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An Interpretation of the Dimensions of the Pyramids of Gizah

I. The Precession of the Axis of the Earth

1.In 1925 there was published a report on the dimensions of the base of the Great Pyramid of Gizah by T. H. Cole, the topographer who established the modern system of triangulation for the Egyptian state. Cole proceeded to his survey under the impulsion of the Egyptologist Ludwing Borchardt, who thought that an accurate report would help in separating facts from fiction in the matter of the geometry of the Pyramid. But up to now no effort has been made to exploit the precision achieved by Cole.

Cole reports the following data for the length of the sides:

	West 
	230.357 

	South 
	230.454 

	East 
	230.391 

	North 
	230.253 


The earlier survey conducted by Sir Flinders Petrie had ended with uncertain results; Petrie had difficulty in delimiting the exact position of the corners, due to the disappearance of many of the blocks. By an extensive sounding of the foundations, Cole was able ascertain the position of the corners with reasonable assurance: he computes as follows the maximum possible error in his values for the length of the sides:

	North side 
	6 mm. at either end 

	East side 
	6 mm. at either end 

	South side 
	10 mm. at the West end

30 mm. at the East end 

	West side 
	30 mm. at either end 


It is generally agreed that the lineal standard used in the construction of the Great Pyramid is the Egyptian royal cubit of 525 mm. This cubit is based on a foot of 300 mm. (which is the basic standard of all ancient metric systems) and on the corresponding cubit of 450 mm. From the cubit of 450 mm. there was derived a special cubit of 525 mm. called royal cubit; the royal cubit is an instance of a septenary unit of length, because it is composed of 7 hands or 28 fingers, whereas the normal cubit is divided into 6 hands or 24 fingers.1 The royal cubit was the standard most frequently employed in Faraonic Egypt and its use is documented since predynastic times.

2. It is generally agreed among scholars that the correct value of the Egyptian royal cubit is 525 mm., but it has also been noted that often buildings and measuring rods indicate a value of about 524 and value of almost 527. These values do not result from an imprecision of the standard, but have a specific metrological explanation.

In 1888 the Egyptologist Heinrich Brugsch, following the ideas developed by Pietro Bortolotti, came to the realization that the Egyptian unit of weight called qdt (kite in Coptic) was the basic unit of all ancient systems of weight, a unit which I call basic sheqel and compute as 9 grams. This fundamental discovery was further developed by Friedrich Hultsch in a special monograph that represents the conclusion of his life-long research on ancient measures. Brugsch observed that in Egypt the basic sheqel was computed in three different ways:

1) as 1/3000 of the cube of the foot of 300 mm. filled with water;

2) as 1/10,000 of the cube of the cubit of 450 mm.; and

3) as 1/16,000 of the cube of the royal cubit of 525 mm.

He remarked that in the first case the sheqel would be 9 grams, whereas in the second case it would be 9.1125 grams and in the third case it would be 9.0439 grams. Neither Brugsch nor Hultsch succeeded in explaining away these small differences.2
The mathematical explanation of this discrepancy was provided by Angelo Segrè. Jean Adolphe Decourdemanche, in the concluding page of his treatise on ancient and Arab metrology, observed that ancient and Arab units of weight have set values that vary as 80:81. Segrè observed that this discrepancy is a regular occurrence in the metrics of Greek papyri and results from the fact that the cube of the cubit is equal to 3 3/8 cubes of the foot, since 1³:(1½)³=1:3 3/8, but the relation was frequently simplified to a relation 1:3 1/3.3 The cube of the cubit contains 162 basic pints of 540 c.c., but both metrological treatises and economic documents often round the figure to 160 pints. The discrepancy 80:81 is a general occurrence in ancient metrics; I shall have occasion to demonstrate that the interval komma of the musical scales originated from it, since musical scales derive from the units of volume.

Ancient units of weight are at times computed by a basic sheqel of 9 grams and at times by a basic sheqel of 9.1125 grams.4 In Egypt the intermediary value of 9.0439 grams was arrived at by computing from the royal cubit of 525 mm. But since the values of 9 and 9.1125 grams were also in use, there were concurrently used three forms of the royal cubit:

- royal cubit of 524.1483 mm. corresponding to a qdt of 9 grams

- royal cubit of 525 mm. corresponding to a qdt of 9.0439 grams.

- royal cubit of 526.564 mm. corresponding to a qdt of 9.1125 grams.

The cubit used in the construction of the Great Pyramid is of the first type. The best datum about the standard used is provided by the dimensions of so-called King’s Chamber which, as Newton properly concluded, was calculated as 20 x 10 cubits. From its dimensions Newton inferred that the Egyptian royal cubit is equal to 1719/1000 of English foot, or 523.9507 mm. But Newton’s computation should have given a figure of 1718.5 thousandths, a figure which he rounded to 1719. Newton based himself on the survey of John Greaves who employed a ruler copied on the standard of Guild Hall in London (pes Curiae Londinensis); I have computed the English foot of this standard as equal to the present American foot 304.8 mm., but it may have been some hundredths of millimeter more. By most accurate tests Petrie concluded that the cubit of the King’s chamber was 524.052 + 0.10 mm. and that this was the standard of the Great Pyramid. In may opinion the theoretical value of the standard was 524.148 mm.

3. Since it is agreed among responsible scholars that the side of the Pyramid was computed as 440 royal cubits, its theoretical length was 230.625 mm. Hence, according to Cole’s figures, the West side is shorter by 268 mm., the South side by 171, and the East side by 234. In my opinion the North side was made deliverately shorter by about 2 2/3 hands or 200 mm. (the hand being 1/7 of cubit or 74.88 mm.), so that its theoretical length should be 230.425 mm, and its actual length is 172 mm. less. Considering Cole’s statement about the margin of possible error in his figures, it must be concluded that the sides were about 200 mm. shorter than their theoretical length. This difference must be ascribed to a mechanical error of the builders in the operation of measuring rather than to an imperfection in the ruler employed. Cole, as an experienced surveyor, calls attention to the difficulty in proceeding in a perfectly straight line in stretching a tape for a length of about 230 m. Another factor that would reduce the actual length is any imperfection in the process of making level the surface on which the measures were taken; but in this respect the builders were amazingly successful since there is an inclination of only 15 mm. from SE corner to the NW one.

4. Cole reports that the error in the construction of a right angle at the four corners of the Pyramid is the following:

	NW corner 
	-0’ 2” 

	SW corner 
	+0’ 33” 

	SE corner 
	-3’ 33” 

	NE corner 
	+3’ 2” 


The error in making these perpendiculars was 2” and 33”. Greater perfection was achieved in drawing the North side to which greater attention was paid. The North side not only presented special problems of measurement, but is also the most important side of the Pyramid, being directed towards the seat of the gods.

Borchardt noted that on the North side there is cut on the foundation blocks a line marking the middle point and assumed that this line indicated the main axis of the Pyramid. But Cole found that this line is 71 mm. closer to the NW corner than the middle point. Reginald Engelbach in his report about the Cole survey states: “This line was thus probably the original line of the axis.”

The figure 71 mm. probably corresponds to a hand or 74.88 mm.; the difference may be explained by a small error in determining the exact position of the NW corner.

The direction of the sides is the following:

	West side 
	0º 2’ 30” W of true N 

	South side 
	0º 1’ 57” N of true E 

	East side 
	0º 5’ 30” W of true N 

	North side 
	0º 2’ 28” N of true E. 


The figures indicate that the North and South sides were intended to be perpendicular to the West side whereas the East side was constructed as being at an angle of 3’ with the azimuth of the three other sides. The precision of the other figures intimates that the builders could not have erred by such an amount.

If the angle is 3’ the North side should be shorter by about 2 2/3 hands or more exactly 2.61 hands. Possibly this difference in the length of the North side was split, making the distance from the NW corner to the axis equal to 1540-1 hand and the distance from the axis to the NE corner to 1540-1 2/3 hands. But if Cole is correct in reporting that the shortening of the Western half side is 71 mm., a compromise was arrived at in marking the axis by setting it at an angle of 1’ with the West side, whereas the East side is at an angle of 3”. If the shortening is 74.88 mm. or a hand, the angle of the axis with the West side is 1’7”, assuming that the axis ends at the middle point of the South side.

5. The same contraction of the North side occurs in the Second Pyramid, the one constructed by Cheops’ successor. According to Petrie’s survey the sides have the following lengths:

	West 
	215,277 mm. 

	South 
	215,313 

	East 
	215,269 

	North 
	215,186 


It is agreed that the sides were computed as 410 cubits. The cubit employed here is that of 525 mm., so that the theoretical length is 215.250 mm. The builders succeeded in an almost perfect measurement of the sides: it may be that they had improved their techniques since the builders of the Great Pyramid, or more likely that they were aided by the possibility of measuring the diagonal lines. It was impossible to test the diagonals in the Great Pyramid, because it was built around a core of rock that was left in its natural state and not removed.

Concerning the orientation of the sides of the Second Pyramid, Petrie reports the following figures:

	West 
	0°4'21” W of true N 

	South 
	0°5'40” N of true E 

	East 
	0°6'13” W of true N 

	North 
	0°5'31” N of true E 


Petrie warns that the triangulation of Egypt existing at his time did not allow him to determine the North with absolute precision. By comparing his figures for the Great Pyramid with Cole’s, I would guess that his North was about 1’ West of true North. Hence, most tentatively I would suggest that Petrie’s figures may be corrected to read as follows:

	West 
	0º3'21” 

	South 
	0º4'40” 

	East 
	0º5'13” 

	North 
	0º4'31” 


In any case it is clear that the East side forms an angle of 1’52” with the West side. The North and the South sides are perfectly parallel. In the case of the Great Pyramid the North and South sides were drawn as perpendicular to the East side, whereas here the technique was improved by making the North and South sides intermediary between being perpendicular to the East side and being perpendicular to the West side. The exact intermediary value of the North and South sides would be 52” more than the inclination of the East side, so that, if Petrie’s values are absolutely exact, the difficult procedure of bisecting the small angle between the East side and the West side was carried through with an error of 28” and 37”. The procedure probably was that of marking the axis of the Pyramid as intermediary between that West side and the East side, as it was done in the Great Pyramid; then the North and the South sides were marked as perpendicular to the axis so marked. The perfection achieved in marking these perpendiculars was such that there is an angle of only 9” between the North and the South side.

Unfortunately an accurate survey of the dimensions of the Third Pyramid was never undertaken. The lack of precise reports about later pyramids may not be too regrettable, since they are all substantially smaller, so that the contraction of the North side, if it exists, would be hardly noticeable.

Three great pyramids were built by Cheops’ predecessor Snefru, the founder of the Fourth Dynasty; but in these pyramids the true pyramidal form was experimented with for the first time, so that they may not reveal all the refinements of the Great Pyramid. Accurate data are available only for one of Snefru’s pyramids, that of Meidun, but this pyramid was not oriented to the North and, furthermore, its pyramidal form was achieved only in a second moment by adding an outer cover to an original step pyramid.

6. The differences among the orientation of the sides are so small that in my opinion they may be explained only by the phenomenon of the precession of the equinoxes. The Pole moves to the West at a rate of 50”.26 a year.

The question of the method followed in orienting the pyramids has been the object of a detailed study by Zbynek Zába. The documents prove beyond any doubt that the initial operation in erecting an important structure in Egypt was the ceremony of the ”stretching of the cord,” by which through the observation of stars with some sort of transit there was determined the North-South direction. The East-West direction was marked by tracing a perpendiculiar to the basic line. 

Zába tries to determine the stars used in the pointing by examining Egyptian charts of constellations. But exception must be taken to this approach because the orientation of the two pyramids of Gizah is too precise to be considered from this point of view. Charts of constellations would give only a good practical approximation to the true North. For instance, today we consider that a Ursae Minoris is the polar star and that the line passing by a and b Ursae Majoris gives the northerly direction; but these are approximations based on the reference points provided by the most visible stars. By such a method there would not be achieved a precision corresponding to that of the Pyramids. Charts of constellations are concerned only with the positions of the most important stars which can be readily identified without a pointing instrument.

Zába observes that since the pyramids were oriented to the North by the observation of stars, the position of the Pole must have been obtained by bisecting the angle formed by the two extreme positions of a circumpolar star. Most scholars are of the opinion that the orientation was obtained by this procedure or by a similar one. But a few scholars have observed that a much simpler method of obtaining the northerly direction is to observe the direction of the shortest shadow of the sun at the solstices. The bisection of the angle formed by two positions of a circumpolar star involves many possibilities of error. First of all the process of bisecting an angle exactly is difficult. Next, the process of determining which positions are opposite involves the use of clocks or an artificial line that is perfectly level. Some scholars, being aware of these possibilities of error, have suggested that there was observed the lowest culmination of a circumpolar star, which would give the North directly. But it is difficult to observe the exact point of the lowest culmination, because near this point the star moves almost horizontally; furthermore, the impact of refraction would be great in the observation of a circumpolar star at its lowest culmination, since the star would be at a narrow angle with the horizon.

The texts indicate that written instructions were followed in proceeding to “the stretching of the cord” and in drawing on the ground the outline of an important construction. I have determined that in Mesopotamia there was a division of roles between the mathematician who planned the structure and that of the builders a similar distinction may have been made in Egypt. I would suggest that, when the plan was prepared, as part of it there were performed calculations aimed at deciding which alignment of stars would give the North; the practical builders would not be concerned with astronomical problems, as they would not be concerned with the mathematical computations about the proportions of the structure, but they would simply point to specific stars according to the instructions.

If my hypothesis is correct, it would follow that in the case of the Great Pyramid, the West side is at angle of 2’ 30” with true North because exactly three years had passed between the formulation of the project and the moment in which the area of the West side was cleared and smoothed down for the marking of the base side. A period of three and half years would have passed before the East side was ready for the corresponding operation. In the case of the Second Pyramid, the interval would be three years between the stretching of the cord on the West side and the stretching of the cord at the East side. Unfortunately the datum about the absolute orientation of the West side, as reported by Petrie, is not entirely reliable; but if my guess that the angle of the West side was 3'21” is correct, four years would have passed between the formulation of the project and the drawing of the line of the West side.

7. These figures not only indicate the rate of speed at which the two Pyramids were constructed, but also illuminate important astronomical issues. First of all, computing the yearly precession as 50” or 50½”, all figures fit, indicating that angles could be computed within a range of approximation of 2”. Father F. X. Kugler, as an expert of Mesopotamian astronomy, has claimed that the unit of 2” that occurs in cuneiform astronomical texts could not have had any concrete application, because the ancients could not have even approached such a precision in angular measures, but he has never investigated problems of ancient metrology and techniques of measurement.

Since the several measurements of the sides seem to be at intervals of years or half years, it must be concluded that the orientation was based on the movement of the sun. It can be objected that the pointing to stars does not need to wait for the occurrence of equinoxes or solstices; but it may be supposed that the planners determined the proper alignment of stars by observing the sun at the solstices, and that the operation of stretching the cord was performed at the solstices, either because this was the traditional date for orientations, or in order to control exactly the angles by computing the effect of the precession.
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1. I have determined that septenary units of length were commonly used in Mesopotamia, Egypt, Greece and medieval Europe, because they allow to solve in a simple way problems of practical measurement involving the irrational roots pi, 2, and 3. By using septenary units the circumference can be easily computed as 22/7 of the diameter (pi = 3 1/7 = 3.1428). The diagonal of a square was computed by assuming that the square with a side 7 has a diagonal 10 or that a square with side 10 has a semidiagonal 7. In the first case 2, which is 1.41421, was computed as 1.42857 and in the second case as 1.40; when greater precision was desired the result of the two computations was averaged arriving at a value 2 = 1.41428, which is correct to the fourth decimal point. In the case of an equilateral triangle, it was assumed that if the side was 7, the height was 6 (6/7 =0.85714, whereas the correct ratio is ½3 = 0.86602). 

2. Brugsch remarked that Richard Lepsius, by examining Egyptian sample weights, had come to the conclusion that the qdt had a value of about 9.0591, and observed that accordingly the foot should be 301.06 mm.; but he did not pursue the problem any further. Hultsch also avoided the problem by using in one work the value of 9.1125 grams, equal to 1/10,000 of the cube with an edge of 450 mm., and in another work the value of 9.060 grams, which is simply a rounding of the figure of Lepsius. Petrie, who studied ancient weights without considering their relation to length, concluded that Egyptian sample weights indicate a qdt varying between 138 and 141 English grains (8.942 to 9.136 grams), with a clear indication of the existence of a variety of 140 grains (9.072 grams). 

3. Hence, the cube of the cubit may be conveniently computed as 10 Roman modii of 16 sextarii or basic pints. 

4. For instance, the Roman libra is 324 grams, equal to 12 ounces of 27 grams or 3 basic sheqels, but in the age of the Emperor Vespasian there appears also one of 328.05 grams. This unit is the standard Roman libra of the Middle Ages; correspondingly in the Middle Ages the most correct Roman foot is considered that of 297.761 mm., usually called geometric foot. 



An Interpretation of the Dimensions of the Pyramids of Gizah 

II. Egyptian Sky Charts

1. Zába announces as a discovery that the Egyptians were aware of the precession of the axis of the world. He distinguishes the knowledge of the precession of the axis of the world from that of the concomitant phenomenon of the precession of the equinoxes. 

The precession of the axis of the world is revealed by noticing the change in the position of the polar and circumpolar stars; the precession of the equinoxes could have been noticed by the Egyptians by observing the change in the interval between the Summer Solstice and the date of the heliacal rising of the star Sirius. (alpha Canis Majoris) which they called Sothis. At the beginning of Egyptian dynastic history the Summer Solstice and the heliacal rising of Sothis occurred on the same day. Abstractly it is conceivable that a culture could be aware of the precession of the axis of the world and of the precession of the equinoxes with out connecting the two phenomena.

That the Egyptians knew about the precession of the equinoxes is stated by Proclus in his commentary to Plato’s Timaeus. Many interpreters have understood a passage of the Timaeus (39D) as dealing with the precession; John Burnet observes that this a passage ”is most easily interpreted if referred to precession” whereas any other interpretation makes it bewilderingly abstruse. The famous passage of Plato’s Republic (VIII, 546B) dealing with the Cosmic Number, often called Nuptial Number, has been traditionally interpreted as a reference to the time in which the Celestial Pole makes a circle around the Pole of the Ecliptic. If the precession and its rate was known to Plato, this information must be of pre-Greek origin, since the Greeks of that age certainly did not have the means and the organization to proceed to the necessary astronomical observations.

What Zába actually has discovered is an argument to refute positively the assertion of Otto Neugebauer that Egyptian science was of such low level that it is impossible that the Egyptians may have been aware in any form of the phenomenon of the precession. And in fact at the end of his essay Zába concludes that he has presented evidence that supports the position of Russian scholars who are critical of Otto Neugebauer’s assumptions about the crudity of Egyptian scientific conceptions. 

As evidence Zába brings forth that in Egyptian astronomical charts there appears the figure of a hawk-headed man with upraised arms who holds a line in his hands, G. A. Wainwright has demostrated that this figure, called Dwn-‘nwy, ”he who unfolds two wings,” represents the crosslike appearance of the constellation of the Swan, called Ornis, ”the Bird,” by the Greeks. The name of Northern Cross is given to six stars of this constellation. Zába has brilliantly realized that the line held by the constellation of the Swan is a meridian. This is shown best of all by the chart in the Tomb of Ramses V, in which the line held by the hawk-headed man divides the chart of the sky at the middle. 

If the Egyptians traced a meridian in the sky, they must have become aware of the precession of the axis of the world. Having reached this conclusion, Zába rests his case. Possibly he has presented enough evidence to prove that Russian scholars are correct in disagreeing with Otto. Neugebauer. But there is much more to scientific knowledge than proving that one scholar may be unsound on a particular doctrine of his. Actually, Neugebauer’s position on Egyptian science does not enjoy among specialists a respect similar to that enjoyed by his contributions to the study of Mesopotamian science.

2. Zába has barely scratched the surface in a line of investigation that can bear most important results. He suggests rather casually that the meridian passing through the constellation of the Swan must have been defined by two minor stars of this constellation; but there would not have been any reason to consider this constellation as making the celestial basic meridian except for the star alpha Cygni (Deneb) which is of first magnitude. Zába does not consider that the charts indicate that the line held by the constellation of the Swan always ends, at times with an arrow point, at a very specific position, a position that divides the seven stars of the Great Bear into the four stars alpha to delta and the stars epsilon to eta. It is very natural to divide the seven stars of the Great Bear in such a way. Since Zába has not noticed the occurrence of this point as defining the meridian, and since the meridian must be defined by two points, he has concluded that the meridian passed through two lesser stars of the constellation of the Swan.

The meridian was defined by the star alpha Cygni and by a point between epsilon and delta. Ursae Majoris. Since a meridian has to be defined by two points this may seem a vague definition; but it happens that in the year -2793 (by astromical computation, which corresponds to the year 2794 B.C. historical reckoning), a year of particular importance for Egyptian astronomy, the right ascension of a Cygni was 270°.00, so that the meridian passed through the pole and through a point between epsilon and delta. Ursae Majoris corresponding to right ascension 90°, that is, to the line of the Summer Solstice.

In the horoscope A of Athribis the man holding the meridian is placed between Leo and the star Spica (alpha Virginis), This is the point where the meridian that begins in alpha Cygni ends after having passed through the Pole. 

Zába has been far from clear about the significance of the fact that the line held by the hawk-headed man is a meridian. He did not consider the key point that a particular line cutting across the sky may be a meridian only in a specific year. When this fact is considered it proves that the line was a meridian in -2793, and that this year was unique from the astronomical point of view: it was the year in which the star a Draconis was closest to the Pole. This star was the polar star in early Egyptian history; at no other time of Egyptian history was there a star that could be considered a polar star. 

I have computed that the star was about 5’ from the Pole in -2793. But I must warn the reader that as a star’s position approaches the Pole, the usual formulas for this computation become more and more technically inadequate (because a small difference in the right ascension alters considerably the figure of the declination) and practically difficult to apply (because of the trigonometric functions of extremely narrow angles); nevertheless, I estimate that my figure may not differ more than two years and more than about two seconds from the correct one. The star may have first been used as Polar star around -3400 when it had a declination 86°35’. It had reached a declination of 89° 49’ in -2900, so what the Egyptians must have been waiting for the dramatic moment in which its movement towards the Pole would be reversed. The star beta. Ursae Minoris what we use as the polar star will never be that close to the Pole; at the minimal distance in 2100 A.D. it shall be at 28’.

3. In the sky charts the hawk-headed man holding a line that aims at the middle of the Ox-leg appears a part of a group of figures that usually occupies the central position, the position corresponding to the meridian and to the pole. A prominent element of this group is the Hippopotamus, representing the constellation of the Dragon. The Hippopotamus is presented as holding a chain that ends at a Ursae Majoris. This reflects the situation that existed when a Draconis was the polar star and the Great Bear moved around it, the chain consisted of the three stars lambda, kappa and alpha Draconis, linking the Great Bear with the Pole. But the meridian passing by alpha Cygni and alpha Draconis has the unique charateristic of passing very close to the Pole of the Ecliptic. This explains why it remained the basic meridian throughout Egyptian history and is reproduced in charts of the Roman period. The Hippopotamus does not represent only the Celestial Pole of -2793, but also the permanent Pole of the Ecliptic. After -2793 the chain linking the Hippopotamus with the Ox-leg, that is, the Dragon with the Great Bear, could represent the link between alpha Ursae Majoris and the Pole of the Ecliptic. The chain is often presented as making a curve similar to the curve formed by the series of stars that goes from the lambda Draconis to the Pole of the Ecliptic.

After -2793 the northerly orientation could be obtained by determining the meridian passing through alpha Cygni and alpha Draconis and then introducing a correction corresponding to the angle of the precession. And, in fact, the Hippopotamus is presented as holding an object which is usually described as a knife, but beyond any doubt is a sector, the sector used to calculate the angle of the precession. The object held by the Hippopotamus is a triangle: either a right triangle with a very acute angle or an isosceles triangle with a very narrow angle at the apex. Similarly in the Great Pyramid the lines of the East, South and West sides form a right triangle, whereas in the Second Pyramid they for an isosceles triangle. 

The theme of the sector is repeated by the triangle that often appears under the feet of the hawk-headed man who holds the meridian. Usually the line held by this man is at an angle with the vertical line, which again indicates the angle of the precession. In the Tomb of Seti the hawk-headed man rests his feet on the sector held by the Hippopotamus; this indicates that the triangle under the feet of the man and the sector held by the Hippopotamus are the same entity. 

4. The most revealing picture is that provided by the central part of the chart in the Tomb of Senmut, the vizier of Queen Hatshepsut. The hawk-headed man holds a line aiming at the Ox-leg; at the end of the Ox-leg there are three stars that are lambda, kappa and alpha Draconis, linking the tip of the Ox-leg, that is, eta Ursae Majoris with the Pole of -2793, that is, alpha Draconis. Around alpha Draconis there is a circle. The meaning of this cirde as made clear by the charts of the Tomb of Seti and the Tomb of Ramses VII. In these charts the Great Bear is represented not by the Ox-leg but by a bull; at the feet of the bull there is a line that represents the alignment of stars from alpha to eta Ursae Majoris; in - 2793 this line was perpendicular to the meridian. At the middle of this line there is a semicircle; this semicircle corresponds to the space between delta and epsilon Ursae Majoris and at the center of it there is alpha Draconis. The idea expressed here is that alpha Draconis and the Great Bear are a unit: the line formed by the stars of the Great Bear moves in a circle around the Pole pivoting around alpha Draconis.

In the chart of the Tomb of Seti there are two lines at narrow angle converging on alpha Draconis. There can be no doubt that they represent the angle of the precession. They obviously correspond to the sector held by the Hippopotamus. They also are the equivalent of the triangle that in other charts appears under the feet of the hawk-headed man.

In this chart above the vertical there appears a woman, the constellation of the Virgin, pointing her hand which corresponds to alpha Virginis (as it appears from the circular chart of Denderah), to alpha Draconis. At the foot of the two lines converging on alpha Draconis, there is a man with outstretched arms, with the lower arm pointing to a tailed animal. The man is Cepheus and the tailed animal is Cassiopeia. These figures appear in other charts the group of the Virgin and of Cepheus with Cassiopeia indicates another meridian. The existence of another meridian is clearly indicated by one of the charts of the Tomb of Ramses VII, in which Cepheus not only has outstretched arms but actually holds a meridian in them.

5. The nature of this second meridian may be best understood by considering the charts of Denderah. The first Egyptian astronomical charts to be known are those discovered by the Napoleonic expedition to Egypt in the Temple of Denderah, a temple constructed under the rule of either Emperor Augustus or one of his immediate successors. There were found two charts; a circular one and a rectangular one. Egyptian charts are rectangular and present the sky distributed along the equatorial line; they must be read as if they formed a cylinder. The reason for this is that the Egyptians were interested in determining meridian lines. But the scholars of the early nineteenth century paid particular attention to the circular chart of Denderah.because it corresponds more closely to our way of representing the sky; this emphasis on the circular chart is continued by contemporary texts of history of astronomy. But in my opinion the circular chart results from a transposition into a circular distribution of the symbols of the rectangular chart, and the author of this trasposition found the operation rather awkward.

The circular chart recceived so much attention that it was considered a great event when the King of France bought it for the Louvre Museum in 1820. The astronomer Jean-Baptiste Biot by applying great ingenuity, tried to explain it as a correct representation of the sky in -700. But actually the chart’s purpose is to present several important alignments of stars. For this reason some of the constellations are presented twice; at times the repeated constellation is distinguished by being surrounded by a circle. This is the case of a constellation composed by Cepheus and Cassiopeia and represented by a man pointing his hand to a tailed animal. This because this combined constellation may by located either by alpha Cassiopeiae or by gamma Cephei. Cepheus is represented also a third time, holding a wand insted of pointing to Cassiopeia; it is above the Swan (represented by some sort of duck) between Capricornus and Sagittarius, because of the position of alpha Cephei. On the main axis of the chart, between Leo and Libra, Virgo is represented once by a woman holding an ear of corn, that is, Spica or a Virginis and once by a woman holding an infant. Because what matters are the meridians and not the absolute positions, Bootes, represented by a bull-headed man holding a plow, appears below the first Virgin and below the zodiacal line, whereas in reality it should be above it. But actually Bootes appears twice, each time at the side of the Virgin.

In my opinion the chart must be interpreted not as a whole, but in terms of separate groupings of stars. As to its date, I would stress that one can clearly recognize a Orionis (Betelgeuse) on the horizontal axis of the chart, below Gemini; at an angle of 18° with it there is Sirius, represented by a star above a cow. It has been noted from the very first that the chart had been placed in such a way that the horizontal axis of it makes an angle of 18° with the North-South direction; the entire temple was at such an angle. The two stars alpha Orionis and alpha Canis Majoris (Sirius) were at an angle 17°16’ in the year 0. If the chart is interpreted as precise, it con be understood as indicating an angle of less than 18° the angle 18°, which would have been correct around -450.

The circular chart of Denderah is of concern here because its main axis indicates that alpha Virginis (”the Ear of Grain”) is in line with eta Ursae Majoris, represented by the tip of the Ox-leg. This line passed through the Pole in -2791, when the right ascension of both a Virginis and eta Ursae Majoris was 139°.61 

That the main axis of the circular chart corresponds to the meridian passing through alpha Virginis and eta Ursae Majoris, was called to attention by Paul Neugebauer. He made this observation in commenting upon the study of Gunther Martiny on the orientation of Assyrian temples. Martiny found that the orientation of a series of Assyrian temples of which the date of foundation is known (the oldest is of 1800 B.C.) varies in funtion of the angle of the precession.

Paul Neugebauer in trying to interpret Martiny’s archeological data, at first suggested that the Assyrian temples were oriented by alpha Virginis, but rejected this explanation because he believed that there is no evidence that this star had importance in Mesopotamian astronomy. In my opinion his information on this last point is not correct.

Having rejected the notion that a Virginis was used for orientation, he calls to attention that in the sky there can be clearly recognized a line formed by alpha Cassiopeiae, eta Cephei beta Ursae Minoris, alpha Draconis, eta Ursae Majoris and eta Virginis. Allowing a few degrees of approximation, this line could have been a meridian in the centuries before and after -3000. He believes that this line was the basis for the orientation of Assyrian Temples. 

I will not discuss here the problem of the orientation of Assyrian buildings and the related question of the acquaintance of the people of Mesopotamia with the precession of the equinoxes. But I believe that the meridian indicated by Paul Neugebauer was a practical basis for orientation in Egypt in the period around -3000. But for the sake of astronomical computations more precise alignments were defined within the general line.

At first this meridian may have been defined by a Cassiopeiae. In -3000 there were three stars that marked an almost perfect meridian; they had the following right 

ascension:

eta Ursae Majoris 133°.91

beta Ursae Minoris 313°.65

alpha Cassiopeiae 313°.86

At that time these stars were at an angle of 45° with the meridian passing through alpha Cygni, which had a right ascension 268°28. The alignment of alpha Cassiopeiae and eta Ursae Majoris was perfect in -3003, when their right ascension was 313.83 and 133°.83. 

In -2793 the original meridian was modified into one passing throught eta Ursae Majoris and alpha Virginis besides alpha Draconis that was at the Pole. In the circular chart of Denderah the central part must be isolated together with the Virgin holding the ”Ear of Grain,” that is, Spica. This is the grouping that is usually at the center in rectangular charts. The central grouping represents the sky in -2793, when alpha Draconis was the polar star. The zodiac is centered around this star; but the meridian is indicated by alpha Virginis, instead of alpha Cygni.

The central position is occupied by a fox representing the Little Bear: in the mentioned period the meridian going from the Great Bear to the main part of the Dragon passed not only through alpha Draconis but also through. beta Ursae Minoris. Under the feet of the fox there is an adze. Wainwright has noted that in very early Egyptian texts the Adze appears as a stellar symbol and thought that it is an early symbol for the Great Bear, used before that of the Ox-leg. He arrived at this conclusion because in some texts the Adze is a determinative for the name of the Great Bear. But I would rather assume that the Aze represents a Draconis as a polar star; the Great Bear was intimately associated with alpha Draconis as a polar star. Possibly the Adze suggested the line that splits the sky into two parts.

As to the importance of alpha Virginis, I may report that Friedrich Boll in his studies of Egyptian astral mythology observes that not only Sothis but also alpha Virginis is the star of Isis, but he cannot explain the connection. Father Kugler notices that in cuneiform texts both stars are called by the Sumerian term ban, ”shooting bow.” In the Hebrew mathematical text Sepher Ha-middot the same name is applied to a segment of arc and to the angle corresponding to it. It has been already noticed that the Greek term drachma, applied to a divisional monetary unit, is derived from the Semitic root DRK, ”to step, to stretch a bow.” The term appears in Arabic as daraga meaning ”degree,” the Arabic term was translated in to Latin as gradus, ”step,” and hence we get the term degree. Greek scholars have not recognized that the term drachma is indistinguishable from the term of the Persian coin daric. Contrary to common opinion the name of the coin daric has nothing to do with the Persian King Dareios. A connection would be linguistically impossible, and the term dariku occurs in Akkadian texts older than king Dareios, The Bible uses the same term for drachma and daric. The term refers to a subdivission of 360. In my opinion the archer that is the device on Persian coins is a pun on the name of these coins, The Greeks called them to toxotai, ”archers.” Considering these facts, the common Sumerian name for Spica and Sirius must refer to the fact that they form an angle. Hence, the Sumerian term agrees with the Egyptian name for Sirius, which is Sothis, ”the Angle.” The hieroglyphic symbol for Sothis is a triangle, Between -400 and -200 Spica and Sirius were at an angle of 90°, allowing up to two or three degrees of approximation; they were exactly at 90° in -3080. This angle is most important since it corresponds to the length of a season, and the heliacal rising of Sirius coincided with the summer solstice. Possibly the position of Spica was used to compute the position of Sirius when this star was not visible and its heliacal rising was expected.

But it is also possible that the angle in question is that formed by two meridians used by the Egyptians; the meridian passing by Spica and the meridian passing by a Cygni and by the point of the heliacal rising of Sirius. The convergence of the two lines on alpha Draconis indicated most clearly of all by the chart of the Tomb of Seti.

I may note here that on this chart Cepheus appears twice; once pointing to alpha Cassiopeiae with one hand and to alpha Draconis with the other; a second time, holding the line that joins eta Ursae Majoris with the Pole of the Ecliptic, represented by the sector held by the Hippopotamus. This line is formed by lambda, kappa, alpha, tau, eta and zeta Draconis.

6. The chart of the Ramesseum, palace of Ramses II, is highly significant because in it the meridian held by the Swan has a secondary position and the entire chart is divided by the meridian held by Cepheus. It is most significant that in this chart this meridian corresponds to the month of Thoth, the first month of the civil calendar of 365 days. In the recent debate about the origin of this calendar, the defenders of conflicting opinions have come to a substantial agreement that the civil calendar came into existence around the beginning of the Sothic period initiated in 2781 B. C. (this is Richard A. Parker’s figure, whereas other scholars differ at most of ??? 

It is assumed that the civil year just happened to be established in 2781 B. C., and that in that year the first month was counted from the heliacal rising of Sothis. But it proves that the year 2781 B. C. was a particular year, a year in which the circle passing through the Pole cut exactly through alpha Ursae Majoris and alpha Virginis (that is, Spica a star of first magnitude).

I will not discuss here the question whether the choice of this particular meridian was connected with the observation of the heliacal rising of Sothis, since the link between the civil calendar and the heliacal rising of Sothis has became a highly controversial issue and, hence, needs an extensive treatment. But I must qualify what I said earlier about the connection between the knowledge of the precession of the axis of the earth and the knowledge of the precession of the equinoxes: If the meridian was associated with the heliacal rising of Sothis, the Egyptians most likely came to connect the precession of the axis of the earth with the precession of the equinoxes. 

There is only one point relating to the origin of the civil calendar of 365 days I must mention here, since it concerns the discrepancy 80:81 in the units of measure that I have discussed at the beginning of this paper. I shall have occasion to argue that the calendar of 360 days and hence sexagesimal reckoning derived from the structuring of the units of volume. Measures were established first of all for the purpose of distributing over the year the available food supplies: hence, measures and calendar were intimately connected. The year of 365 days, composed of 12 months of 30 days plus 5 epagomenal days, is connected with the discrepancy 80:81 in the units of volume and weight. If the year’s supply of grain is computed by a year of 360 days, but the daily ration is computed by a pint reduced by 1/80, there will be enough food for 365 days. For this reason the civil year is descried as year of 360 days in the records of Egyptian temples; it is not correct to assume that in Egypt there were in use two different civil calendars one of 365 days and one of 360.



An Interpretation of the Dimensions of the Pyramids of Gizah 

III. The Golden Section

1. The height of the Great Pyramid cannot be ascertained by mere direct inspection because the apex is now lost for a height of about 9½ m. At present there is a terrace at the top. The height has to be determined by considering the slope of the faces, but this cannot be established with utmost exactness because the outer cover of the Pyramid is now lost and there remains only the core which is composed of blocks of irregular size. Since the core was built by steps and its rectangular blocks are of different heights in the several layers, the thickness of the outer casing varied from area to area. Petrie tested the inclination of the faces as closely as it is possible under the present conditions, arriving at the conclusion that the slope was 51°50'40” + 1’ 5” on the North face, which is the best preserved. Cole did not proceed to any testing of the inclination of the faces, but found that some of the casing blocks at the very foot of the Pyramid are still in pace for a substantial length of the North side, with a well recognizable angle of the facing. By considering their angle he concluded that Petrie’s figure is correct.

Petrie, by assuming that the height of the Pyramid would be expressed by a simple round figure, concluded that the height was 280 royal cubits. This height gives a slope 51°50'34”. A number of scholars, including Borchardt who is the most skeptical of all, have accepted as an established fact that the Pyramid had a side of 440 cubits and a height of 280 cubits, with a relation 22:7.

Jean-Philippe Lauer, who is an experienced specialist of the architecture of the Old Kingdom, has examined the available data about the slopes of the pyramids. He has concluded that the slope appears always computed by a simple numerical relation between height and semiside. From written texts we know that the Egyptians indicated the angle of the faces of a pyramid by the cotangent. In expressing the cotangent, which they called sqd, they computed the ordinate as a royal cubit and measured the abscissa as if it were an ordinary unit of length, expressed in royal cubits of 7 hands or 28 fingers. Hence, the slope of the Pyramid would be called 22 fingers or 5½ hands. For this reason the height is 280 cubits, that is, a multiple of 28 and of 7. The same slope had previously been adopted for the pyramid of Meidum, the first true pyramid; it was later adopted for the pyramid of King Niuserre of the Fifth Dynasty.

Lauer has discovered that the slope of the pyramids was usually calculated in such a way that a simple numerical relation would express not only the inclination of the apothema over the meridian axis, but also the inclination of the edge over the diagonal. It is obvious that the inclination of the edge was a most important datum for the builders. In the case of the Great Pyramid. Lauer found that to a slope 7/5.5 for the apothema there corresponds a slope 10/9 for the edge.

He remarked that this computation involves a small approximation, since, if the tangent of the angle between height and diagonal is 10/9, the inclination of the faces is 51°50'39”, with a difference between 4 and 5 seconds which could be disregarded. But he arrived at this brilliant conclusion without considering how the computation was performed by the Egyptians.

The dimensions of the Pyramid appear to have been computed in the following manner according to the Theorem of Pythagoras. The apothema is obtained by reckoning 7² + 5.5² = 79.25; the edge is obtained by reckoning 79.25 + 5.5² = 109.50; the semidiagonal is obtained by reckoning 109.50 - 7² = 60.50 Only at this point it is necessary to extract the root which is 7.77817. Since the height has been computed as 7, the inclination of the edge is 7/7.77817, or almost 7/7.777 = 9/10. There is an elegant economy of effort, since all dimensions can be derived by reckoning the squares of 7 and 5.5 and extracting one root.

The method followed indicates that the shape of a pyramid could have been used to compute the value of the diagonal of a square. In the specific case before us, if the height is 7/11 of the side and the diagonal is computed as 20/9 of the height, the diagonal is 140/99 or 1.41414, a figure correct to the third decimal point. By avoiding the approximation and computing the diagonal as ²(60.5)/11, the diagonal may be computed with great precision, the only limit being the ability to compute the square root of 60.5. Hence, there is no reason to be surprised in discovering that in an Old-Babylonian cuneiform text the value of the diagonal is correct to the sixth decimal point.

2. The dimension of 440 cubits for the side, which is 11/7 of the height, was selected with specific reference to the problem of the computation of the diagonal. In Athens there are constructions that appear calculated by a foot which is 11/10 of the Roman foot of 295.9454 mm. (the Roman foot relates as ³(24)/³25) to the Egyptian foot of 300 mm.). The use of rods of 11 feet or cubits is common in medieval surveying, and a result of this practice is the existence of the present English chain of 66 feet. The most famous example of endecadic units is the French pied de roi, which has been the scientific standard of Europe from the age of Newton to the adoption of the French metric system, and was used to define the Paris meter. This unit was equal to 11/10 of Roman foot. In Paris the toise of six pieds de roi was used together with the aune composed of four feet which are Roman feet. A text of 1394 A.D. specifies that a pertica (usually a rod of 10 feet, but in this case 20) is equal to 22 feet; the 20 feet are pieds de roi of which the standard was kept at the Grand Châtelet, the seat of royal justice in Paris. The text reads: XXII pieds pour la perche au pié du Chastelet. An ordinance of 1540 A.D. specifies that the aune of Paris must be 524.lines of pied de roi. Since the pied de roi is divided into 144 lines 10/11 of it are 130.909, so that 4 Roman feet should be 523.636 lines; the ordinance rounded the figure to 524. A result of this and other minor adjustments was that when in 1735 A.D. engraver Langlois constructed for the Académie des Sciences the Toise du Perou (by which the Paris meter was later defined), he computed the pied de roi as 324.838 mm., whereas 11/12 of Roman foot should be 325.539 mm. The final sample of the toise turned out to be 0.70 mm. shorter than 11/10 of Roman foot, that is, about one third of Paris line, which is 2,2558 mm. Animated by charity towards national antiquity, French scholars have traced occurrences of the pied de roi in constructions of pre-Roman and Roman southern France, but what they have noticed is merely the occurrence of endecadic multiples of the Roman foot.

The advantage of measuring by units with 11 subdivisions is that the diagonal of a square may be computed as 10 subdivisions plus one half plus one tenth of the half, and so on. The resulting diagonal has a value of 15.555/11= 1.41414 which is an excellent approximation of 1.41421. In dealing with the purpose of septenary units I have indicated that it was a common ancient and medieval practice to assume that a square with a side of 100 cubits has a diagonal of 140. But computing more correctly a square with a diagonal of 140 has a side of 99 (exactly 98.995). Below I shall show that the surface of the faces of the Pyramid is computed by acres that have a side of 99 cubits. Hence, both units of 7 and 11 were convenient in the computation of the dimensions of the Pyramid.

Endecadic units have also the advantage of allowing an easy computation of 5 = 2.2360. It is easy to see that 5 may be computed as twice 1.1 plus a fraction. The computation of 5 was needed in ancient surveying for two reasons. First of all, it was necessary to compute the decimal multiple of a unit of surface; a double unit was computed by constructing a square on the diagonal, but then this unit had to be quintupled by constructing a square with side 5. Quite often a double unit was obtained not by constructing a square on the diagonal, but by placing two squares side by side; for instance, the Roman iugerum is equal to two actus and is an oblong of 240 by 120 feet. Taking the side of the actus, that is, 120 feet, as a unit, the iugerum has a diagonal 5. This very computation is embodied in the heart of the Great Pyramid. The so-called King’s Chamber was first measured by Greaves and Tito Livio Burattini in 1639 A.D.; Newton correctly inferred from their report that the plan of the Chamber was calculated as 10 x 20 cubits (a double square with diagonal 105. The Chamber has a height which Petrie computed as 11,163±0.0073 cubits. The only reasonable explanation of this dimension is that the height was computed by 5. The two small walls of the Chamber would have a proportion 2 x 5, with diagonal 3. The height may have been computed as 11 cubits plus 5 fingers or 5/28, that is, 11.17857 cubits. Possibly 5 was reckoned here as 11 5/28 / 5 = 2.23571, against a correct value 2.23607. If 5 was not obtained by calculation, but by geometric construction, the height should be 11.1803 cubits.

Below I shall indicate that the apothema plus the side of the Pyramid add to 5, if the apothema is computed as 1. I shall also indicate that the method used to quintuply a square with side 100, is to compute the side as 99 and then add to the side a length equal to 5/499. The result is 5 = 2.23750, which is a good approximation of 2.236068. This quintuplication is performed by using rods of 11 cubits.

In conclusion, the dimensions of the Pyramid were computed by simple numerical relations, using the factor 7 and 11, which later documents prove to be standard units of surveying. Petrie was impressed by the occurrence of the relation 5.5/7 which corresponds to (pi)/4 when (pi) is computed by the usual relation 22/7, and suggested that the Pyramid was so calculated as to embody the value (pi). He actually spent a good deal of time and effort in order to see whether the slope could not have been calculated by a slope that indicates more exactly the value of (pi). A slope 51°51'14” that is, 40” more would make the semiside exactly equal to (pi)/4 the height. The truth is that the planners of the Pyramid employed units that were so conceived as to make possible an easy practical solution of several geometric problems, among which one was the squaring of the circle; but the squaring of the circle was not a matter of concern in the specific case.

3. If the meridian triangle of the Pyramid has sides of 280 and 220 cubits, the hypothenuse is 356.0898 cubits.

The planners may have computed and reported it as being 356 cubits; this fact supports the contention that in their planning they intended to make the apothema relate to the semiside according to the golden section. If the meridian triangle is such that the hypothenuse relates to one of the sides by the golden section, to a side 220 cubits there would correspond, calculating with extreme precision, an hypothenuse of 355.995 cubits, that is, 356 cubits to all practical purposes.

Herodotos (II, 124) does not report the lineal measurements of the Pyramid, but states that the surface of each face is 8 plethra and equals the square of the height:

It is a square, eight plethra each way, and the height the same.

This implies that the apothema and the semiside are in relation of golden section, that is, that semiside is to the apothema as the apothema is to the sum of the two.

If,

s = semiside

a = apothema 

h = height

Herodotos reports:

h² = sa

By the Theorem of Pythagoras,

a² = s² + h² 

Hence,

a² = s² + as

a² = s (s + s)

s: a = a: (a + s)

This means that if the sum of apothema and semiside is taken as 1, the apothema is 5 - ½ = 0.6180340, and the semiside is 3 - (5)/2 = 0.3819660. The Greeks said that the two segments constitute a geometric mediety (tò mesotês). They conceived of three main ways of dividing proportionally a line into segments: the arithmetic, the harmonic, and the geometric, which was for them the most significant. By these three medieties a line is divided into “the part” (tò mórion) and “the rest” (tò loipón).Great importance was attached also to the inverse of the part, called antimoria. The value of the terms in the three medieties are the following: 

	 
	arithmetic 
	harmonic 
	geometric 

	Major term 
	1 
	1 
	1 

	Middle term or part 
	2/3 
	2 - 2) 
	((5) - 1)/2 

	Minor term or rest 
	1/3 
	2) - 1 
	(3 - 5))/2 

	Inverse 
	3/2 
	1 + 2)/2 
	(5) + 1)/2 


Today we call the division of a line by the geometric mediety, golden section, following a terminology introduced by Leonardo da Vinci; Luca Pacioli, in his work on the subject for which Leonardo drew the illustrations, spoke instead of divine proportion, and Kepler spoke of divine section. The inverse, which is 1.6180, is called golden number and, since the end of the last century, it has been designated by the symbol phi. The number phi has several remarkable mathematical characteristics, since it is such that it differs of one unit from its inverse, the minor term in the golden section. But not only we have phi = 1 + 1/(phi), but also (phi)² = phi + 1. For this reason the geometric mediety has the peculiarity that it can be developed into a progression (analogía). Given the series 1/(phi) ², 1/(phi), 1, (phi)² ..., any set of three successive terms constitutes a geometric mediety in which phi is the ratio (lógos) of the progression. 

There is only one triangle such that h² = as. According to Herodotos’ description the meridian triangle of the Pyramid is a remarkable triangle, which could be called Keple’s triangle, since Kepler was most intrigued with it. In this triangle a/h = h/s = (phi) and a/s = 1/(phi). The perpendicular from the hypothenuse to the opposite angle, divides the hypothenuse into two parts related as 1/(phi).

As I said, if the height was 280 cubits the slope of the Pyramid would have been 51º 50’ 34”. If the height was calculated by the golden section the slope would have been 51º 49’ 38” ; the angle may be easily determined, since the secant is equal to the tangent, given that a/h = h/s = (phi). In this case the height is equal to the semiside multiplied by (1+ 5)/2; earlier I have computed the height as 7/5.5 of the semiside, but in this case it would be 6.99603/5.5, so that the height would be 84 mm. less.

Lauer falls into the error of assuming that, if the golden section was taken into account, it was computed by its precise mathematical value, even though it is an irrational quantity. In order to reconcile the computation by the golden section with the slope 7/5.5, he suggests that the planners neglected differences of angle bien supérieures to a minute and that they allowed for undulations in the faces of the Pyramid. He adds that ”the primitive equipment” did not allow to compute angles smaller than 3 or 4 minutes; but all this is openly contradicted by the accuracy of the certain angles of the Pyramid.

4. The first necessary step in the investigation of the problem, is precise analysis of Herodotos’ figures, a task which has never been performed.

Herodotos computes the surface by plethra. The plethron is the acre, that is, the amount of land plowed in a day. The Egyptian plethron, called st’t, has a side of 100 royal cubits with a surface of 2756 square m. and is very similar to that of the corresponding Roman unit, the iugerum of 2524 square m. In other parts of his work Herodotos calls this unit aroura, and this name was generally given to it in Hellenistic documents. In Latin documents of Roman Egypt this unit is called iugerum. Herodotos computes by arourai that are 49/50 of the unit a side of 100 cubits. This unit has a side of 99 cubits. The reason for the existence of units so reduced is that agrarian units were arranged in series in which each is the double of the other and constructed on the diagonal of the lesser one; in this procedure the diagonals were computed by the simple relation 5:7. For instance, the double aroura may be computed as a square with a side of 140 cubits, being thereby 49/50 of the exact unit; but since the quadruple aroura is a square with a side of 200 cubits and hence perfectly correct. An example of this procedure occurs in relation to the unit of 5000 square cubits within which according to Hebrew Law objects may be moved on the Sabbath; this unit, which is obviously a half unit, is called “square of 70 cubits” in the Mishnah. A square with a side of 70 cubits would have a surface of 4900 square cubits.

In the compendium of geography by Pomponius Mela (I, 9) the words of Herodotos are so paraphrased: quatuor fere soli iugera sua sede occupat, totidem in altitudinem erigitur. Mela misunderstood his source and instead of speaking of surface of the face, speaks of the surface of the basis; a similar misunderstanding, with a similar terminology, occurs in Pliny. The source of Mela computed by double arourai with a side of 140 cubits, since this computation makes more clear that a height of 280 cubits in the Pyramid is the side of four double arourai. But since this value of the aroura is a practical approximate the qualification fere was added.

These texts confirm the conclusion arrived by inference that the height was computed as 280 cubits.

If the surface of the face is also 8 arourai, since the semiside is 220 cubits, the apothema must be 78,400/ 220 = 356.3636 cubits. But for a side of 220 and height of 280, the apothema is 356.0890. Herodotos’ source of information must have rounded the figures to 356 cubits. It is easy to see how this figure was arrived at: by the Theorem of Pythagoras the apothema was computed reckoning 220² + 280² = 126,800; since 126,800 is not the square of an integer, the root is extracted from 126,736 arriving at the figure of 236 cubits.

If it was computed that 220 is in relation of golden section with 356, it follows that phi was computed as 220/356 = 55/89 = 0.617977. This is most striking since Leonardo Fibonacci, in the thirteenth century A.D., computed the golden number from the series, 1, 3, 5, 8, 13, 21 ..., in which each number is the sum of the two preceding ones: the fractions 1/2, 3/5, 8/13, 21/34, 55/89..., constitutes a series of which the limit is phi. It is known that Fibonacci quotes traditional material, but it would seem that this series has a prehistory which is much longer than could have been suspected.

5. The conclusion that the Egyptians of the Old Kingdom were acquainted with the golden section is so startling in relation to the current assumptions about the level of Egyptian mathematics, that it could not be accepted merely on the basis of Herodotos’ statement and the actual dimensions of the Great Pyramid. Lauer does not commit himself on the question whether the golden section was actually employed in computing these dimensions. But Lauer himself, without realizing it, has presented data that definitely prove the occurrence of the golden section in the architecture of the Old Kingdom.

The first large stone construction of Egypt is the complex of buildings erected by King Zoser, the First or second ruler of the Third Dynasty. Its architect was Imhotep whose reputation for skill and wisdom continued to grow through the history of Egypt. His genius impressed his fellowmen in such a manner that not long after his death he came to be considered a demigod, son of Ptah, the god of craftsmen and technicians. In the Hellenistic age, that is, after more than two and a half millennia he came to be considered a god of medicine identified with the Greek Asklepios. Nobody else ever enjoyed such honor for wisdom; the deification of a historical character like Imhotep seems to have at most parallel in the entire history of Egypt.

Lauer how dedicated several years of his life to the unraveling of the architectural innovation embodied in Zoser’s Complex, has not noticed the occurrence of the golden section.

Zoser’s Complex not only marked a turning point in the history of architecture, but remained greater in size and more elaborate in planning than most Egyptian monuments of any period. It consists of a huge rectangular walled area in the middle of which there rises the first step pyramid of Egypt. The pyramid of Zoser marks the transition from king’s tomb in the form of mastaba, a simple rectangular elevation, to the pyramidal form under the aspect of step pyramid. According to Lauer, Imhotep changed the plan of the pyramid six times, so that he erected six structures one inside the other; in my opinion the theory of six different plans is most improbable, and the five constructions inside the step pyramid must be explained in terms of specific mathematical relations. In the future I shall discuss the mathematics of the six elements of Zoser’s pyramid and show how they are a key to the cosmological meaning of pyramids; but here I want to call to attention the circumstance that the numerical interrelations of architectural elements were of particular concern to Imhotep.

The enormous area of Zoser’s Complex is subdivided into courts; the most striking element is the entrance gallery which consists of a long corridor with columns on the two sides. Lauer has considered the units of measurement and found that they are all computed by a a royal cubit which is close to 524 mm. The dimensions are computed by units of five cubits and usually are simple decimal multiples of the cubit; but in four cases there occurs the anomalous dimension of 123 cubits. The entrance gallery has a length of 123 cubits and three important courts have one dimension of 123 cubits.

Lauer is at loss at explaining this figure and suggests that it may be a case of a computation by a number composed of the first three integers. But nobody has ever proved that 123 was a magic number or that magic numbers ever occur in Egyptian architecture. Lauer remarks that in one case the dimension of 123 cubits is divided into three sections of 33 1/3 cubits and one section of 23 cubits. This datum reveals that it is a matter of the side of the isosceles triangle with angles 36º, 72º, 72º. This is the triangle discussed by Euclid in Propositions IV 10-14. Michel, in commenting upon Euclid’s text, observes that this triangle with angles that are 2/5 and 4/5 of a right angle, “is rich in remarkable properties and may be used in a great number of constructions”. He notices how the problems of this triangle “constitutes a bridge between those two problems that are so important in the first period of the history of Greek mathematics; the golden section and the construction of the regular pentagon. “ This triangle is the basic triangle of the regular decagon and five such triangles intersecting each other form the regular pentagon.

The number 123 is an approximation to the double of the middle term in a golden section, since 2/(phi) = (5) - 1 = 1.236068. If in Euclid’s isosceles triangle the perpendicular is lowered from one of the angles of 72º to the opposite side, the triangle becomes a right triangle, in which is one side of the angle 36º is 1, the other is 2/(phi).

If the isosceles triangle ABC is changed to the right triangle ABC, AD relates to AB as 1:2/(phi) = 1:(5) - 1. The sum AD + AB is 5, if AD = 1.

In order to understand the possible applications of these triangles the following trigonometric fuctions must be kept in mind:

sin 18º = cos 72º = ½ (phi)
sin 54º = cos 36º = (phi)/2

sec 36º = cosec 54º = 2/(phi)
sec 37º = cosec 18º = 2(phi).

The subdivision of the length of 123 cubits into three units of 33 1/3 cubits and one of 23 cubits, indicates that in Zoser’s Complex. Euclid’s isosceles triangle was divided in the following manner:

All the lineal values were rounded to the cubit. Computing exactly, the secant 123/100 corresponds to an angle 35º 37’ and the tangent 72/100 to an angle 35º 46’ . The scheme had the purpose of making possible simple computation of the trigonometric functions corresponding to an angle 36º. In Euclid the triangle is bisected obtaining a triangle with apex of 18º. But considering that the ordinates of the Egyptian construction are 24, 48, and 72, it may be inferred that the scheme could be used to compute trigonometric functions corresponding to angles of 18º, 12º, 9º, 6º, and so on, by dividing the ordinates by 2, 3, 4, 6, and so.

The Egyptians used a system of ordinates erected on a line regularly divided, in order to describe curve; a curve so analyzed occurs in a sherd found in the very Complex. If they analyzed curves in this way, it is reasonable to assume that they used a similar system of coordinates to define the relations among the sides of angles that are less than a right angle.

6. The number 2/(phi) helps to explain another riddle of Zoser’s Complex. Lauer is surprised by the circumstance that the total Complex is build on a rectangle of 1040 x 530 cubits; he would have expected a major dimension of 1000 cubits. He explains the additional 40 cubits as corresponding to the thickness of the enclosure, but here he contradicts himself since he observes that the rectangle amounts to 544.90 x 277.60 m. and that the same proportions occur, reduced to a tenth, in the dimension of 54 x 27 m. in the First Dynasty royal tombs of Naqadah. He stresses the similarity of the proportions several times, because it is essential to his theory about the development of Egyptian architecture.

In a special essay, which I have ready for puplication, I show that most ancient rectangular buildings, as for instance Greek temples, usually are computed as two near-squares placed one next to the other. I call near-squares entities that are slightly modified squares, squares usually modified by adding or deducting a unit from one of the sides. The most typical near-square is that with sides relate as 20:21 this near-square occurs in Mesopotamia since preliterate times, in Egypt since the First Dynasty, in Greece since the Dark Ages, and in Rome. Usually the purpose of the computation by near-squares is to obtain a diagonal expressed by an integer; for instance, the mentioned near-square 20:21 has a diagonal 29. But in the case of Zoser’s Complex the area is composed of two near-squares of 530 X 520 cubits. This type of near-square has the advantage of having a diagonal of 742.4958 cubits, which is six times the length 123.749 cubits. Hence, the general dimensions of the Complex were computed so that the diagonals could be divided by units corresponding to 2/(phi) . Here the approximation to 2/(phi) = 1.236068, is better than that achieved by the units of 123 cubits.

7. The value 2/(phi) is such that added to 1, is equal to 5. The two sides of the mentioned triangle with angle 36º, add up to 5. This indicates that the computation by the golden number began with problems of quintuplication of squares. 

If an acre has a side of 100 cubits, a square of five acres has a side of 100 plus 2/(phi) 100, or in practice 123 cubits. The length of 123 is divided into three sections of 21, because 100 plus 41 is the side of a double acre, taking 1.41 as an approximation of (2) = 1,414.

It is significant that in the Thirteenth Book of Euclid, the golden section is introduced in relation to the triplication and quintuplication of squares (Propositions 1-6). If the side a basic square is computed as “the part” in a golden section, by adding “the rest” twice, there results the side of a square treble in surface. If “the rest” is added twice to the whole, there results the side of square quintuple in surface. In other words, 3 may be computed as 1 + 2 (1 - 1/(phi) ) and 5 as 1 + 2/(phi) or phi + 1/(phi) .

The solution of problem involving the triplication and quintuplication of a square was essential to ancient surveying. The Mesopotamian practice was to define surfaces not only as squares of the units of length, but also by the amount of seed necessary to sow them, assuming a conventional rate of seeding. In Mesopotamia this computation was used also for the area of buildings, and even in the solution of geometric problems. A similar practice was followed in Egypt where the standard equivalent of the aroura was an artaba of 64 hin or reduced pints. In Rome the iugerum was considered equivalent to 5 modii or pecks of a grain. In agrarian measurements this type of computation continued to be used in Europe up to modern times.

In Mesopotamia the standard rate of seeding of these computations is a qû or reduced pint to a musaru, square with side of 12 cubits. But the common multiple of the qû is the artaba of 60 qû; hence, the need to compute the area of a square equivalent to 60 musaru. The unit of 60 musaru is a most common unit of surface, but the artaba is commonly divided into 5 or 6 sata; hence, there is a need to divide 60 musaru into squares that are 1/5 or 1/6. Similarly, in Rome the iugerum is equal to 5 modii, so that there is a need to compute which square corresponds to a modius. The modius of 16 sextarri or basic pints is, 1/3 talent or cube of the Roman foot (quardantal), which is a standard unit of volume. In Egypt the artaba which is the amount of seed corresponding to an aroura, is 1/5 of the cube of the Egyptian royal cubit. All these relations of volume indicate the need calculate squares which are three or five times another square.

8. Lauer did not notice that the figure of 123 units also occurs in the Second Pyramid of Gizah which has a side of 410 cubits. The dimensions o the Third Pyramid are not absolutely certain, but the general opinion is that it has a side of 205 cubits, so that both the Second and the Third Pyramid would have been computed by units of 41 cubits. But nobody has tried to explain the reason for the occurrence of this figure.

The slope of the Second Pyramid as measured by Petrie is 53º 10’ + 4’ ; he concluded that the meridian triangle of this Pyramid had sides related as 5, 4, 3, so that the slope would be 53º 7’ 48”. If the semiside is 205 cubits, the height is 273 1/3 cubits. This indicates that the computation was by thirds of cubit. Most likely the computation was by a unit equal to 5/3 of cubit. Egyptian texts a unit called nbyw (nebiu in Coptic) which is equal either to 4/3 or to 5/3 of cubit. Reckoning by thirds of cubit, the meridian triangle has dimension of 205 x 5 for the apothema, 123 x 5 for the semiside, and 164x 5 for the height. All dimensions are divisible by 41. The advantage of this computation in that on each dimension there may be constructed a triangle with sides 123 and 100 which allows to compute the angular functions corresponding to the corridors and chambers inside the Pyramid.

In the Second Pyramid computations by the relation 1:2/(phi) was made possible by setting the main dimensions as multiples of 41. In the Great Pyramid this relation was established between the apothema and the side by a more accurate value of or 5.

In the case of the Great Pyramid the relation 1:2/(phi) , was probably calculated by assuming a relation 4:5 with some adjustment. If the apothema is computed as 99 instead of 100, the side may be computed as 125, with the resulting figure equal to 123.75, which is a good approximation of 123.60. That this was done in the case of the Great Pyramid is suggested by the computation of the aroura as a square with a side of 99 cubits and by the use of endecadic units in the side, which is 40 X 11 cubits. This is probably one of the methods that was used in practical surveying to compute 5.

9. There is textual evidence that the relation between the apothema and the side of the Great Pyramid was computed as a relation 4:5 with an adjustment.

All the information about the Great Pyramid which is not that provided by Herodotos and by the brief reference of Mela, derives from a single source. I have found that the wording of Diodoros (I, 63), Strabo (XVII, 1, 33, C 808), Pliny (XXXVI, 12, 79-80), and Philo of Byzantion (Seven Wonders of the World, II), reveals that they drew from a common source. This source appears to be Artemidoros of Ephesos or, for some of these writers, his source which is Agatarchides who wrote an epitome of the information concerning the wonders of the world. The final original of these data about the pyramid may be Aristagoras of Miletos who, about half a century after Herodotos, wrote a description of Egypt in which often he questions the information of his predecessor.

In the description that tentatively may be ascribed to Aristagoras, the Pyramid has a side of 1 1/(phi) stadia and an apothema of a stadion . The stadion is that composed of 600 artabic feet or 400 artabic cubits. The artabic foot (which is ³(9)/³(8) of Roman foot) is 307.796 mm., so that the side is computed as 230,847 mm., whereas I have computed the intended value of the side as 230,625 mm. Possibly there was a practical conversation rate 25:22 between artabic cubits and Egyptian royal cubits (75:44 between artabic feet and royal cubits).

Philo states that the perimeter of the Pyramid is 6 stadia, but there must be an error in the manuscript tradition, since the figure of 5 stadia proves correct. According to the several manuscripts of Pliny the length of the side is 883,833,783, or 737 ½ feet; since Pliny always computes by Roman feet and always converts 1/(phi) Artabic feet into Roman feet at the rate 24:25; a figure of 781 1/(phi) Roman feet, corresponding to 750 artabic feet, would be expected. It is likely that a manuscript reading DCCXXXI was trascribed as DCCXXIII, and that efforst to correct the error resulted in the other garbled figures.

Diodoros and Strabo state that the height, by which they mean the slant height or apothema, is stadion or 600 feet. Philo states that the height is 300 cubits; he computes the cubit as equal to two feet, as it is frequently done. For Pliny’s text altitude cacumine ad solum pedes DCCXXV colligit all sorst of emendations have been suggested since the Renaissance, but all that is necessary is to correct the figure to read DCXXV, since Pliny always computes the artabic stadion as 625 Roman feet.

The peculiarity of the description by Aristagoras, is that it excludes from the computation of the apothema the apex of the Pyramid. As a result the apothema has length that can be expressed by the round figure of a stadion or 600 feet, which is 4/5 of the length of the side. Diodoros states that the apex has a side of 6 cubits, that is, 9 feet. He calls the apex ?, at term that applies to the apex of a triangle and to the apex of pyramid or a cone. Pliny states that the cacumen has a perimeter of 25 feet. It is a known fact that Pliny repeatedly says feet where he should have said cubits: 25 Roman cubits are equal to 24 artabic cubits, so that the figure is equivalent to that of Diodoros. Some manuscripts of Pliny transmit the correct figure 25, but most of them contain the corrupt figures 15 ½, 16, 16 ½, or 17. Here again we may assume that a number XXV, became XIIV and was corrected to XVII or XV.

It seems that the computation assumed an apothema of 607 ¼ artabic feet, corresponding to 356 ¼ royal cubits at the conversion rate 75:44. The figure of 607 ¼ artabic feet was rounded to 600 by excluding the apex, which appears computed as having a meridian triangle of 7 ¼, 4 ½, and 5 2/3 (exactly 5.684) cubits. These figures are based on the assumption that the value of 9 feet for the side of the apex is not a rounded one. There is a possibility that the apothema was computed as 607 artabic feet.

The exclusion of the apex from the computation of the dimensions of the Pyramid, corresponds to a specific process of ancient mathematics. In Greek mathematics there is an elaborate arithmetic system by which the relation between two numbers is simplified by adding or subtracting from one of them a small quantity, usually the unit. This arithmetic has barely been studied, but I shall have occasion to describe its major importace for Mesopotamian, Egyptian, and Greek architecture. A typical application of this arithmetic is the system of near-squares that I have mentioned. If a number a² or a³ has an irrational root, it is changed to a (a + x) or respectively a² (a + x), in which x is usually 1. These modified numbers are called basu (Sumerian basi) in cuneiform texts; even though their existence has been merely mentioned by scholars of cuneiform mathematical texts, Otto Neugebauer has stressed the key point, namely, that they provide a solution for irrational roots. In Greek mathematics the part that is removed is called gnomon; this terminology has puzzled Greek scholars because ? means “indicator, pointer of a dial, point of an instrument.’ But there is no longer any reason to be surprised, since in discussing the gnomon Greek authors list first that of triangular numbers or triangles, mentioning as second the gnomon of oblongs. In a triangles the part that is removed is the apex, which can be properly called or following the terminology of Diodoros. This indicates that the computation by the gnomon began in relation to triangles: if the three sides of a triangle cannot be defined by a relation of three integers (one of those Pythagorean triads of which list are found in cuneiform tablets), the relation is altered by removing a gnomo. This is exactly the operation that was performed in relation to the dimensions of the Great Pyramid.

It is possible that in the case of the Pyramid the idea of removing a gnomon. was suggested by the circumstance that the Pyramids had an apex made of copper or of previous We have certain evidence that metal. Some pyramids terminated in a pyramidion of this sort.

The apothema of the Piramid relates as 1:5 to the sum of itself and the side. I assume that the common method to change 1 into 5, was to deduct 1/100 from the unit and add 5/4 of the result. Hence, if the apothema of the Pyramid was computed as 606 artabic feet, the side would be 600.5/4 = 750 feet. If something more than 1/100 is deducted, the resulting value of 5 and 2/(phi) is more exact.

That something was deducted from the length of the apothema appears also from the computations of surface. Diodoros states that the surface of the face is 7 plethra, whereas the square of the height is more than 6 plethra. If the pyramid is truncated, the removal of the apex affects noticeably the square of the height, whereas the surface of the face by hardly affected. Pliny reports only the surface of the face by stating that the Pyramid septem iugera optinet soli; he speaks as if he referred to the surface of the base, Possibly a Greek,? which means” “in elevation. by the lateral surface”, but also “in surface”, was misunderstood. The same error, but in computation by different iugeru, occurs in Pomponius Mela. It is known that Pliny and Mela follow in some way a common source; some scholars identify the common source with Varro. It would seem that Varro quoted both a Greek author computing by double arourai and a Greek author computing by artabic plethra; Mela would have a repeated one quotation and Pliny another, but in both cases Varro would have confused the surface of the face with the surface of the base.

The computation of surface is by plethra with a side of 180 artabic feet (side equal to 3/10 of stadion). If the side is computed as a trapeze with a height of 600 feet and sides of 9 and 750 feet, the surface is 227,700 square feet, whereas 7 plethra are 226,800 square feet. If the side is computed as a triangle with a base of 750 feet and a height of 600 feet, the surface is 125/126 of 7 plethra. Probably the surface was computed as a triangle with base of 1 ¼ stadia and a height of something more than a stadion (computing exactly a stadion plus 1/125).

10. All that I intend to prove in this part of my paper is that the golden section was introduced in the computation of the proportions of the Pyramids of Gizah. I have indicated that the existence of dimensions computed as 5 - ½, may have allowed to reckon more easily the trigonometric functions corresponding to the angles of the corridors and chambers inside the Pyramids. But I do not exclude that the golden section may have had also a cosmological significance. The fact that the planners chose specific proportions for practical reasons, does not exclude that they may have considered the cosmological significance of specific relations among the parts of the Pyramids.

We are bound to consider the cosmological significance of the golden section, because it has a major importance in the cosmology of Plato. He considers the golden section the most binding of all mathematical relations and makes it into.the key of the physics of the cosmos. In his conception the cosmos is composed of combinations of elementary triangles of which the most important are those computed by the golden section. In the Timaios (54 C) it is stated: “Since there remained a single and last combination (of elementary triangles), the fifth, God made use of it when he drew in color the scheme of the Universe.” Plato refers to the dodekahedron which has faces composed of regular pentagos; the pentagos in turn are composed of triangles with angles of 36º, 72º, 72º . In the Epinomis the dodekahedron is the shape of the fifth element, the ether. According to Plato the total structure of the cosmos is represented by the five regular solids that can be inscribed in a sphere. The connection between the golden section and the theory of five solids, was emphasized not only by Kepler, but also by Luca Pacioli who in appendix on his treatise on the golden section wrote a treatise on the five bodies inscribed in the sphere.

It is known that the Thirteenth Book of Euclid is obviously related with the cosmology of Plato. This Book begins with the mentioned problem of the triplication and quintuplication of a square, and then, after a few preliminary leimmas relating to methods of inscribing a triangle in a circle, ends with the treatment of the highly abstruse geometry of the five solid bodies inscribed in a sphere. Usually the connection between Plato and Euclid, is explained by the assumption that both followed conceptions by Eudoxos.

But it would seem that both Plato and Euclid draw from an Egyptian tradition, that might have been brought to Greece by Eudoxos.

I have stressed the point that the first part of the Thirteenth Book deals with problems that originated in the practice of landsurveying, but I shall have occasion to show that cosmological conceptions derive from techniques of landsurveying, since from the latter there developed the methods for the measurement of the earth and, hence, the cosmology. It is probable that the notion of decomposing the cosmos into triangles with angles 36º, 72º, 72º, had its origin in the empirical procedure I have traced in the architecture of the Old Kingdom; it is easy to imagine how an angle of 36º, which is 1/10 of the circle of the horizon, could be given cosmological meaning.

In a paper that will follow this one, I shall describe how the Egyptians of the Old Kingdom had measured the dimensions of the earth. After this it will be possible to deal with the Egyptian views about the shape of the earth and of the heavens that surround it. As a third step, it will be possible to examine the proportions of pyramids and in particular of step pyramids which are more complex, and determine their cosmological significance. Only at this point it will be possible to try to give a responsible answer to the question of the meaning and purpose of pyramids.

I have complete an analysis of the dimensions of the ziqqurats of Mesopotamia, in the belief that this analysis is the only proper method to investigate the meaning and purpose of these constructions. My result is that originally the ziqqurats represented merely the size of the standard plot of land, surrounded by a canal, into which the fields were divided; the cosmological meaning and the structuring of the elevation in a way similar to that of an Egyptian step pyramid, came in a second moment. But in my opinion all ancient cosmological conceptions developed on the foundation of practical problems of measurement. For instance, I shall have occasion to show the notion of the seven heavens or of the seven climate areas from the Equator to the Pole, developed because of the computation of the relation between diameter and circumference by septenary units like the Egyptian royal cubit.

The relation between landsurveying and cosmology is evident in Rome, were the method used to mark the limits and partitions of a city, a military camp, and cultivated fields, correspond to the templum or division of the heavens.



THE HALF-SURFACE LINE
Up to now I have followed mainly the presentation of Petrie, because I am interested in showing how he concluded positively that the floor of the King’s Chamber coincides with the half-surface line. I have added more precise figures in order to show that the coincidence is perfect. But the mathematical analysis of Petrie was incomplete, because he totally ignored the role of the factor . As I already explained, when he went to measure the Great Pyramid, he was still under the spell of the theories of Taylor and Smyth, which emphasized the factor  and completely ignored the factor , which happens to be the one mentioned by Herodotus. Because he ignored the factor , Petrie missed some of the further peculiarities of the half-surface line. 

The half-surface line not only divides the pyramid into half-surfaces by means of the meridian section, but also in terms of the surface of the faces. 

The half-surface line divides the typical face in such a way that

a. The square of the apothem (slant height) above the half-area line is half of the square of the total apothem. 

b. The surface of the face above the half-area line is half the surface of the face. 

According to my reconstruction the basic face of the pyramid has the following dimensions:
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The square of the apothem is 355.5636605² = 126,425.5167; the square of the segment of apothem above the half-level line is 251.4214755² = 63,212.75834. The surface of the face is 219.745 x 355.5636605 = 78,135.11439 square cubits; the surface of the face above the half-surface line is 39,067.55721 square cubits. 

In any quadrangular pyramid there is a level which has remarkable mathematical characteristics. If in the meridian section of a pyramid there is drawn a line parallel to the base at a height such that this line forms a smaller triangle which has half the surface of the original triangle, this line halves the surface not only vertically but also horizontally: the horizontal section of the pyramid at the level of the line is a square which has a surface equal to half the surface of the base square.

The length of the line is ½2 of the base line. This means that the line is equal to half of the diagonal of the base. The horizontal square at the level of the line has a diagonal which is equal to the length of the base line. 
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              DE = ½2 B C

             2 DE = B C

              Area ADE = ½ area ABC

              (DE)² = ½(BC)²

In less mathematical language this means: The horizontal surface above level DE equals one half the horizontal surface above level BC. 

The diagonal of a horizontal square erected at level DE is equal to the distance BC. Conversely, DE is equal to half the diagonal of a  horizontal square erected at level BC.

Since according to my interpretations in the Great Pyramid BC was calculated as 419.75 cubits, DE must be 310.77343 cubits.

That the half-surface line might be important in the planning of the Great Pyramid might occur to any person who has a feeling for geometry. For this reason when, following the publication of the Howard–Vyse report about the dimensions of the Great Pyramid, there was a great upsurge of interest in the geometry of the Great Pyramid, the half-surface line was mentioned as important by more than one writer. I have not been able to identify who was the first to suggest that the floor of the King Chamber’s was at the level of the half-surface line, but the idea was current at the middle of the nineteenth century. 

Petrie concluded the report of his survey by stating that the hypothesis that the King’s Chamber is at the half-surface level, is proved valid, since all figures agree with it with a maximum discrepancy of 3 inches. He thought that this was the kind of error that one could have expected in the actual construction of the Pyramid. In my opinion the builders were much more accurate than Petrie assumed them to have been (within the millimeter) and the height of the King’s Chamber agrees within the millimeter with the figures I can derive by combining Petrie’s survey with that of Cole. Hence, the half-surface theory can be considered positively demonstrated. 

 *     *     *

since Petrie did not have the opportunity to clear the corner of the pyramid from debris. But Petrie was able to establish by measuring the inside of the Pyramid that the distance between the base of North face and the top line of the Great Step was 4534.5 ± 0.9 inches, and concluded that the face of the Great Step marked the East-West axis of the pyramid; but he did not believe that the builders had been accurate in setting the position of the Great Step, because from his faulty measurements of the sides of the pyramid he had arrived at a figure of 4534.1 inches for the distance of the East-West axis from the base of the North face. According to my figures, which are based on the Cole report, the distance is 219.75 cubits = 115.181,58 meters = 4534.72 British inches. The Great Step marked exactly the East-West axis. 

Petrie is most articulate in stating that the positive result of his survey has been that of proving the validity of the half-surface hypothesis for the level of the floor of King’s Chamber. I will quote in full the conclusion of his book (p. 220–221): “Having now… for the… the form and size… the Queen’s Chamber.… The angle of the slope from the entrance passages is 1 rise on 2 base.”

Later, I shall discuss in detail the problem of the inclination of passages. What I need to point out here is that before Petrie conducted his survey, several investigators had argued that the inclination of the passages was according to arc tan 0.5 = 26° 33’ 54.” 1842. This means that the floor of the passages constitutes the hypothenuse of a triangle in which the height is one and the base is 2. 
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What these investigators failed to see is how this angle is related to the slope of the pyramid and, hence, to the height of the King’s Chamber. Petrie failed to see it, because he was obsessed by the idea inherited from Taylor and Smyth, that the slope was determined by the factor . Petrie never discussed the factor , although it had been mentioned by Herodotus. If he had considered the factor , he might have seen how a slope determined by the relation 1:2 is related to . It is enough to consider that a right triangle with sides 1 and 2 has a hypothenuse 5 and that = (5–1)/2 and that 1+2 = 3 and a right triangle with sides and 1/ has a hypothenuse 3.
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Earlier in the chapter entitled “Theories compared with fact,” (pp. 186-187) Pliny wrote: “We will now note some connections which appear between the exact dimensions...” 

According to my calculation of the base and of the inclination of the North face and the West face, the half-area level is 1689.49 inches. 

Therefore, the empirical findings of Petrie are closer to my figure than the three inches that Petrie grants as possible leeway. 

All these properties of the line DE are related to the properties of 2. I have explained that 2 was practically important in agrarian units of surface where squares were halved and duplicated. If one takes the diagonal of a square, the square constructed on the diagonal has twice the surface and the square constructed on half the diagonal has half the surface.
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I have explained that the formation of the royal cubit of 7 hands was related to these problems of duplications of squares and that the rough first draft of the pyramid was related to these calculations. 

My calculations assume that in principle the pyramid was calculated by the factor. If we assume that the pyramid had a slope determined by the exact factor , the meridian triangle would be the following:

[image: image8.png]neight

219.75




I assume that was calculated as 610/377. Accordingly, the meridian triangle would be:

[image: image9.png]2795271975

197 6555769

8187162063

2514214755 = B3 212.75835

355.5648605
surface of the face 78,135,143

1553857162

219.75




. The height of the half-surface line is 81.876162063 cubits = 42.91286903 meters = 1689.486095 English inches.

I have concluded that the Western face of the pyramid was intended to embody the factor and was given a slope calculated by the round figure 51° 51’ (according to the exact value of the slope should be 51° 51’ 14”). I have explained how in order to achieve the result that the Western slope reach the same height as the North slope, the North-South axis of the pyramid was displaced to the West, so that the Western face of the pyramid corresponded to the following meridian triangle:

 the height of the half surface line is 42.972,85572 meters = 1689.4856 inches. 

Petrie dedicates a great deal of his analysis to refuting Smyth’s theory that the passages of the Great Pyramid had a slope 26° 18’ 10.”  He concludes that one might argue that the Great Gallery was built according to this angle, but certainly not the other passages. Then, Petrie continued by observing that Smyth’s contention about the angle of the passages, is a derivation of his equal area square theory which must be rejected. 

At the end of the discussion of the theories about the angle of the passages, Petrie concludes (p.191):

There then remains only the old theory of 1 rise or 2 base, or an angle of 26° 35’ 54”; and this is for within the variations of the entrance passage angle and very close to the observed angle of 26° 31’ 23”; so close to it, that two or three inches on the length of 350 feet is the whole difference; so this theory may at least claim to be far more accurate than any other theory.

What Petrie means is that from the time of the first surveys of the passages there has been formulated the theories that their slope is determined by triangles in which the sides relate as 1:2 [see drawing] 

This type of triangle assumed a tangent 0.5. and an angle 26° 33’ 54.”  1842. 

pyramid. Petrie does not deny that it may apply at least to the entire descending passage. I shall show how it can fit exactly this passage, and I will explain why the ascending passage was given a slope which slightly less (26° 16’ 40” according to Petrie).

As I have already stated, the official academic world greeted Petrie’s report with enthusiasm, because they understood that it refuted Piazzi Smyth’s theories, which is not entirely true. Then, they drew the next absolutely unwarranted conclusion that Petrie’s figures sealed a tombstone on all the mathematical theories about the structure of the Great Pyramid. The fact is that the academy did not like Petrie’s method of approaching the Great Pyramid in terms of precise measurements; hence, they referred to it as for it was convenient to quote or misquote it for polemic purposes, but never bothered to read it more in a skimming fashion. 

Even though Petrie’s survey of the base lines of the Great Pyramid was considered epoch-making at the time and it is even quoted today, it was proved basically incorrect by the later Cole survey. This should not be  considered a reflection on Petrie’s diligence and skill as a surveyor:  the distortion resulted from the circumstance that Petrie as a private investigator, not supported by academic institutions, did not have the opportunity to lay bare from the rubble the four comers of the pyramid.  However, he was able to make an important contribution to the empirical archeology of the pyramid:  he uncovered a set of blocks that marked the original line of the base on the North side near the center, below the entrance door to the pyramid.  Starting to this line he inferred from what he could see what might have been the original base line for the other three sides.  But he assumed incorrectly that the pyramid was intended to have a base that was an exact square except for minor errors in …

*     *     *

But surprisingly the floor of the Grand Gallery does not end at the level of the horizontal passage: it ends below it forming what is called the Great Step.  A number of observers before Petrie had wondered about what was the significance of this step that forms a sort of stumbling block on the way of ascent.  The face of the step runs in direction East-West; its height is reported by Smyth as 36 pyramid inches which would be equal to 917.2594879 = 36.11264

One reaches the remarkable result that the level of the half-surface line is the same according to the meridian triangle of North face and according to the meridian triangle of the West face. Calculating with the maximum theoretical precision, the difference in level would be less than 1/100 of millimeter.

The interesting fact is that the same mathematical relations applies as well to a face calculated by the factor ¹.  According to my figures for a face calculated by the factor ¹, the face would be [see drawing]

As I have explained his measurements of the inside of the pyramid are much more reliable than those of the outside.  Hence, Petrie should have concluded that the Great Step gave him the best figure for the North-South exterior of the Pyramid.  He tried to prove that possibly the Great Step is 0.3 inches= 7.63 mm South of East-West axis.  But he qualified this statement by adding that the Great Step is at a position 0.3 ± 0.9 inches South of the West Axis.

He looked for another line which could be identified as being set on the East-West axis.  This he found to be the middle line of the roof of the Queen’s Chamber.  But this roof is formed by two gigantic granite blocks meeting at an angle so as to form a sloping roof. Given the extraordinary size of the heavy blocks their meeting line could not be set with absolute precision; hence, the middle line of the roof is somewhat irregular in terms of the precision of the Great Pyramid. Petrie chose to measure the middle of the roof line

*     *     *

well preserved.  There are some damages and dislocations due to earthquakes, but there is a possibility of taking these factors into account.  For instance, Petrie in calculating the dimensions of the King’s Chamber took into account that one should deduct the gaps between the blocks caused by the earthquakes.  By assuming that originally the blocks were in contact, he arrived at the conclusion that

about 1/5000 (see numbers written on paper)

*     *     *

The Great Step would provide a more reliable datum since it embodied a line that the builders could easily control.  There is an amazing agreement between my figure obtained by the combined calculation of the distance of the East-West axis and the North base line and Petrie’s figure for the distance between the top edge of the Great Step and the North base line.

              My figure  4534.716 English inches

              Petrie’s Figure  4534.5 ±0.9

Petrie did not rely on the Great Step in order to calculate the size of the Pyramid, because he had obtained the following figures for the sides of the pyramid

              East side  9067.7 inches  (1/2 = 4533.85)

              West side  9068.6 inches  (1/2 = 4534.3)

He compromised between the two figures choosing 9068.2 as the average on the assumption that the base of the pyramid was intended to be a perfect square.  But after the Cole report we know that the pyramid was not intended to be square.  Further we know that Petrie’s findings are unreliable because he did not have the means to clear from rubble the corners of the pyramid.  This figure for the West side which is 9068.6 English inches = 260,342.02 mm. is not too different from Cole’s figure which is 230,357 mm. = 9069.19 inches.  My figure is …

*     *     *

But Petrie was able to uncover the blocks making the base of the pyramid in the area near the entrance door on the North side.  This was a datum that was not available to Piazzi Smyth when conducted his survey, as he himself remarks in the Fifth Edition of Our Inheritance of the Great Pyramid.  It must be concluded that Petrie’s calculations taken inside the corridors of the Pyramid are the most reliable data about the dimensions.

The Smyth theory, which would be called the equal area theory was a modification of the previously presented half-area theory.  The half-area theory happens to be valid, as I have indicated, and also happens to be simpler; it has been found that simpler scientific theories are usually more likely to be valid than more complex ones, although why it should be so is a highly disputed matter among philosophers of science.

The half-area theory declares that if one takes the meridian triangle and marks a line parallel to the base which divides the triangle into two area of equal surface, this line marks the level of the floor of the King’s Chamber. [see drawing]

The area ADE is half of the area ABC.

              115.181.5843   4534.716

Petrie calculated that the middle point of the pyramid was indicated by the position of the Great Step at the top of the Gallery and the middle point of the roof of the Queen’s Chamber.  He gave the following data for the distance from the base line of the North side.

             Queen’s Chamber angle line of roof 4533.8 ± 0.8 

             Top edge of Great Step    4534.5 ± 0.9

But the roof of the Queen’s Chamber is formed by two huge blocks of granite which of necessity are rather irregular.  Hence, the meeting line of the two blocks would be an extremely reliable reference point.  Petrie himself grants that he had to make a choice and chose a point about half way on the North side of the Chamber.

*     *     *

the Royal society.”  I suspect that Petrie’s report on “The Inside of the Great Pyramid,” which constitutes Chapter VII of the first edition of his book, is incomprehensible except for those who have made themselves familiar with the language of surveyors’ reports.

As Smyth observed in the fifth edition of his book, which was issued after the publication of Petrie’s report, Petrie had one great advantage over his predecessor:  he had discovered the stones marking the original base line below the entrance to the Pyramid.  Hence, Petrie had an absolutely reliable reference point:   and one single solid reference point can make a world of difference.  Petrie moved through the very innards of the pyramid counting from North to South, starting from the North base line.  He came to that amazing and most peculiar piece of architecture which is the Grand Gallery, leading upwards to the King’s Chamber.  The Grand Gallery ends at the top where there begins the horizontal passage

*     *     *

proves to be invalid, but in its general conception it is similar to the hypothesis that can be validated.  Smyth conducted a survey of the inner dimensions of the pyramid, but unfortunately given the means available to him his survey was not sufficiently accurate to prove or disprove his theory.  But the later survey conducted by Petrie, who trained himself for the task by choosing surveying as profession, proved that Smyth’s hypothesis had to be rejected.  Unfortunately, the survey conducted by Smyth inside the pyramid was not sufficiently precise to succeed in either validating or invalidating Smyth’s hypothesis.  The more accurate survey conducted by Petrie succeeded in proving that this hypothesis is not valid.

*     *     *

the actual construction of the four corners.  As a result his best figure is that for the West side, since this side is actually at a right angle with the North side.  Petrie reported that the West side is:  9068.6 inches = 230,342.03 mm.  Cole reported a length of 230,357 mm. = 9069.19 inches According to my interpretation the length is 

*     *     *

Petrie assumed that the East side had about the same length:  9067.7 inches = 230,319.16 mm.

The Cole survey found an East side substantially longer, in terms of the extreme precision of the Great Pyramid:  230,391 mm. = 9070.53 inches.

Petrie decided that the East-West axis was running at a distance from the North side of 4534.1 inches = 115,165.93 mm.  He obtained this figure by averaging the part of the East side with that of the West side and dividing the result by 2.

Actually the true figure according to my calculations is:  115,181.5843 mm. = 4534.716 inches Petrie’s own survey proves that my figure is the correct one.

In his survey Petrie followed in the footsteps of Piazzi Smyth.  Actually when Petrie began his survey his purpose was to collect data to prove or disprove Smyth’s theories.  The later had dedicated most of his attention to the inside passages of the Great Pyramid for two reasons.  The first, a practical one, namely that in spite of a technical difficulties one was more likely to obtain good data about inside passages to which access was possible than about the sides which were covered with rubble.  The second is that Smyth, even before leaving for Egypt, had developed a theory about the rationale of the inside passages and their angles.  Smyth had started from the correct scientific assumption that the passages must be related to the total dimensions of the Pyramid and that it should be possible to deduct the overall dimensions, lengths and angles, from the lengths and angles of the passage.  The assumption is correct but Smyth’s theory about the mathematical rationale of the passages was correct only in a minor part.

Petrie began to survey the inside of the Pyramid repeating Smyth’s operations and he actually began by using as reference points grooves that Smyth’s has cut on the walls of the Descending Corridor.  It is only in the course of the operation of surveying the inside that Petrie found that some of Smyth’s assumptions did not apply and began to operate with more independence.

Smyth was not satisfied with the half-area hypothesis, because a good scientific theory must be as comprehensive as possible.  It is a basic principle of scientific method that a scientific hypothesis is superior in relation to the breadth of events that it can explain.  Smyth felt that there should be a hypothesis that explains not only the level of the King’s Chamber but also possibly the position of the other rooms and most of all the arrangements of the passages which is most peculiar.  It is indeed amazing that the King’s Chamber should have to be reached first by descending and then by climbing inside the pyramid.  Hence, he rejected the half-area hypothesis, and constructed the equal area hypothesis.  Petrie’s survey proved that Smyth’s equal area hypothesis

*     *     *

Petrie’s survey of the inside of the Great Pyramid proves to be amazingly well conducted in spite of the material difficulties under which he had to operate:  for instance, the passages had not yet been cleaned of rubble at key points.  Petrie’s survey of the inside of the Pyramid had a fate it did not deserve.  The official academy was glad to infer from it that Smyth’s theories had been disproved and applauded, but they never bothered to read and study it.  The only people who read and studied Petrie’s figures have been the supporters of Piazzi Smyth, who conisdered whether a new version of his theories could be derived from Petrie’s figures.  The only people who surveyed again the inside of the Pyramid in order to check Petrie’s figures and if necessary, to improve upon them have been supporters of Smyth’s general views, such as Morton Edgar and David Davison.  

As a first step it is necessary to correct an error in Petrie’s calculation of the triangle of the first part of the Descending Passage.  According to his report the triangle is the following:  [see drawing]

These figures contradict the Theorem of Pythagoras.  From Petrie’s own statements one learns that his procedure was to measure on the ground the hypotenuse (which is the floor of the Passage) and then by the sine of the angle of inclination to obtain the vertical dimensions.  The horizontal dimension apparently was obtained from the other two sides by the Theorem of Pythagoras.  He states specifically that he calculated by  sine 26° 31’ 23" ± 5"

*     *     *

at a point (middle of the West side) which gave him the figure 4535.8 inches, so that by averaging this figure with the figure obtained from the Great Step, he would arrive at the figure of 4534.1 which he had obtained by measuring the outside of the pyramid.  But actually his figure about the roof line of the Queen’s Chamber does not mean much since he qualifies it a being 4533.8 ± 0.8 inches = 115.158, 31 meters 0.020,32

In my opinion the line of the Great Step which the builders could more easily have set with absolute precision, should be presumed to be exactly on the East-West axis.  A new survey would be in order to establish whether one arrives at the figure which I have obtained from mathematical interpretation 219.75 cubits = 115.181,58 meters = 4354.72 English inches.  It is not to be noticed how close my figure is to the one Petrie proposed for the Great step:  4354.5 inches.

Petrie concluded that the Great Step marked the middle point of the pyramid in the sense  of its being on the line of the East-West axis.  He found it to be at a distance of the top line of the step to be at a distance from North base line of 4534.5 ± inches = 117.176 of 14 mm.

According to my calculations the North-West line is at distance of 219.75 cubits = 115.181,58 meters = 4354.72 inches.  Petrie did not trust his conclusion that the Great Step marked exactly the position of the East-West axis, because from his unreliable measurements of the sides he had obtained a figure of 4534.1 inches.

The important fact is that the ratio that the height of King’s Chamber was determined by the half–surface line, was duplicated by several writers at the time Petrie went to survey the Great Pyramid. Petrie tested the correctness of this hypothesis and stated most emphatically in the conclusion of the report of his survey, that this hypothesis proves to be valid.  This is the most positive statement in the report of Petrie, but in spite of his expressing himself in most clear terms, the statement got lost in the fury of controversies about the hypotheses of Piazzi Smyth.

*     *     *

the meridian section.  But this line marks a half surface not only vertically, but also horizontally:  the surface of the horizontal section of the pyramid at level of the line is half of the surface of the base of the pyramid.  The position of the line in question is easy to identify because its length is equal to half of the diagonal of the base.  DE = 1/2 Ã2 BC [see drawing]

              Surface ADE = 1/2 surface ABC

              Surface ADE = Surface DECB

surface of horizontal section at level DE = 1/2 surface of base of pyramid must be rejected and that the half-area hypothesis appears to be validated.  I shall show that by reexamining Petrie’s survey on the basis of the additional data of the Cole survey, the half-area hypothesis can be positively validated.  Further, I will show that the half-area hypothesis can be used also to explain the arrangement of the passages.

That such a line might be important in the planning of the Great Pyramid might occur to any person who has a feeling for geometry.  For this reason this line was mentioned by several authors as people began to speculate about the geometry of the Great Pyramid around the middle of the nineteenth century.  The notion of the importance of the half-surface line would occur so readily, that I have not been able to establish who was the first who suggested that the level of the floor of the King’s Chamber corresponded to this line.

Any pyramid will have a half-surface line, (line equal to 1/2 Ã2 of the base), but level of this line (its distance from the base) will depend on the inclination of the faces.

People who had a sense for geometry suspected that the half-surface line had importance on the construction of the pyramid.  On the basis of the survey of Howard-Vyse and Perring they suggested that the floor of King’s Chamber is the level of this line.  Petrie’s survey proved that they were correct.[see drawing]

DE = 1/2 Ã2 BC

Ã2 DE = BC

Area ADE = Area 1/2 ABC

(DE)2 = 1/2 (BC)2
Since according to my interpretation in the Great Pyramid BC was calculated as 439.5 cubits, DE must be 310.77343 cubits.

It is a reasonable assumption that some relation should have existed between the inner dimensions and the outer dimensions of the Great Pyramid.  If this relation can be established then we have a basis by which we can establish or at least verify the outer dimensions in spite of ravages to which the outside was subjected by those who used the pyramids of Gizah as quarries.

That this is the crux of the problem in the investigation of the Great Pyramid was realized by Piazzi Smyth, who, in spite of what his detractors may say, had clear understanding of scientific methodology.  Before leaving for Egypt he had already developed a hypothesis about the relations between the outer dimensions and the inner divisions.  Anticipating what I will explain later I can state that this hypothesis must be rejected.

In the preceding pages I have tried to reconstruct what was the height to the Great Pyramid and, hence, the slope of the North side and the West side.  I have tried to pursue any piece of evidence that may be available, including the careful interpretation of ancient authors.  But in spite of all my efforts, one could still argue that evidence, using a legal term:  The real direct and irrefutable evidence would be an examination of the inclination of the faces.  Petrie did the best he could under difficult conditions and concluded that the slope of the North face could be taken to have been 51° 50’ 40" ± 1’ 0.5.”  This figure does not disagree with my figure of 51° 49’ 39" for the North face.  51° 49" Piazzi Smyth.  But the leeway of about one minute of are left by Petrie’s survey, is too broad to be satisfactory in terms of what I consider the Egyptian precision.  Now that after the Cole survey we can establish the exact lines of the base of the pyramid,

*     *     *

In any quadrangular pyramid there is a level which has remarkable mathematical characteristics.  If in the meridian section of a pyramid there is drawn a line parallel to the base such that it marks on the original triangle a smaller triangle which is half in surface, this line halves the surface not only vertically but also horizontally:  the horizontal section of the pyramid at the level marked by the line, has a surface equal to half of the surface of the base.  The length of the line is 1/2Ã2 of the base line, that is, equal to half the length of the diagonal of the base.  Conversely, the square with side DE has a diagonal equal to BC.

DE = 1/2 Ã2 BC

Surface ADE = 1/2 surface ABC,

Horizontal surface at level DE = 1/2 horizontal surface at level BC.

Diagonal of horizontal square at level DE = BC

DE = 1/2 diagonal of horizontal square at level BC. [see drawing]

Before Smyth developed his hypothesis, another hypothesis had been formulated on the basis of the measurement of Howard-Vyse and Perring.  This could be called the half-area hypothesis.

If we could drew the meridian section of any rectangular pyramid there is a line parallel to the base which has peculiar mathematical properties.  This is the line that divides the meridian section of the pyramid into two halves of equal surface:  that is the surface above the line of half of the total surface of

*     *     *

a datum that was not available to Petrie, it would be in order to proceed to a new test of the inclination of the faces.  But given the present condition of the faces of the pyramid, it is doubtful that we could improve substantially on Petrie’s figure, although any advance would be a help to the solution of the problems raised by the architecture of the Great Pyramid.

If a unequivocal result cannot be obtained on the matter of the height of the pyramid from the inclination of the faces, there may be found other possible sources of information.  If the outer surface of the pyramid cannot provide absolutely certain data, because the outer casing has disappeared there is the likehood that precise figures can be obtained from the study of the passages and rooms inside the pyramid.  These passages and rooms are generally…

*     *     *

Because of the geometry of any quadrangular pyramid the equal area line has also these two other mathematical characteristics:

a)   The surface of the horizontal section of the pyramid at the level of the      line, is half of the surface of the base.

b)   The diagonal of this horizontal section is equal to the length of the sides of the base.

c)   The length of equal area line is half of the length of the diagonal of the base.

In other words, the geometry of the half-area line is connected with the problem of constructing squares which are double in surface of others.  I have explained that this was basic problem of ancient land surveying, was at the root of the origin of the royal cubit as a unit of measure, and explains the first general draft of the Great Pyramid.  We must remember that given a square with side one, the square with double surface has a side Ã2 = 1.414 and the square with half the surface has a side 1/2 Ã2 = 0.7.  The square constructed on a diagonal of a square has twice the surface of the original square.

THE GRANITE CASING 
The Third Pyramid had a characteristic that is missing in the other two pyramids of Gizah: the lower part of its casing was not of Tura marble, but of granite brought down the Nile from the area of the First Cataract. I have already mentioned the strong visual contrast between the gleaming white upper part of the pyramid and the reddish lower part. The contrast was so great that Diodorus reports that the lower part was black. The important fact is that the Egyptians assigned great significance to these contrasts of color and light.

Petrie observed that the lower part of the pyramid covered by granite reached a height equal to ¼ of the total height of the pyramid, but he did not articulate what is implied in this observation: The granite covered the lower quarter of the apothem (slant height). This second figure, even though implied in the preceding one, is more significant because the granite actually followed the line of the apothem.

As I have said, the slope was practically calculated as 51° 08’ which makes the height of the pyramid 124.5753136 cubits = 65,402.040 mm. In turn this height may have been computed as being roughly 94 4/7 cubits = 65,400.0 mm., divided into a section of 31 1/7 cubits = 16,350 mm., covered with granite, and a section of 93 3/7 cubits = 49,050 mm., covered with Tura limestone.

The most meaningful datum is that the granite casing covered 7/16 of the entire surface of the pyramid. The figure of the surface covered by granite is much more important than the point of the vertical height reached by this casing. This issue apparently did not occur to Petrie. But this is an important mathematical datum that must be related to the fact that in the Third Pyramid surface is what matters.

Herodotos says that the Third Pyramid is covered by ”Ethiopian Stone,” to ”about the middle.” The text reads eis to hemisu, which in Greek means ”to the half” or ”to about the half”; he means that almost half of the surface was of granite.

Since the surface of each face was 16,064 square cubits, the part covered by granite, being 7/16, was 7 X 1,004=7,028 square cubits. In the entire pyramid 28,112 square cubits were covered with granite. The meaning of this figure is best conveyed by statements of Herodotus to the effect that about half of the outer surface of the pyramid is covered by ”Ethiopian stone,” a stone that could be found only at the southern boundary of Egypt and beyond it.

The entire pyramid was calculated by the number 64 (= 8 x 8 or 4 x 16); hence, it is not surprising that the amount covered by granite was set at 7/16 of the total surface (that is, 43.75 percent). The important question is whether the difference in surface between the area covered by granite and the area covered by Tura marble was intended to correspond to the difference between the part of the Northern Hemisphere covered by land and the part covered by water. In current textbooks of geography one often finds the statement that the relation between land and water is 4:6. The most precise figure I could find in the texts is 39:61. Modern geographers are satisfied with the ratio 4:6, because it is very difficult to be more accurate.

Areas occupied by estuaries, by coastal waters and by small islands produce uncertainty in calculation. Today we can use computers and mechanical scanners; however, these have to be applied to detailed maps, but maps provide different figures for surface according to the type of projections used in the map. Because any map involves the reduction of a curved surface to a flat surface, any map involves a distortion of the data. There are special types of projections in which one tries to preserve the identity of proportions between areas on the map and areas on the surface of the earth. This can be achieved by sacrificing other elements, such as equal scale in the distances between localities. But, there is no type of projection that can provide a perfect solution. Any projection system adopts some sort of compromise.

If the Egyptians really meant to indicate that about 7/10 of the Northern Hemisphere is covered by land, it follows that they had astoundingly precise information about the coasts of the continents in the Northern Hemisphere.

Unfortunately in this case we cannot arrive at the absolutely perfect numerical fit that would give a certain answer to the question.

We have to keep in mind two sets of facts. One, the Third Pyramid was erected in order to represent the surface of the Northern Hemisphere. This pyramid is the only one of the three pyramids in which the surface is built of two different kinds of material. The part covered by granite is 7/16 of the entire pyramid; the use of this material greatly increased the cost of construction, but was in part compensated by making the Third Pyramid small The Third Pyramid is half the scale of the Second Pyramid.

Two, the Northern Hemisphere differs sharply from the Southern Hemisphere, in that, whereas the latter is covered mostly by oceans, the surface of the former is in great part land: almost half of it. If the Third Pyramid was intended to indicate that the Northern Hemisphere is covered by land in proportions of 7/16 of the total surface, the Egyptians come as close as practically possible to the correct figure. The Egyptian figure means 43.75 percent. The Encyclopedia Britannica quotes the available calculation that tries to be as precise as possible, 39 percent.

The Length of the Sides

In all pyramids the most important side is the N. side. In the three pyramids of Gizah the N side is substantial shorter than the other three. Since the length of the N. side was the most important, in the Great Pyramid it is the only one that is expressed by a round figure; 439 2/7 cubits = 230,250.8511 mm. However, in order to determine how the length of the N. side was established, it is necessary to examine first the lengths of the three other sides.

The S. side was set at an angle with the W. side which is 0° 00’ 30” (half minute) more than a right angle. This obtainess of the SW angle caused a lengthening of the E side by 0.63923 cubits = 33.5052 mm. In order to compensate for this lengthening so that the average length of the sides remain 439½ cubits, reductions were made in the lengths of the sides. In calculating the shortening that had to compensate for the lengthening of the E side, this lengthening was calculated as 1/16  + 1/672 cubits =  0.63988 cubits = 33,5392 mm. The amount of 1/672 cubits was deducted from the length of N side in a manner that I shall explain later.

The remaining amount of 1/16 cubits was deducted in the manner that follows. It must be kept in mind that 1/16 cubit is equal to 1 ¾ fingers of a cubit divided into 28 fingers and to 1 ½ fingers of a cubit divided into 24 fingers. These are the changes that were introduced in the lengths of the sides:

a) the E. and W. sides were shortened by 1/4 finger, calculating by cubit divided into 24 fingers. This means that the entire S side was moved backwards by 1/4 finger.

b) The N and S side were shortened by 1/2 finger. This means that the entire E. side, was pushed backwards by 1/2 finger.

Another change in the length of the sides was caused by the fact that the E. side was rotated at the middle by 0° 03’ 00” (3 minutes).This rotation caused a lengthening of the S. side by 0.191768 cubits = 100. 5149 mm.; the N. side was shortened by the same amount. This amount was calculated as 129/672 cubits = 0,191964 cubits = 100,6177 mm. This makes the angle of rotation 0° 30’ 00.18” 

The combined adjustments caused the length of the sides to become the following. The W. side was shortened by 1/16 cubit (1/4 finger of a cubit divided into 24 fingers or 7/24 fingers of a cubit divided into 28 fingers). It came to have a length of of 439.48958 cubits = 230,357.7087 mm. The E. side was shortened by to same amount, but was also lengthened by 1/16 cubit because of the obtusenes of the SW angle; it become 439 ½ + 1/16 – 1/96 cubits = 439 53/96 cubits = 439.55208 cubits = 230,390.4679 mm. The N. and S. side had a basic length of 439 ½ – 1/48 cubits = 439 23/48 cubits = 439.47917 cubits = 230,352.2488 mm. The amount added and subtracted because of the rotation of the E. side, which was calculated as 129/672 cubits = 100.6177 mm., caused the S side to be 439 23/48 + 129/672 cubits = 439 451/672 cubits = 439.67113 cubits = 230,452.8665 mm.

In the case of the N. side there was deducted the same amount that was added to the S. side; hence it become 439 23/48 – 129/672 cubits cubits = 439 192/672 cubits = 439.28720 cubits = 230,251.6310 mm. But from the N. side there was deducted a further amount of 1/672 cubit in order to compensate for the lengthening of the E side because of the obtuseness of the S.W. angle. Hence, the N. side became 439 192/672 cubits = 439 2/7 cubits = 439.28571 cubits = 230,250.8510 mm.

The following is a comparison of the figures I have obtained by a theoretical calculation of the lengths of the sides, with the findings reported by the Cole survey:

	West side 
	230,357.7087 mm. 
	230,357 mm. 

	South side 
	230,452.8665 
	230,454 

	East side 
	230,391.2479 
	230,391 

	North side 
	230 250.8510 
	230,351 

	
	921,452.6741 
	921,453 


According to my assumptions the four sides should add to up to 4 x 439 ½ cubits = 1758 cubits = 921,452.6741 mm.

The agreement between the figures I have obtained by reconstructing the arithmetic of the builders and the empirical findings of of the Cole survey, is stunning.

THE HIGHT OF THE GREAT PYRAMID
Even Borchardt agreed that the line marked off center on the N side of the Pyramid, marked the position of the North-South axis, but he never even concerned why this axis should have been displaced to the West, It is not the matter of a corrects measurement, as Burchardt possibly would have agreed if he had been compelled to answer the question, since the Petrie survey show that the East West axis is at distance of exactly Petrie 3/4 cubits from the N side. Lucky Petrie could measure from the N line of the Pyramid through the ascenders passages to east of the or of the Queen's chamber and the face of the Great Steps of the position of the East-West axis.

In my opinion the reason for the dispocement to the West of the North-South axis, is that the height of the Pyramid have to be calculated according to two different principles; the factor 9 and two factor _, Up to now those who have been interpreted the dimensions of the Pyramid have been divided into two factions; those who give that the height was calculated by the factor p (such as Taylor., Piazzi Smyth, and Petrie) and those who any we that it was calculated by the factor ( which is the one mentioned by Herodotos). In my opinion both grops are correct, except that the factor was given greater importance (one of the measures being derived from that of 4), the two mast basic sides of the Pyramid doe the N and the W sides, the calculation of the Pyramid beyond from the marking of the angle which is the only one which is a perfect right angle.

In any pyramid the most important side is two N side, Hence the N side was calculated by the factor and the W side was calculated by the factor .

As I have instaled, the N side was at the exact distance of 219 3/± cubits from the East-West axis of the Pyramid, Hence, if the height of the Pyramid had been calculated by the exact value of , it would have been 219 ¾ x = 279. 526318 cubits = 146,513.2384 cubits. But the factor was calculated in an easy manner by the relation 610/377 of the Fibonocci series by which the height is 279.526590 cubits = 146, 513,3809 mm. The difference between the two values of the height is for less than 1/672 cubits = 0.77998 mm., which was the menimun unit of lineal unit of measurement employed by the builders.

The inclination of the N face according to the exact value of would have been cos¯¹ = 51° 49’ 38.”25; it come to be cos ¯¹ 610/377 = 51° 49’ 38.” 57.

If the height of the Pyramid had been calculated by the exact value of , the inclination of W face should have been 51° 51’ 14.” 30. This would have coused the apex of the Pyramid to be too heigh. Hence, the base of the W meridian triangle was shortened, by shifting the North-South axis to the West. the inclination of the face, the W face, was calculated by the round figure 51° 51’ 00” = 51°85 (which makes = 3,142041). Possibly this slope was chosen so as to provide an exsily measurable angle for the actual builders; 51° 51’ is equal to 51°, 17/20. Even through the human eye con discern differences of a minute of degree, without the aid of optical tools if one counts from the normal with the of the pupil, it has great difficulty in keeping apeart two points that are a distance of less than 3 minutes from each other, We perceive as one heigh two stars that are at a  distance of less than 3 minutes Tycho Brahe, whose observations were essential for the development of the Scientific Revolution, with the huge instruments which he had set up at Uraniburg (instruments, which did not use lenses or mirrors) was able to establish celestial position with an accuracy of 3 minutes, which then was a great improvement over earlier observations. They were accurate enough to provide Kepler with the data by which he established his laws of planetary movements. 

If the slope of the W face is 51° 51’ and the base of the W meridian triangle is 219 4/7, became of the shift of the North-South axis, the apex of the Pyramid is at height of 279, 52 711 cubits = 146, 513.6541.

The most important return in the dimensions of the pyramid was the height which was set ¹/434,000 of polar radius of the earth.

As indicated by the Book of the Dead the Egyptian datum for the polar radius was:

12,128,182 royal cubits

= 6,356,965,9 meters

This figure had been originally calculated as 34,422 geographic stadia = 6,356,966.1 m. 

The height of the pyramid should have been 146,473.86 mm. This measurement was so important that although the rest of the pyramid was calculated by sixteenth of figure, in the height was referred to ¼ of sixteenth (1/1536 of cubit. This will be proved by the calculations that follow.

The height of the pyramid was set as 

	  
	107,309.25
	sixteenths

	  
	=279.45117
	cubits

	  
	= 146,473.85
	mm.


Hence, the height of the pyramid was exact that one could derive from it the length of the polar radius with the precision of a meter.

If the meridian section of the pyramid had been calculated by the exact value of it would have been.

[image: image10.png]107,309.25

51949'39"





But it was decided that the West Side of the pyramid should have a slope of 5150, either to indicate that this is the earent round fogure to the angle which cuted by the factor * or because it was necessary for the side of construction to have at the slope of one side reckoned by a figure rounded to the minute of an.

In order to give to the West forced slope of 51050’00” the north side was shortened so as to move teh north south axis closer to the base of the West side.The meridian section of the west side is

136,488.15= 107,309.25

355,43789 cubits=

186,30216 mm

5150 

          84,343=

          219.64322 cubits=

          115,125,63 mm.

The sides are calculated by 

consecont 51050=1.271142

tangent 51050=1,2722957

If the pyramid had been calculated by the exact already of cosecont and tangent = secont = _*

          355.5 279.5

          219.75

          0.7861514

          51049038

The meridian sector fo the North side turned to be the following

136,512.26

355.500 660

                             107.30925

                             =279,45117

50’49’13 2/3

          84,382=

          219.74479 cubits=

          115,178.85 mm.

The figures indicate what the resourse why the west sise way shortened by 4 siateenths, so as to move the east -west axis 2 sixteenth tothe north was to obtain anaceptance of north more expressed by the rounal figure 355.5 cubits

The slope of westside is something more than the ideal slope 510 49039, whereas the slope of the north side is something less.

West side 510 50’ 00”

* slope 510 290 39” 21

North side 510 490 39”25

Resuming the various steps, The builders beyond by a general outhine indicated by Herodotus 

                   356 cubits 

                                      280cubits

          220 cubits

Them the figures were changed to 

355,5 279,5 cubits

cubits

          219,75 cubits

The basic overage length of the semi sides was kept at 219,75 cubits

The slaret height was keept at 355.5 on the most side. On the west side here was introduce the slope 51050 as the basic slope of the pyramid.

The initial plan of the Pyramid was drawn according to the terms 55 and 89 of the Feboracci series,

89 x 4=356

55 x 4=220

But the relation 89/55 =

1.16181818.., given only a rough approximation to * = 1.618033898. Hence, the builder calculated the final plan by the later terms of the Fibonacci series, the proportions of the Pyramid were calculated by *= 610/377 = 1.618037135. This value differs from the exact value of * by about 1/50,00.

The Pyramid could be conceived as heaving the following meridian section

610 377

The angle of the slope is 

510.82737997 = 510 49’ 38,”5679

According the exact value of * it would be

510. 82729237 = 510 49’ 38”. 2525

The difference is less them a second of degree and hence could be dissergarded eventh the unusually accounts computation of the Pyramid.

Accoracy to the therm of Pytagores the other side of the meridian triangle, the height, would be 479.5529160

610              479.5529168

          377

But the relation between height and base should be _/4. The figures just qouted would emply _ = 3.144596.

The meridian triangle could be conceived as being roughly 

                   610

                                      480

                   377

_ con be calculate to good accuracy as _ = 3x 16/113 =3 x 1/12 

355/113 = 3.14159292 

which is, correct to the sixth decim figure. This value would cause an error of slightly more them a meter is the distance west the two poles of the earth.

_/4 is 355/452 ; hence, the height of the Pyramid con be calculated 

as 355/452 = 377/480.0112676

Now, 377/480 = 0, 785 91666...;

This 5 wuold imply _ = 3.141666... This value is much more occurent by _ = 3.142857 which the builders began their plan.

The relation 377/480 implies an angle of the slope

510. 85331835 = 51051 11”1946

According to _/9 , the slope is 51085 397401 = 51051’ 14”304, in theterminal plan; 377 goegraphic feet are 116, 038. 9677 mm.

The triangle

                   610              480

                             377

was used merely to calculate the proportions of the Pyramid However, it happened that if one assumed that the figures refered to geographic feet, they would be almost right, being valy slightly in excess of the actual dimension of the Pyramid.

The sembase of the Pyramid in the initial plan was 220 royal en bit = 115,312. 62 mm. , and become 219.75 royal cubits= 115,181. 58 mm.

THE RELATION 7-11
The dimensions of the Pyramid were chosen so as to embody the factor 7 and the factor 11; this is made most clear by the side which is 11/7 of the height.

Ancient (Mesopotamian, Egyptian, Greece, and Roman) and medieval surveyors used rods of 7 and 11 units in order to solve in a simple way problems of geometrical construction.

The first problem that they had to solve was that of the diagonal of a square, they used to reckon that a square with a side of 10 has a diagonal of 14 and that a square with a side of 7 has a diagonal of 10. In the first case 2 is computed as 1,4 and in the second cose it is computed as 1,42858. When greater precision was desired the two calculations were averaged obtaining a value 1,41428 which is correct to the fourth decimal point. The diagonal could be computed also by using rods of 11 units. The diagonal may be computed by taking 10/11 of the side and adding to it one half, plus one half of the half, and soun. The resulting diagonal is 15,5555 = 1.41414 which is an excellent approximation of *2 = 1.41421

Rods of 11 and 7 units can be used also to compute the relation between diameter and circumference as 7:22 which make II = 3 1/7 = 3.1428, an approximation which even today is considered adequate to most practical problem of construction.

In the case of equilateral triangles it was assumed that, if the side is 7, the height is 6/7 = 0,85714, whereas 1/2 *3 = 0.86602.

Building with dimensions computed by the factor 7 were most common in ancient architecture.

Early examples are provided by buildings of the Protoliterate period at Urak. The Limostone Temple of Stratum V and Temple C of Stratum N are similar in architectutural out line, the Limestone Temple has a hall reported as measuring 62 X 11, 30 m.; probably intended to be 210 by 40 Romon feet (62,748 X 11,838 mm.). Temple C has outside dimensions reported as 56 X 22 m.; most likely they were intended to be 180 X 70 artabic feet (55, 597 X 21,621 mm.). In Mesopotamia the artabic foot is computed as 25/24 of Roman foot or 308.2765 mm.

But earlier example are provided by buildings of the Abropolis of Stratum XIII of Tepe Gower, the forced of the Eastern Straine is reported to be 20.50 m. and may be 70 Roman feet (20,716 mm) One most compare the face de of the Eastern Temple is reported to be 14,5 m. and may be 50 Roman feet (14,797 mm.) The Northern Temple is described as a tropeze with two paralled sides of 8.13 and 8.66 m. and with two other sides equal to 11.80 m. One could presume dimensions of 28 (8,296 mm.), 30 (8,888 mm.), and 40 (11,848 mm.) Roman feet.

The calculation by the factor 7 is connected with the practice of solving the problem of the diagonal of a square by changing the square into a near-square with sides related as 20;21 which has the rational diagonal 29, near-square with sides related as 20;21 are most common in Mesopotamia, Egypt, Greece, and Rome. In Egypt they occur at least early as the First Dynasty,. They occur in the Daok Ages of Greece I have determined that the most common plan of Greek Temples consists of two near-square with sides related as 20;21 placed next to each other. In Mesopotamia this type of reckoning occurs with certainty in the earliest strate of Tepe Grewn (ealier Obeid period, before the introduction of the pother's subeed). The archeological report provides the following data: 

Stratum XII, White Room 12.30 X11.75m

Stratum x, Temples 12.30 X11.30

Stratum IX, Temple 13.00 X 11.40

The figures are confirmed by the largest structure of stratum XI which is 11.50 X 11.50. It is almost certain that the three buildings were calculated as a near-square of 40 X 42 Roman feet (11,837 X 12,430 mm.) 

The calculation by the near-square 20:21 is the starting point of a mathematical system is of the greatest importance in cuneiform and Greek mathematics. Problems involving irrational roots of squares and cubes are solved by changing the square into X near-square of the type XX@ (X X) and changing the cube into X near cube of the type a 2 X (X X), in which X usually is the unit. The modified side of the square or of the cube is colled basi in Sumerian (basu in Akkadian). The Greeks spelk of paramekian numbers. This hightly important brouch of ancient mathematics has received up to now scout attention. But of otto Neugebauer in X passing reduced colls attention to the essential point, namely, that in cuneiform mathematics the basu helps in solving problems involving squares and cubes with irrational a roots.

In general the ancients solved problems involving an irrational relation between two segments by adding or subtracting a fraction in one of the two segments.

Ancient surveyors had to solve two fundamental problems; how to calculate the diagonal of X square and how to double X unit of surface. They had to solve the second problem because units of surface were usually uronged X series in which each was the double of the proceding one. They solved these two problems by combining them together. It was assumed that an acre (amount of and that con be plowed in X day), reckoned as a square with X side of 100 cubits has a diagonal of 140 cubits. As X result the half acre is computed as a square with a side of 70 cubits. But by this reckoning the half acre comes to have a surface of 4900 square cubits. A typical example is the Hebrew unit of 5000 square cubits (obviously X half unit) which is the area within one can move on the Sabbath without violating the rules of rest; this surface is called "square of 70 cubits" in the Michnah the quadruple acre is computed as X square with a side of 200 cubits which makes it exactly the quadruple of an acre with a side of 100. cubits. But if he acre is computed as having diagonal of 140 cubits, it actually has a side of 98.995 (surface of 98,000) which in practice is computed as 99. Hence, often acres ave computed as squares with a side of 99 cubits, measured by rods of 11 cubits. This kind of square is used in computing the surface of the Great Pyramid.

This method of reckoning affected the procedure by which the Egyptians performed geodetic calculations. In future studies I will show that the Egyptians established their first geodetic system when the Tropic was at altitude 24° 06N (latitude of Syene, lower end of the Little Cataract or Cataract of Aswan). The date is 3240 B. C. and corresponds to the middle point of the 30 diagonal period of Taurns They calculated Egyptian as extending 7° degrees to the north, that is extending as for north as the band of the Ecliptic the band of the Ecliptic is as wide as maximum deduction of the course of the planets from the course of the planets from the course of the Sun or Ecliptic. Hence they set the Tine of the Delta at 31° 06N. They set the middle axis ofEgypt at 31°14E. They marked the Apex of the Delta as being at 30°06N 31014E and they calculated the Delta as extending one degre to the north to 31°06 N. They assumed that the base of the Delta extends 10 24' to the east and to the west of the central axis of Egypt so that the two extreme angles of the Delta were at 310 06 N 29050E and 31°06N 32° 38E, But a length of 70 degree choes not fit into X circle of 360'. Accordingly the established an alternative conception which Egypt the Egypt is 7°12', extending from 2400 N ( latitude of the upper limit of the Little Cataract) to 31°12N ( later Catitude of Alexandria). They established an alternative conception of the Delta a by which the Delta extends 1°06' north of the Apex and 1°06' lost and west of the main axis of Egypt, 31°14E. According to this conception Egypt being 7°12' high is 1/50 of the circumference of the earth. In establishing basic geodetic points to the west an to the east of Egypt they reckoned by units of 7012'. (1/50 of 360) They assumed that the degree is 700 stadia of 300 royal cubits. This would make a degree equal to 787,500 this is adequate for degree at the Equator, But the Egyptians knew that in order to calculated the circumference of the earth they should calculated by a longer degree. In landsurveying it was reckoned that a square of 72 X 70 cubits or 71 X 71 cubits was equal to X correct half acre with an excess of 1 (72 X 70 = 5040. 7,10 = 7°06' degrees, This gives a circumference of the earth equal to 39,929 m. by a cubit of 525 mm., The standard value of the circumference of the earth in ancient reckonings (used also by the Egyptians) was 75 Roman miles - 20 Persion parasongs = 600 geographics stadia of 600 artabic feet (artabic foot of 308.2765 mm or 25/24 of Roman foot )n which gives X circumference of the earth of 39,952 m. Thi explains the figures of Eratosthenes who tried to report without understanding them too well the Egyptian procedures. He reported correctly the datum that an interval of 7006' from the latitude Syene at 24°06N to the latitude of Alexandria at 31°12N, is 5000 stadia .

He misunderstood the rule that if a degree is computed as 710 stadia (instead of 700), there must be deducted 1/125. This gives a degree of 110,930 m. The standard value of the degree is 600 geographics stadia or 110,979 m. 

Ancient surveyors had also to be able to compute the value of *5. If two squares are placed next to each in order to duplicate the surface of one square, the resulting oblong has a diagonal equal to *5 times the side of one square. The Romans used to calculate by feet ancient by cubits, hence the calculated their acre the iugerum not as a square of 100 cubits, but as an oblong of 240 X 120 Roman feet, computed of 2 actus of 120 X 120 feet. The iugerum has X surface of 2524 square m. and is practically equal to the Mesopotamian acre which has X side of 100 Mesopotamian barley cubits ( the barley cubit is 18/16 either of Roman cubit or of Egyptian cubit, 499.408 or 506.250 mm.). The Egyptian acre has a side of100$royal cubits and is 27.56 square m. but is called iugerum indocuments of the Roman period . In the Late Roman Empire there was a iugerum costrense with a side of 180 Roman feet with a surface of 2837 square m.

The calculation by an ablong composed of two squares, with diagonal *5 times the side of the squares. Surveyors had to be able triplicate or to quintiplicate a square or conversely to divide it into 3 or 5 squares. This results from the fact that it was customary to calculate a gronian surfaces by the amount of grain either wheat or barley) needed to sow them. This method of measuring surface of and was officially used in Europe to recent times and still employed by formes in some areas (e, g, Siuly).

In Mesopotamia this method was used also in computing the area of is computing the area of building and even is solving geometric problem, this method presupposes X conventional rate of Seeding ( which proves to be the same for wheat and barley), The Roman official rate was 5 modii of 16 sextari ) basic ponts of 540 c.c.) for iugerum Hence, is necessary to be able to divide the iugerum into 5 squares equal to X modius. But it is necessary also to triplicate the surface of the modius, since the multiple of the modious is the quadrantal of 3 modii (25,925 c,c, or cube of the Roman foot), In Egypt the area is corresponds to an artabic of seed 29,160 c.c. cube of the artabic foot or 9/8 of quadrantal). The standard multiple of the artaba is the unit of 3 artabai (cube of the Roman cubit), but in Egypt X standard multiple is the grain measure equal to the cube of the royal cubit considered equal to 5 artabic In Mesopotamia the standard rate of seeding is 4/5 of the Roman one, because fields were usually some with the seed-plow (called apsin in Sumerian); the rate was the same as the Roman one when the fields were sown by costing the standard rate was reduced first (486 c.c. or 9/10 of basic pint or Roman sextarius), called sila or qa in Sumerian and qu in Abbadian the standard rate is a qu to musaru square with a side of 12 barley cubits. Since the qu is 1/60 of artabic, X common unit of surface, next to the acre with a side of 100 cubits, is the unit of 60 musaru. An artabic is divided into 5 sata of 10 qu (the caton is called in Sumerian and in Abbadian). The saton is X common unit of seed A Mesopotamian acre is sown with a unit called by the ideogram PI (probably the equivalent of the Hebrew ephah) of 72 qu, The PI is divided into b sata. Important multiplies are a koros (Sumerian gur, Abbadium Karu) of 180 qu or 3 artabic and X koros of 600 qu (cube with an edge of barley feet) equal to 10 artabai and double the Egyptian grain measure equal to the cube of the royal cubit. For these reasons it necessary to Implicate and quintuplicate squares.Multiplications by 6 and 10 are obtained by multiplying the double of X square by 3 and 5.

In order to quintuplicate X square surveyors had to calculate 2/4 = *5 -1= 1.236068. In practice 2/4 con be reckoned as 123. A better approximation could be obtained by measuring the side of the original square as 99/100 and adding to it 5/4 obtaining 123.750. 

1.414

312

726                              36

As a result of this ancient surveyors had to be familiar with the golden section. *3 con be computed as 1 X 2 (1-1/4). If the side of a square is divided according to the golden section and the minor past which is 0.3120660 is added twice to side, there results a sumore 

Lauer has recognized that the golden section was employed in the calculation of the Great Pyramid, but could not understand how the calculation by the golden section which would give a slope 510 49'3" would be reconcided with proportions 7/5.5 between height and semibase since these would make for a slope 510 50' 34" He did not understand that the proportions of the Pyramid involve a compromise among different rations. As I have said the actual slope is , because given that the height is 280 cubits and the apothema is 356 cubits, the base con be 440 cubits only principle. In fact it is 439. Herodotos states that the Pyramid has faces with surface of 8 plethra, and that this is equivalent to the square of the height. By plethron he means the unit which in other parts he colls aroura and describe as having a side of 100 cubits. But the the Egyptain acre, colled st' t con be reckoned also X square with a diagonal of 140 cubits.

This square has a side of 98.995 cubits and a surface of 9800 square cubits (instead of 10,000), In fact the square of 280 cubits is 78,480 square cubits which is 8 acres of 9800 cubits. If the Pyramid had a base of 440 cubits, its faces would have a surface of 78,320 square cubits. But if the base were exactly 2/4 of the apothema the surface of the forces would be 78,480 squares cubits.

4,4142136

12426308

The calculation of5 by the golden section could be method the calculation of 2. Below I will show that the segment 2/4 added to the side of square in order to quintuply it used to be divided into three parts. If 1.2360 is divided into three parts each part is 0.4120, part added to the original segment gives a values of 2 = 1.4120. If 2/4 is computed by the round figure 1.23, by making 1/3 of 1,23 or 0.41, 2 con be computed by the rounded figure 1.41.

As have said the value of  was computed by the approximation 55/89, mentioned by Fibonacci. The apothema was 4X 89 = 356 cubits agoinst sembase of 4 X 55 a= 220 cubits. If the apothema is calculated as 4 X 88= 352 cubits, the semebase is 4/4 88 = 220 cubits. This is the calculation reported by Aristagoras except that the royal cubits are converted into artabic feet at the ratio 44:75 Hence, 352 royal feet became 600 artabic feet or a stadion 

The testimony of the Greek and Laten authors suggests that possible the method used to calculated the values of was physically indicated in the pyramid by marking off the pyramidion It seems that the pyramids had an apex of gilt metal or copper. 

It could be that the pyramidion was

THE Surface of the Great the Pyramid 
Herodotos states the surface of the faces is equal to the square of the height and it is plethra.

If,

	s = semiside

	a = apothema

	h = height


Herodotos reports:

	h²= as 


By theorem of Pythagoras

	a² = s² x h²


Hence,

	a² = s² x as

	a² = s(a x s)

	s: a =(a x s)


This means that the apothema and the semiside are in relation of golden section Herodotos computes the surface by plethra. By plethron he refers to the square with a side of 100 Egyptian royal cubits. This is the Egyptian acre, that is the amount plowed in a day. 

The Egyptian acre, called st‘’t, has a side of 100 cubits and a surface of 2756 square meters; ít is similar to the Roman iugerum of 2524 square meters. In other parts of his work Herodotos colls this unit by the name of aroura, which is the term used in documents of Hellenistic Egypt; in Roman times Latin documents of Egypt use the term iugerum.

If the height of the Pyramid is 280 cubits, the surface would be 78,400 square cubits, and not 80,000.

The reason for this is that agrarian units were arranged in a series in which each one is double of the preceding one, Each succeeding one is conceived as  constructed on the diagonal; the relation between the side and the diagonal is calculated use by the simple relation 5;7. For instance, the double aroura is conceived as a square with a side of 140 cubits, instead of 141,421. But the surface of the quadruple aroura is conceived as constructed on the diagonal of the  double aroura, using the relation 7;10 between side and diagonal,  so that the quadruple aroura comes at correctly as a square with a side of 200 cubits. 

This the aroura come surface 19,600 square conversely, the half aroura is conceived as a square with side of 70 cubits, but the  quarter of aroura is a square with a side of 50 cubits.

By this procedure the double aroura comes to have a surface of 140² = 19,600 square cubits, instead of 20,000.

The double aroura so calculated is 49/50 of the exact  figure, this approximation was take into account by assuming that the aroura had a side of 99 cubits instead of 100. A square with side of 99 cubits has a surface of 9801 square cubits  which con be considered the exact half of a square with a side of 140 cubits (surface of 19,600 square cubits).

Herodotos must have followed a calculation which assumes an aroura with side of 99 cubits.

The method of calculation is made clear by the Pomponius Mela from which we get that the square of the  height  and the surface of the foces is 4 iugera.

By iugerum  Mela means a double aroura with sides of 140 cubits. This way of reckoning is more simple since the height of the Pyramid is 280 cubits, If is immediately evident that if the height is 280 cubits, the  square of the  height is 4 double arourai.

But by exact  reckoning the surface is something less from 4 double  aroura; hence Mela says quattuor fere iugera, ”almost four acres’!

Herodotos must have followed the same way of computing, except  that he counted by  single  arourai with side of 99 cubits, arriving at the figure of 8 arourai.

It must be help in mind that the division according to the Golden Section was practically important in the  triplication and quintuplication of squares. It is significant in the thirteenth Book of Eudid the Golden Section is introduced in relation  to the triplication and quintuplication of squares (Proposition 1-6).

Implication and quintuplication of squares was necessary when units of surface were arronged according to the sexagesimal system. Implication is necessary for onedecimal reckoning and quintuplication for decimal reckoning.

If the side of a basic square is computed as “the part”  in a Golden Section, by addling” the rest” twice to it, there is obtained the side of a square treble in surface. If “the rest” is added twice to the  whole segment divided by  the Golden Section, there rents the side of a square quintuple in surface. In other works, 

3 may be computed as

1 x 2/ (1- 1/) and 5 as

1 x 2/ or / x 1/.

For approximations it was to 99/100 of the side of square and to add of this lenght to of

All this could calculated quite simple in practical reckoning, by using a square with side 99 instead of 100. If one tokes the side of the basic square as 99 and adds to it 3/4 of this length, obtains a side of 173,250, which is the side of a treble square (3 =1,73205), If one takes the side of the basic square which is 100 and adds to it 5/4 of 99, he obtains a length of 223.750, which is the side of a square quintuple in surface (5 = 2.23607).

This kind of reckoning may explain why the surface of the foces of the Great Pyramid is calculated by arourai with side of 99 and why the relation between the side and the apothema  is 5;4 when the pyramidion is not included in the reckoning.

THE NORTH SIDE 
The calculations were so organized as to obtain the roural figure of 439 2/7 cubits for the north side. In order to achieve this result the east side was not only rotated at the middle by 0° 03’ 00”, but also was pushed back by a very small angle hinging on the southeast corner. This angle is 0° 00’ 00.70”. This means that the obtuseness of the northeast angle is 0° 30’ 00.88”. It could be that the builders ignored all angular differences of less than a second (which is very likely) or that there was some scientific mathematical reason for makes the east side inclined slightly more than 0° 30’ 00”. I will discuss this problem later is relation to the precession of the equinoxes. If I am correct in concluding that the inclination of the west side incorporated the rate of precession of the equinoxes and that it represents 3.6 years of precession, the yearly precession is 50’ 24”.

The north side was divided by a line marked on the base stones in an eastern segment of 219 5/7 cubits and a western segments of 219 4/7 cubits. These segments were 115,087.9864 mm. and 115,162.8647 mm.; the Cole survey reports length of 115,161 and 115,090 mm., because it set the dividing point at the middle of the dividing line marked on the pyramid, whereas the western sector, which is the important one, must be counted from the edge of the marked line.

The thickness of the marked line probably was calculated as 1/112 cubits = 4.6799 mm., so that the eastern segment, excluding the dividing line, comes to 115,158.1848. It would be in order to proceed to a new survey of the north side, because this figure may have a great significance. I have explained that the base of the pyramid indicated the length of the degree of latitude at the Equator, but at first one would expect the base of the Pyramid to indicate the degree of longitude at the Equator. 

Possibly this length was indicated by the eastern segment of the north. side. If we multiply this segment by 8, that is, we assume that the entire perimeter of the Pyramid conformed to the length of the eastern segment, and then we multiply this amount by 43,500 (348,000), we obtain an equatorial circle of 40,075,048.31 meters. The figure 43,500 would be a variation on 43,200 

But in the matter of the meaning of the eastern segment of the north side, we must limit ourselves merely to suppositions, so long as no new survey corrects the obvious errors that occurred in the Cole survey.

SUMMARY OF CONCLUSION ABOUT THE GREAT PYRAMID OF GIZAH
I. My interpretation of the dimensions of the Pyramid is based on three new points, not previously made in other interpretations.

a. The value of the cubit of the Pyramid is 524.1483 mm. This datum has been obtained from the study of Egyptian units of measurement and is confirmed by Egyptian geographical records: From tests of the King's Chamber, Petrie arrived at a value of 524.052 ±0.10 mm. 

b. The study of similar monuments of Egypt, Mesopotamia and Greece proves that the Pyramid constitutes a geographical projection of the Northern Hemisphere. It is a projection in which each quadrant of 90 degrees of longitude is projected on a face of the Pyramid. The Apex of the Pyramid corresponds to the Pole and the Perimeter corresponds to the Equator. It is a projection in which the Equator is at the right scale. 

c. All ancient authors who provide data about the Pyramid, except Herodotos, prove to be derived from the description of Egypt written by Aristagoras of Miletos, about half a century after Herodotos. The collation of these texts reveals that Aristagoras provided the following information: 

1. The side corresponds to the length of 1/8 of a minute of degree, and the perimeter corresponds to ½ of a minute of degree. 

2. The apothem is 356 cubits. 

3. The length of the apothem corresponds to 1/10 of a minute of degree. 

4. The Pyramid ends with a pyramidion which may be included in the calculations, or may be excluded. The apothem is 356 cubits with the pyramidion and 351.6 cubits without the pyramidion. The apothem of the pyramidion is 4.4 cubits. 

II. Two main interpretations of the dimensions of the Pyramid have been advanced to date.

a. The interpretation championed by Petrie, according to which the Pyramid incorporates the relation . 

b. The interpretation based on the text of Herodotos, according to which the Pyramid incorporates the relation ø. 

In my opinion both theories are correct. The relation  and  were incorporated into the Pyramid, but the results were adjusted in order to indicate the correct values of the degree.

Petrie assumes that the height was set at 280 cubits and the side was set at 440 cubits, in order to indicate a relation 7/22 between the diameter and the circumference of a circle. He is perfectly correct because the height of the Pyramid represents the polar radius and the perimeter represents the equatorial circle.

According to Petrie the height was 280 cubits and the side was 440 cubits in order to indicate the value equal to 22/7. This is true in the sense that the planning began with a height of 280 cubits and a rough figure of 440 cubits for the side. According to these figures the slope would have been 51°50'34". Petrie found that the slope seems to be 51° 50' 40" ±1°5" on the North face, which is the best preserved. A slope 51° 51' 14" would give a perfect relation.

According to Petrie's figures the apothem is 356.0898 cubits. But the apothem was set at 356 cubits not only to achieve a round figure, but also to indicate a relation 89/55 between the apothem and the semi-side. The number is the limit of the Fibonacci series 1/2, 3/5, 8/13, 21/38, 55/89...The Fibonacci series, in which each number is the sum of the two preceding ones, was made known in our world by Leonardo Fibonacci of Pisa in 1204 A.D., on the basis of what he had learned in his travels in the Levant.

If the Pyramid had been calculated exactly according to the value of phi, it would have been somewhat squatter, with a slope of 51° 49' 38".

The Pyramid can be calculated both by pi and by ø, given the similarity of 2/ø-1 (2 divided by the square root of ø) with pi/2 

	  
	2/ø-1
	equal to 1.5723

	  
	pi/2
	equal to 1.57079

	  
	11/7
	equal to 1.5714

	  
	2/(89/55)-1
	equal to 1.57223


III. The Pyramid, however, was not built with a side of 440 cubits, but with a side of 439½ cubits equal to 230,362 mm. The Cole report of 1925 provides the following data for the length of the sides.

Maximum possible error in establishing the position of the corner blocks

	  
	West
	230,357 mm.
	(± 30mm. at either end)

	  
	North 
	230,253 mm.
	(± 6 mm. at either end)

	  
	East 
	230,391 mm.
	(± 6 mm. at either end)

	  
	South 
	230,454 mm.
	(± 10 mm. West end

	  
	  
	  
	± 30 mm. at East end)

	  
	Average 
	230,363.75 mm
	  


The West side was intended to have the exact length of 230.363 mm. The East side in principle should have had the same length, but for reasons that I shall explain later, there was added to it an amount of 34 mm., so that it came to be 230.397 mm. Possibly this amount was reckoned as 1/14 of cubit or 37.5 mm.

The manner in which the length of the East and West sides was arrived at explains also why the Golden Section was incorporated in the Pyramid. The Egyptians assigned cosmological meaning to the number, because it gives the trigonometric functions of several important angles:

	sin 18°
	= cos
	36°
	= ø/2

	sec 36°
	= cosec
	18°
	= 2ø


In geography and in practical land surveying, the Egyptians made extensive use of a right triangle with an angle of 36° in which one side is 100 and the the hypotenuse was 100 (2/ø). Often the hypotenuse was reckoned as 123, but more precisely it was reckoned by the mnemonic number 123.456. The correct figure would have been 123.6068.

The length of East and West sides was obtained multiplying the set value of the apothem, 356 cubits, by 2/ø or 5-1-1 taken as 1.23456... This results in a side of 439.5058 cubits, which apparently was rounded to 439½ cubits.

If the apothem of 356 cubits had been multiplied by the exact value of 2/ø the sides would have been 440.040 cubits.

The figure for the length of the East and West side was obtained by multiplying the apothem of 356 cubits by 1.23456 ..., but, if the height is 280 cubits and the side is 439½ cubits, the apothem must be 355.319 cubits:

28°2x 218.75² = 355.319²

In order to obtain an apothem of exactly 356 cubits, the South side was lengthened, given that:

356² - 280² = 219/.8545²

Apparently in the measuring rods, the royal cubit of 28 fingers (16 fingers to the foot) was divided as usual into 7 hands, but these were not divided into 4 fingers, being divided instead into 6 parts which would be half-inches. In other words, the foot was divided into 21 inches,.so that the royal cubit was divided into 21 inches The inch was divided into ha;ves of 12.480 mm. As a result the length of the South side which should have been 439.709 cubits, was measured as 439 29/42 = 439.6905 cubits = 230,463 mm.

The amount of 100 mm.= 8/42 Cubits, added to the South side, was deducted from the length of the North side, making it 439 13/42 cubits= 230,263 mm.

According to this reckoning the South and North sides averaged 230,363 mm., which is the length of the West side. Cole reports the following findings:

	  
	  
	North side
	230,253 mm.

	  
	  
	South side
	230,454 mm.

	  
	Average
	  
	230,353 mm.

	  
	  
	  
	  


Later, we shall deal with the reason why the South side was made longer and the North side was made shorter. For the same reason the East side was made 3 half-inches or 37.4 mm. longer than the West side, so that it came to be 230,400 mm. The East side was 439 24/42 = 439 4/7 cubits.

In conclusion, the length of the sides, as I have calculated it, corresponds most closely with Cole's findings:

Intended Lengths Cole's Findings

	  
	North Side
	439 13/42
	cubits=230,263 mm.
	230,253 mm. ±8

	  
	West side
	439½
	cubits=230,363 mm.
	230,357 mm. ±0

	  
	East side
	439 24/42
	cubits=230,400 mm.
	230,391 mm. ±3

	  
	South side 
	440 29/42
	cubits=236463 mm.
	230,454 mm. ±8


Cole's findings are consistently lower by a few millimeters (6,10, 9 and 9mm.) than the figures I have obtained by calculation. This suggests that the discrepancy corresponds to the error of the Egyptian builders in making straight lines on the ground. The most common error in surveying is that of coming short, because of the difficulty in following an absolutely straight line.

From what I have said it follows that the intended figures were:

	  
	West side
	2' 30" 
	W of true N

	  
	North side 
	2' 30"
	N of true E

	  
	East side
	5' 30"
	W of true N

	  
	South side
	2' 00"
	N of true E


These figures appear even more amazing when we compare them with those reported by Petrie for the Second Pyramid of Gizah:

	  
	West side
	4' 21"
	W of true N

	  
	North side
	5' 31"
	N of true E

	  
	East side
	6' 13"
	W of true N

	  
	South side
	5' 40"
	N of true E


First of all we notice the same contraction of the North side as in the Great Pyramid. These is also an improvement in the pattern, which however, makes the construction more difficult. Apparently the North sides were intended to be parallel and to be at an angle of 5' 30" with the meridian: this is the same angle that occurs in the East of the Great Pyramid.

Possibly the West and East sides were intended to be an angle of 1' 50" , 1/3 of 5' 30" , with each other. If the figures of Petrie are correct, 1' 10" of this angle was assigned to the West side and 0' 40" was assigned to the East side. The figures could be also 1' 00" and 0,450"

In conclusion, the orientation of the sides of the Second Pyramid may have been:

	  
	West side
	4' 30"
	W of true N

	  
	North side
	5' 30"
	N of true E

	  
	East side 
	6' 15"
	W of true N

	  
	South side
	5' 30"
	N of true E


In order to interpret these figures it would be necessary to know the exact orientation of the galleries of the Great Pyramid. At present my tentative interpretation is that the sides were at an angle because they were related to sighting devices.

An angle of 0' 15" corresponds to a second of time in the apparent motion of the stars.

An obtuseness of 0° 00' 30" in the SU angle causes a lengthening of the East side in relation to the West side which is reckoned by tan 0°00" 30"=0.0001455 as 33.5 mm. If we suppose that lengthening was rounded up to 3 half-inches or 37.4 mm., the obtuseness of the SW angle becomes ° 00" 33", the tangent of which is 0.0001600, implying a lengthening of the East side by 36.85 mm.

In conclusion, it appears that the sides of the Pyramid were calculated with phenomenal precision.

IV. According to Cole, the orientation of the sides of the Pyramid was the following:

	  
	West side
	2' 30"
	W of true N

	  
	North side
	2' 28"
	N of true E

	  
	East side
	2' 28"
	W of true N

	  
	South side
	1' 57"
	N of true E


From what I have said it follows that the intended figures were:

	  
	West side
	2' 30" 
	W of true N

	  
	North side
	2' 30" 
	N of true E

	  
	North side
	5' 30"
	W of true N

	  
	North side
	2' 00"
	N of true E


Those figures appears even more amazing when we compare them with those reported by Petrie for the Second Pyramid of Gizah:

	  
	West side
	4' 21" 
	W of true N

	  
	North side
	5; 31"
	Nof true E

	  
	East side
	6' 13"
	W of true N

	  
	South side
	5' 40"
	N of true E


First of all we notice the same contraction of the North side as in the Great pyramid. There is also an improvement in the pattern, which, however, makes the construction more difficult. Apparently the North and South sides were intended to be parallel and to be at an angle of 5' 30" with the meridian" this is the same angle that occurs in the East side of the Great Pyramid.

Possibly the West and East sides were intended to be an angle of 1' 50" , or 1/3 of 5' 30" with each other. If the figures of Petrie are correct, 1' 10" of the angle was assigned to the West side and 0' 40" was assigned to the East side. The figure could be also 1' 00" and 0' 5”.

In conclusion, the orientation of the sides of the Second Pyramid may have been:

	  
	West side 
	4' 30"
	W of true N

	  
	North side 
	5' 30" 
	N of true E

	  
	East side 
	6' 15" 
	W of true N

	  
	South side 
	5' 30" 
	N of true E

	  
	  
	  
	  


In order to interpret these figures it would be necessary to know the exact orientation of the galleries of he Great Pyramid. At present my tentative interpretation is that the sides were at an angle because they were related to sighting devices.

An angle of 0' 15" corresponds to a second of time in the apparent motion of the stars. 

V. the four sides of the Great Pyramid have a basic length of 439 1/2 cubits. This length was intended to indicate the length of the degree at the Equator.

they indicate a minute of degree of 1,842.905 m. and a degree of 110;574 m.

According to modern calculations a minute of latitude at the Equator is:

	  
	by Clarke Spheroid of 1866
	1,842.787 m.

	  
	by International Spheroid 
	1,842.925 m.


The addition of the pyramidion was intended to indicate the assumed elongation of the Earth at the poles

The apothem indicates 1/10 of minute of degree. The apothem without the pyramidion gives the same values as the basis. The apothem with the pyramidion (356 cubits) gives the length of the degree at the Pole"

	  
	356 cubits =
	186,596.8 mm.

	  
	minute of degree 
	186,5968 m.

	  
	degree 
	111958 m


Present value for minute at Pole

	  
	Clarke Spheroid of 1866
	1,861.656 m.

	  
	International Spheroid
	1,861.666 m.


However, the apothem on the West side conformed, the side which conformed to the basic length at the basis, was 355.319 cubits, would indicate a minute of 1,862.398 m. 

The Second Pyramid

1. The Second Pyramid is almost as high as the Great Pyramid, but because it was built on higher ground it appears higher. The height of the Great Pyramid was 279.53 cubits=146.515 meters, whereas the height of the Second Pyramid was 274.867=144.302 meters. If the pyramids had been built merely for the purpose of erecting impressive monuments, as many believe, it would have been easy for the builders of the Second Pyramid to outdo the height of the Great Pyramid. But there were mathematical reasons why the Second Pyramid could not be higher.

The base of the Second Pyramid is smaller than that of the Great Pyramid: 410 cubits on each side against 439 ½. In spite of this, the Second Pyramid was the product of a tremendous construction enterprise: its volume is only about 1/7 less than that of the Great Pyramid. The volume of the Second Pyramid was 15,402,777.78 cubic cubits, whereas the volume of the Great Pyramid was 18,000,000 cubic cubits. However, the cubit of the Second Pyramid is the standard cubit of 525 mm. whereas the cubit of the Great Pyramid is the lesser cubit of 524.1483 mm. The cube of the second cubit has a volume of 144 liters, whereas the cube of the first cubit has a volume of 144.703125 liters. In cubic cubits of the Great Pyramid the Second Pyramid had a volume of 15,477,986.65 cubic cubits.

As a construction project the main inferiority of the Second Pyramid is the lack of elaborate inner chambers such as occur inside the Great Pyramid.

Even though the slope of the Second Pyramid is only about 2 ½ degrees sharper than that of the Great Pyramid, the Second Pyramid impresses the observer by its steepness. This is in contrast with the balance between horizontal and vertical thrusts in the Great Pyramid: this balance may be the result of the use of the Golden Section in the proportions of this pyramid. In the Second Pyramid the triangularity of the faces appears strongly emphasized. This emphasis could be related to the fact that in all dimensions of the Second Pyramid, the number 3 is the key to the figures; even the volume, as we shall see, was calculated as 3,327,000 cubic nebiu; this figure was obtained by multiplying 1,109,000 by 3,

809 1/60 atur

12,135.250

6,371,006.25

1,108,998,656

3,326,995,967

From Petrie’s survey I have concluded that the volume of the pyramid was 3,326,995 modified by increasing the slope to 53° 17’ 00”. 

Petrie reported that the best empirical datum about the slope of the Second Pyramid was provided by the face of the casing block, which he found to be 53° 14’ ± 05’

The slope was increased to 53° 17’ not only to obtain the right volume, but also to obtain an apothem of 600 feet = 180.00 meters. Greek authors in describing the pyramids of Gizah, stress that these pyramids are stadiaai, ”of stadium size,” meaning that the apothem is a stadium long. The concept of stadium embraced several slightly different entities: the most important one was a unit of 600 feet; the second was the length of 1/10 of minute of latitude. The apothem of the Great Pyramid, as I shall have occasion to explain at length, was calculated as 1/10 of minute of degree. The apothem of the Second Pyramid on the contrary, was stadium-long in the sense of being 600 Egyptian feet of 300 mm. The apothem of the Great Pyramid is about 1/24 longer than that of the Second Pyramid.

From the report of Petrie one gathers that the base of the Second Pyramid was 246 nebiu in the direction East-West but was increased over 246 nebiu by one finger (1/28 of cubit) in the direction North-South. This increased the surface of the base by a small amount in order to arrive at a pyramid the volume of which was exactly 3,327,000 cubit nebiu.

By raising the slope to 53° 17’, the volume of the pyramid come to be 3,326,706.136 cubic nebiu. But the builders wanted to arrive at volume closer to the intended figure of 3,327,000 cubic nebiu. Hence, they increased the surface of the base. The dimension of the base was left at 123 nebiu = 205 cubits in the direction East-West, but was increased by one finger (1/28 of cubit) in the direction North-South.

By this small increase the surface of the base came to be 60521.27143 square nebiu instead of 246² = 60,516 square nebiu. As a result of this small increase of about 5 squarenebiu, the volume of the pyramid came to be 3,326,995.918 cubic nebiu.

As I have said the intended figure was 3,327,000 cubic nebiu. That there was the mentioned small incrase in the surface of the base can be gathered from Petrie’s survey of the base.

I have mentioned the figures 3,327,000 cubic nebiu, because this is a figure that the builders had in mind. But they aimed at extreme precision beginning from an average radius of the northern hemisphere of 809 1/60 atur. Counting from this figure the volume of the hemisphere is 1,108,998,656 cubic atur and hence the volume of the pyramid should be 3,326,995.967 cubic nebiu. 

From Petrie’s survey I have concluded that the volume of the pyramid was 3,326,995.918 cubic nebiu.

One could hardly ask for more exquisite precision in calculation.

If the volume of the pyramid is 3,327,000 cubic nebiu and the pyramid was intended to correspond to the volume of the northern hemisphere according to a scale of 3 cubic nebiu for each 1000 cubic atur, the volume of the northern hemisphere is

1,109,000,000 cubic atur.

This means that the northern hemisphere was has assumed to have an average radius of 

	809.00169936 atur 
	= 12,135,254.9 cubits 

	 
	= 6,371,008.825 meters 


Since the scale is 3 cubic nebiu for 1000 cubic atur of volume, scale is 3 5³/3³: 15,000³ x 1000 = 1:243,000,000,000,000.

But the scale of geographic representation was calculated by the Egyptians, as it is by us, according to linear units.

The pyramid had a volume of 3,327,000 cubic nebiu; this is the volume of a hemisphere with a radius of 

116.6804411 nebiu

194.4674019 cubits 

In linear units the scale is 

1:³ 243 x 10¹² = 1: 62,402.51469

This means that if a hemisphere equal in volume to the pyramid has a radius of 194.4674019 cubits, the northern hemisphere is understood to be 194.4674019 x 62,402.51469 = 12,135,254. cubits = 6,371,008.794 meters.

As I will have occasion to explain, Petrie obtained not too reliable results in measuring the base of the Great Pyramid, but was much more successful in measuring the Second Pyramid. One of the reasons is that the bottom layer of the casing of the Second Pyramid is of granite, a hardy material, whereas that of the Great Pyramid is of limestone and badly eroded.

Petrie’s data about the sides of the Second Pyramid are the following:

	West 
	8475.5 inches 
	= 215,277.6 mm. 

	North 
	8471.9 
	= 215,185.9 

	East 
	8475.2 
	= 215,269.7 

	South 
	8476.9 
	= 215,312.9 


Petrie reported also the following data about the orientation of the faces;

	West 
	4’21” north of true east 

	North 
	5’31” west of true north 

	East 
	6’13” north of true east 

	South 
	5°40” west of true north 


Petrie made no attempt interpret his own finding. In interpreting them one must remember that he was much more successful measuring linear distances, than in measuring angles.

In my opinion the figures indicate that the pyramid was rotated slightly to the west of true north. The North side was shorter than the other sides, as is the case in the Great Pyramid.

My understanding is that the base of the Second Pyramid had the shape of a regular trapeze. The North side and South side were parallel to each other. The West and the East sides were rotated at the middle by ½ minute toward the center of the North side. I assume that the standard length of the sides was 246 nebiu = 410 cubits = 215,250 mm. The rotation of West and East sides would cause a shortening of the North side and a lengthening of the South side by 62.6 mm.

I would expect the North side to be 215,187.4 mm. and the South side to be 215,312,6 mm. My tentative conclusions agree almost perfectly with Petrie’s findings.

But the distance between the North side and South side, which in my opinion were parallel each other, is reported by Petrie as 215,277.4 or 215,269.7 mm. My understanding is that the distance between the North and South sides was increased by 3/120 of nebiu = 21.875 mm.

The scale of these two pyramids was suggested by the circumstance that the average radius of the northern hemisphere was taken as:

12,135,250 cubits

809 1/60 atur

= 6,371006.25 meters

This suggested the scale 1:120,000 for the Third Pyramid. For the same reason the scale of the Second Pyramid was 1;60,000, adjusted in the final reckoning to 1:62,402.5.

Egyptian Estimates of the Size and Shape of the Earth

1. In considering ancient data about the size of the earth, it must be kept in mind that the mathematicians of those times had a problem we do not have today. Since people could not consult printed numerical tables, some of the basic data had to be expressed by round figures that could be easily memorized; the other data would be derived from those expressed in round figures.

In Egypt the scientific basis for the calculation of geodetic measures was the geographic foot or geographic cubit (1 cubit=1½ feet):

Geographic foot=307.7956704 mm

Geographic cubit= 461.6935056 mm.

In practice the geographic foot was the edge of a cube with a volume of 29.160 liters (artaba). In principle the geographic foot was obtained by dividing a degree into 600 stadia of 600 feet each (360,000 feet to the degree). The degree taken as reference was the average degree of latitude in Egypt: it was assumed that the arc of meridian that goes from latitude 31°30’ N to latitude 24° 00’ N, that is from the northern limit of Egypt to the First Cataract, had length of 2,700,000 feet or 1,800,000 cubits. This was considered the length of Egypt: 7½ degrees or 1/12 of the distance from the equator to the pole counting in degrees. It was assumed that Egypt has a length of 831,048.31 meters. It could also be said that the degree at the middle latitude of Egypt, 27° 45’ N, has a length of 110,806.64 meters. The importance of latitude 27° 45’ N for Egypt was underscored when King Akhenaten chose this latitude as the setting for his new capital, Akhetaten.

In the calculation by geographic units the equator was assumed to be

	feet
	cubits
	stadia
	meters

	130,200,000 
	86,800,000 
	217,000 
	40,074,996.29 


The figure of 217,000 stadia for the equator is a striking round figure, since, if the earth were a sphere, a great circle would be 216,000 stadia, since a degree by definition is 600 stadia (360 x 600 = 216,000).

The Egyptians calculated that the polar flattening is 1:298.6. Accordingly the polar radius was:

	feet
	stadia
	meters

	20,721,973.59
	34,536.62265
	6,378,133.75 


In the Third Dynasty the Egyptians adopted the septenary royal cubit of 525 mm. as their standard of lineal measurement. The royal cubit was considered as a symbol of the very structure of Egypt itself. The royal cubit was obtained by taking the basic foot of 300 mm., which is the starting point of all ancient linear measures, and deriving from it a cubit of 450 mm.; then to this cubit divided as usual into 6 palms or 24 fingers, there was added one more palm obtaining a cubit of 7 palms or 28 fingers (525 mm.) The ancient and medieval custom of referring to increased units by the term ”royal,” possibly is of Sumerian origin, since in Sumerian lugal means ”great” and ”royal.”

The royal cubit of 525 mm is the edge of a cube containing 5 artabas (the artaba is that cube the edge of which is a geographic foot) o4 145.80 liters. The geographic cubit relates to the royal cubit as 1:6/7 x 3Ö 25.

According to calculations by the royal cubit of 525 mm., the equator was assumed to be:

	cubits
	atur
	meters

	76,333,333.33
	5,888,88 
	40,075,000.00 


In this case the equator was reckoned as almost 4 meters longer than according to the calculation by geographic units; but the values of the radii are hardly affected since they came to be 

Equatorial radius 12,148,823.32 cubits = 6,378,134.34 meters

Polar radius 12,108,141.36 cubits = 6,356,774.21 meters

The calculation by royal cubits of 525 mm had the advantage that the basic dimension of the earth could be expressed easily in terms of atur (an atur is 15,000 royal cubits). The equatorial radius, begin 809.9218215 atur, could be taken as 810 atur = 6,378,750 meters. The polar radius, being 807.209424 atur, could be taken as 807.2 atur = 6,356,700 meters. The average radius, being 809.0176889 atur = 6,371,014.30 meters could be taken as 809 atur = 6,370,875 meters.

It was easy to remember that the equatorial radius is 810 atur and that the average radius is 809 atur. These round values are only a few hundred meters off the absolutely exact figures.

The calculation of the average radius as 809 atur could be made practically perfect by taking the value as 809 1/60 atur = 809.0166667 atur = 12,135,250 cubits = 6,371,006.250 meters.

Given an ellipsoid of revolution, there is in principle a difference between the radius of a sphere of the same surface and the radius of a sphere of the same volume, but the difference is trivial. The two radii are practically identical with the average radius of the ellipsoid. As far as I have been able to establish, the Egyptians calculated the surface and volume of the earth by the average radius of the ellipsoid. As far as I have been able to establish, the Egyptians calculated the surface and volume of the earth by the average radius.

It was found that for the calculation of the length of the degrees of latitude, particularly in Egypt, it was more convenient to compute by a reduced variety of the royal cubit, a royal cubit of 524.1482788 mm., which is the edge of a cube containing 144 liters.

I have published a table that shows that on the basis of the lesser royal cubit there had been constructed a mnemonic formula that gives the length of all degrees of latitude from the equator to the pole.

The Great Pyramid of Gizah, which incorporates the values of the degree of latitude, was planned by the lesser royal cubit, but the Second and Third Pyramid, which incorporate the total dimensions of the entire earth, were planned by the royal cubit of 525 mm.

If one reckoned the size of the earth by the lesser royal cubit, the equator could be taken as:

	khet
	atur
	cubits
	meters

	218,450 
	5,097.166 
	76,457,500 
	40,075,067.03 


The khet is the Egyptian stadium: there was a khet of 600 geographic feet (1284.67740 meters) and a khet of 350 royal cubits (183.455190 meters).

Good values were obtained by employing round figures expressed in atur.:

Equatorial radius 811¼ atur = 6,378,229 meters

Polar radius 808½ atur = 6,356,608 meters

Average radius 810 1/3 atur 6,371,022 meters

These values are incorporated in the architecture of the Complex of King Zoser (Third Dynasty), the first large stone construction in the history of Egypt.

The average radius could be expressed by the round figure of 810 1/3 atur = 12,155,000 cubits, which is an excellent approximation to the exact figure. This was important because the surface and the volume of the earth, being huge quantities, were calculated in square and cubic atur, starting from the length of the average radius.

2. Geodesic Surveys. Since the shape of the earth is irregular, today we try to express its dimensions by constructing an ellipsoid, called ellipsoid of reference, which fits as closely as possible the actual contour of the earth, called the geoid in scientific language. It is a striking fact that the Egyptians resorted to the same procedure.

In the second half of the eighteenth century A.D. a number of French scholars came to the conclusion that ancient linear units of measure were related to the length of the arc of meridian from the equator to the pole. They concluded that all Greek statements about the size of the earth provide the same datum, except that different stadia were employed. Several ancient authors used different figures and different stadia to say what Aristotle says in De Coelo (298B), namely, that the circumference is 400,000 stadia. The scholars of the French Enlightenment were hampered by the lack of modern exact data about the size of the earth. Today I can state that Aristotle counted by a stadium of 300 barley feet (the barley foot is 9/8 of the Roman foot), stadium of 99,881.59 meters; he meant that a great circle is 39,952,636 meters. What Aristotle said is the same as was said by the romans when they counted a degree (of latitude) as 75 Roman miles (a mile was 5000 Roman feet of 295.9454489 mm.) The Roman foot is the edge of a quadrantal (80 librae in volume), which is a cube containing 8/9 of artaba (the cube the edge of which is a geographic foot).

Some twenty years ago when I arrived at establishing the data that I have just listed I considered them breathtaking. It was only later that I realized that the ancients were aware of the fact that the degrees of latitude become longer as one approaches the poles. I discovered that the units used in Greece and Rome (and also in Mesopotamia, except for the very early period) were based on the length of the degree of latitude at latitude 37° 42’N, latitude of Mycenae. Herodotos refers to it as the latitude of the Heraeum of Samos in comparing Greek units with the Egyptian ones.

In 1971 I believed that I was uttering a daring statement when I published that the Egyptians had reached the level of precision achieved by the great geodetic surveys conducted at the beginning of this century. It was only later that I was forced to realize that the Egyptians had reached the level of precision which we have reached in the last decade thanks to the new techniques of space exploration.

At the beginning of this century a new level of precision was achieved in the field of geodesy, because for the first time surveys were conducted by marking enormous arcs that spanned an entire continent. I am referring to the surveys directed by the German scholar F. R. Helmert (completed in 1907) and by the American scholar J. F. Hayford (completed in 1909). Basically Helmert and Hayford used the same method that was used by the French surveys of the eighteenth century: marking by optical means series of geodetic triangles over an arc of latitude or longitude. However, the later scholars could also use heavenly bodies, of which the closest is the moon, in order to calculate distances on the surface of the earth; then, astrogeodesy was the only method available to measure across large bodies of water. Hayford submitted the following figures:

Equatorial radius 6,378,388 meters

Polar flattening 1:298.3

On the basis of the information available to us today, we can say that Helmert came rather close to the correct figure. But for half a century scholars usually gave more weight to Hayford’s figures. According to the vote of an international meeting of 1924, it was generally agreed to adopt the Hayford ellipsoid as the International Ellipsoid. As late as 1967, Weikko A. Heiskanen, who was then the greatest authority on geodesy, declared that the Hayford ellipsoid ”can be considered a best-fitting ellipsoid for the whole earth.” (Physical Geodesy, p. 215).

In my publication of 1971 I compared the Egyptian data with Hayford’s figures, but I pointed out that the Egyptian data happened to be closer to Helmert’s figures. At that time I could not know that the explanation of this fact was that the Egyptian data were even better data than those then generally accepted by modern scholars.

For about thirty years the methods of geodesy remained those of the surveys of Helmert and Hayford. In 1938 the Soviet Union completed a survey which had the purpose of establishing a geodetic grid for the immense extension of the country. It was a major effort (the scholar who directed it, Krassowsky, received a Stalin prize in 1952), which arrived at the following basic data:

Equatorial radius 6,378,245 meters

Polar flattening 1:298.3

The understanding of scholars was that, if one put together the Russian data with the data of Hayford and Helmert, one would have an indication of the degree of precision that could be reached.

The methods of geodesy began to change during World War II when there was introduced electronic surveying. One advantage of electronic surveying is that it permits measurement of distances over large bodies of water. Today we no longer use optical means in surveying except for minor local work.

From World War II on, huge amounts of talent and technical means were invested in the improvement of surveying techniques, because of the military interest. It is obvious that the ability to pinpoint mathematically the position of a target is fundamental in an age in which there are weapons such as rockets.

The U.S. Army Map Service, in an effort completed in 1956, tried to improve on all the surveys conducted up to that time by marking on the surface of the earth segments twice as long (about 100 miles in length) as the longest marked up to that time. The following map indicates the arcs used in the AMS survey.

It is remarkable that the U.S. Map Service chose to follow the course of the Nile and to extend the line indicated by the Nile north across eastern Europe. The Egyptians had surveyed the entire course of the Nile from the equator to the north. There is ancient information about the latitude of the junctions of the Nile with its several tributaries. To the north of Egypt the Egyptians were able to count across the Mediterranean and the Black Sea, marking reference points on the southern and northern coast of Turkey and in Crimea. In southern Russia they marked a huge base line along latitude 45° 12’N and from this base line they surveyed the great rivers of Russia as if they were an extension of the Nile.

The AMS found it expedient to extend the course of the Nile to the north and then to cross it with an arc of parallel cutting across Europe. The Egyptians extended the line of the Nile to the north until it met latitude 45°12’N in Crimea. The line of this latitude met with an arc of meridian which went along latitude 45°12’N from the mouth of the Danube to the junction of the Po with the Ticino and was the starting point of the prehistoric geography of Europe.

3. Satellites. The data of geodesy were completely revolutionized when in 1960 there began to be launched artificial satellites (Echo 1, 12 August, 1960). The satellites made it possible to collect in a rapid time thousands of data all over the surface of the earth, including the surface of the oceans. Essentially the accuracy of these data depends on our ability to locate the position of the satellite; for this we can rely on new tools such as the laser beam. Satellites can be used to carry gravimetric and telemetric instruments, but the main value of satellites is that they change the angle of their course according to any variation in the gravitational pull on the surface of the earth. The course of a satellite responds to any undulation of the surface of the earth.

In principle the tracking of the course of a satellite is a standard problem of astrodynamics: the course of a satellite is similar to that of a planet or a moon. A satellite follows an elliptic orbit in which the earth occupies one of the foci. But what concerns geodesists are the perturbations in the orbit which are determined by the irregularities in the gravity field, which in turn are related to irregularities in the shape of the earth. The use of satellites for geodetic survey has required not only the development of new technical devices, but also great advances in mathematical methods.

In 196, when the use of artificial satellites was at the beginning, the International Astronomical Union meeting in Hamburg, adopted as the proper ellipsoid of reference the following one:

Equatorial radius 6,378,160 meters

Polar flattening 1:298.25

Today there is universal agreement that 1:298.25 is the best figure; the only question under study is whether this figure can be improved by the addition of a decimal point.

In 1975 NASA used the following data:

Equatorial radius 6,378,147

Polar flattening 1:298.255

These figures can be considered substantially final. A flattening of 1:298.255 implies a polar radius of 6,356,783 meters. If the flattening had been calculated as 1:298.25, as it is currently, the polar radius would have been 3.5 meters less.

4. Irregularities in the Shape of the Earth. Today research is directed at establishing the actual surface of the geoid by comparing it with the ideal line provided by the ellipsoid of reference. The aim is to achieve an accuracy within the range of one meter. The latest efforts are directed at the improvement in the precision of maps on which there is indicated the actual sea level in each area of the globe as being above or below the theoretical line of the ellipsoid of reference. The greatest discrepancies have been found to be a trough (about -110 meters) in the Indian Ocean, south of the southern tip of India, and a bump (about +85 meters) at the middle of the island of New Guinea.

There are not many areas on dry land where the actual surface of the geoid comes close to the theoretical surface of the ellipsoid, but such coincidence does occur along an arc of meridian that begins at the equator, follows the course of the Nile, and continues in southern Russia up to about latitude 55°.

When we compare the latest modern figures with the Egyptian ones, we must keep in mind that modern figures aim at establishing al ellipsoid of reference which fits as close as possible the average contour of the entire globe, whereas the Egyptians were concerned only with the northern hemisphere.

The Egyptians pyramids were intended to be models in scale of the northern hemisphere. In terms of our way of thinking we can grasp better the shape of the pyramid if we try to think in terms of an octahedron of which the lower half is buried underground.

However, the Egyptians never indicated that a pyramid extends underground. The base of the pyramid represents the equator and nothing is considered below what was called the Equatorial Nile. In Mesopotamia, however, cuneiform texts clearly indicate that the ziggurat Entemenaki of Babylon (the Biblical Tower of Babel), which also was a model of the northern hemisphere, was to be understood as extending as much underground as it extended above ground.

Where there is set an ellipsoid of reference, compromises have to be made. In relation to the current ellipsoid of reference, the values of which I have mentioned above, the actual north pole is 19 or 20 meters higher, and the actual south pole is about 27 meters lower, than the line of the ellipsoid of reference. Therefore, when modern calculations arrive at figures like 6,356,757 meters for the polar radius, whereas the ancient Egyptians had settled for a figure equal to 6,356,774 meters, it must be concluded that the Egyptians had been most precise, since their figure for the polar radius applied only to the northern hemisphere.

The latest modern calculations assume that the equatorial radius in the ellipsoid of reference should be about 6,378,142 meters. But it is recognized that the actual circle of the equator has an average radius which is about20 meters less. In calculating the equator in the ellipsoid of reference there must be chosen a figure that makes allowance for a substantial bulge in the contour of the geoid in the area south of the line of the equator. There is also a lesser bulging in the northern hemisphere around latitude 60°.

The Egyptians set the equatorial radius at about 10 meters less than the modern figures, because they did not take into account the dimensions of the southern hemisphere.

In conclusion, the Egyptian data about the size of the earth, on the basis of which they set their system of measures, were as precise as those that have been obtained by the latest technical and mathematical advances in space research.

6. Mexican data. Another astonishing result is obtained when one compares the Egyptian figures with those derived by Hugh Harleston from his study of the Mexican pyramids of Teotihuacan. He has concluded that these pyramids were planned by a unit which he calls hunab and estimates it as being 1,059.46309 mm. On the basis of my interpretation of the architecture of Teotihuacan, I would say that the hunab is a double unit and that we are dealing with a unit of 529.731547 mm., similar to the Egyptian royal cubit. I have some legitimate claim to discuss the architectural structure of the Mexican pyramids, since Harleston based the first step of his interpretation on my interpretation of the geometry of the ziggurat of Babylon. But, in any case, Harleston says that the hunab was intended to be such that 6,000,000 hunab are equal to the polar radius: polar radius of 6,356,778.6 meters. The Mexican data obtained completely independently by Harleston, coincide perfectly with what I have derived from my latest reexamination of the Egyptian data.

The Egyptians too calculated the polar radius as close to 12,000,000 royal cubits. They counted that the polar radius was 12,108,141 royal cubits of 525 mm. I shall have occasion to demonstrate that the initial plan of the Third Pyramid of Gizah was a representation in scale of the northern hemisphere based on the assumption that the polar radius was 12,000,000 cubits. In a second step the surface of the base of this pyramid was increased by a few minutes in order to arrive at a pyramid related to an average radius of 809 1/60 atur = 12,135,250 cubits according to a scale of 1:120,000.

The initial plan of the Second Pyramid was based on a scale 1:60,000; but this figure was slightly modified in the final plan. Similarly, I have published the information that the builders of the Great Pyramid began with a scale of 1:43,200 (1:360 x 120), since the perimeter of the base, which represents the equator, has the length of half a minute of degree. But in the final plan, the scale 1:43,200 was slightly modified, because of the specific length of the degree at the latitude of the equator.

What I want to emphasize at this point is that the system of linear units of Teotihuacan in Mexico was based on a polar radius divided into 6,000,000 or 12,000,000 units, and that a similar reckoning had been incorporated into the Second and Third Pyramids of Gizah. 

GEOGRAPHY OF EGYPT AND MAPPING OF THE SKY
If the  Earth were a sphere the degree of longitude would become 6/7 of the degree at the Equator at latitude 31°00’ (cos 31°-0.85717; 6/7=0.85714), but according to the actual shape of the Earth it becomes 6/7 at latitude 31° 06’. According to the presently accepted theoretical geoid the degree of longitude is 111,321 m. at the Equator and 95,406 m. at 31° 06’ at sea level. (6/7 111,321-95,418). This is the reason why there is a wavering of 06’ in the Egyptian calculations of latitude.

This wavering was related to the fact that the southern limit of Egypt in a narrow sense, the Little Cataract, extends from 24° 06’ N (Philae) to 24° 06’N (Syene). Southern Egypt was calculated as extending 6° of latitude, either from 24° 00’N (Philae) to 30°00’N (point Pi-Hapy) or from 24°06’N to 30°06’N (Apex of Delta). Northern Egypt was conceived as being one additional degree, so that altogether the two Egypts had a length of seven degrees. This is the reason why the Pharaoh wears wears two crowns superimposed on each other, even though the concept of “crown” was associated specifically with Northern Egypt. The column originated as a symbol of Egypt: the shaft represented Southern Egypt and the capital Northern Egypt, which had the shape of a triangle. This is the reason why Vitruvius (De architectura, IV,3,4) states that the Doric column has a diameter of 2 units and a height of 14, of which the capital is one; the reason for the duplication of the height will appear below.

The  Egyptians related the extension of their country with the ordering of the sky. In the sky the most important line is the Ecliptic, which is the  equivalent of the Tropic on Earth. All the planets move within 7°, north and south, of the Ecliptic. Since the Ecliptic is at an angle of 24° (counting in round figures) with the Equator, no planet reaches a point further north than 31°. For the mapping of the sky it is enough to draw a map extending up to 31° 00’N, assuming the Tropic and the Ecliptic to be at 24°00N. The area of the sky in which the planets move was considered the inhabited part of the sky. The Egyptians conceived of the sky as a cylinder extending up to latitude 31°. This part of the sky could be mapped by a Mercator projection, since the degree of longitude up to latitude 31° shrinks of only 1/7. This cylinder could be unfolded into an oblong; hence, at times, the inhabited sky and the inhabited earth is described as an oblong. The sky above latitude 31°N was conceived as a huge hole, empty and uninhabited space. No stars in this area received attention except the circumpolar stars. On Earth the inhabited world, called Oikoumene, “the inhabited,” by Greek geographers, was conceived as extending up to latitude 31°00N (or 31°06N if the Tropic and Ecliptic are set at 24°06’N, latitude of Syene).

In mapping of the sky, the cylinder could be divided into 12 squares of 30° by 30°, a square for each zodiacal constellation. The same applied to the mapping of the Earth; the Mediterranean, the Great Green for the Egyptians, was conceived as being the beginning of the empty space, corresponding to the great wasteland of the sky.

But there was the complication that the inhabited sky and Egypt extended to latitude 31°N. This problem was solved by using a technique employed in land surveying. Since a square has an irrational diagonal, one substituted for it a near-square with sides related as 20:21, which has a diagonal 29. This near-square is frequently used in cuneiform mathematical calculations (called basi in Sumerian). In Mesopotamia there are temples belonging to the preliterate period (around 3000 B.C.) that have sides related as 20:21. Many Egyptian tombs of the early dynasties have this proportion. Most Greek temples were planned according to this near-square, which had acquired a cosmological meaning. In mapping the sky and the Earth, the circuference was divided into 12 near-squares of 30° of longitude and 31° 30’ of latitude. Hence, Egypt was conceived as extending up to latitude 31°30’N. The point at 31°30’ on meridian 31°14’E (the meridian of the Delta) was called Behdet, “Crown.” It corresponds well to the northernmost point of the estuary of the Nile. Behdet was the capital of Egypt in predynastic times.

Basically, Egypt was conceived as extending 7° north of the Tropic, to the base line of the Delta, being divided into 6° for Southern Egypt and an extra 1° for Northern Egypt.. This is the reason why in Egypt there was a cubit of 6 palms (450 mm.), as in all other cultures of the ancient world, but the official standard was the royal cubit of 7 palmse (525 mm.). The king of Egypt holds in his hands the cubit of 7 palms, from which we derive the concept of scepter. This cubit represents the length of the two Egypts and also as much as Mercuty (thot, the god of measuring and mathematics) deviates from the line of the Ecliptic. The width of the zodiacal band, the great highway (hodos in Greek) in which the Sun and the planets move, which is 14° is determined by the planet, Mercury, that deviates the most from the Ecliptic. The movement of the planets is described as a race in a stadium, the width of the stadium with a width of 14° and a length of 360°; at times the movement of the planets is described as a ball game in a similar oblong.

According to this conception, the zodiacal band is divided into 24 oblongs of 14° x 15°, or for more regularity into 24 squares of 15° x 15°. Two squares correspond to a constellation. this is one reasy why Egypt was conceived as extending either 7° or 7° 30’ north of the Tropic. This is the reason why the Doric column has 24 faces. This is the reason why the typical Greek temple is built on a rectangle composed of two near-squares with proportions 20:21. The surface of a remple represents a constellation in the sky. The Latin word templum (derived from the Sumerian temen) makes clear that the pattern of a temple is related to the mapping of the sky; for the Latins to make a templum meant to divide the sky into a system of squares.

For the sake of mapping the inhabited sky, it is enough to draw a map extending to latitude 31°30’N. This map can be divided into twelve near-squares with sides 30° and 31° 30’. The same procedure can be used in mapping Egypt and the areas to the east and west. When it became necessary to map the Earth to the north of Egypt, the extension of the inhabited earth was duplicated to 63°00’ N. This is the reason why Ptolemy places the limit of the Oikoumene at 63° N. On the supplementary zone 31° 30’N to 63°00’ N there was marked a supplementary line of the Tropic at 45° 12’N which was identified with the course of the Danube and the Po; the reference points are the mouth of the Danube and the confluence of the Ticino with the Po.

System A
The Egyptians set their basic geodetic point at the Apex of the Delta, that is, where the Nile begins to divide. This point is in the island al-Warraq, in the center of the modern city of Cairo, at 30° 06’N 31° 14’E. Hence, they chose meridian 51°14’E as their basic longitude. This meridian divides the Delta of the Nile into two equal parts and marks well the main course of the Nile up to its sources at the Equator, at Lake Victoria.

In fixing the basic latitudes they met with a slightly more complex problem. First of all it would have been simpler if the Apex of the Delta had been placed at exactly 30°00’N. They solved the problem by considering the southern limit of Egypt. The southern frontier of Egypt was formed by the Cataract of Asswan, which extends from 24°06’N to 24°00’N. Hence, Egypt south of the Apex, which was called Southern or Upper Egypt, could be reckoned to measure exactly 6° of latitude, 1/15 of 90°, that is, the distance between the Equator and the Pole. This left 24° for the course of the Nile from the southern limit of Egypt to its sources. the 6° for the length of Southern Egypt could be reckoned either from 24° 06’N to 30° 06’ N or, in round figures, from 24° 00N to 30° 00N. In trying to rationalize this shift of 6’ to the north, they considered the position of the Tropic. In round figures the Tropic can be considered to be placed at latitude 24° 00’N, but at the time the system was established the Tropic was located at latitude 23°51’N. It has moved slowly south ever since; its present position is 23° 27’N. They related this with the fact that when one observes the shadow cast by the Sun, its position is determined by the upper margin of the solar disk, a point that is half a solar diameter (roughly 15’) north of the middle point of the solar disk. This meant that when the Sun reached its highest point at the Summer Solstice, the latitude at which the Sun did not cast a shadow at noon of that day was not at 23°51’N, but at 24°06’N. Hence, they concluded that the southern limit of Egypt coincided with the Tropic, but took the Tropic as a band extending from 23°51’N to 24°06’N, with a middle point at 24° 00’N. Hence, the symbol for Southern Egypt is three short parallel lines crossed by a paerpendicular line which represents the meridian. Then the Egyptians established a similar system at the other end of Southern Egypt. The boundary between Southern and Northern Egypt is a band of three lines each 6° north of the corresponding line at the Tropic.

In the administrative division of Egypt the area between Memphis and the Apex, from 29°51’N to 30°06’N, was a special nome that did not belong either to Northern or Southern Egypt. The reason for this is that the boundary could be set at 30° 00’N, a convenient round figure; it is the latitude of the biggest pyramid, the pyramid of Cheops. It could also be set at 30°06’N, the real beginning of Northern Egypt. The latitude 23°51’N was chosen for the location of the firwt capital of united Egypt, Memphis. The geodetic point for this capital was marked by a hemispheric stone placed at the point called Sokar on the basic meridian 31°14’E (the same Sokar is preserved by the modern village of Saqqarah).

The Egyptians assumed that the rest of Egypt, that is, Lower or Northern Egypt, extends exactly 1° north of the Apex of the Delta. They marked the Delta on the ground as a triangle that has the height of 1°. Hence, the basis of the Delta runs along parallel 31°06’N. Egypt as a whole, Northern and Southern Egypt, has a length of 7° of latitude. Here, again it would have been more convenient if the basis of the Delta was on latitude 31°00’N. But they were able to give a specific significance to latitude 31°06’N by noticing that if the Earth were a sphere the degree of longitude would have length of 6/7 of its length at the Equator at latitude 31°00’N, but given the actual shape of the Earth it acquires this length at latitude 31°06’N.

The triangle of the Delta was made to extend 1°24’ east and west of the basic meridian of Egypt. In this way the angles came to correspond perfectly with the eastern and western boundary stations on the coast. The Delta was considered as composed of two triangles with sides related as 5:7 (5 is the latitude and 7 the longitude). But since they knew that the degree of longitude becomes shorter by 1/7 at latitude 31°06’N, the relation between the height of the Delta and each semibasis of it is 5:6.

For all these reasons the Egyptians came to give particular significance to the factor 7 in their calculations of length. Whereas, the rest of the ancient world used a cubit of 6 palms (a palm is 4 fingers), the Egyptians adopted as their standard unit of length a cubit of 7 palrms, called “royal cubits.” This cubit is divided into 7 palms and 28 fingers. The multiple of the cubit is the stadion of 500 cubits; the stadion was conceived as a double-minute of march, assuming that in a second one made a full step of 2 1/2 cubits (5 cubits in a double-second). Fifty stadia made a unit called itr, “river measure” by the Egyptians and schoinos by the Greeks; a schoinos is 7,862.22 m. The schoinos was considered equivalent to an hour of navigation on the Nile. In practical reckonings a degree was calculated as 14 schoinoi. But in more exact reckonings the degree was calculated as 14.1 schoinoi to a degree, that is, 110,857 m. to a degree. According to our present reckonings the degree of latitude is 110,848 m. at latitude 30°00’.

The two values for the degree were linked with the two figures for the latitude of the Tropic. The Tropic was assumed to be at 356 schoinoi from the Equator (336 = 6 x 7 x 8). By the round figure of 14 schoinoi to the degree, there is obtained the round figure of 24° 00’N for the Tropic. By the accurate figure of 14.1 schoinoi to the degree there is obtained the figure of 23°49’.8N. It is possible that that this was the most exact figure for the Tropic. Possibly the figure for the Tropic was rounded to 23°51’N in order to make it 15’ less than 24°06’N, whereas the diameter of the sun is slightly more than 30’.

The Egyptians reckoned that the total length of Egypt from latitude 24°00’ N to latitude 31°06’N was exactly 100 schoinoi (14.1 x 7°06’ = 100.110). This length was divided into 14 schoinoi for NOrthern Egypt and 86 schoinoi for Southern Egypt.

This system was slightly modified when the Egyptians began to measure lands to the north of Egypt. For thepurpose of measuring to the north of their country the Egyptians fixed the most northerly point of Egypt at the most northerly point of the Delta. this is a point of latitutude 31°30’N on the main Axis of Egypt (31°14’E) called Behdet, “crown,”; Behdet was the capital of Egypt in predynastic times. Behdet had the advantage of being 7°30’ (1/12 of 90°) north of the southern limit of Egypt. It was also 15° 00’ or 1/6 of 90° north of the point where the Blue Nile and the White Nile merge at Khartoum (16°30’N). the distance between latitude 24°00’N and latitude 31°30’N was recalculated as 106 schoinoi; because this makes the degre equal to 14.15 schoinoi, that is, 111.172 m. to the degree. According to our present reckonings the degree of latitude at latitude 45°00’N, the middle point between the Equator and the Pole, is 111.131 m.

The world north of Egypt was mapped by taking parallel 45°00’N as the main line. At that latitude a degree of longitude reckoned on the basis of 14.14 schoinoi or 707 stadia, becomes 10 schoinoi or 500 stadia (707 x cos 45°=707 x 0.70711=499.927). However, the basic parallel was shifted to 45°12N, for the usual reason that given the actual shape of the earth, the degree of longitude becomes 500 stadia at that latitude. Parallel 45°12’N was identified with a line marking the northern shore of the Black Sea, the mouth of the Danube, the lower course of the Danube, the lower course of the Adige, the middle course of the Po up to its junction with the Ticino.

For the purpose of mapping the world north of Egypt, the distance from the Equator to Behdet, 31° 30’, was duplicated to 63°00’. Latitude 63°00’N remained the extreme northern limit of the mapped world throughout ancient history; it is the most northerly latitude in Ptolemy’s Geography.
Latitude 63°00’N was considered the latitude at which there begins the world that has eternal light during the summer. It is true that technically the day of 24 hours starts further north, but even today the Norwegians consider as important the twilight zone below the Arctic Circle. Norwegian practice is to consider that light lasts as long as the upper margin of the sun is less than 4° below the horizon.

There was also another reason for setting the extreme northern limit of Egypt at 31°30’N.

In mapping the sky the Egyptians divided the sky into two parts. There is inhabited sky in which the sun, the Moon and the planets move. This was considered the inhabited part of the sky; the rest was considered waste in which nothing moves, where there is no life. The planets move in a band that extends 7° north and south of the Ecliptic; this is determined by the planet Mercury, the god of measruements, which has the maximum deviations from the Ecliptic. Hence, the inhabited part of the sky extenmds opnly to 31° 00’N, assuming the angle of the Ecliptic to be 24°00’. The sky could be represented by a cylinder; the rest of the sky, above latitude 31°00’N was considered an empty unmeasured hole. This concpet was extended to the earth: there is gthe inhabited part of tghe earth, the Oikoumene, and hte empty, unmeasured and unmapped part (the eremon of the Greeks). Hence, Egypt on earth extends as far north of the Tropic as the movement of the heavenly bodies extends north of the Ecliptic. Originally the Mediterranean, the Great Green for the Egyptians, was considered the equivalent of the wasteland of the sky.

But the fiture of 31° was an odd figure. However, it was standard practice of ancient mathematics to convert the square which has an irrational diagonal into a near-square (called basi in Sumerian) with proportions 20:21, because thereby there is obtained a rational diagonal. The oldest temples of Mesopotamia, belonging to the period that precedes the origin of writing, are planned by such a near-square. I have discovered tahat almost all Greek temples are planned by such a near-square. On the same principle the band of the Oikoumene in the sky or on earth, can be divided into 12 near-squares lof 30° of longitude and 31°30’ of latitude. This gives a near--square to each constellation of the zodiac. Temples were planned on the same principle because they correspond to the division of the sky. In the sky the Oikoumene was left ending at latitude 31°30’N, but on eath it was duplicated to extend to latitude 63°00’N. Hence, on earth the eremon was made to begin north of 63°00’N.

There is a famous text of Egyptian geography which is found inscribed on three different measuring rods and of which other copies seem to exist. Even though the rods are of later periods the text of the inscription is consered to have been drafted in the Old Kingdom because of its lingusitic style. The text says that from Behdet to the Apex of the Delta there are 86 schoinoi. Egyptologists have not been able to make sense out of this text, because they have declared a priori that a calculation in terms of differences of latitude was impossible. Hence, they have dismissed these documents as givverish without even trying to test their figures in terms of latitude.

The basic geodetic system of Egypt consists of a meridian, 31°14’E, and of the triangle of the Delta. But from the two outer angles of the Delta there were lowered two meridians, parallel to the main meridian, which mark the eastern and the western limit of Egypt. With these two meridians Egypt acquires the shape of a rectangle. All the geographical positions of Egypt and of the lands surrounding Egypt were calcualted in relation to these three meridians and the triangle of the Delta.

It is possible to establish with certainty when this geodetic system was established, because on the two sides of the throne of the Pharaoh of Egypt there was a design that represents it. This design appears, with slight variations, on all the representations of an Egyptian pharaoh sitting on the throne. The earliest statues known to us belong to the Fourth Dynasty, but we have evidence that the design existed earlier. Egyptologists are quite familiar with this design which they call “Unity of Egypt,” but they have never explained it. It represents the scheme by which the geodetic system of Egypt was established.

The design “Unity of Egypt” is related to the column. The column which is familiar to us through Greek temples, originated in Egypt as symbol of Egypt or of the Oikoumene. The shaft of the column represents Egypt up to latitude 30°00’N, whereas the capital represents the addition of the Delta or northern Egypt. The tapering of the column reflects the shrinking of the degree of longitudes. The fluting of the column represents the meridians. The proprotions used by the Greeks in building their columns were based on the patterns of Egyptian geodesy.

To the system that had just been described there were added some further refinements. ONe is to calculate that the Main Axis of Egypt cuts the Nile at the Second Cataract, which was considered the southern limit of Egypt in a wide sense, at latitude 21°51’N. By this reckoning the capital of Memphis is 8° north of the border and Egypt as a whole, excluding the band between 29°51’N and 30°06’N (the band corresponding to the band of the Tropic), comes to be 9° or 1/10 of 90°. But it was found that more exact measurements could be obtained by following meridian 32°28’E, which is the Eastern Axis of Egypt. This meridian cuts the Nile near Khartoum, the junction of the White Nile with the Blue Nile, at exactly latitude 16°30’N, exactly 15°00’ south of Behdet. This meridian does not p;ass through the Cataract of Asswan (it passes slightly to the west of it), but it cuts the Nile at exactly 23°00’N. Hence, the legal boundary of Egypt was shifted from the Cataract at Asswan to a point 1° south of it, point 23°00’N 32°38’ E, point called Sacred sycamore, which remained the legal boundary of Egypt up to Roman times. By his reckoning Southern Egypt has a length of 7°.

The choice of latitude 23°00’N as the legal southern limit of Egypt had also another explanation.

When the Egyptians began to set up their geodetic system there had benn already in existence another geodetic system which was based on meridian 9°54’E. This meridian goes from the Equator, cutting the easternmost point of the Gulf of Guinea to the Norwegian coast of Orkedal, SW of Trondheim. This meridian remained always the meridian zero of ancient geography, except for small modifications resulting from the efforts to adjust it to the Egyptian geodetic system. The first geodetic point set in Egypt was at the Cataract of Asswan, which is at 32°54’E and hence 23°00’ east of the basic meridian.

As a result the Egyptians remained always concerned with the problem of giving a rationale to this figure of 23°. One of the methods was to set the southern limit of Egypt at 23°00’N, so that Egypt could be linked with the basic geodetic point 0°00, 9° 54’E, by a geodetic square of 23° by 23°.

Next, the Egyptians shifted the basic geodetic point to the Island of São Tomé in the Gulf of Guinea which is at 23°51’ West of the Main Axis of Egypt. They assumed that the line of the Ecliptic is marked on the earth, as it is marked on some globes today. They say that the Ecliptic crosses the Equator at the Island of São Tomé and crosses the Tropic (23°51’N, 31°14’E). Hence, the Ecliptic became the diagonal of a square that has its SW angle at São tomé and its NE angle at the mentioned point.

For the purpose of mapping the world east and west of Egypt, there was chosen as main line parallel 36°00’N, which marks the division between Africa and Europ[e, the southern coast of Asia Minor, the main line of mountains in Asia, and the ky line in China. The people of Mesopotamia assued that the main band of the world extends from 36°00’N to 30°00’E, because this fit excellently the geography of that country. they drew these two parallels from Gibraltar to the Chinese coast. The band was divided into squares with a height of 6° of latitude and 7°12’ of longitude. Assuming that the degree of longitude shrinks to 5/6 at that latitude (cos 33°33’==5/6), each square is a perfect square in terms of actual length of the degree.

When the Egyptians adopted this system they counted 3 squares of 7°12’ of longitude west of the Western Axis of Egypt, setting their meridian zero at 8°14’E. the new meridian zero is 23° west of the Main Axis of Egypt.

The new meridian was justified by relating it to the sources of the Danube. This is the reason why Herodotus and Aristotle say that Europe extends as far west as the sources of the Danube. Today we place the sources of the Danube at Donaueschingen where the Brigach is increased by some underground sources, but the sources of the Brigach are at 8°14’E.

When King Darieos set up a capital for the newly established Persian Empire, he chose Persepolis, which is in a most impractical position and came to be used merely as a ritualistic capital. But the new capital was based on a geodetic point, determined by the tomb of the king, which is exactly on parallel 30°00’N and 3 units of 7°12’ east of the Eastern Axis of Egypt and 23°00’ east of the Main Axis of Egypt. Hence, the meridian of Persepolis balanced in relation to Egypt the meridian zero east of Egypt.

System B
At the beginning of the Middle Kingdom the geodetic system was revised by putting the emphasis on the Eastern Axis of Egypt. A new capital was established at Thebes on meridian 32°38’E. In front of the place whre this meridian cuts thorugh the water of the Nile, there was set the temple of Ammon which became the main temple of Egypt. The main room of this temple is exactly at 2/7 of the distance from the Equator to the Pole. In this room the god ammon was represented by a hemispheric stone similar to the stone that used to be at the point Sokar (Sokar too was a god) at Memphis. The reason for choosing a latitude of 25°45’N, 2/7 of the distnace between the Equator and the Pole, was that in the ancient world it was standard practice to calculate trigonometric functions by dividing the arc into seven parts. The cosine of 25°45’ is 0.90095, or practically 0.90.

Given this value of the cosine, in the geodetic system of Thebes calcualtions were made by a stadion of 1111.11 stadia to the degree. This unit was chosen because according to it the degree of longitude is 1000 stadia at the latitude of thebes. this stadion is based on a foot of 332.0387 mm.; this is the standard foot in cuneiform mathematical texts; 300 such feet make a stadion (minute of march); the schoinos is reckoned as 60 stadia (a double hour of march). The foot of this system is 9/8 of Roman foot. The schoinos (6000 feet) is 5,992.90 m.; it is quite close to 4 Roman miles (a mile is 5000 Roman feet) or 5,918.91 m. (the romans calculated 75 miles to the degree). The stadion of this system is that used by Aristotle when he states that the circumference of the Earth is 400,000 stadia. This system has the advantage of fitting better into sexagesimal reckoning: in a rough computation a degree can be computed as 18 schoinoi.

But in more exact reckoning it was computed as 18.5 schoinoi or 1110 stadia; the absolutely precise figure was 1111 stadia. Traditionally the length of Egypt was taken as 100 schoinoi; now, this length was applied to the distance (5°23’) between Thebes and Pelusion, at latitude 31°06’N. The distnace (2°43’) between Thebes and the Sacred Sycamore at 23°00’N was reckoned as 50 schoinoi. Hence, according to the system of Thebes, Egypt has a total length of 150 schoinoi (9000 stadia).

This system was fitted to sexagesimal reckoning, the system used in scholarly work; but, for this very reason, it never became popular in Egypt. It is importatn to us because it is the system followed by Herodotus in his description of Egypt. Up to now scholars have never tried to explain the figures used by Herodotus, because they have excluded a priori that he could speak of differences of latitude and longitude. Hence, they have dismissed Herodotus’ figures as absurd; and, further, in order to explain how he could submit absurd figures, they have accused him of being a liar when he reports of having visited the whole of Egypt. The prevailing opinion is that Herodotus never saw Egypt beyond the Delta.

System C
When the Assyrians conquered Egypt in the seventh century B.C. they reformed the system of measures of Egypt in order to bring it into agreement with their own and thereby manifest their dominion. The system introduced by the Assyrians continued to be used under the successive foreign rulers of Egypt; Persians, Greeks and Romans. The first step was to substitute for the traditional Egyptian cubit a new official unit which was a cubit used in Mesopotamia, the cubit of 532.7017 mm (9/5 of Roman foot). In order to keep the traditional length of 100 schoinoi, the basis of the Delta was shifted from 31°06’N to 31°12’N; thereby the length of Egypt became 7°12’ (1/50 of 360°). In practical reckoning one could still go by the traditional figure of 14 schoinoi (700 stadia) to the degree. But in more accurate reckonings the degree is 13.888 schoinoi.

The shifting of the basis of the Delta to latitude 31°12’N had the purpose of linking Egypt more intimately with the non-Egyptian geodetic systems. The mapping of Europe and Asia on the two sides of the Black Sea was based on parallel 45°00’N, but this meridian had been modified into parallel 45°12’N. One reason for this is that the degree of longitude at this latitude had the length that it would have at latitude 45°00’N if the Earth were a sphere. For this reason there was a general shift of 12’ to the north in the calculation of the geodetic lines north of Egypt. for a similar reason, the Egyptians had set the basis of the Delta 6’ north of parallel 31°00’N, but now they had to accept a shift that does not conform to the geography of Egypt itself.

The new latitude of 31°12’N broke the political isolation of Egypt by making it depend on a foreign geodetic system. Hence, it was used to establish the position of Alexandria, when Alexander the Great decided to set a new capital for Egypt on the sea, that is, as much as possible in contact with the outer world.

Current scholarship keeps repeating that the circumference of the Earth was first measured by Eratosthenes, the Greek who was put in charge of the library of Alexandria. But actually the opposite is true: Eratosthenes merely cited some old Egyptian information about the circumference of the Earth without understanding it too well.

Eratosthenes claims to have found out that a degree of latitude is 700 stadia; but this is nothing but the most traditional Egyptian datum: 14 schoinoi of 50 stadia. Then, he claims that on a more accurate reckoning he found the circumference of the Earth to be 250,000 stadia instead of 252,000; it here quotes the Assyrian system of 13.888 schoinoi (694.444 stadia) to the degree.

When the Assyrians established their systme the Tropic must have been at about latitude 23°45’N, with the result that the latitude at which the Sun does not cast a shadow at the Summer Solstice must have been at about 24°00’N, the southern limit of Egypt. hence, Eratosthenes repeated the information that the Sun doe snot cast any shadow at the southern limit of Egypt.

He further claims to have found out by observation that, when the Sun does not cast any shadow at the southern limit of Egypt, it casts a shadow of 7°12’ at Alexandria. The instrument that he is said to have used would not permit a reckoning precise to the minute; half a minute would be the maximum. furthermore, at his time the point without shadow was somewhat to the south of latitude 24°00’N.

In reality, Eratosthenes had read the old Egyptian data (more than 2000 years old) to the effect that the Tropic is at latitude 23°51’N and that the Sun does not cast any shadow at Elephantine (24°06’N). He did not understand the necessity of adjusting the figures according to the apparent semi-diameter of the Sun, and affirmed to have found out that at Elephantine, which according to him is at the Tropic and at 23°51’N, the Sun does not cast any shadow at the Summer Solstice. He claims to have found that Alexandria is 7°12’north of 23°51’N. He could not even determine the latitude of Alexandria.

Since he did not understand that the data obtained by shadow observation have to be corrected by the semidiameter of the sun, he confused into one the three old Egyptian data about the position of the Tropic.

Next, Eratosthenes claims that Alexandria is on the meridian of Elephantine, whereas they are apart by about 3° of longitude. Finally, he implies that a survey on the ground found an orthodromic distance of 5000 stadia between Elephantine and Alexandria. Not even the great empires of Egypt, Assyria and Persia would have been able to conduct a survey on the ground for more than one degree.

The demonstration that Eratosthenes did not proceed to any degree of measurement and quoted badly ancient data has been submitted more than once, but scholars continue to repeat that he measured the length of the degree and hence the circumference of the Earth, because the alternative is to admit that this was done in pre-Greek times, a fact that official scholarship wants to deny for a priori reasons.

Eratosthenes could not find his way among the old Egyptian data. He says that Elephantine is at the Tropic and says that the Tropic is at 23°51’N, but also say that Elephantine is at 16,800 stadia from the Equator. This means that, by the rough figure of 14 schoinoi (700 stadia) to the degree, the Tropic is at 24°00’N. But by the old Egyptian accurate figure of 14.1 schoinoi (705 stadia) to the degree, the Tropic is at 23°51’N. Here, Eratosthenes quotes figures based, not on the Egyptian cubit of his time, but on the old Pharaonic cubit. By the cubit of Eratosthenes’ time, 16800 stadia would have placed the Tropic and Elephantine at 24°12’N.

Eratosthenes confused different data belonging to separate geodetic system, but he came to correct results because the Egyptians had tried to presrve the same figures for the length of Egypt in all systems. By the oldest system the interval between Elephantine at 24°06’N and the latitude of Alexandria, 51°12’N, is 5000 stadia, stadia calculated by the old Pharaonic cubit (7°06’ x 705 stadia = 5005.5 stadia).

System C of geodsy was related to a new interpretation fo the Delta that fitted better the needs of Mediterranean traders. The Delta is conceived as extending 1°06’N of the Apex, to latitude 31°12’N, and then extending for 1°06’ in either direction. Thereby the Delta comes to be composed of two isosceles triangles. The hypothenuses of these two triangles correspond to the Canopic and Pelusiac branches of the Nile. This is called the Delta that can be circumnavigated.

The western limit of the Delta became the point 31°12’N 30°08’E which provided a better anchor point for the system of geodetic squares drawn in the Mediterranean west of Egypt. The first geodetic square ended on the meridian Cythera (22°56’E), the most southern point of Greece. the next geodetic square ended at 15°44’E, the tip of Italy on the Straits of Messina. But most important was that meridian zero became 8°32’E which is the axis of the main trade route of Europe. According to the current opinion of archeologists this trade route came into existence about 2000 B.C.

In the Mediterranean the meridian marks the western coast of Sardinia. But the texts describe the trade route as ascending the Adriatic Sea, reaching the San Gottardo Pass through the Po and the Ticino. Descending to the Rhine along the course of the Reuss; since this is the most difficult part of the road, it is described in great detail. The route continues north through the Weser river, reaching the mouth of the Elbe, and then moves along the western coast of the peninsula of Jutland. The texts mention amber in relation to this route and archeologists have traced this route in terms of findings of amber.

The establishment of this new meridian zero is probably related to the decline of the original meridian 9°54’E which marked the route from the Gulf of Guinea to the Mediterranean. This decline may be related to the dessication of the Sahara. But the Carthaginians continued to use meridian 9°54’E as their basic line. In the Alps this meridian indicates the route through the Adda to Passo Bernina, descending through Engadin.

The Romans for reasons of security set their main camp in Switzerland at Vindonissa on the Reuss in order to close the route of meridian 8° 32 E, and reopened the older route of the Engadin. However, medieval texts refer top this route as Via Mala.

Texts of the early first millennium B.C. still describe the route all the way fro Norway to the Gulf of Guinea, but the description of the African part is sketchy. Furthermore, the Gulf of Guinea is described as savage and decayed, stating that earlier it was the center of a great maritime trade.
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