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Abstract

This work presents a comprehensive analysis of the statistical mechanics of randomly cross-linked polymer gels,
starting from a microscopic model of a network made of instantaneously cross-linked Gaussian chains with excluded
volume, and ending with the derivation of explicit expressions for the thermodynamic functions and for the density
correlation functions which can be tested by experiments.

Using replica field theory we calculate the mean field density in replica space and show that this solution contains
statistical information about the behavior of individual chains in the network. The average monomer positions change
affinely with macroscopic deformation and fluctuations about these positions are limited to length scales of the order of
the mesh size.

We prove that a given gel has a unique state of microscopic equilibrium which depends on the temperature, the solvent,
the average monomer density and the imposed deformation. This state is characterized by the set of the average positions
of all the monomers or, equivalently, by a unique inhomogeneous monomer density profile. Gels are thus the only known
example of equilibrium solids with no long-range order.

We calculate the RPA density correlation functions that describe the statistical properties of small deviations from the
average density, due to both static spatial heterogeneities (which characterize the inhomogeneous equilibrium state) and
thermal fluctuations (about this equilibrium). We explain how the deformation-induced anisotropy of the inhomo-
geneous equilibrium density profile is revealed by small angle neutron scattering and light scattering experiments,
through the observation of the butterfly effect. We show that all the statistical information about the structure of polymer
networks is contained in two parameters whose values are determined by the conditions of synthesis: the density of
cross-links and the heterogeneity parameter. We find that the structure of instantaneously cross-linked gels becomes
increasingly inhomogeneous with the approach to the cross-link saturation threshold at which the heterogeneity
parameter diverges.

Analytical expressions for the correlators of deformed gels are derived in both the long wavelength and the short
wavelength limits and an exact expression for the total static structure factor, valid for arbitrary wavelengths, is obtained
for gels in the state of preparation. We adapt the RPA results to gels permeated by free labelled chains and to gels in good
solvents (in the latter case, excluded volume effects are taken into account exactly) and make predictions which can be
directly tested by scattering and thermodynamic experiments. Finally, we discuss the limitations and the possible
extensions of our work.
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1. Introduction

Polymer gels are fascinating materials which differ in many respects from ordinary solids.
Although they possess all the normal characteristics of solids such as stability of shape, resistance
to shear, etc., they can absorb solvent and swell to dimensions much larger than their dry size and
exhibit linear elastic response to deformation at strains exceeding (and sometimes, far exceeding)
unity. The fact that the gel is a solid permeated by solvent means that it can be thought of as
a combination of a solid and a liquid, and that its state of equilibrium is determined by the
interplay between the two components. The above statement applies even to dry polymer networks
in which the “liquid” component can be identified with the un-cross-linked monomers which
interact repulsively through short range excluded volume forces. When the network is deformed,
the osmotic pressure of the liquid component adjusts itself to balance the local elastic stresses. If the
liquid component changes its characteristics (by change of temperature, solvent, etc.), the network
stresses adjust to the new osmotic pressure, resulting in a new equilibrium. This interplay
determines the response of the gel to all external perturbations under which the network maintains
its integrity (i.e., does not break).

Polymer gels can be synthesized by cross-linking a polymer solution or a melt (they can also be
formed by polymerizing a mixture of monomers and multi-functional cross-linkers). Although, in
principle, it is conceivable to cross-link a crystalline polymer solid and, upon melting, obtain a gel
which “remembers” its original lattice structure, to the best of our knowledge, this has not been
done to date. Accordingly, gels are disordered solids, the structure of which reflects the state of the
polymeric solution from which they were formed. The memory of the initial state is frozen into the
network during its formation and reveals itself in all experiments performed on the network, long
after the process of cross-linking is terminated. Thus, if one attempts to model the response of the
gel to some external deformation, one has to know not only the state of the gel immediately prior to
the deformation but also the conditions under which it was prepared.

At first sight, the existence of memory effects suggests that in order to understand the behavior
of polymer networks, one needs to have complete information about their complicated frozen
structure, i.e., one has to specify a vast number (of the order of the Avogadro number) of
parameters. If this was the case, it would undermine any attempt to obtain a probabilistic
description of the physics of polymer gels by the usual methods of statistical physics. This
seemingly intractable problem can be overcome by noticing, as was done by Edwards and his
coworkers [1, 2], that if the gel is formed by instantaneous cross-linking of a polymer solution, the
probability of observing a particular network structure is identical to the probability of observing
a state of a polymer liquid in which some monomers (a fraction of which will be cross-linked
immediately afterwards) are in contact with each other. The latter probability distribution can be
characterized by only a small number of parameters which define the conditions of preparation,
such as temperature, solvent quality, degree of cross-linking and density in the initial state. Similar
tricks can be applied to other methods of gel preparation such as equilibrium polycondensation,
etc., for which we can characterize the post-cross-linking state in terms of a known probability
distribution of the pre-cross-linking state.

Using the above approach the problem can be reformulated in statistical terms, in which the
answers to all experimentally relevant questions about the behavior of polymer gels are given in
terms of averages of the physical quantities we are interested in. In this way the problem reduces to
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finding the probability distribution associated with the physical quantity of interest and averaging
with respect to this distribution. The possibility of obtaining such a reduced description is related
to the fact (which will be proved latter) that, in spite of their complexity and frozen randomness,
gels have a unique state of microscopic equilibrium. Although there is an obvious loss of ergodicity
associated with the process of cross-linking (of the same kind which accompanies the crystalliza-
tion of a liquid), gels differ from glasses due to the fact that once they are formed (by irreversible
cross-linking), their equilibrium state is uniquely determined by (and only by) the parameters that
characterize this state (temperature, quality of solvent, etc.) and does not depend on their “history”
after preparation (as long as the integrity of the network is maintained). For example, if a gel is
synthesized at temperature T'? and subsequently studied at a temperature 7, its state will depend
only on T and not on the history of heating process (heating to T' > T and subsequently cooling to
T results in the same final state of equilibrium as heating directly from T? to T). In spin glasses the
final state will depend, in general, on the history of its preparation (after the synthesis of the system).

This work is based on the Edwards model of instantaneously cross-linked networks of Gaussian
chains with excluded volume [1]. No additional constraints are introduced to describe the fact that
real chains cannot cross each other and, therefore, this model does not account for the contribution
of permanent topological entanglements to the elasticity of polymer networks (recall that although
all theories of polymer solutions consider only temporary entanglements [3], permanent entangle-
ments may also be present in irreversibly cross-linked networks). In choosing the above model of
polymer networks we are guided by considerations of simplicity. Although more complicated
models (including entanglements and non-Gaussian elasticity) are more realistic, our aim is to start
with the simplest well-defined microscopic theory and to present a strict mathematical analysis of
the problem which will serve as a point of reference for future generalizations. We will show that
the statistical mechanics of this model can be solved exactly (i.e., on the same level of rigor as other
solved problems of polymer physics) and, in the process, obtain important insights about the
physics of polymer gels, solve some long-standing puzzles and make new predictions which can be
tested by scattering experiments on these systems.

The unusual length of this manuscript is dictated by the need to make a self-contained and
(hopefully) coherent presentation of our ideas about the statistical mechanics of polymer gels and
to reach different scientific communities which may be interested in this subject. We would like to
stress that although this work uses much of the state-of-the-art machinery of theoretical physics,
the mathematical concepts involved are fairly standard and simple and the more complicated
derivations are described in considerable detail in the corresponding Appendices. Since this is
mostly an account of original work, much of which has never been published before, we will refrain
from reviewing the history of the subject and will refer to the contributions of other investigators
(and to our own previous work), in the appropriate places in this manuscript.

In Section 2 we introduce the Edwards formulation of the statistical mechanics of polymer
networks [1]. We discuss the hitherto unnoticed fundamental property of the instantaneous
cross-linking process, namely, the existence of the cross-link saturation threshold, which defines the
maximal achievable density of cross-links in the present model (at this point the number of
cross-links becomes equal to the average number of inter-monomer “contacts” in the pre-cross-
linked polymer solution). It will be shown later that when this saturation threshold is approached,
the length scale associated with the quenched heterogeneity of network structure diverges and
static heterogeneities appear on all length scales in the gel.
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We use the self-averaging property of the total free energy in order express it as an average (with
respect to the probability of synthesis of a given network structure) of the logarithm of the partition
function of the deformed gel. In order to avoid the inconvenient averaging of the logarithm we
introduce the standard replica trick (define one replica of the initial state and m replicas of the final
state) and express the true thermodynamic free energy as the derivative of the replica free energy
with respect to m, in the limit m — 0. The constraints introduced by the cross-links are replaced by
an effective attractive potential through the introduction of the grand canonical representation
which is then extended to all the monomers (i.e., both the number of monomers and the number of
cross-links are allowed to fluctuate, so that only their average numbers are determined by the
monomer chemical potential and by the fugacity of cross-links). This illustrates the immense
computational simplification produced by the transformation to the abstract replica space (defined
as the space of the coordinates in all the 1 + m replicas): frozen inhomogeneities of network structure
(in real space) can be treated as thermal fluctuations in replica space and the seemingly intractable
calculation of frozen disorder can be performed using the usual methods of equilibrium statistical
mechanics! While excluded volume interactions act independently in each of the replicas, the
interactions which represent the cross-links act identically in all the replicas (this is an expression of
the solid character of the gel) and, therefore, introduce a coupling between the replicas. Finally, the
thermodynamic free energy is expressed through the grand canonical partition function of the
replica system.

Although the interactions (both excluded volume ones and those associated with cross-links) are
non-local along the chain contour, they are local both in the 3-dimensional physical space and in
the 3(1 + m)-dimensional replica space. This fact is used in Section 3 where we transform to
collective coordinates (field theory) and rewrite the interactions in terms of replica space densities
(for the cross-links) and densities in each of the replicas (for the excluded volume). We then use
a generalization of de Gennes’ n = 0 method [3] to eliminate the elastic entropy term in the replica
partition function by introducing a field theoretical representation of the entropy in terms of
a n-component vector field ¢ (the limit n = 0 is taken at the end of the calculation), and relate this
field to the density in replica space. The details of the transformation to the field representation for
Gaussian chains are given in Appendix A. We represent the replica partition function as a func-
tional integral of Boltzmann weights defined by a replica generalization of a ¢*-type field
Hamiltonian, and discuss the various continuous and discrete symmetries of this Hamiltonian
(rotations in n vector space, permutations of the replicas of the final state, rotations in each of the
replicas and translations in replica space).

In Section 3 we proceed to look for a mean-field solution which minimizes the field Hamiltonian
and, therefore, gives the steepest descent estimate of the replica partition function. We derive the
field equations the solutions of which correspond to the extrema of the Hamiltonian. Guided by the
expectation that the ground state solution must have the maximal possible symmetry, we first
consider the constant (in replica state) solution which has the full symmetry of the underlying
Hamiltonian. However, as is shown in Appendix C, this solution corresponds to the saddle point
rather than to a minimum of the Hamiltonian and must be rejected.

The analogy with crystalline solids which can be thought of as solutions with spontaneously
broken translational symmetry (in real space) which minimize a translationally invariant (ie.,
which has the symmetry of a liquid) Hamiltonian [4], suggests that we look for a solution with
spontaneously broken translational symmetry in replica space which obeys the physical condition
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that it gives rise to a constant mean density in the three-dimensional space associated with each of
the replicas [5]. The above condition imposes a constraint on the dependence of the mean-field
solution on the replica space coordinates, i.c., the solution must be invariant under simultaneous
translation (by a constant) along the principal axes of deformation in each of the replicas of the final
state. Introducing a partition of the replica space into a 3-dimensional longitudinal (along the
principal axes of deformation in each of the final state replicas) and a 3m-dimensional transverse
subspace, we show that the mean-field solution depends only on the coordinates of the transverse
subspace and is invariant under rotations in this subspace. This allows the replacement of the
3(1 + m)-dimensional non-linear partial differential equation by a simple non-linear differential
equation from which the mean-field solution is calculated numerically. We find that the solution is
localized around a 3-dimensional surface (the longitudinal subspace; see Appendix B) in replica
space, defined by the affine relation between the coordinates in the initial and in each of the final
replicas, with a characteristic width of the order of the mesh size of the network. The fact that the
solution is replica symmetric (i.e., invariant under permutations of the replicas of the final state)
means that the position of any given monomer is nearly identical (up to thermal fluctuations on the
scale of a mesh) in all of the replicas of the final state and that the average position of each monomer
changes affinely with the deformation of the network.

Using this inhomogeneous solution, we perform the steepest descent calculation of the replica
partition function and obtain the mean-field thermodynamic free energy of the gel (details of the
calculation are given in Appendix B). Our free energy coincides with the Deam and Edwards
variational estimate [1] which is qualitatively similar (apart from a numerical coefficient and
logarithmic corrections) to that of classical theories of network elasticity due to Flory and Rehner
[6, 7] and James and Guth [8]. We then calculate the fluctuation corrections to the mean-field free
energy (Appendix D). We find that the most important corrections due to frozen fluctuations of
network structure come from ultra-short wavelengths of the order of the monomer size, due to the
contributions of small “wasted” loops which decrease the number of elastically effective cross-links
and therefore decrease the elastic modulus. The resulting corrections agree with those obtained by
Deam and Edwards [1].

We proceed to examine the stability of the mean-field solution and check whether or not it
corresponds to a true minimum of the replica Hamiltonian. To this end we calculate all the
eigenvalues and eigenfunctions of the operator which gives the energy of fluctuations about this
solution (the calculation is presented in Appendix C and uses the expressions for the replica space
correlation functions derived in Appendix E). We find that the fluctuation energy evaluated on the
homogeneous solution has some negative eigenvalues and therefore does not correspond to a true
minimum. On the other hand, all the eigenvalues (corresponding to rotations in the space of the
n-vector model and to shear and density modes in replica space) associated with our inhomo-
geneous solution are positive. This proves that the inhomogeneous solution minimizes the Hamil-
tonian and is stable with respect to arbitrary small fluctuations in replica space, including those which
break the symmetry with respect to permutations of the replicas of the final state.

The next step is to check whether the minimum we found is a global one. The existence of other
solutions with lower or equal energy would undermine the validity of our steepest descent
calculation of the partition function (since, in the thermodynamic limit, the functional integral will
be dominated by the true ground state). On a more fundamental level, the issue here is whether
polymer gels belong to the class of spin glasses (which have multiple minima) or to the class of
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ordinary solids (which have a single equilibrium state under given thermodynamic conditions).
Since our inhomogeneous mean-field solution describes a network in which excluded volume
effects are accounted for by introducing a uniform external field which fixes the average monomer
density in the system, we proceed to calculate the partition function of a network without excluded
volume, the surface of which is fixed to walls which enforce the constant density constraint (the
elastic reference state). As all the functional integrals over the monomer positions are Gaussian,
they can be calculated exactly and we are left with (also Gaussian) integrals over the coordinates of
the cross-links and of the monomers which are bound to the walls. Representing each cross-link
coordinate as the sum of a mean position and the deviation from it, we write the cross-link
Hamiltonian as sum of quadratic contributions (in the mean cross-link positions and in the
deviations from these positions) and a term which is linear in the deviations from the mean
positions. The requirement that the linear term in the expansion must vanish is equivalent to the
condition of mechanical equilibrium, i.e., to vanishing average force on each cross-link due to the
“spring”-mediated forces of its immediate neighbors. We find that a single solution exists, i.e., that
the number degrees of freedom (cross-links) is equal to the number of constraints (force balance
conditions), provided that the matrix of second derivatives of the cross-link Hamiltonian with
respect to the cross-link coordinates has no vanishing eigenvalues. We show that each such
vanishing eigenvalue corresponds to a collective mode which does not affect the energy of the
network (zero-energy mode). Using the properties of the second derivative matrix of a Gaussian
network, we find that there is only one zero-energy mode and show that it corresponds to uniform
translation of all the cross-links. This mode is eliminated if one fixes the position of even a single
cross-link (or of the center of mass of the network) and we conclude that a randomly cross-linked
network does not have any zero-energy modes. Thus, our inhomogeneous solution defines the only
mechanically stable state of the gel and no other minima exist (this eliminates not only other stable
states but also metastable ones). A randomly cross-linked polymer network has a single microscopic
state of equilibrium in which the average positions of cross-links (and of all monomers) are uniquely
defined under given thermodynamic conditions!

We proceed to analyze the physical content of the mean-field expression for the density of
monomers in replica space, which is analogous to the Edwards—Anderson order parameter [9]
familiar from the theory of spin glasses, and find that it contains statistical information about the
frozen structure of the network. This order parameter defines the probability distribution of
deviations of network monomers from their mean (i.e., affinely displaced) positions, from which the
average localization length which determines the length scale of thermal fluctuations of monomers,
is calculated. Contrary to the Flory assumption [6], we find that both the monomers and the
cross-links fluctuate over length scales of the order of the mesh size.

The above order parameter can also be used to find how the distribution function of the
end-to-end distances of chains of given contour length is affected by the deformation of the
network. We present the results of calculations reported elsewhere [10, 11] (their derivation
requires the use of methods which differ from the ones used in this work) which show that the
average deformation of such chains depends both on their length and on the local environment in
which they are embedded, and that only chains which are larger than the local mesh size are stretched
affinely with the macroscopic deformation. Strong deviations from affinity are obtained for shorter
network chains (those much shorter than the local mesh size react to deformation only through
desinterpenetration). These intriguing results also follow from the observation that the rms
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distance between the ends of a network chain is the sum of a contribution of the average distance
between the ends (which deforms affinely with the network) and a fluctuation contribution (which
is not affected by the deformation) and that the latter is important only on length scales of the order
of the mesh size (the characteristic length scale of thermal fluctuations). Under uniaxial extension,
the average mesh size deforms affinely along the direction of stretching and its transverse
dimensions are not affected by the deformation.

Section 4 begins with the observation that, to make contact with scattering experiments which
probe the static inhomogeneities and the thermal density fluctuations of the monomer density in
swollen and stretched networks, we have to eliminate (i.e., integrate over) the contributions of the
shear modes and of the density modes in the state of preparation. In order to make the calculation
feasible we assume that the deviations from the average density are small and can be treated within
the random phase approximation (RPA) [3] which corresponds to keeping only quadratic terms in
these deviations. We show later that while this assumption always holds for frozen density
inhomogeneities (for gels prepared away from the cross-link saturation threshold), it breaks down
for thermal density fluctuations in gels in good solvents where such fluctuations are strong (we
show in Section 5 that, on length scales larger than the “blob” size, these strong fluctuations can be
accounted for by an appropriate renormalization of the RPA parameters). The elimination of the
“irrelevant” shear and density modes is done by introducing auxiliary fields which couple between
the replicas of the final state (the calculation is presented in Appendix F). Diagonalization of these
couplings allows us to calculate the non-averaged free energy functional of the Fourier components
of the monomer density (p,) and a random field (n,) which represents the structure of the network,
and to obtain the (Gaussian) distribution function P(n,) (the probability to observe a given
amplitude of the random field n, in the gel). We find the equilibrium density distribution pg® which
minimizes the free energy functional and show that it corresponds to the static inhomogeneous
density profile of the gel, which is uniquely defined by the structure of the network and by the
thermodynamic conditions in the final deformed state, and which can be detected through the
observation of static speckle patterns in the intensity of light scattered from gels. We show that the
field n, can be interpreted as the inhomogeneous equilibrium density profile of the elastic reference
state (i.e., of a stretched gel, without excluded volume interactions). Using the free energy functional
(quadratic in p, and n,) and the distribution function P[n], we can compute all the statistical
information about the static density inhomogeneities and thermal density fluctuations in a de-
formed gel. We relate our theoretical predictions to scattering experiments which measure static
density correlations (averaged over both space and time), by showing that averaging over the
ensemble of all possible network structures (consistent with thermodynamic conditions in the state
of preparation) is equivalent to averaging over the volume of a single polymer gel, and that
averaging over the ensemble of gels with a given network structure (thermal averaging) is
equivalent to time averaging over the configurations of a single gel.

All the information which enables us to calculate the experimentally observable density correla-
tion functions is contained in two functions, g, and v,, where the former is the correlator of thermal
density fluctuations in the elastic reference state and the latter is the structure averaged correlator
which measures the spatial correlations of the inhomogeneous equilibrium density profile in this
state (explicit analytical RPA expressions for these functions, in both the short wavelength and the
long wavelength limits, are given in Appendix G). An exact (within the RPA) expression for
the total structure factor, valid in the entire range of scattering wave vectors, is obtained for gels in
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the state of preparation. Asymptotic expressions (in both the long wavelength and the short
wavelength limits) for the experimentally observable density correlators in the final deformed state
are also given and it is shown that all the structural information about the gel is contained in two
parameters: the density of cross-links in the state of preparation and the heterogeneity parameter
which measures the distance from the cross-link saturation threshold. The total static structure
factor is dominated by scattering from static monomer density inhomogeneities and when gels are
subjected to uniaxial extension, the amplitudes of the (long wavelength) Fourier components of this
static density profile are enhanced along the stretching direction and suppressed normal to it, resulting
in “butterfly”-like contours in plots of the isointensity lines. These butterfly patterns have been
observed in small angle neutron scattering [ 12] and light scattering [ 13] experiments. The thermal
structure factor exhibits the reverse anisotropy, an effect which also has been observed in (dynamic
light scattering) experiments [14].

We show that under most conditions, the thermal structure factor has a peak at a finite wave
vector which lies outside the range of our asymptotic expressions. We conjecture that the
characteristic wavelength associated with the peak is of the order of the mesh size and, therefore,
that thermal fluctuations are anomalously enhanced at this wavelength. Microphase separation in
poor solvent, as the result of the expulsion of the solvent from the denser regions of the inhomo-
geneous profile, is predicted.

We apply our RPA formalism to the problem of a network permeated by free labelled polymers, in
which thermal fluctuations are suppressed by strong screening [15]. We find that the structure
factor depends on an effective heterogeneity parameter which vanishes both in the absence of frozen
heterogeneities (i.e., for networks prepared away from the cross-link saturation threshold) and in
the limit of vanishing concentration of the free labelled chains. The scattering increases with the
heterogeneity parameter (e.g., with the density of cross-links) and with the degree of swelling. We
analyze the case of uniaxial extension and show that the scattering is enhanced in direction of
stretching and suppressed normal to it, and that butterfly patterns appear, as the result, in plots of
the isointensity lines. All the above results are in qualitative agreement with experimental observa-
tions on gels permeated by polymeric solvents and on blends of short and long chains (in which
entanglements act as effective cross-links) [ 16- 18]. We also study segregation (i.e., expulsion of the
free chains from the gel) and find that the spinodal is shifted by externally applied anisotropic
deformations (which promote segregation) and that, for uniaxial extension, it is first reached for
fluctuations which are normal to the stretching direction. Related experiments on sheared blends
indicate that segregation is indeed promoted by deformation [19].

In Section 5 we consider semi-dilute gels in good solvents and present a simple method which
allows one to account for the effect of strong fluctuations by combining renormalization group and
scaling ideas. We argue that the coarse graining of the microscopic Hamiltonian leads to the
renormalization of the bare parameters of this Hamiltonian (e.g., monomer size and second virial
coefficient) and usc the known scaling blob parameters [3] to find the fixed points of the
corresponding renormalization group transformations. This procedure leads to a non-trivial
renormalization of the mean-field free energy which can no longer be decomposed into indepen-
dent osmotic and elastic parts, indicating the breakdown of the classical additivity assumption [20].
We show that the celebrated c* theorem [3] applies only at the cross-link saturation threshold and
that, under normal preparation conditions, there are many chains within the volume of the average
mesh of the network. The number of interpenctrating chains is not affected by swelling (no
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desinterpenetration), but increases with compression (through expulsion of solvent). We calculate
the equilibrium swelling ratios and elastic and osmotic moduli and show how these moduli are
affected by externally applied osmotic pressure.

We proceed to calculate the density correlation functions for gels swollen in good solvents.
Density fluctuations are enhanced by isotropic swelling and under uniaxial extension, butterfly
patterns appear in the isointensity plots of the structure factor. In the high ¢ limit (i.e., for wave
vectors much larger than the inverse mesh size) the scattering reduces to that of a semi-dilute
solution of uncross-linked and unstretched chains. In the long wavelength limit (for wavelengths
much larger than the mesh size), we find that for gels prepared near the cross-link saturation
threshold, scattering from static inhomogeneities always dominates over that from thermal fluctu-
ations. Away from the cross-link saturation threshold, thermal fluctuations dominate in the state of
preparation (in the reaction bath), but static heterogeneities give an increasingly larger contribution
with progressive swelling and dominate the fluctuation intensity at swelling equilibrium in excess
solvent. The effect of uniaxial stretching is to enhance the static inhomogeneities compared to the
thermal fluctuations, in the direction of stretching. The effect is reversed normal to the direction of
stretching. In all cases, butterfly patterns oriented along the direction of stretching (in plots of the
isointensity contours) are predicted, in agreement with experiment [12]. This holds even when
thermal fluctuations dominate, since in this regime the thermal fluctuation intensity is nearly
angle-independent and the entire angular dependence comes from static inhomogeneities. Another
interesting (and totally unexpected) prediction is the existence of a maximum at a finite wave vector,
in the thermal structure factor of neutral gels in good solvents. The presence of this maximum may
explain the observed complicated shapes of the total scattered intensity curves, under conditions
when thermal fluctuations make an important contribution to the static scattering profiles (e.g., in
lightly cross-linked gels, close to the density of preparation).

In Section 6 we return to the butterfly effect, the observation of which was the first clear
demonstration of the failure of the classical theories of gels and prompted our own interest in this
problem. In order to obtain a simple physical picture of the inhomogeneous equilibrium state of
stretched polymer networks in terms of balance of forces, we proceed to establish the connection
between our theory and the continuum theory of elasticity of solids [21]. Following Alexander
[22], we show that the classical theory of network elasticity (as well as ours) which predicts linear
elastic response at strains exceeding unity, corresponds to a version of the usual continuum theory
of elasticity of homogeneous solids, in which one takes into account the usually neglected non-
linear contributions to the strain tensor. The elastic modulus of a stretched homogeneous network is
a tensor which depends on both the magnitude and the direction of stretching. When the theory is
generalized to the case of inhomogeneous continua and osmotic (excluded volume) contributions
are included, minimization of the free energy yields the force balance condition between forces
associated with the stretched “springs” (present even in homogeneous networks), forces which drive
the network towards the inhomogeneous equilibrium state and osmotic forces which tend to swell
the gel. The resulting inhomogeneous equilibrium density distribution displays the characteristic
anisotropy observed in static scattering experiments and we conclude that the butterfly effect arises
as the result of the interplay among the three phenomena which underlie the physics of polymer gels:
the elastic response of stretched springs (deformation-dependent modulus), the presence of “liquid-like”
degrees of freedom (osmotic forces) and the existence of frozen inhomogeneities of network structure
(inhomogeneous equilibrium state).
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In Section 7 we summarize the main results obtained in this work. We argue that gels do not
belong to any of the known classes of solids. Unlike amorphous materials (e.g., glasses), once they
are formed, they have a single well-defined state of microscopic equilibrium. Unlike crystalline
solids, they possess no long-range order and their “atoms” (i.e., monomers and cross-links)
fluctuate over distances which exceed the average distance between neighboring “atoms”. This new
class of materials can be called soft disordered equilibrium solids. We end this work by discussing the
limitations of our theory and suggesting possible extensions and generalizations.

2. The model

Consider the following situation: a chemically cross-linked polymer network is immersed in
a good solvent and subjected to mechanical deformation. As long as the deformation does not
affect the chemical structure of the gel (i.e., as long as the network does not break), the response will
be determined by both the external conditions (deformation, solvent quality, temperature, etc.)
which can be varied at will, and by the fixed network structure. The structure of the network
is uniquely defined by specifying which monomers are joined at each cross-link point and is
fixed once and for all at the time of preparation of the gel. It can depend on the method of
cross-linking (irradiation, chemical reaction, etc.) and on the physical conditions (solvent quality,
temperature . . .) to which the system was subjected during synthesis. In the following, we will refer
to the state of preparation (following cross-linking) as the initial state. The final state of the swollen
and deformed network depends indirectly on the conditions of network preparation, since they
determine the frozen structure of the network.

We start with the Edwards model of a randomly cross-linked network of Gaussian chains with
excluded volume [1]. While this microscopic model does not contain explicit topological con-
straints which would account for the presence of permanent entanglements in real networks, it is
conceivable that such effects are implicitly contained in the model, due to excluded volume
interactions that prevent chains from crossing each other. Although we do not have a definitive
proof that this is not the case (because of our incomplete understanding of the microscopic nature
of entanglements of polymers), we can easily give a counter example. Consider, for instance,
a discrete model of a polymer made of beads of finite volume (“monomers”), connected by
“phantom” springs which can pass freely through each other (the minimal length of a spring is
larger than the bead diameter). This model gives rise to the same universal static exponents (e.g., the
scaling of end-to-end distance with molecular weight) as a non-phantom model in which the
springs are not allowed to cross each other but, unlike the latter, cannot describe entanglements
(notice that both models reduce to the Edwards Hamiltonian in the continuum limit where both
the length of the springs and the size of the beads are taken to zero). While such entanglement
effects can be treated by the ad hoc introduction of an “entanglement tube” into the present model,
they cannot be described with the same degree of mathematical rigor as the simpler “phantom”
chains (the concept of an “entanglement tube” does not arise naturally in the microscopic model
and has to be introduced by hand into our formulation).

Following Deam and Edwards [1], we neglect dangling ends and assume that the network is
formed by cross-linking very long chains, well above the gelation point (which corresponds to the
minimal concentration of cross-links at which an infinite connected network is formed). In order to
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avoid difficulties associated with the description of a dense polymer liquid, it is assumed that the
network is prepared by cross-linking chains in a semi-dilute solution in a good solvent, in which the
interaction between monomers can be described by an effective second virial coefficient, w'®. Since
chain-end effects can be neglected for sufficiently long percursor chains, the polymer solution can
be replaced by a single chain of Ni,e monomers where N is the total number of monomers in the
original solution (this replacement is allowed as long as we do not consider the conformations of
individual chains). The constraint of average monomer density p® in the pre-cross-linked polymer
solution is satisfied by confining the chain to a volume V@ such that p/© = Nii/V .

2.1. Pre-cross-linked polymer

The conformation of a polymer in a good solvent is defined by the spatial position x(s) of the sth
monomer (s takes values from 1 to the number of monomers in a chain). In a continuum
description of the chain, s becomes a continuous contour parameter which varies between 0 and
N, and the polymer is modeled by the Edwards Hamiltonian [23],

w0 1 (Ne dx\?2 (0} [*Nix Nt A
———T[(':;ﬁl = 2—(15[ ds <—) + %j‘ ds[ ds'd[x(s) — x(s)]1, 2.1

0 ds 0 0

where a is the monomer size and T is the temperature in the state of preparation (here and in the
following we take the Boltzmann constant to be unity).

The statistical weight of a particular configuration of the chain {x(s)} is given by the canonical
distribution function

Priq[x(5)] = Zig' exp(— # O [x(9))/T?),
Ly = JDx(S)exp( — A#Ox(s))/T?). (2.2)

Here [ Dx(s) implies functional integration over all the configurations of the chain and Z,, is the
partition function of the polymer (the subscript liq refers to the liquid-like state of the polymer,
prior to the introduction of cross-links).

2.2. Instantaneous cross-linking and cross-link saturation threshold

In order to elucidate the physics of the process of cross-linking in the above model (to the best of
our knowledge, this point was never discussed before), let us consider an instantaneous configura-
tion of a constrained polymer in a good solvent (with average monomer density p'”) in which there
are exactly K binary contacts between monomers (these contacts form and disappear due to
thermal fluctuations). During a contact event, two monomers share a contact volume v (in the
mean field approximation, the definition of the contact volume coincides with the definition of the
excluded volume parameter, v = w'?, which appears in the Edwards Hamiltonian, Eq. (2.1)). The
partition function of the constrained polymer is given by

Z,iq(K) = fDx(S)eXP( — HO[x(s)1/T) |dSk [] vdlx(s:) — x(s))] (2.3)

T
s g
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where the product is taken over all the K pairs of monomers {i, j} which are in contact with each
other. The integration over Sk goes over the contour positions of the 2K monomers which
participate in the contacts

J‘ 1 Niow Niow
dSx = = J ds,f ds; (2.4)
2°K! !—JI 0 o
and accounts for the fact that such contacts can occur with equal probability at any location along
the chain contour. The normalization factor K! arises because all contact pairs are indistinguish-
able and the factor 2¥ accounts for the indistinguishability of the two monomers which form each
contact.
We can now define the probability that the polymer has exactly K contacts as

N/ 2
P(K) = Zliq(K)/ Z Zliq(K) . (2-5)
K=0
The average number of contacts is given by
_ Niwt/2
K =) KP(K) (2.6)
K=0

and can be easily estimated from mean-field arguments. Notice that since the excluded volume of
a monomer is given by the second virial coefficient w'®, each monomer can be represented by an
impenetrable sphere of volume w'®. The volume fraction occupied by such spheres is w!?p® and,
therefore, the average number of binary contacts between the spheres is

R ~ AN w9p® = L @0 (5@)2 2.7

When a polymer is instantaneously cross-linked by irradiation or by other means, a fraction of all
monomers which are at a distance of the order of (w?)!/? from each other (i.e., form a contact)
become cross-linked (see Fig. 2.1). The number of such cross-linked monomers (2N,) depends on
the intensity of irradiation and determines the average number of monomers between neighboring
cross-links, N = N, /(2N,). As long as the required density of cross-links p'”/(2N) is smaller than
the average density of monomer contacts w'®(p'?)?/2 in the polymer liquid (prior to irradiation),
the former can be increased by increasing the intensity of irradiation. The saturation density of
cross-links (or, equivalently, the minimal chain length between cross-links) is obtained by equating
the two densities (p©/2N)™* ~ w®(p')2/2 and yields the cross-link saturation threshold

WO O Fmin _ 1 2.8)

We conclude that the physically meaningful range of parameters describing the initial state
corresponds to w9p”N > 1. This simple mean-field estimate should be revised for semi-dilute gels
in good solvents where strong thermal fluctuations on length scales smaller than the “blob” size
should be taken into account (by scaling methods [3]). We will show in the section dealing with
such gels that the maximal attainable density of cross-links corresponds to a situation in which
there is one cross-link per blob and that the cross-link saturation threshold condition becomes

(aZW(O))3/5p(0)(Nmin)4/5 ~1. (29)
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Fig. 2.1. Schematic drawing of a network, in the moment of cross-linking. Inter-monomer contacts (O) and cross-link
points ( x ) are shown.

Note that the crossover between the mean field and the scaling regimes takes place at p@ ~ w'%/a®,
which coincides with the usual limit of applicability of mean-field treatments of excluded volume
effects [23].

What happens when the cross-link saturation threshold is approached (e.g., by increasing the
intensity of irradiation)? We will show later in this work that the structure of the gel becomes
increasingly inhomogeneous in the sense that the characteristic length scale of density fluctuations
increases dramatically as the saturation threshold is approached. We would like to emphasize that
although the existence of the saturation threshold has only been demonstrated here for instan-
taneous cross-linking of long chain polymers and therefore may be considered as an artifact of the
present model, similar phenomena were observed in computer simulations where other methods of
cross-linking were used [24].

2.3. Edwards formulation

Consider a network containing N, cross-links which has been prepared by instantaneous cross-
linking, below the saturation threshold. Since at each cross-link point a chemical bond is formed
between two monomers of the chain (the functionality of cross-links is 4), the resulting N, cross-links
are characterized by the set of monomers {i,j} with corresponding positions {s;, s;} on the chain
contour. The set S = {s;, s;} uniquely defines the structure (topology) of the network. The probability
distribution which describes the gel under conditions of preparation is given by that of a polymer in
a solvent, Eq. (2.2), supplemented by the constraint of a given configuration .S of N, monomer contacts,

POx(s), 81 =[ZS)] texp(— # O [x(5)]/T*”)

x [ 60x(s:) — x(s;)], (2.10)

T
W dy
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where the partition function of the gel in the state of preparation is defined by the normalization
condition {Dx(s)2[x(s), §] = 1 (the integration goes over all the configurations in the volume
V' occupied by the gel in the state of preparation):

z(s) = JDX(S)eXp( — A Ox(9))/T?) [ 0lx(s)) — x(s;)] (2.11)

T
e d

The above distribution function gives the complete statistical mechanical description of the gel in
the state of preparation, including its response to small perturbations (linear response). However,
unlike usual solids, polymer networks display linear elastic response to stretching and swelling well
into the large deformation regime, which cannot be described by Z'©. The partition function Z(S)
of an arbitrarily deformed gel differs from that of the undeformed one in the following respects:
first, the swelling modifies the effective second virial coeflicient, i.e., w'® is replaced by w in the
Edwards Hamiltonian and in the subsequent equations. Second, the deformation changes the
volume (V) occupied by the network and the integration over the polymer coordinates extends
over the new volume V. Third, one has to introduce the forces which act on the surface of the gel
and produce the stretching. The effect of these forces will be represented by introducing the
appropriate deformation ratios {A,} along the principal axes of deformation. Furthermore, in
general, we have to allow for the possibility that the temperature in the final state, T, differs from
that in the state of preparation T (see Fig. 2.2).

Since the calculation of the partition function for a given realization of the network structure S is
prohibitively difficult, we proceed to simplify the problem by the use of the self-averaging property
of the free energy of a macroscopic system. This property follows from the additivity of the free
energy. Imagine that we divide the entire sample into a large number of small but still macroscopic
domains, each of which has its own unique structure (Fig. 2.3). In the limit of an infinitely large
number of such domains, the probability 2(S) of appearance of a domain with a given structure
S is determined by the process of cross-linking. Since, in the case of instantaneous cross-linking of
a polymer in a solvent, the initial state of the gel prior to deformation is a particular realization of
the equilibrium state of this polymer and since the solution is ergodic, the probability is given by
the Gibbs distribution function

P(S) = Z2S) / de’Z‘O’(S’) . (2.12)
w0, TO N, w©), T Ny Ne W, T,Nrot:Ne,{ra}
cross-linking detormation
(a) (b) (c)

Fig. 2.2. (a) Polymer solution prior to cross-linking (characterized by parameters w, T, N,,,),{b) initial undeformed
gel (parameters w'%, T N, N., {1,}).
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L

El

Fig. 2.3. Partitioning of the gel into macroscopic regions characterized by different network structures. Domains with
a particular structure S are shaded.

The total free energy # (S) of a macroscopic network with a given structure S, can be written as the
sum of free energies of such domains. This sum can be replaced by the sum over all possible
realizations of network structures. The contribution of each of these structures is weighted by the
distribution function (2.12), yielding:

F(Nw, No) = — Tde@(S)ln Z(S) . (2.13)

In writing down this formula we took the thermodynamic limit in which the free energy is
independent of the particular choice of network structure and depends only on thermodynamic
properties such as the total numbers N,,, and N. of monomers and of cross-links, on volume,
temperature and quality of solvent.

2.3.1. Replica formalism
The averaging in (2.13) can be performed using the replica method which is based on the identity

(1]

InZ = lim (Z" — 1)/m . (2.14)

m—0
The trick consists of introducing the “replica” free energy #,.(N,i» N.) of a network with N,
monomers and N, cross-links

expl — Fu(Niow, No)/T ] = deZ‘O’(S)Z"'(S)- (2.15)

At this stage, #,, has no obvious physical meaning and is introduced only to avoid the cumbersome
averaging of the logarithm in (2.13). It is easy to show that the physical free energy & (N, N.)
(2.13) is related to the replica free energy by the expression

d‘grm(Ntot, Nc)

y-(NtOls Nc) = dm

(2.16)
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Since we are only interested in the m — 0 limit, the function %, can be expanded in a power series in
m. Eq. (2.16) implies that in the calculation of #,, one should retain terms only up to first order in m.

Some intuition about the physical meaning of the replica free energy can be gained by
considering the limit m — 0 in Eq. (2.15). This yields

exp[ — Fo(Nwo, No)/T ] = deZ‘O’(S) = Ziiq(N.) (2.17)

and we conclude that in this limit the replica free energy reduces to the free energy — T InZ;,(N;)
of the constrained partition function of a polymer in a good solvent, with a given number (N,) of
binary contacts between monomers.

Going back to Eq. (2.15) we note that, for integer m, the product Z‘”(§)Z™(S) can be interpreted
as the partition function of a replica system which consists of 1 + m non-interacting systems
(replicas). The Oth replica represents the initial non-deformed gel (with partition function Z©(S)
corresponding to a particular realization § of network structure) and the other m identical replicas
represent the final deformed gel (each with partition function Z(S)). The Hamiltonian and the
partition function of the Oth replica are given by (2.1) and (2.11), respectively, where for clarity of
notation we label the monomer coordinates by the superscript (0). Similarly, the Hamiltonian of the
kth replica (1 < k <m) is

W(k)[x(k)(s)] 1 Nyo: dx(k) 2
T & f ds (T)

w

Noo Noo
+ > J ds J ds' 8[x®(s) — x0(s)], (2.18)
0 0

where we have used the fact that the quality of solvent and the temperature are identical in all the
replicas (k > 1) corresponding to the final state of the gel, ie, w® = wand T® = T, respectively.
The partition function of the kth replica 1s

zM(s) = ij"‘)(S)eXp( —#PxO()YT) [1 6N (s) —x¥(s))] (2.19)

i
ey

where the integration goes over all chain configurations in the volume V' occupied by the deformed
gel.
Substituting expressions (2.11) and (2.19) into Eq. (2.15) yields

eXp[ — FulNeot, Ne)/T ] = st [m] [Dx"‘)(S)
k=0

x exp(— HP[xP(s)]/T) ] 6[x¥(s:) — x¥(s;)] . (2.20)

{7}

Since the replica Hamiltonians in the above equation do not contain the cross-link contour
coordinates S, we can pull the integrals over these coordinates in front of the product of the
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d-functions and perform N, integrations over the cross-linked pairs of monomers {i, j}. Each of
these integrations produces a factor

'Niot 'Niot m
B[{x%}] = f ds; f ds; [] o[x®(s:) —x(s;)] (2.21)
0 0 k=0
and, therefore, the integration over S introduces the factor (B[ {x*} 7)™ into the integrand in (2.20).

2.3.2. Grand canonical representation

Instead of working directly with the constraints introduced by substituting the J-functions
(Eg. (2.21)) into Eq.(2.20), we can replace them by effective interactions, using the following
identity:

N.! dz
Ne ...~ ¢ < zcB
BN = o é;zﬁ'““ e?B (2.22)

This relation is analogous to the usual thermodynamic transformation from the canonical to the
grand canonical ensemble which suggests that z, can be interpreted as the fugacity which defines
the average number of cross-links in the latter ensemble. Apart from mathematical convenience,
the use of the grand canonical ensemble reflects the physical observation that only the average
number of cross-links can be fixed by any physical or chemical method of gel preparation.

In order to complete the transformation to the grand canonical ensemble we introduce the
chemical potential u of monomer units (it differs from the usual thermodynamic definition of the
chemical potential by a factor of T') through the identity

1
5 M) = — #(No = M) )
As a result the replica partition function (2.15) takes the form
exp[ = Fn(Neww, NYT] = | == b dper™ || = b2 |z (1 2,) (2.24)
p m tots C - 21_[1 ,u 2TCI Z£VC+1 —m ,Ll, c/ s .

where Z,, is the grand canonical partition function:

Em(l, ze) = f dMe™ M fDJ?(S)
0

1 M d# 2 Z M M era .,
ol =z, o5 5[ ] oz s

m W(k) 'M M
-y — J dsj ds’d[x®(s) —x""(s’)]} ) (2.25)
k=0 2 0 0
In writing (2.25) we introduced the 3(1 + m)-dimensional vector X in the space of the replicas
(replica space), with components x® (x = x,y,z, k =0, ... ,m) and used the identities

df 2 m dx(k) 2
(&) =) =
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and
[X(s) — X(s)] = ﬁ [x¥(s) — x¥(5)] . (2.27)
k=0

Notice that the expression inside the curly brackets in the exponent in Eq. (2.25) can be interpreted
as (minus) the effective Hamiltonian of a polymer chain in an abstract replica space. Network
constraints due to the cross-links (which were present in the original physical space) are replaced, in
this replica space, by an effective attractive interaction with strength proportional to z.. Unlike the
usual excluded volume interaction which is expressed as the sum of d-functions with coefficients w*’
and, therefore, is diagonal in the replicas, the effective attractive interaction due to the cross-links
appears as a product of d-functions (Eq. (2.27)) which couples the different replicas. This statement
can be further clarified by the observation that a total Hamiltonian describes a set of non-interacting
systems, only if it can be represented as the sum of the Hamiltonians of the constituents.

On a more physical level, the difference between the effects of excluded-volume and cross-links
stems from the different ways in which they enter the replica formulation of the statistical
mechanics of polymer networks. Thermal fluctuations take place independently in the different
replicas and, therefore, different monomer pairs interact via excluded volume in different replicas.
On the other hand, all the replicas have, by definition, the same network structure (they all
correspond to the same realization of this structure) and thus, the same monomer pairs interact
through attractive interactions (which account for the presence of cross-links), in all the replicas.

The cross-link-induced coupling between the replicas has a dramatic effect on the typical
conformation of the polymer in the abstract replica space. While the attractions due to the
cross-links can be stabilized by excluded volume repulsions in each of the replicas, there is nothing
to balance the attractions between different replicas, with the consequence that (as will be shown in
detail in the following) the true ground state of the replica system corresponds not to a state of
uniform density in replica space but, rather, to a collapsed state of the polymer in this space!

In the thermodynamic limit, N, N, — oc, the integrals over p and z. in (2.24) can be evaluated
by the method of steepest descent, with the result

Fu(Nio, N)/ T = — In Em(#’ z.) = Nt + N.lnz., (2.28)

where the fugacity z, of cross-links and the chemical potential 4 of monomers can be obtained by
minimizing the right-hand side of (2.28)

N = —0InZ, (1, z.)/Cu N.=¢CInZ,(u, z.)/0lnz, . 2.29)

Substituting Eq. (2.28) into Eq. (2.16), we relate the physical free cnergy to the replica partition
function of the grand canonical ensemble:

_ olnZ,(u, z.) OlnZ,(u, z.) ou
=T ——mbre _ T mmntel) B
/'(Nm“NC) om m=0 a# m=Oam m=0
olnZ,.(u, z.) Olnz, cu Olnz,
- ~Naz-|  +N
T alnzc m=0 am m=0 llam m=0 am m=0
= T Oln Z,(p, z.) , (2.30)
om m=0
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where the last equality is obtained using (2.29). The monomer chemical potential and the fugacity
of cross-links which parametrize the grand canonical partition function in Eq. (2.30), should be
expressed in terms of the parameters N,,, and N, using Eq. (2.29), in the limit m = Q.

In order to calculate the free energy, Eq. (2.30), one has to evaluate functional integrals over
the set of trajectories {xX(s)} in replica space, in Eq.(2.25). Direct calculation of such integrals
is prohibitively difficult and, following the usual approach in polymer physics [23], we will
transform the problem into a more tractable one by going over to collective coordinates (field
theory).

2.4. Field theory

Inspection of the grand canonical partition function reveals the source of the mathematical
difficulties which arise in theories of interacting string-like objects. While the elastic term
(Egs. (2.25) and (2.26)) is local in this representation (i.e., depends only on a single coordinate
along the chain, s), the interaction terms in Eq. (2.25) are non-local (depend on two coordinates,
s and s'). An attempt to confront these difficulties head-on was made by Deam and Edwards
[1], who used a variational method to calculate the thermodynamic free energy of an instan-
taneously cross-linked polymer gel. Such an approach is known to give good resuits for the
ground state energy (we will see that the variational bound on the thermodynamic free energy
obtained by the above authors coincides with our result) but is difficult to apply to the calculation
of density fluctuations for which one has to have complete information about the ground
state. In this work we take a different path which was proposed by Edwards and Vilgis [25]
(for modelling end-linked networks, without excluded volume), and which is based on the
realization that while the interactions are non-local along the chain contour, due to the presence
of the J-functions they are local in real (and in replica) space. Therefore, it is advantageous
to transform to a description in terms of fields over spatial coordinates (ie., to collective
coordinates), in which the local character of the interaction terms is made explicit [23].
We now proceed to construct the field theoretical representation of the grand canonical partition
function.

2.4.1. Density functional
We start with the definition of the microscopic (i.e., non-averaged) monomer density in replica
space

p®) = jdsé [X —X(s)] = st ﬁ o[x® — x®(s)] . (2.31)
k=0

The thermal average of this expression, {(g{£)), is identical to the Edwards-Anderson-order
parameter in the theory of spin glasses [9] and is a measure of the correlations between the replicas.
It vanishes (in the thermodynamic limit) in the “liquid” phase where there is no correlation between
the monomer positions in different replicas and has a finite value in the “solid” phase in which
the conformations of the network in the different replicas are strongly correlated due to its fixed
structure [26].
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Knowledge of this abstract density can be used to calculate the monomer density in the kth
replica by integrating over the coordinates of all the other replicas

PPy =[] jdx“)p(x‘) = sté [x® —x®(s)], (2.32)

l#k

which can also be represented in the form

p®(x) = Jd.ﬁp(f)é[x —x®7. (2.33)

We now return to the expression for the grand canonical partition function, Eq. (2.25). Contour
integration over a non-local (in the contour coordinates s) s-function can be replaced by a spatial
integral over a local (in space) function of the density, as follows. We introduce the identity

jds st'& [X(s) —X(s)] = st st’ f ded[x — X(s)]6[X — X(s")] = jd.épz(.f) , (2.34)

where the second equality is obtained by changing the order of the integrals and using the
definition of p(x), Eq. (2.31). Similarly, we derive an analogous relation for the kth replica:

st st’é[x“‘)(s) — x®(s)] = J dx®[ p® (x®)]2 | (2.35)

The next step is to replace the integration over the monomer coordinates {X(s)} by the integration
over the collective coordinates { p(¥)}. This is done by inserting the representation of unity

M

1= ij(x)é(p(f) — J dsé[x — f(s)]) (2.36)
0

in front of the exponential in (2.25) and moving the integration over p(X) to the leftmost end of the

expression on the right-hand side of this equation. Using identities (2.34) and (2.35), the grand

canonical partition function can be represented as a functional integral over the replica density

field:

m (k)

el gn o n w
Em(p, zc) = JDP(J??)eXp {S(u, [p(®)]) + %depz(x) -2 =5 de(k’[p“‘)(xm)]z} . (237
k=0
Here, the term proportional to z, accounts for the contribution of cross-links, the terms propor-
tional to w® represent the excluded volume interactions, and S(u, [p(%)]) is the replica analog of
the elastic entropy of the polymer chain, with the given monomer density p(X) in replica space:

o0

exp{S(u, [p®)])} = J dMe™" JDﬁ(s)

0

M 1 M d.f 2
X 0 (p(:?) — L dso[x — f(s)])exp{ 53 L ds (E) } (2.38)
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2.4.2. Elastic entropy
We now derive a field theoretical representation of exp{S}. Introducing the exponential repres-
entation of the 5-function

M M

6<p(:2) — J dso[x — f(s)}) = JDh(x‘:)exp [i jdfh(f)p(f) - ij dsh(f(s))} (2.39)
0 0

and moving the integration over h(x) to the leftmost end of the term on the right-hand side of

Eq. (2.38), gives

exp{S(u, [p@D} = JDh(f)eXp [i jdfh(f)p(f)} de\l dez G{®, %, [h(H)]} , (2.40)

where

(A A . A « - 2 A M 1 d'é 2 3 A
G{%,, %,, [1h(%)]} = J dMe "Mj Dx(s) exp{ ——f ds [Zi <£> + lh(x(s)):l} (2.41)
0 X1 0

can be interpreted as the grand canonical partition function of an ideal Gaussian chain with ends
fixed at points £, and %,, in an external field iA(X) (in a 3(1 4+ m)-dimensional replica space). In order
to avoid explicitly handling the constraints associated with the connectivity of the chain, we
transform the Gaussian chain problem into a field theory [27] (Appendix A). Using the replica
space generalization (x — X) of the usual trick of relating the polymer problem to the n = 0 limit of
the n-vector model (Appendix A), G is represented as a functional integral over an n-component
vector field ¢(x), with components @;(X) (i =1, ... ,n). Analytic continuation to the limit n — 0
yields

G %1, %5, [ih(®)]} = JD¢¢1(~’21)§01(-’22)6XP{ — Ho[ih(%), o(%)]} (2.42)

where the effective (dimensionless) Hamiltonian H, has the form

a2

Ho[ih(x), (X)] = fdf[%(u + ih(®)e*®) + = (%(ﬂ){l - (2.43)

Here Vis the 3(1 + m)-dimensional gradient operator with respect to replica space coordinates.
Notice that we now have three different spaces and, in order to avoid confusion, we use different
designations for vectors embedded in them: x is the usual 3-dimensional vector with components x,,
(x = x,,z), the vector £ is defined in 3(1 + m)-dimensional replica space and has components x*
(¢ =x,y,2; k=0, ... ,m); and the n-dimensional vector ¢ has components ¢; (i = 1, ... ,n).

We now substitute Egs. (2.42) and (2.43) into (2.40) and integrate over the field h, using the
identity

f Dh(X)exp [i fdﬁh(f)(p(f) ~ ¢’ (f)/2)] =0(p(%) — 9*(®)/2) . (2.44)
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The resulting field theoretical representation of the elastic entropy S, is

2

exp{S(u [p(®)])} = JDtp(f)[Jdﬂpl(f)} 3(p(¥) — ¢ (%)/2)

2
x CXP{ - fdx [%utpz(f) + %( W(f))z}} : (2.45)

Note that, as a byproduct, we obtain the important relation between the vector field ¢ and the
monomer density in the replica space:

p() = @*(%)/2 (2.46)

This formula is an exact relation between the two fluctuating fields ¢ and p. It is the generalization
of a well-known relation in the n =0, ¢* formulation of the excluded volume problem [3]
(which relates the average of the square of the abstract field ¢ to the physically observable mean

density (p>).

2.4.3. Field Hamiltonian

Substituting Eq. (2.45) into Eq.(2.37) and carrying out the trivial (due to the §-function)
integration over the field p(x), we obtain an explicit representation for the grand canonical
partition function of a Gaussian network, in terms of the field ¢(%):

Em(l, ze) = jDQ)(f)[ df%(f)] exp{ — H[o(®)]} . (2.47)

In evaluating this expression one has to perform the functional integration over the field ¢ and then
make the analytic continuation from integer n to n = 0 (where n is the number of components of
this vector field). The Hamiltonian H is given by

2

Hlop] = de [%u«pz(f) + %(th(f))z — % ((pz(f))z}

m w(k) 2
+ 5 = jdx“"[]—[ de(l)¢2(f)] . (2.48)
2 L#k

This effective Hamiltonian is a straightforward extension of the ¢* zero-component field theory
of a polymer chain with excluded volume to the 3(1 + m)-dimensional replica space. It has
a number of discrete and continuous symmetries:

1. Arbitrary rotations in the abstract space of the n-vector model.

2. Permutation of the replicas of the final state.

3. Arbitrary rotations in the space of each of the replicas. Due to the presence of the excluded
volume terms, the Hamiltonian is not invariant under arbitrary rotations in replica space which
would, in general, mix the different replicas (the densities in each of the replicas, p®(x*®"), that enter
the excluded volume interaction term in the Hamiltonian, are not invariant under rotations in
replica space {£} which mix the different replicas).

4. Translation by an arbitrary constant vector in replica space.
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The existence of the symmetry under translation in replica space suggests (wrongly!) that our
field theory describes a polymer “liquid” in replica space, with cross-links replaced by effective
attractions between monomers. Consider, for example, the single replica, m = 0, version of our
model. In this case, [], #Ojdx"’ is replaced by unity and the corresponding Hamiltonian (2.48)
becomes

(W(O) - Zc)

HLp]ln-o = f dx [%mﬂx“”) 2 ooy +

(o (x‘O)))Z} . (2.49)
which is identical to the Hamiltonian of the n — 0 model of a polymer chain in a solvent, without
cross-links but with an excluded volume parameter w'® — z.. Substitution of this Hamiltonian to
Eq. (2.47) gives the grand canonical partition function of a constrained polymer with a second virial
coefficient w'® — z_, confined to a volume V®. The reduction of the excluded volume parameter
compared to its bare value w'® reflects the fact that some of the inter-monomer contacts in any
configuration of this polymer (N, of them, on the average), represent the cross-links and do not
contribute to the excluded volume interaction energy.

Although the above conclusion is perfectly valid for the single-replica case, it misses the fact that
our model contains not only the replica of the initial state but also m replicas of the final state, and
that the calculation has to be performed in the 3(1 + m)-dimensional replica space before taking the
limit m — 0. Inspection of Eq. (2.37) shows that while excluded volume repulsions act only within
the individual replicas (only the sum Y7 w®[p®(x)]? appears in the exponent in Eq.(2.37)),
cross-link-induced attractions (z.[p(%)]?) introduce a coupling between all the replicas. The
presence of this coupling reflects the fact that our model describes a solid.

3. Mean-field solution
3.1. The mean-field equation

We now proceed to calculate the functional integral (2.47). Due to the presence of the ¢* terms,
this integral is not Gaussian and cannot be calculated exactly. Instead, we resort to a mean-field
estimate by the method of steepest descent, which is equivalent to finding the solution ¢ that
minimizes the effective Hamiltonian (2.48). The condition that ¢, corresponds to an extremum of
His

Ze

ot 5 b
K=0 2

q)ﬁ,f(f)> Pre(X) =0, (3.1)
where, from Egs. (2.31)—(2.33), the mean-field density of monomer units in the kth replica is

pex®) = 1 fdx“’pmf(f), where pp(£) = 02(%)/2 . (3.2)

I+#k

The thermodynamic parameters u and z. which appear in (3.1) can be related to the physical
parameters which characterize the gel in the state of preparation, i.e., the average monomer density
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p'% = Nio,/V©® and the average number of monomers between cross-links which are nearest
neighbors along the chain contour, N = N, /(2N,). The parameters x and z, should be calculated
from Eq. (2.29), with the corresponding derivatives evaluated at m = 0. In the mean-field approxi-
mation, this equation can be replaced by

aH[(pmf] , Nc - _ aH[(pmf] , (33)

Nt =
“ a:u m=0 alnzc m=0

where the Hamiltonian H (for m = 0) is defined in Eq. (2.49).

Since we are looking for a solution of Eq. (3.1) which describes the spatially homogeneous initial
state of the gel (with density p(®), the mean-field solution is obtained by setting the expression in
the brackets in this equation to zero. We obtain

PO = 92/2 = iz — W) (34)

Substituting this solution into Eq.(2.49) and using Egs.(3.3) yields N, = p@V® and N, =
2.V O(p®)?/2. Using these relations and the definition of N, we obtain the mean-field expressions
for p and z. in terms of p©® and N

p=1N=—wO@  z =1/(p""N). (3.5)

We would like to emphasize that in order to calculate the free energy, Eq. (2.30), it is not enough
to obtain the solution of the mean-field equation (3.1) and that there are two further conditions
which must be satisfied by this mean-field solution.

1. We have to verify that the solution minimizes the effective Hamiltonian. Notice that since
Eq. (3.1) was obtained from the condition dH/d¢ = 0, its solutions correspond to the extrema, but
not necessarily to the minima of H. A solution of this equation minimizes H if the second derivative
operator

0*H

— et , 3.6
5o D0,E) |- (.6)

i

Kij(f’ f,)

whose eigenvalues {A} give the “energies” of small (but otherwise arbitrary) fluctuations ({d¢-})
about the mean-field ground state, has only non-negative eigenvalues. The spectrum of eigenvalues
can be found from the secular equation

> deKu(f, X)) = AY(%) (3.7
j=1

where ¥ are the eigenfunctions corresponding to these eigenvalues (the indices i and j enumerate
the components of the n-vector field). A complete analysis of this eigenvalue problem will be
presented later in this work (Section 3.5 and Appendix C).

2. We have to show that our solution corresponds to the true ground state of the Hamiltonian
since, in the thermodynamic limit, the steepest descent estimate of the replica partition function is
dominated by the lowest minimum of H (ground state dominance). This problem will be considered
in Section 3.6.
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3.2. Homogeneous solution

We now proceed to look for a solution of Eq. (3.1) for arbitrary integer m. In principle, this
complicated non-linear equation may admit many solutions which would correspond to different
extrema of H. One should find all the solutions, compare their “energy” (by substituting
the corresponding solution in the definition of H, Eq.(2.48)) and find the one which describes
the true ground state of the Hamiltonian. A less tedious strategy is based on symmetry arguments,
i, on the expectation that such a solution must have the full symmetry of H, provided, of
course, that it minimizes the Hamiltonian. Inspection of H, Eq.(2.48) shows that it is in-
variant under the displacement of the replica space coordinates by an arbitrary constant vector,
X — X + @, a condition which is trivially satisfied by the spatially homogeneous (in replica space)
solution,

Ome(X) = nQye (3.8)

where n is a constant unit vector in the space of the n-vector model. It is easy to check that Eq. (3.1)
has indeed a constant (in replica space!) solution which can be determined from this equation by
setting the expression in the brackets to zero. In the limit m — 0, we get

Pt = \/2/2N . (3.9)

However, as will be shown later in this work, the analysis of the spectrum of eigenvalues of the
second derivative operator K defined in Eq. (3.6) (evaluated on this homogeneous solution) shows
that some of the eigenvalues are negative, and therefore the constant solution corresponds to
a saddle point rather than to a mmimum of H. We conclude that the homogeneous solution must be
rejected and proceed to look for another solution of the mean-field equation.

3.3. Inhomogeneous solution

The fact that the homogeneous (in replica space) solution does not minimize H, forces us to look
for a solution that has a lower symmetry than the Hamiltonian, a situation which is commonly
referred to as spontaneous symmetry breaking. Such a phenomenon arises in crystalline solids in
which the energy is invariant under arbitrary translations but the ground state is invariant only
under translations by multiples of lattice vectors, along the symmetry axes of the crystal lattice
[4]. This suggests an interesting analogy between crystalline and amorphous solids: from the
knowledge that spontaneous symmetry breaking of translational symmetry in real space gives rise
to crystalline solids, we expect that the breaking of this symmetry in replica space leads to the
general class of disordered solids. Note, that according to this view, the difference between
a disordered solid and a liquid stems only from the breaking of translational symmetry in the
former, and no additional symmetry breaking is necessary in general. Therefore, since the Hamil-
tonian is invariant under the permutation of the (k # 0) replicas, we will first look for replica
symmetric solutions and examine whether they minimize H. After we find the solution which
minimizes the Hamiltonian, we will show that there are no other solutions which satisfy the
condition of local equilibrium and, therefore, this solution corresponds to the unique ground state
of the Hamiltonian.
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3.3.1. Spontaneous breaking of translational symmetry in replica space
We proceed to look for a mean-field solution with spontaneously broken translational symmetry
which is inhomogeneous in replica space (the analysis below was first given by one of us, (SP), in
Ref. [5]). Since the average density should be constant in real space, in both the initial and the final
states of the network, we look for solutions of the form p%}(x) = const. We now show that this form
is consistent with Eq. (3.2) if the field ¢(X) (and, consequently, p (X)) depends on the coordinates of
the replicas only through the linear combinations

YO =x® _ jW0 s k=1 . m, (3.10)

where A% are arbitrary constants (the symmetry of Eq. (3.1) with respect to permutation of replicas
with k > 1, implies that one should take A = A, for all these replicas) and where we define the
* operation by

(A H*x)y = 4,X, (3.11)

(no summation over «!). A similar functional dependence of the mean-field solution on the replica
coordinates (in the momentum representation) was introduced by Goldbart and coworkers [28]
for the case of an undeformed gel, {/, = 1}.

Clearly, we can always replace ppnc(X) = pme(x'?, {x*'}) by a different function of the arguments
x and y® (k > 1), i.e., write poe(€) = f (x‘o’ {y“‘” From Egs. (3.2), the density in the kth replica
can be expressed as

PR = 1] jdy”)f(x(o), {(y?}) fork=0, (3.12)
1#0
P8 (™) = J‘dx(o)f”‘) (x© x® — 1% x©) fork #0, (3.13)
where
FOE,y9) =11 de(l)f @, {y"}) . (3.14)
£k

In eqgs. (3.12) and (3.14), we shifted the integrations by dx¥’ — dy"”. Our proof follows immediately
from inspection of the above integrals, which shows that, for p%) to be independent of x* (for all k)
as required, f must depend on x® only through the linear combination x® — A% x x (for example,
if f was a function of both x'® and {y®}, upon performing the integration in Eq. (3.12), we would
obtain a function of x'® and not a constant!). Furthermore, in order for Egs. (3.12) and (3.14) to be
meaningful, the integrals which appear in these equations must be convergent, i.e., the function
f({y*®}) must be a sufficiently rapidly decreasing function of its arguments.

In order to relate the parameters 4, to the characteristics of the deformed network, we use the
fact that the function f® depends only on y® and, therefore, we can replace {dx'® by [dy*™/(2,4,4,).
Inserting the expression for f® (Eq. (3.14)) and comparing with (3.12), we obtain a relation between
the mean density of the undeformed gel and that of the deformed one (i.e., any one of the identical
replicas of the deformed state):

p% = pQ/(Axhyrz) . k#0. (3.15)
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Notice that under an arbitrary stretching or compression, the linear dimensions of the system,
Lox, Loy, Lo, change to L, L,, L,. The volume changes from V, = LoxLo,Lo, to V = L,L L,
and, thus, the relation between the final density p and the density prior to the deformation, py, is
given by p = po(LoxLoyLo./LyL,L.). Comparison with Eq. (3.15) shows that 4, 4, and 4, must be
identified with the extension ratios along the principal axes of the deformation of the network,

4y = Ly/Lo, foroa=x,y z. (3.16)
It 1s easy to check that any function (e.g., our solution) which depends only on the argument
x® — A% x©, is invariant under the following displacement of replica space coordinates:

%+ Y ul,, (3.17)

where u, are the components of an arbitrary constant three-dimensional vector and é, is a unit
vector in the 3(1 + m)-dimensional replica space:

A ed A"aea ;taea (3 18)
e, = , - s een s - . .
*T A\ + mi)2 (1 + mid)i? (1 +mi;)'?
Here e, is a unit vector along the direction « (x = X, y, z) in the usual three-dimensional space.
The condition of invariance under an arbitrary displacement along the axes é,, é, and é,

(Eq.(3.17)), singles out these three directions in replica space. An arbitrary vector X can be
decomposed as

.f=.fL +,\A71-, (319)

where £, =), (é,-X)é, and X is orthogonal to X, . Condition (3.17) means that our solution can
depend only on the transverse components Xy of the vector X. Furthermore, in the basis defined by
the vectors é,, é, and é, and their orthogonal complements (which can be constructed by the
Graham-—-Shmidt procedure), only the first three components (¢, - ¥ = x,,) of £ are non-vanishing
and thus, x; can be thought of as a three-dimensional vector. In the same way, we can define
a 3m-dimensional vector xp.

Returning to Eq. (3.1), we note that since we are looking for a solution which depends only on xy,
the Laplacian §? can be replaced by V#, where the gradient is taken only with respect to the
components of the transverse vector. Since we are looking for the ground state of the Hamiltonian
and the spherically symmetric solution has lower energy than the ones that break rotational
symmetry (in the 3m-dimensional subspace defined by the transverse coordinates), we conclude

that the solution can depend only on the magnitude of x1, ie., on the scalar combination (see
Fig. 3.1)

-4

¢=xr) = %[‘2 - Z(éa-ﬁ)z] : (3.20)
Therefore, the most general form of a solution with spontaneously broken symmetry under

translation in replica space can be written as [5]

Pmi(X) = nPme(5) , (3.21)

where the constant unit vector n was defined in Eq. (3.8).
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Fig. 3.1. The 3(1 + 2)-dimensional replica space (each axis in the figure represents a 3-dimensional subspace) in the
original and the rotated (longitudinal and transverse) coordinates. The cylindrical symmetry of the inhomogeneous
mean-field solution about the longitudinal subspace % (depends only on ¢) is illustrated by the cusp-shaped feature.

3.3.2. Calculation of the inhomogeneous mean-field solution

Inserting the mean-field solution, Eq. (3.21), into the field Hamiltonian, Eq. (2.48), we notice that
the solution enters the Hamiltonian only through the combinations @ (X) and [ Vp.:()]%. Upon
the substitution (n)> = 1, the resulting Hamiltonian becomes independent of the number of
components n of the field and taking the limit n — 0 does not affect the final results (the non-trivial
character of the n-vector field will play a role only when we consider fluctuation corrections due to
excluded volume effects).

The calculation of ¢.(5) can be further simplified by the observation that the effective
Hamiltonian has to be known only up to the first order in m. This follows since the free energy 1s
obtained by calculating

_ %H[g]
m=0 om

g[_{
dm

0o (%)
m=0 am

_%Hlo]

- , (3.22)
m=0

m=0

_SH[0]
oot fdx 50

where the second term in the first equation vanishes since we consider only solutions which
minimize the Hamiltonian. According to Eq. (3.22), one should first compute the analytic continua-
tion to the m — 0 limit of the mean-field solution ¢ and then substitute it into H and take the
derivative with respect to m. Alternatively, the m — 0 limit of ¢ can be directly calculated from
Eq. (3.1), by keeping only the k = 0 term in the sum and dropping the term proportional to m in the
spherical part of the Laplacian, (V#),, = 260%/0¢> + 3md/d¢. This results in the following equation
for the function @(g):

(1/N —~ 2a%6(02/06*) ~ (26/2)921(S)) @mi($) = 0 , (3.23)

where we used the equality u + w@p!% = 1/N (see Eq. (3.5)). Eq. (3.23) can be reduced to a dimen-
sionless form by introducing the dimensionless variable ¢ = ¢/(2a>N) and writing

Pme(S) = /(2/z.N)x(2) - (3.24)
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Substituting the expression (3.24) into Eq. (3.23) we find that the dimensionless function y obeys
the equation [5]

(1) = 20— (), (3.25)

with the boundary conditions y(0) = 1 and (¢t — o) — 0 (these choices are dictated by the form of
the equation, assuming that y” is finite at the origin and that y is finite at infinity, respectively). The
asymptotic (t — oo) behavior of this function can be easily found, since in this limit the function goes
to zero and one can neglect the non-linear term in Eq. (3.25). Direct integration of the resulting
linear equation yields

2(0) ~ tVexp(— 2612), 1> 1. (3.26)

For arbitrary ¢ the function x() is computed numerically (see Fig. 3.2).
The observation that ¢, (and, therefore, p.¢(X)) decreases rapidly with x* — 1 xx® means that
if x® is the position of a monomer in the kth replica, then

xM o~ x™ oA ] x @ (3.27)
Thus,

1. the positions of monomers in different replicas of the final state (with k # 0) are nearly
identical (up to thermal fluctuations on length scale a\/ﬁ )

2. the average monomer positions in the final state change affinely with the macroscopic
deformation of the network.

The localization of the monomers in the final state of the network (in the sense that their average
position is uniquely defined by their initial state and by the macroscopic deformation of the gel)

X (t)

10.0

t

Fig. 3.2. The normalized mean-field solution y(¢) is plotted versus the dimensionless variable ¢ = ¢/(2a*N).
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arises as the consequence of spontaneous breaking of translational symmetry in replica space and
reflects the solid character of the network.
As will be shown in the following, the monomer density in replica space

Pumi®) = plnt x* [*1/(4a°N)] (3.28)

contains statistical information about quantities such as the distribution of mesh sizes and their
average deformation (or, equivalently, the average deformation of a network chain of a given
length) and the average length scale associated with thermal fluctuations of monomers about their
mean positions. It can, therefore, be used to study deviations from affine behavior due to
small-scale thermal fluctuations.

A self-consistent scheme to calculate the mean-field density in replica space (which is the
Edwards—Anderson-order parameter of this model) was proposed in Ref. [28] and numerical
results were obtained for gels prepared near the gelation threshold (a more general result, valid for
arbitrary conversion ratios, was obtained in Ref. [29]). The above group has also calculated the
analog of the spin glass non-linear susceptibility (two-point replica space density correlation
function), and it was shown that this function diverges at the gelation threshold [30].

3.4. Mean-field free energy

Anticipating that our inhomogeneous mean-field solution with spontaneously broken symmetry
with respect to translation in replica space, corresponds to the true minimum of the Hamiltonian,
we will use it to calculate the thermodynamic free energy of the network, via the steepest descent
estimate of the functional integral, Eq.(2.47). To this end, we first calculate the mean-field
Hamiltonian obtained by substituting the inhomogeneous mean-field solution, Eq. (3.24), into
Eq. (2.48) (in this calculation we have to keep terms up to first order in m):

~ w(©® w
H¢ = jde(Q) + > VO(p@) + "> Vo . (3.29)

Here H(¢) is the Hamiltonian density corresponding to the term in the first square bracket in
Eq. (2.48). In writing down the last two contributions in the above equation, we use the fact that
(a) the densities in all the replicas (evaluated on the mean-field solution) are constant and (b) that
the densities in all the replicas of the final state are equal, p = p'V) = p@ = ... = p™.

The calculation of H, is carried out in Appendix B. From this mean-field Hamiltonian one
calculates (using Eq. (2.47)) the steepest descent estimate for the grand canonical partition function
(in the thermodynamic limit, V¥ — oo): In&,, = — Hy. Substitution into Eq. (2.30) results in the
following mean-field free energy of the stretched polymer network:

g(’_mf{/la} .

1 2 )3 1,2
= "[zg'la + In(a/N) ] +3wp?, (3.30)

where p = N,,./V and v = p/(2N) is the density of cross-links in the final state of the gel (note that,
both v and p depend only on the final volume of the gel and thus, depend on {4,} only through the
product 4,4,4,). This expression was previously derived by Edwards [1].
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Eq. (3.30) differs in two important ways from the free energy of the classical theories of polymer
networks. First, the coefficient in front of the elastic entropy term is v/2 instead of the classical v.
Second, Flory’s theory [6] contains a In(4,4,4;) term which depends on the deformation of the
network. The reasons for the discrepancy were discussed by Edwards [1]: the first discrepancy is
attributed to the neglect of cross-link fluctuations about their mean positions in both the
Flory—Rehner [6] and the James—Guth [8] theories and the second to the uniform density
assumption in the former (but not in the latter) model.

In Appendix D we show that the dominant corrections to the mean-field free energy, Eq. (3.30)
come from ultra-short wavelength (length scales ~ a) frozen inhomogeneities and thermal fluctu-
ations. The former give rise to wasted loop corrections to the mean-field free energy (which were
also considered in Ref. [1]) that arise due to the formation of small permanent loops (on the length
scale of monomer size) which do not transmit elastic stresses in the network but contribute to
monomer and cross-link density (see Fig. 3.3). The contribution of such loops is taken into account
exactly, using the effective action method [31, 27]. The situation is more delicate with regard to
thermal fluctuations. While ultra-short wavelength thermal fluctuations lead to a trivial shift of the
chemical potential, the formation of large temporary loops due to long wavelength thermal
fluctuations leads to the renormalization of the monomer size and of the second virial coefficient, in
the initial and the final states of the gel. These renormalizations will be performed in a later section
when we consider semidilute gels in good solvents, and will lead to a non-trivial modification of the
thermodynamic free energy (i.e., to the violation of the classical additivity assumption of elastic and
osmotic contributions to the free energy). Here we will assume that the excluded volume perturba-
tion parameters (w(®/a®p®)!/? and (w/a®p)*/? in the initial and final states, respectively, are small
and that all corrections due to long wavelength thermal fluctuations are negligible (this is
equivalent to the strong screening assumption [23]).

Neglecting logarithmic corrections and constants, the renormalized free energy which includes
ultra-short wavelength fluctuation corrections, is given by (the derivation is given in Appendix D)

Folh & -
Foulbd 2114 $ Ruoye® | 522+ et 331
VT 2 N=1 o

where Py(0) is the probability density of forming a loop of N monomers. A similar expression was
first derived by Deam and Edwards [1].

Fig. 3.3. Schematic drawing of the network. Wasted loops are shown by broken lines.
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Note that in the idealized case of network chains which are Gaussian down to arbitrarily small
scales, the sum Y 3 _, Py(0) diverges due to the contributions of small loops, and we conclude that
strictly Gaussian networks have a vanishing elastic modulus due to the proliferation of wasted
loops. For real chains with local stiffness, ¥ 5_, Pv(0) is a finite constant which decreases with
increasing persistence length and can be calculated from models which account for the details of the
local structure of the chain [32]. Finally, we would like to mention that the presence of wasted loop
corrections is a characteristic feature of our model of networks formed by cross-linking mid-parts
of extremely long chains. Modifications of this type do not appear in theories of networks formed
by end-linking of polymers [25], although in this case one has to introduce corrections due to
chains which contribute to the monomer density but not to the modulus of the network (i.e.,
dangling ends).

3.5. Stability of the mean-field solution

We found that the mean-field equation admits two solutions (i.e., the homogeneous one and the
one with spontaneously broken symmetry with respect to translation in replica space) which are
symmetric with respect to permutation of the m replicas of the final deformed state of the gel. In
order to check which of the mean-field solutions corresponds to a minimum of the Hamiltonian, we
need to consider their stability with respect to small but otherwise arbitrary fluctuations.

Another important issue which comes up is the question of replica symmetry breaking (RSB)
[33]. Although there is a trivial lack of symmetry between the Oth replica (of the initial undeformed
gel) and all the other ones (those of the final deformed gel), the real issue is the presence or the
absence of RSB between the m replicas of the final system. A related question is: are gels regular
solids, characterized by a single ground state or do they belong to the class of spin glasses which
have multiple ground states separated by infinite barriers? This issue was first considered by
Goldbart and Goldenfeld [34], who favored the second option. In more recent works of one of
these authors [35] no RSB was found on a mean-field level for the present model in the absence of
excluded volume interactions, but it was conjectured that RSB would appear if these interactions
were included. In this subsection we will not deal with the issue of the existence of other, hitherto
unknown ground states but, rather, will attempt to answer a more limited question: is the ground
state solution we found stable against RSB (and other) fluctuations?

Consider small fluctuations 3¢ (x) = @(xX) — @(x) about the mean-field solutions we found. In
order to test the stability of these solutions we have to calculate the spectrum of eigenvalues {4} of
the second derivative operator K (evaluated on the appropriate mean-field solution), Egs. (3.6) and
(3.7), which gives the energy of these fluctuations and check whether all of them are positive (i.e.,
whether all small fluctuations increase the energy). In the harmonic approximation, the energy of
these fluctuations is given by quadratic corrections (in d¢) to the mean-field Hamiltonian:

AH[d¢] = H[@] — Hu = %Zjdf jdf’éqoi(f)Ku(f, X8 (%) . (3.32)

The operator K which gives the energy spectrum of fluctuations about a particular mean-field
solution @q, can be obtained by substituting @(£) = @n(X) + d¢(x) into the Hamiltonian
(Eq. (2.48)) and expanding up to second order in d¢ (terms linear in 3¢ vanish since mean-field
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solutions correspond to extrema of the Hamiltonian). From the general form of the solution,
Pume(®) = nP (%), we conclude that K can be decomposed using the projection operators P! = nn
and P* = 1 — nn, which project an arbitrary vector along directions parallel and perpendicular to
n, respectively. Thus,

Kz, x)=K'(% £)P" + K%, )P, (3.33)
where

K, #) = (% — 2)[1/N — a*V? — (z./202:(%)] , (3.34)
and

Ki(%,®) = 6(f — 2)[1/N — a*V* — 3(z/2)p2s(9)]
+ Pt ®) Qe (X)) Y. wH(x® — W) (3.35)
k=0
The operators K' and K* have eigenfunctions /'(¥) and (%), with eigenvalues A" and A*,
respectively, which are determined by the scalar (in the n-dimensional space) variants of Eq. (3.7),

j dEK'(% 2)') = AP,
(3.36)
de‘:’KL(.é, WHE) = ATyt E) .

An important simplification results from the observation that since we are interested in the limit
m — (), all eigenvalues can be expanded around m = 0, 1.e., A = Ay + mA; + (higher-order terms in
m). In order to test the stability of the mean-field solution, we only need to check whether the above
eigenvalues are non-negative in this limit and, therefore, as long as A, # 0, the higher-order
corrections to the spectrum need not be considered. However, if we want to calculate the
eigenfunctions we cannot set m = 0, since symmetry under permutations of the m replicas of the
final state implies that these eigenfunctions are degenerate, and the degree of degeneracy must be
kept a finite integer. The general rule to be followed in taking the limit m — 0 is that one can safely
take this limit in all analytical expressions, but one has to keep m finite in all other cases (e.g., in
summations over the index k, where k = 1, ... ,m), until one arrives at analytic functions of m. This
rule was already used to derive the mean-field solution where it led to dramatic simplification of
replica calculations.

Another important simplification results from the fact that, in order to consider the stability of
the mean-field solution, it is sufficient to obtain the eigenvalues corresponding to the lowest energy
fluctuations. Since we expect that this energy is a monotonically decreasing function of the
wavelength, in this section we will only study long wavelength fluctuations (i.., fluctuations on
length scales much larger than the mesh size of the network, aN'/?).

3.5.1. Homogeneous solution
In order to examine the stability of the homogeneous solution we have to calculate the spectrum
of eigenvalues of the operator K' evaluated on this solution, Eq. (3.9). We will show that some of
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the eigenvalues of this operator are negative and therefore will not study further the spectrum of the
operator K™ for the homogeneous mean-field solution. In Appendix B we show that the eigenfunc-
tions of K' are plane waves, y/! (%) ~ exp(i§ - X), and that their eigenvalues can be positive (depend-
ing on the values of the excluded volume parameters in the initial and the final states) for wave
vectors which are completely confined to the space of one of the replicas (¢ = (0, ... ¢, ... 0)).
However, for all other wave vectors, which are not restricted to these sectors (ie.,
§=q?, ... ¢%, ... ¢")), the eigenvalues become negative in the long wavelength limit. The
presence of the negative eigenvalues shows that the constant solution corresponds to a saddle
point, rather than to a minimum of the Hamiltonian. We conclude that the solution which has the
full translational invariance of H does not represent its true ground state, and proceed to examine

the stability of solutions with spontaneously broken translational symmetry.

3.5.2. Inhomogeneous solution

We now consider the solutions of the secular equations, (3.36), which correspond to the
inhomogeneous mean-field solution @u(X) = @ue(s) (EqQ. (3.24)). The details of the calculation are
given in Appendix B and here we present a brief summary of the main results.

The general form of the eigenfunctions and of the corresponding eigenvalues can be determined
from the observation that the mean-field solution is invariant under arbitrary translations in the
3-dimensional longitudinal subspace spanned by the three vectors é,, « = x, y, z (Eqgs. (3.18) and
(3.19)). The fact that it is only a function of x; means that it does not depend on the 3-dimensional
vector x, defined by the projection x;, of the replica space vector X on the longitudinal subspace
spanned by the three vectors é,, « = x, y, z (Egs. (3.18) and (3.19)). Thus, the eigenfunctions are
plane waves in this subspace

Y (%) = Y, (er)expligy - x.) (3.37)

and both their amplitudes y, (xr) and the corresponding eigenvalues A(q.) are characterized by the
longitudinal wave vector ¢, . We now proceed to classify these eigenvalues.

1. Rotational modes
The eigenvalues of the operator K* are

A(qL) = a’qi . (3.38)

The eigenfunctions corresponding to these eigenvalues are associated with the rotations of the
vector n in the abstract n-dimensional space and are gapless Goldstone modes, i.e., their eigen-
values are positive definite and vanish in the long-wavelength limit. The situation is equivalent to
that of a ferromagnet (with n — 0 spin components) where the Goldstone modes describe “soft”
(g — 0) rotations of the magnetization vector [36], though in our case these modes do not have
a simple physical interpretation.

We proceed to calculate the spectrum of the operator K' the eigenmodes of which are the shear
and the density modes:

2. Shear modes

The lowest energy shear modes are Goldstone modes with eigenvalues

As(qL) = a’qi, (3.39)
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which describe the infinitesimal displacement x; — x7 + u1(x) of the coordinate xr (in the abstract
transverse 3m-dimensional subspace), subject to the condition that it does not affect the densities in
any of the replicas.

3. Density modes in initial state

Eigenmodes for which the density fluctuations §p'@(x'?) are not identically zero have eigenvalues

Agap(qr) = (W — 20)oqc + a’(qu)? (3.40)

Since these eigenvalues do not vanish, in general, in the limit ¢ — 0, following the usual terminology
we say that the corresponding solution is massive (i.., has an energy gap). The gap vanishes at

Zma% = | /p@ Fmin — 1(0) (3.41)

which is identical to the cross-link saturation threshold condition, Eq. (2.8), that determines the
maximal attainable density of cross-links in our model. Our inhomogeneous mean-field solution
becomes unstable (and therefore unphysical) if this density exceeds the saturation threshold.

4. Density modes in final state

The eigenvalues of these modes (with 8p®(x*?) # 0 in at least one of the replicas of the final
state),

Ap(qe) = a’qi + 2wp@®N(A™ ! % q,)° (3.42)

vanish in the limit ¢; — 0 and hence the corresponding fluctuations are Goldstone modes. The
stability criterion Ap(q,) > O is always satisfied when the final state of the gel corresponds of good
solvent conditions (w — 0). Note that for large deformations the positivity condition can be
satisfied even for moderately poor solvents (w < 0), since then the network is stabilized against
collapse by the external forces applied to its surface.

We conclude that all the fluctuations about the inhomogeneous mean-field solution @me(¢)
(including those which break replica symmetry!) increase the energy of the system and, therefore,
the above solution corresponds to a true minimum of the Hamiltonian. This shows a fundamental
difference between the mean-field solution of our model and that of the Sherrington-Kirkpatrick
model of spin glasses [37]. While our solution corresponds the true minimum of the Hamiltonian,
the solution of Sherrington—Kirkpatrick model gives only the saddle point of the corresponding
Hamiltonian. Note that although the above argument does not prove that our solution is the true
global minimum of the Hamiltonian and that no other minima with lower energy exist, we will
show that this is indeed the case and that polymer networks do not belong to the class of spin
glasses. Further support for this statement comes from the work of Goldbart and coworkers [35],
who use a variational approach to study the present model (neglecting excluded volume interac-
tions) and find no solutions with RSB. Although the above authors argue that RSB should appear
in a more complete treatment of the Edwards model of polymer networks which would account for
excluded volume effects, we have shown by now that replica symmetry is maintained even when
these interactions are exactly taken into account by the collective coordinates method.

3.6. Uniqueness of the ground state

We have found an inhomogeneous (in replica state) solution of the mean-field equations and
showed that this solution is, at least, a local minimum of the Hamiltonian (i.e., is stable against
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arbitrary small fluctuations). The question which is still unanswered is: are there other minima of
the Hamiltonian or is the ground state we found unique? We will show now that under given
thermodynamic conditions (temperature, solvent quality and forces at the boundaries) there exists
a unique state of the gel, which is fully characterized by specifying the average positions of all the
cross-links. In this state the network is in a mechanical equilibrium, i.e., the total force on each of
the cross-links vanishes.

Our inhomogeneous mean-field solution (as well as any other mean-field solution which is
characterized by constant monomer density p) describes a network in which excluded volume
effects are taken into account by introducing a uniform external field h = wp (recall that p is the
mean monomer density). The free energy is given by the sum of the energy of this external field
T N, h and the elastic free energy %, which describes the elasticity of a network without excluded
volume (which occupies the same volume as our original network, with excluded volume) i.e.,
F = TN, h + #.;. The physical meaning of the replacement of excluded volume by an external
field is quite clear: on a mean-field level the only role of excluded volume is to fix the average
monomer density in the gel and, therefore, we can replace it by external forces applied to the surface
of the network which stretch it to this average density (against the restoring elastic forces of the
stretched network). Thus, instead of considering our original problem, we can consider a network
without excluded volume, the surface of which is fixed to the walls.

The partition function of this elastic reference system is given by

- 1 dx\?
— = FalT — - -
Zy=¢ JDx(s)epr: 3 L ds <ds> ]

x [T 00x(s) — x(s)1 [T 6 Lx(s1) — ¥£1, (3.43)
. J} k

where the first product of the d-functions expresses the constraints introduced by N, cross-links
(using the notation in Eq. (2.11)), and the second product introduces the constraints due to the
attachment of N, surface monomers to the walls (the sith surface monomer is fixed to the point x}
on the wall). Integrating over the coordinates of all the monomers between cross-links, we are left
with a functional of the positions of cross-links (x{) and monomers attached to the boundary (x})
only,

Z, =const [] de,? exp[ — H.{x{,x0}], (3.44)

where the integration is over the positions of the cross-links (the positions of the boundary
monomers are fixed). The cross-link Hamiltonian H, is a quadratic form in the distances x;, ; — x;
between cross-links (or boundary monomers) which are neighbors along the chain contour

o —
H {x{, xp} . (3.45)
C{ Z Z 2 a2 Nl m
In the above expression the summation over the index m goes over all cross-links and boundary
monomers and, for each m, the summation ¥, goes over the four neighboring cross-links (or
boundary monomers) along the chain contour (N,,, is the number of network monomers in the
chains connecting the neighboring cross-links or boundary monomers ! and m).
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Using the standard method of calculation of Gaussian integrals we represent each cross-link
coordinate as
xf=<{x{) + of, (3.46)

where the average position of the cross-link is determined by the condition that there will be no
linear terms in dx{ in the Hamiltoman obtained by substituting Eq. (3.46) into Eq. (3.45):
Ho{xf, xR} = H { <), 00} + 3 (fi) - 8xi + Ho{8xf,0} . (3.47)

The coefficient of the linear term in the expansion, { f;>, is given by

x> = <x;0
azNi ’

o

=Y (3.48)
J

where the summation is taken over the four neighboring (along the chain contour) cross-links (or

boundary monomers for which <{x?» = x}) of the given cross-link i. Note that { f;) is the total

average force acting (through the connecting chains) on cross-link i. The condition that the linear

terms in Eq. (3.47) vanish

{fi>=0 (3.49)

is simply the condition of mechanical equilibrium in the system. Note that since the Hamiltonian
can be written as the sum of independent contributions along the three axes x, y and z, we can
restrict our consideration to a one-dimensional problem.

Two scenarios can possibly arise, depending on the value of the determinant det M of the matrix
M, the elements of which are

M, = 8*H {x{, 0}/0x;0x} . (3.50)

If det M # 0, the resulting N linear equations (for each component of the force) impose N, con-
straints on the N, average positions ({{x{ > }) of the cross-links and guarantee the uniqueness of the
state of mechanical equilibrium (it will be stable if all the eigenvalues of the matrix M are positive).
In this case one can perform all the Gaussian integrations in Eq. (3.44) and obtain the free energy
(up to an additive constant)

Foa=THA{x,x0} . (3.51)

If the network is deformed with deformation ratios {4, }, the positions of the monomers attached to
the boundary change affinely with the displacement of the boundaries, x; — 4, x£, etc. The linearity
of the mechanical equilibrium conditions equation (3.49) ensures that the average positions of the
cross-links also change affinely,

XD = axED s YD = A0, E) =42 . (3.52)

Substituting these values into the free energy gives the classical dependence of the free energy on the
deformation ratios, %, oc A2 + A2 + A2

The situation becomes more complicated when det M = 0. This happens when the rank of the
matrix M is smaller than its dimensionality and some of the eigenvalues of the matrix M vanish.
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The eigenvalues A and corresponding eigenfunctions X! of the matrix M are determined by the
secular equation (/ labels the eigenfunctions and the indices i and j label the cross-links and
boundary monomers)

i

To find the eigenfunctions corresponding to zero eigenvalues A = 0 (since these collective
displacements do not change the Hamiltonian we will call them “zero-energy” modes), we can
multiply both sides of Eq. (3.53) by X! and perform the summation over i. The resulting equation
takes the form

Xt — x7?
yuxixy =y Xl (3.54)
i,j i a*Nii+q
Notice that this equation is equivalent to the set of conditions
Xf'+1 =X£ (3-55)

and, therefore, all X! should be equal in a connected network, {X!= X'}. Furthermore, this
condition must be satisfied for all the zero-energy modes and since the normalization of the
eigenfunctions is arbitrary, we conclude that all these modes are identical and thus there is only
a single zero-energy mode, {X} = X' = 1} (we chose the normalization X' = 1).

In order to understand the physical meaning of this zero-energy mode we note that the
coordinates of each cross-link can be expanded as a linear combination of the zero- and non-zero-
energy modes (NZEM),

x{ = aX} + contribition of NZEM = a + contribition of NZEM , (3.56)

This is equivalent to shifting the coordinates of all cross-links by a constant vector @ and we
conclude that the zero-energy mode describes a global translation of the entire network! Applying
the same expansion to the coordinates of the fixed boundary monomers, we find that the expansion
coefficient @ must vanish and thus such (trivial) translation cannot occur in a gel with a fixed
boundary (or with any single fixed point, e.g., center of mass).

This completes our proof of the uniqueness of the state of mechanical equilibrium of the network
and since we have shown that our inhomogeneous mean-field solution corresponds to a minimum of the
replica Hamiltonian (i.e., is stable against arbitrary small fluctuations), we conclude that the solution
we found is indeed the true unique ground state of the gel.

The existence of a unique ground state is of fundamental importance to the physics of polymer
networks and means that a gel with a given structure and subjected to given thermodynamic
conditions, has a unique microscopic state of equilibrium defined by the complete set of the average
positions of all the cross-links and, therefore, of all the monomers (note that a similar conclusion has
been reached already by James [38], in his study of localized phantom networks). In this sense, gels
resemble crystalline solids and differ dramatically from spin glasses [33] and amorphous materials
in which there are many distinct microscopic equilibrium states under given thermodynamic
conditions. A corollary of this statement is the somewhat astonishing prediction that if the
thermodynamic parameters are changed in an arbitrary way (by changing the solvent, temperature,
forces on the boundaries, etc., without rupturing the network) and then returned to their initial values,
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all the network monomers will first undergo some displacement from their initial average positions and
then will return to their original locations. This prediction can be tested by experiments which probe
the static inhomogeneous density distribution of the gel, e.g., by checking the reproducibility of the
observed (seemingly random) specle patterns of the intensity of light scattered from the gel,
following a cyclic variation (4 — B — A) of thermodynamic parameters. In spin glasses such cyclic
variations do, in general, change the microscopic state of the sample.

Although the above proof applies only to the uniqueness of the mean-field solution, we have also
shown that while strong ultra-short wavelength fluctuations can change the mean-field solution,
they do not affect its stability. Since the mean-field solution which accounts for these ultra
small-scale fluctuations, minimizes the effective action Hamiltonian which differs from the original
one only by the replacement of the bare parameters by their renormalized values (see Appendix D),
it also describes a unique microscopic equilibrium state of the network. The uniqueness proof
applies also to gels in good solvents where, as will be shown in Section 5, strong fluctuations on
length scales smaller than the blob size renormalize the parameters of the mean-field Hamiltonian
but do not affect its functional form. Finally, question the existence of a unique microscopic
equilibrium state in models of polymer networks which account for the existence of entanglements.
Note that the introduction of permanent (topological) entanglements (at the same the number of
permanent cross-links) adds additional constraints on the mean positions of the cross-links (and of
the monomers). Hence, we expect that the main effect of the entanglements is to suppress the
fluctuations of the average positions of all the monomers (the minimum becomes “sharper”) and
that, in this case too, there exists a unique microscopic equilibrium state characterized by the set of
these average positions.

3.7. Local deviations from affinity

We have shown that our inhomogeneous mean-field solution ¢.(s) defines a unique micro-
scopic state of the gel, in the sense that once we have specified the thermodynamic parameters, the
average positions of all the cross-links are uniquely defined by these parameters and by their
positions in the state of preparation. We will show now that ¢(¢) also tells us about how these
positions fluctuate about their mean values.

3.7.1. Fluctuations about affinely deformed monomer positions

In order to gain some understanding about the information content of our solution, we notice
that the mean-field density in replica space, pme(®) = 92¢(c)/2 can be expressed in terms of the
Laplace transform I1(c) of ppe(X)/pme(0):

Pme(X)
Pme(0)

Using the definition ¢ = £%/2 (Eq. (3.20)) we can express the exponential as

exp(—a¢) —exp[ ——Z Z (x¥)? + = Z( Y x""e‘“)z}

a k=0

= J(i:—;ﬁa exp[ Z Z (x® — re®) :', (3.58)

a k=0

- J " do M(o)exp(— o5) (3.57)
0
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where the second equality can be easily checked by performing the Gaussian integration and using
the normalization condition, Y'7'_,(e®)? = 1. Since ¢ has the dimensions of inverse length squared,
it is convenient to introduce a length R and define ¢ = 1/R%. With the above substitutions,
Eq. (3.57) is recast into the form

Pt ) J j dRP(R) [ [T W (¥ — r,e®|R), (3.59)
Pmi(0) « k=0
where
P(R) = (2/R*)[I(1/R?), (3.60)
and
W (Ax|R) = [1/2nR?)"*Jexp[ — (Ax)2/2R?] . (3.61)

Both functions are normalized to unity, {[dRP(R) = {d¢II(s) = 1 and [d(Ax)W (Ax|R) = 1 and
admit a simple physical interpretation. According to the definition of the function p(x) (Eq. (2.31)),
the left-hand side of Eq. (3.59) is simply the mean-field expression for the probability to find a given
monomer at points {x®}, in each of the replicas (i.e.,x'” in the zeroth replica, x'*) in the first replica,
etc.). The function W (x{" — r,e® | R) can be interpreted as the conditional probability to observe
a fluctuation of the monomer position x% around its mean position r,e® in the kth replica, given
that the rms deviation from this mean position (localization length) is R. The function P(R) is then
the probability of finding a monomer with a localization length R. This function is expressed
through the Laplace transform of the mean-field density and has the same characteristic scale of
variation, aN'/? (independent of the deformation 1,), as the mean-field solution ¢(c). It
can be calculated numerically and is shown in Fig. 3.4. The function I1(c) (which determines the
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Fig. 3.4. The probability P(R) of finding a monomer with localization length R, is plotted versus the dimensioniess

variable R/(a./2N).
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distribution of localization lengths, P(R) — see Eq. (3.60)) was calculated numerically, for unde-
formed networks close to the gelation threshold, in Ref. [28].

The physical meaning of the above probabilities becomes clear in the limit m — 0. In this case,
Eq. (3.18) yields ¢ = 1 and ¢ = i, and the argument of the function W becomes x>’ — r, and
x% — j.r, (for k > 0). Thus, if the average position of a monomer in the initial state is (x{*) = r,,
the corresponding average position in the replicas of the deformed state is (x> = 1,{x{?’> which
means that the average position of every monomer changes affinely with the deformation of the
network. The mean deviation from affine behavior of a typical monomer under deformation is given
by R and, therefore, the localization length R can be interpreted as the length scale for thermal
fluctuations of a typical monomer. It must be considered as a random variable which fluctuates in
the space of the network (the probability of observing such a fluctuation is P(R)), both due to the
frozen inhomogeneity of the structure of the network, and due to the fact that the thermal
fluctuations of a given monomer will depend on its position along the contour.

We can show that the probability of having non-fluctuating monomers vanishes in our model
(P(0) = 0), which means that all monomers, including cross-links, fluctuate about their average
positions. If the cross-links were strictly pinned down (as in Flory’s mode [6]), one would expect
this probability to be of the order of the fraction of cross-links, P(0) ~ N1,

Up to this point we considered the behavior of a single monomer and showed that, on the
average, its position changes affinely with the deformation of the network and that deviations from
affine behavior are only due to fluctuations. Different information can be obtained if we consider
two-monomer quantities such as the rms distance between two end monomers of a network chain.
The results of such a calculation [10] are discussed in the following.

3.7.2. Non-affine deformation of network chains

The analysis of this problem requires generating functional methods which differ from those used
in this work and hence we will only present the results of calculations reported elsewhere [10]. In
order to learn about the deformation of network chains of a given length aN (averaged over all
such chains in the network), we calculate the distribution function Wy{R,|4,} which gives the
probability that a chain of contour length aN has components of the end-to-end distance vector R,
(x = x, y, z), given that the network is stretched by factors 4, with respect to the initial state:

x€ RZ
Wx{R,| 2 :J dép(e 2n{R2(N, & A,)>] Y2ex l:— £ } 3.62
The normalized distribution function P(¢) defined in Eq. (3.60) is a function of the dimensionless
variable £/(aN'/?) only and, in general, has to be calculated numerically from ¢m¢(c). The universal
plot of P(¢) as a function of £/(aN'/?) is shown in Fig. 3.5. The average projection of the ath
component squared of the end-to-end distance vector for a given value of &, is given by

(RN, &14,)) = a®N(1 + A;a*N/E)/(1 + a>N/&%) . (3.63)

Note that the above expression is the sum of two contributions: the first one, proportional to A2,
reflects the affine deformation of the average distance between the chain ends and the other one
(independent of A7) gives the purely fluctuational contribution which is not affected by the
macroscopic deformation.



44 S. Panyukov, Y. Rabin/Physics Reports 269 (1996) 1-131

3.0

20 4

P(¢£)

0.0 —— —*

0.0 0.5 1.0

E/CIN‘/Z

Fig. 3.5. Plot of the probability distribution P(£) of the random length ¢, versus the dimensionless variable é/(aN /).

What is the physical interpretation of the length {7 We know that £ is a random variable
characterized by the distribution function P(¢) and that its average value is of the order of the
unperturbed size of the average chain (mesh size), ¢ ~ 0.27aN'/? (see Fig. 3.5). Further insight can
be obtained from Eq.(3.63) which describes the response of a chain of contour length aN to
a macroscopically-induced deformation. The fact that the chain under consideration is coupled to
a network, the local properties of which (e.g., density of cross-links) may vary from point to point
due to the random character of the cross-linking process, is reflected in the appearance of the
random length £ We can distinguish between the following cases [11]:

Case A: In the direction of elongation, 4, > 1, and there are 3 regimes depending on N, & and 4,
(these regimes become well-separated only in the limit 4, > 1)

1. For N < [¢/(aiy)]? the size of the chain is essentially unaffected by the macroscopic elonga-
tion. For such short chains, macroscopic deformation can only lead to desinterpenetration of
undeformed chains.

2. Chains with number of monomers in the range [£/(ai,)]*> < N < (¢/a)* are stretched non-
affinely, with R2 = (a®?N/&?)a®?NA2 < a*Ni}.

3. Finally, when N » (¢/a)?, the chain stretches affinely with the applied strain, i.e., the condition
R2 = a?N 12 is satisfied. In this case, the rms distance between the ends of the chain is determined
by the applied deformation and the fluctuational contribution is negligible.

Case B: In the direction of compression, 4, < 1 there are also three regimes of chain length:

1. Chains with N smaller than (¢/a)? interpenetrate without changing their undeformed size.

2. When [£/(al,)]? > N » (£/a)? the distance between chain ends is unaffected by compression
and remains pinned down at &,

3. For [¢/(al,)]* < N, the chains are compressed affinely with the network.
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The most important geometric characteristic of the network is the average mesh size which can
be defined as the rms end-to-end distance of an average chain (of N monomers). It follows from our
analysis that the average mesh size deforms affinely under macroscopic stretching or swelling, i.e.,

Romesn & aN'2 4, (3.64)

but does not change under compression of the network (i.e., compression leads to enhanced
interpenetration of the meshes [39, 40])

Reomp ~ aN'1/2 (3.65)

We have seen that our mean-field solution tells us that the average positions of all the monomers
change affinely with the macroscopic deformation of the network. It also gives us statistical informa-
tion about the fluctuations of monomers about these mean positions and about the fluctuations of
the end-to-end distance of chains of a given contour length. Deviations from affine displacement of
average monomer positions occur only due to thermal fluctuations and take place only on length scales
smaller than the mesh size.

Note that our mean-field solution, by its very nature, does not contain any information about
the deviations of the monomer density from its average value. Such deviations occur due to static
inhomogeneities introduced by the statistical nature of the cross-linking process and due to
thermal fluctuations about this inhomogeneous density distribution. In the next section we proceed
to study these density fluctuations and, in the process, gain important insights about the inhomo-
geneous structure of polymer networks.

4. Static inhomogeneities and thermal fluctuations

We now proceed to obtain all the statistical information concerning density fluctuations about
the mean-field solution which, in spite of its rich physical contents, tells us nothing about the static
inhomogeneities and the thermal fluctuations of the monomer density in polymer networks.
Although we did study fluctuations about the mean-field solution (in order to test its stability), we
have been working in an abstract replica space in which all fluctuations — those of the frozen
structure of the network, as well as thermal ones — have been treated on the same footing (recall
that the original reason for posing the problem in the language of replica field theory was to avoid
dealing with the complicated averaging over the ensemble of different network structures and to
treat static inhomogeneities in real space as thermal fluctuations in replica space). The price we had
to pay is that we can no longer distinguish in a simple way between these two, physically very
distinct, types of fluctuations. In order to recover the important information on the inhomogeneous
structure of polymer networks and on the thermal fluctuations about this structure, we first
eliminate all the collective coordinates which do not affect the monomer density and then to go
back to real space in which the distinction between static inhomogeneities and thermal density
fluctuations comes out naturally. This program will be carried out in the following.

4.1. RPA free energy density functional

In principle, one can express the replica space fluctuation Hamiltonian (3.32) in terms of the
shear and density modes and obtain the full information about all shear and density fluctuations in
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the gel. In a similar way, the above Hamiltonian governs the response of the stretched and swollen
network to small (in the linear response regime) deformations, on top of the stretching and swelling
described by the deformation ratios {4,}. The continuum limit of such a theory will give rise to
a generalized theory of elasticity of two-component systems in which one of the components is
a solid and the other a liquid [41, 29]. Such an approach (using a variational method) was used in
Ref. [42] where elastic moduli describing small deformations of an unstretched network (4 = 1)
were calculated. Although conceptually important, a mesoscopic (i.e., finite q) description of stress
and strain fluctuations is of somewhat limited interest from the experimental point of view, since
most scattering experiments do not measure the strain—strain (or stress—stress) correlation func-
tions which can be calculated in this framework (information about such quantities can be
obtained, in principle, from studies on the propagation of shear waves in the gel). In order to focus
on issues which are of direct relevance to neutron and light scattering experiments which probe
static density inhomogeneities and thermal density fluctuations in the gel, we will eliminate (i.e.,
integrate over) all the other degrees of freedom and obtain a reduced description in terms of the
density fluctuations only.

Throughout this section we will assume that deviations from the mean density due to both
thermal fluctuations and static inhomogeneities are small (this does not apply to the short
wavelength fluctuations which were already taken into account in the preceding section) and can be
described on a Gaussian (quadratic in the fluctuations) level. For thermal fluctuations this
simplifying assumption is equivalent to the random phase approximation (RPA) which works well
for concentrated polymer systems (for example, for polymer blends) but breaks down in the
semi-dilute regime of polymer solutions in good solvents. Note, however, that RPA can be also
applied to the study of long wavelength fluctuations in semi-dilute polymer solutions, provided
that one uses renormalized (due to strong fluctuations on scales smaller than the correlation length)
instead of the bare values of the parameters (monomer size, second virial coefficient) in the RPA
Hamiltonian. This will be done in Section 5 where we discuss gels swollen in good low molecular
weight solvents.

While the physical reasons for the breakdown of RPA due to the existence of strong
thermal fluctuations on length scales smaller than the thermal correlation length (blob size)
are well understood, nothing is known about the limits of applicability of RPA to static
inhomogeneities. We will show in the next section that, when gels are prepared away from
the cross-link saturation threshold, static inhomogeneities of monomer density are limited
to length scales comparable to the average mesh size of the network and are therefore “weak™.
Thus, as long as one does not approach the “critical” regime of cross-link densities near the
saturation threshold, one can safely assume the applicability of RPA to the study of such
inhomogeneities.

Recall that the fluctuation Hamiltonian can be written as the sum of a rotational part (AH*) and
a part which describes shear and density fluctuations (AH"). Since rotational modes do not couple
to the latter fluctuations, they do not contribute to the partition function of shear and density
modes (defined by Eq. (D.4)),

EX = JD [3plexp(— AH'[3¢]) , (4.1)
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where the Hamiltonian of shear and density fluctuations in replica space can be written as
AH'[3¢] = jdde' d(R)K" (%, X) dp(x')

m U(k) S (k) .
- § S - asteal. 42
K=0

In the second equality we used the definition of the K' operator, Eq.(3.35), to represent the
fluctuation Hamiltonian (for the shear and the density modes) as a sum of excluded volume

W T
AUR[pHM] = —5 de“"[&,o“"(x“")]2 4.3)
and “entropic”

3z
AS[dp]l = — de 3¢ (%) [— —a’V? - - wmr(')] 0 (%) (4.4)

contributions. Here T is the temperature (which can be different in replicas of the initial and the
final state).

We proceed to eliminate the shear fluctuations and the density fluctuations in the initial state,
1.e,, integrate over those fluctuations which do not affect the densities in each of the replicas of the
final state (we are only interested in density fluctuations in the final state; those in the state of
preparation can be obtained from the latter by setting T = T®, w = w'® and {4, = 1}). This is
done by inserting the following representation of the unity:

= ﬁ fD [3p*]6[8p™ (x) — de Pmi(5) Sp(R)S(x — x*)] (4.5)
k=1

into the integrand in Eq. (4.1) and moving the integration over 6p* to the leftmost side of the
integral. We obtain

m AURTEH®

—-sD n JD[SQ“"]CXp( z U ;SP ]+A3m[{5p(k)}]>, (4.6)
k=1
where T is the temperature in the final state, and
U(O) 8p'?
exp(AS.[{8p™}]) = JD[&D] CXP<AS [3¢] — —7[(3,‘)——]>
x 1 5[5ﬂ“"(x) - fdxwmr( )3 (%)d(x —~ x"")] 4.7)
k=1

Note that although AS,, depends only on the replica densities p™ in the final state, it includes
exactly all the contributions of both the density fluctuations in the initial state and the shear
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fluctuations. The total entropy functional defined in Eq. (4.7) is calculated in Appendix E and can
be written as

expAS,[{8p"}] = <H exp AS[n, Sp“‘)]> : (4.8)
k=1 n
where
dg (0§ — n)(p%, —n-,)
A 7 — _ q q q i ‘
S[n, 5p"] J(2n)3 200 4.9)

The entropy AS[n, 8p™] is a functional of the density in the kth replica and of a random field n (the
physical meaning of which will be discussed later). The averaging, { »,, in Eq. (4.8) is taken with
respect to the distribution function (see Appendix E)

—expil | 94 _ Mg
P[n] =exp {2 J(27t)3 |:ln(21tvq) ” ]} , (4.10)
with the correlator
(Mg =g on = Vg . (4.11)

General expressions for the function g, and for the correlator v, are given in Appendix G.

In order to derive the grand canonical partition function of the replica system, we substitute
Eq. (4.8) into Eq. (4.6) and use the independence of the n and the 8p™® fields to change the order of
averaging (with respect to n) and integration (over p®):

m (k) k) )
k=1 n

Using the identity of the contributions from the different replicas of the final state and introducing
the free energy functional

F,[8p] = AU[8p] — T AS,[50] , (4.13)
where
_wT [ dg
AU[Sp] = —- j(—z}? PaP-q (4.14)
and
_ dg (pg —n)(p-g —n-,)
AS,[8p] = — J o , (4.15)

we can rewrite Eq. (4.12) as

=50 - <UD [5p]exp< — Z—[f—”l>]m> . (4.16)
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Substituting this expression into Eq. (D.2) and using Eq. (2.30), we obtain the final expression for
the fluctuation contribution to the free energy of the deformed network, AF{l,} =
F{la} — FPewila} (F 1s defined in Eq. (3.31)),

AF{},} = — TJDnP[n]ln [fD[Sp]exp( - g"g?——p])] , 4.17)
where P[n] is given by Eq. (4.10), and
Fal8p] _ 1 [ dg [(p, = n)(p-y —n=y)
T 2 (2n)3[ 9 TWhP "']' @19

Note that since all the functional integrals in Eq. (4.17) are Gaussian (see Egs. (4.10) and (4.18)),
they can be calculated exactly and one can obtain a complete expression for the thermodynamic
free energy in which all fluctuation corrections are included on the RPA level. In order to carry out
this program, one has to calculate Fourier integrals over combinations of the functions v, and g, for
which only asymptotic (i.e., in the long and short wavelength limits) results are available at present.
Since the resulting corrections are small (otherwise, our RPA calculation is inconsistent), we will
not consider them here and come back to this issue in a latter section, where we study (by
renormalization group and scaling methods) the effects of strong thermal fluctuations in semi-
dilute gels in good solvents.

4.2. Inhomogeneous equilibrium density profile

What is the physical meaning of the random field n? Comparison between the definition
of the free energy functional %,[8p] defined in Eq. (4.18) and the expression for the thermo-
dynamic free energy, Eq. (2.13), shows that the probability functional P[n], defined in Eq. (4.10),
gives the probability of realization of a given network structure S which is characterized by the
value of n (in general n is a complicated functional of S and depends on the deformation of the
network)

P[n] = de?(S)(S[n —n(s)], 4.19)

where 2(S) is defined in Eq. (2.12). As long as we are interested in observable quantities such as
density correlation functions, which can be represented as statistical averages, we do not need the
explicit functional form of n(S) and it is sufficient to specify the probability functional P[n] or,
alternatively, the function v,. It is shown in Appendix G that the function v, depends on the frozen
structure of the network and on the deformation but does not depend on the quality of solvent in
the final state.

In order to obtain further insight into the meaning of n, we note that the non-averaged free
energy #,[8p] defines (through the Boltzmann factor, exp{ — %,[8p]/T}) the probability of
observing a thermal fluctuation of the moncmer density (at a wave vector g), pi* = p, — pg9, with
respect to the inhomogeneous equilibrium density profile in the final deformed state of the network,
pg? (in the following we will refer to the Fourier transform of the deviation from the average
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monomer density as the “density” distribution, since the true density distribution can be recon-
structed from it by inverse Fourier transform, p®I(x)=p + 3p°%Ux)=p + f[dq/(Zn)ﬂ X
ps2 expliq - x)). The existence of a unique inhomogeneous equilibrium density profile which charac-
terizes the state of the gel under given thermodynamic conditions is guaranteed by our demonstra-
tion (in Section 3.6) that a network which is stabilized against collapse by excluded volume forces
or, equivalently, by external forces applied to its surface, has a unique microscopic equilibrium
state characterized by the set of the average positions of all network monomers. In the collective
coordinate representation this set of average monomer coordinates can be replaced by the
(generally) inhomogeneous density field p*9(x).

The equilibrium monomer density profile is found by minimizing the free energy #,[6p] with
respect to p,. This gives

n‘I
1+ wg,

Pt = (4.20)
Since, for w = 0, this density coincides with n,, we conclude that n, can be interpreted as the
equilibrium density profile of the network in the absence of excluded volume interactions but under the
constraint that the macroscopic deformation of the gel is the same as it was in our final deformed state
in the presence of excluded volume forces (the initial state is a particular case, with {1, = 1}, w = w(®
and T = T'9). Under the above conditions (no excluded volume) only elastic forces act in the bulk
of the network and, if no external forces were applied to its surface, the network would collapse to
dimensions of the order of the mesh size. In view of the above, we will refer to the state
characterized by the static density distribution n,, as the elastic reference state. Information about
the static density profile in the elastic reference state can be obtained by the following procedure:
first, a network is prepared in a good solvent (w® > 0) and deformed. Then, the solvent is brought
to its @-point (w = 0) while keeping the macroscopic deformation fixed (if there was no external
deformation applied initially, one should simply fix the surface of the gel in order to prevent it from
shrinking). The inhomogeneous monomer density distribution in this elastic reference state can
then be probed by scattering experiments.

In the general case (w # 0), the presence of excluded volume interactions results in a new unique
equilibrium state which is characterized by the inhomogeneous density distribution pg%. As can be seen
from Eq. (4.20), the new density profile will be more homogeneous than that of the corresponding
elastic reference state (the presence of excluded volume tends to suppress local density fluctuations
or, equivalently, to decrease the Fourier amplitudes of the density field). This static density
distribution (which fluctuates in space but remains constant in time) leads to the stationary speckle
patterns observed in light scattering from gels [43].

4.3. Thermal and structure averages

Although, in principle, a given realization of network structure is described by the value of the
field n(x) at each point x in the gel, if we are interested in statistical information, we only have to
know the probability P[n(x)] (defined in Eq. (4.10)) of observing this particular value at this point
in space. Thus, the only meaningful information about the density profile one can obtain from our
statistical mechanical description involves averages of moments of the density field (e.g., density
correlation functions).
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We now introduce two important relations. The first is the consequence of our demonstration
that a gel with a given network structure and thermodynamic parameters has a unique microscopic
equilibrium state characterized by a density distribution p;°. When the network is deformed, a new
equilibrium state results which is characterized by a different equilibrium density distribution. Gels
are, of course, non-ergodic in the sense that the configurational space available to the cross-linked
network is smaller than that of the pre-cross-linked polymer solution. Nevertheless, the existence of
a single state of equilibrium under given thermodynamic conditions implies that they possess
restricted ergodicity, i.e., that if we prepare an ensemble of gels with identical structures, averaging
over this ensemble with respect to the Gibbs distribution is the same as measuring time averages
in a single gel. We therefore conclude that thermal (annealed) averaging is equivalent to time
averaging.

The second relation is based on the fact that, as long as the cross-linking is done away from the
cross-link saturation threshold, the resulting static density inhomogeneities will be uncorrelated
over macroscopic distances. We can, therefore, mentally decompose the entire network into small
but still macroscopic domains, each of which is characterized by a different structure. In the
thermodynamic limit, the probability to find a region with a given structure § is the same as that
to find a network with this structure, from the ensemble of networks with all possible structures
(but prepared under the same conditions, i.c., temperature, density of cross-links, etc.). Thus, the
structure average of a quantity over the latter ensemble is equivalent to the spatial average of this
quantity over the volume of a single network. The averages we calculate are structure averages over
the ensemble of different structures and the above equivalence implies that our results can be
directly applied to scattering experiments which measure averages over the volume of a single gel
with a unique structure.

We begin the calculation of the density correlation functions with the definition of thermal (time)
and structure (spatial) averages. Thermal averages for a given network structure (which enters
through the value of n) are taken with respect to the Gibbs probability distribution

exp( — #.[8p]/T)

S R T 20

where #,[6p] is defined in Eq. (4.18). The thermal average of a functional A[8p] is denoted by

(A[8p]) = JD [dp]1A[8p]Z.[8p] . (4.22)

The structure average of a functional B[n] will be denoted by
B[n] = JdSQ’(S)B[n(S)] = fDnB[nJP[n] = (B[n]n, (4.23)
where we used Eq. (4.19) to replace the averaging over the structure by averaging with respect to

the density distribution in the elastic reference state, n. Finally, the complete structure and thermal
(spatial and time) average of the functional C,[dp] is defined as

CCuldpl) = JDnP [n] JD [3p]1Z.[3p]1Cal0p] . (4.24)
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4.4. Density correlation functions

One of the salient characteristics of gels is the presence of static spatial inhomogeneities of the
density. While in liquids the time average of the density fluctuations vanishes ({(3p) =0), in
polymer gels static spatial density inhomogeneities are always present due to the statistical nature
of the process of cross-linking which results in a unique equilibrium density distribution pg?.
Straightforward calculation (by Gaussian integration, using the probability distribution defined in
Eq. (4.21)) of the thermally averaged Fourier component of the density fluctuations gives the
amplitude of this density distribution:

(o = = pg*, (4.25)

1+wgq

where the last equality follows from Eq. (4.20). Since every given realization of the network is
characterized by a unique equilibrium density profile p*i(x) = p + 3p°i(x) = p + [ [dg/2n)*] x
piiexp(ig - x), the time-averaged density (p(x)) will fluctuate in space across the network. This
phenomenon has been recently detected through the observation of stationary speckle patterns and
through the detection of a time-independent component in measurements of the temporal decay of
intensity correlations in light scattering from gels [43,44]. Finally, we note that peq =< pq> 0, as
expected for an average deviation from the mean density p = Ny, / V.

Using the above equation we can introduce the amplitude of thermal density fluctuations
3p™(x, 1) as the deviation of the instantaneous density p(x, t) from its equilibrium value,

Sp™(x, 1) = plx, 1) — p*(x) (4.26)

which, according to Eq. (4.25), satisfies (8p'"(x)> = 0 (we replace time averaging by ensemble
averaging). We now proceed to calculate the different density correlators, evaluating Gaussian
integrals by the method described in Appendix A.

The correlator of the thermal density fluctuations is given by

G, = {pfpty> =g,/(1 + wg,) . (4.27)

The above expression can be rewritten in a form which emphasizes the similarity with the RPA
relation of the theory of polymer liquids [23], that gives the effective Hamiltonian of thermal
fluctuations (G, ') as the sum of entropic and excluded volume contributions:

G, 'l=g, ' +w. (4.28)

Thus, g, can be interpreted as the thermal structure factor of the gel, in the absence of excluded volume
interactions (i.e., in the elastic reference state).

The correlator of the static density inhomogeneities (the Fourier transform of the spatially
averaged two-point correlation function 3p(x)8p°d(x’)) can be found using the definition (4.25)
and Eq. (4.11)

C, = p2p%%, = v, /(1 + wg,)* . (4.29)



S. Panyukov, Y. Rabin/Physics Reports 269 (1996) 1-131 53

Setting w = 0 in the above expression we conclude that v, can be interpreted as the spatially
averaged (structure averaged) equilibrium density correlator, in the absence of excluded volume
interactions (in the elastic reference state).

Using Eq. (4.26) we arrive at the following expression for the total structure factor, which
includes the contributions of both static inhomogeneities and thermal fluctuations and which is
a measure of the total deviation of the density from its mean value, N,/ V:

S, =<pp-p =G, +C,. (4.30)

This structure factor is proportional to the scattered intensity at a wave vector ¢, measured in static
scattering experiments.

4.5. Analytical expressions for the correlators

4.5.1. Initial state

An exact (within the RPA) expression for the structure factor can be obtained in the important
case of density fluctuations in the initial undeformed state of the gel. Note that this case can be
obtained from our general results for the final deformed state by making the substitutions {4, = 1},
w=wand T = T®. The symmetry of permutation of all the replicas (since in this case the final
state coincides with the state of preparation) leads to drastic simplifications and, as shown in
Appendix G, we arrive at the following RPA expression (valid for arbitrary gq),

S;O) =2p9/(—2/N + 2p(0)w(0) + a2q2) . 4.31)

The characteristic scale of fluctuations (correlation length), a(2p®w® — 2/N)~ /2, diverges at the
cross-link saturation threshold (Eq. (2.8)). We can define the dimensionless network heterogeneity
parameter

Xrea = 1(pOwON — 1), (4.32)

which diverges at the cross-link saturation threshold and goes to a small value away from it
(for p@w@N > 1). When the gel is prepared at the saturation threshold, Xgps — oo, the long
wavelength static fluctuations of network density become infinitely large and our RPA approxima-
tion for the static density inhomogeneities breaks down.

The physical reason for the increasingly inhomogeneous network density profile as the cross-link
saturation threshold is approached, is as follows. At this threshold, nearly all the inter-monomer
contacts which are present in a typical configuration of the pre-cross-linked polymer chain, are
turned into cross-links. The introduction of any further cross-links cannot take place by cross-
linking a typical configuration of the polymer (in which the average number of contacts is K — see
Section 2.2) and the formation of a network with number of cross-links N, > K can occur only
starting from atypical (and therefore highly improbable) configurations of the polymer, in which
K > K. Since the probability of contacts is proportional to the square of the local monomer
density, a higher number of contacts will arise in configurations with inhomogeneous density
profiles than in those with more uniform density (the gain due to increased number of contacts in
the high-density regions overcompensates for the loss due to their decreased number in the
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low-density regions). This can be achieved either by increasing the contrast (i.., the amplitude of
density fluctuations), or by increasing the size of the inhomogeneous regions. Since large density
gradients are penalized by “surface tension”-type forces, the latter mechanism will be energetically
preferable and the dominant contribution will come from configurations characterized by large
alternating domains which differ only slightly in monomer concentration (i.e., the amplitude of
density fluctuations becomes progressively smaller with the approach to the cross-link saturation
threshold). The above physical picture is similar to that of critical phenomena, where the correla-
tion length diverges while the amplitude of the fluctuations goes to zero at the critical point. The
predicted increase of the size of the inhomogeneities with degree of cross-linking (with decreasing
N) was observed in light scattering studies [45].

Away from the cross-link saturation threshold, the 2/N term can be neglected and the predicted
scattered intensity from a gel at the state of preparation is identical to that from a solution of
disconnected chains at the same density and solvent conditions. Nearly identical scattering from
gels and from solutions was reported in some cases [46,47], indicating that the networks were
prepared away from the saturation threshold. In other cases, stronger scattering was observed from
gels in the state of preparation than from solutions [48,49], apparently because the networks were
prepared closer to the cross-link saturation threshold.

It is important to emphasize that the exact (for all 4) analytical expression for the total
structure factor, Eq. (4.31), is obtained as the result of strong interference between the spatial
density inhomogeneities and the thermal density fluctuations in the initial undeformed state of
the network (the calculation of their separate contributions, for arbitrary ¢, is prohibitively
difficult). This interference arises due to the screening of the presence of static inhomogeneities
by the thermal fluctuations which “adjust” themselves to the local distribution of the former
[50].

We now proceed to discuss analytical results for the RPA density correlation functions in the
final deformed state of the gel.

4.5.2. Final state, long wavelength limit

Simple analytical formulae for the functions g, and v, which enter the expressions (4.27)-(4.30)
for the structure factor of the gel in the final state, can be obtained in the continuum limit ¢ — 0
(these formulae are derived in Appendices E-G).

The continuum limit of the correlator of thermal fluctuations in the elastic reference state, g,, 1s
given by

do-0=20Ng*/(hxq)* . (4.33)

Note that this function retains its angular dependence (associated with the direction of the wave
vector ¢) for anisotropic deformations, even in the limit ¢ — 0. The presence of the ¢?/(4 * ¢)* term
is related the fact that g, is a response function which governs thermal fluctuations about an
anisotropic deformed equilibrium state of the network (in the elastic reference state). It can be
shown that the elastic moduli of such a deformed network depend on the deformation and are
anisotropic and that this anisotropy results in the above dependence. This will be done in Section 6,
where we analyze the connection between the long wavelength limit of the present theory and the
continuum theory of elasticity of gels.
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We now consider the correlator of the static inhomogeneities in the elastic reference state, v,. In
the long wavelength limit v, approaches a constant value:

Vg0 = limnn =, = pR (6 +9/(w®p N — 1)), (4.34)

where p is the density of monomers in the final deformed state of the network. The quantity
vy o diverges at the cross-link saturation threshold, N™* = 1/(w'? p'?), at which the characteristic
size of static spatial inhomogeneities of cross-link (and hence of monomer) density diverges. We
would like to emphasize that the finite value of v, ., (away from the saturation threshold) does not
mean that there are frozen clusters of macroscopic dimensions, but is a trivial consequence of the
Fourier representation (all length scales contribute to the Fourier transform of the density in the
limit ¢ — 0).

We can now estimate the amplitude of static density inhomogeneities and check the applicability
of RPA. Away from the saturation threshold one can neglect the second term in the square brackets
in Eq. (4.34) and write

B dg _ pN
(Bn(x))z - J‘(zn)3 Vq ~ (aN1/2)3 ’

(4.35)

where we have used the fact that there are no static density inhomogeneities on length scales
smaller than the mesh size aN'/?. The RPA assumption that the amplitude of inhomogeneities is
much smaller than the mean density p, corresponds to the condition

pa® N2 51 (4.36)

which is equivalent to the assumption that the volume of an average chain between cross-links is
permeated by many other chains. In the following we will assume that this condition is always
satisfied and that static inhomogeneities are correctly described in the RPA approximation.

It is interesting to consider the limiting case of cross-linking in the melt (strictly speaking, this
case is outside the domain of applicability of our model since excluded volume in a melt cannot be
described by a second virial coefficient). In this limit w'® ~ 1/p‘® ~ a* and v,_, ~ 6pN. The finite
value of v, tells us that even though there are no density fluctuations in the melt, there are still
finite inhomogeneities of the network structure which can be revealed upon swelling.

An explicit form for the correlators in the final deformed state of the network, can be given in the
continuum limit (¢ — 0), using expressions (4.33) and (4.34) for the functions g, and v, in Eqs. (4.27)
and (4.29):

2pN
(A xq/|q])* + 2wpN’
(Axq/1q)* pN(6 + 9/(w P pON — 1))

oo = T x g/l F N (4.38)

Several general comments can be made regarding the properties of the RPA correlators in the
continuum limit:

1. For anisotropic deformations both correlators have an angular singularity associated with
the direction of the scattering wave vector ¢, even in the limit ¢ —» 0. In the important case of

Gyoo = (4.37)
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uniaxial deformations, thermal fluctuations are suppressed along the extension axis and enhanced
normal to it and static inhomogeneities exhibit the reverse behavior. The enhancement of scattering
along the stretching axis due to static inhomogeneities (C, - ) has been predicted theoretically by
Bastide et al. [51] and by Onuki [52]. It was observed in static small angle neutron scattering [12]
and light scattering [13] from gels and is known as the butterfly effect. The fact that the anisotropy
appears already is the limit ¢ — 0, is in agreement with experimental observations of this effect on
the longest wavelengths probed by small angle neutron and light scattering. Suppression of thermal
fluctuations along the stretching direction was predicted in Ref. [52] and observed (indirectly) in
dynamic light scattering experiments [14] which monitored the decay rate of thermal density
fluctuations (proportional to G,,) in a stretched gel.

2. The only explicit dependence on the conditions of preparation of the gel (apart from the trivial
dependence on the density of cross-links) appears in the correlator of the static inhomogeneities
C,-o which diverges at the cross-link saturation threshold. The control parameter which measures
the “strength” of these inhomogeneities is the heterogeneity parameter, Xgpy = (WO p 9N — 1)~ 1,

3. Static inhomogeneities are more sensitive than the thermal ones to deformation and swelling.
Away from the @-point (woN > 1), G, o ~ 1/wis nearly independent of the deformation and of the
density of cross-links. The intensity of scattering from static inhomogeneities, C,_., ~
(A% q/|q])*/(w?pN), increases with the degree of cross-linking (this prediction is confirmed by
experiments [48,49,53]). When the gel is uniformly swollen (A ~ 1/p'/3), scattering from static
inhomogeneities increases with swelling (the RPA prediction of 1/p”'* dependence will be modified
for gels in good solvents — see Section 5.4.2). In uniaxial extension experiments it grows rapidly with
the deformation ratio in the stretching direction (as 4*) and decreases normal to it as (1/4%). In the
vicinity of the @-point, the intensity of thermal fluctuations G,..o decreases as 1/4* along the
stretching direction (and increases as 4 normal to it) and C, .., approaches a constant (independent
of ).

4.5.3. Final state, mesoscopic range ( finite q)

The explicit expressions for the density correlators, Egs. (4.37) and (4.38), are valid only in the
continuum limit (¢ — 0). In order to relate to scattering experiments which probe the mesoscopic
range of length scales (50—5000 A), we have to include terms of higher order in ¢. This can be done
by calculating the correlators in the elastic reference state g, and v, (Appendices E and F), to order
a*Nq*. We first consider the thermal correlator g,.

In the long wavelength limit a2Ng? < 1, the thermal correlator g, of the elastic reference state is
given by (to order ¢?)

gy = [2pN /(A% §)°1[1 + 2(g)Q°] (4.39)

where ¢ = q/|q| is the unit vector in the direction of the wave vector ¢, Q is the dimensionless wave
vector, defined as Q2 = a’Ng? and

a(@) = 21, [(A % §) — 1] + L,( % §)* | (4.40)

with the constants I, ~ 0.524 and I, ~ 0.033.
In the short wavelength limit a?Ng? > 1, we get (to order g~ %)

g, = (2pN/Q)(1 +15/Q%), (4.41)
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where I; ~ 1.395. The leading contribution (oc ¢~ 2) to this function is identical to that of
a polymer solution.

We now present the long and short wavelength limits of the correlator of static density
inhomogeneities v,. We can write it, in general, in the form

vy = 20NA, + B, SO/ Aedyis, , (4.42)

where asymptotic expressions for the functions A, and B, were derived in Appendix G

_{3—{1—4h[u*éV—-u——ﬂxx*mﬂQ2 for 0 <1, sy
" le-nret for 0 » 1 -
and
_ {9 —6{1—4I,[(Axg)? — 1] —4I,(i*§)*}Q* for Q <1, @)
Tle-L)yret for 0 » 1 :

All the dependence on preparation conditions in Eq. (4.42) enters through the function S{%,,

defined by substituting ¢ — 4 % g into Eq. (4.31).

Since the above RPA expressions for the structure factors cannot be directly applied to gels in
good solvents (in which thermal fluctuations are strong), we will not analyze them any further here.
In Section 5 we will show how these expressions can be adapted to the physically important case of
gels in good solvents, by an appropriate renormalization of the RPA parameters.

4.5.4. Spinodal decomposition in poor solvent

Inspection of Eq. (4.40) shows that for a(¢) > 0, the thermal correlator g, increases linearly with
¢” for small wavelengths (Eq. (4.39)) and decreases as ¢ 2 in the short wavelength limit (Eq. (4.41)).
This leads to the totally unexpected conclusion that the thermal density correlation function of the
elastic reference state has a maximum at some wave vector g = q., the presence of which is a familiar
feature of systems which exhibit microphase separation (such as diblock copolymers)! Since the
maximum appears only for a(¢) > 0, it is present in the undeformed state ({i, = 1}), under
conditions of uniform swelling ({4, > 1}) and in uniaxially stretched swollen gels, for wave vectors
along directions for which (4 x ¢)* > 1 (see Eq. (4.40)). The point a(¢) = 0 at which a maximum at
a finite value of ¢ first appears, corresponds to (4 * ¢)? ~ 0.97 (for smaller values it is located at
4x = 0).

What can we say about this maximum? Since the only length scale in our problem is the mesh
size, we speculate that the maximum is achieved for wave vectors of the order of the inverse mesh
size

1/gy ~ aN 1?2 (4.45)

and that it is shifted to ¢, = 0 for «(¢) < 0. Unfortunately, wave vectors of such magnitude lie
outside the region in which our asymptotic expressions for g, apply and therefore our results
cannot be used to analyze the dependence of the maximum on the thermodynamic parameters.

What is the physical origin of this maximum? Using the equipartition theorem we conclude that
(1/2)Tg, ' pgp', is the free energy cost of creating a thermal density fluctuation pi* at a wave
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vector ¢ around the spatially inhomogeneous equilibrium distribution n, (the elastic reference
state). Although there is no ordering on any scale in the network, there is a characteristic wave
vector associated with the static density inhomogeneities which is of the order of the inverse mesh
size. The existence of a characteristic wave vector implies that the situation is quite similar to that
arising in the ordered lamellar state of diblock copolymers, in which there is also a characteristic
wave vector associated with the wavelength of the modulation (the analogy is quite close since in
there is also no true long-range order in the lamellar state). In the case of diblock copolymers it was
shown that the fluctuation energy about the modulated state has a minimum at a wave vector
q = q, corresponding to the inverse wavelength of the pattern [54] and similar considerations can
be applied to our system. Note that the observation that the maximum at finite ¢ disappears for
2(¢) < O (in this regime g, has only a broad maximum at ¢ = 0) is related to the fact that the density
distribution in the reference state becomes homogeneous under compression (i.e., the contrast
between dense and dilute regions disappears).

Can the maximum at ¢ = ¢, be observed in scattering experiments which probe the thermal
(time-dependent) contribution to the scattering intensity? Substitution into Eq. (4.27) shows that in
the good solvent, small degree of swelling regime (wpN > 1), the thermal structure factor
G, becomes independent of g, and we conclude that a peak in thermal scattering (its position, ¢, is
independent of the quality of solvent) can be observed either at large swelling degrees or in the
vicinity of the &-point.

Let us now consider a gel in a poor solvent (w < 0). Experimentally, macroscopic collapse can be
prevented by fixing the volume of the gel (the way it is done in our calculation), or by performing
the scattering experiment shortly upon the quench to poor solvent conditions, before the gel has
the time to expel the solvent (since this happens by cooperative diffusion, collapse may take hours
or days, depending on the volume of the gel). If the experiment is done by first deforming the gel in
the good solvent and then (under conditions of constant deformation) bringing it into the poor
solvent regime (e.g., by varying the temperature), the point at which thermal scattering intensity
diverges defines the ¢g-dependent spinodal of the gel:

1+ wypg,=0. (4.46)

Clearly, this condition is first satisfied at the maximum of g, (at ¢ = ¢,). Furthermore, since g, is
largest in the direction of minimal extension (Ami,), the spinodal is first reached for wave vectors in
this direction. For Ami, < 0.97, the spinodal occurs at ¢, = 0 and corresponds to macrophase
separation (the gel will expel the solvent and collapse if we remove the fixed volume constraint). For
Amin > 0.97, the spinodal occurs at a finite wave vector g, of the order of the inverse mesh size, at
wyp given by Eq. (4.46). This corresponds to microphase separation, in the process of which solvent
is expelled from the denser into the more “dilute” regions of the inhomogeneous static density
profile (the characteristic size of such regions is of the order of the average mesh size). A peak at
a finite ¢ value was observed in small angle neutron scattering from weakly charged gels but was
attributed to electrostatic effects which are beyond the scope of this work [55].

The case A, >~ 0.97 (¢ = 0 in Eq. (4.40)) corresponds to the Lifshitz point [56] at which ¢, — 0.

In principle, we can now insert our RPA expressions for g, and v, into Egs. (4.27)-(4.30),
calculate the total structure factor as a function of the various parameters and compare with the
results of experiments on light and SANS scattering from stretched, swollen gels. However,
although our RPA results give a qualitatively correct picture of the effects of deformation and
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swelling on static inhomogeneities and thermal fluctuations, quantitative comparison with experi-
ments on gels swollen in good solvents is not possible since, in the derivation, we have assumed that
thermal fluctuations are small. The above assumption is not valid for semi-dilute solutions and gels
swollen in good solvents in which thermal fluctuations on length scales smaller than the “blob” size
are large. This well-known problem received much attention in the context of semi-dilute solutions
and several methods (e.g., renormalization group [27] and scaling [3]) were developed to deal with
it. These methods have to be adapted to the problem of gels in a good solvent where simultaneous
renormalization of the phenomenological parameters due to small scale fluctuations in both the
initial and the final state of the gel is necessary. Such a scheme will be presented in Section 5.
Instead of proceeding directly to gels in good low molecular weight solvents, we first apply our
RPA results to the related problem of a gel in a polymeric solvent, where strong fluctuation effects
are expected to be suppressed by screening. The replacement of a low-molecular weight solvent by
a polymeric one, requires some modifications which will be discussed in the following.

4.6. Gels in polymeric solvents

Consider a system which consists of free polymer chains in a network (Fig. 4.1) permeated by
(small molecular weight) solvent, where the free chains have an arbitrary degree of polymerization,
L, but the same chemical structure as the network (athermal case). The latter assumption is relaxed
in the next subsection where we study the segregation of the free chains from the gel. We assume
that the free chains have an initial monomer concentration ¢/® and that w'@c¢®L » 1 (this
condition corresponds to neglecting the density fluctuations of the polymeric solvent in the initial
state of the gel). In the final state, the network is, in general, stretched and swollen, with
corresponding concentrations of network and free chain monomers p and ¢, respectively, and with
excluded volume parameter w (for simplicity, this parameter is taken to be the same for both the
network and the free chain monomers). We further assume that the free chains are confined to the
volume of the gel and do not leave it following the deformation (this is usually the case in
experiments [53]).

We proceed to construct the free energy of the network plus the free chains system in the spirit of
the RPA method [3], by introducing the elastic entropy of the latter into the free energy, Eq. (4.18).
The other, trivial, change is to replace the partial monomer density of the network by the total

Fig. 4.1. Schematic drawing of the network. Free chains dissolved in the gel are shown by broken lines.
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density due to both polymeric components. The resulting free energy is given by

g_;n[p9c] =l J d‘l (Pq — nq)(p——q — n—q)
T 2 ) @2n)? 9y
4.47
+ C"Sc“’ +wlp, +c)(p-q + c_.,)} :
where
s, = cL/(1 + a’Lq?/4) (4.48)

is the (approximate) Debye structure factor of a free chain without excluded volume (note, that our
a? differs by a factor of 3 from the usual definition [23]). The partition function of a network with
a given structure (represented by n) is defined by

J D[5c] [D [3p] exp< _ @) . (4.49)

We now show that the free energy of a network permeated by a polymeric solvent is equivalent
to the previously derived one (Eq. (4.18)), where we replace w® and w by g-dependent virial
coefficients which are determined by the properties of the free chains (e.g., ¢ and L). Since the free
energy in Eq. (4.47) describes an arbitrary state of the gel, it can be applied to the initial state, by
replacing all quantities by their values in this state (by adding a superscript ).

In order to calculate the effective virial coefficient in the state of preparation of the gel, we first
perform the 6¢'© integration in the initial state analog of Eq. (4.49). This gives a free energy which
depends on n and p©

FOL®] _1 J’(dq [(pf,"’—n.,)(p@;—n‘q) w(°)sz°’P‘93:] (4.50)

TO ~ 2 |@2n)? 9, 1+ w@s®

and we conclude that the effective virial coefficient in the initial state is given by
W = w@/(1 + w®s0) | 4.51)

The factor 1 + w'@s{® in the denominator of this expression reflects the screening of excluded
volume interactions between network monomers due to the presence of free chains [3]. In the
assumed limit, w@c¢@L » 1, the fluctuations of total density p!® + ¢ = p{®/(1 + w'Ps{?), are
strongly suppressed by screening and we obtain

W = 1/s . (4.52)

Since we will eventually consider only the density fluctuations of the polymeric solvent in the
final state of the gel, we return to Eq. (4.49) and integrate over the density fluctuations of the
network, 8p. This yields the effective free energy functional which depends on the density of the free
polymer chains and the structure of the network,

Falel _1 [ dg [(e+n)cy+n-y) G-y
T ~2 _[(275)3[ st w s ] ' (4.53)




S. Panyukov, Y. Rabin/Physics Reports 269 (1996) 1-131 61

In the following we assume that wpN > 1, in which case we can neglect the 1/w term in the
denominator of Eq. (4.53). This is again equivalent to assuming that fluctuations of the total density
Py + ¢, = (cg + n,)/(1 + ws,) are suppressed due to strong screening, a condition which guarantees
the applicability of the RPA to our problem. Comparing Eq. (4.53) with Eq. (4.18), we conclude that
the free energy of a network permeated by polymeric solvent is formally identical to that of
a network of Gaussian chains, provided that we replace w with the g-dependent effective virial
coefficient w, = 1/s, in Eq. (4.18). Since we limit ourselves to the case of small fluctuations of the
density of the free chains, we need to impose the condition that there are many chains of that type
in the volume occupied by one of them [3],1.e. Ric/L > 1, where R; = aL'/?/2 is the size of the free
chain.

An exact (within the RPA) result for the structure factor valid for all ¢, can be obtained for the
total structure factor under preparation conditions (i.c., an undeformed and unswollen network,
4, = 1), by substituting w® — 1/s{® into Eq. (4.31). This yields the Ornstein—Zernicke form

S = pONX/I1L + (€], (454
where the correlation length is defined by
(92 =(a’NX/2)(1 + p'9/2c?) (4.55)

and where we defined the dimensionless effective heterogeneity parameter (the reason for this name
will be clarified later on):

X =((pN/cOL) —1)" 1. (4.56)

Note that the parameter X can be varied by changing the concentration, the length of the chains
and the degree of cross-linking of the network, but is not affected by swelling (we assume that the
labelled chains are trapped in the network throughout the process of swelling and, therefore,
p'@/c® = p/c). The cross-link saturation threshold for the network with the free chains, is given by
X — oo (inspection of Egs. (4.52) and (4.48) shows that the RPA cross-link saturation threshold
for a gel swollen by a low molecular weight solvent, Eq.(3.41), should be replaced by
pON/s® = pN/c@L = 1 for a gel swollen by free polymer chains).

Near the cross-link saturation threshold & diverges as X /2 and the intensity at ¢ — 0 diverges
as X. Away from the cross-link saturation threshold, (£9)? — RZ(1 + 2¢'9/p') and the structure
factor reduces to

cOL
[+ RI(1 + 2¢9/50) g2

ie., the only dependence on network parameters comes through the initial density p'®.

The expression coincides (in the limit X — 0) with the structure factor of a solution of chains of
lengths L (labelled monodisperse chains) and N, of concentrations ¢'” and p‘?), respectively. Strictly
speaking, the above statement is correct only if we assume that the distribution of the latter chain
lengths is the same as in the network. It can be shown that, in the case of random cross-linking in
the solution (or in the melt), the resulting distribution of chain lengths f(N) is exponential [2], i.e.,

f(N) = (1/N)exp(— N/N). (4.58)

Although creating such a distribution may be non-trivial experimentally, it is obvious that
a meaningful comparison of the scattering from free chains in a network with that from a solution,

S:(;O)|X—»o =~

(4.57)
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must be performed under otherwise identical conditions. More generally, in the case of a solution
with an arbitrary distribution of chains of average length N, one has to replace 2¢¥/p'¥
— 1c'?/p'? in the denominator of the structure factor (Eq. (4.57)) where the numerical factor # is of
order unity and can be calculated from the known molecular weight distribution [3]. Note that for
c9/p® < 1 (this corresponds to the experimentally studied range of parameters [47,57]), this
factor drops out and the scattering from the gel in the state of preparation reduces exactly to that
from an equivalent solution, independent of the molecular weight distribution. Since experiments
report nearly identical scattering from both systems [47,57] (in the absence of swelling or
deformation) this suggests that the gels were prepared away from the cross-link saturation
threshold (ie, X < 1).

We now consider the case of a deformed network with free labelled chains inside. An explicit

expression for the correlator {c,c_,> can be derived by making the substitutions 1/s$ and 1/s,
instead of w'® and w, in the RPA correlator of a gel in a small-molecule solvent obtained in the
preceding subsection. The total structure factor can be represented in the form (using Eq. (4.42)):

S, =[g,/(1 +5, g)1 + [1/(1 + s, '9,)°1[2pNA, + BqSS_(l’q//lxiylz] , (4.59)

where the single free chain structure factor s, is defined in Eq. (4.48) and S(ﬂ’q can be obtained

by substituting ¢ — 4 % q into the expression for the structure factor in the state of preparation,
Eq. (4.54). Exact asymptotic expressions for the functions g,, A, and B, have been calculated in the
previous subsection.

We now introduce the reference state of a solution (blend) of free chains (polymers of length
N and concentration p and polymers of length L and concentration c). Assuming the same
concentrations as in the case of a network permeated by free chains and using the RPA, we obtain

2pN
1 + 2(pN/cL)X1 + Riq%)

(4.60)

S;ef = <ch—q>ref =

Although the expressions for the scattering from free labelled chains in a network for arbitrary
), and R%g¢? are quite complicated, in the limit ¢g*> > max{(a>N)™!, R. *} the scattering becomes
independent of 4, and reduces to the corresponding limiting scattering from a solution of free
chains, Eq. (4.48),

S, ~ 4cja*q* . (4.61)

This behavior was observed by neutron scattering experiments [53].

4.6.1. Isotropic swelling

In order to understand the physical phenomena described by Eq. (4.59), we first consider the case
of isotropic swelling, p‘® — p, starting from the state of preparation. The total structure factor is
a function of the dimensionless parameters X and the swelling degree Qp,., = p'%/p (defined with
respect to the state of preparation), since, in the case of isotropic swelling, 4, = Qut2,. In Fig. 4.2 we
present the dependence of the total scattered intensity at ¢ = 0, on the degree of swelling, for several
values of X. The scattering increases monotonically with the degree of swelling (as was observed
experimentally [53]), and grows dramatically with the approach to the cross-link saturation

threshold, X — oo (it approaches that from the reference solution of free chains for X — 0). From
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Fig. 4.2. The scattered intensity at ¢ = 0 (normalized by pN), as a function of the swelling degree Q,., With respect to
preparation conditions (isotropic swelling), for X = 0.1 (circles) and 1 (squares). The ¢ = 0 values for the corresponding
reference solutions are given by the solid and the dashed lines, respectively.

inspection of Eq. (4.59) we conclude that the important quantity in the long wavelength limit is

213, X/(1 + X). For small values of this parameter, the thermal scattering is practically indepen-

dent of the degree of swelling while the scattering from static inhomogeneities increases as Qgla,.
Although the range of Q2/2,X/(1 + X) > 1 may be difficult to realize experimentally, we note that
in this limit thermal scattering is suppressed (as (1 + X)/XQ23.) and the scattered signal from
static inhomogeneities approaches a swelling-independent constant.

We now turn to study the g-dependence of the structure factors. We consider only the long
wavelength range (R.|q| < 1; N < L), for which we have exact analytical expressions for the
structure factors (the second condition ensures that the structure factors are monotonically
decreasing functions of ¢°). In Fig. 4.3 we compare the ¢ dependence of the full structure factor with
that of the thermal part, for X = 0.5, Q., = 10 and p = 2N/L = 0.1. The scattered intensity from
the reference solution (valid for all ¢) is also shown for comparison. We note that the thermal
scattering from the chains in the gel is weaker than that in the reference solution and that the
scattering from the static inhomogeneities dominates the signal (the effect increases with the degree
of swelling).

We conclude that the observation of enhanced scattering from a swollen gel permeated by free
labelled chains, compared to that from an equivalent solution of un-cross-linked chains, reflects the
presence of static density heterogeneities in the network. These inhomogeneities affect the scatter-
ing through their screening effect on the interactions between the labelled monomers. This suggests
that the effect of swelling on the scattering from the labelled chains is a collective effect which
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Fig. 43. Log-log plots of the full (squares) and the thermal (circles) structure factors (normalized by pN/100) as
a function of Ry|q|, for the case of isotropic swelling. The parameters are X = 0.5, Q,., = 10 and p = 2N/L = 0.1. The
structure factor of the reference solution (solid line) is shown for comparison.

vanishes in the limit of vanishing concentration of these chains. Indeed, for fixed network density p,
the limit ¢® — 0 corresponds to X — 0, in which case S, — s, in Eq. (4.59), ie., we recover the
scattering from undeformed and non-interacting chains. This also shows that the deformation (i.e.,
swelling) of the network does not induce significant deformation of individual labelled chains and
proves the collective origin of the enhanced scattering phenomenon. It is important to emphasize
that the scattering off the free chains probes network heterogeneities only indirectly, through their
effect on the local density of the free chains and that X is an effective heterogeneity parameter which
changes both with network structure and with the concentration and the length of the free chains.

4.6.2. Uniaxial extension

We consider the case of a network swollen in a good solvent (with degree of swelling Q,.,,) and
subsequently stretched along the z-axis, by a stretching ratio . We assume that the volume of the
gel is not changed by the stretching and that the labelled chains remain trapped inside the network.
In this case the deformation ratios A (which are affected by both the swelling and the stretching) are
given by

1/3 T _ Y 1/3 —-1/2
A, = QL3 o, b= Ay = Q3 0712 (4.62)

In Fig. 4.4 we present a log—log plot of the scattered intensities S,',' and S; as a function of Ry |q|
for o = 1.5 (the structure factors for the unstretched gel and for the reference solution are included
for comparison), with X = 0.1 and Q,,., = 1 (unswollen case). The scattered intensity is always



S. Panyukov, Y. Rabin/Physics Reports 269 (1996) 1-131 65

o o o o ° o -] [ o o oo
o
[
°
o

10.4 ° ° * o - ° °

A
1

0.01 0.05 0.

R, 4l

Fig. 44. Log-log plot of the scattered intensities in the direction of elongation (circles) and normal to it (squares) as
a function of R, |g|, for & = 1.5 (uniaxial extension), X = 0.1, Qp., = 1 and p = 0.1 (in units of pN/100). The structure
factor of the undeformed gel (diamonds) and for the reference solution (solid line) are also shown.

enhanced along the stretching axis and suppressed normal to it, both effects increasing with «
(the enhancement effect is much more pronounced than the suppression) [17, 18, 53]. The lines are
drawn only in the region Ry |q| < 1, where our exact (within the RPA) results for the structure
factor apply.

In Figs. 4.5 and 4.6, the scattered intensities along and normal to the stretching direction,
respectively, are plotted (on a log-log plot) versus Ry |q| with @y, = 10, X = 0.25and p = 0.1, for
several deformation ratios in the experimentally accessible range (1 < o < 2).

In Fig. 4.7, the scattered intensities in the parallel and the perpendicular directions, at ¢ = 0, are
plotted as a function of X, for the case Q,,., = 10, and « = 1.5 (the ¢ = 0 structure factor of the
undeformed network is included for comparison). The intensity increases with the approach to the
cross-link saturation threshold (X > 1), and the effect is quite dramatic for S". The latter observa-
tion suggests that the presence of static inhomogeneities has a strong effect on the scattering along
the axis of stretching, even for rather small deformations (x — 1).

In Fig. 4.8 we plot the correlation lengths along and normal to the stretching axis as a function of
a, for Qurep = 10 and X = 0.25, where the correlation lengths are defined as

,_ OlnS! and 2o OIS

e aqz ¢=0 _6—;12_ q=0'

(4.63)

In Fig. 4.9 we present a contour plot (isointensity lines) of the scattered intensity in the g;,q,
plane, for uniaxial stretching (x = 1.2), with Qp, = 10, X = 0.25 and p = 0.1. The butterfly pattern
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Fig. 4.5. Log-log plot of the scattered intensities in the direction of elongation (uniaxial extension) as a function of R, |4,
for o = 1.25 (circles), 1.5 (squares), 1.75 (diamonds) and 2 (crosses), in units of pN/10. The scattered intensity for the
undeformed gel is given by the solid line. The parameters are X = 0.25, Qpep = 10 and p = 0.1.
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of R, |g|. All the deformation ratios and parameters are as in Fig. 4.5.
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Fig. 4.8. Plot of the correlation lengths along (diamonds) and normal to (circles) the stretching direction (for uniaxial
extension), as a function of «, for X = 0.25 and Q,,., = 10.
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0.6

Fig. 4.9. Contour plot of the isointensity lines for wave vectors in the plane normal to the incident (neutron, laser) beam,
for uniaxial extension with deformation ratio « = 1.2. The parameters are X = 0.25, Q,.., = 10 and p =0.1.

shows clearly the presence of an angular singularity at ¢ = 0 and the enhanced scattering along the
direction of stretching observed in experiments [12]. The predicted contour plot for uniaxial
compression, o = 0.8 (where no experimental data are yet available) is shown in Fig. 4.10.

4.6.3. Segregation of labelled chains

Up to this point we assumed (for simplicity) that the network and the free chains are chemically
identical (athermal case) and differ only in length. We now turn to the case of a network permeated
by free chains (we assume that there is no small molecular weight solvent, i.e., (p + ¢)a® = 1), in
which the interaction between the monomers of the free and the network monomers is described by
the Flory~Huggins parameter y (thermal case [3]). The interaction term in Eq. (4.47) is replaced by

10(py + € (pg + C) > B UPye—y. €yt py =0 (4.64)

and, as the result, Eq. (4.53) takes the form

Falc] _ 1 dg | +nc—g+n_y) 1
.1 fafn e (120

Comparison with Eq. (4.18) shows that the effective virial coefficient for the screened interaction
between the monomers of the network is

w,=s,1—2a’y. (4.66)



S. Panyukov, Y. Rabin/Physics Reports 269 (1996) 1-131 69

Reay

0.6

Fig. 4.10. The same as Fig. 4.9, for uniaxial compression, a = 0.8.

The correlation functions can be obtained from Egs. (4.37) and (4.38) by the replacement w — w,.
Let us first consider the case of long free chains, L » N for which the presence of a maximum in
g, does not show up in the structure factor. The spinodal (i.c., the onset of segregation) is found
from the condition for the divergence of thermal fluctuations in the limit 4 — 0 and is given by

2% =[1/2(1 — ¢L)N] (A% q/lql)* + 1/¢. L, (4.67)

where ¢, = ca? is the volume fraction of the free chains. This should be compared with well-known
expression for the spinodal of a binary blend of free chains [3] with average lengths N (and the
same exponential distribution of lengths as the network chains — see Eq. (4.58)) and L,

2yolend = 12(1 — ¢ )N + 1/, L . (4.68)

Note that in the absence of deformation (4, = 1), x, = 25°™.
Under uniaxial extension (by a factor of o), thermal density fluctuations become anisotropic and
the spinodal is first reached for fluctuations which are normal to the stretching direction:

2xep = 120(1 — ¢ )N + 1/¢ L . (4.69)

This effect is shown in Fig. 4.11. We conclude that phase separation resulting in the expulsion of the
free chains from the gel may result when a gel is subjected to stretching (the effect should be most
pronounced near the spinodal of the undeformed system). Such effects have been observed in
sheared blends [19] (to which our theory cannot be directly applied, even though a generalization
of the present approach to transient phenomena in polymer liquids in which temporary entangle-
ments act as effective cross-links, appears plausible).
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Fig. 4.11. Plot of spinodal values of the Flory-Huggins interaction parameter y as a function of the volume fraction of
the free chains inside the network, ¢;, for N/L = 0.1 and « = 1 (solid line), 1.5 (crosses) and 2.5 (dashed line).

The prediction that the spinodal is first reached for fluctuations perpendicular to the stretching
direction appears to contradict our previous conclusion that light or small angle neutron scattering
is always enhanced in the direction of stretching (since the spinodal is usually assumed to be the
point where the scattering signal diverges). Upon some reflection (see Eqs. (4.37) and (4.38)) we
realize that the predicted enhancement (away from the spinodal) in the stretching direction comes
from the A* factor in the numerator of the correlator of static inhomogeneities. The spinodal
condition corresponds to the point where the denominators of both the thermal correlator and the
correlator of static inhomogeneities (in Egs. (4.37) and (4.38)) vanish, and is first reached in the
direction perpendicular to the stretching axis. This explains the observations of Ref. [58] where
the enhancement of the scattering signal along the stretching direction (consistent with the butterfly
effect) was interpreted as the signature of the spinodal. We therefore predict that scattering
experiments on free chains dissolved in a network in the vicinity of the cross-link saturation
threshold will observe an increase of the scattering in the parallel direction at moderate deforma-
tions, followed by the divergence of the scattered intensity in the perpendicular direction, at higher
deformations (Fig. 4.12). From the asymmetry (with respect to composition) of the spinodal in the
presence of uniaxial extension (see Fig. 4.11), significant stretching-induced shifts of the spinodal
are expected to occur in networks which contain large concentration of free chains.

What happens when the free chains are shorter than the network chains, 64/(a*c) < L < N
(the first inequality ensures the applicability of the RPA)? This situation is described by our RPA
analysis of gels in small molecular weight solvents (since small free chains are equivalent to a low
molecular weight solvent), with the spinodal condition replaced by (using Egs. (4.46) and (4.66))

1+ (1/cL — 2a3y,,)g, = O . (4.70)
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Fig. 4.12. Schematic drawing of the ratio of the intensities scattered perpendicular and parallel to the stretching axis
(I, /1) as a function of the stretching ratio a, for a network permeated by free labelled chains and prepared close to the
spinodal.

The spinodal is first reached for fluctuations with wave vectors in the direction of minimal
extension. According to the analysis in Section 4.5.4, there are different possible scenarios depend-
ing on the value of A,;,. For 1,;, < 0.97 we have macrophase separation (at g = 0); otherwise,
microphase separation at a characteristic wave vector of the order of the inverse mesh size will
result. The spinodal curves (ys, vs. ¢) are qualitatively similar in both cases, but the one
corresponding to microphase separation occurs at lower values of y,,. The case Ay, >~ 0.97 at
which the transition from macro to microphase separation takes place corresponds to the Lifshitz
point.

5. Gels in good solvents

Up to this point we assumed that both static inhomogeneities and thermal fluctuations in the gel
are small and expanded the free energy to second order in the deviations from the mean density.
This allowed us to carry out the resulting Gaussian integrals and to calculate the density
correlation functions. While such an approach leads to physically meaningful results for gels
permeated by polymeric solvent which can be adequately described on a mean-field level (by RPA),
it fails to account for strong short wavelength thermal fluctuations of a network embedded in
a good, low molecular weight solvent (we have shown that such a problem does not arise for static
inhomogeneities which can be always described on the RPA level, for networks prepared away
from the cross-link saturation threshold). However, since there exist well-known methods (e.g.,
renormalization group and scaling) for dealing with such problems in the case of semi-dilute
solutions, we can adapt these methods to the present case and obtain a scaling description of gels in
good solvents. The application of semi-dilute solution ideas to cross-linked gels is based on the fact
that while static density inhomogeneities take place only on scales comparable to or larger than the
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characteristic mesh size of the network, thermal fluctuations are dominated by small-scale phe-
nomena which are quite similar to those in semi-dilute polymer solutions. The absence of static
inhomogeneities on these small length scales means that, in deriving the long wavelength descrip-
tion (effective free energy) of the gel, the only contributions from the small scales will come from
thermal fluctuations.

5.1. Renormalization and scaling

The fundamental distinction between the study of fluctuations in polymer networks and in
polymer solutions is that, in the former case we have to consider fluctuations in both the initial and
the final state. This observation stems from the fact that gels are prepared from polymer solutions
and, consequently, thermal fluctuations in these solutions determine the structure of the resulting
networks.

In order to describe long wavelength phenomena, we resort to the standard approach of
renormalization group (RG) theory [59]. We recall the expression for the replica grand canonical
replica partition function, Eq. (2.47) (from which we omitted the unimportant term which accounts
for chain end effects),

Em= JDtp(f)eXp{ — Hlp®)1} . (5.1)

Since strong fluctuations come from small scales it is convenient to separate the slowly (¢ (X)) and
the rapidly (¢ <(x)) spatially varying components of the field ¢ (by rapidly varying we mean that the
spatial variation is fast in at least one of the replicas). The separation is done by introducing the
length scales {R™} in each of the replicas and writing

oX) = (%) + @-(X), (5.2)

with the definitions

¢ (X) = L (Et—)%iz‘iﬁ,;) @;exp(i - %), (5.3)
and

P <(X) = L %S‘I?T"T’ @;exp(ig - x) , (5.4)
where [ denotes integration over wave vectors § = (¢'”,¢'", ... ,¢™), with |¢®| > 1/R® in at

least one of the replicas, and | describes integration over wave vectors which obey {j¢*| < 1/R™}
in all of the replicas. The next step is to represent the partition function as a functional of a coarse
grained Hamiltonian H ., which depends only on the fluctuations of the n-component field ¢ . (x),
on length scales larger than {R™}:

Em = JDw(ﬁ)exp{ —H.[p-®1}, (5.3)
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where we define

exp{ —Hx[p>®)]} = f Do .(®)exp{ —H[o]} . (5.6)

It can be shown that our replica space theory is renormalizable in the sense that the above coarse
graining procedure does not affect the functional form of the Hamiltonian [60] and thus,

Holoa1= (8502004 ] 5 [ ROT (0. 0
k=0

m 2
ﬁ(«pi(f))ﬂ ) jdx"‘)[n de”><p2> (:e] , (5.7)
4 2% 1£k

where V® is a 3-dimensional gradient operator with respect to coordinates of kth replica. The
integration in Eq. (5.6) leads only to the renormalization of the bare parameters of the field
Hamiltonian (2.48), i.e., to their replacement by the cut-off dependent parameters in the initial

a® - a(O)(R(O)) , w® W(O)(R(O)) (5.8)
as well as the final state,
a —»a(R), w — w(R), (5.9)

where we used the identity of the replicas of the final state to write a®(R®) = a(R) and
w®(R®) = w(R). The parameters y and z., which determine the chemical structure of the gel, are
not renormalized under the integration over fluctuations of the field ¢ < (xX) with spatial scales
smaller than the mesh size of the network (this is related to the previously made statement that
fluctuations of network structure take place on scales of the order or larger than the mesh size).

The renormalized Hamiltonian H. [¢- (x)] describes fluctuations in initial and final systems
with spatial scales larger than R‘® and R, respectively. The scales R'” and R are connected by the
condition that they determine the linear size of the same topological objects (i.e., network
segments), but in different states. Note that, due to different physical conditions in the initial and
final states, the renormalized monomer sizes a‘®(R‘?) and a(R) differ one from another, even if they
were identical in the bare Hamiltonian, H = H. ({R® = a}), Eq. (2.48). The coarse graining
process is continued until one reaches the fixed points of the RG transformation [61]

dO(R®) > a?(E®) = afY), a(R) > a(¢) = ag, (5.10)
and
WORD) > wOE) = ), W(R) > w(E) = wp, . (5.11)

On the scales R > ¢ and R® > ¢, density fluctuations in each of the replicas are suppressed by
screening effects and there is no renormalization of the parameters of the Hamiltonian upon further
coarse graining. One can, therefore, identify ¢? and ¢ with the correlation lengths in the initial and
final states, respectively.
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In order to describe the thermodynamic functions and the behavior of long wavelength
fluctuations (with wave vectors ¢ < 1/69 and ¢ < 1/&), we can use our mean-field description,
with the replacements

(0)
a—al, i,k =), ROR, (5.12)

afp

where R® = a{2) N*/? and R = a;, N'/? are the sizes of chains of N monomers which depend only
on the densities of the initial and the final states, respectively, (but not on the deformation of the
network in these states). The second equality in Eq. (5.12) follows from the replacement of the
coordinates in the replicas of the final state, x* — (a;,/a{>)x™ in the renormalized Hamiltonian,
Eq. (5.7) (in order to recast it into the form given in Eq. (2.48)), and from the observation that as the
result of this transformation 4, is multiplied by a factor afy /ac,.

Strictly speaking, the values of renormalized parameters in Egs. (5.8) and (5.9) should be found
from the solution of the RG equations. However, since the fixed points of these equations can be
readily obtained by scaling methods, we will limit ourselves to simple scaling considerations. The
fixed point parameters can be calculated by identifying them with their physically observable
values, and estimating the latter using the de Gennes blob picture of semi-dilute solutions [3]. In
the spirit of the scaling approach, we omit all numerical coefficients in the following.

Consider the case in which both the initial and the final states of the network correspond to the
semi-dilute regime (in the important case of cross-linking in the melt, no renormalization of the
initial state parameters is necessary) in an athermal solvent with w'® = w = a>. The renormalized
monomer sizes a3 and ag, in these states can be evaluated from the mean-field expressions for the
corresponding correlation lengths,

EO = g (g2 | &= agg'? . (5.13)

Using the well-known blob model estimates of the concentration dependence of the blob para-
meters, yields

g0 = (pOg3)5IF | EO = g SIA(pO) =34 (5.14)

where g'® and &© are the number of monomers and the size of the blobs in the initial state. The
analogous expressions for the final state are

g=1(pa®) %, E=a dMpT*, (5.15)

Note that although our approach differs from the standard one [3] in which the bare monomer size
is used and the ideal chain exponents are replaced by their Flory values (i.c., ¢ = ag*?), it leads to
the same concentration dependence of the correlation length.

Substituting the above relations into Eq. (5.13) we find

at(};) — aS/S(p(O))— 1/8 , A= a5/8p— 1/8 (5.16)
and, therefore,

RO = g{Q N2 = g5/6(p®)~ V8 §1/2 (5.17)
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and

R=a ,NV? =g’8p 18N1Z (5.18)

The values of renormalized virial coefficients w}?,’ and wg, can be calculated by equating the
renormalized excluded volume interaction terms in the free energy (the osmotic pressures in the
initial and the final states) to their semi-dilute solution analogs:

TOWD (P = TOUEO) | Twep? = T/E . (5.19)
This gives
W = giSiH (PO |y = gtS L (5.20)

Note that the latter expression can be written as wy, = a*(a®p)!/*. The reduction (in the semi-dilute
regime a3p < 1) of the interaction parameters compared to their bare values is the consequence of
the well-known correlation hole effect [3]. Egs. (5.16) and (5.20) complete our discussion of the
renormalization of our model. We conclude that in order to describe a gel in a good solvent, we
only have to replace the bare parameters in the previously derived expressions for the free energy,
correlation functions, etc., by their renormalized values.

The cross-link saturation threshold w'® p'® N = 1 (Eq. (2.8)) takes the form

Pimin = aPN743 = p* | (5.21)

which is identical to the condition for the threshold of overlap of chains of N monomers (c*
theorem [3]). Thus, the conditions of preparation under which a gel can be formed, p©@ > pioh,
correspond to a semi-dilute solution of such chains, p® > p*. Note that as p'© — p* the fluctu-

ations of network structure diverge and the gel becomes extremely heterogeneous.

5.2. Thermodynamics

In the following we use the scaling relations derived in the last subsection to formulate the
thermodynamic description of deformation and swelling of networks in good solvents. Renormaliz-
ing the mean-field free energy, (3.30), with the aid of Egs. (5.16) and (5.20) (neglecting the
logarithmic term), we obtain the following expression for the free energy of the swollen gel [62-64]

F {2, A, RON\2
T{T-—}= vz< = ) + ptalsit (5.22)

The p°* term contains the well-known fluctuation correction [3] to the mean-field value p? for the
osmotic pressure. Although the elastic term resembles the usual expressions of classical theories of
gel elasticity which also contain a correction factor (R‘”/R)?, in the latter theories this ratio
depends only on the difference of the qualities of solvent in the initial and the final states [65], and
does not take into account the swelling-induced change in their respective sizes. In our case this
ratio is given by

(RO/RY? = (p/p' )1/ (5.23)
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from which the case of cross-linking in the melt is obtained by the substitution p'® = a3, The
presence of the concentration-dependent (R‘®/R)? correction to the elastic term in the free energy
leads to interesting new effects such as the prediction of a negative effective Poisson ratio at uniaxial
deformations of order unity [64].

Minimizing the above free energy with the substitution A = (p'©/p)!/3 (i.e.,, balancing the osmotic
and the elastic forces in the network) we obtain the volume swelling factor (defined with respect to
the dry state of the gel),

0 =(pa®) ! = (p®a3) VNS (5.24)

For networks prepared at the cross-link saturation threshold we can substitute Eq. (5.21) into the
above equation and obtain Q... = (p*a®)~! which corresponds to the c* theorem [3]. We
conclude that the equilibrium swelling state of gels cross-linked away from the cross-link satura-
tion threshold is much more concentrated than the c* state and thus there are many other network
chains in the volume spanned by a chain which connects two adjacent cross-links. This means that
the mental picture suggested by the ¢* theorem in which there is only one chain in the volume
occupied by the average mesh, has to be replaced by one in which there are many chains per mesh
volume and which corresponds to a semi-dilute solution of interpenetrating network chains. Note
that while in the former picture, coarse graining over a mesh size leads to an ordered lattice, the
latter picture corresponds to a topologically disordered gel (see Fig. 5.1).

The osmotic and the elastic (e.g., shear) moduli at equilibrium swelling in excess solvent, G, and
G, can be read off the expression for the free energy, Eq. (5.22),

Gos = G = (T/a®)Q ™" = (Tp*/N)(p'V/p*)°*° . (5:25)

These moduli are larger than those predicted by the c* theorem (by a factor of (p¥/p*)*/*¢), due to
the greater density of the equilibrium state.

Fig. 5.1. Schematic drawing of a topologically disordered gel as a network made of chains of blobs. The blob size £ is
shown.
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The above expression for the moduli was derived under conditions of thermal equilibrium in
excess solvent in which the density p is completely determined by the conditions of preparation and
the quality of solvent and can be varied only by changing the latter. We now proceed to examine
the concentration dependence of the moduli in a network which is in thermal equilibrium in the
presence of externally applied osmotic pressure. In this case, the density can be obtained from the
thermodynamic relation

697 Ntot
P=——| , whereV = .
aV N Pp

tot

(5.26)

For large compressions, the elastic contribution to the free energy can be neglected with respect to

the osmotic part and we obtain P = Ta'%*p3/*, which define the density pp corresponding to
a given pressure P. This yields the moduli

Gé. = (T/a’)(@’pp)** (5.27)
and

Ga = Tpr' 2 (p' )" ?IN . (5.28)

In the compression regime the elastic modulus is smaller than the osmotic one (the two become
equal and are given by Eq. (5.25) in the limit P — 0).

It is interesting to examine the limit in which pp = p'), i.., the case when the externally applied
osmotic pressure is large enough to increase the density to its value in the state of preparation.
Substitution into Eq. (5.28) gives

Ghli=1 = Tp/N . (5.29)

This simple result can be interpreted as follows: in the state in which the gel was originally
cross-linked, the chains between cross-links are undeformed (4 = 1), and each of them carries T of
elastic free energy.

In the extreme case of compression to the dry state (ie., all solvent is expelled) we obtain
a universal relationship between the elastic modulus in the dry state and its equilibrium swelling
factor in a good solvent Q, defined in Eq. (5.24):

G = (T/a®)Q ™. (5.30)

This relation does not depend on the structure of the network (characterized by N) and can be
tested by independent measurements of the factors on both sides of the equality.

The results obtained in this subsection apply to mechanical and osmotic experiments which
probe the gel under conditions of thermal equilibrium. Since most mechanical experiments are
done under conditions in which the gel is in thermal but not in osmotic equilibrium (long time, of
the order of hours and days, may be needed to reach osmotic equilibrium in macroscopic polymer
gels), it is important to stress that the above expressions can be applied even to situations in which
osmotic equilibrium has not been reached.
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3.3. Interpenetration and desinterpenetration of network chains

The number of interpenetrating chains in the volume (R'®)* of a mesh in the initial state can be
estimated as

n(O) — pio)(R(O))3/N — (p(O)/p*)S,iS — (p(O)aS)S;’SNl_/Z , (531)

where we used Eqgs. (5.13), (5.14) and (5.21) (R has been defined in Eq. (5.17)). This number
characterizes the degree of topological disorder and varies between 1 (for gels prepared at the
cross-link saturation threshold) and N'/2 (for networks cross-linked in the melt).

We now estimate the number of interpenetrating chains in a swollen network. We found in the
mean-field approximation (Eq. (3.64)), that the effective mesh size changes affinely with the
stretching as Ryesn = aN'/2 /. In order to transform this into the scaling picture we replace a — a}g’,
/ — +R/R (Eq. (5.12)) and change the length scale as x - xR‘”/R. This gives

R, = RO (5.32)

from which the average number of interpenetrating chains per mesh in a swollen state is estimated
as

Ny = p(AR?)3/N = n® (5.33)

and we conclude that this number remains constant during the swelling of the network.

The situation is more delicate if we consider the case in which the network is compressed in its
final state, compared to its state of preparation (this can be done by applying osmotic pressure P, as
discussed above). We showed (Eq. (3.65)) in the mean-field approximation, that in this case (i.e.,
/. < 1), the mesh size is Ryesn = aNY2 which upon rescaling, becomes R = £(N/g)!/2 (it depends on
the final density as p~''®) and

Neomp = PRP/N = (p/p*)>® > n'¥ (5.34)

i.e., compression leads to increased overlap (interpenetration) of chains. Indirect support for this
mechanism comes from measurements on labelled chains in a network which do not decrease
significantly in size upon compression [46]. If the network is prepared in the semi-dilute regime,
then dried (i.e., the solvent is removed) and, finally, stretched and reswollen in a good solvent, one
will observe desinterpenetration of network chains compared to the dry state (n.,m, Will decrease by
a factor of (pa®)*’® compared to the dry value, N'/2).

5.4. Density correlation functions

We proceed to calculate the density correlation functions of gels in good solvents. In the
microscopic (short wavelength) range, |g| > &', the analysis of the asymptotic behavior of the
functions v, and g, shows that the scattering is identical to that from a semi-dilute solution in
a good solvent (at the same monomer concentration p), i.e.,

C, -0 (5.35)
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and
G, ~ plag)~ 3. (5.36)

This behavior has been observed in neutron scattering from gels in good solvents [48].

5.4.1. Mesoscopic range

In the mesoscopic range |g| < ¢~ ' (where the correlation length & is given by Eq. (5.15)), density
fluctuations are suppressed by the screening of excluded volume interactions and we can use the
RPA expressions for the structure factors (Section 4.5.3), in which we replace the mean-field
parameters by their renormalized values (see Egs. (5.12),(5.16),(5.20) and (5.23)). Note that since
& < AR for gels obtained away from the cross-link saturation threshold, the mesoscopic range
extends to wavelengths smaller that the average mesh size AR® (we showed that this quantity
describes the mesh size; see Eq. (5.32)).

In this range, the renormalization of length scales (see the discussion following Eq. (5.12)) which
leads to the renormalization of 4, affects also the wave vectors ¢, and leads to the replacement
q = (R/R9)q in the mean-field expressions. The resulting replacements to be made in the RPA
density correlators are:

(1) aZNqZ —>R2q2 = QZ ,

ie., the mean-field expression for the size of an average network chain is replaced by the
corresponding scaling value in the final state, R = a(pa®)~ V8N1/2,

(2) &N *q)? > (R)?(A*g)? = [(R)?/R¥](A * §)* Q>

in which the size of an average network chain is replaced by the corresponding scaling value in the
initial state R® = a(p'®a®) /8 N/2 (this factor expresses the affine deformation of a chain in the
initial state).

(3)  (xq)*/g® > [(RV)Y/R*](A*q)*/q* .

(4) Renormalization of the virial coefficients:

W(O) __)a?:(p(O)a3)1/4 , W ~_)ali(pa3)l/4 .

In this way, the renormalized correlators can be obtained from their RPA analogues simply by
changing the definitions of the dimensionless wave vectors (Q), replacing the second virial coeffi-
cients by their renormalized values and making the replacement A — (R‘®/R)A in the RPA
expressions for the correlators g,,v,, G, and C, given in Section 4.

The qualitative features of the density correlators of uniaxially stretched gels in good solvents
(butterfly patterns, etc.) are similar to those of gels in polymeric solvents and we will not repeat the
analysis here and only present several typical results. A three-dimensional plot of the full structure
factor for uniaxially stretched gels prepared close to the cross-link saturation threshold, is shown in
Fig. 5.2. The enhancement of scattering parallel to the stretching direction and the suppression of
scattering normal to it is clearly visible. Similar behavior is observed for gels prepared away from
the cross-link saturation threshold and studied at equilibrium swelling (Fig. 5.3), when static
inhomogeneities dominate. Furthermore, since the angular anisotropy of thermal fluctuations is
much weaker than that of static inhomogeneities, butterfly patterns oriented along the stretching
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Fig. 5.2. 3-dimensional plot of the total intensity S, in the (g, g.) plane, for a gel prepared close to the cross-link
saturation threshold, a*p'® = a*p = 0.026, N = 100 and « = 1.2.

F-0.2

Fig. 5.3. Isointensity plot in the {gy, ¢.) plane, for a gel prepared away from the cross-link saturation threshold and
swollen to equilibrium. The parameters are N = 100, a®p® = 0.3, a’p =005 and a = 1.L.
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direction are predicted even for gels prepared away from the cross-link saturation threshold and
studied at the concentration of preparation, when thermal fluctuations dominate (Fig. 5.4).

One of the striking predictions of our theory is the existence of a maximum in the thermal
structure factor of neutral polymer gels in good solvents, at a finite wave vector g, (this follows from
the discussion in Section 4.5.4, where we replace the RPA parameters by their renormalized good
solvent counterparts). Although the maximum is located at a wave vector which lies outside the
range of our mesoscopic (or short wavelength) analytical expressions, scaling considerations
suggest that for gels in the state of preparation or for uniaxially swollen ones, the predicted peak in
the thermal structure factor appears at a wavelength of the order of the average mesh size of the
network. The maximum is shifted to g, = 0 when the gel is isotropically compressed to 93% of its
volume in the state of preparation (this Lifshitz point is defined by the condition a(g) = 0, with
o obtained by substituting the renormalized good solvent parameters into the RPA expression,
Eq. 4.40).

Since static scattering experiments measure the sum of the contributions of thermal fluctuations
and static density inhomogeneities (the latter contribution is expected to be a monotonically
decreasing function of g), the above maximum will be observed only under conditions when
thermal fluctuations make a significant contribution to the scattering. As will be shown in the next
subsection (5.4.2), scattering from static inhomogeneities always dominates at high degrees of
cross-linking (near the cross-link saturation threshold), and even away from this threshold, for gels
swollen to equilibrium in excess solvent. We therefore expect to observe a pronounced maximum

Ray

Fig. 5.4. Isointensity plotin the (¢, q.) plane of the scattering vector (parallel and normal to the stretching direction), for
a gel prepared away from the cross-link saturation threshold and studied at the concentration of prepration,
a®p® = a®p = 0.3. The parameters are N = 100 and « = 1.1.



82 S. Panyukov, Y. Rabin/Physics Reports 269 (1996) 1--131

at g = 0 (due to scattering from static inhomogeneities), followed by a smaller maximum or
a “shoulder” at intermediate g values (due to thermal scattering) in plots of the total scattered
intensity, for lightly cross-linked gels and for gels studied at the state of preparation. The
“shoulder” should disappear with progressive swelling of the network and at higher degrees of
cross-linking. Both effects were observed in experiments [66—-69]. The complex shape of the
scattering curves has been fitted by the sum of a Lorentzian form for the thermal contribution and
a Gaussian form for the contribution of scattering from static inhomogeneities [ 70] (to the best of
our knowledge, the possibility of a finite ¢ maximum in the thermal structure factor of neutral gels,
has not been mentioned by any of the previous investigators).

Note that the effect of the maximum on the static scattering spectrum should become more
pronounced with the approach to the @-point (poor solvent conditions), where thermal fluctu-
ations are expected to diverge. Although this effect has been observed for charged gels [55], it was
attributed to the interplay between electrostatic and poor solvent phenomena [71,72], and similar
experiments on neutral gels are needed to test our prediction.

5.4.2. Long wavelength limit

Exact analytical expressions for the density correlation functions of a gel in a good solvent can be
obtained in the long wavelength limit (¢ — 0). When a network prepared at density p'© undergoes
an isotropic density change to a concentration p, the correlators of thermal fluctuations and of
static inhomogeneities become

___ 2pN(p/p )2
©T L+ 20/ ol )

(5.37)

and
3pN[2(p/p*)** + 1]
[ /p*)*™ — 1ILL + 2p/p*)**(p/p*)' 1"
Note that the contribution of static inhomogeneities C, diverges near the cross-link saturation
threshold, p'® = p* (Eq. (5.21)) and we predict that, for networks prepared close to p* conditions,

practically all the observed scattered intensity comes from these inhomogeneities. We can define
the network heterogeneity parameter

X =1/[(p9p*y* - 17, (5.39)

C0=

(5.38)

which diverges at the cross-link saturation threshold. For X — oo, the density in the initial state

coincides with that in the equilibrium swelling state (swelling is suppressed with the approach to

the cross-link saturation threshold, i.e., pq @ p' & p*; see Eq. (5.24)) and the correlators are given

by

ZNUS NIIS

a0 PG -
If the gel is prepared close to the cross-link saturation threshold (p'® — p*) and then strongly

compressed (p > p*), we get

GOlcomp = 1/‘13(0317)”4 ] (541)

Go ~ (5.40)
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and

9
C com = AT ‘
0| P 4a3N5/3(a3p)7/3[(p(O)/p*)5/4 _ 1]

Thermal fluctuations are independent of the degree of cross-linking and their intensity decreases
slowly with increasing compression. Near the cross-link saturation threshold static inhomogenei-
ties increase with increasing degree of cross-linking (as N~°/3) and are rapidly suppressed by
compression (as p~ "3).

For networks prepared away from the cross-link saturation threshold (p© » p*), we can
distinguish between experiments in which the scattering is performed (1) on the gel in the state of
preparation, (2) on the gel swollen to equilibrium in excess solvent and (3) on a gel compressed
(isotropically) with respect to the state of preparation (p > p'?).

(1) State of preparation, p = p©. In this case,

1 3
Go|p=n‘°‘ ~ a3(a3p(°))1/4 ’ C0|n=p‘°' ~ 2a3N(a3p(°))3/2 > (5-42)
i.e., the thermal component of the scattering does not depend on the density of cross-links (for fixed
monomer density in the initial state). The scattering from static inhomogeneities increases with the
density of cross-links and rapidly decreases with the concentration p'®. The ratio Y = Cy/G, of the

contributions of the static inhomogeneities and the thermal fluctuations is given by
Y=o 3 (p*/p@)H <1, (543)

ie., the thermal scattering dominates in the state of preparation. Note that, in this case, the
scattering from the gel is expected to be very close to that from an equivalent solution, in agreement
with experimental observations [47, 57].

(2) Swelling equilibrium, p = p*(p@/p*)!/* (from Eq. (5.24)):

Yoo = (p@/p*P0 > 1, (5.44)

i, the scattering comes mostly from static heterogeneities. Note that for gels swollen with respect
to the state of preparation, the scattering is expected to increase with swelling, G, ~ p~V/* and
Co ~ p~ "1 (the effect is especially strong for scattering from static heterogeneities). This effect was
also observed in experiments [47, 57].

(3) Isotropic compression, p > p'@ > p*:

1 3(p )
Golcomp X 2@ Colcomp & 2N, (5.45)

The corresponding ratio is

Yeomp 2 3 (p9/p)56(p*/p)*"* < 1, (5.46)

i.e., thermal fluctuations dominate.
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We now consider uniaxially stretched gels (with deformation ratio «). The intensity of thermal
fluctuations at small wave vectors parallel to the direction of elongation, is

/a2 pN (p/p )51
1+ /) (p/p*)>*(p/p'®)>/12

and the corresponding contribution of static heterogeneities is given by

ol _ 3pN[2(p®/p*)** + 1] (548)
© T L™/p*) T = 1L + 2/a®)(p/p*)* (p/p@)T12]? '
Near the cross-link saturation threshold (p® — p*) the scattering is always dominated by static
inhomogeneities.
Away from the cross-link saturation threshold, we distinguish between cases (1) and (2) (as
above). In the state of preparation (1), the ratio increases from

Go =

(5.47)

Y)_ o x3at(p*/p@)* < 1 (5.49)
for moderate values of the deformation ratio o (a? < 2(p'?/p*)*'4), to
Y o301 (5.50)

for a? > 2(p®/p*)*4, ie., the contribution of static inhomogeneities to the scattering in the
direction of elongation dominates in the strong stretching limit. Therefore, the parallel component
of small angle scattering from gels in the state of preparation, changes from thermally dominated to
static inhomogeneity dominated regime with increasing stretching.

Under equilibrium swelling conditions (2), the ratio of the corresponding structure factors is
given by

Yeq & [B3o*/2 + 27)](pV/p*)**¢ > 1 (5.51)

and therefore, scattering from static heterogeneities is always dominant.

We now proceed to study the long wavelength scattering in the direction normal to the

stretching axis. The thermal component of the scattering perpendicular to the direction of
elongation is

__ 20pN(p/p®)¥

O T T 20(p/p*) *(p/p )12 (5.52)
and the perpendicular scattering from the static heterogeneities is
N (0)/,%)5/4 _
L 3pN[2(p™/p*) 1] (553

= G e 110 + 2 T

As before, near the cross-link saturation threshold most of the scattering comes from static
inhomogeneities. Away from the cross-link saturation threshold we get
1. In the state of preparation

Yio,on (3203)(p*/p@)* <1, (5.54)

ie., thermal scattering always dominates the scattered intensity in the direction normal to the
stretching axis.
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2. At equilibrium swelling

3
YL o ©)/5%)5116 5.55
€q a(z + a) (p /p ) ( )
i.e., scattering from static inhomogeneities is stronger than that from thermal ones at small
deformations but the situation is reversed in the large deformation limit.

5.4.3. State of preparation

An exact expression for the total structure factor can be obtained for gels in the state of
preparation by replacing the RPA parameters by their renormalized values in Eq. (4.31) (this
expression is valid for all wave vectors in the range |q| < 1/©):

o _ pON
T (0% — 1+ (RO )2

(5.56)

The correlation length, R©O[(p'?/p*)** — 1]~ /2, diverges at the cross-link saturation threshold at
which the length scale associated with the static heterogeneities becomes infinite and our RPA
approximation for the frozen fluctuations of network structure breaks down.

Away from the cross-link saturation threshold (p'®/p* » 1) this expression reduces to

o o (p@) 14 gm 1504
T I+ EOre27

(5.57)

i.e., the correlation length coincides with the size of a blob in the state of preparation (Eq. (5.14)).

We found that frozen heterogeneities of network structure give the dominant contribution to the
scattering from gels prepared near the cross-link saturation threshold of the initial state (close to c*
conditions). Away from the cross-link saturation threshold, thermal fluctuations dominate the
scattering from an unstretched gel in the state of preparation, but static inhomogeneities dominate
and the intensity of small angle scattering increases [70] when the gel is swollen to equilibrium.

When the gel is uniaxially stretched, we predict that the angular dependence of the scattering
intensity (at small wave vectors) will be always dominated by the static inhomogeneities and that
butterfly patterns (in isointensity plots) oriented along the stretching direction will be observed.
This holds even for gels prepared away from the cross-link saturation threshold and studied at the
concentration of preparation (i.e., when thermal fluctuations dominate), since the angular aniso-
tropy of static inhomogeneities is stronger than that of thermal fluctuations.

6. Connection with continuum theory of elasticity

In the previous sections we derived exact expressions for the density correlators which describe
the static density inhomogeneities and the thermal density fluctuations in a deformed network. We
found that the total structure factor is dominated, under most conditions, by the static density
inhomogeneities and that under uniaxial extension, the predicted long wavelength angular aniso-
tropy and the dependence on the deformation ratios are in excellent agreement with experimental
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observations and reproduce the butterfly effect observed in small angle neutron scattering and light
scattering experiments.

Although we have presented what we believe to be a complete description of the butterfly effect,
and found that it is related to the anisotropy of the elastic restoring forces in the stretched network
and to the existence of an inhomogeneous equilibrium state of a deformed gel, a simple intuitive
explanation proved to be quite elusive. Our problem can be traced back to the usual difficulty in
representing polymer elasticity in the language of collective coordinates (i.e., density field) [23]. In
this language, mechanical force balance conditions have to be reformulated in terms of equilibrium
conditions on chemical potentials (the gradients of these chemical potentials are the thermodyn-
amic forces which govern the response to monomer density changes) and, while we have good
intuition about how osmotic forces can be described in these terms, we are much less familiar with
the way in which elastic forces are represented in this formulation (note, however, that this problem
has been considered in the literature in other contexts — see e.g. [73]).

Can we describe the physics of the inhomogeneous equilibrium state of deformed gels in terms of
mechanical equilibrium between ordinary forces? From the knowledge that forces are conjugate to
displacements, we have to reformulate the problem in terms of displacement fields. Following this
line of argument, we will try to recast the physics of gels into the language of the ordinary theory
of elasticity of solids, generalized to the case of inhomogeneous deformed continua. Note that
although such a continuum description cannot capture the small-sale behavior of gels, it should be
able to reproduce long wavelength phenomena such as the butterfly effect.

6.1. Anisotropic moduli of homogeneous deformed networks

We begin with the mean-field free energy of a homogeneous gel, with a constant density of
cross-links v (Eq. (3.30)), and note that the change in the elastic free energy associated with the
deformation along the principal axes can be written as (for simplicity we assume that the
temperature is the same in the initial and the final states):

e1{/1} VZ( 32 6.1)

We would like to extend this expression to a general class of deformations characterized by an
arbitrary displacement field #®(x¥) = x — x® which describes the displacement of a point
x@ - x in a solid under a given deformation. We can follow the path of the usual continuum
theory of elasticity of homogeneous and isotropic solids [21] by expanding the free energy in the
gradients of this displacement field. However, since we are interested in large deformations (strains
of order of or larger than unity), we must retain the nonlinear terms in the definition of the strain
tensor (the importance of introducing second-order strains in the present context was emphasized
by Alexander [22])

1[ou®  duy” | o dul® dul®
u,,,(xw))Ez[a <°>+a (0) Zax(o) 6x(°’:| (6.2)

Furthermore, in principle, we must keep all higher (than second) orders in the strain tensor in the
expansion of the frec energy. The expansion coefficients will be determined by the requirement that,
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for deformations given by #‘?(x@) = A % x® — x©, our free energy is given by Eq. (6.1). Thus,

'g'-el [u(O)J _

T jdx‘o) [v‘o) Y (X ) 4+ 0 uZy(x?)
o LN}

+ K ukx?) + ] , (6.3)

where the scalar form of the expansion coefficients is dictated by the isotropy of the undeformed
solid (the assumption of local isotropy has to be modified in the presence of static heterogeneities
which will be considered later).

Substituting the displacement u'@(x?) = 1 x x@ — x@ into the definition of the strain tensor,
Eq. (6.2), gives

ua(ﬁ = %(lf - 1)501[1 . (64)

Inserting this expression into Eq. (6.3) and comparing with Eq. (6.1), we conclude that the term
linear in u,, reproduces our mean-field elastic free energy and therefore, that the coefficients of all
higher-order terms must vanish identically. Furthermore, since the integration in Eq. (6.3) is over
the volume of the undeformed gel, V@ = V/(4,4,4,), the coefficient v is given by v = vi, 1,4,
and can be interpreted as the density of cross-links in the initial state. We conclude that the
generalization of our elastic free energy for arbitrary deformations (because of the contribution of
second-order strains this diagonal form describes shear deformations as well as volume changes) is
given by

3 (0)
fel[;f ] _ jM(O)v(O) Zuw(x(O)) ' (6.5)

Note that terms linear in the strain tensor (such as above) are usually neglected in ordinary
continuum theories of elasticity of solids [21]. The reason for omitting them is that the theory of
elasticity is an expansion about the equilibrium state of the solid and it is usually assumed that
there are no internal stresses in this state. A different situation exists in a polymer gel which is solid
permeated by a liquid. The equilibrium state of a gel is achieved by balancing the entropic tension
in the chains against the osmotic pressure (which appears in the full free energy of the gel, equation
(3.30)) and, therefore, non-vanishing elastic stresses exist in the network even in the absence of
externally applied deformation [22].

We proceed to calculate the elastic modulus which governs the response to small fluctuations in
the final deformed state of the homogeneous gel and, to this end, we consider a small displacement
with respect to the deformed state. Referred to the initial undeformed state, the displacement can be
written as

uOx®) = A xx©@ — xO 4 u(Axx®), (6.6)

where u(4 *x'9) = u(x) is a small displacement of the point x = 1 xx'® in the affinely stretched
state of the network (Fig. 6.1).

We now express the free energy, Eq. (6.5), in terms of the displacement field, referred to the final
deformed (and, depending on the deformation, possibly anisotropic) state. For this we need to
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Fig. 6.1. The displacements #® (x!°’) and u(4 * x) of the point x'? referred to the coordinates of the undeformed and the
deformd gel, respectively. The undeformed and the deformed network is shown by solid and broken lines, respectively.

substitute Eq. (6.6) into Eq. (6.2), insert the expression for u,, into (6.5) and introduce the change of
variables x'® — x. Under this transformation, the gradient operators in the two states are related
by

0/0x® = 1,0/0x, 6.7)
and the volume element transforms as
dx® = dx/AcA 4, . (6.8)

Substituting these replacements into Eq. (6.5) and noticing that, upon integration, the terms
linear in du,(x)/0x, contribute a surface term which balances the externally applied force (this term
is omitted in the following), we obtain the elastic free energy functional

2
Fulul = Fali) + T f dey Y (ﬂq a“”(’") , 69)
7 ox,
where #,,{4,} is given by our mean-field expression, Eq. (6.1), and defines the reference free energy
of the deformed homogeneous state.
In the Fourier representation, the free energy associated with small deformations and fluctu-
ations about the affinely deformed state can be written as

dg v
o 3 (Axq)(u,-u_y). (6.10)
Comparing this expression to the general form of the elastic free energy valid for small deforma-
tions with respect to the anisotropically stretched state

Aﬁel[u] = e?-;el[u] - yel{iz} = TJ

1| dq
AF[u] = P J‘(Zn)3 i]zk:l Aijuaqiqi(ieg)j(w—g) (6.11)
we find that the effective elastic modulus for small fluctuations about the deformed state is given by
Aij;kl = TVj,izéikéﬂ . (612)

We conclude that the modulus of an anisotropically deformed network ( for which some of the {1;}
differ from each other) depends on the externally imposed deformation and is, in general, anisotropic.



S. Panyukov, Y. Rabin/Physics Reports 269 (1996) 1-131 89
6.2. Equilibrium state of deformed inhomogeneous gels and the butterfly effect

Up to this point we have constructed the expansion of the elastic free energy in terms of
displacement field «(x), with respect to a deformed homogeneous state. Such a homogeneous state
can no longer be considered as the equilibrium state of randomly cross-linked networks whose
state of preparation is characterized by a spatially non-uniform distribution of cross-links and,
therefore, a linear term in u(x) should appear in the above expansion. The coefficient of the linear
term can be interpreted as a restoring force ( f (x)) produced by the internal elastic stresses, which
drives the network towards its new inhomogeneous equilibrium state. This restoring force depends,
in general, on the concrete realization of network structure § and on its deformation {4;}. In order
to obtain the full free energy, we need to include also the osmotic term (wp?(x)/2) which accounts
for the excluded volume forces that tend to swell the network. The full free energy associated with
deviations from an affinely deformed homogeneous reference state is

2

AF[u]l=T J‘(%[g (/I*q)z(uq-u_q) +fru_,+ % (q-uq)(q-u_,,)j| , (6.13)

where we have used the relation

Py = —ipg-u, = —iplqlu, (6.14)

to express the osmotic contributions in terms of the longitudinal components of the displacement
field (u)). The above equation can be obtained by Fourier transforming the geometric relation
V-u(x) = — 3p(x)/p (which follows from the network mass conservation law) between the displace-
ment u#(x) and the monomer density change dp(x) [21].

The displacement field {u(x)> which describes the inhomogeneous equilibrium state of the
deformed gel (referred to the affinely deformed homogeneous state) is obtained by minimizing this
free energy with respect to u,

V(A xq)* ug) + f + wpqlg- (u)) =0 (6.15)

The above relation can be interpreted as a force balance condition which defines the mechanical
equilibrium in the network. The first term describes the elastic forces which arise due to the elastic
response of stretched chains and tend to compress the network and, as was shown above, such
a term is present even in a homogeneous network. The second term is a network-structure-
dependent force which drives the deformed gel towards the inhomogeneous equilibrium state. The
third (purely longitudinal) term gives the osmotic force which tends to swell the network. The
vectorial equation can be decomposed into three scalar ones, one for the longitudinal component
{ul> (equivalent to the density — see Eq. (6.14)) and two for the transverse components {u; ) (shear
displacements). Since earlier in this work we only considered density modes, we will focus on the
force balance equation for the longitudinal component which can be written as

q9-fa
V(A *q)* + wpiq®

ugy = — (6.16)

Using Eq. (6.14), the above equation can be recast into the form

0 =nmVI1 + wgkVy, (6.17)
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where we defined

95" = p*q* V(A% q) (6.18)

and

ne™ =ip(g-f,)/v(A*q)* . (6.19)

Note that since the density of cross-links is given by v = p/2N, the above definition of
g5V coincides with the long wavelength limit of the previously derived expression for the thermal
correlator of the elastic reference state, g, (Eq. (4.33)). Furthermore, if we identify the expression for

W with the long wavelength limit of the density in the elastic reference state, n,, the expression for
the Fourier components of the density profile, Eq. (6.17), is identical to the expression for the
density profile of the inhomogeneous equilibrium state of the deformed gel, Eq. (4.20) (the finite
value of n, .. in Eq. (4.34) is consistent with the requirement that, since f(x) describes the internal
restoring forces in the network, its integral over the volume of the gel must vanish and therefore
fy~0 = 0). The equality n™ = n,_, = const. (see Eq. (4.34) for the structure averaged correlator of
n, o) allows us to write the longitudinal component of the restoring force ) as

v = —i[v(Axq)*/plq|In, o . (6.20)

When the gel is subjected to uniaxial deformation, the amplitudes of the elastic restoring force
which would be present even in a homogeneous network (the first term in Eq. (6.15)), and of the
force f ,'}, increase in the stretching direction and decrease normal to it. We conclude that both
forces originate in the elastic response of stretched chains to further deformation. This response is
stronger in the direction of the applied deformation and the condition of mechanical equilibrium
implies that the amplitude of the osmotic force must also increase along this direction, with the
result that the amplitude of the density modulation which characterizes the inhomogeneous equilibrium
state of the deformed gel, must increase along the stretching direction and decrease normal to it. This
density profile produces the butterfly-shaped isointensity lines observed in scattering experiments.

In order to complete the connection between the present formulation and our RPA density
functional results, let us now consider the thermal fluctuations about the inhomogeneous equilib-
rium state of the deformed gel. Since we are interested in the density fluctuations we will consider
only the contribution of the longitudinal fluctuations of the displacement field (Su'(x) = u'(x)

— {u'(x)>) to the fluctuation free energy. Expanding the free energy, Eq. (6.13), in the fluctuations
of the longitudinal component of the displacement field yields

o0y [v(A % q)* + wp?q*]duldul, (6.21)
Using the relation between the thermal density fluctuations and the longitudinal fluctuations of the
displacement field (see Eq. (6.14)), pi* = — ip|q|du), in the equipartition theorem {(Buydul > =
[v(i*q)® + wp?q*] !, we obtain the correlator of thermal density fluctuations about the inhomo-
geneous equilibrium state of the deformed gel

ety =gV Il + wg™) . (6.22)

where we used the definition of g5V, Eq. (6.18). The above result is identical to the previously
derived expression for the long wavelength limit of the thermal correlator G, (Eq. (4.27)). We

Agﬁluct[u] = d J d
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therefore conclude that the continuum theory of elasticity of inhomogeneous deformed networks is
equivalent to the long wavelength limit of our RPA density functional formuilation.

The above discussion gives an explanation of the butterfly effect in the familiar language
of balance of forces. We now understand that the butterfly effect reveals the anisotropic
and inhomogeneous character of the equilibrium state of the deformed network. The angular
anisotropy factor (i %q)* expresses the fact that the elastic moduli of a deformed network
(whether a homogeneous or an inhomogeneous one) depend on the magnitude and the direction
of the deformation. The amplitude of the effect and the direction of the butterfly pattern (parallel
to the stretching direction) are determined by the presence of static heterogeneities (non-vanishing
n,-o) and the effect would disappear in the absence of such inhomogeneities (note that the
thermal fluctuation contribution to the structure factor is much smaller than that of static
inhomogeneities and the direction of angular anisotropy is perpendicular to the observed one - see
Eq. (6.22)).

7. Discussion

In this work we studied the statistical mechanics of randomly cross-linked, arbitrarily deformed
polymer networks. Starting from a “microscopic” Hamiltonian, we have used replica field theory in
order to account for the heterogeneous structure of polymer networks and obtained extensive
statistical information about the macroscopic, mesoscopic and microscopic behavior of polymer
gels. Our solution of the statistical mechanics of this problem is on the same level of mathematical
rigor as that of the well-established (static) theory of polymer solutions.

We have shown that once it is formed, a polymer network has a unique state of microscopic
equilibrium which depends on temperature, quality of solvent, average monomer density and
externally imposed deformation. This state of equilibrium is characterized by a unique set of
average monomer positions (which change affinely with the macroscopic deformation of the
network) or, equivalently, by a unique inhomogeneous monomer density profile. We have given
a complete statistical characterization of this equilibrium profile in terms of the moments of the
static equilibrium density profile.

We found that the intrinsic inhomogeneity of structure of the gel is determined by the density
of cross-links in the state of preparation and by a dimensionless inhomogeneity parameter
which measures the distance from the cross-link saturation threshold. Gels prepared by instan-
taneous cross-linking away from the cross-link saturation threshold (but still at much
higher cross-link density compared to the gel point) have microscopic density heterogeneities,
on length scales comparable to the mesh size (the wavelength associated with these heterogeneities
increases with the degree of cross-linking and diverges at the cross-link saturation threshold).
We have shown that gels prepared by cross-linking from semi-dilute solution away from the
threshold are characterized by strong interpenetration of network chains, ie., there are many
cross-links in the volume spanned by a single chain (the shortest contour distance between two
cross-links).

We showed that the elastic restoring forces in gels subjected to anisotropic deformation, depend
both on the magnitude and the direction of the deformation and that the condition of mechanical
equilibrium between the opposing elastic and osmotic forces, leads to the anisotropic density
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profile which characterizes the inhomogeneous equilibrium state of stretched networks. This
static anisotropic profile gives rise to the butterfly patterns in isointensity contours observed
in static light and small angle neutron scattering experiments. Thermal fluctuations (which
can be observed by dynamic light scattering) about the anisotropic equilibrium state are
also anisotropic, but with anisotropy axes rotated by 90° with respect to those of the equilibrium
profile.

Although the physical picture which emerges from our work is very different from that of the
classical theories of polymer gels, many of our thermodynamic results (on the RPA level) agree
qualitatively with the classical theories of elasticity of polymer networks [6,8] and give rise to
similar stress—strain relations. Such theories give a good description of the elasticity of swollen gels
[ 74] but fail to predict the elastic response of dense networks for which Mooney—Rivlin corrections
[75] have to be introduced. These corrections are usually attributed to entanglement effects which
are important for concentrated, sparsely cross-linked (N > N,, where N, is the entanglement
length) networks and which are not considered in this work.

New thermodynamic predictions made in our work concern phase separation in polymer
networks swollen by low molecular weight solvents. We found that swollen gels will undergo
microphase separation on a length scale of the order of the mesh size, at some temperature
below the @-point. Macrophase separation (by spinodal decomposition) will result under compres-
sion, or under uniaxial extension in the state of preparation (due to the divergence of thermal
fluctuations in the directions normal to the stretching axis). Similar effects (stretching-induced
segregation of free chains dispersed in the network) are predicted for gels swollen by polymeric
solvents. Although we are unaware of any experimental studies on strain-induced spinodal
decomposition in gels, shear effects on phase separation were recently observed in polymer
solutions [76, 77], and blends [19]. In these systems, other mechanisms (notably the concentration
dependence of the viscosity [78]) not considered in our work, are believed to play an important
role.

New thermodynamic results were also obtained in the case of semi-dilute gels in good
solvents. We found that fluctuations renormalize not only the osmotic but also the elastic part
of the free energy which depends in a non-trivial way on the swelling of the gel. This leads
to the breakdown of the classical additivity assumption and to the prediction of incieased
chain interpenetration upon compression (and desinterpenetration upon reswelling). Other inter-
esting effects are the prediction of the concentration dependence of the shear modulus which differs
from the classical one, and the emergence of a negative effective Poisson ratio at finite elongations
[64].

A wealth of phenomena were predicted for the mesoscopic range of wavelengths probed by
scattering experiments. We showed that the butterfly effect is the characteristic signature of the
continuum theory of elasticity of polymer networks which gives rise to a deformation-dependent
anisotropic elastic modulus, and that the observed enhancement of the scattering in the direction of
stretching is dominated by the static inhomogeneities. Note that since the predicted angular
dependence of the elastic modulus survives in the continuum limit, it can be observed, in principle,
even by ultrasonic measurements on stretched networks.

Our detailed expressions for the structure factors of deformed networks allow us to use the
results of scattering experiments to obtain (average) structural information about the network in its
state of preparation, such as the average chain length between cross-links N and the value of the
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heterogeneity parameter X (which tells us how close to the cross-link saturation threshold the gel
was prepared). Information about the distribution of chain lengths in the network can also be
obtained by comparison with the scattering from reference polymer solutions (characterized by
different molecular weight distributions). Although the present theory is restricted to the case of
randomly (instantaneously) cross-linked networks, many of its qualitative predictions are
applicable to networks made by end-linking of monodisperse polymer solutions. We hope
that future experiments will be able to reproduce this aspect of our model (by preparing
networks cross-linked by irradiation from solution) and attempt a quantitative comparison with
our theory.

We would like to comment on the limitations and the possible extensions of our theory. While it
does not include some of the features of real polymer gels (such as entanglement contributions to
elasticity [79] and the non-Gaussian character of real chains [80]), it does capture what we
consider to be the most important characteristics of polymer gels: the frozen randomness of their
structure introduced by the statistical character of their preparation, and the interplay between
short-range (“liquid”) osmotic and long-range (“solid”) elastic forces. Moreover, entanglement
effects can be included by a proper generalization of the present model, which accounts for the
effective “tube” introduced by the topological constraints [81]. This will allow one to study the
transition from Mooney—Rivlin to Flory-type elasticity, with progressive swelling from the dense
state of preparation to the semi-dilute, equilibrium swelling regime. Although our model strictly
applies only to semi-dilute gels in which the second virial approximation holds (with the exception
of the case of free chains dissolved in the network, where strong screening gives rise to a broader
range of applicability of mean-field arguments), the generalization to the concentrated regime by
replacing the second virial approximation by a concentration-dependent osmotic free energy, is
straightforward.

The theory can be extended (work in progress) to the important case of weakly charged
polyelectrolyte gels [82]. Another possible extension involves heterogeneous networks formed by
random cross-linking of two different polymers. The most non-trivial extension involves the
dynamics of gels and temporary networks [12]. This requires the introduction of viscous friction
and consideration of temporary entanglements and offers a new perspective for the study of the
viscoelastic behavior of polymers.

We would like to conclude this work with some general comments on the nature of randomly
cross-linked polymer gels. Polymer gels are fundamentally different from both crystalline solids
and amorphous solids (such as glasses). Unlike glasses, once they are formed by cross-linking, they
have a unique state of equilibrium in which the average positions of all “atoms” (i.e., monomers) are
completely defined by the thermodynamic conditions. Although, in the above sense, gels resemble
ordinary crystalline solids, there are several important differences:

1. There is no long-range order in gels, whether periodic (as in crystals) or non-periodic (as in
quasi-crystals). This is a consequence of the fact that the structure of a gel resembles a snapshot of
the polymer solution from which it was formed.

2. In ordinary solids, fluctuations take place only on length scales smaller than the distance
between the neighboring atoms (otherwise they melt, according to the Lindemann criterion). In
gels, thermal fluctuations take place on length scales of the order of the distance between
topologically neighboring cross-links (i.e., cross-links which are nearest neighbors along the chain
contour), which is much larger than the distance between spatially neighboring cross-links (since
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Fig. 7.1. Schematic drawing of spatially (A and C) and topologically (A and B) neighboring cross-links. The localization
volume of cross-link A (the length scale of its thermal fluctuations) is indicated by the dashed circle.

there are many cross-links in the volume of a single mesh) — see Fig. 7.1. Nevertheless, since
permanent cross-links are formed by strong covalent bonds, these large-scale thermal fluctuations
do not result in melting and gels maintain their solid character as long as network chains remain
unbroken.

3. In ordinary solids the attractive interactions are usually of the nearest-neighbor type.
In polymer networks, the attractive interaction between cross-links is only due to the con-
necting chains and since the average distance between cross-links which are neighbors along
the chain contour is much larger than the distance between cross-links which are neighbors
in space (Fig. 7.1), the attractive interaction has a long-range character. This also means that
the length of the average minimal cycle (the minimal contour length of a closed path emanating
from a cross-link) is much larger than the mesh size. Since this contour length determines the
length scale on which the shear rigidity of a solid is established [22] (there would be no resistance
to shear at all, in the absence of such cycles, in a non-entangled polymer network), gels are soft
solids.

The above discussion suggests that polymer gels are the only known example of a new class of
materials which can be called soft disordered equilibrium solids.
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Appendix A. Field theoretical preliminaries
A.l. Functional integrals

We start with the following fundamental identity for a Gaussian field ¥ (x):
<exp{jdxh(x)l//(x)}>
v
= ID!// (x)P[y(x)]exp { deh(x)l//(x)}

= exp {% j dx J dx’h(x)g(x,x’)h(x’)} : (A.1)

where the averaging is performed with the weight

exp] 3 [ [ox vy~ ree]

Ply] = f (A2)

Dywienp ] 3 [ dx [axpielg ™ x o)}

In Eq. (A.1) h(x) is an auxiliary vector field and g is an arbitrary positive-definite operator. Its
inverse, g 7!, is defined by

jdx”g_ Lo, x")glx",x') = d(x — x') . (A.3)
Identity (A.1) can be proved by introducing a shift
Yx) > y(x) + fdx’g(x,x’)h(x’)

into the second term in Eq. (A.1). Differentiating the third term in this equation with respect to the
field h and taking the limit h = 0, yields

N
o)~ gy (7| awen)

h=0
= jDW(x)lﬁ(x/)P W) = Y@yx)), . (A4)
Here we have used the usual definition of a functional derivative
OI[h] =I[h + dh] — I[h] = de Sh(x) 862[(}? (A.5)

which holds to first order in the arbitrarily small variation 8h.
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In the case when the function g depends only on the difference of its arguments, g(x,x’)
= g(x — x), it is convenient to write down Egs. (A.1)—(A.4), in terms of the Fourier coefficients.

dq _ 1t [ dqg hh_,
<epr thw‘“}>¢=e"p{§ e g, } (A6)

The averaging is performed with the weight

Ply] =exp {% J |:ln (2rg,) — %:I} , (A7)

q
where the In(2ng,) contribution comes from integrating the denominator in Eq. (A.2). In deriving
the above equation we used the fact that Eq. (A.3) becomes a trivial identity in the Fourier
representation, g, ! = 1/g,. Eq. (A.4) transforms into

99 = <l1/qll/—q>xll . (Ag)

dq
@2n)®

A.2. Field representation for Gaussian chains

Eq. (A.4) can be used to construct the field theoretical representation of the partition function of
a Gaussian chain of N monomers with ends fixed at points x and x’, in an external field h(x). This
function is given by the functional integral

x’ N 1 dx 2
Gy{x,x';[h]} = J Dx(s) exp{ — L ds l:z—az <$> + h(x(s))]} , (A9)

which is the solution of the diffusion-like equation

[% —a®V? + h(x):‘ Gyix,x'; [h]} =0, (A.10)

with the “initial” condition
Grn{x,x'; [h(x)]}In=0 = 0(x — x') . (A.11)

It is convenient to introduce the grand canonical analog of this partition function by the Laplace
transform:

Gix,x';[h}} = va dNe "N Gy{x,x'; [h1}, (A.12)

where p is the chemical potential of monomers. Using the Laplace transform of Eq. (A.10) with the
initial condition (A.11), it can be shown that this function obeys the equation

[u —a*V? + h(x)1G{x,x"; [h]} = é(x — x') . (A.13)

Comparison of Eqgs. (A.3) and (A.13) shows that the inverse operator G~ ' {x,x’; [h]} is defined by

G Mx,x'; [h]} = 8x —x)[pp — a*V* + h(x)] . (A.14)
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We proceed to derive an explicit field theoretical expression for the grand canonical partition
function of a Gaussian chain. Substituting the operator G ! into (A.2), performing the integration
over x’ with the aid of the -function, and transforming the Laplacian into a square gradient by
integration in parts, we finally obtain

_ [Doox)p(x)exp {—Holh ¢]}

Gi{x,x"; [h]} , (A.15)
o T = exp {— Holh 1)
where the effective (dimensionless) Hamiltonian H, is defined as
aZ
Ho[h o] = JdX[%(u + h(x))p*(x) + 3(V<P(x))2] (A.16)

In order to avoid dealing with the denominator in Eq. (A.15) we introduce de Gennes’ n = 0 model.
The trick consists of introducing an n-component vector field ¢(x) with components ¢;(x);
i =1, ...,n and noticing that Eq. (A.15) can be formally written as

G {x,x'; [h]} = li%[jD(pexp{~Ho[h,<p]}iln_l

X JD%(Pn(x)(ox(x')exp{ — Ho[h, @11} . (A.17)
Since, for integer n one can write
UD«aexp{ — Ho[h, qo]}]"_ 1l J Dgiexp{—Holh 911} . (A18)
Eq. (A.17) can be recast into the simple expression:
G{x,x' [h]} = fD(P(pl(x)%(x')exp{—Ho[h,tp]}, (A.19)
where an analytic continuation over the number of components of the field ¢, from integer values
of n to the limit n = 0 is implied. Here, Ho[h, ¢] is defined by replacing ¢ by ¢ in Hy[h, ¢] and

using

o) = Y olx). (Vox)? =3 (Voilx))?® . (A.20)
i=1

i=1

Appendix B. Mean-field Hamiltonian
B.1. Replica space integration

We start with expression (3.29) for the mean-field Hamiltonian (reproduced here again, for
convenience):

(
Heye = deH(g) +— V“”(;O“”)2 +m> SVt (B.1)
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We first calculate the replica integrals jd.ffi (¢)= _fdejdefI (¢). Since the integrand depends
only on the variable ¢ = 3(£1)?, the x integration can be splitted into the product of a trivial
angular factor [dQ which gives the surface area of a 3m-dimensional unit sphere,
Sam = 213™2/I'(3m/2) (I is the gamma-function), and an integral of the form {d|x||x|*"~ . The
last integral can be written as {3 d¢(2¢)*™? " and combining both contributions and integrating
by parts, we obtain

f dxrH(G) = Sam J: dg(2¢)*™2~1H(c)

_ Jw g QP dA() B2)

o (Bm/2)-I3m2) d(g) -

In obtaining the last equality we have used the relation H(co) = 0, which follows from the
observation that the integrand (the Hamiltonian density, H(0)) is a polynomial in @(c), and thus
it decreases exponentially fast with {, for ¢ — oo (see Eqgs. (3.24) and (3.26)). Expanding to first order
in m and using the relations (3m/2)- I'(3m/2) = I'(1 + 3m/2) > 1 — 3my/2(y is Euler’s constant) and

(2ng)*™? - 1 + (3m/2)In(2rg), yields
* df(9)

j ey () 2= F(0) — L dstn(are) .

(B.3)

In order to calculate the above integral it is convenient to introduce the dimensionless variable
¢t defined in Eq. (3.24). Writing In¢ =In(a*N) + Int and neglecting the Int term, yields
HO)[1 + min(a/N)*].

The exponentially fast decrease (with ¢) of the integrand in Eq. (B.2), means that dominant
contribution to the integral comes from values of ¢ in the interval between zero and a*N. We can
use this fact to perform the remaining dx; integration, which goes over an infinite region (the
integrand does not depend on the coordinates x; ). Note that the condition ¢ = 0 is equivalent to
y® = 0 or, equivalently to x¥ = 1,x\? (see Eq. (3.10)). Substituting the latter relation into the
definition of xy. (Eq. (3.19)),

- X0 4 5Py q
n= Y el = T ESE = (1 mid) (B4)

and integrating over x'© we find that the integration over x;, contributes the factor

Ve= VO +mi2)V2, (B.5)

where V@ is the initial volume of the gel. Finally, multiplying the results of the transverse and
longitudinal integrations and expanding to first order in m yields

f dxA() = FI(O)V(O)[1 + m<1n(a\/ﬁ)3 + % Ziﬁ)] : (B.6)

where F(0) is obtained from Eq. (3.19), H(0) = up'% — z.(p)>.
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We proceed to calculate the contribution of the second term on the right-hand side of Eq. (B.1).
The density in the zeroth replica is evaluated using the equality

Nt = j dx® o = jdfcpmf(g) , (B)

where the second equality is obtained from the definition (2.33). Notice that since no assumptions

about the precise functional form of H(¢) were used in the derivation of Eq. (B.6), we can write
(using pme(0) = pir?)

N = p@ V0| 1+ m{in@/F)? +2y 22 ). (B.8)
mf 2

This defines the density in the replica of the initial state, p'® = N,,,/V©.
Collecting all the terms in (B.1) and using Eqs. (3.4) and (3.5), after some algebra we arrive at the
expression

Hpe = 3u(p0)2 VO 4 mI:Nc< 2+ ln(a\/—) >+ Vp ] (B.9)

B.2. The longitudinal subspace

We now show that the condition ¢ = 0 is equivalent to demanding that the deformation is affine
in each of the replicas of the deformed state, ie., x*® = A1 %x®. Using Eq. (3.20), the former
condition can be written as

m 1 m 2
kzo (x(k))z . Z g m,12 l:e“ - x(0 + Z A e, .x(k)]

k=1

— ¢ )2 (k)

2 Sorr-rEn(E )]

= S Ou /12 & 4 - B.10
Z Z 1 _+_ /{2 yaz J’a s ( ‘ )

a k=1

where the first equality is obtained, upon some algebra, from the definition (3.10), y® =
x® — 2%xx'9_ All the eigenvalues of the matrix in brackets can be shown to be positive and,
therefore, the last equality can be satisfied only if y% = 0 (for all « and k), which completes our
proof. We conclude that the condition ¢ = 0 defines a 3-dimensional surface in the replica space, on
which the affine relation between the coordinates of the initial and the final replicas is satisfied. This
surface will be called the longitudinal subspace in the following. Its volume V' was calculated in
Eq. (B.5). Since the mean-field solution decays on a length scale of the order of the average distance
between cross-links, aN'/? (see Eq. (3.26)), we conclude that the average positions of all the
monomers in the replicas of the deformed state are uniquely defined by their positions in the initial
undeformed state (they can be obtained from the latter by the affine transformation x® — 1 % x®),
and that deviations from affinity can only take place due to thermal fluctuations about these
average positions, on distances of the order of the mesh size.



100 S. Panyukov, Y. Rabin/Physics Reports 269 (1996) 1-131
Appendix C. Spectrum of fluctuations

An arbitrary fluctuation d¢ can be represented as a linear combination of the eigenmodes .
Since ¥ is the solution of a linear equation, it is only defined up to a multiplicative constant. In the
following, we will choose this constant to be unity so that for each fluctuation mode we have

dp(X) = yix) . (C.1)

C.1. Homogeneous solution

The first step is to calculate the spectrum of eigenvalues of the operator K' (Eq. (3.35)) evaluated
on the constant solution ¢,{(¥) = const. We will show that some of the eigenvalues of this operator
are negative and therefore will not study further the spectrum of the operator K* for the
homogeneous mean-field solution. The secular equation is obtained by substituting Eq. (3.35) into
Eq. (3.36) and removing d(x — x) by integrating over X’:

(= ze@me — VW' @) + 02 Y, W [T | d'®) = AP (R). (C2)
k=0 £k

As can be verified by direct substitution into the resulting equation, the solutions are plane waves,

Y'(®) ~ exp(i§ - X). Using the identities: [dxexp(ig-x) =0 for ¢ # 0 and [dxexp(ig-x) =V for

g =0 (V is the volume of the final system), we have the following scenarios, depending on the

direction of the wave vector §:

1. For wave vectors which lie in the ith (§¥ = (0, ... 4", ... 0)) sector of replica space, the only
contribution comes from the ith term in the sum (since otherwise, one of the integrations over the
| # k replicas will be over the coordinate x and the corresponding integral will vanish). In this case
the factor exp(ig - £) can be taken outside the integrals and the integrations will result in the product
of the volumes of all replicas except the ith one. We have to distinguish between two cases:

(a) For wave vectors lying completely in the Oth (i.e., §'9 = (§'?,0, ... ,0)) replica, the integration
produces a factor of V™ and taking the limit m — 0 and collecting the terms in Eq. (C.2), we find the
eigenvalues

A @) = W — z.) ke + a*(g) (C3)

(b) For wave vectors which lie completely in the kth (ie., §* = (0, ... ¢, 0)) sector of replica
space (k # 0), the integration produces a factor of V@ V™~ ! and in the limit m —» 0 we find the
eigenvalues

A'g™) = WV OV = z2) 9k + a*q) (C4)

2. For all other wave vectors, which are not restricted to these sectors (ie, §=

q?, ....q%, ... ,q™)), the sum in Eq. (C.2) does not contribute to the eigenvalue equation and we
obtain

A"G) = —z. 0k + a*§* . (C.5)
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The presence of the negative eigenvalues in Eq. (C.5) (for small enough values of g) shows that the
constant solution corresponds to a saddle point, rather than to a minimum of the Hamiltonian. We
conclude that the solution which has the full translational invariance of H does not represent its
ground state, and proceed to examine the stability of solutions with spontaneously broken
translational symmetry.

C.2. Inhomogeneous solution

We turn to the calculation of the solutions of the secular equations, (3.36), which correspond to
the inhomogeneous mean-field solution @u¢(X) = @me(s) (Eq. (3.24)). Note that the mean-field
solution does not depend on the 3-dimensional vector x;, defined by the projection x;, of the
replica space vector X on the longitudinal subspace spanned by the three vectors é,, « = x, y, z
(Eqgs. (3.18) and (3.19)). This fact can be used to simplify the calculations by performing a partial
Fourier transform with respect to the coordinates x,,

16 = | 55 e enplianx,). )
(2m)
where x7 i1s a 3m-dimensional vector in the transverse subspace defined as the orthogonal
complement to the longitudinal subspace (here f(%) is an arbitrary function of replica space
coordinates). The advantage of this representation becomes evident by noticing that when the
Laplacian V2 is applied to the function f(%), we obtain

P d .
7216 = | (55 (73— 42 fuber)expli ) )
where the Laplacian V% is taken only with respect to the x¢ coordinates.
In the following, we will express all eigenfunctions (%), in terms of their longitudinal Fourier
components

W (%) = ¥y, (er) expliqe - x) , (C3)

and label the corresponding eigenvalues as A(qy ).

C.2.1. Rotational modes
The eigenvalues and eigenfunctions of the operator K* can be obtained by substituting the

mean-field solution ¢ () into Eq. (3.36). Using the above-defined Fourier representation for the
eigenfunctions ¥ *(%), the corresponding secular equation becomes

[I/N —a® Vi +a’q — A (qr) — (2/2) pme()Walxr) = O . (C9)

The general solution of this equation, which satisfies the orthogonality condition ¥, (x1)-n = 0, is
of the form ¥ (x7) = ¥, (x1)dn, , where 8n,_is an arbitrary vector which satisfies the condition
dn, -n = 0. The function y,; (x;) is obtained from the scalar variant of Eq. (C.9). Since the vector
dn, hasn — 1 independent components, each of the eigenvalues A* (g, ) is n — 1-fold degenerate.

Notice that the above equation has the form of a Shréedinger equation with a spherically
symmetric potential. As is well-known from quantum mechanics, the ground state solution which
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corresponds to the minimal value of A* is spherically symmetric [83]. Although there are also
non-spherically symmetric solutions, they have higher energy and do not have to be considered in
the present context (study of the stability of the inhomogeneous solution, @n¢(c)).

The spherically symmetric solution can be found from the observation that Eq. (C.9) is identical
in form to the mean-field Eq. (3.1) and, therefore, the solution is simply

Yy (x1) = Prue(5) Oy, , (C.10)

where ¢ = x#/2. The corresponding eigenvalues are obtained by substituting this solution back into
Eq. (C.9) and using Eq. (3.1):

At(qL) = a’qf . (C.11)

These eigenfunctions and eigenvalues are associated with the rotations of the vector n in the
abstract n-dimensional space. This can be demonstrated by showing how the field ¢ transforms
under the infinitesimal rotation #n — n + 8n, with 3n(%) = 3n,, exp(ig, *x.). Under this rotation

3" @X) = Pt (S)ln 4 50 — PmrlS) = Pme(5)n(X) . (C.12)

Since on(x) is orthogonal to m, the deviation (C.12) corresponds to the transverse mode of the
fluctuations. These solutions are gapless Goldstone modes, i.e., their eigenvalues are positive
definite and vanish in the long wavelength limit. The situation is equivalent to that of a ferromagnet
(with n — 0 spin components) where the Goldstone modes describe “soft” (¢ — 0) rotations of the
magnetization vector [36], although in our case these modes do not have a simple physical
interpretation.

We proceed to calculate the spectrum of the operator K'. The secular equation (3.36) is obtained
by substituting the mean-field solution, expression (3.24), into Eq. (3.35), where for simplicity of
notation, we drop the superscript  everywhere in the following:

[N — a®V? = 3(2./2)p2 () JU () + @mi(s) Y w® 3p® (™) = AY (%), (C.13)
k=0
with w® = w for k = 1, ... ,m. Here,
B ) = [ A B — X'Vl WIE) (14

is the density fluctuation in the kth replica (this identification follows from Egs. (2.32), (2.46) and
(C.1)).

Egs. (C.13) and (C.14) admit two types of solutions which can be classified according to whether
the density fluctuations 8p* do or do not vanish identically in all the replicas (i.e., for all k).

C.2.2. Shear modes
Consider the case

dp®(x®)=0 forallk. (C.15)
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Such fluctuations correspond to pure shear modes, i.e., to displacements in replica space which do
not affect the density in each of the replicas. Substituting the partial Fourier transform, Eq. (3.37),
into Eq. (C.13) we can recast the latter into the form:

[1/N —a®V} + a’qi — AlqL) — 3(2¢/2)0e() ¥y, (67) = 0. (C.16)

It is convenient to represent this equation in a dimensionless form by introducing the 3m-
dimensional vector r = x/(aN '/?). Defining ¥, (xr) = £(r) and t = r?/2, yields the dimensionless
eigenvalue equation

(1 — V2 =32) ¢ = at(r), (C.17)
where y is defined in Eq. (3.24) and where the eigenvalues A and @ are related by
A(qL) = a’qf + @/N . (C.18)

Eq. (C.17) has the standard form of a Shroedinger equation in a spherically symmetric potential.
Its solution can be represented as a product of a radial (function of t only) and an angular (function
of the direction of r only) part [83]. The latter is an eigenfunction of the angular momentum
operator (in the 3m-dimensional space) and is labelled by the angular momentum quantum number
[=0,1,2, ... (the eigenvalue @ is (3m — 1)l + 1 degenerate).

The lowest “energy” solution is spherically symmetric (/ = 0) and is therefore a function of ¢ only.
Substitution into Eq. (C.14) shows that such a solution cannot satisfy the condition (C.15) and thus
must be rejected. The | = 1 case corresponds to the dipole-type solution &, (r) = V,x(t), with the
eigenvalue @; = 0. This solution will be studied in detail below. Solutions which correspond to
higher harmonics (with [ > 1) have positive definite @ which increase monotonically with I. The
corresponding fluctuations have positive-definite eigenvalues (Eq. (C.18)) and therefore do not
affect the stability of our mean-field solutions. They describe complicated distortions in replica
space and will not be considered further in this appendix (their contribution will be included when
we derive the fluctuation corrections to the partition function, in Appendices D and F).

We now return to the case | = 1 and note that an equation of the same form as (C.16), can be
obtained by applying the V; operator to Eq. (3.1) and, therefore, Vrn(¢) is a solution of Eq. (C.16).
The general solution of (C.13) is obtained by multiplying the transverse gradient by a constant
vector ur:

Yo br) = (7 - Vi) 0me(3) . (C.19)

This solution has to satisfy the 1 + m conditions 8p®(x™®) = 0, or in terms of their Fourier
transforms,

= [k exp(— - 5) parl ) =0, (€20

where, as before, we define §* = (0, ... g%, ... 0). The integral can be calculated by separating the
integration into longitudinal and transverse components, d& — dx; dx;. In order to perform the
integration over the longitudinal component, it is convenient to define the projections of these
replica space wave vectors on the parallel and the perpendicular directions to the subspace spanned
by the three unit vectors é, (Eq. (3.18)). The corresponding projections are given by g = v,q{é,
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and ¢ = §® — g{, where g{) = g™ . &, can be treated as the components of a three-dimensional
vector ¢f. Similarly, the 3m-dimensional vector ¢4 is defined by the projection of the replica
vector §* on the transverse subspace. Substituting Eq. (3.18) for &, yields (in the limit m — 0)

9 =49 @©P =0, ¢P=ixq® fork#0, (C.21)

where the second equality is obtained from the first one by noticing that (§¥)* =
(@©)? — (§¥)? = 0. The rather strange peculiarity of vectors in replica space is that, in the limit
m - 0 we may have (§”)* = 0 but ¢ - g% # 0 (an example is given by an 3m-component vector
ar=(1,1, ... ,1) whose elements are all dlfferent from zero but whose norm vanishes in the limit
m — 0).
With the above definitions, the replica space product in the exponent of Eq. (C.20) can be written
as the sum of longitudinal and transverse contributions:

§9 % =g x. + ¢ -x (C22)

Making the above replacement in Eq. (C.20) and using Eq. (3.37), the integration over dx; gives
a é-function, 6(¢{" — ¢.). Substituting Eq. (C.7) into the remaining integral over dx; and moving
the constant &1 outside the integral, condition (C.20) becomes

- j dr exp( — ig - ¥1)@mi(c) Vi o) = 0. (€.23)

Using @me(¢) Vroms(¢) = Vae(c)/2 and integrating by parts, we finally obtain (the surface term
vanishes since @pne(¢c— 00) = 0)

(1 q¥) j der exp( — ig-xr) pe(c) = 0. (C.24)

Since the above integral is, in general, non-vanishing, the vector & must obey the condition
) —
ur-q7Y =0.
The eigenvalues are calculated by comparing Eq. (C.16) with the equation for Vr¢,(¢) (obtained
by applying the gradient to Eq. (3.1)). This gives

AslqL) = a’q , (C.25)

i.e., shear modes are gapless Goldstone modes. We show below that the eigenfunctions (C.19)
describe the infinitesimal displacement x; — xt + ur{x.) of the coordinate x; (in the abstract
transverse 3m-dimensional subspace). Under the displacement zr(xy) = uy, €xp(ig-x,), the vari-
ation of the field ¢(x) has the form

05P(X) = Pme(S) ey —xe +ur — Pme(6) = urxL)” Vr@mi(6) = Yy o) - (C.26)

Under this displacement, the argument of the function ¢.¢(¢) changes as ¢— ¢ + xr-uy and,
expanding to first order in uy, we obtain the second equality in Eq. (C.26). The third equality
follows from comparison with (C.19), upon identifying the arbitrary vector #1 with the displace-
ment u7. The additional condition u1-¢% = 0 (see Eq. (C.24)) means that the displacement ur has
to be orthogonal to the m + 1 vectors ¢%. This condition imposes m + 1 constraints on the 3m
components of the vector uy and we conclude that the shear modes are 2m — 1-degenerate.
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We now return to Eq. (C.14) and consider the general case in which at least one of the density
fluctuations 8p*(x*') is not identically zero. It is convenient to work with functions over the usual
three-dimensional space (i.e., x*') in each of the replicas, instead of the 3(1 + m)-dimensional replica
space. This is achieved by recasting Eq. (C.13) into an equation for §p®(x*’). This equation can be
used to express i through 8p®,

m

V&) = —jdx'D(A;fc,mmf(gv § whp® () (C.27)

k=0

where D is defined by the equation
[1/N — A —a*P? — 3(z./2) 92 (®)] D(A: &, %) = 6(k — %) . (C.28)

Substituting (C.27) into (C.14), we obtain a closed system of linear integral equations for §p™*:

8pWx) + Y w | de’ g¥(x, x)pN(x) =0, (C29)

=0

where we define the replica space density correlation functions:
05 5) = [ @5 ol 30x =2 [ &5 Gun(s )80~ 5 DU ). (€30

The problem can be further simplified by Fourier transforming Eq. (C.29). For this we have to
calculate the Fourier transform of the functions g¥(x, x'),

g4 g™, q") = JMwmf(g)JM' Pt () D(A; %, % exp(ig® - — iV 1) . (C.31)

Changing the integration dx — dx; dxy (and dx’ — dx; dxT) and performing the integrations over
the longitudinal coordinates using Eq. (C.22), yields

(g%, qV) = 5(g® — ) g(g®) (C32)
(g = jde Pue() jdx; -

x D(A — a* (g®)% xr, x7)expligh - xr — igld - x7) . (C.33)

In deriving Eq. (C.33), we used the replacement V2 — V% — (¢)2, which introduced the shift
A — A — a*(@)? (Eq. (C.7)) into the longitudinal Fourier transform of Eq. (C.28). In calculating
the above integrals we only consider the usual continuous description of a solid in which one only
considers wavelengths that are much larger than the characteristic microscale (in our case, this
microscale corresponds to the average spatial distance between cross-links, aN '/2). Since this
distance is the characteristic length scale for the decay of the classical solution (@me(¢ > a®?N) — 0),
in evaluating the integrals we can expand the exponentials and keep only terms to second order
in ¢ - xy. Furthermore, since |¢| and Iq""l can differ only by a factor of order unity (i.e., by
a multiplicative factor of 4), the functions g¥ (¢{¥") have to be calculated also only to order (q"" )2
This calculation is carried out in Appendix E.
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Fourier transforming Eq. (C.29) and eliminating the integrations using the é-functions in (C.32),
yields a set of algebraic relations between the Fourier coefficients of the solutions 8p'@(x)
= pW exp(ig¥ - x) and 8p®(x) = p{ exp(ig - x), with ¢@ = Axq = q,

[1+w*gi°(q)]1pe + wal' (qr) Z py =

[1+w(gh'(qu) — g5*@u)] o + w'Vg%%(qu) PR + wa i’ (qr) Z py = (C.34)

where we used the identity of the k # O replicas to replace the general replica indices (k, I) in the
functions (C.33), by those of the first and the second replicas. This symmetry can be used in
Eq. (C.29), in order to recast it into a system of equations for the fields p{&) and 1, = Y1, p{¥:

[14+w@g3%4qu)1pR + wgi'(qL)n, =0,
[1+ w(gh'(qL) — gi*(qL) + mgi*(gu)1n, + mw@gi%(qr) pi@ = (C.35)

The eigenvalues A(q) are obtained from the condition of solvability of this linear system of
equations,

[1+w*gi%qu)] [1 + wgh'(a) — 94% (L) + mgi*(qL))]
=mww[gi'(q)]* . (C.36)

Strictly speaking, we can set m — 0 in the above equation and find the two eigenvalues from the
condition that one of the two terms in the square brackets vanishes. Extra care must be taken in
calculating the corresponding eigenfunctions since Eq. (C.36) admits three different types of
eigenmodes, two of which become degenerate in the limit m — 0.

C.2.3. Density modes in initial state
The first type of eigenmodes corresponds to eigenvalues A{y(g) which, in the limit m — 0, are
determined by setting to zero the term in the first square bracket on the left-hand side of Eq. (C.36),

1+w®g3%g) =0 (C.37)
Substituting the expressions (Appendix E) for g3° (in the limit m — 0) into (C.37) we find
Agap(gr) = WO — z.) @d¢ + a*(qL)* . (C.38)

Since this eigenvalue does not vanish, in general, in the limit g — 0, following the usual
terminology we say that the corresponding solution is massive (i.e., has an energy gap). The gap
vanishes at

2o = 1/p@ Nmin = y(© (C.39)

which can be interpreted as the cross-link saturation threshold that defines the highest density of
cross-links that can be achieved by instantaneous cross-linking of a polymer solution.

Further inspection of eqs. (C.34) and (C.35) leads to the conclusion that the above solution
corresponds to the case of identical densities p{ in all the replicas of the final state (k = 1, ... ,m).
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Furthermore, in the limit m — 0 (taken in the above defined sense), these modes obey the affine
relation between the densities p{ = p{%, in the final and the initial states.

In order to construct the eigenfunctions of the density modes which correspond to the eigen-
values (C.38), we have to Fourier transform (see Eq. (C.6)) Eq. (C.27) for the functions ¥/ (x):

W, (o) = jdx’r Pmi(6) D (A — a* g xr,x1) Y, wh pP exp(igl-xr) . (C.40)
k=0

Using the rapid decrease of @ne(¢c’) with ¢’ = (x7)?/2, one can expand the exponentials in the above
expression to second order in ¢ .x; and, taking into account the definitions of the functions
& and ¥ (Eqs. (E.4) and (E.11), Appendix E), one arrives at the general result

Yo o) = Y, PP [@(A —a’qi;¢) +igy -xr V(A —a’qi; Q)] . (C41)
k=0

Explicit expressions for the eigenfunctions can be obtained from (C.41) by substituting the
corresponding eigenvalues A and using the appropriate relations between the p{ coefficients in
each of the modes, Eq. (C.34) and (C.35). Since we are interested in the continuum limit, we can set
q. =0 in @ in the above expression. The next step is to realize that for the massive mode
(Agap — constant as q — 0), the function ¥ remains finite in the limit ¢ — 0. In this case, the second
term on the right-hand side of Eq. (C.41) is of order ¢ - x; and can be neglected with respect to the
first term. This gives

Veap®) = P(W? — 20) @Zr; 6 expiqr i) , (C42)

where the function @ is defined as the solution of Eq. (E.6), Appendix E, and where we dropped the
(constant) p ¥ terms which appear in (C.41), since the latter only affect the (arbitrary) normalization
of the eigenfunctions. An analytic expression for @ can be obtained only at the cross-link saturation
threshold, ®(0; ¢) = N20¢.¢ /ON (Eq. (E.9), Appendix E).

C.2.4. Density modes in final state
In the limit m — 0, the eigenvalue equation for the density modes in the final state is obtained by
setting to zero the term in the second square bracket on the left-hand side of Eq. (C.36)

1+ w(gi' (qu) — 94*(qL) = 0. (C.43)

The functions g;* and g}? are calculated in the continuous limit (¢2a*N < 1) in Appendix E. The
gapless density modes Ap(q.) ~ ¢f are obtained by noticing that for this modes, ¥(A — a%q?;¢)
~ gr 2 (Eq. (E.18), Appendix E) and therefore, the second term on the right-hand side of Eq. (C.41)
dominates in the long wavelength limit. Substituting the relation x10 @me(¢)/0¢ = Vr@me(c) into
Eq. (E.18) we obtain the eigenfunctions given in Eq. (3.42):

Aolgy) = agF + 2wp @@ N (L™ % gy ) . (C.44)

Since Ap(qr — 0) — 0, the corresponding fluctuations are Goldstone modes. Note that the
condition Ap(q.) > 0 is always satisfied when the final state of the gel corresponds to good solvent
conditions (w > 0). In fact, for large deformations the positivity condition can be satisfied even for
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moderately poor solvent (w < 0), since the network can be stabilized against collapse by the
external forces applied to its surface.

The next step is to calculate the eigenfunctions corresponding to the above eigenvalue. We find
that there are m degenerate eigenfunctions (in the limit m — 0!) and therefore, before taking this
limit we have to consider the case of arbitrary integer m.

Consider modes for which p{@ = , = 0 but p® # 0 (for k = 1, ... ,m). In this case we cannot use
the secular equation (C.36) and have to return to Eq. (C.34). This gives the eigenvalue equation

Jn{AplgL) =0, (C.45)
where we define
Im(A) =1+ w(gh'(q) — 94°(q)) .

The (m — 1)-degenerate eigenfunctions corresponding to this eigenvalue are obtained by calculat-
ing the integrals in Eq. (C.27),

. - ig® . ,
i) = z Sﬁk) (p(‘g)qu VT¢mf(§)>eXP(1qL'xL) , j=1,...,m—1. (C.46)

k=1

Here, p'®@ is the mean density in the initial state. The arbitrary coefficients S¥ obey the
relation

Y sP=0, (C.47)
k=1

which follows from the condition 7, = 0 (this can be checked by substituting /; into Eq. (C.20) and
summing over k). The condition of orthogonality of the eigenfunctions, | d&y;(X)y¥ (%) = Ofori #j
(where * denotes a complex conjugate and where the volume of the system is kept finite during the
integration over xt), imposes another relation between the S coefficients:

m

S SPSY by - g2/g) =0 fori#]. (C48)

kil=1

In order to gain some insight into the physical meaning of the above eigenfunctions we note that
the gradient term (C.46) describes the infinitesimal displacement xt — x1 + #ur(x.) of the coordinate
xr (see Eq. (C.26)), where

igf .
ur(xL) = 2p© exp(iqr-xyL) , (C:49)

The displacements u given by Eq. (C.49) are orthogonal to the displacements which lead to pure
shear modes (in replica space) derived in a previous subsection. Unlike the former, they correspond
to fluctuations in the densities of the replicas.

We now consider 7, # 0 (and, consequently, p% s 0), in which case all the p} are equal
and the eigenvalue spectrum is obtained from the secular equation (C.36), which can be rewritten
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in the form
W(O)(gi)ll(qL))z 12
- _ ) C.50
Jm(A) mw|:1 n w(o)ggo(qL) g1°(qu) ( )
Using this expression we obtain, to first order in m,
A(qL) = Ap(qL) + mAp(qr) , (C.51)
where

(0)7 ,01 2
Ao = [1W (93" (q)

— i C.52
3o/ | T+ w9490(q) — 94 (‘IL)} (C52)

should be evaluated in the limit m — 0. The corresponding fluctuations do not affect the density in
the initial state since in this limit p{& ~ #, = mp{" - 0.

The eigenfunction corresponding to the eigenvalue (C.51) is obtained by calculating the integrals
in Eq. (C.27)

) m 1 k) a m .

Vol®) = Y (-—(Z,T 3 Vi) — W ‘(g))exp(qu-xL>. (C:53)
k=1 \P g ou

Comparing this equation with the expression for the degenerate eigenmodes, Eq. (C.46) and

using Eq. (C47), we can write down a general expression for all m density eigenmodes
Gj=0,..,m—-1)

. "’ ig® 0Pm .
Vi) =Y s;‘*)( o Veguelc) w—"’—‘@)expm-xu, (C.54)
k=1 pg ou
where all S are equal to each other. From Eq. (C.48) and the automatic orthogonality of
eigenfunctions corresponding to different eigenvalues, we can write the general ortho-normality
condition

Z Sgk) S&” (Ox — Qﬁ/qz) = 5:‘; > (C.55)
ki=1

where a convenient choice of normalization was made.

We end this appendix with a brief summary. We proved that the homogeneous solution is
unstable against fluctuations which mix the replicas and does not correspond to a minimum of the
Hamiltonian. We then proceeded to study the fluctuations about the inhomogeneous mean-field
solution ¢¢(¢). We showed that, for this solution, all the eigenvalues A of the second derivative
operator K are positive for networks prepared in sufficiently good solvents. We found that all the
fluctuations increase the energy of the system and, therefore, the above solution corresponds to
a true minimum of the Hamiltonian. There are six different types of fluctuation modes, the first two
of which do not have a direct physical interpretation:

1. Rotational modes of the n-vector model, which are related to excluded volume effects.

2. Massive (i.e., with an energy gap) shear modes which do not affect the densities in the replicas
(they correspond to spherical harmonics with ! > 1; see the discussion following Eq. (C.18)).
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The other four modes describe shear and density fluctuations in the space of the replicas and are
summarized as

all p® =0 some p® # 0
! v .
n=p®=0 n#0,p@#£0
! 4 !
s ¥; (j#0) Yo W gap
2m — 1 gapless m — 1 gapless gapless massive
shear modes  density modes density mode density mode

The appearance of Goldstone modes is the consequence of the fact that the ground state of the
stretched network corresponds to a solution with spontaneously broken symmetry with respect to
translations in replica space, which describes a disordered solid.

The above classification contains information about the quenched (frozen) versus annealed
(thermal) character of the fluctuations described by the 3m physical modes. Shear modes mix both
types of fluctuations. The degenerate y;(j # 0) density modes correspond to independent density
fluctuations in the replicas of the final state (o are only constrained by the relation # = 0) and
therefore describe purely annealed thermal fluctuations of the final density. The non-degenerate
modes Y/, and Y, describe density fluctuations which are identical in the replicas of the final state
(pV = p'? = ... = p™) and thus correspond to pure quenched fluctuations.

Appendix D. Ultra-short wavelength corrections to free energy

We proceed to calculate the fluctuation corrections to the mean-field free energy, Eq. (3.30). To
this end one has to account for fluctuations at arbitrary wave vectors ¢ (we will show that the
dominant contributions come from ultra-short wavelength fluctuations).

We have shown in Appendix C that any small fluctuation around the mean-field solution can be
expressed as a sum of orthogonal rotational, shear and density modes

Sp(X) = S (&) + 359 (%) + dp (%) . (D.1)

It is convenient to separate the fluctuation contributions to the grand canonical partition function
which come from the integration over the rotational modes (=} ), and rewrite Eq. (2.47) in the form

Enlits 20) = exp(— Hu) (ER)" 7 527, (D.2)

where we have taken into account the n — 1-fold degeneracy of the rotational modes (in the
space of the n-vector model) and defined the rotational partition function by integrating over
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the scalar field é¢:

R = f D[5¢]exp( — AH'[5¢]) (D.3)

E5D contains the contributions of shear and density fluctuations and is given by

£ = jD[&p] exp(— AH'[5¢7) . (D4)

In the limit n - 0, Eq. (D.2) becomes
En(p, 20) = exp( — Hu) Z5°/ 0. (D.5)

D.1. Rotational partition function

The rotational Hamiltonian in Eq. (D.3) is given by
A [8p] = 3 [d20¥ BoRIK* (5. )305). D.6)

where K+ was defined in Eq. (3.34). The Gaussian integral in Eq. (D.3) can be calculated by
expanding a general fluctuation in a linear combination of the normalized eigenfunctions of the
operator K+,

dp®) = ). CilqL)¥i,, (er) exp(igy - x1) (D.7)

iqu

and replacing the ¢ integration by the integration over the expansion coefficients C;:

Zn=]1 fdc g, exp[ — 347 (q.) C2qu)] - (D.8)

LaL 27[

Performing the Gaussian integration we obtain

—-1/2
-|[at@)|  —eo]-3Tnaie)

i,qL l 4

1
—exp { ~5 i f (gq)L3 In Al(qL)} (D.9)

where the eigenvalues A, of the rotational eigenmodes are defined by Eq. (C.9) and Vy is the
volume of the longitudinal subspace, defined in Eq. (B.5) (Appendix B).

The logarithmic singularity coming from Goldstone modes with eigenvalues A*(q,) = a’ ¢} that
vanish in the limit ¢; — 0, disappears upon integration. The expression in the exponent of Eq. (D.9)
is dominated by the ¢ — o0 and i — oo contributions (the eigenvalues increase monotonically
with i). In this limit the spectrum becomes continuous and we can replace the discrete index i by the
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continuous wave vector gy and write

~

d .
Z VL J (2q)L3 In Af (qL)— VOV f@nf%’”—) In A*(§) (D.10)

where § = §. + g@r. In order to calculate the contribution of A*(§) we note that in the limit
|§| > (aN'?)"1 the operator in the eigenvalue equation, (C.9), is dominated by the transverse
Laplacian and therefore, the normalized eigenfunctions are plane waves (%) = (V@ V™)~ 1/2 x
exp(iq - x). Recalling the Shroedinger-like form of this equation and following the usual quantum
mechanical procedure [83], the contribution of the other terms in this equation can be calculated in
first-order perturbation expansion (using the above zeroth-order eigenfunctions):

R 1 o Ze

Substituting Eq. (D.11) into Eq. (D.10), we observe that the resulting integral over g diverges. In
the following we show that an identical divergence occurs in the calculation of Z5° and that the
leading divergences cancel each other in the ratio Z5° /=R, which appears in the derivation of the
total partition function, Eq. (D.5).

D.2. Partition function of shear and density modes

We now return to Eq. (D.4) and write

AH[B0) = 3 [ 440 B0BIK' 6. 2)80). -

where the operator K' is defined in Eq. (3.35). The calculation of the Gaussian integrals follows the
same steps as in the preceding subsection, with the result

-1/2 V(O) Vm ~
= [H Al (qL)] - exp[ -— LG)cjf’l — In Al (@)] , (D.13)

Lqo

where the main contribution to the integral comes, again, from large wave vectors. The eigenvalues
of K' can be calculated from Eq. (C.13), by expanding about the (high §) plane wave solutions,
Y& = (VOV™)~12exp(ig - x). This gives

- - 3z, . .
AYg) = /N + a*¢* — 2_V(EZ)V—"' fdx¢if(g) +34(q) , (D.14)

where

m k)

54G)= 3. oy | 450m(s) [4¥0ulc)BE £ ™) expl —ig-G =% (D19
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D.3. Elimination of divergences

Using Eq. (D.9) and (D.13), the short wavelength contribution to the total partition function can
be represented as

ESD

s voym e g [4Q)
—“swz‘”‘p{‘ 2 j <2n)3“+'"’1“[AL(«7>]}‘ (D10

=R
o

We now substitute expressions (D.11) and (D.14) for the eigenvalues and expand the logarithm of
their ratio in the limit a*(g™)> > max{N~ !, w®¥ p®} (in the following we will assume that
N~1 < w®p®) This leads to exact cancellation of the leading divergences and yields

1'@) 1
In [:AL(q)jl - a2@2[ V(O) ym de¢mf(g + BA(q)] (D17)

Substituting Eq. (D.17) into expression (D.16) we realize that although we have removed the
most divergent terms, the remaining integrals (in Eq. (D.22)) still diverge due to ultra-short
wavelength contributions from wave vectors |g| ~ 1/a. The origin of the problem can be traced
back to the inadequacy of our Gaussian chain model for the description of the polymers on spatial
scales < a. This follows from the observation that all the divergent integrals are of the form

AUSS (oY dq exp( - ]é "Q)
Q'g" (x) =2 _[(271)3(1 +m) a2@2 (D18)
and can be written as
Q'gnauss(i) — J dN l—[ Pigvauss(x(k)) , (D19)
0 k=0

where P§"*(x) is the normalized end-to-end distribution function (i.e., probability density) of
a Gaussian chain of N monomers,

P§"*(x) = (2na’N) ™ exp[ — x*/(2a*N)] . (D.20)

The divergence of Q%**(0) in Eq. (D.18) reflects an unphysical aspect of the Gaussian chain model
which allows the formation of loops on arbitrarily small scales.

In order to eliminate the divergence in Eq. (D.18), we have to revise the continuous model of the
polymer and take into consideration the stiffness of polymer chains on small spatial scales (loops
cannot form on length scales smaller than the size of a single chemical monomer!). This revision has
no influence on the large-scale behavior and leads only to the replacement of P by the
end-to-end probability distribution of real chains, Py:

05 R) - Q@) = 3 ﬁ Py(x¥), (D.21)
N=1k=0

which is finite for all x.
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Inserting eq. (D.17) into (D.16) and using the substitution (D.21), we arrive at the following
expression for the logarithm of the grand canonical partition function (Eq. (D.5)):

= Zg A
10 Zp(0 ) = Ho = 5 Q) il

m (k)

A AL ’ ) AL w ’
+ [40arl9) [ 0mls)0ni ) ¥ 0w —x ). D2
k=0
Since Q,,(0) is a finite quantity (related to the probability of formation of small loops in a real
polymer), and the integral over X converges, we conclude that the second term on the right-hand
side of Eq. (D.22) is now well-defined. The last term on the right-hand side of the above equation
can be simplified by noticing that

dx® —x®) 0, & — &) = 0P —x®) ¥ Py(0) [] Pyx® —x'V). (D.23)
N=1 I#£k

The functions Py(x® — x'") in the above product, decay over length scales of the order of aN'/2,
We note that in the derivation of Eq. (D.22) we have used the short wavelength approximation,
a*(q"™) > w® p® (which allowed us to consider only terms linear in w*) in the expansion of the
logarithm, Eq. (D.17)). This means only length scales |x* — x'?| < &® = a(w® p®)~1/2 (screening
length) contribute in Eq. (D.22). For é® < aN'/? (the characteristic length scale for the decay of
Pms(¢)), the functions ¢¢(¢') in the integrals can be replaced by

Ome(6") = @me(5) + Z Z(X(k) X' OYVE @rr(s)

k=0 a

||[\/]§

—21- Z(x"" x'$) (x§ — x"YVE VY 0re(s) . (D.24)

With this substitution and changing the integration variables ¥’ - %' — %, Eq. (D.22) is recast
into the form

(0)
— 10 Z(4t 20)low = H [gme] - [% Qul0) - QO(O)] [ axoieto
3] @50ul@) 3 47 79 0umte) (D29)
k=0

where

A(@?)* = — mw® i Px(0) deszN(x) (D.26)

N=1

and

4@ = = [0+ n = ] 3 P0) [du Pyt (D27)
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for k > 0. The above integrals can be estimated by introducing a cutoff on a length scale £® and, in
the limit m — 0, we obtain

A@@)P =0, A4(a®)? = a*[(w/asp)? — (w®/abp®)t/2] (D.28)

The last term in Eq. (D.25) can be recast, through integration by parts, in the form
36 3 4@ 7 0pumic. (029)
k=0

Comparing the coefficients of the (V®¢)? terms in this expression and in the expression for the
Hamiltonian, Eq. (2.48), we conclude that this term describes the renormalization of the size of
a statistical segment {(“monomer”) due to thermal fluctuations. Upon adding the contributions of
the (V¥¢)? terms, the coefficient in front of the squared gradient must be interpreted as (a™)2/2,
where a® is the observed size of the effective monomer, which is related to the end-to-end distance
(RW?% of a chain of contour length L = Nay,.. by (R®?> = 3(a®)>N (N is the dimensionless
chain length expressed in units of the size of monomers in the absence of excluded volume
interactions, dyaye).

The renormalization corrections to a are small if [23] (W®/a®p®)/2 « 1, for all k. If these
conditions are not satisfied, our short wavelength approximation breaks down and we have to
include contributions to Eq. (D.27) which come from increasingly larger length scales. This
problem is identical to the usual difficulties with the application of mean field theory to semi-dilute
polymer solutions, and has to be treated by non-perturbative methods (e.g., renormalization group
{27, 84, 85] and scaling [3]). Such a treatment will be presented in Section 5.

We return to Eq. (D.25) and dropping the last term on the right-hand side of this equation (this
term is absorbed in the renormalization of the monomer size a), rewrite it in the form

—In Em(ua zc)lsw = Heff[(me]
= HEpu] = | 5 a0~ (06 + moy2] 0001 [at03eto) (D30)

The unphysical divergences which appeared in the original expression for the partition function,
eq. (D.16), are replaced by sums over the probability densities Py(0) of finding closed loops of
N monomers. Note that, for N > 1, Py(0) > P%**(0) and since the latter decreases as N~ 2 with
N, only the smallest loops (with size of the order of the persistence length) contribute to the sum for
Qm(0) in Eq. (D.21). For such small N, the function Py(0) is non-universal and must be calculated
from models (e.g., persistent, freely rotating, rotational isomer, etc. [32]) which account for the local
stiffness of real polymer chains.

The small loop corrections to the mean-field partition function have a simple physical interpreta-
tion. The term with the coefficient z.Q,,(0) describes the reduction of the elastic modulus of the
network (simultaneously in all the replicas) due to permanent wasted loops which do not transmit
stresses in the network but contribute to monomer and cross-link density [1]. The second term,
with the coefficient (W'® + mw)Q,(0), reflects the increase in the excluded volume interactions
between neighboring monomers (in each of the replicas, separately) due to temporary small loops
which form in the network due to thermal fluctuations.
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D.4. Wasted loops corrections to free energy

Although the small loop contributions enter only additively into the replica free energy %, (see
Egs. (D.25) and (2.28)), this additivity is the consequence the Gaussian approximation which
assumes that the fluctuation corrections to the mean-field Hamiltonian are small and can be
treated in first-order perturbation theory. While (as was shown in the previous subsection)
corrections due to ultra-short wavelength (a|g| ~ 1) fluctuations are not infinite for networks made
of real polymers, they are not necessarily small compared to the mean-field Hamiltonian. This
suggests that the one loop approximation may not suffice and that one must resort to non-
perturbative resummation methods.

The contribution from all small loops can be summed up exactly by the effective action method
[31, 27]. This method allows us to use the results of the first-order perturbation expansion, in order
to construct all the higher-order contributions of terms of such type and to obtain a new ground
state which includes exactly the effect of the dominant ultra-short wavelength fluctuations. We
begin by writing

—In Em(,u’ Zc)lsw = m{jn Heff[(p] ’ (D31)

where @pmin (%) = @ow(®) is found by minimizing the effective Hamiltonian H[¢] (instead of
minimizing the bare Hamiltonian H[¢] in Eq. (2.48)), defined by replacing @ — ¢ in the
argument of Hy, in Eq. (D.30). Upon this replacement, the calculation of the solution which
minimizes the effective Hamiltonian proceeds in exactly the same way as that of @me(s).

For m = 0, the extremum condition gives the following expression for @,

@i = [20/(ze = w)] — Qo(0) (D.32)

which, in the case Qo(0) = 0 (vanishing probability of loop formation) is identical to Eq. (3.4).
Using Egs. (2.29), the parameters p and z, are expressed through the physically observable p'®
and N:

1= (p + Qo(0)/2) [1/(p'” + Qo(0)) — '] , (D.33)
and
ze = 1/N(p'® + Q0(0)) . (D.34)

The above equations reduce to expressions (3.5), for Q4 (0) = 0. The cross-link saturation threshold
condition becomes (Eq. (3.41)):

WO =z, =[N(p@ + Qo(O)] " . (D.35)

In order to calculate the short-wavelength corrections to the free energy, we have to find the
solution @, (%) which minimizes the effective Hamiltonian for finite m. This can be done simply by
noticing that H.[¢@] can be obtained from the bare Hamiltonian by the substitution

= = (26/2)Qm(0) + [W'? + mw)/2] Qo(0) (D.36)
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and the renormalization of the monomer size in the final state with respect to that in the initial
state. The latter effect is assumed to be small in concentrated gels and will be neglected in this
section (this approximation will be relaxed when we consider semi-dilute gels in good solvents). We
conclude that the only effect of including the contribution of ultra-short wavelength fluctuations is
to introduce the replacement

N - N(1 + Q0(0)/0®) (D.37)

in the expressions for the inhomogeneous mean-field solution (Eq. (3.24)), the cross-link saturation
threshold (Eq. (3.41)) and the mean-field free energy (Eq. (3.30)).

Neglecting logarithmic corrections and constants, the renormalized free energy which includes
ultra-short wavelength (coming from length scales ~ a) fluctuation corrections, is given by

Fowiha}

_Y 2, 1,
T —ZI“W,Z‘:A“-}-zwp. (D.38)

The correction due to permanent wasted loops formed in the process of cross-linking

Fy=[1+Q0)/p”17" (D.39)

depends only on the local stiffness of the chain and on the concentration of the network in the state
of preparation. Recall that Q,(0) is expressed in terms of the probability densities of loop
formation,

0,0 = 3 Pu(0). (D.40)

Note that neglecting the corrections to the monomer size, the renormalization of the free energy
by ultra-small-scale fluctuations does not affect the fundamental additivity property of the
mean-field free energy, which can be expressed as the sum of purely elastic and purely osmotic
terms. Violation of additivity will play an important role in semi-dilute networks in good solvents,
for which one must include the effect of fluctuations on intermediate scales (between the monomer
and the mesh sizes). Such effects will be treated by a combination of renormalization group and
scaling methods in Section 5.

Appendix E. Correlation functions of the replica system

We proceed to calculate the replica space correlation functions
Hla1) = [ erpuls) [ dseon(s)

x D(A — a*(g)%; x1, x1) exp (i - xr — ig{ - x7) (E.1)
where the function D is the solution of the differential equation

[UN — (4 — a’qf) — a® Vi — (32e/2) p2e()ID(A — a’q]; xr, X7) = S(xr — x7) . (E2)
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E.1. Calculation of g%°

The function g3° can be represented in the form (recall that (¢')? = 0; see Eq. (C.21))

02(q) = j 7 0us(Q) O (A — PgZ: ), (E3)

where @ is defined by
O(A — aPql;q) = J s @ne(c’) DA — a’qZ;xr, x5) (E4)

Due to the spherical symmetry of the differential operator in Eq. (E.2), ¢ depends only on the scalar
combination ¢ = x%/2. The integral (E.3) is calculated in the same way as in egs. (B.2) and (B.3)
(Appendix B) in which we replace H(c) by ¢omi(c)®(A — a’q?; ¢) and take the limit m — O (note that
in calculating dxr A (¢) we only used the property that @.(c) is an exponentially decreasing
function of ¢). This yields

93°(qL) = @me(0) @ (A — a®¢i; 0) . (E.5)

In order to calculate the function @, we apply the differential operator in Eq. (E.2) to the
left-hand side of eq. (E.4) and remove the resulting d-function by integrating over xt on the
right-hand side of the resulting equation. This gives the following equation for ¢:

[1/N — (4 — d’qf) — 2a%6(3%/06%) — (324/2) 9e(5)] DA — a’q; 6) = Prms(s) - (E.6)
For ¢ = 0 the equation reduces to an algebraic relation
2,2 Ome(0)
- ;0) = = E.7
and, upon inserting this expression into Eq. (E.5), we finally get
20
95°(qL) = £ (ES)

—2/N —A+ad%qt’

Substituting g%° into the eigenvalue equation, (C.37), Appendix C, we obtain the eigenvalue Ag,,
of the “massive” density mode. We will show in the following that the corresponding eigenfunction
is simply @(Ag.p(q1) — a°qf; ¢). Its functional form cannot be given, in general, since for arbitrary ¢,
Eq. (E.6) can only be solved numerically. There is, however, one important case in which we can
find a simple analytical solution:

_0¢mile) _ 5200mils) (E.9)

This result can be checked by differentiating Eq. (3.1) for ¢.,¢(¢) with respect to 4 and comparing
the resulting expression with Eq. (E.6).
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E.2. Calculation of g¥

We now proceed to calculate the replica space correlation function g% for general k, [. In order to
obtain the g corrections to g*, we have to expand the exponential in Eq. (E.1) to fourth order in g
(linear terms vanish due to angular integrations):

gi(qL) = 93°(qu) + dewmf(g) J AxXr@m(s) D(A — a*(g¥)?; %1, x71)

X[ — 3P xr — ¢ -x1)* + (g -xr — g -x1)*]. (E.10)

In order to calculate the above integrals, it is convenient to introduce the function
X1 (1 = 0k ) = |dxkguls) DU — P glier, o). E11)

Returning to the definition of @, Eq. (E.4) and using the symmetry of the integrand in Eq. (E.10)
under the replacement xr<>xT, we can rewrite the latter in the form

gi(qL) = 9%°(qL) + dewmf(g) { =304 —a*ql;q)

x[(gF-xr)? + (P -xr)* ]+ ¥(A—a 2qt: o) (g% - xr) (g - x1)
— g x1) (g0 -x1) — E(qP 1) (g Px1)’]} . (E.12)

The angular integrations over the direction of the vector x1 in Eq. (E.12) are performed with the aid
of the formulae

x2

fdeTiij = S3m§%6ij >
(x9)?

fdeszzjTlek S3mm

(001 + 0udj + 6ady) , (E.13)

where S3,, = 21>™?/I'(3m/2) is the surface area of a unit 3m-dimensional sphere (I is the gamma
function). In the limit m — O this yields

1
(a0 = 0%0) =3 | d50ar9) @) + ()]

x DA —a’qi;¢) + f ds@me(5) (@ - ¢P) V(A — a’qE;0)

0

1
—3 f dss @me(s) [(@P) + @)1 @P-qP) ¥ (A — a’q; ) . (E.14)
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E.2.1. Long wavelength limit, ¢ — 0
We first calculate the functions g*, defined by Eq. (E.14), in the limit g — 0. From the definition of
% Eq.(C.21)
97, Bq g

),

(k) i __ » Al k 1
qP-qP =q®. gV —qP.q)

=2 *q ) 0u—qf, k#0, 1+#0 (E.15)

and, consequently, (g¥)? = (¢f)* for k, | # 0. Using these relations, we express the combination
gil(qL) — g4%(qy) in Eq. (C.43), in terms of the function ¥

g1 (q) — g5 (qu) = (A % qu)? f " dcoml) V(A — aiqto). (E.16)

0

The function ¥ can be calculated from the following equation (which can be obtained by
applying the differential operator in Eq. (E.2) to both sides of Eq. (E.11)):

1 G 0 Lz
[ﬁ —(A—a’q}) - 2a2§a—g— 2a2a - 3§€0if(§)]

x W(A — a*q{;6) = Pmils)- (E.17)

In general, the function ¥ (A — a®q?; ¢) has to be calculated numerically. Note, however, that the
differential operator in Eq. (E.17) has an eigenvalue a%q? — A, with an eigenfunction of the form
O0@mi(<)/0¢ (this can be checked by differentiating the mean-field equation (3.23), with respect to
¢ and comparing to Eq. (E.17)). Thus, when looking for the solution of the equation (E.17) in the
form of an expansion over eigenfunctions of this operator, in the limit A — a?q7 — 0 we can retain
only the contribution of this eigenfunction (ground state dominance):

C 0P me(s)
2,2 0 PmelS
- ;6)— E.18
¥Y(4 —a“qi;9) P-4 ¢ (E.18)
where C, is obtained from the normalization condition which yields
® 0@ms(S) / j * <a<ﬂmf(§)>2
Co= j dcme(c) —— del ———=1 . (E.19)
0 . SOme(S) d¢ . 9 dc
Substituting this expression into Eq. (E.16) we obtain
A kq)?
91 (qu) — g (qe) = €L o) (E20)

a‘qi— A"’

where the constant C is given by

(7 a(me(§)>2/ * (a(l’mf(g)>2 E21
c=([7 acomt) 22 [ ag (ool (E21)
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The numerator and the denominator in this expression are readily calculated by integrating by
parts

2
2

wmf(g) _9ar(9)|” _ _ Ome
[ dspmio) 20nte) 2o~ 2% (£22)
and

= (00w [T 30mils) O 0mls)
jodg( o¢ >_ Zjodg Og > o¢?

_ J * 4 2Pmi(9) [1/N — (z¢/2) @aue(5)] Qe (5)

0 s a
= (92 /2N) — z.@pe/8)/a” = @Ze/(4a’N ), (E.23)

where, in obtaining the second equality, we have used Eq. (3.23) for @n¢(s). Substituting the above
into Eq. (E.21) gives

C =2p9a2N . (E.24)

The eigenvalues corresponding to the gapless density modes are found by substituting the
expression for g4'(qr) — g4%(qL) (Egs. (E-20) and (E.23)) into the eigenvalue equation, (C.43). This
gives the eigenvalues, Egs. (3.42).

E.2.2. Long wavelength limit, q* correctzons

We proceed to calculate the g corrections to the functions g*, defined by Eq. (E.14). Since all
what we need are the functions D, @ and ¥ defined for A = 0, we can simplify the notation by
omitting the argument A. Begin with the calculation of the function ¥, defined by Eq. (E.11) (with
A =0),

[1/N + a*qf — 2a*¢(0*/05%) — 2a*(0/06) — (32:/2)Pms(§)] ¥ (S) = Pene(5) - (E.25)
To solve this equation, let us rewrite its right-hand side as the sum of two terms,

a(me(G) ~ * ~ a(pmf(g) _
Ep + Pmr(S) J odgcpmf(g) ac =0, (E.26)

q)mf(g) = CO

the first of which is “parallel” to the eigenfunction 0¢.(s)/0¢ of the differential operator in
Eq. (E.25) and the second one is orthogonal to it. The constant C, was calculated earlier (Eq.
(E.19)). The solution of the equation can be represented in the same form as in Eq. (E.26)

Co 0pme(s)
' 4
©=2i o
where the function ¥(¢) is the solution of Eq. (E.25), where on the right-hand side we replace the

function @ue(¢) by Pmc(<). Since we are interested only in terms of order g2, we can omit the a’q{
term in this equation.

+ (), j de®(g) aLgf@ -0, (E.27)
0 S
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To solve this equation let us introduce the dimensionless function

- 2N
Y= — /Z:S(t), t= 26;1\7’ (E.28)

which obeys the equation

(L =390 — 19" (1) — 90 = 2(0) + 2'(1), (E.29)

with y(¢) defined in Eq. (3.24). Although we do not know the explicit analytical expression for the
function x(t), the general solution of the differential equation can be found, since we know one of
the solutions (¢(¢)) of the corresponding homogeneous equation. This general solution can be
written as

todr
) =13 (t ‘ty| C — |, E.30
where C, and C, are integration constants. Since the integral diverges we have to take C, = 0.
Also, we must have C; = 0 because of the orthogonality condition, Eq. (E.27).

We now turn to the calculation of the functions g*, Eq. (E.14). Substituting the expression
®(c) = N20pmi(c)/ON, Eq. (E.4), in the first integral, we find

- o L [agth) 20N 2
= 2—'—— = o 2 = . E31
| dsomicrote = w25 | P 20 | i =0 (E31)

Substituting the expressions (E.27) and (E.28) into Eq. (E.14) we find

) = ¢ (qu) + j A P(Q) pur(c) (- g )
0

®, g Cal
T whraf E32)
qr
where
I = j diy2 (1) = 0.524 . (E.33)
(o]

Using the definition (E.28), we can rewrite the corresponding integral in Eq. (E.32) in the
form

J dsP(5) Pmi(s) =2p VNI, (E.34)

0

I = f di(x(t) + 2 (0) GO + 7'(0) (E.35)

0
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Let us estimate the integrals which appear in Equation (E.35). Multiplying Equation (3.25) for
the function y(¢) by ty'(¢) and x(t) and integrating by parts, we obtain

| aneor =3[ a0 -3 [ s, (E.36)
o 2 0 4 0
5 | anteor = aeo - [ anto, (E.37)
2 0 0 0
respectively. Combining these two equations, we find
w2 _ b 2y L E.38
| a3 arro -5 (E38)

Multiplying Eq. (3.25) by factors y'(t) and integrating by parts, yields

J " 40 = % . (E.39)

0

Using these relations we finally obtain

207,
=Z__ =0.033 . E.40
L=%-15 Odtx (t) = 0.033 (E.40)

E.2.3. Short wavelength limit
We now calculate the functions g*(qy ), defined in Eq. (E.1), with A = 0, in the short wavelength
limit a>N(4 % ¢)* > L. In this limit the Laplacian gives the leading contribution to the differential

operator in Eq. (E.2). Its eigenfunctions are plane waves, exp(igrxr), and corresponding eigen-
values are

1 3z,
e(g}) = 7+ a*(gt + q3) — Sy fdxﬂpif(g) : (E.41)

In the limit m — 0 this takes the form
e(qf) = a*(gf +4%) — 2/N . (E.42)

The short wavelength limit of the function D is

qu eiﬁ' ey — x1)
D(xr,xt) = , E.4
(xT xT) J'(zn)ilm g(q%) ( 3)
where, for the sake of simplicity, we omit the argument A.
Substituting this function into Eq. (E.1) we find
d — g% _ + q¥
gy = |4 ?(gr — q7v)o( — g1 +47) , (E.44)

(2m)*™ e(g7)
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where the function ¢(gr) is the Fourier transform (in the transverse subspace) of the function @m(¢)
olan) = [derpurls)e 0. (43

Since this function has a very sharp peak at the origin and falls down exponentially at infinity, we
can estimate the integral (E.45) in the limit of large ¢2 = (¢%¥)* = (¢1")? as

kl (k) ()]
gqL) = ) f =0 —qr)o( — q1 + 4Y)

_ ®) _ g0
o |aseRo el — 0] (E46)

We now split the x; integration into an angular integration and an integration over |xg|. In
calculating the former we use the equality

. 3m 9172 3my2
fdQe“’""T = S3mr<1 + ——) (——) Jsmpa (191 /26) - (E.47)
lgrls
Substituting it into expression (E.46) we find (in the limit m — O):
L ("4 99mls)
Kl m g — q¥
@)~ — o [T, 0129). (E48)
TRIE e ], T g V)
In the short wavelength limit this equation reduces to
(0)

2p
K = —~ =1. E.49
g-(qL) 20 Txq) — 2N for k ( )

In the case k # | we use the equality

@ —q¥) =@ - §"7 =20 xq0)? (E.50)
and find from Eq. (E.48):
1 doas) J * =
kl ~ — AL L dgh(g)Jo(2 /(4™ kqL)%¢), (E.51)
g-(qu) S(Qi) ds licolo 50(5) Jo(2\/( qL)"%)

where 6(0) = 1 and, according to egs. (E.30) and (3.26), the function 6(¢) decreases when ¢ — oo as
exp{ — 4[¢/(2a*N)]"/?}. Since the asymptotics under consideration does not depend on the form of
this function, we can use this exponent for 6(¢) in the entire region of variation of ¢. This gives

POy O
a’(A” % qu)? [@*N(A™ " xqu)* — 2]

g"(qL) = for k #1, (E.52)

where numerical calculations give y'(0) = — 1.21.
Notice that in the derivation of expressions (E.50) and (E.52) we neglected terms of order of g{ °.
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F. Derivation of the entropy density functional
F.1. Elimination of shear fluctuations and of density fluctuations in the initial state

An explicit expression for the entropy in the final state (k = 1, ... ,m), 45, [{6p®}], Eq. (4.7), is
found by introducing the Fourier representation of the J-function through the auxiliary fields
{h®(x)} (the field h® is conjugate to 5p®):

5 [6p"‘>(x> - j Lpe(c) 30 (%)3(x — x("’)} - j DA

X exp <i J dxdp® () K (x) — i jdiccomf(g) S¢ (&) h® (X"")> : (F.1)

where we used d(x — x*¥’) to integrate over x, in the second term on the right-hand side of this
expression. Substituting into Eq. (4.7) and moving the integration over { i* (x)} to the leftmost side
of the resulting expression, gives

exp(4S.[{8p®}])

= JD {h®} exp (i i J dxép™(x) h® (x))I [{h%}]1, (F.2)
K=1

where

IE{A%)] = j D[5¢] exp{ _ f ()30 3 HD ()
K=1

- % J dx J d%' 8¢ (x) Kb (%, J%’)Sq)(fc’)} . (F.3)

The operator Ki') is defined by expression (3.35) for K ' in which we take w = 0.

In order to perform the integration over ¢ in the functional I, it is convenient to remove the
term linear in 8¢ by shifting the integration variables, 8¢ (%) — 3¢(&) + @4(%) and demanding that
the field ¢, obeys the relation:

de’K (%, %) (%) = i9me(s) Z hOE) . (F.4)

=1

The remaining Gaussian integration can be easily carried out with the result

IT{h9}] = [det Kb~ 12 exp[ j AX Prne(&') Pa(% )z h(k)(x““} (F.5)

The determinant det K} is given by the product of the eigenvalues Ao(q,_) of the operator
K which are obtained by substituting w = 0 in the elgenvalues of the operator K'. We have shown
that all the eigenvalues are positive and therefore det K, is a well-defined quantity which introduc-
es fluctuation corrections to the mean-field free energy. Since these corrections were calculated in
the previous section, we will omit them in the following.
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Eq. (F.4) for the response field ¢,(x) can be rewritten as

[U/N — a>V? = 3(2/2) ()] P4(%)

+ @mf(g)w(m ‘0)(x‘0)) = l(pmf(S z h(k)(x(k)) s (F6)

where

ﬂﬁo’(x‘o’)=Jdi’5(x‘°’ XD pre(57) (%) (F.7)

can be interpreted as the density variation in the Oth replica of initial state, induced by the fields
{h*®} in the replicas of final state. Since the {h*'} fields were introduced as conjugate fields to the
densities Bp""} in the replicas of the final state, the fact that the density in the initial state is also
affected by {h®} appears strange at first sight. Further reflection reveals that the above relation
expresses the simple physical fact that the densities in the initial and the final state are strongly
correlated, since the structure of the network is identical in all the replicas.

Returning to Eq. (F.6), we notice that this equation is the inhomogeneous variant of the
homogeneous equation, (C.13), Appendix C and solve Eq. (F.6) by recasting it into an equation for
the field p{¥(x'?). We first express ¢, through pi®,

¢,x) = — Jd«%’D(Ozii') <pmr(§')[ Do (x M) — i i h""(x')] (F.8)
k=1

where D is defined by Eq. (C.28), with the substitution A4 = 0. Substituting this expression into
Eq. (F.5) yields

I[{h(k)}] — exp{ _ %jdx de,[ i gkl(x, x’)h”"(x)h“’(x’)
k=1

+ iw'?piP(x) g% (x, x') i h""(x')}} , (F.9)

k=1
where we define the Green’s function g by
g x') = gl X0 s (F.10)

with g¥(x, x') defined in Eq. (C.30) (the long wavelength and short wavelength limits of the Fourier
transforms of these functions are calculated in Appendix E).

We now proceed to eliminate p\” in the expression for I[{h¥'}]. Inserting Eq. (F.8) into Eq. (F.6),
we obtain a linear integral equation for the function 8p{® (x):

30 (x) + w‘O’JM'gOO(x, x)3p Q) = de’ lx,x) Y h¥x) . (F.11)
k=1
Fourier transforming equation (F.11) we find (analogously to Eq. (C.34)),

[1 4+ wg%(g™)] pl% =g (') Z o (F.12)
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where the wave vectors ¢'@ and ¢ in the initial and the final states, respectively, are related by the
affine transformation

9" =/ixq. (F.13)

Substituting this solution into Eq. (F.5) yields an explicit expression for I[{h*’}] in terms of the
Fourier components {h{"}:

dg

I[{h%}] =exp{~ sz [g,, Z h"" h( " Z h,‘,“’ Z h"_’,,:l}, (F.14)
k=1 =1
with the coefficients

_g''ixq) —g'*(Axq)
b= Aty h

(F.15)

and

W(O)[QOI(/{*q)]Z:I (F16)

y u,,az[g X D) Gk g

where the functions g* are the replica space correlation functions calculated in Appendix E. The
fact that the wave vectors transform as ¢'® = 4 ¢, automatically implies that the coordinates
transform as x = A *x©, where x and x' are the coordinates of a point in the deformed and the
undeformed network, respectively. The factor i, 4,4, = V/V? in Egs. (F.15) and (F.16) reflects the
change of volume in going from the initial to the final (deformed) state of the network.

F.2. Diagonalization in the replicas

Note that expression (F.14) contains non-diagonal terms in the replicas. The “interaction”
between the replicas reflects the fact that all replicas have identical network structure. This
observation is made more transparent if we diagonalize these terms using the identity (Eq. (A.6) in
Appendix A, with the replacement ¥ — n)

exp{ - J‘ Eq 2“ 1?} h(l—)q} <cxp{ - j(;q)S e 2 h(” }>n ’ (F17)

where n, is a Fourier component of a random Gaussian field whose correlator (see Eq. (A.8), in
Appendix A) is

(Mgh _Dn =, . (F.18)
The probability distribution of this random field can be obtained from Eq. (A.7)

P[n]-—exp{IJ};%3‘}n(vaﬁ~—r%z;"}}. (F.19)
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We can now use identity (F.17) to represent Eq. (F.14) in the diagonal in the replicas form

I[{h%®}] = <k[f[1 exp{ - J (—2%3 [% B o, — ih,‘,"’n_q]}> . (F.20)

Upon inserting this relation into Eq. (F.2) and performing the Gaussian integrals over {h¥} we
get

exp4S,[{p"}] = < 11 expAS([n, Bp(")]> , (F.21)
k=1 n
where the entropy functional is given by the simple expression:
dg (o —n) (¥, —n_)
AS[n,8p®] = — 4 f ! “. .
[n,3p™] J(2R)3 2, (F.22)

Appendix G. Asymptotic expressions for correlators g, and v,

We begin with the summary of the main results of Appendix E for the correlation functions g’ of
the replica system (with A = 0), and then derive exact asymptotic expressions for the long and the
short wavelength limits of the correlators g, and v,.

An exact (to all orders in g?) expression for g°° is given in Eq. (E.8). Substituting A = 0 in the
above expression we find

20N

i g (G.1)

g°%°(Axq) =

where we introduced the dimensionless wave vector Q, defined as Q? = a> Ngq?. Due to the
symmetry of the replica Hamiltonian with respect to permutations of all the replicas in the case of
an undeformed network ({4, = 1}), we find (see Appendix E) that all g* are equal for k # [ and that
g* = g° for k = 1, ... ,m. Substituting egs. (F.15) and (F.16) into egs. (4.27)—(4.30) and using these
symmetry relations, we find upon some algebra that all dependence of the total structure factor on
the non-diagonal elements of g*' drops out, and we obtain

S® = g°°(g)/[1 + wV¢°(g)] . (G.2)

In the general case, {4, # 1}, the replica space correlation functions have been calculated in
Appendix E only in the long wavelength (Q < 1) and the short wavelength (Q > 1) limits.
Combining the expressions for the functions g*' obtained in the above appendix, we write

200N
d"—*‘}-l)izm +a()Q?] for Q <1,
gl (i)~ g (iR = {0 o (G3)
”Q2 (1+15/0%) for 0> 1,
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where we introduce the unit vector ¢ = ¢/|¢| in the direction of the wave vector ¢, and
o(g) = 2L[(Axq)> — 1] + L,(A%¢)*, (G4

with the constants I, ~ 0.524, I, ~ 0.033 and I ~ 1.395.

In the same approximation, we find the long and short wavelength limits of the function
00 12

g —dg
209Nl + a(q)Q%] for Q <1,
g% q) — g'*(A*q) = 2N (G.5)
Q2 (1 + I/Q%) for 0>1.
We complete our consideration of replica correlation functions with the function g°° — g'°,
20N[1 + 20(§)Q%] for 0 <1,
g%k q) — g'%(Axq) = 20N (G.6)
0 (1 + 1/Q?% for 0> 1,
where a,(q) is defined by the expression
%@ = LIGA** — 11+ L(A*g)*. (G.7)

The knowledge of these functions is sufficient to calculate the correlators in the elastic reference
state g, and v, defined by Eqs. (F.15) and (F.16). The function g, is directly expressed through the
following combination of replica correlation functions:

g (Akgq)— ”u*m

g, = W (G.8)
The correlator of static inhomogeneities v, can be rewritten in the form
©)[ ,01 2
- 12(3 wPg " (Axq)]
= *gq) —
KW [g CXD oGk g
S(O)
=2pNA, + B,—=% = t*:’ , (G.9)
X y Az

where all the dependence on preparation condition enters through the function Sﬁo,’q (see Eq. (4.31),
with the substitution ¢ — 1 % ¢),

Sty 2p

dyhz = 2/N + 200w + a?(h % q)%” (G.10)
and where we defined the functions
01 2
= g'? _[g7 (Axq)]

and

B, =g (Axq)/g°°(hxq). (G.12)
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Using the asymptotic expressions for the functions g which were derived in this appendix, we
obtain the following asymptotics for the functions 4, and B,:

3=l +a(g) ~ 6a0(9)Q* for Q <1,

Ay = { (2 —1,)2Q°* for 0> 1, (G13)
_f9—6(1 —200(¢)Q* for Q <1,

B, = { 2 —-L)*Q * for 0> 1, (G.14)
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