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Preface

This book presents, in a mechanistic, quantitative manner, many of the necessary
fundamentals required for pharmaceutics-related problems. It can be used to guide
students and professionals until they understand the fundamentals well enough to
focus their research areas and read articles in the literature. This book has evolved
from several course notes at Temple University School of Pharmacy, particularly
with the aid of books by J. R. Barrante (Physical Chemistry for the Life Sciences),
R. Chang (Physical Chemistry with Applications to Biological Systems), A. T. Flo-
rence and D. Attwood (Physicochemical Principles of Pharmacy), A. Martin (Phys-
ical Pharmacy), O. Robbins, IJr. (Ionic Reactions and Equilibria), and Williams et
al. (Basic Physical Chemistry for the Life Sciences). It is intended primarily for
graduate students in pharmaceutics. This book can be taught in two semesters with
supplemental material: Chapters 1 to 4 for the first semester and Chapters 5 to 7 for
the second semester. I hope that this book will also be useful as a reference for
pharmaceutical scientists engaged in drug product development.

I acknowledge Dean Peter H. Doukas at Temple University for his support and
encouragement. I owe major debts to Professor Archie E. Hamielec and Dr. Ping I.
Lee who introduced me to polymer engineering and pharmaceutics, respectively. I
am grateful to graduate students who raised various questions and suggestions in
diverse subject matters.

I am indebted to my wife and children for their patience, understanding, and
assistance during the preparation of this book.

Cherng-ju Kim
Loma Linda, California
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’I Thermodynamics

Thermodynamics is a branch of physical chemistry that deals quantitatively with
the inter-exchange of heat and work evolved in physical and chemical processes.
This subject is widely utilized to explain equilibrium systems in physical pharmacy.
For example, a pharmaceutical scientist may use equilibrium thermodynamics to
study isotonic solutions, solubility of drugs, distributions of drugs in different phases,
or ionization of weak acids and weak bases. Even though the gas laws are not usually
directly related to pharmaceutical science (with some exceptions such as aerosols),
these concepts must be introduced when dealing with simple thermodynamic systems
of gases and the universal gas constant, R.

1.1 IDEAL GASES

Robert Boyle discovered experimentally that the volume of a gas in a J-tube appa-
ratus at a constant temperature varied in inverse proportion to the pressure. This is
known as Boyle’s law. Boyle’s law may be expressed mathematically as:

1
V e E (constant temperature) (1.1)

where V and P are the volume and pressure of the gas, respectively.

In the early 19* century, Joseph Gay-Lussac, after following the work of Alex-
andre Charles, established that the volume of a gas increases linearly with temper-
ature at constant pressure. Expressed mathematically, Charles’s law states that:

V=V (I+ot) (constant pressure) (1.2)

where V_ is the volume of the gas at 0°C, o is the proportionality constant (or
thermal expansion coefficient) for the gas, and t is the temperature (°C). It was found
experimentally that o is independent of the nature of the gas and that it has the value
of 4z °C-'. Substituting this value into Equation (1.2) yields:

V:V(273.15+t) 1.3)
°\ 273.15

In Equation (1.3), the volume of the gas becomes zero when the temperature is
reduced to —273.15°C, which is the absolute zero temperature. The relation between

the Celsius degree and the absolute scale (called Kelvin degree) is given by:

T(K)=273.15+1t (°C) (1.4)
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FIGURE 1.1 Variation of pressure—volume product with pressure.

The Kelvin degree scale was originally introduced by William Thomson. It is a
thermodynamic temperature scale based on the second law of thermodynamics and
is identical to the absolute temperature scale based on the above volume expansion
arguments. Substituting Equation (1.4) into Equation (1.3) gives:

= TO .

V=V l or
OTO

| <

where T =273.15 K.

Volume is an extensive property, which is dependent on the quantity of substance
(or substances) present in the system. Therefore, the volume of a gas at constant
temperature and pressure is directly proportional to the number of moles of the gas,
n (Avogadro principle). Unlike volume, temperature and pressure are intensive
properties and are independent of the amount of material present in the system.
Combining Equation (1.1) and Equation (1.5) with the Avogadro principle gives:

Voc% or PV=nRT (1.6)

where R is the proportionality constant or gas constant. Equation (1.6) is known as
the ideal gas law. The proportionality constant of Equation (1.6) is determined
experimentally.

As the pressure approaches zero, all gases follow the ideal gas law. Experimen-
tally, plotting PV against P and extrapolating to zero pressure gives the gas constant,
R (see Figure 1.1). Since one mole of an ideal gas occupies 22.414 L at 0°C and 1
atmospheric pressure, then, R is:

Ro PV _ lamx22414L

= =0.08206 L - atm / mole K (1.7)
nT 1molex273.15K
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TABLE 1.1
Values of the Ideal Gas Constant R

82.06 mL-atm K-! mol™!
1.987 cal K- mol!
8.314 J K- mol™!

8.314 x 107 erg K-! mol™!
1.987 Btu (Ib mol)! R-!

The value of R is dependent on the units used for each variable (i.e., P, V, T).
The common values of R are listed in Table 1.1.
Example 1.1
Calculate the volume occupied by 23.6 g of a propellant, trifluorochloroethane, at
55°C and 720 mmHg pressure. Assume the gas follows the ideal gas law.

Solution

_nRT _(23.6 )(0.08206 L atm / mol K)(55°+273.15°)

= =493L
P (136 g/ mole)(720 mmHg)(1 atm / 760 mmHg)

In a mixture of gases in a container at constant temperature and pressure, each
gas obeys the ideal gas law. The total pressure of the container is dependent on the
total number of moles present in the container regardless of the nature of the gases.
The individual pressures for each gas are called partial pressures (i.e., P,P,,P,,---).
The sum of these partial pressures is equal to the total pressure, P; this is known
as Dalton’s law of partial pressures. The mathematical expression for Dalton’s law

is as follows:
P =P +P, +P, 4o +Py (1.8)

where N is the number of gases in the system.
Applying the ideal gas law gives:

p =1 273 (1.9)

where n,n,,n,, etc., represent the number of moles of each gas. Equation (1.8) and
Equation (1.9) give the partial pressure of each gas i as:

n.RT
P, =—
A"

(1.10)

© 2004 by CRC Press LLC
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FIGURE 1.2 Compressibility factor diagram for methane.

From the ratio of Equation (1.9) to Equation (1.10), the mole fraction of the gas i,
in the mixture, X, can be obtained by:

P. n.
X =—= i (1.11)
P, n+n,+n,+-- +n,

1.2 REAL GASES

As the pressure of a gas is increased and/or its temperature is lowered, the ideal gas
law is not followed because the volume of the gas is not negligible and intermolecular
forces do exist. If the ratio, z = I, referred to as the compressibility factor for the
gas, is plotted against P at constant temperature, then the values of Z deviate from
ideal behavior, which is unity for an ideal gas (see Figure 1.2). This is attributed to
the pressure build-up as gas molecules collide on the walls of a container. If the gas
molecules adjacent to the walls exert intermolecularly attractive forces, the momen-
tum of the gas molecules toward the wall will be decreased. Thus, the collisions of
the gas molecules will be reduced, resulting in the pressure of the gas being less
than that of an ideal gas. At high pressure, the gas molecules pack the container
very closely together, causing the volume of the gas molecules to be a significant
part of the total volume.

Van der Waals proposed the incorporation of two additional terms into the ideal
gas law to account for the deviations from ideal behavior. The ideal gas law equation
then becomes:

a —
(P+W)(V—b)—RT (1.12)

where a and b are constants and are determined experimentally. The constant a in
Equation (1.12) accounts for the cohesive forces between the gas molecules, which
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TABLE 1.2
Van der Waals Constants
of Some Gases

Gas a (L2 atm/mol?» b (L/mol)

He 0.0353 0.0241
H, 0.246 0.0267
N, 1.35 0.0383
0, 1.36 0.0319
Co, 3.60 0.0427
CH, 225 0.0428
H,0 5.43 0.0303
NH, 4.19 0.0373

drag other gas molecules around a single molecule, causing the pressure of the gas
to be less than that of an ideal gas. The cohesive forces are dependent on the
intermolecular distances and related to the density of the gas. The term a/V? is
called the internal pressure per mole. This internal pressure will be used to describe
the solubility of the molecules in liquids in Chapter 3. The constant b in Equation
(1.12) accounts for the incompressibility of the gas molecules, known as the excluded
volume occupied by the gas molecules. The excluded volume is approximately four
times the volume of the gas molecules. The term (V — b) represents the effective
volume of the gas molecules that expand freely. The van der Waals constants for
typical gases are listed in Table 1.2. At low pressure, the volume of the gas molecules
is so large that the contribution of the excluded volume toward the total volume is
very small and the term a/ V> becomes negligible. Thus, under these conditions,
Equation (1.12) is reduced to the ideal gas law expressed by Equation (1.6).

Example 1.2

Calculate the pressure produced by 75 g of ethanol in a 5.0 L container at 80°C by
the ideal gas law and van der Waals equation. The van der Waals constants a and b
are 12.02 L? atm/mol? and 0.08407 L/mol, respectively.

Solution
From the ideal gas law,

_nRT _ (75 2)(0.08206 Latm / mol K)(353.15 K)
v (46 g/ mol)(5 L)

P =945 atm

The van der Waals equation can be rewritten as:

nRT n’a _ (75/46)(0.08206)(353.15) (75/46)°(12.02)

TV-onb V2 5-(75/46)(0.08407) 52

=8.44 atm
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1.3 THERMODYNAMICS

It is common to observe in our daily life that different forms of energy may be
interchanged. For example, electrical energy can be converted to heat. Thermody-
namics is not only the study of the quantitative relationships of these energy changes
but is also used as a tool to examine and predict the behaviors of physical, chemical,
and biological processes in terms of energetics. The two principles of thermody-
namics, the first and second laws, are extremely important to the understanding of
energy. The first law, which pertains to the conservation of energy, states that energy
may not be created or destroyed but may only change its form. The second law
predicts the direction in which any given process will occur. Thermodynamics
explains whether a process will proceed in a certain direction, but it does not reveal
the time required or how many hurdles the system will go through to get there. In
other words, it gives us the beginning and the end of a process even though it is
independent of the pathways leading from the beginning to the end.

1.3.1 THEe FirsT LAW OF THERMODYNAMICS

First, let us define a system and its surroundings. A system is a portion of the whole
upon which one chooses to focus one’s interest. A boundary separates the system
from the rest of the whole. Mass and/or energy may enter or leave through the
boundary. The surroundings of the system are anything outside the boundary of the
system. In a closed system, energy may enter or leave during a particular process
but no mass may be exchanged with the surroundings through the boundary. Systems
in which both mass and energy can enter or leave during a process are called open
systems.

The energy change in a system may occur through the absorption or loss of heat
and by any work done on or by the system. No absolute energy value of the system
is known, so one should consider the energy change from one state to another.
Mathematically, the first law of thermodynamics states for both the system and its
surroundings:

JdEzO (1.13)

where E is the internal energy of the system. The internal energy of a material should
not be obtained from its position or movement as a whole. The internal energy is
the motional energy retained by a molecule. In other words, it refers to the energy
of the molecules making up the material. Equation (1.13) relates that a change in
the energy of the surroundings is precisely compensated for by a change in the
energy of the system. This leads to a total energy change of zero for the system and
its surroundings when considered together. For the system alone, however, the first
law states that:

AE=q-w (1.14a)
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FIGURE 1.3 A cylinder with a frictionless piston holds a gas undergoing an isothermal
expansion.

where AE is the energy change of the system and q and w are heat and work
exchanged between the system and its surroundings, respectively. Heat absorbed by
the system is assigned a positive value whereas a negative value corresponds to work
done on the surroundings by the system. The change in internal energy is dependent
only on the initial and final states, regardless of the pathways taken from the initial
to final states. Such a system is referred to as a state function. For example, if a
process starts at an initial state and travels many different paths and then comes
back to the initial state, the change in internal energy for the system must be zero
because AE=E, -E, =E, —E, =0. However, heat and work are always dependent
on the pathways taken by the system from the initial to the final states. For example,
when a person climbs the peak of a mountain, the internal change in energy level
for the person is the height of the mountain climbed. The work the person does to
reach the top of the mountain depends on the path taken to the peak (i.e., zigzag,
straight-up walk, etc.). When applied to processes involving differential changes in
the system, Equation (1.14a) may be written as:

dE = dq—dw (1.14b)

Equation (1.14b) is advantageous when E, q, or w is expressed as a variable
function, changing during a process. Some illustrations of the first law of thermo-
dynamics are given as follows:

Isothermal expansion of an ideal gas: Let us consider that a cylinder fitted with
a frictionless piston contains a gas and is heated to the system shown in Figure 1.3.
Normally, the temperature of the system increases upon heating, but one wants to
maintain a constant temperature for the system during this isothermal process. The
piston exerts an external pressure on the system, and the gas expands. Since no
temperature change takes place, the change in the internal energy is equal to zero
(AE =0) because the internal energy is only a function of temperature. Then,
Equation (1.14) becomes:

q-w=0 or q=w (1.15)
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Because AE =0, the heat absorbed by the system must work on its surroundings
by expanding against the external pressure. An infinitesimal increase of work, dw,
done against the external pressure, P, is given by:

xt?

dw=Fxdl=P_ xAxdl=P_dV (1.16)

where d! is the infinitesimal distance and F and A are the force to move up the piston
and the cross-sectional area of the piston, respectively. The total work done while
moving the piston from the initial to final stage is given as:

w= jpmdv (1.17)

It is important to point out that work is not a state function but is dependent on the
pathway taken to reach the final state.
If a gas expands isothermally under a constant external pressure, Equation (1.17)
becomes:
V.

w=P_| av=p_(v,-V) (1.18)

ext
Vi

where V, and V, are the initial and final volumes, respectively.

If a gas expands isothermally and the external pressure exerted on the gas varies,
one must find a different relationship between P, and V. In other words, the value
of external pressure must be known at every stage during the expansion or compres-
sion. If the gas expands or is compressed reversibly, the pressure difference between
the internal gas pressure and external pressure is infinitesimally small, and thus the
internal gas pressure ( P, ) is equal to the external pressure. Then P, in Equation
(1.17) can be replaced with P, as:

gas

W=J'Pmdvsz dv (1.19)

If the gas behaves ideally at a constant temperature, Equation (1.6) can be
substituted into Equation (1.19), resulting in:

v v p
w=[ "Ry i RTIn| 2 |=nRTIn| -1 (1.20)
vy V | P2

If the gas obeys the van der Waals equation, the substitution of Equation (1.12)
into Equation (1.19) yields:

V. 2 V _ b
w:JZ NRT a0 gy —nRTIn| 2722 [4nZf L - L] 2n
v \{V-nb V V,-nb VvV, V
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Example 1.3

One mole of CO, gas at 25°C is allowed to expand reversibly and isothermally from
a volume of 5 L to a volume of 15 L. Calculate the work done by the gas against
the frictionless piston for an ideal gas and for a van der Waals gas. The van der
Waals constants a and b are 1.94 L? atm/mol? and 0.0314 L/mol, respectively.

Solution
From Equation (1.21),

w=nRTIn Lnb +na L_i
V,—-nb Vv, V,
=1.987 (298.15) In (w)+l.94( L1
5-0.0314 15
From Equation (1.20),

V.
w=nRT ln72:1.987 (298.15)1n?=651 cal

1

Isothermal vaporization of a liquid under a constant pressure: When a liquid
in a frictionless piston is heated and its vapor pressure reaches the external pressure,
the liquid vaporizes and therefore the system (liquid and its vapor) expands. There-
fore, the system does work on the pistonas P_ (V _— Vliqui +)- However, the volume

ext ™ ' gas

of vapor is much larger than that of the liquid, and thus the work done is P__ V.

ext ' gas”®

The heat absorbed is used to vaporize the liquid as the vapor does work on the
surroundings (i.e., against the piston). The remaining energy is stored in the vapor
state as internal energy according to the first law of thermodynamics.

Example 1.4

Calculate the energy change AE and w for the vaporization of one mole of ethanol
at 78.3°C and 1 atmospheric pressure. The heat of vaporization of ethanol is 204
cal/g.

Solution
The heat required to vaporize is:

q = (1 mole)(204 cal / g)(46 g/ mol) = 9384 cal
The work done by the vapor is:

w=P AV=P_ V__ =nRT=(1mole)(1.987 cal/ molK)(351.45 K) =698 cal

gas ' gas

Then AE =q-w =9384—-698=8686 cal
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1.3.2 ENTHALPY (HEAT CONTENT) AND HEAT CAPACITY

Let us consider that a system absorbs heat but is not allowed to expand. Under this
condition no work is done on the system or by the system because dV is equal to
zero. Thus, the heat absorbed is now the increase in internal energy of the system.
The first law of thermodynamics is given by:

V2
AE:qv_W:qv_I P _dV=q, (1.22a)

Vi
where q, is the heat absorbed or lost by the system under constant volume.
However, most physical, chemical, and biological processes are not carried out at
constant volume, but rather at constant pressure (isobaric). For example, a chemical

reaction in a round-bottom flask is done under a constant atmospheric pressure. If
the process is isobaric and reversible, the first law of thermodynamics yields:

V.
AE=q,-w=q,- | P_dV=gq,—PAV (1.22b)

vi
where q,, is the heat absorbed or lost by the system at constant pressure and P, =P,

the pressure of the system, because the process is reversible.
Equation (1.22b) may be rearranged to:

qp =AE+PAV=E,—E +PV,-PV, = (E,+PV,)-(E +PV,)  (1.23)
Now a new thermodynamic term, enthalpy or heat content, is defined as:
H=E+PV (1.24a)
In differential form, Equation (1.24a) becomes:
dH = dE +d(PV) (1.24b)
Substituting Equation (1.24a) into Equation (1.23) yields:
q,=H,-H,=AH (1.25)
It is important to point out that AH, like AE, is a state function. The change in
enthalpy is independent of the path taken and dependent only on the initial and final
states of the system. Equation (1.25) states that the amount of heat absorbed or lost
during an isobaric process is equal to the change of enthalpy of the system. If the

process is not isobaric but reversible, then from Equation (1.14b) and Equation
(1.19),
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dH = dE + d(PV) = q — PdV + PdV + VdP = q + VdP (1.26)

At constant pressure, Equation (1.26) becomes Equation (1.25).

When a system is heated, its temperature generally increases. This increase in
temperature is dependent on the heat capacity of the system under constant volume
or constant pressure. Therefore, the heat capacity is defined as the ratio of heat added
to a system to its corresponding temperature change. If the system is under constant
volume, the molar heat capacity is C,,, whereas the molar capacity is C, for a
system under constant pressure. Then,

1 qv_(aq) _(BE)
C, = = = (1.27a)
v=limyr =50, =57 ),

Tim () (2]
C,= P_( = — (1.27b)
? lAlTI}OlAT oT ), \oT ),

Equation (1.27a) and Equation (1.27b) lead to:
dE=C,dT and dH=C.dT (1.28)

The changes in the internal energy and enthalpy during a temperature change
due to the absorption of heat are given by:

T, T,
AE = C,dT and AH= C,dT (1.29)

T T
The heat capacity is a function of temperature. When the change in heat capacity
is negligible over a small temperature change, the average value of heat capacity

( EV or C,) over the temperature range is used instead. Then Equation (1.29) is
integrated to:

AE=C(T,-T)) or AH=C,(T,-T) (1.30)

If the temperature change varies broadly, the constant and average values of heat
capacity cannot be used. Empirically, the heat capacity at constant pressure is
expressed as a polynomial form of T as:

C,=a+bT+cT? (1.31)

where a, b, and c are the constants determined experimentally.
Substituting Equation (1.31) into Equation (1.29) gives:
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AH=a(T2—T1)+g(T22—T12)+§(T23—T13) (1.32)

The relationship between C, and C, is C, =C, +R. Differentiating Equation
(1.24a) with respect to temperature yields:

dH_dE | dPY)

= (1.33)
dT dT dT

Substituting Equation (1.28) and the ideal gas law into Equation (1.33) yields:

CpdT _ CydT  dRT)

C,=C,+R 1.34
dT dT dT Py (1.34)

For solids and liquids, the change in volume is so small that C, and C,, are almost
the same.

Example 1.5

Calculate AE, AH, q, and w for the isobaric reversible expansion of one mole of
an ideal gas from 25 to 75°C. The molar heat capacity of the gas is 8.96 cal/mol K.

Solution
From Equation (1.30),

AH = C, (T, — T,) = 8.96 X (75— 25) = 448 cal

AE =C, (T, — T,) = 6.973% (75— 25) = 348.65 cal

Because the process is an isobaric expansion, AH =q =448 cal and w is given
by:
w=q—AE =448-348.65=99.35 cal

1.3.3 THERMOCHEMISTRY

Thermochemistry is a branch of thermodynamics that deals with the change of heat
(enthalpy) in chemical reactions. The heat absorbed or lost in chemical reactions
usually occurs at constant pressure rather than at constant volume. The change of
heat is mostly expressed by AH, the enthalpy change of a process from reactants to

products:
AH = 2 Hproducts - Z Hreactants (1 35)

If AH >0, heat must be supplied to the reaction (endothermic); if AH <0, heat
is evolved during the reaction (exothermic). As mentioned before, if reactants or
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products are pure liquids or solids, as they are for most biochemical reactions, there
is no volume change, so that AE = AH. However, if there are gas molecules in the
reactants and/or products, the change of volume during the reactions is large and
AV should be considered to calculate the enthalpy change.

To express the heat absorbed or evolved in any chemical reaction, the symbol
AHY, is used in which the superscript © indicates a standard state and the subscript
specifies the temperature at which the reaction occurs. The standard state for a gas
is 1 atm pressure and the standard state for liquids is the pure liquid under the same
conditions. For solids, it refers customarily to a crystalline state at 1 atm. Unless
otherwise denoted, 25°C is the standard state for temperature.

As discussed for a state function such as E, there is no absolute value of enthalpy
of a chemical (reactant or product); it is determined experimentally. The enthalpy
value of an individual compound is calculated based on the assigned base value. A
value of zero corresponds to the enthalpy of the most stable form of an element in
its standard state at 25°C. Heat of formation is defined as the heat absorbed or
evolved in the formation of one mole of a compound from its elements in their
standard states. The formation of ethanol involves the elements of solid carbon,
hydrogen, and oxygen. However, even though these elements are put together and
heated in a reaction vessel, ethanol is not formed. In this case, the heat of formation
of ethanol is calculated based on Hess’s law of constant heat summation. The law
states that the heat absorbed or evolved during a chemical reaction under constant
pressure is the same regardless of the pathways taken to get to the final state from
the initial state. This is due to the fact that enthalpy or enthalpy change is a function
of state. Let us apply this principle to the heat of formation of glucose from ethanol
and carbon dioxide as given by:

2C,H,OH(1)+2CO, (g) — C,H,,0,(s)  AHS, =16.2kcal / mol  (1.36)

where (1), (g), and (s) refer to the physical states of liquid, gas, and solid, respectively.
The following reactions can be used to determine the heat of formation of glucose
because their enthalpy changes can be determined experimentally:

C(s)+0,(g) > CO,(g) AH), =-94.05kcal/mol  (1.37)

H,(g)+30,(g) - H,0(0) AHJ, =-68.32kcal/mol  (1.38)

C,H,OH(1)+30,(g) = 2CO,(g) +3H,0(1) AH}, =-326.68 kcal / mol  (1.39)
Taking 2 % (1.39) — 6 x (1.38) — 6 x (1.37) yields:

2C,H,OH(l) - 6H, (g) — 6C(s) — 30, (g) — —2CO, (2) (1.40)

AHY, =2 x(-326.68) — 6 X (—=68.32) — 6 x (=94.05) = 320.86 kcal
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Rearranging Equation (1.40) yields:

2C,H,OH(1)+2CO0,(g) — 6H,(g) +6C(s) +30,(g) AHJ, =320.86 kcal (1.41)
Turning Equation (1.41) around gives:
6H,(g)+6C(s)+30,(g) = 2C,H,OH(1) +2CO,(g) AH}, =-320.86 kcal (1.42)

When reactions are turned around, the sign for the enthalpy change must be changed.
Adding Equation (1.36) and Equation (1.42) together yields:

6H,(2) + 6C(s) +30,(2) = CH,,0,(s) AHS, = -304.66 keal / mol (1.43)

The heat of formation of one mole of glucose is —304.66 kcal.
Table 1.3 presents heats of formation for a number of substances determined by
direct or indirect methods.

Example 1.6

Calculate AHY, for the esterification of oleic acid with methanol using the appro-
priate heats of formation for the compounds.

Solution
The esterification of oleic acid with methanol is:

C,,H,,COOH + CH,0H — C,,H,,COOCH,

Applying Equation (1.35) to the data given in Table 1.3 yields:

AHY, = (-174.2)—(~178.9) - (-57.04) = 61.74 kcal / mol

A chemical reaction may be carried out at other temperatures rather than 25°C
for the enthalpy change. The effect of temperature on AH at constant pressure can
be given by differentiating Equation (1.35) with respect to temperature as:

dAH dH e dH ..
— ucts reactants 144
D T M 44

The first and second terms on the right—hand side of Equation (1.44), (dH/dT),
are the total heat capacities of all the products and reactants at constant pressure,
respectively. Equation (1.44) then becomes:

dAH _

dT ~ “P,products _CP,reactants

= AC, (1.45)
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TABLE 1.3

Standard Heats of Formation AHy; for Selected Organic

Compounds at 25°C (kcal/mol)

Substance State
Acetic acid 1
Acetaldehyde g
Acetone 1
L-Alanine S
L-Alanine ion aq
L-Alaninate ion aq
L-Arginine S
pL-Aspartic acid S
L-Aspartic acid s
L-Aspartic acid ion s
L-Aspartate ion aq
Benzene 1
Butyric acid 1
Butyrate ion aq
Carbon dioxide g
Citric acid S
Citrate ion aq
Creatine s
L-Cysteine S
L-Cystine s
Ethanol 1
Ethyl acetate 1
Formic acid 1
Formate ion aq
Fumaric acid S
Fumarate ion aq
a-D-Glucose S
B-p-Glucose s
Glycerol 1
L-Glutamic acid s
L-Glutamate ion aq

AH?

-115.72
-58.99
-58.99
—-134.49
—133.34
-121.79
—-148.59
—233.49
—232.43
—228.28
-216.49
11.72
—-127.89
—-127.99
-94.04
-368.98
-362.10
-128.21
—-127.29
—249.59
—66.20
-115.19
-97.80
-97.99
—-193.74
—-185.79
-304.59
-303.06
-160.29
—241.19
—224.59

Substance

Glycine
Glycinate ion
Glycylglycine
Glycylglycinate
L(+)-Lactic acid
L(+)-Lactate ion
a-Lactose
B-Lactose
pL-Leucine
L-Leucine
L-Leucinate ion
L-Malic acid
L-Malate ion
o-Maltose
B-Maltose
Methanol
L-Methionine
Oxaloacetic acid
Oxaloacetate ion
Palmitic acid
Pyruvic acid
Pyruvate ion
2-Propanol
Succinic acid
Succinate ion
Sucrose
DL-Valine
L-Valine
L-Valine ion
L-Valinate ion
Water

State

AH?

-128.39
-114.39
—-178.29
—164.88
—165.87
-164.10
-530.97
—534.58
—155.29
—-154.59
—143.54
—263.69
-201.39
-534.93
—534.81

-57.04
—181.89
—235.29
—-189.59
-212.89
—139.99
—142.49

-75.97
—224.85
-217.17
-530.97
—147.69
—147.69
—146.32
—135.61

—68.32

Source: Data from R. C. Wilhoit, Thermodynamic Properties of Biochemical Substances,

in Biochemical Microcalorimetry (H. D. Brown, Ed.), Academic Press, New York, 1969.

where AC, is the change in the heat capacity of the reaction. Equation (1.45) is

called Kirchhoff’s equation.

Integration of Equation (1.45) yields:

T, T,
dAH = AH, —AH, = | ~AC,dT

T
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Example 1.7

Calculate AHS, for the cellular respiration of glucose, at the physiological temper-
ature of 37°C, based on the heat-of-formation data given in Table 1.3. Assume the
heat capacities for all compounds are constant over low temperature and are 52.31,
7.02, 8.87, and 6.87 kcal/mol for glucose, oxygen, carbon dioxide, and water,
respectively.

Solution
The cellular respiration of glucose is expressed by:

C.H,,0,(s)+60,(g) = 6CO,(g) + 6H,00)
Enthalpy change for this reaction is given by:

AHY, = 6 x(-94.05) + 6 x (—68.32) — (=304.66) = 669.56 kcal / mol
Integrating Equation (1.46) with the constant heat capacity change yields:
AH; =AH; +AC,(T, - T)) (1.47)
AC, is determined as:
AC, =6x8.87+6%6.87-52.31-6x7.02=0.01 cal/ molK

The cellular respiration of glucose is then given by:
AHY, = AHS, +0.01x107° X (310.15—298.15) = 669.56 kcal / mol
Therefore, the effect of temperature on the enthalpy change is negligible.

1.3.4 Heat ENGINE AND THE CARNOT CYCLE

In the previous sections, the energy changes in processes were discussed, and it was
found that the total energy of a system and its surroundings is conserved. However,
many processes obey the first law of thermodynamics but do not happen naturally.
For example, ice never gets colder when in contact with warm water. Likewise,
warm water does not get warmer when in contact with cold water. A homogeneous
mixture of two gases cannot be separated into a high-pressure gas on one side and
a low-pressure gas on the other side (Figure 1.4). If these processes were to occur
and they did not violate the first law, they would be considered unnatural or not
spontaneous due to the work done on the system. However, the opposite direction
of these processes would occur spontaneously.

Consider a chemical reaction between hydrogen and nitrogen to form ammonia:

N, +3H, — 2NH,

© 2004 by CRC Press LLC



FIGURE 1.4 Separation of a homogeneous gas mixture.

Pressure

v, V, Vv, V,
Volume

FIGURE 1.5 Pressure—volume relationship for the Carnot cycle.

When one part of nitrogen and three parts of hydrogen come into contact, the
forward reaction goes to completion with the evolution of significant heat. In the
reverse reaction, the evolved heat can be used with ammonia to regenerate nitrogen
and hydrogen. This process does not violate the first law of thermodynamics since
the forward reaction takes place naturally while the reverse reaction does not occur
spontaneously. The first law of thermodynamics does not predict in which direction
a particular physical, chemical, or biological process will happen spontaneously.
Therefore another law of thermodynamics is needed to deal with the spontaneity of
the process.

The reverse direction of a spontaneous process requires that some work must
be done on the system. In 1824, Sadi Carnot, an engineer in Napoleon’s army,
presented an ideal engine in which the heat could not be completely converted into
work. The engine had an ideal gas in a cylinder with a frictionless piston and
employed a cyclic operation. In Figure 1.5, the pressure and volume are related to
the four steps of the cycle. Initially, the engine contains an initial pressure of P,,
an initial volume of V|, and an initial temperature of T, as the initial state A.

The initial state undergoes an isothermal reversible expansion to the second state
B at temperature T,,. Because the expansion is isothermal, AE=0 and from
Equation (1.20), the work done on the system is given by:

Vv
Jass = Wass = RTHlni2 (1.48)
1
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The second operation is that the ideal gas at the second state B is further
expanded adiabatically and reversibly to the third state C. Since the process is
adiabatic, no heat is absorbed or lost (i.e., qy . =0), and the temperature drops
from T, to T,. Then from Equation (1.14),

AE=C(T, - T,)=-w (1.49)

B—-C

The third operation involves the gas at the third state C at temperature T, , which
is compressed isothermally and reversibly to the fourth state D. Since the process
is isothermal, AE=0 and the work done on the system is given by:

\Y%
deop =Wep =RT In—* (1.50)
V3

Finally, the gas is further compressed adiabatically and reversibly to the initial
state A. Therefore q,,, =0 and

AE=C (T, =T, )=-w_, (1.51)
The total work done on the system over the complete cycle is given by:
Wioal = Wass TWeoe T Weop T Wpoy (1.52)
Since w, ,.=-w, ,,, Equation (1.52) becomes:
\Y \Y
W =Wans TWep = RTHln72+RTLan—4 (1.53)

1 3
Because the second and fourth processes are adiabatic, the following relationship
is applied to Equation (1.53):
vV, V vV, V
B e I N (1.54)
V2 Vl V3 VZ
Thus Equation (1.53) becomes:

Vv
Wom = R(Ty —T) ln72 (1.55)

1
The total net work done by the system or the net heat absorbed by the system

is illustrated by the inner area of ABCD in Figure 1.5. Because heat and work are
not functions of state, net work should be done on the system or by the system even
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though the system returns to the initial state. The thermodynamic efficiency of the
Carnot cycle is defined as the net work done by the system divided by the heat
absorbed. Thus

w _R(T,-T)In(V,/V) T,-T,
Qrm RT,In (V,/V,) T,

H

efficiency = (1.56)

Equation (1.56) implies that the efficiency depends on the two operating tem-
peratures of the engine. The smaller the numerator (temperature difference), the less
heat absorbed is converted to work. If the lower temperature is at absolute zero, the
efficiency becomes 100%. The engine described is not of interest to pharmaceutical
scientists but important to engineers and others who deal with heat engines or
refrigerators. However, this heat engine is of interest to all disciplines of science
from the viewpoint of the development of absolute zero temperature.

Example 1.8

A heat engine operates between 130 and 30°C. How much heat must be taken from
the high temperature to obtain 6 kcal of work? Assume there is no frictional loss of
energy.

Solution
From Equation (1.56)

w_6_T,-T _ 403.15-303.15
q q T, 403.15
q=6x 403.15 =24.2 kcal
100

1.3.5 THE SecoND LAW OF THERMODYNAMICS AND ENTROPY

From the discussion of heat engines, the second law of thermodynamics states that
it is impossible to achieve heat, taken from a reservoir, and convert it into work
without simultaneous delivery of heat from the higher temperature to the lower
temperature (Lord Kelvin). It also states that some work should be converted to heat
in order to make heat flow from a lower to a higher temperature (Principle of
Clausius). These statements acknowledge that the efficiency of heat engines could
never be 100% and that heat flow from high temperatures to low temperatures is
not totally spontaneous. Simply, the second law states that natural processes occur
spontaneously toward the direction in which less available work can be used.

Pharmaceutical scientists use the concept of spontaneity of heat flow for a
chemical reaction or biological transformation of energy in an organism even though
there is no heat engine or no high and low temperature reservoirs. According to the
first law of thermodynamics (i.e., energy conservation), the net total work should
be equal to w,,, =q,_5+dqcp- Thus,
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+ T, -T,
efficiency = 9aze Tdcop _ Tn " L (1.57)
qA—)B TH
or Gass 4 o _ (1.58)
TH TL

Equation (1.58) applies to any isothermal or adiabatic reversible cyclic processes.
If there are many isothermal and adiabatic processes from high temperature T,; to
low temperature T, before the process goes back to its original state, any reversible
cyclic process [Equation (1.58)] can be generalized as:

dg;, _
ZT—O (1.59)

i 1

If each isothermal and adiabatic step is infinitesimal, Equation (1.59) for the
entire cycle becomes:

dq
S _ g 1.60
35 : (1.60)

Equation (1.60) illustrates a very important thermodynamic property in which
the quantity dq,,, /T becomes zero when the cyclic process is completed regardless
of the paths taken from the initial to final states. Such a property is known as a state
function, as are P, V, T, E, and H. Clausius suggested defining a new thermodynamic
state function, called “entropy” and denoted as S, where dq,, /T =dS, so that

dq §
— =pdS=0 1.61
gﬁ k (1.61)

Therefore, any finite change in entropy can be given by:
2
d
jdszsz—sleszj% (1.62)
1

For an irreversible cyclic process, the summation of dq/T is less than 0, so
the efficiency of an irreversible process is lower than that of a reversible one
(Clausius):

irrev + irrev T _T
du milL < HT L (reversible process) (1.63)

H H

(irreversible process)
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Therefore,

dq.
Hinev ) 1.64
§ = (1.64)

The second law of thermodynamics can be restated in terms of entropy regardless
of heat engines, chemical reactions, or biological transformations of energy in living
organisms, as follows:

1. The change in entropy of the system and the surrounding for any reversible
processes is equal to zero.

2. The system and the surrounding react spontaneously in the direction in
which the entropy of an irreversible process increases.

Therefore, unlike internal energy and enthalpy, entropy is easily used to predict
the direction of a spontaneous process. Thus

AS_em TAS omdings = 0> the system is at equilibrium
AS_em TS omaings > 0> spontaneously occurs
AS_em TS romdings <0>  does not spontaneously occur

However, it is very difficult to measure the entropy change of a system and its
surroundings in a biological process (i.e., processes occurring in plants and animals).
Later in this chapter, a new thermodynamic term, “free energy,” will be used to
describe the spontaneity of a process.

Example 1.9
One mole of an ideal gas expands reversibly from 5 to 15 L while the temperature
drops from 65 to 25°C. Calculate the entropy change of the gas.

Solution
From Equation (1.14b), Equation (1.16), and Equation (1.28),

dq,., =dE+dw =dE +PdV

- T+ N gy (1.65)
v
Then
d
dgs= Yo _c IT, AV (1.66)
T T WV
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Integrating Equation (1.66) yields:

T. V.
as,. =s,-s,=c,[ Tir zd—V=Cvln%+Rln% (1.67)

system
T T Vi V 1 1

Assume C, (= 3R) to be constant. The entropy change of the system during
the expansion is given by:

29815 L 1.987 012 = 20,375+ 2.183=1.81 keal
338.15 5

3
ASsySlem = (5)(1.987) In

Equation (1.67) can be rearranged to incorporate a pressure term:

AS, e = Cln 2 +RInF2 =(C, +R)In 2 +RIn b
Tl PZ 1 Tl P2
(1.68)
= CplnL +R ln5
Tl P2
1.3.6 THE THIRD LAW OF THERMODYNAMICS
Equation (1.62) can be rewritten for T, =0K as:
T T T T
J‘ dS:ST—SO:J —dqrevzj A—sz Cogr (1.69)
) o T o T o T

where S, and S, are the entropy of the system at absolute zero temperature and
at temperature T, respectively. The heat capacity of a crystalline material approaches
zero as the temperature nears absolute zero. The third law of thermodynamics states
that the entropy of a pure crystalline substance is equal to zero at absolute zero
temperature. As a result, one can calculate the absolute entropy of each element at
any temperature with the knowledge of its heat capacity as:

T
S, = %dT (1.70)
0

If the heat capacity is not constant, it must be used as a function of temperature
for Equation (1.70), for which the integration must then be carried out. When the
temperature nears the absolute zero temperature, C, = aT® where a=227x
10*cal-mol™' K™. If there are some phase changes before reaching the temperature
T, the entropy of phase transitions must be incorporated into the calculation for the
absolute entropy:

T T, C T C TC
S, = &dT: ﬁdT+%+ ' P*sz+AH"+J‘ 1‘:’3dT (1.71)

o T o T T, Jn T T, Jn

© 2004 by CRC Press LLC



TABLE 1.4
Absolute Entropies of Various Substances at 25°C in cal/mol K

Substance State  AS° Substance State  AS°

Acetic acid 1 38.20 Fumarate ion aq 25.20
Acetaldehyde g 63.15 o-pD-Glucose S 50.70
Acetone 1 47.50 B-p-Glucose s 54.50
L-Alanine S 30.88 Glycerol 1 48.90
L-Alanine ion aq 45.90 L-Glutamic acid S 44.98
L-Alaninate ion aq 29.10 L-Glutamate aq 30.50
L-Arginine S 59.90 Glycine S 24.74
1-Aspartic acid s 40.66 Glycylglycine s 45.40
L-Aspartic acid ion aq 54.80 L(+)-Lactic acid S 34.30
L-Aspartate ion aq 21.50 o-Lactose S 92.30
Benzene 1 29.76 pL-Leucine s 49.50
Butyric acid 1 54.10 L-Leucine S 50.10
Carbon dioxide g 51.05 L-Leucinate ion aq 39.30
Citrate ion aq 22.00 o-Maltose s 96.40
Creatine s 45.30 -Maltose s 95.70
L-Cysteine S 40.60 Methanol 1 30.30
L-Cystine S 67.06 L-Methionine S 55.32
Ethanol 1 38.49 2-Propanol 1 43.16
Ethyl acetate 1 62.80 Succinic acid s 42.00
Formic acid s 30.82 Sucrose s 86.10
Formate ion 1 21.90 L-Valine S 42.72
Fumaric acid S 39.70 Water 1 16.70

Source: Data from R. C. Wilhoit, Thermodynamic Properties of Biochemical Substances,
in Biochemical Microcalorimetry (H. D. Brown, Ed.), Academic Press, New York, 1969.

where the subscripts m and b denote the melting and boiling temperatures, respec-
tively. Based on the absolute entropy value of a substance, one is able to calculate
the change in entropies for the formation of other compounds:

AST = ngroducls - Zs(r)eaclams (1.72)

The absolute entropies of various substances are listed in Table 1.4.

1.4 FREE ENERGY

In Section 1.3.6, it was shown that the entropy of a system and its surroundings
dictates the direction of the spontaneity of a process. This spontaneity proceeds until
the maximum entropy occurs. When the maximum entropy takes place, the system
and its surroundings are at equilibrium. However, it is not always easy to measure
or calculate the entropy or entropy changes for the surroundings. A new criterion
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of spontaneity and equilibrium may be developed based only on changes in the state
function of the system. In this way, one is able to determine the spontaneity of
chemical or biological processes in living organisms carried out isothermally, iso-
barically, or isochorically even though there is no work and conversion of heat to
work such as in a heat engine. A new thermodynamic state function, “free energy,”
is now introduced.

1.4.1 Free ENErGY FUNCTIONS

Helmholtz and Gibbs introduced two independent free energy functions. They are
represented by Helmholtz free energy A and Gibbs free energy G as follows:

A=E-TS (1.73a)
G=H-TS (1.73b)
A,E, G, H, T, and S are thermodynamic state functions, independent of the path of

a process. Changes in A and G from one state to another at constant temperature
can be written by:

AA = AE-TAS (1.74a)

AG = AH-TAS (1.74b)

If the process is reversible, the system will do maximum work given by:

AE=q,, —Ww (1.75)

max

At constant temperature, Equation (1.61) is substituted into Equation (1.75) by
AE=TAS-w___ (1.76)
Combining Equation (1.74a) with Equation (1.76) yields:

-w,_ . =AA 1.77)
Equation (1.77) implies that the maximum work done by the system under
isothermal conditions can be carried out by the change of Helmholtz free energy.
The state function A is known as the work function. The Helmholtz free energy is
not useful for most chemical and biological processes since these processes occur
at constant pressure rather than at constant volume.
At constant pressure, Equation (1.24) becomes:

AH = AE + PAV (1.78)
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Substituting Equation (1.78) and Equation (1.74a) into Equation (1.74b) gives:

AG = AA + PAV (1.79)

Substituting Equation (1.77) into Equation (1.79) yields:
-AG=w__—PAV (1.80)

The —AG in Equation (1.80) is the useful work or net work at constant tem-
perature and pressure to carry out the process; not the work done by the expansion
of volume. If a volume of the solution during the chemical or biological processes
of liquids or solids does not increase, the work PAV is not useful for the process.

For an irreversible spontaneous process, TdS >dq combined with dE =
dq—dw yields:

irrev

TdS > dE + PdV (1.81)

Substituting Equation (1.80) into Equation (1.81) along with the first law
(dE =dq—dw) and the second law ( dq = TdS) gives:

dG < VdP -SdT (1.82)

At constant temperature and pressure (dT =0 and dP =0), Equation (1.82)
becomes:

(dG), <0 (1.83)

For a thermodynamically reversible process under the same conditions,
TAS =q,,, so that:

(dG)yp =0 (1.84)

If (dG)T’P >0, the system cannot occur spontaneously. As mentioned before,
one determination of a spontaneous process is the increase in entropy of a system
and its surroundings, but the more practical criterion is the decrease in free energy
of the system alone, excluding its surroundings. The change in free energy can be
determined easily for chemical and biological processes at constant temperature and
pressure. Once equilibrium is established, the system does not depart spontaneously
from equilibrium, and the free energy of the system is a minimum so that a small
change in the equilibrium system does not alter the free energy much (i.e., AG=0).

Pharmaceutical scientists deal with many cases of equilibrium systems, as will
be described in the following chapters. The equilibrium of two phases of a pure
substance — vapor—liquid, vapor—solid, or liquid—solid — will be discussed here.
When phase 1 and phase 2 are in equilibrium:
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M(phase 1) —— M(phase 2) (1.85)

Any changes in the free energies of the substance M in phase 1 and phase 2 are
equivalent, and Equation (1.82) then becomes:

dG, =-S,dT +V,dP =dG, =-S,dT + V,dP (1.86)
Equation (1.86) can be rearranged to:

P _5-5 _AS (1.87)

dT ~ V,-V, AV

Since the entropy change during the phase transition at temperature T is
AS=AH/T, then Equation (1.87) gives:

dp_ _AH (1.88)
dT TAV

For a liquid—vapor system, a vapor—solid system, and a liquid—solid system,
AV=V -V, =V, AV=V -V =V, and AV=V,-V = M(p —p)respec-
tively, where M and p are the molecular weight and den51ty of the substance,
respectively. Substituting these relationships into Equation (1.88) along with the
ideal gas law and integrating the resulting equation yields:

P. P T,
jzd—P_lf A gp_AHP L1 (1.89)
WP B R RI(T T,

where AH is the enthalpy change during the phase change (i.e., the heat of vapor-
ization for vapor—liquid systems and the heat of sublimation for vapor—solid sys-
tems). This equation is known as the Clausius—Clapeyron equation for vapor-liquid
and vapor—solid systems. For a liquid—solid system, Equation (1.88) becomes:

Lo (1.90)
dT  TM(p; —p;)
Integration of Equation (1.90) yields:

P. T
szPsz—Plzjz L U N TN
P 1 TM(p, —p,) M -p)) T,

where AH is the heat of fusion of the solid.
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Example 1.10
The vapor pressure of water at 25°C is 24 mmHg. What is the vapor pressure at
85°C? The heat of vaporization of water is 9.8 kcal/mol.

Solution
From Equation (1.89)

P, 9800( 11
24 1.987

- ) =277 P, =384 mmHg
298 358

1.4.2 FUNDAMENTAL EQUATIONS OF THERMODYNAMICS AND
THEIR UsEs

The first and second laws of thermodynamics and the Helmholtz and Gibbs free
energies are rearranged to obtain the relationships between the state functions (i.e.,
E, H, A, and G) and temperature, pressure, and volume. For an infinitesimal process
the first law is given by:

dE =dq—-dw (1.92)

If one considers dw = PdV or w = PV and Equation (1.62), then Equation (1.92)
yields:

dE = TdS - PdV (1.93)
Analogously, the enthalpy change is given by:

dH =dE +d(PV)=TdS - PdV + PdV + VdP = TdS + VdP (1.94)

The Helmholtz and Gibbs free energies can thus be written by:

dA = dE — d(TS) = dE — TdS — SdT
(1.95)
=TdS - PdV — TdS — SdT = —PdV — SdT

and

dG = dH — d(TS) = dH — TdS — SdT
(1.96)
=TdS + VdP — TdS — SdT = VdP — SdT

Equation (1.93), Equation (1.94), Equation (1.95), and Equation (1.96) are the

four basic equations of thermodynamics from which partial derivatives can be
derived in terms of the temperature, pressure, and volume. For example, if the process
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runs reversibly at constant volume ( PdV =0 ) or at constant entropy ( TdS=0),
then Equation (1.93) gives:

oE
dE = TdS — | =T 1.97
or (88 )V ( )
oE
dE = -PdV — | =-P 1.98
or ( B, )S (1.98)

Therefore, Equation (1.93) can be written by:

oE oE
dE =TdS - PdV = ds + dv 1.99
(as ) (av)s (199

Similarly, Equation (1.94), Equation (1.95), and Equation (1.96) can be written
by:

dH=TdS+VdP = (E)H) dsS +(8HJ dp (1.100)
P S
dv (1.101)

dG = —SdT + VdP = ( ) ( dp (1.102)

The following additional six partial derivatives can be obtained from equations
from Equation (1.100) to Equation (1.102):

JHY) oH)
(as]p_T (aP)s_V (109
0A) _ _ 0AY _
(aT)V_ 3 (aV)T_ ’ (109

oG oG
(aT)P =-S (aP)T =V (1.105)

Equation (1.97), Equation (1.98), Equation (1.103), Equation (1.104), and Equa-
tion (1.105) are the Maxwell relations, which with the aid of the Euler theorem are
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very useful in obtaining quantities not easily determined by other methods. Readers
interested in this subject should consult the physical chemistry books listed at the
end of this chapter. However, two important applications of the thermodynamic
relationships are discussed here: internal pressure and the Gibbs—Helmholtz equation.

The internal pressure of a gas can be derived from the Helmholtz free energy.
The internal pressure is the change in internal energy with respect to volume at
constant temperature [i.e., (JE/dV); ]. Taking the derivative of Equation (1.73a)
with respect to volume at constant temperature gives:

0A JoE 0S
— | == -T|=— 1.106
(), (), (1100
Substituting Equation (1.104) into Equation (1.106) yields:
JoE oS
— | =-P+T|— 1.107
(aV ) ’ (av ) (107

Applying the Euler theorem to the second term on the right-hand side of
Equation (1.107) gives:

a(aA) :_(35) :a(aA) :_(ap) (1.108)
dV\dT J, oV ). dT\dV ), aT J,
Substituting Equation (1.108) into Equation (1.107) yields:
JoE oP
— | =-P+T|— 1.109
(aV)T ’ (BT)V (199

If a gas obeys the van der Waals equation, Equation (1.12) can be written as:

P:%—% (1.110)

Taking the derivative of P with respect to T at constant volume V gives:

(3}’) __R :l(p+iz) (1.111)
oT)y, V-b T \%
Substituting Equation (1.111) into Equation (1.109) gives:
oE a
— | =— 1.112
(%) -+ R
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where a/V? is the internal pressure of a gas as mentioned in Section 1.2 and will
be used to determine the solubility of a nonelectrolyte in Section 3.1.2.

Another important equation, the Gibbs—Helmholtz equation, is derived from the
Maxwell relations. A chemist may use this equation to determine the enthalpy change
in a reaction, and a pharmaceutical scientist may use it to calculate colligative
properties (i.e., freezing point depression and boiling point elevation). The expres-
sion for free energy with respect to temperature at constant pressure is given by
Equation (1.105):

G
(aT)P_ S (1.105)

According to the Kirchhoff equation and Equation (1.73b), Equation (1.105)
gives:

(BAG) _AG-AH (1.113)
P

oT T

Differentiation of AG/T with respect to temperature at constant pressure gives:

d (AG AG 1(0AG
—| == = 1.114
aT(T) T2+T( oT )P ( )

Substituting Equation (1.114) into Equation (1.113) yields:

d (AG AH
— ||| =——= 1.115
[aT( T )L T? ( )
which can be rearranged to:
9(AG/T) =AH (1.116)
oa1/T) |,

By taking the slope of the plot of AG/T vs. 1/T, one can determine the
enthalpy change for a reaction. The equilibrium constants at different temperatures
under constant pressure, freezing point depression, and boiling point elevation may
be calculated from Equation (1.116), as will be discussed in Chapter 3.

1.4.3 Free ENERGY OF FORMATION AND STANDARD FREE
ENERGY CHANGE

Free energy and its change are state functions. As is the case with enthalpy, the
absolute value of free energy cannot be calculated. The free energy of an element
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TABLE 1.5
Standard Free Energies of Formation of Selected Substances
at 25°C in kcal/mol

Substance State AG Substance State AG?

Acetic acid 1 —93.08 Glycerol 1 -114.60
Acetaldehyde g -33.24 L-Glutamic acid s —-174.69
Acetone 1 -36.70 L-Glutamate ion aq —-153.79
L-Alanine s —88.48 Glycine S -90.27
L-Alanine ion aq -91.91 Glycinate ion aq —717.46
L-Alaninate ion aq -75.25 Glycylglycine s -117.47
L-Arginine s -156.99 Glycylglycinate aq -106.53
DL-Aspartic acid S —174.29 L(+)-Lactic acid S —125.05
L-Aspartic acid S -174.31 L(+)-Lactate ion aq —123.49
L-Aspartic acid ion N —-175.39 a-Lactose S —374.48
L-Aspartate ion aq —152.64 pL-Leucine S —85.70
Benzene 1 —41.30 L-Leucine s —85.20
Butyric acid 1 —90.60 L-Leucinate ion aq —70.89
Butyrate ion aq —88.92 o-Maltose aq —376.08
Carbon dioxide g —94.26 B-Maltose aq -375.74
Citrate ion aq —277.88 Methanol 1 -39.75
Creatine s —63.10 L-Methionine S -121.50
L-Cysteine s —81.90 Palmitic acid S —108.80
L-Cystine s —163.89 Pyruvate ion aq —41.00
Ethanol 1 —41.63 2-Propanol 1 —43.16
Ethyl acetate 1 —-80.70 Succinic acid s —42.00
Formic acid 1 —-82.70 Succinate ion aq —22.20
Formate ion aq —80.00 Sucrose S —-86.10
Fumaric acid s —156.12 DL-Valine s —43.30
Fumarate ion aq —143.84 L-Valine S —42.72
o-D-Glucose s -217.62 L-Valine ion aq -57.40
B-p-Glucose s -217.22 Water 1 -56.69

Source: Data from R. C. Wilhoit, Thermodynamic Properties of Biochemical Substances, in
Biochemical Microcalorimetry (H. D. Brown, Ed.), Academic Press, New York, 1969.

in its standard state (1 atmospheric pressure and 25°C) is zero. The standard free
energy of formation of a compound is obtained from Equation (1.74b):

AG? = AH? — TAS? (1.117)

where the superscript ° again denotes the standard state. The standard free energies
of formation for selected compounds at 25°C are presented in Table 1.5.

Example 1.11
Calculate the free energy of formation of L-alanine at 25°C for the reaction:
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3C(graphite) + 7 H,(g) + O,(g) + 3 N, (g) = C,H,0,N(s)

Solution
From Table 1.3,

AHY[C,H,0,N(s)] = ~134.50 kcal

From Table 1.4,

AS3s =D St = D, St = 30-88=3X 136 -1 x31.21-49.00 — £ x 45.77

=-154.33 cal / mol K

AG{ = AH{ — TAS}, = —134,500 — 298 x (—154.33) = —88.51 kcal / mol

298 —

Analogous to the enthalpy change of a reaction, the free energy change of a
reaction can be calculated by:

AGfl‘" = z ACi‘f),products - z AG(f),reactams (1 l 18)

Using the free energy of formation and Equation (1.118), one is able to tell
whether chemical or biological reactions are spontaneous and calculate the change
in free energy for the reaction. Let us examine the synthesis of glucose:

6CO,(g)+6H,0(1) = C,H ,0,(s) +60,(g)
The change in free energy for the reaction is given by:

AG),, =(-217.63+0)— (6% (—94.26) + 6 X (—54.64)) = 676.77 kcal

298 =

The above synthetic reaction does not occur spontaneously due to the positive
sign in the change in free energy for the reaction. However, in plants, photons or
light quanta supply the excess amount of free energy, and then the following pho-
tosynthetic reaction can occur:

6CO, (g) +6H,0(1) + n hv — C H,,0,(s) + 60, (2)

The free energy change for the above photosynthetic reaction is negative. The
cellular respiration of glucose (see Example 1.7) will take place spontaneously
because its change in free energy is —676.77 kcal.
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Another example of using free energy is the conversion of chemical energy into
chemical work, light, and electrical energy production in living systems. The chem-
ical bond energy of adenosine triphosphate (ATP) is used to do chemical work. The
formation of glutamine from glutamic acid and ammonia is not a favorable reaction
pathway because the free energy change for the reaction based on 1 M concentrations
of products and reactants gives a positive value.

L-glutamic acid + NH, — L-glutamine+ H,0  AGJ,, = 3.4 kcal

Living cells produce L-glutamine by a different reaction pathway using the
chemical energy of ATP. ATP undergoes enzymatic hydrolysis to form adenosine
diphosphate (ADP) and phosphate (P;). During the hydrolysis of a 1 M concentration
of ATP, the standard free energy at pH 7.0 and 25°C is measured:

ATP +H,0 — ADP + phosphate (P,)  AGJ,

=—7.3 kcal
These reactions are not independent but are coupled to other reactions:
ATP +L-glutamic acid + NH, — L-glutamine + ADP + phosphate ~ AG?,, = —3.9 kcal

Therefore the free energy change for the above reaction occurring in living cells
is a negative value. The chemical energy generated from the breakdown of ATP to
ADP is used for the formation of the amide bond in L-glutamine.

1.4.4 Free ENERGY AND CHEMICAL EQUILIBRIUM

The free energy of a system composed of various substances is dependent on the
quantities of individual species present, as well as temperature and pressure. How-
ever, the free energy of the system as a whole is not the summation of the free
energies of each species in the pure state because species may behave differently in
the mixture as compared to the pure state. Thus, the free energy of the mixture is
given by:

G=) Gpn, (1.119)

where éi and n, are the partial molar free energy and the number of moles of the
species 7 in the mixture, respectively. The partial free energy is known as the chemical
potential and is denoted by W, for which Equation (1.119) then becomes:

G=Y upn, (1.120)

_[9G
”i_[an] (1.121)
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Equation (1.121) states that the chemical potential of the species i is the change
in free energy with respect to the change in number of moles of the species i while
the compositions of other species are held constant. Partial molar quantities also
follow the same thermodynamic rules.

The variation of the free energy of a system (gas) with respect to pressure at
constant temperature is given by:

dG = VdP [from Equation (1.105)] (1.122)

When we assume that the gas behaves ideally, then V =RT/P, and Equation
(1.122) becomes:

dngdp (1.123)
P
Integrating Equation (1.123) yields:
G P P
"46=G, -G, =RT[ L _RrTIm 2 (1.124)
G, p P P,

If the gas is initially in its standard state (i.e., P and G°), then Equation (1.124)
yields:

P
G=G°+RTIn—2* (1.125)

P’

where G is the free energy of the ideal gas at pressure P,.
Therefore the chemical potential of species i can be given by:

o P
u, =u’+RT lnP—; (1.126)
where L is the chemical potential of species i in standard state and commonly

chosen as its pure state. If the mixture behaves ideally, P, /P’ =X, where X; is the
mole fraction of species i. Equation (1.126) then yields:

W, =p+RT In X, (1.127)

If the behavior of the gas is far from its standard state, the activity, designated

[P L]

a,” is related to the chemical potential as:

W, =p’+RTIna, (1.128)
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The activity of the species i in the mixture is the product of concentration and
activity coefficient, y;, determined experimentally as:

a=vC, (1.129)

Let us consider the general chemical reaction of two reactants and two products
at constant temperature and pressure expressed by:

aA+bB —— cC+dD (1.130)

The free energy change for the above reaction is given by:

AG = 2 ng, — 2 n, =cpt. +du, —a, — by, (1.131)

products reactants
Substituting Equation (1.128) into Equation (1.131) yields:

c,d

a
f E (1.132)
Adp

a

AG=AG’ +RT In
a

where AG® =cug +dup —ap} —buy and is defined as the free energy change for
the reaction when all chemical compounds are in their standard states. When all the
compounds are in their standard states, the natural log term of Equation (1.132)
becomes zero and the ratio of products to reactants approaches unity. Therefore,
AG = AG°. If the concentrations of all the compounds are very dilute and each
compound behaves ideally, the activity coefficient becomes unity and the concen-
tration term can be used.

The natural logarithm term of Equation (1.132) is called the reaction quotient
and is designated by the letter Q. Equation (1.132) then becomes:

AG=AG°+RTInQ (1.133)
When the reaction quotient furnishes the minimum value of the free energy

change for the reaction, which is zero (i.e., AG =0, the reaction is in equilibrium
and Q =K, where K is the equilibrium constant. Equation (1.133) becomes:

AG=0=AG"+RTInK (1.134)
If K=1, the standard free energy change is zero and the reaction is at equilib-

rium. If K>1, the reaction will proceed forward because AG® becomes negative
and the products have more free energy than the reactants. The equilibrium thus lies
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to the right. If K <1, AG® is positive and the reaction will proceed in reverse. The
equilibrium then lies to the left.

Example 1.12

The free energy of the hydrolysis of ATP in its standard state is —7.3 kcal/mol based
on a standard 1 M concentration of each substance. Calculate the free energy change
when the concentrations of ATP, ADP, and phosphate (P,) in human erythrocytes at
pH 7.0 are 2.25, 0.25, and 1.65 mM, respectively. Assume that the solution behaves
ideally.

Solution
The hydrolysis of ATP occurs in the following manner:

ATP+H,0 ——= ADP + phosphate (P,)

C,ppC
AG = AG® + RTln —APF “phosphate

ATP

4 -3
AG =-7300+1.987x%298.15% In (250x107)(1.65x10°7) =—12.4 kcal / mol

2.25%x1073

If the equilibrium concentrations of the substances are known, one can calculate
the standard free energy for the reaction. For example, 0.0200 M glucose 1-phosphate
changes to glucose 6-phosphate in the presence of phosphoglucomutase. The final
equilibrium concentrations of glucose 1-phosphate and glucose 6-phosphate are
0.00100 and 0.0190 M, respectively. The equilibrium constant is then given by:

K = [glucose 6 - phosphate]  0.0190 |
[glucose 1- phosphate] 0.00100

Then, the standard free energy change for the reaction is:

AG® =—-RT In K =-1.987%298.15%x1n19.0 = —1.74 kcal / mol

The effect of temperature on the equilibrium constant can be related to the

Gibbs—Helmbholtz equation:
d (AG" H AH°
=— (1.115)
2
[BT T )|, T

From Equation (1.134),

_AG®
RT

InK=

(1.135)
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Substituting Equation (1.135) into Equation (1.115) yields:

AH°
RT?

%(ln K)= (1.136)

Integrating Equation (1.136) from the temperature limits T, to T, gives:

m¥e_ AR 1 1) AH(T,-T, (1.137)
R (1T,

Assume AH° is constant. Equation (1.137) is known as the van’t Hoff equation.
The van’t Hoff equation allows the determination of AH° when two equilibrium
constants are measured at two temperatures.

When the heat capacity of reactants and products (i.e., AC; ) is independent of
temperature,

AHS = AH{ + ACS(T, - T)) (1.138)

Integrating Equation (1.136) with Equation (1.138) then gives:

o(T,—T ) AC’
ol K| AHY(T-T ) AG (T | T, (1.139)
K, )] R TT, RAT, T,

If the heat capacity of reactants and products at constant pressure is expressed
as the second polynomial form of T as shown in Equation (1.31), the heat capacity
of the reaction is given by:

dAH® /dT = AC‘; = Aa+AbT + AcT? (1.140)

Integrating Equation (1.136) along with Equation (1.140) yields:

| Ko |2 AL T Aay P A gy (AC gy (g 141
T T, 2R 6

K, )] R R |\T,

where AH_ is the constant and Aa= ZViai, and so on.
Figure 1.6 shows the effect of temperature on the equilibrium constants for CO,
solubility in water and vaporization of water.
Example 1.13
L-Aspartate converts enzymatically to fumarate and ammonium ion as follows:
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25—+ 771771

151 B

1.0F -

0.5 ® vaporization of water i
o solubility of CO,

log K + an arbitrary constant

oob——v v v e
30 3.1 32 33 34 35 36 3.7 38

1/T (109)

FIGURE 1.6 The effect of temperature on the equilibrium constants. [Graph reconstructed
from data by W. Stumm and J. J. Morgan, Aquatic Chemistry: An Introduction Emphasizing
Chemical Equilibria in Natural Waters, Wiley Interscience, New York, 1981, p. 71.]

L-aspartate (aq) & fumarate (aq)+NH; (aq)

It was found that AH® is 14.5 kcal/mol and the equilibrium constant at 29°C
is 7.4 x 1073 mol/L. Calculate the equilibrium constant and entropy change at 37°C.

Solution
From the van’t Hoff equation,

Ky, 14,500 (310.15 ~302.15

In = )20.623
302.15x310.15

74%x107  1.987

K;,, =0.0138 mol / L

310

AG;,, =—RTIn K =1.987x310.15x1n0.0138 = 2640 cal / mol
AGj,, =2640 = AH; ) — TAS;,, =14500-310.15x AS]
AS?  =38.2 cal/ molK

310

When considering the effect of temperature on equilibrium constant, the sign
and magnitude of AH° are the determining factors. However, the spontaneity of a
reaction is determined by the sign and magnitude of AS°, which determines the
effect of temperature.
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FIGURE 1.7 The mixing of two ideal gases at constant temperature and pressure.

1.4.5 THE THERMODYNAMICS OF MIXING

Consider a mixture of two ideal gases or two ideal solutions separated by a trans-
forming partition as shown in Figure 1.7. When the partition is removed, the gases
mix. The mixing is assumed to be reversible, and no changes in volume and tem-
perature occur. The entropy changes for gases 1 and 2 are given by Equation (1.67):

V4V V4V
AS,=nRIn~"Y2 and AS,=nRln 1:; 2 (1.142)

1 1

Under the same temperature and pressure, the mole fractions of the two gases
in the final mixture, x, and x,, are:

\
R R (1.143)
n,+n, V+V

The total entropy change of the two gases is:

AS e = AS, +AS, =—(n, +n,) R (xInx, +x,In x,) (1.144)

mixing
The free energy change of the gas mixture is given by Equation (1.121):
dG=pdn, +u,dn, (1.145)

The free energy change of mixing is the free energy change of forming the
solution from the pure components at the same temperature and pressure:

=G -G (1.146)

mixing ~ " solution pure components

Substituting Equation (1.127) and Equation (1.145) into Equation (1.146) yields:

AG e = j (0 +RTInx,) dn, +-[ "(WS+RTInx,)dn,
0 0
(1.147)

n; o n, 0
_J. Hy dn, _J. H, dn,
0 0
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AG ;. =0, RT Inx, +n,RT Inx, = (n, +n,) RT (xInx +x,Inx,) (1.148)

The value of x ranges from O to 1 and thus the value of In x is negative. The
free energy change of mixing will be negative for all possible compositions of an
ideal solution.

The enthalpy change of mixing can be calculated from Equation (1.74b):

AH =AG +TAS

mixing ~ mixing mixing
(1.149)
=(n, +n,) RT (xlln x,—xInx, +x,Inx, —x,In xz) =0

Suppose the chemical reaction:

2A(g, AH{ =7.93 kcal/mol, AS{ =57.4cal/K) ==

B(g, AH{ =2.19 kcal / mol, AS} =72.7 cal/K)

Let us define 8 to be the extent of reaction. When only A is present, 8 = 0.0 and
when only B is present, § = 1. Assume that initially only 1 mole of A is present. As
the reaction progresses, (1-8) moles of A and 8 moles of B coexist. Then, enthalpy
change as a function of the extent of reaction is:

AH  =2x(1-8)x7.93+2.19 8

reaction

And AH . =0. Entropy change without mixing is a linear function of the extent
of reaction like enthalpy:

AS =2x(1-8)x0.0574+0.0727 &

no mixing

Entropy of mixing as a function of the extent of reaction is calculated by Equation
(1.144):

total number of moles n=n A Thg

ng=98 n,=2x(1-8) n=2-9

2-2% 2-26 o o
AS e = —(2-8) R[( s )m( s )+(2_5)1n(2_5)} (1.150)

The free energy change as a function of the extent of reaction at 25°C is then
calculated:
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FIGURE 1.8 The enthalpy change of mixing and free energy change as a function of the
extent of reaction at 25°C.

AG = AG +AG

no mixing mixing ~ Gno mixing

TAS

mixing

=2x(1-93)x(7.93-298x0.0574)+ 8(2.19—-298 x 0.0727)

AS

mixing

and AG
1.8. The minimum value of —T AS

+(2-8)x298x%1.987x107

2-28 )

(1.151)

)

x[( )h{i;i§)+(

2-9%

reaction

mixing

2—6)m(

as functions of the extent of reaction are plotted in Figure
is positioned at about & = 0.57. The position

)

2-9%

of the minimum depends on the ratio of the number of moles of reactants and
products. The greater the number of moles of reactants, the closer the position is
toward the product side. However, the minimum in free energy change is located at
about & = 0.81 (i.e., JAG/dd=0). The equilibrium constant is then calculated:
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PROBLEMS

1. Calculate the work done when a drop of ice (1 wm) evaporates to water
at 0°C and 1 atm. The density of water and ice are 1.0 g/cm? and 0.915
g/cm?, respectively.

2. Hot air at 50°C is blown through 50 kg of a cold metal solid that has been
cooled to —10°C. The air leaves at 20°C and enters into a house for cooling.
Calculate the volume of air at 20°C that is obtained by this operation.
The density of air at 20°C and 1 atm is 1.20 X 10~ g/cm?; the density of
the metal is 2.5 g/cm?. The heat capacity of the metal and air at constant
pressure are 500 J/K/kg and 1000 J/K/kg, respectively.

3. Calculate the heat absorbed or released by the system when 100 g of water
is frozen at 0°C and 1 atm.

4. Calculate the enthalpy change of the oxidation of glycine to produce urea:

2NH,CH,COOH(s) + 30, ——> NH,CONH, (s) + 3CO, (1 atm) + 3H,0(1)
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10.

11.

12.

13.

Calculate the entropy change at the standard condition for the formation
of 1 mole of water from H, and O, gases:

H,(2)+0,(g)—H,00)
Calculate the entropy change for the conversion of pyruvic acid
(CH;COCOOR) into acetaldehyde and CO, by the enzyme pyruvate
decarboxylase at 25°C and 100 atm.
Calculate the entropy change when hot water (80°C) comes in contact
with cold water (5°C). The heat capacity of water at constant pressure is

75 J/K/mol. Heat is not lost to the surroundings during this operation.

Calculate the free energy change of hydrolysis of glycylglycine at 25°C
and 1 atm in a dilute aqueous solution at 37°C and 1 atm:

H,N"CH,CONHCH,COO" (aq) + H,0(1) — 2H,N"CH,COO" (aq)

Derive the equation

(o), =A5)
oP J; aT ),
Calculate the equilibrium constant for the following reaction at 25°C:

CH,COCOOH(1)——> CH,COH(g) + CO, ()

Calculate the free energy, enthalpy, and entropy changes at 0°C and 50°C
for ionization of 4-aminopyridine. The ionization constants at 0 and 50°C
are 1.35 x 10719 and 3.33 X 10, respectively.

Calculate the hydrogen ion concentration of water at 37°C. The enthalpy
change at 1 atm is 55.84 kJ. The equilibrium constant of water at 25°C
is 1.0 x 10714,

Calculate the ionization constant and free energy change at standard
condition for the conversion of glycerol to glycerol-1-phosphate by ATP:

glycerol + ATP—— glycerol-1-phosphate + ADP

The steady-state concentrations of ATP and ADP in the living cell are
10 M and 10* M, respectively. The equilibrium ratio of glycerol-1-
phosphate to glycerol is 770 at 25°C and pH 7.
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14. How much heat is absorbed or evolved during the conversion of L-aspartic
acid to L-alanine and CO,(g) at 25°C and 1 atm?

H,NCH(CH,COOH)COOH —— H,NCH(CH,)COOH + CO,

15. For an ideal gas, evaluate

(5e) (55, ()
oP )\ as ).’ aS )y
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2 lonic Equilibrium

Many commercially available and investigational drugs are anionic or cationic salt
forms of weak acids or weak bases (undissociated). Their properties (solubility,
partition coefficient, bioavailability, etc.) are strongly dependent upon the degree of
ionization, the pH of the solution, and other constituents in the solutions of the
drugs. In this chapter, ionic equilibrium calculations will be demonstrated in order
to facilitate study of their properties.

2.1 STRONG ACIDS AND STRONG BASES
2.1.1 pH OF THE SOLUTION OF A STRONG ACID OR STRONG BASE

When a strong acid (e.g., HCI) is placed in water, the acid ionizes completely as:

HCI+H,0 — H* +CI- 2.1)

Three species are present in the aqueous solution of the strong acid: H*, OH-,
and CI~. H*, generated from HCI, suppresses the ionization of H,O. This leads to
the lower concentration of H* in water than the theoretical concentration of H*
coming from both HCI and H,O. To calculate the concentration of H* and other
species in the aqueous solution, three equations are required:

1. Equilibrium: Since HCl is fully ionized, there is no reverse reaction (only
forward reaction). However, water is dissociated into H* and OH- at
equilibrium with the following relationship:

K, =[H"][OH ]=1x10"  at25°C (2.2)

where K, is the ionization constant of water.
2. Material Balance: The concentration of CI- is produced only from HCI and
is equal to the concentration of HCI initially present in the solution, C,.

C, =[Cl] (2.3)

3. Electroneutrality: The solution containing the ionic species must be elec-
trically neutral in order for the ionic species to be separated from each
other so that there is no net charge accumulation. The total concentration
of the positive charges in the solution should be equal to the total con-
centration of negative charges in the solution:
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[H*]=[OH ]+[CI] 2.4)

There are three unknown concentration terms and three independent equations.
Substituting Equation (2.1) and Equation (2.3) into Equation (2.4) yields:

[H']=C, + [Ey] 2.5)

Equation (2.5) becomes a quadratic equation by transposing and the concentra-
tion of H* is given by:

C,+ \/Cj +4K,,

[H"]= >

(2.62)

One can follow the same procedure described above for calculating the concen-
tration of OH™ in a solution of a strong base (e.g., NaOH). The resulting equation is:

C,++C2+4K,

[OH™]= 5

(2.6b)

where C, is the concentration of the strong base initially present.

If the concentration of a strong acid or strong base is equal to or greater than
10° M, the second term of the right-hand side of Equation (2.5) is negligible
compared to the initial concentration of the strong acid or strong base:

[H']=C, and [OH ]=C, .7)

When the concentration of the strong acid or strong base is less than 1076 M,
Equation (2.6a) or Equation (2.6b) must be used, respectively. For example, the pH
of 107 M HCl is not 7 but 6.79, as calculated from Equation (2.6a):

N PPN Ve Y
[H+]:10 +\s102+4><10 —1.62%107 M

or pH=-log (1.62x107)=6.79

2.1.2 TitrATION CURVE OF A STRONG BASE WITH A STRONG AcCID

As a strong acid mixes with a strong base (i.e., titration), the pH of the solution
changes with increasing amounts of a strong acid added to an initial volume of a
strong base. The units for the mass balance equation should be moles, not moles/liter
(i.e., concentration unit). Suppose a volume V, of NaOH with concentration C, is
titrated with a volume V, of HCI with concentration C,. Then,
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FIGURE 2.1 Titration curve for 50 mL of 0.1 M NaOH with 0.1 M HCI.

Equilibrium: [H"][OH 1= K, 2.2)
Mass balance:  [Na™](V, +V,)=C,V,, [CI'](V,+V,)=C,V, (2.7a)
Electroneutrality: [H*]+[Na"]1=[Cl"]+[OH ] (2.7b)

Substitution of [Cl7] and [Na*] from Equation (2.7a) and [OH] from Equation
(2.2) into Equation (2.7b) yields:

c,V, CV, K
bTh __~ala 4 w (2.7¢)
V,+V, V,+V, [H']

[H']+

Rearranging Equation (2.7c) gives:

C, +[H']-K, /[H*]) 270

Vo= Vb[ca —[H']+K,_ /[H']

This gives the titration curve of pH vs. volume added as illustrated in Figure
2.1 for titrating 50 mL of 0.1 M NaOH with 0.1 M HCI. At the equivalence point
(ie, C,V,=CV, ), pH=7.

Equation (2.7d) can be written in terms of the degree of completion of the
titration, @, :

(O e (2.7e)
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1+ [H']-K, /[H"]
— Cb
(Pab - 1_ [H+]_Kw /[H+]
C

a

2.7

For titration of a strong acid with a strong base, Equation (2.7d) and Equation
(2.7f) can be used by switching a to b and [H'] to [OH].

2.2 MONOPROTIC WEAK ACIDS AND WEAK BASES

2.2.1 pH oF THE SoLUTION OF A MONOPROTIC WEAK ACID OR
WEAK BASE

When a weak acid is dissolved in water, the acid will undergo ionization. The
ionization of a weak acid, HA, in water can be expressed as:

HA+H,0 = H'+A" (2.8)

Four species are present in the solution of the weak acid at equilibrium: HA,
A, H*, and OH". To calculate the concentrations of the four species in the solution,
four equations are needed:

1. Equilibrium: Since the forward and backward reactions are reversible, the
equilibrium equation for HA and A~ is given by:

A (2.9)
[HA]
where K is the ionization constant.
The water equilibrium is given by:
K, =[H"][OH] 2.2)

2. Material Balance: Since HA and A~ coexist in equilibrium, the sum of
the concentration of HA and A~ in equilibrium must equal the total
concentration of the weak acid initially added to the solution, C,.

C, =[HA]+[A"] (2.10)

3. Electroneutrality: The three ionic species are composed of one positive
charge (H*) and two negative charges (OH~ and A-). The sum of [H*]
must equal the sum of [OH"] and [A] as:

[H']=[OH ]+[A"] (2.11)
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Substituting Equation (2.10) for [HA] and Equation (2.11) for [A~] into Equation
(2.9) yields:

.= —[H+][Hi —OH (2.12a)
C,—[H' -OH]

One can calculate the concentration of H* or OH~ in equilibrium by the substi-
tution of Equation (2.2) into Equation (2.12a). The resulting equation becomes a
troublesome cubic one, which cannot be solved easily:

[H'T +[H' K, —-[H'](C,K, +K)-K K, =0 (2.12b)

One can simplify Equation (2.12a) under certain conditions because some con-
centration terms are assumed to be negligible in comparison to others:

1. [H*]>>[OH"]. The concentration of H* is much greater than that of OH~
because the ionization of HA produces H*. However, this assumption is
dependent on how strong or weak the weak acid is. The stronger the acid,
the more justifiable the assumption will be. Applying the assumption
([H*]>>[OH™]) to Equation (2.12a) yields:

K - [HT (2.13)
‘o C,-[H]

Substituting Equation (2.2) into Equation (2.13) yields a quadratic equation:
[H'] +K,[H']-K,C, =0 (2.14)
and the concentration of H* in equilibrium is given by:

K, + K> +4K,C,

> (2.15)

[H']=

2. C > [H*]. Equation (2.13) can be further simplified under the assump-
tion that the concentration of H* produced is very small compared to the
total concentration of the acid initially added to the solution. When
C, >>[H"] is applied, Equation (2.13) becomes:

K [H']

= 2.1
o, (2-16)
or [H']= /K,C, (2.17)
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3. C,>> [H"]-[OH ]. When a diluted concentration of the weak acid is
used, the concentration of H* produced is very small compared to that of
water. In this case, the concentration of the acid is much greater than the
concentration difference between H* and OH- (i.e., C, >> [H*]-[OH]).
Thus Equation (2.12a) becomes:

K = 0 (2.18)

or [H']=K,C, +K (2.19)

One may decide which equations should be used to calculate the concentration
of H*. In general, one should proceed with the calculation from the simplest one to
the most difficult one.

Example 2.1
Calculate the pH of a 0.01 M solution of salicylic acid whose K, =1.06X 107 at
25°C.

Solution
First, assume C, >> [H*]. Using Equation (2.17),

[H']= /K., = V1.06X107°x0.01 =3.26x107° M

Now, check the assumption of C, >> [H"]. How do we define >> (or “much
greater than”)? Generally speaking, if the concentration of H* is smaller than 5%
of C,, one can use >>. The percentage of [H*] with respect to C, is given by:

[H"]/C, =3.26x107/0.01=10.326

The assumption ( C, >> [H*])is not a valid one. Use Equation (2.15) to calculate
[H*] under the assumption that [H"]>>[OH™]:

-1.06%x10 +\/(1.06>< 10°%)? +4x1.06x10° x0.01
2

[H']= =2.77x10°M

It is shown that [H"]>>[OH"]. Therefore, the pH of the solution of the acid
is given by:

pH=—log (2.77x107%)=2.56

This same basic approach (equilibrium, material balance, and electroneutrality
equations) applies to the calculation of the concentration of OH~ in a solution of a
weak base at equilibrium. The resulting equation is:
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x — [OH ]J[OH™ —H"] (2.20)
* C,-[OH -H"] '

where K, is the ionization constant of the weak base. One can simplify Equation
(2.20) under certain assumptions analogous to the cases of weak acids, as follows:

Assumption Equation

[OH ]>>[H"] [OH |= & +\K§ TG, (2.21a)
C, >>[OH"] [OH]=,K,C, (2.21b)
C,>>[OH" -H']  [OH ]= K,C, +K (2.21c)

Example 2.2
What is the pH of a 0.0033 M solution of cocaine base, which has an alkalinity
constant ( K, ) of 2.6 x 1077

Solution
First, assume that C, >>[OH™]. Using Equation (2.21b),

[OH 1=, K,C, =12.6x10°x0.0033 =9.3x 10~ M

Check that [OH"]/C_ =9.3X 1075/ 0.0033 = 0.028 , which is smaller than 0.05.
The assumption is valid. The pH of the cocaine solution is given by:

pH =14 —pOH =14 +10g(9.3x107°) = 9.97

Once the concentration of H* is known, one can determine the concentrations
of the other species in terms of [H*] based on Equation (2.9) and Equation (2.10).

= __ M
HAI=0,C,. 0y =i (2.222)
] K,
[A ] = Ochﬂ . (Xl = m . (222b)
K
[B1=B.C,. B, = 4K, (2.22¢)
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Fractional Composition

10

FIGURE 2.2 Equilibrium composition curve of ibuprofen ( pK, =4.4).

[H"]

[BH']=B,C Bl=m

1~b

(2.22d)

Equilibrium fractional mole compositions of ibuprofen ( pK, = 4.4) are shown
in Figure 2.2.

Example 2.3

Calculate the concentration of un-ionized salicylic acid and ionized salicylate of a
0.01 M solution of salicylic acid as shown in Example 2.1.

Solution

The concentration of [H'] of 2.77 x 10> M was calculated in Example 2.1. The
concentrations of the un-ionized salicylic acid and ionized salicylate can be calcu-
lated as:

o = H] _ 2.77%107°
° [H']+K, 2.77x107+1.06x107

=0.723

o, =1-a,=1-0.723=0.277
Therefore, the concentrations of the un-ionized salicylic acid and ionized sali-
cylate are 7.23 x 103 M and 2.77 x 1073 M, respectively.

Example 2.4

Calculate the pH of a mixture of 0.01 M acetic acid, HAc, ( pK, =4.8) and 0.001
M benzoic acid, HBa, ( pK, =4.2).

Solution
The electroneutrality equation is given by:

[H*]=[Ac ]+[Ba ]+ [OH]
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Substituting Equation (2.9) for acetic acid and benzoic acid into the above
equation yields:

CAAKAA + CBAKBA + KW

[H+]: + + +
H']+K,, [H']+K;, [H']

where the subscripts Aa and Ba denote acetic acid and benzoic acid, respectively.
The above equation is solved by iteration (trial and error). However, [OH™] is very
small compared to other terms and can be neglected. Start with [H*]= 1077

_0.01x10**  0.001x107*?

=T 105 P07 oo = 36X107 +240x107 =976 x107

[H']

A second iteration with [H*]=107" gives [H*]=10"**, and a third iteration
with [H*]=107* yields the same [H*]. Therefore, pH =3.34.

2.2.2 TitrATION CURVE OF A WEAK ACID WITH A STRONG BASE

As illustrated in Section 2.1.2, the titration curve of a weak acid with a strong base
can be constructed in terms of pH versus volume of the strong base. Consider a
weak acid (e.g., HA) of volume V,; its concentration C, is titrated with a strong base
(e.g., NaOH) of volume V, and concentration C,. The mass balances and electro-
neutrality equation can be given by:

C.V C,V,
HAJ+[A ]= 22 fl=—bTb .
[HAJ+[A™] A [Na™] v sV, (2.23)
[H'] + [Na'] = [A] + [OH] (2.24)

Substituting Equation (2.9) into Equation (2.23) yields:

CV K
[A7]=—22 e (2.25)
V,+V, [H]+K,
Substituting Equation (2.25) and [Na*] of Equation (2.23) into Equation (2.24)
gives:

C,V, C,V. K K
bl - Tala __Fa_ 4w (2.26)
V,+V, V,+V, [H]+K, [H]

(H*]+

Rearranging Equation (2.26) for V, versus [H*] yields:
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FIGURE 2.3 Titration curve of 50 mL of 0.01 M ibuprofen ( pK, = 4.4 ) with 0.01 M NaOH.

vV —v [H']+K, [H'] or ¢ = C, (2.27)
b~ Va K, N & [HY1-K_/[HT]
C, - +[H 1+ " =
b T (H'] + c.

Figure 2.3 shows the titration curve of 50 mL of 0.01 M ibuprofen with 0.01 M
NaOH.

When a volume V, of the mixture of a strong acid (e.g., HCI) with a concentration
C,, and a monoprotic weak acid (HA) with a concentration C,, is titrated with a
strong base (e.g., NaOH) with a concentration C, and a volume V,, the charge
balance and mass balance can be written:

[H']+[Na"]=[Cl"]+[A"]+[OH"] (2.282)
i Cazva -1_ CalVa
[HA]+[A™]= 7\,& v, [Cl]= 7‘@ v, (2.28b)

Substituting Equation (2.9) into Equation (2.28b) yields:

c,V, K
[AT]= 22 (2.28¢)
V,+V, [H]+K,

Substituting Equation (2.23), Equation (2.28b), and Equation (2.28¢) into Equa-
tion (2.28a) gives:

(Cb+[H*]—[OH‘])Vb:(Cal+Ca2 T +[H+]—[OH‘])Va (2.28d)

a
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Rearranging Equation (2.28d) for V, versus [H*] gives:

C_K K
a2”"a + w _[H+]

Caotrmmirw T
H']+K, [H"]

b a [(

1+aA(Caz]_[H 1=K, /[H']

Cal Cal (2 28 )
or P = [H']—K,, /[H'] o8¢
l+—r
Cb
where
_ GV
(pab CalVa

Equation (2.7d) and Equation (2.27) can be generalized for four possible differ-
ent types of titration of strong/weak acids with strong/weak bases as:

oy {1+ aH) (K, —[HP +C [HT)]
P {tra g o, P + (bR + [HU)HT - K, )}

(2.29)

where a=1/K_ for a weak acid and b=1/K or a=b=0 for a strong acid or
base.

2.2.3 pH oF THE SoLuTION OF SALTS OF WEAK AciDs OrR WEAK BASES

Section 2.2.1 discussed the ionic equilibria of undissociated acids or bases. The
majority of commercial (or investigational) drugs are the salt forms of weak acids
or weak bases. Let us examine the ionic equilibria when the salt formed between a
weak base and a strong acid (HBX) is placed into solution. When the salt is placed
into a solution, it completely dissociates into HB* and X~. The ionic weak acid (HB™)
is further hydrolyzed as:

HBX — HB*+ X"~ (2.30a)
HB"+H,0 = H'+B (2.30b)
where B is the undissociated weak base. Five species are present in the solution of the

salt: HB*, X~, H*, OH~, and B. Five equations are required to solve the concentration
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of the five species. The same approach used in the case of the undissociated acid
can be applied as follows:

1. Equilibrium:

K, =[H"][OH] 2.2)
K, = [H+][+B] (2.31a)
[HB™]

2. Mass balance: According to Equation (2.30a) and Equation (2.30b), one
can derive two material balance equations as follows:

C, =[X] (2.31b)
C, =[HB*]+[B] (2.31c)

3. Electroneutrality:
[H']+[HB"]=[OH ]+[X"] (2.32)

Substituting Equation (2.31b), Equation (2.31c), and Equation (2.32) into Equa-
tion (2.31a) yields:

k< [HIH -OH ] 033
C, -[H* -OH]

This shows that the ionic equilibrium calculation for the salt formed between
the weak base and the strong acid is identical for the undissociated acid. Therefore,
one may use Equation (2.15), Equation (2.17), and Equation (2.19) for the calculation
of H* in the solution of a salt between a weak base and a strong acid. Equation
(2.21a), Equation (2.21b), and Equation (2.21c) may be used for the calculation of
OH- in the solution of the salt between a weak acid and a strong base along with
Equation (2.20).

Example 2.5

Calculate the pH of a 0.165 M solution of sodium sulfathiazole. The acidity constant
for sulfathiazole is 7.6 x 1078,

Solution

The chemical drug is the salt of a weak acid. Therefore, one can use the equations
derived for an undissociated base. First, we assume that C, >>[OH],
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s 'K 107 %0.
[OH’]:\;Kbe= 'K, C, 1107 x0.165

\; K=\ 76x10° =147x10"*M

[OH]1/C, =(1.47x107)/0.165=8.9x10™*, which is smaller than 0.05. This
shows that the assumption is valid. The pH of the solution is then given by:

pH=14-pOH =14 +log (1.47x10%)=10.2
Example 2.6

Find the pH of a mixture of 10~ M NaOH and 10 M of sodium benzoate, NaBa,
(pK, =4.2).

Solution
The mass balance equations are given by:

[Na®]= Creon  Criaga

[HBa]+[Ba™ ]=C,;,
The electroneutrality equation is given by:
[H*]+[Na"]=[OH ]+[Ba"]

Substituting [Na*] and [Ba~] from the mass balance equation into the elec-
troneutrality equation yields:

[H*]+[HBa] + Cy,., = [OH]

Substitution of Equation (2.9) for benzoic acid into the above equation gives:

C.[H"
[H*]+M+CNalOH =[OH"]
[H" ]+ Ky
A first approximation of [H*]=107"" gives:

107 x107"°

1070 +107*2 +107 =107

[OH ]=107""+

The pH of the solution is 4.

© 2004 by CRC Press LLC



2.2.4 pH or THE SoLuTiON OF A MIXTURE OF CONJUGATE ACIDS
AND BAses: HENDERSON—HASSELBALCH EQUATION

The cases described in the previous sections are ones that deal only with undisso-
ciated weak acids or weak bases, or when the ionized weak acids or bases are present
in a solution. However, there are many cases in which both undissociated acids and
their conjugate bases are present in a solution; this situation can be created by adding
the conjugate base into the solution of a weak acid or by partially neutralizing the
weak acid with a strong base. Mixtures of an undissociated weak acid and its
conjugate base or an undissociated weak base and its conjugate acid are known as
buffers. Let us examine the equilibrium calculations of the known amount of HA
( C,) and the known amount of its conjugate base as a salt (NaA) ( C, ) in a solution.
Again, five species are present in the solution. The same approach as previously
discussed will be applied:

1. Equilibrium:

K, = [HT][AT] 2.9)
[HA]
K, =[H"][OH] 2.2)

2. Material balance: The total amount of the weak acid and its conjugate
base at equilibrium should be the amount of the weak acid and its con-
jugate base initially present as:

C,+C, =[HA]+[A7] (2.34)
From the complete dissociation of NaA, one can obtain:
C, = [Na*] (2.35)

3. Electroneutrality: There should be no net charge among the four ionic
species as follows:

[Na*]+[H"]=[OH ]+[A"] (2.36)

Substituting Equation (2.35) into Equation (2.36) and solving the resulting
equation for [A-] followed by substituting it into Equation (2.34) yields:

[A"]=C, +[H"]-[OH"] (2.37)

© 2004 by CRC Press LLC



[HA]=C, —[H* —OH] (2.38)

a

Substituting Equation (2.37) and Equation (2.38) into Equation (2.9) yields:

_[H'][C, +H* —~OH]
" C,-[H"-OH]

K

(2.39)

If there is no conjugate base in the solution, Equation (2.39) becomes Equation
(2.12a). Equation (2.39) is cubic and so is not easy to solve. Let us simplify it under
certain assumptions.

If we assume [H*] is much greater than [OH-], Equation (2.39) becomes:

K, = HIC, +HT ++H ] (2.40)
C,—-[H"]

Assuming C, >>[H"] and C, >>[H"], Equation (2.40) further reduces to:

[H']=K, g (2.41)
b

Equation (2.41) is identical to Equation (2.9) if one considers that C, and C,
are the equilibrium concentrations of HA and A-, respectively. Taking the logarithm
of Equation (2.41) for the mixture of a weak acid and its conjugate base gives:

pH=pK, + log( [Sa.lt] ) (2.42)
[acid]

For the ionization of a weak acid by a strong base, Equation (2.42) can be
rewritten as:

pH=pK, +log M =pK, + log(i) (2.43)
[un-ionized] 1-o

where o is the degree of ionization. Equation (2.41), Equation (2.42), and Equation
(2.43) are the Henderson—Hasselbalch equations for a weak acid.

Example 2.7

Calculate the pH change when 0.005 M of sodium salicylate is added to a 0.01 M
solution of salicylic acid.
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Solution
The concentration of H* of a 0.01 M solution of salicylic acid has been calculated
in Example 2.1 and given as:

[H*]1=2.77x10"M

The pH of the solution after adding 0.005 M sodium salicylate under the assumptions
of C, >> [H*] and C, >>[OH"] is given by:

[H']=K, ((;j — (1.06 10—3)% —2.12x10°M

b

Checking the assumption: [HJ']/Ca =(2.12x107)/0.01=0.212, which is
larger than 0.05. Therefore, the assumption is not a valid one, so Equation (2.40)
should be used:

K = [H']IC, +H"] _ [H"](0.005+H"]

. . 2 =1.06x107
C,-[H'] 0.01—[H"]

[H*]? +(0.005+1.06 x 10)[H*]-0.01 x1.06 X107 =0

—-0.00606 + \;“3(0.00606)2 +4x0.01x1.06x107
2

=0.00142 M

[H']=

The concentration of H* decreases from 2.77 x 1073 to 1.42 x 1073 (51.3% of
the initial value). The pH changes from 2.56 to 2.85.

For a mixture of a weak base and its conjugate acid, the equivalent equation to
Equation (2.39) is given by:

K = [OH™][C, +OH™ —H"]

2.44
° C,-[OH -H"] (249
Equation (2.44) can be simplified as follows:
Assumption Equation
OH™][C, + OH™
[OH ]1>>[H"] K, = [ IC, - ] (2.45a)
C, —[OH]
. ] e S

C,>>[H"] and C >>[OH"] [OH ]:Kac— (2.45b)
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Volume of 0.01 M NaOH (mL)

FIGURE 2.4 Exact and Henderson—-Hasselbalch pH as a function of base volume during
titration of 100 mL of 0.01 M weak acid. Solid lines without symbols represent the exact pH;
symbols represent the Henderson—Hasselbalch pH. [Graph reconstructed from data by Po and
Senozon, J. Chem. Ed., 78, 1499 (2001).]

The Henderson—Hasselbalch equation for a weak base can be written as:

[base]) K, +1o [un-ionized] 1-o (2.46)

=pK +1lo
[salt] lonized] Foo' 98 g

pH=pK, + 10g(
The discrepancy of the values of [H'] determined by Equation (2.39) and
Equation (2.41), which are called the exact and approximate equations, respectively,
can be very high even at moderate concentrations (e.g., 0.01 M) and at pH values
close to the pK, (e.g., 3). This occurs because the Henderson—Hasselbalch equation
uses the initial molarities of [HA] and [A™]. The error is dependent on the pK,
and concentrations of acid and conjugate base. For acids with a pK, close to 7 (i.e.,
5-9), the Henderson—Hasselbalch equation is suitable to determine [H*] as long as
the ratio of acid to conjugate base is not too small or too large. However, when the
pK, departs by more than two units, the Henderson—Hasselbalch equation is not
suitable to calculate [H*]. As shown in Example 2.7, the percent error between
Equation (2.39) and Equation (2.41) is 49.3%. If the ratio of the acid to the conjugate
base is larger than 10, the percent error becomes more than 350%. In addition, when
the concentration of the acid decreases to 0.001 M and the ratio is 10, the percent
error becomes more than 1500%. In this case, the dissociation of the acid and
unionization (or hydrolysis) of conjugate salt should be taken into account for
calculating [H*] [i.e., Equation (2.39)]. Figure 2.4 displays the comparison of the
exact and Henderson—Hasselbalch equations for an acid with a concentration of 0.01 M.
The Henderson—Hasselbalch equation shows the same pH as long as the ratio
of weak acid to conjugate base is constant. As pointed out before, the pH of buffers
is dependent on the total concentration of buffer agents. Equation (2.39) can be
transformed to:
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Henderson-Hasselbalch
5 v -
L 1 L 1 L 1 L L
0 2 4 6 8 10
-log Cy,

FIGURE 2.5 The effect of the total concentration of weak acid ( pK, = 4.8 )—conjugate buffer
on the pH of the buffer.

K .. K
oo )
C = ] H] (2.47)

b Ca Ka -1
C, [H']

Figure 2.5 shows the effect of total concentration of buffer on the pH of equimo-
lar weak acid—conjugate buffer. The Henderson—Hasselbalch equation fails to predict
the pH of the buffer at concentrations of 10 M or less.

Example 2.8

As shown in Example 2.5, the pH of the solution of 0.165 M sodium sulfathiazole
is 10.17, which is high. HCI is added to lower the pH. How much can one lower
the pH without precipitating the weak acid (sulfathiazole)? The molar solubility of
the weak acid is 0.002 M.

Solution

When HCI is added to the solution of sodium sulfathiazole, anionic sulfathiazole
(Sulf™) will convert to the weak acid sulfathiazole (SulfH) as follows:

Sulf"+H" = SulfH+H,O

If one keeps adding HCl, the amount of SulfH produced will exceed the solubility
of SulfH in water, thus causing precipitation. Therefore, one can add HCI up to the
saturated concentration of SulfH. Only 0.002 M of SulfH can be produced from
0.165 M sodium sulfathiazole without precipitation. The remaining concentration of
Sulf~ is equal to 0.163 M (0.165 — 0.002 M). The pH at which the saturated
concentration of SulfH is produced is given by:
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[salt]

0.165-0.002
[un-ionized]

H=pK +1
PE=PR, 708 0.002

:7.12+log( )=9.03

The ionization constants for selected pharmaceutical drugs and reference weak
acids and weak bases are listed in Table 2.1.

It is interesting to find the pH of a solution containing the salt of a weak acid
(HA) and a weak base (B) where they have the same concentration. The equilibrium,
mass balance, and electroneutrality equations can be given as:

1. Equilibrium:

a = [H[;{]E:;_] (2.9)
K, = [E;I}IEB]] (2.48)
K, =[H*][OH] (2.2)
2. Mass balance:
C, =[HA]+[A"]=C, =[BH"]+[B]=C (2.49)
3. Electroneutrality:
[H*]+[BH*]=[A"]+[OH] (2.50)

Substituting Equation (2.9) for [HA] and Equation (2.48) for [B] into Equation
(2.49), solving for [A™] and [BH"], and then substituting the resulting equations
into Equation (2.50) yields:

ClH] __ CK, +[OH™] (2.51)

[H ]+ — =—
[H']+K, [H']+K,

Instead of having a cubic equation in [H*], Equation (2.51) is rearranged to:
K, /[H]-[H"]

H'] K,
[HJ']+Kbl [HJ']+K€l1

(2.52)

If [H"] and [OH] are small, Equation (2.51) or Equation (2.52) becomes:
q
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TABLE 2.1

lonization Constants for Drugs and Weak Acids and Bases

Chemical

Acetaminophen
Acetic acid
Adriamycin
Albuterol

Allyamine
p-Aminobenzoic acid
Aminophylline
Amoxicillin

Ampicillin
Ascorbic acid
Aspirin
Atropine
Barbital
Benzoic acid
p-Bromophenol
Caffeine
Campbhoric acid
Chlorothiazide
Cimetidine
Cocaine
Codeine
0-Cresol
Dextromethorphan
Dextrose
Doxorubicin
Ephedrine
Erythromycin
17a-Estradiol
Ethanolamine
Fluorouracil
Formic acid
Gentamicin
Glutamic acid
Glycolic acid
Homatropine
p-Hydroxybenzoic acid
Indomethacin
Isoproterenol
Lactic acid

PK,

9.9 (phenol)
4.8

8.2

9.3, 10.3

10.7

2.4 (amine), 4.9
5.0

2.4 (carboxyl)
7.4 (amine)
9.6 (phenol)
2.7, 7.3 (amine)
4.2,11.6

35

9.7

7.8

4.2

9.2

14.0, 0.6 (amine)
4.7

6.7, 9.5

6.8

8.4

7.9

10.3

8.3

12.1

8.2, 10.2

9.6

8.8

10.7

9.5

8.0, 13.0

3.7

8.2

4.3

3.8

9.7

4.1

4.5

8.7 (amine), 9.9 (phenol)

39

Chemical

Lidocaine
Lorazepam
Malonic acid
Mefenamic acid
Methotrexate
Metoprolol
Metronidazole
Morphine
Naproxen
Nicotine
Nicotinic acid
o-Nitrophenol
Oxazepam
Oxytetracycline
Penicillin G
Phenacetin
Phenobarbital
Pilocarpine
Prazosin
Procaine
Propranolol
Propylparaben
Pseudoephedrine
Quinidine
Quinine
Resorcinol
Riboflavin
Saccharin
Salicylic acid
Scopolamine
Succinic acid
Sulfadiazine
Sulfisoxazole
Tetracycline
Theophylline
Thiamine
Triethanolamine
Urea

Viomycin
Warfarin

K,

7.9

11.5, 1.3

2.8

43

438,5.5,3.8

9.7

2.6

8.0, 9.6 (phenol)
4.2

3.1, 8.0

4.8

7.2

1.8, 11.1
33,7.3,9.1

2.8

2.2

7.5

1.6, 7.1

6.5

9.0

9.5

8.4

9.9

42,83

4.2,8.8

6.2

1.7, 10.2

1.6

3.0, 13.4 (phenol)
7.6

4.2 (1%, 5.6 (2")
6.5, 2.0

5.0

33,7.7,9.5

8.8, 0.7(amine), 3.5
4.8,9.0

7.8

0.2

8.2, 10.3, 12.0
5.1

Source: The data are taken from J. E. Thompson, A Practical Guide to Contemporary Pharmacy Practice,
Williams and Wilkins, Baltimore, 1998.
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7.6
7.5

7.4

pH

[ high concentration limit

| pH=7.6

7.3 /

/
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- -7 -
log C

FIGURE 2.6 Dependence of pH for the salt of a weak acid ( pK,, =4.5) and weak base
( pK,, =10.7) on concentration.

* K ;
[H ] al or [H+] — \j“Kale]

. = (2.53)
[H']+K, [H']+K,

Figure 2.6 shows a plot of concentration versus pH with pK,, = 4.5 and pK,, =
10.7. As the concentration decreases, the pH of the solution approaches 7.00, whereas
the pH of the solution is either higher or lower than 7 as the concentration increases,
depending on pK,, and pK,,. In this case the upper limit is

1(45+10.7)=17.6

2.2.5 BUFFER SOLUTIONS AND BUFFER CAPACITY

As mentioned before, a buffer solution contains a mixture of a weak acid and its
conjugate base or of a weak base and its conjugate acid. The important aspect of
the buffer solution is that the pH of the solution is minimally changed when small
amounts of acid or base are added or when the solution is slightly diluted. Let us
now examine a buffer solution made of a weak acid HA (0.3 M), whose pK, is
4.90, and its conjugate base NaA (0.3 M). A small quantity of HC1 (0.05 M) is
accidentally added to the solution. The conjugate base (A~) will react with H* as
follows:

A +H" &= HA+H,0

Therefore, the amount of A~ will be reduced and the amount of HA will be
increased as:

[A"]=[ionized]=0.3-0.05=0.25 M
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[HA]=[un-ionized]=0.3+0.05=0.35 M
After the addition of HCI, the pH of the solution is given by Equation (2.41) as:

ionized] _ g5 1105025 _ 4 75
[un-ionized] 0.35

pH=pK, +log

Before the addition of HCI, pH=pK, =4.90 because equal amounts of the
acid and its conjugate base are initially present. This demonstrates that a 0.15
difference in pH was caused by the addition of HCI.

However, the degree of pH change executed by adding a strong acid or a strong
base depends on the concentration of the buffer. A low buffer concentration (e.g.,
0.05 M) will not be effective for buffering a similar or higher concentration of a
strong acid or a strong base (0.05 M or higher). One should know the capacity of
the buffer for a given buffer concentration at a given pH. The buffer capacity, B, is
defined as:

dc, dc,

—_ A _ 2.54
P dpH dpH @59

where C, and C; are the concentrations of a strong acid and a strong base added
to a buffer, respectively. When a strong base (NaOH) is added to a buffer solution
consisting of a weak acid and its conjugate base, Equation (2.11) will be changed to:

[Na®]+[H"]=C, +[H"]=[OH ]+[A] (2.55a)
or Cy; =[OH ]+[A7]-[H"] (2.55b)
Differentiating C, with pH yields:

B= dC, d[A7] N d[OH"] d[H"]
dpH dpH dpH dpH

(2.56)

The terms on the right-hand side of Equation (2.56) can be rewritten as follows:

AAT_c vey a1 9% ) 505 40 L 0570
dpH dpH d[H'] (K, +[H"])
d[H"] _ _ 2.303d[£{+] = 2303[H']=-B . (2.57b)
dpH din[H"] !
dlOH ] _ 2.303dIOH ] _, 3030n-1=p (2.57¢)
dpH dIn[OH"] ot
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FIGURE 2.7 Buffer capacity of acetate buffer with respect to pH ( C=0.05M ).

where C, and C, are the concentrations of the weak acid and its conjugate base
initially present, respectively. Substituting Equation (2.57a) through Equation
(2.57¢) into Equation (2.56) yields:

_dc, _ et Gt COK,IHT
B= dpH 2.303([OH J+[H"]+ (K_+[H'])? ) (2.58)
Substituting Equation (2.9) into Equation (2.58) yields:
B= 46, _ 2,303([0H] +[H ]+ (€, * C")[HA} [A_]J (2.59)
dpH [HA]+[A]
Now, if we assume [H*] >> [OH],
5= 9Cs _ 2,303([}1*] (€ +Cb)[HA][A]] _ 2.303([H+] +(C+Cb)K[i”J (2.60)
dpH [HA]+[A™] (K, +[H"])
If we assume C, >>[H"] and C, >>[H"],
p= 9o 2.303( <, *Cb)[HA?[A_]) - 2.303((C“+C*’)Kf“1”) @61
dpH [HA]+[AT] (K, +[H"D

The variation of buffer capacity of the acetate buffer with respect to pH is shown
in Figure 2.7 for the total concentration of 0.05 M.

Example 2.9

Calculate the pH and buffer capacity of a buffer prepared with 100 mL of 0.10 M
NaOH and 135 mL of 0.30 M CH;COOH. The pK  of CH;COOH is 4.74. Calculate
the change in pH when 0.001 M of HCI is added to the solution.
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Solution

When the two solutions are mixed, the actual concentration of NaOH and CH,;COOH
in (100 + 135) mL will be:

010 M x—100mL 4043 4 NaOH
(100 +135)mL
030 M x—12ML 195 prcH,cooH
(100+135)mL :

Therefore, 0.043 M of CH;COOH will be ionized and 0.129 M of CH,COOH
will remain in the solution. The pH of the buffer is:

0.043
H=pK_ +logl —— |=4.26
PP g(0.129)

The buffer capacity is given by:

(0.043+0.129)x 1077 x 1072

p=2.303 (1073 1107472

=0.0636 M

The buffer capacity of the above buffer is 0.0636 M per pH. The addition of
HCI gives AC, =0.001 and then,

ApH=-AC_ /B=0.001/0.0792=0.013

Equation (2.61) is a parabolic one and has a maximum. The maximum buffer
capacity can be derived at df/dpH=0:

dB _ 2.303(C, +C,)K, (K, ~[H']) _
dpH (K, +[H"])’ -

0 (2.62)

Therefore, the maximum buffer capacity occurs at pH =pK,. The maximum
buffer capacity is given by:

B=0.576(C, +C,) (2.63)

The maximum buffer capacity of the buffer in Example 2-9 is equal to
0.576(0.172 +0.043) = 0.124. Therefore, it is recommended that a weak acid whose
pK, is close to the required pH should be chosen for a buffer solution.

If there is a weak acid and a weak base in a solution, the buffer capacity of the
solution can be determined by the same approach as in the case of a weak acid
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alone. When a strong base, C,, is added to the solution containing HA, A-, B, and
BH*, the electroneutrality balance can be written as:

[Na"]+[H"]+[BH"]=C, +[H"]+[BH"]=[OH ]+[A"] (2.64a)
or Cy =[OH"]+[A7]-[BH"]-[H"] (2.64b)
Differentiating C, with pH yields:

B= dC, d[OH7] + d[A"] d[H"] d[BH']
dpH dpH dpH  dpH dpH

(2.65)

The last term on the right-hand side of Equation (2.65) can be expressed as:

d[BH"]
dpH

e dOHT_dBy 3304y
dpH d[OH ]

K,[OH]
(K, +[OH"1)

(2.66)

where C; and C/ are the concentrations of the weak base and its conjugate acid
in the solution, respectively, and [, is given by:

K, (2.22b)

Pr= K iom]

Substituting Equation (2.57a) through Equation (2.57¢) and Equation (2.66) into
Equation (2.65) yields:

B= SCI?I = 2.303[[0H‘] ey Gt CORIT (G + C'b)Kb[OH_]]
p

(K, +[H])? (K, +[OH™])’
(2.67)

—2.303{ [oH ]+ [H* ]+ [HAIIAT] | [B][BH']
' [HAJ+[A"]  [B]+[BH']

Buffer solutions commonly used in pharmaceutical applications are listed in
Table 2.2.

2.2.6 ErrecT OF lONIC STRENGTH ON BUFFERS

The solutions are considered so dilute that the effect of ionic strength can be
neglected (ideal solution). Mathematical expressions derived so far in this chapter
use a molar concentration term. If the chemical activity deviates from ideal solution
behavior, the ionization of a weak acid or weak base may be given in terms of
activity rather than molar concentration to account for interactions in the real solution
as follows:
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TABLE 2.2
Buffer Solutions

Stock Solutions

Name pH Range A B
KCI/HCl1 1.0-2.2 KC1 0.2 N HC1 0.2 N
Glycine/HC1 1.2-34 Glycine 0.1M in NaCl 0.1 N HC1 0.1 N
Na citrate/HC1 1.2-5.0 Disodium citrate 0.1 M HC10.1 N
K biphthalate/HC1 2.4-4.0 K biphthalate 0.1 M HC1 0.1 N
K biphthalate/NaOH 4.2-6.2 K biphthalate 0.1 M NaOH 0.1 N
Na citrate/NaOH 5.2-6.6 Disodium citrate 0.1 M NaOH 0.1 N
Phosphate 5.0-8.0 KH,PO, 1/15 M Na,HPO, 1/15 M
Na barbital/HCI 7.0-9.0 Na barbital 0.1 M HC1 0.1 N
Na borate/HC1 7.8-9.2 Half-neutralized boric acid 0.2 M HCI1 0.1 N
Glycine/NaOH 8.6-12.8 Glycine 0.1 M in NaCl 0.1 N NaOH 0.1 N
Na borate/NaOH 9.4-10.6 Half-neutralized boric acid 0.2 M NaOH 0.1 N
Citric acid/phosphate 2.2-7.8 Citric acid 0.1 M Na,HPO, 0.2 M
Citrate/phosphate/borate/HCI 2.0-12.0  Tocitric acid and phosphoric acid ~ HCI 0.1 N

(ca. 100 ml), each equivalent to

100 ml NaOH 1 N, add 3.54 g

cryst. boric acid and 343 ml

NaOH 1 N and make up the

mixture to 1 L
Acetate 3.8-5.6 Na acetate 0.1 N Acetic acid 0.1 N
Dimethylglutaric acid/NaOH 3.2-7.6 B,B-dimethylglutaric acid 0.1 M  NaOH 0.2 N
Piperazine/HCI 8.8-10.6 Piperazine 1 M HC10.1 N
Tetraethylethylenediamine 5.0-6.8 Tetraethylethylenediamine 0.1 M  HC1 0.1 N

8.2-10.6
Trismaleate 5.2-8.6 Tris acid maleate 0.2 M NaOH 0.2 N
Dimethylaminoethylamine 5.6-7.4 Dimethylaminoethylamine 1 M HC1 0.1 N
8.6-10.4
Tris/HC1L 7.2-9.0 Tris 0.2 M HC1 0.1 N
Carbonate 9.2-10.8 Na carbonate anhydrous 0.1 M NaHCO, 0.1M
" -
oty 0 HD TATD 6
Aha Yua[HA]

where 7y is the activity coefficient. The pH based on the hydrogen ion activity

(—log a., ) is given by:

pH=pK + log(

[A]
— |+1 -1
H A])+ og v, —logy,

where v, is the activity coefficient for the un-ionized species.

© 2004 by CRC Press LLC

(2.69)



Debye-Hiickel developed a theory for the activity coefficients of an ionic solu-
tion at a molecular level. A selected ion in the ideally diluted solution is statistically
well distributed and there are no interactions between ions present in the solution.
In contrast, the ion in the concentrated solution is surrounded by the excess of
counter ions in the vicinity of the ion, as the counter ions are attracted by Coulombic
forces, while ions of the same charge are repelled. Thus, “ion atmosphere” is created.
As aresult, there is a difference in reversible work between the concentrated w, and
dilute solutions w

rev, ideal *

1 ¢

w - v
2 4mee 1,

(2.70)

rev Wrev, ideal —

where e is the charge, € is the dielectric constant of the solvent, €, is the permittivity
of the vacuum, N is the number of ions, and r,; is the average distance of the counter
ions from the selected ion.

If a small amount n of the selected ion from an ideally dilute solution (y = 1, c,)
is transferred to a solution of the same ion (7, ¢), then Equation (2.70) becomes:

2
wo-w_ =R W m|=-l ¢ Q.71)
T c c 2 4 mee 1,

o o

Rearranging Equation (2.71) for ions with arbitrary charge, ze, gives:

2
Iny= L[ ey (2.72)
2KT |\ 4 mee 1,

where nR =k, k is the Boltzman constant, and T is the absolute temperature (K).
According to the theory of Gouy and Chapman, the average distance r, is given by:

i K

=— 2.73
, 1+xR . ( )
“‘ZeZNA
K= \/ e KT N (2.74)

where 1/x is the thickness of the electrical double layer, R
distance between the ion and the counterion, N
the ionic strength given by:

min 1S the minimum

A 18 Avogadro’s number, and L is

1= %Zciziz 2.75)
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where ¢, and z, are the concentration and the charge of ion i, respectively.
Substituting Equation (2.73) and Equation (2.74) into Equation (2.72) yields:

Azl
Iny=-"—"3" 2.76
! I1+BR_ (2.76)
where
3 N
e 121N 1
A= | A 2.77a
((4 n80)3/2 ]\ k3 (8T)3/2 ( )
2nN
B= = 172 = 11/2 (2.77b)
(4 me) k (eT)
For very weak ionic strength, Equation (2.76) is further simplified to:
Iny=-Az’\/u (2.78)

which is known as Debye—Hiickel’s limiting law.
Activity coefficients of anions and cations in an electrolyte solution cannot be
determined independently. Thus, the mean activity coefficient, 7y, is defined by:

Zo0 7. )1/(z++z_)

v =(v0v 2.79)
Guntelberg proposed a simple equation for the hydrated ion size by assuming
BR . =1, since ions are approximately 1 A and B is on the order of 108 cm™'.

Az,z_ \/ n

A (2.80)

logy, =-

However, Equation (2.76) does not fit the experimental data, especially for p >
0.1. Empirical polynomial terms are then introduced to Equation (2.80). The Davies
equation is proposed for the equation of the first polynomial term for water:

log y+=—(0.51)z+z_( i —o.qu (2.81)
) I+yp

This equation is useful for an ionic strength up to 0.5 M. Table 2.3 lists the
various activity coefficient equations.
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TABLE 2.3
Individual lon Activity Coefficient

Approximation Equation lonic Strength (M)
Debye-Hiickel logy, = _AZ+Z,\:“JM < 0.005
Extended Debye—Hiickel =-Az,z_ \/71'1 <0.1
[+aByu
Guntelberg = —Az+17£“7 <0.1, for mixed ions
I+\u
. u
Davies =-Az,z | ——-02u <0.5
I+ 1

Note: A=1.82x10°(eT)™* and B = 56.3(€T)""* (where ¢ is a dielectric constant); and
z, is the charge of the ion; A and B = 0.51 and 0.33 for water at 25°C, respectively; a
is an adjustable parameter.

Source: Taken from Stumm and Morgan, Aquatic Chemistry, Wiley Interscience, New
York, 1981.

The activity coefficient of un-ionized molecules follows a simple “salting out”
model of the ionic strength:

logy,=bp (2.82)

where b = 0.1 and depends on the species.
Equation (2.69) becomes:

_ A1) N ~
pH—pKa+1og([HA]) 0'51(1+\/u 0.2MJ 0.1u (2.83)

It is interesting to see that Equation (2.69) becomes the equation in which the
activity coefficient of the un-ionized weak acid is assumed to be unity when Equation
(2.80) is used as follows:

[A7] )_ 0.51u .84

H=pK, +log| —— :
P p a Og([}{‘] 1 \/
ExampIeZ.iO

Calculate the pH of a buffer solution containing 0.05 M acetic acid and 0.1 M sodium
acetate. The pK, of acetic acid is 4.74. The ionic strength of the solution is 0.10 M.
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Solution

4.92

pH=4.74+10g( 0.1 )_ 0.515/0.10 _

0.05) 1+0.10

If the activity coefficient correction is not considered, the pH of the solution is
given by:

0.1
H=474+log[ -2 |=5.04
P Og(o.os)

There are many measurement techniques for activity coefficients. These include
measuring: the colligative property (osmotic coefficients) relationship, the junction
potentials, the freezing point depression, or deviations from ideal solution theory of
only one electrolyte. The osmotic coefficient method presented here can be used to
determine activity coefficients of a 1:1 electrolyte in water. A vapor pressure osmom-
eter (i.e., dew point osmometer) measures vapor pressure depression.

The osmotic coefficient y is defined by:

_ mOsm
2000 m

(2.85)

where mOsm is the milliosmolality in mmol/kg and m is the molality of the solution
in mol/kg. Osmolality is the total number of particles in moles per 1000 g of solvent.
If the solute behaves ideally, the ideal osmolality would be 2 m. However, y is not
the activity coefficient for the solute.

The relationship between the osmotic coefficient and activity coefficient is given
by:

lny+:\|1—1—J. 12V (2.86)
s N

The osmotic coefficient is expressed by:

_ 0.39m

=1 ‘
v 1+C1\9m

~C,m (2.87)

where C, and C, are adjustable constants. Figure 2.8 shows W versus the molality
of KNO,. Experiments were carried out from 0.1 to 1 m. However, the equation
requires including y =1 at 0.0 m, even though that is not an actual experimental
point. Numerical integration of (1 — y)/m is carried out in steps of 0.002 m. But the
integration from 0.0 to 0.002 m cannot be performed because of the infinite number.
In this situation, the integral should be changed to:
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FIGURE 2.8 Osmotic coefficients vs. molality of KNOj; solutions. [Graph reconstructed from
data by Bonicamp et al. J. Chem. Ed., 78, 1541 (2001).]

FIGURE 2.9 The mean activity coefficients vs. molality of KNO, solutions. [Graph recon-
structed from data by Bonicamp et al. J. Chem. Ed., 78, 1541 (2001).]

m o _ )
J L=V (2.88)

0 \m
Figure 2.9 presents the activity coefficient vs. the molality of the KNO, solution.

2.2.7 SoLuBIiLITY OF WEAK ELECTROLYTES AND AMPHOLYTES

Acidic or basic drugs are less soluble at low or high pH, respectively, because these
drugs are not ionized at either pH. Un-ionized drugs are less hydrated in water than
ionized ones. Let us now denote S, for the solubility of the un-ionized species (HA)
and S for the total solubility of the un-ionized and ionized species (A-). Then,
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S=[HA]+[AT]=S_ +[A"] (2.89)
The dissolved un-ionized species undergoes ionization as:
HA+H,0 = H' +A" (2.8)

Substituting Equation (2.89) into Equation (2.9) and taking the logarithm of the
resulting equation yields:

S-S
pH=pK_ + log( 3 © ] (2.902)

or Kj: = (S) -1 (2.90b)
[H] S

Likewise, the solubility of a weak base can be derived as:

S
H=pK +1lo e 291a
e, o 5 a0
+ S
or [H]= K”(SJ -K, (2.91b)

The solubility of a weak acid (un-ionized) or a weak base can be determined
graphically. A plot of the reciprocal of the hydrogen ion concentration vs. the total
solubility of the weak acid yields the intercept of —1/K, and the slope of 1/K,S,, as
shown in Figure 2.10a. Plotting [H*]versus the total solubility of the weak base
for Equation (2.91b) yields a straight line with a y-intercept of —K and a slope of
K, /S,, as shown in Figure 2.10b.

Some drugs have both anionic and cationic properties (amphoteric); examples
include amino acids [e.g., levocarnitine: CH, —N"(CH,),CH,CH(OH)CH,COO" ].
The ampholytes act as acids or bases depending on the pH of the solution. At high pH,

R—Y—COOH R—Y—COO~
[ + H,0 I .
NH, B —— NH, + H
At low pH,
R—Y—COOH R—Y—COOH
| + H,0 | H™
NH, 2 — NH + 0
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FIGURE 2.10 Plotof 1/[H"] versus S for a weak acid (a) and [H*] versus S for a weak
base (b). [Data taken from Avdeef et al. Pharm. Res., 17, 85 (2000).]

At a specific pH, cationic and anionic groups in a drug coexist as:

R—Y—COO

|
NH;

A chemical structure having both anionic and cationic charges on the same
molecule is called a zwitterion. At a specific pH, the degree of the ionization of the
zwitterion to an anionic electrolyte or to a cationic electrolyte is the same. The pH
is called the isoelectric point (IEP). At the IEP, the same amount of anionic and
cationic electrolytes exist. The zwitterion has the lowest solubility, denoted as S,.
One can write the ionization of an ampholyte simply as:

Kai s Koo _
HAH* ——HA"——A (2.92a)
The two ionization constants are given by:
HA*][H"
= HANH'] (2.92b)
[HAH]
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FIGURE 2.11 pH-solubility profile for ampicillin anhydrate and ampicillin trihydrate

(pK,;=2.67 and pK,=6.95)at37°Cand w=0.5M and simulated lines. [Graph recon-
structed from data by Tsuji et al. J. Pharm. Sci., 78, 1059 (1978).]

_[ATJH]

2.92c
a2 [HAir] ( )
Then, the following equations can be derived:
[H']
S= SO( < +1J at pH < IEP (2.93a)
al
K'2
S=S|—2-+1| atpH>IEP (2.93b)
[H']

The total solubility of the ampholyte over the entire pH range can be given by:

S=so([H+] Fl4 s J (2.93¢)
K (H']

al
Equation (2.93c) shows a U-shaped pH—solubility curve as shown in Figure 2.11
for ampicillin trihydrate and anhydrate.

Example 2.11

Calculate the lowest solubility of amoxicillin trihydrate. pK,, and pK,, are 2.67
and 7.11, respectively. The saturated concentration of the drug at pH 2 is 0.073 M.

Solution

-2 =7.11
0.073 =SO( 10 +1+ 10 )= 5.677S, S,=13x102M

1072,67 10—2
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2.3 POLYPROTIC WEAK ACIDS AND WEAK BASES

2.3.1 pH oF THE SoLuTioN oF A DiproTiIC WEAK ACID,
WEAK BASE, OR AMPHOLYTE

It has been considered in previous sections that acidic or basic drugs (compounds)
accept or give up a single hydrogen ion. Many acids or bases can donate or receive
more than one hydrogen ion; these compounds are called polyprotic acids or bases.
When an un-ionized diprotic acid donates one hydrogen ion in water, the conjugate
base can also act as a weak acid (the conjugate base of a monoprotic weak acid acts
only as a weak base). When a diprotic weak acid H,A is dissolved in water, the
following equilibria can be established:

H,A+H,0 — H'+HA"
HA"+H,0 — H'+A"

There are five species at equilibrium: HyA, HA-, A=, H*, and OH~, and five
equations are needed to calculate the concentrations of the five species. These five
equations can be derived as shown in Section 2.1:

1. Equilibrium:

= [HHAT (2.942)
[H,Al
+ -2
o= w (2.94b)
[HA™]
K, =[H"][OH"] 2.2)
where K , and K, are the first and second ionization constants, respec-
tively.

2. Material balance: Since H,A, HA-, and A2 coexist at equilibrium, the
sum of the concentrations of H,A, HA-, and A2 should be equal to the
amount of the diprotic weak acid initially added to the solution, C,.

C, =[H,Al+[HA ]+[A] (2.95)

3. Electroneutrality: The sum of the concentration of positively charged
species must be equal to the sum of the concentration of negatively
charged species in the solution.
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[H ]=2[A]+[HA ]+[OH] (2.96a)

[A~?] is multiplied by a factor of two because each mole of A2 requires two
moles of H*. Equation (2.96a) is rearranged as:

[HA ]=[H"]-2[A2]-[OH] (2.96b)

Substituting Equation (2.96b) into Equation (2.94a) and Equation (2.94b) for
[HA"] yields:

_ [H'I(H']-[OH"]-2[A"])

K, (2.97a)
1 [H,A]
[H'][A]
a2 = + - ) (297b)
[H"]-[OH"]-2[A™]
Substituting Equation (2.95) into Equation (2.97a) for [H,A] yields:
[H*]([H*]-[OH ]-2[A])
a = — > (2.98)
C,-[HA™]-[A™]
Substituting Equation (2.96b) into Equation (2.98) for [HA™] yields:
_ [H'I(H 1= [OH ]-2[A]) (2.99)
al — + — ) .
C,—-[H"]+[OH"]+[A™]
Rearranging Equation (2.97b) for [A~?] yields:
K [H*-OH"
(A= Kalll ZOH] (2.100)
[H']+2K,,
Substituting Equation (2.100) into Equation (2.99) yields:
_ K,[H"-OH"]
[HJ([H']-[OH ]-2—2"—————)
K, 6 = [H]+2K, (2.101)
al K [H'-OH" '
C, -[H"]+[OH"] +M
[H']+2K,

Equation (2.101) can be approximated under certain conditions where some
terms are negligible compared to others. Here are some assumptions:
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1. [H*] >> [OH"]: Equation (2.101) becomes:

[H*]([H+]—2[H%%>

K= <0 = (2.102)
Cﬂ_u.pw.#
[H']+2K

2. Assuming 2 K , << [H*], Equation (2.102) can be further approximated

to:
+12
L (2.103)
C,—-[H"]
3. C,>>[H"]: Equation (2.103) is simplified to:
[H']=K,C, (2.104)

Equation (2.103) and Equation (2.104) for diprotic weak acids are identical to
Equation (2.13) and Equation (2.17) for monoprotic weak acids, respectively. The
pH of a solution of a diprotic acid is governed by a first ionization process.
When C, >0.1 M and K, <107, Equation (2.104) is a valid one.

A similar equation for a diprotic weak base can be derived as:

[OH]([OH] NI EEL_C il ]J
[OH ]+2K,,

K,,[OH —H"]

[OH ]+ 2K,

K, =

(2.105)
C, —([OH"]—[H*]—

where K, and K,, are the first and second ionization constants for the diprotic
weak base, respectively and C, is the concentration of the diprotic weak base
initially present.

The approximate equations can be given by:

Assumption Equation
[OH]([OH] -2 7KbE[OH_] J
_ [OH]+2K,,
[OH™]>>[H"] K, = - (2.106a)
c (o KulOH 1
b [OH ]+2K,,
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Fractional Composition

FIGURE 2.12 Equilibrium composition curves of captopril ( pK,, =3.8 and pK, =9.8).

. [OH |
2Kb2 << [OH ] Kbl = m (2106b)
C, >>[OH"] [OH 1=K, C, (2.106¢)

Since the pH of the solution from Equation (2.102), Equation (2.103), or Equa-
tion (2.104) is known, the concentrations of other species in terms of [H*] can be
determined from Equation (2.94a), Equation (2.94b), and Equation (2.95) as follows:

[H'P
HA]l=0o, ,C o, , = 2.107a
[ 2 ] H,A™a H,A [H+]2+K31[H+]+K31K32 ( )
[HA']=a. C, o0 = Kal[H+] (2.107b)
HATTU AT [HYP 4K [HY]+ K, K,
K K
[A%]=a .C, o al >a2 (2.107¢)

AT H P +K, [H]+K_ K,

Fractional mole equilibrium composition curves of captopril ( pK,, =3.8 and
pK,, =9.8) are shown in Figure 2.12. If K  >>K,, the diprotic weak acid can
be treated as two monoprotic weak acids, and Equation (2.107a), Equation (2.107b),
and Equation (2.107c) can be expanded in series:

o = [H+] _ KalKaZ + (KalKa2 )2 +
A OHT+K, (H1+K)?  [H(H1+K,)’
al al al

(2.108a)
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2
o = Ru o KaRe (2.108b)
A [HTI+ K, [HI(HT+K,)

__ Ky [H'TK,,

o - 2.108¢
A7 [H']1+K, K, (H'1+K,) ( )

Example 2.12
Calculate the pH of a 0.005 M solution of H,A and the concentration of HA".
K, = 107** and K,= 1072

Solution
First, use Equation (2.104),

[H']=.K,C, = 10 x0.0005 = 4.46x 10~ M

The assumption ( C, >> [H']) is not a valid one. Use Equation (2.103) instead.
+92
1074 = L& or [H']=427x10"*M
0.005-[H"]

The assumption [H"]>>2K_, is a valid one. Therefore, pH = 3.37.
Using Equation (2.96b) and Equation (2.100), one can obtain [HA™] as:

K,[H* —OH]

[H']+2K = [H]-2K,, ~[H']

[HA"]=[H"]-[OH ]-2

=427x10*M

Example 2.13
Calculate the pH of a 0.005 M solution of sodium hydrogen captoprilate (NaHA).

Solution
Mass balance and charge balance equations can be given by:

Mass balance: C, = [Na*]= [H,A]+[HA™ ]+ [A7] (2.109a)
Charge balance: [Na*]+[H"]=[OH ]+[HA ]+ 2[A?] (2.109b)

Substituting Equation (2.109b) for [HA"] into Equation (2.94a) and Equation
(2.109a) for [H,A] yields:

_[H']IC, +[H"]-[OH ] -2[A™])
N C, —[HA"]-[A"]

(2.110a)
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Once again substituting Equation (2.109b) for [HA] into Equation (2.110a)
gives:

_ [H7]IC, +[H"]—[OH"]-2[A])
! [OH™]—[H']+[A™]

(2.110b)

Equation (2.94b) can be used to obtain [A~?] after substituting Equation (2.109b)
for [HA]:

K,,(C, +[H*]-[OH ])

A= 2.111
A~ [H']+2K, ( )
Substituting Equation (2.111) into Equation (2.110b) yields:
H*]-[OH"
[H+]2(<ca+[+ 1-[0 ]))
K, = [H1+2K,, (2.112)
al = K (C +[H*]-[OH™]) ’
a2 a

[OH 1= [H™]+ [H']+2K

NaHA is a proton-donating salt, in which the concentration of [H*]>>[OH™]
and HA™ is the predominant species. Therefore, the fractional composition of HA~
is located at the upper portion of the ascending parabolic curve of HA™ and the
concentration of H* is much greater than K. If C, >>[H"], Equation (2.112)
becomes:

H]C K K.C
K,=— e ey RafaG 2.113)
_[H+]+ a2 “a \“ Kal +Ca
[H"]

Thus, substituting C, =0.005M , K = 107%  and K,= 107°% into Equation
(2.113) gives:

1107 x10™* % 0.005
V' 107%+0.005

[H']= =1.56x10"M

pH = —log (1.56x1077) = 6.81

The same approach can be employed in the solution of ampholytes, and one can
derive a similar solution to Equation (2.112). In this case, the ampholyte is repre-
sented by NH;RCOO™ (HY?). The dissociation occurs as follows:
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H,Y'+H,0 == H'+HY*
HY*+H,0 ——= H +Y"
1. Equilibrium:

_[H'JHY?]

al = (Y] (2.114a)
2= [IT[I;I]BL{]_] (2.114b)
K, =[H"][OH"] 2.2)
2. Mass balance:
C, =[H, Y 1+[HY*]+[Y"] (2.115)
3. Electroneutrality:
H,Y'T+[H"]1=[Y 1+[OH"] (2.116)
From Equation (2.115) and Equation (2.116), one can obtain:
[H,Y"'1=[Y ]+[OH ]-[H"] (2.117a)

[HY*]=C, -[H,Y']-[Y ]1=C, —-[OH J+[H*]-2[Y ] (2.117b)
Substituting Equation (2.117b) into Equation (2.114b) and solving the resulting
equation for [Y~] yields:

K,,(C, +[H*]-[OH ])
[H']+2K,

[Y']= (2.118)

Substituting Equation (2.117a) into Equation (2.114a) along with Equation
(2.118) yields:

o[
[H]+2K,,
K =

al _ - +
[OH |- [H']+ K,(C, -[OH ]+[H"])
[H+]+2Ka2

(2.119)
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FIGURE 2.13 Fractional equilibrium composition curves of serine ( pK, =22 and
pK, =9.22).

Equation (2.119) is identical to Equation (2.112) for NaHA, and can be approx-
imated under given conditions.

If C,>>[H"]-[OH"] and [H"]>>2K ,, Equation (2.119) becomes:

a2’

;KalKa2Ca + Kale

[H"]= VK, eC, (2.120a)
When K _,C, >>K , Equation (2.120a) becomes:
[H']= \I;leg (2.120b)
If C,>>K,,, Equation (2.120b) becomes:
[H']= K, K, (2.120c)

Figure 2.13 shows the fractional equilibrium concentration curves for serine
(pK,, =2.2 and pK, =9.22). One can use the same equations, Equation (2.107a),
Equation (2.107b), and Equation (2.107c), if H,A, HA-, and A2 are substituted by
HY*, HY?%, and Y-, respectively. The isoelectric point (IEP) is the pH at which the
amino acid does not move in an electrical field or possesses a net charge of zero. It
is obtained from 4 (pK , +pK,,).

2.3.2 pH of THE SoLuTioN of A TriPrOTIC WEAK ACID,
WEak BAsg, or PoLyrroTIC AMINO ACID

There are a number of compounds that yield more than two protons and a number
of amino acids that have an unequal number of amino and carboxylic acid groups.
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First, let us consider triprotic weak acids H;A such as H;PO, or H;AsO,. In water,

the following three equilibria can be established:

HA+H,0 == H'+H,A"
H,A"+H,0 == H'+HA™

HA?+H,0 == H'+A”

There are six species present in equilibrium. Six equations are needed to solve
for pH or for the concentration of H*. The same approach used for mono- and

diprotic weak acids is employed here:

1. Equilibrium:

_[H'JH,A"]

al [H%A]

_[H'][HA™]

a2 [HzA—]

A7
a3 [HA72]

2. Mass balance:

C, =[H,Al+[H,A 1+[HA]+[A7]

3. Electroneutrality:

[H"]=[H,A"]+2[HA]+3[A]+[OH"]

(2.121a)

(2.121b)

(2.121¢)

(2.122)

(2.123)

Rearranging Equation (2.123) for H,A~ and Equation (2.122) for H;A yields
Equation (2.124a) and Equation (2.124b). Substituting these equations with Equation
(2.121c) and Equation (2.121b) yields Equation (2.124c) and Equation (2.124d).

[H,A]=C, —[H,A"]-[HA?]-[A"]

[H,A"]=[H"]-2[HA]-3[A”]-[OH]
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A= K ((H1 - [OH ]
[H']" +2K ,[H"]+3K ,K ,

(2.124¢)

[A~]= K, K, (H"]-[OH™])
[H'] +2K,,[H" ]+ 3K K,

(2.124d)

Substituting Equation (2.124a) through Equation (2.124d) into Equation (2.121a)
gives:
K [H'-OH”
[H']| [H"]-[OH ] - 2P
[H"]+2K,,
_3 K, K [H"-OH"]
[H"]? +2K_[H" ]+ 3K K ,

K, = [H' K [H -OH | : (2.125)

C,-[H"]1+[OH |- —— i -

[H']" +2K ,[H"]+3K ,K ,

KK, [H"-OH]
[H']? +2K_,[H" ]+ 3K K ,

Equation (2.125) can be further simplified under certain circumstances and some
of its terms ignored. The value for K ,K . is negligible when compared to the other
terms. For example, for H;PO,, K K =107"", which is much smaller than the
values of K_,[H'] and [H'T’, even at pH 8. In this case, Equation (2.125) is
equivalent to Equation (2.101) for diprotic weak acids. If other approximations (i.e.,
[H']>>[OH"] and [H"]>>2K_,) are made, then the triprotic weak acid behaves
as if it were a monoprotic weak acid.

The concentrations of other species in terms of [H'] can be obtained by
algebraic manipulations of Equation (2.121a), Equation (2.121b), Equation (2.121c),
and Equation (2.122):

H,A H'J
[ . ]=(X‘HA= +13 +12 [ ] + (2126&)
Ca ’ [H ] + Kzll[H ] + KalKuZ [H ] + KalelZKa3
- K H+ 2
[HQA ] =(XH Am e 12 al[ ] ¥ (2.126b)
Ca 2 [H ] + Kal [H ] + KalKaz[H ] + KalKaZKa3
- K, K,[H
@:(XHA*Z = g — al aZ[ ] — (2126C)
Ca [H ] + Ka] [H ] + KalKaz[H ] + KalKaZKa3
[A] K, KoK,
c %7 [H P +K [HP +1K i( 3[H+]+K K K e
a al al” a2 al”Ta2” a3

© 2004 by CRC Press LLC



Fractional Composition

14

FIGURE 2.14 Fractional mole composition curves of miproxifene phosphate
(pK,, =0.80, pK , =5.72, and pK , =8.90).

The fractional mole composition curves of miproxifene phosphate ( pK , = 0.80,
pK, =5.72, and pK_, =8.90) are shown in Figure 2.14.
Example 2.14
Calculate the hydrogen ion concentrations in 0.01 M NaH,PO,, 0.01 M Na,HPO,,
and 0.01 M Na,PO,.
Solution

The same equilibrium and electroneutrality equations shown above are used with
the pK,, =223, pK, =721, and pK , =12.32. However, mass balance equations
are different for each salt:

1. NaH,PO,:
At the concentration of NaH,PO,, C,, the mass balance equations are:

[Na"]=C, (2.127a)

C,= [H3PO4]+[H2PO;]+[HPO;2] +[P0f] (2.127b)
and the electroneutrality is:
[H"]+[Na*]=[H,PO, ]+ 2[HPO;2] + 3[PO;3] +[OH7] (2.127¢)

Combining Equation (2.121a), Equation (2.121b), and Equation (2.127a)
through Equation (2.127¢) yields a full, cuambersome equation similar to
Equation (2.125). In addition, the third ionization can be neglected in this
pH range (= 3). The resulting equation is similar to Equation (2.119) but
another approximation is made before the full equation is obtained.
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Rearranging Equation (2.127b) for [H,PO;] and substituting this
equation along with Equation (2.127a) into Equation (2.127¢) gives:

[H*]+[H,PO,] = [HPO,?]+2[PO;* ]+ [OH ] (2.1282)

The range in the values of the concentrations of the other species is as fol-
lows: [H,PO,]>>[HPO,;’]>>[OH ]>>[PO,’]. The first term in the
right-hand side of Equation (2.128a) is most important and can be simpli-
fied to:

[H']+[H,PO,] =[HPO,’] (2.128b)

Substituting Equation (2.121a) and Equation (2.121b) into Equation
(2.128Db) yields:

[HJ[H,PO;] _ K,,[H,PO;]

=K (H']

(2.128¢)

al

Note that in this concentration or pH range, [H,PO,]=C,. Then, Equa-
tion (2.128c) is solved for [H']:

K K,C
[H' P 1+ C, =K,C, or [H']= 2= (2.129)
al \“ Kul +Ca
Equation (2.129) is identical to Equation (2.120b).
110223 -7.21 —2.00
M= S — =10
‘ 1077 +10™
2. Na,HPO,:
The mass balance equations are:
[Na*]=2C, (2.130)
C, =[H,PO,1+[H,PO; ]+ [HPO,*1+[PO;’] (2.127b)

The electroneutrality equation is the same as Equation (2.127¢). Rearrange-
ment of Equation (2.127b) for [HPOf] and Equation (2.130) for [Na*]
and substitution into Equation (2.127c¢) gives:

[H*]+2[H,PO,]+[H,PO;]=[PO;*]+[OH"] (2.131a)
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At the pH range (= 10), the only dominant term on the left-hand side of
Equation (2.131a) is [H,PO;]. Equation (2.131a) then becomes:

[H,PO;]=[PO;*]+[OH] (2.131b)

The dominant species in 0.01 M Na,HPO, is HPO;Z. Substituting Equa-
tion (2.121b) and Equation (2.121c¢) into Equation (2.131b) yields:

[H*][HPO;*] K_[HPO;’] K,

2.131c
K, [H"] [H"] ( )
! K_K

or [H']= KK, +—2 (2.1314d)

\‘ a2” a3 C

| 721 —14.00
[H]= \/1077.21 %1072 4 10 10%2}0(3 —10°%2 M
3. Na,PO,:
The mass balance equations are:

[Na®]=3C, (2.132a)

and Equation (2.127b).

The same electroneutrality equation, Equation (2.127c¢), is used. From
Equation (2.127b), Equation (2.132a), and Equation (2.127c), the terms
[Na*] and [POf] are eliminated:

[H*]+3[H,PO, ]+ 2[H,PO; ]+ [HPO,?] = [OH"] (2.132b)

At the pH range (= 12), [H], [H,PO,], and [H,PO;] are negligible in
comparison to [HPOf]. Then,

[HPO,?]=[OH"] (2.132¢)

Even if [POf] is dominant, the concentration of HPO;2 cannot be ig-
nored. Thus, [PO;’]+[HPO,*]=C,. This leads to:

C,[H"]

-2 _
[HPO, ] = 71(213 FH

(2.1324d)

Equating Equation (2.132d) into Equation (2.132c) gives:
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C,[H'l K,
K,+[H'] [H']

. K, /C,+(K,/C)+4K K, /C,
or [H"]= 5 (2.132¢)

1077107 + (107 /1072) +4x 1073 107 /107
2

[H+] =107|].88M

The dependence of the equilibrium constants of polyprotic weak acids and weak
bases on ionic strength allows them to be treated in exactly the same manner as
monoprotic weak acids and weak bases. The first, second, and third ionization
constants for triprotic weak acids in terms of activity coefficient are given by:

ko = LAY, o 7.7 (2.133a)
[H3A]YO Yo

+ -2

K(a)z — [H ]’Y+[I_{A ]’Y: — I(€l2 Y+Y: (2133b)
(A" Ty_ Y-
+ -3

Ko, = HILIA I, o a¥s (2.133¢)
[(HA™ Jy_ Vo

Taking the logarithm of Equation (2.133a), Equation (2.133b), and Equation
(2.133c), applying the Davies equation to each equation in order to evaluate the
activity coefficients of the ionic species, and setting the logy_ =0.1 u then gives:

PK_, = pK°,—(2)0.51) | " 021 |-0.1n (2.134a)
144w
K, = pK®, —@)0.5h) ~*_ 02 2.134b
p a2 p a2 ( )( )[l-i-\/ﬁ H] ( )
ko B
pPK,; =pK; (6)(0.51)( [+ O.mJ (2.134¢)

At higher ionic strengths, the values determined by Equation (2.134b) and
Equation (2.134c) are significantly higher than the experimental data. Therefore, the
last terms of the equations should be adjusted.
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TABLE 2.4
lonization Constants for
Several Amino Acids at 25°C

Amino acid pKa  pKa PK.

Alanine 235 9.83
Arginine 1.82 8.99 12.5
Asparagine 202  8.80
Aspartic acid 205 3.87 10.00
Cysteine .77 8.39 10.76
Glutamic acid ~ 2.16  4.27 9.36
Glutamine 2.17  9.13
Glycine 235  9.78
Histamine 1.82  6.00 9.17
Leucine 236 9.60
Lysine 2.18 895 10.53
Phenylalanine 1.83  9.39
Serine 2.19 921
Tryptophan 238  9.39
Tyrosine 220  9.11 10.07

As described in Section 2.3.1, all amino acids are ampholytes. They have at
least two dissociating groups (one amino group and one carboxyl group). However,
a number of amino acids possess two carboxyl groups and one amino group or two
amino groups and one carboxyl group (e.g., aspartic acid, cysteine, glutamic acid,
arginine), as shown in Table 2.4. These amino acids are ionized at three different
pK, values. For example, a dicarboxylic amino acid has the following species present
at equilibrium:

H3Y*2 ? HY' == HY" == Y~ (2.135)
al a2 a3

One would expect to apply the same basic approach as with a triprotic weak
acid, with the exception of the charge balance.

1. Equilibrium:

_[H]H,Y"]
TR (2.136a)
K, = LW[HY] (2.136b)
[(H,Y"]
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_[HY"]

© = HY (2.136¢)
2. Mass balance:
C, =[H, Y]+ [H,Y ' [+[HY 1+[Y] (2.136d)
3. Electroneutrality:
2[H,Y P 1+[H,Y 1+ [H"]=[Y ]+[OH] (2.136e)

Rearranging Equation (2.136a), Equation (2.136b), and Equation (2.136¢) for
[H3Y+2], [Y™], and [HY?], respectively, and substituting them into Equation
(2.136¢e) yields:

K, (IOH"]-[H"])

[H,Y*]= K +20H"] (2.137a)

[HY*]= Kalez([OH_]_[f{ D (2.137b)
(H"I(K,, +2[H"])

ry-1= KKK (OR1-IHD (2.137¢)

[H'P(K,, +[H"])

Assume that the term K K ,K . in the above equation is negligible and ignore
it. Substituting Equation (2.137a), Equation (2.137b), Equation (2.137c), and Equa-
tion (2.136d) into Equation (2.136a) gives:

_ [H'IK,,([OH"]-[H"])
o C - (IOH™]-[H'DK,,(H']+K,,)

! [HI2H"]1+K,)

(2.138)

The fractional equilibrium concentration of glutamic acid ( pK , =2.2,
pK, =4.3, and pK ; =9.4) or any other dicarboxylic amino acid is similar to Figure
2.14.

Example 2.15
Calculate the isoelectric point (IEP) of arginine.

© 2004 by CRC Press LLC



Solution

Arginine is a diaminomonocarboxylic acid with pK  =1.82, pK,, =8.99, and
pK,, =12.5. Arginine dissociates according to Equation (2.135). From four species
present in solution, the following electroneutrality among arginine species should
be met:

2[Arg?]1+[Arg ] =[Arg "] (2.1392)

Substituting Equation (2.136a), Equation (2.136b), and Equation (2.136¢) into
Equation (2.139a) yields:

o H'][Arg"] | [H'][Arg"] _ K [Arg]

(2.139b)
K‘dl Ka2 [H+]
Substituting Equation (2.136b) into Equation (2.139b) for Arg* gives:
+12 + + + +
o M PlAR"] | [H'JAre'] _ KylAre’] 2.139)
KalKaZ KaZ [H ]
Equation (2.139c¢) is simplified to:
+792 +
K
2 [H + HT_ " (2.1394d)
KalKaZ KaZ [H ]
Rearranging Equation (2.139d) yields:
+
2pH- log(l + 2H ]J =pK,, +pK,, (2.13%¢)
al

However, 1>>2[H"]/K_,, resulting in:

_ pK,+pK,; 899+125
2

pH =10.75

The deprotonation of the polyprotic amino acid mentioned above occurs in a
series. However, polyprotic amino acids may either give up or take up protons in a
combination of parallel and series ways. For example, an asymmetrical dibasic amino
acid may undergo ionization in parallel followed by further ionization in series. The
same basic approach for polyprotic amino acids is applied to the asymmetrical
ionization process, then:
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(RY, Y,)
SH
|
R coo~

SH \ ?
| T —COO Ry, Y;)
N

(RY,Y,) R COOH

\

H,

—COOH

H,
(RY1Y2 )

1. Equilibrium:

_ [H'[RY,Y,]

= (2.140a)
[RY,Y,]
H*][RY, Y,
, = M (2.140Db)
[RY,Y,]
H'J[RY Y,
3 = M (2.140c¢)
; [RYY,]
H'J[RY Y,
.= HRY, Y, — ] (2.140d)
[RY,Y, ]
2. Mass balance:
C, =[RY,Y,]+[RY;Y,]+[RY,Y; ]+[RY, Y, ] (2.140e)
3. Electroneutrality:
[H"1=[RY, Y,]+[RY,Y, ]+[RY; Y, ]+[OH ] (2.140f)

Rearranging Equation (2.140a) and Equation (2.140b) for [RY;'Y,] and [RY,Y, ],
respectively, and multiplying Equation (2.140a) by Equation (2.140e) gives:

o KJRYY,] . K,[RY,Y,] ooy KKRY,Y, |
[RY, Yz]_i[m] , [RYle]—i[Hq , [RYY; ] T (2.141)
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Substituting Equation (2.141) into Equation (2.140e) yields:

B [H+]2
RYY,1=C, o K S K TR K (2.1422)
RYv,]=C, K (2.142b)
CHTT +HTIK, +K,) + KK
RYY;]=C, 01K (2.142¢)
“HTF +[H 1K, +K,))+K K,
[RY Y;]=C KK (2.142d)

“[HP +[H'1(K, +K,)+K K,

Note that there is a relationship K K, =K K,. Substituting Equation (2.142b),
Equation (2.142c), and Equation (2.142d) into Equation (2.140f) yields a cumber-
some cubic equation with respect to [H'] and thus solving for [H"] with a given
value of C, is complicated. However, the reverse calculation is easy:

+ - +12 +
¢, = WHTI=[OH DUH'Y +[H'}(K, +K,) +KK) (2.143)
[H'I(K, +K,)+2K K,

The pH of the solution can be determined by first assuming [H*] and then
calculating the given value of C, (a trial-and-error process).

Figure 2.15 shows the concentration of sulfide intermediates of cysteine includ-
ing the starting intermediate *NH,R(COO™)SH(=RY,Y,). The concentrations of
the two middle intermediate species will increase to a maximum and then fall,
depending on the pK,, and pK,, values, as the system is deprotonated to
NH,R(COO™)S™(=RY, Y, ) at the end.

Example 2.16

Figure 2.16 shows the fractional composition of a tetraprotonic weak acid (e.g.,
deferoxamine succinamide), denoted H,A ( pK,, =5.13, pK , =8.60, pK,, =9.24,
pK,, =9.98). Calculate the pH of zpa 0.01 M NaH;A solution.

Solution
The mass balance equations are given by:

[Na*]=C, (2.144a)

C, =[H,Al+[H,A" ]+ [H,A7]+[HA”]+[A™] (2.144b)
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FIGURE 2.15 Fractional concentration of sulfide intermediate species of cysteine
(pK, =85, pK, =89, pK,=104, and pK,=10.0).
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0.4+ HACOO®
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Fractional Composition
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FIGURE 2.16 The concentration distribution of deferoxamine succinamide species
(pK, =513, pK,=8.60, pK,=9.24, and pK, =9.98). [Graph reconstructed from
data by Inhat et al. J. Pharm. Sci., 91, 1733 (2002).]

The electroneutrality is given by:
[H']+[Na*]=[H,A"]+2[H,A7]+3[HA” ]+ 4[A*]+[OH ] (2.145a)

Substituting Equation (2.144b) for [H;A™] and Equation (2.144a) into Equation
(2.145a) yields:

[H']+[H,A]=[H,A”]+2[HA]+3[A™]+[OH ] (2.145b)

At pH =7, the middle two terms of the right-hand side are small, and [H"] is
much smaller than [H,A], so Equation (2.145b) becomes:
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[H,A]=[H,A]+[OH] (2.145¢)

The concentrations of species in solution can be derived as for other polyprotic
acids:

[H]*
o =
fah [H+ ]4 + Kal [H* ]"‘ + KalKaZ [H+ ]2 + KalKaZKa3 [H+] + KalKaZKaSKa4

(2.146)

At pH <6, the last three terms in the denominator are much smaller than the
other terms and then,

H]* [H]
Oy A= = 2.147
H,A [H+ ]4 + Kal [H+]3 [H+ ]2 + Kal [H+] ( a)
o = R (2.147b)
HA T [H]+K,
- KKy (2.147¢)

(x -_——i A
WA [H P+ K, [H']

Substituting Equation (2.147a) and Equation (2.147c) into Equation (2.145c¢)
gives:

C?+a[H 1 _ +C;K31Kaz . Ki’ (2.148)
[H']+K, [H)+K,[H] [H']

Equation (2.148) can be rearranged:

Ca[H+]2 - KW[H+] - Ca(KalKaZ + KWKal) =0

2 2
— KW +\“:KW +4XCa(KalKa2 +KwKal) = /K K R — 1076.87

[H+] 2C NV halTtal

pH =6.87

2.3.3 TitraTION CURVES OF A PoLyproTIC WEAK ACID,
WEAK BASE, OR POLYAMPHOLYTE

The titration curve of a polyprotic acid can be obtained by using the same approach
as for monoprotic weak acids or weak bases. The mass and charge balance equations
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for the triprotic weak acid (H;A, C,, and V,) and the titrant strong base (NaOH, C,,
and V,) are:
Mass balance:

[H,A]+[H,A"]+[HA?]+[A] = Y, (2.149a)
: V,+V,
[Na*]= CVo (2.149b)
Vv, +V,
Charge balance:
[H"]+[Na*]=[H,A"]+2[HA]+3[A]+[OH ] (2.149¢)

Substituting Equation (2.2), Equation (2.149a), and Equation (2.149b) into Equa-
tion (2.144c) gives:

[H ]+ GV =(oc _+20 430 4) A + K, (2.1494d)
Va + Vb H,A HA A™ V21 + Vb [H+]

where os are given by Equation (2.126a) through Equation (2.126d). Rearranging
Equation (2.149d) yields:

(Ka1£H+]2 +2K;1Ka2[H+]+3KalKa2Ka3)Ca LS
V. = V [H+]> + Kal[H+] + KalKaZ[H+] + KalKaZKa3 [H+]

b a

(2.150)

I<W +
C, - [H+]+[H ]

Figure 2.17 shows the titration curve of phosphoric acid in terms of equivalent
of alkali.

In the titration curve of H;PO,, as shown in Figure 2.17, the pK, values are far
away from each other, causing the equivalence points to look like flat plateaus. For
the dicarboxylic amino acids or diamino carboxylic acids, two pK, values are in
close proximity to each other and thus the plateaus are not flat, as shown in Figure
2.18. The isoelectric species is not the one that is abundantly present at a neutral
pH. The isoelectric point is one half of (pK,, + pK,,) for dicarboxylic amino acids
and one half of (pK,, + pK,;) for diamino carboxylic acids. The isoelectric species
H,Y" is the highest concentration halfway between H,Y* and H,Y". At the
isoelectric point of 3.2, the three species ( H3Y+, H2Yi, and HY ) coexist and
the ratio of H,Y* to H,Y" and H,Y* to HY™ is approximately 10:1.
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FIGURE 2.17 Titration curve of phosphoric acid ( pK,, =2.23, pK, =7.21, and
pK,; =12.32).
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FIGURE 2.18 Titration curve of glutamic acid ( pK,, =2.2, pK , =4.3, and pK , =9.4).
Thus, in the titration of a diprotic weak acid H,A, Equation (2.150) reduces to:

(Kal[H+] +2KalKa2)Ca + K, —[H*]
H'P +K [H']+K K, [H
Vb=Va[ I +K,[ ]K uKp  [H'] @.151)
C, —— +[H"
s T (H']

Consider the titration of a concentration C, and a volume V, of a weak acid salt
KH,A with a concentration C, and a volume V, of the strong base NaOH. The
electroneutrality equation and the mass balance equation are given by:

[H']+[K"]1+[Na"]=[H,A ]+ 2[HAZ]+3[A]+[OH ]  (2.152a)
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1= - -2 37 _ a'a
[K']1=[H,A"]+[HAT]+[A ]—Va+Vb (2.152b)
C.V,
Na*]=—bb 2.152
[Na™] Vv, (2.152¢)

Combining Equation (2.152a), Equation (2.152b), and Equation (2.152c) yields:

(Kal[H+]2+2KalK32[H+]+3KalKaZKa3)Ca —1+ I<w _[H+]

3 2
vV, =V HT+K,[HT"+K K, [H]+K K K [H*]

(2.152d)

K +
Cb—[H+]+[H ]

2.3.4 Burrer CapACITY OF A BUFFER SOLUTION CONTAINING A POLYPROTIC
WEAK AciD oR WEAK BASE AND ITs CONJUGATE BASE OR AcID

In the same manner as described in Section 2.2.5, mathematical expressions for the
buffer capacity of polyprotic weak acid/base systems can be developed. When one
adds a strong base such as NaOH to an aqueous buffer solution containing a
polyprotic weak acid (H,A), the electroneutrality would be:

[Na*]+[H"]=n[A"]+ (- DHA"]+--+2[H, ,A7]+[H A ]+[OH ] (2.153a)
or
C,=n[A"]+n-D[HA"]+---+2[H_,A7]+[H A ]+[OH ]-[H"] (2.153b)
The ionization constant of the polyprotic weak acid is written as:

_[H]H, ,A7]

K = L (2.154)
T, AT
The concentration of each acid species is given by:

[H, A1/ y= ]_[Ki [H ] (2.1552)

i=0

where

= [H“+A] (2.155b)

[H']"
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and K, =1 is assigned. The total concentration of the acid (TA) is equal to the sum
of each acid species.

n i
TA/y = Z[(HK][H]J] (2.156)
=0 L\i=0

The degree of protolysis for the jth species (o) is then given by:

_[H, AT

o. = 2.157

The buffer capacity can be determined by taking the derivative of Equation
(2.153b) with respect to pH:

B=9Cs _ A 9% opa 4% a0 (AIOHTT dIHTT ) 50
de dpH dpH de dpH dpH
Taking the derivative of Equation (2.157) with respect to pH yields:
L =-2.3030, i—jo. 2.159
it J;[O o] (2.159)

Substituting Equation (2.157), Equation (2.158), and Equation (2.159) gives the
general equation for the buffer capacity of a polyprotic weak acid.

B =2.303{[H*]+[OH |- TA[Z jo, Z (i— j)oai)] (2.160)

j=1 i=0

Equation (2.160) can be simplified to:

n j-l
B=12.303 [[H*] +[OH ]+ TAZZ(}' - i)zocjoci] (2.161)

=0 =0

The as are given by Equation (2.157) or Equation (2.126a) through Equation
(2.126d) for a diprotic weak acid.
Let us apply the above approach for a diprotic weak acid (carbonic acid). Thus,

n=2 w:% %:[H+]2+K1[H+]+KIK2 (2.162a)
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FIGURE 2.19 Buffer capacity as a function of pH for carbonic acid.
B=2.303 { [H']+[OH ]+ TA(0:,01, + 401,00, + 0001} (2.162b)

Figure 2.19 shows a plot of B as a function of pH for carbonic acid. As shown
in Figure 2.7 for a monoprotic weak acid, the localized maxima for a diprotic weak
acid occur at pH=pK,  and pH=pK,,.

2.4 SPARINGLY SOLUBLE SALTS

2.4.1 SovrusiLiTy Probuct CONSTANT AND SOLUBILITY
OF SPARINGLY SOLUBLE SALTS

The following equilibrium reaction is given for a sparingly soluble ionic salt, M, Y,
which saturates in water:

MY, — M7 +yY™*
The mathematical equilibrium expression is given by:
K, = M2 Y™ ) (2.163)

where K, is the solubility product.

If the product of two ion concentrations (ion product, IP) is equal to the K, no
precipitation of the salt occurs and the solution is said to be saturated. If IP > K,
the salt precipitates, and if IP < K, the solution is not saturated. As seen in
equilibrium equation, one molar concentration of M,Y, produces x molar concen-
tration of M*™ and y molar concentration of Y™ When common ions are added
to the equilibrium solution, the equilibrium will shift according to Le Chatelier’s
principle, based on the changes in the concentrations of M* and Y™ In this case,
the solid does precipitate. Using this principle, quantitative precipitation of the salt
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will occur. If S, is the molar solubility of a sparingly soluble salt, S, can be
determined from K,

K, =(xS,)(yS,)’ (2.164a)
K 1/(x+y)

S, :( XSPyJ (2.164b)
Xy

Example 2.17

Calculate the solubility of the salt, PbCl,, and the concentration of Pb*?> and CI- in
a saturated solution of PbCl,. When HCl is added to the equilibrium to have 0.4 M
of CI-, calculate the solubility of the salt. KSp =1.6x107.

Solution
Before adding HCI,

PbCl, == Pb"” +2CI

[x=1, y=2]

S, =(1.60x107/4)"” =1.59x107°M

After adding HCI, the concentration of CI~ in water is 0.4 M and the solubility
of the salt is given by:

[CI"TP[Pb™] = (0.4)*S, =1.60x 107
S, =1.0x10"*M

2.4.2 SOLUBILITY OF SPARINGLY SOLUBLE SALTS OF WEAK AcCIDS
OR WEAK BASEs

When the conjugate base of a monoprotic weak acid forms a sparingly soluble salt,
the conjugate base will be hydrolyzed as follows:

MX(s) —— M"'+X~
X +H,0 &= HX+OH"
There are five species in the solution: M*, X-, HX, H*, and OH~. The concen-

tration of these species in the solution can be determined as previously described:
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1. Equilibrium:
K, =[M"][X"]

K _ K, _ [OHJ[HX]
K [X7]

2. Mass balance:
[M*]=S, =[HX]+[X"]
3. Electroneutrality:

[M"]+[H"]=[X"1+[OH]

(2.165a)

(2.165b)

(2.165¢)

(2.165d)

Inserting [X] from Equation (2.165a) and [HX] from Equation (2.165c) into

Equation (2.165b) yields:

K (S, K, /S,)OH"]
b K /S,

or SZ=K_|1+ Kb_ =K 1+[H+]
° P [OHT] » K

a

Example 2.18

(2.166)

(2.167)

Calculate the pH of a saturated solution of silver acetate in water. K =2.3% 107

and K, =1.74x107".

Solution
AgAc(s) == Ag'+Ac”
Ac +H,0 &= HAc+OH"
K, =[Ag'][AcT =8 =2.3%107

[Ag']=[Ac ]=4.8x107M

Subtracting Equation (2.165) from Equation (2.166) yields:
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[OH™]-[H"]=[HAc]

Assuming that [OH]>>[H"*], we obtain [OH™]=[HAc].
Equation (2.165b) becomes:

2
K
[OH|? :( K. ) =K,[Ac"]= Ac"]1=2.76x107"

[H'] ?j[
[H']1=1.90x10°M
pH =8.72
The assumption of [OH]>>[H"] is a valid one (5.3x10°M >>1.90x107
M).

An ampholyte may form a sparingly soluble ionic salt with a metal ion (e.g.,
silver sulfamethazine and silver sulfamethizole). The salt dissociates as follows:

MY(s) — M"+Y"~
Y +H,0 == HY+OH"
HY+H" &= H]Y+H,0

The equilibrium and mass balance equations are given by:

K, =M"Y"] (2.168a)
a= HJHY] (2.168b)
‘ [HyY]
[H[Y"]
== 2.168
a2 [HY] ( C)
[M*]=S, =[H]Y]+[HY]+[Y"] (2.168d)

Substituting [Y ] from Equation (2.168a), [HY]from Equation (2.168c), and
[H;Y] from Equation (2.168b) into Equation (2.168d) yields:

+72 +
S: :Ksp[ [H] +[H]+1] (2.169)

a2 a2
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FIGURE 2.20 Equilibrium values of [Ag*]*/[H*] versus [H'] (a) and [Ag']* versus
[H*] (b) for silver sulfamethazine in 0.1 M nitric acid and 0.05 M 2-(N-morpholino) pro-
panesulfonic acid buffers, respectively, at 0.1 M ionic strength and 25°C. [Graph reconstructed
from data by Nesbitt and Sandmann, J. Pharm. Sci., 67, 1012 (1978).]

At low and high pH values, [Y"] and [H;Y] are negligible when compared
to other species and Equation (2.174) becomes:

S? K, [H'] K,
o =—P 4+ T for low pH (2-4) (2.170a)
[H ] KalKaZ KaZ
, K [H'] .
S;=—2——+K_ for high pH (5-9) (2.170b)

a2

Figure 2.20a and Figure 2.20b display linear plots of Equation (2.170a) and
Equation (2.170b), respectively, for silver sulfamethazine at 0.1 M ionic strength
and 25°C.

2.4.3 ErrecT OF lONIC STRENGTH ON SOLUBILITY OF SPARINGLY
SOLUBLE SALTS

As shown in Equation (2.164b), the solubility of slightly soluble substances is simply
related to the solubility product (K,). However, the solubility is dependent on the
ionic strength of a solution. A slightly soluble salt dissolves in water:

AgBr(s) —— Ag"+ Br~ (2.171)

The thermodynamic solubility product K;’p, which is the product of the activities
of the ions, is:

Ky =a,.a_= (CAg+YAg+) (Co ¥y )= Ksp( yAg+yBr_) 2.172)

where K, is the apparent solubility product, which is (CA +CB 7).
g T
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Taking the logarithm of Equation (2.172) yields:

K
—log ( YAgﬁBr,) =log (Kff’ J (2.173)

P

Combining Equation (2.78) and Equation (2.79) into Equation (2.173) gives:

1/2
—logy, =log [K:}’] =051zz \u (2.174)
sp

For a 1:1 electrolyte such as AgBr, the solubility product is directly related to
the solubility of the ions:

~log y, =log (si) =0.51z,z_\u (2.175)

where S and S° are the apparent and thermodynamic solubilities in mol/L, respec-
tively. S° is the solubility of the slightly soluble salt for zero ionic strength (i.e.,
pure solvent) and can be determined by extrapolating log S as u—0. Equation (2.175)
shows clearly that an increase in the solubility of the ion results from an increase
in the ionic strength of the solution. This is called the “salting-in” effect.

As the ionic strength of the solution increases further, Equation (2.175) may no
longer be consistent with the experimental data and thus Equation (2.175) is modified
as:

log (si) =051z, Ju-Ku (2.176)

When the ionic strength of the solution is high, the first term on the right-hand
side of Equation (2.176) is negligible and Equation (2.176) then becomes:

log (si) =—K'u (2.177)

where the value of K’ is dependent on the size of the solute and the nature of the
electrolyte present. Equation (2.177) shows that the solubility decreases with an
increase in the ionic strength. This is called the “salting-out” effect.

The effect of ionic strength on the solubility of sparingly soluble salts can be
applied to the solubility of proteins. Figure 2.21 shows the effect of the ionic strength
of various salts on the solubility of horse hemoglobin. The solubility of the protein
increases as the ionic strength increases [Equation (2.175)]. Then, the solubility goes
through a plateau and a maximum [Equation (2.176)] before decreasing with increasing
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FIGURE 2.21 Effect of ionic strength on the solubility of horse hemoglobin. [Graph recon-
structed from E. J. Cohn, Chem. Rev., 19, 241 (1936).]

ionic strength [Equation (2.177)]. However, the shape of the solubility curve is
dependent on ionic species [i.e., Na,SO, and (NH,),SO, show pronounced effects].
The salting-out effect is an invaluable technique in the purification of proteins from
solutions. Individual proteins may have different salting-out characteristics. A single
protein from a mixture of proteins can be precipitated out by carefully selecting the
ionic strength of the protein solution.
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PROBLEMS

10.

11.

12.

13.

14.

15.

Calculate the pH of a mixture containing 0.001 M HCl and 0.01 M benzoic
acid ( pK, =4.2).

1.3 x 10 M of HClI is added to a mixture containing 10~* M NaOH and
10 M benzoic acid ( pK, = 4.2). Find the pH of the resulting solution.

Find the pH of a buffer that is prepared by mixing 100 mL of 0.2 M
NaOH and 150 mL of 0.4 M acetic acid.

How many mL of 0.45 M NaOH solution should be added to 45 mL of
0.12 M H,PO, to prepare a buffer of pH 6.87 Calculate the buffer capacity
of the buffer solution.

Derive the buffer capacity equation of a solution containing a weak base
and conjugate acid.

Calculate the pH of a 0.005 M solution of sodium captoprilate (Na,A);
pK,, =3.8 and pK,,=9.38.

Derive the buffer capacity equation of a solution containing two weak
acids.

Determine the isoelectric point of cystine ( pK,, =1.65, pK , =2.26,
pK,,=7.85 pK,6 =9.85).

When 10 mL of a 0.02 M KH,PO, are added to 10 mL of Na,HPO,
solution, the resulting solution has a pH of 6.85. What was the molarity
of the Na,HPO, solution?

0.01 M NaOH was added to a buffer containing 0.1 M sodium acetate and
0.1 M acetic acid. What is the buffer capacity of the solution?

Calculate the pH of the resulting solution after adding 10 mL, 25 mL,
and 50.2 mL of 0.1 M NaOH to 50 mL of 0.1 M acetic acid.

Find the pH of a 5 x 10~ M solution of an ampholytic drug ( pK,, =4.6,
pK, =9.1).

Calculate the buffer capacity of 0.1 M sodium carbonate and 0.1 sodium
bicarbonate.

Calculate the pH of 0.1 M (NH,),HPO,.

Find the pH of 0.01 M Na,A (e.g., sodium deferoxamine succinamide:
pK,, =5.13, pK,=8.60, pK,=9.24, pK 6 =9.98).
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16.

17.

18.

19.

20.

Calculate the isoelectric point of aspartic acid ( pK,, =2.05, pK,, =3.87,
pK, =10.00).

Calculate the solubility of AgAc ( pK, =2.64, pK, =4.8) in dilute HCI
as a function of [H'].

Derive the buffer capacity equation of a solution containing a weak base
B and its conjugate acid BH*.

Calculate the pHs of 0.1 M aspartic acid (acidic amino acid), 0.1 M glycine
(neutral amino acid), and 0.1 M arginine (basic amino acid) in pure water.

Calculate the hydroxyl ion concentration of a 0.1 g/1000 mL monoprotic
weak base in 0.9g /100 mL NaCl solution. The molecular weight of the
base is 547 and pK, K =8.6.
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3 Solutions and
Distribution

Pharmaceutical products can be classified as liquid solutions, disperse systems (e.g.,
emulsions, suspensions), semisolids (e.g., ointments), and solid dosage forms. Liquid
solutions are homogeneous mixtures of one or more substances in pharmaceutical
liquids. The understanding of the physicochemical properties of liquid solutions and
processes to prepare the liquid solutions is an important step in preparing final liquid
solution dosage forms. In this chapter, the solutions of gases in liquids, liquids in liquids,
and solids in liquids, as well as colligative properties of solutions and their application
to pharmacy, are discussed. Disperse systems will be discussed in Chapter 4.

3.1 SOLUTIONS OF SOLIDS AND NONVOLATILE
LIQUIDS IN LIQUIDS

3.1.1 IDEAL SOLUTIONS

Consider a system consisting of a completely miscible solution of solute and solvent
in all proportions. One should consider dissolution of solids in liquids as occurring
in four steps:

The solid is heated to its melting temperature

The solid is liquefied

The liquefied solid is super-cooled to the experimental temperature
The super-cooled liquid is mixed with the solvent.

Sl ol e

When it is placed at a temperature below the melting point of the solute (i.e.,
the solute becomes a solid), the solubility of this solid in a given liquid solvent is
therefore limited. Thus, the two phases at equilibrium are the saturated solution
containing the solute and the solid solute. At equilibrium, the chemical potentials
of the solute in the saturated solution and the solid are equal to:

wy(T,P,x) =W (T,P) (3.1

where the subscript 2 denotes the solute (i.e., the solvent is denoted by subscript 1),
the superscripts 1 and s represent the saturated solution and solid, respectively, and
T, P, and x are the temperature, pressure, and mole fraction, respectively. For an
ideal solution, the chemical potential of the solute in the solution can be given by:

Wy (T,P,x)=u(T,P)+ RT In x, 3.2)
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where L is the chemical potential of the pure liquid solute. Substituting Equation
(3.2) into Equation (3.1) yields:

W3 (T, P) = u3(T,P)+ RT In x, (3.32)

or

_ W (T,P)—p3(T.P)
)C2 =

In 3.3b
_T (3.3b)
Differentiating Equation (3.3b) with respect to T at constant P yields:
dlnx 1(9d 0
2= _R(aT(uz(T, P)—uS(T, P))/T) (3.4)
p

Substituting the Gibbs—Helmholtz Equation (see Chapter 1) into Equation (3.4)
gives:

1 AH
dlnx, _ § (3.5)
dT RT

where AH, is the enthalpy change of fusion of the solute and is independent of T
over a moderate change in temperature. Integration of Equation (3.5) from the
melting temperature T to T yields:

“Inx _AH (1 1) _AH(T,-T (3.6)
* RI\T T, R | TT '

Equation (3.6) illustrates that the solubility of a solid in a liquid depends on the
enthalpy change at T,, and the melting temperature of the solid. Equation (3.6) is a
valid one when T > T, because the liquid solute in an ideal solution is completely
miscible in all proportions. Table 3.1 shows the ideal solubilities of compounds and
their heat of fusion. Equation (3.6) is the equation for ideal solubility. The relation-
ship of In x, (ideal or nonideal solubility) vs. 1/T is shown in Figure 3.1.

Example 3.1

Calculate the solubility of phenanthrene at 20°C in an ideal solution. The heat of
fusion of the solute at 20°C is 18.6 kJ/mole; the melting temperature of the solute
is 96°C.

Solution
Using Equation (3.6),
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TABLE 3.1
Heats of Fusion and Ideal Solubilities

T AH; Ideal Solubility

m

Compounds (K) (kcal/mol) (mole fraction) Solvents

Biphenyl 299.2 4.02 0.39 0.392

Naphthalene 353.4 4.56 0.30 0.242
0.26°
0.22¢
0.214
0.09¢

Phenanthrene 373 3.94 0.25 0.192

Anthracene 490 6.88 0.011 0.006%

2 In benzene.

b In chloroform.

¢ In toluene.

4 In carbon tetrachloride.

¢ In water.

Source: Taken from data by Letcher and Battino, J. Chem. Ed., 78, 103 (2001).

4.0

Solubility, (x102)

L L L
29 30 3.

0.4

1 1 1 1 1 1 1 1 1 1 1
1 32 33 34 35 36 37
1/T (x10%)

FIGURE 3.1 Solubility of amoxicillin trihydrate in 0.5 M KCl vs. temperature. [Graph
reconstructed from data by Tsuji et al., J. Pharm. Sci., 78, 1059 (1978).]

—Inx, =

AH, (T -T _18.6><103(96—20)_1572
R TT 8.315x293%x369

ideal solubility by mole fraction = x, = 0.21
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Because there is a difference between the heat capacities of the solid and the
liquid solute, the heat of fusion at any temperature can be expressed in terms of the
heat of fusion at the melting temperature:

AH, = AH, - AC (T, - T) (3.7)

where AH —and AC  are the heat of fusion at the melting temperature and the
heat capacity, respectively. Substituting Equation (3.7) into Equation (3.5) and inte-
grating the resulting equation yields:

_AH (T, -T) AC,(T,-T) T

-1 —AC In-2 3.8
i RT, T RT PhT G8)

As the temperature gets closer to the melting temperature, the second and third
terms on the right-hand side of Equation (3.8) become negligible. Equation (3.8)
becomes equivalent to Equation (3.6), and AH  replaces AH,.

3.1.2 NONIDEAL SOLUTIONS AND THE SOLUBILITY PARAMETER

In solvents that are chemically similar to the solute (i.e., naphthalene/toluene), the
experimental solubility of the solute is very close to the ideal value. Either negative
or positive deviation from the ideal value occurs when the solute and the solvent
are chemically dissimilar. The nonideal behavior results from the differences in the
interactions between the solute and the solvent molecules (i.e., solute—solute, sol-
vent—solvent, and solute—solvent). The sum of these interactions usually becomes
positive, and having an incomplete mixing of all components results in a finite
solubility of the solute in the solvent. These deviations from ideal solution behavior
can be expressed by the activity coefficient of the nonideal solution. The activity,
a,, of a solute in a nonideal solution is the product of concentration, xé, and the
activity coefficient, v,, as:

a, =x,Y, 3.9)

For an ideal solution, y,=1 and a,=x,=x,. For a nonideal solution, the
solubility of the solute using the mole fraction is:

. _AH (T -T) AC/(T,-T)

—In
BRTTRT T RT

TT]
+AC I (3.10)

Intermolecular forces of attraction among the solute and the solvent (cohesion)
must be broken while intermolecular forces of attraction between the solute and
solvent (adhesion) must be required. Work must be done to randomly distribute the
solute in the solution. As the difference between the cohesive and adhesive forces
becomes larger, the solubility of the solute will be lower. The activity of a nonideal
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solution is dependent on the energy of mixing, which is small and provided by the
heat of its surroundings.

Theoretical treatments for the energy of mixing have been evaluated based on
several models (i.e., unexpanded gas, quasi-crystalline, distribution function). How-
ever, similar results can be obtained as:

AE_=- AE, + AE, —ZAE” 0,9, (3.11)
vV, OV, VY,

1

where AE  is the total energy of mixing, AE] is the energy of vaporization of the
compound 1, and ¢ is the volume fraction defined by ¢, =n,V,/(n,V,+n,V,),
where n is the number of moles, V is the molar volume at temperature T, and the
subscripts 1 and 2 represent the solvent and the solute, respectively.

The partial energy of mixing of the solute, AE_,, can be calculated by differ-
entiating the total energy of mixing with respect to the number of moles of the
solute, n,, ataconstant n;:

Aﬁmz :(aAEm] :_[AEl " AE, _2AE12) (plzvz (3.12)
’ on, N V v, \AZ

1

1

The cohesive forces between the solvent and the solute are expressed as the
geometric mean of the adhesive forces of the solute and the solvent as:

AE}, = | AE}AE} (3.13)

Substituting Equation (3.13) into Equation (3.12) gives:

AE" 12 AE" 127?
AEm,2=_(p12V2|:( Vl) —( sz } (3.14)
1 2

The term in the square root in Equation (3.14) is equal to a"?/V in the van
der Waals equation for a nonideal gas and liquid. A new term known as the solubility
parameter is defined as:

BNT) y 12 2
sz(% ] =(AH\:RTJ =(&] (3.15)

where AH" is the heat of vaporization. Substituting Equation (3.15) into Equation
(3.14) yields:

AEm,2 = _(p12V2 (51 - 62)2 (3.16)
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The Helmholtz’s net free energy of mixing, AA_,, of a solute in a solvent is

given by:

m,2 >

AA, = AEm,Z —TAS,=-RT Inv, (3.17)
where AS, is the entropy change transferred from a solute in a nonideal solution
to an ideal one of the same composition. The entropy of mixing is ideal because the

solute and the solvent molecules are randomly dispersed by sufficient thermal energy
(i.e., AS,=0). Then Equation (3.17) becomes:

Aﬁm’z =-RTInv, (3.18)
Substituting Equation (3.18) into Equation (3.16) and Equation (3.10) yields:

91V,(8, -8,

RT (3.19)

Iny, =~

(_AH (T, -T) ACT,-T) T, @V,(,-8)

—In
LTTRTT RT PUT RT

(3.20)

When 8, =39,, the heat of mixing becomes zero and Equation (3.20) reduces
to Equation (3.10). The solution then becomes ideal. If the difference of the solubility
parameters between the solute and the solvent is large, the solubility of the solute
will be less. One can intuitively use Equation (3.20) to choose a solvent or solvent
systems to dissolve the drug. Water is commonly chosen as the pharmaceutical
solvent. Thus, for a given drug, 52 and 81 are fixed. In order to increase or decrease
the solubility of the drug, the solubility parameter of the solvent can be changed by
using an additional solvent. When the additional solvent has a solubility parameter
smaller than that of water, the solubility parameter of the mixed solvents is less than
the one for water and the additive:

8mixlure = Z(Pisi (321)
i=l1

where @, is the volume fraction of component i and &, is the solubility parameter
of component i in the solvent mixture. As 9, of the solvent mixture gets closer to
82 of the solute, the solubility of the solute in the mixed solvent increases. When
8, =9, , the maximum solubility is obtained. Figure 3.2 shows the variation in the
solubility of a nonelectrolyte solute in a water—cosolvent mixture.

Example 3.2

Calculate the solubility of naphthalene in carbon tetrachloride at 20°C. The melting
temperature of naphthalene is 80.2°C, the heat of fusion is 4562 cal/mole, and the
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FIGURE 3.2 Variation of the solubility of a nonelectrolyte solute (caffeine) in a water—
dioxane mixture. [Graph reconstructed from data by Djei et al., J. Pharm. Sci., 69, 659 (1980).]

molecular weight is 128.6 g/mole. Assume AC_ =0. The molar volumes of naph-
thalene and carbon tetrachloride are 123 and 97 cm?, respectively. The heats of
vaporization of naphthalene and carbon tetrachloride are 11,500 cal/mole and 7810
cal/mole, respectively.

Solution

Equation (3.15) is used to determine the solubility parameters of the solute and the
solvent:

! V. 123

1

v_ 172 _ 12
SZ(AH RTJ :(11,500 1.987><293.2) o1

2 Y, 97

AHY —RT)  (7810—(1.987x293.2)\2
) =( ) =( - - ) =8.632
2

The solubility of naphthalene in carbon tetrachloride is calculated by Equation
(3.20). However, the volume fraction of the solvent, ¢, is unknown until x; is
determined. First, ¢, =1 is approximated. Then,

_AHL(T,-T)  ¢;V,(8,-3,)°

—In x;
RT T RT

_ 4562 (353.4 - 293.2) + 1x123%(8.632—9.421)
1.987\353.4x293.2 1.987x293.2

—Inx, =1.334+0.131=1.465 x, =0.231
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Substitute x, into Equation (3.21) to estimate @,:

o= =XV 97x (1-0.231) 0724
(1-x)V,+x3V,  97x(1-0.231)+0.231x123

Substituting @, into Equation (3.20) gives:

123 % (0.724)* x9.193>

~Inx) =1334+
582.6

=1.403 x;=0.246
After the fifth iteration, the solubility of naphthalene in carbon tetrachloride is:
x, =0.248

m X, 0.248
1000 x; M, 153.8x(1-0.248)

mole concentration =

=2.144 mole / kg solvent

The solubilities of the solutes in an aqueous system determined from Equation
(3.20) are usually larger than experimental values, as shown in Figure 3.2. This
normally occurs for solutes (especially crystalline solids) in polar solvents. There
are many interactions between the solute and the polar solvent: self-association of
the solute or the solvent, solvation of the solute by the polar solvent, complexation
in solution, etc. A modification of Equation (3.20), known as the extended Hildebrand
solubility approach, has been developed. In this approach, it is assumed that the
activity coefficient is partitioned into two forces: van der Waals forces and residual
forces (dipole—dipole and hydrogen-bonding forces).

A solubility parameter based on dispersion forces (8,) can be calculated as the
summation of the intermolecular attraction forces (F) for all functional groups as:

dy F
8, = %“ (3.22)

where M, is the molecular weight of a compound and d is the density of the
compound. The molar attraction constants are expressed by (Ae-v,) where v, and
Ae are the contributions of the functional groups to the molar volume in the liquid
state and the molar energy of vaporization, respectively. Table 3.2 lists the F values
for functional groups of the compounds.

Intermolecular forces in the presence of water include the dispersion forces as
well as the dipole—dipole forces and the hydrogen-bonding forces. The hydrogen-
bonding component to the solubility parameter ( d,;) can be estimated as:
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TABLE 3.2
Molar Attraction Constants F for Functional
Groups of Chemical Compounds

F
Group (cal/cm®)2/mol
—-CH, 179
—CH, - 133
CH- 67
—CH- 0
—CH=CH- 231
—C¢H, — (o-, m-, or p-phenylene) 658
Saturated 5- or 6-membered ring 105
—OH Aliphatic hydroxyl 240
—-C(=0)O - Ester 303
—O— Ether 70

Source: Taken from H. Schott, J. Pharm. Sci., 73, 790 (1984).

5000md
o, = /7 3.23
= (3.23)

where m is the number of functional groups in a compound capable of forming
hydrogen bonds (e.g., hydroxyl, ether, and amine groups). For example, if there are
a ether groups, b hydroxyl groups, and ¢ primary amine groups in a compound,
m=a+b+c.

The total solubility parameter d. is calculated from the sum of the squares of
these three components as:

8, =8, +8; +3;, (3.24)

Table 3.3 lists the molar volume and solubility parameters of pharmaceutical
liquids and drug compounds.

The interaction energy of the solute with the solvent is not expressed as the
geometric mean of ¢, and @,, as shown in Equation (3.13), but as the polynomial
power series of the solubility parameter of the solvent. The coefficients of the
polynomial equation are determined experimentally by regression analysis. Figure
3.2 shows that the regressed (calculated) solubilities of caffeine in a mixture of water
and dioxane are in good agreement with the experimental values.

In all dissolution processes, the undissolved solid is dispersed in the solvent.
First, the undissolved solids are separated from one another; the process is always
endothermic. Second, the separated solid molecules are associated with the solvent
molecules; this process is always exothermic. The overall enthalpy, called the
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TABLE 3.3
Molar Volume and Solubility Parameters for Some
Liquid Compounds and Crystalline Drug Compounds

Molar Volume Solubility Parameter (cal/cm?)'/2

Compounds (L/mole) oy & S, 8;
Benzoic acid 101 8.9 3.4 4.8 10.7
Caffeine 144 10.1 3.5 9.1 14.1
Diethyl ether 105 7.1 1.4 2.5 7.7
Ethanol 59 7.7 43 9.5 13.0
Ethyl acetate 99 7.7 2.6 3.5 8.9
Ethylene glycol 56 8.3 54 12.7 16.1
Glycerin 73 8.5 5.9 14.3 17.7
Methanol 41 7.4 6.0 10.9 14.5
Methyl paraben 145 9.3 44 6.0 11.8
Naphthalene 123 9.4 1.0 1.9 9.6
1-Octanol 158 8.3 1.6 5.8 10.3
Phenobarbital 137 10.3 4.8 53 12.6
Sulfadiazine 182 9.5 4.8 6.6 12.5
Tolbutamide 229 9.7 2.9 4.1 10.9

Source: Data from A. Martin, Physical Pharmacy, 4" Ed., Lea & Febiger,
Philadelphia, 1993.

0

enthalpy of solution ( AH_ .
these two processes. The magnitude and sign of AHC .
temperature effect on solubility. If AH . = is positive, the overall process is
endothermic and an increase in solution temperature will increase the solubility of
the solids. The effect of temperature on solubility is reversed for negative AHY .
(i.e., exothermic).

In summary, the solubility of a solid in liquids is dependent greatly on the values
of AH; and T_ as well as the characteristics of molecular interactions between the
solute and solvent.

), which may be positive or negative, is the sum of
y are responsible for the

3.1.3 INTERMOLECULAR AND INTRAMOLECULAR INTERACTIONS
BETWEEN MOLECULES

As described in Section 3.1.2, intermolecular interactions between a solute and a
solvent or solvents play an important role to dissolve the solute molecule. A number
of intermolecular forces have been proposed that invariably contained the masses
of the molecules. The molecular properties of materials depend not on the quantity
of molecules but on the forces between molecules in close proximity to each other.
Intermolecular forces may be divided into three categories:

1. Coulombic forces (e.g., charge-to-charge interactions), including interac-
tions between charges and dipoles
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FIGURE 3.3 Molecular interactions. [Taken from J. N. Israelachvilli, Intermolecular and
Surface Forces, Academic Press, London, 1985.]

2. Polarization forces created by the induced dipole moments by the electric
fields of charges and dipoles in close proximity to the molecules

3. Quantum mechanical forms in nature, which give rise to covalent bonding
and to repulsive forces that are opposite to the attractive forces

When two charged molecules ¢, and q, are separated by the distance r (see
Figure 3.3), the free energy for the electrostatic or Coulombic forces between the
charges, f(r), is given by:

fr)= % (3.25)

where € is the permittivity of the vacuum (= 8.85x 1072C’°N"'n?) and ¢ is the
dielectric constant of the solvent. The Coulombic force, F(r), is given by differen-
tiating Equation (3.25) with respect to r:

_df®_ 99,
dr  dmeer’

F(r)= (3.26)

For the same charges, the free energy and Coulombic forces are positive, and
the charges are repulsive. For opposite charges, the free energy and Coulombic forces
are negative, and the charges are attractive. Equation (3.26) shows that the Coulombic
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TABLE 3.4
Dielectric Constants of Solvents at 25°C

Solvent Dielectric constant Solvent Dielectric constant
Water 78.5 Glycerin 40.1
Propylene glycol 32.0 (30°) Methanol 32.6
Ethanol 24.3 N-Propanol 20.1
Acetone 21.2 PEG 400 12.5
Phenol 9.7 Cottonseed oil 6.4
Acetic acid 6.2 Ether 4.3
Ethyl acetate 3.0 Benzene 2.3
Carbon tetrachloride 2.2 Hexane 1.9

forces are inversely dependent on the square of distance. One may consider that
NaCl or similar salts do not dissolve readily in water because of the strong Coulombic
interactions. However, Equation (3.25) and Equation (3.26) indicate that the Cou-
lombic interaction between ions is much weakened in a solvent by a factor of €.
Furthermore, the logarithm of the solubility of a salt in a solvent is inversely
proportional to the negative value of the solvent dielectric constant. The dielectric
constant is a function of temperature and ionic radii. Therefore, the large solubilizing
power of water for ions such as NaCl comes from its dielectric constant as shown
in Table 3.4. The dielectric constant of a solvent links to the ability to store charge
in the solvent.

Most molecules are neutral (no net charge) but polar because they possess an
electric dipole. For example, there is no net charge in the H,0 molecule, but it is
polar because the oxygen atom pulls the hydrogen’s electron so that the bonding
electrons are localized asymmetrically more on the oxygen than on the hydrogen.
Therefore, the oxygen atom shows more characteristics of a negative charge, and
the hydrogen atoms are more positively charged. The H,O molecule has a permanent
dipole. The dipoles of molecules vary with the nature of their solvents. The dipole
moment of a polar molecule, U, is given by:

U=q! (3.27)

where [ is the distance between the two charges —q and +q.

When two polar molecules are approaching each other, a dipole—dipole interac-
tion exists between them as with two magnets. The dipole—dipole interaction energy
is given by:

£(1,6,.0,,®) = —%[2 cosB, cosB, —sin@,sinB, cos®|  (3.28)

where u, and u, are two dipole moments at a distance r apart, 0 is the angle
between the dipole and the line intersecting the dipole center, and @ is the torsion
angle rotation.
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TABLE 3.5
Heat of Solution at 25°C

Solute AH,60n kcal/mole Solute AH,60n kcal/mole
HCI (g) -18.0 KCl +3.0
NaOH (c) -10.6 CH,COOH (1) -0.4
KI (c) +4.3 NaCl +1.0
Ca(OH), -2.8 Mannitol (c) +5.3

Note: c, crystalline.

The dipole—dipole interaction is not as strong as the charge—charge interaction
and does not strongly align polar molecules in the liquid state. The solubility of
alcohols, the lower organic acids, amines, esters, ketones, etc. in polar solvents such
as water are a result of dipole—dipole interaction. If a strong dipole—dipole interaction
exists between a solute and a solvent, the solute—solvent interaction may exceed the
sum of the solvent—solvent and solute—solute interactions. The excess interaction
energy is evolved as heat (e.g., PEG 6000 in water), leading to a negative heat of
solution (i.e., negative enthalpy change) (Table 3.5). Commonly, the larger negative
heat of solution substances have, the more soluble they are. However, when the sum
of the solute—solute and solvent—solvent interaction energies exceeds the solute—sol-
vent interaction energy, heat should be supplied to complete the dissolution process
(i.e., positive heat of solution). For example, sorbitol has a positive heat of solution.
As sorbitol dissolves in water, thermal energy is absorbed from the surroundings
and then the solution becomes cool. However, the magnitude and sign of the heat
of solution are solely indicative of the solubility of a molecule. There are other
factors affecting the solubility (e.g., spatial arrangement of the molecule).

As an ion and a dipole are separated by the distance r and the intermolecular
distance is much larger than the dipole distance, the ion—dipole interaction potential
is given by:

qu cos0

3.29
4mee 1’ .29

f)=-

The ion—dipole interaction energy is usually large so that the ion and the dipole
align each other. The dissolution of ionic molecules in polar solvents (e.g., water)
is due to the ion—dipole interaction (e.g., ZnCl in polyalcohol). When a dipole attracts
toward an oppositely charged ion, the comparable ion—ion bond energy in the solid
state is released.

A solvent that has the following properties could be a good solvent for electrolytes:

1. A high dipole moment

2. A small molecular size
3. A high dielectric constant
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No Electric Field Electric Field

FIGURE 3.4 Induced polarization.

Water exhibits all these properties for inorganic and organic salts. A highly polar
solvent, water tends to orient around small or multivalent ions and the angle 0 equals
0 and 180° near cations and anions, respectively. Therefore, water molecules bind
to ionic molecules known as solvated or hydrated ions. The bound water molecules
tend to interchange slowly with bulk water.

When the ion—dipole interaction energy is larger than the sum of the ion—ion
interaction of the solute and the dipole—dipole interaction of the solvent, ionic
molecules dissolve in water while giving off heat (i.e., negative heat of solution). A
typical example is the dissolution of KOH in water. However, KI dissolves in water
by absorbing heat from its surroundings because the sum of the ion—ion and
dipole—dipole interaction energies exceeds the ion—dipole interaction energy (i.e.,
positive heat of solution).

In the absence of an electric field, carbon tetrachloride, CCl,, possesses the
permanent dipole moment of zero because the bonding electrons are symmetrically
distributed around the carbon atom. The centers of positive and negative charges
coincide. Such molecules are called nonpolar molecules. However, when the mole-
cule is subject to an electric field, the electric charges in CCl, are distorted; this is
referred to as polarization. The centers of positive and negative charge do not
coincide, and a dipole is induced in the molecule by the distortion of the electric
charges. CCl, is now referred to as having an induced dipole moment. When the
electric field is removed, the symmetrical distribution of electric charges in CCl, is
restored (Figure 3.4). The energy of the dipole-induced dipole interaction is given by:

_ pPo(1+3c0s26)
2(4mee, )1’

fr)= (3.30)

The induced dipole moment depends on the electric field strength and the
structure of the molecule. Charge-induced dipole interactions occur between a
charged ion and polarized molecules. A molecule possessing conjugated double
bonds is readily polarized. Examples of solutions due to the dipole-induced dipole
interaction are benzene in methanol, chloral hydrate in CCl,, and phenol in mineral oil.

There are interactions between neutral molecules with zero or small permanent
dipole moments, referred to as induced dipole-induced dipole interactions. Even
though a molecule has no or a small dipole moment, the electric charge distribution
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in the molecule instantaneously fluctuates. The instantaneous dipole can induce a
dipole in a nearby molecule. Interactions between the induced dipole and induced
dipoles are called London attractive interactions. As the atoms or molecules are
closer, the instantaneous dipole-induced dipole interaction energy is more negative
as given by:

3hvo’
4(4mee )’r°

f(r)=- (3.31)

Thus, the interaction force between them is always attractive.

If a solvent and solute are nonpolar, the interaction force between them is of
the van der Waals type (= 1 kJ/mole) where as the distance between them becomes
closer, the interaction energy increases rapidly to the twelfth power of the distance.
The induced dipole-induced dipole interaction mainly accounts for the dissolution
of nonpolar solutes in nonpolar solvents such as paraffin in petroleum benzin or wax
in CCl,. The net heat of solution becomes zero or very small for nonpolar systems
when the solute and solvent molecules are of similar size and structure. In this case,
the interaction energies of solute—solute, solvent—solvent, and solute—solvent are of
the same magnitudes. Materials that can be soluble with zero heat of solution are
often called ideal solutions.

An unusual type of bonding by hydrogen is exhibited in certain circumstances
where a hydrogen atom covalently bound to one electronegative atom can form a
weak bond to the atom (i.e., hydrogen bond). The hydrogen atoms tend to be
positively polarized and can interact strongly with neighboring electronegative atoms
due to their small size. The hydrogen atom in a molecule should be an electron
acceptor to be able to form hydrogen bonds. The electron donors are atoms of the
most electronegative elements (e.g., O, N, F). Hydrogen atoms bound to small
electronegative atoms (e.g., CH,) do not form hydrogen bonds.

A simple hydrogen compound of oxygen (i.e., H,O) is anomalous in physical
properties from the homologous compounds in the same column of the periodic
table. For example, H,O has a boiling point of 100°C, whereas those of the analogous
compounds with sulfur, selenium and tellurium are —62, —42 and 0°C, respectively.
The key to this abnormal behavior lies in the hydrogen bond formation of water.
Other abnormal properties of hydrogen bond molecules are a high viscosity and a
high entropy of vaporization. The high entropy of vaporization results from the
breakup energy required for the ordered clustered molecules in liquid water to
vaporize. The hydrogen bond energy is around 15-20 kJ/mole, which is stronger
than a van der Waals energy but weaker than covalent bonds, which have a bond
energy of about 400 kJ/mole. Hydrogen bonds are readily broken by raising the
temperature. Hydrogen bonds can be formed intermolecularly (two different mole-
cules) as well as intramolecularly (identical molecules).

The alcohols (i.e., ROH) form hydrogen bonds, but the extent is less notable
than that for water because alcohols have only one hydrogen atom in the molecule,
whereas water has two. There is no limit to how many molecules can be bound
together by hydrogen bonds in alcohol and water. Carboxylic acids (RCOOH) such
as formic acid, acetic acid, and benzoic acid, are expected to form double molecules.
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In macromolecular and biological systems, such as proteins and nucleic acids,
hydrogen bonds occur with O and N possessing unshared-pair electrons. The hydro-
gen bonds link different segments together within protein molecules and play an
important role in the stability of the DNA molecule by holding two helical segments
together.

The hydrogen atom of water molecules forms hydrogen bonds with the oxygen
atoms of two other water molecules, and the oxygen atom of the water molecule
forms hydrogen bonds with two hydrogen atoms of two other water molecules.
Therefore the network of water molecules, which is not rigid, is formed. If a nonpolar
molecule such as hexane and water are brought together, some hydrogen bonds in
the network have to point towards the nonpolar solute molecule and are broken. The
hexane does not interact with water and does not form hydrogen bonds. To maintain
any of their hydrogen bonds, the water molecules around the hexane must orient
themselves and pack around it. Therefore, water molecules around the hexane reori-
ent themselves and become more ordered, resulting in a decrease in entropy, which
is thermodynamically unfavorable. So when two nonpolar molecules approach each
other in water, they will tend to cluster so that a negative entropy change will be
minimized by decreasing the contact area with water.

Such hydrophobic interactions are important characteristics of many biological
systems. Many biomolecules (e.g., proteins) possess both hydrophilic and hydro-
phobic features in the same molecule and are therefore called amphiphilic. Hydro-
phobic amino acids of proteins tend to be buried in the interior of the protein.
Hydrophilic amino acids are at the surface of the protein, exposed to solvent water.

3.1.4 PREDICTION OF SOLUBILITY

Aqueous solubility has been recognized as an important physicochemical property
in the pharmaceutical sciences. During the early stages of a drug discovery, a large
number of drug candidates are synthesized in very small quantities. In addition,
many homologues of drugs for each category of diseases may be investigated
experimentally. Quantitative structure—activity relationships have been employed to
develop new drug candidates. It is highly desirable to predict the physicochemical
properties (e.g., solubility, partition coefficient, absorption) of the drug candidates
without performing experiments when predicted drug structures are dealt with. There
are many theoretical approaches; the general solubility equation (GSE), amended
solvation energy relationship (ASER), and in silico quantitative structure—property
relationships (QSPR) are briefly discussed herein.

GSE is used to determine the solubilities of pharmaceutical drugs in water by
using their solubility in octanol and the partition coefficient of the drugs in the
water—octanol system. Assuming AC =0 and/or a negligible difference between
the second and third terms in the right-hand side of Equation (3.8) and substituting
the enthalpy change at the phase transition with the entropy change at the phase
transition (i.e., AS_ =AH_/T_), Equation (3.8) becomes:

AS (T, -T)

RT (3.32)

—Inx, =
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AS_(T, —298.15)

at 25°C (3.33)
RT

or —Inx, =

Assuming that the entropy change of organic nonelectrolytes at the melting
temperature is given by Walden’s rule (i.e., AS_=56.6J/molK ), Equation (3.33)
then becomes:

—Inx, =—0.01(T, —298.15) = -0.01(t,_ —25) (3.34)

where t,, is the melting temperature in degrees Celsius. If solutes melt below 25°C,
the right-hand side term of Equation (3.34) is zero.

In a solute—solvent system of similar polarity (naphthalene in chlorobenzene),
Equation (3.34) can estimate the solubility of the liquid solute. If the polarities of
the solute and the solvent are very different (naphthalene in n-hexane), Equation
(3.34) should be modified. The partition coefficient in the water—octanol system can
be used for differences in polarities of the solute and the solvent. The partition
coefficient of a liquid solute, K, in the water—octanol system is defined as:

'WO?

K, =-° (3.35a)

where C, and C,, are the equilibrium concentrations of the solute in octanol and
water, respectively. When the solute is saturated in two phases, Equation (3.35a) can
be approximated by:

S
K, == 3.35b
s, ( )

wo

or logS, =logS, —logK_ (3.35¢)

where S, and S, are the solubilities of the solute in octanol and water, respectively.

The solubility of a liquid solute in octanol can be determined in terms of
solubility parameters of the solute and octanol, as shown in Equation (3.20). How-
ever, the solubility parameters of liquid solutes (i.e., AH") are generally unknown
or are close to that of octanol and thus the liquid solutes are expected to be completely
miscible with octanol. The critical solution temperature (T,) of a nonideal solution
of similar size solutes for complete miscibility is given by Hildebrand:

T - VG -8,

3.36
; R (3.36a)

where V is the average molar volume of the solute and octanol. Assuming that V is
equal to the molar volume of octanol, Equation (3.36a) becomes:
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2
T :138(21.1—52) (3.36b)
¢ 2R
The complete miscible solution will be obtained when the temperature of the
solution is >T,,. Equation (3.36b) indicates that any solute having a solubility
parameter ranging from 15.1 to 27.1 will be completely miscible with octanol at
25°C. The molar solubility of the liquid solute in octanol is equal to:

molarity of octanol _~ 827g/L 318 (3.37a)
2 2x130g/mol '

liquid __
S =

or log S"" = 0.50 (3.37b)

In Equation (3.37a), it was assumed that complete miscibility relates to a mole
fraction of 0.5 for each component.

The ratio of the solubility of a crystalline solute to that of its liquid is equal to
the ideal solubility and thus, in octanol:

solid
. X -
solid __ gliquid 2 _ Qliquid
SO - So xliquid - So x2 (338)
2

Substituting Equation (3.34) and Equation (3.37b) into Equation (3.38) and
taking the logarithm of the resulting equation yields:

log S =0.5-0.01(t,, —25) (3.39)

The solubility of a liquid solute in water can be calculated by substituting
Equation (3.37b) into Equation (3.35c¢):

log S¥" =0.5-1og K, (3.40)
Similar to Equation (3.38), the solubility of a crystalline solute in water is given

by:

solid

soli iquid ¥ iqui
S}NId =Sivq ¢ xl?quid = S'lwq dxz (3.41a)
2
or log ¥ =0.5-0.01(t,, —25)—log K, (3.41b)

It is observed in Figure 3.5 that the experimental solubilities of solutes in water
are expressed by a regression equation [Equation (3.41c)] remarkably similar to
Equation (3.41b):
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FIGURE 3.5 Experimental aqueous solubility vs. calculated solubility using Equation (3.39).
[Graph reconstructed from data by Jain and Yalkowsky, J. Pharm. Sci., 90, 234 (2001).]

log S = 0.424-0.0102 x (t, —25)-1.031x logK,,  (3.41c)

ASER relates a property of a series of drug substances in a given condition,
such as solubility in water (S,) and partition coefficient in water-octanol mixture
(K,.), to a sum of solute descriptors as given by:

log S, =c+R, +sm +a ) of +bY Bk D ol x Y BI+vV, (3.42)

where c is a constant, R, is an excess molar refraction [(cm?*/mol)/10], n;’ is a

combined dipolarity/polarizability, ZOLI; is the overall hydrogen bond acidity,

Z [3’; is the overall hydrogen bond basicity, and V, is the McGowan’s characteristic
molecular volume [(cm?*/mol)/100]. Hydrogen bond interactions between acidic and
basic sites in the compound, ZOL'; X ZB';, are incorporated in Equation (3.42).

R, and V, are determined by a separate formula based on structure, and other

descriptors ( T}, Z(Xl;, ZB? ) are obtained from experimental data.

The in silico QSPR is similar to the ASER but uses different molecular descrip-
tors. The descriptors are calculated directly from chemical structures and relate to
the solubility as:

log$S, =B, + Y Byx (3.43)
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where [, is a constant and P, is the coefficient for i descriptor, and x; is the i
descriptor. Eight descriptors include dipole moment, molecular surface area, molec-
ular volume, molecular weight, number of rotatable bonds/total bonds, number of
hydrogen bond acceptors, number of hydrogen bond donors, and density.

These models can predict the solubility of drugs in water with a satisfactory
degree of accuracy. These models can serve as a guide in the early stage of drug
development of appropriate analogs. However, there are advantages and disadvan-
tages to each model depending on how easily one can obtain the values of descriptors
and how complex the drug molecules are.

3.1.5 SovusiLizaTioN oF WEAK AciDs OR WEAK BASES
IN COSOLVENT SYSTEMS

When cosolvents are added to water, they usually increase the solubility of drugs.
In some cases the addition of a cosolvent into water will decrease the solubility of
adrug. Cosolvent systems have been used in the design of topical, oral, and parenteral
dosage forms. Unlike the solubilization of drugs by micelle or inclusion complex-
ation (see Section 3.5.4 and Section 3.5.5), cosolvent systems form homogeneous
solutions with water. The increase or decrease in the solubility of the drug will be
dependent on the polarity of the drug with respect to water and the cosolvent. Thus,
the polarity of the mixture is between that of water and that of the pure cosolvent.
The molar solubility of a solute in pure water can be written as:

. _AH (T, -T)

—Inx,
: RT T

+Invy,, (3.44a)

where x;  and v, are the solubility of the solute and its activity coefficient in
water, and AC = of Equation (3.10) is assumed to be very small. The molar solubility
in a pure cosolvent can be written similarly as:

. _AH (T —T)

—Inx,,
’ RT T

+Iny,, (3.44b)

When the solubility of a mixed solvent is logarithmically additive, the solubility
of the solute in a mixed cosolvent system, x) , is given by:

2,m’
“Inx, =g nxl +(1-¢) Inxl, (3.45)

where @, is the volume fraction of the cosolvent.
Substituting Equation (3.44a) and Equation (3.44b) into Equation (3.45) yields:

. AH (T -T)
_lnx —_ m~m 7

m RT.T  TIn7,, +0¢, =-Inx, —00, (3.462)
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FIGURE 3.6 Solubilization of hydrocortisone butyrate in water/propylene at 25°C. [Graph
reconstructed from data by Yip et al., J. Pharm. Sci., 72, 776 (1983).]

where c=Iny, —Invy,, (3.46b)

Equation (3.46a) indicates that the solubility of the solute in a mixed solvent
system increases as the volume fraction of the cosolvent increases. Figure 3.6 shows
the solubilization of hydrocortisone butyrate in a water/propylene glycol system.
From the plot of Equation (3.46a), In x; =~ vs. ¢ the slope is defined as the
solubilizing power, ©, of the cosolvent for the solute. The solubilizing power is

related to the partition coefficient of the solute in a water/octanol system, K, as
follows:
K,, =0 = (3.47)
sw Y2,0

where v, is the activity coefficient of the solute in octanol. Taking the logarithm
of Equation (3.47) and combining the resulting equation into Equation (3.46b) yields:

o=logK,  +(ogy,, —logvy,,) (3.48a)
Equation (3.48a) can also be rewritten as:
c=logK  —logK_ (3.48b)

where K is the cosolvent/octanol partition coefficient of the solute. Equation
(3.48b) is further simplified to:

6=SlogK, +C (3.48¢)
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where S and C are the constants for the cosolvent. It was assumed in Equation
(3.48c) that for nonpolar drugs the partition coefficient of the drug in the
octanol/cosolvent system is much smaller than that in the octanol/water system and
log K is directly proportional to log K . For the propylene glycol system, S =
0.89 and C = 0.03 for nonpolar and slightly polar solutes, respectively.

If a drug is a weak acid, the concentrations of the un-ionized species, [HAJ,
and the ionized species, [A™]°, in a water/cosolvent system are in equilibrium and
the total solubility, [HA]S , in the water/cosolvent system is given by:

[HAT,, =[HAJ] +[A7] (3.49a)

Using Equation (3.46a), the solubility of the un-ionized and the ionized drug in
a mixed solvent system is given by:

[HAJ® =[HA], 10%% (3.49b)

[A] =[A7], 107~ (3.49¢)

where oy, and G, are the solubility powers of the un-ionized and the ionized
drug, respectively, and [HA],, and [A7],, are the concentrations of the un-ionized
and the ionized drugs in water, respectively. Incorporating Equation (2.9) into Equa-
tion (3.49c) and substituting the resulting equation into Equation (3.49a) yields:

[HAJ, =[HAJ,10°%% +[HA] 10"

tot

o [H']
o (3.49d)

The total solubility of weak acid in a water/cosolvent system [HA]; can be
determined by the solubility of the un-ionized species in water, the solubilizing
powers, the hydrogen ion concentration, and the dissociation constant of the weak
acid. Equation (3.49d) illustrates that the total solubility of the weak acid will
increase exponentially with respect to the volume fraction of the cosolvent. Even
though the solubilizing power of the cosolvent for the un-ionized species is usually
larger than that of the ionized species, the solubilization of the ionized species is
very important in determining the total solubility when pH-pK, >06,, — c, -
For weakly basic drugs (i.e., B), Equation (3.49d) becomes:

tot

[BI, =[B], 10°% +[B*H], 10°%"% —[Ej] (3.49%)

Figure 3.7 demonstrates that the total drug solubility of flavopiridol increases
exponentially as the volume fraction of the cosolvent (i.e., ethanol) increases. As
expected from Equation (3.49¢), the solubility lines at the different pHs are parallel
to one another.
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FIGURE 3.7 The total solubility of flavopiridol in a water/ethanol system. [Graph recon-
structed from data by Li et al., J. Pharm. Sci., 88, 507 (1999).]

FIGURE 3.8 Pseudo—steady state concentration gradient within a diffusional boundary layer.

3.1.6 DissorLutioN KINETICS OF SoLips IN LiQuips

When a solid dosage form is introduced into the gastrointestinal tract, it disintegrates
into fine particles. The effectiveness of the systemic absorption of a drug is strongly
dependent on the dissolution rate of the solid drug. The dissolution of the drug in
the gastrointestinal fluid is the rate-limiting step in the bio-absorption of low-
solubility drugs. The dissolution process of the spherical particles is illustrated in
Figure 3.8. In order to establish the mathematical expressions for the dissolution of
the solid particle, the following assumptions are made: the particles are spherical
and dissolve isotropically; there is a stationary boundary layer of constant thickness
around the solid particle; the bulk concentration (C,) is kept at zero (i.e., sink
condition); and there is no accumulation of the dissolved drug within the boundary
layer (i.e., pseudo—steady state approximation).
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The rate at which the solid drug dissolves may be written as:

dt or

(3.50)

where dM/dt is the dissolution rate, D is the diffusion coefficient, S is the surface
area, and r is the radial distance.
Integration of Equation (3.50) yields:

a+h 0
Jizr:_ 4nD Jac (.51)
2 dM/dt

C

s

where a and h are the particle radius and the boundary layer thickness, respectively.
Equation (3.51) results in:

-1
M=4npcq( ! _1) (3.52)
dt \a+h a

where C; is the solubility.
Given a drug of density p, the mass balance expression for the dissolving particle
is given by:

M _ a2

— 3.53
dt P dt (353)

Substituting Equation (3.53) into Equation (3.52) and rearranging the resulting
equation gives:

DC, dt:az( ! —1)da (3.54)
a+h a

Integrating Equation (3.54) yields:

DC
ph

st=a —a—h 1n(a°+h) (3.55)
a+h

where a, is the original particle radius.
Equation (3.55) is the relationship between the dissolution time and the particle
radius. The weight of a particle, w, is given by:

W:%na3p (3.56)
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Substituting Equation (3.56) into Equation (3.55) yields:

3W 1/3
pc. (3w )" (3w)" (4n) *h
sp=| e | |2V g RS (3.57)
ph 47p 47p 3w ) 0
+
47p
where w, is the initial weight of a single particle.
If a,>>h and a>>h, Equation (3.55) becomes:
1/3 1/3
DC, i —ac[3We] _[3% (3.58)
ph © 4mp 47mp
When h>>a_, Equation (3.55) is transformed to:
List —a, _a—h[ln(nal:)—ln(ui)] (3.59)
P

Applying the Taylor series expansion to Equation (3.59) and using only its first
two terms yields:

2 2 2 2
DC, 4 —a-h %_1(%) _i+1(i) Y )
oh % h 2th) n 2\h)| 2 n

Rearranging Equation (3.60) yields:

2/3 2/3
ZDCStzai_azz 3we | [ 3w (3.61)
4rnp 4mp

Equation (3.58) and Equation (3.61) are the Hixson and Crowell cube-root and
the Higuchi and Hiestand two-thirds—root expressions, respectively. The cube-root
and the two-thirds—root expressions are approximate solutions to the diffusional
boundary layer model. The cube-root expression is valid for a system where the
thickness of the diffusional boundary layer is much less than the particle radius
whereas the two-thirds—root expression is useful when the thickness of the boundary
layer is much larger than the particle radius. In general, Equation (3.57) is more accurate
when the thickness of the boundary layer and the particle size are comparable.

The total time required for the complete dissolution of a particle (i.e.,a=0),
T, is given by:

T=]§—2(ao—hln (a, +h)+hlnh) (3.62)

S
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FIGURE 3.9 Simulated particle dissolution profiles with various values of a_/h.

The dimensionless time, t/T, can be given by:

A b et
t_, a, a; a, h
T 1—h1n(1+a°)
a h

o

(3.63a)

Substituting Equation (3.56) into Equation (3.63a) yields:

/3 h /3
wl _h b w
t w, a, h{w,
T 1—h1n(1+a°)
h

a

o

(3.63b)

Figure 3.9 shows simulated dissolution profiles using Equation (3.63a) and
different values of a_/h. There are deviations from linearity as a_/h decreases.
The linearity usually extends to about 80% dissolution or higher.

For N monodispered particles, Equation (3.57) becomes:

3W0 1/3
DC 3w )" (3w )" aNmp) D
ot ( J —( ) —hina ) (3.64)

~| aNmp 4NTp ( IW J1/3+h
4Nmp

where W and W, are the total weight of the particles at time t and t =0, respectively.
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Example 3.3

A drug powder has uniform particle sizes of 500 um diameter and 75 mg weight.
If the solubility of the drug in water = 3 mg/mL, the density of the drug = 1.0 g/mL,
and the diffusion coefficient of the drug in water = 5 x 10° cm?/sec, calculate the
diffusion layer thickness when it takes 0.3 hours for the complete dissolution.

Solution
Substituting the information given above into Equation (3.62) yields:

T=ﬂ(a0 ~h In(a, +h)+h Inh)
DC

S

_ 1.0xh
5%107%x3%x107°

=0.3x3600=1080 sec

-3
(2.5 %107 —h In 2'5X10+hJ

By trial and error, h = 0.00072 cm.

3.2 SOLUTIONS OF VOLATILE LIQUIDS IN LIQUIDS
3.2.1 RaouLt’s Law

In a homogeneous solution of volatile liquids in all proportions (e.g., water/alcohol,
trichloromonofluoromethane/acetone), the partial vapor pressure of each liquid in
the vapor phase in an ideal solution is directly proportional to the mole fraction of
the liquid in the solution and the vapor pressure of the pure liquid (Raoult’s law):

p,=x,p; and p,=x,p) (3.65)

Example 3.4

What is the vapor pressure of a 60:40 w/w mixture of propane (MW = 44.1) and
isobutane (MW = 58.1)? Assume an ideal solution. The vapor pressures of propane
and isobutane are 110 and 30.4 psig at 70°F, respectively. If the vessel is large
enough, what is the vapor pressure and composition of the liquid mixture when the
last drop of the liquid mixture vaporizes?

Solution

Let us assume that there is a total of 100 g of the mixture (i.e., propane = 60 g and
isobutane = 40 g). Then, the mole fractions of propane (denoted as 1) and isobutane
(denoted as 2) are given by:

.o 60/ 44.1
' 60/44.1+40/58.1

=0.664 x,=1-x =0336

The partial vapor pressure of each liquefied gas is given by:
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FIGURE 3.10 Vapor pressure—composition curve: ideal (dotted line); positive deviation
(solid line) from Raoult’s law.

p, =x,p; =0.664 x110="73.0 psig, p, = x,p; =0.336 x30.4 =11.4 psig

Therefore the total vapor pressure is 73.0 + 11.4 = 84.4 psig. If the two liquids
vaporize except for the last drop, the mole fraction of each vapor is 0.664 and 0.336
for y, and y,, respectively.

p, =x,p] =x, X110 =yP=0.336xP
p, = X,p5 =X, X304 =y,P =0.664 xP

From the two equations above, P = 60.0 psig, so x, =0.36 and x, =0.64.

Figure 3.10 shows the vapor pressure/composition curve at a given temperature
for an ideal solution. The three dotted straight lines represent the partial pressures
of each constituent volatile liquid and the total vapor pressure. This linear relation-
ship is derived from the mixture of two similar liquids (e.g., propane and isobutane).
However, a dissimilar binary mixture will deviate from ideal behavior because the
vaporization of the molecules A from the mixture is highly dependent on the inter-
action between the molecules A with the molecules B. If the attraction between the
molecules A and B is much less than the attraction among the molecules A with
each other, the A molecules will readily escape from the mixture of A and B. This
results in a higher partial vapor pressure of A than expected from Raoult’s law, and
such a system is known to exhibit positive deviation from ideal behavior, as shown
in Figure 3.10. When one constituent (i.e., A) of a binary mixture shows positive
deviation from the ideal law, the other constituent must exhibit the same behavior
and the whole system exhibits positive deviation from Raoult’s law. If the two
components of a binary mixture are extremely different [i.e., A is a polar compound
(ethanol) and B is a nonpolar compound (n-hexane)], the positive deviations from
ideal behavior are great. On the other hand, if the two liquids are both nonpolar
(carbon tetrachloride/n-hexane), a smaller positive deviation is expected.

© 2004 by CRC Press LLC



If the attraction between the A and B molecules is stronger than that between
like molecules, the tendency of the A molecules to escape from the mixture will
decrease since it is influenced by the presence of the B molecules. The partial vapor
pressure of the A molecules is expected to be lower than that of Raoult’s law. Such
nonideal behavior is known as negative deviation from the ideal law. Regardless of
the positive or negative deviation from Raoult’s law, one component of the binary
mixture is known to be very dilute, thus the partial pressure of the other liquid
(solvent) can be calculated from Raoult’s law. Raoult’s law can be applied to the
constituent present in excess (solvent) while Henry’s law (see Section 3.3) is useful
for the component present in less quantity (solute).

The activity coefficient can measure the positive or negative deviation from
Raoult’s law:

P, =Yx,p; (3.66)
The activity coefficient can be written as a ratio of real to ideal partial pressures:

AE

—£ and =—
YA=AD

3.67
Vs AB (3.67)

When the activity coefficient is greater than 1, a positive deviation from Raoult’s
law occurs.

3.2.2 Two-CoMPONENT LIQUID SYSTEMS

When a small amount of liquid A is added to a large amount of liquid B at a given
temperature, a complete homogeneous solution is obtained. If a two-liquid system
has a large positive deviation from Raoult’s law, there will be a two-phase separation
in the system. When one keeps adding liquid A to a given amount of liquid B, two
liquid phases are observed after a certain point, and a homogeneous solution is no
longer maintained. Beyond this point, the two liquids are partially miscible with
each other: there is limited solubility of liquid A in liquid B and vice versa. The
two liquid layers are in equilibrium. In such conjugate solutions, one layer is liquid
B-rich (i.e., saturated concentration of A in liquid B) and the other layer is liquid
A-rich (i.e., saturated concentration of B in liquid A). For a given temperature and
pressure, the composition of A and B in the conjugate solutions is unique. Regardless
of the total amount of A and B added to the mixture, the compositions of two liquid
layers do not change as long as the experimental temperature does not change.
However, the amounts of the A-rich and the B-rich phases are dependent on the total
amounts of A and B.

Figure 3.11 shows the partial miscibility of a phenol-water system. At a given
temperature (e.g., 45°C), there is initially a homogeneous solution denoted point x,
which is an unsaturated solution of phenol in water. When more phenol is added to
the solution at the same temperature, the composition line (i.e., tie-line) moves to
the right horizontally. When the composition of phenol in water reaches point a, a
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FIGURE 3.11 Partial miscibility curve of phenol-water. [Graph reconstructed from data by
Campbell and Campbell, J. Am. Chem. Soc., 59, 2481 (1937).]

second layer, the phenol-rich layer (point b), will start to appear. As more phenol
is added to the given volume of water, the relative amount of water-rich phase (i.e.,
a) decreases while the amount of phenol-rich phase (i.e., b) increases. The compo-
sition of each layer (a and b) remains unchanged as long as the same temperature
and pressure are maintained at equilibrium. When the composition of phenol in
water exceeds b, the two layers disappear and the solution is a one-phase unsaturated
solution of water in phenol.

As the temperature increases, the compositions of the two layers come closer
together because the solubility of phenol in water or vice versa increases with the
increase in temperature. At the temperature of 66.8°C, for example, the compositions
of the water-rich phase and the phenol-rich phase are identical. There is one homo-
geneous solution whose composition is represented by c (e.g., 0.37 weight fraction
of phenol). The temperature t, is known as the critical solution temperature or upper
consolute temperature, above which two liquids in all proportions are completely
miscible.

The phase diagram shown in Figure 3.11 illustrates that all binary mixtures
confined within the composition line XYZ are made up of two layers, and the
mixtures outside the XYZ line contain one homogeneous phase solution. By either
increasing or decreasing the temperature, a single phase layer may be converted into
two phase layers, or vice versa. At a particular temperature, a one-phase homoge-
neous solution, point m, exists. Without changing the composition of the mixture,
the temperature is lowered. When the temperature reaches the XYZ line, the second
layer, whose composition is represented by d, will start to appear. Constant, vertical
composition lines (e.g., mn) are known as anisopleths. As the temperature continues
to decrease, the compositions of the conjugate solutions change. For a phenol-water
system, as the temperature is lowered, a phenol-rich phase and a water-rich phase
are formed. The proportion of the phenol-rich phase will increase as the temperature
decreases.
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FIGURE 3.12 The partial miscibility of nicotine—water. [Graph reconstructed from data by
A. Martin, Physical Pharmacy, 4* Ed., Lea & Febiger, Philadelphia, 1995. p. 41.]

Example 3.5

At 50°C, the concentrations of phenol in the water-rich phase and the phenol-rich
phase are 11 and 63% w/w (phenol/water), respectively. Then a total of 120 g of a
35:65 w/w (phenol/water) is mixed. Calculate the amount of the phenol-rich and
water-rich phases.

Solution

Let the amount of water-rich phase be S. Then the amount of phenol-rich phase is
120 — S. Take a mass balance of phenol:

120 g x 0.35 =S x 0.11 + (120 - S) x 0.63

The weight of the water—rich phase = S = 120 X 0.28 + 0.52 = 64.62 g

The weight of the phenol—rich phase = 120 — 64.62 = 55.38 g

Partially miscible binary systems usually happen at an upper consolute temper-
ature, but one may expect them to occur at a lower consolute temperature. Below
the lower consolute temperature, the two liquids become a homogeneous solution
in all proportions. In this case, the solubility of the two liquids decreases with an
increase in temperature. This large positive deviation from ideality leads to the
immiscibility of the two liquids. It may be counterbalanced by a large negative
deviation from ideality at the lower temperature, due to the formation of a compound
between the two liquids in the liquid state. At a higher temperature, a normal
solubility behavior occurs, as shown in Figure 3.11. It is common for binary systems
that have a lower consolute temperature to also exhibit an upper consolute temper-
ature. However, the inverse situation is not necessarily true. Outside the temperature
contour line, the two liquids are completely miscible but within the line, they are
partially miscible. Figure 3.12 illustrates the nicotine—water system, which has both
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FIGURE 3.13 The triangular diagram for a three-component system.

a lower and an upper consolute temperature. The increase in solubility as the
temperature decreases is presumably due to the strong interaction between the two
liquids.

3.2.3 THRee-COMPONENT LIQUID SYSTEMS

As a third liquid is added to the partially miscible binary liquid system, the ternary
(three-component) system is dependent on the relative solubility of the third liquid
in the two liquids. If the third substance is soluble only in one liquid of the original
binary mixture or if the solubility of the third in the two liquids is considerably
different, the solubility of one liquid in the others will be lowered. The upper
consolute temperature should be raised or the lower consolute temperature should
be lowered in order to obtain a homogeneous solution. On the other hand, if the
third substance is soluble to the same extent in both liquids of the binary system,
the complementary solubility of the two liquids is increased. This results in the
lowering of an upper consolute temperature or the elevation of a lower consolute
temperature.

An equilateral triangle, a symmetrical representation of the three liquids,
describes the composition of the third component in the partially miscible binary
system in which the third substance is miscible with each of the components of the
binary system. The third component is known as the blending agent. Each corner
of the X, Y, Z triangle represents the pure component X, Y, or Z, respectively. In
the equilateral triangle, the sum of the distances from point Q to the three perpen-
dicular sides is equal to the height of the triangle. Any point within the triangle
represents a system of three liquids. One corner of the equilateral triangle represents
100%, parts of each component by weight or mole of one pure component and the
other two represent zero, as shown in Figure 3.13. A point located in one of the
sides represents two components only. The distance from one corner to the center
of the opposite side of the equilateral triangle is divided into 10 or more equal parts
and a series of parallel lines are drawn in each side. Figure 3.14 shows a triangular
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FIGURE 3.14 Phase diagram of a ternary system (water—propranol—heptane) at 25°C. [Graph
reconstructed from data by Udale and Wells, J. Chem. Ed., 67, 1106 (1990).]

ternary system of water—propanol-heptane. An added third substance (i.e., heptane)
will distribute itself between water and propanol. It results in a two-conjugate ternary
system in equilibrium. As shown in a binary system (Figure 3.12), the tie-line can
be drawn to connect the compositions of two coexisting liquid phases in equilibrium.
The tie-lines need not be parallel to any side of the triangle or each other since the
solubilities of heptane in the two liquid phases are different. The tie-lines are
constructed experimentally. The phase p’ is in equilibrium with the other phase q'.
As the concentrations of the two phases become closer to each other, the tie-lines
eventually shorten and meet at one point, A, which is known as the isothermal critical
point (or plait point). The plait point is not always at the top of the phase equilibrium
curve. The relative amounts of each layer can be determined from the distances, p’a
and g'b, based on the gross composition, a, to the points, p” and q’ (i.e., lever rule).

3.3 SOLUTIONS OF GASES IN LIQUIDS (HENRY’S LAW)

A solution of a gas in a liquid is dependent on the pressure and temperature as well
as on the nature of the solvent and the gas. For a given pressure and temperature,
the amount of gas dissolved in a given solvent increases with the ease of liquefaction
of the gas. If a chemical reaction occurs during the dissolution of the gas in the
liquid solvent, the solubility of the gas increases. The solubility of gas is frequently
expressed by the Bunsen absorption coefficient, defined as the volume of gas reduced
at 0°C and at 1 atm, that is dissolved in a given volume of liquid at a given
temperature under a partial pressure of 1 atm for the gas.
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Example 3.6

The Bunsen absorption coefficient of carbon dioxide in water at 20°C is 0.88.
Calculate the solubility of carbon dioxide in water at 20°C and a partial pressure of
carbon dioxide of 0.54 atm.

Solution

The volume of dissolved CO, at 0°C under a pressure of 0.54 atm, assuming an
ideal gas, is given by:

V= 0.88L x 024 AM _ ¢ 4er

atm

The moles of dissolved CO, at 0°C and a pressure of 1 atm are given by:

PV 1amXO048L g or0 04 mole/L

T RT T 0.082x22.4L x 273K

The solubility of a gas is denoted in moles per unit volume of the liquid at a
constant pressure and considered as the equilibrium constant between the gas mol-
ecules in the solution phase and those in the gas phase. When gases dissolve in
water, this is accompanied by the generation of heat, resulting in a decrease of gas
solubility. If one replaces the equilibrium constant K in the van’t Hoff equation, the
effect of temperature on the solubility of a gas, o, can be written as:

dina. _ AHZ (3.682)
dT _ RT
or In| %2 |cAH[L1_ 1 (3.68b)
o) RI\T T,

where o, and o, are the gas solubilities at temperature T, and T,, respectively, and
AH is the enthalpy change on evaporation of the pure gas per 1 mole solution of gas.

For the ideal solubilities of gases in liquids, a similar approach to that taken in
Section 3.1 for the ideal solubilities of solids in liquids can be used and thus, Equation
(3.69), analogous to Equation (3.8), is obtained:

_AHT - AGT =D T (3.69)
T

—Inx,
RT,T RT :

where AH, is the heat of vaporization at the boiling temperature T,

The amount of gas, w, dissolved in a unit volume of solvent at a constant
temperature is expressed by Henry’s law, which states that the equilibrium solubility
of a gas in a liquid is directly proportional to the pressure above the liquid:
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w=kp or p,=xH, (3.70)

where p is the equilibrium pressure, k is the constant, x; is the mole fraction of the
gas i, and H,, is the Henry’s constant of the gas i.

Equation (3.70) is applicable to a dilute concentration of the gas. If a mixture
of gases is dissolved in a liquid, the amount of each gas in solution is proportional
to its partial pressure, independent of the total pressure of the mixture. If the solvent
is volatile and the gas (liquefied) is treated as a solute, one can use Raoult’s law
(Section 3.2) to express the vapor pressure of the gas [Equation (3.65)]. In a dilute
solution, the mass of gas dissolved in a given volume (i.e., concentration) is pro-
portional to the mole fraction of the dissolved gas, and Henry’s law can be expressed
as:

x, =k’p, (3.71)

When k’=1/p;, Equation (3.65) and Equation (3.71) are identical and the
solution behaves ideally. For example, a liquefied gas has a vapor pressure of 54
atm ( p; ) at a given temperature. The gas is dissolved in a liquid solvent at a partial
pressure of 2 atm for the gas, for which the solubility of the gas is then calculated as:

X, = % =0.037 mole fraction k’= 5i4 =0.0185 atm™

However, most solutions of gases in liquids do not behave ideally. Again, the
activity coefficient can be considered as a measure of the deviation from ideality
(Henry’s law):

p=vxH, (3.72)

1 1

It can be related to vapor pressure as shown in Figure 3.15:

AC

AB (3.73)

v(atx, =x,)=
Example 3.7

Estimate the solubility of methane and oxygen in water and n-heptane at 25°C, given
the following data:
Solute T, (K) AH, (kcal/mol)

CH, 111.5 8.18
0, 87.3 6.83

Solution

The ideal solubilities of methane and oxygen in water and n-heptane are calculated
from Equation (3.66), assuming AC, = 0:
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Solvent Solute Xo(ideal) Xa(real)
n-Heptane CH, 0.004 0.0051
Water CH, 0.004 2.5 x 1073
n-Heptane 0, 0.0013 2.1x 103
Water 0o, 0.0013 2.3 x 107

The calculated ideal solubilities of the gases in n-heptane are very close to the
experimental ones, but the ideal solubilities of the gases in water are too large, giving
v>1.For y>1, there is a great difference in intermolecular forces between gas
and solvent.

3.4 COLLIGATIVE PROPERTIES

Upon dissolution of a solute in a solvent, the resulting solution will possess different
properties than that of the pure solvent. The properties of dilute solutions are
dependent only on the concentration of the solute and not on its identity. These are
called colligative properties (Latin meaning “tied together”). The four colligative
properties are freezing point depression, boiling point elevation, osmotic pressure,
and vapor pressure lowering.

3.4.1 FreezING PoINT DEPRESSION AND BOILING POINT ELEVATION

On cooling dilute solutions, the solvent usually separates as the solid phase. There
are two phases at equilibrium: solid solvent and liquid solution with a solute. Assume
that the solute does not dissolve in the solid solvent. The thermodynamic approach
to this equilibrium is identical to the one for saturated solutions as described in
Section 3.1.1. Following the same reasoning as in Section 3.1.1, Equation (3.1) to
Equation (3.6) can be applied to the solvent (component 1), and the freezing point
of an ideal solution becomes:
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Inx, =—2™2 SR (3.74)
R (T T

where x, is the mole fraction of solvent in the solution, AHm’1 is the latent heat
of melting of the solvent, and T, is the melting point of the solvent. Equation
(3.74) can be expressed in terms of the mole fraction of the solute:

AH  (T-T,, 375)
R T, T ’

The Taylor expansion is applied to In (1-x,)=-x, —1/2x; —1/3x; ---. Since
x, is much smaller than 1, only the first term of the expansion is kept. Equation
(3.75) is then simplified to:

n(lex,)=— _AH(T-T,, 176
xz)_xz_R T T (3.76)
m,l

In(1-x,)=

Since AT; =T _,-T, the freezing point depression is small in comparison to
T, and T T= T..,. Equation (3.76) becomes:

_ AH ﬂ

X.
2 R T;,I

(3.77)

The mole fraction of the solute in the dilute solution can be approximated by:

mo M MW m M (3.78)
n,+n, n, n /W  W/W /M

where n is the number of moles, W, is the mass of solvent, m is the molality, and

M is the molecular weight. Equation (3.78) can be rearranged to:

MRT:,
AT, =——"=m, (3.79a)
AH
Equation (3.79a) can be further simplified as:
AT, =K.m, (3.79b)

where K. is the freezing point depression constant:
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K - M RT?

3.80
f AH (3.80)

m,l

Each solvent has a different value of K., which is independent of the solute
identity. Equation (3.79b) can be applied to a mixture of solutes; in this case, the
sum of the molalities of all the solutes replaces m,. If the solute is an ionic species,
the total molality of all the species present in the solution must be accounted for.

When a nonvolatile solute is dissolved in a volatile solvent, the solution is at
equilibrium with the vapor phase. The thermodynamic condition for this equilibrium
is:

Wi (T,P,x)=u(T,P) (3.81)

Equation (3.81) is used in the same manner as Equation (3.1) in Section 3.1.1.
The freezing point depression method described above can be analogously applied
to the boiling point elevation. Equation (3.79a) then becomes:

M,RT;,
ATb:TH L,

v,1

(3.82a)

where AT, is the boiling point elevation, AH , is the heat of vaporization of the
solvent, and T, is the normal boiling point of the solvent. Equation (3.82a) is
further simplified:

AT, =K, m, (3.82b)
where K, is the boiling point elevation constant:

K - M RT;,

3.83
> AH (3.83)

v,1

Table 3.6 lists K, and K, for several solvents. In general, the higher the molar
mass of the solvent, the larger the values of K, and K,. If the freezing point
depression and boiling point elevation constants are known, the molecular weight
of the dissolved solute, M,, can be determined:

_ K, (or K, )W, (3.84)
> AT, (or AT,)W,

where W, is the mass of the solute.
Figure 3.16 is a phase diagram of the vapor pressure vs. the temperature in a
water—nonvolatile solute system and illustrates the freezing point depression and the
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TABLE 3.6
Freezing Point Depression and Boiling Point Elevation

Constants for Various Solvents

Solvent T,(CO  K;(°C/kg mole) T, (°C) K, (°C/kg mole)
Acetic acid 16.7 3.9 118.0 2.93
Acetone -94.8 2.4 56.0 1.71
Camphor 178.4 37.7 208.3 5.95
Chloroform -63.5 4.96 61.2 3.54
Ethanol -114.5 3 78.4 1.22
Water 0.0 1.86 100.0 0.51

1 atm

Vapor Pressure

Temperature

FIGURE 3.16 Phase diagram of pure water (solid lines) and of an aqueous solution contain-
ing a nonvolatile solute (dotted lines).

boiling point elevation. The dissolution of the solute in a solvent results in reduction
of the vapor pressure (see Section 3.2.1) according to Raoult’s law. The boiling point
of the solution must be higher than that of the pure solvent in order for the vapor
pressure to be equal to 1 atm. Points A and C represent the vapor pressures of the
solvent, p,, (= 1 atm), and the solution, p at temperature T,, respectively. The
lowering of vapor pressure is p_ —p. To increase the vapor pressure of the solution
to p,, the temperature of the solution must be raised by AT,. This same analogy
can be applied to the freezing point depression.

Example 3.8

Ethylene glycol is a common antifreezing agent. How much weight must be added
to water to prevent the formation of ice at —20°C? What is the concentration of
ethylene glycol in the solution?
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FIGURE 3.17 Osmosis process.

Solution
The freezing point depression constant for water is 1.86. Using equation (3.79b),

AT, =20=Km, =1.86m,
m,=20/1.86=10.75
m,=w,/M,=w,/62=10.75 w, =6606.5
The concentration of ethylene glycol in the solution is:
¢, =666.5/ (1000 + 666.5) x 100 = 40.0%w/w

3.4.2 OsmorTic PRESSURE

Solvent from a lower concentration solution will move spontaneously to a higher
concentration solution across an ideal semipermeable membrane, permeable only to
the solvent but impermeable to the solute. Although the solvent flows in both
directions, the rate of flow from the dilute concentration (or pure solvent) is much
faster than from the concentrated solution. This phenomenon is called osmosis. The
flow of the solvent can be reduced by directly applying pressure to the higher
concentration side of the membrane as shown in Figure 3.17. At a certain pressure,
equilibrium is reached, causing the movement of water to cease. This pressure is
called the osmotic pressure and is the sole property of the solution.

When equilibrium is reached, the chemical potentials of the pure solvent (or
dilute solution) and the concentrated solution are equal:

WT,P+m,x)=W (T,P) (3.85)

where 7 is the osmotic pressure. The left-hand side of Equation (3.85) can be
rewritten in terms of the pure solvent as:

W (T,P+m)+RTInx, = (T,P) (3.86)
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TABLE 3.7
Typical Osmotic Pressure

Concentration Osmotic Pressure

Compound mg/L moles/L (atm at 25°C)

NaCl 35,000 0.5989 27.1
NaCl 1,000 0.0171 0.78
Na,SO, 1,000 0.0070 0.41
MgCl, 1,000 0.0105 0.66
Sucrose 1,000 0.0029 0.095
Dextrose 1,000 0.0056 0.14

Source: Data from J. E. Cruver, in Physicochemical Pro-
cesses for Water Quality Control (W. J. Weber, Jr., Ed.),
Wiley-Interscience, New York, 1972.

We can express the chemical potential of the concentrated solution in terms of
the solvent as:

. . T+p
wW(T,P+m)=p (T,P)+J V,dp (3.87)
p

where V, is the volume of solvent. Substitution of Equation (3.86) and Equation
(3.87) into Equation (3.85) yields:

+p
—RT In (1-x,) =I V,dp (3.88)
p

For very dilute solutions, Inx, =In (1-x,)=—x,. Assuming a constant molar
volume of the solvent, the van’t Hoff equation can be derived from Equation (3.88):

nV,=n,RT or mw=cRT (3.89a)

where ¢ = n,/V, is the molar concentration of the solute.

As shown in Table 3.7, the osmotic pressure is high for various solutes. Ionic
salts have a much higher pressure than nonionic solutes. Theoretically the osmotic
pressure of an ionic salt is given by:

vV, =in,RT (3.89b)

where i is the number of ions that compose the salt, known as the van’t Hoff factor.
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Problem 3.9
Calculate the osmotic pressure of the saturated solution of phenobarbital sodium
(i=2.0). C =100 g/L, M = 254.2 g/mole, temp.=37°C.

Solution

RT
re20 X2 ~50 (100)(0.08205)(310)
V 254.2

1

=20.0 atm

If the salt completely dissociates, the number of ions present in solution is equal
to the number of ionic species in the salt. However, if the salt is incompletely
dissociated, the van’t Hoff factor is determined as follows:

actual number of particles in solution

1=
number of particles in solution before dissociation

If a solution contains N units of a salt (e.g., Mny), the salt dissociates as:
MXXy — M7 +yX™* (3.90)

If o is the degree of dissociation, N(1 — o) is the undissociated species present at
equilibrium with N(x + y)a ions in solution. Then the van’t Hoff factor is given by:

i:N(l_(X)—;N(X—i—y)(X=l—0€+(X+Y)0( (3.91)
and

i1
x+y-1

(3.92)

Experimentally, the van’t Hoff factor is determined as:

. osmotic pressure of the same concentration of salt
l =

osmotic pressure of the nonelectrolyte solution

3.4.3 VAPOR PRESSURE LOWERING

For a solution containing a nonvolatile solute, the total pressure of the solution is
the partial vapor pressure of the solvent and is directly proportional to the mole
fraction of the solvent in the solution:

pvap(total) = xlp? = (1 - )C2 )p:) (393)
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p? - pvu otal n n w /M
S — =2 =2 22 (3.94)
p; n+n, n, w/M+w,/M,

Equation (3.94) says that the relative lowering of the vapor pressure of the solvent
is equal to the mole fraction of the solute.

Example 3.10

The vapor pressure of an aqueous solution (118 g) containing a nonvolatile solute
(18 g), whose molecular weight is unknown, was determined to be 17.23 mmHg at
20°C. The vapor pressure of water at 20°C is 17.54 mmHg. Calculate the molar
mass of the solute.

Solution
Equation (3.81) is used as follows:

P~ Pyapgoray _ 17.54—17.23  w, /M, _18/M,
p° 17.54 w, /M, +w,/M, 100/18+18/M,

M, =180

3.4.4 IsOoTONIC SOLUTIONS

The colligative properties, described in Section 3.4.1 to Section 3.4.3, have been
used to determine the molar mass of unknown chemical compounds. Pharmaceutical
scientists and pharmacists may apply this concept in the preparation of isotonic
(meaning of equal tone) solution dosage forms. These solution dosage forms can be
applied to sensitive and delicate organs such as the eye, nose, or ear or directly
injected into the body (i.e., blood vessels, muscles, lesions, etc.). They should have,
when administered, the same osmotic pressure as body fluids. Otherwise, transport
of body fluids inside and outside the cell tissues will occur, causing discomfort and
damage to the tissue. Osmolarity of body fluids is approximately 0.307 osmol/L or
307 mosmol/L.

3.4.4.1 Freezing Point Method

The values of K, and K, for water are 1.86 and 0.51°C/kg mole, respectively, as
shown in Table 3.6. A one molal concentration of a nonelectrolyte lowers the freezing
point of water (0°C) by 1.86°C and elevates the boiling point of water (100°C) by
0.51°C.

It has been determined experimentally that the freezing point depression for two
body fluids (tears and blood) is —0.52°C. Solution dosage forms should be made to
provide this freezing point in water. Many drug compounds and solutes have been
tested for freezing point depression in water; their AT, values are shown in Table
3.8. ATf'% in Table 3.8 is the freezing point depression of a 1% solution of solute
in water. Colligative properties are additive and dependent only on the number of
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TABLE 3.8
Isotonicity Values

Drug M.W. AT} [

Aminophylline 456.5 0.10 0.17
Amphetamine chloride 368.5 0.13 0.22
Antopyrine 188.2 0.10 0.17
Ascorbic acid 176.1 0.11 0.18
Atropine sulfate 694.8 0.07 0.13
Barbital sodium 206.2 0.29 0.29
Boric acid 61.8 0.29 0.50
Caffeine 194.2 0.05 0.08
Calcium chloride 2H,0 147.0 0.30 0.51
Calcium gluconate 448.4 0.09 0.16
Camphor 152.2 0.12 0.20
Chlorobutanol 177.5 0.14 0.24
Cocaine HCI 339.8 0.09 0.16
Dextrose H,0 198.2 0.09 0.16
Dibucaine HCI 379.9 0.08 0.13
Diphenhydramine HCI 291.8 0.34 0.20
Ephedrine HCI 201.7 0.18 0.30
Ephedrine sulfate 428.5 0.14 0.23
Epinephrine bitartrate 3333 0.11 0.18
Epinephrine HCI 219.7 0.17 0.29
Glycerin 92.1 0.20 0.34
Lactose anhydrous 3423 0.04 0.07
Morphine HCl1 375.8 0.09 0.15
Nicotinamide 122.1 0.15 0.26
Penicillin G potassium 372.5 0.11 0.18
Phenobarbital sodium 254.2 0.14 0.24
Pilocarpine HCI 2447 0.13 0.24
Potassium chloride 74.6 0.45 0.76
Potassium phosphate dibasic 174.2 0.26 0.46
Potassium phosphate monobasic 136.1 0.25 0.45
Procaine HCl 272.8 0.12 0.21
Sodium bicarbonate 84.0 0.38 0.65
Sodium chloride 58.5 0.58 1.00
Sodium phosphate dibasic 142.0 0.30 0.53
Sodium phosphate, monobasic monohydrate ~ 138.0 0.24 0.43
Sucrose 3423 0.05 0.08
Tetracycline HCI 480.9 0.08 0.14
Urea 60.1 0.35 0.59
Zinc sulfate 7H,0 287.6 0.09 0.15

Source: Taken from J. E. Thompson, A Practical Guide to Contemporary Pharmacy
Practice, Williams & Wilkins, Baltimore, 1998.
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the solute. Therefore, one can calculate the amount of solute in addition to drug
needed to make an isotonic solution.

Example 3.11

Make an isotonic solution formulation containing 2% atropine sulfate and boric acid
in 15 mL water. How many mg of boric acid should be added to the solution?

Solution
First, calculate the freezing point depression of a 2% atropine sulfate solution:

2% atropine sulfate — AT, =2 X 0.07°C = 0.14°C from Table 3.8.

The freezing point depression of body fluids = 0.52°C
The freezing point depression needed from boric acid is (0.52 — 0.14)°C =
0.38°C.

1% boric acid — AT, = 0.29°C from Table 3.8

Therefore, one should make a solution of 1.3% boric acid (=1% X 0.38/0.29).
The amount of boric acid needed is:

1.3% x 15 mL= 0.195 g = 195 mg

When using NaCl instead of boric acid, follow the same procedure as outlined
above. The freezing point depression of 0.38°C should be made up with NaCl. A
1% NaCl solution gives a freezing point depression of 0.58°C (see Table 3.8). One
should make a solution of 0.655% NaCl (=1% x 0.38/0.58). The amount of NaCl
needed is:

0.655% x 15 mL = 0.098 g = 98 mg

3.4.4.2 NacCl Equivalent Method

Instead of using the ATfl% method, one can use the NaCl equivalent method. ELZ?CI
in Table 3.8 is the weight of NaCl that lowers the same freezing point to the same
extent as 1 g of the drug. Let us use the same example (Example 3.11) for demon-
stration.

The amount of atropine in the solution = 2% x 15 mL =03 g

One gram of atropine sulfate is equivalent to 0.13 g NaCl (from Table 3.6)

Three tenths of one gram of atropine sulfate is equivalent to 0.13 g x 0.3/1 =
0.039 g NaCl

An isotonic saline solution contains 0.9% NaCl in water

The amount of NaCl needed to make 15 mL of a plain isotonic saline solution is:

0.9% x 15 mL = 0.135 g NaCl
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The amount of NaCl needed to make an isotonic solution of 2% atropine sulfate
is:
0.135 g - 0.039 g = 0.096 g NaCl

This number is very close to the calculated 0.098 g NaCl used in the freezing
point depression method.

If one wants to prepare this solution using a normal saline solution (NSS) (0.9%
NaCl), the volume of 10.7 mL NSS can be calculated as follows:

If 100 mL NSS contains 0.9 g NaCl, then 0.096 g of NaCl is equivalent to 10.7
mL of NSS (= 100 mL x 0.096/0.9).

This solution dosage form can be formulated by dissolving 0.3 g atropine sulfate
in 10.7 mL NSS and then adding sterile water up to a total volume of 15 mL (q.s.
15 mL).

3.5 DISTRIBUTION LAW (PARTITION COEFFICIENT)
3.5.1 NONDISSOCIATED AND NONASSOCIATED SYSTEMS

If a third substance, either liquid or solid, is added to a system of two immiscible
liquids, it will distribute itself between the two phases in a definite concentration
ratio. The ratio of the concentrations in the two phases is independent of the total
amount of the third substance and has a definite value at equilibrium for a given
temperature. If C, and C, are the equilibrium concentrations of the third substance
in the two phases, then

C
—L=K (3.95)
C2

where K is the equilibrium constant and is known as the distribution ratio or partition
coefficient. The distribution law expressed by Equation (3.95) can be applied to
dilute solutions. When an excess of solute is added to the immiscible binary mixture,
it attains equilibrium, and the two phases are saturated with the dissolved solute. If
the solubilities of the solute in the two liquids are C,,; and C,,, the distribution law
then gives:

“L=slog (3.96)

Equation (3.96) is valid when the solute is slightly soluble in the two phases
and dilute saturated solutions are obtained.

When two phases are in equilibrium at a constant pressure and temperature, the
chemical potentials of the dissolved solute in both phases are the same. The chemical
potential of the dissolved solute in both phases is given by Equation (3.97):

W= +RTIng and p,=pS+RTIna, (3.97)
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TABLE 3.9
Distribution of Succinic Acid
between Water and Ether at 15°C

C, (mole/L) 0.191 0370  0.547  0.749
C, 0.0248  0.0488 0.0736 0.101
C,/C, 7.69 7.58 743 741

Source: Data taken from S. Glasstone and D. Lewis,
Elements of Physical Chemistry, 2" Ed., Macmillan,
New York, 1960, p. 380.

When the two phases are at equilibrium, [, =, and then

RTIn % =p—p® (3.98)
a

2

At constant temperature and pressure, the standard chemical potentials are con-
stant, and Equation (3.98) becomes:

4 constant (3.99)
a,

For systems that are ideal or very dilute, Equation (3.99) then reverts back to
Equation (3.96). Table 3.9 shows the distribution of succinic acid between water
(C)) and ether (C,). The ratio (partition coefficient) is relatively constant (=7.53,
between 7.41 and 7.67).

The partition coefficient of organic compounds in a number of solvents has been
used to predict or correlate their biological activity in a complex biological system.
The water—octanol system is commonly accepted as a reference to relate the absorp-
tion and distribution of drugs and the quantitative structure—biological activity. As
shown in Section 3.1.1, water solubilities of organic compounds can be predicted
simply by the partition coefficient (K,,) in the water—octanol system. The K,,, can
be determined experimentally or predicted by a simple function of molecular prop-
erties such as dipole, charge distribution, molecular surface, molecular volume,
molecular weight, and molecular shape. It is very important to estimate the partition
coefficient, along with the solubility in water, in the new drug design process of a
homologous series or series of closely related drugs, in which the biological activities
of drugs and K,,, have been established.

Equation (3.42), the general solvation equation, can also be used to predict the
partition coefficient:

log K, =c+R, +smi +a ) ol +b bil+kD allx D BI+w,  (3.100)
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FIGURE 3.18 Water—octanol partition coefficients measured and calculated by CLOGP.
[Graph reconstructed from data by Yang et al., J. Pharm. Sci., 91, 517 (2001).]

There are many theoretical expressions to estimate the partition coefficient
besides Equation (3.100). The most commonly used one is the CLOGP® program.
CLOGTP is a fragment method that can be expressed as:

logP=) o.f,+ Y B.F, (3.101)

where o is the number of occurrences of fragment f of type n and P is the number
of occurrences of fragment interaction correction factor F of type m. A complete
description of the CLOGP method is beyond the scope of this book. The CLOGP
software program can be referenced for more details (Ref. 2). As shown in Figure
3.18, the K,,, values calculated by CLOGP are in good agreement with the experi-
mental ones.

3.5.2 ASsSOCIATION OF A SOLUTE IN ONE PHASE

Suppose a third substance forms dimers in phase 1 and exists as simple molecules
in phase 2, (i.e., benzoic acid in a binary mixture of acidified water and benzene).
An equilibrium will exist between the dimers and the simple molecules in phase 1:

A, &= 2A

where A and A, are the simple and dimer molecules, respectively. The equilibrium
constant in phase 1 is given by:

K, =—24 (3.102)

where C, and C, are the concentrations of the simple (monomer) molecules and
dimer molecules respectlvely If the solute in the phase 1 is mainly dimers, Equation
(3.102) becomes:
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TABLE 3.10
Distribution of Benzoic Acid in Benzene and
Acidified Water at 25°C

C, (x102mole/L)  C, (x10~" mole/L)  C,/C, C,/,C,

4.88 3.64 0.134 0.0256
8.00 8.59 0.093 0.0273
16.0 33.8 0.047 0.0275
23.7 75.3 0.030 0.0273

Source: Data taken from S. Glasstone and D. Lewis, Elements of
Physical Chemistry, 2" Ed., Macmillan, New York, 1964, p. 382.

C, =K, x,/C, =constant x.C, (3.103)

where C, is the total concentration of the solute in phase 1. If the simple molecules
in phase 1 are at equilibrium with those in phase 2, the distribution law is as follows:

C
—2 = constant (3.104)
CA

where C, is the concentration of the simple molecules in phase 2. Substituting
Equation (3.103) into Equation (3.104) yields:

C,

Jc

= constant (3.105)
1

The modified distribution law of benzoic acid in benzene and acidified water is
shown in Table 3.10. It demonstrates that the original distribution ratio (i.e., C,/C,)
is dependent on the concentration of benzoic acid in water and vice versa, but the
modified distribution ratio of 0.0256 to 0.0275 ( = 0.269) does not change over a
concentration range.

3.5.3 DissoCIATION IN AQUEOUS PHASE AND ASSOCIATION
IN OIL PHASE

Most drugs are either weak acids (denoted HA) or weak bases (denoted B). When
these drugs are incorporated into two immiscible liquids (i.e., peanut oil and water),
the drugs are evenly distributed into both the oil and the water phases. When there
are no dimers present in the oil phase, the distribution is:

(HA), == (HA), oil phase (3.1062)
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(HA), = H++(A")W aqueous phase (3.106b)

where the subscripts w and o refer to the water and oil phases, respectively. The
true distribution constant of a weak acid in the oil and water phases (K;) and the
dissociation constant of the weak acid (K,) are given by:

_ [HA]
K, = HAL (3.107a)
Ka - m (3.107b)
[HA],

The total concentrations of a weak acid in the oil and aqueous phases (C, and
C,,) are given by:

C, =[HA], (3.108a)

C, =[HA], +[A7] (3.108b)

w

The distribution ratio or apparent partition coefficient is experimentally deter-
mined as follows:

K= HAL G, (3.109)
[HA], +[A"], C

Substituting Equation (3.107a) and Equation (3.107b) into Equation (3.109)
yields:

K
L1, K (3.110)
K, K, [H'IK,

Aplotof 1/K/ vs. 1/[H"] yields a slope of K, /K, and an intercept of 1/K.
Assume the volume ratio, q = V /V,,, for the oil and aqueous phases. The total
concentration of the weak acid in the two phases is given by:

C, =qC, +C, G.111)

where the total concentration of the substance in the two liquids is based on the
volume of the aqueous phase. Substituting for [A™]  from Equation (3.107b) into
Equation (3.109) yields:
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slope=K,

1K',

intercept=K./K
0.5- :

0.0 : ' : ' :
0 5 10 15

1/[H*], (10% M)

FIGURE 3.19 Apparent partition coefficient of salicylic acid vs. hydrogen ion concentration.
[Graph reconstructed from data by Weiner et al., Am. J. Pharm. Ed., 30, 192, (1966).]

,_ [HALH']
7 (H']+K,)[HA],

(3.112)

Substituting for [HA]  from Equation (3.107a) into Equation (3.112) gives:

- K [HA]L[H] _C, o C = K, [H']
¢ (H'1+K)[HAL, C,°

w

= ~C, (.113)
K, +[H']

Substituting Equation (3.113) into Equation (3.111) results in:

K qH* K gH"]+K_ +[H*
c=Radll o RaalBHR, HIH (3.114)
K, +[H'] K, +[H"]
Rearranging Equation (3.114) yields:
K +H"] K, K,q+1
K, Rl (3.115)
Cw CT CT

A plot of (K, +[H"])/C, vs. [H"] should yield a straight line with a slope
of (K,q+1)/C, and an intercept of K /C,.

Equation (3.110) is more direct than Equation (3.115). An advantage of Equation
(3.115) is that it is not necessary to analyze the concentration of the weak acid in
the oil phase. Figure 3.19 shows the effect of the pH on the partition coefficient of
a slightly soluble weak acid (i.e., salicylic acid). The apparent partition coefficient
becomes the true partition coefficient when the weak acid is essentially in the un-
ionized form (low pH).
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FIGURE 3.20 Distribution of benzoic acid between water and an oil phase.

If a weak acid forms dimers in an oil phase as shown in Figure 3.20, the modified
distribution ratio given by Equation (3.105) is used as:

K// — N [HA]O
[HAI,

(3.116)

Substituting Equation (3.115) and Equation (3.107b) into Equation (3.109)
yields:

HA K
[ /]W = 1/2 + ”?2 . + (3117)
K, K”’ K’H']

Similar to Equation (3.115), the equation for an immiscible binary system, in
which the weak acid in the oil phase exists as a dimer, is in terms of volume ratio:

K, +HT_K, K”?q[HA], +1
C C C

w T

[H'] (3.118)

T

The total concentration of a weak acid in both the water and oil phases provides
a final specified concentration of the undissociated acid, [HA],, in the aqueous phase
at specific pH. Therefore, it can be calculated from Equation (3.117) and Equation
(3.118). The undissociated acid molecules are soluble in lipid materials and easily
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penetrate the biological membranes. This concept is applicable to the preservative
action of oil-water mixtures. For example, benzoic acid is more effective than its
conjugate base, benzoate, because the undissociated acid easily penetrates the living
membrane while the ionized conjugate base does not.

Example 3.12

A total of 0.50 g of benzoic acid was added to 200 mL of water at pH 5.2. 100 mL
of benzene was then added to the aqueous phase and thoroughly mixed. How much
benzoic acid remains in the oil phase of the emulsion as dimers? The pK, of benzoic
acid is 4.2. The apparent distribution ratio is 38.5.

Solution
Equation (3.110) may be rewritten as:

C, =qC, +C, =q[HA], +[HA], +[A"], (3.119)

Combining Equation (3.107b) and Equation (3.118) into Equation (3.119) yields:

, K, [HA] ) K,
C, =K"q[HAL +[HA] +—2 v :[HA]W(K” q[HA], +1+—2 )
' [H'] v HT]
=05 gy a8 10 may 414000
T o122x02 U200 Y1077

=T41[HAT,, +1.1[HA], = 0.0205

2
\

2.2 +1.12 +4x 741 % 0.0205
2 x 741

=3.827x107 mole/L

[HA], =
Therefore, the concentration of benzoic acid dimers is given by:

[HA], = K”’[HAJ} =38.5" x0.003827% =0.02171 mole/L =0.265 g

in 100 mL benzene

As shown in Equation (3.49d) and Equation (3.110), the solubility and partition
coefficients are dependent on the pH of solution. For weak acid drugs, the solubility
increases with the increase in pH, whereas the partition coefficient decreases with
the increase in pH. One may postulate that the product of solubility and partition
coefficient is independent of pH because the pH effect of the solubility counterbal-
ances out that of the partition coefficient as:

‘K =S, K, = constant (3.120)

© 2004 by CRC Press LLC



N
T
.
1

-~ .
4
wl— A o
> o 7
s | A—Hﬂ——’k’ﬂ—?&
!D 2 - .
~ Foxd
m'_ i o o~ - o S;
8’ -A4r o——0——7 o Ky |
-6 1 1 , 4 .ST'KD
0 2 4 6 8

pH

FIGURE 3.21 Plot of logS;, logK,, and log(S;-K,) vs. pH for naproxen. [Graph
reconstructed from data by Ni et al., Pharm. Res., 19, 1862 (2002).]

where S, and K, are the solubility and partition coefficient at any pH, respectively,
and S, and K, are the intrinsic solubility and intrinsic octanol-water partition
coefficient of unionized species, respectively. Figure 3.21 shows the dependence of
logS;, logK,, and log (S;-K) upon pH for naproxen. As shown in Figure
3.21, pH has no significant effect on the product of solubility and partition coefficient.
The product has been used for predicting the absorption potential of a passively
transported drug.

3.5.4 DisTRIBUTION AND SOLUBILIZATION OF WEAK ACIDS OR
WEAK BASEs IN MICELLES AND THE AQUEOUS PHASE

A surface-active agent is added to an aqueous phase to enhance the concentration
of drug compounds when the solubility of the drugs is very low. Due to the presence
of dual functional groups (i.e., lipophilic and hydrophilic), the surface-active agent
molecules orient themselves to form micelles above the critical micelle concentra-
tion. Drugs can be dissolved in both the micelles (see Chapter 4), which are clusters
of surface-active agents, and the aqueous phase. Nonpolar drug molecules are effec-
tively dissolved in the core of the micelles. As a result, the total solubility of the
drug is increased. If a drug is a weak acid, both the undissociated and dissociated
species will be present in the solution. The total solubility of the drug, [HA],, is
expressed as the sum of the concentrations of the drug in the entire solution:

[HA], =[HA], +[A"], +[HA]  +[A"]

where the subscripts w and m represent the aqueous phase and the micelles, respec-
tively. The distribution ratios of the undissociated and the dissociated species in both
the aqueous phase and the micelles, K(‘i‘d and Kg, are defined as:
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[HA]

K" = P 121
d [HA]W,p (€] a)
A
K{= [_A (3.121b)
[A7],,

where the subscript p denotes the concentration terms in Equation (3.121a) and
Equation (3.121b) based on the individual phase volumes. Equation (3.121a) and
Equation (3.121b), in terms of total volume, can be expressed as:

Kud [HA] (1-F)

¢~ [HALF ALF (3.122a)
K{ = w (3.122b)
[AT],F

where F is the volume fraction of the micelles. However, the amount of the surface-
active agent added to the entire solution is very small and can be neglected. Equation
(3.122a) and Equation (3.122b) reduce to:

[HA], =K{[HA]F and [A7] =K{[A]F (3.123)

The total solubility of a weak acid drug without a surface active agent, [HA];,
is defined as:

[HA], =[HA], +[A"], (3.124)

The fraction of the undissociated species in the aqueous phase, [HA], / [HA]*T,
is given by:

(HA], _  [HAL, ~ _ [HA], _ 7]
[HAT, [HA],+[A"], [HA], +K[HA], /[H"] K, +[H"]

(3.125)

The ratio of the drug solubility in the presence of micelles to the drug solubility
in the absence of micelles is given by:

(HAL, _ (HAL, +[A 7], (3.126)
[HAL,  [HA], +[A7],

Substituting Equation (3.123) into Equation (3.126) yields:
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[HA], _ - F
[HAT, [HA], +[A7],

:1+FlKgd[l— EH+] )+Kg EHW ] (3.127)
[H"]+K, [H]+K,

(KY'[HA], +KJ[A7],)

CIsF KYK, +K{[H"]
K, +[H']

For given values of the distribution ratios of the undissociated and the dissociated
species in both the aqueous phase and the micelles, the total drug solubility in the
entire solution can be calculated from Equation (3.127). If a drug is a weak base,
Equation (3.127) can be transformed to:

[B]*T s F Kgde+Kj[(_)H’] s F KYK, /K, +K{K, /[H"]
[BI; K, +[OH] K, /K, +K, /[H"]

KY[H"]+K‘K
=1 +F[“[]d} (3.128)

K, +[H']

where [B], and [B]; are the total solubility of the weak base in the presence of
and absence of micelles, respectively.

Example 3.13

Calculate the amount of surfactant added to an aqueous medium containing sulfisox-
azole to increase the concentration to 2.0 g/L at 25°C and pH 5.5. The pK, is 5.12
and the solubility of undissociated sulfisoxazole is 0.15 g/L at 25°C. The distribution
ratios of the undissociated and the dissociated sufisoxazoles in Tween 80 micelles
and water are 70 and 15, respectively.

Solution

The total solubility of sulfisoxazole in water at pH 5.5 in the absence of Tween 80
is given by:

K, +[H']
[H']

10—5412 + 10—5,5

[HA]; = [HA]W 10753

=O.15g/L( )zO.Slg/L

From Equation (3.127), the ratio of the solubility of the drug in the presence
and the absence of Tween 80 is:
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FIGURE 3.22 The shape of B-cyclodextrin.

[HA]L, _ 2.0 392 [+ F KYK, +K{[H*] 14 70x 107" +15%x 107
[HAJ, 0.51 K, +[H"] 1077 +107°
F=22271_ (054
53.78

Therefore, the volume portion of Tween 80 in the solution containing micelles
is 5.4%.

3.5.5 DISTRIBUTION AND SOLUBILIZATION OF DRUG CHEMICALS
BY INcLUSION COMPLEX FORMATION

The solubility of a drug in an aqueous solution can be increased by adding cyclo-
dextrin (CD) in the solution. CD is a cyclic oligosaccharide consisting of six, seven,
or eight B-D-glucopyranose residues in (-1,4) linkages, called o, -, or Y-, respec-
tively. Figure 3.22 shows the structure of B-CD, and the derivatives of CD are
illustrated in Table 3.11. CD is obtained by the enzymatic degradation of starch. It
forms a rigid, truncated cone (torus)—shaped molecule with a hollow interior of the
torus. The hydroxyl groups of the molecule face to the exterior of the torus, and the
skeletal carbons and ether linkages of the glucopyranose are oriented to the interior
of the central cavity. Therefore, this configuration yields a polar, hydrophilic exterior
and a nonpolar, relatively lipophilic interior. The lipophilic interior of the molecule
harbors a good microenvironment to accommodate appropriately sized nonpolar,
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TABLE 3.11
Derivatives of Cyclodextrin

7
Compounds R, R, R,
Hydrophilic Derivatives
Methylated Cyclodextrins
3-Mono-O-methylcyclodextrins H CH, H
2,6-Di-O-methylcyclodextrins CH, H CH,
Hydroxyalkylated Cyclodextrins
2-Hydroxyethylcyclodextrins R,, R,, R; = H or CH,CH,OH
2-Hydroxypropylcyclodextrins R,, R,, R; = H or CH,CH(OH)CH,
Hydrophobic Derivatives
Alkylated Cyclodextrins
2,6-Di-O-ethylcyclodextrins C,H; H C,H;
2,3,6-Tri-O-ethylcyclodextrins C,H; C,H; C,H;
Acylated Cyclodextrins
2,3-Di-O-hexanoylcyclodextrins COCsH,, COCsH, H
2,3,6-0-Hexanoylcyclodextrins COC;sH, COCsH, COCsH,
lonic Derivatives
6-0-(Carboxymethyl)-O-ethylcyclodextrins H H H or CH,COONa
Cyclodextrin sulfate R,, R,, R; = H or SO;Na
Sulfobutylcyclodextrins R,, R,, R; = H or (CH,),SO;Na

Source: Taken from data by Uekama et al., Chem. Rev., 98, 2045 (1998).

lipophilic moieties or drug molecules that form inclusion complexes such as a
benzene ring. When a drug molecule is of the appropriate size and the CD is in an
aqueous solution, the nonpolar segment of the drug enters the nonpolar interior
portion of the CD. This inclusion complexation separates the nonpolar portion of
the drug from the aqueous, polar environment so that the solubility of the drug is
further increased. The main driving force for this inclusion complexation is probably
the escape of the water molecules from the interior cavity. The water molecules
located in the interior of the cavity have a higher enthalpy than the water molecules
in solution since the hydrogen bonding potential is not met inside the cavity. As
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nonpolar drug molecules are bound with nonpolar segments of the CD, the enthalpy-
rich water molecules are released and the energy of the system is lowered.

In aqueous solutions, the free drug molecules (denoted as S) that dissolve in
water are in equilibrium with those bound to CD, and the successive equilibria are
described as:

S+CD = SCD sz[gs]fg)]] (3.129)

[SCD, ]
SCD+CD ——= SCD K,=——"2— 3.130
2 12 = [SCD][CD] ( )

[SCD, ]

= el 131
" [SCD,,][CD] (3.131)

SCD,,+CD &= SCD, K

where K, is the stability constant.
The total concentrations of the drug and CD, ([S]; and [CD], respectively), are
given by the mass balance equations:

[S]; =[S], +[SCD]+:---+SCD, ] (3.132a)

[CD], =[CD] +[SCD] +2[SCD, ] +----+n[SCD, ] (3.132b)

where [S], is the solubility of the drug without the presence of CD.
Substituting Equation (3.129) through Equation (3.131) into Equation (3.132a)
and Equation (3.132b) gives:

[S]; = [S]O[l + KH[CD]+~---+[CD]“HKMJ (3.133)

i=1

[CD], =[CD]+K,,[S] [CD]+ ZKHKI:Z[S]O[CD]2 +----n[S] [CD]" H K, (3.134)

i=1

In a 1:1 complex, plotting [S]; vs. [CD] yields an intercept of [S], and a slope
of K,,. Figure 3.23 shows the increase in solubility of flavopiridol with hydrox-
ypropyl B-CD (HPBCD) at a given pH.

If two or more complexes are formed, the material balance equations, Equation
(3.133) and Equation (3.134), become nonlinear, and the determination of the sta-
bility constants requires the concentration of free CD, which is not known. However,
if the extent of complexation is small or the concentration of the total CD is large,
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FIGURE 3.23 Solubility of flavopiridol vs. concentration of HPBCD. [Graph reconstructed
from data by Li et al., J. Pharm. Sci., 87, 1536 (1998).]

it is reasonable to approximate [CD] = [CD]y. Then, for the formation of the two
complexes, Equation (3.133) becomes parabolic and can be rearranged as:

Sl —IS
[gTCD][T]O =K, ,[S], +K, K,,[S] [CD]; (3.135)

Plotting ([S]; — [S],)/[CD]; vs. [CD]; gives the first estimated values for K,
and K,, from the intercept and the slope, respectively. The estimated values are
substituted to Equation (3.134) to determine [CD]. The stability constants are esti-
mated after substituting the estimated [CD] values. Three or four iterations, after
the first estimated values of K,,, K, ,, and [CD] are calculated from Equation
(3.135) and Equation (3.133), yield constant values for the stability constants. How-
ever, the determination of the stability constants for higher order complexes is not
possible with this approach.

For instance, for the third-order complex system, Equation (3.133) and Equation
(3.134) give:

[S1; =[8],(1+K,,[CDI+K,,K ,[CD]* + K, K ,K,,[CDF')  (3.136)

[CDI, =[CD]+K,,[S],[CD]+2K,,K,,[S],[CDP*
(3.137)
+3K,,K K 4(S],[CDF

Equation (3.136) cannot be linearized as Equation (3.135). Thus a third-order
polynomial is employed to estimate the stability constants using [CD]; as the inde-
pendent variable for Equation (3.136). The estimated stability constants are then
used to calculate the free CD and the solubility of the drug at each solubility data
point using Equation (3.136) and Equation (3.137), respectively. Until the residuals
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FIGURE 3.24 Solubility of crystalline itraconazole as a function of HPBCD at pH 4. [Graph
reconstructed from data by Brewster, et al., 15" AAPS Meeting, Paper No. 2253, Indianapolis,
IN, Oct. 29—Nov. 2, 2000.)]

between the experimental and the calculated solubility data are minimized, an
iterative nonlinear least-square regression is carried out. Figure 3.24 shows the
solubility of crystalline itraconazole as a function of CD at pH 4. When the second-
order complexation is assumed, negative stability constants are obtained.

If a drug is a monoprotic weak acid or weak base, the inclusion complexation
will occur through un-ionized and ionized species. For a 1:1 complex system, the
complexation process can be expressed as:

HA+CD ——= HACD (3.138)

A"+CD = ACD (3.139)

If the drug molecule and CD form a 1:1 complex, the complexation constants
are defined as:

w _ [HACD]

Ky = [HA]_[CD] (3.140)
K{ = & (3.141)
© [AT],[CD]

The distribution of a weak acid (or weak base) in water containing cyclodextrin
is given by an equation similar to Equation (3.120):

[HA], =[HA], +[A"], +[HACD]+[A CD] (3.142)
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Substituting Equation (3.106a), Equation (3.140), and Equation (3.141) into
Equation (3.142) gives:

d
KLHAL, [H+A]W + [HACD] + J1alHIACDIK, [Pffc?]Kﬂ
[H*] KY[H"]

1

[HA]; =[HA] + (3.143)

The total concentration of CD, [CD],,, in the solution is the sum of the concen-
trations of the free CD, [CD], and the concentrations of cyclodextrins bound to [HA]
and [A~], which are [HACD] and [A~CD], respectively:

[CD], , =[CD]+[HACD]+[A™CD] (3.144)

tot

Substituting Equation (3.140) and Equation (3.141) into Equation (3.144) yields:

-1

1 K¢ K
HACD]=[CD 14—l 3.145
[ 1= ]“"(K;‘j[H AL Kl“;‘[H*]J ( )

Substituting Equation (3.145) into Equation (3.143) gives:

K, [HA],

[HA], =[HA], + [H']

(3.146)

d -1 d
el K [ K
K [HA], Ky [H] Ky [HT]

1 B i1

If the portion of CD bound to the ionized drug is very small in comparison to
the one bound to the un-ionized drug, Equation (3.144) then becomes:

[CD] . =[CD]+[HACD] (3.147)

tot

Equation (3.146) can be simplified to:

-1 d
KIHAL ropy [ L] [ Buf ) 5 14
[H"] K [HA], KiaH']

Ifboth K!{[HA], and K [A7] are <<I, Equation (3.148) is further simplified
to:

[HA], =[HA], +

K,[HA]

H] +K}5[CD] (D)

o [HAL,

[HA], =[HA], + [H']

tot
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FIGURE 3.25 Solubility of droxicam as a function of pH in the presence and absence of
HPBCD. [Graphs reconstructed from data by Park and Choi, Proceed. Int. Symp. Control.
Rel. Bioact. Mater., 26, 990 (1999).]

The solubility of the drug in the solution containing CD increases as the pH,
K,. and the complex constants (i.e., K'lmll and Kil) increase. It is common for
K;"} >> Kle. The increase in solubility as a result of adding CD is primarily respon-
sible for the inclusion complex formation of the un-ionized drug at low pH. However,
as the pH of the solution increases, the ionized species significantly contributes to
the total solubility of the drug. Figure 3.25 presents the solubility of droxicam in
the presence of 10% HPBCD at the different pH values.

Example 3.14

Flavopiridol, a weakly basic drug (i.e., B), was solubilized by HPBCD with concen-
trations of free un-ionized, complexed un-ionized, free ionized, and complexed
ionized species at pH 4.3 of 0.06, 1.8, 1.5, and 11.3 mmol/L, respectively. The total
concentration of HPBCD in the solution was 10% w/v. The pK, of the drug is 5.68.
Calculate the complexation constants and the amount of HPBCD needed to make
the total solubility of the drug 10.5 mmole/L at pH 5.1.

Solution
According to Equation (3.144),

[CD]. =10 %w/v=1208_ 1008 _ 7194 mmole/L
L 1390 (g / mole) L
Then,
[CD] = [CD],, —[BCD]~[B*HCD] = 71.94 —1.8—11.3 = 58.84 mmole /L

tot

The complexation constants for the un-ionized and the ionized weakly basic
drug at pH 4.3 are given by:

© 2004 by CRC Press LLC



K" = [BCD] _ 18 508L/mole
1 [B],[CD] 0.06x58.84

¢ - [B'HCD] _ 113
" [B'H],[CD] 1.5x58.84

=128 L / mole
The total solubility of the weakly basic drug is given by:

-1
K,[B K¢ K K¢ K

b[ _]W +[CD]t0t Udl 1+ L]dl:l b_ 1+ udl:l b_
[OH"] K“[B], K"“[OH" ] K'“[OH"]

B

(Bl =[B], +

+ d +1\7! d +
:[B]W+m+[c1)]m( Ly K 1] (me}@.lsm
Ka KF:I |:B]w KF:IKa K:l:lKa

0.06x107"
10—5468

1 128105 Y[ 128x107
+[CD +1+ I+
[ ]“(508 x0.06  508x1076 ) 508 x1075%

10.5=0.06+

S 10520288 16 38 mmoe /L = 12255190y 4y

CD] , =
(DL, 0.984 1000

If the drug is a polyprotic weak acid or weak base, the inclusion
complexation process can be described as (e.g., a diprotic weak base):

I(l:l I<1:2
B - BCD =" BCD,
K, i T Ky K
K, K
Bl‘[+ —~——————— BH+CD e BH+CD2

I i

+2 +2
I(l:l I(112
BH} ™ BH’CD —e—— BH?CD,

The total solubility of the weak base can be represented by the summation of
all the species containing B. However, the second or higher order complexes for the
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FIGURE 3.26 Solubility of levemopal HCl vs. pH. [Graph reconstructed from data by
McCandless and Yalkowsky, J. Pharm. Sci., 87, 1639 (1998).]

ionized species are not likely formed. Thus, the material balance equation can be
given by:

[S]; =[B]+[BH"]+ [BH;’2 1+[BCD]+[BCD, ]+ [BH*CD] + [BH;’ZCD] (3.151)

where

[BCD]=K,,[B][CD], [BCD,]=K K/, [B][CD]* (3.152)
+ + + +72
Bry= BT gy [BHIH']_[BIH'] (3.153)
Kal Ka2 KalKa2
+ + +2 +12
rcp) = SulBIHIED) - ppacp) - RulBIR TIEDL - 5 15
al KalKaZ
Combining Equation (3.151) through Equation (3.154) yields:
B][H"]  [BIH'T
[S]; =[B]+K,,[B][CD]+ KHK]:Z[B][CD]2 + [ L[al ] + [K]a[lKaj
(3.155)

. K7, [BI[H"][CD] N K 7 [B][H"J’[CD]
K KalKaZ

al

It is interesting to point out that Equation (3.155) does not need the pK, of the
complexed drug. Figure 3.26 illustrates the solubility of levemopal HCI, which is a
monoprotic weak base that forms a 1:2 complex in the neutral state, in the presence
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of 20% HPBCD. In this case, the terms containing the second ionization constant
are deleted.

3.5.6 DistriBUTION OF DRUGS IN PROTEINS (PROTEIN BINDING)

The binding of drugs to proteins in the body influences the biological properties of
the drugs because the free drug available for therapeutic action is reduced. Protein
binding can alter the distribution of drugs throughout the body, slowing the excretion
of a drug and reducing its efficacy. For example, if a drug is highly bound to proteins,
the remaining free drug available for therapeutic action is very small. If other agents
competitively displace the site in the protein occupied by the drug, the concentration
of the free drug increases drastically. Albumin is one of many important proteins
involved in the binding of drugs. It exists in high concentration and has the ability
to bind both acidic and basic drugs. However, only a limited number of binding
sites are available on the albumin molecule. The bound drugs in the protein are in
equilibrium with free drugs in the circulation. As the concentration of free drug in
the blood decreases, the bound drug is released into the circulation.

The mathematical treatment for protein binding is very similar to the one
described in Section 3.5.5. The equilibrium between free drugs and bound drugs
can be written as:

D+P = DP (3.156)

where D, P, and DP represent the free drug, the free protein, and the bound drug,
respectively.
The equilibrium binding constant is given by:

DP
bind — [][)] [11] (3.157)

The total concentration of proteins is given by:
[P, =[P]+[DP] (3.158)

Substituting Equation (3.158) into Equation (3.157) yields:

[DP]=K,,,,[D]([P],, —[DP]) (3.159)
Rearranging Equation (3.159) then gives:

[DP] _y, _ KyulD]
[P] 1+K,, ,[D]

tot

(3.160)
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where Y is the number of moles of the bound drug per mole of the total protein,
known as the “fractional saturation of sites.” The values of Y vary from O to 1. When
Y = 0.5, half of the drug is bound to the protein and [D] = 1/K,;. Taking the
reciprocal of Equation (3.160) yields:

o, (3.161)
Y K,a[D]

Plotting 1/Y against 1/[D] gives a straight line with a slope of 1/K,;,.-.
Suppose a protein has n independent equivalent binding sites and each site has
the same binding constant, K; 4. First, when n = 2:

D+P = DP KbJ:% (3.162a)
DP+D == D,P K,, =[][;§E])] (3.162b)

where K, and K, are the binding constants. The total protein concentration is
given by:

[P], =[P]+[DP]+[D,P] (3.163)
Then, the fractional saturation of binding sites Y is defined as:

_ [DP]+2[D,P]
" [P]+[DP]+[D,P]

(3.164)

Substituting Equation (3.162a) and Equation (3.162b) into Equation (3.164)
yields:

_ K, [DIP]+2K, K,,[DF[P] _ K, [D]+2K, K,,[DJ
[P1+K,,[DI[P]+K, K, ,[DI[P] 1+K, [D]+K, K,,[D]

~ (3.165)

The general relationship for the successive binding constants (K, ; and K, ,) is
given by:

i:( ! )1 (3.166)
Kb,i n—-i+1/K

where K is an intrinsic binding constant. For i = 1, 2 and n = 2,
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K,,=2K, K,,=K/2, K= \be’l

Ky, (3.167)
Substituting Equation (3.167) into Equation (3.165) gives:

_ 2K[D]+2K’[D]’ _ 2K[D]

= 3 = (3.168)
1+2K[D]+K*[D]" 1+K[D]
Equation (3.168) for n = 2 can be generalized for n equivalent sites as:
K[D
_ _0K[D] (3.169)
1+ K[D]

Taking the reciprocal of Equation (3.169) yields:

t_ 1, 1 (3.170)

Y n nK[D]

Equation (3.170) is called the double reciprocal plot or the Kloz plot. The plot
of 1/Y against 1/[D] provides a straight line with a slope of 1/nK and an intercept
of 1/n.

Rearranging Equation (3.169) gives:

Y + KY[D] =nK[D]

l=nK—KY (3.171a)
[D]

or
bI_1 D] (3.171b)
Y nK n

Equation (3.171a) is known as the Scatchard plot. Plotting Y/[D] against Y gives
a straight line with a slope of —K and an intercept of nK. Equation (3.171b) is known
as the Hames plot. A plot of [D]/Y vs. [D] yields a straight line of slope 1/n and
intercept 1/nK.

Figure 3.27 illustrates a rectangular hyperbolic plot [Equation (3.169)], double-
reciprocal plot [Equation (3.170)], Scatchard plot [Equation (3.171a)], and Hames
plot [Equation (3.171b)] for the binding of NADH to rabbit muscle lactate dehy-
drogenase.
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FIGURE 3.27 Binding of NADH with rabbit muscle lactate dehydrogenase using various
methods of presenting experimental data. [Graphs reconstructed from data by Ward and
Winzor, Biochem. J., 215, 685 (1983).]

Example 3.15
The following binding data have been obtained between cefotaxime and rabbit serum
albumin:

Y 042 075 096 1.11 1.25 1.42 1.78 2.62
[D](mM) 260 540 740 920 1150 1430 2070 7280

Calculate the binding constant and number of binding sites.

Solution
The above data are modified as:

Y 042 075 096 1.11 125 142 178 262
Y/[D] (10 mM) 16.1 139  13.0 121 109 993 860 3.60
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FIGURE 3.28 Scatchard plot of Y/[D] vs. 1/Y for the interaction between cefotaxime and
rabbit serum albumin (5 X 10-°> M) at the ionic strength of 0.17 M at 20°C. [Graph reconstructed
from data by Fernandez et al., J. Pharm. Sci., 82, 948 (1993).]

A Scatchard plot is constructed in Figure 3.28. From the y- and x-intercepts, n =
33 and K =5.6 x 10* mM".

Equation (3.170), Equation (3.171a), and Equation (3.171b) cannot be used if
the nature and amount of protein present in the experiment are not known. Even
though the concentration of proteins is not known, the drug—protein binding constant
can be determined. The extent of drug—protein complex in the plasma may be
assumed to be proportional to the concentration of bound drug. Then, Equation
(3.171a) can be modified to:

_[D,] _ nK[D]
[P], 1+K[D]

(3.172)

where [D,] is the concentration of the bound drug. Equation (3.172) is rearranged to:

[Dy] _ nKP].
(D]

-K[D, ] (3.173)
The plot of [D,]/[D] vs. [D,] gives a straight line with the slope of —K and the
intercept of nK[P],,. Concentrations of bound drug and free drug can be easily
determined experimentally.
If the binding of a drug on one site of a protein strongly activates the other sites,
the sites fill up immediately (i.e., highly cooperative binding). Then, concentrations
of all species are negligible except [P] and [D,P]. Equation (3.165) becomes:

_ nK[D]"

= KD (3.174)
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FIGURE 3.29 Hill plot for cooperative binding.

v . .
or _ [sites occupied]

- =K[D]" (3.175)
n—-Y [sites vacant]

Plotting log[Y /(n—7Y)] vs. log [D] (called a Hill plot) can easily determine
whether highly cooperative binding exists. The independent binding gives a slope
of 1 (a in Figure 3.29), whereas a slope of n is obtained for the highly cooperative
binding (b in Figure 3.29). However, highly cooperative binding seldom occurs over
a wide range of drug concentrations. At higher and lower concentrations, a slope of
1 will be obtained, and a slope of <n will be prevalent at the intermediate range of
[D] (c in Figure 3.29). This can be explained by the fact that cooperative binding
is not important if there are very few drug molecules available or a very few sites
available for binding.

Application of a least—squares method to the linearized plots (e.g., Scatchard
and Hames) is not reasonable for analysis of drug—protein binding or other similar
cases (e.g., adsorption) to obtain the parameters because the experimental errors are
not parallel to the y-axis. In other words, because the original data have been
transformed into the linear form, the experimental errors appear on both axes (i.e.,
independent and dependent variables). The errors are parallel to the y-axis at low
levels of saturation and to the x-axis at high levels of saturation. The use of a double
reciprocal plot to determine the binding parameters is recommended because the
experimental errors are parallel to the y-axis. The best approach to this type of
experimental data is to carry out nonlinear regression analysis on the original equa-
tion and untransformed data.

If there are two different, independent binding sites, the Scatchard plot becomes
nonlinear (curvilinear). The collective curvilinear line results from combining two
linear lines (high- and low-binding capacity of sites). This is attributed to the fact
that each binding site has its own independent binding sites (n, and n,) and constants
(K, and K,). Examples of this type of drug—protein binding are the binding of
salicylic acid and bis-hydroxy-coumarin to crystalline bovine and human serum
albumins, respectively. This type of drug—protein binding can be expressed by:
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FIGURE 3.30 Hypothetical binding curve of drug to protein. The Ks and ns represent the
binding constants and the number of binding sites per protein molecule.

Y= n,K, (D] i n,K, D] T (3.176)
1+K,[D] 1+K,[D]

In this case, the binding sites and binding constants can be determined from each
linear portion of the curvilinear line as shown in Figure 3.30.

However, it is not easy to obtain two straight lines, especially for those inde-
pendent binding sites, which have very close binding capacity within a factor of 10.
In such cases, the two limiting slopes do not correspond to their drug—protein binding
constants. As mentioned before, the untransformed data are used for the analysis of
drug—protein binding. When there are two different, independent binding sites in a
protein molecule, the concentration of bound drug is given by:

R,[D R,[D
[D,1= (D] + (D] (3.177)
1+K,[D] 1+K,[D]
where R, and R, are n,[P] K, and n,[P]K,, respectively. Substituting
[D,]1=[D],, —[D], where [D],, is the total drug concentration, into Equation (3.177)
and rearranging yields:

[DP +u[D]* +v[D]+w=0 (3.178)
where
1 R R
u:1+K7+K71+K72_[D]101 (3179a)

(D]

tot _

(3.179b)
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we— Do (3.179¢)
KIKZ

Let us transform Equation (3.178) by setting [D]=B—-u/3,

2
BS—(L;—V)B+(227MS—;MV+W)=O (3.180)

There are three real roots of Equation (3.180), among which Equation (3.181a)
is the unique one because of the definition of B and the physical conditions imposed
on the system:

2 0) u
D=3 \/(uz ~3v) 005(3)— : (3.181a)
[D,]=[Dl,, ~[DI=[D, = (- 3)cof 2|+~ .181b)
or b= tot = tot 3 \ u V] COS 3 .
where
3
0 = arccos w 0<0<m) (3.181¢)
24/(w® - 3v)’

Substitution of Equation (3.181a) into Equation (3.158) and Equation (3.160)
allows the determination of the concentrations of protein and bound drug in sites 1
and 2.

A number of experimental methods are used to determine the amount of bound
drug and/or free drug in a mixture, including equilibrium dialysis, steady—state
dialysis, ultrafiltration, and size exclusion chromatography. Each of the methods is
described briefly here.

In the equilibrium dialysis technique, a permeable (dialysis) membrane with a
specific molecular weight cutoff point is placed in two solution compartments, as
shown in Figure 3.31. A solution of drug in one compartment (A) and a solution of
protein in the other compartment (B) are allowed to equilibrate at constant temper-
ature. Compounds with a smaller size than the molecular cutoff point pass through
the membrane into the other compartment while proteins with a larger size than the
molecular weight cutoff are retained. It may take several hours or several days to
obtain thermodynamic equilibrium depending on the experimental setup. At equi-
librium, the concentration of the unbound drug in compartment A is equal to that
of the unbound drug in compartment B. Based on the concentration of the unbound
drug in compartment A and the concentration of the drug—protein complex in com-
partment B, the drug—protein binding parameters (i.e., binding constant and binding
sites) are determined as described above.
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FIGURE 3.31 Equilibrium dialysis method for analysis of drug—protein binding.
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FIGURE 3.32 Steady-state dialysis method for analysis of drug—protein binding.

One problem with the equilibrium dialysis method is the lengthy time required
to reach equilibrium across the dialysis membrane. To overcome the problem, a
steady-state dialysis method has been developed, as shown in Figure 3.32. The
solution of protein and drug in the upper compartment is separated by a dialysis
membrane from the buffer solution in the lower compartment, which is circulated
continuously at a constant flow rate. Both solutions are stirred to minimize the
concentration gradients in each solution. It has been found that it takes several
minutes to achieve a steady-state rate of permeation of the drug through the dialysis
membrane. The concentration of the drug in the lower compartment can be obtained
by periodic withdrawal with an equivalent amount of buffer solution replenished or
by the recycling of effluent entailing a constant rate of concentration change.

The data analysis of the steady-state dialysis method is given by:

_ 9Dl _ i (3.182)
dt

where k is the first-order rate constant depicting the permeability rate constant of
the drug through the dialysis membrane. The rate constant can be determined by
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FIGURE 3.33 Ultrafiltration apparatus for drug—protein binding studies.

running a separate experiment without protein in the upper compartment. The total
concentration of the drug in the drug—protein solution shows normal curvature even
in the semilog plot. Thus, the time-course [D],, can be expressed by:

D], =A,e ™ +Be ™ +Ce ™ (3.183)

tot

Taking the first derivative of Equation (3.183) yields:

d[D],, . . .
T AAR A 1B B,e ™ +C,C,e™ (3.184)

The concentration of unbound drug in the upper compartment is determined by
substituting Equation (3.184) into Equation (3.183) with knowledge of k.

The ultrafiltration method (Figure 3.33) is similar to equilibrium dialysis. The
solution of drug—protein mixture is placed in a ultrafiltration membrane chamber.
When pressure is applied to the chamber, the unbound drug passes through the
membrane. The ultrafiltrate is analyzed for the equilibrium concentration of the
unbound drug. Instead of applying pressure to the system, centrifugal force is
employed to obtain the ultrafiltrate. These techniques (ultrafiltration or ultracentri-
fuge) give a much shorter experimental time of 10 to 20 minutes than equilibrium
dialysis. One problem common to these methods is the decrease in volume of
drug—protein solution in the chamber as liquid is forced to give the ultrafiltrate. As
a result, extremely accurate measurements of the volume and drug concentration of
the ultrafiltrate are needed. This problem may be overcome by supplementing the
drug—protein solution with an equivalent volume of buffer or drug solution. However,
because the constant volume of the mixture solution is still approximated, there are
errors calculating the amount of buffer/drug solution introduced from the chamber.
This problem is further complicated if highly hydrophobic drugs are adsorbed to
the ultrafiltration membrane.

© 2004 by CRC Press LLC



1.5F Va _

B

c L .
§ 1 v —
-

E + ]
E 0.5 V, A Vs .
o + i
£ v o\v_ ¥ ]
3 .

0 5 10 15
Retention Volume

FIGURE 3.34 Elusion profiles of drug—protein complex from gel filtration chromatography.
[Graph reconstructed from data by Cann et al., Arch. Biochem. Biophys., 270, 173 (1989).]

In the gel filtration method, gel filtration packing materials such as Sephadex
or Bio-Gel P-2 are pre-equilibrated in a drug solution and then placed into a chro-
matography column. A small volume of drug—protein solution prepared with the
same drug solution used for pre-equilibration is applied to the top of the chroma-
tography column. The drug—protein complex is eluted from the column because of
size exclusion, as illustrated in Figure 3.34. The area under the peak corresponds to
the amount of drug—protein complex, provided that total drug concentration in the
presence of protein can be determined. Alternatively, the area under the peak at a
trough gives the amount of bound drug because the drug—protein complex has been
formed in the pre-equilibrated drug solution.
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PROBLEMS

1. The vapor pressure of pure CCl, and SiCl, at 25°C are 114.9 and 238.3
mmHg, respectively. Assuming ideal behavior, calculate the total vapor
pressure of a mixture of 3:2 weight ratio (CCl,/SiCl,) of the two liquids.

2. Calculate the solubility of a drug at 25°C in (1) a pH 4.23 buffer and (2)
the same buffer containing 3.0% (v/v) sodium lauryl sulfate (SLS), and
calculate (3) the fraction of the drug solubilized in the SLS micelles in
the solution. The aqueous solubility of the nonionized drug at 25°C is
0.21 g/L and its pK, is 5.09. The apparent partition coefficients (1) between
the aqueous solution of un-ionized and the surfactant micelles and (2)
between the aqueous solution of the ionized drug and the micelles are 63
and 24, respectively.

3. The following data were obtained for the binding of coumarin to human

albumin at 20°C. Determine the binding sites per protein molecule and
their binding constants.

Y 0.83 1.09 135 150 192 233 322 4.00 5.08 6.00
[D] (x10° M) 1.04 1.55 225 287 459 7.19 147 333 66.7 167.0
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4. Derive an expression for the concentration of the free drug for one-site
drug—protein binding similar to Equation (3.181a).

5. The following drug—protein binding data were obtained. Calculate the
number of binding sites and the binding constant. Prove that the binding
occurs independently and is identical.

[D] 05 1.0 20 50 10.0 20.0x10°M
Y 16 25 32 40 41 48

6. Calculate the ideal solubility of phenanthracene in benzene.

7. A solution of 1.80 g serum albumin in 100 g water gives 56 mmHg at
25°C. What are the molecular weight of serum albumin and the freezing
point of the solution?

8. Methanol is a common antifreezing agent. How much methanol must be
added to water to prevent it from being frozen at —10°C? What is the
concentration of the solution in w/w%?

9. The following distribution data of quinine (C,;H,,0O,N,) were obtained.

Ether layer  (g/100 mL) 1.1142  1.2901  1.4281
Water layer  (g/100 mL)  0.0547  0.0590  0.0622

What is the molecular structure of quinine in ether, if quinine exists as
monomer in water?

10. Oxygen binds to myoglobin to form oxymyoglobin. The standard free
energy is AG° =-30.0 kJ/mole at 25°C and pH 7. Assume the oxygen
behaves as an ideal gas. Calculate the ratio of oxymyoglobin to myoglobin
in an aqueous solution at equilibrium at the partial pressure of oxygen =
30 mmHg.

11. An enzyme has four identical and independent binding sites for its sub-
strate. The osmotic pressure of a solution of the enzyme was measured
and found to be 2.4 x 1073 atm at 20°C. The binding equilibrium between
the enzyme and its substrate was carried out in a dialysis bag at 20°C.
The concentration of unbound substrate outside the dialysis bag and the
total substrate concentration inside the bag were found to be 1.0 x10
and 3.0 x 10~ M, respectively. Calculate the equilibrium constant for the
binding of the substrate to the enzyme at 20°C.

12. The binding data of p-ferr-amylphenol to human serum albumin were
obtained by the dynamic dialysis technique as follows:
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[D] 1.08 1.19 125 133 141 151 168 182 199
Y 0.147 0.154 0.159 0.164 0.168 0.175 0.187 0.196 0.207
[D] 212 225 259 271 235 2.52(x10° moles)

Y 0216 0.224 0.230 0.240 0.246 0.255

Calculate the binding constants and the number of binding sites of human
serum albumin.

13. Calculate the total solubility parameter (3,.) of polyoxyethylated
octylphenol:

CHj; — C(CHg),CH,C(CHy), O(OCHZCHZ)aoH
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4 Surface Chemistry
and Colloids

The physicochemical principles involved in homogeneous solutions were discussed
in Chapter 3. In some instances, drug solubility is so low that a homogeneous mixture
of the drug in a pharmaceutical solvent cannot be achieved or the liquid form of the
drug is not miscible in pharmaceutical solvents. In addition, pharmaceutical scientists
design uniformly distributed multiphase systems to enhance drug stability and
absorption. At least two phases are present. The plane that keeps apart the two phases
is described as an interface or interfacial surface. Interfacial surfaces show different
properties from those of bulk phases. Activities of the molecules in the interfacial
surface play an important role in pharmaceutical dosage forms. Interfaces of phar-
maceutical interest include liquid/solid, liquid/liquid, and liquid/vapor. The lig-
uid/vapor system was discussed in Chapter 3; the liquid/liquid (emulsion) and
liquid/solid (suspension) systems will be discussed in this chapter.

4.1 ADSORPTION FROM SOLUTIONS
4.1.1 ADSORPTION PROCESSES

The most pharmaceutical value of adsorption is that of unwanted active materials
in solution onto solids such as activated carbon, kaolin, and tannic acid. In addition,
adsorption may cause formulation problems when active drugs or inert excipients
(i.e., preservatives) adsorb onto containers or medical devices.

Adsorption is the process in which materials of one phase accumulate or con-
centrate at the interfacial surface of the other phase. It occurs at the interfaces of
two phases such as liquid/liquid, gas/solid, gas/liquid, or liquid/solid. We will focus
on adsorption in the liquid/solid interface. The materials being adsorbed and the
adsorbing materials are called adsorbates and adsorbents, respectively.

Three different types of adsorption processes exist: lyophobicity of the solute
against the solvent, physical adsorption (physisorption), and chemical adsorption
(chemisorption). The more hydrophobic a material is in an aqueous solution, the
more the material will be adsorbed on a solid surface from the solution. The majority
of active drugs consist of both hydrophobic and hydrophilic groups, so that the
hydrophobic segment of the drug adsorbs on the surface of the solid and the hydro-
philic segment extends toward water. In physical adsorption, materials adsorb on
the surface of a solid by van der Waals forces, which are relatively weak nonspecific
forces. The adsorbed material is not fixed to the surface of the solid but is able to
move freely within the interfacial surface. Physisorption is fast and reversible,
resulting in multilayer adsorption. In chemisorption, discovered by Langmuir in
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1916, substances are held on the surface of a solid by specific covalent forces between
the adsorbate and the adsorbent. The chemically adsorbed materials are not free to
move on the surface. Chemisorption is slow and not readily reversible, resulting in
monolayer adsorption since the chemical forces between adsorbates and adsorbents
are very weak once the surfaces of the solid have become saturated with a single
layer of adsorbed substances. Most adsorption processes involve organic compounds
such as active drugs and incorporate chemical donor—acceptor complex formation
between aromatic hydroxyl and nitro-substituted compounds with the active carbon
and the carbonyl oxygen groups of the adsorbent surface. Physisorption prevails at
low temperature whereas chemisorption is favored at high temperature because
chemical reactions between the adsorbate and adsorbent increase with higher tem-
perature. However, most adsorption processes are dominated not by a single process
but rather by a combination of the three types of adsorption.

4.1.2 ADSORPTION ISOTHERMS

When a substance moves away from a solution and accumulates at the surface of a
solid, the concentration of the solute remaining in solution is in dynamic equilibrium
with the accumulated concentration at the surface. This distribution ratio of the solute
in solution and at the surface is a measure of the adsorption equilibrium. A mathe-
matical expression that relates the quantity of the solute adsorbed in a solid surface
per unit weight of solid adsorbent to a function of the solute concentration remaining
in solution at a fixed temperature is known as the adsorption isotherm.

There have been numerous attempts to assign mathematical isothermal adsorp-
tion relations to various experimental data. Among the most frequently used isotherm
equations are Langmuir, Freundlich, and BET.

4.1.2.1 Langmuir Isotherm

This is the simplest isotherm equation, proposed in 1916 by I. Langmuir. The
Langmuir equation is based on the fact that every active site in the surface acts the
same way, and the maximum adsorption occurs at a saturated monolayer of the
solutes on the surface. When an adsorbent is added to a solution containing a
substance to be removed, the substance adsorbs on the surface of the adsorbent, and
equilibrium is established. A fraction o of the adsorbing surface is occupied with
adsorbed substance and a fraction (1 — o) of the adsorbing surface will remain
unoccupied. The rate of adsorption is proportional to the availability of the adsorbing
surface and the concentration [A] of the substance in solution:

Rate of adsorption of solute = k [A](1-0) “.1)

where k, is the adsorption rate constant. The adsorbed substances tend to escape
from the surface. The rate of desorption is proportional to the extent of occupied
surface:

Rate of desorption of solute = k o “4.2)
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where Kk, is the desorption rate constant. At equilibrium, the rates of adsorption
and desorption are equal and thus:

k[Al(l-a) = k, o
or

a=— Nl 4.3)
k [A]+k,

If a monolayer of the solute covers the surface of the adsorbent, the amount of
solute, q,, adsorbed per unit weight of adsorbent is directly proportional to the
fraction o of the surface occupied with the solute:

q. =Ko (4.4)

€

where k’ is a constant. Substituting Equation (4.3) into Equation (4.4) and dividing
the resulting equation by k, yields:

(kK /kOIA] _ K[A]

q, = = 4.5)
1+(&k, /k)DIA] 1+K,[A]
where K, =k k’/k, and K, =k_/k,.
Equation (4.5) can be rearranged in a double-reciprocal form to:
K
1=1+1(1) (4.6)
q. K, K/ \[A]

Hence the plot of 1/q, vs. 1/[A] gives a slope of 1/K, and an intercept of
K, /K,. The Langmuir isotherm is represented by Figure 4.1a.

Figure 4.2 shows the Langmuir isotherms of (a) phenobarbital and (b) mephobar-
bital adsorption on activated carbon. The maximum adsorption capacity (K,/K,) of
activated carbon for mephobarbital is lower than that for phenobarbital. The affinity
constant (1/K,) for mephobarbital is higher than that for phenobarbital. This is
expected because higher solubility gives a lower adsorption affinity. Table 4.1 illus-
trates the Langmuir constants of various drugs on carbon black.

4.1.2.2 Freundlich Isotherm

There are two special cases of the Langmuir isotherm. For very low concentrations
(i.e., K,[A]<<1), the specific adsorption is directly proportional to the remaining
concentration of the solute in solution:

q, =K,[A] “.7)
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FIGURE 4.1 Langmuir and BET adsorption isotherms.

TABLE 4.1
Langmuir Constants of Various Drugs
on Activated Carbon

K, K,
Drugs (X107 L/g)  (x10~* L/mol)
Anmitriptyline 4.24 2.07
Carpipramine 3.63 2.36
Chlorhexidine 31.33 0.097
Chlorpromazine 743 4.37
Dipiperon 0.20 0.17
Isothipendyl 2.90 2.23
Opipramol 2.67 1.77
Promazine 5.71 3.36

Source: Taken from Nambu et al., Chem. Pharm.
Bull., 23, 1404 (1975) and E. Akaho and Y. Fukjumori,
J. Pharm. Sci., 90, 1288 (2001).

On the other hand, for high concentrations (i.e., K,[A]>>1), the specific
adsorption is independent of the concentration of the adsorbate in solution:

q. =+ (4.8)

The independence of the solute concentrations for adsorption arises when the
surface is fully occupied by a monolayer of adsorbate. Equation (4.7) and Equation
(4.8) along with the Langmuir isotherm are illustrated in Figure 4.1a.

For the intermediate concentrations, another empirical equation, the Freundlich
equation, for adsorption at given temperature can be given as:
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FIGURE 4.2 Langmuir isotherms of (a) phenobarbital and (b) mephobarbital by activated
carbon. [Graph reconstructed from data by Wurster et al., Pharmscitech, 1(3), 25 (2000).]

q, =k[A]" 4.9)

where k and n are constants. The value of n ranges from zero to one. In general,
the Freundlich equation agrees well with the Langmuir equation [Equation (4.5)].
The constant k is approximated for the adsorption capacity and the n exponent is
an indicator of the adsorption intensity. It is worthwhile to note that when n = 1,
the Freundlich equation is identical to the very low concentration case of the Lang-
muir isotherm [Equation (4.7)] and that when n = 0, the very high concentration
case of Equation (4.8) applies. Taking the logarithms of Equation (4.9) yields:

log q, =log k +n log [A] (4.10)
Plotting log q, against log [A] gives a straight line with a slope of n and an

intercept of log k.
Example 4.1

The following adsorption data for chlorhexidine on carbon black have been collected.

Calculate the Langmuir constants for the adsorption of chlorhexidine on carbon
black.

qe 075 095 110 125 140 1.55 1.65 x 10° mole/g
[A] 025 040 060 070 1.10 135 1.95x 10* mole/L

Solution
From Figure 4.3,

slope = % =0.01204 K, =83.06

1
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FIGURE 4.3 Linear plots of adsorption isotherms.

K, _ 8306

, = = =128032
0.002963  0.002963

K
intercept = K—‘ =0.002963 K

2

4.1.2.3 BET Isotherm

The Langmuir isotherm is based on the formation of a saturated unimolecular layer
of adsorbate molecules on the surface of the adsorbent at equilibrium. The BET
isotherm (Bruauser, Emmett, and Teller) assumed that a multimolecular layer of
adsorbate molecules covers the surface of the adsorbent and that each layer behaves
as the Langmuir isotherm. It is not necessary to cover the entire bare surface with
the adsorbate to form the multilayers. When using the Langmuir treatment, take into
account the multilayer adsorption in which the sequential layers have equal adsorp-
tion energies. The BET isotherm is then written in the form of:

) blAlq”
(IA], = [AD[1+ (b= 1)([A]/ [A],)]

q, 4.11)

where [A];, is the saturated concentration of the adsorbate, q° is the number of
moles of the adsorbate adsorbed per unit weight of adsorbent in a monolayer, and
b is a constant related to the energy of interaction with the surface:

b e exp[— ?5; :| (4.12)

where AH_ is the net enthalpy change of the adsorption. The BET adsorption
isotherm has the form shown in Figure 4.1b. The point X represents the completion
of the adsorbed monolayer on the surface of the adsorbent. However, the pattern of
the BET isotherm can vary with the value of b. The larger the value of b, the more
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the sigmoidal shape prevails. The inflection point of the isotherm becomes greater
when the value of b is greater than two. Even though the inflection point does not
exist for values of b less than or equal to two, a gradual increase in the adsorption
is observed. Equation (4.11) can be rearranged to:

a1 +[b—01) 1A (@13
([AL, —=[ADg, bq bq” A [A]
Plotting the left-hand side term of Equation (4.13) vs. [A]/[A]; gives a slope of

(b — 1)/bg° and an intercept of 1/bq°. From the slope and intercept, one can obtain
values of:

q° = —1 4.14)
slope + intercept
b=_SP 4 (4.15)
Intercept

Equation (4.11) is reduced to the Langmuir equation [Equation (4.6)] if [A] is
much smaller than [A], and b is much greater than unity. A linear plot for each of
three types of adsorption isotherms is illustrated in Figure 4.4. Furthermore, a
generalized isotherm equation can be written as:

_q°b 1-(n+Dx"+nx""
9= 123 1+ (b= Dx—bx™

(4.16)

where x =[A]/[A], and n is the number of adsorption layers. Equation (4.16)
reduces to the Langmuir equation when n is equal to unity and the BET equation
when n is equal to infinity.

Example 4.2

Water vapor absorption into polyvinylpyrrolidone solids was found to obey the BET
equation. The following absorption data were obtained. Calculate the values of q°
and b.

Water absorbed (%) 0.06 0.08 0.10 0.10 0.15 026 039 0.58
Relative pressure 0.11 023 033 044 058 076 0.85 0.90
Solution

Applying Equation (4.13) to the above data yields the slope of 8.82 and intercept
of 2.14 from Figure 4.5.

q° = ! = ! =0.0912
slope + intercept  8.82+2.14
b= slope + _8.82+1:5‘12

B intercept 214
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FIGURE 4.4 Reciprocal plot of adsorption of chlorhexidine by carbon black.
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FIGURE 4.5 The BET isotherm of water vapor on highly hydroscopic herbal extracts: (a)
regular form; (b) linear form. [Graph reconstructed from data by Chu and Chow, Pharm. Res.,
17, 1133 (2000).]
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4.1.2.4 Competitive Adsorption

If two substances adsorb onto given active sites of the surface of the adsorbent, the
removal of substance A from the solution is highly dependent on the adsorption
characteristics of substance B on the adsorbent surface. For example, the efficacy
of activated carbon against an overdose of an active drug is subject to the presence
of adsorbable substances in the gastrointestinal tract. Let us consider that substance
A and substance B adsorbed the fractions of the adsorbent surface o, and o,
respectively. The remaining fractions, which can be used for adsorption, are
1—-o, — 0. Then, the rates of adsorption of A and B (i.e., r; and 15, respectively)
are given by:

rl =kMAI(l-o, —o) (4.17a)

i =kP[Bl(1-o, —0ry) (4.17b)

where kaA and kf are the adsorption rate constants for substances A and B,
respectively. The rates of desorption of substances A and B (i.e., r: and rg,

respectively) are given by:
i =k%o, (4.18a)

g =kJo, (4.18b)

where kﬁ and kg are the desorption rate constants for substances A and B,
respectively.

At equilibrium, Equation (4.17a) and Equation (4.17b) are equal to Equation
(4.18a) and Equation (4.18b), respectively, and then:

o

— % g, [A] (4.192)
I-o, -0,
— % _g,[B] (4.19b)
I-o, —op

where K, =k? /k} and K, =k”/k”. Simplifying Equation (4.19a) and Equation
(4.19b) yields:

K. [A] o = Kg[B]

o, = = (4.20)
1+K,[A]+K,[B] 1+K,[A]+K,[B]
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The amount of A adsorbed per unit weight of adsorbent, qﬁ‘, under the assump-
tion of the formation of a monolayer is given by:

k'K, [A
q? =kjo, = 1 aRALA
+K,[A]+K,[B]

421

where k’, is a constant.

Equation (4.21) is equal to Equation (4.5) when there is no adsorption of B,
even if substance B is present in the solution (i.e., K; =0 ). Equation (4.21) shows
that the amount of A adsorbed decreases as the amount of B in the solution increases,
since both substances, A and B, compete for the same number of active sites. For
a multicomponent adsorption, Equation (4.21) can be generalized as:

i — k:\Kl[Al]
¢ 1+2Ki[Ai]

1

(4.22)

In a binary mixture of substances A and B, when the amounts of A and B are
high enough, the value of unity can be ignored and Equation (4.21) is linearized to:

1 1 K,B]

AT T
qe kA kAKA[A]

(4.23)

Plotting 1/ qf against [B]/[A] leads to a straight line with a slope of K, / k/, K,
and an intercept of 1/Kk’,.
Similarly, for substance B, one may obtain:

1

K,[A]
5 + AT
q.

1 (4.24)
ki kpK;[B]

However, when substances A and B adsorb on two different active sites of the
adsorbent surface, the competitive adsorption isotherm is not valid.

Figure 4.6 shows the competitive adsorption of mephobarbital by activated
carbon in the presence of phenobarbital. It clearly illustrates that the extent of
mephobarbital adsorption decreases in the presence of phenobarbital. This result
shows that the two solutes are competing for the same adsorption sites on the
activated carbon. The extent of mephobarbital adsorption in the presence of phe-
nobarbital can be predicted by the competitive Langmuir adsorption isotherm.

Example 4.3

Fifty milligrams of activated carbon is mixed with 1 L of a mixture of drug compound
A (25 mg) and excipient B (35 mg) until equilibrium is obtained. Calculate the
equilibrium concentration of A and B. It was found that adsorption isotherms for A
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FIGURE 4.6 Adsorption of mephobarbital by activated carbon in the presence of phenobar-
bital. [Graph reconstructed from data by Wurster et al., Pharmscitech, 1(3), 25 (2000).]

and B follow the Langmuir equation. The following adsorption parameters for A
and B were obtained:

kK, =005g/g, k,=0.1g/g, K, =45600L/g, K, =8960L/g

Solution
From Equation (4.22)

A KK, [A] B ki K[B]
qe = ’ ’ ’ qe = ’ ’
1+K,\ K, [A]+ kK [B] 1+k, K, [A]+ kK [B]
A 0.05x4.56 x 10*[A] _0.025-[A] @
e 1+0.05%4.56x10*[A]+0.1x 8960[B] 0.05
B _ 0.1x8960[B] _0.035-[B] )
e 1+0.05% 4.56x 10*[A]+0.1x 8960[B] 0.05
Dividing Equation (a) by Equation (b) yields:
2280[A] _ 0.025-[A 22.4[B
[A] _ Al o (Al [B] ©

896[B]  0.035—[B] ~ 79.8—1384[B]
Substituting Equation (c) into Equation (a) gives:

5107.2[B] _1.995-57[B]
79.8+56,838.08[B] - 1,240,064[B]* 0.05
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Then,
[B]=0.03287 g/L =32.87mg/L
Substituting [B] into Equation (c) yields:
[A]=0.02146 g/ L =21.46 mg/L

The adsorption phenomenon described so far deals with the adsorption of a
molecule at an adsorbent surface site. It is possible for a molecule to be adsorbed
at two or more sites. For example, in a molecule with two or more functional groups,
each functional group may be adsorbed on one site. Suppose that a molecule is
adsorbed at two different surface sites. The rate of adsorption is written as:

Rate of adsorption = k,[A](1- )’ (4.25)
Desorption takes place from the two adsorbed sites and its rate is written as:
Rate of desorption = k o (4.26)

Incorporating Equation (4.25) into Equation (4.26) at equilibrium leads to:

k /k 172 A 172
= (K, 7ky) 1/[2 ] 172 (4.27)
I+, /k,)""[A]
The amount of A adsorbed per unit weight of adsorbent is given by:
’ ” 172 1/2
kKoo k"(k,/k,)""[A] 4.28)

b= Tk, 1k )PIA?

where k” =k’/2. The adsorption isotherm for this case is shown in Figure 4.7. If
the concentration is very dilute, the denominator of Equation (4.28) gets closer to
unity and Equation (4.28) becomes:

q, =k"(k, / k)"’ [A]"” (4.29)

At high concentrations, the denominator is much larger than 1, and Equation
(4.28) yields:

q, =k” (4.30)

As aresult, adsorption is independent of the concentration at high concentrations.
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FIGURE 4.7 Adsoprtion isotherm with a binary site: (a) Langmuir and (b) adsorption with
two sites.

4.1.3 FACTORS AFFECTING ADSORPTION

Several factors influence the extent of adsorption from solution; they will be briefly
described in the sections that follow.

4.1.3.1 Nature of the Adsorbent

The physicochemical nature of the adsorbent can have decisive impacts on the rate
and capacity for adsorption. Every solid material can be used as an adsorbent, but
clay materials and activated carbon have been employed as particular adsorbents in
pharmaceutical applications. Clays such as bentonite and kaolin have silicate groups
on their surface and thus retain cation-exchange capacity. Positively charged com-
pounds adsorb on such silicate materials by replacing similarly charged ions on the
adsorbent surface (i.e., chemisorption or ion-exchange process). Inorganic adsor-
bents such as kaolin have different adsorption characteristics on different parts of
the surface (anionic adsorbates on one part and cationic adsorbates on other parts).
Due to the natural source of these clay adsorbents, the adsorption characteristics of
a specific adsorbent are dependent on their origin and processing.

Activated carbon is commonly administered as an antidote to reduce poisoning
by the adsorption mechanism. In addition, because drug adsorbs on activated carbon,
a concentration gradient between the tissue and gastrointestinal fluids exists, and
thus unwanted toxic substances diffuse out of the tissues (i.e., gastrointestinal dial-
ysis). Ionic adsorbates adsorb much less to activated carbon due to the presence of
electrostatic repulsion and polarity than their neutral counterpart molecules do.

Many commercial activated carbons have been prepared with various sources
of raw materials and different processing conditions. As a result, the micropore
structures and specific surface areas of activated carbons, which are the most pro-
found influences on the extent of adsorption, vary, and in general, activated carbons
have a surface area of up to 3000 m?/g. The rate of adsorption increases with some
function of the inverse of the radius of the activated carbon even though the adsorp-
tion capacity (i.e., equilibrium adsorption) is relatively independent of the particle
diameter. However, for a highly porous adsorbent such as activated carbon, the
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TABLE 4.2
Surface Areas of Various Activated Carbons and
Langmuir Constants of p-Nitrophenol

Surface Area Langmuir Constants

Carbon (m?/g) K, (g/g) K, (L/g)
BPL 1255 0.33 2.3
F400 853 0.30 6.2
FS100 751 0.28 5.6
WPLL 315 0.097 3.2
CBP 127 0.068 1.7

Source: Taken from Lynam et al., J. Chem. Ed., 72, 80 (1995).

reduction of particle sizes may provide more open adsorption sites that were not
available for adsorption in large particles or granules. Table 4.2 shows the effect of
activated carbons on the Langmuir constants.

4.1.3.2 Nature of the Adsorbate

The solubility of the adsorbate is a controlling factor for adsorption with a given
adsorbent. Its solubility in the solvent from which adsorption takes place has an
inverse relationship with the extent of adsorption of an adsorbate (i.e., Lundelius’
rule). It may be postulated that strong forces exist between the adsorbate and solvent,
and the breakup of such forces should be needed before adsorption can occur. The
higher the solubility of the adsorbate in a solvent, the greater the forces and the
smaller the extent of adsorption.

For organic compounds consisting of hydrocarbon chains, solubility in water
decreases with an increase in chain length of the homologous series (i.e., Traube’s
rule), because the compounds become more hydrophobic and nonpolar. More hydro-
phobic adsorbates are expelled from water and thus allow an increasing number of
water—water bond to be reformed. A nonpolar adsorbate will be strongly adsorbed
from a polar solvent by a nonpolar adsorbent but will not be adsorbed much on a
polar adsorbent in a nonpolar solvent. Therefore, an increase in the polarity of an
adsorbate decreases its adsorption on activated carbon, which is a relatively polar
adsorbent, in water.

4.1.3.3 pH

The pH of a solution influences the extent of adsorption. The majority of pharma-
ceutically active drugs are weak acids or weak bases. The degree of ionization and
solubility of the adsorbate drug molecule are dependent on pH. As described above,
more ionized (i.e., polar) and soluble adsorbates adsorb much less than their un-
ionized forms (i.e., lypophilic) do. For amphoteric adsorbates, a maximum adsorp-
tion capacity occurs at the isoelectric point (IEP), where the net charge of the
adsorbate becomes zero, and at the lowest solubility. In general, pH and solubility
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FIGURE 4.8 Adsorption isotherm of chlorhexidine on carbon black at two temperatures.
[Graph reconstructed from data by Akaho and Fukumori, J. Pharm. Sci., 90, 1288 (2001).]

influence adsorption jointly. However, solubility affects adsorption more profoundly.
If a drug is un-ionized at the experimental pH and is freely soluble, the adsorbate
is less adsorbed on an adsorbent than other, ionized drugs, which are much less
soluble in water (e.g., hyoscine on magnesium silicate), would be.

4.1.3.4 Temperature

Adsorption is normally exothermic; thus a decrease in temperature will increase the
extent of adsorption whereas an increase in temperature will increase the adsorption
capacity for chemisorption (normally endothermic). The heat of adsorption, AH,_,,
is defined as the total amount of heat evolved per a specific amount of adsorbate
adsorbed on an adsorbent. Because adsorption from an aqueous solution occurs,
AH_, is small, and thus small changes in temperature do not alter the adsorption
process much. The effect of temperature on adsorption can be expressed by:

AH -
il 9o |2 4 A [ BT, 4.31)
q, R Tsz

where q, and q, are the amounts adsorbed per gram of adsorbent at temperatures T,
and T,, respectively, and the sign is dependent on the endothermic (—) or exothermic
(+) nature of the process. Figure 4.8 shows the temperature effect on the adsorption
of chlorhexidine on carbon black.

4.2 LIQUID-LIQUID SYSTEMS (EMULSIONS)

An emulsion is a dispersed system where one liquid phase is finely subdivided as
globules or droplets and uniformly distributed in the other liquid phase. The practical
application of emulsions and their technology applies to pharmaceutical and cos-
metic formulations. The usual globular or droplet sizes range from 0.1 to 10 um.
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TABLE 4.3
Surface Tensions (y,) and Interfacial Tensions (y,)
against Water at 20°C (mN/m)

Liquid Ys Y Liquid Ys Y

Benzene 289 350 CCl, 26.8 45.0
Chloroform  27.1 32.8 Ethanol 22.3 —
Ethyl ether 17.0 107 Glycerin 48.1 —
n-Hexane 184  5l1.1 Mercury 485 375
n-Octane 21.8  50.8 n-Octanol  26.5  8.51
Oleic acid 325 15.6 Water 72.9 —

Source: Taken from P. Becher, Emulsion: Principles and Practices,
2nd Ed., Reinhold, New York, 1962.

Emulsifying agents should be present in the dispersed system to produce stable
emulsions. Liquid-liquid interfacial phenomena and emulsion stability will be dis-
cussed.

4.2.1 LiQuiD-LIQuID INTERFACIAL TENSION

At the liquid-liquid interface between a hydrocarbon oil and water under mixing,
the molecules encounter unbalanced attraction forces, pull inwardly, and contract as
other molecules leave the interface for the interior of the bulk liquid. As a result,
spherical droplets are formed. Customarily, the boundaries between a liquid and gas
and between two liquids are the surface and the interface, respectively. The interfacial
tension (or interfacial free energy) is defined as the work required to increase the
interfacial area of one liquid phase over the other liquid phase isothermally and
reversibly. Moving molecules away from the bulk to the surface or interfacial surface
requires work (i.e., an increase in free energy). Water molecules and hydrocarbon
oil molecules at the interface are attracted to the bulk water phase as a result of
water—water interaction forces (i.e., van der Waals dispersion yf,v and hydrogen
bonding y'\‘,v ), to the bulk oil phase due to the oil-oil dispersion forces, yg, and
to the oil-water phase by oil-water interactions, ng (i.e., dispersion forces). As
mentioned in Chapter 3, the oil-water dispersion interactions are related to the
geometric mean of the water—water and oil—oil dispersion interactions. The interfa-
cial tension is written as:

1/2
Yow =Vo +Vw +Vh —2Vow = Vo +Ta 7 —2X(vox7y)  (432)

Table 4.3 shows the surface tensions and the interfacial tensions against water
at 20°C. Based on the interfacial tension or surface tension measurement, it is
possible to calculate the water—water dispersion and hydrogen bonding forces. The
value of the surface tension is the sum of the combined dispersion and the hydrogen
bonding forces. For example, for the water—n-octane system,
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FIGURE 4.9 The ring method for the measurement of interfacial tension.

50.8=21.8+72.8—2x(y§, x21.8)"

Yy =220mN/m and y% =72.8-22.0=50.8 mN/m

The ring method (du Nuoy tensiometer) can be used to measure the interfacial
tension as shown in Figure 4.9. The method measures the force required to detach
a platinum wire ring from the interface by pulling on the ring. The mathematical
relationship between the pulling force and interfacial tension is given by:

BF
=rF" 4.33
Tow 4 R ( )

where F is the pulling force, R is the mean radius of the inner and outer radii of
the ring, and B is a correction factor. The correction factor is added to Equation
(4.33) to account for the shape of the liquid held up by the ring at the detachment
point, which results in nonvertical interfacial tension forces. The contact angle
between the ring and the lower liquid must be zero. This can be achieved by careful
cleansing and flaming of the ring. The ring should be horizontally balanced on a
surface.

The Wilhelmy plate method, as shown in Figure 4.10, is similar to du Nouy’s
ring method, but it uses a thin mica plate or microscope slide. The plate is suspended
from a balance and dips into the liquid. The force, F, required to detach the liquid
meniscus surrounding the plate depends on the surface tension or interfacial tension
by:

F=W

det

-W=2(x+y)ycos6 (4.34a)
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FIGURE 4.10 Wilhelmy plate method.

where W, and W are the weight on the balance at the point of detachment and the
weight of the plate, respectively, x and y are the length and thickness of the plate,
respectively, and 0 is the contact angle. In general, 6 =0 and x>>y. Then
Equation (4.34a) becomes:

F=2xxXxy or y:i (4.34b)
2x

4.2.2 ADSORPTION OF SURFACTANTS AT INTERFACES

Substances having both polar [e.g., -COO-, -SO,, —(CH,CH,0),0H, or —OH]
and nonpolar (e.g., —CH,—) regions in their molecular structures are called surface
active agents or surfactants. These materials are soluble in both water and hydro-
carbon oils. Upon addition of the surfactants into the dispersed system, the polar
and nonpolar groups orient themselves in a monomolecular layer facing the polar
(i.e., water) and nonpolar solvents (i.e., hydrocarbon oils), respectively. Surfactants
diffuse from the solution onto the interface where adsorption and accumulation take
place. The interfacial tension must be lowered for the interface to expand. This
concept is balanced against the propensity of the bulk phase for complete mixing
due to thermal motion. If the interfacial tension is decreased sufficiently, the dis-
persed system will readily be emulsified.

\\

Hydrophobic Hydrophilic

Surface—active agent

In some instances, it has been observed that the addition of electrolyte and sugars
into water increases the interface tension. The adsorbed surfactants migrate away
from the interface into the bulk phase (i.e., negative adsorption).
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FIGURE 4.11 An interface between two liquid phases in the presence of an adsorbed layer.

As the amount of the surfactant in water is increased, the interface saturates to
a point beyond which no further decrease in the interfacial tension occurs. At this
concentration, the surfactant molecules start forming micelles (see Section 4.2.6).
The inflection point of the interfacial tension vs. concentration curve is called the
critical micelle concentration.

Measurement of the interfacial tension can estimate the amount of surfactant
present at the interface, called the surface excess. If the bulk liquids (A and B)
extend to the interface SS with no compositional change (Figure 4.11), surface excess
is present. The total thermodynamic energies of a system and the interface layer I
for an open system are given by Equation (4.35a) and Equation (4.35b), respectively:

E=TS—PV+Znipi (4.352)
B'=TS'=PV'+yA+ ) iy, (4.35b)

where A is the interfacial surface area. Differentiating Equation (4.35b) yields:
dE' =TdS'+S'dT—PdV' - V'dP+3dA + Ady + _wdn!+ Y nldy,  (436)

From the first and second laws of thermodynamics for an interfacial layer,
dE' =TdS'~PdV' +1dA+ ) udn! (4.37)

Substituting Equation (4.36) into Equation (4.37) gives:

S'dT - V'dP+ Ady+ ) nldy, =0 (4.38)

At constant temperature and pressure, Equation (4.38) becomes:

dy = —Z%dui == Ty, (4.39)
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where I = niI / A is the surface excess concentration of the component i in the
interface.
For a two-component system (i.e., water and surfactant), Equation (4.39) yields:

dy =-T,duy, —Tdug (4.40)

where the subscripts w and s denote water and the surfactant, respectively. After
careful consideration of the interfacial layer of the adsorbed surfactant, the location
of SS for the surface excess concentrations is arbitrarily chosen to be at I, =0.
Then Equation (4.40) becomes:

dy = -T,du, (4.41)
The infinitesimal chemical potential change of the surfactant is given by:
dug =RTdIn ag (4.42)
Substituting Equation (4.42) into Equation (4.41) gives:

__ b ody _ay dy
 RTdlnag  RT dag

(4.43)
For dilute solutions, activity ag may be replaced by the concentration cq:

r=—S 4 (4.44)
RT de,

Equation (4.44) is the Gibbs energy for the adsorption of surfactant at the
interface. Equation (4.44) is applied to systems containing a nonionic surfactant as
well as generalized for the consideration of adsorption of ionic substances in order
to maintain electroneutrality at the interface:

r=— S 9 (4.45)
JRT dcg

where j=1 for nonionic surfactants, ionic surfactants in dilute solutions, and excess
inert electrolyte influenced by the electrical shield effect, and j=2 for ionic sur-
factants in concentrated solutions.

As the concentration of surfactant in an aqueous solution is increased, the surface
tension is appreciably lowered even at low concentrations. Further addition leads to
a saturated level at the surface where the surfactant molecules are closely packed.
Beyond saturation the excess surfactants form micelles within the aqueous solution
and there is no longer a change in the surface tension, as illustrated in Figure 4.12.
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FIGURE 4.12 Plot of surface tension vs. log concentration of sodium lauryl sulfate. [Graph
reconstructed from data by Castro et al., J. Chem. Ed., 14, 78, 347 (2001).]

Micelles are formed in order to protect the hydrophobic regions of the amphiphilic
surfactant from the aqueous solution. The surface area S occupied by the surfactant
molecule can be determined by:

S=—— 4.46
NT (4.46)

A”S

where N, is Avogadro’s number. Substituting Equation (4.43) into Equation (4.46)

yields:
-1
s=—RT( dy J (4.47)

N, | dincg

Example 4.4

The surface tension vs. concentration of sodium lauryl sulfate is plotted in Figure
4.12. Calculate the area per molecule occupied by the surfactant at the air—water
interface at 25°C.

Solution

Solution: From Figure 4.12, the slope (= dy/Inc) can be determined:

dy  35.52-39.66
dlnc, (-1.609)—(—4.828)

=-1.286

_ 8.314 x 298
-1.286 x6.023x10%

=3.195x107" m?

The surface activity of the surfactant is related to its amphiphilic properties. The
longer the hydrocarbon chain of a homologous series of surfactants, the greater the
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surface activity. On the other hand, the increase in the length of the hydrophilic
chain [i.e., —=(CH,CH,0),0H] results in a reduced surface activity and hence,
increases the surface tension and the critical micelle concentration. Traube’s rule
states that the addition of a CH, group to a homologous series of surfactants lowers
the surfactant concentration for the surface tension in dilute aqueous solution and
the interfacial tension at the oil-water interface threefold.

4.2.3 SURFACTANTS AND THEORY OF EMULSIFICATION

To prepare homogeneous and stable emulsions from two pure liquids without a
continuous mixing, a third material (i.e., emulsifying agent or emulgent) must be
incorporated into the system. The materials commonly used as emulsifying agents
can be divided into three categories: surface-active, naturally occurring and semi-
synthetic, and finely divided solids. In each category, different stabilizing mecha-
nisms are taken advantage of in order to achieve a stable system.

4.2.3.1 Surface-Active Materials

As discussed before, there are two regions (i.e., hydrophilic and hydrophobic) in
the surfactant molecules. These surfactants are classified into four main categories
depending on the nature of the charge carried by the hydrophilic part of the surfac-
tant: anionic, cationic, nonionic, and ampholytic surfactants. Some common exam-
ples of surfactants are listed in Table 4.4.

Anionic surfactants are negatively charged in an aqueous solution (i.e., —COO",
—0S0;), and widely used because of their cost and performance. Sodium lauryl
sulfate, the main component of which is sodium dodecyl sulfate, is highly soluble
in water and commonly used to form oil-in-water (O/W) emulsions. Reacting an
alkali hydroxide with a fatty acid (e.g., oleic acid) can produce alkali metal soaps
(e.g., sodium oleate). Careful attention must be paid to the pH of the dispersion
medium and the presence of multivalent metals (see Section 4.2.5). Alkali earth
metal soaps (e.g., calcium oleate) produce stable water-in-oil (W/O) emulsions
because of their low water solubility and are produced by reacting oleic acid with
calcium hydroxide. Triethanolamine stearate produces stable O/W emulsions in situ
by reacting triethanolamine in aqueous solution with melted stearic acid at approx-
imately 65°C (e.g., vanishing cream).

Cationic surfactants are positively charged in an aqueous solution (e.g., quater-
nary ammonium and pyridinium), and expensive. Because of their bactericidal
action, they are widely used for other applications such as preservatives, sterilizing
contaminated surfaces, and emulsions.

Nonionic surfactants consist of a —-(CH,CH,0),0H or —OH as the hydrophilic
group and exhibit a variety of hydrophile—lipophile balances (HLB) which stabilize
O/W or W/O emulsions. Unlike anionic and cationic surfactants, nonionic surfactants
are useful for oral and parenteral formulations because of their low irritation and
toxicity. Based on their neutral nature, they are much less sensitive to changes in
the pH of the medium and the presence of electrolytes. The best use of nonionic
surfactants is to produce an equally balanced HLB of two nonionic surfactants: one
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TABLE 4.4
Surface-Active Agents

Name

Sodium oleate
Sodium palmitate

Sodium lauryl sulfate

Sodium dioctyl sulfosuccinate

Cetylpyridinium chloride
Bezalkonium chloride

Hexadecyltrimethyl ammonium chloride

Polyoxyl 8 dodecyl ether

Sorbitan monostearate
(Span 60)

Polyoxyethylene sorbitan monolaurate
(Polysorbate 20 or Tween 20)

n-Dodecyldimethylbetaine

Lecithin

Hydrophobic Hydrophilic
Anionic
CH,(CH,),CH = CH(CH,),CO0"Na*
CH,(CH,),,COO"Na*
CH,(CH,),, SO, Na*

CH,(CH,),0,CCH,CH
CH,(CH,),0,CSO; Na*

Cationic
CH,(CH,),,CH,N"C,H,CI"
C4H,,(to C,;H,,)N*(CH,),CI" —~CH, —CHj

CH,(CH,),, — N*(CH,),CI”

Nonionic
C,H,; - (OCH,CH,),0H
(6]
CH,O —ICI ——CH,(CH,)sCH 4
HO —CI O

el

0
I
CH,O(CH,CH,0), ,CH,CH,0—C —CH,(CH,),CH,

|
HO,(CH,CH,0)0-C\_.0
H sum of w+x+y=20

(OCH,CH,),OH
HO,(CH,CH,0)

Ampholytic
C,H,.—N*(CH,), - CH,COO"
CH,-CO, —R,

H,-CO, -R,
{H,PO; < CH,CH,N*(CH,),
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FIGURE 4.13 Monolayer surfactant film.

hydrophilic and one hydrophobic (see Section 4.2.4). Sorbitan esters (Spans) are the
products of the esterification of a sorbitan with a fatty acid. Their hydrophilicity
comes from the hydroxyl groups of the saturated cyclic ring. They are not soluble
in water and used for W/O-type emulsions. Polysorbates (Tweens), on the other
hand, are soluble in water since a number of ethylene oxides are adducted by the
hydroxyl groups of the sorbitan esters. They are hence used as emulsifying agents
for O/W emulsions. In general, both sorbitan esters and polysorbates are used in
conjunction to produce a wide range of emulsions (see Section 4.2.4). Fatty alcohol
polyoxyethylene ethers are condensation products of fatty alcohols with polyethylene
glycol, while fatty acid polyoxyethylene esters are esterification products of fatty acids
with polyethylene glycol. They are soluble in water and used in conjunction with
auxiliary emulsifying agents (e.g., cetyl and stearyl alcohols) to give O/W emulsions.

Ampholytic surfactants possess both cationic and anionic groups in the same
molecule and are dependent on the pH of the medium. Lecithin is used for parenteral
emulsions.

Upon mixing two immiscible liquids, one of the two liquids (i.e., the dispersed
phase) is subdivided into smaller droplets. The surface area and the interfacial free
energy increase, and the system is then thermodynamically unstable. Without con-
tinuous mixing, the droplets will be stabilized throughout the dispersion medium by
dissolving the surface-active agent. There are several theories for the stabilization
of emulsions but a single theory cannot account for the stabilization of all emulsions.

In the interfacial tension theory, the adsorption of a surfactant lowers the inter-
facial tension between two liquids. A reduction in attractive forces of dispersed
liquid for its own molecules lowers the interfacial free energy of the system and
prevents the coalescence of the droplets or phase separation. Therefore the surfactant
facilitates the stable emulsion system of the large interfacial area by breaking up
the liquid into smaller droplets. However, the emulsions prepared with sodium
dodecyl (lauryl) sulfate separate into two liquids upon standing even though the
interfacial tension is reduced. The lowering of the interfacial tension in the stabili-
zation of emulsions is not the only factor we should consider.

The interfacial film theory is an extended interfacial tension theory, in which
the adsorbed surfactant at the interface surrounds the dispersed droplets forming a
coherent thin monolayer film (Figure 4.13). As the droplets approach each other,
coalescence is prevented. The stability of the emulsions depends on the character-
istics of the monolayer film formed at the interface. Monolayer films are classified
as gaseous, condensed, and expanded films.
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In gaseous films, the adsorbed surfactant molecules separate, do not adhere to
each other laterally, and move freely around the interface. Upon collision, the surface
pressure, which is the expanding pressure pressed by the monolayer, approaches
zero in the form of a rectangular hyperbola when compared to other hard films. One
example of a gaseous film is that of sodium dodecyl sulfate. The surfactant is anionic.
The charged sulfate head groups repel one another in the aqueous solution as the
droplet covered with the film moves closer to another. When the charged film is
strongly anchored to the dispersed phase, the emulsion is stable. In the case of
sodium dodecyl sulfate, the monolayer film is loosely fixed. The adsorbed molecules
move away from the interface and coalescence occurs.

On the other hand, long straight-chain fatty acids, such as palmitic and stearic
acids, form a condensed film. The molecules of the fatty acid are more tightly packed
and the film steeply rises from the compression. The hydrocarbon chains are adjacent
to and in cohesive contact with one another. They are able to hold the adsorbed
molecules when the chains interlock, where the molecules do not freely move in
the interface, leading to a stable emulsion. Similar condensed monolayer films can
be formed with cholesterol. Expanded films are the intermediate physical states of
the monolayer films in the condensed and gaseous films. For example, oleic acid
forms a more expanded film than palmitic and stearic acids do. The hydrocarbon
chains in oleic acid are less cohesive and less orderly packed in the liquid than those
in stearic acid. The unsaturated double bond is polar and has a greater affinity for
water. The attractive force between the polar group (i.e., double bond) and water is
overcome. In surfactants, the presence of bulky head groups, bulky branched hydro-
carbon chains, multiple polar groups, and bent-shaped hydrocarbon chains causes
lateral cohesion to be reduced and expanded films to form.

Nonionic surfactants produce the same interfacial films in the interface in a
similar fashion as that mentioned above. As expected, there is no charge repulsion
contribution to the stability of the emulsion. However, the polar groups of the
surfactants (i.e., polyoxyethylene) are hydrated and bulky, causing steric hindrance
among droplets and preventing coalescence.

Combinations of surfactants are often used rather than a single surfactant in
order to improve emulsion stability. When a water-soluble surfactant (dissolved in
an aqueous phase) that produces a gaseous film, such as sodium cetyl sulfate, is
mixed with an oil-soluble auxiliary surfactant (dissolved in oil phase), such as
cholesterol, a stable interfacial complex condensed film will be formed in the inter-
face. This film is flexible, highly viscous, coherent, elastic, and resistant to rupture
since the molecules are efficiently packed between each other (Figure 4.14). It
produces an interfacial tension much lower than that of the pure component alone.
An additional factor contributing to the stability of the emulsion arises from the
presence of a surface charge head group, which is responsible for the repulsion
among the droplets. When oleyl alcohol replaces cholesterol, sodium cetyl sulfate
does not stabilize the emulsion because its cis configuration interferes with the
formation of the condensed film. Other examples are sodium lauryl sulfate/glycerol
monostearate, sodium stearate/cholesterol, and sodium oleate/cetyl alcohol. This
approach is also applied to mixed nonionic surfactants. When a mixture of Tween
40 (polyoxyethylene sorbitan monopalmitate) and Span 80 (sorbitan monooleate) is

© 2004 by CRC Press LLC



Sodium cetyl sulfate QO
Cholesterol O

FIGURE 4.14 Interfacial condensed film of two surfactants at the oil-water interface.

used in O/W-type emulsions, the hydrocarbon chains of Tween 40 are positioned in
between those of Span 80, leading to an effective van der Waals attraction between
the hydrocarbon chains. As mentioned before, steric hindrance, caused by the sor-
bitan ring and the bulky hydrated polyoxyethylene chains, stabilizes the emulsions.

4.2.3.2 Naturally Occurring and Semisynthetic Materials

Naturally occurring materials, called hydrophilic colloids, are used to stabilize emul-
sions and form O/W-type emulsions. They include polysaccharides (e.g., acacia,
tragacanth, agar, pectin, and alginates) and proteins (e.g., gelatin and casein). The
major problems in using polysaccharides are their susceptibility to bacterial or mold
growth because of their natural origins and the batch-to-batch (i.e., year-to-year,
source-to-source) variation in the quality of the product. Therefore, these materials
are frequently used in extemporaneous emulsions. The most commonly used emul-
sifying agent of this kind is acacia. Unlike other polysaccharides, acacia has low
viscosity and creaming is likely to occur. The creaming can be retarded by homog-
enizing the emulsion. For this reason, a suspending agent (e.g., alginate) is incor-
porated to retard the rising droplets and provide stability to the emulsion. To coun-
teract the problem of batch-to-batch variation, semisynthetic materials, produced
from cellulose (e.g., methylcellulose and sodium carboxymethylcellulose), are used.
Because a number of chemical processes have been used to produce these semisyn-
thetic materials, they are not susceptible to bacterial contamination.

Unlike simple synthetic surfactants, these materials do not lower appreciably
the interfacial tension but form a multimolecular layer film at the oil-water interface
(Figure 4.15), in the same manner as particle dispersion (see Section 4.3.1). The
multilayer films are strong and elastic and give mechanical protection to coalescence.
Both the carboxylic acid groups in the polymer chain of polysaccharides and the
amino acid groups in proteins are ionized at a particular pH range, thus creating an
electrostatic charge repulsion that further stabilizes emulsions. Emulsions prepared
from proteins (e.g., gelatin) often have a watery consistency. Emulsions can also be
prepared from a mixture of a surfactant with a natural emulsifying agent, such as
tragacanth and Spans and acacia and Tweens.

4.2.3.3 Finely Divided Solids

Finely divided solid particles produce stable emulsions by preferentially wetting one
of the phases (Figure 4.16). As more solid particles are lodged at the interface, they
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FIGURE 4.15 Multilayer films.

FIGURE 4.16 Adsorption of finely divided particles on liquid droplets.

adhere strongly to each other, forming a stable film at the surface. Examples include
clays (e.g., bentonite and magnesium aluminum silicate), colloidal silicone dioxide,
aluminum hydroxide, magnesium hydroxide, and carbon black. When clays and
aluminum and magnesium hydroxides are preferentially wetted by water, the contact
angle is less than 90°, and O/W-type emulsions are formed. The most effective
wetting liquid makes up the continuous phase, which is dependent on the volume
ratio of the two liquids. For example, bentonite forms W/O-type emulsions when
the oil phase volume is much greater than the aqueous phase. One nonpharmaceutical
application of finely divided particles is the production of spherical solid beads from
organic monomer liquid via the suspension polymerization process in which gelat-
inous magnesium hydroxide is used to coat the organic droplets to protect them
from being agglomerated.

4.2.4 Tvype oF EMuLsioN AND HLB System

The type of emulsion produced when an oil and water are mixed together is deter-
mined by:

1. The phase volume ratio present in the emulsion
2. The characteristics of the surfactant

The continuous phase is usually present in the phase with the larger amount of

volume. However, even though a phase has a higher volume (over 50%), it can be
the dispersed phase. Theoretically, 74% of the total volume can be occupied by the
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TABLE 4.5
Classification of Surfactants

HLB Applications HLB Dispersibility in Water
1-3 Antifoaming agents 1-4 Nil

3-6 W/O emulsifying agents 3-6 Poor

7-9 Wetting agents 6-8 Unstable milky dispersion
8-16 O/W emulsifying agents 8-10 Stable milky dispersion
13-15  Detergents 10-13  Translucent dispersion
15-18  Solubilizing agents 13- Clear solution

TABLE 4.6

HLB Values for Selected Emulsifying Agents

Surfactants HLB Surfactants HLB
Ethyleneglycol distearate 1.5 Propyleneglycol monostearate 34
Span 80 43 Span 60 4.7
Span 40 6.7 Acacia 8.0
Methyl cellulose 10.5 Triethanolamine oleate 12.0
Triton X-100 13.5 Tween 60 14.9
Tween 80 15.0 Na oleate 18.0
K oleate 20.0 Na lauryl sulfate 40.0

dispersed phase, which is tightly packed with monodispersed spherical droplets. The
nature of the surfactant used in the emulsion is important for the type of emulsion.
As mentioned in Section 4.2.3, the preferential wetting theory can be applied to
other surfactants. The characteristics of both the polar (hydrophilic) and nonpolar
(hydrophobic) groups present in the surfactant determine the type of emulsion. When
the surfactants are more hydrophilic and polar (e.g., sodium oleate), they form O/W-
type emulsions. When they are more hydrophobic and nonpolar (e.g., calcium
oleate), they form W/O-type emulsions. Bancroft’s rule states that the liquid phase,
in which the surfactant is more soluble, forms the continuous phase. This rule can
be applied to nonionic surfactants. For example, sorbitan esters (i.e., the Span series),
which are soluble in oil, form W/O-type emulsions while polyoxyethylene sorbitan
esters (i.e., the polysorbate or Tween series) form O/W-type emulsions.

The hydrophile—lipophile balance (HLB) system is the measure of the surfac-
tant’s polarity as well as other physical properties of surfactants and the emulsifying
materials. The more lipophilic the surfactant is, the lower the HLB values will be.
Table 4.5 empirically classifies and compares surfactants according to their optimum
use. Table 4.6 shows the HLB values for a selected group of surfactants. The HLB
value of the surfactant or surfactant mixture should be matched with that of the oil
or the mixture of oils to ensure a stable emulsion. The required HLB values of a
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TABLE 4.7
Required HLB Values for Selected Oils and Waxes

Oils or Waxes O/W Emulsion W/O Emulsion
Cottonseed oil 6-7

Petrolatum 8

Beeswax 9-11 5
Mineral oil 10-12 5-6
Lanolin, anhydrous 12-14 8

Cetyl alcohol 13-16

variety of oils can be determined experimentally by evaluating the system with
minimum separation (or creaming) phases. The required HLB values of oils for both
O/W and W/O emulsions are given in Table 4.7.

There are several empirical expressions to calculate the HLB values based on
the chemical structures present. If the hydrophilic region is polyoxyethylene, the
HLB value is calculated by:

HLB=E/S5 (4.48)

where E is the weight percent of oxyethylene chains in the surfactant. The HLB
values of the surfactants based on polyhydric alcohol fatty acid esters may be
estimated by:

HLB = 20(1 - S) (4.49)
A

where S is the saponification number of the ester and A is the acid number of the
fatty acid. If one cannot obtain the saponification numbers (e.g., beeswax and lanolin
derivatives), their HLB values may be calculated by:

HLB=(E+P)/5 (4.50)

where P is the weight percent of the polyhydric alcohol groups (e.g., glycerol or
sorbitol) in the material.

It is not easy to match the required HLB value of the oil or the oil mixture with
that of a single surfactant to form the most stable emulsion. The appropriate com-
bination of surfactants (usually a binary system) should be chosen. The HLB value
of the binary mixture of surfactants A ( HLB, ) and B ( HLBy) is calculated by:

HLB . = f xHLB, +(1- f,)xHLB, 4.51)

mixture

where f, is the weight fraction of surfactant A in the mixture.
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The selection of the mixture of surfactants should be made after the careful
consideration of the interfacial film, as described in Section 4.2.3. In most cases,
the most stable emulsions are made from surfactants that contain the same number
of hydrocarbon chains (e.g., sorbitan monooleate and polyoxyethylene sorbitan
monooleate). The optimum HLB value of the surfactants in the emulsion predicts
the smallest mean droplet size that produces a stable emulsion.

Example 4.5
Calculate the amount of emulsifiers to prepare a stable 250 g O/W emulsion of the
compositions given below. Two surfactants are used: Span 80 and Tween 60.

Ingredients Percent  Required HLB
Beeswax 24 9
Mineral oil 14 11

Cetyl alcohol 5 14
Emulsifiers 5

Purified water q.s. 100

Solution

First, the required HLB value of the oil phase mixture must be calculated. The total
weight percent of the oil phase is 43%. The weight fractions of each oil in the oil
phase are 24/43, 14/43, and 5/43 for beeswax, mineral oil, and cetyl alcohol, respec-
tively. The HLB value of the oil mixture is given by:

HLB , =9x%+11x£+14xi=10.23
? 43 43 43

The HLB,; should be matched with the HLB value of the mixture of two
surfactants.

HLB,, = HLB = f, x HLB, (Span 80) + (1 - f, ) x HLB, (Tween 60)

emulsifiers
1023=f, x43+(1-f)x149 f, =044
The amount of Span 80 is: 250 gx0.05x044=55¢g

The amount of Tween 60 is: 250 gx0.05x0.56=7.0 g

Another quantitative expression can be used to account for the contributions of
the hydrophilic and hydrophobic groups to the HLB value of surfactant:

HLB = Z (hydrophilic group number) — Z (hydrophobic group number)+7 (4.52)
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TABLE 4.8
Group Contributions to HLB Values

Hydrophilic Groups ~ Group Number Hydrophobic Groups ~ Group Number
-SO,Na* 38.7 —-CH-

—-COOK* 21.1 —CH, - —0.475
—COO™Na* 19.1 —CH,

Tertiary amine N 9.4 =CH-

Ester (sorbitan) 6.8

—COOH 2.1

Hydroxyl 1.9

Hydroxyl (sorbitan) 0.5

Source: Taken from Davies and Rideal, Interfacial Phenomena, Academic Press, New York, 1961, pp.
371-378.

Table 4.8 gives the group numbers. However, Equation (4.52) is not self-con-
sistent and does not predict the HLB of nonionic surfactants containing polyoxy-
ethylene fatty alcohol.

The properties and uses of surfactants are strongly dependent on the HLB (as
described above), the oil-water partition coefficient (K, ), and the solubility param-
eter. The relationship between HLB and K, of nonionic surfactants has been exam-
ined and is expressed by:

HLB=a+blogK_, (4.53)

where a and b are the constants. Figure 4.17 shows that a change in the hydrocarbon
moiety (e.g., octoxynol vs. nonoxynol) affects the relationship between the HLB
and K, far more than a change in the number of oxyethylene units in the homologue
series. However, different surfactant categories show different lines that are far apart.

Similarly, a linear relationship between the HLB and the overall solubility
parameter (d,) has been investigated by:

HLB=a+b§, (4.54)

As observed in the relation between the HLB and K, there is an excellent linear
relation within the same homologous series, but different categories of surfactants
give different lines with surprisingly similar slopes (Figure 4.18).

After choosing the combination of surfactants, it is up to the formulator to
determine the specific amounts of surfactants needed in the mixture. Based on
creaming or phase separation through a series of trial and error, the surfactant
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FIGURE 4.17 Relationship between the HLB and Ky. [Graph reconstructed from data by
H. Schot, J. Pharm. Sci., 84, 1215 (1995)]
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FIGURE 4.18 Relation between the HLB and the overall solubility parameter (3,). [Graph
reconstructed from H. Scott, J. Pharm. Sci., 73, 790 (1984).]

concentration is adjusted to produce a stable emulsion system. The quantity of
surfactant in the mixture, My, is calculated by:

__6p/p)  4Q
S 10-0.5RHLB 1000

(4.55)

where p and pg are the density of the dispersed phase and the surfactant mixture,
respectively, and Q is the percent of the continuous phase.

The HLB system used above does not take into consideration the temperature
effects. Upon heating, an O/W emulsion prepared with nonionic surfactants inverts
to a W/O emulsion because the hydrogen bondings in the polyoxyethylene groups
are broken, and the HLB value of the surfactant becomes smaller. The higher the
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phase inversion temperature (PIT), the slower the rate of globule coalescence and
the more stable the emulsion.

4.2.5 INSTABILITY OF EMULSIONS

Stable emulsions maintain the initial characteristics of the droplets. With the aid of
emulsifying agents, they are uniformly distributed throughout the dispersed phase.
However, they can be destabilized by various factors.

Upon standing, an emulsion may cream up or settle down, according to Stoke’s
law (Section 4.3.3.), into two layers. One layer has a more concentrated disperse
phase than the other. Even though creaming or settling does not lead to serious
instability, the creamed or settled emulsion product is not pharmaceutically or
cosmetically elegant, and the patient may get an inadequate dose. In addition,
flocculation and/or coalescence can occur because the concentrated droplets are too
close to each other. The creaming or settling is decreased by reducing the droplet
size and increasing the viscosity of the dispersion. When the emulsion is homoge-
nized, the droplet size decreases and the number of droplets and viscosity of the
emulsion increase. The addition of hydrocolloids increases the viscosity of the
disperse phase, forming a viscous barrier network around the droplets. Thus, it is
possible to obtain stable emulsions well below the optimum HLB value when using
very small droplets and thickening agents. The creamed or settled emulsion is easily
redispersed by simple shaking.

Flocculation of droplets occurs in the secondary minimum according to the
DLVO (Deryagin, Landau, Verwey and Overbeek) theory (see Section 4.3.3). The
flocs maintain their own individual identity and act together in conjunction, increas-
ing the rate of creaming or sedimentation. The flocculated emulsion is again easily
redispersed by shaking. As mentioned before, flocculation may lead to coalescence.
When there is a high charge density on the droplets, the degree of flocculation is
reduced.

The coalescence or complete separation of an emulsion occurs when two par-
ticles approach each other and no barrier exists between them. This process is avoided
by producing a strong condensed mixed monolayer film or a multilayer coating
around the droplets. A stable W/O emulsion is produced from surfactants or a mixture
of surfactants that have very long hydrocarbon chains.

Addition of chemicals without careful consideration may break an emulsion. An
emulsion prepared with ionic surfactants should not be mixed with chemically
incompatible materials of opposite charge. The pH of the emulsion should be alkaline
if the emulsion is made with alkali soaps. At an acidic pH, the carboxylate ion of
the soap is converted to the carboxylic acid, which is not water-soluble and an
emulsifying agent. An alkali-soap stabilized O/W-type emulsion may be inverted to
a W/O-type emulsion by adding a divalent electrolyte. The carboxylate ion reacts
with the divalent electrolyte to form an alkali earth soap that is an oil-soluble
surfactant. Addition of a common electrolyte to an emulsion prepared with ionic
surfactants suppresses the ionization according to the Le Chatelier rule (e.g., ammo-
nium oleate and ammonium chloride). The presence of noninteractive electrolytes
in the emulsions alters the polar nature of the interfacial film. For example, the
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FIGURE 4.19 Physicochemical characteristics of surfactant solutions.

addition of NaCl to an O/W emulsion may dehydrate (or salt out) the monolayer
film concentration lowering the HLB value of the surfactant and precipitating the
surfactant.

4.2.6 MICELLIZATION AND SOLUBILIZATION

In dilute aqueous solutions, surfactants have normal electrolyte or solute character-
istics and are formed at the interface. As the surfactant concentration increases
beyond the well-defined concentrations (i.e., critical micelle concentration, c.m.c.),
the surfactant molecules become more organized aggregates and form micelles. At
the c.m.c., the physicochemical characteristics of the system (osmotic pressure,
turbidity, surface tension, and electrical conductivity) are suddenly changed, as
shown in Figure 4.19.

This behavior is expected since the hydrophobic chains move away from the
water and orient themselves towards the core of the micelle. This increases the
movement of the hydrocarbon chains within the core. As a result, the minimum free
energy is achieved from the intermolecular attraction between the lipophilic chains.
Tonic or polar groups sufficiently compensate for the disturbance of the water—water
hydrogen bondings with water—solute hydrogen bondings. Water molecules struc-
turally surround the hydrophobic region of the surfactant molecule, causing a large
decrease in the entropy change. Meanwhile the polar hydrophilic groups form
hydrogen bondings. This withdrawal of the lipophilic groups from the aqueous phase
is due to strong attractive water—water interactions as a result of hydrogen bonding.
It is often known as the hydrophobic effect.

As the length of the hydrocarbon chain increases, it is thermodynamically more
favorable, and the molecule forms a micelle. As the length of the hydrophobic chain
increases by an additional CH, group, the c.m.c. of the ionic surfactants is reduced to
less than half. Nonionic surfactants are able to form micelles at much lower concen-
trations than ionic surfactants do because of the absence of the electrostatic repulsion
between ionic head groups. Likewise, the addition of a simple electrolyte lowers the
electrostatic repulsion between the ionic head groups, and micelle formation occurs at
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FIGURE 4.20 Equilibrium between dissociated monomers and a micelle.

lower concentrations. An increase in the length of the hydrophilic chain length [e.g.,
—OCH,CH,—] increases the c.m.c. due to the greater hydrophilicity of the surfactant.
As organic molecules are added to the micelle solution, the outer region of the
micelle is altered, depending on the organic materials. Medium chain-length alco-
hols, which have a polar nature, situate around the shell of the micelle lowering the
electrostatic repulsion and steric hindrance, as well as the c.m.c.

Two current approaches to explain the process of micellization are: law of mass
action and phase separation. In the law of mass action, micellization is treated as
an equilibrium process between the progressive association and dissociation of the
monomers (Figure 4.20). In phase separation, two phases (i.e., surfactant monomers
in aqueous phase and micelles) are in equilibrium above the c.m.c. In this model,
micellization takes place as a one-step process.

Micellization using an anionic surfactant (e.g., M*R™) may be described as:

aM* +bR™ == [M,R,]" (4.56)

where a and b are the numbers of the surfactant ions and their counterions, respec-
tively, to form a negatively charged micelle, and n is the net charge (= a — b). From
the law of mass—action, the equilibrium constant, K is defined as:

micelle”

MR, 1"
Kmicelle = +aa —1b (457)
[M"J[R7]
The standard state of free energy change of micellization, AG; .., is the
standard free energy change per one mole of surfactant.
o AG° RT
A(}micelle = b = _Tanmicelle (458)

Substituting Equation (4.57) into Equation (4.58) yields:

o __RT _IMR]

micelle b W = _¥[n ln[MaRb] —a ln[M+] -b 11’1[R7 ]] (459)
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FIGURE 4.21 Micellar structures.
At the c.m.c., [M*]=[R"] and applying the phase-separation theory, in which

micellization is an abrupt process, gives nIn[M R, ]=0. Then,

AG?

micelle

- RT(] n %) In(c.m.c.) (4.60)

For nonionic surfactants, a = 0 and Equation (4.60) becomes:

AG?

micelle

=RT In(c.m.c.) 4.61)

According to the Maxwell relationship [Equation (1.105)],

AG, mc.
As(r)n'celle = _m = —RTM —R In(c.m.c.) (4.62)
: oT dT
and AH® . =AG® . +TAS?  =-Rp2dInme,) (4.63)

micelle dT

The increase in temperature increases the thermal motion of the surfactants, and
micelles are formed at higher concentrations, even though this is not always the
case. As a result, dIn(c.m.c.)/dT > 0; the entropy change in Equation (4.62) has a
negative value. During the micellization process, a negative entropy change is
expected to occur as the water molecules form structured clusters around the hydro-
phobic parts. As indicated in Equation (4.63), the micellization process is exothermic,
even though this is not universal.

The exact shapes of the micelles are unknown, and this subject is open for
discussion. Possible micellar structures could be spherical or nearly spherical over
a wide range of concentrations not too far from the c.m.c. In a highly concentrated
solution, the micellar shape is elongated and forms larger, nonspherical (i.e., cylin-
drical or lamellar) liquid structures, as illustrated in Figure 4.21. The size of a
spherical micelle is determined by the length of the hydrocarbon chain in the
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FIGURE 4.22 Sites of solubilization in (a) ionic and (b) nonionic micelles.

surfactant. When micelles are approximately monodispersed, monodispersed latex
particles result from the emulsion polymerization. Water may be bound if it pene-
trates into a few CH, groups located along the hydrocarbon chains on the surface
of the micelle. For example, a micelle surface prepared with dodecyl sulfate consists
of 1/3 polar sulfate groups and 2/3 hydrocarbons. This arrangement of micellar
structure (interior and outer regions) may influence the solubilization of otherwise
insoluble compounds.

The micellar core is essentially similar to liquid paraffin, which is capable of
solubilizing otherwise insoluble organic compounds by bringing them into the inte-
rior of the micelles. For example, phenol, whose solubility in water is about 2%,
can be dissolved more than 20% in a micellar solution prepared with sodium oleate.
The site of solubilization within the micelle extends from the outer surface up to
the deep core and results from the balance of polar and nonpolar interactions between
the surfactant and the solubilisate. Figure 4.22 shows a schematic representation of
the solubilization sites in ionic and nonionic micelles. Nonpolar substances (e.g.,
aliphatic hydrocarbons) are easily solubilized in the lipophilic deep center of the
micelle (I in Figure 4.22a). In this case, the solubilization capacity of the substances
increases with increasing alkyl chain length. If water-insoluble substances have polar
groups, the location of the molecule depends on the strength of the polar group. As
already mentioned, a water-insoluble material with intermediate polar groups can
be positioned in the vicinity of the shell side of the micelle or deep inside the micelle
if there is bound water within a few CH, groups in the hydrocarbon chains on the
surface (III in Figure 4.22a). Polar materials are solubilized in the polyoxyethylene
shell (known as the palisade layer) of the nonionic surfactants (III in Figure 4.22b).
An increase in the polyoxyethylene chain length of a nonionic surfactant leads to
the solubilization of fewer molecules per micelle and increases the total amount
solubilized per mole of surfactant.

The major benefit of the solubilization principle is the increased water solubility
of water-insoluble drugs such as phenolic compounds, iodine, steroids, and vitamins.
The solubilization of water-insoluble materials in micelles may have some effects
on drug activity and absorption. In addition, drugs in the micelles may prefer to stay
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FIGURE 4.23 The effect of NaCl and micelle concentrations on the solubilization of gli-
clazide by sodium dodecyl sulfate. [Graph reconstructed from data by Alkhamis et al.,
J. Pharm. Sci., 92, 839 (2003).]

inside the micelles rather than be absorbed in the mucous membranes. Figure 4.23
shows the effect of micellar concentration on the solubilization of gliclazide by
sodium dodecyl sulfate (SDS).

Solubilization of hydrolyzable drugs in micelles retards the rate of hydrolysis since
the nonpolar chains, containing the hydrolyzable bonds, are situated in the deep core
of a micelle. Anionic micelles repel the incoming OH- and hold the H* in the vicinity
of the surface avoiding further penetration of H* into the micelle. If micelles are formed
by self-emulsifying drugs such as penicillin G, they are reportedly more stable than
their simple solutions under the same conditions of pH and ionic strength.

The maximum additive concentration (MAC) is defined as the maximum amount
of solubilisate, at a given concentration of surfactant, that produces a clear solution.
Different amounts of solubilisates, in ascending order, are added to a series of vials
containing the known concentration of surfactant and mixed until equilibrium is
reached. The maximum concentration of solubilisate that forms a clear solution is
then determined visually. This same procedure can be repeated for the different
concentrations of surfactant in a known amount of solubilisate in order to determine
the optimum concentration of surfactant (Figure 4.24). Based on this information,
one can construct a ternary phase diagram that describes the effects of three con-
stituents (i.e., solubilisate, surfactant, and water) on the micelle system. Note that
unwanted phase transitions can be avoided by ignoring the formulation compositions
near the boundary. In general, the MAC increases with an increase in temperature.
This may be due to the combination of the increase of solubilisate solubility in the
aqueous phase and the micellar phase rather than an increased solubilization by the
micelles alone.

4.2.7 MICROEMULSIONS

When two immiscible liquids are brought into contact, emulsification or solubiliza-
tion can occur depending on the relative proportion of oil to surfactant. A lower
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FIGURE 4.24 Determination of the maximum additive concentration.

proportion of surfactant is required for emulsification (i.e., O/W), higher for solu-
bilization. When the aggregated size of droplets is below 7.5 nm, micelles form
because dispersed molecules outnumber surfactant molecules in the aggregated
structure of droplets in the interface. When the ratio of surfactant to dispersed phase
decreases, in the droplet size of 10 to 200 nm, the surfactant molecules outnumber
the dispersed phase and microemulsions are likely to form. A microemulsion is a
stable, transparent, and monodisperse system in which the volume fraction of the
dispersed phase ranges from 20 to 80%. Microemulsions are also known as swollen
micellar systems. Microemulsions are a transition state between micelles and ordi-
nary emulsions (macroemulsions). However, the distinction between swollen
micelles and small-droplet emulsions is debatable. A microemulsion consists of four
components: oil, water, surfactant, and a cosurfactant. All single ionic surfactants
and most single nonionic surfactants cannot lower the interfacial tension between
oil and water to zero. As a result, a cosurfactant is required. Normally, O/W micro-
emulsions require less amount of cosurfactant than W/O microemulsions do. Typi-
cally, microemulsions are produced by 10 to 70% water, 10 to 70% oil, and 5 to
40% surfactant including a cosurfactant. Figure 4.25 shows the pseudo-ternary phase
diagram of oil, water, and the mixture of surfactants and cosurfactant.

4.3 SOLID-LIQUID SYSTEMS (SUSPENSIONS)

Suspensions are coarse dispersions of finely divided solids in a liquid. The solid
particles have a mean particle size greater than 0.1 pm in diameter. Pharmaceutical
suspensions are administered orally, topically, and parenterally and should avoid the
following problems: sedimentation, caking, flocculation, and particle growth. Phys-
icochemical principles in the solid/liquid interface will be discussed in this section
as they pertain to the preparation of good pharmaceutical suspensions.

4.3.1 WETTING AND WETTING AGENTS

One of the problems faced in formulating suspensions is that finely divided particles
are not easily wetted in water. This may be the result of the hydrophobic nature of
the drugs and/or entrapped gases (i.e., air). The wetting process is the displacement
of one fluid by another from the solid surface. When wetting solids, the entrapped
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FIGURE 4.25 Three-component phase diagram for the solubilization. Cre, Cremophor RH
40; Gly, glyceride; Pol, poloxamer 124; L, isotropic microemulsion; G, gel; E; crude O/W
emulsion; E,, W/O emulsion. [Graph reconstructed from data by Kim et al. Pharm. Res., 18,
454 (2002).]

air is displaced by water at the particle surfaces. The wettability of the particle is
measured by the contact angle of the particle with water.

Suppose that water is not originally in contact with the solid surface and adheres
to it (i.e., adhesional wetting). When the drop of water is laid on a flat, smooth, solid
surface, three forces are at work: surface tension between the solid and air, 7yq,;
interfacial tension between the solid and water, v, ; and surface tension between
water and air, 7Y,,,. Incorporating only the horizontal components of these forces
leads to:

Ysa =Ysw T Ywac0s 6 (4.64)

where 0 is called the contact angle. Equation (4.64) is called Young’s equation.
Figure 4.26 shows the water drop in contact with a solid surface.

The adhesion work, Wy, is the work required to separate a liquid/solid inter-
face into a solid/air and a liquid/air interface. It is also known as the Dupre equation:

Wsaw =—=AG gresion / A=Ysa T Ywa ~ Vsw (4.65)

where A is the solid surface area. Substituting Equation (4.64) into Equation (4.65)
yields the Young—Dupre equation:

Wew = Vwa(1+cos 6) (4.66)

When the attractive forces between the solid and water are equal to or greater
than the forces between water molecules, 0 is equal to 0°, WS“W =27Yya» and the
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FIGURE 4.26 Water drops on a solid surface.

water drop will be completely spread or wetted on the solid surface. If 0 is equal
to 180°, no wetting occurs on the solid surface. The solid surface is partially wetted
at 0°<0<180° and water coheres to other water molecules rather than adhering
to the solid.

Suppose that the solid is originally not in contact with water but is immersed
completely (i.e., immersional wetting). In this case, the water penetrates the capil-
laries in the solid. The energy change for immersional wetting, called the adhesion
tension, is given by:

WSiW = _AGimmersion / A= YSA - YSW (467)
Substituting Equation (4.64) into Equation (4.67) gives:
Wiy = Ywacos 0 (4.68)

When 0 <90° the adhesion tension is positive, and the penetration of water
into the capillaries under no applied pressure becomes spontaneous. However, if
6 >90°, work would be needed in order to immerse the solid in water.

Once the solid is immersed in water, the process of spreading water over the
surface of the solid (i.e., spreading wetting) is an important one. The water already
in contact with the solid surface spreads so that the interfacial area between the solid
and water increases and that between the solid and air decreases. The energy change
for a spreading wetting is often called the spreading coefficient and given by:

Wssw = _AGsprcading TA=Ygp =(Ysw +Vwa) (4.69)
Substituting Equation (4.64) into Equation (4.69) leads to:

Wiy = Yyya (cOS B—1) (4.70)
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TABLE 4.9
Contact Angles of Selected Pharmaceutical Powders

Contact Angle Contact Angle
Material (degrees) Material (degrees)
Acetaminophen 59 Aspirin 77
Caffeine 43 Chloramphenicol 59
Lactose 30 Mg stearate 121
Phenacetin 78 Phenobarbital 86
Prednisolone 43 Prednisone 63
Salicylic acid 103 Sodium chloride 28
Sodium stearate 84 Stearic acid 98
Sulfadiazine 71 Sulfathiazole 53
Theophylline 48 Vinylbarbital 71

Source: C. F. Lerk et al., J. Pharm. Sci., 65, 843 (1976) and 66, 1480 (1977).

Hydrophobic Surface

FIGURE 4.27 Wetting a hydrophobic solid surface with the aid of a wetting agent.

In Equation (4.70), the spreading of water over a smooth solid surface is spon-
taneous only for 0 =0°. However, when the solid surface is rough, even for small
contact angles (i.e., 0> 0°), the spreading may occur.

Table 4.9 shows the contact angles of various pharmaceutical materials in water.
Some powders, such as chloramphenicol palmitate, magnesium stearate, phenyl-
butazone, and salicylic acid, are thermodynamically unfavorable for wetting. As
shown in Equation (4.70), the contact angle must be close to 0°C for water to wet
a solid powder. One approach to enhance the wettability of a solid in water is the
use of surface-active agents (or surfactants), also known as wetting agents, in sus-
pensions. Surfactants decrease the water/air surface tension ( Y,,, ) and adsorb on
the solid surface, lowering the solid/water interfacial tension ( Y, ), as shown in
Figure 4.27. Both effects either increase the value of cos® or lower the contact
angle and thus improve the dispersion of the solid powder. The most widely used
wetting agents are surfactants, hydrophilic colloids, and solvents.
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FIGURE 4.28 Typical adsorption isotherms of ionic surfactants on a solid surface. [Graph
reconstructed from data by Day et al., Adv. Chem. Ser.,, 79, 135 (1968).]

4.3.1.1 Surfactants

Surfactants have the property of adsorbing strongly on hydrophobic particle surfaces.
They consist of a hydrophilic polar head such as -(CH,CH,0),0H, —OSO,Na",
—N*(CH,),(CH,),SO; and a hydrophobic tail (i.e., linear or branched hydrocarbon
chain). The hydrophobic tail adsorbs on the hydrophobic particle surfaces while the
hydrophilic head sticks out toward water. The particles are thus hydrated. Surfactants
with a hydrophilic/lipophilic balance (HLB) (see Section 4.2) value close to 7 to 9
are well suited as wetting agents. These surfactants form monolayers on the solid
surface.

The characteristics of the solid surface play an important role in the adsorption
of surfactants in the solid/water interface. The surfaces are either hydrophilic or
hydrophobic. At low coverage, attractive interactions may occur between hydropho-
bic solid surfaces and hydrophobic surfactant chains, resulting in enhanced adsorp-
tion. In high surfactant-adsorbed layers, the hydrophobic chains of the surfactant
are adjacent to each other and may cluster together due to the hydrophobic interac-
tions (among surfactants), resulting in enhanced adsorption. The surface charge of
the solid is also an important parameter since the adsorption of ionic surfactants is
highly dependent on the nature of the charge, the degree of the charge density, and
the concentrations. In this case, chemisorption may occur. For instance, the anionic
groups in the surfactants may be exchanged with the anionic ions on the solid surface
and then be able to form chemical linkages with the cationic groups on the solid
surface.

In general, the adsorption of ionic surfactants follows the Langmuir isotherm,
as discussed in Section 4.1. The adsorption of the surfactants onto the solid surfaces
is dependent on the orientation and the packing efficiency of the solid surfaces. The
onset of the adsorption plateau may occur at the critical micelle concentration
(c.m.c.) of the surfactant in water, as shown in Figure 4.28. If the adsorption isotherm
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has a steep inflection point, two stages of adsorption processes may be considered.
At low coverage, the hydrophobic chain and the hydrophobic surface interact and
thus parallel adsorption of the surfactant on the surface takes place. At high coverage,
only the hydrophobic chain interactions may be dominant, and thus a vertical
arrangement of the surfactants on the surface may be seen. However, if the surfactants
are ionic, the presence of salts (e.g., NaCl) in water may alter the adsorption isotherm.
For example, the anionic surfactants (e.g., sodium lauryl sulfate, SLS) reach the
equilibrium adsorption at a much smaller concentration because the presence of the
electrolyte changes the c.m.c. of the ionic surfactants. When the surfactants have
opposite charges on the solid surfaces, low coverage adsorption may take place by
a simple exchange of the surfactant ions with the mobile ions of the solid surface.
As the coverage increases, the hydrophobic chain interactions increase and thus
enhance the adsorption process. In this case, the length of the hydrophobic chain of
the surfactants is longer, causing the adsorption of the surfactants to be higher. When
the solid surface is fully occupied with ionic surfactants, the total net charge on the
solid surface will be zero. Beyond this, adsorption is hindered by the Coulombic
forces imposed on the adsorbed ionic surfactants and the surfactants waiting to be
adsorbed. Adsorption of such ionic surfactants onto the solid surface alters the charge
property of the solid surface; this should be considered when dealing with a con-
trolled flocculation process (see Section 4.3.2).

No Coulombic forces are present between the solid surfaces and the nonionic
surfactants. Adsorption of the nonionic surfactants onto the solid surface may depend
on the nature of the surface — polar vs. nonpolar. If the solid surface is nonpolar,
the adsorption isotherm is illustrated in Figure 4.29. At low concentrations, nonionic
surfactants may adsorb parallel to the solid surface (A) until a saturated monolayer
(B) is formed. Up to this point, the Langmuir isotherm is satisfied. If there is more
adsorption beyond this point, the polar head groups start to depart from the hydro-
phobic surface (C). At higher concentrations, the hydrophobic chain stands vertically
on the hydrophobic surface while the polar head groups are projected towards the
water (D). When the solid surface is polar, the polar head groups of the surfactants
start to orient themselves towards the polar surfaces. At higher surfactant concen-
trations, the surfactants align themselves vertically with the hydrophobic tail groups
projecting towards water. A further increase in the surfactant concentrations inten-
sifies the vertically aligned hydrophobic chain interactions, and this leads to
enhanced adsorption (E). In this case, adsorption beyond a monolayer may be
possible. One may observe a sharp increase in the adsorption near the c.m.c. In
practice, the adsorption of nonionic surfactants is not well understood, and many
ambiguities exist. A number of surfactants (e.g., ionic and nonionic) are described
in Section 4.2.3.

4.3.1.2 Hydrocolloids

Water-soluble polymers coat hydrophobic solid surfaces with multilayers and thus
render the solid hydrophilic (i.e., wetting). The number of adsorbed chains (or the
amount of polymer adsorbed) per surface site (or unit weight of adsorbent) is related
to the volume fraction of segments in each layer. As the length of the chains increases,
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FIGURE 4.29 Adsorption isotherms of nonionic surfactants on the polar and nonpolar solid
surfaces. [Graph reconstructed from data by T. F. Tadros, Solid/Liquid Dispersions, Academic
Press, New York, 1987.]

the adsorbed amount increases (i.e., high affinity). The adsorbed amount may be
indicative of the extent of the adsorbed layer even though it is not possible to directly
verify the thickness of the adsorbed layer. The thickness varies with the amount adsorbed
and the molecular weight of the polymer. The thickness of the adsorbed layer is not
dependent on the molecular weight of polymer if the amount adsorbed is less than 0.7
mg/m?. If the amount adsorbed is greater than 0.8 mg/m?, the thickness will increase
as the amount adsorbed and the molecular weight increase. The dependence of the
thickness on the molecular weight is proportional to r’%, where r is the length of the
chains. When ionic polymers are used to wet the hydrophobic solid surface, the
increase in the ionic strength of water enhances the adsorption due to a decrease in
the electrostatic repulsions of the ionic chains. In addition, the layer may be dense
and compressed by the charged hydrocolloids. A number of hydrocolloids used as
wetting agents as well as suspending agents are listed in Section 4.2.3.

4.3.1.3 Solvents

Solid particles are not readily wettable when air is entrapped because the contact
angle widens. Hydroscopic (or water-miscible) materials such as glycerin, alcohol,
and glycol penetrate the spaces occupied by air and displace it. During the dispersion
process, the hydroscopic materials separate the agglomerates and coat the particles
so that water can flow into and wet the particles.

© 2004 by CRC Press LLC



4.3.2 ELecTrICAL DOUBLE LAYER AND STABILIZATION
oF CoLLOIDAL PARTICLES

Upon contact with an aqueous medium, most materials acquire a surface electric
charge. A variety of processes have charging mechanisms, including ion adsorption,
ionization, and ion dissolution.

lon adsorption: Positively or negatively charged ions can be adsorbed on the
solid surface. Most surfaces are negatively charged because positive ions are more
hydrated than negative ones and thus stay in the bulk aqueous medium. Therefore,
the negative ions, which are less hydrated and more polarized, have a tendency to
be adsorbed. In the case of pure water, hydroxyl ions are preferentially adsorbed.
When negatively charged ions are adsorbed and the suspended particles are subjected
to an electrical field, the particles move toward the positively charged electrode.
Thus, the negatively charged ions are adsorbed onto the particles. Surfactants can
be used to wet the particles. In this case, the ionic nature of the surfactants will
determine the net surface charge as they are adsorbed. Hydrophobic surfaces adsorb
more readily than hydrated ones. When the surfaces are charged, counter ions are
preferentially adsorbed, and this may lead to a charge reversal if the amount of
adsorbed counter ions is more than the amount required to neutralize the charge.

Ionization: Charges on the particles of acidic and basic drugs, proteins and amino
acids can be acquired by the ionization of the carboxylic acid and amine groups to
give —COO™ and —NHj, respectively. In these cases, the net charge depends on
the pH of the solution and the pK, of the chemical groups in the particle. At pH
<< pK,, acidic drugs are neutrally charged because of the unionization of the drugs
while basic drugs are fully positively charged. Proteins consisting of both acidic and
basic groups are ionized at a specific pH. When the net charge is zero, this pH is
called the isoelectric point, and a zwitterion forms. At the isoelectric point, proteins
are least soluble in water and are easily precipitated by the presence of water-soluble
salts.

lon dissolution: This is less common for pharmaceutical cases. Ionic charges
are acquired by the unequal dissolution of the oppositely charged ions due to the
excessive presence of ions in a solution. The concentrations of the excessive ions
determine the electrical potential at the surface (i.e., potential determining ions).

4.3.2.1 The Electrical Double Layer

Suppose a negatively charged solid particle is in contact with water containing
electrolytes. The negative charge of the particle surface affects the distribution of
ions in an aqueous solution. Opposite charge ions (i.e., positive ions in this case) to
the surface charge are attracted to and held firmly by the negatively charged surface.
Since the electric forces are strong enough to overcome the thermal motion, nega-
tively charged ions are repelled from the charged surface. The remaining ions in
solution move freely as a result of thermal motion. The resultant charge distribution
(i.e., electric double layer), as shown in Figure 4.30, consists of the fixed charged
surface and the diffuse layer that has a net charge equal to that of the fixed layer
but of opposite sign.
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FIGURE 4.30 Schematic representation of the electrical double layer with a potential change
in the distance from a solid surface.

Quantitative treatment of the electrical double layer is rather complicated and
poses unresolved problems. According to the theory of Gouy, Chapman, and Stern,
the two parts of the electrical double layer are separated by a plane (i.e., Stern plane)
that is located on the center of the hydrated ions at the surface. There is a difference
in potential within the double layer due to the electrical charges. The potential
changes from the surface potential, W , to the Stern potential, y,, and decays
gradually from y, to zero in the diffuse double layer. A plane of shear is also
present between the fixed ions and the electrolyte solution. The location of the plane
of shear cannot be singled out since a certain amount of solvent will be bound to
the charged surface and the ions and become an integral part of the electrokinetic
unit. However, the surface of shear may be found at a small distance away from the
Stern plane. The potential between the surface of shear and the charged surface is
called the zeta ( {) potential and is slightly smaller than .

The inner part of the double layer may include specifically adsorbed ions. In
this case, the center of the specifically adsorbed ions is located between the surface
and the Stern plane. Specifically adsorbed ions (e.g., surfactants) either lower or
elevate the Stern potential and the zeta potential as shown in Figure 4.31. When the
specific adsorption of the surface-active or polyvalent counter ions is strong, the
charge sign of the Stern potential will be reversed. The Stern potential can be greater
than the surface potential if the surface-active co-ions are adsorbed. The adsorption
of nonionic surfactants causes the surface of shear to be moved to a much longer
distance from the Stern plane. As a result, the zeta potential will be much lower
than the Stern potential.
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FIGURE 4.31 Changes in potential with distance: (a) charge reversal due to the adsorption
of surface-active or polyvalent counterions; (b) adsorption of surface-active co-ions.

The potential in the diffuse layer decreases exponentially with the distance to
zero (from the Stern plane). The potential changes are affected by the characteristics
of the diffuse layer and particularly by the type and number of ions in the bulk
solution. In many systems, the electrical double layer originates from the adsorption
of potential-determining ions such as surface-active ions. The addition of an inert
electrolyte decreases the thickness of the electrical double layer (i.e., compressing
the double layer) and thus the potential decays to zero in a short distance. As the
surface potential remains constant upon addition of an inert electrolyte, the zeta
potential decreases. When two similarly charged particles approach each other, the
two particles are repelled due to their electrostatic interactions. The increase in the
electrolyte concentration in a bulk solution helps to lower this repulsive interaction.
This principle is widely used to destabilize many colloidal systems.

4.3.2.2 The Stabilization and Destabilization
of Colloid Systems

The fine particles dispersed in a liquid first collide with each other and then have a
tendency to aggregate. The stability of the dispersion depends on the interaction
forces between the particles during these collisions. Five such forces are:

Van der Waals attractive forces
Electrostatic repulsive forces

Solvation forces

Compression of the electrical double layer
Polymeric interparticle bridging

Nk L=

Electrical double layer compression. Addition of small amounts of electrolyte to
dispersed colloidal particles causes them to coagulate. In coagulation, the particles are
closely clustered together and hard to disperse again. The addition of an electrolyte
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causes the compression of the diffuse layer in the double layer surrounding the
particles. Increasing the electrolyte concentration in the solution lowers the volume
of the diffuse layer required to maintain electroneutrality, and thus causes a reduction
in the thickness of the diffuse layer. When the repulsive interaction forces between
two similarly charged particles are reduced and the van der Waals attractive forces
are increased, the particles come closer together and coagulate. The effectiveness of
the electrolyte on the destabilization of the particles depends markedly on the number
of charged counterions in the primary charge of the particles. It is independent of
the number of charged co-ions, the specific properties of the counterions, and the
concentration of the particles. It has been observed that the concentrations of mono-
valent, divalent, and trivalent counterions required to destabilize or coagulate a
charged colloid are approximately in the ratio of 1-¢: 2-6: 3-% respectively. This is
known as the Schulze—Hardy rule.

A quantitative treatment of the effects of electrolytes on colloid stability has
been independently developed by Deryagen and Landau and by Verwey and Over-
beek (DLVO), who considered the additive of the interaction forces, mainly elec-
trostatic repulsive and van der Waals attractive forces as the particles approach each
other. Repulsive forces between particles arise from the overlapping of the diffuse
layer in the electrical double layer of two approaching particles. No simple analytical
expression can be given for these repulsive interaction forces. Under certain assump-
tions, the surface potential is small and remains constant; the thickness of the double
layer is large; and the overlap of the electrical double layer is small. The repulsive
energy ( Vi ) between two spherical particles of equal size can be calculated by:

22,2
v = S2MAKTY k) .71
z°e
where € is the permittivity of the polar disperse phase, a is the particle radius, K
is the reciprocal of the thickness of the double layer (i.e., Debye—Hiickel length),
and H is the distance between the Stern layers of two particles. The repulsive energy
decays exponentially with the distance between two particles and decreases as the
Debye—Hiickel length (i.e., 1/« ) decreases. In other words, increasing the electro-
lyte concentration and/or the number of charged counterions results in a decrease
in the thickness of the double layer and hence lowers the repulsive energy.

The attractive energy between two particles of the same kind arises from van
der Waals attractive forces (i.e., dispersion forces) due to the electromagnetic attrac-
tions. An exception is highly polar substances. In an assembly of molecules, the van
der Waals forces of attraction are additive. Therefore, the attractive energies between
two particles can be calculated from the addition of all the attractions between a
pair of atoms or molecules on neighboring molecules. The dispersion force between
two molecules varies with the inverse sixth power of the intermolecular distance.
The energy of attraction ( 'V, ) for two particles of equal size a, at a distance of
separation H, (for a >>H) is given by:

_Aa

- 472
A 12H (4.72)
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FIGURE 4.32 Schematic form of the total potential energy—distance curves.

where A is the Hamaker constant. The energy of attraction is inversly proportional
to the distance between the two particles.

The total energy of interaction ( V) is obtained from the summation between
the electrostatic repulsive energy (i.e., the electrical double layer) and the attractive
energy (i.e., van der Waals forces):

V.=V +V, (4.73)

Figure 4.32 illustrates the potential energy—distance curve with respect to the
distance of separation H. It shows the general characteristics of the maximum and
minimum energy levels in the curve. As predicted by Equation (4.71) and Equation
(4.72), the double-layer repulsive forces decay exponentially while the van der Waals
attractive forces are linearly inverse. As a result, the van der Waals energy predom-
inates at small and large interparticle distances. At intermediate distances, the double-
layer repulsive forces are predominant. Consequently, there will be a primary min-
imum at small distances followed by a primary maximum at intermediate distances.
However, the energy curves are dependent on the actual values of the two forces.
When the double-layer repulsion is less than van der Waals attraction at any inter-
particle distance, the maximum will be small and flat. At a primary minimum, the
two interacting particles cannot be escapable, and irreversible changes between these
particles may occur, such as crystallization. If the primary maximum is sufficiently
high compared to the thermal energy ( kT ) of the particles, the two particles will
not reach a state of close approach and thus are dispersed. The potential energy—dis-
tance curve also has a secondary minimum at relatively large distances. If the
secondary minimum is small compared to the thermal energy, the particles will
always repel one another and will not aggregate. Otherwise, the secondary minimum
can trap particles to give a loose, easily reversible assembly of particles (i.e., floc-
culation). The magnitude of the secondary minimum depends on the particle size.
For a small particle, when the primary maximum is so large, the coagulation of the
particles into the primary minimum is prevented, and a secondary minimum will
not appear. For flocculation to occur, the particle mustbe 1 um or greater in radius.

Adding electrolytes to the stable colloidal particle solution compresses the elec-
trical double layer and consequently 1/x decreases. The transition from stability
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to coagulation may occur. The critical coagulation concentration (c.c.c) is the con-
centration of the electrolyte that is just enough to coagulate a colloidal particle. A
mathematical equation for the c.c.c. of an electrolyte can be derived from the
substitution of Equation (4.71) and Equation (4.72) into Equation (4.73):

32meak’T?y? Aa
VisT g Koy @74

The c.c.c occurs under certain conditions: V. =0 and dV,/dH=0 for the
same value of H.
Taking the derivative of Equation (4.74) gives:

dVy =KV, — Va =0 4.75)
dH H
and
V=V, +V, =0 4.76)

Substituting Equation (4.75) into Equation (4.76) leads to kH =1, and substi-
tuting it into Equation (4.76) yields:

443.8¢ T'T*y?
k==

4.77
Ae’z’ @77
However, the inverse thickness of the double layer is given by:
2 2N 2\172
K= L N2 (4.78)
ekT

where N, is the Avogadro number and z is the charge number of the ions.
Substituting Equation (4.78) into Equation (4.77) for an aqueous dispersion at
25°C gives:

_3.84x107%y*

ccc. o " mol / dm’ (4.79)
Z

Equation (4.79) predicts that c.c.c. is inversely proportional to z° The c.c.c. is
determined experimentally and tends to show a much stronger dependence on the
number of charged ions than the one predicted by Equation (4.79). Equation (4.79)
is used for the ideal situation even though the mathematical expressions become
complicated when specific ion adsorption and solvation are taken into account.
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Addition of soluble macromolecules (polymers) in the colloidal dispersion can
stabilize the colloidal particles due to the adsorption of the polymers to the particle
surfaces. The soluble polymers are often called protective agents or colloids. If the
protective agents are ionic and have the same charge as the particles, the electrical
double-layer repulsive forces will be increased and thus the stability of the colloidal
particles will be enhanced. In addition, the adsorbed polymers may help weaken the
van der Waals attraction forces among particles. However, the double-layer repulsion
and the van der Waals attraction cannot account for the entire stabilization of the
particle dispersions.

The term steric stabilization is used to describe possible stabilizing mechanisms
attributable to the adsorbed polymers. When the particles of the adsorbed hydrated
polymers collide, desorption of the protective colloids could occur at a point of
contact. The free energy of desorption is positive, and the repulsion or stability
between particles is enhanced. The time needed for the adsorption/desorption of the
protective agents to occur is longer than that of the collision to reach a primary
minimum coagulation. Therefore, coagulation does not occur. When the particles
collide, the adsorbed hydrated layers are forced together but cannot interpenetrate
each other, especially if the dispersion medium is a good solvent for the adsorbed
polymer. This reduces the number of configurations available to the adsorbed poly-
mers, resulting in a negative entropy change and an increase in free energy. Inter-
particle repulsion and stability are enhanced by this elastic effect. On the other hand,
if the dispersion medium is a poor solvent, the adsorbed layers between the particles
may interpenetrate each other, and an attraction results. However, whether the repul-
sion or attraction will take place depends entirely upon polymer—polymer and poly-
mer—dispersion medium interactions.

The interpenetration of the polymer chains occurs at a point in which the elastic
repulsion hinders further interpenetration, thus causing changes in enthalpy and
entropy. Thermodynamically steric stabilization can be explained by Gibbs free
energy (i.e., AG=AH—-TAS). It is necessary to have a positive AG for dispersion
stabilization and a negative AG for particle aggregation. The dispersion stability is
obtained from a positive AH and/or a negative AS. When the particles interpen-
etrate, the probability of contact between adsorbed macromolecules is increased. As
aresult, some of the bound water molecules are released. The bound water molecules
have lesser degrees of freedom than the free water molecules do. In this process,
energy must be supplied (i.e., heat absorption), so that a positive enthalpy change
(+AH ) can be obtained. A decrease in entropy is expected at the interaction contact
zone but it is subdued by the positive entropy change in the free water molecules.
When the polymer chains interpenetrate, conformational freedom is lost and a
negative entropy change results. The colloidal dispersion at any temperature will
then be stable. The stability of the colloidal dispersion is dependent on the 6—
temperature, at which the free energy change is equal to zero, unless AH is positive
and AS is negative. If both AH and AS are positive, upon heating, the dispersion
above the 6—temperature would aggregate, resulting from AH < TAS (i.e., enthalpic
stabilization). If both AH and AS are negative, upon cooling, the dispersion below
the O—temperature would aggregate resulting from AH >TAS (i.e., entropic stabi-
lization). Figure 4.33 shows the enthalpic stabilization process.
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FIGURE 4.33 Enthalpic stabilization: (a) particles with hydrated stabilizing polymer chains;
(b) overlapping stabilizing chains with released water molecules.
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FIGURE 4.34 Schematic energy interaction diagrams for two sterically stabilized particles:
(a) without electrical double-layer repulsion; (b) with electrical double-layer repulsion.

In a sterically stabilized dispersion of adsorbed polymer layers, the additional
energy term, Vg, called the steric stabilization, is included in Equation (4.73):

Vo=V, +V, +V, (4.80)

Schematic potential energy diagrams for two particles are depicted in Figure
4.34. As two particles approach, the presence of the adsorbed polymer molecules
around the particles leads to a steric interaction in which the thickness of the
adsorbed layer is greater than half the surface separation distance. Therefore, the
particles do not get close to the primary minimum. The steric interaction Vg is
influenced by two parameters:

1. The elastic or volume restriction based on the perturbation of the confor-
mational freedom of the adsorbed molecules

The osmotic or mixing based on the release of the solvent into the normal
bulk solvent
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FIGURE 4.35 Bridging model for the flocculation of a colloidal particle by lyophilic polymers.

In general, the electrostatic repulsion is evident at a shorter distance than the
steric interaction as long as the adsorbed molecules do not desorb from the particle
surface. When three interactions (i.e., electrostatic, van der Waals, and steric) are
combined, a primary maximum energy at a large distance results.

Addition of small amounts of anionic polyelectrolytes in the negatively charged
particle dispersion destabilizes the dispersion (i.e., aggregation or flocculation). This
case cannot be easily explained by a simple electrostatic theory. A bridging mech-
anism has been introduced to furnish a qualitative model for the destabilization.
Upon contact with the colloidal particles, some segments of the polyelectrolyte and
the lyophilic polymer chains are adsorbed at the particle surface and the rest extends
into the dispersion medium. The important interactions between the particle surface
and the polymer chains in the adsorption process are electrostatic interaction, hydro-
phobic bonding, hydrogen bonding, and ion binding. When these extended segments
come into contact with other particles that have unoccupied sites, attachment to
these sites results in flocculation (see Figure 4.35). The polymer chains serve as a
bridge among the particles. Such destabilization normally occurs over a very narrow
range of polymer concentrations. Restabilization is established when high concen-
trations are sufficient enough to cover the particle surface, thus creating a protective
action through steric stabilization. Extended agitation may help restabilize a floccu-
lated dispersion because the bridge can be broken and subsequently the free segment
can be folded back to the particle surface.

4.3.3 SEDIMENTATION OF DILUTE SUSPENSIONS

Settling of a particle with radius a in a dilute suspension is hindered by the drag
exerted in a dispersion medium. The resistance of the medium is proportional to the
settling velocity of the particle. In a very short time, the particle reaches a constant
velocity, known as the terminal velocity. The gravitational force on the particle
balances the hydrodynamic resistance of the medium as given by:

%n a’(p,—p)g=6mmnaV,

_2a%(p,—p)g
m

or \Y

o

4.81)
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FIGURE 4.36 Sedimentation volumes for (a) cake and (b) flocculated sediments.
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FIGURE 4.37 Settling of flocculated dispersions.

where p is the density of the medium, p_ is the density of the particles, 7 is the
viscosity of the medium, V,_ is the settling velocity, and g is the local gravity of
acceleration. Equation (4.81) is called Stoke’s law.

The positive density difference between the particles and the dispersing medium
leads to the buildup of a sediment, provided that Brownian motion is not present.
The pressure on the individual particles can lead to dense packing with small spaces
between them. As a result, such dense sediment resists any exerting force and is
difficult to redisperse. On the other hand, the aggregated or flocculated particles
settle as flocs, and not as individual particles, to give a loose sediment of intra-
aggregate water. The network structure of the flocs can extend through the entire
system and further settle, leaving a clear supernatant (see Figure 4.36). It is easier
to redisperse these flocculated particles. In an extreme case, the sedimentation
volume of a flocculated suspension may be equal to the original volume of suspen-
sion, showing no clear supernatant liquid at the top. Such a suspension is a phar-
maceutically favorable one.

The sedimentation velocity of the flocculated particles is determined by plotting
the height of the sedimentation layer (H) as a function of time. Three types of plots
exist, depending on the volume fraction of the flocs ( ¢ ), as shown in Figure 4.37:
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FIGURE 4.38 Laminar flow of a liquid.

For very dilute suspensions ( ¢ <0.01), H decreases linearly to a constant
level. The flocs individually settle rather than as networked clusters. As the
concentration of flocs increases, the sedimentation velocity rapidly reduces
and the increase in mixing boosts the settling rate, indicating that larger
aggregated flocs are produced.

For concentrated suspensions ( ¢ >0.25), on the other hand, there is no free-
fall sedimentation because the intra-aggregate water is forced out slowly

as the settled flocs merge.
In the intermediate range of floc concentrations, the flocculated particles settle

at a constant rate in region A—B, known as hindered settling. This is
followed by a transitional change in the region B—C, where the settling rate
decreases. Consolidation (or compression) of the settled flocs occurs in
region C-D, in which the flocs are supported by the underlying flocculated

particles.

The sedimentation of pharmaceutical dispersions in non-Newtonian polymer
solutions is of some practical interest. These polymers are used not only to stabilize
colloidal particles but also to slow down (or prevent) settling, thus preventing cake
formation. Newtonian fluids are defined as simple fluids that show a linear relation-
ship between the rate of flow or shear (G) and the applied (or shearing) stress (F)

at a constant viscosity (1) as shown in Figure 4.38:

Gg=F (4.82)
n
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FIGURE 4.39 The behaviors of Newtonian and non-Newtonian fluids.

Fluids that deviate from this relationship are called non-Newtonian fluids. For
many pure fluids and solutions (e.g., water, alcohol, and syrup), the viscosity is
independent of G and F provided that the flow is laminar. For many pharmaceutical
fluids, however, the viscosity varies with applied stress.

There are three types of non-Newtonian fluids: plastic, pseudoplastic, and dila-
tant. Figure 4.39 shows the rheological behaviors of Newtonian and non-Newtonian
fluids. A plastic fluid does not move until the shear stress exceeds a certain minimum
value, known as the yield value (f), and is expressed mathematically:

G=-—— (4.83)

where 1, is the plastic viscosity. The main cause for this plasticity is the formation
of a structural network throughout the solution, which must be broken before flow
can be restored. Polymer melts, concentrated polymer solutions, and concentrated
suspensions, particularly if the particles are flocculated, exhibit plastic flow. Even
though the plastic fluids increase the viscosity of suspensions, which in turn slows
down the settling rate of particles, there is a problem with pouring the pharmaceutical
suspensions.

Unlike plastic flow, pseudoplastic flow is characterized as the flow that occurs
as soon as a shear stress is applied and the apparent viscosity decreases with
increasing shear stress (i.e., shear-thinning) without exhibiting a yield value, as
illustrated in Figure 4.39. Empirically, the quantitative relationship is given by:
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FIGURE 4.40 Viscosity vs. shear stress for aqueous solution of ethyl hydroxyethylcellulose.
[Graph reconstructed from data by Buscall et al., J. Colloid Interface Sci., 85, 78 (1982).]

G=— (4.84)

where 1" is the apparent viscosity and n is the constant. As n becomes less than 1,
the fluid behaves in a non-Newtonian fashion

As shear stress is applied to aqueous solutions of hydrocolloids such as poly-
ethylene oxide, methylcellulose, or xanthan gum, the polymer molecules disentangle
and align themselves in the same direction of flow. Consequently, the solvent immo-
bilized by the polymers is released, thus lowering the apparent viscosity of the
system. During standing, the pharmaceutical suspensions have a very high viscosity,
which slows down the sedimentation of the particles. On shaking (or applying stress),
the viscosity of the suspensions becomes less. Thus it is easy to pour them.

Figure 4.40 shows the shear-thinning behavior of an aqueous solution of ethyl
hydroxyethylcellulose as a function of the concentration. The pseudoplastic behavior
is observed at lower polymer concentrations as the molecular weight of the polymer
increases. An aqueous solution of ethyl hydroxyethylcellulose becomes pseudoplas-
tic at concentrations of less than 1%. Above the critical value of the shear stress the
flow behavior is non-Newtonian, and viscosity decreases with the increasing shear
stress. The critical stress is in the range of 0.1 N/m? for the solution.

A dilatant flow is characterized by the opposite type of pseudoplastic flow in
which the apparent viscosity increases with the increase in shear stress (i.e., shear-
thickening). The empirical equation described for the dilatant flow is similar to
Equation (4.84) but the exponent n is greater than 1. This behavior is not common
for all pharmaceutical solutions and dispersions but it is exhibited by pastes of small,
deflocculated particles (solid content =50% ). There is only a limited amount of
fluid that can fill the interparticulate voids.

As the shear stress is increased, the limited fluid leaks out of the voids and
clumps are produced so that the flow is greatly resisted and the viscosity increases.
An extreme situation is one in which the flow may be stopped when the shear stress
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FIGURE 4.41 Thixotropic behaviors of silicate materials.

is overloaded. This problem may occur during wet granulation of pharmaceutical
powders.

In the Newtonian and non-Newtonian fluids described above, replicate experi-
ments would produce the same rate of shear (or viscosity) on the same shear stress.
The determination of the viscosity is independent of the past history of the solution.
In this case, the solutions respond and adapt immediately to a new shear environment.
However, certain non-Newtonian fluids, containing particularly fine inorganic mate-
rials (e.g., silicates, clays, oxides), do not follow this mode. Such solutions are called
thixotropic, meaning “to change by touch.” Similarly, in a pseudoplastic flow, the
apparent viscosity will decrease as the applied shear stress increases. However, the
rate of shear and the viscosity will also decrease with time. This is in part due to
the different time response of the system during structural breakdown at high shear
stress and structure reformation at low shear stress. In other words, once the stress
is removed, the broken structure does not return back to its original state immediately,
even if it eventually regains back its original structure. Therefore, a hysteresis loop
of the nonequilibrium downcurve and upcurve can be obtained (Figure 4.41). When
unsheared, thixotropic materials form a three-dimensional gel-like structure in the
medium due to the interactions (i.e., secondary bonds) between the inorganic mate-
rials. When the high rate of shear is imparted, these interactive three-dimensional
network arrangements (e.g., intermolecular attractions and entanglements) are dis-
rupted to a two-dimensional alignment and the viscosity falls (i.e., gel—sol transfor-
mation). When the stress is removed, the two-dimensional structure reforms the
three-dimensional network but at a slower rate; meanwhile, Brownian motion
restores the molecules back to their original state. The area within the hysteresis
loop indicates the degree of breakdown. Thixotropy is particularly important for
pharmaceutical suspensions, since it is desirable that on shaking (high shear stress),
the suspension should pour (or flow) easily from its container and on standing, its
viscosity rises to prevent (or slow down) settling. Sometimes shear stress leads to
an irreversible structural breakdown between the elements of a material so that the
original structural condition is never restored. Such behavior is known as “shear
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destruction.” In some circumstances, an accelerated recovery of the original condi-
tion can be observed (Figure 4.41). For example, bentonite suspensions slowly
recover back to their original state upon standing but they quickly return to the
original state when the suspensions are gently disturbed.

4.3.4 PreveNTION OF CAKE FORMATION

As shown in Equation (4.81), suspended particles eventually settle and form dilatant
(cake) sediments, which are difficult to redisperse. Several methods to control sed-
imentation and cake formation will be described here.

As seen clearly from Equation (4.81), the settling rate will be zero when the
density difference between the particles and the dispersing medium is zero (i.e.,
p,—pP=0). This method can only be applied to systems with smaller density
differences because of the limitation to increase the density of the continuous
medium by dissolving some inert simple molecules (e.g., sugar and water-miscible
solvents) in Newtonian fluids. In addition, even if the matched density is obtained
at one temperature, it cannot be maintained at other temperatures.

Equation (4.81) also clearly shows that an increase in the viscosity of the
dispersion medium decreases the sedimentation rate. Natural or synthetic polymers
(e.g., tragacanth, xanthan gum, hydroxyethylcellulose, and polyethylene oxide) that
have the characteristics of pseudoplastic flow can be used. As mentioned before, the
apparent viscosity of the polymer solutions is dependent on the applied shear stress.
The amount of polymer required to reduce the rate of sedimentation is significantly
less with increasing molecular weight of the polymer. At relatively high concentra-
tions, the polymer chains will interact with each other to possibly lead to flocculation
of the suspension. In addition, the polymer solution becomes viscoelastic when the
polymer coils overlap with each other. The elastic component of the polymer solution
reduces the settling rate and prevents cake formation. At a concentration of xanthan
gum ( MW >10°) of <0.1%, the solution becomes viscoelastic due to the polymer
chain interactions. However, careful evaluation should be made of the characteristics
of the interactions of the polymer coils with the polymer coils and the polymer coils
with the suspended particles. Aging of polymer solutions, particularly those from
natural origins, should be carefully considered because there is the possibility of
chemical or microbial degradation, which reduces the viscosity of the dispersion
medium. This would lead to sedimentation and cake formation on prolonged storage.
If the rheological property changes greatly with temperature (i.e., refrigeration or
thermal gelation), the suspension may form a cake at either low or high temperatures.

When fine inorganic materials (e.g., bentonite, oxides) are added to water con-
taining suspended particles, the dispersion becomes thixotropic and the inorganic
materials form a three-dimensional network (i.e., gel) structure in the medium. The
gel network has sufficient elastic properties. It entraps the particles and prevents
settling and cake formation. The network structure is broken down upon shaking,
thus facilitating pouring. However, the gel structure is influenced by pH and elec-
trolyte concentration.

The use of mixtures of hydrocolloids and fine inorganic materials can overcome
some of the problems encountered for each of them alone. In the mixtures, the
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FIGURE 4.42 Height of sedimentation volume of griseofulvin as a function of electrolyte
concentrations in pH 3. [Graph reconstructed from data by Mathews and Rhodes, J. Pharm.
Sci., 59, 521 (1970).]

amounts of polymers and inorganic materials can be lowered and the dispersion is
then less dependent on the temperature and degradation. In addition, the influence
of the pH and electrolyte can be significantly reduced. For example, mixtures of
carboxymethylcellulose and bentonite (50:50 ratio) and methylcellulose and Veegum
(magnesium aluminum silicate), assuming well-balanced suspensions, yield a “three-
dimensional network™ of trapped particles, which slows settling and prevents cake
formation. The network results from the bentonite alone and the adsorption of the
polymers in the bentonite and/or suspended particle surfaces (i.e., bridging). The
mechanism of network formation is a complicated one and depends on the suspended
particles, inorganic materials, hydrocolloids, and conditions (e.g., pH, electrolyte,
and temperature).

According to DLVO theory, the flocculated particles can be obtained by careful
control of the electrolyte concentration in the medium (i.e., zeta potential). The
Schulz-Hardy rule states that the higher the electrolyte valence needs, the lower the
electrolyte concentration, as illustrated in Figure 4.42. Above the critical coagulation
concentration, the height of the sediment volume increases, and redispersion can be
easily achieved. Addition of a polyelectrolyte in the right concentration range leads
to flocculation by “bridging,” as mentioned in the previous section. There may not
be any problems producing flocculated particles on a large scale. However, some
problems might be expected when transferring the flocculated dispersion into smaller
bottles, since flocs may quickly settle during transfer, and each final product may
end up with different dose levels. Figure 4.43 shows the controlled flocculation of
bismuth subnitrate by KH,PO,. When the concentration of KH,PO, is in the range
of 6 to 60 mmol/L, the zeta potential approaches zero, and a high sedimentation
height results.

A close look at Equation (4.81) indicates that a variable that makes a great
impact on the settling rate is the particle size. For example, the reduction of a particle
radius from 10 to 1 um leads to a reduction in the settling rate of 10? times.
Pharmaceutical suspensions should be manufactured from the smallest particles
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FIGURE 4.43 Controlled flocculation of bismuth subnitrate as a function of KH,PO, con-
centration. [Graph reconstructed from data by Haines and Martin, J. Pharm. Sci., 50, 753

(1961).]

possible and dispersed in dispersion medium containing both hydrocolloids and
finely divided inorganic materials. One example of such a commercial product is
Pepto-Bismol®, which uses methylcellulose and magnesium aluminum silicate as
suspending agents.
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PROBLEMS

. Varying amounts of activated carbon were added to 500 mL of a drug
solution (MIK 6836X) with an initial concentration of 95 mg/L. The
solutions were allowed to reach equilibrium for 5 days. The filtrate of the
solution was analyzed as:

Carbon added (g) 0.60  0.35 0.3 0.25 0.15 0.03
Filtrate concentration (mg/L) 6.0 11.2 18.1 31.3 45.1 83.8

Determine the parameters for the Langmuir and Freundlich isotherms.

. Determine the amount of surfactants (Span 60, HLB = 4.7 and Tween 60,
HLB = 14.9) required to obtain an O/W emulsion as:

Mineral oil (HLB = 12) 36%
Beeswax (HLB = 9) 2%
Wool fat (HLB = 10) 1%
Cetyl alcohol (HLB = 15) 1%
Emulsifiers 5%
Water, to make 100%

. The following surface tensions vs. concentration were obtained for an
aqueous solution of a surfactant at 25°C. Determine the critical micelle
concentration and the area per molecule occupied by the surfactant.

¢ (10 mol/dm3) 0.1 1.0 2.0 5.0 80 100 30.0
Y (mN m™) 63.8 464 411 335 301 292 290

. The following critical micelle concentration of a surfactant in an aqueous
medium vs. temperature was measured as:

Temperature (°C) 15 20 25 30 40 50
cm.c. (mmol/dm?) 21.7 207 197 190 176 16.1

Calculate the enthalpy change of micellization.
. Determine the thickness of the electrical diffuse double layer for a nega-

tively charged solid particle in the following aqueous electrolyte solutions
at 20°C: a) 0.1 mol/L NaCl, b) 0.001 mol/L CaCl,, c) 0.0001 mol/L AICI,.
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5 Kinetics

When developing final dosage forms, it is important to know whether the product
is safe for its intended therapeutic use over a long period of storage time. Compounds
used in the final product as well as active ingredients should be stable at normal
environmental conditions. If the ingredients undergo chemical degradation, one
should know the pathway of degradation, the byproducts, and their safety to the
recipients. In addition, administered drugs undergo biotransformation in biological
fluids and body organs. In this chapter, kinetic analysis of the degradation and
biotransformation of chemical compounds will be emphasized.

5.1 PATHWAYS OF DRUG DEGRADATION

A number of drug substances and excipients employed in pharmaceutical products
have a variety of chemical structures, which may be broken down under certain
environmental conditions. Major degradation routes are hydrolysis, oxidation, and
photolysis.

5.1.1 HybroLysis

Drug substances having ester and amide labile groups in their molecular structure
degrade via hydrolysis in the presence of water. The degradation process by hydrol-
ysis accelerates in the presence of hydrogen or hydroxyl ions, and hydrolytic reac-
tions involve nucleophilic attack of the labile groups. Hydrolysis is one of the most
common degradation paths encountered with pharmaceuticals.

Common ester labile bonds are formed between an alcohol and a carboxylic
acid. The ester bond is hydrolyzed by hydrogen and hydroxyl ions as shown:

0 OH
I H i Do+ HO
R1_C—OR2 - R1_C_OR2 - F{1_C_OR2 -~
* H
(0]
H + —_—
Ri—C—OH + R, OH, . = R,OH
H+

The acyl oxygen in the ester group is protonated and the carboxyl group is
further polarized. Nucleophilic attack at the acyl carbon is increased by water. A
base, which is the powerful nucleophile, attacks on the acyl carbon and the car-
bon—oxygen bond is broken.
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TABLE 5.1
Effects of Types of Substituents
of Benzoates on the Rate Constants

Rate Constant, kg,

Y R, (X10-*M-"'sec")
H CH, 6.08

H C,H; 1.98

H n-C;H, 1.67

H C,H,Cl 124

H C,H,Cl,, 31.9

Cl CH, 19.1

NO, CH, 276

Source: Taken from K. A. Connors, G. L. Amidon, and L.
Kennon, Chemical Stability of Pharmaceuticals: A Hand-
book for Pharmacists, Wiley Interscience, New York, 1979.

(6] — OH (0]
I OH | I I _
R, —C—OR, slow Ry—C—OR, — =R, —C—OH+ OR,
|
o
(0]

[l
— R,—C—0 4+ R,OH

The rate of degradation of an ester labile group is dependent on the characteristics
of R, and R,. For a given R, the rate of degradation decreases with the higher alkyl
group of R,OH, because the higher the alkyl, the fewer electrons are withdrawn
whereas for a given R,, the degradation rate increases with the increase in electron-
withdrawing group (e.g., Cl, NO,) of R,COOH. Table 5.1 shows the effects of
substitution types of benzoates on the rate constant. The rate of degradation by
hydrolysis increases by replacing methyl to ethyl and propyl. The higher alkyl groups
possessing the greater electron-donating characteristics increase the electron density
at the acyl carbon, and thus the attack of OH™ is inhibited. On the contrary, electron-
attracting groups such as chlorine and NO, increase the rate of degradation. There
are other mechanisms of ester hydrolysis: steric factors, leaving groups, and neigh-
boring charges (see Ref. 4).

Another chemical structure in pharmaceuticals is an amide group, which is
formed between a carboxylic acid and an amine and is less susceptible than ester
groups to hydrolysis. This is due to the lesser electrophilicity of the carbon—nitrogen
bond. The amide group is hydrolyzed as:

o o

R;—cC _’I\‘ —R, + H,O —— = R, —ICI—OH +
Rs Rs
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The rate of degradation of the amide group by hydrolysis is dependent on the
characteristics of the substituents R;, R,, and R;. Antibiotics possessing the B-lactam
structure, which is a cyclic amide, are hydrolyzed rapidly by ring opening of the [3-
lactam group. The ring opening of the B-lactam is much faster than that of other
amide groups because a four-membered ring is joined to a five- or six-membered
ring and a weaker bond exists between carbon and nitrogen of B-lactam. Penicillins
and cephalosporins belong to this category.

5.1.2 OXIDATION

Oxygen is one of the abundant elements in the environment. Upon exposure to
oxygen, pharmaceuticals that are not in their most oxidized state may decompose.
Oxidation/reduction reactions involve the transfer of electrons or the transfer of
oxygen or hydrogen from a substance. There should be the drug molecules to be
oxidized (i.e., reducing agents) and other substances to be reduced (i.e., oxidizing
agents) in a same system. Oxidation of inorganic and organic compounds is easily
explained by a loss of electrons and the loss of a molecule of hydrogen, respectively,
as:

Inorganic compounds:  SO;* +20H” &= SO,”+H,0+2e"

Organic compounds: loss of hydrogen

The rate of oxidation of organic compounds may be dependent on the concen-
tration of H* or pH. At low pH, the rate of degradation of many compounds decreases.

When an oxidation reaction involves molecular oxygen, the reaction occurs
spontaneously under mild conditions. It is known as autooxidation. In an autooxi-
dation process, free radicals, formed by thermal or photolytic cleavage of chemical
bonds (e.g., peroxide, ROOH) or redox processes with metal ions present in raw
material impurities, are involved

Fe? + ROOH —— Fe™ +OH™ +RO*

The free radical formed, RO", reacts with oxygen to produce a peroxide radical,
and the reaction propagates as:

RO*+0, —> ROOO*

ROOO*+RH —— ROOOH +RO *

The free radical reaction continues until all the free radicals are consumed or
destroyed.

5.1.3 PHoTtOLYSIS

Light energy, similar to heat, provides the activation necessary for oxidation to take
place. After a drug substance has absorbed radiant light energy (hv, where h is
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FIGURE 5.1 Pathways of photolysis of nifedipine.

Planck’s constant and v is the frequency of the light), it becomes an unstable, excited
species. The activated species either emits radiant light of a different wavelength
(no decomposition occurs) or decomposes. Oxidation very often accompanies pho-
todegradation in the presence of oxygen and light. The photolysis of a drug substance
may cause discoloration of the product and packaging materials in addition to
chemical degradation. The pathways of photolysis are generally very complex and
depend on drug molecules (e.g., see Figure 5.1).

The rest of this chapter will deal with kinetic interpretation of chemical degra-
dation.

5.2 SINGLE AND MULTIPLE REACTIONS, ELEMENTARY
REACTIONS, MOLECULARITY, AND ORDER OF REACTIONS

In a reaction, reactants yield products. One should consider whether a reaction takes

place via a single stoichiometric equation that has a single rate expression (i.e.,

single reaction) or whether more than one stoichiometric equation must be used to

express the rate of reaction of all the reaction constituents (i.e., multiple reactions).
Consider the following reaction with stoichiometric equation:

A+B — P 5.1

The rate of the reaction (rate of disappearance of reactants A and B or rate of
production of product P) is proportional to the concentration of the reactants in the
mixture. The rate equation for this stoichiometric reaction is:

Rate = k [A][B] 5.2)

where k is the rate constant and the square brackets in Equation (5.2) indicate the
concentrations of each reactant. The above reaction is called an elementary reaction.

When the rate equation does not correspond stoichiometrically, the reaction is
called a nonelementary reaction. Consider the thermal decomposition of nitrous
oxide to nitrogen and oxygen as follows:
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N,O — N, +%O2 (5.3)
which has a rate equation:

2
Rate = M 5.4)
1+k,[N,O]

Nonelementary reactions, such as Equation (5.4), are expressed as a single
reaction [i.e., Equation (5.3)] because the overall reaction is the result of sequential
elementary reactions and the intermediates are very small, unnoticeable, and difficult
to isolate. Therefore, some of these intermediates do not appear in the stochiometric
equation of the reaction. In this chapter (and generally in pharmaceutical sciences),
nonelementary reactions will be ignored.

The molecularity of a single elementary reaction is the number of molecules
engaged in the reaction. A simple elementary reaction is referred to as uni-, bi-, or
termolecular if one, two, or three chemical species are involved in the chemical
reaction, respectively:

Unimolecular: A —> B+C
Bimolecular: A+B — C+D
Termolecular: A+2B —— C+D
For a general single elementary reaction,
0A+BB+YC+:-- —> 0X+0Y +1Z+:--- (5.5)
The rate of the reaction, r, is given by:

__LdA]__1dB]__1diC) _1dIX]_1dlY]_1diZ] |

= = (5.6)
o dt B dt vy dt o dt o d 1t dt
Often the rate of the reaction is expressed as:
r=k[AP[BI°[C]° -+ a+b+c----=n (5.7)

where the exponents a, b, ¢, ---- do not necessarily correspond to the stoichiometric
coefficients o, B, ¥ ---. The exponents are determined experimentally and not nec-
essarily by an integer. The reaction is of the a order with respect to reactant A, b®
order with respect to reactant B and so on. The total order of the reaction is to the
n" in Equation (5.7).
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Regardless of the order of the reactions, the rate of reaction has the units of
concentration/time (i.e., mole/L sec). The units of the rate constant are dependent
on the overall order of the reaction:

k = (concentration)' ™" (time) ™ (5.8)

5.3 IRREVERSIBLE REACTIONS
5.3.1 Zero-ORDER REACTIONS

In a zero-order reaction [i.e., n=0 in Equation (5.7)], the rate of an elementary
unimolecular reaction is expressed as:

d[A
_dIA] _ k, (5.9)
dt
where k; is the zero-order rate constant and t is the time. The rate of reaction is

independent of the concentration of the reactants and constant. Integrating Equation
(5.9) yields:

[A] t
d[A]= —kOJ' dt or [A]=[A], -kt (5.10)
0

[Al,

where the subscript o denotes the initial concentration. A plot of the remaining drug
concentration, [A], vs. t gives a straight line with a slope of =k , which has the same
units as the rate of reaction [i.e., (concentration)(time)~'].

The half-life (t,5s) and shelf-life (t,,) are defined as the times required for the
concentration of the drug to decrease by 50 and 10%, respectively. For zero-order
reactions,

0.5[A]
t,,=—-—"2 5.11
0.5 ko ( a)
O.I[A]0
09 = L (5.11b)

o

The half-life of a zero-order reaction is directly proportional to [A],. Unlike
other reaction kinetics, it is possible to determine the time required for 100% of the
drug in a formulation to completely decompose. It takes two half-lives for complete
degradation for zero-order reactions.

It is hard to find many examples in the pharmaceutical field that follow zero-
order reaction kinetics. Figure 5.2 shows the degradation of vitamin A acetate to
anhydrovitamin A.
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FIGURE 5.2 Degradation of vitamin A acetate in ethanol/water (95%/5%). [Graph recon-
structed from data by Higuchi and Rheinstein, J. Am. Pharm. Assoc., Sci. Ed., 48, 155 (1959).]

Example 5.1

The degradation of a colorant in a solid dosage form was found to follow a zero-
order reaction with a rate constant of 3.1 x 10~ absorbance units per hour at 37°C.
What is the half-life of the preparation with an initial absorbance of 0.56 at 486
nm? This dosage form should be discarded when the absorbance is below 0.34.
Calculate the predicted life of the dosage form at 37°C.

Solution

_ 0.5[A], _ 0.5x0.56 absorbance
02 k, 3.1x10™ absorbance / hr

=903.2 hr =37.6 days

[A]=[A], —k,t

(= [A], —[A] _ (0.56—0.34) absorbance
k, 3.1x10™* absorbance / hr

=709.7 hr =29.6 days

5.3.2 FIrRsT-ORDER REACTIONS

The rate of the first-order degradation kinetics ( A —— B) is written as:

r:—M:kI[A] (5.12)
dt

where k, is the first-order rate constant. Integrating Equation (5.12) yields:

WAl [ (Al _ _
J.[A]O[ | = kl,[)dt or ln[[A] J— k,t (5.13)

o
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FIGURE 5.3 Degradation of gemcitabine HCI at pH 3.2 at different temperatures. [Graph
reconstructed from data by Jansen et al., J. Pharm. Sci., 89, 885 (2000).]

A plot of the logarithm of the fraction remaining (as ordinate) as a function of
time (as abscissa) gives a straight line with a slope of —k,, as shown in Figure 5.3.
The first-order rate constant, k;, has the units of time-!. The half-life and shelf-life
for first-order reactions are given by:

0.5[A ~In0.5 0.
| O |y o g = 050693 (5.14a)
[A] ' k, k,
0.9[A ~In0.9 0.
i P, =02 0105 (5.14b)
[Al, ' ' k, k,

As shown in Equation (5.14a) and Equation (5.14b), the half-life and the shelf-
life are constant and independent of the drug concentration, [A],. For example, if
the half-life of a first-order reaction is 124 days, it takes 124 days for a drug to
decompose to 0.5 [A],. Also it takes another 124 days for 50% of the remaining
50% of the drug to decompose. In Equation (5.13), the time required for 100%
degradation cannot be calculated because In ([A]/[A])) is an indefinite number.

For a very stable dosage form, the decrease of [A] with time is very small and
within the allowed experimental error. However, the change of [B] (product) is
noticeable and can be plotted as the appearance of the product with respect to time:

[B]=[A],(1-¢™) (5.15)
where[A], = [A] + [B].
Example 5.2

A drug product is known to be ineffective after it has decomposed by 23%. The initial
concentration of the product was 11.5 mg/mL. After 1 year, the drug concentration in
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the product was found to be 7.4 mg/mL. Assuming that the drug degradation is first-
order, what should the expiration date be and what is the half-life of the product?

Solution
[A], =115 mg/mL

after t = 12 months, [A]=7.4 mg/ mL

| SAmEImL o mony k= T4 637 mon
11.5 mg/mL 12 mon
The expiration date and half-life can be determined as:
In(0.77)=—(0.037 mon" )t or t= % =7.1 mon
0.037 mon
= 0693 =18.7 mon

0.5
1

5.3.3 APPARENT ZERO-ORDER REACTIONS

As mentioned before, not many zero-order degradation reactions exist in pharma-
ceutics. However, some drugs in certain common dosage forms, such as suspensions,
follow zero-order kinetics. Looking at the phase where the degradation takes place,
first-order degradation kinetics is observed. But the overall degradation kinetics in
the entire dosage form is a zero-order rate. Drug degradation kinetics in an aqueous
phase of a suspension dosage form is expressed as:

dia]

=kl (5.12)

In suspension formulations, the concentration of the drug in the aqueous phase
remains constant (i.e., saturated) until the suspended drug particles are completely
exhausted:

k,[A]=k,[A], =k, (5.16)

where [A] is the solubility of a drug. Substituting Equation (5.16) into Equation
(5.12) yields:

diA]_ _
=k (5.9)
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FIGURE 5.4 Hydrolysis of aspirin in an aqueous suspension at 34°C. [Graph reconstructed
from data by K. C. James, J. Pharm. Pharmacol., 2, 363 (1958).]

Example 5.3

The degradation of aspirin by hydrolysis in an aqueous suspension was carried out
and is represented in Figure 5.4. What is the apparent rate constant for the hydrolysis
of the aqueous aspirin suspension? What is the hydrolysis rate constant in an aqueous
phase? Assume the initial concentration is 0.21 mole/L. The solubility of aspirin is
0.0183 mole/L.

Solution
[A]l, =021 M [A]=0.13 M att=43 days

_ [A], —[A] _ (0.21-0.13) moles

k
o t 43 days

=1.86x107° M /day

k,[A], =k, x(0.0183 M)=1.86x10"> M/ day

The hydrolysis rate constant in the aqueous phase is given by k, =0.10/ day.

Example 5.4

The hydrolysis of aspirin in aqueous suspension is zero-order. Aspirin was suspended
in an aqueous solution, which was maintained at pH 2.5. The amount of aspirin
suspended initially was 70 g/L. After 2 weeks, a 5 ml aliquot of the suspension was
withdrawn and found by analysis to contain 0.3375 g aspirin. (a) What is the rate
constant for the hydrolysis of aspirin in suspension, expressed in g/L/day? (b) How
long will it take for 10% of the aspirin suspended initially to hydrolyze? (c) After
50% of the aspirin suspended initially is hydrolyzed, how much additional time is
required for 50% of the remaining aspirin to hydrolyze?
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Solution
(a) Final concentration after 2 weeks (14 days):

0.3375¢g y 1000mL

[A1= SmL

=67.5g/L

[A], —-[A]l=kt,  (70-67.5)g/ L=k (14 days)

=238/ 17856 /L / day
14 days
0.1[A _
(b) t,,= [Al, _ 0.1x70g/L ~ 392 days
i k, 0.1785g /L / day

() ty,=5xt,, =196 days

After 196 days, 50% of the aspirin (35 g/L) has been destroyed. Therefore, 35
g/L (70 g/L — 35 g/L) remains. The time required for 50% of the remaining aspirin
to be hydrolyzed:

. _O03x[Al, _ 0.5x35g/L
03 k, 0.1785g /L / day

=98 days
5.3.4 SecoND-ORDER REACTIONS
There are two types of second-order reactions:
Typel: A+A—P
Typell: A+B—P
For type I second—order reactions, the rate of reaction is given by:

dAT_

_ 2
i@ k,[A] (5.17)

where k, is the second-order rate constant. Integration of Equation (5.17) yields:

[A] d[A]__ t L_L )
J‘[A]o [A]Z - kz.[) dt or [A] [A] kzt (518)
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The half-life of a second-order reaction is given by:

1 1 1
-——=-k,t tys = 5.19
0.5[A], [A] zos O o 19

o

The half-life of a second-order reaction is inversely proportional to [A],.
For type II second-order reactions, the rate can be expressed as:

dlA] _
Tq - RelAlB] (5:20)

At time t, the amounts of A and B reacted are equal (i.e., stoichiometrically 1:1
ratio and [A] X, =[B] X, where X, and Xj are the fractional conversions of A
and B, respectively). Equation (5.20) can then be written in terms of X, as:

dX—A=1<2[A]§(1—XA)(M—XA) (5.21)

(Al dt

where M =[B] /[A], . Integrating Equation (5.21):

XA dXA _ t
L (I_XA)(M_XA)_kZ[A]OJOdt (5.22a)
[BI[A]
In-——e = k_([B], —~[A])t 5.22b
or n[A][B]O ,([B], —[Al,) ( )

If the initial concentrations of A and B are the same, Equation (5.20) is the same
as Equation (5.18) for type 1. For type I, the plot of 1/[A] vs. t gives a straight line
with a slope of k,, as shown in Figure 5.5b. An example of a second-order reaction
can be obtained by comparing the excessive amount of B over A. As concentration
[B] remains constant, Equation (5.20) becomes a first-order reaction. Figure 5.6
shows the linear plot of the concentration, In([B]/[A]) vs. time t, for second-order
reactions.

Example 5.5

Some experimental data for the hydrolysis of ethyl acetate ([A] = 0.01211 gmol /L)
with NaOH ([B], =0.02578 gmol /L) at 15.8°C are given in Table 5.2. Calculate
the rate constant of the second-order reaction.
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FIGURE 5.6 Alkaline hydrolysis of ethyl acetate at 15.8°C.

Hydrolysis of Ethyl Acetate at 15.8°C

TABLE 5.2

Time [A]
(sec) (g mole/L)
224 0.00889
377 0.00734
629 0.00554
816 0.00454

[B]

0.02256
0.02101
0.01921
0.01821

(g mole/L)

© 2004 by CRC Press LLC



Solution
Data given in Table 5.2 are rearranged according to Equation (5.22b):

Time [BI[A],
(sec) [A] [B]o
224 1.192
377 1.345
629 1.629
816 1.884

The plot of In ([B] ITAIX[A], / [B]O) against t gives a straight line with a slope
of 0.000775, as shown in Figure 5.6, which is equal to k,([B] —[A] ). Therefore,

_ slope  0.000775
> [B],-[A], 0.01367

=0.0566 (L / mole / sec)

Example 5.6

A drug compound degrades by a second-order kinetics, and 14% of the compound
is decomposed in 10 minutes. How long would it take to decompose by 35%?

Solution
At t =10 min, [A]=0.86[A],

From Equation (4.18),

é—izkz x10 min, or k,= 0.0163
0.86[A], [A] [A],

0

For 35% degradation,

0.65[A], [Al, I[A]

! L _0.0163 Xt, t=33 min.

0

5.4 DETERMINATION OF THE ORDER OF REACTION
AND ITS RATE CONSTANT

The methods used to determine the order of the reaction and its rate constant may
be divided into two groups: (1) differentiation method and (2) integration method.

5.4.1 DIFFERENTIATION METHOD

In the differentiation method, the rate of degradation with respect to time is
calculated from the experimental data for concentration vs. time. Two techniques
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FIGURE 5.7 Procedures for determining the order of reaction and its rate constant: (a)
concentration vs. time and (b) log (rate) vs. log (concentration).

of the differentiation method are the complete experimental run and the initial rate
run. The analysis of the single experimental run plots the concentration vs. time
followed by smoothing of the data (probably via regression analysis). From the
regressed curve, one determines the slope at suitable time values, which gives the
rate (i.e., —d[A]/dt). For a single reaction, the general form of the rate expression is
given by:

_M =k[A]" (5.23a)
dt

Taking the logarithm on both sides results in:
log(—%) =logk +nlog[A] (5.23b)

The rate constant k and the order of reaction can be determined from the plot
of log (—d[A]/ dt) vs. log [A]. Figure 5.7 illustrates these procedures. First, the rate
is determined from the concentration vs. time curve (Figure 5.7a). Second, the rate
vs. concentration is plotted in a log—log plot (Figure 5.7b). The slope and the y-
intercept furnish the order of reaction and the rate constant, respectively.

If the reaction is expressed by multimolecular reactions:

—% = k[A]*[B][C]......... (5.24)

Taking the logarithm of Equation (5.24) yields:

log(— dg:]) =log k +alog[A]+ b log[B]+c log[C]+--- (5.25)

© 2004 by CRC Press LLC



TABLE 5.3
Data Workup for Example 5.7

Time % Rate Mean

(h) Remaining (A%/At) % Remaining
60 77 0.30 71

100 65 0.23 58

160 51 0.20 45

220 39 0.14 33.5

300 28 0.11 24

Equation (5.25) can be solved using a nonlinear regression method with the
logarithmic values of each reactant against the rate. The y-intercept gives the rate
constant whereas the coefficients represent the exponents of each reactant. The
overall order of the reaction is the summation of each coefficient.

Example 5.7

Experimental data for the degradation of clindamycin in 0.1 M HCI at 59°C are
shown in Table 5.3. Determine the order of reaction and its rate constant.

Solution
The rate ( —d[A]/dt) in Equation (5.23a) can be obtained in two different ways:
(1) the concentration vs. time is plotted and the slope at various times is calculated;
or (2) the simple numerical differentiation between two adjacent points is determined
(the third column in Table 5.3). The mean concentration between two points (the
fourth column in Table 5.3) is determined from the corresponding values of the rates.

The log—log plot of rate vs. mean concentration [Equation (5.23b)] is presented
in Figure 5.8. The slope of this plot is 0.92, which is rounded off to 1.0 (first-order).
The intercept of the plot is —2.23, which gives k =5.9x107/ hr.

Another technique of the differentiation method is the initial rate measurement.
A series of experiments are carried out for different initial concentrations over a
short time period (5 to 10% or less conversion). This approach is different from the
experimental run discussed in Figure 5.7. Each rate measurement requires a new
experiment with a different initial concentration. The initial rate of the reaction is
determined from the curve of the concentration vs. time, as shown Figure 5.9a. The
log of the initial rate is then plotted against the log of the initial concentration (Figure
5.9b). If the order of the reaction calculated from the concentration—time curve is
different from the one determined by initial rate experiments, interference by the
reaction products is expected, leading to complex reaction kinetics.

5.4.2 INTEGRATION METHOD

The integration method is based on comparisons between the observed experimental
data (concentration vs. time) and the calculated values of the analytical equations.
The equations are obtained from the integration of the mathematical expressions of
the rate of the reaction. There are two techniques in the integration method: the
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FIGURE 5.8 Log-log plot of rate vs. mean concentration.
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FIGURE 5.9 Method of initial rate measurement for determining the order of reaction.

general integration method and the fractional life method (i.e., half-life). The general
integration method will be discussed first.

Example 5.8

The decomposition of an active drug in an aqueous solution is investigated over a
period of time at a constant temperature. The resulting data of the concentration vs.
time are shown in Table 5.4. What is the approximate order of the degradation
kinetics and its rate constant?

Solution

First assume that either first-order or second-order reactions are applicable to the
experimental data. Use Equation (5.13) and Equation (5.18) for the first-order and
second-order reactions, respectively.
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TABLE 5.4
Kinetic Data for Drug Degradation

Concentration k, k,
T (day) (mg/L) (day") (L/mg/day)
0 10.0
5 6.5 8.62 x 1072 1.08 x 1072
10 4.8 6.06 1.09
20 32 4.05 1.04
30 24 2.88 1.04
40 1.9 2.34 1.10
50 1.6 1.72 0.99
60 1.34 1.77 1.21
70 1.17 1.36 1.08
80 1.04 1.18 1.07
In ﬂ =-k,t (5.13)
[A],
1 - L =k,t (5.18)
[A] [A]

o

If Equation (5.13) or Equation (5.18) fits the experimental data, the calculated
values of the rate constant at various time intervals should all be the same or have
small variations without any definite trend. The calculations of k, and k, based on
the first point are shown below, and subsequent calculations are shown in Table 5.4.

k=il AL 1109 g 62102 day !
t ([AL) 5 10

=t L L L 08%10°L  me/ day
1Al AL ) 5l65 10

In Table 5.4 the k, values show a definite trend with time; while the k, values
show small variations with no definite trend. Therefore, the first-order reaction
mechanism does not adequately describe the experimental kinetic data.

The next step is to plot the experimental data according to Equation (5.13) and
Equation (5.18), as In [A] vs. t and 1/[A] vs. t, respectively. Figure 5.10 shows
that Equation (5.18) fits the experimental data well. The slope of this straight line
gives the value of k,:
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FIGURE 5.10 Comparative results of general integration method for first-order and second-
order reactions: (a) first-order plot and (b) second-order plot.

slope =k, =%=1.08 L /mg/day

The half-life method (in general, the fractional-life method) is very useful in
preliminary estimates of the order of the reaction. A series of experimental runs is
carried out with different initial concentrations. If an irreversible reaction is consid-
ered:

oA + BB +yC +--- — products

The rate of reaction is given by the following equation:

_dAT_ apBriCr (5.24)

If the stoichiometric ratios among the reactants are constant, Equation (5.24)
can be rearranged to:

b c b c
() A o s

or

_diA) =k'[A]" (5.26)
dt

where
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FIGURE 5.11 Concentration vs. time for the half-life method.

andnisa+b+c+....
Assume n # 1. Integrating Equation (5.26) and solving for the half-life yields

PR R
t,.=——I[AL" 5.27
0.5 k/(n _ l) [ ]0 ( )
Taking the logarithms of Equation (5.27) gives:

2" -1

log t, log( K1)

)+(1 n) log [A], (5.28)

Plotting log t, s against log [A], results in a straight line with a slope of (1 — n)
as shown in Figure 5.11. If n = 1 (i.e., first-order reaction), Equation (5.14a) should
be used instead. The order of the reaction should be rounded off to the integer closest
to n, especially in pharmaceutical applications. An exact integrated equation is then
used to determine the reaction rate constant.

Example 5.9

The degradation of a drug A with a reagent B was carried out using equal initial
concentrations of the reactants. The following degradation data were obtained:

Time (sec) 0 50 100 150 200 250
[A] x 10* mol/L  5.00 328 244 194 1.61 1.38

Determine the order of the degradation reaction using the half-life method.
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FIGURE 5.12 Graphical presentation for Example 5.9.

Solution

First construct a graph of the experimental data as shown in Figure 5.12. Second,
obtain a regression analysis (t vs. [A]):

t=487.8—2.133x10°[A]+2.326 x 107 [A]?

Half-life with [A] =5.0% 10°mol /L, t s =99.93 sec

0
Half-life with [A] =3.0x% 10~ mol /L, t,s =(220.19 - 57.24) sec =162.95 sec

Equation (5.28) can be rearranged to:

n—1
t A log(t )
051 _ [ ]0,2 or n= 0.5,1/ty5 +1 (5.29)
t05,2 [A]o,l log([A]o,z /[A]o,l)
10£(99.93/162.95)

Therefore, +1=193=2

" 10g(3.0x107/5%x107)

5.5 OTHER IRREVERSIBLE REACTIONS
5.5.1 AUTOCATALYTIC REACTIONS

When the product is involved in a chemical reaction with the reactant, this is known
as an autocatalytic reaction. The equation for this reaction is:

A+P—P+P
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The rate of the reaction is given by:

_dia] =k, [A][P] (5.30a)
dt
P
% =k, [PI([A], +[P], —[P]) (5.30b)

where k, is the autocatalytic reaction rate constant. The total number of moles of
the reactant (A) and the product (P) do not change throughout the reaction at any
time:

[T]1=[A]+[P]=[A], +[P], = constant (5.31)

where [T] is the total concentration.
Equation (5.30b) becomes:

d[P]

e (5.32)
[PIATI-[PD °

Integrating and rearranging Equation (5.32) yields:

_J"[P] d[P] =_1(J’“’] d[P]+J'“’] d[P] J:k Jldt (5.33a)
te1, [(P1([T]-[P]) [TI\J, [P] iy, [T]—[P] *Jo

[PIA] [PI[A]
! ] =1 © |=I[Tlk,t = ([A], +[P] )kt (5.33b
n([P]O([A]OwL[P]O—[P])) n([A][p] J [TTk,t=(A], +[P1)k,t ( )

o

Equation (5.33b) yields:

_ [A], +[P],
[P1= 1+ ([A], /[P], e (FRAPLS (5.34)

Substituting Equation (5.34) into Equation (5.30a) and solving [A] yields:

= [A], +[P],
1+ ([P], / [A]O)e([AJoﬂPJo)kta

[A] (5.35)

In an autocatalytic reaction, the rate of the reaction increases as the product
forms and reaches a maximum at [A]=[P]. Then, the rate becomes zero as the
reactant completely disappears, as shown in Figure 5.13. It is presumed that some
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FIGURE 5.13 Autocatalytic reaction of obidoxime chloride with k = 3.27 x 10~ mL(mg-wk)":
(a) concentration vs. time and (b) rate vs. time. [Graph reconstructed from data by Rubnov
et al., J. Pharm. Pharmcol., 51, 9 (1999).]

of product P must be present at t = 0 in order to proceed with the autocatalytic
reaction. To test for an autocatalytic reaction, plot the time and concentration terms
of Equation (5.33b) to see the straight line passing through the origin.

Example 5.10

As shown in Figure 5.13, obidoxime HCl underwent an autocatalytic reaction.
Assume [A] =250mg/L and [P] =2.5mg/L. Calculate the rate constant.
Solution

Numerical data were extracted from Figure 5.13 as:

Time [PI[A],
(weeks) (Al IF1 [AI[P],
0 250.0 2.5
1 237.5 15.0 6.3
2 216.2 36.3 16.8
3 197.5 55.0 27.9
4 160.0 92.5 57.8
5 107.5 145.0 134.9
6 67.5 185.0 274.1
7 43.8 208.7 476.5
8 21.3 231.2 1085.4
9 3.8 248.7 6544.7
10 1.3 251.2 19323.1

The plot of the final column against time gives a slope of 0.958/week (Figure

5.14), which is equal to k, ([A] +[P]). Therefore,

0.958/ wk

= =38x107° mL/mg/wk
* 252.5mg/mL
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FIGURE 5.14 Determination of the rate constant of an autocatalytic reaction.

5.5.2 ParALLEL REACTIONS

Let us consider that a compound A decomposes by several paths as follows:

k B
A > C
k, N

The reaction rate expression for compound A is written as:

dlA] N
IR UR S kn)[A]—[A]Zki (5.36)

Integrating Equation (5.36) gives:

[A]
([A] ] Zkt (5.37)

The rate expression for the other species (e.g., B) is given by:

_d[B]

i =k, [A] (5.38)

Substituting Equation (5.37) into Equation (5.38) and integrating the resulting
equation yields:

k,[A],
[B] = [B], + 4= I:l—exp{ kt]] (B], +
Zki Z Zki

i=1 i=1

(Al —-[AD (5.39)
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Similar equations can be derived for other species. From the stoichiometry, the
total concentrations of all the products remain unchanged at any given time (i.e.,
[A]+([B]+:---+[N]=[A], ). Thus, the following expressions can be obtained:

[BI-[B], _k,  [BI-[B], _k, __ (5.40)
[C]-[C], k,” [DI-[D], k,

If the initial concentration of the products is zero, then the amount of each
product present in the reaction mixture is in the ratio of:

[BJ:[C]:[D]:-- =[Nl = k,:k,:k,:-- <k (5.41)

n

When the reaction is complete or has gone for an infinite time, the mole fraction
of each product can be expressed as:

B, = o (5.42)

B C ~-+[N A
[B]. +[C]. +---+[N], [A], Zki

i=1

Similar expressions can be obtained for other species. From Equation (5.37),
the slope is:

slope == k; =k, (5.43)
n=1

The rate constants for each product (k,, k,,---) are then determined from Equation
(5.42) and Equation (5.43).

Figure 5.15 shows the parallel degradation of cadralazine to triazolone, pyridazi-
none, and pyridazine at pH 7.4 and 80°C.

Example 5.11

The degradation rate constant of the cadralazine degradation reaction has been
determined based on the data given in Figure 5.15 as k.. =0.024/hr. It was found
that the fractional concentration of all species (A, B, C, and D) with respect to the
initial concentration of [A] was 0.46, 0.31, 0.18, and 0.05, respectively, at t = 6 hr.
Calculate the individual rate constants.

Solution
[B], =[C], =[D], =0. Then, Equation (5.39) can be transformed to:

BIMAL __ 031 _g5q X Ky _go1arme
(1-[A]/[A])  (1-0.46)

k. 0.024/hr’

T
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FIGURE 5.15 Parallel degradation of cadralazine to triazolone (1), pyridazinone (2), and
pyridazine (3). [Graph reconstructed from data by Visconti et al., J. Pharm. Sci., 73, 1812
(1984).]

Likewise,
k, =0.33x0.024/hr=0.008/hr and k,;=0.096x0.024/hr =0.002/ hr.

5.5.3 CoNsecuTIVE REACTIONS

The first product of a chemical degradation reaction successively undergoes another
degradation reaction to give a second intermediate or a final product. Consecutive
unimolecular first-order reactions are represented as:

Al B ,C (5.44)

The rate equations for the three compounds are :

d[A]

diBl _ k,[A]-k,[B] (5.46)
dt
d[c] _
o KBl (5.47)

Integrating equation (5.45) yields:

[A]=[A],e™ (5.48)
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Substituting Equation (5.48) into Equation (5.46) gives:

% +k,[B] =k, [A] e (5.49)

which is an ordinary first-order differential equation and can be solved as:
[B]eIkzdt = jkl [A]Oe_k‘lejkzd[dt + constant (5.50)

Solving Equation (5.50), under the condition of [B] =0 att =0, yields:

e kjt e—kzt
Bl=k [A + 5.51
[B) =k [AL| (5.51)

Notice that the total number of moles present during the reaction has remained
constant. Then, the concentration of C can be determined:

k, -k k, -k

2 1

[C]=[A]0—[A]—[B]=[A]0(1+ k e '+ K, ekz‘J (5.52)

Equation (5.51) can also be used for the concentration—time profile of a drug in
plasma after the drug has been orally administered (one-compartment model):

. absorption,k B elimination, k
Drug in GI — PPN 5 | Drug in Plasma | — o2y

The values of the rate constants (k; and k,) dictate the maximum concentration
of B and its location. The time (t,,,) needed to reach the maximum concentration
of B (i.e., [B],, ) can be obtained by differentiating Equation (5.51) with respect
to time and setting d[B]/dt=0.

—Kyt —Kyt
a5l [A]Ok{_kle e ): 0 (553

dt k, -k, k —k,
_In(k, /k) 5.54)
max k2 _kl ‘

Substituting Equation (5.54) into Equation (5.51) gives:

kR ko [k ko /(ky—k;)
[B],. =[A] K e o [kl] e Kok [li _ [A]O(kl] (5.55)
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FIGURE 5.16 Time—concentration curves for irreversible consecutive reactions of a hydro-
cortisone hemiester (A), a hydrocortisone alcohol (B), and the degradation products (C) at
70°C and pH 6.9. [Graph reconstructed from data by Mauger et al., J. Pharm. Sci., 58, 574
(1969).]1

Figure 5.16 shows the time—concentration curves for the three species. The
concentration of A decreases exponentially. The concentration of B gradually
increases up to a maximum and then goes down. The concentration of C increases
sigmoidally, with the highest rate of increase at t_,,.

Example 5.12

For the reaction in series ( A — B — C), calculate the maximum concentration of
B and its time if k, =Kk,.

Solution

If k, =k,, substituting Equation (5.54) into Equation (5.55) yields an indefinite
value for [B] . Then, take Equation (5.45), Equation (5.46), and Equation (5.47)
and derive the solution once again because Equation (5.54) and Equation (5.55) are
only obtained when k, #k,. Equation (5.46) can then be written as:

B
Lt]zkl[A]—kl[B] (5.56)

Substituting Equation (5.48) into Equation (5.56) gives:
%+k][B] =k, [A], e (5.57)

which is a first-order linear differential equation. Equation (5.57) is solved as:

[B]eJkldl = jk[A]o e’k“ejkldldt + constant (5.58)
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Integrating Equation (5.58) with [B] =0 at t =0 yields:
[B]=k,[A],te ™" (5.59)
Differentiating Equation (5.59) and setting d[B]/dt = 0 gives:

t = ! (5.60)

max _ki
1

Substituting Equation (5.60) into Equation (5.59) yields:

[B] =0.37[A], (5.61)

max

_ LAl
€

Equation (5.61) implies that the yield of the product B cannot exceed 37% in
this process.

Example 5.13
From Figure 5.16, calculate the rate constants and t,,,.

Solution

The first-order rate constant of 0.062/hr for the reactant A (hydrocortisone hemiester)
was determined by a simple least-square method of Equation (5.48). It was also
determined from the graph that [B] =0.355[A]

max 0°

Ky /(ky—K),
7[]3]"“‘" = ﬁ =0.355
[A],

Taking logarithms on both sides gives:

k k k
2 log| L |= 2 Jog 0.062 =-0.450
k,—-k, \k,| k,-0062 | k

2 1 2 2

By trial and error, k, =0.066/hr is determined. Then,
t =Inck,/k,)/(k,—-k,) =15.6hr.

ma:

5.6 REVERSIBLE REACTIONS
5.6.1 REeversiBLE FIRST-ORDER REACTIONS

Let us consider reactions for which reactants and products coexist at equilibrium
with no complete conversion. The simplest case of these reactions is that the forward
unimolecular reaction is opposed by the reverse unimolecular reaction as:
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AZ——B (5.62)
The rate expression is given as:

_dial

o = KdAI-K,[B] (5.63)

where k; and k, are the forward and reverse reaction rate constants, respectively.
Equation (5.63) can be rewritten in terms of the extent of reaction as:

[A],dx

o =k (AL - (AL D)~k (Al M~ [A],x) (5.64)

where M =[B] /[A] and x is the extent of reaction.
At equilibrium, the rate of the forward reaction is equal to that of the reverse
reaction:

k, [B]l, M+x
kf[A]m =k [B], or K=—= — e
' k. [Al.L 1-x,

r

oo

(5.65)

where x, is the equilibrium extent of reaction. Substituting Equation (5.65) into
Equation (5.64) yields:

dr  k,(M+1)

- 5.66
i Max eV 460

Integrating Equation (5.66) gives:

ml X=X o[ IAIEIAL | M+ K t=—(k, +k )t (5.67)
x [A], —[A] M+zx,

e

Aplotof In [(x, —x)x,] vs. tor In [([A]-[A]_ )/ ([A], —[A].)] versus t gives
a straight line.

Figure 5.17 shows the interconversion of the lactone form of a semisynthetic
analogue of camptothecin to its ring-opened carboxylate form. The lactone form
predominates in low pH whereas the ring-opened carboxylate form prevails at neutral
and alkaline pH, as illustrated in Figure 5.18.

Example 5.14

The lactone form of an analogue of camptothecin converts to its ring-opened car-
boxylate form. Both forms are in equilibrium. The following degradation data of
the lactone form were collected:

Time (hr) 2 4 6 8 10 12 24 42 60
Conc. (%) 63 42 33 27 24 23 20 18 17

Calculate the forward and backward rate constants.
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FIGURE 5.17 Hydrolytic degradation of an analogue of camptothecin at pH 7.11, I = 0.4
M, and 25°C. [Graph reconstructed from data by Kim et al., AAPS National Meeting, Paper
No. 7916, Indianapolis, IN, Oct. 29, 2000.]
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FIGURE 5.18 Determination of the rate constant of a reversible reaction.

Solution
First, one should extend the data to t = o to obtain [A]., (= 16%). This leads to [B].,
= 84%. The equilibrium constant becomes:

_ k., [B], 84

= =—1=525
k. [Al 16

According to Equation (5.67), the data are transformed to:

Time (hr) 2 4 6 8
In [([A]-[A])/([A],-[A]lL)] -1.50 -3.00 —4.50 —6.00

A plot of the second row vs. t will be a straight line with a slope of —0.75, which
is equal to — (k; + k). Then, the rate constants become:
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k,=0.63/hr and k,=0.12/hr

5.6.2 REVERSIBLE SECOND-ORDER REACTIONS

Molecules may undergo more complex reactions than described by the first-order
reversible steps. For example, two molecules react to produce one or two molecules,
which in turn are in equilibrium with the two reactants. Consider the following
chemical reaction:

A+B—C+D (5.68)

The rate is given in terms of the extent of reaction (x) (i.e., the decrease in the
concentration of A with time) as:

% =k, (IA], - )(B], - 1)~ k_([C], + x)([DI, +x) (5.69)

If only A and B are presented initially (i.e., [C] =[D], =0), then Equation
(5.69) becomes:

dx

" =k ([A], —x)([B], —x) - erz (5.70)

When the equilibrium concentration is introduced, Equation (5.70) is further
simplified. At dx/dt=0, Equation (5.69) gives:

k, =k, (Al = 2x)B, ~x.) (5.71)
'xé'
Substituting Equation (5.71) into Equation (5.70) yields:
& (AL — (B, —x) -k, A 7% N(Bl, = x) (5.72)
dt X
Integration of Equation (5.72) by the partial fraction technique yields:
1n| AUALBL, — (Al +[B],)x, 1+[AL[B],x,
[A],[B],(x, —x)
(5.73)

_ i AALIBL, — (Al +[B)x,

f

X
e
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FIGURE 5.19 Degradation of 0.1 mg/L 5-aminolevulinic acid (ALA) followed by a revers-
ible second-order reaction at pH 7.4 (200 mM NaHPO4). [Graph reconstructed from data by
Bunke et al., J. Pharm. Sci., 89, 1335 (2000).]

If [A], =[B], or the reaction is 2A &= C + D, Equation (5.73) becomes:

(5.74)

| {X([A]e -2x,)+[Alx, |, 2[AL (Al —x,)
n k, t
[A] (x, —x) X

5-Aminolevulinic acid undergoes dimerization to 2,5-dicarboxyethyl-3,6-dihy-
dropyrazine by a reversible second-order reaction. Figure 5.19 shows the plot of the
left-hand side term of Equation (5.74) vs. time, which gives a straight line. Since
this is second-order kinetics, the experimental data should demonstrate that the
dimerization depends upon the initial concentration, with higher concentration lead-

ing to higher reaction rate.
A first-order reaction is often opposed by a second-order reaction and vice versa:

AZ——B+C (5.75a)

A+Bz—C (5.75b)

Equation (5.75a) is solved in exactly the same manner as Equation (5.68). The
rate in terms of the extent of the reaction is then given by:

%: k. ([A], —x) -k x? (5.76)

Applying the equilibrium extent of the reaction to Equation (5.76) gives:
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dx
a =k, ([A], -x) -k,

L‘]"z— %) 2 (5.77)
X

4

Integration of Equation (5.77) by the partial fractions method yields:

{[A] x +x([A] —x )} 2[A] - x
ln (8] e o e =k o

AL e (5.78)

e

Likewise, the solution for Equation (5.75b) is given by:

2 2 .2
1n[xf([A]° xex)}:k (AL, —x. | (5.79)

[A]i (x, —x) X

e

5.7 REVERSIBLE AND SERIES REACTIONS
(EIGENVALUE METHOD)

Many degradation and biotransformation reactions follow reversible and/or consec-
utive series pathways. Consider, for example, two reversible and consecutive first-
order reactions:

ki, ks3
X =X, =X,
21 ks,

The rate expressions for each compound are given by:

d[X
[dt]] =-k,[X,]1+k,,[X,] (5.80)
d[X,]
72:1(12[)(1]_(1(21 +k, )X, 1+ k5, [X, ] (5.81)
d[X
[dt3] = kX, 1=k, [X5] (5.82)
or, in a matrix form:
1 _k12 k21 0 X1
d
w1 X |F] ke Gatka) ok )X, (5.83)
3 0 k23 - k32 X3
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Simply,

dX

— =KX 5.84
m (5.84)

where boldface symbols denote matrices.

Equation (5.80), Equation (5.81), and Equation (5.82) may be solved by analyt-
ical methods similar to those described in the previous sections and by the Laplace
transform method, which will be dealt with in Section 5.8. In this section, the
eigenvalue method is discussed. Equation (5.84) is a first-order equation, the solution
of which is similar to that of the corresponding scalar equation, Equation (5.12):

X(t) = Ye™ (5.85)
A particular solution for each compound can be then written as:
[Al=Ye™, [Bl=Ye™, [Cl=Ye™ (5.86)

Substituting Equation (5.86) into Equation (5.80), Equation (5.81), and Equation
(5.82) yields:

(kp, =Y, -k, Y, =0
-k, Y, +(k,, +k,; =Y, -k,Y, =0 (5.87)
-k, Y, + (k;, —x)Y, =0

where the Y; terms are constants and y is the parameter to be determined. Equation
(5.87) is a set of simultaneous homogeneous linear equations. In a nontrivial solution,
the determinant of the coefficients is zero:

k12 —-X _k21 0
-k, Ky +ky,—x  —ky =0 (5.88)
0 -k, Ky, =%

or
X =k, +ky, ko H k)7 + (koK K, ks, Kk ) =0 (5.89)

where y is the eigenvalue of this determinant. The three roots of y are given by:
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% =0, X =(@+B)/2, y,=(0—PB)/2 (5.90)

where o=k, +k,, +k,; +k;, and B= \faz =4k, k,; +k, ks, K ,ky).
Substituting Equation (5.90) into Equation (5.86) then yields:

(X, 1=Y,e M +Y,e ™ +Y,e ™ (5.91a)
(X, 1=Y, e ™ +Y,e ™ +Y,e ™ (5.91b)
X,1=Y, e M +Y, e ™ +Y, e ™ (5.91c¢)

Of the three equations — Equation (5.80), Equation (5.81), and Equation (5.82)
— only two are independent, while the remaining equation is dependent. Substituting
Equation (5.91a) and Equation (5.91c) into Equation (5.80) and Equation (5.82),
respectively, yields:

d[x - -
M = (_kle“ + kZIYZI)e ut + (_k12Y12 + kZIYvZZ)e w!

dt (5.92a)
+(k, Y, + k21Y23)67X3‘

d[X.] _ _
d t= (k23Y21 - k32Y31)e ey (kstzz - kzzYsz)e %
t (5.92b)

+(ky Y, =k, Y5, Je

Taking the derivatives of Equation (5.91a) and Equation (5.91c) gives:

d }( T, X 37 o X ;: Y 67)( S 9 Sa
[dtl] XI 11 : 362 12 : 3713 ! ( ) )

(l X ‘ 7 — ‘ 7 X ﬁ( e x 9
[dt3] X1 3le ot XZ 32e - X3 33 ! (5' 3b)

Substitute Equation (5.92a) into Equation (5.93a) and Equation (5.92b) into
Equation (5.93b), and Y is solved. For x = %,

Y.

k,-x)Y, -k, Y, =0 (5.94a)

21

Ky Y, + (X, —k3) Y5, =0 (5.94b)

© 2004 by CRC Press LLC



k., - k k k. .k
Y, =4 L Y, =Y, Y= 2, =Y,
k21 k21 k3z X k32k21
For x =%,
(X, —kpp)Y, +k,Y,, =0
(k3 =%2)Y5, =k Yy, =0
Y — klz _XZ Y Y — k23 Y — k23(k12 _XZ) Y
22 122 132 2 12
k2l k32 X2 k21(k32 - xz)
For x = %3
Y. = K, =% Y. Y. = Ky Y. = Kk, —%3) Y
23 13> 133 23 13
k21 k32 —X3 k21(k32 _X3)

(5.94¢)

(5.95a)

(5.95b)

(5.95¢)

(5.96)

Substituting Equation (5.94c), Equation (5.95¢), and Equation (5.96) into Equa-

tion (5.91a), Equation (5.91b), and Equation (5.91c), respectively:

_ it ~Xat ~Xat
[X,]=Y,e " +Y,e +Y,,e

[Xz] = [ klz )Yl le*Xn + (w)leeth + (I(IZ_XSJYHGH
k k K \
21 21 21

[X,]= (k23k12 JY”exll +(k23(k12 - Xz)]leeml +(k23(k12 - X3))Y]3€-le
k,k

k21(k32 _Xz) k21(k32 _X3)

32721

If [X,]=[X,], and [X,], =[X,], =0 attime t=0, then

(X1, =Y, +Y,+Y,

k k,—% k,—x
Oz(k“)Y” +( 12k 2}le "{ 12k 3)Yn
21 21 21

0= [kz3k12 JY“ +(k23(k12 _Xz))le +[k23(k12 _X3)JY”
k32k21 k21(1(32 - Xz) k21(1(32 - Xs) ’
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(5.97b)

(5.97¢)

(5.982)

(5.98b)

(5.98c)



Solving for Y, Y;,, and Y5 yields:

Y, = (k“k” j[xl]" (5.992)
2A3
Y, = (k”% = k”)J[XlL, (5.99b)
X2(X2 - X3)
Y, = (kw(k% ko ~%s) ][Xl]u (5.99¢)
) X3 (Xz - X3)

Substituting Equation (5.99a), Equation (5.99b), and Equation (5.99¢) into Equa-
tion (5.97a), Equation (5.97b), and Equation (5.97c¢) yields:

kzlksz + k12(7(2 — kzz — ksz) e Xt 4 klz(kzs + ksz — Xs) et
XX Xz(X2 - X3) X3(X2 - XB)

[(X1= [XJO[ J (5.100a)

[X2]=[X1]O(k12k32 N k,(ky, _Xz)efxzt +k12(X3_k32)e—x3lJ (5.100b)

X2Xs X2 (X2 = X3) X3 (X2 = %)
[X,]= [Xl]o(k'2k32 + KoKy e X! —1(121<236_X3t] (5.100¢)
X2X3 Xz(Xz - X%) X3(X2 - Xa)
where
XoXs = (0 ~B*)/4= kKo +ky ks, + ok, (5.101)

Let us apply these general first-order solutions to two specific reactions: irreversible
consecutive and simple reversible reactions. Consecutive reactions (A — B — C) do
not have reverse reactions. This leads to:

k, =k;, =0 (5.102a)
a=k,+k,, P=k,-ky (5.102b)
X2 = k]z’ X3 = k23 (5.102¢)

Substituting Equation (5.102a), Equation (5.102b), and Equation (5.102c) into
Equation (5.100a), Equation (5.100b), and Equation (5.100c) yields:
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X, 1=[X,] e (5.103a)

okt o kot
X, 1=[X,] k + 5.103b
: 2] : I]o ° k23_k12 kl2_k23 ( )
k k
[X3]=[X,]0(1+ 2 — e‘kﬂ‘) (5.103¢)
klz - k23 kzs - klz

Equation (5.103a), Equation (5.103b), and Equation (5.103c) are identical to
Equation (5.48), Equation (5.51), and Equation (5.52), respectively, when k, =k,
and k,, =Kk,.

Next, consider a simple reversible reaction (A & B). In this case, the fol-
lowing conditions are given:

Ky =k;, =0 (5.104a)
a=B=k,+k,, (5.104b)
Xo=kp+ky, %, =0 (5.104¢)

Substituting Equation (5.104a), Equation (5.104b), and Equation (5.104c) into
Equation (5.100a) and Equation (5.100b) along with the initial conditions (i.e.,
[A]=[A], and [B]=[B], att=0) yields:

X1, =Y, +Y, (5.1052)

k
0=-2Y -Y, (5.105b)

21

The solutions for Equation (5.105a) and Equation (5.105b) are:

X K[X
Y, = @, Y, = X1, (5.106a)
1+K 1+K

K=k, /k, (5.106b)

The concentration of X, and X, with respect to time is:

X

[X,1= %(1 +Ke et (5.107a)
K[X

[X,1= 71[+ %] (1—eerinr) (5.107b)
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At t = oo, equilibrium is reached, and the equilibrium concentrations of X, and
X, are given by:

— [Xl]o — K[Xl]o
[XIL—KH, [X,1. = Kol (5.108)

Substituting Equation (5.108) into Equation (5.107a) and rearranging the result-
ing equation yields:

Al-[A
il AL Ak (5.109)
[Al, —[AL,
Equation (5.109) is identical to Equation (5.67) derived analytically.

5.8 USE OF LAPLACE TRANSFORM FOR DIFFERENTIAL
RATE EQUATIONS

5.8.1 DEFINITIONS AND PROPERTIES

Many drugs undergo complex in vitro drug degradations and biotransformations in
the body (i.e., pharmacokinetics). The approaches to solve the rate equations
described so far (i.e., analytical method) cannot handle complex rate processes
without some difficulty. The Laplace transform method is a simple method for
solving ordinary linear differential equations. Although the Laplace transform
method has been used for more complex applications in physics, engineering, and
other research areas, here it will be applied to ordinary differential equations of first-
order rate processes.
The Laplace transformation of a function f(t), L[f(t)], is defined as:

oo

LIf()]= J.e’“ F(bdt (5.110)

0

Two examples [ f(r)=t and f(z) =e™™] are illustrated below:

oo

—st. —st |7
L[t]:J.e"s‘tdtz[— LY } == (.11D)
0 s ® 0 °
bt G )T
Lie1= [ = [ c } _ L (5.112)
s—a [, s—a

0

If the derivative expression, df(t)/dt, is transformed, in Equation (5.110):
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oo

w —W _Slm e il st
L=, ]_je m dt=[e f(t)]0+sje F(Odt (5.113)

0 0

If f(t) is a continuous function at t > 0, Equation (5.113) becomes:

L[?] = SLLFO] - £(0) (5.114)

where f(0) is the value of the function at t = 0.
Two important properties of Laplace transforms are their scaling and linearity as:

Llef (0] = cL[f(D] (5.115)
LIf(®+g®]=LIf(®O]+L[g®O] (5.116)

Table 5.5 shows the Laplace transforms of many functions encountered in many
drug degradation and biotransformation reactions. Once the rate equations are trans-
formed into the s-domain, the inverse Laplace transformations of this s-domain
expression are carried out to obtain the time domain solution for the rate equations.

5.8.2 AprpLICATIONS OF LAPLACE TRANSFORMS FOR DRUG
DEGRADATION AND BIOTRANSFORMATION

Consider, for example, a drug degradation or biotransformation reaction via hepatic
metabolism undergoing the following pathways:

The rate expressions for the four compounds are written as:

d[i‘:‘]z_kl[A] (5.117a)

ﬁzkl[A]—kz[B] (5.117b)
dt

@=k2[31—k%[c1 (5.117¢)
dt :

dib] _ k,[C] (5.117d)

t
The initial conditions are [A]=[A], and [B] =[C], =[D], =0att=0. Taking

the Laplace transforms of Equation (5.117a), Equation (5.117b), Equation (5.117¢),
and Equation (5.117d) yields:

© 2004 by CRC Press LLC



TABLE 5.5
Laplace Transforms

f(t)

1
A
t
m

Aet

Ateﬁ\l

Al—e
a

ée%b/a)!

a

(B—Aa_)e™ —(B—Ab)e™
b-a

(b#a)

A
b—a

(eful _ efbt)

e (A+(B-Aa))

P(Aa’-Ba+C)e™
1 2 bt
——|+Q(Ab" —Bb+C
POR Q( e

+R(Ac* =Bc+C)e™
(p=b-c,Q=c-a,R=a-b)

A L+ ! e — ! e™
lab a(a-b) b(a—Db)

R S DR
abc a(a—b)(a—c)v b(b—c)(b—a)
A
1 ot
-————e¢
L c(c—a)(c—b)
ét—%(l—c’“‘)
a a
B Aa-B _, Ab-B _
—— e+ e
ab a(a—b) b(a—b)

B a’—Aa+B _, b’—Ab+B _,
+

ab  a(b—a) ¢ b(b-a)

LIf(D]

1/s
Als
1/s%

m!

m+1

s
A
s+a
Al(s + a)?
A
s(s+a)

A
as+b

As+B
(s+a)(s+b)

__ A
(s+a)(s+b)

As+B
(s+a)’

As®> +Bs+C
(s+a)(s+b)(s+c)

A
s(s+a)(s+b)

A
s(s+a)(s+b)(s+c¢)

_A
s’(s+a)

As+B
s(s+a)(s+b)

s’ +As+B
s(s+a)(s+b)

Source: Taken from Gibaldi and Perrier, Pharmacokinetics, Marcel Dekker, New York, 1975, p. 270.
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A
sL[[A]l-[A], =—k,L[[A]]l, L[[A]]l= 1AL, (5.118a)
s+k,

k.[A
SLI[B]] = k,L[[AT]— k,L[[B]] = 2 _ i 1By,
s+k1
k,[A]
L[[B]]l=z —1—° 11
BI= e (5.118b)
_ B _ kKAl
SLICII= kLB kLCl1= 8 Bh ke,
kil
LIl o ) (5.1180)
— — klk2k3[A]0
sL{DI=k,LIC]= (s+k)(s+ky)(s+k;)
L{[DI] Kk, ks [Al, (5.1184)

TS5tk (s +k,)(s+k,)

Taking the inverse Laplace transforms of the Equation (5.118a), Equation
(5.118b), Equation (5.118c), and Equation (5.118d) with the aid of Table 5.5 gives:

[A]l=[A],e™" (5.119a)
[B]= 7]1: : [f]](" (e™ —e™) (5.119b)
2 1
[C]=k k,[A] (kz - ks)eikll + (k3 - 1(1)67](2t + (k1 - kz)e_kzt (5.119¢)
v ° (kz - kl)(kl - k3)(k3 - kz)
. k, ke . k ke
(kZ_k])(kl _ks) (kz_kl)(ks_kz)
[D]=[A], —[A]-[B]-[C]=[A], (5.119d)
kk,e

+—
(kl - k3)(k3 - kz)

Figure 5.20 shows concentration—time profiles for the decomposition of hydro-
cortisone butyrate at 60°C in a buffered aqueous propylene glycol (50 w/w%, pH
7.6). Consecutive, irreversible, first-order kinetic models [i.e., Equation (5.119a),
Equation (5.119b), and Equation (5.119c)] fit reasonably well with the experimental
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FIGURE 5.20 Concentration profiles of hydrocortisone C-17 butyrate, hydrocortisone C-12,
and hydrocortisone at 60°C in a buffered aqueous propylene glycol solution (50 w/w%, pH
7.6). [Graph reconstructed from data by Yip et al., J. Pharm. Sci., 72, 776 (1983).]

data. Because many kinetic parameters are involved in the degradation pathways,
other kinetic models must be considered such as

AZ—B——C——D and A B AC D

In these cases, analysis of model discrimination should be carried out.

In chemical degradation kinetics and pharmacokinetics, the methods of eigen-
value and Laplace transform have been employed for complex systems, and a choice
between two methods is up to the individual and dependent upon the algebraic steps
required to obtain the final solution. The eigenvalue method and the Laplace trans-
form method derive the general solution from various possible cases, and then the
specific case is applied to the general solution. When the specific problem is com-
plicated, the Laplace transform method is easy to use. The reversible and consecutive
series reactions described in Section 5.6 can be easily solved by the Laplace trans-
form method:

k12 k23
AZ—Bz——C
k21 k32

The rate expressions for three compounds were given by Equation (5.80), Equa-
tion (5.81), and Equation (5.82). If only A is present initially, [B], = [C],= 0 and
[A],= [A] + [B] + [C], which is subsequently substituted into Equation (5.81) for
[C]. Then, the Laplace transforms of Equation (5.80) and Equation (5.81) are given
as:
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sL[[A]]-[A], =—k,,L[[A]]l+k,,L[[B]] (5.120a)

k,,LI[B]]+[A]

or L[[A]]= 22— (5.120b)
s+k,,
_ 32[A]
sL[[B]] = (k,, — k;,)L[[A]]-(k,, +k,; + k,,)L[[B]]+ ——"> (5.121a)
Substituting Equation (5.120b) into Equation (5.121a) yields:
k,,[A] (s+k
LI[B]I= 2l Al 5+ Kyp) (5.121b)
S[S + (k12 + kZl + k23 + k32)s + (k12k23 + k12k32 + k21 32 )]
Equation (5.121b) can be written as:
LBy = AL T Ks) (5.1210)
s(s+o)(s+P)
where
o+B=k,+k, +k,, +k;, (5.122a)
ofy =k,k,, +k k;, +k, k;, (5.122b)

The partial fraction method is applied to Equation (5.121c¢), and then the inverse
transform functions given in Table 5.5 are employed:

k., —0o _ k,-B _
Bl=k [A > Bl e P 5.123
B1=tel ][ B a-p)° BB ) 6129

Equation (5.123) is substituted into Equation (5.120b):

(5.124)

LI[All= [A]{Sz +(ky, + ks +k32)s+k2]k32)

s(s+o)(s+P)

From Table 5.5, the inverse transform equation for Equation (5.124) is given as:

k,k, k,(o-k,-k,) o k,B-k,—k,) _1)
A — A 21732 + 12 23 32 _ 12 23 32 B 5125
= ]( of ao-B) po—p ) O
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_ _ _ _ L 1 —at 1 —Bt
[C]=[A], -[A]-[B] k'2k23[A]0(0LB + wa—p) e "+ BB—0) e ) (5.126)

Equation (5.123), Equation (5.125), and Equation (5.126) are identical to Equa-
tion (5.100a), Equation (5.100b), and Equation (5.100c), respectively, when o =,
and B=7,.

An anticancer drug, S5-fluorouracil, is metabolized by dihydropyrimidine dehy-
drogenase (DHPDH), dihydropyrinidase (DHP), and other enzymes (b-ureidopropi-
onase and three aminotransferases). Patients who are deficient in these enzymes can
suffer severe neurotoxicity if the drug is prescribed. The drug is biotransformed in
four steps in humans as follows:

NADPH+H + NADP + [¢) o]
o o ! H,0  NH.+CO, |
F M F H,0 HO F F
HN HN HO
L QP H.N H H
07y DHPDH 07N oHP 02 E
H H H2N
a-fluoro- B-
5,6-dihydro-5-fluorouracil ureidopropionic acid o-fluoro- B-alanine

Mathematical techniques described in Section 5.6 and Section 5.7 can be applied
to the above complex pathways of the drug.

5.9 ENZYME-SUBSTRATE REACTIONS
5.9.1 ENzYME—SUBSTRATE REACTIONS WITHOUT INHIBITION

Enzymes are excellent catalysts in biological systems. They produce biologically
active molecules by lowering the activation energy, thus causing the rate of bio