplified by assuming it to
consist of three constant states separated by two left and right waves travelling at speeds qi. and
qr respectively. The required solution lies in the star region between the two waves. The simplified
Riemann fan is shown in Fig. 3 where the horizontal axis denotes distance normal to the cell interface.
It can be shown (Mingham and Causon, 1998) that the approximate HLL Riemann solution at cell
interface i + 1/2, j is given by

R A
Hj - nipi25, qu >0,

. HE By, qr <0,
iy Biyp =] b an
QRHﬁ iy, _QLH{‘_HJ “fij1/2,j+qrqL(UR — UL)

drR —qL

,else.

The solutions at other interfaces are given similarly. Waves speeds are provided by the ‘two rarefac-
tion’ estimates (Davis, 1988), and are given by

qL =min(q§ B TR \/¢T}}, u* — \/E) (12)

H*n

R
H n L At
u* i1

D 0 A

Figure 3. Wave diagram for the HLL approximate Riemann solver showing Riemann solution U*, and left and
right wave speeds, qi and qR.
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gRr = max (qiL+1,j Bipy,j+ ¢iL+1,j’ o +\/(F) o
where

R L Py
and

VoT =05(JoR+ Jok ) -025(af —abyy ) B )

These wave speed estimates may be modified for the dry bed solution (Fraccorollo and Toro, 1995)
to give

aL=q5- fiy12,j— /85 aR=d5 - fir1p2,j+2,/6f . (ightdry bed) (16)

qL=qh44'm+u2j—2 ¢h4d,qR=qh4J.m+Uly+ ¢hLy(kﬁdwbuD a7

2.6. Surface Gradient Method

Accurate discretization of source terms in the Shallow Water Equations is a non-trivial problem for
conservative Godunov-type schemes because of the inherent difficulty in balancing them with the flux
gradients. There has been some recent progress in this field but these methods are complicated and
may be inaccurate for transcritical flows (Bermudez and Vazquez, 1994; LeVeque, 1998; Vazquez-
Cendon, 1999). The Surface Gradient Method, developed at Manchester Metropolitan University, is
both accurate, simple and is a general scheme for source term discretization. In the following, the
Surface Gradient Method is applied to the bed slope source terms and uses, 7, the water surface level
above a datum, instead of, h, the true water depth, as a basis for data reconstruction at cell interfaces.
For clarity, the Surface Gradient Method is described for one dimension. The water surface level is
given by

n=h+z (18)

where z is the bed height above the horizontal datum used to measure n (Fig. 4). Denoting the left and
right water levels at cell interface i+1/2 by n L and R respectively, and using MUSCL reconstruction,
these values are given by

R =nip1 —0.5Ax; Ay (19)

Figure 4. Free surface and bathymetry showing 7, height above datum, h, depth, H, depth below datum and z,
bed height above datum.
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7 =i + 0.5 Ax; An; (20)

where Ap; is the (limited) gradient of »; in cell i.
The corresponding left and right values of the geopotential are then calculated from equation (18),
and are

R =gR —zi11/2) @)

ol =gt - Ziy1/2) (22)

This gives accurate interface values for the conservative variable ¢ and accounts for the variation in
bed topography. It is assumed that bathymetric information is known at cell interfaces. To complete
the discretization of the bed slope, bx is approximated at cell centers by a simple central difference
of data at neighboring cell interfaces. In cell i

bx = —(Zi+1/2 — Zi—1/2)/ A% (23)

The Surface Gradient Method has been extensively tested on a range of demanding problems with
highly variable bathymetry, and full details are reported in Zhou et al. (2001).

3. CARTESIAN CUT CELL MODIFICATIONS

Classical Cartesian grids give rise to saw-tooth representations of solid objects within the com-
putational domain (Fig. 5a). The AMAZON-CC solver uses Cartesian Cut Cell technology to give
a boundary fitted grid (Fig. 5b). This creates three types of grid cell: solid, flow and cut. Solid cells
are completely ‘filled’ by solid objects. Flow cells are completely ‘filled” with water and are rectan-
gular (for example, cell ¢, Fig. 5b). Computations on flow cells completely surrounded by other flow
cells are described previously. Cut cells are cells in the flow domain which are not rectangular as a
result of being cut by a solid boundary (for example, cell a, Fig. 5b). The following special treatment
is required for cut cells in order to obtain conserved variable gradients and to solve the Riemann
problems at their solid interfaces.

The computation for a cut cell requires a fictitious ‘ghost’ cell in the solid region. Let U, denote
the conserved variable matrix in the ghost cell. U, is obtained from the usual reflective boundary
conditions applied to Uj;. Let g5 denote the velocity of the solid interface (which obviously is zero
for a static boundary), and let fi be the outward pointing unit normal vector to cut cell ij. This is
summarized in Fig. 5c.

Uy is determined once the ghost values of velocity and geopotential are known. These are given
by

quqij—Z(qij~ﬁ)n+2(qs-ﬁ)ﬁ 24)
$g = &jj (25)

Since cut cell ij borders both solid and fluid cells, gradients in U may be of two types: fluid and solid.
Furthermore, unlike fluid cells, the line joining neighboring cell centers is no longer parallel to the
coordinate directions, and so a gradient vector must be calculated which can then be projected in the
correct direction when extrapolating U to a cell interface. Denoting fluid and solid gradients of U in
the x direction by VU,f(, VU; respectively gives

U+l._U. U‘_U‘l’
vul =ff =4 10— (26)
AXiti/2. AXi—1/2.j
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Figure 5. (a) Saw-tooth representation of a coastline, (b) Cartesian Cut Cell representation of a coastline,
(¢) Treatment at a cut cell solid boundary.

. 27
Axiyg Axi—l/l,j

Uy — Ui Ui —Ui_q
VU§=f( § ) b 1'“)
where Ax;y1/2,j is the horizontal distance between the centers of cells i+1,j and ij, Ax; g is the
horizontal distance between cell ij and the ghost cell, and f is the slope limiter function defined by
cquation (10). Values for the fluid and solid gradients in the y direction are denoted and calculated
similarly. A unique gradient vector for cell ij is obtained by a weighted average of the fluid and solid
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gradients giving

AysUS + AyeUf AxsUS + AxcUf
VUij—;( ysUy + Ay X>i+( the Bisuba B | (28)

Ay AX

where Ax, Ay are the uncut cell side lengths, and Axy = |ABI, Axs = IBCl, Ays =ICDI, Ays = IDEI
(see Fig. 5¢).
Ujj can now be extrapolated to side k of cut cell ij. This value, UE, is given by

UE = Uij + VUij . I‘E (29)

where r{‘. is the vector from the center of cell ij normal to side k. Hence, the predictor step in the
solver (equation (4)) can be computed for cut cells.

It now remains to solve the Riemann problem at a solid interface of a cut cell in order to compute
the corrector step (equation (5)) for cut cells. Let q¢ be the interface velocity extrapolated from the
velocity at the center of cell ij. Since the solver only requires velocity components normal to cell
interfaces, let qy,, qsn denote the ‘fluid’ and solid normal velocity components. These are given by

dfm=qr - (30)
Qsn = (s - (—h) 3n

The exact Riemann solution for a moving piston is used (Stoker, 1992). Denoting the Riemann solu-
tions for geopotential and normal velocity by ¢* and g respectively, the latter is simply

qn = Gsn (32)
If qfy < qsn both left and right waves are rarefactions, and

2
9" =025 (am — a3 +2/4r) (33)
otherwise both waves are bores, and ¢* is obtained from the Rankine-Hugoniot condition

¢t +dr
— =0 34
20* o + 4y —dm 34)

(6™ — )

which can be solved approximately and efficiently by the Newton-Raphson method. Since there is no
flow through a solid boundary (i.e., q-n = 0), the normal flux reduces to a function of the geopotential
at the interface, and it is easy to show that in equation (5)

0
H* n=]05¢* n, (35)
0.5¢* ny

where ny and ny are the i and j components of the side vector corresponding to the moving solid cell
interface. This completes the main cut cell modifications for the solver.

There is one further practical consideration concerning cut cell size. Since the solver is explicit,
the time step is restricted for stability. Equation (6) shows that a small cell area reduces the time
step. The cut cell methodology may give rise to extremely small cells that could give impractically
small time steps for realistic computations. To overcome this problem a ‘small’ cell is merged with
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the neighboring cell which has the longest common interface. Typically, ‘small’ means a cell area of
less than 0.5AxAy. In Fig. 5b, cell b merges with cell ¢; a new cell center is calculated and new cell
center values of U are obtained using conservation of mass and momentum. Full details of cut cell
modifications are given in Causon at al. (2001a).

4. NUMERICAL SIMULATIONS

The purpose of this section is to demonstrate the capability of the modern high resolution solver
and novel gridding scheme to simulate a range of model coastal problems. Full details of set-up
conditions for each problem can be found in the accompanying references.

4.1. Waves Generated by a Moving Vessel

This simulation shows the moving boundary capability of the Cartesian Cut Cell method, and also
the ability of the solver to deal with supercritical flow and steep wave fronts. The computational
domain is an open rectangular region in which there is a solid object in the shape of a ship which is
symmetrical about its longitudinal axis (note that since the scheme solves the Shallow Water Equa-
tions, the ship extends to the sea bed and has vertical walls which cannot be overtopped). The grid is
automatically body fitted to the ship that is then impulsively started and allowed to travel across the
domain in the x direction at a supercritical velocity (at a Froude number of 3). At each time step in
the computation the grid is re-cut and remains body fitted.

In order to assess the results, the computation was repeated using the physically identical situation
of a static ship and moving water. Fig. 6 shows a composite plot of the wave fields for static and
moving cases. The port side wave pattern was generated by the moving ship, and the starboard pattern

Figure 6. Moving vessel. (a) plot of water surface, (b) contour plot of water depth.
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was generated by water moving past a fixed ship. Fig. 6a shows a surface plot of the water height
around the ship, and Fig. 6b shows the corresponding contour plot. Results are virtually identical
and the steep bow wave is well resolved. This problem has an analytic solution which is closely
approximated by the numerical results. Further details can be found in Causon et al. (2001a).

4.2. Wave-Structure Interaction

This problem demonstrates the ability of the new Surface Gradient Method together with the
high resolution solver to model wave overtopping at a seawall. The problem also demonstrates the
limitations of the Shallow Water Equations in this context.

Fig. 7a shows a pair of surface plots of water height as a result of a bore wave hitting a seawall at
an oblique angle. In the upper plot the seawall is modeled by a solid boundary in the computational
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Figure 7. Wave-structure interaction. (a) Oblique wave reflection (upper plot), overtopping (lower plot),
(b) Schematic of seawall, (c) Experimental (line) and numerical (squares) overtopping results for a seawall.
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domain and cannot be overtopped. The incident wave is reflected back from the wall, and the curved
reflected wave can clearly be seen. The lower half of Fig. 7a presents a similar picture except that the
seawall is modeled by a steep bed which allows for it to be overtopped. The overtopping water can
be clearly seen on the seawall. There is also a reflected wave and, although not clear from the picture,
it is weaker than the refiected wave in the upper part of the figure. Full details of this simulation can
be found in Zhou et al. (2001).

An application of the above is a study of violent wave impacts on seawalls. A one-dimensional
version of AMAZON-CC is used to simulate a long, narrow wave tank which is used in a corre-
sponding experimental study (see www.vows.ac.uk). Fig. 7b shows a schematic of the computational
domain. As previously, the seawall is modeled by regarding it as a steep bed. The Surface Gradient
Method is used for accuracy. Random waves are generated and allowed to impinge on the seawall.
Some of the waves are reflected but in some cases the water overtops the wall. The discharge over
the seawall is calculated and results for different wave conditions are plotted against various wall
freeboard. In Fig. 7c, numerical results (squares) are compared to an experimentally derived curve
(Besley, 1999). The two numerical results around a freeboard of 0.2 are in quite good agreement
with the experimental curve. These results correspond to less impacting waves. The other numeri-
cal results show significant differences from the experimental curve and these correspond to highly
impacting waves. These waves break on the seawall and, as this cannot be modeled properly using
the Shallow Water Equations, discrepancies are to be expected. Further details of these numerical
experiments can be found in Richardson et al. (2001b).

4.3. Landslide Generated Waves in a Fjord

This simulation demonstrates the body fitted and moving boundary gridding capabilities of
AMAZON-CC and its ability to resolve complex wave fields. Additionally, the simulation uses the
Surface Gradient Method to model an island which permits runup and overtopping.

Fig. 8 shows a hypothetical branched fjord containing an island. The open sea is on the bottom
of the picture. A landslide into the left branch is simulated by a moving solid boundary (not shown)
which generates a strong bore wave. Part of this wave hits the side of the left branch and is reflected
back, and some of it is diffracted round the headland into the right branch. Fig. 8 shows a contour
plot of water height just before the bore wave hits the island (which is modeled by a bed slope term).
Further details of this type of problem can be found in Richardson et al. (2001a).

. . , T—— 200
L 1 150
i 100
- 1 50

50 700 50 200 250 300

Figure 8. Landslide into a fjord: contour plot of water height.
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5. CONCLUSIONS AND FURTHER WORK

Numerical simulations of a range of coastal problems have been presented. The two-dimensional
Shallow Water Equations were chosen to model the hydrodynamics. These equations were solved
numerically using a modern, conservative, high resolution, Godunov-type scheme on a Cartesian Cut
Cell grid. The solver was able to resolve complex wave fields including bore waves. The gridding
method produced a body fitted grid automatically and was able to handle moving bodies. The Surface
Gradient Method was used to discretize source terms accurately.

The simulations presented demonstrate the potential of the numerical methods to investigate a
wide range of practical problems in coastal engineering. The moving boundary capability can be
used to construct a numerical wave maker in a wave basin which could then be used for a numeri-
cal study of wave-breakwater interactions. This capability could also ultimately be used to generate
waves from moving ships and assess the effects of ship wash on the shore. The body fitted gridding
capability can be used to represent accurately complex configurations such as harbors or shorelines.
In this way, tidal-induced problems such as circulation patterns in marinas or the flushing character-
istics of estuaries can be investigated. The numerical solver respects the underlying physics and can
simulate complex wave patterns including steep wave fronts which are a feature of nearly breaking
waves and tsunamis. Such an accurate solver will also be useful in numerical studies of pollutant and
sediment transport. The techniques presented here are not confined to the Shallow Water Equations,
but are generic and may be used on more sophisticated equation sets which will be dictated by the
problem and the level of understanding required. Such equations may include physical effects such
as dispersion if this is deemed to be an important component of the model. Equations may also be
extended from two to three dimensions if a detailed understanding of the water column is required.

An example of the need for more sophisticated models was alluded to in the study of wave over-
topping at seawalls. Storm waves may break at a wall and this cannot be modeled by the Shallow
Water Equations since breaking waves become multi-valued in height. A multi-component model
based on the Euler Equations in conjunction with a water/air interface tracking algorithm has been
used in a preliminary study of wave overtopping. Fig. 9 shows a wave produced by a collapsing
cylinder of water hitting an obstruction. The water overtops the obstruction and its height becomes
multi-valued. This simulation forms a basis for wave-structure interaction studies in the future.

Figure 9. Multi-fluid simulation of wave-structure interaction.
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Figure 10. Adaptive Cartesian Cut Cell grid for part of the Dutch coastline.

Further developments concern the grid topology. At present, the grid density is constant through-
out the domain, which may be inefficient. In many coastal problems the nearshore area is of greater
interest than the far field. In the Cartesian Cut Cell grid generation method described previously,
enriching the grid around the nearshore to obtain greater solution detail automatically enriches the
whole grid. This is computationally inefficient. One solution is to locally refine the grid by using a
quad-tree approach (Pearson et al., 1997). Fig. 10 shows a grid of part of the Dutch coastline. Grid
cells are concentrated around the nearshore and around islands. The grid is still body fitted and is
still generated automatically as in the Cartesian Cut Cell method.

Numerical methods are becoming ever more sophisticated and, in conjunction with the rapid rise
in computing power, a greater range of problems than ever before can now be addressed. Numerical
modeling, because of its flexibility and relative low cost, plays an important role in coastal engineer-
ing and its importance will continue to increase.
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LIST OF SYMBOLS
Ajj — isareaof cell ij
bx, by —  are bed slopes (measured downwards)
At — is the time step
AX; — s the cell side length
AXip1/2,j —  isthe horizontal distance between the centers of cells i+1,j and ij

f — is coriolis force
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f(x,y) — is a slope limiter function

¢ — is geopotential

g —  is acceleration due to gravity

AU — is the gradient of U

h — is water depth

H —  isinviscid flux

Hy — is the viscous flux

H% — is the flux at right interface of cell ij

H* —  is the Riemann solution

ij — are Cartesian basis vectors

ng — is the outward pointing normal vector to side k

n — is a unit normal vector

nx, Dy — are side vector components

v — is the Courant number

n — is water level above datum

q=ui+vj — isthe water velocity

Q — is the matrix of source terms

r}} — is the vector from the center of cell ij normal to side k

P — is water density

t — istime

Txw, Tyw —  are wind shear stresses

Txf, Tyf —  are bed shear stresses

Oxx» Oyy — are normal stresses

Txys Tyx —  are shear stresses

u — is water speed in the x direction

U — is the matrix of conserved quantities

Uy —  is the integral average of U over cell jj

U'fj —  is Ujj at time nAt

U, — is the ghost value of U{}

Ug“ — is the left interface value of U;

v — is water speed in the y direction

X; — is center of cell i

z —  is bed height above datum
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Chapter 4
Numerical Models for Nearshore Currents

Hideaki Noda

Department of Environmental Design, Tottori University of Environmental Studies, Tottori,
689-1111, Japan

1. INTRODUCTION

Nearshore currents have previously been estimated by using two-dimensional (2-D) models in
the horizontal plane. Yoo et al. (1988) presented a mathematical 2-D model estimating waves and
currents for the port design. Madsen and Schiffer (1999) reviewed Boussinesq equations describing
almost every aspect of wave transformation over varying depth and in depth-uniform currents. The
depth-averaged current model is not suitable to predict the medium- or short-term sea bed level
changes affected by the construction of coastal structures, because this method cannot accurately
evaluate the effect of undertow and suspended sediment in the surf zone. Furthermore, the two-
dimensional current model is unable to describe the direction and magnitude of current velocity near
the sea bottom, which affects sediment transport and spiral profiles of nearshore currents observed in
the field by many researchers. In order to predict the changes of sea bottom topography accurately,
the estimation of sediment transport rate, taking into account the vertical profiles of both nearshore
current and suspended sediment concentration, is necessary.

Kuroiwa et al. (1998) have previously proposed a quasi three-dimensional (3-D) model for the
nearshore current field on straight beaches. The objective of this chapter is to describe the numerical
mode! of nearshore currents in a quasi three-dimensional field, developed by Kuroiwa et al.

Recently, models for estimating three-dimensional currents have been proposed. Svendsen and
Lorenz (1989) presented an analytical model composed of cross-shore and alongshore current ve-
locities. Sanchez et al. (1992) proposed a quasi three-dimensional numerical model by combining
a 2-D model in the horizontal plane and a one-dimensional (1-D) model in the vertical direction.
Okayasu et al. (1994) proposed a quasi three-dimensional numerical model taking into account the
effect of the momentum flux caused by large vortices formed on the front face of breaking waves.
However, these models have been only applied to straight coastlines without coastal structures. On
the other hand, Pechon and Teisson (1994) developed a quasi three-dimensional numerical model
and attempted to calculate the nearshore currents around coastal structures.

2. WAVE FIELD MODULE

The wave field can be obtained from the time-dependent mild-slope equations proposed by Watan-
abe et al. (1984). Taking the x-(cross-shore), y-(alongshore) axes and z-axis vertically upwards as
shown in Fig. 1, the governing equations are expressed as follows
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in which C is the wave celerity, 7 is surface elevation, n is the ratio of group velocity to wave celerity
and ¢ is time. The wave-induced depth-integrated flow rates per unit width in the x and y directions
are defined by

n

0= / uw dz @
h
n

0, = / v dz )
h

where u,, and vy, are the horizontal components of water particle velocities in the x and y directions,
corresponding to the wave motion, and h is the water depth at x and y. Finally, fp is the attenuation
factor due to wave breaking and is estimated by

fp=ap tanﬂ,l%(é—g 6)

in which the amplitude of flow rate Q is expressed by

0=\0i+03 ™
the amplitude of the flow rate of recovered waves Q is

0, =0.25h\/gh ®
and ap is a non-dimensional coefficient, tan g is the bottom slope and g is the gravitational acceler-

ation. The governing equations for the wave field are numerically solved by using an explicit finite
difference method on a staggered rectangular grid.
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3. NEARSHORE CURRENT MODULE

The quasi three-dimensional equations are derived from Navier-Stokes equations referring to the
equation of motion proposed by Svendsen and Lorenz (1989), that is

ou N du N du N du 1ap N 32y N 8%u N 3%u ©
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where p is the density of fluid, v is the kinematic viscosity and p is the pressure.

In these equations, the total instantaneous water particle velocities are termed u, v, w, and the
velocity components are given in the x, y, z coordinate system shown in Fig. 2. The velocity com-
ponents u, v, w are divided into three parts: the component of steady current velocities U, V, W; a
purely periodic component uy,, Uy, Wy, corresponding to the wave motion, and a turbulent velocity
fluctuation u’, v/, w'.

Thus, the velocity components are defined by

u=U+uy+u
v=V v, +v (12)
w=W+wy, +w

In addition, the pressure p is divided into three parts: p is the mean component, py, is the periodic
component corresponding to wave motion and p’ is the turbulent fluctuation. Hence, the pressure p
is given by

p=P+pu+p’ (13)
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n
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Figure 2. ITllustration of velocity components.
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The ensemble average of the velocity components i, v, @ and pressure p are denoted by

:Q+'tiw+ﬁ’=U+uw=u,,
V4T +0=V4uv,=vp

=W+ =W4wy =wp (14)

™ R =

in which superscript™denotes ensemble averaging, and &’ =7 = @’ = p’ = 0 due to the statistical
behavior of turbulent fluctuations. Furthermore, introducing the superscript — to indicate averaging
over a wave period and taking into account uy, = vy, = Wy = p,, =0, the quantities in equation (14)
are given by

H=tp=uy+U=U
V=0,=0p+V=V
W=Wp=Wy+W=W (13
ﬁ—ﬁpzﬁ'q'ﬁw =P

Substituting equations (12) and (13) into the Navier-Stokes equations (9), (10) and (11), and taking
the ensemble average, the equations of motion are given by
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and then, after averaging over a wave period, equations (16) and (17) become

au al au aUu 19p 8 /—~ a a
—+U—+V—+W = p———(u%))—a(uwvw)_—(uwww)

at ax dy 9z pax  ox 3z

e W e W A U | 9*U | U

Sy —(- = (- ST AN 19
+ax(”)+ay("”)+az(”w>+v 2 Ty )
V. avV. 8V 3V 18p 8 3 /~5\
S U— 4V —HW— = — — - —(v2) - — Tpww
ot + dx + dy dz pdy dx #wvw) dy (vw) dz (utw)
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+%(_W)+aiy(_ﬁ)+%(_m)+u<%+%+%) (20

In order to solve the current velocities by using a quasi 3-D numerical model, the vertical component
in equation (18) is integrated from a depth z to the water surface n before time-averaging, to give

n

n i
3 d d 5
ppng(n—z)+/) a/w,,dz+a‘/upwpdz-f—@/vapdz —pw,,

4 Z

an an an
_p[w]) <E +upa+vp5—w,, - (21)

The viscous and turbulent shear stress terms in equation (18) are neglected in the estimation of the
above equation, due to the assumption that those terms are smaller than the other terms in equa-
tion (18). In addition, the last term on the right-hand side in equation (18) is equal to zero, taking
into account the free surface boundary condition.

Integrating equation (21) following Mei (1983) over a wave period, equation (21) can be expressed
as follows

7 _
—5 a a

— - 2

p=pg(r]—z)—p(W +w%))+,o E/wwdz-ka/uwwwdz

7 ] n 7
a ) a a
+ —/U11)wu7dz +/O —/Wdz+—~/UWdz+—/VWdz (22)
ay at ax ay

in which 7 is the mean water level. Finally, omitting small quantities and the terms being equal to
zero by applying linear theory the right-hand side of equation (22), the time-averaged pressure p can
be expressed as

ﬁ=pg(n~z)—pw_2w (23)

Substituting equation (23) into equations (19) and (20), the equations of motion in the quasi three-
dimensional current system become respectively

L L B . B N i WA

— — — — =—g— — —{u —wi) - — (uyv

at ax dy dz 8ox " ax i w gy v

+3 aUu + d oU " a aU 24)
— | vp— — v — — | vy—
ax \ " ax ay hay az \ ' az

3V+U3V+V3V+W3V on ] ( ) 3 (7 —2>

— - — —=—g— = Uy U — (v — w2

ar 0% 3 9z 8y ax wtw) T as e T W

+3 ) A% N a3 y v n a aVv 25)
2 ar 2, 2L R B
ax \"ox dy hBy 3z \ ' az

in which v, and v, are the coefficients of eddy viscosity in the horizontal and vertical direction
respectively. In these equations, the eddy viscosity, which is analogous to the kinematic viscosity,
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is introduced for the Reynolds’ stresses and viscous terms in equations (19) and (20) are neglected
because they are much smaller than the turbulent shear terms.

The quantities u2, — w2, v2, — w2, and iy, vy represent excess momentum fluxes (wave radiation
stresses) due to wave action and provide the driving force that creates the nearshore currents.

The continuity equation is given by
oU oV oW
— + 4+ =0 26
dx ay az (26)

In order to obtain the mean water level 7, the other continuity equation for which equation (26) is
integrated from bottom to water surface in the vertical direction is given by
U m+m WV (h+7

gn [ UGk+m Vkhtm

at dx dy

27

where U and V are the velocities of the depth-averaged currents.

4. EVALUATION OF RADIATION STRESSES

In order to obtain the velocity of the currents, the radiation stresses must be determined using the
water surface elevation 1 and the flow rates O, Q. The radiation stresses Sy, Syy, and Sxy (= Syx)
are estimated using the method proposed by Watanabe and Siozaki (1982), which includes the effect
of superimposed waves, such as the combination of progressive and reflected waves.

0
Suc= [ o(-0T)dz 50 @
—h
0
Syyzfp(%—wﬂlzu_)dz+50 29)
—h
0
Sxy=fpmdz (30)
—h
and
0 0 0
So=Ltpg+ h_’—i—/ —a—fﬁdz-l—ifi)_w_dz dz 31)
0 2/’8’7 pgnn 14 o w Wy dy w Ww
—h —h —h

in which 4 is not the mean water depth over a wave period, but the spatially mean water depth
determined so as to eliminate the small fluctuations, n’, in water surface elevation caused by wave
superimposition due to interaction processes such as reflection and diffraction.

The time variation of water elevation 7, and the flow rates Qx and @, computed by the wave field
module are expressed by

n=1sin(ot +¢y)

Oy = ,Qx sin (ot + &x) 32)
Qy=Qysin(at +¢&y)
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where 7, @ « and Q y are the amplitude of water surface elevation and the flow rates in the x- and
y-directions, respectively, £x and ¢ are the phase angles of Q and Qy, for 7, &, is the phase angle
of water surface elevation, ¢ =27/ T is the angular frequency and T is the wave period. Therefore,
the water particle velocities induced by waves are given by

Uy =k Oy [coshk(h + z)/sinhkh]sin (o1 + ex) (33)
vw =kQy [coshk (h +z) /sinhkh]sin (o1 + &) (34
wy = o1} [sinhk (h +z) / sinhkh]cos (o7 + &) (35)

where k = 2nr/L is the wave number, and L is the wavelength. Substituting equations (33) through
(35) into equations (28) through (31), the radiation stresses are expressed by

Sex Q2.+ 02, 2kh
rg 4C? sinh 2kh + (36)
2 2

Syy _ Qv Qe 2kh N L p 37)

pg 4C?2 sinh 2kh

Sxy Oxe Oxs + Qyc Qys 2kh

2 = 1 - (38)

0g 4Cc? sinh 2kh

in which

pometny 2kh L2 o 0 )+a( 0 0,0) (39
= 4 sinh 2k 3o | ox Nelxs — Ns Lxe 3y Neldys —NsUyc

and

ns=7siney,  ne=1cosey,

Oxs = QX siney, Qe = Qx COS &y, 40)

Qys = Qysiney, Qye= 0ycosey.

A methodology for calculating ns, n¢, Qxs, Qxe, Qys and Qyc is as follows: for example, multi-
plying both sides of equation (32) by cos o't and integrating time ¢ over a wave period, the following
equation is obtained

T T T

=~ . ~ T~ T
/QxcosatdtzQx/s1n(at+s,,)cosatdt= Ox s1neX/coszatdt= EQX smexzi Oxs
0 0 0
and then

T
2
Oxs = ?/QCOSUtdt
0

and the right-hand side of the above equation can be calculated by a numerical integration. On the
other hand, multiplying both sides of equation (32) by sinot and integrating with time over a wave
period, Q. can be calculated in a similar manner as mentioned above. Furthermore, the methodol-
ogy for calculating ny, n¢, Qys and Q y. is similar to that mentioned above.
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5. EVALUATION OF EDDY VISCOSITY

(1) Eddy viscosity v, in the horizontal direction
Longuet-Higgins (1970) proposed that the eddy viscosity vy, is proportional to the product of the
long wave celerity C = +/g(h + 7) and distance from the shoreline, that is

vy =Nx'\/gth+7) @1

in which N is a non-dimensional constant, x’ is the horizontal distance from the shoreline and & + 7
is the real water depth. In this equation, using tan 8 for the slope of the sea bottom

X' =(h+7)/tan 8
Hence

vp =N (h+7m)ygh+n)/tanp 42)

(2) Eddy viscosity vy, in the vertical direction

The eddy viscosity vy, plays a very important role in the determination of the vertical distribu-
tion for the velocity of nearshore currents. Tsuchiya et al. (1986) introduced the coefficient of eddy
viscosity by putting

vy =A,CH 43)

where C is the wave celerity, H is the wave height and A, is a non-dimensional parameter. This
equation shows that the eddy viscosity is constant in the vertical direction. However, another hypoth-
esis for the eddy viscosity is to assume that the coefficient v, is a function of z. These hypotheses
will be examined experimentally in Section 8.

6. BOUNDARY CONDITIONS

The boundary conditions at the mean water surface and bottom are important for determining the
vertical distribution of the steady currents. During computation, it is possible to treat the bottom
boundary as non-slip by increasing the number of divisions in the bottom boundary layer. However,
it is useful to utilize the bottom shear stress as the bottom boundary condition instead of the non-slip
one, and so reduce the computer memory requirement.

The boundary conditions on the sea bottom are given as
va_U___t;,_x and vv—alzzb—yatz=—h 44

0z o 9z o
where 75, and 73y are the shear stresses due to bottom friction in the x and y directions, and which
include the effect of interaction between the steady current and oscillatory motion in water waves.
Horikawa (1985) indicated that the mean bottom shear stress components over a wave period includ-
ing the effect of the interaction between current and wave motion are expressed by

the = Crp (U +up) (U +up)? + (V + 03)? 45)

rby=Cfp(V+vb)\/(U+ub)2+(V+vh)2 (46)
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in which uj, and v, are the wave-induced water particle velocity components at the bed, in the x and
y directions respectively, and C ¢ is the coefficient of bottom friction. The water particle velocities
up and vy, are expressed by

up =upcos(ot —Py) 47)
up = By cos (ot — ¥y) 48)
In addition, the amplitudes of water particle velocity components are given by

. kO ) kO,

p=-——"——— and vp=———— (49)
sinhk (h +7) sinhk(h 4+ %)

in which v, and v, are phase angles in the x and y directions, in the case of superimposed waves
due to reflection and diffraction, and Y« (or ¥/y) is determined by the time difference in the same
phase of O, (or Qy) between a reference point and the desired point. Finally, the bottom shear
stresses are given by

Crl, ~ ~ P
Tpy = % [(U + fip cos 8) \/(U + dp c058)2 +(V -+ cosS)2 +
\/(F/ + iy, sin<§)2 + (‘7 — 0 sin8)2 + \/(ﬁ — i c058)2 + (‘7 — 1y c058)2 + (50)

\/(17 — i sin8) + (V + 9 siné)z]

Crl ~ ~ ~
Thy = '0—4—f |:(V + Op cos 8) \/(V + D, 0038)2 +(U +ﬁbcos8)2 +

\/(‘7 + Up sin8)2 + (ﬁ —up sin(S)2 +\/(‘7 — Up COS(S)2 + (ﬁ -~ ﬁhC083)2 + 5DhH

\/(V — sin(S)2 + (U + it sin8)2]

in which § = (¥x — ¥)/2 and 17, V are the average at ot = (Yry + ¢y +nm)/2 (n =0,1,2,3) of
a wave period. Although the boundary condition at the free surface is generally that of no-flux, the
shear stress due to water surface rollers must be considered in the surf zone where the mass transport
caused by wave breaking is dominant. Taking account of the surface roller effects based on Svendsen
and Lorenz’s model (1989), the stress is given by

2
Ty = Aspghtanf (%) (2.7 %) (52)

in which H is the wave height, L is the wavelength, A is the water depth, tan 8 is the bottom slope and
Ay is a constant value which is determined empirically by comparing computed nearshore currents
with experimental data.

The shoreline can be regarded as a fixed boundary of the computational domain, if wave runup is
neglected and the depth in the vicinity of the shoreline is very shallow. Coastal structures can also be
considered to be fixed. The seaward boundary may also be regarded as fixed by locating it in deep
water where there is no current and the mean water level set-up is zero. Therefore, current velocity
components normal to these boundaries can be taken as zero. On the other hand, both the alongshore
current velocity and the water level are uniform alongshore at lateral boundaries.
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7. METHOD OF NUMERICAL COMPUTATION

The present model consists of two modules as shown in Fig. 3: (1) the wave field, and (2) the
nearshore current field.

The set of equations (1) to (3) governing the wave climate can be solved numerically by using
an explicit finite difference discretization on a staggered grid. Calculations are carried out in the
time domain and must be continued until a steady periodic solution is obtained. In this model, it is
important to determine the location of wave breaking accurately. Many researchers (see Dean, 1968;
Goda, 1970; Goda, 1973; Ostendorf and Madsen, 1979; Sunamura, 1983) have proposed breaking
conditions for progressive waves. The empirical formula of breaker indices proposed by Goda (1970)
is applied in this model, that is,

ﬂ:o.n[l—exp (—1.5h—b(1+1.5(lanﬂ)4/3)):| (53)
Ly Lo

in which Hy, is the breaker height, hy, is the breaking water depth, L is the wavelength in deep
water, and tan f is the bottom slope. Furthermore, in order to calculate Goda’s formula numeri-
cally, Watanabe et al. (1983) proposed the following relationship between the horizontal compo-

start

Read initial bathymetry data

I

1) wave field

Mild slope equation
Equations (1) to (3)

2) nearshore current
field

Quasi three-dimensional model
Equations (24) to (27)

Final results

Figure 3. Flowchart of model to simulate nearshore currents.




103

nent of wave particle velocity at the still water level u,,;, and the wave celerity C, at the breaking
point

Ywb =7 ﬂ coth? (27r h—b) (54)

Cy Lg L,

in which L, is the wavelength at the breaking point. 1,5,/ C}, is the function of /L and the bottom
slope, and is also the function of wave steepness in deep water Hy/ L. Therefore, if the relationships
between u,,;,/Cp and Hy/Lg, or between u,,;,/Cy, and hy, /L are calculated beforehand, the value
of hy/Lg is determined.

In order to determine the velocities of nearshore currents in the quasi 3-D model, equations (24)
and (25) must be solved so as to satisfy the continuity equations (26), (27) and boundary conditions.
The method is the hybrid method proposed by Koutitas and O’Connor (1980), who combined the
fractional step finite difference method in the horizontal plane with a Galerkin finite element one in
the vertical direction.

FRACTIONAL STEP FINITE DIFFERENCE METHOD: This method proposed by Chorin (1968)
is applied to integrate equations (24) and (25) over time. Equations (24) and (25) become the follow-
ing by using an operator L

U
— =L(U)+a (55)
dr
v
—=L(V)+a; (56)
ar
in which
3 3 a 3 3 3 3 3
L=-U—-V—-W—F —(vp— )+ —(op— )+ — (v — 57
ax 3y az+ax(”hax)+ay<””ay>+az<v“az> ©D
am R aR 9% 8R 3R
wj=—g I _Tlwx TRy g0 _Thyx Oy (58)

and, in addition

Ryx =u3, — w3 (59)
Ryy = vlzu - w12u (60)
ny = Ryx =Uy Vy (61)

If the operator L is independent of U, V and W over an infinitesimal time interval, the operator can
be divided into two parts, L| and Lj. Therefore, the operators L| and L are rewritten as

9 3 3 a8/ a8\ 8/ @
Li=—pym L _ym % _ywym < ¢ _ - —_ 2
! o 3y oz Tax \Max ) Tay gy (62)

and

L _i<ui (63)
2—8z Yoz
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Finally, the difference analogue of the governing equation in the x-direction (equation (55)) becomes

qum ) _ym)

=L wm 4
o1 A7 1 ( )+ (64)

Stepl :

aU(m+1) U(m—H) _U(d)

= Lyumth 65
Ar 2( )+ap (65)

Step2 :

in which U@ isa hypothetical velocity component and the superscripts (m), etc. refer to the time in-
crement. In calculation, the hypothetical velocity component, U @)  is obtained from equation (64) by
using a known value, U™ and then substituting U ) computed into equation (65), giving U™+ 1)
The calculation must be continued until a steady periodic solution is obtained.

GALERKIN FINITE ELEMENT METHOD: The above-mentioned equations are discretized by us-
ing the finite element method. Firstly, the variables are located on each element according to the
staggered method shown in Fig. 4, and each individual element is divided so as to satisfy the follow-
ing equation, that is,
ﬁ,_j;k_zeH—l,j,k 66)
dij  diy;

in which subscripts i and j are the discrete points of mesh in the x- and y-direction, respectively,
and subscript k shows the discrete point in the vertical direction. In addition, d is real water depth
(=h+mn)and & =zp41 — 2.

It is assumed that velocity components U, V, W and the eddy viscosity v, between k and k + 1
are expressed as follows

U =N Up+ Nigy1 Uk

V=Nt Vi + N1 Vit (67)
W = Ni Wi + Nyt Wiy

vy = Ng vyk + Nit 1 Vpk+1

in which Ny and Ny are the linear form functions which are described by

k41— 2

Zk+1 —
-2
Nl = ——— ©
Zk+1 — 2k
By applying the Galerkin finite element method, the matrices in element £; are given by
Ak Ak ) ) (m)
, , Up, U ={a;,a 70)
(Ak+l,k At 1 k+1 {Uk: Uk} {ak a1}
Ak Akks ) @ -
s ) V . \% =1b s b (71)
<Ak+1,k Abg1 k41 Vi Vi | = {ba, i}

;R ) (1) @
. A U ’U = C ’C (72)
<Bk+1,k Bt k+1 {Uk Uk} {es crrt}
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Figure 4. Grid used in computation of currents.
Bk Bru+t ) (m+1) )
: : Vi, Vi = {dy, dy (73)
<Bk+l.k Bit1 k1 Ve Viewt} {de. dica }

The whole matrix can be solved by the summation of these element matrices including the bottom
and water surface boundary conditions. Details of matrices (A), (B) and vectors {a}, {b}, {c}, {d} are
given in the Appendix.

As shown in Fig. 4, the computational domain in the x-y plane is divided into a rectangular grid
(Ax = Ay). The vertical component of current velocity W and mean water level 7 are computed
at the center of each grid cell, whereas the horizontal velocity components U and V, are corrected
midway along the cell faces. The mean water surface level n for the next time step (m + 1/2) is
evaluated using that at the previous time step (m — 1/2), based upon the difference equation of
continuity equation (27), that is,

At - -
_( +l 2)__( _1/2) . . (m 1/2) L. (m 1/2)
g =g T Ax (U’“*-/ g Yy

At (m—1/2) (m—1/2)

In a similar manner, the difference equation of the vertical velocity component expressed by equa-
tion (26) can be obtained as follows
w5 (m+1) ‘e(m+l/2) _U(m+l) ‘e(m+]/2)

WD _ _Ui+1.j ey ij kU,
ik = Wijk=1 Ax
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FotD pm+1/2) _Vi(,';l+1) i)

Vil by o . %)

Ay

in which subscripts ;; and y refer to values at the computational points of U and V, respectively.
Furthermore, U and V are the average of the velocity components at grid points k and k + 1. Finally,
the time step for stability according to the current condition may be written as

Ax
At ——m ——
S U+ Ve Em

in which this condition relates to the Galerkin sub-model alone.

(76)

8. UNDERTOW

In order to predict nearshore currents, it is necessary to evaluate the eddy viscosity coefficient
as accurately as possible. In this section, the characteristic eddy viscosity profile is described by a
simple method for estimating the vertical distributions of the undertow velocity.

The fundamental equation can be introduced on the basis of Svendsen (1984), that is,

) aU 4 1~
—(vp— )= —{u + g7 77
52 () = () @
Applying long wave theory to the right-hand side of the above equation, equation (77) is rewritten as
2
¢~ H C (H/h) By _
— (u2 =C*{ =) Bol2( = L)+ == 78
ox (v +7) (h) 0[ c T am )T, | T (7%

in which the subscript x is differentiation with respect to x, C is the wave celerity, and By is defined
as follows

T
1 n\2
BO_?[(E) dt 19)
0
An experimental equation for equation (79) proposed by Hansen (1990) is given by

By = 0.125¢ h<11'4o> [1 0.025 (13 10 hx
o =0. an Al = — {13 - 10—
~Urp hy ~Hy/Lg

(2 -2)(-3)]

in which U,, is the Ursell number (U, = HL? / h3) and hyp, is the water depth at the breaking point.
If the eddy viscosity coefficient, v, has a constant value, the right-hand side of equation (77) is
independent with respect to z, and then equation (77) is rewritten as follows

32U
g =w (81)
in which

_ 1|2 (BY Cx | (H/myY , Boc] .
‘“-z[c () B°[2<_C—+H—/h>+_33]+gnx} >
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The bottom boundary condition satisfying equation (77) is given by the undertow velocity U}, at the
bottom, proposed by Kuroiwa et al. (1994), that is,

H? d

in which Ay, is a constant determined experimentally and dp, = (h + 7)), the mean water depth at the
breaking point. The continuity condition at the trough level of waves is defined by
—h+dy,
U dor = / U()dz (84)
—h
in which d;, is the depth from the still water surface to trough level of waves and Uy, the mean

velocity from the bottom to the trough level. The solution of equation (81) satisfying both boundary
conditions is analytically given by

1 Un—U 1
U=-w@+h’+ (27222 — —wdy ) c+h (85)
2 dir 3
As mentioned above, the depth d;, and the mean velocity Uy, must be determined empirically. The
depth of the trough level proposed by Hansen (1990) is given by

tanh 4.85
dip=h—05H —— 86
r T (86)
and also the mean velocity indicated by Svendsen (1984) is given by
H\? h
Un = —C (ﬂ (30 + A,ﬁ) (87)

in which A, is the cross-sectional area of the surface roller caused by breaking waves, that is, A, =
0.9H?.

Fig. Sa compares experimental measurements of the distribution of wave heights, mean water
level and trough level with numerical predictions based upon equations (1), (3) and (86). In addition,
Fig. 5b presents a comparison of the measured undertow velocity distribution cross-shore, at the
stations 2 mm above the bottom with the corresponding distribution obtained using equation (83)
where A;, = 2.6. It is found that the calculated results of wave height and trough level closely match
the experimental measurements and the predictions of bottom velocity agree approximately with
experimental data.

In cases when the eddy viscosity varies in the vertical direction, it is necessary to solve equa-
tion (77) numerically by using the difference method. Okayasu et al. (1986) assumed the eddy vis-
cosity to be as follows

vy =0.013C (h +2) (83)

Equation (83) was used as the bottom boundary condition, and equation (89)

vt

vy = = —=0.0016C2 at 2’ = dj, (8%
' p

as the surface boundary condition at the trough level of waves, in which z/ = h + z and 7 is the
shear stress at trough level. On the other hand, Deigaard et al. (1986) attempted to evaluate the eddy
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Figure 5. Comparison of the calculated bottom velocity and the depth at trough level with those measured. Wave
height H = 13.1 cm at water depth & = 40 cm, Wave period T = 1.01 sec, Wave height H, = 13.7 cm at water
depth of breaking point &, = 17.6 cm, Breaker type: spilling.

viscosity by using the turbulent energy due to wave breaking, and calculated the undertow velocities
numerically.

Fig. 6 presents a comparison of the calculated results for vertical distributions of undertow veloc-
ity using the eddy viscosity coefficient proposed by Tuchiya et al. (1986) (equation (43)), Okayasu et
al. (1986) (equation (88)) and Deigaard et al. (1986) with experimental measurements. It is clear that
there are none of the assumed eddy viscosity coefficients applicable over a wide range of i/ hy, val-
ues. Therefore, the relatively simple description of eddy viscosity in the vertical direction, proposed
by Tuchiya et al. will be used in later sections of nearshore current computation.

The quasi two-dimensional equations for nearshore currents are rewritten from equations (24) to
(27) as follows

U U U an 9 [~ —35 )
A+ W—=—o— — — (4?2 —wl )~ — (hww
at + dx + 3z ox  ox ( w ww) dz (@ ww) +
ad iU a U
— — — — 90
8x<vh8x>+az(vv3z> o
U oW
4 =9 91
0x 0z 91)
and
am aUMh+T7
_ﬂ+_m=() (92)

at ox

In order to solve these equations numerically, it is necessary to determine the momentum flux cor-
responding to radiation stresses and eddy viscosity coefficient beforehand. It is clear from previous
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Figure 6. Comparison of calculated results for vertical distributions of undertow velocity based upon experiments
done by several researchers. Characteristics of waves used in experiments are the same as those in Fig. 5.

experiments (see Kuroiwa, 1999) that the momentum flux in the surf zone is constant in the vertical
direction. Although wave characteristics in the surf zone have strong dispersion and nonlinearity,
the radiation stresses and momentum flux are evaluated on the basis of linear theory for simplicity.
Francisco and Arcilla (1992) presented the momentum flux based upon linear wave theory as follows

- — E
uZ, —wﬁ,:G(p—h> (93)
in which E is wave energy, and
2kh
(%94

G=——
sinh 2kh
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Figure 7. Relationship between momentum flux and GE /ph.

where k is the wave number. Surface waves induce a momentum M in the direction of wave
propagation. The value of M is given by M = E/C, and current velocity U is proportional to
M /ph = E/phC. Dividing equation (93) by C 2 it s clear that the right-hand side of equation (93)
is proportional to U/C (see Horikawa, 1978).

Fig. 7 shows the calculated result (solid line) of equation (93) and the experimental relationship
(circles) between the momentum flux and GE/ph. It is shown that the relationship between the
momentum flux and GE/ph obtained from experiments is given by

u_2—w2—2G<:;1> (95)

On the other hand, the radiation stress Sy, obtained from depth-averaged flow rate is given by

pg  4C? sinh 2kh 4 sinh2kh

Substituting calculated results obtained by the mild-slope equations into the momentum flux and
integrating from the bottom to the water surface, the momentum flux is rewritten as

h(u, —wd) w2) — 0%+ 02, 2kh
= =X 1
/ (ufy — wi) dz 4C?2 tsmnzkn )t

24 n2 ([ 2kh
4 sinh 2kh
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breaking point /1, = 11.5 cm, Breaker type: spilling-plunging.

Equations (93) and (94) are rewritten so as to have the same dimensions as equation (96), that is,

22
hiufy —wi) _ <£> 98)
g g
and
22
M:ZG (£> (99)
£ g

Figs. 8a, b and ¢ show the calculated results for spatial variation of wave height H, the momentum
flux (or radiation stress) and the spatial differentiation of momentum flux, respectively, of waves as
they progress cross-shore. As shown in Fig. 8b, the cross-shore distributions of the momentum flux
calculated by equation (97) coincide with those calculated by equation (98). However, the results
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Figure 10. Effect of shear stress at free surface on current velocities at bottom.

calculated by equations (96) and (99), of which values are greater than equation (98), are different
from those of equations (97) and (98). The quantity which influences the spatial variation of mean
water surface level and current is not the momentum flux, but the variations of spatial differentiation
for momentum flux. As shown in Fig. 8c, the results calculated by equations (96), (97) and (98)
have almost the same values (unlike equation (99)) seaward of the breaker zone. However, the results
calculated by equations (97) and (98) are smaller than those from equations (96) and (99) within and
immediately shoreward of the breaker zone.

As a result, it is suggested that smaller values, which show the spatial differentiation of momen-
tum flux calculated from equations (97) and (98), influence the variation of mean water level. To
supplement the effect in practical calculation, the shear stress given by equation (52), which is the
added momentum flux due to the surface roller caused by breaking waves, is applied as the surface
boundary condition. Fig. 9 shows that the computed mean water level in the cross-shore direction
increases with increasing values of the coefficient of A in equation (52) for the free surface shear
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Figure 12. Computed results for spatial variation of mean water level influenced by eddy viscosity Cs.

stress. In this calculation, the bottom friction factor C ; = 0.01 and the coefficient including the eddy
viscosity in equation (43) is taken to be A, = 0.01. Fig. 10 shows the variation of bottom current ve-
locities associated with increasing Ay. In this figure, it is remarkable that the bottom current velocity
is not induced in the case of Ay = 0 which means the shear stress is aimost equal to zero. Fig. 11
shows the calculated results for the vertical distributions of steady current for A; = 1.0, 1.5 and 2.0.
It is observable that the greater the value of Ay becomes, the larger the near bed undertow veloc-
ity becomes, and the steady current velocity at the bottom increases shoreward whereas the steady
current at the free surface increases seaward as the value of A increases.

Figs. 12 and 13 show the computed results for the spatial variation of mean water level and current
velocity at bottom with A, (included in coefficient of eddy viscosity equation (43)). The following
values have been used for the parameters: Ay = 1.0 and C s = 0.01. The mean water level calculated
using A, = 0.005 is not different from that of A, = 0.01, but the bottom current velocity prediction
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Figure 17. The effect of friction factor on vertical distribution of current velocity.

are different in the surf zone as shown in Fig. 13. Fig. 14 shows the vertical distributions of current
velocity computed for the same conditions as Figs. 12 and 13. In this figure, the current velocities at
the bottom and at the free surface increase seaward and shoreward respectively, as the values of A,
decrease. An outstanding feature shown in this figure is that the vertical eddy viscosity influences not
only the vertical distributions of current velocity but also those in the cross-shore direction.

Figs. 15 and 16 show the variations of mean water level and bottom current velocity with z’
computed for the case of A, =0.01, Ay = 1.0 and various values of friction factor C 7, respectively.
Fig. 17 shows the variations of current velocity with the vertical axis computed for the same case as
Fig. 15. It is evident that the effects of friction factor on both mean water level and bottom current
velocity are negligible.

Figs. 18a, b and ¢ show the observed variations of wave height, mean water level and bottom cur-
rent velocity in the cross-shore direction, respectively. The experimental conditions are summarized
in Table 1. The predicted and measured cross-shore variations of wave height are in close agree-
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Table 1
The conditions of experiments.

tanf  Hp(ecm) T (sec) Hp(cm) hy(cm) Hy/Lg Breaker type
1/20 10.26 1.00 9.74 11.5 0.066

spilling-plunging
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ment. However, Fig. 18b shows that the computed mean water level is overestimated in comparison
with the experimental data. Although a scatter of points can be seen, Fig. 18c shows that the results
of experiments are in approximate agreement with the computed result. In these computations, the
following parameters have been used: A5 = 1.5, C¢ = 0.01 and Ay = 0.005. Fig. 19 compares the
experimental results for the vertical distributions of cross-shore current velocities with those com-
puted for the cases in the range of 0.39 < k/hyp < 1.0. In these figures, the predicted current velocity
near the bottom is in the opposite direction for the experimental measurement at the breaking point
(h/ hp = 1.0). The other cases of the computed results are in reasonable agreement with those of the
experiments.

9. LONGSHORE CURRENTS

The present model is applied to determine the vertical profile of longshore currents. The computed
results are compared with those of experiments carried out by Visser (1991). Figs. 20a, b and ¢
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Figure 20. Comparison of mean water levels and longshore currents between the computed and experimental
results.



v(cm/s)

40

30

20

10

—As=0 LTS

- - As=1.0 PRI

— - As=2.0 ; N =

/ ' \‘ t)/
(a) "/,,,/' ‘\\\ -
P =
100 200 300 400 500 600
x(cm)

119

2.5 —
2 —As=0 K
- - As=1.0 Lo
1.51] —. as=2.0 L
1 i
b v
0.5 ( ) 4
y
0 — 7
-0.5
0 100 200 300 400 500 600
x(cm)

Figure 21. Effects of parameter A; on mean water level and longshore current velocity.

n (cm) n (cm)

v(cm/s)

3
— - Cf=0.005(5xx)
f | (@)
Xp.
P gdoﬁ/()
1
22
o—————=- ©-0- ©00000a0°
-1 . . .
0 100 200 300 400 500 600
x(cm)
3
J| | —cf0.005¢as=1.5) (b)
O EXp. O(
00
1 40
0 o
-1 . .
0 100 200 300 400 500 600
x (cm)
50
40 — - ¢f=0.005(sxx) (C)
30 — ¢f=0.005(As=1.5)
20 o  Exp. o)
10
0 = § .
0 100 200 300 400 500 600
x(cm)

Figure 22. Comparison of experimental results with those of computation related to mean water level and long-
shore current velocity calculated by quasi three-dimensional model.
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show the experimental results for the cross-shore distributions of the mean water levels and the
depth-integrated longshore current velocity. In addition, solid and dotted lines in these figures show
the results computed by the 2-D horizontal numerical model for C s = 0.003 and 0.01. The other
parameters: Ay = 1.0 and A, = 0.01. It is found that C ¢ does not affect the mean water level, but
the longshore current velocities are greatly influenced by the values of C. Figs. 21a and b show
the computed cross-shore distributions of the mean water level and the longshore current velocity
obtained by putting Ay = 0.01, C y = 0.01 and varying with A; =0, 1.0 and 2.0. The results indicate
that the mean water levels and longshore current velocities increase with the increasing A;. On the
other hand, the effect of the eddy viscosity parameter Ay, on the mean water level and longshore
current velocity is only somewhat significant. It is found from the above computation that the shear
stresses caused by breaking waves at the free surface influence the elevation of mean water level,
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Figure 24. Numerical results for velocity vectors of longshore current at mean water level and near bottom { Cy
=0.005 and 7, # 0).

and that the friction factor at bottom C y influences the cross-shore distributions of longshore current
velocity but not mean water level.

Figs. 22a and b compare mean water levels calculated by the quasi 3-D model with those ex-
perimentally determined by Visser (1991). The following parameters have been used: C y = 0.005,
Ay, =0.01 and Ay = 0 in Fig. 22a, and A; = 1.5 in Fig. 22b. Fig. 22¢ presents computed and mea-
sured depth-integrated velocities of longshore current. In this figure, the solid and dotted lines cor-
respond to Figs. 22b and a, respectively. From these figures, it is found that the computed value of
mean water surface level agrees with the experimental result in the case of A; = 0, but the computed
result of longshore current velocities is underestimated. On the other hand, the computed result of
mean water level is overestimated in the case of Ay = 1.5, but the computed result of longshore
current velocities agrees with the experimental one.

Fig. 23 shows that the vertical distributions of longshore current velocities under the conditions
of Ay = 1.5 and A, = 0.01 are compared with experimental results and in this figure, the computed
results in the case of A, = 0.005 are also shown by dotted lines. 1t is indicated that the results in the
case of Ay = 0.01 agree well with those of experiments.

Figs. 24a and b show the computed velocity vectors of longshore current at the mean water surface
level and near the bottom, respectively. In these figures, it is clear that the directions of currents at the
mean water surface level are shoreward and seaward near the bottom, and so the longshore currents
have a spiral profile in the vertical direction.
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Figure 25. Numerical results for velocity vectors of longshore currents at mean water level (a) and near bottom
(b) (Cy =0.05 and 7, =0).

Figs. 25a and b show the same results for velocity vectors of longshore currents computed for
75 = 0. These figures indicate that both directions of longshore currents are almost the same and
longshore currents have no spiral profile in the vertical direction.

From the results mentioned above, it is concluded that: (1) two-dimensional circulation flows in
the vertical plane may be formed by giving the shear stresses at the mean water level, caused by
the surface roller, (2) it is found that the vertical distribution of current velocity and the cross-shore
distribution of the mean water surface level are not affected by varying the parameter C ¢ (=0.005 to
0.01), and (3) from experimental results, the vertical distributions of current velocity are the best fit
in the case of C = 0.01, A, =0.005 and A = 1.5, but the elevations of mean water surface level
are overestimated.

10. NEARSHORE CURRENTS AROUND DETACHED BREAKWATER

In order to examine the applicability of the quasi 3-D model to nearshore currents around coastal
structures, the numerical computation and experiment have been carried out for the following case
of a semi-detached breakwater situated in a wave basin. The wave basin is 12 m long, 5.0 m wide
and 0.6 m deep, the beach slope is 1 in 10, the water depth at the toe of beach slope is 0.3 m and
the semi-detached breakwater width of 1.0 m is installed normal to the incident waves as shown



123

o

3m
o6m

Breakwater

=
Wave generator

12m

h=30 cm

Slope 1/10

Figure 26. Illustration of wave basin.

in Fig. 26. Wave characteristics used in the computation and the experiment are as follows: wave
height at water depth 30 cm, H = 6.9 cm, wave period T = 1.0 sec and plunging breaker type.
For the numerical model, the rectangular grid has spatial increments of size Ax = 2.5 cm in the
wave module and Ax = 5.0 cm in the current module in the x-y plane. The depth is divided into
10 elements in the z-axis when applying the finite element method. Fig. 27a shows the calculation
domain and the predicted wave height distribution around the detached breakwater, calculated by
the mild-slope equation. Fig. 27b shows the experimental result for the distribution of wave height.
In Figs. 27a and b, the thick line and the piecewise solid line represent the breaking points which
is determined as the ratio of water particle velocity to wave celerity, uy,/C > 0.45 and observed
by experiment, respectively. In addition, the values indicated in these figures refer to wave height.
Fig. 28 shows the comparison predicted wave height with experimental data at y = 60, 100, 240 and
280 cm shown in Fig. 27. The predicted cross-shore profile of wave height is in close agreement with
the experimental data and those measured, as may be seen in Fig. 28.

Figs. 29a and b show the computed current vectors at the mean water surface level and those at the
bottom, respectively. In both figures, it is found that the magnitudes and directions of current vectors
at the mean water surface level are different from those at the bottom. Undertow velocities in the surf
zone can be reproduced in the opening of the detached breakwater and the spiral profiles can also be
reproduced in the surf zone. Figs. 30a and b show the current vectors behind the detached breakwater
measured at 2 cm above the bottom and 5 ¢cm under the mean water surface, respectively. In these
figures, the solid line shows breaking points. It is found that the circulation flows are generated
behind the breakwater but the directions of such flows near the water surface are different from those
near the bottom, especially at the corner of the breakwater.

Fig. 31 shows a comparison of the vertical profiles of computed results with those of experiments.
In this figure, Notation (a-1), (a-2) and (a-3) correspond to results at the stations x = 152 ¢cm, x =
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Figure 28. Comparison of wave height distribution between computation and experiment.
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170 cm and x = 190 c¢m along measured line y = 200 cm as shown in Fig. 29a, respectively. In
addition, Notation (b-1), (b-2) and (b-3) correspond to the stations x = 152 cm, x = 170 cm and
x = 190 cm along the measured line y = 280 cm, respectively. The cross-shore current velocity U
and the longshore current velocity V are constant over depth at the stations shown in (a-1), (a-2) and
(a-3) and the computed results coincide with the measured data. However, the computed cross-shore
current velocities U are quite different from those of the experiment at the stations shown in (b-2)
and (b-3). Although the numerical method in the vicinity of the breakwater should be improved, it is
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breakwater with those of experiments.



confirmed that the quasi 3-D model could apply to the prediction of nearshore currents around such

coastal structures.

11. CONCLUSIONS

A quasi 3-D model for predicting the nearshore current has been developed. The main conclusions

are summarized as follows:

1. Owing to the recent studies (see Watanabe and Siozaki, 1982; Watanabe et al., 1983) made in the

mathematical formulation of fundamental equations, the wave transformation in any complex
coastal environment can be estimated accurately by using their mathematical model.

. Tt was found that the predicted undertow profiles were in reasonable agreement with the mea-
sured cross-shore current velocities.

. From the comparison with the measured longshore current, it was found that the shear stresses
caused by breaking waves at the free surface influence the elevation of mean water level, and
that the friction factor at the bottom influences the cross-shore distributions of longshore current
velocity but not the mean water level. The computed longshore current velocity distribution was
qualitatively consistent with the measured data.

. The predicted nearshore current velocities around the detached breakwater show quantitative
agreement with measured data. It was found that the circulation pattern behind the detached
breakwater obtained by using the proposed model was reproduced with comparative accuracy
(see Figs. 29 and 30).

LIST OF SYMBOLS

b

C local wave celerity

Cy friction factor

diy depth from still water level to trough level of wave
E wave energy

fo attenuation factor

g acceleration due to gravity

h water depth

H local wave height

Hy deep water wave height

k wave number 27 /L

L local wavelength

Ly deep water wavelength

n ratio of group velocity to wave celerity

p pressure

0 mass flux due to wave

S radiation stress

T wave period

tan bottom slope

Uy horizontal component of water particle velocity in x-axis
vy horizontal component of water particle velocity in y-axis
Wy vertical component of water particle velocity

U current velocity in x direction

subscript that indicates breaking wave
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V  — current velocity in y direction
W —  current velocity in z direction
U, —  Ursell number
£ —  phase angle
n —  water surface elevation
vy~ —  eddy viscosity in horizontal direction
vy — eddy viscosity in vertical direction
p —  density of fluid
g —  wave angular frequency 27 /T
1, ~—  shear stress at bottom
T —  shear stress at mean water surface
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Chapter 5
Spectral Wave Models in Coastal Areas

Jaak Monbaliu

Hydraulics Laboratory, Katholieke Universiteit Leuven, Kasteelpark Arenberg 40, B-3001
Heverlee, Belgium

1. INTRODUCTION

The main use of spectral wave models has been and still is the operational use for global and
regional wave forecasts. A world-wide overview of operational spectral wave modeling is outside
the scope of this chapter. The scope of the chapter is outlined in Section 1.4. Essentially, the chapter
presents a comprehensive review of the present state-of-the-art in spectral wave modeling in coastal
environments.

1.1. Phase-Averaged Models

Battjes (1994) considers two families of shallow water wave models. They are phase-resolving
(for rapidly varying waves, i.e., waves that have phase-averaged local properties which vary rapidly
within distances of the order of one wavelength), and phase-averaged models (for slowly varying
waves). A phase-averaged or spectral wave model describes the evolution of the wave energy spec-
trum (i.e., a superposition of sinusoidal waves of different frequencies with random phase and trav-
eling in different directions). The statistical description assumes stationarity and homogeneity of
the wave field at the model mesh size scale. These assumptions break down when the scales of the
relevant processes become the same length and period of the characteristic waves. In most cases
the assumption of phase randomness is a good approximation for the description of wind generated
waves. It is known that the spectral wave energy distribution contains sufficient information to de-
termine the most important parameters of the wave field. Phase-resolving models describe the sea
surface as a function of time but are computationally very demanding because these models recon-
struct the sea surface elevation in space and time. To this end they need space and time scales which
are only a fraction of the wavelengths and periods considered. Although they implicitly account for
shallow water effects and nonlinear interactions between different wave components, they should be
used only when strictly needed. Only the mathematical description of strong diffraction and possi-
bly of triad interaction requires phase-resolving models such as mild-slope equation or Boussinesq
models. It is most economical to compute the energy spectrum (a phase-averaged quantity). With a
phase-averaged model the exact location of the sea surface is not known in the strict sense, but it is
in a statistical sense.

1.2, History

Khandekar (1989) gives an excellent overview of spectral wave models up to, and partially in-
cluding the development of third generation wave models. The first generation discrete spectral wave
models included energy propagation, wind input (S;,;) and dissipation (S,). S;;; and S, were tuned
to observed fetch and duration limited characteristics.

The JONSWAP experiment (Hasselmann et al., 1973) clearly illustrated the rapid growth of wave
energy on the forward (low frequency) face of the spectrum. This feature together with the observa-
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tion of the so-called ‘overshoot’ effect could be explained by nonlinear wave-wave interactions. This
led to the development of second and third generation spectral wave models.

Second generation models limit the computational effort. In the ‘coupled hybrid’ models, the
wind-sea is described by a limited number of parameters. Swell is propagated independently along
rays. In the ‘coupled discrete’ models both the swell and the wind-sea peak are represented at discrete
frequencies. The tail beyond the peak is treated parametrically. The nonlinear interactions, which
control strongly the wind-sea evolution, are parameterized in both types of models. A mechanism is
built in to transfer energy between wind-sea and swell after every integration time step. These models
are still very much in use today; for example, U.K. Met Office (UKMO) and Météo-France among
others use them as their operational global model.

Third generation wave models solve the wave transport equation explicitly without any a priori as-
sumption on the shape of the wave energy spectrum. The breakthrough was the fact that the nonlinear
interactions could be calculated explicitly by approximating the total integral by a limited number of
interaction configurations. Hasselmann and Hasselmann (1985) and Hasselmann et al. (1985) found
that the exact nonlinear transfer could be represented reasonably well by considering just one mirror-
image pair of interaction configurations. Although the calculation of the nonlinear transfer still was
computationally expensive, it was no longer prohibitive. The method is known as the Discrete In-
teraction Approximation (DIA), and is still the most widely used method in third generation wave
models.

The WAM-model can be seen as a standard for this type of model (WAMDI, 1988). A detailed
description of the WAM-Cycle 4 model (hereafter referred to as WAM-C4) can be found in Giinther
etal. (1992) and Komen et al. (1994). The WAM-model is a state-of-the-art third generation spectral
wave model specifically designed for global and shelf sea applications. It can be run in deep or shal-
low water and includes depth and current refraction (steady depth and current field only). It can be
set up for any local or global grid with a prescribed data set, and grids may be nested for fine scale
applications. The model is used in many operational centers in the world (for example, at the Euro-
pean Centre for Medium Range Weather Forecasts, (ECMWF)). Examples of other third generation
models are Tolman’s WAVEWATCH (Tolman, 1999), the SWAN model developed at Technical Uni-
versity Delft (Booij et al., 1999; Ris et al., 1999) and the TOMAWAC-model (Benoit et al., 1996). It
should be noted that the SWAN model was developed specifically for coastal applications.

1.3. The Use of Spectral Wave Models

Discussions on operational spectral wave modeling can be found in several studies. Bidlot and Holt
(1999) recently described the current practice of operational wave forecasting at ECMWF at Reading
and at UKMO at Bracknell, supplemented with some information of the operations at Météo-France
(J.-M. Lefevre, personal communications, 2001). Other centers use similar model set-ups, of course,
adjusted to the needs of the possible clients. The UKMO model is a second generation model (as is
the model of Météo-France) with 13 frequency components between 0.04 and 0.324 Hz and 16 direc-
tional components. UKMO, Météo-France and ECMWF run wave models globally and regionally.
UKMO runs a wave model globally on a regular lat-lon grid with a resolution of 1.25° in longitude
and 0.833° in latitude and a wave model regionally. It covers the European continental shelf including
the Mediterranean and Black Sea at a resolution of 0.4° in longitude and 0.25° in latitude. Météo-
France runs a global wave model on a regular lat-lon grid with a resolution of 1° in longitude and
1° in latitude, and a regional one covering the European continental shelf and including the Mediter-
ranean and Black Sea at a resolution of 0.25° in latitude and 0.25° in longitude. A high resolution
model (0.1°) driven by the ALADIN model winds with similar resolution was to be implemented in
2001 over a domain covering the French continental shelf. ECMWF runs the WAM model globally
on an irregular lat-lon grid with an effective resolution of 55 km and regionally for the entire North
Atlantic, the North Sea, the Baltic Sea, the Mediterranean and Black Sea with an effective resolution
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of 27 km. Since the 20th of November, 2000 they use 30 frequencies between 0.035 and 0.55 Hz and
24 directions (Bidlot, personal communication).

Bidlot and Holt (1999) indicate that the performance of operational wave models has improved
over the last decade. Errors can be attributed to internal wave model errors (incomplete knowledge
and/or representation of source terms, inaccurate numerics, etc.) and to external errors related to wind
field inaccuracies. Especially in forecasting, errors in predicted wind fields soon dominate the other
error sources (internal errors).

Engineers are also making more and more use of spectral wave models for coastal applications.
Compared to global or regional applications, obviously a much better spatial resolution is needed in
order to capture the details of the coastal bathymetry. Spectral wave models have been run in coastal
areas with a spatial resolution of 100 m and have even been used to simulate laboratory experiments
where a spatial resolution of 0.5 m was used (Ris, 1997). It should also be noted that spectral wave
models in coastal areas are very often run in stationary mode, assuming no time variation in the
domain considered. In particular for wave climate studies, spectral models are increasingly being
used as a tool to transfer offshore wave information (local buoy measurements, remote sensing,
regional model output or a combination of these) to a nearshore location (see for example the EC-
project EUROWAVES, Barstow et al., 2000).

1.4. Scope

In what follows, the general equations of wave action conservation will be outlined. The different
source terms that drive the model will be explained in more detail. It will become clear that our
knowledge of these source terms remains incomplete.

The more practical side of the implementation of the equations will be illustrated using the WAM-
model code as an example, but some differences between the SWAN and WAVEWATCH models
will be pointed out. Note however that some modifications of the ‘original’ WAM-C4 code were
necessary to make it run economically in coastal areas. These changes have been brought together
in the EC-project PROMISE (PRe-Operational Modelling In the Seas of Europe, see Prandle, 2000).
They have been described in detail in Monbaliu et al. (2000) with regard to the shallow water aspects,
and in Ozer et al. (2000) with regard to the dynamic coupling with a surge model. This version of the
WAM-model will hereafter be referred to as the WAM-PRO model.

The use of a spectral wave model will be illustrated by two examples in the southern North Sea
area. Emphasis will be on the interaction of tide and surge with waves and on the importance of using
directional information as input to a coastal wave model.

Finally, an outlook toward expected developments will be given.

2. A SPECTRAL WAVE MODEL

2.1. General Equation: The Action Balance Equation
In the general case incorporating the presence of currents, the equation to be solved is the action
balance equation. Following Battjes (1994)

dN ON N . ON S;

[ J— Xy —— k i — 1
= g e g ,Za (1)
where

o =./gktanhkh = w —ky - Uy (2)
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o is the intrinsic frequency, o is the absolute frequency, ko = (k1, kp) is the wave number vector, k
is the modulus of the wave number, & = 1 or 2 indicate the vector components

. do
XQ=Cga+Ua=—+UQ( (3)
ke
. Okq . Okg 3o dh 3Ug
ky = — _— = — kg —=& 4
S TR P T P T @
NK i, 0y=Ek X 1)/)o 5)

where E is the energy density and N is called the action density, ¢y is the wave group velocity; the
geographical co-ordinates are given by X (= (x1,xp)), the dot terms indicate time derivatives (i.e.,
propagation velocities in geographical and spectral space), U (= (uy, u»)) is the horizontal current
velocity; the right-hand side represents the source terms (see Section 2.2 and Section 2.3).

2.2. Implementation in a Spectral Wave Model

Most measurements of the wave spectrum are in terms of frequency or frequency-direction. Al-
though model codes in k-space exist and have been applied successfully in coastal areas (Schneggen-
burger et al., 2000), formulations in terms of the energy balance or action density balance in terms of
frequency and direction are most common.

Writing the action density equation (1) in terms of absolute frequency and direction, then the
rate of change of action density for irregular waves is given by (here in Cartesian coordinates for
simplicity)
dN 9N a

+ LGN+ 2 M)+ V) + = Ny =3 ()
— =+ —( —(x — (@ — = —
dr ot ax ! axy 2 o 39 —~a

where N(¢,x,y,w,0) is the action density spectrum, ¢ is the time, w is the absolute frequency,
¢ is the wave propagation direction measured clockwise from the true north, £; and X, are the
propagation velocities in the geographical space, and & and 6 are the propagation velocities in the
spectral space (frequency and directional space). In simple words equation (6) says that the total
change of action density in the water column is due to the source terms applied. The total change
in turn can be written as the sum of local change and advection in geographical and spectral space
(frequency and angle, or wave number). In the case that currents do not play a role, the action density
can be replaced by the energy density.

The absolute or angular frequency w in a fixed reference frame is given by the dispersion relation
in equation (2), which includes the water depth % and the current vector Uy . The propagation velocity
in frequency space is given by (Tolman, 1990)

dw dw do dh Uy
= — Xy ——— = ——— —— k — 7
Co=w= gt Xe g = on o Tre M

Formulation (6) has the advantage that the absolute frequency is conserved for stationary currents
and water depths, i.e.,

d
E(w)=o=a‘, (8)

and consequently the term 3/dw (wN) drops out in equation (6). However, one of the problems in
solving equation (6) is the computation of the wave number modulus & from the dispersion relation
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(equation (2)). In case of strong opposing currents for high frequency waves two solutions exist and
the group velocity for certain frequencies becomes zero (wave trapping, see Mei, 1989).

To overcome the problem of strong opposing currents spectral wave models, such as WAM and
SWAN, use internally the intrinsic frequency o as coordinate. Equation (6) remains identical, except
that the action density now becomes a function of the intrinsic frequency (N = N(t, x|, x>, 7, 0)).
The advantage of this expression is that the relation between the intrinsic frequency and the wave
number modulus is unique and valid for all frequencies.

In SWAN the action density is kept in the transport equation (see Booij et al., 1999). In WAM
equation (6) is then multiplied by o and the partial derivatives with respect to ¢, x, x» and 6 are ex-
changed with the multiplication. Together with the definition of the energy density spectrum (equa-
tion (5)), the action density equation (6) transforms to the following balance equation for the energy
density spectrum (Giinther, personal communications).

JoF d 0 d F J .
—+ — @)+ —@F)to— (6= )+ —EN=)_S
o +ax(X1 )+ay(x2 )+aaa <00>+39( ) ,' ; &)

where F = F(t, xy, x3, 0, 0) is the energy density in function of frequency and direction (F is used
instead of E to make a distinction between wave number space and frequency-direction space). The
first term on the left-hand side of this equation therefore represents the rate of change of energy
density in time. The second and third term represent rectilinear propagation of energy in geograph-
ical space (with propagation velocities x|, x; respectively). The fourth term represents the effects
of shifting of relative frequency due to variation in depths and currents (with propagation velocity
6). The fifth term represents propagation in directional space due to current and/or depth-induced
refraction (with propagation velocity 6). The terms & and 6 are given by

do do do | ah aly
5= 27 i 2T TNy V| = coaky - X 10
7= 5 T 8h[8t+ « } AR (19
j_d0_ 100 on s -
Tdt T k|oham Y am

where s is the space coordinate in the propagation direction 6, and m is a spatial coordinate perpen-
dicular to s (Tolman, 1990). The right-hand side represents all effects of generation and dissipation
of the waves including wind input S;,, whitecapping dissipation S, nonlinear wave-wave inter-
actions Sy, bottom friction dissipation Sy and in very shallow water depth-induced breaking S, .
Section 2.3 gives more details on the formulations of the individual source terms.

Equation (9) takes into account implicitly the interaction of waves with the mean flow through the
term

a (. F J . F . . F [ do
05;<0;):£(0F)—;a:5;(0F)—;|:—87+(U+cg)‘V0i| (12)
The first term on the right-hand side is the flux of energy in o space, and the second one, according
to Phillips (1957), describes the interaction of the wave energy with the mean flow.

In contrast to the w term in equation (6) which is already zero for stationary currents, the o term
in equation (9) only drops out if the current speed is zero (and water depth does not change). In this
case both intrinsic and absolute frequency are the same. If a current is present, the spectrum has to
be transformed from o to w frequencies using the Doppler term in equation (2). In the WAM model
this transformation is carried out for all outputs.
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2.3. Source Term Formulations
2.3.1. Wind Input

Two main mechanisms are considered responsible for the generation of waves by wind. The first
mechanism is a resonance mechanism caused by pressure fluctuations moving over the sea surface
due to the wind. If the pressure fluctuations and the waves travel together at the right speed, it was
shown by Phillips (1957) that energy input to the wave field is possible. The second mechanism is
attributed to Miles (1957). It takes into account the disturbance of the air flow due to the presence of
the waves. This mechanism has been analyzed by coupling the air and water motion and looking at
the stability of the interface.

Although the resonance mechanism of Phillips accounts for the start of wave motion on a still
water surface, it is quickly taken over by the feedback mechanism of Miles. This is directly reflected
in the description of the source term

Sin(0,0) = A+ BF(0,6) (13)

where A and B are some function of o and 6 as well.

Cavaleri and Rizzoli (1981) give an expression for the A-term representing the Phillips’ mecha-
nism. As soon as there is some wave energy in the system, the term is negligible compared to the
second term and, for example, in the WAM-model it is not implemented. Different forms of the
second term exist. In WAM-Cycle 3 (WAMDI, 1988), the expression of Komen et al. (1984) was
used

Siy (0, 6) = max{0, 0.25'0—“(28,3@ cos(@ — ) — D}o F(o,6) 14)
Pw c
In WAM-Cycle 4, the expression of Janssen (1991) is used
Pa [Uxa 2 4
Sin(0,6) = max{0, 1.224 [— cos(6 — 1//)] wln? wlo F(o, 0) (15)
pPw L KC

In equations (14) and (15), p, and py, are the density of air and water respectively, ¢ is the wave
propagation speed, ux, is the air friction velocity, 8 is the wave propagation angle, ¥ the angle of
the wind, « is the von Karman constant, and p is a parameter that depends on the effective roughness
of the sea surface, which in turn depends on the sea state through the wave-induced stress. Note that
total stress at the sea surface is the sum of the turbulent stress and the wave-induced stress. A good
description of the implementation of Janssen’s theory can be found in Mastenbroek et al. (1993).
In the SWAN-model both options have been implemented (see also the section on whitecapping
dissipation).

Young (1999) remarks that the theories (and measurements) for wind input are essentially re-
stricted to deep water situations, and little is known of the effects shallow water has on wind input.

2.3.2. Quadruplets

The concept of the ocean as a superposition of free and independent components is only correct
to the first-order. Nonlinear interactions between the different wave components can transfer energy
to other wave components. In deep water interactions between four waves (quadruplets) are possible
if the following resonance conditions for wave numbers l;,- and frequencies o; are satisfied
k 1+ ]22 = /:3 + ié4

16
01 +02=03+04 (16)

The end result is a rather complicated integral, the so-called Boltzmann integral, which describes
the rate of change of the action density due to resonance. The full integral representing the four-
wave interactions is very time consuming to solve, and has therefore only been used as a research
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tool (Resio, 1993). Hasselmann and Hasselmann (1985) found that to a large extent, the effect of
the quadruplets could be reproduced by taking only a limited number of possible interaction combi-
nations. In fact Hasselmann et al. (1985), reduced the effort to only one set of the possible sets of
interaction configurations, reducing the computational effort to such an extent that it could be used
in operational models. The method of Hasselmann et al. (1985) is known as the Discrete Interaction
Approximation (DIA) and is still the preferred method used in operational third generation spectral
models today. For shallow water, they introduced a simple scaling factor.

For more details and an excellent overview of solution techniques the reader is referred to
Young (1999). Due to the increased computational power, it is however worth noting that in the
last few years quite a bit of research work has been done to reexamine and to improve the DIA-
approximation to the quadruplet interaction term. Van Vledder (2001) and Hashimoto and Kawaguchi
(2001) describe extensions to the DIA-approach. Van Vledder (2001) indicated that by adding op-
timally chosen configurations, it should in principle be possible to approach the exact solution
as closely as desired. Also in the “Advanced Wave Prediction Program” (www.onr.navy.mil/sci_
tech/ocean/info/cd99/advwvprd.htm) of the U.S. Office of Naval Research (ONR) considerable at-
tention is being paid to the subject of nonlinear interactions.

2.3.3. Whitecapping

Hasselmann (1974) investigated the effects of whitecapping on the spectral balance. He showed
that under very general conditions interaction processes that are weak in the mean, even if they are
strongly nonlinear locally, are quasi-linear with respect to the wave spectrum. He suggested a pro-
portionality coefficient that was a function of the square of the frequency multiplied by a parameter
dependent on integral parameters of the spectrum such as the wave steepness. Other theories have
been developed (see Young, 1999 for an extensive overview).

Komen et al. (1984) worked on the assumption of Hasselmann (1974) and proposed a dissipation
function that allowed the existence of an equilibrium solution of the energy balance equation when
waves were fully developed. Using their expression for the wind input term, Komen et al. (1984)
obtained

ol a— m

Sas(@,0) =—Cuy () <_ ) T F(.0) a7
G apy

where Cg4,, m and n are dissipation coefficients (a value of 2 was assigned), o is the mean intrinsic

frequency and o is the integral wave steepness. The subscript PM refers to the value for a theoretical

Pierson-Moskowitz-spectrum.

However, when the wind input source term in the WAM-model was changed from the expression
of Komen et al. (1984) to the one from Janssen (1991), the whitecapping dissipation source term
needed to be reconsidered. In order to obtain a proper energy balance at the high frequency end of
the spectrum, the dissipation by whitecapping was extended by adding a k2 term (Giinther et al.,
1992) and the expression became

o2 k K\2\ .
Sast00) = = Cas (PErr) (1 =canz +eac () J6F0.0) ()

The hat refers to taking the mean weighted by the inverse. Cy4; and ¢, are dissipation coefficients.
Note that in order to keep the dependence on wave steepness for the whitecapping source term, it
needs to be implemented in terms of wave number for shallow water applications (Weber, 1991) as
is done in equation (18).

In other words, the whitecapping dissipation source term is still relatively poorly understood and
its form is chosen and tuned (in deep water) in order to obtain a balance of the spectrum. In this
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respect it is interesting to note that Tolman (1999) uses the source term package of Tolman and
Chalikov (1996) to account for wind input and dissipation through whitecapping. Also, Monbaliu
(1992) showed that by tuning selected parameters in wind input and whitecapping dissipation, fetch
limited evolution of total energy and peak frequency could be reproduced.

A fundamental problem, however, with the current formulations for whitecapping is that they do
not really consider the different dissipation behavior of wind-sea waves and swell waves.

2.3.4. Triads

In shallow water, such as when waves pass over a bar, energy can be transferred from lower to
higher frequencies. In contrast to deep water, where at least four waves are needed for interaction, in
shallow water nonlinear interactions are also possible between three wave components (triads). The
wave characteristics need to satisfy the following conditions (Young, 1999)
k 1 £ /;2 =k 3

1
(71:*:(72:0’3 ( 9)

Difference is made between resonant and non-resonant (also called bound) interactions. For resonant
interactions, the third component of the interaction satisfies the dispersion relation (equation (2)).
For non-resonant interaction the dispersion relation is not satisfied, but bound harmonics are created.
Evidence of triad interactions have been observed and described. Young (1999) gives an overview.

At the moment SWAN is probably the only widely available (public domain) spectral wave model
which includes a routine to take into account the effect of three wave-wave interactions. The para-
meterization of Eldeberky (1996), also known as the lumped triad approximation (LTA), has been
implemented (see Booij et al., 1999).

Becq-Girard et al. (1999) described some experiments of wave evolution over a bar with a phase-
resolving and two phase-averaged models for triad interaction, one being the LTA approach men-
tioned above. They concluded that the three approaches were able to reproduce the main features of
nonlinear mechanisms affecting a wave field in the nearshore zone. The phase-resolving model gave
the most accurate results. It correctly reproduced the nonlinear coupling effect in decreasing water
depths due to wave-wave interactions, as well as the harmonic release after a bar. The phase-averaged
models gave satisfactory results for the harmonic generation, but did not reproduce the release of har-
monics as water depth increased after passing the bar. However, the computational requirements were
considerably reduced using phase-averaged models.

2.3.5. Bottom Friction
The general form of the bottom friction dissipation can be written as (Weber, 1991)

k
Spf(o,0) = —CMF(U,G) 20)
where £ is the water depth. The coefficient C will depend on the formulation used and of course on
the flow conditions and bottom roughness.

In the WAM-C4 model only the JONSWAP formulation was implemented (Hasselmann et al.,
1973). Four additional bottom friction formulations for pure wave conditions have been implemented
in WAM-PRO (Monbaliu et al., 2000). They are the formulations of Hasselmann and Collins (1968),
Collins (1972), Madsen et al. (1988) and Weber (1991). A detailed discussion on these formulations
as well as on the empirical JONSWAP formulation, which is implemented in the standard WAM-C4,
can be found in Luo and Monbaliu (1994). An illustration of their use in a practical situation can be
found in Young and Gorman (1995) and Luo et al. (1996).

Luo and Monbaliu (1994) pointed out that growth curves and associated asymptotic values for
fully developed seas in shallow water can be quite different depending on the friction formulation
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and roughness coefficient used. They argued that the analytical expressions for non-dimensional
growth curve limits in shallow water that are given in a function of a non-dimensional water depth,
8 =gh/ uia (see Young, 1999), should be questioned. The bottom friction plays a major role in
the energy balance and therefore the bed roughness or another bed frictional parameter should be
involved. This was also demonstrated by Padilla-Herndndez and Monbaliu (2001) in an attempt to
reproduce the fetch limited growth curves measured in Lake George, Australia (Young and Verhagen,
1996a; 1996b).

Bottom friction formulations accounting for a combined wave-current field have been introduced
as well. Several theoretical models for the bottom friction in combined wave-current flows have
been developed and advanced our knowledge of wave-current interactions (for example, Grant and
Madsen, 1979; Christoffersen and Jonsson, 1985). However, these models were derived for a wave
motion corresponding to a single period wave. Only recently Madsen (1994) derived a model for
turbulent wave-current bottom boundary layer flows with wave motion described by its directional
spectrum. The formulations of Christoffersen and Jonsson (1985) and Madsen (1994) have been
implemented in WAM-PRO, but they have not yet been fully tested. An interesting discussion on
wave-current interaction observations in the Holderness area is given by Wolf and Prandle (1999)
and Wolf (1999).

2.3.6. Depth-Induced Breaking

To simulate depth-induced wave breaking, a source term based on the theory of Battjes-Janssen
(1978) is widely used. In this theory it is assumed that depth-induced wave breaking does not affect
the shape of the spectrum itself, which has been experimentally verified by Beji and Battjes (1993).
This is translated in the following mathematical expression

1 _
Spr(0,0) = = oy k Qp Hy F(0.6) @n

where a,,- is a constant of the order of one, Q}, is the local fraction of breaking waves, k is the mean
wave number and Hy,, (= yh) is the maximum wave height, which is determined as a fraction y
of the water depth A.

For the practical implementation and interpretation, the reader is referred to Van Vledder et al.
(1994) and Booij et al. (1999). The Battjes-Janssen theory is used in SWAN and WAM-PRO. Note
that in principle the parameters «,, and especially y are location dependent and should be calibrated.

An interesting study of other model formulations for depth-induced wave breaking has been exe-
cuted by Becq and Benoit (1996). Next to the Battjes-Janssen model, which they supplemented with
a wave breaking persistence parameter (Southgate and Wallace, 1994), they also studied the Thorn-
ton and Guza (1983) model, the Izumiya and Horikawa (1984) model, the Roelvink (1993) model,
and the Larson (1993) model. Except for the Larson (1993) model, they all have been implemented
in the TOMAWAC spectral wave model (Benoit et al., 1996).

2.4. Numerics
2.4.1. Advection

The action balance equation needs to be solved by numerical integration. The numerics for the
WAM model are explained in more detail in the “WAM’-book (Komen et al., 1994; see also WAMDI,
1988). The propagation of the energy density is solved by discretization of the left-hand side, setting
the right-hand side equal to zero, into a first-order explicit upwind scheme. The time step for this
part is limited by the Courant-Friedrich-Lewy (CFL) stability condition, and may be calculated on
either a spherical or a Cartesian grid. Then the source term contribution is added using a semi-implicit
forward in time scheme. This combination gives acceptable results for large-scale application (global
or coarse grid shelf sea applications), but it is known that swell energy which can travel over a
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long distance with a minimal loss of energy is underestimated, and can largely be attributed to the
relatively large diffusion in the upwind numerical scheme. On the other hand, the garden sprinkler
effect is well-known in spectral wave models that use higher-order schemes, in particular when the
spectral resolution (A¢ and A f) are coarse. Booij and Holthuijsen (1987) have proposed a solution
for the problem.

In contrast to WAM, SWAN makes use of an implicit scheme to solve the action balance equation.
Booij et al. (1999) provide more details of the scheme that has been implemented for the model.
The scheme is unconditionally stable and therefore allows for much larger time steps than would be
imposed by the CFL-criterion. Originally the model was designed for coastal applications and the
large numerical diffusion introduced by the numerical scheme was not a major problem.

Rogers et al. (1999) have done extensive tests with different numerical schemes in order to come
up with an alternative scheme to the one used in the SWAN-model. The scheme they selected requires
more computational resources. They state that the advantages of their proposed scheme are best
seen in large-scale propagation cases and in cases where the bathymetry is very rugged. Their final
conclusion is that for oceanic cases there is an advantage to use the proposed scheme. However, for
shelf and coastal scales (except for propagation behind islands) the higher cost of the scheme is not
justified.

In summary, the numerics involved are always a compromise between accuracy, ease of implemen-
tation and demand of computational resources. Based on the application the need will be different.

2.4.2. Source Term Integration
Although in theory, a third generation model describes all the source terms explicitly, in practice
it effectively integrates the spectrum up to a certain cut-off frequency. Beyond this cut-off frequency
a parametric tail is attached. Note that the tail depends on the model implementation (Tolman, 1999).
In the standard WAM-C4 the source term equation (equation (1) without the advection terms) is
solved by the following finite difference approximation

n+1 n
AintFijkt _ Fijka = Fiju =(1-a)s"
N At LIk

+1
1+“57,j,k,1 (22)

where i and j denote the position in geographical space, k and ! represent the position in the wave
direction and relative frequency space and « is in the range [0,1]. The superscript n refers to the time
level.

Since the source functions depend nonlinearly on the spectrum F, Taylor expansions were intro-
duced. By disregarding the negligible off-diagonal contribution of the function derivatives (Komen
et al., 1994) in the Taylor expansions, the increments in spectral energy density due to the source
terms for one time step may be expressed as

—1
Aintﬂ",’j,k,z — Ats;l,j,k,l [1 — AtotAﬁj.k‘l] 23)

where A" Kl is the diagonal matrix of the partial derivatives of the source function. A forward
time sphttmg technique is used (¢ = 1) except for positive A” kI where, because of the obvious
numerical instability, an explicit technique is used (o = 0). However the explicit implementation is
not generally stable, so a limiter on the increments in wave energy is imposed. For further discussion
on limiters, see Tolman (1992), and for the specific case of WAM, see Hersbach and Janssen (1999),
Hargreaves and Annan (2001) and Monbaliu et al. (2000). Also the SWAN-model imposes a limit on
wave growth (see Booij et al., 1999).

In WAM-C4, an additional restriction was built in to make the source term time step smaller than
or equal to the advection time step. This restriction was successfully removed in the WAM-PRO
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version. Although this modification made it possible to run the model efficiently in coastal areas
where high spatial resolution is needed, the time step for source term integration should not be too
large in order to be able to respond accurately to changing wave conditions (Monbaliu et al., 2000).

3. EXAMPLE APPLICATIONS

3.1. The Use of Directional Information

Directional information is particularly important in coastal studies. The wave climate close to
the coast, the design of harbor protection, the layout of harbor entrance channels, coastal protection
measures such as beach-fill or artificial dikes all depend critically on correct directional information.
Wave models and/or directional wave measurements can provide, at selected points, full details of
the wave energy spectrum.

The following example of an application at the Belgian coast illustrates this clearly. To do the
calculations, the SWAN-mode] (Cycle 2, version 40.01) was implemented for this area and run in
stationary mode. The bathymetry in this area is rather complex. The hydrodynamic characteristics
of the Southern North Sea and the presence of sandy sediments resulted in the formation of large
sandbanks more or less parallel to the coast. Typical length scales are 5 km for the width and 10 km
for the length. They extend to within a few meters of the sea surface (Williams et al., 2000).

The ‘offshore’ boundary condition for the model area is located on a line parallel to the coast and
going through the Westhinder (WHI) buoy, a location some 25 km away from the coast (water depth
about 30 m). In Fig. 1 the measured directional spectrum (Wavec buoy) is shown at Westhinder. Also
shown is the ‘representative’ spectrum as it would be constructed if only the significant wave height
(Hs = 5.2 m), the peak period (7.14 s), the wind direction (338.5°) and wind speed (19.3 m/s) were
given. On the same figure, the measured directional spectrum at Bol van Heist (BVH), a location
some 5 km from the coast with a water depth of about 10 m, is compared to the numerically simu-
lated spectrum. The low frequency peak in the spectrum is completely missed. However, if the full
directional spectrum is imposed at the boundary, the agreement between model results and measure-
ment is more reasonable (Fig. 2). Note that there is a small mismatch of the spectrum imposed at the
boundary due to fact that SWAN eliminates all energy going out of the domain. Although it seems
obvious by itself that the representation of a bimodal spectrum by a significant wave height, a period
and a direction cannot describe the full details of the spectrum, it is very often the only information
available for wave climate studies. As illustrated here this might lead to an inaccurate determination
of the wave climate in the nearshore zone. All consequent studies using this information will be
questionable as well.

3.2. Tidal Influence on Wave Characteristics

Next to having a rather complicated bathymetry, the Belgian coastal area is also subjected to
considerable tide and surge effects. The tidal range is in the order of 5 m, surge can be up to about
2 m and the order of magnitude of the current speed is about 1 m/s. The area is located at the southern
end of the North Sea. The North Sea is an enclosed area on a relatively wide shelf with an average
depth of about 75 m.

To investigate the interaction between tide, surge and waves in the Belgian coastal area, Osuna
(2002) implemented a fully coupled model system for tide-surge (TS) and waves on a series of
nested grids, following the work carried out in the EU-project PROMISE (Ozer et al., 2000). The
characteristics of the grids and the model time steps are given in Table 1 and Fig. 3. In Table 2 the
locations of a number of buoys are given.
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Figure 1. Measured and simulated representative spectrum offshore (WHI-location) and nearshore
(BVH-location).

The tide-surge model is a classical implementation of the depth-averaged shallow water equations.
It calculates water elevations and current vectors at the grid points if the surface stress (or wind
speed), the pressure (to account for the inverse barometric effect) and the necessary tidal elevations
at the boundary of the domain are given (for more details, see Ozer et al., 2000). The tide-surge
model was adapted to be forced by surface stresses calculated by the wave model. When running in
uncoupled mode the surge model uses a piecewise linear drag-law according to Heaps (1965).

The largest grid extends far north in order to catch the swell waves propagating from the north to
the south end of the North Sea. No wave information is provided for the Atlantic boundary. Although
this has consequences for the modeled wave characteristics in the northern part of the North Sea, it
does not affect the ability to model waves in the southern part of the North Sea. Successive nesting
is used (and needed) to avoid large interpolation (and extrapolation) errors, and therefore to provide
accurate boundary conditions for the fine grid model (Fig. 4).

Fully-coupled indicates that the model system allows for a dynamic information exchange be-
tween the wave model and the tide-surge model. For the wave model this means that it receives
at predetermined intervals new values for tide-surge levels (update of the water depths and conse-
quently of all model terms related to water depth) and for current speeds (update of current dependent
terms). In fact, almost all terms in equation (9) are affected. For the 6 and 6 terms this is directly
seen from equations (10) and (11). But also x| and x, are affected through changes in the group
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Figure 2. Measured and simulated spectrum offshore (WHI-location) and nearshore (BVH-location).

Table 1
Characteristics of nested grids.
RESOLUTION TIME STEP
GRID AREA (LAT x LON) Advection Source
coarse 47°50' N-70° 10’ N 1/3° x 2/3° WAM | 10 min | 10 min
12215 W-12° 15 E TS 1 min
nested 1 48° 30’ N-55°30'N 1/15° x 1/10° WAM 2 min 10 min
02°45 W-09° 15 E TS 1 min
nested 2 47° 14’ N-52° 38 N 1/45° x 1/30° WAM 1 min 10 min
00° 03’ W-04° 45 E TS 1 min
fine 50° 59’ N-51° 30 N 1/135° x 1/90° | WAM | 30 sec S min
02°27 W-03°53E TS 15 sec

Table 2
Buoy locations.

Approximate depth

Station Latitude Longitude (in m)
AUK 56°23' 59" N 02°03' 56" E 80
K13 56°23 59N 03°13 13" E 31
WHI 51°23' 04" N 02°26' 40" E 30
BVH 51°22° 45N  03°12' 29" E 10
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Figure 3. Model area with successive nested grids of the coupled tide-surge and spectral wave model. Buoy
locations (AUK, K13 and WHI) are indicated.

velocity Cg and changes in the current speed (equations (3) and (2)). For the surge model this means
that it receives at regular intervals updated values of the stress at the sea surface (sea state dependent
according to Janssen’s theory). Also, the radiation stress can be transferred from the wave model
to the surge model. The gradient of the radiation stress (or excess momentum flux) is responsible
for wave-induced set-up and wave-driven currents in the nearshore zone (see for example, Dean and
Dalrymple, 1991).
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Figure 4. Bathymetry of the Belgian coastal area with indication of the two directional buoy locations (WHI and
BVH).

As an illustration simulations were carried out for October 1997. To have some idea about the
meteo-conditions, the wind speed and directions at three of the buoy locations are shown in Fig. 5.
Note that the wind fields used are 6-hourly winds provided by UKMO (see Ozer et al., 2000, for
additional details). Measurements at the WHI location indicate an underestimation of the modeled
wind speed for the period considered. However, no attempt has been made to compensate for this. It
should, therefore, be expected that modeled wave heights are underestimated.

In Figs. 6 and 7, the results of the coupled and uncoupled coarse grid model system are shown
together with the buoy measurements. The calculated wave heights are barely affected by the cou-
pling (Fig. 6). The absolute value of the difference is less than 10 cm at the three stations shown.
The influence on the calculated period (here the second moment period Tmg» is chosen) is evident
in Fig. 7. The modulation is not only visible in the calculations; it is also prominent in the measure-
ments. Although the Doppler effect (equation (2)) is important for the modulation (see below), it is
not the only mechanism involved (see also Ozer et al., 2000).

Through the successive nested models it is now also possible to look at the wave evolution in
the coastal area. The fine grid results at the locations WHI and BVH are shown in Fig. 8. The tidal
modulation mainly due to the Doppler shift in the wave period is clearly visible at WHI where
waves and currents are quite often aligned. Nearshore at BVH, some tidal modulation is visible
in the calculated wave heights due to the considerable changes in water depth. For given waves and
current conditions the angle between wave propagation direction and current direction determines the
strength of the tidal modulation in the wave period. For example, little or no modulation is present
between October 13 and 15, when the wind was predominantly from the north.
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Figure 5. Model wind speed and direction at the three buoy locations shown in Fig. 3.

4. OUTLOOK

Developments will continue in spectral wave modeling. It has become clear that the DIA-approach
for calculation of the resonant four-wave interactions is a relatively poor representation of the theoret-
ical source. More accurate, yet efficient algorithms are being developed. Since the nonlinear transfer
is crucial in the evolution of the wave energy spectrum, a better representation of this process will
improve our understanding of the directional features of this evolution. The other source terms will
need to be tuned in order to get a proper energy balance (see Section 2.3). But also the other source
terms are under discussion and are being investigated. New insights will find their way to operational
models.

Triad wave-wave interactions still need more attention. In particular the inability to release bound
harmonics after passing over a bar in the current spectral implementation, limit their use in cases
with complicated bathymetry.

Whitecapping dissipation needs to make a distinction between the behavior of wind waves and
swell waves. Also the behavior of bottom friction dissipation in wave-current flows needs to be
investigated in more detail.

In some cases diffraction is an important process, for example in coastal areas near breakwaters
or in seas with many islands. It is expected that at least some parametric formulation of this effect
will become available in spectral wave models.
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Figure 6. Coarse grid modeled and measured wave height at the three buoy locations shown in Fig. 3: measured
(open circles), fully coupled (full line) and uncoupled (dotted line).

The use of parallel computers and, therefore, of a parallel version of a wave model code is common
in large operational centers. ECMWEF, for example, runs parallel since late 1996 (Bidlot et al., 2000).
NCEP (National Center for Environmental Prediction, USA) has replaced their WAM-Cycle4 im-
plementation in early 2000 by the parallel version of the WAVEWATCH-III model (Tolman, 1999).
On the other hand personal computers have become so powerful, that coastal engineering consultant
companies no longer hesitate to use third generation wave models.

It is obvious that validation of an operational model needs a systematic comparison with observed
data for an extended period of time. Operational centers verify the performance of their operational
system against measurements (see for example Janssen et al., 1997). For global applications, readily
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Figure 7. The same as Fig. 6 but for the second moment period.

available and reliable wave measurements from buoys are limited. Even fewer buoys provide di-
rectional information. They employ the usual parameters of bias, root mean square (rms) error and
scatter index. For comparisons with altimeter data, significant wave height only is used. When buoy
data are used in the comparison the peak or mean period is also used. Also scatter plots of observed
versus modeled data are produced. These comparisons do not say much about how well the full spec-
trum is reproduced. For a large number of applications a correct match of all frequencies involved
in the wave spectrum is essential. For some engineering applications such as dredging operations or
surveying, only knowledge of low frequency swell energy is really important. Operational centers ac-
knowledge this and, therefore, also give the wave parameters in terms of total sea, wind-sea and swell.
For other applications such as trying to understand the mechanisms of gas transfer across the air-sea
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Results at Westhinder {WHI) and Bol Van Heist (BVH)
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Figure 8. The same as Figs. 6 and 7, but now for the fine grid implementation.

interface, probably all frequency components in the spectrum play a role. Heimbach et al. (1998) for
example found that swell energy in the WAM-model set-up they employed (the operational version of
ECMWEF since July 1994) was underpredicted by 20-30%, while the wind-sea was overpredicted by
some 10%, when they compared ERS-1 synthetic aperture radar (SAR) with collocated WAM wave
model data for the period between January 1993 and December 1995. Such additional information
possibly points at shortcomings such as excessive damping in the WAM model propagation scheme
at low frequencies. There is, therefore, a need for additional parameters that reflect the performance
of a spectral wave model over the whole spectral domain.

Many operational models include data assimilation of some sort. For example, the current prac-
tice at ECMWEF, UKMO, and Météo-France for the global model includes assimilation of the ERS-2
altimeter wave height and surface wind speed. At UKMO they use the analysis correction scheme



152

described by Thomas (1988). At ECMWF and Météo-France, an optimum interpolation scheme as
developed by Lionello et al. (1992) is adopted. Assimilation of wave height and wind speed have
been pointed at as important reasons for improved forecasting skills (see for example Janssen et al.,
1997). Voorrips et al. (1997) illustrated clearly that assimilating directional wave information from
pitch-and-roll (Wavec) buoys improved the KNMI (Royal Netherlands Meteorological Institute) op-
erational forecast. The impact was greatest (up to 24 hours in the forecast) when swell coming from
the Norwegian Sea was timely detected and assimilated. The assimilation method uses an optimal
interpolation technique on wave partitions (i.e., before assimilation model and buoy data are parti-
tioned into wind-sea and swell components). The methods above are referred to as single-time level
methods, because they adjust the (forecasted) wave field at the time level of assimilation only. As-
similation techniques should preferably be based on multi-time level methods because they allow for
integration of model data and observations in a dynamically consistent framework. Some methods
have been proposed in the literature, see for example Hersbach (1998) and Voorrips (1998), but they
are not used operationally, because they are still in the development stage or computationally too ex-
pensive. One should not forget that data assimilation of wave observations may be common practice
now, but only fairly recently, for the practical reason that reliable wave measurements were not avail-
able for the largest part of the world. Only about one hundred moored buoys in the world, located in
coastal areas, transmit wave data on a regular basis on the Global Transmitting System (GTS) and
they are almost all located in the Northern Hemisphere. It is only since the advent of large amounts of
reliable remotely sensed wave information (for example, ERS-1 wave data are available since 1991)
that research and application interest to assimilate this information has grown considerably. It can,
therefore, be expected that improvements in assimilation techniques for directional wave data will
go hand in hand with the availability and amount of reliable directional wave information. Remote
sensing will probably be the only technique capable of providing sufficient information in both time
and space.

Directional information is important for global wave forecasting/hindcasting. Bauer and Heim-
bach (1999) demonstrated that the ERS-1 synthetic aperture radar measures wave heights quite well.
There seems to be a small but systematic underestimation of the significant wave height compared
to the wave height as measured by the TOPEX/POSEIDON and ERS-1 altimeters, but it can be at-
tributed to the underestimation of the wind-sea part. Swell energy is captured quite accurately. The
frequency and directional information present in the SAR signal, however, makes it very suitable
for operational wave data assimilation. When compared to buoys, the quality of the SAR significant
wave height seems however comparable to the ECMWF/WAM model one (Voorrips 1998, personal
communication). This means that to improve wave analyses and forecasts, additional information
from the SAR should be used (period and direction of wave trains).

One may wonder if improvements in physics are still needed. For ocean and shelf applications in-
accurate wind predictions are often blamed for poor forecasts. The expected increase in observations
and the consequent use of assimilation techniques could overcome shortcomings in our knowledge
of the physics and in our ability to forecast wave conditions. Although the above might indeed be
true for wave forecasts on ocean and shelf scale, this is not necessarily true to the same extent for
coastal applications. There is no doubt that this will lead to improved knowledge of the wave bound-
ary conditions for coastal applications and it is a conditio sine qua non for improved modeling skills.
However, the effect of assimilating information at or close to the offshore boundary of a coastal re-
gion (typically some 20 to 40 km away from the coast) is short lived due to the short time needed
for wave propagation toward the coast. Moreover, in shallow water, mainly the dissipation source
terms are dominant. Only better knowledge of these processes will help coastal engineers to get
more accurate wave parameters for the estimation of, for example, sediment transport or of the wave
characteristics for the design of coastal structures.
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There is also a tendency to couple wave models with other models. The coupling with current
models is receiving more attention, both in regional and global applications (Buckley, 1999; Ozer
et al., 2000). ECMWF has been running a coupled wave-atmospheric model since mid-1998 with
apparent success (Bidlot et al., 2000). The idea behind the coupling of an atmospheric and a wave
model is that waves integrate the effect of wind (see for example Kudryavtsev et al., 1999; Makin
and Kudryavtsev, 1999). Together with the assimilation of altimeter data, it allows for a feedback
from the waves to the surface winds. In this respect, assimilation of wave data will become more and
more important in the future.

One of the limitations of spectral wave models is the lack of information about the phase of the
wave components. Although knowledge of the significant wave height and a measure of the wave
period give us a first estimate of what we can expect, information about groupiness is important to
estimate maximum waves. This is of considerable importance in many engineering applications, such
as the level of overtopping of coastal defense structures or design or operational levels for offshore
platforms. Efforts are underway to overcome these shortcomings by trying to model the bi-phase
evolution of the spectrum (for example, Norheim et al., 1998). Most probably this will still take
many years before it is a standard feature in a spectral wave model.

An excellent informal forum to discuss difficulties and developments in shallow water wave mod-
eling is available in the form of the yearly WISE (Waves In Shallow Environments) workshop (Cav-
aleri and Holthuijsen, 1998). Together with other platforms such as journal publications and confer-
ences, it can be concluded that progress is guaranteed.

LIST OF SYMBOLS
CFL —  Courant-Friedrich-Lewy
ECMWF —  European Centre for Medium Range Weather Forecast
PROMISE  —  PRe-Operational Modeling In the Seas of Europe
SWAN —  Simulating WAves Nearshore
TS —  Tide-Surge
UKMO —  United Kingdom Met Office
WAM —  WAve Model
WAM-C3 —  WAM Cycle 3 version
WAM-C4 —  WAM Cycle 4 version
WAM-PRO — PROmise version of WAM-C4
c —  wave celerity (m.s_] )
cg —  wave group velocity (m.s™ )
E — energy density in wave number space (m*)
F — energy density in frequency-direction space (m2.s! rad=!)
g — acceleration due to gravity (m.s~2)
H —  wave height (m)
h —  water depth (m)
k —  wave number (m~ ! )
m — spatial co-ordinate perpendicular to wave propagation direction (m)
N —  action density (m4.s) or (mz.s2.rad_ I)
S —  source term (m4.s’ l) or (mz.rad_] )
s —  spatial co-ordinate in wave propagation direction (m)
t —  time (8)
U — current velocity (m.s™ I )
Usq —  air friction velocity (m.sfl )



X —  geographical co-ordinate (m)
o —  coefficient in numerical scheme
a —  wave steepness

] — non-dimensional water depth

K — von Karman constant (-)

6 —  wave propagation angle (°)

Pa —  air density (kg.m‘3)

Pw —  water density (kg.m_3)

o — intrinsic or relative frequency s™hH
) —  absolute frequency (s~ 1y

¥ —  angle of the wind (°)

bf —  bottom friction

br —  depth-induced breaking

ds —  whitecapping dissipation

i —  process counter

in —  wind input

nl — nonlinear wave-wave interaction
max — maximum

PM — Pierson-Moskowitz

- —  vector indicator

—  time derivative
— — mean quantity

A — mean weighted by inverse
n — time level
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1. INTRODUCTION

The variability of the processes associated with wave generation governs its basic nature even
when propagation is being considered. Therefore, only stochastic models provide a satisfactory de-
scription of the spatial and temporal variations of wave fields in ocean and coastal waters.

The basic models that have been developed are based on the assumption that the free surface
elevation of the sea surface at a point follows a Gaussian distribution. Furthermore, the ergodicity
assumption is invoked to allow the same type of Gaussian models to provide a description of the
variability of the process in space. The models developed describe different properties of the wave
fields as required for different engineering purposes. Typically, in ocean areas, the waves are of
interest to shipping as they govern ship motions and sometimes affect the choices of their routes. In
the offshore areas both shipping and offshore platforms are of concern. Closer to the coast there is
still coastal shipping, but also other coastal developments such as harbors and coastal defenses which
need consideration. Furthermore, beaches and sediment transport are important issues close to the
surf zone.

This wide variety of situations suggests that several properties of waves need to be described
in order to meet the engineering needs for information which then can be applied to the different
problems. Typically, one wants to describe the sea surface elevation, but in view of its periodic nature
some models address the amplitude and the period or frequency of the motion. Still of interest is to
study the properties of the envelopes of the process, which shows a lower frequency of oscillation
than the basic process. This can be used to study several problems, ranging for example from the
occurrence of maxima in the process to the occurrence of groups in the wave time series. Specific
problems may require a description of the steepness of the waves, and how their shape changes
when they interact with currents. Extreme steepness leads to breaking, which is a way in which
the wave system dissipates energy. Breaking waves are also important to engineering because the
accelerations that are involved in those situations are often large and potentially damaging if they
impact a structure.

The foregoing gives an idea of the type of properties that are often of interest. However, in addition
to describing the time and space variabilities of these properties, there is also interest in knowing the
variability over longer time periods. This variability can be of interest for the basic wave parameters
such as height and period, but also for derived quantities such as the significant wave height and any
of the mean period parameters.

For design problems interest is often on the most likely maxima or on the extreme values that occur
within very long periods of time, which is known as the long-term problem as opposed to the short-
term models that describe the variability in time scales of minutes instead of years. Less studied
are intermediate time scales on the order of days or of weeks, which are of interest in operability
situations. Some examples of marine operations that have such time durations are towing of any
large structure, installation or major work in offshore structures, and building and repair of coastal
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structures. The typical problem is to determine windows of time during which the wave conditions
are below a certain threshold that limits the operation due, for instance, to excessive motions or too
high forces on the structures.

One additional complication is created by the bottom topography, which can affect the wave prop-
erties. For depths typically greater than half the wavelength the bottom topography does not affect the
water waves, but in very shallow water all waves propagate at the same group velocity irrespective
of the frequency. The transition zone in which the dispersion relation depends on the water depth is
called the finite water depth. This means that the entire set of probabilistic models in all time scales
can be different in each of the water depth ranges.

Since wave fields are described by stochastic models, it is possible to describe them both in the
frequency and in the time domains. A Gaussian process can be completely described by its variance
or energy spectrum or by its autocorrelation function. The time series of events can be used to de-
scribe the probability of occurrence of any property at a random point in time. While the first are
normally called spectral models, the latter are denoted as probabilistic models, and both describe the
variability of the same process.

This brief introduction has given an idea of the multitude of models that are available for different
situations and it is obvious that it will be very difficult to cover them all in a review chapter. Therefore,
this chapter will concentrate only on probabilistic models, mainly in deep water and finite water
depth. In some coastal areas the continental shelf becomes very deep relatively close to the coast,
making the area of intermediate depth models relatively narrow, while in other areas the region of
intermediate water depth has a considerable extent.

Sections 2 and 3 describe the free surface elevation in short-term periods of stationarity, with
Section 2 adopting a frequency domain discretization while Section 3 is based on the digitalization
of time domain records. Section 4 deals with joint probabilities of wave heights and periods, while
Section 5 describes wave groups, which are very important for the analysis of coastal structures.
Section 6 deals with the medium-term models in which the modeled parameter is no longer the in-
dividual wave, but the parameters such as significant wave height that describe sea state intensity.
The models account for the correlation among sea states and are useful for planning maritime opera-
tions, including construction of coastal structures. The last two sections (7 and 8) deal with long-term
models that describe the variability of sea states in time scales on the order of 20 to 100 years, as is
required for design decisions.

2. SPECTRAL MODELS

Spectral models of the sea surface elevation provide a frequency domain description of the sto-
chastic process and the basic theory was well documented many years ago. Depending on the nature
of the sea state they will be described by different shapes of spectra. After several models were pro-
posed based on different considerations, the one that has been generally accepted to describe fully
developed wind-driven wave systems was introduced by Pierson and Moskowitz (1964). These situ-
ations occur after stable conditions have been prevailing for some time and in a long enough fetch.

However, in younger seas and for shorter fetches as may occur in coastal waters, the wave system
may not have time enough to fully develop and in this case the spectrum is more peaked and has,
in general, higher peak frequencies. This was observed in the JONSWAP experiment (Hasselmann
et al., 1973), which produced a model widely used since then to describe developing sea states. As
the sea state develops, the nonlinear wave-wave interactions move the peak toward lower frequencies
and make it flatter, converging to the Pierson-Moskowitz model. These are the two main models that
describe wind-driven sea states. Huang et al. (1981) suggested a model that generalizes these.
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Swell systems are more complicated to describe as no single self-similar form exists as in the case
of wind-driven sea states. After the wind system ceases to provide input to the waves, they propagate
freely as swell, traveling away from the storm area. In this process the long waves travel faster than
the shorter ones and, as a consequence, the swell system looses its high frequency components as
it moves away from the storm, becoming more peaked and less broad banded. Thus, for the same
initial spectrum in the storm area, the shape of the swell spectrum depends on the distance traveled.
There is very little data available for swell but Goda (1983) found that a JONSWAP spectrum with
peak enhancement factor ranging from 7 to 10 can be adequate in those cases.

When a swell system coming from a distant storm arrives at an area with local wind generated
sea a mixed wave system results. If the peak frequencies of the spectra are relatively close, the
spectrum of the combined sea state may still look single peaked although the directional spectrum
may indicate that the two wave systems come from the same or from different directions. When the
peak frequencies are well separated the spectrum has a double peak and none of the spectral models
indicated can describe them. These sea states can occur as much as 25% of the time, depending on the
location. However, in all locations its probability of occurrence always decreases as the significant
wave height increases (Guedes Soares, 1991).

One of the first models proposed to describe double-peaked spectra was by Strekalov et al. (1972)
who suggested that it would be obtained by one high frequency spectrum describing the wind-driven
component and a Gaussian shaped model describing the swell system. Ochi and Hubble (1976)
proposed another form by combining a JONSWAP and a Pierson-Moskowitz spectrum describing
the two individual wave systems, and they showed that by choosing different values of the spectral
parameters one would be generating spectra with a different appearance.

When Guedes Soares (1984) studied the problem and tried to fit measured wave spectra by a
combination of a JONSWAP and a Pierson-Moskowitz spectrum, he realized that the peak of the
Pierson-Moskowitz spectrum was too broad to allow the two peak frequencies to still appear sepa-
rately. Therefore, he proposed a model that represents both sea components by JONSWAP spectra
of different peak frequencies. While the choice of the model for the wind-sea component is obvious,
the choice to model the swell component was made because the JONSWAP model is able to fit very
peaked spectra as would be appropriate for the narrow swell spectral component as shown by Goda
(1983).

Torsethaugen (1993) also adopted two JONSWAP models to describe the two-peaked spectra but
instead of using average JONSWAP parameters as done by Guedes Soares (1984), he used more
adjustable parameters of the JONSWAP model. As a result, while the model of Guedes Soares is de-
scribed by four parameters, the Torsethaugen model requires seven parameters. This is less practical
but having a large database, it also allows a better fit. Indeed, Torsethaugen determined the values
of these parameters for many classes of spectra of the Norwegian sea and his results are being used
within the Norwegian offshore industry.

Guedes Soares (1984) proposed the ratio of spectral ordinates of the sea and swell components
and the ratio of the peak frequencies of the two components as spectral parameters to describe the
relation of the two wave systems. Rodriguez and Guedes Soares (1999) proposed two other related
parameters, the Sea Swell Energy Ratio (SSER) and the Intermodal Distance (ID). The SSER is the
ratio of energies associated with each wave system, defined as the ratio between the wind-sea zero
order spectral moment, and the zero order moment of the frequency spectrum corresponding to the
swell wave field as follows

SSER = (mL> (1)

mo.\ u



162

where m;, is the n-th order moment of the spectrum s( f)
o

mn=/f"5(f)df;n=0,1,2,... @)
0

where f is the frequency, and the subscripts sw and ws stand for swell and wind-sea parameters,
respectively. The wave fields that have the SSER value smaller than one represent swell dominated
sea states while the ones with the SSER value greater than one correspond to the wind-sea dominated
category. If the SSER value is close to one it is included in the category of sea states with two spectral
peaks with comparable energy content.

The other parameter is the frequency separation between the spectral frequency peaks, fp, corre-
sponding to the swell and wind-wave systems, called the Intermodal Distance (ID) and is calculated
with the following expression

fpws - fpsw)
ID=|-"+——~ 3
<fpwx+fpsw @)

All of these models have a tail that is proportional to the frequency to the power —5, as follows
from the argument of the saturation condition (Phillips, 1958). However, several laboratory and full
scale measurements have shown that the tail is closer to —4 than to —5 (for example, Toba, 1973;
Forristall, 1981; Donelan et al., 1985; Ewans and Kibblewhite, 1990; Prevosto et al., 1996). As a
consequence, Kitaigorodskii (1983) and Phillips (1985) proposed revised equilibrium spectral bal-
ances in which the wind input, nonlinear energy transfer and dissipation processes assume different
levels of relative importance in determining the equilibrium spectral shape for the short gravity wave
range of the spectrum. These energy balances are consistent with a —4 power law, as empirically
derived by Toba (1973). In fact, a more detailed analysis indicated that for frequencies between the
peak frequency and a frequency two or three times larger than the tail follows the —4 law while for
larger frequencies the law of —5 predominates (Mitsuyasu et al., 1980; Forristall, 1981; Hansen et
al., 1990; Rodriguez et al., 1999). The fact that the two slopes can be found in the high frequency
part of the spectrum associated with the uncertainty in the estimation procedure (Rodriguez and
Guedes Soares, 1998) can explain why different authors have obtained values between —4 and —5.
Therefore, although there is some agreement now about the high frequency part of the spectrum, it
is clear that these results have not yet been incorporated in the proposed spectral formulations of
Pierson-Moskowitz and JONSWAP, which are recommended in some codes of practice.

In finite water depth the wave spectrum changes as a result of the interaction with the bottom.
Bouws et al. (1985) proposed a spectral model of wind waves in finite water depth which became
known as the TMA spectrum, and is the product of the JONSWAP spectrum by a depth function of
Kitaigorodskii et al. (1975). Gentile et al. (1994) carried out a reexamination of the TMA spectrum
by taking into account the dependence of the equilibrium parameter on depth, and claimed that the
spectral energy density on finite depth could be higher than the one predicted by the TMA spectrum.
Guedes Soares and Caires (1995) presented a method of accounting for shoaling and refraction so as
to predict the evolution of the TMA spectrum as the wave system propagates in water of finite depth.
Young and Verhagen, (1996) presented the results of an experimental study of wave propagation in a
lake, which generally supported the work of Bouws et al. (1985).

A final aspect worth mentioning is the effect of current, which distorts the shape of wave spec-
tra and modifies the models described above. This is particularly important in coastal waters, where
currents are sometimes intense. Huang et al. (1972) proposed a formulation that is based on the con-
servation of energy and of wave kinematics. Hedges et al. (1985) modified it to account for the effect
of wave breaking in the saturation limit of the spectra and compared the results with experiments in
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a wave flume. Suh et al. (2000) presented additional experimental results on a flume concentrating
in finite water depths. Finally, experimental work on three-dimensional wave tanks was presented by
Nwogu (1993) and by Guedes Soares et al. (2000), showing that while the theory provides a good
description of the spectral changes, some improvements in accuracy are still required.

3. DISTRIBUTIONS OF FREE SURFACE ELEVATION AND WAVE HEIGHTS

The surface elevation can be represented by a zero mean Gaussian density function

f o= ——exp— L @)
v= V2o P 20,%
where a,% is the variance of 7(z).

Longuet-Higgins (1952) demonstrated that for narrow band processes the amplitude of the waves
can be described by a Rayleigh distribution. This distribution has also been used to describe the
probabilistic properties of the wave height H, which is approximated by twice the amplitude. The
general expression for the Rayleigh probability density function is

2
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The Rayleigh parameter R is

(6)

20,? for x representing wave amplitude
80,% for x representing wave height

The Rayleigh distribution has a peak value of v/2/R at x = 4/R/2. The mean value and variance are
given by

VTR
2
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The fractiles of this distribution are often used as descriptive statistics. The average of the 1/n-th
highest observations x|, is defined as

0 2X2 ( x2)
Xi/n :n/ —exp| ——} dx (8)
Xi/n R R
where xy/,, is such that the probability of exceeding it is equal to 1/n
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It can be shown that the expression for X/, results in
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where erf is the error function. This results in the significant wave height, which is defined as the
average of the 1/3 highest waves, given by

H; =ﬁ1/3 =4U,7 (1

The formulation just described is applicable for narrow band situations. One can define the spectral
bandwidth ¢ by
2
m
e2=1-— 2

(12)
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where m; is the i-th moment of the spectrum given by equation (2).
When the bandwidth parameter is different from zero, the probability density function of the
maxima is the Rice (1945) distribution as shown by Cartwright and Longuet-Higgins (1956)

le;sexp[—%<§)2}+\/(r——82‘)xexp{—%le<I> *ﬂ-ﬂ) (13)

where @ is the standardized normal distribution. It should be noticed that this distribution reduces to
the Rayleigh for ¢ = 0.

Assuming that all maxima are identically distributed and statistically independent, the cumulative
distribution function for the maximum x, out of n maxima is given by

fx ()=

Fx, x)=[Fx 0]" (14)

When n becomes large, the expected value of the largest of n maxima is approximated by
172 1 1/2
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where y is the Euler constant (= 0.57722...).

These results of the maxima of n waves are based on the assumption of independence between
successive waves, which is known to be incorrect. Naess (1984) formulated the distribution of the
maximum wave height accounting for the correlation between consecutive crests. However, he as-
sumed that the wave height is twice the wave crest. Tayfun (1981) improved the definition of local
wave height by considering it was the sum of the amplitude of a crest and the following trough.

Massel and Sobey (2000) reviewed these developments and concluded that none of them ac-
counted simultaneously for all factors that exist in the real waves, and suggested that only a simula-
tion procedure could do so. They developed probability distributions for the maximum wave height
in samples of n waves in sea states of different characteristics. Although their distributions can be
considered to be more accurate they are not analytical and this makes them very difficult to use in
practice.

These theoretical models have been compared with measured data and found to give good agree-
ment in general. Some discrepancies were found on some occasions when the narrow band assump-
tion did not hold, but Longuet-Higgins (1980) showed that even in this case the Rayleigh distribution
could be used if the parameter R was determined from the definition of significant wave height or if
a correction factor was applied to the zero moment of the spectrum.

Forristall (1978) proposed the Weibull distribution

P(7>ne) =exp (—;110) (16)
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where a and B are shape and location parameters to be determined from fitting empirical data. He
used a data set from the Gulf of Mexico and obtained a shape factor of 2.126 while Nolte and
Hsu (1979), using the same data, obtained 2.138. Myrhaug and Kjeldsen (1986) obtained 2.39 with
another data set. Since the Rayleigh distribution is a special case of the Weibull distribution with a
shape factor of two, one can see that the shape of these distributions is not too different from the
Rayleigh distribution. These distributions predict a smaller probability for large wave heights than
predicted by the Rayleigh distribution, the difference increasing with wave height. This deviation
from the Rayleigh distribution results from the difference between the crest height and the following
trough, which increases as the spectrum becomes broad banded.

A theory that includes the spectral bandwidth was proposed by Tayfun (1981) and compared with
field data by Forristall (1984). It is based on the calculation of the amplitudes of the wave envelope
at two points separated by half wave period.

Naess (1985) proposed another distribution

2
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where p(t/2) represents the value of the normalized autocorrelation function of the sea surface
elevation at half of the period away, the time when it attains its first minimum

R(t/2)

p(t/2)= RO)

(18)
Tayfun (1990) developed asymptotic approximations to obtain close form expressions that are easy
to use in practical applications but the usefulness of which are restricted to wave heights greater than
the mean wave height.

While the approaches described in this section have been used to describe sea states with a single
wave system, Rodriguez et al. (2002) examined combined sea states based on numerically simulated
time series. They observed that, while the superposition of a swell with a low energy content to a
dominant wind sea has unimportant effects on the wave height distribution, at least when using the
zero up-crossing definition, the addition of a low energy wind sea to a dominant swell produces a
significant effect on the observed probabilities. This gives rise to an increase of small and large wave
heights and a decrease of intermediate wave heights. In the case of a wind dominated sea state co-
existing with a low energy swell very close in frequency, there is an increase of large wave heights
exceeding the predictions of all the models examined in this work. On the other hand, the super-
position of two wave fields of different dominant frequencies, but similar energy content produces
a decrease in the probability of wave heights larger than the mean wave height, and this effect is
more pronounced as the intermodal distance increases. Guedes Soares and Carvalho (2001) exam-
ined measured coastal data of this type of sea state and confirmed that, indeed, in some types of sea
states the distributions used for single wave systems are not appropriate.

The Gaussian assumption, which is the underlying assumption for several of the distributions
considered here, implies that the sea surface elevation is symmetric with respect to the waterline.
However, this is not always observed in measured data, in particular in storms or as the water depth
decreases. Large amplitude waves as well as waves in water of finite depth tend to be asymmetric,
with higher crests and lower troughs. These nonlinear waves are appropriately described by higher-
order Stokes models. In irregular sea states this asymmetry of the second-order Stokes waves is re-
flected in the skewness of the surface elevation record as noted by Longuet-Higgins (1963) for deep
water waves. Longuet-Higgins (1963) modeled the non-Gaussianity of the waves with the Edge-
worth’s form of the type A Gram-Charlier series. His work was extended to water of finite depth by
Bitner (1980).
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Irregular second-order waves include waves that have wave numbers equal to the sums and dif-
ferences of those of first-order waves. The slowly varying difference wave numbers correspond to
wave groups, which in intermediate water depths start feeling the bottom even when the individual
wave components do not. Therefore, the second-order waves are more sensitive to bottom effects
than the linear waves. Empirical probability distributions applicable for these nonlinear waves have
been developed from observed data by Kuo and Kuo (1975), Goda (1975) and Hughes and Borgman
(1987).

In the case of narrow band wave processes analytical expressions of the probability density func-
tion of the skewness in nonlinear free surface elevation have been obtained by Tayfun (1980), Arhan
and Plaisted (1981) and Huang et al. (1983). Tayfun (1980) obtained the probability density func-
tion of deep water second-order Stokes waves. He assumed the amplitude as Rayleigh distributed
and the phase uniformly distributed, being both slowly variant. Arhan and Plaisted (1981) analyzed
field data from the Gulf of Mexico based on a third-order Stokes wave formulation. They found that
the skewness of the field data was between 50% and 70% of their theoretical values. Winterstein
et al. (1991) found that it was 80-85% in the case of deeper water North Sea data. Huang et al.
(1983) adopted a perturbation scheme based on the assumption that the skewness is small, and ob-
tained the probability distribution using a third-order Stokes expansion both for deep and shallow
water. The probability density function for deep water is specified by the root mean square of the
elevation and the significant slope. In water of finite depth one additional depth dependent factor is
required.

Ochi and Wang (1984) derived the probability distribution of amplitudes of coastal waves applying
the Gram-Charlier series distribution. However, the approach is not very practical as this distribution
is not given in closed form and the density function becomes negative for large negative displace-
ments.

Marthisen and Winterstein (1992) used the skewness of the sea state as the input to a Hermite
polynomial transformation model proposed by Winterstein (1988), from which the extreme value of
the non-Gaussian wave crests can be derived analytically.

Longuet-Higgins (1963) showed that at infinite water depth the skewness is always positive.
Marthisen and Winterstein (1992) have shown that the slowly varying component of the second-
order waves, which looks like a wave group, gives a negative contribution to the wave skewness in
any water depth.

Longuet-Higgins and Stewart (1962) demonstrated that the slowly varying sea level associated
with a group of waves is depressed, which was also shown by Langley (1987) for deep water waves.
This effect becomes stronger as the water depth decreases, and thus reduces the increased skewness
that is often assumed for shallower waters (Ochi, 1986).

Ochi (1998a) applied a closed form expression for the probability density function of peaks,
troughs and peak-to-trough excursions of non-Gaussian processes (Ochi, 1998b) to the case of fi-
nite water depth waves. The approach is applicable only when the wave skewness is smaller than
1.2. In this case, a Rayleigh distribution is applicable, in which its parameter is a function of three
parameters that represents the non-Gaussian waves.

Cieslikiewicz (1990) proposed an approach to derive a probability density function of wave height
from the maximum entropy approach and Cieslikiewicz (1998) applied it to coastal waves. Ahn
(1998) presented a formulation based on the maximum entropy method, which provides the prob-
ability density function of wave heights in finite water depth, including shallow water. The distri-
bution can be expressed in terms of the breaking wave height as well as the mean and root-mean-
square wave height. When third and higher moments are available a numerical solution can be ob-
tained.
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4. JOINT DISTRIBUTIONS OF WAVE HEIGHT AND PERIOD

Several theoretical models for the bivariate distribution of wave heights, H, and periods, 7', have
been proposed during the last two decades. Longuet-Higgins (1975), based on the assumption of a
spectral narrow banded process, presented the first theoretical model for the bivariate distribution of
wave heights and periods. He considered the statistics of the joint distribution of the wave envelope
amplitude and the time derivative of the envelope phase. This distribution is expressed in terms of
the spectral bandwidth parameter, given by

1/2
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Furthermore, it shows symmetry about the mean period, T = (mq/m ). However, the joint distri-
bution of H and T of wave records with finite spectral bandwidth displays a clear asymmetry about
T, mainly in the range of low heights (Goda, 1978). Thus, this model seldom matches the observed
bivariate distribution of measured data, but can be appropriate for the upper portion of the distribution
that corresponds to high waves.

Longuet-Higgins (1983) revised his earlier model to account for the effect of finite bandwidth and
presented an alternative approach, which is also given in terms of the spectral bandwidth parame-
ter. This model reproduces properly the asymmetrical shape of the joint distributions observed in
practice, but it is also only valid for narrow-banded processes.

Cavanié et al. (1976) presented a bivariate model that reproduces the asymmetrical distributions
often observed in measured wave records. To estimate wave heights and periods, they considered
the joint distribution of positive maxima and their associated second derivatives. Furthermore, they
assumed a sinusoidal profile for each wave, which is similar to a narrow band approximation. Hence,
this model is not suitable to describe the bivariate distribution of T and H in broad-banded sea
states. This distribution is expressed in terms of the following spectral bandwidth parameter ¢ given
by equation (12).

Lindgren and Rychlik (1982) proposed an analytical model capable of describing the joint dis-
tribution of H and T in wave records with arbitrary spectral bandwidth. The key of this model lies
in its dependence on the full covariance and its first four derivatives, which are estimated from the
spectra of the wave records. In other words, it depends on the full spectral structure and not only
on a few spectral moments, such as in all models previously mentioned. However, this model is
computationally intensive, which has probably hampered its generalized adoption by the industry.

A problem of the Cavanié et al. (1976) and Lindgren and Rychlik (1982) models is the critical
dependence on the fourth-order moment of the spectral function, and hence on the structure of the
spectral high frequency range. As a consequence, measurement and computational factors, such as
the sampling rate and filtering properties of the measurement equipment, and the high frequency
cut-off used to estimate the spectral moments significantly affect them.

These studies have shown that the properties of the bivariate distribution of wave heights and
periods from sea states with single peaked spectra are mainly controlled by the spectral bandwidth
and the spectral shape of the wave field. Thus, it has been observed that, generally, p (H, T') presents
a high symmetry about the mean period for narrow band spectra and a progressive loss of symmetry
with the increase of the spectral bandwidth, v, reflected by a more pronounced sharper decay of
the probability levels at the high periods range as increases. Rodriguez and Guedes Soares (1999)
showed that for moderate bandwidth the models of Longuet-Higgins (1983) and of Cavanié et al.
(1976) are able to represent the asymmetry appropriately.

In view of the effects of spectral shape in the joint probability distributions, Sobey (1992) proposed
to derive the joint distribution from numerical simulation of the sea states. Although this approach
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can be claimed to lead to a distribution that matches the data well, it does not yield an analytical
expression that can be adopted in subsequent studies. As in the case of the distribution of wave
heights, the approaches described in this section have been used mainly to describe sea states with a
single wave system (Earle et al., 1974; Chakrabarti and Cooley, 1977; Srokosz and Challenor, 1987).

Rodriguez and Guedes Soares (1999) examined combined sea states based on numerically simu-
lated time series. They observed that, in general, the asymmetry of the bivariate distribution rises as
the intermodal distance of the component spectra (ID) increases. However, this effect is very slight
for the wind-sea dominated sea states. The joint distribution in sea states included in this category
may be described with the Longuet-Higgins (1983) or the Cavanié et al. (1976) models, at least for
small intermodal distances.

In sea states resulting from the combination of swell and wind-sea with comparable energy content
a significant loss of symmetry can be observed as ID increases and the range of periods results
amplified. This asymmetry can be characterized by the models of Longuet-Higgins (1983) or Cavanié
et al. (1976), for small values of ID. However, for large values of ID, the only model capable of
reproducing adequately the observed asymmetric shape of the joint distribution is that proposed by
Lindgren and Rychlik (1982).

In swell dominated sea states, the asymmetry increases as ID takes larger values. Thus, the
Longuet-Higgins (1983) and Cavanié et al. (1976) models may adequately fit the bivariate distribu-
tions associated with the wave fields in this category for low values of ID. The distributions obtained
for large values of ID should be described with the Lindgren and Rychlik (1982) model.

The joint distributions can be used as the starting point to obtain the marginal distribution of
wave periods, a topic much less studied than the distributions of wave height. This was adopted by
Longuet-Higgins (1975), who derived the expression of the marginal distribution of wave periods
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where v is the spectral bandwidth parameter and wave periods were normalized as
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Another theoretical expression for the wave period distribution was derived in a similar way by
Cavanié et al. (1976)
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and ¢ is a spectral bandwidth parameter. It should be noted that their dimensionless period is given
by
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where  is a function of ¢ that remains close to one for values of & from 0 to 0.95.
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Longuet-Higgins (1983) revised his model and presented an alternative expression

AN N1 ]

Based on the behavior of experimental wave period distributions represented in Weibull scale pre-
sented by Myrhaug and Rue (1998), Myrhaug and Slaattelid (1999) proposed a combination of two
two-parameter Weibull distribution functions given by
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with « and 8, being the Weibull parameters, and 7, the intersection point between P (t) and P>(1)
given by
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Rodriguez and Guedes Soares (2000) examined the distribution of wave periods in combined sea
states based on numerically simulated time series. The theoretical distributions of Longuet-Higgins
(1983) and Cavanié et al. (1976) seemed to be useful to predict the obtained wave period distribu-
tions, at least approximately, only in the cases of mixed sea states with a dominant wind-sea field.
However, even in these cases models gave rise to a systematic underprediction of the probability of
intermediate wave periods, mainly for large intermodal distances. Another case in which the theoret-
ical models seem to reproduce approximately the observed distributions is that in which a wind-sea
and a swell with similar energy content and closed peak frequencies are superposed. The largest de-
viations between the observed and the expected probability distributions appear in swell dominated
sea states, where none of the compared models is able to characterize the observed wave period
probability distribution. The deviation between the theoretical models and the observed distribution
increases with 1D.

Guedes Soares and Carvalho (2001) examined the applicability of these models to fit measured
data from a coastal station. They observed that for wind-sea dominated spectra the shape of the
distribution is more regular and the models are able to characterize the wave period distribution
for intermediate and large intermodal distance. When the energy is comparable the shape of the
distribution is close to symmetric, except for the case of small intermodal distance, which tends to be
bimodal. Thus, the models are able to predict the distribution of wave periods except for the last case.
However, there is an overestimation of both models around the mean period. In the swell dominated
case, especially for small and large intermodal distance, the distribution tends to bimodal and none
of the models are able to characterize the empirical distribution of wave periods.

Doering and Donelan (1993) extended the model of Longuet-Higgins (1983) by parameterizing
the v parameter of the distribution with respect to Ursell’s parameter, extending the applicability of
the model to shoaling waters.

Memos (1994) and Memos and Tzanis (2000) presented an approach to extend the formulation
of the joint distribution of wave height and period to finite water depth and to shoaling water. While
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most models discussed here are applicable to narrow-banded waves, Memos (1994) developed the
theory of the joint distribution for deep water waves of any bandwidth. The model accounts explicitly
for the correlation between height and period of the waves and for the average wave steepness in a
sea state.

From this deep water model, a shallow water model was developed by Memos (1994) and fur-
ther improved by Memos and Tzanis (2000). This was achieved by employing the wave-by-wave
approach used, for example, by Mase and Iwagaki (1982), and Dally (1992). This approach consists
in selecting randomly from a deep water distribution of waves a sample of waves, which are then
propagated and transformed into shallow water. There the sample is reassembled and the applicable
probability distribution is reconstructed. Memos and Tzanis (2000) have extended the approach by
accounting for two additional processes: wave breaking and wave reforming after breaking. Mea-
sured data from Isobe (1985), Mase (1989) and Kamphuis (1994) have been used to demonstrate the
adequacy of the proposed model. The shallow water model was presented in a non-dimensional form
depending only on the local depth and bed slope in addition to the parameters required for the deep
water formulation.

5. WAVE GROUPS

Wave groups are important for the design of coastal structures. Attention to this problem was
raised by Goda (1970) who used linear simulations to demonstrate that ocean waves in a random
field are not completely randomly distributed but show a tendency to appear in groups. A wave
group is a sequence of consecutive wave heights that exceed a certain threshold level, followed by
a sequence of waves that fall below that referred level. Goda (1970) introduced the concept of the
length of a total run of waves as the total number of wave heights that occur between the time of first
exceedance above a specified threshold value and the time of the first re-exceedance above the same
threshold. He assumed that the wave heights are uncorrelated and Rayleigh distributed and derived a
probability distribution for the run lengths.

The analysis of wave groups in real sea wave data made by Rye (1982), Goda (1983), Elgar
et al. (1984) and Battjes and van Veddler (1984) verified the results of the numerical simulations
confirming that the linear theory could be used to properly describe wave groups. However, the
probability density functions for the mean run lengths derived by Goda (1970) underestimated the
values obtained from numerical simulations and from real sea waves. This was later understood to be
the result of the existence of correlation among successive waves. In fact, several results have shown
that successive individual waves are not independent. The correlation coefficient was reported to be
around 0.20 for sea conditions (Rye, 1974; Arhan and Ezraty, 1978; Su et al., 1982) and about 0.65
for swell (Goda, 1983).

Kimura (1980) introduced a Markov chain hypothesis for the sequence of waves, considering that
wave grouping is strongly dependent on the structure of the sea state, as measured by the correla-
tion coefficient between successive wave heights. For a very broad banded spectrum the correlation
between waves tends to zero and the results of Kimura (1980) reduce to the ones of Goda (1970).
Recent results of Sobey (1996), who analyzed field data, supported the Markov assumption of the
Kimura theory.

Wind-wave groups may also be described as a level crossing problem associated with the enve-
lope of a random process (Nolte and Hsu, 1972; Tayfun, 1983). Longuet-Higgins (1984) combined
this approach and that of Kimura and related them with the wind-wave spectrum, enhancing the
application of both the basic descriptions for evaluating group wave characteristics.

Based on the envelope approach, it is possible to obtain analytical expressions for several variables
such as the mean number of exceedances of a certain level, the mean length of wave groups, the
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length of a total run of waves, or the average number of successive waves exceeding a specific level.
The probability distribution of a number of waves in a group was also derived. Ochi and Sahinoglou
(1989a; 1989b) have derived the probability density functions of the time duration associated with
wave groups and of the occurrence of the wave groups.

Dawson et al. (1991) conducted a series of experiments on wave groups generated in a laboratory
and found that only 25% of the wave crests crossing a threshold level formed a wave group while all
others were single crossings.

Goda (1970) showed that the characteristics of wave groups in irregular wave trains are related
with a dimensionless spectral peakedness parameter
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Medina and Hudspeth (1987) proposed a related peakedness parameter
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and Medina and Hudspeth (1990) showed a functional relationship between the coefficient of the
joint Rayleigh distribution of Kimura (1980), the correlation coefficient between successive wave
heights with lag m and the peakedness parameters O, and Q.

The various studies about the correlation of successive waves have concentrated on sea states
that are described with spectra of one peak. The relative usefulness of the Kimura model to predict
the statistical properties of wave groups in mixed sea states has been examined by Rodriguez et al.
(2000), and it was observed that it always overestimates the observed mean run lengths.

In view of the importance that correlation between successive waves has on the description of
wave groups, several researchers have addressed this problem. Arhan and Ezraty (1978) developed
a theoretical formulation for the joint probability distribution of two successive wave heights. They
used as a basis for the development of the joint distribution the work by Rice (1945) on the joint
distribution of two lagged values of the envelope of a Gaussian process. Furthermore, they used the
bivariate distribution of wave heights and periods presented by Cavanié et al. (1976). Kimura (1980),
in relation with the groupiness of sea waves, considered a bivariate Rayleigh distribution to model
the joint distribution of successive wave heights.

The joint distribution between successive wave periods has been studied by Myrhaug and Rue
(1998). They presented a theoretical expression based on the assumption that the squared wave peri-
ods are reasonably well represented by a Rayleigh distribution.

In studying mixed sea states, Rodriguez and Guedes Soares (2001) concluded that the superpo-
sition of a swell wave and a wind-sea wave system enhances considerably the correlation between
successive wave heights as compared with the single sea state. This fact is also true for consecutive
wave periods in the case of a swell dominated sea state.

An extension of the approach of the envelope formulations also consists of using phase informa-
tion. This can be achieved by representing the waves as the real part of a complex analytical formu-
lation based on the envelope and phase function (Melville, 1983). The use of the Hilbert transforma-
tion allows the study of these processes and the identification of wave groups (Hudspeth and Medina,
1988). Cherneva and Velcheva (1993) used this approach to study coastal waves, and Cherneva and
Guedes Soares (2001) analyzed storm deep water waves, showing that it is possible to use in both
cases the local phase of waves to identify the wave groups.
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6. TIME SERIES MODELS OF SEA STATES

The spectral density function describes a stationary random process, which in the case of a wave
environment has duration from 20 minutes to few hours. The probability density functions discussed
in the previous sections apply to these situations. However, for design and operation purposes, one is
interested in having load models that are valid for longer periods. In those time spans the wave and
response processes are no longer stationary.

The common practice is to separate the time scales. The periods of stationarity are the short-term
ones governed by parameters such as significant wave height and mean period. The medium-term
formulations discussed in this section and the long-term formulations described in the following
sections describe the probability distribution of these parameters.

Models of long-term time series of sea state parameters are important for the planning of various
offshore operations that have durations on the order of several days. In these cases the correlation
that exists among the parameters of the successive sea states are very important for the outcome of
the operation.

Autoregressive moving average process (ARMA) are a general class of processes that can be used
to model wave data. Spanos (1983) used ARMA processes to simulate individual waves in short-
term periods of stationarity. Scheffner and Borgman (1992) also simulated individual waves but they
took into account the long-term variability. They adopted a piecewise month by month multivariate
simulation approach in which the seasonal and the non-stationary changes are imposed by simulating
each month separately and using an interpolation scheme to smooth the transition from month to
month.

Guedes Soares et al. (1994) and Athanassoulis and Stefanakos (1995) demonstrated that linear
autoregressive models can describe adequately time series of significant wave height at a site. These
models have been applied to different sites and it was found that the same type of regression model
could be applicable in the same geographical area. Models with orders up to 19 were required for
a good modeling, although the most significant coefficients were only up to the order 10 (Guedes
Soares et al., 1996).

Two main types of problems have to be solved in order to apply these type of models to the long-
term series of wave parameters. One has to do with the non-stationarity of the series, in particular
with its seasonality, and the other with the gaps in the time series, which sometimes can be relatively
long. The seasonality of this type of data was studied by Guedes Soares and Ferreira (1995a) who
showed that a Fourier model would describe it appropriately. Even after removing the seasonality the
series is not stationary, and thus transformations of the data are required before ARMA models can
be applied. Some different options have been considered in Cunha and Guedes Soares (1999).

One of the problems in the time series analysis of wave measurements is the missing values,
which present difficulties in the application of linear and nonlinear models to the continuous series.
The method used to fill gaps in a time series depends basically on their duration. Hidalgo et al. (1995)
developed a method based on appropriate transfer functions in order to fill very long gaps. Smaller
gaps are filled forecasting half gap with the model based on observations of the left side of the gap
and the other half with the one from the right side. Stefanakos and Athanassoulis (2001) reviewed
these types of approaches and applied them to some examples.

In many situations it is not enough to have a description of the significant wave height, but the
associated mean period is also necessary. These two parameters of a sea state are positively correlated
as demonstrated by several studies. The bivariate autoregressive models proposed by Guedes Soares
and Cunha (2000) described the time evolution of the occurrence of such pairs of values taking into
account the memory effects that exist in the process.

If interest is in modeling only the first two moments of the series, as occurs in many situations,
the linear models are adequate, otherwise nonlinear models may be required. A study of nonlinear
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autoregressive models has shown that the improved description provided by these models could only
be noticed on the third and fourth statistical moments of the simulated series (Scotto and Guedes
Soares, 2000).

7. LONG-TERM MODELS

The single most important parameter describing the severity of the sea states is the significant
wave height. Thus, most marginal long-term parametric distributions describing the sea state are
based on this variable. The interest of fitting parametric models to H data can be two-fold. On one
hand, adopting a parametric model to fit the data is the means of smoothing the frequency histogram
and providing appropriate functional descriptions of it. On the other hand, fitting a model may al-
low extrapolation outside the range of the data by calculating return values corresponding to high
probability quantiles.

To fit Hy data the log-normal distribution was one of the first of the distributions to be proposed
(Jasper, 1956). Later, Guedes Soares et al. (1988) found it adequate to model the long-term trends of
significant wave height. However, this is true for the lower and moderate wave heights, which are the
most important ones from the point of view of fatigue design of structures.

A better fit of the upper tail can be obtained by the Weibull distribution as shown by Battjes
(1972). This distribution, although being better in the range of extreme waves is not so good for the
lower wave heights, which led Haver (1985) to propose combining the log-normal and the Weibull
distributions to provide a complete description of the whole range of significant wave heights.

For design purposes it is often necessary to estimate values of very low probability of occurrence.
In some cases, the long-term distribution of Hy fit to the initial wave data has also been used to
predict the occurrence of extreme values using the concept of return period, which can be related to
the reference lifetime of interest, as discussed by Borgman (1963).

The log-normal and Weibull distribution functions have been used frequently to model H, data.
However, when estimating return values with a low probability level they are not very good models,
as often the log-normal distribution overestimates, and the Weibull distribution underestimates the
true return values.

Other possibilities are the Generalized Gamma distribution proposed by Ochi (1992) who showed
that it gives a better graphical fit than both the log-normal and Weibull distributions. Ferreira and
Guedes Soares (1999) have used Beta distributions, showing that they are more flexible than the
other distributions.

The use of the statistical tests of fit to distinguish between the quality of fit of competing distrib-
utions is often not robust enough with this type of data, in which the concern is often with the tails
of the distribution. This has been demonstrated with some examples in Guedes Soares and Ferreira
(1995b). Therefore, from the point of view of return values estimation, it is necessary to have an extra
reason for deciding whether a particular model is appropriate or not. Extreme Value Theory provides
such an extra reason based on asymptotic distributional results about some of maxima over fixed
periods and exceedances over high thresholds. Several authors have recommended or used Extreme
Value Theory by applying the Annual Maxima Method to wave data (for example, Thom, 1971;
Carter and Challenor, 1983; Muir Langley and El-Shaarawi, 1986).

The Peaks Over Threshold (POT) method (Davison and Smith, 1990) provides a more modern
and soundly based solution to extrapolation problems (Elsinghorst et al., 1998; Ferreira and Guedes
Soares, 1998). The method is particularly suited for dealing with realizations of a stochastic process,
which is approximately stationary or can be split into stationary parts. It consists of fitting the Gener-
alized Pareto distribution to the peaks of clustered excesses over a threshold—defined as the amounts
by which observations exceed a given threshold—and calculating return values by taking into account
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the average number of clusters. The rationale behind the procedure is that (i) if the threshold level is
taken high enough, the distribution of the peak excesses is expected to be close to one among only
three forms of the Generalized Pareto distribution; (i) observations, in particular cluster peaks, be-
longing to different clusters are expected to be independent. While (i) avoids the choice of arbitrary
models, (ii) ensures that the fundamental concept of return value is applicable.

Adopting different models for predicting the most likely maximum value during the structure’s
lifetime will yield significant differences in the predicted design values as pointed out by Earle and
Baer (1982), Wang and Le Mehaute (1983), van Vledder et al. (1993) and Guedes Soares and Scotto
(2001).

While the uncertainty involved in the choice of the different methods of extrapolation can be
classified as a model uncertainty (Guedes Soares, 1989; Bitner-Gregersen and Hagen, 1990), the one
that is involved in the statistical procedures to assess which probabilistic model describes a given
population is called the statistical uncertainty. The statistical uncertainty can result from the choice
of the population sample that is chosen to represent it or from the estimation of the parameters from
the samples. The first aspect was studied for North Atlantic wave data, by comparing the predictions
based on large samples of visual data and measurements (Guedes Soares and Viana, 1988) or by
including hindcast data (Guedes Soares and Trovdo, 1991). The samples had typical sizes of 10
to 20 years and significant differences in the return values were obtained. On the second aspect,
Guedes Soares and Henriques (1996) compared three methods of fitting distributions to data, namely
the methods of moments of least squares and of maximum likelihood. It was shown that often the
method of moments was yielding different fits than the other two methods, and thus it should be
avoided not withstanding its greater simplicity.

The uncertainty in the estimation of the values of return periods may also be associated with the
size of the database used to fit the distribution as related to the period of concern. Using too short
databases will lead to large variability, as shown by Guedes Soares (1986).

Another important issue in applying a probabilistic model to describe a population is the definition
of the population under consideration and its samples. Guedes Soares and Nolasco (1992) argued that
the current practice of pooling all type of wave data before fitting a distribution will combine data
from populations with different characteristics. They have separated a data set from a coastal station
into samples with single wave systems and with combined sea states, both swell dominated and wind-
sea dominated showing that they are all described by different probabilistic models. This argument
was further pursued by Guedes Soares and Henriques (1996), where it was noted that monthly data
sets will be described by slightly different probabilistic models, which can be pooled in different
seasonal data sets. The variability of the distributions fit to yearly data was shown to exist although
it was smaller than the seasonal differences (Guedes Soares and Henriques, 1994).

The variability among years of the data of the same season was analyzed by Guedes Soares and
Ferreira (1995b) based on the data from a location on the coast of Portugal. It was found that the
data sets were statistically different, and thus, being from different populations they should not be
pooled together. It appears, therefore, that pooling all wave data and fitting one probabilistic model
may not be strictly correct from a statistical point of view. Furthermore, the choice of a parametric
distribution to fit the data also introduces additional uncertainties. To cope with this situation Ferreira
and Guedes Soares {2000) proposed a parametric model for the long-term data, which uses the Box-
Cox transformation (Box and Cox, 1964) to transform the data set to a normal one, which is then
fit by a normal distribution. It considers that the yearly populations have random properties and the
transformation should be applied to each yearly data set. In this way the variability of the Box-
Cox parameters would reflect the yearly variability of the data while the normal distribution of the
transformed data would represent the variability of the wave parameters.

The long-term distributions of individual wave heights or of corresponding responses are obtained
by considering that at a random point in time the variance of the sea state is itself a random variable
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with a marginal density function f(r) which depends only on the joint distribution of wave para-
meters just mentioned. Thus, the marginal distribution of sea state elevation is obtained by weighting
the conditional distribution of amplitudes by the probability density function of the variances

o0
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where w(r) is a weighting factor that accounts for the relative number of peaks in each sea state
and Qg is a short-term distribution, conditional on the variance r. As discussed in Section 2, these
distributions can be Rayleigh or any of the others discussed in that section.

Other methods have been used to obtain extreme values of significant wave height as described in
various review papers (Nolte, 1973; Isaacson and Mackenzie, 1981; Muir Langley and El-Shaarawi,
1986). One method of extrapolation uses the most probable maximum wave height in each sea state
and makes extrapolations based on these values instead of using the Hy. One problem of this ap-
proach as well as of the first one discussed is that in using all sea states the successive sea states are
not independent. To avoid the problem of correlation between successive sea states one may use the
annual maxima of wave height, which are then fitted by a Gumbel distribution. In fact one year is the
period of climatological and environmental processes, which implies that yearly maxima should be
statistically independent.

Still a different procedure that has been adopted is to extrapolate the sea state parameters based on
the assumption that the largest wave will occur during the most severe sea state. Once the sea state
parameters Hy and T, are determined, the largest wave to occur in that sea state is determined from
a short-term model.

A last model described in the literature reviews is the extrapolation based on storms. Storms in a
given location are assumed to be independent events occurring with a constant arrival rate, which can
be described by a Poisson process. A storm is modeled as a succession of sea states with increasing
Hj up to a maximum value after which they decrease again. In this case, the extrapolation is made
associating the Poisson model of storm occurrence with the maximum wave height in each storm.

The storm or event approach, which should not be confused with the POT method, is preferred
in cases in which the weather is very calm most of the time, and there are few very intense events,
such as for example in the Gulf of Mexico. In these cases it is often preferred to model the rate of oc-
currence of events such as hurricanes together with the probability of maximum waves in hurricanes
such as proposed by Petruaskas and Aagaard (1970) or Jahns and Wheeler (1972).

When applying different methods to a specific problem very large scatter in the results are pro-
duced, as shown by Guedes Soares (1989). One possible way to deal with the problem is for the
whole industry to adopt as a standard one of these methods and then calibrate the design process
using its predictions. Another alternative is to use the information provided by all methods and com-
bine them in a Bayesian way, using the opinions of experts to properly give weight to the different
methods (Kerstens et al., 1988; Guedes Soares, 1989). This procedure, although not improving the
accuracy of the estimation, will decrease the risk of choosing a wrong value and will decrease the
model uncertainty of the estimate.

This section has discussed the long-term distributions as tools to extrapolate the wave conditions
to some return value of interest to design. However, in several applications no extrapolation is needed
and information is only required of the probability of occurrence of some defined conditions. For this
purpose, it is not required to fit a parametric model to the data and one may resort to use it directly,
although smoothed. Guedes Soares and Ferreira (1995b) and Ferreira and Guedes Soares (1999;
2000) discussed this problem and suggested that a good alternative would be to use the Kernel of
the distribution, which can be smoothed by different schemes. This approach would not introduce
unnecessarily any tendency on the data as might happen when fitting a parametric model to it.
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The long-term models discussed here have contemplated data from one location. Very often one
is interested in characterizing a wider region in which there is more than one measuring station.
Using a much larger data set including samples from positions spatially distributed allows better
confidence in the models estimated. It may also allow the identification of the space in which a given
probabilistic model is applicable.

Regional analysis has been used for some time in hydrology and a good account is given by
Hosking and Wallis (1997). van Gelder et al. (1999) used regional analysis to study the maximum
sea level data from the North Sea, while van Gelder et al. (2000) and Goda et al. (2000) applied
regional analysis to determine extremes of significant wave heights.

8. JOINT LONG-TERM MODELS

Although the long-term distributions of H; provide a probabilistic description of the sea state
severity, for many applications this description is too crude. Often it is necessary to describe also
the associated mean period and direction. On other occasions joint distributions of waves and storm
surges are required or joint distributions of waves, wind and current. Different approaches have been
developed for specific applications, but possibly the most widely used is the conditional modeling
approach in which the joint density function is defined in terms of a marginal distribution and a series
of conditional density functions modeled by parametric functions that are fitted to the conditioned
data by some form of estimation process.

The single most used joint distributions of wave parameters are the bivariate probability density
functions of H and T, which are available for different areas of the ocean and coastal areas. Most
wave data banks provide information of the scatter diagram at a point, although some also provide
directional information. In this case, it is normal that a scatter diagram is given for each of eight
directional sectors. Thus, one has

f (Hy, T, 0) = f (Hs, Tin|0) £ (6) (32

where 6 indicates the directional sector.

Normally the bivariate distribution of significant wave height and mean period is constructed from
a conditional distribution of average or peak periods and a marginal distribution of significant wave
height

Su 1, (hat) = fu (B) f1,,1H,(t1h) (33)

The distributions of wave period conditional on significant wave height have been shown to be well
modeled by a log-normal distribution (Haver, 1985; Guedes Soares et al., 1988). Thus, a joint model
can be approximated by the 3-parameter Weibull distribution for significant wave height

R0 — B-1 Ry — B
Ftino <h|91>=§(—°al) exp (— (—‘L—V) ) (34)

where «, B and y are the scale, shape and location parameters, and @ is the main wave direction. The
conditional log-normal distribution for the peak wave period given the significant wave height is
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The parameters aj, az, a3, by, by and b3 are determined from the data. The estimation of these
parameters is sometimes problematic, as few observations exist in some ranges of the variables,
especially in the tails.

An alternative approach to conditional modeling has been to adopt different ways to transform
the data to a multivariate normal, which is then fit by that model. Ochi (1978) used an exponential
transformation to model a bivariate log-normal distribution to the Hy, T, data. This transformation
allows avoiding the use of conditional distributions and a single bivariate distribution is used for
the whole sample. Prince-Wright (1995) used an extended version of a Box-Cox transformation
to fit this joint distribution, where the additional parameter aimed at improving the fit in the tails.
Bitner-Gregersen et al. (1998) compared the fits using this approach and the conditional modeling
formulation and obtained fairly similar patterns for moderate wave heights.

Within the line of data transformation, Ferreira and Guedes Soares (2002) noticed that there was
a non-negligible variability among the yearly data sets and this led to the proposal of considering
random yearly populations. Thus, each yearly sample is transformed into a normal variable using
appropriate Box-Cox transformation parameters for Hy and 7. The variability of these parameters
reflects the yearly variability of the data. The transformed data is then fit by a bivariate normal
distribution.

Athanassoulis et al. (1994) proposed a different type of transformation. They adopted the Plackett
bivariate model, which although not being completely general, allows the specification of any two
marginal distributions and leaves the subsequent modeling of the dependence structure to be made
with the estimation of a parameter related to the correlation between the variables.

The joint models of Ochi (1978), Athanassoulis et al. (1994), Prince-Wright (1995), and Fer-
reira and Guedes Soares (2002), and the Conditional Modeling Approach, for example, of Bitner-
Gregersen and Haver (1989), utilized the complete probabilistic information obtained from simulta-
neous observations of the environmental variables. In some cases, only the marginal distributions for
a set of stochastic variables are given, and information about the dependencies between the variables
exist in terms of a correlation matrix R. For these cases Bitner-Gregersen and Hagen (1999) proposed
to use a consistent and simple formulation based on the Nataf correlation model (Der Kiureghian and
Liu, 1986). The Nataf model gives a good approximation for the distribution of the physical variables
if the vector of the transformed standard normal variables is close to being multi-normal. It requires
the first four statistical moments of each of the two variables in the joint distribution as well as the
correlation between the variables.

An alternative to the joint distribution of Hy and T; or T) is to consider the joint distribution of
H; and a representative wave steepness parameter. Repko et al. (2000) compared some of the models
described here with a joint distribution of H, and a peak steepness defined as

2m Hy
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(38)

which was proposed by Vrijling and Bruinsma (1980), and concluded that the last approach provided
better agreement with the data.

A related parameter, the average wave steepness was adopted by Bitner-Gregersen et al. (1998)
and Bitner-Gregersen and Hagen (1999), showing that in different wave data sets the extreme values
of the mean steepness decreased with increasing return period both for offshore and coastal data.

Although only bivariate models of Hy and one of the representative wave periods have been con-
sidered in this section, other joint models are possible and available. In general, the conditional
modeling approach is very flexible for extension to any number of variables, but the drawback is that
sometimes the number of observations in each of the conditioned distributions may be too small.
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Reference is made to Bitner-Gregersen and Guedes Soares, (1997) for a review of some other appli-
cations.

9. CONCLUSION

From this review chapter it can be concluded that since wave fields are described by stochastic
models, it is possible to describe them both in the frequency and in the time domains. While the
focus of past research has been mainly on Gaussian waves in deep water it should, nevertheless, be
emphasized that the characteristics of waves in finite water depths are substantially different than
those in deep water in that the probability distribution is non-Gaussian as discussed mainly in Sec-
tion 3. Refinements to the various models will continue in order to provide solutions to different
problems, and to meet required design and engineering considerations.
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LIST OF SYMBOLS
SSER — Double Peaked Spectrum, Sea-Swell Energy Ratio, (equation (1))
mpy —  n-th spectral moment, (equation (2))
s(f) —  wave spectrum
f —  wave frequency
sw —  swell (subscript), (equation (2))
ws —  wind-sea (subscript), (equation (2))
I —  peak frequency
ID —  Double Peaked Spectrum, Intermodal Distance, (equation (3))
03 — variance of sea surface elevation, (equation (4))
n(t) — sea surface elevation, (equation (4))
R ~— Rayleigh parameter, (equations (5), (6))
Hx — mean value
JXZ —  variance
X1/n — mean of the 1/n-th highest observation
erf — error function
Hg —  significant wave height
€ —  spectral bandwidth, (equation (12))
o] —  standard normal distribution
Xn — maximum of n observations
y —  peak enhancement factor for JONSWAP spectrum
p(t) — normalized autocorrelation function for time lag ¢
R() — autocorrelation function for time lag ¢
H —  wave height

T —  wave period
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v —  spectral bandwidth, (equation (9))

T —  mean wave period

T — non-dimensional period

T —  bandwidth function, (equation (24))

K —  Kimura correlation parameter

0 —  Kimura correlation coefficient

Te —  cross-over point, (equation (28))

T — mean wave period

Q;(x) — long-term probability of exceedance of x

w(r) — normalization factor

Os(x) —  short-term probability of exceedance of x

r —  sea state variance, (equation (31))

0 —  wave direction

o —  scale parameter

B —  shape parameter

T, —  peak period

h —  threshold level

Sp —  peak steepness, (equation (38))

Qe —  Medina and Hudspeth spectral peakedness parameter, (equation (30))

Op —  Goda spectral peakedness parameter, (equation (29))
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Chapter 7

Modeling the Effects of Permeable and Reflective Structures on Waves and
Nearshore Flows

Inigo J. Losada

Ocean & Coastal Research Group, University of Cantabria, E.T.S.I. de Caminos, Canales y Puertos,
Avda. de los Castros s/n, 39005 Santander, Spain

1. INTRODUCTION

Coastal structures are placed in a marine environment with several objectives. Preventing shore-
line erosion or flooding, sheltering harbor basins or the stabilization of inlet entrances are some of
the possible applications. Each of these functions may require a different type of structure. Coastal
structures are usually exposed to waves, currents or the combined effect of waves and currents. It is
quite obvious that the presence of the structure will change the flow pattern resulting in one or more
phenomena with different space and time scales.

The formation of vortices in front of and behind the structure, the generation of turbulence or
the occurrence of diffraction, reflection, transmission and wave breaking are some of the processes
associated with wave and structure-interaction.

Traditionally, most of these processes have been modeled to analyze structure functionality or
stability considering the structure to be impermeable. However, rubble-mound or berm breakwaters,
submerged structures, outfall protections, artificial fishing reefs or armor layers for the protection of
seawalls or vertical structures are porous and, therefore, additional processes associated with porous
flow have to be considered. Some of the processes associated with wave and porous media interac-
tion are wave transmission different from overtopping as a consequence of wave penetration, wave
dissipation due to friction, partial reflection, combined transmission-diffraction, modification of the
runup-rundown patterns, water level variations inside the structure, and different turbulence gen-
eration or wave breaking mechanisms. For instance, an increase in slope permeability reduces the
flow velocities along the slope surface because a larger proportion of the flow takes place inside the
structure causing a rise of the internal water level, leading to an increase in the mean pore pressure.
Regarding runup, the storage capacity of the structure pores results in a maximum runup smaller than
that for an equivalent structure with an impermeable core. Wave reflection from permeable walls may
result in a spatial variation of partially standing nodes and antinodes whose magnitude and position
depends on porous material characteristics. This will result in a different scouring pattern than for an
equivalent vertical impermeable wall with perfect reflection.

It is obvious that these processes have to be modeled correctly since porous flow is clearly af-
fecting the functional and stability characteristics of the structure as well as the wave climate and
morphodynamics in the near field of the structure.

This chapter summarizes some of the most recent work available in the literature on the modeling
of wave interaction with porous structures. In Section 2 the general governing equations for flow in
porous media are derived and the general formulation of wave and porous structure interaction is
presented. It will be shown that the study of wave interaction with permeable structures has evolved
in parallel with wave theories in fluids.

The linearized problem is shown in Section 3 considering potential flow inside and outside the
porous medium. The solutions are formulated in terms of eigenfunction expansions to analyze the
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wave field in the presence of a vertical permeable structure. Furthermore, the derivation of an ex-
tended mild-slope equation for wave propagation on permeable layers is presented. The equation
is applied to wave interaction with submerged permeable breakwaters including wave breaking. In
order to extend the range of applicability Section 4 shows the most recent developments for shal-
low water equations. Based on Boussinesq-type equations wave diffraction and transmission by a
permeable vertical breakwater are analyzed using a numerical model.

Finally, in Section 5 a model based on the Navier-Stokes equation is presented. This model, called
COBRAS (COrnell BReAking wave and Structure) is able to simulate wave interaction with perme-
able structures including wave breaking and turbulence.

Section 6 is devoted to giving some conclusions on the state-of-the-art and to speculating on some
future trends in the modeling of wave and porous structure interaction.

2. FORMULATION OF THE PROBLEM

A porous medium is a two-phase material in which the solid matrix, usually assumed to be rigid,
constitutes one phase, and the interconnected voids or pores constitutes the other. One of the main
characteristics of porous media is the irregular shape and size of its pores which are randomly dis-
tributed; considering the flow through this heterogeneous formation is very complex. Our interest
will be to determine the flow through the porous formation, with typical length scales much larger
than the characteristic pore size.

The complex internal geometry of a porous medium, artificial or natural, is difficult if not impos-
sible to determine. Furthermore, in general, in the coastal and harbor engineering field there is a lack
of interest in knowing the internal details of the structure or the microscopic flow. In fact, in most
circumstances our interest will be in determining the characteristics of the flow in large portions of
the porous structure under consideration, introducing an averaging process in the analysis of the flow.
The averaging process has a smoothing effect, filtering out small-scale variations associated with the
media heterogeneity and pore irregularities.

The modeling of wave and permeable natural or artificial structure interaction is based on the
coupling of two models, one that describes the flow acting on the structure and one that describes
spatially-averaged flow through the porous structures. The accuracy of the modeling will be limited
by the hypotheses and simplifications formulated for the flow in the outer fluid region and by the
validity and hypotheses of the porous flow model, usually relying on some constants depending on
the flow, and finally on the matching conditions imposed.

2.1. Governing Equations
The flow in porous media can be described by the general Navier-Stokes equations
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where v is the molecular viscosity, u;." is the i-th component of the instantaneous velocity in the pores
and, p* the instantaneous effective pressure. As already stated using the macroscopic approach,
based on averaging over a small but finite volume with a representative length scale larger than the
typical pore size but smaller than the characteristic length scale of the problem, perturbation in the
field due to the presence of individual particles and pore irregularities can be ignored.



191

To replace the actual velocity with the seepage velocity, Sollitt and Cross (1972) resolved the local
instantaneous velocity field, ul?‘, into three components

u?‘:ui—i-uf—#u; 3)

where u; is the seepage velocity, that is, “the average velocity within a small but finite and uniformly
distributed void spaces; ul‘ is the spatial perturbation accounting for local velocity components due
to pore irregularities or boundary layers, and u; is the time perturbation accounting for local transient
fluctuations within the pores” (Sollitt and Cross, 1976, p. 23). Likewise, the pressure field may be
split up into analogous components.

The effect of the transient or turbulent and spatial perturbations on the mean flow in the pore can
be determined by substituting these definitions in the Navier-Stokes equations. Expanding the total
derivative in the Navier-Stokes equations, substituting equation (3) and the analogous expression for
the pressure field in this equation, and performing the time-averaging for a period much smaller than
the time scale of the macroscopic unsteadiness yields

a ) —
P i +ud)+ (up +u}) - Vg +uj) +u§Vuf =
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where (i) denotes time average in a period of time smaller than the wave period.
Proceeding in the same way in the continuity equations leads to
V. +ul)=0 ®

By integrating the equations of motion over a small but finite volume, the effect of spatial fluctuations
within the pore may be isolated.
Finally, the following set of Reynolds Averaged Navier-Stokes equations (RANS) are obtained

i v bl Vil +ut Vi = — L 2y,
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where (1) denotes spatial average. Due to the nonlinearity related to the convective terms, the terms

e—

associated with the spatial and turbulent fluctuations, u? - Vi{ and u} - Vu}, remain in the equations

after the averaging process. Analogous to turbulence analysis these two terms may be interpreted as
stresses with respect to the mean motion.
In order to solve the equations it is necessary to find closure equations. Based on the work by
Ward (1964) for steady and nonconvective flow conditions Sollitt and Cross (1972) established the
d .
vy Cr 4

following equivalency
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where K [m?] is the intrinsic permeability, C 1 a dimensionless turbulent coefficient, and u? the

discharge velocity which is related to the seepage velocity by the following relationship: ufl =nel;,

where 7, is the porosity.
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The following equation is obtained

Ju; 1 VRU; Crn?
s—'=—;V(p+yz)—[ L+ f"u,-lm] ®)

a1 K, " JKp

where the non-dimensional coefficient s is introduced as a co-factor in the local acceleration term to
account for the added mass, and the following additional assumption has been made

—
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Sollitt and Cross (1972; 1976) claimed this assumption to be valid for problems of practical im-
portance, where wavelength is much greater than pore diameter. Note that the viscous terms in equa-
tion (6) have been included in the equivalency. One could have assumed this term to be negligible
compared to the fluctuations.

Using a vertical-lattice type porous medium made of rectangular wooden sticks nailed together to
produce uniform pores, Losada et al. (1995) performed a very comprehensive set of measurements
inside and outside the structure including free surface, and water particle velocities, using Laser
Doppler Velocimetry and pressure records.

Instantaneous measurements at 9 points at each pore were processed in order to calculate the
instantaneous and spatial fluctuations, the time and space-averaged velocity, and the convective terms
associated with each of the components.

The analysis points out two important results: 1) spatial fluctuations are always more important
than temporal fluctuations since temporal fluctuations are confined by the pore size, and 2) even if
under certain circumstances convective terms associated with fluctuations are more important than
those associated with seepage flow, the latter should not be neglected. Therefore, even if Ward (1964)
and consequently equation (8) is based on nonconvective conditions, it is recommended that the
terms, u; Vu;, be retained in equation (8).

Furthermore, there is no unique way to decompose the instantaneous velocity. Liu et al. (1999;
2000), supported by the experimental results by Losada et al. (1995), considered dividing the fluid
variables into two parts only, a spatially-averaged component and a spatially-fluctuating component,
assuming the temporal fluctuations to be negligible. The resulting spatially-averaged Navier-Stokes
equations are
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where u?' is the discharge velocity related to the seepage velocity by u? =nettj,cp =y (1 —ne)/ne)
is the added mass coefficient and, y is a non-dimensional coefficient (see Section 2.3).

The correlation of spatial velocity fluctuations, the last term on the right-hand side of equa-
tion (10), is modeled by Liu et al. (1999) by a combination of linear and nonlinear frictional forces
as follows

N
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in which u, = ,/u?u;.l so that the first term on the right side represents the linear, viscous force,
while the second term represents the nonlinear turbulent force. Both ap, and b, are empirical co-
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efficients, which are functions of Reynolds number and the geometric characteristics of the porous
media. Further explanations regarding the empirical porous flow parameters can be found in Sec-
tion 2.3.

Notice that equations (11) and (7) are similar. However, the second (viscous) term on the right-
hand side in equation (6), generally much smaller than the third term for problems of engineering
interest, is retained in Liu et al. (1999), since this term is responsible for transferring shear force, and
may become increasingly important near the interface between porous media and outside flow for
smaller scale problems.

2.2. Matching Conditions

Matching conditions are necessary to guarantee the continuity of the solution at the interface be-
tween the fluid and porous regions. In general, continuity of mass flux and pressure are the matching
conditions considered.

For long wave models continuity of free surface, velocity and their derivatives are usually en-
forced. However, when the models in the fluid region or inside the porous structure include the
modeling of turbulence or boundary layers, the matching at the interface has to be carried out using
other nonconventional matching conditions.

2.3. Porous Flow Parameters

As shown, the success of modeling wave and porous structure interaction depends largely on
the accuracy of the empirical formulae used to describe the frictional forces exerted by the porous
media (see equations (8) and (11)). In this regard, most of the existing work is based on station-
ary flow. However, wave action on structures induces a non-stationary flow. Polubarinova-Kochina
(1962) added a time-dependent term to the existing expressions for stationary flow. The resulting
equation, including the inertia term accounting for the acceleration and added mass, is referred to as
the extended Forchheimer equation

814([
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I=apud+b,,u‘1 (12)

ud‘ +cp

where [ is the hydraulic gradient, and ap, b), and ¢, are empirical coefficients related to the porous
flow. The coefficient a,,, with dimensions (s/m) takes into account the frictional force induced by
laminar Darcy-type flow, and b,, with dimensions (s%/m?) accounts for the frictional force induced
by turbulence. Finally, the dimensional coefficient ¢, (s2/m) accounts for the added mass.

The concept of added mass is associated with the fact that in order to accelerate a certain volume
of water a certain amount of momentum is needed. To accelerate the same volume of water in a
porous medium, an additional amount of momentum is needed. This is called added mass since the
extra amount of momentum suggests that a larger volume of fluid has to be accelerated.

Equation (12) does not include a possible resistance force due to the presence of a convective
term. Such a resistance term, probably important for flow through porous media with considerable
large-scale convective transport, could be incorporated in the b, term, because it would be quadratic
in the velocity (van Gent, 1991).

In order to determine the magnitude of the porous flow parameters a,, b, and ¢, Smith (1991),
Hall et al. (1995), and van Gent (1993; 1995) carried out a limited set of experiments using oscillating
or U-tube water tunnels for different stone and sphere sizes.
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Based on the experimental results, new expressions for non-stationary porous flow friction coef-
ficients were formulated. According to van Gent (1995), the friction coefficients for the extended
Forchheimer equation should be expressed as

(1-ny)? v
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where u. is a characteristic velocity of the flow, T is the wave period, and Ds is the median grain
size diameter. It is recommended that the maximum discharge velocity be taken as representative of
the flow.
Although the coefficients «,, and 8, may still depend on parameters like grading, shape, aspect
ratio or orientation of the stones, the following values are recommended: o = 1000, and B, = 1.1.
The relationship between these coefficients and those used by Sollitt and Cross (1972; 1976) are

s=cpheg
Kp=— (14)
gap
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Further work on unsteady flow equations can be found in Burcharth and Andersen (1995).

Equation (13) represents a significant contribution to the modeling of wave interaction with per-
meable structures. However, the discrepancies appearing in the application of the formulae by other
authors (see, Liu et al., 1999; Lynett et al., 2000), the limited range of existing experimental data,
and the importance of an accurate prediction of the coefficients on the modeling of wave and struc-
ture interaction seem to be important reasons to do further research on this topic in the near future,
especially if the modeling is to be applied to prototypes.

3. WAVE INTERACTION WITH STRUCTURES. LINEAR SOLUTIONS

3.1. Linearized Problem
Assuming simple harmonic wave of frequency, w, equation (8) may be linearized on the basis
of Lorentz’s hypothesis of equivalent work (Sollitt and Cross, 1972; Madsen, 1974), replacing the
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nonlinear terms in equation (8) by an equivalent linear term fwu;, where f is a dimensionless
friction coefficient. This yields a linearized form of the equation

isa)u,-:—V~<%+gz>—a)fu,- (15)

Taking the curl of this equation shows that the flow in the porous medium is irrotational and, there-
fore, can be described by a potential ®(x, y, z, ), that satisfies
uj =V (16)

Substituting equation (16) into equation (15) results in a Bernoulli-type equation for unsteady flow
within the porous medium

o
s+ gt fow =0 an
at o

Finally, substituting equation (16) into the continuity equation (6) yields Laplace’s equation
V2o =0 (18)

At the free surface, 7, the Bernoulli equation (17) can be combined with the linear kinematic free
surface boundary condition
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Furthermore, the following linear complex dispersion relationship has to be satisfied by the waves
propagating inside the porous medium

w’(s —if) =gl tanh Th (21

where I" is a complex wave number.

Solutions to these equations depend on the values of the porous material parameters, s, ne, Kp,
C ¢, equation (14) known for a given material, and the linearized friction coefficient, f. Therefore,
an additional condition is required to evaluate this coefficient. Following Sollitt and Cross (1972)
and Madsen (1974), f is evaluated from the following equation for a porous structure of volume V
under a wave cycle of period T
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Note that ; is taken to be the real part of the seepage velocity. An iterative procedure is needed to
evaluate f. As it will be shown later, several authors have assumed the friction coefficient, f, to be
a known constant parameter. However, this assumption may lead to unrealistic results.

(22)
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f=
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3.2. Solutions for Simple Geometries Based on Eigenfunction Expansions

Based on this irrotational and linear approximation, Sollitt and Cross (1972) presented a model
to analyze wave interaction with vertically sided porous structures. This work was later extended by
Dalrymple et al. (1991) to include oblique incident waves, and by Requejo et al. (2002) to evaluate
wave loads on the structure.

Dalrymple et al. (1991) considers the interaction of a gravity wave train with a single homo-
geneous, isotropic, porous structure of width b between two semi-infinite fluid regions of con-
stant depth, & (Fig. 1). The wave field outside the structure can be specified by velocity potentials,
@ (x,y,z¢) in the seaward region, and ®3(x, y, z, ¢) in the leeward region of the breakwater, by
specifying the well-known linear boundary-value problem for water waves in constant water depth.
In the rigid porous medium, region 2, a boundary value problem can be defined using equations (18)
to (21) and adding the kinematic bottom boundary condition d®,/dz =01in z = —h.

Each of the boundary value problems is formulated in terms of linear homogeneous equations.
Separation of variables leads to Sturm-Liouville problems where the potentials may be expressed in
terms of an eigenfunction expansion. Since the solution in adjacent regions must be continuous at
each interface, continuity of mass flux and pressure at x = 0 (interface between regions 1 and 2) and
at x = b (interface between regions 2 and 3) is required. These conditions may be expressed as

D), =n.Py,
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and (23)
P3, =n,Py,
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where the continuity of pressure is derived from t